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Abstract

I study questions related to the general equilibrium effects of macro-prudential policy designed to
restrict speculation driven by belief dispersion among investors. First, I explore the asset pricing impli-
cations of differences in beliefs, and I find that belief dispersion caused by overconfidence can explain
the downward sloping equity premium term structure and upward sloping bond yield curve. Second, I
investigate the impact of speculation driven by belief dispersion on asset prices, social welfare and the
aggregate economy. I find speculation reduces social welfare and creates a negative output gap, creat-
ing a role for macro-prudential policy. I conclude by studying a general equilibrium asset pricing model
with a macro-prudential policy constraint that dampens the leverage cycle. My results show that macro-
prudential policy can help to mitigate the externalities caused by speculation, enhance economic growth,
and increase social welfare even when policy makers do not know the correct physical distribution of
exogenous technology shocks.
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Chapter 1

Difference in Beliefs, Overconfidence and Equity Premium Term Struc-

ture

I. Introduction

Empirical studies suggest that the equity premium term structure is downward sloping (see Van Binsber-
gen, Brandt, and Koijen (2012) and Van Binsbergen, Hueskes, Koijen, and Vrugt (2013)). This finding is
consistent with the value premium (Fama and French (1992)), i.e. value stocks earn higher returns than
growth stocks, because the dividend flow duration of value stocks is shorter than that of growth stocks.

Popular asset pricing models such as the habit formation model in Campbell and Cochrane (1999),
the rare disaster model in Barro (2009) and long-run risk model in Bansal and Yaron (2004) successfully
capture aggregate asset pricing facts such as high excess returns and volatility for stocks, low level and
volatility for the risk-free interest rate; however, they predict a flat or strongly upward sloping equity
premium term structure. Newly developed asset pricing models characterize the higher short-term risk
premium by increasing short-term dividend volatility (cash flow channel, Nakamura, Steinsson, Barro, and
Ursia (2013) and Belo, Collin-Dufresne, and Goldstein (2015)) and modifying agents’ utility functions
(discount rate channel, Andries (2014) and Curatola (2015)). However, dividend growth volatility is too
small to induce a reasonable level equity premium (see Shiller (1981)) and modifying preferences cannot
explain the pro-cyclical slope of the equity premium term structure. In this paper, I present a general
equilibrium model featuring differences in beliefs and overconfidence, which determine the equity risk
premium term structure via the discount rate channel without any ad-hoc modification of preferences.

In our endowment economy, stochastic expected dividend growth is latent to agents. Thus agents have
to estimate this dividend growth in order to optimize their portfolios. Apart from observing the realized
dividend flow to estimate the dividend growth, some agents may misjudge the informativeness of a public
noise signal and obtain an over-precise estimation, which is referred as overconfidence. Overconfidence
prevents them from understanding the informativeness of the signal. Hence, the overconfident agent gives
too much weight to the public signal when she update her prior estimates, causing persistent disagreement
and fluctuations in consumption allocations across agents.! Two agents agree to disagree and speculate
against each other by betting on their estimation precision.

Bhamra and Uppal (2014) point out that asset prices of a heterogeneous agent economy can be

IThis overconfidence modeling approach is proposed by Scheinkman and Xiong (2003) and also followed by Dumas,
Kurshev, and Uppal (2009)



represented by the linear combination of weighted asset prices from single agent economies, in which the
weights are functions of consumption good allocations between the rational agent and the overconfident
agent in my setting. The consumption share, one of the four state variables, is a function of sentiment?,
whose diffusion term depends on the difference in beliefs across agents. Hence, any perceived fundamental
shock not only impacts the current consumption shares and the short-term discount rate, but is also
expected to reduce the consumption share of the overconfident agent and thus gradually reduces the
market weight of the overconfident agent, resulting a lower long-term risk premium.

I solve the risk premium and risk prices in closed form and find that when the overconfident agent is
pessimistic about the market, typically in a bear market, 1) the short-maturity dividend strip risk premium
is higher than the long-maturity dividend strip risk premium and the aggregate equity premium; 2) the
dividend strip price volatility term structure is downward sloping with maturity. These results imply that
the equity premium term structure is downward sloping and its slope is pro-cyclical. T also solve bond
prices in closed form, and we obtain an upward sloping bond yield term structure.

The risk premium equals the quantity of risks multiplied by the price of risks. We can explore the
reasons of downward sloping equity premium term structure from looking at the term structure of quantity
and price of risks. Firstly, I show that difference in beliefs and over confidence can explain the downward
sloping quantity of risk-term structure. Intuitively, a financial market is affected by fluctuations of the
market sentiment so that sentiment volatility causes prices to be more volatile than than those which
would be justified by dividend volatility alone. Overconfidence bias increases the sentiment volatility
and thus the short term dividend strips volatilities. Meanwhile, the sentiment volatility depends on the
difference in beliefs which has a zero long-term expectation. Therefore, long maturity dividend strip prices
are less volatile than short maturity dividend strips.

Differences in beliefs and overconfidence can also explain the downward sloping risk prices. I decompose
the risk price into an instantaneous and a long-term component, and these two components illustrate that
overconfidence and differences in beliefs generate a downward sloping risk price term structure. The
instantaneous component describes the instantaneous response of the SDF to the shocks today, while
the long-term component measures the long-run response of the SDF to those shocks. Two effects drive
the term structure of the market price of risk. First, the level of the market price of risk is determined
by the short-term market price of risk, which is independent of overconfidence and solely determined by
current views of all market participants® and their market weights. This is because the overconfidence
only impacts the way market participants react to new information and forecasts about economic and
market fundamentals, therefore it only affects the path of state variables in the future but not their current
values when investors have same risk aversion. Second, the long-term market price of risk depends on
how the current shocks impact the dividend growth forecast and the market shares of agents. From her
perspective, the rational agent is able to arbitrage away pricing errors due to overconfidence behavior bias,
and the share of the irrational agent is expected to decline. In a bear market, the overconfident agent

is more pessimistic as she over-reacts to negative news. The bearish sentiment in an aggregate market

2Dumas, Kurshev, and Uppal (2009) give the name of ”sentiment” to the Radon-Nikodym derivative that defines the
change of measure from the subjective measure of one agent to that of the other agent.
3The market price of risk is also determined by the risk aversion of market participants.
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induces high risk prices, which is further distorted by overconfidence. However, the rational agent expects
that she will obtain speculative profit and reduce the overconfident pessimists market share; as a result,
she will increase the market sentiment and lower the market price of risk. In addition, the rational agent
can obtain speculative gains from the overconfident agent in the long-term, so she requires less long-term
risk premium. If the pessimistic agent is more irrational, she will lose her wealth and market share faster
in the eyes of the rational agent, and the risk-price term structure becomes steeper. The response of
the long-term SDF to current shocks is little if there is no overconfidence and differences in beliefs, and
hence the long-term effect disappears. This mechanism implies that the slope of equity premium term
structure is pro-cyclical, because the long-term effect is more pronounced in recessions than booms when
the market weight of overconfident pessimist is high.

This research contributes to the cross-sectional asset pricing literature. Lettau and Wachter (2007)
argue that all leading asset pricing models such as the habit formation models in Campbell and Cochrane
(1999), the long-run risk model in Bansal and Yaron (2004), disaster risk model in Barro (2009), fail to
produce a downward sloping equity premium. These models generate upward sloping equity premium
term structure, because shocks to the discount factor are priced. Firms with long-duration cash flows
have a high exposure to such shocks and should therefore have a higher risk premium than firms with
short- duration cash flows. If one adheres to the view that value firms have short-duration cash flows
and growth firms have long-duration cash flows, this implies that there is a growth premium, not a value
premium. Lettau and Wachter (2007) and Lettau and Wachter (2011) propose a reduced-form model with
an exogenous stochastic discount factor that generates higher expected returns for short-term dividend
strips. They illustrate the correlation structure between (un)expected cash flow shocks and shocks to
the price of risk, which is sufficient to generate a value premium in their model. This paper contributes
to this literature by explaining the downward sloping market price of risk and risk premia without ad-
hoc modification of preferences. Several studies within general equilibrium frameworks either modify
preferences to increase short-term effective risk aversion, or adjust the technology process to increase
short-term volatility. Eisenbach and Schmalz (2015) and Andries, Eisenbach, and Schmalz (2014) modify
standard preferences so that the representative agent is more risk averse for imminent than for distant
risk. Andries (2014) and Curatola (2015) consider loss-aversion preferences. Berrada, Detemple, and
Rindisbacher (2014) induce a regime-switching model where the preference changes with the regimes.
Nakamura, Steinsson, Barro, and Ursia (2013) and Hasler and Marfe (2015) extend the disaster model
and assume that the short dividend flow is subject to disaster risk, but the long-term dividend flow isn’t
because the economy will recover in the long-term. Belo, Collin-Dufresne, and Goldstein (2015) and Marfe
(2015) generate more volatile short-term dividend flow by forcing the shareholders to divest (invest) when
leverage is low (high), which shifts risk from long- to short-horizon dividend strips. Marfe (2014) develops
a heterogeneous agents (workers and shareholders) model to increase the riskiness of short-term dividend.
The other type of models consider alternative beliefs, such as bounded rationality in Croce, Lettau, and
Ludvigson (2014).

This paper is also related to the literature of heterogeneous beliefs. There are two ways to generate

heterogeneity in beliefs. In the first approach, agents receive difference information (Grossman and
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Stiglitz (1980), Hellwig (1980), Wang (1993), and Shefrin and Statman (1994)). In this class of models,
informed traders receive private signals strategically bid assets against noise traders to prevent the private
information being fully revealed from quotes. The second class approach to generate heterogeneity, which
is the one I adopt, is to have agents who “agree to disagree” about some aspect of the underlying
economy. Recent papers using this approach include Zapatero (1998), Veronesi (1999), Basak (2000),
Cecchetti, Lam, and Mark (2000), Duffie, Garleanu, and Pedersen (2002), David and Veronesi (2002),
Scheinkman and Xiong (2003), Buraschi and Jiltsov (2006), David (2008), Dumas, Kurshev, and Uppal
(2009), Gallmeyer and Hollifield (2008), Yan (2008), Xiong and Yan (2009), Chabakauri (2015) and
Borovicka (2015). In terms of methodology, this chapter is closely related to Dumas, Kurshev, and Uppal
(2009) with two main differences. First, the two representative agents are featured as a “Keep up with
the Joneses” preference, which allows to match asset prices better. Second, my objective is different, since
I want to explain the downward sloping equity premium term structure.

The rest of this paper is arranged as follows. In Section 2 I firstly describe the model of an exchange
economy and how agents’ beliefs are formulated and updated, then show the solution of stochastic discount
factor. Section 3 illustrates the main result: the closed form solutions for securities prices and the equity
premium term structure and bond yield structure. In Section 4 I discuss the term structure of risk prices.
Section 5 concludes. I highlight all results in propositions, and detailed proofs and plots for all the results

are provided in the appendix.

II. Theoretical Framework

I assume a Lucas endowment economy, in which the dividend flow follows a diffusion process:

dD
?t = pupudt + opdZpy. (1.1)
t

where op is a constant and Zp; is a standard Brownian motion. The expected dividend growth follows

an Ornstein-Uhlenbeck process:

d,uD,t =( (ﬂD - MD,t) dt + O',udZum (1'2)

where [ip is the long-term mean of expected dividend growth rate, { is the mean reverting speed coefficient,
and Z,,; is a standard Brownian motion and independent of the dividend Brownian motion shocks. Time-
varying property expected dividend growth rate keeps the difference in beliefs persistent if agents have
different interpretation of the signal informativeness. In addition, the affine structure assumption gives
the tractability of asset prices. There are three assets in the market: a stock, a perpetual bond and

instantaneous risk-free lending.

A. Heterogeneous Expectation and Learning

In this endowment economy, investors may hold different views about the economy growth and keep on

updating their views by observing the dividend flow and public signals. They may also overestimate the
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informativeness of the public noise signal and put some weight on this noise signal when they forecast the

dividend growth. More specifically, I assume that agents observe the following signal flow:
ds, = dZs; (1.3)

where Zg; is a standard Brownian motion independent of all Brownian motions introduced earlier. S; is
a pure noise.

There are two types of agents. Type i agent thinks the innovations dZg; in the signal S; are correlated
with the innovations dZ,,; in the expected dividend growth process, with ¢; as the correlation parameter
which characterizes the informativeness of this public signal. Because up: is a latent process, agents
misperceive the volatility of up; by a factor w;. w; = 1 corresponds to the case in which Type-i agent

correctly perceives the volatility. From agent i’s point of view, the expected dividend growth follows
dMD,t = C (ﬂD - MD,t) dt + wio'udZu,t; (1'4)
the noise signal S;, which she believes is correlated the shocks to pup;, has the following equivalent

dS; = ¢idZ, 1+ /1 — ¢2dZs, (1.5)

in which dZs,dZp; = dZsdZ, ; = 0. By Lipster and Shiryaev (2001), the posterior for the estimation of

KDt ﬂﬁj’t, after the belief variance reaches its stationary level, follows

dynamics

~7 _ ~7 1 _ dD ~ i
diuD,t = C (HD — HD,t) dt + O_T’UZ' <Dt - ,U,D7tdt) + QSZ'CL)iO',udSt (16)
D t

where v; represents the variance of the posterior at steady state and is the positive root of following
quadratic equation:
Ul%ui +2M,0; — (1 = ¢f )wios, = 0. (1.7)
Without loss of generality, I assume Type 1 agent is rational (Bayesian) and Type 2 agent is overcon-
fident, namely ¢1 = 0 and ¢ # 0. The quadratic equation above implies that, compared to the rational
agent, the overconfident agent reaches a lower level of steady posterior variance, i.e. ¥1 > ¥g, therefore
she has an overprecise estimation (overconfident). Due to behaviour bias, the overconfident agent insists
on her incorrect judgement on the informativeness of the noise signal (¢3).
I define their subjective probability measure P’ against the objective probability P measure by the

following exponential martingale

dP*
=& (1.9
where
t 1 5 t
gt,i = £t70 eXp |:/O —50’572-618 +A O’&"idZD’t:| (19)

13



ﬂZD,t — HD,t

(1.10)
oD

O—§7Z =
Due to overconfidence, difference in beliefs is being regenerated even after long periods of updating,
given heterogeneous priors and different signal interpretation. The difference in beliefs g = ﬂlDJ — /1%7,5

follows

v 1
dgr = — (C + §> gidt + — (01 — Ba) dZ} + (drw1 — paws) 0,,dS;. (1.11)
oh op

I quantify the level of disagreement by the process &, which is called “sentiment” by Dumas, Kurshev,
and Uppal (2009) and defined by:

& = Zj (1.12)
and hence
S d
g = pedt + o¢ ZD,ta (1'13)
where
pe = —0¢1 (0g2 — 0¢ 1) (1.14)
O¢ =0¢2—0¢1 = _ﬂ- (1.15)
op

B.  ‘Catching Up with Joneses’ Preferences

Both agents have ‘Catching up with Joneses’ preferences. The consumption of Agent i at instant u is
denoted by C;,, and the instantaneous utility from consumption is given by the following power function
that depends on the external habit, X,:

1 (Ciu\'
% iu,Xu =e M — y 1.1
o) = () 119

where the constant subjective discount rate p and the risk aversion coefficient v are assumed to be identical
for two types of agents. The quantity X, in Equation 3.14 can be interpreted as the historical standard
of living in the economy, which is the same as Chan and Kogan (2002). Under this specification, let
Zy = log X, which can be defined as the weighted geometric average of past realizations of the logarithm

of the aggregate endowment process:
t
z; = moe M+t + )\x/ ef)‘(tfu)dudu, (1.17)
0

where d, denotes the logarithmic aggregate endowment at time u. Define the distance between the

aggregate endowment and its weight average as

O = e = (1.18)

14



so Xy and €); have the dynamics

dX,

7: = \ywidt, (1.19)

ds2

Qit = (IU’D,t — Axwt) dt + O'DdZD’t. (]‘20)
t

Given agent i’s belief which is represented by the probability measure P*, her expected lifetime utility

00 ) 1=y
/t epu117<§g“> du]. (1.21)

Given the complete market assumption and separable utility assumption, Cox and Huang (1989) show that

at time t from consuming Cj,, is given by

Vii=E}

the dynamic consumption-portfolio choice problem simplifies to a static problem. The agents optimize
their life time utility subject to a static budge constraint, which restricts the present value of all future
consumption to be no more than the initial wealth of each agent, denoted by Wi o:
E(l] A—’deu < Wip = a;S) (1.22)
t 4,0
where Sj is the initial wealth of the economy, a; is her share of aggregate wealth, and her Stochastic

Discount Factor (SDF) is
oU(Ci )

1\

C. The Equilibrium

The usual definition of equilibrium applies in this model: both agents optimize their expected utility and
all markets are clear. If the agents have identical beliefs, we can construct a simple central planner’s
problem whose utility is the weighted utility of two classes of agents, and choose the optimal consumption
weight allocation such that the utility of the social planner is maximized. In the presence of heterogeneous
beliefs, Basak (2000) shows that the central planner’s utility can be represented by stochastically weighted

utility of agents:

2
sup Z )\i,tUi(Ci,t)a where )‘iﬂf = )\z‘,ng',t (1.24)
C14+Ca<Y 1

The first order condition of the central planner’s problem (1.24) gives the consumption sharing between

two agents:

A e I\
Aoére ™ <Xt> C{ = Xaoba e () Cyf (1.25)

We can write v;; = %;;t and simplify the equation above

A = Aggvy] (1.26)

15



where
. 1\
Aig = Nio&ire P <) D;7, (1.27)
Xy

which is the SDF of the dominating agent in the sole agent economy. Given identical preference assump-

tion, the equilibrium consumption share is a function of the sentiment:

1N -1
ni=(146) (1.28)
In the following proposition I show the dynamics of the consumption sharing rule.

Corollary 1. If the agents have identical preference but heterogeneous beliefs, their consumption share

evolution is given by

dv

M, dt + 0y, pdZy (1.29)

Vit

where
V27

Oy = — tU&t (1.30)

1 (A1 A2

I/Qt E(MD,t—i_uD,t)_Mth I/Qt 2 2 2

_ e ) — 1.31
o == o Tet T+ 972 (vae = via) og (1.31)

From Corollary 1, we see that the volatility of consumption share is driven by the difference in beliefs:
greater difference in beliefs leads to a higher consumption share volatility. Equation 1.31 shows how the
drift of consumption sharing rule is a quadratic in the difference in beliefs, which is nonzero almost surely
as both overconfident agent is overreacting to the signal.

D. The State Price Density

Bhamra and Uppal (2014) show that the aggregate SDF of two agents economy with constant but hetero-
geneous beliefs can be written as the linear combination of weighted product of two SDFs of single agent

underlying economy. This property still holds when the difference in beliefs is stochastic.

Corollary 2. Suppose agents have identical risk aversion, namely v1 = ~v2 = v, but different beliefs. Then

the state-price density can be written as
TS U W
A= <Af7t + Ag’t> (1.32)

Using binomial expansion, if v is a natural number, we can also write

§
no1_n
A=Y <7> AT Ay, (1.33)

n=0 n

From the aggregate state price density we can obtain the instantaneous market price of risk and the
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risk-free rate.
Corollary 3. The instantaneous market price of risk perceived by the central planner 6 is

WDt — (Dt

0, =vyop + (1.34)
oD
and the instantaneous market price of risk for the dividend shock perceived by the two agents are
v fip s — D fh s — £t
01, =" <O-D+7tvtvt> IVUD'F#, (1.35)
y oD 0D
-2 A1 2 :
VigMHps — M Kpi:— KD
b2, = <0D + ot Dt Db D’t> =yop + 2T (1.36)
op oD
where
KDt = Vl,tﬂ}:),t + V2,tﬂ2D,t (1.37)
Cht
= = 1.38
Mt = (1.38)
Vit = 1-— Vit (139)
The risk-free rate is given by
. 1 9 1 1Y\
Tt =p+ YDt — 5’7(1 +7)op — (v = DAgwr + Shuree (1 5 ) oe (1.40)

Corollary 3 shows that the market price of risk and risk-free rate are determined by the four state
variables in this economy, consumption surplus wy, difference in beliefs, g¢, the view of one type of agent,
e.g. fip; and the consumption share between two types of agents. This result is consistent with Bhamra
and Uppal (2014). Note that the current risk-free rate and market price of risk does not depend on
overconfidence (sentiment system). This is because signal shocks enters the pricing system by impacting
the volatilities of relevant state variables (v1; and &) but not their level. However, the overconfidence
generates a path dependent effect which has long-term indirect impact on asset prices, which I will show
later Figure 1.1 plots the risk-free rate against the consumption share v ; and the difference in beliefs g;.

The figure shows a reasonable level of instantaneous risk-free rate.

ITI. Asset Prices

As mentioned in the beginning of Section II, there are three assets: instantaneous lending, a perpetual
bond and an equity. The risky consumption claims (the perpetual bond and the equity) can be decomposed
into bond strips and dividend strips over various maturities. I derive closed-form pricing formulas of bond
and dividend strips, and hence obtain the closed form solutions of stock prices, bond prices, the equity

risk premium, and the volatility of stock market returns, volatilities of dividend strip return, and the term
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structure of equity premium. Then I show how the heterogeneous beliefs and the overconfidence impacts

asset prices.

A. Dividend Strip and Bond Strip Prices

The following proposition shows the closed form pricing formula of bond strips and dividend strips prices,
which allows to compute the interest rate term structure and equity premium term structure in closed

form.

Proposition 1 (Prices of Dividend Strips and Bond Strips). The dividend strip, which is defined as a
single dividend cash flow in terms of Dy, unit of consumption good that realizes at time u > t, has a price

as a function of vy, wy, [LlDt and g:

P,
Pru = Dit = F, |:At Dt:| antgmt (1.41)

where

1—n n\7
Wn,t = <’y) <V1,t 7”2%) (1.42)
n
~ n
CnD,uﬂf - Hl ((1 - 7)7 _(1 - 7)7wtnu'1D,t7u - t) H2 <(1 - ’Y)? _(1 - 7)7 ;79157“ - t) . (143)

The bond strip, which delivers a unit of consumption good at time u > t, has the price

By = [ ] antCnut (1.44)

where
~ n
Cf,u,t = Hl (_'77 _(7 - 1)awtnu1D,t>u - t) H2 <_7a _(7 - 1)7 ;7gt>u - t) (145)
and
Hl (6) 7, ﬂlD,tu ) 7—) = €xp {hO(T) =+ hl (T)(ﬂ}) )t :U’D + h2 Wt} (146)
Hy (6,7, X, 91, 7) = exp {A1 (1) + (1 = 7)?A2 (1) + (1 = 7)g: B (1) + g;C (1) } . (1.47)

and the expression hg, hi, ha, A1, As, B and C are given in the proof.

From Proposition 1 we see that the price dividend ratio is a weighted sum of the price-dividend ratios

n n

in economies where the SDF is a scaled product of the SDF of a sole agent economy, e.g. A, ; = A1 PRpIvS
The expression shows that the price-dividend ratio p;, depends on the distance between the logarithm of
the aggregate endowment and its weighted geometric average wy, the two agent’s beliefs, the consumption
share of two agents, and also the duration of the dividend payment. Under this specification, change of

overconfidence level does not shift the current consumption share or the weighting function w,;, which
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solely depends on the current difference in beliefs. But it does change the path of consumption (and
SDF process) in the future, and the effect is accumulating over time, which is implied in the function
Cﬁu,t and ngu,t- Due to the affine structure of learning system, I can decompose the effect of learning
and the difference in beliefs by the function H; and Hs. Hj represents impact of the expected dividend
growth estimation and the expected growth of surplus ratio w; (learning effect). Hs represents the effect
of difference in beliefs via the discount rate channel. There are three reasons why Both H; and Hs are
duration relevant. First, the expected dividend growth is a mean reverting process, and its expectation is
duration relevant. The difference in beliefs is also mean reverting process which fluctuates around zero.
Investors would expect the expected dividend growth and the difference in beliefs to go back to their
long-run mean in sufficient time. Second, prices of dividend strips with longer duration are more sensitive
to the discount rate variation. Third, due to different priors and updating rule, the difference in beliefs is
persistent in the economy. Any perceived dividend and signal shocks generate innovations in difference in
beliefs, which determines the volatility of the sentiment and the consumption share. Hence, the price of a
dividend strip is a path dependent process, which is determined by the path of difference in beliefs. More
details about the third reason are available in Proposition 3. The following corollary shows the equity

price and perpetual bond price by summing up dividend strips price over various maturities.

Corollary 4 (Equity Price). If both agents have identical risk aversion and their belief updating processes

follow an affine process, the price of claim that delivers Dy units of consumption goods continuously is:

Pt o Au Du u D
' _F 2% du| = 1.48
Dt D, t [/t A, D, U T;)wn,tcn,t ( )
where

D > 1 n

(ot = / H; ((1 =), —(1 =), wy, fiy, u — t) Ho ((1 —7),—(1 =), ;,gt,u — t) du (1.49)
t

9t = by — Dy (1.50)

B. Dividend Strips Volatility and Risk Premium Term Structure

The following corollary shows the closed form solution of the term structure of equity volatility and equity

premium.

Proposition 2 (Term Structure of Volatility and Equity Risk Premium). Denote the price of the dividend

strip which delivers D, units of consumption goods by the following

d,
;t,u = pp, At + 0y, pdZp i+ 0p, sdZ5 4, (1.51)
t,u
then the diffusion part follows
1 apt u 8pt u apt u U1 3]% u V1 — U2
Opu,D =0Dp + — —op + &0 + ———— + —— 1.52
P Pt < Owy &t ¢ 8,U1D7t oD dgt  op ( )
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1 8pt U apt U
Opy,§ = — — w10, + ’ w1 — Paw2)ay, | . 1.53
p Dt (8M1D7t (bl 19p 8gt (¢1 1 ¢2 2) “w ( )

The volatility of dividend strips is

Upu,t - O-IQJuvD + 0—127u757 (154)
and the equity premium of dividend strips is
RPyt = 0p,.D (RtO’D + Mt — BDt — ED 7'5) : (1.55)
D

where iy, , and the derivatives are given in the Appendix.

In the classical Lucas representative agent model, the stock price and the dividend strip price volatil-
ity is equal to the fundamental volatility op. From Proposition 2 we can see that the excess volatility

consists of two parts: the first part stems from the belief heterogeneity while the second part is due to the

misjudgement of the informativeness of the noise signal. The first part p% (g—gftag + a%pl ft (% + %%)

can be interpreted as the elasticity of the price-dividend ratio with respect to the sentiment (the con-

sumption share equivalent), the expected dividend growth estimation, and the difference in beliefs. The

second part of excess volatility p% ( 6%731 tt prwroy + g%z (prw1 — Paw2) Uu) is due to mis-perceived signal. As

in the overconfident agent’s subjective view, the noise signal is correlated with the dividend growth rate
shock, hence impacts the stock return. This impact also depends on the reaction of agents, e.g. if Agent
1 over-reacts to the noise signal more actively, in other words, she is more irrational, the contribution of
irrationality to the excess volatility is greater. The different interpretation of noise signal also drives the
belief dispersion, which is also shown in the second part.

However, only the diffusion associated with the fundamental shocks is priced instantaneously, as the
signal innovations have a zero instantaneous correlation with consumption share or the SDF innovations.
Therefore the aggregate equity risk premium depends on the instantaneous covariance of stock return and
SDF, which is solely determined by the fundamental shocks. But the risk of signal shocks is priced in the
longer term. Consider a discrete time case where the difference beliefs is zero at time ¢: a noise signal at
time ¢ + 1 changes g;y1; t + 1 noise shock does not change the consumption allocation or SDF at time
t 4+ 1, which remains constant as it depends on gy only. But time ¢ noise shock has non-zero correlation
with the SDF at time ¢t + 2, as SDF at time ¢ + 2 is determined by g;11 and the realized dividend shocks.
The signal shock is priced, and its pricing effect via the discount rate channel is contained in the price
volatility component driven by the dividend shocks.

I calibrate the model and show that the difference in beliefs and the overconfidence contribute to
the downward sloping the volatility and risk premium term structure of the dividend strips. Figure 1.2
shows the volatility term structure of dividend strip price with different maturity. The upper panel shows
the downward sloping surface of the volatility with different level of misjudgement on the noise signal
informativeness, while in the bottom panel shows three representative cases in the surface. Those two
figures show that if the Agent 2 has higher level of misjudgement (overconfidence), the slope of dividend

strip price volatility is steeper.
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Two main effects determine the volatility term structure: the difference in beliefs and the pricing weight
of two agents. Compared to the Lucas economy, beliefs heterogeneity is such an ingredient that distorts
the aggregate SDF and increases the volatilities. The reason is that investors hold different portfolio in
the presence of beliefs heterogeneity, and the aggregate shocks impact their wealth asymmetrically. This
distortion is most pronounced when two types of investors have equal pricing weight. But the noise signal
shocks also contribute to the equity volatility because the overconfident agent believes the signal can
forecast the dividend growth, thus the volatility component caused by the noise signal is increasing the
pricing weight of the overconfident agent, but drops sharply when the weight is getting close to 1 as the
overconfident agent is dominating the market and no one can trade with her. The pricing weight plays
a role to determine the term structure. In the view of the rational agent or under the true probability
measure, the pricing weight of the overconfident agent is decreasing over time, faster with the a higher
overconfidence level. Hence, the dividend strips price volatility is decreasing in the security maturity.

The return of the equity can be described by its capital gain and the dividends

dP; + Dydt

dR; = —p = pRtdt + or ptdZp s + oR s, dSt, (1.56)
t

and its volatility can be obtained in similar way.

Corollary 5 (Volatility of stock return and the equity premium). The volatility of the stock market return

ORt =\ /O’%{Di + 0'}2%73775, (1.57)

s given by

where

L (Op Opr vy | Opvy —v2 | Op )
oppt=0p+ — | 7780+ o — + — +5—0op ), 1.58
! Dt (a& o Opiitop 0gs op Owy (1.58)
L [ Op opy >
ORSt = — = (w10, + =— (p1w1 — Powo) oy, | - 1.59
S (aﬂl,t(b ht By, 9 ) (1.59)
And the risk premium on equity is
RP, = op.py <Rtap + “DtU_“Dt> . (1.60)
D

Figure 1.3 shows the equity premium term structure with different levels of beliefs heterogeneity. The
upper panel shows the downward sloping surface of the equity premium, while the bottom panel shows
three representative cases in the surface. The aggregate equity premium can be obtained by integrating
the surface over the maturity axis. The level equity premium is decreasing in belief heterogeneity, where
the equity premium is around 6% when the different in beliefs g; is 2 %, but it is 3% as the difference
in beliefs g¢ is 1 %. This result is consistent with Dumas, Kurshev, and Uppal (2009) and Bhamra and
Uppal (2014). More interesting is that the difference in beliefs also affects the slope of the equity premium
term structure: belief heterogeneity is greater, the slope is steeper. The reason is that the difference in

beliefs g; is a mean reverting process hence greater g; brings greater short-term distortions in short-term
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SDF; however, the long-term distortion is small as g; is expected to go towards zero.

Figure 1.4 shows the equity premium term structure with different levels of overconfidence level. The
upper panel shows the downward sloping surface of the volatility with different level of misjudge on the
noise signal informativeness, while the bottom panel shows three representative cases surfaces. The level
of equity premium term structure is determined by the difference in beliefs. As we can see, the those
three curve at the near zero maturity are close. But the slope of the equity premium term structure
is steeper when the level of misjudgement or the confidence level is higher. As I mentioned above, the
mechanism is related to the pricing weight. From the viewpoint of the rational agent, the overconfident
agent has incorrect beliefs almost certainly, so any realized dividend shocks will reduce the pricing weight
of the overconfident agent overtime. Therefore, in a bear market when the overconfident agent is more
pessimistic, the short-term equity premium is high, but as with the expectation of decreasing pricing
weight of the pessimist, the equity premium decreases over the maturity. This mechanism also implies
that the slope of the equity premium term structure is pro-cyclical, which is in line with the findings in
Van Binsbergen and Koijen (2017).

C. Bond Yield

In this subsection, I present the pricing formula of the perpetual bond and show that the interest rate

term structure implied by this model is reasonable.

Corollary 6 (Bond Price). The perpetual bond, which delivers a unit of consumption good perpetually,

has the price

00 Y
B, =E, [ udu] = "N (1.61)
. At 7;) n,tsn,t
where
oo
B ~1 n
Cn,t :/ H,y (—’)/,_(’Y_l),Wt,HD’t,U—t> Hy <_77_(7_1)7779t7u_t> du. (162)
t

Figure 1.5 shows the bond yield curve with different levels of overconfidence level. The upper panel
shows the downward sloping surface of the volatility with different level of misjudgement on the noise
signal informativeness, while in the bottom panel shows three representative cases in the surface. Overall
the yield curve has a reasonable level around 0% in the short-term and around 2% at 10-year maturity.
The yield curve is upward sloping, matching with the empirical facts. The overconfidence level impacts
the level of the yield curve. The intuition is that in my calibration the overconfident agent is relative
pessimistic, and the level of misjudgement on the noise signal informativeness determines the speculative
profit for the rational optimist. Hence the optimist tend to borrow more (less) if ¢y is higher (lower),

because she expects to speculate more against the overconfident agent.

IV. Risk Price Term Structure

The risk premium is determined by the quantity of risk and the price of risk. My model shows that the
market price of risk term structure is also downward sloping in my calibration, which is consistent with

the empirical facts in Van Binsbergen, Brandt, and Koijen (2012).
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Two distinct effects drive the term structure of the Sharpe ratio. First, the level of the Sharpe ratio is
determined by the short-term market price of risk. The short-term market price of risk reflects the current
view of both types of agents and their market pricing power (consumption share). Second, the longer
term SDF is less sensitive to instantaneous shocks. As I have shown in the previous section, the aggregate
SDF is a consumption share weighted sum of sole agent economy SDFs. But any temporary shocks,
both perceived fundamental shocks or signal shocks, generates a path-dependent long-run impact on the
behaviour of long-term aggregate SDF. I characterize the effects by using the following proposition. First,
I show the Malliavin derivatives of relevant state variables to show the long-term impacts of instantaneous

shocks.

Lemma 1. The Malliavin derivatives for the five state variables are

DLk, = e <) [% o} (1.63)

Dig.=e¢ (“%)(H) [%’2 (P11 — ow2) au} (1.64)

ng ~op 0] +2 (1-ee) [z o] (1.65)

Dlgu -2 o - / "e‘(“%)(s‘”( ds +dth> (o2 (g — dawn) o] (1.66)
t D

Dtlwu — o Aalu—t) {UD 0} - 1—|—C <1 _ 6_()\ac+<)(u_t)> {% ¢1wlau] (1.67)

Proposition 3 (Long Term Risk Prices). Using Malliavin derivatives and the marginal utility of rational
agent, the long-term market risk price 01,1 can be decomposed into the short-term risk price and the

long-term risk price which is a function of the future consumption share change.

on =53 28] <o o] < ()t [ () i)

D} T u 1
— (Etl [VQ’T] — I/th) f& + Et |:I/27T (/t (Dggu) |:j_2Ddu + O‘Dde’t:| >:| .

(1.68)

Proposition 3 decomposes the expected response of the long-term SDF to perceived dividend shocks
and signal shocks, which implies the term structure of the market price of risk. We can see the long-term
risk prices equal to the short-term risk prices, plus a weighted impact on the current surplus ratio, and
weighted impact on Dtﬂ})’u future change in beliefs of rational agents, plus the short-term impact of
the sentiment weighted by the future change in the consumptions share of overconfident agents, and the
impact DtﬂlD,u of future changes in the difference in beliefs. A numerical result is provided in Figure 1.6,
showing that the price of risk is downward sloping.

I should stress two important points. First, the long-term market price of risk is strongly impacted by

the term (v — I/Q’t) ét D &

due to a relative greater value of = —-9t Hence the slope of risk prices is

UD

mainly determined by the rational agent’s expectation of overconﬁdent agent’s consumption share change.
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As the overconfident agent overreacts to the signal and she would lose the speculative game against the
Dl

- is positive and increasing in maturity if g; > 0. The greater

rational agent, the term E} [(vaor — v24)]
gt and ¢ are, the term E} [V2,1] — V24 is greater in a short run, and the slope of the risk price is steeper.
Second, the long-term risk prices of the noise shocks are non-zero as long as ¢y # 0, because the term
Vo (ftT (Dtlgu) [g—é;du + %det]) is greater than zero if T > ¢t. The intuition is that any signal shocks
don’t drive the consumptions share instantaneously, but as long as the overconfident agent believes the
signal is correlated to the economic growth, she is losing in speculation and her consumption saving plan
bias gradually shows up and accumulates over time. Due to our general equilibrium framework, the
pricing effect would show up over time, and therefore signal shocks impact her consumption saving plan
and discount rate in the long-term in the eye of rational agent.

I should also highlight the fact that, if both two types of agents are rational, the term structure of risk
prices is upward sloping. This is because when ¢2 = 0 and g; = 0, vo 1 (ftT (Dtlgu) [gf%du =+ %detD
and the term — (Et1 [vor] — yg’t) % are zero. The long-term SDF is more sensitive than the short-term
SDF to the fundamental shocks, generating a upward sloping market price of risk term structure*. If
¢2 = 0 but g; # 0, the relative consumption share 15 is expected to change until the difference in beliefs
converge to zero, generating a sharp change in discount rate in a very short run period.

The decomposition of the long-term market price of risk also implies that the slope of the market
price of risk term structure is pro-cyclical, and so is the equity premium term structure. The reason
is that the consumption share shortfall of the overconfident agent is pro-cyclical. During economic or
market booms, the proportion of overconfident pessimists is low, so vo; is small. From the viewpoint of
the rational agent, the consumption share of overconfident pessimists won’t change by a great enough
amount to generate enough effect to offset the greater sensitivity of long-term SDF to the fundamental
shocks, which brings up the term structure. On the other hand, during economic or market recession,
the percentage of overconfident pessimists is high, so is v5;. As the expected shortfall of vy ; is large, the
“natural selection” effect dominates the long-term SDF’s greater sensitivity, reaching a downward sloping
term structure. Also, the more overconfident the irrational agent is, the steeper is the market price of
risk term structure, due to a faster declining rate of vs.

The argument above is strongly based on the declining consumption share of overconfident over time.

The following Corollary shows her long-term survival described by her consumption share.

Corollary 7 (Survival of Overconfident agent ). The survival of overconfident agent at a future time T,

represented by her consumption share vo . In the eye of rational agent, has an expectation:

—ix
o0 ~ 1\l | 1 [ 3 . 3
Etl [7/2}’]’] - <1+£ A/) P #f H2 (0707/LX’gt7T7t) dX Tg (169>
0 27 J (Vgtl _ 1) 7 §

Apart from its exact solution in Corollary 7, We can also see this decrease in long-term from the

4This mechanism is discussed in Hansen, Heaton, and Li (2008).
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_1\ !
function form of consumption sharing rule vp; = <1 +& ”) , where

£ = exp [—1 /t LA A T t} (1.70)
2Jo oD 0o op
is a positive martingale which decreases at the rate of ¢2. Hence, if the initial value of g; or the overcon-
fidence level is (or both) higher, the consumption share v2; is expected to decrease at a faster rate.
To sum up, my model shows that in the equity premium term structure and volatility term structure
are downward sloping, and the risk premium is higher for short-maturity claims than for the aggregate
stock market. The decomposition of the long-term market price risk also implies that the slop of equity

premium term structure is pro-cyclical. These findings are consistent with the recent empirical study.

V. Conclusion

In this chapter, I study a heterogeneous agent asset pricing model in with agents have a "Keep up with
Joneses” preference. Two agents are heterogeneous in their beliefs and confidence level. I solve in closed
form for the price and volatility of dividend strips and identify the equity premium term structures. By
decompose the overall effect of perceived shocks, I also show that the risk prices can be decomposed
into short-term and long-term components. Belief heterogeneity generates distortions in the aggregate
short-term SDF due to antisymmetric impact over agents as they are holding different portfolios, but
those distortions are smoothed away on the long-term SDF.

I find that when the share of overconfident pessimists is large, i.e. during economic downturn, 1)
risk premia is higher for short-maturity claims than for the aggregate stock market; 2) the volatility and
equity premium term structures are downward sloping in maturities; 3) the slope of equity premium and

risk prices term structures are pro-cyclical.
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VI. Appendix: Tables

Table 1.1. Parameter Choice of Chapter 1

Name Symbol Value
Long term mean of aggregate endowment growth rate D 0.02
Volatility of aggregate endowment growth oD 0.03
Volatility of expected growth rate of endowment oy 0.015
Mean reversion Speed ¢ 0.1
Habit sensitivity Az 0.28
Agent 1’s correlation between signal and mean growth rate o1 0
Agent 2’s correlation between signal and mean growth rate b2 Varies
Time preference of both agents p 0.02
Risk Aversion for both agents ~ 2
Agent A’s expected growth rate of endowment ,&}:M 0.005
Real expected growth rate of endowment KDt 0.01
Difference of Agent B’s belief and Agent A’s gt = [L1D7t - ﬂ%yt 0.02
Consumption share V1t 0.25

)
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VII. Appendix: Proofs

A.  Proof of Corollary 1 and Corollary 2

Follow the proof in Bhamra and Uppal (2014) with identical risk aversion.

B.  Proof of Corollary 3

Given Ay = e P C[ )" = Ay v, from Ito’s Lemma,

N 1 1
dAe/Ay = — |p1+ 71l + ib, 1000w p) — s (1 + ) (0D + 04,,0)? |Jdt — 11 (0D + 04,,0) dZ4,

2

hence the risk free rate and the market price of risk

. 1 1 1
re=p1+ (b + tyy 10D0n,0) — s (L+7) (0D + 04y,0)? — o+ M)op

2
0t = (0D + 0u,.0)

Substitute other variables into gives the result.

C.  Proof of Proposition 1

We want to derive the asset prices in terms of the two state variables ,ﬁ,lDi and ﬂQth.
The PD ratio of the equity,

P, [ [ A D,
7t = Et / dU|ft:|
L/t

Al=-2 Al-n . .
Y Al,t ! Ag,t o Al,u’Y A;,u D
-3 (1) B | [ et B - S
1

where
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We want to derive

Al-n . n
0 A u”A7 D,
(i =By / %fdulft ; (1.79)
’ t ARy Dy
1t Doy
and more specifically we want to compute
A Az, D
B |t 51T (1.80)
Ay Ay !
As
Ao D _ &k ~plu-0)+(1-7) (n(22) - (22)) (1.81)
Ay Dy &kt
R = a ) e [ () (%))
In —— o .ds + oerdZs —p(u—1t)+ (1 — In{l — | —-In{=— 1.82
[Akt Dt] 2/, &k \ &k P )+ ( 20 X, X, ( )
Therefore
E A, E[ i 5’“] = E* [’“ ] (1.83)
Akt Dt Api Dy &t Api Dy
where under P*
dD
ﬁt = (i} ,dt + opdZf (1.84)
t

and Ay ¢ is the solo agent’s SDF when she holds the correct belief, and A;; = Aoy = e "D, are identical

given the same risk aversion coefficients. Hence

[1—n .2 i_n j_n n =«
Ey ALuW A;}uDu] = F; [ALuW fLu”A;’uf;’uDu} (1.85)
(18 4 5 o
=L Alu glu 2,u§2,uDu (186)
. 1—n n
=E; Al,u€17u7§£uDu:| (1.87)
_ 1 7% % _ e~ PU Dy
=E; |Muéy 4 &5y Du| &1t = E, fu Xi fl,t (1.88)
2 1-3 .51 —pu 5-1 D, e
=E; [Mué &0y Du| S = Ef e ~ &2t (1.89)
u
n 1—v
To evaluate E} {e‘p“&] (%) ], define
ht (§t7DtaXt7X7 €, 77) [ —pungeXn] (190)
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which is a function of time, ¢ and two other state variables fi} and fi?.

Under measure P, the dynamics of /13),15 follow

~q ~q Uj
dfin, = ¢ (ip — i) dt + L + (upy — fip,) dt + gdZt + ¢iw;o,dS; (1.91)
D

While under measure P!, the dynamics of ji, , follow

_ ~l
g i KDt — MDyt
i (MD,t — :U’ZD,t) dt + Y <<D’tO_D+> dt + ng) + qj)iin',udSt (1.92)

diy, = ¢ (ap — i ,) dt +
fips = ¢ (Ap — fipy) 0123 oD

~ ~7 v;
= (MD iy t) dt + pu (N}?,t - ND,t) dt + gdztl + Piwio,dS (1.93)

Uy
2
D

Let g; = ﬂ}lt — [LZD’t, the dynamics of g; follows:

v 1
dgr = — (C + ;) grdt + — (2_11 - 172) dZtl + (¢1w1 — qbQOJQ) O'udst. (1.94)
oh oD
The change of measure & = %, and its dynamics follow
J 1 £2 ol A2 Al
ﬁ _ Hpy — KDt HKpt — HDy di + KD /"LDﬂdet (1.95)
& oD oD oD
S S | A2 Al Al
:__<”D¢ uD¢> (up¢ “DJ)(ﬁ%_“DJ b <<ND¢ “D¢>dt+dzg> (196
oD oD oD oD
52 A1
— R 1 R
_ Hpy MD,tng — —g—dZ} (1.97)
oD oD

The Feynman-Kac Theorem implies that the following PDE exists

OH O0H _ oH oh ., 4 B oOH 1 52 10°H 52
0= ot + oD, thpt T X, v XtAgwr — GTlth (MD,t —ND) + o <Mt ~ 59D~ Azwi 26D2D oD
_—— [ = - U Diop— + ——0D

200 (i}’ (oh +otted) + 8w$ b+ o™+ BB P s TN
oh 10%h [ (v) — 2)? ) 1%h 5 5, 1 9h o
(9gt <C+0D>9t+zagtg <02D+(¢1w1_¢2w2) U +§¥ + 9t 123 +m _gtgt%
0?h [ v1(v1 — U2) 9 0h (01 — ) 0h (1 — )
_ — Diopn— 27
+ il og ( =) + ¢rw1 (Prw1 — daws) 0y, | + D906, 19t P + 90,00, 1P op
9%h 1 9%h 1 0%h (’l_)l — 172)
_ D —
560D, PG, T 90w op "0 By op 7
(1.98)
and that the solution takes the form
H(T7 £t7 ﬂz}? Wty Gty X5 € 77) = £§D§X?H1 (67 mn, ﬂ%?wh T) H2 (67 X5 gt T) (199)
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where

Hy (e,n, fif ,wi, 7) = exp {ho(7) + ha (1) (4 — fip) + ho(T)wi } (1.100)
Hy (6,7, %, 91, 7) = exp {A1 (1) + (1 = 7)?A2 (1) + (1 =) g: B (1) + g;C (1) } . (1.101)

We can solve H; firstly by assuming two types of agents hold homogeneous beliefs hence we can ignore
the & and Hs (e, x, g, 7) term, and the following PDE holds

OH 0H OH oh . _ OH [, 1 19°H
0=—-+-5 Dtth 9%, —— X dpwi — @g (Aps — Ap) + T </,Lt1 - 50% — AM) + 28D2DtaD
1 0°H 07 16%°H ;2 0’H 0’H Wl 0’H 5
-9 v Diop-L 4+ 27 D02
200 (1)) < o2 T éiwio > 202 Gmapl ™ abopt P T aDaw P
(1.102)
By Ito’s lemma an matching the terms,
hy(T) = e — Azha(7) (1.103)
hi(1) = ha(7) — Cha(T) + € (1.104)
/ _ Loy, 1 U1 21 2 2 2
ho(7) = efip + ha(7)(ip — 50D) + 5 (M (7) = + ha(T)op | + Shi(7)*¢iwio
2 2 oD 2 8 (1.105)
+ %e(e — 1)0% + €hy(T)01 + eho(T)0 %
Solving the above ODEs gives
ho(T) = n(1 — e™2=7) (1.106)
CnA—e?M)+e(l—eT)) = (1—eT) Aa(n + )
B () — 1.107
() CC—A) (1407
77 —AxT CE - )\x(n + 6) _CT
— 1— @ 2 (1= 1.1
ey () ey () (1109
Let k1 = %(135) and kg = T )\ , then
m(r) =r (1= ) o (1= 7). (1.109)
We can solve Hs (€, x, gt, 7) by matching terms.
C'(u—t)=aC%*u—1t) —20C(u—t) +c (1.110)
B'(u—t)=B(u—1t)[aC(u—1t) —b] + 2m(u — t)C(u — t) + n(u — t) (1.111)
B'(u—t) = B(u—t)[aC(u—t) — b+ k + lie~ W1 4 e~ A1)
(1.112)

+2 [m +n1e S 4pge | Oy — 1)
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Al(u—t) = %C(u—t) (1.113)

Ab(u—1t)=B(u—1t) [m +nye U 4y relumt) 4 %B(u —t) (1.114)
where
(01 — 3)? 2 2
a=2 s E— + (¢1w1 — ¢2W2) o, (1.115)
oD
b:¢+L§+X(“1;2”2) (1.116)
%D D
1
= — —1 1.117
c 2O_QDX(X ) ( )
k=—y (1+U§’“+“2 +77> (1.118)
O'D € €
K1 V1
1 =xy—— 1.119
1=X o? ( )
Iy = x <H”§ + ") (1.120)
€ O'D €
_ _ _ _ K1+ Ko |U1(V1 — 0
m = (’U1 — UQ) + g (U1 — ’U2) + ! c 2 [ 1( ;_2 2) + gblwl (gblwl — ¢2¢d2) O‘i (1.121)
D
k1 |v1(v1 — 0
ny = - M + ¢rwi (prw1 — paws) 02 (1.122)
€ o #
D
ko |V1(V1 — 0
ng = ——2 w + rwi (Prwr — pows) 0| — 1 (01 — 2) (1.123)
€ o # €
D
(1.124)
Denote
qg= Vb —ac (1.125)
2 k(b
YV, = m vi=0 (1.126)
q
2 _
Vy = W;M v = 2g (1.127)
2 11(b
yy = 2emthbtg) vi=C (1.128)
q—C
2cny +11(b — q)
Vi — — 92+ 1.129
A G vi=2q+C ( )
2 l5(b
yy = 2ene+ b+ q) Vs = Ao (1.130)
q— A:L‘
2¢ng + 12(b — q)
= =2 Az 1.131
Ve TN Ve = 29 + ( )
Vi==Wi+Vo+Vs+ Vit Vs +Ve) vi=gq (1.132)
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c (1 — e_ZQ(“_t))
Clu—t)=
q+b+(q—be2au-t)
ZZ:I Vie—vi(u—t)

Blu—1t) = 1.134
(=) = (= pye—2aD (1.134)

(1.133)

Ay(u—t) = ;/u C(r — t)dr (1.135)
- % [0~ @)~ 1) + n(2) ~ In (g + b+ (g — D)) (1.136)
As(u—t) = /u B(r —1t) [m +n1e S0 4 pge (T 4 %B(T — t)} dr (1.137)

7 7
= ZV] [le(vj,u — t) +’I’LlD1(Vj +(u— t) +n2D1(Vj + Az, u — t)] + % Z Vivj'Dz(Vi + v, u— t)

=1 ij=1
(1.138)
where
D ' e et d 1.139
su—t) = :
1 (p U ) /t q + b+ (q _ b)e,2q(s,t) S ( )
2g(u—t)—In(2¢)+In(g+b+(g—b)e—2a(v—1) -0
— 2q(q+b) D=
—b p(u— b\ _9g(u—
m[ﬁ(l,%,l%—%,—ﬁ)—e p( t)x”z'-[(l,z%,l%—z%,—%)e%( t)} ,p>0
(1.140)
and
Ds ( = [ ey d (1.141)
2 (pyu—1) = / s )
t (qg+b+(qg— b)e*Q(J(S*t))2
1 L e Pt P D 1.142
S - Ju— 1 .
and
A As, D n
By [ She 22 Doy (0= ), = (1= ), b, 1) ((1 ) —(1=), ,gt,u,t>
A TAy, T i

(1.143)
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0 R n
= / H, ((1 — 'y),u%,u,t) Hy ((1 - ), fy,gt,u,t) du. (1.144)
t

€

If there is no external habit, n = 0, h; is reduced to é(l - e‘CT), and k1 = o H2 = 0, and all

expressions above are reduced to the case of Dumas, Kurshev and Uppal (2009).

C'(u—t)=aC?*u—1t) —20C(u—t) +c (1.145)
B'(u—1t)=B(u—t)[aC(u—t) — b+ k+le ¢ 42 [m +ne S| Cu —t) (1.146)
Al(u—t) = gC(u — 1) (1.147)
Ay(u—t) = B(u—t) [m+ne*<<u*t> + ZB[u—t]} (1.148)
where
(0 =) 2 9
a=2 ——— + ((251(4)1 — (ﬁg&)g) oL (1.149)
9D
b:<+i§+xw (1.150)
9D %D
1
= —5 -1 1.151
°= gz (-1 (1.151)
1 v
=—x|=-—75+1 1.152
b= (g3 +1) (1152)
1 v
_ 1o 1.1
1 To (50 — 5
m = (171 — U9) + z |:U1(U;_2U2) + Pprws ((;51(,«}1 — ow2) O’Z:| (1.154)
D
1 To: (5 — %
n=-—- I:M + prw (¢1wl — ¢2w2) Ui:| (1.155)
¢ oD
Denote
qg= Vb —ac (1.156)
V= m""q]{:(b""q) vi=0 (1.157)
y, = 2em k(b —q) Vo = 2 (1.158)
q
Vs = 2en +1(b+4q) vs=( (1.159)
7=
2en +1(b—q)
Vi=—"-—"—"—- =2 1.160
4 e vi=2¢+( ( )
Vs=—V1+Va+Vs5+Vy) vy = (¢ (1.161)
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c (1 — e_ZQ(“_t))

Clu—t) = —+ O (1.162)
>

B(u—t) = q+b+%q_ Pz (1.163)

Ay(u—t) = ;/tu C(r — t)dr (1.164)

% [(b q)(u—t) +In(2¢) — In <q +b+(g— b)e_2q(“_t)>] (1.165)

Ag(u—t) = /tu B(t —t) [m +ne ¢ 4 %B(T - t)} dr (1.166)

5
= ZV]' [le(Vj,u — t) + nDl(vj + C,u — t)] + % Z ViVng(Vi +Vj,’LL — t) (1.167)

j=1 ij=1
where
D ' ey d 1.168
ju—t)= :
1 (p U ) /t q + b+ (q _ b)€,2q(s,t) § ( )
2g(u—t)—In(2¢)+In(g+b+(g—b)e—2a(v—1) -0
= 2q(q+b) P =
p _g=b\ _ u—t q=b —2q(u—t
A [H(1,2q,1+2q, qH,) e )><’H<,2q,l—{—2q, q+b>e al )} >0
(1.169)
and
D ( = [ ey d (1.170)
2 (pyu—t =/ s .
t (q+b+ (q—Db)e2b-0)?
1 ! e Pt 2 D 1.171
= | = - - u—t .
and
A As, D n
By | 2t B2 Dyl (0 5) (1= ), b — 1) H ((1 Y t) (1172)
Al,thQW,t ! 7
l-n . n
A LAY, D,
G = Bt / %quu}
AT A (1.173)

= /tooHl (1 =7), (1 =), figswi,u — t) Ha ((1 —7), (1 =), %7%7“ —t> du.
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and the PD ratio of the equity is

P, < A, D !
pe = 51 i/ A%Fjdu =D WG (1.174)
n=0

D. Proof of Proposition 2

The dynamics of dividend strips prices can be also obtained by apply Ito’s lemma to the dividend strips.

dpt,u

= fip, dt + 0p,,0dZp 1 + 0Op, 5dZs 1, (1.175)

the drift part follows

1 6pt u 1 2 5Pt u 5Pt u 1 U1 1
— . ) _ )\ _ ) ) - o
Hpy: = HD,t + P O, KDt x 20D + O, V1t + o . ¢ (ND - MD,t) 72 (MD,t - HD,t)

OPtu v U2 U1 g V2 .9 10%p1y o 10%py
—_ —_ — + = _ . + + - ) + - 5 v
+ d9; Cgt + 0123 O_2D KDt O_2D KDt 7123 KDt 9 wa 0D QTVft 1,601,

_ o\ 2 2
U1 () 0 Dt,
< - 2> + (Grw1 — dows)’ Ui) + B DV

op O OwOvy 4
D 9

0?2 0] 0?2 0] 0] 0?2 0] 0?2 0] D
+7ptff opt 4 P (1 - 2) TR V110, — + P oy, | — — —
a(AJtal,Lth oD &ut@gt

op 0D (91/1,753/30}3715 op  Ovi0g; op 0Op
Ppru (U1 (D1 Do 9
+m <0D <UD - UD) + prwr (Prwr — daws) %)
(1.176)
where

8pt,u o

Dor ho(T)Dtu (1.177)
62pt,u 2

o (h2(7)” pru (1.178)
8{’?“ = hy(T)Pra (1.179)
8:“D,t

0*pi.u
ft’ 5 = (h(7)* pra (1.180)
0 ()
8pt u U D
e > wni (1=7)B(7) +26:C(7)) (Ve (1.181)
n=0

82pt m 2 2 D

503" = 2 wne [20() + (L= B +20C()*| s (1.182)

t n=0
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0 i -n n
Wru :an,t [VV N t] o (1.183)

ovy it it 1—1
aflt = an [ %t_ s ulz :L((; = IZ,)t) i <T(f ;11))2] ot .
E.  Proof of Lemma 1
As the dynamics of hatulDyt follow
dfip, = ¢ (fip — fip,) dt + le + prwr0,dS; (1.185)

“ v “ —G(u—s
fibau = by + (AD = i) (1—6‘““‘“)+ / et 2hdz; + / e pr010,dSs  (1.186)
t t

Its Malliavin derivative is

DLk, = e~ [% qslwlau} : (1.187)
Using the same technique,
dwy = (gbt — %a% — AM> dt + opdZ} (1.188)
wy = e Mty 4 /t Y ehelu=s) <g}315 - ;;%) ds + /t ' e A=) g pdz! (1.189)
SO
Dlw, = e @0 (51 o] + / Y e helus) (Difip.s) ds (1.190)
- . t
_ o Aalut) :JD 0: N /t" o e (ums) o= C(us) g g [% ¢1wlgu} (1.191)
e AlerC (1= QerOtD) [ 61010, (1.192)
The dynamics of g; follow
dgt = — (C + :%) gedt + 0,1D (01 — Do) dZ} + (¢rw1 — paws) 0, dS, (1.193)
gu =g (<+:7;)(“*t) + /u e (H%)(“ S) 01 (01 — v2) ds + /“ ¢ (“:%)(%S) (prw1 — paws) 0,dZ}
t ’ t (1.194)
SO i

)(uft) [% (01 — T2) (1w — dows) Uu} ) (1.195)
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For the dividend Dy

dD
=t = ab dt + opdZ} (1.196)
Dy ’
u 1 u
D, = Dy exp U (ﬂbs — 20%) ds +/ oDdZSl] (1.197)
t t
SO . .
DiDu _ 0 D}l (ds = 11—ty o 1.198
D oD + \ t D, sAS UD+C( € )UD . ( )
u
The change of measure &;:
d
e _ 9t gm0 (1.199)
&t oD
uq 2 u
€0 = & exp [—/ 5%@ - gsdzsl] . (1.200)
t D t 0D
Its Malliavin derivative is
D¢ “ g 1
ﬁ = [_% 0} —/t D}gs [gder dzg} (1.201)
u
- g
= |: g; 0:| —/ (& (=) |: > ds + lej| |: (’Ul —UQ) (qblwl —gf)gwg) O-,u} . (1202)
t UD oD
F.  Proof of Proposition 3
The short term market of risk is
DAy Dy Dy Dié:
—= = (1 —v)Dsw; — . 1.203
o (1 = 7)Dewy D, T (1.203)
The long term market of risk is
DiA D}D D}
ALyl - PP i €1 (1.204)
Al,T DT gT

= Dl T
+vor < gft — /t (Dtlgu) |: du —|— dZD t:|>

T DlDt T
(1 _ ,Y) <6—AZ(T_t)Dt1CUt + / e_Az(T_u) (,Dt,a.lDyu) du) - ( tD - / t,UD udu)
' Lo (1.205)

DiAiy Aa(T—t) | Aa(T—u) (79, 51 PN
L (1) (e7-0 —1) tht+/ e T (Dl ) du +/ D} fipudu
» t t

+ (vo 1 — o) Dgft — T (/ (D} gu) { du + dZD t])
t

(1.206)

37



Tt 0 () oo

=+ ((1 )] )\$1+C [1 - e_(A”C)(T_t)] + i_ [1 - e_C(T_t)D [,% ¢1w10u} (1.207)

T
1 Ju 1 1
+ (vor — vat) [—g% 0} — T (/t (D} gu) [UZDdu + aDdZth])
Taking expectations at both sides leads to the result.

G. Proof of Corollary 7

From the proof of 4, we can set the first and second argument of function H; and Hs to be zero to get

the moment generating function of %‘, Yu > t simply

X
E} [ﬂ = H(0,0, g, u,t). (1.208)

&

By inverse Fourier transform and the consumption sharing rule

ve (§) = (1 +£*%)_1 (1.209)

the conditional expectation of the consumption share is

oo R o [\ T ¢
th1 [VQ,T] :/O V2 (g) 217_(_/ (g) Hy (anviX>gt7T_t) dx dgg (1210)
~ _lX ~
:/ (1+§—%>_1 1 & Hs(0,0,4x, g1, T — t) dx dg. (1.211)
0
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VIII. Appendix: Figures

1o -0.02

These two figures illustrate the risk free rate. The x-axis is current consumption share
_ Cl,t . . . . .
Vig = p- and the y-axis is the difference in beliefs g;.

Figure 1.1. Risk free rate
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(b) Dividend Strips volatility term structure

These two figures illustrate the dividend strip volatility term structure against the over-
confidence level. The top panel shows the surface of the dividend strip volatility term
structure while the bottom panel shows three curves on the surface where the Agent 2’s
subjective informativeness of the noise signal changes.

Figure 1.2. Dividend Strip Volatility Term Structure
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(b) Equity Premium Term Structure and Difference in Beliefs
These two figures illustrate the equity premium term structure against the difference in
. beliefs. The top panel shows the surface of equity premium term structure while the
bottom panel shows three curves on the surface with three levels of difference in beliefs.

Figure 1.3. Equity Premium Term Structure and Difference in Beliefs
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(a) Equity Premium Term Structure and Overconfidence Surface

Equity Premium Term Structure

Risk Premium

0.068 |

ﬂ.ﬂEE;
— =03
— ;=08
— ¢;=09

0.064 [
0.062 |

0.060

0.058

0.056

e s 1 Yagrs
a 2 4 [ 8 10

(b) Equity Premium Term Structure and Overconfidence
These two figures illustrate the equity premium term structure against the overconfidence

level. The top panel shows the surface of equity premium term structure while the bottom
" panel shows three curves on the surface where the Agent 2’s subjective informativeness of
the noise signal changes. The parameters used in the plot follows Table 1.1.

Figure 1.4. Equity Premium Term Structure and Overconfidence
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(b) Bond Yield Curve and Overconfidence
These two figures illustrate the bond yield term structure against the difference in beliefs.
. The top panel shows the surface of bond yield term structure while the bottom panel
shows three yield curves on the curve with three levels of difference in beliefs.

Figure 1.5. Bond Yield Curve and Overconfidence
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This figure illustrates the term structure of market price of risk in the eye of the rational
agent under different level of overconfidence ¢9 = 0, ¢o = 0.4 and ¢ = 0.8. The x-
axis is the maturities that cash flows realize. The figure shows that if the agent is more
overconfident, the market price of risk is steeper.

Figure 1.6. Price of Risk
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This figure illustrates the expected consumption share of overconfident agent under ob-
jective probability measure with different level of overconfidence ¢o = 0, ¢o = 0.4 and
¢2 = 0.8. The x-axis is the maturity that cash flows realize. The other parameters used
in the plot follows Table 1.1. The figure shows that if the overconfident agent will not die
in reasonable long run, especially if the overconfidence level is modest.

Figure 1.7. Survival of the Overconfident Agent
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Chapter 2

Speculation, Differences in Beliefs and Growth

I. Introduction

If two speculators want to bet against each other on future stock prices, should they be protected from
themselves? The answer from most economists and regulators was "INO” for a long time, as speculators
can reveal valuable new information, bear market risk and increase market liquidity. However, after
financial crises, economists have started to question the premise that speculation creates more good than
harm. Politicians argue that speculation caused the recent financial crisis and as a result too big to fail
financial intermediaries have had to rely on tax payers’ largesse. US lawmakers passes the Volcker Rule to
restrict speculation. Given this background, we should remain more prudent and understand the general
equilibrium effects of speculation.

Belief dispersion has long been recognized as an important ingredient of speculation, and it appears
the reason is that investors are overconfident, or because they have different prior beliefs, and it appears
this is due to distorted information transmission. In this chapter I try to argue that speculation caused
by differences in beliefs is a negative sum game because it exposes speculators to risk without fully
compensating them and can even have negative consequences for a third party, namely ordinary people
outside speculative games. This chapter studies those negative consequences of speculation caused by
beliefs dispersion on financial markets, the real economy, and social welfare.

I develop a continuous-time asset pricing model in which households purchase the equity of firms and
provide labor for production. Firms pay dividends to shareholders after deducting labor costs from rev-
enues generated by production good sales. My model makes one key assumption. I assume that there are
two types of households, who have different priors about latent technological growth (specifically, agents
have different variances of their estimates for technological growth), and thus less confident households
(large variance of the estimate) react more to the realizations of technological progress. Belief disper-
sion among households results in speculation in financial markets. This assumption implies that less
confident households tend to hold excess leverage in booms, but insufficient leverage in downturns, and
that aggregate leverage is pro-cyclical. Those households are fully rational and maximize their utility by
choosing their optimal consumption, working hours and asset allocations. Since households gain their
utility from consumption and leisure, their portfolio choices affect their intertemporal consumption and
working choices. Speculation is a part of the asset allocation and impacts consumption and labor choices,
and therefore plays a role in determining aggregate output and social welfare. By introducing endogenous

labor supply in a general equilibrium heterogeneous-agent asset-pricing model, I can explore not only the
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effects of speculation on financial market, but also on the real economy.

The main results of the paper are as follows. First, speculation increases excess stock return volatility
and the equity risk premium, and therefore reduces risky asset price levels, similar to the results of
David (2008) and Dumas, Kurshev, and Uppal (2009). The intuition is as follows: in the presence
of heterogeneous priors and learning, differences in beliefs fluctuate over the long-term, exposing the
financial market to sentiment risk (Dumas, Kurshev, and Uppal (2009)). In a complete market, where
there are no constraints and households can freely speculate against each other, they are fully exposed to
sentiment risk (speculative risk), which increases the equity premium and creates greater return volatility
relative to the case where there is no belief heterogeneity.

Second, speculative trades due to belief dispersion do more harm than good under every possible
reasonable belief specified by the belief-neutral welfare criterion of Brunnermeier, Simsek, and Xiong
(2014). Given heterogeneous beliefs, the probability measures of different types of households are different.
My model shows that speculation improves a speculator’s welfare under his own beliefs. In contrast, Posner
and Weyl (2013a) and Posner and Weyl (2013b) argue that the speculation is welfare reducing, because it
exposes speculators to to increased overall risk. In terms of social welfare (the welfare of the group of all
agents) or the effect of the third party, it is tempting to evaluate welfare under correct beliefs. However,
even a central planner may not have correct beliefs. Therefore, instead of taking a stand on which (or
whose) beliefs are correct, a belief-neutral welfare criterion asserts that an allocation is belief-neutral
efficient (inefficient) if it is efficient (inefficient) under every possible reasonable probability measure. My
result shows that the resource allocation without speculation is belief neutral superior to the allocation
with speculation. In other words, speculation reduces social welfare under any reasonable probability
measure. The reason is the negative externalities caused by speculation, i.e. the aggregate labor supply
and output distortions, and greater consumption growth and leisure volatility.

Third, I show that speculation creates an output gap' and destabilizes economic growth. The intuition
is as follows. First, speculation creates distortions in portfolio choices, and hence it induces suboptimal
consumption and leisure allocations, and further distorts the aggregate labor supply and economic growth.
In other words, the belief heterogeneity results in an output gap in the economy. Second, in Proposition
2.37 I show that aggregate labor supply is a function of the consumption allocation and that any deviation
from the symmetric consumption allocation reduces the aggregate labor supply. After the speculation
profit is realized, either of the two parties would lose their wealth, at least in the short run. An asymmetric
wealth distribution caused by speculation further impacts consumption choice (allocation) and hence
the aggregate output. In the long run, speculators with more accurate beliefs wipe out their unlucky
opponents. However, winners sit on their speculation profits and work less, reducing the aggregate labor
supply even when losers increase working hours. Third, speculation increases the volatility of aggregate
output growth and destabilizes the economy. Output volatility depends on exogenous technological growth
volatility as well as the sensitivity of aggregate labor supply to belief dispersion, which becomes greater
when the consumption share deviates from equal allocation. Hence, the two effects mentioned above

cause the consumption allocation deviation and hence the greater sensitivity of aggregate labor (output)

! Analogously to the New Keynesian literature, we can refer to the output gap as the difference between distorted output
in the presence of speculation and the output (natural output) in the economy where there is no belief heterogeneity.
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to sentiment shocks. The impact is even more significant after a negative aggregate shock, because
optimists are hit heavily and the market sentiment tends to change dramatically.

The rest of Chapter 2 is organized as follow: Section II reviews the literature, Section III lays out the
model, Section IV characterizes the equilibrium, Section V presents a numerical example of the impact

of speculation on asset prices, social welfare and aggregate economy. I conclude in Section VI.

II. Related Literature

This paper is closest to the literature that studies risk sharing, speculation and savings decisions of
investors in the presence of heterogeneous beliefs, which was started by Harrison and Kreps (1978).

Xiong (2013) reviews literature that builds on heterogeneous beliefs, a widely observed attribute of
individuals, to explain bubbles, crises, and endogenous risk in financial markets. Blume, Cogley, Easley,
Sargent, Tsyrennikov, et al. (2014) study an exchange economy and show that welfare might be higher
in an incomplete market than a complete market if measured under a set of objective beliefs instead of
the investor’s beliefs. Heyerdahl-Larsen and Walden (2014) study hedging and speculation in a static
model and show that the competitive equilibrium is always inefficient under their own efficiency criterion.
Posner and Weyl (2013a) and Posner and Weyl (2013b) argue that the speculative trade should be pre-
vented. Their central concern here is that belief-motivated trade unnecessarily increases the consumption
volatility of both investors, under any probability measure, without clear social benefit. Simsek (2013a)
and Simsek (2013b) show that differences in beliefs provide an incentive for financial innovation whose
purpose is facilitate trade based on differences in beliefs, and which has a tendency to raise the volatility
of consumption. Duffie (2014) challenges the necessity of prohibiting speculation and argues that the
preference of gambling by speculators is completely rational, leaving aside the potential and possible
third-party harm. Furthermore, he stresses the benefits of speculation via increasing the informativeness
of financial markets. Detemple and Rindisbacher (2016) discuss the necessary and sufficient conditions
for speculation to be socially beneficial.

On the methodological side, this research draws on the heterogeneous agent asset pricing literature. I
model an economy where two types of agents with different priors, which gives rise to a credit market as
in Scheinkman and Xiong (2003), Dumas, Kurshev, and Uppal (2009) and Xiong and Yan (2009). David

(2008) resolves the equity premium puzzle by exploring the speculation on a more precise estimation.

IITI. Model

I model a finite-horizon continuous time production economy in which a competitive final goods producer

aggregates a continuum of intermediate inputs

Y, = (/ edg) , (2.1)
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where the intermediate goods Yj; output by a continuum of monopolistically competitive intermediate

goods producers. Firm j employs n;; units of labor and technology A; to produce
Yie = Az (2.2)

The technology level is exogenous, and its dynamics follow

dA
e - pAdt + oadZay. (2.3)
Ay
where 04 and p 4 are constant, and Z4; is a standard Brownian motion. 14 is assumed to be latent to
households. The following subsection shows how households infer the true 4 and how the difference in

beliefs is generated.

A. Heterogeneous Expectation and Learning

The economics and finance literature has widely adopted the Bayesian inference framework to model
investors’ learning process about unobservable economic variables, such as the productivity or profitability
of a firm. In one line of literature (see Basak (2000)), the difference in beliefs deterministically converges
to zero in the long run if agents’ priors are different?.

Following this approach, I assume that this production economy is populated by a continuum of
measure one of households who don’t observe the expected technological growth rate pa and therefore
have to use public signals to estimate its true value.

More specifically, I assume that there are two types of households (two agents) whose Gaussian priors

are different, i.e. for agent 1, uiAj/ ~ Normal (,&i"t, v%) Their forecast [ﬂAt = E [Mf4|~7:{4] follows

~7 U; i
Ay, = —dZy, (2.4)
oA
where L /dA
dzh , = — | =L — pi, dt 2.5
At oA (At KAt > (2.5)

is the shocks agent ¢ perceives and v;; is the variance of the estimation :

— 2
., VoA
vt + 0%
Without lost of generality, I assume v§ < v3. Therefore although same signal (technology growth realiza-
tion) is observed, the heterogeneous prior knowledge leads investors to react differently to the signal flow
and form different views towards the economy: the Type 2 agent reacts more to perceived shocks, and

the difference in beliefs is stochastic.

2 Another strand of literature (Scheinkman and Xiong (2003), Dumas, Kurshev, and Uppal (2009), David (2008), Buraschi
and Jiltsov (2006)) assumes difference in beliefs arises due to the different prior knowledge about the informativeness of signals
and the dynamics of unobservable economic variable, making difference in beliefs persistent in the long run.
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Though the agents’ estimation of the expected technological growth is time varying, we can still
define their subjective probability measure P against the objective probability measure P by the following

exponential martingale

dP!

. 2.
AP gtm ( 7)
where

t t

gt,i = £t70 eXp |:/ _Ug7id8 “I’ / O‘é"leA’t:| (28)
0 0

~g
— HA
e = M (2.9)

0A

We quantify the level of disagreement by the process &, which is defined as:

& = gf (2.10)
and hence
e _ d dz 2.11
T, e t+o0¢dZay, (2.11)
where
pe = —0¢1 (g2 — 0¢1) (2.12)
O¢ = 0¢a — 0¢ 1. (2.13)

As the difference in beliefs is stochastic in this economy, the level of disagreement and its volatility are

stochastic, constituting the source of the sentiment risk (see Dumas, Kurshev, and Uppal (2009)).

B. Preferences and Optimization

Both agents works and consume their capital and labor income. The consumption and leisure of Agent 4

at instant time ¢ is denoted by C;;, and the instantaneous utility from consumption and leisure is given

by:
1— 1—
Cis ! n Li,tn> ‘

2.14
1—v 1-—nq ( )

Ui(City Liy) = e (

Given agent i’s belief which is represented by the probability measure P¥, her expected utility at time 0

from consuming C;,, and leisure L;; is given by

T
‘/i,o = E(Z) |:/ Ui(C’i,t,Li,t)dt} . (215)
0

The agents optimize their life time utility subject to a dynamic budget constraint

dGi’t = TtGiﬂj + (91‘715 (th — T‘tJt + Dtdt) + % (Nl — L@t) dt — C@tdt, (2.16)
t
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and the law of motion of the consumption allocation

dv -
- Y= dt + 0,,dZ0 (2.17)
1.t

where vq; = Cylf is the consumption allocation of agent 1, W, is the wage, P; is the consumption good

price level, Jy is the stock market value. According to Cox and Huang (1989), the constraints above are
equivalent to the static budget constraint, which restricts the present value of all future consumption less

the labor income to be no more than the initial wealth of each agent:

T
Eé [/ Ai,t (Ci,t — I]/ID/tN@t) dt:| S xijo, (2.18)
0 t

where A;; is agent i’s state-price density in his own probability measure and follows

dA;

= —ridt + ni,tdeL, " Ai,O =1. (219)
Aiy ’

The FOCs give the optimal consumption and leisure choice

_1
Ciz=y, € "N, (2.20)

_1 177N
Lig=vy, "e ' <Ai7tpt) (2.21)
t

3=

where y; is the Lagrange multiplier from the static budget constraint and solves the following equation

R e AR 1 T W,
/ eTH, ] <P> dt| g = 0[/ AMPN,-dt] +aido (2.22)
0 t 0 t

IV. The Equilibrium

) T py A=t _1 )
Eé[/ e 7N dt}yiv—l-E(’)
0 K

The difference in beliefs induces speculative trading among investors who need to use only one non-
redundant risky security to hedge the perceived fundamental risk dZ4;. I assume there are two linear
independent securities: a riskless, instantaneous bank deposit with a rate of interest rate r; and the equity
which pays the aggregate dividend perpetually. The usual definition of the equilibrium applies: both types
of investors make their optimal consumption, leisure, and portfolio choice based on their beliefs, and both
consumption goods and asset markets clear.

To determine the equilibrium price system, it suffices to find the two SDF processes that clear the

consumption good market. Define
_ ’ylAl,t
y2lo

At (2.23)
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where A\ = z—; Its dynamics follow

— = —a)\dZDJ/, (2.24)
where

g
Oxt = K1t — K2 = = (2.25)

OA
At is the only state variable in the economy besides agents’ beliefs and essentially equivalent to the
share of consumption as the individual SDF is just the marginal utility with respect to consumption.
A1 A2
The dynamics of \; depend only on the difference in beliefs k1 ; — ko = M’tgif“. The volatility of A; is

stochastic and thus induces the sentiment risk, impacting optimal consumption and leisure choices, asset

prices and social welfare. I characterize the equilibrium by the following proposition.

Proposition 4. Assume that an equilibrium ezists. The SDFs in the fictitious for two types of households
are
U (Yu ) M

A Ay = —A 2.2
1,t € UC (}/b’ A0)7 2,t )\0 1,t7 ( 6)

where U (Yy, \t) is the marginal utility of a social planner which is defined as

U (Y;, >\t) = max U(Cl’t, Ll,t) + )\tU(Cg,t, Lg’t). (227)
Cl,t+c2,t§At(N*Ll,t*LZt):Yt

The stock price Jo is computed from the more confident agent’s probability measure

1 r_ Ue (Ys, As)
= —E} ps "By s . 2.2
=7 0[/0 U Yo o) o (2.28)

The equilibrium consumption allocations are

1
Ciy M

e Copy=—"° 2.29
LU (Vi M) 2T U, (Y, ) (229)

The stochastic weighting process Ay has the dynamics given by (3.36) where Ny clears the markets at time
t =0, namely
Cl ()\0, Ao) + 02 ()\0, Ao) = Ao (N — 14 ()\0, Ao) — Lo ()\0, Ao)) . (230)

Conversely, if there exists processes A1, Moy, \¢ and Jy satisfying equations (3.39) - (3.43), with oy > 0,

the associated optimal consumption portfolio policies clear all markets.

The proposition above shows the conditions of the existence of the equilibrium and the pricing formula
of the dividend claims. In the following three subsections, I show the impact of belief dispersion in asset

prices, aggregate economy and social welfare.
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A. Asset Prices

Equity premium literature (e.g.Dumas, Kurshev, and Uppal (2009)) shows the difference in beliefs and
the sentiment risk explain the equity premium puzzle and the excess volatility puzzle. In this part, I show
that the model in this chapter with an endogenous labor supply generates consistent but slightly different

implications with the literature due to endogenous labor.

Proposition 5. Suppose Jy is the representative agent’s marginal valuation of the stock without different

in beliefs, then
Jo < Jo. (2.31)

Proof: see Appendix B.

Proposition 5 shows that the stock price without the sentiment risk is higher. The intuition is that the
speculation due to the difference in beliefs and the sentiment risk increase the variation of the aggregate
SDF and the stock price volatility, and thus increase the equity premium and lowers the stock price.?
This result is consistent with Dumas, Kurshev, and Uppal (2009).

Two types of agents know that they don’t have the same estimation about the growth of technology.
So two agents ‘agree to disagree’ on fundamentals. However, in the financial market they have to agree
to the stock price and bond price. As they agree to the bond price, the subject risk-free rates for them
are equal. However, they don’t agree on the market price of risk as they have difference in beliefs of the
expected return. The risk-free rate and the subjective price of risk for two types of agents are given in

the following proposition.

Proposition 6. The market prices of risk for two agents are

K1t = Oy + V2 it (2.32)
Kot = Oyt — Vil (2.33)

The instantaneous risk-free rate is
re=p+ pys — oy, (2.34)

where py; is the aggregate belief of output growth rate defined by

Kyt = Vl,t/l%f’t + V2,tu§qt; (2.35)

u%,t and oy, are endogenous and given in the proof.

Proof: see Appendix C.
Proposition 6 shows that the risk prices and the risk-free rate depend on the difference in beliefs

and the consumption allocation v;, consistent with Basak (2000) and Bhamra and Uppal (2014). The

3 As Cochrane (2017a) points out, the existence of the sentiment risk induces the time varying risk bearing capacity and
thus increases the variation of the aggregate SDF.
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equilibrium risk-free rate in our economy is endogenous, and it depends on the difference in beliefs as
well as the consumption allocation, which is consistent with Basak (2000) in terms of expression. But
this result is slightly different from them as the previous two papers are built on an endowment economy
where the output (the dividend) process and hence its volatility component are exogenous. While in my
model the aggregate output depends on the exogenous technology as well as the endogenous aggregate
labor supply. In the appendix, I show that the output volatility is determined by the difference in beliefs
as well as the consumption allocation.

With the price of risk, I can obtain the subjective equity premium and the true equity premium (only
if the true probability measure is specified) by computing the stock volatility which is reported in the

following proposition.

Proposition 7. The volatility of the equity is given by

1 T —pspl
At At 8Nt>o_>\ PE, [ft © DtAst} (2.36)

w=or+ (535 Mo ) em e )

where DiAg is the Malliavin derivative for \s and defined in the proof of this proposition.

Proposition 7 shows how the stock price reacts to technological shocks through changes in Ay with
beliefs dispersion. The first term of (3.58) measures the effect of a technological shock on the stock price
through Y; output. The second term shows the instantaneous impact of a technological shock on the
SDF through \;, and illustrates the effect of difference in beliefs on the volatility through its impact
on the SDF as well as the cash flow (the aggregate labor supply). The third term measures a path
dependent the long-term effect of the technological shocks on the SDF in the future. The derivative D4
measures how perturbing Zil,t affects instantaneous change of A\ for s > t. The second and third terms
shows how difference in beliefs impacts the volatility. When beliefs are identical, the \; is constant, the
second and the third terms vanish, and the stock price volatility reduces to the output volatility which
is essentially equal to the technological volatility 04 as the consumption allocation is constant due to

identical preference setting.

B. Aggregate Output and Difference in Beliefs

Based on their Bayesian rule of updating, two types of households potentially have a different view towards
the economic growth due to different variances of their estimation. Speculation caused by difference in
beliefs distorts the portfolio-consumption-leisure choice. In this part I show how speculation impacts the

aggregate economy by affecting the aggregate labor supply.

Proposition 8. In equilibrium, the aggregate labor supply is a function of consumption allocation v;g,

and it satisfies the following polynomial equation

1 1

=1 X
n n n
A" N+ E vy

1
Wy \ 7
N =0. 2.37
i=1,2 <Atpt> (230

1 )
W \ 7 et
(g) M- [ X v

i=1,2
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Proof: see Appendix D

Proposition 8 reveals that the aggregate labor supply is determined by the technology level and
the consumption allocation. Equation (2.37) can be solved in closed form by the polynomial theory if
% € {1,2,3,4, %, %, %}, or solved in closed-from by using the hypergeometric function if % € N. As

AWIg = 1—1 in equilibrium, the closed form solution is a function of technology level A; and consumption
tLt €

allocation v; ;.

First, the aggregate labor supply is a non-increasing (increasing) function of technology if v > 1
(v < 1). The changes in aggregate labor supply are characterized through classical income and substitution
effect. The income effect is that technological progress improves household wealth, and so leads them to
consume more and enjoy more leisure time. The substitution effect is that technology progress improves

the price of labor relative to consumption goods ( A‘Z’;t =1- %) and so encourages households to work

more. The net effect of technology progress depends on the strength of income and substitution effect.
If the income effect is stronger than the substitution effect v > 1, then technology progress reduces the
aggregate labor supply; and vice versa. But I will assume « > 1, namely the dominance of the income
effect over the substitution effect, as its result is more intuitive in the real world.

Second, the equilibrium labor supply is concave and symmetric in consumption share when % > 1,
and it reaches maximum when v ; = 0.5. Note that in a representative agent economy, say two types of
households are identical, the consumption goods should are equally allocated, and aggregate labor supply
is maximized. I will show later with a numerical example, that speculation introduces inefficiency in
this economy, i.e. an output gap. The intuition is that speculation and the difference in beliefs distort
the individual optimal choices and aggregate risk, making the consumption allocation deviate from the
efficient level (equal allocation) given identical preferences among households. In addition, speculation
between two types of households is reshaping the wealth distribution over time, affecting the consumption
sharing and hence the aggregate output.

The parameter choice affects the function that links the consumption sharing and the aggregate labor
supply. It’s possible that the output is maximized when the consumption share is equal to 0 or 1 (the
aggregate labor supply is a convex function of v1+) under a specific parameterization, which implies
that the wealth inequality increases the aggregate output. While income and wealth inequality is well
documented and argued to be inefficient for the economy or even a threat to the stability of a society
(see (Piketty (2014))), the discussion of economic implication of income and inequality is beyond in my
research. However, we can interpret the increase in aggregate output induced by difference in beliefs and

consequential consumption share inequality as positive output gap, or overheat in the economy.

C. Belief Neutral Welfare Analysis

I have so far analyzed the implications of difference in beliefs on asset prices and aggregate economy.
In this part I evaluate its impact on the social welfare under the belief neutral welfare criterion. In the
economy, the optimal choices of consumption and leisure under individual probability measure are affected
as a result of the speculation motive and the sentiment risk. Whether the speculation is beneficial to

social welfare becomes an important question. While it is attempting to evaluate social welfare under the
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true probability measure, which however is unlikely to be known even for the social planner. Therefore
we evaluate the speculation impact by a belief neutral criterion.
Brunnermeier, Simsek, and Xiong (2014) propose a welfare criterion for economies in which agents

have heterogeneously distorted beliefs. This welfare criterion is defined by the following.

Definition 1. Consider two social allocations, x and y. If the expected social welfare of allocation x
dominates that of the allocation y for every reasonable probability measure P*, where P* denotes the

convex combination of the two agents’ beliefs with weight h >0 and 1 — h > 0,
W (g Vi @), B Ve (@)]) = W (B Vi ()], B [Va (v)]) (2:38)

with the inequality holding strictly for at least one reasonable measure, then allocation x is belief-neutral

superior to allocation y.

As both types of agents are endowed with identical wealth, labor (time) and preference, we construct

a simple social welfare function as a utilitarian welfare function, and it is as following;:
W (B! V), B Vo) = BY Vil + B Dol (2:39)

where

T
Vi,t = / e—p(u—t)U(Cm“ L@u)du. (2‘40)
t

Without taking a stand on which belief is correct, the central planner can categorically determine
that the speculation leads to an inefficient social outcome. The key is the existence of uniformly negative
externality. In fact, in our model, the conflicting beliefs of the more confident agent and the less confident
agent induce a form of externality. First, the difference in priors (or simply confidence level in presence of
learning) induces a bias in consumption leisure choice in our model, resulting a deviation in aggregate labor
supply and total output. Second, consumption and leisure become more volatile due to heterogeneous
risk exposure in their investment. These externalities make the trading between two agents suboptimal
for the social welfare even under any probability measure. Given the true probability measure is hardly
to be known even for the central planner, a policy is preferred such that it mitigates these externalities

and increases social welfare at every possible reasonable probability measure.

V. Numerical Results: Effects of Speculation

In this section I further analyze the effects of speculation and beliefs dispersion by setting parameter
values and solving for the resulting equilibrium. This requires solving optimization problem of two types
of agents simultaneously. I apply numerical methods, specifically Monte Carlo simulation. Conditional
on an initial guess for A\g, we simulate the weighting process \; and output process to solve for the stock
price. I iterate to find Ay satisfying the equilibrium conditions. The parameter choice can be found in
the Appendix. I set the volatility of technological development to 2% to match the volatility of aggregate
GDP growth. We can set the gy = /1114’0 — ,&114,0 to be a slightly positive number, i.e. 0.01 to match the
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equity volatility and risk-free rate. The disagreement process g; is time varying due to learning under
different confidence level, both of which will converge to zero after learning for a sufficiently long time. I
fix the variance of Agent 2’s prior v2 to be 0.01 and allow the variance of Agent 1’s prior v; o varies. The
difference between v and v characterizes the beliefs dispersion as both agents react differently to the
perceived shock according to their variance of estimation. Appendix IX plots the impacts of speculation
and difference beliefs on asset prices, aggregate output and social welfare. The following subsections

illustrate those results in details.

A.  Speculation and Asset Prices

The behaviour of equilibrium stock prices is consistent with Proposition 5, as seen in Figure 2.1. In
presence of difference in confidence level, the difference in beliefs is persistent. Speculation on beliefs is
also persistent over long time until both agents reach a consensus on their forecast. I plot the effect of
speculation on asset prices in terms of P/D ratio and volatility. I fix vg2 at 0.01, and allow vg; to vary,
and the different between vg 1 and vg2 characterizes the reaction to perceived shocks: if the difference
is larger, the beliefs dispersion is greater and speculation is more severe. This figure clearly shows the
beliefs dispersion and speculation reduce P/D ratio. When vp; = vg 2 and households react to shocks in
a similar manner and eliminate the existence of difference in beliefs quickly. As a result, the economy is
very close to the representative agent economy. The P/D ratio is above 16.5, which is a similar result in
a representative agent economy. As vg; decreases and the potential dispersion increases, the P/D ratio
is decreasing from above 16.5 to 13, which is economically significant.

The lower panel illustrates the impact of speculation on equity volatility. When vp; = vp2 (in a
representative agent economy), oy, the sum of the last two components is around to 0 in Equation 3.58
which shows three components on which the stock price volatility depends, and the equity volatility is
simply around 2% which is equal to the component fundamental volatility oy. The term J)\‘,—%%—]Xg is around
0 as the consumption allocation is around 0.5 and therefore the sensitivity of labor supply to consumption
allocation %—ﬁi‘; is close to zero. In the calibration, I set o) = g—g = (0.5, but any new shocks reduces the
beliefs dispersion in expectation if two types of households interpret the new information and update their
beliefs similarly, which is the last term represents. As a result, the sum of the second term and the last
term is around zero, and the equity volatility is close to the output volatility oy. The output volatility
is not necessarily the technological growth volatility o4; however, if v = 1 (in my parameterization),
the aggregate supply is the function of consumption allocation only but not the technological level, the
sensitivity of aggregate labor supply to consumption allocation around v;; ~ 0.5 is around 0, hence
oy =~ 04. The equity risk premium can be obtained by the product of the equity volatility and the true
market price of risk if the true belief can be specified. However, as to which level of the true market price
of risk (any positive level), the effect on the risk premium is similar to that on the volatility: speculation
increases the equity premium.

Those numerical results confirm that the speculation due to beliefs dispersion increases the equity risk
premium in a production economy where the output is endogenous. The equity premium puzzle literature,
e.g. Dumas, Kurshev, and Uppal (2009), Buraschi and Jiltsov (2006), show that the difference in beliefs
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can explain the high equity premium and excess volatility as well as the low risk-free rate without assuming
agents have high risk aversion. Analogous to the literature, speculation due to beliefs dispersion also causes
the sentiment risk. While in contrast, the output process in my model depends on the endogenous labor
supply thus the existence of beliefs dispersion impacts not only the consumption sharing rule among
households but also the aggregate labor supply, hence the marginal aggregate consumption and dividend

growth. More details are analyzed in the next subsection.

B.  Speculation and Social Welfare

Figure 2.2 shows the welfare implication of speculation due to belief dispersions. The lower two panels
plot the individual welfare which is computed as individuals’ expected utility under their own beliefs. In
contrast to Posner and Weyl (2013b) who argue that those households wouldn’t engage in speculation
in the first place®, I show that rational people will engage in speculation without assuming risk seeking
behaviour, confused parties or regulatory arbitrage. First, two agents in my model are fully Bayesian
learners and fully rational. They hold different views of economic growth not because one of them (or
both) is confused, but because they have different prior beliefs. Difference in priors rises for many reason,
some times they simply observe a different time of history, e.g. young and old generations. One cannot
easily judge a investor just because he holds a different view. Second, both agents are risk averse, the
target of their speculative trading is to smooth their consumption growth and leisure. Third, no regulatory
measures in my model. However, even without the three points mentioned above, a fully rational risk-
averse investor would want to speculate as: (1) investors agree to disagree; they don’t believe their trading
counter party is right but they agree upon the difference; (2) the difference among investors is stochastic
hence induces the sentiment risk; so speculation provides protection for themselves from the sentiment
risk and helps smooth their consumption growth and leisure under their own subjective beliefs; (3) as
the difference beliefs becomes greater, each agent thinks the rest of the market participants are making
mistakes hence he can take better on them. Therefore, as we can see from Figure 2.2 in the bottom
two pictures, the welfare (expected utility) of both Type 1 agent and Type 2 agent are increasing in the
difference of vp; and v in their own probability measure, as (1) his speculative profit is increasing (2)
he can hedge his consumption and leisure uncertainty.

However, on the other hand, for a social planner the speculation is not necessarily beneficial, as the top
panel shows that the social welfare is decreasing in the difference of vg 1 and v9 o, opposite to the individual
welfare effect. I measure the social welfare by a utilitarian function, namely, I assign the same weights

for two agents and calculate the sum of expected individual utility. Identical weighting is reasonable as

4Posner and Weyl (2013b) write: “By contrast, when a person speculates, that person exposes herself to increased net risk
without offsetting a risk faced by a counterparty: she merely gambles in hopes of gaining at the expense of her counterparty
or her counterpartys regulator. Speculation is a zero- sum activity, which, in the aggregate, harms the people who engage
in it, and which can also produce negative third-party effects by increasing systemic risk in the economy.” Further, they
write: “When two people bet over whether a coin will turn up heads, they each incur the risk that they will be poorer in
the future, when, assuming that they are risk-averse, the gain will not be sufficient to outweigh the loss in terms of utility.
Thus, rational people will not engage in speculation in the first place unless (1) they like to gamble (in which case there
are cheaper ways, like casinos, to satisfy this preference), (2) at least one party is confused (which we believe is extremely
common), or (3) they are engaging in regulatory arbitrage (which is also extremely common). Thus, there is no social gain
from permitting speculation.”
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two agents have the same initial endowment and maximum labor supply. The top panel plots two lines:
the blue line represents the social welfare evaluated under the Type 1 Agent’s probability measure, and
the red line represents the social welfare under the Type 2 Agent’s probability measure. In the previous
section I introduced the belief neutral social welfare criteria. These two lines draw the two boundaries of
the social welfare under any possible reasonable probability measure, as the convex combination of the
social welfare under two extreme beliefs simply lies between those two lines. In other words, the social
welfare specified by the belief neutral criterion is decreasing in speculation.

There are three important points about this result. First, the welfare loss or externality induced by
speculation is uniformly negative across the set of reasonable beliefs. This is because trades initiated
by the speculation increase consumption volatility in the convex combination of the two agents’ beliefs.
Second, the criterion to evaluate the social welfare ignores agents’ preferences under their own beliefs,
hence it is naturally paternalistic. Brunnermeier, Simsek, and Xiong (2014) argue this criterion features a
specific and discipline form of paternalism, as it is designed to detect inefficiencies based on disagreements
between agents in a group setting rather than to analyse the inefficiencies induced by irrational behaviour
of a individual agent. That said, I would not argue whether the speculation is efficient for individual agent
(even speculation trade is optimal under each agent’s belief). Third, I consider the set of reasonable beliefs
as convex combinations of agents’ beliefs. This is reasonable because (1) the convex set is large enough to
include all the extreme beliefs of agents in the economy; (2) the set of convex combination is appropriate
given the focus on detecting the inefficiencies due to belief dispersion as opposed to belief mistakes shared

by all agents.

C. Aggregate Output

As the total output depends on the exogenous technology and the endogenous labor supply, the speculation
impacts the aggregate economy through its effect on the individual consumption and leisure choice. The
speculation driven by belief dispersion increases the aggregate risk (e.g. the sentiment risk), distorts
households’ portfolio choice and thus working choice. I plot the results in Figure 2.3. In the upper panel
I plot the closed form solution of the aggregate labor supply as a function of consumption allocation vy,
which is also shown in Proposition 8. Given the identical individual preference setting, if there are no
differences in beliefs, the endowment (wealth) allocation and the consumption allocation should be equal,
and the aggregate labor should reach maximum. I refer the output when there is no belief dispersion as
the natural level of output, and the deviation from the natural output level as output gap.

In the lower panel of Figure 2.3 I show the speculation induced by dispersion in beliefs reduces the
output, creating a negative output gap. As the difference between the variances of agents’ estimation
increases, the output gap decreases to around —0.7%, which is economic significant in comparison to the
subjective technological growth (2% for Agent 1 and 1% for Agent 2) and to the 2% real GDP growth in
U.S. and Europe.
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VI. Conclusion

In this chapter I discuss the general equilibrium effects of the speculation driven by the dispersion in
beliefs. I build a continuous time production based heterogeneous-agent asset pricing model and show
that speculation induces sentiment risk and hence distorts the aggregate financial risks. By solving the
model numerically, I show that speculation increases equity risk premium and excess volatility. In the
presence of differences in beliefs, I show that speculation driven by difference in beliefs is Pareto optimal;
however, it reduces the social welfare without taking a stand on which belief is correct. Speculation also
has negative consequence on aggregate economy by distorting households’ consumption working choice.
It can reduce the aggregate output by around 0.7%, which is economic significant. Those effects on asset
prices, social welfare and aggregate output rationalize regulation on the speculation. In Chapter 3, I will

discuss the macro-prudential policy and the regulation of speculation.
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VII. Appendix: Tables

Table 2.1. Chapter 2 Production Economy Calibration

Name Symbol Value
Volatility of technological development oA 0.02
Time preference of both agents p 0.02
Risk Aversion ¥ 1
Curvature Parameter n 0.25
Agent 1’s expected technological growth rate ﬂ}4,0 0.02
Variance of Agent 1’s prior V1,0 Varies
Variance of Agent 2’s prior V2,0 0.01
Difference of Agent 2’s belief and Agent 1's ¢ = gy, — 44, 0.02
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VIII. Appendix: Proofs

A. Proof of Proposition 4

The proof follows Karatzas, Lehoczky, and Shreve (1990) with the appropriate modifications taken to
accommodate for investors facing different state prices. From clearing in the consumption good market,
state prices follow from the representative agent construction. And the equivalent SDF using the marginal

utility function of the planner is:

oUy OCy, . OUy OCoy  OUy OLy, . 0Uy 0Ly

Ve ) = Ge oy, T ™00k, v, oL, v, oLy, ov; (2.41)
B oUy n oUy 8(L1,t+L27t) B oUy B i oUy B oUy _ W, oU; (2 42)
- OC1y 0Ly 0Y; - 9C1y A 0Ly 0C1y AP, OC1, '
1 oUy
= - . 24
€ 8Cl,t ( 3)

Inserting the marginal utility yields the individual SDF. The Dividend flow in a monopolistic competition

equilibrium is

Wi Wy 1
Di=Y,— —=—N=Y: [ 1—- =-Y; 2.44
= Yim =Y (1= ) = (2.44)

Inserting into the fundamental pricing formula the stock price.

To show the converse, assume that there exists A;;, \; and J; satisfying the pricing equation. Clear-
ing in the consumption goods market follows from the solutions to the investors’ consumption-portfolio
problems. Clearing in bond market follows from the fact that the discount total wealth, Ag; (X1, + Xo)
where X;; is the financial wealth of agent ¢, is a martingale since agents’ optimal wealth process is a

tradeable strategy, and they must agree on the prices of all tradeable strategies.

1 T W Wi
Xl,t + X2,t = EE]- |:/ AQ,S (CLS - ?NI,S + 0275 - PN2’S) d$:| . (245)
, t s S

Substitute clearing in the consumption goods market, clearing in the bond market results. Finally, clearing
in the stock market follows by comparing the diffusion dynamics of AgJy with Agy; (X714 + Xo4) using

clearing in both consumption goods market and the bond market.

B.  Proof of Proposition 5

Without difference in beliefs, the representative agent’s marginal valuation for the stock is given by

Jo 1UTUC(Y5,AS>DS ] 1UT Cps 1A } 1[/T ] Jo
—=F —— "t ——ds| =FE e P—ds| < E e PPds| = —. 2.46
Do " LJo Uc (Yo, 20) Do " Lo L+ = ' L Dy (2.46)
The inequality is due to the fact that A; is a positive martingale and therefore a decreasing process for
2

which the long run decreasing rate is (ﬂkt — ﬂi,t) .
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C.  Proof of Proposition 6

Apply Ito’s lemma to each agent’s first order conditions

eptaaCU:t = yiliy (2.47)
and match the diffusion term,
ani
_%ja@ = ki (2.48)
0C; ¢
where C; ; satisfies
dCiy = pc,dt + o¢,dZ ;. (2.49)
Market clearing condition in consumption goods implies that
oc, + 00, = oyYs, (2.50)

which implies (3.54) and (3.55).

The risk free rate follows from applying Ito’s lemma to the state-price density for each agent, changing
to the true probability measure, matching the deterministic terms and rearranging. Risk premium can
be calculated using the consumption share weighted risk prices times the stock volatility. And the /“L%ﬂt
and u%t comes from applying Ito’s lemma to Y; = A;V; with respect to agent 1 and agent 2’s probability

measure.

D. Speculation and Output Dynamics

The output depends on the technological development as well as the aggregate labor supply. The indi-

vidual optimization yields the optimal consumption and leisure choice:

e Pt

O = = 2.51
wi YA ( )
—pt
n __¢€ (2.52)

ot W,
Yil\i Bt

Consumption goods market clearing condition gives:

1

N-3S Ny= <?D/:>" S o (2.53)

i=1,2 i=1,2

1 1
_ Wi\ n 2 ol Wy N\ n Lt 2 ol
N-N;= <Pt> Y,y = (Atpt> AN (2.54)
i=1,2 i=1,2
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By Ito’s lemma, the diffusion of Y; follows

>\t aNt )\t _ aNt (2 55)
Oy =0A— —Orx5 —0A— — [t :
Y A N, A Oy A Ntut Oy
Assume that an equilibrium exists. The SDFs for the two agents are
ot Ue (Ye, At) At
A= Pt 22700 Aoy = A 2.56
ML (Yo, M) AP (2:30)
where U, (Y, \¢) is the marginal utility of a social planner which is defined as
Li," Ly"
. 1t 2t
U (Y, ) = max logCi ¢+ ——— + A\ | log Ca ¢ + (2.57)
C’1,t+02,t§z4t(N—Ll,t—Lz,t):Yt 1—n 1—n

The stock price J; is computed from the unconstrained agent’s probability measure

T
U (Ye, X N)
J, = B} [/ e psWDsds]. 2.58
R A U, (Yo, X0, Ao) (2:58)

E.  Proof of Proposition 7

We use the following lemma to prove Proposition Volatility.

Lemma 2 (Clark-Ocone Theorem - Nualart (2006)). Let F' € DY2, where the space D%? is the closure

of the class of smooth random variables S with respect tot he norm
) ) 1/2
1Flh2 = [BE[FE] + B (IDFIEm)] - (2.59)
Suppose that W is a multi-dimensional Brownian Motion. Then
T
F =FE|[F] —|—/ E (D F|Fs) dWs. (2.60)
0
Taking conditional expectations,
t
E[F|F]=EIF] +/ E (DsF|Fs) dWs. (2.61)
0

Proof of Lemma 2. See Nualart (2006).
Next we consider the equity pricing equation respect to probability measure of the Type 1 Agent:

1 T Y.
S — —ps M) =2d . 2.62
= U U (O M) 2 ds| . (2.62)
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Define the £? (731) martingale M,
T
M, = E} [/ e PUc (CS,AS)sts} : (2.63)
t

By the martingale representation theorem, there exist a process ¢(t) such that E} [ ftT |¢(t)|2ds} < 00
and My = Mo + [} o(t)dZ},.

The value of the stock can be rewritten as

1 t
T, ) [Mt— / e P U (CS,)\S)Y;ds} (2.64)
0

N EUC (Ct, )\t
Applying Ito’s lemma to equation above and comparing the diffusion term earns the volatility

UCC (Cta >\t) UC}\ (Cta >\t) 1

OJt = = Y10y + —— N0y + o(t) (2.65

H Uc (Ct, At) o Uc (Ci, Mt) oA E} UtT e~ PsUc (C’S,/\S)sts} )
_ At At ONy 1

=oy + <1+)\t ]Vta)\t> o)+ ¢(t), (2'66)

B} [ftTe*PS (1+ As)ds}

in which {A\;} is a martingale under Type 1 agent’s probability measure.
To complete the proof we need to use Malliavin derivatives to calculate the the response of M; to

fundamental shocks. By Lemma 2, the diffusion term of dynamics of M; is

T
b(t) = E} [ / e—PSDgASds] (2.67)
t
where the Malliavin derivatives are
D \s RO 1
= —ox(t) — | Dii(z) [oa(2)dz +dZ} ] (2.68)
S - t
1- e 1
Dijii(z) =e "~ 4 oy (vy —v7) (2.69)
A
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IX. Appendix: Figures

Beliefs Dispersion

Equity Vol

0.1F

0.08 |

0.06 |

0.04 |

0.02

Beliefs Dispersion

This figure plots Price-dividend ratio and volatility of equity, and output level against
different confidence level of Type 1 households. (vg; is smaller, agent is more confidence,
and the difference in beliefs is potentially larger). We set n = 0.5 and ¢ = ﬂ}“ — /l?“ =
0.01. The upper and lower panels show that speculation reduces the asset i)rices and
increases the equity volatility.

Figure 2.1. Effects of Speculation on Asset Prices
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Agent 1 Welfare

Beliefs Dispersion

Agent 2 Welfare

Beliefs Dispersion

Social Welfare P!

-20 Social Welfare P*|

Beliefs Dispersion

This figure plots speculators’ welfare under their subjective beliefs and the social welfare
under two beliefs against different confidence level of Type 1 households. The upper panel
plots the social welfare is decreasing speculation as the convex combination of the blue line
and the red line, which represent the social welfare under two extreme boundary beliefs,
is decreasing.

Figure 2.2. Effects of Speculation on Individual Welfare and Social Welfare
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Beliefs Dispersion

This figure summarizes the effect of speculation over the aggregate economy. The upper
panel plots the closed form solution of aggregate labor supply against the consumption
allocation. The aggregate output reaches maximum when the consumption allocation be-
tween two types of households is identical in absence of speculation. The lower panel shows
that speculation makes the consumption allocation deviate from the identical allocation,
hence reducing the aggregate labor supply and output.

Figure 2.3. Effects of Speculation on Aggregate Labor Supply
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Chapter 3

Macro-prudential Policy, Differences in Beliefs and Growth

I. Introduction

As the ultimate asset holders, households process new information and decide on their trades using
competing models of economic fundamentals through financial intermediaries, e.g. commercial banks,
hedge funds, ETFs, etc. Some of those households do not always attempt to share risks with others;
rather, in periods of large disagreement of views they take bets on the relative accuracy of their models’
predictions, namely speculate. However, speculative trading can be a negative sum game because it may
cause financial imbalances (Scheinkman and Xiong (2003)) or trigger financial crisis (e.g. 1997 Asian
financial crises).

In the previous chapter I show that speculation due to financial market participants “agree to disagree”
generates negative externalities for the aggregate output and the labor market? In this chapter I explore
the general equilibrium effects of macro-prudential policy to restrict speculation . I address the following
questions. While macro-prudential policy can limit speculation and dampen procyclical leverage cycle by
offsetting speculative motive due to differences in beliefs, would tighter regulation result a more stable
financial market? What will be the impact of this regulation on the spillover effects on the labor market?
Does tighter regulation improve the social welfare when policy makers are not sure which is the true
belief?

To illustrate the necessity of macro-prudential policy, I show an example why speculation due to
the difference in beliefs can cause negative externalities. For this reason I use following example from
Brunnermeier, Simsek, and Xiong (2014)!. Consider a bet between Joe and Bob who argue over the
filling material of a pillow. Joe thinks the filling is natural down with probability 0.9 while Bob thinks
it is artificial down with the same probability. They decide to bet by cutting this pillow: if the filling is
natural down, then Bob gives Joe $100; if it is artificial down, Joe gives Bob $100; the winner buys a new
pillow with a cost of $50%. Clearly, both Joe and Bob will choose to enter the bet as their expectation
of profit is 0.9 x ($100 — $50) + 0.1 x (—$100) = $35 after the replacement cost for the destroyed pillow.
This bet is desirable from either Bob or Joe’s perspective, hence the betting is Pareto optimal. However,
the bet generates only a wealth transfer and a destroyed pillow. Of course this bet may be taken just for
entertainment purposes, but a more realistic trigger is that each bettor thinks he would win and the other

side would lose. If this bet is triggered by the beliefs distortion, obviously it is a negative sum game, no

!The original example is from p. 193 in Kreps (2012).
2The replacement cost may be state dependent, e.g. $50 for a natural down pillow and $20 for a artificial down pillow.
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matter which probability measure the central planner takes to evaluate social welfare. The welfare loss,
or the externality caused by the bet, is the destroyed pillow.

Like the pillow betting example, speculation can be a negative sum game in financial markets. In
addition, what those speculators disagree on should be revealed to the public at some point in the future
through some policy announcement or other news, and the social planner is aware of this information.
Therefore policy makers may help investors to approach this even with more wealth (see Chabakauri
(2015)) by setting regulatory measures. Moreover, the recent financial crisis and its consequential dam-
aging real effects have generated a broad agreement among academics and policy makers that financial
regulation needs to acquire a macro-prudential dimension, e.g. a leverage constraint, which ultimately
aims to prevent financial risks from spreading across the financial system and the real sector (Hanson,
Kashyap, and Stein (2011), Borio and Shim (2007) and Farhi and Werning (2013)).

By developing a dynamic general equilibrium asset pricing model in a production economy with
endogenous aggregate labor supply, I explore the negative consequences of speculation due to belief
dispersion and the general equilibrium effects of macro-prudential policy that restricts speculative trading.
More specifically, I assume that the expected technological growth is latent to households (agents), who
have to rely on heuristics to form their priors and observe a public signal to update their beliefs. Even
if almost inevitable biases (e.g. heuristic simplification, see Hirshleifer (2001)) and consequential belief
heterogeneity can cancel out across agents, and even if the difference in beliefs can converge to zero in
the long run as agents update their estimation in a Bayesian manner, speculation triggered by belief
dispersion would cause negative consequences when agents agree to disagree. Analogously to Drechsler,
Savov, and Schnabl (2014), one can think of the optimistic agents as pooling their wealth into the net
worth (equity capital) of financial institutions, or banks for short.

In equilibrium, banks take levered positions in risky assets by borrowing from the pessimistic agents
using short-term risk-free claims, which we think of as taking deposits. My view of banks as levered
risk-takers is purposely simplified, abstracting from other functions such as screening and monitoring
in order to focus on risk taking and speculation. It has the advantage of accommodating a diverse set
of financial institutions, including commercial banks, broker-dealers, and hedge funds, whose unifying
characteristic is that they take leverage using short-term debt. Procyclical leverage and speculation
due to belief dispersion induce greater endogenous wealth fluctuations, increasing the excess stock price
volatility and the equity risk premium and making individual consumption and leisure more volatile.
Moreover, expected speculative profit in subjective beliefs makes agents work less and hence distorts the
aggregate labor supply and the aggregate output. These negative externalities caused by speculation are
not internalized by households.

To dampen the procyclical leverage and mitigate the negative externalities which are caused by spec-
ulation due to belief heterogeneity, central banks can regulate risk taking by restricting short term bor-
rowing. In this paper, I consider the leverage constraint as the representative constraint of various

macro-prudential policy tools.? I explore the effects of macro-prudential policy on asset prices, output

3Those intermediaries face various regulations or constraints, among which some common market based instruments are

Total
Leverage Ratio (LR) = w
Equity
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level and social welfare by comparing the outcomes with different tightness of leverage constraint.

First, macro-prudential policy reduces the stock price volatility and the equity risk premium, therefore
it raises stock prices in terms of the price dividend ratio. In the presence of belief heterogeneity and
learning, agents can freely speculate against each other without any constraints, and they are fully exposed
to the speculative risk and the leverage amplifies the fundamental shocks. Thus the equity premium and
the stock price volatility is higher compared to the case where there is no belief heterogeneity (similar
to Dumas, Kurshev, and Uppal (2009) and David (2008)). By restricting procyclical leverage, macro-
prudential policy reduces the risk in endogenous wealth fluctuation, and therefore reduces the equity
premium and stock price volatility, boosting up asset prices in terms of the price dividend ratio.

Second, macro-prudential policy helps to increase the aggregate output level. In this heterogeneous-
agent production economy, speculation distorts households’ consumption and leisure choices and hence
the aggregate labor supply and the output level. macro-prudential policy, in contrast, enhances the output
level in the following two ways. First, by restricting potential extreme portfolio choices, macro-prudential
policy offsets the distortions in individual consumption and leisure choice. Second, by setting a portfolio
constraint, macro-prudential policy prevents the wealth inequality among households by mitigating their
risk exposures in financial markets, achieving balanced consumption and leisure allocations and a more
stable economic growth path.

Is tighter policy better for the aggregate output? The model in Buss, Dumas, Uppal, and Vilkov (2016)
predicts a monotonic relationship among economic growth, asset prices and policy tightness, as in their
AK economy higher marginal return on capital expenditures implies higher output growth. However,
this relationship is not monotonic in my model: over-tight policy impairs the aggregate output level.
Intuitively, over-tight policy may impair households’ intertemporal consumption-leisure-portfolio choice,
creating aggregate labor supply distortions.

How about social welfare? Individual and social welfare are difficult to evaluate given that the objective
belief may differ from agents subjective beliefs. It is tempting to evaluate macro-prudential policy under
the true probability measure, but the true measure is often extremely hard to be known even by the central
planner. If a policy maker is not sure about the true belief, it becomes difficult to evaluate a policys welfare
implications, as this policy is likely to be good for social welfare under the probability measure of one
household type but bad under the others. Evaluating social welfare implications with heterogeneous beliefs
is therefore controversial in the literature* and devising a new methodology to address this interesting

topic is beyond the scope of my research. To make progress, I therefore use the belief neutral welfare

Assets x Price — Debt Equity
Assets x Price " Assets x Price’

D
Loan to Value (LTV) = ﬁ:;rice'

Haircut =

Even though commercial banks, hedge funds, shadow banks and mortgagors have different types of constraints, comparing
the different yardsticks for leverage, we find ﬁ = Haircut = 1- LTV and we observe a wide range of LTV ratios across the
financial system from 99 percent for special purpose vehicles to 80 percent for mortgages (Schoenmaker and Wierts (2015)).
No matter what the cross-sectional difference in ratios requirement, macro-prudential policy tools share the same target to
regulate speculation and stabilize financial markets.

“Those studies include Blume, Cogley, Easley, Sargent, Tsyrennikov, et al. (2014), Brunnermeier, Simsek, and Xiong

(2014) and Gilboa, Samuelson, and Schmeidler (2014).
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criterion specified in Brunnermeier, Simsek, and Xiong (2014), as in the previous chapter. This criterion,
instead of taking a stand on which (whose) belief is correct, asserts that an allocation is belief-neutral
efficient (inefficient) if it is efficient (inefficient) under any every possible reasonable probability measure.

According to the belief neutral welfare criterion, I show that the resource allocation under the macro-
prudential policy that constrains speculation is belief neutral superior to the allocation without the policy.
In other words, macro-prudential policy increases social welfare under any possible reasonable probability
measure. Intuitively the negative externalities caused by speculation, e.g. the aggregate labor supply
and output distortions, and greater consumption growth and leisure volatility, are mitigated by macro-
prudential policy.

The rest of the chapter is organized as follows: Section II reviews the literature, Section III lays out
the baseline model, Section IV characterizes the equilibrium, Section V presents a numerical example of
the impact of macro-prudential policy on asset prices, social welfare and the aggregate economy. Various

cases are discussed in Section VI and I conclude in Section VII.

II. Related Literature

This research is closest to the literature that studies risk sharing, speculation and savings decisions of
investors in presence of heterogeneous beliefs. Blume, Cogley, Easley, Sargent, Tsyrennikov, et al. (2014)
study an exchange economy and show that, the welfare might be higher in an incomplete market than a
complete market if measured under a set of objective beliefs instead of the investor’s beliefs. Heyerdahl-
Larsen and Walden (2014) study hedging and speculation in a static model and show that the competitive
equilibrium is always inefficient under their own efficiency criterion. Buss, Dumas, Uppal, and Vilkov
(2016) also study the AK production economy in discrete time and show similar results. this research
contributes to this literature by endogenizing the aggregate labor supply and studying the real effects of
macro-prudential policy and speculation due to belief heterogeneity.

‘Pecuniary externality’ is one of the main existing theoretical justification for macro-prudential policy.
In the pecuniary externality literature, it simply rises due to the market incompleteness introduced to
the Arrow-Debreu construct. The relative price change which is induced by the redistribution of asset
holding given incomplete asset market affects the spanning properties of the limited existing set of assets.
This pecuniary externality is not internalized by competitive agents, resulting a constrained inefficient
equilibrium. The planner can improve the equilibrium outcome by intervening in the financial markets
(see e.g. Stiglitz (1982), Geanakoplos and Polemarchakis (1985) Geanakoplos, Magill, Quinzii, and Dreze
(1990)). Farhi and Werning (2013) consider the nominal rigidities friction and zero lower bound of mon-
etary policy. Instead of pecuniary externalities, they emphasize aggregate demand externalities. Elenev,
Landvoigt, and Van Nieuwerburgh (2016) consider the leverage constraints of financial intermediary as
the main friction, and evaluate the asset prices and output with the implicit support from governments. I
consider the behavioural heterogeneity and stresses on suboptimal individual choice and aggregate supply
externalities.

This research is also related to the financial sector modeling of the macro economy. Investors who have

conflict beliefs should borrow (lend) from (to) the other side through financial intermediaries, which is
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not modelled explicitly in my economy in order to focus on behaviour bias rather than the financial sector
friction, but in fact those financial intermediaries are the entities regulated by macrorprudential policy in
the real world. I show in the result that macrorpudential policy improves the social welfare without the
frictions in financial intermediaries, while incorporating the financial sector should strengthen my results
and is of great interest. Earlier works before financial crisis emphasis ‘financial accelerator’ and the
balance sheet channel of monetary policy. Those works include Bernanke and Gertler (1989), Bernanke
and Gertler (1995), Gertler and Karadi (2011), Bemanke, Gertler, and Gilchrist (1996), Bernanke, Gertler,
and Gilchrist (1999), and many others. More recent research allows a richer setting of financial sector.
He and Krishnamurthy (2013) study the asset pricing effect when the marginal investor is a financial
intermediary who is facing an equity capital constraint, which is similar to us. Brunnermeier and Sannikov
(2014) study the persistent endogenous risk driven by asset liquidity and its non-linear implication effects
and show that the economy is prone to instability and occasionally enters volatile crisis episodes. He
and Krishnamurthy (2014) consider systemic risk arises when shocks lead to states where a disruption
in financial intermediation adversely affects the economy and feeds back into further disrupting financial
intermediation. Drechsler, Savov, and Schnabl (2014) consider a dynamic heterogeneous agents asset
pricing model in which monetary policy affects the risk premium component of the cost of capital. The
effect of policy shocks are exemplified via bank balance sheet effect.

On the methodological side, this research draws from the heterogeneous agent asset pricing literature.
I model an economy where two types of agents with different priors, which gives rise to a credit market
as in Scheinkman and Xiong (2003), Dumas, Kurshev, and Uppal (2009) and Xiong and Yan (2010).
David (2008) resolves the equity premium puzzle by exploring the speculation on preciser estimation.
Our model is also related the literature on collateral or margin constraints and their effect on asset prices
(see Gromb and Vayanos (2002), Brunnermeier and Pedersen (2009), Gorton and Ordonez (2014), Moreira
and Savov (2014)). Basak and Cuoco (1998) solve the asset pricing implication with limited stock market
participation, and Gallmeyer and Hollifield (2008) also examine asset prices in a heterogeneous-agent

model with a short constraint.

ITII. Model

I model a finite-horizon continuous time production economy in which a competitive final goods producer

aggregates a continuum of intermediate inputs

1 e—1 . ﬁ
Y, </O o dj> , (3.1)

where the intermediate goods Yj; are produced by a continuum of producers who face monopolistic

competition. Firm j employs n;; units of labor and technology A; to produce

Yie = Az (3.2)
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I assume the technology level is exogenous, and its dynamics follow

dA
Tt = padt + 04dZay, (3-3)
t

where 4 and o4 are constant, and Z4; is a standard Brownian motion.

A. Learning and Difference in Beliefs

I borrow the production economy I develop in the previous chapter, but I shall restate the key assumptions
in the following. This finite horizon production economy is populated by a continuum of households
who don’t observe the expected technological growth rate u4 and therefore have to use public signals
to estimate its true value. I assume at time 0, households (agents) have to form an initial guess by
heuristics. Such heuristics are effective when applied to appropriate problems. But their inevitable biases
can become flagrant when used outside their ideal domain of applicability. Due to heuristic behavior

bias,” agents obtain different priors and they know each other’s priors, that is, they agree to disagree.

Without loss of generality, I assume there are two agents who have different Gaussian priors,” i.e. for
agent i, uf“ ~ N (ﬂ%’t,vg). Their forecast ,&f“ =F [uﬂf{‘] follows
) s )
dily, = -7, (3.4)
b O-A K
where L /dA
dzly, = — | ==L — iy idt 3.5
ar= o < a4, Ma > (3.5)
is the shocks agent ¢ perceives and v;; is the variance of the estimation
—i 2
—i Uh04
= T (3.6)
ol T 04

Without lost of generality, I assume v} < v3, therefore the Type 2 agent reacts more to perceived

shocks, and the difference in beliefs is stochastic. This assumption also makes the aggregate leverage
pro-cyclical as the Type 2 agent is too optimistic in good times but too pessimistic in bad times.

I define their subjective probability measure P’ against the objective probability measure P by the

SHirshleifer (2001) provides a detailed survey of investor psychology and the impact of behavior bias on asset prices.

5This assumption provides a simple model of trade based on belief dispersion. To the extent that prices do not fully reveal
information, my model can be view as a reduced form for a setting in which belief disagreements are driven by differences in
information rather than priors.

"A related literature concerns the plausibility of heterogeneous prior beliefs in financial markets. Morris (1996) argues
that heterogeneous priors should be selectively incorporated into economic analysis. Another concern is whether belief
disagreement would disappear in view of trader’s Bayesian learning. Acemoglu, Chernozhukov, and Yildiz (2016) argue that,
the differences in beliefs with Bayesian updating might fail to converge to zero even in the long run. But by the assumption
in this paper, the difference in beliefs will converge to zero in the long run, but the belief dispersion in the finite horizon is
sufficient to generate significant results.
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following exponential martingale

A"
dP = gt,’ia (37)
where
t t
i = &pexp [/ —Ugvids +/ agﬂ‘dZA’t] (3.8)
0 0
ﬂi — HA¢
o = 0T (3.9)

0A

I can quantify the level of disagreement by the process &, which is defined as:

g =52 (3.10)
i1
and hence
gy
— = pedt + ocdZay, (3.11)
t
where
pe = —0¢1 (02 — 0g1) (3.12)
O =0¢2 — 0¢ 1. (3.13)

Analogously to Drechsler, Savov, and Schnabl (2014), we can think of the optimistic agent as pooling
her wealth into the net worth (equity capital) of financial institutions, or banks for short. In equilibrium,
banks take levered positions in risky assets by borrowing from the pessimistic agent using short-term risk-
free claims, which we think of as taking deposits. My view of banks as levered risk-takers is purposely
simplified, abstracting from other functions such as screening and monitoring in order to focus on risk
taking and speculation. It has the advantage of accommodating a diverse set of financial institutions,
including commercial banks, broker-dealers, and hedge funds, whose unifying characteristic is that they
take leverage using short-term debt. As the difference in beliefs is persistent and stochastic in this economy,

the level of disagreement and its volatility are stochastic, constituting the source of the speculative risk®.

B. Preferences and Optimization with Policy Constraint

Instantaneous utility of type i representative agent is given by the following function that depends on the

consumption Cj, and leisure L; ;:

1-n

L
U(Cit, Li) =log Cig + = , (3.14)

8Dumas, Kurshev, and Uppal (2009) term the fluctuation in market sentiment as the “sentiment risk”, which is similar
to the speculative risk in this chapter, as the speculation is driven by agents’ market sentiment.
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where 7 catches the smoothing motive for leisure component and takes value of 1 in our baseline model
to match the standard log preference in the real business cycle literature (see Ljungqvist and Sargent
(2004)). The leisure is defined as the total hours minus the working hours: L;; = N; — N;, and the
aggregate total hours is N = Ny 4+ Ny, in which we assume N; = 8;N and 1 = 2 = %

In this economy, there are no frictions other than beliefs heterogeneity and policy intervention, and
we assume that two types of agents shall invest their financial wealth into two securities: a real bond
and a claim to dividend flow (equity). Both agents optimize the consumption, leisure and portfolio to

maximize their expected utility, which is given by

Vie=  max Ej [ / e P U (Ciuy Li)du (3.15)
Ci,uyNi,uﬁi,ue@ t

subject to a dynamic budge constraint

Wi

dGip = riGligdt + 0y (dJ; — 1oy + Dydt) + - (Ni — Liy) dt — Ciqdt, (3.16)
t
and the dynamics of consumption share
dv ,
V—“ = pudt + 0,,dZ0 (3.17)
1

where vy ; = %, p is the constant subjective discount rate, P; is the price level, D; = Y; — %Nt is the
dividend and N; = Ny; + Na; is the aggregate labor supply, J; is the price of the dividend claim, and
G+ represents their total wealth includes the financial assets and the human capital. 6;,, is the portfolio
weight of stock, and © represents the set of admissible portfolio strategies.

Both types of agents are regulated by the LTV constraint. But the more confident agent reacts less
to the shocks, and she is less likely to be bounded by the constraint. Therefore for tractability reason, I
assume she is not subject to LTV constraint. This assumption allows us to apply the standard martingale
approach to characterize the optimal consumption and portfolio for general price systems as in Cox and

Huang (1989). The SDF of the more confident agent, summarizing the stock and bond price system, is

given by
dA
L — pydt — k1 4dZY (3.18)
Aig ’
Ap=1 (3.19)

Her consumption-leisure portfolio problem is

T 1-n
max Fj / e ? | logCys + P dt (3.20)
Cr,e,L1, 0 0 81t 1—mn .
. e W
subject to E A [ Cre— ?Nl,t dt| < xz1Jy. (3.21)
0 t
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The FOCs give the optimal consumption and leisure choice:

A e Pt

Cii = ALy (3.22)

R efpt n

Lij=|——+ , (3.23)
ylAl,t%

where k1 ¢ is the instantaneous risk price and y; is the Lagrange multiplier from the static budget constraint

and solves following equation

Eq

T = /W = -1 1 g Wi s
/ eHEA ] (;) ! dt] n' o=yt =B [/ Al’tPtNldt] tovk.  (324)
0 t P ‘ t

The less confident agent faces an incomplete financial market, as her portfolio optimization is compli-
cated by the LTV constraint. Similar to Cvitanic and Karatzas (1992) and Chabakauri (2015), we solve
the constrained agent’s optimization problem in a fictitious unconstrained economy, in which the price of

the instantaneous bond and equity follow

dB

?f = (re 46 (v))) dt (3.25)
t

th o 2 * * 2

A (15 + v + 6 (v))) dt + 044dZ5, (3.26)

where (+) is the support function for the set of admissible portfolio weights ©, defined as

d(v) = sup (—vh) (3.27)
0cO
which is obtained from complementary slackness condition v;8; + §(v*) = 0 (see Cvitanic and Karatzas
(1992) and Karatzas and Shreve (1998)). The adjustment v; can be interpreted as the shadow cost of the
constraint. Therefore, the SDF of the Type 2 agent in the fictitious economy is:

dA *
A;: = —(re +0(v)))dt — (fm + ;}t > dZ3 ;, (3.28)
Asp =1, (3.29)

and the less confident agent’s consumption portfolio problem is

T 1—n
—pt LQt
/ et (log Coy + =21 | at (3.30)
0 oo 1l-m

max FE?
Ca.¢,L2,t

subject to the static budget constraint

T Wt
E? [/ A2,t <027t — PNQJ) dt:| < x9Jp. (3.31)
0 t
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The FOCs give the optimal consumption and leisure choice:

o " (3.32)
2,6 — y2A2,t’ .
ot 1/n
Lyy=|—1] (3.33)
<y2/\2,tv}>/f>

where kg ¢ is the instantaneous risk price and y» is the Lagrange multiplier from the static budget constraint

and solves following equation

T n=1 =S ~1 1 T _
E? / e_%tj\ﬂ (g‘f) n dt] Yo "+ = (L—e )yt = Ef [/ Ag,t?ngdt] + x2.Jp. (3.34)
0 t P 0 t

IV. The Equilibrium

To determine the equilibrium price system, it is sufficient to find the two SDF processes that clear the

consumption market. Define

Y11y
At = ’ 3.35
"7 hay (3:35)
where \g = Z—; Its dynamics follow
dA
Tt = —updt — 0xdZ},, (3.36)
t
where
v} vf \ 2 N
[y = —FKop—— — <t> —d(vf), (3.37)
OJt OJt
vt
Oxt = K1t — K2 — (3.38)
0J

At is the only state variable in the economy and essentially equivalent to the consumption allocation
as the individual SDF is just the marginal utility with respect to consumption. It summarises the impact
of difference in beliefs and the policy. In the absence of policy, the shadow price of constraint is 0, and
the dynamics of A\; depend only on the difference in beliefs k1 — k2t = ﬂi‘%ji’t. While the policy affects
the drift and the volatility of A\; and thus impacts optimal choices, asset prices and social welfare. I

characterize the equilibrium by following proposition.

Proposition 9. Assume that an equilibrium exists. The SDF's in the fictitious for two types of households

are
UV, \) A
A =e PP D70 Aoy = —A 3.39
l,t € UC (1/07 Ao)a 2,t )\0 1,t7 ( )

where U (Yy, \t) is the marginal utility of a social planner which is defined as

U (Y;, )\t) = max U(CLt, Ll,t) + )‘tU(CQ,t7 Lg’t). (340)
C1,1+C24<A;(N—L11—La)=Y:
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The stock price Jo is computed from the more confident agent’s probability measure

1 T _ U (Y5, As)
= -E} ps A"y s . A1
=2 0[/0 e Vs (3.41)

The equilibrium consumption allocations are

1 A
Clt CQt !

e . S— 3.42
T ) TR (342)

The stochastic weighting process Ay has the dynamics given by (3.36) where Ny clears the markets at time
t =0, namely
4 ()\0, Ao) + Cy ()\0, Ao) = Ap (N — 14 ()\0, Ao) — Lo ()\0, Ao)) . (343)

Conversely, if there exists processes A1, Aoy, \¢ and Jy satisfying equations (3.39) - (3.43), with oy > 0,

the associated optimal consumption portfolio policies clear all markets.

Proof: see Appendix A.

The equilibrium consists of two regions which depend on whether the difference in beliefs is large
enough to trigger the policy constraint. In the first region, the difference in beliefs is small enough so
that Agent 2 is willing to hold only a small portion of stock without any leverage. Here the constraint
does not bind. The dynamics of the weighting process depend on the difference in beliefs only. In the
second region, the difference in beliefs is large enough so that Agent 2 is eager to lever up to hold more
equity. In this case the leverage constraint binds; the dynamics of the weighting process depends on the
tightness of the leverage constraint as well as the difference in beliefs. The next proposition reports the

shadow price of the constraint in these two regions.

Proposition 10. In the above equilibrium, for LTV constraint 6 < 6 with 8 > 1, adjustment vy satisfies

Kuhn-Tucker optimality conditions

vt (9* - é) =0, (3.44)
v <0, (3.45
0" <0 (3.46)
and is given by the following expression
0, if0* <0
vy = d (3.47)

QO'?Lt — R2t0J¢t Zf 0* = 0,

and
S(v)) = —0u}. (3.48)

Proposition 10 shows that the shadow price of the policy constraint is determined by the tightness

of policy and the endogenous stock price volatility. For tractability purpose I further assume that the
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constraint is the inverse of the volatility to disentangle the shadow price and stock price volatility, and

the result is given by the following corollary.

Corollary 8. If the leverage constraint takes the form of inverse of the volatility 6 = % The adjustment

0, if0* < 0
vy = / R (3.49)
Koyt — Kouoge if 0F =0,

and its support function is
0, if 0" <0
d(vf) = / . (3.50)
Kotk — K2 if 0% = 0.
Proof: see Appendix B.
The closed form solutions for the support function depends on the assumption in Corollary 8, which

we also keep in the following sections.

A.  Macrprudential Policy and Asset Prices

In this part, I discuss the asset pricing implications of macro-prudential policy. First I compare the stock

price with and without the speculative risk (sentiment risk).

Proposition 11. Suppose Jy is the representative agent’s marginal valuation of the stock without differ-

ence in beliefs, then
Jo < j(]. (3.51)

Proof: see Appendix D.

Proposition 11 shows that the stock price without the speculative risk is higher. The intuition is that
the speculation due to the difference in beliefs increases the fluctuations in individual wealth and the
variation of the aggregate SDF | hence it increases the stock price volatility and the equity premium and
lowers the stock price.” The macro-prudential policy offsets with the speculative risk, and thus raises the

stock price.

Corollary 9. Suppose Jy is the constrained agent’s marginal valuation of the stock defined as

7 2 T A2,s
Jo = E? 1 Dads | - (3.52)
0 2,0

Then

Jo > jo, if the constrait binds with positive probability for some t' > t,

Jo = jo, else.

9 Like Cochrane (2017b) points out, the existence of the speculative risk induces the time varying risk bearing capacity
and thus increases the variation of the aggregate SDF. Dumas, Kurshev, and Uppal (2009) argue the sentiment risk explain
the excess equity return volatility and derive the optimal portfolio strategy to hedge against the sentiment risk.

(3.53)
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Proof: see Appendix C.

If the constraint does not bind the less confident agent (Agent 2), her stock holding variates accordingly
with the speculation motives as the difference in beliefs fluctuates. If there is positive probability that the
leverage constraint will bind at some time in the future, the stock price is higher than the less confident
agent’s valuation for the stock. The difference between the stock prices and the less confident agent’s
valuation can be interpreted as the discount value for speculative profit loss due to the policy constraint
in her subjective probability measure.!”

The corollary above characterizes the consumption allocations and the stock price in equilibrium, then

the following corollary shows the subjective risk prices for two agents and risk-free rate.

Corollary 10. The market prices of risk for two agents are

1% — . . .
Loy, — 2R if the constraint binds
B Vit ’

ki =q (3.54)
Oyt + Vol otherwise,
1 V2t = = . . .
oy — i et ! if the constraint binds, (3.55)
oy, — Vith, otherwise.
The instantaneous risk-free rate is
p+ uyy — (VKT + vouR?) — v146 (vf), if the constraint binds, (3.56)
Ttt — b b .
p+ py — U%t, otherwise,
where wy is the aggregate belief of output growth rate defined by
By, = Vighy, + Voahyg; (3.57)

M%/t and oy, are endogenous and given in the proof.

Proof: see Appendix E.

Corollary 10 shows that the risk prices and the risk-free rate in the unconstrained region depend on the
difference in beliefs and the consumption allocation v;, consistent with Basak (2000) and Bhamra and
Uppal (2014). When the constraint is binding, the subjective risk price of the unconstrained agent depends
on her own consumption share and the tightness of policy. Conditional on the consumption allocation,
the subjective risk price of the unconstrained agent is higher in the constrained region, because the policy
forces the unconstrained agent to bear additional risk despite her belief. As the output is endogenous, the
macro-prudential policy impacts the aggregate output volatility and the prices of risk as a consequence
of trading constraint. In the appendix, we show that the output volatility is determined by the difference

in beliefs as well as the consumption allocation. The portfolio of less confident agent has a highly volatile

Morris (1996), Scheinkman and Xiong (2003) and Gallmeyer and Hollifield (2008) explain the difference in subjective
pricing with a short sale constraint as the speculative premium for resale opportunities. This is similar to ours, as in this
model the constrained agent expects that she can buy the stock from the unconstrained agent at a better price in the future.
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exposure to the fundamental risk, as she put more weight on the shocks when she updates her estimation.
While if she is constrained by the LTV cap, her risk exposure is also capped, making consumption
allocation and labor supply less volatile and achieving stability in economic growth.

The equilibrium risk-free rate in our economy is endogenous. The rate in the unconstrained region
depends on the difference in beliefs as well as the consumption allocation, consistent with Basak (2000)
in terms of expression. The risk-free rate is lower when the LTV constraint caps the leverage of the less
confident but more optimistic agent. Unlike the short sale constraint case in Gallmeyer and Hollifield
(2008) in which the risk-free rate depends solely on the beliefs of one agent, it still depends on the difference
in beliefs besides the consumption allocation. The reason is that the pessimist is completely banned from
the market if she is short sale constrained, however when facing a macro-prudential constraint, she can
still partially share the risk.

With the price of risk, we can obtain the equity premium by computing the stock volatility which is

reported in the following proposition.

Corollary 11. The volatility of the equity is given by

(3.58)

N A Nt> B} { I e*PSDtl)\sds}
A

O'Jyt =0y + < - -
1+ >\t N 8/\t Etl [ftT e—Ps (1 + )\s) ds}

where DiAg is the Malliavin derivative for \s and defined in the proof of this proposition.

Proof: see Appendix G.

Corollary 11 shows how the stock price reacts to technological shocks through changes in A; under
macro-prudential policy. The first term of (3.58) measures the effect of a technological shock on the stock
price through Y; output. The second term shows the instantaneous impact of a technological shock on
the SDF through ), and illustrates the effect of macro-prudential policy on the volatility. The third term
measures a path dependent the long term effect of the technological shocks on the SDF in the future.
The derivative D;\s measures how perturbing Z114,t affects instantaneous change of \s for s > t. The
second and third terms shows how difference in beliefs and macro-prudential policy impacts the volatility.
When beliefs are identical and the constraint does not bind, the \; is constant, the second and the third
terms vanish, and the stock price volatility reduces to the output volatility. In the presence of modest
heterogeneity in beliefs, the equity volatility depends on the difference in beliefs only; while the equity
volatility is affected by macro-prudential constraint if the difference in beliefs is large enough.

Given that the expectation structure in (3.58), the effect of macro-prudential policy on the asset
prices cannot be characterized in closed form. However intuitively, the macro-prudential policy prevents
the speculation and reduces the volatility of A; (and the volatility of consumption allocation and wealth
distribution) and therefore the equity and output volatility, achieving a more resilient financial market

and economy.
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B.  Welfare Analysis

I have so far analyzed the asset pricing implications of macro-prudential policy. In this subsection I
evaluate its impact on the social welfare.

In our economy, the optimal choices of consumption and leisure under individual probability measure
are affected by macro-prudential policy as a result of offsetting the speculation motive and the sentiment
risk. Whether the policy is beneficial to the social welfare becomes an important question. While it is
attempting to evaluate the social welfare under the true probability measure, which however is unlikely to
be known even for the social planner. Therefore we evaluate the policy impact by a belief neutral welfare
criterion.

In the previous chapter have shown the belief neutral welfare criterion proposed by Brunnermeier,
Simsek, and Xiong (2014) for economies in which agents have heterogeneously distorted beliefs. I also
have shown that the conflicting beliefs of the more confident agent and the less confident agent induce
a form of externality. First, the difference in priors (or simply confidence level in presence of learning)
induces a bias in consumption leisure choice, resulting in a deviation in aggregate labor supply and total
output. Second, consumption and leisure become more volatile due to heterogeneous risk exposure in
their investment. These externalities makes the trading between two agents suboptimal for the social
welfare even under any probability measure. Given the true probability measure is hardly to be known
even for the central planner, a policy is preferred such that it mitigates these externalities and increases
the social welfare at every possible reasonable probability measure. This welfare criteria, without taking
a view on whose belief is correct, can identify the welfare loss to the group of two types of agents. As
those agents are endowed with identical wealth, labor (time) and preference, I use a simple utilitarian

welfare function, and it is as following:
W (E§ M, B D)) = BE DAl + B V). (3.59)

where

T
Yy = / MU (Cr, Liw)du. (3.60)
0

I compute the social welfare to show the macro-prudential policy is belief neutral superior to no policy

intervention, and the numerical details are in the next section.

C.  Macro-prudential Policy and Aggregate Economy

To endogenize the economic growth and capture the real effect of policy, the next proposition characterizes

the linkage between households consumption-leisure-portfolio choice and the aggregate labor supply.

Corollary 12. In equilibrium, the aggregate labor supply is a function of consumption allocation v; ¢, and

it satisfies the following polynomial equation
AN W, \n Wy \ 7 -
(k) i+ () v () s
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Proof: similar to Chapter 2.

Corollary 12 shows that the aggregate labor supply depends on the consumption share, which is
determined by the state variable A;. The equilibrium labor is concave and symmetric in consumption
share when 0 < 7 < 1, and it is at maximum when v1; = 0.5. Hence the equilibrium labor and the
aggregate economic output are maximized if the consumption goods are equally allocated. Individual
agent’s labor supply is bounded by the maximum working hours, and it is decreasing in her consumption
share. This is intuitive as if she is poor and her consumption level is low, she needs to work harder to
earn salary to cover the expense for consumption. While she is rich and her consumption level is high,
she can mainly rely on her capital income and enjoy the leisure hours.

More importantly, this proposition reveals the risk premia channel via which the macro-prudential
policy impacts the aggregate labor supply and the real economy. Macro-prudential policy constrains the
portfolio weight and the effective risk premium for the type 2 agent. As agents are forward looking,
the restriction on speculation also corrects the initial consumption-leisure choice. In addition, the long
run impact of macro-prudential is summarized by the dynamics of A\, in which the volatility component
and thus the evolution path are affected by the LTV constraint. As X; is a positive martingale and is
expected to decrease in the probability measure of the more confident agent. By reducing its volatility
component, macro-prudential policy impacts expected long term trend of A; which determines the long

run consumption allocation and thus affects the expected long term trend of aggregate labor and output.

V. Numerical Results: Effects of Macro-prudential Policy

In this section, I show the effects of macro-prudential policy by setting parameter values and solving for
the resulting equilibrium. This requires solving optimization of the two types of agents simultaneously.
Since these results rely on solving a path dependent problem and do not permit closed form solutions, I
apply numerical methods, specifically Monte Carlo simulation. Conditional on an initial guess for Ag, I
simulate the weighting process A\; and technology process A; to solve for the stock price through (3.41).

I iterate to find a Ag satisfying the equilibrium conditions.

A. Results of the Asset Prices and Social Welfare

In baseline exercise I set the curvature parameter for the leisure component to be 1 so that agents have
logarithmic utility flow over both consumption and leisure. This preference is also consistent with the
textbook setting in neo-classcial growth literature. The reason to do so is to focus on the difference in
beliefs and the policy implication in discount rate channel by shutting down the impact on the aggregate
output and the dividend flow. Table 3.1 displays benchmark parameters. I set volatility of the technolog-
ical development to 2% to match the volatility of aggregate GDP growth. I can set the g; = ﬂ}él’o — /l12470 to
be a slightly positive number, i.e. 0.02 to match the equity volatility and risk-free rate. The disagreement
process ¢g; is time varying due to learning under different confidence level, which will converge to zero
after learning for a period of time but is sufficient to generate significant results.

Figure 3.1 shows that the macro-prudential policy increases the asset prices and the social welfare
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in baseline parameterization. The upper two panels illustrate the impact over asset prices, specifically
the PD ratio and the equity volatility. I characterize the policy tightness by parameter k: the policy is
tighter % is smaller. The upper left panel shows that the tighter policy increases the asset prices in terms
of PD ratio. The intuition behind the increase in asset prices is following. In the presence of difference in
confidence level, the difference in beliefs and sentiment risk are persistent. Speculation on beliefs is also
persistent over long time until both agents reach a consensus on their forecast. It’s well known that the
sentiment risk increases the risk premium (e.g. Dumas, Kurshev, and Uppal (2009), Buraschi and Jiltsov
(2006)), as the trading triggered by the difference in beliefs increases the variation in aggregate SDF;
while by overturning the portfolio, macro-prudential policy prevents agents to harvest their expected
risk premium in their subjective probability measure and avoid large wealth gains and losses due to
speculation, and thus it reduces large variation of the consumption allocation and the aggregate discount
factor. In other words, macro-prudential policy mitigates the impact of sentiment risk and reduces the
equity premium, and thus increases the asset prices. The upper-right panel shows a very similar pattern
to the equity volatility. With tighter macro-prudential policy to offset against the speculation motive, the
equity volatility decreases.

The bottom-left panel shows how macro-prudential policy impacts the social welfare by plotting the
two extreme boundaries of social welfare at all possible reasonable probability measures against macro-
prudential policy with different tightness levels. The blue dash line represents the social welfare evaluated
under the Agent 1’s probability measure, while the red solid line is the social welfare evaluated under the
Agent 2’s probabilty measure. As the social welfare under any possible reasonable probability measure
should be a convex combination of probability measures of two agents, these two lines represent the two
extreme values of the social welfare against different tightness of macro-prudential policy. The figure
shows that the social welfare increase in policy tightness in every possible probability measure. In the
baseline model, a decrease in the consumption and leisure volatilities is the contributing factor to welfare
improve, due to the aggregate labor supply is fixed given log preference over leisure, as shown in the
bottom-right panel in Figure 3.1. I shall show my full calibration and an alternative parameterization in
the following section, in which case the policy impacts the aggregate output while the results about social

welfare and asset prices are the same as the baseline exercise where I shut down the cash flow channel.

B.  Macro-prudential Policy and Aggregate Output

In the baseline parameterization I have shown the case 7 = 1 to focus on the discount rate channel.
While n # 1, Corollary 12 shows the aggregate labor supply as the function of consumption allocation.
I set n to be i in my main calibration and % as an alternative parameterization and plot the results
in Figure 3.2 and Figure 3.3 from which we can see the aggregate labor supply is at maximum in both
parameterizations when the consumption allocations for two agents are equal. I define the output level
in absence of beliefs dispersion as the natural level of output analogous to the New Keynesian literature.

In comparison to the previous case, macro-prudential policy affects the aggregate output when the
aggregate labor supply is a function of consumption allocation. Given the identical individual prefer-

ence setting, if there is no difference in beliefs through the path, the endowment (wealth) allocation and
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the consumption allocation should be equal, and the aggregate labor should be at maximum. The het-
erogeneity of beliefs, however, affects the consumption-leisure-portfolio choice over time and makes the
consumption allocation deviated from equal and the aggregate labor supply and output away from the
maximum. By restricting the procyclical leverage of the less confident agent who has stronger reaction to
perceived economic shocks, the macro-prudential policy overturns the consumption allocation and impacts
the aggregate economy. The result is shown in the bottom-right panel in Figure 3.2. Without policy, the
speculation due to beliefs dispersion results in an output gap as large as 0.7%, which is considered sig-
nificant output loss given that the annual economic growth is 2%. The policy can increase the aggregate
labor supply and reduce the output gap. However, we need to note that as the policy becomes tighter,
the aggregate labor supply and aggregate output increases then decreases. The intuition is as follow:
moderate policy helps to reduce the distortion in portfolio selection thus the impact of the heterogeneity
of beliefs. However, the over-tight policy over-corrects the suboptimal portfolio choice, and it may set too
much restriction over the less confident agent who would have to reduce his consumption. An over-tight
policy creates an imbalanced consumption allocation and is bad for output minimization.

Figure 3.3 also shows the impact of macro-prudential policy over the asset prices and the social welfare
with an alternative parametrization. The tighter policy increases the P/D ratio and reduces the equity
volatility, and it enhances the social welfare in any possible reasonable probability measure same as the
baseline case. Hence, the results show a trade-off of policy conduction: tighter policy enhances the social

welfare, but does not always increase the aggregate output and thus the economic growth.

VI. Discussion

In this section I now discuss how the results in previous section are affected by changes in various model

setting.

A.  Speculation and Risk Sharing

With the identical preference setting, trades between two types of households are due to heterogeneity in
their prospects. The difference in beliefs does indeed contribute a significant proportion of daily trades,
meanwhile the risk sharing should also be an important motive for different portfolio holding. Risk
sharing in the presence of heterogeneity in risk aversion also increase the social welfare, while restricting
leverage may harm the risk sharing and therefore reduce the social welfare. For this reason, I extend the
baseline model by assuming two agents also differ in their risk aversion besides the priors (see Appendix
H). For robustness I also use two sets ?f utility function choices. Agent 1 has the utility flow of leisure is
—
2y
function of aggregate utility to evaluate the social welfare, more strictly speaking I assign more weight to

Type 1 agent in the first case'l.

simply log L1 ; in the first case but is Given two different utility function choices and the utilitarian

cl=v Li=v
' fact the utility flow assign more weight to any distortion in L1 in U = 1171{ + 11:/ + log Ci+ + log L1+ than
ol=7 ) . . LiY .
U= 11_2 + log L1+ + log Ca+ + log Lo+, as innovation in L ; results more welfare loss evaluated by 11_’7 than log Ly 4 if

v > 1. For the same reason, any choice distortions for the more risk averse agent are more pronounced
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The results are shown in Figure 3.4 and Figure 3.5, and the main implications still hold with a
conservative social welfare function construction: moderate macro-prudential policy improves the social
welfare unambiguously. Figure 3.4 shows that policy increases the social welfare unambiguously, while
Figure 3.5 shows that only moderate policy enhance social welfare. The intuition behind this result is
as follows. The macro-prudential policy has the following three effects: first it reduces the speculative
profit for both agents in their own subjective probability measure thus reduce the welfare; second, it
smooths the consumption and leisure volatility hence increases the welfare; third, tight policy may impair
the risk sharing and could harm the social welfare. Figure 3.5 highlight a conservative case in which
utilitarian social welfare construction amplifies the welfare loss of the more risk averse agent. In this case,
moderate macro-prudential policy brings more welfare gains from consumption and leisure smoothing
than the negative welfare losses from impairing the risk sharing and banning their subjective speculative
profit. However, very tight policy reduces the speculative profit and risk sharing, with more welfare loss
pronounced in Agent 1 who is more risk averse, thus it does not increase the social welfare under the
Agent 1’s subjective probability measure. This result is conservative, and the tighter policy could increase

the social welfare if fairer weight is assigned to the less risk averse agent.

B. Preference Assumption, Policy and Output Growth

The previous results have shown the impact of macro-prudential policy on aggregate labor supply and
output depends on the agents’ preferences. Corollary 12 shows the aggregate labor as the function of
the consumption allocation between two types of households if we assume 0 < 1 < 1. This assumption
is reasonable in that 1 determines the desire for leisure smoothing, which is reasonably less important
than consumption smoothing for households. While if > 1, the aggregate labor supply and thus the
aggregate output are concave and non-monotonic functions of the consumption allocation, implying the
income and wealth inequality boosts up aggregate labor supply and output growth. This discussion
regarding inequality and growth is beyond this paper. But even if we assume 7 > 1, the distortion caused
by speculation still exists. The consumption and leisure allocation distortion would allow the economy to
overheat; while macro-prudential policy offsets the sentiment risk and the speculation motive, achieving

balanced economic growth.

VII. Conclusion

In this chapter, I propose a model of macroprudential policy interventions in financial markets. I solve
a heterogeneous-agent asset pricing model and show that speculation caused by differences in beliefs
about expected technology growth increases asset returns volatility and the equity risk premium, reduces
aggregate output and makes individual consumption growth and leisure more volatile. Macroprudential
policy helps to offset the distortions caused by speculation, reducing the asset return volatility and
the equity risk premium. It also mitigates output distortion and smooths consumption and leisure.
Therefore, under every possible reasonable probability measure specified by the belief-neutral welfare

criteria proposed by Brunnermeier, Simsek, and Xiong (2014), macroprudential policy raises social welfare.
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VIII. Appendix: Tables

Table 3.1. Choice of Parameter Values of Chapter 3

Name Symbol Value
Volatility of technological development oA 0.02
Time preference of both agents p 0.02
Curvature Parameter n 1,1/2/,1/4
Agent 1’s expected technological growth rate ,&114,0 0.02
Variance of Agent 1’s prior V1,0 0.00001
Variance of Agent 2’s prior V2,0 0.01
Difference of Agent 2’s belief and Agent 1’s ¢4 = iy 0~ i3 0 0.02
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IX. Appendix: Proofs

A.  Proof of Proposition 9

The proof follows Karatzas, Lehoczky, and Shreve (1990) with the appropriate modifications taken to
accommodate for investors facing different state prices. From clearing in the consumption good market,
state prices follow from the representative agent construction. And the equivalent SDF using the marginal

utility function of the planner is:

oUy OCy, . OUy OCoy  OUy OLy, . 0Uy 0Ly

Ue(We ) = 565y, Y Nacy, v T oL, ov, T MoL,, ov, (362)
_oUy n OUy O(Liyg+ Loy) Uy B i oUuy  oUy B W oUy (3.63)
- 0C1+  OLiy 0Y; - 0C1y A OLiy  OC1: AP 0Ch4 '
10Uy
= - . .64
€ 801,15 (3 6 )

Inserting the marginal utility yields the individual SDF. The Dividend flow in a monopolistic competition

equilibrium is

_ W, _ Wy 1
Dy =Yi- BN =¥, (1 Am) -y, (3.65)

By inserting into the fundamental pricing formula we obtain the stock price.

To show the converse, assume that there exists A;;, \; and J; satisfying the pricing equation. Clear-
ing in the consumption goods market follows from the solutions to the investors’ consumption-portfolio
problems. Clearing in bond market follows from the fact that the discount total wealth, Ag; (X1, + Xo)
where X;; is the financial wealth of agent ¢, is a martingale since agents’ optimal wealth process is a

tradeable strategy, and they must agree on the prices of all tradeable strategies.

1 T W Wi
XLt + XQ’t = EE]- |:/ AQ,S (CLS - ?NI,S + 0275 - PN2’S) d$:| . (366)
, t s S

Finally, clearing in the stock market follows by comparing the diffusion dynamics of As;J; with

Aoy (X1, + Xo,) using clearing in both consumption goods market and the bond market.

B.  Proof of Corollary 8

The risky asset portfolio weight of the constrained agent with log preference in the fictitious economy is

1 N\
0, = — (;m + o ) <d (3.67)
OJt

0, if6* <6
v = ~ (3.68)
Ot (/_i — /12,0 ifo* =106

89



and
3(v) = —0v} = =R (k — Kay) (3.69)

C.  Proof of Proposition 9

Under type 2 agent’s beliefs and her marginal valuation for the stock given by (3.52)

jO 2|:/TA2.SDS :| 1|: Tft)\glAlst :| 1|: TAlst :| JO
—_— :E >~ ——ds :E d 7d8 <E : 7(15 = — 370
Dy "o Lo At AoDo ] T T Lo Ao Do Dy (3.70)

—1 —1
because that the stochastic process gt;\f_l is a positive martingale and that the covariance of ?;t_l
040 020

and

Ais Dy
A1,0 Do

is negative when the LTV constraint binds.

D. Proof of Proposition 11

Without difference in beliefs, under the representative agent’s marginal valuation for the stock given by

Jo 1[/TUC(YS,AS)DS ] 1[/T 14 A } 1[/T _ ] Jo
2 _F G\ e S Tl = B e P sl < B e Pids| = 2. 3.71
Do 1)y Uc (Yo, Xo) Do 1o T+Mo |~ " Lo Dy (3.71)

The inequality is due to the fact that ); is a positive martingale and therefore a decreasing process for

2
which the long run decrease rate is (/l}él — ,11124 t) .

E.  Proof of Proposition 10

Apply Ito’s lemma to each agent’s first order conditions

oU;
e Pt L =yl 3.72
8Ci7t y'L Z,t ( )
and match the diffusion term,
82g1
oC
—Wll’tacl =00, = Kt (3.73)
0C1,¢
82g2 .
oC. ()
——2t o0, = 00, = Kot + — (3.74)
U Ot
8Cg,t ’
where C; ; satisfies
dCiy = pc,dt + 0¢,dZY ;. (3.75)
Market clearing condition in consumption goods implies that
CI,tJC1 + C’Q’tO—CZ = JyﬂgY%, (3.76)
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which implies (3.54) and (3.55) in the unconstrained region. In the constrained region, LTV constraint,
0 = - allows
OJt
oCcy, = K, (377)

combine with the equation above, we obtain the constrained part of (3.54) and (3.55).

The risk free rate follows from applying Ito’s lemma to the state-price density for each agent, changing
to the true probability measure, matching the deterministic terms and rearranging. Risk premium can be
calculated using the consumption share weighted risk prices times the stock volatility. And the ,u%/’t and
u%t comes from applying Ito’s lemma to Y; = A;N; with respect to Agent 1 and Agent 2’s probability

measure.

F.  Dynamics of the Output

The output depends on the technological development as well as the aggregate labor supply. The indi-

vidual optimization yields the optimal consumption and leisure

c, =" 7
S, (37%)
" 3.79
it yzAl,t% . ( . )

Consumption goods market clear:
_1
N - Z Niy = <> ! C" (3.80)

1
_ W, Wy \“n oL 1
N-N, = (-t Y” N, " 81
(7)) A e

By Ito’s lemma, the diffusion of Y; follows

At ONg
UY—UA—fJ)\a)\ (3.82)
¢
As
1 vat\ = . .
oy = Ky — g — vy _ T OVt (1 + 5 ) Kk if the constraint binds, (3.83)
Tt fit, otherwise.
hence
At ON, v2.t
oAt N oar (HT)“
‘ x; taNt - 2/ if the constraint binds,
oy = 1+WTMT¢ (384)
oA — N%)\tﬁt%—g\f;, otherwise.
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Assume that an equilibrium exists. The SDFs in the fictitious economy for the two agents are

Ue (Ye, \e) At

Aoy = —A 3.85
UC (}/E), )\0> ) 2.t 1,t» ( )

Ag=e "
Ao

where U, (Y, \¢) is the marginal utility of a social planner which is defined as
I-n

17

U == Llat L2,tn

(Y, ) = max logCrp + —— 4+ X | logCop + . (3.86)
C1,t+02,t§At(N—Ll,t—LQ,z)ZYt 1-n 1—n

The stock price J; is computed from the unconstrained agent’s probability measure

T
s Ue (g, X, As) ]
J, = E} / e P8 Dy s . 3.87

! t[t U. (Yo, X0, \o) (3.87)

G. Proof of Corollary 11

I use Clark-Ocone Theorem - Nualart (2006) to prove Corollary 11. I consider the equity pricing equation
respect to probability measure of the Type 1 Agent:

1 T Y.
Jo=—— F! U e P U (Cpy A Sds]-"}. 3.88
= e G i o (Cy, M) —ds|Fy (3.88)

Define the £? (731) martingale M,
T
M; = E} [/ e PUc (Cs,)\s)sts} . (3.89)
t

By the martingale representation theorem, there exist a process ¢(t) such that E} [ ftT ]qb(t)|2ds} < 00
and My = Mo + [} o(t)dZ},.

The value of the stock can be rewritten as

1 t
Jt ) |:Mt - / eipsUC (037 )\s) Y9d8:| (390)
0

~ Uc (Cp, N\

Applying Ito’s lemma to equation above and comparing the diffusion term earns the volatility

Ucc (Ct, M) Ucx (Ct, M) 1
oy = —2eclCnd)y, o Uaalln )y oo 6(1) (3.91)
C U@ T T Ue ) T BT e U (Cu ) Yads]
At At aNt) 1
Tn M) P e ]

To complete the proof we need to use Malliavin derivatives to calculate the the response of M; to
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fundamental shocks. By Clark-Ocone Theorem, the diffusion term of dynamics of My is

T
b(t) = E} [ / ePSDtI)\Sds] (3.93)
t
where the Malliavin derivatives are
Dy s o |
\ = —J)\(t) — Dt J)\(Z) [JA(Z)dZ + dZA,z] (3.94)
s t
D} i(2) if o) = f(z)
Dlox(z) = a; 1 . . (3.95)
s Dy A ifoyx=k1.—F
=2
_ —Ji A 1
Dli(z)=e ' 4 poy (of —v7) (3.96)
A

H. Eaxtension: Speculation and Risk Sharing

To rationalize the risk sharing motive, we assume two types of households differs in their preference
besides the priors. Specifically, we assume the utility of the more confident agent follows Instantaneous
utility of type ¢ representative agent is given by the following function that depends on the consumption

C and leisure Lj; ;:

Cr,”
U(Cl’t, Ll,t) = ﬁ + log Ll,ta (397)
U(Cay, Lot) =log Coy +log Lo ;. (3.98)

Apart from the heterogeneity in risk aversion v to induce risk sharing, I keeps all other settings identical
to the baseline model'?.

Both agents optimize the consumption, leisure and portfolio to maximize their expected utility, which
is given by

o0
Vie = max E! / e POy, Li)du
" Ci,U7Ni,U79i,uee t t l( o 7/7'“4)

subject to a dynamic budge constraint

W, _
dGi,t = 7,t(;i,tdt + Hi,t (th — T‘tJt + Dtdt) + ?t (Nz — Lm) dt — Ci’tdt, (3100)
t

and the dynamics of consumption share

d
YLt — . dt + 0, dZ,. (3.101)

Vit

)

12T also consider an alternative utility function for Type 1 agent:

_ o
U(Cl,t, L17t) = - 5 —+ lOg Ll,t (399)

which assigns more weight to leisure smoothing. The derivations for asset prices and labor supply are similar to this proof
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The FOC of Agent 1’s optimization problem gives the optimal consumption and leisure choice:

¢ AN o e 3.102
b <?/1A1,t> ’ S y1lhoy (8.102)
. e Pt . e Pt
Lt = —— Lot = ——— (3.103)
2/1/\1,15% y2A2,t%

y; is the Lagrange multiplier from the static budget constraint and solves the following equations

AT -5 1 —pTY , —1 T W
E; e Al’tht (T ; (1 —eF )yl = E, Alyt?Nldt + x1Jo, (3.104)
0 0 t
(=) (3.105)
Yo = - . .
Eg |:f0T A27t%Nth:| + ."L‘QJ(]
The labor market clearing condition leads to
Ay (N — Ll,t — Lgyt) = Cl,t + Cg,t (3.106)
Ay (N — (14 X\) Ll,t) =Cit+ )\tC'Zt (3.107)
1
_ Wy N\ -1 % Wy
(N —(14+N) let) = <Atpt) A Li,+ )\tle’t (3.108)

The following proposition characterizes the equilibrium in this new setting.

Corollary 13. Assume that an equilibrium exists. The SDF's in the fictitious for two types of households

are

_ Uc (Y;f )\t> )\t

Ayy=e P10 Aoy = A 3.109
1,t € UC (%7 )\0)7 2.t AO 1,t» ( )

where U (Yy, \t) is the marginal utility of a social planner which is defined as

U (}/t, )\t) = max U(Cl,h Ll,t) + )\tU(CQ,t, L27t). (3110)
C1,t4C2,4 <A (N—L1t— L2+ ) =Y

The stock price Jy is computed from the more confident agent’s probability measure

1 T Ue (Ys, As)
J :fE'1 _psi’st . 3.111
0= 0[/0 U (Yo ho) * % (8:111)

The equilibrium consumption allocations are

1 Y /\t
Cii=| ——m—m— Cop = ————. 3.112
bt <eUc (Y, m) ’ 2T U (Ve M) (3:.112)

The stochastic weighting process Ay has dynamics given by (3.36) where \g clears the markets at time
t =0, namely
4 ()\0, Ao) + Cy ()\0, Ao) = Ay (N — 14 ()\0, Ao) — Lo ()\0, Ao)) (3113)
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Conversely, if there exists processes A1y, Aoy, A\ and Jy satisfying equations (3.109) - (3.113), with

oy > 0, the associated optimal consumption portfolio policies clear all markets.
Proof: Similar to A.

Corollary 14. The market price of risk for two agents are

s oyt —vagR)  if the constraint binds,
Rit = ’

Rioy; + 1o Riji, otherwise,

l,% (oys — vaR) — fir  if the constraint binds,
Kot =19

Rioy; — %VLth[L, otherwise,

where Ry is the aggregate risk aversion defined by

-1
v v
Rt:< Lt 2,t) .
vy 1

)\t 8Nt At 8Nt

By Ito’s lemma, the diffusion of Y;

Oy =04 = 5-O0Ax5y + 5 0A-
Nt a)\t Nt 8At
As
¥ 2 (oy; —194k) — K if the constraint binds
t Vit ) s ’
O\ — K1 — kKo — = ’
gt it otherwise.
hence
At ONy vaor ., Ay ONg
satyy oy \My )RR oaga, -
TN S , if the constraint binds,
oy = YN o v
_ 1,75, 0Ne o Ay o ONg ;
oA~ N, A¢fbt A T N-OAGA, otherwise.
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This figure plots the aggregate welfare, Price-dividend ratio and volatility of equity, and
output level against different tightness of macro-prudential policy (% is smaller, the policy
is tighter). In this baseline calibration, n = 1, so the individual utility depends on the
logarithmic of consumption and leisure. I set g, = ﬁc}u — ﬂ%,t = 0.02. The figures show
that tighter policy increases the asset prices and reduces the equity volatility. The left
bottom panel plots the two boundaries of social welfare under any probability measures,
showing that tighter policy increases the social welfare even without knowing the true
probability measure. The output gap is 0 as the income effect offsets the substitution

X. Appendix: Figures
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Figure 3.1. A Special Parametrization: Discount Rate Channel
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This figure plots the aggregate welfare, Price-dividend ratio and volatility of equity, and
output level against different tightness of macro-prudential policy (% is smaller, the policy
is tighter). I'set n = 0.25 and g, = [L}4 .= ,&?M = 0.02. The figures show that tighter policy
increases the asset prices and reduces the eqlfity volatility. Macro-prudential policy reduces
the output gap, unlike the special parameterization which is to focus on the discount rate
channel.

Figure 3.2. Impacts of Macro-prudential Policy: Baseline Calibration
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Figure 3.3. Impacts of Macro-prudential Policy: An Alternative Calibration
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~ equals 2.

Figure 3.4. Model Extension: Risk Sharing and Speculation
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Figure 3.5. Risk Sharing and Speculation: An Alternative Utility Function
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