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ABSTRACT 

Free planes, analogous in certain respects to free groups, 

have been studied for some time. In this thesis, we make a 

contribution to the study of the automorphisms of these planes. Our 

first main result is that every free plane has a polarity. We then 

investigate some of,the properties of these polarities. In particular, 

we prove that a polarity in a finitely generated free plane has only 

a finite number of absolute elements. We determine certain 

conditions satisfied by this number, and show that for every number 

satisfying these conditions, there is a polarity with this number of 

absolute elements. We also give a necessary and sufficient condition 

for polarities in a given free plane to be conjugate in the 

collineation group of that plane. 

Our other main result is restricted to the free plane c1-1, 

generated by a quadrangle. The collineation group C;_of the plane 

has recently been shown to be generated by the symmetric group 

of degree 4 and a further element of Ci_of order 2. We determine 

the orders and the conjugacy classes of the elements of 	which 

have finite order, and prove that every non-trivial proper normal 

sub-group of c..  is torsion-free. From this we are able to deduce that 

c";_ coincides with its commutator subgroup, and hence is insoluble. 

In our investigation of the properties of polarities in free planes, 

we prove that all the polarities in dare  conjugate in (1. It follows 



from this that the orthogonal groups of these polarities are also 

conjugate in c, and hence isomorphic. Our conjecture is that 

they are isomorphic to the cyclic group of order 2. 

Also submitted as part of this thesis is a published note, 

which contains our first main result. 
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6. 

1. BASIC CONCEPTS AND DEFINITIONS  

1.1 Projective planes  

Let G)  and L be two disjoint sets, whose elements will be 

called points and lines respectively. Let I be a symmetric relation 

(to be called incidence relation) defined on90t- such that x I y 

implies x 0 and yc., t- or x Fit-- and y'E_C?. We define a 

projective plane as a system consisting of the sets 	and )..and 

the incidence relation I, and satisfying the following axioms: 

Al: Given any two(1) points P,Q, there is exactly one line 

incident with both P and Q. 

A2: Given any two lines i,m, there is at least one point 

incident with both Q, and m. 

A3: There exist four points, no three of which are 

incident with the same line. 

It follows trivially from Al that any two lines I ,m are 

incident with at most one point. Taken together with A2, this 

implies 

(1) 
Throughout this thesis, when we speak of two objects x and 

y, we shall imply that they are distinct objects. When we speak 

simply of objects x and y, we then allow the possibility that 

x 	y; that is, x and y may be different names for the same object. 

This convention will also apply to the use of the natural numbers 

three, four, 41boo 



7. 
Alts Given any two lines j- ou, there is one and only one 

point incident with both SI- and m. 

For symmetry, Al, Alt and A3 are usually taken as the axioms 

defining a projective plane. 

The line (point) incident with two points (lines) x and y 

will be denoted by xy. 

A set of four points Pl(i 	1, 2, 3, 4) as in A3, will be 
called a Quadrangle, and denoted by PIP1.151P4, 

It is readily shown from the axioms that 

A3': In a projective plane, there exist four lines, no three 

of which are incident with the same point. 

Conversely, from Al, A2I and A3' we can derive A3. This result enables 

us to construct from any given projective plane (P another projective 

plane 	called the dual of Q s The points of 04(-  are the lines of 

Q , the lines of 15 are the points of Q and the incidence relation 

I*  defined on C is identical with the incidence relation I on 9. 

That V is, in fact, a projective plane follows, as we have already 

stated, from Al, A2' and AP. 

The symmetrical role played by "points" and "lines" in the 

definitions of a projective plane 9  and its dual 14c-  gives rise to 

the Principle of Duality. This may be stated as follows: Let? be 

a theorem on projective planes, and let r be derived from -9 by 

interchanging the words "points" and "lines" in the enunciation of 

ThenT is also a theorem on projective planes. The truth of 

this principle follows from the fact that if a statement-T is true of 
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a class of 	of projective planes 9, then 	is true of the class 

e'ry of the duals Q of Q, and Po i as shown above, is itself a 

class of projective planes. In view of this, we shall sometimes 

refer to lines as duals of points and vice versa. 

An alternative definition of a projective plane regards lines 

as subsets of the set of points. In this case, we speak of a point 

belonging to a line, etc. The equivalence of the two points of view 

) ( is easily derived: 2)  ,In 	thesis, we do not restrict ourselves 

to either point of view, but use language and notation appropriate 

to one or the other as we find convenient. We also allow ourselves 

to use more descriptive expressions as "a point lies on a line", 

"a line passes through a point", and so on. 

A system which satisfies axioms Al and A2 but definitely 

violates A3 will be called a degenerate projective plane. The term 

"projective plane" will henceforth be used to include the degenerate 

case. Where necessary, we shall refer to projective planes, as 

defined earlier, as non-degenerate projective planes. The degenerate 

projective planes are readily listed (see Hall ["53, page 232). 

The following lemma of Baer (:33, lemma 1) characterises them 

(2) 

See, for example, Pickert C83 p.4, where this is done for 

the wider class of partial planes (definition on p. 9 of this thesis). 
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A projective plane G), containing both points and lines, 

is degenerate if and only if it contains a point P and a line 

such that every point of‹? except possibly P, lies on 	and 

every line ofG)  except possibly k_, passes through P. 

1,2 Partial planes  

A generalisation of the concept of projective plane, 

introduced by Hall 175], is that of partial plane. This may be 

defined as.a system consisting of two disjoint sets G)  and 1, of points 

and lines respectively and an incidence relation I between the 

points and the lines, which satisfies the axioms 

Bl: Any two points P,Q are incident with at most one line. 

As before it follows trivially from B1 that 

B2: Any two lines Lm are incident with at most one point. 

We remark that the Principle of Duality applies to this 

more general concept as well. 

Let Q)  be a partial plane, and q)..e. subset of the set of points 

and lines of . Then we say that QZ. is a sub-partial plane  of 

and write GP-cQif ml yt.(9-andxIyin Qkimpliesx/yin p. 

We shall also say that G)  is an extension of 	We may similarly 

define a projective sub-plane of a given projective plane or, 

more generally, of a given partial plane. 

Let t.Q.S be a set of partial planes such that 

(j = 0, 1, 2, ...). Let the elements of a system 	be given by 

the union of the elements of the qki and the incidence relation in cP .s 
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be defined as follows: If x l  y 	then x I y in q)  if there 

is an integer j such that x7  yli.a3 and x I y in 0.:1  . P can be shown 

to be a partial plane, which we call the union of the partial planes 611, 

A partial plane Qk is said to be complete,in its extension 6)  

if for any two points (lines) x, yEa such that the line (point) 

xy %.9, we also have xyLia„, 

A partial plane is said to be degenerate if it may be embedded(3) 

as a sub-partial plane in some degenerate projective plane. Otherwise, 

it is non-degenerate. 

Let B be a sub-partial plane of a projective plane (P . Then, 
it can be shown that the intersection of all the projective sub- 

planes of 9 (degenerate and non-degenerate) containing g is itself 

a projective sub-plane of 	, and is the unique least sub-plane(4) 

of q)  containing i5 	We call this sub-plane the sub-plane of  

generated by 	and denote it by CAI . The sub-plane C6C1 is 

non-degenerate if and only if 5 is non-degenerate. 

(3)  
We use the expression "embedding a partial plane (- in a 

partial plane P " in the usual algebraic sense of an isomorphism of 

(c).. into 6)  . We give the definition of mappings of one partial 

plane into another on pp. 17 ff. 

(4)  
The abbreviation "plane" will sometimes be used to stand for 

"projective plane". 



To be inserted after line 6 from below: 
It is readily verified that if q)  is a projective 

plane and6;.S.C)  , then the 41—stage of elements of CW1 

has the properties (i) (iii). One then deduces that CQ 

is {generated by G in the sense just defined. 
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The projective sub-plane Da may also be defined in this 
way: Let 	be any sub-partial plane of a projective plane 9. 
We denote by (1.Z the set of all points (lines) 	, but not in (C1, 

which are incident in 9 with at least two lines (points) of CIL. We 

now define a sequence of ascending sub-partial planes of (P as 

follows:- 

o = (j = 0, 1, 2, ,..) 

Then U' is the union of the partial planes 6.1; . The  Tc--  step of  

an element xi.C63, written sa(x), is defined to be the unique 

least non-negative integer j such that x 	Where there is no 

risk of ambiguity about the generating partial plane G, we shall 

refer simply to the stage of an element x and write s(x). 

In general, we shall say that a partial plane Q is generated 

by its sub partial plane G if to every element x in G? we can assign 

a non-negative integer s(x) as its stage such that: 

(i) precisely the elements of G have stage zero; 

(ii) if s(x)70, then there are at least two elements of 

lower stage incident with x; 

(iii) if s(x)-70, then there is at most one element of stage 

less than s(x) - 1 incident with x. 

An element x in Q , but not in 12,  will be said to be e - bound if 

it is incident with more than two elements of stage 4.8(x). We 

note that, from (ii), there exist at least two such elements (of 

stage lower than s(x)), and hence x is 8- bound if it is incident 

with a dual element of the same stage as itself. 
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The question naturally arises: 'Can an arbitrary partial 

plane be embedded in a projective plane? And if so, can this be 

done uniquely (up to isomorphism)?' 

The answer to the first question is yes; in fact, the following 

construction, which we give only in outline,(5) shows that what appears 

to be an even stronger result holds - that any partial plane generates 

a projective plane. Given a partial plane , which is not a 

projective plane, we construct new elements Qt  as follows: We 

divide the set of points in g into subsets such that 

(i) each subset contains only points no two of which are 

already incident with a line in g; 

(ii) any two points not incident with a line in 62,  belong to 

exactly one subset; 

(iii) each subset contains at least two points. 

We now define each of these subsets to be a new line, incident 

with precisely the points in that subset. Similarly, we define new 

points from the set of lines of G I  and we denote the totality of 

new elements by V. We now put 

0, 1, 2, ...). 

It is then readily verified that the tS form an ascending sequence 

of partial planes, whose union is a projective plane generated 

by b. 

(5) 
For a fuller account, we refer to Pickert Ct3, pp. 14 - 15. 
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It will be evident from the above construction that the 

resulting projective plane is not, in general, unique. A simple 

example to show this is that the free plane of degree 2, the 
Fano configuration and the rational plane are three non-isomorphic 

projective planes each of which is generated by a quadrangle.(6) 

There is, however, a canonical way of carrying out the construction. 

In defining tiq from e. we shall require that every element of q).;71 

be incident with exactly two dual elements of G1 (j 	0, 1, 2, ...). 
The projective plane thus obtained is easily seen to be unique. We 

shall call it the free completion of '2)  and denote it by F(61).(7)  

We observe that every element x in FM), but not in 13 , (i.e. such 

that sa(x)'' F)) is incident with exactly two dual elements of lower 

stage than x itself in F(6). We shall refer to these dual elements 

as the elements defining x in F(FS). 

(6)  
"Free planes" are defined on p.14 below. The Fano configuration 

is a finite projective plane with 7 points and 7 lines (see Skornyakor 

‘:10 p. 23) and the rational plane is a projective plane which may be 

co -ordinatized by the rational field (for the co -ordinatizing of 

projective planes, see the relevant sections of SkornyakovC103 or 

Pickerta3). 

(7) We note that the free completion of a projective plane OP 

may trivially be defined to be Q. itself. 
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The partial planes 9j (j = 0, 1, 2, ...) contained in 

F(Q)) will be called the complete free extensions of 2. Let GI  
be a partial plane such that ZSAI‘F(0) and for every x €L 

with s,(x) = j + 1, V also contains the two elements defining 

x in F((a:). Then we say that 	is a free extension of E., and 
conversely that (6 is a free contraction of V . v is then a free 
extension of a if and only if e generates Zi  and V contains no 
GS —bound elements. The ( — stage of an element in W is the same 

as its B —stage in FM). It is also evident that the complete 

free extensions (8' of 	are themselves free extensions of Q) 
It can be shown that if a partial plane 16(1  is a free extension 

(contraction) of a.partial plane gl  which is itself a free extension 

(contraction) of a partial plane 2 , then VI  is a free extension 

(contraction) of s. Also, a series of free extensions and free 
contractions may be carried out in any order. (Hall V.53, Theorems 

4.3 and 4.7. See also Pickert 033 , Theorem 11, page 17.) Two 

partial planes are said to be freely equivalent  if either may be 

obtained from the other by free extensions and. free contractions. That 

free equivalence is a true equivalence -relation is readily shown. 

Also, freely equivalent partial planes have the same free completion. 

1.3 Free planes  

The free completion of a partial plane consisting of n(` 2) 

points on a line, the common line of incidence, and two points off 
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this line is called the free (protective) plane(8)  of degree n.(9)  

We denote the free plane of degree n by"n, and the generating 

partial plane just defined by 	The complete free extensions 

of r will be denoted by d1),,‘  (j . 0, 1, 2, ...). We note 

that for n 	2, we may leave out the "common line of incidence", 

and we shall always consider 411 to be generated by a quadrangle. 

A useful notion in the theory of free planes is that of rank.(10)  

We shall say that a partial plane is finite if it contains a finite 

number of elements; it will be infinite otherwise. The rank r(d))  

of a finite partial plane9 is the number 215A— 	, where NQ\ 

is the number of elements in V and tit the number of incidences 

in Q given by the number of unordered pairs (x,y) with x,y ,e_9 and x I y. 

(8)  
For oertain purposes, as in the theory of free products of 

projective planes, one considers the degenerate projective planes as 

free planes (Kopeikina C13). 

(9)  
Though n need not be finite, we shall in the main, in this 

thesis, be concerned with free planes of finite degree. Hence, 

unless otherwise stated, n may be assumed to be finite. 

(10)  
The notion was introduced by Marshall Hall, but the name 

is due to Kopeikina. 
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It is easily shown that if 6)  is a finite partial plane, then 

any finite free extension (contraction) of 19 has rank equal to that 

of 6)  . Hence, provided that the partial planes involved are all 

finite, rank is invariant under free equivalence. Vie now define the 

rank of the free completion PO) of a finite partial plane (P to be 

r(P ). It is readily calculated that r( fir) 	n + 6. An infinitely 

generated free plane will be said to have infinite rank, of cardinality 

equal to that of the set of collinear points. 

Using the notion of rank, Hall C5] has shown that free planes 

1• 44 are non-isomorphic if n 1.4m n i. 

By a configuration, we shall always understand a finite 

partial plane, A configuration q)  will be said to be confined if 

every element of 9 is incident in 9 with at least three dual elements. 

A partial plane is said to be sosif it contains no confined configu- 

ration.(11)  

1.4 Mappings  

The image of an element x under a mappingck will be denoted 

by xc(. Consequently, the product 4 of the mappings 04 and 

understood in the usual sense of the successive carrying out of 0( and 

Observe that unlike "confined" we do not restrict the use of 

the term "open" to configurations. In fact, Dembowski C43 studies 

non-degenerate open (projective) planes, which are necessarily infinite. 

(See Theorem 20 of T.G. Ostrom: "Transitivities in projective planes". 

Canadian J. Math. 9(1957), 380-99.) 
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will be performed in that order. The mapping of will also be 

denoted by cks 	xoc. If x oL 	x, we shall say that x is 

a fixed element of oc . We shall say that the mapping cc of a set 9 

is an extension of the mapping 	of q). if &S(P and xoc 

for all x E.0%. 

A homomorphism V\ of a partial plane 6? into a partial plane 

G- is a mapping of the points of P into the points of 1), and the 

lines of 0)  into the lines of Q- such that x,y0? and x I y in (P 

implies xocI yo& in M-. The homomorphic image of a projective plane 

is easily shown to be itself a projective plane. We note, however, 

that the homomorphic image may be degenerate even though the original 

plane is not (Skornyakov 0103 , Theorem 5). 

A one-to-one mapping 0f of the points and lines of a partial 

plane? onto the points and lines of a partial plane 	such that of 

is a homomorphism of Q onto (9-- and c<-1 is a homomorphism of GL onto 

0) is called an isomorphism of CP onto Q3c.. If CP (and hence G--) is 

a non-degenerate projective plane, then one-oneness is sufficient for 

a homomorphism o( to be an isomorphism.(12) That this need not be the 

case with partial planes in general is shown by the following examples 

( 12 ) 
In fact, this is true of the wider class of .1~4,444t1 planes in 

which every element is incident with at least two dual elements. 
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Let Pconsist of a line land two points P,Q off )7-, and a)... consist 

of a line m and two points RA on m. A one-one mapping 0( of Q onto 

is defined by Pd. mg RI  got,- S, Lek 	m. 	is a homomorphism 

of Q  onto 0-, but oc' is not a homomorphism of dk aato? . If we 

leave out Q from? and S from ()., this example also shows that 

ane-oneness is not sufficient if 9 is a degenerate projective plane. 

If 	q)  , an isomorphism of 9 onto C4.. is called a 

collineation. If 	is a projective plane, and aL a collineation of 

0, then the system of fixed elements of ck is a projective sub-plane 

.01CP, which we call the fixed sub-plane ofoc. 

A one-one mapping Dc of a partial plane q' onto itself which 

takes points onto lines and,lines onto points such that for x, y E07  

x I y if and only if xoLI yot.„ is called a correlation. A partial 

plane 9 admitting of a correlation is then seen to be isomorrhio 

to its dual (-0-  We shall say that r is self-dual. The product of 

two correlations is a collineation. In particular, a correlation 

% such that c/61-  . 1, the identity mapping, is called a polarity. 

In a polarity V, the line P15-  is called the polar of the point 

P, and the point k-% is called the ,pole of the line 3L. Since 

. 1, it is trivial that P is the pole of X if and only if A_ is 

the polar of P. An element x such that x I xg4 in a polarity W 

will be called an absolute element. 

The collineations and correlations of a partial plane 

constitute its automorphisms. The set k1 of all automorphisns of 
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a partial plane ki)  form a group, the automorphism group of T). The 

subset C of all the collineations of 9 forms a subgroup of \\ . If 

the partial plane (5)  is self-dual, then C is a normal subgroup of 

index 2 in 1 k . Otherwise, C-  .\\. 

The automorphism group of swill be denoted by A,Nand the 

collineation group by 

1.5 Notation and other definitions  

We shall in the main use the following notation: 

Roman capital letters will be used to denote points. 

Roman lower ease letters will be used to denote: 

(i) lines; 

(ii) elements of a partial planet  when we do not wish to 

specify whether these are points or lines. For this 

purpose we shall use letters towards the end of the alphabet; 

(iii) integers. 

In polarities, corresponding pole and polar will be denoted by 

corresponding capital and lower case Roman letters. 

Curly capital letters 0) 	... will be used for partial 

planes, and in particular, for projective planes. 

Greek capital letters will be used for groups of automorphisms 

of partial planes. 

Greek lower case letters will be used for automorphisms of 

partial planes, except the identity mapping, which will be denoted 

by 1. 
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The following set-theoretical symbols,among others, will 

be used: 

is a member of 

: is a subset of 

t is a proper subset of 

\ 	complement of 41. in . Here we shall not 

require that 	be a subset of Q 

'J 	union of 

: intersection of 

the empty set. 

By a flag 	y) will be meant a point-line pair with x T y. 

When it is not necessary to specify the elements, we shall speak 

simply of a flag. 

If x 	is incident in C.  with k dual elements, we say that 

x has multiplicity k in (L. In particular we shall say that x 

is isolated, simple, double, .... if it has multiplicity 0, 1, 2, 

Let d be a subgroup of the group 5.1 and of 

Men we shall say that a( and 	are conjugate in 	if there 

is an element S 	such that S-‘ttk 
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2. INTRODUCTION TO THE THESIS  

2.1 Historical  

Free planes were introduced and first studied by Marshall 

Hall [53 in 1943. He derived a number of their properties, particularly 

those of the finitely generated free planes, and pointed out an 

analogy between free planes and free groups. This analogy was 

further developed by L.I. Kopeikina C7] , who introduced the notion of 

free products of projective planes, parallel to that of free products 

of groups. Marshall Hall had shown that the finitely generated 

sub-planes of a free plane are themselves free; Kopeikina extended 

this result to all sub-planes of a free plane. Hall's result was 

a consequence of his theorem that a finitely generated non-degenerate 

open plane is free, but he remarked that this theorem might not be 

true if the restriction "finitely generated" were removed. Kopeikina 

gave an example of an infinitely generated open plane which is not 

free, thus proving Hall's remark to be right. 

The next major advance in the theory of free planes was made by 

P. Dembowski [43. He proved, among other things, that the collineation 

group Cy, of the free plane an  is not transitive on the points (lines) 

of h, and that the transitive class under C:4• of every element at 

';'„1  is infinite. (Here n may be infinite.) Using these results, he 

was able to give infinite classes of open planes which are not free. 

Ho showed, however, that the open planes are precisely those planes 

which may be described as locally free; that is, every finitely 

generated sub-plane of such a plane is free. Marshall Hall had shown 
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that every free plane contains an 11, and that, for finite n, every 

containe an 	lembotaki extended this result by 

showing that a free plane S),_ contains an infinitely generated 

sub-plane, giving yet another instance of the analogy between free 

planes and free groups.(1) 

However, not much else was known of the nature of the 

collineation groups C.(1(.2)  until recently (1963), *hen R. Sandler 

(:9:1 determined a system of three generators of the group (1.(3)  

For finite n, greater than 2, he determined a subgroup of C,, which 

he conjectures is the whole group 	This still remains an open 

(i) 
The analogous result holds for free groups of rank greater 

than one, and also for other free systems as free nets, free loops, 

and free groupoids. 

(2)  
Since a free plane 	contains no confined Configurations, its 

collineation group C-v, contains no perspeotivities - the existence of 

a perspectivity in 	would imply that of a Desargues configuration 

in Tn, and this latter is a confined configuration. For the definitions 

of perspectivity and the Desargues configuration, and a systematic 

study of the connection between them, we refer to R. Baer: "Homogeneity 

of projective planes". American 3. /Oath. 64 (1942) 137 - 52. 

(3)  
In a paper to be published, he gives a finite set of defining 

relations for CI. (Privately communicated.) 
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question. 

2.2 

In this thesis, we make some contribution to the development 

of the theory of free planes as outlined above. Dembowski [41 

demonstrated that free planes are self-dual by defining a correlation 

on each 2i'im  for arbitrary n. The correlations were all of infinite 

order and one immediately asks whether free planes have correlations 

of finite order and, in particular, whether they have polarities. 

That free planes have polarities we show in § 4. We further prove 

that the number j of absolute points in a polarity in 	is finite 

and satisfies the conditionztj 	n (mod 2), and 0..i.j4n. We also 

demonstrate that for any number j satisfying these conditions, there 

is a polarity in /,n  with precisely j absolute points. In i 5 we 

give a necessary and sufficient condition for polarities in 1-„, to 

be conjugate in C:n. 

As stated earlier, Sandier (9-1 has determined three generators 

for (1. It was at first conjectured that CI._ is simple, but this has 

been shown to be false by Prof. H.S. Mendelsohn.(4) However, we are 

able to show in §6 that 	is insoluble. We determine completely 

the orders and the conjugaoy classes of elements of finite order in 

c and show that every proper normal subgroup of V;_, distinct from 

• 

(4) 
Privately communicated. 
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the identity, is torsion-free. 

In the study of finite projective spaces, the orthogonal groups 

are of interest, since they lead to certain simple groups.(5) The 

orthogonal group 71(i) with respect to a given polarity C? in a 

plane G) is defined to be the set of all collineations of 63  

which commute with % . That the set of collineations is a subgroup 

of the group of collineations of (P is easily shown. We are 

naturally led to ask what the orthogonal groups for polarities in 

free planes are. Even if it were desirable to determine these groups 

in all cases, it would be a very difficult task, if not an impossible 

one, to perform. In i6.2, we consider the orthogonal groups in the 

case of polarities in 	. Now all the polarities in 11)._ are conjugate 

in C ; hence the orthogonal groups are also conjugate in 	and 

so are isomorphic. We show that the problem of determining these 

groups is related to that of determining the stabiliser in CI of 

three points belonging to a generating quadrangle of 	This 

second problem we solve completely, but we are only able to make a 

conjecture as to what the orthogonal groups are. 

2.3 Some remarks on the concept of a free plane  

The question may rightly be asked whether the concept of 

(5) 
See for example, E. Artin: "Geometric Algebra". Interscience, 

New York (1957). 
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freeness properly applies to the class of projective planes which 

have been called free planes. Given a mathematical system, we 

say that a sub-system of it has the homomornhism property  if every 

member of the system is a homomorphic image of some member of the 

sub-system. The homomorphism property is generally considered one 

of the most significant properties of a free sub-system, and such 

a sub-system is often effectively defined in terms of this property.(6) 

This is one point of view. A second one is that expressed 

by Marshall Hall. In his own words, "the concept of a 'free' system, 

a system in which no relations hold save those implied by the axioms, 

(6) 

cf.: R.H. Bruck: "A Survey of Binary Systems". Springer, 

Berlin (1958) p. 5. 

A.G. Kurosh: "General Algebra." Translated by K.A. Hirsch. 

Chelsea, New York (1963) p. 136. 

H. Federer and B. Jonsson: "Some properties of free groups." 

Trans. American Math. Soc. 68 (1950) pp. 1 - 2. 

C. Chevalleys "Fundamental Concepts of Algebra". Academic, 

New York (1956) p. 18. 
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is tenable even though no (homomorphism) theorem may hold."(7)  

On either view, however, there is another class of planes which 

have as good a claim to be called free planes, namely the planes 

which KopeikinaC7-  has called the completely free planes. A 

completely free plane is defined to be the free completion of a 

partial plane consisting of a number of isolated elements. This 

class of planes is actually a sub-class of the class of free planes 

(KapeikiwiC73). 

Now a finitely generated completely free plane has even rank. 

We deduce immediately from Hall's result, that every 1n  contains 

an 	that a sub-plane of a completely free plane need not 

itself be completely free. On the other hand, every sub-plane of a 

(7) 
M. Hall, Jr.: "The Theory of Groups." Macmillan, New York 

(1959) P. 94. 
It is also interesting to note that when Marshall Hall introduced 

the concept and name of free planes, he remarked that the analogy 

between these planes and free groups did not "extend to making every 

projective plane a homomorphic image of a free plane." Actually the 

homomorphism property holds for free planes. This follows from 

theorem 10 of PickertCti page 15, and the observation that a non-

degenerate projective plane 6)  may be generated by the points on 

any line L in 9 , the line 	and two points off 	. 
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free plane is free. The analogue of this result holds forMost 

other free systems, and is again generally considered as the second 

most significant property of, free systems. We are thus led to 

uphold the claim of the original class of planes to be called free 

planes. 



28. 

3. PRELIMINARY RESULTS:  

We list in this section a number of results which we shall 

require subsequently, but which we have not already mentioned. Most 

of them have been previously known and already published. We give 

the relevant reference(s) in such cases. 

(a) Let F(') be the free completion of a partial plane g. 

Then the confined configurations contained in F(6) are precisely 

those already contained in 

(Rickert C8-1, theorem 12, p. 18; but see also concluding 

remarks to §4 of Hall (-53.) 

Corollary: A free plane is an open plane. (Hall 0-3, 

theorem 4.8). 

(B) A non-degenerate open configuration is free equivalent to 
.%) 

a configuration OP,‘  for some n 	2. 

(Hall C53, theorem 4.9) 

Corollary 1: If P is a non-degenerate open configuration, 

then ra ) , 8. 

Corollary 2: Every finitely generated non-degenerate open 

plane is free. 

(Hall C 5 3 theorem 4.13)- 

(C) If the finite partial plane'? is generated by the 

configuration (k , then r )....,r(Q0), and there is equality if 

and only if q)  is a free extension of 

(Dembowski (43, lemma 1.3). 

Corollary: If 	is a finite sub-partial plane of 134-vIsuch that 
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r(P) = n + 6 and generates all of n, thenC? generates IftfreeIy. 

(Sandle2A,91, theorem 3). 

(D) Let cko be a homomorphism of a partial plane 13 into a 

projective planeT , Then ot, can be extended to a homomorphism 

of F(G) into( . In general, the extension is not unique. 

(The proof of (D) is essentially the sane as that of 

theorem 10 of Piokert CST\ , p. 15). 

(E) If eR is an isomorphism of a partial plane 6; onto a 

partial plane ill , then di) extends uniquely to an isomorphism of 

pol) onto FW). 

Proof: The proof is by induction on the g - and Q) stages 

of elements in P(P3) and P(93). 

Corollary: If each of the configurations 6,63' freely 

generates a given r, and there is an isomorphism of 16 onto F61 

then d? extends (uniquely) to a collineation of 

Prof: The corollary follows directly from (E) and the fact 

that F((.) = 	= P(0-$). 

Remark: Unlike finitely generated free groups, however, it is 

not true that every homomorphism of a finitely generated free plane 

onto itself is an isomorphism. A counter-example is this: 

Let B1 13181734 be a generating quadrangle for an li;Land let 

D 	= 	(Bi k) 	(B, BM)(%p3), D = (BI B) 

The quadrangle B1 B).B3B4is then a el for 4-, and we define a homo- 

Morphisin oL of '‘I.0 onto ~Dias follows:- 
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BI , B1, B3, 	B ‘  

Bi Bx, BaB4 	B IB1.  

3; B3  $ 	 B1 B3  

BB B*, kB1 	B I B 4, 

D 	D,731. B*, 

By the methods of result (D), oconay be extended to a 

homomorphism d.of F((it) = 	onto Pan e 	 . Dc is a 

homomorphism of 	onto itself but it is clearly not an 

isomorphism. 

(F) If oc is an automorphism of a partial plane GI, then 

o(0  extends uniquely to an automorphism ok of F(Z). Moreover, the 

order of 0(0  and the order of ok are the same. 

Proof: The proofs of both parts of 09 are by induction on 

the (b—stage of elements of PC(B). (See also Dembowski 43,  page 

419.) 

Definitions An automorphism of P(G) which maps 03 onto 

itself will be called a S— stationary automorphism of F(S). 

Definition: Let F(S) be the free completion of a partial 

plane C6 and 	a sub-partial plane of POI). Then we shall say that 

A) has the property k•-‘ with respect tog if se  (x) Z. se(y) for 

all x 	$ y 	, and x I y. 

(a) If the partial plane 20 has the property N with respect 

to G3  , then 1A3 a F(Jc), 

Proof: We have to show that 	contains no  L-bound elements 

The proof is by induction on the 54-stage j of elements of Ct.). 
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. 1;  Let z *.jX3 be of 4-stage 1. Then z is incident 

in D03 with at least two elements yi s 3r,..10:5. By property 4 

se(z)>sa(yt), 	. 1,2) and hence 412. The element z is 

then defined in F(8) by exactly two elements of lower -stage, and 

using property N again, we conclude that these will be exactly 

the elements of lower AL-stage in Lei; incident with '. Suppose now 

that, for some positive integer j, every element of O 00 of )0--

stage < j has been defined by precisely the two elements defining it 

in F(e), but that an element z of 1--etage j 	1 is 4,-bound; that 

is, we have z I yt, sA(yt)4.j + 1, (i = 1, 2, 3). Since z is incident 

in a3 with at least one element x of 1,--stage j, which by the induc-

tion hypothesis is defined in CA03 by the elements defining it in 

F(2)), we deduce that ss(z)>sa4x);PO, and so zl-g. Hence one of 

the yes, ya  say, must be such that s4(y3)>11 (z);,0. If s4(y3)5j, 

then we deduce from this last set of inequalities and property N that 

yz  CO. so that by the induction hypothesis we have sA(z)4.et(y.1), j. 

This contradicts the assumption that sA,(z) 	j + 1. On the other 

hand, if sx(y3) = j + 1, then y3  must be incident with at least 

two elements wt , wx  say, of )- stage j. Now either a wi 	or by 

the induction hypothesis is already defined in g:3 by the two elements 

defining it in P(b); hence it follows that se,(y3)(w0 (i = 1,2). 

Since z.1L w 1, 	this implies that y3 is a (abound element, which 

is again a contradiction. Result (4) is thus proved. 

Corollary:  If 1(b) is the free completion of the partial 

plane 	and Is. is complete in Cil$ then C-C3 = FUe). 
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Proof: It is readily verified that in this case Jro has the 

property N with respect to 	. 

We now state two elementary results on polarities, which we 

shall use often in the sequel without explicit mention. 

(H) In a given polarity, a point P lies on the polar of a 

second point Q if and only if Q lies on the polar of P, and dually. 

(3) An absolute line contains exactly one absolute point, and. 

dually. 

Result (H) is proved directly from the definition of polarity 

and (J) follows from (H) and axiom Al. 

Definition: We shall say that a configuration t E In  is 

of stage j if j is the rnai-J  mum  value of the stages of the elements 

of 10 . 

(K) 	let 	be defined as usual and Pi  P)..P1P4  be a generating 

quadrangle of the plane 1-,), of 'e)._  - stage j .7e,  4. If D = (13 	(P1P4) 

(134 	) D 	(P‘  P1  )(IVO , then exactly one of the 

P's is of stage j, one of the D's is of stage j + 2, and. the other 

two D's are of stage 4 j. 

Proof: The proof of (IC) is contained in the proof of theorem 

6 of Sandler C93 
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4. POLARITIES IN FREE PLANES  

4 1 Existence of polarities in ~+,~ 

We find it convenient to introduce the following definition: 

By a figure eik- will be understood a configuration consisting of two 

points P, Q and two lines SL, m with P, Q E. 	and 	We 

shall also designate a figure A- by (P, 	m), specifying, its 

elements in that order. 

Theorem 1: A free plane S.,,of finite degree has a polarity. 

Proof: A polarity is defined on a flag (A, a) if we make A 

and a pole and polar respectively of each other. Again, a polarity 

is defined on a figure ei\- given by (A, P, a, p) if we make A and 

P the poles of a and p respectively. 

Let GI be a configuration consisting of x flags and y figure 

ANS, where :;;: and y are certain non-negative integers. A polarity 

c't" is defined on% if, for each flag and each figure ,4k-, we take the 

correspondences defined above. If x and y are sufficiently large, 

a will be non-degenerate. Also a is open, and hence, a will be 

a free generating configuration for some free plane 4* (result (B)). 

The rank of a flag is 3, and the rank of a figure fik is 5. 

Since rank is here clearly additive, r((i) = 3x + 5y. We also recall 

thct r(n) = n + 6. 

We now consider the equation 

3x + 5y = n + 6   (1) 

Since 3 and 5 are co-prime, it follows from a well-known result in 

number-theory that the equation (1) is soluble in non-negative integers 
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for n-1/9. By direct verification, we also find that it is soluble 

in non negative integers for nW. For CB to be non-degenerate, it 

is sufficient ti-at one of the following should hold: 

(i) x) Q and y?i); 

(ii) x %and y:p.1; 

(iii) y = (a and x 72, 

It is again readily verified that the solutions we get for equation 

(1) all satisfy this condition for n:0,2. 

Renee, for any given finite n, we may, by choosing suitable 

values of x and y, obtain a free generating configuration T5 for a 

free plane ri,n. A polarity 4 has been defined on S , and by 

result (F), this can be extended (uniquely) to a polarity in the 

entire plane n. 

Note: For the existence of polarities in free planes of 

infinite degree, we refer to Remark (c) of §6 of the note 

submitted with this thesis, Abbiw-JacksonUl. 

4.2 Absolute elements in a polarity in riNn  

Let -Pbe a property which partial planes may have. Then, 

following usual usage we shall say that a partial plane 6-)  is 

minimal W if it has the propertiV but no proper sub-partial 

plane of? has the property'? . In particular, a minimal free 

generating configuration cTn  for 1-n is a configuration Cr) which 

(i) freely generates 

(ii) Qn1 ran freely generates an  implies that Crni  
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This is equivalent to saying that On freely generates fin, and 

cannot be freely contracted. 

Definition: A partial plate CP will be said to be invariant  

under an automorehism of (assumed to be defined in some partial 

plane containing(?) if Ci)ok =9 ; that is, if 0( fixes as a 

partial plane, not necessarily elenentwise. If Ck is a polarity, we 

shall simply say that CP is self-polar under o(. 

Though re do not need our next lemma until §6, we give it here 

as its proof substantially contains that of Lemma 2, which we require 

immediately. 

Lemma 1: Let K. be a collineation of Fn. Then if 01, has 

finite order k, there exists a minimal free generating configuration 

(11> for ?rn which is invariant under ek. 

Let e Proof: n be the free generating configuration for 

fl-n defined in §l.3. We shall first show that there exists in 

a configuration t which freely generates T.3Sn and is invariant 
Nc.-% 

under o(. We consider the configuration 	
nV 	

C .  generates 

trP)  . 
n (since 91r-  7:LkP n), and i:ra, . 1Zr ; hence if r(%) = n + 6, then 

by the corollary to result OP we may put "go =%. Generally, 

however, r(tr) will be greater than n + 6. We then choose the least 

integer j such that the complete free extension 	n contains %. 
We write To for up n. If 	.scs , we may put 10 =21:1 . Otherwise, 

there exists in qc  a non-empty (finite) set (Q1-1  of elements 

defined by Q.1  = x \ x 	xot. 	. • We shall call such 

elements exceptional elements in 90. We choose an exceptional element 
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x in Po  of least ae,,1-stage in %. Clearly s(x)7j1. Let y, z 

be the two dual elements defining x inan. Since s(x) is minimal, 

it follows that the two elements yo( Zok Qt  (in fact, at least 

one of them must be of stage j). We freely extend ?c, by adjoining 

the intersection or join of yet\  and zzk . We repeat the process on 

the elements of (D., -\kx-. Since S.‘  is finite, we obtain 

eventually a finite free extension GD1  of 00  such that CP, 	-

We next consider the (finite) set 0.1..of exceptional elements 

in 	. If fix* 0 we apply the above procedure to the elements of 

. We thus obtain a finite free extension 	of (i (and hence 

a finite free extension of 0, ), where 	.*Q x  s) 	Q4%,b To  ol Qo  a1 

If (1)-‘_.., 	we put al. = (P‘  . After k - 1 applications of this 

procedure, we obtain a finite free extension Ov..-% of (1, which 
4-1 

contains no exceptional elements, since 914_1  is 	cl,t-  and 

hence 9t,_I 	= 91t. (t4 = i). Also each 9, being a free extension 
()km 

of G)„, and hence of 40 	freely generates 'Ty,. The partial plane 

Qt,__1  is the configuration 	we require. (We observe trivially that 

t may be put equal to any 	, 04  4 4 k - 1, if it happens that, for 

some such i 	 ) 
Since Ap is finite, it contains a configuration (In which is 

minimal with respect to the following two conditions (taken together): 

(i) freely generating 5-" 

(ii) being invariant under ok. 

We now show that nro is also minimal with respect to condition 

(i) only, Suppose this is not the case, Then contains a double 
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element x, say. Let x be incident in 4g) with the two dual elements 

y,z. From (ii) it follows that Onalso contains the elements 

xot,x01., 	xo< , incident respectively with exactly the pairs of 

dual elements (y0(1  zo4), (yo ; 	zc4.6--1 ). Since the 

x's are dual to the y's and z's, the removal of an x does not affect 

the multiplicity in rin of the other xis. Hence we may freely contract 

001 by removing the set -* = C‘.'f**-Cl•k. \'‘ .:1 0 ,'“71.-°‘1• The configuration 

CrrY .1.411\*then satisfies both conditions (i) and (ii). Since OnicS0) 

this contradicts the choice oft as minimal. The proof of the lemma 

is now complete. 

Lemma 2: Let ‘i be a polarity in ir. Then there exists a 

minimal self-polar (lurier%- ) free generating configuration , for 1-41. 

Proof: The proof of lemma 1 up to the point marked with the 

asterisk (*) still holds if, instead of a collimation oiL(of finite 

order), we take a correlation of (also of finite order). In 

particular, this is true for a polarity 	proving lemma 2. 

Notation: If (i)--  is a polarity in a given free plane 7;s, we 

shall denote by .)ik0 a minimal self-polar (under q-)free generating 

configuration for 1-n. 

Remark 1: The result obtained in the last paragraph of the 

proof of lemma 1 does not necessarily hold if oC is a correlation. 

A counter-example is this: For vt, an It'O is given by the 

configuration consisting of a flag (As, 	and a figure 	defined 

by (A.3.2  P, A0tr, Plies,). This configuration is, however, not a minimal 

free generating configuration for may. 
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We note, however, that in any A (%-), a double element must 

necessarily be an absolute element; otherwise the final argument 

in the proof of lemma 1 will then essentially apply. 

Remark 2: For a given b-  , the minimal self-polar free generating 

configuration )I(8-) constructed in lemma 2 is not unique. We have 

given an example to show this in our note (Abbiw-Jackson %13, page 

32). That example further shows that two such configurations need. 

not even be isomorphic. 

We now prove a lemma which will characterise certain isomorphic 

minimal self-polar free generating configurations. 

Lemma 3: Let 	be polarities in a given free plane 

and ,1( cb"), 	(q) be as defined above. Then there is an isomorphism 

of 	onto (V) such that x cs? 	= Af- q) for all x -41(%) 

if and. only if %- and Nr are conjugate in Cyl. 

Proof :"Only if"- Since F( A :)--)) = 	h a 11(A kV)) , by 

the corollary to result (E), cV extends uniquely to a collineation of 

of 1;1. Nov, for all x 	A (.1), 

x 	04,-- 	x q'sb-‘ q—‘ 	se X 4 e3.-  

Hence the polarities 0(.161 t4-1  and %- coincide on A (%-). By result 

(F), this implies that t5". 	01.-1  proving this part of the lemma. 

"If" - By lemma 2, 	determines an (N?r). For the 

corresponding (t\r), we take (-2 (%-))0( , where ek is a collineation 

of 1-,,such that 	= 01.-1% 61.. For, 

-k-Akz11.441.=C(I(N0)0(t4-tk-Do = 00)0s , using 	N) vet 7.- 
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Hence 4V0)0( is self-polar under 9:1‘ . That (Ak0))0( is an 

..13ts') follows from this and the fact that .,1 M) is a minimal self- 

polar (under 	) free generating configuration. The required 

isomorphism 1 from )4V0 onto (2 (8-))0(. is obtained simply by 

restricting 0. to 10). 

Theorem 21 Let Q be a free extension of a partial plane Q3 

and 'be. polarity defined on 0)  such that G3`kr . G . Then all the 

absolute elements in G)  are contained in e. 

Proofs We recall that we may assign to each element in (P a 

unique non-negative integer, which is its S --stage. Every element 

of Q , not in S , is then uniquely defined by two dual elements of 
lower stage. 

We first prove that s(&) = s(x) for all elements x in Q  . 

We do this by induction on the stage j of an element inT 	Since 63 
is self-polar, this is true for j = 0. Suppose we have shown that 

s(x%--) = s(x) for all elements x of stage c  j, for some non negative 

integer j. We now consider an element x of stage j + 1. Let y,z 

be the two dual elements (of lower stage) defining x in? . At least 

one of these two elements, y, say, must be of stage j. By the 

induction hypothesis s(ii>) = s(y) = j and s(21).--) = s(z) j. 

Now yt-  and z e are distinct elements, each incident with xtt. 

Moreover, they define xtr trICP; otherwise, s(x5b)e-maxks(y%-), 

s(zNO 	= j. Hence, from x = (..03-)W and the induction hypothesis, 

s(x) a  s ((x ) 8) 	s (x ) j. This contradicts the initial 

assumption that s(x) 	j + 1. Since s( cer)..ij and s(y%-) a  j, it 
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follows that s(xt) = j + 1, proving our assertion. 

Now, if x is an absolute element, then x I x$. Since 

s(x/e-) = s(x), this would make x a B -bound element if 

x.E(Nto. But this is impossible, since 	is a free extension of e. 

Any absolute elements in (P must,therefore, be contained in Z. 

Corollary: The number of absolute elements in a polarity 

in S., is finite. 

Proof: Prom lemma 2, there exists in 41,1  a self-polar (under 

% ) finite partial plane il(SY), of which:4,11.s a free extension. 

The corollary then follows directly from theorem 2. 

Theorem 3:  If j is the number of absolute points (and hence 

of absolute lines) in a polarity in In, then 

(i) j s n (mod 2); 

(ii) 0 El.. j 	n; 

(iii) for n = 2, every polarity has j 	2 and further, 

all polarities are conjugate in CI; 

(iv) for n 72, there is a polarity in n for each j 

satisfying conditions (i) and (ii). 

Proof (i): Prom considerations of symmetry, we deduce that 

the rank of a self-polar configuration with no absolute elements 

must be even. 

Suppose now that a polarity% 	has absolute points Az., 

with polars a;,(i = 1, 	By lemma 2,% determines a 

configuration (ii)), which, by theorem 2, contains all the absolute 

elements. Suppose now that the point A., is incident in A (`)) 
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with exactly x.„ + 1 (x z-Tf  o) lines. (One of these lines will be al 

and the remaining; x will be non-absolute.) The line a., will then be 

incident with exactly 	+ 1 points (including AO. If we now 

remove the pair (A s , a% ), we decrease Vit 0:8 A by 2 and the number 

of incidences by 2x %  + 1, thus increasing the rank by 2x %  - 3. We 

note that the remaining configuration is still self-polar under 

We now remove in, turn (Ay  aj, 	53) 	(As, a:1 ). The final 

configuration, A say, is self-polar and has no absolute elements. 

Hence r(1) is even (= 2y, say) and since r()(%--)) at n + 6, we 

arrive at the equation 

n+ 6+ 2 r..._3cZ, - 3j 	2y. 

It is immediate from this equation that j 	n (mod 2). 

(iii): To prove part (iii) we shall show that every )1(tr) 

for a polarity% in ,_consists of a flag and a figure 	(with 

the obvious correspondences for poles and polars). 

Lett be an I(*) for SI.  (with respect to some polarity % ). 

Since )2= is open, it contains an element x of multiplicity less than 

three in k, 
Suppose x is an isolated element in A. Then its corresponding 

element x% is also isolated, and the configuration /Q\  26 A \ 1 24-% 

is self-polar and. has rank 4. The only possibility is for A0\  to 

consist of a pair of corresponding isolated elements y, 	. Sp then 

consists of two isolated points and two isolated lines, which is a. 

degenerate configuration. Hence .to  cannot contain an isolated element. 

We next assume that 	contains a simple element x. Here there 
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are two possibilities: x may. be  absolute or non-absolute. If x is 

absolute, then contains the flag (x, xl-), and V. J  N ‘V-Is-,Y4-% 

has rank 5. Again, one verifies that AO can only be a figure 

(Y, z, y, z) say. If x is a non-absolute element, then .V = ).' 

has rank 6. Direct verification once again shows that X must 

consist of two flags (y, yt), (z, zlb") say. x is incident with an 

element of one of these flags and x% with the other element of the 

same flag. Hence in both cases, t consists of a flag and a figure ,:N )  

as asserted. 

Finally, if )6 contains a double element x, then x must be 

absolute (see Remark l'after lemma 2). The configuration t 

)0,̀ 	AA now has rank 7. Again, Ad can only consist of a 

flag (y, y%-) say, and a corresponding pair of isolated elements 

z and A. The element x will then be incident with one of z and 

z%, and 	incident with the other (by result (J), x cannot be 

incident with y or y%). Since also x I x%--, our assertion is again 

proved. This completes the proof of our statement that every ., 7Z) 

consists of a flag and a figure :4)r. 

If trjitil  are polarities in 41,with minimal self-polar free 

generating configurations Sew 2(%), 1()), we may define an 

isomorphism between A(%r) and A (V) by mapping the flags onto each 

other and the figure 4V's.onto each other in a canonical way. The 

second part of (iii), now follows from lemma 3. 

(ii): We have shown by (iii) that (ii) is true for n = 2 

(the least positive integer'in which we are interested). The proof 
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of (ii) now proceeds by induction on n. The method of proof is 

similar to that used in the proof of the first part of (iii). From 

a givenA(90, we obtain a self-polar sub-partial plane lof lower 

rank by removing suitable elements from ) (%-). If X is non-degenerate, 

it can be shown that the result follows directly from the induction 

hypothesis. If X is degenerate, then we investigate what the 

various possible configurations are and show that the result holds 

in each case. The entire proof is given in our note, Abbiw-Jackson 

pages 34 - 6. 

(iv)* To prove the final part of the theorem, it is sufficient 

to display a minimal self-polar free generating configuration for 

each relevant j. This also we have done in our note, Abbiw-Jackson 

C13 , pages 36 - 7. 
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5. CONJUGATE POLARITIES IN A FREE PLANE  

Throughout this section (as indeed was the case in the previous 

one), by conjugate polarities in a given free plane a-N1  will always be 

understood polarities which are conjugate in the collineation 

group (:) of rIvl • 

In lemma 3, we characterised such polarities. An immediate 

consequence of that lemma is that conjugate polarities have the same 

number of absolute elements. A simple example shows that the converse 

of this is not true. In a given %, we may define a polarity s%-, 

with three absolute points, whose minimal self-polar free generating 

configuration 100 consists of three flags (x, x90, 	ytr) 

and (z, zq"), without further incidences. A second polarity V 

also with three absolute points, may have ),.(V) given by the 

configuration in fig. 1. 

(Respective poles and polars are given by corresponding capital and 

lower case letters). 
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We show in fig. 2 the configurations Ir)) and. A (V) 
as sub-partial planes of ri3  , which is freely generated by the 

collinear points B% , BB, Bs, the line B%  Brand the points B49  B5. The 

polarity ttr is defined by: 

B 1 	BI B*, B —=%) s -=?Bs  B— 

and nts' bys 

B Bc,33.%_ (i 	1, 2, 3) 

D = (B1 B4) (Vs) > By 

b ,N1  cannot be conjugate, since the absolute points of one 

are collinear but those of the other are not. 

In this section, we shall give a sufficient condition for 

polarities 13,x'  to be conjugate (theorem 8). From lemma 3, this 

condition is also seen to be necessary. We shall, moreover, show 

that for 1%1  to be conjugate, it is not sufficient to assume that 

their configurations of absolute elements ik -xi are isomorphic and. 

that the sub-planes CAI ) 	which they generate are also 

isomorphic. 
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5.2 Relatively confined configurations  

A generalisation of the notion of a confined configuration is 

that of one configuration confined relative to another.(1)  

Definitions We shall say that a configuration (t). is confined 

relative to a configuration? , if every element of C9-- $ not in 9 , 
has multiplicity at least three in a. 

We see then that Cg-- is confined. in the sense defined on 

page 16 if ? is the empty set IP. Also,trivially, every 

.configuration is confined relative to itself. 

(A) If (a R. are confined relative toe, then at.,  GZ 
is confined relative to 9. 

(B) If k is confined relative to G^ and (9- confined. relative 

to CP , and if R 	, then 	confined relative to . 

(C) If P(s) is the free completion of B and. 2- F(e) is 

confined relative to G)S- 	then &SI 65. 

Proof: Parts (A) and (B) are readily proved by set-theoretical 

arguments. We give only the proof of (B) to illustrate the method. 

We have to show that every element x t.R•Q has multiplicity at 

least three 'wiz Now if x i.R\9 $  then x tGZ • GI•or x 'S),  \ Q . 

(1) 
This generalisation was first made by Kopeikina C 73. 
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In the first case, x has multiplicity at least three in R,., since 

is confined relative to G-. In the second case, x has multiplicity 

at least three in (1;1•( 8- is confined relative tog ), and since 

, x has the required multiplicity in CR-•as well. Thus (B) 

is prayed. 

The proof of (C) is essentially the same as that of result (A). 

Lemma 5:  Let A le,  be configurations such that *lie). 

Let 	be the set of all configurations in P05) confined relative 

to 	. Then 	contains a unique maximal element 4 

Proof: The set 'S is not empty, since 	By lemma 4(C) 

if 2 E , then 95--a . Since (2) is finite, 	contains a maximal 

elementk,say. By lemma 4A, 4. must be unique. 

Definition: Given%W,a5andA( as in lemma 5, we shall call 

cAC the closure of r in F(a). 

We note that since ,ic is confined relative to itself, it 

follows that 

Lemma 6: If-K. is the closure of , in P(e) and the 

configuration -14! is such that '14-- c- A('SIl()), then ch(I NA<contains 

an element of multiplicity less than three in 	. 

Proofs Suppose the lemma is false. Then ,A(is confined 

relative toci( , which implies by lemma 4B, that 42 is confined relative 

to A. This contradicts the definition of '<as the mmrimal 

configuration confined relative to*, 

Theorem 6:  In a given 	let A be a non-empty configuration 
consisting of j flags, where j == n (mod 2) and let A( be the closure 



of AN in %. If a polarity can be defined on such that A-

is the system of absolute elements of TY, then Tr can be extended 

to a polarity () in ar). The extension of 	to q is not, in 

general, unique. 

Proof: We choose a minimal free generating configuration 

for an such that Cm?--tik-. Then, by lemma 4C, 	. We shall 

show that we can always reduce °VI to a "standard" form. The 

extensions and contractions to be carried out below will all be free. 

(Ow) 10444  By result (F), %- can be extended (uniquely) to a 

polarity® in fin. Since any XA,0 contains *and hence (Y-- and 

is itselfitself an lc®) in this case, it follows that here & is the 

unique )1V)).. 

(ii)v):›qC : We choose a flag (Al, av) in AV. If j>11  

we choose a second flag (A.„1  a)). By lemma 6, and the minimality 

of (1/), there is an isolated or simple element in cvl'satL. let P 

be a simple point inc14•1  not incident with a line through A. 

We adjoin PA1, and then remove P, thus transforMing P into a simple 

line through AI. Similarly, a simple point on a line not incident 

with A,,,may be transformed into a line through AI, and dually a 
veoz...3  

simple line not through a point an al(apbe transformed into a simple 

point on a t  (al). If P is a simple point on /110  we may transform 

it into a simple line through ai al_ by adding the join of P and al al.s, 

and removing P; and conversely we may transform a simple line through 

ai aL  into a simple point on Aritl  Binco) is non-degenerate, there 
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is an element x in +101 such that x 4 	e t a)...  and x is not incident 

with either At Alpr a, ate. We may transfer a simple element on A t Al... or 

at ai  into a simple element on x. By suitable combinations of these 

transformations, we can transfer any simple element in '''')\c‘f- into 

a simple element on A t  or at. Moreover, providing only that the 

resulting configuration will not be degenerate, we are free to 

choose whether to transform any given simple element into a line on 
fi 

A t  or a point on a t. 

An isolated point P may be replaced with two simple lines by 

adjoining PA I  and PAS, and removing P. An isolated line may be 

similarly replaced. Combining with the previous transformations, we 

may replace an isolated element in elir0e,  with simple elements on 

A or aI. 

After thus transforming an isolated or simple element, we 

remove any double elements, not in tl< which may occur, thus 

obtaining a minimal free generating configuration containing. 

We now assert that the above procedures can be repeated until 

all the elements of 0), not in A( , are simple elements on A t  or at. 

For otherwise, let Wq be a minimal free generating configuration 

properly containing1(, not of the form described, and to which we 
rm. 

cannot apply the above transformations. Let 4,i =0-? ' 'Nlkowhere 

* is the set of all simple elements on At  or a t  (except possibly 

A t  and at  themselves). Since °V-(1 	mg 	, it follows that TP:>*,. 

\( must then contain only elements of multiplicity greater than 

two, whence by lemma tral 041" is confined relative to,c. This 
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contradicts the definition of 4C. When (In is such that all the 

eleMents of cm vAL are simple elements on A‘  or ao  we shall say 

that r41 is of standard form. 

Now, by an argument similar to that used in the proof of 

theorem 3(i), we have r(K) 7.1i4 (mod 2), and hence r(()L r(1() 

(mod 2). Also, here r MVO = r(r) - r(.q"7'10. Bence 

rt0)\‹) is some positive even number, which is also the number of 

simple elements in v , whenc)n is reduced to a standard form. 

We take exactly half of such elements as simple lines through Al  and 

the other half as simple points on a%. The resulting standard form is 

clearly not degenerate. 

The polarity9  in de--can now be extended to a polarity vtY 

in' vn by assigning to each point inrAl. exactly one line ins k( as 

its polar. By result (F),V can then be extended (uniquely) to a 

polarity 	in ,‘. It must also be obvious from the foregoing that 

lb)  and hence 	is, in general, not unique. 

If j 1, but 	then we can choose a point and a line 

in.K\Ak'to play the roles of A l,..and a l:  (Note that it is not 

necessary to our argument that A.,..and a,..be an incident pair.) The 

above reduction to a standard form then applies in exactly the same 

way. 

If j = 1 and 	. AK, we men. by essentially similar methods, 

reduce a minimal free generating configurations into a standard 

form given by a flag (A s, as), an isolated point P and an isolated 

line p, and equal numbers of simple elements on A k  and ay. The 
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extension of 	to a polarity V in (15) is made as above and by 

result (P),531 can be extended to a polarity G) in 7,. 
This completes the proof of the theorem. 

Remark: If 	, and A‹. are as defined in lemma 5, then 

from the reduction of a minimal free generating configurations to a 

standard form, we can deduce that A( 	r\A0 • 
• CA \ 	/it ; 	 . 

Lemma 7; If c is the system of absolute elements of a polarity 

%- in 'In, and OC the closure of A in 1,, then 40b-  . 

Proof: Let A(%) have the usual meaning. If *c = 	, then 

dt4- . 4 and there is nothing to prove. Suppose now that 	4-  

Then we may reduce , (-) to a standard form with the elements 	not 

in eN. as simple points on a line O and their polars through a point 

Nt, where a.,%. A t  and A tI at . If we remove the elements 	i  we 

are still left with a self-polar configuration, which is k. 

Theorem 7: Let n be even and %- a polarity in %without 

absolute elements. Then any 	may may be reduced to one of the 

following two configurations: 

(i) for n = 0 (mod 4),  A( %) consists of a pair of flags 

(P, 00, (Q, EMb), and a certain number of isolated 

points and their polars; 

(ii) for n 	2 (mod 4), 	 r) consists of isolated 

points and their polars. 

Proofs The, proof is by induction on n, using methods similar. 

to those of theorem 3(11). The relevant least positive integers are 

n = 4 for (i) and n = 6 for (ii). For n = 4, the methods referred to 



Theorem 8: 

(1) The last sentence of the statement of the theorem 

should read: 

Then 4)- 	are conjugate if they have the same 

(finite) number of absolute elements and if there exists 
0, a collineation vk of r3"„.\  such that xd.lop = x ''O-ci for 

all x 

(2) The first sentence of the proof should be replaced. 

by: 

Let x be an absolute element of ger . Then x I xc-er 
and hence xoc I 	. Since A- 	x cke. and it 

follows that x®-0( = xok . Hence xot, I (x oC)Aa. ; that 

is, 77.0(. is an absolute element of rtri  .Thus Apt. 	; 

that flk o< = AI now follows from the fact that )),- and A-1  
consist of the same finite number of flags. 



52. 

lead directly to the configuration stated in the theorem. For 

n = 6, we either arrive at the stated configuration or one consisting 

of four flags (Pt  , p,), 	pt ), 	p,i) and (13., pl), where 

= 1, 2, 3, 4). We now freely extend this configuration 

by adjoining Ps- - PA and Ps- = pxyl , and freely contract by 

removing P.)!  PI, per, pl. The remaining configuration is then in the 

required form. The proof of the theorem is now completed by 

induction. 

Theorem Os  Let , 	be the configurations of absolute 

elements of the polarities CZI" # ci r‘  in a free plane Ily), and 4,  0(I  the 

closures of Ji4̀  kcl  in L.  Then (1  ands%  are conjugate if there 

exists a oollineation 'DC of "4‘, such that xoljt\  Ad. for all 

x c.4.  
Proof: Since $s46- , it follows from the condition xotN I  

x%ok , all x c-J(- that ck maps 4\ onto Ai" . Also automorphisms of 

In clearly preserve the closures of configurations, and hence 

eitC4 . Now 	and s  are either both empty or both non-empty. 

If 	= Rcl 	etc = aK) =56, the condition of the theorem is 

vacuously satisfied; the theorem in this case follows from theorem 

7 and lemma 3. 

If A- is non-empty, then by lemma 7, dK is self-polar under %r 
and since Aki  is then non-empty, AO is also self-polar under . We 

can now take A (%-) and 	) in the standard forms defined in 

theorem 6. That 1)-  and 'bi  are conjugate follows from lemma 3, since 
we may now extend the condition on °K to A (S3-). 
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Remark: We now show that for %-, No 1, to be conjugate, it is 

not sufficient to assume that it ,-111‘  are isomorphic and that they 

generate isomorphic sub-planes EA-'1 C,*c1). We define a polarity 

with "A4- 	% (%)-) consisting of three flags as in § 5.1. 

A second polarity 	is defined as follows (the elements are as in 

fig. 2): 

B 	 B 	B3p, B----> BB 

Now .#k‘  consists of three flags (B.0  B,5) (B4, BA, 

(Bs, Bs-I3k), and hence A ,k1-1  are isomorphic (qua configurations). Also 

AI: .01 
 

(sr') is the configuration shown in fig 3. Since is 

complete in A.  (V) it follows from result (a) that 	F(IV), 

and. hence C.N3 is an 3  . Since 11.- generates the entire plane ‘3  ) 
it follows that tA71 andf.tck3  are isomorphic. Now A N- ) and A (Ri) 
are both unique, and since they are obviously non-isomorphic, it 

follows from lemma 3 that 	and. 'ZI-\  are not conjugate. 
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6. SOME PROPERTIES OF THE COLLINEATION GROUP OF THE FREE  
PLANE GENERATED BY A QUADRANGLE  

6.1: We have mentioned already that , Sandler C91 has determined 

a set of three generators for CI_ and also a finite set of defining 

relations. In this sub-sectionv we shall determine the oonjugaoy 

classes of elements of finite order in CI, and show that if = A 

is a proper normal sub-group of CI, then L. is torsion-free. We 

derive from this that Cl,coincides with its commutator-subgroup, 

and hence is insoluble. 

Our methods are essentially geometrical, making heavy use of 

the minimal free generating configurations for %. The lemmas 

leading to our main theorems are not restricted to r and may be of 

some interest in themselves. 

We proved  .111 1emma 1 that if ok is a collineetion of finite 

order in %s „ then there is a minimal free generating configuration 

fl for a, such that C.C.01\ 22 (TT)  . We shall denote such a 

configuration by CC) (off).  Two such C0)(009s will be said to be 

01.--free equivalent. 

Lemma 8: Let ok,o0 be collineations of finite order in a 

given free plane "iv" and err)(00,C0) (0</) as defined above. Then, 

there is an isomorphism 9' of cir)(00 onto 0)(00 such that x:900,1  

x01/4 cR for ail3cs. Mit)(00 if and only if 0( and 00 are conjugate 

in C's. 

Proof: The proof is essentially the same as that of lemma 3, 

which similarly characterises polarities conjugate in 



To be inserted at  the  end of the proof of lemma 9:  
That xn' is non-degenerate in both cases is readily 

shown, using Baer's characterisation oZ degenerate planes 
given on page 9. 
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Configurations ft() (0.00  (W)(00 as in lemn 8 will be said to be 

Irv,-collineatim isomorphic. 

pagnl: Let Crq be a non-degenerate open configuration 

which 

(i) cannot be freely contracted;.  

(ii) contains an element with multiplicity greater than 2. 

Then r(frr))?/ 9. 
Proof: SuppoSe the element x in MI is incident with the dual 

elements yl , 	y1  (t 	Then if one of the y.,10 is a simple 

element, we remove it. The remaining configuration (MI  is open 

and non-degenerate; hence by corollary 1 of result (B), r(r(Y11 ):> 8, 

and r( Pro) r(rrrY) + 

If no y2,is a simple element, they must all have multiplicity 

at least three. Since Pro is open, it must contain an element z of 

multiplicity 0 or 1 (there can be no double elements in view of (i)). 

We remove some such element z. The configuration Min l 	is 

again open and non-degenerate, and the lemma follows as before. 

Corollary: For 1,„ the minimal free generating configurations 

are exhausted by the following types: 

(i): a cy...-sdrangle; or its dual, a quadrilateral.(1)  

(ii): three isolated points and an isolated line; the 

dual of this. 

The quadrilateral determined by the lines 	.0 1, 2, 3, 4) 
will be denoted by .9" 	"4- 
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, rL (iii): two flags and an isolated point (line). 

Proof: A minimal free generating configuration for 1)... must, 

in view of lemma 9, contain only isolated or simple elements. It 

can then be directly verified that the above exhaust the possible 

configurations. 

Lemma 10: Let p((3) be the free completion of the partial plane 

(1'3 and ofs a a-stationary collineation. Let 	be the sub-partial 

plane of e which is fixed elementwise by of, . Then, if of. is of odd 

order, the fixed subplane of of is precisely L'3 = r(A. ). (.e. and 

hence P(A0) may be degenerate.) 

Proof: We denote the fixed subplane ofd by r1(c4). Then 

since the join or intersection of two fixed elements is also a fixed 

element, it follows that C.40-3 	LC'is • 

Suppose now that the lemma is false and let x \I-k-ok) be 

an element of least 53 -stage in P((B ) such that x 	. Then, 

obviously s(x)? 0 . Let y l , y2._ be the two dual elements (of lower 

stage) defining x in F(s). Since of clearly preserves the stages 

of elements in F(()) and also incidences, we must have either (i) 

y~o = yz,(i = 1, 2), or (ii) ytoc = yand 	yo In the 

first case, both yl and yare fixed elements and, from the 

minimality of s(x), must belong to V43 . But this implies that 

q_ UT3, giving a contradiction. In the other case, y, and y, form 

a transitive class (under of.) of order 2, and hence the order of c,C 

must be even or infinite. This contradicts our assumption that cA is 

of odd order. Hence x z '- -(pt.) implies x 1_00 and so ..C.14-S = st:1*4-). 
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From our earlier observation about the join or intersection of 

two fixed elements being itself a fixed element, it follows that Ro is 

complete in 2), whence by the corollary to result (G), CA.) . F(Z). 

Theorem 9: The elements of 	of finite order have orders 

2, 3, or 4. The elements of order 2 form one conjugacy class, and 

so do the elements of order 4. The elements of order 3 split into 

two cojugacy classes. 

Proofs From lemma 1 and the corollary to lemma 9, we deduce 

immediately that the only possible orders for elements of CI of 

finite order are 2, 3 or 4. That collineations with these orders 

actually occur in CI follows from the fact that the stationary 

collineations (with respect to a generating quadrangle in kJ form a 

subgroup of CI isomorphic with r, the symmetric group on four 

letters. Again, using the corollary to lemma 9, we can deduce the 

following results: - 

(a) ck a collineation of order 4: Then ()(0 ) can only be 

of type 2i(i); that is, a quadrangle or a quadrilateral. If a 

quadrangle B,B,B3Itt  is an ra)(00 such that Btok 	8t4t1  

(i = 1, 2, 3, 4; Bs... III ), then we may obtain a second ir(64) 

by freely adjoining the four lines rjf,..„. and freely removing the 

four points P;..(i = 1, 2, 3, 4). The second configuration is a 

quadrilateral and also an 41)(00. From lemma 8, we deduce that 

all elements of order 4 in (1.  form one conjugacy class in 

(b) as a collineation of order 2:  Here R1)(20 can assume any 

one of eight configurations no two of which are J,,,--collineation 
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isomorphic. There are four of '3 (i) and two each of 3 (ii) and 3  (iii). 
We now show that all the eight configurations are 0(--free equivalent: 

let Bi kMI,,be a generating quadrangle for Ilsuch that 

B i 	= B B 1- s  ok B 	B_ 	=. B4, B. a  B 3  . Also let 

D k 	(111  )(331.B4  ) and D- .(B1 B4,)(11,„B.). Then D-0( 	Dz,(i - 1, 2). 

The quadrangles (1): B Bx_BaB,,, and (2): 3),D113 B and the 

quanrilaterals (3): (B t333 )(B).330(B1 B4)(y14), and (4): 

(Bi Bk )(Blk)(Bi B1 )(11184) are four N11(ck)ts of type 	(i); the 

configurations (5): DI, B3, 1144  BI Bl_and (6)1 Do  B1  B, B1  B4_, 

are two OP1(04.)ts of type tI(ii); and, finally, the configurations 

(7): Dt  together with the two flags (Be , BI N) and 011 	and 

(8): 13,BLtogether with the two flags (B3, B1B3) and (BM, BIB1) are 

two oh)(*)is of type 	(iii). Again, by lemma 8, this shows that all 

collineations of order 2 form one conjugacy class in 1;_. 
(c) Collineations of order 3 fall into two conjugacy classes, 

characterised by two invariant minimal free generating, configurations 

of type 1(i): 

(i) A quadrangle B,B,B3At  such that B‘ot, 	B 

Bi„ B vcd,= By  

(ii) A quadrilateral .1_,L).3ti  such that La. a9 L 

, 	. 

(These are easily shown to be ck. -free equivalent to two configurations 

of type r3 (ii)). That the two configurations are not oc.-free 

equivalent follows from lemma 10, since the fixed subplane of one 

consists of an isolated point, and that of the other is an isolated line. 
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(We observe, however, that collineations of order 3 form one 

conjugacy class in the automorphism group \\1._ of 

Theorem'  0:  If 4 is a normal sub-group of EL such that 

1 c tc:CL, then 	is torsion-free. 

Proof: Sandler [93 has shown that C)._ is generated by 1% 

the symmetric group of degree 4, and a further collineation T. of 
order 2. Since 5 4  is itself generated by its transpositions(of 

order 2), it follows that 	is generated by the conjugacy class of 

elements of order 2. Hence if a normal subgroup N contains an 

element of order 2, then L. 	Trivially this is also true 

if 	contains an element c. of order 4, since c41 is then of order 

2. 

If N contains an element o. of order 3, let OM 	be given 

by the quadrangle 	.k with B i ck = 131, 	13 1, 	130  

B 4rot, = 13,0  We define a second collineation 	on 1-1_ as follows: 

Bo  B -zb 134,, 	13‘, B 	 B. By lemma 8 

is conjugate to clL in CI . Also 	is given by 

13, 	B„0 	-"4  B%, 	B12  

from which it follows that 	is of order 2. We can similarly 

construct an element cq of order 2, if r (00 is of the other type. 

Hence if tS contains an element of order 3, it also contains an 

element of order 2 and thus t..\ 	. This completes the proof. 

Corollary: C,....coincides with its commutator-subgroup 
rs l . 

Proof: Since i,1 is normal in 	, it is sufficient, by theorem 

r-I 10, to show that N 	contains an element of finite order, distinct 



60. 

from the identity. Since a:4 C- (:, it follows that (V)‘  c- c1). 

But (5-__)‘ 	ps; 1  the alternating group of degree 4. The corollary 

is thus proved, since At  is finite and non-trivial. 

A remark on lemma 9:  It would have been desirable to prove 

a much stronger result than lemma 9; that is, one which gives the 

lower bound for the rank of a configuration W) satisfying condition 

(i) of that leMma as a non-trivial function of the maximum value of 

the multiplicities of elements of () . That we cannot, in fact, 

Improve on the lemma in this direction is shown by the following 

example: 

Dembowski C43, pages 431-2, has constructed a sequence' of 

collinear points z, 	..., each zLbeing the vertex of an almost- 

confined configuratiod 	say.(2) It is readily shown that 

4;9 - 8, all i. For each i, we define an extension (k of ck 
by adding a simple line yt incident with z 	Now r( 	9, 
and all the ( 	satisfy condition (i) of lemma 9. But by choosing i 

sufficiently large, we get a (r4 with a line zz of arbitrarily 

large multiplicity. 

(2) 
For the definitions of "vertex" and "almost-confined 

configuration" ("Scheitelelement" and "fastgeschlossene Konfigu - 

ration" in C4:0„ see page 427 of C43 • 
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In §, 4, we showed that if - is a polarity in 	a minimal 

self-polar (under` b" ) free generating configuration Ate) always 

consists of a flag and a figure 	. We may, without loss of 

generality, represont 5) as in fig. 4, where Bik11113,1  is a 

generating quadrangle 41_ for te , D 	(33,133 )03,_B4), and 5 r'. is 

defined by: 

13, 	13 1 331 	 D 

fig. 4 

/cm. 1.3.: If of, belongs to the orthogonal group IT k.121) of 

a polarity`b , and RV is the configuration of absolute elements of 

c%-  , then Acois 	, 

Proof :  Let x bo an absolute element, and write 

x aL 	y, (x)-)01, 	z. Then 

ytkr  VC X 01,1Car ati X r tk. 	Z 

and also x I x%-  implies x01,I(eer)& or y I z. Bence y is an absolute 

element, and tk0(-S-_s . Since oL is a collineation, we must have 
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Corollary: If %' is a polarity in rk, with 	Q.0 as 

given in fig. 4, and. if qk *_ 111 :;), then either 

	

(i) B oC 	B st(i = 1, 2, 3) 

	

or (ii) Bog.. 	B‘, B 	= Br 

Proof: Since V has only two absolute points B1 , B" it 

follows from the lemma that wc either fixes each of 13‘, B.), or it 

interchanges them. Correspondingly, d• fixes the absolute lines 

BtBa, B1BI  or it interchanges them. In either case, it is 
trivial that B3  . (BI BO(B.,231) is fixed by 0: 

From the corollary, we see that the problem of determining TQS)) 
for a polarity in 1, is related to that of the stabiliser of three 
points which belong to a generating q rangle of 1-)_. 
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Sandler (C93, Theorem 7) has shown that CI_ is generated 

by the three oollineations (the elements are as shown in fig. 5). 

qi  : B -,5 t  k 	B 
'2- 	

B.1_-.--, Bit 	Bt  --7-.> Bl' 

	

q,,,_ : B \ --) B1, 	B3,7>B1, 	13 I ---:B, 

-il : M 

	

_ ( .--- B k, 	BI.--1  Do 	33 1---)13-i, 

Theorem ii: The stabiliser L. of the three points 

Bit  BI, Bl, is the group generated by the conjugates of ( cipo:,)1  

by elements of the symmetric group of degree three, which is the 

subgroup of 	1_ - stationary collineations 	 134. 

Proofs We shall say that a collineation of ck of 
3 

 is of 

(71Q* stage j if it maps \t 	onto a quadrangle of stage j. 

We observe that a collineation in 	is completely determined 

when we know the quadrangle onto which el_is mapped. We verify 

directly that the identity is the only collineation of stage 0 

belonging to 	and that there are no such collineations of stage 

2 or 4. Also the six quadrangles 13t BxBj-, (ltiis6) are the only 

quadrangles of stage 6 which generate all of 4-1... These quadrangles 

are the images of r under the six collineations t  which are the 

conjugates of (c -c),referred to in the theorem. We denote the 

respective collineations by Tt,(11.1.1:16), and also observe that the 

G7, comprise three collineations and their inverses. 

The proof now proceeds by induction on the stage j, of,cyollinea- 

tion Ci 	Suppose that for some integer j, every collineation 

of stage j is such that T is a product of the TIL,. We have shown 

that j6. LetoGImap e -2; iL 	l_onto a quadrangle B,B,.B1P a 1.1 t151  1! 
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say where sop) = J. We use fig. 5 and. replace B+by P, and 

E•%.. by Q L  (14-1.4_, 6). We now make repeated use of result (K) and the 

fact that if x 	such that s(x)-70, then at least one of the two 

elements defining x in '4")._ is of stage s(x) - 1. Prom result (K), one 

of the D's, DI  say, must be of stage j + 2, and. lit , Dx  of stage < j. 

The two lines BIP, B3P then define P in 	and. we may take 

s(y) j - 1, whence s(Dt) = j - 2. Since BI  B3  k is also a 

generating quadrangle of 	, we deduce that s (DO L j - 2, and 

s(C.L) L.j - 2. The two lines CxDx, BtBa_ must then define D I  in 

whence s(C,D3 a  j - 3. Arguing in this way, we conclude finally 

that those of the quadrangles BIBJ3Q.,which are of Cel - stage 

j are of stage j + 6. Let B1  ;BIC?, be one such quadrangle and 

the collineation mapping C 	onto Bi lk.B3Q , which is ofZI‘")...- 

stage 6. Wow the oollineation C 	maps B,BI_B.? 	CiPc)1_ onto 

B1  B,B1Q . Hence the conjugate o(N6,:k-1  of Ac will map Sl(Bt 	P).-' il(4>  

onto a quadrangle of 20t4!-stage 6, i.e. onto one of the quadrangles 

Hence 

01.‘CoL-‘ 	for some j (j = 1, 2, ... 6), 

and putting 	, we get 	=CPt,k 	By the induction hypothesis, 

ck is a produCt of the 	and hence 	is also such a product. 

Since from theorem 6 of Sandler C93 , every %Ci.  may be obtained 

from a collineation ck of lower stage as above, the theorem is proved. 

Con;iectures The orthogonal group IT 	of a polarity r in 

13--  is isomorphic to the cyclic group of order 2. 
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Given M.111') as in fig. 4, we verify that each of k)-.  sti‘ and 

is defined by: 

B 	7 B3, 	B‘133, 	B 	BI B 

Hence 	r k-tr.). We also verify directly that none of the 

belong to 	. We have not been able to prove this latter to be 

the case for a general 	belonging to 1. , but the relations between 

poles and polars in the verifications for the GI, make this very 

likely. 
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1. Introduction 
The concept of free planes was introduced by Marshall Hall (4) in 1943, 
but, until recently, rather little work has been done on the theory. 
Dembowski (3) has demonstrated that free planes possess correlations, 
but as far as is known to the author it has not been previously shown 
that they have polarities. In §3 we prove the existence of polarities in all 
free planes of finite degree. 

We next show, in § 4, that all polarities have only a finite number of 
absolute elements. Finally, in § 5, we prove that, if j is the number of 
absolute points (and hence of absolute lines) in a polarity of a free plane 
of finite degree n, then 	n (mod 2) and 0 j n. Moreover, except for 
n = 2, there is a polarity with j absolute points for every j satisfying 
these conditions. When n = 2, there is only one type of polarity (with 
j = 2), and all the polarities are conjugate in the group of automorphisms 
of the free plane of degree 2. 

In view of our opening remark, we give in the next section a fairly 
comprehensive account of some of the concepts and notions in the theory 
of free planes, and also some elementary results. 

2. Definitions and elementary results 
A collection of objects of two kinds, called points and lines, on which a 

binary relation (incidence relation) is defined, is said to form a projective 
plane if 

(A) any two distinct points are incident with exactly one line; 
(B) any two distinct lines are incident with exactly one point; 
(C) there exist at least four points, no three of which are incident with 

the same line. 
A collection of points and lines together with an incidence relation, 

which satisfies (A) and (B) but definitely violates (C), is called a degenerate 
projective plane. By contrast, projective planes are sometimes referred to 
as non-degenerate (or proper) projective planes. 

We now introduce the concept of partial plane. This is defined to be a 
collection of points and lines, together with an incidence relation, satisfying 

(a) any two distinct points are incident with at most one line; 
(b) any two distinct lines are incident with at most one point. 

Proc. London Math. Soc. (3) 15 (1965) 26-38 



POLARITIES IN FREE PLANES 	 27 

We note that projective planes are instances of partial planes. Also a 
partial plane with a finite number of elements (i.e. points and lines) is 
referred to as a configuration. 

A partial plane is said to be degenerate if it can be embedded as a 
sub-partial plane in some degenerate projective plane. 

Let 13' be a sub-partial plane of a partial plane $. Then we say that 
$' is closed in Tt if 

(i) every line of $ which is incident with two distinct points of $' is 
also in 13', 

(ii) every point of $ which is incident with two distinct lines of 	is 
also in 3'. 

A partial plane $ is generated by its sub-partial plane /I if Q g $' 
and j3' closed in $ implies that $' = $. 

It is clear that if 13' is a projective sub-plane of a projective plane 43, 
then $' is closed in $. Hence, if a projective plane $ is generated by its 
sub-partial plane Z., then no proper sub-partial plane of q3 which contains 
Sa can be a projective plane. 

Given a partial plane $ which is not a projective plane, we may, subject 
to certain obvious restrictions, form subsets of the set of points, such that 
every subset contains only points not already incident with a line, and 
define a new line to be incident with each subset. For details of such a 
construction we refer the reader to Hall (4). We call the partial plane 
consisting of ¶3 and the new lines an extension of T. A canonical way of 
constructing the new lines is to define each subset to consist of exactly two 
points which are not already incident with a line and to include every such 
point-pair as a subset. More precisely: 

Let 130  be a partial plane, which is not a projective plane. Define 13/  as 
follows. For every pair of points P, Q not incident with a line of $0, we 
define a new line 1 to be incident with P and Q and with only these points. 
Put $1  = $0  u El, with obvious incidences; clearly, $i  is also a partial 
plane. Define $, in dual fashion from j31, and similarly $3, $4, .... The 

partial plane $ = U37„ is easily seen to be a projective plane, which we 
m=1 

call the free completion of $0. (There is essentially only one way of 
extending $0  to its free completion.) We also say that qi3m, is a free 
extension of $„2-1  (m = 1, 2, ...). More generally, we say that a partial 

f Hall uses the term 'complete' where we have 'closed'. We have adopted the 
terminology of Grace E. Bates. (She treats the analogous situation of half-nets in 
her paper, 'Free loops and nets and their generalisations', American J. Math. 69 
(1947) 501.) We also adopt her viewpoint in the definition of the concept of 
`generation of a partial plane by its sub-partial plane', and in part of the definitions 
of homomorphic mappings, which we give later on. 
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plane 13' is a free extension of another partial plane 13 if when we put 
= 130  in the above construction we have $0  c_ 	$7,,, for some m 0. 

Conversely, 43 is a free contraction of 13' if 13' is a free extension of 13. Two 
partial planes are said to be free equivalent if either may be obtained from 
the other by a succession of free extensions or free contractions or both. It 
is easily verified that the free completion 13 (as well as each 43m) is generated 
by 430. We say that 130  freely generates 4; (and also any free extension 
of 130). 

The free completion of the partial plane consisting of n (r 2) collinear 
points, the common line of incidence, and two points off this line, is called 
the free plane of degree n (n need not be finite). We shall designate it by 
43Th, and the partial planes constructed above by 13,,,n. 

In generating 13 from $0, we say that an element P is of stage m if 
P E'43,„ but P 13„/  (m = 1, 2, ...), and that P is of stage zero if P E q30. 
We write s(P) = m. A result we shall make use of later is that, if 13 is 
freely generated by 430, then every element of stage greater than zero is 
incident with exactly two elements of earlier stage. We shall say that the 
two latter elements define the first. 

A useful concept in the development of the theory of free planes 
is that of rank' (also due to Marshall Hall (4), though the name is 
due to Kopeikina (5) ). For a finite partial plane, this is defined to be the 
number r(13) = 2(P+L)—I, where P is the number of points, L the 
number of lines, and I the number of incidences given by the number 
of ordered pairs (P8,11) such that the point Ps  is incident with the 
line 4. That rank is invariant under free equivalence is easily proved 
( (4) Theorem 4.10). 

The rank of the free completion of a finite partial plane 430  is defined to 
be the rank of 130. In particular, the rank of a free plane of finite degree n 
is n + 6. An infinitely generated free plane is said to have infinite rank of 
cardinality equal to that of the collinear points. 

A partial plane is said to be a confined configuration if 
(i) it has a finite number of elements, 
(ii) every point is on at least three lines, and every line contains at least 

three points. 
An open configuration (plane) is one which contains no confined 

configuration. It can be shown that the free completion of a partial plane 
130  contains precisely those confined configurations that are already 
contained in $0, whence it follows that free planes are open. Hall (4) has 

f We observe that the notion of rank is essentially the same as the more familiar 
one of 'degree of freedom'. In a plane, a point or a line by itself has 2 degrees of 
freedom. If a point is constrained to lie on r lines, its degree of freedom is 2 —r. 
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proved that finitely generated open planes are free,t but Kopeikina (5) 
has shown that this is not necessarily so if the planes are infinitely 
generated. 

A homomorphism a of a partial plane $ into a partial plane Z), is a 
(single-valued) mapping of the points of $ into the points of sa and the 
lines of 13 into the lines of Z1 such that incidence is preserved. 

The homomorphic image of a projective plane is easily shown to be a 
projective plane. 

A homomorphism a of a partial plane $ onto a partial plane /a which is 
one-to-one and such that a-1  is a homomorphism of ia onto $ is called an 
isomorphism of $ onto 	(If $ (and hence sa) is a projective plane, then 
one-to-oneness is sufficient for a homomorphism to be an isomorphism. 
It is easily shown that this is not the case if $ is a proper partial plane.) 
If 	= $, then an isomorphism of 43 onto 3D, is called a collineation. 

A one-to-one mapping of a partial plane onto itself which takes points 
onto lines and lines onto points, and which preserves incidence, is called a 
correlation. Thus the product of two correlations is a collineation. In 
particular, a correlation 0 such that 02  = 1, the identity mapping, is 
called a polarity. 

If 0 is a polarity and P a point of the partial plane $, we call the line 
p = PO the polar of P; then P = p0, and P is called the pole of 

Elementary results 
LEMMA 2.1. The point P lies on the polar of a second point Q if and only 

if Q lies on the polar of P, and dually. 
LEMMA 2 2 An absolute line contains exactly one absolute point, and 

dually. 

These are easily proved (see Baer (1), for instance). 

In the next two lemmas, $ is the free completion of the partial plane $0. 

LEMMA 2.3. Every homomorphism ao  of 130  into a projective plane Q can 
be extended to a homomorphism a of 13 into Z. 

In general a is not unique, and again if a0  is an isomorphism it does not 
follow that a is also an isomorphism. 

LEMMA 2.4. If a0  is a collineation (correlation) of 130, then a0  extends in a 
unique way to a collineation (correlation) a of 13. Moreover, the order of a is 
the same as the order of a0 ; so that, in particular, polarities extend to polarities. 

t We refer to this result below by (H). 
t. We adopt this convention throughout this paper—a point is denoted by a 

capital Roman letter and its polar by the corresponding small letter. 
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Lemmas 2.3 and 2.4 are easily proved by induction on the partial planes 
137„ defined above. 

Also a collineation (correlation) a of 43n  is completely determined by its 
action on any sub-partial plane of 43n which freely generates the whole 
of 9134. 

LEMMA 2.5. If 3 is an extension of a finite partial plane $0 , then 
r($)...cr($0 ), and there is equality if and only if $ is a free extension of 130. 

From this may be deduced Theorem 3 of Sandler (6), that if $0  is a 
finite sub-partial plane of 43n which has rank n + 6 and which generates 
all of 13n, then 13, generates ¶3n  freely. 

Lemma 2.5 is trivially false if the rank is infinite 

3. Existence of polarities in 13n 

THEOREM 3.1. Every free plane of finite degree possesses polarities. 

Proof. In Figs. 1 and 2 below we have, clearly, defined polarities in the 
respective partial planes. 

If we take a large enough finite number of (1) or (2) or both, with no 
further incidences, then we obtain a non-degenerate open configuration, 
and hence, by (H), we have a generating configuration for some q3n. 

Now the rank of (1) is 3 and the rank of (2) is 5. Also, rank is clearly 
additive if we take the set-theoretic union of a number of disjoint finite 
partial planes. We consider the equation 

3x+ 5y = n + 6. 
It is solvable in non-negative integers for all n s 2. This follows for n 9 
from the well-known result that if a and b are positive integers and 
(a, b) = 1, then the equation 

ax + by = 
has solutions in non-negative integers for all c > ab; and for 2 n < 9 by 
direct verification. Hence for every 1..In  we can, by taking appropriate 
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numbers of (1) and (2), obtain a generating configuration on which a 
polarity 0 is defined, and, by Lemma 2.4, 0 can be extended (uniquely) to 
a polarity in the whole of Ian. 

4. Minimal self-polar generating configurations 
A finite sub-partial plane of 13n  is called a minimal self-polar generating 

configuration if it is self-polar and freely generates the whole of 13n  but is 
such that no proper sub-partial plane of E is both self-polar and free 
equivalent to E. 

We remark that a minimal self-polar generating configuration is not 
necessarily a minimal generating configuration, defined as a configuration 
9J1 which freely generates 43n  but is such that no proper sub-partial plane 
of 9)1 is free equivalent to 951. 

We now show that such minimal self-polar generating configurations 
exist for every polarity B of 13n. Let To  be the generating configuration of 
VI  defined in § 2, and let 0 be a polarity in qP. Put q30 -140 and 

= 	u X30. Then .fl is self-polar but, in general, will have rank greater 
than n + 6. We shall now construct a self-polar configuration G which has 
rank n + 6. If Z. has rank n + 6, put Z. = S. Otherwise, let q3„,n be the 
smallest partial plane containing .fl. If q3„,n is self-polar, put 43„,'' = e. 
If not, let P in Unn be an element of least stage such that PO ct 3,nn. For 
the sake of definiteness, we shall take P to be a point. Then the two 
(unique) lines 1, m (say) defining P in 43n are such that the distinct points 
10, mO e 13mn  (in fact, at least one of these must be of the mth stage). We 
extend 13.a by freely adjoining the line PO = 10 U mO. Since the number of 
elements in q3,„'i whose poles or polars are not in 13mn  is necessarily finite, 
we obtain, after a finite number of repetitions of this process, a free 
extension G of q3„,a which is self-polar. Since 43,nn has rank n + 6, G is also 
of rank n +6 and generates the whole of V/ ; hence it generates 131' freely 
(by Lemma 2.5). 

We now freely contract G but so that the remaining configuration is 
always self-polar; that is, we remove an element and its pole or polar 
simultaneously. That we can do this is shown by the fact that, if Q in G 
is a non-absolute point, then we may freely remove Q if and only if Q is 
on exactly two lines, 1, m (say). From Lemma 2.2 it follows that q ( 01, m), 
the polar of Q, contains exactly the points L, M ( Q), the poles of 1, m 
respectively. Hence we may freely remove both Q and q together. We 
carry out this free contraction until we obtain a configuration E which 
cannot be thus further contracted (this situation will obviously be reached 
after a finite number of steps). 1 is the required minimal self-polar 
generating configuration. 
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That Cr is not unique is shown by the following example. 
The configuration given in Fig. 3 is self-polar and freely generates 133. 

(In the above notation, it is an instance of a which is also an S.) We 
may successively remove the corresponding elements (Q3, q3),  (Q2, q2), and 
(Q5, q5), thus obtaining as a minimal self-polar generating configuration E 
the sub-partial plane defined by the points A, Q1, Q4  and their respective 
polars a, q1, q4. But we could also have obtained a second minimal 

FIG. 3 

self-polar generating configuration E' by removing in turn (Q4, q4), (Q2, q2), 
and (Q5, q5), so that E' is the sub-partial plane defined by the points 
A, QV Q3 and their respective polars. Now E and E' are not even 
isomorphic. 

The following proposition, however, holds. 

THEOREM 4.1. Let 0,0' be two polarities of r, and let 	be respective 
minimal self-polar generating configurations. Suppose also that there is an 
isomorphism so of E onto E' such that, if P is any element of E and P' = Pp, 
then p' = pp, where p, p' are respectively the polars (or poles) of P, P' under 
0, 0' .t Then 0 and 0' are conjugate (by a collineation) in the group of 
automorphisms of 13n. 

Proof. The isomorphism p maps E 13n onto E' r. Hence, by 
Lemma 2.3, co extends to a homomorphism a of 137' onto a projective 
plane $n  a containing E'. Since C!' generates $n, it follows that 
q3n a = 13n. Hence a is a homomorphism of Ian  onto itself. By induction 
on the finite free extensions of E and E' (corresponding to the 13,„i's 

t That is, the isomorphism preserves the polarity 0. 
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defined in §2), it can easily be shown that a is one-to-one, and hence a 
collineation of q3n.f 

Now let P, P', p, p' be as defined above. Then 

Podierl.  = PpO'a-1  

= P'O'ce-1  = 	 = p. 
Hence the polarities B and aO'a1  of r coincide on T. Since a correlation 
of T extends uniquely to a correlation of 1:ln (Lemma 2.4), it follows that 
0 = a8'a-1. This proves the theorem. 

THEOREM 4.2. Let 0 be a polarity of a partial plane Fp, which is a 
(finite or infinite) free extension of its self-polar (under 8) sub partial plane S. 
Then all the absolute elements of q3 are contained in S. 

COROLLARY 4.3. The number of absolute elements in any polarity 0 of 9,3" 
is finite. 

Proof. Suppose the theorem is false, and let A be an absolute element 
of least stage in the free generation of3 from e such that A e 13 but 
A 0 C. We shall take A to be a point, and its stage to be m ( 1). Let A 
be defined by the lines p, q whose poles are P, Q respectively. Then the 
polar a of A is different from p, q. (If a were equal to p or q, this would 
imply for m = 1 that a e e and, since e is self-polar, that A e e; for 
m> 1 it would contradict the choice of A as having minimal stage.) 
Hence 8(a) > 8(A), and A has been used in defining a. Since the point A 
lies on p and q, its polar a also contains the points P and Q (Lemma 2.1). 
It follows then that at least one of P, Q (say P) has stage greater than s(a). 
Now let Pi, P2  define the line p. Their polars pi, p2  then contain P, and 
since we already have s(a) < s(P), at least one of pi, p2  (say pi) has its 
stage greater than s(P). We also note that s(Pi) < s(p). We thus obtain 
a sequence of elements, 

P 	Pa, • • • 
of strictly decreasing stage, whose poles or polars 

a, PY pi, Pa, • " 
have strictly increasing stages. 

Since s(A) = m is finite, the first sequence eventually terminates in an 
element L (say) of S. However, the pole or polar 1 of L is such that 
8(1) > s(a) > m. This contradicts our initial assumption that S is self-polar, 
and hence the theorem is proved. 

la-fiket, every homomorphism of a finitely generated free plane onto itself is 
an isomorphism. 

5388.3.15 
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To deduce the corollary, we simply observe that q3n is a free extension 
of the minimal self-polar generating configuration (constructed above), 
and that is finite. 

5. Main results 
From considerations of symmetry we deduce that a self-polar configura-

tion with no absolute elements has even rank. 
Suppose now that there are j (> 1) absolute points in a polarity. Let 

Ai  (i = 1, 2, ...,j) be an absolute point and al  its polar. Suppose also that 
Al  lies on xi  + 1 (x1 .- 0) lines (one of these will be the line a1, and the 
remaining xi  lines will all be non-absolute (Lemma 2.2) ). Then by 
Lemma 2.1, a1  contains exactly xi  + 1 points (one of which is A1). If we 
now remove At:  and ai, we decrease the number of points by 1, the number 
of lines by 1, and the number of incidences by 2x1+ 1, thus increasing the 
rank by 2;— 3. If we remove all the j absolute points and their polars 
from the configuration 1 (defined as above), we obtain the equation 

n + 6 + 2 E xi  - 3j = 2y, 
i=i 

for some integer y. From this equation follows the first part of 

THEOREM 5.1. If j is the number of absolute points in a polarity in IP 
then 

(i) j n (mod 2), 
(ii) 0<j<n,  
(iii) if n> 2 there is a polarity in 90" for every j satisfying (i) and (ii) (this 

shows that our results are the best possible); all polarities in 132  have 
j 2 and, moreover, they are all conjugate in the automorphism 
group of 132. 

Proof of (ii). We proceed by induction on the rank of the minimal 
self-polar generating configuration constructed in § 4. We note that 
is non-degenerate and open. 

Suppose that the result is true for all such configurations of rank less 
than n + 6. We now take r(T) = n + 6 and consider various cases: 

(a) If contains no absolute points, the result is immediate. 
(b) Suppose that has an absolute point A, incident only with its own 

polar a. We remove the pair (A, a). Let T' be the remaining configuration. 
Ti is also self-polar, and r(C) = n + 3, j(C) = j (C) — 1. We now consider 
the following cases : 

T' non-degenerate. From the inductive hypothesis, we obtain 
j(T)-1.--cn — 3, 

whence j < n. 
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degenerate. In any case, r(E') 5, and hence E' contains at least 

2 points (and 2 lines). If E' contains exactly 2 points and 2 lines, we 
have the following possibilities : 

r(E') = 5. E' is the configuration in Fig. 2. Thus j(E) = n = 2 and 
(ii) is proved. 

r(E') = 6. E' consists of two independent flags. (A flag is a single point 
on a single line.) Then either the points lie on their respective polars, in 
which case j(E) = 3, or each point lies on the polar of the other and 
j(E) = 1. Condition (ii) is again satisfied, since n = 3. 

r(E') = 7. E' consists of a flag (which gives a corresponding pair of 
absolute elements) and an isolated point and its polar. Here 
j(E) = 2 < n = 4. 

r(E') = 8. E' contains exactly two isolated points and their polars. Thus 
j(E) = 1 < n = 5, and (ii) is again proved. 

Fm. 4 

If E' contains more than 2 points (and 2 lines), then there is a point 
P in E` such that all lines except possibly the polar p of P contain P and 
dually ( (2) Lemma 1). 

If P is an absolute point (so that P lies on p), then, by Lemma 2.2, E' 
contains no other absolute elements and j(E) = 2 < n, n being at least 4. 

If P is non-absolute, then E' is as shown in Fig. 4. 
We have the equation 

n+3 = r(E') = 4 + 3t+j(E'), 
with t 0. Hence j(E') 	1, and j(E) n. 

(c) Suppose now that every absolute point is incident with some non-
absolute line. If there is an absolute point A which is incident with 
exactly one non-absolute line, then we remove A and its polar a. With U' 
as defined in (b), we have r(E') = n + 5. 
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1' non-degenerate. By the inductive hypothesis, 

j — 1 n — 1, 
Win. 

degenerate. It is easily verified that the only possibility is r((C') = 8, 
and E' then consists of two isolated points and their polars. Thus 

j(E) = 1 < n = 3. 
(d) Finally, if every absolute point is incident with at least two non-

absolute lines (and hence with at least three lines) then, since E is open, l 
contains at least one non-absolute point P which is incident with at most 
one line. (E, being minimal, does not contain non-absolute points incident 
with exactly two lines.) We remove one such point P and its polar p, 
thus reducing the rank of E by 4 if P is an isolated point and by 2 if P is 
incident with one line. 

If E' is non-degenerate, then (ii) follows immediately from the inductive 
hypothesis. 

If E' is degenerate, there is only one possibility: E' consists of an 
absolute line a containing its pole A and at least two non-absolute points, 
whose polars then contain A. j(E) = 1 < n, n being not less than 5. This 
completes the proof of (ii). 

Proof of (iii). For the final part of the theorem, we give examples of 
minimal self-polar generating configurations with the required number of 
absolute points. From the results of §§ 2 and 4, we know that such a 
configuration determines a polarity of $n  with the same absolute points. 
If j ?.- 2, we take the configuration in Fig. 5 with t 	—j +2). (If j = 2, 
we leave out P and p.) 

The configuration in Fig. 6 satisfies the case when j = 1, with 
t = 	1). 

If j = 0 then, as in Theorem 3.1, the equation 
4x+ 6y = n+6 
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has non-negative integral solutions for n 0 (mod 2) and n 2. Now a 
configuration consisting of an isolated point and its polar has rank 4, and 
one consisting of two independent flags has rank 6. (In the second 
configuration we make each point lie on the polar of the other.) Hence, by 
taking appropriate numbers of the two configurations, we obtain a 
(minimal) self-polar configuration which freely generates Ian  for any 
even n ( > 2), and has j = 0. 

FIG. 6 

For n = 2, it is not hard to verify that the only possible minimal 
self-polar generating configuration is the partial plane which is the set-
theoretic union of the configurations given in Figs. 1 and 2. Hence all 
such configurations satisfy the conditions of Theorem 4.1, from which it 
follows that all polarities in $2  are conjugate (by a collineation) in the 
automorphism group of $2. 

6. Remarks 
(a) It is easily shown that polarities are not completely determined (up 

to conjugacy—by a collineation—in the automorphism group) by the 
number of absolute elements. For instance, if j = n = 3 we may have 
for a self-polar generating configuration E three independent flags (each 
point lying on its own polar), or we may have the configuration in Fig. 5 
with t = 1, and the two polarities are clearly not conjugate in the auto-
morphism group of V. 

The question of polarities with isomorphic structures of absolute 
elements will be discussed in a subsequent note. 

(b) It may be of some interest to compare our results with some of 
those obtained by Baer (1) for polarities in finite planes. Baer shows that 
the number j of absolute points in a polarity in a finite plane of order n 
(i.e. n 1 points on every line) satisfies 

(i) j n 1 (mod 2), 
(ii) j>n+1. 
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(c) The partial plane in Fig. 5 can easily be extended to give a polarity 
in I3n when n is infinite. There does not seem to be much of interest that 
can be said in this case. 

(d) Finally, the methods used in § 4 can also be used to obtain 
information about collineations of 43n  which have finite order. I hope to 
publish later some results I have obtained in this respect. 

I wish to express my sincere gratitude to my supervisor, Dr A. Wagner, 
for his encouragement and guidance in the preparation of this paper. My 
thanks are also due to the referee whose suggestions have led to a consider-
able improvement in the presentation of this paper, especially of § 4. 
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