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Abstract

In this thesis we outline a strategy to write the hypergeometric function of a Fano weighted
complete intersection X = Xy, 4. C P(ai,...,an) of dimension n as a period of a pencil
of (n — 1)-dimensional varieties. Conjecturally this function is a specialisation of the
quantum period of X, thus the ideas in this thesis can be viewed as the basis of a new
method to find Landau—Ginzburg mirrors for all Fano weighted complete intersections.
Our strategy builds upon the work of Beukers, Cohen, and Mellit on finite hypergeometric
functions, suggesting that the hypergeometric variation attached to X is linked to the
variation of intermediate cohomology of a pencil of (n — 1 4 2¢)-dimensional varieties.
This pencil can be viewed as a mirror of X of the wrong dimension.

We focus on anticanonical del Pezzo weighted complete intersections. The feature
which makes these surfaces especially interesting is that, if the ambient space has all
weights > 2, they have empty anticanonical linear system, and therefore fall out of the
range of the known mirror constructions.

For each positive integer k£ we exhibit the hypergeometric function of the family of sur-
faces Xgpiq C P(2,2k + 1,2k + 1,4k + 1) as a period of a pencil of curves of genus 3k + 1.
This series is the main piece of the Johnson—Kollar classification of anticanonical del Pezzo
weighted hypersurfaces. For all k our pencil is a mirror of the family. We build a candidate
mirror for the family of surfaces X5 C P(3,3,5,5) by identifying the variation of H3 of
its wrong dimension mirror with a quotient of the variation of H' of a pencil of genus-six
curves. We also provide evidence that our constructions are compatible with the work of
Hori—Vafa.

We conclude by discussing our ideas to prove the conjectural Hodge—theoretic trans-

lation of the work of Beukers, Cohen, and Mellit.
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Chapter 1

Introduction

In this Chapter we give an overview of the type of problems considered in this thesis and
a preliminary description of the main results obtained. We postpone until later chapters

the precise statement of these results and a detailed literature review.

Motivation and Objectives

In this thesis we propose a method to approach the following:

Question 1 Let X = Xy, 4 C P(ay,...,an) be a Fano quasismooth and wellformed
weighted complete intersection of dimension n. Let A = Y a; — > d;. Consider the

hypergeometric function:

2 (@) (am))!

Is Ix a period of a pencil w: Y — C* of (n — 1)-dimensional varieties?

Our motivation to study this question is twofold.

On the one hand, the general shape of the Fano/Landau-Ginzburg (LG) correspon-
dence suggests an identification of the regularised quantum period of an n-dimensional
Fano variety X with a period of an n-dimensional LG model. This for us is simply a
pair (Y, w), where Y is a complex manifold of dimension n and w: Y — C* is a complex
function. Upon natural conjectural generalisations of the Quantum Lefschetz Principle to
orbifold target spaces, for a Fano complete intersection X in a weighted projective space
(a specialisation of) the regularised quantum period of X is given by the hypergeometric

function I, x in Equation (|1.1)). Thus our Question 1 is equivalent to the following:

13



14 Chapter 1. Introduction

Question 2 Does X admit a LG mirror (Y, w)?

The existence of a LG mirror of X may be concretely understood whenever X admits a
toric degeneration — which conjecturally is equivalent to assuming that X has non-empty
anticanonical linear system — but otherwise is not known a priori. This motivates our
Question 1 from the point of view of mirror symmetry, and the ideas we present in this
thesis can be seen as the basis of a new method to find LG mirrors for all Fano weighted

complete intersections.

On the other hand, the work of Katz [Kat90] shows that any irreducible hypergeo-
metric local system supports a canonical variation of Hodge structure (VHS) of geometric
origin; in other words, such local systems arise as the variation of the (co)homology groups
of the fibres of a morphism. Given that the local system Hx of solutions to the irreducible
differential equation annihilating Ix has supposedly Hodge weight n — 1, it is natural to

ask — even as there is a priori no reason to expect it — the following;:

Question 3 Is Hy a subquotient of the variation of intermediate homology of a pencil
of (n — 1)-dimensional varieties?
This motivates our Question 1 — which really is just a more precise way of rephrasing this

— from the point of view of hypergeometric motives.

Our approach

The source of ideas for our investigations is the arithmetic of hypergeometric functions.
The work [BCM15|] by Beukers, Cohen, and Mellit shows that finite hypergeometric func-
tions correspond to point counts in positive characteristic on explicit pencils of algebraic
varieties. This strongly suggestsﬂ that the corresponding analytic hypergeometric func-
tions are periods of the same pencils now regarded over C.

Specialising this to the hypergeometric function Ix of a Fano weighted complete

intersection X of dimension n, one expects an identity of VHS
Hx = gr!/ | R uQ(c) (1.2)

away from the critical locus of v, where v: W — C* is an explicit map on a manifold

W of dimension d = n + 2c¢ depending only on di,...,d. and aq,...,a,. The LG model

LChapter [7| contains the seeds of a proof, in full generality, of our Hodge-theoretic interpretation of
[BCM15]. The results in Chapter [5| and |§| provide strong evidence for this intepretation.
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(W, v) can be interpreted as a mirror of X of the wrong dimension. Then it makes sense
to ask if there is a morphism w: Y — C*, where Y is a n-dimensional manifold, such that
gr}?ﬁle*IUgC identifies with a subquotient of gr’’ | R*~1wC away from the critical locus
of v. The LG model (Y, w) would be a mirror of the right dimension.

In Chapter [3] we outline a strategy, divided into three main steps, to study the Hodge
structure

grcl?ilHd_l (Wav Q)

where W, = v~!(a) is the general fibre of v. The second step of this strategy builds upon
a combinatorial iterative algorithm, based on the methods of the toric minimal model pro-
gram (MMP), to find a simple compactification of a hypersurface in a torus. Our algorithm
constructs a birational model for the natural compactification of the hypersurface in the
toric variety associated to the Newton polytope of its equation by means of resolving and
‘shrinking’ the polytope. We present the algorithm, and some examples of its application
in practice, in Chapter

It would be interesting to show, in substantial generality, that the method proposed in
this thesis extends the Hori-Vafa [HV00] construction. The results we present in Section

[6.1] provide evidence for this.

Main results

We focus on hypergeometric variations of Hodge weight one and, in particular, on the
hypergeometric functions Ix of del Pezzo weighted complete intersections X which are
anticanonical, that is —Ky = Ox(1). Anticanonical weighted complete intersections
of arbitrary dimension living in projective spaces with all weights > 2 are especially
interesting in mirror symmetry since they have empty anticanonical linear system, and

therefore fall out of the range of any known mirror construction.
Below we sketch the main results discussed in this thesis.

The work [CG19] with A. Corti, presented in Chapter |5}, gives an affirmative answer

to Question 1 for the series of surfaces
Xskra CP(2,2k+ 1,2k + 1,4k + 1) (1.3)

where k is a positive integer. This series forms the main piece of the classification of

anticanonical del Pezzo weighted hypersurfaces by Johnson—Kollar [JKOI].
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We prove:

Theorem A (Theorem [5.3). For all & > 0 integer, the hypergeometric function of the
surface Xgry4 (1.3) equals a period of the pencil wy: Y — C* given by the surface

Yy, = (ay® — hi(a, to,t1) = 0) C P(1,1,3k + 2) x C* (1.4)
where tg, 1,y are coordinates on P(1, 1,3k + 2), «v is a coordinate on C* and
hi(o,to, t1) = (483871 1 a2F 1) (641153 41t 17 T2 — 3202122 40210k +24))
together with the projection wy on the second factor.

The curves Yy o = wk_l(a) are hyperelliptic curves of genus 3k + 1. Since the local
system Hl of solutions to the irreducible ODE annihilating the hypergeometric function of
X8k+4a has rank 6k+2, an immediate consequence of Theorem A is that Hj, = R'wy C
away from the critical locus of wg.

For all k£ > 0, our LG model (Yj,wy) is a mirror for the surface X = Xgii4. What
makes Theorem A especially interesting is that, since the anticanonical linear system of
the surfaces is empty, these are entirely new mirrors.

Proving Theorem A is elementary: we expand the period of the LG model (Y, wy)
in power series with the help of the residue theorem. The main difficulty is to find the
equation of the surface Y} (and the integration cycles on the curves Yy o). We extract
the equation of Y} from the 4-dimensional LG model (Wy,vy) given by [BCMI15]:

Theorem B (Theorem [5.10). For all k£ > 0 integer, there is an identity:
gry’ RPvup1Q (1) = R'wy,,Q
away from the critical locus of vy and wy.

Our constructions in Section m show how the curve Y}, arises naturally from
the geometry of the 3-fold Wy, = vk_l(a). Our MMP algorithm constructs a partial
compactification Wy , C kaa supporting a del Pezzo fibration ¢y : kaa — C*. Once
we have the map ¢y, o, the proof of Theorem B is based on mixed Hodge theory. The key
point is to notice that the quasismooth fibres of ¢y, , are del Pezzo surfaces of Picard rank
2, and the curve Y}, is a 2:1 branched cover of P! which singles out two distinguished

generators of the Picard group.
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The fact that the variation grgVH 3(Wk7a, Q) is the variation of H' of a pencil of curves
is not trivial. There is no reason to expect it. Looking for an explanation, one naturally
wonders whether the 3-folds W}, , are rational: there are indeed very few examples of
irrational 3-folds with this property. Our computations in Section show that this is

probably not the case.

In Chapter [6] we present the results of our investigations on some of the sporadic cases
of the Johnson-Kollar list [JKO1].

The first three sporadic cases of the list are the surfaces:
X;cP? X, cP(1,1,1,2) XgCP(1,1,2,3) (1.5)

These are the only smooth anticanonical del Pezzo weighted hypersurfaces.
For each of the surfaces (1.5)), we show that the mirror which our method extracts
out of the 4-dimensional mirror (W, v) coincides with the Hori-Vafa mirror (Y,w). In

particular we prove that:

Theorem C (Theorem [6.2). The 3-fold W, = v=!(a) compactifies to the blow-up of P3

along the closure Y, C P? of the curve Y, = w™!(a).

Theorem C immediately implies that gry H2(W,, Q)(1) = gr}¥ H}(Y,, Q). In partic-

c

ular, in this case, the fibres W, of the LG model (W, v) are rational 3-folds.

The second part of Chapter |§| is devoted to the study of the surface X15 C P(3,3,5,5).
This surface is the first case of [JK01] living in a projective space with all weights > 3. In
Section [5.3| we propose a conjectural explanation for the existence of mirrors of anticanon-
ical surfaces Xy C P(2,a9,as,a4) inspired by the works [Bor97, [CKV20, [Dol96l Voi93]
on mirror Calabi-Yau pairs with dual involutions. The explanation is not applicable to
anticanonical surfaces in projective spaces with weights > 3, and this makes the case of
the surface X = X5 particularly interesting.

Let (W, v) be the 4-dimensional LG model given by [BCM15]. We prove that:

Theorem D (Theorem [6.10). Away from the critical locus of the map v, gry R3u»Q(1)
identifies with an explicit quotient of gr!V R'wQ, where w: Y — C* is the pencil given
by the surface

Y = (2% —t = —27ty® + 27at’y + (27 — t) = 0) C A® x C* (1.6)

where t, x,y are coordinates on A® and « is a coordinate on C*, together with the second

projection w.
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By identity , the LG model (Y, w) can be viewed as a candidate LG mirror of the
surface X. The fibres Y, = w™!(a) compactify to curves of genus 6.

Once again, the curves Y,, arise naturally from the 3-folds W, = v=!(a). We construct
a partial compactification W, C /V[7a which is a pencil ¢ : Wa — C* of cubic surfaces.
Once we have the map ¢,, we use mixed Hodge theory to prove Theorem D. The key point
is to notice that the 27 lines on the smooth fibres of ¢ contain a distinguished subset of 9
lines. The curve Y, is the 9:1 branched cover of C* parametrizing these lines, and, in fact,
HY(C*, R?¢4 Q) = H(C*,V), where V C R?¢, ,Q is the sub-local system generated by
the 9 lines.

Future directions

F. Rodriguez Villegas has proposed a generalisation of the work [BCM15] to finite mul-
tivariate hypergeometric functions. It would be extremely attractive to use the ideas in
his work to eliminate the Hori—Vafa assumptions and find mirrors for all toric complete
intersections.

It would be interesting to see that our new LG mirrors — as well as the wrong dimension
mirrors (W, v) — satisfy the Homological Mirror Symmetry Conjecture.

The work [Wel87], combined with [BCM15], suggests that for all hypergeometric vari-
ations of Hodge weight one the answer to Question 3 is positive. It would be interesting
to classify the hypergeometric local systems of Hodge weight one which are exactly the
variation of H' of a pencil of curves. Sections and contain a preliminary discussion

of this problem.

Outline

The main body of the thesis is structured into six Chapters. Naturally, the thesis partially
coincides in content and in writing with the paper [CG19].

In Chapter [2| we provide the background material on hypergeometrics and mirror
symmetry required for the thesis. In Chapter [3| we summarize the work [BCM15] and we
expand on our strategy to approach Question 1. We focus our attention on hypergeometric
variations of Hodge weight one and, in particular, on anticanonical del Pezzo weighted
complete intersections. In Chapter [4] we describe our MMP algorithm for hypersurfaces in

tori. We compute the output of the algorithm in three examples. In Chapter [5] we give the
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details of our work on the Johnson—Kollar series and we conjecture an explanation for the
existence of mirrors of anticanonical surfaces Xy C P(2, ag, as, aq). Chapter |§| contains the
exact statements and the proofs of Theorems C and D. In Chapter [7] we discuss our ideas
to prove the conjectural Hodge-theoretic translation of [BCM15]. Appendix A contains

the two lists [JKO1] and [KP15] of anticanonical del Pezzo weighted surfaces.
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Chapter 2

Hypergeometrics and LG mirrors

In this Chapter we provide the background material on the theory of hypergeometrics
and on mirror symmetry for Fano varieties required for this thesis. The link between the
two theories is that hypergeometric functions arise as generating functions for genus-zero

Gromov—Witten invariants of certain, very special Fano varieties.

2.1 The notion of period

In this Section we state what we mean by periods of a morphism.

Definition 2.1. Let Y be a smooth algebraic manifold of dimension n and let w: Y — C*
be a quasi-projective morphism. For a € C* denote by Y, = w™!(a) the fibre. Denote
by U C C* the set of regular values of w, and by wy: Yy = w1 (U) — U the restriction.

Choose a pair (w, ) where:

(i) w e I'(U, wU*Q?/;/lU). For a € U, denote by w, € HO(YQ,Qﬁj) the corresponding

form;

(ii) v € I'(A%, R" 'wy Qy,,) where 0 € A C C is a small disk and A = A\ {0}. For
a € A* denote by 74 € Hp—1(Ya, Q) the corresponding cycle.

The period of w: Y — C* relative to (w,7y) is the function
() :/ we (€ AX) (2.1)
Ve

In what follows we denote by D the sheaf of differential operators on C*. The ring
D(CX) is Cla™!, D] where D = ad/da. We generally write elements of D in the form
> ol P;(D), where the Pj(«) are polynomials in Clal].

21



22 Chapter 2. Hypergeometrics and LG mirrors

Remark 2.2. Any period 7 of w: Y — C* satisfies polynomial ordinary differential
equations, and the local system of solutions to the annihilator ideal of 7 is a subquotient
of gt | R 1wy C.

To see this, write

£ =(R"'wy,Q) ® Oy

The sheaf £ carries an integrable algebraic connection V: & — Q,lj ® & (the Gauss—Manin

connection) by means of which we can regard it as a Dy-module, and the local systems
R" 'wy,C = Homp, (O, &), and R" 'wy C = Homyp, (£, Oy)

are the local systems of flat sections and of solutions of £. Indeed, if n is a section of &,
and n = > o;n' in a basis o; of a local trivialisation, the action of D = a% on 7 is given
by

D-n=V,an

do

where by definition Vi = Y 0; ® dn’; thus any section 7 satisfies linear relations of the

form:
h

Zpk(a)Dk n=0 pr(a)e€Clq] (2.2)
k=0

(In particular, for any n there is a unique — up to multiplication by a constant — minimal
relation of the form (2.2)), that is, where h < dimc H"~!(Y,, C) is as small as possible, and
deg py, is as small as possible).

Now w2 C & as the last piece of the Hodge filtration and we regard w as a

n—1
Yy /U
section of £ by means of this inclusion. On the other hand we regard v as a solution
of £ and we recover the period as m = y(w). We have an inclusion and a surjection of
Dy-modules:

Dy-wCé&, and ~v:Dy-w—>Dy-w

So we have Homyp, (Dy-m,Op) C Homp, (Dy-w,Op) and R"'wy C = Homyp, (€, Oy) —

Homyp,, (Dy - w, Opy).

Definition 2.3. [CCG™13, Definition 3.3] The Picard-Fuchs operator L = Lp of the
period 7 is the operator L = ZZ:O pi(a)DF (uniquely defined up to multiplication by a
constant) such that L -7 = 0, where h is taken as small as possible, and deg pj, is taken

as small as possible. We say that the order of L is h.
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Remark 2.4. Recall that a formal series > ¢, is killed by a polynomial differential
operator ) o’ P;(D) if and only if its coefficients ¢, satisfy the linear recursion relation:
Vn ZPj(n —J)en—j =0 (2.3)

j<n
In practice, one reconstructs the Picard—Fuchs operator of m by computing the first terms
of the power series expansion of 7 (the period sequence) and trying to guess the recursion

relation.

Remark 2.5. Observe that, if the local system of solutions to the Picard Fuchs operator
of 7 is irreducible, then it coincides with the local system of solutions to the annihilator

ideal of 7 and is therefore a subquotient of grxv_ IR”_leg(C.

2.2 Hypergeometrics

Hypergeometric functions have a rich mathematical tradition going back to the 17" cen-
tury. In this thesis we deal with hypergeometric functions in one complex variable. What
is special about these functions is that they are solutions to ordinary differential equations

of geometric origin.

2.2.1 Hypergeometric functions

Definition 2.6. Let m € N5 and let a = (a1,...,am), b = (b1,...,by) be two multisets
of complex numbers. Assume that none of the a;, b; is in Z.g. The (generalized) hyperge-
ometric function with parameter sets a, b is the analytic function defined by the complex

power series in a:
oo

F(a,bla) = Jz% M o (2.4)

where (x),, denotes the rising factorial (or Pochhammer symbol):
z(x+1)---(x4+n—-1) ifn>1
1 ifn=20

The series (2.4) converges on the open disk |a| < 1, and outside of |«| < 1 the hypergeo-

metric function is defined by analytic continuation with respect to a.

Remark 2.7. Using the I'-function one can rewrite the series (2.4) as:

JZ(:JH [(a;)T(1 — b;) (-1)™ ol
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In this thesis we focus on hypergeometric functions defined over Q.

Definition 2.8. The function F'(a,b|-) is defined over Q if Vi, j a;, b; € QN (0, 1], a; # b;,

and the polynomials []’

i (@ — e?™%) and [T (z— e?™i%5) are products of cyclotomic

polynomials.

There is a connection between hypergeometric functions defined over Q and generating
functions of certain factorial ratios (see [Bob09, Lemma 4.1]).

Let p = (p1,...,pr) and q = (q1,...,¢qs) be two lists of positive integers such that
Y- pi =7 ¢j. The function:

oy =S P ()
e )_]Z; (qg)! . (gs5)! ’ (2.5)

is (after rescaling «) a hypergeometric series defined over Q. Indeed, there exist two

multisets a, b as in Definition such that

P1 P
and one can show that G(p,q;a/M) = F(a, b|a), where M = Z}PZ; . Explicitly, setting

A:O{]Ij|k¢:1,...,pi} B:O{S‘k:Ln-aQi}
i=1 1t =1

the multisets a and b are given by: a= A\ AN B and b= B\ ANB.
Conversely, if F'(a, b|-) is an hypergeometric function defined over Q, there exists two
lists p, q as above such that F'(a,b|Ma) = G(p, q; «). Thus any hypergeometric function

over Q is (up to rescaling ) a generating function of factorial ratios of the form ([2.5).

2.2.2 Hypergeometric operators

Consider two nonzero polynomials P, Q € C[a] of degree m. Following Katz [Kat90], we

define the hypergeometric operator H(P,Q) in D as
H(P,Q) = P(D) —aQ(D) (2.6)

and the hypergeometric D-module H(P,Q) on C* as H(P,Q) = D/DH(P,Q). Of course
the D-module does not change by multiplying H (P, Q) by a C* factor.
We also introduce a notation which makes explicit the factorization of P and @.

Assume that P(a) = p[[jL;(a — vj), Q(a) = q][jL, (e — wj), and write A = p/q. We
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define:
Hy(v,w) = A[[(D = vi) —a [[(D - w)) (2.7)
, P

7j=1
and Hy(v,w) = D/DH)y(v,w). Thus

Hy(v,w)=1/qg H(P,Q) and Hyx(v,w)=H(P,Q)

The hypergeometric operator H)(v,w) has order m and a regular singularity at \.
We define the hypergeometric local system Hy (v, w) as the complex local system of rank m
on U = C* \ {\} whose sections are the solutions of the differential equation Hj (v, w)e = 0.
In the language of D-modules, the local system Hy(v,w) is given by the sheaf of homo-
morphisms Homp, (5*Ha(v,w),Op), where j: U — C* denotes inclusion.

The following result characterizes irreducible hypergeometric D-modules/local sys-
tems up to isomorphism (see [Kat90, Proposition 3.2, Corollary 3.2.1, Lemma 3.3] for
details).

Proposition 2.9. Let H (v, w) be a hypergeometric D-module on C*. Then:
(1) Hx(v, w) is a irreducible D-module if and only if Vi, j v; — w; ¢ Z.
(2) Its isomorphism class determines the v; and the w; mod Z, and the scalar A € C*.

Remark 2.10. Statement (2) can be rephrased by saying that a hypergeometric local
system H) (v, w) is physically rigid [Fed18, Proposition 2.4].

Remark 2.11. By Remark a formal series Y ¢,a" is killed by the hypergeometric

operator H(P,Q)(2.6) if and only if its coefficients ¢, satisfy the two-term recursion:
P(n)e, = Q(n — 1)ep—1 (2.8)

It follows that the function G(p,q;-) in Equation (2.5) is killed by the irreducible hyper-

geometric operator H (P, Q) given by:

PZHqiqu(D—W) Q:HpipiH(D_wj)

where v=V\VNW, w=W\VNW and

V:O{:]k:O,...,qi—l} W:O{]]j—lkzo,...,pi—l}
i=1 1" !

i=1

which shows that F'(a,b|-) is killed by Hy (1 —by,...,1—by,),(—a1,...,—am)).
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2.2.3 Motivic interpretation of hypergeometrics

The work [Kat90] shows that hypergeometric local systems Hy(v,w), where v,w are
multisets of rational numbers, admit a motivic intepretation.

For any A € C* and any 2m rational numbers v;,w; such that for all 4,j v; # w;
mod Z, Katz constructs a smooth m-dimensional algebraic manifold Z, depending only
on A and v, w;, together with a map 7: Z — C*, such that the D-module H (v, w)
is isomorphic to an irreducible component of the relative De Rham cohomology sheaf
HE N (Z/C%) = Rm*lﬂ*Q}/Cx (see [Kat90, Theorem 5.4.4, Section 5.4] for the precise
statement of this result and for its proof).

It follows that any irreducible hypergeometric local system Hy (v, w) with rational
parameters naturally supports a canonical rational variation of Hodge structure (VHS)E]
— and the work of Katz provides an explicit geometric realisation of this VHS.

In other words, by the discussion in Section hypergeometric functions must admit

integral representations as periods of one—parameter families of algebraic varieties.

Example 2.12 (The Legendre family). The hypergeometric function F((3,3), (1,1)|)

equals (up to a constant i) the period

dzx

1 1
mla) = 2mi 7{ Va(r —1)(z — )

of the family of cubic curves F, C P? with the familiar affine equation y? = x(z—1)(z—«a).

This is easy to show by applying the residue theorem around a = 0.

Now suppose that the local system Hy (v, w) satisfies the additional assumption that
the two sets {exp2miv;}, {exp27iw;} are stable under complex conjugation. Then the
Hodge numbers of the VHS supported by Hy (v, w) are computable by the formula pro-
posed by Corti and Golyshev in [CGI1I] and later proved by Fedorov in [Fed18, Theorem 2].

Theorem 2.13. [CG11, Conjecture 1.4] For A € C*, and 0 <v; <---<w, <1 and
0<w; <--- <wpy <1 such that ¥V i,j v; # w; and the sets {exp2miv;}, {exp2miw;}
are stable under complex conjugation, consider the hypergeometric operator H = H (v, w).

Write

p(k) = card{j |v; < wp} —k

'The work [dSKP16], Proposition 2.1] shows that an irreducible rigid local system supports at most one
rational VHS.
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and set py = max{p(k)},p— = min{p(k)}. The local system H of solutions to the ordinary
differential equation Hp = 0 supports a VHS of weight p. — p— and Hodge numbers

hi—P——ItP+ — card p_l(j)

Remark 2.14. If the Hodge weight of H is n, it is natural to ask — even as there is a priori
no reason to expect it — if H is (a subquotient of) the variation of H,, of a one-parameter

family of n-dimensional varieties.

2.3 The Fano/Landau—Ginzburg correspondence

The Mirror Symmetry Conjecture for Fano varieties takes the shape of the Fano/Landau—
Ginzburg correspondence: on the one hand we have a Fano orbifold of dimension n, on
the other hand we have a Landau-Ginzburg (LG) model of the same dimension. Given
the rich structures involved on the two sides, the correspondence can be stated at many
different levels. The Hodge—theoretic formulation, which is the approach we take here,
states that there is an identity between two cohomological invariants: the regularised
quantum period of the Fano orbifold, and a period of the LG model. Equivalently, the
local system of solutions to the regularised quantum differential operator is of geometric
origin. This formulation is explored, for instance, in the paper [Gol07].

While significant progress has been made towards developing a mirror symmetry the-
ory in substantial generality, together with intrinsic constructions of mirror pairs, there

are some general open questions requiring a deeper understanding;:

e How general is the picture? Do all Fano orbifolds have a LG mirror?
e How precise is it? Can one define two sets A and B and a 1:1 correspondence A — B7

e How concrete is it? Can we make a directory of Fano/LG models?

The correspondence may be concretely understood by considering only Fano varieties
with a toric degeneration. The Gross-Siebert program [GS1§|, started in 2001, proposes
a systematic construction of mirror pairs by deforming away from a maximally unipotent
degeneration. Recent conjectures by Coates, Corti, Galkin, Golyshev, Kasprzyk, et al.,
building on the perspective in [CCGT13|, suggest that Fano varieties with a toric degen-
eration correspond under mirror symmetry to LG models which restrict to (certain, very
special) Laurent polynomials. Conjecturally and experimentally, such torus charts of the

LG model are in bijection with toric degenerations of the given Fano variety.
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Beyond the context of Fano varieties with toric degenerations, however, the Fano/LG
correspondence is wide open, even for the simplest cases of weighted and toric complete
intersections: the existence of LG mirrors is not known a priori, nor is a systematic mirror
construction available. Fano varieties without a toric degeneration include (and conjec-
turally [CHI1T7, Section 1] concide with) Fano varieties whose anticanonical linear system
is empty: indeed for Q-Gorenstein deformations the h®(X, —Kx) of the fibres is locally
constant on the base, see [ACCT16|, and for the toric central fibre h%( Xy, —Kx,) # 0.

In Chapter [3| we propose a method to study mirror symmetry for any Fano weighted
complete intersection. The method will build on the fact that in this case the regularised
quantum period is encoded by a hypergeometric series.

Below we recall the definition of quantum period of a Fano variety and we expand on

the notion of mirror symmetry for Fano weighted complete intersections.

2.3.1 The quantum period

We recall the notion of quantum period of a Fano manifold and its generalisation to a
Fano variety with quotient singularities. Roughly speaking, the quantum period of a Fano
variety X is a generating function for some Gromov—Witten invariants of X counting the

number of genus-zero, degree-d orbifold curves in X satisfying certain tangency conditions.

Fano manifolds Let X be a Fano manifold. The quantum period of X, denoted by Gx,

is defined as the complex power series

Gx(Oé) =1+ Z Z <¢vol : wj—2>())(717d aj (2'9)
Jj22 deH2(X,Z)
<d7_KX>:j

Here ¢yo € H?3mX (X 7) is the cohomology class of a point and ¢ € HZ(XO,M,Q) is
the first Chern class of the universal cotangent line bundle on the moduli stack X 14
of degree-d stable maps to X from genus-zero curves with one marked point. For the
definition of the Gromov-Witten invariant (¢ -7 4)5& 4 we refer the reader to [CCGT13|

CCGKI6].

We recall how Gx arises from the genus-zero Gromow—Witten theory of X. The
genus-zero Gromow—Witten invariants of X define an extension of the ordinary cup prod-
uct in cohomology, the small quantum product, which describes how submanifolds of X

intersect in a quantum way: roughly speaking, they intersect if they are connected by



2.3. The Fano/Landau-Ginzburg correspondence 29

pseudoholomorphic curves. This product is equivalent to an integrable algebraic connec-
tion (the Dubrovin connection) on the trivial bundle with fibre H*V(X,C) Cc H*(X,C)
over the torus T = SpecC[H2(X,Z)], by means of which we can regard the bundle as a
D-module M, where D is the sheaf of differential operators on T. A solution of M is
Givental’s J-function, defined in [Giv96]. The J-function is cohomology-valued, but we
can regard its identity component Jg( as a C-valued function. The quantum period of
X is defined as the restriction Gx(a) = J% o k(a), where x: C* — T is the line of the

anticanonical class —Kx € Hy(X,Z). By construction, Gx satisfies an algebraic ODE.

Fano orbifolds The notion of quantum period generalises to Fano varieties with quo-
tient singularities. Let X be a Fano variety with quotient singularities and denote by X the
corresponding well-formed orbifold. Gromov—Witten theory for orbifold target spaces was
constructed by Chen—Ruan [CR04] in symplectic geometry and by Abramovic—Graber—
Vistoli [AGV(2] in algebraic geometry. The quantum period of X is a generating function
for some genus-zero Gromov—Witten invariants of X.

More precisely, let f[&%(?{, Q) =Q1y, @ --- & Q1,, be the subspace of the even part
HEg(X) of the Chen-Ruan cohomology of X" generated by the identity classes 1, of the
twisted sectors of X with age < 1, and write

n
Odiy..in = —Kx -d+ Z 1 — age(b;,)
j=1

Then Gx is the function:

GX(xla ey Ty a) =1+ Z Z Z Gwd7i11-~-,inu a5d,i14.4in (210)

|
n:
deEf(X) neN 1<iy,..,in <1

We refer the reader to [OP18] for the definition of the Gromov—Witten invariant

Saiy. in—2
GWaiy, i = Loy s+ Loy, s Suol™ 1" %) g ng1.d

[OP18|, Proposition 3.4] shows that Gx € Q[z1,...,z,|[[«]] and that the coefficient of Gx
in « is zero.

The way in which Gx arises from the genus-zero Gromow—Witten theory of X ex-
tends the situation in the smooth case. The genus-zero Gromow—Witten invariants of X
are encoded in a Lagrangian cone Ly, called the Givental cone of X, determining and
determined by the J-function: this generalises the J-function of a smooth variety and

now takes as input classes v € Hag (X) (see [CCIT15, Section 2.3]). The quantum period
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G is obtained from the component of Jx along 1g € H°(X,Q) C H2g(X) by restricting

along the line of —K x and by setting

N = al—age(bﬁxllbl 4+ Oél_age(bT)l'llbr (211)

The regularised quantum period If Gx(a) = ) sy csa® is the quantum period of
X, the regularised quantum period of X is the Fourier—Laplace transform:
~ 1 [
Gx(a) == / G(t)e™/*dt =) " dlesal (2.12)
@ Jo SEN
Note that if X is smooth G x is simply a power series in «, thus so is G x. We refer the
reader to [GGI16, Lemma 3.7.4, Lemma 3.7.6] for results about the convergence radius of
the regularised quantum period.
Regularising the quantum period is necessary to compare it with the periods of a
morphism. Indeed, the differential equation of lowest order, as in Definition satisfied
by Gx is not regular. The differential operator of lowest order, as in Definition

annihilating G x is called the reqularised quantum differential operator.

2.3.2 Fano weighted complete intersections and Mirror Symmetry

We denote by P(ay,...,an) the weighted projective space with weights a; < -+ < ayy,.
We simply write P when m and the weights are clear from the context.

For X = Xy, 4. a quasismooth [CRO0, 6.3] and wellformed [CR00, 6.10] complete

c

intersection in P(ay,...,an), the adjuction formula for the canonical sheaf Kx [CR00,

6.14] states that

m

Kx = OX(Z d; — Zai)

i=1 i=1
By definition X is Fano if and only if —Kx is ample, i.e., if and only if )", d; < Y. a;.

We call a Fano surface a del Pezzo surface.

Our notion of mirror symmetry

We state what we mean by mirror of a quasismooth wellformed Fano weighted com-

plete intersection X = Xy, . 4. C P(ai,...,an) of dimension n = m —1 — c. Let
/\:Zai_zdi>0-

Definition 2.15. The regularised I-function of X is defined as the complex power series

o0

Iv(@) =Y (d1g)!- . (de )AL (a€C) (2.13)

= (@l (am))!
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Definition 2.16. A Landau-Ginzburg (LG) model of dimension n is a pair (Y, w) as in
Definition The period in Equation (2.1)) is called the period of the LG model relative

to the pair (w,?).

Definition 2.17. Let X = Xy, 4 C P(ai,...,a,) a quasismooth wellformed Fano
weighted complete intersection of dimension n. A LG model (Y",w) is mirror of X if

there exists a period 7 of (Y, w) such that for all «
I(a) = 7() (2.14)

Remark 2.18. Our notion of mirror symmetry is consistent with the general shape of the
Fano/LG correspondence. Indeed our function I3 x is conjecturally a shift of the specializa-
tion at a point v € HSa(X) of the regularised quantum period of X (see [OP18]).
More precisely, I3 x is obtained from specializing the (non-extended) £-twisted I-function
of P [CCIT19, Section 4], where £ = &5_,; Op(d;). Conjecturally, for a Fano orbifold toric
complete intersection X C Y defined by a regular section of & = ®f_,&;, where &1,..., &
are line bundles on Y, the E-twisted I-function of Y determines the J-function of X.

The work [CCIT19, Theorem 25] proves this statement when £ is convex. The paper
[Wan19] shows this for all positive hypersurfaces in proper toric Deligne-Mumford stacks,

which include all positive hypersurfaces in weighted projective spaces.

Remark 2.19. Consider the hypergeometric series:

o~ (1) (de ) (V)
(a1)! ... (amj)!

Ix(a) =

(]

(2.15)
j=0
We refer to I x as the hypergeometric function of X. By Remark I x is annihi-

[1a;"
d;
M1

lated by the irreducible differential operator Hx = Hg,(v,w), where oy =

v=V\VAW,w=W\VAW and
V:g{;\kza...,ai—l}
W:H{£—1yk=o,...,di—1} U{§—1|k:o,...,A—1}

~ ~

Since Ix(a?) = I(a), it follows that I(a) is annihilated by the irreducible differential

operator:

Ly = ap H(D — ) — o H(D — wi) (2.16)

In other words, D/DLz; ~ piHa, (v, W), where py: o= 7 = a? is the Kummer pullback.
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Remark 2.20. It follows directly from Definition that Ly = Ly, where L. is the
Picard—Fuchs operator of m; this could be taken as an equivalent formulation of mirror

symmetry.

Remark 2.21. Periods of LG models are commonly defined as follows. Consider an
element w € HY(Y, Q%) and a cycle v € H,(Y,Q) such that Jyw=1andVia| <117 ¢€
H,(Y \ Y,,Q). The period of the LG model relative to (w,7) is the function:

(o) = / _ (2.17)

w
s 1—aj/w

This definition is stronger than our Definition (2.1]). Indeed, by the residue theorem:

w<a>=/711a/ww=/awa

where v, € Hy,_1(Y,,Q) is such that 7(v,) = v, the map 7: H,_1(Y,,Q) — H,(Y,Q)
being the Griffiths tube map, and

wa = Resy, ( > € HO(YQ,ng)

w
1—a/w
Hori—Vafa mirrors

The work of Givental/Hori—Vafa [Giv98, [HV00] constructs mirrors for all Fano toric com-
plete intersectionsﬂ X C Y defined by regular sections of line bundles Ly, ..., L. satifying
suitable compatibility conditions with respect to the torus-invariant divisors of the ambient

space Y. We recall this construction for weighted complete intersections.

Let X = X4, 4. C P(a1,...,am) be a quasismooth wellformed Fano weighted com-

plete intersection of dimension n. Assume that:

Hori—Vafa condition Vk € {1,...,c¢} 3 S, C {1,...,m} such that

SiNS;j=@Vi,j and dp=) a (2.18)
1€Sk

ChooseE| Si,...,Sc satisfying (2.18). Let z1,...,x,, be affine coordinates on (C*)™. The
Hori—Vafa mirror of X is defined as the LG model (Y, w):

. ‘]}Z:17k€ 1,...,C
2ies, { Neem weee b 219

Y =
I, % =1 2iguisy T

2The papers [Giv98, [HV00] consider smooth complete intersections in toric manifolds, but the mirror

construction can be extended to complete intersections in toric Deligne-Mumford stacks.
3There could be more than one choice of subsets S, ..., S. satisfying the condition (2.18).
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One can check that the regularised I-function of X equals a period of (Y, w). Indeed,

by repeatedly applying the residue theorem in one complex variable, one sees that:

N 1
IX(a):/rl—Oé(Z — H Z (2.20)

1¢ Uy Sk HZ'Z) 1- xl ZESk

Q:( 1'> dxy ...dxy, (2.21)

where

2ri T1...%m

and I' € Hy,41(C*)™ Z) is an explicit cycle. The left hand side can be rewritten as a

period of the form (2.17) by residuating ¢ + 1 times.

Remark 2.22. Note that, if X = X4, 4. C P(a1,...,an) satisfies the Hori-Vafa con-
dition, then | — Kx| # @, hence conjecturally X admits a toric degeneration. The work

[Prz11] gives a method to extract a Laurent polynomial out of the map w.

Example 2.23. Consider the cubic surface X3 C P3. Pick S = {2,3,4}. The Hori—Vafa
mirror of X is Y = (w9 + 23 + 24 = 1, m120w374 = 1) C (C*)*, together with w = 1/27.

It is easy to see that:

f ( ) 1 4/ 1 1 1 d$1d$2d.%’3d$4
(8 =
X 27i rl—ar11— (rywoxszy) 11— 29 — 23 — 24 T1T27314

where I' = {|z1| = R, |z2| = |z3| = |z4| = |0<e < 1/3,R-3 > 1} C (C*)4
Now we extract a Laurent polynomial out of w. Solve the second equation defining Y
for x1, and let x,y be affine coordinates on (C*)2. Set:

1 T Y

€r9 — ——— Lo — —— Ty = —F
T l4z+y P 1+z4y ' 14z+y

3 ~
Then Y ~ (C*)? and 71 = % It is easy to see that Ix equals the period:

1N 1 dady & L+z49)?*\
mle) = <27ri> ?{ l—a/w xy Zcoeffl < Ty >O‘

7=0

Example 2.24. Consider the surface X = X6 C P(2,2,3,3,3), which is a quasismooth
and wellformed orbifold with 4 x 1/3(1,1) points and —Kx = O(1) (the surface X is the
13" sporadic case in Table . Clearly X does not satisfy the Hori—Vafa condition, nor
has a toric degeneration since | — Kx| = @. However, X admits a LG mirror. This builds

upon computations of Don Zagier and it is discussed in [CK16].

Remark 2.25. In (2.19) switch the last equation defining the manifold Y with w, to
obtain the LG model (Y, w):

o x; =1, ke{l, ... c noo
Y = ZZES’“ { ) c (com w= Hx‘“

D igUys), Ti =1 i=1

(2.22)
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The hypergeometric function of X is a period of this LG model. Indeed:

_ 1 ¢ 1 1
Tx(a) = / _ _ Q  (2.23)
T ].—Oéﬂjl al...l‘mam kgl 1_Z’L€Sk le_Zzg_kaSk X

where Q is the form in (2.21) and I" is an explicit cycle in H,,((C*)™,Z). Throughout
this thesis, we will refer to the LG model (Y, w) in (2.22) as the Hori-Vafa mirror of X .



Chapter 3

A new method from the arithmetic

of hypergeometric functions

In this Chapter we outline a strategy to determine if the hypergeometric function I x of a
Fano weighted complete intersection X of dimension n is a period of a pencil of varieties
of dimension n — 1. By Section our strategy can be viewed as the basis of a new
method to build mirrors for all Fano weighted complete intersections.

The source of ideas for our investigation is the arithmetic of hypergeometric functions:
the work of Beukers, Cohen, and Mellit [BCM15] on finite hypergeometric series suggests
that any hypergeometric function over Q is a period of a pencil of algebraic varieties which
depends only on the hypergeometric parameters. The pencil attached to the function I X
by [BCM15|] can be interpreted as a LG mirror of X of the wrong dimension.

We focus on hypergeometric functions of Hodge weight one, and, in particular, on the

hypergeometric functions of anticanonical del Pezzo weighted complete intersections.

3.1 Finite hypergeometric functions and point counting

There is a finite analogue of the analytical hypergeometric function F'(a,bl|-) which was
introduced independently by Katz [Kat90] and by Greene |[Gre87] in the late 1980’s.

For a prime power g and two multisets a,b of m rational numbers each, disjoint
modulo Z and such that Vi,j (¢ — 1)a;, (¢ — 1)bj € Z, the finite hypergeometric function

H,(a,bl-) is the complex-valued function:

1 qg*—1 CLZ ——bz X . ‘

35
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where ¢* = ¢ —1, w: F; — C* is a generator of the character group on Fy and g(x) is a

Gauss sum (see [BCM15, Definition 1.1]).

Remark 3.1. Note the similarities with (2.7]): Gauss sums are finite analogues of I'-functions.

In the finite case the assumption a; # b; mod Z is made to avoid certain degeneracies.

Finite hypergeometric functions appear to be closely related to point counting on one-
parameter families of algebraic varieties defined over finite fields. From the motivic point
of view, this relation suggests that the corresponding analytic hypergeometric functions
can be represented as periods of the same families now regarded over C. In other words,
the trace of the ¢! Frobenius, acting on the cohomology of the fibres of the family, is
expected to be linked to the Picard—Fuchs operators of the familyE

As an example we mention the case of the Legendre family, which appeared in [2.12}

Example 3.2. (K.Ono, 1998) Let ¢ be a odd prime power and let o € F, with o # 0, 1.
Let E, € P? the elliptic curve with affine equation y? = x(z — 1)(z — ) and write E,(F,)

for the set of IF,—rational points. Then:
|Ea(Fg)| = Hy((1/2,1/2), (1,1)]cx)

up to factors depending only on g.

3.2 The work of Beukers, Cohen and Mellit

In their work [BCM15] Beukers, Cohen and Mellit show that finite hypergeometric func-
tions defined over Q, that is, which satisfy the assumptions of Definition [2.8] correspond

to point counting on explicit families of varieties over [Fy.

They rewrite ([BCMI15, Theorem 1.3]) a finite hypergeometric function over Q as
H(a,bla) = L(p,q; /M), where L(p,q;-) is a finite analogue of the function G(p,q;-)

in Equation (2.5)), and M = [[p;*/[] qjq-j as in Section m

Then they prove the following:

The link between point counts via hypergeometrics and Picard-Fuchs hypergeometric operators has
been extensively explored, see for instance [[gu58), [Dwo69, [CAIORV03, IDKS™20]. In [Cle80] Clemens refers
to it as “ Manin’s Unity of Mathematics”. However, at the moment, there is no general theorem known
to us for this link: these connections are typically done by hand. Our ideas in Chapter [7] are meant to be

a contribution in this direction.
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Theorem 3.3. [BCM15, Theorem 1.5] For all o € Fg, consider affine variety W, given

by the homogeneous equations:

++ r_x _..._xsz
Y Y ! (for all 3, xj,y; 750) (3.2)

q1

p1 Dbr __ qs
-y .Yy =Ty

.. Ts

If ged(p1, - Prsq1y- -5 qs) = 1 and Mo # 1, there exists a suitable nonsingular comple-
tion W, of Wy, such that [W(Fy)| = L(p, ;) up to factors depending only on r, s, and

the prime power q.

Remark 3.4. One easily checks that the condition o # 0,1/M corresponds to the non-
singularity of the variety W,. We write U = C* \ {1/M}.

By the discussion in Section Theorem [3.3] suggests that the hypergeometric func-
tion G(p, q; -) in Equation (2.5 is a period of the family of varieties W, in Equation (3.2)).
In other words, if H is the local system of solutions to the irreducible hypergeometric

equation annihilating G(p, q;-) and v: W — C* is the map on
W=+ +y—a1——x,=0)CT! (3.3)

sending (z1 : -+t @s typ--- 1 yp) = [[2F/T]y?", where T"t5~1 C P"+51 is the torus,
there shall be an identity:
H = gr!/ R oy C (3.4)

where we write d = r + s — 2 for the complex dimension of Wand vy : Wy = v~} (U) = U

for the restriction.

Remark 3.5. We discuss this conjectural Hodge—theoretic translation of Theorem
in Chapter [7] . In his work [Rod19] Rodriguez Villegas suggests it may be possible to
verify explicitly that the formula for the Hodge numbers of general hypergeometric
variations is equivalent to the algorithm in [DKS86] to compute the weight d — 1 mixed
Hodge numbers of the middle cohomology of W, for a generic « € C*. This will be

investigated further.

3.3 A program for weighted complete intersections

We specialise the above discussion to the hypergeometric function Ix of a Fano quasis-

mooth and wellformed weighted complete intersection X = X4, 4. C P(ai,...,am).
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Write n = dimcX and X = > a; — > d; as in Section 2.3.2) and assume that
dy <--- <d. Let
aji*...afm
Q) = —————— 3.5
dfr .. dde )\ (3:5)

set U = C* \ {ap}, and denote by H the local system of solutions to the irreducible
differential equation satisfied by Ix. The general shape of the Fano/LG correspondence
suggests that H has Hodge weight n — 1.

Consider the manifold W of dimension d = n + 2¢ given by
W=(x1+ - +Tm=y1+ - +Yep1) C T (3.6)

where T™¢ C P™"¢ is the torus and z;, y; are homogeneous coordinates on P, together

with the map v: W — C* sending

R
(xl:---:mszyl---:yr)»%ﬁ (3.7)
(TR T T

By Remark the fibre W, = v~!(«) is singular if and only if & = ag; we denote by
vy: Wy = v 1 (U) — U the restriction.

The above discussion suggests there is an identity of VHS:
H = gr!/ R vy Q (¢) (3.8)

where (k) denotes the Tate twist at the level of sheaves. Equivalently, the function Ix
should be a period 7 of v: W — C*.

A as in Remark

Since the regularised I-function of X is fX = TX opx, where py: a— «
by Definition the pair (W, v) can be intepreted as a LG mirror of X of the wrong
dimension.

It makes sense to ask if there is a manifold Y of dimension n with a morphism
w:Y — C* such that ng‘ileflng(C identifies with a subquotient of gr, ; R" 1wy C,
where wy: Yy = w™Y(U) — U is the restriction. The pair (Y, w) would provide a LG

mirror of the right dimension.

Below we describe our strategy to study, for all a € U, the pure Hodge structure
grg 1 I (Wa, Q)

and to determine if this Hodge structure arises as a subquotient of the middle cohomology
of a variety Y, of dimension n — 1. In the affirmative, the pencil of varieties Y, provides

the required morphism w: Y — C*.
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Step 1. We manipulate the equations of W, to write it a hypersurface in a torus T of
dimension d.

This is easily done by solving Equation for one of the variables and plugging this
into ay{* .. cydeyd =t aldm,

For instance, by solving (3.6 by y.+1 and setting y; = x4, fori = 1,..., ¢, we obtain:

m+-c m m-+c N m
d; a;
o [ a#Qm— > =) =]t
i=m+1 =1 i=m-+1 i=1

Then, in the chart (2,4 # 0), with coordinates u; = ; /T +c, Wy identifies with:

m m+c—1 A Hm udi
a(Zui— > ui—1> - Bl =0 c () (3.9)

i=1 i=m+1 ITi=i v

Step 2. We construct a simple (and possibly partial) compactification W, C /Wa n a

toric variety with at worst canonical singularities such that
gr?ing_l(WCw @) - grcl?ing_l(Waa Q)

The variety Wa we construct has either K/Wa nef, or there is a fibration /V[7a — Z to a
lower dimensional variety Z with —K/V[;a relatively ample.

We construct /Wa by means of a combinatorial algorithm, based on a variant of the
toric minimal model program (MMP), for a hypersurface in a torus. We present the
algorithm in Chapter [4

When necessary, we combine the algorithm with the methods of variations of GIT

quotients.

Step 3. We study the geometry of Wa to determine if the top weight piece in its middle
cohomology is the subquotient of the top weight piece in the HY ! of a (n—1)-dimensional
variety.

The hope is that Wa supports a Fano fibration ¢ : Wa — P! (or C*). Then one can

use the Leray spectral sequence of the morphism ¢, with second page
qu — Hp(Pl, qu)a* Q) _— Hg-HJ(/V[?m Q)

which is known to degenerate at Fo, and analyse the sheaves Ri¢,, Q for j =d —1,d—2
— whose stalk at ¢ is the H’ of the Fano variety Wa,t = ¢, 1(t) — to try to reconstruct a
morphism p,: Y1 — P! such that H" (Y, Q) has the required property.
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For instance, if /V[7 is a quasismooth 3-fold with a del Pezzo fibration ¢, : /W — C*
(whose singular fibres are mildly singular), then the only contribution to gr} H, 3( o, Q) is
given by gr!V H(C*, R?¢,,Q)(—1); thus it is enough to construct a morphism p,: Y, — C*
such that

grl’ H' (Yo, Q) = gtV H'(C*, pa, Q) — gl H'(C*, R*$0,Q)

This is what we do in the cases discussed in Chapter [ and in Chapter [6]

Remark 3.6. If X is the weighted projective space P = P(aq,...,an), then

oo

(11 + -+ am)] (a1++am)j
I a'\M am
x( Z au) - (amy)!

=0
In this case the pair (W, v) defined by and has dimension m — 1 = dim¢P and
coincides with the Hori—Vafa mirror of P .

In general, for a weighted complete intersection X = Xg, 4. C P(ai,...,an) of di-
mension n, the pair (W, v) has wrong dimension n + 2c. It would be very interesting to
show that, whenever X admits a Hori—Vafa mirror (Y, w), the LG pair that our program
extracts out of (W, v) coincides with (Y, w). It would also be very interesting to establish
if, in these cases, there exists a recurrent geometric relation between the LG pairs (Y, w)

and (W,v). This will be discussed further in the first Section of Chapter [6]

3.4 Hypergeometric local systems of weight one

Let H be an irreducible hypergeometric local system of Hodge weight one and let (W9, )
be the pair associated to H by the work of Beukers, Cohen, and Mellit. Assuming identity
, the work [Wel87], applied to the intermediate Jacobian of the Hodge structure
gry_1 H¥1(W,.Q), ensures that there is a morphism w: Y2 — C* such that H identifies
with a subquotient of gr}¥ R'w)C away from the critical locus of w. Indeed, [Wel87] shows
that any principally polarized abelian variety is isomorphic to an abelian subvariety, called
Prym—Tjurin variety, of the Jacobian of a curve (see [Wel87, Fact (1.19)]).
This fact is interesting for two reasons.

Firstly, from the point of view of mirror symmetry, it implies that, if identity holds
then any weighted complete intersection del Pezzo surface X admits a LG mirror (Y2, w).
In particular, if X is a del Pezzo weighted hypersurface, the pair (W, v) associated to
Ix is a pencil of 3—folds. The papers [Bea7, Bel85, [Tju72l BM79, Kan89] describe the

presentation of the intermediate Jacobian of 3-folds with Kodaira dimension kK = —oo
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(Fano threefolds, conic bundles and pencils of del Pezzo surfaces) as Prym—Tjurin variety.

We will mention how our results in Chapters [5] and [6] relate to these works.

Secondly, given that every irreducible hypergeometric local system of Hodge weight
one arises as a subquotient of the variation of H! of a pencil of curves, it is interesting to

consider the more restrictive question:

Question 3.7. Let H be an irreducible hypergeometric local system H of Hodge weight

one. Is H isomorphic to the R'wC of a pencil w: Y — C* of curves?

Observe that, even as Question is very natural from a Hodge—theoretic point of
view, there a priori no reason to expect an affirmative answer: there are well-known
examples of Hodge structures of weight one which are not the H' of a curve. For instance,
the H? of the generic cubic 3-fold X = X3 C P* has Hodge weight one, and the work by
Clemens—Griffiths [CGT72] shows that the intermediate Jacobian of X is not isomorphic
to the Jacobian of a curve (which eventually implies that X is not rational, see [CGT2,
Corollary 3.26]).

Building upon the formula [CG11] we have implemented a code to classify all hy-
pergeometric functions defined over Q whose attached variation has Hodge weight one.
Rodriguez Villegas [RV19] has determined that, assuming identity , the hypergeo-

metric functions with parameters p, q given by

b |aq
(11,2) | (1,3,4,5)
(15,2) | (1,4,5,7)
(16,4) | (2,3,7,8)
(18,8) | (4,6,7,9)
(24,6) | (3,7,8,12)

correspond to the variation of H? of a pencil of cubic 3-folds; thus these variations cannot
be isomorphic to the variation of H' of a pencil of curves. In Section we show how
to see this for the case p,q = (11,2),(1,3,4,5) by applying our MMP algorithm for
hypersurfaces in tori to the corresponding 3-folds W, by Beukers, Cohen, and Mellit.

3.5 Anticanonical del Pezzo weighted complete intersections

We recall the notion of anticanonical Fano weighted complete intersection.
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Definition 3.8. A quasismooth and wellformed Fano weighted complete intersection

X =X4,,..d. CP(ai,...,an) is anticanonical if
C m
> di=) a;—1 thatis —Kx=0x(1) (3.10)
j=1 i=1

Remark 3.9. The regularised I-function I x of an anticanonical Fano weighted complete

intersection X coincides with the hypergeometric function I X-

Anticanonical Fano weighted complete intersections are especially interesting in mirror
symmetry since most of them are not covered by any known mirror construction.

Indeed, if X = Xg, 4.
system | — K x| = |Ox(1)| # @ if and only if a; = 1. Thus, by the discussion in Section [2.3]

C P(ay,...,a;) is anticanonical, the anticanonical linear

all anticanonical Fano complete intersections in weighted projective spaces with weights
> 2 fall out of the range Givental/Hori-Vafa [HV00, [Giv98] and of the Gross—Siebert
program [GS18§].

Our work so far has focused on anticanonical del Pezzo weighted complete intersec-
tions. By [CCC11, Theorem 6] a weighted complete intersection del Pezzo surface which is
quasi-smooth, well-formed, and is not the intersection with a linear cone has codimension

c <2.

Codimension one In their work [JKOI] Johnson and Kolldr provide the complete list
of anticanonical hypersurfaces X4 C P(ay, ag, a3, as) in weighted projective 3-spaces. The
list consists of an infinite series and 22 sporadic cases (see Table .

For an anticanonical del Pezzo surface Xy C P(aq, a9, a3, aq), the pair (W, v) defined

by Equations (3.6 and (3.7)) is given by 4-dimensional manifold:
W=(y1+y2=a1+a2+a3+34) CT° (3.11)

where T C P® is the torus and z;, y; are homogeneous coordinates on P°, together with
the map v: W — C* sending

al a2 ...a3 a4
T Ty T3" Ty

d
Yty

(r1:20:x3:24:Y1 5 Y2) — (3.12)

Remark 3.10. Recall that, for a positive weighted hypersurface X, the fact the hyper-
geometric function of X coincides (up to a shift) with a specialisation of the regularised

quantum period of X is not conjectural but has been proven in the paper [Wan19].
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Codimension two In their work [KP15] Kim and Park classify all anticanonical del
Pezzo surfaces Xg, 4, C P(a1,a2,as3,a4,as) in weighted projective 4-spaces. The list con-
sists of three infinite series and 38 sporadic cases (see Table [A.2)).

For an anticanonical del Pezzo surface Xg, 4, C P(a1,a2,as,as,as5), the pair (W,v)

defined by Equations (3.6)) and (3.7) is given by 6-dimensional manifold:
W=@i+y2+ys=a1+32+ 23+ 34 +25) CT (3.13)

where T C P is the torus and x;, y; are homogeneous coordinates on P7, together with

the map v: W — C* sending

a1 a2 ..a3 _.a4 a5
L1 Ty T T4 T
. . . . . . . 1 +2 *»2 ~4 %5
(1'1 1X2 X3 X4 X5 YL L Y2l y3) — a1 da X (3.14)
1 Y2793

The Johnson—Kollar series and the third series constructed by Kim—Park are especially
interesting from the point of view of mirror symmetry. Indeed they provide infinite lists
of del Pezzo surfaces whose LG mirrors are not known a priori.

In Chapter [5| we use the stategy sketched in Section to construct LG mirrors for
the surfaces of the Johnson—Kollar series. The study of the third series by Kim—Park is
ongoing work. In Chapter 4] we show how to use our MMP algorithm to construct a good
compactification of the fibre of the wrong dimension mirror of this series.

In Chapter |§| we give evidence that our strategy is compatible with Hori—Vafa [HV00]
and we construct a candidate LG mirror for the surface X5 C P(3,3,5,5) in Table
As we explain in Chapter 5] the existence of a LG mirror of this surface is particularly

interesting as it is not naturally connected to any other mirror duality.
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Chapter 4

An MMP algorithm for

hypersurfaces in tori

In this Chapter we present a combinatorial iterative algorithm, based on the methods of
the minimal model program, to find a good compactification of a hypersurface in a torus.
We describe how to apply the algorithm to the fibres of the wrong dimension mirrors of
anticanonical del Pezzo weighted complete intersections, and, as an example, we compute
the output of the algorithm for the Johnson—Kollar series and the third series by Kim—
Park. We conclude by showing how to use the algorithm to prove that, assuming identity
, the hypergeometric local system attached to the series G((11,2), (1,3,4,5);-) cannot

be a curve variation.

4.1 Notation and basic facts about toric varieties

We set up our notation for toric varieties and we recall some well-known facts which we
use repeatedly.
For a lattice L, we denote by Lr = L®7R the associated real vector space. For a torus
T, we denote by M = Hom(T,C*) the character lattice and we write N = Hom(M,Z).
For a fan ¥ C Ng, we denote by Fy the associated toric variety. We denote by p;
the primitive generators of the 1-dimensional cones (or rays) of ¥, and by D; C Fx the
corresponding divisors. We write ¥(r) for the r-dimensional cones of X.

If F'is a proper toric variety and D = ) a;D; is a Weil divisor on F', then we denote by
Pp =("{m: (pi,m) > —a;} C Mg (4.1)
i

45
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the polytope of D. It is well known that Pp N M is a basis of H(F, D).

Given a rational polytope P C Mp, we denote by ¥p the normal fan of P. If P is
not full dimensional then X p is a generalised fan, that is, all the cones of ¥p contain a
fixed vector subspace oy with associated lattice Ng = N Noy. We denote by Fp the toric

variety for the fan Yp/og C (N/No)g.

Fact 1 There is a 1-to-1 correspondence between:

(I) the set of polarised toric varieties (F, D), that is, pairs of a proper toric variety F'

and (torus invariant) ample divisor D, and

(IT) the set of full-dimensional rational polytopes P C M.

Given a pair (F,D), the corresponding polyhedron is P = Pp. Conversely, given P,
we let F' = Fp and D = ) b;D; where P = (),{m: (p;,m) > —b;} is the unique facet

presentation of P.

Fact 2 Suppose that D is a nef divisor on a proper toric variety F'. Let P = Pp be the
polytope of D and (Fp, Dp) the corresponding polarised pair. Then (Fp, Dp) is an ample
model of (F, D), in other words:

(i) there is a proper toric morphism f: F' — Fp, and

(i) D = f*Dp.

Given a complete fan ¥ in N, if n is the dimension of NV and k is the number of rays
of ¥, we denote by p : Z¥ — N the linear map sending the i'" element of the standard

basis of Z* to p; and we write . = kerp. The exact sequence:
0Lz 5N

is called the fan sequence. Since cokerp is finite, the dual map p*: M — ZF is injective.
We write LV = cokerp* and we denote by W: ZF — LV the quotient map. The short exact
sequence:

0 M5 zF LY o (4.2)
is called the divisor sequence. It is well known that the group Z* in identifies with
the group Divy(Fy) of torus-invariant Weil divisors of F;, and LV is isomorphic to the

class group CI(Fy): the image W(e;) of the i*® element of the standard basis of Z¥ is the

class of the divisor D; of F5;.
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Applying Homgz( - ,C*) to ([4.2) gives an inclusion G = Homgz(LY,C*) C (C*)*, hence
an induced action of G on CF. We write C C Ly for the strictly convex cone spanned
by the columns of W, ¢; for the i*" column of W, and (c;,,...,¢; ) for the R>p-span of

Ciys--+,Ci.. Given w in C, we denote by F,, the (almost geometric) quotient
C* ), G = (C\V(L)) /G
where I, denotes the irrelevant ideal of w:
Iy = (miy .. .xy, |weE (¢iyy...y¢,)) CClry, ...,z

We refer to W as the weight data for F,, and to w as a stability condition for F,,. The
fan determined by the decomposition of C obtained by taking all possible cones over the
columns ¢; is called the secondary fan. It is well known that if ¢ is the smallest cone of
the secondary fan containing w then for any w’ € Int(o) F,, and F,s coincide. Moreover

F,, is isomorphic to the toric variety Fp,, where D = " a;D; and W((ay,...,ax)) = w.

4.2 Compactifying a hypersurface in a torus

Let f € C[mlﬂ, . ,mfl] be a Laurent polynomial whose Newton polytope P = Newt(f)
is d-dimensional. Let W be the hypersurface (f =0) C T, where T =~ (Cx)d is the torus
with coordinates x1,...,2z4. A naive way to compactify W is to consider the closure of
W in the toric variety F' = Fp whose fan is the normal fan of P. However both F' and
the compactification of W in F' can by highly singular. Here we describe a combinatorial
iterative algorithm, based on the methods of the minimal model program, to construct a

simpler compactification of W. The algorithm:
e has input the Newton polytope P = Newt(f);

e has output a d-dimensional polytope P such that the toric variety F = Fp has
canonical singularities, and the compactification W C W in F has either canonical
divisor K35 nef, or supports a fibration to a lower dimensional variety with — Ky

relatively ample.

In what follows we explain the main ingredients of the algorithm: in Section [4.2.1] we
construct the toric variety F' = Fp, in Section we build Q-Gorenstein partial resolu-
tions of F, in Section we present a combinatorial variant of the MMP for the divisor

D = Dp of the polytope P. Section [4.2.4] contains the description of the algorithm.
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4.2.1 The toric variety F' = Fp

Let M = Hom(T,Z) be the character lattice and let N be its dual lattice. The facet
presentation of the polytope P = Newt(f) is of the form:

k
P = ﬂ{m € Mg: <pi,m> > —ai} C Mgr
=1

for some (p;,a;) € N x Z, and some k > d + 1. Hence the fan ¥ = ¥p has k rays
generated by the vectors p; and F' = Fp is a compact d-dimensional toric variety. The
compactification of W in F' corresponds to an element of the linear system |Op(D)|, where

D= Zle a;D; is the ample divisor of F' associated to P (as in Fact 1).

Notation We set up the notation we use below. The variety F' = Fp may not be Q-
Gorenstein. Let G — F' be any small morphism such that Kqg is Q-Cartier. If G does
not have canonical singularities, write ¥; for the fan of G and set S1 = {p1,..., pr}. For
i>1,let S; ={p1,...,pk,--.,p1,} be the minimal set of vectors in N needed to obtain a

refinement ¥; of 3;_1 with canonical i-dimensional cones, and write
@i = SZ \ Sl'fl (4.3)

Let d;; < di, < -+ < d;, be the discrepancies of the valuations corresponding to the
elements of ©;, and let Di; be the number of elements of ©; whose associated valuation
has discrepancy d;;.

We choose an order of the elements of ©; such that the Di; elements with discrepancy

d;; precede the p;; , with discrepancy d Moreover, if pp, = >, bpipi, we set

Gj1

ap = Z bhiai (4.4)

4.2.2 Q—Gorenstein partial resolutions of F

Fixﬂ h >k . For € > 0 consider the polytope:

h
P(e)=({m € Mg : (pi,m;) > —a; +¢} C Mg (4.5)
=1

The objects defined in this Section obviously depend on the choice of h, but, for the sake of keeping
the notation light, we decided to omit the reference to h in our notation. The algorithm we describe below

will iterate over h.
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The polytope P(e) is a ‘shrinking’ of the polytope P. Indeed, for ¢ = 0 we have that:

h k

P(0) = n{m € Mg : (pi,mi) > —a;} = n{m € Mg : (pi,mi) > —a;} =P

where the second equality follows from our choice of the a;.

For 0 < ¢ < 1, P(e) is d-dimensional, the presentation in Equation is the facet
presentation of P(¢), and the normal fan of P(¢) is independent of ¢; denote it by 3 and
let F' = F, P(c) be the corresponding toric variety. Let D= Z?zl a;D;; by Fact 1 above the
divisor .

D(e) = Z(—e—i—ai)Di zaKﬁ—i-ﬁ (4.6)
i=1

is ample on F.
Lemma 4.1. The following hold:
(a) Fis Q-Gorenstein and the map f: F-->Fisa morphism;

(b)) D = f*(D).

Sketch of proof. Note that D is nef and D = 5(0) Moreover we have seen that for e = 0
P(0) = P; thus by Fact 2 above (F, D) is the ample model of (F, D): in other words there
is a morphism f: F—Fand D= f*(Dp). Finally, one can check explicitly that the fan

3 is a refinement of ¥ such that for any o € f)(d), the minimal generators of the rays of

o lie on a hyperplane H, C N. In other words, F is Q-Gorenstein. O

Remark 4.2. Note that, when h = k in Equation , the map F — F is a small
morphism such that K is Q-Cartier. Thus we can compute the set ©2 in by
refining the fan S of F. Similarly, for ¢ > 2, we can compute the set ©; by refining the
fan ¥ of the variety F obtained for h = k + card(©;_1).

4.2.3 A combinatorial minimal model program

For 0 < ¢ < 1 the divisors 5(5) are ample on F. We recover F as the toric variety whose
spanning fan is the normal fan of the polytopes P(e) for small values of e.

The minimal model program with scaling

Our minimal model program with scaling consists of an inductively defined finite sequence

of toric varieties F}, divisors X, and a strictly increasing sequence of rational numbers
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€, and birational maps:
tj
FO——>...——>Fj——> j+1——>...——>FT
where:
1. Fy :ﬁ, X0:l~), and g = max{e > 0 | 5Kﬁ+l~)is nef on f};

2. Forj >0, t;: Fj --» Fj11 is the divisorial contraction or flip of the face R; C NE(F})
with (é‘jKj + Xj)\Rj =0 and (Kj + Xj)|Rj < 0;

3. For j > 0 Xj is the proper transform of X; 1 on Fj, K; = Kp,, and

gj = max{e > ¢;_1 | eK; 4+ Xj is nef on Fj}

4. The program ends at F;. where either:

(i) The pair (Fy, X,) is a minimal model, that is, e, = 1 and Kp, + X, is nef; or
(ii) The pair (F,, X, ) is a Mori fibre space (Mfs), that is, €, < 1, the contraction
¥: F. — S of R, has relative dimension > 0 and —(Kp. + X, ) is ¢-ample. In

this case &, is the quasi-effective threshold of the pair (15, 5)

e, = sup{t | tK; + D € Eff(F)}

Our construction of the varieties F)

We recover the toric varieties F; by means of the polytopes P(e) in . Indeed, by
Fact 1, F} is the toric variety whose spanning fan is the normal fan of the polytopes P(¢)
for € € (gj-1,¢5), since the divisors eK; + X; are ample on Fj. The threshold values
-+ <gj <gjp1 < --- are those where the polytope P(g) changes shapeﬂ

Our strategy to compute the threshold values is the following. Consider the (d 4 1)-
dimensional lattice N = N @ Z and the dual lattice M’, whose elements are pairs (m,r)
with m € M and r € Z. Denote by q: M’ — 7Z the projection to the second factor. Let
pi = (pi,—1) € N',i=1,...,h and let P’ be the (d + 1)-dimensional polyhedron:

h
P = ({m € (M) : (', p}) > —ai} € (M) (4.7)
=1

Then Ve P(e) = gz () N P, and the threshold values occur at the vertices of P’

2The paper [[sh99] describes a similar method to constructs a minimal model for a Y-regular toric

divisor with x(X) > 0: by means of ‘puffing up’ of the polytope of the adjoint divisor.
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4.2.4 Our algorithm

The algorithm consists of iterating over the index h the following two basic steps:

(1) build the polyhedron P’ in Equation (4.7)), and

(2) build the polytope P(e) = qﬂgl(s) N P, where e,_1 < € < & and €,_1,&,_1 are the

two largest values attained by the last coordinates of the vertices of P/,

until the toric variety F. = Fp(.) has at worst canonical singularities. When this is true,
one sets P = P(¢) and F = F5.

More precisely, we proceed as follows. We build P = Newt(f), we set h = k in
Equation ([4.7), and we perform (1) and (2). Note that this corresponds to find the output
of the MMP described in for the pair (F, D) in Lemma where F is Q-Gorenstein
and F — F is a small morphism. If the variety F, = F p(e) Obtained out of Step (2) does
not have canonical singularities, we compute the set ©9 of vectors needed to make
the 2-dimensional cones of 3 canonical, and the discrepancies dg, < -+ < dg,,. We set
h = h + pa,, where py, is the number of elements of Oy with discrepancy ds,, and we
perform (1) and (2). This corresponds to find the output of the MMP described in
for the pair (F, D) in Lemma where now F is a Q-Gorestein partial resolution of F.
If the variety F, obtained out of Step (2) does not have canonical singularities, we set
h = h + pa,, and we repeat the same procedure. If at h = k + card(©3) the ouput F,
of Step (2) does not have canonical singularities, we compute the set of vectors O3
needed to make the 3-dimensional cones of & canonical, and we continue as we did for Os.

The algorithm terminates after a finite number of steps. By construction F' = F5 has
canonical singularities, and the closure W C W in F has either canonical divisor K75 nef,

or supports a fibration to a lower dimensional variety with — K7y relatively ample.

Remark 4.3. Our choice of iterating over the index h as described above maximises the
efficiency of the algorithm. Indeed, it may not be necessary to compute all the sets ©;
(which corresponds to build a canonical resolution of F), or to pick all the vectors in a set
0;, to obtain a variety F;. with canonical singularities out of the MMP. This will be visible
in the examples of Sections and The reason for this is that, at any step F) -, 41
of the MMP, for any geometric valuation v, there is an inequality d,(Kr;) < d,(KF,,,),
where d, (KF,) denotes the discrepancy at v.

Remark 4.4. The algorithm can be implemented in Magma and upgraded to terminal

singularities in the natural way.
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4.3 Application to mirrors of del Pezzo surfaces

We describe how to apply the algorithm to the fibres of the wrong dimension mirrors of

anticanonical del Pezzo weighted complete intersections.

4.3.1 Hypersurfaces

In Equations (3.11]) and (3.12)) we have defined the 4-dimensional pair (W, v) associated
to the I-function of an anticanonical del Pezzo surface X = X4 C P(ay,...,as). Following

the discussion in Section we rewrite the fibre W, = v~!(a) as the hypersurface:
(aur +ug + uz +ug — 1) — uf'ug?uiPuf* = 0) ¢ T (4.8)

where T* ~ (C*)* is the 4-dimensional torus with coordinates w1, ug, u3, u.

Let M = Hom(T*,C*) be the character lattice and N = M". Denote by {e1, e2,e3,¢e4}
the basis of N dual to the basis of M consisting of the coordinate functions u; on T*. We
study the Newton polytope P C Mpg of the polynomial in Equation , defining the
3-fold W,,.

The polytope P is a 4-dimensional lattice polytope with 6 vertices ug = 0, u,,

i€{1,2,3,4}, and us = (a1, ag,as, as), and facet presentation:
8
P=(){m € Mg: {pi,m) > ~1;} C Mg (4.9)
i=1
where (p;,l;) € N X Z are:

;

(pi,l;) = (e;,0)  for i=1,2,3,4

(ps,l5) = (((a2 + a3 + as — 1)b1 /a1, —by, —by, —b1), by)

(p6,l6) = ((—b2, (a1 + a3z + ag — 1)ba/ag, —ba, —52), b2) (4.10)
(p7,l7) = ((—bs, —bs, (a1 + az + ag — 1)bs/ag, —bs), bs)

(ps, 1) = ((—=by, —by, —by, (a1 + az + az — 1)bs/a4), by)

and, for i = 1,2,3,4, b; is the smallest integer such that (3_;; a; —1)bi/a; € N. Hence
the fan ¥ = ¥ p is a complete fan with six 4-dimensional cones and eight rays generated
by the vectors p;, and F' is a compact 4-dimensional toric variety. Note that P does not
depend on « and so neither do ¥ and F. The compactification of W, in F' corresponds
to an element of the linear system |Op(D)|, where D = > [;D; is the ample divisor of F’

associated to P.
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Us

Ui us Ps

U2

Figure 4.1: A picture of the polytope P C Mg and of the normal fan ¥ C Ng.

The Kollar-Johnson series Xgi14 C P(2,2k+ 1,2k + 1,4k + 1)

Fix k > 0 integer. Let W}, o, = W, be the 3-fold in Equation (4.8) where (a1, a2, a3, as) =
(2,2k + 1,2k 4+ 1,4k + 1). Then the Newton polytope P of the polynomial defining W,
has facet presentation given by Equations (4.9) and (4.10). More precisely:

(pili) = (e;,0)  for i=1,234

(ps,15) = ((4k+1 —1,-1),1)

(p6,ls) = ((—1 1)71)

(p7,17) = ((—, -1),1)

(ps;ls) = ((— @k+n —(4k 4+ 1), —(4k + 1), 4k + 3)), (4k + 1))

The variety F' = Fp is not Q-Gorenstein, and the Q-Gorenstein variety F=F P(e) ASSOCI-
ated to the polytope P shrank by € < 1 (see Section [4.2.2]) has noncanonical singularities.
In particular, looking at the 2-dimensional cones of the fan of F , the cones 71 = (ps, ps)+

and 7o = (p4, ps)+ correspond to the affine open subsets

1 . 1
1,1 F,, = (C*)?
T2l and P =(C) x gme

F, = (C*)?%x

(1,2k)

and the surface quotient singularities m(l 1) and g Jrl(1, 2k) are not canonical: the

vectors m(% + ps) and m(m + 2kpg) correspond to valuations with discrepancies

4k 2%
— Tz and — g

Since —ﬁ < — 4k+1’ following the discussion in Section we set:

P9 = (ps +ps) =(0,—1,—1,1) and lyg=1

4k + 2
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We build the 5-dimensional polyhedron P’ in Equation (4.7), where h = 9 and (p;,l;) €

N x Z are as defined above, and we find the sequence of threshold values:

1 2k+1
9 k+27

O |
w
[SIN )

Thus the minimal model program ends with a Mfs.

For all e € (glz—i;, %), the polytope P(g) in Equation (4.5)) is a 4-dimensional polytope
with 9 vertices and 7 facets, whose normals are generated by p1, p2, p3, s, P6, P7, Po; thus its
normal fan 3 has 7 rays and 9 maximal cones, which are listed in Figure One can check

that the 4-dimensional toric variety F' is Q-Gorenstein and has canonical singularities.

The polytope P(2/3) is the segment:

Pg_ gggl 2 2k+1 2k+1 4k+1
3/ (\333 /)’\3 3 > 3 > 3

thus S = P!. More precisely, the normal fan of P (2/3) has two maximal cones

Clz{neNR: n2+n3+2n420} and CQZ{nENRZ n2—|—n3—|—2n4§0}

intersecting along the hyperplane Cy = {n € Ng : ng 4+ ng + 2n4 = 0} C Ng.
The toric morphism 1: F — P! is induced by the quotient map N — N/Ny, where
Ny = N N Cy, sending

(nla n27n3)n4) I 15) + ns + 2”4

P9
C1 (p1, P2, P3, P65 PT)+
rs (P2, p3, 06, 07, P9)+
(p1, 03,07, P9)+
(p1, P2, P65 P9)+
Cs . (p1, P2, P3,P9)+
(p1, P55 06, P9)+
(p1,p5,P7, P9)+
(p5, P65 P7, PO)+
(01,05, P6,P7)+ ‘ Co

P6

Figure 4.2: A picture of the fan ¥ C Ng and of the cones C; 3 pa, p3 and Cy 3 ps. The vectors
P1, P6, P75 Po Span the hyperplane Cy C Ng, represented by the area coloured in gray. The cone C
is the union of the 5 maximal cones of 3 containing p, or/and p3, listed on the right of the picture.

The cone Cs is the union of the 4 maximal cones of 3 containing ps, listed on the left.
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The preimage via 1: F — P! of the torus C* C P! is the non-compact toric variety
G associated to the subfan A C 3 given by the cones of ¥ contained in Cy. The fan A

has four 3-dimensional cones (see Figure [4.2)):

(p6, p1,p9)+  (p7,p1,p9)+ (P6,p7,P1)+ (P6,P7,P9)+

Since the quotient N/Nj is torsion-free, we may choose a splitting N = Ny & N; and
regard A as a fan Ag in Np; we have A = Ag @ {0}, thus G = Gy x C*, where
Gy is the 3-dimensional toric variety with spanning fan Ag C Ny. To determine Gy,
note that the vectors p1, pg, p7, po spanning the hyperplane Cj satisfy the linear relation
p6 + p7+2p1 + 2p9g = 0. However Gy is not the weighted projective space P(1,1,2,2).
Write Nog = Zpe + Zp1 + Zpg. Then:

Ny = Ngo + 1/2 (1,1,1)Z

We have Moy D My = {m € My : m1 + ma + mg = 0 mod 2} and C[My)] is the ring of
invariants C[Mgg|"?, where the group where ug acts on C[Mgg] by & x™ = £mitmatmsym,

Equivalently Gy is the quotient variety
GO = ]P)(la 17 27 2)/M2

where pg acts with weights (0,1,1,1) on P(1, 1,2, 2). Denoting by 1, 22, y1, y2 the weighted
homogeneous coordinates of P(1,1,2,2), the us action has weights 1/2(1,1,1) on the two
charts {z1 = 1} and {xe = 1}, and 1/4(1,—1,0) on the two charts {y; = 1} and {y2 = 1}.

To determine the equation of W, C T4 in G = P(1,1,2,2)/us x C*, we choose the
basis of Ng given by the four vectors pg, p1, po, €2 and denote the dual basis by z, y, z, t.

The change of coordinate matrix is:

hence

ulzx_ly u2:m3z_1t U3 =T 2 Ug =T 2

Thus W, identifies with the 3-fold:

(—at2k+1y2 +yz+ 22 +1—zz+tat = O) /e C Tg (4.11)
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where a = 1/a. The closure of W, C /V[7a in G is given by the weighted homogeneous

equation:
(—at%“y% + Y10 4+ Y5 + 2} — T30y + try = 0) Jpo CP(1,1,2,2) /gy x C* (4.12)

The 3-fold Wa is a partial compactification of W,. The second projection Wa — C* is the
restriction of the toric morphism ¢: F — P'. We will see in Chapter that this projection

is a degree 2 del Pezzo fibration.

4.3.2 Codimension two surfaces

In Equations (3.13) and (3.14)) we have defined the 6-dimensional pair (W, v) associated

to the I-function of an anticanonical surface X = Xd, 4y, C P(aq,...,as). Following the

discussion in Section we rewrite the fibre W, = v~!(a) as the hypersurface:
(a(ul + g + uz + ug 4 uz — ug — 1) — ufuu§PuluSsug M = 0) c ¢ (4.13)

where T¢ ~ (C*)% is the 6-dimensional torus with coordinates u;.

Let M = Hom(T% C*) be the character lattice and N = M". Denote the basis of N
dual to the basis of M consisting of the coordinate functions u; on T® by {e1, ez, e3, €4, €5, €6 }-
We study the Newton polytope P C Mg of the polynomial in Equation , defining
the 5-fold W,,.

The polytope P is a 6-dimensional lattice polytope with with 8 vertices ug = 0, u;,
i€{l,...6}, and uy = (a1, az,as,as,as,—d;), and facet presentation

15
P=(){m e Mg: (pj,m) > —I;} C Mg (4.14)
j=1

where (pj,l;) € N x Z are given by:

(pis L) = (e;,0)
(pi+5vli+5) = ((0707"'7d1bi/ai7”'707bi)70) (415)
(Pit10:lit10) = ((=ci, —ciy .o (X054 05 — di — 1)cifag, ..., —¢i), ;)

for i =1,2,3,4,5. Here b; is the smallest integer such that dyb;/a; € N, ¢; is the smallest
integer such that (3_;,;a; —di1 —1)¢;/a; € N, and dibi/a; and (3,4, a; —di —1)¢;/a; are
in the i*" position. Hence the fan ¥ = ¥p is a complete fan with 8 6-dimensional cones
and 15 rays generated by the vectors p;. Note that P does not depend on « so neither do
> and F. The compactification of W, in F' corresponds to an element of the linear system

|OF(D)|, where D = " 1;D; is the ample divisor of F' associated to P.
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Figure 4.3: A picture of the facets of P with normals p1, pg, p11-

The series Xgp138012 C P(2,2k+ 1,2k + 1,4k + 1,6k + 1)

Fix k£ > 0 integer. Let W}, = W, be the 5-fold in described by Equation where
(a1,a2,a3,a4,a5,d1) = (2,2k+1,2k+1,4k+ 1,6k + 1,6k +3). Then the Newton polytope
P of the polynomial defining W, has facet presentation given by Equations (4.9)) and [4.15) -
More precisely, (pi,l;) = (e;,0) for i =1,2,3,4,5 , and

p

(ps.ls) =  ((6k+3,0,0,0,0,0,2),0)

(pr.l7) = ((0,3,0,0,0,1),0)

(ps.Is) = ((0,0,3,0,0,1),0)

(po.lo) =  ((0,0,0,6k + 3,0,4k +1),0)

(p10,110) = ((0,0,0,0,6k + 3,6k +1),0))

(p11, 1) = ((4k, 1,-1,-1,-1),1)

(p12,l12) = ((— (2/<+1) 6k + 1, —(2k 1), —(2k + 1), —(2k + 1), —(2k + 1)), (2k + 1))
(p13,l13) = ((— (2k:+1) (2k+ 1),6k +1,—(2k + 1), —(2k + 1), —(2k + 1)), (2k 4 1))
(p1a,lia) = ((=1,-1,-1,1,-1,-1),1)

(p15,l15) = ((— (6/~c+1) (6/~c+ 1), —(6k + 1), —(6k + 1),2k + 1, —(6k + 1),6k + 1)

The variety F' = Fp is not Q-Gorenstein, and the Q-Gorenstein variety F=F Pe)
associated to the polytope P shrank by ¢ < 1 has noncanonical singularities. The non-

canonical 2-dimensional cones of the fan of F = ﬁk vary with k; however, the cones

(p1,p9)+ (ps,p10)+  (p5,p15)+ (p6,p7)+ (P6,ps)+ (Pe:pa)+ {pe;p10)+

<P10,P15>+ <011,P12>+ <P11,P13>+ <P11,P15>+ <P12,P15>+ <913,P15>+
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are noncanonical for all k. The ones corresponding to the worst singularities are (pi12, p15)+,

<p13,p15>+ and <p6,p10>+. The vectors m@)lg + p15), m@)lg + p15) correspond

to valuations with discrepancy —%, and the vector Wizj’(pﬁ + p1o) corresponds to a
valuation with discrepancy —2,’2—1},}. Then we set:

P16 = m(pm +p15) = (=1,0,-1,-1,0,=1) s =1
piv = guprn (P2 +o1s) = (-1,-1,0,-1,0,-1) Ly =1
ps = grpz (e +p10) = (1,0,0,0,1,1) hs =0
We build the 7-dimensional polyhedron P’ in Equation , where h = 18. The last two

threshold values are:

2k+1 2
5k+3"5
For all € € (%, %) the polytope P(¢) is a 6-dimesional polytope with 14 vertices and 10

facets, whose normals are generated by the vectors p1, p2, p3, p7, P8, P11, P14, P16, P17, P18-
Thus its normal fan ¥ has 10 rays and 14 maximal cones. The toric variety F is Q-
Gorenstein and has canonical singularities.

The polytope P(2/5) is a segment, thus S = P!. More precisely, the fan of P(2/5)

has two maximal cones intersecting along the hyperplane
Co={n€ Nr : na+ns+2n4+3n; —3ng =0}

The toric morphism ¢: F — P! is induced by the quotient map N — N/Ny, where
Ny = N N Cy, sending n — ny + ng + 2nyg + 3ns — 3ng.

The non-compact toric variety G = ¢~ }(C*) is the variety associated to the subfan
A C X given by cones over the rays in Cy. Choosing a splitting N = Ny @& N1, we can
regard A as a fan Ay in Np; then G ~ Gy x C*, where Gy is the 5-dimensional variety with
fan Ag. The rays of ¥ in Cj are the seven rays generated by pi, p7, ps, P14, P16, P17 P18-
Write these vectors as vectors in Ny by forgetting the coordinate no and let My = Ny.
Consider the divisor sequence

0— My—Z" —LY
A weight matrix for Gg is the 2 x 7 matrix:

3 2 1 3 0 3 3
-1 -1 0 -1 1 -2 -1

W:

It is evident that the chamber of the secondary fan between the columns cs and c5 of W

corresponds to the weighted projective space P =P(1,2,3,3,3,3).
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]L\/

Figure 4.4: A picture of the columns ¢; of VW defining the secondary fan.

We rewrite the equation of W, C T®in G’ = PxC* E| Choose the basis of N = Ny® Ny
given by the vectors p7, p1, p14, P17, P18, p2 and denote by vy, va, v3, v4, vs, t the dual basis.

The change of coordinate matrix is:

o 3 0 0 o0 1

hence
VoUs tvif 1 U3 Vs V1Vs5

u2 Uz = — U4 =— U5 = — U=
V3V4 V3V4 %] (% (%] V3V4

Thus W, identifies with the 5-fold of Equation:

Uy =

(Ugvg, + tvi)’ 4+ v4 + U§ + v4v5 — V1V5 — V3V4 — at%Hv% = 0) - (CX)E’ x C*

where a = 1/a. The closure of W, C Wa in Px C* is given by the weighted homogeneous

equation:
Toxs + tx? + x%u + x% + 45 — ToT1T5 — T3L4 — at%ﬂxg =0

where zy, ..., x5 are the homogeneous coordinates on P(1,2, 3, 3,3, 3). The second projec-

tion Wa — C* is a Fano fibration, with fibres Fano 4-folds of degree 6.

3The toric variety G’ = P x C* is a better ambient space where to study W, than G = Go x C*. Indeed
G is not Q-factorial, and G’ is the output of an MMP for K + D relative to the morphism G — C*, where
K = K¢ and the closure of Wy, in G is in |Og(D)|. This consists of a small resolution of G followed by the
divisorial contraction of Dig, as it is easy to guess from Figure G corresponds to (6, —2) = 2¢; € LY,
and —(K + D) corresponds to (9, —3) = 3c; € L".
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4.4 Cubic threefolds

Consider the hypergeometric series G associated to the lists p,q = (11, 2), (1, 3,4,5), and
let H be the local system of solutions to the irreducible ODE annihilating G. By the

discussion in Section we expect an identity

H = grl R Q (1) (4.16)

where v: W — C* is the map on
W= (y1+y2=m1+z9+x3+14) CT (4.17)
sending (z1 : -+ : x4 : Y1 & Y2) — %, U=C* \{%} and vy: Wy — U is the

restriction.
Solving Equation (4.17) for z; and working in the chart (y; # 0), we can rewrite the
fibre W, = v~!(a) as:

(aufuy3uztug® — (14 ug —up — uz —ug) = 0) C T (4.18)

where T* ~ C* is the 4-dimensional torus with coordinates u;.

Below we show via our MMP algorithm that for all o € U the 3-fold W, compactifies
to a smooth cubic 3-fold W, in P4. Assuming identity , this fact irnplie that the
VHS supported by H cannot be a curve variation (see Section .

Let M = Hom(T* C*) and N = MV. Denote by e; the basis of N dual to the
basis of M consisting of the coordinate functions u;. The Newton polytope P C Mg
of the polynomial in Equation is a 4-dimensional lattice polytope with 6 vertices
ugp =0, ui, i =1,2,3,4, and us = (2,—3,—4,—5), and 8 facets determined by the pairs
(pisli) € N x Z:

(p1,01) = ((1,0,0,0),0)  (ps,l5) = ((—=1,-1,-1,1),1)
(p2,12) = ((2,0,1,0),0) (6, l6) = ((—3,8,-3,-3),3) (4.19)
(p3,13) = ((3,2,0,0),0)  (p7,l7) = ((—4,-4,7,-4),4)
(pa;la) = ((5,0,0,2),0)  (ps,ls) = ((—5,—-5,-5,6),5)

The compactification of W, in F' = Fp corresponds to an element of the linear system

|Op(D)|, where D = D5 + 3Dg + 4D7 + 5Ds.

“One can show that Yo € U gry H3(Wa,Q) = H3(Wa,Q), as we do in Lemmam
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The toric variety F' = Fp is not -Gorenstein; the fan of the Q-Gorenstein toric

variety F' = Fp(.), where ¢ < 1, has seven 2-dimensional noncanonical cones:

(p5,08)+ (pe:p1)+ (P ps)+ (pasps)+ (ps.pe)+ (ps,p7)+  (p7,P8)+

The vectors - (ps + 2ps), 15 (p6 + 2p7), 11(2p6 + ps) correspond to valuations with dis-
1

_8
11>

1
crepancy the vector g(2p4 + psg) corresponds to a valuation with discrepancy —%
and the vectors = (ps + 7ps), 15 (7p5 + p7) and 7 (7p7 + ps) correspond to valuations with

discrepancies —13—1. Then we set

po = hps+2) = (—1,—1,—1,1)  ag=1
pro = 15(ps +2p7) = (—1,0,1,-1) ao =1
pi1 = 15 (2ps + ps) = (-1,1,-1,0) ain =1
We build the 5-dimensional polyhedron P’ in Equation , where h = 11, and we find

the sequence of threshold values:
11 1 3

257275
For all e € (1/2,3/5) the polytope P(e) is a 4-simplex, whose normals are generated by the
vectors p1, p2, P9, P10, P11; these vectors satisfy the linear relation pg+p1+p2+p10+p11 = 0,
and any four of them form a basis of N. Thus F = Fp(.) is the projective space P*. The
polytope P(3/5) is a point.
Denote by xg, 1,2, 3, 24 the homogeneous coordinates of P*. To determine the

equation of the compactification W, C W, in P4, we choose p1, 02, P10, P11 as a basis of

N, and we denote by 1, y2, y3, y4 the dual basis. The change of coordinates matrix is:

hence

_ iy
Y3 Ya Y3
Thus W, identifies with the 3-fold of Equation:

U

(ay? = ysya + 1195 — ysys — yoy3 — ya) C T?
The closure W, € W, in P* is described by the homogeneous equation:
(axgx% = TT3T4 + T1TE — T3T5 — Toxs — x%m) cPp?

This is a smooth cubic 3-fold in P*. O
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Chapter 5

The Johnson—Kollar series

The work presented in this Chapter is joint with A. Corti and first appeared as [CG19].

The main piece of the classification of anticanonical quasismooth and wellformed two-

dimensional weighted hypersurfaces [JKO1] is given by the infinite series:
Xsk+a CP(2,26+ 1,26+ 1,4k +1) k €Ny (5.1)

In this Chapter for all £ > 0 integer we exhibit the regularised I-function of the surface
X = Xgi+4 as a period of a pencil of hyperelliptic curves, and we show how this pencil
arises from the pencil of 3-folds attached to the regularised I-function by the work of
Beukers, Cohen, and Mellit. The pencil we construct is a LG mirror of the surface X.
The feature which makes our construction especially interesting is that the anticanonical
linear system of the surfaces is empty, thus our LG mirrors fall out of the range of
any known mirror construction.

In the last Section of the Chapter we discuss a conjectural explanation for the existence

of mirrors of the surfaces (5.1)) in terms of mirror symmetry of certain Calabi—Yau pairs.

5.1 Main result

5.1.1 Hyperelliptic integrals

For all k£ > 0 integer, the regularised I-function of the surface X = Xg14 is the hyperge-

ometric series:

( ((8k +4)j)!5! ;

Ti() = jzo )2k + 1)7) 2 ((ak + 1)) ©

(5.2)

63
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This function is annihilated by the irreducible hypergeometric operator of order 6k + 2:

2k ] 4k ] 8k+3 ]
Hy = D- D- - D
- O"“Ojl:[O( 2k+1>j1:[0< 4k+1> “ 31:[1 < +8k+4>
gdc(i 8k+4)=1

where
(4]{3 4 1)4k+1
U0 = 45k
4 +3(2k+1)2(2k+1)

(5.3)

Thus the local system Hj, of solutions to the operator Hj, is a irreducible complex local
system of rank 6k + 2 on the set U, = P!\ {0, 00, axo}. The formula shows that Hy,
has Hodge weight one.

Our pencil of curves Consider the pencil of hyperelliptic curves:
Yy, = (ay® — hy(a, to,t1) = 0) C P(1,1,3k +2) x C* (5.4)
where tg, t1,y are coordinates on P(1,1,3k + 2), a is a coordinate on C* and
hi(a, to, t1) = (438T1 4 2R (64t 1R 73 4ot 1FT2 — 320t 2R 1302 40240k 2¢, )
together with wy: Yy — C* the projection on the second factor.

Remark 5.1. For all a # oy, the fibre Y;, o = w;l(a) is a smooth hyperelliptic curve of

genus 3k + 1.

The period integral We define a pair (wy,7;) as follows. For all o # avy :
® Wpa = ﬁt%Tdt, where t = t1 /to;
® 7k« is the cycle that we describe in Section ((5.1.2)).
From this data we construct the period integral:

1 2k dt
= 5
() Gy ik)a Y (5.5)

Remark 5.2. The pair (Y, wy) defines a LG model of dimension 2, according to Defini-
tion and the period (5.5)) is the period of the LG model (Y, wy) relative to (wg, Vi )-

Our primary result is:
Theorem 5.3. For all k > 0 integer, Iy(a) = (), where

(A) fk(a) is the hypergeometric function of Equation (5.2)) above, and

(B) m () is the period of the LG model (Yy, wy) of Equation (5.5)).
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Remark 5.4. Theorem can be interpreted as stating that LG model (Y, wg) is a
mirror of the surface Xgi14 (5.1).

Write Yy, = w,;l(Uk) and denote by wy, : Yy, — Uy, the restriction. By Theorem
and Remark Hj, is a subquotient of the local system leUk «+C. Since the two local

systems have both rank 6k + 2, we obtain:
Corollary 5.5. For all k > 0 integer, Hy, is isomorphic to leUk «C.

Remark 5.6. Corollary [5.5| shows that for the local system Hj, the answer to Question

3.7 is positive.

5.1.2 The integration cycles

Denote by pr.a: Yia — P! the 2:1 cover. The cover Dk, is branched at the 6k + 4 roots

of the polynomial:
hia(t) = (427! + ) (=64t F2 4 ¢ — 32042F 1 — 402)
Lemma 5.7. For |a| < 1 the polynomial hy o has:
e A root att =0;
e 4k + 1 roots of norm ~ |a|ﬁ;

1
o 2k + 1 roots of norm ~ || 2k+1;

1
e A root of norm ~ g;.

Proof. Clearly hy o has a root at t = 0 and 2k + 1 roots of norm ]a/4|ﬁ. Consider the
polynomial g o(t) = —64¢4F 2 4 ¢4++1 — 3204281 — 402; then as a — 0 gx o (t) has a root

2
ta ~ g5 and 4k + 1 roots to of norm ~ ||+, Indeed

lim gy, o (t) = t*1(—64t + 1)

a—0

hence for |a| < 1 g has a root that tends to 6—14 and 4k + 1 roots that tend to 0. Now

to is a root if and only if 271 = 4(4¢25+1 4 )% and if t, — 0, then [to|* ! ~ |2, O
Choose a continuous function pg: (0,1) — R such that for r < 1:

2 1
P+l K Pk(r) & r2ktl
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For |a| < 1 let 7, be the circle of radius pi(|a|) around the origin in C starting at
to = pr(|la]). By Lemma this circle divides P! into two regions each containing an
even number of branch points of py, ., see Figure Hence p;;(ﬁk’a) C Y} o consists of

two disjoint circles. We take 7; o to be the lift along which the power series expansion in

Equation (j5.6]) is valid EL see Figure

Figure 5.1: The circle 7, , C C. The 10 marked points represent the roots of iy o for k = 1.

Figure 5.2: The circle y5 o on Yy o. The gray sheet of the cover represents the one where (5.6)

is valid. The 5 line segments on each sheet indicate a choice of branch cuts for k£ = 1.

! Alternatively we choose the base point for our lift such that y > 0.
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5.1.3 Proof of Theorem [5.3|

The proof of Theorem [5.3]is an immediate consequence of the next two lemmas. In Lemma
we expand the period 7 (5.5) in power series. In Lemma [5.9) we show that the power

series we obtain coincides with the hypergeometric series I, (15.2)).

Lemma 5.8. Let m(a) be the period integral described in Equation (5.5). Then, setting
=(2k+1)j:
oo
“1/2) (_pyng 1/2 .
- 43m= J :
() Z<m> Z( b )@ (56)
7=0
Proof. By a small manipulation we write the period as:

! a (5.7)

_ 1% !
2ri J5 t
Tk \/<1 + A5 \/(1 —t 3+ #%)°)

By the defining inequalities of the function pg, and our choice of 7y, ,, both the following

power series expansions hold:

1
A2RH1N T2 1/2 474 (2k+1)n
1 -
2\ 73
20 = [(—1/2 A3 a  \2m
(1—t <8+t2k+1> ) :Z< m >(—1) 4°M¢ <1+W>

m=0

Plugging the two power series in ([5.7)), switching the series and the integral signs and

using the binomial theorem we obtain:

') %) 2m
_ —1/2\ (=1/2\ (2m mg3mtn—p, p-n_L j’{ At (2k4+1) (p—n)
m<a>—222<n>(m)(p>< ™ o T

el

Finally, applying the residue theorem around ¢ = 0 and setting j = p — n, we obtain the
result. O

Lemma 5.9. For all k > 0 and j > 0 integers, setting m = (2k + 1)j:

<_;/2> Ly jz< 1/2>< > - (2j)!((2/£(ik1;r;1,) ()(Z,Lﬂ)j)! (5.8)

Proof. Clearly (5.8) holds when j = 0, thus we assume j > 1. In what follows we repeat-

edly use the identity:

20)!
(20—t = 2(l)l' (I > 0 integer) (5.9)
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We have:

<_1/2> _(=ymEm-nn (- <2m> (5.10)

m 2mm! 4m m

We set i = p — j and we write the finite sum on the left hand side of (5.8) as:

91 (o) 0 B o G [ 0 ol o [ A B iy

where the last equality follows from the Chu—Vandermonde formula for generalised bino-

i@)(ni) - <ﬁj;a> (a,8€C, n€N)

1=0

mial coeflicients:

Thus we can rewrite the left hand side of (5.8)) as the product:

2m 2m—] 2m —1/2
m 2m —j
Since m = (2k + 1), this product is:

(4k +2)j (4 +2)j —1/2
<(2k N 1)j) 4(4k+1)J< By ) (5.11)

Now we note that

((4k+2)j—1/2) B ((8k +4)j — 1)
(4k + 1) (25 — DI 20k (4K 4 1)5)!

Plugging this equality in the product (5.11) and using Equation (5.9) for I = j and
I = (4k + 2)j, we obtain the right hand side of Equation (5.8)). O

5.2 Relation to the work of Beukers, Cohen, and Mellit

In this Section we explain how to find the equation of the curves Y} , starting from the

3-folds associated to ./T\k by the work of Beukers, Cohen, and Mellit.

5.2.1 An isomorphism of local systems

By Section for all k& > 0 integer the pair (Wj,vy) attached to the hypergeometric
function Iy by [BCM15| is given by the manifold:

Wk:(x1+332+:£3+x4—y1—y2:0)C']T5 (5.12)

where T% C P is the torus and the x;,yj are homogeneous coordinates on P°, together
with the map vg: Wi — C* sending:
o} (wowy) P!

(xl T2 X314 Y1 " yg) — (5.13)
y§k+4y2
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Let ay 0, Uk, and wy, : Yy, — Uy, be as in Section
The 3-fold Wy, o, = vlzl(a) is singular if and only if a = ag . Write Wy, = vk_l(Uk)
and denote by vy, : Wy, — Uy, the restriction. We expect an identity of VHS:
Hy, = gry R3vy, 1Q (1) (5.14)
We prove that:
Theorem 5.10. For all k > 0 integer, there is an isomorphism:
gry RPvp,1Q (1) = R'wy, . Q (5.15)
Remark 5.11. This provides evidence for our Hodge—theoretic interpretation of the work
[BCM15]. Indeed Theorem and Corollary imply identity a posteriori.

Remark 5.12. The fact that the variation grgVH?’(Wk,a, Q) is the variation of H! of a
pencil of curves is not trivial. As discussed in Section there is no reason to expect it.
To explain this, one naturally wonders whether the 3-folds W}, . are rational: there are
indeed very few examples of irrational 3-folds whose intermediate Jacobian is the Jacobian
of a curve, see [Sar82) [Sar80]. Our analysis in Section shows this is probably not the

case. This makes our Theorem [5.10] even more interesting.

5.2.2 Proof of Theorem [5.10]
We prove that for all a € Uy there is an isomorphism of pure Hodge structures:

gry H2 (Wi, Q)(1) = H' (Yia. Q) (5.16)

For the rest of this Section we fix £ > 0 and o # a0 and we omit all reference to k

and o.

Notation Following the discussion in Section and setting a = 1/« for convenience,

we rewrite the 3-fold W = v~!(a) as:
(u1 +uo+ug+ug—1— au12u22k+1u32k+1m4k+1 = 0) c T (5.17)

where T* ~ (C*)* is the torus with coordinates u;.

Similarly, we rewrite Y = w1(a) as
<a2y2 — (40t 4 1) (2442 — 4p(4at?H 4 1)2) = 0) cP(1,1,3k+2)  (5.18)

Finally, we write pcx : Yox = p~H(C*) — C* for the restriction of the 2:1 branched cover

p: Y — Pl
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The partial compactification In Section we have constructed a partial compact-

ification W C W in the (non compact) toric variety
G =P(1,1,2,2)/,, x C*

where p acts with weights (0,1,1,1) on P(1, 1,2, 2). The 3-fold W identifies with the 3-fold
of Equation in the torus Tg C G, and the closure W C W in G is described by
Equation (4.12)).

Lemma below states that gry H3(W,Q) = grgVHg’(ﬁ\/, Q) hence for our purpose
we might as well work with W in place of W. The advantage of working with W is
that, as stated in Lemma the second projection ¢: W — C* is a fibration with
fibres del Pezzo surfaces. The point of our MMP algorithm is precisely to make this
structure manifest. The crucial result is Lemma [5.18] which constructs an algebraic cycle

Z C CHa(Y Xcx W) inducing an isomorphism p,Qy — Rng*QW(l).

Remark 5.13. The 3-fold W is quasismooth and we think at it as a smooth orbifold. More
precisely W has nonisolated quotient singularities: although it is singular, it is a rational
homology manifold. Because of this, for the purpose of cohomological computations, we
can pretend that W is smooth. Below we take the convention that the set of regular values
of the map ¢: W — C* is the set of values ¢ € C* such that the corresponding fibre Wt

is quasismooth.

Lemma 5.14. There is an identity of pure Hodge structures:
gry H(W,Q) = gryf HX(W,Q) (5.19)

Proof. Note first that the 3-fold W is nonsingular but noncompact, thus H3(W,Q) is
a mixed Hodge structure with weights < 3, and so is Hg(W,Q) Consider the divisor
D=W \ W, and denote by i: D — W and ji W — W the inclusions. We have a long

exact sequence of mixed Hodge structures
= HZ(D,Q) — HAW.Q) + HJ(W.Q) » HX(D,Q) — -~

To prove (5.19), we check that gr¥ H2(D,Q) = gr¥ H3(D,Q) = (0). To this end, we

c

study the geometry of the surface D; D is the union D = U?:l D;, where:

Di=Wn(z1=0), Dy=Wn(z2=0), D3=Wn(y1=0), Dy=Wn(ys=0)
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One can check that D C W is (locally the quotient of) a simple normal crossing divisor
with no 0-dimensional stata. By setting
pMW=||D; and DP =| |Dy, with Dij=D;nD;
i i<j
we get a strict simplicial resolution D = DI — D and the long exact sequence:
= @ HND,Q) - @ H (D, Q) = HN(D,Q) — €D HI'(Di, Q) — -
7 1<j )

It follows that H2(D, Q) has weights < 2. Now choose m = 3 and examine H2(D, Q). On
the left hand side, P, _; H2(D;;, Q) has weights < 2. On the right hand side, @, H3(D;, Q)
a priori has weights < 3. To conclude, we next show that, in fact, for ¢ = 1,2,3,4,

H3(D;, Q) has weights < 3. Consider first the surface D1, given by
(—at™ 142 + 43 + yuyo + 124 = 0) /2 C P(1,2,2)/pz x C*
This is the same as the surface
(—at?k“y% + 5+ yiys + 125 = 0) /o C P?/pz x C* (5.20)

where 23, y1, y2 are homogeneous coordinates of P2 and pz acts as (y1,%2) — (—y1, —y2) on
the affine piece (22 = 1). Note that the quotient of P? by the us-action is the weighted pro-
jective space P(1,1,2) with homogeneous coordinates y1,y2, we = 23. In P(1,1,2) (5.20)
becomes

(143 13 — vy = fwn) € P(1,1,2)

thus, since ¢ # 0, we conclude that D; ~ P! x C* and then H3(D1,Q) is a pure Hodge
structure of weight 2. An almost identical argument holds for Ds. The surface Dy is given
by

(—at%ﬂy% + 2] + tog = O) Jpo CP(1,1,2) /g x C*

which is the same as the surface
<fat2k+1w1 + 21 +tzg = O) CcP?xCX

where 21,29, w; are homogeoneous coordinates on P2, thus also Dy ~ P! x C* and
H2(D4,Q) is a pure Hodge structure of weight 2. To conclude, consider the surface Ds,
given by

(y% + lel — 12212 +tx§ = 0) //LQ c P(1, 172)/;12 x C*
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By means of the substitution yo +— y2 — x122/2 write this as

2, 4 103 4
(y2+:c1— 4 —|—75372:0)/,ugCIE”(1,1,2)/,u2><CX

and note that this is the same as the surface

(wg — iza(—22 4 214& _ tzg)) c P(1,1,2) x C (5.21)

where z; = :E%,Zz = mg,wg = y% are homogeneous coordinates on P(1,1,2). A natural

compatification of ((5.21]) is the surface D3 given by

(w% = n120(—t327 + t%% - t0t12§>> CP(1,1,2) x P!

Note that Dj is a 2:1 cover of P! x P! branched along a divisor in |Op: p1(4,2)|, thus D3
is a rational surface and hence H3(D3, Q) = (0). Then H?(D3,Q) has weights < 2, since,

by setting I' = D3 \ D3, we have the long exact sequence of mixed Hodge structures
<= H*(I,Q) — H(D3,Q) — H*(D3,Q) — - -

and gry H*(T, Q) = (0). O

Lemma 5.15. Let ¢: W — CX be the projection onto the second factor. Denote by A the

set of critical values of ¢ and write Q@ = C* \ A. Let j: Q < C* be the natural inclusion

and denote by ¢q : Wo = ¢~ Q) — Q the induced morphism. Let §1,02,6 € C[t] be the

polynomials:
2
O1(t) = 4at*® 41 Sy(t) = a2 — 4t (4at2k+1 + 1) §=2061-6  (5.22)

Write 1 = C*\ {01 = 0}, /ng = ¢~ 1(1). Denote by K the function field k(C*) = C(t).
Then:

(1) A={06=0}. If61(t) =0, W, has a unique non quasismooth point p; = (0:0:-2:1).

If 65(t) = 0, Wt has a unique non quasismooth point

26 (t 1 2qt?ktl
@ = (1 : 1/6”521]6(31 SNOREN0) ) (5.23)

In both cases the non quasismooth point is an ordinary double point.

(2) After the change of coordinates:

1 T1X2 Y1 T1x2
= d — = —
A I Te T e S L A S S

(5.24)

the equation of the fibre Wt over t € {1y is:

£2k+1
(AR 4 1)2 2 4 4 G 2 _ 9
< (4at + Dyi + y5 + a7 + tas P ] (x122) 0)/uaC G (5.25)
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(8) For all t € Q the fibre /Wt 1s a quasismooth del Pezzo surface of degree 2 with two
1/4-(1,—1) points p* on (z1 = x2 = 0), and intersects (y = y2 = 0) in two points q*.
In the coordinates of Equation(5.25)),

61<t>> ot \/atQ’“*lim:l;O;o (5.26)

2 % = 2. 51(t)

ﬁ:(o:o:lzi

(4) For all t € Q) the fibre W, has Picard rank r = hz(Wt,Q) = 2. More specifically, W,
contains a configuration of lines as pictured in Fz'gure and a basis of Pic(Wt)@ 18

given the classes of the curves Cy1 ~ Cya and Cyo ~ Cy 3.

(5) In the coordinates of Equation (5.25), the map ¢1: Y1 = Wn (x1 =22 =0) = C* is
a 2:1 cover branched along (01 = 0), and the map ¢o: Yo = /WQI Ny =y2=0) =

is a 2:1 cover branched along (92 = 0). In particular,

+ + .
s =4 P TOOFE0 =] @ TRDFO (5.27)
pe if6i(t) =0 q  if da(t) =0

(6) The Picard rank of Wy is p=1.
(7) R1¢*Q = R3¢*Q = (0)

(8) The natural homomorphism R2$,Q — j,j*R*¢.Q = j.R2¢0q,Q is an isomorphism.

Figure 5.3: A quasismooth fibre /Wt and the four points pti, qti in /Wt. Numerically equivalent

curves on W\t are marked with the same symbol.

Proof. To prove (1), fix t € C* and compute the Jacobian of the polynomial in Equation
(4.12)). If t € A the non quasismooth point of /Wt is an ordinary double point since the
Hessian of (4.12)) at that point is invertible.

Assertion (2) is a simple substitution.
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To prove (3), fix t € Q and consider the quotient map o: P(1,1,2,2) — P(1,1,2,2)/us.
Let V; = a‘l(ﬁ/\t) be the preimage. Note that:

_ x -~ 2 _ o, g\
~Ky =0 (~Kg,) and K% =2-K%

since o is 2:1 and etdle in codimension 1. We have —Ky = O(2) and —K‘% = 4, thus
t
V, C P(1,1,2,2) is a del Pezzo surface of degree 4. The orbifold points of V;, of type

1/2-(1,1), are the two points PE of V; on the line (x1 = 22 = 0). In the coordinates of

Equation (5.25),
01(¢

Note that on the affine piece (y; = 1) C P(1,1,2,2) the group ug acts by

(71, 2,92) — (iw1, —iz2, Y2)

Hence W, C P(1,1,2,2)/pu2 is a del Pezzo surface of degree 2 with two 1/4 - (1, —1) points
pit = o(PF). These are the only orbifold points of W, since (1:0:0:0)and (0:1:0:0)
do not satisfy Equation . Setting y1 = y2 = 0 in Equation , we find that
/V[Z N (y1 = y2 = 0) is given by the two points qfc in Equation ([5.26]).

To prove (4), note that the crepant resolution W, of W, is a smooth weak del Pezzo
surface of degree 2. By Demazure’s Theorem this is the blow-up of P? in 7 nongeneral
points, thus it has Picard rank » = 8. Then the surface Wt, obtained by blowing down 6
exceptional curves on Wt, has Picard rank r = 2.

We explain how the geometry of Wt singles out a distinguished basis of generators of

Pic(W)g- Setting

\/ at?+ /55 (D)
| (t) =

2-61(t)
on P(1,1,2,2) Equation (5.25) factors as:

(y2 — Vo1y1) (W2 + V1y1) + (21 — vya) (T1 4 vym) (21 — voa2) (21 + v_29) = 0

This exhibits eight lines on YA/t, four of which passing through Pt+, the other four passing
thorugh P,”, as pictured on the left of Figure The four lines on 17,5 through P;"
correspond to two orbits under the us action, and the same holds for the four lines through

P;. Namely, in P(1,1,2,2)/u2 Equation (5.25) can only be factored as:

(y2 — Vo1y1) (y2 + Vo1y1) + (27 — v2a3) (23 — v223) =0
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This exhibits four lines on the surface Wt, as pictured in the middle of Figure two of

which passing through p;" :

Ciit (y2—61(t)yr = 21 —vi(t)23 =0) Cio: (y2—/01(t)yr = 25 —v2 (t)a3 = 0) (5.28)
the other two passing through p; :

Ci3: (y2+ 01ty = x%fl/_z‘_(t)x% = 0) Cra: (y2+ 0ty = x%fyz (t)x% = O) (5.29)

To see that C; 1 ~ Cy4 note that, on Wt, the union of the strict transform CN’M and the
three exceptional curves above pf , as pictured on the right of Figure supports a fibre
of a conic bundle where another fibre is supported on the union of the strict transform
6’,:74 and the three exceptional curves above p, . Taking direct image this implies indeed
that Cy 1 ~ Cp4. Similarly, C; 9 ~ Cp 3. Then the two curves Cy 1 and C} 2 form a basis of
Pic(W))g-

P

Figure 5.4: The surfaces \A/t, Wt and Wt. The eight lines on ‘A/t descend to four lines on Wt. The

two sets of bold lines on Wt correspond to two distinct fibers of a conic bundle over P'.

Statement (5) follows immediately from Equation (5.25)), together with (1) and (3).
In particular, to prove (5.27) one checks that, in the coordinates of Equation (4.12)), if
51(t) = 0 then ¢;*(t) = (0:0:2: —1) = py, and if d(t) = 0 then ¢, '(¢) is given by

at2k+1 at2kz+1 atQk'H
251 263 (t 53 (¢
which is the point ¢ in (5.23)).

We prove (6) as follows. Note that the function fields of Y7 and Y3 are k(Y1) = K (v/91)
and k(Y2) = K(v/03). Set L = K(y/31,1/d2) and consider the lattice of Galois field
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extensions:

L

e

K(V&)  K(V8) K (VA
\ | /

The Galois group Gal(L/K) ~ Cy x Cy is generated by the two authomorphisms o and

./

09, where:

K (Ver) = id Ul(ﬁ) = —\/g and 02K (V5) = id Jg(m) = _\/a

By (4), Pic(/WL) is generated by the classes of the curves C and C5, of Equation .
Then by Galois descent Pic(WK) has only one generator, given by the class of the curve
Ci+Co+C3+Cy C WK, since C1 + Cy + C3 + C4 is the only curve in /V[7L which is
invariant with respect to the induced action of Gal(L/K).

Assertion (7) follows from the fact that, by (1) and (4), V ¢t € C* Hl(ﬁ/\t,(@) =
H3(W;, Q) = (0).

To prove (8), consider a singular value s € A and the fibre /WS. To check that
R?¢,Q — j.R?¢q,Q is an isomorphism in a neighbourhood of s, it is enough to show that

the natural homomorphism
H*(W,,Q) = H*(W;, Q)™

is an isomorphism, where ¢ € C* is near s, Tj: HQ(/Wt,Q) — HQ(/Wt,Q) is the local
monodromy operator at s, and H? (/Wt, Q)75 denotes the group of monodromy invariants.
Indeed on the one hand, by the proper base change theorem, H Q(Ws, Q) is the fibre at s
of R?¢,Q, and on the other hand H2(Wt, Q)%s is the fibre at s of j, R?¢q Q.

We have an exact triangle of constructible complexes on WS:

Q- yYQ— QL

where 1) and ¢ are the nearby and vanishing cycle functors [GRR72, Exposé I]. Since Ws
has isolated hyperquotient singularities — in fact by (4) it only has one non quasismooth
point — ¢ Q is supported at the non quasismooth point of /V[75 and is concentrated in

degree 2 [Mil6§]. Thus from the exact sequence:

(0) = H'(We, Q) = HA(W.,Q) — HA(W,, ¢ Q) = HA(W;,Q) — -
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we conclude that the natural homomorphism H 2(/1/173,@) — H 2(Wt,@) is injective. By
the local invariant cycle Theorem |dC17, Theorem 1.4.1] then H 2(/1/175,@) is the group of

monodromy invariant cycles in H2(W;, Q). O

Remark 5.16. Combining Equations (5.18) and (5.22)), note that the curve Y is given
by:

(a®y* = 6(t) = 0) C P(1,1,3k + 2)

Lemma 5.17. There is an identity of mized Hodge structures:
HI(W,Q) = H!(C*, R$,Q) (5.30)

Proof. Note that the two functors ¢, and ¢, concide, since the map ¢ is proper. Consider
the Leray spectral sequence of ¢ with second page E5? = HY(R1¢,Q) = HY +q(W, Q).
For reasons of space and since R*¢,Q = R'¢,Q = (0) by Lemma [5.157), the spectral

sequence degenerates at the second page. Indeed,

H(C*,Q) (0) HJC*,R*¢.Q) (0) HJ(C*, R'$.Q)
By = | H;(C*,Q) (0) H(C*,R*$.Q) (0) H.(C* R'¢$.Q)
HZ(C*,Q) (0) HZ(C*,R*¢.Q) (0) HZ(C*, R'$,.Q)

C

thus do: ED? — E§+2’q_1 is zero, and there is no more cohomology for a nonzero dj,
when k& > 2. Then the groups contributing to HE(W,Q) are HY(C*, R3¢, Q) = (0),
H;(C*, R?¢,Q), and HZ(C*, R'¢,Q) = (0). O

Lemma 5.18. There is an isomorphism of mized sheaves on C*:

pexs Qv — R?¢.Qp(1) (5.31)

Proof. The sketch of the proof is as follow: let € C* and j: Q — C* be as in
Lemma and let po: Yo = p~1(Q) — Q be the induced morphism; we first construct a

homomorphism

2: p+Qy, = R*¢0. Qg (1) (5.32)

and then we show that it is an isomorphism. This concludes the proof since on the one
hand it is obvious that jupo«Qy, = pcxxQy,,, on the other hand by Lemma 5.15(8)
j*RQQbQ *Q/WQ = R2¢*@W-
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Consider the diagram

Yo xq Wq
b6 Po
Yo Wo
R fo2e)
Q

Below we construct a cycle
Z € CHy (YQ xXQ WQ)

inducing the homomorphism z via the natural maps:

CH, (YQ XQ Wg) — HfM (YQ XQ ﬁ/\ﬂ) -
= Hompy, (Rpo.Qya, Roo Qg [2)(1)) = Hom (po.Qy,, B260,Q,, (1)

Namely, if s is a section of pa.Qy,,, then z(s) = pf,, (Z N ¢},"s).
Let Z C WQ be the union over all ¢ € € of the four curves Cj1,...,C; 4 in the fibre
Wt described in Lemma that is:

at2k+1

= 2k+1 2 2 __ 4
7 = (—(4at + 1)y +y; =21 — dat?+1 11

(z122)? + tas = O) /2 C Wa

We have that:

Ya X97221+Z2CYQ XQ/WQ

is the sum of two irreducible components and we take Z to be one of these components.
In order to see this, let K = C(t) and L = K(1/91,/92), as in the proof of Lemma m
and consider the field extensions K C K (\/5) C L, where 6 = 0192. The key point is to
notice that Y is a 2:1 cover of Q with function field k(Yq) = K(v/4). Indeed, as observed
in Remark the curve Y is a 2:1 cover of P! branched at the 6k + 4 roots of the
polynomial 6. Then, since the generator of the Galois group Gal(L/K(v/§)) exchanges
C; with C4 and Cy with C3 on /WL, by Galois descent the cycle C7 + Co + C3 + C4 on
Wk(yﬂ) splits into two components Cy + Cy and Cy + C3, each defined over k(Yq) and
corresponding to the two irreducible components Z; and Z,.

It remains to show that the induced homomorphism z is an isomorphism, which can be
checked at the generic point 7, or indeed at any point ¢ € 2. This is true because, as proved

in Lemma (4), the set {C1 + Cy,Cy + Cs} is a basis of Pic(Wt)Q = H2(/V[7t, Q). d
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Proof of Theorem Let W C W be the partial compactification of Equation (4.12))
and ¢: W — C* the projective degree 2 del Pezzo fibration of Lemma Applying in

sequence Lemmas [5.14], [5.17], [5.18] we see:

g H3(W,Q) = grf¥ H3(W,Q) = g HL(C*, R26,Q) = (g1}’ HL(C*,pcxQ)) (~1)

and the latter group is H'(Y,Q)(—1). O

5.2.3 A conic bundle structure

—

The del Pezzo fibration ¢: W — C* is not a Mori fibre space in the Mori category: W
has strictly canonical singularities along two sections of ¢ corresponding to the orbifold
points pi- € W, (all t) of Lemma M(3)

In this Section we construct a birational model W’ with terminal singularities and a
Mori fibration ¢: W’ — Fy in the Mori category.

In light of the discussion in Section [3.4] it is natural to ask if our computation of the
cohomology of W in terms of the fibration ¢: W — C* really is the easiest way to find
the group H'(Y,Q). We think that it is. The fibration v¢: W’ — F; gives a richer but

more complicated way to understand the cohomology of W.

Construction Consider the toric variety G’ with weight matrixﬂ

th to v1 v2 =1 29 z
11 0 -1 0 —-k—-1 -k
0O 0 1 1 0 0 —2
0O 0 0 0 1 1 1

and irrelevant ideal (t1,t2)(v1,v2)(2, 21, 22). Note the morphism G’ — F;. Set
O1(t1, to) = datF+1 4 g2k +1
and consider the hypersurface W/ C G’ given by
— z% + t2?§1z§ + V10922 (glv% - at%kﬂtgvlvz + tltgglvg) =0 (5.33)

Theorem 5.19. (A) W' has terminal singularities and the morphism ¢: W' — Fy is a
conic bundle Mfs;

2This matrix defines an action of G2, on A” and G’ is a GIT quotient.
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(B) There is a commutative diagram:

W-—=w
A
CX<**F1

Proof. (A) Tt is possible, and not too hard, to verify explicitly that W’ has isolated cA
singularities.

(B) We start by exibiting an explicit birational map from a chart of G to a chart of
G’

Consider the chart (t; = v = z = 1) C G’; this is isomorphic to C* with coordinate

functions t1,v1, 21, 22. In this chart, W’ is given by the equation:
—Z% + (512% —+ v (511)% — at%kJrl’Ul + t151) =0

Next consider the chart (z2 = 1) C G; this is isomorphic to Gy, x 3(1,1,1) with
coordinate ring
Clt] ® Cla1, y1, y2]*

generated by the functions t, a:%, 21y1, &c. In this chart, W is given by the equation:

s, at?tl
—0191 +?/2+931—T951+t20
1

We define a rational map from the chart in G to the chart in G’ by:
2
v1, 21, 22 = 2T, 012191, T1Y2

This map is in fact birational with inverse given by:

T1,21Y1, Y15 T1Y2, Y1Y2, Y2 r_>'U17677 5272:27 S y
1 V107 V101 U1

It is easy to see that the equation for W is transformed into the equation for W’. O

Remark 5.20. The variety W’ has many singular points (more precisely, above 51 =v; =
0,t1 =v1 =0, to =v; =0, j = 1,2); thus the conic bundle ¢: W' — Fy, although it
is a Mori fibre space, is not standard (in the birational geometry literature, a 3-fold Mfs
f: X — S is a standard conic bundle if dim S = 2 and X is nonsingular, which implies
that S is also nonsingular, all fibres are conics, and the discriminant is normal crossing).
Hence the conjectural rationality criteria [Isk96, Isk91b, Isk91al Isk87] do not directly
apply, though they suggest that W’ is nonrational (and possibly even birationally rigid).

It would be interesting to study the geometry of W’ further.
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Remark 5.21. The conic bundle ¥ : W’ — F; is an analog of a construction that in the

singularity theory and mirror symmetry literature is called a “double suspension.” It is

possible, of course, to find H'(Y,Q) in H3(W’, Q), but it is easier to find it in H3(W, Q).

5.3 Mirror log Calabi-Yau pairs

In this Section we briefly discuss a conjectural explanation for the existence of LG mirrors
of the surfaces inspired to the works [Bor97, [CKV20, Dol96| [Voi93] on mirror Calabi—
Yau pairs with dual involutions.

For all £ > 0 integer, the surface X = Xgj4 is the zero locus of a regular polynomial
p(z,y1,y2,2) of degree 8k + 4 in the weighted homogeneous coordinates of the space
P(2,2k + 1,2k + 1,4k + 1).

Set 2 = u? and consider the surface:

X = Xgjpa CP(1,2k + 1,2k + 1,4k + 1) (5.34)

2

defined by p(u?,y1,y2, 2). The map XX sending v — x = u” is a natural 2:1 cover of

X, branched along the divisor B = (x = 0) C Ox(2). Moreover —K 5

= O%. However, X
is not a K3 surface: it is easy to see that X does not have du Val singularities. Therefore
the results of the papers [Bor97, [CKV20, Dol96), [Voi93| are not directly applicable.

Nevertheless, one can consider the minimal resolution ¢: Z — X. The anticanonical
divisor —K is a effective Q-Cartier divisor on Z. Then one can construct a log Calabi—
Yau pair (Z, D) out of Z, and apply the intrinsic mirror symmetry program [GSI§| to
build a mirror log Calabi—Yau pair (V, E). We believe that the mirror duality between
(Z,D) and (V, E) could motivate the existence of a LG mirror of X.

Remark 5.22. It is natural to wonder whether there is a relation between the mirror
(V,E) of (Z,D) and our LG mirror (Y, w) = (Y, wg) (5.4) of X.

Consider a surface Y described in an affine patch by the equations
2 2 _ 3 X
(v° = b1(a, t) = w” — 8z(a,t) =0) C A’ x C

where 01 and Jo are the polynomials in Equation . The map Y - Y sending
(t,v,w) — (t,y = vw) is a natural 2:1 cover of Y, branched along the curve C' C Y
determined by the 6k + 4 ramification points of the curves Y, = Y; . In the spirit of
[Bor97,, ICKV20, [Dol96, V0i93], it would be very interesting to show that the surface Y

has trivial anticanonical bundle and that (V, E) arises from resolving Y.



82 Chapter 5. The Johnson—Kollar series

Remark 5.23. The same argument above could be repeated for any anticanonical del
Pezzo surface

X =Xy Cc P(ay,az2,a3,a4) where a; =2

Indeed the surface X = Xy C P(1, as, a3, aq) defined by p(u?,y1,ys,2), where p is the
polynomial defining X in P(2, a9, a3, a4) and u is the first coordinate of P(1, az, as, aq), is
a natural 2:1 cover of X, and has —K = Og. Instead, the argument is not applicable
to anticanonical del Pezzo surfaces X = Xy C P(aq,as,as3,aq), where a; = n > 3: the
surface X = )Nfd C P(1, az, a3, ayq) defined by p(u™, y1,y2, 2), which is a natural n : 1 cover
of X, is a surface of general type. Therefore, understanding mirror symmetry for these

surfaces is especially interesting.



Chapter 6

Some sporadic cases in Table A.1

In this Chapter we study some of the sporadic cases of the Johnson—Kollar list.

In Section for the three smooth cases in Table we prove that the Hori—Vafa
mirror coincides with the LG model that the method outlined in Section [3.3] extracts out
of the wrong dimension mirror; more precisely, we show that the fibres of the latter arise
by blowing up P? along the fibres of the Hori-Vafa mirror.

In Section for the surface X = X5 C P(3,3,5,5), we show that the variation of
gr¥ H3(W,, Q) of the pencil of 3-folds associated to Ix by [BCMI5) is a subquotient of
the variation of gr H} of a pencil of genus-six curves. The pencil is a candidate LG mirror

for the surface X. This result is especially interesting in light of Remark indeed X

does not admit a natural cover X — X with trivial anticanonical bundle.

6.1 The smooth cases

The first three sporadic cases of the Johnson—Kollar list are the surfaces:
X;cP®  X,CcP(1,1,1,4) X CP(1,1,2,3) (6.1)

It is easy to see that these are the only smooth surfaces in Table Clearly each of
these surfaces admits a Hori—Vafa mirror.

Here and in what follows, for X one of the surfaces in , we denote by (Y, w) and by
(W, v) the Hori—Vafa and the wrong dimension mirror of X, and by U C C*
the set of regular values of the maps v and w. We write Y, = w™!(a) and W, = v~1(a)
for the fibres over o € U, and Y, C P? for the natural compactification of Y,. The curve

Y. C P2 is an elliptic curve.

83
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Remark 6.1. Denote by Hx the local system of solutions to the irreducible differential
equation annihilating the regularised I-function of X. It is easy to check that Hx has rank
2, and the formula shows that Hyx has Hodge weight one. Therefore Hyx coincides
with the variation gri H!(Y,, Q) = H'(Y,, Q).

We prove that:

Theorem 6.2. For all o« € U, W, compactifies to the blow-up of P? along a curve whose

components are only rational curves and the elliptic curve Y, C P2.
An almost immediate consequence of Theorem [6.2] ([Voi07, Section 7.3.3]) is:

Corollary 6.3. For all o € U, there is an identity:
gry H} (Wa,Q)(1) = H'(Ya,Q) (6.2)

Remark 6.4. Theorem strongly suggests that that the method outlined in Section
agrees with Hori—Vafa [HV00], and, more in general, as Theorem provides strong
evidence for our Hodge-theoretic interpretation of the work [BCM15]. Indeed an immedi-

ate consequence of Corollary [6.3] and Remark [6.1] is that Hx coincides with the variation

Remark 6.5. It follows directly by Theorem that the 3-fold W, is rational. This is
the most common situation in which the H? of a 3-fold equals the H' of a curve, and,
as mentioned in Remark is probably not the case of the fibres W, of the wrong
dimension mirrors of the surfaces .

In what follows we prove Theorem for each of the surfaces (6.1)).

6.1.1 Proof of Theorem for X; C P?

The Hori—Vafa mirror of the cubic surface is the LG model given by the surface:
Y = (:L'l =22+ X3+ T4 = 1) C ((CX)4

where x; are coordinates on (C*)*, with the map w = z1x22324. The closure in P? of the

fibre Y, = w™!(«) is the elliptic curve :
Yo=(az’— (z—y—2)yz=0) C P (6.3)

where z,y, z are homogeneous coordinates on P2.
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The wrong dimension mirror of the cubic surface is the LG model given by the 4-fold:
W= (z1+z2+as+zs=1y+y) CT°

where T C P® is the torus and z;, y; are homogeneous coordinates on P°, with the map

v = 12T - Following the discussion in Section we rewrite W, = v~ 1(a) as:

Y1Yy2

Weo = (a(uy + ug + ug + ug — 1) — ugugugug = 0) C T4 (6.4)

where T* is the torus with coordinates u;.

Let M = Hom(']I‘4, C*). The output of the algorithm applied to the Newton polytope
P of the polynomial in Equation (6.4) is the polytope P itself. Indeed the toric variety
F = Fp is a (non Q-factorial) Fano variety with canonical singularities, and —Kp — D is
ample on F', where D is the divisor of P.

We study the variation of GIT of the toric variety F' = Fp. The polytope P has six
vertices and eight facets as in ; more precisely,

(:057l5) = ((27 -1,-1, _1)a 1) (,06,l6) = ((_1727 -1, _l)a 1)
(p77l7) = ((_L _172a _1)’ 1) (PS,ZS) = ((_17 _1a _1’2)a 1)

Consider the divisor sequence
0—-M5 78 5L 50

A weight matrix for F is:

2 1 1 1 1 0 0 0]
1 -2 1 1 0 1 0 0
W =
1 1 -2 1 0 0 1 0
1 1 1 -2 0 0 0 1]

The vector v = (1,1,1,1) € LV is a stability condition for F since v = W(D). It is easy
to check that v is a ray of the secondary fan, and there are 24 chambers around v. These
are given by the interiors of the cones:

(circi + ¢y, ci+ ¢+ e, v) 4

where ¢; is the i*" column of W, and 4, j, k € {5,6,7,8} are pairwise distinct.
Consider the toric variety F,... The polytope Pp, is a segment , thus F,, = P!. More

precisely, the normal fan of Pp, has two maximal cones intersecting along the hyperplane

Co={ne N |ng2+n3+ng =0}
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Then let F/ = F,/, where v/ = (v+c¢5)/2. The fan ¥’ of F” is a refinement of the normal fans
of P and Pp,. Thus, on the one hand, there is a nontrivial toric morphism ¢;: F' — F.
On the other hand, the quotient map N — N/Ny, where Ny = N N Cp, induces a toric
morphism @g: F' — P!

We determine the non compact toric variety G = ¢, '(C*). The cones of ¥’ contained
in Cy are:

{1, 6, p7)+ (P, 06, p8)+ (P1, P75 08) 4 (p6, P75 P8) +

and pg, p7, ps, p1 satisfy the linear relation pg + p7 + ps + 3p1 = 0. Denote by Ny the 3-
dimensional lattice spanned by pg, p7, ps and p1, and note that Ny = Noo+1/3(0, 2, 1,0)Z.
Then, choosing a splitting N = Ny @ Ny, we find that G = P(1,1,1,3)/,, x C*, where u3
acts with weights (0,2,1,0) on P(1,1,1,3).

We determine the equation of W, C T* in terms of the coordinates vq, vo, vs,t dual to

the basis of N = No @ Np given by the four vectors eg 1, €g,2, €0,3, p2, where
60,1 = (1,0,0,0) 6072 = (0,—1,1,0) 60’3 = (0,—1,0,1)

is a basis of Ny. The coordinate change matrix is:

1 0 0 O
0 -1 1 0
0 -1 0 1
0 1 0 0

thus w1 = vy, v9 = ﬁ, ug = v9, ug = v3. Then W, C T* identifies with the 3-fold:
(a(vlvgvg +t+ U%’U;} + v2v§ — V9u3) — tvjvoUs = O) C Tq
The closure W, C W, in P3 x P! is given by:
(a(toxlxgwg + tlxg + tol’%xg + toxgxg — toxoTaws) — t1T1T2T3 = 0) c P? x P! (6.5)

where the z; are homogeneous coordinates on P3 and tg,¢; are homogeneous coordinates

on P!. Rewriting the polynomial in Equation as tofs3 + t1g3, where
fs = oz} — miwars g3 = awows(zy + 22 + 3 — 20)
it is evident that W, is the blow up of P3 along the locus ( f3 =93 = 0). This locus is
given by the rational curves (a:g =23 = O)C P3, (a:g = 29 = 0) C P3, and the elliptic
curve:
(a:z:% —z1x903 = 0,27 + 2 + T3 — 9 = 0) c p?

This is the same as the elliptic curve Y, C P? in Equation (6.3). O
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6.1.2 Proof of Theorem for X, C P(1,1,1,2)
The Hori—Vafa mirror of X4 C P(1,1,1,2) is the LG model given by the surface:
Y=(x1=22+x3+24=1) C (CX)4

where x; are coordinates on (C*)*, with the map w = a:lschga:i. The closure in P? of the

fibre Y, = w~!(a) is the elliptic curve :
Yo=(az’— (z—y—2)yz*>=0) CP? (6.6)

where z,y, z are homogeneous coordinates on P2.

The wrong dimension mirror of the cubic surface is the LG model given by the 4-fold:
W=(x1+zo4+a3+24 =101 +172) CT°
where T° C P is the torus and x;, y; are homogeneous coordinates on P5, with the map

2

T1T2T3T . . . . . . —

= lyiyj 1. Following the discussion in Section we rewrite W, = v~ 1(a) as:
1

Wy = (a(u1 + uy + uz +ug — 1) — uuguzu; = O) cT! (6.7)

where T* is the torus with coordinates u;.

Let M = Hom(T*,C*) and N = M. The output of the algorithm applied to the
Newton polytope P of the polynomial in Equation is a polytope P such that the
toric variety F' = F5 is a (non Q-factorial) Fano variety with canonical singularities. More

precisely, P has six vertices and seven facets determined by the pairs (p;, ;) € N x Z:

(pi, 1)) = (e;,0)  for i=1,23
(pa,la) = ((3,-1,-1,-1),1)
(p5,15) = ((-1,3,-1,-1),1)
(ps,l6) = ((=1,-1,3,-1),1)
(pe,17) = ((-=1,-1,-1,1),1)
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The toric variety F coincides with Fi,. Indeed, F is Fano, and W(—K%) = (4,4,4). The
toric variety F., = P!, since the polytope Pp, is a segment. More precisely, the normal

fan of Pp, has two maximal cones intersecting along the hyperplane
Co={n € N | ny+nz+2n4s =0}

Then let F' = F,/, where v' = (¢7 + ¢4)/2. The variety F’ supports a non trivial toric
morphism ¢1: F/ — F, and a toric morphism ¢o: F' — P! induced by the quotient map
N — Ny, where Ng = N N Cy.

The preimage G = (p;l(CX) is the noncompact toric variety G = P(1,1,2,4) /e x C*,

where p9 acts with weights (0,1,1,0) on P. Indeed, the cones of ¥’ contained in Cj are:

<P17,057P6>+ <p17p57;07>+ <P17P6:P7>+ <P5:pGaP7>+

and ps, pe, p7, p1 satisfy the linear relation ps + pg + 2p7 + 4p1 = 0. Moreover, writing Noo
for the 3-dimensional lattice spanned by ps, pg, p7, p1, one has No = Noo + 1/2(0,1,1,0)Z.
We determine the equation of W, C T* in terms of the coordinates vy, vo, vs,t dual to

the basis of N given by the four vectors e 1, €02, €0,3, p2, Where:
6071 = (1, 0, 0, 0) 60’2 = (0, —1, 1, 0) 60’3 = (0, —2, 0, 1)

is a basis of Ny. The coordinate change matrix is:

(1 0 0o o]
0 -1 1 0
0 -2 0 1
0 1 0 0]

thus uqy = vy, vo = 02%, ug = Vg, ug = v3. Then W, C T* identifies with the 3-fold:
3
(a(v1v2v§ + t 4 0302 4 vov3 — vovd) — tv vev? = 0) C Te
The closure W, of W, in P? x P! is given by:

(Oé(tol‘lxg.l?% + tla:% + toxga:% + tongg - t(]l'ol‘zl‘%) - tla:lxgx% = 0) cP? x P! (6.8)

where the z; are homogeneous coordinates on P3 and tg,¢; are homogeneous coordinates

on P!. Rewriting the polynomial in Equation as tofy4 + t194, where

4 2 2
f1 = axy — r12005 g4 = axazs(T1 + T2 + T3 — X0)
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we see that W, is the blow up of P? along the locus ( fa=g4 = O). This is given by the

rational curves (mé = x% = O)C P3, (3361 =x9 = O) C P3, and the elliptic curve:

(0‘333 —1‘133230% =0,21+22+ 23— 20 = O) c P

This is the same as the elliptic curve Y, C P? of Equation . O

6.1.3 Proof of Theorem for Xg C P(1,1,2,3)
The Hori—Vafa mirror of Xg C P(1,1,2,3) is the LG model given by the surface:
Y =(z; =23 +x3+ 24 =1) C (C*)?

where x; are coordinates on (C*)*, with the map w = z1w22323. The closure in P? of the

fibre Y, = w1 (a) is the elliptic curve :
Yo = (a2’ — (z—y—2)y** =0) C P? (6.9)

where z,y, z are homogeneous coordinates on P2.

The wrong dimension mirror of the cubic surface is the LG model given by the 4-fold:
W = (:E1+$2+£133—|—1’4 :y1+y2) CT5

where T° C P is the torus and x;, y; are homogeneous coordinates on P5, with the map
2,.3
v = %. Following the discussion in Section we rewrite the fibre W, = v~ (a)
1

as:
Weo = (a(u1 + u2 + uz + us — 1) — ugusuiui = 0) C T4 (6.10)
where T* is the torus with coordinates u;.
Let M = Hom(T*,C*) and N = M". The output of the algorithm applied to the
Newton polytope P of the polynomial in Equation (6.10) is a polytope P such that the
toric variety F = F5 is a (non Q-factorial) Fano variety with canonical singularities. More

precisely, P has six vertices and six facets determined by the pairs (p;,l;) € N x Z:

(Pl,ll) = ((1707070)70) (p4,l4) = ((_1757 -1, _1)7 1)
(,027l2) = ((07 17070)a 1) (/05>l5) = ((_17 -1,2, _l)a 1)
(pg,lg) = ((57 _17 _1a _1)’ 1) (,06,l6) = ((_17 _1a _1’ 1)a 1)

Consider the divisor sequence 0 — M 2 76 WoLY 0. A weight matrix for F is:

0610 2 3
6 001 2 3
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The vector v = (1,1) € LV is a stability condition for F, since W(—Kf) = (12,12). The
toric variety F., = P!, since the polytope Pp, is a segment. More precisely, the normal

fan of Pp, has two maximal cones intersecting along the hyperplane
C():{HEN’ n2+2n3+3n4:0}

Then, let F' = F,, where v/ = (v + ¢3)/2. The variety F’ supports a non trivial toric
morphism ¢1: F/ — F, and a toric morphism ¢o: F' — P! induced by the quotient map
N — Ny, where Ng = N N Cy.

The preimage G = ch_I((CX) is the noncompact toric variety G = P(1,2,3,6) x C*.

Indeed, the cones of ¥ contained in Cj are:

(P1,p1,p5)+  (p1,p4,p6)+ (P1,P5,p6)+ (P4a,P5,P6)+

The vectors p4, ps, ps, p1 satisfy the linear relation pg + 2p5 + 3pg + 6p1 = 0 and span Nj.
We determine the equation of W, C T* in terms of the coordinates vq, vo, vs,t dual to

the basis of N given by the four vectors eq 1, €02, €0,3, p2, where:
eon = (1,0,0,0) ep2=(0,—-2,1,0) ep3=(0,-3,0,1)

is a basis of Ny. The coordinate change matrix is:

(1 0 0o o]
0 -2 1 0
0 -3 0 1
0 1 0 0]

thus uq = vy, vo = #, ug = U9, ug = v3. Then W, C T? identifies with the 3-fold:
273
(a(viv3vl + t + v3vs + v3vs — v3v3) — tvvavs = 0) C Tg
The closure W, of W, in P? x P! is given by:

(o (toxlxga:% + tx§ + torses 4+ torsas — toxox%xg) — iz a5al = 0) C P3 x P! (6.11)

where the z; are homogeneous coordinates on P3 and tg,¢; are homogeneous coordinates

on P!. Rewriting the polynomial in Equation (6.11)) as tofs + t196, where

6 2.3 2.3
fo = axg — 1573 g6 = axsrs(T1 + x2 + T3 — X0)
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we see that W, is the blow up of P? along the locus ( fe =96 = O). This locus is given by

the rational curves (xg = x% = O)C P3, (xg = x% = 0) C P3, and the elliptic curve:

(ax§ — z1a3ad = 0,01 + 22 + 23 — 59 = 0) C PP
This is the same as the elliptic curve Y, C P? in Equation (6.9). O

Remark 6.6. Observe that there is a recurrent link between the weights of the projective

space P O X and the equation of the hyperplane Cj.

Remark 6.7. For the non-smooth cases Xy C P(1, as,as,aq) in Table the relation
between the wrong dimension mirror and the Hori—Vafa mirror is not so straightforward.
For instance, for the surface X109 C P(1,2,3,5), the compactification W, C W, of the

fibre of the wrong dimension mirror produced by our algorithm is:
5 3 2 1 2
Toxq + Tox] + x5 + x5 — 13203 — —xgrs =0 ) C P(1,1,2,3,4)
o

where the z; are weighted homogeneous coordinates on P(1, 1,2, 3,4). Extracting the fibre

Y,, of the Hori-Vafa mirror out of the 3-fold W, is work in progress.

6.2 The surface X5 C P(3,3,5,5)

In this Section we study the regularised I-function of the surface X = X15 C P(3,3,5,5).
This is the first surface of Table living in a weighted projective space with all weights
> 3. By Remark this makes the surface X especially interesting.

6.2.1 A candidate LG mirror

The regularised I-function of the surface X is the hypergeometric series

o

l 1 .
= ] (54)!

Remark 6.8. This series is annihilated by the hypergeometric operator:

2 4 14
Hy=][@-i/3) [ (0 -i/5)-35a [ (D+i/15)
=0 =0 gdc(li,:115):1

Thus the local system Hx of solutions to the differential equation Hx - ¢ = 0 is an
irreducible complex local system of rank 8 on U = C* \ {ap}, where ag = 1/3?5°. The
formula shows that Hx has Hodge weight one.
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By the discussion in Section the pair (W, v) associated to T x is given by the
manifold

W=(y1+ys—a1 -9 — a3 —24=0) CT° (6.13)

where T C P® is the torus and z;, y; are homogeneous coordinates on P°, together with

) x . e e aiziaial : -1
the map v: W — C* sending (z1 : 2 : @3 : T4 : Y1 : Y2) — it Write Wy = v (U)
1

and denote by vy : Wy — U the restriction. We expect an identity of VHS:
Hy = gry R3vyQ (1) (6.14)
Now consider the smooth surface:
Y = (2% —t = =27y’ + 27at’y + (27 — t) = 0) C A® x C* (6.15)

where ¢, z,y are coordinates on A% and « is a coordinate on C*, together with the second

projection w: Y — C*. Let P C A% x C* be the surface cut out of A? x C* by the second
equation in , namely:

P = (—27ty® + 27at’y + a(27 — t) = 0) C A® x C* (6.16)
and write z: P — C* for the second projection.
Remark 6.9. The fibres Y,, = w™!(a) and P, = 2~ !(a) are singular if and only if & = ay.

Let Yy = w™Y(U), Py = 2z~ Y(U), and write wy: Yy — U and zy: Py — U for the

restrictions. We prove that:

Theorem 6.10. There is a short exact sequence:

0 — grlV Rz 1Q — grlV Rlupy Q — grng?’vU Q1) —o0 (6.17)

Observe that, if identity (6.14) holds, Theorem implies the following

Expectation: The local system Hy identifies with the quotient of gr}’ R'wg1Q described
by the short exact sequence (6.17]).

Remark 6.11. The statement in the Expectation can be interpreted as stating that the
LG model (Y,w) is a mirror of X = Xy5. Finding a period of (Y, w) whose power series

expansion coincides with Ix is work in progress.

Remark 6.12. By the work [DKS86] the rank of gry R3vy Q is 8 (see Lemma , thus
matches with the rank of Hx. Then, since Hy is physically rigid, a way to prove identity
could be to show that the local monodromies of Hx and grng?’vU 1Q are conjugate,
see [Fed18, Proposition 2.4].
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6.2.2 Proof of Theorem [6.10]
We prove that for all & € U there is a short exact sequence:
0 — gr}" H (Pa, Q) — g1 Hy (Yo, Q) — gry HI(Wa, Q) (1) — 0 (6.18)

For the rest of this Section we fix a € U and we omit all the reference to a.

Notation Following the discussion in Section and setting a = 1/« for convenience,

we rewrite the 3-fold W = v=!(a) as:
W = (w1 + u2 + ug +us — 1 — aufuiuiul = 0) T (6.19)

where T* ~ (C*)# is the torus with coordinates u;.

Similarly, we rewrite P = z~!(a) as:
P=(27(—aty’ + Py + 1) —t =0) C A? (6.20)

thus
Y = (28 —t=27(—aty® + Py + 1) —t = 0) C A® (6.21)

The compactification In what follows we construct a suitable compactification W’ of
the 3-fold W in Equation (6.19)).

Let M = Hom(T* C*) and N = M". The output the MMP algorithm applied to
the Newton polytope of the polynomial in Equation is a polytope P such that the
toric variety F' = F5 is a (non Q-factorial) Fano variety with canonical singularities. More

precisely, P has six vertices and six facets determined by the pairs (p;,l;) € N x Z:

(plall) = ((1707070)70) (p4,l4) = ((17—47 -1, _1)7 1)
(pg,lg) = ((07 17070)70) (05715) = ((_17 _1727 _1)7 1)
(p35l3) = ((47 _17_17 _1)7 1) (PG,ZG) = (_17 _17_172)’ 1)

Consider the divisor sequence: 0 — M 278 WY 0. A weight matrix for F is

-5 5 1 -1 0 0
3 =2 0 1 1 1

W =

Write ¢; for the columns of W. We have that W(—K%) = (0,4), thus F' = F,;. Consider
the chamber of the secondary fan between the rays generated by co and c3. For all w in

this chamber, F, is the toric variety:

F'=P(2,3,5,5,5)/ 13
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where p3 acts with weights (1,0,2,0,1). To see this, choose for instance the stability con-
dition w = (e2 + ¢3)/2 = (3, —1); then F,, = Fp,,, where D € W~1(w). The polytope Pp is
a 4-simplex whose facet normals are generated by the vectors p1, ps, p4, p5, pg. These vec-
tors satisfy the relation 2p3 + 3p4 + 3p5 + 5pg + Hp1 = 0, and, denoting by N’ the lattice
spanned by ps, p4, p5, pe, p1, we have N = N’ + %(1,0,2,0, 1)Z.

We write the equation of W C T% in F'. Choose ps, ps, ps, p1 as a basis of Ng and

write x, ¥y, z, w for the dual basis. The change of coordinate matrix is:

4 -1 -1 -1
-1 -1 2 -1
-1 -1 -1 2

| 1 0 0 0 ]
Hence
ztw 1 y? 22
Uy = — Uy = — us = — Uy = —
Yz TYZ Tz Ty

Thus W identifies with the 3-fold:
(m5w+1+y3+z3—:cyz—awB:O)/,ug X ps C Tpr

where ug X ps acts with weights (1,1,1,1),(1,2,0,1). The closure W C W’ in F’ is given
by the equation:

(2%ys + 23 + 47 + 43 — 1z2y1y2 — ayi = 0) /uz C I’ (6.22)
where x1, 9, Y1, Y2, y3 are weighted homogeneous coordinates on F”.
Lemma 6.13. The rank of gry H3(W,Q) is 8.

Proof. For (p,q) = (3,0) and (2,1) we compute the numbers

ePI(W) = (=1 nP(Hf (W, Q))

k

where hP4(HF(W,Q)) = dime’q(grgfrqu(W, Q)). The Newton polytope P of the poly-
nomial in Equation does not have interior points. Thus by [DKS86l, Proposition 5.8]
e30 = 0. Moreover, since the facets of P do not have interior points and 2P has four
interior points, by [DK86l, Corollary 5.9] e*! = —4.

It remains to check that for k # 3 gry H¥(W,Q) = (0). This is obvious for k <
3: indeed W is nonsingular but noncompact, thus Hf(W,Q) has weights < k. On the
other hand, with the same techniques of Lemma [5.14] one can show that for & > 3
gt HE(W,Q) = gry HF¥(W',Q), and this is trivial since W' is a quasismooth compact
3-fold. O
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A pencil of cubic surfaces By manipulating the equation of W’ C F’ we show that

the 3-fold W can be rewritten as the intersection of the 3-fold W:
(P2 +u? + 227 + y° — tuwy — atz® = 0) C PP x C~ (6.23)

with T3 x C*, where T3 C P3 is the 3-dimensional torus. Here u, z,y, z are homogeneous

coordinates on P? and t is a coordinate on C*.

Let x1,22,y1,Yy2,ys be as in Equation (6.22)). We perform a weighted blow-up of
P(2,3,5,5,5) along the surface (z1 = 0,22 = 0) by setting ¥1 = sy2 and x3 = ry3. The
polynomial in Equation ([6.22) becomes:

s°Y0 ys + 0ys° + yi 4+ v — sTygyye — ays = 0

Then, on (r # 0), the strict transform of W’ is isomorphic to the 3-fold given by:

(s5y(2)y3 + yg + 92 4+ ys — syoyryz — ayg’ = 0) Jug C P3 x C/us (6.24)

where 4o, y1,y2,y3 are homogeneous coordinates on P2, s is an affine coordinate, and
ps acts on P3 with weights (0,2,0,1) and on C with weight 1. For all s # 0 write
(u, 2,9, 2) = (sy0,y1/$, sy2,y3) and let ¢t = s>. Then the intersection of 3-fold of Equation
(6:24) with P3 x C*/u3 identifies with the 3-fold W C P3 x C* of Equation (6.23).

The 3-fold W of Equation (6.23)) is a partial compactification of W. With the same

techniques used in the proof of Lemma one can show that:

Lemma 6.14. There is an identity of pure Hodge structures:
gry HZ(W,Q) = gry H (W, Q)

Then, for the purpose of our computations, we can work with W in place of W. The
advantage of working with W is that the second projection ¢: W = CXisa pencil of

cubic surfaces. The following Lemma describes the geometry of this pencil.

Lemma 6.15. Let ¢: W — C* be the projection to the second factor. Denote by A the set
of critical values of ¢ and write @ = C* \ A for the set of reqular values. Let j: Q — C*
be the inclusion and denote by ¢q: /WQ = ¢ Q) — Q the restriction. Let w be a 3™

primitive root of 1. Then:
1. The set A = (6 =0), where 6 = 61 - 62 and:

61(t) = 27a — 4t°  §y(t) = a(t — 27)* — 108t° (6.25)
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If t is a root of 01, the fibre Wt is singular at the point (—2/3t>:0:0:1). Ift is a
root of da, the fibre Wt is singular at the three points

(3wit1/3 1 w3 (=27 + t)/(6t5/3)> i=1,2,3 (6.26)
In both cases, the singular point is an ordinary double point.

2. For allt € ) the fibre Wt is a smooth cubic surface in P3. In particular, Wt contains

27 lines, and HQ(Wt,Z) = Pic(Wt) ~ 7.

3. For all t € Q the fibre Wt contains the nine lz’ne lij = P; N Ej, where, for

1,7 =1,2,3, P; and E; are the planes:
. $1/3
Pi=(z—X\u=0) E;j=|y+wt*z+ wQJ?u =0 (6.27)
and A1, Aa, A3 are the roots of the polynomial:
27(—aty® +ty* +1) —t (6.28)

In particular, for j = 1,2,3, the three lines Iy j,l2;,l3; meet at the Eckardt point
ej = (0:1:—wt?3:0) (see Figure .

4. The union over t € Q of the lines l; j spans a local system V C R%2pq ,Q of rank 5.
5. R'¢,.Q = R3¢,Q = (0).

Proof. To prove (1), fix t € C* and compute the Jacobian of the polynomial in Equation
(6.23)). For all t € A the Hessian of the polynomial at t is invertible.

Assertion (2) is obvious (see Equation (6.23)).

To prove (3), intersect the cubic surface W, with the plane (z = Au) to find the planar
cubic:

Cy\ = ((—at>\3 + 2N+ Dl + 223 + o3 — tuay = 0) C (2 = Au) (6.29)

There are two cases in which C) is singular. If —atA\3+t>A+1 = 0, then C) is a nodal cubic
(with anode at (1:0:0: \)). If —atA® +t2X\+1 # 0, one easily sees that the Jacobian of
the polynomial in Equation vanishes if and only if —at\3 + 2\ + 1 — ¢/27 = 0; this
is the polynomial in Equation . If A is a solution to this polynomial, then Equation

(6.29) factors as:
t1/3 t1/3 t1/3
<y+wt2/3x+w23u> <y+w2t2/3x+w3u y+t2/3x+ Tu =0

For convenience, we decided to omit the reference to ¢t in our notation for the lines I; ;.
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These factors describe the three planes E7, Es, E3 in Equation . The last part of
Statement (3) is obvious.
To prove (4), look at the relations between the [; ;. We have six triangles :
i) lhg+hot+lhs=—-K w)lhi+lg+i31=—-K
1) log +lop+loz=—K v)lig+la+l32=—-K
i19) I31 + 132 +l33=—K wi)li3+1l3+l33=—K
where —K = —Ki,- Identity (vi) is implied by the previous identities. It follows that the

l; j generate a local system V C R%¢pq ,Q of rank 5.
Statement (5) follows immediately from (1) and (2). O

P3

Figure 6.1: A picture of the nine lines /; ; on the smooth cubic surface /V[7t. The three planes

Py, Py, P3 meet along the line (z = u = 0), containing the Eckardt points eq, es, e3.

Remark 6.16. Note that the curve P in Equation (6.20]) is cut out of A2 by the polynomial
in Equation (|6.28)). It is easy to see that the discriminant of this polynomial (as polynomial
in C(a,t)[y]) is t? - d2(t); 52(t) has double roots if and only if a = g (see Remark .

Remark 6.17. The configuration of the remaining 18 lines on Wt is more complicated.
One way to determine their equations is to intersect /Wt with the quadric surfaces passing
through three skew lines among the [; ;. Here we omit this analysis since it is not relevant

to the discussion.
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Lemma 6.18. Let /WQ be as in Lemma. There is an identity of pure Hodge structures:
grf H2(W,Q) = grl¥ H2 (Wo, Q) (6.30)

Proof. Consider the divisor Wa=W \ Wao = #~1(A), where A is the set of critical values

of ¢, as in Lemma We have a long exact sequence of mixed Hodge structures
- = H2(Wa, Q) = H (W, Q) — HX(W,Q) — H (W, Q) = -+
To prove (6:30), we check that gr}/ H2(Wa, Q) = gr}} H3(Wa, Q) = (0). Observe that

A= | T,
5(t)=0

which implies that Vi Hé(/W?A,Q) = @5(:&):0 Hé(wt,(@). Since by Lemma [6.15(1) for all

roots t of & the singularities of W, are ordinary double points, H 3(/1/17,5,@) = (0) and

H Q(Wt, Q) is a pure Hodge structure of weight two. This concludes the proof. ]

Lemma 6.19. Let ¢q: ﬁ/\g — € be as in Lemma . There is an identity of mized
Hodge structures:

H3(Wq,Q) = HX(Q, R?¢0.Q) (6.31)

Proof. The statement follows immediately from the Leray spectral sequence for the smooth
morphism ¢q, which is known to degenerate at the second page, combined with Lemma

G.15(5). 0

Lemma 6.20. Let Y and P be the curves in (6.21)) and (6.20)). Let ¢q: Wa — Q be as in
Lemma and write W for the rank-4 local system V/(—K), where V is as in Lemma

and (—K) C R2¢q ,Q is the local system spanned by —K = —Km. There is a short

EIL‘(LCT, sequence:
0 — gt HY(P,Q) — gt} HA(Y,Q) — gr} HX(Q,W)(1) — 0 (6.32)

Moreover, griV H:(Q, W) has rank 8.

Proof. Let j: Q < C* be as in Lemma and consider the two maps f: Y — C* and
p: P — C* given by the projection onto the coordinate t. Let Yo = f~1(Q), Pq = p~ ()
and write fo: Yo — Q, po: Pq — Q for the restrictions. Let e: E — C* be the 3:1 cover
of C* defined by 23 — t. Let Eq = e 1(Q2), and write eq: Eq — Q for the restriction. We
have that Yo = Pq xq Eq.
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Consider the commutative diagram

Yo

I

PQ 9:1 EQ
Q

The key point is to observe that fo: Yo — € is the 9:1 cover parametrizing the nine lines
l;,; on the fibres Wt of ¢q: /WQ — Q, and po: Po — Q and eq: Eq — Q are the 3:1 covers
parametrizing the triangles of lines on the planes P; and E; in Equation . The maps
Yo — Po and Yo — Eq can be thought as the map sending /; ; — P; and [; ; — Ej.

Then we have an exact sequence:
0 — Qo — pa+sQ®eq.Q — fo.,Q — W(1) —0
By splitting this sequence into the two short exact sequences:
0— Qo —pasQ®eq, Q—L-—0 (6.33)

0 —L— fo.Q —W(1)—0 (6.34)

we obtain the short exact sequence of pure Hodge structures in (6.32)). Indeed, the long

exact sequence of compactly supported cohomology groups associated to (6.33]) is:

- = H(Q,Qq) = Hl(Po,Q) ® H, (Eq,Q) = Hi (2, L) —
Q(-1) = Q(=1) ®Q(-1) = HZ(9,L) — (0)
thus HCQ(Q,L) = Q(—1) and, since gr‘l/VHcl(Q,QQ) = gr}/VH(}(EQ,Q) = H'Y(P',Q) = (0),

we have

g’ He(Po,Q) ~ gr}" H; (9, L) (6.35)
The long exact sequence of compactly supported cohomology groups associated to (6.34))
is:

(0) = HO(Q, W)(1) = HL(Q, L) — HY (Yo, @) — HA(Q,W)(1) = Q(~1) = ... (6.36)
where the first equality is due to the fact that H°(Q, R%¢.Q) = H°(Q, (—K)) as the
map ¢: W — C* is a Mori fibre space. Now, since gri¥ H!(Pq,Q) = grlV H}(P,Q) and
the same holds for Yo C Y, (6.36) combined with (6.35)) gives rise to the short exact
sequence in ((6.32]).
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We compute the rank of gr}” H!(P,Q) by considering the compactification P C P:
P= (—27asty3 + 27t2yw2 + (27s — t)3w3 = 0) c P! x P!

where s,t, y,w are homogeneous coordinates on P! x P!, It is easy to see that the first
projection p: P — P! has six ramification points of multiplicity 2 (five over d5(t) = 0 and
one over (0 : 1)) and one ramification point of multiplicity 3 (over (1 : 0)). Then by the
Hurwitz’s formula P has genus 2. This shows that gr]” H!(P,Q) has rank 4. Analogously,
one can show that Y compactifies to a curve of genus 6, thus gr‘fVH LY, Q) has rank 12.

It follows from (6.32) that gr}’ H!(2, W) has rank 8. O

Proof of Theorem Let W C W, oq: WQ — Q, and W be as above. By Lemmas
6.13] [6.14] [6.18] and [6.19

gr HA(W.Q) = grl) HX(W,Q) = grff H!(Wo,Q) = g}’ HA (2 F*60.Q)
has rank 8. Since by Lemma also gr]¥ H!(Q, W) has rank 8, we obtain that:
grl’ He (2, R260.Q) = gr]” H (2, W)
This, combined with , gives the short exact sequence in . O

Remark 6.21. It is possible to study the intermediate Jacobian of W by the methods of

the paper [Kan89|, but we think this would be more complicated.



Chapter 7

Towards a Hodge—theoretic

translation of Theorem 3.3

In Chapter [3| we discussed the natural Hodge—theoretic translation of the result [BCM15]

by Beukers, Cohen, and Mellit, which we summarize below:

Expectation Given two multisets p = (p1,...,pr), 4 = (q1, ..., qs) of integers such that
> .pi = qj, consider the pair (W,v) given by the manifold of dimension d = r + s — 2:

W=+ +y =1+ +z,) CcT 1 (7.1)

where T" =1 c P"+5~1 is the torus and x;, y; are homogeneous coordinates, together with

the map v: W — C* sending

otk
(xl:-~~:x5:y1:-~~:y7«)l—>ﬁ (7.2)
ey

Then:
(I) the hypergeometric series G = G(p, q; -) is a period of v: W — C*, or, equivalently,

(IT) the local system H of solutions to the irreducible ODE annihilating G is a subquotient
q s

of gr!V’ | R¥ v \Q(1) where U = C* \ zéi"'Zi} and vy: Wy = v~ H(U) — U is the
1P

restriction.

In this Chapter we present our ideas to prove (I) and (II). Turning these ideas into

complete proofs is ongoing work.

101
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7.1 Background

We start by recalling some properties of the Hadamard product of power series and of the
convolution of hypergeometric D-modules. Our ideas to prove (I) and (II) will build upon

these properties.

7.1.1 Hadamard product of power series

Definition 7.1. If A =3 -ja,t" and B = 3 - b,t" are power series with radius of
convergence 1, and 1y, the Hadamard product C' of A and B, denoted by C = A x B, is
the power series defined as
C= Z cpt”  where ¢, = apby, (and radius of convergence 1. > rq7p) (7.3)
n>0
It is easy to show that for |[t| < rgr, the Hadamard product C = A x B is the
(multiplicative) convolution of A and B:
1 t d
Ct) = — A () B(u)™ (7.4)
211 Ju=p U U

< p < rp. Indeed, C(t) converges uniformly for |t| < rqrp, and the left

1 t\" ndu
%/UIZPZ% <u> ;bnu w

Since the two series in the expression above converge uniformly on (Ju| = p), this is:

1 du
— bt — = b t™
2ri | Zan " zn:an "

ul=p

1el
Ta

hand side of ([7.4) is:

where we choose

The power series £ = > " = ﬁ is the identity element for the Hadamard product.

Definition 7.2. Let A = ) a,t™ be a formal series. The Hadamard inverse of A is defined

as

A=Y L (7.5)

an

The set of formal series with the sum and the Hadamard product forms an algebra.

We use identity to show that if A and B are periods (in the sense of Remark
then so is their Hadamard product C.

Let f: X - C* and ¢g: Y — C* be two morphisms. Their ‘product morphism’
fg: X xY — C* sends (z,y) — f(x)g(y).
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Proposition 7.3. If A and B are periods of (X, f) and (Y, g), then C = Ax B is a period
(X xY, fg). More precisely, if

n :/WX 1_1t/f wx  B(®) :/W 1_17:/9 oy (7.6)

where wx, vy, wy, Yy are as in Remark then

1
C(t) = /7 T ex e (7.7)

Proof. For |t| < rary, by combining identity (7.4) and (7.6 we write:

c) 1 / 1 1 du o
= — — | wx X w
271 S xyy \Jjuj=p L —t/ufl—u/g u Xy

Let my and mg be the minimum of f along vx and the minimum of g along 7y. For

lt|/p < my and p < my we can develop the two factors

1 1
1—t/uf 1—u/g

in power series. Plugging the power series in the internal integral above, we get:
S5

tqd

w7 1

where the second equality follows from the residue theorem around uw = 0 and the last

- th 1
W Ny = 27i — =27
/u|:p Z (fg)k 1_t/fg

k

equality holds if [t| < mgmy. O
Note that the morphism fg is the the same as the composition
fg: X x Y L9 ¢« c* & ¢~

where 11 denotes the product map. Then it is natural to wonder if, when A is a period of

(X, f), its Hadamard inverse A* is a period of
1/f: x Lo L ¢~

where ¢ denotes the inversion map. More precisely, writing L for the Picard—Fuchs operator
of A, one may wonder whether A* is a solution to i,L = ¢*L. In general there is no reason
to expect this, as it is not possible to deduce a linear recursion relation for A* from the
linear recursion relation for A, see Remark However, if A is a hypergeometric series,

we can prove the following:
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Proposition 7.4. If A =" a,t™ is annihilated by the hypergeometric operator H(P,Q),

then A* is annihilated by the hypergeometric operator H(R,S) given by
H(R,S) = H(Q(D — 1), P(D + 1)) (7.8)

and

H(R,S) ~ D/D *H(P,Q) = i*H(P,Q) (7.9)

Proof. Rewrite the linear recursion relation for A as:

Qn— 1)~ — P(n)—

Gn an-1

=0

It follows that A* is killed by the hypergeometric operator H(R,S) in Equation (7.8).
Explicitly, if H(P,Q) =p[[(D —v;) —t ¢ [(D — wj), then

HR,S)=q[[(D-1-w)—tp[[(D+1-w)

On the other hand,

P*H(P,Q) = P(~D) ~ 5 Q(-D) =~ (Q(~D) ~ tP(~D))

hence (—t)i*H(P,Q) = H(Q(—D), P(—D)). Explicitly,

H(Q(=D) P(=D)) = (1) (¢ [[(D +w) =t p T (D + 1))
where m = degP = deg@. By Corollary this concludes the proof. O

Remark 7.5. Proposition shows that, if A is a solution to the operator H(P,Q),
then A* is a section of a local system isomorphic to the local system of solutions to the
operator i*H (P, Q). Thus, if A is a period of (X, f), A* should be a period of (X,1/f).
However, it is not clear how to explicitly represent A* as a period of (X,1/f) by knowing

the representation of A as a period of (X, f).

7.1.2 Convolution of hypergeometrics

We recall the definition of convolution of D-modules in [Kat90, Chapter 5].
Given a smooth scheme X over C, denote by Dx the sheaf of differential operators
on X, by D(X,D) the derived category of left Dx-modules on X and by DP(X) the

subcategory of D(X, D) corresponding to holonomic D-modules.
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Definition 7.6. Given a smooth C-groupscheme G/C, the convolution of two objects in
DPPl(@) is defined as
K*L=Ru(KXL) (7.10)

where p: G Xc G — G is the product map and K X L denotes the external tensor product
of K and L.

Now consider two hypergeometric operators H(P,(Q) and H(R,S) of degree m. If
A = > ant" and B = ) byt"™ are hypergeometric series annihilated by H(P, Q) and

H(R,S), then their coefficients satisfy the two-term recursion relations:
P(n)a, = Q(n —1)an—1 R(n)b, = S(n—1)b,—1
Then clearly the Hadamard product C' = A x B satisfies the two-term recursion relation:
P(n)R(n)anb, = Q(n—1)S(n — 1)ap—1bn—1

hence it is a solution of H(PR,QS). This suggests there should be an isomorphism of
D-modules:

H(P,Q) xH(R,S) ~ H(PR,QS) (7.11)

In fact, this isomorphism holds whenever PR and QS do not have common zeroes mod

Z, see [Kat90, Theorem 5.3.1]. The explicit version of (|7.11]) is:
H(vi, wy) * Hy(ui, z5) = Hop(viug, wjz;) (7.12)

provided that H,(vju;, w;z;) is irreducible.

7.2 QOur approach

7.2.1 Expectation (I) and the inverse of a multinomial

Observe that, according to Expectation (I), the series G(p,q;-) is a period of the pair
(W, v) defined by Equations and (7.2), and the series G(q, p; -) is a period of the pair
(W, 1/v). This is consistent with the considerations in Section Indeed, G(q,p;-) is
the Hadamard inverse of G(p, q;-).
In particular, for multinomial coefficients
Cj = <(Cl o +c’“.)j>
C1]y ey CL]

Expectation (I) states that:
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(a) the series > Cja’ is a period of (W, v), where

Cc1 Ck
€q IIZ‘k

W= =a1+ - +a) CT" U($1:"'3xk3yl):W
1

(b) the series > C%_ozj is a period of (W, 1/v).

We already know that Statement (a) holds, see Remark Indeed (W, v) = (Y, w),
where

V=00=x1+ +a) C(C  wla,...zp) =2 ... a5

and we have seen that

> ol _/71—104/w w (7.13)

for an explicit choice of v and w on Y, see Equation (2.23)). If we could prove Statement (b),

or, more precisely, that:

1 1
iy po /
cha /7 ——w (7.14)

for some choice of 4/ and w’ on Y, then we could prove Expectation (I) in full generality.

We explain this below.

Idea Let A=) ¢ = > pi- Rewrite G = G(p,q;-) as the Hadamard product G = Q*P*,
where Q = Y Qja?, P =" Pja’, and

AJ AJj
Qj:( Y ) Pj:< Y ) (7.15)
q1),---,4s] pb1),---5Pr]

Now, @ is a period of (X, f) of the form fVX ﬁ wx, where

X=(x1+--+z,=1)C(C)° flx1,...xs) =2 .. 2% (7.16)

S

If P* is a period of (Y,1/g) of the form fw lflag wy , where

Y=+ +y=1)C(C)  g,--.u) ="y (7.17)

then by Proposition we obtain that G is a period of the pair (X x Y, f/g). Since the
map I: X x Y — P71 sending

(T1y ooy Ty Y1y ooy Yr) > (Tt ity oo 1Y)

identifies (X x Y, f/g) with ((z1 + --- + x5 # 0) N W), v), with W and v as in Equations
(7.1) and (7.2)), we also obtain that G is a period of (W, v). O
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Remark 7.7. Proving an identity of the form (7.14]) seems hard. Roughly speaking,
it would require to transport the cycle v in (7.13) from a@ = 0 to @ = oco. Note that
the pair (Y,w) — that is, the Hori—Vafa mirror of P(ci,...,cx) — is (after a fibrewise

compactification) a pencil of Calabi-Yau varieties

((m — 29 — - — )Mot :a-xlzci> c P*

While the fibre at a = 0 is well-behaved, the geometry at o = oo is very different, and

there is a priori no canonical choice of a cycle of integration.

7.2.2 Towards a proof of Expectation (II)

We believe that proving Expectation (II) is easier than proving Expectation (I). Our ideas
for a proof of (II) involve four steps which we describe below. Steps 1 and 2 rely on
the theory of hypergeometrics, while the analysis in Steps 3 and 4 involves only algebraic

geometry.

Notation As in (II), denote by H the irreducible hypergeometric local system on

7o (G}

attached to the series G = G(p,q;-). Let Q@ = Q;a’ and P =Y Pja’ be the hyperge-
ometric series defined by Equation ([7.15). Denote by Hg, Hp+ the irreducible hypergeo-
metric local systems on
1 s
it e Rt 2

attached to ) and P*. The external tensor product HgXHp« is a local system on U’ x U "
Let u: C* x C* — C* and i: C* — C* be the product map and the inversion map, as in
Section Let (X, f) and (Y, g) be the pairs defined by Equations and .
Denote by n = s — 2 and m = r — 2 the relative dimension of f and g. The relative

dimension of f/g: X XY - C*isn+m+1=r+s—3=d—1, where d is the dimension
of the manifold W in Equation ([7.1)).

Step 1 Show that Katz’s Convolution Theorem (see Section [7.1.2]) implies that there is

a surjective morphism:
Rluy (HQ X Hp*m_l(U)) - H (7.18)

where V = p (U’ xU' N ,u_l(U)) and py: p (V) — V is the restriction.
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Remark 7.8. In light of Katz’s result, the morphism ([7.18]) is something natural to
expect. However, Katz’s theorem is a statement about perverse sheaves, and needs to be

translated in terms of the local system H on U.

Step 2 We know how to describe Hgp and Hp« in terms of the morphisms f and g.
Indeed, since @ is a period of (X, f), the local system Hg is a subquotient of

gry R" fiyrQ

where fr: Xpr = f~H(U’) — U’ is the restriction. On the other hand, by Proposition
the local system Hp« ~ i*Hp, where Hp is the irreducible hypergeometric local system
attached to the series P; since P is a period of (Y, g), it follows that Hp« is a subquotient
of

ngRm(l/g) U’ !Q

where (1/g) 7 Yy = f~HU") = U" is the restriction.

Step 3 Show that:

grn-l-m-i-lRlNV ! (gr};,VRnfU’ QX ngI/EL/Rm(l/g) U’ !Q)‘N_I(U) (719)

is a subquotient of

g BN (F/9)0Q (7.20)

where (f/g)v: (X x Y)y = (f/g)"1(U) — U is the restriction.

Remark 7.9. Roughly speaking, we know how this is supposed to go. The ingredients

are the following;:

e the Leray spectal sequence for the composite map f/g = po f x 1/g shows that
R'YyuR™™(f x 1/¢9),Q is a subquotient of R**™+1(f/g) Q;

e the product R"fiQ X R™(1/¢),Q is a Kiinneth component of R"*™(f x 1/g);

e if ¥ is a k-dimesional variety, i: A — X is the closed embedding of a subvariety and

j: =%\ A — X is the open inclusion of the complement, via the exact triangle
. . +1
RjQq — Qs = i,Qa — (7.21)

one can often show that gr)/ H¥(Q,Q) = gr!V HX (S, Q).
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Step 4 Show that:

grmmHR"*m*l(f/g)U 1Q ~ gr?ﬁle_lv v1Q (7.22)

Remark 7.10. We have seen in Section [7.2.1] that X x Y < W as the intersection
Z =(x1+ 4+ x5s#0)NW and that the map f/g reads as the map v in Equation
on Z. Then write D = (1 +---+ 2, =0)NW, and, for all a € U let W, = v~(a),
D, =DnW,, Zo = ZNW,. By the triangle with (2,Q,A) = (W, Za, D,), to
prove the isomorphism in it is enough to show that

gV HY(D,, Q) =0

Once proven ([7.18), (7.19), (7.22]), Expectation (II) follows by applying in sequence the

four steps.
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Appendix A

Anticanonical del Pezzo surfaces

This Appendix contains the lists of anticanonical del Pezzo weighted surfaces constructed

in [JKO1] and [KP15].

Weights Degree
k> 0 integer: (2,2k+1, 2k+1, 4k+1)  8k+4
Sporadic: (1,1,1,1) 3
(1,1,1,2) 4
(1,1,2,3) 6
(1,2,3,5) 10
(1,3,5,7) 15
(1,3,5,8) 16
(2,3,5,9) 18
(3,3,5,5) 15
(3,5,7,11) 25
(3,5,7,14) 28
(3,5,11,18) 36
(5,14,17,21) 56
(5,19,27,31) 81
(5,19,27,50) 100
(7,11,27,37) 81
(7,11,27,44) 88
(9,15,17,20) 60
(9,15,23,23) 69
(11,29,39,49) 127
(11,49,69,128) 256
(13,23,35,57) 127
(13,35,81,128) 256

Table A.1: The Johnson-Kollar list.
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Weights Multidegree

k > 0 integer: (1,1, k41, k+1, 2k+1) (2k+2, 2k+2)
(1,2,2k+1,2k+1,4k+1) (4k+2, 4k+3)

(2,2k+1,2k+1, 4k+1, 6k+1) (6k+3, 8k+2)

Sporadic: (1,1,1,1,1) (2,2)
(1,2,2,3,3) (4,6)
(1,2,3,4,5) (6.8)
(1,3,3,5,5) (6,10)
(1,4,5,7,11) (12,15)

(1,4,7,10,13) (14,20)
(1,5,8,12,19) (20,24)
(1,5,9,13,17) (18,26)
(1,7,11,17,27) (28,34)
(1,7,12,17,23) (24,35)
(1,8,13,19,31) (32,39)
(1,9,15,23,23) (24,46)
(2,2,3,3,3) (6,6)
(2,3,4,5,5) (8,10)
(2,3,5,6,7) (10,12)
(3,3,5,5,7) (10,12)
(3,5,6.8,13) (16,18)
(3,5,7,9,11) (16,18)
(4,5,7,10,13) (18,20)
(5,7,10,14,23) (28,30)
(5,9,12,20,31) (36,40)
(5,14,17,21,37) (42,51)
(6,7,9,11,14) (18,28)
(6,8,9,11,13) (22,24)
(9,15,23,23,31) (46,54)
(9,15,23,23,37) (46,60)
(9,23,30,38,67) (76,90)
(10,17,25,34,43) (60,68)
(11,18,27,44,61) (72,88)
(11, 27,36,62,97) (108,124)
(11,29, 39,49,59) (88,98)

(11,29,39,49,67) (78,116)
(11,29,38,48,85) (96,114)
(13,22,55,76,97) (110,152)
(13,23,34,56,89) (102,112)
(13,23,35,47,57) (70,104)
(13,23,35,57,79) (92,114)
(14,19,25,32,45) (64,70)

Table A.2: The Kim-Park list.
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