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ABSTRACT

This thesis is concerned with the study and development of
integer programming techniques, that is techniques for the solution
of linear p;ogramming problems wholly or partly in integers, and the
applicability of these techniques in practice. Unfortunately, experi-
mentation on large scale integer programming problems derived from
real world situations has not proved feasible and computer experience
has been limited to a wlde range of test problems designed to exhibit
all the characteristics of real integer programmes. All integer pro-
gramming techniques of any real importance are believed to have been
considered.

The order of presentation of the chapters is such that techniques
belonging to a particular class, for example that of cutting plane
methods, whether existing or original, are discussed together and in
relation to each other.

Chapter I is historical and introductory, and sets the scene for
what is to follow. Chapter IT ('CUTTING PLANE METHODS), Chapter IV
(BRANCH AND BOUND METHODS) and Chapter VI (OTHER METHODS) are largely
expééitor&, the subject matter having been drawn from several sources
all of which are fully detailed in the bibliography. Chapter III (ON
EXTENSIONS TO CUTTING PLANE METHODS), Chapter V (EXTENSION OF BRANCH
AND BOUND METHOD) and Chapter VII (PRACTICE) are claimed to be original,
any dependence upon other work being clearly indicated. The techniques

described and developed in Chapters II to V have been coded in FORTRAN



(1istings are given in Appendix III) and the programs run on the ICT
Atlas I computer at the University of London. The test problems are
defined in Appendix I. Summarized results are presented and discussed
where appropriate throughout the text. Complete results are presented

in tabular form at the end of Chapter VII following a discussion of

our conclusions.
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REMARKS ON NOTATION

Before proceeding to the first chapter we consider it
helpful to present a brief description of the notation adopted
in the thesis.

N = {1,....,n}, denotes a set of n column indices.
P= {ao} + A, means that the set P consists of the element
a, together with all elements of A.

N1<: N means that Ny is a subset of N.

L A M and LM are, respectively, the intersection and the
union of the sets L and M.

denotes the mathematical integral part of & so that &£ =

l__'l

[ J* £ where 0 =£ <1; £ 1s called the fractional part of &
df=1-1f is the compliment of f.

If a, b and ¢ are integers then a = b modulo c means that

(a = b) is divisible by ¢. Furthermore, a = O modulo 1 implies

that a is an integer.

When we reier to a point - lattice £ we mean, in particular, the

points of intersection of the lines of the fundamental lattice L,

that is the lattice formed by parallels to given rectangular co-

ordinate axes at unit distances dividing the plane into unit squares.

A vector is lexicographically positive if its leading non-zero

element is positive.

A vector A is lexicographically greater than a vector B (written

2B) if the vector (A - B) is lexicographically positive.
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CHAPTER I

INTRODUGCTION.

1.1 General

Programming problems of a wide variety arise in quite diverse
areas of society, and new fields presenting such problems are being
discovered every year. This diversity is perhaps best illustrated
by the following three examples of categories in which programming
techniques have been applied. The-area of military application, the
area of pure and applied mathematics and the area of economics,
probably the major source for programming problems. Within each
area, these problems emerge as a result of examining a structure
representing a system of interrelated processes over which a par-
ticular objective is to be fulfilled. If the system and objective
are representable by a mathematical equivalent then the problem is
to select from the possible actions defined by the system that
schedule for which the desired objective is attained.

The formulation and solution of problems of this type are
embraced by the field of mathematical programming. If the formu-
lation consists of linear inequalities and equations and the objective
is measured by means of a linear function then the problem belongs to
the field of linear programming. The term linear programming is
frequently misunderstood since it is so often regarded solely as a
technique for solving inequality systems. It should be emphagized
that liﬁear programming is more than this. It is a concept, one

which ig firgt concerned with describing the interrelations of the
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components of a system whose structure can be mathematically
represented by linear inequalities and equations, called con-
straints. The central mathematical problem of linear programming
is one of maximizing or minimizing a linear function subject to
these constraints. In the last twenty years linear programming
has become one of the most widely used techniques in applied
mathematics. This rapid progress has been made‘possible by the
rate of development of high speed computers, which are essentisal .
to the practical use of linear programming. Both these fields,
linear programming and high speed computing, have been considerably
interdependent during their development.

Apart from the linear restrictions mentioned above, some
problems have the further requireméht that some or all of the
varlables used in defining the problem be integer valued. Some
classical problems in this area are the flight scheduling problem,
the fixed charge problem and the travelling salesman problem.
Furthermore, there exists a large class of difficult mathematical
problems which are reducible to problems of this type (see, for
example, Dantzig [9] ). The formulation and solution of a linear
programming problem in which some or all of the variables must take
integral values is called integer programming. Although strictly
in the realm of nonlinear programming, it is in fact regarded as an
extension of linear programming for reasons which will become apparent
later.

The following sections commence with a brief introduction to

some concepts and definitions of linear algebra. This is followed
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by Sections 1.3 and 1.4 which present the definitions and formu-
lations of the mathematical problems of linear and integer programming
respectively. Finally, Section 1.5 briefly discusses the aspect of

integer programming in practice.

1.2 Euclidean gpace, convex setg

Since the algebra of convex sets is fundamental to a proper
understanding of linear programming, we shall commence by recalling
a number of definitions and results which will be given without proof.
An m - vector P is an ordered set of m real numbers (al, as,
cssoy 8m), its components.
A set of r vectors P, Pp, .., Pn is linearly independent

if for all scalars xi,

i x3 P4 =0

i=1

implies x; = 0, i =1, =, «..., r. Otherwise it is linearly dependent.

i x; Py = Po,

i=1

If

then P, is linearly dependent on the system gPJ 2 3= L, teee, n}
and the set of m - vectors P, generated by the set of all possible n-
vectors X = (xl, X0y eeeny xn) is a vector space closed under the
operations of addition and multiplication by a scalar. The rank or
dimensionality of a vector space is the largest number of linearly
independent vectors in the space.

The set of all possible m - vectors P = (a), ap, «evs, ay),

structured by the matrix-wise operations of addition and scalar
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multiplication, is an m -~ dimensional euclidean space E™ such that
there exist m linearly independent vectors, but every set of n>m
vectors is linearly dependent.

A basis for E™ is any set, a minimum spanning set, of exactly
m linearly independent vectors and any other vector Q in E™ can be
represented uniquely as a linear combination of the vectors of a

m
given bagis, Q = > . x4 Py ; Q is degenerate if one or more x3 = O.

If R # 0 is any vector in the vector space, basis Py, Ppy eeeey Py, then
R= i yi Py
i=1

and if, say, y; # O a new adjacent basis for the space is R, P,
eeoey Pre

_ The rank of a matrix A = (P} Py .... P;) is the rank of the
vector space generated by its columns Py, Py, ..., Pp; it is the same
as the rank of its rows Ay, A5, ...., Ap. It is also then the maximum
number of independent equations in the consistent system A X = b.
If the rank of A is m and columng le, sz, cesey Iam, say, are in-

dependent then
det B = det (PJl PJ2 ij) £ 0

and xg = B 1y gives the values of the basic variables Xyj, +eeey Xyp
in a basic solution of 4X = b, all the (n - m) nonbasic variables
taking zero values.

A linear equation in E°, AX = by (44 # 0, real scalar bi) is called

a hyperplane; it divides E” into two half-spaces, say one open

B (43, by) ={% l A4%> by }
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and ona closed
B (Ag, by) ={x| IHEINT

A convex combination of points Xy, X5, «veey, X, is a point

n,
‘r X - iz=‘1 d‘ i Xi,
n
where the scalars O(i > 0 and iE= :1 X 4 =1.

A subset C of E® is convex if, and only if, for all pairs of

points X; and X5 in G,

X=°¢1X1 +'>(2X2 (ctl,ot2>0ando(1+012=1)
is also in C; any convex combination of any number of points in C
is then also in C.

Any point on the line segment joining two points in E? can be
expressed as a convex combination of the two points, and conversely.
Geometrically then a convex set is one which contains all the line
segments jolning any two points of the set. The convex set may be
bounded or unbounded in extent and may or may not include its
boundary. The set of points common to two or more convex sets is
itself convex. Hence a hyperplane, being the intersection of two
half-spaces, 1s convex. A convex polyhedron is the intersection
of a finite number of half-spaces. An extreme point or vertex of
a convex set C is a point X which cannot be expressed as a convex
combination of any other two distinct points in C. An edge of a
convex polyhedron is the line segment joining two extreme points
such that no point on the segment is a convex combination of two
other points of the set not on the segment; the relevant extreme

points are then adjacent or neighbours.
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A supporting hyperplane for the convex polyhedron C is one
through a vertex, an edge or a face such that all of C lies in
one closed half-gpace produced by the hyperplane.

The convex hull C(S) of a set of points S is the set of all
convex combinations of sets of points from S; it is the smallest
convex set containing S. If S consists of a finite number of
points, C(S) is a closed convex polyhedron spanned by these
points. It is a closed strictly bounded convex set with a finite
number of extreme points.

Given the point X in E", a ray is the convex set of points AX,
A20. A cone is a set of points S such that if X is in S, so is
every point on the ray of X; it is not necessarily convex. However,

if C is the set of all points

r
X= 33 Agx 5 A 20,
1=

then C is a convex polyhedral cone.

A real-valued function f(X) = f(x;, X5, +..., X,) defined on

an n - dimensional vector space is linear if for every vector

= + o =of + o
x o(l xl 0 xz, £(X) 1 f(Xl) : f(Xz)

for all n - vectors X;, X, and scalars Ay, Ay -

1.3 Linear Programming

It has already been mentioned that linear programming is
concerned, firstly, with deseribing the interrelations of the
components of a system whose structure can be mathematically

represented by linear inequalities and equations. It is con-
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cerned, secondly, with solving the system in non-negative
variables in such a way that a linear function, called the
objective function, attaing its 6ptimal value for this solution.
This thesls deals entirely with the second of these which we
refer to as the linear programming problem.
The general linear programming problem is to maximize or
minimize the linear function
851 ¥ Y850 Xp t eeeeeenctag X (L.1)

subject to the linear constraints

%aij X5 =8y ieM={1, ...., m}, (1.2)
N={1, ...., n},
and | x5 20, jEN, (1.3)

where all a4 have given numerical values and m < n.

A solution is any set of values of the variables Xy satisfying
(L.2) but not necessarily satisfying (1.3). A solution which
satisfies both (1.2) and (1.3) is called a feasible solution and
a feasible solution which contains not more than m variables at
positive level is a basic feasible solution. If the basic feasible
solution containg fewer than m variables with positive values then
it is called degenerate. An optimal feasible solution is one which
satisfies (1.2) and (1.3) and, at the same time, maximizes or mini-
mizes the linear function (1.1).

This formulation can be expressed in a variety of ways, a
common one being the following:

Maximize or minimize
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subject to
X Pyt xp Pt ceeevnns v x) Py =Py
and x>0
where A, = (ag7, «e+e+s 8gn) is a row vector, X = (X1, eeees, Xp)
and Pj = (a1, ..., apj) are column vectors.

The relationship between this algebralic problem and the
theory of convex sets, as outlined in the previous section, is
illustrated by the following results.

The set of all feasible solutions to the linear programming
problem is a convex set R. Unless it 1is void, when the linear
programming problem is infeasible, R is a convex polyhedron in
EP bounded by a finite set of hyperplanes and with a finite number
of extreme points. If the polyhedron is closed, R is the convex
hull of its extreme polnts, every feasible solution in R can be
expressed as a convex combination of the extreme point feasible
gsolutions and the linear programming problem has a solution with
a finite maximum (minimum) for the objective function. If the
polyhedron is open in gsome direction, R is not the convex hull of
its extreme points, the problem still has a solution but the
maximum (minimum) value of the objective function may be unbounded.

The objective function assumes its finite maximum (minimum) at
an extreme point of R. If it does so at more than one such point
i1t assumes the same value for every convex combination of those
polints.

If a set of r £ m linearly independent m — vectors Py, Py cuua,Py
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is such that

Pl x1+P2X2+ 0'00-0+Prxr—Po

and X5 2 0

then X = (X, evsey Xpy 0y 4eusy 0) is an extreme point
of R. X is an n - dimensional vector whose last (n - r) elements
are zero.
Conversely, if X is an extreme point of R, the r vectors Pj
agsoclated with the positive Xj form a linearly independent set;
at most m of the xj are positive and X is a basic feasible solution.
So X = (X}, X, +e++y Xp) is an extreme point of R if, and only
if, the x5 > 0 are the coefficients of the linearly independent

vectors Pj in 1:£:1 X3 Py = Pge

Every basic feasible solution thus corresponds to an extreme
point of R and associated with every extreme point of R is at least
one set of just m linearly independent vectors from the original set
By, Poy eoeoy Pn’

The search for the optimal feasible solution to the linear
programming problem can now be limited to the extreme points of R,
i.e. those feasible solutions generated by sets of linearly inde-

pendent vectors P There are, at most, nCm such sets. A directed

jo
search is achieved by the simplex method which seeks a sequence of
vertices at which the corresponding values of the objective function
are strictly non-decreasing (for a problem of maximization), until

the process can be continued no further and the optimum is reached

in a finite number of steps. The simplex method also shows whether
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the problem has no finite optimal solution or no feasible solution.
_ These bagic ideas are more fully described in any of the
texts [9], [20] and [32].

We find it conveﬁient to define the central mathematical

problem of linear programming as that of maximizing the linear

funection
Xo = &00 + Z aoj (_Xj) ’ N = il’ LR ] n} (1.4)
jJEN
subject to the linear constraints
and x; >0 , jEN, (1.6)

where all a4 j have given numerical value.

As before, an optimal feasible solution is one which satisfies
(1.5) and (1.6) and, at the same time, maximizes the linear function
(1.4).

We note here that this formulation of the problem can be trans-

formed by elementary operations into the form of (1.l), (1.2) and (1.3).

1.4 Integer Programming

The integer programming problem can be defined as the linear
programming problem (L.4), (1.5) and (1.6) with the added constraint
that some of the variables x5 must take integer values. Explicitly,

x; = Omodulol , je€K, (1.7)
where K defines an integer subspace of the continuous space. If K
contains all j, the problem is said to be a pure integer programming
problem while if K contains a subset of j it is a mixed integer pro-

gramming problem. We should note hers that if the inequality con-
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straints (1.5) contain rational but non-integral coefficients aj;
then the slack variables introduced to form a starting basis

(xh+1""'9 xn+m) would not be restricted to integer values. How-

ever, this is simply remedied, and the previous definition of a
pure integer programming problem satisfied, by multiplying each
inequality by the least common multiple of the denominators of the
coefficients before adding the slack variables.

This is an appropriate point to emphasize that, in the following,
the term feasible solution refers to a solution which is a true feasible
solution i.e. one which satisfies all the given restrictions. If any
solution is non-negative but violates some integrality constraints
then we refer to such a solution as a continuous feasible solution.

In comparison with the linear programming problem the solution
of the integer programming problem is difficult, a major factor being
the discrete non-convex nature of the integer space which inhibits
complete solution by the simplex type methods of linear programming.
If there were some process whereby we could construct the convex hull
of the feasible space from the given information (1.5), (1.6) and (1.7)
then, clearly, the simplex method of linear programming would produce
the feasible optimum in the manner already mentioned. Unfortunately,
such a general prccess has not proved capable of development as yet,
although one approach to the solution of the integer programming
problem does produce an approximation to the convex hull in the
neighbourhood of the optimal vertex.

Frequently, in practice, the integrality requirement is initially



ignored and the solution of the continuous problem then defined

is rounded to the nearest integer solution satisfying the con-
straints. When the solution variables are large enough for the
rounding to have negligible effect, this would be valid, but such

a situation cannot-be taken as general so other solution techniques
are necessary. Although strictly nonlinear, the integer programming
problems have been handled in such a way that the process of their
solution is treated as an extension of the linear programming problem.
In fact, apart from the approximate method, the solution techniques to
be described in the following chapters consist of solving a series of
linear programming problems. The major procedure used for progressing
to the feasible optimum is the dual simplex method and it would seem
appropriate to present a brief description of it at this stage.

The linear programming problem (1.4), (1.5) and (1.6) can be
conveniently displayed in tableau form but since we have elected to
give all variables, including slack variables, row representation in
the natural order of their indices some minor modifications are
necessary. Firstly, by changing the range of the index i in (1.5)
from (1, m) to (n+ 1, n + m) and by the addition of slack variables

X > O we transform these inequality constraints into the equations
n
J;l alj Xj + xi = 84499 i

n + 1,00.0’ n + m.

This can be written in the form

Xi =ai°+ .Z aij (—x‘.]) ’i=n+lgoooo,n+mo

By adding to this and to (1.1) the trivial set

Xj = -1 ('-Xj) 3 jzl,oanb’ n,

21
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we can represent the total gsystem by

n
Xi =aio+ jZl aij (-xj) Y i=0’l, o-oo,n.‘.m,
where a3y = -8 ij (Sij =1if i = 3’815 = 0 otherwise) if 1€ N =

{1,,0,., n}. This total system can now be digplayed in the tablean

form
1 "Xl -X2 sven ‘xn
Xo 800 80l 802 secs 8pn
XI 0 —1 0 o0 o 0
X2 0 0 -1 eesscse o
. | (1.8)
Xn o o 0 -1

n+l | 2n*l,0 8n+l,1 8n+l,2 +ees 8n#lp

\’
*n*m | 2n*m,0 2n*tm,l 8htm,2 <+-°- 8ntm,n ,

which, due to the inclusion of the trivial rows xj = -1(-xj), jen,
is the explicit form of the Tucker diagram. Here Kp#lseeees Xpip
are basic and Xjyooevy X DNOnbasic variables; x, represents the
objective function but can_convegiently be regarded as another basic
variable.

A simple change of basis thﬁough which a current bagic variable
becomes basic in its place is effected by a pivot operation (Gaussian
transformation). This pivot openation, which is dependent upon a
pivot element selected by certain rules, transforms tableau (1.8)
into another of the same form with the row labels of the variables

being maintained while the column label of one nonbasiec variable 1s
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changed. This change of tableau is frequently referred to as the
updating of the tableau. In the following, the unprimed letters
denote the elements of the current tableau while the primed letters
denote the elements of the updated tableau. Let ajjs 1 =0, 1; seeey
nt*m; j€ N, be any element of the current tableau and take ap) as
the pivot. The pivot operation which interchanges the roles of the
variable xp, assumed basic, and the k-th non-basic variable is de-
fined by the transformation formulae

- 3k

'

8,5 = 0 s J# Kk,

:_1 ’j:.'k
a.
and aii =—gi§ s 1 # r.

As stated earlier, the row labels of the basic variables in (1.8) are

unaltered but the column label =Xy becomes ~Xpo

The dual simplex algorithm, which effects a solution of the primal
problem by solving the dual problem in terms of the primal tableau,
requires a starting system which is dual feasible i.e. aoj>’ 0, j€ N.
Through a series of pivot operations it generates a sequence of
tableaux each with the property a5 > 0, J € Ny, until one with the
additional property a; > 0, 1 € I = {1,,.9., n+ ul}is reached. This
is the optimal tableau and the optimal solution to the linear pro-
gramming problem is (agy, a1gsevess anfm,o)’ the first column of
the tableau.

In any non-optimal tableau there will exist at least one row,



r> 0, with a,y, < 0 and basic variable x,. Two situations are now
possible, either apy > 0, j€ N, in which case there is no solution
due to the noncompatability of the constraints, or some a, < O for
at least one k € N. In the latter case we choose the k-th nonbasic

variable to enter the basis in place of x, by the criterion

.a_o.l.{. = min a_al
8rk aril |, (1.9)
apy < 0

JEN
which simultaneously defines the pivot anx. A number of different
rules for resolving the situations whenever k is not unique are
discussed in later chapters. It suffices to say here that a unique
choice is always attainable.

The convergence proof for one major method for the solution of
integer programming problems requires that the system (1.8) be dual
feasible in the lexicographic sense, i.e. 1 - dual feasible. Such a
restriction requires not only that a°j2> 0 but that the column vectors
associated with the nonbasic variables be lexicographically non-
negative, a vector being lexicographically non-negative if its first
non-zero component ig positive. If a system is not 1 - dual feasible
it can be made so in a number of ways.

Restating the integer programming problem ag the maximization

of the function

Xo = 850 * :E:: 205 (~t3) (1.10)
jen

subject to

xi =aio + : :aij (-tj) ) iEI={1,oon,n+?1}

I
jeN .11)
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whera aij =-81:j

x3 2 0 , jeI (1.12)
and X; = Omodulol, j€ KeI, (1.13)
the nonbasic variables x5 have been replaced by tj.
In the above formulation, if K is the entire set I then the problem
is a pure integer problem. It is an all integer integer problem
if, in addition, the ajj are all integral. If K is a proper subset
of I then the problem is a mixed integer problem. Clearly, if K is
empty then we have an ordinary linear programming problem.

The methods capable of effectively solving such problems can
be clagsified primarily into four groups. These are cutting plane
methods; branch and bound methods, primal methods and partial enu-
meration methods. Other methods do exist, particularly for problems
exhibiting special structures, but we deal with the four groups
mentioned, concentrating on the first two of these.

Chapters II and III are confined to presenting and discussing
cutting plane methods. Chapter II is devoted to the mathematically
gsophisticated approach of Gomory [}5], [16] and [17]. Early work in
this field was done by Dantzig [10] and Markowitz and Manne [28 ]but
Gomory [15] provided; in 1958, the first method of solution of general
integer programmes which guaranteed convergence to an optimum in a
finite number of steps. With the exception of the All Integer Integer
Method, the cutting plane techniques initially ignore the integrality
requirement, i.e. K is assumed empty, and determine the continuous

optimum of the ordinary linear programming problem. K is then
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restored and the iterative process of the integer phase commenced.
An integer phage iteration consists of generating a constraint,
which is violated by the current continuous solution but not by
any feasible solution, and applying the dual simplex algorithm
to the current tableau augmented by this constraint until a; 2 O,
i € I. The process terminates when a feasible solution is attained.
Chapter III is confined to modifications of two of the methods
presented in Chapter II.

Branch and bound methods are presented in Chapters IV and V.
Ag with the cutting plane methods, the earlier chapter discusses
exigting techniques while the latter presents and discuss?s an
extension of one of these. Basically the branch and bound idea
is very simple. Given a problem containing bounded discrete vari-
ables, a set of subproblems is generated in which upper and lower
bounds are imposed on the values of the integer variables. These
are solved and their solutions compared to determine the optimal
golution. If the search among the subproblems could be directed
so as to produce the optimal solution quickly then the number of
subproblems generated would be considerably decreased due to the
fact that some subproblem generator will have an objective funetion
value which is exceeded by the currently held best value. The
results of early work in this direction were presented by Land and
Doig [26]0 Although successful in hand computations its implemen-
taticn on a computer would be difficult. Due to this, other methods,
bagically of similar idea, have been developed by Dakin [8 ]and Beale

and Small [ 5 ]
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Methods which have not been investigated in detail are those
under the headings of primal methods and partial enumeration methods.
These methods, with which we have had no computational experience but
which, we feel, should be presented in order to complete the previously
defined four theoretical groups, are confined to discussion in Chapter

VID

Finally, Chapter VII is concerned with practical experience and
presents and discusses the codes used, their variants, the sample of
problems and their solutions by particular codes. Chapter VII con-
cludes with a detailed set of tables. The first defines the structures
of the problems in the sample and the remainder give details of results

produced by the application of the codes to this sample.

1.5 Integer Programming in Practice
Before proceeding to the next chapter it might be well at this

point to give a brief discussion of integer programming in practice.

As was mentioned earlier, it is often a valid exercise in practice
to round the golution of the probleﬁ in which integrality restrictions
have been ignored to the nearest integer solution satisfying the con-
gtraints. The validity of this exercise of course being dependent
upon the integer variables having sufficiently large values for the
rounding to have negligible effect. However, many integer programming
problems do not satisfy this situation and these are probably the most
interesting. Dantzig [ll:]presents a comprehensive survey of many
practical problems formulated as integer programming problems. Of

course, it gometimes happens that the solution to the linear programming
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problem (1.4), (1.5) and (1.6) also satisfies (1.7) and, in fact,
for some classes of problems this is always true. For example, the
transportation problem with integer valued demand and supply elements
belongs to one guch class. In problems of this class the constraint
matrices possess a special structure in which all subdeterminants
have the value 0, + 1 or -1. This leads to the pivot element of a
simplex algorithm pivot operation having the valueil so that the
elements of the constraints matrix remain integral throughout the
pivot operations. Geometrically, the convex region associated with
such a constraint matrix has its vertices at lattice points. Some
problems when formulated as integer programming problems, although
mathematically correct, present computational difficulties due to
the large numbers of constraints and variables required to define
the problem. This appears to be the case for some scheduling
problems. Wiest [38], for example, has found that a project with

55 jobs in 4 shops with a time span of 30 days has some 5275 equa-
tions and 1650 variables (excluding slack variables and the
additlional equations and variables necessary to assure an integral
solution), Experience of this sort has discouraged many from
applying integer programming techniques.

The methods which we describe in the succeeding chapters by
no means exhaust the possible techniques for solving practical
problems. Commercial airlines have reported success with various
techniques applied to aircraft and crew scheduling problems. For
example, the rounding process, mentioned above, has been success-

fully used by United Airlines in solving problems of more than 100
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constraints and 2,000 variables. The Hungarian method and an
algorithm based on Monte Carlo methods have been succegsfully
employed by Air France and Swigsair regpectively. However, the
methods considered in this project are probably the most widely
used and important ones that presently exist.

Our practice has been concerned primarily with the appli-
cation of two classes of methods to a sample of thirty test
problems drawn from various sources. The data sample does not
contain any problem which could be considered large but does
contain many which have proved difficult for at least one member
of one class of methods. Although a number of the codes produced
for executing the methods to be described have been written to
cater for mixed integer problems they have, due to circumstances
regarding data availability, been applied to pure problems. For
test purposes during their development they were, of courge, applied
to mixed problems but the results are not included in the discussion
on the experiments in Chapter VII for reasons which will be apparent

there.
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CHAPTER II

CUTTING PLANE METHODS.

Early work in integer programming was done by Dantzig [10]
and Markowitz and Manne [28]. However, the first method which
was capable of producing solutions to general linear programming
problems in integers, and further which was proved to be finite,
was due to Gomory [15] in 1958.

Given that max(x,)is the optimal value of a linear functional
Xo defined over a convex region C, enclosing a feasible point
lattice K, and that this optimum occurs at a vertex V of C, the
approach common to all the methods to be described in this chapter
consists of ;dding linear inequality constraints to the system so
that non-integral extreme points of C in the neighbourhood of V
are excluded but the set of extreme points of the convex hull C(K),
of admissible solutions is always in the new convex. The bounding
hyperplane of an added inequality constraint is called a cutting
plane. This is, in fact, the idea that was applied by Markowitz
and Manne; for example, to specific problems but their generation
of the cutting planés was unsystematic. The Gomory approach gene-
rates the added constraints systematically and is consequehtiy most
satisfactory from the point of view of computer implementation.

The original algorithm of Gomory (The Method of Integer Forms)
is applicable to pure integer problems but the same basic ideas
have been used by him to develop an algorithm [17] for mixed integer

problems. A further algorithm [16] for the solution of pure integer
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problems haa been developed. Called the All Integer Integer
Algorithm, it requires all the elements of the original matrix

to be integers and this property is maintained throughout the
calculation. This clearly avoids any problems associated with
rounding. These methods are described in the following sections.
Associated with each method are three sections the first of which
describes the method, the second presents poasible variations
within the method and the third discussea our practical experience
with the method concerned.

Gomory's proofs of finiteneas for the algorithms, which are
dependent upon both a particular rule for selecting a variable
from which to produce a cutting plane and lexicography, are not
given but in Section 2.8 we discuss the conditions necessary for

the proofs to be wvalid.

2.1 The All Integer Integer Method

The All Integer Integer Method requires the initial tableau to
satlsfy certain conditions: it must be all integer and lexicographically
dual feasible., The problem as defined by (1.10), (1.11), (1.12) and
(1.13) thus has the added restrictions

(1) a;4 = Omodulo 1, 1 €fo}+ 1, jeio}+m,
(i1) the subset K fs the entire set I,
and (iii) the columns PJ, je N, are lexicographically positive

Or zZeroc,

ice'. P ? 0’ JE N’

J
where Pj is the column vector of elements aij, ie {‘0 }+ I.
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This third restriction signifies that the leading non-zero element

of Pj must be positive.

If aioa 0, 1€TI, then the problem is already solved with the
solution vector given by (aggsa1gs e+e+s ntm,o). Otherwise, at
least one a3,< 0, i€ 1.

The technique is to introduce a sucesession of new variables into
the solution in such a way that we move towards the optimum while
preserving the integral characteristics of the tableau. This 1is done
by determining a seriss of cutting planes, sach.defined in terms of
the current nonbasic variables and a new slack vector. Since the
dual simplex method is used to changs solutions, ths introduction
of the new slack vector into the basis with a pivot element of -1
preservea the Ilnteger tableau and moves the solution point closer
to the optimum. A finite number of applications of new constraints
leads to the optimum.

Congider an squation from the subset defining the basic variables,

say,
Xi = aio + ail(—tl) + CRCC R N + ain(—tn)o (2-;1)

Dividing through by A>0 and rearranging, we obtain

aj) 8in ; = &io
;];'Xi".—x‘-tl* oo.ue.+__-tn A * (202)
Let aij=[a_i-_i],\ + £33, je o} +w,
, P
1 = [L])\ + £,
A
where OSfij< A, 0 SF<A,

then (2.2) may be written as

(1o n v ul] » Sy =[]0 50 o
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Any non-negative integer values for xj and tj which satisfy (2.1)

will also satisfy (2.3) so we have that

AN fijy, = fio pmodulo 1l (2.4)
/\Xi ngN A j /\ 9

in which the left hand side is clearly non-negative. Then it

o

JeN

follows that

tj?%-o', (2.5)

e

and so from (2.3)

[,l‘{]xi * 52_1:1 [a',%i]tjs[i;\l'g] - (2.9

into which we can introduce a non-negative slack integer variabls

]Xi+'§‘[3%i]tj+s =[%9_] _
or N s=[iixq]+.; [/\ -t)+[}§](x), (2.7)

which is the new variable introduced by Gomory.

8 to give

—
>

When A= 1, equation (2.7) becomes

s =[ag) * J% [ai,]] (-t5) ==

or, using (2.1),

s =-fi, ";;ﬁ

which is an equation %o he discussed in succeeding sections.

P')

ij (-tj) _ (2-7&)

Consider the cass A>1, which removes the variable x; from

(2.7) to give
s =[4e] Z[al ] (). (2.2)
For any A >1 equaﬁion (2.8) represents a constraint which must be
satisfied by any integer solution to the original linear programming
problem,-so that, after suitable sslection of A, (2.8) can be adjoined

to the system as a possible pivot row.
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By definition; aj, <0 so we must seek a pivot element from
among [5%1 ] with a3 <0. The restriction that must be satisfied
" by the pivot row 1s that it must contain a pivot element of -1.
Clearly, for sufficiently large A, all [:%i], a35 <0, in (2.8)
become -1 and the plvot can only be -1. Thus it would be

sufficient to take any A satisfying
A > max ( -'aij) .
JeN
Such a value of A is not, however, adopted. Suppose a pivot column
k 1is selected so that [Ei§] = -1 in (2.8). Then the new value of
the objective function is
| Xo = 850 t 80k [ %%g]
so that its value decreases. We also observe that the smaller we
take A the greater the decrease in the value of the objective function.
In the dual simplex method one moves outside the convex region and %o
decreases in order to attain its maximum. The rate of convergence is
therefore related to the rate of decrease of the value ay,. This
would imply that an appropriate requirement for choosing A is that
i1t should be as small as possible subject to the condition that i%
gtill produces a pivot element of -1. Gomory, in fact, shows that,
to produce as large a change as possible in the constants column, A
should be chosen as small as possible but he also points out that
such a choice does not necessarily producs a cut superior to its
generating constraint.
We now turn to the determination of A. Suppose that (2.8)

represents the pivo: row and suppose that R is the set of indices



j such that i3 < 0. Since the lexicographical dual simplex method

js~used for transforming tableaux the pivot column kK is defined by

1 ) P S

—[alk] P-K - ].J-e- gln{—[?_ii] Pj} y (2a9)
A A

where 1 -min dendtes lexicographical minimum.

A necessary condition for the pivot to be[?§5] , and equal
to -1, is then
I )
- P )2 P, - (2.10)
[
A
Let hj be the largest integer for which (1/hj) P; > Py

Then for Py to be the pivot column we must have
_ai]<
(3]

which implies

aj ’
A > - _h:'li . (2.11)
Now this must be satisfied for all Pj, j& R, so we have
)\min = max (- iﬁi ) . (2.12)
jeR J

That condition (2.11) is sufficient is easily seen becauss
such a choice of A leads to the selection of Py as pivot column
and for Px we have hy =1 so

)‘min = - 81k

3% _
— = ~1.
[ ’\min] .

To summarize, we describe in detail the steps necessary to

and this implies that

progress from the stage of being given a row with aj, < 0 and

ajj <0 for at least one jE€ N.
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(1) Select a column k such that aj <O and agy = ?2?Ra°j°
If k is not unique, suppose it defines a set Ry< R then

choose ajy = min a74. If again k is not unique continue
jeRry ‘
this process until a_, = min a_. does resolve the choice
sk . sj
je RS
of k.

This step is equivalent to (2.9).

(11) The next step is to choose the largest integer hj

satlsfying
£ Py 2 P (2.13)
J
If agx # O then
h = [ &1 ]
J 8ok

unless g4 = 0 modulo &,y and Pj-< thk in vhich case

. hj = [aﬁi] "1.
20k
-If Pj and Py begin with an unequal number of zeros then
hj may be arbitrarily large.
If Pj and Py each have p zeros then hj is given by the
above relations with 83 and agk replaced by apj and 8pk-
(111) Apply (2.12) to determine A ;.-

This method eliminates rounding problems and is straightforward

in application.

2.2 Selection of Generator Congtraint

The method as described in the previous section is susceptible %o
a number of variations. As already stated, the A as defined does not
necessarily produce the strongest cutting plane and it may therefore be

possible to improve the choice of A. This investigation is discussed



37

in the next chapter. When seeking a constraint from which to
construct a new constraint there are, in general, a number of
candidates satisfying the conditions outlined in the previous
section. To satlsfy Gomory's finiteness proof the choice is
strictly defined but, as he himself has suggested, the non-
existence of finiteness proofs for other algorithms need not
preclude them from practical consideration and it appears
reasonable to consider other selection criteria.

We have, in fact, applied four different rules for sslecting
the generating row to a sample set of problems and these are de-
fined below.

Firstly, however, we should mention that for this particular
algorithm, both in its standard form as presented above and in
its extended form to be described in the next chapter, in the
initilal tableau we interchanged the unit rows and the constraint
rows. Thls was done to simplify the situation regarding lexico-
graphical positivity in our particular maximization problems.

With this in mind our variations on generator selection
were ag follows.

(1) Select the first row from the top of the tableau
satisfying ay;, <0, 1 #0,

(11) Select cyclically within the group of candidates.
That is, on the first iteration select the first of the
group satisfying a3,<0; on the second iteration select

the second of the group satisfying a;,<0; and so on.
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For example, if at the k~th iteration there are p rows

with a3 <0, 1 # 0, then select the k-th modulo p, such
that O0<kg p, as generator.
(ii1) Select a row which produces the lexicographically largest
pivot column.
(iv) Select, from the group satisfying ajo<0, i # 0, the row
containing the least number of negative slements.
Befors discussing our experience with these variants we make soms
brisef remarks concerning them.

Only the first variant satisfieg Gomory's condition for finite-
ness. The second is quite different from the cyclic sslection
defined by Gomory. Since an integral multiple of the pivot column
is added to the constants column in a pivot operation then clearly
the third variant is an attempt at changing the constants column
by as much as possible. Such a gelection is suggested by Gomory.
The lagt choice above attempts to avold, or at least limit, de-
generacy, a condition which occurs frequently in integer programming

problems.

2.3 Application to Problem Sampis

We have applied our ccdes for this algorithm to 13 problems.
A complete table of results is presented later but we give in Table

2.1 summary performance figures for the four variants defined above.



MN3ESRCF ITIRATIONS.
VARI- | OONST- | VARIANT | VARIANT| VARIANT| VARIANT

PROSLEM | ABLES | RAINTS (1) (i1) (iii) (iv)
11 7 7 S 38 ) i0
12 7 7 15 24, 15 13

13 4 3 8 5 9 5
14 15 15 28 &4, 23 23

15 2 < 18 13 10 10
16 3 1 3 23 22 22 21
17 2 2 13 13 12 13
18 3 3 > CCC 7 >70CC 19

19 3
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[0 ]

20 2 1CC 100 iCo icc
2l 2 2 234 R34 235 234
22 2 2 288 283 228 268
23 8 8 >2000 >2C00 >206C 119

TABLE 2.1 Psrformance of Ifour variants of the A1l Initsger Intcger

ne nobeuworthy Teature is tha Aif 3 srta soriante havs
CGne noteworthy festure tha difficulty certain voarianie hae
had in dealing with very smell problems, ir paviiculazr problems 12
& 19, srall, ve-iar i anpear he most succaszful, helng the
19. Ovsrall, v nt (iv) avpeared the most succsssful, hsing the
only one o =¢lve all problema., Horsovar, on n2 oproblem Aid it Aia-
play the worst psrformanas znd i had the bast verformanca on 84% of
the problems. There uppears little to choose betwesn veriants (i)

and (1ii), the only signifiecant differance in performance being

concerned with problem 15. Variant (ii) behaved less well than

39
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the others in a few problems but did, in fact, prove to be
remarkably succegsful on problem 18, which was unsolved by

variants (1) and (iii).

2.4 Pure Integer Method
This was the first cutting plane method developed by

Gomory and has probably stimulated much of the research on
integer programming undertaken since 1958. It is applicable
to problems in which all the variables are required to be in-
tegral, but unlike the algorithm just described it is not
necessary for the coefficients ajj to be integral.

To gtart the description of the method we need only assume
that the system is dusl and primal continuous feasible, that is

805> 0, JEN and ajo > 0, 1€I. If the system is also primal
feasible, that 1ls, by our definition, aj, = O modulo 1 as well
as ajo> 0, 1€ I, then the tableau is optimal and there is

néthing further to consider. Suppose some infeasible row is
defined by

X, = aj 0t %} aij(-—tj).
Ag in the previous section, any feasible solution to the linear
programming problem (1.10), (1.11), (1.12) and (1.13) must

satisfy the constraint represented by (2.7a), namely
8 = -fy, - z , £q4(=ts) (2.14)
S T T

where aij= [éij]+ fij’ 0 <5fij<<l and s is a non-negative
integer slack varlable. Clearly, the continuous optimal solution

of the original problem excluding the integer restriction (1.13)
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does not satisfy the constraint represented by (2.14) since tj =0,
JEN for this solution. Thus if we add such a constraint to the
problem constraints, the new set of feasible solutions will be
smaller than the set of solutions to the continuous problem but
will still contain all feasible solutions to the integer problem.
The constraint represented by (2.14) is the original cutting plane
introduced by Gomory.

The objective function value X4, is unrestricted in sign and
so it does not necessarily satisfy (2.5) and (2.6). Consequently,
the objective function is not used as a possible generator in the
All Integer Integer Method. However, in the method now considered
(when A =1, £ = 0 and (2.5) containsg no term in x3), if we assume
that the aojin the original problem are integer wvalued, so that
the optimal x, is also required to be integral, then the objective
function may also be considered as a cut generator.

The computational details of the algorithm are described in
Chapter VII but briefly the procedure computes, by the simplex
method, the optimal solution of the linear programming problem
when the integrality restrictions are ignored. Then the problem
tableau is augmented by a new equation (2.14) and the resulting
infeasible system solved by the dual simplex method. This procéss
of adding a constraint and solving a new linear programming problem
is continued until a feasible solution is reached or until an in-
feasible problem is produced. Whenever a slack variable s re-enters

the basis and assumes.a non-negative value, the corresponding basic
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solutioﬁ is associated with a vertex which is inside the half-

space defined'by the appropriate s constraint and so this constraint

may then be suppressed.

2.5 Yariants of Generator Selection
As was the case with the previous method this method too is
capable of variation, particularly in the process of selacting one
row from which to derive a new cutting plane. We tried the
following four variants.
From rows i, ie.{ 0} + N, select
(1) the row r such that

£ = ™0 £, (provided apys J € {O} * N, not all integral)

where the column k is given by

8., =min a_. ’
ok seN o]

(i1) the first row with ay, # O modulo 1,
(1i1) the rov with the largest fy ,’
(iv) the row with the smallest — f,,.

Table 2.2 illustrates two sets of performance figures which are

typical.

NUMBER COF ITERATIONS.

PROBLEM | VARIANT (i) | VARIANT (ii) | VARIANT (jii) VARIANT (iv)
1 | > 10 > 104 26 84,
2 > 104 > 104 16 95

TABLE 2.2 Performance of Pure Integer Code.
Results of this sort would appear to favour variant (iii).
However, auch a decision would not be satisfactory because the

figures associated with the first two variants are not meaningful.
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During the application of the dual simplex method the effect of
dual degeneracy, a frequently encountered state in integer pro-
gramming, is noticed when seeking a pivot column, for then a
number of columns will satisfy the plvot column criterion. The
figures in the above table were produced by a code which always
selected the first of the eligible columns. This led to eyeling,
a situation in which the same sequence of bases is repeated in-
definitely. Variant (i) applied to problem 1, for example, caused
the solution process to commence cycling, with cycle length 8, at
the first iteration in the integer phase. In an attempt to devise
a process which would avoid cycling we defined three other rules
for selecting a pivot column from among tying columns. These and
the first rule used are now defined.
(1) Select the first of the tying columns.
(11) If the number of tying columns is b at the k-th event of
a tle select the k=th modulo b such that 0 <k < b. That
is, on the first event of a tie select the first, on the
gecond event of a tle select the second and so on.
(1ii) Select randomly from among the tying columns.
(1v) 1If one of the tying columns is k and t) is a variable of

the original system, select it; otherwise select at random.

2.6 Experience With Method

The performance figures for the combined row and column variants
applied to the previous two problems are displayed in Table 2.3. The
figures are representative of the complete solution set from which we

chose our combination of generator and column selection rules. The



results indicated that the random column selestion rule would
probably be tha mest satisfactory and further, that row varianis
(1) and (i1ii) were probably the best with no preference for either.

To our sample of 30 test problems we applied the

VARIANT NUM3ER OF ITERATIONS
ROW__[ COLUMN [ PROSLEM 1. | FROSLEN 2.
(1) (1) > 104 > 104
(1) (i1) 7, 25
6i) (114) 25 18
(1) (iv) 69 64,
(11) | (1) > 104 > 104
(11) | (1) | > 104 49
(11) | (ii1) 57 26
(i1) (iv) > 104 93
(111) | (1) 26 16
(111) | (i1) 39 12
(11i) | (1ii) 18 14
(111) | (iv) 36 17
(iv) | (%) 8 95
(iv) (i1) 60 > 104
(iv) (ii1) 50 > 104
(iv) (iv) | > 104 99

TABLE 2.3 Perfermance using combined variants.
row and column selection combinations ((i), (iii)) and ((iii), (ii1)).
As we remavked abeve, dual degensracy is a commor phenomenon in

integsr programming and the majority of problemes in our zample are no
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exception. For this reason, it was considered worthwhile to

experiment with yet another variation. In some cases when the
objective function is chosen as the constraint from which to
derive a cutting plane it may generate a plane parallel to
itself, so that the succeeding tableau will clearly be dual
degenerate. In an attempt to avoiq dual degeneracy we excluded
the objective function from the search for a generator. The
entire set of results obtained from the experiments is presented
and discussed in detail in Chapter VII but a summary of per-

formance is given in Table 2.4.

NUMBER OF ITERATIONS
PROBLEM OBJECTIVE INCLUDED OBJECTIVE EXCLUDED
(1) * (343)1(id3) + (43)] (i) + (33i) | (§3i) + (33i) |
1 25 18 21 23
2 18 19 25 19
3 43 21 43 31
4 13 8 14 47
5 1431 855 73 455
6 80 559 116 753
7 > 2004 1862 643 1566
8 89 > 2004 514 877
9 558 1922 819 > 2006
10 8 7 14 10
11 9 9 14 10
12 25 21 30 35

TABLE 2.4 Performance of pure integer code using selected variants.



NUMBER OF ITERATIONS
PROBLEM OBJECTIVE INCLUDED OBJECTIVE EXCLUDED
(1) + (333)[(433) + (434)§ (3) + (434) | (4if) + (333)

13 17 ' 30 21 93
14 41 251 50 100
15 37 > 2002 48 > 2002
16 30 59 36 266
17 13 7 25 17
18 15 9 27 15
19 55 > 2003 454 > 2003
20 200 200 1595 821
21 305 324 1597 762
22 298 308 1673 :762
23 46 73 34 73
24 10 7 9 10
25 5 5 7 7
26 g g 8 g
27 4 4 4 4
28 4 4 5 5
29 12 10 12 10
30 9 8 10 8

TABLE 2.4 (continued)

The only combination of variants which succeeded in solving all

thirty problems was that which

(a) did not allow the objective function to be a generator,

(b) chose as generator the row r such that £, = m%ﬂ £i,0 1€,
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where the column k is given by a,, = m%n 8pjr JEN,
and (¢) chose randomly from among tying columns in the event of two

or more columns qqalifying as pivet column.
However, apart from the fact that it did not fail on any problem,
this combination gave, in general, a performance inferior to that
obtained by using the corresponding generator and column rules but
including the functional row as a possible generator. Its behaviour
was no better in 25§of the 30 problems. In 10 of these the be-
haviour was much worse, the iteration count for two of them being
increased by as much as a factor of 8. A fairly.similar behaviour
is displayed by the pairs of columns representing the variant which
selects the generator by the max f, rule. This appears to indicate
that by not allowing the objective function to generate a cutting
constraint our aim of improving the performance by avoiding obvious
cagses of degeneracy was not attained. Finally, based on the evidence
of Table 2.4 there appears little to choose between either of the

generator selection variants used.

2.7 Mixed Integer Programming

When only a subset of the variables in the integer programming
problem is required to be integral the problem is one in mixed integer
programming. It is sometimes possible to transform a mixed integer
problem into a pure integer problem. For example, if the constraints
were initially givert in the form of inequalities with rational co-
efficients and integer structural variables<and if the ajq were non-

integral then the slack variables introduced would also be non-integral.



Howaver, if each inequaliiy cunshraint ls multiplied by the least
common multiple of the dencminatiors of the rational coefficients
and the constant term before the addition of the slack variables,
a system of constraints in intsger variables and with intzger co-
efficients is chtained. If necessary the objective Tunction may
be similarly trensformed and the problem becomes one in pure
integers.
Mixed integer programming is not a special case of pura
integer programming but does use the same principle as that used
in the pure integer method described in Section 2.4. As bhefore,
if the solution to a linear programming problem is infeasible over
the integer subsrpace then a cut which excludes the infeasibls
gsolution but no feasible solution is added to the system. The
difference between the solution processes for the pure and the
mixed problems arises from the way in which the cuts are determined.
Again let the problem be defined by (1.10), (1.11), (1.12) ard
(1.13) but vith K 1 proper suhset of I. Suppose that the tableau
is primal dual continuous feasible but integer infeasible, that is,

agj2 0, JE N, a552 0, 1 € I but ajo #Z 0 modulo 1 for some i€ K,

Consider
5 = ajo * ;Z;; ajj (-ty3) ,

which represents an appropriate tableau row
Representing the coefficient a3, by 1ts integral and fractional

parts separately we can write this as

48

x; - [aio] = f3, * Zaij (-t3), (2.15)

jeN
and for any feasible solution tc the original problem
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fio * ;é; a3 3 (-tj) = 0 modulo 1. (2.18)
Let N* be ths subset of N for which aj;2 O and N= the subset

of N for which ajj < 0. Then

Z_ azy b5 * Z ajj t5 - f10 = O modulo 1. (2.17)
JEN jEN+

We must now consider the two cases in which % a3 j tj is either
non-negative or negative.

Considering non-negativity first, since 0 Lfj, <1 then it

follows from (2.16) that

Z agj $3 2 fio

e
or, by (2.17) and the definition of N and N+, that

z aij tjzfio' B (2.18)

Now consider the case when % ajj tj5<0. From (2.16)
J
E aij tjsfio -1,
jed
or, for any feasible solution

aij ‘l'—J + z aij tj < fio -~1l.

jen+ jen-
Since j§“ ajij tj 2 0, it follows that
Z agj 3¢ fio -1, (2.19)
jeN-
and so multiplying throughout by fio/ (£30 -1),
. :
E 1-fi° | aij' t§>fio-. (2.20)
Jen-

Combining (2.18) and (2.20), for each case, any feagible solution

must satisfy

fio
ajj ty * z Iaijl 52 fio (2.21)
Je i+ J 1

since the left hand sides of both (2.18) «nd (2.20) are positive




and at leagst one must be greater than or equal to ;.
The relationship (2.21) could be used as a cut. Introducing

a non-negative slack varisble g we obtain

f
§ = ~1f3,~- Z aij(-tj) ’Z_T:% aijl(—tj).

je Nt jeN
This equation is clearly not satisfied by the current solution

since
ty = 0, jeN, => s = -f;,<0.

However, such a cut should only be used when all the tj,;je N,
are continuous variables, since if this is not the case, and so
gsome tx, k€ N, are integer variables, a stronger cut can he
constructed.

So far we have only used information about the signs of the
coefficients ajj» j € N, and the fact that the tj
Suppose now that one or more of the variables t3 must be integer
variables and let tj, je€ Rc N, be such a set. Denote by N,
the suhgset of N not in R, and let R* be the subset of R for wnich
J > 0 arnd R™ the subset of R for which aj <0. Similarly, let

N.* and N,~ be equivalently defined subsets of N. Then the con-

gruence (2.17). may be expressed as

z :alj tj + E ajy b5 * Z - aijtj + E ajj t3- fio = 0

J € R+ JE.N +

which is equixalpnb to

1
Za-- ts * ; t-+Zﬂ_ai-t--inEO
jert 1 I JeN* “1j * oM et modulo 1

where aié = a3 modulo 1 and the sign of ai& is arbitrary when

aj j is positive or negative.

are non-negative.

Je Nz modulo 1

50
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As hefore any feasible solution to the original problem musi

satisfy . .
PICHEEDWHIED RS A S NRPNE P
JER] Jen, JER] jeu,
[2.22)

This cut can be made as strong as possible by making the co-
efficients of tj, j€ Ry* and j€ Ry-, 8@s small as possible.
Starting from any aijs positive or negative, we can producs an
aiJ! >0 (aij > fij) or an 315 <0 (ai‘% £ fij -1) which, in
turn, produce coefficients ai& or lfiz Iafj [respectlvely.
The smallest values of these are therefgre

fij and Tg%%; (1-fy3)
and the smaller of these is

fij if f13€ fio

and fio (1~ £3;) if f15 > 710
1-f,
We can now write the best cut in the general form

Z dij ( - tj) £ -fio (2.23)

jen
vhere

8130 JE N
lf%io |23 | » 3 € Mo,
dy = fi3, J€Rand f13€Tio,

fio (l‘fij)’ J &€ R and fij> f:0.
1—fio
Once ths constraint (2.23) is added to the tableau the dual simplex

. method is applied as hefore.

In passing, we note a particular feature of the cuts introduced



in the last two methods. All the coefficlents agj, J € N, of the
adjoined row
8 = 8gq * ZE:: agi (=t3)
so fem sl J
of the tableau satisfy ags £ 0. For example, from (2.14) we have
g8 = =f5., - fi; (-t3)=0
io jen 1] 3’ =
and from (2.23) we obtain
g = f, = :E:; dis (=ts) >0
o~ f& ij =
after the addition of a non-negative slack variable s. Suppose the

dual simplex method selected column k as the pivet column; then the

value of x; (x; = aj, * ;%;% aij (—tj))would be changed by
J )

- 4ik Py

gk ( J-j_o) ’
where ag) = -fj; in the pure integer case,
and agk = -dji in the mixed integer case.

From this we see that if a;p > O, the current value of x; is
decreased by an amount ik fi0 2fio> 80 that the new value of

agk
the basic variable must satisfy x; £ [ai%.

Although our code for this method caters for s number of
variants of generator selection, experience has been limited to
small test problems. In addition, it was used during the develop-

ment of two pure integer programs, as discussed in Chapter VII.

2.8 Remarks on Finiteness Proofs

Rather than present Gomory's original proofs of finiteness for
the methods of this chapter we shall discuss, briefly, some of their

ma jor features.
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As mentioned earlier, Gomory's finiteness proofs are dependent
upon both a particular rule for generator selection and lexicography.
For each of the algorithms he proves that the solution will be reached
in a finite number of steps if, from among the eligible generator rows,
we select the first encountered. Although the lexicographic pivot
selection rule is necessary to his proofs, he does state in [19] that
it 1s not essential for finiteness.

For the Method of Integer Forms, described in Section 2.4, Gomory
gives an alternative proof applicable to a different process in which
dual pivot operations are interspersed with the addition of con-
straints in any way that ensures that the cumulative product of all
pivot elements does not exceed a given upper bound at any stage.

The finiteness proof for the All Integer Integer Algorithm is
dependent upon the elimination of the possibility that, from a certain
iteration onwards, the p first components of the constants column
vector remain fixed and the (p*l)st component decreases indefinitely.
This is achieved by any rule which ensures that any row in which ajs,
becomes negative and remains negative will eventually be chosen as a
generator row. One such rule is that already mentioned, another is
that which selects cyclically. |

As experience has indicated, there appears to be no way of
assessing in advance the rate of progress we may expect from the
application of any given variant of any of the algorithms. In some
cases, a number of variants which have not been proved to give finite
algorithmg, have in fact produced solutions more rapidly than proven

variants. To be able to make some sort of prior assessment of



behaviour of particular variants applied to given problems would
clearly be of immense value. However, because of the erratic
performance of any given variant on different problems no such
technique yet exists.

Gomory's mixed integer algorithm can be shown to be finite

provided that a particular generator selection rule is used and

that the objective function to be maximized is a function of the
integer variables only. The latter condition cannot always be
met in practice, yet it has been found that the algorithm has
frequently been finite when applied to problems violating this
condition.

It has been seen that, although finiteness proofs do not
exist for them, many algorithms have, in practice, been found
to be finite. As is often the case though, no single algorithm
has displayed consistent behaviour so finiteness proofs for such

algorithms would serve no worthwhile purpose. However, if a

conglstent algorithm appeared to be available proof of its finite-

ness in general application would be of both theoretical and

practical interest.
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CHAPTER III

ON_EXTENSIONS TO CUTTING PLANE METHODS.

This chapter 1is wholly'concerned with sxtensions to two
of the cutting plane methods described:in the previous chapter.
In particular, stronger cutting planes are derived for both
methods of solution of pure integer programming problems. The
basic principles are exactly as before but the cutting plane is
modified in such a way that it now excludes an amount of in-
feasible space not_less than that excluded by the cutting
planeé as defined by Gomory. In Sections 3.1 and 3.2 we deal
with the All Integer Integer Algorithm, presenting first the
derivation of the new cut and second its performanée when
applied to a small set of problems. Improved cutting planes
for the pure integer method are derived in Section 3.3. When
applied in practice these require an intermediate computation
involving the solution of a diophantine equation; this is
discussed in Section 3.4. In Section 3.6 we discuss our exper-
ience with this particular modification when applied to the
complete sample of 30 test problems. Finally, we discuss a
further modification of the same technique and illustrate this

by an example.

3.1 Modified Cutting Plane for the All Integer Integer Algorithm

The cutting plane for the All Integer Integer Algorithm is

obtained from a tableau row representing
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Xi =ajo * ;%;; aij (<tj) ,
in which ajo < 0, and is defined by

. = [i"-—Q ] Z[iu]mj) , (3.1)

A fenl ™A

where A= max(-a—hu), R =§j|aij<0},
jeRr J

hj being the largest integer satisfying (1/ hy) Py > P,

in which k is the index of the lexicographically smallest

column belonging to the set of columns R.

In the second of the improved cut methods, to be described
later in this chapter, we improve the Gomory cut by attempting
to "push it"™ parallel to itself and further into the convex
region currently defined. The cutting plane (3.1) cannot be
improved by a gimilar method. However, the possibility of |
improving the cut does exist. As was noted in Section 2.1,
it has been pointed out by Gomory that the selection of A as
defined above does not necessarily produce the optimal cut at
each stage; choogsing a larger A(>1) while still satisfying
the condition that a pivot element of -1 is obtained, may
produce better cuts. Of course the pivot column is unaffected
by the choice of A s 90 suppose /\1 and /\2 both provide cuts

with a pivot element of -1. Pivoting on the indicated column

Py = (aok, aik’"“") will add to the current constants column

8io faio
either |}, | P or |72" Py and the smaller A produces the
- -

greatest change in the constants column P,. As mentioned, this



does not necessarily introduce a stronger inequality than the
original. For example, suppose we had x = —4 -3(-x1) -5(-x5)
then A= 2 will produce the equation s = -2 -2(-x;) -3(-x5),
A= 3 will produce s = -2 =1(-x;) -2(-x5) and A= 4 will
produce s = -1 -1(-x;) -2(~x,). Rewriting these as inequalities
we have, since s > O,

3 * 5% 4,

2x1 + 3x2 > 2,

Y + 2x2; 2,

ol
where the second is weaker than the first, the third stronger
and the last weaker again.

A re-evaluation of A, as described below, enables us to
produce a further constraint, always at least as strong as

Gomory's constraint

s =[-f‘_19.] Z[ﬁ](-tj) ,
Amin je Anin
where )}nin is the value of A as determined by (3.1). In any
strengthening of this by increasing the value of A above )?nin’
preservation of the pivot -1 is the first essential and is
achieved simply by choosing any A > )\min‘ In order to
improve the Gomory constraint we can seek a A> A min

such that

iae] ._L] d[_a] :[_.1] , ag5 > 0, 50 that [7.1]_[_11] ,
A ’\'nin A ’}nin ’\nin
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aiy < 0, and the cut is obviously at least as deep as before, if
not deeper.
The first of these conditions is satisfied by any new A in

the range

That is

830 830 _

_— > > ——— = A in - ot o(>,O « R

8lol+ ¢ A> 210 min ’ ’ (3.2)
)‘min Mmin

unless -a;, < A in which case the only restriction on A

min

is /\ > P which is automatically satisfied because A2 A .

min
2 - ajg-*
a ay s
i i
The second of the conditions, namely [‘7\1]=[)\_1] )
min
aij> 0, is satisfied by any new A in the range
aj a3
min —-,i—"!— >A > max —a"i_' = /\min "/9 ,ﬁBO-
ay >0 2ij ai.> 0 __Li +1
J J A, (3.3)
. in i .

Clearly then if /\min is to be improved we must use the upper
bounds provided by (3.2) and (3.3) and choose
- 8ig 81
A = min aiq . , min ay ,8>0.
e a;: >0
Anin 1J in
Hence a possibly stronger cut will be produced if )‘ > A min®
We note here that in deriving (3.2) it was pointed out that when
Iaiol < /\min no upper bound is defined for A However, for any
situation with this and the further property that aij <0 for all

j € N (2.9) and (2.10) are satisfied by any A > /\min' The best
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cut is provided in our computations by choosing
A= max (’\min"aij)

As an illustration of an improved cut consider a tableau in
which the apj, J € N, are 1, 5, 8 and 2 and an eligible generator
row is o .

xi = -26 -9(-t1) -19(-t2) -29(-t3) +12(-t,).
Then by the All Integer Integer Algorithm we have

= 9 19 =
Antn = ™x (Hp BAD [8713) ’
and the added constraint is
[:2

S=[_—§'6']* 9]‘*1

= =3 -L(=t1) -3(=t2) -4(-t3) *1 (~tz).

» [ Jes2) +[5%] 0 <[5 J(-0)

This produces the inequality
t1 + 3ot M3 -t > 3.
Now, by the above
=26

A= ming_[mg_]ﬁ -9 ’ ﬁlﬁﬁ}=min (13 -8, 12) =

which produces the inequality

—9]<-+,1> [—‘2 (-t2) +[32 ] () o[ Bt > -[E],

i.e. t1 + 22+ 33 -84 > 3,

clearly a stronger inequality than the previous one.

3.2 Performance
Once one stronger cut has been obtained the pattern of con-

vergence will be quite different from that exhibited by the standard -



NUMBER OF ITERATIONS
PROBLEM STANDARD  CUT MODIFIED  CUT
(a) (b) | (e) (d) (a) (b) | (e) (d)

11 9 38 9 10 9 38 9 10
12 15 24 15 13 15 24, 15 13
13 g| 5 9 5 7 7 8 7
14 28 64 28 23 28 6/, 28 23
15 18 18 10 10 18 18 10 10
16 23 22 22 21 23 22 22 21
17 13 13 12 13 13 13 12 13
18 |>2000 27 |[>2000 19 | >2000 27 [>2000 19
19 1560 | 1769 | 1560 | 1560 | 1560 | 1761 | 1560 | 1560
20 100 100| 100 | 100| 100| 100 | 100 | 100
21 234 234 235 234 234 234 235 234
22 288 288 | 288 288 | 288 288 288 | 288
23 | >2000 [>2000 |>2000 | 119 [>2000 |>2000 2000 | 120

SECONDS| 18.54 |24.27 |32.70 | 7.10 |19.70 |28.21 44,.30

The last row gives the appropriate execution times in seconds.

Columns (a), (b), (¢) and (d) represent variant O (select first

row with aj, < 0); variant 1 (select cyclically); variant 2

(select the row producing the lexicographically largest pivot

column) and variant 3 (select the row containing the least number

of negative elements).

TABLE 3.1

Performance of standard and modified cuts using

four variants of the All Integer Integer code.




61

cut solution. Hence, although stronger cuts may be produced they
do not necesgsarily accelerate the convergence of the solution
process.

We applied the extended method to the same set of 13 problems
to which the standard method had already been applied. The per-
formance figures of both codes, using four generator variants, are
given in Table 3.1. The figures are perhaps disappointing in that
only two problems were solved in fewer iterations by the extended
method. Problem 13 displays improvement for variants O and 2 but
behaved worse for variants 1 and 3. Apart from this, on the
evidence of this small data sample, the effort involved in seeking
an improved.A does not seem worthwhile since any advantage gained
by decreasing the iteration count is outweighed by the extra com-
putation. This leads to an increase in execution time. For
example, variant O applied to the standard and modified cutting
methods required overall execution times of 18.54 seconds and 19.70
seconds respectively, yet apart from an improvement by just one
iteration in problem 13 the performances were identical in terms
of the number of iterations. Similarly, variant 1 required times

of 24.27 seconds and 28.21 seconds respectively.

3.3 Optimal Cut_ for the Pure Integer Method

Again, the basic principles are exactly as described in Section
2.4 but instead of using the cutting planes as defined by Gomory we
attempt to define improved cuts by displacing the Gomory cutting

planes in such a way that more of the current convex region is
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excluded and thus a quicker approximation to the convex hull of
feasible space in the neighbourhood of the optimum is obtained.
The possibility of the existence of an extension similar to
that described in this section is really exposed during the deri-
vation of a cutting plane in Gomory's paper on the Method of
Integer Forms [15]. To show this we extract from Section 2.1

the congruence (2.4) and set )\ =1 to give
z ; fij tj = f£io modulo 1. (3.4)

The argument in [15] proceeds as follows. The left hand side of
(3.4) is non-negative and differs from the non-negative right
hand side by an integer, so it must be either fiq, 1 * fio,

2+ £y, ete. Consequently,

fer fij t3 > fios (3.5)

which is the cut derived in Section 2.4

Clearly then, the cut (3.5) is not necessarily the strongest
since it may have been possible to make the constant term equal
ton * fio withn > 1.

Our code for the method to be described in this section is
based on a technique which carries out the computation entirely
in fixed point arithmetic, in which the numerators and denominators
of all fractions are stored separately. This method does have a
disadvantage due to these denominators possibly becoming exces-
sively large during the application of the simplex or dual simplex
methods. This situation is discussed in Chapter VII. We now use

this fractional representation to derive the improved cutting plane.
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Asgume that an element ajj, 1 = Oy...oyn* m, J =0,...04n
is written as a13 /D, where D is the least common multiple of the
denominators of all the elements. The term D does, in fact, have
a far greater significance, as is shown in [15], but this need not
concern us here. Suppose an integer programming problem is at
some intermediate stage of its solution. In the tableau, whose
elements are assumed to beiin the a13 /D form, consider any
equation defining an integer variable xj in terms of nonbasic

variables tj, say

xy = %{ﬂi; + JeZN ai:j (-t;])} (3.6)

1
ajo

where ajo = p 4is not integral. Since ai;.z 0 modulo D the
equation (3.6) may be written as
' ' .
xi 2[%]1‘ %9+ Z [%—1](-13;]) * Z %‘1 (-t3)  (3.7)
~ je jeN
where rij, j€ {O} + N, is the least reslidue of the congruence
ajj = rij modulo D, so that fyj = rij/b by a previous definition
of f15. Now multiply (3.7) by D to obtain

Dxj = D [%} D Z[%-'i] (~tj) * rio * Z rij(~tj). (3.8)

jJEN jenN
Using similar arguments to those in Chapter II we see from (3.8)
that riqg * ;%;; rij (-tj\ must be integral and furthermore, must
be divisible by D. Hence

j}e_—l‘:l rij tj = rio modulo D. (3.9)

Nowl > fjo, 80D > rjo or rio -D < 0. Thus, since ry;> O

and tj > O the congruence (3.9) implies that
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E ; rij t5 =rjo * kD, k=0,1, ..... (3.10)
Jje
It may therefore be possible to find a particular k, = k* say,
such that
rij ‘hj > rio t kD (3.11)
jeN

is violated by the continuous solution to the currently solved
linear programminé problem but is satisfied by every feasible
solution the original problem when k = k¥ but not when k > k¥ + 1.
When k = 0 the equation (3.10) is, of course, equivalent to the
standard cutting plane (2.14) of Gomory. The hyperplanes (3.10)
must be satisfied by integer valued tj but by choosing k = 0 we
are in no way restricting these values, and the plane so defined
may contain only lattice points lying entirely outside the region
tj 2 0, j€ N. As shown above, such a plane can be pushed
further into the convex region by increasing the value of the
constant term.

The problem now becomes one of determining the maximum dis-
placement which may be applied to the Gomory cutting plane, subject
to the condition that no feasible lattice point is contained
strictly within the space bounded by the original and displaced
positions of the plane. Explicitly, the problem is one of finding

the smallest non-negative integral k, such that

zzrijtj = ryo * KkD.

jew

is satisfied by non-negative integer values of tj.
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Putting k = tp#y this can be expressed as an integer
programming problem

minimize tp+q

subjeet to _5_ : rij tj - Dipr1 = rio
jeN

and tj, je N + {n*l} non-negative integers.

- However, hand computation showed up the unsatisfactory nature

of this approach for werare attempfing to soive oas intsgor
programming problem within another and this process could be
repeated yet again. In fact, we could be embarking on an
infinite recursive process.

Instead, we adopted the fairly obvious and eiémentary
method of choosing specific values for k, starting with k = 0
and increasing k in discrete unit steps,and attempting to solve
the resulting diophantine equation in non-negative variables.
The situation is simplified by one important fact, namely, that
all the coaefficients in the diophantine equation are non-negative
since riy > 0. Formally then, the problem is to find non-

negative integer valuas for t; satisfying

ZE:: rijt;y = ripot D (3.12)
en

where rij > 0, for a fixed integer value of k > O.

3.4 Solution of the Diophantine Equation

In equation (3.12) the rij may be in any order and some
may be zero, so for convenience we represent (3.12) by the

congruence
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r .

A 35x; = ¢/, modulo D (3.13)
=1

where {l,....,r} =R<N; O(j’ je {0 } *+ R, are positive

integers and xj are non-negative integar variables whose values

are required. Furthermore, assume that &y £ ij,l, J T lyeoee,

r~l. Now for some fixed value of k let the diophantine equation

Z Hjx; =S, + kD = ¢ (3.14)
fen T e B
define the problem Pp.. Then set xp = ';g%:lso that the re-

maining xj must satisfy
S
O(jxj ‘¢r" r -x—; = ¢r—l,
=1
defining the problem Pnr.} . Repetition of the process leads to

S1x = £ -C‘\z[@-]ﬂ?&

)

defining ths problem Py, and we define

# -ul[ﬁ]=¢.

If at any stage ¢p is zero the congruence (3.13) is satisfied by
the xj already set for J > p* 1 and x5 = 0 for j < p- If the
entire sequence Pj, j =r, r -1,....,1 1s produced and g, #0,
then a new subsequence must be defined, starting at the last j
for which x; > O, Suppose this was j = q then reset x, = x_ -1

J q q

= + 3

and ¢q—l gq-l O(q and proceed with the new subproblems Pj,
J = a1, 92500405 1. Whenever Q'j = 0 the corresponding r-vector
is a lattice point on fhe hyperplane defined by (3.14). The re-

cursive process can be continued until the search over the finite
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hyperplane is complete i.e. the components Xp, Xp_.1js¢-:..,X2 are

reduced to zero.

3.5 Illustration of Method
For the purpose of illustration, we chose one of the problems
constructed by Thompson [3A ]and alleged to be difficult for the

cutting plane method. The problem is to minimize X3 subject to

5x1 *+ 8xp - Tx3 > -89,
-6bx; * 5x2 + x3 > 11,
3X1 - 512 + 2X3 2 29

with xj non-negative integers.
In the following tableaux the numerators of the appropriate
elements are digplayed within the tableaux and the denominators

D outside. The continuous optimal tableau is

1 -% -X5 -X¢,
X, | -1321 15 49 73 !
x | 121 15 19 -43 D = 90.
> xp ! 79 -15  -31 -37
x3 1321 -15  -49 =73

When seeking a row from which to generate a cutting plane we choose
from among the basic variable rows that one with largest fj,. The
gelected generators are indicated by arrows and the pivots by
asterisks.

In the above tableau we chobse the x5 row as generator and

amend the tableau by the constraint row



1= -0 - B=x) - FBlexs) - FBl=xg).

Next, we set K = O and attempt to solve

75%, * 59x5 t* 53x¢ =79
in non-negative integers x,, x5 and xg. Clearly this has no
solution. We proceed by setting K =1, 2, 3 and attempting
to solve the corresponding diophantine equations in turn.
There are no solutiona, but with K = 4 we have

75x, * 59x5 * 53xg = 79 * 4.90 7= 439,

which is satisfied by X = 2, X5 = 4y xg = 1 s0 producing the

tableau
1 =X/, -X5 -Xg
%, | -1321 15 49 73
% 121 =15 =19 =43
X5 79 -15 -31 =37 D = 90,
x3 1321 -15 =49 =73
81 =439 ~75% =59 -53

Performing the indicated pivot operation we produce

1 -8 =X -Xg
Xo | -117 15 31 52
X1 17, -15 6 =27
—= X 139 -15  -16 =22 D = 75.

x3 | 174 =15 =31 -52

5 | 439 =90 59 53

This tableau is infeasible and by the generator selection rule



the x5, row is chogen for producing the new constraint

83 < ‘(gé* K) - gg(-sl) - %2(-x5) —%2(—x6).

The first diophantine equation solvable in non-negative integers

is derived from this when K = 3,

coefficient and the pivot operation produces the following

69

The pivot is given by the Sy

tableau from which we proceed with only brief comments.

X3
A

3

X3
A
x5

84

1 = -xs -Xg
-997 15 13 31
197 -15 7 -l
169 -15 -1 -7
997 -15 13  -31
698 -90 118 106
-(49*60K) -45  -59% -53
1 D) -85 ~Xg
-1043 5 13 19
160 -20 7 -17
17 =14 -1 -6
1043 -5 =13  -19
118  -177 118 0
289 45 =60 53
-(53+59K) -45% =58  -53

. 1
K=4,i.e. a

D = 6é0.
D = 59.
K= 0.

= -289 .
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%2
x4

x5
85

X2
X4

X5
86

*3
4
5

Xg

This tableau is optimal and feasible.

1 -5, =53 ~%g
-800 5 5 10
140 =20 25 5
143 =14 13 8
800 =5 -5 -10
249 =177 264, 159
180 45 -90 0
| =(35*45K) -40%  -40 -35
1 -85 =813 -X¢,
=75 5 0 5
140 =20 40 20
138 =14 24 18
715 -5 0 -5
359 =177 392 279
125 45 =120 =35
-(35+40K) =35 0 -35%
L S5 83 =%
-630 0 0 5
105 =35 1 20
105 =28 21 18
630 0 0 =5
70 399 343 279
140 70  -1065 =35
35 35 0 =40

70

D=450
K=0
D = 40.
K=0
D= 35.



3.6 Optimal Cut in Practice

The method is clearly susceptible to precisely the same
variants as those used in an earlier investigation of the Gomory
cutting plane. In order to obtain a direct comparison between
the appropriate cutting plane methods we chose to use those
variants which were applied to the entire problem sample by the
standard method. The complete sets of results are displayed in
Tables 7 and 8 at the end of Chapter VII but summary performance
figures together with those of the standard cut method are given
in Table 3.2.

Although, on occasions, this method can produce an optimal
cut which is far superior to the standard cut, this does not
necegsarily imply an accelerated convergence to the optimal
solution. It is a temptation to draw an incorrect conclusion
from the inequality constraint (3.11). One may immediately
agsume that since the cut that would be produced from this is
at least as good as the Gomory cut then the continuous solution
space must contract towards the conwex hull of feasible solutions
at least as quickly as it would have done in the application of
Gomory cuts alone. However, this is not necessarily the case.
If at some stage of the solution process the Gomory cut can be
improved, then from that stage onwards the continuous convex
gsolutiocn space behaves quite differently from the way it would
otherwise have behaved. This fact is demonstrated by some of

the figures in Table 3.2. The code for the optimal cut method

71
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TOTAL NUMBER OF ITERATIONS.
- Dimen- GENERATOR  SELECTICN 1}  GENERATOR SELECTION 2.
3 1 Blh |  INCLUDING EXCLUDING INCLUDING EXCLUDING
§ 515 §§ OBJECTIVE OBJECTIVE OBJECTIVE OBJECTIVE
1 2| ©| Gomory | Optimal |Gomory |Optimal|Gomory | Optimal {Gomory | Optimal
1l 41 5 18 12 23 14 25 8 21 14
2 Al 5 19 19 19 28 18 18 25 39
3 45 2 13 A 15 43 19 43 25
Al 415 8 8 47 13 13 7 14 14
5| 6} 5 855 841 455 399 | 1431 397 73 68
6| 6] 5 559 559 753 33 80 80 | 116 82
7| 41 5| 1862 1545 | 1566 228 [>2004 557 643 67
8 4| 5 >2004 862 877 64 89 81 514 84
9] 6{ 6| 1922 729 |>2006 46 | 558 469 | 819 53
10| 4’5 7 7 10 10 8 8 14 14
11 7| 7 9 9 10 10 9 9 14 14
121 71 7 21 21 35 24 25 25 30 27
131 3| 4 30 29 93 16 17 19 21 23
14115115 251 251 100 100 41 29 50 83
15| 2| 2>2002 4 |> 2002 4 37 35 48 L7
16 59 14 266 14 30 7 36 17
171 2| 2 7 5 17 5 13 4 25 4
18 3| 3 9 28 19 15 6 27 16
19| 3 3|>2003 26 |>2003 15 55 33 454 22
20 2| 2 200 200 821 40 200 200 | 1595 55
21| 2| 2 324 6 762 103 305 89 | 1597 3
TABLE 3.2 (continued on following page)
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TOTAL NUMBER OF  ITERATIONS.

Dimen-l  GENERATOR SELECTION 1.| GENERATOR SELECTION 2.
g 2|4, | INcLUDING EXCLUDING INCLUDING EXCLUDING
S |3l OBJECTIVE OBJECTIVE OBJZCTIVE O0BJTCTIVE

W Gomory | Ovtimal|Gomory |Optimal |Gomory [{Ovtimal |Gomory |Optimal
2| 2| 2 308 49| 762 | 103 | 298 86 | 1673 | 103
23| 8| 8 73 67 73 67 | 46 48 | 34 33
24] 2] 2 7 6| 10 41 10 6 9 4
251 312 5 5 7 5 5 5 7 5
26| 5| 2 8 8 8 8 8 8 8 8
271 31 3 4 4 4 4 4 4 4 4
281 2|5 4 4 5 5 4 4 5 4
29| 5] 2 10 10| 10 10| 12 12| 12 12
30| 3|3 8 4 8 4 9 51 10 5

Both codes use the random selection

columns.

rule for breaking tiés between

GENERATOR SELECTION 1: Selects as new constraint generator that

row with max. fi,

GENERATOR SELECTION 2: Selects that row with min fik where column

k contains the smallest entry in the top row.

TABLE 3,2 Comparison of performances of the pure integer code and

the optimal cut code.

gave inferior performances in 6 of the 120 cases.
two cases of problem 2, two cases of problem 13, one case of problem

18 and one cage of problem 23.

These occurred in

As with all the cutting plane codes,
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the performance of the optimal cut code was unpredictable. It

appeared to experience difficulties with a few problems which also
presented difficulties to the standard method. This will be dis-
cussed in the next section. On the other hand, the improvement in
performance on many problems was quite remarkable. Problems 15 and
19 which were unsolved by one variant of the standard cut code were
solved in 4 and 26 iterations respectively by the optimal cut code.
Apart from the six cases mentioned above, the optimal cut code did
perform much better than the code using a standard Gomory cut. The
ugse of this code does nevertheless give rise to certain difficulties

which are discussed in the following section.

3.7 Difficulties and Possible Variations

As was mentioned in Chapter II, when discussing thé pure integer
code, the technique of representing fractions by storing their
numerators and denominators separately may rapidly lead to very
large numbers, exceeding the available computer capacity for fixed
point arithmetic. This situation did not arise in the application
of that code to the 30 problems. The progress of the optimal cut
code was however impaired by this technique. One point where this
sort of trouble can arise is during the derivation of the optimal
cut. If, at such a gtage, the D number is large, then increasing
the constant term of the cut by multiples of D can soon cause the
program to get out of control. So it is necessary to attempt to

contirol D. Gomory [16] hag suggested a method which ensures that

the sequence of D numbers is monotonically decreasing. This may
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be advantageous here because, in some of the problems solved,
fairly rapid convergence occurs over discrete sections and
associated with each of these is a decreasing sequence of D
numbers. As D steadily decreases the value of the objective
function also decreases until a state is reached where D is
small relative to its value at the start of the sequence. The
next pivot operation produces a tableau with ajo <O for at
least one i and the restoration of 85620, ie I, may take
gsome time. There are other ways of attempting to control D.
We could, for example, set an upper bound on D go that when-
ever this limit is about to be exceeded we take some course of
action to prevent this, such as limiting the search for the
optimal ecut or, perhaps even, choose a different generator.
This 1imit on D could of course be fixed and supplied to the
code as an input parameter or computed as required according
to some heuristic.

The investigation into the determination of our optimal
cutting plane for Gomory's pure integer method did lead to a
most interesting feature of the diophantine equation solution
stage. In working through some hand examples, the determination
of the integer k, such that the associated diophantine equation
was solvable in non-negative integers, proved to be laborious.
However, we took advantage of our knowledge of the final solu-

tions and applied the appropriate solution values to the non-

basic variables in the cutting congtraint. This led to the
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correct determination of k. (The optimal cut method would

continue from this stage by pivoting and producing yet more
optimal cutting planes). This result then seemed to imply
that once the diophantine equation was solved the original
integer programming problem was also solved.

This investigation was applied to the cutting plane
produced by any generator row but our observations led us
to the fairly obvious idea of always using the functional
hyperplane itself to generate a cut. That is, let us move
the functional hyperplane parallel to itself, and as far as
possible from its current position, into the convex region
currently defined by the problem. The solution of the dio-
phantine equation which produces this cut may, as was indicated
in the preceding paragraph, provide the solution to the integer
programming problem. On the other hand, the lattice point
defined by this solution may be infeasible, in which case it
will be necessary to search for further lattice points satis-
fying the diophantine equation in an attempt at finding a
feagible lattice point. If none exists then the functional
hyperplane may be moved further into the convex, by increasing
the value of k, and the process repeated. If the lattice point
egtablished on the current cut does not happen to be feasible,
the search for other lattice points which may be contained in
the functional hyperplane in its current position can be

laborious but, except in certain circumstances, it is finite
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since the feasible region of the functional hyperplane is bounded

‘ frijo + kD
(0 < x4 S ':i'ao"g:{_“'} ).

This method is a straightforward extension of the optimal cut
method but its formalization should clarify certain points.

Suppose we have the tableau corresponding to the continuous
optimal solution. Suppose further that this solution is infeasible,
i.e. some aio Z O modulo D, i € I. Then let the objective row be

represented by

Xg = a;O/D + ; a;‘] (—tj) /D (3.15)
€

where the aéj, je { 0} + N, are the numerators of the correct

coefficlents with common denominator D. For the moment we assume
that aéj # 0, all j, i.e. that the current solution tableau is not

dual degenerate. Now define the hyperplane
8 = -r -E;a'--t)-kD (3.16)
o 00 e oJ ] ’

which is a hyperplane parallel to the functional. When k = O and
a03 <D, (3.16) defines the Gomory cutting plane that would be
produced from the current objective row. When k = 1, 2,....,(3.16)
defines successive positions of the hyperplane such that the space
between two adjacent positions is empty of feasible lattice points
until for some k = k¥ (3.16) is a hyperplane containing a feasible
lattice point. Note that k = k¥ provides the optimum. Clearly,

the aim is to minimize k subject to
!
Z 80j tj = Too * XD (3.17)
JEN
t;j > 0, jenN, (3-18)
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tyj = Omodulo 1, (3.19)
x = aio + :Ez: aij(—tj) = 0 modulo D,
€
18 i€ B, (3.20)

where B is the set of indices of the current basic variables,
and xy > 0. (3.21)

The minimization of k subject to (3.17), (3.18) and (3.19)
has already been dealt with in Section 3.4. There are various
ways of deciding whether (3.20) and (3.21) are satisfied, the
most straightforward being the application of the values of tj
corresponding to min k to the tableau rows representing the
current basic variables.

In order to illustrate the method as given so far we present
the solutions to two problems taken from [34]. The first is the
one already used in Section 3.5 to illustrate the optimal cut
method.

Minimize x3 subject to
5xp * 8xp - Tx3 > -89,
-6x; * 5xp * X3
3/ - 5% * 2x3 > 29
with xj non-negative integers.
As before, the numbers displayed within the following tableaux
are the numerators of the appropriate elements, the common deno-
minator D being displayed outside. The continuous optimal tableau
is
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xo | <1321 15 49 73
x 121 -15  -19  -43 D = 90.
e 79 <15 =31 =37
x3 [ 1321 -15  -49 =73

Now (3.17) gives

so = =29 -15(-x;) -49(-x5) -73(-xg) -90k.
We are interested in the bounding hyperplane given by sq = 0O
or 15x, *+ 49x5 *+ 73xg = 29 + 90k.
Applying the method of Section 3.4 we find that the minimum k
satisfying this equation with x; > O and integral is k = 3
and the associated solution is x;, = 2, x5 = 4, x¢ = 1. Sub-

stituting this solution in the tableau rows we obtain

X1
Xp = 79 -15(-2) -31(-4) -37(-1) = 270 = 0 modulo 90,

121 -15(-2) -19(-4) =43(-1) = 270 = 0 modulo 90,

x3 =1321 -15(-2) -49(-4) -73(-1) =1620 = 0 modulo 90.
Thus we have the optimal solution, namely x5 = -18, x1 = 3,
xp = 3, x3 =18, X, = 2, X5 = 4y xg = 1.
This same problem, when solved by the optimal cut method,
required six iterations and the solutions of five diophantine
equations to reach the optimum from the above tableau.

As a further illustration, again we take a problem from

[34]’ namelys  minimize x,

subject to 66x) + lixp > 1430,
-82x; + 28x, > 1306,

x; and Xp non-negative integers.



X3
X4

X1

X2

1 ~X1 -X5
0 0 1
-1430 -66% -14
-1306 82 -28
1 -X3 -X2
0 0 1 !
1430 -1 14
~203456 82 -2996%
1 -X3 -X,
-203456 82 66
21746  -28 14
203456 -82 -66

66

2996.

This tableau represents the continuous optimum.

As before, we use (3.17) and extract from the objective

row of this tableau the general equation

i.e. 82x3

The minimal k satisfying this equation with the condition that x3

+ 66xA =272 + 2996 k

=2
—-g%%%é] + 2996 k

82x5 * 66xA = ~203456 -2996 [

80

and x; are non-negative integers is k =1 with x3 =12 and x, = 80.

Applying these to the last tableau

%) = 21756 -28(~12) + 14(-80) = 20972
X, =203456 -82(-12) - 66(-80) =209720

All conditions are satisfied, so the optimal

= 0 modulo 2996,

= 0 modulo 2996.

solution is

X, = 70, 1 =7, x, = 70, X3 = 12, x, = 80.



In the application of the optimal cut method to some
problems it was noticed that the technique sometimes became
bogged down at integral levels of the functional as it was
forced from the continuous solution towards the integer solution.
For example, in one problem with functional values of 118.125 at
the continuous optimum and 106 at the optimum respectively, the
functional remained at the level 110 for 61 iterations during
the solution process. It may well have been quicker to use the
method just described. At least the functional value is decreased
by significant amounts at each cycle and at each level the search
for a feasible lattice point is limited. However, no sophisticated
computer program has been written and a number of problems remain
to be solved, in particular that of limiting the search for a

feasible lattice point at fixed levels of the functional hyperplane,

gl
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CHAPTER IV

BRANCH AND BOUND METHODS

Another approach to the solution of integer programming
problems is that typified by the so called "branch and bound"
procedures. Since these involve constructing a tree of linear
programming problems together with a directed search through this
tree they may also be regarded as tree search procedures. The |
origin, or root node, of the tree is represented by the solution
of the continuous problem presented when the feasibility require-
ments of integrality imposed on the original problem are ignored.
If this solution should satisfy the integrality requirements then
there is nothing further to cohsider. In general, some integer
restricted variable, x,, will be non-integral and consequently
used to generate branches emanating from the current node. Each
branch defines a linear programming subproblem the solution of
which produces another node in the tree. The values of thé
.objective function at these nodes provide bounds on X, The
tree 1s not, of course, unique asince it is dependent at any node
. upon the process of selecting X, from among probably.mény variables
whose values are infeasible. However, the common idea in the pub-
lished methods is to attempt to develop only that part of the tree
which contains the optimal solution and sufficient information to

prove its optimality.
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The original method in this class of techniques was
proposed by Land and Doig [26]. Their method, which is applicable
to mixed integer programming problems, devises a set of rules for
constructing a tree which represents a succession of parallel
shifts of the objective function in the direction of a decreasing
maximand until it meets a point possessing the appropriate integral
coordinates. In each of the continuous linear programmes of the
tree some integer variable is forced to take an integer value.
This can cause the generation of many branches from a node in the
tree. Consequently, it is necessary to search over the range of
integer values for which x, exceeds the currently best known
feasible optimal value. This method has proved difficult to
program for a computer.

Subsequent methods have been proposed and developed by

Driebeck [13], Dakin [B]and Beale and Sma11[5 ] The last two
of these are very similar in concept and in contrast to the above
method only produce two branches at a node by imposing bounds on
X, rather than forcing xr‘ to be integral valued. In general, at
any node represented by the solution of some continuous linear

programming subproblem an integer restricted variable xr will

be non-integral. Two new subproblems are defined, each consisting
of the current constraints together with an added restriction on

X;. A the nods, suppose X = a.o = [an |* Loy O <fpo<1, then

the constraint xrs [aro ] 1s added to the current constraint set to

define one problem and the alternative constraint X2 [aro] +1
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is added to the set to define the other problem. These can then
be regarded as defining two branches of the tree. Further branches
can be developed each time a solutlon ylelds a nop-integral value
for an integer restricted variable. The solution of the original
problem is complete when some branch contains a feasible optimal
solution at a node while other branches terminate in problems with
lower objective function values or with no solution. A description

of this method now follows.

4.1 Dual Branching Tree Search Method

The methods of Dakin and Beale and Small are fundamentally similar
to that of Land and Doig. One of the major differences occurs in
the ways in which the basic idea 1is adapted for computer imple-
mentation. Dakin's aim, which was neatly achleved; was to provide
a method for handling moderately sized problems completely within
the high speed store of the computer. On the other hand Beale and
Small developed a method capable of solving large problems but

requiring the use of computer backing store. Cémputer consider-
ations apart, both methods can be described as follows.

The object is to maximize some function of both discrete and

continuous variables subjeet to linear inequality constraints.

Let us suppose that x.j is an integer variable, then x, cannot

J

lie in the range
k<xj<k+ 1,



o
e

where k = 0 modulo 1. Consequently, the convex region defined

by the given gystem of linear inequalities may be divided into

two non-overlapping convex regions defined by the original

congtraints and the additional constraints
W xys (4.1)
(ii) xj>k+ 1.

The branch and bound method for solving the given problem
is based on solving a series of ordinary linear programming
problems in each of which all integer variables are bounded,
that is, upper and lower bounds, as defined above, are imposed
on the values of the integer variables. At any stage it is
necegsary to know the current best feasible solution and the
agsociated objective function value X At the stage of
imposing the bounds (4.1) on a selected variable, clearly,
two problems are generated one of which is to be investigated
immediately while the other is noted, or listed, for future
investigation. In general then there exists a list of alter-
native problems which have been generated in earlier stages of

the solution process. An overall picture of the method may be

gained from the general flow chart below.



Is the list empty?

No

Yeas

Y

Select a problem
from the list
and solve it.

xo < Xy ?
——<=—1 Yeos | No S Feagible ?
Yeos No pP—>—
¥
< Xoe'

Select a variable
X, =a,. #0med 1.

3 jo

A

efine two new problems.

(1) HReplace upper bound on x

o7 [y,

-

J

(i1) Replace lower bound on X,

by [ajo] + 1.

Add these to the list.

A

Fig, 4.1 FLOW CHART OF BRANCH AND BOUND ALGORITHM
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Some slight elaboration on this flow chart will be advan-
tageous. Beale suggests commencing the solution process by
selecting plausible values for the integer variables in order
to obtain a finite value for Xoo The object then is to
determine further plausible integer values of the appropriate
varlables which produce a functional value in excess of Koo
The process generates a get of problemg which must all be
examined. The state which usually exlsts is one In which the
current functional value exceeds X but the solution ig in-
feasible in that some or all of the wariables required to be
integral are not integral. Suppose that some such variable
Xy Taj, = [ 83, ]+ fior f3o> 0. Then the current single
problem is replaced by two problems each of which differs from
the current one in only one of the bounds placed on the variable
x;. In one problem %; is given a lower bound of [aio] and in
the other, x; is given a lower bound of [aio] + 1. For example,

the problem with a range 0 £x3< b is now replaced by two

problems with ranges O £x5 € [aio] and [aio] + 1 $Xi$ b respectively.
At such a stage, one of these new problems is examined immediately
and the other is added to a list for later examination. Certain
characteristics of this list, which make it computationally
advantageous, are discussed in Chapter VII. Clearly, this

solution process must terminate in a finite number of steps

because, at worst, 1t would continue until the ranges of the
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integer variables are reduced to zero in which case these

variables must take integer values.

4.2 Selection of Branching Variable

At an optimal continuous stage many integer variables may

be non-integral which implies that branching could occur on
any of these and, of course; choosing different branching
variables will produce different trees. This choice of branching
variable is of major significance since proper selection can
considerably reduce the amount of work that would otherwise be
involved. In our application of this technique to the sample

of thirty problems we finally based our selection, as do Beale
and Small, on a strategy suggested by Little, Murty, Sweeney and
Karel [27]. This selects a variable, one of whose bounds is un-
-likely to contain the final solution. The problem containing
this particular bound is listed and the problem with the alter-
native bound is immediately investigated. However, prior to this
final selection we attempted a number of variants with quite
differing results. For example, we tried some of the selection
criteria used in the cutting plane methods, namely, "of the
integer variables which have not attained integrality select the
first or the one with the smallest fio>'0 or even the one with
the largest fio> 0", All of these displayed a behaviour very
much inferior to two other variants which were attempted. One

is the variant mentioned above, which we finally choge. The
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other, which was based on a similar idea but achieved its purpose
differently, was to choose that variable whicﬁ produced the
greatest decrease in the objective function and to use the alter-
native of the constraint which led to this situation. This
required the nodal tableau to be augmented by appropriate branch
constraints and associated with each constraint the selection of

a pivot element by the dual simplex rule so that the objective
function reduction factor could be obtained by a partial iteration.
However, although this was successful we finally adopted the
equally successful process'which is described in the following

chapter.

4.3 An Example
The following example gerves to illustrate the method but no

rule for the selection of the branching variable is specified.
For ease of presentation, the tableaux are displayed in the con-
densed Tucker form and, furthermore, do not include the rows
necessary to keep track of the ranges of values associated with
the integer variables.
Maximize x_ = 3x; * 4x2
subject to
2x; * 5xp £15,
2x; - x5 £ 5,

X5 Xg 2 0 and integral.



X2

%1

15 2 5%

5 2 -2

1 —xl -x3
12 -7/5 4L/5

3 25 15

11 /5% 2/

1 _xA, -x3

35/2 1/2 1
10/7 -1/7 1/7

55/14 5/14 1/7
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The pivot element is selected by
the primal simplex method rule and

1s identified by an astsrisk.

This tableau ig primal and dual
continuous feasible but the inte-

grality requirements are not satisfied.

Suppose we branch on the variable X and decide to explore X, 22

and list x, £ 1. Then we augment the above tableau by the row

2

- 1
S1 = - % -]é (-XA) + 7 (-XB)

and apply the dual simplex method to produce



1 —Sl -X3
31/2 7/2  3/2
2 -1 0
5/2 5/2 1/2
L =7 -1
-1/2 <52 -1/2
L -8y X
7L/5 /5  4/5
115 -2/5 1/
2 1 0
27/5 -14/5 2/5
15 25 -1/5n1
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Now branch on X which cannot
be increased because 3133 0, allj

so explore X< [% ]= 2.

List X, > 3 and explore x5 £ 2.



X3

1 ~S, -S3
14 3 4
2 0 1
2 1 0
5 -2 2
1 -2 -5

This tableau is feasible so we set X0 = 14 and extract the last

listed problem which is defined by the previous infeasible tableau

with the S3 row replaced by one representing xo 2 3 giving

X2
X1
%4

54

1 -85 ~X3
%5 15 4/5
11/5 -2/5 1/
2 1 \ 0

27/5 -14/5  2/5
~4/5 =2/5 1/5
1 -s, -X4
12 /2 3/2
3 -1 0

0 5/2 1/2
11 -7 -1

This tableau is feasible but Xo <Xgo

so we extract the following listed problem.
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%o

Xo

X

55

1 -X, ~X3
35/2 1/2 1
10/7 -1/7 1/
55/14 5/14 1/7
SR
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X, | 29/2 3/2 7

% 7/2 1/2 1

This second tableau has Xo> X, SO 2 branch is necessary.

x7 can only be decreased so explore X £ 3 by adding

- % (-x) -1(-s5)

to the tablean

56

1 ~S¢ =S5
13 3 4
1 0 1
3 1 0
4 -2 -5
1 -2 2

graphically in Figure 4.2.

and performing the pivot operation.

X, <Xoo and the list is empty so

the solution is X] =xp =2, x5 = l4.

The tree structure of this particular golution is displayed

The shaded regions represent the feasible

continuous space and the circled points are the optima. The order of

search is indicated by the numerals.
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X, =23
X, =2
% =154
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Terminals III and IV illustrate situations which were
not contained in the previous tableaux due to omitting the extra
rows representing the ranges on the bounds of the integer variables.
At terminal III, for example, the value 2 is active as both an upper
bound and a lower bound on the integer variable x,. In contrast to
the method of Dakin, the above example h;; assumed that the tableau
representing the situation at some node, from which branching has
occurred, is available at any succeeding stages of the computation
along these branches until such time that both branches have been

exhausted. The tree is, of course, not unique since it is dependent

upon the variable selected for branching.

4.4 Multiple Optima

The computational flow, if carried out exactly as described
earlier in this chapter, could have a disadvantage in certain
gituations. This will be seen from the following discussion.

At the optimum stage of a continuous extremum problem the state

of dual degeneracy, indicated by at least onea , =0, jE N,

)
establishes the existence of multiple optimal soiutions. The
variable associated with the column of index j may now enter the
basis without destroying optimality and without changing the value
of the objective function. The existence of multiple optima may

not be so readily indicated in a discrete extremum problem. In

such a problem, the branch and bound method described in Section 4.1
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partitions the continuous space enclosing the feasible lattice
points into continuous subspaces by the introduction of bounds
imposed on the integer variables. These bounds may, in some cases,
introduce inconsistencies but these are always discovered by the
nethod. Other bounds produce subspaces enclosing feasible sub-
lattice points. The number of such subspaces may vary depending

on the particular way in which branches are selected in the pro-
gression towards an optimal solution but this number 1s always
finite. The method examines these subspaces in some order and
produces, in effect, a series of optima. Throughout the method,
the best feasible solution up to the current stage is retained and
only those subspaces over which the optimal values of the objective
function are in excess of this current best discrete optimum are
investigated further. At some intermediate stage suppose we have
the current best known feagible solution and further, suppose it
to be an optimal golution but one of a set of multiple optima, in
fact the firet member of this set to be encountered. Of the sub-
gspaces not considered so far some will be associated with continuous
optima violating the functional comparative criterion and will be
discarded. Others will be associated with eligible continuous
optima and of these some will enclose the remaining feasible optima.
Bach optimum must be visited becaugse the continuous solution space
enclosing it can only be partitioned into subspaces to be discarded

and a subspace with an optimum equal to the current best. Thus, if



we are only interested in attaining an optimum, problems with
multiple solutions will lead to unnecessary iterations. Such
situations may be remedied by a simple device used in the
extended method described in the following chapter.
As an illustration of this situation, consider the problem

of maximizing
X, T Xt ¥
subject to

10x, + 3%, £ 55,

X + 3x2 £12,

and Xy and X, non-negative integers.
The following tableauxare in condensed form and again we emphasize
that the rows representing the ranges on the integer variables are
not recorded. The first tableau is the continuous optimal tableau

and succeeding tableaux are accompanied by only brief comments.

! 3 ')
X, 194/27  2/27 7/27

X1 43/9 1/ -1/9
65/27 -1/27  10/27

X2

51 -7/9  -l/few 1/9 Explore x) <4, store x; > 5.

97
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The last tagleau represents a feasible solution so set x

1 al —%A
20/3  2/3 1/3
4 1

8/3 -1/3 1/3
7 -9 -1
-2/3  1/3 -1/3 4
1 -89 -85
6 1 1

4 1 0

2 0 1

9 -10 -3
2 A4 -3

28

Explore Xp L 2, store x5, > 3.

Active bounds; Xy £ 4y X5 £ 2.

oo = 6 and

extract the last listed subproblem which is derived from the second

tableau together with the constraint Xy > 3.

T
A 1 0
8/3 -1/3 1/3
7 -9 -1

-1/3 -1/3% 1/3

Explore x5, > 3.



Xy 6 2 1
x) 3 3 1 Active bounds: x) < 4, xp 3.
X, 3 -1 0
X3 16 =27 <10

This provides a feasible solution with Xy = Xgq 80 extract the

lagt listed problem which is derived from the first tableau and

the constraint x; > 5.

1 -X3 -X,

x,  [194/27 2/27 /27 Xy> %oy

x) 43/9 1/ -1/

o 65/27 -1/27 10/27

8 -2/9 1/9 —l/9=!i Explore xy > 5.
1 -X3 -8

Xo 20/3 1/3 7/3 Xo > Xga

Xl 5 0 -1

xg 5/3  1/3 '10/3

X, 2 -1 -9

S5 -2/3  -1/3 -10/3ﬁ Explore x5 & 1.




1 ~Xg -85
31/5 1/40 710
26/5 1/10 -3/10

1 0 1
19/5 ~1/10 -27/10
-1/5 -1/10¢ 3/10

1 ~S¢ -3z

3 1 1

5 1 0

1 0 1

4 -1 -3

2 -10 -3

100

X >X

Explore x; £ 5, store x; > 6.

Active bounds: x; 25, x,¢€ 1,
xS

This is again a feasible solution with X, = X go extract from the

ocC

list the tableau derived from the last tableau but one and the

constraint x; = 6.

X1

X2

Sq

s N
31/5 1/10 7/10
26/5 1/10 -3/10

1 0 1
19/5 ~1/10 -27/10
-4/5 1/10 -3/104

Xo > XOC

Explore x; > 6.
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1 -X3 -l
X 13/3 1/3 7/3
x 6 0 -1
Xo -5/3  1/3  10/3
X, 11 -1 -9 No solution.

The solution process may now terminate because no further subproblems
remain on the list.

* Note that one of the multiple optima was obtained after just
two iterations in the integer phase yet gnother four were required

by this system to ascertain that no better solution existed.

4.5 Experience
Full details of our experience with this method are given in

Chapter VII. At this point, since we have not yet described all
aspects of the branch and bound method it is not possible to
properly discuss the extent of the computation. However, the
amount of work involved in progressing from a continuous optimal
solution to a final solution and proving the optimality of this
final solution is clearly dependent upon two factors, namely, the
number of optimization subproblems which occur and the amount of
computation within each of these. Due to the inclusion of the
rows representing the ranges of values of the n' integer variables
the amount of computation in an integer phase optimization is in-

creased by a factor n'(n + m + 1)-1 for each pivot operation.
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The method successfully solved all problems of the sample and,
taking the sample as a whole, appeared to be superior to the
cutting plane method from the point of view of execution time.
The average time taken over two complete runs of all 30 problems,
each rufl representing a particular variant of the rule for breaking
ties between eligible pivot columng, was 30.08 seconds compared with
the best time of 32.6 seconds for the optimal zut method and thq:best
time of 67.2 seconds for the standard cut method. The worst catting
plane time was 85.7 seconds, but it should be pointed out that this
run included a problem which reached the imposed limit of 2000
iterations and gtill remained unsolved. Probably the most out-
standing feature encountered on examination of the individual
results is the comparative ease with which problems 5, 7, 8, 9,
15 and 19, all presenting great difficulty to the standard cutting
plane techniques, were solved by this branch and bound method. The
following table, in which the performances of one variant of the
branch and bound method and four variants of the standard cutting
plane method are compared, gives the number of iterations required
to sclve the sample of problems by the methods indicated. The
branch and bound resuits column is extracted from the first branch
and bound results table, Table 9. The best performance figures for
43% and equal best for 10% of the sample problems appear in the

branch and bound results column.
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In Table 4.l the columns headed (a) and (b) represent two

generator variants, viz: (a) selects row r where frx = min fiy,
2

-

a5 = min 8043 (b) selects row r such that f, = max fjq5, each
j> o izt
variant being applied to the two situations t = o and t© = 1.

0

Branch Standard cutting plane method.
and
Prob-|Bound. (a) (b)
len Functional | Functional }{Funetional| Functional
admissibleinadmissible| admissible| inadmissible
1 6/, 21 17 L4 19
2 15 1% 21 15 15
3 20 39 39 17x% 27
4 12 9 10 Lx 43
5 16x 1427 69 851 451
6 13x% 76 112 555 749
7 16x | > 2000 639 1858 1562
8 13=% 85 510 > 2000 873
9 Tx 552 813 1916 > 2000
10 8 4 10 3% 6
11 2 1 6 1x 2
12 26 17 22 13% 27
13 43 15% 19 28 91
14 28 25% 34 235 84
15 5% 35 46 > 2000 > 2000
16 25% 26 32 55 262
17 27 11 23 5% 15
18 74 11 23 S 15
19 93 52% 451 > 2000 > 2000
20 199 199% 1594 199 820
21 201 303 1595 322 760
22 201 296 1671 306 760
23 9% 37 25 6/, 64,
24, 3x 8 7 5 8
25 3% 3% 5 3= 5
26 5% 5% 5% 5% 5%
27 2 1 1 1= 1=
28 2 13 2 1x 2
29 6x 9 9 7 7
30 L% 7 8 6 6

# denotes the best performance.

TABLE 4.1 COMPARISON OF PERFORMANCES BETWEEN A BRANCH AND BOUND
VARIANT AND FOUR VARIANTS OF THE STANDARD CUTTING
PLANE METHOD.
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CHAPTER V.

EXTENSION OF BRANCH AND BOUND METHOD.

The contents of this chapter are dependent upon the previous
chapter, in fact the developments to be discussed resulted from a
theoretical investigation of branch and bound methods. These de-
velopments were ingpired by a statement made by Dakiﬁ.[8 ]that his
algorithm has the ability "........to produce near optimal solutisns
fairly rapidly, even when it takes an unreasonably long time to ob-
tain an optimal solution and prove that it is optimal®. Our
curiosity was further stimulated by another statement indicating.
that, in most problems he attempted, the first feasible solution
encountered also proved to be the optimum. This prompted the idea
that if in practice this situation proved to be generally true then
it could be advantageous to establish optimality, or otherwise, for
feasible points by some different process. The method to be des-
eribed can, in a sense, be regarded as being independent of the
branch and bound approach because it is applicable to any feasible
gtarting point attainéd by whatever method, by some relaxation
technique applied at the continuous optimum for example, but for
simplicity and continuity we utilize the branch and bound technique
for producing the firat feasible solution.

The chapter consists of seven sections. In the firstAwe are
concerned with obtaining a feasible point using the branch and
bound approach. Since it is desirable to simulate the experience
which led to the basic idea behind this investigation we present

- an argument for selecting a branching variable which appears to
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define the best branch of the tree. The second and third sections
describe the ideas fundamental to the method of progression from
the first feasible solution point to the conclusion of the solution
of the problem and are of primary importance. The fourth section
describes how these ideas are brought together and used in order to
carry out this progression. The remaining three éections discuss
various aspects of the method. Section 5.5 discusses the types of
difficulties that can arise in the method and presents ways of
overcoming these. Section 5.6 proposes some possible variants of
the method. Finally, a small example followed by a discussion on
our experience with the method completes the chapter with Section

5.7.

5.1 Variable Selection

Following the presentation of Land and Doig [26], let us
consider the intersection of the functional hyperplane and the n-
dimensional convex set over which it is to be optimized. A common
convex set in (n - 1) dimensions is produced. In this (n - 1)-
dimensional convex set each of the n variables has a maximum and a
minimum value as illustrated by Figures 5.1 (a), (b), (c) and (4).

Knowing for a particular value of the functional the associated
minimum and maximum values of each variable one also knows whether
or not there is a possible integer value of each variable for that
particular position of the functional hyperplane. If there is not
at least one integral value for every variable X then clearly

there exists no solution to the problem at such a value of the
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X, (a)
Hyperplane through x),xp,X3

cutting three dimensional convex.

dﬁ“qgwsp

(d)

Bounds in X, direction. x, Bounds in X3 direction.

FIG. 5.1 Intersection of objective function and three dimensional space.

’
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maximand. The converse of thls result is not true however.
Exlistence of integer values for all the variables X does not
imply a solution at such a value of the maximand for the simple
reason that these co-ordinates need not necessarily coincide on
the hyperplane. Since, at a particular value of the functional,
there is a unique maximum and minimum for any varlable xy, we
can define two functional relationships min x; and max xy between
Xk and the functional. We illustrate this point by means of the
following example.

Maximize 3x1 * 4xp

2X1 + 5X2 Sl5 )

subject to 2x; - 2x5 < 5,
LX) - Lxo2 -5,
4 * hxp 25

and x3, x2 > 0.

The continuous optimal solution is given by the tableau

1 -X/, -X3
x | 35/2 1/2 1

x| 55/14  5/14 1/7
x2 | 10/7 -1/7 /7
xg | 115/7 6/7 8/7

X5 15 2 0]
5 S (The ¢'s are merely column
1 2 3 identifiers for later use).

and is represented by the Figure 5.2.



FIG. 5.2 .

Due to the integrality requirements x, must also fe integral,
so let us examine what happens as the functional is moved para-
1lel to itself from B into the convex in sﬁch a way that at each
step the functional attains an integral value. The intersection
of the functional and BA and BC can be traced out as shown by

the following table which illustrates the first four steps.

BA path éolumn BC path| column Range
" combi- combi-
*o |®1L |*2 | nation. | *L | *2 | nation. ! *2
17 2?7- ]—"-]; c] - ¢2 g% % c] - ]'2" c3 g%sxls‘-?% %sxzs%
20 |13 26|17 | 2, |20 26|17, 26
R A UL Bl Sl R R R e S B v s
15 |13 - 25 |15 -2 5.2 (15, .30
15 7177 e 5¢co 7112 |1 -2 °3 7Sx1$ 7 | 1455251,
10117 - 23113 -1 10...<23 | 13, .34
ol I I e e vl i e B i A 7 as

TABLE 5.1 x] and x2 ranges.
At specific values of the functional x, the corresponding min x1,
max x] and min x», max x2 are given by the range columns of Table

501.

108
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Consider the convex polyhedron in three dimensional space

(x5, X1, Xo) defined by the example constraints without the inte-
grality requirements. A sample of its boundary points is illu-

strated in the Figure 5.3.

o
/\ Ao = ’3;"*

k=ﬂ% B

Figure defining the polyhedron
Xo =3% ~4x3 = 0,
2x; *5x5 £15,
2x1 -2x

..Ax_l +4X2

el R

. with vertices A,B,C,D,E,L,M,N,P,Q.

X, N FIG. 5.3

If we project this three dimensional space onto (xy, x1), say,
then the convex polygon bounded by min x] and max x1, specific
points of which are given in Table 5.1, is produced as illu-
strated in Figure 5.4.

The highest point of the polygon, with xo = 174, corresponds
to the continuous optimal solution of the original problem.

Thus far, we have merely illustrated some ideas which can be
generalized to n dimensions. With these preliminaries complete

let us now return to the major problem of this section.
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+ + + b
I 2 3 4 X,

FIG. 5.4 Projection of (x,,X;,Xo ) space onto (xq,x1) space.

Suppoge that we have the optimal solution of a subproblem

generated by the branch and bound method and further, that a
gubset of the variables required to take integer values have

not yet attained integrality. In the manner illustrated above
let us project the (n + 1)- dimensional space of variables (n)
and the objective onto the two-dimensional space (xo, Xi),
where %, is the objective function variable and x; is one of the
basic variables. The figure produced will be a convex bounded

by the lines min x4 and max xj. Suppose the current tableau to
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be expressed by

apo * :E:: acj (-xj),

j¢ B

ajo * 2 : aj j (-xj), i € B, the set of indices
j¢B of the current basic variables. (5.1)

X0

Xi

Let X5, be the best value to date of x, consistent with an
integer solution. The Figure 5.5 represents the projection of

the (Xg, X1 s«++-s+sXy)space defined by (5.1) onto (x5, xi).
XOA ‘P

xol‘.

|
|
]
|
!

K .
|
|
|
|
|
!

!
I
!
|
i
i
|

FIG. 5.5 Projection of (n +af3 space onto (xg,x;).
P represents the current continuous optimum and xgc is the best
feasible optimum to date.
PK = min %3, PN = max x3.
L and R are the intersections of AN and the integral lattice lines
bounding ajo. Since we have a solution at X, the only problems
worth considering are those for which x5 > xqp. Now, from the
figure, for xo to exceed Xoc the variable xj must satisfy

AK < x3 < AN.
ul

.r
(Note. This isn't the case for the situations o> 7’ orf> =

In such situations M lies outside the range KN and in the one case

X; is bounded below by PM (xy > AM) and in the other x; is bounded



above by PM (x; <AN)).

Now M
AK = AM - KM = AM - $gn o =[aio]+ fio = tan oA

So 2g0- Xgo— fio tand

1> [aiO]_ tan o )

But xy = 0 modulo 1,

hence

112

[ 8200~ Xoe~ fio tand 5

xiz [aj_o] [ tan of ] (5 )

Again,
_ PM_ , 2oo” Xoc* fjotang

AN = AM + MN = AM * fang = [aio] tan g :
Therefore

xy < [aio]+ 800~ X‘OC!+ fio tanﬁ ,

tan B
but x§ =2 O modulo 1,
and so ag0— xoc+ fio tanﬂ
xi S [810]+ [ tan f‘ . (503)

Thus, if x5 is to exceed xy. we must have

[aio]" [aoo- Xog— fiotano(] €T g [aio] N [aoo— Xoct fiotanﬂ]‘(s.A)

tana tanﬂ

We will now attach meanings to = and B in terms of the
tableau. We need consider only one of these, say &.
Now, tanX = %—i = change in x, per unit change in xj, and so in
terms of the cost ranging procedure of linear programming, tan
is the marginal cost of changing x;. In this particular instance,

tan is the marginal cost of decreasing xj and tanﬁ ig the

marginal cost of increasing xj. In terms of the tableau elements

we have
taned = nmin {a—?:!-} (5.5)
ilaiz> 0 81j
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- . ag+
and tan/; —jlar;x;n<0{!—a-i;|-} . (5.6)

It may be worth noting that (5.5) is undefined for aj; < O and
(5.6) is undefined when ajj > O.

When considering x; suppose that all ajj < O then (5.5),
and consequently a lower bound in (5.4), have not been defined.
What this situation means in fact is that & exceeds %g,in which
case (7T - o) becomes essentially another(?a . However, the correct
B is selected by (5.6) and the upper bound of (5.4) will be
correctly defined. Under these circumstances let tandl be in-
finite then (5.4) will be defined completely. Similarly, if all
ajj> 0 then tan{% and the upper bound of (5.4) are undefined.

This situation is catered for by defining tanﬁ to be infinite

under these circumstances. Both situations are illustrated

Xe
A x°/\
l I
= | A , AN
LI I.
| / |
| |
| |
'a;,, >x‘ a.-ia >x;
tan™ undefined tanp undef'ined.
FIG. 5.6(a) FIG. 5.6(b)

in the Figures 5.6(a) and (b). All this means is that in the first
case xj cannot be decreased below its current value and in the
second case xj cannot be increased above its current value. The

strategy employed in[??] in order to gelect a branching variable
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in the travelling salesman problem was to branch on that variable
which made the worse of the upper and lower bounds on the range
of the variable as bad as possible. This worse alternative igs
unlikely to produce the final solution; it is given by

max (PB, PC) = max (MR tanf , LM tan¥ )

= max{ (1-f3,) tanB, fio tand}. (5.7)
(When p>£’- MR is undefined, when ot>£; LM is undefined and in
either case no alternative exists).

Therefore, efficient selection of a branching variable can
be achieved by (5.5)’3_(5.6) and (5.7). To each integer variable
¥j which hag not-attained integrality, so that xi = ajq * fio»
fio> 0, apply (5.5) and (5.6) then compute (1 - fi,) tanf and
fi, tandl . Finally, select that variable which satisfies (5.7).

5.2 Bound Gontraction

As mentioned earlier, investigators of tree search methods
have reported that the optimal solution often appears to be
reached at an early stage in the progress through the solution
process. At this stage many subproblems may, however, remain
and must all be examined prior to termination of the search.

If this is in fact the case it may be advantageous to proceed
as follows . Obtain an integer solution, probably discarding
alternative problems en route if the branch and bound technique
is used to attain this first feasible sclution. Employ thia
feasible solution and the functional to construct a new con-

straint which will exelude this golution and produce a new
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convex. Two possibilities can exist, either we already have the
optimal solution or the new convex is not empty and contains the
desired lattice point. If an approach along these lines is adopted
it will thus be necessary to determine whether or not the new
convex is empty. We now investigate this aspect.

Suppose the constraints defining the convex enclosing the

feasible solution space, if it exists, are

E : aij xj €8ios 1= 1yeenss b3 (5.8)
jeXN
Suppose further that xj is bounded thus
gy<xy <Py -
Now let either bound on xj be represented by
3j if ajj < o,
¢ij = 0 if az3 =0, (5.9)
gj if az5> 0 .
Then for any xj in (5.8) we have
a1 j ¢l,] S 8ij Xje (5.10)
Now, in order to consider a particular variable xi, from the set
of constraints (5.8) extract the i-th and rewrite it as
j;k aij x5 * ajk Xk < 2io -

Then, using this and (5.10), we obtain

ajk Xk £ 2io ~ J;i 81§ %j
< 8io - j;k aij Pi;

ajo - Z\ ajj Pij * 21k Pix- (5.11)

jEN

ZN %1y P13

JE

N\

Let 8; = aj,
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then (5.11) may be rewritten as

ajk % € 81 * 2k Fik- (5.12)
Now, when aji > O inequality (5.12) can be written as

81
X £ Atk * P ’

which by (5,9) becomes
%€ agy T & -

This can be expanded to give

X & 5k+(ﬁk-5k+z§%; . (5.13)

When ayy < O inequality (5.12) can be transformed by a similar

process to producs

81 +
. Xk 2 a1k Px
51

> B * (B - B taw) . (5.14)
Be - B+ g%; for ajx > 0,
1

Let Z&Lk = «. S5 :
B - B * Fn for ag < 0.

Then, using (5.13) and (5.14), we see that the variable xy must

satisfy
0 € P *Dyy if age > 0 (5.15)

or e > *Aik if ajp < O. (5.16)
Clearly then an improved bound may be obtained for xi because if
Z&ik <0 (5.15) may be used to decrease its ipper bound while if
ink > 0 (5.16) may be used to increase its lowsr bound. Further-
more, if Si < 0, it can be seen from (5.13) or (5.14) that contra-
dictions will occur because, for example, we could have

xe > &
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and from (5.13)
e £ B -t A >0,

which are contradictory.

5.3 Convex Igolation

The development of the above bound contraction process has
presupposed the existence of bounds on the integer variables.
Generally we may assume that bounds for the integer variables in
a problem are not known but once the continuous optimal vertex has
been determined we can compute such bounds in the following manner.

Firstly, it should be noted that we can often take advantage
of the branch and bound method itself in obtaining bounds. Suppose,
within the complete solution process, we are at a stage between the
production of the continuous optimum and the first feasible solution.
If during the branching variable selection step defined in Section
5.1 we have that tana or tanp is infinite and no other subproblems
have been listed, then we can define a bound on the variable con-
cerned, For example, if xyx = ayy Z O modulo 1 and tanat is infinite
then we know that a lower bound on this variable is given by xp >
[?ko] + 1. Similarly, if tanf is infinite an upper bound would be
given by xp £ [?ko]' Of course, if an} preéiously listed subproblem
existed at this stage these bounds would be applicable only on the
particular branch with which we are concerned. They may also apply
on branches containing the other subproblems but at this stage we
cannot decide this from the current problem. Situations in which

this retaining of bounds en route to the first feasible solution is
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advantageous are discussed later in this chapter.
To return to the idea introduced earlier, suppose that we

have produced the continuous optimum and the first feasible
solution. The object now is to use this first feasible point
in order to igolate a region of the original convex. To do this
we ugse the objective function and the feasible solution to define
a new functional constraint. This, as the name may imply, is a
hyperplane which is parallel to the objective function hyperplane
and is pogitioned so as to have a congtant term which exceeds the
feasible optimal functional value. As an example suppose our
current feasible point is (%™, X, xBﬁ, xaﬁ) and that the
functional to be maximized is

Xo = a1 x1 *a2 xp*a3x3*a, x.
Then at (x1%, xg?, XBK, xAx)

Xo = a1 " * a2 x® + a3 x3* *+ a; x* = k(say).
If this functional is to be improved its value must be increased by
gsome amount d >0 gso that the functional constraint is given by

al x} *a2x2 *a3zx3*ta,x, > ktd.
The value of d is dependent upon the type of problem being considered.
For a mixed integer problem all we can say here is that d is positive
and may be as large as possible subject to the condition that no
feasihle lattice point, other than the first obtained, is excluded
from the new convex region. Although we have successfully solved
gome small mixed integer problems by hand our computer code has been
written to cater for the pure integer problems of the data sample.

Due to this, we now confine our attention to pure integer problems.
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Let
Xg = a1 x *axgx*t eeees Yagx,,

where xj =(modalo 1.

Now, to use a term from number theory, the aggregate :E: aj xj
i=1

forms a modulus, that is a system S of numbers such that the
sum and difference of any two members of S are themselves memhers
of S. Let d be the greatest common divisor of al, a2,...., an
then the modulusjg; aj xi is the aggregate of multiples of d so
that any change in the magnitude of x, will be some integral
multiple of d. Consider the point - lattice Z:and suppoge that
the objective function hyperplane defined by xg = %gi aj xj is
at some point P of £ such that the value of the objective function
is x¢ = k, say. It is now necessary to move the functional away
from P in such a direction that the value of x5 1s increased above
k and by such a distance that the space between the two adjacent
functional positions containg no member of L. Clearly, by the
above, the magnitude of such a distance will be a funetion of d
and, in fact, the minimum increase in %y is d.

So we define our functional constraint to be
J.ezN 80j Xj 2 Xoc * d, (5.17)
where d is the greatest common divisor of the objective function
coefficients.

The continuous optimum is defined by a subset of the hyper-
planes defining the original convex and can be identified by the

variables which are nonbasic in the primal and dual econtinuous

feasible tableau.
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These hyperplanes emznating from the continuous optimal vertex
together with the funetional constraint define our new convex
region, which we call the isolated convex. The vertices of this
isolated convex are used to define a set of lattice planes bounding
any lattice points which the isolated convex may contain. Suppose
that the co-ordinates of the vertices of the isolated convex are
(Xg75eeevees Xip)s L =1,.000..,7, one of which is, of course, the

continuous optimal vertex. Then the lattice planes are defined by

7 j s xj s 7j2! J= 1!"" n, (5-18)
where 731 = m%n Xi j if m%n X35 = 0 modulo 1,

[mJ:.n xij] +1if min x5 Z O modulo 1
1 1

and 732 =[mr;x xij] , 1=1,. vy V.

5.4 Search for a Superior Feasible Point

The ideas fundamental to this method have now been described
and so can be brought together in a way which facilitates the search
for a superior feasible point. To review the situation, let us
assume that the following steps have already been carried out.

(1) The continuous optimum has been found with a continuous
maximal objective function value of x,'.

(i1) The first feasible solution, with an objective function
value of X,e, and possibly a set of integer variable
bounds have been obtained by the branch and bound method.

(iii) A functional constraint excluding this feasible point has

been defined.



Clearly, the first thing to determine at this point is whether

or not \

Yhere d is the greatest common divisor of the objective
function coefficients. If (5.19) is true then the isolated
convex R that would be produced by the intersection of the
functional constraint and the constraints defining the con-
tinuous optimal vertex would be entirely infeasible. The
current solution is then the best. If (5.19) is untrue, the
igolated convex will define a continuous space which may or
may not contain a feasible subspace and we proceed with the
following step.

(iv) Determine the points of intersection of the functional
constraint and those defining the continuous optimal |
vertex. Use these vertices, together with the con-
tinuous optimal vertex, to determine bounds on the
integer variables. From this set of bounds and any
specified by (ii) extract the best to define L, a
convex set bounded by planes of the fundamental

lattice.
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(5.19)

We now want to examine L ~ R and ascertain whether or not it

contalns a feasible lattice point and if so find one. To do this

we employ the contraction process described in Section 5.2.

Firstly “though we should examine L itself because, by our defi-

nition, a contradiction can arise in the determination of L, If,

for example, the vertices of the isolated convex are given by
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(X{1s +eses Xin), 1 =1, «..., t then let us consider just the

first component of each and suppose that xj] = K+€3, 1 =1,

cees, t, where K is a positive integer and 0 <€; < 1. Then,
by (5.18) we obtain

f,n=[‘mji.nxﬂ] +1=K+1,

1)12 = [ mix xn] K

and K+i$ x1 £ K

which is a contradiction. This implies that R contains no
lattice point and that the current feasible solution is optimal.

Now we agssume that L is non-empty, in which case it must
contain members of the point-lattice C, and proceed to describe
the contraction process.

Suppose any bounds produced prior to step (iv) are given by

1; $Xj\{nj.

Let (5.8) define the isolated convex R and let (5.18) define L,

where it is now assumed that

,73_1 = max { m::;:n Xij» lj} if min Xij = 0 modulo 1,

max {[min xij] +1, 15}1f min x;; £ O modulo 1
i

and = min { max Xjs n-}.
732 P S A
For eage of reference R and L are given by
;Iaij xj € ajoy 1 =1, ..uy &, (5.20)

respectively.



For each constraint (5.20) compute
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8. = - Z aij ¢1j + 830 » (5022)

+ JjeEN
where ¢ij, as defined by (5.9), uses the bounds given by (5.21).
If &; <0 then the application of (5.13) or (5.14) would produce
a contradiction which implies that L. AR is empty and consequently
the current solution is optimal. If Si > 0 then we attempt to

contract L by applying (5.13) and (5.14) to L ~R as follows

d1
731 + 5-3-.3 1fai;]> 0

and xj)732+5i—:]i_-ifaj<0,jen.
If, for some i, any change occurs in the bounds then the new
values displace the present ones before i is incremented. This
implies that (5.22) always operates on the currently best bounds.
A complete pass over 1 = 1l,....,t is called a cycle. The occur-

rence of a bound change does, of course, introduce the possibility

of alternative paths in the process. A change in either bound on

some variable xj at & stage 1 = s, say, could affect some 51, i<s.

We could take account of this situation by returning either to the

beginning of the cycle, i = 1, or to some stage, i = p, such that Gp

is affected but 8;, i <p, is unaffected. On the other hand we can
ignore it and continue the cycle with i = s + 1,....,t and, for
simplicity, this is what we have decided to do. This cycle process
is repeated until a cycle is executed which involves no change in
the bounds on any of the xj and this then is as far as the bound
contraction process can proceed. The following situations can

exist at the end of a eycle during which no contradiction has
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arisen and no bound has changed.
(1) L AR has been contracted to a region L1~ R in
which L1 is given by a range similar to (5.21)
such that
132 = 5 21 (5.23)
for at least one j € N.
(i1) L AR has been contracted to a lattice point.
In the event of (i) we define L and Ly where
1 ALy =0, L wloc L
so that Ly and L, are two non-intersscting subregions of Ll.

In fact, to be more specific, we may select any variable for
which (5.23) is true and dichotomize its present range

’}kl < % € N k2

to the two ranges

’]kl < ¥ < £ 1 (5.24)

and

f1sx < ’)kz : (5.25)

where fk = I)k2 -1 - [ k2 - qkl:l. No feasible space is omitted

by this process since Ek <Xy <'fk + 1 is empty of lattice points.
Thus, L1 and Lo have the same bounds as Ll in all variables except
Xk. We now attempt to contract Ly ~ R in the same manner as before
and if Ly ~ R contains no lattice points then we repeat the process
with Lo A R. The process of contraction will thus terminate in one
of two ways. Either we prove that L AR is empty of feasible lattice

points or the situation (ii) occurs.
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For a reason to be discussed in the next section, in the
event of (ii) we must apply a partial feasibility test to the
lattice point produced by the contraction process. If it is
infeasible and no Lj resulting from dichotomies remain then the
current feasible solution ig optimal. 1If, however, it is
feasible then it provides a solution superior to the current
one. This in turn supplies a new x,, to step (i1) given at
the start of this section and the process outlined above 1s
recommenced from step (1i1) using the new superior feasible

point.

5.5 Difficulties Within the Method

We filrst present the reason for the partial feasibility
test mentioned in the previous section and commence by recalling
the process of defining the isolated convex. The constraints
defining the continuous optimal vertex are extracted from the
tableau. These and the functional constraint define the bounding
hyperplanes of the isclated convex. Now, clearly, this convex
may or may not be a subset of the original convex. If it is then
any enclosed pecint-lattice is feasible, if not then infeasible
lattice poinis may be admitted. This situation is illustrated by
the following problem and the asscciated diagram (Figure 5.7).
Maximize 4x) * xp
subject to 3 * 2x £ 17,
2] = ¥ < 7
R¥] = 3%y S 4,



X1 + X2 > 3,
-2x; *6x2 £ 3,
X1, x2> O and integral.
xl.
A
4 : .
3f . o
2 . .
17 4 o
1 X,
FIG. 5.7

In this graphic representation of the problem and solution, ABCDE
represents the original convex enclosing the feasible space. C
is the continuous optimal vertex and P the feasible optimum. LM
is the functional constraint intersecting the congtraints BC and
DC, which define C, in L and M regpectively. The region RBCDS,

in which we are interested, is empty but, by ocur definition, the
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isolated convex LCM has admitted the many infeasible points (3,4),
(3,3), (3,2), (4,2) and (4,1). When it was realized that such a
gituation could arise the possibility of an excessive amount of
feagibility testing had to be recognized. Consequently, our con-
struction of this and similar problems led us eventually to take
advantage of the branching variable selection process and to the
retention of the bounds this produced. Fortunately, such a scheme
appears successful in practice and excessive feasibility testing
has not arisen in any of the problems which we have attempted. In
the above problem, for example, during the progress from C to P
the bounds obtained are successively x} 4, x2 €1 and x) £ 3.
The isolated convex would produce 3 £x £ 4, 0 £x2 £ 5.
Combining these two sets of information we obtain 3 <x; £3, 0K
¥2 £ 1 and the application of the bound contraction process to
this set and the isolated convex reveals immediately that the
functional constraint is violated.

Another source of difficulty is the determination of the
vertices of the isolated convex. This determination is not in
itself difficult, the vertices being obtained quite simply, but
difficultiesg do arise if one or more of the vertices has co-
ordinates with one or more negative components. Such a vertex
1a, of course, infeasible. In the early stages of development
of this method all we did in order to remedy this situation was
to éet the negative valued components to zero and leave the others
unaltered. In many situations this could lead to poor bounds, as

illustrated in Figure 5.8. The convex defined by the constraints
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is represented by CDEFG and the circled points are feasible lattice

points.
X, G

FIG. 5.8 Isolated convex with infeasible vertex.
Suppose C is the continuous optimal vertex and P the feasible

optimum. AB represents the functional constraint defined so as to

exclude P. It intersects the hyperplanes defining C in A, with co-

ordinates (aj, as) where ap <0, and B.

B would provide a goc&‘ghund on x2 but the bounds obtained from
A would be weak. Usihg the technique mentioned earlier for dealing
with ap < 0, we produce the co-ordinates (aj, 0), the point T on the
X] - axis. When constructing the bounds on x; and xp we then obtain
X] 2 al] *+ 1 and xp2> 0. Inspection of the figure indicates that,
in faect, x ;,[al] + 3 and x3 > 0.

Due to the possibility of such poor bounds resulting from the

above method we have, in practice, further modified the technique
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for dealing with a vertex having any negative co-ordinates.

In general, the isolated convex is represented by (n + 1)
equations in n variables and the golutions of all square subsets
of n equations produce the vertices. The solution of one of
these subsets is, of course, unnecessary since the continuous
vertex is already available from the continuous optimal tableau.
If a vertex with a negative co-ordinate, say xx, is produced
then the particular subset of n equations associated with this
vertex is augmented by the equation xp = O and the new system
golved n equationsg at a time. If many co-ordinates in the initial
vertex are negative we choose for equating to zero that variable
whoge co-ordinate value is most negative. If this second operation
should again produce negative co-ordinates we adopt the earlier
remedy and set the appropriate values to zero.

In termg of Figure 5.8, the vertex A is obtained from the
solution of the two equations representing BA and CD. The %2
co-ordinate of A is negative so we determins; in turn, the inter-
sections of xp = 0 and BA and x9 = 0 and CD giving the points H
and D respectively. Then the bound construction process will
derive a better bound from H than it would have done from T.

This method has succeeded well in practice. A number of
problems in the data sample pregented these difficulties and the

code was able to cope with them all.

5.6 YVariants in Certain Areas of the Method

Two principle stages of the method; as already presented, are
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susceptible to variation. These are (1) the determination of the
vertices of the isolated convex and (ii) the action to be taken
when a new feasible lattice point is found.

Although no details were given, it was indicated in Section
5.5 that the vertices of the isolated convex can be determined -by
solving all the square subsystems of n equations in n variables
taken from a certain set of n *+ 1 equations in the same n vari-
ables. This amounts to inverting the matrix of coefficients
agssociated with each vertex of the intersection of the functional
constraint and the hyperplanes defining the continuous optimal
vertex. Section 5.5 also pointed out difficulties that can arise
with this technique. In practice, this is the technique we have
adopted but there are at leagst two other possible methods of
dealing with the isolated convex. TFrom the theoretical point of
view these are also more sophisticated since they use only prin-
ciples common to linear programming. Furthermore, the difficult
situationg already referred to are automatically overcome.

The first approach would be to optimize the null vector over
the new convex region defined by the functional constraint and the
hyperplanes defining the continuous optimal vertex. If this was
done for the situation illustrated in Figure 5.8 the points D and
H would be determined instead of A, due to the condition x3 > O
being implied by the simplex method.

The second approach would be to minimize and maximize each
integer variable in turn over the new convex region defined by

the functional constraint and the hyperplanes emanating from the
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continuous optimal vertex. Again, due to the simplex method
implications, this approach would not obtain A but would obtain
H as a result of minimizing xj.

Both of these approaches may introduce sophistication at
the expense of computational effort; this aspect is further
considered in Chapter VII.

After the production of the isolated convex R and the hyper-
rectangle L the region L N R is searched for a feasible lattice
point. If one is found it provides a better value of the oh-
jective function than any currently retained lattice point. In
the general gituation we may assume that hypotheses have been
made en route to this point, i.e. the region L ~ R has been
partitioned in the manner described in Section 5.4. At the
stage of finding a new feagsible lattice point and hence defining
a new functional congtraint we can either (i) continue the exami-
nation of remaining hypotheses or (ii) recommence the process of
determining the vertices of the new igsolated convex to define a
new R, use this to define a new L and by the bound contraction
process seek a new lattice point in L~ R. In order to adhere
to the hasic logic of the technique as a whole the second alter-
native was initially chosen. After applying the code to the
sample of 30 prohlems the code was, however, modified to cater .,
for the first alternative as well. -
To zonclude this section we mention one other part of the

technique where variation is possible. The two variants pre-
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sented above were regarded as major because they were concerned
with variations within the logical structure of the technique.
This final variant concerns the situation of having to select a
variable, from among possibly many, in the event of L ~ R being
contracted to a region enclosing more than one member of the
point - lattice L. The code caters for the following three
variants.

Of the variables associated with non-zero ranges select x)

(1)  where (7k2 "?kl) = min (ﬂj2 - 731) ’

(i1) where (')kQ -7 x1) = max (")52 -731) ’

(1i1) where (ny2 —'7k1) max (nj2 - 7j1) and continue to
! i ,.

use this variable until both its hounds are coincident .

for dichotomizing.

5.7 The Method in Practicse

Before proceeding to discuss our general experience with the
code we present a simple éxample for illustrative purposes.
Maximize Xo = 3% * A%y t x5

gubject to '
xp * %xz + %XB Sli,

2
Xl - X2 s%
and X, Xp and x3 non-negative integers.
Introducing non-negative slack variables %/, and x5 this is, of

course, seen to be a mixed integer problem but one which can be

trivially transformed to a pure integer problem. However, such
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a transformation is not necessary since the variables in the

objective function are all integer variables and a functional

constraint excluding some given lattice point can always be

defined.

The solution below starts with the continuous optimal

tableau in explicit form.

Ags in the previous chapter, the

rows representing the ranges on the integer variables are not

recorded.

Xo

X2
X3
X4
X5

82

1 -X; =] ~X3
35/2 1 2 4
55/14 5/7 2/7 5/7
10/7 -2/7 2/7 5/7

0 0 0 -1

0 0 -1 0

0 -1 0 0
~4/1 =2/1® 2/7 5/7

1 -8] ~Xy, -X3
31/2 7/2 3 13/2

5/2 5/2 1 5/2

2 -1 0 0

0 0 0 -1

0 0 -1 0

2 -7/2 -1 -5/2
-1/2 5/2 % -1 -5/2

Explore x2 > 2.

Explore x; < 2.



X2
X3
A
x5
83

Xo
x
X2
X3
LA
%5
84

This tableau is
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1 -s9 =X}, -X3
4/5 7/5 8/5 3
2 1 0 0
11/5 -2/5 /5 1
0 o 0 -1
o 0 -1 0
27/10 -7/5 2/5 1
-1/5 2/5  =2/5 -1 x| Explore 2o < 2.
1 -39 =X/, -3
/5 13/5 2/5 3
2 1 0 0
2 0 0 1
1/5 -2/5 2/5 -1
0 0 <1 0
5/2 -1 0 1
-1/5 2/5  -2/5 1 | Explore x3 <0.
1 -89 -8, -93
14 3 1 4
2 1 0 0
2 0 0 1
0 0 1 0
1/2 -1 -5/2 -5/2
5/2 -1 0 1

feasible and optimal.
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The next astage is to define the isolated convex.
We first construct the functional constraint
Xo = 3% t4x2 tx3 214+ 1.

Then the isolated convex is bounded by the hyperplanes

x3 =0 ; x3 =0 (i)

% =05  m vty = 13 (11)
x5 =0 ; X - X7 = % (1i1)
%o =15 ; 3x) *t4xg t x3 = 15 (iv)

Equations (i), (ii) and (iii) define the continuous optimal vertex.
Equations (i), (ii) and (iv) define the point (l%, l%, 0).
Equations (i), (1ii) and (iv) define the point (2%, %%, 0).
Equations (ii), (iii) and (iv) define the point (1—2%, 55-% » 3).

So the ranges on the integer variables are

L ¢ xn <

7 14 °
2 <= <4
0  <x3 £ 3,

from which we obtain the L - region
3 ! < 3,
1 < % < 2,
0 < x3 < O
The convex region R is defined by
x * (5/2) xp * (5/2) x3 g15/2
X - X2 <£5/2,
- x3 £ 0,

-3x1 - 4o - x3 £-15



and the bound contraction process, defined in 3ection 5.2, is
now used to contract L~ R.
To make this next step easier to follow we recall, from

Section 5.2, that

8y = ay, -j%,aij 2T

whera the ajj, j€ $0} + N, are the constant term and co-
efficients of the i-th constraint and ¢ij is the lower bound
on xj if ajj> O and the upper bound on xj if a;j < O.

If aji > 0, a revised upper bound on xx is

8.
x £ Bix * Ef; ’

whers ¢ik is the existing lower bound,
while if aj) < 0, a revised lower bound is
1
% > fix * gy o
where ¢ik is the existing upper bound on xy.

Now return to the first congtraint defining R and use

(5.26), (5.27) and (5.28) to compute
5, = B L3 - B - 30 = 2,
:5,

N

and so x1 < 3¢
1

3 < 3,
1
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(5.26)

(5.27)

(5.28)

—> xp £ 1, giving a new upper bound on Xp,
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and we continue to apply (5.26), (5.27) and (5.28) to the re-
maining constraints in R, using the current L - region.

The computation proceeds as follows.

3, = 3 - (MG + (M) =5,
X1S3"llg’
xzal-%.

83=o,

xBZO.

6, =-15+ (3)(3) + (4)(1) + (1)(0) = -2,
which indicates, as shown in Section 5.2, that a contradiction
must occur (e.g. if we continued we would obtain x; > 3 + :—§$
X > 4 vwhich contradicts the current upper bound on xy). This
in turn implies that the isolated convex contains no member of

the point - lattice, so that the current solution (14; 2,2,0,

L
2’

%) is optimal,

The above solution has been carried out in a gtraightforward
manner appropriate for such an illustrative example. However, it
does not fully represent all the detail of the computer code.
Those points which have been omitted are discussed in Chapter VII.

Our experience with the code for this method is similar to
that with the others. All the problems of the data sample have
been attempted and, as with the branch and bound method, all were

successfully solved. To make a worthwhile detailed comparison

petween the performance of ths branch and bound method and that
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of the method described in this chapter is a 1ittle difficult.
Both codes bshave in a similar manner up to the stage of finding
the first feasible optimum. Thereafter the branch and bound
code continues with pivot operations whilst the convex isolation
and bound contraction method determines bounds on the integer
variables before the repetitive bound contraction cycles are
commenced. |

Table 5.1 contains the appropriate performance figures for
thres variants of one version of the code. No variant behaved
consistently better than any other but the second, which selacts
to dichotomize that variable associated with the largest range,
performed slightly better than the other variants in most
problems. For immediate reference the appropriate branch and
bound performance figures have been included in Table 5.1.
Except for problems 4, 5 and 6 the modified code has behaved
very satisfactorily even on the basis of a one to one correspon-
dence between a contraction cycle and a pivot operation. On
such a basis the modified code clearly suffers because in a
problem of m inequality constraints in n variables a contraction
cycle involves n(n + 1) multiplications, n(n *+ 1) divisions and
(n + 1)? additions whilst a branch and bound integer phase pivot
operation requires n(m + 2n + 1) multiplications, (m + 2n + 1)
divisions and n(m + 2n + 1) additions. Problem 5, which represents
the worst observed performance of the modified code relative to the

branch and bound code, required an execution time of 1.53 seconds
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INTEGER PHASE PERFORMANCE  FIGURES
. §§é CONTRACTION  CYCLES Bngggﬁ %Iglcq)gm
ZIGEE VERSION O
S |8 59 VARIANT O VARIANT 1 VARIANT 2
HIEEE @ | )] @] )| @ | ()| (a) | (b)
1| 13 0 | 19 0 22 0 25 0 55
2| 7 0 0 0 0 0 0 o.| 12
3011 o | 13 o | 11 0 13 o | 13
4112 | 11 11 13 13 15 15 1 4
5| 7 {132 | 240 23 | 215 | 336 | 528 8 13
6| 11 0 90 0 77 0 % 0 6
71 7 [132 | 240 23 [ 215 | 336 | 528 8 | 13
8| 11 0 90 0 77 0 9, 0 6
9 9 0 5 0 5 0 5 0 4
10| 7 0 0 0 0 0 0 0 5
1| 9 0 0 0 0 0 0 0 1
12| 13 0 0 0 0 0 0 0 21
131 12 8 12 40 | 44 52 56 21 33
1% | 33 0 0 0 0 0 0 o | 18
15| 6 0 0 0 0 0 0 0 1
16 | 14 0 2 0 2 0 2 o | 15
17 | 28 0 0 0 0 0 0 0 1
18| 67 | 12 15 13 16 13 16 4 12
19 | 58 0 61 0 58 0 59 0 38
20 | 200 0 0 0 0 0 0 0 0
21 | 203 0 0 0 0 0 0 0 0
22 203 0 0 0 0 0 0 0 0
TABLE 5.1 (continued on following page)
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o INTEGER PHASE FPERFORMANCE FIGURES
= §§;§ CONTRACTION CYCLES BRANCH & BOUND
E gaa VERSION © ITERATIONS
£ |Sof| VARIANT 0 |  VARIANT 1 |  VARTANT 2

H (a) | (b) (a) | (b) | (a) (b) | ()| (v)
23| 13 0 0 0 0 0 0 0 5
241 7 2 2 2 2 2 2 1 2
251 5 0 0 0 0 0 0 0 0
26| 8 0 0 0 0 0 0 0 0
a7 4 0 0 0 0 0 0 0 1
28| 5 0 0 0 0 0 0 0 0
29| 9 0 0 0 0 0 0 0 0
30| 5 0 0 0 0 0 0 0 1

VERSION O: Construct a new isolated convex each time a feasible
lattice point is produced.
Footnotes (ii), (iii), (iv), (v) of Table 5.2 are algso applicable

hare.

TABLE 5.1 Performances of three variants of the first version
of the convex isolation and bound contraction code
and an appropriate variant of the branch and bound

code.

using the modified code, compared with 0.65 seconds using the branch
and bound code. Apart from this and problem 6, the execution times
with the modified code were considerably shorter than those with the

branch and bound code. In general, it appeared that the execution
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time per contraction cycle was small (2 x 10~> seconds for a

10 x 6 problem tableau). However, the computation involved in

determining the isolated convex region appeared to increase the

mean cycle time by as much as a factor 10.

Table 5.2 gives the performance figures of three variants

of the second version of the modified code. Clearly, only those

problems in which the first feasible solution is not optimal are con-

PROBLEM

gidered.
INTEGER  FHASE

CONTRACTION CYCLES

VERSION 1

VARIANT O VARIANT 1 VARIANT 2

(a)

(6 | (@) | (b) | (&) [ (b)

~

13
18
2/,

11
132
132

8

12

2

23 13 28 15 35
147 23 193 336 344
147 23 193 336 344

13 22 22 20 20

12 13 13 13 13

2 2 2 2 2

(1) VERSION 1:

(11)  VARIANT O:
(1ii) VARIANT 1:
(iv)  VARIANT 2:

Examines remaining hypotheses each time
a feasible lattice point is produced.
Selects the smallest range for dichotomy.
Selects the largest range for dichotomy.
Selects the largest range for dichotomy
and continues to dichotomize on this

variable until its range becomes zero.
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(v) Column (a) gives the number of operations between the
first feasible solution and the optimum.
Column (b) gives the number of operations between the
firsf feasible solution and the conclusion.
TABLE 5.2 Performances of three variants of the second
version of the convex isolation and bound

contraction code.

As represented by Table 5.2 VERSION 1 appears to have favoured the
first variant, which gave the best performance on all six problems;
it has proved to be considerably better than VERSION O in just
problems 5 and 7.

Within our experience discussed above, the convex isolation
and bound contraction method has behaved very satisfactorily and
in many cases has performed most favourably in comparison with
other methods. We conclude that it merits further consideration
and investigation. At least, some of its ideas could perhaps be

incorporated with advantage in the branch and bound method.
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CHAPTER VI

OTHER METHODS.

In Chapter I we mentioned four classes of techniques capable
of effectively solving integer programming problems. In the
preceding chapters we have discussed in detail two of these.
Although our practical experience has been confined to techniques
within these two clagses we congider it necessary, if only for the
sake of completensss, to devote this chapter, the concluding
chapter on techniques, to a pregentation of some of the methods
falling into the remaining two classes, namely, primal and partial
enumeration methods. We -describe two primal methods, one an all
integer integer method and the other a mixed integer method. In
addition to completing the four classes, we discugs an approximate
method. Although, perhaps, approximate methods should not have a
place in a thesis concerned, in the main, with exact methods for
solving linear programming problems in integers it is considered
that, from the point of view of practice, some mention should be
made of them because various investigators of approximate methods
bave reported success in gome cases. In particular, Cooper and
Drebes[%], who developed an approximate method fo; solving fixed
charge problems, gtate "..... the heuristic meﬁhods produce optimal
golutions in well over 90 per cent of the several hundred problems
investigated and very close to optimal (a few per cent) in the
remaining cases". However, since this particular approximate ’

method is designed for a certain type of problem we present the
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method of Reiter and Rice [31], which has general application.
As stated above, we have had no practical experience with

any of these methods so this chapter is entirely discursory.

6.1 Primal Methods

We commence this section with pure integer methods.

An optimal golution to an integer programming problem
satisfies the two conditions of (i) optimality and (ii)
feasibility. By our definition of feasibility this latter
condition does, in fact, imply the two conditions (ii) non-
negativity and (iii) integrality. The order in which these
three conditions are attained may differ between different
methods. For example, the All Integer Integer Method of
Gomory, presented in Chapter II, generates a sequence of
bagic solutions which are optimal and integral but not non-
negative until the attainment of the final solution. On the
other hand, the other cutting plane methods of Gomory, also
presented in Chapter II, proceed through sequences of solu-
tions which are optimal and non-negative but non-integral
before reaching the final solution. In contrast to these
procedures, Young [39 ]has developed a primal algorithm which,
prior to reaching the final solution, generates basis solutions
which are integral, non-negative and non-optimal.

Let us briefly revise Gomory's All Integer Integer Method.
Firgtly the problem is to maximize

+ an: (=ts)
fon o] h}
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subject to xy = az, * z , 855 (=t) i €1,
i io iew ij J ’

and x; > O and integral.
We note that (i) x3, i € I = {l,“.oo,m,o.,.,m+n}, consists of all
the variables, including slack variables; (ii) by, 3 € N, represents
those x3, 1 € I, which are currently nonbasic; and (1ii) the aij
are also integral.

The adjoined cut ag defined by Gomory is

o= 22 e 2 [3 Jeep ) (6.1)

JeN
where the generator r is selected such that a,, <0 and at least
one apj <0, j€ N. |
The dual simplex method is used so that A is determined in order
that
(1) the pivot element be -1
and (ii) X be as small as possible.
The adjoined row then becomes the pivot row with pivot -1.
Gomory's finiteness proof is based on the fact that
[5e] <o
A
Young [39 ]uses these ideas and presents what he calls a rudi-
mentary primal algorithm the steps of which proceed thus.
(1) Select an entry variable tj by the simplex criterion.

(i1) Select a source row by min (ajo/aij).
aij> 0

(iii) Set A= apj» the natural pivot.

(1v) Adjoin the cut (6.1) to the system. It can be assumed

that a,; > 1 and that x, does not therefore appear in
rj i

the cut.
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(v) Perform the pivot step.
This procedure produces a cut which qualifies as a pivot row with
pivot 1. However, proof of finiteness is difficult because of the
possible occurrence of

gﬁ? <1 (6.2)
for every permissible selection of a pivot column.
When this situation occurs the cut has [§§§:1= 0 and s enters the
basis at zero level and after the pivot step X replaces s in the
basis at zero level.

The primal algorithm of Young avoids, whenever possibls,
selection of an entry variable xj which will lead to (6.2)., It
such selection is unavoidable, an entry variable implying (6.2)
igs selected and a cut having

s = [3.1:9.}= 0 (6.3)
arj

is generated. Thus the major task associated with this
algorithm is establishing a guarantee that (6.3) will occur
for at most a finite sequence of successive cycles. Although
the primal aigorithm basically follows the rudimentary primal
algorithm certain elaborations complicate and constrain the
selection of the entry variable and of the source row. These
serve to guarantes a finite algorithm and to avoid arbitrary
rastriction of choice beyond that to attain a finite algorithm.

The rudimentary algorithm is illustrated by the simple

problem of maximizing

E2S R
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subject to 2x; *+ 3xp <6
25(1 - 3Xo £3 .
The solution process is represented by the following tableaux

which are presented in the condensed form of Tucker. The source

rows are indicated by arrows and the pivots by asterisks.

1 x5 =X

Xo 0 -3 -1 If x) enters the basis then x,
— x3 6 2 3 must exit and gv/évj =3/2> 1,
X, 3 2 -3 If x5 enters thg basis then x3
51 2 0 1z | must exit and gy/ay; = 6/3> 1.
So we choose xp arbitrarily and

1 -X; -8y form a cut s7 > O,

Xo 2 -3 1
—> X3 0 2 -3 Add a cut sy > O,

X), 9 2 3

X9 2 0 1

82 0 1z =2

1 =8y =8

X3 0 =2 1z No cut
X), 9 w2 7




51
X3

X2

82

X3

1 -8 =X3
2 -7 5
0 -2 1
9 12 =7
2 2 -1
0 -3 2
0 1 =1
1 =83 =X3
2 7 =2
0 2 -1
9 -l12 5
2 -2 1
0 3 -1
0 1 -]
1 -3 1=
1 -83 =8,
4 1 2
1 -1 1
4 3 =5
1 1 -1
1 0 1
1 w2 1
1 -3 1

Add a cut s4 > 0.

Add a cut s, > 0.

Solution.
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FIG. 6.1 Geometric representation of problem and its solution.
Whereas the previous algorithm is an all integer integer algo-
rithm Harris [23 ]has developed a primal algorithm for solving mixed
integer problems. Briefly, the linear programming problem, which is
initially defined over a particular region of integer and continuous
space, and whose objective function can he considered as having a
direction of increasing "profit", is transformed to a problem defined
over the integer space. Such a transformation introduces the
property that over this space the profit increases from all direc-
tions towards one point. The object then is to progress towards
this point from some arbitrary point in the integer space. This
is achieved by the gradual and systematic contraction of the space
of integer feasible solutions. Progress through the algorithm is
controlled by the successive introduction of constraining hyperplanes
within the integer space. The introduction of each such hyperplane

effects the exclusion of a subspace of the current space of integers
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and leads to the selection of the integer point, within the reduced
space, from which the algorithm should proceed. The integer space
is contracted step by step in this manner until the space enclosed
by these, and initislly defined, hyperplanes is empty. The attain-
ment of this situation completes the algorithm.

Consider the feasible integer space to be embedded in & con-
tinuous space and bounded by a feasible convex boundary. If a
linear programme is defined over the continuous space then there
is an asgociated corresponding continuous linear programme at each
point of the integer space. These programmes will have the same
matrix elements but the vector representing the right hand side
of the constraints and the objective will change. Each such linear
programme, which is feasible, has an optimal value of 1ts objective
function. This value will be defined to be the "profit"™ of the
appropriate point in integer space. An integer point whose con-
tinuous linear programme is infeasible will have no associated
profit. This point would be outside the convex feagsible boundary
of the integer space.

The basic principle of the algorithm is best introduced by
congsidering the geometrical representation of a simple problem.

The purpose here is to indicate that the problem can be transformed
to a situation in which the profit increases towards a focus from
any direction rather than the ususl situation where the profit
continues to increase in one direction. This is brought about

by projecting the space common to the objective and the continuous



feagible space onto the integer space. To illustrate, consider
Figure 6.2 which represents a three dimensional convex defined
over the integer space x), Xp and the continuous space x3. The
direction x3 is regarded to be very profitable. The unbracketed
numbers in the figure denocte the profits at the corresponding
points. At the point with maximum x3 the profit is 8. However,
this value is really of no concern since the only points of
interest are those such that (xy,%) = (0,0),(1,0),(1,1),(0,1).
Assume that the projection onto the integer space of the point

1 1
with maximum x3 occurs at x3 < 5, X3 < 2 then the clesest

integer point to it has profit 3 and a unit change in either
variable will produce the profit 1. Thus the point with profit
3 is a local optimum. However, the diagonally opposite integer
point produces a profit of 5. Inspection of the integer space
indicates that only the four poinis (0,0),(1,0),(1,1) and (0,1)
need be considered, these have assoclated profits of 3, 1, 5 and
1 respectively. By considering only these integer points nothing
more can be said at this stage, however, if one allows points
other than the integer points to have assoclated profits, then
the inclusion of these will permit lines of equal profit to be
produced. Such lines will be called iso-profit contours.

Figure 6.3 represents the iso-profit contours of this particular
example superimposed on the integer space x1, xo and extended
into the surrounding area. Progression towards the innermost

contour from any direction results in an increase in profit.
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FIG. 6.2

FIG. 6.3
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The point with profit 8 may be regarded as a focus towards which
the profit will increase from all directions. 1In order to show
that an iso-profit contour is simply a convex boundary of a
feagible region smaller than the initial feasible region consider
the feasible mixed integer space to be bounded by very small facets
then an ellipsoid may be taken as representative of such a spacs.

This is illustrated by Figure 6.4.
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FIG. 6.4

Let P(xj) be the profit associated with a point Ei, ¥ia
vector. Introduce the linear profit restriction P 2 x5 such
that it divides the feasible mixed integer space E into two sub-
seta R and E-R. The subset R is the set of points ;i such that
P(xi) > xq, ;i € R. Projection of R onto the integer space
produces a region Ry containing integer points having profits
exceeding x5. Points lying within the original feasible boundary

in integer space but lying outside Ry have profits less then xo.

The new boundary in the integer space is in fact the iso-profit
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contour xo because points on this boundary have profits equal to
Xo. Changing the value of x, will clearly produce a family of
iso-profit contours. As xo increases the boundary of the feasible
region containing integer points whose profits exceed x, converges
to its limit.

As mentioned earlier, to each point in integer space there
corresponds a continuous linear programme and each of these linear
programmes which is feasible has an optimal value of its objective
function. Clearly, a process is required whereby one may proceed
from one point to another in the integer space in such a way that
the value of the objective function improves and the solution re-
maing or becomes feasible. Initially, the aim is to find a feasible
point in integer space and to determine the value of the objective
function at this point. The starting point for such a process could
be arbitrarily selected in which case the origin is the natural choice.
If the point is infeasible (in which case, during attempted optimi-
zation at this point, progress through the simplex algorithm will be
halted when a row is obtained in which the coefficients of the con-
tinuous variables are positive but the constant term of the constraint
is negative) the situation provides a linear restriction on the
integer variables. It is the first linear boundary of the feasible
integer space. Boundaries are introduced such that at least the
current point is excluded from the convex region of feasible solutions.
This linear restriction on the integer variables is used temporarily

as a control function of the integer problem. Its value must be
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increased to become non-negative. Once this integer constraint
attains feasibility so does the previously infeasible continuous
congtralnt. This feasible integer constraint is retained to
prevent re-entry into this area of the infeasible integer spacs.
Once a feasible integer point 1is available the continuous linear
programme at this point ig optimized.

The value of the objective function provides a means of
defining a further constraint on the problem. All continuous
problems throughout the feasible integer space could be solved
so producing a set of optima x,(i). Then the solution to the
original problem produces the optimum

Xo = max xo(1).
Once an xo(k) is obtained, the restriction

Xo > Xo(k)
is introduced and implies that provided feasibility is retained
a current solution producing an x, smaller than x5(k) will not
be accepted. During progress through the algorithm xomax denotes
the highest profit attained up to the stage under consideration.
If this restriction had a negative value the continuous problem
would be infeasible because the profit restriction would have no
negative continuous variable coefficient. The integer constraint

preventing this will be the linear segment of the xomax iso-profit

contour to be added to the integer problem for use initially as
control. Now by changing the value of xomax’ the value of this

restriction will change producing a family of iso-profit contours.
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Increasing the value of this restriction by proceeding to a new
integer point will increase the value of the objective function.

Successive introduction of boundaries causes the feasible
space to converge to the optimal solution. The process does in
fact continue until the existing space bounded by feasibility
boundaries and iso-profit contours has been contracted to the
situation where no integer point is contained.

It hag been indicated that the golution space of integers
is gradually diminished by the introduction of two types of
boundaries, one to attain feasibility, the other to produce
new profit. Furthermore, it was stated that the introduction
of such boundaries caused the exclusion of an integer space
point and necessitated the selection of another point within
the remaining space. The method of effecting these steps will
now be explained.

Firstly, let us slightly modify our standard notation so
as to make presentation of this method somewhat simpler. Let
us denote the integer variables by higher case letters and the
continuous variables by lower case letters. Then let us consider
the gituation when infeasibility occurs. In such a case some

row of the tableau would be defined

ZE:: apy X3 * ;ZE:;arj Xj = apo (6.4)
e .

iesy
where ST and S are sets of indices defining integer space and
continuous space respectively, an, <0 and apj > 0 with at least

one apj > 0. Then the feasibility constraint to be added to the
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problem is

:EZ:: api X3 - f = apg (6.5)

iegy
where f is the new feasibility wvariable.

Two circumstances can arise whereby a profit restriction
has to be added to the problem. The first arises when optimi-
zation at a polnt is about to produce a value of the objective
function which is below the current value of xomax. The second

arises when optimization has been successful and x,"®X has been

regset to the new high value. Suppose that

Z apy X3 * ‘-jZm;‘,aojxj = Xg = X (6.6)

1eSg
representg the unsatisfied profit restriction that would have
resulted from the succeeding iteration in the first case and
the current objective function of the second case. Then the

profit congtraint to be added to the problem is

Z 8pi X3 -p* xoo = 0. (6.7)
ies;

The introduction of a constraint of this type causes the
exclusion of a subspace of the current solution space and the
problem now is to find an integer lying within the reduced space
or to establigh that none exists. The procedure for carrying
out this step wlll now be given. This will be followed by a
discussion on the development of such a procedure.

The situation now is that a feasibility or profit constraint
has been added to the tableau. The integer linear programme is

approached as if it were an ordinary linear programme and a pivot
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row r is selected on the basis

8po _ 8io
8pk i a1 ’

where the column k has been selected on the basis

a =min a_ : ,
ok jES]': oJ

t
in which S;< SI is the set of indices corresponding to the
integer variables which are currently nonbasic. Now the row

‘ j;si arj Xj -3 = 8pgy s (6.8)

where y is the baslc variable, is used to construect the

a a
M EE (6.9

jesy
which is then added to the tableau as the new pivot row with

restriction

a pivotal element of unity. The primal simplex algorithm can
now be used to find an integer point within the solution space
currently defined, or failing thils, optimality of the present
integer point will be established.
The development of this restriction will now be discussed.
Clearly, once an integer point has been selected it will
not be known whether such a point satisfies the integer con-
straints of profit and feasibility until the tableau integer
columns have been combined with the column of congtant terms
to produce the column of constant terms of the continuous problem
at that point. At the same time, this will produce the constant
terms of these constraints. Now, at the stage under consideration,

the last integer point examined satisfied all the congtraints but
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the introduction of a profit or feasibility constraint has since
disqualified it. While retaining feasibility, this disqualifying
constraint must be increased in value until it is satisfied by
the new integer point. Consequently, it may be regarded as a
control row for maximizing. The problem now resembles an
ordinary linear programme except that movement is restricted
to integer points. Movement in an ordinary linear programme
is restricted to the vertices of a polytope. By introducing
a new restriction to the integer problem a vertex can be
created at an integer point. An ordinary simplex iteration
will then effect movement to the integer point. If the new
restriction does not exclude any feasible integer point then
its inclusion cannot affect the integer point solution to this
problem. Several such restrictions will gerve to create a
vertex at the solution integer point, and optimality will be
established in the usual way after a number of ordinary simplex
iterations.

Now each new restriction will be used as a pivot row so
its slements will dictate the multiples of the pivot column
to be combined with the other integer columns and with the
column of congtant terms. If it can be so arranged that this
new row has a plvotal element of 1 and other elements integral
then only integral multiples of the necessary columns can be
formed ensuring that any changes to the values of the integer

variables will be integral. The construction of a restriction
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satisfying this requirement and the one that no integer point
must be removed will now be discussed by means of an example.
Suppose an ordinary linear programme approach to the integer
linear programme produces a pivot row

1.2Y - .7¥y *3.9Y3 =2.3
where Y3 are integer variables and the pivot element is the
coefficient of Yj. Proceeding with the pivotal operation
would indicate that Y; is about to increase from O to 23p.2
= 1.916. Since ¥ is an integer variable the new restriction
to be constructed should limit Yl to [}.916] =1, Thus far,
two factors about the new regtriction are known, the pivot
and the constant term. The new restriction can therefore be
congtructed in the following manner. Divide the gelected row
by the pivot element to obtain A

Yp - .583[p + 3.25Y3 = 1.916.
By integerizing the coefficients this can be made legs restric-
tive and an integer combination of integers equal to 1.916
would be produced so, clearly, the whole row could be integerized
to give

Y7 -Ip * 313 =1,
which is the required restriction with the unit plvot element
being the coefficlent of Yy;. Finally, since pivoting in this
way never removes from the basgsls a varliable which will be later

required this pivot row may be dlscarded after use.
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In conclusion to this section it will be helpful to present
the steps of the computation and a worked example. Every possible
situation can, by combining integral multiples of the integer
columns, be represented within a tableau structure which, since

it differs from our familiar tableau, is presented here

INTEGER COLUMNS CONTINUOUS VARIABLE COLUMNS
OBJECTIVE FUNCTION OF
INTEGER LINEAR PROGRAMME |CONTINUOUS LINEAR PROGRAMME
Xo
Xg
<
Zl ~1
X2 -1 Defines
integer
point
XL, -1
£, ' Integer feasibility and
i}
! : profit constraints to be:
t
| I
Dy | , entered in this section., .
t

Commencing at the origin of integer gpace, the computational
flow would proceed as follows.
(1) Attompt to find the profit at the current integer point
by golving the continuous linear programme at this poiﬁt.
If infeasibility occurs proceed from step (ii). If it

ig found that the value of the objective function can be



(11)

(111)

(1v)
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reduced below x,"% proceed from step (iv). If
optimization has been successful reset xomax and
proceed from step (iv).
Annexe the feasibility constraint (6.5) to the tableau
and continue to step (iii).
Employ the integer subsection of the tableau to obtain
a pivot row (6.8) and from this construct the integer
restriction (6.9) and annexe this to the tableau as
the new pivot row. Perform the pivot operation. If
infeasible then the mixed integer problem 1s infeasible
so the process must terminate. If no point is produced
then the solution is complete and is provided by the-
current integer point. If a point is found drop the
pivot row from the tableau and proceed from (i) with
the new integer point.
Congtruct a profit constraint from the appropriate
tableau row, annexe to the tableau and proceed from
(111).
Now consider the problem of maximizing
11X + Ap + bx3 *+ x4

subject to

6X1 *+ 4X2 * x3 - 3%, <6

Xy * X, *t 2y *t ox, L3

X1, ¥ > 0 and integral ,

x3, x4 >/ Ol
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The initial tableau at the origin of integer space is

1 —Xl X 2 -X3 -X 4

Xo 0 =11 -2 -6 -1
‘x5 6 6 A 1 -3
X6 3 1 3 23 1
X1 o -1 0
X2 0 0 -1

First we solve the continuous linear programme to give

1 —Xl =X 2 —XB -X 4

Xo 9 -8 7 3 2
x5 9/2 11/2 5/2 -1/2 -7/2
X3 3/2 1/2  3/2 1/2 1/2
X1 0 -1 0

X2 0 0 -1

So the linear programme at the point (0,0) has an optimal value
of 9. Following the algorithm we set x M8X = 9 to give the
objective

Xo = Xorox = 0 -8(=Xy) + 7(X2) * 3(-x3) *+ 2(-x;)
and the profit restriction

p, = 0-8(-K) * 7(X,).

Increasing the value of this restriction by moving to a new
integer point will increase the value of the objective function.
With the above two modifications we approach the integer linear

programme as if it were an ordinary linear programme. We do not



consider the row representing x5 because a continuous variable
has a negative coefficient so we select

xﬁ = 343 (X)) % 3(x)
ags the pivot row with pivot %. We integer modify this row and
add this and the profit restriction to the tableau which now

becomes
1 =251 ~Xs -xé =X,

Xg=Xg X 0 -8 7 3 2
X5 9/2 11/2 5/2 -1/2  =7/2
X3 3/2 1/2 3/2 1/2 1/2
X 0 -1 0
X2 | 0 0 -1
P 0 -8 7 Control.
X4 3 1x 3 Pivot.

Performing the indicated pivot operation and discarding

the pivot row produces

giving the new integer point (3,0). Application of the

1 X4 -Xo -Xg, =X
Xo 33 8 3l 3 2
X5 -12 <112 -l -1/ -7/2
X, 0 -1/ 0 12 1/2
X1 3 1 3
X, 0 0 -1
%o+ 33 8 3

164
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dual, which retains optimality but decreases the

objective gives

1 -X3 AXZ -Xg ~Xg

X |183/7 34/7 23 19/1 LM
x, | 2/7 WA 4 T =27
x3 (=127 9/7 -2 31 /7
X 3 1 3
Xy 0 0 1

xBp, 33 8 3

This tableau ipdicat?s the situation defined by (6.4), namely,
there exists some ap, < O with apj > 0 and at least one

arj > 0 for j € S where S is the set of indices defining
continuous space. Hence we must extract from the X3 row the
feasibility constraint

x3 = -2 - 3(y) -2 (Kp) .

Now, as before, we gelect the second column by

01
JGSi !
and use
a a
L0 = pin -0

to determine the pivot row Xj. The row x; could not be a
candidate because of a negative coefficient associated with
a continuous varigble. We add the feasibility constraint and

the integer modified pivot row to the tableau which now becomes



ax
X0 -xg

L\N

1. X3 X -x =X
120/7 34/7 23 19/1  L/7
L/T 11 /7 4 /7 =2/7
-12/7  9/1r -2 /T
3 1 3
0 0 1
24 8 31
-12/7  -9/1 =2 Control.
3 1= 3 Pivot.

Performing the indicated pivot operation and dropping

the pivot row produces

1 'Pl A -X2 -Xg, -X;
8L/7 =34/7 59/7 19/7 4/7
-9/7 -11/7 -5/7 11/ -2/7
15/7  9/7 3/7  3/v /7
0 -1 0
0 0 -1
9 -8 7
15/7 9/ 13/7

Since x,M@*= 9 the py value is now zero which implies

that the present integer point lies on the x,"@*X iso-

profit contour.

The distance from this boundary must

be increased. We choose the second column asg pivot

column by the usual process and then select the f} row

166
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to provide the constraint

[19 ZJ* [%%] (-Fy) *[%] (-X2)

1+1(-P)* 1 (X2),

"

with the coefficient of (-Pj) being the pivot. Execution of

the pivot operatlon produces the tableau

‘ 1 =P .9 -X4 -X5
xo | 115/7 34/7  93/7 19/7  4/7
X, /7 /7 6/7 /1 =2/7
x, | 6/ M a3 M
X]. 1 1 1
X2 0 0 -1

Ko %0y 17 8 15
£, 6/1 -9/1 4L/7

Now set x maX =.l—,].;.-i and form the profit constraint
= 24 23
p2 - 07+ 7 (‘Fl) + 7 (-Xz).

This is already optimal so the sclution is complete.
The integer space for the above example is geometrically
represented in Figure 6.5.

Y
2

p1: 8- %2 0
X, 3-X-3K, 2 0
f1: -12/7+9/TK4* 252 O

= F1*13%»-155 0
P1: 3-X3-Fy20=>X; >0
Fi: 1-Pj-X,2 0=>X;*X, K1




6.2 Partial Enumeration

We present a brief description of an enumerative technique
and illustrate it by means of a simple example.

We assume the values of all variables to be either O or 1,

that all constraints are of the form

yi =8y +Zaix > 0
o T 4y ot

and that the objective function to be maximized is

Yo @00 * Zaojxj-

JEN

J
We may assume that all aoj <0, j€ N, because if some a i> 0,

0
i€ Sc N then we can replace xj, 1€ S, by 1 - x5. At any
stage in the computation we have a current best known solution
with its corresponding value of yq, S8y Yoe. We also have a

set of subproblems in each of which the variables are divided
into the following three sets

168

So = the set of variables to which the value zero is assigned,
S1 = the gset of variables to which the value one is assigned, and
32 = the set of unassigned variables provisionally set equal to

zero. Initially, all variables € S,, that 1s the solution is
(O’ aio )o<

Suppose the current values of ¥ = (y,, ¥1, «...) are V=

(vo, Vi sees)e Suppose the maximum possible values of AER I

obtainable by changing the set S;are u, uy,.... then
uy =v; * j{:max (0, aij)
J

where j ranges over all values such that xj 1s in Sp.
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Initially, we may set y,, = ~=© and there exists one sub-

problem with all variables in Sp. Then the enumerative technique

would proceed in the following manner.

(1)

(i1)

(1i1)

(iv)

Take a gubproblem from the list. If vy £ Yoe then
abandon it. Otherwise, if all vy 2 O for i > 1 we
have a new best known solution.

Otherwise, if agj £ Yo~ Vofor any j, put xj in S,
and revise the value of the uj. (xj can only be zero
otherwise the functional would be decreased).

If any uj < O the subproblem cannot have a feasible
golution (if the maximum value of yi is negative then
vi remains negative) and should be dropped. If uj +
aj j < 0 for some 1 we may put X in S, and revise the
uy accordingly since the subproblem would be infeasible
with xy = 1. (ug * ag; < 0,(uy > 0), implies that
ajj <- uj so if it is active, that 1is, if X; =1,
then max. yy < 0 which indicates infeasibility).

If vy - ajj <0 put x5 in S, since the problem 1s in-

feasible with x; = 0, (aij> uy > 0).

If no xj can be assigned to Sj in step (iv) then a
branch must be made. Take some variable in S, and
assign 1t to 53, but at the same time set up a new
subproblem that is the same as the current one except

that this variable is assigned to Sq-



The following example will

Maximize X - X

subject to
ST
] 2x2
and x§ = 0 or 1.
To start put X = 1- xl'

and Xq =1 - X3

and rewrite the problem as

illustrate the technique.

+

*3

follows.

Maximize yo = 2 - %] - Xp - X3

subject to

A
and y, = 6 -2x, * xé.

Solution 1. ® =0, % =0,x3 =0 all in S,.
Vo =2,vy =-1, vp = 6.
Vo & Voo (= -0,

Vi}o.
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Yoe = Vo = —°.
uy = v o+ fmax(o,l) + max(0,-1) *+ max(O,l)} = vy t2=1
u, = vyt {max(o,o) + max(0,-2) * max(0,1)} = v, +1=7

up *tajp T2,u *app

1]
3

uy * apgy uy * az

-8y 0,9 -agp

Uy ~ap =7, uy -8y

= 0, ul + 813 = 2,

8.

= 5’ u2 + a23

= 9’ u2 - 823 = 6.

ug *ajj 4 o.

ui -aij {0 SO

branch.
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'Ifake X3 from S, and place in 8y; l.e. set Xq = 1. (a)

Also,take x., from 82 and place in So and list this situation.(b)

3
Select subproblem (a).

x =0, x5 =0, xé =1; v, =1,v =0,v, =7.
82 82 S
vy > 0 so we have a new solution and yo, = 1.

Now select subproblem (b).
x]"=0,x2=0, xé =0; v =2,v1 =—1,v2=6.
' 32 32 S
Vo £ Yoo » Vi # o

Joo =% =1=-2=-1 (jnowlor?2).
8gp T -l = ¥os - Vo 80 put Xz in Sy (j now 1).

Uy = v +max(0,1)=v1 +1 =0,

ui Sf 0.
uy = vy, * max(0) = v, =6,
u; *oag = 1,
+
u ¢ =6. TRy * o.

an1

ul - all =1 3
Uy - ayj < O when 1 =1 so put x in S;.

u2 - 8.21 = 6 .
x] =1, xp =0, x3 T0; v, =1.
The list is now empty so the solution is
!
X1=O, X2=0, x3=1,y°=1, y1=0, Ng)

Reverting to the original variables the solution is

x =1, xp = 0, x3 = 0.

—— .~
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6.3 An Approximate Method
To remain within the general context of this thesis, the method

to be discussed here is a particular application of the éaneral
method developed by Reiter and Rice [31 ] for approximating the
solution of mixed integer nonconcave programming problems in bounded
variables.

From the given hyperrectangle defined by the bounded variables
a point is sampled at random. If this point lies outside the convex
solution gpace the method enables one to progress from this point to
a feasible lattice point. Once a feagible lattice point has been
determined the objective function is employed in order to define a
direction of search for improved lattice points. This direction,
and later a succession of modified directions, is followed until a
constraining hyperplane prohibits further progress from the last
encountered lattiée point, which is then said to be locally optimal.
The sequence of random selection, attaining feasibility, and
climbing the lattice to a local optimum is repeated and the com-
plete process continued until many local optima are obtained. A
search among these produces the best,which is then an approximation
to the global optimum. This approach is made more sophisticated by
the introduction of a learning procedure which restricts the area of
gsearch for feasible lattice points.

Suppose an integer programming problem is defined as the maxi-

Xo = :E:: 80§ Xj » (6.10)

JjEN

mization of
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subjeet to

= N aij Xj S aio, ie€eM ? (6.11)

Ce

and

e

j < Xj £ Vi, jJeEN. (6.12)

Then the details of the solution process outlined above are as
follows.
(a) Choose a random starting point.
Generate a permutation I of the integers
1, veouy n
I= 1§47, 45, coeey iy }-
Sample an integer value Xiy from (6.12).

Now define

T].= (0, s ey o, Xil

, Oy veeey 0),
Z9 = (0, «vvey 0, 1, Oy +vuey O) where the 1 occurs
in the i,th position.
Then
Ty =Ty * by 25,
Now apply T» to (6.11) to determine the upper and lower bounds

on by, which must also satisfy g, £ by £ If the con-

Vig-
straints are violated or if the range for by does not contain
an integer point we must start again with a new xil. If the
range does contain an integer, select an integer from it by

uniform sampling. With this value calculate Tp then

T3 =Ty * by 23
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where 23 is a vector with a 1 in co-ordinate 13 and zero else-

where. Continue until b, is sampled and T, calculated. Then

T, is a feasible lattice point which we denote by .
(b) Improving the value of the objective.

Let R(x) denote the gradient of the objective function
R(x) =V(Z aoj Xj) = (aol’ 802’ ©oocey aon)o
jeEN
Define
T(d) =T+ Q.R(T*) =T" + d.R = T + dlagyseeer8on)-(6.13)
R in general would not be integer valued so we normalize R to

obtain R’ as follows.

R* = min |Ry | = min |ag|, (6.14)
R?#O" J l aoi#ol ot
+ _|R
=801 +
[E%E + .] (6.15)

where 1 € N and we apply the addition if Ry > O or the sub-
traction if Ry < O.
Then

Cy(a) =1" + aR’
defines the path of search for improved values of the objective
function.
Set d =0, 1, 2,.... and evaluate Y(d) in turn until infeasibility
occurg. When this happens set d¥ equal to the previous d value.

If d¥ is not zero set T' = Y(d¥) and repeat the procedurse. If a¥

is zero set that element of R of smallest nonzero absolute value
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equal to zero to obtain Rl and proceed as before with R; in place

of R. If R' leads to no improvement set the smallest nonzero
abgsolute value element of R1 to zero to obtain R2 and proceed with

R? in place of R. Continue until R¥ is obtained with only one

nonzero element. If this results in no improvement try RF+1,....,

RW'k where k + 1 is the number of nonzero elements in R and RY' J
is a vector with 1 in the co-ordinate corresponding to the partial
derivative in R which ranks j * 1 in absolute value for j < k.

If Rw+k results in no

Ties are broken in order of subscript.
improvement then T" is locally maximal. If any RJ leads to im-
provement then we set T* equal to the Y(d¥) and repeat the
procedure,

The procedure as outlined above will handle pure problems.
The only modifications necessary for the execution of mixed
problems occur in (6.14), (6.15) where normalization only occurs
for integer variables,and in the determination of d for (6.13)
in the situation where R contains zeros in all integer co-
ordinates. (6.13) is applied to the constraints to determine
non-integer d.

Relter and Rice [31:]do suggest alternative ways of deter-
mining a feasible lattice point and of computing d. In some
small hand examples we found the method of weighted perpendiculars,
the alternative method of searching for a feasible lattice point

from a currently infeasible point X" ={ xj+},unsatisfactory,

particularly in cases in which the cone generators
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- (i/S%:o?i{ Vi(jzk 1555 (6.16)

:E: ’ where‘az denotes the vector
(i/Si'>o§i of partial derivations of
the i th constraint with
respect to the xj's,

form an obtuse angle and the weights

Si = Z ajj x} -a4q9 i €M, (6.17)
jen

are unequal. As an example, consider the situation in Figure 6.1

::; ’Ti‘:\ «\

FIG. 6.1



Suppose we started with the point (0,9) then the cone generated by
(6.16) would enclose the subcones K; and K, of totally infeasible

directions. 1In fact, the weights associated with this starting

point are
81 = -1(0) + 2(9) -12 = 6,
S5 = ~1(0) - 2(9) *20 = 2,
Then ‘
7 = 6(-1,2);3(-1.—2)}= (1, -1).

To determine the actual direction of search for a feasible lattice
point Z would now be normalized by a process similar to (6.14) and
(6.15) to obtain

7 =(, -2).

Consider now the simple problem presented by the maximization
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of X3 * xp subject to the space defined in the previous illustration

which is bounded by

0 £x; <15, i=1, 2,

Suppose the permutation I gave I = (i;, is) = (2,1). Then sample

an integer value Xj, = X from (0,15) say xp = 15.
Then define
Ty = (0,15) and Z5 = (1,0)
so Tp =Ty * by 2 = (0,15) + by(1,0) = (bp,15).

The conditions

(1) o= i, by b2 LVhy K Viy, =15
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and (i1) -1 2| T, 12

1 =2 <l 4
-1 =2 = 120
1 o0 14

must also be satisfied so if we apply (ii) to T, we have

<by + 2.15 £ 12 =>bp > 18 which contradicts (i)

so a new sampling is taken for Xi)» S&Y Xp =17,

Then
7 = (0,7), 2, = (1,0)
and T, = (0,7) * by(1,0) = (by,7).
Now 0 <by £ 15
and ~by + 2.7 £ 12=>by > 2,
by = 2.7 £~4=>by £10,=>6 by K10,
by L 14

Now sample an integer point from this range, say by = 8, then
T, = (0,7) + 6(1,0) = (6,7),

which is feasible, so T' = (6,7).

1]

Now R(x) = (1,1) , Rr' = (1,1)
so Y(a) =71 + ar' = (6,7) * 4(1,1)

d

1; ¥(4) = (7,8) ,
2; 1(d) = (8,9) ,
d = 3; Y(d) = (9,10) ,
d = 4; Y(a) = (10,11) ,

]

d

d =5; ¥(d) = (11,12) , which is infeasible, hence d¥ = 4.
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+

T

(10,11).

¥(d) = (10,11) + a(1,1).

1; Y{a) = (11,12), which is infeasible, hence a* = o,

[oN)
0

Replace R(T') = (1,1) by rH(1*) = (0,1) and repeat.
Y(a) = (10,11) + d4(0,1)
d =1; Y(a) = (10,12), which is infeasible, hence replace R by R2=(1,0)
Y(a) = (10,11) + 4(1,0) ’

da=1; v(a) = (11,11),
da = 2; ¥(d) = (12,11),
d = 3; ¥(d) = (13,11),
d = 4; ¥(a) = (14,11),

ol
|

= 5; Y(d) = (15,11), which is infeasible so a¥ = 4
~and TN = (14,11) is a new feasible point hence
recommence with this and R = (1,1).
Y(a) = (14,11) + 4a(1,1).
d = 1; Y(d) = (15,12), which is infeasible.
Replace R by Rl = (0,1).

1(a) = (14,11) *+ a(o0,1).

d =1; Y(d) = (14,12),
d = 2; ¥(d) = (14,13),
d = 3; Y(d) = (14,14), which is infeasible so d* = 2.
T = (14,13).
Reset R = (1,1)
then Y(d) = (14,13) + d(1,1)
d=1; 1(a) = (15,14) which is infeasible so RX = (0,1)
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¥(a) = (14,13) + a(o,1)
d=1; Y(a) = (14,14) which is infeasible so R = (1,0)
Y(a) = (14,13) + a(1,0)
da =1; Y(d) = (15,13) which is infeasible and all R sets have been

used so (14,13) is locally maximal.

Although this point is, in fact, the global maximum the
gsolution process has no way of knowing this. The current solu-
tion would be stored and the whole process repeated from a new
sampled starting point. The process can be terminated after an

arbitrarily defined number of local maxira has been obtained.

Remarks

As stated earlier, we have had no practical experience with
any of the methods described in this chapter. Furthermore, we
have encountered evidence of results produced by computer programs
for just one of the above described methods, namely, the approximate
method. However, for the results reported it was not known if the

best local optima tabulated were also global optima.
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CHAPTER VII

PRACTICE

In this chapter we discuss the implementation of the techniques
presented in Chapters II through V and the results obtained from the
golution of problems drawn primarily from [21 ] and [34]. Some
additional problems were generated so as to cause difficulty for the
method of Chapter V. However, as development of the method and its
code progressed the initial difficulties were overcome. Nevertheless,
these particular problems have been included in most data samples.

We present the computational steps for each method, formally define
various row selection rules and enlarge upon earlier discussions on
the results. Some repetition of items covered in earlier chapters

is inevitable if we are to avoid constantly referring back to these
chapters.

All codes have been written in FORTRAN for use with the ICT
Atlas Computer at the University of London. The specifications,
gource and object decks of these codes are available at the Institute
of Computer Science. However, they should be regarded primarily as
experimental codes, particularly those related to Chapters III and V,
because possible modifications have been discussed earlier and, it is
hoped, will soon be under investigation.

In the following codes all problems are regarded as maximiéétioh
problems. The tableaux are accepted in the condensed Tucker form,
with the objéctive function occupying the leading row and the constant

terms occupying the leading column. BEach code generates the trivial
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rows xj = -1(-xd) and constructs the enlarged Tucker tableau by in-
serting these between the objective row and the initial constraints
(except in code 1 where they succeed the objective and initial con-
straints) so that all variables have row representation and the row
order of the variables is maintained throughout.
The order of the discussion of the codes follows that of the
corresponding techniques as presented in the earlier chapters.
In the following, the m + n variables, excluding the objective
Xo, congist of m basic variables and n nonbasic variables.
Furthermore, let us define the set of rows with negative constant
terms, but which excludes the objective row, as
I- ={1|ai°<0and1#o}.
Agsociated with one such row i let the columns containing negative
elements in this row be defined by the set of column indices
1 --{ 1|a1y <oenaj#o}.
Let the s-th member of a set R be denoted by R(s) and let the order,

or dimension, of this set be denoted by q(R).

7.1 Cutting Planes
7.1.1 Code 1. The All Integer Integer Method

As may be expected, this is by far the easiest code to develop
due, primarily, to the exclusion of all rounding errors. The only

restrictions imposed by this code are concerned with upper limits
|
on storage and iteration count. The code has been written to cater

for four variants of the definition of the generator row. Further-
:

more, the standard or modified version, as defined in Chapters II
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and III respectively, can be selected by means of an input
parameter., The four generator variants are defined below.
(1) Select a row of index r such that

r = min (i) .
iel”

(11) During the p-th iteration, select a row of index r
such that

I~(s)

r

where s p modulo q(I”) , lgsgq(IT).
(1ii) Select a row r€ I~ which produces the lexicographically
largasst pivot column.

(iv) Select a row r such that

a(Jz) = min (q(J7))
leI-

Of the methods under discussion, this is the only one which
has been coded to allow for lexicography and as such requires the
initial tableau to possess a certain format. This initial state
criterion is that the tableau be lexicographically dual feasible,
that is, the first non-zero elements of columns j& N must be
positive. Clearly then, in the case of dual degeneracy, the
tableau (1.8) will not satisfy this requirement. Instead, the
trivial rows Xy = —1(-xj) are interchanged with the basic rows.
If the starting criterion is still not satisfied, the method of
the artificial constraint could be utilized in order to achieve
the required state. However, the code assumes that the starting
criterion is satisfied and then proceeds with the following steps.

(1) Select a row r by one of the variants defined above.
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(11) Select a column k€ J; given by

agk = min agj such that q(Rg+) =1
JeRg

where s &€ §O}+ I, I ={ Lyeeeey Myvansy m+n}, Ry = Jp and

Rgsqls the set of columns satisfying min (asj).
jeR,
-8
(i1i) Compute A\ = max —zi y 8ok 7 0,
[aoj/aok]
= max (-arj) » 8gx = O.

(iv) Perform the transformation
- Eu]
a = g5 t 811
ij ij [)\ ik
The modification of the cut, as was discussed in Chapter III, is
achieved by extending step (1ii) in the following manner. Let us

define the A produced by step (iii) as Apjp-

Then compute

A =m Lo -, min (‘—a-i'j——‘) §>0
)\ e Eaio/)‘mirﬂ 7 &, >0 I_;-’ij/)*mir;_‘ ’
and replace Apip by max (Apins>\ )-

This code, with the four variants and using the standard and
modified cuts, was applied to 13 test problems. The results are
displayed in Table 2. A number of problems gave difficulty as is
indicated by the iteration count of 2000 being reached before a
gsolution ig obtained. A major fault of this method is that when
such an exit occurs tﬁe current tableau satisfieg the starting
criterion of lexicographical dual positivity and primal infeagibility
in which case there is no indication even of an approximate solution.

Problem 23 proved to be the most difficult for this code, just one
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variant producing a solution within the restriction of 2000
iterations. From the point of view of iteration count there
appears little to choose between variants (i) and (iii), namely,
selecting the first admissible generator encountered and
selecting that row which produces the lexicographically largest
pivot column. However, it is worthwhile drawing attention to

the times required for executing the entire set of 13 problems.
The set, subject to the first variant, required a computing time
of 18.54 seconds while subject to the third variant the time was
32.7 seconds. The first variant clearly has the fastest cycle
time per iteration. The work involved in (iii) in determining
the complete set of geﬁerators and choosing appropriately from
among them has caused a 764 increase in execution time relative
to (i). The second variaht, namely selecting the generator
cyclically, could be regarded as generally less effective than
the others but it is interesting to note that it did succeed in
solving problem 18 in 27 iterations. Based on this small experi-
ment the fourth variant quite clearly emerges as the most effective
gince it did not fail on any problem and only on two problems did

it not require the least number of iterations.

7.1.2 Code 2. The Pure Integer Method
This has been coded in fixed point arithmetic employing the

method of using a numerator and denominator for tableau entries,
as given in [}5:], and consequently has similar limitations to

those discussed in that paper. At this point, it may be appropriate
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to convert the tableau and the transformation formulae used
previously into the form employed in this and some other codes.

Suppose that the problem is still defined by (1.10), (1.11),
(1.12) and (1.13). However, let us now change tableau (1.8) as
follows. Let D be the least common multiple of all denominators
of the fractions representing the real coefficients'aij, then a
gensral element of the original tableau is 83 j = aij/b.

Multiplying all elements by D we obtain the new problem tableau

1 -'xl —X2 EXY —xn
b a,/ a.q a.d anq
s 00 ol 02 sees on
kl 0 —D 0 L I 0
X 0 0 o -D (7.1)

] 1 ]
n*l,0 %n*1,1 ®n*1,2 **** Zn+l,n

M
!
I

joi]

] 1 ' !
Xn+m a8n+m,0 8n+m,l @n*m,= °*¢+* 8@n*m,n

with an associated denominator D so that, for example, the value
of %9 is a_,; /D and its equation is
H
' >
%l = anl,o D+ 23 ane,g (xp)A.

For convenience let us drop the primes. After the attainment of

primal dual continuous feasibility the steps of the code proceed
as follows.

(1) Select a row r such that ape # O modulo D.

(11) Augment tableau (7.1) by the row
’ 8rj
assz[ r ] -arj ’ j=0,1,....,n.
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(1ii) Apply the dual simplex algorithm until ajo > 0, 1 £ i Lmtn.
(iv) Test for feasibility. If the tableau is feasible, i.e.
8io = 0 module D, then the first column defines the optimal
solution. Otherwise repeat the cycle (i) to (iv).
This method is capable of modification in a number of ways, first with
regard to the selection of the generator row r, second with regard to
the problem of two or more nonbasic variables qualifying for entry
into the basis, and third with regard to the problem of dual degeneracy,
which 1s largely dealt with by the previous variation class.
Lot us define I' =} i\ a3 0 modulo D } .
Then, in connection with the first class we have used the
following four variants on some problems.
(1) Select a row r such that
-
(1i) Select a row r with
fro = max| fi,).
jel'!
(1ii) Select a row r with

-Ero = min (-Eio) .
ier!

(iv) Select a row r with
fre = min( fik)’ L ={ ilaij Z 0 modulo D}
i€L
where the column k satisfies the condition

= mi .
8ok mjzé aoj)

This get of four rules for selecting a generator row is itself

susceptible to variation in that the set I' can be restricted.
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I', as defined, is the set of rows with aj, non-integer and i€ {O}+ I,
I ={1]1 <1 <m*n}, if the objective function is to be integral but
1 € T obtherwise. In the code we have catered for the possibiliﬁy of
admitting all rows as potential generators but we have not used this
variant in our experiments and have restricted I' to the set i €{0}+ N.
This means that we have neglected the slack rows when seeking a gene-
rator. Furthermore, in our experiments which have been confined to
problems in which the objective function is alsc required to be
integral, we have subjected the set 1€ {0} + N to the two variants
defined by this set itself and this set with {0} excluded. This
amounts to admitting the objective row as a possible generator by
the former and barring it from inclusion in the generator search
by the latter variant.

A pivot column may not be uniquely defined during the process
of selection in the dual simplex method. To cater for such an eveni
we have tried four variants. Let there be b columns satisfying the
entry variable rule and let their indices be defined by the set J'e N,
Let J'(t) denote the t-th member of J'. The selection rules are as
follows.

(i) Select column k such that

k = min(;) .
jedJ

(i1) On the p-th occasion of non-uniqueness select column k such

that

=
|

J'(t)

where t

pmodulo b , 1 £t Lb.
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(1ii) Select at random from among the tying columns.
(iv) Select a column k such that
apg = =D
and 8py = .
If none exists use (iii).
Choosing the first column (variant (1)) satisfying the criterion for
an entry variable is common practice. However, since the code is not
dependent on l-feasibility, difficulties can arise due to the occur-
rence of dual degeneracy, a not uncommon situation in integer programming.
Due to this, selection of the same column can cause repetition of bases
and prohibit progress towards a feasible solution and we attempted to
avoid this situation by the introduction of the variants (ii), (iii)
and (iv). Variants (ii) and (iii) are quite straightforward and fairly
obvious possible choices but variant (iv), which has no real logiecal
basis for its definition, was a choice taken in some hand computations
where it seemed preferable to introduce one of the original variables
into the basis rather than one of the slack variables. Machine compu-
tations certainly favoured variant (iii), which selected randomly from
among the tying columns.

Finally, the problem of dual degeneracy. The variants of class
one would sometimes select the objective row as generator row, and
this could generate a hyperplane parallel to itself as the new cutting
congtraint, in which case the succeeding transformation would produce
(n-1) zeros in the leading row of the tableau. This, clearly, even-

tually leads to the situation of class two. In an attempt at avoiding
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dual degeneracy we restricted the range over which the class one
variants could search, that is, we excluded the objective function
from the set I'.

All variations of the first two classes were applied to a small
gset of problems in an initial attempt at deciding upon some reasonable
combination of the generator selection and column selection rules.
The necessity for a column selection variant was due to the fact that
this code does not use a lexicographical approach and many of the
problems to which the code 1s to be applied are degenerate. The
results obtained from the first two problems of this initial set are
given in Tables 3 and 4. The results from these two problems indi-
cate the behaviour typical within the complete set and appeared to
indicate that variant (ii) or (iv) of the first class combined with
variant (iii) of the second class should probably be favoured, with
no preference at this early stage between generator variants (ii)
or (iv).

Both of these variant combinations were used in the application
of this code to the complete set of 30 problems defined later. We
performed two runs through the set, in one the cbjective function
was admitted as a possible generator, in the other it was excluded.
The results of these runs are exhibited in Tables 5 and 6. An upper
limit of 2000 iterations was again imposed on sach problem by means
of an input parameter. As indicated by the tables, the behaviour is
unpredictable and quite erratic. If we regard as a success, a problem

which has been solved within the iteration restriction and if we accept
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the number of iterations required to solve a problem as an indication

of performance, with the understanding that the fewer the lterations
the better the performance, then purely from the point of view of the
number of improved performances the generator variant (iv) was slightly
more satisfactory than variant (ii). The same appears to be true for
the set of results obtained by excluding the objective funetion from
consideration. Although dual degeneracy occurs in most problems, the
lack of general improvement in performance when attempting to avoid
degeneracy was surprising. In particular, it is interesting to note
how very badly this change affected problems 20, 21 and 22 especially
in Table 5, which we have regarded as representing the better per-
formance. However, it is also interesting to note that the whole set
of 30 problems took 85.7 seconds to solve by variant (iv) with no
restriction on the objective function while the set took 67.2 seconds
to solve when excluding the objective. Probably the most striking
example indicating the vast differences encountered by using different
generators is problem 15. It is a small two variables two constraints
problem, it was unsolved by the maximum fractional part variant after
2000 iterations yet was solved in 37 iterations by using the alternative

variant.

7.1.3 Code 3. Mixed Integer Routine

Although this code has not been used in the comparison tests it
was used during the development of codes 2 and 4. In some of the

problems attempted by codes 2 and 4 the denominator D became large
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and the accuracy of the computation diminished. Code 3 was then
employed on these same problems and eventually indicated areas for
improvement in codes 2 and 4 such that better accuracy could be
achleved.

In the mixed integer routine control of rounding errors does
present a problem. Such control 1s, in this code, achieved by using
a parameter BOUND which may be regarded as an indirect measure of the
accuracy expected in a problem. For example, if BOUND = 0.4999999
then the routine assumes that any number within 0.5-BOUND =.0000001
of an integer may be regarded as that integer. This parameter 1s
used in a number of places throughout the code to determine whether
or not numbers are integral, and in comparison tests where the
equality branch of a three way declgion, even though of extreme
importance, may never attain the state of equality without the intro-
duction of some such tolerance limit.

Another minor difference, though not a difficulty, between this
and the other codes 1s that in order to define correctly the cut to
be introduced to the current system, we must know the mode of the
nonbaglc variables. This question is answered by the following process.
Suppose the integer variables occupy the rows 1,2,....,t of a tableau
and let the tableau columng j€ N have associated with them identifiers
J(3) such that J(j) = 1 implies that the column of index j refers to
an integer variable and J(j) = O implies that the column refers to a
continuous variable, that is, the modes of the members of the set of
nonbasic variables are defined by J(j), 1 <J €n. The actual column

variables are not required to be known by name but during the con-



struction of a new constraint from a selected generator it is
necessary to know whether they are of integer or continuous mode.
During the pivotal operation some variable is to enter the basis
to the exclusion of another. Since the row order in the tableau
i1s maintained the procedure automatically and correctly adjusts
the appropriate variables, but it is still necessary to know how
the modes of the column variables have changed, if at all. For
exampls, suppogse the pivotal element is 8rys then this means that
the r-row variable is to leave the basis and the k-column variable

to enter. Thus the J(j) mode identifiers should change ag follows.

If1<rgt get J(k) =1,
ir t <r set (k) = 0.

As with the other codes this code smploys the simplex method to
proceed to a primal dual continuous frasible tableau. The outline
of the succeeding steps will be simplified somewhat by means of the
following simple definitions. Let R denote the set of indices of
the nonbasic integer variables. Let N, be the subset of je N not
contained in R. Having selected a row r as generator row let Ng*
be the subset of N; with apj > O and let N;~ be the subset of Ng
with apj < 0. Then from a primal and dual continuous feasible
tableau the code proceeds with the following steps.

(1) Select a generator row r such that

8,0 £ Omodulol , re€ K={l,.,.o,t}.

(ii) Augment the current tableau by the row
s = -fpo - :E:: dpy (-ty)
fen 37
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arj » je N

fro -
e il LB PRERLE
where dpy = )
fry » JER and fry <o
e
—EI0 (1 -f.5), jeRand fr5> f1q.
1 - fro

(ii1) Apply the dual simplex algorithm until aj, > O, all i€ 1,
(iv) Test the appropriate rows for feasibility. If aj, = O
module 1, 1 £ i <%, then the computation terminates with
the optimal solution in the first column of the tableau.
Otherwise the preceding steps are repeated from (i).
As before, the code caters for four variants of step (i) similar

to those defined in Section 7.1.2.

7.1.4 Code 4. The Accelerated Euclidean Algorithm

As in the case of code 2 (Method of Integer Forms), which forms
the nucleus of the current code, the computation is carried out in
fixed point arithmetic. We again suppose the integral tableau ele-
ments to be ajj and the associated common denominator D. Since this
method (Martin [29] ) has not been described earlier we briefly out-
line the basic principles below and follow this by the development
of the appropriate transformation formulae.

The method starts by finding a non-negative optimal solution
to the original problem. Then, assuming this to be non-integral,
a row r with aro-é 0 modulo D is used to generate a "consolidated®

constraint by employing the principles of Gomory'!s cutting plane



technique. Successively using cuts of this type as pivot rows and
carrying out the necegsary pivot operations will produce a system
which is integral but which may violate the optimality condition as
well as the non-negativity condition. The whole process is then
repeated from the beginning. The production of the consolidated
congtraint is of fundamental importance and is achieved by con-
structing, from an infeasible row r, a sequence of row vectors

Pos Plye+-+sPg Where po is the vector representing row r, each
vector pj+1 is obtained from its predecessor p; by selecting the
pivot from the agsociated Gomory cut and applying a Gaussian trans-
formation to pj only, and the terminating vector pg is one with an
integer element in the pivot column. A reverse Gaussian transfor-
mation then determines the consolidated cut which would produce pg
from pg.

In order to develop the appropriate transformation formulae
in terms of our formulation we assume that apj > 0, j€ N, and
8302 0, i#o0.

Assume that we have extracted from the tableau a generator

row r where

Xp = ap/h - Z apj(=t5)/. (7.2)
jen

If the augmented row has row index s then the tableau entries in

this row are
8rj
aS,j:D[D]- arj y j=0,1’o.on,n’ (7'3)

and the pivot column k is given by
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would replace (7.2) by

= min
Iask‘ jeN

Performing the indicated pivot operation on the necessary row

84

asj| '

b =g - D ang(-t)A'
jeN
where D' = -agk = -(D l:%;l_c] - apk) ’
and a}k = -ark/D = —a8rk
D' [2rk/D] ~apk/D  D[ape/D] -apk
= a;'k = apg by (7.4) ’
and a; _ ap; * a;k ari| - 2§ k
T=F OEF e
' arj(D' - al"k) v | 2ck
—>arj = D *apk [ D

Examination of these transformation formulae indicates that the

i), [ont]

D

a3 ondl 5]
=8rj{ D 8rk| D .

complete sequence of rows leading to the row with the required

integer property can be defined.

The elements defined by (7.5)

(7.4)

(7.5)

(7.6)

are integers, by definition, and clearly the expression in (7.6)

is integral.

To revise the sltuation, i1f we have the elements apj and

common denominator D of an infeasible tableau row then new

elements a;j with common denominator D' can be produced from

the current ones by
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8pk = 8rk s
o < o] o7
1 ark
Db =apg-D [‘%’] ’ (7.7)

where k is defined such that

a a
Feel '333% PEmA 1= } |
This process of applying (7.7) to the current row is repeated until
the appropriate column entry attains integrality. At this stage,
it is necessary to determine the transformation relating the original
row (7.2) with the current row having the desired property. Suppose
apj represents the generator row then the cut that will produce the

necessary row az"j from this is given by

D.ajy - ap
aSj = E}k ’ j # k,
(7.8)
_ gk '
agy = - a}k . D .

The computation starts in exactly the same manner as in code 2 and
proceeds with the following steps.

(i) Apply the simplex method until 8pj> 0, jeN, and a3,> 0, i€ I,
If aj, = O modulo D then the current solution is the optimum,
otherwise go to step (ii).

(11) Select a row r such that

apo Z O modulo D.

(1i1) Use this row to define the elements (7.3) of the Gomory cut.
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(iv) Choose the pivot column k by the dual simplex method pivot
selection rule and pivot on row r only, using the trans-
formation formulae (7.7).

(v) If the new row has ay, = O modulo D' proceed from step (vi),
otherwise return to step (iii) with this row as the new
r rowv.

(vi) Apply (7.8) to the original generator row r and the current
row r to produce the consolidated cut and augment the tableau
by this cut.

(vii) Apply the dual simplex method. If the solution is all integer
go to step (1), otherwise go to step (ii).

Our experience with this code is extremely limited. In the few
problems tried, the results were disappointing especially in view of
the success claimed for this algorithm in solving large problems
(Beale [4 ]). Experimentation with this code did not fit in with
the eventual investigation into cutting plane methods. Consequently,

no results are given.

7.1.5. Code 5. _The Optimal Cut Routine
Ag in the previous modification of the Method of Integer Forms,

code 2 again forms the basis of this routine. However, at the stage
when code 2 defines a cut and proceeds with the dual simplex method
this code attempts to improve the cut in the manner described in
Chapter III.

Suppose that aj, D and r are non-negative integers. Then the

further problem which arises in this technique is to find the minimum
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value of r and non-negative integers xj such that

ZE: a3 x§ = ag*rD. (7.9)

ieN

The method of solution adopted is elementary and successful.
Any improvement in this area can only add to the attraction of
the optimal cut method.

Briefly, we fix r at successive non-negative integer values
and attempt to solve the corresponding diophantine equations (7.9)
in non-negative variables. We have attempted to direct and 1imit
the search for a solution by first arranging the coefficients aj
in order of increasing magnitude. One distinct advantage here is
that, since (7.9) is derived from a Gomory cut, all the aj are non-
negative. For a fixed value of r the search is finite, being
bounded by the total enumeration of xj values. If no solution is
found at one level the current value of r is increased by one and
the process repeatea. The process is quite easy to code since it
is recursive, as will be seen from the following description.

Suppose the coefficlents aj to be ordered such that aj < aj.; ,
i=1,2,....,n-1, and moreover that aj # O for all i€ N. We may
also assume that ag> aj for at least one i, otherwise it is clear
that no solutioh exists when r = 0.

Let gﬁi aj Xjy = ag * rD = @, define problem P, and set

Xpn = [E;} so that the remaining unknown variables xj must satisfy

= n
g ay x4= @, - ay [an] #n-1 » which defines problem Pp_j.
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Continuing in this way, setting xyx = [ i defining Py, and so on,

we would arrive at
¢2
ayx = fo-ay|g |4,

and then define @ - aj [¢i ] ¢6
2y

If at any stage ¢k is zero then (7.9) is satisfied by
g n
X = { }1 ’ {[ i ) s where {a}l = (al, az,..go,an),

If the entire sequence {Pi}i is produced and @, # O then a new sub-

sequence must be defined, commencing at the last non-zero setting
for x4. Suppose this was x, # O then replace xj by xp-l and %3

by #h_1* ax and proceed with the subproblems {Pi}i_l.
is repeated until either some @ = O, in which case the solution is

This process

as given above, or Xy = X3 =....= X = 0 and §, = -ay [ghj]+ g, # 0
vhich indicates that no golution exists for the current value of r,.
Although this process was formally presented and used to demon-
strate the optimal cut method in Chapter III, we consider its
illustration by means of a small example to be helpful at this point.

Suppose we have

200

8x) *+ 17xy * 23%3 = 4 *+ 43r. (7.10)

Since aj > ag, 8ll i, no solution in non-negative integers exists when r=0.

Cyclel Setr=1
Then 8x) + 17x2 * 23x3 = 47 = {3

|
'—l
|

o

X3 =[%]= 23 8x1 + 1;7x2 =47 - 2.23 =

L
Xy =117 |= 0; 8x

1}
W
-}
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X = [%]= 0; 1=9,
Po #0and x3 # 0s0o set x3=1 and P =1+ 23 =24
i.e. 8x; + 17%p = 24 =
X2 = [%-]=1; | 8x) =2, -17.1=7
S HE
Po# 0and xo 7 0 50 set x3 = 0 and f# = 24
i.e. 8% =2 =§
xl‘[%]=3; 24 - 3.8=0=f,

The solution to the diophantine equation (7.10) is then

r=1’ }Cl=3, X2=0, X3=1
P — — — — —————— ——————

All the variants discussed in Section 7.1.2 are clearly
applicable here but we have confined our implementation to the
variants selected for the major experiments under Section 7.1.2.
This enabled us to make a direct comparison between the two re-

spective codes. That is, we ugsed the generator variants

(11) sslect a row r with £, = max (fi,)
jeI'.
and
(iv) select a row r with fy = min (fik): L= {ilaij Z 0 modulo D}
ieL
where the column k satisfies agxy = min (aoj) s
jeN

and we select at random from among tying pivot columns.
The computational steps of this method are similar to those of

code 2 and their repetition here would serve no worthwhile purpose.
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However, we do note that instead of defining the Gomory cut this
code determines the optimal cut (which may of course be the Gomory
cut) by the process deacribed above.

This code, using the previously defined generator variants and
with and without restriction on the use of the objective function,
was applied to the complete set of 30 problems. The resulis are
displayed in Tables 7 and 8, and the solutions produced by the dif-
ferent variants are all tabulated. Those in Table 7 were obtained
by using the largest fractional part rule for choosing a generator,
while Table 8 presents those obtained by constructing cuts from
rows containing the smallest fractional part in the column with the
smallest relative cost coefficient. As in all of our codes; the
gsearch for a generator is confined to the leading (n + 1) rows of
the tableau. For each generator selection rule, two computer runs
through the entire set of 30 problems were performed. In one the
objective function was included in the search for a generator while
in the other it was excluded.

Summary performance figures for both the standard and optimal
cutting plane methods were tabulated in Chapter III. Apart from
having encountered some of the difficulties digcussed in that chapter,
this code gave a performance which was generally satisfactory; in '
fact, for the problems 15 to 24 taken from [34], the code was most
successful, having reduced the iteration count for one problem by
99% and for the majority of remaining problems by amounts ranging

from 2% to 96%. These figures have not taken into account problems



which, although unsolved by the standard method, were rapidly solved
by the optimal cutting plane method. On the other hand, we should
point out that the optimal cut code did experience difficulty with
problem 18 when using the first generator variant. By including

the objective function in the set of possible cut generators the
iteration count of the standard method was increased by a factor

3 while exclusion of the objective function caused the numbers to
become too large and no solution was produced. Relative to the
variants used, the best performance figures are fairly evenly divi-
ded between both generator selection rules. Finally, in common with

most of the codes, the performance is unpredictable.

7.2 Branch and Bound Methods

7.2.1 Code 6. Dual Branching Tree Search Code

Two major features of this code are the control of rounding
errors and the adaptive storage arrangements. Rounding errors are
dealt with by the technique outlined in Section 7.1.3. The storage
arrangements are designed to avoid the use of magnetic tape backing
store whenever possible.

Dakin [8 ]has coded a branch and bound technique exclusively
for in-core application while Beale and Small [5 ]make use of mag-
netic tape for retaining all subproblems generated. We point out
here, that in the following discussion, when we refer to core we
mean the virtual core as far as the programmer is concerned.

At the time this code was developed the version of FORTRAN

available on the London Atlas contained no facilities for dynamic
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arrays. This led to some inconvenience in the form of data handling
that had to be adopted when our main requirement was to saturate the
available one level gtore befors utlilizing magnetic tape. For this
reason we define a variable LOC to be the number of locations avai-
lable in core at any ingtant during execution, and an array TAB to
be an area of core in which subproblems may be stored. The dimension
statement is initially set up to cater for a working tableau of
(n*+*+n+1+*n') rows and (n + 1) columns, and a storage area of k
rows and (n + 1) columns where k = O modulo (m+ n+ 1 +m'),

(Note that the number of rows here includes the (m + n + 1) rows

of the original problem plus a number of rows equal to the number

of integer variables, since we keep track of the bsunds on the
integer variables by defining new integer variables representing

the amount by which the current lowsr bounds are exceeded). The
value of k is dependent upon the amount of core available and after
being arbitrarily defined for a compilation run, can be redefined

to demand a feasible amount of cors. Even quite small problems may
generate many subproblems but to demand unnecessary core stors on a
multiprogramming machine such as Atlas is clearly inappropriate.
Before continuing, we should point out a particular feature of the
Atlas FORTRAN system which has had to be allowed for in this code.
If during the use of magnetic tape in the binary mode it is necessary
to backspace over a record; overwrite this record with a new one and
then read this record at some later stage, it is necessary that the

records shall each consist of at least 512 words.



205

From the user's point of view, the amount of one level store
available on Atlas is considerable (132K) and it may safely be
assumed that only one of two posaible states can exist during the
solution of some problem.

(1) The working tableau may exceed 512 words in size. This
clearly is a simple situation which may or may not use
one level storage.
(11) The tableau contains fewer than 512 words. It can be

assumed that one level store is available and that the

number of available locations is at least 512.
The first of these two situations pregents no problem. Storage can
occur at the first level until all core modulo (m+ n+ 1+ m')(n + 1)
l1a used. Then, when a further problem is about to be stored, this
complete block of information can be transferred to tape and storage
in core recommenced. If one level atore is not used then magnetie
tape can be utilized storing tableaux of size (m+ n+ 1+ m')(n + 1)
words per record. The second situation is slightly more complex.
Before tape store can be utilized a block size of at least 512 words
must exist. At the start of the routine the transfer block size,
ITRANS, is determined and must have the properties

LOC > ITRANS > 512,
ITRANS = O modulo ITAB
where ITAB = (m+n+ 1+ m')(n+ 1),

except in the case

2. ITAB-1 > LOC > 512,
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In this case [:%%%] = 1 so that one block only may be stored in
core and it 1s clearly not possible to satisfy the property
ITRANS = O modulo ITAB. In this situation the block tableau
dimension will allow for just one tableau but during transfer
to tape the tableau will be augmented by spurious data to make
up a 512 word block.

One further feature of the data handling remains to be
mentioned. Whenever stored data is required it is extracted
on the "last in first out™ bagis. If all the listed problems
are stored entirely elther in core or on magnetic tape, the re-
covery of individual problems for solution is easily handled.
With magnetic tape, for example, the tape is always positioned
with the read/write heads at the end of the last listed problem,
which will be required first and is thus readily available. If
both core and magnetic tape are used for storing subproblems, the
core always containg the lagt listed problem which is immediately
available. Newly generated subproblems which require to be listed
are successively stored in core until all available core has been
used, at which point the information contained in the traﬁsfer
block TAB is written to tape. However, such a transfer only takes
place when another subproblem 1s about to be listed. Thils prevents
the subproblem area of core ever belng empty as long as subproblems
exist. Whenever a listed problem is required it 1s copied to the
working area within core and an indicator set to show that further

core gtore ls now available for 1llsting. If the problem extracted
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from the list is the last one in core, then during its execution
a transfer block of information is retrieved from magnetic tape
and the indicator set to show that the core store is fully utilized.
Although only applied to pure integer problems in our experi-
ments, the code has, in fact, been written to cater for the solution
of mixed integer problems. The major steps in the computation are
as follows.
(1) Apply the simplex method to the original problem until
803 2 0, J€EN, and a3, > O, 1€I. Initialize the
subproblem list count.
(1i) Test the appropriate rows for feasibility. If 240 =0
modulo 1 for all i€ K, where K denotes the set of indices
of the variables required to be integer, then the optimal
solution of this problem is contained in the first column
of the tableau; proceed from step (vii). If a3, £ O
modulo 1 for i€ K'<K, proceed from step (1ii).

(11i)For each i € K' compute

vy ai?{go (eo3/ | s3]
(a) jeN

dui = (1 - in) u; s

s = in (agy/a3:) ,
Vi ai?) 0 Oj 1j
(b) jJEeN
dvy = f55 vi

Then determine w, = max (duy, dvy)
i€ K
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(iv) If w, = du, then replace the lower bound on x, by [aro]'+ 1
and list the current modified tableau. Update the list count.
Modify the current tableau by replacing the upper bound on
Xy with [aro] and proceed from step (v).
If wp = dvp then list the second problem defined above,
modify the current tableau by replacing the lower bound on
Xp with [aro] + 1 and proceed.
(v) Apply the dual simplex method. If 843, < 0 for some 1€ 1
and ajy > 0, all j, then go to step (vi). Otherwise com-
pare the functional value of this solutlion with the stored
best value. If the present value is larger return to step
(ii) if not then continue from step (vi).
(vi) If the list count is zero then no subproblems remain and
the current best solution is the optimum. If the list
count 1s not zero, recover the last stored subproblem and
proceed from step (v).
(vii) Compare the functional value of this solution with the
gtored best value and retain the better. Go to step (vi).
A feature of major importance in this method is the process of
gelecting a variable on which to branch. Dakin [8:]mentions gome
gselection criteria and indicates his experience with them. We use
the technique outlined in Chapter V and have found it most satis-
factory. Having fixed our branching rule, the only varlants that we
have tried have been in connection with selecting a unique column from

among tying columns when seeking a variable to replace a varilable
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which is about to become nonbasic. The code, using two ¢olumn
selection variants ((i) selecting the first and (ii) selecting
randomly from the tying columns), has been applied to the set of
30 problems and the results are shown in Tables 9 and 10. In
general, it appears that selecting randomly from among tying
columns, although sometimes improving the situation in the con-
tinuous phase, worsens the situation in the integer phase. Of
major significance is the fact that, except for two problems,
the first integer solution reached by using the first variant
was later proved to be the optimal integer solution. The second
variant did not achieve such success since six problems attained
first integer solutions which were non-optimal. In a number of
problems, although the first integer solution reached proved to
be the optimal solution many iterations were required. This
aroge due to the solution process having to retreat from many
infeagible problems. This, however, did not make the process
less efficient, because even if progress to the optimal solution
had been direct, these infeasible problems woﬁld gtill have re-
quired generation due to them emanating from nodes of higher
objective function values than the current best.

The performance figures of this code were compared with those
of the code for the standard cutting plane method and discussed in

Chapter IV.

7.2.2 Code 7. Convex Isolation and Bound Contraction

As discussed in Chapter V, the idea of this approach was
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developed after a eritieal examination of the papers by Beale and
Small [S:Iand Dakin [8]. The theory pointed to certain compu-~
tational difficulties but as the investigation progressed these
were overcome.

Once the first feagible golution is reached a convex region
is defined by the hyperplanes emanating from the continuous optimum
and the objective function so positioned as to exclude the current
feasible solution from this new convex. Of the possible methods
discussed in Chapter V for producing the vertices of this convex
we decided to code the first because, although probably less
gophisticated than the others, we felt it to be more efficient.

Apart from some control constants the input to this code is
identical with that of the previous codes. The only restriction
imposed ig on the amount of space available for storing any
hypotheses made about the bounded region over integer space when
it can be reduced no further by the bound contraction process.

A further point of interest in this code is the problem of
measuring itg efficiency. Previous methods have been assessed

for efficiency purely on iteration count. In this technique,

once a feasible solution is attained the pivotal operations cease
and, instead, the contraction process takes place. A gystem of
intersecting hyperplanes enclosing a subspace of the original
solution space ig investigated to determine whether or not it
contains a feasible subspace. This process requires consideration
of each such hyperplane in turn and we regard the sequential

examination of the set of hyperplanes bounding this new convex



reglon as a cycle. This set of hyperplanes is a subset of the
original constraint set but it is rather difficult to theorstically
relate a cycle and an iteration. However, an analysis of the times
taken In solving various problems appeared to indicate that a cycle
required one tenth of the time taken by an iteration.

Before presenting the computational steps of the method we recall
the two stages capable of modification.

The first concerns the logical flow of the method and occurs at
the stage when a feasible lattice point has been produced by the bound
contraction process. At this point, the computation may continue in
one of two ways, namely,

(1)  the new feasible lattice point can be used to construct a new
isolated convex aﬁd the bound contraction process recommenced;

(11) any remaining hypotheses (dichotomies) concerning the hyper-
rectangle defined by the lsolated convex can be examined.

The second 1s associated with the construction of the dichotomies.
When the bound contraction process has produced a hyperrectangle de-
fining upper and lower bounds on the integer variables, at least one
of which has unequal bounds, then this hyperrectangle must be par-
titioned into two non-intersecting hyperrectangles. This is achieved
by dividing the bounded range on one of the integer variables into two.
When a number of varlables associated with non-zero ranges exist we
choose to dichotomize that one with

(1) the smallest range between its lower and upper bounds;

(11) the largest range between its bounds;
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(111) the largest range between its bounds and continue with this

variable until its range is reduced to zero.

The detailed computational flow of this method is given in Flow

Chart 3 but an outline of the basic steps now follows.

(1)

(1i)

(11i)

(iv)

Apply the simplex method to the original problem until 8gj > 0,

j€EN, and a4,> 0, i€ I. Note the nonbasic variables and any

bounds on the integer variables. Initialize the list count.

Test the integer variables for feasibility. If aj, = O modulo 1
for all i€ K, where K denotes the set of indices of the variables
required to be integer valued, then the feasible optimum of this
problem is contained in the first column of the tableau; proceed
from step (vii). If aj, # O modulo 1 for i€ K' K, continue

from step (iii).

For each 1€K' compute
uj = min (agj/ Iaij|),
aji j <0
(a) jeN
duy = (1 - fio) w3 ;
vi = min (aoj/aij) ’
aij> 0
(p) jeN
dvy = fio v¢

Then determine wy = max (duj, dvi).
i€k

If du, (dve) is infinite and the current list count is zero
set the upper (lower) bound on x, at [aro] ([aro] +1).

If du, (dvy) is finite, update the list count.



(v)

(vi)

(vii)
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If w, = du, (dvy,) replace the upper (lower) bound on x,

with aro] ([aro] + 1) and proceed from step (v).

Apply the dual simplex method. If ajo <O for some 1€1

and agy > 0, all j, then go to step (vi); otherwise return

to step (ii).

If the list count is zero then the current best solution is
the optimum. If the list count is not zero then recover the
required nodal tableau and return to step (v). .

At this point the current best feasible solution and possibly
bounds on the integer variables have been determined.

At first entry to this step compute the greatest common
divisor of 80js J€N, of the original problem matrix. At
subsequent entries this need not be computed.

Use the greatest common divisor of the objective function
coefficients together with the current best feasible functional

valua to determine the functional constraint.

(viii)The nonbasic variables noted in step (i) give the constraints

(ix)

defining the continuous optimal vertex. Determine the points
of intersection of these and the functional congtraint. Then
using these points and the continuous optimal vertex compute
the bounds on the integer variables, compare these with any
already produced and retain the best.

Apply the formulae of Section 5.2 to the constraints used in
step (viii) and the current set of bounds. This will lead to

one of the three following situations.
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(a) The bounds have been contracted but at least one integer
variable has non-coincident upper and lower bounds. In
this case, use the method desocribed in Section 5.4 to
partition the hyperrectangle defined by the current set
of bounds into two non-intersecting hyperrectangles.

Store one of these and update the count associated with
the storing of such hypotheses. Use the other and re-
turn to the start of step (ix).

(b) The isolated convex defined by these constraints may be
empty, in which case the current feasible solution is
optimal.

(e) A new lattice point is produced and must be tested for
feasibility by application to the original problem matrix.
(It need only be applied to a subset of the rows because
those assoclated with nonbasic variables together with
those defining the continuous optimal vertex are auto-
matically satisfied). If it is feasible then it neces-
sarily provides an improved solution which must be stored;
return to step (vii)., If it is infeasible and no
hypotheses remain then the current solution is optimal;
if hypotheses do remain then select one and recommence
step (ix).

Part (¢) of step (ix) has given the procedure for the first version of
the code. That is, on finding a new feasible lattice point a new iso-

lated convex is constructed and bound contraction recommenced. The
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second version would, instead of returning to step (vii), indicate
that the current solution is optimal if no hypotheses remain or
return to the beginning of step (ix) with a new functional constraint
if hypotheses do remain.

The code has been applied to the whole set of 30 problems in the
data sample. It has behaved most satisfactorily, its performance
comparing most favourably with those of other methods. It can be
improved in certain areas of course. For example, if the solution
process has to back away from many infeasible problems then this tech~
nique is inefficient since it has to recompute earlier nodal tableaux
by inverse transformations.

We have applied the five variants previously mentioned and all
were successful., The complete sets of results are given in Tables 11

and 12.

7.3 Concluding Remarkg

We have presented and discussed in some detail the major techniques
for solving integer programming problems. We have dealt most comprehen-
sively with two classes of techniques, namely cutting plane methods and
branch and bound methods, and, furthermore, have described some original
extensions to methods within each of these classes. In addition, most
of these methods have been coded in FORTRAN and the codes described in
this chapter. Although our practical experience has been limited to
the sample problems defined in Appendix I, many of which, though simple
in dimension and formulation, proved difficult for standard cutting

plane methods, it has nevertheless provided some quite distinct impressions.
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Cur first reaction was that only after computer implementation can
one hope to appreciate both the advantages and difficulties of the
techniques. What seem to be quite straightforward ideas in theory
frequently prove to be complex in implementation. It would be most
helpful to be able to decide which algorithm to apply to a given
integer programming problem in order to obtain its solution most
efficiently. In fact, a useful development in integer programming
theory would be the determination of classes of problems which can
and cannot be readily solved. As is often the case, to the disap-
pointment of investigators and practitioners alike, we cannot say
quite definitely that any one approach is uniformly better behaved
than any other. However, we do feel a certain degree of confidence
vhen using the branch and bound approach.
Based on our experience, and in spite of not having employed
the probably more powerful lexicographical versions of our codes,
we tend to agree with the opinion of Haldi [21] regarding the pre-
mature discarding of Gomory's Method of Integer Forms in favour of
his All Integer Integer Method.
Our conclusions regarding Gomory's algorithms are as follows.
1. The All Integer Integer Method and Method of Integer Forms have
proved useful in solving a number of pure integer problems but
at the same time they have failed on some very small problems.

2. Both algorithms can be modified in detail in many ways and such
modifications have been demonstrated to have a significant‘effect

on performance.



217

3. Some of the problems attempted by these methods remained unsolved
by any of the variants used after a very large number of iterations.

4. The modified version of the All Integer Integer Method was not
successful, since any marginal improvements in iteration count
were outwelghed by the increased time required in determining a
gstronger cut.

5. The optimal cut method was successful and the results lend support
to our above agreement with Haldi's statement concerning the re-
placement of the Method of Integer Forms by Gomory's All Integer
Integer Algorithm.

6. Variations of both extensions of cutting plane methods again
significantly affected performance.

7. The optimal cut method is open to further modification with regard
to controlling the D number and may therefore be capable of pro-
ducing even better results in certain circumstances.

The experiments carried out in this project would appear to indicate
that branching methods have at least been consistent, in that all problems
to which they have been applied have been solved within the 1imit of the
iterative criterion. Our conclusions on such branching methods are
8. The branching heuristic employed in both methods has been very

successful and has produced the optimum at an early stage in the
computation for a major portion of the data sample.

9. All problems of the data sample were solved by both branching methods

in all their variants.
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10. The convex isclation and bound contraction method had generally
similar success to the branch and bound method and on the
problems trled appeared to be faster in most cases. Again a
number of variants were applied with the familiar significant
changes in performance. We conclude that this method merits
further consideration and investigation.

Finally, we note one fairly general observation made during our
computing experience. If the constant terms of the constraints de-
fining a convex region are of similar magnitude to the coefficients
of the constraints then an integer programming problem defined over
such a convex appears to be readily solvable. On the other hand, if
the constant terms are relatively large then the solution becomes

difficult.

7.4 Detailed Resultg

To conclude this chapter we present a set of tables relating to
the problem sample used in our experiments. The first table defines
the structures of these problems and the remaining tables give details
of the solutions and the associated performance figures obtained by
the application of the appropriate codes, in their different variants,
to the data sample.

The problems are defined in Appendix I. The first ten are fixed
charge problems and problems 1l to 14 are IBM problems, all taken from
[21]. The fixed charge problems are really mixed problems which have
been formulated as pure integer problems. Problems 15 to 23 are taken

from [34] in which they were presented as very difficult problems for
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cutting plane methods. Problems 24 to 30 were constructed during
the development of code 7. Problem 25, for example, with an
objective function value of 4.2857 at the continuous optimum and

a valﬁe of 1 at the feasible optimum, admits many infeasible
lattice points during the stage when the functional constraint

and the constraints determining the continuous optimal vertex

are used to define the isolated convex region, and was congtructed
in order to examine how best to eliminate such infeasibilities.

In Table 1 it is assumed that the problem matrix is in the
condensed form of the Tucker tableau presented so as to maximize
an objective function over a set of inequality constraints of the
less than or equal to type. The table columns are adequately headed
but it is perhaps worth pointing out that the degree of dual dege-
neracy 1is the ratio betwsen the number of variables not present in

the objective function and the total number of variables.



PERCENTAGE PERCENTAGE | RANGE OF MAG-|  PERCENTAGE RANGE OF | IS THE PROBLEM
NUMBER COF NUMBER OF | DEGREE OF DUAL|  NUMBER OF NUMBER OF NITUDES OF NUMBER OF MAGNITUDES DUAL
PROBLEM VARIABLES CONSTRAINTS DEGENERACY | ZERO CONSTRAINT |  NWGATIVE CONSTRAINTS NECATIVE CF CONSTANT | FEASIBLE?
COEFFICIENTS | CONSTRAINT | COEFFICIENTS | CONSTANT TERMS TERMS
COEFFICTENTS
€00 _ 200 _ ’
1 5 i 2/5 29 = 30 N =10 o7 0 0-18 No
600 _ 200 _
2 5 4 2/5 ZF =30 6 = 10 -9 ¢ o-18 No
600 _ 200 _
3 5 4 2/5 62- 30 =10 o0 0 021 No
2/5 600 = 5p 200 - 19 o8 0 o- i
4 5 4 / e T 19 ito
5 5 6 2/5 1-4% = 46.6 23% = 6.6 075 0 0-180 No
6 5 6 2/5 Mg_g = 6.6 %g = 6.6 0~90 0 0-210 No
600 . 200 _
7 5 4 2/5 %55 = 30 =10 0~75 0 0~180 No
8 5 4 2/5 6%3 = 30 2% =10 090 0 0~210 No
9 6 6 3/6 1553?% = 50 % = 8.3 o8 0 010 No
10 2 600 _ 55 200 - )p oa 2
5 4 /5 Tl 20 0 0~25 No
2100 _ 2800 .
1 7 7 0 200,09 | 2800- 59, 01 100 - Y
12 7 7 0 2100 . o 2800 . zn. ~ -
75 = 429 78 = 571 o1 17 2-4, Yea
13 4 3 0 0 100 3-20 100 96-200 Yes
10500 _ 12000
1 1 0 = 46. 12000 . g4,
1 5 5 os = 46.6 225 = 533 o1 100 3-6 fas
15 2 2 1/2 0 322 =75 14-82 100 1306-1430 Yes
16 3 3 1/3 [ 6;'3 = 66.6 o8 Zg_‘-’ = 66,6 11-89 Tes
17 2 2 1/2 0 &2 =50 37-85 100 530-1216 Yen
18 3 3 1/3 0 613 = 66.6 2-98 100 530-1668 Yas
19 3 3 1/3 0 E’g = 55.5 15-99 100 128-891 Yes
20 2 2 0 0 &E = 50 100-101 50 50-50 Yes
21 2 2 [ 0 &g = 50 100-101 100 50-150 Yes
» 2 2 0 0 % = 50 100-101 100 150-250 Yos
23 8 g 0 124—° = 31 iigz" = 85.9 o-98 100 89-1315 Tea
24 2 2 0 0 0 2-11 [e] 15-55 No
25 1 2 3 0 0 3% = 50 1-5 1—2—° =33.3 3-10 No
26 ; 2 5 0 o 290 = 50 1-6 190 = 20 17 Yo
]
27 , 3 3 0 &g = 22.7 0 0L 0 11-13 Yo
28 5 2 0 100 = 19 200 -
10 0 20 0~ 0 41-47 Yo
2 ' 2 00 _ 0D
9 1 5 0 0 X= 50 1-5 35— = 60 2-25 Yo
30 | 3 3 0 0 0 1-3 0 8-14 No
TABLE 1.  STRUSTURSS OF PROBLEMS.

[

¥}



NUMBER _OF ITERATIONS
STANDARD GUT MODIFIED CUT
&’ROBLEM SOLUTION VARIANT O VARIANT 1|VARIANT 2{ VARIANT 3[VARTANT O] VARIANT 1] VARIANT 2 JVARIANT 3
11 8;(1,0,0,2,2,1,2,2,0,0,0,0,0,0) 9 38 9 10 9 18 9 10
12 |7;(1,0,0,2,2,0,2,3,0,0,0,0,1,1) 15 24 15 13 15 24, 15 13
13 {187;(0,0,0,17,6,4,18) 8 5 9 5 7 7 8 7
1/, 1o;<o,0,o,o,1,1,1,1,1,0,1,1,1,1,1,1,1,0,0,1,0,0,0,0,1,0,0,1,1,1,) 28 6L 28 23 28 64, 28 23
15 70; (7,70,6,40) 18 18 10 10 18 18 10 10
16 18;(3,3,18,2,4,1) 23 22 22 21 23 22 22 21
17 4015;(1754,4015,5,3) 13 13 12 13 13 13 12 13
18 | 4015;(1754,0,4015,5, 178254,3) > 2000 27 |> 2000 19 {> 2000 27 | > 2000 19
19 1459;(1233,1134,1459,0,15,13) 1560 1769 1560 1560 1560 1761 1560 1560
20 | 100;(50,50,0,100) 100 100 100 100 100 100 100 100
51 16503 (10,150,0,100) 234 234 235 234 234 234 235 234
22 27505 (250,250,0,100) 288 288 288 288 288 288 288 288
23  |29;(19,1,0,0,0,0,9,0,1109,793,1,1896,65,486,1,49) >2000 {> 2000 |> 2000 119  |>2000 |»> 2000 > 2000 1 120
|
VARIANT O: Select the first row with a;, <O.
VARIANT 13 Select cyclically.
VARIANT 2: Select the row generating the largest pivot column.
VARIANT 3: Select the row containing the least number of negative elements.
03
TABLE 2. RESULTS TASLE FOR FOUR GENERATOR VARIANTS OF ALL INTEGER INTEGEF CODE USING STANDARD o~

AND MODIFIED CUTS.




VARIANT
cong SOLUTION ITEFATICNS | GONSTRAINTS.
0 0 % ] L] L + 100 + 39 +
0 1 (7;1,1,1,6,C,0,2,5,1) 4+ 70 37
0 2 (7;0,1,0,1,6,1,0,0,6) 4L+ 21 12
0 3 (7;0,1,¢,7,C,1,6,0,C} 4L+ 65 30
1 0 * * * 4+ 100 + 43+
1 1 * * * 4+ 100 + 52 +
1 2 (7;0,1,0,1,6,1,C,0,6) 4+ 53 28
1 3 e * I 4 + 100 + 50 +
2 0 (7;0,1,0,7,0,1,6,0,C) 4+ 22 9
2 1 (7;¢,0,0,C,7,4,1,C,0) 4+ 35 15

i2 2 (7;0,0,0,0,7,4,1,0,0) 4L+ 14 8
2 3 (7;0,0,0,0,7,4,1,0,C) 4+ 32 13
3 0 (7;0,1,C,1,6,1,0,C,6° 4+ 80 52
3 1 {7:0,0,0,0,7,%,1,C,0) L+ 56 32
3 2 (7:0,1,C,7,0,1,6,C,C) AR 30
3 3 ® % #* 4+ 100 + 59 +

Asterisks indicate that the limit of 100 iterations in the integer phase wms reached without a solution being obtained.

VARIANT JOCDE:

First digit defines generator row:-

Secord digit defines rule for

breaking ties when two or mcre

columns tie for pivot column
selection:-

The iteraticn count is given as the sum of
34

number of pivot operaticns.

TABLE 3. COMBINATICH CF VAPIANIS CF PURE INTEGHR CCDE AFPLIED TG FIRST FIXED CHARGE PROBLEM.

s i o e

s e

Select the row with smallest f;, where the colunmn k is that with the smallest entry in the top row.

Select the first row with aj, non-integral.

O:
1:
2: Select
3¢ Select
0: Select
1: Select
2: Select
3:

Salert column representing o main variable.

two numbers; the first gives the number of pivot operatiocns in the contimious phase and the second
pives the number in the integer phase. Humbers terminating with a plug sign irdicate that a solution was not reached after the indicated

the row with largest fj,,

tke row with smallest fj,

the first.
in evelic order.

at random.

If none select randomly.
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VARIANT

CODE: SOLUTION ITERATIONS CONSTRATINTS |
0 0 * 3 * 4 *+ 100 + 67 +
0 1 (8;0,0,0,0,8,2,1,0,0) 4L+ 2 11

0 2 (8:1,1,4,4,0,1,0,5,3) 4o+ 14 12

0 3 (8:0,c,0,0,8,2,1,C,C) L+ 60 29

1 0 * *® * 4 *+ 100 + 71+
1 1 (8;0,0,0,0,8,2,1,0,0) L+ 45 28

1 2 (2;0,c,c,0,2,2,1,0,C) Lo+ 22 11

1 3 (8;1,1,3,5,0,C,1,6,7) i, + 89 62

2 0 (8;1,1,4,4,C,1,C,5,3) 4+ 12 8

2 1 (¢;0,0,0,C,2,2,1,0,C) 4L+ 10 5

2 » (¢:0,0,c,0,8,2,1,0,C) 4L+ 10 5

2 3 (8;0,0,0,0,2,2,1,C,0) 4L+ 13 7

3 0 (8¢:1,1,2,4,1,0,C,6,2) s+ 91 é5

3 1 * #* * /, + 100 + 56 +
3 2 3 3 - 4+ 100 + 61 +
3 3 (¢;c,c,0,0,2,2,1,C,0) L+ 95 71

The footnotes of Table 3 also apply to this table.

TABLE 4

COMBINATICH CF VARIANTS OF PURK INTHG®2 50DT APPLIED TC
SECOND FIXSED CHARGE PROBLEM.
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CONTI]
NJ0US OBJECTIVE AS GENIRATCR
DIMENSION SOLUTIONS S Pﬂfsx_ mﬂlsség:f;r- Dy sléxsu:_
s s il rions | rions | magms Lriong | eagers
NT3_|A3LES. z
T Z . 5 TE63;(93,150,558,1050,0,0,0,0,07 /183 ;ggg ,i.g.g.gg 4 21 1 7
; 410,04 1%
2 s |24804{127,19,2143,1337,0,0,0,0,0, /258 g;g .i.g,z.;; 4 u 12 [ 2
; sl3Us30 2
3 4 5 3780;{210,210,1890,1890,0,0,0,0,0) /320 :g:(( }g.;,i,g;g; 3 39 23 » 5
H =t 8
4 4 5 1890:(95,165,579,1320,0,0,0,0,0) /205 g;;g .g.g.g.;; 4 9 H 10
i 299V
5 6 5 17190;(99,150,5940,11250,0,0,0,0,0) /194 ngé g,g.g,g.gz.gg.g.g; 4 | 127 87 & &
3 40,2,0,36,23,0, N
2 6 5 37803{21,21,1%90,1%90,0,0,0,0,0,11,11) /32 1&% gg,g,g,g,;g,;g,g,g; 4 7% 7% 112 ]
H +0,2,0,36,38,0, o
7 4 5 17190;{99,150,5940,11250,0,0,0,0,0) /192 * " x 4 |»2000 [s1212 639
76;(1,1,24, 2'0'2’9’3‘223) " 410 500
8 L 5 7803 (21,21,1290,1990,0,0,0,0,0) /32 ;gg; gi.g,g.g.ga.ggg L 85
i +0,0,2,38, o
9 6 6 243(1,1,1,8,8,8,0,0,0,0,0,0) /2 9;(1 +3,0,0,0,5,5,5) 6 552 30 813 &4
9;:(1 13,0,0,0,5,5,5) \ 10 .
10 4 5 2390; (285,35,1710,680,0,0,0,0,0) /205 ﬁg g.‘ipg,g,g; 4 4
H [l i ad ]
11 7 7 240;(16,16,16,43,43,48,48,0,0,0,0,0,0,0)/32 8:(o ,2,2,0,0,2,0,0,0,0) 8 1 L 6 3
2;(1 +2,1,9,0,0,2,0,0,0) o 17 6 22 10
12 7 7 184;(8,8,8,40,40,40,40,0,0,0,0,0,0,0) /32 7;(1 »2,1,0,1,0,2,1,0,1)
’ 73{1 10,2:3:00,0,0,1.1) , 5 . 1 s
13 3 4 129443 (£8;0,0,1120,0,0,1096) /72 ig; ;,2,2,13)
3 1054y
v s 15 9472:{0,0,0,0,763 768,763,763, 763, 768,1024, 1024, | 10{0, 1,1,151,1,0,1,1.1,1,1,1,1,0,0,1,0.0,0. 16 25 12 " 13
: 1024,1024,762,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1024) 1,1,1
' 02 10;{ 1,1,151,1,1,1,1,0,1,1,0,1,0,0,0,1,1,0,
0,1,0
i’ ’ 6 9
15 2 2 508643 (5439,50864,0,01 /749 33% s g§ 2 35 34 &4
MEY 20 2 5
16 3 3 13213(121,79,1321,0,0,0) 90 18:(3, »4,1) 4 26 3
18;(3,3,18,2,4,1) . " . 5 19
1 z b 147820;{64602,147280,0,0)/37 1.015;(1751.,1.015,5.3)
, Ty et ) 4 11 g 23 19
5 47880,0,6565040,0) /37 4015317 5,
W 3 |107280;(60602,0,147080,0,6565040,01/3 L0153{1754,0,4015,5 ,178254,3) . a |l |
19 3 3 7845133; (£629338,6096691 ,7845183,0,0,0) /5478 14593(1233,1134,1459,0,15,13) 3 5
! 14595(1233,1134,1459,0,15,13) 0o 5o | 15
20 2 2 50;{0,50,0,50) /101 igg;%zg,gg,g.‘;g 1 199
H 9 Vs Uy
21 H 2 220650; (20050,20150,0,0) /201 1650;(%;%’1;8'%’%83; 2 303 205 | 1595 | 1542
,150,0,
22 2 2 14426503{£€150,40250,0,0) /2C1 gzgg;ggg,gzg,g,ioog; 2 296 200 |[16m | 1619
3 [ FAS
23 8 ] 187942,;(126416,0,0,0,D,0,61126,0,7466 348, 29;(19,1,0,0,0,0,9,0,1109,793,1,1896,65,486,1,49) 9 37 23 25 2%
5163386,0,12211496,163712,1307012, 0,324938) 29;(19,1,0,0,0,0,9,0,1100,793,1,1896,65,486,1,49)
/6522
A b 2 £4703(110,40,0,0) /28 165(4,1,2,4) 2 ] 6 7 6
161(4,1,2,4) R , , 5 .
25 3 2 30;{13,7,0,7,0) 7 {;Ei'g’i';'%;
i 2
26 | 7 |137T091,13,0,0,5,22,50/7 g;g.i’,é.g.i.%.;g 3 5 1 5 3
5(3,1,6,2,1,1,3
27 | 3 3 |19£:(18,23,7,0,0,00 0 }q;g,g%,g,},gg 3 1 1 1 1
9;{(2,2,1,0,1,0)
2 |2 5 639:(0,258,0,123,0,0,0) /6 106:(0,230,19,3,0,0) 3 1 1 2 2
106;(0,42,0,19,3,0,0) . \
29 5 > 144;(51,42,21,0,63,0,18) 12 ;;%g,;,g,g,s,;,;g 3 9 5
3V€,352404443,.
30 3 3 79:(2,25,0,69,0,0) /7 103(0,3,1,3,1,0) 2 7 5 8 6
10;(0,3,1,8,1,0)

Variant (0,2} indisatas that (1)

3
{4)
(5

{6}
(7)

of tha rows 1 = 1§

has the amallsst sntry in the top row of tha tableau;

3=+++s0; tha code selacts as generator that row with mln fyy, vhers column k

(11) the cods uses the randoa choics rule for bresking ties when two or more columns quallfy as pivot

column.

The DIMTISIONS solumna 4efine the number of inequality cOnstraints ani the number of variables, sxcluding slack varlablas,
in the original problem.

In the SCLUTIONS columns the first number {s sseaciated vith the objective function value.

The continuois solutions are givan in terms of numarators snd a common Aenominator, which appears last.

The Teasible solitlons produced by the appiication of esch definad gonerator set are given in the INTGER eolumn.

Asterlsks iniizete that no solution wan obteined within the restrictlon of 2000 integar phase iteratlions,

The iteration count (number of plvet o
togethar vith the numbar furthar requi

The UOXSTRAINTS eol

The sear:zh for s generator from which tv construct a cutting plane is confinad to ths rows 1 = 11,...
objaztive function is allowad s= a generator and 11 = 1 1f the objestive function is not sl

TABLZ 5,

RSSULTS FROM PURE INTSGER CODE USING VARLANT (0,2).

umns give the number of cutting planss gddad to the original constrmint set in tha intsger phase.

perstions) has bden diridad into the number required to resch the sontinuous opt imum
red to reach the feasihle optimum from the continupus optimum.

«sn vhers 13 = O 1f the
owed 85 a genarator.



CONTI- ISTIGER PHASE
T NIoIS C3JECTIVE A4S GENERATOR
DIMENSIONS SOLUTIONS PHASE ADYISSTILE IRADMISSISLE
[PROBLEM [SONST- | VARI- CONTINJO0S ITSRA-] ITERA-| CONST-| ITERA-| CONST-
RAINTS |ARLES ___ | TIONS | TIONS | RAINTS| TIONS | RAINT:
1 4 5 16043(93,150,558,1050,9,0,0,0,07 /153 3 12 8 19 13
2 4 5 24803(127,191,1143,1337,0,0,0,0,0) /253 4 15 9 15 11
3 4 5 378¢€:(210,210,1£90,1899,0,0,0,0,0' /370 4 17 10 27 L
4 4 5 1390;(95,165,57¢,1320,0,0,0,2,21 /205 A A 3 43 21
5 6 5 17190;(97,150,5940,11250,0,0,0,0,01 /134 4 851 441 451 238
6 6 5 3780;(1,21,189C,1890,0,0,0,0,0,11,11} /32 4 555 n %9 428
7 4 5 17190;(9%,150,5942,11250,0,0,0,0,0) /19, 4 1858 1007 1562 a6l
8 A 5 3780;(21,21,1890,1890,0,0,0,0,01/32 " " " 4 |>2000 [»1264 873 565
106:{1,1,52,54,0,0,2,38,16)
9 & € 2,:(1,1,1,8,3,8,0,0,0,0,0,0) /2 9:(1,1,1,3,3,3,0,0,0,5,5,5) 6 | 1916 70 [>2000 | W76
* - "
10 4 5 2390;/285,85,1710,620,0,0,0,0,0) /205 11;(1,0,6,0,5,1,0,0,0 4 3 1 [ 5
115(1.0.6.0.5. ]
11 7 7 2.2;(16,16,16,48,48,48,48,0,0,0,0,0,0,0) /32 8;(0,0,1,1,2,7 ,2,0,0,0,0) 8 1 1 2 2
,0,0,0,2,0)
12 7 7 18£;(8,8,%,40,40,40,4C,C,v,0,0,8,0,0) /32 1,0,0,1,0) 8 13 6 27 12
) 2,0,1,0,1)
130103 4 12944;(48,0,0,1170,0,0,1096' /72 2 28 17 91 62
14 15 15 9.72;(0,0,0,0,768,763,768,768,768,768,1024 1024, , ,1,1,1,1,1,1,0,1,0,1,0,1,0,0,
1024,1024,76¢,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1024} 16 235 51 8L 20
1024 +1:1,1,9,1,1,1,1,0,0,0,1,1,1,5,1,
15 2 2 50864 3{5439,50864,0,0 /749 n 2 |»2000 [»1985 |»2000 |»98s
- n *
16 3 3 1321:(121,79,1321,0,0,0) /50 18;(3,3,1%,2,4,1) 4 55 ” 262 216
18;(3,3,18,2,4,1)
17 2 2 147880;(646C2,14738¢C,0,01/37 40153{1754,4015,5,3) 2 5 4 15 12
| 40153(1754,4015,5,3)
1’ 3 1473803 (64602,2,14733€,2,6565040,0) /37 40153(1754,0,4015,5,178254,3" A 5 4 15 12
. 4015;(1754,0,4015,5,178254, 3}
[T 1 7845183; (6620188,5006691,7345143,C,0,01 /5473 " * x 3 |s2000 |a870 |xoco |s1a70
o L] -
0 | oz 2 50;(0,50,0,5M 201 100;(50,50,0,130) 1 19 100 820 91
100:(50,50,0,170)
21 B H 2206503 (20050,20150,0,0' A°01 1650;{150,150,0,190) 2 322 245 760 733
1650;(150,150,0,100}
22 2 442650;{£015C,40250,0,0" /201 2750;(250,250,0,100) z 306 239 760 733
i 2750;({250,250,0,100)
23 \ 8 3 18794,2;(126816,0,0,0,0,0,61126,0,7.663,8, 293(19,1,0,0,0,9,9,0,110%,793,1,1596,65,486,1,49) 9 i 0 64 60
5163336,C,170114%6,163717,3307C12,C, 124938} /0570 1 29;(19,1,0,0,0,0,9,0,1109,793,1,18%6,65 ,436,1,49)
2% 2 2 490;(110,40,0,0V /28 16;(4,1,2,4) 2 5 I3 8 7
165(4,1,2,4)
25 3 2 36;(13,9,0,31,9' /7 14(1,7,453,1) H ] H 5 4
15{1,2,4,3,1}
26 5 B 137;{31,13,0,9,5,%3,5}/7 133(2,1,6,2,1,1,3} 3 5 3 5 3
13;(3,1,6,2,1,1,3}
27 3 1 | 1943018,23,7,0,0,00 10 19:(2.2,1,0,1,98 3 1 ! N N
1;(2,7,1,0,1,0
’8 2 i €32;(0,259,0,123,7,0,0 /6 106;(0,42,0,19,1,0,0) 3 1 1 Fl 2
106:(0,42,0,19,1,0,0)
29 N 2 1441(51,40,71,0,53,0,180 /17 7:(2,3,7,6,2,1,1) 1 7 4 7 5
7:(2,3,2,6,7,3,1)
k] 1 3 7:(2,75,0,60,0,00 /7 10:(0,3,1,%,1,00 2 (3 5 '3 5
10:(¢,3,1,9,1,0
Jielamt (5 0 Imfieacas thas (11 A% tne mova uite nonintegar Apa, |7 B]yeeseyn, TR mole ralacts aa gerarator that row with mix. fio.

Tha fortnetes (1Y to {7 =f "a="a 5 oalsoa~c's 4 thia t

TAE AL

f

2.6 LT3 ENC. PRAFOINTESS3 TR OURINT WRIANT (2,

o,

11Y the ~ols ures tas panfon ~nelte rula for heeakine tlea whan two n= mora rolu=as amlify as plvot column,

L
P



CONTI- INTEGER
r NS S GENERATCR
QIMINSI SOLUTIONS PHASE IRADMISSIBLE
PROSLEM [CONST-] VAR, CHITAIS TTERL TTERA- | CONST—
RAlNTslA3LLS TIONS | TIONS { PAINTS! TIONG | RAINTS
1 4 5 1604;(93,150,553,1052,0,0,0,0,0) 83 ;.E 4 4 2 10 8
2 A 5 24,803(127,191,1143,1337,9,0,0,0,0) /258 :(( 4 1 ] 35 22
3 4 5 3780;(210,210,14%0,1890,0,0,0,0,01 /320 }g: 4 15 10 21 16
I3 4 5 1890;(95,165,570,1320,0,0,0,0,0) /705 S:(( 4 3 2 10 ‘ 8
s 6 5 17190:(99,150,59,0,11250,0,0,0,0,0) /194 72; 4 393 241 & &0
7
6 6 5 3780:(21,21,1%90,1890,0,0,0,3,3,11,11%,/32 } 4 % % 78 7%
7 I3 5 17190;(99,150,594,0,11250,0,0,0,0,0) /192 ;2 4 553 339 63 63
8 4 5 3780:(21,21,1890,1892,0,0,0,0,0) /37 {gg' Z i kdd 80 80
9 & ) 24;(1,1,1,%,8,8,0,0,0,0,0,01 /2 3:, 6 | 1Bl1O 988 k14 28
10 | 4 5 2390;( 285,35,1710,680,0,0,0,0,01/205 l{' 4 4 2 10 8
Rt
11 7 7 240;{16,16,16,48,48,48,48,0,0,3,0,0,0,01 /32 8; 8 1 1 6 3
8
12 7 ? 18;(8,8,8,40,4C,40,40,0,0,0,9,0,0,0) /32 3[: g 17 6 19 8
13 3 4 129443(48,0,0,1120,0,2,1096) /T2 }g H 17 9 2 12
12 15 15 9472:(0,0,0,0,768,768,768,768,768,763,1024,1024,, | 10; ,1,1,1,1,1,1,0,0,1,1,1,0,0,
1024,1024,768,0,8,0,9,9,0,0,0,0,0,0,2,C,0,1022) 16 13 ? 26 1
Aoz, | 10; 1,1,1,1,1,1,0,0,1,1,1,0,0,
15 2 2 50364 ;(5437,50%4,0,00 /749 Zng 2 13 32 20 »
i
16 3 3 1321:{171,79,1321,0,0,0) /90 ;:E 4 3 3 13 1n
17 2 2 1278803 { &6C2,147880,8,01 /57 4015;(1754,4015,5,3) 2 2 3 2 2
2015;(1754,4015,5,3)
18 3 3 147830;{A4607,0,147580,0,6565040,01/37 4€15:(1754,0,4015,5,178254, 3} 4 2 H 12 10
4015:{1754,0,4015,5,178254,3)
19 3 3 78451831 (6629388 ,609691 , 7345183,0,0,01/5478 14595{1233,1134,1459,0,15,13) 3 30 27 19 12
1259;(1233,113,1459,0,15,13}
B ? ? 50;{€,50,0,5¢7 /101 100;(590,5¢,0,¢,100) 1 19 100 54 53
100;(50,59,0,0,100)
2L 2 ? 220450;(20050,20150,0,C) /2CL 16$0;{150,150,0,100) 2 87 62 1 1
1650;(150,150,0,100)
27 2 H 44,2657;{40140,40250,0,0) /oCL 2750;(250,250,0,100) z &, 6 101 101
27503(250,25¢,0,100)
23 8 8 187942;(126316,2,0,0,0,0,61126,0, 7466348, 2;(19,1,0,0,0,0,9,0,1109,733,1,1896,65,486,1,49) 9 7 22 24 23
sxbugﬁ,o,wn11.%,163712,330‘7012,:1,;1LQB‘ '23;(19,1,0,0,0,2,9,0,1109,793,1,1896,65,486,1,49)
2
2% 2 2 4903(110,40,0,0' /28 Cbg(2,1,2,) 2 Z 3 Fl 2
| 163(2,00204)
25 3 2 30;(11,9,0,31,01/7 | 1:{1,2,4,3,1) 2 2 3 2
1 1:01,7,4,3,1)
26 5 2 1375(31,13,0,0,5,23,5} 7 | 13;(3,1.6,2,1,1,3 3 5 3 5 3
13;(3,1,9,2,1,1,3)
27 3 T 194:018,23,7,0,0,21 10 1 13;(2,771,0,1,0 3 1 1 1 1
\ , 19:(7,2,1,0,1,0)
I 28 > 5 | 639;(0,258,2,123,2,0,M/6 ' 106;{0,42,0,19,3,0,0) 3 1 1 1 1
. 106;{0,42,0,19,3,0,0)
|29 5 H 124;(51,42,21,0,61,0,180 /12 7:1(7,3,7,6,2,2,1" 3 9 5 4 5
7:{2,3,2,6,2,3,1°
,0 3 3 79:{2,75,0,69,0,01/7 10:(0,2,1,8,1,0) 2 3 3 3 3
' , 105(0,3,1,8,1,0)
— [ S PO S ———————e
2
sarrent (€7 ardicaten sat (1) of the rovs wIth Ler=Irterer ey, 0= f..0n, the Tole salstts sy geretiton trat row v ith

mir £y, whern ~olumr ¥ has the srallest entry ir the tep row of the tablesu;

(15"
pivel celimn.

Footnotes ‘1) tn (7Y of Table 5 mlso apply ta thir tahle.

TANLE 7. WSLTS FRCM (PTIMY COT RUITILY LSING VARIART (C,.).

the code uzes the rerdom chotze ruls for breaking Liea when two or rere cclumrs qualify as




CONTI-
NUCUS
OIMENSIONS SOLUTIONS PHASE
POBLEF[ SONST-] VARI- CORTINUOUS INTEGER TTERA-
o RAINTS] ASLES TIONS
1 4 B 1€08;(93,150,558,1050,0,0,0,0,0} /183 7-,£ 4
75
2 4 H 2408;(127,191,1143,1337,0,0,0,0,0) /258 g;g 4
3
3 4 5 3780;(210,210,18%0,1490,¢,0,0,0,0)/320 10; 4
10y
4 4 5 1890;(9%,165,570,1320,0,0,0,0.0) /205 ?§ 4
5 3 5 1719¢;(99,150,5940,11250,0,C,0,0,0) /194 72; L
?%;
6 6 5 3780;(21,21,1870,1890,0,0,0,0,0,11,11) /32 122~ 4
106;
i 4 H 1719¢;(99,15¢,5940,11250,0,C,C,0,00 /184 72:8 4
76;
8 4 5 3780;(=1,21,1¢90,1890,0,0,0,0,0) /32 iggg 4
3
9 6 6 243(1,1,1,8,8,8,0,0,0,0,C,0) /2 Q;El. 6
9;(1,
10 4 5 2390;(285,85,1710,680,0,0,C,0,0) /205 11:%1 4
11;
1 7 ? 240;(16,16,16,48,48,48,48,0,0,0,C,0,0,0) /32 8;; 8
8;(
12 7 ? 184;(8,8,8,40,40,40,4¢,0,0,0,0,0,6,0) /32 H 8
;
13 3 3 12944 3(48,0,0,1120,0,0,1096) /72 187 2
187
14 15 15 9472;(0,0,0,0,758,768,768,768,768,768,1024,1024, | 10;
1024,1C24,76¢,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1024) 9, 16
7102 10;(0
o, 1
15 2 2 50864 3(5439,50864,0,0) /749 70;(7 4 2
70;(7 L
16 3 3 1321:(271,79,1371,0,0,0) /50 18;(1,3,18,2,5,1) 4
183(3,3,18,2,4,1)
17 H > 147880;( 64607,147880,0,C ) /37 4015;(1754,4015,5,3) 2
40155(1754,4015,5,3)
18 3 3 147880;(64602,0,14 7290 0A565040,01 /37 40055(1754,0.4015,5,178254,3) 4
40153(1754,0,4015,5,178254,3)
19 3 3 7845183, (6629368 ,6006691 ,7845183,0,0,0) /5478 1459;(1233,1134,1459,0,15,13) 3
1457;{1233,1134,1459,0,15,13)
20 2 2 50;(0,50,0,50" /101 100;(%0,5C,0,100) 1
1004(50,%0,0,100)
31 2 2 22065C;(20050,20150,0,0) /201 1650;(150,150,0,100} 4
1650;(150,150,0,100}
22 K 2 £42650;3{4015¢,40250,0,0) /201 2750;(250,250,0,100) ?
2750;(250,25¢,0,100)
23 8 8 187947;{176616,0,0,0,0,0,61126,0,74,66 348, 295(19,1,0,0,0,0,9,0,1109,793,1,189,65 ,466,1 ,49) 9
5163386,0,172114 96.163712.3307012,9,324933‘ 29;(19,1,0,0,0,0,9,0,1109,793,1,1896,65 ,486,1 ,49}
6527
o4 < 2 490;{(110,40,0,0) /28 163 2
16;
25 3 2 30;(13,9,0,71,00/7 11 H
2% 5 > | 137:031,13,0,0,5,23,5) /7 13 3
13
A 3 194:{18,73,7,0,0,0) 10 119 3
1 19%;
8 2 5 639;(0,258,0,173,0,0,0) /6 l 106 3
: 106;
29 < Sl 1443(51,42,71,0,63,0,18V A2 "9 3
75
x 3 1 73(7,75,0,69,0,00 10 2
10:

INTFGER PHASE
Q3JECTIVE AS GENERATOR

ADMISSISLE INADMISSIBLE
| ITERA- | CONST- | ITERA-] CONST—
15 9 24 15
9 5 11 6
4 3 9 ]
837 433 39% 194
555 33 29 22
1541 85 724, 120
858 512 60 52
723 260 40 20
3 1 6 5
1 1 2 2
13 & 16 8
27 16 1 10
215 51 84 20
2 2 2 2
10 8 10 a
3 3 3 3
24 19

23 19 12 9
199 100 k) 38
3 4 101 100
47 4G 101 1
58 56 58 56
4 3 2 2
3 2 3 2
5 3 s k!
1 1 1 1
1 L 2 >
7 4 7 5
2 1 2 1

Variant (2,7) Lndteates that (3)

of the rows with non-irteger e 1= 1',....,n, tha code selects as penerato= that row wlth max. fk;

(i1) the cuie uses tno random choles rule for Preskirg ties when two or more columns cusllfr as pivot column.

Frotrctes {1' to (7) of Table 5 nlsa arply hars.

TABLE 39,

KESULTS FRCM CPTIMUM QUT ROUTINE USING VARIANT (2,2),



Variant 0 indicates thet, in tha avent of two or mere tatleas solumns qualifying

is chosen.

Tha valuea of the alomerts of ths sortinuais solitinks ara glven

rounded.

Tha iteration count has bren scparated inte the pumber ragaired {n
continuous optimum, and the number requlred in the ip

erd of the solutior process.

In the Integer phass iteratlen count the FIAST INTGR,
aolution, the OFTML. INTGR. calumm gives tke number of
gives the complete nuaber of integer phase pivot aperat

TABLE 9.

RESNLTS OSTAINED FROM AFFLICATICN CF FISST VARIANT oF

to four decimal

for vivot colurn selecticn, the first of the queiifying columna

pleces, the firat value, that of the ohantive fusctlen, belng

ZRANCH AND BOUND CODZ.

tha continuous phase, i.e, the numher af pivot operations nended to attain tha
teger otase, {.a. the numbar of pivat operatirrs from the eontlnuous cptimim stape to

0limn gives tha number of Integer phase lvat cperatlons to reach tha first fesaible
integar phane pivot operations to reach the feasibla optimum and the TOTAL column
ions wnich is the number reguired to reach tre optimum ani prova it.

NUMTER __OF _ JTESATION
L goLITIONS SORT. | INT¢GER, PHASE,
FIRST | OPTML.

Froste CONTINUOUS F13gT INTEGER OPTI¥AL_INTFGER PHASE | INTGH. I‘-‘Tg‘l. TUIﬁ:L.
1 B.78633 (<5081 , 8196, 3.0491 ,5.7377,C,0,C,C,01 | 73%1,1,1,6,0,0,2,5,1) 7:(1,1,1,6,C,C,2,5,1} 4 9 |
? 9.61243(.4977,.7407,4.4302,5.1821,0,0,0,0,0) | 8:(1,1,4,4,0,1,0,5,3} 8;(1,1,4,4,0,1,0,5,3) L ) 3 1% ‘
3 11,8125 (6562, .6562,5.59062,5.9062,C,0,0,0,0) | 10:(1,1,5,4,1,1,044,5) 10;(1,1,5,4,1,1,0,4,5) 4 7 7 20 !
4 9.2195;(.4634,.8048,7. 7804 ,6.439C,0,0,C,0,0" | 7:(0,C,C,¢,7,5,1,C,C) 2:(0,1,C,8,C,C,5,C,C) 4 8 9 17 }
5 88.56082;(.5103,.7731,30.6185,§7.98%6,C,C,C,C, | 75:(0,0,¢,0,7%,30,C,C,C,1,1) 76:(1,1,23,52,1,1,0,37,23,C,C} 4 3 11 16
6 ua.us;fféﬁZ?fézzg?gq.oezs,sa.oe?s,c,c,r,c, 106(1,1,52,54,C,C,2,38,36,0,0) 106i:1,1,52,54,C,C,7,78,36,C,C) . b b 13
7 ss.soaz;?f%%g?f'}%:;o.sms,5v.qsae,o,c,c,c, 75310,0,C,£,75,36,0,C,0) 765(1,1,23,52,1,1,0,37,23) . 4 n 16
B 118.125;?.6562,.6562,59.0(».?5,59.0625,’J,(‘,c,C, 106:(1,1,53,52,1,1,C,37,38) 1065(1,1,53,57,1, ,0,37,38) L 7 7 12
9 1?.0:(A?Is,.i,x.,z.,a,c,c,c,c,c,c) 9:(1,1,1,1,3,2,0,6,C,5,5,5) 9;(1,1,1,3,3,3,6,0,0,5,5,5) a 1 3 7
10 l1.6585;(%.”’402,..’.146,9.3411.,3.3170,C,C,C,C, 11:(1,c,6,0,5,1,0,0,C) 114(1,0,6,C,5,1,C,C,0) I3 1 3 8
11 7.5:(.5,.5,.5,1.5,1.5,1.5,1.5,0,0,C,C,0,C,0) | 2;(1,¢,0,%,7,1,2,7,C,0,C,C,C,C) 8:(1,0,0,2,%,1,2,7,C,0,0,C,0,0) R 1 1 2
12 5.75:(.25,.25,.275,1.25,1.25,1.25,1.75,1.25,0, | 7:(0,C,0,7,7,1,%,7,1,1,C,C,1,C0 7:(C,C,0,7,7,1,7,7,1,1,0,C,1,C} 8 5 5 26
13 179.72';52&51:26’;(:%,0,15.nsss,c,c,xs.z;;p) 194:(0,1,1,15,%,18,:8) 187;(€,0,0,17,6,4,18" 2 e N 43
14 9.25:(0,C,6,C,.75,.75,.75,.75,.75,.75,1,1,1, | 1¢;(0,6,C,¢,1,1,1,1,1,1,1,1,1,0,1,1, | 10:(0,0,8,2,1,1,1,1,1,1,1,1,1,8,1,1, 23 10 10 28

1,.75.0,¢,¢,0,0,0,6,C,C,0,0,1} 0,¢,0,0,C,¢,1,1,1,1,1,1,C,0) 0,,€,C,6,C,1,1,1,1,1,1,C,0 ﬁ ) .
15 67.9092;(7.2616,67.9092,C,0) 70:(7,7C,6,40° 70:(7,7C,€,400 E 4 A 5o
16 14,6778;(1. 3424, .8777,1L.6777,C,C,0) 18:(3,3,18,2,4,10 12:(3,3,18,2,4,1% A 21 B i
17 36,7568 ;(1746,3796.7567,C,C) LE155(1754,4015,5,3) 4015:(1754,4015,5,31 ? 24, 26 =7
18 37%96.7568:(1746,C,3996.7567,0,17433.5132,C) | 4C24:(1758,C,4C74,17,178664,0) 4015:(1764,0,4015,5,178254,3) 5 62 ‘ 73 7,
19 1432.1254;(1710.1840,1117.9420,1432,v 54,0, | 1459:(1223,1734,1459,0,15,13) 1£57:(1,33,1134,1457,0,15,13° 3 9 o 93 :
0 .4950;(0,.55%@,.4050) 10€:(50,50,C,100} 100:(%0,50,¢,100) 1 1o | 109 re
21 1097.7612:(99.7512,1C0.2.87,0,C} 1650;(150,15¢C,€,1C0) 1650:(150,150,C,100) 2 2cL ! 201 20
] .2338:(197.7512,700. 2487,C,C) 27553(25€,20C,C,100) 27503(750,250,€,100) 2 | w1 ! 201 Qo1
S R P o AR e et M At et R IR T HN A R
24 17.5:(3.3%%?:?53;‘,?’,3”’ 15:(5,0,%,5) 16;(4,1,7,4) Fl LI I3 bl
25 4.2857:(1.2571,1.7857,0,4.4785,0) 1:{1,%,4,0,10 1.(1,2,4,3,10 2 1 3 1
26 19.5714:(4.4785,1.9571,C,0,.7147,3.7857, 13:(%,1,6,2,1,1,3) 13:(3,1,6,7,1,1,3) 3 soys 5 !
ard 19.4;(1.&???.7.:@,{:7 19:(2,2,1,C,1,0) 10:(2,7,1,0,1,0) 3 1 i 1 oo
28 106.5;(0,43.0,0,2C.5,C,0,0) 106:(0,42,0,17,3 ,C,C) 106;(0,42,0,19,3 ,0,0) k] 2 ‘ 2 b ‘
29 17:(4.25,3.5,1.75,C,5.25,C,1.5) 7:(2,2,%,6,7,3,1) 7:(2,3,0,6,2,3,.0 3 “ 6 W ‘
30 11.2857;(.2857,3.5714,C,9.8571,0,C) 10:{0,3,1,8,1,"} 10:(¢,2,1,8,1,C} ? k] ’ 3 A J

i



Jariant!

Problem

SOLUTIONS

T___NUF3ER_OF ITRRATIONS

LONTINUGUS

FIBT INTGER

CPIIMAL INTEGER

1
2

3

20
21
2?2

23

B78E5 (5081, 8105, 3.0471,57377,0,C,0,5,F)
9.6122;(.4922,.7403,4.4362,5.1821,0,0,0,C,0)
11.8125;(.6562,.6562,5.9062,7 .9062,0,0,0,C,0)
9,2195:(.463L, .8048,2.78C4,6.43490,0,0,0,0,0)
88,6082;(.5103,.7731,3C.6185,57.9395,0,C,C,C,
0,,48%,.2268)
118.125:( 6562, .6562,59.0625 ,59.0625,0,0,0,0,
0,.3437,.3437)
28.6082,(.5103,.7731,30.6185,57,9896,0,0,0,0,
0}
118.125;3(.6562,.6562,59.0625,59.0625,0,C,0,C,
<
12,01(,5,.5,.5,4,4,4,0,6,0,0,8,C)
11.6585;(1.3902,.4146,2.3212,3.3170,¢,0,0,C,
0
7.5;(.5,.5,.5,1.5,1.5,1.5,1.5,0,C,0,¢,C,0,C"
5.75;(.25,.25,.25,1.25,1.25,1.25,1.25,C,C,C,
0,¢,0,C)
179.7778:{  6666,0,0,15.5555,0,0,15.2222)
9.255(0,0,0,0,475,475,475,:75,.75,.75,1,1,1,
1,.75,0,9,0,¢,¢,0,C,0,0,0,0,0,€,C,1}
67.9092;(7.7616,67.9092,0,C)
14.6773;(1. 3444, .8777,14.6777,0,,00
3996.7564; (1746, 3776, 7567,0,0)
3996.75681(1745,0,3996,7567,0,17433.5132,C)
1432.1254:(1210.1940,1112,9410,1432.1254,0,0,
a
.49505(9,.47950,0,.4950"
1097.7612;(99.7512,100.2487,0,0)
2202.2383:(179.7512,200.2497,0,00
28.8166:(17.4443,0,0,0,0,0,7.3722,0,1144,
7942,731.6375,0,1872.3544,25.1015,

507.0548,0,.7,8213)
17.55(3.9285,1.4285,0,0}

11,.7‘357;(1 .8571,1.23587,¢,..,245,0"

|
119.5712:(4.4285,1.8571,0,0,.7147,3.2857,
| J7142)

119.43(1.8,2.3,.7,0,0,0)

|

1106.55(0,43.0,0,20.5,0,0,0)

i

1123(4,25,3.5,1.73,0,5.75,0,1.5"

11.2857:(.2347,3.5714,0,7.8571,0,0)

LY TE ST, 5,50
85(1,1,4,4,0,1,0,5,3)
165(1,1,5,4,1,1,0,4,5)
7:(0,0,0,8,7,5,1,C,0)
751(C,C,C,C,75,30,0,0,,1,1)
1065(1,1,52,54,0,C,2,38,36,0,0)
753(¢,0,C,¢,75,30,C,0,8)
106:(1,1,52,54,0,0,2,38,36)
9;{1,1,1,3,3,3,6,5,0,5,5,5)
11;(1,0,6,C,5,1,0,0,0)
8;(1,0,¢,2,2,1,2,7,0,0,0,0,C,0)
7:(0,¢,€,2,2,1,2,2,1,1,0,C,1,C)
195;(0,0,1,15.2,18,28)
11;(1,0,0,0,1,1,1,2,1,1,0,1,1,1,0,0,

¢,c,0,3,1,1,1,1,1,0,2,2,0,1)
71;(8,71,46,13)
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varisbles wiose upper and lower bounds are not coincident. Thres varisnts Aafining hyrothes s are usad.

VARIANT C: Salact that varfebla whose rance 1y smallast.

VARIANT 11 Salact thnt wariadle wi0se ranzs {s largest.

VARIANT 21 Sslact thot veriabla wA03% TA0ea s larzest and continue to use 111 varlabla until its ran7a bezonmza zero.

TABLE 11, RSULTS FAOM T4 UE VARIANTS OF VSRSION O OF CNVEX ISOLATION +:n 100%D ICNIRATTION [05c.



CONTRACTION CYCLES,

RSION SOLUTIONS ITERATIONS VARIANT O VARIANT 1 VARTANT 2
FIRST OPTIMAL OPTIMAL OPTIMAL
ROBLEM CONTINUOUS FIRST INTEGER OPTIMAL INTEGER CONTINUOUS | INTEGER | INTEGER TOTAL INTEGER TOTAL INTEGER TOTAL
9.2195;(.4634,.8048, 8;(0,1,0,3,5,0,0,0,5)
4 2.7804,6.4390,0,0,0, |7;(0,0,0,0,7,5,1,0,0)
0,0) 8;(1,1,2,6,0,2,3,4,2) 4 8 11 23 13 28 15 35
88.6082;(.5103,.7731, 76;(1,1,22,52,2,0,0,
( . 38,23,0,0)
30.6815,57.9896,0,0, [75;(0,0,0,0,75,30
’ ’ T o0 T | 763(1,1,22,52,0,0,4,
0,0,0,.4896,.2268) 36,23,0,0) 4 3 132 147 23 193 336 344
88.6082;(.5103,.7731,
7 30.6815,57.9896,0,0, |75;(0,0,0,0,75,30,0, { 76;(1,1,22,52,2,0,0,
0,0) 38,23)
0,0,0) A 3 132 147 23 193 336 344
179.7778;(.6666,0,0,
194;(0,1,1,15,2,18, 187;(0,0,0,17,6,4,
13 15.5555,0,0,15.2222) 28) 18) 2 10 8 13 22 22 20 20
3996.7568; (1746,0,
18 3996.7567,0,177433. [4024;(1758,0,4024, 4015;(1754,0,4015,
12,178664,0) 5,178254,3)
5132,0) 5 62 12 12 13 13 13 13
17.5;(3.9285,1.4285,
24 0,0) 155(5,0,5,5} 16;(4,1,2,4) 2 5 2 2 2 2 2 2

TARLE 12.

{1)

and any remaining hypotheses examined.

The footnotes (ii) through (v) of Table 1l are also applicable here.

RESULTS FROM THRZE VARIANTS OF VERSION 1 OF CONVEX ISOLATION AND BOUND CONTRACTION CODE.

Version 1 indicates that when the bound contraction process produces a feasible lattice point a new functional constraint is defined

e
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APPENDIX I

As mentioned in the main body of the thesis the sample of
problems was constructed primarily from[in] and [34] . For
eagse of reference, and in fact for completeness, we define the
problems in this appendix.

In all problems variables are required to be non-negative integers.

Problem 1 Problem 2
Maximize %o = X3 *+ X, * x5 Maximize xo = x3 * x4, * x5
subject to subject to
XL X2 X3 %X, X5 |S XX X3 X, X5 <
2 3 1 2 2 | 18 2 3 1 2 2 |18
3 2 2 1 2 115 3 2 2 1 2 |17
-6 0 1 0 0 0 -9 0 1 0 0 0
0 =7 0 1 0 0 0 -7 0 1 0 0
Problem 3 Problem 4
Maximize %o = X3 + x5, * x5 Maximize %o = %3 * x4 * x5
subject to : subject to
X X2 X3 X, X |£ X} X2 X3 X X5 | £
2 3 1 2 2 |2 2 3 1 2 2 119
3 2 2 1 2 |21 3 2 2 1 2 |15
-9 0 1 0 0 0 -6 0 1 0 0 0
0 -9 0 1 0 OI 0 -8 0 1 0 0




Problem 5 Problem 6
Maximize x5 = x3 * x;, * x5 Maximize xo = x3 *+ x;, * x5
subject to gsubject to
Xl X2 X3 X, X5 < x1 % x3 3%, x| €
20 30 1 2 21180 20 30 1 2 2| 210
30 20 2 1 21150 30 20 2 1 2210
;—60 0 1 0 0 0 -90 0 1 0 0 0
0 -75 0 1 0 0 0 =90 0 1 0 0
1 0 o o0 of 1 1 0o o o of 1
0 1 0 0 0 1 0 1 0 0 0 1
Problem 7 Problem 8
Maximize xo = x3 * x, * x5 Maximize %o = x3 *+ %, * x5
subject to subject to
XX x3 % %S X X3 % %<
20 30 1 2 2 |180 20 30 1 2 2210
30 20 2 1 2 {150 30 20 2 1 2210
-60 0 1 0 0 0 -90 0 1 0 0 0
0 -5 0 1 0 0 0 -90 0 1 0 0
Problem 9 Problem 10
Maximize x5 = x5, *+ x5 * x4 Maximize x5 = X3 * x5 * x5
subject to
x1 xX x3 %X, x x| x] X X3 X X5 |$
2 2 0 1 1 0]10 2 3 1 2 2 119
2 0 2 1 0 1|10 3 2 2 1 2 | 25
0 2 2 0 1 1110 | =6 0 1 0 0 0]
-8 0 0 1 0 0] © 0 -8 0 1 0 0
0 -8 0 0 1 0} ©
©o 0 -8 0 O0 1] o
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Problems 11 and 12

Minimize xo = % * %3 * x3 *x *x * x4 * x9

subject to
X Xp X3 X, X5 X4 X7 | >
1 0 0 1 1 0 1 5
0 1 0 1 0 1 1 | 5
0 0 1 0 1 1 1 : 5
1 1 0 0 1 1 0 i 4
1 0 1 1 0 1 0 JA
0 1 1 1 1 0 0 4
1 1 1 0 0 0 1 3
Problem 13
Minimize 13x; *+ 15x% *+ l4x3 * llx,
subject to
x1 x x3 x| 2
4 5 3 6f 96
200 21 17 12 200
11 12 12 71101

and
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Problem 14
Minimize x] + xp *x3 * %, * x5 * x4 *xptxg *tx *txo
v Fe TRy YRy Y X

gubject to _
X} X3 X3 X, X5 Xg Xy Xg X9 X0 X1 ¥12 ¥13 ¥ X5 P
1 o 0 0 1 1 1 O 0 O 1 1 1 O 1} 6
6 1 0 o0 1 O 1 1 0 1 1 o0 1 1| 6
0 0 1 0 O 0 1 0 1 1 0 1 1 1}
o 0o 01 o 01 0O 1 1 O 1 1 1 1|6
1 1 o0 o 11 1 1 o 0 O 1 1 OfSsS
1 0 1 01 0 1 1 0 1 0 1 0 1 Ofs
1 0 0 1 1 6 0 1 1 1 O 0 1 O0OfS5
o 1 1 0 1 1 0 1 1 0 1 1 O O} 5
6 1. o 1 1 0 1 1 O 1 1 O 1 O O] S5
o 011 0 1 1 1 1 0 1 1 O O O}Ss5
1 1 1 0 0 O 1 O 1 1 1 O O O 1] 4
1 1 01 o 1 o0 1 0 1 O 1 O O 1; 4
1 0 1 1 1 o 0 1 1 O O O 1 O 1 4
o 1 1 1 1 1 1 O O O O O O 1 1} 4
1 1 1 1 0 0 O O O O 1 1 1 1 oOf 3

Problem 15 Problem 16

Minimize xo Minimize x3

subject 4o subject to

t o ox | > XL X2 X3 | >

| 66 14 | 1430 5 8 -7 |-89

[ -82 28 | 1306 -6 5 1| 1n

3 -5 2 29
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Problem 17
Minimize x2

subject to
X1 2| >
85 =37 | 530
-84 37 |1216
Problem 19
Minimize X3
subject to
X1 X X3 2
~64 =57 99 | 891
% 15 91| 128
=75 27 43| 867
Problem 21
Minimize 10x; + x5
subject to
X1 2 |2
-100 101 150
101 -100 50

Problen 18

Minimize X3

subject to
X1 X2 X3| 2>
85 =74 =37] 530
98 13 2 | 1668
-84 3137|1216
Problem 20
Minimize x; *+ x5
subject to
X1 X2 | 2
-100 101 50
101 -100 | =50
Problem 22
Minimize x3 + 10xp
subject to
X1 | >
-100 101 | 250
101 ~100 | 150
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Problem 23
Minimize x; * xp * x3 *x;, * x5 *x * 3y *xg
subject to
x1 X 73 :9] x4 Xy xe | 2
T4 9 16 51 70 -90 32 51 594
64 64 33 23 31 49 92 22 | 1315
79 16 9% o8 89 39 =54 82 | 1030
84 T4 -82 40 9 51 35 23 89
49 68 89 2 0 o7 17 74 | 1087
45 25 a1 87 56 =43 70 14 | 102
33 38 1 0 -07 28 60 ~63 [ 1204
28 28 15 70 36 =77 4t 17 907
Problem 24 Problem 25
Maximize 3x] + 4% Maximize 3x; - %o
subject to subject to
1 o | £ ¥ ¥ | €
2 5 15 3 ~2 3
10 11 55 -5 -4 | -10
2 1 5
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Problem 26 Problem 27
Maximize 4x7 * xo Maximize 4x7 * 5% *+ x3
subject to subject to
X x | € X x x3 | £
3 2 17 3 2 0 10
2 -1 7 1 4 0 11
2 -3 4 3 3 1 13
-1 -1 -3
-2 6 3
Problem 28

Maximize x; + 2xp + 3x3 * x, * x3

subject to
X Xo X3 b 4 ), X5 s
1 0 4 2 1 Al
A 3 1 -4 -1 47
Problem 29 Problem 30

Maximize 2% * xo

subject to
X1 X2 | €
-1 5 15
2 3 19
-1 -2 ~6
2 -3 -2
2 -2 | =25

Maximize 2x7 *+ 3xp * x3

subject to
X1 Xo X3 <
2 1 3 14
3 2 1 8
1 3 2 11




APPENDIX II

The flow charts for the four codes
(1) The All Integer Integer Method,
(ii) A Modified Cutting Plane for the All Integer Integer
Method,
(111) The Optimal Cut Routine,
and (iv) The Convex Isolation and Bound Contraction Method

are given in this appendix.

-
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APPENDIX III

In this final appendix we present the FORTRAN listings for
the

(1) A1l Integer Integer Code (With Modified Cut),

(11) Pure Integer Code (Standard Cut),

(1i1) Pure Integer Code (Optimal Cut),

(iv) Convex Isolation and Bound Contraction Code,

(v) Branch and Bound Code,

(vi) Mixed Integer Code,

(vii) Accelerated Euclidean Code.



FORTRAN PROGRAM LISTING.

ALL INTEGER INTEGER CcODE
(WITH MODIFIED CUT).

DIMENSION MAT(63,38),VAR(38),IR0W(6()
READ 90,NQOJOBS
90 FORMAT(I3)
NUM=0
93 READ 1.00,MsN,KODE,MAX,METHOD,IS,MODIF, ((MAT(I,J),J51LsN) 121, M=N+1)
100 FORMAT(216,8X,11,16,1%511,2X,12,17/7¢1018))
NNaN-2
MMzM=N+2
po 31 I=MMIM
DO 31 J=1,N
31 MAT(I,J)=0
MMaM-N
DO 32 J=2,N
38 MAT(MM+d,Jd)==1
READ 107,(VAR(J),J2l,M)
107 FORMAT(20A4)
PRINT 106, 1S,METHOD
106 FORMAT(L1H1//47H ALL INTEGER LINEAR PRQGRAMME RESULT TO PROBLEM,I3,
147H SELECTING THE GENERATOR DEFINED By PARAMETER (,11,2H).)
IF¢(MODIF)251,250,281
250 PRINT 252
259 FORMAT(/14H STANDARD CUT,)
GO To 254
254 PRINT 253
259 FORMAT(/14H MODIFIED CUT.)
254 KOUNT=D
1 NONSTO=N
NOR=0
MLXST0=~1
IROW(1)=0



21
77
78

79

1201

1202

1204
1203
1200
1208

1207
1208

1209
1210
1o

1211
1212

DO 10 I=2JM

NEG=0

IF(MAT(I,1))21,10,20
IF(MAX~-KOUNT)35,35,77
IF{MFTHOD=1)11,78,79
NOR=NOR+1

IROW(NOR)=]

GO To 10

NON=0

SMALL=10,.»#20

DO 1200 J=2,N
IF¢(MAT(1,U))2201,1200,1200
NEG=1
IF(METHO0D=2)1202,1202,1203
Flz=MAT(1,J)

F2a=MAT(I,J)

Fl=F1/F2
[F(F1~-sMALL)1204,1200,1200
SMaLL=F1

MLX=MAT(1,J)

GO TO 1200

MON=NON+1

CONTINUE
IF(NFG)1205,1206,1205
IF(METHOD=2)1207,1207,1209
IF(MLLX-MLXSTO)10,10,2208
MLXSTO=MLX

IROW(1)=1

GO TO 10
IF(NON-NONSTO0)1210,10,20
NONSTO=NON

IROW(1)y=I

CONTINUE
IFCIROW(1))1211,25,1211
IF¢(METHOD=-2)1212,1213,1213
JJ=KQUNT+1=-(KOUNT/NOR)*#NOR

03
i



1213
11

20
1206
101

12

a6
13
40
14

30
45

15
16

17
76

18
50

[=IROWCJJ)

GO TO 11

I=IROWC(1)

IR=1

DO 20 K=2,N
IF(MAT(IR,K))12,20,20
CONTINUE

PRINT 101

FORMAT(//634 EX1T CALLEN BECAUSE COEFFTICIENTS nF NEGATIVE ROW ARE
1POSITIVE./26H TABLEAU AT THIS STAGE WAS//)
ASSIGN 2 TO KK

GO TO 400

LL=K

JJ=K+1
IF(JJ=N)46,46,45

DO 30 J=JJsN
IF(MAT(IR,J))13,30,30
DO 40 L=1,M '
TF(MAT(L,J)-MAT(L,LL))14,40;30
CONTINUE

GO TO 30

LL=J

CONTINUE

AMBDA=1.0

DO 50 _J=2:N
IF(MAT(IR,J))15,50.,50
IF(MAT(1,LL))16,17,16
IT=MAT(1,J)/MAT(1,LL)
GO TO 76

1T=1

FLT=IT

FLM=-MAT (IR, J)
AMBD=FLM/FLT
[F(AMBDA-AMBD)18,50,50
AMBDA=AMBD

CONTINUE

99c



1227

1214

1216
1215

1240
1218
1219
1220

1221

1222
1217

1223
1225
1226
1224

19

IF(MODIF)1227,1224,1227
FLM=MAT(IR:s1)
KONST=INT(FLM/AMBDA)
IF(KONST+1)1216,1214,1216
IPOS=0p

MBIG==MAT(IR»1)
SMALL=10.##20

GO TO 1240

1POS=1

FLT=KONST
SMALL=FLM/(FLT+1.)-.0000001
DO 1217 J=2,N
IF(MAT(IR,J))1218,1218,1221
IF(IPOSYL1217,1219,1217
TF(MBIG+MAT (IR, J))1220,1217,1217
MBIG=-MAT(IR,J)

Go TO 1217

IPOS=2

FLM=MATCIR, J)
KONST=INT(FLM/AMBDA)
IF(KONST)1230,1217,1230
FUT=KONST

FLM=FLM/FLT
IF(SMALL=FLM)1217,1217,1222
SMALL=FLM

CONTINUE
IF(1P0S-1)1223,1225,1225
AMBDA=MBIG

GO TO 1224
IFCAMRDA~SMALL)1226,1224,1224
AMBDA=SMALL

DO 60 J=1,N
IF(J-LL)19,60,19
TOP=MAT(IR» ) ,
KONST=INT(TOP/AMBDA)
IF(KONST)29,60,29

698



29 DO 70 I=1,M '
70 MAT(I,JY=MATC(L, J)+KONST2MAT(T,LL)
60 CONTINUE
KOUNT=KOUNT+1
IF(KODE)S5,1,5
5 PRINT 142
ASSIGN 1 TO KK
142 FORMAT(/19H CURRENT TABLEAU IS) i
400 GO TO (201,202,203,204,205,206,207,208,209,210,211,212,213,214,215
1,216:217,218:219,220,221,222,223,224,225,226,227:,228,229,230,231,2
132,233,234,235,234),NN

201 PRINT 301, (VARCI), (MAT(T,J),Jd=1,N)s1=1,M)
301 FORMAT(20X,A4,34 = ,318)

GO TO KK, (1,2)
202 PRINT 302, (VARCI), (MAT(T,J)sJd=1,5N)»>121,M)
30?2 FORMAT(20X,A4,3H = ,418)

GO TO KK»(1,2)
203 PRINT 303,(VARCI),(MAT(T1,J)sJ=1,N)s1=1,M)
303 FORMAT(20X,A4,3H = ,518)

GO 70 KK, (1,2)
204 PRINT 304, (VAR(I),(MAT(T,J)3J=1,N),1=1,M)
304 FORMAT(20X,A4,3H = ,618)

GO TO KK»(1,2)
205 PRINT 305, (VAR(CI),(MAT(I,J)sJ=1,N)s1=1,M)
305 FORMAT(20X,A4,3H = ,718)

G0 TO KK,(1,2)
206 PRINT 306, (VARCT), (MAT(T,J)5Js1,N)»1=1,M)
306 FORMAT(20X,A4,3H = ,818)

GO TO KK, (1,2)
207 PRINT 307,(VARCT), (MAT(T,J),J=1,N),1=1,M)
307 FORMAT(20X,A4,3H4 = ,918)

GD TO KK»(1,2)
208 PRINT 308, (VAR(T)}, (MAT(TaJ)sJd=1,N),s 121, M)
308 FORMAT(20X,A4,34 = ,1018)

G0 TO KK, (1,2)
209 PRINT 309, (VAR(I),(MAT(I,J)5J=1,N)yi=1,M)

2



309

210
310

211
311

212
312

213
313

214
314

215
315

216
316

217
317

218
318

219
319

220
320

221

FORMAT(A4,3H = ,11110)

GO TO KK,(1,2)

PRINT 310, (VARCI),(MAT(I,JYs =1 M) 121, M)
FORMAT(A4,3H = ,11110/107X,110/7)

GO TO KK, (1,2)

PRINT 311, (VARCT)Y, (MAT(I,»J)»d=1,sN),»I=1,M)
FORMAT(A4,3H = ,11110/97X%,2110//)

Go TO KK, (1,2)

PRINT 312,(VARC(I),(MAT(I,J),J=1,N),1=1,M)
FORMAT(A4,3H = ,11110/87%,3110//)

GO TO KK, (1,2)

PRINT 313, (VAR(IY, (MATC(T15J)s0=1,N)s121,M)
FORMAT(A4,3H = ,11110/77%,41102/)

GO TO KK»(1,2)

PRINT 314, (VAR(T), (MAT(1,J),J=21,N)s1=1,M)
FORMAT(A4,3H = ,11110/67X%X,511077/)

GO TO KK, (1,2)

PRINT 315, (VARCT), (MAT(1,U)»J=1sN)»1=1sM)
FORMAT(A4,3H = ,11110/57%,611077)

GO TO KK,(1,2)

PRINT 316, (VAR(T)Y, (MAT(TsJd)sd=1sN),s1=1,M)
FORMAT(A4,3H = ,11110/47X,71107/)

GO TO KK, (1,2)

PRINT 317,(VARCI),(MAT(I,J)»J=1,N),1=1,M)
FORMAT(A4,3H = ,11110/37X,8%10//)

GO TO KK, (1,2)

PRINT 318, (VARCIY, (MATCI,J)sJ=1,N),1=1,M)

FORMAT(A4,3H = ,11110/27X,9110//)

GO TO KK, (1,2)

PRINT 3191(VAR(I),(MAT(II\J,’J‘:].)N)II:i‘JM)
FORMAT(A4,3H = ,11110/17X,10110//)

Go TO KK, (1,2) .
PRINT 320, (VARCT), (MAT(I1,J)»J=1sN),51=21,M)
FORMAT(A4,3H = ,19110/7X,11110//)

GO TO KK, (1,2)

PRINT 321, (VARCI), (MAT(T,J)sd=31,N)sI=1,M)
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321

22?2
327

223
323

224
324

225
325

226
326

227
327

228
328

229
329

230
33n

231
331

23?2
332

233

FORMAT(A4,3H = ,11110/7X,11110/7107X,110/7/)
GO TO KK, (1,2)

PRINT 322:(VAR(I);(MAT(TJJ))J=1’N,:I=1:M)
FORMAT(A4,3H = ,11110/7X%X,11110/97X,2110/7/)
GO TO KKs(1,2)

PRINT 323, (VAR(I),(MAT(T,J)sJ=1,N),1=1,M)
FORMAT(A4,3H = ,11110/7%X,11110/87X,311077)
GO TO KK, (1,2)

PRINT 324, (VAR(I),(MAT(I,J)sJ=1,N),]1=1,M)
FORMAT(A4,3H = ,11110/7X%,11110/77X,4110/7)
GO TO KK, (1,2)

PRINT 325, (VAR(]), (MAT(1,J),J=1,N),1=1,M)
FORMAT(A4,3H = ,11110/7X,11110/67X,5110/7)
GO TO KK,(1,2) A
PRINT 326, (VAR(T),(MAT(1,J),J=1,N),[=1,M)
FORMAT(A4,3H = ,11110/7%X,11110/57X,611077)
GO TO KK, (1,2)

PRINT 3271(VAR(I)J(MAT(I'J))J=1’N>JI=1)M)
FORMAT(A4,3H = ,11110/7X,11110747X,7110/7)
GO TO KK, (1,2)

PRINT 328, (VAR(I),(MAT(T,Jd),d=1,N),I=1,M)
FORMAT(A4,3H = ,11110/7%,31110/37X,81107/)
GO TO KK, (1,2)

PRINT 329, (VAR(I), (MAT(I,J)sJ=1,N), 151, M)
FORMAT(A4,3H = ,11110/7%X,11110/27X,9110//)
GO TO KK, (1,2)
pRINT»SSOJ(VAR(I)J(MAT(I’J)’J=1JN)’I=1’M)
FORMAT(A4,3H = ,11110/7X%X,14110/717X,10110//)
GO TO KK,(1,2)

PRINT 331}(VAR(I)J(MAT(T’J,JJ=1’N)’I=1IM) .
FORMAT(A4,3H = ,11110/7X,11110/7%X,117110//)
GO TO KK, (1,2)

PRINT 332, (VAR(I),(MAT(I,J),J=1,N),I=1,M)

FORMAT(A4,3H = ,11110/7X,11110/7X»11110/107X,110/7)

GO TO KK, (1:;2)
PRINT 333, (VAR(T),(MATC(1,JY»Jd=1,N),I=z21,M)
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234
334

235
335

236
336

35
3

75
110

8
112

25
102
103

2

92

FORMAT(A4,3H = ,11110/7X,11110/7X511110/97X,211077)
GO TO KK,(1,2) '

PRINT 334, (VAR(I), (MAT(T,J),J=1,N),1=1,M)
FORMAT(A4,3H = ,11110/7X,11110/7X,11110/87X,3110/7)
Go TO KK,(1,2)

PRINT 335, (VAR(I),(MAT(I,JY,J=1,N),1=1,M)
FORMAT(A4,3H = ,11110/7X,14110/7X,11110/77%X,4110/7)
Go TO KK, (1,2)

PRINT 336)(VAR(I):(MAT(I:J):J=1:N):I=1:M)
FORMAT(A4,3H = ,11110/7%,11110/7X,11110/67X,51107/)
Go TO KK,(1,2)

PRINT 3,MAX

FORMAT(//96H ITERATIVE PROCESS HAS BEEN DISCONTINUED BECAUSE THE M

1AXIMUM NUMBER OF ALLOWABLE FTERATIONS,VIZ,,14/62H,HAVE BEEN PERFOR
4MED AND A FEASIRLE SOLUTION NOT YET ATTAINED.)

IF (KOpE)75,8,75
PRINT 110
FORMAT(/64H THE SITUATION AT THIS STAGF IS GIVRN BY THE LAST TABLE

1AU ABOVE.)

Go TO 2

PRINT 112

FORMAT (/52H THE SITUATION AT THIS STAGE IS GIVEN BY THE TABLEAU//)
ASSIGN 2 TO KK

GO TO 400

PRINT 102, (VARCI),MAT(I,1),1=22,M) N
FORMAT(///32H VALUES OF INTEGER VARIABI ES ARE//7(A6,3H = ,16,1H,))
PRINT 103,VAR(L1),MAT(1,1),KOUNT |

FORMAT(//30H PRODUCING THE OPTIMAL VALUE ,Ad4,3H = ,16,6H AFTER, 14

1,12H ITERATIONS,)

NUM=NUM+1 _
IF(NOJOBS-NUM)92,92,93
CALL EXIT

END



FORTRAN PROGRAM LISTING.

PURE INTEGER CODE
(STANDARD cUT),

DIMENSION MAT(66,38),KEW(38Y
RA=34359738368.
RB=68719476736.
RC=137438953472.
RE=1./RA
READ 3I00.N0OJOBS
300 FORMAT(13)
NUM=0 ,
303 READ 1JM!N’LDIOUTIKODE’MAXIT!NDROSIMETHODIKOLIMZED’IS'(MAT(l’J))J=
11,N):((MAT(IJJ),J=1;N):I=N*1:M)
1 FORMAT(316,F2,.0,11,16,411.12/(1018))
RD=13543288579.
KIT=0
KUTNO=0
NN=N-2
D0 301 [=2,N
DO 301 J=1:N
301 MAT(I,J)=0
DO 302 122N
302 MAT(I,I)=-1
IF(MZED) 461,460,461
460 11=1
GO TO 462
461 [1=2
462 1T=-1
PRINT 80,1S,METHOD.KOL
8N FORMAT(1H1//39H LP INTEGER ROUTINE SOLUTION TO PROBLEM [3,47H USIN
1G THE VARIANTS pEFINED RY PARAMETER CONE (,11,1Hs»11,2HY.)
IF(MZED)581,580,581
580 PRINT 582

ot}
(]
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587 FORMAT(64H THE OBJECTIVE FUNCTION IS ADMITTED AS A POSSIBLE CUT GF
. 1NERATOR.)
i GO TO 583
581 PRINT 584 _
584 FORMAT(56H THE OBJECTIVE FUNCTION IS EXCLUDED FROM CUT GENERATION.
1)
583 IF(NOR0S)310,309,310
309 NINT=N
GO TO 20
310 NINT=M
20 MIN=MAT(1,2)
L=2
DO 2 J=3,N
IF(MIN-MAT(1,U))2,2,3
I MIN=MAT(1,J)
L=J
? CONTINUE
[F(MIN)4,75,75
4 Rz10.#4%20
[T=1T«+1
IF(QUT)901,902,901
901 ASSIGN 982 TO KK
PRINT 904
904 FORMAT(//19H CURRENT TABLEAU IS)
GO TO 903
98?2 PRINT 983,LD
983 FORMAT(16H WITH DIVISOR = ,18,1H.)
902 DO 8 1=2.M
IF(MAT(1,L))8,8,9
9 TOP=MAT(I,1)
BROT=MAT(I,L)
RR=TOP/BOT
IF(R-RR)8,8,10
10 R=RR
. [R=1
8 CONTINUE
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13

202 FORMAT(///97H EXIT CALLED SINCE A CLASS OF FEASIBLE SOLUTIONS WITH
1 AN UNBOUNDED FUNCTIONAL CAN BE CONSTRUCTED,)

14
16

650
150
17
15

18

33

984
986

911

IF(R-10.%%20)14,13,14
PRINT 202

GO TO 60

DO 15 J=1sN
IF(J=-L)16,158,16
ILAMBDA=MAT(IR,J)

DO 17 131,M
ALaMAT(I. D)
A2=MAT(IR,L)
A3=MAT(I,L)
Ad=l_AMBDA

AS=LD
Ala(AL#A2-A3%A4)Y/7AB
MAT(I,J)=Al+.1
IF(MAT(I.J))150,650,17
IFtA1)150,17,17
MAT(T,J)YSMAT(I»J) =1
COMTINUE

COMTINUE

LD=MAT (IR, L)

DO 18 1=1.M
MATCISLL)="MATC(I,L)
GO TO0 20

NUMITS=0

SMPX=1,
IF{SMPX)54,33,54
NUMITS=NUMITS+]
IF(MAXIT-NUMITS) 988,988,984
IF(KODF)911,34,91]

FORMAT(/114H EXIT HAS BEEN CALLED BECAUSE THE MAXIMUM NUMBER OF IT
1ERATIONS HAVE BEEN PERFORMED,THE SITUATION AT THIS STAGE WAS)

GO TO 987
ASSIGN 985 TO KK

~ PRINT op4

iz



988

9lg

085
34

GO To 903

I1T=1T+1

PRINT 986
IFeoUT)Y912,34,912
ASSIGN 985 TO KK
PRINT 904

GO TO 903

PRINT 983,LD

DO 21

122, M

IF(MAT(I,1))322,21,21
21 CONTINUE

IF‘SMPX":L.)84;82’82
w”,h__ 82 ASSIGN 81 TO KK
e PRINT 83

B3 FORMAT(//53H FIRST PRIMAL AND DUAL CONTINUOUS FEASIBLE TABLEAU IS)

GO TO 903
84 PRINT 983,LD

SMPX=0
84 IR=0
- ' DO 23 1=I11,N

NLD=MAT(I,1)/1.D

T IFRACSMAT(I,1)=LD#*NLD

R P24
124
128

e 126
o 127
P 128

129
S 130
134

IF(IFRAC)224,23,124

IFRAC=I.D+1FRAC

IF(METHOD=1)24,125,126

IR=1
GO0 To 39

IF(METHOD=3)127,130,130

[F(IR)Y129,128,129
IR=1

MAx=]FRAC

GO TOo 23

IF(MAX=-1FRAC)128,28,23

IF(IR)Y132,131,132
IR=1
MIN=IFRAC-1

27



1.92
23

24

26

25

28

65
29

32
30

27
39

93
94

42

22

GO TO 23
IF(MIN=-IFRAC+1)23,23,131
COMTINUE

IFCIR)I39s50,39
MINSMAT(1,2)

K=9

DO 25 J=3«N
IF{MIN-MATC(1sJ))25,25,26
MIN=MAT(L,d)

K=J

CONTINUE

IFRST=10#%10

DO 27 I=11sNINT
IFRACSMAT(IK)=LD*(MATC(1,K)/LD)
IFCIFRAC)32,2B430

DO 29 J=1i,N
IF(K-U)65,29,65
IF(MATCI»J)=LD*(MAT(T,J)/LD))30,29,30
CONTINUE

GO To 27

IFRAC=IFRAC+LD
[F¢IFRST=IFRAC)27,27,31
IFRST=1FRAC

IR=1

IF¢IFRAC)27,39.27
CONTINUE

KsM+21

KUTNO=KUTNO+1

DO 42 J=1,N

MAT(Ks J)={.D=(MATCIR, J)/LDY=MAT(IR, J)
IF(MAT(K,J))93,42,93
IF(MAT(IR,J))94,42,47
MAT(K, J)SMAT(Ks J)=LD
CONTINUE

1=K

IR=]
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D0 43 J=2,N
[F(MAT(IR,J))44,43,43
43 CONTINUE
PRINT 53
.53 FORMAT(///78H EXIT CALLED BECAUSF HYPERPLANE UNDER CONSIDERATION H
1AS POSITIVE COEFFICIENTS.)
GO TO &0
44 TOP=MAT(1,J)
BOT=-MAT(IR, J)
SMALL=TOP/BOT
L=Jd
R KEW(2)=0
I 1TK=0
; L IF(L-N)57,56+,56
E s 57 JJ=L+1
DO 45 1=JJsN
IF(MAT(IR,1))46,45,45
46 TOP=MAT(1,1)y
BOT=-MAT(IR, 1)
F14=TOP/BOT
IF(SMALL-F1)45:95,47
95 IF(K0OL-1)45,360,360
360 ITKsITK+1
, KEW(ITK+1)=1
o GO TO 45
47 SMALL=F1
L=l
ITK=0
KEW(2)=0
45 CONTINUE
IF(KEW(2))37:56,37
KEW(1)=L
ITK=I1TK+1
IF(KOL=-2)431,432,433
431 KIT=KIT+1
L=KITa [TK#(KIT/1TK)

[}
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61

433

436

438
437

435
434

451
451
452
453
454
455

67
56

49

IF(L)YAL,62:61
LEKEW(L)

GO TO 56

DO 434 J=1,1TK

DO 435 1=2,M
IF(MAT(I,KEW(J))+LD)435,436,435
no 437 JJ=1,N
IF(JJ~KEW(J)) 438,437,438
IF(MAT(1,JJ))435,437,435
CONTINUE

L=KEW(J)

30 TO 56

CONTINUE

CONT INUE

KoL=2

Rp=5,#RD
IF(RD=RC)451,451,450
RD=RD~RC
IF(RD-RB)453,453,452
RD=RD-RB
IF(RD=RA)455,455,454
RD=RD-_'RA

F1=RE#RD

TOP=1TK
[TK=1,+F1#(TOP~1.)+,5
L=KEW(ITK)

Do 48 J=1,N
IF(J-1L)49,48,49
LAMBDA=MAT (IR, J)

N0 59 I=1,M
AL=MATC(I,L)

AD=| AMBDA

AZ=MAT(I,J)
A4=MAT(IR, L)

AS=LD
A1=(A1L#A2-A3%A4) /A5

ebe



MAT(I,J)=A1+.1
IF(MAT(1,J))151,651,59
651 1F(A1)151,59,59
151 MAT(I,J)Y=MAT(I,J)-1
59 CONTINUE
48 CONTINUE
LD=-MATCIR, )
GO TO 5
50 PRINT 51 :
51 FORMAT(///64H THE OPTIMAL INTEGER SOLUTION IS GIVEN IN THE FOLLOW!I
1NG TARLEAU.//)
987 ASSIGN 200 TO Kk ,
903 GO TO (103,104,105,106,107,%08,109,110,111,112,113,114,115,116,117
1,118,119,120,721,722,723,724,725,726,727,728,729,730,731,732,733,7
134,735,736,737,738),NN
103 PRINT 52, ((MAT(T,U),J=1,N)»f=1, M)
52 FORMAT(20X,318)
GO TO KK,(982,81,985,200) A
104 PRINT 204, (¢MAT(I,J),J=1,N)il=1,M)
204 FORMAT(18%X,418)
GO TO KK, (982,81,985,200)
105 PRINT 205 »((MAT(I,J),J=1,NY, =1, M)
205 FORMAT(16X,518)
GO TO KK,(982,81,985,200)
106 PRINT 206, ((MAT(I1,J)»J=1,N),151,M)
206 FORMAT(14X,618)
GO TO KK, (982,81,985,200)
107 PRINT 207, ((MAT(I,J)»J=1sN),131,M)
207 FORMAT(12X,718)
GO TO KK.,(982,81,985,200)
108 PRINT 208, ((MAT(1,J)sJ=1,NYel=1,M)
208 FORMAT(10X,818)
GO TO KK, (982,81,985,200n)
109 PRINT 209, ((MAT(1,J)»J=1,N)s1=1,M)
209 FORMAT(8X,9112)
GO TO KK,(982,81,985,200)

Ghe



110
210

111
211

112
212

113
213

114
214

115
215

116
216

117
217

118
218

119
219

120
220

721
821

PRINT 210, ((MAT(I,d),Jd=1,N);il=1,M)
FORMAT(6X,1018)

GO0 TO KK»(982,81.,685,20n)

PRINT 211, ((MAT(I1,J)s»Js1sN)Y5T1=21,M)
FORMAT(4X,1118)

GO TO KK, (982,81,985,200)

PRINT 212, ((MAT(I,J)»J=15NYsT=1,M)
FORMAT(2X,1218)

GO TO KK:(9821810985:200)

PRINT 213, ((MAT(1,J)>J=1sN)s1=21,M)
FORMAT(1X,1319)

GO TO KK, (982,81,985,200)

pRINT 2141((MAT(IpJ)pJ=1‘N)‘I=1JM)
FORMAT(1X,1418)

GO TO KK,(982,81,985,200)

PRINT 245, ((MAT(I,J),J=1,N)31=1,M)
FORMAT(1X,1518)

GO TO KK:(982;81:985:200)
pRINT_2165((MAT(I;J)’J=1’N))I=10M)
FORMAT(1X,1617)

GO TO KK,(982,81,985,200)

PRINT 247, ((MAT(1,J),Jd=1,N)51=1,M)
FORMAT(1X,12110/71X,51107/)

G0 TO KK»(982,81,985,200)

PRINT 218, ((MAT(I,J),J=1,N);1=21,M)
FORMAT(1X,12110/61X,61%0//)

GO TO KK, (982,81,985,200)

PRINT 219, ((MAT(I,J)»J=1,N)>2T1=1,M)
FORMAT(1X,12110/51X,7110//)

GO TO KK, (982,81,985,200)

PRINT 220, ((MAT(1,U),Jd=1,N)JI=1,M)
FORMAT(1X,12110/41%X,8110//)

GO TO KK,(982,81,985,200)

PRINT 821, ((MAT(I,J),J=1,N);l1=1,M)
FORMAT(1X,12110,31X,9110//)

GO TO KK»(982,81,985,200)
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722
827

723
823

724
824

725
825

726
826

727
827

728
R28

729
829

730
830

731
831

737
837

733
833

PRINT 822, ((MAT(I,J),»J=1,N)351=1,M)
FORMAT(1X,12110/,21X,10110//)

GO TO KK, (982,81:,985,200)

PRINT B23,((MAT(1,J),J=1,N),1=1,M)
FORMAT (1X,12110/11X,21110//)

GO TO KK,(982,81,985,200)

pRINT 824)((MAT(IDJ)!J=1DN)DI=1IM)
FORMAT(2(1X,12110/)/)

GO TO KK,»(982,81,985,200n)

PRINT 825, ({MAT(1,J)»J=1,N)51=1,M)
FORMAT(2(1X,12110/),111x%,140//)

GO TO KK»(982,81,985,200)
PRINT_8261((MAT(I:J):J=1:N)lT=1:M)
FORMAT(2(1X,12110/),101%,2110//)
GO TO KK, (982,81,985,20n)

PRINT 827, ((MAT(I,J)»J=1,N)a1=1,M)
FORMAT(2(1X,12110/),91%,3110//)

GO TO KK, (982,81,985,200)

PRINT 828, ((MAT(1,J)sJ=1sN),»1=1,M)
FORMAT(2(1X,12110/),81X,4110//)

GO TO KK, (982,81,985,200)

PRINT B29, ((MAT(1,J)»J=1,N),»T1=1,M)
FORMAT(2(1X,12110/),71X,5110/7)

GO TO KK;(982:81!985)200,

PRINT 830, ((MAT(1,J)y,J=1,N),I=1,M)
FORMAT(2(1X,12110/),61X,6110/7)

GO TO KK,({982,81,985,200)

PRINT 831, ((MAT(1,J),J=1,N),151,M)
FORMAT(2(1X,12110/),51X,7140//)

GO TO KK,(982,81,985,200)

PRINT 8321((MAT(I:J)JlenN);I=ioM)
FORMAT(2(1X,12110,),41X,8110/7)

GO TO KK, (982,81.,985,200)

PRINT 833, ((MAT(I,J),J=1,N)s151,M)
FORMAT(2(1X,12110/),31X%X,9110//)

GO TO KK,(982,81,985,200)

Tac



o 734 PRINT 834, ((MAT(I,J),»J=1,N)sI=1,M)
. 834 FORMAT(2(1X,12110/),21X,101%0//)
. GO TO KK,(982,81,985,200)
-~ 735 PRINT 835, ((MAT(I,J)»J=1sN)Ys1=1,M)
o R35 FORMAT(2(1X,12110/),11X,11110/7)
G0 TO KK, (982,81,985,200)
726 PRINT 836, ((MAT(I,J)>J=1,N)s1=1,M)
836 FORMAT(3(1X,12110/)/)
GO TO KK, (982,81,985,200)
737 PRINT 837;((MAT(I)J)!J=1’N>!I=1:M)
837 FORMAT(3(1X,12110/),1X,110//)
GO TO KK, (982,81,985,200)
738 PRINT 838, ((MAT(I,J)»J=1,N)s1=21,M)
B3R FORMAT(3(1X,12110/),1X,2110/7/)
GO TO KK,(982,81,985,200)
200 PRINT 154,LD,IT,NUMITS,KUTND
154 FORMAT(16H WITH DIVISOR = ,14,1H,//25H WHICH WAS OBTAINED AFTER,I6
1,354 ITERATIONS IN THE CONTINUOUS PHASF,16,32H ITERATIONS IN THE 1
INTEGER PHASE/30H AND THF ADDITION OF A FURTHER,I6,13H CONSTRAINTS,
1)
NUM=NUM+1
IF(NOJOBS~-NUM)I6N,»60,303
60 CALL EXIT
FND



300

303

FORTRAN PROGRAM LISTING.,

PURE INTEGER CODE
(OPTIMUM CUT),

DIMENSION MAT(66,38),1A(38);KR(37),IRES(38)

RA=34359738368.

RB=68719476736.

RC=137438953472.

RE=1./RA

READ 300,NOJOBS,LIMIT

FORMAT(2I3)

NUM=0

READ 1,M,N,LD,0OUT,KODE,MAXIT,NOROS,METHOD,KOL,MZED 1S, (MAT(1,J),J=

11,NY> C(MAT(TI»Jd),J=1,N)Y, [=N+T,M)

1

301
302
460

461
462

80

1

580

FORMAT(316,F2,0,11,16,411,12/(¢(1018))
RD=13543288579.

KiT=0

KUTNO=0

Do 301

X
>
—
~—~
—
- }
[
N L I G |

»460,461
l1=1

GO TO 462

11=2

17T==-1

PRINT BO0,IS,METHOD,KOL o

FORMAT (1H1//740H OPTIMUM cUT ROUTINE SOLUTION TO PROBLEM,13,47H USI
NG THE VARIANTS DEFINED BY RPARAMFTER CODE (,I11,1H,,I142R).)
TF(MZED)581,580,581

PRINT 582

€az



. 582 FORMAT(64H THE OBJECTIVE FUNCTION IS ADMITTED AS A POSSIBLE CUT GE
1NERATOR,)
GO 7O 583 )
i 581 PRINT 584 i o
o 584 FORMAT(56H THE OBJECTIVE FUNCTION 1S EXCLUDED FROM CUT GENERATION,
1)
583 IF(NOROS)»310,309,310
309 NINT=N
GO TO 20
310 NINT=H
20 MIN=MAT(1,2)
L=2
. no 2 J=3,N
. IF(MIN-MAT(1,J))2,2,3
I MIN=MAT(1,J)
L=J
? CONTINUE
IF(MINY4,75,75
4 R=1p.#%#20
1T=1T+1
IF(OUT)901,902,901
901 ASSIGN 982 TO KK
PRINT 904
904 FORMAT(//19H CURRENT TARLEAU 18)
GO TO 903
982 PRINT 983,LD
983 FORMAT(16H WITH DIVISOR = ,I18,1H.)
902 N0 8 [=2,M
IF(MAT(I,L))8,8,9
9 T0p=MAT(191)
BOT=MAT(I,L)
RR=TOP/BOT
IF(R-RR)8,8,10
10 R=RR
IR=1
8 CONTINUE

oe



IF(R-10.##20)14,13,14
13 PRINT 202
202 FORMAT(///97H EXIT CcALLED SINCE A CLASS OF FEASIBLE SOLUTIONS WITH
1 AN UNBOUNDED FyUNCTIONA|. CAN BE CONSTRUCTED.)
GO TO 60
14 DO 15 J=1,N
IF(J-L)16,15,16
16 LAMBDA=MAT (IR, J)
N0 17 I=1,M
A1=MAT (L. )
A2=MAT (IR, L)
AZ=MAT(1.L)
A4=L AMBDA
AB=LD
AL=(AL#A2-A3%A4) /A5
MAT(I,J)=A1+.1
TF(MAT(T,J))150,650,17
650 1F(A1Y150,17,17
150 MAT(1,J)=MAT(],)-1
17 CONTINUE
15 CONTINUE
LD=MAT(IR,L)
DO 18 I[=1,M
GO TO 20
75 NUMITS=0
SMPX=1.
5 IF(SMPX)54,33,54
33 NUMITS=NUMITS+1
IF(MAXIT-NUMITS)988,988,984
984 IF(KONE)911,34,911
988 PRINT 986 _
986 FORMAT(/113H EXIT HAS BEEN CALLED BECAUSE THE MAXIMUM NUMBER OF 1IT
1ERATIONS HAS BEFN PERFORMED.THE SITUATION AT THIS STAGE WAS)
Go TO 987
911 ASSIGN 985 TO KK

682



. 54

912

985
34

PRINT 904

GO T0 903

IT=1T+1
IF(0UT)912,34,912
ASSIGN 985 TO KK
PRINT 904

GO TO 903

PRINT 983,LD

Do 21

[=2,M

TF(MAT(1,1))22,21,21
21 CONTINUE
— . IF(SMPX-1,)84,82,82
A 82 ASSIGN 81 TO KK
' PRINT 83 ‘ i
83 FORMAT(//53H FIRST PRIMAL AND DUAL CONTINUOUS FEASIBLE TABLEAU IS)
G0 TO 903
81 PRINT 983,LD
SMPX=0
84 IR=0
DO 23 I=11,N
NLD=MAT(I1,1)/LD
IFRAC=MAT(1,1)-LD#NLD
IF(IFRAC)224,23,124
224 IFRAC=LD+]FRAC
124 1F(METHOD-1)24,125,126
125 [R=1I
GO 70 39
126 IF(METHOD-39127,130,130
127 1F(IRY129,128,129
128 IR=1
MAX=IFRAC
GO TO 23
129 IF(MAX-IFRAC)128,23,23
130 IF(IR)Y132,131,132
131 IR=1 N
MIN=]FRAC~-1

9e



132
23

24

26

25

28

65
19
29

32
30
31

27
39

93
94
42

Go TO 23
IF(MIN-1IFRAC+1)23,23,131
CONTINUE

IF{IRY39,50,39
MIN=MAT(1,2)

K=2

npg 25 J=3,N
IF(MIN-MAT(1,J))25,25,26
MIN=MAT(1,J)

K=d

CONTINUE

IFRST=10##10

DO 27 I=14,NINT
[FRAC=MAT(I,K)-1 D#(MATCT,K)/LD)
IF(IFRAC)32,28,30

Nng 29 J=1,N
IF(K-J)65,29,65

IFC(MAT (I ,J)-LD#(MAT(¢I1,J)/LD¥)30,19,30
IF(J-1)29,27,29

CONTINUE

GO TO 27 A
ITFRAC=IFRAC+LD
IF(IFRST=-1FRAC)27,27,31
IFRST=IFRAC

IR=1

IFCIFRAC)27,36,27
CONTINUE

K=M+1

KUTNO=KUTNO+1

no 47?2 J=1;N
MAT(K,J)=LDB#(MAT(IR,J)/LD)~MAT(IR,J)
IF(MAT(K,J))93,42,93
TF(MAT(IR,J))94,42,42
MAT(K,J)=MAT(K, J)-LD
CONTINUE

SOLUTION OF DIOPHANTINE EQUATION IN NON NEGATIVE VARIABLES.
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790

716
714
715

701

70

702
708

704
703

705
704

710

707

709

TACN)=-MAT (K, 1)

nO0 790 I=1:N"1
TACT)==-MAT (K, I+1)

DO 718 J=1,N-2

DO 714 I1=J+1,N-1
[FOTACI)-TA(]1))716,714,714
JE=TA(I)

[ACJY=TACD)

IACI)=JF

CONTINUE

CONTINUE

NM=0

IRO=TA(N)+NM#LD

LEFT=1

IRES(1)=1IRO

JJ=1

DO 706 J=JJ,N=-1
IF(LEFT-1)704,702,704
IF(1A(J))7085706,708
KR(OJI=IRESC(U)YZ71ACY)
IF(KR(J))703,705,703
LEFT=1
TRES(J+1)=IRES(J)-KR(J)I#TA(Y)
IFCIRES(J+1))706,709,706
IRES(J+1)=IRES(U)
CONTINUE

N0 710 1=2.N-1
IF(KR(N-1))707,710,707
CONTINUE

NM=NM+1

Go TO0 701

JJ=N-1

KR({JJ)=KR({JJ) -1

LEFT=0

6o TO 70

MAT(K,1)==~1RO

goT



22

o 43

"i.:'r_ V 53

o 44

57

46

95
360

N 47

45

37

=K
IR=1
DO 43 J=2,N

IF(MAT(IR,J))44,43,43

CONTINUE
PRINT 53

FORMAT(///778H EXIT CALLED BBCAUSF HYPERPLANE UNDER CONSIDERATION H
1AS POSITIVE COEFFICIENTS,)

G0 TO 60
TOP=MAT(1,J)
BOT=-MAT(IR,J)
SMALL=TOP/BOT

L=J

TA(2)=0

ITTK=D
IF(L-N)B7,56:,56
JJy=L+1

NQ 45 I=JJsN
IF(MAT(IR,1))46,45,45
TOP=MAT(1,1)
BOT=~-MAT (IR 1)
F1=TOP/BOT
[F(SMALL-F1)45,95,47
IF(KOL'1>45:360’360
[TK=ITK+1
TACITK+1) =1

GO TO 45

SMALL=F1

Lel

ITK=0

TA(2)=0

CONTINUE
IF(IA(2))37,56,37
TA(l)=L

ITK=TTK+1
IF(KOL-2)431,432,433

68e



61

433

436

438
437

435
434

432

450
451
452
453
454
455

62
56

49

KIT=K1T+1
LaKIT-ITK#(KIT/1TK)
IF(L)Y61,62,61

L=TACL)

GO0 TO 56

DO 434 J=1,1TK

DO 435 1=2.M
ITF(MAT(I,TA(J))I+LD)435,436,435
DO 437 JJ=1,N
IF(JJ~TA(J))438,437,438
IF(MAT(!,JJ)Y)435,437,435
CONT INUE

L=TACJ)

GO TO 56

CONTINUE

CONTINUE

KoL=2

RD=5.#RD
IF(RD~RC)451,451.450
RD=RD=RC
IF(RD~RB)453,453,452
RD=RD~RB
IF(RD-RA)455,455,454
Rp=RD~RA

F1=RE#RD

TOP=1ITK
ITK=1,+F1a2(TOP-1.)+,5
L=TACITK)

DO 48 J=1,N
IF(J~L)49,48,49
_LAMBDA=MAT(TR, J)y

DO 59 I=1,M
A1=MAT(I,L)

A2=.AMBDA

AZ=MATC(I,J)
A4=MATC(IR,L)

06z



AS=LD .
A1=(A1#A2-A3%A4) /A5
MAT(I,J)=Aal1+.1
IF(MAT(I,J))151,651,59
651 IF(A1)151,59,59
151 MAT(I,J)=MAT(]l>4)~-1
= 59 CONTINUE
o 48 CONTINUE
- LD=-MAT(IR,L)
GO TO 5
50 PRINT 51
51 FORMAT(///64H THE OPTIMAL INTEGER SOLUTION IS GIVEN IN THE FOLLOWI
ING TABLFEAU.//)
- 987 ASSIGN 200 TO KK -
Eﬁ,,g_, 903 GO TO(10n3,104,105,106,107,108,109,110,111,112,113,114,115,116),NN
103 PRINT 52, ((MAT(T,J),d=1,N),I=1,M)
52 FORMAT(20X,»318)
GO TO KK»(982,81,985,200)
104 pRINT.204,((MAT(I,J),J=1;N),I:i,M)
204 FORMAT(18X,418)
GO TO KK»,(982,81,985,200)
105 PRINT 205 ,((MAT(],J),d=1,N},1=1,M)
205 FORMAT(16X»518)
Go TO KK, (982,81.,985,200)
106 PRINT 206, ({(MAT(I,d),d=1,N)Yil=1,M)
506 FORMAT(14X,618)
GO TO KK, (982,81,985,200)
107 PRINT 207, ((MAT(¢(l,Jy,d=1,N)51=1,M)
207 FORMAT(12X,718)
GO TO KK»(982,81,985,200)
108 PRINT 208, ((MAT(Il,J),J=1,N),1=1,M)
20R FORMAT(10X,818) ,
GO TO KK, (982,81,985,200)
109 PRINT 209, ((MAT(1,J)sJ=1,N)j1=1,M)
209 FORMAT(BX,918)
GO TO KK, (982,81.,985,200)

16z



110
210

111
211

112
212

113
213

114
214

115
215

116
216

200
154

60

PRINT 210, ((MAT(I,Jy»J=1,N),1=1,M)

FORMAT(8X,1018)

Go TO KK»(982,81,985,200)

PRINT 211, ((MAT(1,J)sJ=1,N),1=1,M)

FORMAT(4X,1118)

GO TO KK»(982,81,985,200)

PRINT 212, ((MAT(I,J)»J=1,N),;131,M)

FORMAT(2X,1218)

GO TO KK, (982,81,985,200)

PRINT 213, ((MAT(I,J)sJ=1,N)31=1,M)

FORMAT(1X,1319)

GO TO KK, (982,81,985,200)

PRINT 2141((MAT(I;J):sz’N)pI=1)M>

FORMAT(1X,1418)

GO TO KK, (982,81,985,200)

PRINT 215, (¢MAT(I,Jy»J=1,N),1(=1,M)

FORMAT(1X,1518)

G0 TO KK, (982,81,985,200)

PRINT 216, ((MAT(I,J),J=1,N)51=1,M)

FORMAT (1X,1617)

GO TO KK»,»(982,81,985,200)

PRINT 154,LDn, IT,NUMITS,KUTNO i

FORMAT(16H WITH NDIVISOR = ,14,1H,//25H WHICH WAS OBTAINED AFTER,1¢
1,35H TTERATIONS IN THE CONTINUQUS PHASF,16,32H ITERATIONS IN THE |
INTEGER PHASF/30H AND THE ADDITION OF A FURTHFR,I6,13H CONSTRAINTS.
1)

NUM=NUM+1

IF(NOJOBS-NUM)60»60,303

CALL EXIT

END

T



FORTRAN PROGRAM LISTING.

CONVEX [SOLATION AND BOUND CONTRACTION CODE.

DIMENSION A(70,20),S0LN(31),0C(31,20),MIN(19),MAX(49),MBT0(500,2),
1V(19,19),KON(15),KEW(20), KEWROW(10) ,KEWCOL(10)
RA=34359738368.
RB=68719476736.
RC=137438953472,
RE=1./RA
JoB=10
READ 3,NOJORS,BQUND,LIMSTO i
503 READ 4,M,N, INTER,MAXIT,KOL,MZED, TS, NINT,GCD,| RANGE, IVERS
1 FORMAT(?I6JRX:I1:16.2X:211!I2:7X116a12XJF603:2T1)

9610

READ 2, (A(1,J)»J=1sN) (CACLi Y U=1usNY»TENET, M)

RD=13843288579.

(]} 291 I=2:N

no 291 J=1.N
IF(1~-J)293,292,293
ACl.J)=0

GO TO 291
A(IJJ)z—lo
CONTINUE
FORMAT(10FB,.0)
FORMAT(I3)F909116)
NO 960 I=1,M

DO 960 J=1sN
OctI,Jd)=A(I,d)
LIST=0

NUMHYP=0

IL=-1

IFULL=0

NUMITS=0

KOUNT=0

MRM=M

€6



BEST=~10.%##20

BDC=BEST

NOCYC=0

ISTAGE=D0

ROFF=,5-BOUND

NN=N-92

PRINT 262,1S,K0L,LRANGE, IVERS

26?7 FORMAT(1H1//60H DISCRETE EXTREMA.SUBCONVEX 1SOI ATION AND BOUND CON

1TRACTION./2nH SOLUTION TO PROBLEM,I13,26H USING VARIANTS.,...COLUMN(
1,11,2H),13H HYPOTHESIS (,11515H) AND VERSION (,I1»2H).)

25

159
10

13
202

14
94

17

SMALL=A(1,2)

L=2

DO 4 J=3,N
IF(SMALL=A(1,J))4,4,5
SMALL=AC(1,J)

lL=Jd

CONTINUE
IF(SMALL)6,26,26
RK=-BEST

N0 8 1=2.,M
IF(ACI,L))8,8,9
RR=EA(T1)/ACIsL)
FLO=RK-RR
IF(ABS(FLO)-ROFF)8,8,159
IF(FLD)8,8,10

RK=RR

IR=1

CONTINUE :
IF(RK+BEST)14,13,14
PRINT 202 S ,
FORMAT(//40H EXIT CALLED SINCE FUNCTIONAL UNROUNDED.)
GO TO 506

PIVOT=ACIR,L)

DO 15 I=1,MRM
IF(I-1RY17,45,17
F==A(CI»L)/PIVOT



18

1500

19
16
15

20

S 23

24
2?

91
92
93
81
701

82
702

83
703

84
704

85
705

86

DO 16 J=1:N

IF(J-1)18,19-18
ACL,JI=ACTJ)+F2ACIRS )
IF(ARS(ACI,J))~ROFF)Y1500,1500,16
A(l,J)=0

G0 TO 16

A(l,Jy=F

CONTINUE

CONTINUE

NUMITS=NUMITS+1

no 22 J=1,N

IF(J-L)24,23,24

A(IR,J)==1.

60 TO 22

ACIR, J)=0

CONTINUE

IFCINTER)>91,90,91

PRINT 92

FORMAT(//19H CURRENT TABLEAU IS)
Gp TO (81,82,83,84,85,86,87,88,88,88,8R8,88,88,599),NN
PRINT 701, (CACI,J)y,J=1sN),I=1,M)
FORMAT( 20X,3F11.6)

GO TO 90

PRINT 702, ((ACI,J),J=1,N),1=1,M)
FORMAT( 18X,4F11.6)

GO TO 90

PRINT 703, ((ACI,Jd),J=1,N),121,M)
FORMAT( 16X,5F11.6)

GO TO 90

PRINT 704, CCACI,J),J=1,N),121,M)
FORMAT( 14X,6F11.6)

Go TO 90

PRINT 705, ((ACI,J),J=1,N)s1=1,M)
FORMAT( 12X,7F11.6)

30 TO 90

PRINT 706, (CACI,J),J=1,N),1=21,M)

g6z



706 FORMAT( 10X,BF11.6)
GO TO 90
87 PRINT 707:((A(I:J)’J=1’N):I=1:M)
707 FORMAT( 8X,9F11.6)
G0 TO 90
88 PRINT 708, ((A(I,J),J=1,N),I=1,M)
708 FORMAT( 6Xs10F11.6)
GO TO 90
599 PRINT 510, (¢CA(I,J),J=1,N),I=1,M)
540 FORMAT(1X,16F7.3)
90 IF(NUMITS-MAXIT)194,195,195
104 IFCISTAGE)26525,26
105 IF(ISTAGE)197,196,197
196 PRINT 198 )
19R FORMAT(//792H EX1T HAS BFEN CALILED BECAUSE THE MAXIMUM NUMBER OF Al
1.0WABLE ITERATIONS HAS REEN PERFORMED./44H THE INTEGER PHASE HAS N
10T YET BEEN ENTFRED.)
Go TO 506
197 PRINT 199 )
199 FORMAT(//792H EXIT HAS BEEN CALLED BECAUSE THF MAXIMUM NUMBER OF Al
1.OWABLE ITERATIONS HAS REEN PERFORMED.)
IF(BEST+BDCY301,302,301
302 PRINT 303
303 FORMAT(89H THE INTEGER PHASE HAS BEEN ENTERED RUT NO INTEGER SOLUT
110N HAS BEEN FOUND AT THIS STAGE.)
G0 TO 506 |
301 PRINT 304, (SOLN(I)Y,1=4,M=1),BEST,KOUNT
304 FORMAT(/25H BEST SOLUTION TO DATF 1S//(12F10.4)//28H WITH FUNCTION
1AL VALUE X0 = ,F10.4/15H THIS REQUIRED ,16,12H ITERATIONS.)
GO TO 506
26 DO 21 1=2,MRM
IF(A(I-1))51,21,21
21 CONTINUE
IF(ISTAGE)28,27,28
27 ISTAGE=1
MRM=M+2#NINT

96z



MRM1=MRM+1
NO 2119 I=Ma1,MRM
DO 2119 J=1,N
2119 A({1,J)=0
PRINT 200,NUMITS, (A(Is1),122,M) o
20n FORMAT(//58H PRIMAL AND DUAL CONTINUOUS FEASIBTLITY WAS ATTAINED A
1FTER,»14,37H ITERATIONS TN THFE SIMPLEX ALGORITHM./34H THE CONTINUOU
1S SQLUTION POINT WAS//6X,8F14.6/6X,8F14,6/6X%X,8F14,6/76%X,8F14.6)
PRINT 201,A¢1,1)
201 FORMAT(/31H PRODUCING THE FUNCTIONAL VALUE//30%X,6H X0 = ,F10.4//45
1H PROGRAMME NQOW PROCFEDS TO INTEGRALITY PHASF.)
no 222 1=2,NINT
MAX(1)=10%#20
222 MIN(I)=0
OPTIMAL VERTEX
OPCON=A(1,1)
1J4=1
NUMKON=0
DO 400 [=2.M
[F(ABS(A(],1))~-ROFF)402,4025403
402 NQONZER=0
np 7232 J=2,N
TF(ABS(A(I,U))Y-ROFF)Y7232,7232,7231
7231 NONZER=NONZER+1
7232 CONTINUE
IF(NONZER-1)403,7402,403
7402 KON(I1J)=1
[J=1J+1
NUMKON=NUMKON+1
403 IF(I-NINTY404,404,400

- 404 PORT=0

STABD=0

ng 4085 J=2,N

IFCA(I,J))406,405,407
406 PORT=1.

GO TO 405
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407
405

408

421N
421
409
410
411
417
400

755
28

31

61
63

64

STABD=1,
CONTINUE
IF(PORT)409,408,409
FRAC=DIFF(A(I,1))
NDEV=ARS(.5-FRAC)
IF(DEV-BOUND)420,421,421
MAXCIYSINTCACL»1))

GO TO 400
MAXCI)SINTCACI 1) +.1)
GO TO 400
IF(STABD)400,410,400
FRACSDIFF(A(I,1))
DEV=ARS(.5-FRAC)
IF(DEY~BOUND) 411,412,412
MINCIY=INTCACT 1))
MINCI)=MIN(T)+1

GO TO 400
MINCI)=INTC(ACIS1)+.1)
CONTINUE

DO 755 I1=1,NUMKON
VEI,1)=ACI+1,1)

K=0

DO 30 I=2,NINT
FRAC=DIFF(AtI,1))
NEV=ARS(.5-FRAC)
IF(DEV-BOUND)31,30,30
Ju=0

JL=0

No 60 J=2.,N
TF(ACY-J))61,60,62
IF(JUY64,63,64

Ju=1
NU=-A(1,J)/AC01,0)

GO TO 60
Fe=A(1,0)/7A¢1,J)
FLO=DU-F
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2110
65

62
66

67

2111
68
60

69
430

431
7400
70
74
433

71

2112
72

73

IF(ABS(FLO)-ROFF)60,60,2110
TF(FLO)60,60,65

DU=F

GO TO 60
IF(JL)Y67,66,67

JL=1

DD=AC(10)/7A(150)

GO TO 60
FesA(1,J)/AC1,0)
FLO=DD-F
IF(ABS(FLO)-ROFF)60,60,2111
IF(FLDO)60,60,68

ND=F

CONTINUE
IF(JL)Y70,69,70
IF(LIST)431,430,431
MINCI)SINTC(ACIS1))
MINCIY=MINCI)+1
LDIRT=-1

K=1

LDIR=LDIRT

GO TO 35

COMP=DDs#FRAC

LDIRT=1
IF(JUY71.,74,71
IF(LIST)Y7400,433,7400
MAXCIY=INTCACTS1))

GO TO 7400

"F=DU#(1.-FRAC)

FLO=COMP~F

IF (ABS(FLO)-ROFF)73,73,2112
IF(FLD)72,73,73

COMP=F

LDIRT=2

GO TO 432

LDIRT=-2

662



GO TO 432
432 1F(K)75,76,75
75 FLO=BIG-COMP
IF(ABS(FLO)-ROFF)30,30,2113
2113 IF(FLOY76,30,30
76 BIG=COMP
K=1
LDIR=LDIRT
30 CONTINUE
IF(K)Y35,54,35
54 PRINT 907,(A(1s1),1=2,M)
907 FORMAT(//27H THE FIRST INTEGER SOLUTION//6X,8F14.6/6X:8F14.6/6X,8F
114.6/6X,8F14.6)
PRINT 908,A(1,1),NUMITS
908 FORMAT(/31H PRODUCING THE FUNCTIONAL VALUE//30%,6H X0 = ,F10.4//19
1H WAS ATTAINED AFTER,16,12H TTERATIONS,)
DO 1055 J=2,N
KEW(JY=MINC(J)
1055 KEW(10+J)=sMAX(J)
BEST=4(1,1)
DO 34 1=2,M
Jz=l1=-1
34 SOLNCJI=A(I,1)
KOUNT=NUMITS
NUMITS=0
IF(LIST)560,500,560
35 INTA=SINT(A(K:1))
FLO=INTA
IT=M+K
IF(LDIR)36,36,37
36 1I1=11+NINT
IF(LDIR+2)39,38,39
38 LIST=LIST+1
39 A(IIl,1)=A(K,1)-FLO~1.
DO 40 J=2,N
40 A(IT, ) =A(K,J)

413



37
e 531
—_— 32

41
43

51

L 46
47

48

945
946

2114
49

45

947
948

GO TO 43
IF(LDIR-2)32,531,32
LIST=LIST+1
ACIT»4)=FLO-A(K,1)
DO 41 J=2,N
ACLI,Jd)==ACK,U)
[=1T

MOINF=0

IR=1

NO=0

KEW(2)=0

DO 45 J=2,N
IF(A(LIR,J))46,45,45
TF(NGCY48,47.48

NO=1
RATIO=-A(1,J)/A(CIR,J)
L=J

KEW(2)=0

ITK=0

Go TO 45

Fe=A(1,J)/A(IR, )
FLO=SRATIO~F
IF(ABS(FLO)~ROFF)945,945,2114
IF(KOL-2)45,946,45
I[ITK=1TK+1
KEW(ITK+1)=J

GO TO 45
IF(FLD)45,45,49
RATIO=F

L=J

KEW(2)=0

ITK=0

CONTINUE
TF(KEW(2))948,947,948
IF(NO)B89.50,89
KEW(1)=L
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950
949
952
951
954
953

89
555

556
50
53

900

52

604
603

ITK=ITK+1

RD=5.#RD
IF(RD~RC)949,949,950
Rp=RD~RC

IF(RD~RB) 951,951,952
Rp=RD~RRB
IF(RD-RA)953,953,954
RD=RD=-RA

F1=RE«RD

TOP=1TK
ITK=1,+F1#(TOP=-1.)+.,5
L=KEW(ITK)
IF(ISTAGE)555,14,555
NOINF=NOINF+1
KEWROW(NOINF)=IR
KEWCOL (NOINF)sL
JK=NOINF+MRM

DO 556 J=1.N

A(JK» JI=ACIRS J)

GO TO 14
TF(ISTAGE)5?2,53,52
PRINT 900
FORMAT(//748H CONTINUOUS PROBLEM HAS NO SOLUTION.EXIT CALLED.)
G0 TO 506

LIST=LIST-1

RECOVER TABLEAU AND REVERSE CONSTRAINTS,
DO 1605 1J=1sNOTINF
IJK=NQINF=-1J+1
IQ=KEWROW( I JK)
LA=KEWCOL(1JK)
MQ=MRM+1 JK

Do 605 I=1,MRM

no 603 J=1-N
IF(J-L@)604,603,604
ACL,JYZACTS ) =ACT,LQ)#A(MA,Y)
CONT INUE

DE



605
1605

607
608

609
661

554

57
58

59

560
177

562

563

564

ACI,LQ)==-ACI.LQY*#A(MQ,LQ)
CONTINUE

CONTINUE

NOINF=0

I1=1Q

DO 607 J=1»N
ACI1.,4)=0
IF(II-M-NINT)60B.608,609
T1=TI+NINT

GO TO 661

11=11-NINT
A(ll.1)=-1.-A(MRM1.,1)
N0 554 J=2,N
A¢lT,Jdy==-A(MRML, J)
IF(LIST)Y43,57,43
IF(LDIR+2)58,58,59
MAX(KYSINT(A(K,1))

GO TO 43
MIN(K)=INT(A(K,1))
MIN(KY=MIN(K)+1

GO TO 43

CONVEX ISOLATION
IF(GCND)Y234,177.234
@1=ABS(0C(1,2))

DO 561 J=3,N
Q2=ABS(0C(1,J))
[IF(Q1-02)563,562,562
F=Q1

01=Q2

Q2=F

I=INT(Q2/Q1)

F=l

REM=Q2-F#Q1
IF(REM=-.5+BOUND)Y561,561,564
02=0Q1

31 =REM

£0€



79
567

569

570

. 568
1078

1079

C

1077

3058
3055
3056

77

GO TO 563

CONTINUE

GcD=0Q1

FC=A(1,1)+GCD
IF(FC-0OPCON)565,500,500
VERTIQES

DO 566 J=1,N-1"
A(M+1,J)=0C(1,J+1)
A(M+1,N)==-F(C

MISS=1

IRPT=Q

KK=2

DO 567 J=1.N
A(l,JY=A(M+1.,)

L=1

DO 568 I=1,NUMKON
IF(1~-MISS)569,568,569
I1=KONCI)

)

DO 570 J=1.,N-1
A(L,J)=0C(II,J*1)
A(L,N)Y=0C(IlI,1)
CONTINUE
IF(IRPT)Y1078,1077,1078
no 1079 J=1,N
ACIRPT,J)=A(M,J)
INVERSI1ON
CALL -MAD28B
SMALL=D
No 77 K=1,NUMKON
IF(IRRT)77,3058,77
IFCA(KsN))Y3055,77,77
TF(SMALL-A(K»N))Y77,77,3056
SMALL=sA(K,N)

K1=K

VK, KK)=A(K,N)

(A, NUMKON,70)



3057

2079
2077

2088
2086

2087
78

80

96
98

99
97

320

322
321

104

108
106

IF¢(SMALLY2077,3057,2077
KK=zKK+1
IF(IRPT)2079,2087,2079
IF¢CIRPT-NUMKON)2077,2086,2077
IRPT=IRPT+1

D0 2085 J=1,N

AlM,J)=0

AlM,K1)=~1,

GO To 79

IRPT=0
IF¢(MISS~-NUMKON)78,80,78
MISS=MISS#+1

GO TO 79

CONSTRUCT BOUNDS

DO 95 1=1,NUMKON
SMALL=V(I,1)

BIgev(],1)

DO 97 J=2,KK=-1
IF¢v(I,J)=BIG)96:97,99
IF¢V(l,J)~SMALL)98,97,97
SMALL=v(I,J)

GO TO 97

BIg=v(l,J)

CONTINUE

IF¢sMALL) 320,321,321
SMaALL=D
IF¢(BIG)322,321,321%
BIg=0

A(1,1)=BIG
FRAC=DIFF(A(I,1))
DEv=ABs(.5-FRAC)
IF¢DEV~-BOUND)104,105,105
LUB=INT(BIG)

GO To 106
LUR=INT(BIG+ROFF)
AlCl1,1)=SMALL

e



FRAC=DIFF(ACI,1))
DEv=ABS(.5-FRAC)
IF{DEV~BOUND)107,108,108
107 LOB=INT(SMALL*1,)
GO TO 109
108 LOB=INT(SMALL+ROFF)
109 IF(MAX(I+1)~L0OB)500,111,111
111 IF(MIN(I+1)~-LOB)112,113,113
112 MIN(I+1)=L0B
113 IF(MINCI+1)-LUB)114,114.,500
114 IF(MAX(I+1)~-LUB)95,95,115
118 MAX(I+1)=LUB
98 CONTINUE
CONTRACT BOUNDS
232 CHANGE=0
DELTA==-FC
I1=1
176 DO 150 I=1,NUMKON+1
IF(I-1)151,152,151
154 1I=KON(I-1)
DELTA=0C(II,1)
152 DO 153 J=2,N
IF¢(0C(11,J))154,153,165
154 B=MAX(J)
GO TO 156
158 B=MIN(J)
156 DELTA=DELTA~OC(II,J)*B
153 CONTINUE
IF(ABS(DELTA)=ROFF)8169,8169,8168
8169 DELTA=0
GO To 270
8168 IF¢(DELTA)161,270,162
161 IF¢NUMHYP)308,500,308
162 DO 160 J=2,N
IF(ABS(OC(II,J))=ROFF)160+160,363
363 F=ABS(oC(II,J))

3]
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8163
8164
168
167
163
164
166
160

270
150

233

9164
9168

91284

9128
9127

9171
9128

171
9178

L=INT(DELTA/F)
IF(ABS(DELTA=F)=ROFF)B8163,8163,8164
L=1
[IF(oCc(T11,J))163,160,165
L=MINCS)+L,
IF(L-MaX(J))167,160,160
MAX(J)=L

GO TO 166

LaMAX(J)-L
IF¢(L-MIN(J))160,160,164
MINC(J) =L

CHANGE=1.

CONTINUE
IF(11~-1)270,150,2740
AC11,1)=DELTA

CONTINUE

NOeYC=NOCYC#+1

IF{CHANGE) 232,233,232
LATTICE

LSMALL=10%%8g
IF(LRANGE=2)9165,9166,9165
LSMALL=-LSMALL

no 170 J=2:N
[F(LRANGE=1)9125,9126,9125
KJsN+2-J

GO To 9127

Kded
LENGTH=MAX(KJ)=MIN(KJ)
IFCLENGTHIOL71,170,9171
IFtLRANGE=1)171,9228,171

K=kJ

LSMALL=LENGTH

GO To 174
IF(LRANGE)917629175,9176
LR=1

G0 TO 9177

LoE



9176
9177
172

170

174

800
gle

801

808

804

B03 PRINT 806, (SOLN(J)s»J=1sM=1),BEST,KOUNT-NUMITS

8084 FORMAT(//113H HYPOTHESES HAVE BEEN MADE BUT ALLOCATED STORAGE IS F
1ULL,JOB IS DISCONTINUED WITH THE BEST SOLUTION TO DATE BEING//(12F
110,4)//36H WHICH PRODUCED THE FUNCTIONAL VALUE//30X,6H X0 = ,F10.4
1//6H AFTER»16,15H ITERATIONS AND»16,20H CONTRACTION CYCLES.)

173

LR=rm1
IFCLR#(LENGTH-LSMALL)Y172,4705170
LSMALL=LENGTH

K=J

CONTINUE
IFCABS(LSMALL)=10%#%8)174,173,174
HYPOTHESES
L=INT(LSMALL/2)
LOSTOsMAX(K)~L
[STO=MAX(K)
MAX(K)=LOSTO-1
IF¢IFULL)BD3,800,803

DO 801 J=2:N
IFty-Ky802,801,802
MSTO(IL+J,1)=sMINCI)
MSTO(IL+J,2)=MAX(J)
CONTINUE
MSTO(IL+K,1)=LO0STO
MSTO(IL+K,2)=ISTO
NUMHYP=NUMHYP+1

ILalL*N
IFCIL-LIMSTD)805,804,805
IL=Il-1

GO TO 232

[FuLL=1

IL=IL"1

GO TO 232

GO To 506

TEST LATTICE POINT

DO 870 IIs1,NUMKON
IF(KONCII)=NINT)B70,870,871

g



870 CONTINUE
GO TO 872
874 DO 300 I=NINT#1,M
IF¢I-KON(11))581,3383,581
333 ]FgII'NUMKON)666.300.300
666 Il=l1+1
GO To 300
581 SUM=0C(I,1)
DO 305 J=2,N
B=MINCJ)
308 SUMsSUM=0C(I,J)*B
IF(ABS(SUM)~ROFF)Y3001,3001,395
30014 SUM=O
398 IF(SUM)306,396,396
396 A(1,1)=SUM
300 CONTINUE
872 NUMITS=NOCYC
BEST=0
DO 588 [=2.N
JEI=1
SOLNCJ)Y=MAX(D)
588 BEST=BEST~0C(1,1)#*SOLNCJ)
DO 285 I=N+1-M
288 SOLN(I-1)=A(1,1)
A(1,1)=BEST
~ IF(IVERS)9236,9234,9236
9234 DO 9235 J=2,N
MIN(J)Y=KEW(J)
9238 MAX(J)sKEW(10+J)
NUMHYP=0
GO TO 234
9238 FCsA(1,1)+GCD
IF(FC-0PCON)306,500,500
308 IF(NUMHYP)308,500,308
308 IlLzIbL~N+1
DO 810 J=2»N

&g



MINCJ)=MSTO(IL*J,1)
Bl0 MAX(J)=MSTO(IL+J,2)
NUMHYP=NUMHYP=-1
IFULL=0
GO TO 232
500 PRINT 501, (SOLN(I)sI=15M=1)
504 FORMAT(//27H INVESTIGATION IS COMPLETE./30H THE OPTIMUM SOLUTION P
10INT I8//76X,10F14,4/6X,10F11.4/6%X,10F11.4)
PRINT 508,BESTsKOUNT,NUMITS,NOCYC
508 FORMAT(//A4H WHICH PRODUCED THE OPTIMUM FUNCTIONAL VALUE//30X,6H X
10 = ,F10.4//6H AFTER,I16,15H ITERATIONS AND,I16,2p0H CONTRACTION CYCL
1ES,//52H THE TOTAL NUMBER OF CONTRACTION CYCLES REQUIRED WAS,16)
506 JOB=JOB+1
IF¢(NOJOBS=J0B)502,502,503
502 CALL EXIT
END

FUNCTION DIFF(X)
FLO=SINT(X)
DIFF=X=-FLO
RETURN

END

)13



100
150

293

292
291

FORTRAN PROGRAM LISTING.

BRANCH AND BOUND CODE,

DIMENSION A(63,20),S0LN(30),TAB(600,20),KEW(20)
RA=34359738368.

RB=68719476736.,

RC=137438653472,

RE=1./RA

READ 150,NOJOBS,BOUND

JOB=0

READ 1,M,sN, INTER,MAXIT,KOL,MZED,IS,NINT,LOC,JTAPE
FORMAT(216,8X,11,16,2%5211,12,7X:316)
FORMAT(I3,F9.9)

READ 2,(AC1,J)»J=1,N), (CACT,J)HsJs1aN), I2Nwd, M)
FORMAT(10F8.0)

RD=13543288579.,

ROFF=.5-BOUND

NNzN-2

LOCOR=LOC

ISTAGE=0

MRM=M

LIST=0

BEST==10,%#20

BDC=BEST

NUMITS=0

IFuLL=D

IL=0

DO 291 I=2sN

DO 291 J=1:N

1F¢1-J)293,292.293

AC1,J)=0

GO TO 291

A(I)J)=-1o

CONTINUE

1413



ITAB=(M+2%#NINT)*N
IF¢(LOC-1TAB)96,96,97
97 REWIND JTAPE
96 1F(ITAB-512)102,101,101
102 IF¢(LOC-512)104,203.103
104 PRINT 105
105 FORMAT(118H SOLUTION TO TH!S PROBLEM HAS NOT COMMENCED BECAUSE THE
1POSSIBLE NECESSITY FOR MAGNETIC TAPE STORAGE CANNOT BE CATERED/
182H FOR DUE TO THE IMPOSSIBILITY OF CREATING THE: MINIMUM TRANSFER
1BLOCK OF 512 WORDS,)
GO TO 106
10% JTRANS=LOC/ITAB
ITRANS=ITAB*ITRANS
104 PRINT 3,1S,KOL
3 FORMAT(1HL1//69H SOLUTION TOo INTEGER LP BY BRANCH. ANpD BOUND METHOD
1APPLIED TO PROBLEM,I4,16H USING VARIANT (,I1,2H).)
28 SMALL=A(1,2
L=p -
DO 4 J=3,N
IF(SMALL=A(L,U))4,4,5
B SMALL=A(Ll,J)
L=y
4 CONTINUE
IF(SMALL)6,26,26
6 RK=s=BEST
DO 8 I=z2,M
IF¢A(I,L))8,8,9
9 RR=ACI,1)/A(1,L)
FLo=RK~-RR
IF¢ABS(FLO)-ROFF)8,8,333
333 IFt(FLDO)B.B,10
10 RK=RR
IR=1
8 CONTINUE
IF(RK+BEST)14,13,14
13 PRINT 202

ALY



202

14
94

17

is
1500

82
702

ex
703

84

FORMAT(//A0H EXIT CALLED SINCE FUNCTIONAL UNBOUNDED,)
GO TO 106

PIvOoT=sA(IR,L)

DO 15 1=1,MRM
IF¢I-1R)17,15,17
F=~A(11L)/PIVOT

DO 16 J=1,N
IFtJ-L)18,19,18
Al1,J)=At]lsU)wF2A(IR,J)
IF¢ABS(A(I,»J))=ROFF)1500,1500,16
AC1,0)=0

GO TO 16

AllI.J)=F

CONTINUE

CONTINUE
NUMITS=NUMITS#+1

DO 22 J=1,N
IF(J-1)24,23,24
A(IR’J)z'lo

GO TO 22

A(CIR, J)=0

2 CONTINUE

IFCINTER)S1,50.,91

PRINT 92

FORMAT(//719H CURRENT TABLEAU 18)
G0 TO (B1,82,83,84,85,86,87,88,589,590,591,592,593,599),NN
PRINT 701,CCACI,J)adzs1sNIsTs1,M)
FORMAT(20X,3F11,6)

GO TO 90

PRINT 702, (CACI,J)ad=2sN)s1E1,M)
FORMAT(18X,4F11,6)

GO TO 90

PRINT 703, ((AC1,J)ad=1sNY)slme,M)
FORMAT(16Xs5F11,8)

GO TO 90

PRINT 704, ((A(1,J)2J=2,N),sl21,M)

€1



704

88
708

86
708

87
707

8a
708

589
594

590
598

591
596

592
597

593
598

599
5lp

194
198
196
198

FORMAT(14X,6F11.6)

GO TO 90

PRINT 705, ((ACIsJd)aJd=1sN)s1=1,M)
FORMAT(12X,7F11,6)

GO TO 90

PRINT 706, CCALIsU)sd=1sN)al=1sM)
FORMAT(10X,8F11,6)

GO To 90

PRINT 707,CCACI,J)»d=1sN)sIzd,M)
FORMAT(BX,9F11.6)

GO TO 90

PRINT 708, ((A(T,J)aJd=1,N)st21,M)
FORMAT(6X,10F11.6)

GO TO 90

PRINT 594, ((A(I,J)ad=1>N)s1=1,M)
FORMAT(6X,10F11,6/405%X,F11.6)

GO TO 90

PRINT 595, ((A(IsJ)sd=1sN)s 131, M)
FORMAT(6X,10F11.6/94x%,2F11.6)

GO TO 90

PRINT 8596, ((A(I,J)sd=1-N)a1=1,M)
FORMAT(6X,10F11.6/83%,3F11.6)

GO TO 90

PRINT 897, ((A(1,J)adalsNYs1z1,M)
FORMAT(6X,10F11.6/72%,49F11.6)

GO To 90

PRINT 598, ((A(I,J)adsdlsNY»1=1,M)
FORMAT(6X,10F11.6/61%X,5F11.6)

GO TO 90

PRINT 510, ((ACI,J)s»J=1N)s121, M)
FORMAT(1X,16F7.3)
IF(NUMITS-MAXIT)194,195,196
IFCISTAGE)26,25,26
IFtISTAGE)95,196,95 E
PRINT 198

FORMAT(//92H EXIT HAS BEEN CALLED BECAUSE THE MAXIMUM NUMBER OF AL



95
98

77

26
21
27

150

200

201

28

303
29

1LOWABLE ITERATIONS HAS BEEN PERFORMED,/44H THE INTEGER PHASE HAS N
10T YET BEEN ENTERED,)

GO TO 106

PRINT 98, (SOLNCI),I=1,M=1)

FORMAT(//111H EXIT HAS BEEN CALLED BECAUSE THE MAXIMUM NUMBER OF A
1LLOWABLE ITERATIONS HAS BEEN PERFORMED.HOWEVER THE LIST 0F/34H SUB
1PROBLEMS IS NOT YET EXHAUSTED,/38H THE BEST SOLUTION ATTAINED TO D
1ATE 1S//6X,8BF14,6/6X,8F14,6/6X,8F14,.6/6X,8F14,6)

PRINT 77,BEST,KOUNT

FORMAT(/36H WHICH PRODUCED THE FUNCTIONAL VALUE//30X.6H X0 = ,F10.
14//6H AFTER,16+12H ITERATIONS.)

GO TO 106

IF(AC],1))541,21,21

CONTINUE

IF(ISTAGE)28,27,28

ISTAGE=1

MRM=M+2#NINT

DO 4150 I=M+1,MRM

DO 150 J=1,N

AC1,J)=0

PRINT 200, NUMITSs{A(T+1),122,M)

FORMAT(/58H PRIMAL AND DUAL CONTINUQUS FEASIBILITY WAS ATTAINED AF
ATER,14,37H ITERATIONS IN THE SIMPLEX ALGORITHM./34H THE cONTINUOUS
1 SOLUTION POINT WAS//6X,8F14,6/6X,8F24.6/6X,8F14.67/6X,8F14,6)

PRINT 201,A(1,1)

FORMAT(/31H PRODUCING THE FUNCTIONAL VALUE//30X,6H XO = ,F10.4//45
1H PROGRAMME NOW PROCEEDS TO INTEGRALITY PHASE.)

GO TO 29

FLO=A(1,1)~BEST

IFCARS(FLO)=ROFF)50,50,303

IF(FL0)Y50,50,29

K=0

DO 30 [=2,NINT

INTAZINTCACT, 1))

FLO=INTA

Sle



FRAC=A(I,1)~FLO
DEv=ABS(.5~-FRAC)
IF¢DEV-BOUND)Y31,30,30
34 JU=0
JL=0
DO 60 J=2,N
IF(ACT,J))61,60,62
61 IF(JU)64.,63,64
63 JU=1
DUsepa(d1,J)/7A(15J)
GO TO 60
64 F=wA(1,J)/AC1,J)
FLo=DU~F
IF¢(ABS(FLO)~-ROFF)60,60,2110
2110 IF(FL0)60,60,65
65 DU=F
GO TOo 60
62 IF(JL)67:66,67
66 JL=1
DD=A(1:J)/A(IJJ)
GO TO 60
67 F=A(1,J)/A(1,J)
FLO=DD-F
IF(ABS(FLO)~ROFF)60,60,2111
2114 IF(FL0)60,60.,68
68 DDeF
60 CONTINUE
IF¢JL)70,69,70
6o LDIRT=-1
7400 K=1
LDIR=LDIRT
GO TOo 34
70 COMP=DD#FRAC
LDIRT#1
IF¢JUI?71,7400,71
74 F=pUx(1.=-FRAC)

oI



2112
72

73
74
78
2113
76
30
54
57
107
108

Sg

33

34

35

37

FLO=COMP=F
IF(ABS(FLO)-ROFF)73,73,2112
IF¢FLD)Y72,73,73

COMP=F

LDIRT=?

GC TO 74

LDIRT®=2

IF¢K)75,76.,75

FLO=BIG-COMP
IF¢(ABS(FLO)~ROFF)30,30,2143
IF(FLDOY76,30,30

RIG=COMP

K=1

LDIR=LDIRT

CONTINUE

IF(K)34,54,34
IF(BEST-BDC)32,57,32

PRINT 107,(ACI-1),122,M)
FORMAT(//27H THE FIRST INTEGER SOLUTION//6X,8F14.6/6X,8F14,6/6X,8F

144.6/6%,8F14.6)

PRINT 108,A(1,1),NUMITS
FORMAT(/31H PRODUCING THE FUNCTIONAL VALUE//30X,6H X0 = ,FL10.,4//19

1H WAS ATTAINED AFTER.I6,12H ITERATIONS.)

BEST=A(1,1)

DO 33 1=2,M

J=i=1
SOLNCJY=ACI, L)
KOUNT=NUMITS

GO TO s0
INTA=INTCACK21))
FLO=INTA

IT=M+K A
IF{LDIR)35:35;36
[TalI+NINT
IFtLDIR+2)38,37,38
ACII,1)y=FLO~A(K,1)

A



DO 180 J=2,N
180 A(1I,J)=s=A(KsJ)
ASSIGN 38 TO KK
600 IFCIFULL)A04,400,404
A00 LOC=LOC~1TASB
IF(LOC)403,401.401
404 DO 402 1=1,MRM
ILallL*1
DO 402 J=1,N
402 TAB(IL,J)=A(I,U)
GO TO 138
4073 IFULL=1
LOC=LOC+ITAB
404 IF(ITAB-512)121,120,120
124 IF¢ITRANS=512)123,122,122
122 WRITE TAPE JTAPE((TAB(I,J),»Jd=1,sN)s15151L)
GO TOo 124
128 JUNK=512-1TAB
MMz JUNK/N
MN=JUNK-MM*N
WRITE TAPE JTAPE,((TAB(I,J),J=1,N)s IR sMRM), ((TaB(I,J)sJ=1.N),15=1,
IMMYS(TAB(L,J) s JE1 s MN)
124 IF(LL=0
ILeD
LOC=LOCOR
GO TO 400
120 WRITE TAPE JTAPE,((A(I,J),J=1,N),151,MRM)
138 LIST=LIST+1
GO TO KK,(38,41)
38 A(II,1)=A(K,1)=FLO=1.
Do 39 J=2:N
39 A(I1,J)=A(K,J)
GO TO 43
36 IF{LDIR=2)41,40,41
40 A(Il,1)=A(K,1)~FLO=21,
DO 181 J=2.N

oK



46
47

48

948
944

2114

4%

947
o4p

ACTT, )=A(K,d)
ASSIGN 41 TO KK

GO TO 600
ACI1,1)=FLO~A(K,1)
DO 42 J=2,N

ACTTI, y==A(Ks J)
I=11

IR=I

NO= 0

KEW(2)=0

DO 45 J=2,N
IFtACIR,J))46,45,45
IFC(NO)48,47,48

NO=1
RATIOE=A(L1,J)/ACIR,U)
L=J

KEW(2)=0

[TKeD

GO TO 45
FraACL,J)/ACIRS )

FLOSRATIO=F
IF(ABS(FLO)~RQFF)%245,945,2114
1IF¢KOL~-2)45,946,45
ITKsITK+1
KEW(ITK+1)=J

GO TOo 45
IF(FIL0)Y45,45,49
RATIO=F

L=y

KEW(2)=0

ITKk=D

CONT INUE
IF(KEW(2))948,947,948
IF{NO)14,H0,14
KEW(1)=L

ITKsITK+1

61



RDe8, #RD
IF(RD~=RC)949,949,950
950 RD=RD~RC
949 IF¢(RD~RB)951,951,952
952 RD=RD~RB
954 IF(RD~RA)953,953,954
954 RDzRD=RA
9538 FlzRE#RD
TOP=ITK
ITKe 1, +F1*(TOP=1,)+,5
L=kKEW(ITK)
GO To 14
50 IF¢(LIST)52,80,52
52 IF¢IL)11,7,11
7 BACKSPACE JTAPE
IF(1TAB~-512)109,110,110
109 IL=ITRANS/N
LOEc=0
READ TAPE JTAPE,((TAB(I,J),J=1,N),I=1,1IL)
BACKSPACE JTAPE
114 ILalL~MRM
DO 42 I=1,MRM
IKeIL+*]
Do 12 J=i,N
19 ACI, )=TAB(IK,J)
LOC=LOC+1TAB
IFyLL=0
60 TO &3
110 READ TAPE JTAPE, ({(A(14J),J21,N),121,MRM)
BACKSPACE JTAPE
58 LIsT=L1ST-1
GO TO 26
8n !F(BEST~BDC)99.58,99
58 PRINT 59,NUMITS
59 FORMAT(//36H NO OPTIMUM SOLUTION HAS BEEN FOUND./16,27H ITERATIONS
1 WERE PERFORMED,)

oct



GO TO 106
99 PRINT 55,(SOLN(I),1=1,M=1)

58 FORMAT(//79H ALL NECESSARY SUBPROBLEMS HAVE BEEN EXAMINED SO THE 1

ANVESTIGATION IS COMPLETE./30H THE OPTIMUM SOLUTION POINT 1S//6X,10
1F14.4/6X:,10F11.4/6X,10F11.,4)

PRINT 111,BEST,KOUNT,NUMITS

114 FORMAT(/44H WHICH PRODUCED THE OPTIMUM FUNCTIONAL VALUE//30X26H X0
1 = ,F10.4//6H AFTER,16,12H ITERATIONS,/47H THE COMPLETE INVESTIGAT
110N REQUIRED A TOTAL OF,16,12H ITERATIONS.)

108 JOB=J0OB+*1

IF(NOJOBS~J0B)44,44,100

44 CALL EXIT

END

TeL



FORTRAN PROGRAM LISTING.,
MIXED INTEGER CODE.

DIMENSION A(66,38),R(38),1A(38)
RA=34359738368.
RB=68719476736.
RCr137438953472,
RE=1,/RA
READ 99,NOJOBS,BOUND
99 FORMAT(I3,F9.9)
98 READ 1,M»N»KODE,MAX,METHOD,KOL,MZED, IS, NINT, (RCI),1=22,N)
9 FORMAT(21638X:Ii;IéolX:3Ii:12:7XJI6/80F100)
READ 1001, (AL, ad=1,NY, (CACT ) sJd=d ' NYsTaN+1s M)
1004 FORMAT(10F8.,0)
RD=13543288579.
NC=NINT
ROFF=.5~=BOUND
IF(NINT-M)702,700,702
700 NC=N
NINT=NINT+1
702 NUM=p
KIT=0
KUTNO=0
NN=N-2
po 1301 I=2:N
DO 1301 J=1,N
1301 AC1,JU)=0
DO 1302 I=2,N
1302 AC1,1)=-1.
IF(MZED)63,62,63
62 l1a1
GO TO 25
63 11=2
25 PRINT 800,1S,METHOD,KOL



800 FORMAT(1H1//42H MIXED INTEGER ROUTINE SOLUTION TO PROBLEM,13,47H U
1SING THE VARIANTS DEFINED BY PARAMETER CODE (,I1,1H,sI11,2H).)
IF(MZEN)926,26,926
26 PRINT 582
582 FORMAT(64H THE OBJECTIVE FUNCTION Is ADMITTED As A POSSIBLE CUT GE
LNERATOR.)
GO TO 583
926 PRINT 584
584 FORMAT(56H THE OBJECTIVE FUNCTION IS EXCLUDED FROM CUT GENERATION,
1)
583 NUMITS=0
50 SMALL=A(1,2)
L=p
DO 2 J=3:N
IF(SMALL=A(1,U))2,2,3
3 SMALL®A(1,J)
L=y
2 CONTINUE
IF(SMALL)4,5,5
A4 RK=1D,%#20
NOTSIM=1
DO 8 1=2,M
IF¢ACI,L))8,8,9
® RR=A(I,1)/A(I,L)
FLO=RK-RR
IF¢CABS(FLO)~ROFF)8,8,333
333 IF(FLO)B:B»lU
10 RK=RR
IR=1
B CONTINUE
IF(RK'iOo**20)14013.14
13 PRINT 202
202 FORMAT(//740H EXIT CALLED SINCE FUNCTIONAL UNBOUNDED,)
GO TO 169
14 DO 15 JU=1,N
IF(J-L)16,15,16

gx



16 DO 17 1=1,M
IF(1-1IR)18502,17,1502
1502 ACI,J)=ACI,U)=CACIR, J)*ACT,LLY)/ACIR,L)
IFCABSCAC(]IJ)Y)=ROFF)1500,1500,17
150b A(IJJ)=0
17 CONTINUE
A(IR,J)=U
18 CONTINUE
CON==A(IR,L)
DO 48 1=1,M
AC1,L)=AC],L.)/CON
IFCABSCACI L) )"ROFF)1501,1501,18
1501 A(I,L)=0
18 CONTINUE
NUMITS=NUMITS+1
IF(MAX-NUMITS)989,989,99¢
989 PRINT 991
994 FORMAT(//114H EXIT HAS BEEN CALLED BECAUSE THE MAXIMUM NUMBER OF 1
1TERATIONS HAVE BEEN PERFORMED,THE SITUATION AT THIS STAGE WAS)
GO TO 987
990 IF(KODE)6,52:6
6 ASSIGN 52 TO KK
PRINT 7
? FORMAT(//19H CURRENT TABLEAU IS)
GO TO B8
52 IF(IR~NINT)16,19,20
19 R(L)=1.
GO TO 21
20 R(L)=0
219 IF(NOTSIM)50,55,50
B NOTSIM=0
JPRIM=1
58 DO 60 I1=2,M
. IFeA(T1,1))61,60,60
60 CONTINUE
IF(JPRIM=1)32,31,32
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31
33

32
64

41

935
68

168
100
987

ga
301
401

302
402

JPRIM=(Q
PRINT 33,NUMITS
FORMAT(/47H PRIMAL AND DUAL FEASIBILITY WAS ATTAINED AFTER,I14,37H

L1ITERATIONS OF THE SIMPLEX ALGORITHM,/30H CONTINUOUS OPTIMUM TABLEA

iU 1S

ASSIGN 32 T0O KK
G0 TO 88

IR=0

DO 65 1=11.,NC

INTA=INTC(ACTIL1))

FLO=INTA

FRAC=A(I,1)=-FLO

DEv=ABS(FRAC=,.5)
IF(BOUND=DEV)65,66,66
IF(METHOD~1)70,67,800
IF(METHOD=2)67,801 .68
FRAC=1.,-FRAC

IF(IR)41,40,41

IR=]

SMALL=FRAC

GO TO 65

FLO=SMALL=FRAC
IF(ABS(FLOY~RQOFF)65,65,935
IF(FLO)65,65,4U

CONTINUE

IF(IR)90,165,90

PRINT 100

FORMAT(25H JOB COMPLETE.TABLEAU IS //)
ASSIGN 69 TO KK

GO To (301,302,303,304,305,306,307-308,309,3105311,312,313,314),NN
PRINT 401, C((A(T,J)YsJd=1sNY,s181,M)
FORMAT(40%X,»3F13,.2)

G0 TO KK, (52,32,69)

PRINT 402,((A(TI,J)ad=2sN)s1=1,M)
FORMAT(34X,4F13,2)

GO TO KK+(52,32,69)



303
403

304
404

308
408

308
406

307
407

308
408

300
409

310
419
311
419

31e
412

313
413

314
414

PRINT 403, ((ACI,J)aJd=1sN)s1E1,M)
FORMAT(28X,5F13,2)

GO TO KK»(52:32,69)

PRINT 404, ((ACI,J)sJ=1sN)atzl,M)
FORMAT(22X,6F13,2)

GO TO KK»(52,32,69)

PRINT 405, ((ACI,J)ad=15N)al1E1,M)
FORMAT(16Xs7F13,.2)

GO TO KK,(52,32,69)

PRINT 406, ((AC(I,U)ad=1sN)al=1,M)
FORMAT(1X,8F13.2)

GO TO KK»(52,32,69)

PRINT 407,(CA(TI,J)adsisNYs151,M)
FORMAT(1X,8F13.2/105%,F13.2/7)
GO TO KK»(52,32,69)

PRINT 408, ((A(I,J)sJd=1sN)r1=1,M)
FORMAT(1X,8F13.2/92X,2F13,2/7)
GO TO KK»(52,32,69)

PRINT 409, ((ACI»J)sJ=dsNYs 121, M)
FORMAT(1X,8F13.2/79%,3F13.2/7)
GO TO KK»(52,32,69)

PRINT 410, ((ACI,J)ad=isN)st1=1,M)
FORMAT(1X,8F13.2/66X,4F13.2//)
GO TO KKs(52,32,69)

PRINT 411, ((ACI,J)eJd=15NYa121,M)
FORMAT(1X,8F13.2/53X,5F13.2/7)
GO TO KK:(52,32,69)

PRINT 412, (CA(I,J)ad=1sN)alzi,M)
FORMAT(1X,8F13.2/40X,6F1.3,2//)
GO TO KK, (52,32,69)

PRINT 413, ((A(IaJ)sd=1sN)s 151, M)
FORMAT(1X,8F13.2/27X,7F13.2/7)
GO TO KK,(52,32,69)

PRINT 414,((ACI,J)sJ=1sN)» 121, M)
FORMAT(2(1X,8F15,6/)/)

GO TO KK»(52+32,69)
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70

46
45
27

91
95

57

59
96

58

67

81
83

SMALL=AC(L,2)
K=2
DO 45 J=3,N

IF(SMALL=AC1,J))45,45,46

K=J

SMALL=A(1,J)

CONTINUE

SMALL=2,0

DO 56 1=I11.NC
INTA=SINTCACTILK))
FLOSINTA
FRAC=A(I,K)~FLO
DEveABS(.5=FRAC)
IF¢(BOUND-DEV)91,59,59
DO 57 J=1,N
IF(J-K)95,57,95
INTA=INTCACT,J))
FLOsSINTA
DEVaABS(.5=A(I,J)+FLO)
1F(BOUND=DEV)E7,67:67
CONTINUE

GO TO 56
IF¢SMALL=-FRAC)56,56,96
SMALLEFRAC

IR=1

CONTINUE

GO TO 90

IRa]

[=M»1
INTARINTCACIR, 1))
FLB=INTA
ACl,1)=FLO-ACIR,1)

DO 80 J=2,N
IF(R(J)-1.)81,82,81
IFtA(CIR,J))83,84,84

ACT,J)=ACT 1) w(=ACIR,U)I/CACT,1)+14)

Lee



GO TO 810
84 A(1,J)=-ACIR,J)
GO TO 80
82 INTA=INT(ACIR,J))
FLO=INTA
FRAC=A(IR,J)=FLO
IF(ABS(FRAC)=ROFF)930,930,931
930 FRAC=0
931 IF(NINT-M=-1)985,85,985
98K IF(FRAC+A(I1,1))85,85,86
85 A(I,J)=~FRAC
GO TO 80
B ACT1,J)=sA(l-s1)% (1, ~FRAC)/(L.*A(I,1))
80 CONTINUE
KUTNO=KUTNO=+1
61 IR=!
DO 73 J=2,N
IF¢CACIR,J)ITA,73,73
7% CONTINUE
PRINT 78
78 FORMAT(//66H EXIT CALLED BECAUSE CURRENT HYPERPLANE HAS pOSITIVE C
10EFFICIENTS,)
G0 TO 169
74 SMALLE-A(L-U)/ACIR: )
1A(2)=0
ITk=0
L=y
IF¢(L-NY77,14,14
77 JJmsbL+]
DO 35 1=JJsN
IFtA(CIR,1))36,35,35
36 FRAC=~A(L,I)/ACIR, )
FLa=SMALL~=FRAC
IF¢(ABS(FLD)-ROFF)350,35%0,359
356 IF(FL0)35,350,37
350 IF(KOL-1)35,360,360

7+



360

37

3B

351

431

356
433

436

438
437

438
434

432

450
4514
452
453
454

ITKSITK+1
IACITK+1) =1

GO TO 35

SMALL=FRAC

L=1

ITK=0

I1A(2)=0

CONTINUE
IF(IAt2))351,14,351
IACL) =L

ITK=ITK+1
IF(KOL~2)431,432,433
KiTezKIT+1
L=KIT~1TK#(KIT/1TK)
IF(L) 355,356,355
L=TA(L)

GO To 14

DO 434 J=1,1TK

DO 435 [=2,M
IFCABS(ACI>TA(J))*1,)=ROFF)436,4362435
DO 437 JJ=1,N
IFEJJ=~1A(J))438,437,438
1IFEA(],JJ))435,437,435
CONTINUE

L=1A(D)

G0 TO 14

CONTINUE

CONTINUE

KoL =2

RDz5.#RD
IF(RD~RC)451.,451,480
RDaRD~RC
IF(RD~RB)A453,453,452
RD=RD~RB
IFtRD~"RA)Y455,455,454
RDsRD~RA

6%



456 F1=RE+RD
TOP=ITK
[TK=1.,+F1%(TOP~1,)+,5
356 L=TACITK)
GO TO 14
69 PRINT 115,NUMITS,KUTNO
115 FORMAT(//50H THIS TABLEAU WAS ATTAINED AFTER A TOTAL NUMBER 0F,16,
1414 ITERATIONS AND THE ADDITION OF A FURTHER,I6,13H CONSTRAINTS.)
NUM=NUM+1
IF(NOJOBS~NUM)169,169,98
169 CALL EXIT
END

oce



FORTRAN PROGRAM LISTING.

ACCEILERATED EUCLIDEAN CODE.

DIMENSION MAT(22,10) ,KEW(9)
RA=34359738368,
RB=68719476736.
RC§137438953472.
REz1./RA
READ 300,NOJOBS
300 FORMAT(I3)
NUM=0
308 READ 1,MsN,LD,OUT,KONEsMAXIT,NOROS,METHOD,KOL,MZED»1S,(MAT(1,J),d=
1LsN) s CCMATCILU)» JRL,N) s I2N+15M)
4 FORMAT(316,F2,0,12.16,411,12/(¢(1018))
RD=13543288579.
NNaN-2
KiT=0
KUTNO=0
KUTPA®=1
Do 301 1=2,>N
DO 30l J=1,N
304 MAT(I,u)=0
DO 302 1=2,N
302 MAT(I,1)==1
IF¢(MZED)461,460,461
460 I1=1
GO TO 462
461 11=2
462 I1T=-1
PRINT 80:1S,METHOD KOL
B0 FORMAT(1H1//50H ACCEI_ERATED EUCLIDEAN ROUTINE SOLUTION TO PROBLEM,
1,13,47H USING THE VARIANTS DEFINED BY PARAMETER CODE (,I1,1H,,11,2
1H).)
IF(MZED)581,580.,581
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580 PRINT 682
582 FORMAT(64H THE OBJECTIVE FUNCTION 1S ADMITTED AS A POSSIBLE CUT GE
LNERATOR,)
GO TO 583
584 PRINT 584
584 §0RMAT(56H THE OBJECTIVE FUNCTION IS EXCLUDED FROM CUT GENERATION,
1
58X IF(NOR0OS)310,309,310
3090 NINT=N
GO TO 20
310 NINT=M
20 MIN=MAT(1,2)
L=2
DO 2 J=3.N
IF(MIN-MAT(1,J))2:2,3
3 MIN=MAT(1,J)
L=J
2 CONTINUE
[F{MIN)4,75,75
4 R=10.%%20
ITelT*1
IF¢MAXIT-1T)988,988,111
114 IF(OUT)901,902,901
904 ASSIGN 982 TO KK
PRINT 904
904 FORMAT(//19H CURRENT TABLEAU IS)
GO TO 903
982 PRINT 983,LD
983 FORMAT¢16H WITH DIVISOR = ,14,1H.)
902 DO 8 I=2,M
IF¢(MAT(I,0))8,8,9
9 TOP=MAT(I,1)
BOT=MAT(I,L)
RR=TOP/BOT
IF(R-RR)8,8,10
10 R=RR
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8
13
202
14
iy
17
18
is
78
084

988
986

911
9885

34

21

IR=1

CONTINUE

IF(R-10.%%20)14,13,14

PRINT 202

FORMAT(///97H EXIT CALLED SINCE A CLASS OF FEASIBLE SOLUTIONS WITH
1 AN UNBOUNDED FUNCTIONAL CAN BE CONSTRUCTED.)

GO TO 60

DO 415 J=1,N

IFtJ-L)16,15,16

LAMBDA=MAT(IR,J)

DO 47 1=51,M

MATCI,J)S(MATCL, JY#MATCIR,L)=MAT(I2L)uLAMBDA) /LD
CONTINUE

LDeMAT(IR,L)

DO 18 1=1,M

MATCI,L)==MAT(I,L)

GO TO 20

ITalT+1

IF(MAXIT-1T7)988,988,984

IF(KODE)911,34,911

PRINT 986 :
FORMAT(/114H EXIT HAS BEEN CALLED BECAUSE THE MAXIMUM NUMBER OF IT
1ERATIONS HAVE BEEN PERFORMED.,THE SITUATION AT THIS STAGE WAS)
GO TO 987

ASSIGN 985 TO KK

PRINT 904

GO TO 903

PRINT 983,LD

DO 21 1=2,M

IF(MAT(I,1))22,21,21

CONTINUE

IRa(

DO 23 I1=I4,N

NLpD=MAT(I,1)/7LD

IFRACEMAT(I,1)~LD#NLD

IFCIFRAC)124,23,124
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124
128

126

127
128

129
130
134

132
23
24

26
25

28

65
29

32

31

IF{METHOD=1)24,125,126
IR=1

GO TO 39
IF(METHOD~3)127,130,13U
IF(IR)129,128,129

IRal :

MAX=IFRAC

GO TO 23
IF(MAX-IFRAC?128,23,23
IF(IRY132,131,132

IRs1

MIN=IFRAC~1

GO TO 23
IF¢(MIN-IFRAC*1)23,23,131
CONTINUE

IF¢IR)39.50,39
MIN=MAT(1,2)

K=2

DO 25 J=3,N
IF(MIN=-MAT(1.,J))25,25,26
MINSMAT(1,J)

K=J

CONTINUE

IFRSTe10%#10

DO 27 I=IL,NINT
IFRAC=MAT(I,K)=LD®(MAT(I, K)Y/LD)
IF{IFRAC)32,28.30

DO 29 J=1.N
IF(K-J)65,29.65
IF(MAT(IJ)=LD*(MAT(1,J)/LD))30,29.30
CONTINUE

G0 TOo 27

IFRAC=IFRAC+LD
IF(IFRST-1FRAC)27,27,31
IFRST=1FRAC

IR=1

k3%



IF(IFRAC)27,39,27
27 CONTINUE
30 KzM+1
KMaM+2
DO 500 J=1sN
500 MAT(K,J)=MAT(IR,J)
JKN=0
NJD=LD
ITk=0
KEW(2)=0
810 DO 501 J=1,N
MAT(KM, J)=EMAT(K,J)/NJD
IF(MAT(K,J))B02,503,503
G502 MAT(KM,J)sMAT(KM,J)=1
503 IF(JKN)S04,504.,501
504 IF(J-2)515,505,505
80K BOTeEMAT(K,J)=NJD#MAT (KM, J)
IF(BOT)514,501,514
Bl14 TOP=MAT(1,J)
Fi=TOP/BOT
IF(SMALL=10,%%9)507,506,507
8506 SMALL=F1
L=y
GO TO 501
507 IF(SMALL~F1)501,550,506
550 IF(KOL-1)501,551,551
554 ITK=ITK+1
KEW(ITKk+1)=J)
GO To 501
518 SMALL=10.%**9
809 CONTINUE
[FtJKN)BS2s5624552
562 ASSIGN 552 TO MN
GO TO 553
852 JKN=1
NJDaMAT(K,L)=NJD#MAT (KM,L)
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DO 508 J=1,N
IF(J-L)509,508,509
509 MAT(K,J)=MATC(KsL)®MAT(KM, JY=MAT(K, J)*MAT(KM,L)
508 CONTINUE
NLD=MAT(K,L)/NJD
IFRACEMAT(K, L) =NJD*NLD
IFtIFRAC)B70,511,570
570 KUTPA=KUTRA+1
G0 TO 510
544 DO 512 J=1.,N
IF(J-L)513,5125513
81% MAT(K, J)=C(LD*MAT(KsJ)=NJD®MAT(IR»J))/MAT(K,L)
512 CONTINUE
MAT(K,L)=~(NJD*MATC(IR,L)/MAT(K,L))
KUTNOEKUTNO*1
IR=K
G0 TO 56
22 IRsz]
DO 43 J=2,N
IF(MAT(IR,J))44,43,43
43 CONTINUE
PRINT 53
53 FORMAT(///78H EXIT CALLED BECAUSE HYPERPLANE. UNDER CONSIDERATION H
1AS POSITIVE COEFFICIENTS,)
GO TO 60
44 TOP=MAT(1,J)
BOT==-MAT(IR,J)
SMALL=TOP/BOT
L=J
KEW(2)=0
ITK=0
IF(L-N)57,56,56
59 JJdslL+1
DO 45 1=JJsN
IF(MAT(IR,1))46,45,45
44 TOP=MAT(1,1)
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95
360

47

45
553

556
37

4381

61
433

436
438
437
438
434

432

BOT=-MAT(IR, 1)
Fi=TOP/BOT
IF¢(SMALL~F1)45.,95,47
IF(KOL=-1)45,360,360
[ITKs 1 TK+1
KEW(ITK+1)=1

GO To 45

SMALL=F1

L=1

ITK=0

KEW(2)=0

CONTINUE

ASSIGN 56 TO MN
IF(KEW(2))37,556,37
GO TO MN.(552,56)
KEW(1)=L

ITK=1TK+1
IF(KOL-2)431,432,433
KIT=KIT+1
L=KIT~ITK*(KIT/ITK)
IFtL)61,62:61
L=KEW(L)

GO TO MN:(552,56)

DO 434 J=1,1TK

DO 435 [=2,M
IFCMATCILKEW(J))+1LD) 435,436,435
DO 437 JJ=1,N
IF(JJ=KEW(J))438,437,438
IF{MAT(1,JJ))435,437,435
CONTINUE

L=KEW())

G0 TO MN,(552,56)
CONTINUE

CONTINUE

KOL=2

RDz5.#RD
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450
451
452
453
454
455

62
56
49
59
48

50

5U FORMAT(///64H THE OPTIMAL INTEGER SOLUTION IS GIVEN IN THE FOLLOWI
ANG TABLEAU.//)

987
903
103

52

104
254

108
208

106
2Sé

IF(RD~RC)451,451,4580
RD=RD~=RC
IF(RD~RB)453,453,452
RD=RD~RB
IF{RD"RA)455,455,484
RD=RD=~RA

Fl=RE#RD

TOP=1TK
ITKe1,+F1#(TOP~1,)",5
L=KEW(ITK)

GO TO MN.(552,56)

DO 48 U=1,N
IF(J=-L)49,48,49
LAMBDA=MAT(IR,J)

DO 59 1=1,M
MATCI,J)=S(MATC(I,L)*LAMBDA=MAT(1,J)*MATC(IR,L)) /LD
CONTINUE
LDI~MAT(IR.L)

GO TO 20

PRINT 51

ASSIGN 200 TO KK

GO TO (103,104,1.09,106,107,108,109,110),NN
PRINT 525 ((MAT(12J)2JR15N), 1815 M)
FORMAT(2SX»318)

GO TO KK.(982,985,200)

PRINT 204, ((MATC2J)sJ=1,N)2151,M)
FORMAT(18X,418)

G0 TO KK-»(982,985,200)

PRINT 205 »C((MAT(I,J),JB1,N),121,M)
FORMAT(16X»518)

GO TO KK»(982,985,2S5S)

PRINT 206, C(MATC(1,J)-0=1,NYs151,M)
FORMAT(14X-618)

GO TO KK»(982,985,200)
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107
207

108
208

109
20¢

110
210

200
154

60

PRINT 207, C(MATCI,»J),»Jd=1,N),Is1,M)

FORMAT(12X,718)

G0 TO KK.(982,985,200)

PRINT 208, ((MAT(I,J)>J=1,N),1=1,M)

FORMAT(10X,818)

GO TO KK, (982,985,200)

PRINT 2090((MAT(I!J):J=1JN)JI=1:M)

FORMAT(8X,918)

B0 TO KK, (982,985,200)

PRINT 210, (C(MAT(I»J)sd=1,N),1=1,M)

FORMAT(6X,1018)

G0 TO KK+ (982,985,200)

PRINT 154,LD,IT,KUTPA,KUTNO

FORMAT(16H WITH DIVISOR = ,14,1H,//25H WHICH WAS OBTAINED AFTER,I!6
1,44H ITERATIONS AND THE ADDITION OF A FURTHER,l6,8H PARTIAL/22H PI
1VOT CONSTRAINTS AND,»16.,25H TOTAL PIVOT CONSTRAINTS.)

NUMsNUM+1

IF¢(NOJOBS~NUM)60,60,303

CALL EXIT

END
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