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Abstract

This thesis presents a comprehensive investigation into aerosol dispersion and the
preferential concentration of particles in turbulent flows, with a focus on com-
putational modelling. It introduces an Eulerian computational method based on
the Roe-flux scheme, enhancing the efficiency of particle-laden flow simulations
by incorporating second-order velocity moments. This method, compared to tra-
ditional Lagrangian particle tracking, is applied to Direct Numerical Simulations
(DNS) of both the turbulent flow and particle phase, offering new insights into
particle velocity and concentration fluctuations.

The research explores the effects of the Stokes (0 < Stk < 10), Reynolds (50 <
Rey < 120), and Froude (0 < Fr; < 5) numbers on particle clustering. Particles
with Stokes numbers near unity exhibit the strongest clustering, while higher
Stokes numbers reveal that increasing Reynolds and Froude numbers influence
clustering patterns at different scales. A novel empirical model is developed to
predict the spectra of particle concentration fluctuations under varying conditions,
providing a practical tool for analysing aerosol behaviour in environments where
detailed computations may be infeasible.

A significant contribution of this thesis is the investigation into the role of
Lagrangian Coherent Structures (LCS) in generating preferential concentration.
By using the Lagrangian-averaged vorticity deviation (LAVD), the research shows
that rotational coherence in turbulent flows plays a critical role in particle clus-
tering, improving upon previous approaches like the Q criterion. Additionally, it
demonstrates that incorporating time delays between fluid structures and parti-
cle positions significantly enhances the correlation between particle clusters and
turbulent features.

These findings contribute to a deeper understanding of particle-turbulence in-
teractions and have important applications in atmospheric aerosol dispersion, pol-
lution control, and industrial processes, offering predictive models that can help

manage aerosol behaviour in complex, large-scale environments.
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concentration), C'/Cy ~ 5.0 (clusters), and C'/Cy ~ 15.0 (intense

clusters), plotted against the FTLE estimated over a time-window

Normalised particle concentration C'/Cy(left) and LAVD field over
a time window of 15.17n (middle) in a slice of turbulence with
Rey = 90.0 and Stk = 1.0. Low values are in blue and high values
are in yellow. Superimposed image of the two quantities (right),
the green channel represents particle concentration, while the red
channel represents the LAVD field. The particle concentration was
calculated using a box-counting method with a box width of 2n. .
Ratio ¢ of the probability density functions (PDFs) for four selected
particle concentrations: C/Cy ~ 0.0 (voids), C/Cy ~ 1.0 (mean
concentration), C'/Cy ~ 5.0 (clusters), and C'/Cy ~ 15.0 (intense
clusters), plotted against the LAVD over a time-window of 15.177.
Normalised particle concentration C'/Cy(left) and LAVD field over
a time window of 7.47n (middle) in a slice of turbulence with
Rey =90.0 and Stk = 1.0. Low values are in blue and high values
are in yellow. Superimposed image of the two quantities (right),
the green channel represents particle concentration, while the red
channel represents the LAVD field. The particle concentration was
calculated using a box-counting method with a box width of 27. .
Ratio ¢ of the probability density functions (PDFs) for four selected
particle concentrations: C/Cy ~ 0.0 (voids), C/Cy ~ 1.0 (mean
concentration), C'/Cy ~ 5.0 (clusters), and C'/Cy ~ 15.0 (intense
clusters), plotted against the LAVD over a time-window of 7.477.
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Chapter 1
Introduction

This chapter presents a review of the key concepts necessary for understanding
the interaction between particles and turbulence, with a focus on particle clus-
tering and preferential concentration. The discussion begins with the physics of
turbulence, leading to an examination of homogeneous isotropic turbulence (HIT),
which is used in this study as a reference case to investigate the mechanisms of par-
ticle clustering in turbulent flows. Following this, the relevant aspects of particle
dynamics and turbulence-particle interaction are addressed. The computational
approaches are then divided into two parts: the numerical simulation of turbulent
flows and the numerical simulation of particle-laden flows. This framework pro-
vides the foundation for exploring the physical mechanisms that underlie aerosol
dispersion and preferential concentration in turbulent environments. Finally, this
chapter concludes with a summary of the current research, drawn from the lit-
erature review, and an outline of the thesis structure, providing a framework for

understanding the scope and direction of the work.

1.1 The Problem Considered

The distribution of aerosols and inertial particles in turbulent flows significantly
affects a wide range of natural and industrial processes. These particles do not dis-
tribute evenly in a flow but instead exhibit complex, non-uniform patterns of con-
centration. This variability can influence processes as diverse as cloud formation,
combustion efficiency, pollutant transport, and even disease transmission. Un-
derstanding these non-uniform distributions is critical for predicting how aerosols
behave in turbulent environments, as well as for designing systems to either exploit
or mitigate their effects.

In atmospheric processes, for instance, the non-uniform distribution of droplets

is essential for cloud dynamics and the initiation of rain. Within a cloud, turbu-
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lence drives the motion of droplets, and under certain conditions, droplets cluster
together, increasing the likelihood of collisions and coalescence. These interactions
are nonlinear, meaning that even small changes in particle concentration can lead
to significant shifts in the process, such as the rapid formation of rain in regions
of high droplet concentration. The same non-uniform distributions play a role
in pollutant transport in the atmosphere, where aerosols such as dust, soot, or
chemical pollutants can become concentrated in certain areas, posing health and
environmental risks. These clusters of particles can also be transported over long
distances by turbulent air currents, influencing air quality far from the source of
emission.

In industrial contexts, non-uniform particle distributions are equally signifi-
cant. Processes such as spray coating, combustion, and chemical reactions often
rely on the precise distribution of particles within a flow. Non-uniform distribu-
tions can lead to inefficiencies or defects. For example, in combustion systems,
particle clustering can result in uneven burning, leading to hot spots that reduce
overall efficiency or even cause structural damage to equipment. Similarly, in
manufacturing processes involving powders or aerosols, the formation of particle
clusters can lead to uneven coatings or incomplete reactions, which degrade the
quality of the final product. Thus, understanding and controlling these distribu-
tions are crucial for optimizing industrial operations.

Another area of growing importance is the transmission of airborne diseases.
Recent global health crises, such as the COVID-19 pandemic, have underscored
the importance of understanding how aerosols, which may carry pathogens, are
distributed in indoor environments. The non-uniform concentration of aerosols
can lead to localized zones where the risk of transmission is significantly higher.
Airflow patterns, ventilation systems, and room layout all influence how these
aerosols disperse, and computational models are critical for predicting areas of
higher risk. In this context, the study of aerosol behaviour is not merely academic
but has direct implications for public health policies and the design of safer indoor
environments.

These varied processes share a common feature: they are strongly influenced
by the non-uniform distribution of particles within turbulent flows. The challenge,
therefore, lies in understanding how and why these distributions form, and how
they influence the systems they occur in. This is where the concept of preferential
concentration becomes essential.

Preferential concentration refers to the tendency of inertial particles to cluster
in specific regions of a turbulent flow while avoiding others. This behaviour arises
from the fact that particles, due to their inertia, cannot follow the fluid motion

perfectly. Instead, they deviate from the fluid streamlines, accumulating in low-
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vorticity regions while being expelled from high-vorticity regions. The extent of
this clustering is influenced by various factors, including the particle size, the flow’s
turbulence intensity, and the gravitational forces acting on the particles. When
particles are of an optimal size—typically when the Stokes number is around
unity—they interact most effectively with the turbulent eddies, resulting in the
strongest clustering.

The focus of this study is to understand the mechanisms behind preferential
concentration, with an emphasis on the computational modelling of these phe-
nomena. While both experimental and computational methods have been used
to study aerosol dispersion and particle clustering, computational approaches of-
fer several unique advantages, particularly when it comes to extracting detailed
physical insights.

Experimental studies, while essential for validating models and understand-
ing real-world phenomena, face significant limitations when it comes to studying
aerosol and particle behaviour in turbulent flows. The primary challenge in ex-
periments is the difficulty of measuring particle positions and velocities with high
spatial and temporal resolution in a turbulent environment. Turbulence, by its
nature, involves a wide range of length and time scales, making it challenging
to capture the full spectrum of particle behaviour. While modern experimental
techniques such as particle image velocimetry (PIV) and laser diagnostics have
improved our ability to track particles, these methods are often limited by the
resolution of the instruments and the complexity of the flow.

In contrast, computational methods, particularly direct numerical simulation
(DNS), allow researchers to resolve all relevant scales of the turbulent flow and
extract detailed information about the particles’ behaviour. DNS provides an un-
precedented level of detail, offering insights into the exact interactions between
particles and turbulent structures that would be impossible to observe experimen-
tally. By simulating the fluid flow at high resolution, computational models can
track individual particles, revealing how they respond to different flow features,
such as vortices, shear layers, and stagnation points. Moreover, computational
methods enable the study of a wide range of parameter spaces, including vari-
ations in particle size, flow intensity, and external forces such as gravity. This
flexibility allows for a systematic exploration of the factors influencing preferen-
tial concentration, which would be prohibitively expensive and time-consuming to
replicate experimentally.

However, computational methods also have their drawbacks. One of the main
limitations is the computational cost associated with DNS. Resolving all relevant
turbulent scales requires extremely fine grids and small time steps, leading to high

computational demands, especially for flows with high Reynolds numbers. Addi-

21



tionally, while DNS is valuable for fundamental studies, its direct application to
large-scale industrial or atmospheric flows is limited by the sheer scale of these
systems. For practical applications, researchers often turn to large-eddy simula-
tion (LES) or Reynolds-averaged Navier-Stokes (RANS) approaches, which model
the largest turbulent scales while approximating the smaller ones. While these ap-
proaches reduce computational costs, they also introduce modelling uncertainties
that must be carefully considered when interpreting the results.

Despite these limitations, computational models remain a powerful tool for
studying aerosol dispersion and preferential concentration, especially when ex-
perimental methods fall short. In many cases, computational models can isolate
specific physical mechanisms and test hypotheses that would be difficult or impos-
sible to explore in an experimental setting. For example, the ability to control all
parameters of the system—such as particle size, turbulence intensity, and bound-
ary conditions—allows for a detailed investigation of how each factor influences
particle clustering and void formation.

This study focuses on the computational analysis of preferential concentration,
leveraging the strengths of DNS to explore the detailed physics behind aerosol and
particle behaviour in turbulent flows. The goal is to provide a deeper understand-
ing of how factors such as the Stokes number, Reynolds number, and gravitational
forces interact to shape the distribution of particles in turbulence. The findings of
this research will not only contribute to the fundamental understanding of pref-
erential concentration but also provide practical insights for improving models of
aerosol behaviour in natural and industrial systems.

This thesis aims to build a comprehensive computational framework to model
and analyse aerosol dispersion and preferential concentration in turbulent flows.
The emphasis is on understanding the detailed interactions between particles and
the turbulent structures that lead to the formation of clusters and voids. By using
DNS and related computational techniques, this study explores how different di-
mensionless parameters, such as the Stokes number, Reynolds number, and Froude
number, influence particle distributions.

The research will also investigate the implications of preferential concentra-
tion for practical applications. In the context of aerosol transmission of diseases,
understanding how particles concentrate in specific regions of a room can inform
the design of ventilation systems that minimize the risk of airborne transmission.
Similarly, in industrial processes involving aerosol dispersion, the ability to pre-
dict and control particle clustering can improve the efficiency and consistency of
operations such as spray coating, combustion, and chemical reactions.

Moreover, this study will explore the scalability of computational models to

more complex flow geometries and higher Reynolds numbers, addressing some of
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the current limitations in applying DNS to large-scale systems. By doing so, this
research aims to bridge the gap between detailed fundamental studies and practical
applications, providing a framework for both understanding and controlling aerosol
behaviour in turbulent environments.

In conclusion, this thesis addresses the critical need to understand the mech-
anisms governing aerosol dispersion and preferential concentration in turbulent
flows. By focusing on computational methods, the study seeks to provide detailed
physical insights that are difficult to obtain experimentally. The findings will have
wide-ranging applications, from improving public health and safety to optimizing
industrial processes involving particle-laden flows. Through the systematic ex-
ploration of particle-turbulence interactions, this research will contribute to both
the theoretical and practical understanding of aerosol dynamics in complex flow

environments.

1.2 Turbulence

1.2.1 Fundamentals of Turbulence

Unlike laminar flow, which is smooth and orderly, turbulence represents a complex
and chaotic fluid flow phenomenon characterized by irregular motion and enhanced
mixing. This contrast between laminar and turbulent flows is fundamental to fluid
dynamics, with turbulence exhibiting a rich and intricate behaviour that deviates
from the predictability of laminar flow patterns.

Turbulent flows are ubiquitous in everyday situations. Their irregularity is
strikingly evident in natural phenomena such as the swirling patterns observed
in smoke or the eddies formed in river currents [130]. These visible instances of
turbulence highlight its presence and influence in our natural environment.

In the realm of engineering, turbulent flows are pervasive. They occur in vari-
ous liquid or gas processing systems, such as pumps, compressors, and pipelines,
and around vehicles, including airplanes, cars, ships, and submarines. These tur-
bulent flows play critical roles in the efficiency and functionality of these systems
and vehicles.

One of the hallmarks of turbulent flows is the presence of vortices, or swirling
motions, also known as eddies, which vary in size and significantly influence the
overall flow dynamics [155]. For example, the exhaust plume from a solid rocket
motor exhibits turbulent motions at various scales, from large eddies to the small-
est detectable by a camera. These vortices, or eddies, contribute to the complexity
and dynamic nature of turbulence.

Turbulence significantly enhances the transport and mixing of fluids, far sur-
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passing the efficiency of laminar flow. In practical applications, turbulence en-
hances the mixing and diffusion of momentum, heat, and mass, which is particu-
larly beneficial in combustion engines and chemical reactors [159]. This property
of turbulence facilitates the efficient dispersal of pollutants in the atmosphere
or water bodies and ensures effective reactant mixing in combustion devices and
chemical reactors [21]. However, turbulence increases wall shear stress and drag
on aircraft wings and ship hulls, potentially impacting their performance and ef-
ficiency.

The transition from laminar to turbulent flow is influenced by the Reynolds
number, a dimensionless quantity that compares inertial forces to viscous forces
within the fluid. The Reynolds number (Re) is defined as:

C (ITLC anr
Re = [MlcharZchar. (1.1)

L
where p is the fluid density, ucpq, is the fluid velocity, Lep,,- is a characteristic
length, and p is the fluid’s dynamic viscosity. Understanding and calculating the
Reynolds number is essential for predicting and managing the onset of turbulence
in various systems.

Turbulence is inherently three-dimensional, with interactions between vortices
occurring in all spatial directions [37]. This three-dimensionality adds to the com-
plexity of turbulent flows. Furthermore, turbulence is not uniformly distributed in
space and time; it exhibits intermittency. This means regions of high turbulence
intensity are interspersed with relatively calm regions, a phenomenon observed
in various turbulent flows, including atmospheric turbulence and boundary layer
flows |54]. This intermittency underscores the unpredictable and fluctuating na-
ture of turbulent flows.

The behaviour of both laminar and turbulent flows can be mathematically
described by the Navier-Stokes equations. These fundamental equations of fluid
mechanics are derived from Newton’s second law and describe how the velocity
field of a fluid evolves over time. The Navier-Stokes equations for an incompressible

fluid (in vector form) are given by:

0
P (8—1; +u- VU> = —Vp+uViu+ f, (1.2)

V-u=0, (1.3)

here, u is the fluid velocity vector, p is the fluid density, p is the pressure,
is the dynamic viscosity, and f represents any external forces acting on the fluid.

The first equation represents the conservation of momentum, while the second
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equation ensures the conservation of mass for an incompressible fluid.

Solving the Navier-Stokes equations for turbulent flows is particularly challeng-
ing due to the non-linear term w-Vu, which represents the convective acceleration.
This term introduces complexities that lead to the chaotic and unpredictable na-
ture of turbulence. The difficulty in finding analytical solutions to these equations
necessitates the use of numerical methods and simulations [113].

In the analysis of turbulent flows, the strain rate tensor and the rotation rate
tensor characterize different aspects of fluid motion. The strain rate tensor S;;

describes the rate of deformation of fluid elements and is defined as:

1 8’&2 an
5,1 (axj N axi) , (1.4)

this tensor provides a measure of how fluid particles are stretched, compressed,

or sheared as they move, contributing to the overall deformation of the flow.
Complementing the strain rate tensor is the rotation rate tensor €2;;, which

describes the rotational motion of fluid elements. It is given by:

i = 2 ((%cj a 8@) ’ (1.5)

this tensor captures the local rotational effects within the flow, indicating the

presence of vortices or rotational motion.
To distinguish between vortex-dominated and shear-dominated regions, the
Q-criterion is commonly used. The Q-criterion is defined as:

Q = = (19 = 1551%) . (1.6)

N | —

where |Q;|> = Q;;Q; and |S;;|*> = S;;5i;. The criterion identifies vortices as
regions where rotational effects dominate over strain-induced deformation, i.e.,
where () > 0. This provides a useful tool for visualizing vortex structures in
turbulent flows.

Closely related to the rotation rate tensor is the concept of vorticity, w, which
is a vector quantity representing the local rotation of fluid elements. Vorticity is
defined as the curl of the velocity field:

w=V xu, (1.7)

The vorticity vector provides insights into the intensity and orientation of
rotational motion within the fluid. High vorticity regions typically correspond to
intense swirling motions or vortices, which are a characteristic feature of turbulent

flows.
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1.2.2 Energy Cascade of Turbulence

The concept of the energy cascade is fundamental to understanding turbulence. In
turbulent flows, energy is injected at large scales and transferred to progressively
smaller scales through a process known as the energy cascade. This transfer of
energy continues until it reaches the smallest scales, where it is dissipated as
heat due to viscous forces. This cascading process is crucial for maintaining the
dynamic nature of turbulence and plays a significant role in the overall energy
balance within the fluid.

Kolmogorov’s 1941 theory provides a theoretical framework for describing the
behaviour of turbulent flows. According to Kolmogorov’s first similarity hypothe-
sis, at sufficiently high Reynolds numbers, the statistics of the large scales of tur-
bulence are universal and independent of the fluid’s viscosity. These large scales
are influenced primarily by the energy input and the large-scale flow structure
[54].

Kolmogorov’s second similarity hypothesis pertains to the small scales of tur-
bulence, where the effects of viscosity become significant. At these small scales,
also known as the Kolmogorov scales, the turbulent motions are isotropic and ho-
mogeneous, meaning they are statistically similar in all directions. Kolmogorov
introduced the concept of Kolmogorov length, time, and velocity scales to describe

these smallest scales of turbulence. The Kolmogorov length scale (n) is given by:

"= (—)/ (1)

where v is the kinematic viscosity and € is the rate of dissipation of turbulent
kinetic energy per unit mass. The Kolmogorov timescale (7,) and velocity scale

(uy) are similarly defined as:

)" ”
uy = (ve)''", (1.10)

these scales provide a quantitative measure of the smallest eddies in turbulent
flow and are critical for understanding the dissipation process [37].

Within the energy spectrum of turbulence, the inertial subrange is the range
of scales where energy transfer occurs without significant loss due to viscosity. In
this subrange, the energy spectrum follows a universal behaviour described by the
famous —5/3 power law, indicating that the energy density (E(k)) at wavenumber

k scales as:
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E(k) o k7573, (1.11)

this scaling law reflects the self-similar nature of turbulence in the inertial
subrange, where energy cascades from larger to smaller scales in a predictable
manner [159).

As the energy cascade continues, it eventually reaches the dissipation range,
where viscous forces dominate and convert the kinetic energy into heat. The
transition from the inertial subrange to the dissipation range marks the point
where the smallest eddies are efficiently dissipated, completing the energy cascade
process [21].

The energy cascade and Kolmogorov scales is essential for various practical
applications and for developing different modelling techniques in fluid dynamics.
The concept of the energy cascade underpins many turbulence models, such as
Large Eddy Simulation (LES). LES resolves the larger turbulent structures while
modelling the smaller scales, making use of the energy cascade’s predictable nature

in the inertial subrange.

1.2.3 Statistical Description of Turbulence

Describing turbulence statistically is essential for understanding its complex, chaotic
nature. Several statistical methods and tools are employed to analyse and predict
turbulent flows. These methods provide insights into the behaviour of turbulence
and enable the development of effective models for various applications.

One of the foundational approaches in the statistical description of turbulence
is Reynolds decomposition. This technique separates flow variables into mean
and fluctuating components. By expressing a flow variable ¢(x,t) at position x
and time ¢ as the sum of its mean ((¢)) (x,t) and its fluctuating part ¢'(x,t), the

analysis of turbulent flows becomes more manageable:

¢($>t) = <<¢>> (mvt) + ¢/(m7t)v (1'12)

The mean component represents the steady (or slower) part of the flow, while
the fluctuating component captures the deviations caused by turbulence.

Building on this decomposition, the Reynolds-averaged Navier-Stokes (RANS)
equations are derived, which govern the mean flow behaviour in turbulent con-
ditions. These equations introduce additional terms known as Reynolds stresses,
which represent the effects of turbulence on the mean flow. The RANS equations

for an incompressible fluid are given by:
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where ((u;)) is the mean velocity, (p)) is the mean pressure, and ((uju)) are
the Reynolds stresses. These stresses are modelled to close the RANS equations
and enable practical computations of turbulent flows [43].

The autocorrelation function measures the correlation between velocity fluctu-

ations at different points in space and time. It is defined as:

(v (z)u'(x + 1))
((w) ’

where r is the spatial separation, and ((-)) denotes an average over space and

Ryu(r) =

(1.14)

time. This function provides insights into the spatial and temporal coherence of
turbulence. From the autocorrelation function, integral length scales L can be

calculated, which represent the size of the energy-containing eddies in the flow:

L= /OO Ry (r)dr, (1.15)

In addition to spatial scales, the integral time scale 71" is used to characterize

the temporal structure of turbulence and is defined as:

T= /OO Ruu(7) dr, (1.16)

where 7 is the time lag. These scales are important for describing the spatial
and temporal structure of turbulence and for developing turbulence models [116].

Turbulent kinetic energy (TKE) describes the energy contained in the turbulent
motion of the fluid. The TKE budget equation outlines the balance between
production, dissipation, and transport of turbulent kinetic energy. Production
terms represent the generation of TKE from the mean flow, dissipation terms
account for the conversion of TKE into heat due to viscosity, and transport terms
describe the redistribution of TKE within the flow. The TKE budget equation is

expressed as:

ok
ot

) g = = () T — e - (v LD Sty )
(1.17)

where k is the turbulent kinetic energy, and e is the rate of dissipation of
TKE. This equation helps in predicting and modelling turbulent flows in various

applications [37].
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1.2.4 Homogeneous Isotropic Turbulence

A velocity field is statistically stationary if its moments are invariant under a shift
in time, statistically homogeneous if its moments are invariant under a shift in
space, and statistically isotropic if its moments are invariant under a rotation or
reflection of the coordinate system [130].

Homogeneous Isotropic Turbulence (HIT) is a theoretical construct in fluid
dynamics that greatly simplifies the study of turbulence. HIT is defined as a
turbulent flow in which statistical properties are uniform in space and time (ho-
mogeneous) and exhibit no preferred direction (isotropic). This idealized form of
turbulence eliminates the complexities associated with boundaries and directional
biases, providing a clearer framework for analysing turbulent behaviours.

The properties of HIT make it a fundamental model in turbulence research.
Because HIT assumes uniform statistical properties throughout the flow, it implies
that the turbulence is the same at every point in the fluid. Isotropy means that
the statistical properties are identical in all directions, which further simplifies the
mathematical treatment of turbulence and analysis of turbulent properties. These
properties allow researchers to focus on the intrinsic nature of turbulence without
the complications introduced by varying conditions or directional influences [130].

A notable characteristic of HIT is that it will decay over time without an exter-
nal energy source. In the absence of forcing, the turbulent kinetic energy (TKE)
gradually diminishes as energy is transferred to smaller scales and dissipated as
heat. According to Pope (2000), the rate of decay of TKE in HIT is described by
the equation:

% = —¢, (1.18)

where K is the total turbulent kinetic energy, and ¢ is the total rate of dissi-

pation of TKE (this is opposed to k and € which are local fluid properties). This

equation highlights the direct relationship between the decay of TKE and the
energy dissipation rate.

In wind tunnel experiments, homogeneous isotropic turbulence is approximated
by observing the decaying turbulence downstream of a grid [72]. Hwang and Eaton
[79] used jet actuators to produce near-isotropic turbulence without a mean flow
inside a turbulence chamber. Homogeneous isotropic turbulence has also been
achieved experimentally via the 'box of turbulence’ method without a meanflow
[96].

The Taylor microscale is another important concept in HIT. It provides an
intermediate scale between the large energy-containing eddies and the small dissi-

pative eddies, characterizing the scale at which viscous effects become significant.
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The Taylor microscale X is defined as:

1 12 1/2
)\:< ovu ) , (1.19)

€

where v is the kinematic viscosity, ' is the root mean square of the velocity
fluctuations, and € is the rate of dissipation of turbulent kinetic energy. The
Taylor microscale helps in bridging the gap between the inertial subrange and the
dissipation range, providing insights into the transition from large to small scales
in turbulence [159].

The Taylor Reynolds number Re) is defined using the Taylor microscale and
provides a measure of the turbulence intensity at the intermediate scales. Tt is
given by:

Rey = U’—A, (1.20)
v

The Taylor Reynolds number is a dimensionless quantity that indicates the
relative significance of inertial forces to viscous forces at the Taylor microscale
and is used to characterize the turbulence level in HIT [130].

Mathematically, HIT is often described using statistical and spectral methods.
The use of these methods allows for a detailed characterization of turbulence
through quantities like the autocorrelation function, structure functions, and the
energy spectrum. These tools help in quantifying the distribution of energy among
different scales and understanding the transfer mechanisms at play within the
turbulent flow [37].

The relevance of HIT in research and applications lies in its role as a simplified
model that captures the essential features of turbulence. Studying HIT helps in
developing and validating theories that can be applied to more complex, real-
world turbulent flows. For instance, assumptions of HIT are useful in atmospheric
sciences, oceanography, and engineering applications where the detailed structure
of turbulence needs to be understood without the complications of boundaries or
directional influences. Numerical simulations, such as Direct Numerical Simulation
(DNS) and Large Eddy Simulation (LES), often use HIT to benchmark their

results and improve turbulence models [113].

1.3 Particle Dynamics

1.3.1 Equation of Motion

If a particle is smaller than the smallest fluid scale, it can be considered a point par-

ticle [101]. The core of the point-particle approach in understanding the dynamics
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of small particles in turbulent flows is encapsulated by the Maxey-Riley—Gatignol
(MRG) equation of motion. This equation describes the forces acting on a small
particle undergoing arbitrary motion in an unsteady nonhomogeneous flow [108].
A rigorous derivation of this equation necessitates a vanishing particle Reynolds
number (Re,), allowing for the linear superposition of different forces, and as-
sumes extremely dilute particle concentrations to ignore interparticle effects. The
particle Reynolds number is defined as
Re, = Pfdp|u_'vp|7 (1.21)
i
where py is the fluid density, d, is the particle diameter, w is the fluid velocity,
v,, is the particle velocity, and p is the dynamic viscosity of the fluid. Despite these
assumptions, the MRG equation is frequently used outside these ideal conditions,
requiring careful assessment of the framework’s limitations.

The MRG equation of motion is given by:

dv
mpd—tp = (my —my) g+
Du
myg —— -
Dt y(t)
1 d L2y
§mfa {vp —uly(t),t] — Ea \ u’y(t)} - (1.22)

1
6mapu {'vp —uly(t),t] — 6a2 V2u‘y(t)} -

t 4 {vp —uly(t),t] — ;a? V2u|y(t)}
67rau/ dr
0

[mv(t — 7))

=

where m,, is the mass of the particle, v, is the velocity of the particle, ¢ is time,

my is the mass of the fluid displaced by the particle, g is the gravitational accel-
D

. Dt

is the fluid velocity at the particle position y(t), a = d,/2 is the radius of the

eration vector is the material derivative of the fluid velocity field, u|y(t), t]
particle, 4 is the dynamic viscosity of the fluid, V?u is the Laplacian of the fluid
velocity field, and v is the kinematic viscosity of the fluid.

This equation accounts for various forces acting on the particle, including the
buoyancy force, fluid acceleration, added mass force, Stokes drag, and history
force. The buoyancy force (m, — my)g; is the net gravitational force considering

buoyancy. The fluid acceleration term my % represents the force due to the

‘y(t)
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fluid’s acceleration. The added mass force

1 d 1,
_§mf£ {'vp —w;ly(t),t] — 1—Oa \V4 u!y(t)},

accounts for the inertia of the fluid surrounding the particle. Stokes drag

1
—6rau {’Up —uly(t),t] - EQQ V2u|y(t)} ’

describes the viscous resistance of the fluid. The history force

t 4 {'vp —uly(t),t] — ;a? V2u|y(t)}
—67m,u/ dr -
0 [rv(t —7)]2

accounts for the past velocities’ effect on the current motion due to fluid mem-
ory effects. All the terms proportional to Laplacian of velocity (V2u) are the
Faxén correction terms which account for the non-uniformity in the flow across
the particle’s length.

For small heavy particles, gravity and drag are the dominant forces [97|. The
drag force is often modelled by correcting the Stokes formula to account for finite
Re,. Schiller [149] proposed a correction that has been widely adopted, particu-
larly for finite Reynolds numbers. Although these corrections were derived under
homogeneous and steady conditions, they have shown good performance in sim-
ple cellular configurations [19] and low-Re turbulence where Re, = O(1) [109].
However, in high-Re turbulence, the probability of extreme events tends to be
underestimated Saw et al. [147].

Unsteady forces within the MRG equation, such as added mass, fluid accel-
eration, and the history force, become significant even when the particle-to-fluid
density ratio (p,/ps) is much greater than one, particularly when the particle di-
ameter (d,) is comparable to the Kolmogorov scale (1) [97]. The relevance of the
history term, which accounts for past fluid acceleration effects on particle motion,
has been highlighted in studies of particle kinematics [36] and clustering Olivieri
et al. [120]. Recent efficient computational approaches have improved the calcu-
lation of the history term Prasath et al. [132].

In cases of extremely small Reynolds numbers (Re, < 1) and high particle-
to-fluid density ratio (p,/ps > 10), the equation of motion for a small spherical
particle simplifies significantly. Stokes’ law provides a model for the drag force
under these conditions, expressed as Fy; = 3mud,(u — v,). The gravity force,
based on Archimedes’ principle, is expressed as Fj, = 7r%,lz,opg, reflecting the density

difference between the particle and the fluid. Thus, under these assumptions, the
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equation of motion for a small, spherical particle can be simplified to a balance
between the drag force and the net gravitational force:
dv wd?
mpd—tp = 3mud,(u[y(t),t] —v,) + ?pppg, (1.23)

this can be rewritten more compactly by using the particle relaxation time 7:

de;%
— 2P 1.24
TP 18/L’ ( )
dv, 1
— = — t),t| — . 1.25
di 7 (u[y( )v ] Up) +g ( )

Additionally, particles in a fluid experience diffusion due to random thermal
motion, known as Brownian motion. This molecular diffusion can be described by

the Einstein relation for the diffusion coefficient D:

_ %, (1.26)

where kg is the Boltzmann constant, T is the absolute temperature, pu is the
dynamic viscosity of the fluid, and d is the particle diameter. This equation
provides a measure of the rate at which particles diffuse through a fluid due to
thermal energy, offering insights into the microscopic dynamics of particle motion

within fluids.

1.3.2 Preferential Concentration

Inertial particle or droplet distributions in turbulent flows often exhibit cluster-
ing in regions of high concentration and voids in regions of low concentration.
This behaviour, known as preferential concentration, occurs due to particle iner-
tia, which causes the dispersed phase to deviate from the fluid flow streamlines.
This process is influenced by variables such as particle size and the properties of
the fluid [154]. Understanding preferential concentration is crucial for a variety
of natural and industrial processes. In atmospheric physics, it plays a role in
cloud formation and rain initiation, while in chemical engineering, it impacts pro-
cesses such as powder manufacturing. These processes often depend nonlinearly
on particle concentration. For example, the general aerosol dynamic equation,
which describes the evolution of droplet size distribution [55], underscores the
significance of non-uniform particle concentration profiles. Moreover, preferential
concentration affects various phenomena including droplet coalescence in clouds

[163, 150, 95|, droplet evaporation or condensation [137, 145], and gas-particle
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phase reactions [70].

The mechanisms driving the clustering of inertial particles in fluid flows are
complex and influenced by various factors, including the Stokes and Reynolds
numbers. One common effect observed in flows with a mean velocity component
is centrifuging. In the context of turbulence, Coleman and Vassilicos [32] pro-
posed the ’sweep-stick’” mechanism. This mechanism suggests that particles are
swept along with and get stuck to the acceleration stagnation points of the fluid.
However, an alternative perspective is offered by Bragg et al. [23], whose analysis
also applies to arbitrary spatially correlated velocity fields. Crucially, their find-
ings challenge the scale invariance of the radial distribution function, offering a
different view on the underlying processes of particle clustering.

To understand the underlying physics and predict the preferential concentra-
tion of particles, researchers have developed several methods to correlate fluid
properties with particle concentration. Among these properties, the Q-criterion
has been widely used to identify vortex-dominated regions within a turbulent flow
[6, 32]. The Q-criterion is based on the second invariant of the velocity gradient
tensor and is used to distinguish between rotation-dominated (vortical) and strain-
dominated regions [78]. Regions where the Q-criterion is positive are typically
associated with vortical structures, where centrifugal forces can lead to particle
clustering around the periphery of vortices.

Another important method is the Enstrophy, which quantifies the intensity of
vorticity within the flow without considering the strain. Enstrophy is particularly
useful for identifying regions with high rotational energy, which can influence the
distribution of particles by expelling them from the vortex cores and concentrating
them in regions of lower vorticity [52]. Oujia et al. [123] used neural networks to try
to synthesise inertial particle concentrations from Enstrophy to varying degrees
of success. These Eulerian-based approaches provide valuable insights into the
correlation between fluid structures and particle concentration and can effectively
frame coherent features of the instantaneous velocity field but lack objectivity
Haller |66]. They are often limited by their reliance on instantaneous snapshots of
the flow, which may not fully capture the temporal dynamics of particle clustering.

The mechanisms driving the clustering of inertial particles in fluid flows are
complex and influenced by various factors, including the non-dimensional Stokes
(Stk), Froude (F'r) and turbulent Reynolds numbers (Rey). The Stokes number
(Stk) measures the ratio of particle inertia to fluid drag forces, indicating how

quickly particles respond to changes in fluid velocity:

Stk =2, (1.27)
Ty
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where 7, is the particle relaxation time (Equation 1.24), and 7¢ is a representative
timescale of the fluid, most often chosen as the Kolmogorov timescale 7,,. Many
fluid timescales could be used, but the Kolmogorov timescale is often preferred due
to its favourable analytical properties for small Stokes numbers (Stk < 0.2), where
the Equilibrium Eulerian approach can be applied to theoretically derive particle
velocities [8]. However it is noted that the Kolmogorov timescale may not be the
appropriate timescale for representation of all relevant clustering processes and this
remains an area of active research. The Froude number (F'r) is a ratio between is
defined as a ratio of gravitational forces to inertial forces. In this thesis we define
two Froude numbers, which are the reciprocals of the conventional definitions, as
traditional Froude numbers become undefined when gravitational acceleration is
zero, which was undesired for Chapter 4. The first F'r is the ratio of gravitational
forces to fluid inertia, the second F'r, is the ratio of gravitational forces to particle

inertia, these are given in Equations 1.28 and 1.29 respectively:

Frp =9 (1.28)
Un
Fr, = Stk Fr; =22, (1.29)
Un

where ¢ is the gravitational constant (9.81 ms~?), 7, is the Kolmogorov timescale
(Equation 1.9) and u,, is the Kolmogorov velocity (Equation 1.10).

The preferential concentration of inertial particles in turbulent flows has been
extensively studied with a primary focus on the dependence on the Stokes number
(Stk), based on the Kolmogorov timescale of the fluid flow and a particle inertia
timescale. This parameter, which measures the ratio of particle inertial forces
to fluid viscous forces, plays a crucial role in determining how particles deviate
from fluid streamlines and form clusters. Squires and Eaton [153| highlighted that
particles with a Stokes number close to unity exhibit significant preferential con-
centration due to their optimal response time to turbulent eddies. Matsuda et al.
[104] demonstrated that for Stk < 2, the turbulent clustering of droplets signif-
icantly influences radar reflectivity, indicating a strong dependence of clustering
intensity on the Stokes number. Vaillancourt and Yau [163] reviewed various stud-
ies, emphasizing that particles with intermediate Stk are most likely to deviate
from randomness and form clusters in turbulent flows.

Further studies, such as those by Shaw [150] and Lian et al. [95], provided
experimental and numerical evidence showing that particle clustering is highly
sensitive to Stokes number variations. Sahu et al. [145] examined the interaction
between droplet dispersion and evaporation, noting that the degree of clustering

and the resultant evaporation rates were significantly influenced by the Stokes
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number. Haugen et al. [70] explored the impact of turbulence on mass transfer
rates, demonstrating that particle clustering due to preferential concentration is
maximized at Stk ~ 1, affecting surface reactions in turbulent environments.

Monchaux et al. [115] and Eaton and Fessler [46] discussed the underlying
mechanisms of preferential concentration, such as the centrifuging of particles
from vortical structures, which are most pronounced for particles with Stk around
unity. Chun et al. [31] developed an analytical theory to predict particle clustering,
confirming that the radial distribution function increases as an inverse power of
interparticle separation for small Stokes numbers. Similarly, Bec [13] and Bec
et al. [15] provided insights into the fractal nature of particle clustering at low
Stk, with clustering intensity diminishing at higher Stokes numbers.

Gustavsson and Mehlig [64] and Bragg and Collins [22] compared statisti-
cal models for spatial patterns of heavy particles, elucidating the dependence of
clustering behaviour on Stokes number across different turbulent flow regimes.
Sundaram and Collins [158] and Coleman and Vassilicos [32] further explored the
collision statistics of inertial particles, demonstrating that preferential concentra-
tion significantly enhances collision rates for particles with intermediate Stk.

Overall, these studies collectively highlight the critical role of the Stokes num-
ber in determining the preferential concentration of particles in turbulence. The
observed clustering behaviour, which peaks at Stk = 1, underscores the impor-
tance of particle inertia in modulating their spatial distribution within turbulent
flows, as corroborated by numerous experimental, numerical, and theoretical in-
vestigations.

While the impact of Stokes number on preferential concentration has been ex-
tensively studied, the influence of Reynolds number and gravitational forces on
particle clustering in turbulence has received comparatively less attention. Ire-
land et al. [80, 81] conducted comprehensive simulations to investigate the effect
of Reynolds number on inertial particle dynamics, both with and without grav-
itational effects. They found that higher Reynolds numbers, indicative of more
intense turbulence, significantly alter particle behaviour and clustering patterns,
particularly for particles with varying Stokes numbers. This study highlights the
complexity of interactions at higher Reynolds numbers, where turbulence enhances
particle dispersion and clustering through mechanisms not solely dependent on
particle inertia.

The Reynolds number significantly influences the behaviour of particle clus-
tering in turbulent flows. Ireland et al. 80| studied Reynolds numbers up to
Rey =~ 600 and found that as the Reynolds number increases, regions of intense
rotation and strain in the flow tend to form vortex sheets, which can eject inertial

particles, particularly those with small Stokes numbers (Stk). This ejection re-
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duces the tendency for clustering in these regions. For particles with higher Stokes
numbers (Stk > 10), clustering is affected by a combination of inertial filtering and
path-history effects, with increased Reynolds numbers generally enhancing clus-
tering within the inertial range of turbulence [80]. This is because the influence
of inertial filtering diminishes at high Reynolds numbers, where greater scale sep-
aration and increased turbulence intermittency lead to stronger clustering effects.
However, for particles with lower Stokes numbers (Stk < 0.4), clustering is largely
independent of Reynolds number and is primarily driven by preferential sampling
of specific turbulent structures [80]. Matsuda et al. [104] examined number density
spectra for Reynolds numbers in the range 127 < Re) < 531 at Stk = 1.0, finding
that the spectra were mostly independent of Reynolds number for wavenumbers
kn > 0.05. However, at larger length scales (k1 < 0.05), clustering was shown to
be highly dependent on Reynolds number. The combined effects of varying both
Stokes number and Reynolds number were not explored in this study.

Matsuda et al. [105] investigated the combined effects of gravitational settling,
Reynolds number, and Stokes number on turbulent droplet clustering and radar
reflectivity factors. They found that the number density spectra were no longer
independent of Reynolds number, even for k1 > 0.05, when the Stokes number was
sufficiently large (Stk > 2.0). Their results showed that gravity significantly mod-
ulates clustering intensity, particularly for droplets with Stokes numbers greater
than unity. This study, along with earlier work by Matsuda et al. [104], highlights
the importance of gravity in modifying particle distributions in turbulent flows,
which is essential for accurately modelling atmospheric processes.

Gravity exerts a complex influence on particle clustering and collisions in tur-
bulent flows, with its effects varying based on particle size and Stokes number. Ire-
land et al. [81] demonstrated that for low-Stokes-number particles, gravity reduces
clustering by shortening their interaction time with turbulent structures, thus di-
minishing preferential sampling and lowering the Lagrangian strain and rotation
timescales. Conversely, for high-Stokes-number particles, gravity enhances clus-
tering by modulating drift and diffusion, reducing the path-history effect. Overall,
gravity tends to decrease relative velocities and accelerations, leading to fewer col-
lisions between particles of the same size, but it increases collision rates between
particles of different sizes due to faster settling speeds.

Onishi et al. [122] similarly found that gravity influences particle clustering
by affecting droplet interactions. In monodisperse systems, gravitational sedi-
mentation decreases relative velocities by reducing the interaction time with the
turbulent fluid, despite a slight increase in the radial distribution function (RDF).
This aerodynamic effect becomes prominent when the sedimentation rate of the

droplets exceeds the fluid velocity fluctuations, though for cloud droplets, the
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gravitational impact on collisions is often minimal, consistent with models that
neglect this effect for monodisperse cloud droplets.

Woittiez et al. [174] further highlighted gravity’s dual influence on cluster-
ing and collisions. For monodisperse droplets, gravity reduces the probability of
collisions by limiting their interaction with turbulence. However, in bidisperse
droplets, differing terminal velocities increase the collision kernel. Gravity plays
a crucial role in preferential concentration, particularly for larger droplets inter-
acting with large-scale turbulent structures. The interplay between turbulence
and gravity is intricate, significantly affecting collision dynamics, especially for
droplets of different sizes.

Bec et al. [18] added that gravity accelerates the settling of heavy particles
in turbulence, causing them to settle faster than in still fluids by preferentially
sampling downward-moving regions. While this promotes particle clustering, set-
tling is shown to induce an effective horizontal two-dimensional dynamics which
also reduces relative velocities, creating opposing effects on collision rates. While
clustering increases the likelihood of collisions, reduced velocities can hinder them,
requiring a balance between these factors for accurate modelling of particle colli-
sions and coalescence in turbulent environments.

Vaillancourt and Yau [163] provided a review of particle-turbulence interac-
tions, noting that while much is known about the role of particle inertia, the
combined effects of Reynolds number and gravity on clustering are less well un-
derstood. Similarly, Haugen et al. [69] and Shaw [150] discussed the significance
of Reynolds number and gravity, emphasizing the need for further investigation
to fully comprehend their impact on particle concentration fields.

Reade and Collins [136] and Gustavsson and Mehlig [64] analysed how tui-
bulence affects collision rates and spatial patterns of heavy particles, highlighting
that Reynolds number influences these interactions by modifying the turbulence
intensity and scales involved. Bragg and Collins [22| further elucidated these
dynamics, demonstrating that higher Reynolds numbers can enhance clustering
through increased turbulence intermittency and energy dissipation rates.

Experimental studies by Petersen et al. [127] and numerical investigations by
Bec et al. [15] supported these findings, showing that particle clustering behaviour
is significantly influenced by both turbulence intensity and gravitational forces.
Sundaram and Collins [158] and Gualtieri et al. [61] also contributed to this under-
standing by examining collision statistics and anisotropic clustering in turbulent
flows.

Lian et al. [95] and Reveillon and Demoulin [137] provided additional insights
into how varying Reynolds numbers and gravitational forces affect droplet evap-

oration and dispersion, further emphasizing the need for more detailed studies.
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Ayala, Rosa, Wang and Grabowski [5], Ayala, Rosa and Wang [4] and Durham
et al. [44] also explored the combined effects of turbulence and gravity on particle
behaviour, reinforcing the importance of considering these factors in models of
particle-laden flows.

Among the studies that examine the combined effects of Stokes number, tur-
bulent Reynolds number, and gravity, very few account for the full range of cluster
and void length scales. Additionally, the empirical relation proposed by Matsuda
et al. [104] attempts to predict particle concentration, but it is limited to the
influence of the Stokes number at a constant Reynolds number and does not con-
sider gravity, making it less applicable for practical use across a broad range of
conditions.

Overall, while there has been progress in understanding the impact of Reynolds
number and gravity on preferential concentration, this area remains less explored
compared to the effects of the Stokes number. Further research is needed to fully
elucidate these complex interactions and their implications for various natural and

industrial processes.

1.3.3 Two-Way Coupling

The previous section looked at the forces on a particle, however particles can exert
reactionary forces on the fluid. The concept of two-way coupling, which describes
the back-reaction of inertial particles on the fluid, remains elusive and complex.
The regime map proposed by Elghobashi [47] is often referenced to distinguish
between one-way and two-way coupling based on the volume fraction, ®y,. While
this map provides a useful approximation for gas-solid systems [127], it is less
applicable to solid-liquid systems, which show no turbulence modification below a
volume fraction of ®y ~ 107 [129, 7].

The debate over whether turbulence is augmented or attenuated by particles
is ongoing, with multiple competing mechanisms involved [8|. This controversy
underscores the need for systematic studies that vary one parameter at a time to
isolate specific effects.

Numerical efforts to model two-way coupling typically involve projecting the
drag force exerted by particles back onto the fluid grid. However, when particles
are not much smaller than the grid spacing, this approach can produce a nons-
mooth force field [45]. To address this, Capecelatro and Desjardins [28] proposed
a regularization procedure using a compact Gaussian stencil, which smooths the
force field and improves accuracy.

A critical aspect of two-way coupling is the particle-fluid slip velocity, which is

typically formulated based on the undisturbed fluid velocity. However, the nomi-

39



nal slip velocity is often higher than the actual slip velocity due to the self-induced
disturbance created by the particle. This discrepancy is particularly significant at
high particle concentrations, where the undisturbed state is no longer available.
Recent approaches have used analytical solutions to a regularized point-force ap-
plied by the particle to address this issue [62, 76, 82]. Systematic comparisons
with experiments and particle-resolved direct numerical simulations (PR-DNS)
are necessary to validate these approaches.

Simulating homogeneous particle-laden turbulence poses significant challenges
due to interscale energy transfers. While decaying turbulence simulations can
avoid some of these issues, they quickly lead to weak turbulence intensity and are
highly dependent on initial conditions.

Experimental studies on the modification of homogeneous turbulence by par-
ticles are relatively scarce, partly due to the difficulty of characterizing the under-
lying flow at significant volume fractions. The number density of particles varies
as d, 3 complicating the separation of fluid tracers and small inertial particles
through imaging techniques.

Recent systematic particle image velocimetry (PIV) and particle tracking ve-
locimetry (PTV) measurements have shown a pivoting effect and an increase in
kinetic energy (K') with particle loading [68]. This finding contrasts with the com-
mon view that sub-Kolmogorov particles attenuate turbulence and is consistent
with a previous experimental study by Yang and Shy (2005). Two-way coupled
point-particle direct numerical simulations (PP-DNS) have reported turbulence
enhancement in the presence of gravity [52], while simulations in zero gravity have
indicated turbulence attenuation [128].

The net change in kinetic energy (K) results from the competing effects of
gravity and drag. Falling particles transfer potential energy to the flow, which is
more effective at a Stokes number (Stk) of order one (O(1)) via clusters. Particles
also act as sinks of fluid momentum by dragging the fluid and distorting the flow.

As particle loading increases, the source of fluid fluctuating energy shifts from
hydrodynamic forcing to the relative motion between the carrier and dispersed
phases. Capecelatro et al. [29] studied heavy particles falling at large loadings,
leading to cluster-induced turbulence, which is distinct from turbulence-driven
particle motion.

Particles can also act as heat sources, generating turbulence through thermal
effects. Zamansky et al. [178] investigated the absorption of radiative flux and
subsequent heat release by particles, leading to cluster formation and the gener-
ation of buoyant plumes. Frankel et al. [52] reported a reduced settling velocity

due to the interplay between buoyant plumes and forced turbulence.
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1.3.4 Gravitational Settling

The settling velocity v, of a particle in a quiescent fluid is given by [75]:
Vg = §Tp, (1.30)

where ¢ is the gravitational acceleration. To characterise the settling of parti-
cles in a turbulent flow, the Froude number (F'r) is often used, however a slightly

different but related non-dimensional parameter used is the settling parameter Sv:

Sy = ¢ (1.31)

A
where v’ is the root mean square of the velocity fluctuations.

Theoretical mechanisms have been proposed to explain how turbulence can
either enhance or hinder the gravitational settling of particles. Most studies re-
port that turbulence enhances the settling of small dilute particles in homoge-
neous shearless turbulence [59]. This enhancement is often attributed to a phe-
nomenon known as preferential sweeping, where particles preferentially sample the
downward-moving regions of turbulent eddies [107, 169, 127]. Preferential sweep-
ing has been invoked to explain field observations of snowfall speeds [118, 94| and,
conversely, the reduced rising velocity of bubbles in turbulent water [1].

The effect of turbulence on different types of particles varies. Particles that
are slightly lighter than the fluid are driven out of vortex cores by the added
mass force, leading to upward preferential sweeping and increased rising velocity
[143, 102]. This behaviour differs from the centrifuging effect of vortex cores;
instead, particle concentration correlates more with downward fluid fluctuations
than with high-strain regions [127].

For significant settling enhancement, both the Stokes number (Stk) and the
settling parameter (Sv) should be of order unity [58]. There is debate over which
velocity scale governs this enhancement. Some studies suggest that enhancement
is proportional to the root-mean-square of fluid velocity fluctuations [77], while
others, like Tom and Bragg [160], propose that preferential sweeping is influenced
by a range of velocity scales that increase with Stk.

The extent of settling enhancement has been a topic of extensive research.
Early experiments indicated large differences, complicating the validation of nu-
merical simulations [20]. Quantifying the fall speed of microscopic particles presents
challenges: in wind tunnels, the settling rate is much smaller than the flow speed;
in tanks stirred by oscillating grids, circulations likely alter particle fallout; and
in chambers stirred by randomly actuated jets, intense turbulence is created with

negligible mean flow and shear. Using the latter setup, Good et al. [58] and Pe-
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tersen et al. [127] reported large maximum settling velocities, exceeding 2.57,g in
very dilute regimes. Such massive settling enhancement has significant implica-
tions for particle transport in natural and industrial settings.

Despite these findings, the limits of the point-particle (PP) approach are ev-
ident. Settling velocities observed in experiments often exceed predictions from
PP-DNS under matching conditions Good et al. [59]. This discrepancy highlights
the limitations of the point-particle approach even in nominally one-way coupled

flows, where the particles are assumed to have negligible effect on the fluid.

1.3.5 Interactions Between Particles

The interactions between particles in a turbulent flow are complex and multi-
faceted, significantly impacting the dynamics of the system. One of the primary
interactions is collision and agglomeration. Several mechanisms drive particle col-
lisions in turbulent flows. For very small particles, Brownian motion, which results
from random thermal fluctuations, is the dominant collision mechanism [53]. In
contrast, larger particles are more likely to collide due to shear flow, where differ-
ences in velocity gradients cause particles to come into contact [158]. Additionally,
differential settling occurs when particles of different sizes settle at different rates,
leading to collisions [11].

Once particles collide, agglomeration can occur, where particles stick together
to form larger aggregates. This process is enhanced by turbulent mixing, which
increases the frequency of collisions by providing the necessary kinetic energy to
overcome electrostatic repulsion [34]. However, high shear rates in turbulence
can exert significant stress on these aggregates, causing them to fragment. The
balance between agglomeration and breakup, determined by the relative strengths
of cohesive forces and shear forces, dictates the overall particle size distribution.
When cohesive forces, such as van der Waals forces, dominate, aggregates form.
Conversely, when shear forces exceed these cohesive forces, breakup occurs [75].

Various inter-particle forces influence particle collisions and agglomeration.
Van der Waals forces, which are short-range attractions between molecules, play
a significant role in particle cohesion [84]. Electrostatic forces arise from surface
charges on particles, leading to either repulsion or attraction depending on the
nature of the charges [2]. Magnetic forces can also impact particle interactions.
These forces collectively determine the likelihood of particles sticking together
upon collision.

Fluid properties, such as viscosity and density, significantly affect particle in-
teractions in turbulent flows. Higher viscosity increases the energy dissipation

rate, potentially reducing collision frequencies by damping turbulent eddies [108].
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Conversely, fluid density affects the inertia of particles, influencing their settling
velocities and collision rates. For example, in a rainstorm, the viscosity and den-
sity of air play crucial roles in determining how raindrops form and grow as smaller
droplets collide and merge [134].

The shape and surface roughness of particles also influence collision rates and
outcomes. Irregularly shaped particles or those with rough surfaces have higher
collision cross-sections, increasing the probability of contact. Moreover, surface
roughness can enhance the sticking efficiency by providing more contact points for
van der Waals forces to act upon.

The general aerosol dynamic equation describes aerosol growth, accounting for
processes such as nucleation, coagulation, and condensation/evaporation . In the
context of rain formation, smaller water droplets in clouds collide and coalesce
to form larger raindrops through these dynamic processes. Particles can grow
through condensation when water vapour condenses on their surfaces or shrink
via evaporation when liquid water transitions back to vapour [91|. Understanding
these dynamics is essential for predicting the size distribution and behaviour of

aerosols in various environments.

1.4 Numerical Simulation of Turbulent Flows

An incompressible fluid flow can be fully described by a momentum conservation
equation, the Navier-Stokes equation, and a mass conservation equation, the con-
tinuity equation Equation 1.2. Several approaches that differ in their completeness
and level of description, accuracy and computational cost have been developed for
the numerical solution of these equations [130].

The simplest approach from a conceptual point of view as well as the most
accurate approach is the full resolution of all scales of motion, the Direct Numerical
Simulation (DNS) [50]. However, its total computational cost is extremely high
and increases rapidly with the Reynolds number O(Re$) [130].

By using the Reynolds decomposition (Equation 1.12) to only resolve the mean
flow, the computational cost can be drastically reduced, an approach known as
Reynolds-Averaged Navier Stokes (RANS) |50] (Equation 1.13). A variety of meth-
ods for modelling the unresolved, turbulent, motions, which are usually only suf-
ficiently accurate for specific application areas, have been devised [130]. Due to
the non-linear nature of the Navier-Stokes equation, turbulence models should be
considered engineering approximations and not scientific laws [50].

In Large-eddy Simulations (LES) only the largest turbulent structures, contain-
ing at least 80% of the turbulent kinetic energy, are resolved [130]. The separation

between resolved and unresolved scales is achieved by a filtering operation. The
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filtered Navier-Stokes equation is not closed and the subgrid Reynolds stresses
need to be modelled [110]. One way of modelling the subgrid Reynolds stresses is
to relate them to the resolved strain rate, which is the underlying principle of the
most widely used subgrid model, the Smagorinsky model [50].

Whereas in the original Smagorinsky model the subgrid stresses are related
to the resolved strain by a constant with a fixed value [130], Germano (1992)
developped a subgrid model in which this constant is dynamically determined
based on the assumption of similarity between different scales of motion. Pope
[130] showed that not the assumption of scale similarity, but choosing a constant
that is independent of the grid resolution is the reason why this dynamic model
gives good results.

Another approach to modelling the subgrid-scale motions, the deconvolution
method, is to estimate them from an inverted filter operation [50|. The deconvo-
lution method belongs to a family of structural methods whose goal is to obtain
an estimate of the unfiltered velocities, the most accurate as well as most com-
putationally expensive of these being the explicit evaluation on an auxiliary grid
[144].

The validity of a subgrid-scale model needs to be tested by comparison to
experimental or DNS data, which is known as a posteriori test [110]. Another
type of test that is commonly performed is the a priori validation, in which the
filtered velocity is directly obtained from the DNS results [144]. Whereas a priori
tests provide more insight into the physics of a given subgrid model, the validity
of a subgrid model can only be ascertained a posteriori [110]. Typically subgrid
models yield better results for homogeneous turbulence than in more complex
flows [144].

1.4.1 Direct Numerical Simulation With Pseudo-Spectral

Simulation

The pseudo-spectral method is a powerful numerical technique widely used in Di-
rect Numerical Simulation (DNS) of turbulence due to its high accuracy in solving
the incompressible Navier-Stokes equations. This method is particularly effective
for turbulent flow simulations because it leverages the spectral representation of
the governing equations, allowing for a more precise handling of the nonlinear
interactions inherent in turbulence.

In the pseudo-spectral approach, the velocity and pressure fields are trans-
formed into Fourier space, where the spatial derivatives are computed exactly
through simple multiplication by wave numbers. This eliminates the need for

finite-difference approximations, which can introduce numerical dispersion errors,
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especially at high wave numbers. By representing the variables in terms of their
Fourier coefficients, the method achieves spectral accuracy, meaning the error de-
creases exponentially as the grid resolution increases. This property is especially
advantageous in turbulence, where a wide range of scales must be captured, from
the largest eddies down to the smallest dissipative scales [26].

The governing equations for the flow are the incompressible Navier-Stokes
equations are given in Equations 1.2 & 1.3. In the pseudo-spectral method, these
equations are transformed into Fourier space using the Fourier transform, where
the velocity field u(x,t) and the pressure p(x,t) are expressed in terms of their

Fourier transforms u(k,t) and p(k,t) |26]. The Fourier transform is defined as:

flkt)= [ fla,t)e ™ da, (1.32)
R3

where Kk is the wavenumber vector. Applying the Fourier transform to the
Navier-Stokes equations, we obtain the governing equations in wave number space
as:
% K - (@)(l@,t) = —ikp(k,t) — v|k|*a(k,t), (1.33)
the nonlinear term w - Vu becomes a convolution in Fourier space, making
it computationally expensive to evaluate directly. To simplify this, the pseudo-
spectral method computes the nonlinear terms in physical space by transforming
the variables back to physical space, performing pointwise multiplication, and then
transforming the result back to Fourier space. This combination of physical space
operations for nonlinear terms and spectral operations for linear terms allows the
method to retain spectral accuracy while reducing computational costs.

The incompressibility condition in Fourier space is given by:

K-u(k,t) =0, (1.34)
To enforce this, a projection operator

kK’

|kl

Pk)=1- (1.35)
is applied to the velocity field in Fourier space, which ensures that the solution
remains divergence-free [26]. This is one of the big advantages of the pseudo-
spectral method, that a separate pressure equation does not need to be solved.
The linear terms (such as viscous dissipation) are treated spectrally, and the

time evolution of the velocity field in Fourier space is given by:
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w — P(k) <—m (@ u)(k, t) — vk*a(k, t)> , (1.36)

The pseudo-spectral method excels in simulations where periodic boundary
conditions are appropriate, making it particularly well-suited for homogeneous,
isotropic turbulence (HIT). In HIT, the turbulence exhibits no preferred direction
or position, and all statistical properties are invariant under translations and ro-
tations. These characteristics align perfectly with the periodic domains naturally
imposed by the pseudo-spectral method, ensuring that the boundaries of the com-
putational domain do not artificially influence the flow field [141]. The method
also benefits from efficient de-aliasing techniques, such as the 2/3 rule, which pre-
vent the buildup of numerical artifacts by truncating the highest wave numbers
[125].

The computational efficiency of the pseudo-spectral method and its ability
to handle a wide range of scales make it ideal for DNS, where both the largest
turbulent eddies and the smallest dissipative scales must be resolved. However,
one limitation of the pseudo-spectral method is its restriction to periodic boundary
conditions, which precludes its use for problems involving complex geometries or

flows with significant boundary layer effects.

1.4.2 Fast Fourier Transform

The Fast Fourier Transform (FFT) is an essential component in implementing the
pseudo-spectral method for Direct Numerical Simulation (DNS) of turbulence.
The FFT is a highly efficient algorithm for computing the discrete Fourier trans-
form (DFT) and its inverse, which is crucial for transitioning between physical
space and Fourier space during the simulation process. The primary advantage of
the FFT is its computational efficiency, reducing the complexity of the DFT from
O(N?) to O(Nlog N), where N is the number of grid points. This significant
reduction in computational cost makes it feasible to handle the large data sets
typical in DNS of turbulence.

In the context of the pseudo-spectral method, the FFT is used at each time
step to switch between the two representations of the flow field. The nonlinear
terms, such as the convective term u - Vu, are evaluated in physical space, where
pointwise multiplication is computationally simple. However, the Fourier space is
more suitable for handling the linear terms, including the viscous dissipation and
pressure gradient. Therefore, the FFT is employed to transform the velocity field
u(x,t) from physical space to Fourier space @(k,t), where the spatial derivatives
and linear terms are computed spectrally. The inverse FFT is then applied to

return to physical space after the linear terms have been updated.
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The efficiency of the FFT is particularly important in DNS because turbulence
requires resolving a wide range of scales, from the largest energy-containing eddies
down to the smallest dissipative structures. This results in a large number of grid
points in three-dimensional simulations, where the computational domain must
capture the full spectrum of turbulent motions. The O(N log N) complexity of
the FFT allows for practical DNS of large systems, making it possible to achieve

high resolution and spectral accuracy without prohibitive computational costs.

1.4.3 Gibbs oscillations

A notable issue with spectral methods is the Gibbs phenomenon [156]. When
Fourier series are truncated, they fail to fully capture the high-wavenumber com-
ponents of the spectrum related to discontinuities in physical space, such as square
waves, leading to numerical artifacts [27]. One approach to mitigate these effects
is the use of spectral filters that dampen the contributions from higher wavenum-
bers [27]. More advanced techniques attempt to detect discontinuities directly,

but this significantly increases computational demands [156].

1.4.4 Time Stepping

In Direct Numerical Simulation (DNS) of turbulence, time-stepping schemes are
critical for advancing the flow field solution from one time step to the next while
maintaining accuracy and stability. Among the various methods available, the
fourth-order Runge-Kutta (RK4) scheme is widely used due to its balance between
precision and computational efficiency [130]. The RK4 method is a multi-stage,
explicit time integration scheme that allows for accurate resolution of the temporal
evolution of the velocity field in DNS, particularly when using the pseudo-spectral
method for spatial discretization.

The RK4 method operates by computing several intermediate steps (or stages)
within each time step to achieve higher-order accuracy. The general form of the
RK4 scheme for solving ordinary differential equations, such as the time-dependent

Navier-Stokes equations, is given by:
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ki = f(u", "), (1.37)

At At
At At
At
’l.l,TL—"_1 =u" + F(kﬁl + 2’{22 + 2,{33 + k4), (141)

where u™ represents the velocity field at the current time step ", u™! is the
velocity field at the next time step, and At is the size of the time step. The function
f(u,t) corresponds to the right-hand side of the governing equations, which, in
this case, is the Navier-Stokes equations in Fourier space (Equation 1.36). The
intermediate values ki, ko, k3, and k, are calculated at different stages within the
time step to improve accuracy.

The RK4 method achieves fourth-order accuracy in time, meaning that the
error per time step decreases as O(At*). This high level of accuracy makes it
suitable for simulations that require precise time evolution, such as DNS of tur-
bulence, where capturing the detailed dynamics of turbulent eddies over a range
of time scales is essential [130].

Despite its accuracy, explicit Runge-Kutta methods, including RK4, are sub-
ject to stability constraints. One of the main limitations is the Courant-Friedrichs-
Lewy (CFL) condition, which restricts the maximum allowable time step size based
on the grid resolution and the flow velocity. The CFL condition for an explicit
time-stepping scheme can be expressed as:

CFL

At s max(u) - Az’ (1.42)
where Az is the spatial grid spacing, max(u) is the maximum velocity mag-
nitude in the domain, and the CFL number is typically less than one to ensure
stability |27]. In DNS of turbulence, where a fine grid resolution is required to
resolve the smallest scales of motion (such as those on the order of the Kolmogorov
scale 1), the CFL condition often imposes a strict upper limit on the time step size.
Consequently, the RK4 method must be used with relatively small time steps to
ensure numerical stability, especially in simulations involving high Reynolds num-

bers [130].
Another important consideration in the application of the RK4 method to DNS

is the separation of linear and nonlinear terms in the governing equations. In the
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pseudo-spectral method, the Navier-Stokes equations consist of linear terms, such
as viscous dissipation (¥V?u), and nonlinear terms, such as advection (u - Vu).
The RK4 method handles both terms explicitly, advancing the solution for both
components over each time step [27]. In some cases, semi-implicit schemes are
used, where the linear terms are treated implicitly to relax the CFL constraint,
while the nonlinear terms are treated explicitly using an RK4 scheme. Alterna-
tively an Exponential integrator alternative of the RK4 method can be used where
the viscosity term is solved exactly [33]. These approaches allows for larger time
steps without compromising stability [93].

The RK4 method is well-suited to DNS because it balances the need for accu-
racy with manageable computational costs. Although higher-order Runge-Kutta
methods or implicit schemes could potentially offer even greater accuracy or stabil-
ity, RK4 remains a popular choice due to its simplicity and ease of implementation.
I[ts explicit nature also makes it straightforward to parallelize, which is critical for
large-scale DNS simulations of turbulence, where computational efficiency is a

primary concern [130].

1.5 Numerical Simulation of Particle Flows

The most accurate approach for simulating the movement of solid particles in
turbulent flows is fully-resolved Direct Numerical Simulation (DNS), where the
fluid flow around each particle is computed exactly using a method to resolve the
interface between the particles and the fluid [101]. However, this method becomes
computationally prohibitive when applied to the large number of particles typically
encountered in practical applications [8]. Moreover, fully-resolved DNS requires
a finely resolved grid to capture the fluid dynamics accurately, which restricts
its feasibility to particles significantly larger than the Kolmogorov length scale, n
[101].

Alternative approaches are generally classified into two categories: Lagrangian
point-particle methods and Eulerian methods. In Lagrangian point-particle meth-
ods, the trajectory of individual particles is tracked using a Lagrangian frame of
reference, whereas in Eulerian methods, particle concentration and velocity fields
are computed on a fixed grid [101]. Both approaches rely on the approximation
of particles as point particles, either explicitly in Lagrangian methods or implic-
itly through the assumptions used in deriving the Eulerian equations [8]. While
these methods are less computationally demanding than fully-resolved DNS, they
introduce assumptions that may limit accuracy, particularly for flows where the

particle size approaches or exceeds the turbulence scales.
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1.5.1 Lagrangian Point-Particle Method

In Lagrangian point-particle methods, the trajectory of individual particles is cal-
culated based on their motion [8]. Typically, this is done using the equation of
motion described in Equation 1.22, which is often simplified to the most significant
terms in Equation 1.25 [48]. Unlike Eulerian methods, Lagrangian methods are
well-suited to handling polydisperse particle distributions and are not constrained
by particle inertia [8]. Additionally, Lagrangian methods are effective for simu-
lating low-concentration particle flows, where the continuum assumption breaks
down [49]. Although Lagrangian methods can be used for particles with any Stokes
number, Eulerian methods are typically more computationally efficient for small
Stokes number particles [8]. A key advantage of Lagrangian point-particle meth-
ods is their ability to represent particles with varying velocities within the same
control volume, a feature generally unavailable in Eulerian methods [8].

One limitation of the Lagrangian point-particle approach is the assumption
that particles are small compared to the smallest turbulence scales, specifically
the Kolmogorov length scale n. This approximation can lead to inaccuracies when
the particle size becomes comparable to or exceeds 7, as the method does not
resolve the detailed fluid-particle interactions. In such cases, the point-particle
model fails to capture effects like the distortion of the surrounding fluid or the
finite-size influence on the local flow field, which could affect particle dynamics
[108]. This limitation highlights the need for caution when applying Lagrangian
point-particle methods to larger particles.

Another important consideration in Lagrangian methods is the treatment of
interactions between the particles and the fluid, as well as between the particles
themselves. In low-concentration flows, the one-way coupling assumption, where
particles are influenced by the fluid but do not affect it, is typically sufficient.
However, in denser particle-laden flows, two-way coupling, where the particles
exert forces on the fluid and alter the flow field, becomes necessary. For very
high concentrations, four-way coupling must be considered, accounting for both
fluid-particle interactions and direct particle-particle collisions. These additional
couplings introduce significant computational complexity and necessitate more so-
phisticated models, but are essential for accurately simulating high-concentration
multiphase flows [47].

Since the particle’s position in a Lagrangian framework typically does not align
with the nodes of the Eulerian fluid mesh, an interpolation of the fluid velocity
at the particle’s position is required [9]. The most accurate interpolation under
periodic boundary conditions is achieved by summing spectral coefficients over all

wavenumbers, which provides an exact solution:
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where fj are the Fourier coefficients and N is the number of grid points [9).
However, this approach is computationally expensive and rarely applied in practice
183].

Van Hinsberg et al. [164] conducted a thorough comparison of various inter-
polation methods using both theoretical error analysis and validation with direct
numerical simulations (DNS) of homogeneous isotropic turbulence. Among the
methods tested, linear interpolation exhibited the highest error, while B-spline
interpolation was found to be the most accurate.

Linear interpolation estimates the velocity at a particle’s position by weighting
the values at the nearest grid points. For a function f(z) in one dimension, linear

interpolation is given by:

f(x2) — f(z1)

fl@) ~ flan) + HE T o ), (149

While simple and computationally inexpensive, linear interpolation introduces
significant error, particularly in turbulent flows where small-scale features need to
be resolved accurately.

B-spline interpolation, on the other hand, provides higher-order accuracy by
using smooth basis functions. For cubic B-spline interpolation in one dimension,

the interpolated value is calculated using:

Fle) = 3 N @) () (1.45)

where N?(z) are the cubic B-spline basis functions. This method significantly
reduces the error compared to linear interpolation, making it more suitable for
DNS of turbulence. The B-spline interpolation was found to be the most accurate
in their comparison [164].

Hermite interpolation is another higher-order method that takes into account
both the values and the derivatives of the function at the grid points. The cubic

Hermite interpolation between two points x; and x5 can be expressed as:

f(x) = hoo(t) f (x1) + hao(t) f/(21) (2 — 21) + hor (£) f (w2) + haa(8) £ (22) (22 — 1),
(1.46)

Z£=%L s the normalized distance between x; and zs, and the Her-

where t =
Tro—I1

mite basis functions h;;(t) ensure smooth transitions between grid points. While
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Hermite interpolation provides high accuracy, it comes with a significant compu-
tational cost due to the need to compute and store derivative information.

An analysis of the acceleration spectrum of inertial particles revealed that all
interpolation schemes introduced high-frequency oscillations, even with spectral
interpolation, due to discretization error rather than the interpolation itself [164].

Ireland et al. [83] also evaluated interpolation schemes in DNS of homoge-
neous isotropic turbulence and concluded that B-spline interpolation offers the
best compromise between accuracy and computational efficiency [83].

In large-scale DNS, the computational cost of Lagrangian point-particle meth-
ods can be reduced through parallelization techniques, which are crucial for han-
dling the large number of particles required in many simulations. Lagrangian
methods are inherently suited to parallelization, as the particle trajectories can
be computed independently of one another, apart from the relatively infrequent
updates needed for fluid-particle or particle-particle interactions. By distributing
the particle computations across multiple processors, modern high-performance
computing (HPC) platforms can significantly mitigate the computational burden.
This scalability is one of the key reasons Lagrangian point-particle methods re-
main viable for DNS of particle-laden turbulence, even in high-Reynolds-number

flows or simulations with large particle counts [8].

1.5.2 Eulerian Methods

Eulerian methods, which handle particle concentration fields or probability distri-
butions rather than tracking individual particles, offer significant computational
efficiency, particularly in two-way coupling simulations between the particulate
and carrier phases. This is primarily because the grids for both phases can be
aligned, simplifying the computation of momentum transfer between particles and
the fluid. However, while efficient, Eulerian methods have limitations, especially in
their ability to capture the detailed dynamics of individual particles. This results
in a loss of information about the behavior of specific particles, which Lagrangian
methods can model more precisely.

An often underemphasized aspect of Eulerian methods is the importance of the
chosen numerical schemes, which critically impact the accuracy of the simulation
results. One key challenge arises from the physical diffusion properties of particles
in air. For larger particles, physical diffusion is extremely low, as indicated by the
high Schmidt number, which can be orders of magnitude greater than unity [35].
This means that while diffusion in the carrier phase is relatively significant, it is
almost negligible for the particulate phase. This disparity can lead to numerical

instabilities in the partial differential equations governing the particle phase if not
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appropriately handled. Although Direct Numerical Simulation (DNS) is effective
for resolving the carrier fluid down to the smallest dissipative scales, applying DNS
to the particle phase is impractical due to the much smaller scales involved.

To address the challenge of simulating advection in the absence of significant
physical diffusion, various techniques have been developed. One common approach
is to introduce artificial diffusion [173], which adds a small amount of diffusion into
the governing equations to stabilize the simulation. This artificial diffusion damp-
ens high-frequency fluctuations, making it possible to use higher-order numerical
methods like pseudo-spectral methods. However, the accuracy of simulations be-
comes highly dependent on the choice of the artificial diffusivity. Introducing too
much artificial diffusion can diminish the accuracy gains from using high-order
schemes, leading to a trade-off between stability and precision.

Another class of methods involves upwind-biased schemes, which are designed
to ensure numerical stability while minimizing numerical diffusion. The simplest
linear upwind scheme that guarantees stability is the first-order upwind method
[56], but this approach introduces significant numerical diffusion, reducing accu-
racy. To overcome this, more advanced non-linear upwind schemes, such as Total
Variation Diminishing (TVD) and Weighted Essentially Non-Oscillatory (WENO)
schemes, can be employed [98]. These schemes offer higher accuracy in regions with
smooth solutions but revert to lower-order accuracy near discontinuities or shocks.
The complexity of the problem increases in cases involving advection of multiple
quantities, such as energy or second-order velocity moments, where different ve-
locities must be considered. One approach to solving this multi-velocity problem
is to solve a localized Riemann problem for each quantity, using upwind methods
to account for the different velocities. The Roe Flux-Difference method [140] is a
notable example of this technique.

Many Eulerian approaches only track a single velocity for the particulate phase
in each grid cell [69]. While this reduces computational cost, it fails to capture
important particle transport phenomena such as crossing trajectories. Crossing
trajectories occur when two particles, which may be close to each other or even
occupy the same location (if collisions are not modeled), move with different ve-
locities [87]. This limitation can be addressed by advanced models that account
for second-order velocity moments. For instance, an anisotropic Gaussian closure
model was developed to simulate the particulate phase by also transporting the
second-order velocity moments, which allows the model to capture crossing tra-
jectories [167]|. These models, often referred to as mesoscopic approaches, provide
a more detailed representation of the particulate phase. Variations of these meso-
scopic models have been developed [51] and tested in a range of studies [88, 90].

These methods as well as equations are discussed in more detail in Section 3.3.2.2
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1.5.3 Numerical Simulation of Preferential Concentration

Simulations of particle preferential concentration in turbulent flows typically em-
ploy either Lagrangian or Eulerian methods, each with distinct advantages and
limitations. Lagrangian methods have been widely adopted for studying prefer-
ential concentration because they can capture the complex dynamics of particle
clustering [106]. However, Lagrangian simulations require a large number of com-
putational particles to produce statistically reliable results, making them compu-
tationally expensive. Haugen et al. [69] showed the effects of random noise on
particle number spectra by varying the number of Lagrangian particles, they used
10 times the number of particles than fluid mesh points, and highlighted the dif-
ficulty in exploring weak clustering at large wavelengths. Additionally, because
the particle positions do not coincide with the grid points used for simulating
the fluid, interpolation is required to extract fluid velocities at particle positions,
which further adds to the computational cost.

In contrast, Eulerian methods simulate concentration or probability fields rather
than individual particles. This makes them computationally more efficient, espe-
cially in two-way coupling scenarios where interactions between the particulate
and carrier fluid phases need to be resolved. Eulerian approaches are particu-
larly effective when the grids for both phases align, simplifying the computation
of momentum transfer between particles and fluid. However, these methods face
significant limitations when it comes to simulating individual particle dynamics.
The most critical shortcoming of Eulerian methods is their inability to handle
the "crossing trajectories" phenomenon, where two particles can occupy the same
location but have different velocities—a common occurrence in turbulent particle-
laden flows [87]. Most Eulerian methods assign a single velocity to the particulate
phase in each grid cell, which can result in inaccurate representation of particle
dynamics.

To overcome this, mesoscopic approaches have been developed. An example
is the anisotropic Gaussian closure model, which transports second-order velocity
moments to allow for crossing trajectories [167]. These advanced Eulerian models
extend the traditional approach by incorporating more detailed information about
the velocity distributions of particles within a grid cell. This mesoscopic approach,
and its variations [51, 88, 90|, provides a better balance between computational
efficiency and physical accuracy. Despite these advances, Lagrangian methods
remain the more accurate choice when particle clustering and individual particle
dynamics are the primary focus of the simulation.

Accurately quantifying preferential concentration is essential for understanding

how particles cluster in turbulent flows. Several methods have been developed
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to analyze this phenomenon. Radial distribution functions (RDFs) are commonly
used to quantify particle clustering by measuring how the concentration of particles
changes with distance from a reference particle. RDFs provide important insights
into the spatial arrangement of particles, especially at lower Stokes numbers |5,
14, 148, 31, 177|. However, RDFs are typically limited to pairwise interactions and
assume spherical symmetry in the particle distribution. This assumption may not
always hold, especially in flows where particle clusters exhibit irregular shapes.
To address this, some studies have employed angular distribution functions, which
capture the angular relationships between particle pairs [61].

Voronoi tessellation is another widely used method for quantifying preferential
concentration. This technique assigns a volume to each particle by partitioning the
domain into Voronoi cells, which enables the calculation of local particle concen-
trations. By measuring the variance in the volumes of these cells, researchers can
identify and quantify clusters, providing a direct measure of concentration in both
numerical simulations and experimental studies [124, 114, 157, 6]. Voronoi tes-
sellation is particularly valuable because it does not assume any symmetry in the
particle distribution, allowing for a more accurate identification of non-uniformities
in particle concentration.

Spectral methods offer a distinct approach by analyzing the spatial distribu-
tion of particles in terms of their length scales. These methods can be divided into
Fourier transforms and wavelet transforms. Fourier transforms focus on the power
spectrum of particle concentrations and are effective in identifying the dominant
clustering scales in turbulent flows |41, 86, 104, 146, 69, 3]. However, Fourier trans-
forms provide only a global overview of clustering and lack spatial localization,
which limits their utility in capturing localized particle clustering. Wavelet trans-
forms overcome this limitation by offering localized insights into particle concen-
tration across different scales [10, 106]. Wavelet transforms are particularly useful
for analyzing intermittent or spatially varying clustering phenomena, providing a

more detailed view of how and where particles cluster within the flow.

1.6 Summary

The background section of this thesis has covered several key areas that form the
foundation for understanding aerosol behaviour in turbulent flows, as well as the
numerical methods used to study these systems. A central theme is the role of
turbulence, a chaotic and irregular fluid phenomenon that contrasts sharply with
laminar flow. Turbulence enhances mixing and transport processes across a wide
range of systems, from natural environments to industrial settings. A detailed

discussion of the characteristics of turbulence was provided in Section 1.2, em-
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phasizing the presence of vortices and eddies that transfer energy through the
well-known energy cascade, from larger to smaller scales, until dissipation occurs
at the Kolmogorov scale. This fundamental understanding of the energy cascade
is crucial for analysing fluid dynamics in systems where aerosol particles are dis-
persed.

Turbulence was further explored through its statistical description, including
the Reynolds decomposition and the Reynolds-Averaged Navier-Stokes (RANS)
equations, which describe how turbulence impacts mean flow fields. The turbu-
lence kinetic energy budget and the concept of homogeneous isotropic turbulence
(HIT) were introduced as important theoretical models that simplify the analysis
of turbulence. These models allow for the development of turbulence theories and
simulation techniques that are essential for understanding how turbulent flows
interact with particles.

Building on this, Section 1.3 went into particle dynamics within turbulent
flows, particularly focusing on the motion of small particles, such as aerosols. The
Maxey-Riley-Gatignol (MRG) equation of motion was presented as a key tool for
modelling the forces acting on particles in non-homogeneous flows. The equation
accounts for a variety of forces, including buoyancy, added mass, drag, and history
effects. Despite being derived under idealized conditions, the MRG equation is
frequently applied in real-world turbulent environments to model particle motion,
providing a critical foundation for simulating aerosol behaviour in fluid systems.
The MRG equation is often simplified further into a Stokes drag with gravity.

A major focus of this thesis is on the phenomenon of preferential concentra-
tion, where inertial particles cluster in specific regions of turbulent flows. This
behaviour, caused by the particles’ inertia, leads to their deviation from fluid
streamlines. The Stokes number has been established as the key parameter influ-
encing preferential concentration, with extensive research showing that particles
with a Stokes number near unity exhibit the strongest clustering. These parti-
cles respond optimally to turbulent eddies, which drives their aggregation into
concentrated regions.

However, despite the wealth of research on the Stokes number, the effects of
the Reynolds and Froude numbers on preferential concentration have received
comparatively less attention. The Reynolds number, indicative of the intensity
of turbulence, and the Froude number, which quantifies the relative influence of
gravitational forces, play critical roles in shaping particle behaviour in realistic
turbulent environments. Yet, the exact impact of these dimensionless parame-
ters on clustering remains poorly understood. Current models often fail to fully
capture how high Reynolds numbers alter the dynamics of particle concentration,

particularly in complex flows where turbulence is intense. Similarly, while the
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Froude number is important in systems where gravitational forces interact with
turbulence—such as atmospheric aerosols or sedimentation processes—its effect on
preferential concentration has been inadequately studied. This thesis will address
these gaps by investigating the combined effects of these parameters on particle
clustering.

Furthermore, the underlying mechanisms of preferential concentration remain
an active area of research. Competing theories such as the 'sweep-stick’ mecha-
nism, where particles are swept into regions of low vorticity and settle into zones of
near-zero fluid acceleration that are then convected by the fluid, or the centrifuging
effect of vortices, offer plausible explanations for clustering. Yet, no consensus has
been reached, particularly in high-Reynolds-number or gravity-influenced flows.
The precise interactions between turbulence, particle inertia, and gravitational
forces remain unclear, underscoring the need for further investigation into these
mechanisms.

To model these complex behaviours, Section 1.4 & Section 1.5 reviewed several
numerical methods for simulating turbulent flows and particle-laden systems. Di-
rect Numerical Simulation (DNS) was highlighted as the most accurate method,
resolving all scales of turbulence, but its high computational cost limits its practi-
cality in large-scale applications. Large Eddy Simulation (LES) and RANS mod-
els were introduced as alternatives that sacrifice some accuracy for computational
feasibility by resolving only the largest scales of turbulence. The pseudo-spectral
method used in DNS was described in detail, including its reliance on Fourier
transforms and spectral accuracy in handling the nonlinear interactions charac-
teristic of turbulence.

Section 1.5 also explored the methods for simulating particle-laden flows, fo-
cusing on Lagrangian and Fulerian approaches. The Lagrangian point-particle
method, which tracks individual particle trajectories, is highly effective for low-
concentration flows but becomes computationally expensive at higher particle con-
centrations. Eulerian methods, which treat particles as a continuous phase, offer a
more efficient approach for dense particle systems but are less accurate for resolving
individual particle dynamics. These numerical techniques are crucial for studying
the detailed behaviour of aerosol particles in turbulent environments, particularly
where both large-scale and small-scale interactions need to be resolved.

In summary, the background section has laid the groundwork for a detailed
study of aerosol dispersion and particle preferential concentration in turbulent
flows. The subsequent chapters will build on this foundation, using advanced
numerical methods to explore how turbulence, inertia, and gravitational forces
interact to shape the behaviour of particle-laden flows. This research will provide

new insights into the parametric dependence of particle clustering on dimensionless
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numbers and the underlying mechanisms that drive preferential concentration.

1.7 Current Contribution

This thesis presents a comprehensive study of aerosol dispersion and particle pref-
erential concentration in turbulent flows, emphasizing the development and appli-
cation of computational modelling techniques. The research consists of several key
contributions that advance our understanding of particle-turbulence interactions
and offer efficient methods for predicting particle behaviour in both natural and
industrial systems. Among the primary contributions are the development of an
Eulerian method using the Roe-flux scheme, an investigation into the effects of
Reynolds and Froude numbers on preferential concentration using spectral meth-
ods, the proposal of an empirical relation for particle concentration spectra under
various conditions, and an in-depth analysis of the correlation between turbulent
structures and particle clusters, particularly on large length scales.

A major contribution of this thesis is the development of an Eulerian method
based on the Roe-flux scheme. Traditional studies of preferential concentration
often rely on Lagrangian particle tracking, where individual particles are traced as
they move through the turbulent flow. While this method is effective for capturing
the detailed trajectories of particles, it can be computationally expensive, particu-
larly when simulating large numbers of particles in highly turbulent environments.
In contrast, the Fulerian method developed in this thesis offers a more efficient
alternative by modelling the dispersed particle phase as a continuous field and
solving the relevant transport equations directly on a grid. The Roe-flux scheme
provides a numerically stable way to account for complex particle-fluid interac-
tions, and the incorporation of second-order velocity moments in the Eulerian
framework allows for an accurate representation of particle behaviour at higher
Stokes numbers. This method reduces the need to track millions of individual
particles while still capturing the essential physics of preferential concentration,
making it especially useful for large-scale simulations where computational effi-
ciency is a priority.

This thesis also explores the combined effects of the Reynolds number (Re,)
and Froude number (F'r) on preferential concentration, with a focus on how these
parameters influence particle behaviour across a range of length scales. Previous
studies often focused solely on the Stokes number (Stk) as the primary factor
governing particle-turbulence interactions. However, this research demonstrates
that the Reynolds and Froude numbers play a significant role in shaping parti-
cle clustering, particularly at larger scales. Through direct numerical simulations

(DNS) and spectral analysis, it was found that the intensity of particle clustering
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is strongest at Stk near unity, but both Rey and F'r have profound effects on the
distribution of particles. For example, at small Stokes numbers, the influence of
Reynolds number is minimal, but for larger particles with higher inertia, increas-
ing Re leads to more complex and varied clustering patterns. The role of gravity,
quantified by the Froude number, further modulates these patterns, with gravity
enhancing clustering at larger scales and diminishing it at smaller scales. These
results provide a deeper understanding of how turbulence, particle inertia, and
gravitational forces interact to affect particle distribution, offering valuable in-
sights for atmospheric science and industrial processes that involve particle-laden
flows.

An additional key contribution of this thesis is the development of an empirical
relation for predicting particle concentration spectra under a variety of conditions.
Spectral methods are widely used to analyse how energy and particle concentration
are distributed across different length scales in turbulence. While the spectra for
fluid turbulence are well-established, deriving accurate models for particle concen-
tration spectra in particle-laden flows remains a challenge. This thesis addresses
this gap by systematically analysing particle concentration spectra across a range
of Stokes, Reynolds, and Froude numbers, leading to the development of an empir-
ical model that can predict the spectra under different conditions. The proposed
model is particularly effective for intermediate and large Stokes numbers, where
particle inertia interacts most strongly with turbulent eddies. This empirical re-
lation provides a practical tool for researchers and engineers who need to model
particle-laden flows in large systems where DNS may be computationally infeasi-
ble. The model has potential applications in fields such as atmospheric science,
chemical engineering, and environmental studies, where accurate predictions of
particle clustering are essential for system design and optimization.

Another contribution is the detailed investigation into the correlation between
turbulent structures and particle clusters, particularly at large length scales. Pref-
erential concentration arises when inertial particles are ejected from high-vorticity
regions and accumulate in low-vorticity regions, forming clusters and voids. How-
ever, the exact relationship between turbulent structures and these particle clusters
has not been fully understood. This thesis addresses this gap by analysing how
different turbulence metrics, such as the Q-Criterion, Enstrophy, and Lagrangian-
averaged vorticity deviation (LAVD), correlate with particle clustering. The re-
sults show that LAVD, which measures the rotational coherence of turbulent struc-
tures, is the most reliable predictor of large-scale particle clustering. Regions of
strong rotational coherence, as captured by LAVD, are most conducive to parti-
cle cluster formation, while areas of high vorticity and low rotational coherence

correspond to voids where particle concentration is low. These findings provide
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new insights into the dynamic relationship between fluid turbulence and particle
distributions, particularly at large length scales, where the formation of clusters
can significantly impact processes such as pollutant dispersion or aerosol mixing
in industrial applications.

This thesis represents an advancement in our understanding of aerosol dis-
persion and particle preferential concentration in turbulent flows. By developing
and applying efficient computational methods, such as the Eulerian method with
Roe-flux and second-order velocity moments, and by investigating the effects of
Reynolds and Froude numbers on particle clustering, this research provides both
theoretical and practical tools for improving predictions of particle behaviour in
complex systems. The empirical relation for particle concentration spectra offers a
valuable model for researchers and practitioners, while the detailed analysis of the
correlation between turbulent structures and particle clusters sheds light on the
fundamental mechanisms driving preferential concentration. These findings have
wide-ranging applications in fields such as atmospheric science, industrial fluid
dynamics, and environmental engineering, where understanding and controlling

particle behaviour is essential for optimizing processes and mitigating risks.
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Chapter 2

Computational and Experimental
Study of Aerosol Dispersion in a
Ventilated Room

This work is published in Downing et al. [42] with the collaboration of the Uni-
versity of Bristol, it has been adapted to form the basis of this Chapter.

2.1 Abstract

For many respiratory diseases, a primary mode of transmission is inhalation via
aerosols and droplets. The COVID-19 pandemic has accelerated studies of aerosol
dispersion in indoor environments. Most studies of aerosol dispersion present
computational fluid dynamics results, which rarely include detailed experimen-
tal verification, and many of the computations are complex, making them hard
to scale to larger spaces. This study presents a comparison of computational
simulations and measurements of aerosol dispersion within a typical ventilated
classroom. Measurements were accomplished using a custom-built low-cost sen-
sor network composed of 15 commercially available optical particle sizers, which
provided size-resolved information about the number concentrations and tempo-
ral dynamics of 0.3pm to 40 pm diameter particles. Measurement results are
compared to the computed dispersal and loss rates from a steady-state Reynolds-
Averaged Navier-Stokes k-epsilon model. The results show that a newly devel-
oped aerosol-transport-model can accurately simulate the dispersion of aerosols
and faithfully predict measured aerosol concentrations at different locations and
times. The computational model was developed with scalability in mind such that
it may be adapted for larger spaces. The experiments highlight that the fraction

of aerosol recycled in the ventilation system depends on the aerosol droplet size
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and cannot be predicted by the recycled-to-outside air ratio. Moreover, aerosol
recirculation is not negligible, as some computational approaches assume. Both
modelling and measurements show that, depending on the location within the
room, the maximum aerosol concentration can be many times higher than the

average concentration, increasing the risk of infection.

2.2 Introduction

The use of ventilation systems is prevalent in many areas of day-to-day life in-
cluding in road vehicles, trains, aeroplanes and office buildings and public places.
Good ventilation is vital in maintaining good health, but current air quality reg-
ulations are not as developed as, for example, for food safety [117|. Wargocki
indicated that health risks increase when the ventilation rate in homes is below
0.4 air changes per hour (ACH) [170]. Many high-rise and office buildings are now
equipped with Heating, Ventilation and Air-Conditioning (HVAC) systems, which
control the movement of air within a building. HVAC systems use mechanical
ventilation that utilizes fans and ducts to inject outside air and circulate room air,
consuming a large amount of energy. HVAC systems currently consume around
12% of the worldwide final energy use [57]. Air recirculation can be used to reduce
the operating costs of HVAC systems, with some of the building air mixed with
outside air from outside and resupplied to the room. Mixing of outside air with in-
side air already at temperature reduces the energy requirements for HVAC systems
to heat or cool the ventilation air to a comfortable temperature [60]. However,
such air recirculation increases the possibility that aerosols and contaminants can
spread around a building.

With the COVID-19 pandemic, the dispersal and removal of aerosol within
rooms and large spaces have become important topics of study. For many respira-
tory diseases, such as COVID-19 and influenza, a dominant mode of transmission
is via aerosols comprising liquid droplets [172, 152]. The aerosol size distribu-
tion affects droplet dispersion in space, residence time in air, and deposition ef-
ficiency in the respiratory tract [175]. For example, large droplet sizes (diameter
> 100 pm) tend to quickly sediment out of the air (i.e. seconds), whereas smaller
aerosol droplets (diameter < 100 pum) may remain airborne for long periods (i.e.
hours) and may present greater infection risk|[133]. Moreover, viral load carried by
droplets may depend on droplet size [111], highlighting the importance of aerosol
dispersion due to airflow and its dependence on droplet size.

Computational modelling of aerosol dispersion in large spaces is challenging
due to computational resource limitations, in particular when time-dependent

computations are attempted in open spaces with complex geometries. The full
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range of timescales and lengthscales of the physics of airflow and aerosol droplet
dispersion is impossible to resolve. Therefore, different assumptions are required
to deliver computations that may provide an efficient and accurate prediction of
aerosol dispersion physics. One modelling approach for aerosol transport is the
use of a purely diffusive model, without any information of the local airflow char-
acteristics, which uses the turbulent eddy diffusivity to provide enhanced diffusion
due to turbulence. This technique has successfully been compared with experi-
ments for both instantaneous and continuous release of aerosol for a variety of
ventilation rates [166]. However, a shortfall of this method is that some dispersion
characteristics cannot be captured if a significant convective flow is present in a
room due to the ventilation duct placement resulting in an advection dominated
regime. Additionally, this method does not account for varying aerosol droplet
size.

Many studies of aerosol dispersion utilise computational fluid dynamics (CFD)
and either are not evaluated by comparison with experiments [73, 103, 179, 63,
135, 39, 38, 126], or include minimal experimental verification (for example using
a tracer gas of SF6 to verify CFD results rather than aerosols) [85] or use different
fluids in an equivalent geometry [131]. Many studies do not investigate the depen-
dence of dispersion on aerosol droplet size distribution, as such calculations can
be computationally expensive. In addition, it is challenging to generate aerosols
with wide size distributions and measure the transport and loss rates of particles
of varying size in ventilated rooms. Therefore, understanding the dynamics of
the size distribution of dispersed aerosols is crucial for the evaluation of disease
transmission risk, and studies are required to robustly investigate the dependence
of aerosol dispersal and loss on droplet size.

In this study, we aim to provide computational and experimental results for
aerosol dispersion within a ventilated room and investigate the effect of particle
size on dispersion. In particular, the effect of ventilation air recycling ratio on
aerosol concentration decay rate is considered. We concentrate on particles smaller
than 10 pm diameter and will not consider the effect of evaporation in order to
simplify the evaluation of the dispersion models. As droplet size has a large impact
on aerosol dispersion, the potential impact of evaporation on dispersion cannot
always be neglected and must be evaluated carefully. After exhalation, droplets
can decrease significantly in size to around 20-40% of their initial diameter as they
equilibrate with the ambient environment [165]. The time for full equilibration
of a 10 pm droplet can be around 1s [40]. This short time is far less than the
timescales of dispersion we are interested in this study. The effect of evaporation
on the experiments was lessened by using a high weight percent of salt (20%)

in the solution. This ensures that aerosol’s dry diameter was still a significant
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portion of the initial wet diameter.

We present computational and experimental results for aerosol dispersion within
a ventilated room. The inlet and outlet ventilation flowrates to the room were
measured and used as inputs for the computational fluid dynamics (CFD) model.
Aerosols were periodically generated in the room and their dispersion was mea-
sured experimentally using an array of low-cost sensors. Aerosol dispersion was
simulated using a computational model that accounts for the local mean flow char-
acteristics in the room and, with a modified aerosol-transport-model, the effects
of turbulence on aerosol dispersion. The comparison between measurements and
model predictions provide insight into how well a simplified computational model
can represent aerosol dispersion in an indoor room environment and whether such
an approach may be amenable to computational investigations of aerosol disper-

sion in larger scale environments (e.g. in buildings).

2.3 Methodology

This section presents the experimental arrangement and the tools that were used
to obtain the measurements. It also presents the computational fluid dynamics

models for the gas phase and the aerosol particles.

2.3.1 Experimental Methods
2.3.1.1 Experimental Room Set-Up

The test room used for the experiments and computational work was a typical
classroom at the University of Bristol. The room is a cuboid with length 9.0 m,
width 5.6m and height 2.6m. The room had desks and chairs (4 of each) as
well as three people working within, each wore a face mask. For all experiments
the windows were kept shut, and door use was kept to a minimum to ensure an
enclosed environment. Further measures were not taken as the amount of aerosol
purposefully generated provided a sufficient signal above background noise. The
room had two swirl diffusers in the ceiling that provided the ventilation air inlets,
and one square grill in the ceiling for the ventilation outlet. The inlets were 56 cm
in diameter and the outlet was 53 cm in length and width. Figure 2.1 shows the
placement of the ventilation ducting in the ceiling of the test room (indicated by
WS401 in the figure) and the adjoining corridor.

The total ventilation rate to the room was 11.3 air changes per hour (ACH),
according to the room data sheet provided by the facilities management unit,
and air flow measurements obtained with a hot-wire probe at the square grill

room outlet. The false ceiling of the room had a large void in which outside and
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Figure 2.1: Top-down view of the false ceiling with ducting placement. Outside
air flows into the false ceiling via the heat exchanger (green line) where is mixes
with air being brought up from WS401 from the square grill. This mixed air is
then drawn into the heat pump inlet where it enters WS401 via the swirl diffusers.
The experimental room was WS401 in this diagram.

recirculated air mixed, resulting in 7.5 ACH outside air drawn in from the outside
with the remaining 3.8 ACH drawn as recycled air. We recognise that 11.3 ACH is
a high flowrate, however this room was chosen for practicality and not because of
the air-change rate. This air-change rate may have been different in other rooms,
and we did not have the opportunity to perform the experiment elsewhere. The
fraction of aerosol recycled differs from the fraction of air recycled and is particle
size dependent. Due to the placement of the square grill outlet adjacent to the
inlet of the heat pump that feeds the swirl diffusers, it is conceivable that aerosols
coming from the room to the ceiling void via this outlet may be recycled more
easily than the air. The heat pump may also have some internal filters which
will affect the amount of recycled aerosol. Initial assumptions are that all the
aerosols (from outside air and recycled air) are filtered out and none are recycled,

an assumption we shall revisit later in the discussion.

2.3.1.2 Aerosol Generation

It was desirable to produce a high aerosol number concentration to resolve an

increase in aerosol concentration relative to the background concentration. In
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addition, generation of a broad aerosol size distribution is desirable to quantify
size dependent dispersion and loss rates. A typical 500 mL domestic mini snow
mountain ultrasonic humidifier (SmartDevil) was used to generate 0.5 pm to 10 pm
diameter particles from a 20-weight percent aqueous NaCl solution (water activity
0.93 [112]). The droplet size distribution generated by the humidifier (shown in
Figure 2.2) was measured with an aerodynamic particle sizer (APS, TSI 3321, TSI
Inc., Shoreview, MN) connected to the humidifier using 1 m of conductive silicon
tubing in a straight line. The particles were released almost directly into the silicon
tubing with the air outside the tubing being still. During transport from the
humidifier to the APS only a portion of the aerosol would have fully evaporated,
thus Figure 2.2 represents a distribution slightly larger than what would have
been recorded by the low-cost sensor network. The effect of evaporation on the
distribution was lessened by using a high weight percent of salt (20%) in the

solution.
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Figure 2.2: Droplet size distribution (measured by an APS) from the 500 mL
humidifier, as measured close to the humidifier exit, so that the droplets had not
evaporated.

To generate short term responses from the low-cost aerosol sensors, the gen-
erator was operated for short periods of time ranging from 10-60 s. The duration
of these pulses was recorded for use as inputs to the computational model. The

generator was kept at the same position throughout all experiments (Figure 2.3).

2.3.1.3 Aerosol Measurements

Aerosol number concentrations and size distributions (0.3 pm to 40 pm diameter)
across the room were measured using a network of sensors consisting of 15 optical
particle counters (Alphasense OPC N-3). The sampling frequency was 1 Hz. The
uncertainty of the droplet concentration measurements of the optical particle coun-

3

ters has a maximum coincidence probability of 0.84% at 0.106 particles cm™ and
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Figure 2.3: Top-down view of the room and sensor placements within the test
room. All nodes are at a height of 1.6 m apart from Nodes 1, 3, 6, 10 & 12, which
are at a height of 1.2m. Diagram to scale.

0.24% at 0.500 particles cm™3. If the OPCs fluctuated between detecting particles
and not (for example fluctuating between reporting 0 particles and 1 particle), then
that size-bin was not used; this only happened for size bins greater than 10 pm for
which the samples are limited by Poisson arrival statistics due to the low number
concentration of larger aerosol particles. Analysis was therefore limited to droplet
sizes less than 10 pm.

Each optical particle counter was connected to a Raspberry Pi. The Raspberry
Pis of all sensors were connected to an Intel NUC via Wi-Fi, allowing all the data
from the network to be stored in a single location. The sensors were distributed
across 10 pylons within the room. The positions are shown in Figure 2.3. The
optical particle sizers were placed either at a height of 1.6 m (average height for the
mouth when standing) or 1.2m (average height for the mouth when sitting). All
data were analysed in a custom-written Python script. The data were smoothed
by taking a rolling average of the previous 30 seconds of data. This one-sided
averaging was preferred over centred averaging as it preserves the start time of

pulses.

2.3.2 Computational Methods
2.3.2.1 Fluid Dynamics Modelling

To compare experimental to computational results, a CFD model of the air flow

in the room was created using the OpenFOAM package [171]. The room geometry
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was simplified as explained below to keep computational cost to a minimum. The
computational room was set up as a cuboid with height 2.6 m and floor dimensions
of 9.0m by 5.6 m, closely matching the physical room. Internal features of the
room, such as desks, chairs and people, were not included in the computational
domain.

The floor, ceiling and walls of the room were modelled as no-slip boundary
conditions. The computational domain was divided into cells that were 10 cm
in height, length and breadth. Two ventilation inlets and one outlet in the ceil-
ing were modelled to represent the experimental room as closely as tractable.
Although the square outlet has length and width of 53 cm, it was defined as a
pressure outlet with a length and width of 60 cm to fit into the 10 cm cube cells.
Air velocity measurements were obtained with a RS-8880 Hotwire Anemometer at
different locations across the outlet, which provided a spatially averaged velocity
that was multiplied by the outlet area to confirm that the outflow flowrate was
11.3ACH (0.41m3s™!). The inlets to the room were two spiral diffusers which
had an outer diameter of 56 cm and an inner diameter of 18 cm. The measured

air velocity magnitude at the outer diameter was 6 ms™1.

In the computational
domain, the inlets were modelled as a square annulus with a 60 cm outer diameter
and a 20 cm inner diameter, such that it fitted into the 10 cm cells. The bound-
ary conditions at the inlets were defined with a downward flowrate that would
match the measured ACH, which led to a downward inlet area averaged velocity
of 0.64ms~!. To match the measured velocity magnitude at the inlets, a rota-
tional speed of 150rpm in the clockwise direction (from top-down perspective)
was added to the boundary conditions of the inlets.

The fluid flow within the room was calculated with a steady-state Reynolds-
Averaged Navier-Stokes (RANS) k-epsilon model [92]. This computational method
separates the velocity and pressure fields into a time-averaged (mean) component
and a fluctuating component. The method then calculates the mean flow field
and not the fluctuating velocity field, ensuring that a steady-state solution can
be obtained. However, due to the non-linearity of the Navier-Stokes equations,
the fluctuating field influences the mean field, resulting in a requirement for a
turbulent closure problem. This non-linearity is treated by creating two extra
fields, the turbulent kinetic energy (k) and the turbulent kinetic energy dissipation
rate (epsilon (€)). The turbulent kinetic energy is the square magnitude of the
velocity fluctuations (Equation 2.1) and, therefore, was quantified experimentally,
and will be compared in the results section to the computations.

k=5 (= Gud)) + (v = (o)) + {(w = §uh)?)) , (2.1)

N —
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where k is the turbulent kinetic energy, u, v, w are the velocities in the x, y
and z directions respectively and ((u)) represents a space and time average.

Figure 2.4 shows the top-down view of the grid size with the computed air flow
at a height of 1.6 m across the room. The simulation used around 130,000 cells,
which required 1 CPU hour to reach steady state, although availability of extra
CPU cores will shorten the simulation time.

To evaluate the fluid flow simulation, the turbulent kinetic energy (TKE) was
measured at several locations in the room and compared with the calculated tur-
bulent kinetic energy from the CFD simulation at the equivalent locations in the
computational domain. Turbulent kinetic energy was used as a guideline to assess
the CFD simulation since it is an important parameter for the determination of
the turbulent diffusion of aerosols (Equation 2.3). Evaluation of the air flow ve-
locities across the room was not undertaken due to the simplified room geometry
in the computational domain. The turbulent kinetic energy was estimated from

the measured velocity magnitude using a RS-8880 hotwire anemometer.
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Figure 2.4: Top-down view of the velocity field at a height of 1.6 m. Grid size is
10cm as seen in the figure and the velocity magnitude is according to the colour
scale. (Figure 2.3 shows the room features for comparison.)

2.3.2.2 Aerosol Modelling

Using a RANS k-epsilon model, it is possible to transport passive scalars (such
as trace molecular concentrations). The mean convection velocity of the scalar is
given by the mean air velocity field from the RANS calculations. The fluctuating
velocity field of the air flow also creates a fluctuating convection velocity of the
scalar, which is often described as turbulent diffusion [138]. The turbulent diffusion
effect is often modelled as Fickian diffusion with a turbulent diffusivity. In the

RANS k-epsilon model, the turbulent kinematic viscosity is given as [92]:
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€
where 14 is the turbulent kinematic viscosity (m?s™'), C,, is the dimensionless
model coefficient for the turbulent viscosity with a default value of 0.09 that has
been empirically fitted from experiments in boundary layer flows. k is the turbu-
lent kinetic energy (m?s2) and ¢ is the turbulent kinetic energy dissipation rate
(m?s73). To relate the turbulent kinematic viscosity with the turbulent diffusivity,
a dimensionless turbulent Schmidt number is used [25]:
Vt
Sep = 174 (2.3)
where Sc¢; is the turbulent Schmidt number and K is the turbulent diffusivity
(m?s71). The simplest model for the turbulent Schmidt number, which has been
used in this study, is to assume a constant value of S¢; = 1.
Aerosols are not passive scalars, but have inertia and forces, such as weight
and drag, which result in divergence from the fluid flow streamlines. The extent
to which aerosols may divert from the fluid streamlines is quantified by the Stokes

number [24]:

Pp dg% i

Stk =
18 pg 7y

(2.4)

where Stk is the Stokes number (dimensionless), p, is the density of the aerosol
particles (kgm™?), d, is the droplet diameter (m), p, is the dynamic viscosity of the
gas (Pas), and 7; is the fluid response time (s). p, was assumed to be 2100 kg m >
for pure NaCl assuming the aerosol particles are fully dried to form crystalline
particles [71], justified by the measured 35% RH of the room. u, = 18.3 ptNsm ™2
for air at 23°C [12].

For Stk < 1, it can be assumed that the aerosol particles closely follow the
fluid streamlines [162]. If the total mass of a particle is low, then momentum
transfer from the particles to the fluid can be neglected with minimal error. Under
these assumptions, aerosols can be assumed to act as passive scalars. Due to the
difficulty of calculating the timescale 7 for the turbulent air flow, which may be
different at different regions of the room, exact values of the Stokes numbers were
not calculated. However, it was assumed that Stk < 1 due to the small size of
particles (0.5um to 9.5pum) and the low total mass of injected particles.

For Stk < 1, it can be assumed that the aerosol particles closely follow the fluid
streamlines [162]. If the total mass of a particle is low, then momentum transfer
from the particles to the fluid can be neglected with minimal error. Under these

assumptions, aerosols can be assumed to act as passive scalars. The fluid timescale
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7¢ can be estimated from the turbulent kinetic energy (k) and dissipation rate (¢);
however, due to spatial variations in turbulence intensity throughout the room,
determining a representative average is challenging. However, it was assumed that
Stk < 1 due to the small size of particles (0.5pm to 9.51um) and the low total
mass of injected particles.

When modelling aerosol transport, the RANS mean velocity field was used
for convection and the turbulent diffusivity for diffusion computations. It was
assumed that turbulent diffusion would be far greater than any Fickian /molecular
diffusion effects, thus these were not modelled. Since the experiments in the room
lasted for a time scale of hours, the model also would have to simulate the aerosol
transport for such a length of time.

5pm salt particles have a terminal velocity in air of 5.6 mh~!. With a room
height of just 2.6 m, a significant number of aerosol particles might be expected to
sediment out onto the floor over the course of an hour. As such, the mean velocities
from the RANS model were adjusted for the calculation of aerosol convection, and
an additional downward velocity that was equal to the terminal velocity of the
particles was added to the RANS model to account for long-term sedimentation.
The terminal velocity of the aerosol particles is defined as:

Pp d?)

= 2P 2.5
v 18 1 g ( )

where v7 is the terminal velocity (ms™!) and g is the gravitational acceleration
of 9.81ms™2

Modelling aerosol transport as a passive scalar with convection and turbulent
diffusion implies that the transport equations are linear. This means that scal-
ing the aerosol concentration by a constant factor does not alter the dispersion
dynamics, only the absolute concentration values, resulting in a free parameter
when carrying out the simulations, which is the aerosol injection rate. The aerosol
injection rate could be selected equal to the experimental injection rate. However,
measuring the aerosol concentration by the generator could produce erroneous re-
sults as these particles may have only partially evaporated. As such a different
method of estimating the aerosol injection rate within the simulation was chosen.
The aerosol injection rate was chosen to be a fixed value so that the mean aerosol
concentration of the experiment and the simulation matched.

Since any particle losses due to diffusion to the walls of the room were assumed
negligible, the only particle losses were due to sedimentation or convection via the
air flow vent. As discussed previously, the flow into the room consisted of a mixture
of outside and recycled air. Using the experimental values of the recycle ratio of

particles, described later, recycling of air and particles was also implemented into
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the computational model to improve accuracy.

The aerosol transport model was custom written in Julia using the fluid flow
results from OpenFOAM. The aerosol transport model used the same 130,000 cells
as the CFD (Figure 2.4). 10 different aerosol particle sizes were tracked in the
simulation for around 1 hour, requiring approximately 4 hours of computational
time using a graphics processor. With additional processing power, the different
aerosol sizes could be simulated in parallel reducing the computational time.

The CFD and aerosol transport simulations were also repeated on 5cm grid
cells. Figure 2.5 shows there was a minimal difference in the number concentration
profiles between the 5cm (fine) and 10 cm (coarse) grids. Because computational

and experimental results agree well, a 10 cm grid was used.
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Figure 2.5: Time dependent aerosol particle number concentration computed at
node 1 of a 5cm grid (blue) and a 10 cm grid (red).

2.4 Results

2.4.1 Evaluation of Fluid flow Computation

The hot-wire measurements are expected to underestimate the TKE, a conse-
quence of the finite response time of the hot-wire, which depends on the thickness
of the wire; thicker wires ’filter out’ higher frequency velocity fluctuations re-
sulting in a lower magnitude estimate of TKE. As a result, we expect that the
measured TKE to be systematically lower than the computed values from the
CFD model. At the different room locations, the experimental TKEs were in the
range of 3.2 x 1073 m?s72 to 9.4 x 10> m?s~2 and the computational TKEs were
in the range of 5.2 x 1073m?s72 to 1.1 x 1072m?s~2, in line with expectations
for slightly lower experimental TKEs than the CFD values to within an order of
magnitude (around 60%).
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2.4.2 Aerosol Characteristics
2.4.2.1 Model & Experiment

The computations were compared to the aerosol concentration measurements at
different locations and times within the room in order to assess the ability of the
model to predict the dispersion of the aerosols. An experiment was designed that
injected multiple sequential short pulses of aerosols that lasted for varying time
lengths. Figure 2.6 shows the times when the aerosol generator was turned on
and off during the experiment. The pulsed injection facilitates the detectors to
observe the short timescale aerosol pulse dispersion due to diffusion and convection
and the slow timescale decay of the aerosol due to droplet sedimentation and
ventilation. After the pulsed aerosol injection, sufficient time is allowed for the

aerosol concentrations to decay to background levels.
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Figure 2.6: Aerosol injection pulses used in the experiment. 0 indicates the aerosol
generator was switched off; 1 indicates the aerosol generator was switched on. The
temporal sequence of the pulse included five 1-minute pulses followed by three 15-
second pulses and finally two 30-second pulses.

In total 165 different time series aerosol concentrations were recorded and anal-
ysed using 15 different sensors, each with 11 size bins of useable data. Figure 2.7
reports the concentration of 2.0 pm particles recorded at nodes 12 and 1, which
were located near the aerosol generator and far away, respectively. (See Figure 2.3
for the sensor placements.) Both the model (dashed lines) and experiment (solid
lines) for node 12 (blue) show larger peaks than node 1 (red), and the time delay
between the aerosol injection pulse and the measurement initiation by the detector
is shorter for node 12, consistent with expectations since node 12 is closer. Good
agreement, can be seen between model and experimental results for both nodes.
Remaining small differences between model and experiment can be accounted for

when it is recognised that the model predicts average behaviour whereas tempo-
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ral changes to the instantaneous velocity field can cause large variations in the
measured signal.

The model predicts a faster decay rate of particle concentration than the ex-
periment, as can be seen beyond 50 minutes. This first modelling approach did
not allow recycling of particles through the ventilation duct and, thus, any aerosol
particles leaving the room through the ventilation exhaust grid are permanently

removed from the simulation.
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Figure 2.7: Model (dashed) and experimental (solid) temporal concentrations for
2.0 pm particles for Node 12 (placed near the aerosol generator, blue) and Node
1 (placed far from the aerosol generator, red). This model assumes no aerosol
recirculation by the ventilation system. Model particle concentration rates were
scaled by matching the mean of the model and experiment. (a) Shows the full
response (b) Shows the response after 50 minutes on a logarithmic scale.
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2.4.2.2 Aerosol Particle Recycling

As discussed in the previous section, the model overpredicts the decay rate of

2.0pm particles. One potential explanation for this observation is that some par-
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ticles are recycled through the ventilation duct due to the placement of the outlet
(Figure 2.1). To investigate the number of recycled particles, the aerosol generator
was temporarily placed in the ceiling of the room near the exhaust vent and the
amount of aerosol entering the room was measured using the sensor network. It
was found that all particles greater than 5.85 pm were completely filtered, while
varying amounts of smaller particles returned into the room.

An approach to quantify the amount of recycled aerosol particles in the room
is to computationally calculate the decay rates and compare these to the experi-
mental values. After around two minutes of aerosol injection, the particles become
well-mixed in the room, and it can be assumed that the aerosol concentration is
reasonably uniform throughout the room. By fitting an exponential decay to the
data at the time that the aerosol is well-mixed across the room (specifically for
the data after 55 minutes in Figure 2.7), the size-dependent decay rate can be
inferred and is reported in Figure 2.8.

Under a well-mixed assumption, a theoretical decay rate can be modelled tak-
ing into account the ventilation rate, the amount of recycled aerosol and the
sedimentation rate of the aerosol. Diffusional losses of aerosol to the walls of the
room are neglected in this simple model as it is assumed that turbulent diffusion
approaches zero in the laminar boundary layer of the walls and particle Brownian
diffusion is insignificant for the considered sizes of aerosol particles (> 0.5 pm).
The sedimentation rate of the aerosol was taken to be the terminal velocity of the
particle multiplied by the floor area and the aerosol concentration. The derived

equation for the decay is given below as:

ac (@ = R) +vrAfioor)
dt ‘/;‘oom

C, (2.6)

where C'is the well-mixed aerosol concentration in the room (m™3), ¢ is time
(s71), Q is the total ventilation rate of the room (0.41 m®s™!), R is the recirculation
ratio of particles in the ventilation system (unitless), vy is the particle terminal
velocity given by Equation 2.5 (ms™), A is the total floor area of the room
(50.4m?), and V,,0p, is the volume of the room (131 m?).

The theoretical decay rate for 100% recycled aerosol (R=1 in Equation 2.6,
green) and 0% recycled aerosol (R=0 in Equation 2.6, red) is shown in Figure 2.8
for different particle sizes. The simulations and experiments reported in Figure 2.8
are consistent with the measurements with the aerosol source positioned in the
ceiling with large aerosol particle sizes well described when assuming no recycling
of aerosol (red). However, the experimental data show significant deviation from
this line for small particle sizes, also consistent with the ceiling experiment and

substantial recycling of small particles into the room.
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Figure 2.8: Experimental decay rates (blue) along with theoretical decay rates
assuming 0% recycled particles (red, solid) and 100% recycled particles (green,
solid) for different particle sizes. The error bar of the experimental data represents
the standard error of the exponential fit. The error in the theoretical decay rates
(distance between the two dashed lines) represents the width of the bin size of the
low-cost sensors.

By using Figure 2.8, it is possible to estimate the recycle ratio of aerosol based
on the decay rate model (Equation 2.6), which is presented in Figure 2.9. A
line (red) was fitted to the calculated recycling ratios using Equation 2.6 (blue
crosses) and, as expected, the amount of recycled aerosol increases as the particle
size decreases since smaller particles more efficiently pass through the ventilation
filter. An important consequence of Figure 2.9 is that the decay rate of aerosols
cannot be simply predicted by using the air changes of the room. The CFD flow
field may be recalculated using these recycling ratios to deliver an experimentally

informed model, as seen in the next section.

2.4.2.3 Experimentally Informed Computational Model

The flow field was recalculated using the experimentally determined recycling ra-
tios plotted in Figure 2.9. The results from the revised model for 2.0 pm particles
at nodes 1 and 12 are presented in Figure 2.10, which can be compared directly to
the results of the model that ignores recirculation (see Figure 2.7). This compar-
ison shows that the model with recirculation of aerosol matches the experimental
data much better than the model without recirculation, especially in the time re-
gion after 55 minutes. The experimentally informed model predicts a slower decay
rate of aerosol particle concentration due to the recycled aerosol.

Figure 2.11 shows the effect of aerosol size on aerosol dispersion in the room.
Figure 2.11a shows the temporal response for the concentration of 1.5 pm particles

and Figure 2.11b that of 7.25um particles. For 7.25pm particles, the aerosol
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Figure 2.9: Calculated recycling ratios (blue) as a function of particle size based
on results of Figure 2.8, and best fit line (red) used in the computations with the
Experimentally Informed CFD Model. Arrow heads represent the uncertainty.
For the linear portion 12 = 0.97.

concentration does not rise as much compared to the 1.5 pm particles due to the
slower decay rates of 1.5 pm particles and fewer 7.25 um generated.

Aerosol mass concentration is a key parameter used to quantify air quality.
Figure 2.12 shows the measured PM;j, (total particle mass of all particles less
than 10 pm in diameter) temporal responses across the low-cost sensor network
and the comparison to model predictions. When comparing aerosol concentrations
between experiment and simulation there are two types of error to consider, these
are temporal errors and concentration errors. Quantitative assessments of the ac-
curacy of the simulations have not been undertaken as it would mean assigning a
weight to these two errors. However, it is still possible to draw conclusions from
these data by qualitatively comparing the location and strength of the pulses and
their decays. We observe very good agreement between model and experiment for
all sensors; both long-term decay rate and short-term diffusion of the aerosol are
well captured for all measurement nodes and the duration of the pulses causing
different magnitude peaks is also well captured. There are four locations, which
show the worst temporal and pulse strength match between model and experi-
ments, which are nodes 6, 7, 10 & 11. These nodes are located at the centre of the
room (Figure 2.3) where the two large airflow vortical structures, generated from
the inlet swirl diffusers, interact. It is not surprising that this location has the
lowest agreement with experimental data since the simplicity of the CFD calcula-
tion does not capture the complexity of the local flow. The mixing at this central
region of the airflow is perhaps not captured well by a RANS k-epsilon model.
However, it is more likely that this is caused by the lack of some geometrical fea-

tures of the room in the computational domain, which existed in the experiment
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Figure 2.10: Model (dashed) and experimental (solid) temporal responses for the
concentration of the 2.0 pm particles for Node 12 (blue) and Node 1 (red). This
model uses the recycling ratios defined in Figure 2.8. Model and experimental
values were scaled together by matching their median values. (a) Shows the full
response (b) Shows the response after 50 minutes on a logarithmic scale.
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such as tables and chairs. Another area of interest are nodes 3, 4 & 5 compared to
their counterparts 1, 2 & 15. The left-hand side of the room (Figure 2.3) has worse
agreement with experimental results than the right-hand side. This could be due
to the slight off-centre outlet (Figure 2.3) or more likely the combined rotational
velocities of both diffusers being better captured on the right hand side.

2.4.3 Discussion

When experimental data are used to inform the computational model on the re-
cycling ratios in the room from the ventilation system, the agreement between
model and experiments is very good in both space and time (Figure 2.12). This
provides evidence that the proposed simplified approach for the CFD calculation

of the air flow and aerosol transport is sufficient to predict aerosol transport in

78



E
52

83 15 T
= O
£%5

82 10 -
e (2]
&
oo
=B

88 51
Ee
<&

- O—

0 10 20 30 40 50 60 70
Time (min)
(a)
1.25 4 —— Node 12
—— Node 1
1.00 A

0.75

0.50 A

Number concentration of
7.25um particles (particles / cm?)

e ©
o N
S o

1

0 10 20 30 40 50 60 70
Time (min)
(b)

Figure 2.11: Time-dependent experimental measurements (solid) and model pre-
dictions (dashed) of aerosol number concentration at Node 12 (blue) and Node 1
(red) for (a) 1.5 pm and (b) 7.25 pm particles.

large spaces, at least as large as the room size of the current study. From our re-
sults, we see that proximity to the initial aerosol injection event results in extreme
maximum aerosol exposure that quickly dissipates. A more surprising result is
the amount of time that aerosols reside in the room. For a ventilation rate of
11.3 ACH, it takes around 30 mins for concentration levels of 2pum to reach 5%
of the peak (based on decay rate in Figure 2.8), and therefore everyone in the
room would have significant exposure to the initial aerosol injection event. This
is longer than what simple calculation would predict, and this behaviour could
provide better models for exposure and disease transmission risks. However, it is
noted that the experimentally evaluated recycling ratio depends on the geometry
of the room and the ventilation system and this evaluation must be repeated for
different geometries.

Many existing computational studies of aerosol transport do not investigate the

effect of particle size on aerosol transport. Figures 2.8 and 2.11 demonstrate that
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Figure 2.12: Showing PM;j, for all nodes (except Node 12). Nodes are ordered
based on distance from the aerosol generator. Blue (E) lines are the experimental
values, orange (M) lines are the CFD model with recycling. All graphs have the
same axis scales.

particle size has a significant effect on dispersion and decay rates. Consequently,

the effect of particle size should not be neglected in computational models. In our
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experimental setup, there are two reasons for the large differences between the
behaviour of different aerosol particle sizes. Under a fixed ventilation rate, aerosol
dispersion for particle diameters greater than 3 pm is dominated by the varying
sedimentation rate with size (Figure 2.8). However, for diameters less than 3 pm,
the variable recycling rates of aerosols in the ventilation ducting accounts for the
large variation in the aerosol dispersion for different particle sizes. There is no
simple way to estimate aerosol recycling ratios without an experimental measure-
ment. Based on pure airflow measurements, we might expect all aerosols to have
a recycling ratio of R=0.34, (7.5 ACH outside air, 11.3 ACH total ventilation).
However, based on Figure 2.9, the recycling ratios of aerosols for this room vary
between R=0.6 and R—=0.0 depending on particle size. By observing Figure 2.1, it
is possible to reason that most of the aerosol is expected to enter the heat pump
inlet due to the placement of the room outlet. In hindsight, this is a poor design
in terms of aerosol filtration as it allows higher recycling of aerosol than air. The
decline of the recycling ratio of aerosol down to R=0.0 is most likely due to some
internal filtration in the heat pump unit, however no specifications for the heat
pump were found. This lack of specification is common for most ventilation sys-
tems, as manufacturers do not need to provide detailed filtration specifications.
These results provide significant conclusions for future aerosol dispersion CFD
modelling, indicating that any simulations performed without experimental veri-
fication or extensive filtration and ventilation information may be invalid. This
size dependent recycle is unlikely to be significant for rooms with industrial ven-
tilation with HEPA filters, but, for typical rooms, such as workspace offices and
classrooms, this effect should not be ignored.

Subsequent work should focus on applying and verifying this combined ex-
perimental and modelling approach to other test rooms, such as larger rooms
with more complex ventilation arrangements. Our approach was computationally
efficient due to the steady velocity calculation and the simplicity of the aerosol
transport model. Thus, it is well suited for spaces even larger than the room of the
current study, and as the transport of aerosol is largely dominated by turbulent
diffusion, high resolution in the velocity is not required. Additional work could
develop a disease transmission risk based on the room and exposure times, evalu-
ating the effectiveness of practices such as the 2-meter rule. More research should
be performed to consider different ventilation rates, assessing the effectiveness of
reducing aerosol dispersion and exposure. Finally, to reduce the computational
costs and simplify the analysis, we assumed that the aerosol was already dry with
no diameter change due to evaporation. Aerosol generated by vocalization contain
water and salts and undergo some evaporation upon initial discharge depending on

particle size and RH. As such the experiment should also be repeated with lower
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salt concentrations and the computations repeated with evaporation included.

2.5 Conclusion

A combined experimental and computational approach has been developed to
predict aerosol dispersion around a room. It is possible to predict the temporal and
spatial aerosol concentrations within the room for different particle sizes with good
accuracy. The results show that depending on location within the room the peak
concentration of aerosol can be many times more than the average concentration.
Additionally, depending on room layout, the number of air changes per hour may
not be representative of the decay rate of aerosol particles, as they may be recycled,
and this recycling ratio depends on size. This shows that the number of air changes
per hour is an insufficient metric for determining the safety of a room in terms of
disease transmission unless additional information about air filtration is known.
This study also shows that modelling aerosols as a pure scalar is insufficient for
large particles because over long times (hours), sedimentation can play a major
role.

After studying aerosol dispersion in ventilated rooms, the next logical step is
to explore the broader principles governing particle behaviour in turbulent flows.
This leads to the investigation of particle preferential concentration, which also
affects aerosol dispersion in various environments. The study shifts focus from a
specific real-world setting (a classroom) to the underlying turbulence dynamics
that influence aerosol behaviour, which will be explored using both Eulerian and

Lagrangian methods.
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Chapter 3

Spectral Characteristics of Particle
Preferential Concentration in
Turbulence Computed by Eulerian

and Lagrangian Methods

This work is published in Downing and Hardalupas [41], it has been adapted to
form the basis of this Chapter.

3.1 Abstract

This study conducts a comprehensive analysis of the Fourier spectra characteris-
tics of particle preferential concentration in turbulent flows obtained by Eulerian
and Lagrangian modelling approaches for different Stokes numbers. Particle pref-
erential concentration is characterized by clusters and voids in the spatial particle
distributions formed in turbulent flows and can significantly influence processes
such as droplet coalescence, evaporation, and gas-particle reactions. The research
primarily focuses on comparing the performance of two Eulerian models (one with
and one without second-order velocity moments) and one Lagrangian model, which
are used to predict particle dispersion. Key findings include the impact of ar-
tificial diffusion in Eulerian methods, the superiority of methods incorporating
second-order velocity moments contributions at higher Stokes numbers, and the
sensitivity of the Lagrangian method to Poisson statistics. Notably, the study re-
veals minimal variation in mean velocity spectra across different Stokes numbers,
as opposed to the marked variations in particle concentration, momentum, and
energy spectra. Grid resolution emerges as a crucial factor in enhancing spectral

energy predictions in Eulerian methods. The research underscores the nuanced

83



distinctions between Eulerian and Lagrangian methods in modelling preferential
concentration, providing a detailed spectral comparison of particle concentration,
velocity, momentum, and energy, highlighting the importance of method selection

based on specific modelling needs.

3.2 Introduction

Droplets or particles dispersing in turbulent flows often form clusters of high con-
centration and voids of low concentration at various locations. This phenomenon,
known as preferential concentration, results from droplet inertia causing devia-
tions from background fluid streamlines, a process influenced by factors such as
particle size and fluid properties [154]. This phenomenon is critical in many nat-
ural and industrial processes, such as rain formation, powder manufacturing, and
others that depend nonlinearly on particle concentration. For instance, the general
aerosol dynamic equation (GDE), which describes the evolution of a droplet size
distribution [55], highlights the impact of non-uniform particle concentration pro-
files. Additionally, preferential concentration significantly influences processes like
droplet coalescence in clouds [163, 150, 95|, droplet evaporation or condensation
[137, 145], and gas-particle phase reactions [70].

The aim of this research is to compare the effectiveness of three distinct mod-
elling approaches (two Eulerian and one Lagrangian) in predicting key properties
of particle preferential concentration. While the study includes traditional anal-
ysis of particle concentration spectra, it also extends current understanding to
explore the Fourier spectra of additional properties such as particle momentum,
mean velocity, total energy, and velocity fluctuations. This extension offers a more
nuanced comparison of the methods used and the dynamics at play. We will assess
the effects of artificial diffusion and Stokes number variability on these properties,
with a focus on the contributions of second order velocity contributions in Eule-
rian methods. The influence of computational grid resolution on spectral energy
predictions in Eulerian simulations will also be investigated, further enriching the
scope of our analysis.

Simulations of particle preferential concentration in turbulent flows employ ei-
ther Lagrangian or Eulerian methods. The Lagrangian approach tracks the path
of individual particles, offering a closer representation of reality and has been pop-
ular for preferential concentration calculations. However, it faces limitations such
as statistical uncertainty due to a limited number of computational particles and
computational inefficiencies from the required interpolation onto the carrier fluid
to extract fluid velocities. In contrast, Eulerian methods, which handle concen-

tration or probability fields rather than individual particles, offer computational
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efficiency and are better suited for two-way coupling between the particulate and
carrier phases. This is largely due to the ease of computing momentum transfer
when the grids for both phases align. Despite their efficiency, Eulerian methods
have a notable disadvantage: they cannot fully capture the same physical system
as Lagrangian methods, especially in terms of individual particle dynamics.

The choice of numerical schemes in Fulerian methods, though often overlooked
in published research, plays a crucial role in determining the accuracy of the
obtained results. A key factor to consider is the physical diffusion of particles
in air, which can be significantly small for larger particle sizes [35]. This leads
to the Schmidt number for the particles being orders of magnitude greater than
unity, implying negligible physical diffusion in the particle phase, as opposed to the
carrier phase. This discrepancy can cause the partial differential equations used
in modelling to become numerically unstable, a challenge often not addressed in
studies employing Eulerian methods. While Direct Numerical Simulation (DNS)
is effective for simulating the carrier fluid down to energy dissipation scales due to
viscosity, its application to the particulate phase is hindered by the much smaller
relevant scales, rendering DNS impractical. Large Eddy Simulation (LES) provides
an alternative approach by resolving the larger turbulent scales while modelling
the smaller subgrid-scale motions. This significantly reduces computational cost
compared to DNS while still capturing key turbulent structures. However, LES
introduces additional modelling uncertainties in the subgrid-scale turbulence and
may struggle with accurately representing small-scale particle dynamics.

To counter this, various techniques have been developed for simulating advec-
tion in the absence of physical diffusion. One such technique is artificial diffusion
[173], which introduces a minimal level of diffusion into the physical equations to
attain numerical stability. Although this approach dampens higher wavenumber
fluctuations, enabling the use of high-order methods like pseudo-spectral meth-
ods, the accuracy of simulations heavily relies on the chosen value of artificial
diffusivity, potentially diminishing the benefits of high-order numerical schemes.

Another approach involves upwind-biased schemes. The only linear upwind
scheme that guarantees stability is the first-order scheme [56], which, however,
introduces substantial numerical diffusion. More advanced non-linear upwind
schemes, such as Total Variation Diminishing (TVD) or Weighted Essentially
Non-Oscillatory (WENQO) schemes, can achieve higher accuracy in regions with
smooth solutions [98]. However, in the vicinity of shocks, these schemes revert to
lower order accuracy. The complexity increases for advection problems involving
energy or second-order moments of velocity, where multiple velocities need to be
considered for different advected quantities. One solution to this multi-velocity

challenge is solving a localized Riemann problem, where all velocities are addressed
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using upwinding. The Roe Flux-Difference method [140] is an example of such an
approach.

Many Eulerian methods only provide a single velocity for the particulate phase
in each grid cell [69]. Whilst these methods are computationally cheaper, they fail
to capture a key phenomenon with particle transport, which is the crossing tra-
jectories of some particles. Crossing trajectories occurs when two particles can be
very close to each other (even at the same location if collisions are not modelled)
but have different velocities [87]. To address this limitation, an anisotropic Gaus-
sian closure model was developed for simulating the particulate phase which also
transports the second order velocity moments thus allowing for crossing trajecto-
ries [167]. These detailed Eulerian methods are refereed mesoscopic approaches
and variations have been developed [51] and tested [88, 90)].

The mechanisms driving the clustering of inertial particles in fluid flows are
complex and influenced by various factors, including the Stokes and Reynolds
numbers. One common effect observed in flows with a mean component is cen-
trifuging. In the context of turbulence, Coleman and Vassilicos [32]| proposed the
‘sweep-stick’ mechanism. This mechanism suggests that particles are swept along
with and get stuck to the acceleration stagnation points of the fluid. However, an
alternative perspective is offered by Bragg et al. [23], whose analysis also applies
to arbitrary spatially correlated velocity fields. Crucially, their findings challenge
the scale invariance of the radial distribution function, offering a different view on
the underlying processes of particle clustering.

Several methods are available for analysing and quantifying preferential concen-
tration. Among these, radial distribution functions (RDFs) are commonly used,
providing valuable insights into the structural aspects of clustering. RDFs are
particularly applicable to both empirical and theoretical models at lower Stokes
numbers [5, 4, 14, 148, 31, 177]. However, RDFs are not without limitations.
They typically focus on pairwise interactions and often assume spherical symme-
try, neglecting the factor of shape. To address this, some studies employ angular
distribution functions, offering a more comprehensive perspective on particle in-
teractions [61].

Voronoi tessellation is another technique used in this field. It involves assigning
volumes around individual particles and is particularly favoured in experimental
methods and numerical simulations. These assigned volumes are used to calculate
local particle concentrations, identify clusters, and measure concentration variance
[124, 114, 157, 6].

Additionally, spectral methods offer a distinct approach. These methods can
be further divided into Fourier and wavelet transforms. Fourier transforms, used

in various studies [104, 146, 69, 3|, focus on the power spectra of particle densities,
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effectively delineating the length scales of particle clusters. While Fourier trans-
forms provide a global overview and are relatively straightforward to interpret,
wavelet transforms, employed in other research [10, 106], offer localized insights,
presenting more detailed data.

In this study, we employ an analytical approach akin to that used by Hau-
gen et al. [69], concentrating on comparing the particle concentration spectra in
preferential concentration scenarios. Our analysis involves both Eulerian and La-
grangian methods set against the backdrop of periodic DNS homogenous isotropic
turbulence. While focusing on incompressible turbulence, we broaden the scope
of the Eulerian method by incorporating a model that accounts for second-order
velocity moments, utilizing an anisotropic Gaussian approach. This enhancement
is crucial for accurately capturing the crossing trajectories phenomenon.

Kong et al. [90], conducted a similar investigation employing an anisotropic
Gaussian model. However, their study did not examine the impact of varying
Stokes numbers on model performance, nor did it provide spectra for particle ve-
locity fluctuations. These aspects are essential for understanding the conditions
under which such models are necessary and effective. Our study aims to fill these
gaps by offering a more comprehensive analysis of model performance across dif-
ferent Stokes numbers, including spectra for particle velocity fluctuations.

Furthermore, our investigation goes beyond particle concentration spectra, en-
compassing additional properties such as particle velocity and momentum. This
comprehensive approach allows for a more thorough assessment of the Eulerian
method’s capabilities. We also introduce a numerical scheme based on the Roe
Flux-Difference with TVD, offering an approach to address the complexities in-
herent in these simulations. This method is compared to Lagrangian results in
3D homogenous isotropic turbulence, focusing on one-way coupling. A key aspect
of our comparison is the particle concentration spectra from different methods,
providing valuable insights into the accuracy of each method across various length

scales.

3.3 Numerical Method

3.3.1 Carrier Fluid Simulations

The carrier fluid simulations are conducted using the incompressible Navier-Stokes
equations, augmented with a forcing term to achieve stationary homogenous isotropic
turbulence. A linear forcing function, directly proportional to the velocity, was
selected for its ease of implementation and physical relevance [100]. The initial

velocity field introduces randomness to the turbulence. With the application of
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linear forcing, the longer velocity waves become unstable and do not settle into
any equilibrium state. This ensures that the velocity field maintains an appro-
priate level of randomness [100]|. The governing equations, expressed in Einstein

notation, are as follows:

Ou;  Ouuy 1 dp 0%u; £
- g c 3.1
ot Ox; pr Oz v o3 * <u32>u (3-1)
8Uj
T 3.2

where u; represents the carrier fluid velocity in the ¢-th direction, z; is the
spatial coordinate in the ¢-th direction, ¢ denotes time, p; is the carrier fluid
density, p the pressure, v the kinematic viscosity, and € the mean turbulent kinetic
energy dissipation rate. The summation is over the index j, and angled brackets
denote a spatial average.

Throughout the simulation, the mean turbulent kinetic energy dissipation rate
(¢), the fluid density (py), and the kinematic viscosity () are kept constant. The
carrier fluid simulation, which is executed independently of the particulate phase
due to one-way coupling, is stored for subsequent analysis. These simulations are
performed in a three-dimensional periodic cube with side length L. The pseudo-
spectral method is employed for the carrier fluid, utilizing N equidistant grid
points in each direction, resulting in a grid spacing A. A crucial parameter in
turbulence simulations is the Kolmogorov length scale, n. To meet the criteria for
Direct Numerical Simulation (DNS), the ratio /A should be greater than 0.45
[130]. The specific details of the simulation setup are: Re. = L3es /v = 1500,
Rey =45.9, N =256, A/L =3.90 x 1073, n/L = 4.14 x 1073, and Lyz,;/L = 0.12,
where Lp,; is the integral length scale.

Figure 3.1 presents a 2D slice extracted from this simulation, illustrating the
instantaneous kinetic energy distribution. This serves as an exemplar of the fluid

flow characteristics within the simulation.

3.3.2 Particle Simulations
3.3.2.1 Lagrangian Simulations

The Lagrangian particle simulations are conducted under the assumption of one-
way coupling. The particles are treated as point spheres with negligible mass
loading, and the influence of gravity is not considered. The Stokes drag model
is employed as the friction model. Based on these assumptions, the equations of

motion for an individual particle are formulated as follows:
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Figure 3.1: An example instantaneous kinetic energy distribution in a 2D slice of
a 3D Direct Numerical Simulation (DNS) fluid simulation at Re. = 1500.

dxp;
Z” = v, (3.3)

dv,; 1
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where x,,; denotes the position of an individual particle p in the spatial coor-
dinate 4, v,; represents the velocity of the particle p in the same coordinate, 7,
is the particle relaxation time, p, the particle material density, and d the particle
diameter.

The Stokes number Stk of a particle is defined as the ratio of the particle
relaxation time 7, to a characteristic timescale of the carrier fluid. For the scaling
of particle preferential concentration, the Kolmogorov timescale 7, is often used

as this characteristic timescale and Stk is defined in Equation 3.6.

T g

3.3.2.2 Eulerian Conservation Equations

The developed Eulerian simulations are based on the conservation of properties
from an ensemble of particles with the same mass and diameter within a control
volume. In all subsequent equations, physical diffusion has been omitted under the

assumption that all particles exhibit large Schmidt numbers, as per Cunningham
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[35]. If many particles are present within a control volume, then the conservation

of particle number density is:

on . onv;
ot ax]’

where n is the number density of particles within a control volume and v; is

— 0, (3.7)

the velocity of the particulate phase. 7; represents a conditioned average over
all the realisations of different particle instances present at that location in space
[51]. The conservation of momentum is considered next. Temporarily ignoring the

momentum transfer between the particulate phase and the carrier phase we have:

onv;  Onvv;
at aiE'j

many Eulerian methods treat v;v; as v;u; which neglect the conservation of

=0, (3.8)

the higher moments of particle velocity. This can be a good approximation for
small particle sizes and reduces computational complexity but, for large sizes, can
give inaccurate results for the formation of clusters and voids in a turbulent flow.
To conserve the second moment of particle velocity another set of conservation
equations are required, these can be thought of as conservation of ’directional’

kinetic energy:

onv; vy, n Onv; U5 0;

=0 3.9

ot Oz, 7 39

OnTm; | O (WULT; + UL + MU — UT) _ g
ot Oz,

Equation 3.9 leads to a moment closure problem, as each transport of the ve-
locity moment requires information about the higher moments. By assuming that
the 3rd order fluctuations are negligible and taking them to be zero, Equation 3.9
can be turned to Equation 3.10, making the system of equations closed. Equations
3.7, 3.8 & 3.10 form a system of 10 partial differential equations in 3D space. We
now introduce the conserved quantities for the particulate phase, namely the par-
ticle number density n, the particle momentum p; in direction ¢, and the particle

"directional’ kinetic energy Fj in directions ¢ & k, which are defined as:

pi = N, (3.11)
1
E; = §nm, (3.12)

substituting Equations 3.11 & 3.12 into Equations 3.7, 3.8 & 3.10 as well as
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including the contributions of Stokes drag to the conservation of particle momen-

tum and particle directional’ kinetic energy, the final conservation equations used

become:
on  Op,

R 3.13
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equations 3.14 and 3.15 show that higher orders of velocity moments decay
faster. Specifically, Equation 3.14 features a decay coefficient of 1/7, whereas
Equation 3.15 is characterized by a higher decay coefficient of 2/7,. This pattern
continues with each successive higher order moment of velocity, where the decay
coefficient increases incrementally. For example, third-order moments would have
a decay coefficient of 3/7,, and so on. This provides evidence that at small Stokes
numbers the ’directional” kinetic energy terms can be neglected as the velocity
fluctuations will decay very quickly. For intermediate Stokes numbers, it also sug-
gests that neglecting the 3rd order velocity moments is an appropriate assumption
as these moments will decay even faster.

One method to stabilize the numerical calculations for the equations involves
the use of explicit artificial diffusion. However, as outlined in the introduction,
the Roe-flux numerical scheme chosen for this study inherently ensures stability
through upwind biasing. Therefore, the stabilization is not dependent on the
Stokes number, since the diffusion effect is implicitly managed by the numerical
scheme. The Roe-flux scheme can be used with or without the ’directional” kinetic

energy terms.

3.3.2.3 Eulerian Roe-Flux Splitting

The numerical method developed for the particulate phase conservation equations
is an adaptation of the Roe-flux difference method [140]. This method ensures
the correct upwind procedure is followed, even though there are multiple ’speeds’
potentially travelling in different directions due to the presence of the particle
"directional’ kinetic energy. In general, Roe-flux methods have the following pro-

cedure in 1D advection problems:
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where U is a vector of conserved variables, F' is a vector of the fluxes of the
conserved variables, subscripts ¢ + % represents the boundary between grid cell ¢
and ¢ + 1, superscripts L and R represents the quantity calculated on the left-
or right-hand side of the boundary, and A, +1 is a Jacobian of the system that is
calculated from the left and right fluxes. The vertical bars are an operation that
diagonalizes the matrix, takes the absolute values of the eigenvalues, and then
reforms the matrix. The Jacobian needs to satisfy three conditions to solve the
localised Riemann problem, it needs to be diagonalisable with real eigenvalues,
the scheme should be conservative, and it needs to be consistent with the initial

problem [140]. These are summarised below:

Az‘+§ - PH%AH%P;:%, (3.19)
R L _ R L
‘Fi+% - Fw% = Ay (UH% N Ui+%> 7 (3.20)
oF . R L
Ai_,’_% = % if UH—% = Ui+%’ (321)

whilst these equations are only given for one dimension, it is easy to expand
them to three dimensions with the use of operator splitting. The form of matrix
P and A for the particulate phase conservation equations is given in Appendix
A. This yields a numerically stable scheme that is upwind biased. The choice of

how to calculate Uﬁl

and Uﬁr% determines the order of accuracy of the scheme
and the effect of numerical diffusion. A simple choice of scheme that results in
first order accuracy is Ufr L= U, and UZEr L= U,. For a simple scalar advection
case, it can be shown that this Roe-Flux scheme is equivalent to the first order
upwind scheme. We choose a TVD flux limiting scheme that increases the order
of accuracy to second order in regions of smooth solutions whilst still providing

numerical stability. An overview of the scheme is given below [139]:
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The grid choice for the Roe-Flux method is an important consideration. A
simple first approach is to use the same grid as the carrier fluid simulation, elim-
inating the need for interpolation of the carrier fluid velocities to the particulate
phase. Figure 3.8, discussed in detail in Section 3.4, shows a brief sensitivity

analysis of the grid size on the particle number density.

3.4 Results

In the subsequent section, we compare the performance of the anisotropic gaussian
Eulerian method for the particulate phase with that of a standard Lagrangian
method and another Eulerian method that does not include ’directional’ kinetic
energy terms. For details on the carrier flow simulations, refer to 3.3.1. The
comparison begins with a qualitative assessment, where we visually analyse slices
of the particle number density generated by each method. Additionally, an error

metric 0 is employed for a more quantitative evaluation, defined as:

0 =/ {((n—=nw)), (3.26)

in this context, ny represents the number density calculated using the La-
grangian approach. The metric ¢ calculates the root mean squared error between
the number density n obtained by a given method and a reference number density
ny, derived from the Lagrangian approach. The Lagrangian method is also sub-
jected to this error metric by running a second Lagrangian simulation with the
same carrier fluid but different initial random particle placements. This allows
us to quantify the inherent variance of the Lagrangian method due to random
Poisson statistics. Since different realisations of the Lagrangian simulation—with
identical flow fields but varying initial particle distributions—mnaturally produce
fluctuations in number density, the expected error between such realisations is
approximately 1.0. This serves as a baseline, indicating the level of variation in-
troduced purely by randommness. A value significantly lower than 1.0 would be

unexpected, as it would suggest a level of agreement beyond the statistical vari-
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ance of the method itself. The error ¢ could be reduced by increasing the number
of simulated particles, thereby decreasing statistical noise.

The Lagrangian simulation utilized 167 million particles. Following this, we
compare the particle number density spectra of the different methods, which is
defined as:

(n*) = /O B, (e)d, (3.27)

here, k represents the wavenumber, and E, (k) is the spectral energy encom-
passing all contributions between « and x + dk. Four distinct Stokes numbers
(0.5, 1.0, 2.0, and 5.0) are simulated to cover a broad range of particle behaviour,
facilitating a comprehensive comparison of the methods. The same carrier fluid
simulation is used for each particulate phase simulation, ensuring consistency and
ease of comparison across different methods and Stokes numbers. Other spectra
are also investigated such as the particle momentum E,(k), velocity E,(k), energy

Eg(k), and energy fluctuations E¢(x), which are defined as:

(P40, +02) = /OOO Eyp(r)dx, (3.28)
(02 4 0% 1 o2)) = /0 T (R)d, (3.29)
(B2, +E., +E.)) = / N Ep(k)dx, (3.30)

<< (E R %2)2>> - /OOO Be(x)dr, (3.31)

Computing spectra for Eulerian simulations is straightforward, thanks to the
regular mesh on which these simulations are conducted. We directly perform the
Fourier transform on this mesh using the fast Fourier transform (FFT) method,
which efficiently provides us with all the necessary wavenumbers. In contrast,
computing spectra from Lagrangian simulations offers different approaches. A
common method is to take a box-averaged value or to ’bin’ the particles into a
mesh, as discussed by Jin et al. [86]. This approach creates a number density field
from the Lagrangian data, allowing the Fourier transform to be applied using FFT.
This technique is also beneficial for obtaining spectra of other properties such as
momentum and energy, as these too can be "binned’ similarly. Haugen et al. [69]
introduced a correction method for spectra derived from the FFT of Lagrangian
simulations, aimed at eliminating the impact of white noise on the number density
spectra. This technique has not been incorporated into the current study for two

main reasons. Firstly, the contribution of noise in our work is reduced owing to the
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utilization of a substantial number of particles (167 million). Secondly, Haugen et
al. did not detail how this correction could be applied to spectra beyond number
density.

Alternatively, the particle number density spectra can be computed without
discretizing it onto a mesh. This method, outlined by Matsuda et al. [104], involves
modelling the particles as direct delta functions and summing their contributions
in Fourier space. However, this method cannot utilize the FFT algorithm and is
prohibitively slow for large numbers of particles and wavenumbers. Its distinct
advantage lies in its independence from a mesh, allowing it to capture clustering
on length scales much smaller than the mesh size.

Figure 3.2 showcases an example spectrum of particle number density from
both Fulerian methods and the Lagrangian method, using the two approaches
(box-averaged and direct Dirac delta). For lower wavenumbers (larger length
scales), the two Lagrangian spectra concur, as expected. However, at higher
wavenumbers (smaller length scales), the direct Dirac delta spectrum is notably
more elevated due to the sub-mesh particle clustering, which the box-averaged
approach filters out.

Given our interest in spectra beyond number density, the computational effi-
ciency of the box-averaged approach, and the observation that Eulerian methods
only match at lower wavenumbers (elaborated in Section 3.4.2), we have opted to

use the box-averaged approach for analysing the Lagrangian spectra in our study.

3.4.1 Instantaneous Particle Concentration Spatial Distri-

butions

Figure 3.3 displays the particle number density slices for Stokes number 0.0 (known
as fluid particles) and Re. = 1500, comparing both Eulerian methods (with and
without energy contributions) to the Lagrangian method. Fluid particles do not
deviate from the carrier fluid streamlines and should therefore not be subjected to
preferential concentration. This is clearly shown in Figure 3.3 where both Eulerian
methods show a uniform particle concentration. It is also clear here to see the
downside to the Lagrangian method, as what should be a uniform concentration
is instead shown to be ’grainy’ which is a result from the Poisson statistics and the
inherent randomness of the Lagrangian method with a limited non-infinite number
of particles. In practical applications, the finite number of particles can lead to
"grainy" results. However, with sufficient computational resources to increase the
particle count, the smoothness of the outcomes will enhance.

Figure 3.4 displays the particle number density slices for Stokes number 0.5
and Re. = 1500, comparing both Eulerian methods (with and without energy
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Figure 3.2: Spectral energy of the particle number concentration against the
wavenumber for Stk = 1.0 and Re. = 1500 estimated from the particle distribu-
tion calculated with 4 different methods, the direct spectrum from the Lagrangian
method (solid red), the box-averaged Lagrangian method (solid blue), the Eule-
rian method with energy contributions (dashed), and the Eulerian method without
energy contributions (dashed-dotted).

contributions) to the Lagrangian method. At this Stokes number, there is no
discernible difference in the concentration slices between the Eulerian methods,
regardless of whether they incorporate ’directional’ kinetic energy terms. This
observation is quantitatively supported by both methods yielding the same er-
ror 0 value (6 = 2.13), defined according to Equation 3.26. It is important to
note that 0 is an error metric used to compare two methods, where a value of
1.0 signifies optimal performance, reflecting the natural variance inherent in the
Lagrangian methods (Equation 3.26). This lack of difference between the Eulerian
methods is anticipated and corroborated by Equation 3.15, which indicates that
for small Stokes numbers (indicative of short particle relaxation times), the impact
of 'directional’ kinetic energy terms diminishes rapidly.

When juxtaposing the Eulerian methods with the Lagrangian method, the
distinct advantages of each become apparent. The Lagrangian method exhibits
random noise, which hinders precise determination of number density at specific
points. This characteristic is also reflected in the ¢ value (6 = 0.96) when com-
paring a Lagrangian simulation to another with different initial conditions for the
particulate phase. In contrast, the Eulerian methods are prone to numerical dif-

fusion, leading to more blurred imagery. Nonetheless, the location and size of
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Figure 3.3: Instantaneous particle concentration spatial distribution on a 2D slice
for Stk = 0.0 (Fluid particle) and Re. = 1500 calculated with 3 different methods.
Left is the Fulerian method without energy contributions, middle is the Eulerian
method with energy, right is the Lagrangian approach.

voids and clusters remain discernible and are consistently identifiable across the
different methods.

Figure 3.5 presents the particle number density slices for Stokes number 1.0
and Re. = 1500, comparing the Eulerian methods (both with and without energy
contributions) to the Lagrangian method. At this Stokes number, the impact of
including ’directional’” kinetic energy terms in the Eulerian method becomes vi-
sually apparent. The inclusion of these energy terms results in a slightly more
blurred image for the Eulerian method with energy, suggesting an increase in par-
ticle dispersion. This observation is supported by the error 6 values; the Eulerian
method without energy contributions registers a § value of 2.60, while the inclu-
sion of energy contributions lowers this value to 2.45. This improvement indicates
that even at Stk = 1.0, the energy contributions are having a significant effect.

Comparing Figures 3.5 and 3.4 reveals that some of the particle clusters present
at lower Stokes numbers have been dispersed, a phenomenon likely attributable
to the crossing trajectories. This comparison underscores the influence of Stokes
number on the behaviour of particulate matter in the flow, as well as the effective-
ness of energy contributions in the Eulerian method at different Stokes numbers.

Figure 3.6 presents the number density slices for Stokes number 2.0 and Re. =
1500, comparing both the Eulerian methods (with and without energy contribu-
tions) and the Lagrangian method. The influence of ’directional’ kinetic energy
terms on the Eulerian simulations is now markedly evident. Similar to observa-

tions for Stokes number 1.0, these energy terms contribute to the dispersion of
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Figure 3.4: Instantaneous particle concentration spatial distribution on a 2D slice
for Stk = 0.5 and Re. = 1500 calculated with 3 different methods. Left is the
Eulerian method without energy contributions (error metric 6 = 2.13), middle is
the Eulerian method with energy (§ = 2.13), right is the Lagrangian approach
(0 = 0.96).

particle clusters. However, the effect is more pronounced for Stokes number 2.0,
where it not only disperses the clusters but also alters their locations.

This comparison highlights that for larger particle sizes, the exclusion of "direc-
tional” kinetic energy terms in Eulerian methods is not a suitable approximation
when compared to the Lagrangian method. This is further evidenced by the er-
ror ¢ values; the Eulerian method without energy has a § value of 2.59, which
significantly improves to 1.71 with the inclusion of energy. Notably, the Eulerian
method incorporating the 'directional’ kinetic energy terms still maintains a good
visual alignment with the Lagrangian results, especially in terms of the locations
of clusters and voids.

Figure 3.7 displays the particle number density slices for Stokes number 5.0
and Re. = 1500, comparing the Eulerian methods (both with and without energy
contributions) and the Lagrangian method. The impact of ’directional’ kinetic
energy terms on the Eulerian simulations is strikingly apparent in this case. The
Eulerian method that excludes these energy terms fails to disperse the clusters
adequately at this larger Stokes number, leading to a misrepresentation of the
concentration field. This is quantitatively underscored by the 0 values; the Eu-
lerian method without energy contributions shows a ¢ value of 2.96, which is
significantly improved to 1.06 when energy terms are included.

Despite the improvement, there are noticeable visual differences between the

Eulerian method with energy and the Lagrangian method. While the overall
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Figure 3.5: Instantaneous particle concentration spatial distribution of a 2D slice
for Stk = 1.0 and Re. = 1500 calculated with 3 different methods. Left is the
Eulerian method without energy contributions (6 = 2.60), middle is the Eulerian
method with energy (§ = 2.45), right is the Lagrangian approach (6 = 1.03).

structures of the concentration fields appear similar, the differences at these larger
sizes suggest that third-order velocity moments may start to have a significant
impact. This factor could account for the observed discrepancies between the two

methods.

3.4.2 Effect of Grid Resolution

Figure 3.8 illustrates the number density spectra for Stokes number 2.0 and Re. =
1500, comparing the Eulerian methods (with and without energy contributions) to
the Lagrangian method. This figure also highlights the influence of grid resolution
on the Eulerian results. Echoing findings for Stokes number 5.0, it is evident
that including energy is crucial for the Eulerian method to align with the spectral
energy calculated by the Lagrangian method.

Upon doubling the grid resolution (from 256 to 512), both Eulerian methods
exhibit a reduced impact from numerical diffusion, sustaining their spectral energy
across a broader range of higher wavenumbers. For the Eulerian method devoid
of energy contributions, a finer grid resolution diminishes its agreement with the
Lagrangian solution. This discrepancy is attributed to the decreased effect of nu-
merical diffusion, leading to more distinctly defined clusters. Notably, the Eulerian
method without energy does not show convergence with increasing resolution. In
contrast, the Fulerian method that includes energy contributions demonstrates

improved alignment with the Lagrangian solution at higher wavenumbers when
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Figure 3.6: Instantaneous particle concentration spatial distribution of a 2D slice
for Stk = 2.0 and Re. = 1500 calculated with 3 different methods. Left is the
Eulerian method without energy contributions (6 = 2.59), middle is the Eulerian
method with energy (§ = 1.71), right is the Lagrangian approach (6 = 0.97).

the grid resolution is increased, owing to reduced numerical diffusion. However,
due to the lack of any physical diffusion, convergence of Eulerian methods is not
possible with a finite sized mesh. The inclusion of energy allows for cluster disper-
sion through crossing trajectories, explaining why the spectral energy at higher
wavelengths is lower than that observed in the Eulerian method without energy.
Conversely, reducing the grid resolution (from 256 to 128/64), involved filtering
the carrier fluid in wave space using a box filter. In these simulations, the lower
wavenumbers maintained consistency, but the effects of numerical diffusion became
significantly more pronounced. The precise impact of conducting carrier fluid
simulations that are not fully resolved, as opposed to direct numerical simulations,

remains uncertain and is beyond the scope of this paper.

3.4.3 Particle Concentration Spectra

Figure 3.9 illustrates the number density spectra across a range of Stokes numbers
and Re. = 1500 estimated from the particle distributions calculated with grid res-
olution of N = 256 using three distinct evaluation methods: Lagrangian and two
Eulerian approaches. The —5/3 slope shown in the figure is provided for compar-
ison with the Kolmogorov energy spectrum; however, the number density is not
expected to follow this slope. Both Eulerian methods align with the Lagrangian
spectrum as the wavenumber approaches zero for all investigated Stokes numbers.

This alignment shows that all methods are representing the same physical phe-
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Figure 3.7: Instantaneous particle concentration spatial distribution of a 2D slice
for Stk = 5.0 and Re. = 1500 calculated with 3 different methods. Left is the
Eulerian method without energy contributions (6 = 2.96), middle is the Eulerian
with energy (0 = 1.06), right is the Lagrangian approach (§ = 0.89).

nomena. This is because the largest length scales of clusters and voids, associated
with the smallest wavenumbers, are the least affected by the artificial diffusion
inherent in the Eulerian methods and the random Poisson statistics affecting the
Lagrangian method.

In the case of smaller Stokes numbers, specifically 0.5 and 1.0, the perfor-
mance of both Kulerian methods aligns closely with the Lagrangian method up to
a wavenumber of approximately 20. Beyond this point, the Eulerian methods show
a marked decline, a trend indicative of diffusion effects. Notably, these effects are
not inherent to the particulate phase but result from the artificial diffusion char-
acteristics of Eulerian methods. As the Stokes number increases, the differences
between the two Eulerian approaches become more pronounced, with divergence
starting at lower wavenumbers.

Particularly, the Eulerian method incorporating energy contributions consis-
tently demonstrates lower spectral energy compared to its counterpart without
these contributions, a disparity that becomes more evident at higher wavenum-
bers. This outcome aligns with expectations, as energy contributions in the Eu-
lerian method serve as a diffusing mechanism, facilitating the intermingling of
particle clusters.

For Stokes number 2.0, the distinction between the two Eulerian methods
is large. The method excluding energy contributions begins to predict higher
spectral energies than the Lagrangian method, deviating at around a wavenumber

of 8. This suggests more pronounced clustering. In contrast, the Eulerian method
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Figure 3.8: Spectral energy of the particle number concentration against the
wavenumber for Stk = 2.0 and Re. = 1500 estimated from the particle distribu-
tion calculated with 3 different methods, namely the Lagrangian method (solid),
the Eulerian method with energy contributions (dashed), and the Eulerian method
without energy contributions (dashed-dotted). The four plots each have differing
grid sizes N = 64 (top left), 128 (top right), 256 (bottom left) and 512 (bottom
right).

with energy contributions maintains parity with the Lagrangian spectrum up to
about wavenumber 30, after which diffusion effects become dominant.

The disparity is even more significant for Stokes number 5.0. Here, the Eule-
rian method without energy contributions struggles to match the Lagrangian spec-
trum, accurate only at the lowest wavenumbers. Conversely, the Eulerian method
with energy contributions achieves a comparable spectrum up to a wavenumber
of around 50.

Three primary factors contribute to the observed differences between the Fule-
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Figure 3.9: Spectral energy of the particle number concentration against the
wavenumber for Stk = 0.5 (top left), 1.0 (top right), 2.0 (bottom left) and 5.0 (bot-
tom right) and Re. = 1500 estimated from the particle distributions calculated
with 3 different methods with grid resolution of N = 256, the Lagrangian method
(solid blue), the Eulerian method with energy contributions (dashed orange), and
the Eulerian method without energy contributions (dashed-dotted green). The
black line indicates the -5/3 slope of the carrier phase velocity spectra.

rian spectrum with energy contributions and the Lagrangian spectrum. First is the
Eulerian diffusion, as previously discussed. Second, the Poisson statistics of the
Lagrangian particles result in increased spectral energy at higher wavenumbers.
Lastly, the exclusion of third-order velocity moments in the Eulerian method likely
leads to the slight elevation in spectral energy observed at wavenumbers around
20.

An unexpected finding is that the Eulerian method, when incorporating en-

ergy contributions, tends to perform increasingly well as the Stokes number rises
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compared to how well it performs at low Stokes numbers, aligning more closely
with the Lagrangian method for an extended range of wavenumbers, for example
matching the Lagrangian method up to kL = 0.8 for Stk = 0.5 but matching up
to kL = 25 for Stk = 2.0. Intuitively, one might anticipate the greatest alignment
between the two methods (Lagrangian and Eulerian with energy) at lower Stokes
numbers, where the particles behave more like tracer particles, as this is where
the Fulerian equations have the least error by neglecting 3rd order velocity terms.
We attribute this phenomenon to the effect of Eulerian numerical diffusion. At
lower Stokes numbers, this diffusion represents the primary mechanism of disper-
sion, exerting a significant influence on the spectrum. However, at higher Stokes
numbers, the predominant source of dispersion shifts to the crossing trajectories
of the particles, thereby diminishing the relative impact of numerical diffusion.
For lower Stokes numbers, particles are more closely coupled to the fluid mo-
tion, and their dispersion is governed by all the turbulent structures of the carrier
phase. However, as the Stokes number increases, the inertia of the particles al-
lows them to ’escape’ from the smallest turbulent eddies. This is evidenced in the
figures, as the Stokes number increases the contribution of the lower wavelengths
increases, resulting in larger structures of clusters. However, we can also see the
contribution of the higher wavelengths significantly drop with increasing Stokes
numbers, this results in the clusters being less ’sharp’. So we have two competing
effects reliant on Stokes number, increased clustering at lower wavelengths but
the enhanced dispersion at higher wavelengths. The changes to the spectra are
non-trivial as the Stokes number changes, the peak of the spectrum shifts to the
left as the Stokes number increases, and the slopes of the spectra on either side
also change. A Stokes number of 1.0 has the highest energy spectrum which agrees
with past literature that preferential concentration peaks at a Stokes number of
1.0. As the Stokes number increases beyond Stk = 5.0, we expect clustering to de-
crease in the Lagrangian method. In the Eulerian method with Energy, clustering
is also expected to diminish; however, the influence of third-order velocity terms
is likely to become more significant, potentially leading to greater differences with

the Lagrangian method in the observed spectra.

3.4.4 Particle Momentum Spectra

Figure 3.10 presents the spectra of total particle momentum, equivalent to flux,
for various Stokes numbers, for the Lagrangian approach and two Eulerian ap-
proaches. These spectra exhibit trends consistent with those obtained from the
particle number concentration analysis from Section 3.4.3. Specifically, the Eu-

lerian methods are affected by artificial diffusion, not intrinsic to the particulate
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Figure 3.10: Spectral energy of the total particle momentum (flux) against the
wavenumber for Stk = 0.5 (top left), 1.0 (top right), 2.0 (bottom left) and 5.0
(bottom right) and Re. = 1500 estimated from the particle distributions calculated
with 3 different methods with grid resolution of N = 256, the Lagrangian method
(solid blue), the Eulerian method with energy contributions (dashed orange), and
the Eulerian method without energy contributions (dashed-dotted green). The
black line indicates the best power law fit.

phase, resulting in a decrease in spectral energy at higher wavenumbers. Con-
versely, the Lagrangian spectra are influenced by Poisson statistics, leading to an
increase in spectral energy at these wavenumbers. As observed at the number
concentration spectra, the Eulerian method incorporating energy contributions
outperforms its counterpart without these contributions, with this difference be-
coming more pronounced at higher Stokes numbers.

The definition of particle momentum, as delineated in Equation 3.11, indicates
that the number concentration and particle velocity both contribute to the mo-

mentum. This correlation explains the clear alignment observed with the number
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concentration spectra. However, a notable distinction in the momentum spec-
tra, as opposed to the number concentration spectra, is the behaviour at lower
wavenumbers. Across all Stokes numbers, we observe the disappearance of the
spectrum peak, replaced by a monotonically decreasing trend. This observation
suggests that the differences between the methods in the momentum spectra are
likely rooted in the number density spectra, rather than any additional discrep-
ancies introduced by the Eulerian methods compared to their performance in the
number concentration spectra. The Lagrangian momentum spectra exhibit an al-
most power law, with the best fitting powers being -0.43, -0.34, -0.68 & -1.35 for
Stokes = 0.5,1.0,2.0&5.0 respectively.

3.4.5 Particle Velocity Spectra

Figure 3.11 displays the spectra of the conditionally averaged particle velocity
(Equation 3.7) across a range of Stokes numbers, focusing exclusively on the Eule-
rian methods. The —5/3 slope shown in the figure is provided for comparison with
the Kolmogorov energy spectrum; The particle velocity is expected to follow the
carrier fluid spectra for small stokes numbers. The exclusion of the Lagrangian
method is due to its inability to define a velocity field at all locations. Specifi-
cally, in areas devoid of particles, the Lagrangian method results in an undefined
velocity, in contrast to the Eulerian methods which, working with a continuous
concentration, can establish a defined velocity everywhere. To facilitate a com-
parison of the Eulerian methods, the velocity spectrum for the background flow
of the turbulent fluid is also provided.

Notably, both Eulerian methods exhibit a high degree of agreement with each
other. The disparity between them is considerably less pronounced than what
was observed in the particle number concentration and momentum spectra. The
primary difference manifests as a marginal decrease in spectral energy at higher
wavelengths and for higher Stokes numbers. As the Stokes number approaches
zero, the particle velocity is expected to converge towards that of the carrier fluid.
This trend is observable at a Stokes number of 0.5 for the lower wavenumbers,
indicating alignment with theoretical expectations.

Unlike the carrier fluid, the particle velocity lacks a physical diffusion or vis-
cosity term. Consequently, the spectrum for the carrier fluid decreases at a much
more rapid rate than that of the particulate phase across all examined Stokes num-
bers. This observation suggests that the velocity cascade in the particulate phase
can sustain higher wavenumbers, even though they are continuously decaying to-
wards the carrier fluid values. It is important to note that this observation also

applies to a Stokes number of 0.5, where there are still significant deviations from
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Figure 3.11: Spectral energy of the conditionally averaged particle velocity against
the wavenumber for Stk = 0.5 (top left), 1.0 (top right), 2.0 (bottom left) and 5.0
(bottom right) and Re. = 1500 estimated from the particle distributions calculated
with 2 different methods with grid resolution of N = 256, the Eulerian method
with energy contributions (dashed orange), and the Eulerian method without en-
ergy contributions (dashed-dotted green). The background carrier fluid velocity
spectrum (solid blue) is also plotted for comparison. The black line indicates the
-5/3 slope of the carrier phase velocity spectra.

the carrier fluid. These deviations result in considerable amounts of preferential
concentration, as illustrated in Figure 3.4.

In contrast to the particle number concentration and momentum spectra, the
velocity spectrum exhibits minimal variation across different Stokes numbers. A
consistent trend observed is a slight decrease in the overall velocity spectral energy
across all wavenumbers as the Stokes number increases. This behaviour aligns
with theoretical expectations. As the Stokes number increases, it leads to more

pronounced temporal filtering of the carrier velocity field. Consequently, this

107



results in a reduced energy transfer from the carrier fluid to the particulate phase.
3.4.6 Particle Energy Spectra
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Figure 3.12: Spectral energy of the total particle energy (momentum flux) against
the wavenumber for Stk = 0.5 (top left), 1.0 (top right), 2.0 (bottom left) and
5.0 (bottom right) and Re. = 1500 estimated from the particle distributions cal-
culated with 3 different methods with grid resolution of N = 256, namely the
Lagrangian method (solid blue), the Eulerian method with energy contributions
(dashed orange), and the Eulerian method without energy contributions (dashed-
dotted green). The black line indicates the -5/3 slope of the carrier phase velocity
spectra.

Figure 3.12 illustrates the spectra of total particle energy for a range of Stokes
numbers, comparing the Lagrangian approach to the two Eulerian approaches.
The —5/3 slope shown in the figure is provided for comparison with the Kol-

mogorov energy spectrum; however, the total particle energy is not expected to
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follow this slope. Mirroring the trends observed in the concentration and mo-
mentum spectra (Sections 3.4.3 and 3.4.4, respectively), the general patterns are
consistent. Specifically, the Eulerian methods exhibit a decrease in spectral en-
ergy at higher wavenumbers due to artificial diffusion, which is not an inherent
characteristic of the particulate phase. In contrast, the Lagrangian spectra are
influenced by Poisson statistics, leading to an increase in spectral energy at these
higher wavenumbers. Similar to the findings in the number concentration spectra,
the Eulerian method that incorporates energy contributions performs better than
the method without these contributions, particularly at higher Stokes numbers.
The definition of total particle energy, as outlined in Equation 3.30, suggests that
the trends in total particle energy are largely reflective of the trends observed
in number concentration. This is because the velocity spectra, as discussed in
Section 3.4.5, do not exhibit the same level of diffusion. Additionally, unlike the
momentum spectra, the data for total particle energy does not display a mono-
tonically decreasing trend.

Figure 3.13 focuses on the spectra of total particle velocity fluctuations, a com-
ponent of total particle energy. The —5/3 slope shown in the figure is provided
for comparison with the Kolmogorov energy spectrum; however, the total particle
velocity fluctuations are not expected to follow this slope. In this analysis, the
Eulerian method without energy contributions is omitted, as it inherently lacks
velocity fluctuations. This figure elucidates the extent of occurrence of crossing
trajectories within the particulate phase. As anticipated, both methods demon-
strate that an increase in Stokes number leads to a significant rise in crossing
trajectories, evident in the general increase of spectral energy across all wavenum-
bers. Despite its importance, the fluctuating part of the total energy constitutes
a relatively small percentage of the total, contributing 2%, 3%, 9%, and 20% for
Stokes numbers 0.5, 1.0, 2.0, and 5.0, respectively. For Stokes numbers 1.0, 2.0,
and 5.0, the Eulerian method shows a marginally higher spectral energy compared
to the Lagrangian method at smaller wavelengths. This discrepancy arises because
the Lagrangian method cannot define velocity fluctuations in scenarios with zero or
only one particle, and its accuracy in measuring fluctuations decreases with fewer
particles. In this analysis, the energies illustrated are derived from the ’parallel’
second order velocity components as defined in Equations 3.30 and 3.31. While
the 'perpendicular’ energies or cross-velocity moments were also examined, their
results closely mirrored those of the ’parallel’ energy spectra, albeit consistently
exhibiting lower spectral energies. This similarity in trends led us to primarily
focus on the ’parallel’” energies for a clearer representation of the overall energy

patterns.
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Figure 3.13: Spectral energy of the particle energy fluctuations against the
wavenumber for Stk = 0.5 (top left), 1.0 (top right), 2.0 (bottom left) and 5.0 (bot-
tom right) and Re. = 1500 estimated from the particle distributions calculated
with 2 different methods with grid resolution of N = 256, namely the Lagrangian
method (solid blue) and the Eulerian method with energy contributions (dashed
orange). The black line indicates the -5/3 slope of the carrier phase velocity spec-
tra.

3.5 Conclusions

This study presents an in-depth analysis based on Fourier spectra of the char-
acteristics of particle preferential concentration across various Stokes numbers in
isotropic turbulence calculated using both Fulerian and Lagrangian methods. Two
distinct FEulerian methods were compared: one incorporating 'directional’ kinetic
energy terms, accounting for the 2nd order velocity moments of the particulate
phase, and the other excluding these terms. This distinction is crucial for facili-

tating the occurrence of crossing trajectories in the particle dispersion, which are
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prevalent in particle preferential concentration scenarios involving larger particle
sizes.

The study reveals that both Eulerian methods are affected by artificial diffu-
sion, an effect not inherent to the particulate phase. This diffusion, predominantly
attributed to the particle number concentration, influences other spectra intrin-
sically linked to it. Notably, the Eulerian methods with energy contributions
consistently outperform those without such contributions, particularly at higher
Stokes numbers. This advantage arises from their ability to include energy contri-
butions, enabling the accurate representation of crossing trajectories and proper
dispersion of particle clusters, formed during the interaction with turbulence. A
point of further study would be the investigation of the effect of the 3rd order ve-
locity moments and the impact of their inclusion. As they will decay faster than
the 2nd order moments, we predict they will only have a significant effect for the
largest Stokes numbers.

Conversely, the Lagrangian method, while not affected by artificial diffusion,
is limited by its sensitivity to Poisson statistics. Additionally, it faces challenges
in defining a particle velocity field uniformly in space and in accurately capturing
velocity fluctuations in areas of low concentration. However, in the low wavenum-
ber range of the spectra, the Lagrangian method and the Eulerian method with
energy contributions exhibit similar performance.

A notable finding is the minimal variability in conditionally averaged velocity
spectra across different Stokes numbers, in contrast to the more significant vari-
ations observed in particle concentration, momentum, and energy spectra. This
suggests that, while Stokes number variability greatly influences energy trans-
fer and diffusion effects, its impact on mean particle velocity is relatively minor.
Furthermore, the study highlights the critical role of grid resolution in Eulerian
methods. Improved resolution diminishes numerical diffusion, enhancing spectral
energy predictions in the method incorporating second-order velocity fluctuations.
However, the Eulerian method without energy contributions does not converge
with increased resolution, and its accuracy diminishes.

The research emphasizes the analysis of periodic, homogeneous isotropic turbu-
lence using an equidistant grid. It posits that the transition to studying anisotropic
or wall-bounded flows would not necessitate alterations in the foundational meth-
ods and numerical approaches, given that the initial assumptions do not rely on
the fluid flow’s isotropy. Nevertheless, an important consideration for future work
is the application to non-regular grid systems. The Roe-flux numerical scheme, as
applied in this study, is specifically designed for equidistant velocity grids. To ex-
tend this scheme to non-regular grids, it would require appropriate modifications

to ensure accuracy and validity.
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In conclusion, this research elucidates the nuanced differences between Eulerian
and Lagrangian methods in modelling particle preferential concentration in turbu-
lent flows, emphasizing the importance of selecting the appropriate method based
on specific modelling requirements. It provides detailed spectral comparisons not
only for particle concentration but also for other crucial properties relevant to
preferential concentration.

While Chapter 3 discusses spectral characteristics using different methods, the
next chapter builds on this analysis by introducing additional key parameters
(Reynolds, Stokes, and Froude numbers). The findings from the spectral charac-
teristics of particle concentration can be extended to explore how these additional
parameters influence particle behavior in turbulent flows, providing a more com-

prehensive understanding of particle clustering.
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Chapter 4

Spectral Analysis of Preferential
Concentration in Turbulent Flows:

Parametric Dependence on
Reynolds, Stokes, and Froude

Numbers

This work has been submitted and is under review for the Journal of Multiphase

Flow, it has been adapted to form the basis of this Chapter.

4.1 Abstract

Understanding the preferential concentration of inertial particles in turbulent flows
is crucial for a wide range of natural and industrial processes. This study advances
our understanding of turbulence-particle interactions by systematically evaluating
the combined effects of Reynolds number (Re,), Stokes number (Stk), and Froude
number (Fr) on particle clustering through direct numerical simulations (DNS).
Our analysis demonstrates that particle clustering intensity peaks at Stk ~ 1,
where particles optimally interact with turbulent eddies. While previous research
often overlooks the influence of Reynolds number, our findings reveal that this
assumption holds for small Stk, but for larger Stk, Reynolds number significantly
impacts clustering behaviour. Gravitational effects, quantified by Fr, also play
a critical role in clustering dynamics. For Stk < 1, gravity’s impact is minimal
for Fr < 5.0; however, as Stk increases, gravity enhances large-scale clustering
and modulates small-scale clustering—diminishing it for intermediate Stk ~ 1 and

enhancing it for Stk > 1. Here, large-scale clustering refers to particle aggregation
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at scales comparable to the largest energy-containing eddies, while small-scale
clustering involves particle aggregation at the dissipative scales of turbulence. We
introduce a novel empirical model that accurately predicts particle concentration
spectra across a wide range of conditions, validated against current and previous
studies. This model provides a practical tool for analysing particle-laden turbulent
flows in large spaces and has substantial implications for atmospheric science,
chemical engineering, and environmental studies, offering improved predictions
of droplet clustering in clouds, particulate dispersion in reactors, and pollutant

transport.

4.2 Introduction

Particles and droplets in turbulent flows tend to cluster in regions with high con-
centration while forming voids in areas of low concentration, a phenomenon known
as preferential concentration. This occurs because the inertia of particles causes
them to deviate from the fluid’s streamlines [154]. Several factors, including par-
ticle size and fluid properties, influence this process. Preferential concentration
is vital to many natural and industrial systems. For instance, in atmospheric
physics, it influences rain formation, while in chemical engineering, it affects pro-
cesses such as powder manufacturing. Many of these processes rely on nonlinear
interactions with particle concentration. The general aerosol dynamic equation,
which models the evolution of droplet size distribution, highlights the importance
of non-uniform particle concentrations [55]. Furthermore, preferential concen-
tration plays a critical role in phenomena such as droplet coalescence in clouds
[163, 150, 95|, evaporation or condensation of droplets [137, 145], and gas-particle
phase reactions [70]. However, measuring and simulating preferential concentra-
tion in large domains presents substantial challenges for both experimental and
computational methods.

The clustering of inertial particles in fluid flows is governed by a variety of com-
plex mechanisms, with key influences from factors such as the Stokes and Reynolds
numbers. In flows with a mean velocity component, a commonly observed effect
is centrifuging. Within the context of turbulence, Chen et al. |[30] introduced the
'sweep-stick’ mechanism, and Oka and Goto [119] later expanded on this concept
with the 'generalised sweep-stick” mechanism. According to these models, particles
are swept along with the flow and become trapped at the acceleration stagnation
points of the fluid. An alternative perspective is provided by Bragg et al. [23],
whose analysis applies to velocity fields with arbitrary spatial correlations. Their
work challenges the idea of scale invariance in the radial distribution function,

offering new insights into the processes driving particle clustering. In addition,
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other research has explored inertial-range scaling [14, 16, 3]. For further details,
Bec et al. [17] provide a comprehensive review of these topics.

There are several approaches for analyzing and quantifying preferential concen-
tration, with radial distribution functions (RDFs) being among the most widely
used. RDFs provide significant insights into the structural characteristics of clus-
tering and are particularly useful for empirical and theoretical models at lower
Stokes numbers [5, 14, 148, 31, 177|. However, RDFs have certain limitations.
They primarily capture pairwise interactions and often assume spherical symme-
try, which overlooks the actual shape and spatial configuration of particle clusters.
To overcome these limitations, some studies utilize angular distribution functions,
which offer a more detailed understanding of particle interactions [61].

Voronoi tessellation is another method commonly employed to quantify pref-
erential concentration. This technique involves assigning volumes to individual
particles, making it particularly useful in both experimental studies and numer-
ical simulations. By calculating the local particle concentrations from these as-
signed volumes, it allows for the identification of clusters and the measurement of
concentration variance [124, 114, 157, 6].

Spectral methods provide an alternative means of analysing preferential con-
centration and can be categorized into Fourier and wavelet transforms. Fourier
transforms, employed in various studies |41, 86, 104, 146, 69, 3|, focus on the
power spectra of particle concentration, effectively capturing the length scales of
particle clusters. The Fourier spectrum of number density is connected to the
radial distribution function through a Fourier transform and an offset. However,
there is no universally accepted analytical model for the number density spectrum
E,(k), especially when accounting for a range of Stokes, Reynolds, and Froude
numbers [104]. Such a model would be invaluable for estimating clustering across
varying conditions. Matsuda et al. [104] proposed an empirical model that pre-
dicts the number density spectrum for different Stokes numbers, though it applies
under conditions without gravitational influence and at a single Reynolds num-
ber, Rey, = 204. While Fourier transforms provide a global perspective and are
relatively simple to interpret, wavelet transforms, used in other studies [10, 106],
offer more localized insights, allowing for a finer resolution of spatial variations
in particle clustering. This localized approach provides more detailed information
about clustering behaviour across different scales.

The preferential concentration of inertial particles in turbulent flows has been
extensively investigated, with much of the research focusing on the dependence
of clustering on the Stokes number (Stk), which is derived from the ratio of the
particle inertia timescale to the Kolmogorov timescale of the fluid flow. This pa-

rameter, which quantifies the balance between particle inertial forces and fluid
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viscous forces, is critical in determining how particles deviate from fluid streak-
lines and form clusters. Squires and Eaton [154] demonstrated that particles with
a Stokes number near unity exhibit pronounced preferential concentration, as their
response time aligns optimally with turbulent eddies. Matsuda et al. [104] showed
that for Stk < 2, turbulent clustering of droplets significantly affects radar re-
flectivity, highlighting the strong dependence of clustering intensity on the Stokes
number. Vaillancourt and Yau [163| reviewed multiple studies, emphasizing that
particles with intermediate Stk are most likely to deviate from random distribution
and form clusters in turbulent flows.

Additional research, including studies by Shaw [150| and Lian et al. [95], has
provided both experimental and numerical evidence demonstrating that particle
clustering is highly sensitive to changes in the Stokes number. Sahu et al. [145]
investigated the interaction between droplet dispersion and evaporation, showing
that the degree of clustering and the associated evaporation rates were strongly
influenced by the Stokes number. Haugen et al. [70] explored the effects of turbu-
lence on mass transfer rates, revealing that particle clustering driven by preferen-
tial concentration is most pronounced at Stk ~ 1, significantly impacting surface
reactions in turbulent environments.

Monchaux et al. [115] and Eaton and Fessler [46] explored the mechanisms
driving preferential concentration, such as the centrifuging of particles from vorti-
cal structures, which is most pronounced for particles with Stk near unity. Chun
et al. [31] developed an analytical theory to predict particle clustering, confirming
that the radial distribution function increases as an inverse power of the interpar-
ticle separation for small Stokes numbers. Similarly, Bec [13] and Bec et al. [15]
provided insights into the fractal nature of particle clustering at low Stk, noting
that clustering intensity decreases at higher Stokes numbers.

Gustavsson and Mehlig [64] and Bragg and Collins [22| compared statistical
models for the spatial distribution of heavy particles, clarifying how clustering
behaviour depends on the Stokes number across different turbulent flow regimes.
Sundaram and Collins [158] and Coleman and Vassilicos |32] also examined the col-
lision statistics of inertial particles, demonstrating that preferential concentration
significantly enhances collision rates for particles with intermediate Stk.

These studies collectively emphasize the crucial role of the Stokes number in
governing the preferential concentration of particles in turbulence. Clustering
behaviour, which peaks at Stk = 1, highlights the importance of particle inertia
in shaping their spatial distribution within turbulent flows, as evidenced by a wide
range of experimental, numerical, and theoretical investigations.

The Reynolds number significantly influences the behaviour of particle clus-

tering in turbulent flows. Ireland et al. 80| studied Reynolds numbers up to
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Rey ~ 600 and found that as the Reynolds number increases, regions of intense
rotation and strain in the flow tend to form vortex sheets, which can eject inertial
particles, particularly those with small Stokes numbers (Stk). This ejection re-
duces the tendency for clustering in these regions. For particles with higher Stokes
numbers (Stk > 10), clustering is affected by a combination of inertial filtering and
path-history effects, with increased Reynolds numbers generally enhancing clus-
tering within the inertial range of turbulence [80]. This is because the influence
of inertial filtering diminishes at high Reynolds numbers, where greater scale sep-
aration and increased turbulence intermittency lead to stronger clustering effects.
However, for particles with lower Stokes numbers (Stk < 0.4), clustering is largely
independent of Reynolds number and is primarily driven by preferential sampling
of specific turbulent structures [80]. Matsuda et al. [104] examined number density
spectra for Reynolds numbers in the range 127 < Re) < 531 at Stk = 1.0, finding
that the spectra were mostly independent of Reynolds number for wavenumbers
kn > 0.05. However, at larger length scales (k1 < 0.05), clustering was shown to
be highly dependent on Reynolds number. The combined effects of varying both
Stokes number and Reynolds number were not explored in this study.

Matsuda et al. [105] investigated the combined effects of gravitational settling,
Reynolds number, and Stokes number on turbulent droplet clustering and radar
reflectivity factors. They found that the number density spectra were no longer
independent of Reynolds number, even for k1 > 0.05, when the Stokes number was
sufficiently large (Stk > 2.0). Their results showed that gravity significantly mod-
ulates clustering intensity, particularly for droplets with Stokes numbers greater
than unity. This study, along with earlier work by Matsuda et al. [104], highlights
the importance of gravity in modifying particle distributions in turbulent flows,
which is essential for accurately modelling atmospheric processes.

Gravity exerts a complex influence on particle clustering and collisions in tur-
bulent flows, with its effects varying based on particle size and Stokes number. Ire-
land et al. [81] demonstrated that for low-Stokes-number particles, gravity reduces
clustering by shortening their interaction time with turbulent structures, thus di-
minishing preferential sampling and lowering the Lagrangian strain and rotation
timescales. Conversely, for high-Stokes-number particles, gravity enhances clus-
tering by modulating drift and diffusion, reducing the path-history effect. Overall,
gravity tends to decrease relative velocities and accelerations, leading to fewer col-
lisions between particles of the same size, but it increases collision rates between
particles of different sizes due to faster settling speeds.

Onishi et al. [122] similarly found that gravity influences particle clustering
by affecting droplet interactions. In monodisperse systems, gravitational sedi-

mentation decreases relative velocities by reducing the interaction time with the
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turbulent fluid, despite a slight increase in the radial distribution function (RDF).
This aerodynamic effect becomes prominent when the sedimentation rate of the
droplets exceeds the fluid velocity fluctuations, though for cloud droplets, the
gravitational impact on collisions is often minimal, consistent with models that
neglect this effect for monodisperse cloud droplets.

Woittiez et al. [174] further highlighted gravity’s dual influence on cluster-
ing and collisions. For monodisperse droplets, gravity reduces the probability of
collisions by limiting their interaction with turbulence. However, in bidisperse
droplets, differing terminal velocities increase the collision kernel. Gravity plays
a crucial role in preferential concentration, particularly for larger droplets inter-
acting with large-scale turbulent structures. The interplay between turbulence
and gravity is intricate, significantly affecting collision dynamics, especially for
droplets of different sizes.

Bec et al. [18] added that gravity accelerates the settling of heavy particles in
turbulence, causing them to settle faster than in still fluids by preferentially sam-
pling downward-moving regions. While this promotes particle clustering, gravity
also reduces relative velocities, creating opposing effects on collision rates. While
clustering increases the likelihood of collisions, reduced velocities can hinder them,
requiring a balance between these factors for accurate modelling of particle colli-
sions and coalescence in turbulent environments.

Vaillancourt and Yau [163] reviewed particle-turbulence interactions and noted
that although much is understood about the role of particle inertia, the combined
effects of Reynolds number and gravity on clustering remain less well understood.
Haugen et al. [69] and Shaw [150] echoed this sentiment, stressing the need for
further investigation to fully comprehend the impact of these factors on particle
concentration fields.

Reade and Collins [136] and Gustavsson and Mehlig [64] analysed the effects
of turbulence on collision rates and the spatial distribution of heavy particles,
showing that Reynolds number influences these interactions by altering turbu-
lence intensity and the relevant scales. Bragg and Collins |22] expanded on these
dynamics, demonstrating that higher Reynolds numbers enhance clustering by
increasing turbulence intermittency and energy dissipation rates.

Experimental studies by Petersen et al. [127| and numerical investigations by
Bec et al. [15] confirmed that particle clustering is strongly influenced by both
turbulence intensity and gravitational forces. Sundaram and Collins [158] and
Gualtieri et al. [61] also contributed to this understanding by studying collision
statistics and anisotropic clustering in turbulent flows.

Lian et al. [95] and Reveillon and Demoulin [137| provided further insights into

how varying Reynolds numbers and gravitational forces impact droplet evapora-
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tion and dispersion, emphasizing the need for more detailed investigations. Ayala,
Rosa, Wang and Grabowski [5] and Durham et al. [44] also explored the combined
effects of turbulence and gravity on particle behaviour, reinforcing the importance
of incorporating these factors into models of particle-laden flows.

Overall, while significant progress has been made in understanding the effects
of Reynolds number and gravity on preferential concentration, the combined influ-
ence of these factors on the number density spectra across a wide range of Stokes
numbers remains less explored. Further research is needed to fully unravel these
complex interactions and their implications for various natural and industrial pro-
cesses.

This study seeks to address the gaps identified in the existing literature by sys-
tematically investigating the combined effects of Reynolds number, Stokes number,
and Froude number on the number density spectra of particles in turbulent flows.
Unlike previous research, which primarily focused on the Stokes number, this
work examines the relatively underexplored joint influence of Reynolds number
and gravitational forces in conjunction with Stokes number on particle cluster-
ing. Using direct numerical simulations (DNS), this study offers a comprehensive
analysis of how these parameters interact to shape particle concentration fields.

A key innovation in this study is the development of a new empirical model that
accurately predicts the power spectrum of particle number density fluctuations
across a wide range of Reynolds, Stokes, and Froude numbers. This model serves
as a practical tool for estimating concentration fields in large domains, where
direct simulations are often infeasible due to the high computational demands.
By enabling the prediction of particle clustering behaviour under various flow
conditions, this empirical model represents a substantial improvement over existing
theoretical and numerical approaches.

Additionally, this study introduces a detailed spectral analysis method for eval-
uating particle clustering intensity at different scales, providing new insights into
the mechanisms of preferential concentration in turbulence. Through the analy-
sis of the power spectrum of particle number density fluctuations, this research
reveals the scale-dependent nature of particle clustering, which holds important
implications for understanding and modelling particle-laden flows in both natural
and industrial contexts.

In conclusion, this study not only advances the understanding of turbulence-
particle interactions by integrating the effects of Reynolds number and gravity
but also develops practical tools for predicting particle concentration fields. The
findings and methodologies presented here are expected to significantly contribute
to fields such as atmospheric science, oceanography, and chemical engineering,

where accurate modelling of particle behaviour in large-scale turbulent flows is
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essential.

4.3 Numerical Method

4.3.1 Carrier Fluid Simulations

The carrier fluid is simulated using the incompressible Navier-Stokes equations
with an additional forcing term to maintain statistically stationary homogenous

isotropic turbulence. The equations for the carrier fluid in Einstein notation are:

Ou;  dugu; 1 dp 0%u;
B Tui | 4.1
ot * z; pf Ox; +U8x? * (4.1)
Guj
— = 4.2

where u; is the carrier fluid velocity in the i-th direction, x; is the spatial
coordinate in the i-th direction, ¢ denotes time, py is the carrier fluid density, p
the pressure, v the kinematic viscosity, and F; forcing term in the i-th direction.
The summation is over the index j.

Throughout the simulations, the fluid density (py), and the kinematic viscosity
(v) are kept constant. The carrier fluid simulations, which are performed indepen-
dently from the particulate phase due to one-way coupling, is stored for subsequent
analysis. The simulations are performed in a three-dimensional periodic cube with
side length L. The simulations were run for a total of 54 integral timescales, with
fluid data saved every 0.4 Kolmogorov timescales. The pseudo-spectral method
is employed for the carrier fluid, utilizing N equidistant grid points in each di-
rection, resulting in a grid spacing A [141, 153] and a 4-th order Runge-Kutta
is used for the time integration with a time step of 0.04 Kolmogorov timescales.
The forcing mechanism is to scale the wavenumbers of the fluid between 0.5 and
1.5 [168, 121]. This works by first integrating the equations without forcing, with
resulting Fourier modes qu‘(li, t + At). Then, we multiply this result by a constant
for Fourier modes with a wavenumber || between 0.5 and 1.5. This is given below

as:

U;(r)(t + At) = u (K, t + At)\/E,(0)/E,(t + Ab), (4.3)

where E,(t + At) is the total energy of the modes with wavenumbers between
0.5 and 1.5 calculated by u(k, t+At) and @ (k) (£ + At) is the final forced velocity
profile. A linear forcing function, directly proportional to the velocity, can be used

for its ease of implementation and physical relevance [100|; however the linear
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forcing scheme requires twice as many grid points to resolve the smaller scales,

reducing the attainable Reynolds number [142].

4.3.2 Inertial Particle Simulations

The Lagrangian particle simulations are conducted under the assumption of one-
way coupling. The particles are treated as point spheres with negligible mass load-
ing. Under these assumptions the Stokes drag model is employed as the friction
model and the influence of gravity is considered [89]. Based on these assumptions,

the equations of motion for an individual particle are formulated as follows:

dxp;
L=, (4.4)
duv, ; 1
2;)7 = T_ (ul — Up,i) + g, (45)
p
po , (4.6)
P 18psv
(4.7)

where x,,; denotes the position of an individual particle in the spatial coordi-
nate i, v,; represents the velocity of the particle in the same coordinate, 7, is the
particle relaxation time, p, the particle material density, g; is the acceleration due
to gravity in the i-th direction, and d the particle diameter.

The Stokes number Stk of a particle is defined as the ratio of the particle
relaxation time 7, to a characteristic timescale of the carrier fluid. For the scaling
of particle preferential concentration, the Kolmogorov timescale 7, is often used

as this characteristic timescale and Stk is defined in Equation 4.8.

Stk=-"2 =1 % (4.8)

Ty

The Froude number Fr is defined as a ratio of gravitational forces to inertial
forces. In this paper we define two Froude numbers, the first F'r; is the ratio of
gravitational forces to fluid inertia, the second F'r, is the ratio of gravitational

forces to particle inertia, these are given in Equations 4.9 and 4.10 respectively.

9 _9m
777,7*2 Uy

Fr, = Stk x Fr; =22, (4.10)

Uy

FTl = (49)

The initial condition for the Lagrangian particles was an uniform random dis-
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tribution, the time integration method used was a 4th order Runge-Kutta scheme
that used cubic spline interpolation for fluid velocity measurements in both space
and time. The particle simulation length was the same as the carrier fluid, namely
54 integral timescales and the timestep was also the same as the carrier fluid at

0.04 Kolmogorov timescales.

4.3.3 Simulation Conditions

The carrier fluid simulations were undertaken over a range of Taylor Reynolds
numbers (50 < Rey < 120) in homogeneous isotropic turbulence. To meet the
criteria for Direct Numerical Simulation (DNS) of turbulence flows, a crucial pa-
rameter is the Kolmogorov length scale, 1, the grid spacing A, and their ratio /A
should be greater than 0.45 [130]. The number of grid points was kept constant
at N = 256 per dimension, the domain length constant at L = 6.28 and the total
number of simulation particles N, = 167 million. The integral flow timescales for
Reynolds numbers Rey = 57, 80, and 111 were 77,, = 12.07,, 15.07,), and 20.07,
respectively. More details on the simulation conditions as well as the carrier sim-

ulations and the inertial particle simulations are in Downing and Hardalupas [41].

Rey | N Stk Fry | n/A
57 | 256 [0.10, 0.25, 0.50, 1.00, 2.00, 5.00] 0.0 | 1.50
57 | 256 [0.10, 0.25, 0.50, 1.00, 2.00, 5.00] 2.0 | 1.50
57 | 256 [0.10, 0.25, 0.50, 1.00, 2.00, 5.00] 5.0 | 1.50
57 | 256 [0.07, 0.14, 0.37, 0.70, 1.40, 2.80, 3.71, 7.00] 0.0 | 1.50
80 | 256 [0.10, 0.25, 0.50, 1.00, 2.00, 5.00] 0.0 | 0.89
80 | 256 [0.10, 0.25, 0.50, 1.00, 2.00, 5.00] 2.0 | 0.89
80 | 256 [0.10, 0.25, 0.50, 1.00, 2.00, 5.00] 5.0 | 0.89
111 | 256 [0.10, 0.25, 0.50, 1.00, 2.00, 5.00] 0.0 | 0.59
111 | 256 [0.10, 0.25, 0.50, 1.00, 2.00, 5.00] 2.0 | 0.59
111 | 256 [0.10, 0.25, 0.50, 1.00, 2.00, 5.00] 5.0 | 0.59
111 | 256 | [0.08, 0.13, 0.40, 0.64, 0.80, 1.29, 1.60, 2.57, 4.00, 6.43] | 0.0 | 0.59

Table 4.1: Simulation parameters used for both the Eulerian carrier fluid and the
Lagrangian particle simulations.

To ensure sufficient interactions between particles and turbulent structures dur-
ing gravitational settling, the particle settling time (75) across the computational
domain must exceed the integral timescale (77,;). In simulations with the shortest
settling times—corresponding to Stk = 5.0 and F'r; = 5.0 (the largest particles
under the strongest gravitational influence) — we obtain ratios of 7g /77, = 1.75,
1.30, and 1.14 at Reynolds numbers of 57, 80, and 111, respectively. This en-
sures that particles do not repeatedly encounter the same large eddies within the

periodic domain, thereby avoiding unphysical clustering effects.
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4.3.4 Spectra Analysis Methods

The main focus of this study is on the analysis of the power spectra (spectral
density function) for the particle number density fluctuations of the particle con-
centration field. The power spectrum is defined as squared magnitude of the

Fourier transform of the particle concentration field:

B = 2 e, (1.11)

k- A <l <nt A

where E,(k) is the power of the spectrum at wavenumber magnitude . It
is calculated by the sum of the spectral density function in the region where the
wavenumber magnitude « lies within a slice of Ax. The spectral density function
is defined as the temporal average of the magnitude of the Fourier transform of the
number density function n,(k). The temporal averaging is performed by taking
time slices across many different timesteps that are separated by integral flow
timescales to minimise temporal correlations between slices.

The number density function in Fourier space is defined as:

=[] @) esp (i @), (4.12)

where n,(x) is the number density function at a position @, and V_ is the
total cubic domain of the simulation (periodic cube with side length L). The
number density function n,(x) can be defined in many ways, and this influences
the calculated power spectrum.

A common method is to take a box-averaged value or to ’bin’ the particles into

a mesh, as discussed by Jin et al. [86].

n,(x) = BoxCount(x), (4.13)

this approach creates a number density field from the Lagrangian data, allowing
the Fourier transform to be applied using FFT. This technique is also beneficial
for obtaining spectra of other properties such as momentum and energy, as these
too can be ’binned’ similarly. This method can be completed in roughly Nlog(N)
time, where N is the number of total grid points.

Alternatively, the particle number density spectra can be computed without

discretizing it onto a mesh.

Np
np(x) =)o@ — xp,), (4.14)
j=1
this method, outlined by Matsuda et al. [104], involves modelling the parti-
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cles as direct delta functions and summing their contributions in Fourier space.
However, this method cannot utilize the FF'T algorithm and is prohibitively slow
for large numbers of particles and wavenumbers. Its distinct advantage lies in its
independence from a mesh, allowing it to capture clustering on length scales much
smaller than the mesh size. This method requires IV, x N, calculations, where
N, is the number of discrete wavenumber vectors k in the shell of Ax (Equa-
tion 4.11). Ak was set to a value of 1/L. This method is more inefficient than
the box counting method, especially for many particles. However, it has a distinct
advantage when trying to calculate the spectra at small distances of the order of
the carrier fluid grid size or less. This is because there is no distortion of the par-
ticle number density function by binning, which gives a more accurate spectrum.
As done in Matsuda et al. [104] we used the same method of eliminating white
noise by removing the particle pair Fourier transform when the two particles are
equal. Downing and Hardalupas [41] showed the effects on the particle number
density spectra by using ’binning’ and this direct approach. For this study the
direct approach (Equation 4.14) is taken.

4.4 Results

4.4.1 Instantaneous spatial distributions of particle concen-

tration

Figure 4.1 illustrates the instantaneous spatial distribution of particle concentra-
tion on a 2D slice through the flow for various Stokes numbers (Stk), Reynolds
numbers (Re,), and Froude numbers (F'r;). The particle concentrations are cal-
culated using a box counting method (Box size = L/N = 0.025), which provides
a clear visual representation of how these parameters influence particle clustering
and void formation in turbulent flows.

The first row of Figure 4.1 (panels a, b, ¢) demonstrates the effect of varying
Stokes number. As the Stokes number Stk increases from 0.25 to 1.0, the clusters
of particles become more pronounced and the voids between them grow larger.
However, when Stk increases further from 1.0 to 5.0, the intensity of these clusters
begins to diminish, and the particles start to disperse more evenly across the 2D
slice.

In the second row of Figure 4.1 (panels d, e, f), the impact of changing the
Reynolds number is presented compared with the first row respectively (panels a,
b, ¢). An increase in the Reynolds number leads to a significant variation in the
size distribution of voids. Higher Reynolds numbers correspond to more turbulent

and energetic flow conditions, which in turn cause a wider range of void sizes,
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(a) Stk=0.25,Re= 111, Fr=

Figure 4.1: Instantaneous spatial distributions of particle concentration on a 2D
slice through the flow for a range of different Stk, Re,, and F'r;. Particle concen-
trations are calculated using a box counting method (Box size = L/N = 0.025).

indicating a more complex and heterogeneous distribution of particles.

The third row of Figure 4.1 (panels g, h, i) highlights the influence of the
Froude number in comparison to the first row (panels a, b, ¢). At Stk = 0.25
(panels a and g), the addition of gravity results in negligible or no observable
changes. However, at Stk = 1.0 (panels b and h), a slight difference is observed,

with smaller voids and more cluster lines appearing in the presence of gravity.
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The most significant contrast occurs at Stk = 5.0 (panels ¢ and i), where, without
gravity, the clusters are diffuse, but with the introduction of strong gravitational
effects, the clusters align vertically with the gravitational force, becoming sharper,
thinner, and less diffuse.

These observations highlight the intricate interplay between the Stokes, Reynolds,
and Froude numbers in determining the spatial distribution of particles in turbu-
lent flows. The box counting method employed here effectively captures these
variations, providing a comprehensive understanding of how these parameters in-

fluence particle clustering and void formation.

4.4.2 Spectra of particle number density fluctuations for dif-

ferent Stokes numbers
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Figure 4.2: Spectral energy of the particle number density fluctuations against the
wavenumber for a range of Stokes numbers (left < 1.0, right > 1.0). Spectra are
at constant Rey, = 111, and F'r; = 0. Left panel shows Stokes numbers less than
1.0 and right panel shows Stokes numbers greater than 1.0.

Figure 4.2 presents the spectral energy of particle number density fluctuations
plotted against the wavenumber for a range of different Stokes numbers, with the
left panel showing Stokes numbers less than 1.0 and the right panel showing Stokes
numbers greater than 1.0. These spectra are obtained at Reynolds number (Re,)
of 111 and Froude number (F'r;) of 0.

The overall shape of the power spectra follows the classic pattern of an increas-
ing power law on the left-hand side (low wavenumber) and a decreasing power law

on the right-hand side (high wavenumber). This characteristic shape underscores
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the balance between particle clustering intensity and void formation across differ-
ent scales of turbulence.

For Stokes numbers less than one, the peak of the spectral energy is consistently
observed at around xn = 0.2, aligning with previous findings by Matsuda et al.
[104]. Note that with the factor of 27 from using a Fourier transform this is
2rkn = 1.26. This consistency indicates that the influence of turbulent eddies
on particle clusters is relatively stable for low Stokes numbers. The particles are
influenced by eddies across all scales, including the smallest Kolmogorov scale
eddies. As the Stokes number approaches 1.0, the overall spectral power increases
by over an order of magnitude, suggesting more intense clustering. The shape of
the spectrum also flattens, implying subtle changes in the distribution of voids
and clusters. The stationary peak at xknp = 0.2 suggests that the scale of voids
remains consistent, while the increased power reflects higher clustering intensity.

For Stokes numbers greater than unity, there is a noticeable shift of the peak
of the spectrum towards larger length scales. This shift occurs because particles
with higher Stokes numbers effectively filter out the high spatial and temporal
frequency components of the flow. These particles tend to be centrifuged out
of eddies larger than a representative size, leading to preferential concentration.
Simultaneously, they are dispersed by smaller eddies due to uncorrelated stirring
effects. For particles with Stokes numbers less than unity, the representative size
is smaller than the Kolmogorov scale, resulting in a consistent increase in power
and a stable spectral shape. In contrast, for particles with Stokes numbers greater
than unity, this representative size enters the inertial range. Consequently, there is
a significant increase in spectral power at large scales due to enhanced centrifuging
effects, while a steep drop-off in power at smaller scales occurs due to the dispersion
effects of smaller eddies.

It is important to note that at high wavenumbers, there is some uncertainty
in the spectral data due to the finite number of particles used in the simulations.
This limitation can affect the accuracy of the spectral energy at smaller scales,

particularly for extreme Stokes numbers.

4.4.3 Spectra of particle number density fluctuations for dif-

ferent Reynolds numbers

Figure 4.3 illustrates the spectral energy of particle number density fluctuations
against the wavenumber for different Stokes numbers and varying Reynolds num-
bers (Rey = 57, 81, & 111). These spectra are generated at a constant Froude
number (Fr;) of 0. Traditionally, it is assumed that the power spectrum of particle

number density fluctuations is independent of the Reynolds number. This assump-
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Stk=0.1 Stk =0.25 Stk =0.5

Figure 4.3: Spectral energy of the particle number density fluctuations against
the wavenumber for a range of Stokes numbers and Reynolds numbers (Rey =
57, 81, & 111). These spectra are at constant Fr; = 0.

tion is satisfied for particles with small Stokes numbers, (Stk < 0.5), provided the
Reynolds number is sufficiently high. In these cases (Re, = 81 & 111), the spectral
energy distribution remains relatively similar across different Reynolds numbers,
indicating that the turbulence intensity does not significantly alter the clustering
behaviour of low inertia particles. This is because, at high Reynolds numbers,
the turbulence is sufficiently developed to exhibit a self-similar multi-scale nature,
which ensures that the clustering of small inertia particles is influenced by a wide
range of eddy scales.

However, for a lower Reynolds number of Rey = 57, deviations can be seen
across all Stokes numbers, including the smaller ones. This suggests that at lower
turbulence intensities, the independence of the power spectrum from the Reynolds
number does not hold, and the clustering behaviour is more sensitive to changes
in the Reynolds number. In such cases, flow turbulence may not be fully devel-
oped, and the range of active turbulent eddy scales is limited, leading to more

pronounced effects of Reynolds number variations on particle clustering.
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For larger Stokes numbers (Stk = 2.0 & 5.0), the power spectrum shows no-
ticeable variations with changing Reynolds numbers. Specifically, the peak of the
spectrum shifts to lower wavenumbers (to the left) and increases in power as the
Reynolds number increases. This shift and increase in spectral power suggest
that higher turbulence intensity enhances the clustering of particles with greater
inertia, leading to more pronounced and larger-scale particle aggregates. This be-
haviour can be explained by the resonance condition, where particles with higher
Stokes numbers interact more strongly with larger turbulent eddies in the flow,
leading to enhanced clustering at larger scales [176].

Despite these changes in peak position and power of the spectra, the over-
all shape of the spectrum remains consistent throughout the range of Reynolds
numbers examined. This consistent shape indicates that while the intensity and
scale of clustering are influenced by the Reynolds number at higher Stokes values,
the fundamental nature of the clustering process remains unchanged. This reflects
the multi-scale self-similar nature of turbulence, where clusters of inertial particles
form due to the interaction with a spectrum of eddy sizes, which is maintained
across different Reynolds numbers.

These findings highlight the nuanced role of Reynolds number in the spec-
tral energy distribution of particle number density fluctuations. While particles
with small Stokes numbers exhibit a Reynolds number-independent clustering be-
haviour, at sufficiently high Reynolds numbers, particles with higher Stokes num-
bers are significantly affected by the turbulence intensity, resulting in larger and
more intense clusters. This reinforces the importance of considering Reynolds
number effects in studies of particle-laden turbulent flows, especially for particles
with higher inertia. Matsuda et al. [104] presented a series of spectra for a variety
of Reynolds numbers (Rey = 127, 204, 322, & 531), but only at a single Stokes
number (Stk = 1.0). Their results are consistent with the current study, where the
high wavenumber part of the spectrum appears independent of Reynolds number.
However, the low wavenumber part of the spectrum shows significant deviations
as the Reynolds number changes, suggesting that the clustering at larger scales is
more sensitive to changes in turbulence intensity. This aspect was not investigated
further by Matsuda et al. [104] due to it being outside their relevant range for cloud
reflectivity, and they did not explore the effect of Reynolds number at different
Stokes numbers. Our findings extend their observations by demonstrating the
critical role of Reynolds number across a range of Stokes numbers, emphasizing
the need to account for turbulence intensity when analysing particle clustering in

turbulent flows.
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4.4.4 Spectra of particle number density fluctuations for dif-

ferent Froude numbers

Stk=10.10 Stk =0.25 Stk=0.50
10' 4 1 1
e 10” 5 ;
- 10" 3
CStk=100 Stk=200 Stk=5.00

Figure 4.4: Spectral energy of the particle number density fluctuations against
the wavenumber for a range of different Stokes numbers and Froude numbers
(Fr; = 0.0, 2.0, & 2.0). These spectra are at constant Re, = 111.

Figure 4.4 depicts the spectral energy of particle number density fluctuations
as a function of wavenumber for various Stokes and Froude numbers, based on
DNS data at a Reynolds number (Rey) of 111 and Figure 4.5 depicts the spectral
energy of particle number density fluctuations with changing Reynolds and Froude
numbers for fixed Stokes at Stk = 1.0, and 5.0. The gravitational impact on
particle clustering in turbulent flows is evident across different Stokes numbers
(Stk).

For small Stokes numbers (Stk < 0.5), gravitational effects are minimal. The
spatial distributions of particles for Fr; = 5.0 closely resemble those for F'r; = 0.0,
with similar clustering and void areas observed (See Figure 4.1). This similarity
is attributed to the weak inertial forces at low Stokes numbers, making particles
more prone to follow the fluid motion rather than being influenced by gravity.
As Stk increases, the influence of gravity becomes more pronounced. For large
Stokes numbers (Stk > 2.0), the spatial distribution of particles for Fr; = 5.0

shows clusters extending vertically, unlike the more prominent large-scale void
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Figure 4.5: Spectral energy of the particle number density fluctuations against
the wavenumber for a range of Reynolds numbers (Re, = 57, 80, & 111) and
Froude numbers (Fr; = 0.0, 2.0, & 2.0). These spectra are at two different
Stokes numbers Stk = 1.0, and 5.0.

areas observed for Fr; = 0.0. This vertical extension of clusters can be attributed
to the gravitational settling effects, which dominate over the turbulent eddies’
dispersive action (See Figure 4.1).

For all Stokes numbers, the particle number density spectrum at small wavenum-
bers (large length scales) is larger for increasing F'r;, with the difference increas-
ing significantly as Stk increases. This increase is due to the increased particle-
turbulence interaction time, where gravitational settling lengthens the particle res-
idence time in a large length-scale eddy, thus increasing cluster formation [5, 174].
This mechanism highlights the importance of gravity in modifying the residence
time of particles within turbulent structures, leading to enhanced clustering at
larger scales.

For intermediate and small Stokes numbers (Stk < 1.0), the spectrum of the
particle number density fluctuations is diminished at high wavenumbers (small
length scale), whereas for larger Stokes numbers (Stk > 2.0), the particle number
density spectrum is enhanced at high wavenumbers. This trend aligns with the
findings of Matsuda et al. [105], who observed similar spectral behaviour under

varying Froude numbers.
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We attribute the same mechanism to both the diminishing spectrum for small
Stokes numbers and the enhancement for large Stokes numbers. Due to the set-
tling velocities, particles of all sizes interact less with the small length-scale eddies.
For small Stokes numbers, these small-scale eddies still cause clustering, so a de-
crease in the interaction time leads to a decrease in the power of the particle
number density spectrum at high wavenumbers. However, for large Stokes num-
bers, the scale-dependent clustering mechanism Yoshimoto and Goto [176] implies
that small-scale eddies attempt to disperse the particles. Consequently, reduced
interaction time means less dispersion, resulting in an enhancement of the power
of the particle number density spectrum at high wavenumbers. This finding un-
derscores the importance of gravity on particle clustering, particularly for high
Stokes numbers Gustavsson et al. [65].

As the Reynolds number increases from 57 to 111, we observe a consistent
overall trend across all cases (see Figure 4.5). Notably, the effects of varying the
Reynolds number and Froude number appear to compound, particularly at higher
Stokes numbers (Stk = 5.0). As discussed in the previous section, increasing
the Reynolds number can enhance clustering for large Stokes numbers, and from
Figure 4.4, we see that stronger gravitational effects further amplify this clustering.
This suggests an interplay between turbulence intensity and gravitational settling,

both contributing to the preferential concentration of particles.

4.4.5 Empirical Relations

In this section, we develop a new empirical model for the power spectrum of
particle number density fluctuations as a function of wavenumber, inspired by the
work of Matsuda et al. [104]. The approach assumes that the power spectrum
asymptotically approaches a power law as the wavenumber approaches both zero
and infinity, as described by Equations 4.15 and 4.16. By smoothly connecting
these two asymptotic regions, following the methodology proposed by Hill [74], we
derive Equation 4.17.

T ~ O "
?;;Z? ~ Cz(’”l)ﬁa (4.16)
;Epg) _ Cl(/f:?)“ _ (4.17)

In these equations, C}, «, C5, B, and v are dimensionless parameters. Our

model deviates from that suggested by Matsuda et al. [104] by considering not
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only how these five parameters change with the Stokes number, but also how they
simultaneously vary with the Reynolds number and Froude number. This exten-
sion allows the new model to remain valid over a range of Reynolds and Froude
numbers, in addition to the original dependence on Stokes number. Consequently,
the equations for these parameters take on different forms to accommodate these
additional variables.

With this definition, we can describe any power spectrum using just five vari-
ables. By analysing how these variables change across the parameter space defined
by the Stokes, Reynolds, and Froude numbers, we can begin to describe and pre-
dict the spectrum of particle number density fluctuations over a wide range of
conditions.

To address the limitations of the standard Froude number, we define a mod-
ified Froude number (Fr,,) in Equation 4.18. Traditional Froude numbers are
unsuitable for power laws because when gravity is zero (Fr; = 0), the power spec-
trum remains defined, conversely this problem does not occur at zero Stokes or
Reynolds numbers, the power spectrum has no meaningful interpretation. Thus,
we redefine the Froude number to have a minimum value of 1. Additionally, it
is formulated as an even function, since gravity can be reversed, and due to the

symmetry of the problem, we expect the same power spectrum.

Frp =1+ Fr2, (4.18)

C) = 33.255tk" % prr,, 0554, (4.19)
0.145 0.992 7, .0.140
Rey™ " Fr,;
0.960
Re0464 1400 (1 + %)
C2 = 00406 Stk0'923 Reg'197Fr9ﬁ176 2.320° (421)
(1+ 104488 70 )
0.031 \ 0-557
G1:0-213 <1 + 2.270%)
f = —23.575——375 log =53 =008 | - (4.22)
Fry, 1.944 (1 + 6.768S5tk™')
9.033
v = _Re§'412F7”0'455’ (4.23)

Equations 4.19 to 4.23 provide the relationships of the five parameters as a
function of Stokes, Reynolds, and Froude numbers. These formulas were derived
using a least squares technique that minimised the difference between the empirical
power spectrum and the computed power spectra across a variety of conditions,
ranging from Stk = 0.1 — 5.0, Re) = 57 — 111, and Fr; = 0.0 — 5.0. The least
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squares technique used was a symbolic regression, which trialled formulas for the
five parameters simultaneously within the wavenumber range 107! < xnp < 102
across all simulation conditions. This contrasts with Matsuda et al. [104] which
found formulas to each parameter separately by fitting straight lines in log-log
space. The use of symbolic regression is the primary motivation for the modified
Froude number (F'r,,) as this stabilised the symbolic search method.

By establishing these relationships, the model enables a comprehensive descrip-
tion and prediction of the power spectrum across diverse turbulent flow conditions.
This advancement allows for the effective characterisation of particle clustering and
void formation influenced by a wide range of turbulent flow parameters, enhancing
our understanding and predictive capabilities in particle-laden turbulent flows at
large scale spaces. This new model’s validity over varying Reynolds and Froude
numbers, in addition to Stokes number, represents a significant improvement over
existing models such as Matsuda et al. [104], providing a more versatile and com-
prehensive tool for analysing and predicting particle-laden turbulence. Figures 4.6
— 9 provide plots on how C4, a, Cy, 5, and v change over a wide range of con-
ditions. We extend the limits of the model by plotting results up to Stk = 10.0,
Rey = 200, Fr; = 10.0 to show how the model looks under extrapolation.

Figure 4.6 presents the plots of parameter C of Equation 4.15 as a function
of Stokes, Reynolds, and Froude numbers. The parameter C; represents the left-
hand side power law constant of the empirical model. According to Equation 4.19,
C follows a power law relationship with no dependence on the Reynolds number,
simplifying its analysis. The graphs show a positive correlation between C) and
Stokes number, indicating that as the particle size increases, the power spectrum
of particle number density fluctuations for large scales also increases. This obser-
vation aligns with the findings from previous sections, where larger particles tend
to cluster more intensely at larger scales due to the influence of larger eddies.

The positive correlation between C; and Stokes number can be attributed to
the greater response of larger particles to the larger eddies of the turbulent flow.
Larger particles, with higher inertia, interact more strongly with these larger ed-
dies, leading to enhanced clustering and increased spectral energy at large scales.
This mechanism is consistent with the findings of Yoshimoto and Goto [176] and
aligns with the observations that larger eddies play a significant role in preferen-
tially concentrating particles with higher Stokes numbers.

The relationship between C and Froude number is also evident in Figure 4.6.
As the Froude number increases, C; shows an upward trend, indicating that grav-
itational effects significantly influence particle clustering. This correlation can be
explained by the gravitational settling mechanism, which increases the interaction

time between particles and large-scale turbulent eddies. As gravity acts on the
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Figure 4.6: Plots of parameter C of Equation 4.15 as a function of Stokes number
(see Equation 4.19) . Each different colour line represents a different Reynolds
number (in this case all lines coincide as C) is independent of Reynolds number
(Equation 4.19)). Each graph corresponds to a different Froude number F'r;.

particles, especially those with higher inertia (larger Stokes numbers), it enhances
their residence time within large eddies, promoting more pronounced clustering
at larger scales. This gravitational settling effect leads to an increase in C} as the
Froude number increases, highlighting the critical role of gravity in modulating
particle concentration spectra [5, 174, 65].

Figure 4.7 presents plots of the exponent a of Equation 4.15 as a function of
Stokes, Reynolds, and Froude numbers. The parameter « represents the left-hand
side power law exponent in the empirical model. As demonstrated in Figure 4.3,
there is a noticeable dependence of the low wavenumber portion of the power

spectra on the Reynolds number. Figure 4.6 shows that this dependence is not
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Figure 4.7: Plots of the exponent « of Equation 4.15 as a function of Stokes number
(see Equation 4.20). Each different colour line represents a different Reynolds
number. Each graph corresponds to a different liquid Froude number.

reflected in the power law constant (C}), but rather in the exponent («).

For moderate to high Reynolds numbers (above 100), o sharply decreases with
increasing Stokes number before flattening out. This trend suggests a universal
behaviour for large particles at large length scales when the Reynolds number is
sufficiently high. The sharp decrease in the exponent corresponds to a flatter power
spectrum, indicating that the energy distribution becomes more uniform across
different scales. This phenomenon can be attributed to the greater interaction
of larger particles with a wider range of turbulent eddy sizes, as described by
Yoshimoto and Goto [176].

At low Reynolds numbers, « exhibits a distinct minimum as the Stokes number

increases. This behaviour implies that for lower turbulence intensities, the particle
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clustering dynamics are more complex and do not conform to the same universal
behaviour observed at higher Reynolds numbers. The less developed flow turbu-
lence at lower Reynolds numbers limits the range of the eddy scales, resulting in
a more varied impact on particle clustering.

The decrease in o with increasing Reynolds number is significant. This trend
may indicate that the dimensionless Stokes number and power spectrum of particle
number density fluctuations relationships, which are based on Kolmogorov scales,
might not be entirely appropriate for describing large-scale clustering. Instead,
different length and time scales might be more relevant in this regime, suggesting
the need for a revised framework to better capture these dynamics.

In contrast, the dependence of « on the Froude number is much less pronounced
than its dependence on the Reynolds number. While gravitational effects play a
crucial role in particle clustering, they do not significantly alter the exponent of
the power law at the low wavenumber side of the spectrum. This indicates that
the primary influence of gravity is on the clustering intensity and scale rather than
on the distribution of energy across scales.

Thus, for the left-hand side power law, both the exponent («) and the constant
(C4) are heavily dependent on the Stokes number. This behaviour is consistent
with the findings of Matsuda et al. [104], which observed similar trends. However,
in our model, the power law constant changes with the Froude number, while
the power law exponent changes with the Reynolds number, highlighting the dis-
tinct influences of these parameters on particle clustering dynamics. These results
underscore the complex interplay between particle inertia, turbulence intensity,
and gravitational effects in shaping the spectral energy distribution of particle
concentration fluctuations in turbulent flows.

Figure 4.8 presents plots of parameter C5 of Equation 4.16 as a function of
the Stokes, Reynolds, and Froude numbers. The parameter C5 represents the
right-hand side power law constant in the empirical model. The dependence of Cy
(see Equation 4.21) on Reynolds number is relatively insignificant at low Stokes
numbers, and there is a positive correlation as the Stokes number increases. The
positive correlation between C; and Reynolds number at higher Stokes numbers
aligns with the observations in Figure 4.3. As shown in Figure 4.3, the Reynolds
number has little effect on the power spectrum at low Stokes numbers but becomes
increasingly significant at higher Stokes numbers.

The relationship between Cy and Stokes number is complex and highly depen-
dent on the Froude number. For low Froude numbers, Cy exhibits a clear peak at
around Stk = 1.0. This peak occurs because, at small Stokes numbers, increasing
the Stokes number enhances the concentrating effect of small length scale eddies

(high wavenumber). However, at larger Stokes numbers, further increases in the
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Figure 4.8: Plots of parameter Cy of Equation 4.16 as a function of Stokes number
(see Equation 4.21). Each different colour line represents a different Reynolds
number. Each graph corresponds to a different Froude number F'r;.

Stokes number enhance the dispersion properties of small-scale turbulent eddies,
reducing the clustering effect. This behaviour is consistent with the findings of
Matsuda et al. [104], where a similar dependence was observed.

As the influence of gravity increases (higher Froude numbers), the interaction
time between particles and small-scale eddies decreases due to the settling velocity.
This effect differs between large and small particles. For larger Stokes numbers,
the settling velocity reduces the interaction time with small eddies, diminishing
their dispersive effect and thereby enhancing clustering at high wavenumbers.
For smaller Stokes numbers, reduced interaction time with small eddies means
reduced clustering at these scales, as these particles are more prone to following

fluid motion. This modulation by gravity enhances the clustering effect for larger
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particles, while reducing it for smaller ones, consistent with the observations in
Figure 4.4.

Overall, the parameter Cy illustrates the intricate interplay between Stokes,
Reynolds, and Froude numbers in defining the power spectra of particle number
density fluctuations. While the dependence on Reynolds number is minimal at low
Stokes numbers, it becomes more relevant at higher Stokes numbers, highlighting
the role of turbulence intensity. Additionally, the Froude number significantly
influences the relationship between C5 and Stokes number, emphasizing the role
of gravity in modulating particle clustering dynamics. This comprehensive under-
standing aids in predicting and analysing the behaviour of particle-laden turbulent

flows under various conditions.
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Figure 4.9: Plots of exponent 3 of Equation 4.16 as a function of Stokes number
(see Equation 4.22). Each different colour line shows a different Reynolds number.
Each graph corresponds to a different Froude number Fr;.

Figure 4.9 presents plots of § as a function of Stokes, Reynolds, and Froude
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numbers. The parameter [ represents the right-hand side power law exponent in
the empirical model. Notably, £ is independent of the Reynolds number, indicating
that variations in turbulence intensity do not significantly impact this exponent
across the range of Reynolds numbers studied.

For all Froude numbers, there is a distinct peak in the value of  around
Stokes number of 1. This peak can be attributed to the competing mechanisms of
dispersion and concentration at the small scales of turbulence for different particle
sizes. Similar to the argument for C5, this peak at Stk = 1.0 reflects the balance
between the clustering effect of small-scale eddies and the dispersive effect as
particle inertia increases.

For small Froude numbers, 8 decreases sharply with increasing Stokes number,
leading to results consistent with Matsuda et al. [104]. However, as the Froude
number increases, this decrease of the value of 5 with increasing Stokes number
becomes much more gradual. This indicates that as particles become larger, the
power spectrum becomes flatter at high wavenumbers, reflecting a more uniform
distribution of particle concentration. Higher gravitational effects modulate the
influence of particle size on particle clustering dynamics, reducing the rate of
decrease in the value of 5. Gravitational forces counteract the dispersion caused
by small-scale eddies, leading to a more gradual change in the power law exponent,
for the same reasons as Cs.

Overall, the right-hand side power law (both the constant Cy and exponent [3)
for high wavenumbers appears largely independent of the Reynolds number, except
at the highest Stokes numbers, where there is a slight dependence on Reynolds
number for the power law constant. However, the dependence on Froude number
is very significant, especially at large Stokes numbers. This highlights the crucial
role of gravity in modulating the spectral energy distribution at small scales, em-
phasizing the need to consider Froude number effects in studies of particle-laden
turbulent flows.

Figure 4.10 presents the plots of parameter v of Equation 4.17 as a function
of Stokes, Reynolds number and Froude numbers (see Equation 4.23). The pa-
rameter v describes the amount that the power spectrum is spread out around
the transition point between the two power laws (how sharp this transition is).
This parameter follows a simple power law with both the Reynolds number and
the modified Froude number, indicating a clear relationship between these flow
parameters and the spread of the spectrum.

As shown in Figure 4.10, the power spectra become more spread out (indicated
by lower values of ) with increasing Reynolds number and Froude number. The
increased Reynolds number leads to a higher ratio of length scales between the

smallest and largest eddies, which broadens the spectrum. This broadening re-
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Figure 4.10: Plots of parameter v of Equation 4.17 as a function of Stokes number
(see Equation 4.23). Each different colour line represents a different Reynolds
number. Each graph corresponds to a different Froude number F'r;.

flects the enhanced range of turbulent eddies that contribute to particle clustering,
resulting in a more extensive distribution of energy across different scales.

The influence of increasing Reynolds number is expected, since higher tur-
bulence intensity introduces a wider range of eddy sizes, from the smallest Kol-
mogorov scales to the largest integral scales. This increased range directly con-
tributes to a wider spectrum, indicating more complex and varied interactions
among particles at different scales.

The effect of higher Froude numbers, however, is less straightforward. The
observation that higher gravity results in a wider spectrum (lower ) suggests
that gravitational forces play a significant role in modulating the particle clustering

dynamics. One possible explanation is that increased gravity breaks the isotropy

141



of the particle clusters in space (see Figure 4.1, high Stk and F'r;), causing the
spectrum to spread to wider range of scales. This anisotropy might lead to a more
heterogeneous distribution of particle concentration, thus spreading the spectrum
across a broader range of wavenumbers.

Overall, the dependence of v on the Reynolds and Froude numbers highlights
the complex interactions between turbulence intensity, gravitational forces, and
particle clustering. While the relationship with Reynolds number aligns with the
expected broadening of the spectrum due to a wider range of eddy sizes, the
influence of gravity suggests additional mechanisms at play, potentially related to

the anisotropy introduced by gravitational settling.
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Figure 4.11: Spectral energy of the particle number density fluctuations against
the wavenumber for a range of different Stokes, Reynolds and Froude numbers.
The raw spectra are plotted as well as the spectra calculated from the empirical
model of Equation 4.17. Plots (a) — (g) are spectra calculated from the current
study, plots (h) — (1) are spectra from Matsuda et al. [104, 105].
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Figure 4.11 presents the spectral energy of the particle number density fluctu-
ations as a function of the wavenumber for various Stokes, Reynolds, and Froude
numbers. Both the raw spectra obtained from turbulence simulations and the
spectra calculated from the empirical model described by Equation 4.17 are plot-
ted. Plots (a) — (g) depict the spectra calculated from the current study, while
plots (h) — (1) show spectra from Matsuda et al. [104, 105], providing a comparison
of the newly proposed empirical model to previous works. The performance of the
model in extrapolating beyond the initial conditions (Rey = 111 and Fr; = 5) is
also validated, as seen in subplots (h) — (1), where it aligns well with the results
of Matsuda et al. [104, 105].

Currently, the model is validated for homogeneous isotropic turbulence with
the forcing mechanism defined in Equation 4.3. While different forcing methods
could alter the low wavenumber part of the spectra, the right-hand side (high
wavenumber) spectra are expected to remain relatively unchanged due to the as-
sumption of universal turbulence energy cascade. However, anisotropic turbulence
could significantly affect the spectra, potentially requiring further adjustments to
the model.

The number of particles used in the simulation does not significantly influence
the spectra, as demonstrated by Jin et al. [86]. This robustness enhances the
empirical model’s reliability across different simulation setups and particle counts.

This empirical model offers a valuable tool for estimating the characteristics
of particle preferential concentration by providing accurate spectra predictions
across a wide range of conditions. Practical applications of this model include at-
mospheric sciences, where it can aid in predicting droplet clustering in clouds, and
industrial processes, such as improving the efficiency of particulate dispersion in
reactors. Additionally, it can be used in environmental studies to estimate pollu-
tant dispersion in turbulent flows, contributing to better air quality management
and assessment.

Overall, the empirical model presented in this study, validated against both
current and previous simulation results, provides a robust framework for under-
standing and predicting particle behaviour in turbulent flows. Its contribution
is essential to applications where the large dimensions of the relevant geometries
make detailed computational prediction of the flow and the particle clustering
characteristics impractical due to high computational costs. This capability is
crucial for advancing both theoretical and practical applications in various fields

involving particle-laden turbulence.
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4.5 Conclusions

The conclusions drawn from this study on the spectral analysis of particle pref-
erential concentration characteristics in turbulent flows provide a comprehensive
understanding of how various parameters influence particle clustering. The re-
search systematically investigated the combined effects of Reynolds, Stokes, and
Froude numbers on the preferential concentration of particles, offering novel in-
sights and practical tools for predicting particle behaviour in turbulent environ-
ments, including geometries with large dimensions where detailed computational
studies are impractical. The spectrum of particle number density fluctuations is
used as the main form of analysis.

The findings confirm that preferential concentration dynamics are significantly
influenced by the Stokes, Reynolds, and Froude numbers. Particle clustering in-
tensity peaks around a Stokes number of unity, highlighting the optimal response
times of particles to turbulent eddies. For Stokes numbers less than one, the
spectral energy peaks consistently at specific wavenumber magnitudes, indicating
stable clustering influenced by small eddies. Particles with Stokes numbers close
to one exhibit the most pronounced preferential concentration, while those with
higher Stokes numbers show a more dispersed distribution, reflecting reduced clus-
tering intensity due to increased particle inertia. For Stokes numbers greater than
one, spectral energy shifts to larger length scales (smaller wavenumber), reflecting
the influence of larger eddies on particle clustering.

The role of the Reynolds number is crucial, as it alters particle clustering pat-
terns significantly. Higher Reynolds numbers, indicative of more intense turbu-
lence, lead to a wider range of void sizes and more complex particle distributions.
Higher Reynolds numbers result in broader spectra, indicating a wider range of
turbulent eddy interactions. For particles with lower Stokes numbers, cluster-
ing behaviour remains relatively independent of the Reynolds number at high
turbulence intensities. However, for higher Stokes numbers, increased Reynolds
numbers enhance clustering intensity and shift the spectral energy peak to larger
length scales.

Gravitational effects, represented by the Froude number, play a pivotal role
in modulating particle clustering. For small Stokes numbers, gravity has minimal
impact on clustering behaviour. In contrast, at intermediate Stokes numbers,
increased gravity enhances clustering at larger scales while reducing it at smaller
scales. At high Stokes numbers, gravity enhances clustering at both large and
small scales, underscoring its dominant influence on particle dispersion dynamics.
These gravitational forces introduce anisotropy in particle clusters, broadening the

spectrum and enhancing clustering intensity across various scales.

144



The practical applications of these findings extend to atmospheric sciences,
oceanography, and chemical engineering. Accurate modelling of particle behaviour
in turbulent flows is important for predicting droplet clustering in clouds, particu-
late dispersion in reactors, and pollutant dispersion in environmental studies. This
research enhances predictive capabilities and informs the design and optimization
of various industrial and environmental processes, in particular, for applications
that involve large dimensions for which detailed computational predictions are
impractical due to computational costs.

In summary, this study contributes to the understanding of turbulence-particle
interactions by incorporating the effects of Reynolds number and gravity along-
side the Stokes number. The findings offer insights into the mechanisms driving
preferential concentration in turbulence and provide practical tools for predicting
particle behaviour in various flow conditions. These contributions are expected
to enhance the modelling of particle-laden turbulent flows in fluid mechanics and
related disciplines.

With an in-depth exploration of preferential concentration and its dependency
on key physical parameters, the focus now shifts towards understanding the phys-
ical mechanisms driving these phenomena. Chapter 5 naturally follows by diving
into Lagrangian Coherent Structures (L.CS) and their role in influencing particle
behaviour, providing a more detailed physical explanation of particle clustering

observed in the previous chapters.
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Chapter 5

Investigating Preferential
Concentration of Inertial Particles
through Lagrangian Coherent

Structures in Turbulent Flows

5.1 Abstract

Understanding how inertial particles cluster in turbulent flows is crucial for var-
ious natural and industrial applications. This research investigates the physical
mechanisms of the formation of particle preferential concentration through inter-
action with fluid flow turbulence, particularly focusing on Lagrangian Coherent
Structures (LCS). We employ Direct Numerical Simulations (DNS) to analyse the
interaction between fluid dynamics and particle spatial and temporal distribution
using both Eulerian and Lagrangian perspectives. The study examines the influ-
ence of the Q-Criterion, Enstrophy, and Lagrangian-averaged vorticity deviation
(LAVD) of the fluid turbulence on particle clustering. Our results indicate that
LAVD is the most reliable indicator of particle clustering, highlighting the sig-
nificance of rotational coherence in turbulence. Furthermore, the introduction of
a time delay into the correlation between fluid and particle motion reveals that
past fluid states are better correlated with current particle distributions than si-
multaneous measurements. This research provides new insights into the dynamic
processes governing particle behaviour in turbulent flows, offering potential appli-

cations in fields ranging from atmospheric science to chemical engineering.
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5.2 Introduction

Inertial particle or droplet distributions in turbulent flows often exhibit cluster-
ing in regions of high concentration and voids in regions of low concentration.
This behaviour, known as preferential concentration, occurs due to particle iner-
tia, which causes the dispersed phase to deviate from the fluid flow streamlines.
This process is influenced by variables such as particle size and the properties of
the fluid [154]. Understanding preferential concentration is crucial for a variety
of natural and industrial processes. In atmospheric physics, it plays a role in
cloud formation and rain initiation, while in chemical engineering, it impacts pro-
cesses such as powder manufacturing. These processes often depend nonlinearly
on particle concentration. For example, the general aerosol dynamic equation,
which describes the evolution of droplet size distribution [55], underscores the
significance of non-uniform particle concentration profiles. Moreover, preferential
concentration affects various phenomena including droplet coalescence in clouds
[163, 150, 95|, droplet evaporation or condensation [137, 145], and gas-particle
phase reactions [70].

The mechanisms driving the clustering of inertial particles in fluid flows are
complex and influenced by various factors, including the non-dimensional Stokes
and Reynolds numbers. The Stokes number (Stk) measures the ratio of particle
inertia to fluid drag forces, indicating how quickly particles respond to changes in
fluid velocity (defined in Equation 7). The Reynolds number (Re,) characterizes
the turbulence intensity in the flow. One common effect observed in flows with
a mean velocity component is centrifuging. In the context of turbulence, Cole-
man and Vassilicos [32] proposed the 'sweep-stick’ mechanism. This mechanism
suggests that particles are swept along with and get stuck to the acceleration stag-
nation points of the fluid. However, an alternative perspective is offered by Bragg
et al. [23], whose analysis also applies to arbitrary spatially correlated velocity
fields. Crucially, their findings challenge the scale invariance of the radial distri-
bution function, offering a different view on the underlying processes of particle
clustering.

Various methods exist for analysing and quantifying preferential concentra-
tion in turbulent flows. Among them, radial distribution functions (RDFs) are
widely used, particularly at lower Stokes numbers, offering insights into cluster-
ing |5, 4, 14, 148, 31, 177|. However, RDFs have limitations, such as focusing on
pairwise interactions and assuming spherical symmetry. To address these, angular
distribution functions provide a more comprehensive perspective [61].

Voronoi tessellation is another technique, often used in experimental and nu-

merical simulations, that assigns volumes around particles to calculate local con-
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centrations and identify clusters [124, 114, 157, 6]. Spectral methods, including
Fourier and wavelet transforms, also offer insights into particle clustering. Fourier
transforms provide a global overview [41, 86, 104, 69, 3| , while wavelet transforms
present more detailed, localized data [10, 106].

The Stokes number (Stk), which measures the ratio of particle inertia to fluid
viscous forces, plays a critical role in preferential concentration. Particles with Stk
near unity exhibit significant clustering, as they respond optimally to turbulent
eddies [154]. Studies have shown that clustering peaks at Stk ~ 1, influencing
phenomena such as radar reflectivity and evaporation rates [104, 163, 150, 95,
145, 70, 115, 46, 31, 13, 15, 64, 22, 158, 32|.

While the influence of Stokes number is well-documented, the effects of Reynolds
number and gravitational forces on particle clustering are less understood. Ireland
et al. [80] found that higher Reynolds numbers, indicating more intense turbulence,
significantly alter particle behaviour and clustering patterns. Gravity also affects
clustering, particularly for droplets with Stk > 1 [105, 163, 69, 150]. Additional
studies have explored how turbulence and gravity influence collision rates and
spatial patterns [136, 64, 22, 127, 15, 158, 61, 95, 137, 5, 44].

To understand the underlying physics and predict the preferential concentra-
tion of particles, researchers have developed several methods to correlate fluid
properties with particle concentration. Among these properties, the Q-criterion
has been widely used to identify vortex-dominated regions within a turbulent flow
[6, 32]. The Q-criterion is based on the second invariant of the velocity gradient
tensor and is used to distinguish between rotation-dominated (vortical) and strain-
dominated regions [78]. Regions where the Q-criterion is positive are typically
associated with vortical structures, where centrifugal forces can lead to particle
clustering around the periphery of vortices.

Another important method is the Enstrophy, which quantifies the intensity of
vorticity within the flow without considering the strain. Enstrophy is particularly
useful for identifying regions with high rotational energy, which can influence the
distribution of particles by expelling them from the vortex cores and concentrating
them in regions of lower vorticity [52]. Oujia et al. [123] used neural networks to try
to synthesise inertial particle concentrations from Enstrophy to varying degrees
of success. These Eulerian-based approaches provide valuable insights into the
correlation between fluid structures and particle concentration and can effectively
frame coherent features of the instantaneous velocity field but lack objectivity
Haller [66]. They are often limited by their reliance on instantaneous snapshots of
the flow, which may not fully capture the temporal dynamics of particle clustering.

To address the limitations of Eulerian methods, more comprehensive approaches

have been developed that adopt a Lagrangian perspective. Unlike the Eulerian ap-
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proach, which examines fluid properties at fixed points in space, the Lagrangian
perspective tracks the motion of individual fluid particles over time. This ap-
proach provides a more dynamic view of the flow, capturing how fluid particles
and, by extension, inertial particles evolve as they move through the turbulent
environment Toschi and Bodenschatz [161]. By analysing particle trajectories,
the Lagrangian framework can reveal deeper insights into the mechanisms driving
preferential concentration, such as how particles interact with coherent flow struc-
tures over time. Lagrangian Coherent Structures (LCS) are fundamental elements
in fluid dynamics, representing organized, time-evolving structures within a flow
that significantly influence the transport and mixing of particles Haller and Yuan
[67].

Despite significant progress in understanding the relationship between fluid
structures and particle distribution, many aspects of preferential concentration
in turbulence remain poorly understood. Existing methods, while effective in
certain contexts, often fall short in capturing the full complexity of particle dy-
namics, particularly when time-dependent effects are considered. The motivation
for this study is to explore how various fluid properties, both from Eulerian and
especially Lagrangian perspectives, influence the clustering of inertial particles in
turbulent flows. By employing a combination of these methods, this research aims
to provide a more comprehensive understanding of the correlation between fluid
dynamics and particle spatial and temporal distribution, ultimately contributing

to the development of more accurate predictive models.

5.3 Numerical Method

5.3.1 Carrier Fluid Simulations

The carrier fluid is simulated using the incompressible Navier-Stokes equations
with an additional forcing term to maintain statistically stationary homogenous

isotropic turbulence. The equations for the carrier fluid in Einstein notation are:

Ou;  Ou;u; 1 dp 0%u;
—_— = —— F; 5.1
ot * Oz, py Ox; —H}ax? * (5:1)
an
i/ .2

where u; is the carrier fluid velocity in the i-th direction, x; is the spatial
coordinate in the i-th direction, ¢ denotes time, py is the carrier fluid density, p

the pressure, v the kinematic viscosity, and F; forcing term in the i-th direction.
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The summation is over the index j.

Throughout the simulations, the fluid density (ps), and the kinematic viscosity
(v) are kept constant. The carrier fluid simulations, which are performed indepen-
dently from the particulate phase due to one-way coupling, is stored for subsequent
analysis. The simulations are performed in a three-dimensional periodic cube with
side length L. The pseudo-spectral method is employed for the carrier fluid, uti-
lizing N equidistant grid points in each direction, resulting in a grid spacing A
[141, 154] and a 4-th order Runge-Kutta is used for the time integration. The
forcing mechanism is to scale the wavenumbers of the fluid between 0.5 and 1.5
[168, 121]. This works by first integrating the equations without forcing, with
resulting Fourier modes uAj(li, t + At). Then, we multiply this result by a constant
for Fourier modes with a wavenumber || between 0.5 and 1.5. This is given below

as:

()t + At) = 0 (k, t + A/ E,(0)/E,(t + At), (5.3)

where E, (t + At) is the total energy of the modes with wavenumbers between
0.5 and 1.5 calculated by u?(k, t+At) and (k) (£ + At) is the final forced velocity
profile. A linear forcing function, directly proportional to the velocity, can be used
for its ease of implementation and physical relevance [100]; however, the linear
forcing scheme requires twice as many grid points to resolve the smaller scales,

reducing the attainable Reynolds number [142].

5.3.2 Inertial Particle Simulations

The Lagrangian particle simulations are conducted under the assumption of one-
way coupling. The particles are treated as point spheres with negligible mass load-
ing. Under these assumptions the Stokes drag model is employed as the friction
model and the influence of gravity is considered [89]. Based on these assumptions,

the equations of motion for an individual particle are formulated as follows:

d .

2L — (5.4)

dvp; 1
L = — (u; = vp) + G (5.5)

p

ppd?

_ 5.6
= 18pr0 (5.6)
(5.7)

In these equations, z,; denotes the position of an individual particle in the

150



spatial coordinate ¢, v,; represents the velocity of the particle in the same coordi-
nate, 7, is the particle relaxation time, p, the particle material density, g; is the
acceleration due to gravity in the i-th direction, and d the particle diameter.
The Stokes number Stk of a particle is defined as the ratio of the particle
relaxation time 7, to a characteristic timescale of the carrier fluid. For the scaling
of particle preferential concentration, the Kolmogorov timescale 7, is often used

as this characteristic timescale and Stk is defined in Equation 5.8.

Stk =2 =1, % (5.8)

Ty

5.3.3 Simulation Conditions

The carrier fluid simulations were undertaken over a range of Taylor Reynolds
numbers (50 < Rey < 120) in homogeneous isotropic turbulence. To meet the
criteria for Direct Numerical Simulation (DNS) of turbulence flows, a crucial pa-
rameter is the Kolmogorov length scale, n, the grid spacing A, and their ratio /A
should be greater than 0.45 [130]. The number of grid points was kept constant
at N = 2563, the domain length constant at L = 6.28 and the total number of

simulation particles N, = 167 million.

R6>\ N Stk FTZ
90 | 256° | 1.0 | 0.0

Table 5.1: Simulation parameters used for both the Eulerian carrier fluid and the
Lagrangian particle simulations.

5.3.4 Lagrangian Coherent Structures

Lagrangian Coherent Structures (LCS) are fundamental elements in fluid dynam-
ics, representing organized, time-evolving structures within a flow that signifi-
cantly influence the transport and mixing of particles [67]. These structures are
identified through the Lagrangian framework, which focuses on tracking individ-
ual fluid particles over time, rather than analysing fluid properties at fixed spatial
points as in the Eulerian perspective. At the core of the Lagrangian description
is the concept of the flow map, which mathematically captures the movement of
fluid particles within the flow.

The flow map, denoted by ¢! , (@) provides a mathematical function that maps
the initial position of a fluid particle &y at an initial time ¢, to its position x(t) at

a later time t. Mathematically, this is expressed as:

1, (®0) = x (L5 t0, 20) , (5.9)
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where x, is the initial position of the particle at time ¢y, and @ (¢; to, ) repre-
sents the position of the particle at a subsequent time ¢. The flow map essentially
describes the trajectory of each particle in the fluid, providing a complete descrip-
tion of how particles are transported by the velocity field over time.

The evolution of the flow map is governed by the velocity field u(x,t) of the

fluid, according to the differential equation:
dx(t)
dt

this equation dictates how the position of a particle changes over time, driven

=u(x(t),t), x(to) = xo, (5.10)

by the local velocity of the fluid at each point along its trajectory. The solution to
this equation, the flow map, provides a detailed picture of how fluid particles move
through the flow, which is crucial for identifying Lagrangian Coherent Structures.

Lagrangian Coherent Structures can be broadly categorized into two main
types: hyperbolic and elliptic LCS. Hyperbolic LCS are associated with regions in
the flow where fluid particles experience significant stretching and folding. These
structures act as transport barriers, delineating regions of the flow with differ-
ent dynamic behaviours. For instance, repelling hyperbolic LLCS disperse fluid
particles away from each other, while attracting hyperbolic LCS draw particles
together, often forming boundaries that separate different flow regions. These
structures are essential for understanding how particles mix within the flow and
how they organize into clusters or voids.

Elliptic LCS, in contrast, correspond to regions of rotational coherence within
the flow. These structures typically form the cores of vortices or eddies, where
fluid particles follow closed, circular paths with minimal stretching. Elliptic LCS
are indicative of areas dominated by rotational motion rather than stretching, and
they play a significant role in the stability of vortices within turbulent flows. The
presence of elliptic LCS often leads to the trapping of fluid particles within these

rotational structures, preventing their dispersion.

5.3.5 Finite-Time Lyapunov Exponent

The Finite-Time Lyapunov Exponent (FTLE) is a critical measure in fluid dy-
namics that quantifies the rate of separation of fluid particles over a finite time
interval. It is a key tool for identifying Lagrangian Coherent Structures (LCS)
within a flow, providing insight into regions where fluid elements experience the
greatest stretching or compression. The FTLE essentially captures the exponen-
tial rate at which initially neighbouring fluid particles diverge from each other as
they move through the flow, making it a valuable metric for understanding the

dynamic behaviour of fluid systems.
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Mathematically, the FTLE is defined based on the flow map ¢} (xo), which
describes the trajectory of fluid particles from an initial position xy at time ¢y to
their position x(t) at a later time ¢t. The FTLE at a point &, over a time interval

[to, t] is given by:

o! (o) = — ln\//\mM (9, ()" 5, (0)), (5.11)

[t —to

where Ji (x9) = %(:0) is the Jacobian matrix of the flow map, representing
the gradient of the flow map with respect to the initial conditions. \,,,, denotes
the largest eigenvalue of the Cauchy-Green strain tensor, which is formed by the
matrix Jt (zo)" It (o).

In practice, the Jacobian matrix of the flow map is estimated from finite dif-
ferences by evolving fluid particles from a uniform grid along the time interval
|t — ol

The FTLE essentially measures how much the separation distance between
neighbouring particles grows over time, normalized by the time interval |t — to].
A high FTLE value indicates that particles starting close to each other at time
to have diverged significantly by time ¢, which corresponds to regions of the flow
with strong stretching and is indicative of hyperbolic LCS.

The FTLE can be computed both forward and backward in time. Forward
FTLE identifies regions where particles are repelled from each other, which cor-
responds to repelling LCS. Conversely, backward FTLE identifies regions where
particles converge, corresponding to attracting LLCS. These measures are crucial
for understanding the transport barriers within the flow and for mapping out the

regions that will most significantly influence particle trajectories.

5.3.6 Lagrangian-Averaged Vorticity Deviation

The Lagrangian-Averaged Vorticity Deviation (LAVD) is a powerful measure in
fluid dynamics used to identify rotationally coherent structures, particularly el-
liptic Lagrangian Coherent Structures (LCS), within a flow. Unlike hyperbolic
LCS, which are associated with stretching and folding in the flow, elliptic LCS
correspond to regions where fluid particles exhibit rotational motion with mini-
mal stretching. These structures are crucial for understanding the dynamics of
vortices and eddies in turbulent flows, as they help delineate regions where fluid
particles are trapped within coherent rotational patterns over time.

The LAVD is calculated by averaging the deviation of the vorticity of fluid
particles from the local mean vorticity along their trajectories over a finite time

interval. Vorticity, a vector quantity, describes the local rotation of the fluid and
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is given by the curl of the velocity field u (x, t):

w(x,t) =V xu(x,t), (5.12)

The LAVD at a point @y over a time interval [to, t] is defined as:

LAVD; (o) = /t lw (x(s),s) — (w)(s)| ds, (5.13)

where x(s) is the trajectory of the fluid particle that starts at @y at time ¢
and moves with the flow until time ¢. w (x(s),s) is the vorticity at the parti-
cle’s position x(s) at time s. (w)(s) is the spatially averaged vorticity over a
neighborhood around x(s) at time s, taken to be the zero vector 0 for homoge-
nous isotropic turbulence. ds represents the infinitesimal time increment along
the particle trajectory.

The LAVD essentially measures how much the vorticity along a fluid particle
trajectory deviates from the average vorticity of the surrounding fluid. By inte-
grating this deviation over time, the LAVD quantifies the cumulative rotational
coherence experienced by the particle. High LAVD values indicate that a fluid par-
ticle has remained within a region of strong, consistent rotation (relative to the
mean vorticity) throughout the time interval. Such regions correspond to elliptic
LCS, where fluid particles are likely trapped within coherent vortices or eddies,
maintaining a stable, rotating motion.

In practical terms, LAVD is used to identify and visualize these elliptic LCS
within the flow. Regions with high LAVD values mark the boundaries of coherent
rotational structures, effectively delineating vortices where the rotation is strong
and consistent over time. These structures are crucial for understanding how tur-
bulence organises fluid motion, particularly in terms of how it traps fluid particles
within vortical regions.

Unlike other measures of coherence, such as the Finite-Time Lyapunov Ex-
ponent (FTLE) which identifies hyperbolic LCS, the LAVD specifically targets
rotational coherence, making it uniquely suited for studying the dynamics of vor-
tices and rotational structures in turbulent flows. The LAVD provides a clear,
quantitative tool for analysing the role of rotational motion in the organisation of
fluid particles, offering insights into the persistence and stability of vortices and

their influence on the overall behaviour of the flow.
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Figure 5.1: Normalised particle concentration C/Cy(left) and normalised Q-
Criterion QQ/Q, (middle) in a slice of turbulence with Rey = 90.0 and Stk = 1.0.
Low values are in blue and high values are in yellow. Superimposed image (right),
the green channel represents particle concentration, while the red channel rep-
resents the Q-Criterion. The particle concentration was calculated using a box-
counting method with a box width of 2.

5.4 Results

5.4.1 Influence of Q-Criterion

Figure 5.1 illustrates the normalised particle concentration, denoted as C'/Cy,
alongside the normalised Q-Criterion, )/Q,. These two fields are superimposed
within a slice of turbulence characterised by Reynolds number (Re,) of 90 and
particle Stokes number (Stk) of 1.0 at the right hand side figure. In this figure, the
green channel represents particle concentration, while the red channel represents
the Q-Criterion.

The particle concentration was determined through a box-counting method,
where the box width was set to 2n (with 1 being the Kolmogorov length scale).
Upon examining this visualization, it becomes apparent that particle clusters dis-
play a subtle tendency to avoid regions of positive QQ/Q,, instead gravitating
towards areas characterised by negative Q)/Q,. This behaviour aligns with obser-
vations reported in previous studies, such as those by Baker et al. [6] and Coleman
and Vassilicos [32].

Figure 5.2 provides a more detailed examination of the relationship between
inertial particles and the Q-Criterion. The left-hand plot presents a histogram of
the Q-Criterion, sampled both at the positions of fluid particles (representing the
entire domain) and at the positions of inertial particles. Notably, sampling the Q-
Criterion at inertial particle positions is effectively equivalent to weighting the Q-
Criterion histogram of the entire fluid domain by the particle concentration. This

method of analysis is a well-established approach for comparing particle locations
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Figure 5.2: The left-hand plot displays the histogram of the Q-Criterion sampled
at fluid particle positions and at inertial particle positions. The right-hand plot re-
normalizes the frequency density values by dividing by the fluid frequency density,
allowing a clearer comparison of the ratio of inertial particles to fluid particles.

to fluid properties, as employed in previous studies, such as those by Baker et al.
[6] and Coleman and Vassilicos [32].

The left-hand plot confirms the qualitative observations made from the con-
centration slices of Figure 5.1, where it was noted that inertial particles tend to
be underrepresented in regions of positive ()/Q), and overrepresented in regions of
negative Q/Q,-.

In the right-hand panel of Figure 5.2, the frequency density values are re-
normalized to maintain a constant value for fluid particles. This normalisation
facilitates a more straightforward comparison of the ratio of inertial particles to
fluid particles, highlighting the sampling behaviour of the Q-Criterion by the in-
ertial particles, independent of the non-uniform distribution of the Q-Criterion
itself.

From this analysis, it becomes evident that inertial particles exhibit a strong
preference for regions of negative QQ/Q),. Specifically, the data show that inertial
particles are observed up to 1.6 times more frequently in regions of negative Q/Q,
than expected, while they are observed as little as 0.1 times in regions of posi-
tive Q/Q,. This significant change predominantly occurs when the Q-Criterion
crosses the zero value, marking the transition from a strain-dominated regime to
a rotation-dominated regime.

While Figure 5.2 provides a clear indication of the preference of inertial parti-

cles to accumulate in regions with negative Q/Q,, it does not fully capture how
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Figure 5.3: Joint probability distribution of particle concentration C'/Cy and the
Q-Criterion Q/Q, in turbulence, with colour representing the frequency density on
a logarithmic scale (low - dark blue, high - bright yellow). The figure also includes
the one-dimensional probability density functions (PDFs) for the Q-Criterion and
particle concentration.

particle concentration varies with the Q-Criterion. Specifically, it leaves unan-
swered questions about whether higher density particle clusters are more inclined
towards regions of negative Q/Q, compared to lower density clusters, and how
the distribution of voids behaves in relation to the Q-Criterion.

To address these questions, we present the joint probability distribution of
particle concentration and the Q-Criterion in Figure 5.3, with the colour scale
representing the frequency density on a logarithmic scale. Additionally, the fig-
ure includes the one-dimensional probability density functions (PDFs) for the
Q-Criterion and particle concentration separately. It is worth noting that the

Q-Criterion PDF in Figure 5.3 is identical to the one shown in Figure 5.2.
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Upon analysing Figure 5.3, it is evident that the left-hand side (representing
negative Q/Q,) generally appears lighter than the right-hand side (representing
positive /@), indicating a tendency for particles to prefer negative QQ/Q, re-
gions. However, the precise relationship between particle concentration and the
Q-Criterion remains ambiguous, particularly since a significant portion of the par-
ticle concentrations are zero, corresponding to large voids as seen in Figure 5.1.
This suggests that while there is a general trend, the interplay between particle
concentration and Q-Criterion is complex and not easily delineated from this data
alone.

To further investigate the relationship between particle concentration and Q-
Criterion, we compare the observed joint probability distribution to a distribution
that would be expected if these two variables were independent. This compar-
ison can be made by reconstructing a two-dimensional joint probability density
function (PDF) using the one-dimensional PDFs of the Q-Criterion and particle
concentration, assuming independence between them. Figure 5.4 displays the joint
probability density function that would result from this assumption of indepen-
dence, calculated as the product of the one-dimensional PDFs of the Q-Criterion
and particle concentration.

While it is challenging to make an immediate, direct comparison between Fig-
ure 5.3 (which represents the actual, non-independent distribution) and Figure 5.4,
certain distinctions are noticeable. For instance, in Figure 5.4, the left-hand side
of the distribution (corresponding to negative Q/Q,) is noticeably darker for the
highest particle clusters (around C/Cy ~ 30) compared to Figure 5.3. This sug-
gests that there is a deviation from the assumption of independence, particularly
in the regions of highest particle concentration, where the correlation between
particle clusters and negative /@, becomes more pronounced.

To better understand the relationship between particle concentration and Q-
Criterion, we examine the ratio of the observed joint probability density function
(PDF) to the PDF assuming independent variables, denoted as (. This ratio is
also called the copula |151], providing a measure of the association between the
two variables. The copula (¢) of a joint probability density function f(z,y) is
defined as:

B f(z,y)
(o) = Jo fleyyda [75 fa,y)dy’ (5-14)

The copula fully captures the dependence structure between the random vari-

ables X and Y, independent of their marginal distributions. This separation allows
us to analyse the joint behaviour of the variables without being influenced by their

individual distributions. In particular, copulas are useful in identifying non-linear
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Figure 5.4: Joint probability density function of particle concentration C'/Cy and
the Q-Criterion @)/Q, assuming independence between the two variables, calcu-
lated as the product of their one-dimensional probability density functions (PDFs).
This figure represents the theoretical distribution if there was no correlation be-
tween particle concentration and Q-Criterion. Colour represents the frequency
density on a logarithmic scale (low - dark blue, high - bright yellow). The figure
also includes the one-dimensional probability density functions (PDFs) for the Q-
Criterion and particle concentration.

dependencies, which traditional correlation measures might fail to capture.

By using copulas, we can model a wide range of dependence structures, in-
cluding tail dependencies and asymmetries, making them particularly valuable in
analysing particle clustering. Additionally, Sklar’s theorem states that any joint
distribution can be decomposed into its marginal distributions and a copula, re-

inforcing the fundamental role of copulas in multivariate probability modelling
[151].
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Figure 5.5: Ratio ¢ of the observed joint probability density function (PDF) of
particle concentration C'/Cy and Q-Criterion Q/Q, to the PDF assuming indepen-
dent variables, providing a measure of the correlation between these two variables.

Figure 5.5 presents this ratio, offering a clear depiction of the correlation be-
tween QQ-Criterion and particle concentration. The analysis reveals that voids,
characterised by C/Cy =~ 0, are positively correlated with positive Q/Q, val-
ues. This means that voids are more likely to occur in regions of positive Q/Q,
and less likely in regions of negative Q/Q,. Conversely, particle clusters, defined
by C'/Cy > 1, show a negative correlation with the Q-Criterion. This negative
correlation becomes more pronounced as the concentration of the particle clusters
increases, indicating that higher-density clusters are increasingly likely to be found
in regions of negative /Q,. This pattern underscores the significant role of the
Q-Criterion in influencing the spatial distribution of inertial particles within the

turbulent flow.
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Figure 5.6: Ratio ¢ of the probability density functions (PDFs) for four selected
particle concentrations: C'/Cy = 0.0 (voids), C'/Cy ~ 1.0 (mean concentration),
C/Cy ~ 5.0 (clusters), and C/Cy ~ 15.0 (intense clusters), plotted against the

Q-Criterion Q/Q,-.

To provide a clearer comparison of how the Q-Criterion affects different levels
of particle concentration, we avoid the two-dimensional ratio ¢ of Figure 5.5. In-
stead, we focus on four specific particle concentrations: C/Cy =~ 0.0 representing
voids, C'/Cy ~ 1.0 representing the mean concentration, C'/Cy ~ 5.0 for clusters,
and C'/Cy ~ 15.0 for intense clusters. Figure 5.6 illustrates the ratio ¢ of the
PDFs for these four concentrations, effectively corresponding to four horizontal
slices obtained from Figure 5.5. This approach allows for a more straightforward
interpretation of the effect of Q-Criterion on different particle concentrations.

The results show that clusters with C'/Cy > 5 are significantly suppressed by
positive @)/Q, values, with the ratio trending toward zero as Q/Q, exceeds 1.0.
Compared to Figure 5.2, the effect on clusters is more pronounced here, as it is
not averaged across all particles. Voids, on the other hand, are more prevalent in
regions of positive @)/Q,, though this effect diminishes as @)/Q, increases, with
the ratio peaking at just over 1.6 for Q/Q, = 2.

In contrast, when examining regions of negative QJ/Q,, the effects are less

pronounced. For lower concentrations (C'/Cy < 1), the ratio of the PDFs ap-
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pears independent of the Q-Criterion, indicating that the formation of voids is not
strongly influenced by negative () regions, which are characterised by high strain.
However, the ratio remains significant (around 0.8 for C'/Cy ~ 0.0), suggesting
that voids still frequently occur at these negative Q/Q), regions.

For higher concentration clusters, the association with negative Q/Q, becomes
more evident, with the effect intensifying as the cluster concentration increases.
These findings suggest that while a negative /@), is not the only condition for

particle clustering, it is a necessary condition for the formation of such clusters.

5.4.2 Influence of Enstrophy

Figure 5.7: Normalised particle concentration C'/Cy(left) and normalised Enstro-
phy €/2¢ (middle) in a slice of turbulence with Rey, = 90.0 and Stk = 1.0. Low
values are in blue and high values are in yellow. Superimposed image of the two
quantities (right), the green channel represents particle concentration, while the
red channel represents Enstrophy. The particle concentration was calculated using
a box-counting method with a box width of 2.

The Q-Criterion is derived from the difference between the rotation rate and
the strain rate in turbulent flows. In the previous section (Section 5.4.1), partic-
ularly in Figure 5.6, it appeared that positive Q/Q, values (indicating rotation-
dominated regions) had a more significant effect on particle concentration than
negative /@), values. This observation leads us to further explore the impact of
rotation alone, which is quantified by the Enstrophy.

Unlike the Q-Criterion, which can be zero in regions where strain and rota-
tion balance each other out, the Enstrophy focuses solely on the rotation rate.
This distinction allows us to isolate the effect of rotational motion on particle
concentration.

Figure 5.7 presents the normalised particle concentration C'/Cj alongside the
normalised Enstrophy e/g¢, with these two fields overlaid at the right hand fig-

ure, where the green channel represents the particle concentration, while the red
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channel represents the Enstrophy, within a slice of turbulence characterised by
Rey =90 and Stk = 1.0.

When comparing Figure 5.7 with Figure 5.1, it is evident that the maximum
values of Enstrophy and the Q-Criterion generally coincide, which is expected due
to the inherent relationship between rotation and Q-Criterion. However, from a
visual inspection alone, it is challenging to determine whether the Enstrophy is
more or less important than the Q-Criterion in influencing particle concentration.

This motivates a more detailed quantitative analysis to draw definitive conclusions.
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Figure 5.8: Ratio ¢ of the probability density functions (PDFs) for four selected
particle concentrations: C'/Cy = 0.0 (voids), C'/Cy ~ 1.0 (mean concentration),
C/Cy ~ 5.0 (clusters), and C/Cy ~ 15.0 (intense clusters), plotted against the
Enstrophy ¢/eq.

Figure 5.8 presents the ratio ¢ of the probability density functions (PDFs)
against the Enstrophy ¢/¢¢ for four different particle concentrations: C/Cy =~ 0.0
(voids), C/Cy =~ 1.0 (mean concentration), C'/Cy =~ 5.0 (clusters), and C'/Cy ~
15.0 (intense clusters). The trends observed in Figure 5.8 indicate that particle
clusters are significantly more likely to be found in regions of low Enstrophy, which
aligns with the expected centrifuging effect where particles tend to avoid regions
with high rotational motion. When compared to Figure 5.6, it is evident that

clusters with C'/Cy ~ 15.0 are even more concentrated in areas of low Enstrophy,
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with the ratio ¢ peaking at 2.3, compared to a peak of 2.0 in areas of low Q/Q,.

This trend is also applicable to voids, as low Enstrophy regions exhibit a lower
ratio ¢ than low QQ/Q, regions. These observations reinforce the findings from
Figure 5.6, where the strength of the negative Q-Criterion appeared to have a
limited effect on particle concentration.

However, for regions of high Enstrophy /g, the suppression of clusters and
the promotion of voids are not as pronounced as in regions with high positive
Q-Criterion. Specifically, the PDF ratio ¢ for clusters with C'/Cy > 5.0 stabilises
around 0.2 in areas of high Enstrophy, in contrast to almost 0.0 in regions with
a high Q-Criterion. This suggests that while both Enstrophy and Q-Criterion
influence particle distribution, they do so with differing intensities, particularly in

high rotation-dominated regions.

5.4.3 Time delay of Q-Criterion

In the previous Sections (5.4.1 and 5.4.2), we examined the relationship between
the instantaneous Q-Criterion and Enstrophy with the instantaneous particle con-
centration. However, it is important to recognise that particles in a turbulent flow
are subject to a time-delay in their response when compared to the surrounding
fluid.

For very small particles, characterised by a Stokes number (Stk) much less
than 1, the time-delay in particle velocities with the fluid flow is negligible and
can be considered instantaneous for most practical purposes. Nonetheless, even
for such small particles, the temporal evolution of particle concentrations, includ-
ing the formation of voids and clusters, requires time, meaning that the current
concentration field reflects the influence of the fluid dynamics over a preceding
period.

In contrast, for larger particles (Stk > 1), both the particle velocities and
concentrations exhibit a more significant time-delay in response to changes in the
fluid. This delay necessitates an examination of the fluid properties at earlier
times to better understand the current particle distribution.

To achieve this, it is not sufficient to merely consider the fluid properties at
the same spatial coordinates in the past, using Eulerian coordinates, because the
mean flow could have advected any evolving structures away from the region of
interest. Instead, we employ Lagrangian coordinates, which track the fluid ele-
ments backward in time, allowing us to investigate how past fluid properties have
influenced the present particle concentrations. This approach provides a more
accurate understanding of the dynamic interaction between fluid and particles,

accounting for the inherent time-delays in the system.
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Figure 5.9: Normalised particle concentration C/Cy(left) and normalised Q-
Criterion with a time-delay of 0.57n (Qo.5r,/Q») (middle) in a slice of turbulence
with Rey, = 90.0 and Stk = 1.0. Low values are in blue and high values are in
yellow. Superimposed image of the two quantities (right), the green channel rep-
resents particle concentration, while the red channel represents the Q-Criterion.
The particle concentration was calculated using a box-counting method with a
box width of 27.

Figure 5.9 presents the normalised particle concentration C'/Cj alongside the
normalised Q-Criterion Qo s5.,/Q, of the fluid at earlier time of 0.5 Kolmogorov
timescale, using Lagrangian tracking to account for the time delay. The two fields
are overlaid on each other, with the green channel representing particle concen-
tration and the red channel representing the Q-Criterion. This visualization is
obtained from a slice of turbulence with Rey = 90.0 and Stk = 1.0. This figure
is similar to Figure 5.1, but with the crucial difference that a time delay has been
introduced for the distribution of the Q-Criterion. The primary impact of the in-
troduction of this time delay is the elongation of areas associated with high strain
(negative Qosry/Q,), which is more evident in this visualization. However, for
such a small-time difference, other effects are more subtle and harder to discern.
The elongation of high-strain regions indicates that even a slight delay can influ-
ence the spatial distribution of Qg s,,/Q., potentially affecting the alignment and
interaction with particle clusters.

Figure 5.10 illustrates the ratio ¢ of the probability density functions (PDFs)
for the time-delayed distribution of the Q-Criterion, specifically with a delay of 0.5
Kolmogorov timescales. This figure allows the evaluation of how the time delay
affects the correlation between Q-Criterion and particle concentration.

When compared to Figure 5.6, it is apparent that the ratio ( is increased for
clusters in regions of negative Q-Criterion. This suggests a stronger correlation
between particle clusters and the time-delayed Q-Criterion than with the simulta-

neous Q-Criterion. The increased ratio indicates that considering the fluid’s past
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Figure 5.10: Ratio ¢ of the probability density functions (PDFs) for four selected
particle concentrations: C'/Cy =~ 0.0 (voids), C//Cy ~ 1.0 (mean concentration),
C/Cy =~ 5.0 (clusters), and C'/Cy ~ 15.0 (intense clusters), plotted against the
Q-Criterion with a time-delay of 0.571 (Qo.5r,/Q0)-

state provides a better understanding of where particle clusters are likely to form,
as the time-delayed Q-Criterion aligns more closely with the current distribution
of these clusters.

Figure 5.11 presents a visualisation similar to Figure 5.9, but in this case,
it depicts the normalised Q-Criterion (1 3.,/Q, of the fluid at an earlier time
of 1.3 Kolmogorov timescales, again using Lagrangian tracking to account for
the time delay. The figure overlays the particle concentration C'/Cy and the Q-
Criterion fields, with the green channel representing concentration and the red
channel representing the Q-Criterion. In this figure, the elongation of the negative
1.3/ Qo regions, which correspond to high-strain areas, is more pronounced
and easier to observe than in Figure 5.9. The increased time delay enhances the
visibility of these elongated structures, making the association between particle
clusters and regions of negative Q;3,,/Q, more apparent. Some of the particle
clusters now clearly align with these stretched regions of negative Q, indicating

that these areas are favourable for cluster formation. However, it is also evident
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Figure 5.11: Normalised particle concentration C'/Cy(left) and normalised Q-
Criterion with a time-delay of 1.371 (Q1.3-,/Q,) (middle) in a slice of turbulence
with Rey, = 90.0 and Stk = 1.0. Low values are in blue and high values are in
yellow. Superimposed image of the two quantities (right), the green channel rep-
resents particle concentration, while the red channel represents the Q-Criterion.
The particle concentration was calculated using a box-counting method with a
box width of 2n.

that some regions of highly negative Q1 3-,/Q, still correspond to voids, suggesting
that while negative Q1 .3.,/Qo is a strong indicator of cluster formation, it is not
the sole determinant, and other factors may influence the presence of voids in
these regions.

Figure 5.12 displays the ratio ¢ of the probability density functions (PDFs) for
the time-delayed Q-Criterion, this time with a delay of 1.3 Kolmogorov timescales.
This allows us to further investigate how a longer time delay influences the corre-
lation between the Q-Criterion and particle concentration.

When compared to Figure 5.10, the ratio ¢ in Figure 5.12 shows a further
increase for clusters in regions of negative QQ-Criterion. This increase indicates
an even stronger correlation between particle clusters and Q-Criterion when it is
considered with a longer time delay. The higher ratio ¢ suggests that the time-
delayed Q-Criterion aligns more closely with the locations of particle clusters than
the instantaneous Q-Criterion, reinforcing the idea that past fluid dynamics play
a significant role in determining the present distribution of particle clusters in
turbulence.

Figure 5.13 is similar to Figure 5.11, but with a time delay of 2.6 Kolmogorov
timescales applied to the Q-Criterion Q2.4-,/@.. As in previous figures, the parti-
cle concentration C'/Cy and the time-delayed Q-Criterion fields are overlaid, with
the green channel representing concentration and the red channel representing
the Q-Criterion. With this extended time delay, the elongation of the negative

()2.6rn/ Qo regions, corresponding to high-strain areas, becomes even more pro-
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Figure 5.12: Ratio ¢ of the probability density functions (PDFs) for four selected
particle concentrations: C'/Cy =~ 0.0 (voids), C//Cy ~ 1.0 (mean concentration),
C/Cy =~ 5.0 (clusters), and C'/Cy ~ 15.0 (intense clusters), plotted against the
Q-Criterion with a time-delay of 1.371 (Q1.3-,/Q0)-

nounced and visually distinct. The increased delay causes these regions to stretch
further, with some areas becoming very thin. This enhanced elongation makes
the alignment of particle clusters with these high-strain regions more apparent,
emphasizing the influence of past fluid dynamics on the current distribution of
particles. The thin, elongated structures highlight the temporal evolution of tur-
bulence and its impact on the spatial distribution of particle clusters.

Figure 5.14 presents the ratio ¢ of the probability density functions (PDFs) for
the time-delayed Q-Criterion, this time with a delay of 2.6 Kolmogorov timescales.
This figure allows for a comparison of how varying time delays affect the association
between the Q-Criterion and particle concentration.

Compared to Figure 5.12, Figure 5.14 shows a decreased ratio ¢ for clusters
in regions of negative Q-Criterion. This reduction in ( suggests that the strength
of the correlation between particle clusters and the time-delayed Q-Criterion di-
minishes with a longer time delay. This observation indicates that the optimal

time delay for maximizing the correlation between the Q-Criterion and particle
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Figure 5.13: Normalised particle concentration C'/Cy(left) and normalised Q-
Criterion with a time-delay of 2.671 (Q2.6:,/Q,) (middle) in a slice of turbulence
with Rey, = 90.0 and Stk = 1.0. Low values are in blue and high values are in
yellow. Superimposed image of the two quantities (right), the green channel rep-
resents particle concentration, while the red channel represents the Q-Criterion.
The particle concentration was calculated using a box-counting method with a
box width of 2n.

concentration is around 1 Kolmogorov timescale. Notably, this time scale is also
commonly used in scaling the particle Stokes number, where maximum prefer-
ential concentration typically occurs at approximately Stk = 1. This alignment
reinforces the importance of considering time delays when analysing the dynamics
of particle clustering in turbulent flows.

While this study has focused on a Stokes Number of 1, it remains an open
question whether a delay of 177 is optimal for all particle sizes or if the best offset
is related to the Stokes number. One possible explanation is that the optimal time
delay might correspond to the particle response time, particularly for particles
with a Stokes number close to 1. However, this scaling may only hold to a certain
extent, as particles with much larger Stokes numbers exhibit different dynamics
and may require a different approach.

Another plausible explanation is that the Kolmogorov timescale provides a
useful relationship between particle velocity divergence and particle concentra-
tion, making this offset particularly effective for particles with smaller Stokes
numbers. The Kolmogorov timescale might serve as a robust measure for link-
ing these variables, especially in the context of moderate Stokes numbers, where
particle clustering is most pronounced.

However, it is important to note that as the Reynolds number changes, the
timescale that links particle velocity divergence with particle concentration may
also shift. This relationship may not be universally fixed at 1 Kolmogorov timescale

across different flow conditions. Further investigation is needed to determine
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Figure 5.14: Ratio ¢ of the probability density functions (PDFs) for four selected
particle concentrations: C'/Cy =~ 0.0 (voids), C//Cy ~ 1.0 (mean concentration),
C/Cy =~ 5.0 (clusters), and C'/Cy ~ 15.0 (intense clusters), plotted against the
Q-Criterion with a time-delay of 2.671 (Q2.6r,/Q0)-

whether the optimal time delay varies with changes in the Reynolds number or if

it remains consistent across a range of turbulent flow regimes.

5.4.4 Finite-Time Lyapunov Exponent (FTLE)

In Section 5.4.3, we observed that introducing a Lagrangian time delay into the
Q-Criterion provides a stronger correlation with particle concentration compared
to using the simultaneous values of the Q-Criterion. This finding motivates us to
explore Lagrangian Coherent Structures (LCS), which offer a more comprehensive
understanding of fluid dynamics over time.

Lagrangian Coherent Structures (LCS) are defined as structures in a fluid flow
that are responsible for organizing the trajectories of fluid particles over a finite
time period. These structures can act as transport barriers, guiding the movement
of particles and often defining the boundaries of eddies and other coherent flow
patterns.

The lifetime of a particle cluster is variable and generally exhibits a probability
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distribution function (PDF) with long tails, indicating that while most clusters
have relatively short lifetimes, some can persist significantly longer. Notably, the
lifetime of a cluster tends to increase with its size [99]. For particles with a Stokes
number (Stk) of 1, the average cluster lifetime is approximately 4 Kolmogorov
timescales, though this can extend to as much as 20 Kolmogorov timescales for
the largest clusters [99]. Motivated by this variability in cluster lifetimes, we tested
time windows corresponding to roughly one integral timescale (approximately 15
Kolmogorov timescales for the Reynolds number under consideration) and 0.5 in-
tegral timescales. The integral timescale provides a good approximation of the
correlation time for the largest turbulent structures, ensuring that the most sig-
nificant eddies are well-captured by the LCSs. However, it is important to consider
that as the time window increases, the coherency of the LLCSs tends to degrade
due to the fractal nature of turbulence, which causes fluid particles to separate
more rapidly over time. By selecting these timescales, we aim to strike a bal-
ance where the LCSs remain coherent enough to provide meaningful insights into
the fluid dynamics while still encompassing the influence of larger-scale turbulent
structures.

One popular method for identifying LCS is the use of the Finite-Time Lya-
punov Exponent (FTLE). The FTLE measures how much fluid particles are either
attracted to (in the case of backward FTLE) or repelled from (in the case of for-
ward FTLE) a particular region over a finite time interval. The resulting FTLE
field can often delineate the boundaries of eddies and other coherent structures in
the flow. In our analysis, we focus on the backward FTLE, which identifies regions
where fluid particles are attracted over time.

Figure 5.15 presents the normalised particle concentration C'/Cy alongside the
Finite-Time Lyapunov Exponent (FTLE) field, calculated over a time window of
15.1 Kolmogorov timescales. The two fields are overlaid, with the green channel
representing the particle concentration and the red channel representing the FTLE,
providing a detailed view of a slice of turbulence characterised by Rey = 90.0 and
Stk = 1.0.

The FTLE field identifies attracting boundaries where fluid particles converge
over time. It is reasonable to infer that inertial particles may also be drawn to
these regions, suggesting that these boundaries could play a role in the formation
of particle clusters.

The structure of the FTLE field reveals visual similarities to the patterns
formed by inertial particle clusters, particularly in the appearance of string-like,
connected structures. However, the FTLE field contains many more such struc-
tures, especially in the regions identified as voids in the particle concentration field.

This observation indicates that while the FTLE can capture the intricate dynam-
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Figure 5.15: Normalised particle concentration C'/Cy(left) and FTLE field with a
time window of 15.177 (middle) in a slice of turbulence with Rey = 90.0 and Stk =
1.0. Low values are in blue and high values are in yellow. Superimposed image
of the two quantities (right), the green channel represents particle concentration,
while the red channel represents the FTLE field. The particle concentration was
calculated using a box-counting method with a box width of 27.

ics of fluid attraction, it may identify coherent structures that do not directly
correlate with particle clustering, highlighting the complexity of the interaction
between particles and turbulent flow.

Figure 5.16 presents the ratio ¢ of the probability density functions (PDFs) as
a function of the Finite-Time Lyapunov Exponent (FTLE) estimated over a time
window of 15.1 Kolmogorov timescales. The results indicate a correlation between
particle clusters and areas of high FTLE, suggesting that clusters are more likely
to form in regions with stronger attracting boundaries. However, this correlation
is the weakest observed among the different fluid properties analysed so far, such
as the Q-Criterion and Enstrophy.

Similarly, the correlation between particle voids and the FTLE is also weak,
indicating that while the FTLE field does capture some aspects of particle clus-
tering and void formation, it is not as strongly predictive of these phenomena as
other fluid properties. This suggests that the FTLE, while useful in identifying
coherent structures in the flow, may not fully account for the dynamics that govern
the spatial distribution of inertial particles in turbulence.

The use of a time window of 15.1 Kolmogorov timescales in the previous anal-
ysis produced a FTLE field with an excessive number of structures. This high
density of ridges is an artifact of the chaotic nature of turbulence, where longer
time windows can exaggerate the complexity of the flow. To mitigate this effect,
the time window, over which the FTLE field was evaluated, was reduced to 7.4
Kolmogorov timescales, which decreases the density of ridges in the FTLE field,

providing a clearer and more interpretable visualization.
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Figure 5.16: Ratio ¢ of the probability density functions (PDFs) for four selected
particle concentrations: C'/Cy = 0.0 (voids), C/Cy ~ 1.0 (mean concentration),
C/Cy = 5.0 (clusters), and C'/Cy ~ 15.0 (intense clusters), plotted against the
FTLE estimated over a time-window of 15.177.
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Figure 5.17: Normalised particle concentration C'/Cy(left) and FTLE field with a
time window of 7.47n (middle) in a slice of turbulence with Re) = 90.0 and Stk =
1.0. Low values are in blue and high values are in yellow. Superimposed image
of the two quantities (right), the green channel represents particle concentration,
while the red channel represents the FTLE field. The particle concentration was
calculated using a box-counting method with a box width of 27.
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Figure 5.17 shows the normalised particle concentration C/Cy overlaid with
the Finite-Time Lyapunov Exponent (FTLE) field, now calculated over a shorter
time window of 7.4 Kolmogorov timescales.

When compared to Figure 5.15, it is evident that the FTLE field in Figure 5.17
is much smoother, with fewer and less intricate structures. This reduction in com-
plexity makes it easier to identify key features of the flow and their association
with particle concentration. The smoother FTLE field also offers a more straight-
forward analysis of the relationship between coherent structures in the flow and

the spatial distribution of inertial particles.
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Figure 5.18: Ratio ¢ of the probability density functions (PDFs) for four selected
particle concentrations: C'/Cy = 0.0 (voids), C/Cy ~ 1.0 (mean concentration),
C/Cy = 5.0 (clusters), and C'/Cy ~ 15.0 (intense clusters), plotted against the
FTLE estimated over a time-window of 7.47m.

Figure 5.18 displays the ratio ¢ of the probability density functions (PDFs)
for the Finite-Time Lyapunov Exponent (FTLE), calculated over a reduced time
window of 7.4 Kolmogorov timescales. This figure allows us to evaluate how the
shorter time window affects the correlation between the FTLE and particle con-
centration. When compared to Figure 5.16, which used a longer time window
of 15.1 Kolmogorov timescales, Figure 5.18 shows a slight increase in the corre-

lation between particle clusters and the FTLE. This suggests that the smoother
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FTLE field, resulting from the shorter time window, provides a somewhat better
indication of where particle clusters are likely to form.

However, despite this improvement, the FTLE remains a less effective indicator
of particle clusters compared to other fluid properties, such as the Q-Criterion or
Enstrophy. While the FTLE can capture some aspects of the relationship between
fluid dynamics and particle clustering, its predictive power is still limited relative
to these other metrics, which more directly influence the spatial distribution of

particles in turbulent flows.

5.4.5 Lagrangian-Averaged Vorticity Deviation (LAVD)

The Finite-Time Lyapunov Exponent (FTLE) is a measure of hyperbolic La-
grangian Coherent Structures (LCSs), which are regions in the flow where fluid
particles either converge or diverge rapidly, often delineating boundaries that sep-
arate different flow regions. However, hyperbolic LCSs are not the only important
structures in turbulent flows.

Elliptic LLCSs, on the other hand, represent closed and nested material surfaces
that serve as the Lagrangian equivalents of vortices. These are rotation-dominated
regions where particle trajectories typically traverse the phase space without ex-
periencing significant stretching or folding. Unlike hyperbolic LCSs, which are
associated with stretching and folding, elliptic LCSs provide a more direct indica-
tion of coherent eddies within turbulence.

Elliptic LCSs are particularly relevant for understanding the long-term be-
haviour of vortices, which are expected to correlate strongly with voids in the
particle concentration field due to centrifugal forces that tend to expel particles
from these rotational regions. This makes elliptic LCSs a valuable tool for studying
the spatial distribution of particles in turbulent flows.

A common and relatively straightforward method for quantifying the rota-
tional coherence of the flow, and thus identifying elliptic LCSs, is the Lagrangian-
averaged vorticity deviation (LAVD). The LAVD is a measure of how much the
vorticity of fluid particles deviates from the average, over a finite time, and it
effectively captures the rotational coherence of the flow. This makes LAVD a use-
ful metric for identifying elliptic LCSs and understanding their relationship with
particle clustering and void formation in turbulent environments.

Figure 5.19 presents the normalised particle concentration C'/Cj alongside the
Lagrangian-averaged vorticity deviation (LAVD) field, calculated over a time win-
dow of 15.1 Kolmogorov timescales. These two fields are overlaid on each other,
with the green channel representing particle concentration and the red channel

representing the LAVD. The visualization is based on a slice of turbulence with
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Figure 5.19: Normalised particle concentration C'/Cy(left) and LAVD field over a
time window of 15.177 (middle) in a slice of turbulence with Re, = 90.0 and Stk =
1.0. Low values are in blue and high values are in yellow. Superimposed image
of the two quantities (right), the green channel represents particle concentration,
while the red channel represents the LAVD field. The particle concentration was
calculated using a box-counting method with a box width of 2n.

Re, = 90.0 and Stk = 1.0. Qualitatively, the LAVD field allows for the iden-
tification of boundaries that correspond to coherent eddies in the flow. These
boundaries, as highlighted by the LAVD, can be used to define the edges of these
rotational structures within the turbulence. Most particle clusters appear to align
with these boundaries between coherent eddies. This suggests that the edges of
these rotational regions play a significant role in the spatial distribution of parti-
cles, likely due to the centrifugal effects that push particles away from the core of
the eddies and towards the boundaries.

However, the relationship between eddy boundaries and particle clusters is
not entirely straightforward. In some instances, the boundaries between coherent
eddies may not be "stable" enough to maintain inertial particle clusters, leading
to the merging of multiple eddies and the formation of a single void. Conversely,
in other cases, a void may be well-defined by a single, stable eddy. It remains
unclear what factors determine whether an eddy will contribute to the formation
of a stable void or if it will combine with others to form a larger, more diffuse
void.

Figure 5.20 presents the ratio ¢ of the probability density functions (PDFs)
for the Lagrangian-averaged vorticity deviation (LAVD) calculated over a time
window of 15.1 Kolmogorov timescales. This figure provides a detailed analysis of
the relationship between LAVD and particle concentration, particularly focusing
on how this measure of rotational coherence correlates with particle clustering.
The results show the strongest correlation observed yet between a fluid property

and particle clusters. Specifically, at high LAVD values, particle clusters with
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Figure 5.20: Ratio ¢ of the probability density functions (PDFs) for four selected
particle concentrations: C'/Cy = 0.0 (voids), C/Cy ~ 1.0 (mean concentration),
C/Cy = 5.0 (clusters), and C'/Cy ~ 15.0 (intense clusters), plotted against the
LAVD over a time-window of 15.177.

C'/Cy > 5.0 are significantly diminished, and this reduction is largely independent
of the particle concentration itself. Conversely, at low LAVD values, these particle
clusters are strongly promoted, although this promotion is not entirely indepen-
dent of particle concentration and becomes more pronounced as the concentration
increases. These findings suggest that particle clusters are predominantly found
in regions of the flow that have maintained low vorticity over a consistent period.
This supports the idea that areas of low rotational activity are more conducive to
the formation and persistence of particle clusters in turbulent flows.
Furthermore, voids are shown to have the strongest association with the LAVD
field compared to any other fluid property discussed thus far. As noted in Fig-
ure 5.19, particle clusters often align with boundaries between eddies or groups
of eddies. Consequently, voids remain significant at low LAVD values but are
somewhat diminished. However, as the LAVD value increases, indicating stronger
rotational coherence, the likelihood of voids also increases, suggesting a complex
interplay between vorticity and spatial distribution of voids in the turbulent flow.

Figure 5.21 presents the normalised particle concentration C'/Cj alongside the
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Figure 5.21: Normalised particle concentration C'/Cy(left) and LAVD field over a
time window of 7.47n (middle) in a slice of turbulence with Re) = 90.0 and Stk =
1.0. Low values are in blue and high values are in yellow. Superimposed image
of the two quantities (right), the green channel represents particle concentration,
while the red channel represents the LAVD field. The particle concentration was
calculated using a box-counting method with a box width of 2n.

Lagrangian-averaged vorticity deviation (LAVD) field, which is now calculated
over a shorter time window of 7.4 Kolmogorov timescales. As with previous fig-
ures, these two fields are overlaid, with the green channel representing particle
concentration and the red channel representing the LAVD. The visualization is
based on a slice of turbulence characterized by Rey, = 90.0 and Stk = 1.0. When
comparing Figure 5.21 with Figure 5.19, which used a longer time window of 15.1
Kolmogorov timescales, only minimal differences are observed between the two
LAVD fields. This similarity suggests that the LAVD field is relatively insensitive
to changes of the time window used for its calculation, in contrast to the Finite-
Time Lyapunov Exponent (FTLE) field, which showed more significant variations
with different time windows.

The minimal changes between Figures 5.19 and 5.21 indicate that the LAVD is
a more robust measure of Lagrangian Coherent Structures (LCSs) in homogeneous
isotropic turbulence. This robustness makes LAVD a reliable metric for analysing
the rotational coherence of turbulent flows and understanding the spatial distri-
bution of particle concentrations and voids over time.

Figure 5.22 displays the ratio ¢ of the probability density functions (PDFs)
for the Lagrangian-averaged vorticity deviation (LAVD), calculated over a shorter
time window of 7.4 Kolmogorov timescales. This figure allows us to compare the
impact of different time windows on the relationship between LAVD and particle
concentration. The results of Figure 5.22 are very similar to those of Figure 5.20,
which used a longer time window of 15.1 Kolmogorov timescales. This similar-

ity reinforces the observation that the LAVD field is less sensitive to changes of
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Figure 5.22: Ratio ¢ of the probability density functions (PDFs) for four selected
particle concentrations: C'/Cy = 0.0 (voids), C/Cy ~ 1.0 (mean concentration),
C/Cy = 5.0 (clusters), and C'/Cy ~ 15.0 (intense clusters), plotted against the
LAVD over a time-window of 7.47n.

the time window used for its calculation compared to the Finite-Time Lyapunov
Exponent (FTLE) field, which showed more significant variations.

Overall, the association between the LAVD field and particle concentration
with a time window of 7.4 Kolmogorov timescales is slightly weaker than that
observed with the longer time window of 15.1 Kolmogorov timescales. However,
the consistent results across different time windows highlight the robustness of
LAVD as a measure for analysing the rotational coherence of turbulence and its
influence on the spatial distribution of particles.

The distribution of void volumes in turbulent flows follows a power-law be-
haviour, as characterized by Yoshimoto and Goto [176], with a probability density
function (PDF) proportional to V;;'®. The range of void volumes observed spans
from approximately 1031 to £3, where £ represents the integral length scale of
the turbulence. Notably, when considering the volume-weighted PDF of void vol-
umes, it becomes evident that a few very large voids dominate the overall void
volume, emphasizing the significance of these large-scale structures in the flow.

Figures 5.19 and 5.21 illustrate that void volumes typically exceed the size
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of individual eddies. This observation aligns with the idea that the structures
between eddies may either be stable enough to form particle clusters or, alterna-
tively, the influence of multiple eddies might combine to create a single large void.
This raises interesting questions about the stability and coherence of these voids,
particularly in relation to the surrounding turbulent structures.

Inertial particle clusters, as demonstrated by Baker et al. [6], tend to form
tube-like structures that are predominantly one-dimensional, rather than taking
the shape of ribbons, sheets, or spheres. The PDF for the coherent cluster vol-
ume follows a power-law distribution proportional to V5>, further highlighting
the prevalence of these elongated, tube-like formations. Figures 5.20 and 5.22
show that these structures correlate well with regions that we would expect to
be associated with the boundaries between eddies. However, these are not the
instantaneous boundaries identified by measures like the Q-criterion, but rather
the Lagrangian-defined boundaries that account for the convection of eddies over
time.

Given the presence of large-scale voids that can span across integral length
scales and the extremely long tube-like particle clusters observed, it is worth ques-
tioning whether the Kolmogorov timescale is the most appropriate scale for defin-
ing the Stokes number. Although the tube-like clusters may have a thickness of the
order of the Kolmogorov scale, it is not clear what determines the corresponding
lengths. While the Kolmogorov timescale is often used to scale the Stokes number,
this assumption may need to be revisited as the Reynolds number increases. As
the range between the smallest and largest eddies expands, the most appropri-
ate timescale for the Stokes number may shift towards the average timescale of
coherent eddy structures, where most of the turbulent energy is contained.

This remains an open question, but it suggests that as turbulence becomes
more intense and the scale separation increases, the traditional scaling with the
Kolmogorov timescale may no longer be sufficient. Instead, a new scaling approach
that accounts for the size and timescale of the dominant coherent structures in the
flow might be necessary to accurately capture the dynamics of particle clustering

and void formation in high-Reynolds-number turbulence.

5.5 Conclusions

The conclusions drawn from this study underscore the complex and multifaceted
interactions between inertial particles and turbulent structures that characterise
their turbulent flow environment. Through a detailed investigation of Lagrangian
Coherent Structures (LCS) and their role in the preferential concentration of iner-

tial particles, this work has provided new insights into the mechanisms that govern
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particle clustering and void formation in turbulence.

The analysis reveals that the Q-Criterion, Enstrophy, and the Lagrangian-
averaged vorticity deviation (LAVD) each play critical roles in influencing the spa-
tial distribution of inertial particles. Among these, the Q-Criterion and Enstrophy
have demonstrated a strong correlation with particle concentration, particularly
in regions characterised by negative Q)/Q, and low Enstrophy, where particle clus-
ters tend to form. The study further highlights the importance of time delays in
the response of particle concentrations to turbulent structures, with findings sug-
gesting that a time delay of approximately one Kolmogorov timescale optimally
correlates with particle clustering. This time-dependent behaviour underscores the
non-instantaneous nature of particle responses to the surrounding fluid dynamics,
emphasizing the necessity of considering past fluid states when analysing particle
distributions.

The exploration of Lagrangian Coherent Structures, particularly through the
use of the Finite-Time Lyapunov Exponent (FTLE) and LAVD, offers a deeper
understanding of the dynamic processes that shape particle concentration distri-
butions. While the FTLE field provided some correlation with particle clustering,
its predictive power was limited compared to the LAVD, which emerged as the
most robust indicator of particle spatial distribution. The LAVD field effectively
captured the rotational coherence of turbulence, delineating the boundaries of co-
herent eddies where particle clusters are most likely to form. These findings sug-
gest that the rotational dynamics of turbulence, as captured by the LAVD, play
a pivotal role in organizing particle clusters and voids, with regions of low LAVD
being particularly conducive to the formation and persistence of these clusters.

However, the study also reveals the inherent complexity of the interaction
between inertial particles and turbulent flows. The results indicate that while
certain fluid properties, such as the Q-Criterion and LAVD, are strong predictors
of particle clustering, other factors, including the time-dependent nature of these
interactions, contribute to the spatial heterogeneity observed in particle distribu-
tions. This complexity is further highlighted by the observation that even within
well-defined Lagrangian Coherent Structures, particle clusters and voids can ex-
hibit varying degrees of stability and coherence, depending on the underlying fluid
dynamics.

The particle clusters observed in this study predominantly exhibited tube-
like structures, whereas the voids were characterised by large, volumetric regions
significantly exceeding the characteristic flow scales. These distinct structural
differences indicate that the clustering mechanisms involve more than just local
turbulence intensity or Enstrophy; rather, the clusters seem to align with elon-

gated, tube-like regions between vortical structures, while voids form in areas

181



where the coherent rotational flow allows for larger spatial scales to develop. The
persistence of these structures also suggests that Kolmogorov scaling may only
partially describe the dynamics of particle clustering, particularly at higher tur-
bulence intensities. While Kolmogorov scaling provides a reliable framework for
understanding smaller-scale structures, it struggles to capture the length of tube-
like clusters or the vast spatial dimensions of the voids. As turbulence intensity
increases, and as the separation of scales becomes more pronounced, the relevant
timescales for inertial particle behaviour may shift. In these cases, the most appro-
priate timescale for the Stokes number may no longer align with the Kolmogorov
timescale but rather with the average timescale of coherent eddy structures, where
most of the turbulent energy is concentrated. This highlights a potential scaling
regime transition that should be considered when interpreting particle dynamics
in stronger turbulent flows, especially at high Reynolds numbers.

Future work should focus on extending this analysis to more complex flow
conditions, including higher Reynolds numbers and different particle Stokes num-
bers, to explore the generality of the observed patterns across different turbulent
regimes. Further work should also focus on the criteria for when eddies either act
singularly when forming a void or if a group of eddies all form one large void. Ad-
ditionally, the integration of more advanced Lagrangian tracking techniques could
offer deeper insights into the time-dependent behaviour of particle clustering and
void formation. This could also include looking at multiple fluid properties at once
to correlate with the particle concentration rather than just a single property. Fi-
nally, investigating the role of other coherent structures, such as those identified
through different LCS criteria or by exploring non-hyperbolic structures, could
further refine our understanding of the mechanisms driving preferential concen-
tration in turbulent flows.

This final chapter wraps up the thesis by linking back to the broader implica-
tions of the studies, particularly in real-world applications like atmospheric science
and environmental monitoring. The understanding of particle clustering gained
from LCS and turbulence analysis can directly inform improved models for aerosol

dispersion, reinforcing the relevance of the findings in the initial chapter.
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Chapter 6

Conclusions

6.1 Summary

This thesis presents an integrated analysis of aerosol dispersion, particle prefer-
ential concentration, and turbulent flow interactions, offering significant insights
into how particles behave in complex flow environments. The research is founded
on a combination of experimental studies, numerical simulations, and advanced
spectral analyses, each tailored to reveal key mechanisms that govern particle
clustering, dispersion, and interaction with turbulence.

The first part (Chapter 2) of the research introduced a computational and
experimental framework for predicting aerosol concentrations in enclosed spaces,
focusing on the influence of particle size, room layout, and ventilation characteris-
tics. A critical finding of this study is that the conventional metric of air changes
per hour (ACH), widely used for assessing room safety in terms of aerosol con-
tamination and disease transmission, is insufficient. ACH does not account for
aerosol recycling or sedimentation, both of which play significant roles in particle
behaviour. Larger particles, in particular, tend to settle over time, significantly
altering the distribution and concentration of aerosols in the room. This work
demonstrates that aerosol particles can accumulate in specific regions within a
room, leading to localized concentrations many times higher than the average.
Consequently, any evaluation of room safety should be complemented by a detailed
analysis of air filtration and particle size-dependent sedimentation, particularly for
applications involving public health.

The second study (Chapter 3) delved into the preferential concentration of
particles in isotropic turbulence, focusing on how different methods—Eulerian
and Lagrangian—model the interactions between particles and turbulent eddies.
The Eulerian approach, especially when enhanced by second-order velocity mo-

ments, demonstrated a clear advantage in accurately predicting particle behaviour
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at higher Stokes numbers. This inclusion of kinetic energy contributions proved
vital for capturing complex particle-turbulence interactions, particularly the phe-
nomenon of crossing trajectories, which is a hallmark of preferential concentra-
tion in turbulence. At higher grid resolutions, the Eulerian method incorporat-
ing second-order velocity fluctuations reduced artificial diffusion effects, signifi-
cantly improving the fidelity of particle concentration spectra. In contrast, the
Lagrangian method, though unaffected by artificial diffusion, exhibited sensitivity
to Poisson statistics and struggled to uniformly define particle velocity fields across
different regions of the flow unless many millions of particles are used. However,
both methods converged at low wavenumbers, indicating consistency in capturing
large-scale turbulent interactions.

The third study (Chapter 4) extended the investigation of particle clustering
by introducing the combined effects of the Stokes, Reynolds, and Froude numbers,
which influence particle behaviour across a range of turbulent scales. Notably, the
study confirmed that particles with Stokes numbers near unity experience the
strongest clustering due to their optimal interaction with turbulent eddies. For
smaller Stokes numbers, particles tended to cluster around smaller eddies, while
for larger Stokes numbers, particles became more dispersed, indicating a weaken-
ing of preferential concentration due to increased inertia. The study also revealed
that the Reynolds number plays a critical role in particle clustering, with higher
turbulence intensities promoting a broader range of void sizes and more complex
particle distributions. The influence of gravity, encapsulated in the Froude num-
ber, further modulated clustering patterns, particularly at intermediate and high
Stokes numbers, where gravity amplified clustering at both large and small scales,
reflecting its impact on anisotropy in particle distributions.

The final study (Chapter 5) explored the role of Lagrangian Coherent Struc-
tures (LCS) in shaping particle clustering and void formation in turbulence. It
found that metrics such as the Q-Criterion, Enstrophy, and Lagrangian-averaged
vorticity deviation (LAVD) are critical in predicting the spatial distribution of
inertial particles. Particularly, the LAVD emerged as the most robust indicator
of particle clustering, revealing that regions with strong rotational coherence are
most conducive to the formation of particle clusters. Additionally, the study iden-
tified a time delay, approximately one Kolmogorov timescale, in the response of
particle concentrations to surrounding fluid dynamics, which highlights the need
to account for the past states of the fluid when predicting current particle distri-
butions. The tube-like structures of particle clusters and large volumetric voids
observed in this study suggest a scaling regime that goes beyond classical Kol-
mogorov scaling, particularly at high turbulence intensities.

Taken together, these studies provide a comprehensive understanding of how
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inertial particles interact with turbulent flows and offer valuable predictive tools
for applications ranging from aerosol transmission in confined spaces to environ-
mental and industrial fluid dynamics. The insights derived from this research hold
practical importance in areas such as atmospheric sciences, environmental engi-
neering, and pollution control, where accurate modelling of particle behaviour in

turbulent flows is essential.

6.2 Future Work

While this thesis has advanced our understanding of aerosol dispersion and par-
ticle clustering in turbulent flows, several avenues for future research can extend
the applicability and accuracy of these findings. One key area that warrants fur-
ther exploration is the role of third-order velocity moments in Eulerian models of
particle dispersion. The current study primarily focused on second-order veloc-
ity moments, which have proven effective in capturing preferential concentration
dynamics at intermediate Stokes numbers. However, the inclusion of third-order
moments could provide a deeper understanding of energy transfer mechanisms and
how they influence particle clustering at higher Stokes numbers. Since third-order
moments decay more rapidly than second-order moments, their impact is likely
more pronounced for larger particles and higher turbulence intensities, making
this an important extension for future studies.

Another critical area for future work is the application of the methods devel-
oped in this thesis to non-regular grid systems and more complex flow geometries,
such as anisotropic and wall-bounded turbulence. The Roe-flux scheme, which
was applied to equidistant velocity grids, would need to be adapted for non-regular
grids to maintain accuracy in these more complex environments. Given that real-
world flow systems are rarely isotropic or confined to regular grids, extending the
current computational framework to such conditions would greatly enhance its
practical utility. In particular, the application of these models to real-world envi-
ronments, such as urban air pollution or industrial aerosol dispersion, could offer
valuable insights into the behaviour of particles in more realistic settings.

A third area of interest involves studying particle clustering at higher Reynolds
and Froude numbers. The current research has provided substantial evidence of
the influence of these dimensionless groups on particle behaviour, but the exact
mechanisms driving this interaction, particularly at higher turbulence intensities,
are not yet fully understood. Investigating how extreme turbulence affects particle
clustering could lead to more accurate models for highly turbulent systems, such as
those encountered in atmospheric flows or industrial mixing processes. Moreover,

the role of gravity in modulating particle clustering across different turbulence
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regimes remains an open question. By systematically varying the Froude number
in future studies, researchers could better understand how gravitational forces
alter particle distributions in both small and large eddies.

Additionally, the study of Lagrangian Coherent Structures (LCS) could be
expanded to incorporate more advanced Lagrangian tracking techniques and the
simultaneous analysis of multiple fluid properties. This would allow for a more
comprehensive understanding of how different coherent structures influence parti-
cle clustering and void formation in turbulent flows. Investigating other forms of
coherent structures, such as non-hyperbolic structures or those identified through
different LCS criteria, could provide further insights into the mechanisms driv-
ing preferential concentration. This approach would also help clarify how various
fluid properties, when combined, correlate with particle clustering, offering a more
nuanced perspective on turbulence-particle interactions.

Finally, future research should investigate scaling regime transitions in highly
turbulent flows. The findings from this thesis suggest that traditional Kolmogorov
scaling may not fully capture the behaviour of inertial particles at higher turbu-
lence intensities and larger length scales. As turbulence intensity increases, the
separation of scales becomes more pronounced, and the most appropriate timescale
for the Stokes number may shift from the Kolmogorov timescale to the timescale
associated with coherent eddy structures. This shift could represent a transition
to a new scaling regime that better describes the dynamics of particle clustering in
high-Reynolds-number flows. By developing new scaling laws or modifying existing
ones, future studies could significantly enhance our ability to model particle-laden
turbulent flows across a wider range of conditions.

In summary, by addressing these areas of future work, researchers can build
on the findings presented in this thesis to further improve our understanding and
predictive capabilities regarding aerosol dispersion, particle clustering, and turbu-
lent flow interactions. These advancements will have far-reaching implications for
fields such as environmental science, industrial fluid dynamics, and public health,

where accurate modelling of particles in turbulent systems is essential.
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Appendix A

Roe Decomposition

First, we define the following:

Pa
— e Al
Va =2 (A1)
E,
Hyp= 22—, (A.2)
n
[2E4q
C, = — VaVq, (A.3)
n
2F . — VU
= n V% A4
Tab e (A4)

where v, is the average particle velocity in direction a, p, is the particle mo-
mentum in direction a, n is the particle number density, F,; is the 'directional’

kinetic energy in directions a & b and H,, is a useful intermediate quantity.

m /nR

Now we define the following:

n™ = R™n", (A.6)
Ryl 4 ok
M= e T AT
Ya 1+Rm (A7)
R™HY + H;
Hm — ab ab AS
ab 1 +Rm Y ( )

where superscript L means the left-hand side of a cell boundary and superscript
R is the right-hand side of the cell boundary and superscript m represent the
roe-average of the left- and right-hand sides on the cell boundary. From these
intermediate quantities it is possible to define the roe average vector of conserved
properties U™ and the matrix A:
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this definition for matrix A satisfies all the conditions of Equations 3.19, 3.20
& 3.21. The matrix A is diagonalisable and has the following form:

0 2 00 0 0 0 0
0 2v, 00 0 0 0 0
0 2v, 00 0 -2 0 2
0 2v, 00 —2 0 2 0
0 2 00 0 0 0 0
P, s=
0 vv, 00 0 C, — v, 0 Cy+ vy
1 0 00 0 214, Cy — vy 0 212, Cy + vy
0 vy, 00 Cp—uy, 0 Cr + vy 0
O 0 1 0 2r,C,—u, 0 2r,.,C, + v, 0
0 0 01 ryCy—vy 71..C.—v, 1,Ci+v, 71..C.+0,
(A.11)
2 2
—2v/3C;, + 20, 2v/3C; + 2v,
—2v/3r,,C, + 20, 2/3r4,Cy + 20,
—2v/3r,.C. + 2v, 2v/3r,.C. + 2,
(V3Co —vs)° (V3Cy +v,)°
Pocin= | (V30 =) (YraCy =) (VACa +02) (Y31 C, 1)
(V3r4C, Uy) +C? (1 —r2,) (V3re,yCy + vy) +C2(1-72,)
(\/_C’ — vx) ( Uz) (\/§Cx _'_'Ux) (\/gmzC +vz)
(V314 C- ) (1-1r2) (V3r.C.+ UZ)Q +C%(1—12)
Vit o) (Vi ) (Vi) (i s o)
+CyC, (1ys — TayTaz) +CyC, (1ys — TayTaz)
(A.12)
P= (P s Pyy) (A.13)
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