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Transitions and bistability of thermal convection
between differentially rotating spherical shells

Abstract

This thesis investigates the motion of heated fluid between two differentially

rotating spherical shells. Although the motion is simple for weak heating

and differential rotation, it transitions to more complicated states as both

increase. Heating a quiescent fluid from below gives rise to cellular convec-

tive motion as the temperature gradient becomes sufficiently steep. Typically

this transition increases heat transfer. Differentially rotating spherical shells

also generate a state of cellular motion, which in this case transports an-

gular momentum. When both effects are present, it is often assumed the

fluid chooses an optimal configuration which maximises the transfer of an-

gular momentum and heat. Depending on how the equilibrium is reached

however, this maximisation may not always be achieved, with two different

stable equilibria often found to co-exist for the same heating and rotation

strengths. We want to understand why the fluid motion in a spherical shell

is bistable, and how this scenario might arise. We find that bistability in the

non-rotating problem depends largely on the shell separation, and when dif-

ferential rotation is introduced, on the relative strength of heating to rotation.

In both cases the strength of thermal plume boundary layers appears to play

a key role. We find that for differentially rotating problem, the transition

between solutions can occur either due to the destabilisation of an equatorial

plume by buoyancy forces, or alternatively a polar plume by Ekman pump-

ing. Our results demonstrate that although bistability in this system cannot

be simply explained by the flow maximising its torque or heat transfer, the

polar and equatorial regions are of particular significance. As bistability is

a ubiquitous feature of many fluid systems, particularly those for which the

transport of heat and angular momentum is important, it’s hoped that this
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study can provide valuable insights and help towards the understanding of

such behaviour.
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1
Introduction

Motivated by the recent discovery that the icy moons of Jupiter and Saturn have subsur-

face oceans, this thesis investigates the motion of a rotating hot fluid between two spherical

shells with self-gravitation. The main question which we attempt to answer is: Why the

fluid motion in a spherical shell can have two different states for the same heating and

rotation rate? To motivate this question we first give a brief overview of the astrophysical

problem.

1.1 Motivation for studying a model of differentially rota-

tion convection in a spherical shell

When considering the interior of a planet or satellite such as Earth or its moon, we

typically picture a hot inner core which radiates heat. We assume that this heat, along

with solar radiation prevents the planet from freezing over. Unlike Earth’s moon however,

many of Jupiter’s and Saturn’s moons are not internally heated, nor do they receive large

amounts of radiation from the sun. Yet, successive missions have found that these planets

have complex thermal behaviours (Nimmo & Pappalardo 2016). During the Galileo and

Voyager missions, Jupiter’s closest moon Io, was found to be extremely geologically active

(Peale et al. 1979, Peale 2003), while its largest moon Ganymede was found to have a low

moment of inertia suggesting the presence of multiple subsurface oceans (Schubert et al.

1981). Incidentally Ganymede also harbours a weak magnetic field (Saur et al. 2015),

the only moon to do so. More recently the Cassini mission observed the outer surface
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of Saturn’s moon Enceladus oscillating, and during a subsequent flyby photographed and

sniffed the emission of hydrogen and ice-crystals from Enceladus’ south pole (Hansen et al.

2006, Spencer et al. 2006, Howett et al. 2011). Collectively these observations pose the

following puzzle: If these moons are not heated internally, and their thermal history does

not explain their current state, how is Io so geologically active? And how does Ganymede

and Enceladus maintain their subsurface oceans from freezing?

Groups of Jupiter’s and Saturn’s moons orbit their parent planet eccentrically, but unlike

Earth’s moon which has evolved to become tidally locked, these moons maintain their

eccentricity due to orbital resonances (Nimmo & Pappalardo 2016). As a consequence

they also experience tidal forces which vary throughout their orbit. These forces exert

stresses which result in plastic deformations of these moon’s solid interiors, a process that

dissipates energy, typically in the form of heat. The significance of this process was used

by Peale et al. (1979) to successfully explain the source of Io’s high degree of geological

activity.

This idea is however more challenging to apply and less significant in determining the cur-

rent state of Europa and Enceladus, as both moons have differentiated interiors consisting

of solid and liquid layers. A schematic of Enceladus’ proposed interior structure is shown

in frame (a) of figure 1.1. It is inevitable that stresses applied to the moon will exhibit

a different response within each layer, but as the layers couple with one-another their

non-linear interactions must also be accounted for. A simple energy balance for Ence-

ladus indicates however, that any heating due to tidal forces even when combined with

optimistic estimates of the internal heat production cannot balance the heat lost from its

outer shell (Tyler 2008).

The resolution of this puzzling behaviour, particularly in the case of Enceladus, appears

to rely on the fluid motion in its subsurface ocean (Tyler 2008). In addition to tidal forces

heating the moon’s solid interior, they also cause its outer ice shell to oscillate back and

forth (also termed libration) driving fluid motion in the oceans (cf. frame (a) of figure

1.1). Experiments and theoretical studies of libration driven flows in spherical shells, show

that even when weakly forced, these flows become turbulent (Noir et al. 2009, 2012). It is

suggested the fluid motion within these subsurface oceans is so vigorous that it dissipates

energy, and that when accounted for, this energy dissipation may help balance the energy

losses from the moon’s surface (Tyler 2008, Wilson & Kerswell 2018).

To apply this idea however, requires an understanding of the ocean’s general behaviour

and how energy dissipation within the ocean depends on external forcing such as the

libration amplitude or the core’s radial heat flux. Experimentally, the measurement of

energy dissipation is an extremely challenging task (Noir et al. 2012), as are numerical

simulations due to the large range of relevant length-scales demanding resolution (Wilson

& Kerswell 2018). In addition these investigations have not considered thermal effects, as

to do so requires a zero gravity environment. While this is easily achieved in numerical

2



(a) Proposed interior structure for Saturn’s
moon Enceladus (Spencer et al. 2009).

(b) Rapidly rotating convection between hot
and cold spheres (Read 2009).

Figure 1.1: The moons of Saturn and Jupiter are believed to have subsurface oceans which
lie beneath an icy outer shell. This is indicated for Saturn’s moon Enceladus in frame (a).
Plastic deformations cause some tidal heating in the moon’s solid interior, while the outer
ice shell rotates differentially to the core driving fluid motion. An interesting feature of this
moon is that it emits vapour plumes from its south pole. (b) Convective heat transfer di-
rected radially outwards is indicated by white arrows. The tendency of rotation to stabilise
fluid motion by arranging it in concentric layers is shown in red.

experiments, it demands yet higher resolution.

An additional complication which arises in studying these systems is that there are often

two or more equally favourable equilibria, such that only the system’s history can deter-

mine its preferred state (figure 1.2). Although this behaviour is difficult to observe, it is

believed to be of importance in the convective zone of stars where differential rotation is

present Gastine et al. (2013). This phenomenon is also demonstrated in laboratory exper-

iments of the turbulent flow between two rotating spheres allowing for differential rotation

(Zimmerman et al. 2011), and in experiments of the turbulent flow in a cylindrical con-

tainer, driven by counter rotating discs at its ends (Ravelet et al. 2004). Notably in each

case, the fluid does not necessarily choose the state which minimises the driving torque

required (cf. frame (b) of figure 1.2). Similarly in experiments of turbulent convection,

where the mean circulation of convection cells abruptly switches direction (Sreenivasan

et al. 2002), or in numerical experiments of geostrophic turbulence where the transition

to a state with a different number of vortices occurs (Favier et al. 2019), bistability is

also observed.

While the mechanisms leading to bistability are often well understood in simpler models

governed by a small number of ordinary differential equations (ODEs), it is more compli-

cated for partial differential equations (PDEs), particularly those which model fluid flows

due to their high dimensionality, and yet more complex for turbulent flows which are ulti-

3
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(a) Varying ∆T switches the system between
two different states, but returning to the lower
state we must decrease ∆T more than it was
increased.

(b) Torque G vs. Ro the differential rotation
strength (Zimmerman et al. 2011). When 2 ≤
Ro ≤ 2.25 the system can occupy a high H or
low L torque state.

Figure 1.2: Varying a control parameter, the systems in frames (a) and (b) transition be-
tween different equilibrium states upon reaching bifurcation points indicated by black cir-
cles. A parameter window exists for which these states are also bistable, such that only the
history of the system determines the state it chooses. (a) As ∆T is varied in a model of
convection, the convective heat transfer of each state can be simultaneously low or high.
(b) Experiments of rapidly co-rotating spheres allowing for the inner sphere to rotate faster
showed that the system does not evolve to minimise the torque (Zimmerman et al. 2011).

mately of the most relevance (Shtern & Hussain 1999, Simitev & Busse 2009). All scenarios

are however extremely challenging to understand in the case of a non-autonomous system

(Langa et al. 2002), where the system parameters or other effects such as the rotation

rate (Noir et al. 2012) depend on time. The decrease in Ganymede’s orbital eccentricity,

which is linked to a reduction in the moon’s tidal heating (Showman & Malhotra 1997)

constitutes an example of this behaviour. We believe that it is crucial for many physical

systems to try and understand the origin of bistability, and in the context of astrophysics

particularly for those in which the transport of heat and angular momentum is important.

Before outlining the approach undertaken in this thesis, the relevant physical processes

are first described.
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1.2 Description of the physical processes considered in this

model

In a spherical shell geometry we consider differential rotation and thermal convection as

shown in figure 1.3, where the fluid motion arising from these effects is also indicated. We

allow the inner and outer spheres to rotate differentially ω1 6= ω2 as shown in frame (a),

and for thermal convection by keeping the inner sphere hotter than the outer (T1−T2) > 0

as per frames (b),(c). Unless otherwise stated we assume a viscous fluid of low thermal

diffusivity such that the Prandtl number Pr = ν/κ� 1, where ν is the kinematic viscosity

and κ the thermal diffusivity. This implies that thermal convection will be more significant

than conduction, and that the velocity field will dictate the temperature field except in

regions where thermal gradients are sufficiently large so that thermal diffusion can act.

This regime is chosen on the basis that seawater has Pr ≥ 10.

ω2 = 0

ω1 6= 0

a) Couette flow b) Even Convection

-

+

c) Odd Convection

T1

T2-

+

-

T1

T2
+/-

+/-

r2

r1

g g

Figure 1.3: Schematic of the anticipated fluid-flow in a spherical annulus due to differential
rotation (shear) or a destabilising thermal gradient (buoyancy). (a) Inner sphere rotation
establishes a cellular pattern of fluid motion, originating from the need to transport high
angular momentum fluid outwards at the equator, where the sphere’s velocity is greatest.
(b),(c) Thermal convection can establish even or odd cellular patterns depending on the
annulus width. These cells transport lighter hot fluid outwards and draw cooler fluid inwards.

In frame (a) of figure 1.3, the flow configuration also referred to as spherical Couette

flow is shown. Differential rotation of the spheres (ω1 6= ω2) shears the flow imparting

angular momentum to the fluid. As the annular domain is closed the fluid is forced to

recirculate so that for small rotation rates, as characterised by the inner sphere Reynolds

number Re1 = ω1r
2
1/ν, the resulting imbalance generates a large scale flow containing
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2-cells. These cells tend to localise about the equator where the velocity is greatest. A

radial inflow or outflow is established at the equator in the direction of decreasing angular

momentum. In frame (a) this is an equatorial outflow as ω1 > ω2. Provided the separation

between is d = (r2 − r1)/r1 ≤ 0.335, 2-cells occupy the annulus (Junk & Egbers 2000).

In frames (b),(c) of figure 1.3 the behaviour of thermal convection is shown schematically.

When the temperature gradient across the annulus as characterised by the Rayleigh num-

ber Ra (the ratio of buoyancy to viscous forces) becomes sufficiently steep a cellular flow

succeeds the conductive state. In this convecting state hotter fluid with a lower density

rises while colder heavier fluid sinks under the action of gravity. Theoretically, this be-

havioural tendency was first outlined by Rayleigh (1916) who demonstrated that a fluid

layer heated from below becomes unstable to 2D rolls with a definite horizontal wave-

number. Similarly in a spherical shell, a different number of cells will occupy the annulus

depending on the separation d between the spheres. This is shown schematically in frames

(b) and (c) of figures 1.3 where an even 2-cell and odd 3-cell flow are depicted. Distinct

from spherical Couette-flow, thermal convection can establish either an equatorial inflow

or outflow. In addition, the cellular convecting state arises from a thermal instability while

in spherical Couette-flow it is present for all Re1 6= 0.

It was indicated in frame (b) of figure 1.1, that astrophysical studies of rotating convection

focus on the case of rapid co-rotation where the dominant physical balances are between

the Coriolis and buoyancy forces. In this regime rotation tends to stabilise the flow such

that it arranges itself in concentric layers of fluid known as Taylor columns (Proudman

& Lamb 1916). Typically one takes into account these leading order effects first, and

subsequently higher order effects such as differential rotation are considered. Although

we allow for the possibility of both spheres rapidly co-rotating with differential rotation

imposed, which is the most relevant configuration for the moons of Jupiter and Saturn

(Wilson & Kerswell 2018), we do not consider this case. Instead we keep the outer sphere

stationary throughout this thesis and rotate the inner sphere only (ω1 6= 0, ω2 = 0).

This configuration is chosen with the purpose of understanding, how the flow facilitates

the transport of angular momentum and heat, as the strength of the temperature gradient

Ra and differential rotation Re1 increase. According to the Rayleigh criterion (Taylor

1923) rotating the inner sphere (or counter rotating the spheres) presents the least stable

configuration. Therefore we anticipate that the flow is more likely to transition to a more

complicated state for smaller Ra,Re1 when Re2 = 0. It is also argued by Zimmerman

et al. (2011) that bistability is associated with the breakdown or resilience of zonal flows

such as jets and plumes. These flow features are easily accessible in the configuration

considered. In addition many studies have focused on case of rapid rotation (Zhang &

Liao 2017) but few have looked at the problem when only one of the spheres is rotated.

This makes it possible to demonstrate new findings that are hopefully of general relevance.

Finally from a numerical point of view, to study rapidly rotation convection allowing for

6



differential rotation is a numerically challenging task (Heimpel & Aurnou 2012).

In addition to rapid rotation, we omit numerous other potentially relevant physical effects.

It is possible that the moon’s subsurface oceans are saline (Spencer et al. 2006), have a

temperature dependent viscosity (Travnikov et al. 2017) or that the ice shell has a varying

topography (Rovira-Navarro et al. 2019). The model we investigate is nevertheless still

highly complex, and the approach we adopt therefore is to consider its simplest aspects

first, and subsequently increase its complexity.

1.3 Previous work on thermal convection and differentially

rotating spherical shells

Motivated by convective processes in the Earth’s mantle and the pattern forming nature

of the problem, thermal convection in a spherical shell has received considerable atten-

tion. Similarly the spherical Couette problem which is closely related to the flow between

cylinders (Taylor Couette-flow) has a long history of both experimental and numerical

investigation. The combined problem however has comparatively few previous studies.

Thermal Convection in a spherical shell

The linearised stability of thermal convection in a spherical shell was first considered by

Chandrasekhar (1961) and in a more complete manner by Joseph & Carmi (1966) using an

energy method. Both identified the stability threshold for convective motion and remarked

upon the significance of the purely conductive thermal base state and functional form of

gravity chosen. However neither work made evident the Prandtl number dependence,

nor addressed the 2` + 1 fold degeneracy of the linear problem to establish the preferred

solution at onset. Throughout this thesis we define `,m to be the degree and order of the

spherical harmonic Y m` .

Ignoring the radial structure, Busse (1975) and Busse & Riahi (1982) tackled the problem

of degenerate mode selection, revealing the potential for numerous patterns or solutions.

Applying bifurcation theory and group theoretical methods, Chossat (1978) performed a

detailed analysis of the non-rotating and slowly rotating problem, focusing in particular

on the spectral properties of the linearised governing equations. Evoking these results he

described the possible solutions for a single, even spherical harmonic Y m`=2, and identified

stable axisymmetric solutions which bifurcate supercritically. Approaching the problem in

a similar manner Friedrich & Haken (1986) studied the interaction of modes ` = 1, 2 near

onset to identify concretely the presence of complicated time-dependent behaviour. The

most recent work in this direction has been undertaken by Matthews (2003), who consid-

ered the existence and stability of patterns of even ` on a sphere’s surface, indicating a
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preference for icosahedral patterns. While Beltrame & Chossat (2015) who were concerned

primarily with the configuration of the GeoFlow experimental apparatus (Futterer et al.

2010), applied a centre manifold reduction to derive a reduced order model for the set of

spherical harmonics of degrees ` = 3, 4.

Young (1974) conducted the first numerical study of 3D spherical convection including az-

imuthal dependence using a Galerkin projection, but was restricted to hemispheres. With

limited computational resources he focused on particular cases, but nonetheless demon-

strated a strong dependence on the Prandtl number, shell separation and initial conditions

chosen. Notably he found stable time-periodic solutions for particular parameter values.

The majority of subsequent studies were motivated by the Earth’s core and therefore fo-

cused on in the infinite Prandtl number case. The axisymmetric problem and its stability

to 3D perturbations has been investigated by Zebib et al. (1980, 1983), while Bercovici

et al. (1989), King et al. (2010) studied the fully 3D case.

Recent numerical work is motivated by the GeoFlow experiment (Futterer et al. 2010),

a spherical fluid annulus in which gravity is modelled by a radial electrostatic potential.

Studies by Feudel et al. (2011) and Li et al. (2005) highlight the multiplicity of solutions

that can be obtained in this system, while Travnikov et al. (2017) studied the influence

of variable viscosity on the cellular pattern selected near the onset of convective motions.

In addition he provided a comparison of results obtained numerically, with those of the

GeoFlow experiment.

The most recent and comprehensive numerical work is that of Gastine et al. (2015), which

considered Ra up to 109. For fixed Pr = 1, they considered a variety of gravity models and

shell separations to determine their effect on the asymmetry between the inner and outer

boundary layers. They demonstrated that in wide shells the boundary layer asymmetry

is largest, but that it reduces with the separation. The scaling dependence on Ra of the

convective heat transfer Nu and convective Reynolds number, which differ from other

geometries were also computed.

Additional reviews of thermal convection in planar geometries are given by Gettling (1998),

(Bodenschatz et al. 2000) for low Prandtl numbers and (Moore & Weiss 1973) for larger

Prandtl numbers.

Spherical Couette-flow

Following initial analytical studies by Munson & Joseph (1971a,b), the problem was inves-

tigated experimentally by Wimmer (1976, 1981), who identified the possibility of solutions

with 2 (as per frame (a) of figure 1.3), 4 and 6 cells. By identifying two of these equilibria

for the same parameter values, the study confirmed that the governing system of equations

has non-unique solutions. Critically, the work also emphasised the combined importance
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of initial conditions and accelerations (recipes) to correctly approach different solutions.

Later experimental work which focused on the transition between flows, also reported that

the equilibria could be equatorially asymmetric (Bühler 1990).

The sequence of possible states adopted as Re1 increases, and the transitions which occur

between these states was investigated numerically by Marcus & Tuckerman (1987a,b) for

d = 0.18. Using numerical continuation Mamun & Tuckerman (1995) also confirmed the

experimental findings of (Bühler 1990) numerically, and outlined the sequence of bifurca-

tions by which an equatorially asymmetric state originates.

Considering wider shell separations it was established by (Junk & Egbers 2000) that for

d ≥ 0.335, only the 2-cell flow persists as Re1 is increased. Computing the stability of

the axisymmetric state to non-axisymmetric disturbances for various d, Hollerbach et al.

(2006) demonstrated the narrow gap case remains axisymmetric for a larger range of Re1

and subsequently transitions directly to a turbulent state. In contrast, for wider gaps

the 2-cell state transitions to a 3D state with azimuthally travelling waves for lower Re1,

which in turn transitions to a turbulent state.

Although we do not consider the effect of weak differential rotation in a rapidly co-rotating

system, it is also worth mentioning the behaviour anticipated in this configuration. This

problem has been investigated theoretically by Proudman (1956), who showed that outside

the inner sphere’s tangent cylinder Taylor columns persist, and that cellular motions are

typically confined to higher latitudes within the inner sphere’s tangent cylinder. These

regions are typically separated by a free shear layer also termed the Stewartson layer. The

stability of this layer has been considered numerically by Hollerbach et al. (2006) and

more recently in experiments by Hoff & Harlander (2019).

Thermal convection with differential rotation in a spherical

shell

Four works have studied the composite effects of differential rotation and thermal con-

vection in spheres. The studies of Yanase et al. (1995) and Araki et al. (1996) allow

for rotation of the inner sphere with fixed Pr = 7 and separation d = 0.45. Assuming

the system is azimuthally axisymmetric and by (restrictively) enforcing equatorial sym-

metry they consider even solutions only. Numerically solving for steady state solutions

Yanase et al. (1995) identified multiple solution branches for the same parameter values,

while Araki et al. (1996) associated the imperfect pitchfork bifurcation encountered with

the asymmetry introduced by differential rotation. Loukopoulos (2004) also studied the

axisymmetric system numerically, but allowed for equatorial asymmetry in contrast to

Yanase et al. (1995) and Araki et al. (1996). Varying Ra, while keeping Pr = 1, d = 0.18

and Re1 fixed, asymmetric solutions and the transitions towards a solution state with a
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progressively larger number of Taylor vortices was reported.

Recently Inagaki et al. (2019) considered the fully 3D problem with fixed Pr = 1 and

the separation d = 1. Numerically they showed that for small Re1, the Ra at which

the onset of 3D convection occurs increases with Re1, while for large Re1 u 500 it is

reduced. In addition they showed that increasing Re1 for fixed Ra, the flow transitions to

a non-axisymmetric state, but that the resulting transition does not necessarily increase

the torque or heat transfer. Their (Re1, Ra) stability diagram (although constructed in an

imprecise fashion) indicates that the axisymmetric 2-cell solution is preferred for a large

range of parameter space.

1.4 Outline and approach taken in this thesis

This thesis is structured as follows. In chapter 2 we start by outlining our assumptions

and the equations governing the 3D flow. Making the additional assumption of azimuthal

axisymmetry, we also outline their axisymmetric formulation, the case on which we focus

predominantly in this thesis. Rather than proceeding to study the combined effect of

thermal convection and differential rotation, we first study the convection problem in

chapter 3. Having developed an understanding for this aspect of the problem, we then

introduce differential rotation in chapter 4. Finally in chapter 5 non-axisymmetric effects

are considered. Throughout this thesis linear and weakly nonlinear theory are used in

tandem with numerical methods to inform and help understand the physical mechanisms

responsible for transitions between solution states, such as those outlined in figure 1.2.

Thermal convection problem

To this end we begin by studying the linear convection problem in section 3.1 for which

the eigenfunctions are found analytically and the dependence of the Rayleigh number Ra

on the separation d is outlined. By solving the linear problem, we also indicate how

the number of convection cells depends on the shell separation d, and that for certain

critical points or values of d and Ra two cellular patterns can simultaneously become

unstable. Using the sensitivity of these points to parameter changes, we employ weakly

nonlinear theory in section 3.2 to derive a set of ODEs which describe the amplitude

of each convection pattern. This allows us to study the simplest non-linearity possible,

involving only two coupled modes and serves to demonstrate how the geometry influences

the dynamics and possible solutions of this thermal convection problem.

In section 3.3 the parameter dependent coefficients which arise in these ODEs are deter-

mined. Numerical continuation is then used to outline the possible solutions of these ODEs

including the presence of bistable solutions. The analytical predictions made using these
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equations are then verified against those predicted by DNS in section 3.4, where we also

relate the structure of the ODEs to the time dependent behaviour computed using DNS.

Guided by the ODE model, we then use numerical continuation to study the behaviour

of convection at large Ra in section 3.5. Focusing in particular on how the heat transfer

and stability of different bistable solutions compares. We numerically demonstrate the

relevance of thermal boundary layers, at both the sphere walls and poles in determining

the preferred solution.

Thermal convection problem with differential rotation

In section 4.1 we present the solutions of the full problem. Firstly when there is only rota-

tion and subsequently when their is only thermal convection. This serves to demonstrate

the similarity of the spatial solutions for each problem at small Re1, Ra (as illustrated

schematically in figure 1.3). Weakly nonlinear theory is then used to obtain a variation

of the ODEs derived in chapter 3. In turn the solutions of these ODEs are used to pro-

vide a starting point for numerical continuation. In section 4.2 we demonstrate how the

transition to convection is modified by rotation, and how the Prandtl number determines

whether the transition from an even to an odd number of cells (cf. figure 1.3) exhibits

hysteresis.

Using the transitions points or bifurcation points identified in this small parameter regime

we then perform 2-parameter continuation in section 4.3. This allows us to efficiently

outline all possible solutions in Re1, Ra space and to understand the physical mechanisms

underlying the transition between solutions states akin to those depicted in figure 1.2.

By using the eigenfunctions and solutions computed exactly at these bifurcation points,

we demonstrate that the solution favoured by strong rotation is destabilised by a distur-

bance localised at the equator, and similarly that the solution favoured by strong thermal

convection is destabilised by a disturbance localised at poles.

3D stability of axisymmetric solutions

To validate our restriction to axisymmetry in chapters 3,4 we then compute the stability

of axisymmetric states to non-axisymmetric disturbances. In section 5.1 we show that

although axisymmetric solutions of the thermal convection problem are unstable for small

Ra, they are stable for moderate Ra. In section 5.2 it is shown that allowing for weak dif-

ferential rotation, an axisymmetric solution of the thermal convection problem, although

unstable for Re1 = 0 is stabilised as Re1 increases.

Finally in chapter 6 we conclude by summarising the main results of this thesis and outline
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possible directions for future work.

Publications

The content of chapter 3 is largely based on the following publication:

Mannix P. & Mestel J. (2019) Weakly nonlinear mode interaction in spherical Rayleigh-

Bénard convection, Journal of Fluid Mechanics, Vol 874, DOI: https://doi.org/10.1017/jfm.2019.440
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2
Mathematical Model

In this section we outline the assumptions and derive the system of equations describing

the physical model considered in this thesis. Subsequently we outline the model geometry,

boundary conditions and non-dimensional parameters.

2.1 General equations of motion

Denoting the position vector by r and time by t, the variables u = u(r, t), ρ = ρ(r, t), p =

p(r, t) are the fluid velocity, density and pressure respectively and ∇ is the gradient op-

erator. The motion of a weakly-compressible Newtonian fluid in a stationary frame of

reference is described by

Du

Dt
= − 1

ρ0
∇p+

ρg

ρ0
+ ν∇2u (2.1a)

DT

Dt
= κ∇2T, (2.1b)

∇ · u = 0, (2.1c)

ρ = ρ(p, T ), (2.1d)

where constants ν, κ are the kinematic viscosity and thermal diffusivity respectively. The

terms on the right hand side of (2.1a) starting with ∇p account for non-local hydrostatic

forces, ρg gravitational forces and ν∇2u non-conservative frictional forces. The material
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derivative given by

D

Dt
=

∂

∂t
+ u · ∇, (2.2)

accounts for the rate of change that a fluid element experiences as it is moves with the

flow. The partial derivative ∂/∂t is the rate of change at a fixed point in space, while the

term u · ∇ describes advection and accounts for accelerations due to spatial gradients in

the flow.

We allow the fluid to be weakly-compressible by adopting the Boussinesq approximation,

which assumes that density variations are of significance only in the buoyancy forces.

Assuming that a judiciously chosen thermodynamic equilibrium (typically an average over

the fluid layer depth) denoted by subscript zero exists, and that the density varies linearly

about this thermodynamic equilibrium, (2.1d) is expanded to yield

ρ = ρo + (∂T ρ)0δT + (∂pρ)0δp+O(δT 2, δp2). (2.3)

Assuming that temperature fluctuations δT are small, and that |u| is much smaller than

the speed of sound that pressure fluctuations δp can also be neglected. Taking the thermal

expansion to be a constant β̂ we can write

ρ = ρo(1 + β̂δT ). (2.4)

This assumption remains valid provided the quantity |β̂δT | and temperature gradients over

the fluid layer remain small (Gough 1969). Its validity in the context of astrophysical fluid

dynamics where magnetic buoyancy may also be of significance is discussed by (Spiegel &

Weiss 1982).

In all subsequent sections in thesis we will assume equations (2.1) hold and consider these

only. It is noted however that our assumption of a Newtonian fluid applies only when ν

does not depend on strain, as distinct from viscoelastic fluids such as cornstarch or ice

where ν is typically a nonlinear function of strain. In addition while (2.1c) applies in

all scenarios where the effect of acoustic motions is small, and variations in density due

to temperature are small. The relation (2.1d) applies only for fluids of a single species

and requires modification for multi-species fluids such as saline oceans and thermohaline

convection in stars (Turner 1974). We now proceed by outlining the system geometry and

boundary conditions for this model.

14



2.2 Thermally convective spherical Couette flow

ϕ

θ

r

r2

r1

g

T1 T2

ρc

ρf

ω2

ω1

Figure 2.1: The fluid domain is a closed annular region between two concentric spheres, of
radii r1, r2. Each sphere maintains a constant surface temperature T1, T2, rotating with an
angular velocities ω1, ω2 respectively and gravity g acts radially inward. The inner core has
a density ρc and the fluid annulus ρf .

As shown in figure 2.1, we consider convection in a spherical annulus of separation r2− r1

allowing for differential rotation of the spheres’ ω1 6= ω2. Constant temperatures T1, T2

are prescribed at the spheres’ boundaries, with difference ∆T = T1 − T2 > 0.

We assume a Boussinesq fluid with density ρf that varies linearly with temperature fluc-

tuations according to the relation

ρ = ρf [1 + β̂(T0(r)− T (r, θ, t))], (2.5)

where the thermal expansion coefficient β̂ is small and T0(r) is the conductive base state.

15



The spherically symmetric gravity field is expressed as

g = −g0g(r)r = −g0[(1− η)
r2
1

r3
+ η

1

r1
]r, η =

ρf
ρc
, (2.6)

where gravity is normalised such that at the inner sphere surface g(r1) = 1, and g0 is

the acceleration due to gravity on the inner sphere’s surface. Throughout this thesis we

consider the case η = 0, corresponding to an inner core density much greater than that of

the outer fluid. The motivation for this choice is outlined in chapter 3.

Choosing the length scale r1, thermal diffusion time scale r2
1/κ and ∆T as the temperature

scale, non-dimensionally equations (2.1) may be written

1

Pr

(
Du

Dt
+∇p

)
= Ra g(r)rT + ∇2u, (2.7a)

∂T

∂t
+ u · ∇T = ∇2T, ∇ · u = 0, (2.7b)

where p contains pressure and gradient like terms. In addition we specify no-slip boundary

conditions for u and assume perfectly conducting spherical shells for T at the spheres’

walls.

u(r = 1, θ, ϕ) = Re1Pr sin θ ϕ̂, u(r = 1 + d, θ, ϕ) = Re2Pr sin θϕ̂,

T (r = 1, θ, ϕ) = 1, T (r = 1 + d, θ, ϕ) = 0.
(2.8)

For reference, it is convenient to define the following parameters

Pr = ν/κ

Ra =
g0β∆Tr31

νκ

d = r2−r1
r1

Re1 =
ω1r

2
1

ν

Re2 =
ω2r

2
2

ν



Prandtl Number

Rayleigh Number

Annulus Width

Inner Reynolds Number

Outer Reynolds Number

(2.9)

2.2.1 Axisymmetric formulation

Throughout this thesis we concentrate primarily on the axisymmetric system which is now

outlined. While this reduced system assumes that all longitudinal variations ∂/∂ϕ = 0,

we do not however discount the possibility of 3D motions. The approach we adopt rather

16



is to solve for axisymmetric solutions of (2.7) and subsequently compute their stability to

3D perturbations. In this manner we verify if a given axisymmetric solution represents a

stable 3D state.

The motivation for this approach is twofold. Firstly on physical grounds, experiments show

that spherical Couette flow is axisymmetric for moderate inner sphere Reynolds numbers

Re1 6= 0, Re2 = 0 (?Hollerbach et al. 2006). While spherical shell convection is typically

3D for Pr � 1, in the limit Pr → ∞ numerical computations show that axisymmetric

solutions are stable for wide separations d ≥ 0.5 (Zebib et al. 1980, 1983). Secondly in

the interest of simplicity, the axisymmetric case is easier to treat both analytically and

numerically, and represents an appropriate starting point from which valuable insights can

be obtained.

The axisymmetric flow u is described by a stream-function ψ(r, θ, t) and specific angular

momentum Ω(r, θ, t)

u = ∇×
(
0, 0,

ψ

r sin θ

)
+
(
0, 0,

Ω

r sin θ

)
=

(
1

r2 sin θ

∂ψ

∂θ
,
−1

r sin θ

∂ψ

∂r
,

Ω

r sin θ

)
, (2.10)

for which the vorticity vector ω can be expressed as

ω = ∇×u =

(
1

r2 sin θ

∂Ω

∂θ
,
−1

r sin θ

∂Ω

∂r
,
−D2ψ

r sin θ

)
, where D2 =

∂2

∂r2
+

sin θ

r2

∂

∂θ

(
1

sin θ

∂

∂θ

)
.

(2.11)

Substituting (2.10) into (2.7) we obtain the following system, for which the flow is com-

pletely described by its azimuthal vorticity ωϕ, temperature T and specific angular mo-

mentum Ω

∂D2ψ

∂t
+ J (ψ,ψ) +N1(Ω,Ω) = Pr

(
Ra g(r)r

∂T

∂θ
sin θ +D2D2ψ

)
, (2.12a)

∂T

∂t
+ J(ψ, T ) = ∇2T, (2.12b)

∂Ω

∂t
+ J(ψ,Ω) = PrD2Ω, (2.12c)

where

J(f, g) =
1

r2 sin θ

∂(f, g)

∂(θ, r)
, J (f, g) = sin θ

∂(f,D2g/(r2 sin2 θ))

∂(θ, r)
, (2.13)

and

N1(f, g) =
2f

r2 sin θ

(
cot θ

∂g

∂r
− 1

r

∂g

∂θ

)
. (2.14)
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In this framework the no-slip and perfect conductor boundary conditions become

ψ(r, θ) = ψr(r, θ) = 0, for r = 1, 1 + d

T (1, θ) = 1, T (1 + d, θ) = 0,

Ω(1, θ) = Re1 Pr sin2 θ, Ω(1 + d, θ) = Re2 Pr sin2 θ.

(2.15)

In addition the following symmetry conditions must be enforced at the symmetry axis

ψ(r, θ) = Ω(r, θ) = Tθ(r, θ) = 0, for θ = 0, π, (2.16)

By choosing the polar basis functions to be the Legendre P`(cos θ) polynomials for T

and the Gegenbauer polynomials G`(θ) = sin θ∂θP`(cos θ) for ψ,Ω, these conditions are

naturally enforced.

2.2.2 Base states

In the model system we consider (2.12), fluid motion can be maintained either by a suf-

ficiently large thermal gradient when Ra ≥ Rac, the threshold at which the thermal

conduction states is destabilized and thermal convection ensues, or by differential rotation

(wall shear) for Re1,2 6= 0. These forcings correspond to the two solution regimes of (2.12)

whose base states we now outline.

When Re1 = Re2 = 0 we obtain the thermal convection problem. In this case the

temperature equation admits the purely conductive base state T0(r) which is obtained

by solving ∇2T = 0 with boundary conditions (2.15). This yields

dT0

dr
=
AT
r2
, T0 = −AT /r +BT , AT =

1 + d

−d , BT =
1

−d , (2.17)

implying that temperature gradients are greatest near the inner sphere’s surface.

For Ra = 0 and Re1 � 1, Re2 � 1 equations (2.12) admit a Stokes solution Ω0(r, θ) which

is obtained by solving D2Ω = 0 with boundary conditions (2.15) giving

Ω = PrRe1Ω0(r, θ) +O(PrRe3
1) = PrRe1

(
ã r2 +

b̃

r

)
G1(θ) +O(PrRe3

1),

ψ = PrRe2
1ψ0(r, θ) +O(PrRe4

1) = PrRe2
1f(r)G2(θ) +O(PrRe4

1),

(2.18)

where

ã = −
(
Re2/Re1(1 + d)− 1

(1 + d)3 − 1

)
, b̃ =

−(1 + d)
(
(1 + d)2 −Re2/Re1

)
(1 + d)3 − 1

, (2.19)
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and f(r) is a known quintic polynomial (Munson & Joseph 1971b,a). Notably this basic

state is not a simple function of a single spatial variable but instead depends on both r

& θ. This leads to a cellular background flow ψ(r, θ) for all non-zero Re1, Re2, excluding

the case of solid body rotation when ω1 = ω2.

It is because this cellular flow always exists for non-zero rotation, rather than arising

from an instability that makes the analysis of this convection problem non-standard. The

expansion (2.18) in the small Re1 regime has been shown by Munson & Joseph (1971b)

to accurately represent the non-linear solution of equation (2.12) for Ra = 0, Re1 ≤ 1. To

study (2.12) outside this regime however demands the use of numerical methods.

2.3 Numerical methods

In this section the numerical methods used to solve for steady-states, time-evolution and

to determine the linear stability of a general 2D steady-state are outlined. We adopt the

vector notation

X =
(
ψ T Ω

)T
(2.20)

to describe an axisymmetric state such that in matrix form the equations are

M∂X

∂t
= F(X,µ) ≡N (X,X) + LX + F , where µ = (Pr,Ra, Re1, Re2). (2.21)

The vector F and matrix operator L contain terms resulting from the transformation

ψ̃ = ψ(r, θ, t), T̃ = T (r, θ, t) + T0(r), Ω̃ = Ω(r, θ, t) + PrRe1Ω0(r, θ), (2.22)

used to enforce that in (2.21) X must satisfy homogeneous boundary conditions only

where the functions T0,Ω0 are given by (2.17),(2.18). The 3× 3 matrices M,L are linear

differential operators of the form

M =

D2 0 0

0 I 0

0 0 I

 , L =

 PrD2D2 PrRa g(r)r sin θ ∂∂θ N (Ω0)
−T ′0(r)
r2 sin θ

∂
∂θ ∇2 0

− 1
r2 sin θ

∂( ,Ω0)
∂(θ,r) 0 PrD2

 , (2.23)

and the vector F is given by

F =

−2Pr2
(
ãb̃
r2 + b̃2

r5

)
G2(θ)

0

0

 , (2.24)
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where ã, b̃ are as defined in (2.19), and the operator N (Ω0) is given by

N (Ω0)Ω = − 2Ω

r2 sin θ

(
cot θ

∂Ω0

∂r
− 1

r

∂Ω0

∂θ

)
− 2Ω0

r2 sin θ

(
cot θ

∂Ω

∂r
− 1

r

∂Ω

∂θ

)
. (2.25)

The nonlinear term is given by the vector

N (X,X) =


− sin θ ∂(ψ,D2ψ/(r2 sin2 θ))

∂(θ,r) − 2Ω
r2 sin θ

(
cot θ ∂Ω

∂r − 1
r
∂Ω
∂θ

)
− 1
r2 sin θ

∂(ψ,T )
∂(θ,r)

− 1
r2 sin θ

∂(ψ,Ω)
∂(θ,r)

 . (2.26)

To solve (2.21) numerically we must use a discrete representation of the vector X and

define the associated differentiation matrices. We employ two different methods. A finite

difference stencil in both spatial directions (restricted to perform time-stepping only) which

is outlined in appendix C, and a Galerkin-Legendre projection in θ combined with a

Chebyshev psuedo-spectral method in r which is outlined in appendix D. In addition

to satisfying the polar boundary conditions exactly, the spectral method is chosen on

the basis that wide shells (the case on which we will focus) tend to concentrate energy

amongst lower mode numbers thus reducing the necessary vector dimensions. Given that

the numerical complexity of computing non-linear terms scales as O(N3) for Galerkin

projection methods, where N is taken to be the vector dimension, it is unsuitable for

thin layers requiring even moderately large N . The convergence of each code’s discrete

representation as N increases is verified by computing numerical approximations of a

known solution, and where possible demonstrating that it also agrees with asymptotic

scaling relations. This is outlined in appendices C,D.

The motivation for developing two distinct codes stems from the restrictions associated

with finite difference methods, in particular their ability to accurately resolve the fine

scales which typically emerge in the near wall boundary layer regions (Trefethen 2000).

This is overcome by use of spectral methods, which concentrate resolution in the near

wall region(s) to circumvent this difficulty. While spectral methods are numerically more

intensive, they typically achieve better resolution to that of finite difference methods with

comparably lower storage. This property is particularly desirable for the numerical im-

plementation of continuation methods, where the dimension of augmented systems is typ-

ically multiples of the solution vector (Kuznetsov 2004). Nevertheless as finite difference

methods are relatively simple to implement, they provide a comparison for other codes

developed. In this thesis the results obtained by each code are compared so that should a

spurious solution arise from numerical artefacts it can be detected.

Using the discrete spectral formulation of (2.21) outlined in appendix D the following

routines are implemented.
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2.3.1 Steady-state solving

Steady-states are solved by Newton iteration, where Stokes preconditioning has been im-

plemented following Mamun & Tuckerman (1995) to accommodate the large range of

eigenvalues associated with the linear operator L. The solution is updated according to

F(Xn) +DFXn(Xn+1 −Xn) = 0, (2.27)

where F and DF correspond to the right hand side of (2.21) and its linearisation both

multiplied by the pre-conditioner L−1. The solution of (2.27) which requires the inverse

of the Jacobian is obtained using an iterative matrix-free method.

2.3.2 Linear stability

The linear stability of a steady state is determined by computing its leading eigenvalues

and eigenvectors. To identify the presence and/or proximity of a change in the solution,

we look for regions in the parameter space where the real part of the leading eigenvalue(s)

pass through zero. These transitions correspond to a bifurcation of the given state. The

steady state solution X0 and the perturbation denoted by prime are

X = X0 + eλtX ′, where λ ∈ C, X ′ =
(
ψ′ T ′ Ω′

)T
. (2.28)

It has been assumed that the unknown functions have an exponential time-dependence

such that a linear eigenvalue problem is obtained. It should be noted that the eigenvalues

of this problem only determine asymptotic stability.

λMX ′ = LX ′ + N (X0,X
′) + N (X ′,X0) = DFX0X ′. (2.29)

As the linearised matrix operator DFX0 given by 2.29 is generally non-normal, transient

growth is possible and must be considered (Schmid 2007, Trefethen 2000). Eigenvalues

λ are determined by solving the generalized eigenvalue problem using a LAPACK based

routine.

2.3.3 Time-stepping

Time-stepping is carried out using anO(∆t2) Adams-Bashforth scheme for nonlinear terms

and a Crank-Nicolson algorithm for linear terms.
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MXn+1 −Xn

∆t
=

1

2

[
3N (Xn,Xn)−N (Xn−1,Xn−1)

]
+

1

2
L
(
Xn+1 +Xn

)
+F . (2.30)

This scheme is chosen for its low computational and storage costs as compared with

alternative schemes that are O(∆t2) accurate. When solving for time dependent states,

the time step is typically set to be a sufficiently small fraction of the oscillation period

and is reduced to ensure the persistence of observed behaviour. Further conditions for the

numerical stability of time-stepping with finite-difference are outlined in appendices C.

2.3.4 Pseudo arc-length continuation

To follow different steady solution branches and investigate their parameter dependence

we wish to solve the system

F(X, µ) = 0, where µ ∈ [Pr,Ra, Re1, Re2], (2.31)

and X is the solution vector. Typically, we want to vary a single parameter µ while

leaving all remaining parameters fixed. While Newton’s method provides the steady state

solution, it relies on the Jacobian matrix DFX which becomes singular near turning

points. In order to follow solution branches around turning points we therefore use a

psuedo-arclength method outlined by Chan (1984). Rather than performing continuation

in µ, a new parameter s which approximates the arc-length parameter is introduced and

we seek solutions of the augmented system.

F(X(s), µ(s)) = 0,

p(X(s), µ(s), s) = δ ˙̄XT
0 · (X −X0) + (1− δ)µ̇0(µ− µ0)− ds = 0,

(2.32)

where Ẋ and µ̇ denote derivatives with respect to s. Additionally, we impose the constraint

δ||Ẋ(s)||2 + (1− δ)|µ̇(s)|2 = 1, (2.33)

which approximates the arc-length condition. The second condition p(X(s), µ(s), s) = 0,

requires that the point (X(s), µ(s)) lies in a plane normal to the tangent. From the total

derivative we obtain

dF = DFXẊ + Fµµ̇ = 0. (2.34)

Writing ξ = −
(
DFX

)−1Fµ and using constraint (2.33) we have

Ẋ = µ̇ξ, µ̇ = ± 1√
1 + δ(||ξ||2 − 1)

, (2.35)
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where the sign of µ̇ may be changed to enable following a new branch. Using these

relations the continuation is performed by a combination of predictor and corrector steps.

The predictor step yields

Xn+1(s+ ∆s) = Xn(s) + Ẋ∆s,

µn+1(s+ ∆s) = µn(s) + µ̇∆s,
(2.36)

where ∆s is chosen to be a small increment along the solution arc. The corrector step is

obtained by writing the augmented system G and its state vector Y as

G =

(
F
p

)
, Y =

(
X

µ

)
, (2.37)

and Taylor expanding to obtain

G(Y n + ∆Y ) = G(Y n) +GY (Y n)∆Y +O(|∆Y 2|), (2.38)

where the Jacobian matrix is

GY =

(
DFX Fµ

pX pµ

)
=

(
DFX Fµ

δ ˙̄XT
0 (1− δ)µ̇0

)
. (2.39)

At a fixed point the left hand side of (2.38) vanishes, so that the solution of the system

can be corrected or updated by iterating Y n according to

Y n+1 = Y n −G−1
Y G(Y n). (2.40)

Following Uecker et al. (2014) we have chosen to parametrise the arc length condition

(2.33) using δ. This parameter may be adjusted to favour Newton searches in the X or

µ directions and thus tune the continuation. Typically δ ∈ [0.05, 0.1] is found to be most

suitable for computations.

2.4 Model summary

In this chapter we’ve derived the Oberbeck-Boussinesq equations and outlined the ap-

propriate boundary conditions for thermal convection in a spherical shell allowing for

differential rotation of the spheres. The axisymmetric formulation of the problem and the

base states admitted by the equations have also been described. Two different numeri-
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cal discretisations for the treatment of these equations have also been outlined. In the

subsequent chapters we consider two scenarios: thermal convection in a spherical shell

without rotation and subsequently the same problem but now allowing for rotation. This

order is chosen so that we start by considering the simplest model system which retains

essential features of the full system, thus allowing us to increase the complexity of the

system gradually.
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3
Mode interactions in thermal

convection
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The equations describing axisymmetric Rayliegh-Bénard convection in a spherical annulus

are given by

Pr−1

(
∂D2ψ

∂t
+ sin θ

∂(ψ,D2ψ/r2 sin2 θ)

∂(θ, r)

)
= Ra g(r)r

∂T

∂θ
sin θ +D2D2ψ, (3.1a)

∂T

∂t
+

1

r2 sin θ

∂(ψ, T )

∂(θ, r)
= ∇2T, (3.1b)

such that the flow is completely described by the azimuthal vorticity and temperature

equations. As per (2.7) the inner sphere radius r1 , and thermal diffusion timescale r2
1/κ,

have been chosen to make the equations non-dimensional. We would like to emphasise

that by defining the flow in terms of a stream-function, we are restricting the system to

axisymmetric solutions only. Non-axisymmetric effects are considered in chapter 5.

In this section we consider both no-slip and stress-free boundary conditions for the fluid

velocity at the spherical walls, the assumption of perfectly conducting spheres is retained.

For the case of no-slip at the boundaries

ψ(r, θ) = ∂
∂rψ(r, θ) = 0, for r = 1, 1 + d

T (1, θ) = 1, T (1 + d, θ) = 0,

}
Case A (3.2)

or alternatively when both spheres have stress-free boundaries

ψ(r, θ) = 0 = ∂
∂r

(
1
r2

∂
∂rψ(r, θ)

)
, for r = 1, 1 + d

T (1, θ) = 1, T (1 + d, θ) = 0.

}
Case B (3.3)

Unfortunately, neither of these boundary conditions nor any of their combinations gives a

nice set of eigenfunctions. Hence there is no advantage in choosing stress free boundary

conditions as is often the case in planar domains. As previously outlined the symmetry

conditions (2.16) must also be enforced at the symmetry axis.

Given the equations (3.1) and the boundary conditions (3.2) we aim to answer the fol-

lowing questions in this chapter. What types of solutions does this system of equations

possess? How do the Prandtl number, geometry and buoyancy forces influence the con-

vective state in these solutions? How is the temperature field distorted for different Pr?

And ultimately what determines the preferred state of convective motion in the presence

of multiple solutions?

Depending on Pr the convective state described by (3.1b) is characterised by three regimes

(Moore & Weiss 1973). For Pr � 1 and moderate Ra the flow is viscous such that, the

advection term in the vorticity equation can be neglected. In this regime the dominant

26



transport terms are in the temperature equation. For Pr � 1 and moderate to large Ra

advection of vorticity becomes significant however and one should adopt the rescaling

ψ̃ = Pr−1ψ, T̃ = Pr−1T, t̃ = Pr t, (3.4)

such that advective terms in the vorticity equation are dominant. Convective heat transfer

is typically described by the Nusselt number

Nu =

∫
θ
∂T
∂r sin θdθ∫

θ
∂T0

∂r sin θdθ
for r = 1, 1 + d, (3.5)

an integral quantity (evaluated at the inner or outer sphere) which measures the total heat

transfer to the conductive heat transfer. In a numerical study of 2D planar Boussinesq

convection for both high and low Pr Moore & Weiss (1973) found that the convective

heat transport measured in each of these regimes scales as Nu u 2(Ra/Rac)
1/3 and

Nu u 1.9(Ra/Rac)
0.365 respectively.

In addition to these convective regimes present at moderate to large Ra, Moore & Weiss

(1973) denote a third convective regime for small Ra where the convective heat transfer

Nu increases sharply with Ra and the amplitudes of convective motions is small.

To address the questions outlined and to consider the three convective regimes highlighted

by (Moore & Weiss 1973) we adopt the following approach. We first consider the linear

problem followed by the small Ra regime using weakly nonlinear theory. In doing so

we elucidate the dependence of convective motion on the shell separation d and highlight

geometric effects present in a spherical shell domain. Subsequently the behaviour at larger

Ra is considered using numerical continuation and stability analysis. Using this approach

the bifurcation sequence leading to time-dependent behaviour is first outlined for low

Pr � 1. Subsequently the bifurcation sequence and scaling of Nu with Ra are outlined

for Pr � 1. Finally we comment on the role of thermal boundary layers asymmetries in

determining the preferred solution.

3.1 Linear theory

We substitute T (r, θ, t) = T0(r) + T̃ (r, θ, t)/r where T0(r) is the conductive base state

(2.17) which is spherically symmetric. Dropping the tildes the governing equations can be

written

Pr−1

(
∂D2ψ

∂t
+ Jψ(ψ,ψ)

)
= Ra g(r)

∂T

∂θ
sin θ +D2D2ψ, (3.6a)

∂T

∂t
+ JT (ψ, T ) = D̂2T − 1

sin θ

∂ψ

∂θ

T ′0
r
, (3.6b)
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where

D̂2f = r∇2(f/r), Jψ(f, g) = sin θ
∂(f,D2g/(r2 sin2 θ))

∂(θ, r)
, JT (f, g) =

1

r sin θ

∂(f, g/r)

∂(θ, r)
.

(3.7)

Their linearised form may be written as(
∂

∂t
M−L

)
φ1 = 0, (3.8)

where

φ1 =

(
ψ1

T1

)
, M =

(
Pr−1D2 0

0 1

)
, L =

(
D2D2 Ra g(r) sin θ ∂∂θ
−T ′0
r sin θ

∂
∂θ D̂2

)
. (3.9)

It is shown in appendix A, that operators M and L are self-adjoint with respect to a

weighted inner product and boundary conditions (3.2) provided the condition

d

dr

(
g(r)r

T ′0

)
= 0 (3.10)

is satisfied (Joseph & Carmi 1966). This implies the temperature gradient and gravity

fields (2.6) must have the same radial variation. Assuming a dense core so that η = 0 we

obtain

g(r) = r−3, T ′0/r = AT /r
3. (3.11)

We concentrate on this mathematically convenient self-adjoint case as it provides semi-

explicit solutions to (3.8). Physically it corresponds to a very dense core underlying a light

fluid layer (Schubert et al. 1981). Satisfying (3.10) guarantees the absence of oscillatory

motions at the onset of linear instability. Separable solutions ψ1, T1 then take the form

ψ`1 = ψ`(r)G`(θ)e
λt, T `1 = T`(r)Pl(cos θ)eλt, λ ∈ R, (3.12)

for a prescribed mode `. Provided (3.10) holds, the system is neutrally stable λ = 0 for a

critical Rayleigh number Rac so that the governing equations may be reduced to the 6th

order ODE

D2
`

(
g(r)−1D2

`D
2
`ψ`(r)

)
− Rac l(l + 1)T ′0/r ψ`(r) = 0, D2

` =
∂2

∂r2
− l(l + 1)

r2
, (3.13)

with no-slip boundary conditions

ψ`(r) = ψ′`(r) = 0, D2
`D

2
`ψ`(r) = 0, for r = 1, 1 + d. (3.14)
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Figure 3.1: Dependence of the roots of (3.17) with mode number `. In each frame the
plots show the roots of the neutrally stable eigenmode evaluated at the critical Rayleigh
number Rac for fixed separation d. In frame (b) the modulus of the roots is observed to
scale like |zi| ∼ ` for large `.

It should be noted that (3.13) implies the stability threshold is independent of Pr , so that

the Prandtl number only affects the nonlinear problem. The form and solution of (3.13)

in terms of spherical Bessel functions for the special case g(r) = 1, T ′0/r = 1 was initially

determined by Chandrasekhar (1961). In our case, substituting (3.11) one obtains the

equation

D2
`

(
r3D2

`D
2
`ψ`(r)

)
+
Cψ`(r)

r3
= 0, C = −Rac l(l + 1)AT , (3.15)

whose solutions for a given polar mode `, take the form of complex polynomials

ψ`(r) =

6∑
i=1

Eir
zi + c.c., where zi, Ei ∈ C. (3.16)

Substituting (3.16) into (3.15) an implicit expression for the roots zi as function of Rac is

obtained

[(z − 1)(z − 2)− `(`+ 1)][(z − 2)(z − 3)− `(`+ 1)][z(z − 1)− `(`+ 1)] + C = 0. (3.17)

This polynomial is symmetric under the transformations z 7→ 3− z and z+ 1.5 7→ z− 1.5,

and its roots are complex conjugate pairs expressible in terms of real constants a, b, c

z1 = a± ib, z2 = (3− a)± ib, z3 = 1.5± ic. (3.18)

The dependence of zi with ` is considered in figure 3.1 frame (b) where the modulus of

the roots is observed to scale like |zi| ∼ ` for large `.
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Figure 3.2: Neutral stability curves Rac(d) d3 where the rightmost mode of each figure is
` = 2. Select degenerate points are indicated by hollow dots if neighbouring, and solid black
dots if non-neighbouring. These solutions have previously been obtained numerically for both
density ratios (η = 1, η = 0) by Araki et al. (1994) and by Chossat (1978).

The boundary conditions (3.14) are now imposed to obtain a set of linear homogeneous

equations for the coefficients Ei of the form

M`(Rac, d)


E1

...

E6

 = 0, (3.19)

where M` is a 6 × 6 matrix depending on Rac, d and the complex roots zi. Non-trivial

solutions of the linear problem with the required boundary conditions are determined by

solving the system

<
(
det(M`(Rac, d))

)
= 0, =

(
det(M`(Rac, d))

)
= 0, (3.20)

numerically for each `, and for a range of (Rac, d) to determine the neutral curves (figure

3.2). Arbitrarily setting E1 = 1 + i, the remaining amplitudes are determined.

ψ`1(r, θ) = G`(θ)
1

2

6∑
i=1

(
Eir

zi + Ēir
z̄i
)
, zi, Ei ∈ C,

T `1 (r, θ) = P`(cos θ)
1

2

6∑
i=1

(
Fir

zi−1 + F̄ir
z̄i−1

)
, zi, Fi ∈ C.

(3.21)

In planar convection where d represents the separation of hot and cold plates Rac(d)d3
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(b) Mode ` = 12, d = 0.246.

Figure 3.3: Eigenfunctions ψ(r) & T (r) of the marginally stable state. As d → 0 symmetry
about the annulus centreline r = 1 + d/2 is approached.

shares a common minimum for all mode numbers. In a spherical fluid annulus this is

evidently not the case, a physical difference which may be understood by considering the

volume of fluid being heated relative to the heating element’s surface area (inner sphere).

For d � 1 these are almost coincident, but as d → ∞ the inner sphere becomes in effect

a point source, as observed in figures 3.2. The symmetry about the annulus centreline

(r = (r1 + r2)/2) is also broken (figure 3.3), with the effect of replacing the sinusoidal

eigenfunctions of planar geometries, by functions exhibiting a radial oscillatory decay

ψ(r) ∼ rx+iy ∼ rxeiy log(r), x, y ∈ R. (3.22)

This makes the annular domain Z2 symmetric rather than D2 = Z2 × Z2 symmetric and

alters the form of the amplitude equations derived in section 3.2.
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Figure 3.4: Neutral stability curves Ra(d). Hollow dots indicate degenerate points where
two modes (`, ` + 1) simultaneously become unstable, while solid black dots indicate the
even degenerate point (2, 4) unstable to the odd ` = 3 mode and the odd degenerate point
(1, 3) unstable to the even ` = 2 mode.

3.2 Weakly nonlinear theory

The linear theory of section 3.1 demonstrated that there exist neutral curves for each mode

`. These curves correspond to a stability boundary λ = 0, at which transition from the

stable λ < 0 conductive regime to the unstable λ > 0 convective regime occurs, as shown

in figure 3.4. Previously Ra d3 vs. d was plotted for comparison with the planar case, but

now we plot Ra vs. d as Ra is the natural control parameter in (3.6). One can see from

the curves for various modes, that there are special values of the control parameter Rac

and geometry dc where two modes (`, n = ` + 1, 2, ..) lose their stability simultaneously,

marked by dots in figure 3.4.

These are termed degenerate points. Linear theory fails to establish the preferred neutral

mode so that (3.8) may be solved by any solution of the form

φ1 = A(t̃)φ`1 +B(t̃)φn1 , A,B ∈ R. (3.23)

where

φ`1 =

(
ψ`1(r, θ)

T `1 (r, θ)

)
, φn1 =

(
ψn1 (r, θ)

Tn1 (r, θ)

)
(3.24)

and the amplitudes A(t̃), B(t̃) are functions of an appropriately chosen slow timescale t̃. In

this section, we concentrate on the dynamics in the vicinity of such points; deriving a set

of coupled ordinary differential equations to describe the time evolution of the convective
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amplitudes A,B. Physically this aims to understand how patterns of convection cells

interact and are affected by changes in the annulus width d, buoyancy forcing Ra and

Prandtl number Pr .

As the eigenfunctions are either symmetric or antisymmetric (within the interval [0, π]), all

possible interactions are summarised by four cases. If mode-numbers (`, n) are both even,

their interaction is termed even-even while if (`, n) are odd and even their interaction is

termed odd-even or even-odd. In both scenarios the amplitude equations contain quadratic

terms and are resonant. Finally if (`, n) are both odd, their interaction is termed odd-

odd. This case is the simplest and is studied first, as no quadratic terms appear. While

applicable at all degenerate points, higher interactions such as (` = 2, n = 11) are unstable

to a large number of intermediate modes and so are less relevant (figure 3.2).

3.2.1 Odd-odd mode interactions

Following Kidachi (1982) we introduce a small parameter ε and define the appropriate

scalings for the odd-odd interaction as

φ = εφ1 + ε2φ2 + ε3φ3, (3.25)

with the slow timescale τ1 = ε2t so that

∂

∂t
= ε2

∂

∂τ1
, (3.26)

while the Rayleigh number and annulus width scale as

Ra− Rac

Rac
= µε2, d− dc = δε2. (3.27)

The effect of varying the outer sphere radius is to modify the radial boundary conditions

from O(ε3). Expanding ψ(r, θ, t) and T (r, θ, t) about r = 1 + dc one obtains

ψ(1 + d, θ, t) = εψ1 + ε2ψ2 + ε3
(
ψ3 + δψ′1

)
+O(ε4) = 0,

ψ′(1 + d, θ, t) = εψ′1 + ε2ψ′2 + ε3
(
ψ′3 + δψ′′1

)
+O(ε4) = 0,

T (1 + d, θ, t) = εT1 + ε2T2 + ε3
(
T3 + δT ′1

)
+O(ε4) = 0,

(3.28)

where all terms on the right hand side are evaluated at r = 1 + dc. Substituting these

scaled expressions into (3.6b) we obtain order by order

O(ε):

Lφ1 = 0, (3.29)
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O(ε2):

Lφ2 = N2(φ1,φ1) ≡
(

Pr−1Jψ(ψ1, ψ1)

JT (ψ1, T1)

)
, (3.30)

where L is given by (3.9) with homogeneous boundary conditions. At order O(ε3)

Lφ3 = N3(φ1,φ2) ≡

−µRac g(r)∂T1

∂θ sin θ + Pr−1

(
Jψ(ψ1, ψ2) + Jψ(ψ2, ψ1) + ∂D2ψ1

∂τ1

)
JT (ψ1, T2) + JT (ψ2, T1) + ∂T1

∂τ1

 ,

(3.31a)
ψ3 = 0, ψ′3 = 0, T3 = 0, at r = 1,

ψ3 = 0, ψ′3 = −δψ′′1 , T3 = −δT ′1, at r = 1 + dc.
(3.31b)

Solving (3.29) recovers the solution for φ1, which is just the expression (3.23). Inserting

φ1 into (3.30) leads to a linear inhomogeneous problem for φ2. By Fredholm’s alternative,

a solution exists if and only if the conditions

〈φ`1, N2(φ1,φ1)〉 = 0, and 〈φn1 , N2(φ1,φ1)〉 = 0, (3.32)

are satisfied. As L is formally self-adjoint, the adjoint eigenfunctions φ`1,φ
n
1 are the same

as the original ones (cf. Appendix A). Having satisfied these conditions, a general solution

for φ2 containing terms proportional to A2, AB,B2 is obtained. Inserting expressions for

φ1,φ2 into (3.31a), a further solvability condition constraining the amplitudes A,B is en-

countered. The boundary conditions (3.31b) at this order are however inhomogeneous, so

that the previously defined inner product must be modified to include terms proportional

to δA, δB. Imposing the first solvability condition for the `-harmonic gives

〈φ`1,Lφ3〉 = 〈φ`1, N3(φ1,φ2)〉 = 〈Lφ`1,φ3〉+ boundary terms. (3.33)

Integrating by parts and substituting for (3.31b) the form of these additional terms non-

zero at r = 1 + dc are determined

〈φ`1,Lφ3〉 = 〈Lφ`1,φ3〉+ δA

{∫
θ

(
∂T `1
∂r

)2

sin θdθ − AT
Rac

∫
θ

(
∂2ψ`1
∂r2

)2
dθ

sin θ

}
, (3.34)

where ψ`1 , T
`
1 are as defined in (3.12). An equivalent procedure is adopted to impose solv-

ability for the n-harmonic, giving terms proportional to δB. Together with the conditions

imposed for (3.31a) the following coupled equations are obtained
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a0
∂A

∂τ1
= µ1A−

(
d11A

2B + d12AB
2 + d13A

3 + d14B
3
)
,

b0
∂B

∂τ1
= µ2B −

(
d21A

2B + d22AB
2 + d23A

3 + d24B
3
)
,

where µ1 = a1µ+ a2δ, µ2 = b1µ+ b2δ,


A ∼ ` odd

B ∼ n > ` odd

(3.35)

and O(1) parameters µ & δ as in (3.27) represent the distance from a degenerate bifurca-

tion point (dc,Rac), for example the intersection of neutral curves ` = 1, n = 3 as shown in

figure 3.4. These parameters may be positive or negative, so that both geometry changes

and buoyancy forces may excite convective motion. All coefficients ai, bi, dij ∈ R+ are

found to be non-zero, highlighting that there are no pure mode solutions (A, 0) or (0, B).

The computation of coefficients is outlined in appendix B, for algebraic convenience their

sign is not prescribed. However, given that the interaction of odd modes explicitly excites

intermediate even modes unstable in the vicinity of the bifurcation point, the relevance of

(3.35) for the fully nonlinear problem is diminished. For this reason it is not considered

further.

3.2.2 Even-even & even-odd mode interactions

We now consider the interaction of neighbouring and non-neighbouring even modes, as

both cases contain quadratic terms at O(ε2). Following Proctor & Jones (1988) we adopt

an expansion of the type (3.25), but now choose the slow timescale τ1 = εt and scale the

control parameters as

(Ra− Rac)/Rac = µε, d− dc = δε. (3.36)

Note that these scalings do modify (3.30) and (3.31a), but for brevity the changes are

not outlined. Proceeding in a manner identical to the odd-odd case, φ1 may be expressed

as per (3.23). Inserting φ1 into the non-linear terms in (3.30), terms proportional to

P`(cos θ), G`(θ), Pn(cos θ), Gn(θ) are encountered. It is the presence of these resonant

terms at O(ε2) that motivates the alternate timescale and parameter scalings chosen.

Imposing the inner products

〈φ`1, N2(φ1,φ1)〉 = 0, and 〈φn1 , N2(φ1,φ1)〉 = 0, (3.37)

the second-order amplitude equations may be determined. They are of the form
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a) a0
∂A

∂τ1
= µ1A+ cA2 − αB2,

b0
∂B

∂τ1
= µ2B + αAB,


A ∼ ` even

B ∼ n > ` odd
(3.38)

b) a0
∂A

∂τ1
= µ1A− αAB,

b0
∂B

∂τ1
= µ2B + αA2 + cB2,


A ∼ ` odd

B ∼ n > ` even
(3.39)

for the interaction of neighbouring modes, while for non-neighbouring even modes

c) a0
∂A

∂τ1
= µ1A+ cA2 − αAB − βB2,

b0
∂B

∂τ1
= µ2B + αA2 + βAB + cB2,


A ∼ ` even

B ∼ n > ` even
(3.40)

where µ1 = a1µ+ a2δ, µ2 = b1µ+ b2δ, with ai, bi, α, β ∈ R+. (3.41)

and boundary terms ∼ δ have been included as previously by modifying the inner product.

It has been proven by Chossat (2001) that when L is self-adjoint, as is the case in this

paper, the coefficient c = 0. When condition (3.10) is not satisfied however the even mode

solution is found to bifurcate subcritically (Beltrame & Chossat 2015). Alternatively

it may be seen that the even mode subspace (0, B), must be invariant under the map

(0, B)→ (0,−B) (Hoyle 2006). While it seems consistent to stop at O(ε2), the quadratic

nonlinearities do not lead to finite amplitudes at large times. As was demonstrated for the

planar case by Proctor & Jones (1988), multiplying the first and second line of equations

(3.38) to (3.40) by A & B respectively, and adding one obtains

1

2

∂

∂τ1
(a0A

2 + b0B
2) = µ1A

2 + µ2B
2, (3.42)

so that if both µ1 and µ2 are positive the amplitudes tend to infinity. This is resolved

through a regularization of the equations at O(ε3), even though these terms are an order

ε smaller. Gathering terms proportional to modes `, n we must obtain particular integrals

for the expression

Lφ2 = NR
2 (φ1,φ1) +NN

2 (φ1,φ1), (3.43)

where NR
2 is the resonant part of the inhomogeneous terms whose components are of the

form

Ȧφ`1 + Ḃφn1 + µAφ`1 + µBφn1 +A2φn1 +AB(φ`1 + φn1 ) +B2φ`1, (3.44)
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and NN
2 contains the non-resonant terms orthogonal to φ1. Overdot notation is now used

to indicate the time derivative. The non-resonant terms may be easily solved for but the

resonant terms demand special treatment. The method of solution is to find a particular

integral denoted by superscript p of (3.43) and then add terms of the form

φ2 =

(
ψp2
T p2

)
+

2n+1∑
k=0

6∑
j=1

(
Ekjr

zkj−1Gk(θ)

Fkjr
zkj−2Pk(cos θ)

)
+ c.c, (3.45)

where the exponents zkj are determined by solving (3.17) for each mode k. For each k

the 6 coefficients Ekj , Fkj must be chosen to satisfy the 6 boundary conditions at second

order (3.30). Application of these gives rise to a matrix equation of the form

Mijxj = bijχj , (3.46)

where x is an array of coefficients, matrices M, b have size 6× 6, 6× 7 and

χ =
(
Ȧ, Ḃ, µA, µB, A2, AB, B2

)T
. (3.47)

While this system may be solved easily for k 6= `, n, for k = `, n the matrix M is singular,

Mx0 = 0 = ȳT0 M. Applying a solvability condition, we remove the resonant component

of each column bi of b,

bi = bi − 〈ȳ0, bi〉x0, where 〈ȳ0,x0〉 = 1. (3.48)

The solution space is then restricted by solving the invertible bordered system (Kuznetsov

2004). (
M x0

ȳT0 0

)(
x

σ

)
=

(
bχ

0

)
, where σ ∈ R. (3.49)

Having satisfied the boundary conditions, the last step in calculating φ2 is to add suitable

multiples of φ`1,φ
n
1 so that the orthogonality conditions

〈φ`1,φ2〉 = 0, and 〈φn1 ,φ2〉 = 0, (3.50)

are satisfied. Substituting solutions φ1,φ2 into (3.31a), and taking the appropriate inner

product we obtain the following equations. Describing the even-odd interaction

ã0Ȧ = µ̃1A− α̃3B
2 + ε{ẽ11AȦ+ ẽ14BḂ + d̃12AB

2 + d̃13A
3},

b̃0Ḃ = µ̃2B + β̃2AB + ε{ẽ22AḂ + ẽ23BȦ+ d̃21A
2B + d̃24B

3},

}
A ∼ ` even

B ∼ n > ` odd

(3.51)
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where

µ̃1 = a1µ+ a2δ + εa1µ
2, µ̃2 = b1µ+ b2δ + εb1µ

2, α̃3 = α3 + εµα13,

β̃2 = β2 + εµβ12, ã0 = a0 + εµa0, b̃0 = b0 + εµb0,

}
(3.52)

and for the alternate odd-even case one obtains

ã0Ȧ = µ̃1A− α̃2AB + ε{ẽ12AḂ + ẽ13BȦ+ d̃12AB
2 + d̃13A

3},
b̃0Ḃ = µ̃2B + β̃1A

2 + ε{ẽ21AȦ+ ẽ24BḂ + d̃21A
2B + d̃24B

3},

}
A ∼ ` odd

B ∼ n > ` even

(3.53)

where

µ̃1 = a1µ+ a2δ + εa1µ
2, µ̃2 = b1µ+ b2δ + εb1µ

2, α̃2 = α2 + εµα12,

β̃2 = β2 + εµβ11, ã0 = a0 + εµa0, b̃0 = b0 + εµb0.

}
(3.54)

For the even-even case of two non-neighbouring modes

ã0Ȧ = µ̃1A− α̃2AB − α̃3B
2 + ε{ẽ11AȦ+ ẽ12AḂ + ẽ13BȦ+ ẽ14BḂ

+d̃11A
2B + d̃12AB

2 + d̃13A
3 + d̃14B

3},
b̃0Ḃ = µ̃2B + β̃1A

2 + β̃2AB + ε{ẽ21AȦ+ ẽ22AḂ + ẽ23BȦ+ ẽ24BḂ

+d̃21A
2B + d̃22AB

2 + d̃23A
3 + d̃24B

3},


A ∼ ` even

B ∼ n > ` even

(3.55)

where

µ̃1 = a1µ+ a2δ + εa1µ
2, µ̃2 = b1µ+ b2δ + εb1µ

2, α̃2 = α2 + εµα12,

α̃3 = α3 + εµα13, β̃1 = β1 + εµβ11, β̃2 = β2 + εµβ12,

ã0 = a0 + εµa0, b̃0 = b0 + εµb0.

 (3.56)

and terms proportional to coefficients ẽij may be simplified using the appropriate second

order equation (3.38) to (3.40) for each case. The computation of coefficients is outlined

in appendix B, for algebraic convenience their sign is not prescribed.

Generalizations of equation (3.53) including non-axisymmetric effects, have previously

been determined by Friedrich & Haken (1986) for the ` = 1, 2 and by Beltrame & Chossat

(2015) for the ` = 3, 4 interactions. In this paper we focus rather on all axisymmetric

interactions. This is justified by the tendency of axisymmetric poloidal flows to remain

axisymmetric at large Pr . By computing the stability of solutions to non-axisymmetric

disturbances in section 5.1 this claim is later clarified. When neighbouring modes are

even and odd respectively we obtain (3.51), in which the role of quadratic terms are

interchanged. Alternatively by choosing both modes to be even (`, `± 2), equation (3.55)

is obtained. The relevance of (3.55) may be queried as it fails to consider the influence of
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the unstable intermediate modes `± 1 present at even-even degeneracies (figure 3.2). We

argue, however, that as the nonlinear interaction of even modes excites even modes only,

this equation remains valid in the absence of odd mode perturbations. This contrasts with

the odd-odd interaction where even modes are explicitly excited. In section 5.1 we confirm

the stability of such even solutions numerically at large Pr . Following an investigation

of (3.55) in section 3.3 the motivations for its consideration are supported using DNS in

section 3.4.

3.3 Analysis of amplitude equations

This section is divided between an analysis of neighbouring mode interactions (`, ` ± 1),

whose results are shown to compare directly with DNS, and an analysis of even non-

neighbouring mode interactions (`, ` ± 2) whose results compare with DNS in which odd

modes are suppressed. By calculating the coefficients in (3.51) to (3.55) for Pr ∈ [10−3, 103]

deemed sufficient to attain limiting behaviour, the effect of varying Pr in all (`, n) degen-

eracies is clarified. Mapping solutions in terms of bifurcation parameters (δ, µ) regions

of distinct convective behaviour for different Pr are demarcated. This approach aims to

determine: How do the solutions obtained depend on system parameters? And which

solutions are possible? In this section ε = 1 is fixed, as our interest is in the form and

stability of the solutions to (3.38) - (3.40) which do not dependent on its magnitude.

3.3.1 Neighbouring mode interactions

Even-odd ` < n

The equations for even-odd interactions are

Ȧ = µ1A+ α3B
2 + d12AB

2 + d13A
3,

Ḃ = µ2B + β2AB + d21A
2B + d24B

3,

}
A ∼ ` even

B ∼ n > ` odd
(3.57)

where

µ1 = a1µ+ a2δ, µ2 = b1µ+ b2δ ai, bi ∈ R+. (3.58)

The quadratic coefficients αi, βi in (3.57) have opposite signs, while the cubic coefficients

dij are negative for all Pr as shown in figure 3.5. Subject to the coefficients outlined (3.57)

have the fixed points
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Figure 3.5: Variation of the equation coefficients with Pr for modes ` = 2, 3. The kink
obtained at Pr = 1 is a consequence of the rescaling (3.4). Quadratic coefficients increase
or decrease to reach a limit as Pr varies about unity. Cubic coefficients demonstrate distinct
limiting values for Pr → ∞ and Pr → 0. The magnitude of coefficients d13, d24 pertaining
to terms A3 and B3 respectively interchanges when Pr ' 0.28.

A = 0, B = 0, Trivial Solution

A = ±
√
−µ1/d13, B = 0, Pure Modes

(A1,±B1), (A2,±B2), (A3,±B3), Mixed Modes

(3.59)

highlighting that even modes are symmetric under the transform (A, 0) → (−A, 0) and

mixed modes under the transform (A,B)→ (A,−B). We also remark that for d� 1 the

least stable modes are `, n � 1, so that the quadratic coefficients αi, βi → 0, behaviour

concordant with regression towards a planar geometry. For d � 1, the degenerate points

are spaced further apart, favouring smaller mode numbers for which fewer linearly unstable

interactions occur (figure 3.2). It is for this reason lower mode numbers are used to

demonstrate more general results.

Figure 3.6 shows the two parameter continuation of bifurcation points in (δ, µ) parameter

space. All such calculations are performed with the numerical continuation software XP-

PAUT (Ermentrout 2002). The loci shown may be interpreted as a tracing of the different

bifurcations points which emerge as the parameters (δ, µ) are varied from the degenerate

point (δ, µ) = (0, 0). These are used to demarcate the existence of stable pure modes

in region 1, stable pure modes and unstable mixed modes in region 2, stable pure and

mixed modes in region 3, stable mixed modes only in region 4, unstable pure modes and

stable mixed modes in region 5, and finally a stable pure mode and stable mixed modes

in region 6. Excluding region 3, all solutions emerge via pitchfork bifurcations from the

trivial solution branch as shown in figure 3.7. This figure also shows that additional stable

solutions emerge via secondary bifurcations in this region. Mixed mode solutions from re-

gion 4 and pure mode solutions from region 1 both remain stable if continued into region
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Figure 3.6: Bifurcation loci of the ` = 2, 3 mode interaction for Pr = 10. Solid lines −
denote a pitchfork and dotted · · · secondary bifurcations. Regions are: 1 stable pure ` = 2
mode, 2 stable pure modes & unstable mixed modes, 3 stable pure ` = 2 modes & stable
mixed modes (initial condition dependent), 4 stable mixed modes, 5 stable mixed modes and
unstable pure modes, and 6 a single stable pure mode and stable mixed modes. The 3D sta-
bility of axisymmetric solutions at large Pr is shown in colour inset. Within the red hatched
region (−A, 0) is stable, but below loses stability to m = 2. Within the blue hatched region
(A,±B) is stable, but below loses stability to m = 3 (cf. section 5.1 ).
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Figure 3.7: Bifurcation diagrams of the mode interaction ` = 2, 3. Frames (a) and (b) cor-
respond to cross sections of figure 3.6 taken at δ = −0.2, 0.2. Stable solutions are denoted
by solid lines, unstable branches by dashed lines. (a) The stable mixed mode (A1,±B1) and
unstable pure mode (±A, 0) emerge via pitchfork bifurcations. The pure mode branch sta-
bilises via two secondary bifurcations, giving rise to unstable mixed modes. (b) The stable
pure mode (±A, 0) and ustable mixed modes emerge via pitchfork bifurcations. The mixed
mode branch stabilises via a secondary bifurcation.

41



3. Within region 3, the transition between these states exhibits hysteresis and occurs via

a saddle-node shown in frame 3 of figure 3.8. Notably, the equilibrium attained depends

on the initial condition.

In region 4, only stable mixed modes exist for µ1 < 0, µ2 > 0, corresponding to a balance

of linear and quadratic terms as is apparent by considering (3.57) without its cubic terms.

0 = µ1A+ α3B
2,

0 = (µ2 + β2A)B,

}
A ∼ ` even

B ∼ n > ` odd
(3.60)

The fixed points are thus approximated by B = ±
√
−(µ1µ2)/(α3β2) and A = −µ2/β2

and the lower order equations hold in this scenario only. In the limit Pr → 0, the odd

B-mode dominates the mixed mode solutions as |d24| � |d13|, while for Pr → ∞ both

modes are of similar magnitude.

Odd-even ` < n

This interaction is described by the equations

Ȧ = µ1A+ α2AB + d12AB
2 + d13A

3,

Ḃ = µ2B + β1A
2 + d21A

2B + d24B
3,

}
A ∼ ` odd

B ∼ n > ` even
(3.61)

whose fixed points are as before with the modes reversed, so that pure (0,±B) modes are

now even. All cubic coefficients dij < 0 are negative, while the quadratic coefficients have

opposite signs as shown in figure 3.9.

Figure 3.10 plots the bifurcation diagrams of the (1, 2) and (3, 4) mode interactions. The

plot is akin to the Even-Odd interaction with the roles of the even and odd modes inter-

changed; in this case it is the odd A mode which excites the even B mode in the mixed

mode solutions. A disparity in size between regions 1, 3, 4 between the figures (a), (b) high-

lights that the degeneracies of higher modes exhibit are more sensitive to changes in the

annulus width. As the phase planes are qualitatively similar to the even-odd case (figure

3.8) they are not presented.

In both the neighbouring mode interactions presented, there are no pure odd mode solu-

tions. In region 4 of figure 3.10 only mixed mode solutions exist where the even (0,±B)

modes are linearly unstable. This may be attributed to the self-interaction of odd or even

modes generating even modes only

P 2
` (cos θ) =

∑̀
k=0

c2kP2k(cos θ), c2k ∈ R, (3.62)
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Figure 3.8: Phase-plane diagrams (A,B) describing the even-odd interaction for mode
numbers ` = 2, 3 and Pr = 10. Fixed points are denoted as: Stable node - •, Unstable node
- ◦, Saddle point - N. In regions: 1 only pure (±A, 0) modes exist, 2 stable pure modes &
unstable mixed modes (A,±B), 3 stable pure modes & stable mixed modes (initial condi-
tion dependent), 4 stable mixed modes, 5 stable mixed modes & unstable pure modes, and
6 a single stable pure mode and stable mixed modes.
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Figure 3.9: Prandtl number dependency of coefficients for the ` = 3, 4 interaction. The
kink obtained at Pr = 1 is a consequence of the rescaling (3.4). Distinct from the Even-
Odd the relative size of cubic coefficients does not change in either limit of Pr . Quadratic
coefficients are now smaller in magnitude relative to the cubic terms of the previous case for
a wider annulus.
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Figure 3.10: Bifurcation loci for the odd-even mode interactions with Pr = 10. Regions
are: 1 stable pure (0,±B) modes, 2 stable pure modes & unstable mixed modes, 3 stable
pure modes & stable mixed modes (±A,B) (initial condition dependent), 4 stable mixed
modes, 5 stable mixed modes and unstable pure modes, and 6 a single stable pure mode
and stable mixed modes. The 3D stability of axisymmetric solutions at large Pr is shown
in colour inset (cf. section 5.1 ). (a) Within the blue hatched region (0,+B) is stable, but
below loses stability to m = 2. (b) Within the dotted region (0,−B) is stable and in the
dashed region (0,+B) is stable. Within the unhatched region (±A,B) is stable but below
loses stability to m = 2, 3.
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Figure 3.11: Variation of the amplitude equation coefficients with Pr for ` = 1, 2. The kink
obtained at Pr = 1 is a consequence of the rescaling (3.4). In the limit Pr → 0 coefficients
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Quadratic and cubic coefficients are of similar magnitude for this interaction.
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Figure 3.12: Variation of the amplitude equation coefficients with Pr for modes ` = 2, 4.
The kink obtained at Pr = 1 is a consequence of the rescaling (3.4). As Pr → 0 coefficients
of A3 terms d13 � 1, d23 � 1, while coefficients d14, d24 of B3 terms are always larger in
magnitude. This behaviour is akin to previous interactions where the higher mode dominates
the saturation process.

implying that the saturation of odd modes does not decouple from even modes, a result

stemming directly from the eigenfunctions. The (1, 2) mode interaction is the lowest in-

teraction possible, occurring for the annulus separation dc ≈ 4.89. Its coefficients shown

in figure 3.11 demonstrate a particular behaviour in the limit Pr → 0; where cubic co-

efficients d13 � 1 and d24 � 1 so that the quadratic and cross terms now dominate the

saturation process.
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Figure 3.13: Bifurcation loci of the even-even interactions ` = 2, 4 & ` = 4, 6 with Pr = 10.
Region 1 contains two mixed modes (A1,+B1), (A2,−B2), 2 two stable and unstable mixed
modes, 3 a single stable fixed point, while 4 two stable spirals (−A1, B1), (−A2, B2). The
3D stability of axisymmetric solutions at large Pr is shown in colour inset (cf. section 5.1 ).
(a) Within the red hatched region (A,B) is stable, but below loses stability to m = 2, 3. (b)
Within the densely hatched region (left) (A,B) is stable and in the lightly hatched region
(right) −(A,B) is stable. Below these regions the unstable azimuthal wavenumber m varies.

3.3.2 Non-neighbouring mode interactions

Even-even (`, `± 2)

This interaction is governed by the equations

Ȧ = µ1A+ α2AB + α3B
2 + d11A

2B + d12AB
2 + d13A

3 + d14B
3,

Ḃ = µ2B + β1A
2 + β2AB + d21A

2B + d22AB
2 + d23A

3 + d24B
3,

}
A ∼ ` even

B ∼ `± 2.

(3.63)

The quadratic coefficients αi, βi have opposite signs, and the cubic coefficients remain

negative as shown in figure 3.12, so that (3.63) may have mixed mode solutions only. In

contrast to the neighbouring mode interactions no pure mode solutions exist, as (3.63) no

longer has symmetry.

Figure 3.13 shows the bifurcation diagram and figure 3.14 the corresponding phase plane

for the even-even mode interaction. The absence of symmetry in (3.63) results in two

distinct fixed points in each region of 3.13. In region 4 where the ` mode dominates their

are two stable spiral nodes. Transitioning to region 3 via a Hopf-bifurcation there is a

single stable fixed point. Transitioning into into region 2 and subsequently region 1 where

the `+ 2 mode dominates, an additional stable fixed point appears.
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Figure 3.14: Phase-plane diagrams (A,B) describing the even-even interaction for mode
numbers ` = 2, 4 and Pr = 10. In regions: 1 mixed modes (A1,+B1), (A2,−B2) exist, 2
two stable and unstable mixed modes, 3 a single stable mixed mode, while in region 4 two
stable spiral nodes (−A1, B1), (−A2, B2) are obtained.
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3.4 Comparison of weakly nonlinear theory with DNS

Equations (3.51) - (3.55), derived using weakly nonlinear theory, apply rigorously only

in an O(ε) neighbourhood of the degenerate points (dc,Rac) seen in figure 3.4. For this

reason it is reasonable to question their validity in the context of the full problem. We

validate previous results by performing DNS of the full equations (3.1). The numerical

code used in this section uses a Galerkin-Legendre projection in θ and second order finite

differences in r as outlined in appendix D. A minimum resolution of 15 polynomials in

θ and 40 grid points in r was used in all computations. Specifying values of (d,Ra) a

full numerical simulation is run, whose mode amplitudes are computed from the inner

products

Anum(t) =
〈ψnum,ψ`〉
〈ψ`,ψ`〉

, Bnum(t) =
〈ψnum,ψn〉
〈ψn,ψn〉

, where 〈f, g〉 =

∫
r

∫
θ

f g

sin θ
drdθ.

(3.64)

Vectors ψ`,ψn are the eigenfunctions (3.16) evaluated at the grid points of the numerical

finite difference solution ψnum. For comparison with weakly non-linear theory, values

for µ, δ, ε are specified and the solution determined by solving the relevant amplitude

equations. Setting µ = ±1 we obtain

ε =
Ra− Rac

Rac
, δ =

d− dc
ε

. (3.65)

Simulating (3.51) – (3.55) with these values we obtain a solution (A,B), which is rescaled

according to the original expansion (3.25). Amplitudes of the weakly nonlinear theory are

obtained as

Awkly = εA, Bwkly = εB. (3.66)

3.4.1 Neighbouring mode interactions

The even-odd case is simulated for parameter values corresponding to regions 3 and 4

of figure 3.8 where both mixed and even solutions are found. This region is chosen in

order to test the initial condition dependency predicted by theory. In the initial condition

dependent region 3, even solutions are readily obtained from even initial conditions, as

the linear stability of the even solutions tends to ensure that the solution remains even.

Mixed solutions are not so easy to find, but can be located by continuation from the mixed

solutions of region 4. The numerical values of each mode shown in table 3.1 confirm that

odd modes maintain a larger amplitude in mixed mode solutions. Corresponding solutions

of the flow field are shown in figure 3.15.
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Figure 3.15: Numerical solutions ψ(r, θ) in the neighbourhood of the ` = 2, 3 degenerate
point (dc = 1.9883,Rac = 857.53) for Pr = 1. (a) corresponds to region 3 of figure 3.8 for
the ` = 2 mode (dc,Ra = 900.0), (b) region 3 for the mixed (d = 1.946,Ra = 950.0), (c)
region 4 the mixed (d = 1.9481,Ra = 900.0). The colour versions of this figure and those
which follow may be viewed online.

Region ε (δ, µ) (A,B)wkly (A,B)num (A,B)wkly (A,B)num

Pr = 1 Pr = 10
3) 0.0495 0,1 (-0.2826,0.0) (-0.3165,0.0) (-0.3312,0.0) (-0.3632,0.0)
3) 0.108 -0.4,1 (-0.0776, -0.2332) (-0.1354,-0.2259) (-0.0772, -0.2505) (-0.1135, -0.2623)
4) 0.05 -0.8,1 (-0.0623, 0.0902) (-0.0825,-0.1092) (-0.0592, 0.1082) (-0.0734,-0.1356)

Table 3.1: Comparison of DNS (A,B)num and weakly nonlinear (A,B)wkly solutions for
the modes ` = 2, 3. The discrepancy between theory and simulation is attributed to the
even ` = 4 mode contribution, found to be non-negligible in DNS, particularly for the mixed
solutions in region 3 where both modes are linearly unstable. The odd mode component of
mixed solutions maintains a larger amplitude.
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Figure 3.16: Numerical solutions ψ(r, θ) in the neighbourhood of the ` = 3, 4 degenerate
point (dc = 1.2291,Rac = 2381.1) with Pr = 1. (a) corresponds to region 3 of figure
3.10 for the n = 4 mode (d = 1.2291,Ra = 2650.0), (b) region 3 for the mixed (d =
1.2674,Rac), (c) region 4 for the mixed (d = 1.2674,Ra = 2230.0).

Region ε (δ, µ) (A,B)wkly (A,B)num (A,B)wkly (A,B)num

Pr = 1 Pr = 10
3) 0.1125 0,1 (0.0,-0.3208) (0.0,-0.3508) (0.0,-0.3474) (0.0,-0.3662)
3) 0.05 0.766,0 (-0.3755, 0.0358) (-0.3665,0.0549) (-0.4202 0.0323) (-0.4079,0.0518)
4) 0.05 0.7,-1.27 (-0.1675, 0.0265) (-0.1705,0.0262) (-0.1916, 0.0241) (-0.1879,0.024)

Table 3.2: Comparison of DNS and weakly non-linear solutions for the modes ` = 3, 4. The
discrepancy between theory and simulation is attributed to the ` = 2 mode contribution,
found to be non-negligible in DNS, particularly for the mixed solutions in region 3 where
both modes are linearly unstable. The odd mode component of mixed solutions maintains a
larger amplitude.

A similar procedure is adopted for the odd-even case to simulate mixed solutions in region

3 of figure 3.10. Only in certain sections of region 3 are even solutions found to be stable

to odd mode perturbations. In addition to finding solutions corresponding to figure 3.10,

the ratio of mixed mode amplitudes also matches well for even solutions in region 3 and

mixed solutions in region 4 (see tables 3.1,3.2). For mixed solutions in region 3, however,

the contribution of modes ` = 2, 4 becomes non-negligible for the values of ε considered.

The discrepancy between theory and DNS is attributed to the omission of these modes for

the respective cases. Corresponding solutions of the flow field are shown in figure 3.16.
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Figure 3.17: Symmetric solutions ψ(r, θ) near the ` = 2, 4 degenerate point (dc =
1.5807,Rac = 1515.399) for Pr = 10. (a) corresponds to region 1 of figure 3.13 with
(d = 1.5507,Ra = 1591.392), (b) region 3 for (dc,Ra = 1591.392), (c) region 4 for
(d = 1.6132,Ra = 1480). In frames a) and c) only modes ` = 4 and ` = 2 respectively are
linearly unstable.

Region ε (δ, µ) (A,B)wkly (A,B)num (A,B)wkly (A,B)num

Pr = 1 Pr = 10
3) 0.05 -0.6,1 (-0.0817, 0.1454) (-0.0806,0.1452) (-0.0867, 0.1541) (-0.0838,0.1544)
3) 0.05 0,1 (-0.1357, 0.2079) (-0.1406,0.2135) (-0.1458, 0.2196) (-0.1486,0.2258)
4) 0.05 0.65,-0.47 (-0.1034, 0.1275) (-0.1092,0.1246) (-0.1212, 0.1339) (-0.1272, 0.132)

Table 3.3: Comparison of numerical and weakly non-linear solutions for the modes ` =
2, 4. By removing all odd modes the dominance of the remaining modes is increased and an
improved agreement between computation and theory is obtained.

3.4.2 Non-neighbouring mode interactions

The even-even interaction described by (3.55) may seem of limited relevance, as solutions

obtained for small ε are necessarily unstable to odd mode perturbations. A rigorous

reduced order model of this interaction point would therefore have to include the effect of

unstable intermediate modes for example, the ` = 3 mode in the (` = 2, 4) case. However,

when we compute the stability of saturated solutions for large ε in section 5.1, we find

that some even solutions are in fact stable to odd perturbations. Such interactions are also

thought to exhibit strong resonances and be of physical significance in mantle convection

(Chossat & Stewart 1992). We compare DNS runs with and without screening of the odd

modes to determine their validity for the fully nonlinear problem.

Unsurprisingly, the screened simulations (figure 3.17) near the ` = 2, 4 degenerate point

are found to agree better with theory than those with odd modes. The numerical values
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Figure 3.18: DNS oscillation signature for the periodic solutions near the even-even and
odd-odd degeneracies with Pr = 0.05. Solutions are simulated at (a) Rac = 440.852, ε =
5.85, (b) Rac = 1515.41, ε = 0.847, (c) Rac = 3425.94, ε = 0.4594. Notably the Rayleigh
number required to sustain oscillations increases as `, n decrease. Even modes oscillate out
of phase with equal period, while the odd mode oscillates with double the period of even
modes. As the mode numbers increase additional modes contribute and the signal becomes
increasingly modulated. Animations corresponding to each figure may be found online at
https://doi.org/10.1017/jfm.2019.440.

are outlined in table 3.3. Given that the solution energy is quantised between fewer linearly

unstable modes this improved agreement is anticipated.

For the same parameter values, unscreened simulations near the ` = 2, 4 point lose stability

to odd mode perturbations as expected, with significant components of modes ` = 1, 2, 3, 4

remaining. Increasing the Rayleigh number beyond Ra u 1.7Rac (measured from the

` = 2, 4 degenerate point), stable mixed time-periodic solutions emerge for low Pr . This is

depicted in figure 3.18 where the amplitude of each mode is plotted as a function of time.

Granted that no oscillatory solutions are found for two mode interactions we enquire:

Why are odd mode components necessary to maintain a regular oscillation? and why is

the oscillation period of odd modes approximately twice that of even modes? We stress

that these time periodic solutions emerge for ε ∼ O(1), Pr � 1 and are, strictly speaking,

beyond the scope of weakly nonlinear theory. Nonetheless using the structure of (3.61) it

is possible to explain their oscillation signature.

A distinctive feature of the time periodic solutions shown in figure 3.18 is that even and

odd modes oscillate with approximately a 2 : 1 frequency ratio. Also notable is that the

time signature for smaller d becomes increasingly modulated when compared with that

of lower mode numbers. Running DNS near each degeneracy with odd modes suppressed

we find that the time-periodic solutions presented in figure 3.18 no longer persist. This

suggests the bifurcation to time-periodic solutions at low Pr is an odd mode instability.

We attribute the 2 : 1 resonance to a symmetry breaking Hopf bifurcation (as confirmed

in section 3.5 using numerical continuation) whose weakly nonlinear behaviour may be

described locally by a complex analogue of (3.61) (Proctor & Jones 1988). Writing (3.61)
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in complex form

Ȧ = µ1A+ α2ĀB + d12A|B|2 + d13A|A|2,
Ḃ = µ2B + β1A

2 + d21|A|2B + d24B|B|2,

}
A ∼ ` odd

B ∼ n > ` even
(3.67)

and subsituting the ansatz A = aeiω1t, B = beiω2t, one finds that the quadratic terms

enforce the relation 2ω1 = ω2. Thus by dictating the nonlinear terms permissible in

(3.61) the eigenfunctions constrain the phase of even and odd modes in standing wave

solutions. Near the ` = 1, 3 degeneracy, the set of contributing modes is small so that

few harmonics are generated. At higher degeneracies, more modes contribute generating

additional harmonics which modulate the oscillation signature observed in figure 3.18.

3.5 Transition to time-dependent convection

A motivation for approaching this problem using weakly nonlinear theory was to gain a

concise description of the flow’s time-dependent behaviour, which typically emerges near

onset for Pr � 1. An ODE model was thought to be useful, particularly for understanding

the parameter dependence of any limit cycles which should emerge. This is in contrast to

DNS where time dependence increases the numerical dimension of a solution, particularly

for stiff systems or those with a ratio (or many ratios) of diffusive parameters analogous to

the Pr . As evidenced in section 3.4 however, time dependent behaviour in 2D convection

emerges only for larger values of ε� 1 and is beyond the scope of weakly nonlinear theory.

While time dependence is observed at onset for ε� 1 in 3D system, the dimension of the

reduced systems obtained at degenerate points 4(` + 1) is still large (Friedrich & Haken

1986, Beltrame & Chossat 2015).

In this section numerical computations (carried out with the pseudo-spectral code de-

scribed in appendix D ) are used to study the behaviour of steady and time-dependent

convection at large Ra. Simulations use Nr = 25− 65 Cheybshev collocation points radi-

ally and Nθ = 60 Legendre polynomials in the polar direction. The separation is fixed at

d = 3, a value chosen to facilitate numerical simulations. Near the onset of convection we

find three possible solutions. An even 2-cell with rising plumes at the poles and sinking

plumes at the equator denoted u−r , an even 2-cell with rising and sinking plumes in the

opposite sense denoted u+
r and a mixed or odd 1-cell flow with one large rising plume.

These flows are shown in figures 3.20 for Pr = 0.05 and figure 3.22 for Pr = 10.

Outlining the bifurcation sequence for Pr = 0.05, 10 we show how the time-dependent

behaviour observed in section 3.4 emerges through a sequence of symmetry breaking bi-

furcations from the conductive state. By computing the latitudinally averaged tempera-

ture profile T (r, θ), and convective heat transfer as measured by the Nusselt number Nu

we also study the significance of the radially asymmetric thermal boundary layers which
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emerge for Pr � 1. Finally we provide an additional validation for our numerical code by

showing that the scaling Nu u 0.122(Ra/Rac)
0.2875 predicted by our code is in keeping

with recent studies of 3D spherical shell convection (Gastine et al. 2015).

3.5.1 Bifurcation sequence for moderate Ra at low Pr
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1.00
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Figure 3.19: Time periodic solutions bifurcate from the even state in a symmetric Hopf
bifurcation. Stability and convective heat transfer Nu of the even u−r , u

+
r and mixed 1-cell

solution states at Pr = 0.05, d = 3. Stable and unstable states are denoted by solid and
dashed lines respectively with bifurcation points indicated by solid black dots.

Figure 3.19 outlines the sequence of transitions by which time-dependent behaviour emerges

for low Pr . The variation of Nu (the strength of convective heat transfer) with Ra/Rac

is chosen to indicate the stability of solutions.

For smallRa/Rac both even solutions are stable, but asRa/Rac increases only the u−r state

represented by the solid red branch remains stable. This is despite the higher heat transfer

of the u+
r solution state as compared with u−r . The temperature and vorticity fields of this

solution are shown in frame (a) of figure 3.20. In this spatial solution the temperature field

is weakly deformed from concentric circles, while the vorticity field attains a maximum at

±45o to the equator in each quadrant near the outer boundary.

Increasing Ra/Rac further leads to a symmetry breaking Hopf bifurcation where the even

u−r state loses stability to an odd mode perturbation. This perturbation is found to be

dominated by its ` = 1 mode component. Time integration of the u−r state and this
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(a) Even u−r state Ra/Rac = 6.25.
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(b) Mixed 1-cell state Ra/Rac = 4.9.

Figure 3.20: Steady states of the vorticity D2ψ and temperature field T of the even and
mixed solutions at Pr = 0.05, d = 3. (a) Symmetric even state with plumes directed along
the poles, (b) Asymmetric mixed mode state with a single wide plume directed towards the
pole.

perturbation results in periodic limit-cycle denoted by open circles in figure 3.19. The

time-dependence of this flow at Ra/Rac = 8 for modes ` = 1− 5 is shown in figure 3.18.

Accompanying animations of this solution are available in the supplementary material of

Mannix & Mestel (2019). The animation shows the periodic growth and shrinking of each

convection cell (ψ field) as they oscillate back and forth at the equator. Further increasing

Ra it is found that this limit cycle undergoes period doubling bifurcations.

In addition to understanding the sequence of transitions leading to a time-dependent flow,

it is also desirable to understand how the T field deforms with increasing Ra. To do so at

low Pr where the temperature field largely dictates the velocity field makes it necessary

to consider larger Ra than we have yet outlined. On the basis that low Pr convection

is likely to be unstable to non-axisymmetric perturbations even for small Ra we do not

investigate this case, but instead now consider large Pr flows to answer this question.
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Figure 3.21: Bifurcation diagram indicating both the stability and convective heat transfer
of the even u−r , u

+
r and mixed 1-cell solutions at Pr = 10, d = 3. Stable and unstable states

are denoted by solid and dashed lines respectively with bifurcation points indicated by solid
dots.

3.5.2 Bifurcation sequence for moderate Ra at high Pr

Figure 3.21 outlines the sequence of transitions by which time-dependent behaviour emerges

at high Pr . The branching structure for this case is notably less complex when compared

with the Pr � 1 scenario. In addition all solutions are found to remain both steady and

stable for much larger Ra.

For small Ra/Rac both even solutions are stable, but increasing Ra/Rac we find that

only the u−r state indicated by the solid red branch remains stable. This behaviour was

also observed at low Pr . The convective heat transfer achieved by both solutions in

figure 3.21 shows that the u−r state despite being stable for larger Ra/Rac achieves a

comparably lower Nu. The temperature and vorticity fields of this solution are shown

in frame (a) of figure 3.22. The temperature field has rising plumes directed along the

poles, which result from the fluid being heated as it passes near the hot inner sphere.

The corresponding vorticity field attains its maxima at the sphere’s boundaries and in the

neighbourhood of the plumes where the thermal boundary layer is developed. Increasing

Ra/Rac further causes the symmetric u−r state to lose stability and transition to a mixed

state in a symmetry breaking bifurcation. This is indicated by a black dot on the red

branch in figure 3.21.

A mixed solution state indicated by a solid blue line in figure 3.21 is also possible for a
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narrow range of Ra/Rac. Decreasing Ra/Rac induces its transition back to the u−r state

at the saddle-node, while increasing Ra/Rac results in a transition to a time-periodic state

via the Hopf bifurcation denoted by a black dot. The temperature and vorticity fields of

the stationary mixed solution are shown in frame (b) of figure 3.22. The time-periodic

state which bifurcates from this stationary state is also found to have a similar spatial

form. The temperature field has a single rising plume directed along the north pole and a

weaker sinking plume of cold fluid near the south pole. As this flow is asymmetric a corre-

sponding state with plumes arranged in the opposite sense also exists. This follows from

the antisymmetry of odd numbered Legendre polynomials, and requires the consideration

of non-axisymmetric effects to establish the preferred state. The corresponding vorticity

field attains its maxima in the the sphere’s upper half, in particular at the sphere’s bound-

aries and in the neighbourhood of the plume where the thermal boundary layer is most

developed. Notably this state in both its stationary and time-dependent forms is bistable

with the even u−r state. This is despite its comparably lower heat transfer as indicated in

figure 3.21.

In order to obtain the asymptotic scalings of Nu with Ra for each flow, we have computed

the Nusselt number of each state up to Ra u 250Rac as shown in figure 3.21. Considering

the range Ra/Rac ∈ [100, 250] or (Ra ∈ [104, 105]) of the mixed 1-cell and even u−r
solutions we obtain the scalings

Nu u 0.112(Ra/Rac)
0.309, Nu u 0.125(Ra/Rac)

0.2875. (3.68)

While the Nusselt number of the even state u+
r increases faster than these states, a clear

asymptote is not apparent and for this reason it is not considered. These scalings appear

consistent with those of Gastine et al. (2015) who obtained Nu u 0.166(Ra/Rac)
0.289 for

DNS of 3D spherical shell convection for Ra ∈ [103, 109]. To compute this relation Gastine

et al. (2015) used the mean exponent obtained over a range of Ra, but remarked that its

value tended to be a slowly increasing function of Ra.

To provide a physical understanding for the differences which emerge in the scalings and

stability of the flows obtained, we consider the thermal boundary layers which emerge at

the sphere’s surfaces and in the neighbourhood of the thermal plume(s). Consideration

of these regions also highlights key differences between convection in a spherical shell

geometry as compared with a rectangular plane layer.

Frame (a) of figure 3.23 shows the latitudinally averaged temperature profile of each solu-

tion considered in this section for Ra/Rac u 100. Each profile displays strong gradients

near the inner and outer spheres, in addition to a core region where the temperature

varies weakly with r. Excluding the u+
r profile which displays a higher temperature in

its core region and larger gradients near the boundaries, all three remain qualitatively

similar. That the temperature profiles with the larger near wall gradients should have
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(a) Even u−r state Ra/Rac = 30.
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(b) Mixed 1-cell state Ra/Rac = 20.

Figure 3.22: Steady states showing the vorticity D2ψ and temperature field T of the even
and mixed solutions at Pr = 10, d = 3. (a) Symmetric even state with plumes directed along
the poles, (b) Asymmetric mixed mode state with a single wide plume directed towards the
pole.
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Figure 3.23: Thermal boundary layer profiles of the even and mixed solutions at Pr =
10, d = 3. (a) Latitudinally averaged profile showing the asymmetric inner and outer shell
boundary layers, (b) Temperature profiles at the annulus centreline, demonstrating that the
solutions with plumes rising at the poles have higher latitudinal gradients.
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larger exponents in the scaling relation (3.68) also holds well with intuition. The radial

asymmetry observed in these profiles is a consequence of the spherical shell geometry and

radial gravity. Heat flux conservation requires a comparatively larger gradient at the inner

sphere’s surface to compensate for its lower surface area. Computations for a variety of

separations by Gastine et al. (2015) indicate that as d → 0, the latitudinally averaged

temperature T (r, θ) tends to become symmetric about the annulus centreline.

Frame (b) of figure 3.23 shows the temperature profile of each solution at the annulus

centreline. The 1-cell flow whose plume is directed along the symmetry axis develops

strong gradients near θ = π. This is also the case for the u−r flow which develops strong

gradients near θ = 0, π accompanied by weaker gradients at θ = π/2, the location of its

sinking plume as shown in figure 3.22. As was outlined in figure 3.21, both of these flows

remain stable for large Ra despite their comparably lower heat transfer Nu. In contrast,

the u+
r flow which has rising plumes at the equator but develops a comparably weaker

boundary layers near θ = 0, π loses stability at small Ra

Collectively these observations suggest that for large Pr , it is the flows which achieve

large gradients at both the sphere’s boundaries and in their rising plumes that remain

most stable. What remains surprising is that among the flows shown in this section, it

is not necessarily those with the largest convective heat transfer Nu that are the most

stable.

59



4
Thermally convective

spherical Couette flow

4.1 Model equations and solution regimes

The equations describing axisymmetric Rayleigh-Bénard convection in a spherical annulus

allowing for differential rotation are given by

∂D2ψ

∂t
+ J (ψ,ψ) +N1(Ω,Ω) = Pr

(
Ra g(r)r

∂T

∂θ
sin θ +D2D2ψ

)
, (4.1a)

∂T

∂t
+ J(ψ, T ) = ∇2T, (4.1b)

∂Ω

∂t
+ J(ψ,Ω) = PrD2Ω, (4.1c)

where

J(f, g) =
1

r2 sin θ

∂(f, g)

∂(θ, r)
, J (f, g) = sin θ

∂(f,D2g/(r2 sin2 θ))

∂(θ, r)
, N1(f, g) =

2f

r2 sin θ

(
cot θ

∂g

∂r
−1

r

∂g

∂θ

)
.

(4.2)

As per (2.7) the inner sphere radius r1, and thermal diffusion timescale r2
1/κ, have been

chosen to make the equations non-dimensional. In this section we consider no-slip bound-

ary conditions for the fluid velocity at the sphere walls, and make the assumption of
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perfectly conducting spheres as per chapter 3. For the formulation 4.1 this gives

ψ(r, θ) = ψr(r, θ) = 0, for r = 1, 1 + d,

T (1, θ) = 1, T (1 + d, θ) = 0,

Ω(1, θ) = Re1 Pr sin2 θ, Ω(1 + d, θ) = Re2 Pr sin2 θ.

(4.3)

Although we allow for the possibility of outer sphere rotation we will fix Re2 = 0. This

choice is motivated by the assumption that inner sphere rotation presents a less stable con-

figuration (following the Rayleigh criterion Taylor (1923)) leading transitions for smaller

parameter values and reducing the number of parameters in this problem. The previously

outlined symmetry conditions (2.16) must also be enforced at the symmetry axis. As

per chapter 3, non-axisymmetric effects are considered later in chapter 5 to validate the

assumption of axisymmetry.

4.1.1 Decoupled steady solutions
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Figure 4.1: Decoupled steady state solutions of the differential rotation and thermal con-
vection (Pr = 10) problems illustrating similar spatial solutions. (a) Differential rotation
(2.18) for Re1 = 1, d = 3, Ra = 0. A 2-cell poloidal flow ψ0 transports fluid near the in-
ner sphere with high specific angular momentum (shown as yellow in the Ω0 field) outwards.
(b) 2-cell thermal convection Re1 = 0, d = 3, Ra = 740, (c) 3-cell thermal convection
Re1 = 0, d = 1.5, Ra = 2160. Hot fluid near the inner sphere is convected outwards by a
cellular flow ψ. For the convection problem Ra 6= 0, the number of cells as specified by the
annulus width increases as d reduces.

As shown schematically in figure 1.3, fluid motion (vorticity) in this model can be main-

tained by two distinct processes: buoyancy forces which drive thermal convection when

the conductive state becomes unstable, and differential rotation (wall shear) which drives

a recirculating flow. Decoupled solutions of (4.1) for each process are shown in figure 4.1,

where it is noteworthy that the contours of poloidal motion ψ in frames (a), (b) have a
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similar spatial form. While a poloidal flow ψ0 is generated for all Re1 6= 0, thermal convec-

tion arises from an instability of the conductive base state (2.17) when the Ra exceeds a

critical Rayleigh number termed Rac. The solutions shown in frames (b), (c) are therefore

simulated at a supercritical Rayleigh number Ra > Rac.

In the left half frame of figure 4.1 (a) the specific angular momentum field Ω0 corresponding

to the Stokes solution (2.18) for Re1 = 1 is shown. In frames (b), (c) the temperature

field T produced using DNS is shown. The corresponding poloidal flow field in terms of ψ

is also shown in the right hand side of each frame. Focusing on frame (a) we see that the

effect of inner sphere rotation is to generate a radial gradient of Ω that is strongest at the

equator where the sphere’s velocity is greatest. The fluid responds by generating a 2-cell

poloidal flow ψ0 which transports fluid near the inner sphere with high specific angular

momentum Ω0 outwards at the equator. In frames (b) and (c) an analogous situation

arises, with hot fluid near the inner sphere convected outwards by a cellular poloidal flow

ψ. Notably the number of cells is determined by the annulus width d, so that by reducing

d in frame (c) the number of cells has increased. This contrasts with the behaviour of the

flow shown in frame (a) where a 2-cell flow is generated independent of d provided Re1 is

not too large.

Given the equations (4.1) with boundary conditions (4.3) and the knowledge that the

two physical mechanisms driving the fluid flow yield distinct solution regimes, we aim to

answer the following questions in this chapter. In addition to the rotating and thermal

convection solution regimes outlined, is there an intermediary regime where a mixed state

exists? Or alternatively a regime where a transition between these states occurs? If so,

how does the Prandtl number influence the solution state or transitions observed? And

ultimately what determines the preferred state of convective motion in the presence of

multiple solutions?

4.1.2 Role of Prandtl number

Before addressing these questions we briefly first describe the role of Pr . As Pr appears

in the boundary conditions for (4.1) it is convenient to use the transformation

ψ = ψ̃(r, θ, t), T = T0(r) + T̃ (r, θ, t), Ω = Re1Pr Ω0(r, θ) + Ω̃(r, θ, t), (4.4)

such that all tilde terms satisfy homogeneous boundary conditions. Substituting (4.4) into

(4.1) and dropping the tilde terms this allows equations (4.1) to be expressed as

Pr−1

(
∂D2ψ

∂t
+J (ψ,ψ)+N1(Ω,Ω)

)
= Ra g(r)r

∂T

∂θ
sin θ+D2D2ψ−Re1

(
N1(Ω,Ω0)+N1(Ω0,Ω)

)
−Re2

1 Pr N1(Ω0,Ω0),

(4.5a)
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∂T

∂t
+ J(ψ, T ) = −J(ψ, T0) +∇2T, (4.5b)

Pr−1

(
∂Ω

∂t
+ J(ψ,Ω)

)
= −Re1J(ψ,Ω0) +D2Ω, (4.5c)

where Re1 now appears explicitly in the right hand side of (4.5a),(4.5c).

At small Pr viscous forces are weak and the effects of rotation will be felt only if Re1Pr ∼
O(1). In the limit Pr → 0 one must adopt the rescaling

ψ̃ = Pr−1ψ, T̃ = Pr−1T, Ω̃ = Pr−1Ω, t̃ = Pr t, (4.6)

as advection terms in both the vorticity and specific angular momentum equations are

dominant with their gradients confined to a thin momentum boundary layer. As flows

in this limit are likely to be both 3D and time-dependent we do not consider this limit.

Furthermore in the subsurface oceans of Jupiter’s moons and in the earth’s outer core

(applications which motivate this study) larger Pr ∈ [0.1, 10] are more applicable (Aurnou

et al. 2007, Noir et al. 2009).

In the large Pr = ν/κ regime, thermal diffusion κ � 1 is weak and we expect viscous

effects to dominate in the fluid bulk such that the velocity field (driven by small Ra or Re1)

dictates the temperature field with J(ψ, T ) u 0 (Batchelor 1956). Following Childress &

Soward (1989) we anticipate that away from the boundaries and plumes the temperature

takes a constant value. In their vicinity however, large temperature gradients develop as

Ra increases, such that thermal diffusion although weak will become significant leading

to the emergence of thermal boundary layers in which thermal diffusion and convection

balance. Assuming a steady velocity field we require (in dimensional variables) that

uθ
r

∂T

∂θ
u κ

1

r2

∂

∂r

(
r2 ∂T

∂r

)
, (4.7)

inside the thermal boundary layers which develop near the spherical boundaries, while in

the narrow thermal plumes we require

ur
∂T

∂r
u κ

1

r2 sin θ

∂

∂θ

(
sin θ

∂T

∂θ

)
. (4.8)

Physically these relations state that the diffusion of temperature across the thermal bound-

ary layer tends to increase its width, but is balanced by convection inside the layer which

tends to reduce its width. For (4.7) convection is parallel to the sphere’s boundaries while

for (4.8) it radially outwards in rising a plume. While these balances are more easily un-

derstood for Re1 = 0 where the cellular velocity field is less complex (Turcotte & Oxburgh
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1967, Moore & Weiss 1973), understanding how they’re influenced as u is determined more

strongly by differential rotation or libration effects which give rise to strong zonal flows

remains an important question.

Previous works demonstrate that the stability and form of convection in rotating spherical

shells is highly Pr dependent and exhibits different regimes (Zhang & Liao 2017). For fast

rotation rates and moderate Pr thermal Rossby waves in the form of spiralling columns

are obtained while at low Pr these are equatorially attached waves. These differences

largely reflect how the competition between buoyancy and Coriolis forces is altered.

In shear flows also driven by buoyancy as considered in this section, it is the competition

between shear and thermal buoyancy which determines the flow’s state. Such flows have

been reviewed by Kelly (1994) and stability relations have been derived by H.W. Muller

(1992), Müller et al. (1993) for planar Rayleigh-Bénard convection with a weak trans-

verse shear flow. Neither of these works however considers variations of Pr despite its

significant influence. Nevertheless its dependency is non-trivial, with studies of inclined

layer convection for example Subramanian et al. (2016), showing that the while the onset

of convection rolls is steady for Pr u 1 it is oscillatory for Pr > 12.7. Given that our

problem also incorporates not only buoyancy but also aspects of shear flows and rotating

flows, it is important to consider different Pr to help understand its role. As we later out-

line this leads to some technical challenges, in particular resolving the thermal boundary

layers which emerge at high Pr .

To address the questions outlined and to consider the transitions between the convective

and rotating regimes highlighted we adopt the following approach. We first consider the

weakly nonlinear regime for Re1 � 1 and (Ra−Rac)/Rac � 1 using numerical continua-

tion for different Pr . This approach is guided by reduced order models which leverage the

similar spatial form of the solutions shown in figure 4.1, and by the amplitude equations

derived in chapter 3. In doing so we elucidate the dependence of flow transitions on the Pr

and shell separation d. Using the insights and solutions obtained at these small parameter

values, we subsequently investigate the behaviour of (4.5) at large Pr for varying Ra,Re1.

Rather than conducting exhaustive simulation for all values of Ra,Re1, numerical contin-

uation of the systems bifurcation points is used. By identifying the physical mechanisms

that are the cause of each bifurcation, we can also understand how the dynamical proper-

ties of solutions to (4.5) change as we vary the parameter values. Finally we comment on

the role of thermal boundary layers and symmetries in determining the preferred solution.
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4.2 Primary bifurcations

In figure 3.2, it was shown that for combinations (dc,Rac) the onset of convective motion

is degenerate, with convection modes `, n simultaneously losing stability. Using weakly

nonlinear theory to derive amplitude equations valid near each degeneracy, the preferred

mode of convection was established. Relying on the similar spatial form of solutions

presented in figure 4.1, we now use (3.57) to describe the behaviour near the ` = 2, 3

degeneracy, in the presence of weak rotation. This approach was also adopted by Araki

et al. (1996) for a single mode, but not for degenerate points with a view to highlighting

the effect of rotation on both even and mixed convection solutions.

Projecting the influence of very weak rotation Re1 � (Ra−Rac)/Rac � 1 onto the ` = 2

component of (3.57) yields

Ȧ = a0Re
2
1Pr + µ1A+ α3B

2 + d12AB
2 + d13A

3,

Ḃ = µ2B + β2AB + d21A
2B + d24B

3,

}
A ∼ ` = 2

B ∼ n > ` = 3
(4.9)

where

µ1 = a1µ+ a2δ, µ2 = b1µ+ b2δ ai, bi ∈ R+. (4.10)

The coefficients αi, βi, dij ∈ R are as previous in figure 3.5 and a0 ∈ R+ is determined

from the inner product

a0 =

∫
r

∫
θ

(
ATψ

`=2
1

Racr2 sin2 θ
N1(Ω0,Ω0)

)
r2 sin θdrdθ, (4.11)

where ψ`1 is as defined in (3.12). Although (4.9) assumes that the degenerate point has

not been significantly modified by the effect of rotation, and as such is valid only when

Re2
1Pr � (Ra−Rac)/Rac � 1 it is nonetheless a useful guide.

Setting µ1 > 0, µ2 < 0 and B = 0 equation (4.9) reduces to

Ȧ = a0Re
2
1Pr + µ1A+ d13A

3, (4.12)

which applies in region 1 of figure 3.6 where only even convection is obtained. For non-zero

rotation (4.12) the pitchfork bifurcation to even convection is thus split by a factor pro-

portional to Re2
1Pr . It also suggests that solutions will be bistable but without hysteresis

as variations in Re1 are symmetric, such that (4.12) does not describe a cusp bifurcation

(Lewis & Langford 2008, Kuznetsov 2004). Setting µ1 < 0, µ2 > 0 equation (4.9) reduces

to
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Ḃ = (µ2 −
β2a0

µ1
Re2

1Pr)B − β2α3

µ1
B3, (4.13)

which applies in region 4 of figure 3.6 where only mixed convection is obtained. The fixed

points of (4.13) are approximated by A = −µ2/β2 and B = ±
√
a0Re2

1Pr − (µ1µ2)/β2,

while the form of (4.13) suggests that the onset of odd convection is merely shifted by

non-zero rotation.

To understand how differential rotation alters the cellular pattern selected by thermal

convection we now consider two values of the annulus separation. The value d = 3 is

chosen to ensure that thermal convection selects a 2-cell flow which exhibits dynamics

described by (4.12) and conversely d = 1.5 is chosen so that an odd 3-cell flow is selected

whose dynamics are described by (4.13). The choice of a wide annulus favouring low

wave-numbers is also motivated by simplicity. Numerically fewer modes are required to

resolve wider annuli and the presence of a similar spatial structure of the flows facilitates

qualitative interpretations.

Using this setup we aim to understand how bifurcations from the conductive state to a

state of thermal convection are altered by differential rotation. Is this scenario different

for odd and even thermal convection (cf. frames (b),(c) of figure 4.1)? And how does

each scenario depend on the Prandtl number Pr? In this section we now term solutions

qualitatively similar to the left hand side of frame (a) of figure 4.1 rotating solutions and

those qualitatively similar to (b), (c) convective solutions.

4.2.1 Even solutions d = 3

Figure 4.2 shows how the bifurcation of the conductive state to a state of even convection

is altered by rotation of the inner sphere. In these bifurcation diagrams and those which

follow the L2 norm of the stream function

||ψ|| = sign(ur)

Nθ∑
`=0

||ψ`||, (4.14)

is used as a solution measure. In selected bifurcation diagrams ||ψ|| is multiplied by the

sign of the radial velocity ur at the equator to demonstrate branching symmetry.

Solutions for different Re1 are shown for three values of Pr in figure 4.2. When Re1 = 0

the conductive basic state T0(r) loses stability at a critical Rayleigh number Rac through a

pitchfork bifurcation. ForRe1 6= 0 the pitchfork is split and becomes an imperfect pitchfork

bifurcation as shown in figure 4.2. This structure follows from that predicted by (4.12).

The branches with positive equatorial velocity u+
r resembling the rotating solution connect

continuously to the conductive state, while those with negative velocity u−r resembling the
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Figure 4.2: Splitting of the pitchfork bifurcation due to differential rotation is more pro-
nounced for larger Pr . Bifurcation of the conductive state to even thermal convection for
different Re1 and Pr. Solid lines denote stable equilibria while dashed lines denote unsta-
ble equilibria. When Re1 6= 0 the symmetric pitchfork is split into two branches: a rotation
dominated branch with positive radial velocity at the equator u+

r which emerges continu-
ously from the conductive state and a convection dominated branch with negative radial
velocity at the equator u−r .

convective solution emerge from a saddle-node bifurcation. The distance of this saddle

node bifurcation from the point (Rac, ||ψ|| = 0) is observed to increase with both Re1 and

Pr. For small Pr the pitchfork is slightly deformed while for larger Pr the role of rotation

begins to dominate. Similarly for larger rotation rates Re1 = 10 the bifurcation is further

deformed as shown in figure 4.2 frame (c), such that the lower convection branches are

longer found within the range investigated.

Fixing (Ra − Rac)/Rac = 0.5 and performing continuation in Re1 we find that only the

rotating branch persists for large Re1 as shown in figure 4.3. Starting on the u−r branch

and increasing Re1 causes a transition to the u+
r branch, but decreasing Re1 does not lead

to the backwards transition. The system is bistable but not hysteretic. Comparing figures

4.3 (a) and (b) we observe that u−r persists for a larger interval of Re1 when Pr is smaller.

Similarly the amplitude of the rotating branch increases at a faster rate for large Pr.

Frames (a),(b) of figures 4.4 show the corresponding spatial solutions of the branches in

bifurcation diagrams 4.2 at Pr = 0.1, 10. To illustrate the different coupling regimes

present at high and low Pr we have shown solutions at Pr = 0.1 in the left hand frames

and solutions at Pr = 10 in the right hand frames. The poloidal 2-cell flow ψ remains

qualitatively consistent in all cases although its amplitude changes. Comparing the T,Ω

fields for each case however the differences in these flows are made evident.

Considering the rotating branch u+
r shown in frame (a) of figure 4.4, we see that for

Pr = 0.1 the contours of T are weakly deformed from concentric circles, but that gradients

of Ω are strongly advected by the poloidal motion. Conversely we see that for Pr = 10

gradients of T are strongly advected. For the convecting branch u−r shown in frame (b)
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Figure 4.3: Symmetric solution states are bistable but do not exhibit hysteresis. Transition
between the rotating branch u+

r and the convection branch u−r for (Ra − Rac)/Rac = 0.5.
At Re1 = 0 the u+

r , u
−
r solution branches are approximately equal, but for sufficient Re1 the

u−r convection branch terminates in a saddle-node bifurcation and transitions to the rotating
state. Frames (a),(b) are symmetric in Re1, as rotation in both directions is equivalent when
the outer sphere is fixed. For this reason only half the axis is shown in frame (b).

of figure 4.4 similar behaviour is observed, with gradients of T more strongly advected at

Pr = 10 while gradients of Ω are more strongly advected at Pr = 0.1. A specific difference

which emerges in this flow at Pr = 0.1 is that the poloidal motion, favoured by thermal

convection, pushes fluid with greater specific angular moment to higher latitudes. This is

shown in the right half of the Ω field in frame (b).

4.2.2 Odd solutions d = 1.5

Figure 4.5 shows how the bifurcation from a conductive state to a state of odd convective

is modified by rotation of the inner sphere at different Pr . To examine this transition a

preference for odd convection has been set by fixing d = 1.5. Branches with zero rotation

are shown in black while those with Re1 = 1 are shown in blue. Contrasting with the

transitions observed for even solutions, the bifurcation to odd convection remains a pitch-

fork for Re1 6= 0 as follows from the asymmetry of odd numbered Legendre polynomials

which constitute the polar eigenfunctions. Depending on the strength of rotation and Pr

however, the location of the bifurcation point and whether the bifurcation is forward or

backward changes. This structure follows from that predicted by (4.13).

For Pr = 0.1, 1 we observe that the odd convection branch shown in blue, bifurcates via

a forward pitchfork almost coincidently with the black branch. In each case the rotating

solution can be seen to persist as an unstable branch for values of Ra beyond this threshold.

For Pr = 10 the 2-cell branch persists for a larger range of (Ra−Rac)/Rac and transitions

to a 3-cell solution at larger Ra via a subcritical pitchfork shown in frame (c) of figure 4.5.
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(a) Rotation branch u+
r , Pr = 0.1 left and Pr = 10 right.

0◦

45◦

90◦

135◦

180◦

225◦

270◦

315◦

0.5

1.0

4.0

ΩPr=0.1 ΩPr=10

0◦

45◦

90◦

135◦

180◦

225◦

270◦

315◦

0.5

1.0

4.0

ΨPr=0.1 ΨPr=10

0◦

45◦

90◦

135◦

180◦

225◦

270◦

315◦

0.5

1.0

4.0

TPr=0.1 TPr=10

(b) Convection branch u−r , Pr = 0.1 left and Pr = 10 right.

Figure 4.4: Gradients of Ω are strongly advected by the poloidal flow for Pr � 1 and
gradients of T for Pr � 1. Steady equilibrium solutions for Re1 = 1, (Ra−Rac)/Rac = 0.5
demonstrating different coupling regimes at high and low Pr. Left frames show the Pr =
0.1 and right Pr = 10 solution. (a) Rotation branch u+

r , (b) Convection branch u−r .

Notably the 2 and 3-cell solution states which are connected by an unstable branch are

bistable within a range of (Ra−Rac)/Rac. Following this unstable branch backwards from

the bifurcation point we find that the odd component of the solution increases until it gains

a stable eigenvalue and stabilises at the saddle node. Fixing (Ra−Rac)/Rac = 0.25 and

performing continuation in Re1 we find that increasing Re1 destabilises the 3-cell branch

causing a transition to a 2-cell branch and that by decreasing Re1 the reverse transition

can take place also. This is distinct from the even case we previously considered where

transitions between the convection state and the rotating state could be induced only by

variations in Re1 and were not hysteretic.

Figure 4.7 shows the corresponding spatial solutions for the bifurcation diagrams 4.5 and

4.6 at Pr = 0.1, 10. Despite variations in amplitude the 3-cell poloidal motion of both cases

are in close resemblance, differences do however emerge in the Ω, T fields. For Pr = 0.1
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Figure 4.5: Differential rotation causes the onset of odd convection to become subcritical
for Pr � 1. Bifurcation diagram of odd mode thermal convection. In frames (a),(b) the
forward pitchfork bifurcation is slightly perturbed to Ra ≥ Rac, while in frame (c) the 2-
cell branch dominates for a larger range of Ra and the pitchfork bifurcation to the 3-cell
solution becomes subcritical or backwards. The hysteresis loop between the bistable 2 and
3-cell solution states is demarcated by dashed red lines.
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Figure 4.6: Hysteresis between the convecting 3-cell flow and the rotating 2-cell flow for
(Ra − Rac)/Rac = 0.25. (a) Increasing Re1 causes the solution to jump from the convect-
ing branch to the rotating branch, and similarly when decreasing Re1 the rotating solution
either persists unstably or returns to the convecting branch. (b) Increasing Re1 causes the
convecting branch to terminate in a saddle-node bifurcation and transition to a 2-cell rotat-
ing flow.

gradients in Ω are strongly advected by the poloidal flow, such that its profile becomes

highly asymmetric. While at Pr = 10 it is gradients of T that are strongly advected

resulting in the emergence of plumes.
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Figure 4.7: Mixed/odd equilibrium solutions for Re1 = 1, (Ra − Rac)/Rac = 0.25 demon-
strating different coupling regimes at high and low Pr. Left frames show the Pr = 0.1
solution and right Pr = 10. For Pr = 0.1 gradients of Ω are strongly advected by the
poliodal flow, while at Pr = 10 it is gradients in the T field.

4.2.3 Symmetries

The bifurcations and spatial solutions presented demonstrate that equations (4.1) have two

symmetries in addition to those imposed by axisymmetry, namely a reflection symmetry Γ

about the equator and a sign change symmetry Re of even convection solutions. The latter

symmetry, which accounts for the pitchfork bifurcation observed for even modes, stems

from the self-adjoint nature of the convection problem linearised about the conductive

state (cf. 3.10). Following Araki et al. (1996) we define the equatorial reflection operator

by

ΓX =

−ψ(r, π − θ, t)
T (r, π − θ, t)
−Ω(r, π − θ, t)

 , where X =

ψ(r, θ, t)

T (r, θ, t)

Ω(r, θ, t)

 . (4.15)

Decomposing the solution into its symmetric even XS and antisymmetic odd XA compo-

nents one obtains

XS =
1

2
(X + ΓX), XA =

1

2
(X − ΓX). (4.16)

While the even component is a fixed point of the Z2 reflection symmetry operation

Γ(XS) = XS by operating on the odd component a second solution is obtained

ΓXA =
1

2
(ΓX −X) = −XA, (4.17)

such thatX acquiring an odd component corresponds to a symmetry breaking bifurcation.

As shown by Golubitsky & Schaeffer (1985) this symmetry breaking will typically result
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in a symmetric pitchfork bifurcation, or a symmetric Hopf bifurcation giving rise to a

small amplitude periodic orbit. Numerically this symmetry can be exploited to reduce

computational cost, in particular when detecting symmetry breaking bifurcations such

as observed in the previous subsection. Writing (2.21) in terms of its symmetric and

anti-symmetric components one obtains

M∂XS

∂t
= Fs(XS ,XA) ≡N (XS ,XS) + N (XA,XA) + LXS + F ,

M∂XA

∂t
= FA(XS)XA ≡N (XA,XS) + N (XS ,XA) + LXA,

(4.18)

where the second equation in (4.18) corresponds to the linearisation of (4.1) about the

symmetric state, demonstrating that antisymmetric solutions correspond to an instability

of the symmetric solutions XS . The perturbation of the symmetric equation by a constant

forcing term F accounts for the splitting of the even mode pitchfork or breaking of the

sign change symmetry Re previously observed. Unlike the pitchfork bifurcation leading

to mixed convection shown in figure 4.5, the pitchfork bifurcation from the conductive

state to a state of even convection is not symmetric. Its branches are not related by a

symmetry operation. Inspection of figure 4.2 shows that they attain different amplitudes

as Ra increases.

4.3 Numerical continuation of 1-parameter bifurcations

Near the bifurcation points outlined in section 4.2, small changes of the parameter val-

ues Re1,Ra can induce transitions between the convection and rotating solution regimes.

This was demonstrated in figures 4.3 and 4.5 where bistability and hysteresis phenomena

were observed, albeit for a very narrow parameter range. To understand the parameter

sensitivity present in such regions, and its changes under variations of Re1,Ra we preform

numerical continuation of the bifurcation points determined for small parameter values.

By doing so, we aim to understand the physical balances present in these transition regions

for larger Re1 and Ra.

Following Cliffe et al. (2000), we anticipate that when varying a single parameter such as

Ra while keeping Re1 fixed, a steady solution of (4.1) can have four possible bifurcations

as the real part of a single eigenvalue changes sign. For a general solution state X without

symmetry these are

• quadratic fold points,

• Hopf bifurcations,

and when X has Z2 reflection symmetry (4.15) these are
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• symmetric pitchfork bifurcations,

• symmetric Hopf bifurcations.

We note that additional 1-parameter bifurcations are possible in the presence of more

complex spatial symmetries such as O(2), SO(2) and O(3), typical of a 3D spherical shell

domain (Crawford & Knobloch 1991, Cliffe et al. 2000). If (4.1) were not restricted to be

axisymmetric one would need to consider these additional cases.

Each of these bifurcations is determined by the following augmented systems (Kuznetsov

2004). For the fold bifurcation by solving for fixed points of

H(Z) =

F(X, µ)

A(X, µ)q

qT0 q − 1

 = 0, where Z = (X, q, µ) ∈ R2n+1, (4.19)

and A(X, µ) ≡ DFX is now used to denote the Jacobian matrix. The vector q ∈ Rn is

the critical eigenvector corresponding to the eigenspace λ = 0. The system is solved using

Newton Iteration which relies on the matrix

HZ(Z) =

FX 0n×n Fµ

AXq A Aµq

01×n qT0 0

 , (4.20)

where the action of the Hessian matrix AXq is approximated using a forward difference

approximation

AXq =

(
A(X + δ q

||q|| , µ)−A(X, µ)

δ

)
||q||+O(δ). (4.21)

While central differencing or alternative schemes of higher accuracy can be used to im-

plement this approximation, they would require additional evaluations of the Jacobian

matrix. Similarly a Hopf-bifurcation is defined by fixed points of the system

H(Z) =


F(X, µ)

A(X, µ)v + ωw

A(X, µ)w − ωv
vT0 v +wT

0w − 1

wT
0 v − vT0w

 = 0, where Z = (X,v,w, µ, ω) ∈ R3n+2, (4.22)

where q = v + iw ∈ Cn is the critical complex eigenvector corresponding to the critical

complex eigenspace λ = ±iω, and q0 is a vector that is not orthogonal q̄Tq0 6= 0. The
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system is solved using Newton Iteration which relies on the matrix

HZ(Z) =


A 0n×n 0n×n Fµ 0

AXv A ωI Aµv w

AXw −ωI A Aµw −v
01×n vT0 wT

0 0 0

01×n wT
0 −vT0 0 0

 , (4.23)

where the action of the Hessian matrix AXv is computed using the forward difference

approximation (4.21). The symmetric pitchfork bifurcation is determined by solving for

fixed points of

H(Z) =

 F(Xs, µ)

A(Xs, µ)qA
qT0 qA − 1

 = 0, where Z = (Xs, qA, µ) ∈ Rn+1. (4.24)

where A(Xs, µ) ≡ DFXs
is now used to denote the Jacobian matrix of the symmetric

component of X and qA ∈ Rn/2 is the critical antisymmetric eigenvector corresponding to

the eigenspace λ = 0. The symmetric Hopf bifurcation is determined by solving for fixed

points of

H(Z) =


F(Xs, µ)

A(Xs, µ)vA + ωwA

A(Xs, µ)wA − ωvA
vT0 vA +wT

0wA − 1

wT
0 vA − vT0wA

 = 0, where Z = (Xs,vA,wA, µ, ω) ∈ R3n/2+2,

(4.25)

where qA = vA + iwA ∈ Cn/2 is the critical complex eigenvector corresponding to the

critical complex eigenspace λ = ±iω, and q0 is a vector that is not orthogonal q̄Tq0 6= 0.

The main difficulty in applying these methodologies to high-dimensional PDE systems

arises from the linear algebra (Net & Snchez 2015). The dimension of the augmented

systems (4.19) and (4.22) is a multiple of the systems solution vector. Variations of (4.19)

and (4.22) formulated in terms of multiple low dimensional systems are used (Bindel

et al. 2014), however in practical computations we found their numerical convergence

to be significantly slower despite the use of preconditioning. The prevailing approach

to circumvent these difficulties uses the formulation of matrix free equations which are

solved using GMRES (Saad & Schultz 1986). Although matrix free methods have not be

implemented for this continuation task, the discrete representation of (4.1) is typically

sufficiently low in dimension due to the use of Galerkin projection and Chebyshev pseudo-

spectral methods. This formulation also allows us to easily exploit the symmetry of (4.1)
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when implementing systems (4.24), (4.25).

Using these techniques we now map out possible solutions in Re1, Ra parameter space,

and subsequently investigate how transitions between the convection and rotating solution

regimes occur. We also highlight degenerate or co-dimension two points which can occur

at isolated points along the curves defined by (4.19) to (4.25).

4.4 Flow transitions at large Ra,Re1

In section 4.2 we observed that rotation splits the primary pitchfork bifurcation of even

2-cell flows, leading to a rotation dominated steady state u+
r and a convection dominated

state u−r . Similarly, the symmetry breaking pitchfork bifurcation to an odd state of 3-

cell convection switches from supercritical to subcritical at larger Pr. This leads to a

bistable parameter region where for larger Pr finite amplitude perturbations may induce

a transition between states. Given that we considered small values of Re1, Ra only, we

now enquire. Is bistability observed for larger values of these parameter? And is there an

underlying physical mechanism which explains this behaviour? Fixing d = 3, P r = 10 only

variations of Re1, Ra are now considered. In addition to facilitating numerical simulation,

the restriction to wide shells (d ≥ 1) also reduces the number of solution states.

In addition to Nu, the dimensionless torque G evaluated at either the inner or outer

sphere’s surface as defined by

G =
2πr3

Re1

∫ π

0

sin θ

[
∂uϕ
∂r
− uϕ

r

]
sin θdθ, where uϕ =

Ω0 + Ω

r sin θ
, (4.26)

is now used as a solution measure. Throughout this section bifurcation diagrams are

presented in terms of both measures, for the purpose of illustrating that stable solutions

do not necessarily maximise heat transfer or transfer of angular momentum.

Figure 4.8 shows the loci of bifurcation points in Re1, Ra parameter space. These curves

denote the stability regions for different types of steady and time-dependent solutions. For

the parameter values considered it is possible to find three qualitatively different types of

solutions. These are a symmetric convection solution u−r as shown in frame (b) of figure

4.4, a symmetric rotating solution u+
r as shown in frame (a) of figure 4.4 (or more clearly

in figure 4.9), and an asymmetric 1-cell solution as shown in figure 4.10. Both steady and

time-dependent u+
r , 1-cell solutions are found while only steady u−r solutions are found.

The regions of parameter space (figure 4.8) which contain these stable solutions are:

a. 2-cell solutions u+
r , u

−
r

b. 1-cell and 2-cell solutions u−r , u
+
r ,
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Figure 4.8: Increasing the rotation strength Re1 stabilises the 2-cell u+
r solution, and leads

to a bistable envelope where u+
r shares stability with other solutions. Bifurcation loci illus-

trating the stable solutions in Re1, Ra space for d = 3, P r = 10. Solid lines are used to
denote saddle-node (SN) or symmetric pitchfork bifurcations (PF), chained lines symmetric
Hopf bifurcations (H`2) and dotted lines Hopf bifurcations (H`1). Solid black and hollow
circles denote co-dimension 2 points. Below the solid yellow, blue and chained black lines
the rotation dominated 2-cell state u+

r is stable to all axisymmetric perturbations. At low
Re1 multiple steady solutions are bistable, while at larger Re1 increasing Ra causes a transi-
tion to time-dependent behaviour.

c. 1-cell and 2-cell solution u+
r ,

d. time-dependent 1-cell(t) and steady 2-cell solution u+
r ,

e. 2-cell solution u−r ,

f. 1-cell and 2-cell solution u−r ,

g. time-dependent 1-cell(t) solution,

h. time-dependent 1-cell(t) solution and steady 2-cell solution u−r ,
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where (t) is used to indicate a time-dependent state. In addition to the 1-cell(t) solution

which bifurcates from the steady 1-cell solution as it crosses the dotted blue line H`1, a

time-dependent 2-cell solution u+
r (t) is also possible. This occurs when u+

r undergoes a

symmetric Hopf bifurcation as it crosses the chained black line H`2 shown in the upper

right half of figure 4.8.

The general trend illustrated by figure 4.8 is that rotation stabilises the symmetric convec-

tion solution which most resembles differential rotation. It also shows that the symmetric

convection solution u−r is suppressed as Re1 increases. The behaviour for each of these

cases is illustrated in figure 4.4 frames (a),(b). We understand the former case u+
r (frame

(a)) to be stable with increasing Re1, as gradients of both Ω & T have a preference to be

advected outwards at the equator.

As Re1 increases from zero the Ra for which stable asymmetric 1-cell convection can be

found is reduced. For small Re1 ≥ 1.81 this leads to the bistability of the 1-cell and u+
r , u

−
r

solutions in region b. While in regions c,d which lie between the solid black and blue lines

of figure 4.8, the u+
r solution is bistable with either the 1-cell or 1-cell(t) solutions. Fixing

Re1 = 5 and varying Ra we find that the bifurcation from u+
r to the 1-cell solution is

subcritical, with each state connected by an unstable branch as shown in figure 4.9 frame

(a). This implies that in regions b,c,d finite amplitude perturbations are required to

induced a transition.

To better understand the physical mechanism responsible for transitions we examine their

solutions and eigenvectors at their bifurcation points. Doing so indicates that instabilities

are concentrated on either the poles or axis. In solving for the loci shown in figure 4.8

both the solutions and eigenvectors have already been determined, as the systems defined

by (4.19) to (4.25) require their solution.

4.4.1 Steady bifurcations

Figure 4.9 (a) shows a cross section of figure 4.8 with fixed Re1 = 5. The figure illustrates

the stable and unstable solutions in terms of Nu which are found for this rotation strength

and the transitions which occur as Ra is varied. For small Ra only the 2-cell solution u+
r

is stable. Increasing Ra this solution loses stability in a symmetry breaking pitchfork

bifurcation at PF and transitions to an asymmetric 1-cell state. Reducing Ra the 1-cell

solution loses stability at SN and returns to the 2-cell branch u+
r , and so this transition

is hysteretic. A 2-cell u−r solution disconnected from the other solution branches is also

possible for these parameter values. Distinct from figure 4.2 where small rotation Re1 = 1

split the pitchfork bifurcation connecting the u+
r and u−r branches, the stronger rotation

now results in a number of unstable rungs.

In frame (b) of figure 4.9 the steady state solution XPF and its least stable eigenvector
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Figure 4.9: The rotating 2-cell solution u+
r loses stability to disturbances confined to the

equator, transitioning to a state with lower heat transfer. (a) Bifurcation diagram in terms
of the convective heat transfer Nu, showing the sequence of transitions as Ra is varied with
fixed Re1 = 5. Stable branches are shown as solid lines while unstable branches are dashed
or dotted. Bifurcation points are marked by solid black dots and are annotated with their
corresponding type. (b) Equilibrium solution XPF bottom and leading eigenvector qPF top
evaluated at the symmetric pitchfork bifurcation point.

qPF are shown in the lower and upper panels respectively. In this solution, the poloidal

flow ψ advects gradients of Ω and T outwards at the equator. In the temperature field

this motion results in two large plumes, a thin hot layer of fluid near the inner sphere’s

surface and a narrow jet of hot fluid drawn outwards along the equator. The least stable

eigenvector qPF shows that the disturbance which destabilises this flow is localized about

the equator.

The physical interpretation is that as Ra increases large gradients of T accumulate in thin

thermal boundary layer at the equator. Following (4.8) the radial advection of temperature

gradients inside this jet must be balanced by thermal diffusion in the polar direction. For

Ra ≤ PF the strong radial flow driven by rotation helps achieve this balance, but as

Ra increases beyond the bifurcation point PF the jet widens such that diffusion acts

more weakly. This results in the growth of polar gradients which destabilise the flow in a

localised perturbation of the form qPF .

The steady equilibrium solution XSN shown in frame (b) of figure 4.10 contrasts greatly

with that of the 2-cell flow. Its poloidal flow ψ consists of two large cells, whose circulation

is clockwise in the right half of the figure and anti-clockwise in the left half. This flow

deflects the contours of Ω upwards and convects hot fluid radially outwards at the pole

creating a strong thermal plume. The flow also has two small recirculation zones at its

pole, in correspondence with the two smaller thermal plumes aligned either side of the
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Figure 4.10: The 1-cell solution loses stability to disturbances driven by Ekman pumping
(cf. figure 4.11) which are confined to the polar region. (a) Bifurcation diagram in terms of
the torque G, showing the sequence of transitions as Ra is varied. (b) Equilibrium solution
XSN bottom and leading eigenvector qSN top evaluated at the symmetric pitchfork bifur-
cation point. As Ra is decreased beyond the bifurcation point SN the 1-cell solution loses
stability to disturbances confined to the pole and transitions to a state of higher torque.

rotation axis in the T field.

The least stable eigenvector qSN shows that the disturbance which destabilises this flow

is localized about the pole, particularly near the outer sphere. The ψ component of qSN
indicates that a cellular flow whose motion is in the opposite sense to the 1-cell flow will

grow to restore the 2-cell u+
r solution. The growth of this disturbance is attributed to

Ekman pumping driven by the inner sphere’s rotation as demonstrated schematically in

figure 4.11.

Near the rotation axis and the rotating sphere’s surface we anticipate that the fluid flow is

similar to that near a rotating disc’s surface. In this configuration fluid is drawn downwards

along the rotation axis until it reaches the discs surface where it is centrifuged outwards

(Stewartson 1953). This behaviour is shown schematically in figure 4.11. In frame (a)

the inner sphere’s rotation draws cold fluid radially inwards at the rotation axis near the

upper sphere, and pumps it outwards near the inner sphere. Depending on the cellular

motion driven by convection, this pumping may be inhibited or enhanced. Frame (b) of

figure 4.11 shows the equivalent configuration for outer sphere rotation.

At large Ra it is understood that Ekman pumping is balanced by the strong cellular flow

driven by thermal convection. While rotation alters the radial velocity profile locally,

it does not alter the polar velocity even near the rotation axis as shown in figure 4.12.

Reducing Ra however, decreases the strength of the convective flow such that it can no
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ω1 6= 0

T2 = 0

T1 = 1

Fluid drawn in &
pumped outwards

Figure 4.11: Schematic of the anticipated fluid-flow in the pole regions. Fluid is drawn
along the rotation axis until it reaches the rotating spheres surface where it is then pumped
outwards. (a) The inner sphere’s rotation draws cooler fluid downwards which is heated as it
reaches the hot sphere’s surface. The cellular motion observed in figure 4.10 which opposes
this motion is also indicated. (b) In the case of outer sphere rotation, hot fluid is drawn
upwards and then cooled as it moves outwards along the cold sphere’s surface.

longer balance the flow generated by Ekman pumping in this polar region which is in the

opposite sense.

Figure 4.13 (a) shows a cross section of figure 4.8 with fixed Re1 = 5. The transition of

the 1-cell solution to a time dependent solution 1-cell(t) via a Hopf bifurcation denoted

by H`1 as Ra is increased is indicated. The 1-cell(t) solution is available online at Movie

Link, or is shown in terms of labelled frames of the temperature field in figure 4.20. The

fate of the 2-cell branch u−r as Re1 is increased is also shown. For Re1 = 3 this branch is

stable for a larger range of Ra as compared to u+
r . Increasing Re1 the stable portion of

this branch shrinks and has disappeared for Re1 = 6. An unstable branch with multiple

unstable rungs is found to remain.

The lower half of frame (b) of figure 4.13 shows the symmetric flow XSN2 characterised

by two thermal plumes, one rising towards each pole. For small Ra this flow transitions to

the u+
r solution, while for larger Re1 it transitions to the 1-cell solution. The disturbance

qSN2 which induces its transition to the 1-cell state is shown in frame (b) of figure 4.13.

80

https://mannixp.wixsite.com/website/work
https://mannixp.wixsite.com/website/work


2.0 2.5 3.0 3.5 4.0 4.5
Latitude θ

−20

−10

0

10

20

30

u r
(θ
)

r =3.65
r =2.76
r =1.75
r =1.09

(a) Radial velocity ur(r, θ).

2.0 2.5 3.0 3.5 4.0 4.5
Latitude θ

−0.2

0.0

0.2

0.4

0.6

T
(r

,θ
)

r =3.65
r =2.76
r =1.75
r =1.09

(b) T (r, θ) for different r.

−8 −6 −4 −2 0 2
uθ(r)

1.0

1.5

2.0

2.5

3.0

3.5

4.0

r

θ =3.13
θ =3.12
θ =3.10
θ =3.06

(c) Polar velocity uθ(r, θ).

Figure 4.12: Ekman suction draws fluid radially inwards flow along the rotation axis, in-
hibiting the convection of hot fluid away from the inner sphere at this location. Tempera-
ture, radial velocity ur and polar velocity uθ profiles of the 1-cell solution for Re1 = 33. (a)
Near the inner and outer spheres ur is directed inwards and becomes positive only near an-
nulus the centre. (b) Temperature variation with latitude θ showing the development of two
plumes which align about the pole. (c) The latitudinal velocity is directed towards the pole
near the inner sphere (uθ < 0) and away from the pole near the outer sphere (uθ > 0).
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Figure 4.13: Increasing the rotation strength causes the u−r solution to transition to the
1-cell solution, when Ra is large. For small Ra the transition is to the u+

r state. (a) Bifurca-
tion diagram showing the u−r solution branch for different Re1. For Re1 = 3 a large portion
of the branch is stable, but increasing Re1 this stable portion is eliminated to include a num-
ber of unstable rungs. The time dependent solution 1-cell(t) is indicated by open circles. (b)
Steady solution XSN2 and its leading eigenvector qSN2 for the saddle node SN2.
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4.4.2 Stability of thermal boundary layers
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Figure 4.14: Differential rotation enhances the thermal gradients at the sphere’s walls in
both solutions, but stabilises the u+

r solution by also enhancing gradients in the thermal
plumes and pole regions more effectively. (a) Latitudinally averaged T (r, θ) and (b) centre-
line T (r = 1 + d/2, θ) profiles of the u+

r and 1-cell solutions for Re1 = 33. *Comments on
difficulties encountered resolving this solution are made at the end of this section.

To understand why the steady u+
r solution remains stable for larger Ra as Re1 increases,

we examine the latitudinally averaged and centreline temperature profiles of the u+
r and 1-

cell solutions as shown in figure 4.14. Comparing these profiles we observe the u+
r solution

achieves higher gradients at both the sphere walls and at the poles. It was shown in figures

4.9(a) and 4.10(a), that of these two solutions, the u+
r solution also achieves higher torque

and heat transfer. Comparing the profiles in figure 4.14 with those shown in figure 3.23

(computed in the absence of rotation although at higher Ra/Rac), the enhancement of

thermal gradients in the boundary layer regions of u+
r by differential rotation is apparent.

It is also apparent that Ekman pumping significantly modifies the polar boundary layers

observed in the non-rotating 1-cell solution’s polar plume (figure 3.23).

4.4.3 Transition to time-dependence

As illustrated in figure 4.8, transition from the u+
r solution occurs along the steady bifur-

cation PF for Re1 . 28. While for Re1 & 28 this flow transitions to a time-dependent

solution at the symmetric Hopf bifurcation H`2 resulting in an oscillation of the equatorial

jet. For large Re1 we also find that the 1-cell solution may transition to a time-dependent

state 1-cell(t) as Ra is increased beyond H`1. In this section we describe these transitions

and the resulting time-dependent states. Although these time-dependent solutions are

likely unstable to non-axisymmetric disturbances they serve to illustrate most clearly the
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non-linear dynamics of the flow with increases in the control parameters (Busse 2003). In

addition, features of these flows often persist as coherent structures for more disordered

configurations. For this reason we believe they are worthy of consideration.

Comments on the resolution of our spectral code

In this regime differential rotation is now strong and the 2-cell u+
r solution remains stable

for Ra ≤ 2.2 × 104 when Re1 = 40. These parameter values are also at the efficiency

limit of our spectral code, which uses a Galerkin projection and therefore its numerical

complexity ∼ O(N3
θ ), scales poorly as the required number of modes is increased.
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(a) Spectrum of the 1-cell solution XH`1
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(b) Spectrum of the 2-cell solution XH`2

Figure 4.15: The 1-cell solution is resolved using a comparatively smaller of modes relative
to the 2-cell solution. Energy spectrum of the solution vectors at Re = 50 using a resolution
of Nr = 50 Chebyshev points and Nθ = 60 Legendre polynomials. (a) Asymmetric 1-
cell solution is adequately represented by the Galerkin projection. (b) The symmetric 2-cell
requires a larger number of modes.

Figure 4.15 shows the energy spectrum of the steady state solutions evaluated at the Hopf

bifurcations for Re1 = 50 in figure 4.8, the largest parameter values considered in this

work. Frame (a) of figure 4.15 shows the spectrum of the asymmetric 1-cell solution which

is adequately represented by the Galerkin projection with minimal energy contributions

from higher modes. The number of radial collocation points Nr = 50 has been varied to

ensure the critical Rayleigh number and Hopf frequency ωc remain within 0.25% as Nr, Nθ

is increased. In frame (b), however, significant energy remains among higher modes and

a larger number of polynomials is required.

The difficulties encountered in resolving this flow are attributed to the strong boundary

layers present, particularly those in the neighbourhood of its thermal plume at the equator.
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Expressing T as a finite sum of Legendre polynomials P`(cos θ), whose zeros concentrate

near θ = 0, π, means that while gradients in the polar regions of the 1-cell solution can be

more easily resolved, those at the equator in the u+
r solution are more costly. Therefore

while we can guarantee all results presented for asymmetric flows are numerically accu-

rate, the small scales present in the T field of the rotation dominated 2-cell flows require

additional resolution. To validate that our solutions are not artefacts of poor resolution

we have also used a finite difference code.

Oscillation of the equatorial jet
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(a) Bifurcation diagram at Re1 = 40.
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Figure 4.16: Disturbances localized about the equator cause the transition of the 2-cell so-
lution u+

r to a time-dependence state, leading to a reduction in heat transfer. (a) Increasing
Ra, the u+

r solution loses stability via a Hopf bifurcation at H`2, transitioning to an initially
time periodic state u+

r (t). Further increasing Ra, this state undergoes a global bifurcation
as it intersects the unstable mixed 1-cell branch (cf. figure 4.18). (b) Equilibrium solution
XH`2 bottom and top the leading eigenvector’s real <(q)H`2 and imaginary =(q)H`2 com-
ponents.

Frame (a) of figure 4.16 shows that as Ra is increased the u+
r solution loses stability in

a symmetry breaking Hopf bifurcation at H`2. Its transition to a stable time-dependent

state u+
r (t) leads to reduction in heat transfer. This was also reported by Inagaki et al.

(2019) who computed the corresponding transition from the axisymmetric u+
r state to

a 3D time-dependent solution. Near the Hopf bifurcation H`2, the u+
r (t) solutions time-

dependence is periodic, but as Ra is increased this solution collides with the unstable

mixed 1-cell branch at Ra u 2.43× 104. Following Knobloch et al. (1986) who analysed

the sequence of transitions leading to chaos in a double-diffusive convection system, it

is assumed that the global bifurcation which occurs at this point results in a heteroclinic
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cycle. By computing the leading eigenvalues on the unsteady branch which bifurcates from

PF we have verified that Šil’nikov’s inequality for the existence of heteroclinic cycles is

satisfied (Šil’nikov 1970). A projection of the limit cycle’s behaviour near this bifurcation

is shown for different Ra in figure 4.22. As this regime is at the limit of the spectral code’s

resolution, time-integration using finite differences indicated by hollow black triangles in

figure 4.16 has also been used to compute the resulting time-periodic solution, and to

verify the transition to time-dependence predicted by the spectral code.

It is worth mentioning that the bifurcation curves denoted by PF and H`2 intersect at a

co-dimension two Z2 symmetric fold-Hopf point, indicated by a solid black circle in figure

4.8. The dynamics near such points have been studied up to third order by Kuznetsov

(2004) and Guckenheimer & Holmes (1983) using truncated normal forms. Although we

have not obtained the normal form specific to this problem, it would be useful to do

so to understand the origin of the dynamics observed in figure 4.22. As the pitchfork

bifurcation PF is subcritical, higher order terms than those considered by Kuznetsov

(2004) and Guckenheimer & Holmes (1983) would have to be included.

The steady solution XH`2 (frame (b) of figure 4.16) shows that both the T and Ω fields

are now strongly advected by the flow ψ whose streamlines are almost parallel with the

equator. The Ω field in particular has begun to deviate from its Stokes flow profile, which

was observed in many of the previous 2-cell solutions. The disturbance qH`2 shown in the

upper half of figure 4.16(b) indicates that an instability of thermal layer at the equator

is responsible for the transition to a time-dependent state. The T and ψ components of

qH`2 indicate an oscillation that will be largely back and forth across the equator, while

Ω also includes a small radial component. The time-dependent solution u+
r (t) is available

online at Movie Link, or is shown in terms of labelled frames of the temperature field in

figure 4.19.

Oscillation of the polar plume

Also possible for a small range of Ra is the 1-cell solution which is bistable with the u+
r (t)

and mixed 1-cell solutions. Increasing Ra this solution becomes initially time-periodic

beyond the Hopf bifurcation H`1, but ultimately loses stability and transitions to the

mixed 1-cell state (cf. figure 4.18). As the time dependent branches shown in figure 4.17

are computed by time-stepping, it was not possible to determine the unstable branch easily.

We note that this task can however be performed using continuation methods which rely

on deflation (Net & Snchez 2015). This technique eliminates the possibility of converging

to previously determined solutions.

Increasing Ra along the stable portion of the mixed 1-cell branch, we find that for Ra ≥
3.38×104, this branch loses stability in a Hopf bifurcation. The limit cycle which emerges

1-cell(t) exhibits complex time-dependent behaviour as shown in figure 4.23. Although we
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(a) Bifurcation diagram at Re1 = 40.
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Figure 4.17: Disturbances localized at the pole cause the 1-cell solution to transition to
a time-dependence state, leading to an increase in torque and heat transfer. (a) Increasing
Ra the 1-cell solution looses stability via a Hopf bifurcation at H`1 and transitions to the
mixed 1-cell solution. As Ra is increased a global bifurcation occurs resulting in a limit cycle
1-cell(t) denoted by hollow blue circles. (b) Equilibrium solution XH`1 bottom and top the
leading eigenvector’s real <(q)H`1 and imaginary =(q)H`1 components.

have not investigated its behaviour, it is thought that collision of the unstable periodic

solution with the unstable steady branch may play a role in its formation.

Compared with the solutions at smaller Re1, the poloidal flow shown in figure 4.17(b) has

strengthened to balance the strong differential rotation. The contours of Ω are deflected

upwards strongly, and the thermal boundary layer present on the sphere’s lower surface

has been strengthened. On the sphere’s upper surface stronger Ekman pumping, is ob-

served to flatten the thermal plume and spread it apart. The role of Ekman pumping is

also reflected in the disturbance qH`1 shown in the upper half of frame (b) figure 4.17.

Contours of the disturbance ψ indicate that although the flow is unaffected at the South

pole, its direction will alternate near the North pole resulting in a radial oscillation. The

temperature disturbance also indicates that fluid will oscillate radially between being hot

and cold at the pole. The time-dependent solution 1-cell(t) is available online at Movie

Link, or is shown in terms of labelled frames of the temperature field in figure 4.21.

Connection between the unstable and stable branches

The 1-cell and u+
r branches are found to connect via a mixed 1-cell solution, as shown in

yellow in figure 4.17(a). Following this branch from PF towards the 1-cell branch shown

in blue, we find that the narrow equatorial jets of the u+
r solution are gradually deflected
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Figure 4.18: The unstable equatorial jet of the 2-cell solution (left) is deflected from the
equator towards the pole. The jet moves upwards under the action of the large convec-
tion cell, until it reaches the stable mixed 1-cell state (right) where it is balanced by Ekman
pumping. Transition from the 2-cell u+

r to the 1-cell solution for Re1 = 40, Ra = 2.2× 104.

upwards towards the poles, such that a 1-cell flow is obtained upon reaching the blue

1-cell branch shown in figure 4.18. This transition is accompanied by a decrease in both

convective heat transfer and torque, a reduction attributed to the decrease in surface area

from which strong radial advection of hot high angular momentum fluid takes place. In

the u+
r solution this occurs within a band about the equator, while in the 1-cell solution

it is reduced to a circular patch at the pole that is comparatively of much smaller surface

area.

Throughout section 4.4 we have emphasised the presence of two different types of steady

flows, one that resembles 2-cell rotation termed u+
r the other that resembles convection

termed 1-cell. This section has also served to emphasise that there are two classes of

time-dependent solutions, a rotating solution with oscillations in the polar direction u+
r (t)

and a convective solution with radial oscillations 1-cell(t). Figures 4.16 and 4.17 show

that the bifurcation to u+
r (t) reduces both the rotating solution’s convective heat transfer

and torque, while the bifurcation to 1-cell(t) increases them relative to their steady state

solutions.
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Figure 4.19: Snapshots of the temperature field demonstrating the time-periodic oscillation
of the equatorial jet for Re1 = 40, Ra = 2.2 × 104. Frames (a) to (f) show successive snap-
shots evaluated over a single oscillation period. The jet which resembles a cantilever beam,
extends outwards at the equator and oscillates back and forth in the polar direction. The
presence of a strong thermal boundary layer is indicated by the closely bunched contours
near the inner sphere.
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Figure 4.20: Snapshots of the temperature field demonstrating the time-periodic oscillation
of the polar plume for Re1 = 5, Ra = 8 × 103. Frames (a) to (f) show successive snapshots
evaluated over a single oscillation period. The plume which closely resembles a mushroom
cloud of hot fluid travels radially outwards from the inner sphere. Upon reaching the outer
sphere it is deflected in the polar direction and diffuses.
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Figure 4.21: Snapshots of the temperature field demonstrating the time-periodic oscillation
of the polar plume for Re1 = 30, Ra = 1.8 × 104. Frames (a) to (f) show successive
snapshots evaluated over a single oscillation period. The narrow plume which emerges from
a strong radial boundary layer is directed upwards towards the pole near the inner sphere.
Near the annulus centreline the plume waves back and forth due to the influence of Ekman
pumping which pushes it away form the axis and the large convection cell which forces it
back towards the axis.
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Figure 4.22: Plots of the norm of the stream-function ||ψ|| against its rate of change ˙||ψ||
for the 2-cell solution u+

r (t) at Re1 = 40. As Ra is increased an initially time-periodic 2-
cell solution loses stability in a global bifurcation resulting in a heteroclinic cycle, near which
chaotic behaviour is found to emerge.
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Figure 4.23: Plots of the norm of the stream-function ||ψ|| against its rate of change ˙||ψ||
for the 1-cell(t) solution at Re1 = 40. As Ra is increased a steady solution loses stability in
a Hopf bifurcation. This is found to give rise to chaotic behaviour near the bifurcation point.
Although we have not investigated this solutions formation, it is assumed that the collision
of an unstable time-periodic solution and an unstable steady branch plays a role.
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5
Non-axisymmetric stability analysis

For the steady 2D solutions obtained in chapter 3 and chapter 4 to correspond to linearly

stable solutions of the full three-dimensional (3D) problem, the eigenvalues corresponding

to the non-axisymmetric perturbations must also be computed. This is performed by

linearising (2.7), the equations corresponding to the 3D model, and verifying that all

azimuthal perturbations of the following form decay

X ′(r, θ, ϕ, t) = q(r, θ)eimϕ+λt, where λ ∈ C, (5.1)

and the azimuthal wave number which is denoted by m = ±1,±2, .... may be of odd or

even parity.

Although an axisymmetric state may initially be stable, it is likely that as we increase

a control parameter such as Ra that <(λ) will change sign. It was shown in chapter 4

that this crossing can happen in two ways, either λ = 0 or λ = ±iω, and that the type of

the bifurcation which occurs depends on the solution’s symmetry. Before computing the

stability of these axisymmetric solutions, we first use their symmetries to briefly describe

the solutions anticipated to result from their bifurcations.

In 3D, the mixed axisymmetric solutions solutions computed in chapter 3 and chapter 4

gain O(2) symmetry-the reflections and rotations on a circle described by

reflections ϕ→ −ϕ : X ′ → X̄
′
,

rotations ϕ→ ϕ+ ϕ0 : X ′ →X ′eimϕ0 ,
(5.2)
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while the even solutions now have O(2)×Z2 symmetry, as they can also be reflected about

the equator. Following Matthews (2003) we expect that steady-state bifurcations in the

presence of O(2) symmetry, will result in steady equilibria whose symmetry is determined

by a subgroup of O(2), which in turn is found to depend on the shell separation (Li et al.

2005). While for a Hopf-bifurcation in the presence of O(2) symmetry, a time-dependent

state with either SO(2) symmetry resembling a rotating wave or Z2 symmetry resembling

a standing wave will result (Crawford & Knobloch 1991). In a study of rotating convection

at both high and low Pr , Goldstein et al. (1993) showed that rotating waves are a direct

consequence of breaking reflection symmetry and that their precession frequency may be

identified with the rotation rate.

Making the substitution

u = ũ+Re1Pr u0(r, θ), T = T̃ + T0(r), (5.3)

such that ũ, T̃ now satisfy homogeneous boundary conditions, and using the identity

(u · ∇)u =
1

2
∇(u · u)− u× ω, (5.4)

the equations governing the 3D problem may be written as

1

Pr

(
∂u

∂t
−u×ω+∇p

)
= Ra g(r)rT +∇2u+Re1

(
u0×ω+u×ω0

)
+PrRe2

1

(
u0×ω0

)
,

(5.5a)
∂T

∂t
+ (u+ PrRe1u0) · ∇(T + T0(r)) = ∇2T, ∇ · u = 0, (5.5b)

where the tilde notation has been dropped for clarity. The ∇p term contains the pressure

and other gradient like terms. In this statement of the equations, variables T and u

represent the departure from the conductive base state T0(r), and the toroidal u0 base

state given by

u0 = ∇×
(

Ψ0

r
r

)
=
(
0, 0,−(ãr+b̃/r2) sin θ

)
, where Ψ0 = −Ω0(r)P1(cos θ) = −(ãr2+b̃/r)P1(cos θ),

(5.6)

and the constant coefficients ã, b̃ are as per (2.19). Anticipating that 2D solutions of (5.5)

are most likely to be stable to 3D perturbations in the limit Pr → ∞, we focus on this

case. For Pr → 0 advection terms in the momentum equation become significant and tend
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to destabilize axisymmetric solutions. Considering a range of Pr this was shown by Jones

& Moore (1978) for rotating convection in a cylinder. Taking the limit Pr →∞ allows us

to neglect the inertial terms appearing on the right hand side of (5.5a) provided advection

terms are small and the flow is dominated by viscous forces. While this simplifies our

analysis it restricts the parameter regime we may consider, as we require that Re1 → 0

such that PrRe1 ∼ O(1). This limit also assumes that Ra remains finite so that advective

terms driven by buoyancy are also small.

The solenoidal velocity field u can be expressed in terms of its poloidal and toroidal

components

u = ∇×∇×
(

Φ

r
r

)
+ ∇×

(
Ψ

r
r

)
, (5.7)

which automatically satisfy continuity. The stream-function ψ and specific angular mo-

mentum Ω are related to the scalars Φ, Ψ by

ψ = − sin θ
∂Φ

∂θ
, Ω = − sin θ

∂Ψ

∂θ
. (5.8)

Substituting (5.7) into (2.7) and operating on the momentum equation with r ·∇× and

r ·∇×∇× one can express (2.7) in terms of Φ,Ψ and T only.

In the limit Pr →∞, Re1 → 0 this allows the problem to be written as

L2∇2(Ψ/r) = −Re1 r · ∇ ×
(
u0 × ω + u× ω0

)
,

L2∇2∇2(Φ/r)− Ra g(r)L2T = Re1 r · ∇ ×∇×
(
u0 × ω + u× ω0

)
+ PrRe2

1 r · ∇ ×∇×
(
u0 × ω0

)
,( ∂

∂t
−∇2

)
T + u · r̂T ′0 + PrRe1u0 · ϕ̂∇T = −u · ∇T,

(5.9)

where the operator L2 is given by

L2 ≡ −
1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
− 1

sin2 θ

∂2

∂ϕ2
, L2Y

m
` (θ, ϕ) = `(`+ 1)Y m` (θ, ϕ). (5.10)

The spherical harmonic of order m is defined Y m` (θ, ϕ) = Pm` (cos θ)eimϕ, with Pm` being

the associated Legendre polynomials of degree ` and order m. The velocity u expressed

in terms of its poloidal and toroidal components respectively is

u =

(L2Φ

r2
,

1

r

∂2Φ

∂r∂θ
,

1

r sin θ

∂2Φ

∂r∂ϕ

)
+

(
0,

1

r sin θ

∂Ψ

∂ϕ
,−1

r

∂Ψ

∂θ

)
. (5.11)

To compute the stability of an axisymmetric steady state (Ψ,Φ, T )T we add a non-
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axisymmetric perturbation (εΨ′, εΦ′, εT ′)T and retaining terms of O(ε) obtain the linear

system

L2∇2(Ψ′/r) = −Re1 r · ∇ ×
(
u0 × ω′ + u′ × ω0

)
,

L2∇2∇2(Φ′/r)− Ra g(r)L2T
′ = Re1 r · ∇ ×∇×

(
u0 × ω′ + u′ × ω0

)
,

∂T0(r)

∂r

L2

r2
Φ′ − Re1 Pr

r2 sin θ

∂Ψ0

∂θ

∂

∂ϕ
T ′ +

(
λ−∇2

)
T ′ = −u′ · ∇T − u · ∇T ′,

(5.12)

where we have assumed the perturbation has exponential time dependency. In matrix

form this system may be written as

(
λM+L

)
X ′ =

−Re1N11(Ψ0) −Re1N12(Ψ0) 0

Re1N21(Ψ0) Re1N22(Ψ0) 0

−N31(T ) −N32(T ) −N33(Φ,Ψ)

X ′, where X ′ = (Ψ′,Φ′, T ′)T ,

(5.13)

where the matrix operators M,L are defined as

M =

0 0 0

0 0 0

0 0 1

 , L =

L2∇2(r−1) 0 0

0 L2∇2∇2(r−1) −Ra g(r)L2

0
L2T

′
0

r2 − 1
r2 sin θ

∂Ψ0

∂θ
∂
∂ϕ −∇2

 .

(5.14)

The terms Nij(, ) come from the linearisation of the terms u · ∇u and u · ∇T , whose

form is outlined in appendix E. To compute the growth rate λ ∈ C of a numerically

determined axisymmetric state we use a Galerkin projection method. In this formulation

the axisymmetric state is represented by a finite sum of Legendre polynomials

Ψ =

Nθ∑
p=1

Ψp(r)Pp(cos θ), Φ =

Nθ∑
p=1

Φp(r)Pp(cos θ), T =

Nθ∑
p=0

Tp(r)Pp(cos θ), (5.15)

and the perturbation by a finite sum of spherical harmonics

Ψ′ =

Nθ∑
`=m

Ψ′`m(r)Y m` (θ, ϕ), Φ′ =

Nθ∑
`=m

Φ′`m(r)Y m` (θ, ϕ), T ′ =

Nθ∑
`=m

T ′`m(r)Y m` (θ, ϕ).

(5.16)

These expansions are substituted into (5.13) and using Gaunt coefficients as outlined in

appendix E, projected to obtain a system of Nθ coupled ODEs dependent on the radial

coordinate r and azimuthal wavenumber m only. The radial direction is then discretized

using second-order finite differences as outlined in appendix D. Given an axisymmetric

state this allows the growth rate λ to be computed at different m for a range of Ra, Re1, P r.
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We first consider the stability of even and mixed axisymmetric solutions to the thermal

convection problem without rotation for small Ra and Pr →∞. These computations are

repeated for different values of the separations d to outline the regions of (Ra, d) parameter

space in section 3.3 where axisymmetric states are stable solutions of the 3D equations.

Subsequently we consider the stability these solutions allowing for weak differential rota-

tion.

The problem is approached in this order to emphasise that the linear convection problem is

degenerate for Ra = Rac, Re1 = 0 such that one cannot determine whether the preferred

motion is axisymmetric or non-axisymmetric without considering the non-linear terms

(Busse 1975). When we allow for weak rotation Ra = Rac, Re1 6= 0 this degeneracy is

removed, however the base state becomes θ dependent and must be determined nonlinearly.

5.1 Thermal convection

The results of this computation are summarised in tables 5.1, 5.2 and have been included as

neutral stability curves λ(δ, µ,m) = 0 in the bifurcations diagrams presented in section 3.3

figures 3.6, 3.10 and 3.13. For ease of comparison with these figures the parameters

µ = (Ra−Rac)/Rac, δ = d− dc (5.17)

are used. As before, (dc, Rac) represents the coordinates of a given degenerate point.

The results are broadly similar to those of Zebib et al. (1980, 1983) who considered the

case of stress-free boundaries. In general our calculations indicate that just above the

critical Rac axisymmetric solutions are unstable to some azimuthal wavenumbers, but

once established at larger Ra we find that solutions stabilise. Therefore in this regime

the axisymmetric flows are stable solutions of the full 3D system (2.7), although they

need not be the preferred state for arbitrary initial conditions. Because of the reflectional

symmetry of mixed (odd) solutions, it is only necessary to consider three solution types

in tables 5.1, 5.2. An azimuthal wavenumber m is denoted by U for unstable if λ > 0, S

for stable if λ < 0 and N for neutrally stable if λ = 0. The third case, a consequence of

the North-South pole shift symmetry, arises when m = 1. It was shown by Zebib et al.

(1980) that such a perturbation corresponds to a shift of this axis.
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Degeneracy Solution m = 0 m = 1 m = 2 m = 3 m = 4

` = (1, 2) (±A,B) U N U - -
(0,−B) U N S - -
(0,+B) S N S if µ > 0.5 - -

` = (2, 3) (±A,B) S N S S ifµ > 0.4 -
(−A, 0) S N U S -
(+A, 0) S N U U -

` = (3, 4) (±A,B) S N U S S
(0,−B) S N S S if µ > 0.1 S if µ > 0.19
(0,+B) S N S if µ > 0.13 S if µ > 0.18 S if µ > 0.13

Table 5.1: Three-dimensional stability at large Pr and δ = 0 of axisymmetric solutions to
azimuthal perturbations of wavenumber m at each (`, ` + 1) degeneracy. In all cases the Ra
required for 3D stability is measured from the degenerate point (dc,Rac) specific to each
case. The stability of solutions is denoted U = unstable for λ > 0, S = stable for λ <
0 or N = neutral in the special case where the m = 1 mode is neutrally stable. Higher
wavenumbers m > 4 were found to be stable for the range of Ra considered.

5.1.1 Odd-even & even-odd interactions

The stability of solutions for different (δ, µ) is computed and the region of parameter

space for which the axisymmetric solutions are stable is included in figures 3.6 and 3.10.

Specifically we find that near the ` = (1, 2) degenerate point, even solutions (0,±B) are

stable in regions 3 & 6 of figure 3.10, while mixed solutions (±A, B) are stable in region

4 only. Near the ` = (2, 3) degenerate point, even solutions (−A, 0) are stable only for

large δ, µ, as shown in figure 3.6. Stable mixed solutions are found for δ < 0.22, but

above this threshold are destabilized by m = 2. Near the ` = (3, 4) degenerate point,

stable solutions of both even and mixed form are found. For δ > 0 the mixed solutions

are stable, while for δ < 0.2 stable even mode solutions are found as shown in figure 3.10.

Notably, the stability behaviour of different even solutions near the same degeneracy can

vary. It was shown by Zebib et al. (1980, 1983) for the case of stress-free boundaries,

that the heat transfer achieved by each of these solutions differs as µ is increased from the

bifurcation point. Our numerical simulations identify similar behaviour for the even mode

cases. Results for δ = 0 are summarised in table 5.1 to indicate the behaviour of different

azimuthal wavenumbers.
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Degeneracy Solution m = 0 m = 1 m = 2 m = 3 m = 4

` = (2, 4) (A,B) S if µ > 0.87 N S if µ > 1.01 S if µ > 0.45 S

` = (4, 6) (A,B) S if µ > 0.42 N S if µ > 0.45 S if µ > 0.15 S if µ > 0.1

Table 5.2: Three-dimensional stability at large Pr and δ = 0 of axisymmetric solutions at
even (`, `+ 2) degeneracies to azimuthal perturbations of wavenumber m. Higher wavenum-
bers m > 4 were found to be stable for the range of Ra considered.

5.1.2 Even-even interactions

Despite the presence of linearly unstable odd modes near even-even degeneracies, stable

even solutions of the full problem may also be found. Near the ` = (2, 4) degeneracy

solutions are stable to axisymmetric odd mode perturbations for µ > 0.87 and to all non-

axisymmetric perturbations for µ > 1.01. These thresholds are however larger that those

of neighbouring `, ` ± 1 degeneracies. Near the ` = (4, 6) degeneracy solutions are found

to be stable above a threshold whose unstable wavenumber m varies with δ as shown in

figure 3.13. Notably, the threshold for 3D stability at the ` = (4, 6) degeneracy is lower

than that of the ` = (2, 4) case. Results for δ = 0 are summarised in table 5.2 to indicate

the behaviour of different azimuthal wavenumbers.

5.2 Thermal convection with weak differential rotation

In chapter 4 we showed that allowing for differential rotation the convection problem

(4.1) admitted two classes of solutions. Equatorially Z2 symmetric solutions favoured

by differential rotation when Ra is small, and asymmetric solutions favoured by thermal

convection when rotation is small. We now consider the 3D stability of both flows for the

separations d = 1, 1.5, 3, values where the thermal problem has a preference for solutions

with 4,3 and 2 convection cells (cf. figure 3.2).

5.2.1 Symmetric even solutions

Frame (a) of figure 5.1 shows the stability of the 2-cell solution for wavenumbers m = 0→ 4

as Ra is varied, frame (b) the least stable wavenumber m = 1. Frame (a) shows that for

all values of Ra, m = 1 is close to neutral stability, while for Ra ≥ 2000 an axisymmetric

mode becomes unstable. Frame (b) shows that while m = 1 is unstable for small Ra, it

is stabilised as Ra is increased. Also indicated in this frame is the stabilising effect of
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(a) Ra vs. <(λ) for m = 0→ 4
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(b) Ra vs. <(λ) for m = 1

Figure 5.1: Differential rotation stabilises the axisymmetric solution against 3D (m = 1)
disturbances. Stability of the axisymmetric 2-cell solution u+

r for d = 3, shown in terms
of the growth rate <(λ) as Ra is varied. (a) High wavenumbers are strongly damped while
m = 1 remains close to neutral. For Ra ≥ 2000 an axisymmetric mode becomes unstable.
(b) Increasing Re1 Pr the m = 1 mode is stabilised.

rotation. Provided Re1Pr ≥ 0.5 the m = 1 growth rate remains negative.
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(a) Ra vs. <(λ) for m = 1→ 5

3800 3900 4000 4100 4200 4300 4400 4500
Ra

−0.10

−0.05

0.00

0.05

0.10

0.15

0.20
Increasing Re1 Pr

m = 3

m = 4

Re1 Pr = 0
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Re1 Pr = 1
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(b) Ra vs. <(λ) for m = 3, 4

Figure 5.2: Differential rotation tends to stabilise the axisymmetric solution against 3D
(m = 3, 4) disturbances. Stability of the symmetric 4-cell solution for d = 1. (a) Wavenum-
bers m = 3, 4 are unstable for small Ra but stabilised as Ra increases, while m = 1 remains
neutrally stable. (b) Increasing Re1Pr shows a tendency for m = 3, 4 to be stabilised.

Frame (a) of figure 5.2 shows the stability of the 4-cell solution for wavenumbers m = 0→
5, indicating that wavenumbers m = 3, 4 are unstable for small Ra, but are stabilised for

larger Ra. A numerical study of the fully 3D problem by Inagaki et al. (2019) also found

m = 3, 4 to be the least stable wavenumbers for d = 1,Pr = 1. For all values of Ra the
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m = 1 wavenumber remains close to neutral stability. Frame (b) shows that increasing

the strength of rotation also reduces the growth rate of these 3D disturbances.

5.2.2 Asymmetric mixed solutions
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(a) Ra vs. <(λ) for m = 1→ 4
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Figure 5.3: Differential rotation tends to stabilise the axisymmetric solution against 3D
(m = 1) disturbances. Stability of the asymmetric 3-cell solution for d = 1.5. (a) As Ra
increases m = 1 deviates slightly from neutral stability, while all higher wave numbers remain
stable. (b) Increasing Re1Pr shows a tendency for m = 1 to be stabilised.

Frame (a) of figure 5.3 shows that for the 3-cell solution at d = 1.5, the m = 1 wavenumber

is also the least stable. In frame (b) the stabilising effect of rotation on this mode is shown,

where <(λ) is reduces with increasing Re1Pr. Although this section relies on the validity

of our analysis for values of Re1Pr > 1, the general trend indicates that both symmetric

and asymmetric solutions are stabilised by differential rotation.

Without a fully 3D code it is not been possible to determine if a 3D solution becomes

axisymmetric as the rotation strength Re1 is increased. This behaviour has however been

indicated by Inagaki et al. (2019) for the fixed separation d = 1 and Pr = 1. Using a 3D

code they showed that for small Re1, the Ra at which the onset convection occurs increases

with Re1, while for large Re1 u 500 it is reduced. Their (Re1, Ra) stability diagram also

indicates that the axisymmetric 2-cell solution is preferred for a large range of parameter

space. In addition to the results of our calculations, we believe that this provides sufficient

justification for assuming that the 2-cell solution remains axisymmetric.

Although we have not computed the stability of the 1-cell solutions presented in section 4.4

to non-axisymmetric disturbances. Simple table-top experiments by Nadiga & Aurnou

(2008) which demonstrate the baroclinic (density driven) instability of a cold rotating air

mass in a warmer fluid, strongly suggest that this solution would become unstable to non-
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axisymmetric disturbances for non-zero rotation rates. Following ? we anticipate that

the resulting state would most likely resemble a non-axisymmetric spiral. Nevertheless we

believe that the instability mechanisms presented in section 4.4 are of relevance as they

highlight the significance of Ekman pumping in the polar region.
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6
Conclusion

Motivated by the presence of subsurface oceans in Jupiter’s and Saturn’s moons, we have

studied a model describing thermal convection between differentially rotating spherical

shells. Focusing in particular on the bistable behaviour encountered, a combination of

analytical and numerical approaches have been used to present an understanding of the

different physical mechanisms at play in this model. The hope is that they may help

explain bistability observed in systems where transfer of both angular momentum and

heat play prominent roles.

To study this model, we adopted the approach of identifying the simplest aspects of the

axisymmetric model first, and then to investigate each in isolation. To this end flow driven

by differential rotation was first studied (Mannix, Masters thesis). Non-rotating thermal

convection was then studied by considering the linear and weakly non-linear problems

analytically, and finally the full problem numerically for larger parameter values. Using the

insights gained from both problems, we then numerically studied the full problem allowing

for rotation of the inner sphere and thermal convection. Choosing this configuration where

the outer sphere is held stationary, was justified by its likelihood to become unstable for

smaller parameter values, thus facilitating the study of transitions in the system. Finally

we studied the stability of the axisymmetric solutions to non-axisymmetric perturbations.

The results of the thermal convection problem highlight the influence of radial gravity

and a spherical shell geometry. For narrow shell separations the problem bears strong

resemblance to the planar case, while for wider shells radial asymmetry is pronounced. In

the amplitude equations derived this asymmetry is highlighted by the presence of resonant
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quadratic terms, while in numerical computations by differences in the radial thermal

boundary layers for solutions computed at large Pr . At low Pr this asymmetry is found

to influence the temporal dynamics, such that the even and odd components of time-

dependent solutions oscillate in a 2:1 frequency ratio. At high Pr the stability of steady

solutions is influenced by those with the most developed boundary layer structure near

the poles. Whether or not bistable solutions with a different number of cells exist, is

found to depend largely on the shell separation d and to a lesser extent Ra. Although

the axisymmetric solutions are not stable to 3D disturbances at onset, they are found to

stabilise for larger Ra.

The results of the differentially rotating problem with thermal convection at large Pr ,

highlight the significance of strong zonal flows, particularly near the equator and the poles.

For flows with an outward jet at the equator, it is found that rotating the inner sphere,

strengthens the poloidal flow and in turn the thermal boundary layers which emerge near

the sphere’s walls and in the plumes. This has the effect of stabilising that state of thermal

convection, which most resembles the one preferred by rotation. Conversely for flows with

plumes directed outwards along the rotation axis, it is found that an Ekman pumping

driven by the differential rotation hinders the development of strong plumes. We find

that this has the effect of destabilising the flow, eventually giving rise to a chaotic state

localized at the poles.

This is the first theoretical study on a PDE model of thermal convection between differen-

tially rotating spherical shells, which uses 2-parameter numerical continuation to identify

all possible 1-parameter bifurcations of a steady axisymmetric flow. This technique is

used to understand the flow regimes and transitions present in this system. While bi-

furcation analysis of this form has been applied more routinely to standard convection

problems with a simple base state, its extension to problems where the base states must

be determined nonlinearly has been much less explored. Allowing for the continuation of

bifurcations, their solutions and eigenvectors, this technique is shown to be a powerful tool

for understanding how bistability and hysteresis develops due to parameter changes.

A particularly novel physical feature highlighted in this model is that the bistable be-

haviour observed cannot be explained by assuming the flow develops to maximise the

torque or maximise heat transfer. It does appear however that an understanding of this

behaviour can be found by considering two critical regions in the flow: the equator and

the poles. It is also of interest that while increasing the rotation strength stabilises the

flow, when it does become bistable finite amplitude perturbations can induce a transition

from a steady equilibrium to a chaotic state, a feature characteristic of many shear flows.
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6.1 Further work

The model we have considered while providing valuable insights, is a vast simplifica-

tion. In the context of the subsurface oceans of Jupiter’s and Saturn’s moons, a more

complete model would consider: non-axisymmetric affects, rapid co-rotation, allow for

time-dependent outer sphere rotation, and ideally target the parameter regimes outlined

by Wilson & Kerswell (2018).

An immediate extension of the work presented in this thesis would be to investigate the

configuration in which the outer sphere is rotated and the inner is held stationary, allowing

for both constant and time-dependent rotation (libration). Such an investigation would

help indicate how thermal convection modifies the flow’s response to outer sphere libration,

and would also facilitate the study of bistability in a system of non-autonomous PDEs

(Langa et al. 2002). Currently the libration problem is better understood in the isothermal

case (Aldridge & Toomre 1969). In a configuration with temperature affects included, we

anticipate that steady rotation would stabilise the state of thermal convection with plumes

directed towards the poles as shown in frame (b) of figure 4.4, and that any instabilities

would also be confined to the polar region.

Previous studies of the rapidly co-rotating isothermal system, allowing for differential

rotation (Hollerbach 2003, Hoff & Harlander 2019), have emphasised the importance of a

free shear layer termed the Stewartson layer. This layer develops for axisymmetric flow

at the inner sphere’s tangent cylinder. Its stability which depends strongly on the sign of

the differential rotation, is found to determine the form of the non-axisymmetric solution

and how azimuthal waves precess (Hollerbach 2003, Hoff & Harlander 2019). How thermal

convection will alter the formation of this shear layer, or its stability is however unknown.

Wavelength selection in spherical domains is typically studied with homogeneous boundary

conditions (Busse 1975, Busse & Riahi 1982, Matthews 2003), but the problem studied in

this thesis represents a case with imposed homogeneity. Performing numerical continuation

in narrow shells we have found bifurcation diagrams which resemble that of homoclinic

snaking Knobloch (2008, 2015), with corresponding solution states that appear to be

localized. It would be interesting to investigate if an analogue of homoclinic snaking is

possible in spherical domains for this problem and the related problem of double-diffusive

convection. To relate any behaviour observed in these coupled PDE models to a simpler

model equation such as the Swift-Hohenberg equation would also be of interest.

104



A
Self adjointness of the

operator L

For a vector φ and operator L as outlined

φ =

(
ψ(r, θ)

T (r, θ)

)
, L =

(
D2D2 Racg(r) sin θ ∂∂θ

−T
′
0

r
1

sin θ
∂
∂θ D̂2

)
, (A.1)

an inner product may be found such that

〈φ+,Lφ〉 = 〈Lφ+,φ〉. (A.2)

Operators D2 and D̂2 are defined as

D2 =
∂2

∂r2
+

sin θ

r2

∂

∂θ

(
1

sin θ

∂

∂θ

)
, D̂2 =

∂2

∂r2
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
. (A.3)

Assuming homogeneous boundary conditions (4.3) a sufficient condition for this system to

be self-adjoint requires that the functional form of the temperature gradient and gravity

field g(r) satisfy
d

dr

(g(r)r

T ′0

)
= 0. (A.4)

The relevant inner product or volume integral is defined as
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〈(
ATψ

+(r,θ)
Racr2 sin2 θ
T+(r,θ)
r2

)
,

(
D2D2 Racg(r) sin θ ∂∂θ

−T
′
0

r
1

sin θ
∂
∂θ D̂2

)(
ψ(r, θ)

T (r, θ)

)〉
= 〈φ+,Lφ〉, (A.5)

where the additional factors included are chosen to satisfy (A.2). Provided T ′0/r = AT g(r)

this can be expanded as a volume integral with g(r) factorised so that one obtains

∫
θ

∫
r

{
ATψ

+

Racr2 sin2 θ
D2D2ψ+

AT g(r)

r2

(
ψ+ 1

sin θ

∂T

∂θ
−T+ 1

sin θ

∂ψ

∂θ

)
+
T+

r2
D̂2T

}
r2 sin θdrdθ

(A.6)

As the Stokes operator D2 and the operator D̂2 may be related to the Laplacian (which

for homogeneous boundary conditions is self-adjoint) using

1

r sin θ
D2ψ =

(
∇2 − 1

r2 sin2 θ

) ψ

r sin θ
,

1

r
D̂2T = ∇2T

r
, (A.7)

the first and fourth term of (A.6) automatically satisfy (A.2). Considering the second and

third terms, we multiply through by factors r2 sin2 θ to yield

∫
r

∫
θ

AT g(r)
(
ψ+ ∂T

∂θ
− T+ ∂ψ

∂θ

)
drdθ. (A.8)

Integrating by parts with respect to θ we obtain

∫
r

AT g(r)

{
ψ+T |θ=0,π −

∫
θ

T
∂ψ+

∂θ
dθ − T+ψ|θ=0,π +

∫
θ

∂T+

∂θ
ψdθ

}
dr. (A.9)

Applying the boundary conditions at θ = 0, π terms outside the integral vanish yielding

the desired result. Factorising r2 sin θ terms from this expression we may rewrite the

expression as

∫
r

∫
θ

AT g(r)

r2

{
− T

sin θ

∂ψ+

∂θ
+

1

sin θ

∂T+

∂θ
ψ

}
r2 sin θdrdθ, (A.10)

so that these terms also satisfy (A.2).
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B
Computation of amplitude

equation coefficients

B.1 Simplification of O(ε2) terms

The right hand side of the vorticity D2ψ equation (3.30) is

ψ2f = Pr−1

(
sin θ

∂
(
ψ1, D

2ψ1/r
2 sin2 θ

)
∂
(
θ, r
) +

∂D2ψ1

∂τ1

)
− Racµg(r) sin θ

∂T1

∂θ
,

T2f =
1

r sin θ

∂
(
ψ1, T1/r

)
∂(θ, r

) +
∂T1

∂τ1
.

(B.1)

This yields coefficients for the time derivatives Ȧ, Ḃ as

ã0 =
AT

PrRac

(∫ 1+dc

r=1

ψ`1(r)D2
`ψ

`
1(r)dr

)(∫ π

θ=0

G`(θ)G`(θ)

sin θ
dθ

)
+

(
2

2`+ 1

)(∫ 1+dc

r=1

T `1 (r)T `1 (r)dr

)
,

b̃0 =
AT

PrRac

(∫ 1+dc

r=1

ψm1 (r)D2
mψ

m
1 (r)dr

)(∫ π

θ=0

Gm(θ)Gm(θ)

sin θ
dθ

)
+

(
2

2m+ 1

)(∫ 1+dc

r=1

Tm1 (r)Tm1 (r)dr

)
,

(B.2)

where it is apparent that depending on the limit of Pr chosen either temperature or mo-
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mentum will dominate. Coefficients of the terms proportional to µA, µB are independent

of Pr and given by

ã1 =
AT
Rac

(∫ 1+dc

r=1

ψ`1(r)D2
`D

2
`ψ

`
1(r)dr

)(∫ π

θ=0

G`(θ)G`(θ)

sin θ
dθ

)
,

b̃1 =
AT
Rac

(∫ 1+dc

r=1

ψm1 (r)D2
mD

2
mψ

m
1 (r)dr

)(∫ π

θ=0

Gm(θ)Gm(θ)

sin θ
dθ

)
.

(B.3)

Finally coefficients proportional to δA, δB also independent of Pr are given by

ã2 =
−AT
Rac

(∫ π

θ=0

G`(θ)G`(θ)

sin θ
dθ

)(
∂2ψ`1(r)

∂r2
D2
`ψ

`
1(r)

∣∣∣
r=1+dc

)
+

(
2

2`+ 1

)(
∂T `1 (r)

∂r

)2∣∣∣
r=1+dc

,

b̃2 =
−AT
Rac

(∫ π

θ=0

Gm(θ)Gm(θ)

sin θ
dθ

)(
∂2ψm1 (r)

∂r2
D2
mψ

m
1 (r)

∣∣∣
r=1+dc

)
+

(
2

2m+ 1

)(
∂Tm1 (r)

∂r

)2∣∣∣
r=1+dc

.

(B.4)

We now consider terms proportional to A2, AB,B2 outlining both their coefficients and

solution. Explicit expressions for ψ1 are inserted subject to the following index notation

ψ1 =

N∑
k=1

6∑
j=1

1∑
i=0

Akjir
akjiGk(θ)χi, Akji, akji ∈ C,

D2ψ1 =

N∑
y=1

6∑
z=1

1∑
x=0

Ayzxrayzx−2Gy(θ)χx, Ayzx, ayzx ∈ C,

Ayzx = [ayzx(ayzx − 1)− y(y + 1)]Ayzx,

(B.5)

where each of the above series contains the full solution of ψ1 and the operator D2 has

been applied to obtain the modified coefficient Ayzx. In all cases the summation index N

may be taken as

N = 2m+ 1, (B.6)

where m is the larger of the two mode numbers. Mode amplitudes (functions of time) are

now contained in the array χ defined as

χi = [A,B], (B.7)

a convention adopted to facilitate ease of manipulation. Collecting terms within the Jaco-
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bian, and by the use of large sigma implying the summation over all indicies one obtains

ψ2f =
∑

r−5

{
− χiχx

(
k(k + 1)Akjir

akjiPk

)(
[ayzx − 4]AyzxrayzxGy

)
+

χxχi

([
y(y + 1)Py +

2 cos θGy

sin2 θ

]
Ayzxrayzx

)(
akjiAkjir

akjiGk

)}
. (B.8)

Terms from this expression are gathered to isolate radial functions

F1(r) =
∑

Akji[ayzx − 4]Ayzxrakji+ayzx−5 =
∑

A1kji,yzxr
a1kji,yzx−5,

F2(r) =
∑
AyzxakjiAkjirayzx+akji−5 =

∑
A2kji,yzxr

a2kji,yzx−5,
(B.9)

and corresponding expressions for polar θ terms are gathered to yield (where η = n −
1, & α = 1.5)

βn1 =
η!(η + α)[Γ(α)]2

π2(1−2α)Γ(η + 2α)

∫ π

0

{
− k(k + 1)PkGy

} Gn
sin θ

dθ,

βn2 =
η!(η + α)[Γ(α)]2

π2(1−2α)Γ(η + 2α)

∫ π

0

{
[y(y + 1)Py +

2 cos θGy

sin2 θ
]Gk
} Gn

sin θ
dθ.

(B.10)

Integration of polar terms is preformed symbolically, but does suffer from diminishing

accuracy as `� 1 due to the increased number of coefficients. Combining these terms one

obtains

J() =
∑

χiχx
{

[βn1A1kji,yzxr
a1kji,yzx ] + [βn2A2kji,yzxr

a2kji,yzx ]
}
r−5, Gn(θ) (B.11)

where simplification in terms amplitudes A2,AB,B2 are then obtained by evaluating

products of the following vectors χiχx

A2 = χi[0]χx[0], AB = χi[0]χx[1] + χi[1]χx[0], B2 = χi[1]χx[1]. (B.12)

Final simplifications permits expression

ψ2f =

N∑
k=1

36∑
j=1

3∑
i=1

χiHkjir
akji−5Gk(θ). (B.13)

The nonlinear component of the right hand side of the temperature T equation (3.30) is
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1

r sin θ

∂
(
ψ1, T1/r

)
∂(θ, r

) . (B.14)

Inserting the explicit expressions for ψ1, T1, subject to the following index notation

ψ1 =

N∑
k=1

6∑
j=1

1∑
i=0

Akjir
akjiGk(θ)χi, Akji, akji ∈ C,

T1/r =

N∑
y=1

6∑
z=1

1∑
x=0

Byzxr
ayzx−2Py(cos θ)χx, Byzx, ayzx ∈ C,

Byzx =
1

Rac
[ayzx(ayzx − 1)− y(y + 1)][(ayzx − 2)(ayzx − 3)− y(y + 1)]Ayzx,

(B.15)

where each of the above series contains products of the linear solution of ψ1 and T1/r.

Note in this expression a (−) has been absorbed in Byzx. Collecting terms after expansion

one obtains

T2f =
∑

k,j,i,y,z,x

r−4

{(
k(k + 1)Akjir

akjiPkχi

)(
[ayzx − 2]Byzxr

ayzxPyχx

)
,

+

(
Gy

sin2 θ
Byzxr

ayzxχx

)(
akjiAkjir

akjiGkχi

)}
, (B.16)

where terms from this expression are gathered to isolate radial functions

G1(r) =
∑

Akji[ayzx − 2]Byzxr
akji+ayzx−4 =

∑
B1kji,yzxr

a1kji,yzx−4,

G2(r) =
∑

ByzxakjiAkjir
ayzx+akji−4 =

∑
B2kji,yzxr

b2kji,yzx−4,
(B.17)

and corresponding expression for polar θ terms are gathered to yield (where η = n −
1, & α = 1.5)

αn1 =
2n+ 1

2

∫ π

0

{
k(k + 1)PkPy

}
Pn sin θdθ,

αn2 =
2n+ 1

2

∫ π

0

{GyGk
sin2 θ

}
Pn sin θdθ.

(B.18)
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The jacobian term may then be concisely expressed in terms of the following series

J() =
∑

k,j,i,y,z,x

χiχx
[
αn1B1kji,yzxr

a1kji,yzx + αn2B2kji,yzxr
a2kji,yzx

]
r−4Pn(cos θ). (B.19)

Combining these terms we may express the solution

T2f =

2m+1∑
k

36∑
j=1

3∑
i=1

χiFkjir
akji−4Pk(cos θ). (B.20)

Using these simplified expressions for T2f and ψ2f one can write the quadratic coefficients

proportional to A as

α̃1 =
AT

PrRac

(∫ 1+dc

r=1

ψ`1(r)

36∑
i=1

H`j0r
a`j0−5dr

)
γ` +

(
2

2`+ 1

)(∫ 1+dc

r=1

T `1 (r)

36∑
i=1

F`j0r
a`j0−4dr

)
,

α̃2 =
AT

PrRac

(∫ 1+dc

r=1

ψ`1(r)

36∑
i=1

H`j1r
a`j1−5dr

)
γ` +

(
2

2`+ 1

)(∫ 1+dc

r=1

T `1 (r)

36∑
i=1

F`j1r
a`j1−4dr

)
,

α̃3 =
AT

PrRac

(∫ 1+dc

r=1

ψ`1(r)

36∑
i=1

H`j2r
a`j2−5dr

)
γ` +

(
2

2`+ 1

)(∫ 1+dc

r=1

T `1 (r)

36∑
i=1

F`j2r
a`j2−4dr

)
,

(B.21)

and similarly the coefficients for B may be wrote as

β̃1 =
AT

PrRac

(∫ 1+dc

r=1

ψm1 (r)

36∑
i=1

Hmj0r
amj0−5dr

)
γm +

(
2

2m+ 1

)(∫ 1+dc

r=1

Tm1 (r)

36∑
i=1

Fmj0r
amj0−4dr

)
,

β̃2 =
AT

PrRac

(∫ 1+dc

r=1

ψm1 (r)

36∑
i=1

Hmj1r
amj1−5dr

)
γm +

(
2

2m+ 1

)(∫ 1+dc

r=1

Tm1 (r)

36∑
i=1

Fmj1r
amj1−4dr

)
,

β̃3 =
AT

PrRac

(∫ 1+dc

r=1

ψm1 (r)

36∑
i=1

Hmj2r
amj2−5dr

)
γm +

(
2

2m+ 1

)(∫ 1+dc

r=1

Tm1 (r)

36∑
i=1

Fmj2r
amj2−4dr

)
,

(B.22)

where the polar integrals denoted by

γ` =

(∫ π

θ=0

G`(θ)G`(θ)

sin θ
dθ

)
, γm =

(∫ π

θ=0

Gm(θ)Gm(θ)

sin θ
dθ

)
. (B.23)

With the right hand side terms evaluated concisely, the particular (inhomogeneous) solu-
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tions for ψ2(r, θ), T2(r, θ) proportional to A2, AB,B2 are obtained as

ψ2(r, θ, t) =

N∑
k=1

36∑
j=1

4∑
i=2

χiAkjir
akji−1Gk(θ), Akji, akji ∈ C,

T2(r, θ, t) =

N∑
k=0

36∑
j=1

4∑
i=2

χiBkjir
akji−2Pk(cos θ), Bkji, akji ∈ C,

(B.24)

where coefficients Akji & Bkji are obtained by solving the system

N∑
k=0

36∑
j=1

3∑
i=0

(
a00
kji Rac

AT [k(k + 1)] a11
kji

)(
Akji

Bkji

)
=

(
Pr−1Ekji

Fkji

)
, (B.25)

where

a00
kji = [(akji − 3)(akji − 4)− k(k + 1)][(akji − 1)(akji − 2)− k(k + 1)],

a11
kji = [(akji − 2)(akji − 3)− k(k + 1)],

(B.26)

and AT = −(1 + d)/d or rinrout
rin−rout is a constant pertaining to the temperature gradient.

Noteworthy is that series coefficients now depend on Pr . Similarly for the terms pro-

portional to Ȧ, Ḃ particular (inhomogeneous) solutions for ψ2(r, θ), T2(r, θ) are obtained

as

ψ2(r, θ, t) =
∑
k=`,m

6∑
j=1

1∑
i=0

χiAkjir
akji+2Gk(θ), Akji, akji ∈ C,

T2(r, θ, t) =
∑
k=`,m

36∑
j=1

1∑
i=0

χiBkjir
akji+1Pk(cos θ), Bkji, akji ∈ C,

(B.27)

where coefficients Akji & Bkji are obtained by solving the system

N∑
k=0

36∑
j=1

3∑
i=0

(
a00
kji Rac

AT [k(k + 1)] a11
kji

)(
Akji

Bkji

)
=

(
Pr−1Ekji

Fkji

)
, (B.28)

where

a00
kji = [(akji + 2)(akji + 1)− k(k + 1)][akji(akji − 1)− k(k + 1)],

a11
kji = [(akji + 1)akji − k(k + 1)].

(B.29)

112



Finally a homogeneous solution must be added to satisfy the associated boundary condi-

tions. This is achieved by adding functions of the form

ψ(r, θ, t) =

N∑
k=1

6∑
j=1

3∑
i=0

χiA
h
kjir

ahkjiGk(θ),

T (r, θ, t) =

N∑
k=0

6∑
j=1

3∑
i=0

αkjiA
h
kjir

ahkji−1Pk(cos θ),

αkji = − 1

Rac
[(akji − 3)(akji − 4)− k(k + 1)][(akji − 1)(akji − 2)− k(k + 1)].

(B.30)

Applying the 6 boundary condutions for each polynomial mode k and amplitude of the

vector χi results in the following system Ax = Bχ = b for terms Ahjkm, B
h
jkm, the super-

scripts h, ih being used to indicate homogeneous and inhomogeneous respectively

2m+1∑
k=1

3∑
i=0

(
. . . . . .

)


Ahk1i

Ahk2i

Ahk3i

Ahk4i

Ahk5i

Ahk6i


=

36∑
j=1



−ψih2 |r=1

−ψih2 |r=1+d

−∂rψih2 |r=1

−∂rψih2 |r=1+d

−T ih2 |r=1

−T ih2 |r=1+d


. (B.31)

While this system may be solved easily for k 6= `,m, for k = `,m the matrix A is singular

and b is not orthogonal to the null space Ax0 = 0. A solvability condition must be applied

to remove resonant terms present which cannot be solved for. We first calculate the null

space x0 and adjoint null space y0 by solving

Ax0 = 0, A†y0 = 0, where 〈ȳT0 ,x0〉 =

n∑
i=0

ȳi0x
i
0 = 1, where yi0, x

i
0 ∈ C (B.32)

where A† represents the conjugate transpose or hermitian of the matrix A. The solvability

condition is then applied to remove the resonant component of b by subtraction

b = b− 〈ȳT0 , b〉x0. (B.33)

As the matrix A is singular, the solution space must be restricted to Cn \ {x0}. To do so

we solve the bordered system which is invertible

(
A x0

ȳT0 0

)(
x

µ

)
=

(
b

0

)
, where µ ∈ R. (B.34)
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Solving by this method however demands that the solvability condition is later substituted,

as this step has altered the form of b for the purpose of applying boundary conditions

only. The case k = 0 represents a special case and requires different treatment. By virtue

of G0(cos θ) = 0, ψ must everywhere be zero and only the homogeneous temperature

boundary conditions must be satisfied using

T (r, t)k=0 = c0 + c1r + T ih(r, θ, t)|r=1,1+d = 0. (B.35)

A general solution for ψ2, T2 are thus obtained as

ψ2(r, θ, t) =

4∑
i=0

χi

N∑
k=1

{ 6∑
j=1

Ahkjir
ahkji+1 +

36∑
j=1

Aihkjir
aihkji

}
r−1Gk(θ), Akji, akji ∈ C,

T2(r, θ, t) =

4∑
i=0

χi

N∑
k=1

{ 6∑
j=1

αkjiA
h
kjir

ahkji+1 +

36∑
j=1

Bihkjir
aihkji

}
r−2Pk(cos θ), Bkji ∈ C,

(B.36)

where the vector χi ∈ R contains the mode amplitudes

χi = [Ȧ, Ḃ,A2,AB,B2]. (B.37)

Additional amplitudes C,D corresponding to aribitrary multiples of φ1 can also be in-

cluded in this solution. It may be shown however that their contribution integrates to

zero.

114



B.2 Simplification of O(ε3) terms

The right hand of the vorticity equation termed ψ3f may be expressed as

ψ3f = −µRac g(r)
∂T1

∂θ
sin θ + Pr−1

(
sin θ

∂
(
ψ1 + ψ2,

D2(ψ1+ψ2)
r2 sin2 θ

)
∂(θ, r)

+
∂D2ψ1

∂τ2
+
∂D2ψ2

∂τ1

)
,

(B.38)

where it may be noted that the jacobian involving ψ1 +ψ2 contains additional terms not of

O(ε3), this expression is however chosen for brevity. Explicit expressions for ψ1, ψ2 & T1

are inserted subject to the following index convention

ψ1 + ψ2 =

N∑
k=1

48∑
j=1

6∑
i=0

Akjir
akji−1Gk(θ)χi, Akji, akji ∈ C,

D2(ψ1 + ψ2) =

N∑
y=1

48∑
z=1

6∑
x=0

Ayzxrayzx−3Gy(θ)χx, Ayzx, ayzx ∈ C,

Ayzx = [(ayzx − 1)(ayzx − 2)− y(y + 1)]Ayzx, T1 =
∑
i

Air
zi ,

(B.39)

where each of the above series contains the full solution of ψ1 + ψ2, summed for all

amplitudes and modes N = 2m+ 1, where m is the larger of the two modes . In addition

the operator D2 has also been applied resulting in the modified coefficient A. Amplitude

coefficients are now contained in the array χ, which contains terms at both orders O(ε)

and (ε2)

χi = [A,B, Ȧ, Ḃ,A2,AB,B2], (B.40)

and the structure of each of the above solution arrays is as follows

N∑
y=1

48∑
j=1

6∑
i=0

Akjir
akji−1 = r−1

(
A1→6r

a1→6+1︸ ︷︷ ︸
linear solution ψ1

+ Ah7→12r
ah7→12+1︸ ︷︷ ︸

homogeneous solution ψ2

+ Aih13→48r
aih13→48︸ ︷︷ ︸

inhomogeneous solution ψ2

)
,

(B.41)

This convention is used as it combines expressions into a single array facilitating ease of

manipulation. Collecting terms only of order O(ε3) one obtains

ψ3f = −µRacr
−3
{
Af`(r)G`(θ)+Bfm(r)Gm(θ)

}
+Pr−1

({
Ȧ(τ2)G`D

2F`+Ḃ(τ2)GmD
2Fm

}
+Jψ()

)
,

(B.42)

the dependence on τ2 exclusively arising from the coefficinets proportional to τ1 all being
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zero. where the Jacobian term expressed explicity is (summations are omitted for brevity):

Jψ() =
∑

k,j,i,y,z,x

r−7

{
− χiχx

(
k(k + 1)Akjir

akjiPk

)(
[ayzx − 5]AyzxrayzxGy

)
+

χxχi

([
y(y + 1)Py +

2 cos θGy

sin2 θ

]
Ayzxrayzx

)(
[akji − 1]Akjir

akjiGk

)}
, (B.43)

terms are gathered to obtain radial functions

F1(r) =
∑

Akji[ayzx − 5]Ayzxrakji+ayzx−7 =
∑

A1kji,yzxr
a1kji,yzx ,

F2(r) =
∑
Ayzx[akji − 1]Akjir

ayzx+akji−7 =
∑

A2kji,yzxr
a2kji,yzx ,

(B.44)

corresponding expressions for polar θ terms are gathered to yield (where η = n−1, & α =

1.5)

βn1 =
η!(η + α)[Γ(α)]2

π2(1−2α)Γ(η + 2α)

∫ π

0

{
− k(k + 1)PkGy

} Gn
sin θ

dθ,

βn2 =
η!(η + α)[Γ(α)]2

π2(1−2α)Γ(η + 2α)

∫ π

0

{
[y(y + 1)Py +

2 cos θGy

sin2 θ
]Gk
} Gn

sin θ
dθ,

(B.45)

when integrated symbolically the process may be accelerated by noting that when (k +

y)%2 = 0 and n%2! = 0 the coefficent is apriori known to be zero. Combining these terms

one obtains

Jψ() =
∑

k,j,i,y,z,x

χiχx

{
βn1A1kji,yzxr

a1kji,yzx + βn2A2kji,yzxr
a2kji,yzx

}
Gn(θ), (B.46)

where simplification in terms amplitudes AB2,A2B,A3,B3 are then obtained by evalu-

ating products of the following vectors χiχx.

AȦ = χi[0]χx[2] + χi[2]χx[0]
(
. . .
)

BȦ = χi[1]χx[2] + χi[2]χx[1]
(
. . .
)

AḂ = χi[0]χx[3] + χi[3]χx[0]
(
. . .
)

BḂ = χi[1]χx[3] + χi[3]χx[1]
(
. . .
)

A2B = χi[4]χx[1] + χi[1]χx[4] + χi[0]χx[5] + χi[5]χx[0]
(
. . .
)

AB2 = χi[6]χx[0] + χi[0]χx[6] + χi[1]χx[5] + χi[5]χx[1]
(
. . .
)

A3 = χi[0]χx[4] + χi[4]χx[0]
(
. . .
)
, B3 = χi[1]χx[6] + χi[6]χx[1]

(
. . .
)

(B.47)
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The right hand side of the temperature equation termed T3f is

T3f =
1

r sin θ

∂(ψ1 + ψ2, (T1 + T2)r−1)

∂(θ, r)
+
∂T1

∂τ2
+
∂T2

∂τ1
, (B.48)

where as previously outlined additional terms, not O(ε3) are also present, but the expres-

sion is chosen for brevity of expression. Inserting ψ1, ψ2 & T1, T2 subject to the following

index convention

ψ1 + ψ2 =

N∑
k=1

48∑
j=1

6∑
i=0

Akjir
akji−1Gk(θ)χi, Akji, akji ∈ C,

(T1 + T2)r−1 =

N∑
y=1

48∑
z=1

6∑
x=0

Byzxr
ayzx−3Py(cos θ)χx, Byzx, ayzx ∈ C,

(B.49)

and the structure of each of the temperature solution is as follows

N∑
k=0

48∑
j=1

5∑
i=0

Bkjir
akji−3 = r−3

(
B1→6r

a1→6+1︸ ︷︷ ︸
linear solution T1

+ Bh7→12r
ah7→12+1︸ ︷︷ ︸

homogeneous solution T2

+ Bih13→48r
aih13→48︸ ︷︷ ︸

inhomogeneous solution T2

)
,

(B.50)

explicit expressions for ψ1, T1, ψ2, T2 are substituted and after simplification we obtain

T3f = Ȧ(τ2)f`(r)P`(cos θ) + Ḃ(τ2)fm(r)Pm(cos θ) + J(. . .), (B.51)

where the jacobian term expanded is

JT () =
∑

k,j,i,y,z,x

{(
− k(k + 1)Akjir

akji−2Pkχi

)(
[ayzx − 3]Byzxr

ayzx−4Pyχx

)

−
(

Gy

sin2 θ
Byzxr

ayzx−4χx

)(
[akji − 1]Akjir

akji−2Gkχi

)}
. (B.52)

Expressing in terms of radial and polar functions

G1(r) =
∑

Akji[ayzx − 3]Byzxr
akji+ayzx−6 =

∑
B1kji,yzxr

a1kji,yzx ,

G2(r) =
∑

Byzx[akji − 1]Akjir
ayzx+akji−6 =

∑
B2kji,yzxr

b2kji,yzx ,
(B.53)
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with inner products for the polar terms are defined

αn1 =
2n+ 1

2

∫ π

0

{
− k(k + 1)PkPy

}
Pn sin θdθ,

αn2 =
2n+ 1

2

∫ π

0

{−GyGk
sin2 θ

}
Pn sin θdθ,

(B.54)

where it must be noted that the len(αn1 ) > len(αn2 ) due to the presence of T ∼ f(r)P0(cos θ)

being admissable, such that associated terms as for example

1

r sin θ

∂ψ

∂θ

∂T/r

∂r
, (B.55)

are non-zero. The jacobian term may then be concisely expressed in terms of the following

series

JT () =
∑

k,j,i,y,z,x

χiχx

{
αn1B1kji,yzxr

a1kji,yzx + αn2B2kji,yzxr
a2kji,yzx

}
Pn(cos θ), (B.56)

collecting terms corresponding to all amplitudes one may write the vector F3 = [ψ3f , T3f ]T

as

ψ3f = −µRacr
−3
{
AG`H` + BGmHm

}
+ Pr−1

({
ȦD2F`G` + ḂD2FmGm

}
+ Jψ(. . .)

)
,

T3f = ȦP`H` + ḂPmHm + JT (. . .),

(B.57)

to account for the variation at the outer boundary however an additional term must be

added to each equation. The modified boundary conditions at O(ε3) are

b.c′s ψ3(r, θ, t) = 0, ψ′3(r, θ, t) = 0, T3(r, θ, t) = 0 at r = 1,

b.c′s ψ3(r, θ, t) + δψ′1(r, θ, t) = 0, ψ′3(r, θ, t) + δψ′′1 (r, θ, t) = 0, δT ′1(r, θ, t) + T3(r, θ, t) = 0 at r = 1 + d,

(B.58)

where it may be noted that ψ1, T1 are proportional to amplitudes A(τ2) & B(τ2) only,

and the inhomogeneos diffusion problem to be solved is

Lφ3 = −δLφ1 + F3. (B.59)
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C
Axisymmetric

finite-difference code

In this formulation we express the full equations as

Pr−1

(
∂ξ

∂t
− J (ψ, ξ)−N1(Ω,Ω)

)
= −Ra g(r)r

∂T

∂θ
sin θ +D2ξ, (C.1a)

∂T

∂t
+ J(ψ, T ) = ∇2T, (C.1b)

∂Ω

∂t
+ J(ψ,Ω) = PrD2Ω, (C.1c)

ξ = −D2ψ, (C.1d)

where

J(f, g) =
1

r2 sin θ

∂(f, g)

∂(θ, r)
, J (f, g) = sin θ

∂(f, g/(r2 sin2 θ))

∂(θ, r)
, (C.2)

and

N1(f, g) =
2f

r2 sin θ

(
cot θ

∂g

∂r
− 1

r

∂g

∂θ

)
. (C.3)

Defining the indices i, j to be the location of the ith ∈ [0, Nr] radial and jth ∈ [0, Nθ]

polar grid-point, we use second order finite differences in both spatial directions. The

time discretisation uses Crank-Nicoloson and forward Euler schemes for the linear and

nonlinear terms respectively. Denoting the value at the current time-step by superscript
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ξn and at the next step by ξn+1, all interior grid points are updated according to

Pr−1

(
ξn+1
i,j − ξni,j

∆t
−J (ψni,j , ξ

n
i,j)−N1(Ωni,j ,Ω

n
i,j)

)
= −Ra g(ri)ri

∂Ti,j
∂θ

sin θj+
1

2
(D2ξn+1

i,j +D2ξni,j),

(C.4a)
Tn+1
i,j − Tni,j

∆t
+ J(ψni,j , T

n
i,j) =

1

2
(∇2Tn+1

i,j +∇2Tni,j), (C.4b)

Ωn+1
i,j − Ωni,j

∆t
+ J(ψni,j ,Ω

n
i,j) =

Pr

2
(D2Ωn+1

i,j +D2Ωni,j), (C.4c)

and the stream-function is updated by inverting the Poisson equation

ξn+1
i,j = −D2ψn+1

i,j . (C.5)

The discretised linear operators ∇2, D2 have a sparse penta-diagonal structure. They are

thus stored as sparse matrices and operated with using sparse linear algebra routines. At

the sphere’s boundaries we enforce that the grid points

T0,j = 1, TNr,j = 0,

Ω0,j = PrRe1 sin θ2
j , ΩNr,j = PrRe2 sin θ2

j ,
(C.6)

for each time-step. We must we must enforce the Dirichlet and Neumann boundary con-

ditions ψ = ψ′ = 0 at the sphere’s boundaries. The Dirichlet boundary condition is

implemented in solving (C.5), while the Neumann boundary condition is applied to solve

for

ξ = −∂
2ψ

∂r2
, at r = 1, 1 + d. (C.7)

Using a forward difference approximation into the domain at each boundary gives

ξ0,j = −2ψ1,j

∆r2
, ξNr,j = −2ψNr−1,j

∆r2
. (C.8)

Numerical stability is enforced by satisfying, the CFL condition and r-diffusion number at

each time-step

CFL =

( |ur|∆t
∆r

+
|uθ|∆t
r∆θ

)
≤ 1,

P r∆t

∆r2
≤ 1/2,

P r∆t

(r∆θ)2
≤ 1/2.

(C.9)
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C.1 Code validation

Code validation is performed by demonstrating that the numerical approximation conver-

gences with second order error to the true solution. Evaluating solutions for different grid

sizes Nr ×Nθ, we assume that the error of the numerical approximation compared with a

true solution behaves as

ε = |ψanal − ψnum| u A∆t+B∆r2 + C∆θ2, (C.10)

where

|ψanal − ψnum| =
(Nr×Nθ∑

i

(ψianal − ψinum)p
)1/p

, (C.11)

A∆t+B∆r2 + C∆θ2 =

(Nr×Nθ∑
i

(Ai∆t+Bi∆r
2 + Ci∆θ

2)p
)1/p

, (C.12)

defines the Lp norm such that ε represents the sum of the error at all grid points. In

convergence tests we set ∆r u ∆θ such that

ε = |ψanal − ψnum| u A∆t+ (B + C)∆r2 ≡ A∆t+ B̂∆r2. (C.13)

To ensure that the temporal error is comparable between runs for different grid sizes, we

adjust ∆t such that r = Pr∆t/(∆r2) remains constant. By obtaining two error measures

for different grid sizes we can evaluate the unknown exponent γ in the relation

ε = |ψanal − ψnum| u A∆t+ B̂∆rγ . (C.14)

Assuming the temporal error A∆t remains constant between different runs, each denoted

by the subscripts 1, 2, one make take the logarithm of (C.14) giving

ln(ε1) u ln(A∆t) + γ ln(B̂1∆r1), ln(ε2) u ln(A∆t) + γ ln(B̂2∆r2). (C.15)

Combining these expressions yields an estimation of the exponent

γ u ln(ε1/ε2)/ ln(B̂1∆r1/B̂2∆r2). (C.16)

To evaluate its anticipated value, we assume the constants Ai, Bi are independent of their

grid-points such that
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(Nr×Nθ∑
i

(Aiδt+Biδr
2)p
)1/p

u
(

∆r−2(Aδt+Bδr2)p
)1/p

u const∆r−2 +B∆r
−2+2p
p ,

(C.17)

which depending on the chosen norm gives the following convergence rates

L1 γ u 0, L2 γ u 1, L∞ γ u 2. (C.18)

In the absence of an analytical solution to (C.1), we define the following functions

ψ(r, θ) = sin(k(r1 − r)) sin(k(r2 − r)) sin θ
∂P`(cos θ)

∂θ
,

T (r, θ) = cos(k/2(r1 − r)),
Ω(r, θ) = (ãr2 + b̃/r) sin2 θ,

ξ(r, θ) = D2
`ψ(r, θ), where k = π/(d),

(C.19)

to satisfy the boundary conditions exactly. When substituted into (C.1) however, a remain-

der term is obtained. This remainder is determined analytically and added as a forcing

to (C.1), such that (C.19) become exact solutions. A caveat of this validation method, is

that (C.19) may be unstable, such that a time dependent code will not converge.

Setting the annulus width d = 0.3 and choosing Pr = 1, Ra = 1, Re = 1, the following

grid-sizes and time-steps are chosen.

Test Nr Nθ ∆t

1) 5 54 1e-05
2) 10 105
3) 20 209
4) 30 314
5) 35 366

Table C.1: Set of grid-sizes chosen for code validation. The value of Nθ is adjusted such
that ∆r u ∆θ in each test.

Figures C.1, C.2 demonstrate the convergence rates anticipated by (C.18) for each field

variable.
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Figure C.1: Both the vorticity ξ and temperature field T converge to their true solution as
the grid-size Nr is increased. This is also reflected in their exponents shown in the upper
right corners. In this figure m, dr are used in place of γ,∆r.
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Figure C.2: Both the specific angular momentum Ω and stream function fields ψ converge
to their true solution as the grid-size Nr is increased. This is also reflected in their expo-
nents shown in the upper right corners. In this figure m, dr are used in place of γ,∆r.
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D
Axisymmetric spectral code

To calculate equilibrium states X0 and eigenvectors X ′ a spectral method is used. The

solutions θ dependency is expanded in terms of Legendre P`(cos θ) for T and Gegenbauer

polynomials G`(θ) for ψ,Ω up to degree Nθ, thus satisfying the symmetry conditions at

θ = 0, π exactly. To treat the solutions radial dependency a Chebyshev psuedo-spectral

method and finite-difference stencil are outlined.

The state vector is defined as

X =

ψT
Ω

 =

Nθ∑
`=0

 ψ`(r, t)G`(θ)

T`(r, t)P`(cos θ)

Ω`(r, t)G`(θ)

 , (D.1)

such that X contains 3×Nθ ×Nr elements. The projection onto this basis, requires that

we define the following normalization conditions. Representing nonlinear products of the

polynomials as an arbitrary function f(θ), we may express series of Legendre polynomials

as

f(θ) =

Nθ∑
`=0

α`P`(cos θ), α` =
2`+ 1

2

∫ π

0

f(θ)P`(cos θ) sin θ dθ (D.2)

and equivalently Gegenbauer polynomials as

G`(θ) = − sin2 θC
(α=3/2)
`−1 (cos θ) = sin θ

d

dθ
P`(cos θ) (D.3a)

124



f(θ) =

Nθ∑
`=0

β`G`(θ), β` = C̃(`)

∫ π

0

G`(θ)f(θ)

sin θ
dθ (D.3b)

where C̃(`) is a normalising constant given by

C̃(`) =
η!(η + α)[Γ(α)]2

π2(1−2α)Γ(η + 2α)
, where η = `− 1, α = 1.5, (D.4)

and Γ is the gamma function. Substituting the state vector into the full equations and

projecting onto a finite sum of Nθ basis functions we obtain the Galerkin projection of the

full equations given by

M∂X

∂t
= N (X,X) + LX + F . (D.5)

where the components of the vector X are now

X =



ψ`=0(r, t)

T`=0(r, t)

Ω`=0(r, t)
...

ψ`=Nθ (r, t)

T`=Nθ (r, t)

Ω`=Nθ (r, t)


. (D.6)

The corresponding matrix operator M is now given by

M =


M`=0 · · · 0

...
. . .

...

0 · · · MNθ

 , where M` =

D2
` 0 0

0 I 0

0 0 I

 , (D.7)

and similarly the right-hand side matrix L is given by

L =


L`=0,m=0 · · · 0

...
. . .

...

0 · · · LNθNθ

 , where L`m =

 PrD2
`D

2
` PrRa g(r) Re1 PrNΨΩ(Ω0)`m

`(`+ 1)
T ′0(r)
r2 ∇2

` 0

Re1 PrNΩ(Ω0)`m 0 PrD2
`

 ,

(D.8)

where the terms NΨΩ(Ω0)`, NΩ(Ω0)` arise from the interaction with the base state

Ω0(r, θ) and are outlined subsequent sections. Notably these terms will populate off-
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diagonal entries in L. The forcing vector F is given by

F`=2 = Pr2

(
−2ãb̃

r2
−2b̃2

r5

)
G`=2(θ), ã = −Re2(1 + d)−Re1

(1 + d)3 − 1
, b̃ = − (1 + d)[Re1(1 + d)2 −Re2]

(1 + d)3 − 1
,

(D.9)

where ã, b̃ are as per (2.19). We first outline the use of finite differences and subsequently

the Chebyshev collocation methods to treat the radial dependency.

D.1 Finite difference method

D.1.1 Linear terms

Using a stencil of Nr equispaced grid-points we obtain the representation

X =


X`=0

...

X`=Nθ

 , where X` =
(
ψi=1
` . . . ψi=Nr−2

` T i=1
` . . . T i=Nr−2

` Ωi=1
` . . .Ωi=Nr−2

`

)T
,

(D.10)

and each superscript i corresponds to the location of a radial grid point, with ri=0 = 1 rep-

resenting the shell’s inner boundary. The finite difference representation of the boundary

conditions is given by

ψ0
` = ψNr−1

` = 0,

dψ0
`

dr
= 0,

dψNr−1
`

dr
= 0,

T 0
` = TNr−1

` = 0,

Ω0
` = ΩNr−1

` = 0.

(D.11)

In defining (D.35) we have omitted the grid points i = 0, i = Nr − 1 to enforce the

Dirichlet boundary conditions at the annulus boundaries. Specifying each of the operators

in this manner also helps to avoid the calculation of spurious eigenvalues when conducting

stability analysis. As can be seen in (D.12), specifying ψi = 0 or ψNr−1 = 0 would imply

that any λi is a solution of
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
1 · · · · · · · · · 0( −2

∆r2 −
l(l+1)
r2i=1

)
1

∆r2 0 · · · 0

...
. . .

. . .
. . .

...

0 · · · · · · · · · 1




ψi=0
`

ψi=1
`
...

ψi=Nr−1
`

 =


0
...
...

0

λiI. (D.12)

The second order matrix operators D2
` , ∇2

` are given by

D2
`ψ` =

∂2ψ`
∂r2

− `(`+ 1)

r2
ψ`,

∇2
`ψ` =

∂2ψ`
∂r2

+
2

r

∂ψ`
∂r
− `(`+ 1)

r2
ψ`,

(D.13)

and their discretization in matrix form by

D2
` =



( −2
∆r2 −

l(l+1)
r2i=1

)
1

∆r2 0 · · · 0
1

∆r2

( −2
∆r2 −

l(l+1)
r2i=2

)
1

∆r2 · · · 0

...
. . .

. . .
. . .

...

0 · · · 1
∆r2

( −2
∆r2 −

l(l+1)
r2i=Nr−3

)
1

∆r2

0 · · · 0 1
∆r2

( −2
∆r2 −

l(l+1)
r2i=Nr−2

)


,

(D.14)

,

∇2
` =



( −2
∆r2 −

l(l+1)
r2i=1

) (
1

∆r2 + 1
ri=1∆r

)
0 · · · 0(

1
∆r2 − 1

ri=2∆r

) ( −2
∆r2 −

l(l+1)
r2i=2

) (
1

∆r2 + 1
ri=2∆r

)
· · · 0

...
. . .

. . .
. . .

...

0 · · ·
(

1
∆r2 − 1

ri=Nr−3∆r

) ( −2
∆r2 −

l(l+1)
r2i=Nr−3

) (
1

∆r2 + 1
ri=Nr−3∆r

)
0 · · · 0

(
1

∆r2 − 1
ri=Nr−2∆r

) ( −2
∆r2 −

l(l+1)
r2i=Nr−2

)


.

(D.15)

In addition to the Dirichlet boundary condition the Neumann boundary condition on ψ

must also be enforced in the discretizations of D2
`D

2
` and D3

` , operators which arise in the

vorticity equation. These are given by
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D3
`ψ` =

∂3ψ`
∂r3

− 2

r

∂2ψ`
∂r2

− `(`+ 1)

r2

∂ψ`
∂r

+
4`(`+ 1)

r3
ψ`,

D2
`D

2
`ψ` =

∂4ψ`
∂r4

− 2`(`+ 1)

r2

∂2ψ`
∂r2

+
4`(`+ 1)

r3

∂ψ`
∂r

+

(
[`(`+ 1)]2 − 6`(`+ 1)

)
r4

ψ`.

(D.16)

The matrix operator D3
` is given by the stencil

D3
`ψ

i
` = aψi−2

` + bψi−1
` + cψi` + dψi+1

` + eψi+2
` (D.17)

where the coefficients are given by

a = − 1

2∆r3
, b =

`(`+ 1)

r2
i 2∆r

− 2

ri∆r2
+

1

∆r3
, c =

4`(`+ 1)

r3
i

+
4

ri∆r2
, d = −`(`+ 1)

r2
i 2∆r

− 2

ri∆r2
− 1

∆r3
, e =

1

2∆r3
.

(D.18)

Similarly the matrix operator D2
`D

2
` is given by the stencil

D2
`D

2
`ψ

i
` = aψi−2

` + bψi−1
` + cψi` + dψi+1

` + eψi+2
` (D.19)

with corresponding coefficients

a = e =
1

∆r4
, b =

−4

∆r4
− 2l(l + 1)

r2
i∆r

2
− 2l(l + 1)

r3
i∆r

c =
6

∆r4
+

4l(l + 1)

r2
i∆r

2
− l(l + 1)

(
6− l(l + 1)

)
r4
i

, d =
−4

∆r4
− 2l(l + 1)

r2
i∆r

2
+

2l(l + 1)

r3
i∆r

.

(D.20)

In addition to applying the Dirichlet boundary conditions as previous, the derivatives

must vanish at the boundaries. This is achieved by introducing ghost nodes ψ−1
` , ψNr`

and setting the derivative as approximated by central difference to be zero as follows.

The ghost nodes allow the function to be made symmetric at the boundary forcing the

derivative to be zero as follows

dψ0

dr
=
ψ−1
` − ψ1

`

2∆r
= 0,

dψNr−1

dr
=
ψNr−2
` − ψNr`

2∆r
= 0, (D.21)

For both operators this yields a matrix of the form
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

(c+ a) d e 0 0 · · · 0

b c d e 0 · · · 0

a b c d e · · · 0
...

. . .
. . .

. . . · · ·
...

0 · · · a b c d e

0 0 · · · a b c d

0 · · · 0 0 a b (c+ e)


. (D.22)

D.1.2 Non-linear terms

The quadratic nonlinearity N (X,X) is treated by writing it as an linear operator N (X)

acting on a vector X ′. This procedure is chosen as it allows the resulting linear matrix

to be used for time-stepping, linear stability and steady state solving routines. In state

space representation this yields

N (X)X ′ =

Nθ∑
`=0

N (X)`mX
′
m, (D.23)

where the matrix N (X)`m is defined by

N (X)`m =


N00 · · · N0Nθ

...
. . .

...

0 · · · NNθNθ

 , where N`m =

NΨ(ψ`)`m 0 NΨΩ(Ω`)`m

0 NT (ψ`)`m 0

0 0 NΩ(ψ`)`m

 .

(D.24)

The submatrices contained each of dimension (Nr − 2×Nr − 2) are given by

NΨ(ψ`) =

[
aψ(`,m)

r2

][
ψ`

][
D3
m

]
+

[
bψ(`,m)

2∆r r2

][
Dψ`

][
D2
m

]
,

NΨΩ(Ω`) =

[
aψΩ(`,m)

2∆r r2

][
Ω`

][
D
]

+

[
bψ(`,m)

r3

][
Ω`

]
,

NT (ψ`) =

[
aT (`,m)

2∆r r2

][
ψ`

][
D
]

+

[
bT (`,m)

2∆r r2

][
Dψ`

]
,

NΩ(ψ`) =

[
aΩ(`,m)

2∆r r2

][
ψ`

][
D
]

+

[
bΩ(`,m)

2∆r r2

][
Dψ`

]
,

(D.25)

where D3
` , D

2
` are given by (D.22), (D.14), the differentitaion matrix D is given by
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D =


0 1 · · · · · · 0

−1 0 1 · · · 0

0
. . .

. . .
. . . 0

0 0 0 −1 0

 , (D.26)

and the coefficients depending on indicies `,m are given by the integrals (D.49), (D.50),

(D.51). Similarly the matrix corresponding to N (X ′,X) is defined by

N (X ′,X) =

Nθ∑
m=0

N (X)m`X
′
`, (D.27)

with matrix entries given by

N (X)m` =


Nm` · · · N0Nθ

...
. . .

...

0 · · · NNθNθ

 , where Nm` =

NΨ(ψm)m` 0 NΨΩ(Ωm)m`

NT (Tm)m` 0 0

NΩ(Ωm)m` 0 0

 .

(D.28)

The submatrices contained each of dimension (Nr − 2×Nr − 2) are given by

NΨ(ψm) =

[
aψ(`,m)

r2

][
D3
mψm

]
+

[
bψ(`,m)

2∆r r2

][
D2
mψm

][
D
]
,

NΨΩ(Ωm) =

[
aψΩ(`,m)

2∆r r2

][
DΩm

]
+

[
bψ(`,m)

r3

][
Ωm

]
,

NT (ψm) =

[
aT (`,m)

2∆r r2

][
DTm

]
+

[
bT (`,m)

2∆r r2

][
Tm

][
D
]
,

NΩ(ψm) =

[
aΩ(`,m)

2∆r r2

][
DΩm

]
+

[
bΩ(`,m)

2∆r r2

][
Ωm

][
D
]
,

(D.29)

and the coefficients depending on indices `,m are given by the integrals (D.49), (D.50),

(D.51). Distinct from operatorsM,L, the operator N is dense as the block matrices N`m

are present at almost all (`,m) indices, for solutions lacking equatorial symmetry. This

arises from the expression of nonlinear products in θ as a linear superposition of modes

when projecting onto a basis of Legendre or Gegenbauer polynomials.
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D.2 Pseudo-spectral method

The Chebyshev points are defined by

xj = cos(jπ/N), j = 0, 1, .., N, (D.30)

and the mapping form the interval [−1, 1] to [ri, ro] is given by

rj =
ro + ri

2
+
ro − ri

2
xj . (D.31)

In contrast to the equidistant finite difference grid, these collocation points cluster near the

sphere’s boundaries as required. Using these points we now solve for the values of a grid

function f evaluated at these collocation points. Following Trefethen (2000) we introduce

the unique polynomial p(rj) of degree ≤ N with fj = p(rj), 0 ≤ j ≤ N . Provided that all

rj are distinct, the unique interpolant of degree N is defined by

pj(x) =
1

aj

N∏
k=0,k 6=j

(x− xk), aj(x) =
1

aj

N∏
k=0,k 6=j

(xj − xk). (D.32)

To obtain the differentiation matrix D we take the logarithm of (D.32) and differentiate

to obtain

p′j(x) = pj(x)

N∑
k=0,k 6=j

(x− xk)−1. (D.33)

Using this relation the entries of D are defined

Dij =
ai

aj(xi − xj)
, Dij =

N∑
k=0,k 6=j

(xi − xj)−1 (D.34)

Higher derivatives of order ν are obtained by taking powers ofD. An alternative method for

computing the derivatives of a grid function makes use of fast Fourier transform (Trefethen

2000). The numerical complexity of this method scales as O(N logN) and is preferable

for large vectors.
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D.2.1 Linear terms

As in the previous section, we treat all θ dependent terms using a Galerkin projection

to yield a system of Nθ coupled ODEs each denoted by a subscript `. The resulting

ODE system is then discretized using a Chebyshev-collocation method. Denoting the grid

functions ψj` , T
j
` ,Ω

j
` represented at N collocation points, the corresponding state vector is

given by

X =


X`=0

...

X`=Nθ

 , where X` =
(
ψj=1
` . . . ψj=N−1

` T j=1
` . . . T j=N−1

` Ωj=1
` . . .Ωj=N−1

`

)T
.

(D.35)

Choosing an eigenbasis of the governing equations the Galerkin projection automatically

enforces the boundary conditions in θ, while in the radial direction we must implement

the Dirichlet and Neumann boundary conditions

dψ`
dr

= ψ` = T` = Ω` = 0, forr = ri, ro. (D.36)

The Dirichlet boundary conditions are enforced by omitting the collocation points j =

0, j = Nr − 1, such that we only solve for the interior points defined as per (D.35). When

implemented for the second order linear operators this yields

∇2
` = D2 + diag

( 2

rj

)
D − diag

(`(`+ 1)

r2
j

)
,

D2
` = D2 − diag

(`(`+ 1)

r2
j

)
,

(D.37)

where j = 1, . . . , Nr−1 and D ∈ DNr−1×Nr−1. Both the Neumann and Dirichlet boundary

conditions must be enforced on the higher order operators appearing in the fourth order

vorticity equation given by (D.16). To implement these conditions we redefine our grid

function using the relation

f(r) = (r2 + br + c)q(r), b = −(ri + ro), c = riro, (D.38)

a polynomial of degree ≤ N + 2 which satisfies f(r) = f ′(r) = 0 at r = ri, ro. Taking four

differentiations we obtain
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f ′(r) = (2r + b)q(r) + (r2 + br + c)q′(r),

f ′′(r) = 2q(r) + 2(2r + b)q′(r) + (r2 + br + c)q′′(r),

f ′′′(r) = 6q′(r) + 3(2r + b)q′′(r) + (r2 + br + c)q′′′(r),

f ′′′′(r) = 12q′′(r) + 4(2r + b)q′′′(r) + (r2 + br + c)q′′′′(r).

(D.39)

To implement the spectral differentiation in matrix form we define q to be the unique

polynomial of degree ≤ N with f(ri) = f(ro) = 0 and q(rj) = vj/(r
2
j + brj + c) for the

interior points j = 1, ..., Nr− 1. In terms of matrices, we represent the derivative of order

qν(r) by Dν and omit the first and last rows and columns of Dν to enforce the Dirichlet

boundary conditions. For the third and fourth order derivatives we obtain

D̃3 ≡ ∂3ψ`
∂r3

=

[
6D + 3(2rj + b)D2 + (r2

j + brj + c)D3

]
× diag

(
1

(r2
j + brj + c)

)
,

D̃4 ≡ ∂4ψ`
∂r4

=

[
12D2 + 4(2rj + b)D3 + (r2

j + brj + c)D4

]
× diag

(
1

(r2
j + brj + c)

)
,

(D.40)

where j = 1, .., Nr− 1 and D ∈ DNr−1×Nr−1. Substituting these relations into (D.16), we

obtain these operators in matrix form

D3
` = D̃3 − diag

( 2

rj

)
D2 − diag

(`(`+ 1)

r2
j

)
D + diag

(4`(`+ 1)

r3
j

), (D.41)

D2
`D

2
`ψ` = D̃4 − diag

(2`(`+ 1)

r2
j

)
D2 + diag

(4`(`+ 1)

r3
j

)
D+ diag

(([`(`+ 1)]2 − 6`(`+ 1)
)

r4
j

)
.

(D.42)

D.2.2 Non-linear terms

The quadratic nonlinearity N (X,X) is treated by writing it as an linear operator N (X)

acting on an unknown vector X ′. This procedure is chosen as it allows the resulting linear

matrix to be use for time-stepping, linear stability and steady state solving routines. In

state space representation this yields

N (X)X ′ =

Nθ∑
`=0

N (X)`mX
′
m, (D.43)
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where the matrix N (X)`m is defined by

N (X)`m =


N00 · · · N0Nθ

...
. . .

...

0 · · · NNθNθ

 , where N`m =

NΨ(ψ`)`m 0 NΨΩ(Ω`)`m

0 NT (ψ`)`m 0

0 0 NΩ(ψ`)`m

 .

(D.44)

The submatrices contained each of dimension (Nr − 1×Nr − 1) are given by

NΨ(ψ`) =

[
aψ(`,m)

r2

][
ψ`

][
D3
m

]
+

[
bψ(`,m)

r2

][
Dψ`

][
D2
m

]
,

NΨΩ(Ω`) =

[
aψΩ(`,m)

r2

][
Ω`

][
D
]

+

[
bψ(`,m)

r3

][
Ω`

]
,

NT (ψ`) =

[
aT (`,m)

r2

][
ψ`

][
D
]

+

[
bT (`,m)

r2

][
Dψ`

]
,

NΩ(ψ`) =

[
aΩ(`,m)

r2

][
ψ`

][
D
]

+

[
bΩ(`,m)

r2

][
Dψ`

]
,

(D.45)

where D3
` , D

2
` are given by (D.37), (D.41) and the coefficients depending on indicies `,m

are given by the integrals (D.49), (D.50), (D.51). Similarly the matrix corresponding to

N (X ′,X) is defined by

N (X ′,X) =

Nθ∑
m=0

N (X)m`X
′
`, (D.46)

with matrix entries given by

N (X)m` =


Nm` · · · N0Nθ

...
. . .

...

0 · · · NNθNθ

 , where Nm` =

NΨ(ψm)m` 0 NΨΩ(Ωm)m`

NT (Tm)m` 0 0

NΩ(Ωm)m` 0 0

 .

(D.47)

The sub-matrices contained each of dimension (Nr − 1×Nr − 1) are given by
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NΨ(ψm) =

[
aψ(`,m)

r2

][
D3
mψm

]
+

[
bψ(`,m)

r2

][
D2
mψm

][
D
]
,

NΨΩ(Ωm) =

[
aψΩ(`,m)

r2

][
DΩm

]
+

[
bψ(`,m)

r3

][
Ωm

]
,

NT (ψm) =

[
aT (`,m)

r2

][
DTm

]
+

[
bT (`,m)

2r2

][
Tm

][
D
]
,

NΩ(ψm) =

[
aΩ(`,m)

r2

][
DΩm

]
+

[
bΩ(`,m)

r2

][
Ωm

][
D
]
,

(D.48)

and the coefficients depending on indices `,m are given by the integrals (D.49), (D.50),

(D.51). Distinct from operators M,L, the operator N is dense as the block matrices

N`m are present at almost all (`,m) indices. This arises from the expression of nonlinear

products in θ as a linear superposition of modes when projecting onto a basis of Legendre

or Gegenbauer polynomials.

D.3 Galerkin projection

The nonlinear terms involve products of θ dependent terms and require integrals for their

product to summation transform. These integrals depend on the order of the polynomials

(`,m) substituted and the order of the equation n. The integrals for terms arising in the

temperature equation are

aT (`,m, n) =
2n+ 1

2

∫ π

0

{
`(`+ 1)P`Pm

}
Pn sin θdθ,

bT (`,m, n) =
2n+ 1

2

∫ π

0

{
G`Gm

sin2 θ

}
Pn sin θdθ,

(D.49)

the specific angular momentum integrals are

aΩ(`,m, n) =
η!(η + α)[Γ(α)]2

π2(1−2α)Γ(η + 2α)

∫ π

0

{
`(`+ 1)P`Gm

} Gn
sin θ

dθ,

bΩ(`,m, n) =
η!(η + α)[Γ(α)]2

π2(1−2α)Γ(η + 2α)

∫ π

0

{
−m(m+ 1)PmG`

} Gn
sin θ

dθ,

(D.50)
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and the integrals for the vorticity equation are

aΨ(`,m, n) =
η!(η + α)[Γ(α)]2

π2(1−2α)Γ(η + 2α)

∫ π

0

{
`(`+ 1)P`Gm

} Gn
sin θ

dθ,

bΨ(`,m, n) =
η!(η + α)[Γ(α)]2

π2(1−2α)Γ(η + 2α)

∫ π

0

{
− [m(m+ 1)Pm +

2 cos θGm

sin2 θ
]G`
} Gn

sin θ
dθ,

aΨΩ(`,m, n) =
η!(η + α)[Γ(α)]2

π2(1−2α)Γ(η + 2α)

∫ π

0

−2
{ cos θ

sin2 θ
GmG`

} Gn
sin θ

dθ,

bΨΩ(`,m, n) =
η!(η + α)[Γ(α)]2

π2(1−2α)Γ(η + 2α)

∫ π

0

−2
{
m(m+ 1)PmG`

} Gn
sin θ

dθ,

(D.51)

where in each case (η = n − 1, & α = 1.5). All integrals are evaluated using Weigner-3j

notation, outlined in appendix E.

D.4 Validation of numerical code

We validate that the projection of the state vector X is correct, and that all matrices

are discretised correctly, that is to an O(∆r2) accuracy in space. Here we assume that a

sufficient number of orthogonal polynomials have been used in the solution representation.

This is ascertained by increasing Nθ until the solution norm ||X|| approaches machine

precision. Steady states are solved according to a Newton-Iteration scheme

F(Xn) +DF|Xn(Xn+1 −Xn) = 0. (D.52)

To demonstrate second order spatial convergence we solve for a known solution X̄ and

compare this with a numerical solution Xnum as the radial grid spacing ∆r = d/Nr is

varied. This task is facilitated by the following procedure. If correctly discretised the

numerical of a steady solution at each grid point is given by its difference from the true

solution

δi = |X̄i −Xi
num| u Ai∆r

2, (D.53)

where δi represents the absolute error at the ith radial grid point. For the sum of all grid

points this is defined by the Lp norm

δ =
( Nr∑
i=1

|X̄i −Xi
num|p

)1/p u ( Nr∑
i=1

Ai∆r
2p
)1/p u A∆r

−1+2p
p , (D.54)

where we have made use of the fact that N = d/∆r. We can therefore anticipate the
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following convergence rates to be

L1 → γ u 1, L2 → γ u 3/2, L∞ → γ u 2. (D.55)

To verify these relations we define an unknown exponent γ as

δi = |X̄i −Xi
num| u A∆rγ . (D.56)

Calculating the error for different values of ∆r we obtain estimates on γ. Considering two

different grid spacings ∆r1 and ∆r2, and taking the natural logarithm of (D.56) we obtain

ln(δ1) = γ ln(A∆r1), ln(δ2) = γ ln(A∆r2), (D.57)

whose difference of this expression yields the following expression for γ

γ u ln(δr1/δr2)/ ln(∆r1/∆r2). (D.58)

Following this procedure for multiple values of ∆r validates the converge of the numerical

solution to the true solution as ∆r → 0. In the absence of fully coupled analytical solutions

to (2.21), we prescribe an analytical solution satisfying the respective boundary conditions

X̄ =

sin( 2π
d (r1 − r)) sin( 2π

d (r2 − r)) sin θ∂θP3(cos θ)

sin( 2π
d (r1 − r)) sin( 2π

d (r2 − r))P3(cos θ)

sin( 2π
d (r1 − r)) sin( 2π

d (r2 − r)) sin θ∂θP3(cos θ)

 , (D.59)

and substituting this solution into the right hand side of (2.21) obtain an analytically

derived forcing vector G, which is added to the right hand side such that (D.59) becomes

a solution of the forced problem. Fixing the separation d = 1, the remaining parameter

values are chosen as Ra = 1, Re1 = 1, Re2 = −1. We then solve the solution error (D.56)

for Nr = {10, 20, 30, 40, 50, 60} and three values of Prandtl number Pr = {0.01, 1, 10}.

−4.5 −4.0 −3.5 −3.0 −2.5 −2.0
log dr

−12.5

−12.0

−11.5

−11.0

−10.5

−10.0

−9.5

lo
g
||X

nu
m
−

X
||

(a) Pr = 0.01

−4.5 −4.0 −3.5 −3.0 −2.5 −2.0
log dr

−12.5

−12.0

−11.5

−11.0

−10.5

−10.0

−9.5

lo
g
||X

nu
m
−

X
||

(b) Pr = 1

−4.5 −4.0 −3.5 −3.0 −2.5 −2.0
log dr

−12.5

−12.0

−11.5

−11.0

−10.5

−10.0

−9.5

lo
g
||X

nu
m
−

X
||

(c) Pr = 10

Figure D.1: Convergence of the steady-state solver to the known solution as measured using
the L2 norm. By decreasing the radial grid space dr the exponent γ → 1.5 as anticipated.
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E
3D stability numerical

solution method

The temperature terms simplify to yield

u′ · ∇T =
∂T

∂r

L2Φ′

r2
+

1

r2

∂T

∂θ

∂2Φ′

∂r∂θ
+

1

r2 sin θ

∂T

∂θ

∂Ψ′

∂ϕ
, (E.1)

u · ∇T ′ = N33(Φ,Ψ)T ′ =
L2Φ

r2

∂T ′

∂r
+

1

r2

∂2Φ

∂r∂θ

∂T ′

∂θ
− 1

r2 sin θ

∂Ψ

∂θ

∂T ′

∂ϕ
. (E.2)

These can be grouped as

N31(T )Ψ′ =
1

r2 sin θ

∂T

∂θ

∂Ψ′

∂ϕ
, (E.3)

N32(T )Φ′ =
L2Φ′

r2

∂T

∂r
+

1

r2

∂T

∂θ

∂2Φ′

∂r∂θ
, (E.4)

and substituting the series expansions (5.15), (5.16) one obtains

N31(T )Ψ′ = i

Nθ∑
p,l,n

w3(l, p, n,m)
mTp
r2

Ψ′lm, (E.5)
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N32(T )Φ′ =

Nθ∑
p,l,n

w1(l, p, n,m)
l(l + 1)

r2

∂Tp
∂r

Φ′lm + w2(l, p, n,m)
Tp
r2

∂Φ′lm
∂r

, (E.6)

for terms linearised about T , and similarly one obtains

N33(Φ,Ψ)T ′ =

Nθ∑
p,l,n

w1(l, p, n,m)
p(p+ 1)Φp

r2

∂T ′lm
∂r

+w2(l, p, n,m)
1

r2

∂Φp
∂r

T ′lm−imw3(l, p, n,m)
Ψp

r2
T ′lm,

(E.7)

for the terms linearised about Φ,Ψ. The θ dependent coefficients present in these terms

can be integrated exactly using Gaunt coefficients. This is achieved by use of the following

three integrals w1, w2, w3 which are functions of indices (l, p, n,m).

w1(l, p, n,m) =

∫ π

0

Pml Pp P
m
n sin θdθ,

w2(l, p, n,m) =

∫ π

0

∂Pml
∂θ

∂Pp
∂θ

Pmn sin θdθ,

w3(l, p, n,m) =

∫ π

0

Pml
sin θ

∂Pp
∂θ

Pmn sin θdθ.

(E.8)

The product to sum formula for obtaining coefficients of the associated Legendre polyno-

mials are given by

w1(l, p, n,m, q, s) =

∫ π

0

Pm` PpP
s
n sin θ dθ, where

∫ π

0

Pm` P
s
n sin θdθ =

2

2n+ 1

(n+ s)!

(n− s)!δn,`δm,s.
(E.9)

Using the following formula to evaluate products of associated Legendre polynomials

∫ π

0

Pm` P
q
pP

s
n sin θdθ = 2(−1)s

(
` p n

0 0 0

)(
` p n

m q −s

)√
(`+m)!

(`−m)!

(p+ q)!

(p− q)!
(n+ s)!

(n− s)! ,

(E.10)

one may write

w1(l, p, n,m, q, s) = (2n+1)(−1)s

(
` p n

0 0 0

)(
` p n

m q −s

)√
(`+m)!

(`−m)!

(p+ q)!

(p− q)!
(n− s)!
(n+ s)!

,

(E.11)

where the square of factorial terms is a consequence of the chosen normalization. To
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simplify the second integral

w2(l, p, n,m, q, s) =

∫ π

0

∂Pm`
∂θ

∂P qp
∂θ

P sn sin θ dθ, (E.12)

we expand its derivatives as follows∫ π

0

∂Pm`
∂θ

∂P qp
∂θ

P sn sin θ dθ =
1

4

∫ π

0

[
− (`+m)(`−m+ 1)Pm−1

` P q+1
p − (p+ q)(p− q + 1)Pm+1

` P q−1
p

]
P sn sin θdθ,

(E.13)

and using Gaunt’s formula one may write

w2(l, p, n,m, q, s) = (2n+ 1)(−1)s
(−(b+ c)

4

)√
(`+m)!

(`−m)!

(p+ q)!

(p− q)!
(n− s)!
(n+ s)!

, (E.14)

where

b =

(
` p n

0 0 0

)(
` p n

m− 1 q + 1 −s

)√
(`+m)(`−m+ 1)

√
(p− q)(p+ q + 1), (E.15)

c =

(
` p n

0 0 0

)(
` p n

m+ 1 q − 1 −s

)√
(p+ q)(p− q + 1)

√
(`−m)(`+m+ 1). (E.16)

To simplify the third integral

w3(l, p, n,m, q, s) =

∫ π

0

Pm`
sin θ

∂P qp
∂θ

P sn sin θ dθ =

∫ 1

−1

−∂P
q
p

∂x
Pm` P

s
n dx, (E.17)

we set q = 0 and use the identity

∂P q=0
p

∂x
=

(p4 − 2p3 − p2 + 2p)P−2
p−1 + P 2

p−1 + 2(p2 + p)Pp−1

4
. (E.18)

Substituting (E.18) into (E.17) and expanding its right hand side as follows we obtain

w3(l, p, n,m, q = 0, s) = −1

4

∫ π

0

[ (
p4 − 2 p3 − p2 + 2 p

)
P−2
p−1 + P 2

p−1 +
(
2 p2 + 2 p

)
Pp−1

]
Pml P

s
n sin θdθ,

(E.19)
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which is computed using Gaunt’s formula, such that one may write

w3(l, p, n,m, q = 0, s) = (2n+ 1)(−1)s
(−(a+ b+ c)

4

)√
(`+m)!

(`−m)!

(p+ q)!

(p− q)!
(n− s)!
(n+ s)!

,

(E.20)

where

a =

(
` p− 1 n

0 0 0

)(
` p− 1 n

m −2 −s

)(
p4 − 2 p3 − p2 + 2 p

)
,

b =

(
` p− 1 n

0 0 0

)(
` p− 1 n

m 2 −s

)
,

c =

(
` p− 1 n

0 0 0

)(
` p− 1 n

m 0 −s

)
2(p2 + p).

(E.21)

The toroidal terms maybe simplified to yield

N11(Ψ0)Ψ′ =

Nθ∑
l,n

iα1(l,m, n)
Ψ0(r)

r3
Ψ′lm,

N12(Ψ0)Φ′ =

Nθ∑
l,n

α2(l,m, n)

(
1

r3

∂Ψ0(r)

∂r

)
Φ′lm + α3(l,m, n)

Ψ0(r)

r3

∂Φ′lm
∂r

,

(E.22)

where

α1(l,m, n) = m(l2 + l − 2)δl,n,

α2(l,m, n) =
l(l + 1)(l + 2)(l −m+ 1)

(2l + 1)
δl+1,n −

l(l + 1)(l − 1)(l +m)

(2l + 1)
δl−1,n,

α3(l,m, n) = −2

(
l(l + 2)(l −m+ 1)

(2l + 1)

)
δl+1,n − 2

(
(l − 1)(l + 1)(l +m)

(2l + 1)

)
δl−1,n.

(E.23)

Similarly the poloidal terms simplify to yield

N21(Ψ0)Ψ′ =

Nθ∑
l,n

(
α3(l,m, n)

1

r3

∂Ψ0(r)

∂r
+β2(l,m, n)

Ψ0(r)

r4

)
Ψ′lm+α3(l,m, n)

Ψ0(r)

r3

∂Ψ′lm
∂r

,

(E.24)
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where

β2(l,m, n) = −2

(
(l + 1)(l − 1)2(l +m)

2l + 1

)
δl−1,n + 2

(
l(l + 2)2(l −m+ 1)

2l + 1

)
δl+1,n,

(E.25)

N22(Ψ0)Φ′ = i

Nθ∑
l,n

γ1

(
r2∂2

rΨ0(r)−2r∂rΨ0(r)+l(l+1)Ψ0(r)

)
Φ′lm
r5

+

(
r∂rΨ0(r)−2Ψ0(r)

)
γ3

r4

∂Φ′lm
∂r

+γ4
Ψ0(r)

r3

∂2Φ′lm
∂r2

,

(E.26)

γ1(l,m, n) = ml(l + 1) δl,n, ,

γ3(l,m, n) = 2mδl,n,

γ4(l,m, n) = −(l2 + l − 2)mδl,n.

(E.27)

In each case to simplify integrals with factors of xPml (x) appearing the following relation

is used

xPml (x) =
1

2l + 1

(
(l −m+ 1)Pml+1(x) + (l +m)Pml−1(x)

)
. (E.28)
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