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Abstract

The overall aim of this PhD research is to enhance the framework of the particle-scale sim-

ulations of clay to understand the engineering behaviour of clay. This research used coarse-

grained molecular dynamics (CGMD) in which the elementary particles are clay particles that

are modelled as rigid, flat ellipsoids. The interaction between two ellipsoids is represented us-

ing a potential function that describes potential energy as a function of their separation distance

and relative orientation. This research proposed several methods to improve the conventional

CGMD framework for particle-scale simulations of clay; a new potential function that can ac-

curately capture kaolinite non-monotonic interactions was developed, a new approach to model

the anisotropy of surface charge on kaolinite particles was introduced, and a methodology of

introducing inter-particle friction was suggested.

Using the improved CGMD framework, this research conducted various particle-scale simula-

tions of kaolinite; To explore the differences in the compression behaviour of normally- and

over-consolidated clays, isotropic compression simulations were performed using two potential

functions, the first monotonic and the second non-monotonic. The results of the simulations

revealed that the non-monotonicity of the relationship between the potential energy and the

separation distance may explain the differences between the responses of normally- and over-

consolidated clays. Also, assuming two pore water conditions, the first acidic (pH=4) and the

second alkaline (pH=8), isotropic compression simulations were performed to show that the

pore water pH dependency of the particle interaction significantly influenced the microfabric

formations and mechanical responses. Additionally, results of one-dimensional (1D) consolida-

tion simulations indicated that implementation of interparticle friction was essential to capture

an anisotropic stress tensor of clay and an irreversible unloading-reloading loop. Finally, shear

simulations were performed to show that the inter-particle friction significantly influenced shear

behaviour of clay.
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1 Introduction

1.1 Background

Clay constitutes an estimated 16% of the material volume at the Earth’s surface and is one of

the most important soil materials. Soil is classified as gravel, sand, silt or clay according to the

constituent particle size. Generally, soil with particles smaller than 0.002 mm in diameter is

classified as clay (Schofield and Wroth, 1968; Mitchell and Soga, 2005; Craig, 2004). Clay has

unique properties due to its small sized particles and large specific surface area. For example,

compared to other types of soil, clay shows high compressibility, high volumetric changes and

low strength. The low permeability of clay can pose a challenge as the very slow dissipation of

excess pore water pressure during consolidation leads to time-dependent deformation. Clay also

exhibits complex rheological behaviour, such as secondary consolidation (creep). This com-

plexity makes prediction of clay behaviour difficult, and sometimes leads to unexpected ground

settlement and ground failure with implications for cost, safety and efficiency. Therefore, the

improvement of our understanding of clay behaviour is a very important factor in implement-

ing major construction projects in civil engineering (e.g. tunnelling, embankments, landfills,

nuclear waste disposal barriers, dams and flood embankments) safely, economically and effi-

ciently. This improved understanding may also lead to new remedial measures to reduce the

hazards associated with clay.

Many previous studies on the mechanical behaviour of clay focused on developing constitutive

models. These constitutive models are designed to capture the complex behaviour of clay ob-

served in laboratory tests such as consolidation tests and shear tests. The most well-known of

constitutive model is Cam-Clay (Roscoe et al., 1958a). Although the original Cam-Clay model

was able to capture only the fundamental behaviour of normally consolidated clays, various

advanced versions of Cam-Clay have been developed to reproduce more complex behaviours

which are observed in various kinds of clays including overconsolidated clays, naturally de-

posited clays, and cemented clays (soft rocks). These constitutive models can be incorporated
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into numerical simulation methods based on continuum mechanics, such as the finite element

method (FEM). In the geotechnical industry, FEM is the most common numerical tool for pre-

dicting clay behaviour in engineering design and geohazard management. However, continuum

approaches do not explain the microscopic mechanisms that underlie the macroscopic mechan-

ical behaviour of clay because they do not explicitly model an assembly of particles.

Particle-scale simulation is a promising approach to advance fundamental understanding of the

mechanical behaviour of clay. The discrete element method (DEM), one particle-scale simula-

tion tool, can capture significant aspects of the complex mechanical behaviour of sand. DEM

simulations model each sand particle as a simplified particle shape such as a disk or a sphere.

In DEM simulations, individual particle motions are simulated considering particle-to-particle

contacts, and their contact forces are calculated based on simple interaction models using virtual

springs and dashpots between particles (Cundall and Strack, 1979).

In contrast to sand, clay particle interactions cannot be modelled using such a simple interaction

model. Since clay particles are very small, clay particle interactions aremainly governed by non-

contact forces and are usually non-monotonic and non-linear. These non-contact forces highly

depend on the chemical composition of clay particles and the chemistry of the surrounding pore

fluid. For example, in kaolinite, which is aluminosilicate clay, particle surfaces can be positively

or negatively charged depending on pore fluid properties such as pH and salt concentration. It

is known that these surface charges influence fabric formation and the mechanical behaviour of

kaolinite. Hence, the interactions between clay particles need to take into account the influence

of the surface charge of the clay particles (i.e. the chemical properties of the pore fluid).

Coarse-grained molecular dynamics (CGMD), in which the elementary particles are clay parti-

cles, has recently been introduced as amethod of simulating clay (e.g. Ebrahimi et al., 2014; Ban-

dera et al., 2021). CGMD is algorithmically similar to DEM. Both numerical methods explic-

itly model each soil particle and trace the particles’ motions. The principal difference between

CGMD and DEM is the way interactions between particles are calculated. In DEM, interactions

are described in terms of the physical contact forces, whereas in CGMD, particles do not need to

be in contact to interact and interactions are considered in terms of interaction energies by using

potential functions. Potential functions are a commonly used tool in theoretical chemistry and

materials science and were originally introduced to quantitatively express molecular interactions

in molecular dynamics (MD) simulations. One of the most widely used potential functions is

the Lennard-Jones (LJ) potential function (Lennard-Jones, 1931), which describes the potential
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energy of the interaction between point particles as a function of their separation distance. It is

known that the inter-molecular energy profile described by the LJ potential function is analogous

to an idealised particle interaction profile between two clay particles. This similarity makes the

application of CGMD to particle-scale simulation of clay relatively straightforward.

The overall aim of this study is to enhance the CGMD framework for particle-scale simulations

of clay to understand the engineering behaviour of clay. The detailed tasks and objectives are

outlined in the following section.
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1.2 Objectives

The main objective of this study is to develop a basic framework for particle-scale simulation

of clay using coarse-grained molecular dynamics (CGMD). Kaolinite has been chosen as the

clay mineral to be considered in this study because kaolinite has been the focus of a lot of prior

experimental work and a wide range of data is available.

The validity and effectiveness of CGMD in particle-scale simulation of clay were first demon-

strated by Ebrahimi et al. (2014). In Ebrahimi’s research, montmorillonite was considered.

Later, Bandera et al. (2021) used CGMD to simulate kaolinite particles. In both works, clay

particles were modelled as simple rigid ellipsoids and the interactions between particles were

described by a potential function called the Gay-Berne (GB) potential function (Gay and Berne,

1981), which is an extended version of the Lennard-Jones (LJ) potential function that accounts

for the shapes and finite sizes of particles.

However, Bandera (2021) found that the use of the CGMD framework with the GB potential

function to model kaolinite particles has some shortcomings:

1) The GB potential function cannot accurately describe some key features of the non-

monotonic and non-linear interactions between kaolinite particles.

2) The GB potential function models clay particles as ellipsoids and does not efficiently

model anisotropic charge of kaolinite particles, or its dependence on pore water chemistry.

3) The CGMD framework used by Bandera (2021) does not model interparticle friction.

This PhD research proposes several methods to improve the shortcomings of the CGMD frame-

work with the GB potential function mentioned above. Specifically, a modified GB potential

function that can accurately capture kaolinite interactions is developed, a new approach to mod-

elling the anisotropy of surface charge on kaolinite particles in the CGMD framework is intro-

duced, and a method to model interparticle friction is suggested. Using the improved CGMD

framework, this PhD research addresses the following objectives.

Objective 1: Exploring the differences in the behaviours of normally consolidated and overcon-

solidated clays in compression.
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Bandera (2021) showed that CGMD simulations using the GB potential function can capture

the fundamental mechanical response that normally consolidated kaolinite exhibits during virgin

compression. However, Bandera (2021) did not examine simulation of unloading and reloading.

From consideration of the ideal kaolinite particle interactions shown in previous studies (e.g. Lu

et al., 2008), it can be inferred that capturing non-monotonic and non-linear interactions may be

a key factor in reproducing the irreversible mechanical response during loading, unloading, and

reloading. In other words, the differences in the mechanical behaviour of normally consolidated

and overconsolidated clays may be explained by non-monotonic and non-linear particle inter-

actions. To address this, a modified GB potential function that captures some key features of

non-monotonic and non-linear interactions between kaolinite particles is developed. Using two

modified GB potential functions, the first monotonic and the second non-monotonic, isotropic

compression simulations are performed to examine the influence of particle interactions on the

compression behaviour of clay.

Objective 2: Influence of pore water pH on microfabric formation and mechanical behaviour of

kaolinite.

Previous experimental studies have shown that kaolinite has different microfabrics depending

on the pH of the pore water. When the pore water is acidic (low pH, <7), kaolinite forms a

flocculated microfabric. On the other hand, when the pore water is alkaline (high pH, >7),

kaolinite forms a dispersed microfabric. Furthermore, these differences in microfabric have

been shown to result in different compression behaviours; kaolinite samples with flocculated

microfabrics show a softer response than kaolinite samples with dispersed microfabrics. The

dependence of themicrofabric formation and compression behaviour of kaolinite on pH has been

qualitatively attributed to the effect of pore water pH on the kaolinite particle surface charge.

Additionally, kaolinite particles have anisotropic surface charges, so the particle interactions

highly depend on relative particle orientations. Although experimental research has already

provided some insights, the influence of the particle surface charges on microfabric formation

and the corresponding mechanical behaviour remains unclear. In this objective, a new approach

to modelling the anisotropy of the surface charge on kaolinite particles in the CGMD framework

is developed. Additionally, two virtual kaolinite samples corresponding to acidic and alkaline

pore water are created, and isotropic compression simulations are performed to investigate the

implications for microfabric and mechanical responses.
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Objective 3: Effects of friction between clay particles on the mechanical behaviour of clay.

One-dimensional (1D) compression simulations conducted by Bandera et al. (2024b) using

CGMD showed unrealistic K0 values. The K0 values obtained from their simulations were

approximately 1.0 (i.e. the stress tensor was isotropic), whereas theK0 values for kaolinite ob-

tained from laboratory 1D consolidation tests are approximately 0.6-0.7 (i.e. the stress tensor

is anisotropic) (Atkinson et al., 1987). This is because the CGMD framework Bandera et al.

(2024b) used does not consider interparticle friction, and Bandera et al. (2024b) indicated the

need to implement interparticle friction to obtain realistic K0 values. In addition, interparticle

friction is considered to have a significant influence on the shear behaviour of clays. Few stud-

ies have investigated how clay interparticle friction affects the shear behaviour of clays. In this

objective, interparticle friction is implemented in the CGMD framework, and 1D compression

simulations and triaxial compression simulations are performed using the new CGMD frame-

work.
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1.3 Thesis outline

The PhD thesis is structured in nine chapters.

Chapter 1 presents the background, the objectives, and the structure of this PhD thesis.

Chapter 2 provides basic information on the fundamental properties of clay particles, the inter-

actions between clay particles and the microfabric of clay particles. The content of this chapter

was developed by a literature review. In Section 2.1, the basic structure of clay particles at

the atomic scale is discussed. In Section 2.2, the focus is on kaolinite particles and the surface

charge properties of kaolinite particles are discussed. Section 2.3 describes the interaction en-

ergies/forces between kaolinite particles. Section 2.4 introduces DLVO theory for describing

the interaction energies between clay particles. Section 2.5 reviews typical clay microstructures

of clay. Section 2.6 gives a summary of this chapter.

Chapter 3 outlines the particle-scale simulation of clay. Section 3.1 is an introduction. Section

3.2 offers a general overview of MD including CGMD. In Section 3.3, a literature review of

particle-scale simulations of clay using DEM and CGMD is presented. Section 3.4 is a summary

of this chapter.

Chapter 4 explains the coarse-grained molecular dynamics framework used in this study. Sec-

tion 4.1 is an introduction. Section 4.2 focuses on modelling kaolinite particles as flat ellipsoids

and explains the GB potential function used to describe potential energy between two ellipsoidal

particles in the CGMD framework. Section 4.3 developed new potential functions to overcome

shortcomings of the original GB potential function to model kaolinite particle interactions. Sec-

tion 4.4 explains the systematic calibration method of the potential functions to determine their

parameters. Section 4.5 is a summary of this chapter.

Chapter 5 provides a fundamental explanation for the difference in mechanical behaviour be-

tween normally- and over-consolidated clays by focusing on the non-linear, non-monotonic re-

lationship between the potential energy and the separation distance between clay particles. Sec-

tion 5.1 describes the fundamental difference in mechanical behaviour between normally- and

overconsolidated clays. Section 5.2 explains important findings on the microfabric evolution of

clay during consolidation from previous studies. Section 5.3 puts forward a hypothesis for the

mechanisms of the irreversible mechanical behaviour of clay during compression based on ide-

alised particle interaction profiles between kaolinite particles. Section 5.4 describes the potential
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functions used in the particle-scale simulations to describe interactions between two kaolinite

particles. Section 5.5 performs the isotropic compression simulations to validate the hypothesis

for the mechanisms of the difference between normally- and over-consolidated clays. Section

5.6 summarises the key findings of this chapter.

Chapter 6 focuses on developing a new computationally efficient approach to model the

anisotropy of surface charges on kaolinite particles in CGMD simulations and examines how

the pH dependency of surface charges in pore water influences the formation of microfabric and

mechanical behaviour. Section 6.1 reviews the pore water pH dependency of the mechanical

behaviour and the surface charge of kaolinite particles. Section 6.2 explains kaolinite particle

interactions under acidic and alkaline pore water conditions. Section 6.3 presents a new particle

modelling method within the CGMD framework that effectively captures the anisotropic sur-

face charge of kaolinite particles. Section 6.4 applies this approach to create two virtual kaolinite

samples under acidic (pH=4) and alkaline (pH=8) pore water conditions and conducts isotropic

and one-dimensional compression simulations to investigate the impact of pore water pH on

the compressional behaviour of the clay. Section 6.5 gives the conclusions obtained from the

isotropic and 1D compression simulations.

Chapter 7 focuses on the impact of interparticle friction on the 1D compression behaviour of

kaolinite. Section 7.1 discusses the importance of considering interparticle friction to reproduce

the realistic mechanical behaviour of clay in particle-scale simulations. Section 7.2 explores

the influence of interparticle friction on the K0 value, referring to previous DEM simulations.

Section 7.3 examines prior research findings on friction at both themacroscopic andmicroscopic

levels. Section 7.4 describes the implementation of friction within the CGMD framework and

validates the modified LAMMPS code (molecular dynamics simulation code) with inclusion of

friction. In Section 7.5, 1D compression simulations of kaolinite are performed to investigate the

effect of interparticle friction on the K0 value and the unloading-reloading behaviour. Section

7.6 is a summary of this chapter.

Chapter 8 focuses on the shear simulations in the case of frictional interactions. Section 8.1 de-

scribes the introduction of this chapter. Section 8.2 describes the virtual sample preparation, the

simulation condition and the simulation procedure for triaxial compression simulations. Sec-

tion 8.3 validates the ability of the modified LAMMPS with friction to accurately capture triax-

ial compression behaviour using the face-centred cubic (FCC) structure with uniform particles.

Section 8.4 discusses the drainage triaxial compression simulations, with a focus on whether
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particle-scale simulations of clay can capture important elements of clay shear behaviour and

accurately reproduce the critical state. This section also examines the relationship between the

internal friction angle at the critical state and theK0 values obtained from 1D compression sim-

ulations. Section 8.5 summarises the key findings of this chapter.

Chapter 9 summarises the results of this research and provides recommendations for future

research.

Appendix A shows a source code of the modified version of the open-source molecular dynamics

code LAMMPS (Thompson et al., 2022) used in this study for all simulations. The source code

can be found at https://github.com/yn521/LAMMPS_ASPHERE_YN.git.

Appendix B provides an explanation and examples of input data for the modified LAMMPS.

Appendix C describes the data on simple shear simulations of kaolinite.
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2 Clay particles, their interactions and micro-
fabric

2.1 Basic structure of clay particles

As a first step to understanding the mechanical properties of clay at the particle scale, it is impor-

tant to understand the chemical composition of clayminerals. This is because, as mentioned later

in Section 2.3, in contrast to relatively large-grained soil materials such as sand and gravel, the

interaction between clay particles is controlled not by physical contact but by physicochemical

non-contact forces. Additionally, it may be difficult to fully characterise the state of clay based

on particle size and water content. Understanding the chemical composition of clay minerals is

necessary to comprehend clay properties such as compressibility, swelling, surface charge, and

the adsorption characteristics of substances.

Large-grained sands and gravels contain a high proportion of primary minerals, which are

formed during the process of crystallisation of igneous rocks. Primary minerals retain many

of the properties of the original igneous rock. On the other hand, clays which have smaller

grain sizes contain more secondary minerals, which are formed when primary minerals undergo

weathering and alteration and then recrystallise, or dissolve in water and recrystallise under new

environmental conditions. Secondary minerals exhibit different properties from primary miner-

als in terms of crystal shape and solidity. The ratio of secondary minerals to primary minerals

increases with the degree of weathering, and this ratio increases with decreasing grain size. The

chemical formulae of the main primary and secondary minerals are given in Table 2.1. Here, all

three secondary minerals listed in Table 2.1 are classified as clay minerals (clay minerals can be

regarded as part of secondary minerals, but not all secondary minerals are clay minerals).

Although clays in nature are complex mixtures of clay minerals, it is important to understand

the atomic structure of typical clay minerals shown in Table 2.1. The following three points are

key to understanding the atomic structure of clay minerals.
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Table 2.1 Chemical formulae of primary and secondary minerals

Primary mineral Secondary mineral
Feldspar (Na,K)AlO2[SiO2]3 Kaolinite Si4Al4O10(OH)8
Mica K2Al2O5[Si2O5]3Al4(OH)4 Illite
Pyroxene (Ca, Mg, Fe, Ti, Al)(Si, Al)3 (K, H2O)2(Si)8(Al, Mg, Fe)4, 6O20(OH)4
Quart SiO2 Montmorillonite Si8Al4O20(OH)4nH2O

i) Clay tends to incorporate the most abundant atoms in nature.

ii) Clay tends to have as dense a structure as possible and to repeat certain geometrical shapes.

iii) Clay tends to be electrically neutral.

The top threemost abundant atoms in nature are oxygen (46.6%), silicon (27.7%) and aluminium

(8.1%) by weight, and oxygen (93.8%), potassium (1.8%) and sodium (1.3%) by volume. These

atoms are therefore the main constituents in many clay minerals, as shown in Table 2.1.

To achieve a dense structure, the optimal structure is one in which small atoms are between large

atoms, but at the same time, the conditions for electrical neutrality should also be satisfied. The

oxide ion is a large ion and the most abundant in nature as mentioned above. It is negatively

charged (O:−2 valence), so clay minerals are often composed of oxygen and positively charged

ions (e.g. Si: +4 valence, Al: +3 valence, Ca: +2 valence, K: +1 valence, etc.). The number

of anions around one cation is constrained by their radius ratio. For the oxygen anion, two of

the possible structures are the tetrahedral and octahedral structures shown in Figure 2.1.

In the tetrahedral structure, the anion is O (−2 valence), and the cation is Si (+4 valence); one

Si4+ ion surrounded by four O2- ions. On the other hand, in the octahedral structure, the anion

is OH (−1 valence) and the cation is Al (+3 valence) or Fe (+3 valence); one Al3+ or Fe3+ is

surrounded by six OH1- ions.

(a) Tetrahedron (b) Octahedron

Figure 2.1 Basic structure of a typical clay mineral (the anions are shown as white circles, while
the black circles represent cations) (adapted form Mitchell and Soga, 2005)
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(a) Tetrahedron

(b) Octahedron

Figure 2.2 Layer structure of the basic structure of clay (adapted form Mitchell and Soga, 2005)

These two basic structures share oxygen ions with the neighbouring tetrahedral and octahedral

structures, thus forming a layer structure and maintaining the conditions for electrical neutrality.

The layer structure of the tetrahedral and octahedral basic structures is shown in Figure 2.2. In

general, the tetrahedral layer structure is referred to as the silica sheet and the octahedral layer

structure as the alumina sheet or gibbsite sheet. These layers also form a hierarchical structure

vertically due to chemical bonds between the layers. The hierarchical structure is basically

formed by the bonding of a silica sheet to one or two alumina sheets. Clay particles are formed

by the bonding of these hierarchical structures.

The structures of typical clay particles are shown in Figure 2.3. Illite is a mineral of the mica

group and is classified as a layered silicate (phyllosilicate). The basic structure of illite is a

single alumina sheet and two silica sheets, with the alumina sheet laminated to the silica sheets

from both sides (i.e. illite is a 2:1 clay). In the silica sheet, some of the Si ions (+4 valence)

are replaced by Al ions (+3 valence). This leaves part of the basic structure of illite that is not

electrically neutral. Therefore, to satisfy the electrical neutrality condition, K ions (+1 valence)

are inserted between the basic structure of illite. The K ions are non-exchangeable and create

relatively weak bonds between the basic sheet structures that make up illite. As a result, the

sheets are bonded together.

Montmorillonite is another layered silicate clay mineral and consists of an alumina sheet and

two silica sheets in the same basic structure as illite (i.e. montmorillonite is a 2:1 clay). In the

alumina sheet of montmorillonite, part of the Al ions (+3 valence) is replaced by Mg ions (+2

valence) or Fe ions (+2 or +3 valence). Like illite, montmorillonite also has silica sheets in
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(a) Illite (b) Montmorillonite (c) Kaolinite

Figure 2.3 Structures of a typical clay mineral (adapted form Craig, 2004)

which part of the silicon is replaced by aluminium. The interstitial spaces between the basic

structure of montmorillonite are occupied by exchangeable cations other than water molecules

and potassium, which give rise to weak interstitial bonds. Montmorillonite is known for its

swelling propensity. Swelling occurs when additional water molecules are absorbed between

the bonded basic structures.

Kaolinite has a basic structure of one silica sheet and one alumina sheet (i.e. kaolinite is a 1:1

non-active clay). Each basic sheet structure is relatively strongly bonded by hydrogen bonds.

Therefore, water molecules cannot enter between the stacked sheets, and as a result, kaolinite

does not exhibit swelling. The distance between the basic structures, called the basal spacing,

is approximately 7.2 Å (Mitchell and Soga, 2005). The average diameter of a kaolinite particle

is about 0.2-2 μm, and the diameter-thickness ratio is about 10 (i.e. the thickness is about 0.02-

0.2 μm). Hence, it can be inferred that one kaolinite particle is made up of tens to hundreds of

stacked basic structures.

Kaolinite particles were selected as the target clay mineral for this study. This is because kaoli-

nite is abundant in nature and has been used in many previous laboratory experiments and sim-

ulations, i.e. there is a wealth of data available. In the following, unless otherwise stated, the

term “clay” or “clay mineral” refers to kaolinite.
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2.2 Surface charge of kaolinite particles

As shown in Figure 2.4, one kaolinite particle has three different surfaces: an alumina face

surface, a silica face surface, and an edge surface. The edge surface is a combination of the edges

of the alumina sheets and the silica sheets, but its physicochemical properties are different from

those of the alumina face and the silica face. It is known that the alumina face, silica face, and

edge, each have different surface charges depending on pore water chemistry such as pH, salt

(ion) concentration and dielectric permittivity. In other words, the surface charge of kaolinite

particles is heterogeneous and anisotropic.

Figure 2.4 Characteristics of surface charge of kaolinite particle (Wang and Siu, 2006a)
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2.2.1 Qualitative description of the surface charge of kaolinite particles

A schematic diagram of the surface charge of each face of a kaolinite particle is shown in Fig-

ure 2.4. For a long time, both alumina and silica surfaces were considered to be permanently

negatively charged due to isomorphous substitution (van Olphen, 1977). Isomorphous substitu-

tion is a phenomenon in which one atom or ion is replaced by another atom or ion of the same

type in the chemical structure. Isomorphous substitution can occur during chemical reactions

or crystallization, whereby part of the structure is replaced by another element or ion without

any change in the properties of the substance. In the case of kaolinite, Al3+ ions are replaced by

Mg2+ ions on the alumina surface and Si4+ ions by Al3+ or Fe3+ ions on the silica surface, while

the basic structure shown in Figure 2.2 remains the same. As each introduced ion replaces an ion

that has a lower negative charge (one less valence), each surface becomes negatively charged.

However, subsequent research has shown that isomorphous substitution is insufficient to explain

the behaviour of kaolinite particles in solution.

Recent studies using atomic force microscopy have shown that the surface charge of each kaoli-

nite surface depends on the pH of the solution. As shown in Figure 2.4, according to Wang and

Siu (2006a), the surface charge of the alumina face of kaolinite particles is moderately depen-

dent on pH. This means that protonation or deprotonation processes on the alumina face affects

its surface charge. Protonation is a reaction in which hydrogen ions, H+, are added to a sub-

stance and, conversely, deprotonation is a reaction in which a substance loses hydrogen ions.

In general, protonation often occurs under acidic conditions, while deprotonation often occurs

under alkaline conditions. Therefore, when the solution is acidic, the reaction, Al-OH + H+ →

Al-OH+
2 , occurs due to protonation. As a result, the alumina face becomes positively charged

(Al-OH is the hydroxyl group of aluminium in kaolinite particles). When the solution is alka-

line, the reaction, Al-OH → Al-O- + H+, occurs due to deprotonation. As a result, the alumina

face becomes negatively charged. On the other hand, the silica face is less dependent on the pH

of the solution. Deprotonation may also occur since the silica face may be hydrolyzed resulting

in surface OH groups that become deprotonated. However, the pKa value of silica is about 2 or

less, so it will be negative at most pH values.

The surface charge of the edges of kaolinite particles is strongly pH dependent. As with the alu-

mina face, protonation or deprotonation processes occur at the edge surface. When the solution

is acidic, protonation leads to the reaction, Al-OH + H+ → Al-OH+
2 at the edge of the alumina
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face and Si-OH + H+ → Si-OH+
2 at the edge of the silica face, resulting in a positive charge on

the edge. When the solution is alkaline, the reaction, Al-OH → Al-O- + H+, occurs at the edge

of the alumina face due to deprotonation, and Si-OH→ Si-O- + H+ at the edge of the silica face,

resulting in a negative charge on the edge.

In summary, when the solution is acidic, the alumina and edge surfaces are positively charged

and only the silica surface is negatively charged. On the other hand, when the solution is alkaline,

the alumina, silica and edge surfaces are all negatively charged. Thus, each kaolinite surface is

heterogeneously charged depending on the pH of the solution. However, it is known that the

surface charge of kaolinite depends not only on the pH of the solution but also on the salt (ion)

concentration.
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2.2.2 Experimental measurement of surface charge of kaolinite particles

Although Figure 2.4 gives a qualitative explanation of the surface charge of kaolinite particles,

experimental methods are required to measure surface charge values. Two methods have been

used to measure the surface charge of kaolinite particles: potentiometric titration and atomic

force microscopy (AFM). An overview of both these methods is given below. This section

particularly focuses on how the surface charges of the three surfaces of kaolinite particles depend

on the pH and salt (ion) concentration of the solution or pore water.

Quantitative evaluation indices of surface charge

Before reviewing research on the surface charge of kaolinite particles, quantitative evaluation

indices for surface charge are introduced. The surface charge of clay is quantified by the surface

potential ψ [V] or the surface charge density σ [C/m2].

The relationship between electrical charge and electrical potential can be easily understood by

considering Coulomb’s law. According to Coulomb’s law, the force (Coulomb force) acting

between point charges q1 and q2 is expressed as follows.

F =
q1q2
4πϵ0

r
|r|3

(2.1)

where F is the Coulomb force vector, ϵ0 is the permittivity of vacuum, r is the relative position

vector for point charges q1 and q2, and |r| is the distance between point charges q1 and q2.

From Equation 2.1, the electric field E created by charge q is:

E =
q

4πϵ0

r
|r|3

(2.2)

Assuming that the influence of charge is zero at infinity (that is, setting the reference electrical

potential to infinity), the electric field is expressed as a gradient of the electrical potential, hence

the electrical potential V caused by point charge q is given by:

V =
q

4πϵ0

1

|r|
(2.3)

As seen from Equation 2.3, the electrical potential produced by a point charge is a function of

distance. The closer to the point charge, the higher the electrical potential, and as the distance

increases, the electrical potential approaches zero. Since the actual surface charge of clay is
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not a point charge but is continuously distributed, the surface potential is calculated using the

principle of superposition applied to Coulomb’s law.

Surface charge density is a physical quantity that indicates the amount of charge per unit area

on the surface of a clay particle. The areal charge density, σ, is used to quantify the charge of

a clay particle. The surface charge density can be calculated from the surface potential using

the Grahame equation shown in Equation 2.4 (Gupta, 2011; Liu, 2015; Guo and Yu, 2017).

However, since Equation 2.4 is based on the theory of the electric double layer, this equation is

only valid if the Gouy-Chapman model (which provides a theoretical model of surface charge

density and electric double layer) can be assumed valid. This is discussed in more detail later.

σ =
√

8c0ϵ0εrkBT sinh
(

eψ

2kBT

)
(2.4)

where c0 is the ion concentration in the bulk, ϵ0 is the permittivity of a vacuum, εr is the relative

permittivity of water, kB is Boltzmann’s constant, T is the temperature, e is the elementary

charge, and ψ is the surface potential.

Potentiometric titration

Potentiometric titration involves slowly dropping a titrant (common titrants include acids and

bases) into a solution in which clay particles are dispersed andmeasuring the change in electrical

potential during the titration using a potentiometer. From the data on the change in electrical

potential, the surface charge density or surface potential of the clay is calculated using the Gouy-

Chapman model or another theoretical method. Potentiometric titration can be considered a

macroscopic measurement method. In this measurement method, the surface charge of clay

particles is measured as a single average value without considering the heterogeneity of the

surface charge of kaolinite particles.

Herrington et al. (1992) investigated the effects of pH and salt concentration of a solution on the

surface charge density of kaolinite particles using potentiometric titration. Data from their study

are shown in Figure 2.5. The vertical axis is the surface charge density of a kaolinite particle

(the unit is not unit area, but the amount of charge per unit mass: C/g), and the horizontal axis

is the pH of the solution. The three solid lines in Figure 2.5 show the results for different potas-

sium chloride concentrations. Regardless of the salt concentration, the surface charge density of

kaolinite particles is zero at around pH=7. As the pH increases (the solution becomes alkaline),

kaolinite becomes negatively charged. On the other hand, as the pH decreases (the acidity of
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Figure 2.5 Variation of surface charge of kaolinite particles against pH of solution for different
salt concentrations using potentiometric titration (Herrington et al., 1992)

the solution increases), kaolinite becomes positively charged. Braggs et al. (1994) also gave

similar results. Focusing on the influence of salt concentration, at the same pH, the surface

charge increases as the salt concentration increases. This is because as the salt concentration

increases, the thickness of the electric double layer decreases and more ions are adsorbed on the

clay surface. This is discussed later.

Although it is difficult to individually measure the contribution of each surface (i.e. alumina

face, silica face, and edge) to the surface charge using potentiometric titration, Zhou and Gunter

(1992) attempted to isolate the edge contribution from the total charge of kaolinite particles in

potentiometric titration. The relationship between the surface charge density of the edge surface

of kaolinite particles and the pH of the solution is shown in Figure 2.6. This figure also includes

surface charge density data associated with the silica and alumina faces (Sprycha, 1989; Bolt,

1956). As shown in Figure 2.6, they found that the surface charge density of the edge surface

is positive at low pH values (about 4.5 or less), and negative at higher pH values. The alumina

face is positively charged at low pH values whereas it is negatively charged at high pH values.

On the contrary, although the magnitude of the surface charge density of a silica face increase

as the pH increases, the surface charge density always takes a negative value (i.e. the silica face

is always negatively charged). This trend is consistent with the explanation in Figure 2.4. Over

the entire range of pH values considered in Figure 2.6, the surface charge densities of the edge

are about an order of magnitude larger than those of the alumina and silica faces.
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Figure 3. The net surface proton charge densities ofkaolinite 
edges, in comparison with those of alumina and silica. 

sion that a much higher surface charge density on the 
edges would result if a CBSC model were used to in­
terpret the CEC and potentiometric titration data. 

Furthermore, we may examine the CBSC model by 
considering the surface site concentration. The charge 
densities of various types ofkaolinite under a number 
of solution conditions were calculated based on the 
CBSC model and are listed in Table 1 as (Ta. For a 
mineral surface with an amphoteric site, the charge 
density under any solution condition can be calculated 
if the total surface site concentration (Ns) and surface 
equilibrium constants are known (Healy and White, 
1978). The total number of surface sites available for 
silica and alumina is around 2 x 10 18 to 5 X 10 18 m-2, 
with the maximum less than 10 x 1018 m-2 (Schindler, 
1981). The (Tb and 0<' are the charge densities of an 
amphoteric surface with total surface site concentra­
tion of 5 x 1018 and 10 x 1018 m-2 respectively. They 
are calculated with the surface group ionization model 
of Healy and White (1978). The surface equilibrium 
constants Kl and K2 were chosen to give the pHzlJC of 
the edge at 7.2 (Williams and Williams, 1978). The 
results indicate that even a surface with a maximum 
site concentration (Ns = 10 X 1018 m-2) can only gen­
erate charge densities one order of magnitude smaller 
than those required by CBSC. In other words, the total 
surface site concentration on the edges of kaolinite, 
required by the CBSC model, exceeds the physical limit 
imposed by kaolinite for the solution conditions under 
consideration. 

As mentioned earlier, the edge area was assumed to 
be 14% of the total area for computational purposes. 
One may argue that this may not be correct and that 
it may be higher. However, even if this is doubled to 
28% (corresponding to a disc with a radius of l.OO).Lm 
and a thickness of 0040 ).Lm), the (Ta in Table 1 would 
only be reduced by one half, which is still much too 
large compared with (Tb and 0<'. 

From the consideration of surface charge density, it 
is obvious that the ionization of edges alone cannot 
explain the magnitude of the changes in the CEC and 
(TH observed in many experiments. Thus, the basal sur­
face must also contribute to these changes. Such a con­
tribution from the basal faces may be described by a 
site dissociation model similar to that for mica surfaces 
(Scales et al., 1990). The charges on the basal surfaces 
are always negative but the magnitude is pH-depen­
dent. For well-crystallized kaolinite (KGa-l), the ob­
served CEC and net surface proton charge density as 
presented in Figures 1 and 2 can be simulated by a site 
dissociation model for basal surfaces, along with am­
photeric edges. Although the surface charge density 
itself cannot give molecular details on basal face ion­
ization (e.g., the relative contributions of alumina side 
and silica side), it clearly indicates that the basal faces 
of kaolinite are ionizable in aqueous solutions. 
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Figure 2.6 Surface charge of kaolinite particle edge with that of alumina and silica faces (Zhou
and Gunter, 1992)

Atomic Force Microscopy (AFM)

Atomic force microscopy (AFM) is a technique originally developed to observe minute struc-

tures on surfaces. To quantify the surface charge of clay using AFM, the electrical interaction

between a tip attached to a cantilever and the clay surface is measured. The interaction between

the tip and the clay surface causes a small cantilever deflection. This deflection is detected and

transformed into an interaction force, and based on this interaction force, the surface charge is

estimated. AFM is a technique that allows a detailed investigation of how the surface charge

is distributed at the nano-scale. Therefore, it enables us to measure the surface charges of the

alumina face and silica face of kaolinite particles, individually. However, since the edge surface

is a very small area, it is still difficult to directly measure the surface charge on the edge surface

even with AFM.

Gupta (2011) measured the surface charge on each of the three faces of kaolinite particles using

AFM. The measured interaction forces between the alumina face/silica face and the AFM tip are

shown as red lines in Figure 2.7. Gupta (2011) saturated the kaolinite samples with a 1 mMKCl

(potassium chloride) solution and performed measurements under five different pH conditions

(i.e. pH=4, 5, 6, 8, and 10). Gupta (2011) added hydrochloric acid to decrease the pH and

potassium hydroxide to increase the pH. The interaction force on the vertical axis in Figure 2.7

is positive for repulsion and negative for attraction. Figure 2.7 shows how the interaction force

varies with the separation distance. On the silica surface, as the separation distance decreases,
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the interaction repulsive force increases, although there are some differences depending on the

value of pH. The interaction force tends to approach zero as the separation distance increases.

On alumina surfaces, the effect of pH on the interaction forces is more pronounced: at low pH,

i.e. pH = 4, 5 and 6, the attractive interaction force increases as the separation distance decreases

although further decreases in separation distance causes strong repulsion. At higher pH, i.e. pH

= 8 and 10, the repulsive interaction force increases as the separation distance decreases, as on

the silica surface. This result suggests that the alumina surface is positively charged at low pH

and negatively charged at high pH, whereas the silica surface is always negatively charged.
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Figure 3.7- Interaction forces measured between silicon nitride tip and silica tetrahedral 
face (left), and alumina octahedral face (right) of kaolinite in 1 mM KCl solution at 
increasing pH. Five replicates (red-circle) of force curves on different particles along 
with DLVO fit (black-line) curve are shown.  

Silica Face of Kaolinite Alumina Face of Kaolinite

1 mM KCl 1 mM KCl

Figure 2.7 Variations in interaction forces between silicon nitride chips and kaolinite silica face
(left) and alumina face (right) in 1 mM KCl solution for various pH values (red lines) obtained
by AFM and DLVO fitting curves (black lines) (Gupta, 2011)

60



2.2. SURFACE CHARGE OF KAOLINITE PARTICLES
91 

 

 
 

 

 

 

Figure 3.9- Surface potential and surface charge density of the silica face (A) and the 
alumina face (B) of kaolinite particles as a function of pH. 
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Figure 3.9- Surface potential and surface charge density of the silica face (A) and the 
alumina face (B) of kaolinite particles as a function of pH. 
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Figure 2.8 Variation in (a) surface potential and (b) surface charge density for alumina and silica
faces against pH (Gupta, 2011)

Figure 2.8 illustrates the variation in surface potential (Figure 2.8(a)) and surface charge density

(Figure 2.8(b)) for the alumina face (red marks) and silica face (blue marks) against pH reported

by Gupta (2011). Each surface potential value shown in Figure 2.8(a) was calculated from

Figure 2.7 using DLVO fitting curves. The surface charge density shown in Figure 2.8(b) was

calculated from the surface potential using Equation 2.4. As seen in Figure 2.8, the sign of the

surface charge of the alumina face changes with pH; it possesses a positive charge at low pH

values (i.e. acidic) and a negative charge at high pH values (i.e. alkaline). On the other hand,

the silica face is always negatively charged regardless of pH. The surface charge characteristics

of the alumina and silica faces of kaolinite particles presented in Figure 2.8 are consistent with

the explanations in Figure 2.4 (Wang and Siu, 2006a).

Considering Figure 2.8(b), it is found that at pH=4, the magnitude of the positive surface charge

density of the alumina face is larger than that of the negative surface charge density of the silica

face. From this observation, it can be inferred that the overall electrical charge of the kaolinite

particles at pH=4 is positive. In contrast, at pH≥5, the overall electrical charge of kaolinite par-

ticles is inferred to be negative because the negative surface charge of the silica face is always

larger than the positive surface charge of the alumina face. Gupta (2011) conducted potentio-

metric titration to confirm this inference. In this potentiometric titration, two kaolinite samples

with different potassium chloride salt concentrations were used. Figure 2.9 illustrates the re-

lationship between the surface charge density of the entire kaolinite particle and pH obtained

by potentiometric titration. Consistent with Gupta’s inference from the AFM data, the overall

electrical charge of kaolinite particles is positive at pH 4 and becomes negative for pH≥5.

Gupta (2011) calculated the edge surface charge density from the surface charge density of the
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Figure 4.6- Surface charge densities of kaolinite particles as determined by acid-base 
potentiometric titration. 
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Figure 2.9 Surface charge density of kaolinite particles obtained by potentiometric (Gupta, 2011)

alumina and silica faces obtained by AFM shown in Figure 2.8 and the surface charge density of

the kaolinite particle obtained by the potentiometric titration shown in Figure 2.9. Gupta (2011)

did not directly measure the edge surface charge density using AFM. Gupta (2011) used the

following equation:

σkaoliniteAkaolinite = σaluminaAalumina + σsilicaAsilica + σedgeAedge (2.5)

where σkaolinite is the surface charge density of the entire kaolinite particle,Akaolinite is its surface

area, σalumina, σsilica, and σedge are the surface charge density of the alumina face, silica face,

and edge, respectively. Aalumina, Asilica, and Aedge are the surface area of the alumina face,

silica face, and edge, respectively. σkaolinite was determined from potentiometric titration shown

in Figure 2.9, and σalumina and σsilica were determined from the AFM data shown in Figure

2.8. Aalumina, Asilica, and Aedge were determined from the diameter and thickness of kaolinite

particles, and Akaolinite was the sum of these three values.

Figure 2.10 shows the relationship between the surface charge density of the kaolinite particle

edges and pH, calculated using Equation 2.5. When the pH is 4, the edge is positively charged,

while the edge is negatively charged when pH is 5 or more. Furthermore, when comparing the

magnitude of the surface charge density of the edge to that of the other two faces (i.e. alumina

and silica faces), at low pH values, the surface charge density of the edge is the same order as

that of the alumina and silica faces. However, at high pH values, the surface charge density of

the edge is much larger than that of the other two surfaces. This trend is consistent with the

calculated value of the surface charge density of the edge by potentiometric titration performed

by Zhou and Gunter (1992) shown in Figure 2.6.
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Figure 4.8- The surface charge densities of the kaolinite edge surface and the two face 
surfaces (silica and alumina face) as a function of pH in 1 mM KCl solution. 
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Figure 2.10 Variation in surface charge density of the edge of kaolinite particles against pH
(Gupta, 2011)

Liu (2015), Kumar (2017), Guo and Yu (2017) also used AFM to investigate the surface charge

of kaolinite particles. They showed that the surface charge of kaolinite particles is highly de-

pendent on the pH value and salt concentration of the solution.
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2.3 Clay particle interaction

The physicochemical properties of clay particle surfaces including surface charge are impor-

tant determinants of the interactions between clay particles, which may be closely related to the

mechanical response of the clay. In general, the interactions between clay particles are much

more complex than those between sand and gravel: the interactions between relatively large

grain size geomaterials such as sand and gravel particles are governed by their physical contact.

However, the physicochemical non-contact forces play an important role in the interaction be-

tween clay particles because clay particles are very fine and have a high surface area to volume

and mass ratio (Lambe and Whitman, 1969; Mitchell and Soga, 2005). This section describes

the clay interactions, which are the combination of two non-contact forces, van der Waals force

and electrostatic (double layer) force, and one mechanical contact force termed Born repulsion.
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2.3.1 Idealised clay particle interaction

The interaction between two clay particles is described as a relationship between energy/force

and surface-to-surface distance (h12) (Lu et al., 2008). Figure 2.11 shows the idealised interac-

tion energy profile and interaction force profile. The interaction energy and force profiles are

non-linear and non-monotonic. As shown in Figure 2.11(a), as two clay particles gradually ap-

proach each other from a distance, the interaction energy increases and then reaches a maximum,

termed the energy barrier, at h12 = heb. As they become closer to each other, they reach the

minimum of the interaction energy, termed the energy well, at h12 = hew. Inside the position of

the energy well, interaction energy increases again as the surface-to-surface distance decreases

even more.

The interaction force is defined as the negative slope of the interaction energy-surface distance

relationship. In other words, the relationship between interaction force and surface-to-surface

distance can be obtained by differentiating the interaction energy with respect to the surface-to-

surface distance.

f = − ∂U

∂h12
(2.6)

where f is an interaction force, U is an interaction energy, h12 is a surface-to-surface distance

between two clay particles. A negative slope of the U -h12 relationship indicates a repulsive

force, while a positive slope indicates an attractive force.

As shown in Figure 2.11(b), as two clay particles approach each other from a distance, a repul-

sive force acts between two particles. As h12 decreases, the magnitude of the repulsive force

gradually increases and reaches a maximum. After the maximum repulsive force, the force

changes from repulsion to attraction at the position of the energy barrier (h12 = heb). When

two particles overcome the energy barrier, the attractive force attracts the particles to each other

and immediately they stabilise and are bonded at the position of the energy well (h12 = hew)

where the interaction force is zero. These repulsive and attractive forces acting between two

particles as they overcome the energy barrier and reach the energy well are contributions of the

physicochemical non-contact forces. If the surface-to-surface distance between the two stabi-

lized (bonded) particles close to the energy well is further reduced by applying an external force,

a strong repulsive force is generated. This repulsive force is called Born repulsion. Born repul-

sion is the mechanical contact force, which is caused by the overlap of the electrons of the two

clay particles and repulsion between nuclei.
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However, it should be noted that the relationship between interaction energy/force and surface-

to-surface distance shown in Figure 2.11 is not applicable to interactions between kaolinite par-

ticles under all conditions. This is because the non-contact force is governed by the physic-

ochemical properties of the clay particle surface, i.e. the relationship between the interaction

force and the surface-to-surface distance changes significantly depending on the surface charge

of the two interacting clay particles. Specifically, depending on the surface charge of the clay

particles, there may be a relationship between an interaction energy and the surface-to-surface

distance without an energy barrier.

(a) Interaction energy

(b) Interaction force

Figure 2.11 Idealised interaction between two kaolinite particles (adopted by Lu et al. (2008))
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2.3.2 Physicochemical non-contact force

As shown in Figure 2.11(b), the physicochemical non-contact forces can be divided into a van

der Waals contribution and an electrostatic contribution. The van der Waals force and the elec-

trostatic force are generated by the presence of electrolytes (i.e. water and ions). This means

that the van der Waals and electrostatic forces do not occur between completely dry clay par-

ticles, and their interaction is governed only by mechanical contact forces. Clay particles are

very small and flat in shape, resulting in a very high ratio of surface area to volume and mass.

As a result, the non-contact force has a significant influence on key mechanical properties such

as stiffness, strength, and compressibility of clays (Anandarajah, 2000a; Bolt, 1956; Lambe and

Whitman, 1969; Lu et al., 2008; Mitchell and Soga, 2005). The non-contact force also signif-

icantly influences the microfabric formation of clay during depositional processes (Lambe and

Whitman, 1969).

In colloid science, the non-contact force between clay particles is commonly described byDLVO

theory (Derjaguin, Landau, Verwey, and Overbeek), which was proposed independently by Der-

jaguin and Landau (1941) and by Verwey and Overbeek (1948). It is a theory that explains the

stability of colloidal dispersions and describes the mechanical principles involved in the inter-

action between colloidal particles in suspension. The fundamental premise of DLVO theory is

to assume the existence of two primary interaction energies, i.e. a van der Waals energy and an

electrostatic energy. DLVO theory aims to calculate these interaction energies and predict par-

ticle aggregation behaviour. In the following, a detailed overview of the van der Waals energy

and the electrostatic energy is presented. DLVO theory will be explained in detail in Section

2.4.
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2.3.2.1 van der Waals energy/force

van der Waals force at the molecular-scale

The van der Waals force is a weak attractive force acting between atoms or molecules. These

forces are also termed the London dispersion forces or the instantaneous dipole-induced dipole

forces. While the van derWaals force is a type of Coulomb force (the force between two charged

particles), it acts even between non-polar, charge-neutral molecules. The van der Waals force

arises from the momentary imbalance of electrons. Molecules have electrons which are in con-

stant motion around the molecules. As electrons move, there are moments when they momen-

tarily shift in one direction, causing one side of the molecule to become negatively charged

and the other to become positively charged. In other words, instantaneously, the molecule has

a dipole moment, which produces an electric field that polarises nearby atoms and molecules.

The Coulomb force between the molecules’ synchronised fluctuating multipole moments is the

van der Waals force.

The van der Waals energy is proportional to the minus sixth power of the intermolecular dis-

tance. In other words, the van der Waals energy (UvdW), which depends on the properties of the

molecules through a proportionality constant C (referred to as the London coefficient), can be

expressed as follows using the intermolecular distance r:

UvdW = −C

r6
(2.7)

van der Waals force at the particle-scale

Clay particles are composed of many atoms, so the van der Waals forces acting between clay

particles can be evaluated by summing up the inter-atomic van der Waals forces (Mitchell and

Soga, 2005). Figure 2.12 is a schematic diagram of the relationship between the van der Waals

energy acting between two clay particles arranged in parallel and the distance between them.

As the interparticle distance decreases, the van der Waals energy monotonically decreases and

becomes more negative.

Quantitative evaluation of van der Waals forces using a microscopic approach

The microscopic approach proposed by Hamaker (1937) is the simplest method to quantify the

van derWaals energy between clay particles. In this approach, the van derWaals energy between
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Figure 2.24. Schematic of van der Waals energy-centre-to-centre separation distance profile developing 
between parallel plates (Mitchell and Soga, 2005) 

Microscopic (Hamaker-De Boer) approach 

The microscopic approach (Hamaker, 1937) is the simplest procedure to derive the van der 

Waals energy between macroscopic bodies. It assumes that the total interaction can be 

computed as a sum of the pairwise energies between the molecules that make up the two 

bodies considered (Butt et al., 2003; Hunter, 2001; Israelachvili, 2011; Pedrotti, 2016). 

Therefore, it explicitly accounts for their geometry. This formulation neglects the influence 

of neighbouring molecules on each pair computation. Furthermore, it assumes the 

interactions to happen in vacuum, thus ignoring the medium separating the particles. 

According to Chen (1996), the intervening medium affects the value of the Hamaker 

constant and thus neglecting the interacting medium may cause inaccuracies in the energy 

computations. It has been shown (Butt et al., 2003; Israelachvili, 2011) that the interaction 

energy is linearly proportional to 𝐴ு, which in the case of microscopic approach is a 

function of the molecular densities of interacting bodies and the London constant 𝐶 (from 

Eq. 2.4).  

Macroscopic (Lifshitz) approach 

Lifshitz theory (Lifshitz, 1956) was developed to overcome limitations of the pairwise 

additive model (Israelachvili, 2011). In this approach, the discrete structure of the 

interacting bodies is neglected and they are considered to be a continuum and the van der 

Waals interaction is derived based on the bulk properties of the system represented by the 

dielectric constant 𝜖 (Israelachvili, 2011; Pedrotti, 2016). Since this theory neglects the 

Figure 2.12 Schematic diagram of the relationship between the van der Waals energy acting
between two clay particles arranged in parallel and the interparticle distance between two clay
particles (adopted from Mitchell and Soga, 2005)

two clay particles is described as the sum of the van der Waals energies between the molecules

constituting each clay particle (Hunter, 2001; Butt et al., 2003; Israelachvili, 2011; Pedrotti and

Tarantino, 2018). Note that interactions between atoms on the same particles are ignored. This

approach assumes interaction in a vacuum and does not consider the influence of media such

as water. The advantage of this approach lies in its ability to explicitly consider the geometric

shape of clay particles. Conversely, the disadvantage is that by ignoring the presence of media

such as water that would normally exist between clay particles, there is a potential for errors in

calculating van der Waals energy. The error resulting from ignoring the medium stems from the

fact that Hamaker constants depend on the properties of the intervening medium (Chen, 1996).

According to Hamaker (1937), the Hamaker constant of a substance in vacuum is related to the

London coefficient by the following equation, using the molecular density, q, per unit volume

of colloidal particles (clay particles).

AH = π2q2C (2.8)

where AH is the Hamaker constant, and C is the London coefficient. Considering Equation 2.7,

it can be found that the magnitude of the Hamaker constant reflects the strength of the van der

Waals force between two particles. The London coefficient in the microscopic approach is given

as:

C =
3α2hpv

4 (4πε0)
2 (2.9)

where α is the molecular polarizability, hp is the Planck constant, v is the natural frequency of
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molecular fluctuation, and ε0 is the dielectric constant of a vacuum.

Quantitative evaluation of van der Waals forces using a macroscopic approach

The macroscopic approach (Lifshitz, 1956) was developed to overcome the limitations of the

microscopic approach. While the microscopic approach based on Hamaker theory considers

colloidal particles as aggregates of numerous molecules, the macroscopic approach based on

Lifshitz theory considers colloidal particles as a continuum. In the macroscopic approach, the

influence of the medium on the Hamaker constant is considered by incorporating the relative

permittivity instead of molecular density or polarizability (Butt et al., 2003; Israelachvili, 2011;

Pedrotti and Tarantino, 2018). The advantage of this approach is that it explicitly considers the

influence of the medium (such as water) between the clay particles. However, a disadvantage

lies in the complexity of calculation of the Hamaker constant, making it applicable only to the

calculation of van der Waals energy between objects with simple geometries like spheres or

planes. For objects withmore complex geometries, the calculation becomes excessively intricate

(Chen, 1996).

Quantitative evaluation of van der Waals forces using a hybrid approach

Chen (1996) proposed a third approach called the hybrid approach. The hybrid approach was de-

veloped to leverage the advantages of both the microscopic and macroscopic approaches while

overcoming their respective limitations. In other words, it utilizes the methods of the micro-

scopic approach to consider the geometry of objects and employs the methods of the macro-

scopic approach to account for the influence of the medium on the Hamaker constant. Although

not widely recognized in fields such as colloidal science (appearing only Chen, 1996), the hybrid

approach was utilized by Yao (2001) and Yao and Anandarajah (2003) in evaluating the van der

Waals energy in particle-scale simulations of kaolinite.

Van der Waals energy between macroscale materials

The total van der Waals force between macroscopic materials can be calculated as the sum of

all interacting pairs of molecules based on the microscopic theory by Hamaker (1937). In other

words, this calculation requires an integration over the total volume of the materials, and the

result depends on the shape of the materials. Generally, if the shape of the materials is complex,
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the integration calculation becomes complex as well. Hence, approximate formulas have been

proposed to calculate the van der Waals energy between materials with representative shapes.

For example, when two spheres with radii R1 and R2 are separated by h, the van der Waals

energy between these two spheres is given by the following equation (Israelachvili, 2011).

UvdW=−AH
6

[
2R1R2

(2R1+2R2+h)h
+

2R1R2

(2R1+h)(2R2+h)
+ln

(2R1+2R2+h)h

(2R1+h)(2R2+h)

]
(2.10)

When two planes of thickness δ1 and δ2 are separated by h, the van der Waals energy between

these two plates is given by the following equation.

UvdW = −AH
12π

[
1

h2
+

1

(h+ δ1 + δ2)
2 − 1

(h+ δ1)
2 − 1

(h+ δ2)
2

]
(2.11)

As evident from Equations 2.10 and 2.11 above, the magnitude of the van der Waals energy

depends on the Hamaker constant. The Hamaker constant is a function of the mineralogical

properties of clay and the characteristics of the fluid between particles (e.g. salt concentration

and dielectric constant) (Masliyah and Bhattacharjee, 2006; Lu et al., 2008; Israelachvili, 2011).

The Hamaker constant is difficult to measure and is evaluated through theoretical analysis or co-

agulation measurements using Photon Correlation Spectrography (PCS) (e.g. Novich and Ring,

1984). In general, the Hamaker constant for clay particles interacting through water is on the

order of 1×10−20 J (Israelachvili, 2011; Bergström, 1997).
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2.3.2.2 Electrostatic energy/force

The electrostatic forces acting between clay particles arise from the surface charge of the clay

particles. Clay particles are generally charged positively or negatively in an electrolyte solution.

The surface charge of clay particles is generated through processes such as isomorphous sub-

stitution and protonation or deprotonation of surface hydroxyl groups. To maintain electrical

neutrality, clay particles require counter ions with opposite charges of the same valence as the

surface charge. In other words, in an electrolyte solution, counter ions with opposite charges to

the surface charge of clay particles distribute themselves on the surface of clay particles to neu-

tralize the surface charge. The layer where these counter ions distribute is called the electrical

double layer.

There are three models to describe the electrical double layer: the Helmholtz model, the Gouy-

Chapman model, and the Stern model. The simplest model for the electrical double layer is the

Helmholtz model. As shown in Figure 2.13(a), in the Helmholtz model, the electrical double

layer is represented by a parallel-plate capacitor structure where counter ions are present facing

each other at a constant distance.

Figure 2.13(b) shows the Gouy-Chapman model. In the Gouy-Chapman model, ions in the so-

lution are attracted to the solid surface by electrostatic forces, while some ions diffuse in the

solution due to motion induced by temperature, aiming to maintain a constant ion concentra-

tion in the solution. In this model, the distribution of ions in the solution follows a Boltzmann

distribution described by the electrostatic potential, and ions diffuse within a certain distance

from the surface. Since the ions are modelled as point charges, there are no physical restrictions

considered when ions approach the charged surface of clay particles; in other words, ions can

approach the clay particle surface up to zero distance (van Olphen, 1977; Masliyah and Bhat-

tacharjee, 2006). Additionally, the dielectric constant ϵ is assumed to be constant at all distances

from the surface of clay particles and equal to that of the solution. Therefore, the Gouy-Chapman

model is effective only under conditions of low surface potential and low salt concentration.

Figure 2.13(c) illustrates the Sternmodel. In the Sternmodel, the size of ions, which was ignored

in the Gouy-Chapman model, is taken into account, and the closest approach distance of ions

to the surface is considered. This position of closest approach is called the Stern plane. A thin

layer composed of cations adsorbed to the negatively charged surface or anions adsorbed to the

positively charged surface inside the Stern plane is referred to as the Stern layer or Helmholtz
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Figure 2.13 Threemodels to describe the electrical double layer: (a) Helmholtzmodel, (b) Gouy-
Chapman model, and (c) Stern model

layer. Outside the Stern layer, there is a layer where the distribution of ion concentration occurs,

known as the diffusion layer or Gouy-Chapman layer. The thickness of the electrical double

layer from the clay particle surface to the diffusion layer is referred to as the Debye length. The

surface potential linearly changes within the Stern layer and decreases towards the solution side.

Electrostatic forces arise from the overlap of electrical double layers. When two charged clay

particles approach in an electrolyte solution, the electrical double layers surrounding each par-

ticle overlap. As a result, the concentration of counter ions between the two clay particles in-

creases, leading to a change in the osmotic pressure of the counter ions and causing electrostatic

forces between the particles (Butt et al., 2003). Electrostatic forces can be either attractive or

repulsive depending on the sign of the interacting surface charges (Butt et al., 2003; Gupta and

Miller, 2010; Gupta, 2011; Liu, 2015; Kumar, 2017; Bandera et al., 2019). In other words, elec-

trostatic forces between two particles with the same sign of the surface charges are repulsive,

whereas those between particles with the opposite sign of the surface charges are attractive.

Exact solution of Poisson-Boltzmann equation for a charged plane

This section describes amethod to evaluate the electrostatic energy between two parallel charged

particles using the Poisson-Boltzmann equation. First, the ion distribution when a single charged

plane is immersed in an electrolyte solution is presented. As discussed above, the charged sur-
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face significantly influences the ion distribution in the electrolyte solution. Since the planar

surface is positively or negatively charged, counter ions, either anions or cations, are distributed

outside the plane surface. These counter ions diffuse, creating an ion distribution perpendic-

ular to the plane surface. As illustrated in Figure 2.14, the concentration of counter ions is

highest near the plane surface and decreases as one moves away from the surface (Masliyah

and Bhattacharjee, 2006; Mitchell and Soga, 2005). Conversely, the number of ions with the

same charge as the planar surface gradually increases as one moves away from the surface. The

concentrations of these two ions (i.e. ions with opposite charge to the planar surface and ions

with the same charge as the planar surface) become equal at a certain distance. The range up

to this distance from the planar surface is defined as the electrical double layer (Masliyah and

Bhattacharjee, 2006; Mitchell and Soga, 2005).

The ion concentration distribution from the planar surface can be calculated using the three mod-

els mentioned above: the Helmholtz model, the Gouy-Chapman model, and the Stern model.

Here, this study introduce the calculation method based on the widely used Gouy-Chapman

model. In the Gouy-Chapman model, the ion concentration from the charged plane is described

using the Boltzmann distribution function. Equation 2.12 expresses the ion concentration as

a function of the distance from the charged planar surface, x, with surface potential, ψ(0)

(Masliyah and Bhattacharjee, 2006; Israelachvili, 2011).

ni (x) = ni (∞) exp
(
− zie

kBT
ψ (x)

)
(2.12)

where, ni (∞) is the ion number concentration at infinity, zi is the valence of ion i, e is the ele-

mentary charge (1.60217663×10−19 C), kB is the Boltzmann constant (1.380649×10−23 JK−1),
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ionic distribution in the direction normal to the surface itself (Masiliyah and Bhattacharjee, 

2006; Mitchell and Soga, 2005). Therefore, there is a higher ion concentration close to the 

surface which decreases with distance, where electroneutrality is re-established (Masiliyah 

and Bhattacharjee, 2006; Mitchell and Soga, 2005), as shown in Figure 2.27. 

 

Figure 2.27. Distribution of ions and anions close to a planar charged surface (Mitchell and Soga, 2005). 
Cations indicate positive ions while anions indicate negative ions 

The Gouy-Chapman description of the diffuse double layer is the most used model and the 

concentration of ions close to a charged surface can be computed using the Boltzmann 

distribution function as in Eq. 2.6. The Boltzmann distribution describes the variation of the 

density of counterions (or ionic concentration) 𝑛௜ with the distance 𝑥 from a charged surface, 

which has a certain surface potential 𝜓(0) (Israelachvili, 2011; Masiliyah and 

Bhattacharjee, 2006).  

𝑛௜(𝑥) = 𝑛௜(∞) exp ൬−
𝑧௜𝑒

𝑘஻𝑇
𝜓(𝑥)൰ Eq. 2.6 

 

where 𝑛௜(∞) is the ionic number concentration at the neutral state in the bulk, at infinite 

distance from the charged surface, 𝑧௜ is the valence of the 𝑖𝑡ℎ ionic species (with the 

appropriate sign), 𝑒 [𝐶] is the magnitude of the fundamental charge of an electron, 

1.602 × 10ିଵ , 𝑘஻ [𝐽/𝐾] is the Boltzmann constant, 1.38 × 10ିଶଷ, and 𝑇 [𝐾] is the 

temperature.  

Figure 2.14 Cation and anion distributions close to a charged (Mitchell and Soga, 2005)
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Figure 2.29. One-dimensional geometry considered to derive the solution to the Poisson-Boltzmann 
equation 

By combining Eq. 2.6, Eq. 2.8 and Eq. 2.9, it is possible to derive the well-known Poisson-

Boltzmann distribution function which provides the distribution of the electric potential 𝜓 

in the diffuse layer close to a charged surface: 

𝜖
𝑑ଶ𝜓(𝑥)

𝑑𝑥ଶ
= − ෍ 𝑧௜𝑒𝑛௜(∞) exp ൬−

𝑧௜𝑒

𝑘஻𝑇
𝜓(𝑥)൰

ே

௜ୀଵ

 Eq. 2.10 

 

A symmetric electrolyte, in which the valence of anions and cations is the same, 𝑧ା =

−𝑧ି = 𝑧,  is considered in this research and a solution for the Poisson-Boltzmann equation 

under this hypothesis can be derived.  

𝜖
𝑑ଶ𝜓(𝑥)

𝑑𝑥ଶ
= 2𝑧𝑒𝑛(∞)sinh ൬

𝑧𝑒

𝑘஻𝑇
𝜓(𝑥)൰ Eq. 2.11 

 

Eq. 2.11 is a non-linear, second-order differential equation; the analytical solution, known 

as the Gouy-Chapman solution, can be determined by imposing the following two boundary 

conditions: 

(I) 𝑥 = 0 𝜓 = 𝜓(0) 
Eq. 2.12 

(II) 𝑥 → ∞ 𝜓 = 0 

 

Figure 2.15 One-dimensional geometric model considered for deriving solutions to the Poisson-
Boltzmann equation (Bandera, 2021)

and T is the temperature of the system. ψ (x) denotes the electrostatic potential, which is a

function of distance.

Figure 2.13(b) is a schematic diagram of the relationship between the electrostatic potential and

the distance from the surface according to Gouy-Chapman theory. As mentioned above, in the

Gouy-Chapman model, the dielectric constant ϵ is assumed to be constant at all distances from

the surface. Therefore, the electrostatic potential can be described using the Poisson equation

as follows:

ϵ∇2ψ (x) = −ρf (x) (2.13)

where ϵ is the dielectric constant of the medium (assumed to be constant in the electrolyte) and

ρf (x) is the density of ions in the solution.

As shown in Figure 2.15, assuming the surface of the clay to be a one-dimensional semi-infinite

plate, Equation 2.13 can be rewritten as follows.

ϵ
d2ψ (x)

dx2
= −ρf (x) (2.14)

The density of ions in the solution can be expressed as:

ρf (x) =
N∑
i=1

zieni(x) (2.15)

where N represents the number of ion types in the electrolyte solution.

From Equations 2.12, 2.14, and 2.15, the Poisson-Boltzmann distribution function for the elec-
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trostatic potential can be derived.

ϵ
d2ψ (x)

dx2
= −

N∑
i=1

zieni (∞) exp
(
− zie

kBT
ψ (x)

)
(2.16)

For simplicity, assuming a single salt dissociating into cationic and anionic species (i.e. N = 2)

and a symmetrical electrolyte where the valence of cations and anions are equal (z+=−z−=z),

Equation 2.16 becomes as follows.

ϵ
d2ψ (x)

dx2
= −zen (∞)

[
exp

(
− ze

kBT
ψ (x)

)
− exp

(
ze

kBT
ψ (x)

)]
(2.17)

Equation 2.17 can be given as a simple form;

ϵ
d2ψ (x)

dx2
= 2zen (∞) sinh

(
ze

kBT
ψ (x)

)
(2.18)

Equation 2.18 is a nonlinear second-order differential equation, and in order to obtain an an-

alytical solution, it is necessary to impose certain boundary conditions. Here, as illustrated in

Figure 2.13(b), the electrostatic potential at the charged surface is ψ0, and the electrostatic po-

tential is zero at positions infinitely far away. In other words, two boundary conditions can be

imposed: ψ (0) = ψ0 and ψ(∞) = 0. An analytical solution to Equation 2.18, known as the

Gouy-Chapman solution, can be expressed as follows.

Ψ = 2 ln

[
1 + exp (−κx) tanh

(
Ψ0

4

)
1− exp (−κx) tanh

(
Ψ0

4

)] (2.19)

where Ψ and Ψ0 are the dimensionless potentials defined as:

Ψ =
ze

kBT
ψ (x) (2.20)

Ψ0 =
ze

kBT
ψ0 (2.21)

The κ in Equation 2.19 is the Debye-Hückel parameter related to the thickness of the electrical

double layer. The thickness of the double layer is given by 1/κ and is also called the Debye

length. Figure 2.16 illustrates a schematic diagram of the electrical double layer. The thickness

of the electrical double layer is known to be influenced by the ion concentration in the solu-

tion surrounding the particles and is calculated using the following equation (e.g. Gupta, 2011;

Israelachvili, 2011).

κ−1 =

(
ϵkBT

2e2z2n (∞)

) 1
2

(2.22)
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two surfaces far apart, in an aqueous electrolyte (Figure 14.7). For convenience, we shall

put x ¼ 0 at the surface rather than at the midplane. Now, all the fundamental equations

derived in the previous sections are applicable to solutions containing different types of

ions i (of valency zi) so long as this is taken into account by expressing the net charge

density at any point x as
P

i

zierxi and the total ionic concentration (number density) as
P

i

rxi. Thus, Eq. (14.2) for the Boltzmann distribution of ions i at x now becomes.

rxi ¼ rNie
�ziejx=kT (14.25)

while at the surface, at x ¼ 0, the contact values of r and j are related by

r0i ¼ rNie
�ziej0=kT; (14.26)

where rNi is the ionic concentration of ions i in the bulk (at x ¼ N) where jN ¼ 0. For

example, if we have a solution containing HþOH� þNaþCl� þ Ca2þCl�2 , etc., wemaywrite

Solution values Contact values

½Hþ�x ¼ ½Hþ�Ne�ejx=kT ; ½Hþ�0 ¼ ½Hþ�Ne�ej0=kT ;

½Naþ�x ¼ ½Naþ�Ne�ejx=kT ; ½Naþ�0 ¼ ½Naþ�Ne�ej0=kT ;

½Ca2þ�x ¼ ½Ca2þ�Ne�2ejx=kT ; ½Ca2þ�0 ¼ ½Ca2þ�Ne�2ej0=kT ;

½Cl��x ¼ ½Cl��Neþejx=kT ; ½Cl��0 ¼ ½Cl��Neþej0=kT ;

(14.27)
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FIGURE 14.7 Near a negatively charged surface there is an accumulation of counterions (ions of opposite charge to
the surface coions) and a depletion of coions, shown graphically below for a 1:1 electrolyte, where rN is the electrolyte
concentration in the bulk or “reservoir” at x ¼ N. Counterions can adsorb to the surface in the dehydrated, partially
hydrated, or fully hydrated state. The OHP is the plane beyond which the ions obey the Poisson-Boltzmann equation.
This plane is usually farther out than the van der Waals plane.
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Figure 2.16 Schematic diagram of the electrical double layer (Israelachvili, 2011)

As evident from Equation 2.22, the thickness of the electrical double layer is a function of the

dielectric constant (ϵ), temperature (T ), valence of ions (z), and the ion number concentration

(n (∞)) in the solution.

If the surface charge is sufficiently small, the nonlinear Gouy-Chapman solution represented by

Equation 2.18 can be converted into a linear solution as shown in the following Equation 2.23.

Ψ = 2 ln

[
1 + exp (−κx) tanh

(
Ψ0

4

)
1− exp (−κx) tanh

(
Ψ0

4

)] = 2 ln

[
1 + exp (−κx) Ψ0

4

1− exp (−κx) Ψ0

4

]
(2.23)

This is obtained by expanding the hyperbolic tangent function using a Taylor series (Maclaurin

series). When x is sufficiently small, the terms beyond the second term on the right-hand side

of Equation 2.24 can be ignored.

tanhx = x− 1

3
x3 +

2

15
x5 − · · · ≈ x (|x| ≪ 1) (2.24)

To understand the error between the Gouy-Chapman nonlinear solution indicated by Equation

2.19 and the Gouy-Chapman linear solution indicated by Equation 2.23, both solutions are com-

pared for two cases: Ψ0 = 0.5 (low potential) and Ψ0 = 2.0 (high potential). Figure 2.17

illustrates the relationship between the dimensionless potential and the dimensionless distance

computed using both solutions. In the case of Ψ0 = 0.5 (low potential), the nonlinear and lin-

ear solutions almost perfectly coincide, with minimal error between the two. However, in the

case of Ψ0 = 2.0 (high potential), the nonlinear and linear solutions differ. Nonetheless, these

differences are not significant, so the two solutions can be considered sufficiently equivalent

(Masliyah and Bhattacharjee, 2006).

In addition to the Gouy-Chapman solution, alternative solutions for the Poisson-Boltzmann
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In Eq. (5.16), κ−1 is the Debye length, which is defined as

κ−1 =
(

εkBT

2e2z2n∞

)1/2

(5.19)

The Debye length, κ−1, is a measure of the electric double layer thickness, and is a
property of the electrolyte solution. It should be noted that this parameter contains
information about the dielectric permittivity of the solvent, ε, as well as the valence,
z, and bulk concentration, n∞, of the ions. However, no information regarding the
properties of the charged surface is present in the Debye length. Although it is nor-
mally referred to as the thickness of the electric double layer, the actual thickness
of a double layer extends well beyond κ−1. Typically, the Debye length represents a
characteristic distance from the charged surface to a point where the electric potential
decays to approximately 33% of the surface potential.

For �s � 1, i.e., low surface potentials, Eq. (5.16) can be approximated to

� = 2 ln

[
1 + 0.25�s exp(−κx)

1 − 0.25�s exp(−κx)

]
(5.20)

Figure 5.5 shows a comparison between the exact solution given by Eq. (5.16) and
the approximate solution given by Eq. (5.20). For �s = 0.5, both the expressions
yield nearly identical distributions of � but, as would be expected, the two results
differ for the higher surface potential of �s = 2. As it will be shown later, Eq. (5.20)
gives a poorer approximation for the potential distribution than the Debye–Hückel
approximation, Eq. (5.24), for �s > 1.

Figure 5.5. Potential distribution near a flat surface. Comparison of exact and approximate
solutions.
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Figure 2.17 Comparison between Gouy-Chapman solution and linearised Gouy-Chapman solu-
tion considering high and low surface potentials (Masliyah and Bhattacharjee, 2006)

equation represented by Equation 2.18 have been proposed. One of these is the linear solu-

tion based on the Debye-Hückel theory. In the Debye-Hückel theory, a low potential surface is

also assumed, i.e. ψ(x) ≪ 1. When ψ(x) is sufficiently small, Equation 2.18 can be expressed

as follows.

ϵ
d2ψ (x)

dx2
= 2zen (∞) sinh

(
ze

kBT
ψ (x)

)
= 2zen (∞)

ze

kBT
ψ (x)

=
2z2e2n (∞)

kBT
ψ (x) (2.25)

This is again obtained by the hyperbolic sine function using a Taylor series (Maclaurin series).

When x is sufficiently small, the terms beyond the second term on the right-hand side of Equation

2.26 can be ignored.

sinhx = x+
1

6
x3 +

1

120
x5 + · · · ≈ x (|x| ≪ 1) (2.26)

Rearranging Equation 2.22 gives:

κ2 =
2e2z2n (∞)

ϵkBT
(2.27)

Substituting Equation 2.27 into Equation 2.25 yields the linearised Poisson-Boltzmann equation

given by:
d2ψ (x)

dx2
= κ2ψ (x) (2.28)
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Figure 5.6. Potential distribution near a flat surface. Comparison between exact and Debye–
Hückel solutions.

the Debye–Hückel potential distribution, Eq. (5.24). A comparison between the
exact solution provided by Eq. (5.16) and the Debye–Hückel approximate solution,
Eq. (5.24) is given in Figure 5.6 for two values of surface potentials, namely, �s = 0.5
and �s = 2. For the case of the low surface potential, �s = 0.5, both the exact and
Debye–Hückel solutions give essentially the same dimensionless electric potential
variation with κx. For the higher surface potential of �s = 2, there is only a slight
difference between the two profiles. The Debye–Hückel solution normally gives fairly
close �/�s variations for �s values as high as 3. Comparing Figures 5.5 and 5.6 it
becomes evident that Eq. (5.20) is less accurate than the Debye–Hückel expression,
Eq. (5.24) as κx → 0 for large surface potentials, �s = 2.

Tabulation of the Debye length (κ−1) for different electrolyte concentrations and
valence types is given in Table 5.1. The Debye double layer thickness, κ−1, varies
from 9.61 × 10−9 m for a molarity of 0.001 M for a 1 : 1 electrolyte to 0.32 × 10−9 m
for a 3 : 3 electrolyte at a molarity of 0.1. Increasing the molarity of the electrolyte
and its valency tends to decrease the value of the Debye length κ−1.

The variation of �/�s with distance is shown in Figure 5.7 for a 1 : 1 electrolyte
at three concentrations using the Debye–Hückel solution. Increasing the electrolyte
concentration leads to a fast decay in �/�s and a small electric double layer thickness.
The values of κ−1 are indicated by solid circles. The variation of �/�s with distance
at 0.001 M concentration for symmetric electrolytes of three different valencies is
shown in Figure 5.8 where the Debye–Hückel approximation is used. The decay in
�/�s is much sharper for the 3 : 3 electrolyte solution when compared to the lower
valency electrolytes. As well, the electric double layer thickness (Debye length) is
smaller for the 3 : 3 electrolyte. One can conclude from Figure 5.8 that for a given
electrolyte concentration, the higher valency electrolytes are more effective in altering
the electric potential inside the electric double layer. Consequently, higher electrolyte
concentrations and electrolytes having higher valencies tend to “screen” the electric
potential due to a charged surface to a larger extent.
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Figure 2.18 Comparison between Gouy-Chapman solution and linearised Debye-Hückel solu-
tion considering high and low surface potentials (Masliyah and Bhattacharjee, 2006)

By imposing two boundary conditions, ψ(0) = ψ0 and ψ(∞) = 0, the solution to Equation

2.28 is:

ψ (x) = ψ0 exp (−κx) (2.29)

Equation 2.29 can also be described in terms of dimensionless quantities as Equation 2.30 using

Equations 2.20 and 2.21.

Ψ = Ψ0 exp (−κx) (2.30)

To understand the error between the Gouy-Chapman nonlinear solution indicated by Equation

2.19 and the Debye-Hückel linear solution indicated by Equation 2.30, both solutions are com-

pared for two cases: Ψ0 = 0.5 (low potential) and Ψ0 = 2.0 (high potential). Figure 2.18

illustrates the relationship between the dimensionless potential and the dimensionless distance

computed using both solutions. In the case ofΨ0 = 0.5 (low potential), the Gouy-Chapman non-

linear and Debye-Hückel linear solutions almost perfectly coincide, with minimal error between

the two. However, in the case of Ψ0 = 2.0 (high potential), the Gouy-Chapman nonlinear and

Debye-Hückel linear solutions differ, but the difference is not significant (Masliyah and Bhat-

tacharjee, 2006).
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Electrostatic interaction between two charged parallel plates

The above describes the surface potential distribution due to the electrical double layer when

assuming the surface of clay particles as a one-dimensional semi-infinite plate. Now, consid-

ering the case of two such one-dimensional semi-infinite plates as shown in Figure 2.19, as the

two plates approach each other, the electrical double layers gradually overlap. This overlap of

the electrical double layers results in interactions between the two plates. These interactions are

referred to as electrostatic potential energy and are generally represented as a function of the

distance between the two parallel plates.

Several expressions have been proposed to describe the relationship between electrostatic poten-

tial energy and the separation distance between the two parallel plates. However, all of these ex-

pressions are formulated based on certain assumptions, and no exact analytical solution has been

provided (Gupta, 2011). In the following, a solution based on the linearized Poisson-Boltzmann

equation shown in Equation 2.29 (i.e. the Debye-Hückel linear solution) is introduced.

From a thermodynamic perspective, the interaction energy per unit area due to the electrical

double layer at distance h is given by the change in Gibbs free energy with respect to a reference

at a semi-infinite distance (Masliyah and Bhattacharjee, 2006).

ϕ = ∆G = G (h)−G(∞) (2.31)

where ϕ represents the interaction energy due to the electric double layer per unit area, and G

denotes the Gibbs free energy per unit area. Furthermore, the Gibbs free energy is expressed as:

G = −
∫ ψ0

0

σdψ (2.32)

where σ represents the surface charge density, and ψ denotes the surface potential. When the

surface potential is constant and sufficiently small, i.e. adhering to the assumption of the Debye-

Hückel approximation, the relationship between the surface charge density and the surface po-

tential can be approximated as (Masliyah and Bhattacharjee, 2006):

σ = ϵκψ (2.33)

Substituting Equation 2.33 into Equation 2.32, the Gibbs free energy per unit area can be deter-

mined as:

G = −
∫ ψ0

0

σdψ = −ϵκψ
2
0

2
= −σ0ψ0

2
(2.34)
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Figure 2.19 Schematic representation of interacting two parallel plates (Liu and Neretnieks,
2008)

where σ0 and ψ0 represent the surface charge density and the surface potential of the isolated

planar double layer, respectively. In other words, from Equations 2.31 and 2.34, it is found that

the interaction energy per unit area can be calculated based on the surface charge density and

surface potential.

Surface potential

As shown in Figure 2.20, consider the case where two plates with constant surface potentials

ψa and ψb approach each other from an infinite distance to a distance h. In this scenario, the

solution to the linearized Poisson-Boltzmann equation given in Equation 2.28 can be expressed

as the general solution of a second-order differential equation, as follow.

ψ = A1 cosh (κx) + B1 sinh (κx) (2.35)

where A1 and B1 are arbitrary constants determined by the boundary conditions. From the

boundary conditions given in Figure 2.20, it is found ψ = ψa when x = 0, and ψ = ψb when

x = h. Based on these two boundary conditions, the arbitrary constants A1 and B1 can be

determined as follows.

A1 = ψa (2.36)

B1 =
ψb − ψa cosh (κh)

sinh (κh)
(2.37)

Substituting Equations 2.36 and 2.37 into Equation 2.35, the expression for the potential distri-

bution becomes as follows.

ψ = ψa cosh (κx) +
(
ψb − ψa cosh (κh)

sinh (κh)

)
sinh (κx) (2.38)
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EXAMPLE 5.10

Electric Potential Energy. Consider the case of two planar double layers with con-
stant surface potentials ψa and ψb brought together to a separation distance h from
infinity. Derive an expression for the interaction potential energy per unit area between
the two double layers at a separation distance h. We will base the analysis on the
linearized Poisson–Boltzmann equation, namely, the Debye–Hückel approximation.

Solution The geometry under consideration is given in Figure 5.25. Note that the
coordinate system used in this example is slightly different from the one used in
Figure 5.19. The location of the origin is shifted in this example to ensure consis-
tency with the original derivations of Hogg et al. (1966), which would lead to the
expressions obtained here. The solution of the linearized Poisson–Boltzmann equation
for this geometry will be of the form, cf., Eq. (5.100),

ψ = A1 cosh(κx) + B1 sinh(κx)

where the constants A1 and B1 can be obtained from the boundary conditions. The
boundary conditions are ψ = ψa at x = 0 and ψ = ψb at x = h. Applying these
conditions, the expression for the electrical potential distribution becomes

ψ = ψa cosh(κx) +
(

ψb − ψa cosh(κh)

sinh(κh)

)
sinh(κx) (5.147)

The surface charge density at the two plates are obtained from the derivative of
Eq. (5.147) evaluated at these surfaces. For the plate at x = 0, we have

σa = −ε

(
dψ

dx

)
x=0

= −εκ[ψbcosech(κh) − ψa coth(κh)]

Figure 5.25. Calculation of electrostatic interaction potential between two planar surfaces
separated by a distance h.
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Figure 2.20 Calculation of electrostatic interaction potential between two plate surfaces sepa-
rated by a distance h (Masliyah and Bhattacharjee, 2006)

Surface charge density

The surface charge density can be obtained using the first derivative of the potential distribu-

tion. From Equation 2.38, the surface charge densities of plates a and b are determined by the

following equations:

σa = −ϵ
(
∂ψ

∂x

)
x=0

= −ϵκ [ψb csch(κh)− ψa coth(κh)] (2.39)

σb = −ϵ
(
∂ψ

∂x

)
x=h

= ϵκ [ψb coth(κh)− ψa csch(κh)] (2.40)

where σa and σb represent surface charge densities for plate a and plate b, respectively.

Electrostatic interaction energy

As indicated by Equation 2.31, to evaluate the interaction energy, it is necessary to calculate the

Gibbs free energy at x = h and x = ∞. Here, two assumptions are introduced: (i) the Gibbs

free energy of the entire system is described by the simple addition of the Gibbs free energies

of the two plates, (ii) the potential distributions of the two plates remain constant regardless of

distance. Considering these two assumptions, the Gibbs free energy at x = h can be expressed

as follows.

G (h) = −1

2
(σaψa + σbψb) =

ϵκ

2

[
2ψaψb csch(κh)− (ψ2

a + ψ2
b ) coth(κh)

]
(2.41)
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Similarly, the Gibbs free energy at x = ∞ can be expressed as follow.

G (∞) = −1

2
(σaψa + σbψb) = −ϵκ

2
(ψ2

a + ψ2
b ) (2.42)

Substituting Equations 2.41 and 2.42 into Equation 2.31, the relationship between the electro-

static potential energy per unit area and distance is obtained.

ϕ = G (h)−G(∞)

=
ϵκ

2

[
2ψaψb csch(κh)− (ψ2

a + ψ2
b ) coth(κh)

]
+
ϵκ

2
(ψ2

a + ψ2
b )

=
ϵκ

2

[(
ψ2
a + ψ2

b

)
(1− coth(κh)) + 2ψaψb csch(κh)

]
= ϵκ

[
2ψaψb exp (κh)− ψ2

a − ψ2
b

exp (2κh)− 1

]
(2.43)

Equation 2.43 is the HHF (Hogg-Healy-Fuerstenau) (Hogg et al., 1966) expression for the elec-

trostatic potential energy per unit area between two semi-infinite plates. This expression is

known to be effective under the conditions mentioned earlier, namely, constant surface poten-

tial and low surface potential.
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2.3.3 Mechanical contact force

The mechanical (contact) force is a very short-range repulsive force that appears when the

surface-to-surface distance is smaller than the distance where the energy well exists (i.e. h <

hew), as shown in Figure 2.11. This force is categorized as quantum mechanical force, and its

origin can be found in Pauli’s exclusion principle with respect to electrons (Israelachvili, 2011).

Pauli’s exclusion principle is a principle of quantum mechanics that states each electron in an

atom can occupy its unique orbital, accommodating up to two electrons with opposite spins.

In other words, each atomic orbital can accommodate up to two electrons, and these two elec-

trons must have opposite spins. When two clay particles approach each other, the outer electron

shells of atoms of the clay surface begin to overlap. Pauli’s exclusion principle suggests that this

leads to an increase in electron kinetic energy, and this energy increase manifests as an overall

effective repulsion between atomic nuclei.

This repulsive force is called Born repulsion, also known as exchange repulsion, hard core re-

pulsion, steric repulsion (Israelachvili, 2011). Born repulsion is manifested when the separation

distance between two particles is extremely small, and it exhibits a rapid increase as the separa-

tion distance between two particles decreases. Therefore, Born repulsion determines how close

two particles can approach each other and plays a role in preventing overlap or penetration be-

tween two particles. At such short separation distances where Born repulsion is present, the

influence of non-contact forces, electrostatic force and van der Waals force, is quite small.

The modelling method for the mechanical contact force varies depending on the type of nu-

merical simulation, and there is no consensus on specific equations to describe mechanical con-

tact forces (Israelachvili, 2011). For example, in the discrete element method (DEM), which is

the most common approach for particle-scale simulations in geotechnical engineering, contact

forces can be simply modelled by introducing the springs at contact points (e.g. Pagano et al.,

2020; Yao and Anandarajah, 2003). In such spring-based modelling, linear elastic spring mod-

els are often used. Figure 2.21 illustrates an example of modelling contact forces using linear

elastic springs (Pagano et al., 2020). The magnitude of Born repulsion linearly increases with

the overlap distance between particles. In DEM, particle overlap is generally allowed, and a

contact forces is described based on the magnitude of the overlap. In Figure 2.21, the contact

force becomes effective (non-zero) only when the overlap occurs (i.e. when the overlap be-

comes positive). As mentioned above, the mechanical contact force arises not from the contact
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monodisperse assemblies. Monodisperse specimens were
therefore adopted here in order to save computation time
without affecting the resulting qualitative response.

Constitutive contact law between pairs of clay particles
The approach adopted in this work was to obtain the

total normal force acting at the contact as the sum of a
mechanical component and an electro-chemical component.
A schematic representation of the normal and tangential
contact laws introduced in this study is shown in Fig. 3.

The mechanical component was modelled using the linear
elastic–dissipative contact model in equation (1), reported in
Fig. 3(a) as ‘Mechanical force’. The values of kn, kt, kro and μ
adopted in this work were assumed to be independent of the
nature of the pore fluid and are reported in Table 1. The
selected values of kn, kt and kro guaranteed the simulation of
‘stiff ’ particles in the pressure range explored in this study
(i.e. the ratio between the stiffness at the contact and the
particle diameter is several orders of magnitude higher than
the maximum applied pressure).

The electro-chemical component was modelled by intro-
ducing a long-range repulsive/attractive force between
spheres not yet in contact, linearised for simplicity.
The pattern of the electro-chemical component of the
normal force is reported in Fig. 3(a) as ‘Coulombian force’.
The long-range Coulombian interaction, fij, Coul

n , arises for
negative values of the overlap (representing the distance
between spheres not in contact) once a fixed threshold value
is exceeded, and remains constant after overlapping occurs

f nij;Coul ¼
0; δnij , δn;�ij

kCoulðδn;�ij � δnij Þ; δn;�ij , δnij , 0

kCoulðδn;�ij Þ; δnij . 0

8>><
>>: ð5Þ

where δij
n,* is the threshold overlap and kCoul is the normal

stiffness of the long-range Coulombian interaction. The
Coulombian force is positive (repulsive) when spheres i and
j carry the same charge, and is negative (attractive) when
spheres i and j carry opposite charges. Changing the sign of
the Coulombian force allows for simulation of alkaline/acidic
pore fluid. Changing the value of kCoul allows for simulations
of pore fluids with different dielectric permittivity.

Values of the normal Coulombian stiffness kCoul for the
simulation of different pore fluids were selected following a
rigorous calibration procedure against experimental results

(described in the later section entitled ‘Calibration of the
Coulombian normal stiffness’). It is worth noticing that, as in
Pedrotti & Tarantino (2017), Coulombian forces were
assumed to be the only electro-chemical forces controlling
the interaction between particles not yet in contact. However,
the constitutive contact law could be easily extended to more
complex contact interactions (e.g. including van der Waals
forces) by considering additional attractive forces in the
δij
n, 0 range.
The total normal force acting at the contact is then

obtained by adding together the mechanical and electro-
chemical contributions given by equation (2) and equation
(5), respectively (termed ‘Total force’ in Fig. 3(a))

f n;totij ¼ f nij þ f nij;Coul ð6Þ
Once the total force at each contact had been calculated

and the instantaneous position of the particles was known,
macroscopic variables such as the distribution of the stress in
the assembly could be extracted from the discrete data by way
of the coarse-graining micro–macro transition method
implemented in MercuryDPM (2019) (Weinhart et al.,
2012; Tunuguntla et al., 2015).

Design of clay-like particles
Two types of particles were designed in this work as shown

in Fig. 4. Particles that are negatively charged on both edge
and face (alkaline pore fluid) were generated by assigning a
negative charge to all the spheres belonging to each rod,
resulting in the development of only repulsive long-range
forces between rods interacting with each other. Particles that

Table 1. Properties of the elementary spheres

Input parameter Value: SI units

Sphere density D 2605 kg/m3

Sphere radius R 0·5� 10�6 m
Spheres per rod Ns,rod 19
Number of spheres Ns 5700
Number of rods Nrods 300
Bonding overlap δbond 0·5� 10�6 m
Threshold overlap δij

n,* 0·5� 10�6 m
Normal stiffness kn 1� 103 N/m
Tangential stiffness kt 2/7kn
Rolling stiffness kro 2/5kn
Friction μ 0·3
Normal damping coefficient γn 5·7� 10�8 kg/s
Tangential damping coefficient γt 2/7γn
Rolling damping coefficient γro 2/5γn
Background dissipation
(relaxation)

Γrel 3·16� 10�9 kg/s

Background dissipation
(compression)

Γ 3·16� 10�10 kg/s
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Fig. 3. (a) Normal and (b) tangential contact laws (sphere-to-sphere
interaction) for the simulation of clay particles
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Figure 2.21 Normal force profile used in DEM simulations of kaolinite particles in Pagano et al.
(2020)

of particles themselves, but from the overlap of electron shells around the particles. Therefore,

it can be said this approach does not reflect the actual physical phenomenon accurately. As

demonstrated by Yao (2001), a more realistic modelling approach involves calculating contact

forces using a buffer region. Figure 2.22(a) illustrates the presence of a buffer region around

non-contacting particles, while Figure 2.22(b) explains the occurrence of mechanical contact,

and Figure 2.22(c) shows an unrealistic overlap of particles (not permitted in their simulations).

However, Yao’s approach is not easy to implement and computationally expensive. Therefore,

in practice, the modelling method using linear elastic spring that allow a small particle overlap

is widely utilized in particle-scale simulations due to their ease of implementation.

In molecular dynamics and coarse-grained molecular dynamics simulations of clay particles,

power law potentials and exponential potentials are used to model contact forces (Israelachvili,

2011). Both potentials can describe a rapid increase in repulsion as the inter-particle separation

distance decreases (Israelachvili, 2011).

As mentioned above, various modelling approaches have been proposed to describe the mechan-

ical contact force. However, in particle-scale simulations, the precise form of the mechanical

contact force may not be crucial if the repulsive force due to mechanical contact is strong enough

to offset the influence of the van der Waals attraction at short separation distances.
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Figure 2.22 Calculation scheme of mechanical contact force (after Yao, 2001)
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2.4 DLVO theory

This section describes the Derjaquin, Landau, Verwey, and Overbeek (DLVO) theory (Derjaguin

and Landau, 1941; Verwey and Overbeek, 1948). DLVO theory was originally developed to

describe the stability of the colloidal dispersion system but is often used to describe the particle

interactions in geotechnical engineering field. First, the outline of DLVO theory is described.

Then, the calculations of the interaction energy between kaolinite particles using DLVO theory

are introduced. Finally, the limitations of DLVO theory are summarised.
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2.4.1 Outline of DLVO theory

When clay particles are present in a solution, they experience van der Waals force and electro-

static force. DLVO theory describes the behaviour of colloidal particle systems based on the

balance between van der Waals force and electrostatic force. In other words, in DLVO theory,

the total interaction energy is represented by the sum of contributions from van der Waals force

and electrostatic force.

ET = EEdl + EvdW (2.44)

where ET represents the total energy per unit area, EEdl represents van der Waals energy per

unit area, and EvdW electrostatic energy per unit area. van der Waals force is attractive, so van

der Waals energy is represented by a negative value. On the other hand, when electrostatic

force is repulsive (i.e. when the interacting two surfaces have the same sign of charges), the

electrostatic energy is represented by a positive value, andwhen electrostatic forces are attractive

(i.e. when the interacting two surfaces have the opposite sign of charges), the electrostatic energy

is represented by a negative value.

When two infinite parallel plates with surface potentialsψa and ψa are spaced apart by a distance

h, as shown in Equation 2.43, the electrostatic double layer interaction energy is given by the

HHF (Hogg-Healy-Fuerstenau) (Hogg et al., 1966) expression.

EEdl = εϵ0κ

[
2ψaψb exp (κx)− ψ2

a − ψ2
b

exp (2κx)− 1

]
(2.45)

where ε represents the relative permittivity, and ϵ0 is the vacuum permittivity. The transforma-

tion from Equation 2.43 to Equation 2.45 involves using the relationship ϵ = εϵ0 (where ϵ is

the dielectric permittivity of a material such as water) and using EEdl instead of ϕ. When the

surface potentials of the two plates are equal (i.e. ψa = ψb = ψ), Equation 2.45 becomes as

follows:

EEdl =
2ψ2εϵ0κ

exp (κx) + 1
(2.46)

The HHF expression represented by Equations 2.45 and 2.46 is valid only when the surface

potential is constant and low.

When two planes of thickness δ1 and δ2 are separated by h, the van der Waals energy per unit

area between these two plates is given by the following equation.

EvdW = −AH
12π

[
1

h2
+

1

(h+ δ1 + δ2)
2 − 1

(h+ δ1)
2 − 1

(h+ δ2)
2

]
(2.47)
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Figure 2.23 Schematic diagram of interaction energy-separation distance profile for double-
layer repulsion, van der Waals attraction, and net DLVO energy (modified from Masliyah and
Bhattacharjee, 2006; Israelachvili, 2011)

where AH is the Hamaker constant. The Hamaker constant can have different values depending

on the combination of interacting surfaces.

Figure 2.23 illustrates the relationship between interaction energy and separation distance based

on DLVO theory. The solid line represents the total interaction energy, while the two dashed

lines represent the contributions from electrostatic and van der Waals forces, respectively. In

Figure 2.23, the electrostatic force is assumed to be repulsive (i.e. the interacting two plates are

charged with the same sign). As two plates approach from a sufficiently distant position, the

interaction energy increases until reaching the energy barrier. In this range of the outside of the

energy barrier, because the electrostatic energy is dominant, the relationship between interaction

energy and separation distance exhibits a negative slope, resulting in a repulsive force. When

the separation distance is smaller than the position of the energy barrier, van der Waals energy

is dominant. In this range, the relationship between interaction energy and separation distance

has a positive slope, resulting in an attractive force.

Figure 2.23 also shows the influence of salt (ion) concentration on the interaction energy pro-

file. As the salt concentration increases, the height of the energy barrier decreases. With a

sufficiently high salt concentration, the energy barrier disappears. In this type of relationship

between interaction energy and separation distance, as two plates approach each other, the inter-

action energy decreases monotonically. In other words, the interaction force is always attractive.
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Similarly, when the electrostatic force are attractive (i.e. the interacting wto surfaces are charged

with opposite signs), there is no energy barrier in the relationship between interaction energy

and separation distance, and the interaction energy decreases monotonically as the separation

distance decreases.
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2.4.2 Interaction between kaolinite particles using DLVO theory

To calculate the interaction energy using DLVO theory, it is necessary to compute the electro-

static energy and the van der Waals energy.

To calculate the van der Waals energy, the thickness of the two plates and the Hamaker con-

stant are required. The thickness of the two plates can be determined approximately based on

the dimensions of the actual kaolinite particles. The Hamaker constant varies depending on the

combination of interacting surfaces. The interaction between two kaolinite particles, six combi-

nations are possible: alumina face-to-alumina face (Af-Af), alumina face-to-silica face (Af-Sf),

silica face-to-silica face (Sf-Sf), alumina face-to-edge (Af-E), silica face-to-edge (Sf-E), and

edge-to-edge (E-E). Gupta and his co-workers (Gupta, 2011; Gupta et al., 2011) provided the

Hamaker constants for these six interactions as shown in Table 2.2. Each Hamaker constant

listed in Table 2.2 is calculated from the Hamaker constants for the Af and the Sf using the

following Equation 2.48.

A123 =
(√

A11 −
√
A33

)(√
A22 −

√
A33

)
(2.48)

where A11 is the Hamaker constant for the first interacting surface, A22 is the Hamaker constant

for the second interacting surface, andA33 is the Hamaker constant for the solution. A11 andA22

represent the Hamaker constants for either the Af, the Sf, or the E. For example, the Hamaker

constant for the interaction between the Af and the Sf is denoted asA123 whenA11 represents the

Hamaker constant for the Af and A22 represents the Hamaker constant for the Sf. The Hamaker

constant for the interaction between the Af and the E is denoted asA123 whenA11 represents the

Hamaker constant for the Af and A22 represents the Hamaker constant for the E. Interchanging

A11 and A22 does not change A123. This means that the Hamaker constants for interactions for

Af-Sf and that for Sf-Af are the same. Gupta and his co-workers (Gupta, 2011; Gupta et al.,

2011) referred to Bergström (1997) and determined the Hamaker constants for the Af and Sf to

be 1.52×10−19 J and 8.86×10−20 J, respectively. The Hamaker constant for the E was determined

to be 1.20×10−19 J calculated as the average of the Hamaker constants for the alumina and silica

surfaces. Gupta and his co-workers (Gupta, 2011; Gupta et al., 2011) considered the solution to

be water and took its Hamaker constant to be 3.70×10−20 J.

To calculate the electrostatic energy, four parameters are required: the relative permittivity of

water, the Debye length, and the surface potentials of the two interacting surfaces. The rela-

tive permittivity of water is known to vary significantly with temperature. Assuming a water
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Table 2.2 Hamaker constant in six interactions between kaolinite particles in water (Gupta, 2011;
Gupta et al., 2011)

Interaction Interaction type Hamaker constant [J]
1 Alumina face – Alumina face 3.90×10−20

2 Alumina face – Silica face 2.08×10−20

3 Silica face – Silica face 1.11×10−20

4 Alumina face – Edge 3.05×10−20

5 Silica face – Edge 1.63×10−20

6 Edge – Edge 2.37×10−20

temperature of 300 K (26.85°C), the relative permittivity of water is approximately 77.89. The

vacuum permittivity is generally considered to be 8.8541878128×10−12 F/m. The Debye length

can be calculated using Equation 2.22. Assuming the water with a salt concentration=1 mMKCl

at a temperature of 300 K, the Debye length is approximately 9.6 nm. Data regarding the sur-

face potentials of kaolinite are provided by Gupta and his co-worker (Gupta et al., 2011; Gupta,

2011) in terms of surface charge density, as shown in Figures 2.8 and 2.10.

Gupta and his co-worker (Gupta et al., 2011; Gupta, 2011) calculated the DLVO interaction

energy between different surfaces of kaolinite for five different pH values (pH=4, 5, 6, 8, and

10). The results are presented in Figure 2.24, where the DLVO interaction energy is depicted

for each combination of the six different surfaces, clearly indicating the influence of pore water

pH. For interactions between three identical surfaces (i.e. Af-Af, Sf-Sf, and E-E), although the

magnitude of the interaction energy varies with the pH, the shape of the relationship between

interaction energy and separation distance remains the same. In other words, as the separation

distance decreases, the interaction energy increases until reaching the energy barrier. Then, as

the separation decreases further, the interaction energy rapidly decreases. In contrast, for in-

teractions between different surfaces, at certain pH values, there is no energy barrier, and the

interaction energy monotonically decreases as the separation distance decreases. This relation-

ship between interaction energy and separation distance occurs for the following interactions:

Af-Sf at pH=4, 5, and 6, Af-E at pH=5 and 6, and Sf-E at pH=4.

Whether an energy barrier exists or not is related to the sign of the surface potential of kaolinite.

As shown in Figures 2.8 and 2.10, the surface potential of each surface of kaolinite particles

depends on the pH. Specifically, the alumina face is positively charged at pH≤6 and negatively

charged at pH≥7, whereas the silica face is negatively charged regardless of pH. The edge is
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Figure 5.3- Interaction energy profiles for different surface interactions of kaolinite 
particles. 
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Figure 2.24 DLVO interaction energy profiles for different surface interactions of kaolinite par-
ticles (Gupta et al., 2011; Gupta, 2011)

positively charged at pH≤4 and negatively charged at pH>5. In the case of interactions between

identical surfaces, the two surfaces always carry the same charge regardless of pH. Therefore,

the electrostatic interaction is repulsive, and the balance between the electrostatic repulsion and

van der Waals attraction (refer to Figure 2.23) results in the existence of the energy barrier. In

interactions between different surfaces, if the two surfaces are charged with the same sign, the

same principle applies, and the energy barrier exists. However, if the two surfaces are charged

with opposite signs, the electrostatic force is attractive. Since both the electrostatic force and

van der Waals force are attractive, there is no repulsive component, and therefore, no energy

barrier appears.

93



CHAPTER 2. CLAY PARTICLES, THEIR INTERACTIONS AND MICROFABRIC

2.4.3 Limitations of DLVO theory

DLVO theory is an effective method to quantitatively describe the interaction between clay par-

ticles based on experimental observations. Previous studies have demonstrated that the DLVO

model can quantitatively explain the behaviour of clay suspensions, considering factors such as

salt concentration and pH. However, Mitchell and Soga (2005) provide a comprehensive anal-

ysis of the drawbacks associated with DLVO theory, and additional discussions can be found in

Ebrahimi et al. (2014) and Carrier (2013). DLVO theory is often seen as valuable primarily for

offering a conceptual framework to comprehend the general behaviour of particle interactions

and the overall balance of forces between particles. This is because DLVO theory relies on sev-

eral unrealistic assumptions. For instance, Gouy-Chapman theory of the electric double layer

incorporated into DLVO model assumes ions to be point charges, neglecting the consideration

of ion size. Furthermore, Gouy-Chapman theory is applicable only to surfaces with low to mod-

erate and constant potentials and low salt concentrations, rendering it unsuitable for situations

involving high surface potentials and salt concentrations.

Some researchers (e.g. Carrier, 2013; Ebrahimi et al., 2014) believe that the DLVO theory is

insufficient to represent real particle interactions at short separation distances (less than 1 nm).

However, for clay particles with sizes in the micron range (such as kaolinite clay particles), the

DLVO limitation is less important than for smaller montmorillonite particles. In a more general

discussion of coarse-grained molecular dynamics, Angioletti-Uberti (2017) noted that all the

details of the relationship between energy and separation distance are irrelevant to the accurate

prediction of mesoscale or integrated properties, as long as the key features such as the presence

of minima, or barriers, and their relative position, are correctly present. Indeed, DLVO theory

has been applied to the development of interaction models used in many recent particle-scale

simulations of clays, demonstrating reasonable macroscale behaviour (e.g. Anandarajah, 2000a;

Yao and Anandarajah, 2003; Liu, 2015; Sjoblom, 2016; Jaradat and Abdelaziz, 2019; Aminpour

and Sjoblom, 2019; Guo and Yu, 2023; Niu and Jiang, 2023)
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2.5 Clay microfabric

To deepen the understanding of the mechanical properties of clay, it is important to consider the

microfabric of clay. Microfabric refers to the arrangement of clay particles, particle groups, and

pore structures, and it distinguishes itself from the term “microstructure,” which refers to the

composite effects of clay’s microfabric, plasticity, and particle interactions (Mitchell and Soga,

2005).

Research into clay microfabric has been conducted since around the 1920s. For example, Terza-

ghi (1925) introduced the idea of clay classification, suggesting that clay minerals adhere to

one another at contact points, forming bonds strong enough to create a honeycomb structure.

Building upon this, Casagrande (1932) indicated that the honeycomb structure represents a dis-

tinct formation within clay-rich soils and is influenced by various environmental factors. In

the 1950-1970s, based on studies of the physical and chemical properties of soils, fundamental

models of clay microfabric were proposed (e.g. Lambe, 1958; Collins and McGown, 1974; van

Olphen, 1977). The correlation between the electrochemical interactions among clay particles

and macroscopic external forces were also explored using DLVO theory (Bolt, 1956). After

that, significant advancements in analytical techniques and electronic equipment, such as elec-

tron microscopy, enabled direct observation of clay’s microstructure. Consequently, it became

evident that changes in clay’s microfabric significantly influence its macroscopic engineering

properties (e.g. Wang and Siu, 2006a,b; Sachan and Penumadu, 2007; Pedrotti and Tarantino,

2018). Currently, in studies on clay microfabric, image observations using scanning electron

microscopy (SEM) and measuring pore size distribution using mercury intrusion porosimetry

(MIP) are commonly utilized as standard experimental techniques.

In general, it is known that clay exhibits different mechanical properties depending on the chem-

ical properties of the pore water (such as pH, salt concentration, and dielectric constant), even

when macroscopic properties such as void ratio are the same. The fundamental cause of the

different mechanical properties is the variation in clay microfabric. Furthermore, it is believed

that the difference in the microfabric of clay is induced by the difference in the surface charge

of the clay, i.e. the difference in particle-particle interactions. Therefore, understanding how

the microfabric of clay and the chemical properties of pore water influence the formation of

microfabric is crucial for obtaining insights into macroscopic mechanical properties such as

compressibility, shear strength, and permeability of clay.
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2.5.1 Classification of clay microfabric

From SEM images, it is known that clay particles are generally plate-like. As shown in Figure

2.25, van Olphen (1977) defined the types of relative particle orientations, namely face-to-face,

edge-to-edge, and face-to-edge/edge-to-face associations. Palomino and Santamarina (2005)

further defined a fourth particle orientation commonly observed in SEM images as sifted face-to-

face association (sometimes distinguished from face-to-face association, sometimes not). These

particle-particle associations constitute the smallest units forming microfabrics composed of

numerous clay particles. Typically, the classification of microfabrics is based on these four

particle-particle associations.
Chapter 2. Clay particles, their interactions and resulting fabric 
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Figure 2.34. Schematic representation of the types of interactions that can develop between clay particles 
(Santamarina et al., 2001b) 

Starting from the analysis of SEM images, which indicates that clay particles are platy in 

shape, van Olphen (1977) defined three possible types of clay particle contacts: face-to-face 

(FF), edge-to-face (EF) and edge-to-edge (EE). However, according to Palomino and 

Santamarina (2005), a fourth type of interaction can be identified, namely shifted face-to-

face (shifted-FF) (Figure 2.34). A simple and clear classification (Figure 2.35), which 

summarises all the idealised fabrics observed in clays, was introduced by Sides and Barden 

(1971).  

 

Figure 2.35. Idealised clay fabrics (Sides and Barden, 1971) 

Sides and Barden (1971) stated that flocculation, as displayed in Figure 2.35 (a) and Figure 

2.35 (b), was observed in clays in which the net electrical interaction between particles was 

Figure 2.25 Particle associations (van Olphen, 1977; Palomino and Santamarina, 2005)

Mitchell and Soga (2005) introduced four terms to represent clay microfabric: dispersed, aggre-

gated, flocculated, and deflocculated microfabrics. A dispersed microfabric is a state without

face-to-face association. An aggregated microfabric indicates a state where several clay par-

ticles form face-to-face associations. A flocculated microfabric describes the condition where

aggregates form edge-to-edge or edge-to-face associations. A deflocculatedmicrofabric denotes

a state where there is no association between aggregates. However, the terms aggregated and

flocculatedmicrofabrics are sometimes used synonymously to refer to multi-particle assemblies.

Similarly, dispersed and deflocculated may be used interchangeably to refer to single particles

or groups of particles acting independently.

Sides and Barden (1971) provide a classification of typical microfabrics of clay particles as il-

lustrated in Figure 2.26. The cardhouse and bookhouse microfabric shown in Figure 2.26(a)
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Figure 2.26 Classification of clay microfabrics. (a) Cardhouse, (b) bookhouse, (c) honeycomb,
(d) dispersed, (e) turbostratic, and (f) stack (Sides and Barden, 1971)

and Figure 2.26(b) represent flocculated microfabrics. Sides and Barden (1971) note that such

flocculated microfabrics occur when at least some of the interaction forces between particles

are attractive. The cardhouse microfabric illustrated in Figure 2.26(a) represents arrangements

formed by single clay particles. It is rarely observed within real clay samples (Bandera, 2021).

Conversely, the bookhouse microfabric shown in Figure 2.26(b) is commonly observed in SEM

images of clay samples. It is formed by combinations of face-to-face and edge-to-face or edge-

to-edge associations. Clay samples with these flocculated microfabrics exhibit high void ratios

(Palomino and Santamarina, 2005). Additionally, the honeycomb microfabric shown in Fig-

ure 2.26(c) exhibits similar flocculated characteristics. A honeycomb microfabric was initially

reported by Terzaghi and Casagrande and has subsequently been frequently observed in SEM

images of clay samples. Sides and Barden (1971) indicated that the dispersed and tarbostratic

fabrics shown in Figure 2.26(d) and 2.26(e) are formed when the interaction forces between clay

particles are repulsive. These microfabrics are frequently observed in artificially prepared clay

slurries. These are also observed on shear surfaces in residual states, such as in ring shear tests

or direct shear tests.
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2.5.2 Arrangement of particles in suspension

Wang and Siu (2006a) conducted sedimentation tests on kaolinite without any electrolytes to

examine the influence of pH on the microfabric formation. The sedimentation tests were car-

ried out over four months, and the final void ratios of the kaolinite samples were measured.

The results are presented in Figure 2.27. There is a significant change in void ratio (e) around

pH=5. When the pH is below 5, e ≈8.0, whereas when the pH is 5 or above, e ≈=4.0. This

result suggests a dramatic change in microfabric above and below pH=5. Based on previous

research, pH=5 is expected to be the isoelectric point of the edge surface of kaolinite particles.

Hence, below pH=5, the edges are positively charged, while above pH = 5, the edges are neg-

atively charged. Therefore, the change in void ratio shown in Figure 2.27 is expected to be the

result of a transition from edge-to-face flocculated microfabrics to dispersed and deflocculated

microfabrics as the pH increases.

Pedrotti (2016) investigated the influence of the pore water pH on the void ratio in sedimentation

tests, using kaolinite samples prepared with acidic (pH = 4) and alkaline (pH = 9) pore water.

The results are also presented in Figure 2.27. Similar to Wang and Siu (2006a), the kaolinite

samples prepared with acidic pore water exhibited significantly larger void ratios compared to

samples prepared with alkaline pore water. Pedrotti (2016) noted that based on the data from

Wang and Siu (2006a), the void ratio changes significantly around the point of zero charge (PZC)

of the edge surfaces of kaolinite. It was suggested that the surface charge of the edge and the

formation of edge-to-face associations are related to the pore fluid pH dependency of the void

ratio.

Wang and Siu (2006a) directly observed the microfabrics of kaolinite samples at pH=4 and

pH=7.8 at the end of sedimentation tests using SEM images, as shown in Figures 2.28(a) and

2.28(b). At pH=4, as illustrated in Figure 2.28(a), both edge-to-face associations and face-to-

face associations were formed. This simultaneous occurrence of edge-to-face associations and

face-to-face associations has been observed in other studies as well (e.g. Flegmann et al., 1969).

On the other hand, at pH=7.8, particles were aligned in the same direction, and no significant

flocculation was observed.
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2.5. CLAY MICROFABRIC

Figure 2.27 Relationship between void ratio and pH in sedimentation tests of kaolinite (Wang
and Siu, 2006a)

(a) SEM image of pH=4 sample (b) SEM image of pH=7.8 sample

Figure 2.28 SEM images of kaolinite sample after sedimentation tests (⃝, edge-to-face associ-
ation;△, face-to-face association) (Wang and Siu, 2006a)

Wang and Siu (2006a) and Palomino and Santamarina (2005) investigated the effects of the salt

concentration. They found that the salt concentration significantly influenced the arrangement

of clay particles in suspension. This is because the change in the salt concentration causes the

increase/decrease in the thickness of the electrical double layer.
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2.5.3 Arrangement of particles upon loading

The microfabric of clay is significantly influenced by the stress history of clay. The micro-

fabric can exhibit different changes depending on loading conditions such as compression and

shear. The changes in microfabric of clay under compression are highly complex. The influence

of compression loading on the microfabric of clay has been investigated through experiments

and simulations, utilizing techniques such as SEM and MIP (e.g Wang and Siu, 2006b; Hattab

and Fleureau, 2010; Hattab et al., 2013; Pedrotti and Tarantino, 2018), as well as particle-scale

simulations, DEM and MD (e.g Anandarajah, 2000a; Pagano et al., 2020).

Wang and Siu (2006b) conducted isotropic consolidation tests to investigate the influence of

microfabric on the compression behaviour of clay. Figure 2.29 presents the results of isotropic

consolidation tests, and Table 2.3 shows the compression indices of each sample. It is evident

that the initial void ratio and compressibility are closely related to the microfabric of the clay.

In samples where pH is low and edge-to-face association is dominant, the initial void ratio is

large, and the compressibility is high. This high compressibility is caused by the rearrangement

of particles during compression. In other words, it results from the disappearance of edge-to-

face associations and the transition to face-to-face associations during compression. On the other

hand, in samples where pH is high and face-to-face association is dominant, the initial void ratio

is small, and the compressibility is low. According to Wang and Siu (2006a), in microfabrics

where face-to-face association is dominant, there is no significant rearrangement of particles

during compression.

Figure 2.29 Isotropic consolidation results for kaolinite samples (adopted from Wang and Siu,
2006b)
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Table 2.3 Compression indices of kaolinite samples on isotropic consolidation tests (adopted
from Wang and Siu, 2006b)

Pore fluid properties of soil sample Cc

pH=4 0.453
pH=4 (NaCl=0.15 mol/L) 0.350
pH=7.8 0.241
pH=7.8 (NaCl=0.15 mol/L) 0.359

Figure 2.29 also includes compression curves of samples adjusted with an electrolyte (NaCl =

0.15 mol/l). The addition of electrolytes affects the surface chemistry of kaolinite particles. At

high pH, as the concentration of electrolyte increases, more edge-to-face associations are form,

whereas at low pH, more edge-to-face associations are lost. Therefore, at pH = 7.8, the addition

of electrolyte increases both the initial void ratio and compressibility. On the other hand, at pH

= 4, the addition of electrolyte decreases both the initial void ratio and compressibility.

Pedrotti and Tarantino (2018) attempted to correlate the macroscopic compressive behaviour of

kaolinite with changes in its microfabric. They conducted one-dimensional consolidation tests

using kaolinite prepared with acidic (pH=4) and alkaline (pH=9) pore water and examined the

changes in microfabric through MIP and SEM imaging. Figure 2.30 illustrates the results of

the one-dimensional consolidation tests. The kaolinite samples were initially in a dry powder

state and then saturated with water adjusted to different pH values. The initial void ratio of the

kaolinite sample in the dry powder state was approximately 4, which significantly decreased

after saturation. The initial void ratio of the kaolinite saturated with acidic pore water (pH=4)

was about 2.6, while that saturated with alkaline pore water (pH=8) was about 1.5. In other

words, the initial void ratio of the kaolinite saturated with acidic pore water wasmuch larger than

that of the kaolinite saturated with alkaline pore water. The kaolinite saturated with acidic pore

water exhibited high compressibility, whereas the kaolinite saturated with alkaline pore water

showed low compressibility akin to overconsolidated clay despite being a normally consolidated

clay. As the vertical effective stress increased, the difference in void ratios between the two

samples decreased.
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Acidic water was prepared by adding a few drops of very
dilute solution of hydrochloric acid (HCl solution) to
deionised water to obtain a pH equal to 4 after exposure to
clay. The total concentration of hydrochloric salt (HCl) at the
end of the preparation was always less than 0·0001M, which
has been proved to be negligible in terms of electrolyte
concentration (Pedrotti, 2016).
A solution of potassium hydroxide (KOH) with a molar

concentration smaller than 0·01M was used to prepare
alkaline water. Such an amount of electrolyte was sufficient
to raise the pH of the mixture to values higher than 9 after
exposure to clay, and was proven to be negligible in terms of
electrolyte concentration (Pedrotti, 2016).

EXPERIMENTAL PROCEDURES
Two different tests were performed on the clay: a

sedimentation test and one-dimensional (1D) mechanical
compression.
Sedimentation tests were performed according to BS

1377-2:1990 (BSI, 1990). However, instead of using only a
dispersant solution, the clay was either mixed with acidic or
alkaline water.
The 1D mechanical compression tests were performed in

an oedometer cell (dia. 75 mm). In one series of tests, the
oedometer ring was initially filled with oven-dried powder.
After applying a vertical stress of about 1 kPa (associated
with the weight of the loading cap), the cell was either
saturated with the required fluid (acidic water, alkaline water,
or acetone) or left dry. Upon imbibition, timewas allowed for
the sample to fully consolidate (c. 2 h). Afterwards, samples
were compressed in steps to the target vertical stress.
Unloading was performed in one single step. Samples were
allowed to fully consolidate under any loading step.
Consolidation upon unloading steps was either allowed
fully or hindered, as explained later in the paper. As vertical
displacement was monitored during the test, the void ratio
could be back-calculated at any stage of the test from the
final fluid content measured at the end of the test.
In a second series of tests, kaolin clay (acidic mixture) was

reconstituted from slurry. The slurry was prepared with a
water content 1·5wL and then placed in the oedometer ring.
The loading sequence was the same as discussed above.
Mercury intrusion porosimeter tests were carried out

using a Poremaster-60 manufactured by Quantachrome
Instruments. The equipment is designed to measure pore
entrance diameters in the range from about 1000 μm to
0·003 μm corresponding to 1·5 to 420 000 kPa mercury
intrusion pressure, respectively. For pressure up to 340 kPa
the machine operates on a station different from the one used
for high pressures. Blank tests were performed for the two
porosimeters to correct errors associated with system com-
pressibility and temperature effects. Intrusion rate was
selected in order to minimise the temperature increase in
the system.
Microscope images were obtained by means of field

emission scanning electron microscope (FE-SEM) (Hitachi
SU-6600). The FE-SEM is equipped with energy dispersive
spectroscopy (EDS), Oxford Inca 350 with 20 mm X-Max
detector and wavelength dispersive spectroscopy (WDS),
Oxford Inca Wave 700 microanalysis system with Energy.
All the water-saturated samples tested in the MIP and

SEM (either acidic or alkaline) were dehydrated by a
freeze-drying technique. The maximum time lag between
the end of the sample preparation test and the freeze-drying
equals 1–14 days (samples were stored in a sealed bag to
preserve water content). Freeze-drying was performed by
means of liquid nitrogen and isopentane, as described in
Tarantino & De Col (2008) and Pedrotti (2016). Samples

containing acetone were instead dehydrated by placing them
in the oven (105°C) for 24 h. Because of the low surface
tension of the acetone sample, disturbance due to oven-
drying was considered negligible. Air-saturated samples were
not dehydrated.
To evaluate the sample disturbance associated with

freeze-drying of water-saturated samples and oven-drying
of acetone-saturated samples, the macroscopic void ratio and
the void ratio extrapolated from the MIP test were compared.
For the SEM testing, specimens were gold coated before

the electron scanning.

EDGE-CHARGE EFFECT ON MACROSCOPIC
BEHAVIOUROF CONSOLIDATED CLAYS
Figure 3(a) shows the results of sedimentation tests

performed on acidic and alkaline specimens in terms of
final void ratio. Results from the sedimentation tests from
Wang & Siu (2006) are also included in the figure.
The change in pH affects the response of the suspensions.

The response changes markedly at a pH equal to the PZC
value; such a change is usually associated with the change in
the electrical charge of particle edges.

10

8

6

4

2
2 4 6

pH

1 10 100 1000 10 000
Effective vertical stress, σ': kPa

(b)

(a)

8 10

Vo
id

 ra
tio

, e

2

3

4

5

1

0

Vo
id

 ra
tio

, e

Saturation

Dry powder

PZC

Wang & Siu (2006)
Acidic (Pedrotti, 2016)
Alkaline (Pedrotti, 2016)

Acidic water
Alkaline water

Fig. 3. Macroscopic behaviour for kaolin clay at different pH: (a) void
ratio at the end of sedimentation tests performed on acidic and
alkaline specimens; (b) 1D consolidation of acidic and alkaline
samples

INVESTIGATION INTO THE MICROMECHANICS OF NON-ACTIVE CLAYS 669

Downloaded by [ Imperial College London Library] on [29/03/22]. Copyright © ICE Publishing, all rights reserved.

Figure 2.30 Relationship between void ratio and effective vertical stress (Pedrotti and Tarantino,
2018)

Figure 2.31 shows the pore size distribution (PSD) of kaolinite samples obtained by MIP per-

formed after unloading in the one-dimensional consolidation test (Pedrotti and Tarantino, 2018).

The MIP was conducted on each kaolinite sample unloaded from states of vertical effective

stresses of 70 kPa (Figure 2.31(a)) and 2220 kPa (Figure 2.31(b)). For both acidic and alkaline

water conditions, dominant pore size of 0.2 micrometres was observed. The influence of pH is

hardly observed in the PSD near this peak. However, the tail of the PSD, associated with larger

size pores, is significantly influenced by the pH. In kaolinite saturated with alkaline pore water,

the tail of the PSD indicates a low frequency of larger pores. On the other hand, for kaolinite sat-

urated with acidic pore water, there is a second peak associated with larger pores shown in Figure

2.31(a), and although the second peak decreases in Figure 2.31(b), the PSD these data indicate

a higher frequency of large pores when compared with the kaolinite saturated with alkaline pore

water. These PSDs can be associated with the clay microfabric. In face-to-face associations,

inter-particle distances are small, forming small pore sizes associated with the dominant part

of the PSD. On the other hand, in edge-to-face associations, inter-particle distances are larger,

forming large pores associated with the tail part of the PSD. In kaolinite saturated with alkaline

pore water, the faces and edges of kaolinite particles are negatively charged, enabling frequent

face-to-face associations. Therefore, the tail of the PSD is quite small, and the dominant peak

characterises the PSD. However, in kaolinite saturated with acidic pore water, while the faces

are negatively charged, the edges are positively charged. Consequently, both face-to-face asso-
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the figures, the alkaline samples show an ordered and
anisotropic particle configuration. All the particles appear
to be parallel to each other and no large pores can be noticed.
On the other hand, the sample prepared with acidic water
exhibits a much more disordered particle configuration and
larger pores can be detected. It can be observed that particles
are either in non-contact configuration or in contact
configuration (associated with edge-to-face contact). The
contact configuration is the one that appears to generate the
larger pores.

MICROSTRUCTURAL BEHAVIOUROF KAOLIN
CLAYAT DIFFERENT INTER-PARTICLE
COULOMBIAN FORCES
To investigate the effect of the intensity of the interaction

forces, 1D compression tests were carried out on samples
prepared with fluids having different dielectric permittivity.

Figure 7 shows the compression curves of specimens
saturated with water, acetone and air. When the pore fluid
is changed from air to acetone or from air to water, the
inter-particle repulsive forces are expected to reduce (Fig. 2).
Indeed, at the same initial stress (1 kPa), the sample with
water as pore fluid attained a void ratio (e=2·6) much lower
than the sample with acetone as pore fluid (e=3·5), which in
turn had a lower void ratio than the sample with air as pore
fluid (e=4·1). This difference is maintained along the first
loading as kaolin mixed with water always shows a smaller
void ratio than acetone and air.
Upon unloading, rebound occurred for the three samples.

The ‘reversible’ volume change is larger for kaolin saturated
with water, intermediate for kaolin saturated with acetone
and smaller for kaolin saturated with air. Such a trend is
opposite to the one given by the Coulomb’s force in
equation (1), as if electrochemical forces did not control the
rebound or if not all the pores are involved to the same extent
during rebounding.

Pore size distribution
The PSD of the samples having different pore fluids was

investigated by way of the MIP. Figs 8(a) and 8(b) show the
PSDs of samples saturated with air and acetone, respectively.
It can be noted that the PSD pattern is similar. Air-saturated
and acetone-saturated samples show a mono-modal size
distribution, the dominant part of the PSD remains the same
regardless of the applied stress, and the tail part of the PSD
reduces in size and frequency when the vertical stress is
increased. These features were also observed in water-
saturated samples (Figs 5(a) and 5(b)) suggesting that the
same micro-mechanisms occur for the three pore fluids.
A comparison of the PSD of samples saturated with the

three different pore fluids at the same vertical stress is
reported in Fig. 9(a) (70 kPa vertical stress) and Fig. 9(b)
(2220 kPavertical stress). There are two major points that are
worth observing.

(a) The modal pore size of the three samples is shifted as the
pore fluid is changed. Modal pore size of
water-saturated samples is smaller than the
acetone-saturated samples, and then the air-saturated
samples. This can be taken as evidence that the particle
distance in the non-contact configuration is controlled
by the electrical repulsion existing between the particle
faces, which, in turn, depends on the dielectric
permittivity of the fluid. It is worth noticing that not
only the modal pore size but the whole PSD is shifted.

(b) The tail part of the PSD is shifted both in terms of pore
size and frequency, with the higher pore size and
frequency recorded for the air-saturated samples. For
air-saturated samples the pore volume associated with
edge-to-face contact is bigger than that associated with
acetone-saturated samples, and in turn bigger than the
pore volume associated with water-saturated samples.

Scanning electron microscopy images
Images of a sample consolidated in water to 70 kPa, as

already reported in Fig. 6, are compared with images of a
sample consolidated to 70 kPa in air in Fig. 10. Particles in a
face-to-face configuration and particles in edge-to-face
contacts can be observed in both air-saturated and water-
saturated samples. However, pore volumes generated by the
edge-to-face contact in the air-saturated (dry) sample appear
bigger, which is consistent with the MIP data in Fig. 9.
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(a) Unloaded from 70 kPa

the figures, the alkaline samples show an ordered and
anisotropic particle configuration. All the particles appear
to be parallel to each other and no large pores can be noticed.
On the other hand, the sample prepared with acidic water
exhibits a much more disordered particle configuration and
larger pores can be detected. It can be observed that particles
are either in non-contact configuration or in contact
configuration (associated with edge-to-face contact). The
contact configuration is the one that appears to generate the
larger pores.

MICROSTRUCTURAL BEHAVIOUROF KAOLIN
CLAYAT DIFFERENT INTER-PARTICLE
COULOMBIAN FORCES
To investigate the effect of the intensity of the interaction

forces, 1D compression tests were carried out on samples
prepared with fluids having different dielectric permittivity.

Figure 7 shows the compression curves of specimens
saturated with water, acetone and air. When the pore fluid
is changed from air to acetone or from air to water, the
inter-particle repulsive forces are expected to reduce (Fig. 2).
Indeed, at the same initial stress (1 kPa), the sample with
water as pore fluid attained a void ratio (e=2·6) much lower
than the sample with acetone as pore fluid (e=3·5), which in
turn had a lower void ratio than the sample with air as pore
fluid (e=4·1). This difference is maintained along the first
loading as kaolin mixed with water always shows a smaller
void ratio than acetone and air.
Upon unloading, rebound occurred for the three samples.

The ‘reversible’ volume change is larger for kaolin saturated
with water, intermediate for kaolin saturated with acetone
and smaller for kaolin saturated with air. Such a trend is
opposite to the one given by the Coulomb’s force in
equation (1), as if electrochemical forces did not control the
rebound or if not all the pores are involved to the same extent
during rebounding.

Pore size distribution
The PSD of the samples having different pore fluids was

investigated by way of the MIP. Figs 8(a) and 8(b) show the
PSDs of samples saturated with air and acetone, respectively.
It can be noted that the PSD pattern is similar. Air-saturated
and acetone-saturated samples show a mono-modal size
distribution, the dominant part of the PSD remains the same
regardless of the applied stress, and the tail part of the PSD
reduces in size and frequency when the vertical stress is
increased. These features were also observed in water-
saturated samples (Figs 5(a) and 5(b)) suggesting that the
same micro-mechanisms occur for the three pore fluids.
A comparison of the PSD of samples saturated with the

three different pore fluids at the same vertical stress is
reported in Fig. 9(a) (70 kPa vertical stress) and Fig. 9(b)
(2220 kPavertical stress). There are two major points that are
worth observing.

(a) The modal pore size of the three samples is shifted as the
pore fluid is changed. Modal pore size of
water-saturated samples is smaller than the
acetone-saturated samples, and then the air-saturated
samples. This can be taken as evidence that the particle
distance in the non-contact configuration is controlled
by the electrical repulsion existing between the particle
faces, which, in turn, depends on the dielectric
permittivity of the fluid. It is worth noticing that not
only the modal pore size but the whole PSD is shifted.

(b) The tail part of the PSD is shifted both in terms of pore
size and frequency, with the higher pore size and
frequency recorded for the air-saturated samples. For
air-saturated samples the pore volume associated with
edge-to-face contact is bigger than that associated with
acetone-saturated samples, and in turn bigger than the
pore volume associated with water-saturated samples.

Scanning electron microscopy images
Images of a sample consolidated in water to 70 kPa, as

already reported in Fig. 6, are compared with images of a
sample consolidated to 70 kPa in air in Fig. 10. Particles in a
face-to-face configuration and particles in edge-to-face
contacts can be observed in both air-saturated and water-
saturated samples. However, pore volumes generated by the
edge-to-face contact in the air-saturated (dry) sample appear
bigger, which is consistent with the MIP data in Fig. 9.
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(b) Unloaded from 2220 kPa

Figure 2.31 Pore size distribution of kaolinite samples saturated with acidic water and alkaline
water (Pedrotti and Tarantino, 2018)

ciations and edge-to-face associations are formed. As a result, both the dominant peak and the

tail characterise the PSD. The decrease in the pore sizes forming the tail part with increasing

vertical effective stress in kaolinite saturated with acidic pore water (as seen in the compar-

ison between Figure 2.31(a) and (b)) indicates the disappearance of edge-to-face associations.

Pedrotti and Tarantino (2018) and Pagano et al. (2020) suggested that the disappearance of edge-

to-face associations is associated with irreversible behaviour during loading and unloading in

clay consolidation tests.

The characteristics of the microfabric of kaolinite saturated with acidic and alkaline water con-

ditions can also be observed through SEM images. As shown in Figure 2.32(a), in kaolinite

saturated with alkaline water, the particles are regularly arranged, exhibiting anisotropic par-

ticle orientation, i.e. the particles are parallel to each other, and face-to-face associations are

dominant, with no significant large pores. On the other hand, in kaolinite saturated with acidic

pore water, as shown in Figure 2.32(b), the particles are arranged more irregularly, showing a

more random particle arrangement, i.e. edge-to-face associations are formed, and significant

large pores can be observed.

Sachan and Penumadu (2007) and Sachan (2007) conducted isotropic consolidation tests on

kaolinite samples with flocculated and dispersed microfabrics, as part of the sample preparation

process before performing the triaxial shear tests. The flocculated sample was prepared by

mixing kaolinite powder with deaired and deionized water. The dispersed sample, on the other
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MICROSTRUCTURAL BEHAVIOUROF KAOLIN
CLAYALONG REVERSIBLE AND
NON-REVERSIBLE COMPRESSION PATHS

Figure 11(a) shows the compression curves of samples
reconstituted from slurry (acidic mixture), compressed to 70

or 2220 kPa and then unloaded. For each vertical stress (70
and 2220 kPa), two different samples were prepared, one
lying on the normal consolidation line (ncl) and the other one
on the unloading–reloading line (url). To test samples on the
ncl, samples need to be removed from the oedometer by
preventing any rebound. To this end, once the desired vertical
stress was attained, the sample was unloaded quickly to
generate undrained conditions.
To achieve undrained conditions, the time taken to remove

the load should be significantly shorter than the time of
consolidation. Because the time required to remove the load
cannot be reduced beyond a certain limit, the time of
consolidation was increased by increasing the drainage
length. A sheet of para-film was placed at the bottom of
the sample in order to seal the bottom porous stone. As water
flow was permitted only at the top of the sample, the
drainage length could be doubled and the consolidation time
could then be incremented by four times. The undrained
unloading was then performed in one single step, the vertical
stress was reduced to 1 kPa and the sample was rapidly
removed from the oedometer. Once removed from the
oedometer the sample was stored in a sealed bag to prevent
any water loss until freeze-drying was performed.
For the url samples, a drained unloading was performed

following the same procedure described in the previous
section. Fig. 11(a) shows the location of the samples tested in
the MIP on the normal compression and unloading curves.
Figure 12 shows the pore size evolution upon unloading of

samples consolidated to 70 kPa and 2220 kPa. It can be
observed that the unloading does not change the shape of the

(a)

(b)

Fig. 6. SEM images on different samples consolidated after at 70 kPa: (a) prepared with alkaline water; (b) prepared with acidic water

5

4

3

2

1

0
1 10 100 1000 10 000

Vo
id

 ra
tio

, e

Vertical effective stress, σ': kPa

Air
Acetone
Water

Fig. 7. One-dimensional consolidation of kaolin clay sample satu-
rated with three different fluids

PEDROTTI AND TARANTINO672

Downloaded by [ Imperial College London Library] on [29/03/22]. Copyright © ICE Publishing, all rights reserved.

Figure 2.32 SEM images of kaolinite samples consolidated after 70kPa: (a) kaolinite sample
saturated with alkaline water and (b) kaolinite sample saturated with acidic pore water (Pedrotti
and Tarantino, 2018)

hand, was prepared by mixing kaolinite powder with deaired and deionized water and adding

2% dispersant (Calgon). They measured the volume change over time when a predetermined

consolidation pressure was applied to the sample. Figure 2.33(a) shows the temporal evolution

of volume change. The flocculated sample exhibited greater volume change than the dispersed

sample. Additionally, the flocculated sample reached the end of primary consolidation earlier

(t100 = 60min) than the dispersed sample (t100 = 200min). They also conducted one-dimensional

consolidation tests. The relationship between void ratio and vertical effective stress is shown

in Figure 2.33(b). The flocculated sample exhibited higher compressibility than the dispersed

sample. The compression index for the flocculated sample wasCc=0.38, while for the dispersed

sample it was Cc=0.18. These values can be considered comparable to compression indices

presented by other researchers (for example, in Table 2.3). The swelling index for the flocculated

samplewasCc=0.06, and for the dispersed sample it wasCc=0.05. Compared to the compression

index, it can be observed that the swelling index was less influenced by microfabric.
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The strength parameters depend on the particle orientation and
thickness of the diffuse double layer which is governed by the
electrolytic concentration and cation valency. Crystal structure of
clay minerals shows that clay particles are negatively charged,
and in the presence of water, cations concentrate near the surface
of clay particles �Carty 1999�. The potential established as a result
of interaction of adjacent charged particles can be used to predict
the behavior of clay soils. If the electrolytic environment of a
clayey soil is changed by adding flocculating agent �such as cal-
cium oxide, which has divalent calcium exchangeable cations� the
potential energy is reduced; thereby the particles approach each
other so as to form a flocculent structure �Sridharan et al. 1971�.
The high electrolytic concentration prevents the double layer
from fully developing, thus resulting in low interparticle repul-
sion, and this increases the value of angle of internal friction ����.
On the contrary, the potential energy is increased in the presence
of dispersing agent �such as: sodium hexa meta phosphate or
calgon, which has monovalent sodium exchangeable cations� in
the clay slurry. The positively charged ions in the solution con-
centrate near the surface of the clay particles in an attempt to
balance the net negative charge with high interparticle repulsion,
thereby resulting in a dispersed structure �Olson 1960�. The high
interparticle repulsion will lead to the parallel particle orientation,
which causes lower resistance to external stresses, and thus a
decrease in the value of friction angle ����. The present research
deals with the variation in shear stress–strain behavior of kaolin
clay with two platelets oriented randomly �flocculated
microfabric� and predominantly in a target direction �dispersed
microfabric�.

Material Properties and Specimen Preparation

The present investigation was carried out on a commercially
available kaolinite clay �SC-25� obtained from Akrochem Corpo-
ration, Akron, Ohio. The kaolin clay used in this research has a
liquid limit of 62%; plasticity index of 30%; and a specific gravity
of 2.63. Grain size distribution of kaolin clay indicates that 92%
of particles are finer than 10 �m, and 62% are finer than 2 �m,
with an activity of 0.44.

In this study, solid cylindrical specimens with a slenderness
ratio of 1 were prepared by using the one-dimensional �1D� slurry
consolidation method �Roscoe and Burland 1968; McConnachie
1974; Penumadu et al. 1998�. Specimens with flocculated micro-
fabric were obtained by mixing powdered kaolin clay with de-
aired and deionized water at a water content of 155%, and then
consolidating the slurry under K0 condition at 207 kPa vertical
stress in a slurry consolidometer �target effective vertical stress of
207 kPa was applied in one increment�. The dispersed microfab-
ric specimens were obtained by using the same procedure and by
adding 2% dispersant �calgon� in the clay slurry of 155% water
content �based on physicochemical analysis of kaolin clay with
dispersant�. A clay specimen with flocculated microfabric of
102 mm diameter and 102 mm height was obtained after 24 h of
consolidation, whereas the dispersed specimen was obtained by
consolidating the corresponding slurry for 330 h. This variation
of consolidation time was due to differences in pore size distri-
bution. The permeability of dispersed specimen along the vertical
direction was much smaller than that of the flocculated specimen
for identical stress state �K0 consolidation�; and the slurry con-
solidometer design allowed only vertical drainage at top and bot-
tom of the specimen. Fig. 2�a� shows the volumetric strain versus

time relationship during isotropic consolidation phase of triaxial
test on kaolin clay specimens at the confining pressure of
276 kPa. The end of the primary consolidation was observed at
t100=60 min for flocculated and 200 min for dispersed microfab-
ric. Fig. 2�b� shows the void ratio versus vertical stress relation-
ship which was observed during the 1D consolidation test on
kaolin clay specimens with dispersed and flocculated microfabric.
This figure shows that the compressibility of flocculated and dis-
persed microfabric was significantly different. The slope of the
curve beyond preconsolidation stress, i.e., the compression index
�Cc� for flocculated microfabric was much higher in comparison
to the dispersed microfabric.

After K0 slurry consolidation, solid cylindrical specimens of
kaolin clay with two extreme microfabrics; dispersed and floccu-
lated; were obtained; and after using air drying techniques �24 h
of air drying at room temperature�, SEM images were obtained at
approximately 14,000 magnification with no tilt provided while
taking the images. These images were taken by viewing in the
direction of specimen axis, which was the direction of major prin-
cipal stress �207 kPa� during K0 slurry consolidation. Fig. 1�a�
shows the flocculated microfabric, which has random orientation
of clay platelets �face-to-edge contact�, and Fig. 1�b� shows the
dispersed microfabric, which has a layered arrangement of the
clay platelets with face-to-face contact.

Fig. 2. Consolidation behavior of kaolin clay for dispersed
and flocculated microfabric: �a� consolidation-time history during
isotropic consolidation at 276 kPa; �b� stress-void ratio relationship
during 1D consolidation test
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(a) Temporal change in the volumetric strain during isotropic
consolidation test
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deals with the variation in shear stress–strain behavior of kaolin
clay with two platelets oriented randomly �flocculated
microfabric� and predominantly in a target direction �dispersed
microfabric�.
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available kaolinite clay �SC-25� obtained from Akrochem Corpo-
ration, Akron, Ohio. The kaolin clay used in this research has a
liquid limit of 62%; plasticity index of 30%; and a specific gravity
of 2.63. Grain size distribution of kaolin clay indicates that 92%
of particles are finer than 10 �m, and 62% are finer than 2 �m,
with an activity of 0.44.

In this study, solid cylindrical specimens with a slenderness
ratio of 1 were prepared by using the one-dimensional �1D� slurry
consolidation method �Roscoe and Burland 1968; McConnachie
1974; Penumadu et al. 1998�. Specimens with flocculated micro-
fabric were obtained by mixing powdered kaolin clay with de-
aired and deionized water at a water content of 155%, and then
consolidating the slurry under K0 condition at 207 kPa vertical
stress in a slurry consolidometer �target effective vertical stress of
207 kPa was applied in one increment�. The dispersed microfab-
ric specimens were obtained by using the same procedure and by
adding 2% dispersant �calgon� in the clay slurry of 155% water
content �based on physicochemical analysis of kaolin clay with
dispersant�. A clay specimen with flocculated microfabric of
102 mm diameter and 102 mm height was obtained after 24 h of
consolidation, whereas the dispersed specimen was obtained by
consolidating the corresponding slurry for 330 h. This variation
of consolidation time was due to differences in pore size distri-
bution. The permeability of dispersed specimen along the vertical
direction was much smaller than that of the flocculated specimen
for identical stress state �K0 consolidation�; and the slurry con-
solidometer design allowed only vertical drainage at top and bot-
tom of the specimen. Fig. 2�a� shows the volumetric strain versus

time relationship during isotropic consolidation phase of triaxial
test on kaolin clay specimens at the confining pressure of
276 kPa. The end of the primary consolidation was observed at
t100=60 min for flocculated and 200 min for dispersed microfab-
ric. Fig. 2�b� shows the void ratio versus vertical stress relation-
ship which was observed during the 1D consolidation test on
kaolin clay specimens with dispersed and flocculated microfabric.
This figure shows that the compressibility of flocculated and dis-
persed microfabric was significantly different. The slope of the
curve beyond preconsolidation stress, i.e., the compression index
�Cc� for flocculated microfabric was much higher in comparison
to the dispersed microfabric.

After K0 slurry consolidation, solid cylindrical specimens of
kaolin clay with two extreme microfabrics; dispersed and floccu-
lated; were obtained; and after using air drying techniques �24 h
of air drying at room temperature�, SEM images were obtained at
approximately 14,000 magnification with no tilt provided while
taking the images. These images were taken by viewing in the
direction of specimen axis, which was the direction of major prin-
cipal stress �207 kPa� during K0 slurry consolidation. Fig. 1�a�
shows the flocculated microfabric, which has random orientation
of clay platelets �face-to-edge contact�, and Fig. 1�b� shows the
dispersed microfabric, which has a layered arrangement of the
clay platelets with face-to-face contact.

Fig. 2. Consolidation behavior of kaolin clay for dispersed
and flocculated microfabric: �a� consolidation-time history during
isotropic consolidation at 276 kPa; �b� stress-void ratio relationship
during 1D consolidation test

308 / JOURNAL OF GEOTECHNICAL AND GEOENVIRONMENTAL ENGINEERING © ASCE / MARCH 2007

(b) Void ratio-vertical effective stress relationships during
one-dimensional consolidation tests

Figure 2.33 Consolidation behaviour of the flocculated kaolinite sample and the dispersed kaoli-
nite sample during isotropic and one-dimensional consolidation tests (Sachan and Penumadu,
2007)
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2.5.4 Arrangement of particles upon shearing

Sachan and Penumadu (2007) and Sachan (2007) conducted undrained triaxial compression and

extension on kaolinite samples with flocculated and dispersed microfabrics under three different

confining pressures (Pc = 207, 276, and 345 kPa). Figure 2.34 illustrates the normalized stress-

strain relationship for normally consolidated clay. In undrained triaxial compression on normally

consolidated clay, kaolinite samples with dispersed microfabric exhibited higher strength than

those with flocculated microfabric.

clay particles, which may break into smaller clusters at high stress
levels. Flocculated microfabric has clay platelets oriented in all
directions and a larger initial void ratio �e0=1.18 for flocculated
and e0=0.79 for dispersed microfabric�; therefore, it cannot carry
as much deviatoric stress as dispersed specimens for the same
boundary conditions. When the clay platelets slip at high stress
levels in flocculated microfabric, it locally creates denser configu-
ration �lower void ratio� due to its contractive nature, and this
prevents the flocculated specimen from showing appreciable post-
peak softening. The face-to-edge particle contacts in the floccu-
lated specimen are much weaker than the face-to-face particle
contacts in the dispersed specimen due to the smaller contact area
�force between the particles is proportional to the contact area
between particles� as clay is platy in shape �length of face � than
length of edge�. Thus, face-to-edge particle contact in the floccu-
lated specimen may allow particles to collapse and reorient again
for attaining a stable geometry within the soil mass, and this
process may prevent the slipping of particles even at high stress
levels.

The flocculated microfabric showed well-defined peak during
extension shearing due to the necking �having a much smaller
cross-sectional area�, but not as prominent as in dispersed micro-
fabric sheared under extension loading conditions. It is important
to note that the nonuniform deformations were observed at large
shear strains for both dispersed and flocculated microfabric even
when the lubricated end platens were used for triaxial testing.
These nonuniformities eventually formed thin shear bands within
the specimens. If the stress and strain states were interpreted at
this stage, ignoring the fact that the strain localization would have
already taken place, the interpreted stress and strain would be
inaccurate. Therefore, the stress–strain relationship in the post-
peak softening response would not represent the true stress–strain
behavior of the soil. Sachan �2005� confirmed the nonuniform
deformations within the clay mass under compression and exten-
sion loading conditions using the digital image analysis �DIA�
technique by obtaining local strain contour plots for dispersed and
flocculated microfabrics.

Fig. 6 shows the normalized stress–strain relationship for HOC
specimens of kaolin clay with flocculated and dispersed micro-
fabrics. The shear resistance of HOC specimens with dispersed
microfabric was found to be lower than that of the specimens with
flocculated microfabric, which was unlike the response of NC
specimens shown in Fig. 5. The reason could be the deletion of K0

consolidation stress history �during slurry consolidation� for HOC
specimens, which were first isotropically consolidated at
207/276/345 kPa and then isotropically overconsolidated by re-
ducing the effective confining stress to 21/28/35 kPa, possibly
resulting in partially erasing the effects of previous stress history.
The effect of overconsolidation on the stress–strain behavior of
clay can be studied by normalizing the deviatoric stress values by
mean effective stress before shearing and comparing the normal-
ized stress–strain relationship for normally and overconsolidated
clay. In such a case, the HOC specimens �OCR=10� of the kaolin
clay used in this study would show a much higher normalized
stress–strain curve in comparison to NC specimens. Therefore, if
the stress–strain curves shown in Fig. 6 were rather normalized by
mean effective stress before shearing, the dispersed microfabric
would show much lower effect of overconsolidation on the
stress–strain relationship in comparison to the flocculated micro-
fabric. This can be further justified by the volumetric response of
soil during shearing. For the flocculated microfabric, the HOC
specimens showed a dilative response during shearing due to the
effect of overconsolidation, when the NC specimens showed con-
tractive response. The dispersed microfabric changed the basic
nature of NC clay and resulted in its dilative or less contractive
response during shearing. However, the volumetric response of
HOC specimens was similar for both the microfabrics, indicating
a higher effect of overconsolidation in flocculated microfabric
compared to dispersed microfabric.

As shown in Figs. 5 and 6, the experimental data for undrained
triaxial compression and extension tests showed a decreasing
trend of normalized stress–strain relationships with increasing pc�
values for both the microfabrics: dispersed and flocculated.

Fig. 5. Normalized stress–strain response for undrained tests on NC clay
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Figure 2.34 Normalised stress-strain relationship for undrained triaxial compression and exten-
sion tests on normally consolidated kaolinite samples (Sachan and Penumadu, 2007)

Sachan and Penumadu (2007) and Sachan (2007) also conducted drained triaxial compression

and extension. Figure 2.35 illustrates the normalized stress-strain relationships. Kaolinite sam-

ples with flocculated microfabric exhibited higher strength than those with dispersed microfab-

ric. This trend did not necessarily align with the undrained triaxial behaviour.

Figure 2.36 presents the volumetric strain changes during the drained triaxial tests. In drained

triaxial compression tests, normally consolidated clay demonstrated contractive behaviour. The

normally consolidated kaolinite sample with a flocculated microfabric showed greater compres-

sion than those with a dispersed microfabric.

The SEM images obtained after the completion of the drained triaxial compression test on the

normally consolidated kaolinite sample with flocculated microfabric are shown in Figure 2.37.
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drained triaxial tests performed in this study on both the NC and
HOC specimens, the dispersed microfabric showed significantly
lower values for volumetric strain when compared to flocculated
microfabric, indicating the dilative or less contractive nature of
kaolin clay with dispersed orientation of clay platelets within the
specimen. The NC specimens with dispersed microfabric were
observed to have negative volumetric strain response under
drained extension loading conditions showing their dilative na-
ture, which was similar to the negative excess pore-pressure evo-
lution during undrained extension loading. These observations
can be rationalized using the same concepts presented earlier for
the corresponding undrained test data.

Stress–Strain Relationship

Fig. 10 presents the relationship of normalized deviatoric stress
with axial strain for drained testing. The dispersed microfabric
showed relatively sudden failure response at low strain levels
followed by significant softening when compared to flocculated
microfabric due to its volume change behavior. Dilative �or less
contractive� volume change behavior was observed for specimens
with initial dispersed microfabric, whereas strong contractive vol-
ume change behavior was observed for flocculated microfabric.
The same explanations used for undrained shear response are also
true for drained shear deformation based on the evolution of small
weak zones within the specimen at high strain levels for dispersed
microfabric. During drained shearing of NC clay, a huge differ-
ence in failure location for dispersed and flocculated microfabric
��a at failure�26% for flocculated and 11% for dispersed micro-
fabric� was observed, and this was contrary to what was observed
during undrained shearing. The flocculated microfabric had ran-
domly oriented particles with their packing likely to be collapsed
during the application of shear stress. Since the drained shearing
allowed the pore water to flow out from the void space of soil
mass during application of external loading, the collapsible pack-
ing of particles in flocculated microfabric might have allowed
more noticeable reorientation of particles during drained shearing
in comparison to the undrained shearing. Therefore, the drained
shearing of flocculated microfabric could change the geometric
arrangement of randomly oriented clay clusters/particles and pro-
mote the collapse of microstructure within the local zones, which
could provide further stability to the specimen against failure. As
a result, the specimen with flocculated microfabric failed at very
high strain level during drained shearing ��a=26% � in compari-

son to undrained shearing ��a=11.5% �. In dispersed microfabric,
the particles were stacked parallel to each other and had a close
packing. Since the axial loading was perpendicular to the stacking
of particles, it is likely to result in a relatively less reorientation of
the particles in dispersed microfabric, irrespective of the drainage
conditions. As a result, the failure location of dispersed microfab-
ric for the drained and undrained shearing conditions was ob-
served to be the same ��a�11%; Tables 2 and 3�.

The dispersed microfabric showed slightly higher shear stiff-
ness of the specimens at small strain levels than the flocculated
microfabric, as illustrated in Fig. 10. Despite being softer in re-
sponse, the flocculated microfabric showed higher shear strength
�qf =448 kPa� in comparison to the dispersed microfabric
�qf =401 kPa�. As explained earlier, the collapsible geometric
arrangement of particles and particle clusters in flocculated mi-
crofabric could provide additional stability against shear failure,
resulting in a longer hardening regime due to considerable par-
ticle rearrangement under drained boundary conditions. Conse-
quently, the flocculated microfabric could sustain much higher
shear stresses before reaching failure stress state, and eventually
fail at a shear stress value higher than that for the dispersed
microfabric.

Shear Strength Parameters for Undrained and Drained
Testing

Table 2 presents a summary of the observed undrained shear
strength parameters for flocculated and dispersed microfabric clay
specimens sheared at different confining pressure. For the same
loading/boundary conditions, the specimens with dispersed mi-
crofabric failed at lower strain levels ��a� in comparison to the
specimens with flocculated microfabric. As it was discussed ear-
lier, for dispersed microfabric the large amount of interparticle
repulsive forces between the clay platelets caused the lower resis-
tance to external stresses applied on clay specimen and caused
failure of the dispersed microfabric specimens at an early stage of
shearing.

The values of effective stress ratio ��1� /�3�� were observed to
be smaller for the specimens with dispersed microfabric in com-
parison to flocculated microfabric tested under the same loading/
boundary conditions. This indicated that the dispersed microfabric
would have lower shear resistance in comparison to the floccu-
lated microfabric at the same mean effective stress. The pore-
pressure parameter ��0� was determined using the experimental
data obtained for dispersed and flocculated microfabrics and the
empirical relationship presented by Mayne �1979�

OCR�0 =
�su/pc��OC

�su/pc��NC

�6�

The parameter �0 �Eq. �6�� was suggested to be constant for a
particular soil in the previous studies. The current study showed
that the calculated value of �0 for a soil might change with the
change in its microfabric. For the same clay, the value of �0 was
obtained to be 0.8 for flocculated microfabric and 0.5 for dis-
persed microfabric using lubricated end triaxial test data, indicat-
ing that the effect of OCR is smaller for dispersed microfabric.

Table 3 provides a summary of drained shear strength param-
eters obtained for flocculated and dispersed microfabrics using a
lubricated end triaxial testing setup. As observed for undrained
testing, the drained testing also showed the failure of dispersed

Fig. 10. Normalized stress–strain response for drained tests on NC
and HOC clay at pc�=276 kPa
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Figure 2.35 Normalised stress-strain relationship for drained triaxial compression and extension
tests on normally- and heavily over-consolidated kaolinite samples at P ′

c=276 kPa (Sachan and
Penumadu, 2007)

Before the drained triaxial compression test, the flocculated kaolinite sample exhibited a micro-

fabric characterized by edge-to-face association. However, after the drained triaxial compres-

sion test, both edge-to-face and face-to-face associations were observed, and the formation of

domains (groups of particles) and clusters (groups of domains) were confirmed from the SEM

images. Figure 2.37 illustrates that the contact between domains is face-to-face, while the con-

tact between clusters is face-to-edge. Kaolinite particles come closer to each other in the initial

stages of shear deformation and develop a parallel alignment (i.e. face-to-face associations).

This results in the formation of clay subdomains, functioning as units. At higher stress levels,

due to insufficient free space between particles (smaller voids), kaolinite particles become kine-

matically constrained. Consequently, plate-like domains are oriented parallelly, and clusters are

formed. Upon further shearing (approaching failure), these clusters tend to form stable geomet-

ric arrangements. They change their orientation in the direction of the shear plane. This leads

to the occurrence of face-to-edge contacts between clusters of the flocculated kaolinite sample,

as illustrated in Figure 2.37(c).
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stress paths for HOC clay showed a trend of moving away from
the origin for both the microfabrics, indicating the dilative nature
of HOC clay. Effective stress paths of HOC clay for dispersed and
flocculated microfabric appeared very close to each other in Figs.
7 and 8. The reason could be that the void space in the HOC
specimen was significantly higher than in the NC specimen for
both the microfabrics, and this could allow the clay particles/clay
clusters of the HOC specimen to orient freely within that void
space during the soil’s shear deformation, thus reducing the influ-
ence of the microfabric on shear behavior of clay at high OCR
values, or in other words, the effect of overconsolidation far ex-
ceeds the effect of microfabric for larger values of OCR. As dis-

cussed earlier, the particle orientations before shearing in NC and
HOC clay specimens were not significantly different and thus
represented the same microfabric.

Triaxial Tests with Drained Shearing

Volumetric Response (Volumetric Strain)
Fig. 9 shows the relationship of volumetric strain and axial strain
for NC and HOC specimens of kaolin clay with dispersed and
flocculated microfabrics. In this figure, positive volumetric strain
represents a decrease in the volume of the specimen. For all the

Fig. 8. Normalized effective stress paths for undrained extension tests

Fig. 9. Volumetric strain for drained tests on NC and HOC clay at pc�=276 kPa
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Figure 2.36 Volumetric strain-axial strain relationship for drained triaxial compression and
extension tests on normally- and heavily over-consolidated kaolinite samples at P ′

c=276 kPa
(Sachan and Penumadu, 2007)

RESEARCH ARTICLES 
 

CURRENT SCIENCE, VOL. 93, NO. 4, 25 AUGUST 2007 519 

 
 

Figure 4. SEM images of kaolinite clay specimen A after shear deformation. 
 
 

 
 

Figure 5. Stress–strain behaviour of kaolinite clay for specimens A 
and B. 

mains, causing the formation of clusters within the clay 
mass. On further shearing (near to failure), these clusters 
would try to form a stable geometric arrangement within 
the specimen. Thus, they would orient themselves according 
to the direction of the shearing plane. This resulted into 
the face-to-edge contact between the clusters in specimen 
A, as shown in Figure 4 c. It is important to note that the 
clay particles are platy in shape, and this enhances the 
tendency of particles to orient parallel to each other 
within a domain under applied axial compression loading. 
Therefore, contact between clay particles was observed to 
be face-to-edge before shear deformation and face-to-face 
after shear deformation in SEM images of kaolinite clay 
specimen A. 

Specimen B (preferred geometric arrangement) 

Unlike specimen A, contact between particles in specimen 
B was observed to be the same (face-to-face) before and 

Figure 2.37 SEM images of normally consolidated kaolinite sample with flocculatedmicrofabric
at the end of drained triaxial compression test (Sachan, 2007)
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2.5. CLAY MICROFABRIC

Figure 2.38 shows SEM images obtained after the completion of the drained triaxial compression

test on the normally consolidated kaolinite sample with a dispersed microfabric. This sample

exhibited a microfabric characterized by face-to-face contact both before and after shear. How-

ever, after shear, domains and clusters were observed. The sizes of domains and clusters in the

dispersed sample were significantly larger than those in the flocculated sample (refer to Figures

2.37 and 2.38). This is because the initial geometric arrangement of particles differed between

flocculated and dispersed samples. In the dispersed sample, as the particles were already in

face-to-face contact when the compression load was applied, the particles maintained face-to-

face contact. Domains were formed in the initial stages of shear, followed by the formation of

clusters. These domains and clusters enlarged with further shear (approaching failure), resulting

in larger-sized domains and clusters in the dispersed sample than in the flocculated sample. As

shown in Figure 2.38(c), face-to-edge contacts can be observed between clusters. The mecha-

nism of this face-to-edge contact is similar to that occurring in the flocculated kaolinite samples

described above.
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Table 1. Variation in geometric arrangement of particles, domains and clusters before and after shear deformation of kaolinite clay 

  Specimen preparation Before shear deformation After shear deformation 
 

Specimen A Water content (w) of slurry = 155%. w = 43.5%, e = 1.13 w = 30.4%, e = 0.79 
 (type of contact between two No dispersing agent used in clay slurry Particles: face-to-edge Particles: face-to-face 
 particles/domains/clusters)  Domains: do not exist Domains: face-to-edge 
  Clusters: do not exist Clusters: face-to-edge 

Specimen B Water content (w) of slurry = 155%. w = 29.0%, e = 0.72 w = 23.5%, e = 0.58 
 (type of contact between two Two per cent dispersing agent used in slurry Particles: face-to-face Particles: face-to-face 
 particles/domains/clusters)  Domains: do not exist Domains: face-to-edge 
  Clusters: do not exist Clusters: face-to-edge 

Void space (space between clay particles) is proportional to void ratio (e) and water content (w). 
 

 

 
 

Figure 6. SEM images of kaolinite clay specimen B after shear deformation. 
 
 
 
after shear deformation. When the specimen was sub-
jected to anisotropic compression loading, particles were 
forced to come closer to each other and orient themselves 
parallel to each other based on the direction of loading 

and the initial orientation of the platy-shaped clay parti-
cle, which has a natural tendency to lie down on its face. 
Thus, the application of compression loading stimulated 
the formation of face-to-face contacts between the particles 

Figure 2.38 SEM images of normally consolidated kaolinite sample with dispersed microfabric
at the end of drained triaxial compression test (Sachan, 2007)
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2.6 Summary

This chapter has described the atomic-scale structure of clay particles, the surface charge of

kaolinite particles, the particle interaction between two kaolinite particles, DLVO theory to

quantitatively describe the particle interaction, and the clay microfabrics and its influence on

the mechanical behaviour of kaolinite. Section 2.1 explained the atomic-scale structure of clay.

Kaolinite has a structure consisting of a number of alternating layers of silica and alumina sheets.

The basic structures consisting of silica and alumina sheets are strongly hydrogen bonded. Sec-

tion 2.2 described kaolinite surface charge. The surface charge of kaolinite depends on the

chemistry of the pore fluid (i.e. pH and salt concentration). Kaolinite has an anisotropic surface

charge, meaning that the silica, alumina and edge surfaces of kaolinite particles have different

surface charges. Section 2.3 described the interaction between the two kaolinite particles. Sec-

tion 2.4 introduced DLVO theory to describe particle interactions; DLVO theory describes only

the physicochemical non-contact energy by balance of electrostatic and van der Waals energies.

Section 2.5 described previous experimental research that has shown how porewater chemistry

has a significant influence on the formation of kaolinite microfabrics.
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3 Particle-scale simulation of clay

3.1 Introduction

Particle-scale simulations are the most effective methods to assess the relationship between

particle-scale properties of clay (such as interparticle energy/force, microfabric, particle orien-

tation, interparticle friction, etc.) and macroscopic mechanical behaviour. Unlike particle-scale

simulations of sand, which are widely conducted in the field of geotechnical engineering using

the Discrete Element Method (DEM), particle-scale simulations of clay are still in a develop-

mental stage.

Two techniques are commonly used for particle-scale simulations of clay, DEM and Molecular

dynamics (MD). Section 3.2 offers a general overview of MD and describes several important

aspects of particle-scale simulations, such as estimating critical time steps, achieving representa-

tive element volumes, and using periodic boundary conditions. Section 3.3 reviews key findings

in previous studies on particle-scale simulations of clay using DEM and MD. Section 3.4 is a

summary of this chapter.
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CHAPTER 3. PARTICLE-SCALE SIMULATION OF CLAY

3.2 Molecular dynamics

Molecular dynamics (MD) is a computationalmethod for numerically simulating the interactions

between and the motion of atoms and molecules, first introduced by Alder and Wainwright

(1959). MD simulations are used in studies of a wide range of material properties and chemical

reactions from the nanoscale to the macroscale in fields such as materials science, biophysics,

chemistry, and pharmacology. In recent years, there has been a small but increasing application

of MD in geotechnical engineering, particularly in the simulation of clay-water systems at the

particle-scale (e.g. Ebrahimi et al., 2014).

In the original MD introduced by Alder and Wainwright (1959), the smallest unit is the atom,

and molecules are composed of combinations of atoms. Here, the original MD is called fully

atomistic molecular dynamics (FAMD). When applied to larger microscale simulations, groups

of atoms or molecules are modelled as the most elementary particles. This way of using MD

is called coarse-grained molecular dynamics (CGMD). Essentially, the only difference between

FAMD and CGMD is whether the elementary particles of the simulation represent atoms or

larger particles comprised of many atoms. The basic computation algorithms are the same for

both methods.

In MD simulations, each atom or molecule (or composite particles comprised of many atoms)

is modelled as a particle, whose motion is described by Newton’s equations of motion. Inter-

actions between elementary particles are described by a potential (energy) function, such as the

Lennard-Jones potential function, which expresses potential energy of interaction as a function

of separation distance. The potential function usually consists of an attractive term and a repul-

sive term. The basic computational algorithm of MD is quite similar to the Discrete Element

Method (DEM). The main difference between DEM and MD lies in how interactions are de-

scribed. In DEM, interactions between particles are described by the force-distance relationship,

while MD describes interactions using the potential energy-distance relationship. However, the

potential energy can be converted to force by taking its negative first derivative with respect to

distance. Also, DEM and MD are algorithmically very similar. Hence, DEM and MD are not

substantively different, and both methods can be used for particle-scale simulations of clay.
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3.2. MOLECULAR DYNAMICS

3.2.1 Basic concept and calculation method of MD

The idea of MD is to treat the dynamic behaviour of atoms and molecules as a problem of

classical mechanics for many-particle systems interacting mechanically with each other. The

state of a many-particle system is given by the positions and momenta of the particles.

In a system ofN particles, the potential energy U is expressed as a function of the positions and

orientations of the particles as follows:

U =
N∑
i=1

∑
j>i

U
′ (ri, rj, ξi, ξj) (3.1)

where ri and rj are the positions of particles i and j, ξi and ξj are the orientations of particles

i and j. The force Fi on particle i due to its interaction with surrounding particles j is the first

negative derivative of the potential energy with respect to the particle position, i.e.,

Fi = −∂U
∂ri

(3.2)

In MD, the time evolution of the system is tracked by numerically solving Newton’s equations

of motion, given the initial conditions of each particle’s position and momentum. Newton’s

equation of motion of particle i is:

Fi = mi
d2ri
dt2

(3.3)

where mi is the mass of particle i, and t is the time. By numerically integrating Equation 3.3,

the positions and momenta of the particles are calculated at time t.

If particles have finite shapes rather than being point-like, they are subjected to torques as well

as linear forces. The torque is the cross product of the force vector in the tangential direction

and the vector from the particle’s centre to the point of force application. Newton’s equation of

rotational motion is expressed as:

Ti = Ii
dωi

dt
(3.4)

where Ii is the moment of inertia tensor of particle i, ωi is its angular velocity vector, and Ti is

the torque acting on it. Equations 3.3 and 3.4 are the two governing equations in MD.

In general, potential energy, force, and torque are calculated in a fixed global coordinate system

for all particles. However, themoment of inertia tensor I is typically defined in a local coordinate

system corresponding to the principal axes of inertia. In such local coordinate systems, the
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moment of inertia tensor I is represented by a diagonal matrix, which simplifies the calculations.

Therefore, it is convenient to express the torque as:

Tli = RiTgi (3.5)

Tli =
d

dt
(Iiωi)

l + ωl
i × (Iiωi)

l (3.6)

whereRi is the rotation matrix that transforms from global coordinates to local coordinates, and

superscripts l and g denote the local and global coordinate systems, respectively.

The components of the rotation matrix Ri are expressed in terms of the direction cosines of

the principal axes of inertia in the global coordinate system (Allen and Tildesley, 2017). The

orientation of the particle’s principal axes of inertia can be related to three angles, φ, θ, ψ, around

each coordinate axis, as illustrated in Figure 3.1. These three angles are called Euler angles, and

the corresponding quaternion, a four-dimensional number, is represented by:

q0 = cos
(
θ

2

)
cos

(
φ+ ψ

2

)
(3.7)

q1 = sin
(
θ

2

)
cos

(
φ− ψ

2

)
(3.8)

q2 = sin
(
θ

2

)
sin

(
φ− ψ

2

)
(3.9)

q3 = cos
(
θ

2

)
sin

(
φ+ ψ

2

)
(3.10)

The components of a quaternion satisfy the following equation.

q20 + q21 + q22 + q23 = 1 (3.11)

Using the quaternion components, the rotation matrix R is defined as follows.

[R] =

q20 + q21 − q22 − q23 2 (q1q2 − q0q3) 2 (q1q3 + q0q2)
2 (q1q2 + q0q3) q20 − q21 + q22 − q23 2 (q2q3 − q0q1)
2 (q1q3 − q0q2) 2 (q2q3 + q0q1) q20 − q21 − q22 + q23

 (3.12)

If the direction cosines (nx, ny, nz), which define the directions of the inertia principal axes of

a particle with respect to a local Cartesian coordinate system, are denoted by (nx,x, nx,y, nx,z),

(ny,x, ny,y, ny,z), and (nz,x, nz,y, nz,z) respectively, the rotation matrix R is expressed as fol-

lows.

[R] =
[
nx ny nz

]
=

nx, x ny, x nz, x
nx, y ny, y nz, y
nx, z ny, z nz, z

 (3.13)
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3.2. MOLECULAR DYNAMICS

Therefore, the directions of the inertia principal axes of a particle, (nx, ny, nz), are defined

using quaternions as follows.

nx = [nx, x, nx, y, nx, z]

=
[
q20 + q21 − q22 − q23, 2 (q1q2 + q0q3) , 2 (q1q3 − q0q2)

]
(3.14)

ny = [ny, x, ny, y, ny, z]

=
[
2 (q1q2 − q0q3) , q20 − q21 + q22 − q23, 2 (q2q3 + q0q1)

]
(3.15)

nz = [nz, x, nz, y, nz, z]

=
[
2 (q1q3 + q0q2) , 2 (q2q3 − q0q1) , q20 − q21 − q22 + q23

]
(3.16)

dT = -(I wi)' + W x (I wi)' (2.30)

where superscript g denotes global coordinate system and A is the rotation matrix. Ac-

cording to Euler theorem, any two independent orthogonal coordinates can be related by a

sequence of three rotations about coordinate axes where no two successive rotations should

be around the same axis. This limit leads to the following twelve rotation sequences:

XYZ XZY XYX XzX

YXZ YZX YXY YZY (2.31)

ZXY ZYX ZXZ ZYZ

In the following we assume ZXZ sequence. The orientation of a particle can be defined by

three Euler angles which map the global coordinate to a local one: (#, 0, ?P). Figure 2-6

shows the sequence of rotations that maps the left coordinate (Figure 2-6(a)) to the right

one (Figure 2-6(d)). First of all we rotate by q angle about the Cartesian Z axis. This

changes the X and Y axes. Then we rotate by 0 angle about the new X axis which changes

the Y and Z axes. Finally, we rotate by 0 angle about the new Z axis.

Angular equations of motion written in terms of Euler angles have singularities at 0 = 0

zz
z z e

M z zY

X
X X

Y Y

(a) (b) (c) (d)

Figure 2-6: Euler rotation sequence: (a) original orientation (b) after first rotation, #,
about Z axis (c) after second rotation, 9, about X axis (d) after third rotation, 0 about Z
axis.

or ir (Allen and Tildesley, 1989). For this reason, it is common to write these equations in

terms of quaternions to eliminate singularities. Quaternions are vectors in four dimensional

Euclidean space (R4 ): a = (ao, a,, a2 , a3 ). The norm of a quaternion is defined as jal =

44

Figure 3.1 Euler rotation order: (a) original coordination system, (b) rotation by φ around the
z-axis, (c) rotation by θ around the x-axis, and (d) rotation by ψ around the z-axis (Ebrahimi,
2014)
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3.2.2 Statistical ensembles in MD

In molecular dynamics, parameters called state variables specify the thermodynamic conditions

of the system. The main state variables are internal energy (E), volume (V), number of particles

(N), temperature (T), pressure (P), and enthalpy (H).In MD, a sequence of letters representing

state variables is used to indicate the physical conditions of the system imposed during a simula-

tion. A given set of physical conditions is called a statistical ensemble. Four typical ensembles

used in MD simulations are:

• NVE: in this ensemble, the number of the particles (N), volume (V) and energy (E) in the

simulation are kept constant. This ensemble is also called the microcanonical ensemble.

• NVT: in this ensemble, the number of the particles (N), volume (V) and temperature (T)

in the simulation are kept constant. By introducing thermostat, the temperature (T) in the

system is controlled to a predetermined value. This ensemble is also referred to as the

canonical ensemble.

• NPT: in this ensemble, the number of particles (N), pressure (P) and temperature (T) are

kept constant during the simulation. By introducing the thermostat and barostat, the tem-

perature (T) and pressure (P) in the system are controlled to given values. This ensemble

is also referred to as the isothermal–isobaric ensemble.

• NPH: in this ensemble, the number of the particles (N), pressure (P) and enthalpy (H)

in the simulation are kept constant. By introducing the barostat, the pressure (P) in the

system is controlled to given values. The enthalpy is defined as H=E+PV. This ensemble

is also referred to as the isoenthalpic-isobaric ensemble. This ensemble is not used in this

study.
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3.2.3 Thermostat and borostat

NVT

In an NVT, the temperature in the system is controlled by a computational device known as

a thermostat. One of the most widely used thermostats is the Nosé-Hoover barostat, which

assumes that a heat bath with one degree of freedom is in contact with the system (Nosé, 1984;

Hoover, 1985). The positions and momenta of the particles for NVT in an open-source MD

software package LAMMPS (Thompson et al., 2022) are calculated by solving the following

equations of motion derived from the Hamiltonian of the extended system (Martyna et al., 1996):

mi
dri
dt

= pi (3.17)

dpi
dt

= Fi −
pξ
Q
pi (3.18)

dpξ
dt

=
N∑
i=1

p2i
mi

−NfkBText (3.19)

where mi the mass of particle i, ri is the position vector, pi is the momentum, Fi is the force

vector, pξ is the thermostat momentum,Q is a parameter of the thermostat (mass of thermostat),

Nf is the degrees of freedom of the system, N is the number of particles in the system, kB is

Boltzmann constant, and Text is the given predetermined temperature. The system temperature

T (t) at time t is given by:

T (t) =
1

NfkB

N∑
i=1

p2i
mi

(3.20)

Hence, Equation 3.19 can be rewritten as follows.

dpξ
dt

=
N∑
i=1

pi
mi

−NfkBText

= NfkBT (t)−NfkBText

= NfkB (T (t)− Text) (3.21)

As can be seen from the above equation, in the Nosé-Hoover method, the temperature is con-

trolled by a kind of thermal resistance coefficient, depending on the difference between the sys-

tem temperature T (t) at time t and a given temperature Text. In addition, the mass of thermostat,

Q, in Equation 3.18 is described as:

Q = kBT (t)(Tdamp)
2 (3.22)
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where Tdamp is a damping parameter for the temperature.

NPT

In the NPT, the temperature and pressure of the system are controlled by the Nosé-Hoover ther-

mostat and the Nosé-Hoover barostat (Nosé, 1984; Hoover, 1985). When the Nosé-Hoover

thermostat and barostat are used for isotopic fluctuations (i.e. the volume of the simulation box

undergoes only isotropic fluctuations), the positions andmomenta of the particles are updated by

solving the following equations of motion derived from the Hamiltonian of the extended system

(Martyna et al., 1996):

mi
dri
dt

= pi +mi
pε
W

ri (3.23)

dpi
dt

= Fi −
(
1 +

d

Nf

)
pε
W

pi −
pξ
Q
pi (3.24)

dpε
dt

= dV (P (t)− Pext) +
dim

Nf

N∑
i=1

p2i
mi

− pξ
Q
pε (3.25)

dpξ
dt

=
N∑
i=1

pi
mi

+
p2ε
W

−NfkbText (3.26)

where pε is the barostat momentum, dim is the dimensionality of the system, P (t) is the pressure

of the system, pext is the given predetermined pressure andW is the mass of barostat and given

by the following equation.

W = (Nf + dim)kBT (t) (Pdamp)
2 (3.27)

where Pdamp is the damping parameter for the pressure. The volume and the pressure of the

system are described by:
dV

dt
=
dV pε
W

(3.28)

dP

dt
=

1

dV

[
N∑
i=1

(
P2
i

mi

+ ri · Fi
)
− dV

∂U

∂V

]
(3.29)

where U is the potential energy of the system.

A more detailed explanation for the Nosé-Hoover thermostat and barostat is given in Martyna

et al. (1996).
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Berendsen thermostat

The Berendsen thermostat can be applied within LAMMPS (Thompson et al., 2022). The

Berendsen thermostat controls the temperature by scaling the velocities of particles at each time

step of the simulation (Berendsen et al., 1984). However, the target temperature is not constant

but evolves according to:
dT

dt
=
Text − T (t)

Tdamp
(3.30)

where Text is the given predetermined temperature, T (t) is the temperature of the system at

time t and Tdamp is a temperature damping parameter. The particle velocity is scaled to a given

temperature by the following scaling factor:

λ =

[
1 +

∆t

Tdamp

(
Text
T (t)

− 1

)]1/2
(3.31)

In other words, the scaled velocity vnewi is given by:

vnewi = λvoldi (3.32)

Berendsen barostat

The Berendsen barostat can be applied within LAMMPS (Thompson et al., 2022). The Berend-

sen barostat scales the coordinates of the simulation box (Berendsen et al., 1984). The system

pressure varies according to the following equation.

dP

dt
=
Pext − P (t)

Pdamp
(3.33)

where Pext is the target pressure of the simulation, P (t) is the system pressure at time t and

Pdamp is the barostat damping parameter. The Berendsen barostat achieves the given pressure

by varying the size of the simulation box. For isotropic compression conditions, the scaling

factor for adjusting the size of the simulation box is expressed as:

η =

[
1− ∆t

Pdamp
(Pext − P (t))

]1/3
(3.34)

where η is the scaling factor and∆t is the time step. The volume of the simulation box is scaled

at each time step as follows:

V new = ηV old (3.35)

where V new is the scaled volume of the simulation box.

119



CHAPTER 3. PARTICLE-SCALE SIMULATION OF CLAY

3.2.4 Kinetic energy and temperature

The total kinetic energy of the system is the sum of translational kinetic energy and rotational

kinetic energy.

Ek,tol = Ek,t + Ek,r (3.36)

where Ek,tol is the total kinetic energy, Ek,t is the translational kinetic energy, and Ek,r is the

rotational kinetic energy. The translational kinetic energy is expressed as:

Ek,t =
N∑
i=1

1

2
miv

2
i (3.37)

The rotational kinetic energy is expressed as:

Ek,r =
N∑
i=1

1

2
Iiω

2
i (3.38)

The total kinetic energy in the system is therefore as follows:

Ek,tol = Ek, t + Ek, r =
1

2

N∑
i=1

(
miv

2
i + Iiω

2
i

)
(3.39)

The temperature in the system is calculated using the total kinetic energy with the following

equation.

T =
2Ek,tot
NDOFkB

(3.40)

where NDOF is the number of degrees of freedom in the system and kB is Boltzmann constant.

The temperature is calculated as the kinetic energy divided by a certain number of degrees of

freedom (and Boltzmann constant). As indicated in the above equations, controlling the tem-

perature using a thermostat means changing the velocity or angular velocity of the particles.
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3.2.5 Stress tensor

In MD, the stress tensor in the system is calculated using the following equation.

σij =
1

V

N∑
k=1

mkvk,ivk,j +
1

V

N ′∑
k=1

rk,ifk,j (3.41)

where σij is the stress tensor, V is the volume of the system, mk is the mass of particle k, vk,i
and vk,j are the velocity vector of particle k (the subscripts i and j represent the directional

components), rk,i is the position vector of particle k, fk,j is the force vector of particle k, N is

the total number of particles in the system, andN ′ is the total number of the interacting particle

pairs. The first term on the right-hand side is the contribution of the kinetic energy and the second

term is the contribution of the interaction force. With periodic boundary conditions (discussed

later), the interaction forces need to be considered not only for particles in the system but also for

particles periodically repeated images of the simulation cell (so-called ghost particles). Thus,

N ′ necessarily includes interactions between particles in the system and ghost particles. The

stress tensor is symmetric, which means that it can be expressed as a vector with six elements.

When applying MD to macro-scale quasi-static phenomena in geotechnical engineering such as

consolidation and shear simulations, the contribution of the kinetic energy to the stress tensor

becomes negligible. Hence, in the quasi-static problems, the contribution of the interaction force

dominates the stress tensor.
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3.2.6 Critical timestep

Molecular dynamics involves sequentially solving the equations of motion for all particles in the

system to calculate the trajectories of the particles. When numerically solving the equations of

motion, numerical integration with respect to time t is necessary. Generally, a smaller time step

∆t yields a more accurate and numerically stable trajectory. Also, when considering the need

to calculate interaction energies and forces, a small timestep should be used to ensure that the

motion of a particle over a timestep only affects its neighbouring particles and that non-linearity

of the system response is captured (Cundall and Strack, 1979; O’Sullivan, 2011). In MD/DEM

simulations, the second order velocity-Verlet integration scheme is often used to integrate equa-

tions of motion (Otsubo et al., 2017). As the second order velocity-Verlet scheme is explicit and

conditionally stable (i.e. stable only under certain conditions), it is necessary to use a timestep

smaller than the critical timestep∆tcr (O’Sullivan et al., 2004; Otsubo et al., 2017). The critical

timestep is defined as the maximum value of the timestep to achieve numerical stability and

accurately capture non-linear response.

A simplified method to evaluate the critical timestep is used for DEM simulations. As shown

in Figure 3.2, the critical timestep can be evaluated by the one-dimensional free oscillation of a

particle with mass,m, on a simple elastic spring with stiffness, k.

Spring 

Mass

Figure 3.2 Schematic diagram of one-dimensional free oscillation of a particle of mass m on a
simple elastic spring with stiffness k
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The equation of motion of the particle is expressed by the following equation.

m
d2u

dt2
+ c

du

dt
+ ku = 0 (3.42)

where u is the position (height), m is the mass, c is the viscous damping constant and k is

the spring stiffness. Discretising Equation 3.42 by the central-difference scheme of the time-

integration yields the following:

m
u (n+ 2)− 2u (n+ 1) + u(n)

∆t2
+ c

u (n+ 1)− u(n)

∆t
+ ku (n+ 1) = 0 (3.43)

where n is the number of time steps. Equation 3.43 can be expressed in the following matrix

form. [
u(n+ 2)
u(n+ 1)

]
=

[
2− c

m
∆t− k∆t2

m
c
m
∆t− 1

1 0

] [
u(n+ 1)
u(n)

]
[
u(n+ 1)
u(n)

]
=

[
2− c

m
∆t− k∆t2

m
c
m
∆t− 1

1 0

] [
u(n)

u(n− 1)

]
...[

u(2)
u(1)

]
=

[
2− c

m
∆t− k∆t2

m
c
m
∆t− 1

1 0

] [
u(1)
u(0)

]
(3.44)

When the above formula is rearranged, it becomes the following equation.[
u(n+ 2)
u(n+ 1)

]
= An

[
u(1)
u(0)

]
(3.45)

where the matrix A in Equation 3.45 is expressed by the following equation.

A =

[
2− c

m
∆t− k∆t2

m
c
m
∆t− 1

1 0

]
(3.46)

From Equations 3.44, 3.45, and 3.46, it can be found that if u(0) and u(1) are given as initial

conditions, the solution u(n) at step n can be solved.

The eigenvalues of matrix A are obtained as follows.

|A− λI| = λ2 − λ

(
2− c

m
∆t− k

∆t2

m

)
−
( c
m
∆t− 1

)
= 0 (3.47)

⇒ λ =
1

2

(2− c

m
∆t− k

∆t2

m

)
±

√(
2− c

m
∆t− k

∆t2

m

)2

+ 4
( c
m
∆t− 1

)
= λ1, λ2 (3.48)
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Expressing matrix A in terms of eigenvalues are given by:

A = R−1
[
λ1 0
0 λ2

]
R (3.49)

where R is a matrix composed of the eigenvectors of matrix A. Substituting Equation 3.49 into

Equation 3.45 gives the following.

[
u (n+ 2)
u (n+ 1)

]
= An

[
u (1)
u (0)

]
= R−1

[
λ1 0
0 λ2

]n
R
[
u (1)
u (0)

]
= R−1

[
λn1 0
0 λn2

]
R
[
u(1)
u(0)

]
(3.50)

The conditions for λn1 and λn2 not to diverge as n→ ∞ are λ1 < 1 and λ2 > −1. The conditions

for the time increment ∆t to satisfy λ1 < 1 are as follows.

λ1 =
1

2

(2− c

m
∆t− k

∆t2

m

)
+

√(
2− c

m
∆t− k

∆t2

m

)2

+ 4
( c
m
∆t− 1

) < 1

∴

√(
2− c

m
∆t− k

∆t2

m

)2

+ 4
( c
m
∆t− 1

)
<

c

m
∆t+ k

∆t2

m

∴
(
2− c

m
∆t− k

∆t2

m

)2

+ 4
( c
m
∆t− 1

)
<

(
c

m
∆t+ k

∆t2

m

)2

∴ 4− 4

(
c

m
∆t+ k

∆t2

m

)2

+ 4
( c
m
∆t− 1

)
< 0

∴ k
∆t2

m
> 0 (3.51)

The above conditions are satisfied at any ∆t.
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On the other hand, the conditions for the time increment∆t to satisfy λ2 > −1 are as follows.

λ2 =
1

2

(2− c

m
∆t− k

∆t2

m

)
−

√(
2− c

m
∆t− k

∆t2

m

)2

+ 4
( c
m
∆t− 1

) > −1

∴ −
(
4− c

m
∆t− k

∆t2

m

)
< −

√(
2− c

m
∆t− k

∆t2

m

)2

+ 4
( c
m
∆t− 1

)
∴
(
−2 +

c

m
∆t+ k

∆t2

m

)
+ 4

( c
m
∆t− 1

)
< −

(
4− c

m
∆t− k

∆t2

m

)2

∴ 4 + 4
( c
m
∆t− 1

)
< 16− 4

(
c

m
∆t+ k

∆t2

m

)2

∴ ∆t2 + 2
c

k
∆t− 4

m

k
< 0

∴ ∆t < − c

k
+

√
c2

k2
+ 4

m

k
(3.52)

From Equation 3.52, when a viscous damping constant c = 0 is assumed, the critical timestep

∆tcr is given by:

∆tcr = 2

√
m

k
(3.53)

Equation 3.53 is a simple evaluation of the critical timestep. In practical DEM simulations, the

non-linear normal contact spring is used, particle motions are multi-dimensional, and particles

can rotate. Hence, the evaluation of the critical timestep becomes more complex (Otsubo et al.,

2017). In DEM simulations, the following equation, which introduces a reduction factor, is used

in practice to determine the timestep.

∆t ≤ ϑ∆tcr (3.54)

where ϑ is the reduction factor; the value of ϑ varies in the literature (Anandarajah, 1994;

O’Sullivan et al., 2004; Pagano et al., 2020; Yao, 2001). For example, O’Sullivan et al. (2004)

used ϑ=0.17 for a 3D analysis of a uniform sphere, and Pagano et al. (2020) used ϑ=0.02 for a

2D analysis.
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3.2.7 Representative element volume (REV)

In a MD simulation, the mechanical behaviour of the simulated material is calculated by quan-

tifying and analysing the mechanical behaviour of the representative sample of the material

within the simulation cell. However, the distribution of interaction forces between particles

and the deformation or orientation of particles are locally heterogeneous. When considering the

behaviour of soil at any point, the simulation cell must be of sufficient size to represent the over-

all behaviour while minimizing the influence of this local heterogeneity (O’Sullivan, 2011). A

representative volume element (RVE) as demonstrated by Hori and Nemat-Nasser (1999) is de-

fined as a volume that statistically homogenizes all the microstructural heterogeneities occurring

within the material (such as particle orientation, voids, interaction forces, etc.). In other words,

the REV represents the minimum volume of soil specimens where macroscopic parameters for

which the time-averaged stress and strain are not affected by the sample size.

A common approach to determining the REV is to examine how the macroscopic properties of

the materials (such as stress or void ratio) change when considering virtual samples with dif-

ferent numbers of particles, as illustrated in Figure 3.3 (O’Sullivan, 2011). It should be noted

that local heterogeneity and macroscopic heterogeneity are distinguished, as shown in Figure

3.3. Local heterogeneity refers to heterogeneity related to microstructures, while macroscopic

heterogeneity refers to the development of larger-scale shear bands resulting from local hetero-

geneity.

i
i

“dembookwcrop” — 2011/2/22 — 18:06 — page 309 — #321 i
i

i
i

i
i

Particulate Discrete Element Modelling: A Geomechanics Perspective

terials in which the material properties are locally discontinuous
when sufficiently small scales are considered and continuum-based
approaches that can accommodate such inhomogeneities exist, as
discussed by Nemat-Nasser and Hori (1999).

Figure 9.2: Variation in measured parameter with sample size
(developed with reference to Masad and Muhunthan (2000))

Recognizing the inherent inhomogeneity in a granular mate-
rial, when considering the material to be a continuum, a scale
that is significantly larger than the particles themselves must be
considered. It is useful to introduce the concept of a “representa-
tive volume element” or RVE as described by Nemat-Nasser and
Hori (1999), amongst others. As illustrated in Figure 9.1 the mi-
crostructure within the RVE may be highly complex considering
both the particles themselves and the contact force orientations
and magnitudes. The RVE for a material is defined to be a vol-
ume that can be considered to be statistically representative of the
material under consideration. It must be sufficiently large that an
increase in size will not change the measured parameter (Figure
9.2). This RVE must therefore include a (potentially large) num-
ber of particles.

Nemat-Nasser (1999) introduced the general concept of local

309

Figure 3.3 Illustration of variation of macroscopic parameters with sample size to identify REV
(O’Sullivan, 2011)
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3.2.8 Periodic boundary condition

From a computational standpoint, particle-scale simulations such as MD/DEM are limited to

considering a very small number of particles compared to those included in samples used in

laboratory-scale element tests. Simulations with the types of boundaries adopted in a laboratory

experiment are possible, but boundary effects will noticeably influence the observed response.

To address this issue, periodic boundary conditions are often used in particle-scale simulations.

Periodic boundary conditions are boundary conditions where the specified simulation cell is in-

finitely replicated in the x-, y- and z-directions (see Figure 3.4). Therefore, when using periodic

boundary conditions, it means that an infinitely large particle region is being simulated. When a

particle crosses the boundary of the simulation box, it reappears on the other side with the same

velocity. The simulation cell should be large enough to be a representative element volume

(REV) of the material.

Figure 3.4 Illustration of periodic boundary condition(O’Sullivan, 2011)
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CHAPTER 3. PARTICLE-SCALE SIMULATION OF CLAY

3.3 Key aspects of particle-scale simulations of clay

The discrete element method (DEM) and molecular dynamics (MD) (including coarse-grained

molecular dynamics (CGMD)) can be used for particle-scale simulations of clay. When mod-

elling clay particles using DEM and MD, the important thing is to appropriately capture the

key features of clay particles such as particle shape, particle interaction, surface charge, and

inter-particle friction. Considering the computational cost, it is not usually possible to model

the details of clay particle properties exactly.

Table 3.1 summarises the key studies on particle-scale simulation of clay (particularly kaolinite)

using DEM and CGMD. Many studies used 3D simulations to capture the complex morphology

of clay particles. Most studies focused on the 1D or isotropic compression behaviour of clay

while a few studies performed shear simulation (i.e. direct shear and triaxial compression).

These studies on the particle-scale simulations of clay have revealed the following things:

• Particle-scale simulations can capture the overall compression behaviour upon virgin

loading and unloading.

• Even 2D simulations using rod/bar-like particle models can capture overall compression

behaviour.

• Modelling details of particle interaction is not significant in capturing the compression

behaviour of clay if key features (i.e. the energy barrier, the energy well, Born repulsion)

are reproduced in the particle-interaction model.

• The particle interaction model strongly influences the compression behaviour - consid-

eration of the anisotropic surface charge is necessary to capture compression behaviours

depending on pore fluid pH values.

• The particle interaction model also highly influences the aggregated particle structure and

cluster structure. By considering anisotropic surface charge of clay particles into particle

interaction, the microfabric formation that depends on pore fluid pH can be captured.

Although, as mentioned above, it has been shown that the particle-scale simulations using DEM

and CGMD can capture compression behaviours and microfabric formations, its applicability to

shear behaviour has not been validated sufficiently. However, de Bono and McDowell (2023b)
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3.3. KEY ASPECTS OF PARTICLE-SCALE SIMULATIONS OF CLAY

showed the important results: They performed the DEM triaxial compression simulation, and

their simulations reproduced the fundamental behaviour of the clay, at least, qualitatively. Most

notably, their simulations successfully captured the presence of the critical state. These results

suggest that the results of particle-scale simulations of clay may be interpreted within the frame-

work of critical state soil mechanics (CSSM), which is the basis of the constitutive models of

clay such as Cam-Clay (Schofield and Wroth, 1968).

In the following, previous studies on particle-scale simulations of clay using DEM and CGMD

are reviewed from four perspectives: (1) how clay particle shape has been modelled, (2) how

surface charge anisotropy of kaolinite particles has been modelled, (3) how interaction ener-

gy/force between clay particles has been captured, and (4) how interparticle friction has been

modelled.
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3.3.1 Modelling of shape and surface charge anisotropy of clay particles

As shown in Table 3.1, rods have been used as clay particle models in 2D simulations, whereas

in 3D simulations, cuboids, hexagons and ellipsoids have been used.

Rod particles (2D)

As shown in Figure 3.5, Pagano et al. (2020) used rigid rod particle models made up of 19 disk

particles to conduct 1D compression simulations of kaolinite (here, the particle that consists

of sub-particles is called the composite particle). These disk particles are rigidly connected

and overlap one another. The aspect ratio of the rod composite particles was adjusted to 10.

Referring to Pedrotti and Tarantino (2018), Pagano et al. (2020) assumed that when the pH is

4 (acidic), the face of the kaolinite particle is negatively charged, and the edge is positively

charged. On the other hand, when the pH is 9 (alkaline), both the face and edge are negatively

charged. As shown in Figure 3.5, two types of disk particles, positively charged particles (black)

and negatively charged particles (white), were used to reproduce the surface charge anisotropy.

Anandarajah (1994, 2000a,b) used rod particles made up of small elementary beams to simulate

the 1D compression behaviour of kaolinite. Each elementary beam in one particle is connected

through elastic springs. The axial force, shear force and bending moment are calculated based

on the elementary beam theory.

are negatively charged on the face and positively charged on
the edge (acidic pore fluid) were generated by assigning a
negative charge to the inner spheres of each rod and a
positive charge to the end spheres. This choice resulted in the
formation of edge-to-face contacts between rods, driven by
the attractive force developing between positively charged
edges and negatively charged faces.

NUMERICAL PROCEDURES
Specimen preparation
The DEM simulations were performed on assemblies of

Nrods = 300 rods, amounting to a total number of spheres
equal to 5700. The effect of the sample size was tested by
performing preliminary simulations on specimens with
Nrods = 200, 300, 500 and 1000 rods, using the model
parameters reported in Table 1 and a Coulombian stiffness
kCoul = 0·5 N/m. Results were found to be independent of the
rod number for Nrods. 200, leading to the conclusion that a
specimen containing 300 rods is the smallest volume element
that can accurately represent the overall behaviour on
average.
Initial configurations were created by placing the rods in a

square domain in the x–z plane. The domain boundaries
were taken as solid walls, and the particle-to-wall interactions
were assumed to be only mechanical. Preliminary tests were
performed to assess the effect of solid boundaries by
comparing the response of the entire specimen with the
response of the inner core of the specimen. No noticeable
differences were observed.
Rods were initially placed in the domain with their long

axis along the x-direction. The x and z coordinates of the
centre of the first sphere forming each road were assigned
randomly, while a constant y coordinate was assigned to the
centres of all the spheres and remained unchanged during the
entire simulation. The initial size of the domain was selected
in order to obtain a specimen in a gas-like state – that is with
a void ratio e¼ 20 and rods not interacting with each other.
The void ratio of the specimen is intended here as the area
fraction – that is the ratio between the area occupied by the
voids and the area occupied by the solids obtained by
projecting the rods onto the x–z plane.
Once the ‘gas’ specimen was created, a constant displace-

ment rate was assigned to the top and right walls, and a
position-dependent displacement rate was assigned to the
particles in order to compress the specimen isotropically. The
movement was stopped when the material experienced a
fluid–solid transition – that is the virtual specimen was able
to carry an external load. The signature of the transition is
given by non-zero values of the stress and of the average
number of contacts (including electro-chemical long-range
contacts) within the specimen.

The assembly was then subjected to a relaxation stage (i.e.
boundaries were kept stationary and the particles were left to
relax towards an equilibrium configuration). In order to
expedite the relaxation stage, an additional global back-
ground dissipation (reported in Table 1) proportional to the
particle velocity was introduced. The relaxation stage was
stopped when the kinetic energy of the sample was found to
be at least five orders of magnitude smaller than the elastic
energy.

One-dimensional compression and unloading
After relaxation, 1D loading (compression) and unloading

(rebound) of the specimen in the z-direction were performed
by lowering or raising the top boundary wall, respectively
(displacement-controlled mode). During this stage, the void
ratio e and the vertical stress state of the specimen σ′z were
calculated at regular intervals in order to obtain a com-
pression curve.
During both loading and unloading paths, the displace-

ment rate assigned to the top boundary (corresponding to a
displacement of 1·6� 10�5 μm for each time step) was
maintained small enough to ensure a quasi-static process.
To this end, the displacement rate was selected by performing
the same loading/unloading paths at different displacement
rates and identifying the maximum displacement rate below
which the output of the simulation became independent of
the displacement rate itself. The addition of a background
dissipation (smaller than the one used for relaxation and
reported in Table 1) allowed an increase of the displacement
rate to be made without affecting the results, thus reducing
the total simulation time.

Calibration of the Coulombian normal stiffness
In order to reproduce the response of the clay specimens

during 1D compression, the parameters that characterise the
Coulombian contact law need to be defined, namely the
threshold overlap δij

n,* and the normal Coulombian stiffness
kCoul. The threshold overlap δij

n,* was tentatively selected as
1/2 of the rod thickness (as shown in Table 1) and assumed to
be independent of the pore fluid. On the other hand, the
value of the normal Coulombian stiffness kCoul was assumed
to depend on the dielectric permittivity of the pore fluid. The
approach followed in this paper was to calibrate the
Coulombian stiffness for water, kCoul

water, against experimental
data, whereas the Coulombian stiffness for acetone and air
were derived theoretically.
The end of the preparation stage in the DEM simulation

(corresponding to the fluid–solid transition, as described in
the earlier section ‘Specimen preparation’) returns a value of
void ratio that can be assumed as the initial void ratio of the
virtual specimen, e0

DEM. The initial void ratio depends in turn
on the selected value of the model parameter kCoul (i.e. the
higher the stiffness is, the higher is the initial void ratio, as a
result of the repulsion between charged particles). For the
case of water as the pore fluid, the stiffness kCoul

water was
calibrated by matching the initial void ratio of the virtual
specimen, e0, water

DEM , with the one measured experimentally at
quasi-zero vertical stress (e0, water

exp ) by Pedrotti & Tarantino
(2017)

eDEM
0;water ; eexp0;water ð7Þ
The values of kCoul for the other two pore fluids were

instead calculated by assuming that the Coulombian force
developing between charged particles is inversely pro-
portional to the dielectric permittivity of the pore fluid, ε
(as shown in equation (1)). As a result, the Coulombian

pH
 =

9

Face to face

Edge to face

pH
 =

4

Negative charge
Positive charge

Negative charge

Fig. 4. Design of clay-like particles: alkaline pH (FF configuration)
and acidic pH (EF configuration)
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Figure 3.5 Rod particle model using two types of disk particles (Pagano et al., 2020)
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CHAPTER 3. PARTICLE-SCALE SIMULATION OF CLAY

Cuboid particles (3D)

Yao (2001) and Yao and Anandarajah (2003) extend the DEM framework of Anandarajah (1994,

2000a,b) using cuboid particle models as shown in Figure 3.6(a). The aspect ratio was 8.33.

They assumed kaolinite particles with potential ψ = 235 mV and a kaolinite sample saturated

with 1.5 mM sodium chloride (NaCl) solution. They assumed that all three surfaces of kaoli-

nite particles had the same surface charge. Jaradat and Abdelaziz (2019) used similar particle

models shown in Figure 3.6(b). A kaolinite particle was modelled as a quasi-cuboid compos-

ite particle consisting of 197 overlapping sub-spheres. Guo and Yu (2019) also used several

quasi-cuboid composite particle models using sub-spheres to examine the particle aspect ratio

on sedimentation behaviour of kaolinite.

Figure 3.6 (a) cuboid particle model (Yao and Anandarajah, 2003) and (b) quasi-cuboid particle
model (Jaradat and Abdelaziz, 2019)

Hexagonal particles (composite particles)

de Bono andMcDowell (2023b) used hexagonal composite particles consisting of sub-spherical

particles, as shown in Figure 3.7. The hexagonal composite particle model they used consists of

three types of sub-particles to represent the silica face, the alumina face, and the edge of kaolinite

particles. Liu et al. (2015) also used hexagonal composite particles. Figure 3.8 shows their

hexagonal composite particle. They did not use sub-particles to model the edges of kaolinite

particles, hence, the edge is modelled as the combination of alumina and silica sub-particles.

Figure 3.9 illustrates the hexagonal particle models used by Sjoblom (2016) and Aminpour and

Sjoblom (2019). Kaolinite particles were modelled as composite particles using spherical sub-

particles, with two types of sub-particles representing the physicochemical properties of the

face and edge of kaolinite particles. In their models, the alumina and silica surfaces of kaolinite

particles were not distinguished, i.e. the surface charge of the alumina face and the silica face

were considered identical.
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The advantages of using composite particles are that it accurately capture a clay particle shape

and that it can represent different physicochemical properties of each surface of kaolinite parti-

cles. On the other hand, the disadvantage is the high computational cost.

interactions are computed between the constituent spheres in
any two neighbouring platelets. This makes it relatively easy
to implement different types of interactions between different
surfaces of the platelets, and automatically accounts for
platelet orientations. Accordingly, modelling platelets using
multiple spheres should be considered as a convenient means
to achieve (a) the correct particle shape, and (b) the desired
interactions between different platelet surfaces. This is
distinct from fully ‘atomistic’ molecular dynamics simu-
lations, in which each constituent atom in several mineral
sheets is modelled explicitly (e.g. Volkova et al., 2021; Zen
et al., 2022).

Kaolinite is a layered material, consisting of alternating
silica tetrahedral and alumina octahedral sheets. A single
‘layer’ consists of a tetrahedral silica sheet, tightly bonded by
way of shared oxygen atoms to an alumina octahedral sheet.
Each of these layers is around 0·72 nm thick (Mitchell &
Soga, 2005). Kaolinite platelets have thicknesses in the range
10–100 nm, and so a typical kaolinite platelet contains at
least several dozen of these repeating layers.

Each kaolinite platelet can be considered to have three
distinct surfaces: two faces on opposite sides, and an edge
surface consisting of exposed alternating sheets. To simulate
the three distinct surfaces, the platelets are constructed from
three different classes of spheres, as shown in Fig. 1. The two
largest surfaces (the two faces) consist of planar arrays of
spheres, and the edge consists of a single row of spheres
around the platelet perimeter. In these simulations, all
platelets are constructed from 0·04 μm dia. spheres, and the
platelets are all 0·055 μm thick (a distribution of platelet
diameters is used).

Owing to the scale of kaolinite platelets, interactions are
determined by the surface chemistry of the platelets and the
surrounding fluid (Israelachvili, 2011) rather than by simple
mechanical forces. Conventionally, it was assumed that the
two external faces of kaolinite platelets were identical, both
possessing a negative surface charge. This was largely due to
the difficulty in differentiating between the two face surfaces.
In recent years, however, thanks to the use of atomic force
microscopy (AFM), it has now been established that due to
the alternating sheets inherent in the platelets, the two faces
of kaolinite platelets are chemically different – that is each
platelet has one silica tetrahedral surface and one alumina
octahedral surface, and these two surfaces possess separate
(and frequently opposite) surface charges. The silica tetra-
hedral face as well as the edge surface can be generally
assumed to have permanent negative surface charges. In
conditions that are neutral to acidic, the alumina face
possesses a positive surface charge, whereas in alkaline
conditions this face demonstrates an overall negative
surface charge (e.g. Gupta et al., 2011; Liu et al., 2014b).
Although this understanding is now well established, the

outdated view (of having two identical faces) has persisted
somewhat in geotechnical engineering, which is reflected in
the previous particle-scale simulations mentioned above,
which did not distinguish between the different platelet faces.

Interactions
It is necessary in DEM to define the interactions (force–

distance functions) between the various platelet surfaces.
This involves a significant degree of uncertainty, as it has not
been possible to obtain any direct measurements of the forces
between individual clay platelets. Indeed, it is essentially
impossible to measure the forces between two flat surfaces –
almost all surface force measurements are obtained using at
least one curved surface (e.g. AFM).
In the previous studies of kaolinite (which did not consider

the separate faces of each particle), other researchers have
often defined the particle interactions based on the classical
Derjaguin–Landau–Verwey–Overbeek (DLVO) theory. The
DLVO theory computes the force between like-charged
particles, based on the interaction of their diffuse layers
and van derWaals forces. This is problematic for two reasons:
first, it does not allow for attraction between opposite-
charged faces; and second, it is known that the DLVO theory
often fails to describe real particle behaviour accurately (e.g.
McBride & Baveye, 2002; Mitchell & Soga, 2005). This
disparity can be attributed to the fact that the DLVO is a
continuum theory, and gives no consideration to the discrete
natures of the surfaces, fluid and ions (Alcantar et al., 2003;
Israelachvili, 2011).
The simulations here assume an acidic environment (pH

5–6) with a moderate electrolyte content (0·01–0·1 mol/l),
equivalent to both common soil conditions and to lab-
prepared samples of kaolin without any adjustment (e.g.
Wang & Siu, 2006). The different surface charges on
kaolinite platelets are now well established; and in most
conditions, the silica face and edges are negatively charged,
and the alumina face is positively charged. In general, one
can expect like-charged surfaces to demonstrate repulsion,
and opposite-charged surfaces to demonstrate attraction (the
two modes of behaviour shown in Fig. 2). It is fairly
straightforward to implement monotonically repulsive long-
range interactions in DEM – provided that the stiffness at
close range is great enough to prevent any physical overlap,
the only parameter that needs careful consideration is the
range of interaction. Modelling attractive interactions
between platelets involves more uncertainty, as this requires
the magnitude of attraction forces to be defined (i.e. the
‘pull-off ’ force for platelets of given size).
Figure 2 shows typical force–distance measurements

obtained using AFM, reproduced from Gupta & Miller
(2010), between a silicon tip and the two different faces of
individual kaolinite particles. The two sets of points in this
figure each consist of multiple readings from several particles,
and clearly demonstrate the different surface charge on the
two kaolinite faces. Using such experimental data, it is
possible to estimate qualitatively the peak attractive
(pull-off) forces between oppositely charged kaolinite faces.
As well as Gupta &Miller (2010), both Liu et al. (2014a) and
Kumar et al. (2016) also used AFM to measure force–
distance functions between negatively charged silicon tips
and the positively charged alumina-octahedral faces of
individual kaolinite platelets. These three studies, using tips
with radii of 120, 20 and 35 nm, respectively, all reported
pull-off forces of around 0·1–0·4 nN (e.g. 0·3 nN in Fig. 2),
at pHs 5–6 with moderate electrolyte contents. All three
studies reported surface charge densities of the silicon tips
that were very similar to those measured on the silica faces of
kaolinite platelets. If one assumes that the tip material is

Silica tetrahedral face

Alumina octahedral face

Edge

Fig. 1. Platelets modelled using spheres in DEM. The platelet shown
measures 1 μm dia., 0·055 μm thick and consists of 1238 spheres

DE BONO & MCDOWELL2
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Figure 3.7 Hexagonal kaolinite particle model (Blue sub-particles represent alumina surface,
white sub-particles represent silica surface, and red sub-particles represent edge) (de Bono and
McDowell, 2023b)

 

Figure 3. Coarse grained model for kaolinite particles (A) Top view (B) Side view. Cyan 
spheres represent the alumina face surface of the kaolinite particle, and pink spheres 
represent the silica face surface of the kaolinite particle.  
 

 

 

 

 

 

 

 

 

 

 

(A) 

(B) 

Figure 3.8 Hexagonal kaolinite particle model: (a) top view and (b) side view (Cyan sub-
particles represent alumina surface, pink sub-particles represent silica surface) (Liu et al., 2015)

Figure 3.9 Hexagonal kaolinite particle model used by (a) Sjoblom (2016) and (b) Aminpour
and Sjoblom (2019)
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Ellipsoidal particles

Bandera et al. (2021) used ellipsoids as kaolinite particle models as shown in Figure 3.10. The

surface charge was considered by using the Gay-Berne potential function (the Gay-Berne po-

tential function will be discussed in Chapter 4). In order to model surface charge anisotropy,

Bandera et al. (2024a) used ellipsoidal composite particles, which are a combination of the two

elliptical particles shown in Figure 3.11. Each composite particle is composed of a particle

representing the face (alimina and silica) of kaolinite called the core particle and a particle rep-

resenting the edge surface of kaolinite called the halo particle. The core and halo particles are

rigidly connected.

Figure 3.10 Ellipsoidal particle model (Bandera et al., 2021)

et al., 2019; Bandera, 2022). Here, use of composite particles
comprising a central ‘core’ ellipsoid and a surrounding
‘halo’ ellipsoid is proposed (Fig. 2). This idea builds on the
use of overlapping clumps/clusters of spheres in DEM
simulations to capture complex particle morphology
(Garcia et al., 2009; Ferellec & McDowell, 2010). This
model involves considerably fewer base particles than in the
rigid assemblies of spheres adopted by Aminpour &
Sjoblom (2019) and de Bono &McDowell (2023) to simulate
kaolinite, thus significantly reducing the number of inter-
actions computed, making the proposed model more
computationally efficient. Four sub-particle types (Fig. 2)
can simulate the six possible interactions shown in Fig. 1.
Types 1 and 3 ‘core’ sub-ellipsoids represent the alumina and
silica faces and types 2 and 4 ‘halo’ sub-ellipsoids are used to
model the edges. The dimensions of the core and halo
sub-particles (Table 2) were chosen such that the ratio between
the maximum diameter D (nm) (i.e. the diameter of halo
sub-particles in Fig. 2) and themaximum thickness δ (nm) (i.e.
the thickness of core sub-particles in Fig. 2) is similar to the
aspect ratio (AR) used to simulate monodisperse samples
saturated at pH=8 in Bandera et al. (2021). The dimensions
of the core and halo sub-particles were selected to produce an
overall interaction that is attractive when the alumina face–
silica face interaction is considered and repulsive otherwise.
When two composite particles interact, the total inter-

action energy is given by the sum of the sub-particle
interactions (Table 3). For FF interactions the composite
interaction is

UFF
comp ¼ UFF;C�C þUFF;H�H þUFF;H�C þUFF;C�H

ð2Þ
whereas for EE interactions the composite interaction is

UEE
comp ¼ UEE; C�C þUEE;H�H þUEE;H�C þUEE;C�H

ð3Þ

The superscripts H denote ‘halo’ and C ‘core’. The
interactions at intermediate orientations are assumed to be
correctly predicted once the FF and EE interactions are
correctly calibrated (Gay & Berne, 1981; Ebrahimi et al.,
2014). For attractive interactions, the potential function,
UXX,Y−Y is given by UGB, whereas UGB,R is used for purely
repulsive interactions (Table 3).

The composite particles were created in LAMMPS using
the ‘fix/rigid’ command (Thompson et al., 2022; LAMMPS
Molecular Dynamics Simulator, 2023) and the implemen-
tation was tested against an in-house Matlab code (Bandera,
2022). The tuneable parameters in UGB and UGB,R were
calibrated against interactions predicted by DLVO
expressions using trial and error (Bandera, 2022) and
surface potential data from Gupta (2011) (Table 4);
additional information on the particle material density,

Type 1
(alumina) 

Type 2
(edge) 

Type 2
(edge)

Type 4
(edge)

Type 3
(silica) 

Type 4
(edge) 

Type 1
(alumina)

Type 2
(edge)

Type 2
(edge)

Type 4
(edge) Type 3

(silica)

Type 4
(edge)

(a)

(b)

Fig. 2. Schematic representation of the reference configurations
considered to simulate systems at acidic pH: (a) presents the FF
configuration whereas (b) shows the EE configuration. Type 1
indicates the alumina face (Af), type 3 indicates the silica face
(Sf); types 2 and 4 indicate the edges (E)

Table 3. Types of interactions between any two kaolinite
composite particles

Sub-ellipsoid
interaction

Interaction
type

Potential function

Type 1–type 1 Repulsive UGB, R
EE, C−C and UGB, R

FF, C−C

Type 1–type 2 Repulsive UGB, R
FF, C−H and UGB, R

EE, C−H

Type 1–type 3 Attractive UGB
FF, C−C and UGB

EE, C−C

Type 1–type 4 Repulsive UGB, R
FF, C−H and UGB, R

EE, C−H

Type 2–type 2 and
type 4–type 4

Repulsive UGB, R
FF, H−H and UGB, R

EE, H−H

Type 2–type 3 Attractive UGB
FF, H−C and UGB

EE, H−C

Type 2–type 4 Repulsive UGB, R
FF, H−H and UGB, R

EE, H−H

Type 3–type 3 Repulsive UGB, R
FF, C−C and UGB, R

EE, C−C

Type 3–type 4 Attractive UGB
FF, C−H and UGB

EE, C−H

Table 4. Surface potential values used to compute the DLVO
energy for kaolinite particles saturated with acidic pH

Surface type Surface potential ψ: mV

Alumina face 49·63
Silica face −36·02
Edge 125·29

Source: Data from Gupta (2011)

Table 2. Dimensions of core and halo sub-particles employed in
the simulation of composite kaolinite particles

D (x dir):
nm

D (y dir):
nm

δ:
nm

AR (max D/
max δ)

Core 1990 1990 200 10
Halo 2000 2000 190

Table 5. Material density, pore fluid chemistry and chemical
composition of kaolinite employed in particle-scale simulations

Property Value

Density 2·6 g/cm3

Salinity of the
solution

1 mM of potassium chloride (KCl)

pH of the
solution

4

Chemical
composition
of kaolinite
(Mitchell &
Soga, 2005)

Silica tetrahedra (ST)

Aluminium octahedra (AO)

ST
AO

ST
AO

ST
AO

: Silicon

: Oxygen

: Aluminum

: Hydrogen

Composite ellipsoids to model charge anisotropy in particle-scale simulations of kaolinite 29
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Figure 3.11 Composite particle model to express anisotropic surface charge of kaolinite particles
(Bandera et al., 2024a)
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3.3.2 Modelling of particle interaction

As shown in Table 3.1, many studies using DEM described particle interactions as the combi-

nation of a repulsive force, an attractive force, and a mechanical contact (repulsive) force. For

example, the particle interaction model used by Yao and Anandarajah (2003) is shown in Figure

3.12. The particle interaction model that considers these three force components is used to re-

produce the idealised non-monotonic non-linear particle interaction characterised by the energy

barrier and the energy well.

asperities, the mechanical contacts develop not when the separa-
tion distance is exactly zero, but at some positive value dmc .
Physically, dmc should represent an average height of the asperi-
ties. Since mechanical force is zero for d.dmc , dmc is referred to
here as the mechanical cutoff, where d is the separation distance
(V – F or E – E).

As was used in the previous two-dimensional DEM studies
~e.g., Anandarajah 2000a! linear–elastic, perfectly plastic force–
displacement law is used to compute the shear force versus dis-
placement (Fs versus us) relation @Fig. 4~b!#. In the normal di-
rection, contact can carry a compressive force, but not a tensile
force ~i.e., uncemented!. A typical normal force versus displace-
ment (Fn versus un) is shown in Fig. 4~a!, where un equals the
separation distance d, and Fn50 for un.dmc . Here the compres-
sive normal force is taken as positive. Suitable values are to be
chosen for the stiffness parameters kn and ks . The Mohr–
Coulomb criterion is used to define the limit on the shear force.

Certain further assumptions are needed for realistic simulation
of the behavior of clays. When the separation distance is very
small ~within a few Angstroms!, the interparticle interaction be-
gins at atomic level, and a mechanical spring is placed to simulate
the Born repulsion. At this range of separations, the van der Waals
attractive force calculated by the theoretical equations is unreal-
istically large, and becomes infinity at zero separation @originated
from Eq. ~22!#. The interaction is very complex in this range of
separations and the theoretical equations used to compute the
double-layer repulsive and van der Waals attractive forces are not
valid. What is important in this range of separations is to simulate
the mechanical repulsion realistically. To this end, for d,dmc ,
the double-layer and van der Waals forces are assumed to remain
constant, and the mechanical force is assumed to develop and
increase proportionately to (dmc– d).

The net force between two particles is algebraic sum of the
three forces. For the parameters to be used in this study ~de-
scribed later!, the three forces and the net force have been com-
puted for a system of two identical parallel particles of dimension
1.0 mm31 mm30.06 mm, and shown in Fig. 5. Note that the
value used for dmc is 0.9 nm. Also note that these are normal
forces, and the shear force is zero in this case.

Certain key features of Fig. 5 are important for understanding
the behavior of clays. Referring to the net force versus separation
relation, as two particles are brought close to each other from d
5` , the pair experiences a repulsion, which reaches a peak at
about d51.5 nm. For d,1.5 nm, the attractive force dominates
over the double-layer repulsive force, and the net repulsion de-
creases and becomes attractive. At the assumed value of d5dmc
50.9 nm, the mechanical force begins. The peak on the repulsive
side, referred to as the repulsive barrier, is independent of the
value assumed for dmc , and thus is computed based on rational
theories. It is important to have a significant attractive valley ~the

valley at d5dmc), as this is responsible for cohesion of the soil.
dmc needs to be chosen small enough to ensure a significant at-
tractive valley. When dmc is too small, however, the stiffness as-
sociated with the attractive force becomes too large, requiring a
very small time step for the DEM analysis. An optimal value for
dmc was found in this case to be 0.9 nm. A suitable value is
chosen for kn so that it is not too small as to allow particle-to-
particle penetration during the intended loading, and not too large
as to require too small of a time step. Suitable values are found to
be: kn5ks51.531023 N/mm.

While rational theories are used to calculate most of the im-
portant quantities, assumptions are made in the computation of
others ~e.g., approximate method of computing double-layer re-
pulsive force, selection of the values of kn and ks , etc.!. There are
no better methods of calculating these assumed quantities at the
present time. The final proof of the validity is successful compari-
son of numerical and measured macroscopic properties ~e.g.,
compressibility!, as is demonstrated in the subsequent sections.

Also, note that the magnitude of the net force is negligible for
separation distances greater than about 8 nm, which will be re-
ferred to here as the physico–chemical force cutoff, dpc . When
determining interacting particle pairs, there is no need to conduct
the search for distances larger than dpc from the particles.

As was done by Cundall and Strack ~1979!, both local ~i.e.,
contact! and global damping are used in the analysis. Contact
damping is calculated for each of the mechanical, double-layer
repulsive and van der Waals attractive springs as

Fl5bCcDn (26)

where Fl5local contact damping force; b5damping coefficient;
Dn5relative velocity; and Cc5critical damping calculated ac-
cording to

Cc5A2k~m11m2! (27)

Fig. 4. Mechanical force versus distance relationships

Fig. 5. Force versus separation distance relationship between two
parallel kaolinite particles
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Figure 3.12 Particle interaction model Yao and Anandarajah (2003)

Aminpour and Sjoblom (2019) used a composite particle model to consider the relative particle

orientation dependency in the relationships between interaction forces and separation distance,

as shown in Figure 3.13. By calibrating sub-particle-to-sub-particle interactions, platelet-to-

platelet interactions that depend on relative particle orientation can be modelled relatively eas-

ily. A more precise strategy was employed by de Bono and McDowell (2023b). The particle

interaction model used in de Bono and McDowell (2023b) is shown in Figure 3.14. As shown

in Figure 3.7, their kaolinite particle model (platelet) consisted of three types of sub-particles

to reproduce different surface charges that the alumina face, the silica face, and the edge of

the kaolinite particle possess respectively. By calibrating interactions between sub-particles,

they could consider all possible particle interactions, i.e. alumina face-to-alumina face, alumina

face-to-silica face, silica face-to-silica face, alumina face-to-edge, silica face-to-edge, and edge-

to-edge interactions. Lu et al. (2008) and Bandera et al. (2021) also used composite particles to
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reproduce multiple particle interactions depending on relative particle orientations (see Figure

3.8 and Figure 3.11).

Yukawa potential, as described by the following equation

UYukawa ¼ A
κ
e�κðr�ða1þa2ÞÞ r , rc ¼ 10�8 m ð2Þ

A ¼ 2π � a� ε0 � εr � κ � ψ2 ð3Þ
where rc is the cut-off for particle separation, ε0 is the
permittivity of free space, εr is the relative permittivity of
fluid medium, κ is the inverse screening length and ψ is the
surface potential. Therefore, the total DLVO potential is
expressed as follows

UDLVO ¼ Uvdw þUYukawa ð4Þ
The surface charge density used in the simulation of type I

atoms was assigned as the mean value for the silicate face
and the alumina octahedral face (Table 1). The ‘edge’ and
‘face’ charges were obtained based on atomic force
microscopy (AFM) of kaolinite surfaces (Gupta & Miller,
2010). The results for the potential between two primary
particles (hexagon plates) are a summation of the colloidal
potential considering all colloids (spherical sub-particles). It
is obvious that the potential calculation between spheres
within the same particle is not necessary and is excluded.
The mechanical contact forces here were characterised

with elastic and frictional Hookean contact model (Sjoblom,
2015; Aminpour et al., 2018). It is important to recognise
that this normal elastic resistance originates from Born’s
repulsion, which is the inter-atomic resistance and leads to
repulsion, increasing steeply with decreasing inter-particle
distance. This phenomenon is called ‘hard core’ or ‘Born’s’
repulsion (Lyklema, 1991). Here, Born’s repulsive force was
considered as a steep linear function that acts at an
inter-particle distance of up to 50 nm. Consequently, in the
region of 0–50 nm the repulsive force will dominate. For the
Hookean implementation, the force Fij between two particles
i and j in contact is defined by

Fij ¼ knδnij �meff γnνn
� �� ktΔst þmeff γtνtð Þ ð5Þ

Values are listed in Table 2.

In MD, the pressure in the system in equilibrium may
be calculated based on the virial theorem. Details of how
LAMMPS computes the virial efficiently for the entire
system, accounting for the effects of periodic boundary
conditions are discussed in Thompson et al. (2009).

When two particles are in close proximity, their respec-
tive force fields overlap and influence the macroscale
behaviour of the system. Due to very small sizes and platy
shapes, clay particles have large surface areas and, in turn,
are substantially influenced by the net of these forces.
Regardless of the way to represent charged particles and
to calculate force fields, coding each super-atom with
these net interactions (Fig. 3) allows for the computation
of arbitrary orientation between particles and material
properties without the need for explicit mathematical
representation.

SIMULATION RESULTS
The initial consolidation
After the initial system relaxation, the simulation proceeds
in the consolidation stage. A stress-controlled loading
approach was applied in a way that the pressure of the
system at each direction was controlled by changing the
corresponding box dimension during the simulation. This
was implemented by way of LAMMPS fix ‘press/Berendsen’
command to reset the pressure of the system by using a
Berendsen barostat (Berendsen et al., 1984), which rescales
the system volume and the atom’s coordinates within the
simulation box every timestep. Berendsen barostat gives the
ability to apply either isotropic or one-dimensional (1-D)
initial consolidations. Figure 4 illustrates the fabric structure
of the kaolinite particles after (a) isotropic consolidation
where σ1 = σ2 = σ3 = 10 atm; and (b) 1-D consolidation
where σ1 = σz=10 atm in monovalent salt concentration
of 1 (M/m3) and pH 11·4. Results accurately illustrate
the real kaolinite fabric that develops from an initial
state and subsequently evolves throughout the application
of load (i.e. clay particles, which are platy in shape,
reoriented during the 1-D consolidation such that their
long axes were perpendicular to the direction of consolida-
tion). As such, the clay was cross-anisotropic with the axis
of material symmetry parallel to the direction of 1-D
consolidation.

Table 1. DLVO model parameters

Parameter Value Units

Elementary charge, e 1·60 × 10−19 c
Avogadro’s number 6·02 × 1023 —
Boltzmann constant 1·38 × 10−23 J/K
Temperature 3·00 × 102 K
Valence 1·00 × 10 —
Permittivity of free space, ε0 8·85 × 10−12 C2/N m2

Relative permittivity of fluid, εr 80 —
Salt concentration 1000 M/m3

Type I surface potential, ψ 1·29 × 10−2 V
Type II surface potential, ψ −6·48 × 10−2 V
Colloid radius, a 2·50 × 10−8 m
Hamaker’s constant 2·37 × 10−20 J
Inverse Debye screening length, κ 2·30 × 109 1/m
Pre-factor, A 1·07 × 10−9 —
pH 11·4 —

Table 2. Constant values for granular contact potentials

Parameter Value Units Description

kn 50 N/m Elastic constant for normal
contact

kt 2/7 Kn N/m Elastic constant for tangential
contact

γn, γt 0 1/s Normal/tangential viscoelastic
damping
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Fig. 3. Net forces between two kaolinite particles
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Figure 3.13 Interaction force profile depending on relative particle orientations (Aminpour and
Sjoblom, 2019)

Figure 3.14 Particle interaction model and key parameters (de Bono and McDowell, 2023b)
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Jaradat and Abdelaziz (2023) performed 1D compression simulations to investigate the influ-

ence of the detail of the particle interaction on the mechanical behaviour. As shown in Figure

3.15, they used the analytical solution that was calculated assuming two kaolinite particles as

parallel plates (Jaradat and Abdelaziz, 2019) and the simplified solution by a linear approxima-

tion. Figure 3.16 shows a comparison of the e-logσ′
v relationship for both particle interaction

models (i.e. analytical solution and a simplified solution). This figure suggests that simplifi-

cation of the interaction models does not have a significant impact on compressive behaviour.

Additionally, the time required for simulation is significantly less for the simplified interaction

model.
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contact forces, varies with varying the overlapping area and relative 
inclination between particles. In fact, this discretization follows the 
same logic for deriving the net physico-chemical van der Waals force 
between two clay particles, where the individual interaction between 
the atoms on the two particles are integrated over the volume of each 
particle to get the total van der Waals attractive force (Jaradat and 
Abdelaziz, 2019a). 

4. Computational efficiency 

The efficiency of the proposed model is evaluated by simulating the 
1-D compression behavior of a kaolinite clay. All simulations reported in 

this section were performed utilizing particle flow code in 3 dimensions, 
PFC3D (PFC3D, 2021), utilizing 26 cores-i9 processor @ 3.10 GHz, 
operating on a Windows operating system. The 1-D consolidation 
experiment reported in Yao and Anandarajah (2003) is modelled here 
following two approaches. The first approach utilizes the analytical 
solution provided by Yao and Anandarajah (2003), which inherently 
implements the non-linear physico-chemical forces between clay parti
cles, and the parameters for this model are shown in Table 1. The second 
approach is based on the simplified DEM contact model utilizing the 
parameters listed in Table 3. It should be noted that we only considered 
the consolidation stage because the former model is computationally 
intensive that does not allow shearing the sample. In both models, the 
same sample preparation and loading procedure reported in Jaradat and 
Abdelaziz (2019a) were followed. First, a total of 400 clay particles were 
randomly generated inside a 4.0 μm cubical box, shown in Fig. 5a, 
corresponding to an initial void ratio of 9.67. All particles in this 
simulation were cuboids with 0.5x0.5x0.06 μm in dimension, and were 
generated using the clump logic (explained earlier) with 100 pebbles in 
each clump. Then, the top and the bottom walls were allowed to move 
towards one another to achieve a given void ratio (i.e., strain- 
controlled), with the four side walls kept stationary as in a typical 1-D 
consolidation test. At the end of each loading step, the average verti
cal stress at the top and bottom boundaries was recorded, which 

Fig. 3. Net interparticle force for two parallel kaolinite particles, plotted both using the analytical relations (parameters listed in Table 1) and proposed simplified 
contact law (parameters listed in Table 2). 

Fig. 4. Effect of relative orientation on the net attractive or repulsive interparticle force acting between two clay particles.  

Table 3 
Pebble-pebble simplified contact model parameters for two parallel kaolinite 
particles in Fig. 3 (assuming 100 pebbles per clay particle).  

Parameter Value 

Physico-chemical cut-off (dp) 5.0 nm 
Mechanical cut-off(dm) 0.9 nm 
Repulsive spring stiffness (k1) 0.00045 kN/m 
Attractive spring stiffness (k2) 0.0168 kN/m 
Mechanical spring stiffness (kn = ks) 0.015 kN/m  

K.A. Jaradat and S.L. Abdelaziz                                                                                                                                                                                                            

Figure 3.15 Comparison of analytical solution and simplified linear model of particle interaction
(Jaradat and Abdelaziz, 2023)
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facilitated the development of the virgin compression curve. The nu
merical specimen at the end of the 1-D compression is shown in Fig. 5b. 
Each model was run four times with different fabric (initial particles’ 
arrangement) for each run. 

The results of the 1-D consolidation simulations are shown in Fig. 6a. 
The average response for the numerical models for both the analytical 
and the simplified contact models are shown in Fig. 6b. Both simulations 
based on analytical and simplified contact models resulted in compa
rable compression curves, as shown in Fig. 6b. However, the required 
running time is reduced significantly when using the simplified contact 
model (~15 min for each model) in comparison with the analytical 
contact model (~246 min for each model). The reduction in the running 
time is attributed mainly to the elimination of the timely-consuming 
computation of the double layer repulsive force that requires sophisti
cated procedures to determine and subdivide the mid-plane between 
each of the interacting pairs in nested loops, followed by summing up 
the subdivisions to get the physico-chemcial repulsive force (Jaradat and 
Abdelaziz, 2019a, Bayesteh and Mirghasemi, 2013, Yao and Anandar
ajah, 2003). Therefore, utilizing the proposed simplified contact model 
offers a convenient means to simulate behavior of clays in a reasonable 
running time, allowing the simulation of a larger number of particles in 
more complex phenomena like shearing, which is discussed next. 

5. Drained shearing simulation 

The capabilities of the proposed simplified contact model are further 
highlighted by performing triaxial shearing numerical simulations, an 
area that has not yet been explored for cohesive systems in the DEM 
framework owing to the computationally-demanding numerical simu
lation of such systems. All drained shearing simulations reported here 
were performed in a 2-D framework utilizing the particle flow code in 
two-dimensions (PFC2D, 2021). In a 2-D framework, clay particles were 
modelled as rigid rods utilizing the clump logic in PFC2D, with a fixed 
width of 0.06 μm for all particles (Yao and Anandarajah 2003, Jaradat 
and Abdelaziz, 2019a) and different lengths extrapolated from the 
particle size distribution of the simulated kaolinite. Since the physical 
kaolinite sample have a largest particle size of ~ 20 μm as shown in 
Fig. 7 (Jaradat et al., 2017, Abdelaziz et al., 2019), it wasn’t numerically 
feasible to replicate the large particle sizes obtained experimentally in 
the numerical model, but the mechanical stiffness of the contact model 
was calibrated to account for the missing larger particles. Simulating 
larger particles require more pebbles when creating clumps, which in
creases the running time. Moreover, the 2-D numerical specimen width 
prior to shearing should be at least 5 times the largest particle size in the 

Fig. 5. (a) loose kaolinite specimen prior to begin 1-D loading, and (b) specimen at the end of the 1-D consolidation simulation.  

Fig. 6. (a) DEM models prediction for both the analytical and simplified con
tact laws, and (b) average prediction for both the analytical and simplified 
contact laws. 

K.A. Jaradat and S.L. Abdelaziz                                                                                                                                                                                                            

Figure 3.16 Comparison of the e-logσ′
v relationship for an analytical solution and simplified

linear model (Jaradat and Abdelaziz, 2023)
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Jaradat and Abdelaziz (2019) conducted a parametric study on the influence of the depth of

the attractive valley (the local minimum of the interaction force profile) on 1D compression

behaviour by introducing a cut-off distance formechanical contact force, dcut, as shown in Figure

3.17. As dcut increases, the maximum value of the attractive force becomes smaller, and the

interaction force becomes more dominated by repulsion. Figure 3.18 shows the results of the

parametric study. As expected, as dcut increases, the e-logσ′
v curve shifts upwards, i.e. the void

ratio increases. However, the compression index is less affected by dcut. The normalised e/eini-

logσ′
v/σ

′
v,max relationship is shown in Figure 3.18(b). On the normalised e/eini-logσ′

v/σ
′
v,max

plane, the influence of dcut almost disappears and all results agree well.

3.3. Micro-scale assessment of the pore size distribution

As shown in Fig. 11 (b), the clay assembly is compressed as the
vertical stress increases. Furthermore, increasing the effective vertical
stress re-oriented the clay particles perpendicular to the loading di-
rection causing the loading-based fabric anisotropy known for clays.
This behavior was shown using SEM images and XRD analysis
[66,69,70]. The Avizo Fire [71] package was used to assess the evo-
lution of the microstructure of the clay fabric with loading using the
developed DEM model. The microstructure of the clay sample at each of
the modeled voids ratio (or effective vertical stresses) was exported
from PFC3D as a structure file. The structural files were then imported
into Avizo Fire, and the pores were identified and then separated during
phase thresholding. Fig. 17 presents the evolution of the clay fabric
(particle orientation and arrangement, and pore structure) for all con-
sidered void at a section on the center of the sample. In this figure, the
clay particles are represented by the black strips, while the pores are
color-coded based on their size. It should be noticed that the height of
the sample in Fig. 17 is reduced as the void ratio decreases. At the
initial void ratio (i.e., e= 3), the clay particles were far away from one
another, and the pore sizes were relatively large as shown in Fig. 17(a)
representing a flocculated microstructure. As the vertical stress

Fig. 14. Results of the DEM 1-D consolidation simulation versus experimental results (a) and normalized results (b).

Fig. 15. Effect of the mechanical cutoff distance on the net interparticle force in
cohesive soils.

Fig. 16. Effect of the mechanical cutoff distance on the one-dimensional consolidation of kaolinite.
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Figure 3.17 Interparticle force profile with mechanical cut-off distance (Jaradat and Abdelaziz,
2019)

3.3. Micro-scale assessment of the pore size distribution

As shown in Fig. 11 (b), the clay assembly is compressed as the
vertical stress increases. Furthermore, increasing the effective vertical
stress re-oriented the clay particles perpendicular to the loading di-
rection causing the loading-based fabric anisotropy known for clays.
This behavior was shown using SEM images and XRD analysis
[66,69,70]. The Avizo Fire [71] package was used to assess the evo-
lution of the microstructure of the clay fabric with loading using the
developed DEM model. The microstructure of the clay sample at each of
the modeled voids ratio (or effective vertical stresses) was exported
from PFC3D as a structure file. The structural files were then imported
into Avizo Fire, and the pores were identified and then separated during
phase thresholding. Fig. 17 presents the evolution of the clay fabric
(particle orientation and arrangement, and pore structure) for all con-
sidered void at a section on the center of the sample. In this figure, the
clay particles are represented by the black strips, while the pores are
color-coded based on their size. It should be noticed that the height of
the sample in Fig. 17 is reduced as the void ratio decreases. At the
initial void ratio (i.e., e= 3), the clay particles were far away from one
another, and the pore sizes were relatively large as shown in Fig. 17(a)
representing a flocculated microstructure. As the vertical stress

Fig. 14. Results of the DEM 1-D consolidation simulation versus experimental results (a) and normalized results (b).

Fig. 15. Effect of the mechanical cutoff distance on the net interparticle force in
cohesive soils.

Fig. 16. Effect of the mechanical cutoff distance on the one-dimensional consolidation of kaolinite.
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Figure 3.18 (a) Results of DEM one-dimensional compression simulation using different me-
chanical cut-off distance and (b) normalised results (Jaradat and Abdelaziz, 2019)
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3.3.3 Modelling of interparticle friction

DEM can explicitly consider a tangential force by introducing an interparticle friction model.

However, CGMD does not have a framework to incorporate interparticle friction into the po-

tential energy. Hence, in CGMD, only the tangential component of the potential energy is con-

sidered as a tangential force. In DEM simulations, interparticle friction is described by using

Coulomb’s friction model. The interparticle friction force is considered a tangential component

of the mechanical force.

Figure 3.19 shows the schematic of the interparticle friction model and the mechanical normal

force model used by Jaradat and Abdelaziz (2019). An elastic normal spring stiffness (kn) was

used to ensure that the normal contact force (Fn) was compressive unless the tensile strength

of bonded particles was modelled. While the interparticle friction force was proportional to the

mechanical normal force, an elastic-perfectly-plastic tangential spring stiffness (ks) was used

to limit the interparticle friction to the maximum strength depending on interparticle friction

angle (ϕ′) or the coefficient of friction (µ = tanϕ′). As shown in Table 3.1, µ=0.3 and µ=0.176

(tan10°) are used as the coefficients of friction in many studies. However, there is little justifi-

cation for these values.

When composite particles are used, multiple coefficients of friction can be used depending on the

type of contact between the sub-particles. For example, de Bono and McDowell (2023b) used

several coefficients of friction, as shown in Figure 3.14. Namely, µ=1.0 was used for the alumina

face-to-silica face interaction, µ=0.01 was used for the alumina face-to-alumina face and the

silica face-to-silica face interactions, and µ=0.2 was used for the alumina face-to-edge, the silica

face-to-edge, the edge-to-edge interactions. They determined these values of the coefficients

of friction based on the experimental observation that under a given normal load, the mica,

whose chemical properties are similar to those of the silica face of kaolinite particles, showed

friction forces 100 times larger when sliding in adhesive contact compared to purely repulsive

contact. Thus, in their simulations, a coefficient of friction of 1.0 was used for attractive face-

to-face interactions, and a low coefficient of friction of 0.01 was used for repulsive face-to-face

interactions (see Figure 3.14). A coefficient of 0.2 was used for all other interactions involving

kaolinite edges. Although using these values enabled the correct mechanical behaviour to be

achieved, it should be emphasised that these values were chosen arbitrarily. In other words,

they calibrated these values to obtain the critical state. They suggested that if the coefficient of
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friction is small, the critical state cannot be obtained, and the virtual sample shows “liquefaction

behaviour” (i.e. in the undrained triaxial compression simulation, the effective stress converges

to zero).

normal and tangential contact forces. While the local non-viscous
damping force dissipates the energy at the body level by reducing the
total unbalanced forces acting on the particles [2]. For clays, the un-
balanced force acting on a particle at any time during the simulation is
the summation of all the applied forces including the mechanical con-
tact forces, van der Waals attractive forces, and the diffused layer re-
pulsive forces. Therefore, combining these two damping mechanisms
facilitates achieving the equilibrium state in the DEM model faster.

Since the viscous damping forces are applied to the contact forces,
two viscous damping force components: Fn

d to damp the normal contact
force and Ft

d to damp the tangential contact force are estimated, using
Eqs. (20a) and (20b) respectively, and are incorporated in the DEM
simulation. On the other hand, a single force is needed to incorporate
the local non-viscous damping (Fid) in the simulations, Eq. (20c), since
this force is a body force.

= ×F β m k δ(2 ) ̇
n
d

n c n n (20a)

= ×F β m k δ(2 ) ̇
t
d

t c t t (20b)

= −F α F sign υ| | ( )i
d

i i (20c)

where βn and βt are the normal and tangential critical damping ratio
respectively, δṅ and δṫ are the relative normal and shear translational
velocity, respectively, mc is a term accounting for the relative masses of
the interacting particles defined as m1m2/(m1+m2), m1 and m2 are the
masses of the two interacting particles, Fi is the vector summation of the
unbalanced forces, α is the coefficient of local non-viscous damping
(typically 0.7), and Sign(vi) is a logic-term accounting for the moving
particles only and the movement direction using the particle velocity
vector (vi); the Sign(vi) is 1.0 if vi > 0, −1 if vi < 0, or 0 if vi=0.

Finally, a time-integration analytical technique such as the central
difference method with a time increment (Δt) [3] is incorporated within
DEM simulations to update particles movements, accelerations, velo-
cities, and displacements. The selected time-step (Δt) must be small
enough to ensure a conditionally stable solution. However, adopting a
very small time-step will require a longer simulation time. Therefore,
the critical maximum time-step used for DEM simulations is generally
estimated as per Eq. (21) [45]. Time-steps smaller than this maximum
critical timestep are applied as the density of the considered particulate
system increases to account for the highly nonlinear contact system
between all particles.

=t m kΔ 0.6283 /c s m (21)

where ms is the mass of the smallest particle in the system, and km is the
maximum spring stiffness considered in the model.

3. Assessment of 1-D clay compression across scales using DEM

The developed DEM contact model, which accounts for the van der
Waals attractive force and the diffused layer repulsive force, was used
in a three-dimensional (3-D) DEM simulation for the 1-D consolidation
of a kaolinite clay mimicking the experimental results of Yao and
Anandarajah [45]. The mathematical formulations of the physico-
chemical forces, van der Waals force and double layer force, were coded
in C++ and implemented as a C++ plug-in in PFC3D [53]. This sec-
tion presents the details of the model and the assessment of the model’s
ability to predict the micro- and the macro-scale response of the clay.

3.1. Model Details

To simulate the platy shape of kaolinite, the clump logic in PFC3D

was utilized. The clump logic allows filling a certain geometry with
overlapping pebbles to simulate the shape of the grain. Each clay par-
ticle was simulated as a rigid cuboid consists of 197 overlapping peb-
bles as shown in Fig. 10. It should be noticed that more pebbles mimic
smoother particle surfaces. However, the computational cost grows
exponentially as the number of pebbles per particle increase. The se-
lected number of pebbles (i.e., 197) is the lowest number of pebbles
that does not affect the results significantly, which was selected after
performing a series of models that considered a different number of
pebbles in each model.

At every time-step, the code loops on the pebble-pebble contacts to
apply the interparticle forces. If two particles have contacts at more
than one pebble, the code uses the two pebbles with the smallest se-
paration distance. Then, based on the geometry of the interacting
particles (dimensions and inclination), the van der Waals attractive
force and the double layer repulsive force are applied to the particles
based on Eq. (7) and Eq. (16), respectively. The mechanical contact
force is calculated based on the mechanical spring stiffness as com-
monly performed in DEM simulations [53].

The selected 1-D consolidation experiment was performed at room
temperature (i.e., 293 K) using a kaolinite clay with an average particle
size of 0.5× 0.5×0.06 μm and particle density of 2700 kg/m3. A total
of 400 particles were randomly generated inside a 3.5 μm box, shown in
Fig. 11(a), corresponding to an initial void ratio of 6.15. The main clay
properties that were used in the DEM simulation were adopted from
Yao and Anandarajah [45] and presented in Table 1. This adopted
kaolinite particle size (0.5× 0.5×0.06 μm) matches the mean particle
size for kaolinite clay that the authors used in other studies [73,72]. It
should be noted that the stiffnesses of the normal and the tangential
springs were selected via calibrating the model to fit the experimental
results Yao and Anandarajah [45].

Fig. 9. Schematic of the approach adopted in DEM to calculate contact forces (adapted from [4]).
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Figure 3.19 Schematic of interparticle friction model and the mechanical normal force model:
The kn and ks are the normal and tangential contact spring stiffnesses respectively, δn is the
overlap between the contacting particles, δs is the tangential contact incremental displacement
at the considered time step, dmesh is the cut-off distance at which the mechanical normal force
starts to act (Jaradat and Abdelaziz, 2019).

140



3.4. SUMMARY

3.4 Summary

This chapter first outlined Molecular Dynamics (MD), and then reviewed key findings in pre-

vious studies on particle-scale simulations of clay using DEM and MD.

Several strategies were used to capture kaolinite particle shapes. For example, composite parti-

cle models, which use sub-spherical particles, were the most used modelling method. This mod-

elling method can accurately and easily capture a particle shape and anisotropic surface charges

of kaolinite particles, however, the most critical issue is high computational const. Alternatively,

plate-like ellipsoids were used to capture a clay particle shape. Although this modelling can cap-

ture the fundamental mechanical behaviour of kaolinite with less expensive computational cost,

it cannot accurately capture anisotropic surface charge of kaolinite particles. To deal with this

issue, Bandera et al. (2024a) developed a composite particle model which uses sub-ellipsoidal

particles.

Previous particle-scale simulations showed that particle interaction highly influenced mechani-

cal behaviour. However, it is not necessarily needed to model the details of clay particle proper-

ties exactly. The important thing is to “appropriately” capture the key features of clay particles

such as particle shape, inter-particle interaction, and surface charge.
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4 Coarse grainedmolecular dynamics (CGMD)

4.1 Introduction

This chapter describes the modelling of kaolinite particles, and potential functions describing in-

teractions between these particles, using a coarse-grained molecular dynamics (CGMD) frame-

work. Section 4.2 focuses onmodelling kaolinite particles. Following Ebrahimi et al. (2014) and

Bandera et al. (2021), kaolinite particles are modelled as rigid and flat ellipsoids. This section

also focuses on the Gay-Berne (GB) potential function, which is an extension of the Lennard-

Jones (LJ) potential function to describe the interaction energy between two ellipsoids. The key

features of the LJ potential function are first explained, and then the GB potential function is

detailed. Section 4.3 introduces two modified GB potential functions to overcome shortcomings

of the original GB potential function to model kaolinite particle interactions. The purely repul-

sive (PR) potential function is a simple function that has only a repulsive energy term; it was

developed by Bandera et al. (2021). The energy barrier (EB) potential function was developed

in this research to accurately capture non-monotonic and non-linear interaction energy profiles

between kaolinite particles. Section 4.4 explains the method used to calibrate the potential func-

tions. Section 4.5 describes a summary of this chapter.
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4.2 Modelling kaolinite particles and particle interactions

4.2.1 Modelling kaolinite particles as flat ellipsoids

In particle-scale simulations of geomaterials, reflecting the actual geometry of soil particles to a

particle model is important. However, in reality, the geometries of soil particles are quite com-

plex. Considering all geometrics, especially with surface roughness, is challenging. Therefore,

particle-scale simulations generally invoke simplifications. For instance, in particle simulations

of sand using DEM, disks are often used for 2D analysis, while spheres are commonly employed

for 3D analysis as particle models. Although these particle models have smooth surfaces (ob-

viously it is not realistic), surface roughness is indirectly considered by introducing tangential

forces (frictional forces) and non spherical geometry is captured by using rotational resistance.

Figure 4.1(a) shows a scanning electron microscope (SEM) image of kaolinite particles. Kaoli-

nite particles are pseudo-hexagonal and thin, i.e. plate-like rather than spherical. Hence, clay

particles, which have more complex shapes than sand particles, cannot be directly modelled

using simple shapes such as disks or spheres. As introduced in Chapter 3, composite particles

combining sub-particles (disks and spheres) are often used to capture clay particle shapes. While

composite particles can represent the shape of clay particles relatively accurately, the main chal-

lenge in particle-scale simulations using composite particles is the high computational cost. In

CGMD, clay particles are modelled as rigid and flat ellipsoids (see Figure 4.1(b)) (Ebrahimi

et al., 2014; Bandera et al., 2021).

Figure 4.1 (a) SEM image of kaolinite particles (Volkova et al., 2021) and (b) ellipsoidal particle
model
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As shown in Figure 4.2(a), a general ellipsoid is expressed by:

x2

a2
+
y2

b2
+
z2

c2
= 1 (4.1)

where a, b and c are semi-axes lengths along the x, y, amd z axes respectively.

Actual kaolinite particles have been reported to be plate-like pseudo-hexagons with diameters

ranging from 0.1 μm to 4 μm, thicknesses from 0.05 μm to 2 μm, and aspect ratios of around 10

(Lambe andWhitman, 1969; Santamarina et al., 2001; Mitchell and Soga, 2005). Therefore, it is

arguably reasonable to approximate kaolinite particles using oblate spheroids, where the length

of two axes is equal, and the length of the third axis is significantly smaller. The schematic of

oblate spheroid is shown in Figure 4.2(b). An oblate spheroid is expressed as:

x2 + y2

a2
+
z2

c2
= 1 (a > c) (4.2)

In the CGMD simulations performed by Ebrahimi et al. (2014) and Bandera et al. (2021),

oblate spheroids were used as particle models for montmorillonite and kaolinite, respectively.

Although the particle model using oblate spheroids cannot accurately reproduce the pseudo-

hexagonal shape of real kaolinite particles, it can capture some key features of kaolinite particle

shape such as diameter, thickness and aspect ratio. In addition, the use of the ellipsoidal parti-

cle model is much less computationally expensive than using composite particles, thus enabling

large-scale particle-scale simulations. As mentioned, Ebrahimi et al. (2014) modelled a mont-

morillonite particle using an oblate spheroid particle model. Bandera et al. (2021) subsequently

applied it to a kaolinite particle. The oblate spheroid particle models used in these studies were

rigid and their deformation was not considered. Therefore, kaolinite, whose particles are much

stiffer than montmorillonite, is better suited to the use of this oblate spheroid particle model

(Bandera et al., 2021).

The particle orientation of an oblate spheroid is defined using the direction of the minor semi-

axes, c (see Figure 4.2). From a quaternion for each oblate spheroid, the principal axes of inertia,

(nx, ny, nz) are calculated (see Equations 3.14-3.16). If the normal vector of an oblate spheroid

is defined as the direction of the minor semi-axis, c, and the direction of the minor axis is aligned

with the direction of nz = [nz,x, nz,y, nz,z] (see Equation 3.16), the particle orientation can be

defined as the angle at which nz is projected onto the x-y plane (αxy), the y-z plane (αyz), and

the x-z plane (αxz) as follows;
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αxy = tan−1

(
nz,y
nz,x

)
(4.3)

αyz = tan−1

(
nz,z
nz,y

)
(4.4)

αxz = tan−1  
(
nz,z
nz,x

)
(4.5)

In the current study, αxz was used as the representative particle orientation.

(a) Ellipsoid (b) Oblate spheroid

Figure 4.2 (a) Ellipsoid and (b) oblate spheroid
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4.2.2 Modelling particle interactions (Gay-Berne potential function)

Ebrahimi et al. (2014) were the first to describe the interaction between clay particles using the

GB potential function (Gay and Berne, 1981). Ebrahimi’s study focused on montmorillonite

particles. First, they performed fully atomistic molecular dynamics (FAMD) simulations to

obtain the potential energy profile between two montmorillonite particles. They argued that the

main features of the non-linear and non-monotonic relationship between potential energy and

separation distance obtained from the FAMD simulations can be reasonably captured using the

GB potential function.

The Lennard Jones (LJ) potential function describes the interaction between spheres and it is

often used in molecular dynamics (MD) simulations (Lennard-Jones, 1931). The GB potential

function is a type of the LJ potential function used to model interactions between anisotropic

molecules with ellipsoidal shapes in MD simulations. Anisotropic molecules are molecules that

have different properties in different directions within a molecule. For example, liquid crystals

have rod-shaped ellipsoidal molecules (i.e. prolate spheroids) oriented in a particular direction

and exhibit different properties depending on the particle orientation. The interaction energy

between these anisotropic molecules cannot be described by the LJ potential function, hence,

the GB potential function was developed. The GB potential function is an extension of the

LJ potential function to ellipsoids and expresses the asymmetry and directionality of molecular

interactions, considering the shape and orientation of the molecules.

To understand the GB potential function, the LJ potential function should be first explained. In

the following, the fundamental characteristics of the LJ potential are described, and then the GB

potential function is introduced.
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Lennard-Jones (LJ) potential function

The LJ potential function is an empirical model that represents the potential energy between

two atoms modelled as spheres. The LJ potential function is a fitting function that uses a few

parameters, however, the LJ potential function is empirically considered to be accurate enough

to describe the potential energy between two atoms.

The LJ potential function represents the potential energy between spherical models as a function

of their centre-to-centre distance, it is driven as:

ULJ (r) = 4ε

[(σ
r

)12

−
(σ
r

)6
]

(4.6)

where ULJ is the LJ potential energy, ε is the energy scale, σ is the atomic interaction diameter,

and r is the centre-to-centre distance between spherical particles. Also, Equation 4.6 can be

expressed in a simpler form as:

ULJ (r) = Ar−12 − Br−6 (4.7)

TheBr−6 is the attractive term and describes the van derWaals energy between two atoms. This

attractive term is based on physical evidence that the attraction between two atoms is inversely

proportional to the 6th power of their separation distance. On the other hand, the Ar−12 is the

repulsive term and describes the repulsive energy due to the overlap of electron clouds. The

exponent of -12 was chosen because it is easy to handle, as it is twice the -6 power of the

attractive term and it is not based on any physical evidence.

Figure 4.3 shows an example of the LJ potential energy-separation distance relationship. The

LJ potential energy is characterized by a minimum value called an energy well that exists at a

small separation distance and a repulsive wall that exists at a smaller separation distance. The

interaction force can be calculated using a differentiation of the potential function against the

separation distance as shown in the following equation.

FLJ (r) = −∂ULJ (r)
∂r

= 4
ε

σ

[
12

(σ
r

)13

− 6
(σ
r

)7
]

(4.8)

Since the interaction force is zero (FLJ = 0) at the energy well (r = rew), the following rela-

tionship can be obtained from Equation 4.8.

rew = 21/6σ (4.9)
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Substituting Equation 4.9 into Equation 4.6, it is found that the depth of the energy well is given

by -ε as shown in the following equation.

ULJ (rew) = 4ε

[(
σ

rew

)12

−
(
σ

rew

)6
]

= 4ε

[(
1

2

)2

−
(
1

2

)1
]

= −ε (4.10)

As can be seen from Figure 4.3, as r increases, the LJ potential energy asymptotically converges

to zero. In MD simulations, to reduce computational costs, when r is larger than a certain

threshold, interaction calculations are usually omitted and the potential energy is assumed to be

zero. This threshold value is called a cut-off distance (rcut). The LJ potential function with a

cut-off distance is given by:

ULJ (r) =

{
4ε

[(
σ
r

)12 − (
σ
r

)6]
r ≤ rcut

0 r > rcut
(4.11)

Energy well

Repulsive wall

Figure 4.3 Lennard-Jones potential energy–separation distance relationship
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Gay-Berne (GB) potential function

The GB potential function was introduced to consider the shape and energy anisotropies of

particle interactions. The particle shape targeted by the GB potential function is ellipsoidal

including oblate (semi-axis a is larger than semi-axis c) and prolate (semi-axis a is smaller than

semi-axis c) spheroids. The mathematical form of the GB potential function is similar to that of

the LJ potential function. Still, the potential energy depends on the relative orientations of the

interacting particles. The GB potential function is expressed as:

UGB (A1, A2, r) = Ur (A1, A2, r, γ) · η12 (A1, A2, ν) · χ12 (A1, A2, r, µ) (4.12)

where Ur is given as:

Ur = 4ε
(
ρ12 − ρ6

)
(4.13)

where ρ is given as:

ρ =
σ

h12 + γσ
(4.14)

Substituting Equations 4.13 and 4.14 to Equation 4.12, the GB potential function is given as:

UGB = 4ε

[(
σ

h12 + γσ

)12

−
(

σ

h12 + γσ

)6
]
· η12 · χ12 (4.15)

where UGB is the GB potential energy, ε is the energy scale which determined the depth of the

energy well, σ is the atomic interaction radius (minimum effective particle radius), h12 is the

distance of the closest approach between two particles, and γ is the shift of the potential mini-

mum. The dimensionless quantities η12 and χ12 are parameters related to the shape and energy

anisotropy, respectively. A1 and A2 are transformation matrices from the global coordinates (x,

y, z) to the local coordinates (1, 2, 3) of particle 1 and particle 2. A1 and A2 are given by the

following equations, respectively.

A1 =

â1, 1â1, 2
â1, 3

 =

â1, 1x â1, 1y â1, 1z
â1, 2x â1, 2y â1, 2z
â1, 3x â1, 3y â1, 3z

 (4.16)

A2 =

â2, 1â2, 2
â2, 3

 =

â2, 1x â2, 1y â2, 1z
â2, 2x â2, 2y â2, 2z
â2, 3x â2, 3y â2, 3z

 (4.17)

where â1, m and â2, m (m=1,2,3) are the molecular-fixed orthonormal principal axis vectors.
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Several methods have been proposed to determine the distance of the closest approach between

two elliptical particles (h12). The most common approach used in the CGMD is the Perram-

Wertheim approach (Paramonov and Yaliraki, 2005), which has a relatively low computational

cost. In the Perram-Wertheim approach, h12 is given by:

h12 = r − σ12 (4.18)

and

σ12 =

[
1

2
r̂TGT

12r̂
]−1/2

(4.19)

where r = r2 − r1 is the centre-to-centre vector between two ellipsoids, r = |r12| is the centre-

to-centre distance between two ellipsoids, and r̂ = r/r is the unit vector of r. G12 is expressed

by:

G12 = AT
1 S1A1 + AT

2 S2A2 = G1 +G2 (4.20)

where S1 and S2 are the shape matrices given by each radius of the ellipsoid, i.e. S1 =

diag (a1, b1, c1) and S2 = diag (a2, b2, c2), respectively.

Focusing on the anisotropic parameters in the GB potential function, η12 is a parameter related

to shape anisotropy that depends on the relative orientation of two ellipsoidal particles. η12 is

given by:

η12 =

[
2s1s2

det (G12)

]υ/2
(4.21)

and

si = [aibi + cici ] [aibi]
1/2 (i = 1, 2) (4.22)

where υ is a user-specified parameter, typically υ = 1.

χ12 is a parameter related to energy anisotropy based on the depth of the energy well in the

face-to-face configuration and edge-to-edge configuration. χ12 is given by:

χ12 =
[
2r̂TB−1

12 r̂
]µ (4.23)

B12 = AT
1E1A1 + AT

2E2A2 = B2 + B1 (4.24)

where Ei = diag (ϵia, ϵib, ϵic) is the energy matrix, and ϵia, ϵib, ϵic can be determined based on

the depth of the energy well in the face-to-face configuration and edge-to-edge configuration.

µ is a user-specified parameter, typically µ = 2. In the oblate spheroid, since the length of the
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two axes is the same (i.e. ai = bi), two parameters related to the depth of the energy barrier are

also the same (i.e. ϵia = ϵib).

The interaction force vector is expressed using the first-order derivative of the GB potential

function against the centre-to-centre vector. Namely,

fGB = −∂UGB
∂r

= −∂Ur
∂r

· η12 · χ12 − Ur ·
∂η12
∂r

· χ12 − Ur · η12 ·
∂χ12

∂r

= −η12
(
∂Ur
∂r

· χ12 + Ur ·
∂χ12

∂r

)
(4.25)

Based on the chain rule of differentiation, ∂Ur/∂r is expressed as follows.
∂Ur
∂r

=
∂Ur
∂r

∂r

∂r
+
∂Ur
∂r̂

∂r̂
∂r

=
∂Ur
∂r

r̂+
1

r

∂Ur
∂r̂

(1− r̂⊗ r̂) (4.26)

∂Ur/∂r in Equation 4.26 is expressed by:
∂Ur
∂r

=
∂Ur
∂ρ

∂ρ

∂r
= 4ε

(
12ρ11 − 6ρ5

) −ρ2
σ

= −4
ε

σ

(
12ρ13 − 6ρ7

)
(4.27)

Defining φ = σ−2
12 , ∂Ur/∂r̂ in Equation 4.26 can be expressed as follows from the differential

chain rule.
∂Ur
∂r̂

=
∂Ur
∂φ

∂φ

∂r̂
(4.28)

∂φ/∂r̂ in Equation 4.28 is expressed as:
∂φ

∂r̂
= G−1

12 · r̂ = r−1κ (4.29)

Here, κ is defined by the following equation.

κ = G−1
12 · r (4.30)

∂Ur/∂φ in Equation 4.28 is expressed as follows.
∂Ur
∂φ

=
∂Ur
∂ρ

∂ρ

∂φ
= 4ε

(
12ρ11 − 6ρ5

) −ρ2σ3
12

2σ
= −2

ε

σ

(
12ρ13 − 6ρ7

)
σ3
12 (4.31)

Substituting Equations 4.27, 4.28, 4.29, and 4.31 into Equation 4.26, ∂Ur/∂r can be expressed

by:
∂Ur
∂r

=
∂Ur
∂r

r̂+
1

r

∂Ur
∂r̂

(1− r̂⊗ r̂)

=
∂Ur
∂r

r̂+
1

r2
∂Ur
∂φ

κ (1− r̂⊗ r̂)

=
∂Ur
∂r

r̂+
1

r2
∂Ur
∂φ

[κ− (κ · r̂) r̂] (4.32)
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On the other hand, ∂χ12/∂r in Equation 4.25 is calculated as:

∂χ12

∂r
= − 4

r2
[
l−

(
lT · r̂

)
r̂
]
· µ · χ(µ−1)/µ

12 (4.33)

Here, l is defined by the following equation.

l = B−1
12 · r (4.34)

Substituting Equations 4.32 and 4.33 into Equation 4.25, the interaction force vector of the GB

potential function can be calculated.

Figure 4.4 shows an example of the GB potential energy profiles for face-to-face and edge-to-

edge configurations. As shown above, the GB potential energy depends on the relative particle

orientation. For face-to-face and edge-to-edge configurations, the interaction force for the GB

potential function is expressed in a simple form.

FGB = 4
ε

σ

[
12

(
σ

h12 + γσ

)13

− 6

(
σ

h12 + γσ

)7
]
· η12 · χ12 (4.35)

Considering oblate spheroids as particle models (see Figure 4.2(b)), the major axis is a = b

and the minor axis is c. Moreover, if two interacting ellipsoidal particles have the same energy

matrix, E = diag (ϵa, ϵb, ϵc), the energy anisotropy parameter is χ12 = ϵa(= ϵb) in edge-to-

edge configuration, and χ12 = ϵc in face-to-face configuration. Therefore, from Equation 4.35,

it is found that the depth of the energy well is given by−ε ·η12 · ϵa in edge-to-edge configuration

and −ε · η12 · ϵc in face-to-face configuration.

As can be seen from Figure 4.4, at separation distances smaller than the location of the energy

well, the interaction force is repulsive. In comparison, the interaction force is attractive at larger

separation distances. It is important to note that the original GB potential function given by

Equation 4.12 cannot describe the energy barrier, which is a key feature of the clay interaction

(see Section 2.3). Therefore, the original GB potential function needs to be modified to repro-

duce the energy barrier when it is used in the CGMD simulations of kaolinite particles. The

modified GB potential potentials are introduced in the following section.
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face-to-face edge-to-edge

Figure 4.4 Gay-Berne potential energy–separation distance relationship in face-to-face and
edge-to-edge configuration
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4.3 Modified Gay-Berne potential functions

The interaction energy/force between kaolinite particles is given by a combination of van der

Waals contribution, electrostatic contribution and Born repulsion, as described in Section 2.3.

As described in Figure 2.11, the interaction energy profile between kaolinite particles is ideally

characterised by the energy barrier and the energy well, although it depends on the properties

of the pore fluid (i.e. pH and salt concentration). However, the energy barrier cannot be repro-

duced by the original GB potential function as mentioned in Section 4.2 (see Figure 4.4). In this

section, modified GB potential functions are introduced. First, the purely repulsive (PR) poten-

tial function proposed by Bandera et al. (2021), which has only a repulsive term, is described.

Next, the energy barrier (EB) potential function, which was developed in this study to reproduce

both the energy barrier and the energy well, is explained.

4.3.1 Purely repulsive potential function

Bandera et al. (2021) proposed amodifiedGB potential function that considers only the repulsive

term of the original GB potential function as an interactionmodel for kaolinite particles saturated

with alkaline and low-salt pore water. In this study, this potential function is called the purely

repulsive (PR) potential function. The PR potential function is given by:

UPR = 4ε

(
σ

h12 + γσ

)12

· η12 · χ12 (4.36)

where UPR is the PR potential energy.

Figure 4.5 shows a typical PR potential energy profile. The relationship between UPR and h12 is

monotonic, and the energy barrier and the energy well do not exist in this relationship. Namely,

the interaction force is repulsive, with stronger repulsive forces acting on the particle pairs as

they get closer.

Bandera et al. (2021) showed through the CGMD isotropic compression simulations of kaolinite

particles that the PR potential function can capture the fundamental features of the mechanical

response exhibited during virgin compression. In other words, it was shown that the PR poten-

tial function can reproduce the compression behaviour of normally consolidated clays. How-

ever, Bandera et al. (2021) did not perform unloading and reloading simulations using the PR

potential function. They indicated that further modifications to the GB potential function are

required to reproduce the compression behaviour of clays during unloading and reloading (i.e.
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overconsolidated clay behaviour). The non-monotonic form of the interaction energy (i.e. the

energy barrier and the energy well) is expected to influence the mechanical response of the clay

during unloading and reloading. Therefore, in order to comprehensively simulate the compres-

sion behaviour of clay, including virgin loading, unloading, and reloading, a more sophisticated

potential function is needed. Specifically, it is important to capture more accurately the ideal

interaction energy profile with the energy barrier, the energy well, and Born repulsion, as shown

in Figure 2.11.
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Figure 4.5 Ideal purely repulsive potential energy profile
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4.3.2 Energy barrier potential function

In order to capture the ideal interaction energy profile with the energy barrier, the energy well,

and Born repulsion, a new potential function termed the energy barrier (EB) potential function is

developed here based on the GB potential function. The mathematical form of the EB potential

function is given by:

UEB =

[
A

(
σ

h12 + γσ

)12

− B

(
σ

h12 + γσ

)6

+ C

(
σ

h12 + γσ

)3
]
× η12 × χ12 (4.37)

where UEB is the EB potential energy, A, B and C are new, tunable, energy scale parameters

introduced in place of ε in the LJ potential function (Equation 4.6) and the original GB potential

function (Equation 4.15). The other parameters in Equation 4.37 are the same as the original

GB potential function parameters.

The first term in Equation 4.37 aims to reproduce the very short-range repulsion, i.e. Born

repulsion, the second term aims to reproduce short-range attraction, and the third term aims to

reproduce the medium- and long-range repulsion. Although the new parameters (A, B and C)

are introduced, the substantial major change from UGB (Equation 4.15) is this introduction of

the third term, i.e. the medium- and long-range repulsion. Introducing the third term allows

UEB to have a local maximum as well as a local minimum, i.e. UEB can reproduce both the

energy barrier and the energy well.

Figure 4.6 compares the EB potential energy profile and the original GB potential energy pro-

file. While the EB potential given in Equation 4.37 captures key features of the ideal interaction

energy profile (i.e. the energy barrier, the energy well, and Born repulsion), the slope of the

Born repulsion was quite steep. This means that the EB potential function given by Equation

4.37 may exhibit a very stiff mechanical response when the particles are close to each other.

As shown in Section 3.2, it is necessary to use small timesteps to ensure the stability of the

simulations. Stiffer materials require smaller critical timesteps to ensure that the motion of a

particle at a particular timestep affects only neighbouring particles, which means that they are

computationally expensive. Therefore, to achieve reasonable computational costs, it is advan-

tageous to reduce the slope of Born repulsion. In this study, the slope of the Born repulsion is

relaxed using a quadratic equation. The mathematical expressions of the EB potential function

introducing the quadratic equation are given by:
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For h12 > ha:

UEB =

[
A

(
σ

h12 + γσ

)12

− B

(
σ

h12 + γσ

)6

+ C

(
σ

h12 + γσ

)3
]
× η12 × χ12 (4.38a)

For h12 < ha:

UEB =
(
kh212 +mh12 + n

)
× η12 × χ12 (4.38b)

where ha is the position of the maximum attractive force (i.e. maximum gradient of the po-

tential energy profile) (see Figure 4.6(a)), k, m and n are tunable parameters calibrated so that

Equations 4.38a and 4.38b connect continuously and smoothly at h12 = ha.

InMD simulations, a cut-off distance is used to reduce computational costs. For the oroginal GB

potential functions, the cut-off distance is given as a function of the centre-to-centre distance (r)

like LJ potential function. For the modified GB potential function (i.e. the PR potential function

and the EB potential function), the cut-off distance (hcut) was given as a function of the closest

distance (h12), i.e. when h12 ≤ hcut, a potential function is active, while when h12 > hcut, a

potential function is zero.
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4.4 Calibration of potential function

The GB potential function including the PR and EB potential functions includes tunable param-

eters that do not have any physical meanings. Therefore, these parameters cannot be determined

based on the physicochemical properties of the clay particles or the chemical properties of the

pore fluid. The most effective way to determine these tunable parameters is to calibrate them

against the relationship between potential energy and separation distance obtained theoretically

or via atomic-scale simulation.

4.4.1 Calibration of Gay-Berne potential function against DLVO theory

Bandera et al. (2019) calibrated the GB potential function parameters against the relationship be-

tween potential energy and separation distance predicted by DLVO theory (Derjaguin and Lan-

dau, 1941; Verwey and Overbeek, 1948). Bandera et al. (2019) considered two scenarios, the

first when the pore fluid is acidic (pH=4) and the second when it is alkaline (pH=8). The DLVO

energy profiles for each pore fluid condition were determined based on Gupta et al. (2011) (see

Figure 2.24). Since the GB potential function assumes that the potential energy in intermedi-

ate configurations (e.g. face-to-edge/edge-to-face configurations) can be correctly extrapolated

using the same tuned parameters providing the face-to-face and edge-to-edge configurations

(Gay and Berne, 1981), Bandera et al. (2019) performed calibration for two-particle configu-

rations, face-to-face and edge-to-edge configurations, as shown in Figure 4.7. For simplicity,

Bandera et al. (2019) considered the alumina face-to-silica face interaction as a representative

face-to-face interaction. They ignored the other two face-to-face interactions, i.e. alumina face-

to-alumina face and silica face-to-silica face, and they calibrated the GB potential function for

only alumina face-to-silica face and edge-to-edge interactions.

 

One of six types of interaction can exist between two 

kaolinite particles: alumina face-alumina face (Af-Af), 

silica face-silica face (Sf-Sf), alumina face-silica face (Af-

Sf), alumina face-edge (Af-E), silica face-edge (Sf-E) and 

edge-edge (E-E). Table 2 shows how the sign of the 

interaction (e.g. attractive/repulsive) changes with pH for 

each scenario. At high pH values (e.g. 8 and 10), the 

interaction is always repulsive, whereas at low pH values 

the interaction can be attractive or repulsive depending on 

the relative orientation between particles. 

The variations in particle interaction noted in Table 2 

have an influence on the load:deformation response 

(Wang and Liu, 2006; Pedrotti and Tarantino, 2018). 

Using scanning electron microscope (SEM) images, 

Pedrotti and Tarantino (2018) showed a sensitivity of the 

clay fabric to the pore-fluid pH, which can also be linked 

to the variation in particle interactions noted in Table 2. A 

particle-based model that aims to consider fabric effects 

on clay behaviour must therefore be capable of capturing 

interactions that are always repulsive and also interactions 

that can evolve from repulsive to attractive as particles 

rotate relative to each other.  

4 GB Model Calibration  
The DLVO expressions given in Eqns 1-3 and the GB 

potential in Eqn 4 were implemented in a MATLAB 

model which was verified using data available in Gupta et 

al., (2011) and Ebrahimi et al., (2014). Two ellipsoidal 

kaolinite particles of diameter 𝐷 = 600 𝑛𝑚 and 

thicknesses 𝛿1 = 𝛿2 = 11.2 𝑛𝑚 (Fig. 3) were considered 

to compare in the initial analysis of the calibration 

process. These particle dimensions are taken from Gupta 

et al., (2011) who analysed scanning electron microscope 

(SEM) images of kaolinite particles. The calibration 
considered interactions in solutions with a salt (KCl) 

concentration 𝜌𝑠 = 1𝑚𝑀 at pH=4 and pH=8. Referring to 

Table 2 above, these different pH values were selected to 

enable consideration of a scenario where both the face-

face and edge-edge interactions are always repulsive as 

well as a scenario where attractive face-face interactions 

co-exist with repulsive edge-edge interactions. 

 

Fig. 3. Side and plan view with dimensions of the particle used 
to simulate kaolinite 

Six GB parameters, 𝛾, 𝜖, 𝜎, 𝜀1, 𝜀2 and 𝜀3, were calibrated 

to capture the energy:separation data predicted by DLVO 

in a trial and error  process informed by a parametric 

study. Two interaction directions were considered: face-

to-face and edge-to-edge, shown in Fig. 4 (a) and (b), 

respectively. In both cases, the interactions energies were 

computed for 0 nm ≤ h ≤ 60 nm. 

 

Fig. 4. Configurations employed to calibrate the GB against the 
DLVO: face-to-face (top) and edge-to-edge (bottom) 

4.1 Case A: pH=8 

Fig. 5 illustrates the interaction energy (per unit 

area):separation distance relationship predicted by DLVO 

theory at pH=8 for both alumina face-silica face (Af-Sf) 

and edge-edge (E-E) interactions. In both cases, the total 

energy of interaction is positive for all separation 

distances considered and so the interactions examined are 

always repulsive. The calibrated GB model parameters for 

pH=8 are shown in Table 3. Fig. 6 compares the DLVO 

energies with the GB potential data. As expected, the GB 

potential does not reproduce the attraction that 

characterises the DLVO model at small distances. 

However, relatively good agreement is attained at h 

values exceeding h at the energy barrier. The data on 

Fig. 6 therefore support the hypothesis of Ebrahimi et al., 

(2014) that the GB potential can effectively model clay 

particle interactions. 

 

Fig. 5. DLVO forces for alumina face-silica face and edge-
edge interactions at pH=8 for 𝜌𝑠 = 1𝑚𝑀 

Table 3. GB potential parameters for interactions at pH=8. 

GB parameter Values 

𝛾 [−]  0.47 

𝜖 [𝐽] 4.168x10-25 

𝜎 [𝑛𝑚] 210 

𝜀1 [−] 250 

𝜀2 [−] 250 

𝜀3 [−] 450 

Figure 4.7 Configurations used to calibrate the GB potential function against DLVO theory: (a)
face-to-face configuration and (b) edge-to-edge configuration (Bandera et al., 2019)
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The calibration results of the GB potential function for the DLVO theory at pH=8 are shown

in Figure 4.8. The obtained GB potential function parameters are summarised in Table 4.1. As

can be seen from Figure 4.8, the GB potential function successfully reproduced the DLVO data

in the range where the separation distance is greater than the energy barrier in both face-to-face

and edge-to-edge configurations.

Figure 4.9 shows the results of calibrating the GB potential function for pH=4 against DLVO

theory. Table 4.2 shows the calibrated GB potential function parameters. Figure 4.9 shows that

the GB potential function captured the DLVO data relatively well. However, this calibration was

conducted using two different sets of the GB potential function parameters for each face-to-face

configuration and edge-to-edge configuration, respectively (see Table 4.2). As shown in Figure

4.9, in the face-to-face interaction, no energy barriers exist, which means that interaction energy

is attractive. In contrast, the edge-to-edge interaction has an energy barrier, so it is repulsive.

According to Bandera et al. (2019), the GB potential function cannot represent this interaction

anisotropy in a single parameter set. Also, it is usually difficult to use two sets of parameters in

a molecular dynamics code. Therefore, it is necessary to find an effective method to express the

anisotropic interaction of kaolinite particles. This challenge is addressed in Chapter 6.
 

 

Fig. 6. Comparison between DLVO and GB potential for 
alumina face-silica face and edge-edge interactions at pH=8 

4.2 Case B pH=4 

The DLVO prediction of the interaction for the lower 

pH value of 4 is illustrated in Fig. 7. In this case, only the 

edge to edge interactions are repulsive; the face to face 

interactions are attractive as opposite charges are carried 

by alumina and silica surfaces. These contrasting 

interactions cannot be captured by the GB potential using 

a single set of model parameters.  

Table 4 lists the optimal GB model parameters for 

each interaction type. Referring to Fig. 8, when compared 

with the DLVO model, use of the GB potential with the 

Set 1 and Set 2 parameters gives a good fit to the face to 

face and edge to edge interactions respectively. However, 

there are clear differences in the parameter values.  

Referring to Fig. 9 (a), Set 1 parameters give a very poor 

approximation to the edge to edge interaction; similarly, 

Set 2 parameters give a very poor prediction of the face to 

face interaction (Fig. 9 (b)). 

 

Fig. 7. DLVO forces for alumina face-silica face and edge-
edge interactions at pH=4 for 𝜌𝑠 = 1𝑚𝑀 

 

 

 

Table 4. GB potential parameters for interactions at pH=4. 

GB parameter Set 1 (Af-Sf) Set 2 (E-E) 

𝛾 [−] 2.5 0.47 

𝜖 [𝐽] 2.78x10-18 4.52x10-25 

𝜎 [𝑛𝑚] 15 150 

𝜀1 [−] 250 150 

𝜀2 [−] 250 150 

𝜀3 [−] 300 150 

 

 

Fig. 8. Comparison between DLVO and GB potential for 
alumina face-alumina face and edge-edge interactions at pH=4  

6 Conclusions 

Particle-scale simulations have the potential to 

advance the understanding of clay behaviour. Ebrahimi et 

al. (2014) proposed modelling clay particles as ellipsoids 

using the Gay Berne potential. Recognising the 

computational benefits of this approach, this contribution 

has examined whether it can be applied to clays in general, 

i.e. it has extended consideration of the model beyond the 

montmorillonite particles considered previously and 

explicitly considers the pore-fluid chemistry. Kaolinite 

particles were considered with interactions predicted by 

DLVO theory.  The following observations can be made: 

1. The GB potential is reasonably successful at 

capturing the energy:separation relationship 

considering the higher pH (=8) condition examined 

here, where both the face to face and edge to edge 

interactions are repulsive.  

2. For the low pH (=4) value considered, attractive face 

to face interactions co-exist with repulsive edge to 

edge interactions. In this case the GB potential can 

capture the face to face and edge to edge interactions 

only if different parameter sets are used for each 

interaction type. This is not viable; to use the GB 

potential within a MD code a single parameters set 

should be capable of modelling all interactions and 

capturing the variation in interactions as particles 

move and rotate relatively to each other.  

3. SEM shows that the material fabric will vary with pH 

and so particle-scale DEM or MD simulations that 

consider the link between fabric and mechanical 

behaviour need to be able to capture the pH 

Figure 4.8 Comparison between DLVO theory and GB potential function for alumina face-silica
face and edge-edge interactions at pH=8 (Af is the alumina face, Sf is the silica face, and E is
edge of kaolinite particles) (Bandera et al., 2019)
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Table 4.1 Calibrated Gay-Berne potential function parameters for pH=8 (Bandera et al., 2019)

GB parameter Value
γ [-] 0.47
ε [J] 4.17×1025

σ[nm] 210
ϵ1a = ϵ2a [-] 250
ϵ1b = ϵ2b [-] 250
ϵ1c = ϵ2c [-] 450
rcut [nm] 2200

 

 

Fig. 6. Comparison between DLVO and GB potential for 
alumina face-silica face and edge-edge interactions at pH=8 

4.2 Case B pH=4 

The DLVO prediction of the interaction for the lower 

pH value of 4 is illustrated in Fig. 7. In this case, only the 

edge to edge interactions are repulsive; the face to face 

interactions are attractive as opposite charges are carried 

by alumina and silica surfaces. These contrasting 

interactions cannot be captured by the GB potential using 

a single set of model parameters.  

Table 4 lists the optimal GB model parameters for 

each interaction type. Referring to Fig. 8, when compared 

with the DLVO model, use of the GB potential with the 

Set 1 and Set 2 parameters gives a good fit to the face to 

face and edge to edge interactions respectively. However, 

there are clear differences in the parameter values.  

Referring to Fig. 9 (a), Set 1 parameters give a very poor 

approximation to the edge to edge interaction; similarly, 

Set 2 parameters give a very poor prediction of the face to 

face interaction (Fig. 9 (b)). 

 

Fig. 7. DLVO forces for alumina face-silica face and edge-
edge interactions at pH=4 for 𝜌𝑠 = 1𝑚𝑀 

 

 

 

Table 4. GB potential parameters for interactions at pH=4. 

GB parameter Set 1 (Af-Sf) Set 2 (E-E) 

𝛾 [−] 2.5 0.47 

𝜖 [𝐽] 2.78x10-18 4.52x10-25 

𝜎 [𝑛𝑚] 15 150 

𝜀1 [−] 250 150 

𝜀2 [−] 250 150 

𝜀3 [−] 300 150 

 

 

Fig. 8. Comparison between DLVO and GB potential for 
alumina face-alumina face and edge-edge interactions at pH=4  

6 Conclusions 

Particle-scale simulations have the potential to 

advance the understanding of clay behaviour. Ebrahimi et 

al. (2014) proposed modelling clay particles as ellipsoids 

using the Gay Berne potential. Recognising the 

computational benefits of this approach, this contribution 

has examined whether it can be applied to clays in general, 

i.e. it has extended consideration of the model beyond the 

montmorillonite particles considered previously and 

explicitly considers the pore-fluid chemistry. Kaolinite 

particles were considered with interactions predicted by 

DLVO theory.  The following observations can be made: 

1. The GB potential is reasonably successful at 

capturing the energy:separation relationship 

considering the higher pH (=8) condition examined 

here, where both the face to face and edge to edge 

interactions are repulsive.  

2. For the low pH (=4) value considered, attractive face 

to face interactions co-exist with repulsive edge to 

edge interactions. In this case the GB potential can 

capture the face to face and edge to edge interactions 

only if different parameter sets are used for each 

interaction type. This is not viable; to use the GB 

potential within a MD code a single parameters set 

should be capable of modelling all interactions and 

capturing the variation in interactions as particles 

move and rotate relatively to each other.  

3. SEM shows that the material fabric will vary with pH 

and so particle-scale DEM or MD simulations that 

consider the link between fabric and mechanical 

behaviour need to be able to capture the pH 

Figure 4.9 Comparison between DLVO theory and GB potential function for alumina face-silica
face and edge-edge interactions at pH=4 (Af is the alumina face, Sf is the silica face, and E is
edge of kaolinite particles) (Bandera et al., 2019)

Table 4.2 Calibrated Gay-Berne potential function parameters for pH=4 (Bandera et al., 2019)

GB parameter Set 1 (Af-Sf) Set 2 (E-E)
γ [-] 2.5 0.47
ε [J] 2.78×1025 4.25×1025

σ[nm] 210 150
ϵ1a = ϵ2a [-] 250 150
ϵ1b = ϵ2b [-] 250 150
ϵ1c = ϵ2c [-] 450 150
rcut [nm] 2200 2200
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4.4.2 Effective calibration method for potential functions

Bandera et al. (2021) performed a calibration manually using a trial-and-error process. There-

fore, no physical or mathematical basis was given for whether the obtained parameters were

the optimal parameters. To efficiently determine the optimal parameters, a systematic method

to reduce the error between the GB potential function and DLVO theory is needed. Here, a

calibration method for GB potential function parameters based on the least squares method is

developed.

In the following, an example of the calibration of the original GB potential function parameters

for kaolinite prepared with alkaline (pH=8) and low salt concentration (1 nM KCl) pore water

targeted by Bandera et al. (2021) is described. The calibration method presented here can be

applied to the calibration of parameters under other pore water conditions. Additionally, this

method can be used for the calibration of the modified GB potential function including the PR

and EB potential function.

As the first step of the calibration, the source DLVO data were generated using Equations 2.44,

2.45 and 2.47 (see Section 2.4.1). Table 4.3 shows the DLVO parameters which represent kaoli-

nite at pH=8 and salt concentration=1 mM (KCl) (these parameters were used in Bandera et al.

(2019)). Figure 4.10 shows the interaction energy-separation distance relationship in (a) the

face-to-face configuration and (b) the edge-to-edge configuration, respectively. In this calibra-

tion test, the interaction energy was calculated for every 0.1 nm of the separation distance in the

range from 5 nm to 60 nm. Thus, 550 data points were obtained as the source data using the

DLVO theory.

Table 4.3 DLVO parameters used in the calibration test

DLVO parameter face-to-face edge-to-edge
Hamaker constant: AH [J] 2.08×10−20 2.37×10−20

Thickness: δ1 = δ2 [nm] 11.2 11.2
Relative permittivity: εr [-] 78.0 78.0
Permittivity of free space: ϵ0 [F/m] 8.854×10−12 8.854×10−12

Thickness of the double layer: κ−1 [nm] 9.6 9.6
Surface potential of Silica face: ψ1 [mV] (pH=8) -67.05 -219.97
Surface potential of Alumina face: ψ2 [mV] (pH=8) -55.27 -219.97
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(a) face-to-face configuration (b) edge-to-edge configuration

Figure 4.10 Relationship between interaction energy and separation distance calculated by the
DLVO theory

The optimal GB potential function parameters can be obtained by minimizing the squared error

between the GB potential energy and the DLVO interaction energy. The squared error of this

calibration test is expressed as:

S (β) =
m∑
i=1

[Edlvo, i − EGB (hi, β)]
2 =

m∑
i=1

r2i (4.39)

where S is the squared error, β is the optimal parameters vector, Edlvo is the interaction energy

per unit area calculated by the DLVO theory, Egb is the Gay-Berne potential energy divided by

the surface area of an ellipsoid, subscript i represents the data set number, andm is the number

of the data sets (m = 550).

To find the optimal parameters vector β (in the case of the original GB potential function β =

(σ, ε, γ, ϵa, ϵb, ϵc)), the function S needs to be minimized. Because S is the quadratic function,

the minimum value of S should appear when the gradient is zero. Hence, the optimal parameters

vector can be found by solving the following equation:

∂S

∂βj
= 2

m∑
i=1

ri
∂ri
∂βj

= 0 (4.40)

where j = 1, · · · ,n, and n is the number of parameters, i.e. n = 6 (σ, ε, γ, ϵa, ϵb, ϵc).

Equation 4.40 can be solved by using Gauss-Newton method which is a solver widely used for

the least squares method. However, if there are multiple unknown parameters, i.e. if the squared

error is a multivariable function, the squared error function would have multi-local minima, as
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4.4. CALIBRATION OF POTENTIAL FUNCTION

shown schematically in Figure 4.11(a). Even if Equation 4.40 is satisfied, it does not necessarily

mean that the global minimum is obtained. Because the Gauss-Newton method simply updates

the parameters in the direction of reducing error, there is a possibility to trap the solution at a

local minimum depending on initial input parameters and not to reach the global minimum as

shown in Figure 4.11(b). Therefore, an alternative method is needed.

Squared error

Parameters

: Local minima

: Global minimum

(a) Image of local minima and global minima

Initial point

Parameters

Squared error

(b) Trapping at local minima

Figure 4.11 Schematic 2D-image of relationship between squared error and parameters

A similar problem often occurs in artificial intelligence (AI) or machine learning (ML) when the

weights of the neural network are calculated. In order to solve this problem, various solutions

have been suggested. In this study, a mini-batch method was used because it is simple and

relatively easy to implement in a programming code. Table 4.4 shows the outline of the mini-

batch method used in this study. As the first step, N data sets are randomly chosen from all

source data sets of the DLVO theory. These N data sets are called a mini-batch. The GB

potential function parameters are then updated by the Gauss-Newton method using these N

data sets (mini-batch). The squared error is reduced by repeating steps 1 and 2 shown in Table

4.4. When the squared error decreases to a small enough value εerr, the parameters at this point

are defined as the optimal parameters.

Table 4.4 Outline of the mini-batch method

1. Randomly extract N data sets from m source data sets of the DLVO theory

2. Update Gay-Berne parameters by Gauss-Newton method using N data sets

3. Repeat 1 and 2 until the residual is small enough:
∑m

i=1 r
2
i ≪ εerr

4. Define optimal Gay-Berne potential parameters
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Figure 4.12 shows the relationship between interaction energy and separation distances calcu-

lated by the original GB potential function using the optimal parameters. Figure 4.12 also shows

the GB potential curves by Bandera et al. (2019) and the DLVO theory curves. Table 4.5 shows

the GB potential function parameters obtained by the mini-batch method and those obtained by

the trial-and-error in Bandera et al. (2019). Figure 4.12 shows that the GB potential function

using the optimal parameters is in good agreement with the DLVO data. Compared with the GB

potential by Bandera et al. (2019), the GB potential using the optimal parameters agrees better

with the DLVO data.
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Figure 4.12 Comparison of interaction energy – separation distance relationship
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Table 4.5 Gay-Berne potential function parameters

GB parameter Initial parameter Optimal parameter
Parameters used by
Bandera et al. (2019)

γ [-] 0.5 0.712 0.47
ϵ [J] 5.0×10−25 6.364×10−24 4.168×10−25

σ [nm] 100.0 207.1 210.0
εa = εb [-] 100.0 1279 250.0
εc [-] 100.0 2606 450.0
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4.5 Summary

This chapter has outlined the coarse-grained molecular dynamics (CGMD) framework, specifi-

cally a model of kaolinite particles, potential functions describing the interactions between par-

ticles, and a method to determine the potential function parameters using DLVO theory. Fol-

lowing Ebrahimi et al. (2014) and Bandera et al. (2021), rigid flat ellipsoids were used to model

kaolinite particles in this study. A new potential function, termed the energy barrier (EB) poten-

tial function, was developed by modifying the GB potential function to capture a non-monotonic

and non-linear particle interaction profile. This chapter also introduced the purely repulsive (PR)

potential function developed by Bandera et al. (2021). These potential functions were calibrated

against the DLVO energy profiles. This chapter introduced the semi-auto calibration method for

the potential functions based on the least squares method and the mini-batch method.
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5 Exploring the linkage between mechanical
behaviour and particle scale interaction of
kaolinite

5.1 Introduction

It is well established that, when a sample or a geological deposit of clay in-situ, is loaded for

the first time, it exhibits a relatively soft response. However, if a large pressure is applied to,

and then removed from the same clay, it exhibits a much stiffer response upon reloading. This

difference between so-called normally- and over-consolidated clays, which is so important for

civil engineering and the earth sciences, is not completely understood although in the literature

it has been qualitatively attributed to differences in the microstructure of clay. This chapter

provides a fundamental explanation for this phenomenon by focusing on the non-linear, non-

monotonic relationship between the potential energy and the separation distance between clay

particles. To explore it, isotropic compression simulations of kaolinite samples saturated with

alkaline and low salt concentration pore water were conducted using coarse-grained molecular

dynamics (CGMD).

Section 5.2 reviews prior discussions on microfabric evolution during consolidation. Section

5.3 proposes the hypothesis for the mechanisms of the irreversible behaviour of clay during

compression based on idealised particle interaction energy profiles between kaolinite particles.

Section 5.4 focuses on the calibration of the potential function parameters against the DLVO

energy profiles. Section 5.5 shows the isotropic compression simulations to validate the hy-

pothesis for the mechanisms of the difference between normally- and over-consolidated clays.

This section also describes the influence of the height of the energy barrier on the mechanical

behaviour of clay. Section 5.6 presents the summary of this chapter. Parts of the content of this

Chapter were included in Nakamichi et al. (2023). However, it should be noted that a slightly

different potential function was used in Nakamichi et al. (2023) from that used in this thesis.
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5.2 Discussions on microfabric evolution during consolidation

The mechanical characteristics of clay are significantly affected by its stress history. This means

that the way clay responds to an applied stress or deformation depends on the previous stress it

has experienced. Moreover, many types of clay display a response that is influenced by their

fabric. For example, researchers such as Burland (1990) and Cotecchia and Chandler (2000)

have shown that there is a noticeable difference in behaviour between reconstituted and natural

(or intact) clays. Reconstituted clay is clay that has been artificially prepared and remoulded or

reconstituted in a laboratory, while natural or intact clay is found in its original state in nature.

This contrast in behaviour suggests that the fabric of the clay, whether it has been altered through

laboratory processes or remains undisturbed in its natural state, plays a crucial role in determin-

ing its mechanical response. Regardless of whether clay is tested from an initial reconstituted

state or an intact state, the stiffness observed when the clay is loaded beyond its preconsolida-

tion pressure to reach a normally consolidated state is much lower than the stiffness seen during

unloading and subsequent reloading. Over the past 10-15 years, the analysis of scanning elec-

tron microscope (SEM) images, in particular, has offered significant insights into the underlying

mechanisms concerning particle movements and fabric development.

There is ample evidence of the influence of fabric on the response of soil in 1-D compression.

This can be inferred frommacro-scale data; Burland (1990) and Cotecchia and Chandler (2000),

amongst others have shown that the void ratio (e) - effective vertical stress (σ′
v) relationship for

an intact soil plots to the right of the data for the same soil reconstituted. Since the early pio-

neering contributions of Smart and Tovey (1982) and Collins and McGown (1974), SEM has

been used to observe clay fabric. These SEM images often have been linked with measure-

ments of pore size using Mercury Porosimeter Intrusion (MIP). Recent studies include Delage

and Tessier (2021), Cotecchia et al. (2016, 2020), Hattab and Fleureau (2010), Pedrotti and

Tarantino (2018), Vitone et al. (2019), Zheng et al. (2022), and Guglielmi et al. (2024). Many

of these contributions include overviews of key work from the 1970s, 1980s and 1990s. Recent

developments in imaging allow for quantitative analysis of these images. Hattab and Fleureau

(2010) showed how the evolution of particle orientations can be quantified during compression

using SEM imaging. Other studies have focussed on the pore space, for example, Zheng et al.

(2022) showed that the larger pores in an illitic clay collapse during consolidation and that there

is an evolution in the pore orientations in 1-D compression. This suggests that changes in pore
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structure contribute to the overall mechanical response of the soil.

Guglielmi et al. (2024) comprehensively summarised previous findings on the microfabric evo-

lution of clay during consolidation. Figure 5.1 indicates a conceptual model showing the mi-

crostructure of multi-mineral clays during 1-D consolidation tests. Clay consolidated from a

slurry state often exhibits bookhouse or honeycomb structures (Sides and Barden, 1971), and

particles form aggregates (groups of clay particles in face-to-face contact), resulting in a bi-

modal pore size distribution (PSD) characterized by intra-aggregate voids and inter-aggregate

voids. Increasing pressure leads to a significant reduction in inter-aggregate voids and the for-

mation of stacks (bands of clay particles in face-to-face contact) due to merging aggregates. At

this time, the PSD becomes mono-modal (one peak) with intra-stack voids dominating. Fur-

ther increasing pressure does not significantly change the microfabric, instead, an increase in

the number of stacks and the thickness of the stacks is observed due to the formation of new

stacks and the addition of particles to existing ones. During this process, the volume change

of the clay is mainly caused by straining intra-stack (i.e. reduction of intra-stack voids). The

key conclusions from their study are that the irreversible response of clay during consolidation

is driven by a combination of several complex factors such as changes in particle orientation,

stack formation and thickening, and straining intra-stack. This Chapter explores the hypothesis

that non-monotonic and non-linear particle interaction may also be a key contributing factor.

169



CHAPTER 5. EXPLORING THE LINKAGE BETWEEN MECHANICAL BEHAVIOUR AND
PARTICLE SCALE INTERACTION OF KAOLINITE

Figure 5.1 A conceptual representation of the microstructural characteristics of multi-mineral
clays and their transformation across various compression stages during one-dimensional con-
solidation test. Iv is the void index (Burland, 1990) and σ

′
v is the vertical stress.
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5.3 Hypothesis for the mechanism of the difference in mechanical be-
haviour between normally and overconsolidated clays

As discussed in Section 2.3, the interaction energy/force between two kaolinite particles depend

on the distance of closest approach of the two particles (h12) (Lu et al., 2008). Figure 5.2 shows

the schematic relationship between interaction energy and h12 under an alkaline pore water con-

dition. The interaction energy varies in a non-monotonic manner with h12 and converges to zero

when h12 is sufficiently large. At small values of h12, the energy barrier and the energy well

exist.

The interaction force is defined as the negative gradient of the relationship between the interac-

tion energy and h12. At heb and hew where the energy barrier and the energy well exist respec-

tively, the gradient of the relationship between the interaction energy and h12 is zero, hence the

interaction force between two kaolinite particles is zero. At these points, the interaction force

switches from repulsion to attraction or from attraction to repulsion. In other words, in the range

of hew < h12 < heb, the interaction force is attractive, while, in the other possible scenarios, i.e.

h12 > heb or h12 < hew, the interaction force is repulsive.

From the interaction energy profile shown in Figure 5.2, the following hypothesis can be put

forward (see also Figure 5.3): If energy equivalent to the height of the energy barrier is applied

to two kaolinite particles with h12 >> heb, the interaction force or energy experienced will

overcome the energy barrier and two kaolinite particles move closer together with a dramatic

decrease in the interaction energy. The two kaolinite particles are then bonded to each other at

h12 < heb and they experience an attractive force. In order to separate the two bonded kaolinite

particles, a large energy equivalent to the gap between the height of the energy barrier and

the depth of the energy well, which is a large tensile force, is required. Thus, if two kaolinite

particles are bonded together, more energy (or force) is required to pull them apart again than to

bind them.

Accordingly, the mechanical response of kaolinite is presumed to be affected by the height of

the energy barrier. This energy barrier height is known to be influenced by salt concentration in

the pore water surrounding the clay particles as shown in Figure 5.2 (Israelachvili, 2011; Butt

et al., 2003). Researchers, including Herrington et al. (1992), Braggs et al. (1994), and Gupta

(2011), utilized potentiometric titration techniques to explore the impact of salt concentration

on kaolinite particle surfaces. Their findings revealed that the magnitude of the surface charge
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Figure 5.2 Schematic diagram of interaction energy-separation distance profile for double-layer
repulsion, van der Waals attraction, and net interaction energy (modified from Israelachvili,
2011; Masliyah and Bhattacharjee, 2006)

of kaolinite particles increases with increasing salt concentrations in alkaline pore water. This

increase in the surface charge occurs because higher salt concentrations lead to a thinner double

layer and more ion adsorption on the particle surfaces. The repulsive forces between particles

decrease due to the reduction in the double layer thickness, resulting in a decrease in the height of

the energy barrier (Masliyah and Bhattacharjee, 2006; Trefalt, 2016; Trefalt et al., 2020). Several

researchers, such as Palomino and Santamarina (2005), Wang and Siu (2006a), and Won and

Burns (2023), have demonstrated that the salt concentration of clay particle suspensions affects

the deposition behaviour of kaolinite particles. They have shown that a low energy barrier due

to high salt concentration promotes the formation of aggregated and flocculated microfabrics.

Their findings suggest that the height of the energy barrier may impact the mechanical behaviour

of clay during compression.
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(1) At large separation distances, clay particles interact via repulsive non-contact forces. 

(2) The strength of the mutual repulsion increases with decreasing separation until the 
energy barrier is reached. 

(3) Once the energy barrier is overcome, the particle interactions become attractive so 
that the particles effectively become bonded to each other.

(4) Upon subsequent unloading, these particles remain bonded to each other close to the 
energy well. 
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Figure 5.3 Schematic diagram of the mechanism for the irreversible mechanical behaviour of
clay during consolidation
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5.4 Calibration of potential function

5.4.1 Kaolinite particle model

Referring to the literature (e.g. Lambe and Whitman, 1969; Mitchell and Soga, 2005; Palomino

and Santamarina, 2005), kaolinite particles have a diameter (D) between 100 and 4000 nm and

a thickness (δ) of approximately 50−2000 nm, the diameter-to-thickness ratio is approximately

10. As explained in Section 4.2, flat ellipsoids are used to simulate kaolinite particles. Figure

5.4 shows a top view and side view of the kaolinite particle model used in the current study.

Referring to the size of actual kaolinite particles, the diameter of the kaolinite particle model

was determined to be 2000 nm and the thickness to be 200 nm (i.e. the diameter-to-thickness

ratio was 10).

Thickness, 
( =200 nm)

Plane view

Side view

Diameter, 
( =2000 nm)

face-to-face

edge-to-edge

face-to-edge

Interaction area (red)

Interaction area (red)

Normal
vector

Reference configurations

Figure 5.4 Kaolinite particle model (rigid ellipsoid) used in CGMD simulations: The diameter
is 2000 nm, the thickness is 200 nm, and the aspect ratio is 10
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5.4.2 Calibration of potential functions

In coarse-grained molecular dynamics (CGMD) simulations, the interaction energy/force be-

tween two ellipsoids is described using a potential function such as the Gay-Berne (GB) poten-

tial function. As mentioned in Section 4.3, the modified GB potential functions were developed

in the current study to compensate for the shortcomings of the GB potential function: the purely

repulsive (PR) potential function and the energy barrier (EB) potential function were introduced.

The parameters of these potential functions do not have a clear and direct physical meaning and

cannot be determined from the clay surface chemistry and pore fluid chemistry. Hence, the po-

tential function parameters were determined by conducting a calibration process against DLVO

theory. The outlines of the calibration process were explained in Section 4.4. The following

provides the calibration results of each potential function.

Assumed conditions of kaolinite sample

In this study, kaolinite saturated in a pH=8 (alkaline) pore water with a salt concentration=1

mM KCl (potassium chloride) was considered. This condition was selected because the de-

tailed information on the kaolinite surface properties such as surface potential values required

for DLVO theory can be obtained from the atomic force microscopy (AFM) data in Gupta and

co-workers (Gupta and Miller, 2010; Gupta et al., 2011). Using their surface charge data, the

DLVO interaction energies in the typical six particle configurations can be calculated (i.e. alu-

mina face-alumina face (Af-Af), alumina face-silica face (Sf-Af), silica face-silica face (Sf-Sf),

edge-edge (E-E), alumina face-edge (Af-E), and silica face-edge (Sf-E) configurations).

Figure 5.5 shows the DLVO interaction energy against separation distance between two particles

(plates) for pH=8 and salt concentration=1 mM. The DLVO parameters are listed in Table 5.1.

Amongst the parameters shown in Table 5.1, the Hamaker constants and the electric potentials

were determined by the data from Gupta (2011). The thicknesses of the plates were determined

by the kaolinite particle model used (see Figure 5.4). The relative permittivity of the pore water

was determined considering a temperature of 300K. The permittivity of the free space was taken

to be a constant value. The reciprocal thickness of the double layer was calculated considering

the ion (salt) concentration, the valence of the cation, the temperature, and the permittivity of

the solution using Equation 2.22 (Gupta, 2011; Israelachvili, 2011; Masliyah and Bhattacharjee,

2006). As shown in Figure 5.5, all interaction energy profiles have local maxima, termed the
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energy barrier, which means that these interaction energy profiles at this condition are similar to

the idealised particle interaction shown in Figure 5.3. As can be seen in Figure 5.5, three face-

to-face interactions (i.e. Af-Af, Sf-Sf, and Af-Af interactions) are quite similar, and two face-to-

edge interactions (Af-E and Sf-E) are similar. Thismeans that it does notmatter if the assumption

that the alumina face and silica face possess identical surface charges is introduced. Because

the potential functions used in CGMD simulations, including the GB, PR, and EB potential

functions, cannot differentiate the alumina and silica faces using a single set of parameters,

introducing this assumption is reasonable (see Section 4.4).

The potential function parameters were calibrated to fit DLVO theory for two typical particle

configurations: F-F (alumina face-to-silica face) and E-E (edge-to-edge) configurations. The

DLVO interaction energy between two ellipsoids was obtained by multiplying the DLVO energy

per unit area by the interaction areas defined asAF−F = π×(D/2)2×δ andAE−E = (π×D)/2×δ

for the F-F and the E-E configurations, respectively, where D is the particle diameter and δ is

the thickness (see Figure 5.4). This was based on the underlying assumption of the GB potential

function that the potential energy in intermediate configurations (e.g. F-E/E-F configuration)

can be correctly extrapolated using the same tuned parameters providing the F-F and E-E con-

figurations (Gay and Berne, 1981).
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Figure 5.5 DLVO energy-separation distance relationships predicted for kaolinite saturated in
pore water with pH=8 and salt concentration=1 mM at six particle configurations

Table 5.1 DLVO parameters for typical particle configurations at pH=8

DLVO Af-Af Af-Sf Sf-Sf E-E Af-E Sf-E
parameter (pH=8) (pH=8) (pH=8) (pH=8) (pH=8) (pH=8)
AH [J] 3.90×1020 2.08×1020 1.11×1020 2.37×1020 3.05×1020 1.63×1020

ψ1 [V] -55.27 -55.27 -67.05 -219.97 -55.27 -67.05
ψ2 [V] -55.27 -67.05 -67.05 -219.97 -219.97 -219.97
δ1 [nm] 200 200 200 2000 200 200
δ2 [nm] 200 200 200 2000 2000 200
ϵr [-] 78 78 78 78 78 78

ϵ0 [F/m] 8.9×1012 8.9×1012 8.9×1012 8.9×1012 8.9×1012 8.9×1012

κ−1 [nm] 9.6 9.6 9.6 9.6 9.6 9.6

177



CHAPTER 5. EXPLORING THE LINKAGE BETWEEN MECHANICAL BEHAVIOUR AND
PARTICLE SCALE INTERACTION OF KAOLINITE

Calibration of purely repulsive (PR) potential function

To constrain the calibration process, the PR potential parameters were determined to satisfy the

following condition: the squared error between the DLVO energy and the PR potential profile

is minimal for h12 > 5 nm. This calibration was conducted using the calibration method shown

in Section 4.4.2)

Figure 5.6 shows the calibration results for the PR potential function against DLVO energy,

and Table 5.2 shows the calibrated parameters. The PR potential profile can capture the DLVO

energy profile relatively well for h12 > 5 nm. However, the PR potential function does not

capture the energy barrier and the energy well. Bandera et al. (2021) demonstrated that the

PR potential function effectively captured the basic characteristics of the mechanical behaviour

observed in a consolidation test of the normally consolidated kaolinite. Nevertheless, their study

did not consider its capacity to replicate unloading and reloading behaviours.
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Figure 5.6 Calibration results of PR potential function (UPR) against DLVO theory for F-F and
E-E configurations
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Table 5.2 Calibrated parameters for UPR

γ [-] 0.572
ϵ [J] 2.98×10−21

σ [nm] 199.6
ϵia = ϵib [-] 63.45
ϵic [-] 23.74

ai = bi [nm] 1000
ci [nm] 100
hcut [nm] 200

Calibration of energy barrier (EB) potential function

To constrain the calibration process, the EB potential parameters were determined to satisfy the

following four conditions:

(i) To simplify the energy scale, ϵic = 1.0, A = 2B = C, and γ = 1.0.

(ii) In the F-F configuration, the height of the energy barrier equals the DLVO theory predic-

tion.

(iii) In the F-F configuration, the position of the energy barrier equals the DLVO theory pre-

diction.

(iv) In the E-E configuration, the height of the energy barrier equals the DLVO theory predic-

tion (the position of the energy barrier does not equal the DLVO theory prediction, rather

it equals the position for the F-F configuration).

(v) The tunable parameters k, m and n are calibrated so that Equations 4.38a and 4.38b are

continuous up to their first derivatives at h12 = ha and UEB = 0 at h12 = 0.

Figure 5.7 shows the calibration results of the EB potential function against DLVO energy, and

Table 5.3 shows the calibrated parameters. In the F-F configuration, the heights and positions

of the energy barrier in DLVO energy and the EB potential profiles were completely identical.

However, in the E-E configuration, despite identical energy barrier heights in both the UEB
and DLVO theories, their positions differed. This discrepancy arose from the fact that, in the

UEB potential function, as was also the case in the original GB potential function, the positions
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of the energy barrier and energy well remained constant irrespective of particle configuration.

Consequently, regardless of particle configuration, the energy barrier consistently appeared at

heb = 4.64 nm, while the energy well remained fixed at hew=0.0 nm. As shown in Figure 5.7, the

EB potential function reproduced the key features of the interaction energy profile of kaolinite

particles (i.e. the energy barrier, the energy well, and Born repulsion).
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Figure 5.7 Calibration results of EB potential function (UEB) against DLVO theory for F-F and
E-E configurations
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Table 5.3 Calibrated parameters for UEB

γ [-] 1.0
ϵ [J] -
σ [nm] 846.8

ϵia = ϵib [-] 3.45
ϵic [-] 1.0

ai = bi [nm] 1000
ci [nm] 100
A [J] 8.25× 10−16

B [J] 1.65× 10−15

C [J] 8.25× 10−16

ha [nm] 4.5
k [J/nm2] 3.13× 10−21

m [J/nm] 0.0
n [J] −6.17× 10−17

hcut [nm] 200
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5.5 Isotropic compression simulation

Isotropic compression simulations were conducted using the PR potential function and the EB

potential function. In these simulations, pH=8 (alkaline pore water) and salt concentration=1

mM (KCl) were assumed referring to Gupta et al. (2011). Under this condition, all surfaces of

the kaolinite particles (i.e. silica face, alumina face, and edge) are negatively charged.

All simulations discussed in the following were performed using a modified version of the open-

source code LAMMPS 3 March 2020 version (Plimpton et al., 2020; Thompson et al., 2022)

(see Appendix A), in which the simulation using the PR potential function (UPR) is denoted “S-

PR”, and the simulation using the EB potential function (UEB) is denoted “S-EB”, respectively.

Each potential energy profile is shown in Figure 5.6 and Figure 5.7, and each potential energy

parameter is shown in Tables 5.2, and Table 5.3 (the input parameter sets for LAMMPS are

shown in Appendix B).

The main aim of these simulations was to examine the importance of the non-monotonic particle

interactions for the irreversible behaviour of clay observed in the laboratory consolidation test.

For the non-monotonicity of particle interactions to be a plausible contributor to the irreversible

behaviour of clays as expected, significant irreversible behaviour should be observed in the

simulation S-EB, while its behaviour should be reversible or elastic in the simulation S-PR with

monotonic particle interactions.

5.5.1 Sample preparation

The CGMD virtual simulation sample used for the isotropic compression simulation is depicted

in Figure 5.8. Particles are coloured according to their orientations in the x-z plane (i.e. αxz, see

Equation 4.5). All particles in the cubic simulation box had dimensions (diameter: 20,000 Å,

thickness: 2,000 Å, aspect ratio: 10). The randomly orientated particles were initially arranged

in a cubic simulation box with 47 particles evenly spaced in each cartesian direction such that

the centre-to-centre distance of the particles was 2050 nm. Since the initial centre-to-centre

distance of the particles (2050 nm) was larger than the particle diameter (2000 nm), there was

no mechanical contact between the particles in the initial state. The initial particle velocities

were assigned so that the temperature of the system was 300 K, calculated from the relationship

between kinetic energy and temperature, i.e.1/2mv2 = 3/2kBT , where m is the mass, v is the
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average velocity, k is the Boltzmann constant, and T is the temperature (here T=300 K). The

total number of particles in the simulation boxwas 103,823 (47×47×47) which can be considered

sufficient based on analyses presented by Bandera et al. (2021). Figure 5.9 shows the polar

histograms of particle orientations of each virtual sample (i.e. αxz, see Equation 4.5), which

indicates that the initial particle orientation was completely isotropic. The periodic boundary

conditions imposed in each direction (x, y and z) enabled the bulk material behaviour to be

captured with a smaller sample size than would be the case with rigid boundaries (e.g. Frenkel

et al., 1997; Huang et al., 2014). The influence of gravity was ignored in the simulations.
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Figure 5.8 Illustrations of the initial state of the virtual samples (103,823 particles) (particles are
coloured according to their orientations in the x-z plane, αxz)

Figure 5.9 Polar histograms of particle orientations in the x-z plane (αxz) at the initial state of
the virtual samples
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5.5.2 Simulation procedure

The simulation procedure used is illustrated in Figure 5.10. The isotropic compression sim-

ulations comprised three phases: the sample equilibration phase, the pre-compression phase,

and the compression phase. The sample equilibration phase involved NVE and NVT simula-

tions, where NVE simulation(1) ensures energy conservation and NVT simulation minimised a

kinetic temperature to 300 K using the Nosé-Hoover thermostat (Hoover, 1985; Nosé, 1984).

Subsequently, NVE simulation(2) confirmed the energy equilibration of the virtual sample.

The pre-compression phase and the compression phase were conducted via NPT simulations,

controlling pressure and temperature with the Nosé-Hoover barostat and thermostat, respec-

tively. Preliminary simulations showed that in the initial compression of the very low-density

virtual samples, a very slow compression speed must be employed to maintain a constant tem-

perature (here temperature was used to quantify the particles’ average kinetic energy). Through

a trial-and-error process, it was established that the best way to avoid high kinetic energies was to

include the pre-compression phase, in which a small isotropic compression stress was applied to

the sample. During the pre-compression phase, a constant isotropic pressure of 0.1 kPa was ap-

plied until the sample’s void ratio converged to a constant value. Following the pre-compression

phase, the compression phase including the loading, unloading, and reloading simulations was

performed.
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Figure 5.10 Workflow of isotropic compression simulation
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5.5.3 Sample equilibration phase

Figure 5.11 shows the variation in the energy of the sample with the simulation step number

in the sample equilibrium phase for S-PR. In NVE simulation(1), the total energy remained

constant as expected. The total energy, the kinetic energy, and the potential energy steeply de-

creased at the beginning of NVT simulation, which suggests that the energy was released as heat

by the thermostat at the beginning of NVT simulation. After that, all three energies remained

approximately constant. In NVE simulation(2), all three energies were also approximately con-

stant as expected. In the sample equilibrium phase, the magnitude of the potential energy was

quite small, and kinetic energy was dominant.

Figure 5.12 shows the variation in the energy of the sample with the simulation step number in

the sample equilibrium phase for S-EB. In the early stages of NVE simulation(1), the potential

energy increased while the kinetic energy decreased, and the total energy was not constant.

After that, all three energies (i.e. total energy, potential energy, and kinetic energy) converged

to constant values. In the NVT simulation, both potential energy and kinetic energy initially

decreased and then maintained constant values. In NVE simulation(2), as anticipated, both

potential energy and kinetic energy did not change, confirming total energy conservation. As

shown in Figure 5.11 and Figure 5.12, there was no significant difference between S-PR and

S-EB in the sample equilibration phase although the potential energy in S-EB was higher than

that in S-PR.

The variation in temperature with the simulation time step for S-PR is shown in Figure 5.13.

In NVE simulation(1), although the temperature steeply increased to 7000 K because the initial

particle configuration was not in equilibrium, it remained constant after this initial increase. At

the beginning of NVT simulation, the temperature steeply reduced, confirming that the energy

was released as heat as mentioned above. In NVE simulation(2), the temperature remained

approximately constant.

Figure 5.14 shows the variation in temperature with the simulation time step. The fundamental

temperature variation in S-EB was consistent with that in S-PR (see Figure 5.13), however, the

temperature in S-EB in the NVE simulation(1) was much higher than that in S-PR.
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Figure 5.11 Variation in potential energy,
kinetic energy, and total energy (poten-
tial energy + kinetic energy) during sample
equilibration phase for S-PR
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Figure 5.12 Variation in potential energy,
kinetic energy, and total energy (poten-
tial energy + kinetic energy) during sample
equilibration phase for S-EB
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Figure 5.13Variation in temperature during
sample equilibration phase for S-PR
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Figure 5.14Variation in temperature during
sample equilibration phase for S-EB
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Figure 5.15 and Figure 5.16 illustrate snapshots of the virtual sample and the polar histograms

of the particle orientations (αxz, see Equation 4.5) in the sample equilibration phase for S-PR

and S-EB, respectively. Although particles moved randomly during the sample equilibration

phase, the volume of the sample did not change, i.e. there is no change in the void ratio (the

void ratio is 19.6). Also, the particles rotated randomly, however, the distribution of the particle

orientations in the system remained isotropic, i.e. the polar histogram remained a semi-circle.

In the sample equilibration phase, each particle interacted with only a few particles (an average

of 4.2 interactions per particle).
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Figure 5.15 Illustrations of virtual samples (103,823 particles): (a) and (b) shows the results at
the end of NVE simulation(1), (c) and (d) shows the results at the end of NVT simulation, and
(e) and (f) shows the results at the end of NVE simulation(2) (particles are coloured according
to their orientations in the x-z plane, αxz)
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Figure 5.16 Polar histograms of the particle orientations in the x-z plane (αxz): (a) and (b)
shows the results at the end of NVE simulation(1), (c) and (d) shows the results at the end of
NVT simulation, and (e) and (f) shows the results at the end of NVE simulation(2)
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5.5.4 Pre-compression phase

In the pre-compression phase, an isotropic pressure, p′ = 0.1 kPa, was applied to the sample

and variations in the void ratio against simulation time were observed. Figure 5.17 shows the

variations in the void ratio with simulation time during the pre-compression phase. Initially, both

simulation samples (S-PR and S-EB) had a void ratio of 19.6. By the end of the pre-compression

phase, the void ratio converged to constant values: e=1.04 for S-PR and e=1.21 for S-EB. The

difference in the void ratio values was caused by the difference in the particle interactions at

large h12 values (i.e. tail parts of potential energy profiles). The particle interaction at large

h12 for S-EB is steeper than for S-PR, hence, the stronger repulsive forces kept the interparticle

distance larger in S-EB, resulting in a higher void ratio.
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Figure 5.17 Variation in void ratio over simulation time during pre-compression phase

Figures 5.18(a) and (b) show the virtual samples of S-EB and S-PR at the beginning of the pre-

compression (i.e. after sample equilibration) respectively. At this stage, the particle assembly

can be considered a virtual slurry. Figures 5.18(c) and (d) illustrate the snapshots of the samples

at the end of the pre-compression phase. As illustrated in both figures, after pre-compression,

both virtual samples had a microfabric in which face-to-face associations dominated while there

was no significant edge-to-face association. Referring to Sides and Barden (1971), this observed

microfabric can be classified as the turbostratic microfabric which is one of the dispersed mi-

crofabrics (see Figure 2.26). This dispersed microfabric formation was consistent with the SEM

images of kaolinite samples after sedimentation in alkaline water as documented by Liu et al.

(2015), Shabanian and Ouria (2022), Wang and Siu (2006a), and Zhang et al. (2008). Fig-
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ures 5.18(c) and (d) may provide an observation that aggregates (face-to-face contact of several

clay particles) were formed. However, as shown in the histograms of h12 at the end of pre-

compression in Figure 5.19, many particles were outside the energy barrier and not bonded with

each other, i.e. stable aggregates were not formed.
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Figure 5.18 Illustrations of virtual samples (103,823 particles) (a and b) at the beginning of the
pre-compression phase, and (c and d) at the end of the pre-compression phase (particles are
coloured according to their orientations in the x-z plane, αxz)
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Figure 5.20 shows polar histograms of particle orientations in the x-z plane (αxz, see Equation

4.5) at the beginning of pre-compression (a and b) and the end of pre-compression (c and d).

Although the particle orientations remained relatively isotropic during pre-compression, certain

changes in particle orientations can be seen in both simulations (the polar histograms changed

from a perfect semi-circle to a slightly distorted semi-circle). This means that the particle ro-

tations and particle rearrangements occurred during pre-compression. These particle rotations

and rearrangements must be one of the contributors to the irreversible behaviour of clay during

consolidation.

S-PR (Purely repulsive potential function) S-EB (Energy barrier potential function)

(a)

(c)

B
eg

in
ni

ng
 o

f p
re

-c
om

pr
es

si
on

kP
a

E
nd

 o
f p

re
-c

om
pr

es
si

on
kP

a

(b)

(d)

[Number of particles] [Number of particles]

[Number of particles] [Number of particles]

Figure 5.20 Polar histograms of particle orientation in the x-z plane (αxz): (a and b) at the
beginning of the pre-compression phase, and (c and d) at the end of the pre-compression phase
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5.5.5 Compression phase

The main compression phase included loading, unloading and reloading simulations. In the

loading simulations, the mean effective stress p′ increased from 0.1 kPa to 500 kPa. The un-

loading simulations were performed starting from five different p′ values (100, 200, 300, 400,

and 500 kPa), reducing to p′=10 kPa in each case. Hence, following the unloading simulations,

each virtual sample had a different over-consolidation ratio (OCR). In the reloading simulation,

p′ was increased from 10 kPa to 500 kPa for the virtual sample in which previously p′ had been

reduced from 200 kPa to 10 kPa, i.e. the pre-consolidation stress was 200 kPa. To satisfy the

critical timestep condition for numerical stability, a small timestep,∆t = 1.0×10−10 s was used

(O’Sullivan, 2011). Two compression speeds, 2.0×104 kPa/s for the loading and reloading sim-

ulations and−2.0×105 kPa/s for the unloading simulation, were used to maintain a quasi-static

state. Consequently, the compression speed was set to be slow enough to ensure quasi-static

conditions. Throughout all simulations, temperature and kinetic energy in the system remained

relatively constant, confirming that our simulations achieved a quasi-static state.

Loading and unloading simulations

Figure 5.21(a) and (b) show the results of the loading and unloading simulations in void ratio

(e) - mean effective stress (log p′) space. As shown in Figure 5.21(a), the loading curve and

the five unloading curves for the S-PR simulation followed almost the same path. On the other

hand, as shown in Figure 5.21(b), in the S-EB simulation, the loading curve and five unloading

curves followed different paths.

Table 5.4 shows the compression indexes (Cc) and swelling indexes (Cs). The subscripts of Cc
andCs in Table 5.4 indicate the interval of mean effective stress over which they were calculated.

For example, Cc,10−500 was calculated by linearly interpolating the two points on the loading

curve, p′ = 10 kPa and p′ = 500 kPa. Available experimental data indicated slightly higher

Cc values than obtained here, i.e. Cc = 0.19-0.30 (Hattab, 2011; Lambe and Whitman, 1969;

Pedrotti and Tarantino, 2018; Wang and Siu, 2006b) and similar Cs values to obtained here, i.e.

Cs = 0.03-0.08 (Hattab and Hicher, 2004; Pedrotti and Tarantino, 2018). However, the focus

of the simulations lay not on quantitative comparison with experimental data, but rather on the

ability of the materials to undergo irreversible volumetric compression and reproduce a situation

where Cs < Cc.
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Figure 5.21Numerical results of simulations during loading and unloading using (a) PR potential
function and (b) EB potential function

Table 5.4 Compression and swelling indexes in loading and unloading simulations

Compression Index: Cc
Cc,10−100 Cc,10−200 Cc,10−300 Cc,10−400 Cc,10−500

S-EB 0.0964 0.0915 0.0894 0.0877 0.0859
S-PR 0.1066 0.1041 0.1029 0.1020 0.1011

Swelling Index: Cs
Cs,10−100 Cs,10−200 Cs,10−300 Cs,10−400 Cs,10−500

S-EB 0.0736 0.0558 0.0414 0.0305 0.0201
S-PR 0.0986 0.0965 0.0952 0.0946 0.0941

As shown in Table 5.4, Cc and Cs values for the S-PR simulation were comparable. Hence, it

was inferred that the virtual sample response was elastic and reversible during the loading and

unloading simulations. This virtual sample response indicated that the void ratio of the virtual

sample was uniquely determined by the stress regardless of stress history. This mechanical

response obviously did not reflect the physical reality of kaolinite.

According to Table 5.4, in the S-EB simulation, Cs values were consistently lower than the

corresponding Cc values, which suggests that during unloading, the material exhibited greater

stiffness compared to the loading. This virtual sample response was consistent with the observed

behaviour in the laboratory test (both 1D and isotropic consolidation tests) for normally consol-

idated clay. Focusing on the Cs values of the five unloading simulations for S-EB, it was found
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that Cs became smaller as the consolidation stress increased, which means that as larger stress

was applied to the virtual sample during loading, the virtual sample showed a stiffer response

during the unloading simulation. This result suggests that the virtual sample response during

the unloading simulation depended on its preconsolidation stress.

These results of S-PR and S-EB suggest that the non-monotonic particle interaction, character-

ized by the presence of both an energy barrier and an energy well, plays a significant role in the

irreversible behaviour observed in clay.
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Figure 5.22 shows the histograms of h12 and their fitting curves by the kernel density estimation

(KDE) for S-PR. As shown in Figure 5.22(a), in the loading, the number of interactions that

existed at short h12 (around h12 = 0) increased as p′ increased. This can be confirmed by the

fact that the maximum value of the KDE curve approached h12 = 0 with increasing p′. On the

other hand, as shown in Figure 5.22(b), after the unloading simulations, the distributions of h12
were almost the same in every unloading simulation, and each maximum value of the KDE

curve existed near h12 = 49 nm, even though they had a different preconsolidation stress. This

was presumably because the PR potential had a monotonic relationship between the potential

energy and h12. In S-PR, the particle behaviours did not depend on the stress history, i.e. it had

a one-to-one relationship with p′.

Figure 5.23 shows the histograms of h12 and the KDE curves for S-EB. As shown in Figure

5.23(a), as p′ increased during the loading simulation, the number of interactions having h12
smaller than the position of the energy barrier (heb), i.e. the number of interactions that have

exceeded the energy barrier, increased. On the other hand, the number of interactions having

h12 larger than the position of the energy barrier (heb), i.e. the number of interactions that have

not exceeded the energy barrier yet, decreased. As shown in Figure 5.23(b), at the end of the

unloading simulations, although each maximum value of the KDE curves shifted to the large

h12 direction when compared with that before unloading, the number of interactions that have

exceeded the energy barrier did not significantly change. This result indicates that the particle

interactions that overcame the energy barrier during the loading became bonds that remained

intact during unloading. These interactions remained stuck at the energy well even during the

unloading simulation because these interactions could not obtain enough energy to overcome

the energy barrier during the unloading simulation. As a result of this interaction behaviour,

the virtual sample showed an irreversible mechanical response during loading and unloading

simulations.
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function during (a) loading and (b) unloading
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Figure 5.24 shows snapshots of the samples, and Figure 5.25 shows the polar histograms of

particle orientations in the x-z plane (αxz, see Equation 4.5) at the beginning and the end of the

loading. As can be seen in these figures, the particle orientations did not change significantly

during loading for both S-PR and S-EB. In other words, the microfabric of the sample remained

intact during loading.
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Figure 5.24 Illustrations of virtual samples (103,823 particles) (a and b) at the beginning of
loading, and (c and d) at the end of loading (particles are coloured according to their orientations
in the x-z plane, αxz)

201



CHAPTER 5. EXPLORING THE LINKAGE BETWEEN MECHANICAL BEHAVIOUR AND
PARTICLE SCALE INTERACTION OF KAOLINITE
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Figure 5.25 Polar histograms of particle orientation in the x-z plane (αxz): (a and b) at the
beginning of loading, and (c and d) at end of loading

As mentioned in Section 5.2, evidence gained via SEM imaging indicates that the formation of

stacks of platelets is important for the mechanical behaviour of clay during consolidation. A

stack is defined as a group of particles in face-to-face contact, hence, it is important to identify

face-to-face contacts. Referring to Ebrahimi et al. (2014) and Bandera et al. (2021), face-to-face

contact was defined here using the following two geometrical criteria:

(i) The surface-to-surface distance is less than the energy barrier position (i.e h12 < heb)

(ii) The absolute value of dot product of the normal vectors of the two particles is greater than

0.95.

These criteria were applied to S-EB and S-PR assuming that the energy barrier position was the

same although the PR potential does not have the energy barrier (i.e. heb = 4.61 nm was used

for both S-PR and S-EB).

The data are presented in Figure 5.26 in terms of the face-to-face contact coordination number

which is the total number of face-to-face contacts divided by twice the number of particles in the

simulation box (O’Sullivan, 2011). During loading, both simulations showed the same trend:

as p′ increased, the face-to-face coordination number increased. This means that many particles
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formed new stacks or joined existing stacks as the external pressure increased. However, in

S-PR, the face-to-face coordination number decreased through the same pathway as the loading

when p′ was released. In other words, the stack was not maintained and fell apart again during

unloading. On the other hand, in S-EB, the face-to-face coordination number did not decrease

although p′ decreased, which means that stacks were maintained during unloading.

As shown above, S-PR and S-EB showed the same trend during loading, but the behaviour dur-

ing unloading was different. The behaviour during unloading in S-PR clearly did not reflect

physical reality, whereas the S-EB can capture experimental observations at least qualitatively.

While kinematic constraints due to the collapse of the structure in natural soils will also con-

tribute, a comparison of the data from S-PR and S-EB indicates that a non-monotonic particle

interaction is one of the main contributors to the irreversible behaviour observed in real clays.
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Figure 5.26 Variation in the face-to-face contact coordination number for (a) S-PR and (b) S-EB
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Reloading simulation

Figure 5.27 shows the results of the reloading simulation on the e− log p′ space. The reloading

simulation was performed for only S-EB using the virtual sample used in the unloading simula-

tion from 200 kPa to 10 kPa (hence, its pre-consolidation stress was 200 kPa). This is because

as expected, preliminary reloading for S-PR simulations showed almost the same response as

that of its loading simulation. In the same way as the loading simulation, the virtual sample was

isotropically loaded from 10 kPa to 500 kPa. Figure 5.27 also shows the results of the loading

simulation (0.1 kPa to 500 kPa) and the unloading simulation (from 200 kPa to 10 kPa). In

the stress level smaller than the pre-consolidation stress (i.e. p′ < 200 kPa), the reloading and

unloading simulation curves completely overlapped, which means that the mechanical response

of the virtual sample at this stress level was elastic and reversible. It should be noted that in

physical clay samples, hysteresis may be evident (e.g. Burland, 1990); its absence here is likely

a consequence of the sample homogeneity and the absence of a dissipating parameter such as

friction. On the other hand, in the stress level larger than the pre-consolidation stress (i.e. p′

> 200 kPa), the reloading simulation curve followed the same path as the loading simulation

curve, which means that the mechanical response of the virtual sample at this stress level was

elasto-plastic and irreversible. This mechanical response of the virtual sample upon the reload-

ing simulation was consistent with the consolidation behaviour that an overconsolidated clay

sample exhibits before and after pre-consolidation stress in a laboratory consolidation test.
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Figure 5.27 Numerical results of reloading simulation for S-EB
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The fact that the mechanical response of the virtual sample upon the reloading simulation

changed before and after pre-compression stress means that it depended on stress history. Be-

cause the mechanical response of clay is highly influenced by particle-scale behaviour (Lambe

and Whitman, 1969), it can be assumed that there is a certain relationship between the stress

history-dependent mechanical response and particle-scale behaviour. Hence, the variation in

the number of interactions that overcome the energy barrier (i.e. h12 < heb) was examined.

The data presented in Figure 5.28 show that the number of interactions exceeding the energy

barrier, Neb (see Figure 5.28(a)) and the proportion of interactions, Neb/Nt (see Figure 5.28(b))

(Nt is the total number of interactions) increased with increasing p′ during loading, while, during

unloading, Neb remained almost constant, reflecting the interactions that became stuck in the

energy well, as explained above. During reloading, while p′ < 200 kPa (i.e. so long as the

sample remained over-consolidated), Neb remained almost constant, which indicates that the

energy provided by the applied stress was insufficient to generate new interactions that overcome

the energy barrier. However, once p′ > 200 kPa (i.e. the sample can be considered normally

consolidated), Neb increased with increasing p′ as the applied stress to the virtual sample was

sufficient to generate new interactions/transform existing interactions to overcome the energy

barrier.
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5.5.6 Influence of energy barrier height

Based upon the data presented above, it can be expected that a kaolinite sample with particle

interactions that have a lower energy barrier height (Heb) will exhibit more distinct behaviours

in loading and unloading as more particles will cross the energy barrier. It is also important to

include a parametric study on energy barrier height given the known limitations of the DLVO

framework adopted in this study. To explore the sensitivity to the energy barrier height, isotropic

compression simulations were performed using the EB potential functions with Heb values that

were 50% and 25% of theHeb predicted fromDLVO theory, as shown in Figure 5.29. The depths

of the energy wells also differed from the original EB potential prediction. These simulations

are parametric studies to examine the influence of the height of the energy barrier, hence, no

specific salt concentration was assumed although pH=8 was assumed. However, in a physical

experiment, lower energy barriers could be achieved by reducing the electrostatic repulsive force

by increasing salt concentration (see Figure 5.2) (Masliyah and Bhattacharjee, 2006). Here, the

Heb values were adjusted by changing the energy scale parameters, A, B and C that were 50%,

and 25% of the original values shown in Table 5.3. The remaining parameters adopted were

given in Table 5.3. These three EB potential functions also have different depths of the energy

well. The depth of the energy well increases or decreases with the same ratio as the height of

the energy barrier (i.e. “50%” and “25%” have the depths of the energy well that are 50% and

25% of that of “100%”). However, it is expected that in these isotropic compression simula-

tions, the depth of the energy well has little influence on the mechanical response because once

interactions overcome the energy barrier and are stuck at the energy well, they rarely overcome

the energy barrier again. These simulations were conducted by following the loading and un-

loading protocol for S-EB simulations with a maximum p′ of 100 kPa in the loading simulation

and subsequent unloading from 100 kPa to 10 kPa.
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Figure 5.29 Comparison of EB potential functions with different height of energy barrier

Figure 5.30 shows the results of each simulation on e– log p′ space. The EB potential function

with a higher height of the energy barrier had a larger void ratio at the initial stage of the loading

simulation (around p′ = 1 kPa). This is because the tails of each EB potential function (long

range of the separation distance) differed: The EB potential function with a higher Heb had

higher potential energy and a steeper slope in its tail part, resulting in a larger repulsive force

and a larger void ratio than that with a lower height of the energy barrier.

Table 5.5 shows Cc and Cs for each case. These Cc and Cs values were calculated by linear

interpolation between two points (p′ = 10kPa and 100 kPa) on the e− log p′ plane. In the loading

simulation, the case with a higher Heb showed a larger Cc, i.e. it had a higher compressibility.

This is because the virtual sample with a higher Heb had a large void ratio at the beginning of

the loading simulation (see Figure 5.30) and a large space for compression. The virtual sample

with a higher Heb also had a larger Cs, which means that the virtual sample with a higher Heb

showed a larger volumetric change (rebound behaviour) in the unloading simulation.
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Figure 5.30 Numerical results for EB potential functions with different height of energy barrier
during loading and unloading

Table 5.5 Compression and swelling indices for cases with different heights of energy barriers

Case ID
Compression Index: Cc Swelling Index: Cs

Cc,10−100 Cs,10−100

100% 0.0964 0.0736
50% 0.0848 0.0503
25% 0.0789 0.0218
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Figure 5.31 shows the ratio of the swelling index to the compression index (Cs/Cc). If Cs/Cc
is close to 0, it means that the difference between Cs and Cc is large, and the difference in

the mechanical response considering loading and unloading is large. As shown in Figure 5.31,

Cs/Cc decreased as the Heb became lower, which means that the virtual sample with a lower

Heb showed a larger irreversible mechanical response between the loading and the unloading

simulations.

The histograms of h12 at p′ = 100 kPa (end of loading) presented in Figure 5.32 show that the

number of interactions exceeding the energy barrier increased with reducingHeb because asHeb

reduced, the energy barrier was exceeded with less energy/less applied compressive stress. As

explained before, the number of interparticle interactions that overcome the energy barrier is

directly related to the mechanical response of clay. Hence, the different mechanical responses

exhibited by the virtual samples with different heights of the energy barrier were likely caused

by different numbers of interactions overcoming the energy barrier.
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Figure 5.31 Variation of Cs/Cc with different height of energy barrier
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5.5.7 Discussion

The simulations presented in this chapter were based on a single type of clay mineral (kaolinite)

and made assumptions about the pore water conditions, specifically a pH of 8 (alkaline) and

a salt concentration of 1 mM (KCl). Therefore, this study can be associated with previous

experimental research on kaolinite, which has demonstrated that the consolidation behaviour

of clay is greatly impacted by the development of microfabric formations, which in turn are

influenced by the chemistry of pore water, including factors such as pH and salt concentration

(e.g. Gupta et al., 2011; Liu et al., 2015; Melton and Rand, 1977; Palomino and Santamarina,

2005; Pedrotti and Tarantino, 2018; Rand and Melton, 1977; Shabanian and Ouria, 2022; Wang

and Siu, 2006a; Zhang et al., 2008). This section illustrates the extent to which simulation results

carried out under specific conditions can be generalised and extended to other conditions.

Available experimental data, theoretical models, fully atomistic molecular dynamic (FAMD)

data and schematic models in textbooks on surface interactions and colloids all show that the

relationship between interaction energy and distance (i.e. U -h) is not monotonic in certain sce-

narios, i.e. energy wells and energy barriers exist. The development of the EB potential function

has demonstrated the potential to capturemore complex interactions than the scenarios described

by the well-known Lennard-Jones and Gay-Berne potentials by adding analytical expressions

and using step functions. Therefore, it should be possible to investigate more complex scenarios

using a similar framework, which includes multiple energy barriers and energy wells.

It is acknowledged that clay-particle interactions without energy barriers may occur. For in-

stance, when considering kaolinite particles saturated with acidic pore water (pH=4), Gupta

et al. (2011) observed the absence of an energy barrier for alumina face-to-silica face (Af-Sf)

and silica face-to-edge (Sf-E) interactions. However, energy barriers were present in interac-

tions involving the four other potential particle orientations (i.e. Af-Af, Sf-Sf, Af-E, and E-E).

As a result, only certain pairs of particles are capable of mechanically overcoming the energy

barrier and forming bonds with each other. Nevertheless, if the energy barrier is completely ab-

sent, the current explanation presented in this chapter may not be applicable. In such instances,

it is probable that mechanisms such as particle rotation and particle rearrangement, as revealed

in the SEM images, play crucial roles in the irreversible behaviour of clay.

This chapter has solely focused on isotropic compression. Further simulations and analyses are

necessary to investigate the potential for the bonds formed to be disrupted under shear deforma-
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tion, as might occur during mechanical remoulding processes.

In addition to kaolinite, numerous instances of pore water chemical effects on the consolida-

tion behaviour of clays can be found in the literature. One such example that aligns well with

the framework discussed in this chapter is the study by Maio (1996) and Gens (2010), which

investigated the response of bentonite samples saturated with NaCl, KCl, and CaCl2 solutions

in a consolidation test apparatus. The study observed a significant reduction in the volume of

the saturated bentonite sample. It is hypothesized that the introduction of electrolytes lowered

the energy barrier for particle interactions, causing the collapse of the clay fabric as particle

interactions transitioned into energy wells.
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5.6 Conclusion

This chapter has explored the relationship between particle interactions and the overall mechan-

ical response of kaolinite via coarse-grained molecular dynamics. In particular, the research

focused on exploring a mechanism that might explain the difference in mechanical response be-

tween normally- and overconsolidated clays. Two kinds of potential functions, the energy bar-

rier (EB) potential and the purely repulsive (PR) potential, both calibrated against DLVO theory

were developed to investigate the effect of the energy barrier and energy well on the mechan-

nical behaviour of clay. Using these two potential functions, isotropic compression simulations

were performed based on the CGMD framework.

The simulation results showed that the difference in the potential function used had a significant

influence on the mechanical response in loading and unloading. In the loading and unloading

simulations using the PR potential function, the loading and unloading curves were similar and

indicative of a reversible mechanical response. On the other hand, in the simulations using the

EB potential function, the loading and unloading curves in the e-log p′ space differed so that the

response in unloading was stiffer than the response in loading.

A reloading simulation was performed using the virtual sample with the EB potential following

an unloading simulation. So long as p′ was smaller than the pre-consolidation pressure, the

reloading curve in e-log p′ space followed the same path as the unloading curve. However,

once p′ exceeded the pre-consolidation pressure and the sample could be considered normally

consolidated, a softer mechanical response was observed, and the reloading path rejoined the

original loading curve so that plastic behaviour was observed.

For the overconsolidated samples the number of interactions in which the energy barrier was

overcome changed little even though p′ increased, but in the case of normally consolidated sam-

ples the number of interactions inside the energy barrier increased with increasing p′. These data

suggest that the difference in the responses of normally- and over-consolidated clay behaviours

of kaolinite is related to the number of interactions that overcome the energy barrier.

Data from the loading and unloading simulations using the EB potential with different energy

barrier heights suggested that the height of the energy barrier significantly affected the mechan-

ical response of the clay. The virtual sample with a higher energy barrier showed a higher initial

void ratio and greater compressibility during the loading simulation.
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6 Modelling anisotropic surface charge pH-
dependant

6.1 Introduction

The mechanical behaviour of saturated kaolinite is highly influenced by the chemical properties

of the pore water surrounding the clay particles. In particular, the pH of the pore fluid influences

its mechanical behaviour. While the observation of kaolinite specimens in scanning electron

microscopy (SEM) images has provided some insight, understanding of the link between the

particle properties and the overall mechanical behaviour remains incomplete. Particle-scale

simulations such as coarse-grained molecular dynamics (CGMD) are practical tools to explore

this linkage. However, modelling of the anisotropic surface charge on kaolinite particle surfaces

in the CGMD framework is not trivial, in particular, under the acidic pore water condition as

described in Section 4.4.

This chapter first focuses on developing a new, computationally efficient, approach to mod-

elling the anisotropy of surface charge on kaolinite particles in particle-scale simulations, and

then, it investigates how the dependency of the surface charge on the pore water pH influences

both microfabric formation and mechanical behaviour. Section 6.2 describes kaolinite particle

interactions under acidic (pH=4) and alkaline (pH=8) pore water conditions, which are the as-

sumed conditions for the CGMD simulations. Section 6.3 introduces a new particle modelling

approach that can efficiently describe the anisotropic surface charges of kaolinite particles us-

ing CGMD framework. In Section 6.4, using this approach, two virtual samples of kaolinite

assuming acidic and alkaline pore water (pH=4 and pH=8) conditions are created, and isotropic

and 1D compression simulations are performed to explore the influence of pore water pH on

the compression behaviour of clay. Section 6.5 describes the conclusion of this chapter. The

content of this Chapter was included in Nakamichi et al. (2024).
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6.2 Particle interactions under acidic and alkaline pore water

DLVO interaction energy

Figure 6.1 illustrates schematically anisotropy of particle surface charges depending on pore

water pH. In this chapter, two pore water conditions were assumed: acidic pore water (pH=4)

and alkaline pore water (pH=8). The salt concentration was assumed to be a 1 mM KCl in

both acidic and alkaline conditions. These pore water conditions were adopted because detailed

surface charge data through atomic force microscopy (AFM) by Gupta and co-workers (Gupta

et al., 2011; Gupta, 2011) are available. These surface charge data were presented in Figure 2.8

and Figure 2.10 in Chapter 2. Using these surface charge data, the DLVO interaction energies

in the typical six particle configurations were calculated, i.e. alumina face-to-alumina face (Af-

Af), alumina face-to-silica face (Sf-Af), silica face-to-silica face (Sf-Sf), edge-to-edge (E-E),

alumina face-to-edge (Af-E), and silica face-to-edge (Sf-E) interactions.

Figure 6.2 shows the DLVO predicted variations in interaction energy with separation distance

between two particles (plates) for pH=4 (acidic pore water) and pH=8 (alkaline pore water)

conditions. The DLVO parameters are listed in Table 6.1 and Table 6.2 for pH=4 and pH=8,

respectively. As shown in Figure 6.2, all interaction energy profiles except the case of Af-Sf

and Sf-E at pH=4 have an energy barrier. For the Af-Sf and Sf-E interactions when pH=4, the

electrostatic energy is attractive because the surface charges have different signs (see Figure

6.1), and then their interaction energies are attractive at all separation distances, and they do not

have any energy barrier.

Alumina face surface (Af)

・Positively charged for low pH (pH ≦ 6)

・Negatively charged for high pH (pH ≧ 7)

Silica face surface (Sf)

・Always negatively charged

Edge surface (E)

・Positively charged for lo pH (pH ≦ 4)

・Negatively charged for high pH (pH ≧ 5)

Alumina

Alumina

Alumina

Silica

Silica

Silica

…
…

Alumina face (Af)

Silica face (Sf)

Edge
(E)

200~
2,000 nm

2,000~20,000 nm

0.72 nm

Stacked aluminosilicate units Single kaolinite particle

Figure 6.1 Schematic illustrating anisotropy of surface charge of kaolinite particles depending
on pore water pH (schematic diagram of one layer unit; typically, a single particle comprises
tens to hundreds of aluminosilicate stacked units)
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Figure 6.2 DLVO energy - separation distance relationships predicted for kaolinite saturated in
pore water with (a) pH=4 and (b) pH=8 at six particle configurations

Table 6.1 DLVO parameters for typical particle configurations at pH=4

DLVO Af-Af Af-Sf Sf-Sf E-E Af-E Sf-E
parameter (pH=4) (pH=4) (pH=4) (pH=4) (pH=4) (pH=4)
AH [J] 3.90×1020 2.08×1020 1.11×1020 2.37×1020 3.05×1020 1.63×1020

ψ1 [V] 49.63 49.63 -36.02 125.3 49.63 -36.02
ψ2 [V] 49.63 -36.02 -36.02 125.3 125.29 125.29
δ1 [nm] 200 200 200 2000 200 200
δ2 [nm] 200 200 200 2000 2000 200
ϵr [-] 78 78 78 78 78 78

ϵ0 [F/m] 8.9×1012 8.9×1012 8.9×1012 8.9×1012 8.9×1012 8.9×1012

κ−1 [nm] 9.6 9.6 9.6 9.6 9.6 9.6

Table 6.2 DLVO parameters for typical particle configurations at pH=8

DLVO Af-Af Af-Sf Sf-Sf E-E Af-E Sf-E
parameter (pH=8) (pH=8) (pH=8) (pH=8) (pH=8) (pH=8)
AH [J] 3.90×1020 2.08×1020 1.11×1020 2.37×1020 3.05×1020 1.63×1020

ψ1 [V] -55.27 -55.27 -67.05 -219.97 -55.27 -67.05
ψ2 [V] -55.27 -67.05 -67.05 -219.97 -219.97 -219.97
δ1 [nm] 200 200 200 2000 200 200
δ2 [nm] 200 200 200 2000 2000 200
ϵr [-] 78 78 78 78 78 78

ϵ0 [F/m] 8.9×1012 8.9×1012 8.9×1012 8.9×1012 8.9×1012 8.9×1012

κ−1 [nm] 9.6 9.6 9.6 9.6 9.6 9.6
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Calibration of the energy barrier (EB) potential function

As detailed in Chapter 5, particles were modelled as ellipsoids with diameters of 2000 nm,

thicknesses of 200 nm, and the aspect ratio is 10 (see Figure 5.4 in Chapter 5). The energy barrier

(EB) potential function (UEB) used to describe the particle interaction (see Section 4.3.2).

Figure 6.3 and Figure 6.4 compare data generated with the calibrated UEB expression with pre-

dictions from the DLVO expressions for typical particle configurations for pore water pH values

of 4 and 8, respectively. The calibrations were conducted using the least square method with the

mini-batch method proposed in Section 4.4.2 so that the energy well exists at h12 = 0 nm. The

calibrated parameters are listed in Table 6.3 and Table 6.4. The surface charge characteristics

of the alumina face and the edge of kaolinite particles are similar: they are positively charged

when the pore water is acidic (pH=4), while they are negatively charged when the pore water is

alkaline (pH=8). Hence, the Af-Sf and E-E parameters were used for the Sf-E and Af-E param-

eters, respectively (i.e. Af-E and Sf-E parameters were determined without calibrations against

DLVO theory). As shown in Figure 6.3 and Figure 6.4, the UEB potential function successfully

captured DLVO theory and reproduced the Born repulsion so there is a clear energy well or local

minimum in the potential energy at relatively short interaction distances. It should be noted that

different EB potential function parameter sets were used to reproduce the DLVO energy profiles

at these typical particle configurations.

Conventional CGMD simulations can use only single set of potential function parameters for one

elementary particle. As explained in Section 4.4.1, Bandera et al. (2021) indicated that a single

parameter set can reasonably capture interaction energy profiles at pH=8 where all interaction

energy profiles are similar in shape. However, the interaction energy profiles at pH=4 cannot

be captured by a single parameter set because the interaction energy profiles for the Af-Sf and

Sf-E lack energy barriers. To capture the interaction energy profile at pH=4, multiple parameter

sets must be used. Thus, a new method enabling the use of multiple parameter sets is needed to

reproduce interaction energy.
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Figure 6.3 Variation in potential energy with distance of closest approach between two particles
for kaolinite particles saturated with pH=4 pore water. Data compare predictions using cali-
brated potential functions with predictions from DLVO theory. Six possible particle interaction
scenarios are considered (E - edge, Af - alumina face, Sf - silica face, Af-Af indicates alumina
face interacting with alumina face, E-E indicates edge interacting with edge, etc.)

Table 6.3 Calibrated EB potential parameters at pH=4

EB potential Af-Af Af-Sf Sf-Sf E-E Af-E Sf-E
parameter (pH=4) (pH=4) (pH=4) (pH=4) (pH=4) (pH=4)

γ [-] 1.0 1.0 1.0 1.0 1.0 1.0
σ [nm] 14.13 25.24 13.12 12.25 12.25 25.24
χ12 [-] 1.0 1.0 1.0 1.0 1.0 1.0
ai [nm] 1000 1000 1000 1000 1000 1000
bi [nm] 1000 1000 1000 1000 1000 1000
ci [nm] 100 100 100 100 100 100
A [J] 0.0 0.0 0.0 0.0 0.0 0.0
B [J] 4.0×10−16 7.1×10−17 2.6×10−16 7.9×10−16 7.9×10−16 7.1×10−17

C [J] 3.2×10−16 0.0 2.0×10−16 5.6×10−16 5.6×10−16 0.0
ha [nm] 4.318 4.318 4.318 4.318 4.318 4.318
k [J/nm2] 3.0×10−17 3.0×10−17 3.0×10−17 3.0×10−17 3.0×10−17 3.0×10−17

m [J/nm] 0.0 0.0 0.0 0.0 0.0 0.0
n [J] -3.3×10−17 -5.6×10−16 -3.6×10−17 -6.2×10−17 -6.2×10−17 -5.6×10−16

hcut [nm] 200 200 200 200 200 200
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Figure 6.4 Variation in potential energy with distance of closest approach between two particles
for kaolinite particles saturated with pH=8 pore water. Data compare predictions using cali-
brated potential functions with predictions from DLVO theory. Six possible particle interaction
scenarios are considered (E - edge, Af - alumina face, Sf-silica face, Af-Af indicates alumina
face interacting with alumina face, E-E indicates edge interacting with edge, etc.)

Table 6.4 Calibrated EB potential parameters at pH=8

EB potential Af-Af Af-Sf Sf-Sf E-E Af-E Sf-E
parameter (pH=8) (pH=8) (pH=8) (pH=8) (pH=8) (pH=8)

γ [-] 1.0 1.0 1.0 1.0 1.0 1.0
σ [nm] 13.69 12.98 12.36 12.13 12.13 12.98
χ12 [-] 1.0 1.0 1.0 1.0 1.0 1.0
ai [nm] 1000 1000 1000 1000 1000 1000
bi [nm] 1000 1000 1000 1000 1000 1000
ci [nm] 100 100 100 100 100 100
A [J] 0.0 0.0 0.0 0.0 0.0 0.0
B [J] 5.5×10−16 7.8×10−16 1.1×10−15 2.5×10−15 2.5×10−15 7.8×10−16

C [J] 4.3×10−16 5.9×10−16 7.9×10−16 1.8×10−15 1.8×10−15 5.9×10−16

ha [nm] 4.318 4.318 4.318 4.318 4.318 4.318
k [J/nm2] 3.0×10−17 3.0×10−17 3.0×10−17 3.0×10−17 3.0×10−17 3.0×10−17

m [J/nm] 0.0 0.0 0.0 0.0 0.0 0.0
n [J] -3.9×10−17 -4.9×10−16 -5.5×10−16 1.4 10−17 1.4 10−17 -4.9×10−16

hcut [nm] 200 200 200 200 200 200
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6.3 Particle model development to model anisotropic surface charge

As explained in Section 3.3, one method to model the anisotropic surface charges of kaolinite

particles is to use composite particles (e.g. Aminpour and Sjoblom, 2019; Bandera et al., 2024a;

de Bono and McDowell, 2022a,b, 2023a,b; Liu et al., 2015; Sjoblom, 2016). In this method, a

single clay particle is modelled by combining sub-particles, which model the physicochemical

properties of the alumina face, silica face and edge surfaces of kaolinite particles, into a rigid

body. The use of composite particles allows modelling of the anisotropic surface charges of

kaolinite particles. However, the main shortcoming of this method is the high computational

cost; de Bono and McDowell (2023b) used over 1,200 sub-spheres to describe a single clay par-

ticle. The computational cost of either discrete element method (DEM) or molecular dynamics

(MD) simulations increases with both the number of particles and, more importantly, the num-

ber of interactions. In the case of clay systems in particular, mesoscale fabric features develop,

and the number of particles required to achieve a representative elementary volume (REV) can

be 105 or higher (Bandera et al., 2021). Consequently, alternative formulations are required to

enable this particle-scale modelling approach to bring real benefits to geotechnics, e.g. to use

the models to inform development of continuum constitutive models.

In the current study a new, computationally efficient, approach is proposed to capture the

anisotropy of the particle interactions, as illustrated schematically in Figure 6.5(a). The sur-

face of each particle is virtually divided into three regions, i.e. Sf, Af and E. In the calculation

of the interaction between two particles, six interactions are then considered, as shown in Table

6.5. As shown in Figure 6.5(b), when either Sf or Af is activated, the other face is deactivated.

Hence, the net potential energy between two particles is given by the combination of four inter-

actions of the activated face and the edge;

UEBtot = w1Uff + w2Ufe + w3Uef + w4Uee (6.1)

where Uff is the face-to-face potential energy, Ufe/Uef are the face-to-edge/edge-to-face poten-

tial energy,Uee is the edge-to-edge potential energy, andw1,w2,w3, andw4 are weight functions.

Uff , Ufe, Uef , and Uee are calculated by the EB potential function using the calibrated parame-

ter sets shown in Table 6.3 and Table 6.4. The weight functions satisfy Σ4
k=1wk = 1, and each

weight takes values between 0 and 1.
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Figure 6.5 Schematic image of (a) different zones or regions on particle and (b) interaction
between two particles

Table 6.5 Six types of interaction between model kaolinite particles

1: Alumina face - Alumina face
→ face-to-face interaction: Uff2: Alumina face - Silica face

3: Silica face - Silica face
4: Alumina face - Edge surface → face-to-edge / edge-to-face interaction: Ufe and Uef5: Silica face - Edge surface
6: Edge surface - Edge surface → edge-to-edge interaction: Uee

The potential energy must change smoothly according to the relative orientation of the two

particles. Accordingly, the four weights (w1, w2, w3, and w4) should be functions of the relative

particle orientation and the net potential energy should change smoothly as the relative particle

orientation changes. In the current study, as shown in Figure 6.6, theweights are defined by using

the angles between the centre-to-centre vector between two particles (particle i and particle j)

and the particle normal vectors (i.e. θi and θj). The particle normal vectors give the orientation

of the minor principal axis of the ellipsoidal particle. The weights are given by:

face−to−face : w1 = iw jw

face−to−edge : w2 = iw (1− jw)

edge−to−face : w3 = (1− iw) jw

edge−to−edge : w4 = (1− iw) (1− jw)

(6.2)

where iw and jw are defined as:

iw =
(
cos2 θi

)α (6.3a)

jw =
(
cos2 θj

)α (6.3b)
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Particle i

Particle j

Centre-to-centre vector: 

Normal vector: 

Normal vector: 

Figure 6.6 Angles between the centre-to-centre vector and the normal vectors of particle i and
particle j

α is a user-specified parameter; the selection of an appropriate α value is considered below.

Due to the nature of the square of the cosine function, each weight takes a value between 0 and

1, and the sum of the four weights is 1 as shown in the following equation:

w1 + w2 + w3 + w4

= iw jw + iw (1− jw) + (1− iw) jw + (1− iw) (1− jw)

= iw jw + iw − iwjw + jw − iwjw + 1− iw − jw + iw jw

= 1

(6.4)

Figure 6.7 shows the relationship between typical configurations and the potential energy. In

these four configurations, cos2 θi and cos2 θj are either 0 or 1, i.e. only one of the weights (w1,

w2, w3, and w4) is 1 and the other three are 0. Thus, the total potential energy is the potential

energy of the plotted particle configuration. Namely, for the face-to-face configuration, the

potential energy is given by only face-to-face interaction, etc. Intermediate configurations can

be calculated according to the relative orientation of particles because the weights can change

smoothly according to particle orientations.
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face - face configuration edge - edge configuration face - edge configuration edge - face configuration

Particle i

Particle j

Particle i Particle j Particle i

Particle j

Particle i

Particle j

Figure 6.7 Relationships between typical configurations, weight function terms, and the poten-
tial energy

To show the influence of the user-specified parameter (α) on theweight function, the pair particle

configurations shown in Figure 6.8 were simulated. In these simulations, only particle j was

rotated from 0 to 90 degrees (i.e. θj = 0°→90°) whereas particle i was fixed (i.e. θi = 0°, and

iw = 1). The relative particle configuration changes from face-to-face to face-to-edge. Four

different α values (α=1.0, 0.5, 0.25, and 0.1) were considered to evaluate the influence α on the

weight function.

Figure 6.9 shows the relationship between the weights (w1 and w2) and θj for the four different

α values; in these simulations the two weights, w3 and w4, are always zero regardless of the θj
value. The smaller the value of α, the greater the ratio of w1 to w2, which means that in the

case of the smaller α value, the face-to-face interaction is more dominant than the face-to-edge

interaction. For example, when the θj is 45 degrees as shown in the middle of Figure 6.9, the

weight for face-to-face interaction (w1) is 0.5 for α = 1.0, w1 = 0.707 for α = 0.5, w1 = 0.841

for α = 0.25, and w1 = 0.933 for α = 0.1. Conversely, if the α value is more than 1.0, the

weight for face-to-edge interaction (w2) becomes dominant.
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face - face face - edge
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Particle i Particle i
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Figure 6.8 Outline of pair particle simulation from face-to-face to face-to-edge configurations

Figure 6.9 Relationship between weight functions (w1 and w2) and θj with different α values:
(a) α = 1.0, (b) α = 0.5, (c) α = 0.25, and (d) α = 0.1

A second set of pair particle simulations is illustrated in Figure 6.10. In these simulations, two

particles were first arranged in a face-to-face configuration, and then particle j was moved hor-

izontally until the horizontal displacement was 2000 nm (equal to the diameter of the ellipsoid)

while particle i remained fixed.

Figure 6.11 shows the relationship between the weight function and the horizontal displacement

of particle j for the four different α values. The w2 and w3 are the weights for face-to-edge

and edge-to-face interactions, respectively. The w2 and w3 values (i.e. the weights for the face-

face and face-edge interactions respectively) always have the same value in this pair particle

simulation, hence, the sum of the w2 and w3 is shown in Figure 6.11 as a weight for face-to-
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Figure 6.10 Outline of pair particle simulation from face-to-face to shifted face-to-face config-
urations
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Figure 6.11 Relationship between the weight functions (w1, w2 + w3, w4) and horizontal dis-
placement of particle j with different α values: (a) α = 1.0, (b) α = 0.5, (c) α = 0.25, and (d)
α = 0.1

edge interaction. As the α value decreases, the proportion of the w1 (face-to-face interaction)

increases at large displacements while that of the w4 (edge-to-edge interaction) decreases. The

position of the peak value of the w2 + w3 (face-to-edge interaction) depends on the α value

though the magnitude of the peak value of the w2 + w3 is 0.5 in all cases. Namely, the peak

appears at the smaller displacement as α is larger.

Thus, the α value affects the proportion of each weight. It can be considered that a different

α value may cause a difference in the microfabric of the virtual sample, resulting in different

mechanical behaviour. However, isotropic compression simulations with different α values

showed that the key features of the compression behaviour of kaolinite can be captured regard-

less of the α value (the isotropic compression simulations with different α values are presented
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Table 6.6 Criteria for activated face and deactivated face

Particle i

If cos θi > 0 (0° < θi < 90°) :
Silica face (Sf) is activated, and alumina face (Af) is deactivated.
If cos θi < 0 (90° < θi < 180°) :
Silica face (Sf) is deactivated, and alumina face (Af) is activated.

Particle j

If cos θj > 0 (0° < θj < 90°) :
Silica face (Sf) is deactivated, and alumina face (Af) is activated.
If cos θj < 0 (90° < θj < 180°) :
Silica face (Sf) is activated, and alumina face (Af) is deactivated.

Af-SfAf-AfSf-Sf

Particle i

2000nm 200
nm

Particle j

Particle i

Particle j

Particle i

Particle j

Figure 6.12 Schematic models of pair potential simulations

later). Therefore, for simplicity, α = 1.0 was used for most of the simulations in the current

study.

Referring to Figure 6.5(b), when either a Sf or Af is activated in an interaction, the other face

should be deactivated. In the potential energy calculation, only one face (i.e. Af or Sf) is ac-

tivated according to the values of θi and θj . Table 6.6 provides a summary of the criteria for

activating and deactivating each face used in the current study. For particle i, the Af is activated

when cos θi is less than zero, whereas the Sf is activated when cos θi is larger than zero. On the

other hand, in particle j, the Af is activated when cos θj is larger than zero, whereas the Sf is

activated when cos θj is less than zero. Figure 6.12 shows the relationship between the three

different face-to-face configurations (Sf-Sf, Af-Af, Af-Sf) and the normal vectors of particle i

and particle j.
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To confirm the smooth transition of the potential energy from a face-face configuration to an

edge-edge configuration, pair particle simulations were carried out where the centre-to-centre

vector was rotated from 0 to 90 degrees. Figure 6.13 shows the outline of these simulations. In

these simulations, the particle normal vectors were always set to be the vertical direction, and

the closest distance between two particles was set to keep at 10 nm. The EB potential function

with the acidic condition parameter sets shown in Table 6.3 was used.

Figure 6.14 shows the relationships between the potential energy and the angles between the

particle normal vectors and the centre-to-centre vector. In each case, a smooth transition of the

potential energy can be observed.

face-to-face edge-to-edge

Particle i

Particle j

Particle i

Particle j

Particle jParticle i

Figure 6.13 Schematic models of pair potential simulations

227



CHAPTER 6. MODELLING ANISOTROPIC SURFACE CHARGE PH-DEPENDANT

-6.0E-16
-5.0E-16
-4.0E-16
-3.0E-16
-2.0E-16
-1.0E-16
0.0E+00
1.0E-16
2.0E-16
3.0E-16
4.0E-16
5.0E-16
6.0E-16

0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90

P
ot

en
ti

al
 e

ne
rg

y 
[J

] 

θi and θj [degree]

Closest distance: h12=10[nm]

Sf-Af

E-E

(a) From silica face-to-silica face to edge-to-edge

-2.0E-16

-1.0E-16

0.0E+00

1.0E-16

2.0E-16

3.0E-16

4.0E-16

0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90

P
ot

en
ti

al
 e

ne
rg

y 
[J

] 

θi and θj [degree]

Closest distance: h12 =10[nm]

Sf-Sf

E-E

(b) From silica face-to-alumina face to edge-to-edge

0.0E+00

1.0E-16

2.0E-16

3.0E-16

4.0E-16

0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90

P
ot

en
ti

al
 e

ne
rg

y 
[J

] 

θi and θj [degree]

Closest distance: h12 =10[nm]

Af-Af

E-E

(c) From alumina face-to-alumina face to edge-to-edge

Figure 6.14 Relationships between the potential energy and the angles between the normal vec-
tors and the centre-to-centre vector
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As shown in Figure 6.15, pair particle simulations where only particle j was rotated from 0

to 180 degrees were also conducted. In these simulations, the closest distance between two

particles was set to keep at 10 nm, and particle i was fixed. Figure 6.16 shows the relationships

between the potential energy and the angles between the normal vector of particle j and the

centre-to-centre vector. In each case, smooth transition of the potential energy can be observed.

face - face face - edge face - face

Particle i

Particle j

Particle i Particle i Particle i Particle i

Particle j
Particle j

Particle j
Particle j

Figure 6.15 Outline of pair potential simulations from face-to-face to face-to-face configuration
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Figure 6.16 Relationships between the potential energy and the angles between the normal vec-
tors and the centre-to-centre vector
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6.4 Particle-scale simulation to examine influence of pore water pH

The method to model anisotropic surface charges of kaolinite particles presented in the previous

section was employed in CGMD simulations of virtual samples under isotropic compression and

1D to investigate the influence of the porewater pH onmicrofabric formation and themechanical

behaviour of kaolinite.

6.4.1 Sample preparation

Two virtual samples, one assuming a pore water pH=4 (acidic) and one assuming a pore wa-

ter pH=8 (alkaline), were prepared for the simulations. The difference in pore water pH was

captured by using the two different sets of calibrated model parameters shown in Table 6.3 and

Table 6.4 (i.e. the potential energy profiles used in the simulations are shown in Figure 6.3 for

the pH=4 sample and Figure 6.4 for the pH=8 sample, respectively) and the anisotropic surface

charges of the kaolinite particles are modelled using the new approach described in the previous

section.

Figure 6.17(a) shows the initial state of the samples which were the same in both cases. The

ellipsoidal particles were 200 nm in thickness and 2,000 nm in diameter. The total number of

particles in the simulation box was 10,648 (22×22×22). To start with, particles were evenly

arranged in a cubic simulation box so that the centre-to-centre distance between adjacent parti-

cles was 2,050 nm. The particles were initially given random rotations so that the entire virtual

sample was isotropic. The particles were also given an initial velocity based on a Gaussian dis-

tribution so that the kinetic energy of the virtual sample was equivalent to a temperature of 300

K. During the compression simulations, a thermostat was used to control the kinetic energy of

the virtual sample to be equivalent to a temperature of 300 K. Although it was assumed that the

virtual sample was fully saturated, pore water was not modelled explicitly, so a fully drained

condition was assumed. Periodic boundary conditions were imposed in each direction (x, y and

z). Considering the maximum stiffness of the Born repulsion term, the time step of the simula-

tions was set to be ∆t = 1 × 10−9 s. In the simulations, the influence of gravity was ignored.

All simulations were conducted using a modified version of the open-source code LAMMPS 3

March 2020 version (Plimpton et al., 2020; Thompson et al., 2022) (see Appendix A). The input

parameter sets for LAMMPS are shown in Appendix B.
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Figure 6.17 Graphical rendering of virtual samples: (a) initial state, (b) sample with pH=4 pore
water after pre-compression, (c) sample with pH=8 pore water after pre-compression (particles
are coloured based on their orientations in the x-z plane, αxz)
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6.4.2 Simulation procedure

Figure 6.18 shows the simulation procedure. First, an NVE simulation was performed to form

a random reconfiguration of the particles. After that, three kinds of isotropic compression sim-

ulations (pre-compression, isotropic compression, and 1D compression) were performed us-

ing NPT. In these NPT simulations, the pressure and temperature were controlled using the

Nosé-Hoover barostat and thermostat, respectively (Hoover, 1985; Nosé, 1984). The pressure

damping parameter (Pdamp) and the temperature damping parameter (Tdamp) used in these

simulations were Pdamp = 1× 10−3 s and Tdamp = 1× 10−9 s, respectively.

The objective of the pre-compression simulation is to achieve a sample in equilibrium and to

observe microfabric formation. A small and constant isotropic pressure, 0.1 kPa, was applied to

the sample. The pre-compression simulation was performed until the void ratio of the sample

converged to a constant value. In the pre-compression phase, the samples transition from an

idealized slurry to a state of slight consolidation.

After the pre-compression simulation, isotropic and 1D compression simulations with a larger

isotropic pressure (up to 1,000 kPa) were performed, followed by an unloading simulations. The

loading rate was set to be 2.0× 104 kPa/s to achieve a quasi-static state.

In all simulations, the fluctuations in temperature and kinetic energy of the system were min-

imized, confirming that the simulations achieved a quasi-static state. The simulations did not

consider inter-particle friction. The influence of gravity was ignored.

Generate a sample 
with random non-

contacting particles

NVE simulation Pre-compression simulation
(NPT simulation)

Pressure: 

Isotropic compression simulation
(NPT simulation)

Pressure: kPa

K

Pressure: kPa

K

1D compression simulation
(NPT simulation)

Pressure: kPa

K

Figure 6.18 Simulation procedure used to perform isotropic and 1D compression simulations
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6.4.3 Pre-compression simulation

Figure 6.19 shows the time variation of the void ratio (e) during the initial, pre-compression

simulation. The initial void ratio was 19.6 for both samples. After the pre-compression simu-

lations, the void ratio was 2.2 for the pH=4 sample and 1.3 for the pH=8 sample, which means

that the pH=4 sample was looser than the pH=8 sample. This trend is qualitatively consistent

with experimental data for kaolinite samples prepared with different pore fluid pH; Pedrotti and

Tarantino (2018) inserted dry kaolinite powder in an oedometer cell and then saturated it with

alkaline or acidic water with less than 0.0001 M salt concentration and then observed e=2.6 and

e=1.5 for the acidic and alkaline samples, respectively.
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Figure 6.19 Time variation in void ratio during pre-compression

Figures 6.17(b) and (c) show snapshots of the pH=4 and pH=8 samples after pre-compression,

respectively. Each particle’s colour indicates its orientation with respect to the x-z plane (i.e.

αxz, see Equation 4.5). The pH=4 sample shows a relatively disordered distribution of particle

orientations (the particle colours are relatively random), while the pH=8 sample shows partially

ordered particle orientations (there are clusters or domains comprised of particles with similar

orientations). This is indicative of aggregation or cluster formation.

Figure 6.20 enables qualitative comparison of the microfabric obtained in the simulations with

the scanning electron microscope (SEM) images of kaolinite samples following 1D consolida-

tion reported in Pedrotti and Tarantino (2018). The magnified snapshots of the virtual samples

were extracted from the red boxes shown in Figures 6.17(b) and (c). Although the compres-

sion conditions differed for the experimental samples (1D compression) and the virtual sam-
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(a) Acidic pore water (b) Alkaline pore water

(c) pH=4 (Acidic pore water) (d) pH=8 (Alkaline pore water)

Figure 6.20 Comparison of microfabric: (a) SEM image of kaolinite sample prepared with acidic
pore water (b) with alkaline pore water (After Pedrotti and Tarantino (2018)) (c) snapshot of
acidic pore water (pH=4) CGMDvirtual sample (d) of alkaline pore water (pH=8) CGMDvirtual
sample

ples (isotropic compression), they formed similar microfabrics depending on the pore water pH.

When the pore water is acidic, the particle orientations are relatively disordered and there are

a number of face-to-edge interactions whereas when the pore water is alkaline, particles align

relative to each other (i.e. face-to-face interactions).

To investigate the microfabric features of the virtual samples, two geometrical criteria are used

developing upon ideas in Ebrahimi et al. (2014) and Bandera et al. (2021). Two interacting

particles are assumed to be in a face-to-face association if:

(i) The distance of closest approach between the two particles is less than the separation

distance at the energy well (See Figure 6.3 and Figure 6.4).

(ii) The dot product of the two normal vectors of the particles is larger than 0.95 (ni · nj ≥

0.95), i.e. the particle angle between two particles is smaller than 18.2 degrees (θ ≤ 18.2).

On the other hand, two interacting particles are assumed to be in face-to-edge association if

(i) is satisfied but (ii) is not satisfied. Although these criteria are simple (e.g. edge-to-edge

associations are ignored), they are sufficient to capture key features of the microfabric of the

virtual sample.
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Figure 6.21 shows the variation in the coordination number of face-to-face and face-to-edge as-

sociations. The coordination number can be calculated by the total number of face-to-face/face-

to-edge associations divided by twice the number of particles (O’Sullivan, 2011). The pH=4

sample formed both face-to-face and face-to-edge associations, which means that the microfab-

ric of the pH=4 sample was aggregated and flocculated (Mitchell and Soga, 2005; Wang and

Siu, 2006a). The face-to-face associations were formed due to the attractive Af-Sf interaction

and face-to-edge associations were formed due to the attractive Sf-E interaction. On the other

hand, the microfabric of the pH=8 sample was dispersed and deflocculated (Mitchell and Soga,

2005; Wang and Siu, 2006a). Because the pH=8 sample did not have any attractive interaction

(See Figure 6.4), the distances of closest approach between almost all particle pairs are greater

than the distance of the energy barrier. In other words, very few particle pairs overcame the

energy barrier and enter the energy well at this pressure level (p′ = 0.1 kPa.).

(a) face-to-face coordination number (b) face-to-edge coordination number
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Figure 6.21 Variation in coordination number during pre-compression simulations (a) face-to-
face association and (b) face-to-edge association
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6.4.4 Isotropic compression simulation

Figure 6.22 shows the e − log p′ relationships for the two simulations of compression to 1000

kPa and unloading to 0.1 kPa. The pH=4 sample showed a larger compressibility than the pH=8

sample during loading simulation. The compression index (Cc) (calculated by adopting a linear

fit between the void ratios at p′=100 kPa and 1000 kPa), was 0.39 for the pH=4 sample and 0.07

for the pH=8 sample, respectively. These values were higher and lower, respectively, than the

typical experimental data, Cc=0.19-0.26 (Lambe and Whitman, 1969; Pedrotti and Tarantino,

2018). This may be related to the fact that the virtual sample was created under very simpli-

fied conditions (e.g. mono-disperse sample, no heterogeneity in the assumed surface charges,

etc.). The swelling index (Cs) was about 0.01 for both samples and no significant differences

in unloading behaviour were found between the two samples. The differences in the e − log p′

relationships as a function of pore water pH were qualitatively consistent with the compres-

sional behaviour of experimental specimens of kaolinite prepared with acidic and alkaline water

(Pedrotti and Tarantino, 2018).
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Figure 6.22 Void ratio – pressure relationships in isotropic compression

Figure 6.23 shows snapshots of the virtual samples during loading and unloading. The particles

are coloured based on their orientation angle with respect to the x-z plane (i.e. αxz, see Equation

4.5). In the pH=4 sample, particle orientations visibly changed during loading from 0.1 kPa to

1000 kPa while there were only minor changes during unloading (from 1000 kPa to 0.1 kPa).

In the pH=8 samples, the particle orientations remained almost unchanged during both loading
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and unloading.
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Y

(a) pH=4
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0.1 kPa 1000 kPa 0.1 kPa

Figure 6.23 Snapshots of the virtual samples during loading and unloading for (a) acidic pore
water case (pH=4) and (b) alkaline pore fluid case (pH=8) (particles are coloured according to
their orientation in the x-z plane, αxz)

To give a more quantitative representation of these behaviours, a polar histogram of particle

orientation in the x-z plane (i.e. αxz, see Equation 4.5) is shown in Figure 6.24. For the pH=4

sample, during loading from 0.1 kPa to 1000 kPa, the number of particles oriented between 30

and 150 degrees increased, and the number of particles with orientations between 0 to 30 degrees

and between 150 and 180 degrees decreased. On the other hand, in the sample with pH=8, there

was no significant change in particle orientation.
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Figure 6.24 Polar histograms of particle orientations in the x-z plane (αxz) of the virtual samples
during loading and unloading for (a) acidic pore water case (pH=4) and (b) alkaline pore fluid
case (pH=8)

To examine the change in the microfabric during loading and unloading in more detail, Figure

6.25 shows the variation in the face-to-face and face-to-edge coordination numbers with the

mean effective stress during loading and unloading (data on semi-logarithmic axes). As shown

in Figure 6.25(a), in the pH=4 sample, the face-to-face coordination number increased with

increasing mean effective stress during loading. However, as shown in Figure 6.25(b), the face-

to-edge coordination number initially increased until about 60 kPa but began to decrease after

60 kPa. These results indicate that in face-to-edge association, slippage and relative rotation

occurred as the stress level increased, transforming face-to-edge associations into face-to-face

associations. Loss of face-to-edge association was considered to be one of the contributors to

high compressibility of the pH=4 sample during loading. In the pH=8 sample, both the coordi-

nation number of face-to-face and face-to-edge associations steeply increased after a stress of

20 kPa was attained during loading. This means that, at this stress level, many particle pairs

can overcome the energy barrier and many particle associations are formed. Comparing the two

samples at 1000 kPa, the pH=4 sample had more face-to-edge associations and fewer face-to-

face associations than the pH=8 sample. This result suggests that the microfabric of the pH=4

sample remained more flocculated than that of the pH=8 sample. However, the difference be-

tween the coordination number data for the two virtual samples became smaller as the stress

level increased. This means that the influence of pore water pH on the microfabric decreased as
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the stress level increased, but it did not disappear completely (at least, up until 1000 kPa). Dur-

ing unloading, the face-to-face and face-to-edge coordination numbers decreased as the mean

effective stress decreased for both samples. As can be seen from Figure 6.19, the particle ori-

entations hardly changed during unloading for both samples. Accordingly, it can be inferred

that the loss of particle associations during unloading was caused by a reduction in the particle

separation distances, rather than particle rotations.
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Figure 6.25 Variation in coordination number with applied stress during isotropic compression
(a) face-to-face associations and (b) face-to-edge associations
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6.4.5 1D compression simulation

Figure 6.26 shows the relationships between the void ratio and the vertical stress for the two

simulations of 1D compression to 1000 kPa and unloading to 0.1 kPa. During 1D compres-

sion, only the vertical displacement (z direction) of the simulation box was considered while the

horizontal displacements (x and y directions) were fixed (i.e. the horizontal dimensions of the

simulation box remained fixed). Aligning with the isotopic compression data shown in Figure

6.22, the pH=4 sample exhibited a larger compressibility than the pH=8 sample during load-

ing. The compression index (Cc) (calculated by adopting a linear fit between the void ratios at

p′ = 100 kPa and 1000 kPa), was 0.44 for the pH=4 sample and 0.07 for the pH=8 sample, re-

spectively. These values were very close to Cc obtained in the isotropic compression simulation

(the Cc value obtained in the isotropic compression was 0.39 for the pH=4 sample and 0.07 for

the pH=8 sample). Thus, it is inferred that Cc is not affected by the loading direction. A similar

trend was observed in the previous experimental research by Hicher et al. (2000). The swelling

index (Cs) was about 0.01 for both samples and no significant differences in 1D compression

and isotropic compression were observed.

Figure 6.26 Void ratio – pressure relationships in 1D compression
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Figure 6.27 Snapshots of the virtual samples during 1D loading and unloading for (a) acidic pore
water case (pH=4) and (b) alkaline pore fluid case (pH=8) (particles are coloured according to
their orientation in the x-z plane, αxz)

Figure 6.27 shows snapshots of the virtual samples during 1D loading and unloading. The par-

ticles are coloured based on their orientation angle with respect to the x-z plane (i.e. αxz, see

Equation 4.5). In the pH=4 sample, particle orientations greatly changed during loading from

0.1 kPa to 1000 kPa. The number of particles oriented at 90 degrees to the x-z plane (coloured

in red and orange) increased. On the other hand, In the pH=8 samples, particle orientations did

not change significantly.

Figure 6.28 shows the polar histograms of particle orientation in the x-z plane (αxz). As shown

in Figure 6.28(a), in the pH=4 sample, particles arranged themselves with their minor semi-axis

along the vertical compression direction during initial loading, and this particle arrangement

was maintained during unloading. As shown in Figure 6.28(b), for the pH=8 sample, there was

a slight increase in the probability that the particles were oriented horizontally, but this increase

in probability was less pronounced compared to the pH=4 sample.

Figure 6.29 shows the change in the face-to-face coordination number and the face-to-edge

coordination number with respect to the vertical stress during loading and unloading (data on

semi-logarithmic axis). As shown in Figure 6.29(a), for the pH=4 sample, the face-to-face co-

ordination number increased during loading as the vertical stress increased. However, as shown

in Figure 6.29(b), the face-to-edge coordination number initially increased up to about 50 kPa
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Figure 6.28 Polar histograms of particle orientations in the x-z plane (αxz) of the virtual samples
during 1D loading and unloading for (a) acidic pore water case (pH=4) and (b) alkaline pore fluid
case (pH=8)

but began to decrease after 50 kPa. These results indicate that slip and relative rotation occurred

with increasing stress levels in the face-to-edge associations, and that the face-to-edge associa-

tion changed to a face-to-face association. The loss of face-to-edge association may contribute

to the high compressibility of the pH=4 samples under load.

In the sample with pH 8, the coordination numbers of both face-to-face and face-to-edge asso-

ciations sharply increased after reaching a stress level of 20 kPa during loading. This indicates

that at this stress level, many particle pairs overcame the energy barrier, leading to the formation

of multiple particle associations.

The difference in the coordination number data between the two virtual samples diminished as

the vertical stress level increased. During unloading, both samples showed almost the same paths

in both the face-to-face coordination number and the face-to-edge coordination number. During

unloading, the face-to-face and face-to-edge coordination numbers decreased as the vertical

stress decreased for both samples.

These trends mentioned above are consistent with those in the isotropic compression simulations

(see Figure 6.25).
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Figure 6.29 Variation in coordination number with applied stress during 1D compression (a)
face-to-face associations and (b) face-to-edge associations

Figure 6.30 shows the variation in theK0 value during the 1D compression simulations. TheK0

is the coefficient of lateral earth pressure at rest, defined as the ratio of the horizontal effective

stress (σ′
h) to the vertical effective stress (σ′

v), i.e. K0 = σ′
h/σ

′
v. The horizontal effective stress

was calculated as the mean value of x- and y-directional stress, and the vertical stress was the

z-directional stress.

At the initial stage of the loading simulation, the K0 values were less than 1.0 (the vertical

stress was greater than the horizontal stress) for both samples. As the vertical stress increased,

the K0 value increased and converged to around 1.0. During the unloading simulation, the K0

value remained at 1.0 and increased steeply at around σv = 0 kPa. Although the K0 value

showed a vertical stress dependency, it was considered to be about 1.0 overall. Equation 6.5

and Equation 6.6 show the stress tensor at σv = 1000 kPa for the pH=4 sample and the pH=8

sample, respectively.

pH=4 :

σ′
xx σ′

xy σ′
xz

σ′
yx σ′

yy σ′
yz

σ′
zx σ′

zy σ′
zz

 =

1051.7 5.2 3.2
5.2 1059.0 6.9
3.2 6.9 1000.0

 kPa (6.5)

pH=8 :

σ′
xx σ′

xy σ′
xz

σ′
yx σ′

yy σ′
yz

σ′
zx σ′

zy σ′
zz

 =

956.2 −7.8 10.9
−7.80 960.8 0.8
10.9 0.04 1000.0

 kPa (6.6)

From Equation 6.5 and Equation 6.6, each K0 value is calculated to be K0=1.06 for the pH=4

sample andK0=0.96 for the pH=8 sample. These values indicated that an almost isotropic stress

state was obtained in the samples, which contradicts the experimental data. For example, in the
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1D consolidation test of the normally consolidated kaolinite conducted byAtkinson et al. (1987),

theK0=0.66 was obtained.

Thus, the 1D simulations presented in this section obviously did not reflect the physical reality.

This unrealisticK0 value may be caused by the fact that the CGMD simulations presented in this

section did not consider inter-particle friction. Bandera et al. (2024b) indicated that in particle-

scale models of sand using DEM, inter-particle friction is an important parameter influencing

the K0 value (as the coefficient of friction increases, the K0 value decreases). Accordingly,

to more accurately capture the 1D compression behaviour of clay, implementing inter-particle

friction is necessary. This will be described in Chapter 7.

Figure 6.30 K0 value variation during 1D compression
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6.4.6 Parametric studies

A number of parametric studies were completed to better understand the model and its limi-

tations. The parametric studies were conducted using isotropic compression simulations with

different parameters.

Effect of sample size

The effect of sample size was investigated by comparing virtual samples of 1000 (10 x 10 x

10), 4193 (17 x 17 x 17) and 10648 (22 x 22 x 22) particles. Each virtual sample was prepared

following the simulation procedure shown in Figure 6.18. The void ratio and the mean effective

stress relationships for the three different sample sizes are shown in Figure 6.31. As shown in

Figure 6.31(a), for the pH=4 sample, the loading and unloading curves for all three sample sizes

overlapped, indicating that the relationship between void ratio and mean effective stress was

almost independent of sample size. On the other hand, as shown in Figure 6.31(b), at pH=8, the

difference in the void ratio for each sample was more significant.

Figure 6.32 shows the comparison of the void ratio and the mean effective stress relationship of

three equivalent pH=8 samples with 1000 particles each given different initial random particle

rotations. The initial void ratios of these three equivalent samples differed, even if the number

of particles was the same. This confirms that the 1000-particle sample was too small to achieve

a representative elementary volume (REV), which is the smallest volume that can be considered

statistically homogeneous (i.e. if the sample size is larger than the REV, the measured value

is not affected by the sample size). However, Figure 6.31(b) and Figure 6.32 show that the

slopes of the loading and unloading curves were not significantly affected by sample size, i.e.

the compression and swelling indices of the pH=8 samples were independent of sample size.

Snapshots of pH=4 and pH=8 samples at 1000 kPa for each sample size are shown in Figure

6.33. The particles are coloured according to their particle orientations in the x-z plane (i.e.

αxz, see Equation 4.5). Figure 6.33 shows that more complex aggregate shapes with more par-

ticles involved were formed as the sample size increased, which implies that a large number of

particles are required for a true REV. Bandera et al. (2021) indicated that 100,000 particles or

more are needed to attain a REV, however, simulations with 100,000 particles are excessively

computationally expensive to enable the parametric studies here. Bandera et al. (2021) indicated

that the mechanical responses of samples with 10,000 and 100,000 particles were very similar.
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Figure 6.31 Comparison of void ratio – pressure relationship of (a) pH=4 sample and (b) pH=8
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Figure 6.33 Snapshots of the virtual samples during loading and unloading for (a) acidic pore
water case (pH=4) and (b) alkaline pore fluid case (pH=8) (particles are coloured according to
their orientation in the x-z plane, αxz)
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Effect of Born repulsion stiffness

DLVO theory does not consider Born repulsion. Although the Born repulsion stiffness (k) used

in this study was chosen to be large enough to avoid excessive particle overlap, the stiffness

value adopted lacks a physical basis. In other words, this stiffness can be considered simply a

penalty to prevent overlap, as is often used in computational simulations involving contact. To

assess whether the stiffness value chosen impacted the overall conclusions a parametric study

was performed in which k was systematically varied (see Table 6.3 and Table 6.4).

The potential energy and force profiles with different Born repulsion stiffnesses for samples

with 10648 particles are shown in Figure 6.34. Figure 6.34 shows the interaction profile for the

Af-Sf interaction, but the same Born repulsion stiffnesses were used for the other five interaction

profiles. The sample size was 10648 particles, and different four Born repulsion stiffnesses (i.e.

0.1-, 0.5-, 1.0-, and 2.0-times k) were determined based on k = 3× 10−17 J (see Tables 6.3 and

6.4). The other parameters used were the values shown in Table 6.3 and Table 6.4.

The relationships between void ratio and mean effective stress obtained using different Born

repulsion stiffnesses are shown in Figure 6.35. The k×0.1 samples showed a different behaviour

from the samples with the other stiffnesses at both pH=4 and pH=8, i.e. the void ratio of k×0.1

samples significantly decreased when the mean effective stress increased. This was caused by

excessive particle overlapping and was a non-physical behaviour. Significant differences were

not observed for the other three stiffnesses (k × 0.5, 1.0, and 2.0). This suggests that when

the stiffness of the Born repulsion is large enough to prevent excessive particle overlapping, its

effect on the mechanical behaviour becomes negligible.
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Effect of depth of energy well

As mentioned above, DLVO theory does not reproduce Born repulsion. Hence, the energy well

was calibrated arbitrarily without relating it to a physical measured value. The energy well

in the EB potential function used in the current study was determined in terms of its position,

i.e. the energy well was calibrated to be positioned at zero separation distance. The depth of the

energy well was not calibrated directly. However, it is expected that the depth of the energy well

may influence the compression behaviour of the virtual sample since it controls the magnitude

of short-range attractive force. To investigate the influence of the depth of the energy well on

mechanical behaviour, a parametric study was performed using different depths of the energy

well.

The depth of the energy well was systematically varied by changing the position of the energy

well. As shown in Figure 6.36, the three different positions (and depths) of the energy well were

prepared, i.e. hew=0 nm, hew=2.5 nm and hew=3.5 nm. The hew=0 nm representing the red line

has the deepest energy well, and its energy well exists at zero separation distance. The hew=2.5

nm representing the blue line is the middle case. The hew=3.5 nm representing the green line is

the shallowest one, and its energy well exists at 3.5 nm separation distance.

Figure 6.37 shows the results of the isotropic compression simulations for pH=4 and pH=8

samples with different positions (and depths) of the energy well. As shown in Figure 6.37(a),

in the pH=4 sample, as the depth of the energy well increased, the initial void ratio and the

compressibility increased. On the other hand, as shown in Figure 6.37(b), in the pH=8 sample,

the effect of the depth of the energy well was not significant although the amount of swelling

slightly increased during unloading when the depth of the energy well became shallower.

Figure 6.38 shows the variations in the coordination number with the mean effective stress. The

coordination number was defined as the twice number of particle pairs whose separation distance

was less than the separation distance at the energy well divided by the total number of particles.

In the pH=4 sample, at the early stage of the initial loading, the data for the simulations with

a larger energy well depth had a larger coordination number, which means that the particles

were more flocculated and aggregated due to a stronger attractive force. After 100 kPa, the

simulation with a shallower energy well depth had a larger coordination number. This may be

because the flocculated and aggregated structure in the shallower depth of the energy well case

was more easily broken due to a weaker attractive force (weaker connections between particles)
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and could become denser. On the other hand, in the pH=8 samples, almost the same variations

in the coordination number were observed in all cases.

Thus, the depth of energy well had a significant impact on the mechanical behaviour of the pH=4

sample, however, it had a negligible impact in the pH=8 sample.
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Effect of weight function (α value)

To investigate the influence of the weight function for the modelling of the anisotropic surface

charge of kaolinite particles on the mechanical behaviour of the virtual sample, a parametric

study on the α value (see Equation 6.3) was performed. Two α values, α=0.1 and 1.0, were

compared in both pH=4 and pH=8 conditions.

Figure 6.39 shows the results of the isotropic compression simulations using the two different α

values. In the pH=4 condition, the effect of the α value was significant. The sample with α =0.1

had a higher initial void ratio and compressibility than the sample with α =1.0. As shown in

Figure 6.11, in the α =0.1 case, the weights of the face-to-face interaction (w1) and the face-to-

edge interaction (w2 andw3) were higher than the edge-edge interaction weight, while the weight

of the edge-to-edge interaction (w4) was higher in the α =1.0 case. In the pH=4 condition, face-

to-face and face-to-edge interactions can be attractive depending on relative particle orientation

while the edge-to-edge interaction is always repulsive. From this observation, it can be inferred

that the α =0.1 sample tended to form more flocculated and aggregated microfabric due to a

stronger attractive force because the proportions of the attractive weights (w1, w2, and w3) in

the α =0.1 were higher than those in the α =1.0. Hence, the α =0.1 sample showed higher void

ratio and compressibility.

On the other hand, in the pH=8 condition, the effect of the weight function on the compression

behaviour of the virtual samples was not remarkable. Although the pH=8 samples had the same

weight function as the pH=4 samples, all interactions are repulsive regardless of the relative

particle orientation. Hence, the net interaction calculated by Equation 6.1 is also repulsive, and

even if the proportions of each weight change, the net interaction does not significantly change.

From Figure 6.39, it was found that the pH=4 samples had a higher void ratio and compress-

ibility than the pH=8 samples in both the α values. This means that the pH dependency of the

compression behaviour of kaolinite observed in laboratory tests can be qualitatively captured, if

α is in the range 0.1 to 1.0, by the weight function shown in this chapter.
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Figure 6.39 Comparison of void ratio – pressure relationship of pH=4 sample and pH=8 sample
with different weight function (α value)
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6.5 Conclusion

This chapter has proposed a new, computationally efficient, approach to model the anisotropic

surface charge of kaolinite particles. Themain advantage of thismethod is that it does not require

the use of sub-particles, which reduces the number of interactions to be calculated, thereby

allowing large-scale simulations to be conducted within a reasonable computational time using

relatively standard computational resources.

Using this new approach, CGMD simulations of isotropic/1D compression were performed to

investigate the microfabric formation and mechanical behaviour at two pore water pHs (one

acidic, one alkaline). In the virtual sample assuming pH=4 (acidic pore water), an aggregated

and flocculated microfabric formed, while in the virtual sample assuming pH = 8 (acidic pore

water) a dispersed and deflocculated microfabric formed. These features were consistent with

the SEM images of real kaolinite samples prepared with acidic and alkaline pore water docu-

mented in Pedrotti and Tarantino (2018). In the isotropic/1D compression simulations, the pH=4

samples showed a larger compressibility than the pH=8 samples. In both virtual samples, during

loading, the coordination number of particle association increased as the pressure increased, but

a significant loss of face-to-edge associations occurred in the pH=4 sample. During unloading,

both face-to-face and face-to-edge coordination numbers decreased as the pressure decreased

although particle orientations in both samples hardly changed.

A parametric study on the sample size effect showed that the sample size did not influence the

macroscopic mechanical behaviour of the pH=4 sample. It also shows that the compression

and swelling indices of the pH=8 sample were independent of the sample size although the

void ratio of the small (1000 particles) sample depended on the initial particle orientation. A

parametric study on Born repulsion stiffness showed that if the Born repulsion’s stiffness was

sufficiently high to inhibit excessive particle overlapping, its impact on mechanical behaviour

became insignificant. A parametric study on the depth of the energy well showed that the deeper

depth of the energy well caused a higher void ratio and higher compressibility in the pH=4

sample, whereas the influence of the depth of the energy well was negligible in the pH=8 sample.

The weight function employed to reproduce the anisotropic surface charge of kaolinite particles

influenced the mechanical behaviour of the pH=4 sample although the pH=8 sample was not

affected by the weight function.

256



7 Influence of interparticle friction on 1D com-
pression behaviour of clay

7.1 Introduction

In the coarse-grained molecular dynamics (CGMD) framework, interactions between particles

are described using potential functions. The potential functions usually have repulsive and at-

tractive terms to represent electrostatic forces or Born repulsion, and van derWaals forces. How-

ever, the interaction forces between clay particles calculated by the potential functions consider

only the component that acts in the normal direction to the surface of particles.

In reality, when two clay particles come into close proximity, not only the normal force but

also the tangential force acts on the particles. It is known that the behaviour of clay particles

is predominantly governed by the non-contact normal force. Indeed, particle-scale simulations

by Ebrahimi (2014) and Bandera (2021) demonstrated that CGMD simulations can capture the

isotropic compression behaviour of clay without considering friction. However, as shown in

Chapter 6, in one-dimensional (1D) compression simulations, the stress tensor becomes isotropic

(i.e. the K0 value is equal to 1.0), if interparticle friction is not considered (Bandera et al.,

2024b).

This chapter focuses on the need to incorporate an interparticle friction term in CGMD simu-

lations of clay and its impact on the 1D compression behaviour of clay using CGMD simula-

tions. Section 7.2 examines the influence of interparticle friction on the K0 value, referring to

previous DEM simulations. Section 7.3 reviews previous research findings on friction at both

the macroscopic and microscopic scales. Section 7.4 describes the implementation of friction

within the CGMD framework and verifies the modified LAMMPS code (a molecular dynam-

ics simulation code) in which friction is implemented. Section 7.5 conducts 1D compression

simulations of kaolinite to explore the effect of interparticle friction on stress anisotropy and

unloading-reloading behaviour. Section 7.6 summarises the insights obtained in this chapter.
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7.2 Influence of inter-particle friction on theK0 value

Bandera et al. (2024b) investigated the impact of interparticle friction considering the coeffi-

cient of friction (µ) on theK0 value through DEM 1D compression simulations using spherical

particles. Figure 7.1 shows the DEM simulation sample used by Bandera et al. (2024b). The

average particle diameter (D50) was 1.2 mm, and the uniformity coefficient (Cu) was 1.2. The

sample contained approximately 5000 particles. The DEM simulations were conducted using

the GRANULAR package in LAMMPS (Thompson et al., 2022). Periodic boundary conditions

were applied in all x, y, and z directions. Particle contact forces were calculated using the Hertz-

Mindlin model, with a particle shear modulus (G) of 29 GPa and the Poisson’s ratio (ν) of 0.2.

Initially, the DEM sample was isotropically loaded up to 1 kPa and then vertically compressed

to σ′
v = 100 kPa at a quasi-static strain rate. Several µ values ranging from µ = 0.001 to µ = 0.34

were used.

Figure 7.2 illustrates the variation inK0 with µ. As expected, when µ was close to zero, theK0

value was approximately 1.0, suggesting that the stress tensor of the DEM sample was almost

isotropic. As µ increased, K0 decreased. For the highest µ value used in these DEM simula-

tions (i.e. µ = 0.34), K0 was 0.76. The results from the DEM simulations clearly demonstrate

that interparticle friction significantly contributes to the anisotropy of the stress tensor in 1D

compression.

Figure 7.1 DEM sample used in 1D compression simulation to investigate impact of coefficients
of friction on the anisotropy of stress tensor (Bandera et al., 2024b)
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Figure 7.2 Relationship betweenK0 values and coefficients of friction (Bandera, 2021)
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7.3 Macro- and micro-scale friction

Macro-scale friction (Amonton’s law)

Friction is the resistance encountered when two surfaces in contact move relative to each other.

Friction acts in the direction that opposes the relative sliding motion of two contact surfaces

and its vector is parallel to the contact surface. Objects perform work against friction, reducing

their internal (or kinetic) energy by an amount equivalent to the work done. Unlike conservative

forces such as interaction forces, friction is a non-conservative force, meaning it does not comply

with the law of conservation of mechanical energy.

It is known that the fundamental properties of friction can be expressed by Amonton’s laws of

friction described below:

• Amontons’ first law: Friction (F ) is linearly proportional to the normal force (L).

• Amontons’ second law: Friction (F ) is independent of the size of the bodies.

Amontons’ first law states that the ratio of the friction to the normal force (F/L) has a constant

value called the coefficient of friction (µ). µ is expressed as tanϕ (ϕ is the friction angle).

Amonton’s second law means that the friction is the same for a given value of the normal force

regardless of the object size or the apparent contact area.

Amontons’ laws are highly effective in capturing the fundamental behaviour of friction at the

macroscopic scale. However, there are macroscopic friction phenomena that cannot be ex-

plained by Amontons’ law. For example, adhesive materials like tape or putty can resist sliding

even when there is no normal force applied. Moreover, these adhesive materials exhibit greater

friction as the contact area increases. However, even for adhesive materials, the friction force

increases with the normal load, as indicated by Amontons’ first law. To account for a broader

range of frictional behaviours, Coulomb introduced a more comprehensive formula to represent

friction, expressed as:

F = µL+ cA (7.1)

where c is a constant termed cohesion, and A represents the real contact area. The first term

on the right side of Equation 7.1 corresponds to the frictional force that is proportional to the

normal load, following Amontons’ first law. The second term describes the frictional force that
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is proportional to the contact area. While Amontons’ laws provide a fundamental understand-

ing of friction, Coulomb’s formula (Equation 7.1) encompasses a broader range of behaviours,

particularly for materials where cohesion plays a significant role.

Micro-scale friction

To deepen our understanding of the mechanisms behind macroscopic friction, it is essential

to consider friction at the micro-scale. In the past, friction was thought to be caused by the

interlocking of irregularities on contacting surfaces. If the average slope of the irregularities on

the contact surface is given by ϕ, µ is expressed as the tangent of ϕ (i.e. µ = tanϕ ). However,

this idea contradicts the experimental fact that µ remains almost constant over a range of surface

roughness because µ should decrease as the contact surface becomes smoother, or even become

zero for a perfectly smooth surface.

Several researchers have proposed the origins of friction via micro-scale research. For example,

Hardy (1936) suggested that friction arises from the cohesive forces between the contact sur-

faces. He argued that the cohesive forces must be greater than the forces resulting from physical

contact to generate sufficient friction. Tribologists like Frérot et al. (2023) believe that friction

arises from intermolecular forces between the atoms of the contact surfaces. Müser et al. (2003)

argued that friction corresponds to the average yield stress within the molecular contact area.

Ringlein and Robbins (2004) demonstrated through molecular dynamics simulations that fric-

tion is caused by debris atoms present between the contact surfaces. Bowden and Tabor (2001)

demonstrated that friction is proportional to the real contact area between the contact surfaces.

As mentioned above, various theories have been proposed regarding the origin of friction, how-

ever, a complete consensus has not yet been reached. Consequently, the details of friction be-

tween clay particles remain unresolved.
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7.4 Implementing friction in CGMD framework

Coulomb friction model

Equation 7.1 includes the real contact area (A). In particle-scale simulations, the surface rough-

ness of clay particles is usually ignored. Hence, the real contact area cannot be defined, making

it impossible to directly apply Equation 7.1 to particle-scale simulations of clay.

As illustrated in Table 3.1, most of the previous particle-scale simulations of clay usingDEMand

CGMDemployed the Coulomb frictionmodel to describe the friction between two clay particles.

The Coulomb friction model calculates the frictional (tangential) force between two particles

using a virtual spring and slider as shown in Figure 7.3. The relationship between frictional

force and displacement is shown in Figure 7.4. It is important to note that the displacement is

the cumulative tangential displacement determined by the contact history. When two particles

are sticking (not sliding), the frictional force is expressed as:

Ft = −
(
kt
∑

δt

) δ̇t∣∣∣δ̇t∣∣∣ if |Ft| < µ |Fn| (7.2)

where Ft is the frictional (tangential) force, Fn is the normal force, kt is the tangential spring

constant, δt is the tangential displacement vector, δ̇t is the tangential relative velocity vector, and

µ is the coefficient of friction. On the other hand, when two particles are sliding, the tangential

force is expressed by the following equation:

Ft = −µ |Fn|
δ̇t∣∣∣δ̇t∣∣∣ if |Ft| > µ |Fn| (7.3)

As shown in Equation 7.3, when the magnitude of the tangential force exceeds the maximum

friction obtained by multiplying the magnitude of the normal force by the coefficient of friction,

the friction is controlled to prevent further force generation.

Most previous particle-scale simulations of clay calculated friction without considering cohe-

sion for simplicity using Equations 7.2 and 7.3. Nevertheless, they were able to reproduce the

basic 1D compression and shear properties of clay (e.g. de Bono and McDowell, 2023b). There

are several possible reasons for this. For example, the interaction force/energy model between

clay particles used in particle-scale simulations includes the attractive term (i.e. van der Waals

force/energy) at close distances, so when the particles approach each other, an attractive force

acts between the particles. In addition, there is a proportional relationship between the normal
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Figure 7.3 Coulomb friction model with a tangential spring and slider
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Figure 7.4 Schematic of frictional (tangential) force-displacement relationship

force and the real contact area, hence, both the first and second terms on the right-hand side of

Equation 7.1 are proportional to the normal force. This means that the cohesion plays a role

similar to that of the coefficient of friction, suggesting that the Coulomb friction can be sim-

plified by using only the first term on the right-hand side of Equation 7.1 when it is used for a

particle-scale simulation of clay.

Implementation of Coulomb friction in molecular dynamics code LAMMPS

This study developed a new Coulomb friction model applicable to CGMD framework using

ellipsoidal particles. The model was implemented in the ASPHERE package of LAMMPS code

(Thompson et al., 2022) (the source code is shown inAppendix A). The new developed Coulomb

friction model is given by:

Ft = −
(
kt
∑

δt

) δ̇t∣∣∣δ̇t∣∣∣ if |Ft| < µ |Fn| and h12 ≤ hf (7.4a)

Ft = −µ |Fn|
δ̇t∣∣∣δ̇t∣∣∣ if |Ft| ≥ µ |Fn| and h12 ≤ hf (7.4b)

Ft = 0 if h12 > hf (7.4c)
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where h12 is the distance of closest approach between two particles, hf is the cut-off length of

friction. For the reasonsmentioned above, this Coulomb frictionmodel does not have a cohesion

term. Equation 7.4 differs from Equations 7.2 and 7.3 by addition of hf (more details on hf will

be given later).

Since the friction force acts at the contact point between two particles, it is necessary to first

determine the contact point. Unlike the case of spherical particles, it is not straightforward to

accurately determine the contact point between two ellipsoidal particles. Therefore, several

approximate contact calculation algorithms have been proposed (e.g. Rothenburg and Bathurst,

1991; Lin and Ng, 1995, 1997; Ting, 1992; Ting et al., 1993). In this study, the Perram-Wertheim

approach (Paramonov and Yaliraki, 2005), which is used to calculate h12 in the GB potential

function, was utilised to determine the contact point. As shown in Figure 7.5, in the Perram-

Wertheim approach, the distance connecting the sub-contact points, xc,1 and xc,2, is considered

as h12. The position vectors of the sub-contact points are given by:

xc,1 = x1 + (xc − x1)
σ12
r

(7.5)

xc,2 = x2 + (xc − x2)
σ12
r

(7.6)

where x1 and x2 are the position vectors of the centres of the two ellipsoids, xc is the position

vector of the contact point, σ12 is the Perram-Wertheim range parameter given by Equation 4.19

(see Section 4.2.2), and r is the distance between the centres of the two ellipsoids. The position

vector of the contact point xc is given by:

xc =
(
G−1

12 · r
)
G1 − x1 (7.7)

xc =
(
G−1

12 · r
)
G2 − x2 (7.8)

where G12, G1 and G2 are given by Equation 4.20 (see Section 4.2.2), and r is the centre-

to-centre vector between the two ellipsoids. When two ellipsoids are in tangent contact (i.e.

h12 = 0), the contact point (xc) and the two sub-contact points (xc,1 and xc,2) are coincident.

Since the sub-contacts on each ellipsoidal particle surface are obtained by Equations 7.5 and

7.6, it is possible to calculate an exact solution for the contact normal vector, however, it is not

trivial. Hence, in many cases, the vector connecting the sub-contact points is often regarded as

the contact normal vector (e.g. Mori and Sakai, 2022). Following this idea, in this study, the
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Figure 7.5 Contact point and sub-contact points of two ellipsoidal particles

vector connecting the sub-contact points (xc,1 and xc,2) was considered as the contact normal

vector of each ellipsoidal particle. In other words, the contact normal vector (n12) is given by:

n12 = xc,2 − xc,1 (7.9)

As shown in Equation 7.4, friction is calculated based on the cumulative contact relative dis-

placement at each contact point. To calculate the cumulative contact relative displacement, the

tangential relative velocity between two particles is required at each timestep. The tangential

component of the relative velocity due to the translational motion of the two particles is given

by:

vtt,12 = (v2 − v1)− ((v2 − v1) · n̂12) n̂12 (7.10)

where vtt,12 is the tangential component of the relative velocity of the two particles due to trans-

lational motion, n̂12 is the unit contact normal vector (n̂12 = n12/ |n12|), v1 and v2 are the trans-

lational velocities of the two particles, and the second term on the right-hand side of Equation

7.10 represents the normal component of the relative velocity due to translational motion.

The relative velocity due to the rotation of the two particles is expressed by:

vω,12 = (xc,1 − x1)× ω1 − (xc,2 − x2)× ω2 (7.11)

where ω1 and ω2 are the angular velocities of the two particles, and vω,12 is the relative velocity

due to the rotation of the two particles. The normal component of the relative velocity due to

the rotation of the two particles (vωn,12) is given by:

vωn,12 = (vω,12 · n̂12) n̂12 (7.12)
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From Equations 7.11 and 7.12, the tangential component of the relative velocity due to the ro-

tation of the two particles (vωt,12) is given by:

vωt,12 = vω,12 − vωn,12

= {(xc,1 − x1)× ω1 − (xc,2 − x2)× ω2} − (vω,12 · n̂12) n̂12 (7.13)

Since the tangential component of the relative velocity of the two particles at the contact point

(vt,12) is the sum of the translational tangential component (vtt,12) and the rotational tangential

component (vωt,12), it is given by:

vt,12 = vtt,12 + vωt,12

= δ̇t (7.14)

Friction between two ellipsoidal particles is given by Equation 7.4, whereas the normal force

(Fn) is calculated by a potential function. This frictionmodel was implemented in theASPHERE

package of LAMMPS (the source code is shown in Appendix A).
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Benchmark of friction using single particle

To verify the modified molecular dynamics code LAMMPS, in which the Coulomb friction

model expressed by Equation 7.4 was implemented, a benchmark simulation was conducted

using a spherical single particle. It should be noted that in this benchmark simulation, the par-

ticle was made spherical through input parameters to the ASPHERE package of the modified

LAMMPS. This benchmark simulation was shown by O’Sullivan and Bray (2003) to be effec-

tive in validating the implementation of contact models including friction in a DEM code. A

sphere of radius R was placed on a rigid inclined surface arranged at an angle of 45 degrees to

the horizontal plane (Figure 7.6). Then, at time 0 s, the gravitational acceleration was turned on.

The limiting friction angle between sliding and rolling is given by:

ϕlimit = tan−1

(
2

7
tan θ

)
(7.15)

where ϕlimit is the limiting friction angle, and θ is the inclination angle of the rigid plane relative

to the horizontal plane: when θ = 45°, ϕlimit = 15.95°. When the friction angle (ϕ) between the

spherical particle and the inclined plane is smaller than the limiting friction angle, the spherical

particle slides on the inclined plane, whereas, when it is larger, the spherical particle rolls on the

inclined plane. The velocity and the angular velocity of the spherical particle after time ∆t are

given by Ke and Bray (1995) as follows:

For sliding case with ϕ ≤ ϕlimit:

v = g (sin θ − cos θ tanϕ)∆t (7.16)

ω = (
5

2
g cos θ tanϕ)∆t/r (7.17)

For rolling case with ϕ > ϕlimit:

v =
5gsinθ

7
∆t (7.18)

ω =
5gsinθ

7r
∆t (7.19)

Figure 7.7 shows the variations in the velocity and angular velocity at a time of 0.2 s with the

friction angle. It was confirmed that the results from themodified LAMMPS code implementing

friction were in agreement with the theoretical values.
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Figure 7.6 Outline of benchmark simulation of friction using single spherical particle
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Figure 7.7 Results of benchmark simulation of friction using single spherical particle: (a) Rela-
tionship between velocity and friction angle, and (b) relationship between angular velocity and
friction angle
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7.5 1D compression simulations

To investigate the effect of interparticle friction on the 1D compression behaviour of clay,

CGMD simulations were carried out using the ASPHERE package of LAMMPS with friction

implemented (see Appendix A).

7.5.1 Sample preparation and simulation condition

In the 1D compression simulation, the same virtual samples as those used in Chapter 6 (see Sec-

tion 6.4.1) were used: two samples with different assumed pore fluid pH values, pH=4 (acidic)

and pH=8 (alkaline) samples, were prepared. The salt concentration of the pore fluid was as-

sumed to be 1 mM (KCl). To represent the anisotropic surface charge of kaolinite particles,

which depends on the pore fluid pH, the kaolinite particle modelling method introduced in Sec-

tion 6.3 was employed. The interactions between kaolinite particles were modelled using the

energy barrier (EB) potential function described in Section 4.3.2. The parameter sets of the EB

potential function used for each sample were shown in Table 6.3 and Table 6.4 in Chapter 6.

The relationships between the potential energy and the distance of closest approach between

two ellipsoids (h12) for the pH=4 and pH=8 samples were shown in Figure 6.3 and Figure 6.4

in Chapter 6. Kaolinite particles were modelled as ellipsoids with a diameter of 2000 nm and a

thickness of 200 nm (see Figure 5.4 in Chapter 5). At first, particles were evenly spaced at 2050

nm intervals in a cubic simulation box with a length of 45,100 nm. The number of particles

within the simulation box was 10,648 (arranged in a 22×22×22 grid). In the initial state, each

particle was assigned a random orientation, hence the distribution of particle orientations was

isotropic. Each particle was given an initial velocity based on a Gaussian distribution so that the

kinetic energy of the sample corresponded to 300 K.

Periodic boundary conditions were applied in all directions (x, y, and z). In the 1D compression

simulation, one-dimensional loading and unloading were achieved by changing the height of the

simulation box (i.e. length in the z-direction), while the dimensions of the simulation box in the

x and y directions were fixed, i.e, the cross-sectional area of the simulation box perpendicular

to the loading and unloading direction remained constant. The loading and unloading were

conducted under stress-controlled conditions, and the loading and unloading rates were set to

±2.0× 104 kPa/s in all simulations shown in this chapter to satisfy a quasi-static condition.

The friction parameters used in the simulations are shown in Table 7.1. The tangential spring
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stiffness kt was selected via preliminary simulations to be in the range of 1 kN/m < kt < 10

kN/m. It was confirmed that within this range, kt has minimal impact on the simulation results.

The four coefficients of friction (µ) were used, and the three cut-off lengths of friction (hf ) were

used to examine the impact of the friction parameters on the 1D compression behaviour of clay.

Figure 7.8 shows a schematic of hf on the relationship between potential energy and h12 for the

pH=4 and the pH=8 samples. As shown in Figure 7.8, friction is active when h12 ≦ hf and

inactive when h12 > hf . For hf = 0 nm, friction is active when h12 is smaller than the energy

well position. For hf = 200 nm, hf is the same value as the potential energy cut-off distance

(hcut), so friction is active between all interacting particle pairs.

The timestep was set to be sufficiently small, ∆t = 1 × 10−9 s, to ensure the stability of the

simulation. The effect of gravity was not considered. All simulations were performed using

the ASPHERE package, a modified version of the open-source code LAMMPS 3 March 2020

version that implemented friction (Plimpton et al., 2020; Thompson et al., 2022) (the source

code is shown in Appendix A, and the input parameter sets used in the simulations are shown

in Appendix B).

Table 7.1 DLVO parameters used in the calibration test

kt [kN/m] 1.3895
µ [-] 0.0, 0.25, 0.50, and 1.00

hf [nm] 0.0, 20.0, and 200.0
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Figure 7.8 Schematic of hf relative to the relationship between potential energy and separation
distance (Af-Sf) for the pH=4 and the pH=8 samples
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7.5.2 Simulation procedure

The 1D compression simulation procedure is illustrated in Figure 7.9. Initially, an NVE sim-

ulation was conducted to transition from the uniformly spaced initial particle arrangement to a

random configuration. Following the NVE simulation, an NPT simulation under an isotropic

pressure of 0.1 kPa was carried out to achieve a sample in equilibrium. As a result of the isotopic

compression to 0.1 kPa, the pH=4 sample had an aggregated and flocculated microfabric char-

acterised by well-developed face-to-edge associations, while the pH=8 sample had a dispersed

and deflocculated microfabric dominated by face-to-face associations (see Section 6.4.3). After

the compression of 0.1 kPa, the void ratio was e = 2.6 for the pH=4 sample and e = 1.5 for the

pH=8 sample.

After the isotropic compression with 0.1 kPa, the friction parameters were introduced, and then

the 1D compression simulations were performed. In this study, two series of 1D compression

simulations were performed:

Monotonic loading simulation: This simulation involved loading the sample until a vertical

stress of 1000 kPa was reached.

Unloading-reloading simulation: This simulation involved loading the sample up to a vertical

stress of 200 kPa, then unloading it to 10 kPa, followed by reloading from 10 kPa to 1000 kPa.

The purpose of the monotonic loading simulation was to investigate the impact of interparticle

friction parameters on mechanical behaviours (such as K0 value, compressibility, and particle

orientation) during 1D compression. The purpose of the unloading-reloading simulation was to

examine the effects of interparticle friction during the unloading-reloading cycle. Specifically,

no hysteresis was evident in the simulations without friction, so these unloading and reloading

simulations aimed to assess whether including friction might give a response that is closer to

that observed in physical systems.

In the 1D compression simulations (NPT simulations), the Nosé-Hoover barostat and thermostat

(Hoover, 1985; Nosé, 1984) were used to control the stress and temperature of the sample. The

stress was controlled only in the loading direction (i.e. z direction), and the stresses in the x and

y directions were measured. The temperature was adjusted so that the temperature of the system

(the standard deviation of fluctuations of kinetic energy) was 300 K. The damping parameters

for stress and temperature were Pdamp = 1×10−3 s and Tdamp = 1×10−9 s, respectively.
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tion parameters

273



CHAPTER 7. INFLUENCE OF INTERPARTICLE FRICTION ON 1D COMPRESSION
BEHAVIOUR OF CLAY

7.5.3 Influence of interparticle friction on mechanical response in monotonic
loading

Figure 7.10 shows the relationship between the coefficient of earth pressure at rest (K0) and

vertical stress (σ′
v) for the pH=4 samples with different coefficients of friction (µ) and differ-

ent cut-off lengths of friction (hf ). In all pH=4 samples, K0 became much smaller than 1.0

immediately after loading, and then K0 increased with increasing σ′
v. The increase in K0 be-

came gradual from a vertical stress of around 200 kPa, converging to a constant value at around

σ′
v = 500 kPa. Comparing Figures 7.10(a), (b), and (c), it can be confirmed that hf did not sig-

nificantly affect the relationship between K0 and σ′
v. Considering the effect of µ on K0, while

the frictionless sample showed K0 ≈ 1.0 at σ′
v = 1000 kPa, the other samples which included

interparticle friction showed K0 < 1.0. These samples indicated that as µ became larger, K0

became smaller.

Figure 7.11 shows the relationship between K0 and σ′
v for the pH=8 sample with different µ

and different hf values. Comparing Figures 7.11(a), (b), and (c), it can be found that hf has

a large impact on the relationship between K0 and σ′
v, unlike the case for the pH=4 samples.

When hf = 0 nm and 20 nm, K0 attained a peak (K0 = 0.9 − 1.0) at σ′
v ≈ 50 kPa. After the

peak, in the frictionless sample, K0 remained constant at about 1.0, while in the other friction-

introduced samples,K0 decreased gradually and converged to a constant value when the vertical

stress became sufficiently large (σ′
v ≈ 1000 kPa). On the other hand, when hf = 200 nm, K0

became almost constant from the early stage of loading, and K0 was less dependent on σ′
v.

Focusing on the K0 values at σ′
v = 1000 kPa, it was found that the influence of hf disappeared

and thatK0 decreased as µ increased as with the pH=4 samples.
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Figure 7.10 Relationship betweenK0 and σ′
v for pH=4 samples with different µ values
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Figure 7.11 Relationship betweenK0 and σ′
v for pH=8 samples with different µ values

Figure 7.12 shows the relationship between K0 and µ for the pH=4 samples for four hf values

at different vertical stresses (σ′
v = 200, 500, 1000 kPa). The effect of hf on K0 was not signif-

icant at any vertical stress level. Figure 7.12 clearly shows that K0 reduces with increasing µ,

however, the K0 − µ relationship is not linear.

Figure 7.13 shows the relationship between K0 and µ for the pH=8 samples with different hf
values at σ′

v = 200, 500, 1000 kPa. Similar to the pH=4 samples,K0 decreased with increasing

µ at all vertical stress levels. Comparing Figures 7.13(a), (b), and (c), it can be found that at low

σ′
v, hf had a large impact onK0, and as σ′

v increased, the impact of hf onK0 decreased. These

K0 values of the pH=8 samples were smaller than those of the pH=4 samples when comparing

them at the same hf and µ values.

Atkinson et al. (1987) showed that the experimentalK0 of kaolinite was 0.66. From Figure 7.12

and Figure 7.13, it was found that µ = 1.00 is necessary to reproduce thisK0 value.
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Figure 7.12 Relationship between K0 and µ for pH=4 samples at different stress levels (Note
that the data values for each hf are very close and the three lines for each hf overlap)
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Figure 7.13 Relationship betweenK0 and µ for pH=8 samples at different stress levels

Figure 7.14 shows the histograms of h12 for the pH=4 sample with µ = 0.50 and hf = 0 nm at

different vertical stress levels. The red bins indicate particle pairs whose h12 was smaller than

hf ; friction was acting between these particle pairs. On the other hand, the grey bins indicate

particle pairs whose h12 was larger than hf ; friction was not acting between these particle pairs.

As can be seen in Figure 7.14, the proportion of particle pairs engaging with a frictional interac-

tion (red bins) was much larger than the proportion of particle pairs whose interactions did not

involve friction (grey bins) at all vertical stress levels. This is because, as explained in Chapter

6, in the pH=4 samples, there is no energy barrier for the Af-Sf and Sf-E interactions, and their

interactions are attractive at all h12 ranges, resulting in many particle pairs being stuck around

the energy well (hew = 0 nm). In the pH=4 samples, the proportion of particle pairs whose h12
were larger than hf was very small, which may explain why the impact of hf on K0 was not

significant.

Figure 7.15 shows the histograms of h12 for the pH=8 sample with µ = 0.50 and hf = 0 nm at

different vertical stress levels. Unlike the pH=4 sample, the proportion of particle pairs inter-

acting without friction (grey bins) was relatively large at low vertical levels, and this proportion
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Figure 7.14 Histograms of separation distance between particle pairs for pH=4 samples at dif-
ferent stress level
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Figure 7.15 Histograms of separation distance between particle pairs for pH=8 samples at dif-
ferent stress level

decreased as σ′
v increased. It can be inferred that as hf increases, many frictionless particle pairs

(grey bins) turn into particle pairs interacting with friction (red bins). This means that friction

acts between more particle pairs when hf is larger. This may explain the reason why the impact

of hf on K0 was significant in the pH=8 samples.

Figure 7.16 shows the relationship between void ratio (e) and σ′
v (horizontal axis is log scale) for

the pH=4 samples with different values of µ and hf . It was found that the impact of µ on the e−

logσ′
v relationship was significant while the impact of hf was not significant. Regardless of the

hf value, as µ increased, the mechanical response became stiffer, meaning that compressibility

decreased.

Figure 7.17 shows the relationship between e and σ′
v (horizontal axis is log scale) for the pH=8

samples with different values of µ and hf . Unlike the pH=4 samples, hf influenced the e −

logσ′
v relationship. When hf was small, the impact of µ on the e − logσ′

v relationship was

very small, and almost the same e− logσ′
v relationship was obtained. On the other hand, when
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Figure 7.16 Relationship between void ratio and vertical stress for the pH=4 samples with dif-
ferent values of µ and hf
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Figure 7.17 Relationship between void ratio and vertical stress for pH=8 samples with different
values of µ and hf

hf was large, the impact of µ on the e − logσ′
v relationship became more obvious. For the

samples with the same µ value, the larger the hf , the larger the void ratio and the lower the

compressibility. The effect of µ on the e− logσ′
v relationship was not as significant as with the

pH=4 samples. However, as in the pH=4 samples, the mechanical response became stiffer and

the compressibility decreased with increasing µ.
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Figure 7.18 shows the polar histograms of particle orientation in the x-z plane (i.e. αxz, see

Equation 4.5) of the pH=4 samples at σ′
v = 1000 kPa. In the frictionless sample (µ = 0 and

hf = 0 nm), many particles were horizontal (i.e. the minor axis was vertical). In the samples

with friction, the proportion of horizontal particles increased compared to the initial state. The

proportion of the horizontal particles increased with decreasing µ. In other words, the larger µ,

the more the particle rotation was suppressed. No significant impact of hf on particle orientation

was confirmed in Figure 7.18.

Figure 7.19 shows snapshots of the pH=4 samples at σ′
v = 1000 kPa. The colour of the particles

indicates the particle orientation in the x-z plane (i.e. αxz, see Equation 4.5). The aforemen-

tioned particle orientation features in the pH=4 samples can be visually confirmed.
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Figure 7.18 Polar histograms of particle orientation in x-z plane (αxz) of pH=4 samples with
different µ and different hf at σ′

v = 1000 kPa (initial state is a snapshot of sample at 0.1 kPa)
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Figure 7.19 Snapshots of pH=4 samples with different µ and different hf at σ′
v = 1000 kPa (Ini-

tial state is a snapshot of sample at 0.1 kPa) (particles are coloured according to their orientation
in the x-z plane, αxz)
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Figure 7.20 shows the polar histograms of particle orientation in the x-z plane of the pH=8

samples at σ′
v = 1000 kPa. It was found that the proportion of horizontal particles in each

sample increased slightly compared to the initial state. This implies that the volume change in

the pH=8 sample was mainly due to a decrease in h12 rather than particle rotation. Figure 7.20

did not show any significant effect of µ and hf on the particle orientation.

Figure 7.21 shows snapshots of the pH=8 samples at σ′
v = 1000 kPa. The aforementioned

particle orientation features in the pH=8 samples can be visually confirmed.
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Figure 7.20 Polar histograms of particle orientation in x-z plane (αxz) of pH=8 samples with
different µ and different hf at σ′

v = 1000 kPa (initial state is a snapshot of sample at 0.1 kPa)
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Figure 7.21 Snapshots of pH=8 samples with different µ and different hf at σ′
v = 1000 kPa (Ini-

tial state is a snapshot of sample at 0.1 kPa) (particles are coloured according to their orientation
in the x-z plane, αxz)
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To provide more detailed information on the change in particle orientation during 1D compres-

sion, the second-order fabric tensor (Φij) of the particle orientation was introduced. Referring

to Satake (1978, 1982), Φij is defined as follow:

Φij =
1

N

N∑
k=1

nki n
k
j (7.20)

whereN is the total number of particles in the simulation box, nki and nkj are unit normal vectors

representing the particle minor axis orientation, and subscripts i and j (i, j = 1, 2, 3) indicate

the directional components of the unit normal vectors. In this study, the particle normal vector

is defined as the minor axis direction of the ellipsoid. Each component of the second-order

fabric tensor indicates the degree to which the particles are oriented in a particular direction.

For example, Φzz indicates the degree to which the particle minor axes are oriented in the z-

axis direction, and a larger Φzz means that more particle minor axes are oriented in the z-axis

direction.

Figure 7.22 shows the relationship between Φzz and σ′
v (horizontal axis is log scale) for the

pH=4 samples with different values of µ and hf . For each sample, Φzz changed gradually up to

σ′
v = 3 kPa, and the changes became larger when σ′

v was greater than 3 kPa. As σ′
v increased,Φzz

increased, meaning that the proportion of particle minor axes oriented in the vertical direction

increased with increasing σ′
v. The increase in Φzz with σ′

v was particularly prominent in the

frictionless sample (µ = 0 and hf = 0 nm), which indicates that the particle orientation in this

sample changed significantly. In the samples with friction, the increase in Φzz became smaller

as µ increased. This indicates that friction suppressed the particle rotations. Little effect of hf
on the variation of Φzz was identified.

Figure 7.23 shows the relationship between Φzz and σ′
v (horizontal axis is log scale) for the

pH=8 samples with different values of µ and hf . As an overall trend, the change in Φzz with

increasing σ′
v were not large compared to the pH=4 samples. This means that the particles in the

pH=8 samples did not rotate very much. Comparing Figures 7.23(a), (b) and (c), it was found

that the impact of µ on the change in Φzz became larger as hf increased. As shown in Figures

7.23(a) and (b), when hf was small, the effect of µ on Φzz was not significant. In contrast, as

shown in Figure 7.23(c), when hf was large, the effect of µ on Φzz was relatively significant:

the change in Φzz was smaller as µ increased. This trend was consistent with that observed in

the pH=4 samples, and it can be inferred that the larger µ, the more the particle rotation was

suppressed.
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Figure 7.22 Relationship between Φzz and vertical stress for the pH=4 samples with different
values of µ and hf
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Figure 7.23 Relationship between Φzz and vertical stress for the pH=8 samples with different
values of µ and hf
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7.5.4 Unloading-reloading behaviour

Figure 7.24 shows the unloading-reloading behaviour in the e − σ′
v plane for the frictionless

pH=4 and pH=8 samples. In Figure 7.24, “A” indicates the start of unloading (σ′
v = 200 kPa),

“B” indicates the end of unloading (the start of reloading, σ′
v = 10 kPa), and “C” indicates the

end of reloading (σ′
v = 200 kPa). The initial loading curve and the unloading curve are shown in

the blue solid line, while the reloading curve is represented by the red dashed line. For both the

pH=4 and pH=8 samples, the unloading curve (A-B curve) and the reloading curve (B-C curve)

matched perfectly. This indicates that the behaviours of these samples were completely elastic

during the unloading-reloading cycle. Such elastic unloading-reloading cycles are reproduced

by conventional constitutive models such as the Cam-clay (Roscoe et al., 1958b) and Modified

Cam-clay models (Roscoe and Burland, 1968). However, in experiments, it is well-known that

normally consolidated clays exhibit hysteresis during unloading and reloading cycle (Burland,

1990; Wood, 1990). Therefore, the behaviour of these frictionless pH=4 and pH=8 samples did

not accurately replicate physical reality. This is one of the important issues that arises from

neglecting friction in particle-scale simulations.
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Figure 7.24 Unloading – reloading behaviour on the e − σ′
v plane for (a) ph=4 sample without

friction and (b) pH=8 sample without friction; A is the start point of unloading (σ′
v = 200 kPa),

B is the end point of unloading (σ′
v = 10 kPa), and C is the end point of reloading (σ′

v = 200
kPa); initial loading curve and unloading curve are represented by blue solid line and reloading
curve is represented by red dashed line
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Figure 7.25 shows the unloading-reloading behaviour of the pH=4 samples with friction (9 cases:

µ = 0.25, 0.50, and 1.00, and hf = 0.0, 20.0, and 200.0 nm) in the e− σ′
v plane. For each sam-

ple, it was observed that introducing friction caused the unloading curve (A-B curve) and the

reloading curve (B-C curve) to follow different paths. This indicates that plastic deformation

occurred in these samples during the unloading-reloading cycle. For all pH=4 samples with fric-

tion, the reloading curve passed below the unloading curve. This type of unloading-reloading

cycle is referred as an “open hysteresis loop” in this study. Open hysteresis loops are predicted

by constitutive models that can account for plastic deformation during the reloading of overcon-

solidated clays, such as the bonding surface models (Dafalias, 1986; Dafalias and Herrmann,

1986) and the sub-loading surface model (Hashiguchi, 1989). However, open hysteresis loops

are not typically observed in experimental 1D consolidation tests on clays.

Figure 7.26 shows the unloading-reloading behaviour of the pH=8 samples with friction (9 cases:

µ = 0.25, 0.50, and 1.00, and hf = 0.0, 20.0, and 200.0 nm) in the e − σ′
v plane. Similar

to the pH=4 samples, introducing friction resulted in different paths for the unloading curve

(A-B curve) and the reloading curve (B-C curve). However, unlike the pH=4 samples, for all

pH=8 samples with friction, the reloading curve passed above the unloading curve. This type

of unloading-reloading cycle is referred as a “closed hysteresis loop” in this study. Closed hys-

teresis loops are more reflective of the unloading-reloading behaviour commonly observed in

experiments and can be replicated using more advanced constitutive models that consider the

plastic deformation occurring during both unloading and reloading, such as the MIT-E3 consti-

tutive model (Whittle, 1993; Whittle and Kavvadas, 1994).
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Figure 7.25 Unloading – reloading behaviour on the e−σ′
v plane for pH=4 samples with friction
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Figure 7.26 Unloading – reloading behaviour on the e−σ′
v plane for pH=8 samples with friction
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Variation in interparticle separation distance during the unloading-reloading cycle

Figures 7.27 and 7.28 show the histograms of h12 at three points (A, B, and C) for the frictionless

pH=4 and pH=8 samples. These three points (A, B, and C) correspond to the points shown in

Figure 7.24. The red bins in the histogram represent particle pairs whose h12was smaller than the

position of the energy barrier (i.e. inside the energy barrier), while the grey bins represent those

whose h12 was larger than the position of the energy barrier (i.e. outside the energy barrier).

The mean and median values of the h12 distributions within and outside the energy barrier are

also shown in the histograms.

In the pH=4 sample, compared to the pH=8 sample, a higher proportion of particle pairs were

within the energy barrier (i.e. red bins). However, both samples showed similar changes in h12
distributions during the unloading-reloading cycle. Focusing on the mean and median values

shown in each histogram, it was evident that these values increased during unloading (A→B).

For particle pairs within the energy barrier, the mean and median values approached almost

zero for both samples after unloading (B). This is because the energy well is located at the

zero-separation distance, indicating that the particle pairs within the energy barrier stabilized

within the energy well. During reloading (B→C), the mean and median values both inside and

outside the energy barrier decreased. Comparing points A and C, their histograms were almost

identical, and their mean and median values were also nearly the same. This suggests that during

the unloading-reloading cycle, the change in h12 were reversible.

This reversible behaviour is also evident from the relationship between potential energy and

vertical stress. Figure 7.29 shows the relationship between potential energy and vertical stress.

For both frictionless pH=4 and pH=8 samples, it was observed that the potential energy followed

the same path during unloading and reloading. Since potential energy is a function of h12, it can

be inferred that the distribution of h12 was approximately the same at points A and C.
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Figure 7.27 Histograms of interparticle separation distance of pH=4 sample without friction
during unloading-reloading cycle
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Figure 7.28 Histograms of interparticle separation distance of pH=8 sample without friction
during unloading-reloading cycle
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Figure 7.29 Variations in potential energy against vertical stress of (a) pH=4 sample and (b)
pH=8 sample without friction during unloading-reloading cycle
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Figures 7.30 and 7.31 show histograms of h12 at three points (A, B, and C) for the pH=4 and

pH=8 samples with µ = 1.00 and hf = 0.0. Similar to the frictionless samples, during unload-

ing (A→B), the mean and median values of the h12 distributions both inside and outside the

energy barrier increased, and during reloading (B→C), those values decreased. However, when

comparing points A and C, it was found that the mean and median values of the h12 distributions

did not fully recover during the unloading-reloading cycle. Although the mean and median val-

ues of the h12 distributions for particle pairs within the energy barrier showed almost the same

values at points A and C, those for particle pairs outside the energy barrier at point C were larger

than at point A. In other words, h12 for particle pairs outside the energy barrier increased during

the unloading-reloading cycle.
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Figure 7.30 Histograms of interparticle separation distance of pH=4 sample with friction during
unloading-reloading cycle
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Figure 7.31 Histograms of interparticle separation distance of pH=8 sample with friction during
unloading-reloading cycle
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Figure 7.32 shows the relationship between potential energy and vertical stress during the

unloading-reloading cycle for both the pH=4 and pH=8 samples. It was observed that the po-

tential energy during reloading was lower than during unloading. This is another indicator that

h12 between particles increased during the unloading-reloading cycle.

Figure 7.33 is a schematic diagram of the unloading-reloading cycle behaviour in the relationship

between the potential energy and h12. For particle pairs inside the energy barrier, the potential

energy decreased and h12 increased with the start of unloading (point A). At the end of unloading

(point B), these particles stabilize near the energy well. During reloading, the potential energy

increases and h12 decreases, and they finally recover to almost the same values at the start of

unloading (point A). In contrast, for particle pairs outside the energy barrier, the potential energy

decreases and h12 increases with the start of unloading (point A). At the end of unloading (point

B), these particles stabilize at positions where the internal and external forces balance. Although

the potential energy increases and h12 decreases during reloading, these values do not recover

to the same values at point A. Comparing the potential energy at points A and C, that at point C

is lower than that at point A, i.e. h12 at point C is larger than that at point A.
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Figure 7.32 Variations in potential energy against vertical stress of (a) pH=4 sample and (b)
pH=8 sample with friction during unloading-reloading cycle
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Variation in orientation during the unloading-reloading cycle

Despite the increase in h12, the pH=4 samples showed an open hysteresis loop, i.e. the volume

of the sample at point C was smaller than that at point A. This is likely due to changes in particle

orientation during the unloading-reloading cycle.

Figures 7.34 and 7.35 illustrate the polar histograms of particle orientations in the x-z plane

(i.e. αxz, see Equation 4.5) at three points (A, B, and C) for the frictionless pH=4 and pH=8

samples, respectively. In both the pH=4 and pH=8 samples, no significant changes in the parti-

cle orientations during the unloading-reloading cycle (A→B→C) were observed in these polar

histograms.

Figure 7.36 shows the relationship betweenΦzz (one of the fabric tensor components, see Equa-

tion 7.20) and σ′
v for the frictionless pH=4 and pH=8 samples. For both the pH=4 and pH=8

samples, the Φzz curves during unloading (A→B) and reloading (B→C) completely coincided.

In the pH=4 sample, Φzz remained almost constant throughout the unloading-reloading cycle,

indicating a minimal change in particle orientation. On the other hand, in the pH=8 sample, as σ′
v

decreased, Φzz decreased (i.e. the particle orientation distribution became more random) during

unloading. However, this change in particle orientation in the pH=8 sample was reversible (i.e.

Φzz recovered to the same value during reloading).

Thus, in the frictionless pH=4 and pH=8 samples, the changes in particle orientation during the

unloading-reloading cycle were reversible.
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(a) A: =200 kPa (pH=4, =0.0, =0) (b) B: =10 kPa (pH=4, =0.0, =0) (c) C: =200 kPa (pH=4, =0.0, =0)
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Figure 7.34 Polar histograms of particle orientations in the x-z plane (αxz) during unloading-
reloading cycle for the pH=4 sample without friction

(a) A: =200 kPa (pH=8, =0.0, =0) (b) B: =10 kPa (pH=8, =0.0, =0) (c) C: =200 kPa (pH=8, =0.0, =0)
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Figure 7.35 Polar histograms of particle orientations in the x-z plane (αxz) during unloading-
reloading cycle for the pH=8 sample without friction
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Figure 7.36 Variations in Φzz against vertical stress during unloading-reloading cycle for (a)
pH=4 sample without friction and (b) pH=8 sample without friction
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Figures 7.37 and 7.38 illustrate the polar histograms of particle orientations in the x-z plane

(i.e. αxz, see Equation 4.5) at three points (A, B, and C) for the pH=4 and pH=8 samples with

µ = 1.00 and hf = 0.0 nm. These figures show that the particle orientation in both the pH=4

and pH=8 samples did not change significantly during the unloading-reloading cycle, similar to

the frictionless samples.

Figure 7.39 shows the relationship between Φzz and σ′
v for the pH=4 and pH=8 samples with

µ = 1.00 and hf = 0.0 nm. For both samples, the Φzz curves followed different paths dur-

ing unloading (A→B) and reloading (B→C). In the pH=4 sample, Φzz increased during the

unloading-reloading cycle, and Φzz at point C was larger than that at point A. This indicates that

through the unloading-reloading cycle, the particle orientation in the pH=4 sample became more

ordered, with more particles aligning their orientations in the loading direction. In contrast, for

the pH=8 sample, the Φzz curve in reloading (B→C) passed slightly below the Φzz curve in

unloading (A→B). However, when comparing Φzz value at points A and C, they were almost

the same. Therefore, in the pH=8 sample, it can be inferred that there was little difference in the

particle orientation between points A and C.

Comparing the Φzz − logσ′
v relationship (Figure 7.39) and the e− logσ′

v relationship (Figures

7.25 and 7.26), a clear correlation between Φzz and e was observed: when e increased, Φzz

decreased, while when e decreased, Φzz increased. This observation indicates that the change in

particle orientation plays an important role in the change in void ratio (i.e. volumetric change).
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(a) A: =200 kPa (pH=4, =1.0, =0) (b) B: =10 kPa (pH=4, =1.0, =0) (c) C: =200 kPa (pH=4, =1.0, =0)
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Figure 7.37 Polar histograms of particle orientations in the x-z plane (αxz) during unloading-
reloading cycle for the pH=4 sample with friction (µ = 1.00 and hf = 0.0 nm)

(a) A: =200 kPa (pH=8, =1.0, =0) (b) B: =10 kPa (pH=8, =1.0, =0) (c) C: =200 kPa (pH=8, =1.0, =0)
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Figure 7.38 Polar histograms of particle orientations in the x-z plane (αxz) during unloading-
reloading cycle for the pH=8 sample with friction (µ = 1.00 and hf = 0.0 nm)
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Figure 7.39 Variations in Φzz against vertical stress during unloading-reloading cycle for (a)
pH=4 sample with friction and (b) pH=8 sample with friction (µ = 1.00 and hf = 0.0 nm)
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Figure 7.40 presents a schematic diagram of the volumetric changes in the pH=4 sample with

friction during the unloading-reloading cycle, caused by changes in particle orientation. In the

pH=4 sample, Φzz increased during the unloading-reloading cycle, leading to a more orderly

particle orientation. In the context of 1D compression with ellipsoidal particles, an increase

in Φzz corresponds to an increase in face-to-face associations, causing the sample to become

denser. Therefore, it is considered that the void ratio decreased during the unloading-reloading

cycle in the pH=4 sample, even though h12 increased.

To verify this idea, another 1D compression simulation was conducted on the pH=4 sample

with µ = 1.00 and hf = 0.0 nm. In this simulation, particle rotation was allowed during the

initial loading but was fixed during the unloading-reloading cycle to prevent changes in particle

orientation. The relationship between e and σ′
v obtained from this simulation is shown in Figure

7.41. As expected, the pH=4 sample with fixed particle rotation exhibited a closed hysteresis

loop. This indicates that when particle rotation was fixed, the sample did not undergo volumetric

contraction due to changes in particle orientation. The sample experienced a volume increase

due to the increase in h12 as shown in Figure 7.33.

A: Unloading C: Reloading

Figure 7.40 Schematic diagram of the volumetric changes in the pH=4 sample with friction
during the unloading-reloading cycle
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Discussion

The data from the simulations presented here indicate that the volume change during an

unloading-reloading cycle is caused by a balance between the volume-increasing behaviour

caused by the increase in particle separation distance and the volume-decreasing behaviour

caused by the change in particle orientation.

In the pH=4 sample, the volume-decreasing behaviour caused by changes in particle orientation

was significant. On the other hand, the volume-increasing behaviour due to the increase in par-

ticle separation distance during unloading-reloading cycle was less. Accordingly, the volume-

decreasing behaviour was more significant than the volume-increasing behaviour in the pH=4

sample, resulting in an open hysteresis loop.

In the pH=8 sample, the volume-increasing behaviour due to the increase in particle separation

distance was significant, whereas, due to the dense nature of the sample, there was a minimal

volume-decreasing resulting from changes in particle orientation. Accordingly, the volume-

increasing behaviour was more significant than the volume-decreasing behaviour in the pH=8

sample, resulting in a closed hysteresis loop.

However, in laboratory experiments, even kaolinite samples saturated with acidic water usually

show a closed hysteresis loop, which contradicts our simulation results. These discrepancies

may be related to the fact that the virtual sample was created under very simplified conditions

(e.g. mono-disperse sample, no heterogeneity in the assumed surface charges, etc.).
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7.6 Summary and conclusions

This chapter implemented an interparticle friction model in the ASPHERE package of the open-

source molecular dynamics code LAMMPS to investigate the influence of interparticle friction

on the 1D compression behaviour of kaolinite.

Previous particle-scale simulations of clay have shown that the Coulomb friction model with a

tangential spring and a slider, which is commonly used for particle-scale simulations of sand,

can reproduce the fundamental 1D compression and shear properties of clay. In this study, the

cut-off length of friction, which specifies the range of distances between particles over which

friction acts, was introduced to the Coulomb friction model.

The 1D compression simulations were conducted using the LAMMPS codewith the interparticle

friction model. The results of the 1D compression simulations showed that although the K0

value became 1.0 (i.e. the stress tensor was isotropic) if interparticle friction was not considered,

the K0 value became less than 1.0 (i.e. the stress tensor was anisotropic) when interparticle

friction was simulated. They also showed that the K0 value decreased (i.e. the stress tensor

anisotropy increases) as the coefficient of friction increased. In these simulations, theK0 value

depended on the vertical stress and converged to a constant value as the vertical stress increased.

This chapter also investigated the influence of interparticle friction on the unloading-reloading

behaviour during 1D compression. The simulation results identified that the primary cause of

the hysteresis observed on the e − logσv plane during the unloading-reloading cycle was the

interparticle friction. The volumetric change during the unloading-reloading cycle was shown

to be a balance between volume-increasing due to increasing interparticle separation distances

and volume-decreasing resulting from changes in particle orientation.
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8 Influence of interparticle friction on triaxial
compression behaviour of clay

8.1 Introduction

Triaxial compression tests are used to determine the shear strength (i.e. cohesion and friction an-

gle) of clay and to understand its mechanical response. In general, when a normally consolidated

clay is sheared, it exhibits a strain-hardening behaviour, meaning that the shear stress gradually

increases as the shear deformation progresses. After that, even if the shear deformation proceeds

further, the shear stress does not change significantly and reaches a constant value. The shear

response of clays is known to be stress-dependent; the shear strength and stiffness increase with

increasing confining pressure. Additionally, the shear response of clay is influenced by the clay

microfabric (Sachan and Penumadu, 2007; Sachan, 2007).

In this Chapter, triaxial compression simulations are performed using the LAMMPS code with

friction implemented (see Chapter 7 andAppendix A) to investigate whether particle-scale simu-

lations can reproduce the mechanical responses observed in experiments. Note that this Chapter

focuses on the normally consolidated clay behaviours. Section 8.2 describes the virtual sample

preparation, the simulation conditions and procedure. Section 8.3 validates the ability of the

modified LAMMPS with friction to accurately capture drained triaxial compression behaviour

using the face-centred cubic (FCC) structure with uniform particles. Section 8.4 reports on

drained triaxial compression tests conducted on two samples with different microfabrics, i.e.

pH=4 (acidic) and pH=8 (alkaline) samples. The initial focus is on whether particle-scale sim-

ulations can reproduce the fundamental behaviour expected for normally consolidated clays.

Then, a parametric study on the friction parameters is performed to examine their influence on

shear behaviour. Section 8.4 also examines the relationship between the friction angle at the

critical state and the K0 values obtained from the 1D compression simulations. Section 8.5

summarises the findings of the research presented in this Chapter.
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8.2 Sample preparation, simulation condition and simulation procedure

In the drained triaxial compression simulations, similar to the 1D compression simulations, two

virtual samples assuming pH=4 (acidic) and pH=8 (alkaline) pore fluid were used. The prepa-

ration of these virtual samples was detailed in Section 7.5.1. Each sample contained 10,648

particles. The cut-off length for friction (hf ) was zero for simplicity (see Figure 7.8 (a) and

(d)), and three different coefficients of friction were used (i.e. µ = 0.25, 0.50, and 1.00). The

tangential spring stiffness used was the value given in Table 7.1 (i.e. kt = 1.3895 kN/m).

Figure 8.1 illustrates the simulation procedure. After the pre-compression phase, friction was

introduced, and then an isotropic compression simulation (NPT simulation) was performed to

achieve the prescribed confining pressure. Figure 8.2 shows the relationship between the void

ratio (e) and the mean effective stress (p′) obtained from the isotropic compression simulation

(the horizontal axis is a log scale). The 1D compression is also shown in Figure 8.2. The e −

log p′ relationships in the isotropic compression simulations were quite similar to the e− logσ′
v

relationships from the 1D compression simulations.

After the isotropic compression simulation, drained triaxial compression simulations were con-

ducted using the NPT ensemble. Three different confining pressures (300, 400, and 500 kPa)

were used. Periodic boundary conditions were applied in all directions (i.e. x, y, and z direc-

tions). The sample was compressed in the z direction at a strain rate of 2.0×102 s−1 to satisfy the

quasi-static condition. The Nosé-Hoover barostat and thermostat (Nosé, 1984; Hoover, 1985)

were used to control the stress and the temperature of the sample during the drained triaxial

compression simulation. The stresses in the x and y directions were maintained constant at the

specified confining pressure (the stress in the z-direction was not controlled). The system tem-

perature was controlled to be 300 K. Damping parameters for stress and temperature were set

to Pdamp = 1×10−3 s and Tdamp = 1×10−9 s, respectively. The timestep was sufficiently

small, ∆t = 1×10−10 s to ensure the stability of the simulation. Gravity was not considered.
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8.3 Validation of the modified LAMMPS in triaxial compression sim-
ulations

The ability of the modified LAMMPS with friction to accurately capture drained triaxial com-

pression behaviour can be evaluated by shearing a face-centred-cubic (FCC) structure composed

of uniform spheres. This test case was adopted in the validation of PFC3D (Itasca Consulting

Group, 2007) and it is discussed in Thornton (1979) and Barreto (2009). The response of this

lattice packing differs from the response of real soil, however, it is a useful test case for particle-

based simulations as the overall strength can be predicted analytically. For these reasons, the

interaction model use new friction implementation developed in this study with spherical parti-

cles rather than the ellipsoidal particles considered in the remainder of this thesis.

Figure 8.3(a) illustrates an example of an FCC structure. Focusing on a single sphere within the

FCC structure, one sphere is in contact with 12 neighbouring spheres in the initial state. Figure

8.3(b) shows the contact points of a single sphere in the x-z plane. Here, considering symmetry,

the six contact points (P, Q, R, S, T, and U) are shown. The other six contact points are located

directly opposite to P, Q, R, S, T, and U. The FCC structure breaks under the z axial compression.

Upon failure, the contact points T and U are lost, reducing the number of spheres that one sphere

contacts from 12 to 8. Under the constant confining pressure condition, when the FCC structure

is subjected to axial compression, the theoretical peak strength can be calculated based on force

equilibrium. The theoretical peak value is given by the following equation, as an effective stress

ratio (Rowe, 1962).
σ′
v

σ′
h

= tan(63.5°) tan(45.0°+ ϕ) (8.1)

where σ′
v is the vertical stress and σ′

h is the horizontal stress (the prescribed confining pressure),

ϕ is the interparticle friction angle. Since µ = tan(ϕ), Equation 8.1 can be rewritten as follows:

σ′
v

σ′
h

= tan(63.5°)
tan(45.0°) + tan(ϕ)
1− tan(45.0°) tan(ϕ)

≃ 2(1 + µ)

1− µ
(8.2)

Figure 8.4(a) compares the peak strength obtained from the simulation with the theoretical peak

value calculated by Equation 8.2. In this simulation, the coefficient of friction was set to be

µ = 0.50 and the confining pressure was σ′
h = 100 kPa. The peak strength obtained from the

simulation matched the theoretical value. Additionally, Figure 8.4(b) shows the relationship be-

tween axial strain and coordination number (the number of contacts per particle) obtained from
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the simulation. At failure (when the stress ratio reached its peak), the coordination number de-

creased from 12 to 8. These observations agreed with Otsubo et al. (2017) who conducted DEM

triaxial compression simulations for a FCC sample using the Hertz Mindlin contact model..

The validation was also conducted using ellipsoidal particles. Figure 8.5 shows a lattice struc-

ture similar to FCC using ellipsoidal particles with a particle aspect ratio of 10. If the contact

algorithm described in Section 7.4 is used, the theoretical peak strength given by Equation 8.2

can be applied to this FCC-type structure using ellipsoidal particles. Figure 8.5 compares the

stress ratio obtained from the simulation with the theoretical value. In this simulation, the same

conditions were used as in the same of sphere particles (i.e. σ′
h = 100 kPa, and µ = 0.50). The
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peak strength obtained from the simulation matched the theoretical value.
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8.4 Results of triaxial compression simulations

8.4.1 Mechanical response of particle-scale simulation of clay in triaxial compres-
sion

Clearly establishing that the mechanical response obtained by particle-scale simulation captures

characteristic elements of clay behaviour is crucial to support the use of particle-scale simulation

in geotechnical engineering. The mechanical response of clay is non-linear, and its stiffness

decreases during shear deformation. Furthermore, the mechanical behaviour of clays is stress

level dependent, with an increase in the confining pressure leading to an increase in the deviatoric

stress. This section examines whether the macro-scale mechanical behaviour obtained from

particle-scale shear simulations can capture the key elements of themechanical behaviour of clay

observed in the laboratory. The pH=4 sample (flocculated sample) and pH=8 sample (dispersed

sample) with µ = 1.00 were used for drained triaxial compression simulations.

Figure 8.6 shows the mechanical responses in the drained triaxial compression simulations at

three confining pressures (σ′
3 = 300, 400, and 500 kPa; σ′

3 is the minimum principal stress) for

the pH=4 and pH=8 samples with µ = 1.00. Figure 8.6(a) and (b) show the relationship between

deviatoric stress (q = σ′
1 − σ′

3; σ′
1 is the maximum principal stress) and the axial strain (εa). In

both samples, the effect of confining pressure on the stress-strain behaviour of clay conforms

to what would be expected for clay. As the confining pressure increased, the stiffness and the

shear strength increased. Additionally, as εa increased, q converged to a constant value, meaning

that it reached the critical state. Figure 8.6(c) and (d) show the relationship between deviatoric

stress normalized by the mean effective principal stress (q/p′) and the axial strain (εa). q/p′ was

less affected by confining pressure and followed a similar path regardless of confining pressure,

although some effect of confining pressure was observed as εa increased in the pH = 8 sample.

q/p′ converged to a constant value as εa increased (critical state).
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Figure 8.6 Mechanical responses in the drained triaxial compression simulations

The following focuses on the effect of the microfabric on the triaxial compression behaviour,

i.e. the different mechanical behaviour observed in the pH=4 and pH=8 samples. As shown in

Figure 8.6(a), for the pH=4 sample, q increased with increasing εa and reached the critical state

without attaching a peak strength. In other words, the pH=4 sample exhibited strain-hardening

behaviour. As can be seen from the volumetric strain (εv)−axial strain (εa) relationship shown in

Figure 8.6(e), the triaxial compression simulation on the pH=4 sample showed ductile behaviour

with volumetric contraction. On the other hand, as shown in Figure 8.6(b), the pH=8 samples

exhibited a stiff response initially until it reached the peak strength (strain hardening) and then

q decreased (strain softening) and reached the critical state. As can be seen from the εv − εa
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relationship shown in Figure 8.6(f), for the pH=8 sample, volume contraction occurred up to a

strain level of about 1%, after which the sample experienced volumetric dilation as the strain

increased.

Figure 8.7 shows the mechanical responses in drained triaxial compression experiments on

kaolinite with two different microfabrics, flocculated and dispersed, conducted by Sachan and

Penumadu (2007). As shown in Figure 8.7(a) and (c), the flocculated sample exhibited strain-

hardening behaviour with volume contraction. This behaviour was in good agreement with

that observed in particle-scale simulations using the pH=4 sample (see Figure 8.6(a), (c) and

(e)). On the other hand, as shown in Figures 8.7(b) and (d), the dispersed sample showed vol-

ume contraction behaviour until the peak strength occurred, but after the peak strength was

mobilized the sample dilated. These behaviours were partly consistent with the particle-scale

simulations of the pH=8 sample, however, there were some differences; the particle-scale sim-

ulations using the pH=8 sample changed from volume contraction to volume dilation at strain

levels considerably lower than the peak strength. In other words, the particle-scale simulation

initially showed strain-hardening with volume contraction, then strain-hardening with volume

dilation, and finally strain-softening with volume dilation after the peak strength. The laboratory

test using the dispersed sample showed strain-hardening with volume contraction and after the

peak strength strain-hardening with volume dilation (i.e. strain-hardening with volume dilation

was not observed). The other difference was that the particle-scale simulation using the pH=8

sample generated a much larger volume dilation than the dispersed sample in the laboratory

test. These differences between the particle-scale simulation and the laboratory test perhaps

can be attributed to the fact that the pH = 8 sample was a mono-dispersed sample with uniform

ellipsoids and that the interaction of the pH = 8 sample was not calibrated to the experimental

conditions used in Sachan and Penumadu (2007).

Thus, it is confirmed that the drained triaxial compression behaviour obtained from the particle-

scale simulations can generally, at least qualitatively, capture the overall mechanical behaviour

observed in laboratory tests.
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Figure 8.7 Mechanical responses in the drained triaxial compression tests of kaolinite with dif-
ferent microfabrics (flocculated and dispersed samples) conducted by Sachan and Penumadu
(2007)
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8.4.2 Effect of interparticle friction on triaxial compression behaviour

In this section, the effect of interparticle friction on the triaxial compression behaviour of clays

is explored through the parametric studies in which the coefficient of friction (µ) is varied.

Macro-scale behaviour

Figure 8.8 shows the q − εa relationship during triaxial compression for the pH=4 samples for

three values of µ (µ = 0.25, 0.50 and 1.00) and three values of confining pressure (σ′
3 = 300,

400, and 500 kPa). In all cases, q converged to a constant value at an axial strain of approxi-

mately 30% (i.e. their stress state reached a critical state). All the pH=4 samples exhibited strain

hardening and did not show a peak strength. This deviatoric stress behaviour was consistent with

that often observed in normally consolidated clay (remoulded clay). Additionally, in all cases,

q increased as the confining pressure increased. Focusing on the effect of µ, it was found that

the q − εa relationship for the pH=4 samples was significantly influenced by µ, i.e. q increased

as µ increased.

Figure 8.9 presents the q − εa relationship for the pH=8 samples. q increased with increasing

the confining pressure. Compared to the pH=4 samples, the pH=8 samples required a higher

strain level to reach a critical state, i.e. q converged to a constant value at εa = 60-65%. When

compared to the pH=4 samples with the same µ value and the same confining pressure, the pH=8

samples exhibited a higher q value. For the pH=8 samples, the effect of the µ value on the q−εa
relationship was pronounced. When µ was small (the sample with µ = 0.25, see Figure 8.9(a)),

the pH=8 sample exhibited strain hardening behaviour, reaching a critical state without a peak

strength. In contrast, when µ was large (the sample with µ = 1.00, see Figure 8.9(c)), the pH=8

sample showed strain-hardening behaviour in the early stages of shear, reached a peak strength at

εa ≃ 10%, and then exhibited strain-softening behaviour. This mechanical response resembled

that observed in overconsolidated clays, even though the pH=8 samples were assumed to be

normally consolidated. For the pH=8 sample with µ = 0.50 shown in Figure 8.9(b), the q − εa

relationship showed an intermediate behaviour between those with µ = 0.25 and µ = 1.00.

The sensitivity of the response to pH may be attributed to differences in microfabric dependent

on pore fluid pH, as indicated by Sachan and Penumadu (2007), who showed that kaolinite

sampleswith a dispersedmicrofabric and thosewith a flocculatedmicrofabric exhibited different

shear behaviour in drained triaxial compression tests (see Figure 8.7).
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Figure 8.8 Deviatoric stress – axial strain relationship in triaxial compression simulation for
pH=4 samples
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Figure 8.9 Deviatoric stress – axial strain relationship in triaxial compression simulation for
pH=8 samples

Figure 8.10 shows the Mohr’s stress circle and the Mohr-Coulomb failure envelope (black

dashed line) for the pH=4 samples when they reached a critical state (i.e. at 30% axial strain).

At a critical state, the cohesion was zero and the shear strength of clay depended on only the

internal friction angle (ϕ′
cr). The ϕ′

cr value increased as the µ value increased: ϕ′
cr = 10.36° for

µ = 0.25, ϕ′
cr = 14.86° for µ = 0.50, ϕ′

cr = 20.20° for µ = 1.00.

Figure 8.11 shows the Mohr’s stress circle for the pH=8 samples when they reached a critical

state (i.e. at 60-65% axial strain). Similar to the pH=4 sample, at a critical state, the cohesion

was zero and the shear strength of the clay depended solely on ϕ′
cr. ϕ′

cr varied depending on the

µ value: ϕ′
cr = 15.28° for µ = 0.25, ϕ′

cr = 19.01° for µ = 0.50, ϕ′
cr = 21.20° for µ = 1.00.

Figure 8.12 shows the variation in ϕ′
cr with µ. The ϕ′

cr value for the pH=8 sample was larger

than that for the pH=4 sample when comparing them at the same µ value. However, as the µ

increased, the difference in the ϕ′
cr value between the pH=4 and pH=8 samples decreased. For

instance, at µ = 1.00, the difference in the ϕ′
cr value between the pH=4 and pH=8 samples

was only about 1°, while at µ = 0.25, the difference was about 5°. Figure 8.12 includes the
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Figure 8.10 Mohr’s circle when deviatoric stress reached a steady state for pH=4 samples
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Figure 8.11 Mohr’s circle when deviatoric stress reached a steady state for pH=8 samples

result of the DEM triaxial compression simulations of sand using spherical particles conducted

by Huang (2014). Huang (2014) demonstrated that increasing µ beyond a certain value did

not significantly affect ϕ′
cr. Huang (2014) also demonstrated that the maximum ϕ′

cr observed

in his DEM simulations was approximately 20°. This value aligned closely with the ϕ′
cr value

observed for pH=4 and pH=8 samples with µ = 1.00.

315



CHAPTER 8. INFLUENCE OF INTERPARTICLE FRICTION ON TRIAXIAL
COMPRESSION BEHAVIOUR OF CLAY

0

5

10

15

20

25

0.00 0.25 0.50 0.75 1.00
Φ
’ c

r
[d

eg
.]

μ [-]

pH=4
pH=8
Huang (2014)

Figure 8.12Variation of internal friction angle at critical state (ϕ′
cr) with the coefficient of friction

(µ) (adopted from Huang (2014)). Note that Huang’s dataset was developed using spherical
particles while the pH=4 and the pH=8 samples used ellipsoidal particles.

Figures 8.10 and 8.11 also include the M values calculated from the internal friction angle.

M represents the slope of the critical state line on the q − p′ plane, and in triaxial compression

conditions, it is calculated using the following equation derived from the Mohr-Coulomb failure

criterion:

M =
6 sinϕ′

cr

3− sinϕ′
cr

(8.3)

Hattab (2011) showed that the typical M value for actual kaolinite was approximately 1.0, and

Sachan (2005) indicated that the M value for a flocculated kaolinite was 1.05 while that for

a dispersed kaolinite was 1.0. That is, M should be approximately 1.0 for kaolinite. For the

pH=4 and pH=8 samples with µ = 0.25 and µ = 0.50, the M values were much smaller than

1.0. For the pH=4 and pH=8 samples with µ = 1.00, the M values were around 0.8, which

became close to the M value observed in the laboratory tests. This result indicates that, using

the simulation framework presented here, µ ≃ 1.0 is required to reproduce the shear behaviour

of actual kaolinite. This µ value approximately corresponded to what was needed to reproduce

theK0 value of actual kaolinite (i.e. µ ≃ 1.0, see Figure 7.12 and Figure 7.13 in Chapter 7).

Figure 8.13 illustrates the volumetric change (variation in volumetric strain and void ratio) of

pH=4 samples with εa. All pH=4 samples exhibited a decrease in volume with increasing εa,

i.e. the pH=4 samples showed contractive behaviour. For the pH=4 sample with µ = 1.00, the

volume change reached a constant value at εa ≃ 20%, and no further volume change occurred

despite the increase in εa (i.e. the sample reached a critical state in volumetric change). However,

for the pH=4 samples with µ = 0.25 and µ = 0.50, the volume continued to decrease as εa
increased. Although the simulations were conducted up to εa = 70%, the pH=4 samples with

µ = 0.25 and µ = 0.50 did not reach a constant volume.

316



8.4. RESULTS OF TRIAXIAL COMPRESSION SIMULATIONS

1.40

1.45

1.50

1.55

1.60

1.65

1.70

0 5 10 15 20 25 30

V
oi

d 
ra

tio
, e

[-
]

Axial strain, εa [%]

300 kPa
400 kPa
500 kPa

0

2

4

6

8

10

12
0 5 10 15 20 25 30

V
ol

um
et

ric
 s

tr
ai

n
, ε

v
[%

]

Axial strain, εa [%]

300 kPa
400 kPa
500 kPa

1.20

1.25

1.30

1.35

1.40

1.45

1.50

0 5 10 15 20 25 30

V
oi

d 
ra

tio
, e

[-
]

Axial strain, εa [%]

300 kPa
400 kPa
500 kPa

0

2

4

6

8

10

12
0 5 10 15 20 25 30

V
ol

um
et

ric
 s

tr
ai

n,
 ε

v
[%

]

Axial strain, εa [%]

300 kPa
400 kPa
500 kPa

1.00

1.05

1.10

1.15

1.20

1.25

1.30

1.35

0 5 10 15 20 25 30

V
oi

d 
ra

tio
, e

[-
]

Axial strain, εa [%]

300 kPa
400 kPa
500 kPa

0

2

4

6

8

10

12
0 5 10 15 20 25 30

V
ol

um
et

ric
 s

tr
ai

n,
 ε

v
[%

]

Axial strain, εa [%]

300 kPa
400 kPa
500 kPa

(a) (pH=4, volumetric strain) (b) (pH=4, volumetric strain) (c) (pH=4, volumetric strain)

(d) (pH=4, void ratio) (e) (pH=4, void ratio) (f) (pH=4, void ratio)

Figure 8.13 Variation in sample volume against axial strain for pH=4 samples; (a)-(c) volumetric
strain – axial strain relationship, (d)-(e) void ratio – axial strain relationship
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Figure 8.14 Variation in sample volume against axial strain for pH=8 samples; (a)-(c) volumetric
strain – axial strain relationship, (d)-(e) void ratio – axial strain relationship
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On the other hand, as shown in Figure 8.14, for the pH=8 samples, the volume reached a constant

value at εa ≃ 60%, regardless of the µ value used. Unlike the pH=4 samples, the pH=8 samples

exhibited a slight contractive behaviour at the initial stages of shearing and then showed a dilative

behaviour until reaching a constant value. The volumetric strain was relatively large, being

approximately εv = 10% for µ = 0.25, εv = 16% for µ = 0.50, and εv = 25% for µ = 1.00 at

the critical state.

Figures 8.15 and 8.16 compare the normal compression lines (NCL) obtained from the isotropic

and 1D compression simulations (See Figure 8.2) and the critical state lines (CSL) obtained from

the drained triaxial compression simulations, on the e−log p′ plane for pH=4 and pH=8 samples.

As shown in Figure 8.15, for the pH=4 sample with µ = 1.00, the CSL was positioned below the

NCL. This trend was consistent with the behaviour typically observed in normally consolidated

clays in laboratory tests. On the other hand, as illustrated in Figure 8.16, for the pH=8 samples,

the CSLwas located above the NCL, indicating behaviour akin to that of overconsolidated clays,

which differs from the typical behaviour of normally consolidated clays.

In both the pH=4 and pH=8 samples, the CSLs and theNCLswere almost parallel. This tendency

was consistent with the assumptions introduced in the critical state soil mechanics (Schofield

and Wroth, 1968).

The most important finding in the drained triaxial compression simulations is that a critical state

was observed in both the pH=4 and pH=8 samples (although for the pH=4 samples, this was

only the case with µ = 1.00). In soil mechanics and geotechnical engineering, the concept

of the critical state has historically deepened our understanding of clay behaviour, aiding in the

development of constitutive models. Thus, the observation of a critical state in these simulations

suggests that our empirical and experimental understanding of clay behaviour may be further

enhanced by particle-scale simulations. However, for the pH=4 samples, the critical state was

not achieved for all µ values. In other words, calibration of the µ value was necessary to achieve

a critical state, especially in volumetric strain and void ratio. The same issue was discussed by

de Bono and McDowell (2023b) in their DEM simulations on kaolinite samples assuming pH=5

(acidic pore fluid).
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319



CHAPTER 8. INFLUENCE OF INTERPARTICLE FRICTION ON TRIAXIAL
COMPRESSION BEHAVIOUR OF CLAY

Particle-scale behaviour

Figure 8.17 shows the polar histograms of particle orientation in the x-z plane for the pH=4

samples during the triaxial compression simulation at a confining pressure of 500 kPa. In the

current study, the particle orientation is defined as the angle at which the direction vector of the

minor axis of ellipsoids is projected onto the x-z plane as explained in Section 4.2.1 (i.e. αxz,

see Equation 4.5). That is a horizontal particle is one with a vertical minor axis. Regardless

of the µ value, the number of horizontal particles (i.e. αxz ≈ 90°) increased as εa increased.

This indicates that the microfabric became more ordered during shearing. From these polar

histograms, no significant impact of µ on the evolution in particle orientation during triaxial

compression was observed.

Figure 8.18 shows snapshots of the pH=4 samples during the triaxial compression simulation at

a confining pressure of 500 kPa. The particles are coloured according to their orientation in the

x-z plane (i.e. αxz). As εa increased, the number of red and orange particles increased, indicating

that more particles were oriented horizontally. Additionally, as εa increased, the aspect ratio of

the sample (the ratio of the sample’s width to the height) increased. At εa=30%, the aspect ratio

was 1.649 for µ = 0.25, 1.653 for µ = 0.50, and 1.668 for µ = 1.00. This indicates that the

higher µ, the more the sample tended to expand laterally in response to axial compression.

Figure 8.19 shows the polar histograms of particle orientation in the x-z plane (αxz) for the pH=8

samples during the triaxial compression simulations at a confining pressure of 500 kPa. Similar

to the pH=4 samples, as εa increased, the proportion of horizontal particles (i.e. αxz ≈ 90°)

increased. At εa = 60%, the polar histogram became elongated vertically, indicating that a

significant number of particles were oriented horizontally.

Figure 8.20 shows snapshots of the pH=8 samples during the triaxial compression simulation

at a confining pressure of 500 kPa. As εa increased, the number of red and orange particles

increased, indicating an increase in horizontal particles. At εa = 60%, the aspect ratios of the

sample were 4.179 for µ = 0.25, 4.279 for µ = 0.50, and 4.438 for µ = 1.00. The aspect ratio

of the sample increased with increasing µ. This trend was consistent with the pH=4 samples.
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Figure 8.17 Polar histograms of particle orientation in x-z plane (αxz) of pH=4 samples with
different axial strain during triaxial compression simulation with confining pressure σr = 500
kPa; (a)-(d) µ = 0.25, (e)-(h) µ = 0.50, and (i)-(l) µ = 1.00 (horizontal axis is probability [%])
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Figure 8.18 Snapshots of pH=4 samples with different axial strain during triaxial compression
simulation with confining pressure σr = 500 kPa (particles are coloured according to their
orientation in the x-z plane, αxz); (a)-(d) µ = 0.25, (e)-(h) µ = 0.5, and (i)-(l) µ = 1.00
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Figure 8.19 Polar histograms of particle orientation in x-z plane (αxz) of pH=8 samples with
different axial strain during triaxial compression simulation with confining pressure σr = 500
kPa; (a)-(d) µ = 0.25, (e)-(h) µ = 0.50, and (i)-(l) µ = 1.00 (horizontal axis is probability [%])
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(a) (pH=8) (b) (pH=8) (c) (pH=8) (d) (pH=8)
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(i) (pH=8) (j) (pH=8) (k) (pH=8) (l) (pH=8)
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Figure 8.20 Snapshots of pH=8 samples with different axial strain during triaxial compression
simulation with confining pressure σr = 500 kPa (particles are coloured according to their
orientation in the x-z plane, αxz); (a)-(d) µ = 0.25, (e)-(h) µ = 0.50, and (i)-(l) µ = 1.00
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Figure 8.21 shows the changes in the face-to-face (F-F) and face-to-edge (F-E) coordination

numbers for the pH=4 samples in response to εa. The definitions of the F-F and F-E coordina-

tion numbers were explained in Section 6.4.3. It was assumed that the number of edge-to-edge

contacts was negligible. Overall, the F-F coordination number increased gradually with in-

creasing εa, while the F-E coordination number decreased gradually with increasing εa. The

interaction rearrangements from F-E to F-F occurred as εa increased.

Figure 8.22 illustrates the changes in the F-F and F-E coordination numbers for the pH=8 sam-

ples in response to εa. In the early stages of shearing for all samples, the F-F coordination

number increased steeply, while the F-E coordination number decreased. This implies that a

relatively large-scale particle rearrangement occurred at the start of shearing.

Figure 8.23 shows the changes in the sliding fraction for the pH=4 samples in response to εa.

The sliding fraction is defined as the proportion of contacts where |Ft| = µFn (e.g. for the

F-F sliding fraction, the number of F-F contacts where |Ft| = µFn was normalised by the total

number of F-F contacts). At the start of the shearing, both sliding fractions for F-F contacts

and F-E contacts increased rapidly, indicating a particle rearrangement. The sliding fraction

was larger when µ was smaller. For the pH=4 sample with µ = 0.25, the sliding fraction for

both F-F and F-E contacts varied in almost the same way. However, for the pH=4 samples with

µ = 0.50 and µ = 1.00, the sliding fraction for F-F contacts was significantly larger than that

for F-E contacts. This suggests that in the pH=4 samples with a higher µ, F-F contacts tended

to slide, whereas F-E contacts tended to stick.

Figure 8.24 shows the changes in the sliding fraction for the pH=8 samples in response to εa.

Similar to the pH=4 samples, at the start of shearing, the sliding fraction increased, meaning

particle rearrangement. For the samples with a higher µ, the sliding fraction for F-F contacts

became larger than that for F-E contacts. This was as observed in the pH=4 samples.
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Figure 8.21 Variations in face-to-face and face-to-edge coordination number against axial strain
for pH=4 samples
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Figure 8.22 Variations in face-to-face and face-to-edge coordination number against axial strain
for pH=8 samples

327



CHAPTER 8. INFLUENCE OF INTERPARTICLE FRICTION ON TRIAXIAL
COMPRESSION BEHAVIOUR OF CLAY

0.0
0.1
0.2

0.3
0.4
0.5
0.6
0.7
0.8

0 5 10 15 20 25 30

S
lid

in
g 

fr
ac

tio
n 

[-
]

Axial strain, εa [%]

Face-to-Face: 500kPa
Face-to-Edge: 500kPa

0.0
0.1
0.2
0.3
0.4
0.5

0.6
0.7
0.8

0 5 10 15 20 25 30

S
lid

in
g 

fr
ac

tio
n 

[-
]

Axial strain, εa [%]

Face-to-Face: 400kPa
Face-to-Edge: 400kPa

0.0
0.1
0.2
0.3
0.4

0.5
0.6
0.7
0.8

0 5 10 15 20 25 30

S
lid

in
g 

fr
ac

tio
n 

[-
]

Axial strain, εa [%]

Face-to-Face: 300kPa
Face-to-Edge: 300kPa

0.0
0.1
0.2
0.3

0.4
0.5
0.6
0.7
0.8

0 5 10 15 20 25 30

S
lid

in
g 

fr
ac

tio
n 

[-
]

Axial strain, εa [%]

Face-to-Face: 500kPa
Face-to-Edge: 500kPa

0.0
0.1
0.2
0.3
0.4
0.5

0.6
0.7
0.8

0 5 10 15 20 25 30

S
lid

in
g 

fr
ac

tio
n 

[-
]

Axial strain, εa [%]

Face-to-Face: 400kPa
Face-to-Edge: 400kPa

0.0
0.1
0.2
0.3
0.4
0.5

0.6
0.7
0.8

0 5 10 15 20 25 30

S
lid

in
g 

fr
ac

tio
n 

[-
]

Axial strain, εa [%]

Face-to-Face: 300kPa
Face-to-Edge: 300kPa

0.0

0.1
0.2
0.3
0.4
0.5
0.6

0.7
0.8

0 5 10 15 20 25 30

S
lid

in
g 

fr
ac

tio
n 

[-
]

Axial strain, εa [%]

Face-to-Face: 500kPa
Face-to-Edge: 500kPa

0.0

0.1
0.2
0.3
0.4
0.5
0.6

0.7
0.8

0 5 10 15 20 25 30

S
lid

in
g 

fr
ac

tio
n 

[-
]

Axial strain, εa [%]

Face-to-Face: 400kPa
Face-to-Edge: 400kPa

0.0
0.1

0.2
0.3
0.4
0.5
0.6
0.7

0.8

0 5 10 15 20 25 30

S
lid

in
g 

fr
ac

tio
n 

[-
]

Axial strain, εa [%]

Face-to-Face: 300kPa
Face-to-Edge: 300kPa

(a) (pH=4) (b) (pH=4) (c) (pH=4)

(e) (pH=4) (f) (pH=4) (g) (pH=4)

(h) (pH=4) (i) (pH=4) (j) (pH=4)

Figure 8.23 Variations in face-to-face and face-to-edge sliding fractions against axial strain for
pH=4 samples
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Figure 8.24 Variations in face-to-face and face-to-edge sliding fractions against axial strain for
pH=8 samples
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8.4.3 Relationship betweenK0 value and macroscopic friction angle

The friction angle obtained in triaxial compression tests is often used to predict theK0 value for

soils. The K0 value is the ratio of the vertical and horizontal stresses in the 1D compression.

The K0 value is considered to be expressed as a function of the friction angle of the clay, i.e.

K0 = f(ϕ). The most common equation for predictingK0 value from friction angle was given

by Jaky (1944) as follows:

K0 = 1− sinϕ (8.4)

Jaky’s equation was originally proposed to predict K0 values for sands, but later proved to be

valid for normally consolidated clays (Abdelhamid and Raymond, 1976). However, some re-

searchers argued that a modified form of Jaky’s equation was a better fit to the experimental

data. For example, Fraser (1957) proposed the following equation.

K0 = 0.9 (1− sinϕ) (8.5)

Brooker and Ireland (1965) proposed the following equation.

K0 = 0.95− sinϕ (8.6)

Both equations provided a slightly better fit to the data they presented than Jaky’s equation.

These three equations are empirical, and these suggest that theK0 value has a linear relationship

with the friction angle.

Investigating the relationship between the K0 value and friction angle in particle-scale simula-

tion is important to assess the use of particle-scale simulation of clay in soil engineering. Figure

8.25 shows the relationship between the K0 values obtained from 1D compression simulations

(see Chapter 7) and the friction angles obtained from triaxial compression simulations (see Sec-

tion 8.2.3). The data for the pH = 4 samples are indicated by red circles and the data for the

pH = 8 samples by blue circles. The K0 value was the value at a vertical stress of 1000 kPa

and the friction angle was the value when the stress state converged to a constant in a triaxial

compression simulation. Figure 8.25 also shows the three prediction lines mentioned above (i.e.

Jaky’s equation, Fraser’s equation, and Brooker and Ireland’s equation).

As can be seen from Figure 8.25, the data obtained from the particle-scale simulations lie above

any of the prediction equations. However, these data in particle-scale simulations showed that
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K0 values had a linear relationship with the friction angle. The black solid line in Figure 8.25 is

the trend line estimated from the particle-scale simulation data. This trend line is expressed by

the following equation.

K0 = 1.1 (1− sinϕ) (8.7)

This equation is the same form as that of Fraser (1957) shown in Equation 8.5 and can be con-

sidered to be a Jaky-type expression. This suggests that particle-scale simulations can capture

the underlying trends of experimental observations on the relationship between the K0 value

and the friction angle.
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Figure 8.25 Correlation betweenK0 value and friction angle (ϕ)
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8.5 Summary and conclusions

This chapter focused on the shear behaviour of clay via particle-scale simulations. In drained

triaxial compression simulations, both the pH=4 and pH=8 samples converged to a constant

value with increasing axial strain. For the pH=8 samples, the void ratio (or volumetric strain)

also converged to a constant value regardless of the coefficient of friction. However, for the

pH=4 samples, while the void ratio converged to a constant value at a large coefficient of friction,

it continued to decrease with increasing axial strain and did not reach a steady state at smaller

coefficients of friction.

It was also found that there was a linear relationship between the friction angle obtained from

triaxial compression tests and the K0 value obtained from 1D compression simulations. This

trend was consistent with previous experimental observations.
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9 Conclusion

9.1 Introduction

The overall aim of this studywas to enhance the CGMD framework for particle-scale simulations

of kaolinite to improve our understanding of the engineering behaviour of kaolinite following

Ebrahimi (2014) and Bandera (2021). This research developed new potential functions and

a new method to model kaolinite particles that can describe particle interaction energy/force

for a range of pore water fluid chemistry. Compression and shear tests were simulated using

the developed model to advance understanding of the influence of particle interactions on the

overall behaviour. The detailed conclusions are described in Section 9.2, while Section 9.3

outlines recommendations for future research.
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9.2 Conclusions

Building upon the earlier work of Bandera (2021), a novel potential function was developed

that is called the energy barrier (EB) potential function, to describe the interaction energy/force

between kaolinite particles. The EB potential function is anmodified version of the GB potential

function and consists of long-range and short-range repulsive forces and a short-range attractive

force. This potential function overcomes the limitations of the GB potential for modelling clay

platelets. The EB potential parameters, like those of the GB potential, were determined through

a calibration process taking the energy obtained using DLVO theory as the reference dataset.

This study developed a parameter optimization method combining the least squares method and

the mini-batch method for semi-automatic calibration of the potential function using DLVO

theory. The modelling developments that were achieved enabled exploration of a number of

fundamental concepts related to the mechanical behaviour of clay.

The main conclusions to be drawn from this research project are as follows:

• The mechanism underlying the differences in macroscopic compression behaviour be-

tween normally consolidated clay and overconsolidated clay was investigated using

CGMD isotropic compression simulations of virtual kaolinite samples assuming an al-

kaline pore fluid (pH=8). The results of the simulations revealed that this mechanism can

be explained, at least partially, by the non-monotonic, non-linear particle interactions: at

large separation distances, clay particles interact via repulsive non-contact forces when

the particles initially become close enough to interact. The strength of the mutual repul-

sion increases with decreasing separation until a maximum repulsive force is reached.

Once this maximum force is overcome, the particle interactions become attractive so that

the particles effectively become bonded to each other. Upon subsequent unloading, these

particles remain bonded to each other. This doctoral study pointed out that this particle

bonding is one of the causes of the differences in macroscopic compression behaviour

between normally consolidated clay and overconsolidated clay.

• A novel, computationally efficient, approach was proposed to model the anisotropy of

surface charges on kaolinite particles within the CGMD framework. Each kaolinite par-

ticle was represented as a flat ellipsoid, and the total interaction energy/force between

two ellipsoids was calculated as the weighted sum of face-to-face, edge-to-edge, face-

to-edge, and edge-to-face interactions. These interaction weights were smooth functions
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of the particle relative orientations. Using this modelling method, isotropic compression

simulations were conducted on two kaolinite virtual samples with different pH values,

pH=4 (acidic pore water) and pH=8 (alkaline pore water), to investigate the effect of pore

water pH on the formation of microfabric and the mechanical behaviour of kaolinite. The

simulations performed in this study effectively captured the impact of pore water pH on

microfabric formation and compressive behaviour, as previously reported in experimen-

tal studies. The virtual sample with a pore water pH of 4 (acidic pore water) formed

aggregated and flocculated microfabric, exhibiting high compressibility during isotropic

compression. In contrast, the virtual sample with a pore water pH of 8 (alkaline pore wa-

ter) formed a dispersed and deflocculated microfabric, resulting in lower compressibility.

These findings confirm that an effective particle scale model of clay requires a way to

model charge anisotropy.

• This study demonstrated that inter-particle friction was crucial to capture the stress

anisotropy of kaolinite samples under 1D compression conditions. MD simulation codes,

including LAMMPS, usually do not account for inter-particle friction. Therefore, a

Coulomb friction model was implemented in the ASPHERE package of LAMMPS. 1D

compression simulations were performed and showed that stress anisotropy was repro-

duced by considering inter-particle friction (i.e. theK0 value became less than 1.0). Ad-

ditionally, it was revealed that inter-particle friction was a major cause of hysteresis in

the e − logσv relationship during the unloading-reloading cycle. For the pH=4 sam-

ple, the unloading-reloading curve exhibited an open hysteresis loop, with the reloading

curve passing below the unloading curve. In contrast, for the pH=8 sample, the unloading-

reloading curve exhibited a closed hysteresis loop, with the reloading curve passing above

the unloading curve. These unloading-reloading behaviours were shown to be explained

by the balance between volume-increasing behaviour due to increasing inter-particle dis-

tance and volume-decreasing behaviour due to particle orientation change.

• Drained triaxial compression simulations were performed on both pH=4 and pH=8 sam-

ples. For both samples, the stress state converged to a constant value at large axial strain

values, regardless of the magnitude of the coefficient of friction. For the pH=8 sample, the

void ratio (or volumetric strain) converged to a constant value regardless of the coefficient

of friction. However, for the pH=4 sample, while the void ratio converged to a constant

value when the coefficient of friction was large, it continued to decrease with increasing

335



CHAPTER 9. CONCLUSION

axial strain when the coefficient of friction was small. In other words, the coefficient of

friction has to be tuned to achieve a critical state for the pH=4 samples.
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9.3 Recommendations for future research

This PhD research utilized particle-scale simulations to deepen the understanding of the mech-

anisms underlying the complex mechanical behaviour of clays. The compression and shear

simulations conducted yielded results that were in relatively good agreement with previous ex-

perimental data on kaolinite. However, several hypotheses and simplifications were introduced

in the particle-scale simulation framework used in this study. The following is a concise sum-

mary of the points that need to be addressed, investigated, and further developed.

Improvement of interaction energy/force model: To improve the accuracy of particle-scale

simulations, more sophisticated interaction energy/force models are needed. The DLVO theory

used here cannot accurately capture short-range interactions and is primarily effective for low

surface potentials. Moreover, since DLVO theory only considers non-contact forces, it cannot

provide the physicochemical basis for contact forces (Born repulsion). Fully atomisticmolecular

dynamics (FAMD) or the explicit solvent primitive model (ESPM) can be used to address some

of these challenges. These methods can simulate both clay chemistry and pore fluid chemistry,

allowing the investigation of different pore fluid chemistries (pH, salt concentration, dielectric

constant) and various clay surface chemistries (kaolinite, illite, montmorillonite, etc.). Although

FAMD and ESPM are computationally expensive and can only be performed on a very small

number of particles, they may be helpful in the development of more sophisticated models for

particle interaction energies/forces.

Development of a simulation procedure to generate an initial microfabric: In this study,

the formation of microfabric due to differences in pore fluid pH was observed by perform-

ing isotropic compression at low pressures. Consequently, the microfabric of the virtual sam-

ples matched well with experimental observations obtained via scanning electron microscopy

(SEM). However, for the pH=8 sample, which assumed alkaline pore water, the microfabric

formed was excessively dense with highly developed face-to-face associations, more so than in

kaolinite samples used in previous experiments. Sedimentation tests, where clay particles settle

naturally in water, are frequently used as experimental methods to investigate the formation of

microfabric. From the particle-scale simulations conducted in this study and past experiments, it

has been evident that microfabric significantly influences the mechanical behaviour of clay. In

other words, reproducing microfabric accurately is quite important to enrich the accuracy of the

mechanical behaviour of clay in particle-scale simulations and to quantitatively evaluate simu-
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lation results against experimental data. Hence, it is necessary to develop simulation processes

that more realistically replicate the formation process of microfabric.

Investigation of the effect of boundary conditions on shear simulations: To quantitatively

compare shear simulation results with experimental data, it is necessary to clarify the influence

of boundary conditions in the shear simulations. Under the periodic boundary conditions used in

this study, uniform strain is applied throughout the simulation box, thus preventing localization

of shear strain. This means that shear bands do not form within the sample. However, several

studies have suggested that the critical state of clay is brought about by localized deformation

associated with the formation of shear bands. Therefore, it would be worthwhile to explore

alternative boundary conditions, such as rigid boundary conditions or membrane boundary con-

ditions, which can replicate strain localization.

Validation of shear simulations with experimental data: There is a shortage of experimental

data investigating the influence of pore fluid chemistry, such as pH, on the shear behaviour

of clay. Accumulating such data is crucial to enhance the effectiveness of particle-scale shear

simulations.

Development of a numerical analysis tool to examine the porosity in a virtual sample: To

enhance the assessment of microscale properties in virtual samples, it is crucial to focus on de-

veloping tools to investigate the porosity of numerical samples. Comparing the obtained data

with literature-reported Mercury Intrusion Porosimetry (MIP) will further evaluate how numer-

ical simulations align with experimental results.

Use of accelerator package in LAMMPS to accelerate the simulations: The most critical is-

sue with particle-scale simulations is the exceedingly high computational cost. In this study, the

isotropic compression simulation using approximately 100,000 particles took about one month,

while compression and shear simulations using around 10,000 particles each required several

weeks. To conduct parametric studies involving even larger numbers of particles or consid-

ering more conditions, it is essential to reduce the simulation time. The molecular dynamics

code LAMMPS, which was used in this study, offers several accelerator packages (e.g. GPU

Package and KOKKOS Package). Although these packages require appropriate computational

environments such as GPUs and complex compile processes, the use of these packages would

be beneficial for speeding up simulations.
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Appendix A: Source code

The LAMMPS code used in this study was modified from the LAMMPS-3Mar2020 version

(the source code used in this study can be downloaded from https://github.com/yn521/

LAMMPS_ASPHERE_YN.git). All modifications were implemented within ”pair_gayberne.cpp”

in the ASPEHRE package, i.e. the other files are intact. As shown in the following, the three

main modifications were implemented.

• New potential functions modified from the Gay-Berne (GB) potential function, i.e. the

purely repulsive (PR) potential and the energy barrier (EB) potential function (see Chapter

4)

• The new modelling method to model the anisotropic surface charge of kaolinite particles

using the weight function (see Chapter 6)

• Inter-particle friction (see Chapter 7)

The modified source code is shown below. Red highlights indicate modified parts related to new

potential functions, blue highlights indicate modified parts related to newmodelling methods for

modelling anisotropic surface charges of kaolinite particles, purple highlights indicate modified

parts related to inter-particle friction, and orange highlights indicate other modifications such as

new variable definitions.

It should be noted that although the calculation of potential energy in this source code was

implemented based on the EB potential function, the same source code can be used for both the

original GB and PR potentials. The EB potential function is given as:

For h12 > ha:

UEB =

[
A

(
σ

h12 + γσ

)12

− B

(
σ

h12 + γσ

)6

+ C

(
σ

h12 + γσ

)3
]
× η12 × χ12 (A.1 a)
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For h12 < ha:

UEB =
(
kh212 +mh12 + n

)
× η12 × χ12 (A.1 b)

In themodified source code, a new flag variable (Q_flag) was used as a signal to use the quadratic

function shown in Equation A.1 b. In other words, if Q_flag = 1, the quadratic function is used

when h12 < ha. On the other hand, if Q_flag = 0, the quadratic function is not used even when

h12 < ha. Therefore, when Q_flag = 0, the EB potential function is given as:

UEB =

[
A

(
σ

h12 + γσ

)12

− B

(
σ

h12 + γσ

)6

+ C

(
σ

h12 + γσ

)3
]
× η12 × χ12 (A.2)

Assuming thatC is zero andA andB are equal, Equation A.2 becomes equivalent to the original

GB potential function as follows:

UEB = A

[(
σ

h12 + γσ

)12

−
(

σ

h12 + γσ

)6
]
× η12 × χ12

= 4ε

[(
σ

h12 + γσ

)12

−
(

σ

h12 + γσ

)6
]
× η12 × χ12

= UGB (A.3)

where 4ε = A.

On the other hand, assuming that B and C are zero, Equation A.2 becomes equivalent to the

PR potential function as follows:

UEB = A

[(
σ

h12 + γσ

)12
]
× η12 × χ12

= 4ε

(
σ

h12 + γσ

)12

× η12 × χ12

= UPR (A.4)

where 4ε = A.
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1 /* ----------------------------------------------------------------------
2 LAMMPS - Large-scale Atomic/Molecular Massively Parallel Simulator
3 http://lammps.sandia.gov, Sandia National Laboratories
4 Steve Plimpton, sjplimp@sandia.gov
5

6 Copyright (2003) Sandia Corporation. Under the terms of Contract
7 DE-AC04-94AL85000 with Sandia Corporation, the U.S. Government retains
8 certain rights in this software. This software is distributed under
9 the GNU General Public License.
10

11 See the README file in the top-level LAMMPS directory.
12 ------------------------------------------------------------------------- */
13

14 /* ----------------------------------------------------------------------
15 Contributing author: Mike Brown (SNL)
16 ------------------------------------------------------------------------- */
17

18 #include "pair_gayberne.h"
19 #include <mpi.h>
20 #include <cmath>
21 #include "math_extra.h"
22 #include "atom.h"
23 #include "atom_vec_ellipsoid.h"
24 #include "comm.h"
25 #include "force.h"
26 #include "neighbor.h"
27 #include "neigh_list.h"
28 #include "citeme.h"
29 #include "memory.h"
30 #include "error.h"
31 #include "utils.h"
32 /* ----------------------------------------------------------------------
33 Additional #include (modified by Yohei Nakamichi)
34 ------------------------------------------------------------------------- */
35 #include <cstring>
36 #include ”fix.h”
37 #include ”fix_neigh_history.h”
38 #include ”modify.h”
39 #include ”update.h”
40 /* ---------------------------------------------------------------------- */
41

42 using namespace LAMMPS_NS;
43

44 static const char cite_pair_gayberne[] =
45 "pair␣gayberne␣command:\n\n"
46 "@Article{Brown09,\n"
47 "␣author␣=␣␣{W.␣M.␣Brown,␣M.␣K.␣Petersen,␣S.␣J.␣Plimpton,␣and␣G.␣S.␣Grest},\n"
48 "␣title␣=␣␣␣{Liquid␣crystal␣nanodroplets␣in␣solution},\n"
49 "␣journal␣=␣{J.~Chem.~Phys.},\n"
50 "␣year␣=␣␣␣␣2009,\n"
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51 "␣volume␣=␣␣130,\n"
52 "␣pages␣=␣␣␣{044901}\n"
53 "}\n\n";
54

55 /* ---------------------------------------------------------------------- */
56

57 PairGayBerne::PairGayBerne(LAMMPS *lmp) : Pair(lmp)
58 {
59 if (lmp−>citeme) lmp−>citeme−>add(cite_pair_gayberne);
60

61 single_enable = 0;
62 writedata = 1;
63

64 /* ----------------------------------------------------------------------
65 For calculation of friction (modified by Yohei Nakamichi)
66 ------------------------------------------------------------------------- */
67 size_history = 3;
68 fix_history = NULL;
69 use_history = 1;
70 beyond_contact = 1;
71 no_virial_fdotr_compute = 1;
72 nondefault_history_transfer = 0;
73 /* ---------------------------------------------------------------------- */
74 }
75

76 /* ----------------------------------------------------------------------
77 free all arrays
78 ------------------------------------------------------------------------- */
79

80 PairGayBerne::~PairGayBerne()
81 {
82 /*--------------- Modified by Yohei Nakamichi ---------------*/
83 if (fix_history) modify−>delete_fix(”NEIGH_HISTORY”);
84 /*-----------------------------------------------------------*/
85

86 if (allocated) {
87 memory−>destroy(setflag);
88 memory−>destroy(cutsq);
89

90 memory−>destroy(form);
91 memory−>destroy(gammasb);
92 memory−>destroy(epsilon);
93 memory−>destroy(sigma);
94 memory−>destroy(shape1);
95 memory−>destroy(shape2);
96 memory−>destroy(well);
97 memory−>destroy(cut);
98 memory−>destroy(lj1);
99 memory−>destroy(lj2);
100 memory−>destroy(lj3);
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101 memory−>destroy(lj4);
102 memory−>destroy(offset);
103

104 /* ----------------------------------------------------------------------
105 New variables (modified by Yohei Nakamichi)
106 ------------------------------------------------------------------------- */
107 memory−>destroy(cfa);
108 memory−>destroy(cfb);
109 memory−>destroy(cfc);
110 memory−>destroy(hth);
111 memory−>destroy(aq);
112 memory−>destroy(bq);
113 memory−>destroy(cq);
114 memory−>destroy(kn);
115 memory−>destroy(kt);
116 memory−>destroy(gamma_n);
117 memory−>destroy(gamma_t);
118 memory−>destroy(xmu);
119 /* ---------------------------------------------------------------------- */
120 delete [] lshape;
121 delete [] setwell;
122 }
123 }
124

125 /* ---------------------------------------------------------------------- */
126

127 void PairGayBerne::compute(int eflag, int vflag)
128 {
129 int i,j,ii,jj,inum,jnum,itype,jtype;
130 double evdwl,one_eng,rsq,r2inv,r6inv,forcelj,factor_lj;
131 double fforce[3],ttor[3],rtor[3],r12[3];
132 double a1[3][3],b1[3][3],g1[3][3],a2[3][3],b2[3][3],g2[3][3],temp[3][3];
133 int *ilist,*jlist,*numneigh,**firstneigh;
134 double *iquat,*jquat;
135

136 /* ----------------------------------------------------------------------
137 New variables (modified by Yohei Nakamichi)
138 ------------------------------------------------------------------------- */
139 int k;
140 double nveci[3], nvecj[3], dot_ni_r12, dot_nj_r12, norm_ni, norm_nj,
141 norm_r12, cosi, cosj;
142 double iweight, jweight;
143 int *touch,**firsttouch;
144 double *history,*allhistory,**firsthistory;
145 /* ---------------------------------------------------------------------- */
146

147 evdwl = 0.0;
148 ev_init(eflag,vflag);
149

150 AtomVecEllipsoid::Bonus *bonus = avec−>bonus;
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151 int *ellipsoid = atom−>ellipsoid;
152 double **x = atom−>x;
153 double **f = atom−>f;
154 double **tor = atom−>torque;
155 int *type = atom−>type;
156 int nlocal = atom−>nlocal;
157 double *special_lj = force−>special_lj;
158 int newton_pair = force−>newton_pair;
159

160 inum = list−>inum;
161 ilist = list−>ilist;
162 numneigh = list−>numneigh;
163 firstneigh = list−>firstneigh;
164

165 /* ----------------------------------------------------------------------
166 For calculation of friction (modified by Yohei Nakamichi)
167 ------------------------------------------------------------------------- */
168 firsttouch = fix_history−>firstflag;
169 firsthistory = fix_history−>firstvalue;
170 ntimestep = update−>ntimestep;
171 /* ---------------------------------------------------------------------- */
172

173 // loop over neighbors of my atoms
174

175 for (ii = 0; ii < inum; ii++) {
176 i = ilist[ii];
177 itype = type[i];
178

179 //if (form[itype][itype] == ELLIPSE_ELLIPSE) {
180 iquat = bonus[ellipsoid[i]].quat;
181 MathExtra::quat_to_mat_trans(iquat,a1);
182 /*MathExtra::diag_times3(well[itype],a1,temp);
183 MathExtra::transpose_times3(a1,temp,b1);
184 MathExtra::diag_times3(shape2[itype],a1,temp);
185 MathExtra::transpose_times3(a1,temp,g1);*/
186 //}
187

188 /* ----------------------------------------------------------------------
189 For calculation of friction (modified by Yohei Nakamichi)
190 ------------------------------------------------------------------------- */
191 touch = firsttouch[i];
192 allhistory = firsthistory[i];
193 /* ---------------------------------------------------------------------- */
194

195 jlist = firstneigh[i];
196 jnum = numneigh[i];
197

198 for (jj = 0; jj < jnum; jj++) {
199 j = jlist[jj];
200 factor_lj = special_lj[sbmask(j)];
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201 j &= NEIGHMASK;
202

203 // r12 = center to center vector
204

205 r12[0] = x[j][0]−x[i][0];
206 r12[1] = x[j][1]−x[i][1];
207 r12[2] = x[j][2]−x[i][2];
208 rsq = MathExtra::dot3(r12,r12);
209 jtype = type[j];
210

211 // compute if less than cutoff
212

213 if (rsq < cutsq[itype][jtype]) {
214

215 switch (form[itype][jtype]) {
216 /*case SPHERE_SPHERE:
217 r2inv = 1.0/rsq;
218 r6inv = r2inv*r2inv*r2inv;
219 forcelj = r6inv * (lj1[itype][jtype]*r6inv - lj2[itype][jtype]);
220 forcelj *= -r2inv;
221 if (eflag) one_eng =
222 r6inv*(r6inv*lj3[itype][jtype]-lj4[itype][jtype]) -
223 offset[itype][jtype];
224 fforce[0] = r12[0]*forcelj;
225 fforce[1] = r12[1]*forcelj;
226 fforce[2] = r12[2]*forcelj;
227 ttor[0] = ttor[1] = ttor[2] = 0.0;
228 rtor[0] = rtor[1] = rtor[2] = 0.0;
229 break;
230

231 case SPHERE_ELLIPSE:
232 jquat = bonus[ellipsoid[j]].quat;
233 MathExtra::quat_to_mat_trans(jquat,a2);
234 MathExtra::diag_times3(well[jtype],a2,temp);
235 MathExtra::transpose_times3(a2,temp,b2);
236 MathExtra::diag_times3(shape2[jtype],a2,temp);
237 MathExtra::transpose_times3(a2,temp,g2);
238 one_eng = gayberne_lj(j,i,a2,b2,g2,r12,rsq,fforce,rtor);
239 ttor[0] = ttor[1] = ttor[2] = 0.0;
240 break;
241

242 case ELLIPSE_SPHERE:
243 one_eng = gayberne_lj(i,j,a1,b1,g1,r12,rsq,fforce,ttor);
244 rtor[0] = rtor[1] = rtor[2] = 0.0;
245 break;
246 */
247

248 default:
249 jquat = bonus[ellipsoid[j]].quat;
250 MathExtra::quat_to_mat_trans(jquat,a2);
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251 /*MathExtra::diag_times3(well[jtype],a2,temp);
252 MathExtra::transpose_times3(a2,temp,b2);
253 MathExtra::diag_times3(shape2[jtype],a2,temp);
254 MathExtra::transpose_times3(a2,temp,g2);
255 one_eng = gayberne_analytic(i,j,a1,a2,b1,b2,g1,g2,r12,rsq,
256 fforce,ttor,rtor);*/
257

258 /* ----------------------------------------------------------------------
259 This part is made to achieve modelling of anisotropic surfa-
260 ce charge of kaolinite particles. type=1 represents Silica
261 face, type=2 represents Alumina face, and type=3 represents
262 edge. Important thing is that this code works for only mono-
263 disperse sample - it doesn't work for poly disperse sample.
264 (modified by Yohei Nakamichi)
265 ------------------------------------------------------------------------- */
266 for(k=0; k<3; k++) nveci[k] = a1[2][k];
267 for(k=0; k<3; k++) nvecj[k] = a2[2][k];
268 dot_ni_r12 = MathExtra::dot3(nveci,r12);
269 dot_nj_r12 = MathExtra::dot3(nvecj,r12);
270 norm_ni = sqrt( MathExtra::dot3(nveci,nveci) );
271 norm_nj = sqrt( MathExtra::dot3(nvecj,nvecj) );
272 norm_r12 = sqrt( rsq );
273 if ( norm_ni*norm_r12 != 0.0 ) cosi=dot_ni_r12/(norm_ni*norm_r12);
274 else cosi = 0.0;
275 iweight = pow( pow(cosi, 2.0), A_const);
276 if ( norm_nj*norm_r12 != 0.0 ) cosj=dot_nj_r12/(norm_nj*norm_r12);
277 else cosj = 0.0;
278 jweight = pow( pow(cosj, 2.0), A_const);
279

280 /* change atom-type */
281 //particle 1
282 if( type[i] == 1 || type[i] == 2){
283 if( cosi <= 1.0 && cosi >= 0.0 ) type[i]=1; //Silica face
284 else if ( cosi >= −1.0 && cosi < 0.0 ) type[i]=2;//Alumina face
285 }
286 /* shape */
287 if(shape2[type[i]][0]==1.0 && shape2[type[i]][1]==1.0
288 && shape2[type[i]][2]==1.0){
289 for(k=0; k<3; k++) shape1[type[i]][k] = shape1[type[j]][k];
290 for(k=0; k<3; k++) shape2[type[i]][k] = shape2[type[j]][k];
291 lshape[type[i]] = (shape1[type[i]][0]*shape1[type[i]][1]
292 +shape1[type[i]][2]*shape1[type[i]][2])
293 *sqrt(shape1[type[i]][0]*shape1[type[i]][1]);
294 }
295 //particle 2
296 if( type[j] == 1 || type[j] == 2 ){
297 if( cosj <= 1.0 && cosj >= 0.0 ) type[j]=2; //Alumina face
298 else if ( cosj >= −1.0 && cosj < 0.0 ) type[j]=1;//Silica face
299 }
300 /* shape */
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301 if(shape2[type[j]][0]==1.0 && shape2[type[j]][1]==1.0
302 && shape2[type[j]][2]==1.0){
303 for(k=0; k<3; k++) shape1[type[j]][k] = shape1[type[i]][k];
304 for(k=0; k<3; k++) shape2[type[j]][k] = shape2[type[i]][k];
305 lshape[type[j]] = (shape1[type[j]][0]*shape1[type[j]][1]
306 +shape1[type[j]][2]*shape1[type[j]][2])
307 *sqrt(shape1[type[j]][0]*shape1[type[j]][1]);
308 }
309

310 MathExtra::diag_times3(shape2[itype],a1,temp);
311 MathExtra::transpose_times3(a1,temp,g1);
312 MathExtra::diag_times3(shape2[jtype],a2,temp);
313 MathExtra::transpose_times3(a2,temp,g2);
314

315 MathExtra::diag_times3(well[type[i]],a1,temp);
316 MathExtra::transpose_times3(a1,temp,b1);
317 MathExtra::diag_times3(well[type[j]],a2,temp);
318 MathExtra::transpose_times3(a2,temp,b2);
319 /* ---------------------------------------------------------------------- */
320

321 one_eng = gayberne_analytic(i,j,a1,a2,b1,b2,g1,g2,r12,rsq,fforce,
322 ttor,rtor, iweight,jweight,nveci,nvecj,cosi,cosj, touch,
323 history, allhistory, jj);
324 break;
325 }
326

327 fforce[0] *= factor_lj;
328 fforce[1] *= factor_lj;
329 fforce[2] *= factor_lj;
330 ttor[0] *= factor_lj;
331 ttor[1] *= factor_lj;
332 ttor[2] *= factor_lj;
333

334 f[i][0] += fforce[0];
335 f[i][1] += fforce[1];
336 f[i][2] += fforce[2];
337 tor[i][0] += ttor[0];
338 tor[i][1] += ttor[1];
339 tor[i][2] += ttor[2];
340

341 if (newton_pair || j < nlocal) {
342 rtor[0] *= factor_lj;
343 rtor[1] *= factor_lj;
344 rtor[2] *= factor_lj;
345 f[j][0] −= fforce[0];
346 f[j][1] −= fforce[1];
347 f[j][2] −= fforce[2];
348 tor[j][0] += rtor[0];
349 tor[j][1] += rtor[1];
350 tor[j][2] += rtor[2];

357



Appendix A

351 }
352

353 if (eflag) evdwl = factor_lj*one_eng;
354

355 if (evflag) ev_tally_xyz(i,j,nlocal,newton_pair,
356 evdwl,0.0,fforce[0],fforce[1],fforce[2],
357 −r12[0],−r12[1],−r12[2]);
358 /* ----------------------------------------------------------------------
359 For calculation of friction (modified by Yohei Nakamichi)
360 ------------------------------------------------------------------------- */
361 }else{
362 touch[jj] = 0;
363 history = &allhistory[size_history*jj];
364 for (int k = 0; k < size_history; k++) history[k] = 0.0;
365 /* ---------------------------------------------------------------------- */
366 }
367 }
368 }
369

370 if (vflag_fdotr) virial_fdotr_compute();
371 }
372

373 /* ----------------------------------------------------------------------
374 allocate all arrays
375 ------------------------------------------------------------------------- */
376

377 void PairGayBerne::allocate()
378 {
379 allocated = 1;
380 int n = atom−>ntypes;
381

382 memory−>create(setflag,n+1,n+1,"pair:setflag");
383 for (int i = 1; i <= n; i++)
384 for (int j = i; j <= n; j++)
385 setflag[i][j] = 0;
386

387 memory−>create(cutsq,n+1,n+1,"pair:cutsq");
388

389 memory−>create(form,n+1,n+1,"pair:form");
390 memory−>create(gammasb,n+1,n+1,"pair:gammasb");
391 memory−>create(epsilon,n+1,n+1,"pair:epsilon");
392 memory−>create(sigma,n+1,n+1,"pair:sigma");
393 memory−>create(shape1,n+1,3,"pair:shape1");
394 memory−>create(shape2,n+1,3,"pair:shape2");
395 memory−>create(well,n+1,3,"pair:well");
396 memory−>create(cut,n+1,n+1,"pair:cut");
397 memory−>create(lj1,n+1,n+1,"pair:lj1");
398 memory−>create(lj2,n+1,n+1,"pair:lj2");
399 memory−>create(lj3,n+1,n+1,"pair:lj3");
400 memory−>create(lj4,n+1,n+1,"pair:lj4");
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401 memory−>create(offset,n+1,n+1,"pair:offset");
402

403 /* ----------------------------------------------------------------------
404 For new variables (modified by Yohei Nakamichi)
405 ------------------------------------------------------------------------- */
406 memory−>create(cfa,n+1,n+1,”pair:cfa”);
407 memory−>create(cfb,n+1,n+1,”pair:cfb”);
408 memory−>create(cfc,n+1,n+1,”pair:cfc”);
409 memory−>create(hth,n+1,n+1,”pair:hth”);
410 memory−>create(aq,n+1,n+1,”pair:aq”);
411 memory−>create(bq,n+1,n+1,”pair:bq”);
412 memory−>create(cq,n+1,n+1,”pair:cq”);
413 memory−>create(kn,n+1,n+1,”pair:kn”);
414 memory−>create(kt,n+1,n+1,”pair:kt”);
415 memory−>create(gamma_n,n+1,n+1,”pair:gamma_n”);
416 memory−>create(gamma_t,n+1,n+1,”pair:gamma_t”);
417 memory−>create(xmu,n+1,n+1,”pair:xmu”);
418 memory−>create(hf,n+1,n+1,”pair:hf”);
419 /* ---------------------------------------------------------------------- */
420

421 lshape = new double[n+1];
422 setwell = new int[n+1];
423 for (int i = 1; i <= n; i++) setwell[i] = 0;
424 }
425

426 /* ----------------------------------------------------------------------
427 global settings
428 ------------------------------------------------------------------------- */
429

430 void PairGayBerne::settings(int narg, char **arg)
431 {
432 /* ----------------------------------------------------------------------
433 For new variables (modified by Yohei Nakamichi)
434 ------------------------------------------------------------------------- */
435 /*if (narg != 4) error->all(FLERR,"Illegal pair_style command");*/
436 if (narg != 8) error−>all(FLERR,"Illegal␣pair_style␣command");
437 /* ---------------------------------------------------------------------- */
438

439 gamma = force−>numeric(FLERR,arg[0]);
440 upsilon = force−>numeric(FLERR,arg[1])/2.0;
441 mu = force−>numeric(FLERR,arg[2]);
442 cut_global = force−>numeric(FLERR,arg[3]);
443

444 /* ----------------------------------------------------------------------
445 For new flags (modified by Yohei Nakamichi)
446 ------------------------------------------------------------------------- */
447 Q_flag = force−>numeric(FLERR,arg[4]);
448 C_flag = force−>numeric(FLERR,arg[5]);
449 interval = force−>numeric(FLERR,arg[6]);
450 A_const = force−>numeric(FLERR,arg[7]);
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451 /* ---------------------------------------------------------------------- */
452

453 // reset cutoffs that have been explicitly set
454

455 if (allocated) {
456 int i,j;
457 for (i = 1; i <= atom−>ntypes; i++)
458 for (j = i; j <= atom−>ntypes; j++)
459 if (setflag[i][j]) cut[i][j] = cut_global;
460 }
461 }
462

463 /* ----------------------------------------------------------------------
464 set coeffs for one or more type pairs
465 ------------------------------------------------------------------------- */
466

467 void PairGayBerne::coeff(int narg, char **arg)
468 {
469 /* ----------------------------------------------------------------------
470 For new variables (modified by Yohei Nakamichi)
471 ------------------------------------------------------------------------- */
472 /*if (narg < 10 || narg > 11)*/
473 if (narg < 24 || narg > 25)
474 /* ---------------------------------------------------------------------- */
475 error−>all(FLERR,"Incorrect␣args␣for␣pair␣coefficients");
476 if (!allocated) allocate();
477

478 int ilo,ihi,jlo,jhi;
479 force−>bounds(FLERR,arg[0],atom−>ntypes,ilo,ihi);
480 force−>bounds(FLERR,arg[1],atom−>ntypes,jlo,jhi);
481

482 /*double epsilon_one = force->numeric(FLERR,arg[2]);
483 double sigma_one = force->numeric(FLERR,arg[3]);
484 double eia_one = force->numeric(FLERR,arg[4]);
485 double eib_one = force->numeric(FLERR,arg[5]);
486 double eic_one = force->numeric(FLERR,arg[6]);
487 double eja_one = force->numeric(FLERR,arg[7]);
488 double ejb_one = force->numeric(FLERR,arg[8]);
489 double ejc_one = force->numeric(FLERR,arg[9]);
490

491 double cut_one = cut_global;
492 if (narg == 11) cut_one = force->numeric(FLERR,arg[10]);*/
493

494 /* ----------------------------------------------------------------------
495 For new variables (modified by Yohei Nakamichi)
496 ------------------------------------------------------------------------- */
497 double gammasb_one = force−>numeric(FLERR,arg[2]);
498 double epsilon_one = force−>numeric(FLERR,arg[3]);
499 double sigma_one = force−>numeric(FLERR,arg[4]);
500 double eia_one = force−>numeric(FLERR,arg[5]);
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501 double eib_one = force−>numeric(FLERR,arg[6]);
502 double eic_one = force−>numeric(FLERR,arg[7]);
503 double eja_one = force−>numeric(FLERR,arg[8]);
504 double ejb_one = force−>numeric(FLERR,arg[9]);
505 double ejc_one = force−>numeric(FLERR,arg[10]);
506 double cfa_one = force−>numeric(FLERR,arg[11]);
507 double cfb_one = force−>numeric(FLERR,arg[12]);
508 double cfc_one = force−>numeric(FLERR,arg[13]);
509 double hth_one = force−>numeric(FLERR,arg[14]);
510 double aq_one = force−>numeric(FLERR,arg[15]);
511 double bq_one = force−>numeric(FLERR,arg[16]);
512 double cq_one = force−>numeric(FLERR,arg[17]);
513 double kn_one = force−>numeric(FLERR,arg[18]);
514 double kt_one = force−>numeric(FLERR,arg[19]);
515 double gamma_n_one = force−>numeric(FLERR,arg[20]);
516 double gamma_t_one = force−>numeric(FLERR,arg[21]);
517 double xmu_one = force−>numeric(FLERR,arg[22]);
518 double hf_one = force−>numeric(FLERR,arg[23]);
519 double cut_one = cut_global;
520 if (narg == 25) cut_one = force−>numeric(FLERR,arg[24]);
521 /* ---------------------------------------------------------------------- */
522

523 int count = 0;
524 for (int i = ilo; i <= ihi; i++) {
525 for (int j = MAX(jlo,i); j <= jhi; j++) {
526 /* ----------------------------------------------------------------------
527 For new variables (modified by Yohei Nakamichi)
528 ------------------------------------------------------------------------- */
529 gammasb[i][j] = gammasb_one;
530 epsilon[i][j] = epsilon_one;
531 sigma[i][j] = sigma_one;
532 cfa[i][j] = cfa_one;
533 cfb[i][j] = cfb_one;
534 cfc[i][j] = cfc_one;
535 hth[i][j] = hth_one;
536 aq[i][j] = aq_one;
537 bq[i][j] = bq_one;
538 cq[i][j] = cq_one;
539 kn[i][j] = kn_one;
540 kt[i][j] = kt_one;
541 gamma_n[i][j] = gamma_n_one;
542 gamma_t[i][j] = gamma_t_one;
543 xmu[i][j] = xmu_one;
544 hf[i][j] = hf_one;
545 /* ---------------------------------------------------------------------- */
546

547 cut[i][j] = cut_one;
548 if (eia_one != 0.0 || eib_one != 0.0 || eic_one != 0.0) {
549 well[i][0] = pow(eia_one,−1.0/mu);
550 well[i][1] = pow(eib_one,−1.0/mu);
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551 well[i][2] = pow(eic_one,−1.0/mu);
552 if (eia_one == eib_one && eib_one == eic_one) setwell[i] = 2;
553 else setwell[i] = 1;
554 }
555 if (eja_one != 0.0 || ejb_one != 0.0 || ejc_one != 0.0) {
556 well[j][0] = pow(eja_one,−1.0/mu);
557 well[j][1] = pow(ejb_one,−1.0/mu);
558 well[j][2] = pow(ejc_one,−1.0/mu);
559 if (eja_one == ejb_one && ejb_one == ejc_one) setwell[j] = 2;
560 else setwell[j] = 1;
561 }
562 setflag[i][j] = 1;
563 count++;
564 }
565 }
566

567 if (count == 0) error−>all(FLERR,"Incorrect␣args␣for␣pair␣coefficients");
568 }
569

570

571 /* ----------------------------------------------------------------------
572 init specific to this pair style
573 ------------------------------------------------------------------------- */
574

575 void PairGayBerne::init_style()
576 {
577 avec = (AtomVecEllipsoid *) atom−>style_match("ellipsoid");
578 if (!avec) error−>all(FLERR,"Pair␣gayberne␣requires␣atom␣style␣ellipsoid");
579

580 neighbor−>request(this,instance_me);
581

582 // per-type shape precalculations
583 // require that atom shapes are identical within each type
584 // if shape = 0 for point particle, set shape = 1 as required by Gay-Berne
585

586 for (int i = 1; i <= atom−>ntypes; i++) {
587 if (!atom−>shape_consistency(i,shape1[i][0],shape1[i][1],shape1[i][2]))
588 error−>all(FLERR,
589 "Pair␣gayberne␣requires␣atoms␣with␣same␣type␣have␣same␣shape");
590 if (shape1[i][0] == 0.0)
591 shape1[i][0] = shape1[i][1] = shape1[i][2] = 1.0;
592 shape2[i][0] = shape1[i][0]*shape1[i][0];
593 shape2[i][1] = shape1[i][1]*shape1[i][1];
594 shape2[i][2] = shape1[i][2]*shape1[i][2];
595 lshape[i] = (shape1[i][0]*shape1[i][1]+shape1[i][2]*shape1[i][2]) *
596 sqrt(shape1[i][0]*shape1[i][1]);
597 }
598

599 /* ----------------------------------------------------------------------
600 For calculation of friction (modified by Yohei Nakamichi)
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601 ------------------------------------------------------------------------- */
602 dt = update−>dt;
603

604 if (use_history && fix_history == NULL) {
605 char dnumstr[16];
606 sprintf(dnumstr,”%d”,size_history);
607 char **fixarg = new char*[4];
608 fixarg[0] = (char *) ”NEIGH_HISTORY”;
609 fixarg[1] = (char *) ”all”;
610 fixarg[2] = (char *) ”NEIGH_HISTORY”;
611 fixarg[3] = dnumstr;
612 modify−>add_fix(4,fixarg,1);
613 delete [] fixarg;
614 fix_history = (FixNeighHistory *) modify−>fix[modify−>nfix−1];
615 fix_history−>pair = this;
616 }
617 // set fix which stores history info
618 if (use_history) {
619 int ifix = modify−>find_fix(”NEIGH_HISTORY”);
620 if (ifix < 0) error−>all(FLERR,
621 ”Could not find pair fix neigh history ID”);
622 fix_history = (FixNeighHistory *) modify−>fix[ifix];
623 }
624 /* ---------------------------------------------------------------------- */
625

626 }
627

628 /* ----------------------------------------------------------------------
629 init for one type pair i,j and corresponding j,i
630 ------------------------------------------------------------------------- */
631

632 double PairGayBerne::init_one(int i, int j)
633 {
634 if (setwell[i] == 0 || setwell[j] == 0)
635 error−>all(FLERR,"Pair␣gayberne␣epsilon␣a,b,c␣coeffs␣are␣not␣all␣set");
636

637 if (setflag[i][j] == 0) {
638 epsilon[i][j] = mix_energy(epsilon[i][i],epsilon[j][j],
639 sigma[i][i],sigma[j][j]);
640 sigma[i][j] = mix_distance(sigma[i][i],sigma[j][j]);
641 cut[i][j] = mix_distance(cut[i][i],cut[j][j]);
642 }
643

644 lj1[i][j] = 48.0 * epsilon[i][j] * pow(sigma[i][j],12.0);
645 lj2[i][j] = 24.0 * epsilon[i][j] * pow(sigma[i][j],6.0);
646 lj3[i][j] = 4.0 * epsilon[i][j] * pow(sigma[i][j],12.0);
647 lj4[i][j] = 4.0 * epsilon[i][j] * pow(sigma[i][j],6.0);
648

649 if (offset_flag && (cut[i][j] > 0.0)) {
650 double ratio = sigma[i][j] / cut[i][j];
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651 offset[i][j] = 4.0 * epsilon[i][j] * (pow(ratio,12.0) − pow(ratio,6.0));
652 } else offset[i][j] = 0.0;
653

654 int ishape = 0;
655 if (shape1[i][0] != shape1[i][1] ||
656 shape1[i][0] != shape1[i][2] ||
657 shape1[i][1] != shape1[i][2]) ishape = 1;
658 if (setwell[i] == 1) ishape = 1;
659 int jshape = 0;
660 if (shape1[j][0] != shape1[j][1] ||
661 shape1[j][0] != shape1[j][2] ||
662 shape1[j][1] != shape1[j][2]) jshape = 1;
663 if (setwell[j] == 1) jshape = 1;
664

665 if (ishape == 0 && jshape == 0)
666 form[i][i] = form[j][j] = form[i][j] = form[j][i] = SPHERE_SPHERE;
667 else if (ishape == 0) {
668 form[i][i] = SPHERE_SPHERE; form[j][j] = ELLIPSE_ELLIPSE;
669 form[i][j] = SPHERE_ELLIPSE; form[j][i] = ELLIPSE_SPHERE;
670 } else if (jshape == 0) {
671 form[j][j] = SPHERE_SPHERE; form[i][i] = ELLIPSE_ELLIPSE;
672 form[j][i] = SPHERE_ELLIPSE; form[i][j] = ELLIPSE_SPHERE;
673 } else
674 form[i][i] = form[j][j] = form[i][j] = form[j][i] = ELLIPSE_ELLIPSE;
675

676 /* ----------------------------------------------------------------------
677 For new variables (modified by Yohei Nakamichi)
678 ------------------------------------------------------------------------- */
679 gammasb[j][i] = gammasb[i][j];
680 /* ---------------------------------------------------------------------- */
681 epsilon[j][i] = epsilon[i][j];
682 sigma[j][i] = sigma[i][j];
683 lj1[j][i] = lj1[i][j];
684 lj2[j][i] = lj2[i][j];
685 lj3[j][i] = lj3[i][j];
686 lj4[j][i] = lj4[i][j];
687 offset[j][i] = offset[i][j];
688 /* ---------------------------------------------------------------------- */
689 cfa[j][i] = cfa[i][j];
690 cfb[j][i] = cfb[i][j];
691 cfc[j][i] = cfc[i][j];
692 hth[j][i] = hth[i][j];
693 aq[j][i] = aq[i][j];
694 bq[j][i] = bq[i][j];
695 cq[j][i] = cq[i][j];
696 kn[j][i] = kn[i][j];
697 kt[j][i] = kt[i][j];
698 gamma_n[j][i] = gamma_n[i][j];
699 gamma_t[j][i] = gamma_t[i][j];
700 xmu[j][i] = xmu[i][j];
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701 hf[j][i] = hf[i][j];
702 /* ---------------------------------------------------------------------- */
703 return cut[i][j];
704 }
705

706 /* ----------------------------------------------------------------------
707 proc 0 writes to restart file
708 ------------------------------------------------------------------------- */
709

710 void PairGayBerne::write_restart(FILE *fp)
711 {
712 write_restart_settings(fp);
713

714 int i,j;
715 for (i = 1; i <= atom−>ntypes; i++) {
716 fwrite(&setwell[i],sizeof(int),1,fp);
717 if (setwell[i]) fwrite(&well[i][0],sizeof(double),3,fp);
718 for (j = i; j <= atom−>ntypes; j++) {
719 fwrite(&setflag[i][j],sizeof(int),1,fp);
720 if (setflag[i][j]) {
721 /* ----------------------------------------------------------------------
722 For new variables (modified by Yohei Nakamichi)
723 ------------------------------------------------------------------------- */
724 fwrite(&gammasb[i][j],sizeof(double),1,fp);
725 fwrite(&epsilon[i][j],sizeof(double),1,fp);
726 fwrite(&sigma[i][j],sizeof(double),1,fp);
727 fwrite(&cfa[i][j],sizeof(double),1,fp);
728 fwrite(&cfb[i][j],sizeof(double),1,fp);
729 fwrite(&cfc[i][j],sizeof(double),1,fp);
730 fwrite(&hth[i][j],sizeof(double),1,fp);
731 fwrite(&aq[i][j],sizeof(double),1,fp);
732 fwrite(&bq[i][j],sizeof(double),1,fp);
733 fwrite(&cq[i][j],sizeof(double),1,fp);
734 fwrite(&kn[i][j],sizeof(double),1,fp);
735 fwrite(&kt[i][j],sizeof(double),1,fp);
736 fwrite(&gamma_n[i][j],sizeof(double),1,fp);
737 fwrite(&gamma_t[i][j],sizeof(double),1,fp);
738 fwrite(&xmu[i][j],sizeof(double),1,fp);
739 fwrite(&hf[i][j],sizeof(double),1,fp);
740 fwrite(&cut[i][j],sizeof(double),1,fp);
741 /* ---------------------------------------------------------------------- */
742 }
743 }
744 }
745 }
746

747 /* ----------------------------------------------------------------------
748 proc 0 reads from restart file, bcasts
749 ------------------------------------------------------------------------- */
750
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751 void PairGayBerne::read_restart(FILE *fp)
752 {
753 read_restart_settings(fp);
754 allocate();
755

756 int i,j;
757 int me = comm−>me;
758 for (i = 1; i <= atom−>ntypes; i++) {
759 if (me == 0) utils::sfread(FLERR,&setwell[i],sizeof(int),1,fp,NULL,error);
760 MPI_Bcast(&setwell[i],1,MPI_INT,0,world);
761 if (setwell[i]) {
762 if (me == 0) utils::sfread(FLERR,&well[i][0],sizeof(double),3,fp,NULL,error);
763 MPI_Bcast(&well[i][0],3,MPI_DOUBLE,0,world);
764 }
765 for (j = i; j <= atom−>ntypes; j++) {
766 if (me == 0) utils::sfread(FLERR,&setflag[i][j],sizeof(int),1,fp,NULL,error);
767 MPI_Bcast(&setflag[i][j],1,MPI_INT,0,world);
768 if (setflag[i][j]) {
769 if (me == 0) {
770 /* ----------------------------------------------------------------------
771 For new variables (modified by Yohei Nakamichi)
772 ------------------------------------------------------------------------- */
773 utils::sfread(FLERR,&gammasb[i][j],sizeof(double),1,fp,NULL,error);
774 utils::sfread(FLERR,&epsilon[i][j],sizeof(double),1,fp,NULL,error);
775 utils::sfread(FLERR,&sigma[i][j],sizeof(double),1,fp,NULL,error);
776 utils::sfread(FLERR,&cfa[i][j],sizeof(double),1,fp,NULL,error);
777 utils::sfread(FLERR,&cfb[i][j],sizeof(double),1,fp,NULL,error);
778 utils::sfread(FLERR,&cfc[i][j],sizeof(double),1,fp,NULL,error);
779 utils::sfread(FLERR,&hth[i][j],sizeof(double),1,fp,NULL,error);
780 utils::sfread(FLERR,&aq[i][j],sizeof(double),1,fp,NULL,error);
781 utils::sfread(FLERR,&bq[i][j],sizeof(double),1,fp,NULL,error);
782 utils::sfread(FLERR,&cq[i][j],sizeof(double),1,fp,NULL,error);
783 utils::sfread(FLERR,&kn[i][j],sizeof(double),1,fp,NULL,error);
784 utils::sfread(FLERR,&kt[i][j],sizeof(double),1,fp,NULL,error);
785 utils::sfread(FLERR,&gamma_n[i][j],sizeof(double),1,fp,NULL,error);
786 utils::sfread(FLERR,&gamma_t[i][j],sizeof(double),1,fp,NULL,error);
787 utils::sfread(FLERR,&xmu[i][j],sizeof(double),1,fp,NULL,error);
788 utils::sfread(FLERR,&hf[i][j],sizeof(double),1,fp,NULL,error);
789 utils::sfread(FLERR,&cut[i][j],sizeof(double),1,fp,NULL,error);
790 }
791 MPI_Bcast(&gammasb[i][j],1,MPI_DOUBLE,0,world);
792 MPI_Bcast(&epsilon[i][j],1,MPI_DOUBLE,0,world);
793 MPI_Bcast(&sigma[i][j],1,MPI_DOUBLE,0,world);
794 MPI_Bcast(&cfa[i][j],1,MPI_DOUBLE,0,world);
795 MPI_Bcast(&cfb[i][j],1,MPI_DOUBLE,0,world);
796 MPI_Bcast(&cfc[i][j],1,MPI_DOUBLE,0,world);
797 MPI_Bcast(&hth[i][j],1,MPI_DOUBLE,0,world);
798 MPI_Bcast(&aq[i][j],1,MPI_DOUBLE,0,world);
799 MPI_Bcast(&bq[i][j],1,MPI_DOUBLE,0,world);
800 MPI_Bcast(&cq[i][j],1,MPI_DOUBLE,0,world);
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801 MPI_Bcast(&kn[i][j],1,MPI_DOUBLE,0,world);
802 MPI_Bcast(&kt[i][j],1,MPI_DOUBLE,0,world);
803 MPI_Bcast(&gamma_n[i][j],1,MPI_DOUBLE,0,world);
804 MPI_Bcast(&gamma_t[i][j],1,MPI_DOUBLE,0,world);
805 MPI_Bcast(&xmu[i][j],1,MPI_DOUBLE,0,world);
806 MPI_Bcast(&hf[i][j],1,MPI_DOUBLE,0,world);
807 MPI_Bcast(&cut[i][j],1,MPI_DOUBLE,0,world);
808 /* ---------------------------------------------------------------------- */
809 }
810 }
811 }
812 }
813

814 /* ----------------------------------------------------------------------
815 proc 0 writes to restart file
816 ------------------------------------------------------------------------- */
817

818 void PairGayBerne::write_restart_settings(FILE *fp)
819 {
820 fwrite(&gamma,sizeof(double),1,fp);
821 fwrite(&upsilon,sizeof(double),1,fp);
822 fwrite(&mu,sizeof(double),1,fp);
823 fwrite(&cut_global,sizeof(double),1,fp);
824 fwrite(&offset_flag,sizeof(int),1,fp);
825 fwrite(&mix_flag,sizeof(int),1,fp);
826

827 /* ----------------------------------------------------------------------
828 For new flags (modified by Yohei Nakamichi)
829 ------------------------------------------------------------------------- */
830 fwrite(&Q_flag,sizeof(int),1,fp);
831 fwrite(&C_flag,sizeof(int),1,fp);
832 fwrite(&interval,sizeof(int),1,fp);
833 fwrite(&A_const,sizeof(double),1,fp);
834 /* ---------------------------------------------------------------------- */
835 }
836

837 /* ----------------------------------------------------------------------
838 proc 0 reads from restart file, bcasts
839 ------------------------------------------------------------------------- */
840

841 void PairGayBerne::read_restart_settings(FILE *fp)
842 {
843 int me = comm−>me;
844 if (me == 0) {
845 utils::sfread(FLERR,&gamma,sizeof(double),1,fp,NULL,error);
846 utils::sfread(FLERR,&upsilon,sizeof(double),1,fp,NULL,error);
847 utils::sfread(FLERR,&mu,sizeof(double),1,fp,NULL,error);
848 utils::sfread(FLERR,&cut_global,sizeof(double),1,fp,NULL,error);
849 utils::sfread(FLERR,&offset_flag,sizeof(int),1,fp,NULL,error);
850 utils::sfread(FLERR,&mix_flag,sizeof(int),1,fp,NULL,error);
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851

852 /* ----------------------------------------------------------------------
853 For new flags (modified by Yohei Nakamichi)
854 ------------------------------------------------------------------------- */
855 utils::sfread(FLERR,&Q_flag,sizeof(int),1,fp,NULL,error);
856 utils::sfread(FLERR,&C_flag,sizeof(int),1,fp,NULL,error);
857 utils::sfread(FLERR,&interval,sizeof(int),1,fp,NULL,error);
858 utils::sfread(FLERR,&A_const,sizeof(double),1,fp,NULL,error);
859 /* ---------------------------------------------------------------------- */
860 }
861 MPI_Bcast(&gamma,1,MPI_DOUBLE,0,world);
862 MPI_Bcast(&upsilon,1,MPI_DOUBLE,0,world);
863 MPI_Bcast(&mu,1,MPI_DOUBLE,0,world);
864 MPI_Bcast(&cut_global,1,MPI_DOUBLE,0,world);
865 MPI_Bcast(&offset_flag,1,MPI_INT,0,world);
866 MPI_Bcast(&mix_flag,1,MPI_INT,0,world);
867

868 /* ----------------------------------------------------------------------
869 For new flags (modified by Yohei Nakamichi)
870 ------------------------------------------------------------------------- */
871 MPI_Bcast(&Q_flag,1,MPI_INT,0,world);
872 MPI_Bcast(&C_flag,1,MPI_INT,0,world);
873 MPI_Bcast(&interval,1,MPI_INT,0,world);
874 MPI_Bcast(&A_const,1,MPI_DOUBLE,0,world);
875 /* ---------------------------------------------------------------------- */
876 }
877

878 /* ----------------------------------------------------------------------
879 proc 0 writes to data file
880 ------------------------------------------------------------------------- */
881

882 void PairGayBerne::write_data(FILE *fp)
883 {
884 for (int i = 1; i <= atom−>ntypes; i++)
885 /* ----------------------------------------------------------------------
886 For new variables (modified by Yohei Nakamichi)
887 ------------------------------------------------------------------------- */
888 /*fprintf(fp,"%d %g %g %g %g %g %g %g %g\n",i,
889 epsilon[i][i],sigma[i][i],*/
890 fprintf(fp,
891 ”%d %g %g %g %g %g %g %g %g %g %g %g%g%g %g %g %g %g %g %g %g %g %g\n”
892 ,i,
893 gammasb[i][i],epsilon[i][i],sigma[i][i],cfa[i][i],cfb[i][i],
894 cfc[i][i], hth[i][i], aq[i][i], bq[i][i], cq[i][i], kn[i][i],
895 kt[i][i],gamma_n[i][i],gamma_t[i][i], xmu[i][i], hf[i][i],
896 /* ---------------------------------------------------------------------- */
897 pow(well[i][0],−mu),pow(well[i][1],−mu),pow(well[i][2],−mu),
898 pow(well[i][0],−mu),pow(well[i][1],−mu),pow(well[i][2],−mu));
899 }
900
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901 /* ----------------------------------------------------------------------
902 proc 0 writes all pairs to data file
903 ------------------------------------------------------------------------- */
904

905 void PairGayBerne::write_data_all(FILE *fp)
906 {
907 for (int i = 1; i <= atom−>ntypes; i++)
908 for (int j = i; j <= atom−>ntypes; j++)
909 /* ----------------------------------------------------------------------
910 For new variables (modified by Yohei Nakamichi)
911 ------------------------------------------------------------------------- */
912 /*fprintf(fp,"%d %d %g %g %g %g %g %g %g %g %g\n",i,j,
913 epsilon[i][i],sigma[i][i],*/
914 fprintf(fp,
915 ”%d %d%g%g%g%g%g %g %g %g %g %g %g %g %g %g%g%g %g %g %g %g %g %g %g\n”
916 ,i,j,
917 gammasb[i][i],epsilon[i][i],sigma[i][i],cfa[i][i],cfb[i][i],
918 cfc[i][i], hth[i][i], aq[i][i], bq[i][i], cq[i][i], kn[i][i],
919 kt[i][i],gamma_n[i][i],gamma_t[i][i], xmu[i][i], hf[i][i],
920 /* ---------------------------------------------------------------------- */
921 pow(well[i][0],−mu),pow(well[i][1],−mu),pow(well[i][2],−mu),
922 pow(well[j][0],−mu),pow(well[j][1],−mu),pow(well[j][2],−mu),
923 cut[i][j]);
924 }
925

926 /* ----------------------------------------------------------------------
927 compute analytic energy, force (fforce), and torque (ttor & rtor)
928 based on rotation matrices a and precomputed matrices b and g
929 if newton is off, rtor is not calculated for ghost atoms
930 ------------------------------------------------------------------------- */
931

932 /*double PairGayBerne::gayberne_analytic(const int i,const int j,double
933 a1[3][3],
934 double a2[3][3], double b1[3][3],
935 double b2[3][3], double g1[3][3],
936 double g2[3][3], double *r12,
937 const double rsq, double *fforce,
938 double *ttor, double *rtor)*/
939 double PairGayBerne::gayberne_analytic(const int i,const int j,
940 double a1[3][3],
941 double a2[3][3], double b1[3][3],
942 double b2[3][3], double g1[3][3],
943 double g2[3][3], double *r12,
944 const double rsq, double *fforce,
945 double *ttor, double *rtor,
946 const double iweight,
947 const double jweight,
948 double nveci[3], double nvecj[3],
949 const double cosi, const double cosj,
950 int *touch, double *history,
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951 double *allhistory, const int jj )
952 /* ---------------------------------------------------------------------- */
953 {
954 double tempv[3], tempv2[3];
955 double temp[3][3];
956 double temp1,temp2,temp3;
957

958 /* ----------------------------------------------------------------------
959 Define new variables (modified by Yohei Nakamichi)
960 ------------------------------------------------------------------------- */
961 double vr1,vr2,vr3,vnnr,vn1,vn2,vn3,vt1,vt2,vt3, vnn;
962 double xtmp,ytmp,ztmp,delx,dely,delz,fx,fy,fz;
963 double wr1,wr2,wr3;
964 double vtr1,vtr2,vtr3,vrel;
965 double shrmag,rsht;
966 double mi,mj,meff,damp,ccel,tor1,tor2,tor3;
967 double fn,fs,fnn[3],fss[3],fnk[3];
968 double xc[3], xca[3], xcb[3], xa[3], xb[3];
969 double itor[3], jtor[3];
970 double wr[3], iwbody[3], jwbody[3], tmp_iwbody[3], tmp_jwbody[3];
971 double radi, radj;
972 double inertia[3];
973 double rot[3][3];
974 double xca_hat[3], xcb_hat[3];
975 double nf_torque, f_torque[3];
976 double ellipsoid_diameter;
977 double cutoff;
978 /* ---------------------------------------------------------------------- */
979

980 int *type = atom−>type;
981 int newton_pair = force−>newton_pair;
982 int nlocal = atom−>nlocal;
983

984 /* ----------------------------------------------------------------------
985 Define new variables (modified by Yohei Nakamichi)
986 ------------------------------------------------------------------------- */
987 AtomVecEllipsoid::Bonus *bonus = avec−>bonus;
988 int *ellipsoid = atom−>ellipsoid;
989 double *iquat,*jquat;
990 double **x = atom−>x;
991 double **v = atom−>v;
992 double *radius = atom−>radius;
993 double **omega = atom−>omega;
994 double *rmass = atom−>rmass;
995 double **angmom = atom−>angmom;
996 double *drho = atom−>drho;
997 tagint *tag = atom−>tag;
998 /* ---------------------------------------------------------------------- */
999

1000 double r12hat[3];

370



Appendix A

1001 MathExtra::normalize3(r12,r12hat);
1002 double r = sqrt(rsq);
1003

1004 /* ----------------------------------------------------------------------
1005 Define new variables (modified by Yohei Nakamichi)
1006 ------------------------------------------------------------------------- */
1007 double rinv = 1.0/r;
1008 double rsqinv = 1.0/rsq;
1009 int shearupdate = 1;
1010 if (update−>setupflag) shearupdate = 0;
1011 /* ---------------------------------------------------------------------- */
1012

1013 // compute distance of closest approach
1014

1015 double g12[3][3];
1016 MathExtra::plus3(g1,g2,g12);
1017 double kappa[3];
1018 int ierror = MathExtra::mldivide3(g12,r12,kappa);
1019 if (ierror) error−>all(FLERR,"Bad␣matrix␣inversion␣in␣mldivide3");
1020

1021 // tempv = G12^-1*r12hat
1022

1023 tempv[0] = kappa[0]/r;
1024 tempv[1] = kappa[1]/r;
1025 tempv[2] = kappa[2]/r;
1026 double sigma12 = MathExtra::dot3(r12hat,tempv);
1027 sigma12 = pow(0.5*sigma12,−0.5);
1028 double h12 = r−sigma12;
1029

1030 /* ----------------------------------------------------------------------
1031 Cut-off range is modified by a function of h12.
1032 (modified by Yohei Nakamichi)
1033 ------------------------------------------------------------------------- */
1034 ellipsoid_diameter = (shape1[type[i]][0]+shape1[type[i]][1]
1035 +shape1[type[j]][0]+shape1[type[j]][1])/2.0;
1036 /*ellipsoid_diameter = (shape1[type[i]][0]+shape1[type[i]][2]
1037 +shape1[type[j]][0]+shape1[type[j]][2])/2.0;*/
1038 cutoff = sqrt(cutsq[type[i]][type[j]]) − ellipsoid_diameter;
1039 if(h12 > cutoff){
1040 fforce[0] = 0.0;
1041 fforce[1] = 0.0;
1042 fforce[2] = 0.0;
1043 ttor[0] = 0.0;
1044 ttor[1] = 0.0;
1045 ttor[2] = 0.0;
1046 rtor[0] = 0.0;
1047 rtor[1] = 0.0;
1048 rtor[2] = 0.0;
1049 return 0.0;
1050 }
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1051 /* ---------------------------------------------------------------------- */
1052

1053 /* ----------------------------------------------------------------------
1054 This part is the algorithm to calculate contact and sub-contact
1055 points of particles.
1056 (modified by Yohei Nakamichi)
1057 ------------------------------------------------------------------------- */
1058 MathExtra::vecmat(kappa,g1,xca);
1059 MathExtra::vecmat(kappa,g2,xcb);
1060 for(int k=0; k<3; k++) xc[k] = xca[k] + x[i][k];
1061 for(int k=0; k<3; k++) xa[k] = x[i][k] + xca[k]*sigma12/r;
1062 for(int k=0; k<3; k++) xb[k] = x[j][k] − xcb[k]*sigma12/r;
1063 /* ---------------------------------------------------------------------- */
1064

1065 // energy
1066 // compute u_r
1067

1068 /*double varrho = sigma[type[i]][type[j]]/(h12+gamma*sigma[type[i]][type[j]]);
1069 double varrho6 = pow(varrho,6.0);
1070 double varrho12 = varrho6*varrho6;
1071 double u_r = 4.0*epsilon[type[i]][type[j]]*(varrho12-varrho6);*/
1072

1073 /* ----------------------------------------------------------------------
1074 This part is the algorithm to calculate energy (u-r) for
1075 each interaction (i.e. face-to-face, face-to-edge,
1076 edge-to-face, and edge-to-edge)
1077 (modified by Yohei Nakamichi)
1078 ------------------------------------------------------------------------- */
1079 double tmp_h12 = h12;
1080

1081 // face-to-face
1082 double varrho_cc, varrho6_cc, varrho12_cc, varrho3_cc, u_r_cc;
1083 varrho_cc = sigma[type[i]][type[j]]
1084 /(tmp_h12+gammasb[type[i]][type[j]]*sigma[type[i]][type[j]]);
1085 varrho12_cc = cfa[type[i]][type[j]]*pow(varrho_cc, 12.0);
1086 varrho6_cc = cfb[type[i]][type[j]]*pow(varrho_cc, 6.0);
1087 varrho3_cc = cfc[type[i]][type[j]]*pow(varrho_cc, 3.0);
1088 u_r_cc = varrho12_cc−varrho6_cc+varrho3_cc;
1089 // quadratic function
1090 if( Q_flag == 1 && tmp_h12 < hth[type[i]][type[j]] ){
1091 u_r_cc = aq[type[i]][type[j]]*tmp_h12*tmp_h12
1092 + bq[type[i]][type[j]]*tmp_h12 + cq[type[i]][type[j]];
1093 }
1094

1095 // edge-to-edge
1096 double varrho_hh, varrho6_hh, varrho12_hh, varrho3_hh, u_r_hh;
1097 varrho_hh = sigma[3][3]/(tmp_h12+gammasb[3][3]*sigma[3][3]);
1098 varrho12_hh = cfa[3][3]*pow(varrho_hh, 12.0);
1099 varrho6_hh = cfb[3][3]*pow(varrho_hh, 6.0);
1100 varrho3_hh = cfc[3][3]*pow(varrho_hh, 3.0);
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1101 u_r_hh = varrho12_hh−varrho6_hh+varrho3_hh;
1102 // quadratic function
1103 if( Q_flag == 1 && tmp_h12 < hth[3][3] ){
1104 u_r_hh = aq[3][3]*tmp_h12*tmp_h12 + bq[3][3]*tmp_h12 + cq[3][3];
1105 }
1106

1107 // face-to-edge
1108 double varrho_ch, varrho6_ch, varrho12_ch, varrho3_ch, u_r_ch;
1109 varrho_ch = sigma[type[i]][3]
1110 /(tmp_h12+gammasb[type[i]][3]*sigma[type[i]][3]);
1111 varrho12_ch = cfa[type[i]][3]*pow(varrho_ch, 12.0);
1112 varrho6_ch = cfb[type[i]][3]*pow(varrho_ch, 6.0);
1113 varrho3_ch = cfc[type[i]][3]*pow(varrho_ch, 3.0);
1114 u_r_ch = varrho12_ch−varrho6_ch+varrho3_ch;
1115 // quadratic function
1116 if( Q_flag == 1 && tmp_h12 < hth[type[i]][3] ){
1117 u_r_ch = aq[type[i]][3]*tmp_h12*tmp_h12
1118 + bq[type[i]][3]*tmp_h12 + cq[type[i]][3];
1119 }
1120

1121 // edge-to-face
1122 double varrho_hc, varrho6_hc, varrho12_hc, varrho3_hc, u_r_hc;
1123 varrho_hc = sigma[3][type[j]]
1124 /(tmp_h12+gammasb[3][type[j]]*sigma[3][type[j]]);
1125 varrho12_hc = cfa[3][type[j]]*pow(varrho_hc, 12.0);
1126 varrho6_hc = cfb[3][type[j]]*pow(varrho_hc, 6.0);
1127 varrho3_hc = cfc[3][type[j]]*pow(varrho_hc, 3.0);
1128 u_r_hc = varrho12_hc−varrho6_hc+varrho3_hc;
1129 // quadratic function
1130 if( Q_flag == 1 && tmp_h12 < hth[3][type[j]] ){
1131 u_r_hc = aq[3][type[j]]*tmp_h12*tmp_h12
1132 + bq[3][type[j]]*tmp_h12 + cq[3][type[j]];
1133 }
1134

1135 // total potential energy
1136 double u_gb = iweight*jweight*u_r_cc
1137 + iweight*(1.0−jweight)*u_r_ch
1138 + (1.0−iweight)*jweight*u_r_hc
1139 + (1.0−iweight)*(1.0−jweight)*u_r_hh;
1140 /* ---------------------------------------------------------------------- */
1141

1142 // compute eta_12
1143

1144 double eta = 2.0*lshape[type[i]]*lshape[type[j]];
1145 double det_g12 = MathExtra::det3(g12);
1146 eta = pow(eta/det_g12,upsilon);
1147

1148 // compute chi_12
1149

1150 double b12[3][3];
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1151 double iota[3];
1152 MathExtra::plus3(b1,b2,b12);
1153 ierror = MathExtra::mldivide3(b12,r12,iota);
1154 if (ierror) error−>all(FLERR,"Bad␣matrix␣inversion␣in␣mldivide3");
1155

1156 // tempv = G12^-1*r12hat
1157

1158 tempv[0] = iota[0]/r;
1159 tempv[1] = iota[1]/r;
1160 tempv[2] = iota[2]/r;
1161 double chi = MathExtra::dot3(r12hat,tempv);
1162 chi = pow(chi*2.0,mu);
1163

1164 // force
1165 // compute dUr/dr
1166

1167 /*temp1 = (2.0*varrho12*varrho-varrho6*varrho)/sigma[type[i]][type[j]];
1168 temp1 = temp1*24.0*epsilon[type[i]][type[j]];
1169 double u_slj = temp1*pow(sigma12,3.0)/2.0;
1170 double dUr[3];
1171 temp2 = MathExtra::dot3(kappa,r12hat);
1172 double uslj_rsq = u_slj/rsq;
1173 dUr[0] = temp1*r12hat[0]+uslj_rsq*(kappa[0]-temp2*r12hat[0]);
1174 dUr[1] = temp1*r12hat[1]+uslj_rsq*(kappa[1]-temp2*r12hat[1]);
1175 dUr[2] = temp1*r12hat[2]+uslj_rsq*(kappa[2]-temp2*r12hat[2]);*/
1176

1177 /* ----------------------------------------------------------------------
1178 This part is the algorithm to calculate interaction forces (dUr/dr)
1179 for each interaction (i.e. face-to-face, face-to-edge,
1180 edge-to-face, and edge-to-edge)
1181 (modified by Yohei Nakamichi)
1182 ------------------------------------------------------------------------- */
1183 // face-to-face
1184 double u_slj_cc, dUr_cc[3], uslj_rsq_cc;
1185 temp1 = (12.0*varrho12_cc*varrho_cc − 6.0*varrho6_cc*varrho_cc
1186 + 3.0*varrho3_cc*varrho_cc)/sigma[type[i]][type[j]];
1187 // quadratic function
1188 if( Q_flag == 1 && tmp_h12 < hth[type[i]][type[j]] ){
1189 temp1 = −(2.0*aq[type[i]][type[j]]*tmp_h12+bq[type[i]][type[j]]); }
1190 temp2 = MathExtra::dot3(kappa,r12hat);
1191 u_slj_cc = temp1*pow(sigma12,3.0)/2.0;
1192 uslj_rsq_cc = u_slj_cc/rsq;
1193 dUr_cc[0] = temp1*r12hat[0]+uslj_rsq_cc*(kappa[0]−temp2*r12hat[0]);
1194 dUr_cc[1] = temp1*r12hat[1]+uslj_rsq_cc*(kappa[1]−temp2*r12hat[1]);
1195 dUr_cc[2] = temp1*r12hat[2]+uslj_rsq_cc*(kappa[2]−temp2*r12hat[2]);
1196

1197 // edge-to-edge
1198 double u_slj_hh, dUr_hh[3], uslj_rsq_hh;
1199 temp1 = (12.0*varrho12_hh*varrho_hh − 6.0*varrho6_hh*varrho_hh
1200 + 3.0*varrho3_hh*varrho_hh)/sigma[3][3];
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1201 // quadratic function
1202 if( Q_flag == 1 && tmp_h12 < hth[3][3] ){
1203 temp1 = −(2.0*aq[3][3]*tmp_h12+bq[3][3]); }
1204 temp2 = MathExtra::dot3(kappa,r12hat);
1205 u_slj_hh = temp1*pow(sigma12,3.0)/2.0;
1206 uslj_rsq_hh = u_slj_hh/rsq;
1207 dUr_hh[0] = temp1*r12hat[0]+uslj_rsq_hh*(kappa[0]−temp2*r12hat[0]);
1208 dUr_hh[1] = temp1*r12hat[1]+uslj_rsq_hh*(kappa[1]−temp2*r12hat[1]);
1209 dUr_hh[2] = temp1*r12hat[2]+uslj_rsq_hh*(kappa[2]−temp2*r12hat[2]);
1210

1211 // face-to-edge
1212 double u_slj_ch, dUr_ch[3], uslj_rsq_ch;
1213 temp1 = (12.0*varrho12_ch*varrho_ch − 6.0*varrho6_ch*varrho_ch
1214 + 3.0*varrho3_ch*varrho_ch)/sigma[type[i]][3];
1215 // quadratic function
1216 if( Q_flag == 1 && tmp_h12 < hth[type[i]][3] ){
1217 temp1 = −(2.0*aq[type[i]][3]*tmp_h12+bq[type[i]][3]); }
1218 temp2 = MathExtra::dot3(kappa,r12hat);
1219 u_slj_ch = temp1*pow(sigma12,3.0)/2.0;
1220 uslj_rsq_ch = u_slj_ch/rsq;
1221 dUr_ch[0] = temp1*r12hat[0]+uslj_rsq_ch*(kappa[0]−temp2*r12hat[0]);
1222 dUr_ch[1] = temp1*r12hat[1]+uslj_rsq_ch*(kappa[1]−temp2*r12hat[1]);
1223 dUr_ch[2] = temp1*r12hat[2]+uslj_rsq_ch*(kappa[2]−temp2*r12hat[2]);
1224

1225 // edge-to-face
1226 double u_slj_hc, dUr_hc[3], uslj_rsq_hc;
1227 temp1 = (12.0*varrho12_hc*varrho_hc − 6.0*varrho6_hc*varrho_hc
1228 + 3.0*varrho3_hc*varrho_hc)/sigma[3][type[j]];
1229 // quadratic function
1230 if( Q_flag == 1 && tmp_h12 < hth[3][type[j]] ){
1231 temp1 = −(2.0*aq[3][type[j]]*tmp_h12+bq[3][type[j]]); }
1232 temp2 = MathExtra::dot3(kappa,r12hat);
1233 u_slj_hc = temp1*pow(sigma12,3.0)/2.0;
1234 uslj_rsq_hc = u_slj_hc/rsq;
1235 dUr_hc[0] = temp1*r12hat[0]+uslj_rsq_hc*(kappa[0]−temp2*r12hat[0]);
1236 dUr_hc[1] = temp1*r12hat[1]+uslj_rsq_hc*(kappa[1]−temp2*r12hat[1]);
1237 dUr_hc[2] = temp1*r12hat[2]+uslj_rsq_hc*(kappa[2]−temp2*r12hat[2]);
1238

1239 // cpmpute diweight/dr and djweight/dr
1240

1241 double dot_ni_r12hat = MathExtra::dot3(nveci,r12hat);
1242 double norm_ni = sqrt( MathExtra::dot3(nveci,nveci) );
1243 double diweight[3];
1244 if( cosi >=0.0 ){
1245 diweight[0] = (2.0*A_const)*pow(cosi,(2.0*A_const)−1.0)
1246 /(norm_ni*rsq)*(nveci[0]−dot_ni_r12hat*r12hat[0]);
1247 diweight[1] = (2.0*A_const)*pow(cosi,(2.0*A_const)−1.0)
1248 /(norm_ni*rsq)*(nveci[1]−dot_ni_r12hat*r12hat[1]);
1249 diweight[2] = (2.0*A_const)*pow(cosi,(2.0*A_const)−1.0)
1250 /(norm_ni*rsq)*(nveci[2]−dot_ni_r12hat*r12hat[2]);
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1251 }else if( cosi < 0.0 ){
1252 diweight[0] = −(2.0*A_const)*pow(−cosi,(2.0*A_const)−1.0)
1253 /(norm_ni*rsq)*(nveci[0]−dot_ni_r12hat*r12hat[0]);
1254 diweight[1] = −(2.0*A_const)*pow(−cosi,(2.0*A_const)−1.0)
1255 /(norm_ni*rsq)*(nveci[1]−dot_ni_r12hat*r12hat[1]);
1256 diweight[2] = −(2.0*A_const)*pow(−cosi,(2.0*A_const)−1.0)
1257 /(norm_ni*rsq)*(nveci[2]−dot_ni_r12hat*r12hat[2]);
1258 }
1259

1260 double dot_nj_r12hat = MathExtra::dot3(nvecj,r12hat);
1261 double norm_nj = sqrt( MathExtra::dot3(nvecj,nvecj) );
1262 double djweight[3];
1263 if( cosj >= 0.0 ){
1264 djweight[0] = (2.0*A_const)*pow(cosj,(2.0*A_const)−1.0)
1265 /(norm_nj*rsq)*(nvecj[0]−dot_nj_r12hat*r12hat[0]);
1266 djweight[1] = (2.0*A_const)*pow(cosj,(2.0*A_const)−1.0)
1267 /(norm_nj*rsq)*(nvecj[1]−dot_nj_r12hat*r12hat[1]);
1268 djweight[2] = (2.0*A_const)*pow(cosj,(2.0*A_const)−1.0)
1269 /(norm_nj*rsq)*(nvecj[2]−dot_nj_r12hat*r12hat[2]);
1270 }else if( cosj < 0.0 ){
1271 djweight[0] = −(2.0*A_const)*pow(−cosj,(2.0*A_const)−1.0)
1272 /(norm_nj*rsq)*(nvecj[0]−dot_nj_r12hat*r12hat[0]);
1273 djweight[1] = −(2.0*A_const)*pow(−cosj,(2.0*A_const)−1.0)
1274 /(norm_nj*rsq)*(nvecj[1]−dot_nj_r12hat*r12hat[1]);
1275 djweight[2] = −(2.0*A_const)*pow(−cosj,(2.0*A_const)−1.0)
1276 /(norm_nj*rsq)*(nvecj[2]−dot_nj_r12hat*r12hat[2]);
1277 }
1278

1279 // compute dUr/dr
1280 double dUr[3];
1281 dUr[0] = iweight*jweight*dUr_cc[0]
1282 + iweight*djweight[0]*u_r_cc
1283 + diweight[0]*jweight*u_r_cc
1284 + iweight*(1.0−jweight)*dUr_ch[0]
1285 − iweight*djweight[0]*u_r_ch
1286 + diweight[0]*(1.0−jweight)*u_r_ch
1287 + (1.0−iweight)*jweight*dUr_hc[0]
1288 + (1.0−iweight)*djweight[0]*u_r_hc
1289 − diweight[0]*jweight*u_r_hc
1290 + (1.0−iweight)*(1.0−jweight)*dUr_hh[0]
1291 − (1.0−iweight)*djweight[0]*u_r_hh
1292 − diweight[0]*(1.0−jweight)*u_r_hh;
1293 dUr[1] = iweight*jweight*dUr_cc[1]
1294 + iweight*djweight[1]*u_r_cc
1295 + diweight[1]*jweight*u_r_cc
1296 + iweight*(1.0−jweight)*dUr_ch[1]
1297 − iweight*djweight[1]*u_r_ch
1298 + diweight[1]*(1.0−jweight)*u_r_ch
1299 + (1.0−iweight)*jweight*dUr_hc[1]
1300 + (1.0−iweight)*djweight[1]*u_r_hc
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1301 − diweight[1]*jweight*u_r_hc
1302 + (1.0−iweight)*(1.0−jweight)*dUr_hh[1]
1303 − (1.0−iweight)*djweight[1]*u_r_hh
1304 − diweight[1]*(1.0−jweight)*u_r_hh;
1305 dUr[2] = iweight*jweight*dUr_cc[2]
1306 + iweight*djweight[2]*u_r_cc
1307 + diweight[2]*jweight*u_r_cc
1308 + iweight*(1.0−jweight)*dUr_ch[2]
1309 − iweight*djweight[2]*u_r_ch
1310 + diweight[2]*(1.0−jweight)*u_r_ch
1311 + (1.0−iweight)*jweight*dUr_hc[2]
1312 + (1.0−iweight)*djweight[2]*u_r_hc
1313 − diweight[2]*jweight*u_r_hc
1314 + (1.0−iweight)*(1.0−jweight)*dUr_hh[2]
1315 − (1.0−iweight)*djweight[2]*u_r_hh
1316 − diweight[2]*(1.0−jweight)*u_r_hh;
1317 /* ---------------------------------------------------------------------- */
1318

1319 // compute dChi_12/dr
1320

1321 double dchi[3];
1322 temp1 = MathExtra::dot3(iota,r12hat);
1323 temp2 = −4.0/rsq*mu*pow(chi,(mu−1.0)/mu);
1324 dchi[0] = temp2*(iota[0]−temp1*r12hat[0]);
1325 dchi[1] = temp2*(iota[1]−temp1*r12hat[1]);
1326 dchi[2] = temp2*(iota[2]−temp1*r12hat[2]);
1327

1328 temp1 = −eta*u_gb;
1329 temp3 = eta*chi;
1330 fforce[0] = temp1*dchi[0]−temp3*dUr[0];
1331 fforce[1] = temp1*dchi[1]−temp3*dUr[1];
1332 fforce[2] = temp1*dchi[2]−temp3*dUr[2];
1333

1334 // torque for particle 1 and 2
1335 // compute dUr
1336

1337 /*tempv[0] = -uslj_rsq*kappa[0];
1338 tempv[1] = -uslj_rsq*kappa[1];
1339 tempv[2] = -uslj_rsq*kappa[2];*/
1340

1341 /* ----------------------------------------------------------------------
1342 Modified torque calculation (modified by Yohei Nakamichi)
1343 ------------------------------------------------------------------------- */
1344 tempv[0] = −(1.0/r)*(iweight*jweight*u_slj_cc/r*kappa[0]
1345 + iweight*djweight[0]*u_r_cc
1346 + diweight[0]*jweight*u_r_cc
1347 + iweight*(1.0−jweight)*u_slj_ch/r*kappa[0]
1348 − iweight*djweight[0]*u_r_ch
1349 + diweight[0]*(1.0−jweight)*u_r_ch
1350 + (1.0−iweight)*jweight*u_slj_hc/r*kappa[0]
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1351 + (1.0−iweight)*djweight[0]*u_r_hc
1352 − diweight[0]*jweight*u_r_hc
1353 + (1.0−iweight)*(1.0−jweight)*u_slj_hh/r*kappa[0]
1354 − (1.0−iweight)*djweight[0]*u_r_hh
1355 − diweight[0]*(1.0−jweight)*u_r_hh);
1356 tempv[1] = −(1.0/r)*(iweight*jweight*u_slj_cc/r*kappa[1]
1357 + iweight*djweight[1]*u_r_cc
1358 + diweight[1]*jweight*u_r_cc
1359 + iweight*(1.0−jweight)*u_slj_ch/r*kappa[1]
1360 − iweight*djweight[1]*u_r_ch
1361 + diweight[1]*(1.0−jweight)*u_r_ch
1362 + (1.0−iweight)*jweight*u_slj_hc/r*kappa[1]
1363 + (1.0−iweight)*djweight[1]*u_r_hc
1364 − diweight[1]*jweight*u_r_hc
1365 + (1.0−iweight)*(1.0−jweight)*u_slj_hh/r*kappa[1]
1366 − (1.0−iweight)*djweight[1]*u_r_hh
1367 − diweight[1]*(1.0−jweight)*u_r_hh);
1368 tempv[2] = −(1.0/r)*(iweight*jweight*u_slj_cc/r*kappa[2]
1369 + iweight*djweight[2]*u_r_cc
1370 + diweight[2]*jweight*u_r_cc
1371 + iweight*(1.0−jweight)*u_slj_ch/r*kappa[2]
1372 − iweight*djweight[2]*u_r_ch
1373 + diweight[2]*(1.0−jweight)*u_r_ch
1374 + (1.0−iweight)*jweight*u_slj_hc/r*kappa[2]
1375 + (1.0−iweight)*djweight[2]*u_r_hc
1376 − diweight[2]*jweight*u_r_hc
1377 + (1.0−iweight)*(1.0−jweight)*u_slj_hh/r*kappa[2]
1378 − (1.0−iweight)*djweight[2]*u_r_hh
1379 − diweight[2]*(1.0−jweight)*u_r_hh);
1380 /* ---------------------------------------------------------------------- */
1381

1382 MathExtra::vecmat(kappa,g1,tempv2);
1383 MathExtra::cross3(tempv,tempv2,dUr);
1384 double dUr2[3];
1385

1386 if (newton_pair || j < nlocal) {
1387 MathExtra::vecmat(kappa,g2,tempv2);
1388 MathExtra::cross3(tempv,tempv2,dUr2);
1389 }
1390

1391

1392 // compute d_chi
1393

1394 MathExtra::vecmat(iota,b1,tempv);
1395 MathExtra::cross3(tempv,iota,dchi);
1396 dchi[0] *= temp2;
1397 dchi[1] *= temp2;
1398 dchi[2] *= temp2;
1399 double dchi2[3];
1400
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1401 if (newton_pair || j < nlocal) {
1402 MathExtra::vecmat(iota,b2,tempv);
1403 MathExtra::cross3(tempv,iota,dchi2);
1404 dchi2[0] *= temp2;
1405 dchi2[1] *= temp2;
1406 dchi2[2] *= temp2;
1407 }
1408

1409 // compute d_eta
1410

1411 double deta[3];
1412 deta[0] = deta[1] = deta[2] = 0.0;
1413 compute_eta_torque(g12,a1,shape2[type[i]],temp);
1414 temp1 = −eta*upsilon;
1415 for (int m = 0; m < 3; m++) {
1416 for (int y = 0; y < 3; y++) tempv[y] = temp1*temp[m][y];
1417 MathExtra::cross3(a1[m],tempv,tempv2);
1418 deta[0] += tempv2[0];
1419 deta[1] += tempv2[1];
1420 deta[2] += tempv2[2];
1421 }
1422

1423 // compute d_eta for particle 2
1424

1425 double deta2[3];
1426 if (newton_pair || j < nlocal) {
1427 deta2[0] = deta2[1] = deta2[2] = 0.0;
1428 compute_eta_torque(g12,a2,shape2[type[j]],temp);
1429 for (int m = 0; m < 3; m++) {
1430 for (int y = 0; y < 3; y++) tempv[y] = temp1*temp[m][y];
1431 MathExtra::cross3(a2[m],tempv,tempv2);
1432 deta2[0] += tempv2[0];
1433 deta2[1] += tempv2[1];
1434 deta2[2] += tempv2[2];
1435 }
1436 }
1437

1438 // torque
1439 temp1 = u_gb*eta;
1440 temp2 = u_gb*chi;
1441 temp3 = chi*eta;
1442

1443 ttor[0] = (temp1*dchi[0]+temp2*deta[0]+temp3*dUr[0]) * −1.0;
1444 ttor[1] = (temp1*dchi[1]+temp2*deta[1]+temp3*dUr[1]) * −1.0;
1445 ttor[2] = (temp1*dchi[2]+temp2*deta[2]+temp3*dUr[2]) * −1.0;
1446

1447 if (newton_pair || j < nlocal) {
1448 rtor[0] = (temp1*dchi2[0]+temp2*deta2[0]+temp3*dUr2[0]) * −1.0;
1449 rtor[1] = (temp1*dchi2[1]+temp2*deta2[1]+temp3*dUr2[1]) * −1.0;
1450 rtor[2] = (temp1*dchi2[2]+temp2*deta2[2]+temp3*dUr2[2]) * −1.0;
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1451 }
1452

1453 /*return temp1*chi;*/
1454

1455 /* ----------------------------------------------------------------------
1456 Thia part is for calculation of tangential force. Tangential
1457 force is calculated using Hookean contact model. if DEM_flag
1458 is one, normal force is calculated using Hookean contacr mo-
1459 del instead of Gay-Berne potential. In this case, potential
1460 energy isn't calculated, it keeps zero value.
1461 (modified by Yohei Nakamichi)
1462 ------------------------------------------------------------------------- */
1463 double vr[3], vn[3], vt[3], vnr[3], vrr[3];
1464

1465 /*zero set*/
1466 fss[0] = 0.0;
1467 fss[1] = 0.0;
1468 fss[2] = 0.0;
1469 fnn[0] = fforce[0];
1470 fnn[1] = fforce[1];
1471 fnn[2] = fforce[2];
1472

1473 /* unset non-touching neighbors*/
1474 if( h12 > hf[type[i]][type[j]] ){
1475 touch[jj] = 0;
1476 history = &allhistory[size_history*jj];
1477 for (int k = 0; k < size_history; k++) history[k] = 0.0;
1478 }else{
1479 /* calculate tangential force */
1480 /* relative translational velocity */
1481 vr[0] = v[i][0] − v[j][0];
1482 vr[1] = v[i][1] − v[j][1];
1483 vr[2] = v[i][2] − v[j][2];
1484 /* normal component */
1485 vnnr = MathExtra::dot3(vr,r12hat);
1486 vn[0] = vnnr*r12hat[0];
1487 vn[1] = vnnr*r12hat[1];
1488 vn[2] = vnnr*r12hat[2];
1489 /* tangential component */
1490 vt[0] = vr[0] − vn[0];
1491 vt[1] = vr[1] − vn[1];
1492 vt[2] = vr[2] − vn[2];
1493

1494 /* principal moments of inertia */
1495 inertia[0] = rmass[i] * (shape1[type[i]][1]*shape1[type[i]][1]
1496 +shape1[type[i]][2]*shape1[type[i]][2]) / 5.0;
1497 inertia[1] = rmass[i] * (shape1[type[i]][0]*shape1[type[i]][0]
1498 +shape1[type[i]][2]*shape1[type[i]][2]) / 5.0;
1499 inertia[2] = rmass[i] * (shape1[type[i]][0]*shape1[type[i]][0]
1500 +shape1[type[i]][1]*shape1[type[i]][1]) / 5.0;
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1501

1502 /* angular velocity : wbody = angular velocity in xyz coordination system */
1503 iquat = bonus[ellipsoid[i]].quat;
1504 MathExtra::quat_to_mat(iquat,rot);
1505 MathExtra::transpose_matvec(rot,angmom[i],tmp_iwbody);
1506 tmp_iwbody[0] /= inertia[0];
1507 tmp_iwbody[1] /= inertia[1];
1508 tmp_iwbody[2] /= inertia[2];
1509 MathExtra::matvec(rot,tmp_iwbody,iwbody);
1510

1511 /* principal moments of inertia */
1512 inertia[0] = rmass[j] * (shape1[type[j]][1]*shape1[type[j]][1]
1513 +shape1[type[j]][2]*shape1[type[j]][2]) / 5.0;
1514 inertia[1] = rmass[j] * (shape1[type[j]][0]*shape1[type[j]][0]
1515 +shape1[type[j]][2]*shape1[type[j]][2]) / 5.0;
1516 inertia[2] = rmass[j] * (shape1[type[j]][0]*shape1[type[j]][0]
1517 +shape1[type[j]][1]*shape1[type[j]][1]) / 5.0;
1518

1519 /* angular velocity : wbody = angular velocity in xyz coordination system */
1520 jquat = bonus[ellipsoid[j]].quat;
1521 MathExtra::quat_to_mat(jquat,rot);
1522 MathExtra::transpose_matvec(rot,angmom[j],tmp_jwbody);
1523 tmp_jwbody[0] /= inertia[0];
1524 tmp_jwbody[1] /= inertia[1];
1525 tmp_jwbody[2] /= inertia[2];
1526 MathExtra::matvec(rot,tmp_jwbody,jwbody);
1527

1528 /* contacr point */
1529 xca[0]=x[i][0]−xa[0];
1530 xca[1]=x[i][1]−xa[1];
1531 xca[2]=x[i][2]−xa[2];
1532 xcb[0]=xb[0]−x[j][0];
1533 xcb[1]=xb[1]−x[j][1];
1534 xcb[2]=xb[2]−x[j][2];
1535

1536 /*relative rotational velocity*/
1537 vrr[0] = (xca[2]*iwbody[1]−xca[1]*iwbody[2])
1538 + (xcb[2]*jwbody[1]−xcb[1]*jwbody[2]);
1539 vrr[1] = (xca[0]*iwbody[2]−xca[2]*iwbody[0])
1540 + (xcb[0]*jwbody[2]−xcb[2]*jwbody[0]);
1541 vrr[2] = (xca[1]*iwbody[0]−xca[0]*iwbody[1])
1542 + (xcb[1]*jwbody[0]−xcb[0]*jwbody[1]);
1543

1544 /* normal component */
1545 vnnr = MathExtra::dot3(vrr,r12hat);
1546 vnr[0] = vnnr*r12hat[0];
1547 vnr[1] = vnnr*r12hat[1];
1548 vnr[2] = vnnr*r12hat[2];
1549 /* tangential component */
1550 vt[0] −= vrr[0] − vnr[0];
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1551 vt[1] −= vrr[1] − vnr[1];
1552 vt[2] −= vrr[2] − vnr[2];
1553

1554 /* shear history effects */
1555 touch[jj] = 1;
1556 history = &allhistory[size_history*jj];
1557 if(shearupdate){
1558 history[0] += vt[0]*dt;
1559 history[1] += vt[1]*dt;
1560 history[2] += vt[2]*dt;
1561 }
1562 shrmag = sqrt(history[0]*history[0] + history[1]*history[1]
1563 + history[2]*history[2]);
1564

1565 /* rotate shear displacements */
1566 rsht = MathExtra::dot3(history,r12hat);
1567 if(shearupdate){
1568 history[0] −= rsht*r12hat[0];
1569 history[1] −= rsht*r12hat[1];
1570 history[2] −= rsht*r12hat[2];
1571 }
1572

1573 // mean mass : meff = effective mass of pair of particles */
1574 mi = rmass[i];
1575 mj = rmass[j];
1576 meff = mi*mj / (mi+mj);
1577

1578 /* tangential forces = shear + tangential velocity damping */
1579 fss[0] = − (kt[type[i]][type[j]]*history[0]
1580 + meff*gamma_t[type[i]][type[j]]*vt[0]);
1581 fss[1] = − (kt[type[i]][type[j]]*history[1]
1582 + meff*gamma_t[type[i]][type[j]]*vt[1]);
1583 fss[2] = − (kt[type[i]][type[j]]*history[2]
1584 + meff*gamma_t[type[i]][type[j]]*vt[2]);
1585

1586 /* rescale frictional displacements and forces if needed */
1587 fs = sqrt(fss[0]*fss[0] + fss[1]*fss[1] + fss[2]*fss[2]);
1588

1589 fn = MathExtra::dot3(fforce,r12hat);
1590 fn = sqrt(fn*fn);
1591 fn *= xmu[type[i]][type[j]];
1592

1593 if (fabs(fs) > fn) {
1594 if (shrmag != 0.0) {
1595 history[0] = (fn/fs) * (history[0] + meff*gamma_t[type[i]][type[j]]
1596 *vt[0]/kt[type[i]][type[j]])
1597 − meff*gamma_t[type[i]][type[j]]*vt[0]/kt[type[i]][type[j]];
1598 history[1] = (fn/fs) * (history[1] + meff*gamma_t[type[i]][type[j]]
1599 *vt[1]/kt[type[i]][type[j]])
1600 − meff*gamma_t[type[i]][type[j]]*vt[1]/kt[type[i]][type[j]];
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1601 history[2] = (fn/fs) * (history[2] + meff*gamma_t[type[i]][type[j]]
1602 *vt[2]/kt[type[i]][type[j]])
1603 − meff*gamma_t[type[i]][type[j]]*vt[2]/kt[type[i]][type[j]];
1604 fss[0] *= fn/fs;
1605 fss[1] *= fn/fs;
1606 fss[2] *= fn/fs;
1607 } else{
1608 fss[0] = 0.0;
1609 fss[1] = 0.0;
1610 fss[2] = 0.0;
1611 }
1612 }
1613

1614 /* force */
1615 fforce[0] += fss[0];
1616 fforce[1] += fss[1];
1617 fforce[2] += fss[2];
1618

1619 /* torque */
1620 f_torque[0] = fss[0];
1621 f_torque[1] = fss[1];
1622 f_torque[2] = fss[2];
1623 MathExtra::vecmat(kappa,g1,xca);
1624 MathExtra::cross3(xca,f_torque,itor);
1625 ttor[0] += itor[0];
1626 ttor[1] += itor[1];
1627 ttor[2] += itor[2];
1628 if (newton_pair || j < nlocal) {
1629 f_torque[0] = fss[0];
1630 f_torque[1] = fss[1];
1631 f_torque[2] = fss[2];
1632 MathExtra::vecmat(kappa,g2,xcb);
1633 MathExtra::cross3(xcb,f_torque,jtor);
1634 rtor[0] += jtor[0];
1635 rtor[1] += jtor[1];
1636 rtor[2] += jtor[2];
1637 }
1638 }
1639 /* ---------------------------------------------------------------------- */
1640

1641 /* ----------------------------------------------------------------------
1642 Thia part is for debug.
1643 C_flag = 0: non-active
1644 C_flag = 1: active
1645 ------------------------------------------------------------------------- */
1646 if( C_flag == 1 && ntimestep%interval == 0.0 ){
1647 FILE *fp;
1648 char filename[30];
1649 sprintf(filename, ”contact_debug_%d.txt”, ntimestep);
1650 fp = fopen(filename,”a”);
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1651 fprintf(fp, ”%e %e %e %e %e %e %e %e %e %e %e %e %e %e %e %e\n”,
1652 x[i][0], x[i][1], x[i][2], x[j][0], x[j][1], x[j][2],
1653 fnn[0], fnn[1], fnn[2], fss[0], fss[1], fss[2],
1654 history[0], history[1], history[2], h12);
1655 fclose(fp);
1656 }
1657 /* ---------------------------------------------------------------------- */
1658 /* potential energy */
1659 double pe = u_gb*eta*chi;
1660 return pe;
1661 }
1662 /* ----------------------------------------------------------------------
1663 torque contribution from eta
1664 computes trace in the last doc equation for the torque derivative
1665 code comes from symbolic solver dump
1666 m is g12, m2 is a_i, s is the shape for the particle
1667 ------------------------------------------------------------------------- */
1668

1669 void PairGayBerne::compute_eta_torque(double m[3][3], double m2[3][3],
1670 double *s, double ans[3][3])
1671 {
1672 double den = m[1][0]*m[0][2]*m[2][1]−m[0][0]*m[1][2]*m[2][1]−
1673 m[0][2]*m[2][0]*m[1][1]+m[0][1]*m[2][0]*m[1][2]−
1674 m[1][0]*m[0][1]*m[2][2]+m[0][0]*m[1][1]*m[2][2];
1675

1676 ans[0][0] = s[0]*(m[1][2]*m[0][1]*m2[0][2]+2.0*m[1][1]*m[2][2]*m2[0][0]−
1677 m[1][1]*m2[0][2]*m[0][2]−2.0*m[1][2]*m2[0][0]*m[2][1]+
1678 m2[0][1]*m[0][2]*m[2][1]−m2[0][1]*m[0][1]*m[2][2]−
1679 m[1][0]*m[2][2]*m2[0][1]+m[2][0]*m[1][2]*m2[0][1]+
1680 m[1][0]*m2[0][2]*m[2][1]−m2[0][2]*m[2][0]*m[1][1])/den;
1681

1682 ans[0][1] = s[0]*(m[0][2]*m2[0][0]*m[2][1]−m[2][2]*m2[0][0]*m[0][1]+
1683 2.0*m[0][0]*m[2][2]*m2[0][1]−m[0][0]*m2[0][2]*m[1][2]−
1684 2.0*m[2][0]*m[0][2]*m2[0][1]+m2[0][2]*m[1][0]*m[0][2]−
1685 m[2][2]*m[1][0]*m2[0][0]+m[2][0]*m2[0][0]*m[1][2]+
1686 m[2][0]*m2[0][2]*m[0][1]−m2[0][2]*m[0][0]*m[2][1])/den;
1687

1688 ans[0][2] = s[0]*(m[0][1]*m[1][2]*m2[0][0]−m[0][2]*m2[0][0]*m[1][1]−
1689 m[0][0]*m[1][2]*m2[0][1]+m[1][0]*m[0][2]*m2[0][1]−
1690 m2[0][1]*m[0][0]*m[2][1]−m[2][0]*m[1][1]*m2[0][0]+
1691 2.0*m[1][1]*m[0][0]*m2[0][2]−2.0*m[1][0]*m2[0][2]
1692 *m[0][1]+
1693 m[1][0]*m[2][1]*m2[0][0]+m[2][0]*m2[0][1]*m[0][1])/den;
1694

1695 ans[1][0] = s[1]*(−m[1][1]*m2[1][2]*m[0][2]+2.0*m[1][1]*m[2][2]*m2[1][0]+
1696 m[1][2]*m[0][1]*m2[1][2]−2.0*m[1][2]*m2[1][0]*m[2][1]+
1697 m2[1][1]*m[0][2]*m[2][1]−m2[1][1]*m[0][1]*m[2][2]−
1698 m[1][0]*m[2][2]*m2[1][1]+m[2][0]*m[1][2]*m2[1][1]−
1699 m2[1][2]*m[2][0]*m[1][1]+m[1][0]*m2[1][2]*m[2][1])/den;
1700
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1701 ans[1][1] = s[1]*(m[0][2]*m2[1][0]*m[2][1]−m[0][1]*m[2][2]*m2[1][0]+
1702 2.0*m[2][2]*m[0][0]*m2[1][1]−m2[1][2]*m[0][0]*m[1][2]−
1703 2.0*m[2][0]*m2[1][1]*m[0][2]−m[1][0]*m[2][2]*m2[1][0]+
1704 m[2][0]*m[1][2]*m2[1][0]+m[1][0]*m2[1][2]*m[0][2]−
1705 m[0][0]*m2[1][2]*m[2][1]+m2[1][2]*m[0][1]*m[2][0])/den;
1706

1707 ans[1][2] = s[1]*(m[0][1]*m[1][2]*m2[1][0]−m[0][2]*m2[1][0]*m[1][1]−
1708 m[0][0]*m[1][2]*m2[1][1]+m[1][0]*m[0][2]*m2[1][1]+
1709 2.0*m[1][1]*m[0][0]*m2[1][2]−m[0][0]*m2[1][1]*m[2][1]+
1710 m[0][1]*m[2][0]*m2[1][1]−m2[1][0]*m[2][0]*m[1][1]−
1711 2.0*m[1][0]*m[0][1]*m2[1][2]+m[1][0]*m2[1][0]*m[2][1])
1712 /den;
1713

1714 ans[2][0] = s[2]*(−m[1][1]*m[0][2]*m2[2][2]+m[0][1]*m[1][2]*m2[2][2]+
1715 2.0*m[1][1]*m2[2][0]*m[2][2]−m[0][1]*m2[2][1]*m[2][2]+
1716 m[0][2]*m[2][1]*m2[2][1]−2.0*m2[2][0]*m[2][1]*m[1][2]−
1717 m[1][0]*m2[2][1]*m[2][2]+m[1][2]*m[2][0]*m2[2][1]−
1718 m[1][1]*m[2][0]*m2[2][2]+m[2][1]*m[1][0]*m2[2][2])/den;
1719

1720 ans[2][1] = s[2]*−(m[0][1]*m[2][2]*m2[2][0]−m[0][2]*m2[2][0]*m[2][1]−
1721 2.0*m2[2][1]*m[0][0]*m[2][2]+m[1][2]*m2[2][2]*m[0][0]+
1722 2.0*m2[2][1]*m[0][2]*m[2][0]+m[1][0]*m2[2][0]*m[2][2]−
1723 m[1][0]*m[0][2]*m2[2][2]−m[1][2]*m[2][0]*m2[2][0]+
1724 m[0][0]*m2[2][2]*m[2][1]−m2[2][2]*m[0][1]*m[2][0])/den;
1725

1726 ans[2][2] = s[2]*(m[0][1]*m[1][2]*m2[2][0]−m[0][2]*m2[2][0]*m[1][1]−
1727 m[0][0]*m[1][2]*m2[2][1]+m[1][0]*m[0][2]*m2[2][1]−
1728 m[1][1]*m[2][0]*m2[2][0]−m[2][1]*m2[2][1]*m[0][0]+
1729 2.0*m[1][1]*m2[2][2]*m[0][0]+m[2][1]*m[1][0]*m2[2][0]+
1730 m[2][0]*m[0][1]*m2[2][1]−2.0*m2[2][2]*m[1][0]*m[0][1])
1731 /den;
1732 }
1733 /* ---------------------------------------------------------------------- */
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Appendix B describes the input data to use the energy barrier potential function. In LAMMPS,

pair potentials are defined between two particles that are within a cutoff distance. The pair_style

command specifies a kind of pairwise force field. In the modified LAMMPS shown in Appendix

A, the gayberne style computes an energy barrier potential energy of interactions between pairs

of ellipsoidal particles. The pair_style command also specifies the global settings, which are

applied for all pairs of particle types. The coefficients associated with pair styles are set for each

pair of particle types and are specified with the pair_coeff command.

Syntax
1 pair_style gayberne * upsilon mu cutoff Q_flag * * alpha
2 pair_coeff I J gamma * sig epsaI epsbI epscI epsaJ epsbJ epscJ A B C ha k m n * kt * * mu hf

Description

The following global settings must be specified via the pair_style command.

• upsilon = exponent for η orientation-dependent energy function (See Equation 4.21)

• mu = exponent for χ orientation-dependent energy function (See Equation 4.23)

• cutoff = global cutoff for interactions

• Q_flag = new flag variable to use a quadratic function; if Q_flag = 1, a quadratic function
is used while Q_flag ̸= 1, a quadratic function is not used (See Equation 4.38b)

• alpha = user-specified parameter for the weight functions (see Equation 6.3)

The following coefficients must be specified for each pair of particle types via the pair_coeff
command:

• I,J = particle type labels. In the modified LAMMPS code shown in Appendix A, type=1
represents the silica face (Sf), type=2 represents the alumina face (Af), and type=3 repre-
sents the edge (E). Therefore, to model interactions between kaolinite particles, six com-
binations of I and J are needed, i.e. (I, J) = (1, 1), (1, 2), (2, 2), (1, 3), (2, 3), and (3, 3),
which are corresponding to Sf-Sf, Af-Sf, Af-Af, Sf-E, Af-E, and E-E.

386



Appendix B

• sig = minimum effective particle radii (See Equation 4.38a)

• epsaI = relative well depth of type I for edge-to-edge interactions (See Equation 4.24)

• epsbI = relative well depth of type I for edge-to-edge interactions (See Equation 4.24)

• epscI = relative well depth of type I for face-to-face interactions (See Equation 4.24)

• epsaJ = relative well depth of type J for edge-to-edge interactions (See Equation 4.24)

• epsbJ = relative well depth of type J for edge-to-edge interactions (See Equation 4.24)

• epscJ = relative well depth of type J for face-to-face interactions (See Equation 4.24)

• A = energy scale parameter (See Equation 4.38a)

• B = energy scale parameter (See Equation 4.38a)

• C = energy scale parameter (See Equation 4.38a)

• ha = position of the maximum attractive force (See Equation 4.38b)

• k = energy scale parameter for a quadratic equation (See Equation 4.38b)

• m = energy scale parameter for a quadratic equation (See Equation 4.38b)

• n = energy scale parameter for a quadratic equation (See Equation 4.38b)

• kt = elastic constant for tangential contact, i.e. friction (See Equation 7.4)

• mu = coefficient of friction (See Equation 7.4)

• hf = cut-off length of friction (See Equation 7.4)

• * denotes a variable that has no meaning in the modified LAMMPS code. Please enter *
or 0.0.

Examples

The following shows six examples of input data sets used in this study. Example 1 is input data
for the purely repulsive (PR) potential function while Example 2 is input data for the energy
barrier (EB) potential function. Examples 1 and 2 do not use the modelling method for the
anisotropic surface charges of kaolinite particles and do not consider the interparticle friction.
Examples 3 and 4 are input data sets for the EB potential functions for the pH=4 and the pH=8
samples and consider the anisotropic surface charges of kaolinite particles though the interpar-
ticle friction is not considered. Examples 5 and 6 are input data considering the interparticle
friction.

It should be noted that the real unit style was used for simulations. For style real, these are the
units:

• mass = grams/mole
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• distance = Angstroms

• time = femtoseconds

• energy = kcal/mol

• velocity = Angstroms/femtosecond

• force = (kcal/mol)/Angstrom

• torque = kcal/mol

• temperature = Kelvin

• pressure = atmospheres

• density = g/cm^dim

Examples 1: the PR potential function used in the isotropic compression simulations shown in
Chapter 5

1 pair_style gayberne * 1.0 2.0 22000 0 * * 1.0
2 pair_coeff 1 1 0.572 * 1996 63.45 63.45 23.74 63.45 63.45 27.74 1.71 0 0 0 0 0 0 * 0 * * 0 0
3 pair_coeff 1 2 0.572 * 1996 63.45 63.45 23.74 63.45 63.45 27.74 1.71 0 0 0 0 0 0 * 0 * * 0 0
4 pair_coeff 2 2 0.572 * 1996 63.45 63.45 23.74 63.45 63.45 27.74 1.71 0 0 0 0 0 0 * 0 * * 0 0
5 pair_coeff 1 3 0.572 * 1996 63.45 63.45 23.74 63.45 63.45 27.74 1.71 0 0 0 0 0 0 * 0 * * 0 0
6 pair_coeff 2 3 0.572 * 1996 63.45 63.45 23.74 63.45 63.45 27.74 1.71 0 0 0 0 0 0 * 0 * * 0 0
7 pair_coeff 3 3 0.572 * 1996 63.45 63.45 23.74 63.45 63.45 27.74 1.71 0 0 0 0 0 0 * 0 * * 0 0

Examples 2: the EB potential function used in the isotropic compression simulations shown in
Chapter 5

1 pair_style gayberne * 1.0 2.0 22000 1 * * 1.0
2 pair_coeff 1 1 1 * 84.68 3.45 3.45 1 3.45 3.45 1 1.19e5 2.37e5 1.19e5 13.18 45 0 −9656 * 0 * * 0 0
3 pair_coeff 1 2 1 * 84.68 3.45 3.45 1 3.45 3.45 1 1.19e5 2.37e5 1.19e5 13.18 45 0 −9656 * 0 * * 0 0
4 pair_coeff 2 2 1 * 84.68 3.45 3.45 1 3.45 3.45 1 1.19e5 2.37e5 1.19e5 13.18 45 0 −9656 * 0 * * 0 0
5 pair_coeff 1 3 1 * 84.68 3.45 3.45 1 3.45 3.45 1 1.19e5 2.37e5 1.19e5 13.18 45 0 −9656 * 0 * * 0 0
6 pair_coeff 2 3 1 * 84.68 3.45 3.45 1 3.45 3.45 1 1.19e5 2.37e5 1.19e5 13.18 45 0 −9656 * 0 * * 0 0
7 pair_coeff 3 3 1 * 84.68 3.45 3.45 1 3.45 3.45 1 1.19e5 2.37e5 1.19e5 13.18 45 0 −9656 * 0 * * 0 0

Examples 3: the EB potential function for the pH=4 sample used in the isotropic and 1D com-
pression simulations shown in Chapter 6

1 pair_style gayberne * 1.0 2.0 22000 1 * * 1.0
2 pair_coeff 1 1 1 * 131.2 1 1 1 1 1 1 0 3.799e4 2.884e4 7.512 43.18 0 −5232.46 * 0 * * 0 0
3 pair_coeff 1 2 1 * 252.4 1 1 1 1 1 1 0 1.015e5 0 17.48 43.18 0 −81110.5 * 0 * * 0 0
4 pair_coeff 2 2 1 * 141.3 1 1 1 1 1 1 0 5.786e4 4.663e4 9.316 43.18 0 −4690 * 0 * * 0 0
5 pair_coeff 1 3 1 * 252.4 1 1 1 1 1 1 0 1.015e5 0 17.48 43.18 0 −81110.5 * 0 * * 0 0
6 pair_coeff 2 3 1 * 122.5 1 1 1 1 1 1 0 1.132e5 8.108e4 14.57 43.18 0 −8968.20 * 0 * * 0 0
7 pair_coeff 3 3 1 * 122.5 1 1 1 1 1 1 0 1.132e5 8.108e4 14.57 43.18 0 −8968.20 * 0 * * 0 0
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Examples 4: the EB potential function for the pH=8 sample used in the isotropic and 1D com-
pression simulations shown in Chapter 6

1 pair_style gayberne * 1.0 2.0 22000 1 * * 1.0
2 pair_coeff 1 1 1 * 123.6 1 1 1 1 1 1 0 1.576e5 1.138e5 16.93 43.18 0 −7931.06 * 0 * * 0 0
3 pair_coeff 1 2 1 * 129.8 1 1 1 1 1 1 0 1.126e5 8.472e4 14.19 43.18 0 −7050.63 * 0 * * 0 0
4 pair_coeff 2 2 1 * 136.9 1 1 1 1 1 1 0 7.880e4 6.194e5 11.42 43.18 0 −5653.65 * 0 * * 0 0
5 pair_coeff 1 3 1 * 129.8 1 1 1 1 1 1 0 1.126e5 8.472e4 14.19 43.18 0 −7050.63 * 0 * * 0 0
6 pair_coeff 2 3 1 * 121.3 1 1 1 1 1 1 0 3.593e5 2.552e5 23.53 43.18 0 1979.94 * 0 * * 0 0
7 pair_coeff 3 3 1 * 121.3 1 1 1 1 1 1 0 3.593e5 2.552e5 23.53 43.18 0 1979.94 * 0 * * 0 0

Examples 5: the EB potential function for the pH=4 sample used in the 1D compression, triaxial
compression, and simple shear simulations shown in Chapter 7 (µ = 0.25 and hf = 200 [nm])

1 pair_style gayberne * 1.0 2.0 22000 1 * * 1.0
2 pair_coeff 1 1 1 * 131.2 1 1 1 1 1 1 0 3.799e4 2.884e4 7.512 43.18 0 −5232.46 * 2e3 * * 0.25 2000
3 pair_coeff 1 2 1 * 252.4 1 1 1 1 1 1 0 1.015e5 0 17.48 43.18 0 −81110.5 * 0 * * 2e3 0.25 2000
4 pair_coeff 2 2 1 * 141.3 1 1 1 1 1 1 0 5.786e4 4.663e4 9.316 43.18 0 −4690 * 2e3 * * 0.25 2000
5 pair_coeff 1 3 1 * 252.4 1 1 1 1 1 1 0 1.015e5 0 17.48 43.18 0 −81110.5 * 0 * * 2e3 0.25 2000
6 pair_coeff 2 3 1 * 122.5 1 1 1 1 1 1 0 1.132e5 8.108e4 14.57 43.18 0 −8968.20 * 2e3 * * 0.25 2000
7 pair_coeff 3 3 1 * 122.5 1 1 1 1 1 1 0 1.132e5 8.108e4 14.57 43.18 0 −8968.20 * 2e3 * * 0.25 2000

Examples 6: the EB potential function for the pH=8 sample used in the 1D compression, triaxial
compression, and simple shear simulations shown in Chapter 7 (µ = 0.25 and hf = 200 [nm])

1 pair_style gayberne * 1.0 2.0 22000 1 * * 1.0
2 pair_coeff 1 1 1 * 123.6 1 1 1 1 1 1 0 1.576e5 1.138e5 16.93 43.18 0 −7931.06 * 2e3 * * 0.25 2000
3 pair_coeff 1 2 1 * 129.8 1 1 1 1 1 1 0 1.126e5 8.472e4 14.19 43.18 0 −7050.63 * 2e3 * * 0.25 2000
4 pair_coeff 2 2 1 * 136.9 1 1 1 1 1 1 0 7.880e4 6.194e5 11.42 43.18 0 −5653.65 * 2e3 * * 0.25 2000
5 pair_coeff 1 3 1 * 129.8 1 1 1 1 1 1 0 1.126e5 8.472e4 14.19 43.18 0 −7050.63 * 2e3 * * 0.25 2000
6 pair_coeff 2 3 1 * 121.3 1 1 1 1 1 1 0 3.593e5 2.552e5 23.53 43.18 0 1979.94 * 2e3 * * 0.25 2000
7 pair_coeff 3 3 1 * 121.3 1 1 1 1 1 1 0 3.593e5 2.552e5 23.53 43.18 0 1979.94 * 2e3 * * 0.25 2000
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C. 1 Introduction

As discussed in Chapter 8, in the drained triaxial compression simulations, although the pH=8

samples reached a critical state regardless of µ, the pH=4 samples needed calibration or tuning

of µ to achieve a critical state (more specifically, the deviatoric stress reached a constant value

but the volumetric strain and void ratio continued to decrease when µ was small). Several re-

searchers (e.g. Nouguier-Lehon et al., 2003; Clayton and Reddy, 2006) pointed out that when

particles have a plate-like morphology, the orientation of these particles strongly depends on

the loading direction and in some cases the critical state does not appear in triaxial compression

tests.

Craig (2004) argued that the most effective method to investigate the shear strength of clay under

large deformations is the ring shear test. In the ring shear test, since there is no restriction on

the shear strain that can be applied to the specimen, it is expected that all clays will eventually

reach a “residual state” where there is no change in stress and volume. In this Chapter, the shear

behaviour of clay under large deformations is explored from bothmacroscopic and particle-scale

perspectives using simple shear simulations that imitate the ring shear test.

It is important to note that for clays (or soils with a high clay content), the “critical state” in

a triaxial compression test is different from the “residual state” in a ring shear test (Skempton,

1985). Wood (1990) clarified the distinction between the critical state and the residual state as

follows: When the clay is in the critical state, the clay particles continue to be churned, causing

the microfabric to be continuously reconstituted and remain relatively random. In contrast,

when the clay is in the residual state, the initial microfabric is completely destroyed, and the

clay particles align parallel to the shear plane. Figure C.1 illustrates the typical relationship

between shear stress and shear displacement obtained from a ring shear test. In ring shear tests,

the critical state is not distinctly observed, and it is thought that the shear strength of clay in the

residual state is lower than the shear strength at the critical state.
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Figure C.1 Schematic of the relationship between shear stress and shear displacement in ring
shear test of clay (Craig, 2004)
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C. 2 Sample preparation, simulation condition and simulation proce-
dure

The pH=4 sample (flocculated sample) and the pH=8 sample (dispersed sample) were used in the

simple shear simulations. Figure C.2 illustrates the procedure for the simple shear simulations.

The procedures in the simple shear simulation were quite similar to those in the drained triaxial

compression simulation. After isotropic compression to a specified confining pressure (300,

400, and 500 kPa) (see Figure 8.2), the simple shear simulation was conducted.
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Figure C.2 Simulation procedure used to perform simple shear simulations

The simple shear simulation was conducted using the Lees-Edwards (LE) boundary condition

(Lees and Edwards, 1972). An overview of the LE boundary condition is shown in Figure

C.3 (a). The LE boundary condition is an extension of the periodic boundary condition that

introduces a linear velocity gradient at the top and bottom of the simulation box to impose a

uniform shear on the virtual sample. The main advantage of the LE boundary condition is that

it achieves shear simulations with a relatively small number of particles. Originally, the LE

boundary condition was developed as a boundary condition for molecular dynamics to create

simple shear flow (a flow with a velocity gradient, see Figure C.3 (b)). Similar to a standard
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periodic boundary condition, dummy cells are placed around the simulation box. However, in

the LE boundary condition, the dummy cells positioned above the simulation box move at a

constant velocity in the x direction, while those positioned below the simulation box move in

the opposite direction (the −x direction) at the same speed. If a particle crosses the vertical

boundaeiws perpendicular to the x-axis or y-axis, a standard periodic boundary condition is

applied as usual. If a particle crosses the horizontal boundary perpendicular to the z-axis, the

particle position and velocity must be adjusted to account for the shift in the x direction caused

by the movement of the dummy cell. The velocity of particles exiting from the top or bottom of

the simulation box is corrected by adding the velocity of a dummy cell to its original velocity.

The LE boundary condition allows for continuous shear strain to be applied. In simple shear

simulations using the LE boundary condition, shear strain occurs uniformly in the simulation

box, whereas the shear strain in ring shear tests is localized, leading to the formation of narrow

shear bands.

velocity

velocity

Periodic BC

Simulation
box

(a) Leeds-Edwards boundary condition (b) Simple shear flow

Figure C.3 Schematic of (a) Leeds-Edwards (LE) boundary condition and (b) simple shear flow

Simulation 
box

(a) Triclinic simulation box)

Shear strain

(b) Flipping simulation box

Flip

Figure C.4 Implementation of Leeds-Edwards (LE) boundary condition using LAMMPS code
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In LAMMPS, the LE boundary condition can be implemented using a triclinic (non-orthogonal)

simulation box. As shown in Figure C.4 (a), in a triclinic simulation box, the simulation box

deforms with a tilt to match the velocity of the dummy cells. The shear strain applied to the

virtual sample is calculated based on the height of the simulation box and the amount of hori-

zontal deformation of the simulation box. To prevent excessive deformation of the simulation

box, as illustrated in Figure C.4 (b), if the tilt of the simulation box exceeds a certain limit

(usually 50% of the height of the simulation box), the simulation box is flipped to the opposite

side of x direction to maintain an equivalent shape with the same tilt, ensuring continuity of the

simulation.

In the simple shear simulations, three constant vertical stresses (300, 400, and 500 kPa in the

z-direction) were applied. During the simple shear simulation, the vertical stress was controlled

to be constant using the Nosé-Hoover barostat (Nosé, 1984; Hoover, 1985). Deformation in the

x and y directions was restricted (i.e. the length of the simulation box in the x and y directions

did not change). To satisfy quasi-static conditions, a shear strain rate of 2× 102s−1 was applied

to the sample. The system temperature was controlled at 300 K using the Nosé-Hoover ther-

mostat. Damping parameters for stress and temperature were set to Pdamp = 1×10−3 s and

Tdamp = 1×10−9 s, respectively. A time step of∆t = 1×10−10 s was chosen to ensure simula-

tion stability. Gravity was not considered. Although the simulation box was three-dimensional,

since no strain was induced in the y direction and shear strain occurred in the x-z plane, it is

effectively considered a quasi-2D simulation.
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C. 3 Validation of the modified LAMMPS in simple shear simulations

To assess the ability of the friction-implemented modified LAMMPS (see Appendix A) to accu-

rately capture the behaviour of particles in the simple shear simulation, benchmark simulations

were conducted using simple-cubic (SC) and face-centred cubic (FCC) structures.

Benchmark simulation using SC structure

Figure C.5 (a) illustrates the virtual sample with a SC structure. As depicted in Figure C.5 (b),

when the SC structure undergoes simple shear in the x-z plane under constant normal stress

condition (σ′
z = const), the following relationship holds at small strain levels due to Coulomb’s

friction law.
τzx
σ′
z

= µ (C.1)

Figure C.6 shows a comparison between the theoretical value given by Equation C.1 and the

particle-scale simulation result using the modified LAMMPS. In this simulation, µ was set to

0.2. The stress ratio (the shear stress divided by the normal stress) obtained from the simulation

increased with the shear strain and its peal value was consistent with the theoretical value.

(a) SC (Simple-Cubic) Structure (b) Shear SC structure on x-z plane

Figure C.5 Illustration of the simple-cubic (SC) structure
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Figure C.6 Comparison between the theoretical value and simulation value of simple shear
simulation using SC structure

Benchmark simulation using FCC structure

The second benchmark simulation considers the simple shear of a virtual sample with a FCC

structure in the x-z plane (FCC structure is shown in Figure 8.3(a)). As illustrated in Figure

8.3(b), in the initial state, each sphere has 12 contact points. However, during shear in the x

direction, four of these contact points (Q, R, and their symmetrical counterparts) are lost at

failure. Consequently, the number of contacts per sphere decreases from 12 to 8. When the

FCC structure is subjected to simple shear with equal and constant stresses in the x, y, and z

directions, the theoretical peak strength can be derived from the equilibrium of forces and is

given by:
τzx
σ′
z

=
(1− 3µ) + (1 + µ)

2 (1− µ)
(C.2)

Figure C.7 (a) compares the stress ratio obtained from the simple shear simulation of the FCC

structure using the modified LAMMPS with the theoretical values given by Equation C.2 . In

this simulation, the coefficient of friction was set to µ = 0.2, and the confining pressures were

set to σ′
x = σ′

y = σ′
z = 100 kPa. As shown in Figure C.7 (a), the peak strength from the

simulation perfectly matched the theoretical value. Figure C.7 (b) shows the relationship be-

tween coordination number (the number of contacts per particle) and the shear strain obtained

from the simulation. At failure (when the stress ratio reached its peak), the coordination number

decreased from 12 to 8.
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Figure C.7 Results of simple shear simulation of the FCC structure: (a) variation in stress ratio
(ratio of the vertical stress and horizontal stress) and (b) variation in coordination number against
axial strain
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C. 4 Results of simple shear simulations

Macro-scale behaviour

Figure C.8 illustrates the relationship between shear stress and shear strain for the kaolinite

pH=4 samples with three different coefficients of friction (µ = 0.25, 0.50, and 1.00). In all

pH=4 samples, the shear stress increased immediately upon the start of shearing, reaching a peak.

Following the peak, the shear stress gradually decreased and converged to a residual strength.

This behaviour contrasts significantly with the drained triaxial compression simulation of the

pH=4 sample, which did not exhibit a peak strength (see Figure 8.8). As anticipated, the shear

stress was dependent on the vertical stress, showing larger shear stress for larger vertical stress.

Additionally, the shear stress also depended on µ, with a larger µ resulting in larger shear stress.

Figure C.9 shows the relationship between shear stress and shear strain for the kaolinite pH=8

samples with three different µ values. The overall trend for the pH=8 samples was very similar

to that observed in the pH=4 samples. Upon the start of shearing, the shear stress increased to

a peak, and after the peak, gradually decreased with increasing shear strain and converged to a

residual strength.

When comparing the shear stress-shear strain relationship of the pH=8 samples to that of the

pH=4 samples, it is evident that, given the same vertical stress and the coefficient of friction,

the pH=8 samples exhibited a larger peak strength. Focusing on the residual strength, the pH=8

samples showed slightly larger residual strength than the pH=4 samples.
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Figure C.8 Shear stress–shear strain relationship in triaxial compression simulation for pH=4
samples
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Figure C.9 Shear stress–shear strain relationship in triaxial compression simulation for pH=8
samples

Figures C.10 and C.11 illustrate the shear stress (τ )-normal stress (σ) relationship at the residual

state for the pH=4 and pH=8 samples, along with the residual friction angle (ϕ′
r) derived from

the Mohr-Coulomb equation (τ = c+ σ tanϕ). In each figure, it is observed that at the residual

state, the cohesion was zero, similar to typical results in laboratory shear tests. Consequently, the

relationship between τ and σ was governed by only ϕ′
r. For both the pH=4 and pH=8 samples,

ϕ′
r depended on µ; a larger µ resulted in a larger ϕ′

r. When comparing ϕ′
r between the pH=4 and

pH=8 samples at the same µ, the pH=8 samples consistently exhibited slightly larger ϕ′
r. The

difference in ϕ′
r between the pH=4 and pH=8 samples diminished as µ increased.

When comparing ϕ′
r shown in Figure C.10 and Figure C.11 with the friction angles (ϕ′

cr) ob-

tained from the drained triaxial compression simulations (as depicted in Figures 8.10 and 8.11),

it is evident that the ϕ′
cr values obtained from the drained triaxial compression simulations were

larger than the ϕ′
r values obtained from the simple shear simulations. This observation aligns

with findings by Lini Dev et al. (2016), who compared ϕ′
cr data obtained from undrained triax-

ial compression tests and ϕ′
r data obtained from constant-volume ring shear tests for kaolinite.
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Lini Dev et al. (2016) reported ϕ′
cr = 29.5° in the undrained triaxial compression tests, whereas

ϕ′
cr = 21.0° in the ring shear tests. This trend was consistent with the results obtained in this

study from triaxial compression simulations and simple shear simulations. In the current simple

simulations, the residual friction angles obtained using µ = 1.00 were ϕr = 16.893° for the

pH=4 sample and ϕr = 18.040° for pH=8 sample. Comparing these values with Lini Dev et al.

(2016)’s results indicates that the friction angles observed in the current simple shear simula-

tions were smaller than that observed in actual kaolinite. This discrepancy may be due to various

factors such as idealizations in the simulation models.
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Figure C.10 Residual strength and residual friction angle for pH=4 samples
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Figure C.11 Residual strength and residual friction angle for pH=8 samples
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Figure C.12 shows the variation in void ratio with shear strain for the pH=4 samples. All

the pH=4 samples reached a residual state (where no further volume change occurred) as the

shear strain became very large. As an overall trend of the pH=4 samples, the void ratio in the

residual state was smaller than the initial void ratio before shearing, indicating the contractive

behaviour of the samples. As shown in Figures C.12 (a) and (b), for the pH=4 samples with

µ = 0.25 and µ = 0.50, the void ratio decreased rapidly immediately after the start of shearing.

Subsequently, up to a shear strain of 150-200%, the decrease in the void ratio became gentle.

As the shear strain increased further, the decrease in void ratio became relatively rapid again,

eventually converging to the residual state. The pH=4 samples with µ = 0.25 and µ = 0.50

consistently exhibited contractive behaviour at all shear strain levels, although the decreasing

rate of the void ratio depended on the shear strain. On the other hand, as shown in Figure C.12

(c), the pH=4 sample with µ = 1.00 initially showed a rapid decrease in void ratio. However, the

void ratio then increased, showing dilative behaviour up to a shear strain of about 150%. With

further shear strain, similar to the other two samples, the void ratio decreased with increasing

shear strain and eventually converged to the residual state. These findings highlight how the

change in void ratio during shearing was influenced by µ values. The pH=4 samples with lower

µ values (µ = 0.25 and µ = 0.50) predominantly exhibited contractive behaviour, whereas the

pH=4 sample with a higher µ value (µ = 1.00) initially displayed dilative behaviour followed

by contractive behaviour as shearing progressed.

Figure C.13 illustrates the change in void ratio with shear strain for the pH=8 samples. In

all the pH=8 samples, the void ratio in the residual state was larger than the initial void ratio,

indicating that the pH=8 samples exhibited dilative volume change as an overall behaviour.

While differences in µ influenced the void ratio change, all samples showed similar variations

in void ratio with shear strain; As shear strain increased, the void ratio initially increased and

reached a peak. Subsequently, the void ratio decreased gradually and eventually converged to

the residual state. Thus, the pH=8 samples transitioned from dilative behaviour to contractive

behaviour depending on the level of shear strain.
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Figure C.12 Variation in void ratio of pH=4 sample against shear strain
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Figure C.13 Variation in void ratio of pH=8 sample against shear strain

Particle-scale behaviour

Figure C.14 presents polar histograms of particle orientations of the pH=4 samples in the x-z

plane during simple shear simulations under constant vertical stress of 500 kPa. Starting from

relatively random particle orientations, the polar histograms showed significant changes in ori-

entation as the shear strain increased, indicating that the pH=4 samples developed a distinct pre-

ferred orientation of their minor axis. The preferred orientation of their minor axis was slightly

inclined rather than perfectly vertical direction (i.e. slightly inclined horizontal particles), and

the preferred orientation angle of their minor axis increased as the shear strain increased. Com-

paring polar histograms of samples with different coefficients of friction at a shear strain of

1000% reveals that a larger µ led to slightly greater preferred orientation angle of the particle

minor axis.

Figure C.15 shows snapshots from simple shear simulations of the pH=4 samples under a con-

stant vertical stress of 500 kPa. The particles were coloured based on their orientations in the

x-z plane. As shear strain increased, many particles transitioned to red or orange colours. This
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indicates that particles developed a preferred orientation of the particle minor axis as the shear

strain increased. Comparing snapshots of the initial state (0% shear strain) with the residual

state (1000% shear strain), it is clear across all pH=4 samples that the relatively random initial

microfabric was completely lost, replaced by a microfabric dominated by face-to-face associa-

tions. This transformation of microfabric underscores how shear strain profoundly altered the

particle orientation and microstructure of the samples during the simple simulation.

Figure C.16 illustrates polar histograms of the particle orientations of the pH=8 samples in the

x-z plane during simple shear simulations under constant vertical stress of 500 kPa, and Figure

C.17 presents snapshots of the pH=8 samples during simple shear simulations. While the initial

states of the pH=8 samples differed from those of pH=4 samples, pH=8 samples exhibited a

similar trend as pH=4 samples: as the shear strain increased, particles developed a preferred

orientation of their minor axis. In the residual state, the initial microfabric of pH=8 samples was

completely disrupted, replaced by a microfabric dominated by face-to-face associations.

In contrast to the critical state observed in drained triaxial compression simulations (see Figures

8.17-8.20), the residual state of the simple shear simulations revealed a clear change with the

initial microfabric being completely lost and replaced by a dominant microfabric characterized

by face-to-face associations, regardless of the initial microfabric. The observations in drained

triaxial compressions and the simple shear simulations support the suggestion fromWood (1990)

that “critical state” and “residual state” exhibit distinct microfabrics.
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Figure C.14 Polar histograms of particle orientation in x-z plane of pH=4 samples with different
shear strain with normal pressure σn = 500 kPa; (a)-(d) µ = 0.25, (e)-(h) µ = 0.50, and (i)-(l)
µ = 1.00 (horizontal axis is probability [%])
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Figure C.15 Snapshots of pH=4 samples with different shear strain during with normal pressure
σn = 500 kPa; (a)-(d) µ = 0.25, (e)-(h) µ = 0.50, and (i)-(l) µ = 1.00
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Figure C.16 Polar histograms of particle orientation in x-z plane of pH=8 samples with different
shear strain with normal pressure σn = 500 kPa; (a)-(d) µ = 0.25, (e)-(h) µ = 0.50, and (i)-(l)
µ = 1.00 (horizontal axis is probability [%])
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(a) (pH=8) (b) (pH=8) (c) (pH=8) (d) (pH=8)
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Figure C.17 Snapshots of pH=8 samples with different shear strain during with normal pressure
σn = 500 kPa; (a)-(d) µ = 0.25, (e)-(h) µ = 0.50, and (i)-(l) µ = 1.00

407



Appendix C

Figure C.18 (a) illustrates the change in the preferred orientation angle of the particle minor

axis of pH=4 samples in the x-z plane with the shear strain. The preferred particle orientation

angle is defined as the direction of the maximum eigenvalue of the fabric tensor of the parti-

cle orientation (see Equation 7.20) (i.e. the direction of maximum eigenvector). Initially, the

pH=4 samples had relatively random particle orientations, rendering the preferred particle ori-

entation angle meaningless. As depicted in Figure C.14 , a distinct preferred particle orientation

can be seen at around shear strain of 100%, hence Figure C.18 (a) focused on changes in the

preferred particle orientation angle from 100% shear strain onwards. After 100% shear strain,

the preferred particle orientation angle increased with increasing shear strain and converged to

a constant value at the residual state (at 1000% shear strain). The preferred particle orientation

angle at the residual state depended on µ, and the larger µ, the farther the preferred particle

orientation angle was from 90 degrees.

Figure C.18 (b) presents the relationship between the friction angle (θ) calculated from the stress

ratio (i.e. θ = 90° − tan−1 τ/σ) and the shear strain. The friction angle calculated from stress

ratio increasedwith shear strain and converged to a constant value at the residual state. This trend

was similar to the relationship between preferred particle orientation angle and shear strain (see

Figure C.18 (a)). Furthermore, it is evident that the friction angle calculated from stress ratio

at the residual state approximately matched the preferred particle orientation angle (compare

Figure C.18 (a) and Figure C.18 (b)).

A similar trend can be observed in the pH=8 samples. Figure C.19 (a) illustrates the variation

of the preferred orientation angle of the particle minor axis of pH=8 samples in the x-z plane

with shear strain. As shear strain increased, the preferred particle orientation angle increased,

converging to a constant value at the residual state (at 1000% shear strain). Figure C.19 (b)

shows the relationship between the friction angle (θ) calculated from the stress ratio and the

shear strain. Comparing the preferred particle orientation angle at the residual state shown in

Figure C.19 (a) and the friction angle calculated from the stress ratio shown in Figure C.19 (b)

showed a relatively close correspondence.

Thus, it is inferred that the particle orientation at the residual state may be dominated by the

ratio between shear stress and normal stress. Namely, particles in the residual state may tend to

align themselves in the direction of the resultant force between the shear stress and the normal

stress.
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(a) Preferred particle orientation (pH=4) (b) Angle calculated from stress ratio (pH=4) 
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Figure C.18 (a) Preferred particle orientation and (b) friction angle calculated from stress ratio
(shear stress and normal stress) in pH=4 sample
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Figure C.19 (a) Preferred particle orientation and (b) friction angle calculated from stress ratio
(shear stress and normal stress) in pH=8 sample
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Figure C.20 illustrates the changes in face-to-face and face-to-edge coordination numbers for

the pH=4 samples with the shear strain. No significant influence of confining pressure and µ on

these coordination numbers was observed. In all pH=4 samples, as the shear strain increased,

the face-to-edge coordination number decreased and approached zero at the residual state. This

loss of the face-to-edge contacts is thought to be the primary cause of the contractive behaviour

observed in the pH=4 samples. The face-to-face coordination number increased with increasing

shear strain. From Figure C.20 , it is clear that at the residual state, face-to-face associations

were dominant.

Figure C.21 shows the changes in face-to-face and face-to-edge coordination numbers for the

pH=8 samples with the shear strain. Similar to the pH=4 samples, there was no significant

influences of confining pressure and µ. The face-to-face coordination number sharply increased

concurrently at the start of shearing but gradually decreased up to about 300-400% shear strain

and showed a slight increase again at larger shear strains. On the other hand, the face-to-edge

coordination number gradually decreased.

Figure C.22 illustrates the variation of sliding fraction with shear strain for the pH=4 samples. In

all the pH=4 samples, at the start of the shearing, both sliding fractions for face-to-face contacts

and face-to-edge contacts increased rapidly, meaning that a dramatic particle rearrangement hap-

pened. It was found that smaller µ resulted in a larger sliding fraction, suggesting more sliding

occurring between particles. For the pH=4 sample with µ = 0.25, at all shear strain levels, the

sliding fractions in face-to-face and face-to-edge contacts were nearly the same. However, for

the sample with µ = 0.50 and µ = 1.00, at lower shear strain levels, the sliding fraction for face-

to-face contacts was larger than that for face-to-edge contacts. As the shear strain increased, this

difference diminished, and at the residual state, the sliding fractions for both face-to-face and

face-to-edge contacts became approximately equal. As shown in Figure C.23 , a similar trend

was observed for the pH=8 samples.
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Figure C.20 Variation in face-to-face contact and face-to-edge contact during simple shear sim-
ulation for pH=4 sample
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Figure C.21 Variation in face-to-face contact and face-to-edge contact during simple shear sim-
ulation for pH=8 sample
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Figure C.22 Variation in face-to-face and face-to-edge sliding fractions during simple shear
simulation for pH=4 sample
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Figure C.23 Variation in face-to-face and face-to-edge sliding fractions during simple shear
simulation for pH=4 sample
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Discussion

In laboratory tests such as direct shear and ring shear tests, the shear strength parameters of

the clay are determined using only vertical stress and shear stress. However, in particle-scale

simulations (simple shear simulations), all stress components can be measured, allowing for a

broader interpretation of the data using Mohr’s stress circle.

Figure C.24 shows Mohr’s stress circles at residual state for the pH=4 and the pH=8 samples

with µ = 0.50. The circle marks denote the data points of vertical stress and shear stress (σz,

τxz), while the square marks indicate the data points of horizontal stress and shear stress (σx,

−τxz). Figure C.24 also includes the Mohr-Coulomb failure criteria (τ = c+σ tanϕ) calculated

from the (σz, τxz) data points (the dashed line) and the enveloping line of Mohr’s stress circles

(the solid line). It was confirmed that both pH=4 and pH=8 samples had enveloping lines of

Mohr’s stress circles with intercepts, whereas their Mohr-Coulomb failure criteria did not have

intercepts. This implies that these samples possessed cohesion (c) in their residual states. Typi-

cally, clays are considered to have zero cohesion at residual states, with shear strength depending

solely on the friction angle. Therefore, the trend shown in Figure C.24 may be controversial.

One of the potential reasons that a sample had cohesion at the residual state could be that the

attractive component of the particle interaction was too large. Therefore, in order to investigate

the influence of the attractive component of the particle interaction on the behaviour in simple

shear simulations, the same simple shear simulations were performed using interaction with a

shallow energy well, i.e. the “hew = 3.5” interaction with the adjusted position of the energy

well shown in Figure 6.27 in Section 6.4.6 was used.

Figure C.25 presents the Mohr’s stress circle and its envelope line derived from the simple

shear simulations using the interactions with a shallow energy well. The envelope lines of the

Mohr’s stress circle for both pH=4 and pH=8 samples did not exhibit intercepts, indicating that

these samples did not have cohesion and the shear strength of these samples at the residual state

depended solely on the friction angle. Both pH=4 and pH=8 samples showed nearly identical

friction angle: The friction angle calculated from the envelope line of the Mohr’s stress cir-

cle was approximately 22°, whereas the friction angle derived from the data points (σz, τxz)

is around 12°. The friction angle derived from the Mohr’s stress circle envelope line was no-

tably larger than that derived from the data points (σz, τxz). The alteration in the interparticle

interactions resulted in a significant change in the shear strength parameters (i.e. cohesion and
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friction angle calculated from the Mohr’s stress circle envelope line) when considering hori-

zontal stress; however, the friction angle calculated from the (σz, τxz) data points showed only

minor variation.

Figure C.26 shows the Mohr’s stress circle and its envelope line at the critical state obtained

from drained triaxial compression simulations using the interactions with shallow energy wells.

When comparing Figure C.25 (simple shear simulation) and Figure C.26 (triaxial compression

simulation), it can be found that the friction angles at the critical state for all sampleswere smaller

than the friction angles at the residual state derived from the Mohr’s stress circle envelope line

in the simple shear simulations presented in Figure C.25 . However, the relationship between

friction angles obtained from triaxial compression tests and direct shear or ring shear tests has

not been experimentally established. A detailed discussion lies beyond the scope of the current

study and it needs to be investigated in future research.

-400

-300

-200

-100

0

100

200

300

400

0 100 200 300 400 500 600 700 800

τ 
[k

P
a]

σ [kPa]

Mohr's circle: 300kPa
Mohr's circle: 400kPa
Mohr's circle: 500kPa

-400

-300

-200

-100

0

100

200

300

400

0 100 200 300 400 500 600 700 800

τ 
[k

P
a]

σ [kPa]

Mohr's circle: 300kPa
Mohr's circle: 400kPa
Mohr's circle: 500kPa

(a) pH=4 ( ) (b) pH=8 ( )

Figure C.24 Mohr’s stress circles at residual state considering horizontal stress for (a) pH=4
and (b) pH=8 samples with µ = 0.50

416



C. 4 . RESULTS OF SIMPLE SHEAR SIMULATIONS

-400

-300

-200

-100

0

100

200

300

400

0 100 200 300 400 500 600 700 800

τ 
[k

P
a]

σ [kPa]

Mohr's circle: 300kPa
Mohr's circle: 400kPa
Mohr's circle: 500kPa

-400

-300

-200

-100

0

100

200

300

400

0 100 200 300 400 500 600 700 800

τ 
[k

P
a]

σ [kPa]

Mohr's circle: 300kPa
Mohr's circle: 400kPa
Mohr's circle: 500kPa

(a) pH=4 ( , ) (b) pH=8 ( )

Figure C.25 Mohr’s stress circles at residual state considering horizontal stress for (a) pH=4
and (b) pH=8 samples with µ = 0.50 with the particle interactions whose depth of the energy
barrier is shallow
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Figure C.26 Mohr’s stress circles at critical state in drained triaxial compression simulations
for (a) pH=4 and (b) pH=8 samples with µ = 0.50 with the particle interactions whose depth of
the energy barrier is shallow
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