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1. Introduction

The subject of this article is the analysis of a Diffuse Interface model for isothermal nonhomogeneous
incompressible viscous binary fluid mixtures. The model takes into account the capillarity effect and the
partial mixing of the fluids in the interfacial region. In a bounded domain Q C R%, d = 2, 3, and given a time
T >0, for (z,t) € @ x (0,T), p = p(x,t) is the density of the mixture, u = wu(x,t) is the (mass-averaged)
velocity of the mixture, p = p(z,t) is the pressure of the mixture, ¢ = ¢(x,t) is the difference of fluids
concentrations, p = p(x,t) is the chemical potential. The dynamics of the state variables is described by
the nonhomogeneous incompressible Navier-Stokes-Cahn-Hilliard system

Op+u-Vp=0

pOu + p(u - V)u — div(v(¢)Du) + Vp = —div(Ve @ Vo)

divue =0 in Q x (0,7), (1.1)
pOd + pu-Vo =Ap

pp=—A¢ + p¥'(9)

subject to the boundary and initial conditions

{uO, Oupt = Onp = 0 on 9 x (0,T), 12)

p(',O)Zpo, 'U:(',O):'U/Q, ¢(50) :¢O in Q
Throughout this work we will assume that the viscosity v = v(s) € W°(R) is such that 0 < v, < v(s) < v*

for all s € R. For the potential ¥(s) (also called homogeneous free energy density), we will consider the
physically relevant Flory-Huggins logarithmic potential

U(s)==|(1+s) ln(l—i—s)—l—(l—s)ln(l—s)} — 9—2082 Vse[-1,1], (1.3)

N D

where 0 < 6 < 6, and the Landau potential®

Uo(s) = 3(32 —1)? VscR. (1.4)

In the last thirty years, the application of the Diffuse Interface (or Phase-Field) theory has became a
fundamental method in fluid mechanics to model and simulate large deformations and topological transitions
in two-phase flows. Originally developed for phase transition/separation phenomena, the Diffuse Interface
methodology is based on the description of the interface separating the two fluids as a narrow region
with finite thickness across which continuous fields can change smoothly their values. The evolution of
the macroscopic state variables is derived through the combination of the continuum theory of mixtures,
classical thermodynamics and statistical mechanics. From the mathematical viewpoint, the main advantage
of the Diffuse Interface approach is the Eulerian representation of the interface recovered as the level
set of the concentration (order) parameter. This is in contrast to the Lagrangian representation of free
boundary problems. This aspect has been particularly significant for the computational analysis since the
system is numerically solved on a fixed domain rather than on a domain with moving boundary. Among
many others, two well-known applications of Diffuse Interface models have been the approximation of Sharp
Interface problems through smearing of the interface and the description of the multiscale nature of complex

1 We recall that the Landau potential is an approximation of the Flory-Huggins potential (up to an additive constant) in the

limit % — 1. We refer the reader to [38] for the physical derivation of the potentials.
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fluids (e.g. polymers, liquid crystals, emulsions), which are characterized by a molecular interaction at the
microscopic scale affecting the macroscopic dynamics. We refer the reader to the review articles [9,27,31]
and the references therein for a more detailed description of the versatile features of this framework.

A paradigm model of the Diffuse Interface theory for two-phase flows is the Navier-Stokes-Cahn-Hilliard
(NSCH) system, also called Model H after the seminal work [34] on dynamic critical phenomena. Over the
past years there have been important developments concerning the mathematical modeling and analysis of
NSCH systems for binary mixtures. Proceeding along the historical course, let us give an overview of the
main achievements here:

e Homogeneous incompressible miztures: The original Model H describes incompressible binary mixtures
whose total density is constant. It corresponds to (1.1) with density p = 1. The system was derived in [32]
within the framework of continuum mechanics and in [42] through an energetic variational approach (see
also [27] for a recent review). The mathematical analysis of the Model H have been addressed in several
papers. In the case of the Flory-Huggins potential (1.3), the existence, uniqueness and regularity of weak
and strong solutions have been established in [1] and [30]. The existence of global weak solutions in the
case of degenerate mobility (cf. Section 7) was earlier proven in [12]. In the case of the Landau potential
(1.4) and its polynomial generalizations, the analysis has been carried out in [12,16,24,30]. We also mention
the existence of global weak solutions achieved in [25] for boundary conditions which account for moving
contact lines.

e Compressible mixtures: A first generalization of the Model H was derived in the remarkable work [44]
for compressible binary mixtures. This compressible NSCH system was initially studied in [6] taking the
Helmholtz free energy of the form fQ %|V¢|2 + pF(p, ¢) dz where F assumes a specific form (see [6, Equs.
(1.11) — (1.14)] for more details). The authors of [6] proved the existence of global weak solutions in three
dimensions. This result has been recently extended in [17] to the case of dynamic boundary conditions.
Secondly, the compressible NSCH system with (different) Helmholtz free energy of the form fQ % o|Vo|? +
p¥(p, ¢)dx, where U € C°(R?) is a general function, has been investigated in [36], where the authors
proved existence and uniqueness of local strong solutions in the LP setting. Further generalizations of the
compressible NSCH model proposed in [44] have been developed in [23] and [33] through a framework based
on entropy production.

e Concentration-depending density/quasi-incompressible mixtures: A second generalization of the Model
H is concerned with mixtures of incompressible fluids having different constant densities. As observed in [44],
the incompressible nature of the fluids involves a degeneracy in the Legendre transformation between the
Helmholtz and Gibbs free energy, which leads to a constitutive equation that connects the density with the
concentration p = p(¢).? In this direction, a model was derived in [44] in terms of the mass-averaged velocity
and the difference of fluid (mass) concentrations. In this case, the mixture becomes slightly compressible
because of the non-zero divergence of the mass-averaged velocity due to interfacial diffusion, and both the
density and the pressure appear in the equation for the chemical potential. This quasi-incompressible NSCH
model was studied in [2] and [3] in two and three dimensions. In the former, the author proves the existence
of global weak solutions assuming the Helmholtz free energy of the form fQ a(qﬁ)% + U(¢)dx, where
q > d, a and ¥ are suitable functions on R. In the latter, the author shows the existence and uniqueness of
local strong solutions in the case of the Helmholtz free energy fQ %|V¢\2 + U(¢)dx, where ¥ is a general
function in C3(R). It is worth mentioning that a new version of the quasi-incompessible NSCH model has
been derived in [45]. Later on, several works have been devoted to the derivation and analysis of NSCH
systems with non-matching densities whose variables are the volume-averaged velocity and the difference

2 Examples of this relation are Tlfb) = % + 1;—2¢ (simple mixture) and p(¢) = Pl# + p2%, where p; and ps are the constant

densities of the two fluids.
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of fluid volume fractions. It is noteworthy that, contrary to the systems in [44] and [45] based on the mass-
averaged velocity, the volume-averaged velocity leads to an incompressibility relation for the total flow. Two
models were initially derived in [14] and [22]. The first one has been studied in [13], where the author proves
the existence and uniqueness of local strong solutions and the existence of weak solutions under a smallness
conditions of the relative difference of the two fluids densities. Both models however do not satisfy an energy
balance law. To overcome this issue, a new thermodynamically consistent NSCH model was derived in [7].
This system was subsequently studied in [4] and [5] where the existence of global weak solutions has been
proven in the case of logarithmic potential and positive mobility and of logarithmic potential and degenerate
mobility, respectively, in two and three dimensions. The existence result was recently extended to the case
with dynamic boundary conditions in [26].

e Nonhomogeneous incompressible miztures: Another generalization of the Model H lies at the intersection
between the aforementioned classes. This relies on the assumptions that the density of the mixture is an
independent variable of the system and the mass-averaged velocity of the mixture is divergence-free. This
leads to the system (1.1)-(1.2), whose derivation is based on the conservation of mass and linear momentum
and the second law of thermodynamic in the form of dissipation inequality as in [6,33,32]. To the best of our
knowledge, the system (1.1)-(1.2) has only been recently studied in [52], where is proven the local existence
of classical solutions in the case of constant viscosity and Landau potential.

In this paper we present a mathematical analysis concerning weak and strong solutions for the nonho-
mogeneous incompressible NSCH system (1.1)-(1.2). The analysis is inspired by the classical techniques for
the nonhomogeneous incompressible Navier-Stokes equations, i.e. eqns. (1.1);-(1.1)5 with a driving force in
the right-hand side of (1.1)2, devised in [10,11,37,40,41,46], and the more recent methods for the Model H
introduced in [4,29,30]. Our specific purpose is twofold. First, we aim to prove the existence of global weak
solutions in the general setting with only bounded but positive density, physically consistent non-constant
viscosity parameter, and Landau or Flory-Huggins potential. We note that to date the existence of (global)
solutions for NSCH systems with thermodynamically relevant Flory-Huggins potential has only shown for
the classical Model H (cf. [2,30]) and the density-depending NSCH model proposed in [7] (cf. [4,5]). In both
cases, however, the density does not enter in the Cahn-Hilliard equation, and a main issue concerning the
bound of the L'-norm of ¥'(¢) (which implies a control of y in H'(Q)) is overcome by exploiting the mono-
tonicity of the logarithmic part F’(s) of ¥’(s). Our first contribution consists in extending this technique
to the non-constant density case in (1.1)5. Having at our disposal the energy balance (2.4), our argument
is based on three elements: a preliminary estimate of A¢, a suitable test function %(p(b — M) (where
= ﬁ Joudz), and a monotonicity estimate (cf. (5.26))

/|F’(¢>|dx < Co/F’(¢)(p¢—M) de + O, (15)
Q Q

for some constants Cp, C7 depending on the lower and upper bound of the density. Notice that p(¢)¢(¢) is

an invariant of the flow. In particular, the estimate (1.5) holds under the assumption —1 < % < 1, where
p. = essinfgp, which replaces the condition —1 < ¢y < 1 of the constant density case (cf. [4,30]). Next,
the second object is showing the existence of suitable strong solutions by maintaining the most general
assumptions on the density. Despite the presence of the density in several terms of the Cahn-Hilliard
equation and its fourth-order structure, it turns out that a higher-order differential inequality (cf. (6.17))
can be achieved without any differential operator acting on the density function. This provides higher
regularity estimates for the solution provided that the following compatibility condition on the initial data
is imposed

—Ado

Po

po € L=(Q), ¢o € H*(Q) such that du¢p =00n 9Q, po = + W) (do) € HY(Q).
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We notice that a suitable approximation of the initial data is necessary to guarantee the validity of these
estimates for the approximated regular solutions. As a result, in three dimensions we derive the existence of
local strong solutions. In the two dimensional case, thanks to some refined estimates and a logarithmic type
Gronwall argument, we obtain the global existence of strong solutions. We point out that such solutions
have bounded and strictly positive density p, as opposed to the H3({2) regularity required in [52].

Plan of the paper. In Section 2 we derive the energy balance and the conservation of mass. In Section 3
we report the notation and the mathematical tools used in the analysis. Sections 4 and 5 are devoted to the
existence of global weak solution in the case of Landau potential and Flory-Huggins potential, respectively.
In Section 6 we prove the existence of strong solutions in the Landau potential case. Future directions are
collected in Section 7. In Appendixes A and B we show the existence of approximated regular solutions and
a suitable approximation of the initial data.

2. Energy balance and conservation of mass

In this section we report the total energy balance and the conservation of mass associated with the
system (1.1)-(1.2), which will play a crucial role in our analysis, assuming that the solution of (1.1)-(1.2) is
sufficiently regular.

Total energy balance. Multiplying (1.1)3 by w and integrating over €, we have

/ at(| |2)dx+/pu-V(| |2)dz+/v(¢))|ﬂ)u|2dx_/div(V(b@ng)-udx.

Q Q Q Q

Observing that
2

1 1
/pat<§|“|2) d“/p“'v(§|“|2> de di/ P|“|2d$—/((“)tp—i-div(pu))%dx,

Q Q Q Q

we obtain

DN =

d
— p\u\2dx+ v(¢)|Dul?dz = [ —div(Vo ® V¢) - udz.

Moreover, in light of the relations

—div(Ve @ V¢) = —A¢Ve — V(%IWIQ)
= V6 — pU'(6)V6 V(5 1Vol?) (2.1)
= o — pVU(9) Y (3]V6?),
we deduce that
1d
o plul?dz + / v(¢)|Dul*dz = /p,uV(b cudx — /pu -VU(¢)dz. (2.2)
Q Q Q Q

Next, multiplying (1.1)4 by p and integrating over Q, we find

/p8t¢udx+/pu-V¢udx+/|vm2dx:0.
Q

Q Q
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By exploiting (1.1)4 and (1.2), we have

/patgbud;z: = f/ﬁtgbAzbder/p\If/((ﬁ)athdx

Q Q
2dt/|v¢|2d$+//78t (6) de
Q
d 2
dt |V¢| + p¥(¢) da — 3tp‘1’
Thus, we obtain
d
dt |V¢|2—|—p\II(¢) da:—l—/pu V¢udm+/|v,u|2dx—/8tp\ll . (2.3)
Q

By summing (2.2) and (2.3), we arrive at

1
dt | |2+§|V¢|2+p\11 x+/z/ |]D)u|2d:n+/\vu|2dz
0

Q/atp\ll dx—!pirv\ll((b)dx

After integrating by parts, and owing to (1.1);, we observe that

/@p\ll(qﬁ) dz — /pu -VU(p)dz = / (Oup + div(pu)) ¥ (¢) dz = 0.
Q

Q Q

Therefore, we infer that

d 1
T | > + §|V¢|2 + p¥(¢) dx + /V(¢)|Du|2d:c + / |Vu|?dz = 0.
)

Q

Integrating the above equation in time, we obtain for all ¢ € [0, T

t
E(p(t),u +// @) Dul? + |Vu|? dzdr = E(po, uo, ¢o), (2.4)
0

having set

B(pu,9) = [ Jolul + 5[Vl + pU(o) da.

Q

Conservation of mass. First, integrating (1.1); over 2, and using the boundary condition of u, we have for

all t € [0, 7]
/p(t) dz = /podx. (2.5)

Q Q
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Next, integrating (1.1)4 over  and using the boundary condition of y, we find

% ppdr — / (Oep + div(pu)) ¢ dz = 0.

Q Q

Thus, by (1.1)1, we obtain for all ¢ € [0, 7]

/ p()6(1) da = / podo da. (2.6)

Q Q

3. Functional setting

Let X be a (real) Banach or Hilbert space with norm || - ||x. We denote by X’ the dual space of X
and by (-,-), the duality product between X and X’. Let 2 be a bounded domain in R¢, where d = 2 or
d = 3, with boundary 9Q. We denote by W*?(Q), k € N, the Sobolev space of functions in LP(Q) with
distributional derivatives of order less than or equal to & in LP(§2) and by || - [lyy#.»(q) its norm. For k € N,
the Hilbert space W*?2(Q) is denoted by H*(2) with norm || - || zx(q). We denote by Hg(€2) the closure
of C§°(Q) in HY(Q) and by H~1(Q) its dual space. The inner product and norm in L?({2) are denoted by
(-,-) and || - ||p2(q), respectively. We denote by @ the average of u over , that is w = [Q|~!(u, 1), for all
u € (HY(Q))'. By the generalized Poincaré inequality (see [48, Chapter II, Section 1.4]), we recall that

1 2\ 3 2\ 3
u— (|Vu||%2(9)+‘|ﬁ/udx’ )" and u- (||Vu||2L2(Q)+’/nudx‘ )" (3.1)
Q Q

where n € L>(Q) is such that 0 < 1, < n(z) < n* for almost every = € Q, are norms on H'(Q) equivalent
to [|ul| g1 (). In particular, there exists a positive constant C' = C'(£,7.,1*) such that

2\ 2
el o) < € (IVul32a) +’/77udx‘ )’ YueH'(9). (3.2)
Q

We recall the following Gagliardo-Nirenberg and Agmon inequalities

lull gy < CllullZa oy il 2 vue H'(Q), ifd=2, (3.3)
lullzoay < Cllull g lull 2 o Vue HY(Q), ifd=3, (3.4)
lall oy < Cllull ey lull o Vue H(Q), ifd=2, (3.5)
lullz~) < Cllulgn@llulfagy,  YueHX®), ifd=3 (3.6)

We also report the logarithmic estimate of the product (see [30, Proposition C.1])

||U||H1(Q)

), Vuve H(Q), ifd=2. (3.7)
HU||L2(Q)

1
Juvll @) < Cllullm vl z2oy In? (e

We now introduce the Hilbert spaces of solenoidal vector-valued functions. We denote by Cg?U(Q) the space
of divergence free vector fields in C§°(€2). We define H, and V,, as the closure of C§%, (£2) with respect to the
L?(2) and Hg(2) norms, respectively. We also use (-, -) and ||-|| 12y for the inner product and norm in H,.
The space V,, is endowed with the inner product and norm (u, v)v, = (Vu, Vv) and ||lullv, = |[Vu| 1),
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respectively. We denote by V/ its dual space. We recall that the Korn’s inequality entails
||VU||L2(Q) < \/§||DUI|L2(Q) < \/§HVUHL2(Q), Vu € V,, (3.8)

where Du = 1(Vu + (Vu)'). In turn, the above inequality gives that uw — |[Dul|z2(o) is a norm on V,
equivalent to the initial norm. We consider the Hilbert space W, = H?(Q) N V,, with inner product and
norm (u,v)w, = (Au,Av) and ||u|w, = |[Au|, where A is the Stokes operator. We recall that there
exists C' > 0 such that

|ull 20 < Cllullw,, Yue W,. (3.9)

Given 1 < p < oo and an interval I C [0,00), the set LP(I; X) consists of all Bochner measurable
p-integrable functions defined on I with values in X. We define the space W1P(0,T; X) to consist of all
functions f € LP(0,T; X) with the vector-valued distributional derivative 0;f in LP(0,T; X). In particular,
we set H'(0,T; X) = W12(0,T; X). The set of continuous functions f : I — X is denoted by C(I; X). The
space C(I; X,,) consists of all functions f € L*(I; X) such that the map ¢t € I — (¢, f(t)) is continuous,
for all ¢ € X'. The Besov spaces denoted by B, . (I; X), with s € (0,1), consist of the sets of functions
f € LP(I; X) with finite norm

1fllBs i) = 1 flle;x) + sup h7°|[An fllLe(r,;x),
0<h<1

where A f(t) = f(t+h) — f(t) and I, = {t € [ : t +h € I}. We recall that B3, (I; X) = C*([; X). We
report the following compactness and embedding results (see [15,46,47,49])

Lemma 3.1. Let X,Y, Z be three Banach spaces such that X CY C Z. Assume that X LY andY — Z.
Then, for all 1 < ¢ < oo and 0 < o < 1, we have

LU0, T; X) N BS (0,7 Z) < LU0, T;Y), 1<q< oo,
C([0,T); X) N By (0,7 Z) < C([0,T];Y), q = o0.

Lemma 3.2. Let X, Y be two Banach spaces such that X <Y and Y' — X' densely. Then, L>=(0,T; X) N
C([0,T]; Yuw) = C([0,T]; Xo).

4. Existence of global weak solutions: the Landau potential case

In this section we prove the first result concerning the existence of global weak solutions to system
(1.1)-(1.2) with Landau potential (1.4).

Theorem 4.1. Let Q be a bounded domain of class C* in R%, d = 2,3, and let T be a positive time. Assume
that pg € L () such that 0 < p. < po(z) < p* a.e. in Q, ug € L2(Q) and ¢ € H (). Then, there exists
a weak solution (p,u, d, 1) to system (1.1)-(1.2) in the following sense:

(i) The solution (p,u,p, ) satisfies
p € C([0,T]; L7 () N L=(2 x (0,T)) NWh>(0,T; H~1(2)),
w € C([0,T); (Hy)w) N L2(0,T; V) A B (0, T; Hy),

6 € C([0,T]; (H"(2)),) N L0, T; H2(R)) N L2(0, T; W>*(Q)) N BE (0, T; LX(Q)),
pe LY0,T; L* () N L*(0, T; HY (),
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for any r € [1,00), and ¢ =6 if d =3 and for any q € [2,00) if d = 2. In addition,
ps < pla,t) < p* a.e. in Qx(0,T). (4.2)
(ii) The system (1.1) is satisfied as follows:

T

//p@ﬂ/}dxdt—k/T/pu-Vz/szdt—O (4.3)
Q 0 Q

0
for all € C (2 x (0,T));

T

T
7//pu~8twd9:dtf//pu®u:dezdt
Q 0 Q

0

(4.4)
T T
+ v(¢)Du : Vwdzdt = | poug - w(0)dx + Vo @Ve¢: Vwdrdt
[ / [
for allw € CL([0,T); V,);
T T T
— pdOyw da dt — pug - Vwdzrdt + V- Vwdrdt
[ ] [ »
= /p0¢0w(0) dz
Q
for all w € CL([0,T); H'(2));
pp = —A¢+ p¥i(¢) a.e. inQx(0,T). (4.6)

Furthermore, Oy¢ = 0 almost everywhere on 9 x (0,T).

(i) The initial data is assumed in the following sense: p(t) — p(0) = po in L"(R), for all r € [1,00),
u(t) = u(0) = ug in L3(Q), ¢(t) = ¢(0) = ¢g in H (), ast — 0F.

(iv) The conservation of total mass and of mass of fluids difference holds as follows
[otrac= [mas. [o1s0rds = [ puonds viefo.17] (4.7)
Q Q Q Q

(v) The energy inequality

¢
Eo(ﬂ(t),u(t)7¢(t))+//V(¢)\DU|2+|VM2dxdT < Eo(po, w0, $0) (4.8)
0 Q
holds for all t € [0,T], where

1 1
Eo(pu,0) = [ Golul + 5VoP + (o) da.
Q
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Remark 4.2. The proof of Theorem 4.1 presented here below can be easily adapted with minor changes to
the following cases:

(i) Density-depending viscosity v = v(p). We refer to [33,41] for physical motivations;
(ii) General potential ¥ € C?(R) satisfying the growth conditions

—C1 < Uy(s), —Co<Vy(s) <Csls*+Cy VseR,
where C1, Cy, Cs, Cy are positive constants.
Remark 4.3. The pressure p is recovered in a classical way. We refer the reader to [41,46,49].

Proof of Theorem 4.1. The proof consists of several steps.

The approximate problem. Given py € L>°(Q) such that p, < po(x) < p* for almost every = € Q, we find
by classical mollification a sequence {pg, }5°_; such that

pom €C®(Q), Vm N, p. < pom(z) <p* Yz eQ, VmeN,

and

Pom — po strongly in L"(Q), Vr € [1,00), pom — po weak-star in L>°(Q). (4.9)
We consider the family of eigenfunctions {w;}32, and eigenvalues {);}32, of the Laplace operator A =
—A + I with homogeneous Neumann boundary condition and the family of eigenfunctions {w; };";1 and
eigenvalues {/\5g }32,1 of the Stokes operator A. For any integer m > 1, we define the finite-dimensional
subspaces of H(Q) and V,, respectively, by V,, = span{ws,...,w,,} and V,, = span{wi,...,w,,}. We
denote by 1I,, and P, the orthogonal projections on V,,, and V,, with respect to the inner product in

L?(Q) and in H,, respectively.
For any m € N, we consider the triplet (pom, Uom, ®om ), where ug,, = Pprug and ¢on = I, ¢ satisty

Ugm — Wy strongly in L2 (), dom — ¢o strongly in HI(Q) (4.10)
We determine the approximate solutions (pm,, Um, @m, tim) that solve system (1.1)-(1.2) as follows:
pm € CHQT), wm €CH[0, T Vi),  ¢m € CH0, T Vin),  pm € C([0,T; Vin), (4.11)
where Qr = Q x (0,7, such that
Otpm + W - Vo, =0 in Q x (0,7), (4.12)
and

(PmOrtm, W) + (P (Um - V)Um, w) + (V(dm) Dy, Vw)

= (Pmbm Vém, w) = (pm V0 (), w),
(PmOtdm, w) + (Pmtm - Vom, w) + (Vim, Vw) =0, (4.14)
(Pmtim, w) = (Vém, Vw) + (pm To(dm), w), (4.15)

(4.13)
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for all w € V,,, and w € V,,,, and for all ¢t € [0, T]. In particular, the density is defined by

pm(z,t) = pom (X (0,t, 7)), (4.16)

where

S

Xm(s,t,x) =x+ /um(Xm(T,t,m),T) dr Vs,t€]0,T]. (4.17)

t

Notice that the right-hand side in (4.13) has been rewritten according to (2.1). Furthermore, the approximate
solution (pm, W, Gm, fm) satisfies the boundary and initial conditions

{um =0, Outn = Onthm =0 on 09 x (0,T), (418)

pm<70) = Pom; um(ao) = Uom, ¢(70) = ¢Om in Q.

The existence of the approximated solutions (pm,Wm, ®m, fm) satisfying (4.11)-(4.18) is proven in Ap-
pendix A.

Estimates for the approximate solutions. First, we recall that p,, satisfies the estimates

px < pm(z,t) < p* V(x,) € @ (4.19)

By arguing as in Appendix A (cf. (A.10), see also Section 2), we take w = uy, in (4.13), w = py, in (4.14)
and w = d;¢y, in (4.15). We find for all ¢ € [0, T

Eo(pm(t), i (t), éum (1) / / (S| Dty + [V pton]? 4 AT = Bo(porms toms dom). (4.20)

In light of (4.9) and (4.10), we deduce that

EO(,OOrm Uom ¢Om) — EO(va Uo, ¢0)7

as m — 0o. Then, observing that Wy(s) > 0 for all s € R, we have for m sufficiently large

t
a8y + IV (Ol + | / (0 (7)) Dt (7) + [V () dr dr
0
< . (1+E0(P0 Ug (250))-
> mln{%*, %} ) s

Then, there exists a constant C' = C(p., p*, v.) such that

[wmll L= (0,rm,) < C(1+E ), (4.21)
|wmllL20,mv,) < C(1+ Eoi)7 (4.22)
IVémllLoe 0,502y < C(1+ EO%), (4.23)
IV bl 207220 < C(L+ E§). (4.24)

Here we use the notation Eg = Fy(po, uo, ¢o). In the sequel, we will specify the dependency of the constants
C' in brackets, but we will omit the parameters p., p*, v.,v*. Since w; = 1, we infer from (4.12) and (4.14)
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that

| [ om0 = | [ pomdom da| < 1+ 12 0.
Q

Q

In light of (3.1), together with (4.23), the above inequality implies that
[Pl Lo (0,711 (22)) < Cpoo, Eo)- (4.25)
Taking also w = p,, in (4.15), and using (4.19), we obtain

pillmlZzi) < IVOmllzz@) I Vimllzz@) + o7 120 (¢m)ll 2@ lliml 2@
< IVémllz2@) IV im L2 + CQL+ [ @ml Lo )l m 2 (-

In light of (4.25), we have
11720y < Clpodo, Eo) (1 + IV pimll22(2)- (4.26)
Thus, we deduce from (4.24) and (4.25) that
[t | L4 0,7:2202)) < Cpodos Eos T, ppmll 20,7501 ) < Cpodo, Eo, T). (4.27)

We take w = —Ag¢,, in (4.15). Using integration by parts, and (4.19), we find

18603y = = [ Pt e+ [ p¥iom) A6, 0o
Q Q

) ) (4.28)
<Pl llzz @) 1 AGml L2 ) + 2196 (dm) | L2 (@) [ AGm Il L2 ()
< C(1+ [lpmll 2@ + 1 omllFe @) 1 AGml L2 (0)-
Thanks to (4.25) and (4.27), the above estimate yields
|ém|lLa0,7;m2(0)) < C(podo, Eo, T). (4.29)

Let us consider v € Hg(Q2) such that [|v]| g1 (o) < 1. We multiply the transport equation by v and integrate
over €). Since the boundary term vanishes, we find

(Otpm, V) :/pmuvad:v.
Q

Thus, using (4.19) and (4.21), we deduce that

10tpm | Loe (0,7:01-1(02)) < C(Eo). (4.30)
Translation estimates. Since we are not able to estimate time derivatives of u,, and ¢,,, and hence to

use the Aubin-Lions compactness theorem, we will estimate translation differences of w,, and ¢,,, namely
U (t + h) — Uy, (t) and ¢y, (t + h) — ¢y, (t). This type of estimates has been used in [10,11,40,46,50].> Now,

3 A similar estimate has been used in the context of stochastic processes, first proven in [8].
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recalling that p,, solves O¢pn, + div(pmum) = 0, we multiply the transport equation by w,, - w, where
w € V,,. Integrating over 2, we find

(Ot prmthm, w) + (div(pm U ) Upm, w) = 0. (4.31)

By summing (4.13) and (4.31), we obtain

/at(pmum) -wdz + /div(pmum ® Up) - wdx +/V(qu)]Dum : Vwdx
“ “ “ (4.32)

:/p7rzﬂmv¢7rz "de—/PmV‘I’o(cﬁm) dz.

Q Q

Integrating (4.32) on the time interval (¢,¢+ h), where ¢t € [0,T — h], we have

(Pm(t+h)up(t +h) — pm(t)um(t), w)
t+h t+h

_ / / Aiv(pon (7)o (7) ® (7)) - w dzz d — / / V(b (7)) Dt (7) : Vaw dz dr
Q Q

t t

t+h t+h

+ / /Pm(T)Mm(T)V¢m(7) cwdedr — / /Pm(T)V\I’o(qu(T)) wdzdr.

Taking w = u,,(t + h) — u,,(t), we obtain

/pm(t + B[t (t + h) =y, (t)|? dz
Q

= /—(pm(t +h) = pm()um(t) - (wm(t +h) = un(t)) de
Q

I, (t)
h

+ / — div(pm (T)Um (T) @ W (7)) * (U (t + h) — U (t)) dzdT
Q

Tt~—1

I>(t)

T
>

— (G (7)) DU (T) : V(W (t + h) — Uy (t)) dzdr (4.33)

+
ZD\

Ig(t)

T
>

P (T) o (T)V i (T) + (Wi (£ + ) — () dzdr

+
b\

I4(t)

-+

+h
[ [ on U)o () - (b + ) = (1) dadr
Q

t

I5(t)
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In order to estimate I1(t), by using the transport equation and integration by parts, we rewrite I;(t) as
follows

t+h

L(t) = / / div(pm (7)) (7)) AT (W () - (W (t + h) — u (1)) da
Q t

t+h
[ [ om0y dr T (i (0) (¢4 1) = (1))

By exploiting (3.4), (4.19), (4.21), (4.22), and the Sobolev embedding, we deduce that

t+h

(01 < | [ pulrun(r)dr]

t

+ ([Vum(t 4+ h)| L2 + HVum(t)HLz(Q))Hum(t)llm(g))

ooy IVt () 2@ (et (2 B) oy + e (8 ecen)

t+h
<Co [ () lsgoy dr (I T+ 1)@y + [Vaon (02
t

t+h
1 1
<c / et ()1 20 I V2 () 2y A7 (I V20 8+ 1)) + V20 (8) 32 )
t

3 1 1
< OB [t i IV | ey (1 V20m (E+ )32() + V20 (8)] 22 )

3
< C(B)? ([ Fum(t + )20 + [ Vum @l 2 )-
Therefore, thanks to (4.22), we have

T—h
/ I, (t)| dt < C(Eg)hi, (4.34)
0

where the positive constant C' is independent of m and h. Using integration by parts, the estimates (4.19)
and (4.21), and an interpolation argument, we have

t+h

|Ig(t)\:’//pm(T)um(T)®um(T):V(um(t—i—h)—um(t))dxdT’
t Q

t+h
<0 [ Tl (1 V(e + D)0y + [V 020
t

t+h

1 3
<c / et ()20 | V2 () 2y A7 (11 V 20 (4 1) 2(02) + V20 () 20 )
t
t+h

< C(Eo) / ||vum(7')||[§,2(9) dT(Hvum(t + h)”L?(Q) + ||Vum(t)||L2(Q))-
t
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Integrating |I2(t)| on the time interval (0,7 — k), and using (4.22) and Fubini’s theorem, we find

T—h

JRLACIE

0

C(E) [ I9un(lqy [ IVt + Wl + [Tun(®)12(0) dedr
0 0

T—h T

+C(E) [ IVun(DlEuy [ 190t + Bl + T @) 200 dedr
h T—h
T T—h

T C(B) / IVenllfay [ 1Fun+ 1)@ + [V (6) 2oy dear
T— T—h

h
C(E) [ 19un ()0 IV 120012000 o7

0
T—h
/HVum HL2(Q)h Hvum||L20TL2(Q))d
h

T

3 1
CE) [ V() a0y (T = 7 Vet | 20,7522y dr
T—h
T

C(Ey h%/||Vum \|L2(Q)
0

Thus, by exploiting (4.22), it yields

T—h
/ |I(t)| dt < C(Ey, T)h?. (4.35)
0

Since v(s) < v* for all s € R, we find
t+h
[I5(t)| < v* / D (7)|| 20 dT(||Vum(t + M)l 22 + Hvum(t>HL2(§2)>
< VB2 |Vl 2t 4 mi2 () (HVum(t + 1)z + ||Vum(t)||L2(Q))
< C(E)? ([ Vet (t 4+ 1)z2(0) + Vet (8) 220 )
This implies that

T—h
/ \s(t)) dt < C(Eo, T)h%. (4.36)
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Owing to (3.4), (4.21), and (4.25), we have

t+h
(L) < p* / [ ()| 2o () [V b (T) | L2(2) AT ([ (8 + P) [ 23(0) + [t () | L3(s2))
t

t+h
< C(Ey) / i ()20 A7 (et + 1) |20 [tk (¢ + 1) 2 g
t

k12 ) IV 20 (1) 2 )
t+h

< C(Ep) / ||,Um(7)||H1(Q) dr (||Vum(t + h)”zz(g) + ||vum(t)||iz(g))-
t

We integrate |I4(t)| on the time interval (0,7 — h), and we use the estimate (4.22). We obtain

T—h

/ LL(t)]
0

h T
< C(E0) [ lim (@) [ 1700+ 1)y + [V (02 e
0 0

T—h T
1 1
+ C(Eo) / [t (T) || 217 (02) / [V (t+ B)ll72 (0 + [ Veem (6172 dE dr
h T—h

h

T T—
1 1
+ C(Ey) / ||Um(7')||H1(Q) / ||vum(t =+ h‘)HIZ,Z(Q) =+ ||vum(t)||z2(9) dtdr
—h T—h

T
h
3 1
< C(E) [ Do) sy 1Vt o ey 0
0

T—h
3 1

+C(E) [ im0 1V 0120y 47

h

T

3 1

+CE) [ il T = 7)1Vt o 50 07

T—h

T

gc(Eo)h%/Hum(T)HHl(m dr.
0

In turn, owing to (4.27), we infer that

T—h
[ 110l dt < g, B0, IR (1.37)
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By using (3.4), (4.21), and (4.25), we find

t+h

[I5(t)] < p* / 196 (Dm (7)) 12 () IV (T) | Lo ) AT [t (t + B) — wpm (1) | £3(0)

t+h
C(E) [ 16720y &7 (19t + D) sy + [T (D) )

Arguing as above for I4(t), we find

T—h

[ mswlar< o) %/||¢m Do dr.

0

Thus, in light of (4.29), we deduce that

T—h
/| )| dt < C(podo, Eo, T)hE.
0

(4.38)

By exploiting (4.19), integrating (4.33) on the time interval (0,7 — k), and using (4.34)-(4.38), we arrive at

T—h
/ et (£ + 1) = 2t (1) 253y At < C(pobo, Fo, TR,
0

(4.39)

where C is independent of m and h. We now multiply the transport equation by ¢,,w, where w € V,,, and

integrate over ). This gives

(OtpmPm, w) + (div(pmUm ) Pm, w) = 0.

By summing (4.14) and (4.40), we obtain

/@(pmgbm)wdx—l—/div(pmumd)m)wdm—i—/Vﬂm~dex =0.
Q Q

Integrating (4.41) on the time interval (¢,¢ + h), where ¢t € [0,T — h], we are led to

(Pm(t + 1) (t + 1) = pr(t) P (1), w)

t+h t+h
//le P (T Ui (T) O (7))w dc d7 — //Vum -Vwdxdr
t
t+h t+h

:// i (T) Wi (T) i (T) - Vwdz dr — //Vum -Vwdzdr.
Q

t t

(4.40)

(4.41)
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We take w = ¢, (t + h) — ¢ (t), and we rewrite the above equation as follows

/ Pa(t+ 1) Gt + ) — (1) 2 d

Q

/(Pm(t +h) = pm () (8)(m(t + h) — P (1)) d

Q

J1 (t)

T

h
+

t

Jg(t)
h

+ / Yt (7) - (Vb (t + h) — (1)) dzz d7 .
Q

TY~7

Js(t)
By following the argument used above for I (t), we use the transport equation to rewrite Ji(t) as follows

t+h

/ / A (P (7)1t (7)) AT o (8) (G (t + ) — oy (£))

/ / (r)dr - v(¢m( )(@m(t +h) — ¢m(t))) dz

Q t

By using (4.22) and (4.25), we have

t+h

BO1< | [ onounrar] o (196n@ 2@ 16 + 1) = on®l1eca)

+ Iém o @ IV (Gm(t + ) = dm (D)2

(4.43)
t+h
C(podo, Eo) / et (7| 52y 7
t

C(pO(bOvEO)h%||vum||L2(t,t+h;L2(Q)) < C(podo, Eo)hZ,

t+h
[ 2(t)] < p / [wm ()l L3 @) 6m (T) | Lo (@) AT [V (@ (t + 1) = dm(t)) ]| 2()
t

t+h

(4.44)
C(pod, Eo) /

[wm (7| L3 () dT < C(podo, Eo)h?,

/Pm(T)um(T)¢m(T) (Gt + h) — P (1)) dzdr (4.42)
Q
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t+h
[ J5(t)] < / IV (T) |22 (9) AT IV (@ (t + 1) — dm (1))l L2(0)
t

- (4.45)
_ R 1
< C(pogo, Fo) / IV 1t (T) || 202y AT < C(poo, Eo)h?.
t
Therefore, collecting (4.43), (4.44) and (4.45) together, we deduce that®
sup [ é(t + h) = 6 ()| 22y < C(podo, Eo)h*, (4.46)
0<t<T—h
where C' is a positive constant independent of m and h. We conclude from (4.39) and (4.46) that
”um” . < C(p0¢0,E0,T), H‘bm” . < C(p0¢O>EO)7 (447)

Bi L (0,TH,) — B4 (0, T;L2(Q)) —

where C' is a positive constant independent of m and h.

Passage to the limit. Thanks to (4.19), (4.21), (4.22), (4.25), (4.27) and (4.29), we infer that (up to a
subsequence)

Pm — P weak-star in L*>(Q2 x (0,T)),
Oipm — Orp  weak-star in L>°(0,T; H(Q)),
Uy, — U weak-star in L>°(0,T; H,),

Uy, — U weakly in L2(0,7;V,),

(4.48)
Om — & weak-star in L>(0,T; H'(Q2)),
Om — @ weakly in L*(0,T; H*(Q)),
Jy— weakly in L*(0,T; L3(Q)),
Mo, — [ weakly in L2(0,T; H'(Q)).
In light of (4.22), (4.29), and (4.47), we deduce from Lemma 3.1 that
U, — u  strongly in L?(0,T; LY(Q)),Yq € [2,6), (4.49)
bm — ¢ strongly in L*(0, T; WH1(Q)),V q € [2,6), (4.50)
¢m — ¢ strongly in C([0,T]; LY(Q)),Vq € [2,6). (4.51)
The strong convergence of the density is obtained from [41, Lemma 2.4] which entails that
pm — p strongly in C([0,T]; L™(R2)),¥r € [1,00). (4.52)

Thanks to the above estimates and convergence results, we infer that

1
4 1t is also possible to show by arguing as for the velocity %, that ¢,, is uniformly bounded in B3 (0,T; L%(Q)).
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P — PU strongly in L?(0,T;L%(0)),Vq € [2,6),

Pmbm — PP strongly in C([0,T]; LY(R2)),V ¢ € [2,6),

Pl @ Uy, — pU QU weakly in L3 (0,T; L*(Q)),

V(pm ) Dy, — v(p)Du weakly in L2(0,T; L*(Q)),

Prfim, = pp weakly in L*(0,T; L°(92)), (4.53)
Pt ¥V G — puN ¢ weakly in L3 (0,T; L2(Q)),

Pm¥o(6m) = p¥o(0) strongly in ([0, T]; L* (22),

PV (6m)Vm = pU(#)Vé  weakly in L*(0,T; L*(2),

PrnUp G — pUG strongly in L?(0,T; L*(Q)).

We are now in position to pass to the limit in the weak formulations. First, thanks to [41, Lemma 2.4], we
know that

T T
—//p@ﬂ/}dxdt—//pu-V¢dxdt=0, (4.54)
0 Q 0 Q

for all o € CL([0,T), H} (£2)). Next, let us fix [ € N, and take m > [. By using the transport equation (4.12),
we rewrite (4.13) and (4.14) as follows

(Oc(pmum), w) + (div(pmUm @ Um), w) + (V(¢m)Dum, Vw)

(4.55)
= (PmttmV P, w) — (pm\lli)(¢m)v¢maw)a

for all w € V, and

(Oe(pmdm)s w) + (diV(pmUmdm), w) + (Vim, Vw) = 0, (4.56)

for all w € V;. Taking 4, x € CL([0,T)), we multiply (4.55) and (4.56) by 1 and Y, respectively, and integrate
on the time interval (0,7). We recall that pg,, — po in L"(2) for all r € [2,00), wom — ug in H,, and
bom — ¢ in H*(Q). By exploiting the convergence results (4.48) and (4.53), we can pass to the limit as
m — oo getting

T T
—//pu-w@twdxdt—//pu(@u:V'wwdxdt
0 Q 0 Q

/1/(¢)]D)u : Vwp da dt = ¢(0) /pouo ~wdx (4.57)
Q

Q

+

St~ “T—
SO

T
puV ¢ - wip dr dt — oV (4)Ve - wep dz dt,
J)

Q

for all w € V;, and
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T T T
—//p@u@wgdxdt—//puqb-wadxdt+//Vu~wadmdt
0 Q 0 Q 0 Q (4.58)
=X(0)/Po¢owd$,

Q
for all w € V;. Next, passing to the limit as [ — oo, and using a classical density argument, we deduce that

T

T
—//puf)twdxdt—//pu@uzdexdt
0 Q Q

+ V() Du : Vwdzdt = [ poug - w(0) dz (4.59)
Q/ /

+

Pt — TT— °

o)
T
/p,uV(b cwpdxdt — / pY(4) Ve - wip dz dt,
Q 0 Q

for all w € C1([0,7T),V,), and

T T T

—//p¢8twdxdt—//pu¢~deacdt—|—//V,u~dexdt
Q 0 Q 0 Q

0 (4.60)

= /P0¢>0w(0) dz,

Q

for allw € CL([0,T), H(£2)). We then take a test function ¢ € C.((0,T)), multiply (4.15) by ¢, and integrate
over [0,T]. By using (4.48) and (4.53), we pass to the limit as m — oo, and then as | — co. We easily infer
from a density argument that

pie = —A¢ + p¥y(¢) (4.61)
almost everywhere in Q x (0,7). Finally, in light of (4.61) and the relation (2.1), we are in position to
rewrite the right-hand side of (4.59) as in (4.4).

Time continuity. Thanks to (4.51) and (4.52), we have that p € C([0,T]; L"(2)) for any r € [1,00), and
¢ € C([0,T]; L1(Q)) for any ¢ € [2,6). In addition, since ¢ € L>(0,T; H'(Q)), we infer from Lemma 3.2
that ¢ € C([0,T); (H*(Q))w)- Next, we rewrite (4.55) as follows

(Ot P (pmtim), W) = (Pt ® Up,, VP w) — (V(¢p) Dy, VP, w)

, (4.62)
+ (Pt Vém, Prnw) — (pm ¥ (dm)V b, Pryw),

for all w € V,. Here we have used that P, commutes with the time derivative. By using (3.4), (4.21),
(4.25), we find
(O (pmten), )] < C o um sy + 7 1D llz20) + im0 IV 220
+ 0" 190 (D)l L2 @) IV bl 3 () ) [ VPmw]| 12 ()

3
< C(IVumllzziq) + IDumllz2() + lemllzs@) + Vmllzs@) [Vwllz2 ),

K
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where the constant C' is independent of m. In light of (4.22), (4.27), and (4.29), K is bounded in
L3(0,T). Thus, we infer that 9;Pp,(ppmtn,) is bounded in L3 (0,T; V7). Recalling that p, ., is bounded
in L>(0,T; L*(Q)), we deduce by the Aubin-Lions lemma that (up to a subsequence) P, (pmum) — g1 in
C([0,T]; VL). Since pmuy, — pu strongly in L2(0,T; L?(Q2)) (cf. (4.53)), we have that Py, (pmum) — P(pu)
in L?(0,T;H,). So, we deduce that g; = P(pu). In light of P(pu) € L>(0,T; H,), Lemma 3.2 entails that

P(pu) € C([0,T]; (Ho)w)-

This is equivalent to P (pu) € C([0,T7]; (L?(2))w). Next, we claim that pu € C([0,T]; (L*(22))w ). Indeed, since
pu € L2(0,T; L?(Q2)), by the properties of the Leray projection P, we have that pu(t) = P(pu)(t)+Vq(t) al-
most everywhere in [0, T, for some ¢ € L?(0,T; H'(Q2)). Dividing by p and using that divu = 0, we find that

1 1
/;Vq~dex = f/;]P’(pu) -Vw, Ywe HY(Q), (4.63)

for almost every ¢ € [0,7]. Following [4, Section 5.2] (cf. also [41, Chapter 2]), we deduce from
P(pu) € C([0,T]; (L*()).) and the unique solvability of the problem (4.63) that Vq € C([0,T]; (L?(Q)))-
Thus, by a redefinition of w on a set of measure zero, we find that pu € C([0,T]; (L*(Q))w). Since
p € C([0,T); L"(Q)) for all r € [2,00) and p. < p(z,t) < p* almost everywhere in Q x (0,7T), we even-
tually infer that w € C([0,T]; (L?(Q))w) and /pu € C([0,T]; (L*(2))w).-

Conservation of mass and energy inequality. We notice that the approximated solutions satisfy

/pm(t) dr = /pOm dz, /pm(t)¢m(t) dr = /pOmgbOm dez Vtel0,T]. (4.64)

Q Q Q Q

The first equality follows from (4.12), whereas the second equality relies on the fact that wy = 1, where w;
is the first eigenfunction of A. Since p,, — p in C([0,T]; L*(2)) and po,, — po in L1(2), passing to the limit
as m — 0o, we find the first equality of (4.7). In a similar manner, since p,¢m — p¢ in C([0,T]; L*(2)) and
Pom®om — pogo in L(Q), we obtain the second equality of (4.7). In order to prove the energy inequality
(4.8), we multiply (4.20) by % (t), where ¢ € C2°(0,T) such that (t) > 0. After integrating in time, we can
pass to the limit by exploiting (4.48), (4.52), and (4.53). We find

T

JBIVABUOI0) + 5 IV6(ONE00 + [ pltrwa(o®)do Jute)de
0 Q
t T t
+ [ [Iftemulig droydt+ [ [ 190 drvo
0 0 0

p0|u0|2 |V¢0\2 + poWo(po) dz(t) dt

O\’ﬂ T

Q

which, in turn, entails (4.8).

The initial data. The convergences (4.9), (4.10), (4.51), (4.52) imply that ¢(t) = ¢(0) = ¢o in LI(Q) for
all ¢ € [2,6), and p(t) — p(0) = po in L"(Q) for all r € [2,00) as t — 0F. Since Py, (pmunm) — P(pu) in
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C([0,T7; V), by using (4.9) and (4.10), we find as m — oo
/P(pOUO) wdr <_/ (PomUom) - wdr = /Pm(pm( ) (0)) - wdx _>/ ) - wdz,
Q Q Q
for all w € V,. By using a density argument, the properties of P, and p(0) = pg, we obtain
/pou(O) ~wdr = /pouo -wdr Vwe H,,
Q Q

which, in turn, entails that w(0) = wg. Next, recalling that /pu € C([0,T];(L*(Q))w) and ¢ €
C([0,T); (H*())w), we have

0 2 . . (t) 2 / 1 2 . . / 1 2
— < —Z |V < —|\V . .
/ 02 |u0| dz htméﬁlf/ ,02 |u(t)| dez, 2| ¢70\ dx htmé{rlf 2\ (b(t)| dx (4 65)

Q Q Q Q

In light of (4.51), (4.52) and of p(0) = po, #(0) = ¢, we infer that

/p(t)\llo(q’)(t))dx R /po\lfo((bo)dx as t — 0%

Q

Therefore, taking the upper limit in (4.8) as ¢t — 0%, we have

t 1 1
hmsup/§|u(t)|2dx+/§|v¢(t)\2dxg /%|u0\2+/§|v¢0|2dx. (4.66)

t—0t
Q Q Q

We infer from (4.65) and (4.66) that

t 1 1
tli%1+/§|u(t)|2dx+/§|V¢(t)\2dx:/%|u0\2+/§|v¢0|2dx. (4.67)

Q Q Q Q

By combining (4.67) with \/pu € C([0,T]; (L*(Q))w) and ¢ € C([0,T]; (H*(2)).), we finally deduce that

tin [ |Vp@u(t) - il + [ 1Va(t) - Vool da =0,
Q

t—0+

Further properties of weak solutions. The pointwise relation (4.6) allows us to prove the regularity of ¢ in
L2(0,T;W24(Q)) as in (4.1). If d = 2, ¢ € L>(0,T; H'(Q)) implies that ¥((p) € L>°(0,T; LI(Q)) for any
q € [2,00). So, pu— p¥’(¢) belongs to L%(0,T; L4(2)) for any g € [2, 00). Thus, the conclusion follows from
the regularity theory of the Laplace equation with homogeneous Neumann boundary condition. If d = 3,
multiplying (4.61) by |¢|?¢ with ¢ = 14, integrating over €2, and using integration by parts, we find

/q|<z>\qw<z>\2 do + /p|¢|q+4 dz = /p(u 4 6)[0]96 da

Q Q Q

ole

. da:)

< " (Ilallzoey + I9lsn) (
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Therefore, by the choice of ¢, we deduce that

pell @l Zaraiay < o (InllLo) + 10l Loe)-

This gives ¢ € L°(0,T;L'®()), which implies that ¥((¢) € L*(0,T;L%(Q)). By exploiting again
the elliptic regularity of the Laplace equation, we conclude that —A¢ € L2(0,7;L5(2)), and so ¢ €
L2(0,T;W25(Q)). O

Remark 4.4. For the purpose of the existence of global weak solutions to (1.1)-(1.2) with Flory-Huggins
logarithmic potential (see Section 5), we pass to the limit in the time translation estimates. First, we notice
that, by combining (4.20) and (4.42) with (4.43), (4.44) and (4.45), we have

sup g (t + h) = dm (Bl 720y < C(podo)h® (1 + Eo(po, o, d0)?).
0<t<T—h

Therefore, passing to the limit as m — oo, and using (4.51), we find

sup  [[o(t + h) — ¢(t)|[32(0y < Clpodo)h* (1 + Eolpo, uo, bo)?). (4.68)
0<t<T—h

For the velocity u,, a different argument is needed because the terms I and I5 involve the norms ||t || g
and ||¥4(ém)| £2(q), whose estimates depend explicitly on the form of the potential ¥g. To overcome this
issue, we observe that

T—h
po [ Tt + 1) = un(®) e e
0

< Ch%(l + EO(p07 Uo, ¢0)%)

t+h
+’// / tn(T)V (1) d )-(um(t—kh)—um(t))dxdt‘ (4.69)
Ry (z,t)
T—h
+‘ // /pm (M) ¥0(6m (7)) Vo (7 )dT) (wn (t+ h) — up(t) dmdt‘
0o Q t
S (z,t)

Thanks to (4.19), (4.25), (4.27), (4.29), and (4.53), we deduce that, as m — oo

t+h

R, — / p(T)(T)Vo(r)dr strongly in L?*(0,T — h; L2 (),
t
t+h

Sy — / p(T)WL($(7))Vep(r)dr  strongly in L2(0,T — h; L? (1))

t

Since (- + h) — upm(-) = u(- + k) — u(-) strongly in L2(0,T — h; L3(Q)) by (4.49), passing to the limit in
(4.69), we arrive at
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[t + ) = w®)l|7207—n120
< Ch3 (1 + Eolpo, w0, ¢0)?)

t+h
+c‘// / IVo(r)dr) - (u(t +h) — u(t)) dz df (4.70)

t+h

+c‘// / ((r)Vé(r)d >'(u(t+h)7u(t))dxdt‘.

We emphasize that the constants C' in (4.68) and (4.70) may depend on p., p*, vi, v*, and pogg, but they
are independent of the specific form of the potential ¥y.

5. Existence of global weak solutions: the Flory-Huggins potential case

In this section we show the existence of global weak solutions to system (1.1)-(1.2) in the case of the
thermodynamically relevant Flory-Huggins potential (1.3).

Theorem 5.1. Let Q be a bounded domain of class C* in R%, d = 2,3, and let T be a positive time. Assume
that po € L>(Q), ug € L*(Q), and ¢o € H(Q) N L>(Q) are such that

pPoPo

0<ps <plx)<p* ae inQ, |dollpe@ <1, —-1< ;

<1 (5.1)

Then, there exists a solution (p,w, d, u) to the system (1.1)-(1.2) in the following sense:

(i) The solution (p,u,p, ) satisfies

p € C([0,T]; L™ (Q)) N L>=(Q x (0,T)) N W10, T; H1(2)),

w € C([0,T); (Hy)w) N L0, T; V) A Bi (0, T; Hy),

$ € C([0,T]; (H (Q))w) N L>®(Q x (0,T)) N L0, T; H*(Q)) (5.2)
¢ € L2(0, T; W29(2)) N BL o0 (0, T; L(52)),

pe L*(0,T; H(Q)),

for any r € [1,00), and ¢ =6 if d =3 and for any q € [2,00) if d = 2. In addition,

pe < plz,t) < p*, —1<o¢(x,t) <1 a.e inQx(0,7T). (5.3)
(ii) The system (1.1) is satisfied as follows:

T

//p0t¢dxdtf/pu~vwdzdt0 (5.4)
0 Q

0 Q

Jor all ¢ € C(Q x (0,T));
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T T
—//pu-&ywdxdt—//pu@u:V'wdacdt
0 Q 0 Q
. . (5.5)
+//u(¢)ID)u:V'wdxdt:/pouo-w(O)dx+//V¢®V¢:V'wdxdt
0 Q Q 0 Q
for all w € CL([0,T); Vy);
T T T
—//pqﬁ@twdxdt—//puqSode:EdtJr//V,u'dexdt
0 Q 0 Q 0 Q (5.6)
z/po(bow(O) dz
Q
for all w € CL([0,T); H'(2));
o= —N¢+ p¥'(¢) a.e. inQx(0,T). (5.7)

Furthermore, Op¢ = 0 almost everywhere on 9Q x (0,T).

(iii) The initial data is assumed in the following sense: p(t) — p(0) = po in L™(Q), for all r € [1,00),
u(t) = u(0) = ug in L2(Q), ¢(t) — ¢(0) = ¢ in H (), ast — 0.

(iv) The conservation of total mass and of mass of fluids difference holds as follows
[otyae= [mas. [o1s0rds = [ pponds viepo.1) (5.8)
Q Q Q Q

(v) The energy inequality

t
E(p(t),u(t),0(0) + | [ v(@)Dup + [Vuf? dodr < E(po. ua,o0) (5:9)
0 Q
holds for all t € [0,T] where

1 1
B(pu,0) = [ golul + 5[Vl + p¥(o) da.
Q

Remark 5.2. In comparison with the analysis of the homogeneous Model H with Flory-Huggins potential
requiring —1 < ¢ < 1, the last condition —1 < p;ﬂ < 1in (5.1) seems to be a natural generalization to
the nonhomogeneous case. In fact, in the case of constant density these two assumptions coincide.

Proof of Theorem 5.1. The proof is divided in several parts.

Approximation of the logarithmic potential. We introduce a family of regular potentials ¥, which approxi-
mate the logarithmic potential ¥(s) = F(s) — % 2. For any ¢ € (0, 3), we set

U (s) = F.(s) — %32 Vs eR, (5.10)
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where F is defined by

Z%qu_g) s—(1—of  Vs>l-¢

j=0""

F.(s) = F(s) Vse[-14¢1—¢, (5.11)
Z%F(j)(—l-&-f) [s—(—1+e)] Vs<—-1+e.

=07

By definition, the approximating function W, belongs to C2(R) and it satisfies the properties

-3 < U (s), —a<W/(s)<L. VseR, (5.12)

where a = 0 — 0 is a positive constant independent of e, and L. = F”'(1—¢) is a positive constant depending
on ¢. Furthermore, we have that

U.(s) <WU(s) Vse[-1,1], |VL(s)|<|¥'(s)] Vse(—1,1). (5.13)

Approximate solutions. For any ¢ € (0, %), we consider the approximate problem

Otpe +ue - Vpe =0

peOiue + pe(ue - V)ue — div(v(é:)Due) + Vp: = —div(Vee ® Vo)

divu, =0 (5.14)
pOie + pete - Voo = Ape

pette = —A¢e + p- UL ()

which is supplemented with the boundary conditions (1.2). Thanks to Theorem 4.1 (cf. also Remark 4.2),
for any e € (0, 1), there exists a global weak solution (pe, ., ¢, ptc) satisfying (4.1)-(4.8).

Estimates for the approximate solutions. First of all, we have the density bounds
e < pe(z,t) < p* ae. in Qx (0,7). (5.15)

The energy inequality (4.8) entails that

t
E.(p-(t), uc(t), 6-(t +//u¢s JDuel? + [Vpiel? dadr < Ex(po, wo, d0), (5.16)
0 Q

for almost every t € (0,T), where
Lo, 1 2
Q

Since ||¢o| () < 1, by the monotonicity property (5.13) we infer that

E.(po, w0, o) < E(po,uo, ¢o)- (5.17)
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Then, we deduce from (5.12) and (5.16) that

el e o.rm,) < C(1+ E3), (5.18)
el z20,7:v,) < C(1+ E?), (5.19)
IV&ell 1= (0,7:22(0)) < C(1 + E?), (5.20)
IV he 20z () < C(1+ E3). (5.21)

Here E = E(po, ug, o) and the generic constant C' may depend on the parameters p., p*, vi,v*, but not
on e. In light of (4.7), we have

[ rtods = [ poonds Vi .11 (5.22)

Q Q

In turn, by (3.2), (5.1), and (5.20), we obtain

pell Lo mri () < C(1+ E3). (5.23)

Recalling that (5.14)5 holds almost everywhere, we multiply this equation by _ﬁj’g

and integrate over 2.
After integrating by parts and using the boundary condition for ¢., we find

|A¢E|2 12 2 _
o de+ [ ¥/(¢.)|Vo-*de = [ V.- V. da.
Q c Q

Q

By (5.12), (5.15), and (5.23), we have

1
o~ / |A¢e* dz < al|VoelZa(q) + [V rell 2o Vel 20) < CE)A + Vel L2 (e))-

Then, combining the above estimate with (5.21), (5.23), and using the elliptic regularity of the Neumann
problem, we find

ellLaco.rim2(0)) < C(E,T). (5.24)

Next, we multiply (5.14)5 by p% (p-¢e — ped<) and integrate over €2. We have

o —Aé. o o
Fg’(d)E) (pe¢6 - Pe¢s) doe = ? (pe¢s - pe¢s) dz + [ pe (pa¢e - pa¢e) dx
p

e
Q Q Q

+ 8, / be (petre — peds) dz

Q

We notice that p-¢. — pede = pee — podo = 0. By exploiting the Poincaré inequality, and (5.15), (5.22),
(5.23), and (5.24), we have

— I
[ P06~ ) do < ( D)ol Q>+\/ ~ %) et da| + C(E)
Q (5.25)

< C(E)(1+|A¢e| L2 (0) + Vel L2(0))-
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Now we show that

/ F(62)|da < Ko / F/(6.) (p-6 — podo) de + K0, (5.26)
Q

Q

where Ky and K are positive constants that depend on p., p*, pooo, the function F' and the initial energy
E, but are independent of . We consider the case pg¢g > 0. The case pgdg < 0 can be handled in the same
way. By assumption, we have

<0< PP e x (0,T). (5.27)
Pe P

We set

do = %(1 — ﬂ;)jfo)) 0 = 50+max{%, po(éo}.

Notice that % < 01 < 1. For t € (0,T) we define the sets

W) ={re:o@ns ) m@={rea:<o@n<al,
and

Qs (t) = {x €0 bz t) > 51}.

Since pooo > 0, we have the following estimate

Observing that

b= 00 > g - 2905y ), (5.25)

we find

[ 1Eealae= [ P

Qa(t) Qa(t)

<o [ (o2 aw s 2 [ R (o0 o) a

Qa(t) Qa(t)

Since ¢ — 2222 < —1 in Q(t), we find

[ 1@l = [ ~Fds

Qo(t) Qo(t)
< / . Podo
<2 / FE(qSE)(d)E o ) da
Qo (t)
2 / DY 1 / PN
< ; Fg(‘be)(ﬂsd’a - pO¢O) dr < Sop Fa(d)a) (pe¢s - P0¢>0) dz.
*Qg(t) *Qo(t)
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By using (5.13), we notice that

JRLCEEE

Ql(t)
1 [
<5 / FL(¢e)(pede — potho) dz + / IF! ()| dz
*Ql(t) on)
1 _
+ S Fs/(gf)s)(ps(ﬁs *Po(ﬁo)‘dx
0Px
Q4 (t)
F7(01) . _
< / Fl(¢e)(pede — podo) dx + —=—— <,0 Q1)+ p* || D]l L1 () +p0¢0‘91(t)|>
500* 50
Ql(t)
1 L ) -
< 50/) / Fé(¢e)(ﬂa¢a - ﬂo¢o) dx + C(p*’ o*, |Q|’p0¢0, E, F’((Sl))_

Q1 (t)

Combining the above inequalities, we deduce that (5.26) holds with the choices Ko = 0—p* and Ky =
C(ps, p*, podo, F'(01), E,|]). Collecting (5.25) and (5.26) together, we infer that

1FL ()22 0) < CE)A + [[A¢elz2(0) + IV hell2(0)) (5.29)
which, in turn, implies that
| FZ(pe)ll 20,101 0)) < C(E,T). (5.30)
By using (5.15), we also have

|pe FL(d<) 20,102 () < C(E,T). (5.31)

Since [, pepie dz = [, p- V. (¢:) dxr, by using (5.23) and (5.31), we conclude that

H /paﬂa dx’
Q

In light of (3.2) and (5.21), we finally arrive at

< C(E,T).
L2(0,T)

[tellLz(0,m:m1(0)) < C(E,T). (5.32)
Besides, by using (5.15), (5.24), and (5.32), we obtain
|FL (@)l 20,1020 < C(E,T). (5.33)

Now we deduce the time translation estimates for w,, and ¢,,. Thanks to Remark 4.4, there exists a positive
constant C' independent of ¢ such that
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e (t + R) = we ()20 7-ni2(0)

< Ch (1 + E-(po, o, ¢0)?)
t+h

+c‘// / (1) Voe(r)d >~(u5(t+h)—u6(t))dwdt‘

(5.34)
+ c‘ / / / UL (9(7))Ve(T) dT) (ue(t+h) — u-(t)) dz dt‘ :
0
T
and
0<§2¥—; g (t +h) = ¢E(t)HQLQ(Q) < Ch%(l + Ex(po, uo, ¢70)%)- (5.35)

Arguing as in the proof of Theorem 4.1 (cf. (4.37) and (4.38)), and using (5.19), (5.23), (5.24), (5.32), (5.33),
we are lead to

b\w

T1 + Ty < C(E)RT (VT pell 20,701 0y + 1040 L2 0,702 () 106 22 (0,712 (2 ) < C(E)R
Then, recalling (5.17), we have

Juell 1 <CET), o

By 3 Yo S CE,T), (5.36)
300 (0,T5Ho) B 00 (0,T5L2(Q2))

where C' is a positive constant independent of e. Lastly, we recall that any approximate weak solution
(e, Ue, de, 1ie) satisfies (4.4), which can be rewritten as

S (e, w) = (pewe ® ue, Vaw) — (v(92)Duc, Vo) + (V6. © Vo, Vo), (537)

for all w € V,, in the sense of distributions on (0,7). Since p.u. ® u., v(¢.)Du,, and Vo. ® Vo, are
bounded in L3 (0,T; L*(Q)) independently of &, we infer from the definition of weak time derivative that

10 (peree)l 3 o 1y y < C- (5.38)

Passage to the limit. As a consequence of the estimates (5.15), (5.18), (5.19), (5.23), (5.24), and (5.32), we
deduce that (up to a subsequence)

pe — p weak-star in L>(Q x (0,7)),
u. — u weak-star in L>(0,7; H,),
u. —u weakly in L?(0,T;V,),

b — ¢ weak-star in L>(0,T; H'(Q)),
b — ¢ weakly in L*(0,T; H*(Q)),

pe — o weakly in L2(0,T; H'(2)).

(5.39)
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Thanks to the time translation estimates (5.36), we infer from Lemma 3.1 that

u. — u strongly in L*(0,T; LY(Q)),Yq € [2,6), (5.40)
be — ¢ strongly in L*(0,T; Wh9(Q)),Vq € [2,6), (5.41)
¢ — ¢ strongly in C([0,T7]; LY(2)),V q € [2,6). (5.42)

As above the strong convergence of the density follows from [41, Lemma 2.4], which implies that
pe — p strongly in C([0,T]; L"(Q2)),¥r € [1, 00). (5.43)

Thanks to the above estimates and convergence results, we infer that

Pelle — pU strongly in L*(0,T; L%(Q)),V ¢ € [2,6),

P — po strongly in C([0,T7; L9(2)),V q € [2,6),

Pele @U: — pu R u weakly in L3 (0,T; L*(Q)),

v(pe)Du. — v(¢)Du weakly in L?(0,T; L*(Q)), (5.44)
Vo. @ Vo, = Vo @ Vo strongly in L2(0,T; L*(Q)),

petie = ppL weakly in L*(0, T; L°(Q)),

PelUche — pud strongly in L?(0,T; L*()).

Moreover, we deduce the pointwise convergence (again up to the extraction of a subsequence)
¢ — ¢ a.e.in Qx (0,7). (5.45)
We now claim that the limit function ¢ fulfills
p e L2 x(0,7) and |p(z,t)] <1 ae. inQx (0,7). (5.46)

By the definition, F(s) is monotone increasing for s € R. Then, for any v € (0, %) we introduce the sets

S
Il
——
—

x, 1) € AX (0,T): |pe(z,t)| >1—~}, €€(0,9],
x,t) € A x (0,T): |p(x,t)] >1—~}.

=
I

—~

—

From the pointwise convergence of ¢. and Fatou’s Lemma, we infer that for any fixed -,

meas(M,) < lim inf meas(M?).
e—0t

On the other hand, by using (5.30), we have
min{F'(1 —v), =F'(=1 + )} meas(M3) < [|F(¢)llL1ax(o,r) < C,

where the constant C' is independent of v and . Thus, we obtain

c
min{F'(1 — ), —F'(-1+7)}

meas(M,) <
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Passing to the limit as v — 0%, we deduce that meas({(z,t) € Q x (0,T) : |¢(z,t)| > 1}) = 0, which yields
the conclusion (5.46). As a consequence, since F! converge uniformly to F’ on every compact set in (—1,1),
we obtain

U (pe) = V() ae. (z,t) € Qx(0,T),
as € — 07. Hence, up to a subsequence, it holds
Vi(¢:) = W'(¢) weakly in L*(0,T; L*(9)).
In light of (5.15) and (5.43), we conclude that
peWL(6) — pU'(¢)  weakly in L2(0,T; L3(Q). (5.47)

The convergence results established in this section allow us to pass to the limit in the weak formulation
implying that (p,u, ¢, u) satisfy (5.4)-(5.7). The conservation of mass (5.8) and the energy inequality (5.9)
follows from the above convergences (5.39)-(5.44) and the weak lower-semicontinuity of the norm.

Time continuity and initial data. We observe that p € C([0,T]; L"(2)) for all » € [1,00) and p(0) = po
by [41, Lemma 2.4]. It follows from (5.42) and ¢.(0) = ¢o for all ¢ € (0,1) that ¢(0) = ¢o. By using
Lemma 3.2, we also infer that ¢ € C([0,T];(H'(Q))w). In order to deduce the time continuity of the
velocity, we first notice that (5.15), (5.18) and (5.38) imply P(p.u.) — P(pu) in C([0,T]; V.) by Aubin-
Lions lemma. Since pu € L*(0,T; L*(2)), we obtain from Lemma 3.2 that P(pu) € C([0,T]; (Hy ), ). This
entails that P(pu) € C([0,T]; (L?(92))) and u(0) = uo. Now, arguing as in the proof of Theorem 4.1 (cf.
Time Continuity), we find that pu € C([0,T7]; (L*(22))w), and in turn w € C([0,7T]; (L*(Q)).). Finally, to
prove the strong convergence to the initial data as in the proof Theorem 4.1 (cf. The Initial Data), we are
only left to show that

/ p(OF($(8)) dz — / poF(¢o)dz ast — 0%,
Q

Q

where F is the convex part of the logarithmic potential. Taking a sequence ¢, — 07, it follows from (5.42)
and (5.43) that ¢(t,) — ¢o and p(t,) — po almost everywhere in 2. Since F' is continuous on [—1,1],
we obtain that p(t,)F(¢(tn)) — poF'(¢o) almost everywhere in €. Since p and F(¢) are bounded, by the
Lebesgue dominated theorem we reach the desired conclusion.

Further properties of weak solutions. We claim that F’(¢) € L?(0,T; LY(Q)), where ¢ = 6 if d = 3 and any
q € [2,00) if d = 2. To show this, inspired by [28] (see also [1]), we define for all k£ > 1

1-1 s>1— 1,
¢r =hro¢, hi(s)=<s —1+7<s<1—4,
—1++  s<-1+¢+.

It follows that ¢ € C([0,7]; H(Q2)) and the chain rule holds V¢, = Vox_111,1-11(¢). Accordingly, for
any q > 2, |F'(¢r)|92F'(¢4) is well defined, it belongs to C([0, T]; H(£2)) and satisfies

V(IF (6)"2F (61)) = (g = DIF (60)|" 2F" (64) V.
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Now, multiplying (5.7) by |F'(¢x)|9 2 F'(¢r) and integrating over €2, we find

(¢-1) / F/(60) [ 2F" ($4)V - Vi, da + / PIF (6)|"2F (60) F' () d

Q

- / (o1 + O0pd) | F' (6)|" "2 F'(¢1,) dx

Q

Since F is strictly convex, the first term on the left-hand side is non-negative. We also have that F’(¢y)?
F'(¢)F'(¢) almost everywhere. Thus, by Young’s inequality, we obtain

HF'(¢;€)HLQ Q) < CHPM + 90p¢||Lq(Q)
Since ppu + Oopd € L*(0,T; L4(R)), where ¢ = 6 if d = 3 and any 2 < ¢ < oo if d = 2, we deduce that

IF"(pr)l| 20,7529 (02)) < C,

where C is independent of k. By the Fatou lemma, we are lead to F’(¢) € L?(0,T; L9(Q)). Finally, since
—A¢ = pu — p¥'(¢) € L3(0,T;L4(Q)), by the elliptic regularity of the Laplace equation with Neumann
boundary condition, we infer that ¢ € L?(0,T; W24(Q)) for =6 ifd=3 andany 2 < g< o ifd=2. O

6. Existence of strong solutions: the Landau potential case

This section is devoted to the existence of strong solutions to system (1.1)-(1.2) with Landau potential
(1.4). These solutions are global-in-time in two dimensions, and local-in-time in three dimensions.

Theorem 6.1. Let Q be a bounded domain of class C® in RY, d = 2,3. Assume that py € L>(2), ug € V,(Q)
and ¢o € H?(Y) are given such that 0 < p, < pg < p*, Oupo = 0 on 99, and po = prfU + U (po) € HH(D).
Then, we have the following:

(i) If d =2, for any T > 0 there exists a strong solution (p,u,p, @, u) to the system (1.1)-(1.2) satisfying

peC([0,T); L7(Q)) N L®(Q x (0,7)) N L®(0,T; H()),
w € C([0,T]; V,)NLA0,T; H*(Q)) N H'(0,T; H,),
p e L*0,T; H' (),
¢ € C([0,T]; (W()),,) NH'(0,T; H (),
w€ L(0,T; H (Q)) N L0, T; W21(Q)),
for any r € [2,00) and any q € [2,0).

(ii) If d = 3, there exist Ty > 0, depending on the norms of the initial data, and a strong solution
(p,u,p, &, ) to the system (1.1)-(1.2) satisfying

p € C([0, To); L™ (2)) N L>=(2 x (0,Tp)) N L>(0,To; H~ (%)),
u € C([0,To); Vo) N L*(0, To; H*()) N H(0, Ty; H,),

p € L*(0, Tp; H'()),

¢ € C([0, To]; (W°(Q))) N H' (0, To; H' (),

p € L0, To; H' (Q)) N L2(0, To; W>0(92)),

for any r € [2,00).
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Besides, (1.1)1 holds in D'(Qr,) if d =3 and in D'(Qr) if d =2, and (1.1)2-(1.1)5 hold almost everywhere
in Qr, if d =3 and in Qr if d = 2. The boundary conditions Op¢ = 0 and Jpp = 0 hold almost everywhere
on 002 x (0,Tp) if d = 3, and on 9 x (0,T) if d = 2, and the initial data are assumed u(-,0) = ug and
o(-,0) = ¢g. Furthermore, (2.4), (2.5) and (2.6) hold for allt € [0,Ty] if d = 3 and for allt € [0,T] if d = 2.

Proof. The proof is divided in several steps.

Smoothing of the initial data. Thanks to Lemma B.1 in Appendix B, for £k € N there exists a sequence
(66, #6, 1u6) such that

(i) The approximated densities p§ € C*°(Q) satisfy p. < pk(z) < p*, Vo € Q, and as k — oo
ph — po strongly in L™(Q), Vr € [1,00), pk —py weak-star in L>(Q).

(ii) The approximated concentrations ¢f € H°(f2) are such that

Ok =0 on 90, o¢f — ¢y strongly in H*(Q), (6.1)
and
| 2228 < Clluollna + Cliuls (6:2)
p’é HiQ) = HollH1(Q) OllH2(Q)" .
(iii) The approximated chemical potentials u&§ € H3(Q) defined by pk = —Apfg + Wl (pk) satisfy
0

pk — po  strongly in H'(Q).

Approximated regular solutions. For any & € N we consider the approximate solutions constructed in the
proof of Theorem 4.1 through the semi-Galerkin discretization. More precisely, there exist

Pm € Cl(@)v Um € Cl([ovT]§Vm)7 Om € Cl([07T]§Vm)a Hm € C([O’T]§Vm)a

with Q7 = Q x (0,T). The approximated densities p,,(z,t) = pk(X,,(0,¢,7)), where the characteristic
X (s, t,x) is given by (4.17), solve

Otpm + div(pmtm) =0 ¥ (z,t) € Q. (6.3)
The approximated solutions (pm,, W, P, thm) satisfy

(Pmatumvw) + (Pm(um V) Uy, w) + (V(¢m)Dumv Vw)

(6.4)

= (pmﬂmvd)ma w) - (pmv\IIO((bm)vw)a
(PmOtbm, w) + (PmUm - VO, w) + (Vity, Vw) = 0, (6.5)
(Pmbtm, w) = (—Apm, w) + (pm\I’f)((ﬁm),w), (6.6)

for all w € V,, and w € V,,, and for all ¢ € [0, T]. The initial conditions are p(-,0) = p&,> (-, 0) = P,u,
ém(,0) = I,,¢k. Moreover, recalling that w,,(-,0) — ug in V, and ¢,,(-,0) — ¢§ in H3(Q),
from (4.19), (4.20), (4.26), and (4.28) that

it follows

5 We observe that, since pg IS C°°(§), we do not perform any regularization for pg in the semi-Galerkin approximation, as opposed
to the beginning of the proof of Theorem 4.1 whose arguments can be easily adapted to this case.
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pe < pm(z,t) < p* V(z,t) € Qr, (6.7)
lwmllzo0,1581,) < C(Eo),  umllz20,15v,) < C(Eo),
and
Dmll Lo 0,111 (2)) < C(Eo), | dmllzo,rim20)) < C(Eo), ptmllz20,m5m1 ) < C(Eo), (6.9)

where C' is independent of m and k, and Ey = Ey(po, wo, ¢o)-

Higher-order energy inequalities. First, taking w = dyu,, in (6.4), we have

. V(q;m) |Dum\2 dx + /pm‘atum|2 dz + /pm(um V)t - Oy, A

dt

¢ ¢ ¢ (6.10)
= /pmNmV(bm - Ogtyy, dz — /PmV‘I’O((bm) - Ogtb, do + /V/(¢m)at¢mlﬂ)um|2 dz.

Q Q Q

We take w = Oyf1,,,° in (6.5) and we obtain
1d
2 dt
Since Ot (t) € Vi, by using (6.3) and (6.6), we find

||Vﬂm||2L2(Q) + (PmOtdm; Octim) + (PmWUm - Vb, Osptm) = 0. (6.11)

(P0um 1) = [ Opmsin)06m s~ [ pndipnitn o
Q Q
_ / A0 Biby da + / O (P Wl (6)) Do
Q Q
+/div(pmum)um3t¢>m dx

Q
:/|V8t¢m|2dx—|—/6tpm\116(¢m)8t¢m dz
Q

Q
+/pmq/g(¢m)|8t¢m|2dx_/pmum'v(umat(bm) dx
Q

Q
_ / VO 2 d — / Qv (Prthn) U (G0 ) Dy it (6.12)
Q Q
+ qulg(¢m)|at¢m|2 dzr — /pmat¢mum Vi d

Q

- / VOu6m[? do + / P (G) Dbt - Vb dt
Q

/Pm\l/:)((bm)um - VOipm dx + /pm\PG(¢m)|at¢7n|2 dz
Q Q

/pmat¢mum Vit dz — /pm/lmum : V8t¢m dz.

Q Q

2

+

6 This is a rigorous operation because pi,, € C'([0,T], V;s). Indeed, recalling the ODEs system (A.9), we have that C™(t) =
(M7 () H-LyPB™(t) + F™(t,B™)]. Since (M7*)~! € ¢*([0,T]) and B™ € C'[0, T, it easily follows that C™ € C'[0, T7.
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Besides, using once again (6.3), we have

d
dt{/pm,umum Vom dl’} /atpm,ufmum Vo, dz
Q

Q Q

d
= E{ /pmumum -Vom dx} + /div(pmum),umum -V, dx
Q Q

Q Q

d
= d_{ /pmﬂmum Vo dx} - /pm(um Vi) (Um - Véy,) da
Q Q

(6.13)

t

— /pm,umum -V(upm, - Vo) dz — /pm,umatum - Vo, dr
Q Q

:3\

By substituting (6.12) and (6.13) in (6.11), we obtain

d (1
&{awmn%m + / st Vonde b+ [ [906nds
Q Q

Q Q

Q Q

+/pm U, * Vit ) (U - Voo,) dx+/pmumum~V(um~V¢m) dx
Q Q

+ /pm,umatum -V, dr + Q/pmumum - VOip, da.
Q Q

Taking w = 0;¢,, in (6.5), we find
/pm|8t¢m|2 de = — /pmum V¢, 0t dw — /Vﬂ'm - VOt dx. (6'15)
Q Q Q

Since ¥ (s) = 3s? — 1 > —1, multiplying (6.15) by a factor 2 and adding it to (6.14), we have



A. Giorgini, R. Temam / J. Math. Pures Appl. 144 (2020) 194-249 231

d (1
&{§|vﬂm”%2(ﬂ) + /pmﬂmum Vo dx} + OZOHatgbm”%{l(Q)

Q
<= [ (6t - T s~ [ WGt V06
Q Q
+ /pmat(bmum : v,um dz + /pm (um : VUM)(U’M : V¢m) dx (616)
Q Q
+ /pm,umum V(- Vo) dx + /pm,umatum - Vo, dr
Q Q
+ 2 / Prfbm WU + VOrdy, dr — Z/pmum -V Oy o dx — 2 / Vb - VOi o, dx,
Q Q

where ap = min{1, p,} > 0. By summing (6.10) and (6.14), we arrive at

d V(Om 1
dt{ / ) D2 i+ 2 [V By + / pmumumwmdx}
Q Q

+ . / 1Ovttmn|? dz + 0| Oeom 311
Q

< /_pm(um ) v)um - Oty dx + 2 / PmbtmV O - Oty d

Q Q
I, Iz
+ / _pmv\IIO(¢m) : 8tum dz + / V/(¢rrL)at¢m|Dum‘2 dx
Q Q
I3 Iy
+/ pm‘l’” (Gm)Otbmtm - Vo, dx‘i’/*pmqﬂo(d’m)um - VOipm dx (6.17)
Q Q
Is Is
+ /pmatd)mum - Vitm d:er/pm(um Vi) (WU, - Vou,) dz
Q Q
I7 IB
+ /pm,umum V(U - Vor,)dz + Q/pm,umum - VOiop, dx
Q Q
Iy Iio
Q Q
It Iz

Before proceeding to estimate the right-hand side of (6.17), we define

v(Pm 1
H(p'rm U, ¢'ma ,Um) = / %UDUWLF dz + 5 HVUmHQL2(Q) + /pm,umum : v¢m dx. (618)
Q Q
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For the sake of brevity, we will denote H,, = H(pm, Um, Pm, im). Thanks to (3.4), (4.26), and (6.9), we
observe that

/ Pratimti - Vo Az < p 1t 20 0 2562 |V bl 262
Q

< CED) 1+ [Vl () [t | 22 o [Vt 2

/ ") D 2 4 L[V 3y + O,
Q

where the constant C' depends on p*, v*, but it is independent of m. In turn, this implies that

H,, >/ V(O )|]D> m|2dx+—||meLz<Q) C(Ep). (6.19)
Q
Similarly, we have
H,, < C(Ey) /” Dty d + C(Eo) [Vt ey (6.20)
Q

Three-dimensional case (d = 3). We estimate successively all terms in the right-hand side of (6.17). To this
aim, we recall the estimates (cf. (4.26) and (4.28))

1 @) < C(E0)(L+ [[Vimll2@),  9mllaz@) < C(E)A + Vil 72q)), (6.21)

where C is independent of m. Let w be a positive (small) constant which will be determined later. By
exploiting (3.4), (3.6), (6.9) and (6.21), we obtain

] < p*l[wml 2o @) [V 22 @) |0rwm || 2 (0)
3 1
< C”VUmHZZ(Q)||Aum||z2(9)||atum||L2(Q) (6.22)

Px w
< G 10unliz o) + T lA% T2 (0) + ClIVUllZe ),

|12

< 20" |l Lo @) IV Ol L3 @) [0t L2 ()

1 1
< Ollpmll e @) IV Omll L2 () l|0m | 2 ) O tem | L2 )
P 9 9 (6.23)
< 5 10cumlza0) + C(EBo)[dmllrrz0) (1 + IVimlz2(0)

IN

P 3
o 10tml[Z2(0) + C(Bo) (1 + 1V pam | 2 o)
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Is| < p* 196 (dm) | Lo @) [Vl L2 100l L2 (e

P
< 0vumllLa ) + C(Eo)(|9ml1 7 () + 19mllf ()
6

IN

s
gllatuml\%zm) + C(Eo) (| $mll 1 @) lomll 2 (0) + 6m 1311 () | 6m 72 (52)) (6.24)

IN

I
gllatuml\izm) + C(Eo)([6ml 2() + llom 32 (0)

IN

P 3
g”atumﬂizm) + C(E) (1 + [[Viml 22 ),

|14 < Cl|OsdmllLs )| Vumll Ls @) IVuml L2

IA

e .
1—2 10ebm 711 (@) + ClIVtml|Z2 ) 1A% ]| 22(0) (6.25)

(7)) w
1—6\\5t¢m\|§{1(n) + ZHAum”%z(Q) + Cl V220

IN

15| < 0" 196 (dm) | L3 () 10:Pm | Lo (@) || Lo (@) | VP [l L2 (02)
1 1
< C(EO)||8t¢m||H1(Q)Hvum”iz(g)||Aum||22(9) (6.26)
<

« w
—OHat¢mH?{1(Q) + lAUn|[72(0) + C(E)|[Vuml|72q),
16 4

76|

IN

P96 (m)l 2 (@) 1tem| Loe () |0c Pl 11 ()

IN

o
6 18:rm 1371 () + C(Eo)[Vum | L2 () | Al 22 (0) (6.27)

« w
—OHat¢mH§{1(Q) + lAUn|[72(0) + C(E)|[VUuml|72(q),
16 4

IA

7] < p*[10:dml Lo (@) lwm s @) |V itmll L2 (@)
o i ) ) (6.28)
< 1—6\\5t¢m\|H1(Q) + ClIVum 220 VEmllT2 o)

1Is) < 0% [t 2 ) IVt 20 1V o 56
< OVl 2@ bl 120 | Vet 2 s (6.29)

3
< CED) (1 + [Vt ) [ Ve 220

ol < p*[|ptm | Ls @)l wmll Lo @) (IVumll L2 [IVomll Lo @) + l[wmll Lo @)l @m ll m2(0))
< C(Eo)(1+ ||Vﬂm||L2(Q))||¢mHH2(Q)||VUmH%2(Q) (6.30)

3
< C(Bo) A + IV | 720y IV 172 ()

[T10| < 20" [|pm || s @) lwm | Ls @) IV Ot pm || L2 (0

7))
< —||at¢m||2Hl(Q) + C(Eo)(1+ ||VﬂmH%?(Q))Hvumniz(g)a
16

(6.31)
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[I1] < 2P*H'um”L3 ) IVOmll 22 () 10:m | s ()
=16 ||at¢m”H1 (@ + C(E)[Vtml|72 (o),

12| < T2 ||3t¢m||H1 o) T ClIVimll72(g)-
Collecting (6.22)-(6.33) all together, we find the following differential inequality

d

Px 2 Qo 2
T m+§/|5tum\ dx+7‘|8f/¢m“H1(Q)
Q

< @[ Aup|720) + CllVUml 2
+ C(E0) (1 + [Veml720) (IVum 720y + 1V imll72(0)-

(6.32)

(6.33)

(6.34)

Here the constant C' depends on w. Next, taking w = Awu,, (A is the Stokes operator) in (6.4), we obtain

/ v (1 () D) - At Az = —(prnrthm; Atirn) — (oo (o - V)t Aty

(6.35)

By arguing as in [30], there exists 7, € L*(0,T; H'(Q2)) such that —Aw,, + V7, = Au,, almost everywhere

in  x (0,7) and such that

1 1
1Tmllz@) < ClIVUml o) AWMl 22(q)s  Tmllar @) < CllAwm]|L2(q)

where C' is independent of m. Then, we rewrite (6.35) as follows

/ (¢m) |A m|2 dz = ( Pm O, Aum) + (_pm(um ) V)Um, Aum)

Q K, Ks
+ (Pt V Om, At) + (—pm V¥ (D), Aty )
K3 K4

+ ((On)D Vo, Atin) + (31 (617 Vo, Ati).

Ks Ko

Using (3.6), (6.9) and (6.36), we estimate K7, ..., Kg as follows

6(0*)2

|K1] < 07 10ttm2( [ Atiml| 2@y < ool At 320 + 10w 12 ()

- 24
[ K| < p*l\umllmm)IIVum||L2<m||Aum||L2

3 3
< CHvum”zz(Q)”Aum”zz‘( Q) ||A“m||L2(Q) + CHVUm”B(Q

_24

3| < p" || 2o (@) |V bl L3 () | At || 22 ()

< 2| A3 (@) + Clltmls | 9ml 3o

(6.36)

(6.37)

(6.38)

(6.39)

(6.40)
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[Kal < p" [ W6 (6m)l L= @)V Ol L2(0) | Attm]| L2 (0)
< C(Eo)(1+ ||¢m||iw(ﬂ))||Aum||L2(Q)
3 3
< C(Eo)(1 + [|omll frr oy ll0mll Fr2 (o) | At | L2 ()

Vi
< ﬂHAumH%Z(Q) + C(Eo) (1 + || dmll3r2 ()

(6.41)

|G| < ClIVum s )| Vomlls @) | Auml L2 ()
1 3
< CHVUm”iz(Q)||A“m||22(9)||¢m||H2(Q) (6.42)

Vs
< ﬂHAumH%Q(Q) + C||Vum\|%2(9)Hq§m||‘}{2(9),

|56l < Cllmmll L3 @) I Vémll Lo () | Awm | L2 (0)
1 1
< CHWm”?ﬁ(Q)Hﬂm”él(g)n(bmHH?(Q)”Aum”L?(Q)
1 7 (6.43)
< C‘lvum||i2(g)||Aum||i2(g)||¢m||H2(Q)

Uy
Combining the above estimates (6.38)-(6.43) with (6.37), and using (6.21), we arrive at

6(p*)?
Vy

+C(1+ HVMmHi?(Q))||Vum”%2(§z)-

Vs
Z”AumH%Q(Q) < 10cum| 72y + CllIVUmllGz ) + CO+ IVimlZ2@)

(6.44)

‘We now set

2
PxVx Pl

TS A T P R

(6.45)

and

Px Qo
Fop = F (W, o) = @|| At [|72q) + Z”atum”i?(Q) + 7||at¢m”%11(52)'

Multiplying (6.44) by ¢, adding it to (6.34), and using (6.19), we eventually obtain

S ot Fi < CUBO)(C(E) + ), (6.46)

where the positive constant C'(Ey) is independent of the parameters m and k (cf. initial data).
Two-dimensional case (d = 2). In comparison with the three-dimensional case, the only difference consists
in the estimates of the terms Iy, Iy, and K», K5, Kg. By exploiting (3.3) and (3.7), and using (6.9), we find
1] < p*llwm | @) IVl e @) 10wm || 2 o)
1
< C(E0)||vum||L2(Q)”Aum”z2(9)||atum||L2(Q) (6.47)

Ps
< g”aﬂtm”%%m + W||Aum||iz(g) + C(EO)HVUm”iz(Q)v
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1
14| < Cl9ubnl 10| Vet 20y In (€

_16

Collecting (6.23)-(6.24), (6.26)-(6.33), and (6.47)-(6.48) all together, and using (6.19), we find

4
dt

< @[ Aun 20 + OVt [ 200y In (€

M)
[Vumllrz o)

21031 (@) + ClI Vet 20y In (€

Ho+ 2 / Otz + 22 0431

Q

[Awm | r2(0)

+ C(Eo)(IVumlZ2 () + IVimlZ2 ) Hun-

Next we estimate Ko, K5 and K¢ of (6.37). By using (3.3), (6.8) and (6.9), we

(K| < p*lwmll s @) I Vem | mHAumIILz

< C(E0)IVumllz2 @ IIAumIILQ(Q) ||Aum||L2(Q) + C(Eo)||Vumll72(),

K| < CVum| L) Vol La ) | Awm |l 20

1 3 1 1
< C(Eo)HVumHiz AU o) IVOml 22 | 0mll 2

_24

| At 350y + ClIVUm 132 0 | o 3122

|Ko| < Cllmmllza@)IVomllLa)llAwml| L2 (o)

[V 2@

HAUmHL%Q))
V| L2 (o)

)

have

1 1 1 1
< CHWmsz(Q)||7Tm||1%11(Q)HV¢mHZZ(Q)||¢m‘|i(2(g)”Aum”L2(Q)

1 7 1
< C(EO)Hvum”z’Z(Q)||Aum”£2(9)||¢m”12{2(9)

Vx
< ﬂHAumH%Z(Q) +C(EO)||VUmH%Z(Q)||¢m\|%{2(9)~

Therefore, using (6.21) once again, we are lead to

Vs
ZHAumHiZ(Q) <

Choosing ¢ and w as in (6.45), multiplying (6.5

4
dt

< C(E) (V220 + Vst 132() o + C [Vt [z g In (€

By using the basic inequality

6(p*)*

HatumHzL?(Q) + C(E0)||Vum||%2(sz)

+ C(Eo) (1 + Vil Z2(0)) IV im 122 (0) + [V eml|72(0))-

Px @0
Q

zIn(Cy) <y+axln(Czx) Va,y>0,

3) by 0 and adding to (6.49), we obtain

A2
[Vl 2(0)

).

(6.48)

(6.49)

(6.50)

(6.51)

(6.52)

(6.53)

(6.54)
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| Ay HL2(Q)

with x = ||Vum||%2(9), Y= Tz Ve have
1 M)
ClIVunm|2(q) In (C [Vt 22

< O Vunl 20y lAunll 22 () + Cl V| 720y In (CllVum[72())
w
< §||Aum||2L2(Q) + CHvum||2L2(Q) + CHVUWH%Q(Q) In (C(1+ ||Vum||%2(9)))~

Thus, setting

w Px o
Gm = G(Um, dm) = 5||Aum||2L2(Q) + ZHaﬁumHQL?(Q) + 7||3t¢m||§11(9)7

and exploiting (6.19), we eventually arrive at

d
g Hm +Gm < C(Eo)(IVumllZ2 () + IVimlZ2(0) (C(Eo) + Him) In (C(Eo) + Hin). (6.55)

Control of the initial data. The next aim is to bound H,,(0) by a constant which is independent of m and
k. The crucial term is V,,(0). To do so, evaluating (6.6) at ¢ = 0, we have
(P61 (0), w) = (=Adm (0), w) + (V5 (6 (0)),w) Vw € Vi, (6.56)

Taking w = 1, (0) in (6.56), we find

1 p*
lpm (ONl2(0) < Z=l1AGm (O)ll 22y + p—||‘1’6(¢m(0))||L2<9)

6.57
< Cllom ()l @) + Clléom(0) 2o (6:57)
< C”¢§”§11(Q) + Cll e 2@y < Cllldollm2()),
where C is independent of m and k. Next, we take w = —Ap,, (0) in (6.56)
(pgvﬂm(o)a Vim(0) + (Mm(o)vpl& Vim(0)) (6.58)

= (=VA¢m(0), Vi (0) + (V(06 T (¢ (0))), Vit (0)).

Recalling that ¢,,(0) — ¢f in H3(Q), and using the properties of p§ and (6.57), we infer that

PV 11 (0) | z2(02) < 1 (0) || 2 V05 | 2w (20) + [l 6 (O)]| 12 ()
+ V061 o () 1% (@ (0) [ L2 (2) + 2% 195 (6 (0) Vb (0) || L2(02)
< Clloll 2@ Vo6l L= @) + 166 m3@) + V05| L @) |m (0)][3r1 0
+ Clldm (0)l[72 ) | 6m ()| 120
< Cllloll 2@ Vo6l L) (14 1661131 @) + 16611 23 (2) + 1|6m (0) 1320
< Clloll m2(): 1V 06l Lo () 661 13 (02))-

Here the constant C' depends on k through the norms of p’g and (b’g. This implies that, for any k& € N, 1, (0)
is bounded in H!(). We infer that (up to a subsequence), as m — oo,

pm — ¥ strongly in L2(Q), Vi, — Vu*  weakly in L*(Q). (6.59)
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We claim that p* = pf. Indeed, taking v € L?(£2) and recalling that II,,v — v strongly in L2(€2), we deduce
from (6.56) that

(55 v) = (6 m (0), ) = (—Adm(0) + p5 o (¢m (0)), Tv) = (—=AdG + p5o(¢6), v).
This entails that

* _A¢k
u= e+ Yo(9n) = -
0

Now, combining (6.58) with (6.59) with p* = uk, and recalling that ¢,,(0) — ¢k strongly in H3(f2), we
obtain

im (o5 Vim (0), Vi (0))
= lim —(pm(0)Vp5, Vit (0)) = (VAG(0), Vit (0)) + (V (0§ U (6m (0))), Vit (0)) (6.60)
= —(u§V g, Vus) — (YA, Vi) + (V(eg¥(95)), Vi)

= (P66, V1up)-

Thanks to (6.2) and (6.60), it immediately follows that
. p*
dim [V (0)]1Z2(q) < EIIWL’SH%Z(Q) < Cllpollzn @) + Cligolltz -

In turn, this implies that, for any k € N, there exists my such that

IV (0)[1 720y < 14 Cllpoll iy + Clidolfrziy  Ym > my. (6.61)

Uniform estimates and passage to the limit. First, we consider the case d = 3. Thanks to (6.46), we have
that, whenever T satisfies 1 — 2C(Eo)(C(Ep) + H,,(0))?T > 0,

< C(EO) + Hm(o)
~ V1 -2C(Eo)(C(Eo) + Hin(0))%t

Hp(t) vtel0,T], ifd=3.

Since (6.20) and (6.61) entail that, for m > my,
Hpn(0) < 14 Clluollyy, + Cllrollzm oy + Clleollfre oy,

we infer that there exist 75 > 0 and C; > 0, depending only on the norms |uo|v,, [tolls (o), and
|0l 2(0), as well as p. and p*, such that

sup (Hvum(t)H%z(Q) + ||wm(t)||2Lz(Q)) <Cp ifd=3, (6.62)
t€[0,To)

where T and C are independent of m and k. On the other hand, if d = 2, integrating (6.55) we deduce
that

B0 IG IV um (NI 2 (o) I Vim (M1 2 47

Hp(t) < (C(Eo) + Hin(0)) Vtel0,T], ifd=2.
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Then, recalling (6.8) and (6.9), for any T > 0 there exists Cy = C2(T), also depending on the norms ||uglv, ,
ol (), and [|¢ol| 2 (), p+ and p*, such that

sup (me(t)uim)+|\wm(t)||§2(m) <Oy ifd=2. (6.63)
t€[0,T]

We will now use the notations C; and C5 to denote generic constants depending on C; and Cj, but
independent of m and k. We also infer from (6.46) that

To
/HAum(T)HQL?(Q) + |0stm (7)1 722y + 10s6im (7) 32y A7 < O if d = 3, (6.64)
0

and from (6.55) that

T
/HAum(T)”%Z(Q) + [0t (7)1 20 + [10bm ()| F1. () d7 < Coif d = 2. (6.65)
0

By exploiting (6.21), we have

sup [|¢m () |p20) £ C1 ifd=3, sup [|¢m(t)||m2@) < Cp ifd=2. (6.66)
te[0,To) t€[0,T]

Finally, we infer from (6.5) and the above estimates that

T T
/ ||um(T)||?qz(Q) dr<C; ifd=3, / ||um(7')||§{2(9) dr < Cy ifd=2. (6.67)
0 0

Now we are in position to pass to the limit as k is fixed and m — oo, and then as k — oo. More precisely,
thanks to [41, Lemma 2.4] and the above estimates (6.62)-(6.67), we deduce that (up to a subsequence)

pm — pr weak-star in L (Q x (0,Tp)),

pm — prc strongly in ([0, ToJ; L™(9)), ¥r € [1, 50),

Uy — up  weak-star in L°(0,To; V),

WUy — uy,  weakly in L?(0,Ty; H*) N HY(0,Tp; H,), ifd =3, (6.68)

Gm — bp  weak-star in L>(0, Ty; H*(Q)),

i — i weak-star in L>(0, Ty; H'(Q)),

i — i weakly in L?(0,To; H*(9)).
We notice that, if d = 2, (6.68) holds by replacing [0, Tp] with [0, T]. The strong convergences of u,, and
¢m are recovered through the Aubin-Lions lemma, which imply the convergence of the nonlinear terms.
Thus, in a standard manner, we can pass to the limit as m — oo in (6.4)-(6.6). Next, we observe that, by
the weak lower semicontinuity of the norm, (6.64)-(6.67) hold for (pg,w, Pk, pir). This allows us to pass

further to the limit as k — oo, and to obtain a limit solution (p,w,p, @, )" satisfying (1.1)-(1.2) as stated
in Theorem 6.1.

" The pressure p is recovered in standard way. We refer the reader to [46] and [49].



240 A. Giorgini, R. Temam / J. Math. Pures Appl. 144 (2020) 194—-249

Further properties of the solution. We conclude by observing that Ay = pdié + pu - Ve € L?(0, To; L°(9))
if d =3, and Ap € L*(0,T;L9()) for all ¢ € [2,00) if d = 2. Thus, by elliptic regularity, we infer that
p € L2(0,To; W25(Q)) if d = 3 and p € L2(0,T;W?>4(Q)) for all ¢ € [2,00) if d = 2. Next, writing
(1.1)5 as —A¢ = pu — p¥y(¢), it is immediate that A¢ € L>(0,Tp; L°(Q)) if d = 3, implying that
¢ € L*>(0,To; W25(Q)). A similar argument entails that ¢ € L°°(0,7;W24(Q)) for all ¢ € [2,00) if
d=2. O

7. Conclusions

In this work we studied the nonhomogeneous incompressible Navier-Stokes-Cahn-Hilliard system in a
bounded smooth domain in R?, d = 2,3, with no-slip boundary condition for the velocity and homogeneous
Neumann boundary conditions for the concentration and the chemical potential. First, we showed the
existence of global weak solutions if the free energy density is the Landau potential or the Flory-Huggins
potential. Then, we proved the existence of global strong solutions in two dimensions and of local strong
solutions in three dimensions (with initial velocity in V) in the case of the Landau potential. In our
analysis, the density is bounded from above and bounded away from zero, and the viscosity depends on the
concentration. We conclude this paper by mentioning few open questions which will be the object of future
investigations:

e Well-posedness of strong solutions. An interesting issue is to prove the uniqueness of the strong solutions
whose existence is proved in Theorem 6.1 (cf. [20]). In connection to this question, it would be interesting to
show the existence and uniqueness of strong solutions to (1.1)-(1.2) having regular density and velocity as
shown in [19] and [37]. Furthermore, a natural question is whether strong solutions as in Theorem 6.1 exist
in the case of the physically relevant Flory-Huggins potential (cf. [1] and [30] for the homogeneous case).

e Vacuum case. A possible extension of this paper is studying the case of initial density which is bounded
from above but may vanish in 2. We mention that some important results in this direction have been proven
in [18,20,39,46] and the references therein for the nonhomogeneous Navier-Stokes equations. However, the
assumption of the model according to which the sum of concentrations is equal to one may fail in this case,
and the physical model is no longer valid as such.

e Mobility and viscosity. Further interesting questions concern the analysis of system (1.1) with different
choices of the mobility and viscosity coefficients. It is well-known that the mobility m(¢) in the Cahn-Hilliard
equation is either constant or degenerate. In the latter case, —Ap in (1.1) is replaced by — div(m(¢)Vu)
with m(¢) = 1 — ¢2. We refer the reader to [12] for the existence of global weak solutions for the model
H and to [5] for the concentration-depending density model proposed in [7]. Another relevant case is the
density-depending viscosity coefficient. This amounts to replacing v(¢) in (1.1) with v(p). As mentioned in
Remark 4.2, the existence of global weak solutions to (1.1)-(1.2) can be adapted to this case. On the other
hand, it remains an open issue whether strong solutions can be proven in this case since p is generally less
regular than ¢. We refer the reader to [21,35,51].

e Boundary conditions. A lot of interests have been devoted in the past few years to Navier-Stokes-Cahn-
Hilliard systems (as mentioned in the Introduction) with Navier boundary condition for the velocity and
dynamic boundary conditions for the concentration. We mention in this direction the works [17,25,26,43]
and the references therein.
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Appendix A. Existence of approximate solutions

We prove the existence of the approximate solution (pm,, Wm, Gm, ttm) satisfying (4.11)-(4.18). To this
aim, we perform a fixed point argument. For any m € N, we fix

U € C([0,T; Vi), m € C(10,T]; Vi) (A1)
Thanks to [37, Lemma 1.3], there exists a unique p,, € C*(Qr) defined by the formula

Pm(ﬂ%t) = p()nL(XnL(Oatvx))) (A2)

where

S

X, (s,t,z) :H/am(im(m,z),f)df Vs,tel0,T]. (A.3)

t

The solution p,, satisfies the following estimates

pe < pm(a,t) < p* Y (x,t) € Qr, (A.4)
and

P
oo < o j ”um/(T)le‘OO(Q> dr )
OI%I%XT IVom (@)L= @) < ClIVpom L= (e’ , (A.5)

where the positive constant C' is independent of m. Next, we look for the triple

wnl@,t) = 3 a7 (Ow; @), @t = SV Ows(a) pnlwt) = 3 Ouy)

which solves

(pmatuma wl) + (Pm(ﬁm : v)um, wl) + (V(gm)Duma vwl)

~ (A.6)

= (pmﬂmv¢mvwl) - (pmv\ll(qsm)a 'wl)v
(pmat¢mawl) + (pmum : ngm,wl) + (Vﬂm, le) =0, (A~7)
(pm,umy wl) = (v¢m7 le) + (pm\pé(gbm)a wl): (A8)

foralll=1,...,m. The system (A.6)-(A.8) corresponds to a system of differential equations. We define the
vectors

A™(t) = (af* (1), -, ay (1), B™() = (01" (1), ..., b (1),  C™(t) = (1" (t), - .., e (D))

The system (A.6)-(A.8) is equivalent to the system

MY (t) LA™ = L' (t)A™ + L' (t)C™ + F{"(t, B™)
Mj'(t) B™ = LY (H)A™ + L] (t)C™ (A.9)
My (t)C™ = —L]'B™ + F3'(t,B™),
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where the matrices read

(M (), = / o, Oy () - wn(z) dz, (M ()0 = / P, By ()0 () diz,
Q Q

Ly () = — /pm(w,t)(ﬂm(w,t) V)w; () - wi(z) = (G (2, 1)) Dw;(z) : V() da,
Q

(L' (), = /Pm(xat)wj(fv)vgm(%f)'wz(x) dz, (L5 (1)1 = (L3'(t))j.1,
Q

(LZ’)M = ij -V dx = diag()\l, ceey )\m),

D

for I,j =1,...,m, where A1,..., A\, are the eigenvalues of —A + I with homogeneous Neumann boundary
conditions. The nonlinear vector terms are

(an(thm))l = /pm(x’t)V\PO(d)m(x’t)) 'wl(xvt) dl‘,
Q

(F2(1,B™)), = / (1 )T (b (2, 1) (1) dir,
Q

and the initial conditions are given by

Am(o) = ((’U’Omvwl)’ R (u0m7w'm))7 Bm(o) = ((d)Om:wl)v HERR) (¢0m7wm))

In light of the regularity properties of @y, ¢m and pp, (cf. (A.1)-(A.4)), the matrices MT* and MY are
continuous on [0, 7] and invertible® for all ¢ € [0,7], LT, Ly", L}* are continuous on [0,7], and F}* and F5'
are continuous on [0,7] x R™ and locally Lipschitz in R™ uniformly in ¢. The classical Cauchy-Lipschitz
theorem entails the existence and uniqueness of a local solution (A™,B™) € C'([0,Ty),R™ x R™), C™ €
C([0,To); R™). Next, we show that the solution exists on [0, 7]. Multiplying (A.6) by @ and summing over
[, we find

1d ~
ia/pm|um|2 dx+/u(¢m)\Dum|2dx: /pmungsz ~umdxf/pmv\llo(¢>m) Uy, do.
Q Q Q Q

Here we have used that p,, is the solution to the transport equation with velocity ,,. Multiplying (A.7)
by ¢]* and (A.8) by %b{“, respectively, and summing over [, we obtain

d

1 ~
a/§|v¢m\2+pm\110(¢m)dx+/pmum-V¢mumdx+/|Vum|2dx:/8tpm\P0(¢m)dm.
Q Q

Q Q

8 For any fixed t € [0,T], and a vector x € R™\{0}, we consider (M"(t)x,x) = S, Z;":lfn pm(t)wiz; - wiz; do =
Jo pm@®)E[> dz > &”EH%Q(Q)’ where § = >0, wia;. If H&HQLZ(Q) = 0, we infer that £ = 0 a.e. in 2, and so there exists [
such that w; = %T(— i 1T w;x;). This contradicts the properties of the eigenfunctions w; of the Stokes operator. Therefore,
H£||2Lg<m > 0, and MT"(¢) is definite positive. The same argument applies for M3 (t). Furthermore, the regularity of p,, ensures
that M* and M3 belong to C' ([0, 7). This, in turn, entails that det M{" and det M3" belong to C*([0, T]) and are strictly positive
functions on [0, T]. Thus, we conclude that the inverse matrices (M;")_1 and (M;"’)_1 belong to C* ([0, TY).
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By summing the two above relations, we have

d [1
dt pmlum|2 _|V¢m|2 + pmVo(dm) dz + /V(¢m)|Dum|2 + |Vt | dz = 0. (A.10)
Q

Integrating in time over [0, ¢] where 0 < ¢t < Ty, we deduce that

/ POl L[V (D + prn () Wl (1)) i + / / (o (7)) | Dt (7) 2 d d7

Q

t
1 1
+ / / |Vum(r)|2 dxdr = /5p0m|’u,0m‘2 + §‘V¢0m|2 + ,Oom\Ilo(qum) dx
0 0 Q
By using (A.4), the properties of the projector operator II,,, and P,,, the Young’s inequality, and the Sobolev
embedding, we find

1 1
/ §p0m|u0m|2 + §|v¢0m|2 + pOm\IJ(QbOm) dx

Q
o 1 . A1l
< ?HUOMHQLQ(Q) + iH(bOmH%Il(Q) +Cp* (1 + llgomll 710 (A.11)
< p_* 2 1 2 Co*(1 4
S5 ol 720y + 2||<150||Hl(9) + Cp* (1 + [ ¢ollr(q))
where the constant C' is independent of m. Since Wo(s) > £s* — 1, by exploiting (A.4), we obtain
P+ 1 P+
5||Um(t)”%2(n) + —||V¢m(t)”%2(m + _Hﬁbm(t)”%‘l(ﬂ)
* p*
< ?HuOHLz(Q) +3 ||¢’0||H1(Q) +Cp* (14 [0l 7)) + 1
Therefore, there exists a positive constant Cy = Cy(ps, p*, ug, o) such that
sup fum(®)llr2) + sup [[¢m(t)| 1) < Co.
0<t<To 0<t<Ty
By a classical argument on ODEs systems, we conclude that Ty = T'. Moreover, we infer that
< . .
s ()220 + o, [6m (D)o < Co (A.12)

For any m € N, we introduce the set

Sm = {(v,w) € C([OvT]§Vm X Vin) O?%XT H'Um( )”L2 @) + 0r<na<XT |om (t )||H1(Q) < CO}a

and we consider the map A : S, — S, defined by

A, Gm) = (Wi, um)-
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Next, multiplying (A.6) by %a{” and summing over [, we find
P*||3tum||%2(n)

< —/pm(ﬂm VU, - O, do — /V((?Sm)]D)um : Voru,, dx

Q Q
- /pm/ingmatum dx — /Pm‘l’f) (¢m)v¢matum dz
Q Q

< P [l Lo (@) [ Vumll L2 @) [|0cttm| L2 () + V(D || L2 (@) |V Orttm| L2 (o)

+ 07 [l | 22 | D 1.5 Ot [ 23 02) + 7 112G (D) | L3 (52) [ D 1.0 ()| Dot | 22
< Cp*llumllm2 )| Vuml L2@) 0cum || 2) + v Vum L2 )| VOrum || 20

+ Cp* [l il L2 (@) Dl 2 () |V Oethn | £2 () + p*C (1 + [ 6m | 722 () 102 | L2 (2)-

‘We now observe that
[l 2 ) < Aplltmllz),  wmllv, <\ ASlwmllz@),  [0amllv, < /A5 10mll L2 @),

where the Afn are the eigenvalues of the Stokes operator A, and

H%TnHHQ(Q) < \/)‘mugmnHl(Q)a [Pmllz2() < VAmlPmll a1 ()

Also, we have

pellimllz2@) < lomlla2i@) + 2" 1% (D)l 22(0) < Amlldmllzz @) + Co*lomllFn -

Thus, there exists a constant Cy = Cy(m, p«, p*,v*, Cp) such that

Ogltang ||(9tum(t)||Lz(Q) < Cl. (A13)

In a similar way, multiplying (A.7) by %blm and summing over [, we find

POl 2y < — / Pt - VB Bepn i — / Vit - Vs da
Q Q

< P w3 IV Gl 2o (9 10cbm | 12 () + 1V it || 22 () | Ve | 220
< Cp™[|[Vum |l L2 |omll 2@ 10cpml L2 () + Al pm | L2 (@) |0cpmll L2 ()
< (Cp"\ A5V Amllwm | L2 @lldmll 1@ + Amllim || L2 @) [10edml| L2 (@) -

So, there exists Cy = Ca(m, p4, p*, Cy) such that

max ||9;pm (t)[|L2(0) < Ca. (A.14)

0<t<T
Let us set 50 = C1 + C5. We consider the subset §m of S,,, defined as

S, = {(’U,l/)) S Cl([O,T];Vm X Vm) :OrgtaéXTva(t)HL?(Q) —i—orél%XT me(t)HHl(Q) < Cy,

Jnax 040 ()| L2(0) + Jnax 10¢tbm ()| 1@y < Co}-
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Thanks to (A.13) and (A.14), we notice that

A:S,, = Sn.

By the Ascoli-Arzela theorem, we deduce that the set S is compact in S,,.

We are left to prove the continuity of the map A in order to apply the Schauder fixed point theorem.
To this aim, for any m € N, let us consider a sequence of {(v™, ™)}, such that (v™,¢") — (v,9)
in C([0,T); Vyn x Vi) as n — oo. For any n € N, we find p?, € C*Qr) and p,, € C(Qr) given by
the formula (A.2), where X,, satisfies (A.3) with @, replaced by v™ and v, respectively. We notice that
pn(+,0) = pm(+,0) = pom. We now write dp,, = plt, — pm, which solves

O0pm + 0" - Viopy, + (v" —v) - Vp, =0.

Multiplying the above equation by |8p,,|" =28 p,, for r > 2, integrating over €, using (A.5) with @,, = v and
0pm(-,0) = 0, we infer that

T
1 (3 (2@ < € [ [07(7) = 000y d,
0

where C' is independent of n. This entails that dp,, — 0 strongly in C([0,T]; L"(£2)) for any r > 2. Thus,
pr. — pm strongly in C([0,T]; L"(€2)). Next, given (pl,,v™,¥™) and (pm,v, 1)), there exist (ul,,¢l) and
(Wi, &) in CH([0,T); Vi X Vi) such that

A", ") = (U, ¢), AW, ¢) = (Um, o).

In particular, (u”,d") and (W, ¢n) satisfy (A.6)-(A.8) with (Tm,dm) replaced by (v™,4™) and (v, ),
respectively. Arguing as above, we perform the energy estimates for (u},, ¢r,) that give us

n n 1
< .
goax [ (D)l 2@y + max é5 O)llm @) < Ko, (A.15)

where the positive constant I~(0 depends on m, pom, Uom, and ¢om,, but it is independent of n. In the same
way, we also infer the following bound on the time derivatives

n ) n vy < K .
Jnax, |9y, (D)l L2() + Joax, 10t (D) 1 (02) < K1, (A.16)

where the positive constant I~(1 depends on m, pPom, Wom, and @gm,, but it is independent of n. Thanks
to (A.15) and (A.16), the Ascoli-Arzeld theorem entails that there exist a subsequence (uni,dni) and
(U, ®) € C([0, T); Vi, X Vi) such that
upyd — U strongly in C([0,T]; V,,), ¢ — @  strongly in C([0,T]; Vi).
In light of (A.16), we also have
Ouyi — 0, U weak-star in L*>([0,T]; Vo), Owppi — 0P  weak-star in L*([0,T]; Vin).
Moreover, we also deduce from the above estimates that

p — T weakly in L2(0,T; V).

m
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Thus, we pass to the limit n; — oo in the system (A.6)-(A.8) in D’'(0,T) with (2w, ém) replaced by (v™, ™).
Recalling that (v™,¢") — (v,%) in C([0,T]; V,, X Vi) and p?, — pr, strongly in C([0,T]; L"(Q2)) for any
r > 2, we find that

(Pm0: U, w1) + (pm (v - VU, w1) + (v(4)DU, Vawy)

(A7)
= (anTV'(/)vwl) - (p’mV\IJO(@)vwl)a
(pm 0@, wy) + (P U - Vo, w;) + (VY, V) =0, (A.18)
(mevwl) = (V(I)a vwl) + (pm‘l’6(¢)7wl)7 (Alg)
foralll=1,...,m, for all t € [0,T]. On the other hand, (t,, ) solves

(PmOstm, wi) + (pm (V- V), wi) + (v () D, Vw;) (A.20)

= (pm/-l/mv’(/)vwl) - (pquJO(¢m)7 wl)a
(PmOtdm, wi) + (pmUm - Vb, wi) + (Vim, V) =0, (A.21)
(Pmtim, wr) = (Vom, Vwr) + (pmm6(¢m)7wl)v (A.22)

for all I = 1,...,m, for all t € [0,T]. By uniqueness, it follows that (U,®,T) = (wm, dm, ttm). This
argument entails that every subsequence of A(v™,1¢™) possesses a subsequence whose limit coincide with
A(v,v). Therefore, we conclude that the whole sequence converges, namely

A", Y") = A(v,¢) strongly in C([0,T]; Vi, X Vip).

Summing up, by setting X,, = C([0,T]; Vi, X Vi), we have shown that the map A : S, C X,;, =& S is a
continuous map such that A(S,,) = S, is compact in X,,,. By the Schauder fixed point theorem, we conclude
that, for any m € N, there exists (U, ¢m) € X such that A(tm, dm) = (Wm, dm). More precisely, we

have found p,,, € CH(Qr), wm € CH([0,T}; Vi), ém € CH[0,T); Vin), and py, € C([0,T); Vi), which solve
(4.16)-(4.15).

Appendix B. Suitable approximation of initial data

Lemma B.1. Let Q be a bounded domain of class C3 in R?, d = 2,3. Let py € L>(Q) and ¢po € H*(Q) be

such that 0 < p, < pg < p*, Outg = 0 on 9Q, and pg = _qu(f))o + W(po) € HY(Q). Then, there exists a
sequence (pf, oF, uk), k € N, such that

(i) The approximated densities p§ € C>(Q) and p. < pk(z) < p*,Vx € Q and k € N. As k — oo,
Pt — po  strongly in L"(Q), Vr € [1,00), ph — py  weak-star in L>(Q).
(ii) The approzimated concentrations ¢ € H®(Q) are such that
8,,(;5’5 =0 on 09, (;Sg — ¢o  strongly in H?(S2),

and there exists a constant C (independent of k) such that

Ak
=5

P < Cllpoll @) + CllgollFro-
0

HY(Q)
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.
(iii) The approzimated chemical potentials uk € H3(Y) defined by pb = —Ap(’go + W (pk) satisfy

ph — o strongly in H'(S).

Proof. First, by a classical approximation argument (convolution with mollifiers), we find a sequence p&
satisfying the statement of Lemma B.1. Consider

- A
p= 8% + do.
Po

It is clear that ;i € H'(Q). Then, we define jif = Tl € Vi. We observe that ik — i in H*(Q). Next, we
introduce ¢f as the solution to Neumann problem

{—M’S + bk = pbHE n Q (B.1)

8n¢’(§ =0 on 0N.

Since pft € H3(9)” and p§ > p., there exists a unique solution ¢§ € H°(£2) to problem (B.1). Moreover,
we have the following estimates

6611y < CllASIL20) < CllEEl L2 (02)
and
661 22y < CllasIL2) < Cllall2 ),

where the constant C' only depends on 2, p, and p*, but is independent of k. In light of (B.1), we also have

k
P55

P = V(@5 — ¢6)llz2(0) < Cllalm (o)
0

L2(Q)
We observe that pkik — popi in H(92). Denote vy = ¢ — ¢o. By definition of i and ¢, we have
—Avg + pivk = fr + gk,

where fi = pkiit — pofi, and gx = (po — pk)¢o. Multiplying the above equality by v;, and integrating over
), we obtain

IV vkl Z2 0y + pellvrlliz oy < Ifkllze@llvellz) + 105 — pll2@) doll L @) 1okl L2 -

Thanks to the convergence properties of f and plg — po, the above inequality implies that vy — 0 in H*(£2)
as k — oo. This entails that ¢§ — ¢ in H'(Q). By elliptic regularity, we easily deduce that ¢§f — @o in
H?2(Q). Finally, we define pu§ as follows

AgE
Ng = - kO + \I//O(ng)
Po

9 Here we are using that Vi, C H3(Q) which follows from the assumptions on the domain and the elliptic theory of the Laplace
equation.
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By (B.1), we have
p6 = iy — o6 + Vo (65)-
Therefore, it is apparent from the above convergences that uf — o in HY(Q). O
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