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Sliding Window Adaptive Fast
QR and QR-Lattice Algorithms

Buyurman BaykalMember, IEEE and Anthony G. ConstantinideSgnior Member, IEEE

Abstract—Sliding window formulations of the fast QR and fast update of the QR basis matrix also exist [11]-[16]. We assume
QR-lattice algorithms are presented. The derivations are based on that the adaptive filtering setup is single-channel and has real
the partial triangularization of raw data matrices. Three methods inputs
for window downdating are discussed: the method of plane " . . . .
hyperbolic rotations, the Chambers’ method, and the LINPACK Consider the input data matrix of dimensidhx (m + 1)
algorithm. A numerically ill-conditioned stationary signal and a
speech signal are used in finite wordlength simulations of the full T
QR (nonfast), fast QR, and QR-lattice algorithms. Al algorithms X LNk = [Xmir Xmpra—1r o X e-n1]
are observed to be numerically stable over billions of iterations (1)
for double-precision mantissas (53 bits), but as the number of
bits is decreased in the mantissa, the algorithms exhibit divergent where X,,,,; 5 = [z(k)---2(k — m)]T, and letQ,, n, be
behavior. Hence, practically, the algorithms can be regarded as such that ’ v
numerically stable for long wordlengths.

0
[. INTRODUCTION QN ik XmtlNE = | 2)
an,N,k

IDING windows are useful in least-squares estimation

n the sense that when a certain number of data point?‘|
are desired to contribute to the estimation process, unwante
data may be rejected, or old data may be discarded, e.g. . . . .
in the tracking problem of adaptive filters in nonstationar —m—1)x(m~+1). Equation (2) is the basic identity of QR

: . . : (tacomposition, i.e, the raw data is transformed into a triangular
environments or time-varying systems or reducing the effec

of impulsive outliers. On the other hand, the prediction errépatnx, and an orthonormal set of basis vectors is generated

variance may be higher for sliding windows [1], which high!" Q. Furthermore, assume that at time- 1, @, y -y IS

%vailable. To derive a recursive algorithm, we must obtain

reRmyNyk is a lower right triangular matrix of dimension
+ 1) x (m + 1), and 0 is a null matrix of dimension

lights the tradeoff between tracking and quality of estimatio from Q by using new data arrived at time
in adaptive filtering. Window downdating is a delicate steff™/\:* m,V,k—1 DY USING Ne\ ) . .
. We also assume that the input signal is a time series and

in sliding window algorithms. The “conventional method’ . . .
lane hyperbolic rotations tend to amplify numerical errormake use of the Hankel structure of the input signal matrix.
b ﬂence, the forward prediction of the time series enables us to

[2]. Bearing this in mind, we discuss alternative methods g . . ;
window downdating for sliding window fast QR and QR evelop a fast algorithm. Note that no squaring or correlation
gerations are performed on the input sigmako that the

lattice algorithms to discover their convergence properties. TR . P o
. . . numerical conditioning is not worsened. In fadg, is the
most two well-known alternatives to plane hyperbolic rotation

are the Chambers’ method, which is also known as stabiliz%'g]le;]iy ifna;li(tmszigzga (square-root) of the covariance matrix

hyperbolic rotations [3], and the LINPACK method [4]. It is™" <. _. . .
shown in [5] that these two methods satisfy the “relationa Cloffi [17], together with Regalia and Bellanger [18], have

A - L . L eveloped the exponentially windowed fast QR algorithm;
stability” condition, which is claimed to help maintain bette roudleret al. [19] and Ling [20] have derived the exponen-

numerical accuracy, although backward stability [6]-{8] is ncQtally windowed fast QR-lattice algorithm. In the sequel, we

guaranteed. We show in the simulations that relational stabili . . ; - . .
may worsen the numerical conditioning of the fast algorithrr([iénerallze the QR family to incorporate a sliding window in
Ime. The two algorithms follow the same principles of the QR

for short_wordle_ngthg Al _alg(_)rlthms developed so far haVgecomposition, but they are distinguished by the operations
hyperbolic rotations in their window downdate parts [1] [Q]bn the partially triangularized input data matrix. As for the

[10]. Some nonfast procedures that relate to the sliding window, . ) . : o . .
notation, in general, consistency is maintained with earlier
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TABLE |
PrREDICTION VARIABLES AND NOTATION. THE SCALAR VARIABLES WITH INDEX m — 1 RuN FROM O TO m — 1,
AND THE ONES WITH INDEX rn RUN FROM O TO m, EXCEPT FOR ¢, (k), WHICH RUNS FROM 1 TO

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 46, NO. 11, NOVEMBER 1998

Variables Forward Prediction | Backward Prediction
A posteriori front edge errors emn(k) Tm.N (k)
A posteriori rear edge errors am (k) b (k)
Residual powers o N (k) Bm N (k)
Front Likelihood Variable Ym,N (k)
Rear Likelihood Variable O, (k)
Angle normalized front edge errors Emn (k) Z’"i% Fn (k) = f’%
Angle normalized rear edge errors dm,n(k) 55/%,}(1(2) bn(k) = %’2}%—(:;
Power normalized front edge errors Emn(k) = Zﬂlmmé;(Tk]c)) Fmn(k) = ;—Z/g((—:))
Power normalized rear edge errors amn(k) = azz’;((];)) b n(k) = 2',‘:%((2
QR lattice variables Pl nlk) b (k)
Front edge angles 0 (k) 0 (k)
Rear edge angles & (k) 9 (k)
A posteriori JPE front edge error em N(K)
Angle normalized JPE front edge error énn(k) = ;—’::)g(Tz))
A posteriori JPE rear edge error Um,n(k)
Angle normalized JPE rear cdge error Om N (k) = %
QR JPE variable Pm—1,n(k)
Normalized prediction lattice angle dm(k)
Vector of QR forward prediction N g = [1/)6N(k) .- z/),fn_lyN(k)]T
Vector of QR backward prediction W vk = [ n(k) - b (k)T
Vector of QR JPE Ui = [on(k) -+ Pmoi N (k)T
Vector of front backward normalized errors Gmng = [Fon(k) - Fmoin (k)T
Vector of rear backward normalized errors Hpng = [bon(k) - Bm_l,N(k')]T

Notation m : Prediction order, N : Window length, k: Discrete time

JPE: Joint Process Extension

The QR technique for matrix computations relies on thlelence,a:} =0,z
notion of plane rotations as exemplified in be solved as

CIRCULAR AND HYPERBOLIC ROTATIONS zero. This operation is called annihilationof pivoted onz;.

\/27 + 3 and the sine-cosine pair can

Z;

: s : =t (4a)
a:; c S T Y, 3712 + a:?

-l T ® R )
7 -5 c , x; e

which are the fundamental identities of QR decomposition.
wherec? + s? = 1, and all other entries are zero. Such affhe position of the minus sign in the transformation can
orthonormal matrix is called a circular rotation matrix, and be on either antidiagonal position without loss of generality,
and s are the cosine and sine of the rotation angle. Withodepending on the convenience of the development. Such
loss of generality, we assume that cosine variables afé oh transformations have superior numerical properties in finite
and(y, j) entries withi # j. As a special case;; can be made precision applications. In QR adaptive filtering, products of
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rotation matrices as in (3) are used, which are also orthongivoted onz(k), we obtain the forward prediction residual

mal. and the backward residua| respectively, on the upper left
When z; and z; or z); and z; are swapped in (3) the and right corner$.This advances the window length and the
hyperbolic rotation is obtained time index of variables. Similarly, if the bottom row from
_ the second element to thé+ 1)th element is rotated int&
T : with rotations pivoted onc(k — N + 1), we obtain the rear
Zi sc —tn x edge forward prediction residual and backward residudi,
o - I : (5) respectively, on the lower left and right corners. In this case,
2" —tn sc x only the window length is advanced. Note that the forward and
J I _’ backward prediction modeling error powers of the algorithm
: are
wheresc = 1/c andtn = s/c are the secant and tangent of [V |2 = n_a(k—1) (7a)
the rotation angle. Unfortunately, hyperbolic rotations tend to V|2 = B2k — 1) (7b)

amplify finite precision errors [2].
In addition, the following relations are important in the de-
I1l. SLIDING WINDOW FAST QR-LATTICE ALGORITHM velopment

The fast QR-lattice algorithm is a reformulation of the least- i N1 (k) = s n—a(k — 1)+ |& n_1 (k)] (7¢)
squares lattice algorithm to incorporate numerically stable 7(/@— 1) = ; (k—1)+|*7 k-1 (7d)
Givens rotations, which provides a more modular structure =1 = %,N-2 %i,N-1
and set of equations than the fast QR algorithm by inhefnq similar relations fos. In the QR decomposition of a shift-

iting the modularity of the lattice filter formulation of FIR jnyariant data matrix, forward and backward prediction yield
filtering. There are two alternative ways to derive the QBngle-normalized residuals [22], which are defined in Table I.
decomposition-based adaptive algorithms. The first method in

[20] takes the recursive modified Gram—-Schmidt aIgorithrR_ Prediction of the Front Edge of Sliding Window

[21] as the starting point and continues to infer the form of the . ] .
Givens rotations, which constitute the lattice-based algorithm.Rotation of the bottom and top rows, respectively, via
The second method is based on QR decomposition-bagéHionormal matrices)” and Q“, except the side elements
solutions to the forward and backward prediction of the inp@ S Yields

[19], [22], which we also adopt herein. This approach provides Q" Q! S

a compact set of equations and a simple interpretation of the®*">*=1 *&N=1,k=2

> T . _
QR adaptive filtering. Unlike [19], we do not present generic Gi:NJ(ck) 0 “J\"(kb 1)
updates of the variables, and the following derivations are — ‘f/ .0 bV
closely tied to [22], which is a special case of [19] (so-called i} Vi vk R’i—lzg’:k—l 5 Vi N -1
“normal” rotations) in terms of finding the explicit rotations R ai,n-1(k —1) 0 bin-1(k—2)
and prediction variables. N
The derivation starts by considering the partially triangular- (8)
ized input matrix
1 o 0 XT where the angle-normalized front forward pre_diction ergor
0 ol | x i+2,k and angle-normalized front backward prediction erioare
Qi*LNT*Q:’“*Q FLN—2k—l generated. Annihilation of all the elements of the last column
0 0 1 X2 k-np1 . of N except¥® and# with an orthonormal matrixQ; pivoted
xé/}) x(k‘—/'z— 1) on the element on the top @’ yields, c.f., (7)
0
= - = T 7. _
\Ijzf,N—Q,k—l Rii N2 ‘I/l{,N—Q,k_Q e”~\)(ck) Y rin(k = 1)
2(k—N+1) a(k—N—1i) ;v 0 2 0
P4 QN = |¥in 1 (k=1) i 0 Biln-1(k=2)
(6) \P{J}k Ri—l,g’,k—l ‘I/S,N,k—1
v U 0
where U/ = [ y(k)--- 9 y(B)]F, and a similar 9)

definition holds forW . ,. The (N — i — 1) element vec- . . . .
P b Y . a’he explicit structure oi; is irrelevant here since it does
tors V/ and V* denote the residual vectors of forward an ; . .
- . ; : not affect any of the pertinent variables. The element opposite

backward prediction operations. Thus, the input signal matrijx - /2
oo . o rom the backward prediction error powgt/? is denoted as
is triangularized, except for its first and last columns and rows.
The forward and backward prediction of the input signal are'The - sign denotes the angle normalization of the residuals. Angle
based on the annihilation of the input data in the top arf@rmalization means that the residuals are divided by the square roots of
b S | R If the fi f h d the appropriate sample of the front likelihood variableSimilarly, for the

ottom rows o into R. If t e Irst I‘OVY [Om. the sepon prediction of rear edge of the window, the normalization is achieved via
element to théi+1)th element is rotated int® with rotations division by the square roots of the rear likelihood variable
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4+, which implies an order increase in thie vector. To find
updates or¢ ande)/, we rotatei by a rotation pivoted ogsl/2

éiy1,n(k)]  [cos(k—1) —sin6?(k—1)

z/)zf]\(k) " |sin@(k—1) cosél(k—1)
Lol ] @)

where
BN 1k —2)
6 (k — eNon % 11

cos@(k—1)= /3%\2( F_ 1) (11a)
sin ! (k- 1) =iy v(k— DB (E—1)  (11b)

which are obtained similar to (4) with; = /3%\% (k=

2),z; = 7, n(k — 1) by using (7c) and (7d) fop. Gener-

alizing to orderm, the sequence of transformations above are
— 1, which completes the forward

prediction part of the front edge of the window. The updates of
the backward prediction variables are obtained similarly. The

computed fori =0,---,m

first column of N is rotated via an orthonormal matr@,

¢ n(k) T 7i,n(k —1)
¢ 0 Vv
QN = |aily(k=1) 0T gy (k- 1)
\P{J\k Rvﬁ—lﬂ\’,k—l \Ijli),N,k—l
0 pT vb
(12)
where * manifests an order increase W®. Then, ¢ is
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generated. Going further, the entries in the last column, except
U? andb, are rotated via transformations @, pivoted on the
entry on top of¥?®

v/ 0 0
oM — [Fixa® 0T BR k-1

\Ijz]\k Ri—l,N,k—l \ij,N,k—l

CVL@N(/{J) (Z)T 6i71\f(/€ — 1)

(16)

The explicit structure of@ is irrelevant here as in the
prediction of the front edge of the window. To obtain an update
on ¢/ anda, we annihilateb by a rotation pivoted or'/2,

the result of which is given as

{ ] (k) cos ¥ (k — 1)

_ sin¥¢(k — 1)
CVLZ‘+17N(/€) R Slnl?l;(/{; — 1)

cos¥¢(k — 1)

pf
where
Bin_a(k=1)
Pk—1) = 17 18
cos?(k—1)= /3%\2( D (18a)
sin (k1) = bin(k—1) (18b)

Bk = 1)

for ¢ = 0,---,m — 1. Consider again the matrid to find

annihilated by a rotation pivoted an'/2 to obtain the updates the updates of backward prediction. Rotate the first column

rm,N(/@)} _ [Cos 0/ (k) —singf (/f)}

similar to the previous case via an orthonormal mafix

Pe (k) | [sinl(k) cos8! (k) 1/20) 0 r,
7 n(k—1) } ;N1 (k) 0t LA
. ’ 13 M = y . ’ 19
|:z/}$,),]\’—1(k - 1) ( ) Q4 \Iji7]\f7k Ri—l,N,k—l V\Ijs‘,),l\f,k—l ( )
where a;, v (k) pr bin(k—1)
1/2 e . .
o v (k=1 5 1/2
cos Hf(k) _ %N I/12( ) (14a) Annihilation of & pivoted ona~/= results in the updates
(k) [ NG } B [ cosOf (k) sind! (k)}
sin6f (k) = 611;\2(16) (14b) biy1,n(k) —sin®f (k) cosd] (k)
Oéi,]\‘r(k) . |::(/}$,),N—1 (k) :| (20)
fori = 0,---,m — 1, which completes the prediction of the bi,n(k = 1)
front edge of the window. where
B. Prediction of the Rear Edge of Sliding Window ; 3/1\2 (k)
Rotation of the top row vi&@" and the bottom row vi&?, cos 0; (k) = oﬁ/]\%(k) (212)
except the side elements ), yields i " (k)
2 i Q?f If = z,]\f 21b
Q;{N,klei,Nfl,k—ls sin ¥/ (k) ai/f(k) (21b)

é717]\f_}(/€) (Z)T me_l((Ij; - 1)
1% 0 1%
= - l
\P{Ak Ri—l,N,k—l V\P?,N,k—l (15)
EL@N(/{J) (Z)T bi,,N(k - 1)
M

The angle-normalized rear forward prediction eriprand

for i = 0,---,m — 1. Hence, the prediction of the rear edge
of the window has been achieved, although it is not clear how
to obtain the window downdated variablg$ and+” because
they appear on the right-hand sides of transformations. For
the sake of clarity, it will be discussed in the next section.
The updates of the prediction error powers follow from the

angle-normalized rear backward prediction ertoare also relations in (7).
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C. Window Downdate Rotations (k) = rin(k) fi,A’(k)’Vié\%(k) (26b)
In the sliding-window fast QR-lattice algorithm out- GV B2y MRk
lined above, reshuffling of the variables is needed in the N ] ”
window-downdate relations, namely, (17) and (20), to obtal @ddition, the rotation variables are
the window-downdated variables. Hence?., ¢, . and f .
N YN-1 . Vi1, n(k)
Y4, 9% , are swapped, which modifies the orthogonal sin gi(k) = — 75— (27a)
transformations to hyperbolic ones, as follows: O‘ifl,N(k)
_ - 1/2
Pl ()] [ secdt(k—1) —tandi(k —1) I a; 'y (k)
Lairin(k) | T [ tandt(k— 1) secdl(k—1) cos ¢i(k) = REINC) (27b)
r f (el 24 ¥
. i/:”]]\\ ((]/3 } (22) The sequence of rotations in (25) start with
—1/J§’7N,1(/€) 11 ] sec 19{(/{;) —tan 19{(/{;) 3 B énl’Ar(/{;)’y},{73\7(/€ -1) 08
Lhipin(B) |~ [—tandf (k) seco!(k) Cm,n (k) = o2 (k) (28)
z/}z,N(k) =
w1 (23) o2 (k) = Jom 1 (b = 1)+ em (WP (29)

for i = 0,---,m — 1 similar to (5). We must proceed iy \hich +1/2 is available from the previous iteration. The
obtain the window-downdated variables from (22) and (234 ver ordera’s can be computed from

although they contain hyperbolic rotations. On the other hand,
the obvious gdvantages _are_high modularity of the structure a:KQI,N(k) — \/Oév‘,,l\f(k) + |¢7f_17N(k)|2 (30)
and ease of implementation in parallel processors.

1) Chambers’ Method:A reordering of operations in hy- for i = m,---,1 [18]. Last, 7 v (k) = € n(k) because the
perbolic rotations (the so-called Chambers’ algorithm [3peroth-order prediction corresponds to the input signal itself.
has been proven to satisfy a condition so-called “relationhhe updated normalized backward prediction errors become

stability” [5]. Rewrite the hyperbolic transformation r Fon(k)
secd —tand 71,n (k)
—tan? sec V) G,k = :
_ 1 0 sec? —tand (24) Fr—1, 5 (k)
—sin?d cos? 0 1 rsin 65 (k)
so that the window downdate is performed in two stages. _ |sin 63 (k) cos 65 (k) a1
The incurred extra computational cost is two divisions per R - (8D
transformation to compute sine-cosine pairs. sin 6%, (k) cos6?,_,(k) - -cosfy(k)

m—1 m—2

be computed as
The rationale behind the fast QR algorithm is to use another P
m—1

set of orthogonal rotations available from the least-squares
ict : it : Vo) = T cos8t (k) = /1 [|Gon, v
prediction theory to obtain the backward prediction variables. Tm,N\F) = i - m,N.k
1=0

A. Prediction of the Front Edge of Sliding Window J m—1

The first step concerning the forward prediction variables is 1= Z 7,0 (R)I- (32)
identical to the QR-lattice algorithm. In the estimation of the =0
backward prediction variables, alternatively, the normalizel derivation of the above relationships in the QR decompo-
prediction lattice structure provides the following relationshipition framework is also given in [23]. It is convenient to

[18]: summarize this derivation herein to clarify the development
e (k) in the window downdate part. Th¢h-order rotation matrixQ
[ ;_,f A( k) } can be constructed iteratively by considering the product
_ [ cos ¢ (k) sind)i(k)} [ i n(k) } 1 o XT,, X, s
I . . =, Al — Lk = 0 .
sin ¢ (k) cos (k) | |Ficin(k—1) 5) [ Qi,l\’—l,k—l:| {Xi+l,1\’l,kl} Bowia (33)
for i = m.---.1. where an overbar denotes the power'l_'hus, Q, v is obtained through a set of rotations that

annihilate the first row of the right-hand side matrix. We can

normalized variables. Hence, c.f., Table | "
write

— oy Gin(k) éz‘,f\’(/ﬂ)'y%\%(/ﬂ —-1) A N
e e 20 o O {91) Q; Aw } = Qi (34)

QN XN I—1,k—1
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The first column of the matrix@; v, is [v; ﬁ ~(k) @7 in contrast to (33). We can obtain an orthonormal magix
GT 1T Now. consider that triangularizes the data matrix by annihilating the top row.
1N , g y g p
A /2 N 4T [T T
Qinrs 0] [Xisiva The first column o is [6,,; (k) 07 HE, .7, where
(Z)T 1 (Z)T _
(k) 07 [ o (k)
:Vf 0 le\T(k)
= fl - (35) Hrn,]\‘r,k = .
\Iji7]\f7k Rz—l,N,k—l _ :
0 (Z)T —brn—l,N(k)
f o . . rsin 19b(k')
Let us rotatel}’ via Qy, pivoted on the last entry of the first sin 9% () cos 95 (k)
column. Then, annihilaté via Q.. The first column of the ma- =1 (41)
trix of the right-hand side becomés? /% ai/]\%(k)]T. : )
When \IfZ N_1 IS rotated viaQ,, pivoted onal/2, the trian- Lsin 7, (k) cos iy, (k) -+~ cos 95 (k)
m—1
gularlzatlon process is completed The resulting orthonormal 1/2 H cos o (k L~ o el
matrix can be written as O, w( m, Nk
I or Qi 1np1 O
[@ Q, :|Q6QV1 [ b%k ! 1]~ Qi N (36) m—1
v =.l1- b N (B)|2 42
The first columns of both sides are ;' () (42)
Vzlé\%(k - 1) 1/2 (k)
7 T 0 Yi+1,N .
Q.Qy — 0 . (37) Now, consider
D Qu| ™" Ging-1 a.
i+1,N,k
0, 07 | KitLE-N+1
Consider the lastV + 1 rows [ 2—6%’:’“—1 J Xit1 No1k
G7 N,k—1 (Z)T
J = Gii1 Nk 38 .
% [éim)vi/ﬁ(k - 1>/a:/i<k>} vk (35) G W
V. 0
From (28), we can observe thaty (k )fy%?(k 1)/043/]\2,( k) = = lgr R, (43)
&;,n(k). When the rotations iQ,; are performed, we obtain iiA(’)—li"‘ _l(j:ﬁ’k_l

the relations in (25). The rotations are defined by the variables
in (27).

The explicit structure of the vector in (31) suggest thatet us rotate V' via Qy, pivoted on the last element
the individual sine and cosine pairs can be extracted by tbk the first column, and then, annihilate via Q,. The
following method [18]: first column of the matrix of the right-hand side becomes

vi,n (K) = i1, n (k) + 7o v (k)] (392a) T i 1/23’/]\%(k)]T.' When \P{A" 's rotated via@,
. 7in (k) p!veted ona-/*, the. triangularization process |s.c0mpleted
sin 6% (k) = 7 (39b) similar to the prediction of the front edge of the window. The
Y, v (k) resulting orthonormal matrix can be written as
b 'Vl-i/j v (k)
cos (k) = T~ (39¢) T 23 N
W b oo e @ Y e @
fori=m —1,---,0. Thus, the updated sine—cosine pairs for N
the backward prediction are obtained. The first columns of both sides are
B. Prediction of the Rear Edge of Sliding Window /2.,
L . . 6i,]\f(k 1) (541/2 (k)

The downdate of the forward prediction variables in the fast [I 7 _ Z+17é\’ 45)
QR algorithm is identical to the fast QR-lattice algorithm. The |9 @, QR Hinia | H -
sine—cosine pairs corresponding to the backward prediction 0 i+1,N.k
variables of the rear edge of the window are found similar
to (25). This operation can be regarded as prediction lnsider the lastV + 1 rows
the data to be deleted from the sliding window by using
the lattice vanables,z/;Z ~ (k). Now, consider the alternative H; naet
triangularization of the data matrix Q, {@,N(kﬁ%\%(/ﬂ g 1)/0637/]\3(]%‘)} =Hiyine  (46)

[1 pr
0 Qi,N—l,k

(40) Hence, a similar update to (38) is obtained for the rear edge

} |:Xi1:|—1,k1\’+1
backward prediction variables.

Xif1,N—1k

|

s
Xif1 k—N41
= 0
R N1k
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TABLE I
PREDICTION OF THE FRONT EDGE OF THE WINDOW

Eq. # Computation Complexity
¢i k cos 88(k—1) —sin6(k—1 e n(k
i an(k) | (k—1) (k1) ~(k) 4m)0/0
i n(k) sin@(k—1) cos@(k—1) iy 1 (k—1)
F.2 alii (k) = Vauni(k — 1) + [en (k) m/0/m
&2 _
F.3 cos 0] (k) = Zutzslt=D 0/m/0
;" (k)
sin 0] (k) = —‘—6‘1%((“) 0/m/0
F.4 ai n (k) = e (k) + [0l (k)2 m/0/m
C(1/2(k)
F.5 cos ¢i(k) = ﬁN—(k) 0/m/0
sin (k) = _l,;ﬂﬂ 0/m/0

SLT
F.6 cioan(k) || cosgilk)  sini(k) (k) 4m/0/0
ranv (k) —singi(k) cosdi(k) | | reoin(k—1)

fon(k) = eon(k)

F.7 7oA (k) = /1 = gt 7w (k)2 m/0/1
73’?N<k> = (k) + Irin (k)2 0/0/m

sin 02(k) = wiN,(Vk()k) 0/m/0

cos 04 (k) = % 0/m/0

b |: Fiprn (k) ] _ [ cos 0/ (k) —sin6!(k) :| [ Fin(k — 1) ] 4m [0/0

P (k) sin 0/ (k) cos 6] (k) vk —1)
F.9 BN (k) = Bk — 1) + [Fon (k) m/0/m
1/2
F.10 cos 02(k) = ﬁ% 0/m/0
s b _ Fin(k)
sin 82(k) = m 0/m/0
F.11 vl (k) = TTms" cos 62(k) m/0/0
Note that the downdated forward prediction variables afer ¢ = m,---,1 and onN(k) = ao,n(k). The sequence of

not used to predict the rear edge, but the resulting updategations start with
from the previous section are incorporated since the window

length is kept constant av. Hence, (46), with reference to G N(If)érln/%\r(k _1)

(41), is equivalent to T, N (k) = — 1/2” ‘ . (49)
Oérn,]\‘r(k)
[57‘,_—1,1\(/6)}
b; n(k)

B [ cos i(k) sin (/)i(k):| [ Tin (k) ) The backward prediction variablésiave an identical structure
B bi_lJ\r(k' — 1)

“singi(k)  coséi(k) to (31) with sine—cosine pairsn ¥* andcos®’, as defined in
! ! (41). Thus, they can also be extracted similar to (39) with

where, cf., Table | b, 82, and¥® instead ofF,y'/2, and6®, respectively. _
Chambers’ method can also be used in the fast QR algorithm
B ain(k) N(k)&%?(k —-1) for the window downdating of the forward prediction vari-
a;,n(k) = YT — 7 (48a) ables. Note that the number of hyperbolic rotations is less than
zN(k) O‘z‘,N(k) the fast QR-lattice algorithm, and the downdated backward
B b n (k) b; N(/ﬂ)(s%\%(k) prediction variables are obtained via orthogonal rotations.
bin(k) = e = 7z, (48b) 1) LINPACK Window Downdating MethodA third meth-
i N(k) Bin (k) od for the downdating in the fast QR algorithm can also be
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TABLE I
PREDICTION OF THE REAR EDGE OF THE WINDOW

Eq. # Computation Complexity

he sec 9 (k— —tan
R.1 [Vﬁw—l(’“)}:[ 9ik=1) — tan 9}k >H¢ (’ﬂ 4m/0/0
1)

aiv1,n(k) — tan 191?(k71) seCW(k— a: (k)
R.2 = Vaun(k) — lain(k)) m/0/m
1/2
R.3 secﬂ{(k) = %‘2”& 0/m/0
O‘-,N—l(k)
tan 9] (k) = 0L 0/m/0
in—1(F)
R4 sin 9! (k) = —7—((’;; 0/m/0
cosﬁ{(k)—% 0/m/0
a1, n(k cos ¢;(k sin ¢; a; nv(k
s 71N() _ (k) (k) ) n(k) 4m)0/0
bi,N(k) — SiIl qSl(k) COS d)1(k) bl'_lyN(k — 1)
bo ~(k) = ao N(k)
R.6 S5 (k) = /1 = i b (k)2 m/0/1
R.7 5}_/“;,N<k> = 62-,N( )+ b (k)2 0/0/m
R.8 tan 98(k) = %‘% 0/m/0
575 (0
sec (k) = 7173"(’?)— 0/m/0
R.9 sin 9t (k) = Wb% 0/m/0
Sl
cos 9¥(k) = Ht— 0/m/0
8172 (k)
bk secd! (k)  —tand!(k bk
o || V® ] (k) | vt
i n(k—1) —tanﬂf(k) secﬁf( ) b n(k—1)
2
R.11 %\? n \/ﬁ w( )‘ m/0/m
b _ ﬂ, N(k)
R.12 seci(k) = —L—wﬁ:x_l(k) 0/m/0
b1 — _bin(k)
tan ¥(k) LT 0/m/0
in 9t (k) = bunlk)
R.13 sinv?(k) = 5170 0/m/0
. B2 (k)
cos (k) = —%(‘T) 0/m/0
R.14 (k) = [zl — N+ 1) — HE v Uh 16 0k — 1) m/1/0
found by considering the following relation, cf., (15) equating the lower left corner elements of both sides:
1/2 o
f . z(k—N+1)= Hm N, k— I\Ij'rn Ne T 6m/ ~n(k = 1)am N (k)
\Ijrn N,k R’":N:k—l (51)
anm,(/g) pT from which a,, ~(k) can be solved and used as the initial

condition for the orthogonal rotations given in (17). Note that
the rotations that must be inverted do not destroy the circular
nature of the computations. Hence, the downdated variables
are obtained without hyperbolic rotations. This approach has
The difference betwee®? matrices in (15) and (50) is thatits roots in [4].

the rows of sole entry unity are deleted in (50). The last

column of the@” matrix is[HZ, \,_, &5/ % (k—1)]", where V. JOINT PROCESSEXTENSION

H is defined in (41). Sinc&)? is an orthonormal matrix, Joint process extension in the fast QR and QR-lattice
(QH~! =(Q"H7T, and hence, when the left-hand side of (5GIgorithms is identical to the forward prediction problem [18],
is multiplied by (Qd)—l, we obtain the following relation by [20] except the rotations are calculated by using the results

(2. R N1
N e )

=@
m,N,k—1 .7}(]% — N+ ]_) X};jk_]\r
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TABLE IV TABLE V
FAST QR-LATTICE ALGORITHM FAST QR ALGORITHM
Iront edge equation | Complexity Rear edge equation Complexity Front edge equation | Complexity Rear edge equation Complexity

O 1m[0/0 R.1 4m/0/0 F.1 Am/0/0 R.1 4m/0/0
.2 m/0/m R.2 m/0/m 1.2 (for i = m) 1/0/1 R.2 (for i = m) 1/0/1
1.3 0/2mn /0 R.3 0/2m/0 F.4 m/0/m R.5 4m/0/0
P8 4 /0/0 R.10 1m /070 F5 0/2m /0 R6 m/0/1
F.9 mf0/m R.11 m/0/m e 4rn /0/0 R.7 0/0/m.
F.10 0/2m/0 R.12 0/2m /0 7 m/2mfm+1 R.8 0/2m/0
F.11 mf0J0 (38) 4m/0/0 (37) 4m f0/0 (38) Am/0/0
(37) Am/0/0 R.4 (Chambers’ Mcthod) 0/2m/0 (41) 1/0/0 R.9 (Chambers’ Method) 0/2m/0
(41) 1/0/0 R.13 (Chambers’ Method) | 0/2m/0 Total:  27m + 3/6m/3m +1

Total:  29m + 1/8m/4m 27m + 3/8m/3m + 4 {Chambers” Method)

29 + 1/12m/4m (Chambers’ Method)

TABLE VI

L. . . FAasT QR ALGORITHM WITH LINPACK DOWNDATING
of the backward prediction of the input signal. Hence, we can i}

obtain the relations Rear edge equation Complexity
Eirn(k) R.14 m/1/0
|: r(/}Z ]7\,(]{) :| Invert (14) 4m/0/0
_ [cos6t(k) —sind¥(k) & n (k) (52) B2 (for i = m) 1o
= |sin6b(k) cos 0(k) | [vin_1(k—1) &5 4m/0/0
R.6 m/0/1
fori=0,.--,m—1, wherez); are the joint process extension 7 0/0/m
variables. From the prediction of the rear edge of the window,
we have R.9 0/2m/0
Modify R.14 as in (40) m/1/0
|:Tgi7]\’_1((]]:;§ :| Modify (14} for JPE and invert | 4m/0/0
i+1,N

Total:  29m + 3/6m/3m + 4

_ {— sec 0U(k) —tam?l;(k)} {z(;i,,\r(k)} 3

tan ¥4 (k) sec ¥¥(k) | | Ui n(K)
inputs from [18] is repeated. The input signal to the adaptive
fori=0,---,m — 1 similar to (22). Of course, the downdateﬁlt%r is [18] P P g P

can also be achieved by using the Chambers’ or the LINPACK

method. If (50) is modified accordingly (k) = cos (0.057k) + V2 cos (0.37k) + n(k)
o i where n(k) is white noise with varianca0=1°. The signal
N T ' identif f tem of length 8. Th
(k) 0T is used to identify a reference system of length 8. The

. 8 x 8 covariance matrix of this signal is nearly singular,
= Q;in Nk{ Wi, N1k RmTnyl:k (54) its rank being mildly displaced from 4 by four eigenvalues
AR =N+1) XN at 10719, Such a signal can easily reveal the numerical
whereV is the vector of joint process extension variables, wroblems of adaptive algorithms. The mean squared error of
can obtain the relation the adaptive algorithms are presented in Figs. 1-3 for different
T 12 3 precisions. The window size is 20 samples;and /3 are
d(k = N +1) = Ho, n 3 W, N g+ 6, v (B)Om, N (F) (55) initialized to 10-3. All three algorithms perform well for
double precision (53 bit mantissa) implementation, and in the
long run (billions of samples), we have not observed numerical
problems. As the number of bits is decreased in the mantissa,
the algorithms have difficulty maintaining stability. The QR-
€m N (k) :wifyi,(k)énlyAr(k). (56) lattice algorithm is prone to quantization; the Chambers’
method helps to some extent. The fast QR algorithm is more
immune to quantization, but the Chambers’ and LINPACK
methods worsen the numerical conditioning of the fast QR
algorithm. This may be due to the fact that more variables
are quantized. The full QR algorithm, which does not rely on
The fast QR and fast QR-lattice algorithms are simulated éxact relationships between forward and backward prediction
reveal the numerical properties for different wordlengths onvariables, can maintain the stability even for a 28-bit mantissa.
floating-point processor. The full sliding window QR (nonfastfhe Chambers’ and LINPACK methods may contribute to
algorithm is also included. The experiment with sinusoidamplification of numerical errors unless the wordlength is

from which ©,, x(k) can be solved. As the last step, the
posteriori prediction residual is calculated. The computatio
is straightforward and achieved via

Tables IV-VI show the full listings of the fast QR and
QR-lattice algorithms with reference to Tables Il and IlI.

VI. SIMULATIONS
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O— T T T T T T T T ] 0

20C.L 20H

24CL 24H 20C poH

Mean squared error [dB]
Mean squared error [dB]
&
=]

-100

28,53 H,C
120 L 1 | f ; | L 1 L _120 . 1 \ L | 2 L . :
0 0.5 1 15 2 25 3 3.5 4 4.5 5 0 05 1 15 2 25 3 35 4 4.5 5
Number of iterations x10° Number of iterations 5

Fig. 1. Comparison of the fast QR algorithm for different implementationgig. 3. Comparison of the full QR (nonfast) algorithm for different imple-

and number of bits in the mantissa. H: Hyperbolic rotations. C: Chambefgentations and number of bits in the mantissa. H: Hyperbolic rotations. C:
method. L: LINPACK downdating. Chambers’ method.

VII. CONCLUDING REMARKS

The theme of this paper has been to generalize the existing
fast QR algorithms to incorporate sliding windows. Various
methods are proposed for the delicate step of window down-
dating. It is observed that sliding window QR algorithms can
be regarded as practically stable; as for the double-precision
applications, the algorithms maintain stability over billions
of iterations. The numerical properties of the sliding window
techniques have yet to be proved theoretically.

The presentation has followed the lines of classical QR
decomposition with Givens rotations and square roots. Fur-

Mean squared error [dB]

PP i Pt /4 et m  ther elaboration on how to remove square roots and find

sanG more computationally efficient structures should be rather

' straightforward after this stage. Indeed, the transformations

% 05 1 15 =2 25 s a5 4 45 s and variables can be modified [19], [24] to yield alternative
Number of iterations 5

implementations. The enhanced numerical properties of the

Fig. 2. Comparison of the fast QR-lattice algorithm for different impleSquare-root-free implementations [19] are also expected to

mentations and number of bits in the mantissa. H: Hyperbolic rotations. fgflect to sliding window formulations.
Chambers’ method.
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