A CLASS OF SUCCESSIVE QUADRATIC PROGRAMMING METHODS

FOR FLOWSHEET OPTIMISATION

Chung Long, Chen B.Sc., M.Sc., DIC

October, 1988

A thesis submitted in partial fulfillment of
the requirements for the degree of
Doctor of Philosophy of the University of London

Department of Chemical Engineering and Chemical Technology
Imperial College of Science and Technology
London, SW7 2BY



To my parents



Abstract

Chemical process optimisation is an important area of computer aided de-
sign within chemical engineering. This work considers several strategies for the
application of nonlinearly constrained optimisation methods to current flowsheet
simulators, and examines the underlying mathematical techniques in detail. In
particular, one of the most effective optimisation algorithms for this class of op-
timisation problems, the successive quadratic programming ( SQP ) method, is
studied.

Firstly, a novel general formulation is presented, which gives some new in-
sights into the SQP method and its relation to other optimisation techniques.
Several improvements are proposed, aimed at enhancing both its global and local
convergence properties. With regards to global convergence, various line search
strategies are studied and a trust region algorithm is proposed. Several ways are
suggested to improve the local convergence of SQP methods. New scaling schemes
are proposed, together with strategies for dealing with inconsistent constraints
and a generalised projection method for feasibility improvement. The effects of
these improvements on the robustness and efficiency of the SQP algorithm are

demonstrated with numerical results.

Secondly, the application of SQP methods to large scale optimisations is exam-
ined. An effective decomposition method, named the successive reduced quadratic
programming ( SRQP ) method, is proposed. The method partitions the search
direction at each step into two components. Each component is generated from
the solution of a corresponding reduced quadratic programming subproblem. It
is shown that several known algorithms are special cases of this method. In ad-
dition, suitable line search strategies, an improved Hessian update and a strategy
for dealing with inconsistent constraints are also proposed.

Finally, the application of the SQP and SRQP methods within a flowsheet
simulation system is studied. Particular aspects examined are the optimisation
problem formulation, various optimisation strategies ( including feasible path, in-
feasible path and infeasible path hybrid methods ), the efficient evaluation of

gradients, the initialisation of optimisation calculations, and parametric analysis.

Extensive numerical results are presented on examples of both mathematical

and chemical engineering nature. The optimisation algorithms discussed were
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implemented into a computer code and interfaced to two commercial process sim-
ulators, one of traditional sequential modular architecture, the other an equation
oriented simulator, and a variety of industrial problems were solved. The numer-
ical results show that the proposed enhancements to the basic SQP algorithm
and the new SRQP method are very effective in dealing with typical large scale

flowsheet optimisation problems.
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Chapter 1

Introduction

1.1 Background

The computer aided design of a chemical process has advanced significantly
over the last two decades. Various computer programmes using flowsheeting tech-
niques, referred to as process simulators, have been successfully written to model
chemical processing units, to simulate both the steady state and the dynamic

behaviour of a chemical process, and to design such processes | Westerberg and
Benjamin, 1985 |, [ Pantelides, 1988 (a) ].

The successful application of computers to the analysis of chemical processes
encourages engineers further to synthesize, design and operate chemical processes
over a wide range of conditions in a profitable manner. This leads to the develop-
ment of process optimisation which, as its name implies, is intended to select the

best of these candidates to achieve one’s objective and to satisfy given constraints.

Optimisation at the stage of synthesis of chemical processes, also referred to
as structural optimisation, involves the choice of both the type and the number
of chemical processing units and of their interconnections to satisfy the designer’s
objectives. Changing the design conditions for a chemical process of fixed structure
results in parametric optimisation. In the course of designing a given chemical
process, one should not neglect fluctuations on uncertain empirical or economic
parameters. Moreover, it is also required that the process should be controllable at
optimal design conditions and operable over a wide range of operation conditions.

In addition, the definition of ¢ optimum ’ often involves multiple objectives.

These areas, namely discrete optimisation for process synthesis, continuous
optimisation with a given chemical process, optimisation under uncertainty, semi-
infinity optimisation, dynamic optimisation and multiple objective optimisation
cover the domain of process optimisation | Biegler and Grossmann, 1985 ]. This
thesis is only concerned with optimisation of chemical processes in which the struc-
ture is fixed and the process is at steady state. This problem, however, has its own

fundamental importance since it is often embedded in many of the other process
optimisation classes mentioned above.



Although flowsheet optimisation is a natural and desirable approach to the
design of chemical processes, it was not widely employed and accepted in the
industry until the mid 1980’s due to the lack of suitable tools for the solution of
optimisation problems [ Westerberg, 1981 |.

The development of process simulators with optimisation capability closely
parallels the progress of the underlying theoretical optimisation methods. In the
early stages, flowsheet optimisation was performed by searching through a feasible
region in which the system equations within the flowsheet were satisfied while the
value of the objective function was continuously improved. A simulator was used

for generating feasible points. This approach is often referred to as a feasible path
approach.

Optimisation methods that do not require gradients, e.g. random search meth-
ods [ see Reklaitis, Ravindran and Ragsdell, 1983 |, were preferred due to the cost
of each simulation. A number of optimisation studies were carried out with this
approach on CHESS ( a simulator developed by Motard, and Lee [ 1971 ] ),

[ Friedman and Pinder, 1972 |, [ Gaines and Gaddy, 1976 |, [ Ballman and Gaddy,
1977 |, [ Doering and Gaddy, 1980 ].

Although this type of direct search optimisation method has the potential to
locate a global minimum, it is much too expensive. Numerous search points and

extensive computational time are required before reaching an optimal solution.

This difficulty led to the consideration of optimisation methods that require
gradients. These methods greatly reduce the number of searching points even
though it may be expensive to generate the gradients. It was also observed that
the use of ( approximate ) curvature information of both the objective function
and system equations would result in even more efficient optimisation methods.
Generalised reduced gradient methods ( GRG ) | Abadie and Carpentier, 1969 |,

[ Lasdon et al., 1978 | and a projection method | Sargent and Murtagh, 1973 |
were hence developed.

Grauer et al. [ 1979 | optimised a complex benzene chlorination process by
the GRG method. Parker and Hughes [ 1981 | used a quadratic approxima-
tion programming method [ Beale, 1967 | to optimise an ammonia process on
FLOWTRAN ®, a commercial simulator developed by the Monsanto company.
Sarma and Reklaitis [ 1982 | employed the GRG method to optimise an ethylene
oxide-glycol process.



Although the feasible path approach is easily understood, it is expensive since
a flowsheet simulation is required to generate each search point.

The infeasible path approach is therefore motivated, which does not require to
perform a flowsheet simulation at each optimisation iteration. An early attempt in
using this approach was made by successively linearising all the system equations
and the objective function. This was called the method of approximation [ Griffith
and Stewart, 1961 ). This approach has been applied in the refinery industry with
some success. However, it may fail to locate an optimal solution for nonlinear
systems since no curvature information of both the objective function and system
equations is used.

Optimisation methods that introduce a term penalising the violation of some
equations with a high cost, e.g. penalty function methods or augmented La-
grangian function methods | cf. Gill, Murray and Wright, 1981 (a) |, were also
tried. Disappointing results were reported by Jung et al. [ 1971 | on the Williams-
Otto process [ Williams and Otto, 1960 ], a recycle CSTR system. A similar diffi-
culty in optimising the same process by using an augmented Lagrangian function
method was also reported recently by Rangaiah | 1985 ]. The choice of weights for
penalising the violation of equations poses a serious difficulty in these methods.

More recently an optimisation method, named the successive quadratic pro-
gramming ( SQP ) method [ Wilson, 1963 |, [ Han, 1977 |, [ Powell, 1978 (a) |, has
been developed, which permits the effective solution of a medium sized flowsheet
optimisation. Based on this method, various optimisation strategies on different
types of simulators have been proposed, as listed in the Table 1.1.

The interesting results obtained by these authors demonstrate the great po-
tential of the SQP methods for flowsheet optimisation.

There are, however, a number of problems with regards to the optimisation
strategies and SQP methods. Conflicting results on the efficiency of various
optimisation strategies [ Biegler, 1985 |, [ Biegler and Hughes, 1985 | and on the
initialisation of optimisation calculations [ Chen and Stadtherr, 1985 (b) | have
been reported. The penalty of the infeasible path approach for failing to find
a solution may be great since the results at the failed position may be entirely
useless. This led to develop an infeasible path hybrid strategy which captures the
ideas of both the feasible path and infeasible path strategies | Kisala et al., 1986 |,
[ Lang and Biegler, 1987 ].



Table 1.1 Reviews of Flowsheet Optimisation Based on SQP Methods

Author(s) Simulator (Type) Strategy
Jirapongphan [ 1980 | ASPEN - PLUS® (MO) TP
Biegler and Hughes [ 1982 | SPAD (MO) IP
Biegler and Hughes [ 1983 | SPAD (MO) IP
Locke and Westerberg [ 1983 ] ASCEND-II (EO) IP
Kaijaluoto [ 1984 | SSPS (MO) P
Chen and Stadtherr [ 1985 | SIMMOD (MO) IP
Biegler and Cuthrell [ 1985 | SPAD (MO) Ip
Biegler and Hughes [ 1985 | SPAD (MO) FP

Evans, Trevino-Lozano,

Britt, and Boston [1985]  ASPEN - PLUS® (M0) 1P
Hutchison, Jackson, and

Morton | 1986 ] QUASILIN (EO) 1P
Kisala, Boston, Britt, and

Evans [ 1986 | ASPEN - PLUS® (M0O) IP,FP,IPH
Gallier and Kisala [ 1987 | ASPEN - PLUS® (MO) IP,FP,IPH
Lang and Biegler [ 1987 ] FLOWTRAN® (MO) IP,FP,IPH
Richard and Pike [ 1987 | DESIGN/2000 (MO) IP,FP
SPEEDUP group [ 1988 | SPEEDUP (EO) FP

Key :
1P : Infeasible path approach.

FP  : Feasible path approach.

IPH : Infeasible path hybrid approach.
MO : Modular oriented approach.

EO : Equation oriented approach.

The SQP method is also not without major disadvantages. Both its global and
local convergence are not fully satisfactory [ Fletcher, 1985 |, [ Powell, 1985 (b) |. It
is difficult to apply to large scale optimisation problems due to the excessive storage
needed to store the curvature information of the objective function and constraints,
and considerable computational effort is required to generate search directions
[ Gill et al.,1985 (b) |. Kisala et al. [ 1986 | showed that a decomposition method
proposed by Locke et al. [ 1983 | for large scale optimisation had difficulties in
obtaining an optimal solution. The authors avoided this difficulty by providing
a better initial condition. The main issues in the decomposition method are the
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generation of search directions and both its global and local convergence properties.

These have not been explored in a satisfactory way and need to be tackled in more
detail.

These difficulties provide the impetus to study optimisation strategies, the
optimisation methods and their applications to large scale optimisation.

The main objectives of this thesis are to present a flexible optimisation strategy
which is effectively implemented with the SQP type algorithms, to improve the
robustness of the SQP method and to develop a class of decomposition methods
for large scale optimisation. The efficient use of information provided from the
SQP algorithm for sensitivity analysis will also be examined. The capability
of these techniques will be demonstrated through two commercial simulators on

several industrial processes.

It is hoped to provide an insight into several optimisation methods and to shed
some light on the development of process optimisation.

1.2 Outline of the Thesis

Chapter two considers mathematical methods for the solution of optimisation
problems. In particular the study of improvements to the SQP method is the
core of this chapter. The algorithmic components of the SQP method and its
relationship to other optimisation methods are stressed.

A trust region algorithm with a second order correction is proposed and com-
pared with various line search algorithms. A generalised projection method for
feasibility improvements, scaling schemes and ways to deal with inconsistent con-

straints are also suggested. Extensive numerical results for various SQP algo-
rithms are presented.

A class of decomposition methods with reduced Hessian for large scale opti-
misation is proposed in Chapter three. The critical roles played by various merit
functions in forcing convergence and ways of dealing with inconsistent constraints

are explored. In addition, feasibility improvement for this decomposition method
is also examined in this chapter.

Chapter four introduces an optimisation facility to current process simulators.

Several strategies are discussed for interfacing optimisation methods with process



simulators of different architectures. Ways of generating gradients and the ini-
tialisation of optimisation calculations are investigated. After comparing these
optimisation strategies, recommendations are provided for the choice of a suit-
able optimisation strategy. Extensive results on two different types of simulators,
namely, a sequential modular simulator and an equation oriented simulator, are
also presented.

The effect of parameters, constraints and design variables on the optimum
are studied in Chapter five. This chapter also examines the use of approximate
models for processing units in order to improve the efficiency of flowsheet optimi-
sation. To enhance the effectiveness of optimisation algorithms, so-called warm
start procedures, are also presented in this chapter.

Chapter six summarises the present research and highlights promising topics
for further research.



Chapter 2
Optimisation Methods

2.1 Introduction

The success of process optimisation strongly relies on the underlying optimisa-
tion techniques. In this chapter, nonlinearly constrained optimisation techniques
will be studied in more detail. In particular, the successive quadratic program-
ming ( SQP ) method, one of the most effective optimisation methods in terms
of function evaluations, and its relation to other major optimisation methods are
critically examined. The difficulties of the method are identified, and possible
remedies derived from other methods are proposed. This chapter aims at improv-
ing and enhancing the SQP method.

This chapter begins with a brief review of the optimality conditions, and then
the SQP method, its algorithm and its relation to other optimisation techniques
are discussed. Several strategies are then proposed and investigated to improve
its convergence properties and robustness. Algorithmic components of the method
and their implementations are studied. The crucial issues are illustrated by a set of
simple mathematical examples. Finally, the effectiveness of the improved method
is demonstrated by applying it to extensive test problems.

2.2 Optimality Conditions

We consider a general optimisation problem expressed in the form :

min f(z)
PBI st. hi(z)=0 1 =1,...,meq (2.1)
g;(zy>0 j=1,..,mi

where
T is an n-dimensional vector of variables.
f(z) is ascalar objective function.
hi(z) is an equality constraint.
gi(z) is an inequality constraint.
meq is the number of equality constraints.
mt is the number of inequality constraints.



This formulation P B.I is called the original problem throughout the thesis.
In this thesis we are only interested in finding a local solution ( local optimum ) of
the problem P B.I defined as a point at which the variables satisfy the constraints
and no small change to the variables improves the objective function and keeps
the constraints satisfied [ Powell, 1980 ]. A point is called a feasible point when
it satisfies all the constraints. A feasible direction is defined as a direction along
which any step starting from a feasible point does not violate the constraints.
An inequality constraint g¢;(z) is said to be active at a feasible point z when
it reduces to an equality constraint, i.e. g;(z) = O, otherwise it is inactive.
Equality constraints are thus active constraints.

The characterisation of a local solution to a constrained optimisation problem
leads to the development of the optimality conditions. The importance of these
optimality conditions can never be over-emphasized since most effective algorithms
are based on these conditions. The following assumptions on the local solution are
required in order for the optimality conditions to be valid.

Assumptions

1. The objective function f(z)and constraints h(z) and g(z) are continuously
differentiable in the range of interest.

2. The constraints are consistent, i.e. a nonempty set of feasible points exists
within these constraints.

3. A local solution of the original problem exists.

The gradients of the active constraints are linearly independent in the range
of interest ( i.e. in the neighbourhood of a local solution ). This assumption

is often referred to as a constraint qualification.

Only some of the optimality conditions are briefly stated here. More detailed
treatments of the optimality conditions can be found in text books [ e.g. Mc-

Cormick, 1983 | and a historical view of optimality conditions is available elsewhere
[ Kuhn, 1976 ].

Based on these assumptions, the first order necessary optimality conditions can
be stated.



Theorem 2.1
( Karush-Kuhn-Tucker First Order Necessary Optimality Condition )

If the objective function f(z) and the constraints h(z) and g(z) satisfy the
above assumptions, and z* is a local solution of the original problem P B.I then
there exist parameters A* and v* such that the following conditions hold

VeL( 2%, A% 0% ) =V, f(z*) — V.h(z*)A* — V.g(z*)v* = 0

h(z*) =0
g(z*) >0 (2.2)
vy g;(z*) =0, ] 1,..,mi.
vi >0, J = 1,..,ms

The function L(z,A,v) which includes information about the objective func-
tion and constraints, is called the Lagrangian function. This optimality condition
implies that only active constraints have influence on the objective function in
the neighbourhood of a local solution z* and no feasible directions can be found
to improve the objective function at the neigbourhood of an optimal point. This
implication motivates the development of a strategy to predict the set of active
constraints.

Theorem 2.2
( Karush-Kuhn-Tucker Second Order Necessary Optimality Condition )

If the above assumptions hold, and z* is a local solution of the original problem
P B.I then there exist parameters, A* and v*, such that the first order necessary
condition, theorem 2.1, holds and such that the Hessian of the Lagrangian func-
tion V32 L(z,),v) is positive semi-definite on the tangent subspace of the active
constraints at the local solution z*.

The tangent plane of the active constraints is defined as
{ t | Vzh(z)Tt = 0, Vag;(z)Tt = 0, forj € Ky } (2.3)

where
de . A y
Kh _f { J l gJ.(z) — 0, J = 1’ soey mas. } (2-4)



Theorem 2.3

( Karush-Kuhn-Tucker Second Order Sufficient Optimality Condition )
If the above assumptions hold, if there exist parameters A* and v* at a point

z* such that the set of equations (2.2) holds and if the Hessian of the Lagrangian
function V2, L(z*,A*,1*) is positive definite on the tangent subspace of the active
constraints, then the point z* is a local solution of the original problem.

These theorems provide ways to characterise a local solution of the original
problem. However, a local solution may fail to satisfy these theorems if any of the

strict assumptions are violated. Ways to deal with linearly dependent constraints
will be discussed later.

2.3 Optimisation Methods

A thorough survey and a complete discussion of optimisation methods are
neither possible nor intended due to the complexity of the optimisation problem,
the variety of optimisation methods and the considerable amount of research in

this area. Instead the underlying principles behind the major methods and their
relationships are stated.

In general, non-linearly constrained optimisation techniques can be classified
as follows :

1. Penalty function methods.

2. Augmented Lagrangian methods ( Multiplier methods ).

3. Generalised reduced gradient methods and projection methods.
4

Successive quadratic programming methods.

Alternative methods such as random search methods or geometric program-
ming methods [ see e.g. Reklaitis, Ravindran and Ragsdell, 1983 | will not be
considered here either because they are inefficient or because they are only appli-
cable to problems with a special structure.

Excellent reviews of these optimisation methods are listed in Table 2.1. Re-
views of optimisation codes and their comparisons are listed in Table 2.2 and 2.3
respectively.
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Table 2.1 Major Reviews of Optimisation Methods

Author(s) Year
Articles
Sargent 1980
Lasdon 1985
Conference Proceedings
Gill and Murray (eds) 1974
Dixon, Spedicato, and Szegd (eds) 1980
Mangasarian, Meyer, and Robinson (eds) 1981
Powell (ed.) 1982 (a)
Bachem, Grotschel and Korte (eds) 1983
Boggs, Byrd, and Schnabel (eds) 1985
Schittkowski (ed) 1985
Iserles and Powell (eds) 1987
Text books
Himmelblau 1972
Gill, Murray and Wright 1981
Bertsekas 1982
Reklaitis, Ravindran and Ragsdell 1983
McCormick 1983
Luenberger 1984
Evtushenko 1985
Edgar and Himmelblau 1988
Fletcher 1988
Table 2.2 Reviews of Trends in Optimisation Software
Author(s) Year
Waren and Lasdon 1979
Schittkowski 1980
Reklaitis, Ravindran and Ragsdell 1983
Gill, Murray, Saunders and Wright 1984 (a)
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Table 2.3 Major Comparisons of Optimisation Codes

Author(s) Year
Colville 1968
Himmelblau 1972
Eason and Fenton 1974
Sandgren and Ragsdell 1980
Hock and Schittkowski 1981
Minkoff 1981
Mulvey ( ed. ) 1982
Lootsma 1985

Penalty function methods and augmented Lagrangian methods are based on
the transformation of the original problem P B.I into an unconstrained optimi-

sation problem or a sequence of unconstrained optimisation problems by adding
penalty terms to the objective function ( penalty function methods ) or to the
Lagrangian function ( augmented Lagrangian methods ). The attraction of these
methods is due to the fact that unconstrained optimisation problems are relatively

easy to tackle. The penalty terms prescribe a cost for the violation of constraints.

The unconstrained optimisation subproblems are constructed such that under
certain conditions, a local solution of the original problem matches a local solution
of the unconstrained optimisation problem ( exact penalty function methods ) or
the limit point of a sequence of unconstrained optimisation problems. It is noted
that a local solution of the original problem is a saddle point of the Lagrangian
function with respect to Lagrangian multipliers and variables. The introduction
of a penalty term to the Lagrangian function represents an attempt to convexify

the Lagrangian function.

The required property for the construction of the penalty parameters can be
found in text books [ e.g. Luenberger, 1984 |. The following penalty terms are
often used,

? la(=)llg + # Imaz(0, —g(z) )ll

The symbol |z 4, a ¢ —norm of an n - dimensional vector z with elements

"y
def
2]y {5‘_, |x.-<'}
=1

12

z;, is defined as



and the three common values of q are ¢ = 1,2 and oo; the corresponding norms

are Y o, |z, (2T z)*, and max; |z;|.

The success of these methods depends on the choice of the penalty parameters
# and 7, i.e. on the weights assigned to a violation of the constraints. In the case
of penalty function methods, a heavy weight tends to first direct the points in the
optimisation sequence towards the feasible region, and then to move towards the
optimum point. This may result in a small search step and hence in an inefficient
optimisation. Such an inefficiency can also happen with the augmented Lagrangian
function methods with excessively large penalty parameters.

Generalised reduced gradient methods ( GRG ) [ Abadie and Carpentier,

1969 ], [ Lasdon et al., 1978 | and projection methods [ Sargent, 1974 |, [ Rustem,
1981 | tend to reformulate the original problem into an unconstrained optimisa-
tion problem by searching through the feasible region for improving the objective
function. These methods include a procedure for predicting a set of active con-
straints, a procedure for defining a reduced sub-space according to the active set
of constraints, a procedure for projecting the objective function onto the reduced
space of the active constraints and a procedure for maintaining feasibility with
respect to the constraints. The difference between generalised reduced gradient
methods and projection methods is in the way of projection.
Even though the performance of these two methods may be quite different, the
distinction between them is rather artificial [ Sargent, 1974 ]. Since both methods
require feasible points, an inefficiency may occur in following the boundary of the
active constraints. In addition, a feasible region may not exist at a certain state
and precautions must be taken in selecting the set of active constraints to prevent
from repeatly adding and dropping the same constraints ( ¢ zigzagging ’ ) or from
converging to a non-optimal point ( ¢ jamming ’ ).

Successive quadratic programming methods ( SQP ) [ Wilson, 1963 |, [ Han,
1977 |, [ Powell, 1978 (a) | generate at each step a search direction by solving
a quadratic programming ( QP ) subproblem which is an approximation of the
original problem. The Hessian of the quadratic programming subproblem is an
approximation to the Hessian of the Lagrangian function. A procedure is taken
to ensure convergence. The major difficulties of this method are that a quadratic
programming subproblem may not always be well-defined and it is not easy to en-
sure global convergence. Furthermore, the solution methods of general quadratic
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programming subproblems is in general 'demanding in terms of arithmetical oper-
ations and storage. These disadvantages may become an obstacle for large scale
problems.

Hock and Schittkowski | 1981 | showed that the SQP method is one of the
most effective optimisation methods in terms of function evaluations. This is a
desirable feature for process optimisation since the function evaluations in chemical
processes are generally expensive. However, despite of the emphasis on the SQP
methods in the current research, the idea of penalty function type methods and
projection type methods does not yet seem to become obsolete. The strength of
these methods may become a remedy for the weakness of the SQP method.

2.4 Succesive Quadratic Programming Methods ( SQP )
( Recursive Quadratic Programming Methods, RQP )

Introduced by Wilson | 1963 |, revived by Han [ 1977 | and Powell [ 1978 (a) |,
and comparatively studied with other existing codes by Hock and Schittkowski
[ 1981 |, the SQP method has been regarded as one of the most effective methods
for nonlinearly constrained optimisation problems in terms of function evaluations.
The method was motivated by the application of Newton-type methods to the first
order optimality conditions of the original problem. By linearising the first order
optimality condition, equation (2.2), of the original problem at the k'® iteration
and ignoring the higher order terms, the resulting system is found to be the first

order optimality condition of a quadratic programming ( QP ) subproblem of the
form :

. 1
min sz(:z:k)sz,. + EngH(zk) dz,

QP B.I st. h(zi) + Vah(z)Tds, = 0 (2.5)

g(zk) + V::g(zk)Td::. Z 0

where

V.f(z) is the gradient of the objective function.
V_h(z) is the gradient of equality constraints.
V.g(z) is the gradient of inequality constraints.
H(z) is the Hessian of the Lagrangian function.
d, is the search direction.

The solution of this QP subproblem thus provides a search direction d; to
the solution of the original problem P B.I and estimates of the Lagrangian
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multipliers of the linearised active constraints. It is observed that as the norm of
the search direction, ||d.||, approaches zero, and if the Hessian of the Lagrangian
function is bounded, the first order optimality condition of this QP subproblem
approaches that of the original problem. Thus the current estimate approaches a
local solution of the original problem. This QP subproblem has a unique solution
when the Hessian of the Lagrangian function is positive-definite and the constraints
are consistent and linearly independent. However, the Hessian of the Lagrangian
function is not in general known in advance. It may be expensive to obtain and it
may not be positive definite. In fact, only the projected Hessian of the Lagrangian
function on the active constraints at the optimal point is required to be positive
(semi-)definite due to the second order optimality conditions [ Theorem 2.2 |.

Powell [ 1978 (b) ], [ 1983, (a) ] showed that the Hessian of the Lagrangian function
can be approximated by a positive definite symmetric matrix without destroying
the convergence properties of the method. QP B.I can therefore be reformulated
as

. 1
%1’1:1 V,f(xk)rd,,,. + '2_de.B" dz,

QP B.IT s.t. h(zx) + V h(zx)Td,, =0 (2.6)

g(zk) + Vzg(xk)rda;p. Z 0

where

By, is an approximation to the Hessian of the Lagrangian function
at the ktP iteration.

A basic SQP algorithm can be established as follows,

Algorithm B.I — Basic SQP Algorithm

1. Given initial conditions.

2. Form a quadratic programming subproblem QP B.II and solve it for
the search directions and the estimated Lagrangian multipliers.

3. Check the termination criterion. If this criterion is satisfied, then exit.
Otherwise the algorithm continues.

4. Employ a procedure to ensure convergence and obtain a new estimate
of the solution.

5. Update the Hessian of the Lagrangian function.

6. Go to step 2.
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It is necessary to consider four important ingredients of the algorithm : the

formulation of the QP subproblem, a convergence criterion, convergence to a local

solution of optimisation problems from remote starting points ( global convergence

property ), and the convergence rate when the current points tend to converge to

a local solution of the optimisation problem ( local convergence property ).

2.4.1 Formulation of the QP Subproblem and its Relation to Other

Optimisation Methods

It is interesting to note that when the Hessian of the Lagrangian function
remains positive definite, the solution of the QP subproblem can be expressed

in terms of two search directions p, and p; as the following expression with the

assumption that the set of active constraints is known a priori.

dz,. = D4 T DPi,

where p,, is defined as

1
QP B.III Tart 3 Pon B Pas

s.t. c(zx) + Vee(zx)Tp,, =0

where

c(zx) is the set of active constraints, and is defined as

c(z) def { hi(z) =0, : =1,..,meq, and g;(z) =0, j=1,...

V.c(z) is the gradients of the active constraints.

B is a Hessian approximation of the Lagrangian function.

and p, is defined as

: 1
min V,f(z)T pe, + = pi, Bk pua
pfk 2

QP B.1IV
s.t. V,c(zk)Tpt,, =0

(2.7)

(2.8)

(2.9)

It is clear that the SQP method uses the curvature information of the La-

grangian function to predict a set of active constraints and the search directions
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can be divided into two components : a step p, that defines a step to the near-
est point on the linearised constraints, and a step p; that defines a step to the
minimum of the quadratic model of the Lagrangian function in the subspace or-
thogonal to the constraints normals [ Gill et al., 1985 (b) |. The step p, can
hence be regarded as a * feasibility step ’ and the step p; can be regarded as an
¢ optimality step ’. This representation implies that the SQP method is related
to projection methods. When the current point zj is a feasible point, the length
of the step p, is reduced to zero. i.e.

lpall = 0

The search direction d, generated from the SQP method is then equal to the
step p; which is the same direction as that generated from the projection method
provided that the same set of active constraints are predicted and the same Hessian
approximation is used. This representation will be used to develop a large scale
optimisation method in Chapter 4.

A difficulty arises that QP B.II may not be well defined since the linearised

constraints may be inconsistent. For example, Let the constraints,
(21— 1)2+ (z2—-1)%2>8

and
T +22< 3

be linearised at the point ( 5,5 ). We obtain the inequalities

and
dzy +dzy < -7

which are inconsistent. This phenomenon is not uncommon in practice. This is
due to the fact that the nonlinear constraints may not be adequately approximated
by a set of linearised constraints. This motivates the consideration of the penalty
function methods in which the search directions need not satisfy the linearised
constraints. The relationship between the SQP method and the penalty function
methods must be established before applying the idea of penalty function methods
to the SQP algorithm.
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2.4.1.1 Relation of the SQP Method to Other Optimisation Methods

We consider the applications of a class of penalty function methods with a
quadratic penalty function of the form,

meq

P,(z,r,*") = f(z) + Z hi(z)? + Z —maz(O —g;(z))*  (2.10)
i= i=1

to solve the original problem. In the quadratic penalty function method, a se-
quence of unconstrained minimisation subproblems is solved with increasing values
of the penalty parameters r and r’. In each subproblem, the quadratic penalty
function P, is minimised with given penalty parameters r and ¢’. It can
be proved that the limit points of the sequence of unconstrained optimisation
subproblems will converge to a local solution of the original problem when the
penalty parameters r and v’ diverge to infinity. This method is well known as

the sequential unconstrained minimisation technique ( SUMT ) [ Fiacco and Mc-
Cormick, 1968 ].

If a Newton-type method is applied to minimise the quadratic penalty function
with fixed parameters r and r’ in each subproblem, the resulting subproblem at
the k*2 iteration to be solved has the form of

P B.II I(Iilzi:l Py(zk,r,r') + Vo PT(zkyr,r') dzy + % dl, V2 Py(zx,r,7') da,

(2.11)

or alternatively,

P B.III 1‘11:11n f(zx) +V,f(zk)T d, + 1 dT H,d,, +
meq . 2
D 5 (halzs) + Ve hi(ze)" dzy )" +
i=1

ms I

> 2* ("m( —( 9i(zx) + V2 gi(zx)7 ds, )) )2 (2.12)

j=

where
Ve Py(zi,r,v') = Vo f(zk) ’:V:qr,h(xk)v hi(zx) —
=1
Y 75 9i(x) Vagslzx) (2.13)

JEK,
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meq

Vi‘ Pq(zk’r’ r') = V: f(z) + E ri{vzhi(xk)vzhi(zk)r + h.(:ck)V:h.(zk)}

=1

+ E r;{ -vzgi(zk)vzgj(xk)r + 9:'($k)V39:'(5k)}

JEK)
(2.14)
meq
Hy = Vof(z)® + ) _ri hi(ze) Vaho(ze) + Y ry 9;(zx) Vig;(zx)
=1 JEKa
(2.15)

and

d ) ) )
K, lef {7 | gj(zx) = 0,5 =1,..,mi. }

In fact, by the introduction of the extra variables, ¢ and ¢ P B.IIl can be
reformulated as

meq mi s

1 rs Ty
. T T s 2 J 2
Jin, Vel (@) day + 347, Hoy doy + ; 5 &+ ,z-:l L]
QP BV s.t. h(zi) + Vh(zx)Td,, = ¢
g(zk) + Vzg(zk)sz;. 2 =
e€>0
(2.16)

It can be proved that when the penalty parameters r and ¢’ diverge to
infinity and the current sequence of iterates converges to an optimum of the
original problem, the terms { —r; hi(z), ¢ = 1,...,meq } and the terms
{ r; maz(0,—g;(z)), J = 1,..,mi } will converge to the Lagrangian multi-
pliers { A;, t=1,meq}and { v;, j = 1,.mi } respectively and hence the
matrix H, will converge to the Hessian of the Lagrangian function [ Fiacco and
McCormick, 1968 ].

In addition, Broyden and Attia [ 1984 | pointed out that the matrix H, need
not have any large eigenvalues even though the matrix V2 P,(z,r,r') is ill-
conditioned. A similar result was given by Gould | 1986 ].

This result suggested that the Hessian of the quadratic penalty function
V2P,(z,r,r') becomes ill-conditioned with excessively large penalty parameters
r and r' while the matrix H, need not be ill-conditioned.
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Furthermore, the direction generated from the quadratic programming sub-
problem QP B.V is the same as that generated from the quadratic programming
subproblem QP B.II when the constraints are linearly independent and con-
sistent, the matrix H, is an approximation to the Hessian of the Lagrangian
function, and the penalty parameters diverge to infinity. This result shows the
relationship between the SQP method and the penalty function method.

Comparing the QP subproblem QP B.V with QP B.II implies that the
unconstrained penalty function P, need not be minimised completely for a given
penalty parameters r and r’. It is possible to solve instead QP B.V , at each

iteration with penalty parameters r and ¢’ given as :

—):
ry = — i = 1,..,meq.
hi(z)
, v; . .
, = = 1,... H 2.17
TJ maz ( 0, —g_,'(.'t) )’ J ’m' ( )
or, alternatively as
— s
Ty = -, 1 = 1,...,meq.
&
rh = L{, j=1,..,mi. (2.18)

€

The QP subproblem QP B.V is also related to the recursive equality quadratic
programming method ( REQP ) developed by Bartholomew-Biggs [ 1972 |, [ 1982 ]
since the terms { €;, ¢ =1,..,meq} and { €}, i=1,...,meq} can be replaced
by the terms {'—r’\l, i = 1,..,meq} and {—%, j = 1,...,mi} respectively.
The violated constraints can be chosen as active inequality constraints and the

Lagrangian multipliers can be chosen to minimise the function,

min | V.f(z) = Vah(z)A = Vag(a) (0) ll2

st. U =0 (2.19)
vV >0
where
v  is a vector of the Lagrangian multipliers corresponding to the
predicted active inequality constraints.
v' is a vector of the Lagrangian multipliers corresponding to the

predicted inactive inequality constraints.

A similar argument can be applied to an absolute value penalty function of the
form :

P, = f(z) + Z r: hi(z)] + Z r: maz (0,—g,(z) ) (2.20)
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One of difficulties in using this penalty function is that the penalty function is
non-differentiable at points where a constraint is active. This non-differentiable
function can be solved by using a linear programming method [ Fletcher and
Sainz de la Maza, 1987 |. It can be proved that a local minimum point of the
penalty function P, is a local solution of the original problem when the penalty
parameters r and r’ are larger than the Lagrangian multipliers |\ | and ||v]|o

at the optimal points respectively. This type of penalty funct’on is sometime called
a non-differentiable exact penalty function.

Let us consider a subproblem of the form,

1
min  f(zx) + Vf(zx) + 5 7, Hey daw +
N

meq

PB.IV D ri | hilek) + Ve hi(za) day | + (2.21)

=1

i“: ri maz( 0,— ( g;(zx) + V2 g,(zx)T dz, ))

i=1

With the introduction of slack variables € and &’ the subproblem can be trans-
formed into a QP subproblem of the form :

. 1 meq mi
min V,f(zk)sz. + Edfa. H,, d., + Z r; € + Zr; s;-
a=1

dz,.6.8

J=1
st.  h(zy) + Vih(z)Td,, > —¢
QP BVI — h(zx) — Vh(zx)Tde, > —¢
a(zr) + Vog(zx)Td,, > —¢'
e>0
e€>0

(2.22)
If the Hessian H, is replaced by a positive definite approximation to the Hessian
of the Lagrangian function, the search direction is the same as that from QP B.II
when the penalty parameters r and ¢’ are sufficiently large and the constraints
are linearly independent and consistent. In practice, the penalty parameters r
and r’ can be estimated from Lagrangian multipliers predicted from the previous
iterations. The QP subproblem P B.IV is related to the successive l; quadratic
programming ( Sl; QP ) method developed by Fletcher | 1981 ], [ 1985 ].

A similar analysis can also be applied to augmented Lagrangian methods.

Tapia [ 1977 | showed that for equality constrained optimisation problems, it

21



is more efficient to apply quasi-Newton methods to an augmented Lagrangian
function and update the Lagrangian multipliers with the current estimates than
to solve a sequence of unconstrained optimisation subproblem with increasing
penalty parameters and obtain a complete solution of each subproblem with a
given penalty parameters and Lagrangian multipliers. This method is referred
to as a diagonalised multiplier method or multiplier update method. The author
also showed that this method is equivalent to the SQP method for a certain choice
of the Lagrangian multipliers for equality constrained problems [ Tapia, 1977 |.

A recursive equality quadratic programming method based on the augmented
Lagrangian function was developed by Bartholomew-Biggs [ 1987 ].

In this section, the derivation of the SQP method and its relations to other
optimisation methods were studied. This analysis implied that a subsequence of
QP problems based on QP B.III can be used to generate a feasible point. It
is noted that the QP subproblems QP B.V and QP B.VI but not QP B.II
are always well defined, and can be used to deal with linearly dependent and

inconsistent constraints. These ideas can be effectively implemented and will be
discussed later.

2.4.2 Termination Criteria

The termination criteria provide ways to terminate the execution of an al-
gorithm when the limit points approximate the solution of the original problem
within prescribed accuracy. An optimisation algorithm can be terminated when
the iterate satisfies both the constraints and the optimality conditions. Therefore
the termination criterion in the SQP algorithm, Tol, at the kP iteration may
be chosen as follows

Tol( “f maz (toly, tola, tols, toly) ) <e (2.23)
where _
megq mi
toly = Y hi(zx)| + Y_maz(0,—g;(zx) )
=1 =1

to’? = \/d’;fh Bk dzp.’

meq mi
tols = V f(zx)Tdsy + O irhi(zi) + Y vimaez(0,—g;i(zs) ),

=1 j=1
toly = V_L(zk,Ak,Vk) 2
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The expression for tol; is to the check whether the point satisfy the constraints,

and the expressions for tol;, tols, and toly are to check whether the first order
optimality conditions are satisfied.

For process optimisation problems which are often badly scaled, a relative
termination criterion is preferred as follows,

Tol = maz( toly,tola,tols,tolg ) (2.24)
where
tols = tols
5 maz{n,|L(zk, Ak, k) |}
tol4
tOle =

maz{n,|L(zk, Ak, vi)|}

for some constant 75, say, 1.

2.4.3 Global Convergence

There are two ways to ensure that the iterative sequence converges to the

solution of the original problem from remote starting points : line search and
trust region methods.

2.4.3.1 Line Search Methods

In line search methods, a merit function ( line search objective function ) P,
is constructed such that it contains information about both the objective function
and the constraints, and such that a local solution of the original problem is a
local optimal point of the merit function P,,.

In the procedure of line searches, the current search point is regarded as a
function of a step length parameter «, i.e.

Tk41 = Tk + ady,

so that the merit function in turn also becomes a function of the step length
parameter. During the line search, the step length is reduced until either the
merit function is minimised over all the range of a ( exact line searches ) or until
a * sufficient decrease ’ in the merit function occurs ( inexact line searches ). In

practice, inexact line search methods are preferred since they are less expensive
and since it may not be possible to perform the exact line search in some cases.
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The initial step length parameter is often chosen as one. The sufficient decrease

requirement may be satisfied by the Goldstein-Armijo rule :
0 < P,,.(zk,.) — Pm(zk +ardg,,.) < —Bar V., Pm(zk,.)T dz, (2.25)

where 0 < <0.5. It is noted that the search direction does not change and
only the step length is restricted during a line search. The step length parameters
may be generated by a simple rule, e.g. { (%)", k=1,..,nk }, or by a quadratic
extrapolation, i.e. solving the following problem,

min P (a) (=¢10® + 2 + ¢3 ) (2.26)

where the parameters ¢;, ¢2, and ¢3 are obtained from solving the following
equations,

Pm(o) ¢3

Pm(l) = ¢1+ ¢2+ ¢3
8P, \
W(o) = ¢2

Detailed description of the line search procedures may be found in the text books
[ e.g. Gill, Murray and Wright, 1981 |.

It is essential to ensure that the search direction generated from the algorithm
is a descent direction for P, in order for the search procedure to succeed with
a > 0. Furthermore, the merit function should not impede the convergence rate
of the algorithm. As we will discuss later, for the SQP methods a fast convergence
rate can be assured only when a full step length is allowed at points near the

solution. Desirable properties of merit functions for SQP methods can be found
in the literature [ e.g. Stoer, 1985 |.

Candidates for merit functions include

I. those merit functions that need only function evaluations :

Absolute value penalty functions.
Quadratic penalty functions.
Augmented Lagrangian functions.

Modified Augmented Lagrangian functions.

ARl ol

Modified Lagrangian functions.
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II. those merit functions that need function evaluations and gradient evalua-
tions.

1. Fletcher’s exact differentiable penalty function | Fletcher, 1973 |.
2. The exact penalty function of Di Pillo and Grippo [ 1979 |, [ 1985 |,
[ 1986 |.

Since merit functions that require gradient information may be prohibitively

expensive for process optimisation, only those in the first group are studied here.

¢ Absolute Value Penalty Functions

A class of absolute value penalty functions has the form :

P@=1@)+Y rlh(@) | + Y rimaz (0, —gs2))  (220)
=1

i=1

Under mild conditions, a local minimum point of the original problem is a local
minimum point of this exact penalty function with penalty parameters r and »’
larger than Lagrangian multipliers of the original problem at the optimum [ see
e.g. Gill, Murray and Wright, 1981 |. Han [ 1977 | proved that the search direction
generated from the QP subproblem QP B.II, is a descent direction of this exact
penalty function P, with sufficiently large penalty parameters r and r’. Powell
[ 1978 (a) | suggested an automatic scheme for calculating the penalty parameters :

1 .
Tikgr = THRAZ (] A l, 2 ( | Ay | + 7r50) )y ¢ = 1,..,meq

(2.27)

r;'n+1 = maz (| vj |, ';' (lvi | + r;}. )), 7 = L..,mi
Unfortunately the use of this exact penalty function as merit function may prevent
the algorithm from taking a full step even at points near a solution of the origi-
nal problem, this resulting some inefficiency. Observed by Maratos [ 1978 |, this
phenomenon is called the Maratos effect. In practice, the penalty parameters r
and r’ provide the balance between the objective function decrease and constraint
violation, and sufficiently large penalty parameters tend to emphasize feasibility
of the constraints. This may lead to slow convergence in following nonlinear con-
straints. This situation is more likely to occur when the current estimates are near
the constraint boundary in which case the penalty terms dominate. In addition,
Chamberlain [ 1979 ] showed that Powell’s automatic scheme, equation (2.27), may
cycle instead of converging. Several suggestions have been proposed to deal with
these difficulties :
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1. To use a quadratic approximation to the constraints, or to include a second
order correction step to reduce constraint violations [ Mayne and Polak,
1982 ], [ Gabay, 1982 |, [ Fletcher, 1982 ], [ Sargent, 1982 |,
[ Fukushima, 1987 |, [ Hoza and Stadtherr, 1987 ], [ Maany, 1987 |.

2. To add a second merit function with safeguards for the acceptance of the
full step [ Chamberlain et al., 1982 ].

The first approach is based on the fact that the current estimates must follow
more closely the boundary of the feasible region in order to decrease the value

of the penalty function with suffficiently large penalty parameters. It may be
preferable to solve a subproblem

I(!ilin V,f(::k)Td,,, + %df.V:zf(zk) dz,
d ]

P BV s.t. hi(zx) + Vzh.-(:rk)sz,. + dfu V:zh;(zk) dz, =0 (2.28)
g;(zx) + ngz'(zk)szu + df. V:zg,-(zk) dz, 20
for t = 1,...,meq and j=1,...,,mas.

However, this problem is much more expensive to solve as reported by Maany
[ 1987 ] and storing the second order derivatives of the constraints can cause a
serious problem for large scale problems. Alternatively, an additional second cor-
rection step is allowed to improve the feasibility of the constraints. This approach
will be discussed in the section on feasibility improvement.

In the second approach, a full step is accepted even if it does not result in a
reduction of the exact penalty function provided the value of the merit function
at the previous iteration is the least that has been calculated and the value of the
Lagrangian function is reduced. If a new least value of a merit function does not
occur during a prescribed number of iterations, then the estimate of the optimal
point is reset to the value that gave the least value of the merit function. This
approach is referred to as the watchdog technique and was proposed by Chamber-
lain et al. [ 1982 ]. At the k*P iteration, a basic watchdog technique without
restarting is described as follows : [ Chen and Stadtherr, 1985 |
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Algorithm B.II — Basic Watchdog Algorithm

1. If k& = 0 thenset pi to a large number.

2. If P, (zx,r,r') < pi, then set zx41 = T +di if
L(.’L’k + dk,'\kaVk) < L(zk,lk_,l/h).

3. Otherwise perform standard line search.

4. Set pr4+1 = min( pr, Pe(zk,1,7') ).

This basic watchdog technique without restart schemes used by Chen and
Stadtherr | 1985 | and Renfro | 1986 ] for optimising chemical processes is also
employed in this study. The reason for not using restart schemes in this study is
that the penalty parameters in the merit function are allowed to reduce.

¢ Quadratic Penalty Function

The difficulty in using a quadratic penalty function, equation (2.10), as a merit
function is that a local optimal point of a quadratic penalty function is not the
same as that of the original problem unless the penalty parameters go to infin-
ity. An inefficiency can also occur when penalty parameters are excessively large.
Therefore the use of quadratic penalty functions as merit functions will not be
considered further.

e Augmented Lagrangian Functions

An augmented Lagrangian function takes the form :

meq mi
Pi(z) = f(z) — )_ A h(z) = ) v} gile) +
=1 =1
I P ' oY e
> 1 2 r k(@) 3 ri [maz(0,- g5(2) — —-)% — 7 ]
=1 = J

(2.29)

With this merit function, a decision must be made to estimate the Lagrangian
multipliers A+ and vt during the line search. The multipliers A* and v+ of
the augmented Lagrangian function P, can be regarded as variables during line
searches as suggested by Yamashita [ 1982 |, Schittkowski [ 1981 |, [ 1983 ], and
Gill et al. [ 1986 ]. In this case, it can be proved that a local solution of the
original problem is a local optimal point of this type of augmented Lagrangian
function when the estimated Lagrangian multipliers A% and v* converge to the
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Lagrangian multipliers of the original problem at the optimum and the penalty
parameters r and r’ are sufficiently large. Yamashita [ 1982 | chose the Lagrangian
multipliers A* and v at the I'P line search iteration as,

A?’ = Ak+AA+

+

2.30
vt = v+ Avt (230)

The multipliers Ag and vy are predicted by the QP subproblem QP B.II at the
k*B iterations and the terms AAY and Avt are supplied by users. Schittkowski

[ 1983 ] and Gill et al. [ 1986 | update the multipliers A* and vt at the I*® line

search iteration as + + +
AF = AL + e (A=A

+ +

(2.31)
Vg =y oo (Vk—%td

The parameters Ax and vy are again predicted by the QP subproblem, QP B.II,
at the k' iteration. The difficulty with this type of merit functions is that a
local solution of the original problem is merely a saddle point of the augmented
Lagrangian function with respect to the variables z and multipliers At and vt
unless the penalty parameters are sufficiently large. A special care must be taken
in the choice of the multipliers and the penalty parameters.

The advantage of using this merit function is that it allows many more itera-
tions to accept a full step ( @ =1 ). However, Powell [ 1985 (b) ] showed that
this type of augmented Lagrangian function may accept an incorrect step size and
result in inefficiency during the line search. In fact, for equality constrained prob-
lems the augmented Lagrangian function, equation (2.29), can be reformulated

N ™l +\2 a2
Pu() = 1(2) + 3 ;‘{(he(z)— %) —i} (2:32)

r; r2

=1

At the feasible point the term { i;: , 3+ = 1,..meq } is dominant unless
the parameters {r;, ¢+ = 1,meq} are excessively large and {X}, ¢ = 1,..,meq}
are degenerate, and hence a full step is more likely to be accepted. However, this
process may not yield a better point unless the penalty parameters r is sufficiently

large. A similar argument can be applied to problems with inequality constraints.
To avoid this difficulty, the Lagrangian multipliers A* and »* of the aug-

mented Lagrangian function P, can be chosen to be functions of the variables

z. For equality constrained optimisation problems, the Lagrangian multipliers for
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equality constraints A% may be estimated by solving the following problem [ Gill
and Murray, 1979 |,

1§1i+n IVof(z) — Veh(z)A? |2 (2.33)

This type of augmented functions reduces to a differentiable exact penalty function
proposed by Fletcher [ 1973 ]. It can be proved that a local minimum of this dif-
ferentiable exact penalty function is a local solution of the original problem when
the penalty parameters are sufficiently large [ Fletcher, 1973 |. Boggs and Tolle
[ 1980 ], [ 1982 ], [ 1986 | used this type of merit function for equality constrained
problems, except that the term h(z)Th(z) of P, was replaced by the term
h(z)T (Voh(z)TV h(z))~! h(z). A difficulty arises that the estimation of the La-
grangian multipliers AT and vt during a line search requires the gradients of the
objective function and constraints, which is an expensive procedure. The calcula-
tion of gradients of this augmented function requires the second order derivatives
of the objective function and constraints, which may not be available. Powell and
Yuan [ 1986 ] used this augmented Lagrangian function as a merit function for the
equality constrained problems. They proposed an approximation to the second
derivatives of the Lagrangian function and developed an automatic scheme for
updating penalty parameters. The authors showed that this type of differentiable
merit functions may be more efficient than the exact penalty function.

For inequality constrained optimisation problems, the Lagrangian multipliers
vt may not be a continuous function of variables z since the set of active con-
straints may change, and this may cause difficulties during the line search. This
type of merit functions will not be pursued further, since expensive gradient in-
formation during line searches is required.

¢ Modified Augmented Lagrangian Functions

A modified augmented Lagrangian function proposed by Biegler and Cuthrell
[ 1985 | has the form :

Py(z) = f(z) — Y A hi(z) — )_ v gi(z) +
meq = ms = (2'34)
{2 M + L maslo,- os(a)?]
i=1 J=1

For an optimisation problem with equality constraints only, this type of mod-

ified augmented Lagrangian P; reduces to the augmented Lagrangian function
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P,. For an optimisation problem with only inequality constraints, this augmented
Lagrangian function can be regarded as a penalty function of the form :

Pt = f(z) + 'z'“: [ r maz(0,—g;(z)) + v} ] maz( 0,—g;(z) ) (2.35)

It can be observed that a local minimum point of this penalty function is a local so-

lution of the original problem when the penalty parameters { r maz(0,—g,(z)) +

u;-", J =1,...,;m } are sufficiently large.

e Modified Lagrangian Function

It is noted that equality constraints in the original problem can be viewed as
the following inequality constraints

h(z) 0
-h(z) >0

v

(2.36)

For inequality constrained problems, Sargent [ 1982 | suggested a modified La-
grangian function as a merit function. The modified function takes the form,

P = f(z) —a { Ah(z) — A2h(z) + v g(z) } (2.37)

The advantage of this merit function is that it contains no arbitrary parameters.
Sargent | 1982 | also showed that the use of this modified Lagrangian function
does not impair local convergence. This merit function can also be efficiently
implemented in conjunction with a Lemke algorithm [ Sargent, 1985 |.

2.4.3.2 Feasibility Improvements

To circumvent difficulties with global convergence, to improve the local con-
vergence and to deal with highly curved constraints, it is proposed to include the
second order correction steps in order to follow the constraints more closely. The

current estimate z at the (k + 1)*® optimisation iteration with (nl) feasibility
steps may take the form

nl
Ther = Tk + adg, + o ng (2.38)

=1
where s; is the second order correction step. However, the second order correction
steps Z?;l s; may neither yield a decrease in the values of the penalty terms nor
reduce the value of the objective function when the current point is far away from
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a feasible region. Gabay [ 1982 ] suggested that this second order correction step
be employed only when the value of the penalty terms is actually reduced. Biegler
[ 1988 | suggested that the feasibility step be obtained after the line searches.
Since the feasibility step may increase the objective function, the resulting point
may not improve the merit function. However, when the penalty terms for the
constraints are dominant, any reduction in the values of penalty terms will result
in a reduction in the merit function. This may be the case when the penalty
parameters are excessively large. In this case, the current estimate =z at the
(k +1)t® iteration with (nl) feasibility steps takes the form :

nl

Tr4l = Tk + a dg, + Zs: (2.39)
=1

In this study, the following QP subproblem is used to obtain the feasibility
improvement step s; at the B iteration,
.1
min o sT B, s

QP BVII s.t. h(.‘l:+ + 8(-1) + Jh;rsl =0 (2'40)

g(z++s,_1) + ngrsl >0

where

B, is a positive definite matrix at the k*® optimisation iteration.
8 is a feasibility step at the I*® step with so = O.

Jh is a Jacobian approximation to the matrix V_:h.

Jg is a Jacobian approximation to the matrix V.g.
A+ = Tt di when this process is made before the line search.
Ir + ok di when this process is made after the line search.

In order to avoid the evaluation of gradients, the subsequent Jacobians Jj;

and Jy, can be taken as  V h(zt) or V,_g(z%) respectively, or these Jacobians
can be updated by the Broyden update of the form,

+_JT T
JII:H=J‘T+(yl i s)s

P (2.41)
J T

JT ( h )

i Jw+

h(zt +si-1) — h(z*t +5;-5)

+ 1 -2

= >

(9(17"' +8i-1) — g(zt +s1-2) for 1 22

o (v,h(zﬂf)

Vzg(z'i-)T

where
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It can be observed that the QP has a unique solution 8; = 0 when the current
point is feasible, i.e.

h(zt + s-1) =0and g(z* + 8-,)>0.
Without line search, there is no guarantee that the solution of QP B.VII, will re-

sult in a reduction of the violation of the constraints. This feasibility improvement
is used only when
lsillz < || dsy 2 and

2.42
lsillz2 < || si-1]l2 whenl >2. (242)

The search direction dj is predicted from the QP subproblem QP B.II. Since there
is no intention of satisfying the constraints exactly, this feasibility improvement is
terminated either when a prescribed maximum number of iterations is achieved or
when the improvement step meets the following condition :

| Dy sil|2 < e Tol or

(2.43)
|D2 A(zk4141)ll2 + || Ds (maz(0, —g(zx+141))||l2 < € Tol

where
Dy,D,,D5 are diagonal scaling matrices with positive elements.

Tol is a termination criterion, equation (2.23).
€ is a small number say 0.01.

The advantage of using QP B.VI is that it easily includes just the equality or
the inequality constraints of interest. In addition, the matrix B provides scaling
factors for the variables. In this study, the approximation to the Hessian of the
Lagrangian function is used for this matrix. It is noted that the QP B.VII can be
used for solving a system of equations with inequality constraints.

A different QP formulation to calculate feasibility steps was proposed by Sar-
gent | 1982 ].

The basic line search algorithm with feasibility improvements can be stated as
follows
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Algorithm B.III — Line Search with a Feasibility Step

Define a merit function, Pp,(zk,.).
Update parameters for the merit function if necessary.
Solve equation (2.40) for the feasibility step s;.
If ||si|l > ||dz,]| then Set s;=0.
If the merit function is an absolute value penalty function then
perform Algorithm B.IL
6. Find the step length parameter ¢; from equation (2.26) such that
Pn(zk + aydz, + a?sy,.) — Pu(zk,.) £ fVePn(zk,.)Td.,.
with 8 < 1 ( say 0.001).
If || eydz, |2 < €maz(1,|z]|) or | > maz; then exit.
where € is a small number ( say 10~7 ) and maz; is an integer
number ( say 5 ).
7. Set Zx41 = zi + oydg, + afs;.

AN ol ol

Algorithm B.IV — Line Search Followed by Feasibility Steps

1. Define a merit function, P, (zk,.).

2. Update parameters for the merit function if necessary.

3. If the merit function is an absolute value penalty function then

perform Algorithm B.IL

4. Find the step length parameter «; from equation (2.26) such that
Pm(zk + aydz,, ) - Pm(zk, ) < a;ﬂV,Pm(z:k, .)szh
with 8 < 1 ( say 0.001).

5. Solve equation (2.40) for the feasibility step s; until the termination

conditions, equations (2.42) and (2.43), are met.
6. Set zp41 = zx + a;dz. + 2,=1 Si.

2.4.3.3 Trust Region Methods

Trust region methods are based on the idea that the search direction generated
from an approximation model is accepted as long as the approximation model
adequately reflects the original problem within a certain range. In contrast to
line search methods, the search direction generated from trust region methods is

allowed to change during the search. Trust region methods are reviewed by Moré
[ 1983 ].
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Gay | 1984 | proposed a trust region method for linearly constrained optimi-
sation problems. Recently this approach has been applied to equality constrained
optimisation problems by many researchers [ Byrd, Schnabel and Schultz, 1985 ],
[ Vardi, 1985 |, [ Yuan, 1985 (b) ], [ Celis, Dennis and Tapia, 1985 |, applied to
problems with simple bounds by Conn et al. [ 1988 |, and applied to both equality
and inequality constrained systems by Fan et al. [1988 . Fletcher [ 1981 ], [ 1985 ]
proposed a trust region algorithm, termed successive I, quadratic programming
method. A trust region method with a quadratic approximation of the constraints
for highly nonlinear systems was proposed by Maany [ 1987 |.

In this study, a trust region method with second order correction steps for

constrained optimisation problems is presented, which is an extension to the Sl; QP
method,

With trust region methods, the QP subproblem can be formulated as follows

1
da, 2

QP BVIII st. h(zx) + Vi h(z)T dg = O
9(zk) + Vaz g9(ze)T dzy >0
Gk dz, || <O
(2.44)
where

G is a scaling matrix for the step length.
1 is a scalar trust region radius.

The inequality constraint, | Gd; || < Q is called the trust region bound and
defines a range for the magnitude of the step, d;. The norm | - | may be
arbitrary but generally selected as the 1-norm, 2-norm, or co—norm. Since the
step length is restricted within the model, the Hessian need not be positive definite
for the above QP to be bounded.

When the 2-norm is employed, there is no guarantee that the resulting sub-
problem QP B.VIII can be solved within a finite number of iterations due to

the presence of a nonlinear constraint. However, in this case, QP B.VIII can be
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the radius 11 at the k'! iteration chosen as follows

Gr = I ( an identity matriz)

maz( wa, ;x| ) ) (2.47)

n- = d - = ses
ik w1|| k lloomaz( Ve, Z w), 1=1,..n

for some positive numbers w;, w2, wz. However, when the radius of the trust
region is small, the search direction goes to a corner of the trust region. This
step no longer becomes a projected steepest descent direction. In addition, there
may be no feasible points within the radius of the trust region. Strategies for
inconsistent constraints will be discussed in the section of implementation.

It is noted that subproblem QP B.X will reduce to QP B.II when the Hessian
approximation B, is an approximation to the Hessian of the Lagrangian function,
and when the trust region bounds are not active. If these conditions hold, it can
be expected to obtain the same local convergence property as with SQP meth-
ods when the optimisation sequence converges to a local solution of the original
problem. A local convergence property will be considered later.

Following the method proposed by Fletcher [ 1985 ], a merit function is con-
structed to decide the radius of the trust region (1. The acceptance of the radius
of the trust region is based on the ratio between the actual reduction on the values
of the merit function for the original problem and its predicted reduction. The
same merit functions used in the line search methods can also be applied here.
For a merit function P,,(z,:), the actual reduction ©,, takes the form of

O = Pn(z,") = P(z +dsy) (2.48)

and its predicted reduction ©, takes the form of

©, = Pn(z,-) - ( flz) + Pp(dzs")) (2.49)

The penalty function P,,(z,-) is a merit function for the original problem while
P,.(dz,") is a merit function for QP B.II in terms of search directions. The ratio
{%:} is used to measure the agreement between the predicted and the actual
reduction of the value of the merit function. When the ratio is less than a certain
value, the radius of the trust region is reduced and QP B.X is re-solved with a
reduced radius. On the other hand, the search direction from QP B.X is accepted
and the radius of the trust region can be allowed to increase when this ratio is
greater than a certain value.
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For example, when the absolute value penalty function P,, equation (2.20), is
chosen as a merit function, the actual reduction of its value ©, can be expressed
as

©4, = P.(z,r,r') — Pz +ds,1,r")

for some penalty parameters r and r’. The predicted reduction ©, takes the
form

0, = —V.f(z)T —% dT B d, +
S i { @I te) + Vote)T ) + 2:50)

ms
55 {mes(0,-2,(2)) — mos(0,-0,0) — Vags(a)" )
J=1

for some penalty parameters r and r’.

However, Yuan [ 1985 (b) | and Powell [ 1986 (a) | showed that the inactivity
of the trust region bounds may not be achieved eventually when an absolute value
penalty function P, is used as merit function and an inefficiency similar to the
Maratos effect may occur. Also when the radius is small, the search direction tends
to be the corner of a box formed by the trust region bounds and the constraints
tend to become inconsistent. To alleviate these difficulties, a lower bound for
the radius of the trust region is imposed. When a radius of the trust region is
lower than this lower bound, the feasibility improvements as described earlier are
performed.

Yuan [ 1985 (b) | suggested using a differentiable exact penalty function of
Fletcher | 1973 | as a merit function.

A basic algorithm for the trust region can now be stated as follows.
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Algorithm B.V — Trust Region Algorithm

1. Define a merit function Pp(zk,").

Set constants w;, w2, ws, w4, Ws, We, W7, W, we such that
0Lfwy<ws<wg<wr<1l and 0<wg <1< wy.
Set ;0 = w1 maz { ws,|Zio] }, i =1,..,n.

In this study, these values are chosen as follows

(wl,Wz,(U3,W4,W5,w6,W7,W8,WQ) =

(10%,1.,1.,0.,0.001,0.01,0.75,0.5, 2.)

These values mildly affect the algorithm in practice.
2. Calculate the actual reduction ©, and the predicted reduction ©,
on the values of the merit function P,, and their ratios ©Op. i.e.

O, = P,,.(zk,-) — Pm(zk+dk,-)
ﬂep = Pn(zr,') — (f(2) + Pm(ds,))

O
Or —-—é:

3. Accept the search direction d., generated from a QP subproblem and
update the variables when the ratio is no less than wy. i.e.

Tk+1 =

{ Tk +dz,, if Op 2 wy; (2.51)

Th, otherwise.
4. Revise the radii of the trust region as follows :
w8||dk||°° lf Ws S GR S Wes

k+1 = ldlleo if we < Op < wr; (2.52)
wolldklloo if OrR > wr.

5. Set

Qi pps = Doy maz{ws,|zik| } ,
! maz{ws, ||zklloo }

6. Perform feasibility steps when (41 or ©Og is less than ws.
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2.4.4 Local Convergence and the Hessian Update

Local convergence is concerned with the rate of convergence of an algorithm

when the current estimates converge to a local solution of the original problem.

Robinson [ 1974 | showed that the QP subproblem in the SQP method predicts
a correct active set of constraints in some neighbourhood of the solution when the
Hessian of the QP subproblem is the Hessian of the Lagrangian function.

The SQP method is Q-superlinearly convergent when the estimates converge
to a local solution of the original problem, the Hessian approximation of the La-
grangian function is bounded and converges to the true Hessian of the Lagrangian
function at the optimal points and a full step generated from the subproblem QP
B.II is taken [ Powell, 1978 (b) |, [ Garcia-Palomares and Mangasarian, 1976 |.

The method is two-step Q- superlinearly convergent when the Hessian approx-
imation of the Lagrangian function is bounded, the projected Hessian approxi-
mation of the Lagrangian function on the tangent plane of the active constraints
converges to the projected Hessian of the Lagrangian function at the optimal point
and a full step is taken [ Powell, 1978 (b) ], [ Boggs, Tolle and Wang, 1982 |, [ Pow-
ell, 1983 (a) |, [ Coleman and Conn, 1984 |, [ Nocedal and Overton, 1985 ], [ Wright,
1986 |, [ Stoer and Tapia, 1987 ], [ Fontecilla, Steihaug and Tapia, 1987 . Mayne
and Polak [ 1978 |, Bertsekas | 1982 | and Gabay [ 1982 | showed that the SQP
methods with the second order correction are Q-superlinearly convergent.

An algorithm is said to be Q-superlinearly convergent when the following
property holds :

ek
fim 121l _ (2.53)
k—oo0 ”Ik - .’D*”

and is said to be Q-two-step-superlinearly convergent when

ok
lim |xk+l T |

= 0. 2.54
k—co ZTgp_1— I*" ( )

Even though in practice this convergence behaviour may occur only in the last few
iterations, it is of importance and it implies that as long as current estimates tend
to converge to a local solution of the original problem, the algorithm will converge
to a prescribed accurary within a finite number of iterations. The requirement
of the full step length imposes an extra condition for the choice of the global

convergence schemes. These convergence results imply that the convergence rate
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is related to the ( projected ) Hessian approximation of the Lagrangian function
and this will be examined next.

2.4.4.1 Update of the Hessian of the Lagrangian Function

It is usual to generate the Hessian approximation Bg41 to satisfy the following
conditions,

Bry1de = yx

Vo L( Zk41s Ak+15Vk+1 ) — Vo L( ks A1, Vst )

={ Vaf(zk+1) — Ve h(Zk+1) k41 — Vag(Zht1)ve+1 } —
{Vaf(zx) = Vi h(ze)Aer1r — Va2 9(z6)vi41} (2.55)

and

T
Biyy = B4

Among the various update schemes proposed in the literature, the superiority of
the BFGS ( Broyden-Fletcher-Goldfarb-Shanno ) update is now accepted
[ Gill, Murray and Wright, 1981 (a) |, [ Powell, 1986 (b) ]. The BFGS update has
the form :

Bydedy By |k 0f
dT Brds 7 dy
where {j is a update basis and can be defined as yj in equation (2.55). The BFGS
update has the property of hereditary positive definiteness when the previous

matrix is positive definite and

(2.56)

g% dx 20 (2.57)

However, the true Hessian of the Lagrangian function may not be positive defi-
nite. The condition, inequality (2.57), may not be satisfied even when the SQP

algorithm starts with a positive definite Hessian. There are many ways to tackle
such difficulties.

1. No update or restart when the Hessian approximation is not positive defi-
nite.

2. Modify the update basis {x to satisfy the condition, inequality (2.57)
[ Powell, 1978 (a) |, [ Pantoja, 1984 ].

3. Modify the update formula whenever the Hessian is not positive definite
[ Bartholemew-Biggs, 1985 |.
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Our numerical experience showed that the no update and restart scheme may
impair convergence rate since in some cases the Hessian may hardly be updated

or always be restarted. Powell [ 1978 (a) ] suggested that the basis §x be defined
as

gk = Oy + (1—0) By di (2.58)
The parameter # can be chosen such that the following condition holds,
dTgr = o df By dy (2.59)

for some positive constant o. Substituting equation (2.58) to equation (2.59)
and solving it for @ yields

p 1, if dfyx > o di By di;
= -o)d? . 2.60
UzoMiBude it aTyx < o di By d. (2.60)

where o is a positive number less than 1 ( say 0.1 or 0.2). Although this modifica-
tion performs well in practice, Pantoja [ 1984 ], Powell [ 1985 |, Batholomew-Biggs
[ 1985 | and Biegler and Cuthrell [ 1985 | showed that it may yield an ill-conditioned

or even an unbounded Hessian approximation. Pantoja [ 1984 ]| proposed to replace
the basis §jx by y;: of the form :

T
+ ' Vi di
Y =y + o - d 2.61
P=we J,{d,,} k (261)

for some constant o’.

Bartholomew-Biggs | 1985 | showed that this modification has no great advan-
tages over the Powell’s modification. In our experience, it is difficult to choose
a suitable constant o’ for the equation (2.61). Biegler and Cuthrell [ 1985 |
suggested that the optimisation problem be rescaled when the condition number
of the Hessian approximation becomes too high. The authors suggested to use the
inverse of the BFGS update in order to obtain the inverse of the Hessian approx-
imation for the calculation of the condition number. This strategy requires extra
storage for the inverse of the Hessian approximation. In fact, the inverse of the

Hessian approximation is implicitly available within the quadratic programming
routine.

Bartholomew-Biggs [ 1985 | also suggested to employ the Broyden-Fletcher
class of rank-two updated formulae instead of the BFGS update formulae when
the Hessian is not positive definite.
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Since variables in a chemical process have their own physical meaning and the
order of magnitude is often known, the choice of an initial Hessian can be based on
the physical magnitude of the variables. The initial Hessian Bg can therefore
be taken as a diagonal matrix with the diagonal elements {(Bo)::, 1 = 1,...,n}
chosen as follows :

Initial Hessian Scheme 1

(Bo)ii = 1 (2.64)

Initial Hessian Scheme II

1 >
(Bo)i = { totitesertionolsln) =1 > e (2.65)
€ lzf| <e.

Initial Hessian Scheme III

(Bo)u = maz( €,

) (2.66)

The values z% are chosen such that they reflect the physical magnitude of
process variables . They can be selected as the initial estimates of the variables
when reasonable initial estimates are available. When reasonable initial estimates
are unavailable, they can be based on the physical bounds of the variables.
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2.5.2 Introducing Step Bounds and Dealing with Inconsistent
Constraints

Chen and Stadtherr | 1984 | and Kisala et al. [ 1987 | showed that the QP
subproblem might produce a very large step length in the first few iterations
and that this step may be accepted by the algorithm. This phenomenon can be
explained by the fact that the algorithm may produce an incorrect search direction
due to the poor Hessian approximation and accept an inappropriate step length
due to the inadequate initial penalty parameters. Chen and Stadtherr | 1984 ]
restricted the step length by the following factor in the first three iterations,

. 0
af = mm{l,nmax(tlﬂw’l )} (2.67)
|22k lloo

for some constant 7.

In fact, this phenomenon can also occur even when the iterates are near the
solution. In this study, the step bounds are built directly into the QP and the
QP B.II is reformulated as,

. 1
min Vf(zx)Tds, + Edg By d.,

Zh

QP B.XI s.t. h(Ik,) + V,h(:z:k)Td“ =0 (2.68)
g(zk) + Vzg(zk)Tda:g Z 0
(dre)i < (dan)i < (do)s i =1,..,n.
where
dig): = — s1maz ( 52, |z ) for line search methods;
(dre)s = —§,||dzk_1||oom"::fc§?'|:; iy for trust region methods

(2.69)
(dro)s =

mazx|¢3,|T,

simaz ( S2, |Zix] ) for line searches;
§ 1 dzk-1lloo mmazrerizrfiay for trust region methods.

1 is a positive number.

2 is a positive number to prevent the step from becoming too small.
In this study, the values of ¢; and <3 are chosen as 102 and 1 respectively unless
specified. A similar idea was recently proposed by Kisala et al. [ 1987 | in the
context of line searches.
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In addition, simple bounds on the variables are dealt with directly to ensure

that they are always satisfied, i.e. the following bounds are used,
maz(z; — z,dy ) < d; < min(zy — z,dzy ) (2.70)

This procedure is helpful for problems with ¢ hard ’ constraints which are not
allowed to be violated. This procedure is also useful to prevent the SQP algorithm
from divergence in some cases.

Another difficulty arises since subproblem QP B.II may not be well defined
since linearised constraints may not be consistent even though the original con-
straints are consistent. Powell [ 1978 (a) | suggested the introduction of an extra
variable ¢ into subproblem QP B.XI. The resulting QP subproblem can be
formulated as follows,

1

5131:{15 sz(-zk)szg + Ed:,. Bk dzp. - P 6
QP B.XII st. € h(ze) + Vh(zk)Tdzy =0

€ 9(zx) + Vog(z1)Tdgy 20
d:l:t S da:k S dzu
(2.71)

where

_J1, if g(zx) 205
B ea if g(Ik) <o.
<¢<1

o m

¢ is a large number say 108,

It is assumed that the original constraints are inconsistent when this modi-
fied quadratic programming problem has the only feasible solution d;, = 0 and
¢ = 0. This assumption is true only when constraints are linear. Alternatively,
the QP subproblem may contain only some of the ¢ worst violated ’ constraints;
i.e. the inconsistent constraints are ignored [ Pshenichny, 1970 ], [ Belegundu and
Arora, 1984 |, [ Lim and Arora, 1986 |, [ Pshenichny, 1987 ], [ Tseng and Arora,
1988 |. The advantage of this approach is that gradients of only a few constraints
are needed. However, an iterative procedure is required in order to delete in-
consistent constraints. Sahba [ 1987 ] proposed to solve a linear program which
ensures existence of a search vector. In fact, it is possible to apply penalty func-
tion methods for dealing with inconsistent constraints. Many approaches based on
this strategy have beeen proposed [ Schittkowski, 1983 |, [ Tone, 1983 ] and [ Gill
et al., 1985 (a) |.
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In this study, the QP subproblem is reformulated as

1
I‘Iilin vzf(xk)szh + 543;. By dg,, +
=%

QP B.XIII &7 llh(zk) + Vh(ze) doyi3 +
o1 maz( 0, —g(zx) - Vag(2x)Tda,)
st. dyy < d; < dy,
(2.72)
From the property of the penalty function, it can be observed that the search
directions, d,, generated from subproblem QP B.XIII are the same as those
generated from the QP subproblem QP B.XIwhen the constraints are consistent,

the penalty parameter ¢’ diverges to infinity and the penalty parameter ¢, is
sufficiently large.

In fact, a more convenient form is obtained by transforming the above QP
subproblem into the following QP subproblem.

. 1
min, V.f(zx)Tds, + Edfh B, d;, +

dzh.

megq

E Di ( hi(zx) + V:.,h.'(:1:;;)Td:,;,‘)2 + o1 &
QP B.XIV s=1 . |
s.t. g;(zk) + Vegi(ze)Tds, > ~¢, J=1,.,mi.
dzl S dz;. S dzu
¢>0
(2.73)
for some constants @, and ;.

The constraints are assumed inconsistent when the extra variable £’ is unac-

ceptably large, say 10°. This formulation, QP B.XIV, also provides a way to
deal with linearly dependent equality constraints and is used in this work.
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To alleviate the difficulty in the choice of the penalty parameters 3 to increase
the efficiency of the algorithm and to avoid unnecessary ill-conditioning of the QP
subproblem, these modifications are used only when constraints are actually found

to be inconsistent. Thus the QP B.XIV is used only when Powell’s modification
fails.

With the formulation QP B.XIV the Lagrangian multipliers A for the equality

constraints cannot be calculated directly. However, they can be estimated in the
following ways :

A = min |Vzf(z) = VA(z)A — Vg(z)v — va2 + v3 |2 (2.74)
or

As

—pihi(z) 1=1,...,meq. (2.75)

where

v is a vector of the Lagrangian multipliers for the inequality constraints,
{gj(xk) + ngj(zk)szh 2 _E” J = 1’ -"7"".'}
vo is a vector of the Lagrangian multipliers for the simple lower bounds,

vs is a vector of the Lagrangian multipliers for the simple upper bounds,
dzu - dz Z 0

The Lagrangian multipliers v, v3, and v are obtained from the solution of the
subproblem QP B.XIV. However, in this study, the Lagrangian multipliers for
the equality constraints A are obtained from the previous iteration since the sub-
problem QP B.XIV is solved only when constraints are inconsistent. The choice

of penalty parameter ¢; is based on the previous estimates of the Lagrangian
multipliers for the inequality constraints, i.e.

w1x = maz{ (¥ )il ,t = 1,...,k—1} (2.76)
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2.5.3 Solution of the QP Subproblem

The efficiency of SQP methods strongly depend on the the efficiency of the
underlying QP methods. Reviews of QP methods can be found elsewhere | e.g.
Gill, Murray and Wrigt, 1981 (a) ], [ Pang, 1983 |. In general, solution methods of
a convex QP problem may be categorised as primal methods and dual methods.
The former methods require a feasible starting point and keep all the iterates
feasible with respect to all constraints while changing the predicted set of active

constraints until the correct active set is located. The method of Fletcher [ 1971 |
belongs to this category.

The latter methods may require an initial estimate of the Lagrangian mul-
tiplier with the correct sign and maintain the Lagrangian multipliers with the
correct sign while moving the iterates to the feasible region. Based on the dual
method, Goldfarb and Idnani [ 1983 ] proposed an algorithm for convex quadratic
programming problems. These methods can be implemented by transforming the
original quadratic programming problem into a linear complementary problem and
performing simplex type pivots on basis matrices or tableaux ( e.g. Lemke’s algo-
rithm | Lemke, 1962 ] ). Efficient versions of the Lemke’s algorithm were proposed
by Sargent [ 1978 |.

Comparing a QP subroutine, ZQPCVX , [ Powell, 1983 (c) | that employs
the algorithm of Goldfarb and Idnani, with two widely available QP codes that
realise the primal feasible point methods, namely QPSOL [ Gill et al., 1983 (a) |
and VEO2A | Fletcher, 1970 |, Powell [ 1985 (a) | concluded that the algorithm of
Goldfarb and Idnani is very stable in practice for convex quadratic programming
and the performance of the ZQPCVX code is comparable to that of the QPSOL
code. It is noted that the code VE0O2A is able to deal with an indefinite QP while
the code ZQPCVX is only capable of solving a convex QP. The ZQPCVX code
is used for this study with a modification to deal with the simple bounds directly.

2.5.4 Effect of Scaling

There is no doubt that proper scaling of the problem can dramatically improve
the efficiency and accuracy of optimisation methods. SQP methods are theoreti-
cally invariant under scaling of constraints and/or variab es even though this nice
property can hardly be achieved in practice due to rounding errors and the heuris-
tic parameters within the algorithm. This is because both the QP subproblem
and the BFGS update are invariant under scaling of constraints and/or variables.
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Biegler and Cuthrell [ 1985 | gave some reasons why SQP methods can be influ-
enced by the scale of the variables and the constraints and suggested a scaling
scheme. However, the scale of the objective function or the choice of the initial
Hessian can affect the performance of the SQP methods. A choice of the initial
Hessian has been discussed in the previous section.

In process optimisation, variables and constraints may have their own phys-
ical meaning. In practice, it is difficult to devise a suitable automatic scaling
procedure for process optimisation without understanding the physical meaning
of variables and constraints. The physical meaning of the variables may be lost
with improper scaling procedures, e.g. the molar fraction may be scaled to be
between 10 and 100. For nonlinear optimisation problems, ill-conditioning may
occur during the calculations due to nonlinearity and noise of the functions even
when functions are well scaled initially.

It can be observed that for equality constrained problems, scaling the objective
function is equivalent to scaling the ¢ optimality step *> p;, i.e. the search direction
becomes

d:: = Ype¢ + P,

when the objective function is scaled by <. For inequality constrained problems,
scaling the objective function also influences in identification of active constraints.
The choice of a suitable scale factor for the objective function depends on the

gradients of the objective function and the curvature information of the Lagrangian
function.

In practice, the objective function is required to be scaled when it is insensitive
to the variables or when its norm is too large ( say larger than 106 ). In this study,
the objective function will not be scaled unless specified, since the step bounds are
imposed and the inital Hessian schemes are proposed to reduce the risk of either
an excessively large or a tiny ¢ optimality step ’.
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2.6 Complete SQP Algorithm
A complete SQP algorithm can be stated as follows,

Algorithm B.VI — Complete SQP Algorithm

Begin < Instialisation Section >

Given an initial estimate zo and a tolerance e.

Given maximum number of iterations maz; allowed.

Given maximum feasibility steps maz; allowed.

Choose a merit function as either equation (2.20) or (2.29).
Choose either a line search method or a trust region method.

Choose an initial Hessian as equation (2.64), (2.65) or (2.66).
Set k = 0.

End
Repeat
Set £k = k + 1.
Begin < Construct and Solve QP >
Solve QP B.XI
If Failed Then solve QP B.XII or QP XIV.
End
Begin < Check Convergence Criteria >
If inequality (2.23) is satisfied Then Exit ( Solution Found ).
End
If the Line Search Method is requested Then
Begin < Perform Line Search >
If a Feasibility step before line search is requested
Then Perform Algorithm B.IIL
If Feasibility steps after line search is requested
Then Perform Algorithm B.IV.
End
Else If the Trust Region Method is requested Then
Begin < Perform Trust Region >

Perform Algorithm B.V.
End
End_If

Begin < Update the Hessian >

Equation (2.55), (2.56), (2.58),and (2.60).
End

Until k > maz;.
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2.7 Numerical Experiences

A test program was written to assess the performance of the proposed SQP
algorithms. The test program is highly structured and modular, each step of the
basic SQP algorithm being implemented as a module ( subroutine ). In this way
the test program is easily adapted and many algorithms and alternative options
for each step of the algorithm can be tested within the same program. Therefore a
more meaningful comparative study can be performed. In addition, the program is
implemented in a reverse communication structure, i.e. the optimisation routine
returns to the calling program whenever function and/or derivative values are
required. This feature makes it easy to interface with other programs, e.g. a
flowsheet simulator, since no fixed structure of the function and derivatives is
assumed. The test program also provides options to calculate derivatives by either
two point finite difference or central difference schemes.

The objectives of this study are to understand and examine the proposed al-
gorithmic ideas, to identify areas where further research on the SQP algorithm
may be required and to assess the robustness and efficiency of the present SQP
algorithm in view of further application on flowsheet optimisation.

Two types of test problems are used for this study, namely, mathematical
problems and chemical process problems. The characteristics of these test prob-
lems are listed in appendix B.1. All test problems selected from the literature

have been studied by many researchers, and hence a comparative study can be
performed.

Many measures of merit have been proposed as the basis of comparison | see
e.g. Reklaitis, Ravindran and Ragsdell, 1983 |, [ Lootsma, 1985 |. Performance
criteria in this study, summarised in Table 2.4, are based on the robustness, ac-
curacy achieved, and efficiency. The number of gradient and function evaluations
are used as indicators of the efficiency of the algorithm since these are in general
the most expensive part to calculate in process optimisation. It is noted that all
these criteria depend on the types of available machine and compilers, the machine
precision, the tuning parameters of the optimisation routine and the way of coding
the algorithms. Two types of machine are used in this study, CDC Cyber 180-
855 ( machine precision 3.55 x 10~!% ) and CDC Cyber 930 ( machine precision
7.105 x 10713 ). The tuning parameters are set to the default values and remain
unchanged throughout this study unless explicitly stated. Reasons for the failure

are examined in order to know how and why the failure occurs.
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Table 2.4 Performance Criteria

Criteria Measures of merit

Robustness Number of problems solved
Accuracy Terminal point accuracy achieved
Efficiency Number of gradient evaluations

Number of function evaluations
CPU time

The difficulties in evaluating individual algorithmic components are that a
combinatorial problem is involved, e.g. each component may have many alterna-
tives, and furthermore these components may interact, e.g. the performance of
the Hessian update depends on the line search procedure. The components of the
test algorithm are set to default and only the component of interest at a time is
changed when the component alternative is studied.

The default options are
1. The initial Hessian is chosen as an identity matrix.
2. The relative step bounds are 102 except for the test problem C3 where
0.1 is employed.
2. The line search method without feasibility improvement and the abso-

lute value penalty function with the watchdog technique ( Algorithm
B.IT ) are used.

The gradients for all test problems are generated by the two point finite differ-
ence scheme except for the test problems C11, C12, and C13 where the central
difference is used. Function evaluations required for generating the gradients are

not counted in the statistics presented. However, they are included in the CPU
time statistics.

The standard starting points cited in the literature are used for all test problems
unless specified.

We start by studying the solution methods of the QP subproblem since the
robustness and efficiency of the SQP methods strongly depend on this. The effect
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of the initial Hessian, step bounds, line search and trust region methods, feasibility
improvements, and the objective function scaling are then examined. The effect of
each algorithmic component is illustrated by using a simple mathematical problem
and process problems. The behaviour of the proposed algorithm on special cases is
also studied. In addition, the performance of current effective optimisation codes

are presented to study the performance of the present SQP and the related REQP
methods.

2.7.1 On the Solution of the QP Subproblem

Two QP subroutines, namely, ZQPCVX [ Powell, 1983 (c) | and VE02A
[ Fletcher, 1970 ], are studied. A SQP code termed VF02AD, developed by
Powell [ Powell, 1978 | and modified by Morison [ Morison, 1984 ], is used.

The selected test problems were representative problems where many additional
constraints will become active.

Table 2.5 shows that most of the CPU time is spent on the solution of the QP
subproblem ( average 70 % ) for these test problems for which the cost of function
and gradient evaluations is negligible. In this case, the SQP algorithm strongly
depends on the efficiency of the QP algorithm. The QP subroutine ZQPCVX is
found to be more effective and stable than the subroutine VE02A since the latter

involves an inverse of a matrix, which can cause numerical instability.

Gradient and function evaluations are in general expensive in chemical process
problems and hence the CPU time will not be used further as a measure of merit

to test the efficiency of the algorithm on these test problems.

To further examine the effect of the problem size, as measured in terms of

variables, on the efficiency of the QP code ZQPCVX, the following simple QP
problem is constructed.

n

min (z:—1)2
Zs
=1
st. =b < z;<b t1=1,...,n
with 5>0

The use of this problem is that the number of active constraints can easily be
controlled by selecting different values of b.
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Table 2.5 Comparison of Two QP Codes
QP I QP II
Problem | NG(NF) CPU NG(NF) CPU

No. Total (TQP) Total (TQP)
M47 21(21) 0.43 (0.36) | 21(21) 0.12 (0.06)
M76 5(5) 0.14 (0.12) |  5(5) 0.11 (0.08)
M79 6(7) 0.20 (0.17) 6(7) 0.12 (0.08)
M94 16(18) 1.19 (1.11) | 16(18) 0.24 (0.16)
MO8 F7 17(18) 0.58 (0.51)
M100 8(10) 0.72 (0.62) |  8(10) 0.25 (0.13)
M101 51(51) 5.12 (4.67) | 51(51) 1.60 (0.99)
M102 30(39) 2.16 (1.95) | 30(39) 0.83 (0.60)
M104 16(16) 2.78 (2.62) | 16(16) 1.01 (0.83)

c7 30(30) 3.50 (3.37) | 30(30) 1.00 (0.87)

Key

QP1I The QP Code VEO02A is used.

QP II The modified QP code ZQPCVX is used.

NG (NF) Number of gradient ( function ) evaluations.

F7 Failed because of singularity.

Machine CDC Cyber 180-855 .

CPU The Central Processing Unit time ( sec ).

Total Total CPU time.

TQP CPU time spent on QP .

Table 2.6 shows the effect of the number of variables on the above problem

with b = 2 and Table 2.7 shows the effect of the number of active constraints on
the problem with n = 80 for the QP code ZQPCVX.

These numerical results show that the efficiency of the algorithm of Goldfarb
For this
problem, the CPU time depends on the number of variables, n, and grows as

and Idnani is strongly affected by the number of active constraints.

O(n?47), as shown in Figure 2.1. The efficiency can be greatly improved by the

use of an active set predicted from the previous iteration.




Table 2.6

Effect of the Number of Variables on the QP

Number of Variables

CPU time ( sec )

10 0.008
30 0.095
50 0.353
80 1.268
100 2.342

Key
Machine CDC Cyber 180-855.
Table 2.7 Effect of the Number of Active Constraints on the QP
b NACT CPU time ( sec )
2 79 1.268
25 56 1.068
40 41 0.909
60 21 0.651
100 0 0.315
Key
b parameter for the simple bounds
NACT Number of active constraints.
Machine CDC Cyber 180-855.




Figure 2.1 Correlation of the CPU time in the QP
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2.7.2 On the Choice of the Initial Hessian

Three strategies for the initial Hessian are examined as follows

Strategy I uses an identity matrix, Equation (2.64).

Strategy II is based on the order of magnitude of the variables, Equation
(2.65).

Strategy III is based on the order of magnitude of gradients and variables,
Equation (2.66).

The process problems are only considered here since they are in general badly
scaled. The scaling factors for the initial Hessian are based on the standard starting
points since they typically reflect the physical magnitude of the variables for these
test problems. Table 2.8 shows that a proper choice of the initial Hessian can
dramatically improve the performance of the algorithm especially for badly scaled
problems in which the order of magnitude of variables differs in a wide range,
e.g. Problem C9, C11, C12, C13, and C17. Stategy III is more effective than
Strategy II. However, Strategy III employs the gradient information and this may
be sensitive to the function noise when analytical derivatives are not available.
Strategy II is therefore recommended when the order of magnitude
of variables or a reasonable starting point is available.
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Table 2.8

Effect of the Choice of the Initial Hessian

Problem HESS I HESS II | HESS III
No. NG (NF) NG(NF) | NG (NF)
C1 11(11) 9(9) 6(6)
C2 11(11) 11(11) 6(6)
C3 23(23) 23(23) 21(21)
C4 8(8) 8(8) 7(7)
Cs 9(12) 9(14) 10(13)
C6 56(58) 40(40) 22(24)
C7 26(26) 9(9) 17(7)
Cs 68(75) 62(68) 66(77)
C9 29(29) 9(10) 9(9)
C10 25(25) 28(28) 12(12)
Cc11 136(138) 70(70) 30(32)
C12 141(145) 69(71) 30(32)
C13 98(99) 43(45) 25 (25)
C14 49(49) 16(16) 5(5)
C15 21(23) 23(23) 12(13)
C16 20(20) 8(8) 21(21)
C17 17(17) 15(15) 8(8)
Key
HESS I The initial Hessian is an identity matrix.
HESS II The initial Hessian is a diagonal matrix based on
Equation (2.65).
HESS III The initial Hessian is a diagonal matrix based on
Equation (2.66).

NG Number of gradient evaluations.

NF Number of function evaluations.

Machine CDC Cyber 930.
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2.7.3 On the Effect of the Step Bounds

To illustrate the necessity of imposing the step bounds, let us consider the
following example which is a modified version of test problem M 106,

min —48611 - 6402:2

z1,Z3

M 115 s.t. 100z? +100z2 - 385 = 0
In(1000 —z3 —z3) —2.>0

The solution of this problem is ( 1.1866,1.5626 )T. When this problem starts

with the point z° = (1,1)7, the QP subproblem at the first iteration can be
formulated as

1
min - 486d;, — 640d,, + 3 (d2, +d2,)

dll ods’

s.t.  200dg, +200d,, —185 = 0
—0.003006 d,, — 0.004008 d, + 4.9057 >0

The solution of this QP subproblem is ( —76.538,77.462 )T. It can be observed
that the next point, z°+ d, = ( —75.538,78.462 )T, will cause the second
constraint to become arithmetically undefined even though the point satisfies the
linearised version of the second constraint. It is noted that this point may also
be accepted even if the second constraint is ignored when the penalty parameter
for the first constraint is not sufficiently large since the new estimate results in a
large reduction of the objective function value. Therefore the new estimate is far
away from the solution and an inefficiency may occur. However, when the the QP

is constrained by the following expressions,

IA

—maz(1,|z1x| ) dzyp < maz(1,|zk]) and

-maz(1,|z2x|) < dz,, < maz(1,|zk|)

the solution is ( —0.075,1 )T. The problem can hence be solved within 9 gradient
and 9 function evaluations.

Although this problem is deliberately constructed, this behaviour can occur on
process problems which are highly constrained by physical properties. Of course an
inefficient optimisation may occur when the range of the step bounds is too small,
as shown in Table 2.9. Chen and Stadtherr | 1984 ] showed that the optimisation
code VF02AD failed to solve these test problems in Table 2.9 without reducing
the step length at the first three iterations. These results show that it is helpful to
include the step bounds for highly constrained problems and is better to include
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these bounds directly within the QP subproblem. Table 2.9 also shows that for
the line search methods, the choice of step bounds as the order of magnitude of
the corresponding variables performs satisfactorily for these test problems. It is
just a coincidence that the solution of test problem M 106 lies on a vertex of step
bounds and hence the problem is solved within two iterations.

Table 2.9  Effect of Imposing the Step Bounds
Problem| BD I BDII | BDIII
No. NG(NF) | NG(NF) | NG(NF)
M106 | 46(70) 2(2) 11(11)
M107 | 56(82) | 22(31) | 29(37)
M108 | 54(79) | 25(26) | 33(43)
M109 | 67(91) | 24(32) | 28(34)
M110 | 68(92) | 25(37) | 34(42)
M111 | 46(63) | 22(29) | 34(34)
M112 | 48(64) | 20(28) | 45(46)
M104 | 16(16) | 16(16) | 62(62)
C3 F4 19(24) | 23(23)
c7 26(26) | 26(26) | 33(33)
C14 | 49(49) | 38(38) | 93(93)
Key
BD1 No step bounds are imposed.
BD I The relative step bounds of 1 are used.
BD III The relative step bounds of 0.1 are used.
NG Number of gradient evaluations.
NF Number of function evaluations.
F4 Failed because of no progress.
Machine CDC Cyber 930.
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2.7.4 On Line Search and Trust Region Methods

In this section, four strategies are examined as follows.

Strategy I implements a line search method with an exact penalty func-
tion as a merit function, equation (2.20). A watchdog tech-
nique without a restart scheme is introduced to improve local
convergence property ( Algorithm B.II).

Strategy II implements a line search method with a modified augmented
Lagrangian function, equation(2.34), as a merit function.

Strategy III uses a trust region method with an exact penalty function, equa-
tion (2.20), as a merit function.

Strategy IV uses a trust region method with an augmented Lagrangian func-
tion, equation (2.29), as a merit function.

The conceptual difference of the line search and trust methods is illustrated in
Figure 2.2 via problem M115. For convenience, the objective function in M115 is
scaled by a factor of 0.1. It can be observed that the search direction is allowed
to change in the trust region but not in line search method and the new estimates
generated from the trust region method but not from the line search method satisfy

the linearised version of the constraints when the constraints are consistent.

To explain why an augmented Lagrangian function as a merit function may al-

low more iterations to accept a full step at the feasible point, consider the following
example [ Powell, 1983 (a) |,

min —z; +10(z?+2%-1)

z1,%23

M 116 st. 22+z2-1 =0
starting at ( z1,z2 ) = (0.8,0.6)

The solution of this problem is at the point ( 1,0 )7. When the Hessian of the
QP starts with an identity matrix, the solution of the QP at the first iteration is
( 0.36,—0.48 )T which gives the next estimate of the solution as ( 1.16,0.12 )7.
The Lagrangian multiplier A for the constraint is 9.6. It may be argued that this

point is a better estimate than the initial point and should be accepted for the
next iteration since

(1.16,0.12) - (1,0) 2 (=02) < |(0.8,06)—(1,0) 2 (=0.44)
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It is noted that this estimate of the solution leads to an objective function increase
and constraint violation. When the absolute value penalty function ( equation
(2.20) ) is used as a merit function, the function becomes

B(z,r) = -z, + 10(z3+23—1)+r |23 +23-1].
The full step length is not allowed since
P.(z+d,r) (=2.44+0.36r) > P,(z,r) (=—0.8)

for r > 0. It took 45 gradient and 116 function evaluations to reach the solution
with the absolute tolerance 10~7 when the absolute penalty merit function without
relaxations is used. However, when the augmented Lagrangian function ( equation
(2.29) ) is employed for a merit function, the merit function takes the form

A2

Putsr) =z +10(d e -1+ ] (stemd-1-2) -2

The full step length may be accepted when the Lagrangian multiplier A starts
with 10 since

5 r 9.6)*
P,(z+d,9.6,7) ( = 244+ (0.36— 7) )

2
P.(z,10,r) (: —0.8+%(o—¥) )

for r < 9.6. The seven decimals accuaracy is obtained in 12 gradient and 19
function evaluations when the augmented Lagrangian merit function is used. This
result also shows that it is difficult to devise a suitable merit function for nonlinear
optimisation problems.

In general, the performance of an absolute value penalty function with the

watchdog technique is comparable to that of the augmented Lagrangian function,
as shown in Table 2.10.

The result also shows that trust region methods are comparable to line search
methods, which agrees to some degree with the results obtained by Fan
et al. [ 1988 |. The trust region methods can provide sensible step bounds,
which is useful for highly constrained problems, as illustrated previously.
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Figure 2.2 Line search and Trust Region Methods
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Table 2.10

Comparison of Line Search and Trust Region Methods.

LS1I

LS II
TR1
TR II

NG (NF)
Machine

Problem| LSI LSII TR 1 TR II
No. |NG (NF)|NG(NF)|NG (NF)| NG(NF)
C1 11(11) | 11(a1) | 11(11) | 8(9)
C2 11(11) | 11(12) | 9(10) | 8(9)
C3 23(23) | 23(23) | 17(22) | 17(22)
C4 8(8) 8(8) 8(9) 8(9)
C5 9(12) | 9(12) | 13(16) | 15(15)
C6 56(58) | 53(54) | 34(35) | 42(63)
c7 26(26) | 26(27) | 26(27) | 28(33)
Cs 68(75) | 84(88) | 70(103) | 69(82)
C9 29(29) | 29(29) | 29(29) | 29(30)
ci0 | 25(25) | 25(26) | 19(19) | 25(29)
c11 | 136(138) |131(136) | 141(178) | 136(138)
C12 | 141(145) | 141(144) | 142(181) | 130(134)
C13 | 98(99) | 98(100) | 100(197) | 95(99)
C14 | 49(49) | 49(49) | 50(51) | 49(49)
c15 | 21(23) | 23(24) | 28(34) | 21(23)
ci6 | 20(20) | 20(21) | 29(31) | 25(26)
ci7 | 17(17) | 18(19) | 17(07) | 17(17)

A line search method with an exact penalty

merit function ( equation (2.20) ).

A line search method with a modified augmented

Lagrangian merit function ( equation (2.34) ).

A trust region method with an exact penalty

merit function ( equaiton (2.20) ).

A trust region method with an augmented Lagrangian

merit function ( equation (2.29) ).

Number of gradient ( function ) evaluations.
CDC Cyber 930.
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2.7.5 On the Feasibility Improvement

Two strategies for the feasibility improvement are employed as follows :

Strategy 1 introduces a feasibility step before the line searches
( Algorithm B.III ).

Strategy II imposes feasibility steps after the line searches
( Algorithm B.IV ).

Let us consider problem M 115 again for the first starting point, (1,1)7, to
explain the usefulness of the feasibility improvements. It can be observed that
the second constraint is well defined when the first constraint is satisfied closely.
Suppose the feasibility step on the first constraint is introduced before the line
search, the feasibility step is obtained from equation (2.40), i.e. by solving the
following QP problem at the point ( —75.538,78.462 )T and the gradient of the
first constraint is calculated analytically for convenience.

: 1., 2
"m;’l’n’: 2 (3:14’33,

s.t. 15307.5 sz, + 15692.5s,, — 1201050.124 = O

The solution of this QP subproblem is ( 37.75,—39.218 )7 and hence the next
point becomes ( —37.781,39.2424 )T. This feasibility procedure can be per-
formed iteratively. After the 6! feasibility step, the iterate reaches the point
( —1.388,1.44 )T at which the second constraint is well defined. After the line
search, this point is accepted for the next optimisation iteration. In this way, the
problem is solved after 6 optimisation iterations and 16 feasibility steps.

This result shows that it is necessary to satisfy some of the constraints more
closely in some cases and that equation (2.40) can be employed to obtain a feasible
point. Feasibility steps before line searches are of value especially when problems
are highly constrained.
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In order to explain how the feasibility improvement reduces the Maratos effect,
let us consider problem M116 again for the same starting point. A feasibility step
can be introduced before the line search at the first iteration as follows,

. 1
.'I?’I.I:’ 2 (321 +322)

s.t. 2.32 sz, +0.24s;, +0.36 = 0

The solution of this QP subproblem is ( —0.1588,—0.1535 ). The new es-
timate becomes ( 1.0064,0.10411 )T. This procedure can be repeated, the next
feasibility step is ( —0.01171,—4.914 x 10~* ) and the new estimate becomes
(0.9946,0.1036 )T. This estimate can be accepted when the absolute value penalty

function is used, since

P.(z+d,r) (=-0.9933+1.37x 10" %) < P,(z,r) (= —0.8)
for r < 1400.
In practice, the feasibility steps may not improve the efficiency of the algorithm,
as shown in Table 2.11, since the feasibility step may result in an objective function

increase. This implies that it is better to use a feasibility improvement only when

it is judged to be necessary, e.g. when encountering a line search difficulty.
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Table 2.11 Effect of the Feasibility Improvement

Problem FEA I FEAIl | FEAII
No. | NG(NF) | NG(NF) | NG(NF)

C1 11(11) 11(11) 11(11)
C2 11(11) 6(11) 7(11)
C3 23(23) 23(36) 23(23)
C4 8(8) 8(13) 8(12)
C5 9(12) 10(14) 9(28)
C6 56(58) 51(99) 63(145)
C7 26(26) 32(63) 17(31)
C8 68(75) 06(201) | 56(173)
c9 29(29) 30(59) 27(71)
C10 25(25) 18(35) 31(71)
C11 136(138) | 136(275) | 26(66)%
C12 141(145) | 140(284) | 28(72)¢
C13 98(99) 94(192) | 76(237)
C14 49(49) 33(64) 38(95)
C15 21(23) 21(41) 19(38)
C16 20(20) 17(32) 16(21)
C17 17(17) 28(46) 61(153)

Key
FEAI
FEA Il
FEA III
NG
NF
d
Machine

No Feasibility step is introduced.
A feasibility step is introduced before line searches.
Feasibility steps are introduced after line searches.
Number of gradient evaluations.
Number of function evaluations.

The code converged to a different optimal point.
CDC Cyber 930 .
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2.7.6 On the Effect of Scaling the Objective Function

Test problem M 115 also serves as an example to illustrate the effect of scaling
the objective function. The search direction dg is a summation of the * feasibility
step ’ p, (from equation (2.8) ) and ‘ optimality step ’ p, ( from equation (2.9) ).
Therefore the search direction for the first iteration at the point (1,1 )T can be

expressed as,
d: = Ps + Pt

= (0.4625,0.4625 )T + (-77,77)T

= ( —76.5375,77.4625 )T
It can be observed that the ¢ optimality step’ is dominant because of the large
values of the objective function gradient and because of an inappropriate initial

Hessian approximation of the Lagrangian function. It may be reasonable for this
problem to scale the objective function by 0.01, and the search direction becomes

d: = p, + 0.01 p,
= (0.4625,0.4625)T + ( -0.77,0.77)T
= ( —0.3075,1.2325 )T

which is the solution of the following QP subproblem,

1
min = —4.86d,, — 6.40d,, + 2 (d2, +42)

dayday

st.  200d, +200d,, —185 = O
—0.003006 d,, — 0.004008 d, + 4.9057 > 0

The next point hence becomes ( 0.6925,2.2325 )7 at which the second constraint
is well defined. The problem can hence be solved within 9 gradient and 12 function

evaluations.

This result shows that it is more suitable to scale the objective function from
information on the gradient of the objective function, the Hessian of the Lagrangian

function, and the nonlinearity of the constraints.
Table 2.12 shows the numerical results of an algorithm where the objective

function is scaled by an arbitrary scaling factor. It gives an indication of the
robustness of the method with badly scaled problems.
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Table 2.12

Effect of Scaling the Objective Function

Problem | SOBI SOBII | SOBIII
No. NG(NF) | NG(NF) | NG(NF)
C1 12(12) 10(10) 8(8)
C2 11(11) 11(11) 11(11)
C3 25(25) 24(25) 19(21)
C4 11(11) 6(6) 4(4)
C5 6(7) 9(14) 9(14)
Cé 29(32)¢ 50(53) 35(36)
C7 41(41) 22(22) 16(16)
C8 98(102) 45(46) 41(53)
C9 38(42) 22(22) 16(16)
C10 20(20) 12(12) 16(19)
C11 7(7¢ | 114(114) | 101(104)
C12 14(13)4 79(80) 61(61)
C13 7(7)3 120(122) | 103(103)
C14 51(51) 23(23) 16(16)
C15 22(23) 27(27) 26(30)
C16 23(23) 14(14) 12(12)
C17 24(24) 12(12) 16(17)

Key
SOB 1
SOB II
SOB III
NG

NF

d
Machine

The Objective function is scaled by a factor of 0.1.
The Objective function is scaled by a factor of 10.
The Objective function is scaled by a factor of 100.
Number of gradient evaluations.

Number of function evaluations.

The code converged at a different optimal point.
CDC Cyber 930 .
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2.7.7 On a Problem with Linearly Dependent and Inconsistent
Constraints

Consider the problem [ Bartholomew-Biggs, 1986 |

min z;
Z1,%3
s.t. l—zf—xg = 0,
z,+ z2 > 0.

The solution of this problem is the point

1l
v2'v2' '’

and at this point both constraints are active and are linearly independent.

(z1,22)T = (

Suppose the iterative process starts with the infeasible point (—1,—1)7. The
QP subproblem can be written as

1
min d, + 2(dz, +42,)

dll| 23

S.t. - 1 + zdz’. +2dz’ = 0,
-2+ dg, + dg, >0.

Clearly, the constraints are inconsistent. The constraints of this QP subproblem
are also found to be inconsistent when Powell’s modification, equation (2.71), is

applied. However, when the penalty function method is used, the QP subproblem
can be formulated as

min  dg, +( — 1+ 2d;, + 2d., )2+%( d2 +d2)

dll 1“agy

st. —2+ dg, + dg, >0.

This problem is well defined and has a solution at the point ( 0.2727,1.7272 )T
The next estimate becomes ( —0.7272,0.7272 )T which is a better estimate. The
problem is solved after 7 gradient and function evaluations.

This example shows that the penalty function methods provide a way for deal-

ing with linearly dependent and inconsistent constraints.
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2.7.8 On the Performance of Current SQP Optimisation Codes

In order to understand the performance of various SQP optimisation methods,
three effective codes are studied, namely, OPXRQP, VMCWD, and and NLPQL.

The optimisation code, OPXRQP, realises a recursive equality quadratic pro-
gramming ( REQP ) methods [ Bartholomew-Biggs, 1982 |.

The VMCWD code implements the SQP method with an absolute value
penalty merit function, equation (2.20), and a watchdog technique with restart
schemes [ Powell, 1982 (b) ], [ Powell, 1983 (b) ]. The original QP of this code
is replaced by the more effective QP code ZQPCVX. The strategy for dealing
with constraint inconsistency, mentioned in section 2.5.2 is employed. This code

was also modified to calculate functions and gradients separately, and a reverse
communication is imposed.

The code NLPQL [ Schittkowski, 1984 | employs an SQP method with
an augmented Lagrangian function as a merit function. The QP code in this
optimisation routine is a version of the ZQPCVX code modified by Schittkowski.

The numerical results on the mathematical test problems are presented in the
appendix, B.1 and those on the chemical problems are shown in Table 2.13. A
summary of the numerical results on all the test problems is listed in Table 2.14.

With regards to the treatment of inequality constraints, there is at present
some debate about the relative efficiency between the equality quadratic program-
ming ( EQP ) subproblem and the inequality quadratic programming ( IQP )
subproblem. In the EQP formulation, constraints which are violated are regarded
as active constraints and hence the QP subproblem only contains equality con-
straints. In the IQP subproblem both mixed equality and inequality constraints
are involved and an active set strategy is used to predict the active constraints. In
practice, the EQP subproblem is much easier to solve than the IQP one. In fact,
when the estimates are near the solution, a similar performance can be achieved
since an active set predicted from previous iterations can be used for the IQP sub-
problem and sufficiently large penalty parameters can be used to force the iterates
to satisfy the linearised version of the constraints in the EQP subproblem.

The first optimisation code implements the EQP strategy while the other two
codes realise the IQP strategy.

71



Table 2.13

13 Comparison of Three Optimisation Codes on Process
Problems
Problem OPRQP VMCWD NLPQL
No. NG(NF) NG(NF) NG(NF)
C1 39(66) 11(11) 13(13)
C2 F4 6(7)) 8(30)
C3 Fé Fé Fé
C4 19(19) 4(6) 9(9)
C5 94(648)° 11(14) 11(14)
Cé 211(605) 42(46) 63(145)
C7 F5 30(31) 45(64)
C8 259(765) 118(178) 69(83)
C9 F5 29(29) 48(78)
C10 25(36) 17(17) 18(18)
C11 F5 F5 F5
C12 F5 F5 F5
C13 F5 123(158) F5
C14 F4 48(48) 38(95)
C15 38(52) 20(21) 20(21)
C16 190(298) 20(20) 20(20)
C17 83(83)* 17(17) 18(34)

OPRQP
VMCWD
NLPQL
NG (NF)
F4
F5
F6

Machine

The OPRQP optimisation code is used.

The modified VMCWD optimisation code is used.
The NLPQL optimisation code is used.

Number of gradient ( function ) evaluations.

Failed because of no progress.

Failed because of more than 500 function evaluations.
Failed because of divergence.

Terminated abnormally at the point near an optimum.
CDC Cyber 180-855 .
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The results in Table 2.13 show that the REQP method in general requires
more gradient and function evaluations. The code OPXRQP is more susceptible

to ¢ hard ’ constraints since the method belongs, by its nature, to a class of penalty
function method.

Table 2.14 Statistical Results of the Comparison of Three Optimisation
Codes
The Performance Number of Problems

OPRQP VMCWD NLPQL

Convergence obtained

NG(NF) < 20 51(40) 90(85) 88(80)
21 < NG(NF) < 50 39(38) 18(16) 21(16)
NG(NF) > 50 16(28) 9(16) 6(19)
Premature termination at 10 3 3
point near the solution (s)
Total number of problems 116(88%) 120(92%) 118 (90%)
Solved (%)
Converged to a different 3 5 5
solution
Failed 12 6 8
Total Number of Problems 131 131 131
tested
Key
NG Number of gradient evaluations.
NF Number of function evaluations.
(s) The point is near the solution when Tol < 1074.
Tol Tolerance.

Most of the failures of the modified VMCWD code are due to insufficiently
large penalty parameters. This failure can be improved by increasing their values

automatically whenever necessary. This feature has been included in the test
program.
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Occasionally the code NLPQL failed due to inconsistent constraints and this
can be improved by the proposed strategy.

In fact, the robustness of these three optimisation codes is approximately com-

parable.

Comparing the numerical results in Table 2.13 with those in Table 2.9 and
2.10 shows that the proposed algorithm improves the robustness and efficiency of
the current SQP algorithm. It is required to introduce the step bound to solve
problem C3 and the scaling the initial Hessian of problem C11, C12 and C13

greatly reduces the function and gradient evaluations.
2.8 Discussion and Conclusions

In this chapter, a class of SQP methods and various algorithmic components
are examined. The relationships between the SQP methods and other optimi-
sation methods are discussed. Several strategies and alternatives to enhance the
performance of the SQP methods are proposed and tested.

The robustness of the SQP methods is improved by imposing step bounds
and/or by introducing feasibility improvements as illustrated by a simple math-
ematical problem. Imposing the step bounds ensures the linear approximation
to the constraints is valid within the range, while introducing the feasibility step
allows the iterates to follow the arc of the nonlinear constraints more closely.

The performance of the trust region methods strongly relies on the validity of
the approximation of the subproblem within the range. The proposed strategy for
automatic adjusting of the bounds appears to be effective. The performance of
the line search methods depends on the underlying merit function. The use of an
absolute value penalty function as merit function requires proper parameters which
balance the objective function decrease and constraint violation while the use of
an augmented Lagrangian function needs appropriate parameters to convexify the
Lagrangian function. Feasibility improvements attempt to provide a ¢ natural ’

balance between objective function decrease and constraint violations.

Scaling the objective function implicitly tends to balance the ¢ optimality step ’
and the * feasibility step ’.
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Numerical results show that inefficiencies may occur when improper values for
step bounds, trust region bound, the degree of feasibility or penalty parameters
for the merit function are used. This is because a small optimisation step may be
taken.

In fact, all these problems relate to how good the approximation subproblem
is, which is solved at each optimisation iteration. For nonlinear problems, it is not
trivial to estimate the approximation correctness and to choose suitable values for
step bounds, the degree of feasibility, the trust region bounds, and parameters for
the merit function without higher order information. In this study, heuristic rules
are employed to choose these parameters and hence the performance depends on
the characteristics of the test problems. The method, however, performs well in
practice on a large set of problems, using default values of the parameters and of
the algorithm options.
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Chapter 3

Large Scale Optimisation

3.1 Introduction

The success of optimisation methods for small scale systems has revived the
interest in applying these techniques to large scale chemical processes because
many process optimisation problems in engineering contain a large number of
variables and constraints. However, in general each constraint will contain only
few variables. Also the degree of freedom of the system, the difference between the
number of variables and equality constraints, is relatively small. Thus optimisation
techniques for large sparse systems are needed.

The definition of * large’, of course, depends both on the available machine
( eg. available storage and computation time ) and on the numerical methods
used. The extension of optimisation methods to large sparse systems is not trivial
since many effective alternatives for small systems may become prohibitively ex-
pensive for large scale systems in terms of storage and arithmetical operations, for
example, those methods using curvature information of the objective function and
constraints. On the contrary, some options that are not likely to be considered for
small problems may become advantageous with large scale problems. This subject
was recently reviewed by Gill, et al. [ 1981 (b) | and Toint [ 1988 |.

The successive linear programming method ( SLP, or method of approxima-
tion programming ) [ Griffth and Stewart, 1961 ] is one of the practical algorithms
for large scale optimisation. It consists of the solution of a sequence of linear pro-
gramming subproblems in which the objective function and the constraints are
linearised at the previous solution. Effective tools for the solution of large scale
linear programming problems are available, eg. simplex methods | see e.g. Gill,
Murray and Wright, 1981 ] or the Karmarkar algorithm [ Karmarkar, 1984 |. This
method has been applied in the oil industry with some success [ Sauer, Colville and
Burwick, 1964 |. However, its drawback is that it oscillates around the optimum
when the optimum does not lie on a vertex. Special care must be taken, for ex-
ample, by restricting the search direction [ Palacios-Gomez, Lasdon and Enquist,

1982 ]. The convergence properties of the SLP method on nonlinear problems have
not yet been established.
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GRG methods or projected gradient methods, as discussed in Chapter 2, also
have the capability to deal with large scale optimisation problems when a large
number of active constraints are present [ Lasdon et al., 1978 |, [ Gabriele, 1980 |,

[ Drud, 1985 ]. In general, they require a large number of function evaluations.

Much work has been concentrated on the application of the SQP method to
large scale systems since the good performance of the method was established on
small scale problems, as shown in the previous chapter.

The first problem with the application of the SQP method to large scale sys-
tems is that the traditional BFGS update may result in a full and dense Hessian
approximation, even though the original Hessian of the Lagrangian function is
sparse. Consequently, the Hessian approximation becomes too large to store for
problems with more than, say, 1000 variables. A sound Hessian update scheme
which can preserve sparsity, symmetry, and positive definiteness at the same time
is not presently known. An analytical Hessian of the Lagrangian function can
be used when the Hessian is sparse [ Burchett, Happ and Vierath, 1984 ]. For a
specific application, the optimisation of a distillation column problem, Lucia and
Kumar [ 1986 | suggested the construction of a Hessian approximation by com-
bining an analytical Hessian, if available, with a thermodynamically constrained
quasi-Newton update for the rest of non-zero Hessian elements. Their procedure
attempts to keep the projected Hessian positive definite on the tangent plane of
the active constraints. For general problems, however, an exact Hessian may be
expensive to evaluate and constructing a Hessian which is positive definite on the
tangent plane of the active constraints is not trivial, since it is not known in ad-
vance which constraints will be active. Alternatively, a trust region method may
be used to prevent the QP problem from becoming unbounded when the Hessian
is not positive definite. This is an active research area [ Powell, 1987 |. On the
other hand, the decomposition of an indefinite matrix may not be stable from a
numerical point of view [ Gill, Murray and Wright, 1981 (a) |.

Particular advantage may be taken of the structure of the system when an
optimisation problem is partially separable. In this case the problem can be de-
composed into a set of subproblems, each one involving only a small number of
variables, and a partitioned BFGS update for the Hessian of the Lagrangian func-
tion can be applied | Griewank and Toint, 1982 (a) ], [ Griewank and Toint, 1982
(b) ], [ Toint, 1986 |. However, a chemical process may contain many nested
recycles, and it may be difficult to find such a decomposition. Also, stable im-

plementation techniques for maintaining positive definiteness need further study
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and at present it is not clear whether the method can handle the nonconvex prob-

lems which characterise general chemical process optimisation problems [ Coleman,
1984 |.

It is also possible to neglect the Hessian matrix altogether, and replace it by
an identity matrix | Pshenichnyj, 1970 |, [ Pshenichnyj, 1987 |, or by a diagonal
matrix. This method is equivalent to projecting the negative gradient of the ob-
jective function onto the tangent space of the constraints, i.e. in some sense a
version of the projected steepest descent method. In fact, the Hessian matrix of
the Lagrangian function can be replaced by the Hessian matrix of the objective
function when constraints are all linear [ Gafni and Bertsekas, 1984 |. Slow con-
vergence often occurs for nonlinearly constrained problems since no information
of the curvature of the constraints is being used [ Powell, 1983 (a) |.

The second problem arising in the application of the SQP method to large scale
problems is that the solution of a large sparse QP subproblem may be prohibitively
expensive. To reduce this overhead, Dembo and Tulowitzki [ 1985 | developed a
truncated ( inexact ) quadratic programming method in which the QP subprob-
lem is solved approximately. A similar approach was proposed by Fontecilla [ 1985 |
and Dembo [ 1987 ]. Escudero [ 1986 ] applied this approach to a nonlinear network
problem. Unfortunately, it is difficult to apply this technique to a nonlinearly
constrained optimisation problem since the iterates are generally not feasible and
it is difficult to devise a global scheme to force convergence. Alternatively, Berna
et al. [ 1980 | proposed a decomposition technique aimed at reducing the size of
the quadratic programming problem and hence the cost of solving it. In their im-
plementation, the Hessian approximation is stored in a factorised form to reduce
the excessive storage. A restart scheme after a few iterations is necessary for this
approach since the storage requirements increase with the number of iterations
[ Hutchison, Jackson and Morton, 1986 ]. Renfro [ 1986 ] showed that this restart
strategy does not affect the global convergence. However, it may slow down the
convergence rate and affect the overall efficiency of the method.

On the other hand, the projected Hessian onto the tangent plane of the active
constraints may be updated directly. Based on this idea, various algorithms were
suggested by Coleman and Conn | 1982 |, Gaddy | 1982 ], Locke et al. [ 1983
(b) ], Nocedal and Overton | 1985 ], Gill et al. [ 1985 (b) |, Skrobasiski [ 1986 |
and Vasantharajan and Biegler | 1987 |. Locke et al. [ 1983 (b) ] proposed a
way to deal with inequality constraints and developed a decomposition technique

to implement this approach. Irregular convergence and discontinuity properties

78



embedded within the method that uses the projected Hessian were observed by
several researchers [ Coleman and Sorensen, 1984 ], [ Yuan, 1985 (a) ], [ Byrd,
1985 (a) ], [ Gill et al., 1985 (a) ], [ Byrd and Schnabel, 1986 ].

It is useful to re-examine in more detail this decomposition technique that uses
a reduced Hessian, since it has a potential to handle large scale systems with few
degrees of freedom and relatively few numerical results have been published [ kisala
et al., 1987 |, [ Chan and Prince, 1986 |.

In the following, a class of decomposition methods that use a reduced Hessian
is proposed. This chapter starts by describing a framework for the decomposition
algorithm. Following the derivation of the decomposition method, its algorithmic
components are examined. These include a procedure for forcing convergence and
the update of the reduced Hessian. The implementation of this decomposition
method is then discussed and a complete algorithm is presented. The decomposi-
tion method is then compared with current large scale optimisation methods and
numerical results are also presented.

3.2 Decomposition Method

A basic decomposition algorithm for a large sparse system can be stated as
follows :

Algorithm C.I — Basic Decomposition Algorithm

1. Given initial conditions.

2. Construct and solve a reduced quadratic programming subproblem.
Calculate the search direction and estimate the Lagrangian multipli-
ers.

3. Check the termination criterion.If it is satisfied, then stop. Otherwise,
the algorithm continues.

4. Apply procedures to force convergence and improve feasibility, and
obtain the new estimate of the solution.

5. Update the reduced Hessian, and go to step (2).

The critical points in this algorithm are the construction and solution of a
reduced model in step (2), the procedure to force the convergence in step (4), and
the update of the reduced Hessian in step (5). Each of these will be examined in
detail.
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3.2.1 Construction of Reduced QP Models

For convenience, the optimisation problem to be considered is restated as

n;in f(z)
P B.I st. hi(z) =0 i=1,..,meq (2.1)
g;(z) 20 j=1,..,ms
where
z is an n-dimensional vector of variables.

f(z) is a scalar objective function.

hi(z) is an equality constraint.

gi(z) is an inequality constraint.

meq is the number of equality constraints.

mt  is the number of inequality constraints.

It is assumed that the number of variables and constraints in Problem P B.I is
large and the Jacobian matrices V_ h and V. g are sparse. As discussed in Chapter
2, a QP sub-problem for the SQP method at the k*® iteration can be formulated

as,

QP B.II

where
Vf(z)
Vih(z)
V.g(z)
B
ds

min V.f(zx)Tds, + 1d§‘ By d.,
da,, 2

s.t. h(Ik) + V,h(:z:k)Tdn =0 (2'6)
g(zk) + ch(zk)rdz;. _>_ 0

is the gradient of the objective function.

is the gradient of the equality constraints.

is the gradient of the inequality constraints.

is an approximation to the Hessian of the Lagrangian function.
is a search direction.

As observed in the previous chapter, in the SQP method the search direction
d; is the summation of two steps : a * feasibility step > p, and an ‘ optimality
step ’ p;. The search direction d,; can hence be expressed as

dz = P, + Pt (2.7)
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Since the set of active constraints at the solution is not known in advance, it is
possible to choose initially just the equality constraints as active constraints. A
set of active inequality constraints is then identified in the QP subproblem. Based
on this idea, the * feasibility step ’ at the k*! iteration p,, may be defined as

1
le}.l:l 2 Py, Bk Ps,

QP C.I s.t. h(zx) + Vh(zk)Tps =0 (3.1)

9(zx) + V2g(zx)Tp,, > 0

The ¢ optimality step ’ at the k! iteration p;, may be defined as,

_ 1
rxr,ltln V,f(xk)Tpt,‘ + Epg;Bk pt,

k
QP C.II 5.t.V2h(zx)Tpe, =0 (3-2)

9(zk) + V29(zk) T (ps +Pe.) =0

It is assumed that the Jacobian matrix Vzh(z) has full rank and there exist

matrices Y and Z such that the search directions p, and p; may be formulated
as

Ps =Y (—h(.’t)) + sz

and

Pt = Zpn. (3.3)

where
p, is an (n — meg)-dimensional vector.

pn is an (n — meq)-dimensional vector.

The matrices Y and Z are constructed such that they have the following prop-
erties : '

V. k()T Y= 1
and

V.h(z)T 2= O (3.4)
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where

is an identity matrix.

is an (n X meq) matrix.

isan (n x (n — meq)) matrix.

Q)N N~

is a null matrix.

In general, there are two ways to construct Y and Z, namely, the direct variable
elimination method and the projection method.

With the direct variable elimination method, it is assumed that the variables
z can be decomposed into dependent variables v and independent variables u,

- 27 = (v7,u7). (3.5)

The Jacobian matrix V h(z) can hence be decomposed as follows, where the
matrix V,h(z) is assumed to be non-singular.

Voh(2)T = (Voh(2)T  Voh(z)T)

The matrices Z and Y can be chosen as follows

7 - (—V.,h(z)‘; V,,h(z:)r)

(3.6)

Gabay | 1982 | used this technique to solve optimisation problem with equality

constraints.

With the projection method, the Jacobian matrix V h(z) is decomposed as
follows via an orthogonal decomposition ( e.g. QR decomposition ).

=(Q: Q: )(g) (3.7)
where

R"Q =1
R  is an ( meq x meq ) upper triangular matrix.
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Q s an ( » X n) nonsingular and orthogonal matrix.
Q. is an ( n X meq ) matrix.

Q2 isan (n x (n— meg) ) matrix.

The columns of Q; are an orthonormal basis of the column space of V_ h(z)
and the columns of Q2 are an orthonormal basis of the null space of V h(z). The
matrices Y and Z can then be chosen as

Y = Ql R_Ts

Z = 0, (3.8)

Since the columns of Y and Z are orthonormal, these matrices have the following
properties,

~

YT Z = O,
2T 7 =1

This technique was used by Coleman and Conn [ 1982 |, Nocedal and Overton
[ 1985 |, and Gill et al. [ 1985 (b) ].

For large scale systems, the QR factorisation is more expensive in terms of both
storage and computational time, and the matrices Q2 and R may become dense
matrices even though the Jacobian matrix V,h(z) is sparse | Gill, Murray, Saun-
ders and Wright, 1984 (b) ]. The direct elimination method is therefore favoured.
In this chapter, only the direct variable elimination method is considered.

The substitution of the definition of p, and p, ( equation (3.3) ) into the
above two subproblems QP C.I and QP C.II respectively yields

. 1
mn - - pz‘k ZIZ‘ By Y h(xk) + Epszl{Bk Zy Dz,

Psy
RQP C.I st. (9(zx) — Vae9(zx)TYih(zx)) + Vog(zx)T Zkps, >0 (3.9)
and then

Ps, =—Yir h(zi)+ Zg ps,

where ZEB Zy. is referred to as a reduced (projected) Hessian.

and
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. 1
min sz(zk)Tkanh + —P,{.ZEBk Zk Prny

Pay 2

RQP C.II st. (9(zk) + V29(zx)Tpss) + Vag(zk)T Zipn, 20 (3.10)
and then
Pey, = Zk Pn,

where V. f(zx)T Zj is referred to as a reduced gradient.

The resulting sub-problems RQP C.I and RQP C.II are referred to as
reduced QP sub-problems, and define a class of decomposition methods. It is
assumed that the reduced ( projected ) Hessian Z7T B Z is positive definite.
When it is updated directly, the matrix ZT BY is not available and hence the

¢ feasibility step ’ p, cannot be calculated directly. Here different models are
proposed to define this step, p,.

3.2.1.1. Reduced Model I

Ignoring the matrix Z7 B Y and the inequality constraints in the RQP C.I
subproblem, p,, becomes zero. The resulting subproblem is simply reduced to

Psy = —Yi h(zx) (3.11)

and p,,, is solved from equation (3.10).

The search direction d, at the ktt iteration is therefore

dzp, = Psy + Pt,

(3.12)
= —Ykh(:z:k) + Zk Dn,

The reduced QP subproblem RQP C.II also predicts the active constraints
and estimates the Lagrangian multipliers for the active inequality constraints, v;.

The Lagrangian multipliers for the equality constraints A can be estimated from
the following equation :

A =Y T (Vef(z) — Vag(za) vi ) (3.13)
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This is equivalent to solving the following least squares problem when the con-

straints are consistent and linearly independent.

mg'n | Vaof(z) — Vzh(z) A — V.g(z) v |2 (3.14)

It can be observed that this model is the same as that proposed by Locke
et al. [ 1983 (b) |.

In fact, this reduced model I is equivalent to solving the following system :

. 1,704
I}nn V,f(zk)Td,k + Ed;{aB dz,
zp

st h(zx) + Vah(zx)Tds, =0 (3.15)

g(zx) + Vag(zx)Td,, >0

where 5 &
= 0]
5- (3 2)
u is an ( n — meq )-dimensional vector of design variables.

B,. is an approximation to the second order derivatives of the
Lagrangian function with respect to the design variables wu.

meq mi
Buw = V23, f(z) = Y Vi,hi(z) N =Y V2,9,(zx) vj
i=1 =1

Also, from equation (3.6) and equation (3.13),

ZT (Vef(z) — Veg(z)v) = Vuf(z) = Vu g(z) v
—~ Vuh(z) Vo k(z) ! (Vof(z) — Vug(z) v)

= Vy f(z) = Vih(z) X = Vy,g(z) v
(3.16)

The matrix By, can therefore be updated based on equation (3.16).
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3.2.1.2. Reduced Model 11

Replacing the Hessian matrix B in RQP C.I by an identity matrix, and
ignoring the inequality constraints yields

Pay = =Y h(xk) + Z (ZIZ'Z"‘»)-1 ZEY" h(z") (3'17)

and then p,,, is solved from RQP C.II .

The search direction d,, thus becomes

dm. = Pap + Pty
=-Yr h(zx) + Ze{(ZF Z:)~' ZT Y h(zx) + Pn,} (3.18)
=—{I - Z,(2F2,)"" ZT } Y h(zk) + Zk pn,

The Lagrangian multipliers for the equality constraints A at the kP iteration may
be estimated as

Ae = Y I(I = 2, (2F2)7 " ZT)( Vaf(zk) — Vag(zk) vk ) (3.19)

It can be shown that a search direction generated from this model is the same
as that of the resulting method proposed by Vasantharajan and Biegler [ 1987 |.

3.2.1.3 Reduced Model II1

Replacing the Hessian matrix B in RQP C.I by an identity matrix, the
resulting problem can be formulated as

. 1
min — pL, Z; Yi h(z) + Epf,,ZE Zk Pa,

Psy

RQP C.III s.t. (9(zx) = Vag(zx)T Y h(zx)) + Vag(zx)" Zp,, 2 0
and then
Ps = -Yi h(zx) + Zkp.,

(3.20)

The search direction d;, with p¢, from equation (3.10) can be obtained as

dzy = Dsy + Pts

(3.21)
=-Yx h(zx) + Zk psy + Zk Pna
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The Lagrangian multipliers for the equality constraints ) at the kP iteration
may also be estimated using equation (3.19). One of the advantages of this for-
mulation is that step bounds on the ¢ feasibility step ’ and the ¢ optimality step ’
can easily be imposed.

It is noted that these three formulations differ in the way of calculating the
¢ feasibility ’ step p,. In the first formulation, neglecting the matrix ZT BY can
be valid only when the dependent variables u in the equality constraints h(z)
appear linearly, or when the residuals h(z) are small. This step depends on the
choice of the dependent variables. In the second formulation, replacing the Hessian
matrix by an identity matrix is equivalent to ignoring the curvature of the objective
function and constraints ( the Lagrangian function ). This step does not depend
on the choice of design variables. However, it depends on the scale of the variables
because the step will change when the identity matrix is replaced by a positive
definite diagonal matrix, i.e., the matrix ZTY can be replaced by the matrix
ZTDY where D is a diagonal scaling matrix with positive elements. In the
third formulation, this feasibility step is restricted by the inequality constraints.

The ¢ optimality ’ step p; also depends on the choice of the dependent variables
since the approximate reduced Hessian changes with the choice of the dependent
variables. Therefore all these reduced QP formulations depend on the choice of
the design variables.

These decomposition methods reduce to the reduced gradient method when
the current estimate satisfies the equality constraints sufficiently accurately.

Other reduced models are still possible.

3.2.2 Termination Criteria

It is observed that when the step p, generated from any of the three reduced
models RQP C.I, RQP C.II and RQP C.III approaches zero, the current
estimate approaches a point in the feasible region. Also the optimality conditions
of these reduced quadratic models approach those of the original optimisation
problem when the step length d: 2 generated from any of these models
approaches zero. Therefore, it is reasonable to terminate the process when the
following condition is satisfied.

Tol < € (3.22)
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where

meq

Tol = maz { pm ZF By Zi pn,, Z hi (zx) | + Z maz (0, —g;(zx) ) ,
i=1 j=1
meq
Ve f(ze)T de + D iy hi(zs) |+ ZI viv 9i(zx) } (3.23)
=1 J=1
and € is a small positive number.

The second term in the right hand side of equation (3.23) checks whether the
iterates satisfy all the constraints and the third term checks whether the iterates
satisfy the optimality conditions.

3.2.3 Global Convergence

The search direction calculated from the reduced QP subproblem may not
yield a direction towards a solution of the original problem when the starting
point is far away from it. In general, as discussed in Chapter 2, there are two
ways to force the current point converge to the solution from the remote points
: line search methods and trust region methods. Only the line search method is
considered here.

3.2.3.1 Line Search Methods

Two merit functions used in this study are the absolute value penalty function
of the form,

meq

P.(z) = f(z)+z ri | hi(z) | + Z rl maz (0, — g;(z) ) (2.20)

ij=1

and the augmented Lagrangian function of the form,

Pa(z) = f(2) _EA h;(z) _EV193($)+

i=1

-t

={ z r: h(z)? + Z - [ maz(0,- g;(z) — —)2 ,2 1} (2.29)

=1 J=1 J

N

where r and r’ are penalty parameters. It can be proved that the search directions
generated from the above three reduced models are descent directions for both

merit functions under certain conditions.
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With the absolute value penalty function, as mentioned previously, the main
difficulty is that the acceptable step length || d, |2 may become very small when
the penalty parameters r and r are too large. This inefficiency might occur even
when the current point is near the solution ( Maratos effect ) [ Maratos, 1978 |.
Many approaches have been proposed to deal with this situation, as discussed in

Chapter 2. Here, the following strategy is used. The full step length is accepted
when the following conditions are met :

1
Vef(2)T dey + 3 97,78 Be Zk Pay <O

f(zk-f-l) < f(Ik)
and
(p“h + p‘h )T ZIZ' Bk Zk (png + Pz.. ) S 6 (3.24)

where § is a small number.

The first condition ensures that the search direction is a descent direction for
the absolute value penalty function and the objective function, even when the
penalty parameters equal zero. The second condition states that the objective
function actually decreases and the third condition suggests that the step length
for the design variables be small. This strategy attempts to balance the reduction
of the value of the objective function and the violation of the constraints. However,
these conditions are awkward when the number of the active constraints is equal to
the number of variables. In this case, a line search is performed but the objective
function term in equation (2.20) is neglected. That is, the line search objective
function is switched to the following form :

P, (z) = E ri | hi(z) | + Z r; maz (0, — g;(z) ) (3.25)
=1 Jj=1

In this case, there are no degrees of freedom and the strategy is simply to limit
the violation of the constraints.

The penalty parameters are updated as follows

1 .
Tivgr = maz (A, ’g(lf\u +ri))s 8

il
b
-

ey Mmeq
(2.27)

1 . .
r."l'k+1 = mazx ( I Vie » E ( Vi I + 75 ) ), 73 = 1,...,mit
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This update scheme ensures that the penalty parameters are larger than the
estimated Lagrangian multipliers. It is noted that the penalty parameters are

allowed to decrease in order to reduce the inefficiency.

When the augmented Lagrangian function is used as a merit function, the La-
grangian multipliers may be regarded as independent variables, as suggested by
Yamashita [ 1982 ] and Schittkowski [ 1983 | or, alternatively, they can be viewed
as functions of the optimisation variables, as proposed by Powell and Yuan | 1986 ].
In this study, the Lagrangian multipliers are regarded as constants during a line
search. An argument for the use of this type of line search function is that the fol-
lowing augmented Lagrangian function with sufficiently large penalty parameters
r and r/ has the same optimal point as the original problem :

P(z) = f(z) - E A hy(z) - Z vi gi(<) +
% E ri h(z)? + Z : [ maz(0,— g;(z) — =% iy2 - 3% (3.26)

where the multipliers A* and v* are the Lagrangian multipliers at the
optimal point. In general, since the actual Lagrangian multipliers are not known
in advance, an optimal point of this merit function with estimated Lagrangian
multipliers will not be an optimal point of the original problem. However, when the
sequence of Lagrangian multipliers converges to the optimal one and the penalty
parameters are sufficiently large, this merit function may provide a point which is
an improved estimate of the optimal solution. The choice of the penalty parameters
for this augmented Lagrangian function needs information on the curvature of the
objective function and constraints, which is in general difficult to obtain. Here,
the penalty parameters are updated in the following way :

1
)
z.ZEBk Zk DPny ’
1
kaZEBk Zk Pnk

= maz (271, ,2]| X, |

Tinga

¢ —_
Tingr = TMGZ (2 r“,

2| vj |, ), 7 = 1,..,mi

It is expected that the penalty parameters will be sufficiently large when the
current estimates are near the solution.

90



3.2.3.2 Feasibility Improvements

It is noted that this class of decomposition methods either ignores the matrix
YT B Z and hence the vector YT B Z h(z) ( reduced model I ) or approximates the
matrix YTB Z by YT Z (reduced model Il and III ). This feature distinguishes
this decomposition method from the full Hessian SQP method. In fact, this matrix
can be safely ignored when all the constraints are linear or when all the dependent
variables are linear. For a nonlinearly constrained system, this suggests that the
violation of the constraints should not be too large. This can be achieved by line
searches with sufficiently large penalty parameters as described above, since large
penalty parameters tend to force the point to satisfy the equality constraints more
closely. Alternatively, a feasibility improvement step can also be introduced to
achieve this. However, there is no intention to force the current point to become
strictly feasible, since inefficiencies may then occur. Good convergence properties

can be expected when the following condition is met,

lim 1Pl _, (3.28)
k=co ||pe, ||

where p, is the ¢ feasibility step ’ and p, is the ¢ optimality step ’. In this study,
the following formulation QP C.III is used to calculate the feasibility step s; at
the I*® step of a feasibility improvement iteration,
min s,Tl_) Sy
T
QP C.II ot h(zesrs) + Voh(zH)Ts = 0 (329)
g(zh41+1) + Vag(zH)Tsy > 0

where
D is a diagonal scaling matrix with positive elements.
80 = 0.
Tkp14l = Tky1 + Si-1, for 121
zt can be selected as either zx4; or Zg41+i-

The same decomposition technique previously used is applied to solve QP C.III

iteratively. The iteration is terminated when

meq ms
Z [ Ro(Zr141) | + E maz (0, — g(zxk+141) ) < v Tol (3.30)
=1 J=1

or alternatively,
Dsyx < 1 p (3'31)
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where Tol is the convergence criterion, equation (3.23),and 0 <~ <1.

This iterative process of improving feasibility proceeds only when

lsi41ll2 < llsi 2

and is performed after the line search.

A basic algorithm for a line search with feasibility improvements is given as
follows :

Algorithm C.II — Line Search Followed by Feasibility Steps

1. Define a merit function P,,(zx,.) as either equation (2.20) or equation
(2.29).

2. Update parameters for the merit function, using equation (2.27) or
(3.27) if necessary.

3. Find the step length parameter o; such that

P,,.(zk + a;d,,,,- ) - Pm(zk,- ) < a;ﬂV,Pm(Ik, . )szh

4. Solve equation (3.29) for the feasibility step s; until the termination
conditions, equation (3.30) or equation (3.31) are met.

5. Set Tx41 = zp + aidg, + Z;il 8
where nl is number of feasibility steps.

3.2.4 Local Convergence and Reduced Hessian Update

Powell [ 1978 (a) ] showed that the methods that use the reduced ( projected )
Hessian are two-step superlinearly convergent under certain conditions. Similar
results were given by Nocedal and Overton | 1985 |, and Coleman and Conn
[ 1984 |, however, Yuan [ 1985 (b) | and Byrd [ 1985 | gave examples which
showed irregular convergence. Gabay | 1982 | showed that the method with the
feasibility improvements is one-step superlinearly convergent. The same result
was also presented by Bertsekas [ 1982 |. These results imply that the convergence
rate is slower when the matrix ZT B Y is ignored. However, the convergence
rate can be improved by the introduction of the feasibility improvement. Byrd
and Schnabel [ 1986 ] pointed out that the matrix Z may not be a continuous
function of variables £ when the matrix Z is obtained from QR factorization. The
continuity property of the associated Z is crucial in proving local convergence for
this decomposition method. Coleman and Sorensen [ 1984 | and Gill et al. [ 1985
(a) ] proposed some techniques to deal with discontinuities. Discontinuities can

also occur when the the matrix Z is generated from the LU decompositions
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because an inverse of the matrix V, h(z) is involved. A technique for dealing
with the singularity of V. k(z) will be discussed in the section (3.3.4).

Under the assumption that the term Z,f By Yi h(zx) can be ignored, the
reduced Hessian of the Lagrangian function Z,f' By Zj can be updated by choosing
a matrix ZE_H Byx+1 Zx4+1 to satisfy the least change secant relation

Jpin_ || Zis1 Brrr Ziwr — Zf Bi Zk |2
st. Ziiy Brs1Zigr (Prn+ P2 ) = Wk (3.32)

(2F41Bi+1 Zew1)” = (ZF1Brst Zrss)

The change in the reduced gradients of the Lagrangian function yx may be
chosen as

Yk = Z(Zk+1)T{ (Vaf(zh+1) = Vag(zi41) vi) (3.33)
— (Vaf(zx) = Vah(ze) Ae— Vag(zi) vi) } '
However, the following expression for yx is chosen in this work.
T
Ve = Z(-’Bk+1) (sz(zk+1 - Vzh($k+1) Ak — Vzg($k+1) Vk)
T
— Z(zx) (Vaf(zk) — Veh(zk) M — Vag(zk) vi)
(3.34)

= Z(Ik+1)T(sz(zk+1)- Vzg(Tk+1) k)
— Z(zx)" (Vo f(2x) = Vag(zx) vi)

The reason for using equation (3.34) instead of equation (3.33) is that the latter
expression requires less storage and does not depend on the Lagrangian multipliers
for the equality constraints. This can alleviate difficulties when the Lagrangian
multipliers are not uniquely defined. However, equation (3.34 implies the
condition | Powell, 1987 |

dzy =Pa+0(ldz,]). (3.35)

Therefore, the residuals of the active constraints should not be too large.

Among least change secant update formulae, the superiority of the BFGS up-
date, equation (2.56), is well accepted and this update is therefore used for the
present work.

In order to guarantee a unique solution to the reduced QP subproblem and the

global convergence, it is desirable to keep the reduced Hessian of the Lagrangian
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function positive definite. However, the reduced Hessian may not be positive defi-
nite during iterations since some inequality constraints may become active. There
are many ways to tackle such difficulties by taking advantages of the hereditary
positiveness property of the BFGS update, as described in Chapter 2. Since in
practice Powell’s modification of the BFGS update performs well, this modifica-
tion is used. However, Powell [ 1985 (b) | showed that his modification may result

in ill-conditioning of the Hessian matrix. Therefore, some further modifications
are made for the present study.

1. The BFGS formula is discontinuous when the following condition occurs.
pZTB Z p, = 0. (3.36)

This can occur when all the decision variables are on their bounds. Unlike
with the full SQP method, this is not the solution of the original problem
unless the current point satisfies all the constraints. No update for the
reduced Hessian is performed when this condition occurs.

2. In some cases the adjustment for keeping the Hessian approximation pos-
itive definite may cause severe ill-conditioning and cause the Hessian to
become unbounded. In this case, the reduced Hessian is restarted by an
identity matrix. The ill-conditioning is judged from the ratio between the
largest diagonal element and the smallest diagonal element. That is, the
Hessian is reset to an identity matrix when

maz{ (B)i|, i=1,..,n}
min{((B)l, i=1,.n} 2" (3.37)

where
(B)is is a diagonal element of matrix B.

P is a large positive number, say 101°

The use of equation (3.37) is based on the assumption that the reduced
Hessian ZT B Z is diagonally dominated and avoids using the inverse of
this matrix. The main purpose is to detect the extreme ill-conditioning
matrix. Other ways to estimate the conditioning of a matrix can also be

used, e.g. based on the estimation of the largest and smallest eigenvalues.

3. Following the suggestions made by Nocedal and Overton [ 1985 | the reduced
Hessian will not be updated when the ratio u—h[(%’—,-‘— is unacceptably large.
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This is because equation (3.34) is of practical value only if the norm of the
step p; is small [ Powell, 1987 |.

3.3 Implementation Considerations

In addition, the efficiency and robustness of an algorithm strongly depend on

its implementation and the following factors were considered.

Formulation of the optimisation problem.

Choice of the initial reduced Hessian.

Choice of the design variables.

Calculation of the projection basis.

Strategy for dealing with inconsistent linearised constraints.

Strategy for predicting the likely active inequality constraints..

I o ol o

Solution of the reduced QP subproblems.

3.3.1 Formulation of the Optimisation Problem

The general optimisation problem of a form given in equation (2.1) is converted
to a problem with equality constraints and simple bounds by the introduction of
slack variables. The original problem thus becomes :

min  f(w)
w
PC.I st. c¢(w)=0 (3.38)

we < w =< W,y

where

w is an (n + m?)-dimensional vector of variables and
is defined as wT % (=T, 7).

z is an n-dimensional vector of variables.

e is an (ms)-dimensional vector of extra variables.

w, is an (n + mt)-dimensional vector of upper bounds for variables w,
and it is defined as w7 «f (T, o).

Ty is an n-dimensional vector of upper bounds for variables z.

wy is an (n + mi)-dimensional vector of lower bounds for variables w,

and is defined as w7 o (=7, 0).
Te is an n-dimensional vector of lower bounds for variables z.

f(w) is a scalar objective function.

c¢(w) is an (meq+ mi)-dimensional vector of transformed equality constraints
and is defined as  c(w)T = (h(2)T, (s(z) — €)T).
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h(z) is an meg-dimensional vector of equality constraints.
g(z) is an mi-dimensional vector of inequality constraints.
meq is the number of equality constraints.

ms is the number of inequality constraints.

This formulation increases the number of the total variables by (mz) but not
that of the design variables. Hence this formulation does not affect the size of the
reduced Hessian. This representation avoids manipulation of two sparse matrices.

It is noted that a square variable transformation, i.e.
g(z) —e2=0

which attempts to eliminate the inequality constraints completely is not appro-
priate for this method because divergence of the optimisation often occurs unless
all estimates of w are within the feasible region of the inequality constraints, as
explained in chapter 2.

3.3.2 Choice of the Initial Reduced Hessian

The initial reduced Hessian in RQP C.II (2T B Z)o may be chosen as the
identity matrix I a diagonal matrix or the matrix (Z7 Z)o. The choice of an

identity matrix I is equivalent to choosing the initial Hessian matrix Bg as

By = (g ?) (3.39)

Alternatively, the reduced Hessian matrix Bg can also be initialised as

Bf = (g 1§)+> (3.40)

where D* is a diagonal matrix based on the order of the magnitude of the de-
sign variables as used in equation (2.65). The choice of the matrix (ZT Z), is
equivalent to choosing an identity matrix for the initial Hessian matrix, By. Vas-
antharajan and Biegler [ 1987 | showed the effectiveness of the second strategy only
on few simple mathematical problems. They failed to produce the same results for
chemical process problems. Our numerical experience show that the performance
of the decomposition algorithm is disappointing when the initial Hessian is chosen
as the matrix (27 Z)o. This choice for the initial reduced Hessian may result in an
ill-conditioned reduced Hessian matrix and a small step p, may occur and hence
it will not be considered further. Therefore an identity matrix is used as the initial

reduced Hessian in this work.
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3.3.3 Choice of the Design Variables

In principle, (n — megq) design variables may be assigned by users. An au-
tomatic selection of design variables can also be obtained by employing an L U
decomposition of the rectangular Jacobian matrix V_ h(z). This is achieved by
using the sparse linear equation solver MA28A [ Duff, 1977 |. This also allows
the detection of a possible structural singularity of the matrix V_ h(z) which may
be an indication of an ill-posed problem. This option is automatically invoked
when a set of design variables assigned by users results in structural singularities
of the system. When the rank of this rectangular matrix is less than the number

of equality constraints, the system is assumed to be ill-posed and the algorithm
terminates.

For a system with a large number of linear variables, particularly when the
number of nonlinear variables is less than the number of degrees of freedom of
the system, it is desirable to factorise the rectangle Jacobian matrix based on the
linearity, i.e., to factorise the Jacobian matrix into a lower triangular form such
that the elements in the diagonal blocks are constant whenever it is possible. The

variables corresponding to the diagonal elements can hence be chosen as dependent
variables.

For example, let us consider a system of equality constraints of the form,

h(z) = AZ + h(2) =0

where
zr = (%%).
Z is an fi-dimensional vector of nonlinear variables.
Z is an #i-dimensional vector of linear variables.
A isan (meq x fi) coefficient matrix.
kh  is an fi-dimensional vector of nonlinear functions.

The number of nonlinear variables is assumed to be no greater than degree of the
freedom, i.e.

fi. < (n—megq).

It is preferable to choose all these nonlinear variables as design variables since this
merely means

2 = —(4)7! (4" 2" +h(2))

where
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A = (A 4")
z = (2 z')

A’ is assumed to be nonsingular.

In practice, this can be achieved by the decomposition algorithms suggested
by Pantelides [ 1988 (b) |.

It is not appropriate to choose slack variables as design variables since the

inequality constraints corresponding to these slack variables may not be active at
the solution.

3.3.4 Construction of the Projection Matrix

In practice, the matrices Y and Z can be obtained by solving the following
augmented system via an L U decomposition.

(Vi’;(;’)T) (Y 2)=1 (3.41)

The matrix A is an (n X (n—meq) ) permutation matrix with exactly one 1 in
each row and column corresponding to the position of a design variable, and zero
elsewhere. The advantages of this representation are that no fixed input structure
is required; the product Z p, and the product Y h(z) are in the  right ’ form
and the choice of design variables can easily be changed. Equations (3.41) are
again solved by the sparse linear solver MA28A at the very first iteration. The
sparse routine MA28B [ Duff, 1977 ] is used for the subsequent iterations to avoid

refactorising the matrix
( V. h(z)T )
AT :

This matrix may be singular during the iterations due to numerical reasons. If a
numerical singularity is detected during the factorisation, the resulting factorised
matrix has a null sub-matrix. In this case, an identity matrix replaces the null sub-

matrix after the factorisation. The matrix Y is implicitly stored to save storage
space.
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3.3.5 Strategy for Dealing With Inconsistent Constraints

When constraints are inconsistent, due to the local linearisation, the underlying
reduced QP will fail. Many suggestions for overcoming this difficulty have been
discussed in the previous chapter. To avoid unnecessary ill-conditioned problems,
no modifications are made when the constraints in the reduced QP subproblems
RQP C.I and RQP C.II are consistent. Powell’s modification [ 1978 (a) | is used
if the constraints are inconsistent, however, as discussed in Chapter 2, this may

fail even when the original constraints are consistent.

The following modification is preferred when Powell’s modification fails.

. 1
minV. f ()T ZkPos + 597, 22 B Zk Pas + R(7)
d

s.t. (g(xk) + V:ug(xk)rpa,, ) + Vzg(zk)Tka,,h > —-r (342)
r> 0

where

R(r) can be selected either as ZrZ or 7'r.

7, 7 can be set as a positive number, say, 103.

This modification is equivalent to solving the following system

. 1
min Ve f(zk)T Zkpn, + EPZ,ZEBka Pn,+
ny

> max(0., ~(9(zx) + V20(z4)” Pes + Vas(2a)T paa))?  (349)

or

. 1
min V. f(zi)T Zkpn, + EPz:,,ZE By Zgpn, +

Py

! maz(0.,—(g(zx) + V29(zx) T pay, + V29(zx)T pny)) (3.44)

The original constraints are considered to be inconsistent when the penalty
parameter r is unacceptably large, say 10°. This approach is found to be effective
especially when those constraints are ¢ soft ’, i.e. constraints violation may be
tolerated.
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3.3.6 Strategy for Predicting the Likely Active Inequality Constraints

The simple bounds for the dependent variables become general linear
constraints when the decomposition technique is used. Since all the
dependent variables are assumed to be bounded, it is required to store a
2x (n — meq ) x meq Jacobian matrix which may become very large.
It is observed, however, that at most an equal number of constraints as that of
decision variables will become active. Therefore only the ¢ most likely active ’
constraints are included within the reduced QP subproblems in order to increase
efficiency and to reduce the storage requirements. It is also desirable to include
as many constraints as possible when the trial point is far away from the solution.
However, only the active constraints need to be considered when the trial points
are near the solution. The * most likely active ’ constraint set wused by Mine
et al. [ 1984 ] is defined as

K.(z) = {7 € {1,....,mi} | g(z) + maz(0,—g:(z) <€) }. (3.45)

where
€ = max ( ¢ Tol, 7 ) with ¢ a large number, say, 104
n  is a small number, say, 10.

Tol is the defined termination criterion, equation (3.22).

3.3.7 Solution of the Reduced QP Subproblem

The reduced QP subproblem is solved by the ZQPCVX subroutine | Powell,
1983 ] described in Chapter 2. This dual method is in particular effective to solve

the reduced QP since few constraints will become active.

3.4 Complete SRQP Algorithm

This decomposition method is called successive reduced quadratic program-
ming method ( SRQP ) since it requires the iterative solution of reduced program-

ming subproblems RQP C.II and RQP C.III. A complete algorithm for SRQP
method can finally be stated as follows.
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Algorithm C.III — Complete SRQP Algorithm

Begin < Initialisation Section >
Given an initial estimate z,.
Given a tolerance e.
Given maximum number of iterations allowed maz, .
Given maximum feasibility steps allowed maz,
Choose design variables manually, i.e. assign A in equation (3.41),
or automatically.
Choose a reduced model as reduced model I, II, or III.
Choose a merit function as either equation (2.20) or (2.29).

Choose an initial Hessian as an identity matrix or a diagonal matrix.
Set Kk = 0.

End
Repeat
Set k = k + 1.
Begin < Construct and solve reduced QP >
Solve equation (3.41) for matrices Y and Z.
Predict the likely active set K, ( equation (3.45) ).
If reduced model I Then
solve equation (3.10), (3.11), (3.12), and (3.13).
Else_If reduced modelII  Then
solve equation(3.10), (3.17), (3.18), and (3.19).
Else_If reduced model Il Then

solve equation(3.10), (3.19), (3.20) and (3.21).
End If

If Failed Then solve equation (3.42).
End
Begin < Check Convergence Criteria >

If inequality (3.22) issatisfied Then Exit. ( Solution Found ).
End
Begin < Perform Line Search >

Perform Algorithm C.II.

End
Begin < Update the reduced Hessian >

Equation (3.34), (2.56), (2.58), (2.60).
End

Until k > maz;.
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3.5 Comparison With Other Optimisation Methods

In this section, the SRQP method is compared with its related methods includ-
ing feasible direction methods and the projected Lagrangian method, based on a
method due to Robinson | 1972 | and implemented in the MINOS optimisation

code.
3.5.1 Comparison with Feasible Direction Methods

The SRQP method can be viewed as a relaxed version of the feasible direction
methods including GRG methods and projection methods. There is no intention
for the SRQP method to satisfy the equality constraints to a tight tolerance. This
avoids a possible failure in attempting to solve the equality constraints for certain

values of the decision variables.

The SRQP method uses the solution of a reduced QP subproblem to predict the
active inequality constraints. This avoids ‘ jamming ’ and * zigzagging ’ problems

which may otherwise occur.

In short, the SRQP method avoids the difficulties which may occur in the
feasible direction methods and improves the efficiency and robustness of these

methods.

3.5.2 Comparison with an Optimisation Code - MINOS

MINOS attempts to solve large scale optimisation problems of the form :

8

min f(2) + of £ + a7 Z
st. h(2) + A2 = b,

Az (.’i) + A3 Z = b, (3.46)
Z, < z < 1z,

zZ, <z < z,

where
z is an fi-dimensional vector of nonlinear variables.
Z, is an fi-dimensional vector of lower bounds for nonlinear variables Z.
Z, is an fi-dimensional vector of upper bounds for nonlinear variables Z.
z is an fi-dimensional vector of linear variables.
T, is an fi-dimensional vector of lower bounds for linear variables Z.
Z, is an fi-dimensional vector of upper bounds for linear variables z.
f is a scalar objective function.
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D is an m-dimensional vector of nonlinear constraints.
a; and a, are vectors of coefficients.
b, and b, are vectors of residuals.

A, A2, and A3 are coefficient matrices.

The subproblem to be solved at the ktP iteration takes the form
min f(2) + aT 2 +alz2 - AT (h-R)+
o (h— K)T(h - I)
st. h(2) + A1 2 = ¢ (3.47)
Az (2) + A2 = e

2, < % < %,

< I,

1]

Z, <

where
P is a penalty parameter.
A is an m-dimensional vector of Lagrangian multipliers estimates

for the nonlinear constraints.
;,,’ = it( .‘f:k) + V; ib(:f:k) (:f: - ik)

Each subproblem is solved by a reduced gradient method [ Murtagh and
Saunders, 1982 |. This method, in some sense, attempts to approach a min-
imum point of the augmented Lagrangian function before restoring the feasi-
bility. It is effective when the constraints are all linear or mildly nonlinear.
For optimisation problems with nonlinear constraints, a subproblem may be un-
bounded unless the penalty parameter p is sufficiently large. This may be the
case when there are large numbers of nonlinear equality constraints. A large
penalty parameter can impede the progress of this method since the penalty term
(2— 2 )TV:h(22)T V3h(2:)( 2 — 2 ) becomes dominant. The efficiency of this
method therefore depends on the choice of the penalty parameter. In contrast, fea-
sible path direction methods restore feasibility before approaching the minimum
point of the objective function. The idea of the SRQP method is to restore the
feasibility with respect to the constraints and to approach a local solution of the
optimisation problem at the same time.
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3.6 Numerical Experiences

The proposed decomposition algorithm is implemented in an optimisation code

which is structured and has the same features as the test program described in
Chapter 2.

The objectives of the tests presented in this section are to demonstrate prin-
ciples underlying the decomposition method, to show the differences among three
reduced models and the effect of the choice of the decision variables and the ini-

tial Hessian. More comprehensive tests on large scale problems are presented in
Chapter 4.

Three test problems are employed. The first problem used to show the differ-
ence among the reduced models is a modified version of M116

L

s.t.xf+:n§=1
0<z; <1
0< 2z, <1

starting point ( 0.2,0.5)

The second test problem is an alkylation process, which was suggested by
Sauer et al. [ 1960 ]. The flowsheet of this process is shown in Figure 3.1 and is
described in appendix C.1. This well known test problem has a large number of

linear variables and hence the structure of this problem can be exploited.

The third test problem is the Williams-Otto process [ Williams and Otto,
1964 ]. Figure 3.2 shows the flowsheet of the process which is described in appendix
C.2. This is also a well known test problem and is a highly nonlinear problem.
Thus it can be used to test the efficiency of the decomposition method.

The default options of the algorithm used in this study are

1. The reduced Hessian of the Lagrangian function is initialised to an
identity matrix.

2. The reduced model I is used.

3. An absolute tolerance of 10~7 is used.
An absolute value penalty merit function, equation (2.20), with the
relaxation strategy ( equation (3.24) ) is employed.
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5. No feasibility improvements are performed.
3.6.1 Comparison of Reduced Models and Choice of Design Variables

Figure 3.3 illustrates the search directions at the first iteration generated from
the three reduced models.

It can be observed that the ¢ feasibility step ’ p, of the reduced model I defines
the least distance to linearised equality constraints with search direction of design
variables set to zero. The * feasibility step ’ p, of the reduced model II defines the
least distance to linearised equality constraints and that of the reduced model III is
the step to the nearest point on linearised nonlinear constraints. The ¢ optimality
step’ p; is a step from z + p, to the minimum of the quadratic model of
the Lagrangian function in the subspace orthogonal to the constraint normals. In
fact, in this example, all these models produce the same search direction since the
number of active constraints equals to that of variables.

Figure 3.4 shows the structure of the Jacobian matrix for the second test prob-
lem and Figure 3.5 for the third test problem. Table 3.1 shows the performance

of these three models with a different choice of design variables for the second test
problem and Table 3.2 for the third test problem.

These numerical results show that the performance of the SRQP method with
all the reduced models depends on the choice of design variables and that the

choice of the linear variables as dependent variables improves the performance of
the algorithm.

To test the proposed strategy for dealing with a structural singularity due
to an improper choice of design variables, the variables X8, X9, and X10 are
initially chosen as design variables for the alkylation process. The routine detects
a structural sigularity and re-assignes the variables X1, X3 and X4 as design
variables. The code locates an optimum after 12 iterations with reduced model IIL
When the variables FRC, FRE, FRP, and FP are initially chosen as design
variables, the routine re-assigns FG, FR, FA, and FB as design variables and
reaches an optimal solution after 94 iterations with reduced model IIL
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Figure 3.3 Comparison of Three Reduced Models
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Table 3.1 Effect of the Choice of Design Variables on the

Alkylation Process

Design Variables| RMI RMII RM III
NG (NF) | NG (NF) | NG (NF)
X1, X8, X9 9(9) | 13 (14) | 13 (14)
X4, X6, X9 11 (12) | 16 (17) | 17 (20)
X5, X6, X7 14 (15) | 16 (21) | 14 (19)
X3, X4, X5 20 (20) | 18 (18) | 18 (18)
X1, X2, X3 26 (28) | 25 (27) | 25 (27)
Key
RM1 The Reduced Model 1.
RMII The Reduced Model II.
RM III The Reduced Model III.

NG (NF) Number of gradient ( function )evaluations.

Machine IBM 4

341 .

Table 3.2 Effect of the Choice of Design Variables On the
Williams-Otto Process

Design Variables RM1 RMII RM III
NG (NF) | NG (NF) | NG (NF)
FA, FB, FD, FP 54 (61) 59 (87) 59 (83)
T, FA, FB, FD 70 (90) | 66 (119) | 47 (61)
T, FA, FB, FG 90 (153) | 63 (101) | 46 (65)
FRB, FRC, FRE, FP | 144 (228)| 165 (339) | 132 (245)
FA, FB, FD, FRE | 134 (217)| 139 (325)| 92 (138)
Key
RM1 The Reduced Model 1.
RMII The Reduced Model II.
RM III The Reduced Model III.

NG (NF) Number of gradient (function ) evaluations.

Machine IBM 4341 .

110




For the alkylation process, it is intuitive to choose X1, X2, and X3 as design
variables as suggested by Sauer et al. [ 1964 |. However, this may not be the best
choice as shown in Table 3.3. Exploiting the structure of the problem may result

in a better performance. The automatic choice of the design variables achieves
this purpose.

3.6.2 Effect of the Choice of the Initial Hessian

The reduced Hessian is initialised to a diagonal matrix based on the order of
magnitude of the variables as in equation (2.65) in this study. Tables 3.3 and
3.4 show the effect of the choice of the initial Hessian. It appears that scaling the

initial reduced Hessian is effective in decreasing the number of gradient evaluation
for badly scaled problems.

Table 3.3 Effect of the Choice of the Initial Reduced Hessian
On the Alkylation Process

Design Variables| HESS I | HESS II
NG (NF) | NG (NF)

X1, X8, X9 9 (9) | 10(10)
X4,X6,X9 | 11(12) | 9 (10)
X5, X6, X7 | 14 (15) | 10 (11)
X3,X4,X5 | 20(20) | 13 (15)
X1,X2,X3 | 26 (28) | 17 (20)

Key
HESS 1 An identity matrix is chosen as initial
reduced Hessian.
HESS II A diagonal matrix is chosen as initial

reduced Hessian.

NG (NF) Number of gradient ( function ) evaluations.
Machine IBM 4341 .
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Table 3.4

Effect of the Choice of the initial Reduced Hessian

on the Williams-Otto Process

Design Variables HESS I | HESS II
NG (NF) | NG (NF)
FA, FB, FD, FP 54 (61) 49 (67)
T, FA, FB, FD 70 (90) 53 (73)
T, FA, FB, FG 90 (153) | 76 (133)
FRB, FRC, FRE, FP | 144 (228)| 107 (171)
FA, FB, FD, FRE | 134 (217)] 114 (183)
Key
HESS I An identity matrix is chosen as
initial reduced Hessian.
HESS 11 A diagonal matrix is chosen as
initial reduced Hessian.
NG (NF) Number of gradient ( function ) evaluations.
Machine IBM 4341 .

3.7 Discussion and Conclusions

In this chapter, a class of optimisation methods for large scale optimisation
problems is presented and its implementation is discussed. The optimisation step
is divided into two components : a step towards the minimum point of the ob-
jective function in a reduced space and a step towards the feasible region. This
representation is shown to be useful in devising a class of optimisation methods.

This present work shows that when there are many equality constraints and
consequently relatively few degrees of freedom, it is possible to update the reduced
( projected ) Hessian of the Lagrangian function directly and to use a reduced

quadratic programming subproblem to predict the active inequality constraints.
It is our experience that a good performance of SRQP algorithm depends on

careful attention to many algorithmic details. Accordingly, all of these factors are

also examined in this chapter, resulting in a particularly robust overall alogrithm.
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All the projection methods investigated in this chapter are dependent on the
choice of the design variables but this choice can be effectively performed by the
automatic scheme.

The performance of the decomposition method is improved when a diagonal
matrix is used as an initial reduced Hessian. However, this strategy strongly
depends on a sensible initial guess of the order of magnitude of the variables, and
a partial simulation is recommended to obtain a sensible initial point which reflects
the order of magnitude of the variables.

The reduced model I and reduced model II can be viewed as special cases of the
reduced model III. Conceptually, they differ in the definition of the ¢ feasibility

step ’. The efficiency of the algorithm will be tested in more depth in the next
chapter.
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Chapter 4

Flowsheet Optimisation

4.1 Introduction

This chapter is concerned with the application of optimisation techniques to
chemical processes within a process simulator.

A chemical process consists of process units ( e.g. a reactor ), and streams
which include the inter-connections between units, feeds and products. In general,

there are two limiting ways to construct a model for chemical processing units,
namely,

1. Modular oriented ( MO ) approach, and
2. Equation oriented ( EO ) approaches.

In the modular oriented approach, a process model contains both a set of model
equations ( mass, momentum, and energy balance equations etc. ) which describe
its behaviour, and a solution method for this set of equations. Given values of input
streams ( e.g. reactant flowrate, temperature, and pressure ), values of equipment
parameters ( e.g. reactor volume ), and/or those of unit parameters ( eg. reaction
rate constant ), the output streams ( e.g. product flowrate, temperature, and

pressure ) are then calculated. Thus the input streams should be given or guessed
before the unit calculation is performed.

For a simulator based on this approach, partitioning with precedence ordering
techniques and the tear criteria are used to select the group of units to be solved
together, to decide a proper calculation sequence and to determine a set of streams
( tear streams ) and/or variables ( tear variables ) within these streams, which
must be guessed within the groups according to the flowsheet topology. It is noted
that the calculation sequence becomes unimportant when all the streams and/or
unknowns are torn ( guessed ). At the flowsheet level, a system is solved which
contains the tear equations, physical specifications and/or limitations external to
the units, and design equations which may be posed by process engineers. The size
of the system depends on the tear criteria. Nested level calculations are generated
with this approach ( e.g. the physical property calculation level, unit calculation
level, and the flowsheet calculation level ), which are in general expensive to be

evaluated. A simulator whose calculation sequence is followed module-by-module
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is termed a sequential modular simulator. A simultaneous modular simulator, as
its name implies, is one in which all stream are torn and whose modules are eval-
uated simultaneously at the flowsheet level. Recent surveys of modular oriented
simulators can be found in the literature | Evans, 1982 |, [ Biegler, 1983 |.

In the equation oriented approach, a process unit is only represented by a set of
equations which describes the system. For a simulator based on this approach, the
model equations for all units, physical specifications and limitations, and design
equations are assembled together according to the flowsheet topology and solved
simultaneously using a general purpose numerical technique in one level. This
approach eliminates the expensive unit calculation level and gives a great flexi-
bility in the range of allowable specifications. The resulting system is in general
large. Equation oriented approaches were reviewed by Perkins [ 1983 |, Shacham
et al. [ 1982 ], and Westerberg and Benjamin [ 1985 ].

A typical module information flow is shown in Figure 4.1.

Figure 4.1 Flowsheet Module

Design Equipment
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Dependent
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In practice, it is desirable to use some unit modules ( procedures ) in an equa-
tion oriented approach and to solve equations in the modular oriented approach,
resulting in simulators which can solve mixed system of equations and procedures
[ Pantelides, 1988 (a) |. In this case, the system equations at the flowsheet level

are made of tear equations, model equations, design equations, and design and/or
physical constraints.

Since rigorous models may be expensive to evaluate, approximate ( reduced )
models may be employed. This approach can be applied to both the modular
oriented approach [ e.g. Evans 1982 ] and the equation oriented approach. In this
case, the system at the flowsheet level is split in two levels, one which constructs ap-
proximate models based on rigorous models, and the other which consists of design
equations and/or constraints, tear equations corresponding to the approximate
models ( for the modular oriented approaches ) or approximate model equations
( for equation oriented approaches ) to perform flowsheet calculations. Criteria are
applied to update the approximate models from rigorous models. This approach

is often referred to as a two-tier ( level ) approach [ Johns and Vadhwana, 1985 |,
[ Evans et al., 1985 ].

In fact, the modular oriented approach, the equation oriented approach, and
the two-level approach can be viewed as different decomposition levels for solving
chemical processes [ Pantelides, 1988 (b) |. In this thesis, we only consider flow-
sheet optimisation within the modular and equation oriented approaches. The

extension to other approaches ( e.g. two-level approach ), if required, should be
straightforward.

Westerberg [ 1981 | indicated that for flowsheet simulation most of the CPU
time is spent in calculating physical properties ( approximately 70 % ). Since these
are usually expensive, unavoidable and must be done at each ¢ function evaluation ’,

numerical methods which minimise flowsheet calculations are preferred.

4.2 Flowsheet Optimisation Strategies

A process optimisation problem may be formulated as a nonlinear constrained
optimisation problem according to the structure of a simulator:
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is a set of variables representing
tear variables for a MO approach; or
process variables for an EO approach.
is a set of variables representing design variables.
is an objective function ( typically of economic form ).
is set of equations representing
tear equations for a MO approaches; or
process equations for an EO approaches.
is a set of design equations.
is a set of physical limitations.

is a set of design limitations.

There are three possible optimisation strategies to deal with this formulation,

depending on the architecture of simulator within which they are implemented
[ Biegler, 1983 |,

e With decomposition.

1.
2.

Two-level approach.
Feasible path approach.

e Without decomposition.

3.

Infeasible path approach.

The first two methods attempt to reduce the size of the original optimisation
problem by the Lagrangian decomposition techniques ( two-level approach ) or by
the elimination of the equality constraints, eg. tear equations, model equations etc.
( feasible path approach ), while the third method solves the optimisation problem
P D.I directly by a suitable optimisation method. In fact, implementations of
these approaches can be achieved by the choice of the corresponding optimisation

algorithms, e.g. the choice of a feasible direction method is equivalent to a feasible
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path approach. On the other hand, the existing facilities of the simulators can also
be explored to implement these approaches.

In this thesis, we are only concerned with feasible and infeasible path approaches

since the two-level approaches have been proved inefficient for process optimisation
applications [ Biegler and Grossmann, 1985 |.

4.2.1 Feasible Path Approaches

The feasible path approach, as its name implies, generates trial points which
satisfy both equality constraints ( design equations, process equations and/or tear
equations ) and inequality constraints ( physical limitations ). In this approach,
the process variables are partitioned into dependent variables and independent
variables ( design variables ), and for each choice of the design variables, the simu-
lator is used to converge the tear equations ( for modular oriented simulators ),or
the process equations ( for equation oriented simulators ), and/or the design spec-
ifications, while also satisfying the design or physical limitations. Therefore, the
method includes two levels, the first level performs the simulation to converge all
the equality constraints ( h, and h4 ) and to satisfy the inequality constraints,( g,
and g4 ) and the second level performs optimisation. The resulting optimisation
problem is thus an unconstrained nonlinear optimisation problem or a constrained
optimisation problem with simple bounds for the associated design variables. This
approach is also termed a black box method and is illustrated in Figure 4.2.

This approach played an important role in the early development of flowsheet
optimisation [ Friedman and Pinder, 1972 |, [ Gaines and Gaddy, 1976 |, | Ballman
and Gaddy, 1977 ], [ Doering and Gaddy, 1980 |, [ Parker and Hughes, 1981 |.

The advantage of this approach is that the resulting optimisation problems are
in general small in terms of the number of variables. Since each search point is
feasible, if the process is terminated at the optimisation level before reaching a

solution, the terminating point is still feasible and may be acceptable as a practical,
although sub-optimal, solution of the problem.

Difficulties can however arise since it is not easy to solve a system of equa-
tions with inequality constraints especially when the number of inequalities, g,
is large. A feasible region may not exist for certain values of the design variables
or a solution may lie on the boundary of the physical limitations ( g, ). In the

second case, the system becomes overdetermined since the number of equations
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exceeds the number of variables. Current solution methods have difficulties in lo-
cating such points. The solution method of a system of equations with inequality
constraints is an active research area | Shacham, 1986 |, [ Pantelides, 1988 (b) | In
addition, it may be difficult to choose an independent set of design variables if any
design specifications are present. These phenomena are not uncommon especially
for the equation oriented approach, where there is a large number of inequality
constraints. To alleviate these difficulties, the inequality constraints may be clas-
sified into ‘¢ hard ’ constraints and ° soft ’ constraints. The hard constraints, e.g.
non-negative flows, define the region where the system is mathematically well de-
fined and must be satisfied at all time. On the other hand, the soft constraints
are allowed to be violated. Thus the feasible path variant approaches include
the equations ( tear equations or process equations ) and the associated physical
limitations ( hard constraints ) in the simulation level, and hence the optimisa-

tion level contains design equations, associated physical limitations and /or design
limitations, as illustrated in Figure 4.3.

Two different implementations of this approach has been proposed [ Biegler,
1982 |, namely,

1. reduced feasible path variant method, and

2. converged feasible path variant method.

In the reduced feasible path variant method, only the design variables are in-
cluded in the optimisation level and hence the size of the optimisation problem
depends on the number of design variables and is in general small.

In the converged feasible path variant method, the optimisation level includes
all the design variables, tear variables ( for modular oriented approaches ) or pro-
cess variables ( for equation oriented approaches ), despite the fact that process
equations or tear equations are already converged within the simulation level at
every step of the optimisation. The size of the resulting optimisation problem is
still large. The advantages of this approach are that the information about the
gradient of design variables with respect to the process variables is not formed
explicitly, the optimisation routine may provide a better initial point for the si-
mulation, and the method can easily be switched to the infeasible path approach
by the adjustment of the tolerance at the simulation level. For both the equation
oriented simulators and modular oriented simulators with all the streams torn, this

approach requires both a large scale equation solver and a large scale optimisation
routine.
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Figure 4.2 Feasible Path Approach
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Figure 4.3 Feasible Path Variant Approach

Flowsheet
Process equations

or
Tear Equations

Update
Process variables

or
Tear Variables

Update

Design
Variables

Convergence

No

Design
Specifications

Optimisation
Module

Convergence

Exit

No

y

121




Feasible path ( variant ) approaches require a complete simulation to converge
the tear equations ( for MO approaches ) or process equations ( for EO ap-
proaches ) for each trial value of the design variables and this may be expensive.
The simulation level may fail to provide a feasible solution especially when the

system is highly constrained since a feasible region may not even exist for certain
value of design variables.

Also, when the trial points are far away from an optimal solution, inefficiency
may result from following the nonlinear constraints. Furthermore, flowsheet simu-

lation may create noise in the function evaluations.

4.2.2 Infeasible Path Approaches

In this approach, the optimisation problem, P D.I, is solved as illustrated in
Figure 4.4. The size of the resulting optimisation problem for the modular oriented
approach depends on the number of both tear and design variables, while for the
equation oriented approach the result is a large sparse optimisation problem. This
method avoids repeated convergence simulations for each optimisation iteration

and hence eliminates the possibility of premature termination due to a convergence
failure of the simulation.

The effectiveness of this approach on a modular oriented simulator was shown
by Biegler [ 1982 ], Chen and Stadtherr [ 1985 | and Kaijaluoto [ 1983 ]. Using this
approach, Trevino-Lozano et al. [ 1985 ] solved flowsheet optimisation problems
on a two-level approach simulator, and Hutchison et al. [ 1986 | optimised several
chemical processes on an equation oriented simulator.

Kisala [ 1985 ], [ 1987 | and Biegler [ 1987], however, showed that this infeasi-
ble path approach may have difficulties in converging tear equations for a modular
oriented approach. Therefore, they developed a method termed infeasible path
hybrid method by converging the tear equations ( or process equations for EO
approaches ) to some degree during the course of the optimisation, as shown in
Figure 4.5. At first glance, this approach may be implemented simply by adjusting
the tolerance in the simulator level in a converged feasible variant approach. The
tolerance in the simulation level can be controlled by specifying the number of
iterations [ Kisala, 1987 | or the magnitude of the residuals of the tear ( or pro-
cess ) equations. However, the tear equations cannot be converged in an arbitrary

way without reference to the optimisation method since different information are
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required from the simulator for different tasks ( e.g. line searches, or Hessian

update ). A more sophisticated control of the underlying simulator is needed.

In this study this strategy is incorporated directly into the optimisation algo-
rithm by introducing feasibility steps, as discussed in the previous chapters. The
advantage of this implementation is that the inequality constraints can be treated
efficiently by the optimisation algorithm. In addition, this approach can be easily

used to converge the design equations (h4). This may be helpful when the design
equations are highly nonlinear.

The infeasible path method typically requires fewer flowsheet calculations than
the feasible path method at the cost of increasing the size of the optimisation
problems in terms of variables. However, in practice, a chemical process may
not be physically well defined over a wide range of constraints. Therefore, some
precautions must be taken to identify and to satisfy the ¢ hard ’ constraints when
an infeasible path method is used.

This approach is less familiar to design engineers since each point may not
be feasible and acceptable, and a large number of variables may require to be
initialised. In addition, it is difficult to identify the effect of the design variables on
the objective function in the course of optimisation and thus providing diagnostic

information becomes a more serious issue for the infeasible path approach.

The infeasible path hybrid method provides more flexibility in the definition
of which constraints must be satisfied and to what degrees. In practice, this
may avoid the inefficiency of the feasible path methods and reduce the risk of
the infeasible path method reaching physically unattainable regions of process
models. This improvement in the robustness of the process optimisation, however,

is achieved at the expense of increasing the number of function evaluations.
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Figure 4.4 Infeasible Path Approach
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Figure 4.5 Infeasible Path Hybrid Approach
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4.3 Implementation of Flowsheet Optimisation

As observed in the previous chapters, gradients of the objective function and
constraints with respect to the optimisation variables are required and can be
generated in various ways. To increase the robustness and efficiency of the flow-
sheet optimisation, a reasonable initial point is necessary. Moreover, for modular
oriented approaches with an infeasible path approach, the size of the flowsheet op-

timisation is dependent on the tear set and thus its selection becomes an important
issue. These issues are discussed below.

4.3.1 Gradient Evaluation Strategies

In general, the gradients of a function can be generated in analytical form, by
approximation methods, or by update formulae from previous information. Ana-
lytical derivatives can be obtained manually or by symbolic differentiation | e.g.
Pantelides, 1988 (b) |. The approximated gradients can be generated from two-
point finite differences, three-point finite differences ( central difference ), or from
an approximate model and so on. Many update formulae, for example the Broyden
update formula, have been proposed to update the gradients. The choice of a suit-
able method may be done based on accuracy, ease of implementation, and the cost
of generating the gradients. For optimisation, accuracy is the most important fac-
tor since the gradient information is used not only to generate search directions but
also to judge the solutions and to obtain the curvature information, as mentioned
in the previous chapters. Inaccurate gradients may result in failure to obtain a
correct search direction, to predict a correct active set and to converge to an op-
timal point. Himmelblau and Lindsay [ 1980 ] reported that the two-point finite
difference formula is the most efficient method among the finite difference formu-
lae in terms of CPU time and function evaluations for unconstrained optimisation
when the function can be evaluated accurately and a proper perturbation size is
selected. The three-point finite difference ( central difference ) formula is more ac-
curate than the two-point finite difference formula | Vandergraft, 1983 |. However,
it is too expensive to be employed in flowsheet optimisation. Update formulae, on
the other hand, do not in general generate accurate gradients. Therefore the use

of central difference and update schemes to obtain the approximate derivatives
will not be considered further.

In the equation oriented approach, it is straightforward to implement the above
gradient evaluation strategies because the process equations are individually avail-

able. Analytical gradients obtained by symbolic differentiation are usually the

126



best in terms of both accuracy and computing effort [ Pantelides, 1988 (b) |. In
addition, the algorithm of Curtis, Powell and Reid | 1974 ], which perturbs more
than one variables simultaneously, can be used to evaluate numerical gradients
efficiently when a finite difference method is used. Therefore this section is con-
centrated on generating the gradients in the modular oriented approach.

In general, there are two techniques for gradient evaluation in the modular
oriented approaches :

1. flowsheet ( direct loop ) perturbation approach,
2. modular gradient ( procedure derivatives ) approach.

In the direct loop perturbation approach, design and/or tear variables are per-
turbed by a small amount in turn while keeping the rest of variables constant. It
is noted that only the modules ( blocks ) downstream in the calculation sequence
from a perturbed variable have to be evaluated for the converged feasible path
variant approach and the infeasible path method. A flowsheet simulation is re-
quired when each design variable is perturbed for the reduced feasible path variant
methods. This method is easy to implement especially when a modular oriented
simulator has a convergence block to perform flowsheet simulation by converging
the tear equations and the design equations simultaneously. It is merely required

to substitute the convergence block by an optimisation block in which the objective
function and design equations are introduced.

The cost of this approach for both the infeasible path approach and converged
feasible path method in terms of a cost factor ( e.g. CPU time ) is given as

NCS TNV NB,,

TCF = ) Y > CFu (4.2)

i=l  j=1 k=1
where
TCF total cost factor.
NCS total number of calculation sequence termini.
TNV total number of variables.
S NTVi + NDV
NTS total number of tear streams.
NTV; the number of variables in the I*! tear stream, e.g.

the number of components plus temperature, and pressure.
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NDV  total number of design variables.

N B;; the number of modules between the 5! design or tear variable
and the i*2 terminus in the calculation sequence.

CF;jx the cost factor for the evaluation of a k*® module associated
with the j*P tear stream or design variable in the s*®
terminus in the calculation sequence

It can be observed that the cost of the flowsheet perturbation approach for
infeasible path approach mainly depends on the number of tear streams and tear
variables, and the position of the design variables in the calculation sequence.

The cost of this approach for the feasible path approach is expressed as

TCF = NDV x CFS (4.3)

where CF'S is the cost factor for a lowsheet simulation.

In practice it is relatively easy to perform a flowsheet simulation when each
design variable is perturbed by a small amount. Only a few iterations are required
to converge a perturbed simulation in most cases.

The second approach employs a chain ruling technique to arrange the gradi-
ents in the right calculation sequence, after the gradients of output variables with
respect to input variables in each module are evaluated. These gradients can be
evaluated in an analytical form. This approach is particularly efficient when the
unit calculations are made by the Newton method because very few calculations
are required to generate the gradients. Macchietto et al. [ 1988 | reported a sub-
stantial reduction in computational time when this method is used. The gradients
of output variables with respect to input variables can also be obtained from per-
turbing the input variables of each module. An extra effort is required to evaluate
the reduced gradients of the tear variables with respect to the design variables
when this method is applied to the reduced feasible path ( variant ) approaches.
This method is also referred to as a block perturbation method and its effectiveness
on flowsheet optimisation was shown by Shivaram and Biegler [ 1983 | and Chen
and Stadtherr [ 1985 |. However, extra storage for all the modular ( procedure )
gradients is required for this method. A technique to implement chain ruling was
proposed by Chan and Prince [ 1985 ]. The cost of implementation depends on the
structure of the simulator and in particular on the availability of the information

regarding the calculation sequences from the design variables to the tear variables.
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The complexity of implementing this gradient evaluation method also depends on
the choice of a tear set.

The cost factor of the gradient evaluation for the block perturbation can be
expressed as follows,

NCS NB, TND
TCF = Y Y NBV; TC,; + Y TCF; (4.4)
=1 j7=1 k=1
where
TC;; the cost factor of evaluating the 5*®* module in the s*®

calculation sequence.
TCF; the cost factor of perturbing the kt® design variable.
N B; the number of modules in the #*® calculation sequence.
NBV;  the number of input variables in the j** module.
NCS the number of calculation sequences.

The analytic procedure derivative with the chain ruling strategy is the most
accurate and efficient strategy among these gradient evaluation strategies. How-
ever, this gradient strategy is harder to implement. The relative efficiency of the
flowsheet perturbation over block perturbation with chain  ruling is dependent
on the structure of the flowsheet, and on the optimisation problems. The over-
heads for gradient evaluations for the infeasible path may be significant when the
number of tear variables is far more than that of design variables.

The best choice among gradient evaluation strategies depends on the structure
of the simulator, types of problems and available storage. It is recommended to
estimate the cost of various strategies from equation (4.2), (4.3) and (4.4) before
choosing a strategy when the simulator allows to implement any of alternatives.

In this study, the flowsheet perturbation approach is used due to the structure of
the available simulator.

It is worthy of noting that the accuracy of the gradients strongly depends on
the perturbation size when perturbation techniques are used. The most impor-
tant errors involved in the perturbation techniques are truncation error, rounding
( condition or cancellation ) error and the procedure error. The rounding error
is introduced by the limited machine precision, the truncation error is caused by
the approximation to functions, and procedure error comes from convergence of

iterative procedures to a finite accuracy. The rounding error and the procedure
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error will increase with a reduction of perturbation size while the truncation error
increases with an increase of the perturbation size.

These errors make it difficult to choose a proper perturbation size in the modu-
lar oriented approach. There are at least two nested levels of calculations ( physical
property calculations and unit calculations ) for the infeasible path approach and
at least three nested level calculations ( physical property calculations, unit calcu-
lations, and flowsheet simulation ) for the feasible path approaches. Also at least
two nested calculations ( physical property calculations and unit calculations ) are

involved in the block perturbation method for both the feasible path variant and
the infeasible path approach.

In some cases, it may not be possible to reduce the procedure error to the
desired level by tightening its convergence tolerance because of the limited machine
precision. It is noted that the procedure errors are bounded by the convergence
tolerance within the unit calculation.

Gill et al. [ 1983 (b) ] proposed an algorithm to estimate the perturbation
size based on gradients evaluated from forward finite difference, backward finite
difference, and second order difference. The perturbation size is selected as the
smallest value that results in acceptable values of relative errors for all the above
different approximation schemes. The relative error is derived from a ratio between
the rounding error and the corresponding truncation error in the difference scheme.

These techniques are expensive since extra function evaluations are required.

Kaijaluoto and Morton [ 1987 | proposed a procedure for gradient evaluations.
The algorithm starts with the estimation of the noise level of the system and the
evaluation of gradients from a central difference scheme. Then a second correction
term that approximates the Hessian of the function is calculated from a second
order difference. The perturbation size for the evaluation of the second order term
is based on the balance of the function noise and truncation error. Subsequent
gradients are evaluated from a modified finite difference scheme in which the sec-
ond order term is introduced. The second order correction term is re-evaluated
periodically. The authors showed the effectiveness of approach by applying it to
the optimisation of Williams-Otto process. The effectiveness of this algorithm de-
pends on the accuracy of the second order correction term. The period used to
re-evaluate this term depends on the nonlinearity of the optimisation problems.
In fact the method becomes a costly central difference scheme when the second

order term is re-evaluated at every optimisation iteration.
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In addition, Biegler [ 1985 | showed that the chain-ruling strategy may lead to
gradient errors larger than the flowsheet perturbations when the procedure error

is significant compared to the perturbation size. This is due to the accumulation
of the procedure errors.

This study emphasises the consideration of the procedure error in order to
choose the perturbation size. A perturbation size based on the balance between
truncation error, procedure error, and rounding error is derived in appendix D.1.
It is also required that the ( relative ) tolerance in the inner loop should be tighter
than the ( relative ) tolerance in the outer loop.

4.3.2 Initialisation of Process Variables

In practice, a sensible initial point is often required to solve optimisation prob-

lems since the initial point should not make the system unattainable either phys-
ically or mathematically.

In the feasible path approach, the design variables at the optimisation level and
tear variables or process variables at simulation level need to be initialised. The
variables at the simulation level need to be initialised at every optimisation itera-
tion. The design variables, the tear variables or process variables at the very first
simulation may be initialised based on corresponding physical properties and/or
previous knowledge about the problem. The process variables in subsequent sim-
ulations may be initialised in the following ways :

1. direct substitution of the values corresponding to the solution of the previ-
ous iteration.

2. using the relationship between the design variables and the tear ( or pro-
cess ) variables.

3. Dby the inclusion of process variables in the optimisation routine | Biegler,
1982 |.

The first method simply stores the values of variables at each iteration, and

is easy to implement. The tear or process variables in the second method can be
initialised as | Biegler, 1982 ]

Dper = Ok — Vg hp( Ok, )T Vg hy( D, 8k )T Al (4.5)

Alternatively, the following relation can be used,
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A~

Vg4t = i — Vs hp( U, Ug )—T( hp(ﬁk,ﬁk ) + V, hp( U, U )T Aty )

(4.6)
where
g is a set of design variables.
Uk is a set of variables representing
tear variables for modular oriented approach, or
process variables for equation oriented approach.
hy is a set of equations representing
tear equations for modular oriented approach, or
process equations for equation oriented approach.
A is a perturbed value for variables .

Vshp  is the gradients of equations h, with respect to variables 4.

This method can be efficiently implemented either with modular oriented ap-
proaches when procedure derivatives are used for gradient evaluation or with equa-

tion oriented approaches when the analytical derivatives are available.

The third method is a direct by-product of the converged feasible path ap-

proaches. The choice among these methods thus depends on how gradients are
calculated.

In the infeasible path method, all the variables need to be initialised at the
optimisation level. An initial value of tear or process variables may be obtained
from a complete or partial simulation controlled by the number of iterations or
the simulation tolerance with guessed values of design variables. Jirapongphan
[ 1980 | and Biegler and Hughes | 1982 | showed that the use of a converged or
nearly converged simulation as a starting point may result in small optimisation
steps and lead to premature termination in the modular oriented approach. How-
ever, with the same simulator architecture, Chen and Stadtherr [ 1985 | showed
that good results may be obtained by performing several direct substitution it-
erations. Trevino-Lozano observed that the decomposition method proposed by
Locke et al. [ 1983 | may fail when the initial values of the variables make the
quadratic programming subproblem infeasible [ Kisala et al., 1987 | and recom-

mended taking several Newton-Raphson iterations of the simulation when this is
likely to occur.
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In general, the use of either complete or partial simulation for the initialisa-
tion of the process optimisation may provide a sensible starting point and hence
improve the robustness of any optimisation method by decreasing the chance of
involving numerical difficulties and ill-conditioning. As pointed out in Chapter
2, however, optimisation routines balance the reduction of the objective function
and the satisfaction of constraints and when a penalty function is used with the
SQP methods to force convergence, a small initial violation of the constraints at a
converged initial point may force the methods to take small steps. This situation
is likely to occur when the objective function is insensitive to the optimisation vari-
ables, constraints are highly nonlinear and large values of the penalty parameters
are used. Small optimisation steps may also cause premature termination or make
the algorithm identify a false local minimum in the modular oriented simulators
when functions are noisy due to the nested calculations. In fact, these difficulties
can also occur when the iterates are near a feasible point. These problems may be
avoided by scaling the objective function, reducing the function noise and choosing
suitable initial penalty parameters.

As shown in Chapter 2, an initial Hessian based on the magnitude of the
variables can dramatically improve the performance of the optimisation method.
Therefore, in this work, a few direct substitutions to obtain a reasonable starting
point are employed when using a modular oriented simulator. The initial penalty
parameter is set to a small number, say 107%, to reduce inefficiency and step
bounds for each variable are introduced directly into the QP subproblem, as
described in Chapter 2, to avoid excessively large steps. A partial flowsheet
simulation is also recommended for optimisation in an equation oriented simulator

to provide an initial order of magnitude of all variables and to avoid physical and
arithmetical difficulties.

4.3.3 Selection of Tear Streams

The size of the flowsheet optimisation problem and the efficiency of optimi-
sation methods depend on the number of tear variables for the modular oriented

approach. Selection of a tear set is equivalent to solving the following linear integer
programming problem :

”n
min ) % =
—

i
s.t. E Yi; 2z <1

=1

PD.II (4.7)
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where
% a weight for the 1*® stream.
Z a 0-1 integer variable corresponds to the #*2 stream.
ti;  denotes the presence or absence of the stream ¢ in loop j, i.e.

b = 0 if stream i is not in loop j
4 1 otherwise.

The tear variables should have some effect on the constraints and/or the objec-
tive function. It is also desirable to minimise the number of optimisation variables
to reduce the cost of the gradient evaluations and the overhead of the optimisation
methods. Therefore, the following heuristic rules may be used,

1. Choose a tear set that minimizes the number of tear variables.

2. Choose a tear set that will result in a good convergence behaviour. This
issue is dependent on the types of the optimisation problems. In general,
a tear set whose tear variables have a stronger effect on the constraints or
the objective function is preferred.

These heuristic rules may be incorporated by choosing suitable weights, ~;, in
the integer program P D.II. Thus the weight ~; can be chosen as the number of

variables in the #*® stream multiplied by a weight corresponding to the effect on
the constraints and/or the objective function.

In practice, it is not necessary to tear all the variables in a tear steam. Those
variables, eg. inert components, which have little effect on the system ( objective
function, design equations and the other tear variables ) or have known fixed
values, e.g. pressure, can be removed from the tear set. These variables can
be dealt with separately outside the optimisation routines. Biegler [ 1985 | also
pointed out that pressure is often a weak function of flow rate or enthalpy and

thus this variable can be left out from the tear set when the outlet pressure of a
unit is fixed.

In this study, it is assumed that the selection of the tear streams is performed
by the users, based on these or similar heuristic rules.
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4.4 Numerical Experiences

The characteristics of both the SQP algorithm for the small scale optimisation
and SRQP algorithm for large scale optimisation with few design variables were
analysed in the previous chapters, and their algorithmic performance was also
evaluated on both mathematical and simple chemical process problems.

This section investigates the practical performance of these methods on more
complex and realistic processes, many of which are of industrial significance. The
first part deals with process optimisation on a commercial MO simulator, and the
second part with a commercial EO simulator.

The objectives of this study are to examine the algorithmic performance of the

proposed optimisation methods, and the relative efficiency of various optimisation
strategies.

The measures of merit considered in this numerical study in order of impor-
tance are based on the the number of gradient evaluations and function evaluations,
and central processing unit ( CPU ) time. The number of function evaluations
excludes those evaluations required for evaluating the gradients in both type simu-
lators when the analytical derivatives are not available. The CPU time, however,
includes all function evaluations for the feasible path ( variant ) approaches and
infeasible path hybrid approaches. In the modular oriented approach it is help-
ful to include a measure of merit termed the simulation time equivalent ( STE ).
The simulation time equivalent is defined as the ratio of CPU time spent on the
flowsheet optimisation over the CPU time spent on the initial flowsheet simulation
at the starting point. The validity of using the number of function and gradient
evaluations is based on the assumption that the flowsheet evaluations are far more
expensive than the optimisation algorithm itself in terms of CPU time. This as-
sumption is in general true especially for simulations involving physical properties
calculations and for the modular oriented simulators | Westerberg, 1981 |. Richard
and Pike [ 1987 | argued that it is necessary to use the CPU time to compare
the relative efficiency of feasible path methods over infeasible path methods since
the feasible path methods may take fewer iterations but each iteration is more
expensive. The advantages of using STE as a measure of merit are that it is inde-
pendent of the type of the machine, and it, with the aid of the number of gradient
evaluations, can also be used to verify both the efficiency of the gradient evalu-

ation strategy and the overall efficiency of the flowsheet optimisation. However,
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it depends on the choice of the starting point and the numerical method used for
flowsheet simulation.

Test problems used in this study fall into two categories, well known test prob-
lems from literature and simplified industrial processes. The well known test
problems are well documented in the literature so that some comparisons can be
made as to the efficiency of this implementation. The use of simplified indus-

trial processes is to establish the capabilities of the current algorithms with more
realistic problems.

4.4.1 Process Optimisation with a MO Approach

The optimisation algorithm described in Chapter 2 was interfaced with the
GENESIS ( GENEralised SImulation System ) simulator | Banks, 1984 | developed
within the British Petroleum ( BP ) company. GENESIS, a traditional sequential
simulator, handles systems encountered in the petroleum and petrochemical indus-
tries, and is representative of current industrial simulators. It has comprehensive
libraries of thermodynamic and physical property data and a library of crude oil
properties. The simulator deals with simulation and design problems by using a

quasi-Newton method to converge the design and tear equations simultaneously
[ Perkins, 1982 |.

Seven process optimisation problems, the characteristics of which are sum-
marised in Table 4.1 are employed for this study.

Test problem 1 is a simple flash system with a recycle, based on a flowsheet
proposed by Biegler and Hughes [ 1981 | as shown in Figure 4.6. A light hydro-
carbon feed mixed with a recycle is fed to an adiabatic flash. The overhead is
removed as product and a fraction of the bottoms is recycled through an adiabatic
flash at its dew point. The objective of this problem is to maximise the molar
flow of propane in the overhead flash vapour by manipulating flash pressure and
recycle fraction within certain ranges. The specification of this problem is listed
in Table 4.2. Stream 4 is selected as a tear stream.

Test problem 2, studied by Lang and Biegler [ 1987 ], seeks to maximise the
degree of separation of a mixture of hydrocarbons among the overheads, bottoms
and two sidestreams in a distillation column with 25 theoretical trays and two
sidestreams by controlling the reflux ratio and the fractions of feed to the two
sidestreams and the distillate. The flowsheet of this process is illustrated in Figure
4.7 and its specification is listed in Table 4.3.
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Table 4.1 Characteristics of Test Problems for a MO Approach

Problem No, Processes N(NTV){MEQ |M |NB OPT €
P1 Simple flash 9(7) 7 (7] 4 9.5 10~4
P2 Simple distillation | 4(0) o [1] 8 -8.804 |1074
P3 Refrigeration 7(4) 4 | 7] 7 |2.748 x 108« | 10~2
P4 Cryogenic exchanger | 9(3) 3 |15| 15| 1.644 x 10* |10~2
P5 Crude oil distillation | 6(0) 0 |17 12 | —4.467 x 10°%| 1073
P6 Catalytic reforming | 15(10) | 11 [15| 20 | 1.789 x 10° | 10~3
P17 Cavett’s process 38(34) | 35 |36 42 28.68 10-3
Key
N Number of all the variables.

NTV Number of tear variables.
MEQ Number of equality constraints.

M Number of constraints except simple bounds.
NB Number of simple bounds.

OPT Optimal value of the objective function.

€ Tolerance of the optimisation calculation.

* The value cited in the literature is 1.57 x 108,

Test problem 3, suggested by Himmelblau [ 1979 ] is a light hydrocarbon re-
frigeration process with three adiabatic flash drums and overhead recycles through
isentropic compressors, as shown in Figure 4.8. The objective is to minimise the
work in the compressors. The use of a different compressor model results in a
disagreement between the solution obtained from this study and that from the

literature [ Himmelblau, 1981 |. Table 4.4 lists the specification of this process.
The tear stream is stream 2.

Test problem 4 contains a complex cryogenic exchanger process developed by
BP, illustrated in Figure 4.9. This process cools the overhead product from a
distillation column by using three shell and tube heat exchangers with a mixed
composition refrigerant ( MCR ). The objective is to minimise the compressor
work by adjusting pressure in flash 1,MCR component flow rate and difference of

pinch temperatures between stream 13 and stream 16. Streams 14, 16 and 17 are
chosen as tear streams.
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Test problem 5 is a crude oil distillation column problem developed by BP.
The process is illustrated in Figure 4.10. The objective is to achieve four main

product qualities as closely as possible by varying the crude unit side offtake rates.

Test Problem 6, illustrated in Figure 4.11, is a catalytic reforming process de-
veloped by BP. This process contains three reactors to convert naphtha to sta-
bilised reformate. The objective is to maximise the profit and to meet a fixed
research octane number by controlling the inlet temperature in three reactors, the
ratio of hydrogen and feed hydrocarbon and total feed flow rate. The tear stream
is stream 6.

Test problem 7 is the well-known Cavett’s problem with four adiabatic flash
drums and recycles [ Cavett, 1963 |. The objective here is to minimise the flow rate
of hydrogen sulphide in the product stream by adjusting the pressures in the four
adiabatic flash drums. A flowsheet of this process is described in Figure 4.12 and
its specification is listed in Table 4.5. Streams 2 and 8 are chosen as tear streams.
This problem can also be used to test the relative efficiency of the feasible path
method over the infeasible path method since it contains nested recycles.

The physical properties for this study are based on the Redlich-Kwong-Soave
equation of state for the test problems one, three, and five, while the rest of
the calculations are calculated from a modified Redlich-Kwong equation of state
[ Zudekevitch and Joffe, 1970 ], all of which are available through the GENESIS
simulator.

Three strategies for process optimisation were implemented, namely a feasible
path variant, an infeasible path and an infeasible path hybrid approach. Gradients

are generated by direct flowsheet perturbations in all cases.

A starting point is generated by one direct substitution iteration except for

test problem 3 and 4 where two direct substitution iterations are used.

A relative convergence criterion, equation (2.23), is employed for the optimi-
sation. The relative tolerance for all the unit calculations is 10~% and the relative
tolerance for flowsheet simulation in the feasible path variant approach is 10~%
for test problem 1 and 1073 for test problems 3, 4, 6 and 7. There are no recycles
in test problem 2 and 5.
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The machine used is a VAX 8530 ( machine precision is 2.2 X 107® ) and
single precision is used for all the calculations.

The following default options are used for this study unless specified.

1. An infeasible path strategy is employed.
The variables are initialised by one direct substitution except for test
problem 4 where two substitutions are used.

3. The initial Hessian is chosen as a diagonal matrix based on the order
of magnitude of variables, equation (2.65).

4. The relative step bounds are 1, i.e,

-maz(1,|z|) < d; < maz(1,|z]).
5. The line search method and an absolute value penalty merit function,

equation (2.20), with a simple watchdog technique ( algorithm B.II')
is used.

6. The relative convergence criterion, equation (2.24), is used.

This section starts with studying the effect of initialising the Hessian and tear
variables. Different line search and trust region algorithms are then examined.
The relative efficiency of various optimisation strategies including a feasible path

variant, an infeasible path and an infeasible path hybrid approach are also exam-
ined.
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Figure 4.8 Simple Flash Process Flowsheet
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Table 4.2 Specificaitons for a Simple Flash Process

Feed

Temperature 100 Degrees F
Pressure 150 psig
Component fiowrate ( Ib mol / hr)

Propane 10
N-Butane 20
1-Butene 15
Trans-2-Butene 20
Cis-2-Butnene 20
n-Pentane 10

Design varlables
Initial
St -  Split fraction in Splitter 0.7
( Stream 5 / stream 4 )

Pt - Adiabatic flash pressure ( Psig ) 45

Objective function

Maximise Propane in Stream 3
Initial 4.16
Optimum 9.50

Constraints

02<s< St <08
0 s Pt < 45

Optimum
0.2

10
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Figure 4.7 Simple Distillation Optimisation
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Table 4.3 Specifications for a Simple Distillation Column

Feed
Temperature 120 Degrees F
Pressure 26 psig
Component flowrate (b mole/ hr)
n-Pentane (CS5) 3.049
n-Hexane (C6) 1.276
n-Heptane ( C7) 1.597
n-Octane (C8) 0.438
n-Nonane (C9) 3.119
Design Varlables .
Initial Optimum
Fri fraction of feed to side stream 1 0.2 0.235
Fr2 fraction of feed to side stream 2 0.2 0.127
Fr3 fraction of feed to the overhead stream 0.3 0.323
Ref Reflux ratio 1.0 20.
Objective function
Maximise
C5 in the overhead stream + C6 in side stream 1 +
C7 and C8 in side stream 2 + C9 in the bottom stream
Initial 6.643
Optimum  8.804
Constraints
01 < Frn1 € 0.7
0.1 £ Fr2 < 0.7
01 € F[3 £ 0.7
Fri « Fr2 + Fr3 < 0.95
05 < Ref <20
P2 =20 Pressure in the overhead stream
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Figure 4.8 Refrigeration Process Flowsheet
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Table 4.4 Specifications for a Refrigeration Process

Feed
Temperature 200 Degrees F
Pressure 500 Psig
Component Flow rate (b mole/ hr)
Ethane 250
Propane 600
N-Butane 150

Design Variables

Initial Optimium
Pf1 Pressure in Flash 1 300 378.21
Pf2 Pressure in Flash 2 175 201.16
Pf3 Pressure in Flash 3 15 52.80

Objective funciton
Minimise
H(9) - H(3) + H(11) - H(5) + H(13) - H(7)
Initial 5.269E6

Optimum 2.748E86
H(i) Enthalpy in Stream i ( Btu / hr)

Constraints

P(S) - PR) <0
P(7) - P(S) <0
T(7) + 20 <0

P(i) Pressure in Stream i ( psig )
T(i) Temperature in Stream i ( degrees F )
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Figure 4.9 Complex Cryogenic process Flowsheet
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Figure 4.10 Crude oil Distillation Optimisation
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Figure 4.11 Catalytic Reformer Process Flowsheet

Reactor 3 Reactor 2 Reactor 1
Heater 3 Heater 2 Heater 1
Cooler

e

Separator

Excess Gas

148

5 6 |
Compressor
9 8
7

Gas

12

LT T

Liquid
Ftabiliser

11

14

Reformate



Figure 4.12 Cavett’s Process Flowsheet
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Table 4.5 Specifications for the Cavett’s Process

Feed

Temperature
Pressure
Component

Nitrogen
Carbon Monoxide
Hydrogen Sulphide
Methane
Ethane
Propane
i-Butane
n-Butane
i-Pentane
n-Pentane
n-Hexane
n-Heptane

" n-Octane
n-Nonane
n-Decane
n-Undecane

Design variables
Pf1 Pressure in Flash 1
Pf2 Pressure in Flash 2

Pf3 Pressure in Flash 3
Pf4 Pressure in Flash 4

Objective function
Minimise
Hydrogen Sulphide in Stream 3

Initial 57.02
Optimum 28.81

120 F
370. psig

( Ib mole / hr)

358.20
4965.60
339.00
2995.50
2395.50
2291.00
604.00
1539.90
790.40
1129.90
1764.70
2606.70
1844.50
1669.00
831.70
1214.50

initial

800.00

270.00
49.00
13.00

Optimum
832.48
370.00

46.41
5.00
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Table 4.5 Specifications for the Cavett’s Process ( continued )

Constraints

IC4 (12) = 115
N2 (1) < 0.1
600 < Pl < 1000
170 < PR s 370
25< PR s 75
5< P4 s 20

1IC4(12) i-Butane in Stream 12

N2(1) Nitrogen in Stream 1
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4.4.1.1 Effect of the Initial Hessian

Three strategies for the choice of the Hessian proposed in Chapter 2 are
compared. An identity matrix serves as an initial Hessian in the first strategy,
equation (2.64). The second strategy, equation (2.65) is based on the magnitude

of variables at the initial point. The gradient information at the initial point is
also included in the third strategy, equation (2.66).

The results in Table 4.6 show that scaling the Hessian is effective especially
when the variables cover a wide range of magnitudes, e.g. test problem 1. The

strategy based on the equation (2.64) performs satisfactorily for these test prob-
lems.

Table 4.6 Effect of choice of the Initial Hessian

Problem HESS 1 HESS I HESS III
No. |NG (NF) CPU (STE)|NG (NF) CPU (STE)|NG (NF) CPU (STE

P1 | 11(12) 0.9 (6.6) 7 (7) 0.6 (4.0) 5 (5) 0.5 (3.3)
P2 | 15(20 115(30.7)| 15(31) 11.7(31.3) | 15(28) 11.4 (30.5)
P3 | 11(11) 41(144) | 9(11) 34(11.8) | 6(12) 2.2 (7.8)
P4 | 11(11) 7.5(220) | 1016) 7.7 (22.6) | 12 (12) 8.1 (24.1)
P5 6(6) 4.4(154) | 6(6) 4.4 (154) | 6(6) 4.3 (15.2)
P6 | 11(11) 87(215) | 9(12) 72(17.9) | 11(11) 8.6 (21.4)
P7 | 100100 9.2(269) | 10(10) 9.1 (26.6) | 10(10) 9.1 (26.6)

Key
HESS I The initial Hessian is an identity matrix, equation (2.64).
HESS T The initial Hessian is a diagonal matrix based on the order

of the magnitude of the variables, equation (2.65).
HESS 111 The initial Hessian is a diagonal matrix based on the order

of magnitude of variables and gradients, equation (2.66).

NG Number of gradient evaluations.

NF Number of function evaluations.
Machine VAX 8530 .

CPU Central processing unit time ( min ).
STE Simulation time equivalent.
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4.4.1.2 Initialisation of Tear Variables

Two initialisation schemes were investigated. The first scheme uses one direct
substitution for these test problems, except for test problem 4 where two such
iterations are used. The second scheme uses five direct substitutions for all the

test problems. This study is performed only on those problems with recycles, i.e.

all problems except problem 2 and 5.

Table 4.7 shows that it is helpful to initialise the optimisation calculation by a
few direct substitutions, e.g. problem 3, 4, and 6, in agreement with the results of
Chen and Stadtherr [ 1985 (b) |. The purpose of performing direct substitutions
is to provide better estimates since tear variables are in general initialised by the

users.

Table 4.7 Effect of Initialisation of Tear Variables

Problem
No.

TV I
NG (NF) CPU (STE)

TV II
NG (NF) CPU (STE)

P1

T(7) 0.6 (4.0)

7(7) 0.6 (4.1)

P2

P3

9 (11) 3.4 (11.8)

7(12) 2.9 (10.3)

P4

10 (16) 7.7 (22.6)

3 (5) 2.7 (8.0)

P5

Pé

9(12) 7.2 (17.9)

6 (10) 5.1 (12.7)

P7

10 (10) 9.1 (26.6)

10 (10) 9.1 (26.6)

TV1

TV II

NG (NF)
Machine
CPU
STE

Tear variables are initialised by two direct
substitutions for problem P 4 and one direct
substitution for all other problems.

Tear variables are initialised by five direct

substitutions.

Number of gradient ( function ) evaluations.

VAX 8530 .

Central processing unit time ( min ).

Simulation time equivalent.
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4.4.1.3 Line Search and Trust Region Methods

Two line search strategies and a trust reg on method are compared. The
first strategy implements the line search strategy with a modified augmented La-
grangian function, equation (2.29), as a merit function. The second strategy uses
an ab olute exact penalty function, equation (2.20), as a merit function with a
watchdog technique, algorithm B.II. The absolute exact penalty function is also
used as a merit function for the trust region method in the third strategy.

Table 4.8 show that these strategies perform equally well. The use of an aug-
mented Lagrangian function may result in accepting an improper step length which
causes a large number of function evaluations in test problem 6.

Table 4.8 Comparison of Line Search and Trust Region Methods

Problem LSH I LSH II TR I
No. |NG (NF) CPU (STE)|NG (NF) CPU (STE)|NG (NF) CPU (STE)

P1 9 (10) 0.7 (5.0) 7 (7) 0.6 (4.0) 7 (7) 0.6 (4.2)
P2 | 16(32) 125(33.3)| 15(31) 11.7(31.3)| 16(29) 12.0 (32)
P3 | 11(11) 40(4.3)| 9(11) 34(11.8) | 8(9) 3.0 (10.7)
P4 9(11) 6.5(19.1) | 10(16) 7.7 (22.6) | 8(10) 5.9 (17.3)
P5 6(6) 44(154) | 6(6) 4.4 (154)| 6(8) 4.8 (16.8)
P6 11(16) 8.9(22.2) | 9(12) 7.2 (17.9) | 10(12) 7.7 (19.2)
P7 | 15(20) 14.0(39.5)| 10(10) 9.1 (26.6) | 12 (13) 11.0 (32.2)

Key

LSH1 A Line search method with a modified Lagrangian
as a merit function.

LSHII A Line search method with an absolute exact penalty
function as a merit function.

TRI A trust region method with an absolute exact penalty
function as a merit function.

NG Number of gradient evaluations.

NF Number of function evaluations.

Machine VAX 8530 .

CPU Central processing unit time ( min ).

STE Simulation time equivalent.
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4.4.1.4 Comparison of Optimisation Strategies

This section compares the various optimisation strategies including a feasible
path variant, an infeasible path, and an infeasible path hybrid approach. This

comparison is made only for those problems with recycles.

Table 4.9 shows that the feasible path method requires fewer gradient evalua-
tions than the infeasible path methods for these test problems, but each iteration is

more expensive since a complete flowsheet simulation is required for every function

evaluation.
Table 4.9 Comparison of Optimisation Strategies for a MO Approach
Problem FP IP IPH
No. NG (NF) CPU (STE) | NG (NF) CPU (STE) | NG (NF) CPU (STE)
P1 5() 08(58) | 7(7) 06(40) | 7(22) 0.9 (6.4)
P2 - - 15 (31)  11.7 (31.3) - -
P3 6(12) 4.1(14.5) | 9(11) 3.4 (11.8) | 5(16) 2.4 (8.6)
P4 5(10) 7.2(205) | 10(16) 7.7(226) | 3(8) 29 (8.7)
P5 - - 6 (6) 4.4 (15.4) - -
P6 | 4(15) 45(11.8) | 9(12) 7.2(17.9) | 6(21) 6.0 (15.0)
P7 | 4(10) 63(186) | 10(10) 9.1(26.6) | 9(30) 8.7 (25.5)
Key
FP The feasible path approach.
iy The infeasible path approach.
IPH The infeasible path hybrid approach.
NG (NF) Number of gradient ( function ) evaluations.
Machine VAX 8530 .
CPU Central processing unit time ( min ).
STE Simulation time equivalent.

The increased number of gradient evaluations in the infeasible path method
may be explained by the nonlinearity of the tear equations. However, as shown
in the results on Cavett’s problem, when the number of tear variables increases,
the effort required for the gradient evaluations, the storage requirement for the

Jacobian matrix of the tear equations and the computational efforts in solving a
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QP subproblem become increasingly significant. In this case, the feasible path
method may become more efficient as shown in test problem 6.

The feasibility improvements reduce the number of gradient evaluations at the
cost of increasing function evaluations. This strategy may become more efficient
when the tear equations are highly curved, e.g problem 4.

4.4.2 Process Optimisation with an EO Approach

The SPEEDUP package, | Pantelides, 1988 (a) | an equation oriented simu-

lator developed at the Imperial College, is employed to study the performance of
the proposed decomposition algorithm.

Eight process optimisation problems are used and the characteristics of these
problems are summarised in Table 4.10.

Test problem 8, an alkylation process, which was suggested by Sauer
et al. [ 1964 |, is shown in Figure 3.1. Olefin feed and isobutane make-up are in-
troduced into a reactor. Fresh acid is added to catalyse the reaction and spent acid
is withdrawn. The hydrocarbon product from the reactor is fed to a fractionator,
from the top of which isobutane is removed as a recycle to the reactor. Alkylate
product is withdrawn from the bottom of the fractionator. The maximum profit

serves an objective for this process. This process is described in appendix C.1 in
detail.

Test problem 9 is the Williams-Otto process | Williams and Otto, 1964 |.
The process, shown in the Figure 3.2, consists of a stirred-tank reactor, a heat
exchanger to cool the reactor outflow, a decanter to separate a heavy oily by-
product and a distillation column to separate the product from other components
as column top product. A portion of the bottom product of the distillation column
is recycled to the reactor, while the remainder is used as plant fuel. The process is
to produce a certain amount of a pure product with maximum investment return.
The detailed description of this process is list in Appendix C.2.

Test problem 10 is a double-effect evaporator process as shown in Figure 4.13.
The process is designed to concentrate sugar solution through two evaporators.
Both sugar solution and steam are introduced into the first effect evaporator while

the concentrated product is withdrawn from the second effect recycle stream. Max-
imum profit from the process is described.

156



Test problem 11, a methanol process, is illustrated in Figure 4.14. This prob-
lem was proposed by the organisers of the conference of the European Federa-
tion of Chemical Engineering in Antwerp ( May, 1982 ) [ De Leeuw Den Bouter
et al. 1983 ]. A mixture of carbon mono-oxide, hydrogen, and a recycle is fed to
a reactor to produce methanol. A fraction of the product is recycled. Maximum
profit is the objective of this process.

Test problem 12 seeks maximum profit in a flotation process with seven flota-
tion cells, as described by Chan and Prince [ 1986 |. Figure 4.15 shows this process.

Test problem 13, similar to problem 12, utilises a flotation process with eight
flotation cells illustrated in Figure 4.16 [ Chan and Prince, 1986 |.

Test problem 14 is a simplified model for an industrial power generation pro-
cess. Maximum profit is the objective function for this process.

Test problem 15 is a simplified model for an industrial ethylene process. The
objective function of this problem is to maximise the profit.

Table 4.10 Characteristics of Test Problems for an EO Approach

Problem No. Process N |[MEQ|NZ | OPT
P8 Alkylation 31| 28 68 | -1161.34
P9 Williams-Otto 16 12 70 | -98.678
P 10 Methanol Process 111} 107 | 194|-11693.1
P11 Double Effect Evaporator | 74 | 71 | 333}-1509.63
P12 Flotation Process (a) 63 | 56 | 211| -439.66
P 13 Flotation Process (b) 83 | 75 | 267|-1040.55
P14 Power Generation Process | 174| 157 | 533|1132.618
P15 Ethylene Process 401| 392 |1413] 23863.8
Key :

N Number of variables.

MEQ Number of equality constraints.
NZ Number of non-zero elements in the Jacobian matrix.
OPT Value of the objective function.
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Figure 4.14 Methanol Process Flowsheet
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Figure 4.15 Flotation Process Flowsheet (a)
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The infeasible base points are generated based on the simulator initialisation
scheme, i.e. process variables are initialised based on the variables type which
categorises each variable. Variables of the same type will be initialised to the
same value unless specified by the users. Feasible starting points are generated by
performing a flowsheet simulation with tolerance 10~5. Infeasible starting points
for problem 14 and 15 are generated by performing partial flowsheet simulations
to an absolute tolerance of 10° from the infeasible base points.

Analytical gradients are generated from symbolic manipulations in this study
[ Pantelides, 1988 (b) | whenever possible. The procedure derivatives are evalu-

ated by finite difference in the test problems 14 and 15. An artificial variable is
introduced to define the objective function, i.e.

ﬂi,ne e
st. h(z)=0
PBI er—f(z) =0 (4.8)
g(z)—e=0
g <z < zy
0 <e< @

where
e; 1is a scalar artificial variable.
e is an (mi)-dimensional vector of variables.
z, is an n-dimensional vector of lower bounds for variables z

z, is an n-dimensional vector of upper bounds for variables z
All the variables are bounded in the SPEEDUP simulator.

The default options used in this study are

1. The Hessian of the Lagrangian function is initialised as an identity
matrix.

2. The reduced model I is used.

3. An absolute value penalty merit function, equation (2.20), with relax-
ation, equation (3.24), is employed.

4. No feasibility improvements are performed.

All the variables are bounded by their corresponding upper and lower bounds.
An absolute tolerance of 10~7 is used for the first six problem while 10~% is used for

the last two problems which involve procedures for calculating physical properties.
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The computer employed for this study is IBM 4341 ( machine precision is 2.2
x 107% ) and double precision is used.

4.4.2.1 Comparison of Reduced Models

The three models for large scale optimisation proposed in Chapter 3 are
compared. An identity matrix is used for the initial Hessian since the starting
points are arbitrary except for test problems 8 and 9.

Table 4.11 shows the performance of the different models. The reduced model
II and reduced model III fail to solve the methanol process when the algorithm
starts with an infeasible point. The reason is that the constraints in this process
are linearly dependent at this starting point and hence a large step is produced.

This causes a failure in the line search. However, a good solution is obtained when
starting from a feasible steady state point.

The reduced model III is more expensive in terms of CPU time since it requires

the solution of two reduced QP subproblem. It may, however, require less gradient
evaluations, e.g. test problems 9, 10 and 12.

The increase in gradient evaluations for reduced model II in test problems 9,
12, and 15, and for the reduced model III in problems 1, 11, 15 indicates that
replacing the Hessian of the Lagrangian function in calculating the ¢ feasibility
step ’ by an identity matrix does not always result in improved performance
since it is assumed that the variables have the same order of the
magnitude. It was shown in Table 4.11 that scaling the Hessian was very beneficial
for test problems 8, 9, 14, 15. This also indicates that these problems are badly

scaled and scaling the reduced Hessian results in a reduced number of gradient
evaluations.

Since both process and design variables are involved in the optimisation level,
initialisation of process variables plays an important role. To avoid physically
unattainable starting points a partial or complete simulation for given design vari-

ables is recommended to initialise the process variables, as employed in test prob-
lem 14 and 15.
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Table 4.11

Comparison of Reduced Models

Problem

RM I RM 1II RM 1III

No. NG (NF) CPU |NG (NF) CPU|NG (NF) CPU

P8 26 (28) 1.9 | 27(29) 20 | 31(32) 23

P8 (Y)| 11(11) 0878 17(24) 1.4 | 11(13) 1.1

P9 65 (74) 3.2 | 72(108) 4.5 | 51 (64) 3.6

P9 (Y)| 49(s56) 2.7 | 67(95) 4.1 | 41(61) 2.4

P 10 26 (32) 6.2 | Failed Failed
(ss) | 18 (24) 56 | 22(32) 6.2 | 17(21) 59

P11 | 18(20) 3.2 | 15(17) 2.6 | 19(26) 3.8

P12 | 57(75) 12.8 | 72(140) 15.8 | 43 (70) 13.9

P13 | 49(60) 16.4 | 51 (78) 184 | 49 (75) 19.0

P14 | 73(76) 163.6| 37 (37)4 78.4 | 86 (93) 249.3

(ss) | 81 (89) 187.4| 42 (42)% 88.1 | 64 (65) 171.9

(Y)(ss)| 35(38) 86.0 | 30 (36)¢ 76.6 | 47 (59) 139.1

P15 | 40 (40) 136.4 | 48 (48) 163.9| 48 (48) 176.4

(ss) | 41 (41) 141.2| 50 (50) 170.3| 47 (47) 170.9

(Y)(ss)| 17 (23) 611 | 18 (25) 63.3| 18 (25) 708

key :

RMI
RMII
RM III
NG (NF)
88

d

Y
Machine
CPU

Reduced model I

Reduced model II

Reduced model III

Number of gradient ( function ) evaluations.
Starting with a feasible point.

Terminate at a different optimum.

Scaling option is used.

IBM 4341

Central Processing Unit time ( sec ).
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4.4.2.2 Comparison of Merit Functions

The two line search strategies proposed in Chapter 3 are examined here.

Table 4.12 shows that both the exact penalty function with relaxation and the

augmented Lagrangian function can be efficiently employed as merit functions in

the line search.

Table 4.12 Comparison of Merit Functions

Problem EP AP
No. NG (NF) CPU(sec) [ NG (NF) CPU(sec)
P8 | 26(28) 1.9 29 (30) 2.2
P9 | 65(74) 3.2 45 (47) 2.4
P 10 26 (32) 6.2 26 (27) 5.9
P11 | 18 (20) 3.2 18 (19) 3.1
P12 | 57 (75) 128 |85(105) 17.6
P13 | 49(60) 16.4 | 61(66) 235
P14 (ss)| 81(89) 187.4 | 71(72)  159.9
P15 (ss)| 41 (41) 1412 | 43(66)  150.0
Key
EP Absolute value penalty merit function, equation (2.20).
AP Augmented Lagrangian merit function, equation (2.29).
NG Number of gradient evaluations.
NF Number of function evaluations.
Machine IBM 4341
CPU CPU time ( sec ).
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4.4.2.3 Comparison of Optimisation Strategies

A feasible path approach is offered as a standard option in SPEEDUP. This
options utilises the modified VMCWD code described in Chapter 2.

Compared with Table 4.11, Table 4.13 show that the infeasible path strat-
egy with feasibility improvements requires fewer gradient evaluations. However,
it may be difficult to solve a system of equations with inequality constraints to a
prescribed tolerance, as observed in the test problem 12 and 13. The infeasible
path strategies with feasibility improvement reduces the number of gradient eval-
uations in the optimisation level due to the use of the reduced Hessian. When the
gradients are expensive to evaluate, the feasibility improvement without analytical
derivatives is favoured. The feasible path method fails in three cases due to the

inability of solving a simulation problem for some value of design variables.

The simulation time equivalent STE is not used here as a measure of merit.
The computational time spent in the optimisation algorithm is dominant for all
test problems since no expensive procedures are involved in these test problems.
Thus the CPU time reflects well the efficiency of the optimisation algorithm. The
CPU time distribution for test problem 12, shown in Table 4.14, indicates that
most of the CPU time is spent on the factorisation of the Jacobian matrix and the
solution of the reduced QP subproblem. The CPU time therefore increases with
the size of the problems and the number of design variables.

Table 4.13 Comparison of Feasibility Strategies for an EO Approach

Problem FP IPH 1
No. NG(NF) NTG (NTF) CPU|NG(NF) NTG(NTF) CPU

P8 | 21(21) 110(110) 6.3 | 25(30)  44(49) 2.4
P9 Failed 46(53)  88(95) 5.7
P10 | 6(10) 71(75)  19.5| 26(32)  26(32) 6.3
P11 | 12(12) 75(75)  12.4| 14(15)  21(22) 2.9
P12 | 29(29) 195(195)  32.7| 32(40)  63(7T1)  10.7
P 13 (ss)| Failed 50(58)  93(101)  20.9
P14 | Failed 63(66)  142(144) 201.9
P 15 (ss)| 38(38) 190(2030) 184.4| 40(40)  77(77) 189.9
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Table 4.13

Key

FP
IPH1

IPH 2

NG
NTG
NF
NTF
Machine
CPU

Comparison of Feasibility Strategies ( Cont’d )

Problem IPH 2
INo. NG (NF) NTG (NTF) CPU
P8 24 (29) 24 (54) 2.0
P9 46 (49) 49 (136) 4.9

P10 | 26 (32) 26 (32) 6.1
P11 14 (14) 14 (26) 3.1
P12 | 37 (53) 37 (92)  10.4
P13 | 49 (56) 49 (98)  18.9

P14 (ss)| 40 (42)  40(109) 122.4
P15 (ss)| 64 (67) 64 (198) 232.0

Feasible path approach.

Infeasible path hybrid with gradients evaluated

during feasibility improvement ( Algorithm C.IT ).
Infeasible path hybrid with gradients remaining constants
during feasibility improvement ( Algorithm C.II ).
Number of gradient evaluations in the optimisation level.
Total number of gradient evaluations.

Number of function evaluations in the optimisation level.
Total number of function evaluations.

IBM 4341

CPU time ( sec ).
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Table 4.14

Key

Step 1
Step 2

Step 3

Step 4
Step 5
Step 6
Step 7
Step F
Step G
Other
Machine
CPU

The CPU Time Distribution on Test Problem 12

Step No. | CPU (sec ) | Percentage

1 0.237 2.28
2 3.609 34.67
3 1.427 13.71
4 0.147 1.41
5 2.924 28.09
6 1.137 10.92
7 0.092 0.88
G 0.644 6.19
F 0.157 1.51

other 0.035 0.34

Total 10.409 100.

Initialisation Section.

Factorisation of the Jacobian of the equality

constraints and formulation of quadratic program.
Solution of quadratic program for search direction,
estimation of Lagrangian multipliers.

Line search section.

Formulation of the quadratic program for feasibility step
Solution of the quadratic program for feasibility step
Update of the Hessian.

Function evaluations.

Gradient evaluations.

Other parts of program, e.g. bound checking.
IBM 4341

CPU time ( sec ).
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4.4.2.4 Comparison with an Optimisation Code - MINOS

MINOS (V 5.1) is regarded as one of the most effective optimisation codes for

large scale optimisation. The code has been interfaced to SPEEDUP by the
SPEEDUP team at the Imperial College.

The MINOS code separates the variables into linear and nonlinear variables
and also identifies the constraints as linear and nonlinear constraints. It also
provides a number of options. The options examined here are those for scaling
the linear and nonlinear variables, the option for choosing the initial step length
parameter for the search direction, and the option for solving the linearly con-

strained subproblem partially or completely. These are essential options which
can be specified by the users.

Table 4.15 shows that the performance of MINOS on these test problems is
very sensitive to the selected values of the optional parameters. Scaling in general
improves the efficiency the optimisation. However, it is not trivial to provide a
suitable scaling scheme for a given optimisation problem. The numerical results
on test problem 12 shows that the automatic scaling may actually be harmful.
An initial step size should be kept small ( less than one ) for a highly curved
optimisation problem e.g. problem 9. Solving the linearly constrained subproblem
partially is found to be more effective for these test problems.

Comparing Table 4.11 and Table 4.15 shows that the proposed SRQP algo-
rithm performs well in these test problems in terms of efficiency and robustness.
The results also show that the proposed algorithms are not sensitive to the tuning

parameters and the options used. This desirable feature is essential to develop a.
user friendly optimisation code.
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Table 4.15 Performance of the MINOS (v. 5.1)
Problem | Scale | Step | Comp | NT(MT)| NF | CV | CPU
P8 No |2.(D) 12(55) | 117 [ 10713| 3.3
No |2.(D)| P 11(49) | 101 |10713| 2.3
ALL|2.(D)| F 7(29) 52 | 1077 | 24
ALL|2.(D)| P 8(25) 49 |1074| 24
P9 No [2.(D)| P Failed
No (2.(D)] F 27(309) | 633 |10~ | 10.7
No | 0.5 F 31(364) | 739 | 10~7 | 12.7
No | 0.5 P |117(424) |1217| 107° | 20.3
Lin| 05 | F | 31(365) | 734 | 1075 | 13.1
ALL| 0.5 P 18(90) | 194 | 107° | 4.4
ALL| 0.5 F 15(133) | 334 | 107° | 6.5
ALL| 2. P | 23(135) | 462 | 10-° |8.183
ALL | 2.(D)} F 14(125) | 294 | 107° | 6.1
ALL| 0.3 F 19(173) | 400 | 10712} 7.9
P10 No |2(D)| F Failed
ALL|2(D)| F Failed
No | 0.3 F Failed
(ss) | No |2(D)]| P 17(72) | 120 | 1073 | 13.5
(ss) | No |2(D)| F 17(77) | 124 | 1073 | 13.8
(ss) | ALL|2(D)| P 16(41) | 39 | 1078 | 8.1
(ss) |ALL|2(D)| F 9(39) | 27 |1078| 6.5
P11 | No [2(D)| P 24(101) | 207 | 10-12] 12.9
No |2(D)| F | 23(114) | 222 |107!2] 13.2
ALL|2(D)| P 8(27) 19 | 107° | 3.6
ALL|2(D)| F 8(27) 19 | 107? | 3.6
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Table 4.15 The performance of the MINOS ( continued )

Problem | Scale | Step | Comp | NT(MT)| NF | CV | CPU
P12 No [2(D)| P Failed
No | 03| P |28(360)| 572 |10~7 | 304
No | 03| F | 34(596)|1032| 10~° | 52.3
ALL | 0.3 P Failed
ALL | 0.3 F Failed
No | 1.0 F Failed
P13 | No | 03| P |30(618) | 951 |10~12| 57.7
No | 0.3 F |27(657) |1082| 10~8 | 60.7
No | 2(D)| P |18(168) | 222 |10~12| 174
ALL |2(D)| P | Failed
ALL | 0.3 P |36(762) | 1151|1012 72.6
ALL| 03 | F |24(576) | 745 (10713 | 50.2
P 14 (ss)| No Failed
(ss) | Yes | 2 F |12(151) | 168 | 10~!2] 109.3
P15 (ss)] No | 2 F | 28(517) | 1771 10~13]2908.3
(ss) |ALL| 2 F 9(219) | 749 |10—13|1253.5
Key
Scale Scale option for variables.
All Scale all variables.
Lin Scale linear variables.
Step Damping parameters for the step length.
Comp Solution methods of the subproblem.
F The subproblem is solved completely.
P The subproblem is solved partially.
NT Number of the major iterations.
MT Total number of iterations.
NF Number of function evaluations.
(04"4 Constraint violations.
CPU CPU time ( sec)
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Machine IBM 4341
D Default value

ss Steady state starting points.

4.5 Discussion and Conclusions

In this chapter, the optimisation methods developed in previous chapters were
successfully implemented and studied on two types of simulators.

In a sequential modular simulator, the efficiency of flowsheet optimisation de-
pends mainly on the strategy for gradient evaluations, since the unit calculations
are in general expensive in terms of computation time and gradients are in practice
obtained from perturbation. The results show that the flowsheet perturbation in
the feasible path variant approach is not as prohibitively expensive as it is com-
monly thought to be. It appears that the tear equations in the simulation level
are relatively easy to converge when the design variables are perturbed. The total
computational time required by this strategy depends on the number of design
variables but not on the number of tear variables. This strategy becomes useful
when the number of design variables is far smaller than the number of tear vari-
ables. The STE for these problems varies from 5 to 30, which is comparable to
those results cited in the literature and acceptable to the industry.

The use of line search and trust region methods can achieve similar efficiency
and robustness.

For these test problems, the three models of the SRQP method are effectively

implemented and can be used to generate the search directions. They can achieve
similar efficiency.

The proposed line search methods by using either the absolute value exact

penalty function or augmented Lagrangian function appear to be effective for
these test problems.

The proposed penalty function method is found to be useful to deal with con-

straint inconsistency in both simulators. This implies that the constraints can be
classified as ¢ soft ’ and * hard ’ constraints.
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The proposed projection method for the feasibility improvement is found to be
helpful. This feasibility improvement improves the robustness and/or efficiency
especially in the case of highly nonlinear constraints at the expense of extra func-
tion evaluations. The overall efficiency of the optimisation method with feasibility
improvement depends on the cost of gradient evaluations.

Constrained optimisation implicitly involves two objectives, namely improving
the objective function and satisfying constraints. This feature complicates the
issues in developing a robust optimisation method unless all the constraints are
linear. This work however shows that a robust method can be developed by
exploiting the properties of these two objectives.

From the numerical results in Chapters 2, 3 and 4, it can be observed that
the performance of optimisation methods strongly depends on the algorithmic
implementations and types of test problems. The results in Chapter 2 show that it
is necessary to impose the step bounds and/or feasibility refinement, and scale the
initial Hessian and/or the objective function for some cases. The effectiveness of

these improvements depends on the nonlinearity and conditioning of the problems.

Exploiting the structure of the problem results in an efficient method, as shown
in Chapter 3. Consistent results obtained with default tuning parameters for the
proposed algorithms indicate that these parameters are not critical.

In summary, the following options are recommanded for the flowsheet optimi-
sation on MO approach,

1. identify the constraints as * hard constraints ’ and ¢ soft constraints ’
from the physical properties of the problem. Transform the ¢ hard
constraints ’ into equality constraints and simple bounds via artificial
variables where possible.

2. choose tear variables automatically or by heuristic rules mentioned in

this chapter.

3. obtain a sensible initial estimate, if not available, by one or two direct
substitutions.

4. estimate the perturbation size by balancing the truncation error, pro-
cedure error and rounding error.

5. select the gradient evaluation strategy by comparing their cost.

6. scale the initial Hessian by equation (2.64).

7. impose the step bounds as suggested in this chapter.
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8. impose the feasibility steps for hard constraints and highly nonlinear
constraints.
9. perform feasibility improvement when the line search fails.

For flowsheet optimisation on an EO approach, the following options are rec-

ommended

1. analyse and identify the linearity of variables.

2. choose the nonlinear variables as design variables where possible. Auto-
matic choice of design variables can be used when the types of variables
are not available.

3. obtain reasonable starting points by a partial simulation.

4. scale the inital Hessian by using equation (2.65).

5. perform feasibility improvements when expensive procedures are
present in order to reduce the number of gradient evaluations.
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Chapter 5
Sensitivity Amnalysis

5.1 Introduction

In Chapter 2, the basic and improved SQP methods were examined. A class
of SRQP methods for the solution of large scale optimisation problems was pro-
posed in Chapter 3. Numerical results on flowsheet optimisation problems showed
the effectiveness of both methods in Chapter 4. So far, the solution of isolated
problems was considered. However, process engineers would typically like to per-
form multiple case studies and to relate solution changes to data changes because
of the uncertainties and possible variations involved in process parameters. This
motivation leads to a parametric sensitivity analysis of the optimisation solutions.
This problem has been recently reviewed by Fiacco [ 1983 |.

It is also useful to relate the change of the objective function to the variations of
decision variables. This leads to the development of a decision variable sensitivity
analysis technique, which was proposed by McKeown | 1980 ], using the eigenvalue

system of the Hessian of the objective function in the reduced space of points that
satisfy the constraints.

It is also desirable to use the sensitivity information to solve a set of similar
problems efficiently. Similarly, it is also possible to devise an efficient algorithm
by using information from previous iterations. The warm start technique arose for
this purpose [ Gill et al. 1985 (b) |.

In addition, since a rigorous process model may be difficult and expensive
to evaluate, a simplified ( approximate or reduced ) model is often used in the
flowsheet simulation | Evans, 1982 |. However, in flowsheet optimisation, Biegler
et al. [ 1985 (a) | showed that the use of a simplified model may cause the optimi-
sation methods to identify a different set of active constraints and to converge to
a sub-optimal point or non-optimal point, or even cycle instead of converging. It

is, therefore, necessary to re-examine the algorithms that use a simplified model.
These topics, i.e. parametric sensitivity, decision variable sensitivity, warm

start procedure and the use of simplified models for flowsheet optimisation, con-
stitute the theme of this chapter. The benefit of this extra information may help

174



process engineers to analyse and understand their optimisation problems and to
solve them more efficiently.

In this chapter, we concentrate on obtaining sensitivity information from the
SQP methods. We start with the consideration of the parametric sensitivity
and decision variable sensitivity technique. The implementation of the warm start
procedure for the SQP method is then discussed. In addition, the use of simplified
models for flowsheet optimisation is investigated. Recently, Ganesh and Biegler
[ 1987 (b) ] raised an interesting topic on the sensitivity of the optimum to model
variations. A pitfall involved in their techniques is remarked. Numerical results
which use these techniques are presented at the end of this chapter.

5.2 Parametric Sensitivity Analysis

Consider the following parametric optimisation problem,
min f(z,b)
z

PE.I st. h;(z,b) =0 t=1,...,meq (5.1)
g,-(a:, b) =0 j = 1,..., mi

where
z is an n-dimensional vector of variables.
f(z,b) is a scalar objective function.
b is a set of nb parameters.

hi(z,b) is an equality constraint.
g;(z,b) is an inequality constraint.
meq is the number of equality constraints.

ms is the number of inequality constraints.

We are interested in finding how the optimal value of the objective function
f(z*), and the solution vector z* change with the parameters b without re-solving
the optimisation problems.

Linearising the first order optimality conditions of the parametric optimisation
problem P E.I with respect to the parameters b at the optimum z* and ignoring
the higher order terms gives | Fiacco, 1983 |

M(b) X(b) = N(b) (5.2)

175



where

(VL . =Vl L VT 0\
_v.zhi 0 0
M(b) = :
—V;V 295 95 0
k E ' J
X(6)T = (VozT, VpdT, Vi T)
N(b) =(=VELT,...,—Vshi, ..., ., =v;VigT,.. )
with
t =1,..,meq.
J =1,..,ms.

b is an (nb)-dimensional set of parameters.
M is an (n + meq + mi) square matrix.
X is an (n + meq+ mi) X nb matrix.
N is an (n + meg + mt) X nb matrix.

Based on the assumption that the constraints are linearly independent at the
optimum, the Lagrangian multipliers for the inactive constraints are zero at the
optimum because of the complementary slackness conditions,

Xihi(z) = O, t=1,...,meq

. : (5.3)
v;9;(z) = 0, i=1,..,mi

It can be observed from equations (5.2) and (5.3) that the derivatives of those
inactive inequality constraints with respect to parameters b are zero, i.e.

Ve = 0, ke K,

where K, is defined as
K, ={k | gx(z,0) >0, k=1,...,mi}

This implies that the set of active constraints remains unchanged and hence the

inactive constraints can be ignored. The system equation (5.2) can thus be refor-
mulated as follows,

M@)X(®) = N (5.4)
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where

= V2L -V,
M(b) =(_$‘;c Oc )

X ()T = (VpzT, VorT)
R(E) = (-VLL7, V")
the number of active constraints.
an (n + ma) square matrix.
an (n + ma) X nb matrix.
an (n + ma) X nb matrix.
is an (ma)-dimensional vector of active constraints.
= {\, 1=1,..,meq; vk, k€ Ky}
Kn = {j | g;(z,b) =0, j=1,..,mi}

3 e MRS
R OE &

It is assumed that the Hessian of the Lagrangian function is non-singular and

the number of active constraints is less than the number of variables. The system
can be rewritten as

X(b) = M(B)N(b) (5.5)

o = (G 7))
X(6)T = (VpzT,V,nT)
N@E) = (-VELT, V")
Uy =2(27v2, Lz)" 12T
Uy = (I -U, V2, L)Y
Us =-YTV2 LU,
2TV,c=0
YTV, e=1

where

M is an ( n + ma ) square matrix.
U, is an n X n matrix.

U; is an n X ma matrix.

Uy is an ma X ma matrix.

I is an n X n identity matrix.

Z is an n x (n — ma) matrix.

Y isan n X (n — ma) matrix.

These equations (5.4) and (5.5) can be used to calculated the sensitivity of the
solution vector (z*,A*,v*) with respect to parameters b.
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In fact, the sensitivity of the variables z with respect to parameters b can be
obtained from solving the following QP problem

min VZ'ILTVI,'I +% Vb.z,-TVZzLVb_x

V','z
s.t. Vb.c+V,cTVb,x =0 (5.6)
for 1+ = 1,...,nb.

When the Hessian of the Lagrangian function is singular at the solution, the fol-
lowing linear program may be solved,

min V3 _LTVz

Vb'.a:
s.t. Vb.c+chTVb,z =0 (5'7)
for 3 = 1,..,n.

It is noted that the parametric problem may not be well defined, when the con-
straints are linearly dependent. Let us consider the following optimisation prob-
lem,

min (z;—4)% + (z2 — 6)2

Z1,%3

st. zy+ 1z >2

T —2224
z;<b;
with by =

It can be observed that the system has no solution when the parameter b; is
perturbed to 2.99.

The Hessian in the SQP methods or the projected Hessian in the SRQP
method is approximation to the Hessian of the Lagrangian function or the pro-
jected Hessian of the Lagrangian function respectively. In general, this ( projected )
Hessian approximation does not converge to the true ( projected ) Hessian of the
Lagrangian and hence cannot be employed here. In practice the Hessian of the

Lagrangian function can be obtained from the following second order difference
scheme,

f(z + g‘-e" + c’.cj) — f(z + gie‘.) — f(z + gjej) + f(z); i - 1’ enoy n, j = i; ey NN,

§ X G5
(5.8)
where ¢; is a unit vector, and the perturbation size ¢ can be chosen as
G=nmaz(n |zi]); i=1,..4n (5.9)
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where n; can be selected as a cubic root of machine precision when no iterative

procedures are involved and 5, can be selected as a small number ( say 1 ).

This strategy requires at least "—x—(¥ﬂ extra function evaluations. This may
be too expensive to be implemented for flowsheet optimisation. The projected
Hessian can be obtained from the method proposed by Locke et al. [ 1983 (b) ]
or from the decomposition of the following augmented system ( Appendix E.1)

(v,c A VL )

0 (VLT (5.10)

where A is a permutation matrix. The projected Hessian can also be obtained
by perturbing only the independent variables. A flowsheet simulation is required
for each perturbation in this case. Because the approximate solution will satisfy
the active constraints to the specified tolerance, Ganesh and Biegler [ 1987 (b) ]
suggested that the dependent variables be estimated from the linearised active
constraints when the independent variables are perturbed. That is

94+ A0 =9 + Vie(z) TVac(z)TAG (5.11)

where z = (i,9)
Schemes that only perturb independent variables are more attractive when a
large number of active constraints are present. However, the choice of the pertur-

bation size poses a serious problem especially when the functions are subject to
noise and this strategy is thus not considered further.

It can be proved that the sensitivity of the objective function with respect to
the parameters, V;,f, can be evaluated from the following equation

Vof(b) =Vof + VafVsz

5.12
=Vof — XM TVeh —1*TVsg (5.12)

In fact, this can be easily implemented by reformulating the original optimisation
problem as follows via extra variables,

nzli‘n f(z,e€)

.t. . ’ = .= g ooy
P E.II st hi(z) =0 i=1,..,meq (5.13)
g,-(z, c) 20 j =1,..,ms
e—-b =0

where
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z is an n-dimensional vector of variables.
f(z,e) is a scalar objective function.

b is an nb-dimensional vector of parameters.

e is an nb-dimensional vector of extra variables.
hi(z,e) is an equality constraint.

gj(z,e) is an inequality constraint.

meq is the number of equality constraints.

mi is the number of inequality constraints.

The Lagrangian multiplier A; corresponding to the equations,
e—b=0

gives the sensitivity of the objective function with respect to the parameters b of
interest. That is,

Vuf(6) = =\ (5.14)

The objective function at the perturbed point can hence be predicted from the
following equation

f(b+ Ab) - f(b) ~ Vsf(b)TAb

5.15
=-ATAb (5:18)

This equation (5.15) is of course only valid for small values of Ab since higher
order terms are ignored.

This formulation is conceptually simple and is easily implemented in any sim-
ulator without changing the interface between the optimisation solver and the
simulator. It increases the number of variables but not the number of design vari-
ables. When the parameters only appear on the right hand side of the constraints,
the Lagrangian multipliers reflect the sensitivity of the objective function with
respect to the right hand side of the corresponding constraints.

5.3 Decision Variable Sensitivity Analysis

It is also interesting to determine the changes of the optimum with respect to
independent variables. In practice, a local minimum which is sensitive to small
variations in the independent variables may be less desirable than one which has
higher function values but is less sensitive. This leads to the analysis of the
eigenvalues and eigenvectors of the Hessian of the objective function in the reduced
space of feasible points [ McKeown, 1980 ]. This is in turn equivalent to analysing
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the eigenvalue system of the reduced ( projected ) Hessian of the Lagrangian

function on the active constraints.

The Lagrangian function on the neighbourhood of the optimal point z* can
be approximated as follows,

f(z*+6z) =L(z*+ 6z,A*,v*)
= L(z*,A*,v*) +
V. L(z*,2*,v*)T6z + 62T V2, _L(z*,A*,v*)éz
+ ol52]) (5.16)
e(z*) + Vee(z*)Téz = 0 (5.17)

It is assumed that the approximate solution satisfies the constraints. Equation
(5.17) is thus reduced to
V.e(z*)Téz = 0 (5.18)

It is also assumed the Jacobian Vz¢(z*) is full rank,  and there exists a matrix,
Z ,such that the variable 6z can be expressed in terms of the independent variables
éu. Thus

bz = Zbu (5.19)

where
ZTV,c=0.
Z is an (n X (n — ma)) matrix.

u is a set of (n — ma) independent variables.

Substitution of equation (5.19) into equation (5.16) yields

L(z* + 6z, A*,v*) = f(z*)+ V.L(z*,2*,v*)T Z éa+
64T 2T Vv2_L(z*,\*,v*) ZT 64 (5.20)

where the higher order terms are ignored and 27 V3_L(z*,A*,v*) Z is the
projected ( reduced ) Hessian of the Lagrangian function. If the estimated so-
lution z* is close to the true optimum, the norm of the projected gradient,
| 2TV .L(z*,A*,v*) ||, will be small. The projected Hessian of the Lagrangian
function is also assumed to be positive semidefinite at the estimated solution. By
using a singular value decomposition of the projected Hessian, equation (5.20) is
reduced to

L(z* + 6z,2*,v*) ~ f(z*) + 6aTSTDSé4 (5.21)

181



where S is the matrix whose columns are the normalised eigenvectors of the pro-
jected Hessian of the Lagrangian function and D is the diagonal matrix whose
diagonal elements are the eigenvalues.

It can be observed that the eigenvectors represent the principal axes of the el-
liptical contour of the Lagrangian function in the reduced space and the length of
each principal axe is inversely proportional to the square root of the corresponding
eigenvalues. The eigenvector of maximum eigenvalue corresponds to the direction
of maximum sensitivity for the objective function, since the projected gradients are
approximately zero. If the eigenvectors should happen to coincide with the axes,
so that S is a unit matrix, then the eigenvalues reflect the change of the objec-
tive function with respect to the corresponding design variables. Otherwise, they

represent how a linear combination of independent variables affect the objective
function.

5.4 Warm Start Procedures

In practice, it may be required to solve a flowsheet optimisation problem for
several values of a set of parameters. To do this efficiently, a solution is first
produced with a given value of parameters, and then the sensitivity information
of the solution vector with respect to these parameters may be used to initialise
the flowsheet optimisation for new values of the parameters.

The SQP method requires initial values of variables, the initial Hessian of the
Lagrangian function and initial penalty parameters. In addition, it is helpful when
the active constraint set is known in advance. The solution of the system, equation
(5.5), can be used to initialise the variables and the Lagrangian multipliers.

The previous values of the approximate Hessian of the Lagrangian function, of
the penalty parameters, and the predicted active set can be employed. However,
this warm start procedure should be discarded when the following conditions occur

when the values of the penalty parameters is unacceptably large, when the
Hessian of the Lagrangian function is ill-conditioned; or when the predicted active
set results in constraint inconsistency.
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A warm start procedure can be stated as

Algorithm E.I — Warm Start Procedure

1. Formulate the optimisation problem in the form of equation (5.13) via
the artificial variables.
2. Solve this optimisation problem for a given set of parameters by an
optimisation method described in Chapter 3 or 4.
3. Store the following information.
i.  index of the active constraints.
ii.  values of the Lagrangian multipliers.
iii. approximate Hessian of the Lagrangian multipliers.
iv.  penalty parameters.
These values will be used to initialise the next optimisation calcula-
tion.
4. Obtain the true Hessian of the Lagrangian function.
5. Solve the equation (5.4) or (5.6) for the sensitivity of the variables with
respect to parameters.
6. Update the values of the variables and the Lagrangian multipliers sub-
ject to the changes of the parameter values, i.e.
z¥(b+6b) = z(b) + Vsz 6b.
n¥(b+6b) = w(b) + Ver 6b.
These values can be used to initialise the next optimisation calculation.

Since it may be difficult to evaluate the true Hessian of the Lagrangian function,
the approximate Hessian at the solution after the previous problem is used in this

study.

In the SQP it is necessary to solve a QP subproblem at every optimisation
step and each subproblem can also be viewed as perturbed problem. It is also
possible to use the previous information to solve the quadratic program efficiently,
and this has been reviewed by Gill et al. [ 1986 .
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5.5 Use of Simplified Models

As processing models have become more complex, engineers often resort to
simplified ( approximate, reduced, or shortcut ) models in order to solve the prob-
lem efficiently. These models may either be self-contained or updated from the
rigorous model. These techniques have been successfully applied to flowsheet simu-
lation. One well known technique of this kind is termed the inside-out technique.
For flowsheet simulation, this technique requires two iteration loops. The outer
iteration loop deals with updating the simplified models and matching the sim-
plified models to rigorous models, while flowsheet simulation is performed in the
inner iteration loop. Applying this technique to flowsheet optimisation, Biegler
et al. [ 1985 (a) | showed that it can lead to the detection of false optima or
convergence failure. This situation arises from the fact that the gradients of the
simplified models may not be the same as the gradients of the rigorous model. It
is, therefore, not expected that they should exhibit the similar behaviour. This
implies that not only the residuals of the simplified models but also the gradient
information from the simplified model must match those of rigorous models for an
optimal solution. Furthermore, in order to match the gradients at all the iterative
points, it is necessary to evaluate the rigorous models as often as the simplified

models is evaluated at the optimisation level. Clearly, this concept is not helpful.

Evans et al. [ 1985 | suggested using nonlinear simplified model based on the
rigorous model. Kisala et al. [ 1987 | suggested guidelines for the construction
of nonlinear simplified models. They constructed a simplified model in such a
way that it is simple to evaluate and no iterative procedures are involved. The
parameters of the model are obtainable from the results of the rigorous model by
an analytical expression. Gradients associated with the model are generated ana-
lytically and are the same as that of the rigorous model. These guidelines suggest
that the simplified model should be built in terms of the physical properties of the
rigorous model. Obviously these nonlinear simplified models may be as difficult
to construct as the rigorous model depending on the optimisation problems. In
general, the gradients generated from the nonlinear simplified model may not be
the same as those from the rigorous models and hence the optimal solution may be
different. In this case, the authors suggested using linear simplified model, whose
gradients are constructed from the rigorous model, to locate the optimal solution.
In their implementation, the optimal solution from the linear simplified models also

serves as a starting point for the flowsheet optimisation using nonlinear simplified
models.
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Chen and Stadtherr [ 1985 (b) ] reported the performance of the optimisation
is only slightly affected when approximate derivatives of physical property models
are generated from the simplified model.

Ganesh and Biegler [ 1987 (a) | proposed a rigorous-simplified algorithm for
optimisation based on simplified models. In their approach, the residuals are eval-
uated from the rigorous models and the gradients are evaluated from the simplified
model at every optimisation step, unless the search directions are not descent direc-
tions for an absolute value penalty merit function. In the latter case, the gradients
from the rigorous model are evaluated. A large value of the penalty parameter is
used to force the iterates to the feasible region, and the line search is based on
the rigorous models. The authors reported a significant reduction in the compu-
tational time when this technique is used. The drawback is that the value of the
penalty function based on the rigorous model may not be reduced along the search
direction even though the search direction is the predicted descent direction of the
penalty function. This is because the gradients are based on the simplified models.
In this case a rigorous model should be used. A line search failure is often ob-
served from inaccurate gradients in my experience. The gradients evaluated from
the simplified model at the solution point may not be the same as the gradients
from rigorous models at the optimal point. Therefore, it becomes necessary to use
the rigorous model to verify the solution obtained by this technique. In addition,
a large penalty parameter may result in a line search difficulty, as mentioned in
Chapter 2. This technique is potentially useful for problems where the gradients
of the rigorous models are expensive to evaluate, and it becomes unattractive when
analytical procedure derivatives for the rigorous models are available.

5.6 Sensitivity to Model Variations

Usually, there are many alternatives available for a model of the same process.
Engineers would like to know the sensitivity of the objective function and of the
solution vector under the variation of the process models or the thermodynamic
models. In fact, this problem is equivalent to solving the following mixed integer
nonlinear programming problem

185



min f(z,b)
z,b
s.t. zih,(z,b)=0 t=1,...,meq
2"ig;(z,0) 20  j=1,...mi

P E.III nm (5.22)
b — Z 2ix®i(z) =0 k=1,...mp
i=1
Y ae=1 k=1,..,nb
i=1
where

®;x(z) is an alternative model I that defines the parameter by.
nm is the number of alternatives for each parameter by.

z,2',z" are integer parameters with the value either 0 or 1.

It is interesting to determine the changes of the objective function and of the
optimal solution with respect to changes of the set of integer parameters, 2z, 2/, 2”.
Here, interest is limited to the interchange of similar models. It may not be appro-

priate to perform a sensitivity analysis when a reactor is replaced by a distillation
column.

Ganesh and Biegler [ 1987 (b) | suggested that the change of the optimum be
predicted from solving the following QP problem :

min V. f(z)Az + AzV2_ L(z,\,v)Az
P E.IV st h(z) +Vh(z)TAz =0 (5.23)
g(z) + V.9(z)TAaz >0

where the objective function and constraints are evaluated from the new model.
The Hessian of the Lagrangian function in this QP subproblem is based on both
the curvature information of the new model together with the Lagrangian multi-
pliers from the old model, and is obtained from perturbing only the independent

variables. The solution Az thus gives the predicted changes of the solution, caused
by the changes of the model.

Since the active constraints may change under model variations, the authors
suggested updating the Hessian of the Lagrangian function by using the La-
grangian multipliers predicted from equation (5.23), and resolving the quadratic
programming problem until the estimated Lagrangian multipliers are all positive.
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In some cases, the authors admitted that the formulation P E.IV may per-
form poorly and they [ Ganesh and Biegler, 1987 (b) | proposed a mixed integer
nonlinear program ( MINLP ) to select the active constraints.

In fact, their approach simply takes a Newton step in the space of the new
model from the optimal solution of the original model. This prediction may not
be meaningful unless the two models resemble each other and the solution obtained
from both models are quite close. The projected Hessian of the Lagrangian func-
tion based on the new models may not be positive definite, and hence the problem
P E.IV may not have a unique solution. The non-negativity of the Lagrangian
multipliers does not ensure the prediction of the correct active set since the con-
straints may not be satisfied. Therefore, the prediction of the optimal solution is
suspicious. In fact, the active constraints can be selected so that the projected
Hessian on the active constraints is positive definite when the estimated solution
is near the optimum of the optimisation problem based on the new model. In
addition, the MINLP formulation involves the calculation of the Hessian of the
Lagrangian function and it gives rise to a combinatorial problem. It is expected
that the effort of solving the mixed integer nonlinear programming problem be

larger than the effort of solving the original optimisation problem with warm start
procedures.

Therefore it is suggested to use a warm start procedure to solve this problem
with model variations.

5.7 Numerical Experiences

Three chemical processes are used to test these techniques, namely an alkyation

process, the Williams-Otto process and a simple refrigeration process.

5.7.1 Optimisation of the Alkylation Process

The process shown in Figure 3.1 is to produce alkylate with the greatest profit.
The detailed description of the process is given in Appendix C.1. The version
proposed by Sauer et al. [ 1964 | and the standard starting point are used.

We use this example to show the effects of a warm start procedure on the SQP
methods since we will use this procedure to solve the parametric optimisation prob-
lems. The SQP method took 26 gradient evaluations and 26 function evaluations
to locate the optimal point with an identity matrix as the initial Hessian and the
exact penalty function with the watchdog technique as merit function. However, it
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only took 9 iterations and 9 function evaluations to reach the same optimal point
when the correct set of active constraints was provided and the same condition
were used. This result shows that the efficiency of the SQP can be improved
when the correct set of active constraints is predicted. This result is important

when a set of optimisation problems are to be solved for perturbed parameters.

5.7.2 Sensitivity Analysis of the Williams — Otto Process

The well known Williams-Otto process serves the second test problem for the
parametric analysis. The reason of choosing this test problem is that this process
has been studied by many researches, as listed in Table 5.1, and different results
were obtained ( Appendix C.2 ).

Table 5.1 Reviews of Optimisation on the Wiiliams-Otto Process

Author(s) Year
Williams and Otto 1960
Dibella and Stevens 1965
Ahlgren and Stevens 1966
Christensen 1970
Jung, Mirosh, and Ray 1971
Adelman and Stevens 1972
Luss and Jaakola 1973
Luss and Jaakola 1974
Sriram and Stevens 1973
Rijckaert and Martens 1974
Findley 1974
Wang and Luus 1978
Vinante and Valladares 1985
Rangaiah 1985
Ostrovsky, Ostrovsky, and Berezhinsky 1988

This process, shown in Figure 3.2 is to manufacture 4763 lbs/hr of pure product
P, with maximum investment return. The system involves a cooler, a decanter,
and a distillation column. The pure reactants, A, and B, are fed separately
to the reactor and the pure product P,, intermediates C,, and the by-product
E, and G, are produced. The reactions are assumed to be second order and
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irreversible. The undesirable byproduct G,, is discarded from the decanter. Part

of the product P, forms an azeotrope with the byproduct E,, in the distillation
column.

It is interesting to study the parameter sensitivity of the objective function to
the reactor volume V;, the amount of the product, F, and the weight fraction,
Ry, of product P, removed with the byproduct, E, in the distillation column.
The Lagrangian multipliers corresponding to these design constraints, listed in the
Table 5.2, indicate the sensitivity of the objective function to these parameters.

Table 5.2 The Lagrangian Multipliers to the Design Constraints

Design constraints | Lagrangian multipliers

V,—60.=0 0.8697
R;—01=0 2567.008
F, — 4763 =0 -0.01094

According to this analysis, the factor R; has a significant effect on the objective
function. In order to assess the validity of this sensitivity analysis, this process was
solved for various values of parameters with a warm start procedure. Table 5.3
gives a comparison of the optimal values of the objective function, Obj;, calculated
from the solution of the parametric optimisation with the optimal values, Obj,,
predicted from equation (5.15). This table also shows the effect of the warm start
procedure. These runs are performed in sequence so that the information obtained
from run I initialise the calculations for run II and so on.

The warm start procedure reduces the number of gradient and function evalu-
ations.

At the base case, the projected Hessian of the Lagrangian function on the active
constraints is

4735 x 10~8% -2.786 x 10~%8 2.131 x 10~°
—2.786 x 10~% 1747 x 10~% —3.926 x 10~*
2.131 x10°° -3.926 x 10~% 2.508 x 10~8

and the unscaled 2-norm of the projected gradient of the objective function is
1.1 x 1078,
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The subroutine RSG of the EISPACK package | Garbow et al., 1977 ], was

used to calculate the following eigenvalues of the projected Hessian,
(9.66 x 107°, 2.47 x 1078, 5.55 x 107%).

The tiny eigenvalues indicates that the objective function is very flat near the

solution and can explain the disagreement among the results obtained from many
researchers.

Table 5.3 Parametric Optimisation of the Williams-Otto Process
Parameters|{runI| run Il (runIlI| run IV | run V
Vr 60 50 60 60 57
R; 0.1 0.1 0.105 0.1 0.1001
Fp 4763 | 4763 4763 5763 4793
(NG). | 70 | 69 70 71 69
(NG)w - 32 33 49 41
(NF), 70 72 71 73 70
(NF), - 34 36 49 43
Obj, - 107.375 | 85.828 | 109.621 | 101.358
Oby, 98.678 107.756 | 85.631 | 108.146 | 101.302
error (%) - 0.35 0.23 1.3 0.05
where
(NF), Number of function evaluations obtained
without using warm start procedure.
(NF)w Number of gradient evaluations obtained by
using the warm start procedure.
Algorithm E.L
(NG) Number of gradient evaluations obtained
without using starting procedure.
(NG)y Number of gradient evaluations obtained

using the warm start procedure.
Algorithm E.IL
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5.7.3 Sensitivity Analysis of the Refrigeration Process

The third test problem, given by Rudd and Watson [ 1968 | and studied by
Hutchison, Jackson, and Morton | 1986 | is a refrigeration process. The process,
shown in Figure 5.1 consists of three exchangers. It is assumed that the overall
heat coefficient (Un), the specific heats (C P) of the hot stream and the latent heat
(H,) of refrigerant are constant, and the logarithmic mean temperature difference
can be applied to this system. The objective of this process is to minimise the

capital cost and the operating cost. The design specifications of the process are
listed in Table 5.4.

Figure 5.1 Simple Refrigeration Process Flowsheet

Feed

Heat Heat Heat

Exchanger 1 Exchanger 2 Exchanger 3

Table 5.4  Specifications for a Simple Refrigeration Process Flowsheet

Heat transfer area of heat exchanger 1, ft3 A;

Outlet temperature of heat exchanger ¢, (°F) To

Feed Flow 1000 £  temperature 50°F specific heat 1.0 2t
Tos -70  Refrigerant latent heat (;2&% 100

Heat Exchanger 1 2 3
Refrigerant temperature (°F) 0 -40 -80
Overall heat transfer coefficient (7“._—?:5"_75. 200 200 200
Capital cost constant (527;) 005 005 0.5
Operating cost constant (%) 2x10"% 3x10"* 4x10-*

Objective function ( minimize ) Y ai ((Ai )05 +b; (refrigerant flow)
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Table 5.5 The Lagrangian Multipliers Corresponding to

to the Design Constraints.

Design constraints | Lagrangian multipliers
Cp—1.=0 4.2854
Un—200=0 -0.003294
H, -100.=0 -0.036267
Ts; —50.=0 0.02292
Ts3+70.=0 -0.05382
Try =0 0.0099
Tr+40=0 0.0099
Tr3+80=0 0.0111

Numerical results obtained by Huchison et al. [ 1986 (b) | showed that the op-
timisation algorithm may converge to three different solutions from three different
starting points. Two of them have a similar objective function ( 0.01% difference ).
Thus it is interesting to study the design variable sensitivity of this process. We
also study the parametric sensitivity of the objective function to the specific heat
of refrigerant (Cp ), the overall heat coefficient ( Uy ), the latent heat of refrigerant
(H,), the inlet temperature of the hot stream in the heat exchanger 1 ( T's; ), the
exit temperature of the hot stream ( T's;3 ) and the refrigerant temperatures of
three heat exchangers (T'ry,Tr2,Tr3 ).

The Lagrangian multipliers of the corresponding design constraints, listed in
Table 5.5, show the sensitivity of the objective function to these parameters.

In this process, the specific heat of the hot stream is a dominant factor for the
objective function.

Table 5.6 compares the optima of the objective function Obj; from the solution
of this process with the values of the optima Obj, predicted from equation (5.15).
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Table 5.6 Parametric Optimisation on a Refrigeration Process

Parameters | Base case | Run I | Run II| Run III
CcP 1.0 1.05 1.0 1.0
Un 200 200 200 200
H, 100 100 100 100
Tsy 50 50 50 50
Ts3 -70 -70 -75 -75
Tr, 0 0 0 0
Try -40 -40 -40 -45
Trs -80 -80 -85 -85

(NF), 6 7 7 9
(NF), - 2 5 6
(NG)e 6 7 7 9
(NG), - 2 5 6
Obj, - 5.1583| 5.2647 | 5.2152
Obje 4.9441 |5.1579|5.1567 | 5.1071
error (%) - 0.001| 1.8 2.12

This process has two degrees of the freedom, and the outlet temperature of the
hot stream from heat exchanger 1 (To;) and that from heat exchanger 2 ( Tos)
are chosen as design variables for studying the decision variable sensitivity.

The unscaled 2—norm of the reduced gradient of the objective function at the
base case is 2.x 10™® and the reduced Hessian of the Lagrangian function is

6.7675 x 10~% 8.1012 x 10~3
8.1912 x 105 6.8089 x 10~*

The subroutine SVD of the EISPACK package | Garbow et al., 1977 |,

which implements a singular value decomposition algorithm, is used to calculate
the eigenvalues and the corresponding eigenvectors.
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The eigenvalues of this reduced Hessian are

(5.968 x 1074, 7.6708 x 10™%)

and the corresponding eigenvectors are

( —0.716,—-0.6981 ) and ( —0.6981,—0.716 )

respectively.

Both design variables have the same order of magnitude and hence have similar
effect on the objective function. The small eigenvalues indicate that the objective
function is not sensitive to them near the optimal point. The minimum of this
problem is flat. However, this can be improved by scaling the objective function.
A scale factor of 10* on the objective function is recommended for this problem.

5.8 Discussion and Conclusions

This chapter showed that the sensitivity of the objective function with respect
to both the parameter variations and the design variables can be obtained from
the solution of the SQP method. The analysis of the eigenvalue system of the
Lagrangian function is helpful for understanding the optimisation problem. The
warm start procedure increases the efficiency of the SQP method.

A warm start procedure is also recommended for solving the optimisation of
process with model variations.
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Chapter 6

Conclusions
6.1 Summary

The main objective of this research was to develop an effective SQP method
for flowsheet optimisation and test it on problems of industrial significance.

Optimisation methods for small scale and for large scale optimisation are exam-
ined in Chapters 2 and 3 respectively. Various flowsheet optimisation strategies
are investigated in Chapter 4. Numerical results in Chapter 4 demonstrate the ca-
pability of the algorithms and show that flowsheet optimisation can be performed
in a reliable and effective way. In addition, Chapter 5 shows that extra valu-

able information can be obtained from the solution of the flowsheet optimisation
problems.

The results of this research are summarised as follows.

It is useful to divide the search direction of SQP methods into two direc-
tions : one towards the linearised model of the nonlinear constraints, and the
other towards the minimum of the quadratic model of the Lagrangian function in
the subspace orthogonal to the constraint normals. The former step can hence
be referred to as the ¢ feasibility step ’, and the latter as the ‘ optimality step ’.
Each step can be generated from the solution of a corresponding QP problem for
large scale optimisation problems. The advantages of this formulation are that
it is straightforward to include inequality constraints and step bounds in either
the feasibility step or the optimality step. It is possible to perform feasibility im-
provement for selected constraints of interest. It is also possible to introduce into
the quadratic program for the feasibility step an inequality constraint which en-

sures the descent direction of the Lagrangian function. For example, the following
constraints can be included,

V.L(z,A,v)Tp, <0 (6.1)
where L(z,),v) is the Lagrangian function, A and v are Lagrangian multipliers,

and p, is the feasibility step. It is relatively easy to provide scale factors for both
optimisation and feasibility steps.
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Based on this formulation, various algorithms can be derived. When feasible
points are obtained by repeatedly solving the corresponding quadratic program
in conjunction with line search strategies at each iteration, the resulting method
corresponds to established feasible direction methods ( e.g. projection methods ).
This feature is an option in the current implementation. Numerical results in
Chapter 2 show that approximate gradients ( either constant or from a quasi-
Newton update) of the constraints can be used for the feasibility step. This fea-
sibility improvement also allows the algorithm to terminate at a feasible point
whenever it is possible, which has its own practical value. The usefulness of the
feasibility improvement depends on the convexity of the objective function and
nonlinearity of the constraints. It is preferable to satisfy constraints more closely

for problems with an unbounded objective function and highly curved ¢ hard ’
constraints.

Numerical results show that a proper choice of the initial Hessian can dramati-
cally improve the performance of the SQP methods. The proposed strategy
that only uses the physical magnitude of the variables is proved to be effective
in practice and it is simple enough to be implemented. The assumption behind
this strategy is that an estimate of the order of magnitude of the variables is
available from a reasonable starting point . A reasonable initial starting point
can be obtained from a partial or complete flowsheet simulation. Based on our
experience, a scaling strategy based on the gradient of the objective function is not
recommended for the sequential modular approach, since the performance may be
degraded by the noise in the gradients.

Strategies that use penalty function methods have been proved useful to deal

with constraint inconsistency. This formulation allows to deal as well with linearly
dependent constraints.

It is desirable to impose step bounds ( trust region bounds ) in the QP sub-
problem since this merely means that the quadratic model is valid within the
range of interest. The range of the step bound depends on the type of the objec-
tive function and on the nonlinearity of constraints. A small range for the step
bound is preferred with an unbounded objective function and highly nonlinear
constraints. Step bounds are automatically adjusted in the proposed trust region
method. Step bounds chosen as the order of magnitude of the variables work well
in practice for the line search methods. In this study, step bounds are also con-
structed such that all the variables satisfy their corresponding simple bounds since

all the simple bounds are considered to be * hard ’ constraints and ¢ nonlinear hard

196



constraints ’ can be converted to equality constraints and simple bounds through

extra variables. This improves the robustness of the optimisation algorithm in
practice.

Both the absolute value penalty function with safeguards and the augmented
Lagrangian function can serve as merit functions in the line search and trust re-
gion method. Excessively large penalty parameters with the absolute value penalty
function may degrade the performance of the SQP methods especially when the
iterates are near the feasible region. In practice, the watchdog technique or the
relaxation method presented in Chapter 4 can be used to reduce the risk of
slow convergence. A feasibility step can also be employed for this purpose. The
use of the augmented Lagrangian function as a merit function may suffer from
insufficiently large penalty parameters near the solution. A proper choice of these
penalty parameters requires some curvature information of the objective function
and constraints. The trust region method can also be used to force convergence.
Numerical results showed that the performance of trust region methods with fea-
sibility steps is comparable to that of line search methods.

Updating the reduced Hessian of the Lagrangian function results in a method
that depends on the basis of the reduced space and may lead to irregular local
convergence. An automatic scheme that chooses the independent variables by
decomposing a rectangular Jacobian matrix of the constraints is found to be effec-
tive in practice. It is also helpful to choose linear variables as dependent variables,

where possible, for the large scale system. The feasibility step is found to be useful
in the case of irregular local convergence.

With sequential modular approaches, it is helpful to initialise the optimisation
calculation by a few direct substitutions. It is also desirable to use a complete

or partial simulation for initialising all the variables with equation oriented ap-
proaches.

Numerical results on a variety of problems show that the optimisation of chem-
ical processes using an industrial sequential modular simulator requires the equiv-
alent time of 10 to 30 simulations which is comparable to those in the literature.
Chemical process problems are found to be much more demanding than the stan-
dard mathematical problems used in testing optimisation algorithms.

One of the merits of the SQP method is that the sensitivity of the objective
function to its parameters can be generated without too much effort.
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It is necessary to use rigorous models to verify the optimal solution when
simplified models are used for flowsheet optimisation.

Numerical results also show that process optimisation problems can be solved

on both modular oriented and equation oriented simulators with relatively equal
success.

It is hoped that this research provides a better understanding of optimisa-
tion methods and will be beneficial in the further development of optimisation

techniques for process synthesis, process design under uncertainty, dynamic opti-
misation and multiple objective optimisation.

6.2 Contributions
In summary, the main contributions of this work are

1. Based on the property of the SQP algorithm, a general representation for
constrained optimisation has been proposed. This representation decomposes
the search direction of the constrained optimisation into two steps : a feasibility
step towards the feasible region of the constraints, and an optimisation step
towards the optimal point of the objective function.

2. The proposed representation has proved useful for developing a class of large
scale optimisation algorithm based on the projected Hessian.

3. A strategy has been suggested for dealing with a system of the equations with
inequality constraints.

4. Strategies for dealing with inconsistent constraints have been suggested and
have been proved useful.

5. A class of augmented Lagrangian functions as line search objective functions
has been suggested and proved useful for forcing convergence.

6. A trust region method for constrained optimisation has been tested and its
effectiveness has been shown.

7. An effective implementation of a parametric sensitivity method has been es-
tablished.
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8. Systematic testing of the SQP algorithm has been performed. It has proved
useful in the algorithmic development of effective optimisation methods and
results in a robust and efficient optimisation code.

9. The advantages of flowsheet optimisation have been demonstrated on two types

of commercial simulators on optimisation problems of industrial significance.

6.3 Future Research

The results of this research expose some issues and potential areas for further

investigation and development in the field of optimisation methods and flowsheet
optimisation.

The SQP method is based on the Lagrangian system and hence it is assumed
that all functions are differentiable and that the constraints are linearly indepen-
dent. The relaxation of these assumptions on the optimality conditions may be
worthy of further research. Recently attention has been paid to the development
of nondifferentiable optimisation | Polak, Mayne and Ward, 1983 |, [ Yuan, 1985
(b) |, [ Fletcher, 1988 |. The application of the SQP methods to non-differentiable
optimisation was also proposed | Bell, 1984 ]. Application of nondifferentiable op-
timisation in engineering design has been recently reviewed by Polak [ 1987 |. The

evaluation and application of these techniques require further investigation.

The performance of the SQP method strongly depends on the efficiency
and robustness of the underlying quadratic program. The efficiency of solving a
quadratic program with mixed equality and inequality constraints depends on the
active set strategy. The dual active set algorithm of Goldfarb and Idnani [ 1983 | is
effective when few extra constraints are to be added to the active set, since it does
not require an initial feasible point. However, this method is restricted to strictly
convex quadratic programs. In contrast, the primal active set algorithm is capable
of solving semi-definite and indefinite quadratic programs, but it requires an initial
feasible point. It is thus desirable to have a quadratic program algorithm which
allows primal and dual methods. This feature is useful when it is required to solve
a sequence of problems in which either the set of active constraints or the right
hand side of the constraints is varied. These situations can require a step to restore
both feasibility and optimality, and may occur in the application of the warm start
procedures for the SQP algorithm. Goldfarb and Idnani [ 1982 | presented such an
algorithm for solving strictly convex quadratic programs. Further study is required
on the indefinite quadratic program. Goldfarb | 1986 | suggested a condition that
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allows several constraints to be dropped simultaneously. Unfortunately, it may
require a substantial amount of work to check this condition. This feature is

useful for large scale quadratic programs and deserves further investigation.

Iterative methods ( e.g. successive over-relaxation ( SOR ) methods ) may be
feasible for large convex quadratic programs and they are reviewed by Lin and
Pang [ 1987 ]. The advantage of iterative methods is that they may require less
storage. The computational effort may not depend strongly on the size of the
problem but it is governed by the convergence rate. The numerical stability and
convergence properties require further research since these methods are strongly

dependent on the eigenvalue system of the Lagrangian function.

Only the projected Hessian of the Lagrangian function needs to be positive
definite at the solution. Keeping the full Hessian positive definite may result
in ill-conditioning [ Powell, 1985 (b) |. The use of a positive approximation to
the Hessian of the augmented Lagrangian function requires an arbitrary penalty
parameters [ Tapia, 1977 |. Another possibility is to recur a positive definite
approximation to the projected Hessian of the Lagrangian function. Numerical
results showed that the decomposition method that uses the reduced Hessian is
effective for problems with relatively few independent variables. When there are
many independent variables, a Hessian update scheme that preserves the symme-
try, sparsity, positive definiteness on the active constraints and good convergence
properties is required. When the Hessian of the Lagrangian function is not pos-
itive definite, a trust region method should be used. However, the trust region
bound should be inactive eventually in order to obtain a fast convergence rate.
This implies that the approximate Hessian is positive definite on the space of the
active constraints when the iterates are near an optimum. A procedure to ensure
this condition should be developed.

Both the line search methods and trust region methods require either arbi-
trary parameters or heuristic rules to improve and achieve global convergence.
The difficulty arises from the need to compromise between the ¢ optimality * and
¢ feasibility ’ and from the need to construct a convex merit function that retain
the information of the objective function and the constraints. Further work may

be directed towards relaxing these conditions in order to increase the robustness
of the optimisation algorithm.

Calculation of modules within the flowsheet simulators may involve iterative

procedures and hence the functions may be subject to noise. In this study, it was
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attempted to minimise the level of function no se. On the other hand, it may be
worth developing an optimisation algorithm wh'ch directly deals with optimisation
with function noise. The research along this line includes work of Poljak [ 1978 |,
Ruszczyfiski [ 1984 | and Pai and Hughes [ 1987 |.

The comparison of various optimisation algorithms is largely affected by im-
plementation detail and by the characteristics of test problems. It was shown that
an optimisation algorithm may be partitioned into certain fundamental steps. A

standard definition for these steps and a standard implementation of these steps
are required.

This work showed that the exploitation of linearity in the problem can pro-
foundly improve the performance of the optimisation algorithms and that opti-
misation problems with a flat minimum may cause difficulty to an optimisation
algorithm. It is thus necessary to classify the test problems and construct a set
of process test problems with various characteristics. Bartels and Mahdavi-Amiri
[ 1986 ] shed some light on this problem and further investigation can be beneficial.

It is possible to incorporate other criteria into flowsheet optimisation in order to
reach an optimal condition that makes the process operable, controllable, reliable,
and flexible to deal with unexpected problems. This suggests a fruitful research

area for further development in flowsheet optimisation with multiple objective
functions.

Finally, new advances in computer architectures and parallel processing offer
new opportunity for algorithm and software developments. Further work in the
application of parallel computations to both flowsheeting and optimisation should

lead to both improved performance and more efficient optimisation algorithms and
flowsheet architectures.
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Appendix B.1

This appendix lists the characteristics of the test problems used in this thesis
and the performance of the major optimisation codes on these test problems. The
characteristics of the mathematical test problems are listed in Table B.1 and those
of the chemical process problems are in Tables B.2 and B.3.

Table B.4 lists the performance of three optimisation codes, namely OPXRQP,
modified VMCDW and NLPQL, on the mathematical test problems.

Table B.1 Characteristics of the Mathematical Test problems

Problem No. |N|MEQ|M |NB| OPT Source
M1 2] o (o]l 1] o SH(1)
M2 2| o [of 1] 005 SH(2)
M3 2| o |oj1] o SH(3)
M4 2] o [o]| 2 |2667 SH(4)
M5 2| o |o| 4 |-1.013 SH(5)
M6 2 2 |10 o SH(6)
M7 2 1 o] o |-1731 SH(7)
M8 2| 2 |[o)o] -1 SH(8)
M9 2| 1 jofo0]| -05 SH(9)
M10 2] o [o] o -1 SH(10)
M11 2| o [o] o|-8.49 SH(11)
M12 2| o |1 0| -30. SH(12)
Mi13 21 0 |1] 2 1. SH(13)
M14 2| 1 |1| o [ 1.30 |SH(14), HM(1)
M15 2] o |2]| 1 |3065 SH(15)
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Table B.1 Characteristics of the Mathematical Test Problems ( Cont’d )

Problem No. IN|MEQ|M|NB| OPT Source
M16 21 o 213 0.25 SH(16)
M17 2| o 2| 3 1. SH(17)
M18 2| o 2| 4 5. SH(18)
M19 2| O 2| 4 [-6961.81 SH(19)
M20 2 0 3| 2 38.199 SH(20)
M21 2] O 1| 4 | -99.96 SH(21)
M22 21 o0 210 1. SH(22), HM(24)
M23 2] O 5| 4 2. SH(23)
M24 2| o 3| 2 -1. SH(24)
M25 2] O 1| 2 | 0.0284 SH(57)
M26 2|1 o 3| 4 | -7.804 SH(59)
M27 3| 0o |of 6 0. SH(25), HM(21)
M28 3] 1 ol O 0 SH(26)
M29 3| 1 0|0 0.04 SH(27)
M30 3| 1 ol o 0. SH(28)
M31 3| 0 |0]| O |-22.627 SH(29)
M32 3{ O 1| 6 1. SH(30)
M33 3| O 1| 6 6. SH(31)
M34 3| 1 1{ 3 1. SH(32)
M35 31 O 2] 4 | -4.485 SH(33)
M3eé 3| O 2| 6 0.83 SH(34)
M37 3| O 1] 3 0.11 SH(35)
M38 3| O 1} 6 | -3300. SH(36)
M39 31 0 |2]| & | -3456. SH(37)
M40 3] 1 [0o]| 6 | 0.0325 SH(60)
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Table B.1 Characteristics of the Mathematical Test Problems ( Cont’d )

Problem No. |[IN|MEQ | M |NB OoPT Source
M41 3 2 0| 0| -143.64 SH(61)
M42 3] 1 |o]| e |-26272.52 SH(62)
M43 3| 2 [o]| 3 | 961.715 |SH(63), HM(5)
M44 3 0 1| 3 6299.84 SH(64)
M45 3] o |1]| 6| 09535 SH(65)
M46 3] o |2] 6| os518 SH(66)
M47 3| o |14 6 | -1162.04 | SH(67), CV(8)
M48 4 o |of 8 0. SH(38),CV(4)
M49 4| 2 |o]o -1. SH(39)
M50 4] 3 |o]lo| -025 SH(40)
M51 4 1 0| 8 1.9259 SH(41)
M52 4| 2 |o| o[ 13858 SH(42)
Ms53 4 0 310 -44, SH(43)
M54 4| o |6| 4| -15 SH(44)
M55 4| o |1| 8 | 00075 [SH(70), HM(9)
M56 4|1 1 1| 8 17.014 SH(71)
M57 4] o |2]| 8 | 727679 SH(72)
M58 4 1 2| 4 29.894 SH(73)
M59 4] 3 |2| 8 |s5126.498 SH(74)
M60 4] 3 |2 8 |s5174.413 SH(75)
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Table B.1 Characteristics of the Mathematical Test Problems ( Cont’d )

Problem No. |N|MEQ | M |NB| OPT Source
Mé1 4| o |3]| 4 |-46818 SH(76)
M62 5/ o {o|l10]| 1. SH(45)
M63 5] 2 |ofo 0. SH(46)
Mé64 5] 3 |o]|o 0. SH(47)
Me65 5/] 2 |ofo 0. SH(48)
Mé6 5 2 0] 0 0. SH(49)
M67 5/ 3 |o|o 0. SH(50)
M68 5/ 3 |olo]| o SH(51)
M69 5! 3 |o] o] 532 SH(52)
M70 5 3 0] 10| 4.093 SH(53)
MT1 5] 2 |o|o| o024 SH(77)
M72 5/ 3 |of o[ -2019 SH(78)
M73 5/] 3 o] o | 00787 SH(79)
M74 5! 3 [0]}10]| 0.0539 SH(80)
M75 5 3 0| 10 | 0.0539 SH(81)
M76 5| o |3/|10}-30665.5| SH(83), CV(3)
MT7 5! o |3|10]-5.28E6 SH(84)
M78 5| o |38 10| -1.905 |SH(85), HM(12)
MT9 5/ o |10| 5 | -32.34 | SH(86),CV(1)
Ms80 6 1 012 | 0.908 SH(54)
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Table B.1

Characteristics of the Mathematical Test Problems ( Cont’d )

Problem No. | N |MEQ|M |NB OPT Source
Ms1 6| 6 |o|12| e.333 SH(55)
M82 6| 4 |o]|12]| 892750 | SH(87),CV(6)
M83 6| o |2| 6| 13507 SH(93)
M84 6| 0o |4|12| o.1562 | SH(95), HM(22)
M85 6 0 4112} 0.1562 SH(96)
Msé 6 0 4|12 3.1358 SH(97)
M87 6 0 4|12 3.1358 SH(98)
M88 7| 4 |0 0| -3.456 SH(56)
M89 7| 2 |0 14 |-8.311E10 SH(99)
Mo90 7! o |4]| 0| 680.63 SH(100)
Mol 7 0 6 | 14 | 1809.764 SH(101)
Mo2 7 0 6|14 | 911.88 SH(102)
Ma3 7 0 6 | 14 | 543.667 SH(103)
Mo4 8] o [6]|16| 3951 | SH(104), DM(4)
M95 8 0 1| 16 | 1138.416 SH(105)
Moé 8| O |6]16| 7049.33 | SH(106), DM(5)
Mo7 9| 6 [0 8 |5055.012 SH(107)
Mos 9| o |13 1| -0.866 |SH(108), HM(16)
M99 91 4 |6 16| 5362.07 SH(109)
M100 [10] o |0 20| -45.778 | SH(110),HM(17)

206




Table B.1

Characteristics of the Mathematical Test Problems ( Cont’d )

Problem No. | N |MEQ |M | NB OPT Source
Mior |10] 3 |o|20]| -47.761 |SH(111), HM(4a)
M102 (10| 3 |o| 10| -47.707 | SH(112) HM(4)
M103 |10| o |8 | o | 24.306 SH(113)
M104 15| o |5 |15 | 32.348 | SH(117), CV(2)
M105 |15 0 |29]|30 | 664.82 SH(118)
M106 15 0 10| O -8252.0 CO(15)
M107 15| 0 (10| O | -8310.26 CO(16)
Mi108 |15| o |10| o | -8315.28 co(17)
M109 |15 o |[11| o [-8250.14 CO(18)
M110 15( 0 |11] O | -8164.37 CO(19)
Mi111 15| 0 |[15] O | -5819.92 CO(20)
M112 15 0 |15| O |-5809.712 CO(21)
M113 |16| o |8 (32| 244.809 | SH(119), CV(7)
M114 24] 14 | 6| 24| 38.198 HM(20)

Key
MEQ

NB
oPT
CvV (i)
Co (i)
DM (i)
SH (i)

total number of variables.

total number of equality constraints.

total number of constraints except simple bounds.
total number of simple bounds.

optimal value of the objective function.

test problem i from Colville | 1968 |.

test problem i from Cornwell et al.[ 1978 |.

test problem i from Dembo [ 1976 ].

test problem i from Hock and Schittkowski [ 1981 |.
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Table B.2

Descriptions of Chemical Processes Test problems

Problem

Processes Source
~o
Cl1. Through-circulation drier Luus and Jaakola | 1973 |
C2. Fluidised reactor-heater system Goulcher and Long [ 1978 |
C3 Batch process Goulcher and Long [ 1978 |
C4 Fuel oil and BFG in Power Goulcher and Long [ 1978 |
generation
C5 Waste-heat boiler train Doherty et al. [ 1982 |
Cé Double effect evaporator Newell [ 1980 |
C7 Alkylation process (a) Bracken and McCormick | 1968 |
C8 CSTR train Rangaiah [ 1985 |
C9 Alkylation process (b) Sauer et al. | 1964 |
C10 Cross-current extraction process Luus [ 1975 ]
with product recycle
c11 Williams-Otto process (a) Williams and Otto [ 1960 ]
C12 Williams-Otto process (b) Sriam and Stevens [ 1973 |
C13 Williams-Otto process (c) Jung et al. [ 1971 ]
Cl4 Three stage membrane separation| Dembo [ 1976 ]
C15 Cross-current extraction process Luss [ 1975 ]
with wash stream recycle
C16 Butane isomerisation process Himmelblau [ 1963 ]
C17 Five stage membrane separation

Dembo [ 1976 |
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Table B.3 Characteristics of the Chemical Process Test

Problems

Problem No. | N |MEQ | M |NB| OPT
C1 2 0 3|1 0 |-172.48
C2 3 1 3| 5 |146435.
C3 4 1 1{ 4 |126303.
C4 4 1 2| 8| 3.052
Cs 4 2 2| 4 |-290415
Cé 6 3 3]12| 0.564
C7 10y 3 |11 20 |-1768.8
C8 10 4 4| 20| -0.549
C9 10f 7 7| 20|-1162.3
C10 11| 8 |19] 8 |-0.1015
Ci1 12| 8 8| 4 | -98.68
C12 13| 8 8| 6 | -121.5
C13 13| 8 8| 6 | -50.82
C14 13| O 15] 26 | 97.58
C15 15| 10 |10| 15 | -0.1084
C16 15| 11 | 0| 23 |-918.99
C17 16| 0 |21 32 |174.768
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Table B.4 Comparison of Three Optimization Codes
on the Mathematical Test Problems

Problem | OPXRQP | VMCWD | NLPQL

No. NG(NF) | NG(NF) | NG(NF)
M1 21(39) | 17(32) | 20(44)°
M2 15(15) | 15(24) | 14(20)
M3 16(48) 8(8) | 10(10)
M4 16(16) 2(2) 2(2)
M5 8(10) 9(13) 6(8)

M6 14(14) | 10(13) | 9(10)
M7 16(17) | 13(14) | 10(11)
M8 6(8) F2 5(5)
Mo 14(19) 6(7) 6(6)
Mio | 17(17) | 12(12) | 12(13)
M1l | 16(16) o(11) | 9(10)
Mi12 | 16(24) 9(10) 8(9)

M13 | 30(30)* | 51(51) F3
Mi14 | 16(16) 6(6) 7(13)
M1s | 17(17) 5(6) 4(4)
Mi16 | 17(26) 6(6) 6(9)
M17 | 33(38) | 12(16) F3
Mi18 | 18(20) 8(8) | 21(36)
M19 | 36(56) 7(7) 7(7)
M20 | 18(20) F2 17(20)
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Table B.4 Comparison of Three Optimization Codes
on the Mathematical Test Problems ( Cont’d )

Problem | OPXRQP | VMCWD { NLPQL

No. NG(NF) | NG(NF) | NG(NF)
M21 16(16) 4(4) 4(4)
M22 16(16) 6(7) 6(7)
M23 21(21) 7(7) 7(7)
M24 23(27) 5(5) 5(5)
M25 F4 2(4)¢ 3 5)4
M26 22(28)4 | 12(14)¢ | 15 16)4
M27 1(1)4 1(1)4 1(1)¢

M28 18(20) | 15(16) | 18(20)
M29 26(40) | 35(64) | 19(25)
M30 5(6) 4(5) 4(5)

M31 35(38) | 14(15) | 12(13)
M32 17(17) | 14(14) | 14(14)
M33 26(40) | 15(16) | 8(10)

M34 19(19) 3(3) 3(3)
M35 | 38(52) 5(5)* 5(5)*
M36 | 36(49) 8(8) 8(8)
M37 | 23(27) 7(7) 7(7)
M3g | 18(19) 3(3) 3(3)
M39 19(21) | 9(11) | 9(11)
M40 | 18(21) 79) | 10(11)
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Table B.4

Comparison of Three Optimization Codes
on the Mathematical Test Problems ( Cont’d )

Problem | OPXRQP | VMCWD | NLPQL
No. NG(NF) | NG(NF) [NG(NF)
M41 19(24) 10(12) | 12(24)
M42 28(64) 8(14) | 10(31)
M43 18(19) 11(11) F3
M44 Fé 37(42) | 18(18)
M45 24(33) 8(8) 8(8)
M46 18(20) 7(7) 7(7)
M47 | 44(53)* | 22(22) | 21(21)
M48 |300(4321)* | 83(106) | 82(113)
M49 20(20) 12(14) | 12(14)
M50 19(21) 6(6) 6(6)
M51 15(15) 7(7) 7(7)
M52 17(17) 8(10) | s(10)
M53 19(23) | 12(15) | 11(14)
M54 | 21(21) 6(6) 6(6)
Mss | 52(76)* | 33(34) | 34(37)
M56 20(20) 5(5) 5(5)
Ms7 | 63(111) | 29(33) | 23(23)
M58 21(22) 4(4) 4(4)
M59 35(54) | 10(10) | 10(10)
M60 47(88) 9(9) 9(9)
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Table B.4 Comparison of Three Optimization Codes
on the Mathematical Test Problems ( Cont’d )

Problem | OPXRQP | VMCWD | NLPQL
No. NG(NF) | NG(NF) | NG(NF)
Mé1 17(17) 6(6) 6(6)
Me62 22(22) 8(8) 8(8)
Me63 | 121(122) | 12(14) | 12(14)
Mé64 | 67(111) | 19(23) | 24(30)
M65 10(11) 8(9) 8(9)
M66 22(57)* 6(9) 6(9)
Me7 14(21) 11(15) | 12(15)
Meé8 8(8) 3(5) 3(5)
Me69 16(18) 6(9) 6(8)
M70 15(15) 7(8) 7(8)
M71 19(26) 15(16) | 15(16)
M72 18(19) 8(9) 8(8)
M73 16(16) 9(10) 9(10)
M74 14(14) 7(8) 7(7)
M75 14(14) | 21(34) 8(8)
M76 20(20) 5(5) 5(5)
M77 18(43) 5(6) 46(66)
MT78 57(85) 27(27) | 57(92)
M79 24(30) 5(6) 5(6)
Ms80 3(3)4 2(2)% | 2(2)¢
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Table B.4

Comparison of Three Optimization Codes
on the Mathematical Test Problems ( Cont’d )

Problem | OPXRQP | VMCWD | NLPQL
No. NG(NF) | NG(NF) | NG(NF)
Ms81 15(15) 2(2)¢ 2(2)4
MS82 51(84)° | 13(13) | 16(20)
MS83 22(29) 13(15) | 11(16)
M84 29(31) 2(2) 2(2)
M85 | 27(29) 2(2) 2(2)
Ms6 | 40(46) 7(7) 7(7)
M87 | 27(33) 7(7) 7(7)
Ms88 18(21) 15(15) | 13(15)
M89 F4 24(48)* | 31(72)
M90 18(25) 14(20) | 13(30)
Mo1 53(94) 45(72) | 32(55)
M92 49(77) | 65(104) | 39(59)
M93 46(72) 43(72) | 31(54)
Mo94 29(29) 17(18) | 17(19)
Mo5 | 97(122)* | 43(51)* | 52(65)°
M96 F4 34(36) |234(636)
M97 30(40) 9(11) 13(23)
M98 | 30(107)* | 19(19) | 16(18)
M99 | 64(124) F3 F3
M100 | 10(20) 8(11) 8(11)
M101 | 93(610) | 62(81) | 52(54)
M102 | 39(53) 20(41) | 25(45)
M103 | 34(37) 12(16) | 13(16)
M104 | 53(64) 16(16) | 16(16)
M105 | 30(30) 18(18) | 20(20)
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Table B.4

OPRQP
VMCWD
NLPQL
NG

NF

F1

F2

F3

F4

F5

Fe

Machine

Comparison of Three Optimization Codes

on the Mathematical Test Problems ( Cont’d )

Problem | OPXRQP | VMCWD | NLPQL
No. NG(NF) | NG(NF) | NG(NF)
M106 | 50(90) | 48(74) | 29(45)
M107 | 56(107) | 51(82) | 24(53)
M108 | 57(105) | 45(70) | 25(53)
M109 | 53(82) | 54(84) | 33(64)
M110 | 84(162) | 62(99) | 32(62)
M111 | 45(68) | 37(54) | 28(60)
M112 | 54(87) | 36(52) | 23(41)
Mi113 | 28(38) | 10(13) | 10(13)
Mi114 | 31(36) | 14(14) | 17(20)

The OPRQP optimisation code is used.

The modified VMCWD optimisation code is used.
The NLPQL optimisation code is used.

Number of gradient evaluations.

Number of function evaluations.

Line search failure.

Failed because of an uphill search direction.

Failed because of inconsistent constraints.

Failed because of no progress.

Failed because of more than 500 function evaluations.
Failed because of divergence.

Converged at different optimal points.

Terminated abnormally at the point near an optimum.
CDC Cyber 180-855 .
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Appendix C.1
Alkylation Process

A simplified alkylation process, shown in Figure 3.1, was proposed by Payne
[ 1958 | and optimised by Sauer, Colville and Burwick [ 1964 ].

The objective function and process equations are described as follows

Objective function : ( Maximise )
Product ( Product Values ) - Feed ( Feed Cost ) - Operating Cost

0.063 X4 X7 — 5.04 X1 — 0.035 X2 — 10 X3 — 3.36 X5

Process Equations :
Mass Balance on Isobutane

X2 +X5 - X1X8=0 (1)
Mass Balance on Acid

1000 X3 (98 — X6) — X4 X6 X9=0 (2)
Empirical Relation for Alkylate Reaction

100 X4 = X1 (112 + ( 13.167 — 0.6667 X8) X8) (3)
Mass Balance on Alkylate

X5 = (1 + 022)X4— X1 (4)
Empiral Relation for Octane Number

X7 = 86.35 + (1.098 — 0.038 X8) X8+0.325 (X6 — 89) (5)
Empirical Relation for Acid Dilution Factor

X9 = 35.82 - 0.222 X10 (6)
Empirical Relation for Performace Number

X10 = -133 + 3 X7 (7)
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The variables are described as follows

Starting | Lower | Upper | optimal
value [bound|bound| value
Variables

X1, Olefin Feed, (32 1745 0 | 2000 |1728.92
X2, Isobutane Recycle, (p=) 12000 0 | 16000 |16000
X3, Acid Addition Rate, (fZ2) 110 | 0 | 120 [ 98.16
X4, Alkylate Yield, (32) 3048 0 | 5000 |3056.49
X5, Isobutane Make-Up, (5Z;) | 1974 0 2000 | 2000
X6, Acid Strength, (Wt % ) 89.2 85 93 90.616
X7, Motor Octane No, 92.8 90 95 94.1877
X8, Isobutane / Olefin Ratio, 8.0 3 12 10.4111
X9, Acid Dilution Factor, 3.6 0 4 2.61694
X10, Performance Number, 145 145 162 149.563
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Appendix C.2

Williams — Otto Process

The Williams-Otto process, shown in Figure 3.2 and proposed by Williams and
Otto [ 1964 ], is to manufacture 4763 lbs/hr of pure product P, with maximum
investment return. The system involves a cooler, a decanter, and a distillation
column. The pure reactants, A,, and B, are fed separately to the reactor and the
pure product P,, intermediates Cy, and the by-product E,, and G, are produced.
The reactions are assumed to be second order and irreversible. The undesirable
byproduct G, is discarded from the decanter. Part of the product P, forms an
azeotrope with the byproduct E, in the distillation column.

The process equations are described as follows.

Description of the Process ( Mass Balance Only )
Reactions

(1) Ay + By =5 C,
(2) By +Co» =P, +E,
(3) Py + Cuy —> Gy

Reaction coefficients

ki = yezp(—0;/T,) ¢ = 1,...,3

Reaction Expressions 4 (hr=1) 6 (°R)
R, = nl-—r"—;f;LV,p 50755 12000
R
Ry = nzi;%"c—v,p 2.5062 15000
Ry = ns—iﬁ#—V,p 9.6283 20000
R
Molecular weight Wa W W Wg We Wp
Ib 100 100 200 200 300 100
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Process Equations ( Mass Balance Only )

Definition of total reactor outlet rate

Fr=Fpa+ Frp + Frc + Fre + Frp + Fq (1)

Mass Balance for species A4,
Fyo=0a,Fpa+ Ry
Mass Balance for species B,
Fp = a,Frp+ Ri + R
Mass Balance for species C,,
a,Frc = %ﬁ‘Rl - %532 —R3
Mass Balance for species FE,,
a,Frg = %‘}Rz
Mass Balance for species P,
Fp +a,(Frp — Fp) = Ry — -v‘%gRa
Mass Balance for species G,
Fo={2Rs
Distillation column efficiency
Frp—01Fgg—Fp = 0
Total mass Balance
Fo+Fgp—Fg—Fp—Fp =0
Definition of the split factor of the splitter
a, = Fp[(Fr — Fg — Fp)
Physical limitation

580 < T < 680

(2)

(3)

(4)

()

(6)

(7)

(8)

219




Objective Function

Gross Return, Costl
0.3Fp + 0.0068Fp — 0.02F4 — 0.03Fg — 0.01 Fq

Utility Charge Cost2
2.22Fg

Sales, Administration, Research, and Engineering Charge,
0.124 (8400) (0.3Fp + 0.0068Fp)

Investment (a), Cost4
30V,

Investiment (b), Cost5
30V, + 1.3Ff
Case I

Maximise

Objective function — (a)
(Costl 4+ Cost2 + Cost3 + Cost4) / Cost4

Design Constraints

V-60=0
Case II
Maximise —— Objective function — (b)
(Costl 4 Cost2 + Cost3 + Cost4) |/ Cost4
Case III
Maximise —— Objective function — (c)

(Costl + Cost2 + Cost3 + Cost5) / Costs

Cost3
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The initial point and optimal point obtained from different researchers for the
objective function (a) are described as follows.

Variables | Initial | Optimal point ( case I )

point This Jung Vinante
study et al. | Valladares

Fau 11540 | 12521.96 | 12518 12367

Fg 31230 | 28358.45| 28365 28494

Fp 92640 | 326882 | 326428 318521

Fra 8820 | 38515 38420 35897

Frp 29910 | 121863 | 121754 119742

Freo 2360 7315 7296 6754

Frg 33160 | 137743 | 137541 134904

Fpp 7890 | 18537 18517 18251

Fg 2010 2907 2908 2971

Fp 4763 4763 4763 4761

Fp 36010 | 33209 33212 33128

T, 610 654 654 656
V. 60 60 60 60
Obj | 108.5| 98.68 98.68 98.87
Ccv - 10~7 0.24 0.001
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Variables | Initial | Optimal point ( case II )

point This | Adelmann | Rijkaert
study et al. et al.

Fu 11540 | 13505.8 13338 13505

Fp 31230 | 30780.8 30759 30782

Fgr 92640 | 370476. 360538 | 370411

Fra 8820 | 47450.5 45977 47399

Frp 29910 | 147110. 142784 | 147039

Frc 2360 | 7771.4 7725 7793

Frg 33160 | 145602.9| 141919 | 145598

Frp 7890 | 19323.2 18955 19322

Fg 2010 | 32129 3175 3212

Fp 4763 4763 4763 4763

Fp 36010 | 36310.8 36159 36312

T, 610 674.4 672.61 674

| 60 30.74 32.0 30.75

Oby 108.5 | 121.52 121.66 121.54

cv - 1077 - -
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key

Reactor outlet rate of G, j2=

Production rate of P,, 22

W hour
Reactor outlet rate of A
Reactor outlet rate of By, ;2=
Reactor outlet rate of Cy, ,ﬂ:" =
Reactor outlet rate of E,,, 2=

WS hour

Reactor outlet rate of P, 722

W hour

{bs.
W) hour
{bs.

Reactor volume, ft3
Reactor temperature, °R

Objective function

meq

Constraint violations, i.e. ) '~

223

Variables | Initial | Optimal point ( case III )
point This | Sriram | Rijkaert
study et al. et al.
Fu 11540 | 12506.7 | 12353 | 12507
Fg 31230 | 28780.3 | 28716 | 28780
Fr 92640 | 144456.6 | 147057 | 144458
Fra 8820 |15651.92 | 15420 | 15653
Frp 29910 | 52572.54 | 53641 | 52653
Fre 2360 |3408.593| 3339 3409
Fre 33160 | 59081.37 | 60724 | 59082
Frp 7890 |10671.04 | 10835 | 10671
Fa 2C10 | 3071.143| 3096 3071
F pT 4763 4763 4763 4763
Fp 36010 | 33453.1 | 33210 | 33454
T, 610 | 634.046 | 634.9 634
Ve 60 122.045 | 1224 122
Obj 61 | 50.82 | 50.82 | 50.82
cv - 10~7 - -
Fresh flow rate of Ay, ,%’"r-
Fresh flow rate of B,,, %.:Tr
Flow rate of D,, sent as fuel, }:2:.}

lhi(z) + Z;":lma’z (0,~g,(z) )



Appendix D.1

This appendix is concerned with the estimation of the perturbation size for
gradient evaluations.

. 8z h,
Consider a system of functions h(z) and an element of the gradients _'az,i)
generated from a two-point finite difference scheme, i.e.

hi(z + ¢je5) — hi(2)
gj

There are in general three kinds of errors associated with this perturbation tech-
nique for modular oriented approach, namely rounding error, procedure error and
truncation error. The rounding error is due to the limited machine precision, the
procedure error is introduced by the iterative procedures and the truncation error
results from approximating the functions.

The relative rounding error may be estimated from

hcal(z + gjej) - hcal(z)
Y]

_ €1llh(z)ll2

2 S5

where £ is an estimated relative error.

The relative procedure error may take the form

hcal (.’B + fJ'eJ') - hcal (Z)
Y]

_ &lA(=)]l2

2 $i

where £, is an estimated relative error.

The relative truncation error may be expressed as

G
2

d%h(z')

2
oz H

where z<z'<z+¢.

The perturbation size can be selected so that these errors are minimised, i.e.
by solving
3%h(')
oz

J

+ & h(z)| 2 4 & h(f) |2

min s
2 $s Y

$1
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The solution of this problem is

¢ = 2( & + &) lh(z)ll2
’ (B

In practice the estimate the error &, is larger than the error &1 and it is
difficult to calculate both the relative procedure error and the second order term
2 7
9—;‘;(?—)- ' without extra function evaluations.
i 2

In this study, &3 approximates the relative tolerance of the lowsheet simulation

in the feasible path and the average procedure tolerance in the infeasible path. The
optimal perturbation size ¢; become

;= VEmaz(l,|z;))
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Appendix E.1

Chapter 3 shows that a reduced QP subproblem can be formulated as

- 1
min _pT ZTHY h(z) + Ep‘;”zTH Z p,

st. (9(z) = Va9(z)TYh(z)) + V. g(2)T Zp, >0

where
H is the Hessian of the Lagrangian function.
Y is an ( n X meq ) matrix.
zZ is an ( n X (n — meq) ) matrix.

h(z) is an meg-dimensional vector of equality constraints.
g(z) is an mi-dimensional vector of inequality constraints.
Ps is an (n — megq)-dimensional vector of search directions.

Vh(Ez)TY =1

V.h(z)T 2 = O (3.4)

This appendix shows that the matrices Y, Z, ZTH Z and ZTH Y can be
efficiently obtained by solving the following equations with a given matrix A.

20T ) () -G n) v

i.e.

YT -YTHY -YTHZ
(Vzg A (va)T) 2T —ZYHY -ZTHZ | = I  (e2)
z 0 (Y 2)

where A is an (n X (n — meg)) matrix such that

~~

ATY=0
ATZ=1

From equation (3.4) and (e.3), the following condition is satisfied

(VX’T‘T) (YZ)=1I (3.43)

From equation (3.4) and (3.43), equation (e.1) and (e.2) are satisfied.
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In general the matrix A can be chosen as either

AT = (01I) (e.4)

or

AT = Q.. (e-5)

where Q2 is a matrix whose columns are an orthonormal basis of the null space

of V:h(z)T and can be obtained from an orthogonal decompositon, e.g. equation

(3.7).

The first choice results in the direct variable elimination and the matrix Y
and Z obtained from solving equation (3.43) become

7 - (—V,,h(z)‘; Vuh(z)T)

Y = (Vuh(z)"") (8

~

o

In practice the matrix A can be chosen as the matrix A with exactly one 1 in
each row and column corresponding to the position of a design variable and zero
elsewhere. For example, consider the following equality constraints

Ty + 2 + 3 + 24 = 0 (6.6)
Ty + 2232 + 313 + 4 = 0 (87)
If the variables z; and z4 are selected as design variables then A become

T1T X9 T3 X4
A= e6({1 0 0 O
e7T\0 0 0 1

The second choice results in the projection method and the matrix Y and Z
become

Y =Q,RT
' (3.8)
Z = Q3
where
R an (meg X megq) upper triangular matrix.

Q@1 an (n X meq) matrix.
Q2 an (nx (n— meq)) matrix.

Other choices of A are still possible.
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