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Transitions and bistability of thermal convection
between differentially rotating spherical shells

ABSTRACT

This thesis investigates the motion of heated fluid between two differentially
rotating spherical shells. Although the motion is simple for weak heating
and differential rotation, it transitions to more complicated states as both
increase. Heating a quiescent fluid from below gives rise to cellular convec-
tive motion as the temperature gradient becomes sufficiently steep. Typically
this transition increases heat transfer. Differentially rotating spherical shells
also generate a state of cellular motion, which in this case transports an-
gular momentum. When both effects are present, it is often assumed the
fluid chooses an optimal configuration which maximises the transfer of an-
gular momentum and heat. Depending on how the equilibrium is reached
however, this maximisation may not always be achieved, with two different
stable equilibria often found to co-exist for the same heating and rotation
strengths. We want to understand why the fluid motion in a spherical shell
is bistable, and how this scenario might arise. We find that bistability in the
non-rotating problem depends largely on the shell separation, and when dif-
ferential rotation is introduced, on the relative strength of heating to rotation.
In both cases the strength of thermal plume boundary layers appears to play
a key role. We find that for differentially rotating problem, the transition
between solutions can occur either due to the destabilisation of an equatorial
plume by buoyancy forces, or alternatively a polar plume by Ekman pump-
ing. Our results demonstrate that although bistability in this system cannot
be simply explained by the flow maximising its torque or heat transfer, the
polar and equatorial regions are of particular significance. As bistability is
a ubiquitous feature of many fluid systems, particularly those for which the

transport of heat and angular momentum is important, it’s hoped that this



Thesis advisor: Professor A.J. Mestel Paul M. Mannix

study can provide valuable insights and help towards the understanding of

such behaviour.
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INTRODUCTION

Motivated by the recent discovery that the icy moons of Jupiter and Saturn have subsur-
face oceans, this thesis investigates the motion of a rotating hot fluid between two spherical
shells with self-gravitation. The main question which we attempt to answer is: Why the
fluid motion in a spherical shell can have two different states for the same heating and
rotation rate? To motivate this question we first give a brief overview of the astrophysical
problem.

1.1 MOTIVATION FOR STUDYING A MODEL OF DIFFERENTIALLY ROTA-
TION CONVECTION IN A SPHERICAL SHELL

When considering the interior of a planet or satellite such as Earth or its moon, we
typically picture a hot inner core which radiates heat. We assume that this heat, along
with solar radiation prevents the planet from freezing over. Unlike Earth’s moon however,
many of Jupiter’s and Saturn’s moons are not internally heated, nor do they receive large
amounts of radiation from the sun. Yet, successive missions have found that these planets
have complex thermal behaviours (Nimmo & Pappalardo 2016). During the Galileo and
Voyager missions, Jupiter’s closest moon Io, was found to be extremely geologically active
(Peale et al. 1979, Peale 2003), while its largest moon Ganymede was found to have a low
moment of inertia suggesting the presence of multiple subsurface oceans (Schubert et al.
1981). Incidentally Ganymede also harbours a weak magnetic field (Saur et al. 2015),

the only moon to do so. More recently the Cassini mission observed the outer surface



of Saturn’s moon Enceladus oscillating, and during a subsequent flyby photographed and
sniffed the emission of hydrogen and ice-crystals from Enceladus’ south pole (Hansen et al.
2006, Spencer et al. 2006, Howett et al. 2011). Collectively these observations pose the
following puzzle: If these moons are not heated internally, and their thermal history does
not explain their current state, how is Io so geologically active? And how does Ganymede

and Enceladus maintain their subsurface oceans from freezing?

Groups of Jupiter’s and Saturn’s moons orbit their parent planet eccentrically, but unlike
Earth’s moon which has evolved to become tidally locked, these moons maintain their
eccentricity due to orbital resonances (Nimmo & Pappalardo 2016). As a consequence
they also experience tidal forces which vary throughout their orbit. These forces exert
stresses which result in plastic deformations of these moon’s solid interiors, a process that
dissipates energy, typically in the form of heat. The significance of this process was used
by Peale et al. (1979) to successfully explain the source of Io’s high degree of geological

activity.

This idea is however more challenging to apply and less significant in determining the cur-
rent state of Europa and Enceladus, as both moons have differentiated interiors consisting
of solid and liquid layers. A schematic of Enceladus’ proposed interior structure is shown
in frame (a) of figure 1.1. It is inevitable that stresses applied to the moon will exhibit
a different response within each layer, but as the layers couple with one-another their
non-linear interactions must also be accounted for. A simple energy balance for Ence-
ladus indicates however, that any heating due to tidal forces even when combined with
optimistic estimates of the internal heat production cannot balance the heat lost from its
outer shell (Tyler 2008).

The resolution of this puzzling behaviour, particularly in the case of Enceladus, appears
to rely on the fluid motion in its subsurface ocean (Tyler 2008). In addition to tidal forces
heating the moon’s solid interior, they also cause its outer ice shell to oscillate back and
forth (also termed libration) driving fluid motion in the oceans (cf. frame (a) of figure
1.1). Experiments and theoretical studies of libration driven flows in spherical shells, show
that even when weakly forced, these flows become turbulent (Noir et al. 2009, 2012). It is
suggested the fluid motion within these subsurface oceans is so vigorous that it dissipates
energy, and that when accounted for, this energy dissipation may help balance the energy
losses from the moon’s surface (Tyler 2008, Wilson & Kerswell 2018).

To apply this idea however, requires an understanding of the ocean’s general behaviour
and how energy dissipation within the ocean depends on external forcing such as the
libration amplitude or the core’s radial heat flux. Experimentally, the measurement of
energy dissipation is an extremely challenging task (Noir et al. 2012), as are numerical
simulations due to the large range of relevant length-scales demanding resolution (Wilson
& Kerswell 2018). In addition these investigations have not considered thermal effects, as

to do so requires a zero gravity environment. While this is easily achieved in numerical
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(a) Proposed interior structure for Saturn's (b) Rapidly rotating convection between hot
moon Enceladus (Spencer et al. 2009). and cold spheres (Read 2009).

Figure 1.1: The moons of Saturn and Jupiter are believed to have subsurface oceans which
lie beneath an icy outer shell. This is indicated for Saturn’s moon Enceladus in frame (a).
Plastic deformations cause some tidal heating in the moon’s solid interior, while the outer
ice shell rotates differentially to the core driving fluid motion. An interesting feature of this
moon is that it emits vapour plumes from its south pole. (b) Convective heat transfer di-
rected radially outwards is indicated by white arrows. The tendency of rotation to stabilise
fluid motion by arranging it in concentric layers is shown in red.

experiments, it demands yet higher resolution.

An additional complication which arises in studying these systems is that there are often
two or more equally favourable equilibria, such that only the system’s history can deter-
mine its preferred state (figure 1.2). Although this behaviour is difficult to observe, it is
believed to be of importance in the convective zone of stars where differential rotation is
present Gastine et al. (2013). This phenomenon is also demonstrated in laboratory exper-
iments of the turbulent flow between two rotating spheres allowing for differential rotation
(Zimmerman et al. 2011), and in experiments of the turbulent flow in a cylindrical con-
tainer, driven by counter rotating discs at its ends (Ravelet et al. 2004). Notably in each
case, the fluid does not necessarily choose the state which minimises the driving torque
required (cf. frame (b) of figure 1.2). Similarly in experiments of turbulent convection,
where the mean circulation of convection cells abruptly switches direction (Sreenivasan
et al. 2002), or in numerical experiments of geostrophic turbulence where the transition
to a state with a different number of vortices occurs (Favier et al. 2019), bistability is
also observed.

While the mechanisms leading to bistability are often well understood in simpler models
governed by a small number of ordinary differential equations (ODEs), it is more compli-
cated for partial differential equations (PDEs), particularly those which model fluid flows
due to their high dimensionality, and yet more complex for turbulent flows which are ulti-
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Figure 1.2: Varying a control parameter, the systems in frames (a) and (b) transition be-
tween different equilibrium states upon reaching bifurcation points indicated by black cir-
cles. A parameter window exists for which these states are also bistable, such that only the
history of the system determines the state it chooses. (a) As AT is varied in a model of
convection, the convective heat transfer of each state can be simultaneously low or high.
(b) Experiments of rapidly co-rotating spheres allowing for the inner sphere to rotate faster
showed that the system does not evolve to minimise the torque (Zimmerman et al. 2011).

mately of the most relevance (Shtern & Hussain 1999, Simitev & Busse 2009). All scenarios
are however extremely challenging to understand in the case of a non-autonomous system
(Langa et al. 2002), where the system parameters or other effects such as the rotation
rate (Noir et al. 2012) depend on time. The decrease in Ganymede’s orbital eccentricity,
which is linked to a reduction in the moon’s tidal heating (Showman & Malhotra 1997)
constitutes an example of this behaviour. We believe that it is crucial for many physical
systems to try and understand the origin of bistability, and in the context of astrophysics
particularly for those in which the transport of heat and angular momentum is important.
Before outlining the approach undertaken in this thesis, the relevant physical processes

are first described.



1.2 DESCRIPTION OF THE PHYSICAL PROCESSES CONSIDERED IN THIS
MODEL

In a spherical shell geometry we consider differential rotation and thermal convection as
shown in figure 1.3, where the fluid motion arising from these effects is also indicated. We
allow the inner and outer spheres to rotate differentially wy # ws as shown in frame (a),
and for thermal convection by keeping the inner sphere hotter than the outer (77 —73) > 0
as per frames (b),(c). Unless otherwise stated we assume a viscous fluid of low thermal
diffusivity such that the Prandtl number Pr = v/k > 1, where v is the kinematic viscosity
and  the thermal diffusivity. This implies that thermal convection will be more significant
than conduction, and that the velocity field will dictate the temperature field except in
regions where thermal gradients are sufficiently large so that thermal diffusion can act.

This regime is chosen on the basis that seawater has Pr > 10.

0

a) Couette flow b) Even Convection c¢) Odd Convection

Figure 1.3: Schematic of the anticipated fluid-flow in a spherical annulus due to differential
rotation (shear) or a destabilising thermal gradient (buoyancy). (a) Inner sphere rotation
establishes a cellular pattern of fluid motion, originating from the need to transport high
angular momentum fluid outwards at the equator, where the sphere’s velocity is greatest.
(b),(c) Thermal convection can establish even or odd cellular patterns depending on the
annulus width. These cells transport lighter hot fluid outwards and draw cooler fluid inwards.

In frame (a) of figure 1.3, the flow configuration also referred to as spherical Couette
flow is shown. Differential rotation of the spheres (w; # ws) shears the flow imparting
angular momentum to the fluid. As the annular domain is closed the fluid is forced to
recirculate so that for small rotation rates, as characterised by the inner sphere Reynolds

number Re; = wir?/v, the resulting imbalance generates a large scale flow containing



2-cells. These cells tend to localise about the equator where the velocity is greatest. A
radial inflow or outflow is established at the equator in the direction of decreasing angular
momentum. In frame (a) this is an equatorial outflow as wy > wy. Provided the separation
between is d = (ro — r1)/r1 < 0.335, 2-cells occupy the annulus (Junk & Egbers 2000).

In frames (b),(c) of figure 1.3 the behaviour of thermal convection is shown schematically.
When the temperature gradient across the annulus as characterised by the Rayleigh num-
ber Ra (the ratio of buoyancy to viscous forces) becomes sufficiently steep a cellular flow
succeeds the conductive state. In this convecting state hotter fluid with a lower density
rises while colder heavier fluid sinks under the action of gravity. Theoretically, this be-
havioural tendency was first outlined by Rayleigh (1916) who demonstrated that a fluid
layer heated from below becomes unstable to 2D rolls with a definite horizontal wave-
number. Similarly in a spherical shell, a different number of cells will occupy the annulus
depending on the separation d between the spheres. This is shown schematically in frames
(b) and (c) of figures 1.3 where an even 2-cell and odd 3-cell flow are depicted. Distinct
from spherical Couette-flow, thermal convection can establish either an equatorial inflow
or outflow. In addition, the cellular convecting state arises from a thermal instability while

in spherical Couette-flow it is present for all Re; # 0.

It was indicated in frame (b) of figure 1.1, that astrophysical studies of rotating convection
focus on the case of rapid co-rotation where the dominant physical balances are between
the Coriolis and buoyancy forces. In this regime rotation tends to stabilise the flow such
that it arranges itself in concentric layers of fluid known as Taylor columns (Proudman
& Lamb 1916). Typically one takes into account these leading order effects first, and
subsequently higher order effects such as differential rotation are considered. Although
we allow for the possibility of both spheres rapidly co-rotating with differential rotation
imposed, which is the most relevant configuration for the moons of Jupiter and Saturn
(Wilson & Kerswell 2018), we do not consider this case. Instead we keep the outer sphere

stationary throughout this thesis and rotate the inner sphere only (w; # 0,ws = 0).

This configuration is chosen with the purpose of understanding, how the flow facilitates
the transport of angular momentum and heat, as the strength of the temperature gradient
Ra and differential rotation Re; increase. According to the Rayleigh criterion (Taylor
1923) rotating the inner sphere (or counter rotating the spheres) presents the least stable
configuration. Therefore we anticipate that the flow is more likely to transition to a more
complicated state for smaller Ra, Re; when Res; = 0. It is also argued by Zimmerman
et al. (2011) that bistability is associated with the breakdown or resilience of zonal flows
such as jets and plumes. These flow features are easily accessible in the configuration
considered. In addition many studies have focused on case of rapid rotation (Zhang &
Liao 2017) but few have looked at the problem when only one of the spheres is rotated.
This makes it possible to demonstrate new findings that are hopefully of general relevance.

Finally from a numerical point of view, to study rapidly rotation convection allowing for



differential rotation is a numerically challenging task (Heimpel & Aurnou 2012).

In addition to rapid rotation, we omit numerous other potentially relevant physical effects.
It is possible that the moon’s subsurface oceans are saline (Spencer et al. 2006), have a
temperature dependent viscosity (Travnikov et al. 2017) or that the ice shell has a varying
topography (Rovira-Navarro et al. 2019). The model we investigate is nevertheless still
highly complex, and the approach we adopt therefore is to consider its simplest aspects

first, and subsequently increase its complexity.

1.3 PREVIOUS WORK ON THERMAL CONVECTION AND DIFFERENTIALLY
ROTATING SPHERICAL SHELLS

Motivated by convective processes in the Earth’s mantle and the pattern forming nature
of the problem, thermal convection in a spherical shell has received considerable atten-
tion. Similarly the spherical Couette problem which is closely related to the flow between
cylinders (Taylor Couette-flow) has a long history of both experimental and numerical

investigation. The combined problem however has comparatively few previous studies.

THERMAL CONVECTION IN A SPHERICAL SHELL

The linearised stability of thermal convection in a spherical shell was first considered by
Chandrasekhar (1961) and in a more complete manner by Joseph & Carmi (1966) using an
energy method. Both identified the stability threshold for convective motion and remarked
upon the significance of the purely conductive thermal base state and functional form of
gravity chosen. However neither work made evident the Prandtl number dependence,
nor addressed the 2¢ + 1 fold degeneracy of the linear problem to establish the preferred
solution at onset. Throughout this thesis we define £, m to be the degree and order of the

spherical harmonic Y.

Ignoring the radial structure, Busse (1975) and Busse & Riahi (1982) tackled the problem
of degenerate mode selection, revealing the potential for numerous patterns or solutions.
Applying bifurcation theory and group theoretical methods, Chossat (1978) performed a
detailed analysis of the non-rotating and slowly rotating problem, focusing in particular
on the spectral properties of the linearised governing equations. Evoking these results he
described the possible solutions for a single, even spherical harmonic Y,;”,, and identified
stable axisymmetric solutions which bifurcate supercritically. Approaching the problem in
a similar manner Friedrich & Haken (1986) studied the interaction of modes ¢ = 1,2 near
onset to identify concretely the presence of complicated time-dependent behaviour. The
most recent work in this direction has been undertaken by Matthews (2003), who consid-

ered the existence and stability of patterns of even ¢ on a sphere’s surface, indicating a
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preference for icosahedral patterns. While Beltrame & Chossat (2015) who were concerned
primarily with the configuration of the GeoFlow experimental apparatus (Futterer et al.
2010), applied a centre manifold reduction to derive a reduced order model for the set of

spherical harmonics of degrees ¢ = 3, 4.

Young (1974) conducted the first numerical study of 3D spherical convection including az-
imuthal dependence using a Galerkin projection, but was restricted to hemispheres. With
limited computational resources he focused on particular cases, but nonetheless demon-
strated a strong dependence on the Prandtl number, shell separation and initial conditions
chosen. Notably he found stable time-periodic solutions for particular parameter values.
The majority of subsequent studies were motivated by the Earth’s core and therefore fo-
cused on in the infinite Prandtl number case. The axisymmetric problem and its stability
to 3D perturbations has been investigated by Zebib et al. (1980, 1983), while Bercovici
et al. (1989), King et al. (2010) studied the fully 3D case.

Recent numerical work is motivated by the GeoFlow experiment (Futterer et al. 2010),
a spherical fluid annulus in which gravity is modelled by a radial electrostatic potential.
Studies by Feudel et al. (2011) and Li et al. (2005) highlight the multiplicity of solutions
that can be obtained in this system, while Travnikov et al. (2017) studied the influence
of variable viscosity on the cellular pattern selected near the onset of convective motions.
In addition he provided a comparison of results obtained numerically, with those of the

GeoFlow experiment.

The most recent and comprehensive numerical work is that of Gastine et al. (2015), which
considered Ra up to 10°. For fixed Pr = 1, they considered a variety of gravity models and
shell separations to determine their effect on the asymmetry between the inner and outer
boundary layers. They demonstrated that in wide shells the boundary layer asymmetry
is largest, but that it reduces with the separation. The scaling dependence on Ra of the
convective heat transfer Nu and convective Reynolds number, which differ from other

geometries were also computed.

Additional reviews of thermal convection in planar geometries are given by Gettling (1998),
(Bodenschatz et al. 2000) for low Prandtl numbers and (Moore & Weiss 1973) for larger
Prandtl numbers.

SPHERICAL COUETTE-FLOW

Following initial analytical studies by Munson & Joseph (1971a,b), the problem was inves-
tigated experimentally by Wimmer (1976, 1981), who identified the possibility of solutions
with 2 (as per frame (a) of figure 1.3), 4 and 6 cells. By identifying two of these equilibria
for the same parameter values, the study confirmed that the governing system of equations
has non-unique solutions. Critically, the work also emphasised the combined importance



of initial conditions and accelerations (recipes) to correctly approach different solutions.
Later experimental work which focused on the transition between flows, also reported that

the equilibria could be equatorially asymmetric (Biihler 1990).

The sequence of possible states adopted as Re; increases, and the transitions which occur
between these states was investigated numerically by Marcus & Tuckerman (1987a,b) for
d = 0.18. Using numerical continuation Mamun & Tuckerman (1995) also confirmed the
experimental findings of (Biihler 1990) numerically, and outlined the sequence of bifurca-

tions by which an equatorially asymmetric state originates.

Considering wider shell separations it was established by (Junk & Egbers 2000) that for
d > 0.335, only the 2-cell flow persists as Re; is increased. Computing the stability of
the axisymmetric state to non-axisymmetric disturbances for various d, Hollerbach et al.

(2006) demonstrated the narrow gap case remains axisymmetric for a larger range of Re;
and subsequently transitions directly to a turbulent state. In contrast, for wider gaps
the 2-cell state transitions to a 3D state with azimuthally travelling waves for lower Req,

which in turn transitions to a turbulent state.

Although we do not consider the effect of weak differential rotation in a rapidly co-rotating
system, it is also worth mentioning the behaviour anticipated in this configuration. This
problem has been investigated theoretically by Proudman (1956), who showed that outside
the inner sphere’s tangent cylinder Taylor columns persist, and that cellular motions are
typically confined to higher latitudes within the inner sphere’s tangent cylinder. These
regions are typically separated by a free shear layer also termed the Stewartson layer. The
stability of this layer has been considered numerically by Hollerbach et al. (2006) and
more recently in experiments by Hoff & Harlander (2019).

THERMAL CONVECTION WITH DIFFERENTIAL ROTATION IN A SPHERICAL
SHELL

Four works have studied the composite effects of differential rotation and thermal con-
vection in spheres. The studies of Yanase et al. (1995) and Araki et al. (1996) allow
for rotation of the inner sphere with fixed Pr = 7 and separation d = 0.45. Assuming
the system is azimuthally axisymmetric and by (restrictively) enforcing equatorial sym-
metry they consider even solutions only. Numerically solving for steady state solutions
Yanase et al. (1995) identified multiple solution branches for the same parameter values,
while Araki et al. (1996) associated the imperfect pitchfork bifurcation encountered with
the asymmetry introduced by differential rotation. Loukopoulos (2004) also studied the
axisymmetric system numerically, but allowed for equatorial asymmetry in contrast to
Yanase et al. (1995) and Araki et al. (1996). Varying Ra, while keeping Pr = 1,d = 0.18

and Re;p fixed, asymmetric solutions and the transitions towards a solution state with a



progressively larger number of Taylor vortices was reported.

Recently Inagaki et al. (2019) considered the fully 3D problem with fixed Pr = 1 and
the separation d = 1. Numerically they showed that for small Re;, the Ra at which
the onset of 3D convection occurs increases with Re;, while for large Re; & 500 it is
reduced. In addition they showed that increasing Re; for fixed Ra, the flow transitions to
a non-axisymmetric state, but that the resulting transition does not necessarily increase
the torque or heat transfer. Their (Req, Ra) stability diagram (although constructed in an
imprecise fashion) indicates that the axisymmetric 2-cell solution is preferred for a large

range of parameter space.

1.4 OUTLINE AND APPROACH TAKEN IN THIS THESIS

This thesis is structured as follows. In chapter 2 we start by outlining our assumptions
and the equations governing the 3D flow. Making the additional assumption of azimuthal
axisymmetry, we also outline their axisymmetric formulation, the case on which we focus
predominantly in this thesis. Rather than proceeding to study the combined effect of
thermal convection and differential rotation, we first study the convection problem in
chapter 3. Having developed an understanding for this aspect of the problem, we then
introduce differential rotation in chapter 4. Finally in chapter 5 non-axisymmetric effects
are considered. Throughout this thesis linear and weakly nonlinear theory are used in
tandem with numerical methods to inform and help understand the physical mechanisms

responsible for transitions between solution states, such as those outlined in figure 1.2.

THERMAL CONVECTION PROBLEM

To this end we begin by studying the linear convection problem in section 3.1 for which
the eigenfunctions are found analytically and the dependence of the Rayleigh number Ra
on the separation d is outlined. By solving the linear problem, we also indicate how
the number of convection cells depends on the shell separation d, and that for certain
critical points or values of d and Ra two cellular patterns can simultaneously become
unstable. Using the sensitivity of these points to parameter changes, we employ weakly
nonlinear theory in section 3.2 to derive a set of ODEs which describe the amplitude
of each convection pattern. This allows us to study the simplest non-linearity possible,
involving only two coupled modes and serves to demonstrate how the geometry influences

the dynamics and possible solutions of this thermal convection problem.

In section 3.3 the parameter dependent coefficients which arise in these ODEs are deter-
mined. Numerical continuation is then used to outline the possible solutions of these ODEs

including the presence of bistable solutions. The analytical predictions made using these

10



equations are then verified against those predicted by DNS in section 3.4, where we also
relate the structure of the ODEs to the time dependent behaviour computed using DNS.
Guided by the ODE model, we then use numerical continuation to study the behaviour
of convection at large Ra in section 3.5. Focusing in particular on how the heat transfer
and stability of different bistable solutions compares. We numerically demonstrate the
relevance of thermal boundary layers, at both the sphere walls and poles in determining

the preferred solution.

THERMAL CONVECTION PROBLEM WITH DIFFERENTIAL ROTATION

In section 4.1 we present the solutions of the full problem. Firstly when there is only rota-
tion and subsequently when their is only thermal convection. This serves to demonstrate
the similarity of the spatial solutions for each problem at small Re;, Ra (as illustrated
schematically in figure 1.3). Weakly nonlinear theory is then used to obtain a variation
of the ODEs derived in chapter 3. In turn the solutions of these ODEs are used to pro-
vide a starting point for numerical continuation. In section 4.2 we demonstrate how the
transition to convection is modified by rotation, and how the Prandtl number determines
whether the transition from an even to an odd number of cells (cf. figure 1.3) exhibits

hysteresis.

Using the transitions points or bifurcation points identified in this small parameter regime
we then perform 2-parameter continuation in section 4.3. This allows us to efficiently
outline all possible solutions in Re;, Ra space and to understand the physical mechanisms
underlying the transition between solutions states akin to those depicted in figure 1.2.
By using the eigenfunctions and solutions computed exactly at these bifurcation points,
we demonstrate that the solution favoured by strong rotation is destabilised by a distur-
bance localised at the equator, and similarly that the solution favoured by strong thermal

convection is destabilised by a disturbance localised at poles.

3D STABILITY OF AXISYMMETRIC SOLUTIONS

To validate our restriction to axisymmetry in chapters 3,4 we then compute the stability
of axisymmetric states to non-axisymmetric disturbances. In section 5.1 we show that
although axisymmetric solutions of the thermal convection problem are unstable for small
Ra, they are stable for moderate Ra. In section 5.2 it is shown that allowing for weak dif-
ferential rotation, an axisymmetric solution of the thermal convection problem, although
unstable for Re; = 0 is stabilised as Re; increases.

Finally in chapter 6 we conclude by summarising the main results of this thesis and outline
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possible directions for future work.

PUBLICATIONS
The content of chapter 3 is largely based on the following publication:

Mannix P. & Mestel J. (2019) Weakly nonlinear mode interaction in spherical Rayleigh-
Bénard convection, Journal of Fluid Mechanics, Vol 874, DOI: https://doi.org/10.1017/jfm.2019.440
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MATHEMATICAL MODEL

In this section we outline the assumptions and derive the system of equations describing
the physical model considered in this thesis. Subsequently we outline the model geometry,

boundary conditions and non-dimensional parameters.

2.1 GENERAL EQUATIONS OF MOTION

Denoting the position vector by r and time by ¢, the variables u = u(r,t), p = p(r,t),p =
p(r,t) are the fluid velocity, density and pressure respectively and V is the gradient op-
erator. The motion of a weakly-compressible Newtonian fluid in a stationary frame of
reference is described by

Du 1 rg 2
— =——Vp+ —=+1vV-u 2.1a
Dt Po P Po (2.12)

DT 5

- T 2.1b
Dt VT (2.1b)
V-u=0, (2.1c)
p=pp,T), (2.1d)

where constants v, k are the kinematic viscosity and thermal diffusivity respectively. The
terms on the right hand side of (2.1a) starting with Vp account for non-local hydrostatic
forces, pg gravitational forces and vV2u non-conservative frictional forces. The material
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derivative given by

D 0

— 4t u-V 2.2
Dt ot ’ (22)
accounts for the rate of change that a fluid element experiences as it is moves with the
flow. The partial derivative /0t is the rate of change at a fixed point in space, while the
term w - V describes advection and accounts for accelerations due to spatial gradients in
the flow.

We allow the fluid to be weakly-compressible by adopting the Boussinesq approximation,
which assumes that density variations are of significance only in the buoyancy forces.
Assuming that a judiciously chosen thermodynamic equilibrium (typically an average over
the fluid layer depth) denoted by subscript zero exists, and that the density varies linearly
about this thermodynamic equilibrium, (2.1d) is expanded to yield

p = po+ (Orp)odT + (9pp)odp + O(5T?, 6p?). (2.3)

Assuming that temperature fluctuations 67" are small, and that |u| is much smaller than
the speed of sound that pressure fluctuations dp can also be neglected. Taking the thermal

expansion to be a constant 5 we can write

p = po(1+ B0T). (2.4)

This assumption remains valid provided the quantity | BéT | and temperature gradients over
the fluid layer remain small (Gough 1969). Its validity in the context of astrophysical fluid
dynamics where magnetic buoyancy may also be of significance is discussed by (Spiegel &
Weiss 1982).

In all subsequent sections in thesis we will assume equations (2.1) hold and consider these
only. It is noted however that our assumption of a Newtonian fluid applies only when v
does not depend on strain, as distinct from viscoelastic fluids such as cornstarch or ice
where v is typically a nonlinear function of strain. In addition while (2.1c) applies in
all scenarios where the effect of acoustic motions is small, and variations in density due
to temperature are small. The relation (2.1d) applies only for fluids of a single species
and requires modification for multi-species fluids such as saline oceans and thermohaline
convection in stars (Turner 1974). We now proceed by outlining the system geometry and

boundary conditions for this model.
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2.2 THERMALLY CONVECTIVE SPHERICAL COUETTE FLOW

A
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Figure 2.1: The fluid domain is a closed annular region between two concentric spheres, of
radii 71, ro. Each sphere maintains a constant surface temperature T3, T5, rotating with an
angular velocities wy, wo respectively and gravity g acts radially inward. The inner core has
a density p. and the fluid annulus py.

As shown in figure 2.1, we consider convection in a spherical annulus of separation ro —ry
allowing for differential rotation of the spheres’ w; # ws. Constant temperatures 17, To

are prescribed at the spheres’ boundaries, with difference AT =T; — Ts > 0.

We assume a Boussinesq fluid with density p; that varies linearly with temperature fluc-

tuations according to the relation

p=psl+B(To(r) = T(r,0,1))], (2.5)

where the thermal expansion coefficient 3 is small and Ty (r) is the conductive base state.
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The spherically symmetric gravity field is expressed as

i1 Py
g = —gog(r)r = —go[(1 - 77)73 + nE]T, n= (2.6)

where gravity is normalised such that at the inner sphere surface g(r;) = 1, and go is
the acceleration due to gravity on the inner sphere’s surface. Throughout this thesis we
consider the case n = 0, corresponding to an inner core density much greater than that of
the outer fluid. The motivation for this choice is outlined in chapter 3.

Choosing the length scale 1, thermal diffusion time scale r?/x and AT as the temperature

scale, non-dimensionally equations (2.1) may be written

1 (Du 9
Pr (Dt + Vp) = Rag(r)rT + V-u, (2.7a)
T
%—t+u-VT:V2T, V. -u=0, (2.7b)

where p contains pressure and gradient like terms. In addition we specify no-slip boundary
conditions for u and assume perfectly conducting spherical shells for T" at the spheres’

walls.

u(r =1,0,¢) = ReyPrsinf @, wu(r=1+4d,0,9) = ReaPrsinfep,

(2.8)
T(r=10,p)=1, T(r=1+4d,0,¢)=0.
For reference, it is convenient to define the following parameters
Pr =v/k Prandtl Number
.3
Ra = gogf* Rayleigh Number
d = 2-n Annulus Width (2.9)
Rey, = ‘*’17;% Inner Reynolds Number
Re, = war} Outer Reynolds Number

2.2.1 AXISYMMETRIC FORMULATION
Throughout this thesis we concentrate primarily on the axisymmetric system which is now

outlined. While this reduced system assumes that all longitudinal variations 9/d¢ = 0,

we do not however discount the possibility of 3D motions. The approach we adopt rather
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is to solve for axisymmetric solutions of (2.7) and subsequently compute their stability to
3D perturbations. In this manner we verify if a given axisymmetric solution represents a
stable 3D state.

The motivation for this approach is twofold. Firstly on physical grounds, experiments show
that spherical Couette flow is axisymmetric for moderate inner sphere Reynolds numbers
Rey # 0, Reg = 0 (?Hollerbach et al. 2006). While spherical shell convection is typically
3D for Pr < 1, in the limit Pr — oo numerical computations show that axisymmetric
solutions are stable for wide separations d > 0.5 (Zebib et al. 1980, 1983). Secondly in
the interest of simplicity, the axisymmetric case is easier to treat both analytically and
numerically, and represents an appropriate starting point from which valuable insights can
be obtained.

The axisymmetric flow w is described by a stream-function ¢ (r,6,t) and specific angular

momentum Q(r, 0, t)

WV (0.0 )4 ( 9) ):< 1 oy -1 9y Q

y Yy . . Aan . a R 2 ].0
"rsin6 rsiné r2sinf 90’ rsin6 Or rsm@)’ (2.10)
for which the vorticity vector w can be expressed as

1 o0 -1 0Q — D2 here D27i2+sin92 1 9
72sinf 00 rsinf Or rsnf ) o T Or2 r2 90 \sin696 )’
(2.11)

wau(

Substituting (2.10) into (2.7) we obtain the following system, for which the flow is com-

pletely described by its azimuthal vorticity w,, temperature 1" and specific angular mo-

mentum §2
2
agt”’ + T, ) + N1 (Q,Q) = Pr <Rag(r)r‘3:g sin 6 + D2D21/)), (2.12a)
%—f + J(,T) = VT, (2.12b)
% + J(,Q) = PrD*Q, (2.12¢)
vhere 1 (f.9) O(f, D/ (1 sin? 0))
_ N . ,D=g/(r*sin
and 2f dg 10g
Ni(f,9) = (cotb5" =~ =5)- (2.14)

r2sin 6
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In this framework the no-slip and perfect conductor boundary conditions become

U(r,0) =1,.(r,0) =0, forr=11+d
T(1,0)=1, T(1+d,0) =0, (2.15)
Q(1,0) = Rey Prsin®0, Q(1 +d,0) = Rey Prsin?6.

In addition the following symmetry conditions must be enforced at the symmetry axis
P(r,0) = Q(r,0) = Tp(r,0) =0, for 6=0,n, (2.16)

By choosing the polar basis functions to be the Legendre Py(cos®) polynomials for T'
and the Gegenbauer polynomials G¢(0) = sin 89y Py(cos 8) for 1,2, these conditions are

naturally enforced.

2.2.2 BASE STATES

In the model system we consider (2.12), fluid motion can be maintained either by a suf-
ficiently large thermal gradient when Ra > Ra., the threshold at which the thermal
conduction states is destabilized and thermal convection ensues, or by differential rotation
(wall shear) for Req 2 # 0. These forcings correspond to the two solution regimes of (2.12)

whose base states we now outline.

When Re; = Res = 0 we obtain the thermal convection problem. In this case the
temperature equation admits the purely conductive base state Ty(r) which is obtained
by solving V2T = 0 with boundary conditions (2.15). This yields

dTO AT 1—|—d 1
L0 _TT =4 Bp, Ap=-—" Bp=_— 2.1
d’f‘ 7’27 0 T/T+ T, T 7d7 T ( 7)

implying that temperature gradients are greatest near the inner sphere’s surface.

For Ra = 0 and Re; < 1, Res < 1 equations (2.12) admit a Stokes solution Qq(r, ) which
is obtained by solving D% = 0 with boundary conditions (2.15) giving

b
Q = PrReiQy(r,0) + O(PrRe}) = PrRe; (ar* + ;)Gl(G) + O(PrRe3),

(2.18)
Y = PrRejg(r,0) + O(PrRe}) = PrRe}f(r)Ga(6) + O(PrRef),
where
_ (Rez/Rey(1+d)—1 - —(1+d)((14d)* — Rey/Re)
a_—< TTdr 1 ) b= T , (2.19)
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and f(r) is a known quintic polynomial (Munson & Joseph 1971b,a). Notably this basic
state is not a simple function of a single spatial variable but instead depends on both r
& . This leads to a cellular background flow v (r, 8) for all non-zero Rej, Res, excluding

the case of solid body rotation when w; = ws.

It is because this cellular flow always exists for non-zero rotation, rather than arising
from an instability that makes the analysis of this convection problem non-standard. The
expansion (2.18) in the small Re; regime has been shown by Munson & Joseph (1971b)
to accurately represent the non-linear solution of equation (2.12) for Ra = 0, Re; < 1. To

study (2.12) outside this regime however demands the use of numerical methods.

2.3 NUMERICAL METHODS

In this section the numerical methods used to solve for steady-states, time-evolution and
to determine the linear stability of a general 2D steady-state are outlined. We adopt the

vector notation

X=(vT Q)T (2.20)

to describe an axisymmetric state such that in matrix form the equations are

M% =F(X,u)=N(X,X)+LX +F, where p=(Pr,Ra,Re;,Res). (2.21)

The vector F' and matrix operator £ contain terms resulting from the transformation
O =(r,0,t), T=T(001t)+Ty(r), Q=Q(r0,t)+PrReQ(r0), (2.22)

used to enforce that in (2.21) X must satisfy homogeneous boundary conditions only
where the functions Ty, Qo are given by (2.17),(2.18). The 3 x 3 matrices M, L are linear

differential operators of the form

D? 0 0 PrD?D? PrRag(r)rsinf2  N(Q)
M=|0 T of, L= “haln) 5 V2 0 |. (223
0 0 1 L9 ) 0 Pr D2

" r2sinf 0(0,r)

and the vector F' is given by

+
F = 0 : (2.24)
0
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where @, b are as defined in (2.19), and the operator N (Qg) is given by

N(Q0)Q =

2Q) 0y 100 2Q0 o 100

r2sin 0 r2sin 0

The nonlinear term is given by the vector

2 r? sin?
—sin g ALGEE — s (cot0 32 — 143)
N(X,X) = — b e : (2.26)
1 9(,Q)

T r2sinf 9(0,r)

To solve (2.21) numerically we must use a discrete representation of the vector X and
define the associated differentiation matrices. We employ two different methods. A finite
difference stencil in both spatial directions (restricted to perform time-stepping only) which
is outlined in appendix C, and a Galerkin-Legendre projection in 6 combined with a
Chebyshev psuedo-spectral method in r which is outlined in appendix D. In addition
to satisfying the polar boundary conditions exactly, the spectral method is chosen on
the basis that wide shells (the case on which we will focus) tend to concentrate energy
amongst lower mode numbers thus reducing the necessary vector dimensions. Given that
the numerical complexity of computing non-linear terms scales as O(N?) for Galerkin
projection methods, where N is taken to be the vector dimension, it is unsuitable for
thin layers requiring even moderately large N. The convergence of each code’s discrete
representation as N increases is verified by computing numerical approximations of a
known solution, and where possible demonstrating that it also agrees with asymptotic
scaling relations. This is outlined in appendices C,D.

The motivation for developing two distinct codes stems from the restrictions associated
with finite difference methods, in particular their ability to accurately resolve the fine
scales which typically emerge in the near wall boundary layer regions (Trefethen 2000).
This is overcome by use of spectral methods, which concentrate resolution in the near
wall region(s) to circumvent this difficulty. While spectral methods are numerically more
intensive, they typically achieve better resolution to that of finite difference methods with
comparably lower storage. This property is particularly desirable for the numerical im-
plementation of continuation methods, where the dimension of augmented systems is typ-
ically multiples of the solution vector (Kuznetsov 2004). Nevertheless as finite difference
methods are relatively simple to implement, they provide a comparison for other codes
developed. In this thesis the results obtained by each code are compared so that should a

spurious solution arise from numerical artefacts it can be detected.

Using the discrete spectral formulation of (2.21) outlined in appendix D the following

routines are implemented.
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2.3.1 STEADY-STATE SOLVING

Steady-states are solved by Newton iteration, where Stokes preconditioning has been im-
plemented following Mamun & Tuckerman (1995) to accommodate the large range of

eigenvalues associated with the linear operator £. The solution is updated according to

F(X™") +DFxn (X" — X™) =0, (2.27)

where F and DF correspond to the right hand side of (2.21) and its linearisation both
multiplied by the pre-conditioner £~!. The solution of (2.27) which requires the inverse
of the Jacobian is obtained using an iterative matrix-free method.

2.3.2 LINEAR STABILITY

The linear stability of a steady state is determined by computing its leading eigenvalues
and eigenvectors. To identify the presence and/or proximity of a change in the solution,
we look for regions in the parameter space where the real part of the leading eigenvalue(s)
pass through zero. These transitions correspond to a bifurcation of the given state. The

steady state solution X and the perturbation denoted by prime are

T
X = Xo+eMX', where AeC, X' = (W T Q’) . (2.28)

It has been assumed that the unknown functions have an exponential time-dependence
such that a linear eigenvalue problem is obtained. It should be noted that the eigenvalues

of this problem only determine asymptotic stability.
IMX' =LX + N (X, X))+ N (X', Xo) =DF xo0 X'. (2.29)

As the linearised matrix operator DF xo given by 2.29 is generally non-normal, transient
growth is possible and must be considered (Schmid 2007, Trefethen 2000). Eigenvalues
A are determined by solving the generalized eigenvalue problem using a LAPACK based

routine.

2.3.3 TIME-STEPPING

Time-stepping is carried out using an O(At?) Adams-Bashforth scheme for nonlinear terms

and a Crank-Nicolson algorithm for linear terms.
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XnJrl - X" 1 n n n—1 n—1 1 n+1 n
M= =5 SN(X™, X™) - N(X™ 1 X h +§L‘(X +X")+F. (2.30)

This scheme is chosen for its low computational and storage costs as compared with
alternative schemes that are O(At?) accurate. When solving for time dependent states,
the time step is typically set to be a sufficiently small fraction of the oscillation period
and is reduced to ensure the persistence of observed behaviour. Further conditions for the

numerical stability of time-stepping with finite-difference are outlined in appendices C.

2.3.4 PSEUDO ARC-LENGTH CONTINUATION

To follow different steady solution branches and investigate their parameter dependence

we wish to solve the system
F(X,u) =0, where p € [Pr,Ra,Rey,Res], (2.31)

and X is the solution vector. Typically, we want to vary a single parameter p while
leaving all remaining parameters fixed. While Newton’s method provides the steady state
solution, it relies on the Jacobian matrix DF x which becomes singular near turning
points. In order to follow solution branches around turning points we therefore use a
psuedo-arclength method outlined by Chan (1984). Rather than performing continuation
in u, a new parameter s which approximates the arc-length parameter is introduced and

we seek solutions of the augmented system.

(2.32)

where X and 2 denote derivatives with respect to s. Additionally, we impose the constraint
31X (s)|1 + (1= a)lia(s)* = 1, (2.33)

which approximates the arc-length condition. The second condition p(X (s), u(s),s) = 0,
requires that the point (X (s), u(s)) lies in a plane normal to the tangent. From the total
derivative we obtain

dF = DFx X + F i = 0. (2.34)

Writing & = f(D]-'X)fl.’F# and using constraint (2.33) we have

1

VI+O(EP - 1)
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where the sign of 4 may be changed to enable following a new branch. Using these
relations the continuation is performed by a combination of predictor and corrector steps.

The predictor step yields

X" (s 4+ As) = X"(s) + X As,

n+1 n . (236)
p" (s + As) = p"(s) + f1As,

where As is chosen to be a small increment along the solution arc. The corrector step is

obtained by writing the augmented system G and its state vector Y as

G- (f> Cye (X) | (2.37)
p I

and Taylor expanding to obtain

GY"+AY)=G((Y")+ Gy (Y")AY + O(|AY?)), (2.38)

where the Jacobian matrix is

D DF F
Gy = [PPx T} o (P b (2.39)
PX Py 06Xy (1-9)ko

At a fixed point the left hand side of (2.38) vanishes, so that the solution of the system

can be corrected or updated by iterating Y according to

Y =YY" - G G(Y"). (2.40)

Following Uecker et al. (2014) we have chosen to parametrise the arc length condition
(2.33) using 0. This parameter may be adjusted to favour Newton searches in the X or
 directions and thus tune the continuation. Typically ¢ € [0.05,0.1] is found to be most

suitable for computations.

2.4 MODEL SUMMARY

In this chapter we’ve derived the Oberbeck-Boussinesq equations and outlined the ap-
propriate boundary conditions for thermal convection in a spherical shell allowing for
differential rotation of the spheres. The axisymmetric formulation of the problem and the

base states admitted by the equations have also been described. Two different numeri-
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cal discretisations for the treatment of these equations have also been outlined. In the
subsequent chapters we consider two scenarios: thermal convection in a spherical shell
without rotation and subsequently the same problem but now allowing for rotation. This
order is chosen so that we start by considering the simplest model system which retains
essential features of the full system, thus allowing us to increase the complexity of the

system gradually.
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MODE INTERACTIONS IN THERMAL
CONVECTION
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The equations describing axisymmetric Rayliegh-Bénard convection in a spherical annulus

are given by

or o 2(6,1)

.2
Pr_1<aD2w g 00, D*%/1% sin 9)) :Rag(r)r%sin9+p2pz¢, (3.1a)
T 1 9wT)

ot r2sind 9(0,r)

= VT, (3.1b)

such that the flow is completely described by the azimuthal vorticity and temperature
equations. As per (2.7) the inner sphere radius 71 , and thermal diffusion timescale 7% /x,
have been chosen to make the equations non-dimensional. We would like to emphasise
that by defining the flow in terms of a stream-function, we are restricting the system to

axisymmetric solutions only. Non-axisymmetric effects are considered in chapter 5.

In this section we consider both no-slip and stress-free boundary conditions for the fluid
velocity at the spherical walls, the assumption of perfectly conducting spheres is retained.

For the case of no-slip at the boundaries

r0) = Zy(r,0) =0, forr=1,1+4d
v 0) = gr(nf) Case A (3.2)
T(1,0)=1, T(1+4d,0)=0,
or alternatively when both spheres have stress-free boundaries
r0) =0=2(L2y(r0), forr=11+d
vir0) e (7 30 (1. 0) Case B (3.3)
T(1,0)=1, T(1+4d,0)=0.

Unfortunately, neither of these boundary conditions nor any of their combinations gives a
nice set of eigenfunctions. Hence there is no advantage in choosing stress free boundary
conditions as is often the case in planar domains. As previously outlined the symmetry

conditions (2.16) must also be enforced at the symmetry axis.

Given the equations (3.1) and the boundary conditions (3.2) we aim to answer the fol-
lowing questions in this chapter. What types of solutions does this system of equations
possess? How do the Prandtl number, geometry and buoyancy forces influence the con-
vective state in these solutions? How is the temperature field distorted for different Pr?
And ultimately what determines the preferred state of convective motion in the presence

of multiple solutions?

Depending on Pr the convective state described by (3.1b) is characterised by three regimes
(Moore & Weiss 1973). For Pr > 1 and moderate Ra the flow is viscous such that, the

advection term in the vorticity equation can be neglected. In this regime the dominant
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transport terms are in the temperature equation. For Pr < 1 and moderate to large Ra

advection of vorticity becomes significant however and one should adopt the rescaling

v="pPr %, T=Pr'T, &=Prt, (3.4)

such that advective terms in the vorticity equation are dominant. Convective heat transfer
is typically described by the Nusselt number

_ fe %—f sin 0d6

Nu= 09— —
[, %2 sin 06

for r=1,1+d, (3.5)

an integral quantity (evaluated at the inner or outer sphere) which measures the total heat
transfer to the conductive heat transfer. In a numerical study of 2D planar Boussinesq
convection for both high and low Pr Moore & Weiss (1973) found that the convective

1/3

heat transport measured in each of these regimes scales as Nu = 2(Ra/Ra.)'/° and

Nu = 1.9(Ra/Ra.)?35% respectively.

In addition to these convective regimes present at moderate to large Ra, Moore & Weiss
(1973) denote a third convective regime for small Ra where the convective heat transfer

Nu increases sharply with Ra and the amplitudes of convective motions is small.

To address the questions outlined and to consider the three convective regimes highlighted
by (Moore & Weiss 1973) we adopt the following approach. We first consider the linear
problem followed by the small Ra regime using weakly nonlinear theory. In doing so
we elucidate the dependence of convective motion on the shell separation d and highlight
geometric effects present in a spherical shell domain. Subsequently the behaviour at larger
Ra is considered using numerical continuation and stability analysis. Using this approach
the bifurcation sequence leading to time-dependent behaviour is first outlined for low
Pr < 1. Subsequently the bifurcation sequence and scaling of Nu with Ra are outlined
for Pr > 1. Finally we comment on the role of thermal boundary layers asymmetries in

determining the preferred solution.

3.1 LINEAR THEORY

We substitute T'(r,6,t) = To(r) + T(r,6,t)/r where To(r) is the conductive base state
(2.17) which is spherically symmetric. Dropping the tildes the governing equations can be

written aD? orT
Pr1< 8751/} + Jw(¢,¢)> = Rag(r)% sinf + D*D%, (3.6a)
oT men 1 QT
o T D) =D - e (360)
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where

5 . O(f, D?g/(r” sin* §)) 1 9(f.g/r)
20 o2 _ ; — )
D f—rV (f/’l”), Jw(fvg)_sule 8(0,7") ) JT(f7g)_ rsin 8(0,7') .
(3.7)
Their linearised form may be written as
0
EM —L )¢, =0, (3.8)
where
0 Pr/'D? 0 D?D?  Rag(r)sinf-2
¢1:<T1>, M:( . =1 as 2 00 ) (3.9)
1 7sin@ 90

It is shown in appendix A, that operators M and L are self-adjoint with respect to a
weighted inner product and boundary conditions (3.2) provided the condition

% (g(T?T> _o (3.10)

is satisfied (Joseph & Carmi 1966). This implies the temperature gradient and gravity

fields (2.6) must have the same radial variation. Assuming a dense core so that n = 0 we
obtain
g(r)=r=3, T{/r=Ap/rs. (3.11)

We concentrate on this mathematically convenient self-adjoint case as it provides semi-
explicit solutions to (3.8). Physically it corresponds to a very dense core underlying a light
fluid layer (Schubert et al. 1981). Satisfying (3.10) guarantees the absence of oscillatory
motions at the onset of linear instability. Separable solutions %1, T7 then take the form

Yl = (1) Ge(0)eM, T! = Ty(r)P(cosB)e*, X eR, (3.12)

for a prescribed mode ¢. Provided (3.10) holds, the system is neutrally stable A = 0 for a

critical Rayleigh number Ra. so that the governing equations may be reduced to the 6t*
order ODE
9% l(l+1
D3(g(r) ™ DEDFUr)) — Rac (L4 )Ty frun(r) =0, D= 0~ 1ED 4,
with no-slip boundary conditions
Yo(r) =y(r) =0, DiDie(r) =0, for r=1,1+d. (3.14)
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(a) {2} for £ = 0. (b) {2} for £ =2 — 80.

Figure 3.1: Dependence of the roots of (3.17) with mode number £. In each frame the
plots show the roots of the neutrally stable eigenmode evaluated at the critical Rayleigh
number Ra, for fixed separation d. In frame (b) the modulus of the roots is observed to
scale like |z;| ~ ¢ for large £.

It should be noted that (3.13) implies the stability threshold is independent of Pr, so that
the Prandtl number only affects the nonlinear problem. The form and solution of (3.13)
in terms of spherical Bessel functions for the special case g(r) = 1,T}/r = 1 was initially
determined by Chandrasekhar (1961). In our case, substituting (3.11) one obtains the

equation
Ce(r)

DA DE D) +

=0, C=-Racl(l+1)Ar, (3.15)

whose solutions for a given polar mode /¢, take the form of complex polynomials

6
pe(r) = ZEi’I’Zi +c.c., where z,E; €C. (3.16)
i=1

Substituting (3.16) into (3.15) an implicit expression for the roots z; as function of Ra,. is
obtained

(2= 1) (2= 2) — 6+ 1)][(z = 2)(2 = 3) — L + D)][2(2 — 1) — £(L + 1)] + C = 0. (3.17)

This polynomial is symmetric under the transformations z +— 3 — z and z+ 1.5 — 2z — 1.5,
and its roots are complex conjugate pairs expressible in terms of real constants a, b, ¢

z1=a+ib, 2z =(3—a)+xib, z3=15=%ic. (3.18)

The dependence of z; with ¢ is considered in figure 3.1 frame (b) where the modulus of
the roots is observed to scale like |z;| ~ ¢ for large ¢.
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Figure 3.2: Neutral stability curves Ra.(d) d® where the rightmost mode of each figure is

¢ = 2. Select degenerate points are indicated by hollow dots if neighbouring, and solid black
dots if non-neighbouring. These solutions have previously been obtained numerically for both
density ratios (7 = 1,17 = 0) by Araki et al. (1994) and by Chossat (1978).

The boundary conditions (3.14) are now imposed to obtain a set of linear homogeneous

equations for the coefficients E; of the form

£y
M(Rac,d) | : | =0, (3.19)
Eg

where My is a 6 x 6 matrix depending on Ra.,d and the complex roots z;. Non-trivial
solutions of the linear problem with the required boundary conditions are determined by

solving the system
R(det(My(Rac,d))) =0, S(det(My(Rac,d))) =0, (3.20)

numerically for each ¢, and for a range of (Rac, d) to determine the neutral curves (figure

3.2). Arbitrarily setting E7 = 1 + i, the remaining amplitudes are determined.

Pi(r,0) = G(0) (Eir* + Eir®), z,BE; €C,

[NCRI
||'Ma
I,

(3.21)

6
T{(r,0) = Py(cos6) Z (Er==t 4+ Fir®™ 1Y), 2, F; € C.

=1

DO =

In planar convection where d represents the separation of hot and cold plates Ra.(d)d®
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Figure 3.3: Eigenfunctions ¢(r) & T'(r) of the marginally stable state. As d — 0 symmetry
about the annulus centreline r = 1 + d/2 is approached.

shares a common minimum for all mode numbers. In a spherical fluid annulus this is
evidently not the case, a physical difference which may be understood by considering the
volume of fluid being heated relative to the heating element’s surface area (inner sphere).
For d < 1 these are almost coincident, but as d — oo the inner sphere becomes in effect
a point source, as observed in figures 3.2. The symmetry about the annulus centreline
(r = (r1 + r2)/2) is also broken (figure 3.3), with the effect of replacing the sinusoidal
eigenfunctions of planar geometries, by functions exhibiting a radial oscillatory decay

W(r) ~ Py T iy 10g(r)’ z,y €R. (3.22)

This makes the annular domain Zs symmetric rather than Dy = Zy X Zo symmetric and
alters the form of the amplitude equations derived in section 3.2.
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Figure 3.4: Neutral stability curves Ra(d). Hollow dots indicate degenerate points where
two modes (¢, ¢ + 1) simultaneously become unstable, while solid black dots indicate the
even degenerate point (2,4) unstable to the odd ¢ = 3 mode and the odd degenerate point
(1,3) unstable to the even ¢ = 2 mode.

3.2 WEAKLY NONLINEAR THEORY

The linear theory of section 3.1 demonstrated that there exist neutral curves for each mode
£. These curves correspond to a stability boundary A = 0, at which transition from the
stable A < 0 conductive regime to the unstable A > 0 convective regime occurs, as shown
in figure 3.4. Previously Rad?vs.d was plotted for comparison with the planar case, but
now we plot Ravs.d as Ra is the natural control parameter in (3.6). One can see from
the curves for various modes, that there are special values of the control parameter Ra,
and geometry d. where two modes (¢,n = ¢+ 1,2,..) lose their stability simultaneously,
marked by dots in figure 3.4.

These are termed degenerate points. Linear theory fails to establish the preferred neutral

mode so that (3.8) may be solved by any solution of the form

¢, = A(D)¢1 + B(D)gt, A BeR. (3.23)

(#0600
§_<Tf(n9)>’ ¢1_<T1”(r,0)> 324

and the amplitudes A(%), B(#) are functions of an appropriately chosen slow timescale . In

where

this section, we concentrate on the dynamics in the vicinity of such points; deriving a set

of coupled ordinary differential equations to describe the time evolution of the convective
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amplitudes A, B. Physically this aims to understand how patterns of convection cells
interact and are affected by changes in the annulus width d, buoyancy forcing Ra and

Prandtl number Pr.

As the eigenfunctions are either symmetric or antisymmetric (within the interval [0, 7]), all
possible interactions are summarised by four cases. If mode-numbers (¢,n) are both even,
their interaction is termed even-even while if (¢,n) are odd and even their interaction is
termed odd-even or even-odd. In both scenarios the amplitude equations contain quadratic
terms and are resonant. Finally if (¢,n) are both odd, their interaction is termed odd-
odd. This case is the simplest and is studied first, as no quadratic terms appear. While
applicable at all degenerate points, higher interactions such as (¢ = 2,n = 11) are unstable

to a large number of intermediate modes and so are less relevant (figure 3.2).

3.2.1 ODD-0ODD MODE INTERACTIONS

Following Kidachi (1982) we introduce a small parameter ¢ and define the appropriate

scalings for the odd-odd interaction as

O =cp, + Py + 63¢3, (3.25)

with the slow timescale 71 = €2t so that
— =€ — (3.26)

while the Rayleigh number and annulus width scale as

Ra — Ra,
% = pe?, d—d. = 6é. (3.27)

The effect of varying the outer sphere radius is to modify the radial boundary conditions
from O(e?). Expanding 1(r,0,t) and T(r,0,t) about r = 1 + d.. one obtains

V(1 +d,0,t) = ey + €hs + € (Y3 + 5¢)) + O(e*) = 0,
W' (1+d,0,t) = ey + 0 + € (95 + 697) + O(e") = 0, (3.28)
T(1+d,0,t) = €Ty + T + (T5 + 0T7) + O(e*) = 0,

where all terms on the right hand side are evaluated at r = 1 4 d.. Substituting these

scaled expressions into (3.6b) we obtain order by order

O(e):
Lp, =0, (3.29)
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O(e?):

(3.30)

7’71
Loy = No(hy.by) = (P WW”)

Jr (Y1, Th)

where £ is given by (3.9) with homogeneous boundary conditions. At order O(e?)

—pRag g(r) %t sinf + Pr! (Jw(wl, Vo) + Jy (P, 1) + afgf’)
Jr (11, To) + Jr (v, Ty) + G2

Loz = N3(¢1,0) =

(3.31a)
w320, wé:O, T3:0, at T‘Zl,

_ s e B (3.31b)
w3 - 07 11}3 = (5’(/J17 T3 = 6T17 at r = 1 + dc-

Solving (3.29) recovers the solution for ¢, which is just the expression (3.23). Inserting
¢, into (3.30) leads to a linear inhomogeneous problem for ¢,. By Fredholm’s alternative,

a solution exists if and only if the conditions

(91, Na(¢p1, 1)) =0, and (], Na(¢y, ;) =0, (3.32)

are satisfied. As L is formally self-adjoint, the adjoint eigenfunctions (;5?, ¢ are the same
as the original ones (cf. Appendix A). Having satisfied these conditions, a general solution
for ¢, containing terms proportional to A%, AB, B? is obtained. Inserting expressions for
¢4, P, into (3.31a), a further solvability condition constraining the amplitudes A, B is en-
countered. The boundary conditions (3.31b) at this order are however inhomogeneous, so
that the previously defined inner product must be modified to include terms proportional
to 0A, 0 B. Imposing the first solvability condition for the ¢-harmonic gives

(1, Lds) = (@], N3(by, ¢5)) = (LT, pg) + boundary terms. (3.33)

Integrating by parts and substituting for (3.31b) the form of these additional terms non-

zero at r = 1 + d, are determined
(8, Ls) = (LDL, ds) + 04 / OTEN s AT/ PN A0
L= b8 o \Or Rac Jo \ Or2 ) sinf [’ '

where f | T} are as defined in (3.12). An equivalent procedure is adopted to impose solv-

ability for the n-harmonic, giving terms proportional to § B. Together with the conditions

imposed for (3.31a) the following coupled equations are obtained
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0A

ag— = HlA — (dllAZB + dlgAB2 + d13A3 + 611433)7

67’1

0B i . ; o LA~ odd
boaiﬁzlugB—(dglA B+d22AB —|—d23A +d24B ), BNTZ>£ odd

where w1 =a1p+ azd, s =bip + bad,
(3.35)

and O(1) parameters u & 0 as in (3.27) represent the distance from a degenerate bifurca-
tion point (d., Ra.), for example the intersection of neutral curves £ = 1,n = 3 as shown in
figure 3.4. These parameters may be positive or negative, so that both geometry changes
and buoyancy forces may excite convective motion. All coefficients a;, b;,d;; € Rt are
found to be non-zero, highlighting that there are no pure mode solutions (A4, 0) or (0, B).
The computation of coefficients is outlined in appendix B, for algebraic convenience their
sign is not prescribed. However, given that the interaction of odd modes explicitly excites
intermediate even modes unstable in the vicinity of the bifurcation point, the relevance of
(3.35) for the fully nonlinear problem is diminished. For this reason it is not considered
further.

3.2.2 EVEN-EVEN & EVEN-ODD MODE INTERACTIONS

We now consider the interaction of neighbouring and non-neighbouring even modes, as
both cases contain quadratic terms at O(e?). Following Proctor & Jones (1988) we adopt
an expansion of the type (3.25), but now choose the slow timescale 71 = et and scale the

control parameters as

(Ra — Rac)/Rac = pe, d—d. = de. (3.36)

Note that these scalings do modify (3.30) and (3.31a), but for brevity the changes are
not outlined. Proceeding in a manner identical to the odd-odd case, ¢, may be expressed
as per (3.23). Inserting ¢, into the non-linear terms in (3.30), terms proportional to
Py(cos8),Gy(8), Py(cosb),Gp(8) are encountered. It is the presence of these resonant
terms at O(e?) that motivates the alternate timescale and parameter scalings chosen.
Imposing the inner products

(@1, No(py, 1)) =0, and (B}, No(¢py, 1)) = 0, (3.37)

the second-order amplitude equations may be determined. They are of the form
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0A
a) ag—— = A+ cA? — aB?, At

even
gg B ¢ odd (3.38)
bo*ZMQB-i-O(AB, ~ N> o
(97'1
0A
b) aoaiﬁ:/llA_aAB7 ANK odd
OB (3.39)
boos = s B + aA? + ¢B?, B~n>/{ ecven
87‘1
for the interaction of neighbouring modes, while for non-neighbouring even modes
0A
c) aoa—ﬁ:ulAJrcAQfozABfﬂBz, At cven
OB (3.40)
boT=M2B+(1A2+ﬁAB+CB2, B~n>/{ even
1
where p1 = aipi+ azd, pio = by +bod, with a;, b, 3 €RT. (3.41)

and boundary terms ~ ¢ have been included as previously by modifying the inner product.
It has been proven by Chossat (2001) that when £ is self-adjoint, as is the case in this
paper, the coefficient ¢ = 0. When condition (3.10) is not satisfied however the even mode
solution is found to bifurcate subcritically (Beltrame & Chossat 2015). Alternatively
it may be seen that the even mode subspace (0, B), must be invariant under the map
(0, B) — (0,—B) (Hoyle 2006). While it seems consistent to stop at O(e?), the quadratic
nonlinearities do not lead to finite amplitudes at large times. As was demonstrated for the
planar case by Proctor & Jones (1988), multiplying the first and second line of equations
(3.38) to (3.40) by A & B respectively, and adding one obtains

10
*7(0,0142 + boBQ) = M1A2 + M2B2, (342)
2 (97'1

so that if both pu; and ps are positive the amplitudes tend to infinity. This is resolved
through a regularization of the equations at O(e®), even though these terms are an order
e smaller. Gathering terms proportional to modes ¢, n we must obtain particular integrals

for the expression

Ly = N3t (¢, 1) + N3 (d1, 1), (3.43)

where N is the resonant part of the inhomogeneous terms whose components are of the
form
Al + BoT + pAdy + uBe} + A¢] + AB(d) + ¢7) + B ¢, (3.44)
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and N¥ contains the non-resonant terms orthogonal to ¢;. Overdot notation is now used
to indicate the time derivative. The non-resonant terms may be easily solved for but the
resonant terms demand special treatment. The method of solution is to find a particular
integral denoted by superscript p of (3.43) and then add terms of the form

wg 2n+1 6 Ekj,rzkj—le(e)
_ <, 3.45
¢ <T2p * Z Z Fjr#:i =2 Py (cos ) Fee (3.45)

k=0 j=1

where the exponents zj; are determined by solving (3.17) for each mode k. For each k
the 6 coefficients E};, Fj,; must be chosen to satisfy the 6 boundary conditions at second

order (3.30). Application of these gives rise to a matrix equation of the form
Mijzj = bijx;, (3.46)
where x is an array of coefficients, matrices M, b have size 6 X 6, 6 x 7 and

. . T
xz(A, B, pA, uB, A2, AB, B2> . (3.47)

While this system may be solved easily for k # ¢, n, for k = ¢, n the matrix M is singular,
Mz = 0 = &' M. Applying a solvability condition, we remove the resonant component

of each column b; of b,
b; = b; — (§o, bi)xog, where (g,,xo) =1. (3.48)

The solution space is then restricted by solving the invertible bordered system (Kuznetsov

2004).
(_Ai wo) <w> - <bx> , where oeR. (3.49)
yy O o 0

Having satisfied the boundary conditions, the last step in calculating ¢, is to add suitable

multiples of ¢)§, @7 so that the orthogonality conditions

(p1.¢5) =0, and (@], ,) =0, (3.50)

are satisfied. Substituting solutions ¢, ¢, into (3.31a), and taking the appropriate inner

product we obtain the following equations. Describing the even-odd interaction

doA = /1114 — 5(332 + e{éllAA + é14BB + deAB2 + dlgAs}, } A~V even

503 = 1o B + BQAB + E{éQQAB + 623BA + d21A2B + CZ24B3}, B~n>/{ odd
(3.51)
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where

fi1 = aipi + az6 + earp?, fio = byp+ bad + ebyp?, a3z = az + eualg,} (3.52)

Ba = Ba + eufia, Go = ao + epuag, by = by + eubo,

and for the alternate odd-even case one obtains

ELOA = ﬁlA — 0 AB + E{élgAB + émBA + d~12AB2 + J13A3}, A~Y{ odd
IN)()B = ﬁQB + BlAQ + E{églAA + é24BB + CiglAzB + d~24BS}, B~n>{ even
(3.53)

where

fi1 = aifi + a26 + earp?, fis = by + bad + ebyp?, a2 = az + 6”0”2’} (3.54)

Bo = B2 + €ubi1, o = ag + epag, by = by + epubo.

For the even-even case of two non-neighbouring modes

aoA = [iiA — G AB — a3 B? + €{é1,AA + 1, AB + é13BA + ¢,4BB
+d11 A’B + d12 AB? + dy3A® + d4 B},
boB = fisB + 1A% + BoAB + e{é01 AA + 32 AB + é33BA + é24 BB
+d21 A%B + dos AB? + dy3 A® + doy B®},

A~V even

B~n>/{ even
(3.55)

fir = a1pi+ a6 + earpi®, fio = byp+ bad + €bypi®, G0 = o + epioa,
az + epians, Bi = Bi + epbin, Po = P + epPio, (3.56)

where Qas

aog = ag + €pag, bg = b + €ubg.

and terms proportional to coefficients €;; may be simplified using the appropriate second
order equation (3.38) to (3.40) for each case. The computation of coefficients is outlined

in appendix B, for algebraic convenience their sign is not prescribed.

Generalizations of equation (3.53) including non-axisymmetric effects, have previously
been determined by Friedrich & Haken (1986) for the £ = 1,2 and by Beltrame & Chossat
(2015) for the ¢ = 3,4 interactions. In this paper we focus rather on all axisymmetric
interactions. This is justified by the tendency of axisymmetric poloidal flows to remain
axisymmetric at large Pr. By computing the stability of solutions to non-axisymmetric
disturbances in section 5.1 this claim is later clarified. When neighbouring modes are
even and odd respectively we obtain (3.51), in which the role of quadratic terms are
interchanged. Alternatively by choosing both modes to be even (¢, ¢ & 2), equation (3.55)

is obtained. The relevance of (3.55) may be queried as it fails to consider the influence of
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the unstable intermediate modes ¢ + 1 present at even-even degeneracies (figure 3.2). We
argue, however, that as the nonlinear interaction of even modes excites even modes only,
this equation remains valid in the absence of odd mode perturbations. This contrasts with
the odd-odd interaction where even modes are explicitly excited. In section 5.1 we confirm
the stability of such even solutions numerically at large Pr. Following an investigation
of (3.55) in section 3.3 the motivations for its consideration are supported using DNS in

section 3.4.

3.3 ANALYSIS OF AMPLITUDE EQUATIONS

This section is divided between an analysis of neighbouring mode interactions (¢, ¢ + 1),
whose results are shown to compare directly with DNS, and an analysis of even non-
neighbouring mode interactions (¢, ¢ £ 2) whose results compare with DNS in which odd
modes are suppressed. By calculating the coefficients in (3.51) to (3.55) for Pr € [1072,107]
deemed sufficient to attain limiting behaviour, the effect of varying Pr in all (¢,n) degen-
eracies is clarified. Mapping solutions in terms of bifurcation parameters (4, ) regions
of distinct convective behaviour for different Pr are demarcated. This approach aims to
determine: How do the solutions obtained depend on system parameters? And which
solutions are possible? In this section € = 1 is fixed, as our interest is in the form and
stability of the solutions to (3.38) - (3.40) which do not dependent on its magnitude.

3.3.1 NEIGHBOURING MODE INTERACTIONS

EVEN-ODD ¢/ < n

The equations for even-odd interactions are

A= A+ asB? 4+ disAB% + di3A%, ) A~{ even (3.57)
B = B+ BoAB + do1 A’B+ douB®,| B~n>1{ odd '
where
w1 =aip+ a0, pe =bipu+0b20 a;,b; € RT. (358)

The quadratic coefficients «;, 5; in (3.57) have opposite signs, while the cubic coefficients
d;; are negative for all Pr as shown in figure 3.5. Subject to the coefficients outlined (3.57)

have the fixed points
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Figure 3.5: Variation of the equation coefficients with Pr for modes ¢ = 2,3. The kink
obtained at Pr = 1 is a consequence of the rescaling (3.4). Quadratic coefficients increase
or decrease to reach a limit as Pr varies about unity. Cubic coefficients demonstrate distinct
limiting values for Pr — oo and Pr — 0. The magnitude of coefficients dy3, das pertaining
to terms A3 and B3 respectively interchanges when Pr ~ 0.28.

A=0, B=0, Trivial Solution
A=4+/—p1/di3, B=0, Pure Modes (3.59)
(Al, iBl), (AQ, iBg), (A3, ﬂ:Bg), Mixed Modes

highlighting that even modes are symmetric under the transform (A,0) — (—A4,0) and
mixed modes under the transform (4, B) — (A, —B). We also remark that for d < 1 the
least stable modes are ¢,n > 1, so that the quadratic coefficients «;, 8; — 0, behaviour
concordant with regression towards a planar geometry. For d > 1, the degenerate points
are spaced further apart, favouring smaller mode numbers for which fewer linearly unstable
interactions occur (figure 3.2). It is for this reason lower mode numbers are used to

demonstrate more general results.

Figure 3.6 shows the two parameter continuation of bifurcation points in (4, ) parameter
space. All such calculations are performed with the numerical continuation software XP-
PAUT (Ermentrout 2002). The loci shown may be interpreted as a tracing of the different
bifurcations points which emerge as the parameters (, 1) are varied from the degenerate
point (0, ) = (0,0). These are used to demarcate the existence of stable pure modes
in region 1, stable pure modes and unstable mixed modes in region 2, stable pure and
mixed modes in region 3, stable mixed modes only in region 4, unstable pure modes and
stable mixed modes in region 5, and finally a stable pure mode and stable mixed modes
in region 6. Excluding region 3, all solutions emerge via pitchfork bifurcations from the
trivial solution branch as shown in figure 3.7. This figure also shows that additional stable
solutions emerge via secondary bifurcations in this region. Mixed mode solutions from re-

gion 4 and pure mode solutions from region 1 both remain stable if continued into region
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Figure 3.6: Bifurcation loci of the / = 2,3 mode interaction for Pr = 10. Solid lines —
denote a pitchfork and dotted - - - secondary bifurcations. Regions are: 1 stable pure £ = 2

mode, 2 stable pure modes & unstable mixed modes, 3 stable pure / = 2 modes & stable
mixed modes (initial condition dependent), 4 stable mixed modes, 5 stable mixed modes and
unstable pure modes, and 6 a single stable pure mode and stable mixed modes. The 3D sta-
bility of axisymmetric solutions at large Pr is shown in colour inset. Within the red hatched
region (—A,0) is stable, but below loses stability to m = 2. Within the blue hatched region
(A, £B) is stable, but below loses stability to m = 3 (cf. section 5.1 ).
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(a) 6 = —0.2, Pr = 10. (b) 6 =0.2, Pr = 10.
Figure 3.7: Bifurcation diagrams of the mode interaction ¢ = 2,3. Frames (a) and (b) cor-
respond to cross sections of figure 3.6 taken at 6 = —0.2,0.2. Stable solutions are denoted

by solid lines, unstable branches by dashed lines. (a) The stable mixed mode (A4;,+B;) and
unstable pure mode (+A4,0) emerge via pitchfork bifurcations. The pure mode branch sta-
bilises via two secondary bifurcations, giving rise to unstable mixed modes. (b) The stable
pure mode (£A,0) and ustable mixed modes emerge via pitchfork bifurcations. The mixed
mode branch stabilises via a secondary bifurcation.
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3. Within region 3, the transition between these states exhibits hysteresis and occurs via
a saddle-node shown in frame 3 of figure 3.8. Notably, the equilibrium attained depends

on the initial condition.

In region 4, only stable mixed modes exist for u; < 0, us > 0, corresponding to a balance

of linear and quadratic terms as is apparent by considering (3.57) without its cubic terms.

0 =mA+asB? | A~{ even
fadas } (3.60)

0 = (u2+p2A)B,] B~n>{ odd

The fixed points are thus approximated by B = £+/—(ujpe)/(as3f) and A = —pus/Bs
and the lower order equations hold in this scenario only. In the limit Pr — 0, the odd
B-mode dominates the mixed mode solutions as |da4| < |d13], while for Pr — oo both

modes are of similar magnitude.

ODD-EVEN ¢ < n

This interaction is described by the equations

(3.61)

B =B+ 1A%+ do1 A2B+douB?, | B~n>1{ even

A=A+ ayAB + d12 AB? + d13A3,} An~{ odd
whose fixed points are as before with the modes reversed, so that pure (0, £B) modes are
now even. All cubic coefficients d;; < 0 are negative, while the quadratic coefficients have

opposite signs as shown in figure 3.9.

Figure 3.10 plots the bifurcation diagrams of the (1,2) and (3,4) mode interactions. The
plot is akin to the Even-Odd interaction with the roles of the even and odd modes inter-
changed; in this case it is the odd A mode which excites the even B mode in the mixed
mode solutions. A disparity in size between regions 1, 3, 4 between the figures (a), (b) high-
lights that the degeneracies of higher modes exhibit are more sensitive to changes in the
annulus width. As the phase planes are qualitatively similar to the even-odd case (figure
3.8) they are not presented.

In both the neighbouring mode interactions presented, there are no pure odd mode solu-
tions. In region 4 of figure 3.10 only mixed mode solutions exist where the even (0,+B)
modes are linearly unstable. This may be attributed to the self-interaction of odd or even

modes generating even modes only

¢
P}(cosf) = Z Cor Pog(cosB), cor € R, (3.62)
k=0
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Figure 3.8: Phase-plane diagrams (A, B) describing the even-odd interaction for mode
numbers ¢ = 2,3 and Pr = 10. Fixed points are denoted as: Stable node - o, Unstable node
- o, Saddle point - A. In regions: 1 only pure (+A4,0) modes exist, 2 stable pure modes &
unstable mixed modes (A, +B), 3 stable pure modes & stable mixed modes (initial condi-
tion dependent), 4 stable mixed modes, 5 stable mixed modes & unstable pure modes, and
6 a single stable pure mode and stable mixed modes.
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Figure 3.9: Prandtl number dependency of coefficients for the £ = 3,4 interaction. The
kink obtained at Pr = 1 is a consequence of the rescaling (3.4). Distinct from the Even-
Odd the relative size of cubic coefficients does not change in either limit of Pr. Quadratic
coefficients are now smaller in magnitude relative to the cubic terms of the previous case for

a wider annulus.
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Figure 3.10: Bifurcation loci for the odd-even mode interactions with Pr = 10. Regions
are: 1 stable pure (0, £B) modes, 2 stable pure modes & unstable mixed modes, 3 stable
pure modes & stable mixed modes (+A, B) (initial condition dependent), 4 stable mixed
modes, 5 stable mixed modes and unstable pure modes, and 6 a single stable pure mode
and stable mixed modes. The 3D stability of axisymmetric solutions at large Pr is shown
in colour inset (cf. section 5.1 ). (a) Within the blue hatched region (0, +B) is stable, but
below loses stability to m = 2. (b) Within the dotted region (0, —B) is stable and in the
dashed region (0, +B) is stable. Within the unhatched region (+A, B) is stable but below
loses stability to m = 2, 3.
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Figure 3.11: Variation of the amplitude equation coefficients with Pr for £ = 1,2. The kink
obtained at Pr = 1 is a consequence of the rescaling (3.4). In the limit Pr — 0 coefficients

di3 < 1 and doy < 1, while for large Pr the behaviour is akin to that of the £ = 3,4 case.

Quadratic and cubic coefficients are of similar magnitude for this interaction.
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Figure 3.12: Variation of the amplitude equation coefficients with Pr for modes ¢ = 2,4.
The kink obtained at Pr = 1 is a consequence of the rescaling (3.4). As Pr — 0 coefficients
of A% terms di3 < 1, dog < 1, while coefficients di4, dosq of B> terms are always larger in

magnitude. This behaviour is akin to previous interactions where the higher mode dominates
the saturation process.

implying that the saturation of odd modes does not decouple from even modes, a result
stemming directly from the eigenfunctions. The (1,2) mode interaction is the lowest in-
teraction possible, occurring for the annulus separation d. = 4.89. Its coeflicients shown
in figure 3.11 demonstrate a particular behaviour in the limit Pr — 0; where cubic co-

efficients d13 < 1 and doy < 1 so that the quadratic and cross terms now dominate the
saturation process.
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Figure 3.13: Bifurcation loci of the even-even interactions £ = 2,4 & ¢ = 4,6 with Pr = 10.
Region 1 contains two mixed modes (A1, +Bi), (A2, —Bs), 2 two stable and unstable mixed
modes, 3 a single stable fixed point, while 4 two stable spirals (— Ay, By), (—A2, B2). The
3D stability of axisymmetric solutions at large Pr is shown in colour inset (cf. section 5.1 ).
(a) Within the red hatched region (A, B) is stable, but below loses stability to m = 2, 3. (b)
Within the densely hatched region (left) (A, B) is stable and in the lightly hatched region
(right) —(A, B) is stable. Below these regions the unstable azimuthal wavenumber m varies.
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3.3.2 NON-NEIGHBOURING MODE INTERACTIONS

EVEN-EVEN ({, ¢+ 2)

This interaction is governed by the equations

A= A+ asAB + 04332 + dllAQB + d12A32 + d13A3 + d1433,} A~L{ even

B = usB + 51A2 + B2 AB + dglAgB + d22AB2 + d23A3 + d24.337 B~ {+2.
(3.63)

The quadratic coefficients «y, 5; have opposite signs, and the cubic coefficients remain
negative as shown in figure 3.12, so that (3.63) may have mixed mode solutions only. In
contrast to the neighbouring mode interactions no pure mode solutions exist, as (3.63) no

longer has symmetry.

Figure 3.13 shows the bifurcation diagram and figure 3.14 the corresponding phase plane
for the even-even mode interaction. The absence of symmetry in (3.63) results in two
distinct fixed points in each region of 3.13. In region 4 where the £ mode dominates their
are two stable spiral nodes. Transitioning to region 3 via a Hopf-bifurcation there is a
single stable fixed point. Transitioning into into region 2 and subsequently region 1 where

the £ 4+ 2 mode dominates, an additional stable fixed point appears.
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Figure 3.14: Phase-plane diagrams (A, B) describing the even-even interaction for mode
numbers £ = 2,4 and Pr = 10. In regions: 1 mixed modes (A1, +B1), (As, —Bs) exist, 2
two stable and unstable mixed modes, 3 a single stable mixed mode, while in region 4 two

stable spiral nodes (—A1, B1), (—Asg, By) are obtained.
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3.4 COMPARISON OF WEAKLY NONLINEAR THEORY WITH DNS

Equations (3.51) - (3.55), derived using weakly nonlinear theory, apply rigorously only
in an O(e) neighbourhood of the degenerate points (d., Ra.) seen in figure 3.4. For this
reason it is reasonable to question their validity in the context of the full problem. We
validate previous results by performing DNS of the full equations (3.1). The numerical
code used in this section uses a Galerkin-Legendre projection in # and second order finite
differences in 7 as outlined in appendix D. A minimum resolution of 15 polynomials in
0 and 40 grid points in r was used in all computations. Specifying values of (d,Ra) a
full numerical simulation is run, whose mode amplitudes are computed from the inner

products

Anu?ﬂ(t) - <¢€7¢£> ’ Bnum(t) - <¢n7'¢n> ’ where 7 / 0 Slngd;d694)

Vectors 1, 1,, are the eigenfunctions (3.16) evaluated at the grid points of the numerical

finite difference solution For comparison with weakly non-linear theory, values

num:*

for u,d, € are specified and the solution determined by solving the relevant amplitude
equations. Setting = +1 we obtain

Ra—RaC d_dc
P .

Ra. €

(3.65)

Simulating (3.51) — (3.55) with these values we obtain a solution (A, B), which is rescaled
according to the original expansion (3.25). Amplitudes of the weakly nonlinear theory are

obtained as
Awkly = €4, Buykiy = €B. (366)

3.4.1 NEIGHBOURING MODE INTERACTIONS

The even-odd case is simulated for parameter values corresponding to regions 3 and 4
of figure 3.8 where both mixed and even solutions are found. This region is chosen in
order to test the initial condition dependency predicted by theory. In the initial condition
dependent region 3, even solutions are readily obtained from even initial conditions, as
the linear stability of the even solutions tends to ensure that the solution remains even.
Mixed solutions are not so easy to find, but can be located by continuation from the mixed
solutions of region 4. The numerical values of each mode shown in table 3.1 confirm that
odd modes maintain a larger amplitude in mixed mode solutions. Corresponding solutions
of the flow field are shown in figure 3.15.
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0=0 0=0 0=0

Figure 3.15: Numerical solutions ¢ (r, ) in the neighbourhood of the ¢ = 2,3 degenerate

point (d. = 1.9883,Ra, = 857.53) for Pr = 1. (a) corresponds to region 3 of figure 3.8 for
the ¢ = 2 mode (d., Ra = 900.0), (b) region 3 for the mixed (d = 1.946, Ra = 950.0), (c)
region 4 the mixed (d = 1.9481,Ra = 900.0). The colour versions of this figure and those

which follow may be viewed online.

Region € ((S, ,u) (A, B)wkly (A, B)num (A, B)wkly (A, B)num
Pr=1 Pr =10

3) 0.0495 0,1 (-0.2826,0.0) (-0.3165,0.0) (-0.3312,0.0) (-0.3632,0.0)

3) 0.108 -0.4,1 | (-0.0776, -0.2332) (-0.1354,-0.2259) | (-0.0772, -0.2505) (-0.1135, -0.2623)

4) 0.05  -0.8,1 | (-0.0623, 0.0902) (-0.0825,-0.1092) | (-0.0592, 0.1082)  (-0.0734,-0.1356)

Table 3.1: Comparison of DNS (A, B) . and weakly nonlinear (A, B) 1, solutions for
the modes ¢ = 2,3. The discrepancy between theory and simulation is attributed to the
even ¢ = 4 mode contribution, found to be non-negligible in DNS, particularly for the mixed
solutions in region 3 where both modes are linearly unstable. The odd mode component of
mixed solutions maintains a larger amplitude.
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Figure 3.16: Numerical solutions t(r, ) in the neighbourhood of the ¢ = 3,4 degenerate
point (d. = 1.2291,Ra. = 2381.1) with Pr = 1. (a) corresponds to region 3 of figure
3.10 for the n = 4 mode (d = 1.2291,Ra = 2650.0), (b) region 3 for the mixed (d =

1.2674,Ra.), (c) region 4 for the mixed (d = 1.2674, Ra = 2230.0).

Region € ((5, /L) (A, B)wkly (A, B)num (A, B)wkly (A, B)num
Pr=1 Pr =10

3) 01125 0,1 (0.0,-0.3208) (0.0,-0.3508) (0.0,-0.3474) (0.0,-0.3662)

3) 0.05  0.766,0 | (-0.3755, 0.0358) (-0.3665,0.0549) | (-0.4202 0.0323) (-0.4079,0.0518)

4) 0.05 0.7-1.27 | (-0.1675, 0.0265) (-0.1705,0.0262) | (-0.1916, 0.0241)  (-0.1879,0.024)

Table 3.2: Comparison of DNS and weakly non-linear solutions for the modes ¢ = 3,4. The
discrepancy between theory and simulation is attributed to the £ = 2 mode contribution,
found to be non-negligible in DNS, particularly for the mixed solutions in region 3 where
both modes are linearly unstable. The odd mode component of mixed solutions maintains a
larger amplitude.

A similar procedure is adopted for the odd-even case to simulate mixed solutions in region

3 of figure 3.10. Only in certain sections of region 3 are even solutions found to be stable

to odd mode perturbations. In addition to finding solutions corresponding to figure 3.10,

the ratio of mixed mode amplitudes also matches well for even solutions in region 3 and

mixed solutions in region 4 (see tables 3.1,3.2). For mixed solutions in region 3, however,

the contribution of modes ¢ = 2,4 becomes non-negligible for the values of € considered.

The discrepancy between theory and DNS is attributed to the omission of these modes for

the respective cases. Corresponding solutions of the flow field are shown in figure 3.16.
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Figure 3.17: Symmetric solutions ¢ (r,§) near the £ = 2,4 degenerate point (d. =
1.5807,Ra, = 1515.399) for Pr = 10. (a) corresponds to region 1 of figure 3.13 with

(d = 1.5507,Ra = 1591.392), (b) region 3 for (d.,Ra = 1591.392), (c) region 4 for

(d = 1.6132,Ra = 1480). In frames a) and c) only modes ¢ = 4 and ¢ = 2 respectively are
linearly unstable.

Region | ¢ (0, ) (A, B)whkiy (A, B)num (A, B)whiy (A, B)num
Pr=1 Pr=10

3) 0.05 -0.6,1 (-0.0817, 0.1454) (-0.0806,0.1452) | (-0.0867, 0.1541) (-0.0838,0.1544)

3) 0.05 01 | (-0.1357, 0.2079) (-0.1406,0.2135) | (-0.1458, 0.2196) (-0.1486,0.2258)

4) 0.05 0.65,-0.47 | (-0.1034, 0.1275) (-0.1092,0.1246) | (-0.1212, 0.1339) (-0.1272, 0.132)

Table 3.3: Comparison of numerical and weakly non-linear solutions for the modes ¢ =
2,4. By removing all odd modes the dominance of the remaining modes is increased and an
improved agreement between computation and theory is obtained.

3.4.2 NON-NEIGHBOURING MODE INTERACTIONS

The even-even interaction described by (3.55) may seem of limited relevance, as solutions
obtained for small € are necessarily unstable to odd mode perturbations. A rigorous
reduced order model of this interaction point would therefore have to include the effect of
unstable intermediate modes for example, the ¢ = 3 mode in the (¢ = 2,4) case. However,
when we compute the stability of saturated solutions for large € in section 5.1, we find
that some even solutions are in fact stable to odd perturbations. Such interactions are also
thought to exhibit strong resonances and be of physical significance in mantle convection
(Chossat & Stewart 1992). We compare DNS runs with and without screening of the odd

modes to determine their validity for the fully nonlinear problem.

Unsurprisingly, the screened simulations (figure 3.17) near the £ = 2,4 degenerate point

are found to agree better with theory than those with odd modes. The numerical values
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(a) ¢=(1,3),d=3 (b) £=(2,4),d=15 (c) £=(4,6), d=0.78
Figure 3.18: DNS oscillation signature for the periodic solutions near the even-even and
odd-odd degeneracies with Pr = 0.05. Solutions are simulated at (a) Ra, = 440.852,¢ =
5.85, (b) Ra, = 1515.41,¢ = 0.847, (c) Ra. = 3425.94,¢ = 0.4594. Notably the Rayleigh
number required to sustain oscillations increases as ¢, n decrease. Even modes oscillate out
of phase with equal period, while the odd mode oscillates with double the period of even
modes. As the mode numbers increase additional modes contribute and the signal becomes

increasingly modulated. Animations corresponding to each figure may be found online at
https://doi.org/10.1017/jfm.2019.440.

Amplitudes
Amplitudes
Amplitudes

PR

are outlined in table 3.3. Given that the solution energy is quantised between fewer linearly

unstable modes this improved agreement is anticipated.

For the same parameter values, unscreened simulations near the £ = 2,4 point lose stability
to odd mode perturbations as expected, with significant components of modes ¢ = 1,2, 3,4
remaining. Increasing the Rayleigh number beyond Ra = 1.7Ra. (measured from the
¢ = 2,4 degenerate point), stable mixed time-periodic solutions emerge for low Pr. This is
depicted in figure 3.18 where the amplitude of each mode is plotted as a function of time.
Granted that no oscillatory solutions are found for two mode interactions we enquire:
Why are odd mode components necessary to maintain a regular oscillation? and why is
the oscillation period of odd modes approximately twice that of even modes? We stress
that these time periodic solutions emerge for e ~ O(1), Pr < 1 and are, strictly speaking,
beyond the scope of weakly nonlinear theory. Nonetheless using the structure of (3.61) it

is possible to explain their oscillation signature.

A distinctive feature of the time periodic solutions shown in figure 3.18 is that even and
odd modes oscillate with approximately a 2 : 1 frequency ratio. Also notable is that the
time signature for smaller d becomes increasingly modulated when compared with that
of lower mode numbers. Running DNS near each degeneracy with odd modes suppressed
we find that the time-periodic solutions presented in figure 3.18 no longer persist. This

suggests the bifurcation to time-periodic solutions at low Pr is an odd mode instability.

We attribute the 2 : 1 resonance to a symmetry breaking Hopf bifurcation (as confirmed
in section 3.5 using numerical continuation) whose weakly nonlinear behaviour may be
described locally by a complex analogue of (3.61) (Proctor & Jones 1988). Writing (3.61)
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in complex form

(3.67)

A:u1A+a2AB+d12A‘B‘2+d13A|A|27 A~{ odd
B~n>{ even

B = /,LQB + 61142 + d21|A|QB + d24B|B|2,

and subsituting the ansatz A = ae'“*, B = bel“?t, one finds that the quadratic terms
enforce the relation 2w; = ws. Thus by dictating the nonlinear terms permissible in
(3.61) the eigenfunctions constrain the phase of even and odd modes in standing wave
solutions. Near the ¢ = 1,3 degeneracy, the set of contributing modes is small so that
few harmonics are generated. At higher degeneracies, more modes contribute generating

additional harmonics which modulate the oscillation signature observed in figure 3.18.

3.5 TRANSITION TO TIME-DEPENDENT CONVECTION

A motivation for approaching this problem using weakly nonlinear theory was to gain a
concise description of the flow’s time-dependent behaviour, which typically emerges near
onset for Pr <« 1. An ODE model was thought to be useful, particularly for understanding
the parameter dependence of any limit cycles which should emerge. This is in contrast to
DNS where time dependence increases the numerical dimension of a solution, particularly
for stiff systems or those with a ratio (or many ratios) of diffusive parameters analogous to
the Pr. As evidenced in section 3.4 however, time dependent behaviour in 2D convection
emerges only for larger values of € > 1 and is beyond the scope of weakly nonlinear theory.
While time dependence is observed at onset for € < 1 in 3D system, the dimension of the
reduced systems obtained at degenerate points 4(¢ 4 1) is still large (Friedrich & Haken
1986, Beltrame & Chossat 2015).

In this section numerical computations (carried out with the pseudo-spectral code de-
scribed in appendix D ) are used to study the behaviour of steady and time-dependent
convection at large Ra. Simulations use Nr = 25 — 65 Cheybshev collocation points radi-
ally and Ny = 60 Legendre polynomials in the polar direction. The separation is fixed at
d = 3, a value chosen to facilitate numerical simulations. Near the onset of convection we

find three possible solutions. An even 2-cell with rising plumes at the poles and sinking

T

plumes at the equator denoted u., an even 2-cell with rising and sinking plumes in the
opposite sense denoted u;” and a mixed or odd 1-cell flow with one large rising plume.

These flows are shown in figures 3.20 for Pr = 0.05 and figure 3.22 for Pr = 10.

Outlining the bifurcation sequence for Pr = 0.05,10 we show how the time-dependent
behaviour observed in section 3.4 emerges through a sequence of symmetry breaking bi-
furcations from the conductive state. By computing the latitudinally averaged tempera-

ture profile T'(r, ), and convective heat transfer as measured by the Nusselt number Nu

we also study the significance of the radially asymmetric thermal boundary layers which
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emerge for Pr > 1. Finally we provide an additional validation for our numerical code by
showing that the scaling Nu = 0.122(Ra/Ra.)%?*™ predicted by our code is in keeping
with recent studies of 3D spherical shell convection (Gastine et al. 2015).

3.5.1 BIFURCATION SEQUENCE FOR MODERATE Ra AT LOW Pr

1.25

1.201

L L e e e r o m— -
= Sl
Z
1.101
------- 1 — cell
_______ u,”
1.05+ u-

e Limit Cycle

1.00

2 4 6 10 12 14

8
Ra/Ra,

Figure 3.19: Time periodic solutions bifurcate from the even state in a symmetric Hopf
bifurcation. Stability and convective heat transfer Nu of the even u, ,u;” and mixed 1-cell
solution states at Pr = 0.05,d = 3. Stable and unstable states are denoted by solid and
dashed lines respectively with bifurcation points indicated by solid black dots.

Figure 3.19 outlines the sequence of transitions by which time-dependent behaviour emerges
for low Pr. The variation of Nu (the strength of convective heat transfer) with Ra/Ra.

is chosen to indicate the stability of solutions.

For small Ra/Ra. both even solutions are stable, but as Ra/Ra,. increases only the u, state
represented by the solid red branch remains stable. This is despite the higher heat transfer
of the u;} solution state as compared with u,". The temperature and vorticity fields of this
solution are shown in frame (a) of figure 3.20. In this spatial solution the temperature field
is weakly deformed from concentric circles, while the vorticity field attains a maximum at

+45° to the equator in each quadrant near the outer boundary.

Increasing Ra/Ra,. further leads to a symmetry breaking Hopf bifurcation where the even
u,. state loses stability to an odd mode perturbation. This perturbation is found to be

dominated by its £ = 1 mode component. Time integration of the w, state and this
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(b) Mixed 1-cell state Ra/Ra. = 4.9.

Figure 3.20: Steady states of the vorticity D2t and temperature field T of the even and
mixed solutions at Pr = 0.05,d = 3. (a) Symmetric even state with plumes directed along
the poles, (b) Asymmetric mixed mode state with a single wide plume directed towards the
pole.

perturbation results in periodic limit-cycle denoted by open circles in figure 3.19. The
time-dependence of this flow at Ra/Ra. = 8 for modes £ = 1 — 5 is shown in figure 3.18.
Accompanying animations of this solution are available in the supplementary material of
Mannix & Mestel (2019). The animation shows the periodic growth and shrinking of each
convection cell (¢ field) as they oscillate back and forth at the equator. Further increasing

Ra it is found that this limit cycle undergoes period doubling bifurcations.

In addition to understanding the sequence of transitions leading to a time-dependent flow,
it is also desirable to understand how the T field deforms with increasing Ra. To do so at
low Pr where the temperature field largely dictates the velocity field makes it necessary
to consider larger Ra than we have yet outlined. On the basis that low Pr convection
is likely to be unstable to non-axisymmetric perturbations even for small Ra we do not

investigate this case, but instead now consider large Pr flows to answer this question.
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Figure 3.21: Bifurcation diagram indicating both the stability and convective heat transfer
of the even u, ,u;" and mixed 1-cell solutions at Pr = 10,d = 3. Stable and unstable states
are denoted by solid and dashed lines respectively with bifurcation points indicated by solid
dots.

3.5.2 BIFURCATION SEQUENCE FOR MODERATE Ra AT HIGH Pr

Figure 3.21 outlines the sequence of transitions by which time-dependent behaviour emerges
at high Pr. The branching structure for this case is notably less complex when compared
with the Pr <« 1 scenario. In addition all solutions are found to remain both steady and

stable for much larger Ra.

For small Ra/Ra. both even solutions are stable, but increasing Ra/Ra. we find that
only the u_ state indicated by the solid red branch remains stable. This behaviour was
also observed at low Pr. The convective heat transfer achieved by both solutions in
figure 3.21 shows that the u, state despite being stable for larger Ra/Ra. achieves a
comparably lower Nu. The temperature and vorticity fields of this solution are shown
in frame (a) of figure 3.22. The temperature field has rising plumes directed along the
poles, which result from the fluid being heated as it passes near the hot inner sphere.
The corresponding vorticity field attains its maxima at the sphere’s boundaries and in the
neighbourhood of the plumes where the thermal boundary layer is developed. Increasing
Ra/Ra, further causes the symmetric u,. state to lose stability and transition to a mixed
state in a symmetry breaking bifurcation. This is indicated by a black dot on the red

branch in figure 3.21.

A mixed solution state indicated by a solid blue line in figure 3.21 is also possible for a
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narrow range of Ra/Ra.. Decreasing Ra/Ra. induces its transition back to the u, state
at the saddle-node, while increasing Ra/Ra, results in a transition to a time-periodic state
via the Hopf bifurcation denoted by a black dot. The temperature and vorticity fields of
the stationary mixed solution are shown in frame (b) of figure 3.22. The time-periodic
state which bifurcates from this stationary state is also found to have a similar spatial
form. The temperature field has a single rising plume directed along the north pole and a
weaker sinking plume of cold fluid near the south pole. As this flow is asymmetric a corre-
sponding state with plumes arranged in the opposite sense also exists. This follows from
the antisymmetry of odd numbered Legendre polynomials, and requires the consideration
of non-axisymmetric effects to establish the preferred state. The corresponding vorticity
field attains its maxima in the the sphere’s upper half, in particular at the sphere’s bound-
aries and in the neighbourhood of the plume where the thermal boundary layer is most
developed. Notably this state in both its stationary and time-dependent forms is bistable
with the even u, state. This is despite its comparably lower heat transfer as indicated in
figure 3.21.

In order to obtain the asymptotic scalings of Nu with Ra for each flow, we have computed
the Nusselt number of each state up to Ra = 250Ra. as shown in figure 3.21. Considering
the range Ra/Ra. € [100,250] or (Ra € [10*,10°%]) of the mixed 1-cell and even wu,
solutions we obtain the scalings

Nu = 0.112(Ra/Ra.)***,  Nu=0.125(Ra/Ra.)"?". (3.68)

While the Nusselt number of the even state " increases faster than these states, a clear
asymptote is not apparent and for this reason it is not considered. These scalings appear
consistent with those of Gastine et al. (2015) who obtained Nu = 0.166(Ra/Ra.)%?%9 for
DNS of 3D spherical shell convection for Ra € [102,10°]. To compute this relation Gastine
et al. (2015) used the mean exponent obtained over a range of Ra, but remarked that its

value tended to be a slowly increasing function of Ra.

To provide a physical understanding for the differences which emerge in the scalings and
stability of the flows obtained, we consider the thermal boundary layers which emerge at
the sphere’s surfaces and in the neighbourhood of the thermal plume(s). Consideration
of these regions also highlights key differences between convection in a spherical shell

geometry as compared with a rectangular plane layer.

Frame (a) of figure 3.23 shows the latitudinally averaged temperature profile of each solu-
tion considered in this section for Ra/Ra. = 100. Each profile displays strong gradients
near the inner and outer spheres, in addition to a core region where the temperature
varies weakly with 7. Excluding the w5 profile which displays a higher temperature in
its core region and larger gradients near the boundaries, all three remain qualitatively
similar. That the temperature profiles with the larger near wall gradients should have
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Figure 3.22: Steady states showing the vorticity D?1) and temperature field T of the even
and mixed solutions at Pr = 10,d = 3. (a) Symmetric even state with plumes directed along

the poles, (b) Asymmetric mixed mode state with a single wide plume directed towards the
pole.
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Figure 3.23: Thermal boundary layer profiles of the even and mixed solutions at Pr =
10,d = 3. (a) Latitudinally averaged profile showing the asymmetric inner and outer shell
boundary layers, (b) Temperature profiles at the annulus centreline, demonstrating that the
solutions with plumes rising at the poles have higher latitudinal gradients.
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larger exponents in the scaling relation (3.68) also holds well with intuition. The radial
asymmetry observed in these profiles is a consequence of the spherical shell geometry and
radial gravity. Heat flux conservation requires a comparatively larger gradient at the inner
sphere’s surface to compensate for its lower surface area. Computations for a variety of
separations by Gastine et al. (2015) indicate that as d — 0, the latitudinally averaged
temperature T'(r, §) tends to become symmetric about the annulus centreline.

Frame (b) of figure 3.23 shows the temperature profile of each solution at the annulus
centreline. The 1-cell flow whose plume is directed along the symmetry axis develops
strong gradients near § = 7. This is also the case for the u,. flow which develops strong
gradients near § = 0,7 accompanied by weaker gradients at § = 7/2, the location of its
sinking plume as shown in figure 3.22. As was outlined in figure 3.21, both of these flows
remain stable for large Ra despite their comparably lower heat transfer Nu. In contrast,
the u;” flow which has rising plumes at the equator but develops a comparably weaker

boundary layers near § = 0, 7 loses stability at small Ra

Collectively these observations suggest that for large Pr, it is the flows which achieve
large gradients at both the sphere’s boundaries and in their rising plumes that remain
most stable. What remains surprising is that among the flows shown in this section, it
is not necessarily those with the largest convective heat transfer Nu that are the most
stable.
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THERMALLY CONVECTIVE
SPHERICAL COUETTE FLOW

4.1 MODEL EQUATIONS AND SOLUTION REGIMES

The equations describing axisymmetric Rayleigh-Bénard convection in a spherical annulus

allowing for differential rotation are given by

2
agtw +J (W, %) + N1(Q,Q) = Pr (Rag(r)raag sinf + D2D2¢>, (4.1a)
oT e
o T/ 1) = VT, (4.1b)
%SZ +J(4,Q) = PrD*Q, (4.1c)
where
_ 1 9(f.9) _ . O(f, D?g/ (1 sin* 0)) _ o 2f
J(f’g)i’rQSil'lea(&r)’ j(f,g)fsmﬁ 8(9,7“) ) Nl(‘f’g)ir2sin9( Ote
(4.2)

As per (2.7) the inner sphere radius 71, and thermal diffusion timescale 72 /k, have been
chosen to make the equations non-dimensional. In this section we consider no-slip bound-

ary conditions for the fluid velocity at the sphere walls, and make the assumption of
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perfectly conducting spheres as per chapter 3. For the formulation 4.1 this gives

U(r,0) =.(r,0) =0, forr=1,1+4d,
T(1,0)=1, T(1+d,6)=0, (4.3)
Q(1,0) = Rey Prsin?6, Q(1+d,0) = Rey Prsin®4.

Although we allow for the possibility of outer sphere rotation we will fix Res = 0. This
choice is motivated by the assumption that inner sphere rotation presents a less stable con-
figuration (following the Rayleigh criterion Taylor (1923)) leading transitions for smaller
parameter values and reducing the number of parameters in this problem. The previously
outlined symmetry conditions (2.16) must also be enforced at the symmetry axis. As
per chapter 3, non-axisymmetric effects are considered later in chapter 5 to validate the

assumption of axisymmetry.

4.1.1 DECOUPLED STEADY SOLUTIONS

T(r,0)

0 0 0

) Yax,min = (0.07,—0.07) b) Yimax,min = (2.72,-2.72) ©) Pmax,min = (2.80,—3.93)

Figure 4.1: Decoupled steady state solutions of the differential rotation and thermal con-
vection (Pr = 10) problems illustrating similar spatial solutions. (a) Differential rotation
(2.18) for Re; = 1,d = 3, Ra = 0. A 2-cell poloidal flow v transports fluid near the in-
ner sphere with high specific angular momentum (shown as yellow in the Qg field) outwards.
(b) 2-cell thermal convection Re; = 0,d = 3, Ra = 740, (c) 3-cell thermal convection
Re; = 0,d = 1.5, Ra = 2160. Hot fluid near the inner sphere is convected outwards by a
cellular flow 1. For the convection problem Ra # 0, the number of cells as specified by the
annulus width increases as d reduces.

As shown schematically in figure 1.3, fluid motion (vorticity) in this model can be main-
tained by two distinct processes: buoyancy forces which drive thermal convection when
the conductive state becomes unstable, and differential rotation (wall shear) which drives
a recirculating flow. Decoupled solutions of (4.1) for each process are shown in figure 4.1,

where it is noteworthy that the contours of poloidal motion ¢ in frames (a), (b) have a
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similar spatial form. While a poloidal flow g is generated for all Re; # 0, thermal convec-
tion arises from an instability of the conductive base state (2.17) when the Ra exceeds a
critical Rayleigh number termed Ra.. The solutions shown in frames (b), (c) are therefore

simulated at a supercritical Rayleigh number Ra > Ra..

In the left half frame of figure 4.1 (a) the specific angular momentum field Qy corresponding
to the Stokes solution (2.18) for Re; = 1 is shown. In frames (b), (c) the temperature
field T produced using DNS is shown. The corresponding poloidal flow field in terms of 1
is also shown in the right hand side of each frame. Focusing on frame (a) we see that the
effect of inner sphere rotation is to generate a radial gradient of ) that is strongest at the
equator where the sphere’s velocity is greatest. The fluid responds by generating a 2-cell
poloidal flow 19 which transports fluid near the inner sphere with high specific angular
momentum )y outwards at the equator. In frames (b) and (c) an analogous situation
arises, with hot fluid near the inner sphere convected outwards by a cellular poloidal flow
1. Notably the number of cells is determined by the annulus width d, so that by reducing
d in frame (c) the number of cells has increased. This contrasts with the behaviour of the
flow shown in frame (a) where a 2-cell flow is generated independent of d provided Re; is

not too large.

Given the equations (4.1) with boundary conditions (4.3) and the knowledge that the
two physical mechanisms driving the fluid flow yield distinct solution regimes, we aim to
answer the following questions in this chapter. In addition to the rotating and thermal
convection solution regimes outlined, is there an intermediary regime where a mixed state
exists? Or alternatively a regime where a transition between these states occurs? If so,
how does the Prandtl number influence the solution state or transitions observed? And
ultimately what determines the preferred state of convective motion in the presence of

multiple solutions?

4.1.2 ROLE OF PRANDTL NUMBER

Before addressing these questions we briefly first describe the role of Pr. As Pr appears

in the boundary conditions for (4.1) it is convenient to use the transformation
V=19(r,0.t), T=To(r)+T(r,0,t), Q=RePrQ(r,6)+Qr6,0),  (44)

such that all tilde terms satisfy homogeneous boundary conditions. Substituting (4.4) into

(4.1) and dropping the tilde terms this allows equations (4.1) to be expressed as

prt <8D2w

T
5 +J<w,w)+N1<Q,Q)) = Rag(r)r op- sin04+-D* D2 Rey (N (9, Q)N (%, 0)) ~ el Pr Ny (0, %),

06
(4.5a)
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or

Pr%ﬁ§+ﬂuQORqﬂmQ@+Dm, (4.5¢)

where Re; now appears explicitly in the right hand side of (4.5a),(4.5¢).

At small Pr viscous forces are weak and the effects of rotation will be felt only if Re; Pr ~
O(1). In the limit Pr — 0 one must adopt the rescaling

v = Pr Yy, T =pPriT, Q=PrtqQ, t= Prt, (4.6)

as advection terms in both the vorticity and specific angular momentum equations are
dominant with their gradients confined to a thin momentum boundary layer. As flows
in this limit are likely to be both 3D and time-dependent we do not consider this limit.
Furthermore in the subsurface oceans of Jupiter’s moons and in the earth’s outer core
(applications which motivate this study) larger Pr € [0.1, 10] are more applicable (Aurnou
et al. 2007, Noir et al. 2009).

In the large Pr = v/k regime, thermal diffusion x < 1 is weak and we expect viscous
effects to dominate in the fluid bulk such that the velocity field (driven by small Ra or Rey)
dictates the temperature field with J(¢,T) = 0 (Batchelor 1956). Following Childress &
Soward (1989) we anticipate that away from the boundaries and plumes the temperature
takes a constant value. In their vicinity however, large temperature gradients develop as
Ra increases, such that thermal diffusion although weak will become significant leading
to the emergence of thermal boundary layers in which thermal diffusion and convection

balance. Assuming a steady velocity field we require (in dimensional variables) that

(4.7)

WOT | 10 (0
r 00 — r2or or )’

inside the thermal boundary layers which develop near the spherical boundaries, while in

the narrow thermal plumes we require

oT 1 o/ . oT
UTE ~ /{T‘QSineae<Sln989). (48)

Physically these relations state that the diffusion of temperature across the thermal bound-
ary layer tends to increase its width, but is balanced by convection inside the layer which
tends to reduce its width. For (4.7) convection is parallel to the sphere’s boundaries while
for (4.8) it radially outwards in rising a plume. While these balances are more easily un-

derstood for Re; = 0 where the cellular velocity field is less complex (Turcotte & Oxburgh
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1967, Moore & Weiss 1973), understanding how they’re influenced as w is determined more
strongly by differential rotation or libration effects which give rise to strong zonal flows

remains an important question.

Previous works demonstrate that the stability and form of convection in rotating spherical
shells is highly Pr dependent and exhibits different regimes (Zhang & Liao 2017). For fast
rotation rates and moderate Pr thermal Rossby waves in the form of spiralling columns
are obtained while at low Pr these are equatorially attached waves. These differences

largely reflect how the competition between buoyancy and Coriolis forces is altered.

In shear flows also driven by buoyancy as considered in this section, it is the competition
between shear and thermal buoyancy which determines the flow’s state. Such flows have
been reviewed by Kelly (1994) and stability relations have been derived by H.W. Muller
(1992), Miiller et al. (1993) for planar Rayleigh-Bénard convection with a weak trans-
verse shear flow. Neither of these works however considers variations of Pr despite its
significant influence. Nevertheless its dependency is non-trivial, with studies of inclined
layer convection for example Subramanian et al. (2016), showing that the while the onset
of convection rolls is steady for Pr = 1 it is oscillatory for Pr > 12.7. Given that our
problem also incorporates not only buoyancy but also aspects of shear flows and rotating
flows, it is important to consider different Pr to help understand its role. As we later out-
line this leads to some technical challenges, in particular resolving the thermal boundary
layers which emerge at high Pr.

To address the questions outlined and to consider the transitions between the convective
and rotating regimes highlighted we adopt the following approach. We first consider the
weakly nonlinear regime for Re; < 1 and (Ra — Ra.)/Ra. < 1 using numerical continua-
tion for different Pr. This approach is guided by reduced order models which leverage the
similar spatial form of the solutions shown in figure 4.1, and by the amplitude equations
derived in chapter 3. In doing so we elucidate the dependence of flow transitions on the Pr
and shell separation d. Using the insights and solutions obtained at these small parameter
values, we subsequently investigate the behaviour of (4.5) at large Pr for varying Ra, Re;.
Rather than conducting exhaustive simulation for all values of Ra, Re;, numerical contin-
uation of the systems bifurcation points is used. By identifying the physical mechanisms
that are the cause of each bifurcation, we can also understand how the dynamical proper-
ties of solutions to (4.5) change as we vary the parameter values. Finally we comment on

the role of thermal boundary layers and symmetries in determining the preferred solution.

64



4.2 PRIMARY BIFURCATIONS

In figure 3.2, it was shown that for combinations (d., Ra.) the onset of convective motion
is degenerate, with convection modes ¢,n simultaneously losing stability. Using weakly
nonlinear theory to derive amplitude equations valid near each degeneracy, the preferred
mode of convection was established. Relying on the similar spatial form of solutions
presented in figure 4.1, we now use (3.57) to describe the behaviour near the ¢ = 2,3
degeneracy, in the presence of weak rotation. This approach was also adopted by Araki
et al. (1996) for a single mode, but not for degenerate points with a view to highlighting
the effect of rotation on both even and mixed convection solutions.

Projecting the influence of very weak rotation Re; < (Ra — Ra.)/Ra. < 1 onto the £ = 2
component of (3.57) yields

A = CLoRG%P’I‘ + ‘Ll,lA —+ OégB2 —+ d12A32 —+ dlgAS, A ~ Z = 2 (4 9)
B:NQB+,82AB+d21AzB—|—d24BB, B~n>/{¢=3 .
where
1 :a1u+a2(5, M2 :b1u+b25 a;,b; eR™". (410)

The coefficients «;, 8;,d;; € R are as previous in figure 3.5 and ap € R is determined

from the inner product

=2
ao—//( Arty 1(90,90))r281n9drd9, (4.11)

Ra.r?sin’ 0

where 1% is as defined in (3.12). Although (4.9) assumes that the degenerate point has
not been significantly modified by the effect of rotation, and as such is valid only when
Re?Pr < (Ra — Ra.)/Ra. < 1 it is nonetheless a useful guide.

Setting py > 0, p2 < 0 and B = 0 equation (4.9) reduces to

A= agRe2Pr + A + dy3A3, (4.12)

which applies in region 1 of figure 3.6 where only even convection is obtained. For non-zero
rotation (4.12) the pitchfork bifurcation to even convection is thus split by a factor pro-
portional to Re? Pr. It also suggests that solutions will be bistable but without hysteresis
as variations in Re; are symmetric, such that (4.12) does not describe a cusp bifurcation
(Lewis & Langford 2008, Kuznetsov 2004). Setting uy < 0, ug > 0 equation (4.9) reduces
to
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B= (p2 —
M1 H1

B3, (4.13)

which applies in region 4 of figure 3.6 where only mixed convection is obtained. The fixed
points of (4.13) are approximated by A = —pus/f2 and B = £+/agRe3Pr — (u1p2)/ Bz,
while the form of (4.13) suggests that the onset of odd convection is merely shifted by

non-zero rotation.

To understand how differential rotation alters the cellular pattern selected by thermal
convection we now consider two values of the annulus separation. The value d = 3 is
chosen to ensure that thermal convection selects a 2-cell flow which exhibits dynamics
described by (4.12) and conversely d = 1.5 is chosen so that an odd 3-cell flow is selected
whose dynamics are described by (4.13). The choice of a wide annulus favouring low
wave-numbers is also motivated by simplicity. Numerically fewer modes are required to
resolve wider annuli and the presence of a similar spatial structure of the flows facilitates

qualitative interpretations.

Using this setup we aim to understand how bifurcations from the conductive state to a
state of thermal convection are altered by differential rotation. Is this scenario different
for odd and even thermal convection (cf. frames (b),(c) of figure 4.1)? And how does
each scenario depend on the Prandtl number Pr? In this section we now term solutions
qualitatively similar to the left hand side of frame (a) of figure 4.1 rotating solutions and

those qualitatively similar to (b), (¢) convective solutions.

4.2.1 EVEN SOLUTIONS d =3

Figure 4.2 shows how the bifurcation of the conductive state to a state of even convection
is altered by rotation of the inner sphere. In these bifurcation diagrams and those which

follow the L2 norm of the stream function

Ny

1] = sign(ur) Y [l (4.14)

£=0

is used as a solution measure. In selected bifurcation diagrams ||¢|| is multiplied by the

sign of the radial velocity u, at the equator to demonstrate branching symmetry.

Solutions for different Re; are shown for three values of Pr in figure 4.2. When Re; =0
the conductive basic state Ty () loses stability at a critical Rayleigh number Ra. through a
pitchfork bifurcation. For Re; # 0 the pitchfork is split and becomes an imperfect pitchfork
bifurcation as shown in figure 4.2. This structure follows from that predicted by (4.12).
The branches with positive equatorial velocity u;' resembling the rotating solution connect

continuously to the conductive state, while those with negative velocity u, resembling the
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Figure 4.2: Splitting of the pitchfork bifurcation due to differential rotation is more pro-
nounced for larger Pr. Bifurcation of the conductive state to even thermal convection for
different Rey and Pr. Solid lines denote stable equilibria while dashed lines denote unsta-
ble equilibria. When Re; # 0 the symmetric pitchfork is split into two branches: a rotation
dominated branch with positive radial velocity at the equator u,” which emerges continu-
ously from the conductive state and a convection dominated branch with negative radial
velocity at the equator u,. .

convective solution emerge from a saddle-node bifurcation. The distance of this saddle
node bifurcation from the point (Rac, ||1|| = 0) is observed to increase with both Re; and
Pr. For small Pr the pitchfork is slightly deformed while for larger Pr the role of rotation
begins to dominate. Similarly for larger rotation rates Re; = 10 the bifurcation is further
deformed as shown in figure 4.2 frame (c), such that the lower convection branches are

longer found within the range investigated.

Fixing (Ra — Ra.)/Ra. = 0.5 and performing continuation in Re; we find that only the
rotating branch persists for large Re; as shown in figure 4.3. Starting on the u, branch
and increasing Re; causes a transition to the u," branch, but decreasing Re; does not lead
to the backwards transition. The system is bistable but not hysteretic. Comparing figures
4.3 (a) and (b) we observe that u, persists for a larger interval of Re; when Pr is smaller.

Similarly the amplitude of the rotating branch increases at a faster rate for large Pr.

Frames (a),(b) of figures 4.4 show the corresponding spatial solutions of the branches in
bifurcation diagrams 4.2 at Pr = 0.1,10. To illustrate the different coupling regimes
present at high and low Pr we have shown solutions at Pr = 0.1 in the left hand frames
and solutions at Pr = 10 in the right hand frames. The poloidal 2-cell flow ¥ remains
qualitatively consistent in all cases although its amplitude changes. Comparing the T, Q2
fields for each case however the differences in these flows are made evident.

Considering the rotating branch w;’ shown in frame (a) of figure 4.4, we see that for
Pr = 0.1 the contours of T are weakly deformed from concentric circles, but that gradients
of  are strongly advected by the poloidal motion. Conversely we see that for Pr = 10
gradients of T are strongly advected. For the convecting branch w, shown in frame (b)
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Figure 4.3: Symmetric solution states are bistable but do not exhibit hysteresis. Transition
between the rotating branch u;” and the convection branch u,. for (Ra — Ra.)/Ra. = 0.5.
At Re; = 0 the u, u; solution branches are approximately equal, but for sufficient Re; the

u,. convection branch terminates in a saddle-node bifurcation and transitions to the rotating

state. Frames (a),(b) are symmetric in Rej, as rotation in both directions is equivalent when
the outer sphere is fixed. For this reason only half the axis is shown in frame (b).

of figure 4.4 similar behaviour is observed, with gradients of T more strongly advected at
Pr = 10 while gradients of {2 are more strongly advected at Pr = 0.1. A specific difference
which emerges in this flow at Pr = 0.1 is that the poloidal motion, favoured by thermal
convection, pushes fluid with greater specific angular moment to higher latitudes. This is
shown in the right half of the Q field in frame (b).

4.2.2 ODD SOLUTIONS d = 1.5

Figure 4.5 shows how the bifurcation from a conductive state to a state of odd convective
is modified by rotation of the inner sphere at different Pr. To examine this transition a
preference for odd convection has been set by fixing d = 1.5. Branches with zero rotation
are shown in black while those with Re; = 1 are shown in blue. Contrasting with the
transitions observed for even solutions, the bifurcation to odd convection remains a pitch-
fork for Re; # 0 as follows from the asymmetry of odd numbered Legendre polynomials
which constitute the polar eigenfunctions. Depending on the strength of rotation and Pr
however, the location of the bifurcation point and whether the bifurcation is forward or
backward changes. This structure follows from that predicted by (4.13).

For Pr = 0.1,1 we observe that the odd convection branch shown in blue, bifurcates via
a forward pitchfork almost coincidently with the black branch. In each case the rotating
solution can be seen to persist as an unstable branch for values of Ra beyond this threshold.
For Pr = 10 the 2-cell branch persists for a larger range of (Ra— Ra.)/Ra. and transitions
to a 3-cell solution at larger Ra via a subcritical pitchfork shown in frame (c) of figure 4.5.
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(a) Rotation branch u,, Pr = 0.1 left and Pr = 10 right.
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(b) Convection branch u,, Pr = 0.1 left and Pr = 10 right.

Figure 4.4: Gradients of () are strongly advected by the poloidal flow for Pr < 1 and
gradients of T for Pr > 1. Steady equilibrium solutions for Re; = 1, (Ra — Ra.)/Ra. = 0.5
demonstrating different coupling regimes at high and low Pr. Left frames show the Pr =
0.1 and right Pr = 10 solution. (a) Rotation branch u;" , (b) Convection branch ;..

Notably the 2 and 3-cell solution states which are connected by an unstable branch are
bistable within a range of (Ra— Ra..)/Ra.. Following this unstable branch backwards from
the bifurcation point we find that the odd component of the solution increases until it gains
a stable eigenvalue and stabilises at the saddle node. Fixing (Ra — Ra.)/Ra. = 0.25 and
performing continuation in Re; we find that increasing Re; destabilises the 3-cell branch
causing a transition to a 2-cell branch and that by decreasing Re; the reverse transition
can take place also. This is distinct from the even case we previously considered where
transitions between the convection state and the rotating state could be induced only by

variations in Re; and were not hysteretic.

Figure 4.7 shows the corresponding spatial solutions for the bifurcation diagrams 4.5 and
4.6 at Pr = 0.1,10. Despite variations in amplitude the 3-cell poloidal motion of both cases
are in close resemblance, differences do however emerge in the Q,7T fields. For Pr = 0.1
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Figure 4.5: Differential rotation causes the onset of odd convection to become subcritical
for Pr > 1. Bifurcation diagram of odd mode thermal convection. In frames (a),(b) the
forward pitchfork bifurcation is slightly perturbed to Ra > Ra,, while in frame (c) the 2-
cell branch dominates for a larger range of Ra and the pitchfork bifurcation to the 3-cell
solution becomes subcritical or backwards. The hysteresis loop between the bistable 2 and
3-cell solution states is demarcated by dashed red lines.
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Figure 4.6: Hysteresis between the convecting 3-cell flow and the rotating 2-cell flow for

(Ra — Ra.)/Ra. = 0.25. (a) Increasing Re; causes the solution to jump from the convect-

ing branch to the rotating branch, and similarly when decreasing Re; the rotating solution
either persists unstably or returns to the convecting branch. (b) Increasing Re; causes the
convecting branch to terminate in a saddle-node bifurcation and transition to a 2-cell rotat-
ing flow.

gradients in {2 are strongly advected by the poloidal flow, such that its profile becomes
highly asymmetric. While at Pr = 10 it is gradients of T" that are strongly advected

resulting in the emergence of plumes.
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Figure 4.7: Mixed/odd equilibrium solutions for Re; = 1, (Ra — Ra.)/Ra. = 0.25 demon-
strating different coupling regimes at high and low Pr. Left frames show the Pr = 0.1
solution and right Pr = 10. For Pr = 0.1 gradients of {2 are strongly advected by the
poliodal flow, while at Pr = 10 it is gradients in the T field.

4.2.3 SYMMETRIES

The bifurcations and spatial solutions presented demonstrate that equations (4.1) have two
symmetries in addition to those imposed by axisymmetry, namely a reflection symmetry I'
about the equator and a sign change symmetry R, of even convection solutions. The latter
symmetry, which accounts for the pitchfork bifurcation observed for even modes, stems
from the self-adjoint nature of the convection problem linearised about the conductive
state (cf. 3.10). Following Araki et al. (1996) we define the equatorial reflection operator
by

—1/’(7",77 - 97t) 1/1(7"79’0
I'X=| T(r,r—0,t) |, where X =|T(r6,1)]|. (4.15)
—Q(r,m—0,t) Q(r,0,t)

Decomposing the solution into its symmetric even X g and antisymmetic odd X 4 compo-

nents one obtains 1 1
sti(X+I‘X),XA:§(X—FX). (4.16)

While the even component is a fixed point of the Z5 reflection symmetry operation

I'(Xs) = X s by operating on the odd component a second solution is obtained

FXA:%(FX—X):—XA, (4.17)

such that X acquiring an odd component corresponds to a symmetry breaking bifurcation.
As shown by Golubitsky & Schaeffer (1985) this symmetry breaking will typically result
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in a symmetric pitchfork bifurcation, or a symmetric Hopf bifurcation giving rise to a
small amplitude periodic orbit. Numerically this symmetry can be exploited to reduce
computational cost, in particular when detecting symmetry breaking bifurcations such
as observed in the previous subsection. Writing (2.21) in terms of its symmetric and

anti-symmetric components one obtains

0X
M ats:]:S(XS,XA)EN(XS,XS)+N’(XA,XA)+EXS+F’
(4.18)
0X
M atA:_FA(XS)XAEN(XA,X3)+N(XS7XA)+£XA7

where the second equation in (4.18) corresponds to the linearisation of (4.1) about the
symmetric state, demonstrating that antisymmetric solutions correspond to an instability
of the symmetric solutions X g. The perturbation of the symmetric equation by a constant
forcing term F' accounts for the splitting of the even mode pitchfork or breaking of the
sign change symmetry R, previously observed. Unlike the pitchfork bifurcation leading
to mixed convection shown in figure 4.5, the pitchfork bifurcation from the conductive
state to a state of even convection is not symmetric. Its branches are not related by a
symmetry operation. Inspection of figure 4.2 shows that they attain different amplitudes

as Ra increases.

4.3 NUMERICAL CONTINUATION OF 1-PARAMETER BIFURCATIONS

Near the bifurcation points outlined in section 4.2, small changes of the parameter val-
ues Rej,Ra can induce transitions between the convection and rotating solution regimes.
This was demonstrated in figures 4.3 and 4.5 where bistability and hysteresis phenomena
were observed, albeit for a very narrow parameter range. To understand the parameter
sensitivity present in such regions, and its changes under variations of Re;, Ra we preform
numerical continuation of the bifurcation points determined for small parameter values.
By doing so, we aim to understand the physical balances present in these transition regions
for larger Re; and Ra.

Following Cliffe et al. (2000), we anticipate that when varying a single parameter such as
Ra while keeping Re; fixed, a steady solution of (4.1) can have four possible bifurcations
as the real part of a single eigenvalue changes sign. For a general solution state X without

symmetry these are

e quadratic fold points,

e Hopf bifurcations,

and when X has Z; reflection symmetry (4.15) these are
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e symmetric pitchfork bifurcations,

e symmetric Hopf bifurcations.

We note that additional 1-parameter bifurcations are possible in the presence of more
complex spatial symmetries such as O(2), SO(2) and O(3), typical of a 3D spherical shell
domain (Crawford & Knobloch 1991, Cliffe et al. 2000). If (4.1) were not restricted to be
axisymmetric one would need to consider these additional cases.

Each of these bifurcations is determined by the following augmented systems (Kuznetsov
2004). For the fold bifurcation by solving for fixed points of

F(X,p)
H(Z)= | AX,u)q | =0, where Z=(X,q,pn)cR>", (4.19)
qq—1
0

and A(X,u) = DFx is now used to denote the Jacobian matrix. The vector g € R” is
the critical eigenvector corresponding to the eigenspace A = 0. The system is solved using
Newton Iteration which relies on the matrix

TX 0n><n f,u,
Hz(Z) = | Axq A Auq ) (4.20)
O1><n qg 0

where the action of the Hessian matrix Axq is approximated using a forward difference

approximation
AX + 878 1) — A(X, )

]

Axq= ( )|q|| + O(9). (4.21)
While central differencing or alternative schemes of higher accuracy can be used to im-
plement this approximation, they would require additional evaluations of the Jacobian
matrix. Similarly a Hopf-bifurcation is defined by fixed points of the system

F(X, )
A(X, p)v 4+ ww
H(Z)=| AX,p)w—wv | =0, where Z = (X,v,w,pu,w)c R (4.22)
viv+wlw -1

T T
wyv — vHw

where ¢ = v + iw € C™ is the critical complex eigenvector corresponding to the critical

complex eigenspace A = +iw, and g is a vector that is not orthogonal g”q, # 0. The
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system is solved using Newton Iteration which relies on the matrix

A Onxn Onxn ]:,U. 0
Axv A wl  Apv w

Hz(Z)=|Axw —wI A Aw —vl|, (4.23)
O1n w3 wl 0 0
O1xn on —'Ug 0 0

where the action of the Hessian matrix Axwv is computed using the forward difference
approximation (4.21). The symmetric pitchfork bifurcation is determined by solving for

fixed points of

F(Xs, 1)
H(Z)=|AX, g, | =0, where Z= (X, q,,pu) €R" (4.24)

QOTQA -1

where A(X, ) = DFx_ is now used to denote the Jacobian matrix of the symmetric
component of X and g4 € R™/? is the critical antisymmetric eigenvector corresponding to
the eigenspace A = 0. The symmetric Hopf bifurcation is determined by solving for fixed

points of

F(Xs, 1)
A(X s, p)va +wwa
H(Z)=| A(Xs,p)wa —wvys | =0, where Z = (X;,v4,wa,p,w)€ R3"/2+2,
viva+wlwys —1
wlva —viwy
(4.25)

where q4, = v +iwy € C*? is the critical complex eigenvector corresponding to the

critical complex eigenspace A = Fiw, and g, is a vector that is not orthogonal g7 g, # 0.

The main difficulty in applying these methodologies to high-dimensional PDE systems
arises from the linear algebra (Net & Snchez 2015). The dimension of the augmented
systems (4.19) and (4.22) is a multiple of the systems solution vector. Variations of (4.19)
and (4.22) formulated in terms of multiple low dimensional systems are used (Bindel
et al. 2014), however in practical computations we found their numerical convergence
to be significantly slower despite the use of preconditioning. The prevailing approach
to circumvent these difficulties uses the formulation of matrix free equations which are
solved using GMRES (Saad & Schultz 1986). Although matrix free methods have not be
implemented for this continuation task, the discrete representation of (4.1) is typically
sufficiently low in dimension due to the use of Galerkin projection and Chebyshev pseudo-

spectral methods. This formulation also allows us to easily exploit the symmetry of (4.1)
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when implementing systems (4.24), (4.25).

Using these techniques we now map out possible solutions in Re;, Ra parameter space,
and subsequently investigate how transitions between the convection and rotating solution
regimes occur. We also highlight degenerate or co-dimension two points which can occur
at isolated points along the curves defined by (4.19) to (4.25).

4.4 FLOW TRANSITIONS AT LARGE Ra, Re;

In section 4.2 we observed that rotation splits the primary pitchfork bifurcation of even
2-cell flows, leading to a rotation dominated steady state u,” and a convection dominated
state u, . Similarly, the symmetry breaking pitchfork bifurcation to an odd state of 3-
cell convection switches from supercritical to subcritical at larger Pr. This leads to a
bistable parameter region where for larger Pr finite amplitude perturbations may induce
a transition between states. Given that we considered small values of Rej, Ra only, we
now enquire. Is bistability observed for larger values of these parameter? And is there an
underlying physical mechanism which explains this behaviour? Fixing d = 3, Pr = 10 only
variations of Re;, Ra are now considered. In addition to facilitating numerical simulation,

the restriction to wide shells (d > 1) also reduces the number of solution states.

In addition to Nu, the dimensionless torque G evaluated at either the inner or outer

sphere’s surface as defined by

23 [T Ou, Uy Qo +Q
= 1 _— 1 h = 42
G Re, /0 sm@[ 5 . ] sinfdf, where wu, py (4.26)

is now used as a solution measure. Throughout this section bifurcation diagrams are
presented in terms of both measures, for the purpose of illustrating that stable solutions

do not necessarily maximise heat transfer or transfer of angular momentum.

Figure 4.8 shows the loci of bifurcation points in Re;, Ra parameter space. These curves
denote the stability regions for different types of steady and time-dependent solutions. For
the parameter values considered it is possible to find three qualitatively different types of
solutions. These are a symmetric convection solution u, as shown in frame (b) of figure
4.4, a symmetric rotating solution u," as shown in frame (a) of figure 4.4 (or more clearly
in figure 4.9), and an asymmetric 1-cell solution as shown in figure 4.10. Both steady and

time-dependent u;, 1-cell solutions are found while only steady u,. solutions are found.

The regions of parameter space (figure 4.8) which contain these stable solutions are:

+

a. 2-cell solutions w;, u,

b. 1-cell and 2-cell solutions u,,u;',
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Figure 4.8: Increasing the rotation strength Re; stabilises the 2-cell u;" solution, and leads
to a bistable envelope where ;" shares stability with other solutions. Bifurcation loci illus-
trating the stable solutions in Rey, Ra space for d = 3, Pr = 10. Solid lines are used to
denote saddle-node (SN) or symmetric pitchfork bifurcations (PF), chained lines symmetric
Hopf bifurcations (Hy2) and dotted lines Hopf bifurcations (Hy1). Solid black and hollow
circles denote co-dimension 2 points. Below the solid yellow, blue and chained black lines
the rotation dominated 2-cell state u," is stable to all axisymmetric perturbations. At low
Re; multiple steady solutions are bistable, while at larger Re; increasing Ra causes a transi-
tion to time-dependent behaviour.

c. l-cell and 2-cell solution u;},

d. time-dependent 1-cell(t) and steady 2-cell solution ',
e. 2-cell solution u,.,

f. 1-cell and 2-cell solution u,,

g. time-dependent 1-cell(t) solution,

h. time-dependent 1-cell(t) solution and steady 2-cell solution u,.,
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where (t) is used to indicate a time-dependent state. In addition to the 1-cell(t) solution
which bifurcates from the steady 1-cell solution as it crosses the dotted blue line Hyq, a
time-dependent 2-cell solution w;}(t) is also possible. This occurs when w, undergoes a
symmetric Hopf bifurcation as it crosses the chained black line Hyy shown in the upper
right half of figure 4.8.

The general trend illustrated by figure 4.8 is that rotation stabilises the symmetric convec-
tion solution which most resembles differential rotation. It also shows that the symmetric
convection solution w, is suppressed as Re; increases. The behaviour for each of these
cases is illustrated in figure 4.4 frames (a),(b). We understand the former case w5 (frame
(a)) to be stable with increasing Re;j, as gradients of both Q & T have a preference to be
advected outwards at the equator.

As Re; increases from zero the Ra for which stable asymmetric 1-cell convection can be
found is reduced. For small Re; > 1.81 this leads to the bistability of the 1-cell and u;", u,-
solutions in region b. While in regions c¢,d which lie between the solid black and blue lines
of figure 4.8, the ;" solution is bistable with either the 1-cell or 1-cell(t) solutions. Fixing
Re; = 5 and varying Ra we find that the bifurcation from wu; to the 1-cell solution is
subcritical, with each state connected by an unstable branch as shown in figure 4.9 frame
(a). This implies that in regions b,c,d finite amplitude perturbations are required to
induced a transition.

To better understand the physical mechanism responsible for transitions we examine their
solutions and eigenvectors at their bifurcation points. Doing so indicates that instabilities
are concentrated on either the poles or axis. In solving for the loci shown in figure 4.8
both the solutions and eigenvectors have already been determined, as the systems defined
by (4.19) to (4.25) require their solution.

4.4.1 STEADY BIFURCATIONS

Figure 4.9 (a) shows a cross section of figure 4.8 with fixed Re; = 5. The figure illustrates
the stable and unstable solutions in terms of Nu which are found for this rotation strength
and the transitions which occur as Ra is varied. For small Ra only the 2-cell solution u;"
is stable. Increasing Ra this solution loses stability in a symmetry breaking pitchfork
bifurcation at PF and transitions to an asymmetric 1-cell state. Reducing Ra the 1-cell
solution loses stability at SN and returns to the 2-cell branch u;, and so this transition
is hysteretic. A 2-cell u, solution disconnected from the other solution branches is also
possible for these parameter values. Distinct from figure 4.2 where small rotation Re; = 1
split the pitchfork bifurcation connecting the u;” and u, branches, the stronger rotation

now results in a number of unstable rungs.

In frame (b) of figure 4.9 the steady state solution X ppr and its least stable eigenvector
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Figure 4.9: The rotating 2-cell solution ;" loses stability to disturbances confined to the
equator, transitioning to a state with lower heat transfer. (a) Bifurcation diagram in terms
of the convective heat transfer Nu, showing the sequence of transitions as Ra is varied with
fixed Re; = 5. Stable branches are shown as solid lines while unstable branches are dashed
or dotted. Bifurcation points are marked by solid black dots and are annotated with their
corresponding type. (b) Equilibrium solution X pr bottom and leading eigenvector qp 5 top
evaluated at the symmetric pitchfork bifurcation point.

gpr are shown in the lower and upper panels respectively. In this solution, the poloidal
flow ¢ advects gradients of 2 and T outwards at the equator. In the temperature field
this motion results in two large plumes, a thin hot layer of fluid near the inner sphere’s
surface and a narrow jet of hot fluid drawn outwards along the equator. The least stable
eigenvector g pp shows that the disturbance which destabilises this flow is localized about

the equator.

The physical interpretation is that as Ra increases large gradients of T' accumulate in thin
thermal boundary layer at the equator. Following (4.8) the radial advection of temperature
gradients inside this jet must be balanced by thermal diffusion in the polar direction. For
Ra < PF the strong radial flow driven by rotation helps achieve this balance, but as
Ra increases beyond the bifurcation point PF' the jet widens such that diffusion acts
more weakly. This results in the growth of polar gradients which destabilise the flow in a

localised perturbation of the form qpp.

The steady equilibrium solution X g shown in frame (b) of figure 4.10 contrasts greatly
with that of the 2-cell flow. Its poloidal flow v consists of two large cells, whose circulation
is clockwise in the right half of the figure and anti-clockwise in the left half. This flow
deflects the contours of 2 upwards and convects hot fluid radially outwards at the pole
creating a strong thermal plume. The flow also has two small recirculation zones at its

pole, in correspondence with the two smaller thermal plumes aligned either side of the
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Figure 4.10: The 1-cell solution loses stability to disturbances driven by Ekman pumping
(cf. figure 4.11) which are confined to the polar region. (a) Bifurcation diagram in terms of
the torque G, showing the sequence of transitions as Ra is varied. (b) Equilibrium solution
X gn bottom and leading eigenvector g4, top evaluated at the symmetric pitchfork bifur-
cation point. As Ra is decreased beyond the bifurcation point SN the 1-cell solution loses
stability to disturbances confined to the pole and transitions to a state of higher torque.

rotation axis in the T field.

The least stable eigenvector gg, shows that the disturbance which destabilises this flow
is localized about the pole, particularly near the outer sphere. The ¢ component of qqy
indicates that a cellular flow whose motion is in the opposite sense to the 1-cell flow will
grow to restore the 2-cell u;™ solution. The growth of this disturbance is attributed to
Ekman pumping driven by the inner sphere’s rotation as demonstrated schematically in
figure 4.11.

Near the rotation axis and the rotating sphere’s surface we anticipate that the fluid flow is
similar to that near a rotating disc’s surface. In this configuration fluid is drawn downwards
along the rotation axis until it reaches the discs surface where it is centrifuged outwards
(Stewartson 1953). This behaviour is shown schematically in figure 4.11. In frame (a)
the inner sphere’s rotation draws cold fluid radially inwards at the rotation axis near the
upper sphere, and pumps it outwards near the inner sphere. Depending on the cellular
motion driven by convection, this pumping may be inhibited or enhanced. Frame (b) of

figure 4.11 shows the equivalent configuration for outer sphere rotation.

At large Ra it is understood that Ekman pumping is balanced by the strong cellular flow
driven by thermal convection. While rotation alters the radial velocity profile locally,
it does not alter the polar velocity even near the rotation axis as shown in figure 4.12.
Reducing Ra however, decreases the strength of the convective flow such that it can no
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Figure 4.11: Schematic of the anticipated fluid-flow in the pole regions. Fluid is drawn
along the rotation axis until it reaches the rotating spheres surface where it is then pumped
outwards. (a) The inner sphere’s rotation draws cooler fluid downwards which is heated as it
reaches the hot sphere’s surface. The cellular motion observed in figure 4.10 which opposes
this motion is also indicated. (b) In the case of outer sphere rotation, hot fluid is drawn
upwards and then cooled as it moves outwards along the cold sphere’s surface.

longer balance the flow generated by Ekman pumping in this polar region which is in the

opposite sense.

Figure 4.13 (a) shows a cross section of figure 4.8 with fixed Re; = 5. The transition of
the 1-cell solution to a time dependent solution 1-cell(t) via a Hopf bifurcation denoted
by Hp as Ra is increased is indicated. The 1-cell(t) solution is available online at Movie
Link, or is shown in terms of labelled frames of the temperature field in figure 4.20. The
fate of the 2-cell branch w,  as Re; is increased is also shown. For Re; = 3 this branch is
stable for a larger range of Ra as compared to u,;". Increasing Re; the stable portion of
this branch shrinks and has disappeared for Re; = 6. An unstable branch with multiple
unstable rungs is found to remain.

The lower half of frame (b) of figure 4.13 shows the symmetric flow X g2 characterised
by two thermal plumes, one rising towards each pole. For small Ra this flow transitions to
the ;" solution, while for larger Re; it transitions to the 1-cell solution. The disturbance

gy which induces its transition to the 1-cell state is shown in frame (b) of figure 4.13.
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Figure 4.12: Ekman suction draws fluid radially inwards flow along the rotation axis, in-
hibiting the convection of hot fluid away from the inner sphere at this location. Tempera-
ture, radial velocity u, and polar velocity ug profiles of the 1-cell solution for Re; = 33. (a)
Near the inner and outer spheres u,. is directed inwards and becomes positive only near an-
nulus the centre. (b) Temperature variation with latitude 6 showing the development of two
plumes which align about the pole. (c) The latitudinal velocity is directed towards the pole
near the inner sphere (ug < 0) and away from the pole near the outer sphere (ug > 0).
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Figure 4.13: Increasing the rotation strength causes the u,. solution to transition to the
1-cell solution, when Ra is large. For small Ra the transition is to the ;" state. (a) Bifurca-
tion diagram showing the w, solution branch for different Re;. For Re; = 3 a large portion
of the branch is stable, but increasing Re; this stable portion is eliminated to include a num-
ber of unstable rungs. The time dependent solution 1-cell(t) is indicated by open circles. (b)
Steady solution X gn2 and its leading eigenvector g g, for the saddle node SN2.
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4.4.2 STABILITY OF THERMAL BOUNDARY LAYERS
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Figure 4.14: Differential rotation enhances the thermal gradients at the sphere’s walls in
both solutions, but stabilises the u," solution by also enhancing gradients in the thermal
plumes and pole regions more effectively. (a) Latitudinally averaged T'(r,0) and (b) centre-
line T(r = 1+ d/2,0) profiles of the u;” and 1-cell solutions for Re; = 33. *Comments on
difficulties encountered resolving this solution are made at the end of this section.

To understand why the steady u;" solution remains stable for larger Ra as Re; increases,
we examine the latitudinally averaged and centreline temperature profiles of the u;} and 1-
cell solutions as shown in figure 4.14. Comparing these profiles we observe the ;" solution
achieves higher gradients at both the sphere walls and at the poles. It was shown in figures
4.9(a) and 4.10(a), that of these two solutions, the u,” solution also achieves higher torque
and heat transfer. Comparing the profiles in figure 4.14 with those shown in figure 3.23
(computed in the absence of rotation although at higher Ra/Ra.), the enhancement of
thermal gradients in the boundary layer regions of ;" by differential rotation is apparent.
It is also apparent that Ekman pumping significantly modifies the polar boundary layers
observed in the non-rotating 1-cell solution’s polar plume (figure 3.23).

4.4.3 'TRANSITION TO TIME-DEPENDENCE

As illustrated in figure 4.8, transition from the ;" solution occurs along the steady bifur-
cation PF for Re; < 28. While for Re; 2 28 this flow transitions to a time-dependent
solution at the symmetric Hopf bifurcation Hys resulting in an oscillation of the equatorial
jet. For large Re; we also find that the 1-cell solution may transition to a time-dependent
state 1-cell(t) as Ra is increased beyond Hyp. In this section we describe these transitions
and the resulting time-dependent states. Although these time-dependent solutions are

likely unstable to non-axisymmetric disturbances they serve to illustrate most clearly the
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non-linear dynamics of the flow with increases in the control parameters (Busse 2003). In
addition, features of these flows often persist as coherent structures for more disordered

configurations. For this reason we believe they are worthy of consideration.

COMMENTS ON THE RESOLUTION OF OUR SPECTRAL CODE

In this regime differential rotation is now strong and the 2-cell u,” solution remains stable
for Ra < 2.2 x 10* when Re; = 40. These parameter values are also at the efficiency
limit of our spectral code, which uses a Galerkin projection and therefore its numerical

complexity ~ O(NJ), scales poorly as the required number of modes is increased.
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Figure 4.15: The 1-cell solution is resolved using a comparatively smaller of modes relative
to the 2-cell solution. Energy spectrum of the solution vectors at Re = 50 using a resolution
of Nr = 50 Chebyshev points and Ny = 60 Legendre polynomials. (a) Asymmetric 1-

cell solution is adequately represented by the Galerkin projection. (b) The symmetric 2-cell
requires a larger number of modes.

Figure 4.15 shows the energy spectrum of the steady state solutions evaluated at the Hopf
bifurcations for Re; = 50 in figure 4.8, the largest parameter values considered in this
work. Frame (a) of figure 4.15 shows the spectrum of the asymmetric 1-cell solution which
is adequately represented by the Galerkin projection with minimal energy contributions
from higher modes. The number of radial collocation points N,. = 50 has been varied to
ensure the critical Rayleigh number and Hopf frequency w. remain within 0.25% as NN,., Ny
is increased. In frame (b), however, significant energy remains among higher modes and

a larger number of polynomials is required.

The difficulties encountered in resolving this flow are attributed to the strong boundary

layers present, particularly those in the neighbourhood of its thermal plume at the equator.
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Expressing T as a finite sum of Legendre polynomials Py(cos ), whose zeros concentrate
near 6 = 0, 7, means that while gradients in the polar regions of the 1-cell solution can be
more easily resolved, those at the equator in the u; solution are more costly. Therefore
while we can guarantee all results presented for asymmetric flows are numerically accu-
rate, the small scales present in the T field of the rotation dominated 2-cell flows require
additional resolution. To validate that our solutions are not artefacts of poor resolution

we have also used a finite difference code.

OSCILLATION OF THE EQUATORIAL JET
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Figure 4.16: Disturbances localized about the equator cause the transition of the 2-cell so-
lution u;" to a time-dependence state, leading to a reduction in heat transfer. (a) Increasing
Ra, the u;" solution loses stability via a Hopf bifurcation at Hys, transitioning to an initially
time periodic state u;"(t). Further increasing Ra, this state undergoes a global bifurcation
as it intersects the unstable mixed 1-cell branch (cf. figure 4.18). (b) Equilibrium solution
X p,, bottom and top the leading eigenvector's real R(q)x,, and imaginary 3(q)x,, com-
ponents.

Frame (a) of figure 4.16 shows that as Ra is increased the u; solution loses stability in
a symmetry breaking Hopf bifurcation at Hyy. Its transition to a stable time-dependent
state u;"(t) leads to reduction in heat transfer. This was also reported by Inagaki et al.

(2019) who computed the corresponding transition from the axisymmetric u;} state to
a 3D time-dependent solution. Near the Hopf bifurcation Hys, the u,(t) solutions time-
dependence is periodic, but as Ra is increased this solution collides with the unstable
mixed 1-cell branch at Ra = 2.43 x 10*. Following Knobloch et al. (1986) who analysed
the sequence of transitions leading to chaos in a double-diffusive convection system, it

is assumed that the global bifurcation which occurs at this point results in a heteroclinic
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cycle. By computing the leading eigenvalues on the unsteady branch which bifurcates from
PF we have verified that Sil'nikov’s inequality for the existence of heteroclinic cycles is
satisfied (Sil'nikov 1970). A projection of the limit cycle’s behaviour near this bifurcation
is shown for different Ra in figure 4.22. As this regime is at the limit of the spectral code’s
resolution, time-integration using finite differences indicated by hollow black triangles in
figure 4.16 has also been used to compute the resulting time-periodic solution, and to

verify the transition to time-dependence predicted by the spectral code.

It is worth mentioning that the bifurcation curves denoted by PF and Hys intersect at a
co-dimension two Z5 symmetric fold-Hopf point, indicated by a solid black circle in figure
4.8. The dynamics near such points have been studied up to third order by Kuznetsov
(2004) and Guckenheimer & Holmes (1983) using truncated normal forms. Although we
have not obtained the normal form specific to this problem, it would be useful to do
so to understand the origin of the dynamics observed in figure 4.22. As the pitchfork
bifurcation PF is subcritical, higher order terms than those considered by Kuznetsov
(2004) and Guckenheimer & Holmes (1983) would have to be included.

The steady solution X p,, (frame (b) of figure 4.16) shows that both the T and  fields
are now strongly advected by the flow 1 whose streamlines are almost parallel with the
equator. The 2 field in particular has begun to deviate from its Stokes flow profile, which
was observed in many of the previous 2-cell solutions. The disturbance qy,, shown in the
upper half of figure 4.16(b) indicates that an instability of thermal layer at the equator
is responsible for the transition to a time-dependent state. The T and 1 components of

qy,, indicate an oscillation that will be largely back and forth across the equator, while
+

(t) is available

Q also includes a small radial component. The time-dependent solution
online at Movie Link, or is shown in terms of labelled frames of the temperature field in

figure 4.19.

OSCILLATION OF THE POLAR PLUME

Also possible for a small range of Ra is the 1-cell solution which is bistable with the w," (¢)
and mixed 1-cell solutions. Increasing Ra this solution becomes initially time-periodic
beyond the Hopf bifurcation Hyy, but ultimately loses stability and transitions to the
mixed 1-cell state (cf. figure 4.18). As the time dependent branches shown in figure 4.17
are computed by time-stepping, it was not possible to determine the unstable branch easily.
We note that this task can however be performed using continuation methods which rely
on deflation (Net & Snchez 2015). This technique eliminates the possibility of converging
to previously determined solutions.

Increasing Ra along the stable portion of the mixed 1-cell branch, we find that for Ra >
3.38 x 10%, this branch loses stability in a Hopf bifurcation. The limit cycle which emerges
1-cell(t) exhibits complex time-dependent behaviour as shown in figure 4.23. Although we
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Figure 4.17: Disturbances localized at the pole cause the 1-cell solution to transition to

a time-dependence state, leading to an increase in torque and heat transfer. (a) Increasing
Ra the 1-cell solution looses stability via a Hopf bifurcation at Hy; and transitions to the
mixed 1-cell solution. As Ra is increased a global bifurcation occurs resulting in a limit cycle
1-cell(t) denoted by hollow blue circles. (b) Equilibrium solution X z7,, bottom and top the
leading eigenvector’s real R(q)#,, and imaginary (q)m,, components.

have not investigated its behaviour, it is thought that collision of the unstable periodic

solution with the unstable steady branch may play a role in its formation.

Compared with the solutions at smaller Req, the poloidal flow shown in figure 4.17(b) has
strengthened to balance the strong differential rotation. The contours of €2 are deflected
upwards strongly, and the thermal boundary layer present on the sphere’s lower surface
has been strengthened. On the sphere’s upper surface stronger Ekman pumping, is ob-
served to flatten the thermal plume and spread it apart. The role of Ekman pumping is
also reflected in the disturbance qp,, shown in the upper half of frame (b) figure 4.17.
Contours of the disturbance ¢ indicate that although the flow is unaffected at the South
pole, its direction will alternate near the North pole resulting in a radial oscillation. The
temperature disturbance also indicates that fluid will oscillate radially between being hot
and cold at the pole. The time-dependent solution 1-cell(t) is available online at Movie
Link, or is shown in terms of labelled frames of the temperature field in figure 4.21.

CONNECTION BETWEEN THE UNSTABLE AND STABLE BRANCHES
The 1-cell and u;” branches are found to connect via a mized 1-cell solution, as shown in

yellow in figure 4.17(a). Following this branch from PF towards the 1-cell branch shown

in blue, we find that the narrow equatorial jets of the u; solution are gradually deflected
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Figure 4.18: The unstable equatorial jet of the 2-cell solution (left) is deflected from the
equator towards the pole. The jet moves upwards under the action of the large convec-

tion cell, until it reaches the stable mixed 1-cell state (right) where it is balanced by Ekman
pumping. Transition from the 2-cell u;" to the 1-cell solution for Re; = 40, Ra = 2.2 x 10%.

upwards towards the poles, such that a 1-cell flow is obtained upon reaching the blue
1-cell branch shown in figure 4.18. This transition is accompanied by a decrease in both
convective heat transfer and torque, a reduction attributed to the decrease in surface area
from which strong radial advection of hot high angular momentum fluid takes place. In
the u solution this occurs within a band about the equator, while in the 1-cell solution
it is reduced to a circular patch at the pole that is comparatively of much smaller surface

area.

Throughout section 4.4 we have emphasised the presence of two different types of steady
flows, one that resembles 2-cell rotation termed wu; the other that resembles convection
termed 1-cell. This section has also served to emphasise that there are two classes of
time-dependent solutions, a rotating solution with oscillations in the polar direction ()
and a convective solution with radial oscillations 1-cell(t). Figures 4.16 and 4.17 show
that the bifurcation to u, () reduces both the rotating solution’s convective heat transfer
and torque, while the bifurcation to 1-cell(t) increases them relative to their steady state
solutions.
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Figure 4.19: Snapshots of the temperature field demonstrating the time-periodic oscillation
of the equatorial jet for Re; = 40, Ra = 2.2 x 10*. Frames (a) to (f) show successive snap-
shots evaluated over a single oscillation period. The jet which resembles a cantilever beam,
extends outwards at the equator and oscillates back and forth in the polar direction. The
presence of a strong thermal boundary layer is indicated by the closely bunched contours
near the inner sphere.

88



o= —1in o=—1in

Figure 4.20: Snapshots of the temperature field demonstrating the time-periodic oscillation
of the polar plume for Re; = 5, Ra = 8 x 10%. Frames (a) to (f) show successive snapshots
evaluated over a single oscillation period. The plume which closely resembles a mushroom
cloud of hot fluid travels radially outwards from the inner sphere. Upon reaching the outer
sphere it is deflected in the polar direction and diffuses.
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Figure 4.21: Snapshots of the temperature field demonstrating the time-periodic oscillation
of the polar plume for Re; = 30, Ra = 1.8 x 10*. Frames (a) to (f) show successive
snapshots evaluated over a single oscillation period. The narrow plume which emerges from
a strong radial boundary layer is directed upwards towards the pole near the inner sphere.
Near the annulus centreline the plume waves back and forth due to the influence of Ekman
pumping which pushes it away form the axis and the large convection cell which forces it
back towards the axis.
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Figure 4.22: Plots of the norm of the stream-function ||¢/|| against its rate of change |||
for the 2-cell solution u;"(t) at Re; = 40. As Ra is increased an initially time-periodic 2-
cell solution loses stability in a global bifurcation resulting in a heteroclinic cycle, near which
chaotic behaviour is found to emerge.
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Figure 4.23: Plots of the norm of the stream-function |[2/|| against its rate of change ||¢)||
for the 1-cell(t) solution at Re; = 40. As Ra is increased a steady solution loses stability in
a Hopf bifurcation. This is found to give rise to chaotic behaviour near the bifurcation point.
Although we have not investigated this solutions formation, it is assumed that the collision
of an unstable time-periodic solution and an unstable steady branch plays a role.
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Non-axisymmetric stability analysis

For the steady 2D solutions obtained in chapter 3 and chapter 4 to correspond to linearly
stable solutions of the full three-dimensional (3D) problem, the eigenvalues corresponding
to the non-axisymmetric perturbations must also be computed. This is performed by
linearising (2.7), the equations corresponding to the 3D model, and verifying that all

azimuthal perturbations of the following form decay

X'(r,0,0,t) = q(r,0)e™?T M where A€ C, (5.1)

and the azimuthal wave number which is denoted by m = +1,+2,.... may be of odd or

even parity.

Although an axisymmetric state may initially be stable, it is likely that as we increase
a control parameter such as Ra that $()\) will change sign. It was shown in chapter 4
that this crossing can happen in two ways, either A = 0 or A = +iw, and that the type of
the bifurcation which occurs depends on the solution’s symmetry. Before computing the
stability of these axisymmetric solutions, we first use their symmetries to briefly describe

the solutions anticipated to result from their bifurcations.

In 3D, the mized axisymmetric solutions solutions computed in chapter 3 and chapter 4

gain O(2) symmetry-the reflections and rotations on a circle described by

reflections o= —p: X 5 X, 5
rotations @ — @ + g : X' X/eimap()) .
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while the even solutions now have O(2) x Z5 symmetry, as they can also be reflected about
the equator. Following Matthews (2003) we expect that steady-state bifurcations in the
presence of O(2) symmetry, will result in steady equilibria whose symmetry is determined
by a subgroup of O(2), which in turn is found to depend on the shell separation (Li et al.
2005). While for a Hopf-bifurcation in the presence of O(2) symmetry, a time-dependent
state with either SO(2) symmetry resembling a rotating wave or Zs symmetry resembling
a standing wave will result (Crawford & Knobloch 1991). In a study of rotating convection
at both high and low Pr, Goldstein et al. (1993) showed that rotating waves are a direct
consequence of breaking reflection symmetry and that their precession frequency may be
identified with the rotation rate.

Making the substitution

w =1+ Re, Prug(r,0), T =T+Ty(r), (5.3)

such that @, T now satisfy homogeneous boundary conditions, and using the identity

(u-V)u = %V(uu) —Uu X w, (5.4)

the equations governing the 3D problem may be written as

1 /0

P(;;—uxw—&—Vp) = Rag(r)rT—i—Vzu—i—Rel(uo ><w—|—u><w0) —&—PrRe% (uo xwo),
-

(5.5a)

oT

v (u+ Pr Reyug) - V(T + To(r)) = VT, V. u=0, (5.5b)

where the tilde notation has been dropped for clarity. The Vp term contains the pressure
and other gradient like terms. In this statement of the equations, variables T and u
represent the departure from the conductive base state Ty(r), and the toroidal uy base

state given by

v ~ -
ug = Vx (Or) = (0,0, —(@r+b/r*)sinf), where W= —Qy(r)Pi(cost) = —(ar’+b/r)P(cos?),

r

(5.6)

and the constant coefficients @, b are as per (2.19). Anticipating that 2D solutions of (5.5)
are most likely to be stable to 3D perturbations in the limit Pr — oo, we focus on this

case. For Pr — (0 advection terms in the momentum equation become significant and tend

93



to destabilize axisymmetric solutions. Considering a range of Pr this was shown by Jones
& Moore (1978) for rotating convection in a cylinder. Taking the limit Pr — oo allows us
to neglect the inertial terms appearing on the right hand side of (5.5a) provided advection
terms are small and the flow is dominated by viscous forces. While this simplifies our
analysis it restricts the parameter regime we may consider, as we require that Re; — 0
such that PrRe; ~ O(1). This limit also assumes that Ra remains finite so that advective

terms driven by buoyancy are also small.

The solenoidal velocity field u can be expressed in terms of its poloidal and toroidal

components

quXVx(fr)—i—Vx(\fr), (5.7)

which automatically satisfy continuity. The stream-function v and specific angular mo-

mentum {2 are related to the scalars ®, ¥ by

wz—sineg—?, Q:—Sineaa—\g. (5.8)

Substituting (5.7) into (2.7) and operating on the momentum equation with - Vx and

r -V x VX one can express (2.7) in terms of ®, ¥ and T only.
In the limit Pr — oo, Re; — 0 this allows the problem to be written as

LoV /r) = —Reir -V x (uo X w4+ u X wo),
LoV2V2(®/r) —Rag(r)LoT = Reyr -V x V x (uo X w+u X wo) + PrRe?r -V x V x (uo X u.vo)7

(% — VQ)T +u - PT) + PrRejug - VT = —u - VT,
(5.9)
where the operator Lo is given by
1 0. 0 1 02 m m
Lo = ~ 090 <sm980> eyt LY (0,0) =L+ 1)Y,"(0,0). (5.10)

The spherical harmonic of order m is defined Y;™ (6, ¢) = P;"(cos )e"™?, with P;" being
the associated Legendre polynomials of degree ¢ and order m. The velocity u expressed

in terms of its poloidal and toroidal components respectively is

L0100 1 90 1 oy 10w
B "rsin@ 0’ r 90 )

= - A1
r2 T r Ordf’ rsinf Ordyp (5.11)

To compute the stability of an axisymmetric steady state (¥, ®,T)7 we add a non-
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axisymmetric perturbation (e¥’,e®’,¢T”)T and retaining terms of O(¢) obtain the linear
System

LoV (W' )r) = —Rerr -V x (ug x w' +u' x wp),
LoV2V2(®' /1) — Rag(r)LoT' = Rerr -V x V x (ug x w' +u' x wy),
OTo(r) Lo o Rey Pro¥, 0

or r? r2sinf 90 dy

T+ (A=V)T' = —u - VT —u VT,
(5.12)

where we have assumed the perturbation has exponential time dependency. In matrix

form this system may be written as

7R61N11(\If()) 7R61 le(\I/()) 0
(M+L) X" = | Rei Noy(Wo)  Rey Naa(Wp) 0 X', where X'= (0,977,
—N31(T) —N35(T) —N33(P, P)
(5.13)
where the matrix operators M, L are defined as
0 0 O LoV (r—1) 0 0
M=10 0 0], L= 0 LoV2V2(r~1) —Rag(r)Ls
001 0 L — s ot e — V2
(5.14)

The terms N;;(,) come from the linearisation of the terms w - Vu and u - VT, whose
form is outlined in appendix E. To compute the growth rate A\ € C of a numerically
determined axisymmetric state we use a Galerkin projection method. In this formulation

the axisymmetric state is represented by a finite sum of Legendre polynomials

Ny No No
U= Z U, (r)Py(cosf), &= Z @, (r)Py(cosl), T = Z T,(r)Py(cosh),  (5.15)
p=1 p=1 p=0

and the perturbation by a finite sum of spherical harmonics

Ne No No
v = Z \Illfm(r))/im(aa ®), ' = Z (I)zm(r)}/ém(ov ®), T'= Z Tém(r)}/ém(ov ©).
{=m l=m l=m
(5.16)

These expansions are substituted into (5.13) and using Gaunt coefficients as outlined in
appendix E, projected to obtain a system of Ny coupled ODEs dependent on the radial
coordinate r and azimuthal wavenumber m only. The radial direction is then discretized
using second-order finite differences as outlined in appendix D. Given an axisymmetric

state this allows the growth rate A\ to be computed at different m for a range of Ra, Rey, Pr.
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We first consider the stability of even and mixed axisymmetric solutions to the thermal
convection problem without rotation for small Ra and Pr — co. These computations are
repeated for different values of the separations d to outline the regions of (Ra, d) parameter
space in section 3.3 where axisymmetric states are stable solutions of the 3D equations.
Subsequently we consider the stability these solutions allowing for weak differential rota-

tion.

The problem is approached in this order to emphasise that the linear convection problem is
degenerate for Ra = Ra., Re; = 0 such that one cannot determine whether the preferred
motion is axisymmetric or non-axisymmetric without considering the non-linear terms
(Busse 1975). When we allow for weak rotation Ra = Ra., Re; # 0 this degeneracy is

removed, however the base state becomes 6 dependent and must be determined nonlinearly.

5.1 THERMAL CONVECTION

The results of this computation are summarised in tables 5.1, 5.2 and have been included as
neutral stability curves A(d, i, m) = 0 in the bifurcations diagrams presented in section 3.3

figures 3.6, 3.10 and 3.13. For ease of comparison with these figures the parameters

= (Ra— Ra;)/Ra., é6=d—d. (5.17)

are used. As before, (d., Ra.) represents the coordinates of a given degenerate point.

The results are broadly similar to those of Zebib et al. (1980, 1983) who considered the
case of stress-free boundaries. In general our calculations indicate that just above the
critical Ra,. axisymmetric solutions are unstable to some azimuthal wavenumbers, but
once established at larger Ra we find that solutions stabilise. Therefore in this regime
the axisymmetric flows are stable solutions of the full 3D system (2.7), although they
need not be the preferred state for arbitrary initial conditions. Because of the reflectional
symmetry of mixed (odd) solutions, it is only necessary to consider three solution types
in tables 5.1, 5.2. An azimuthal wavenumber m is denoted by U for unstable if A > 0, S
for stable if A < 0 and N for neutrally stable if A = 0. The third case, a consequence of
the North-South pole shift symmetry, arises when m = 1. It was shown by Zebib et al.
(1980) that such a perturbation corresponds to a shift of this axis.
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Degeneracy Solution m=0 m=1 m =2 m=3 m =4

(=(1,2) (A, B) U N U - -
(0,—B) U N S - -
(0,+B) S N Sifpu>05 - -

(= (2,3) (£A, B) S N S Sifp > 0.4 -
(—A,0) S N U S -
(+A4,0) S N U U -

(= (3,4) (+A, B) S N U S S
(0,—-B) S N S Sifp>01 Sifu>0.19
(0,+B) S N  Sifp>013 Sifp>018 Sifp>0.13

Table 5.1: Three-dimensional stability at large Pr and § = 0 of axisymmetric solutions to
azimuthal perturbations of wavenumber m at each (£, ¢+ 1) degeneracy. In all cases the Ra
required for 3D stability is measured from the degenerate point (d., Ra.) specific to each
case. The stability of solutions is denoted U = unstable for A > 0, S = stable for A <

0 or N = neutral in the special case where the m = 1 mode is neutrally stable. Higher
wavenumbers m > 4 were found to be stable for the range of Ra considered.

5.1.1 ODD-EVEN & EVEN-ODD INTERACTIONS

The stability of solutions for different (4, ) is computed and the region of parameter
space for which the axisymmetric solutions are stable is included in figures 3.6 and 3.10.
Specifically we find that near the ¢ = (1,2) degenerate point, even solutions (0, £B) are
stable in regions 3 & 6 of figure 3.10, while mixed solutions (+A, B) are stable in region
4 only. Near the ¢ = (2,3) degenerate point, even solutions (—A,0) are stable only for
large 0, i, as shown in figure 3.6. Stable mixed solutions are found for § < 0.22, but
above this threshold are destabilized by m = 2. Near the ¢ = (3,4) degenerate point,
stable solutions of both even and mixed form are found. For § > 0 the mixed solutions
are stable, while for § < 0.2 stable even mode solutions are found as shown in figure 3.10.
Notably, the stability behaviour of different even solutions near the same degeneracy can
(1980, 1983) for the case of stress-free boundaries,
that the heat transfer achieved by each of these solutions differs as p is increased from the

vary. It was shown by Zebib et al.
bifurcation point. Our numerical simulations identify similar behaviour for the even mode

cases. Results for 6 = 0 are summarised in table 5.1 to indicate the behaviour of different

azimuthal wavenumbers.
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Degeneracy Solution m =10 m =1 m =2 m=3 m =4
0= (2,4) (A,B) Sifu>08 N Sifu>101 Sifu>045 S

(= (4,6) (A,B) Sifp>042 N  Sifp>045 Sifp>015 Sifu>0.1

Table 5.2: Three-dimensional stability at large Pr and § = 0 of axisymmetric solutions at
even (¢, ¢ + 2) degeneracies to azimuthal perturbations of wavenumber m. Higher wavenum-
bers m > 4 were found to be stable for the range of Ra considered.

5.1.2 EVEN-EVEN INTERACTIONS

Despite the presence of linearly unstable odd modes near even-even degeneracies, stable
even solutions of the full problem may also be found. Near the ¢ = (2,4) degeneracy
solutions are stable to axisymmetric odd mode perturbations for p > 0.87 and to all non-
axisymmetric perturbations for p > 1.01. These thresholds are however larger that those
of neighbouring ¢, ¢ + 1 degeneracies. Near the ¢ = (4,6) degeneracy solutions are found
to be stable above a threshold whose unstable wavenumber m varies with J as shown in
figure 3.13. Notably, the threshold for 3D stability at the £ = (4,6) degeneracy is lower
than that of the £ = (2,4) case. Results for § = 0 are summarised in table 5.2 to indicate

the behaviour of different azimuthal wavenumbers.

5.2 THERMAL CONVECTION WITH WEAK DIFFERENTIAL ROTATION

In chapter 4 we showed that allowing for differential rotation the convection problem
(4.1) admitted two classes of solutions. Equatorially Z; symmetric solutions favoured
by differential rotation when Ra is small, and asymmetric solutions favoured by thermal
convection when rotation is small. We now consider the 3D stability of both flows for the
separations d = 1, 1.5, 3, values where the thermal problem has a preference for solutions
with 4,3 and 2 convection cells (cf. figure 3.2).

5.2.1 SYMMETRIC EVEN SOLUTIONS

Frame (a) of figure 5.1 shows the stability of the 2-cell solution for wavenumbers m = 0 — 4
as Ra is varied, frame (b) the least stable wavenumber m = 1. Frame (a) shows that for
all values of Ra, m =1 is close to neutral stability, while for Ra > 2000 an axisymmetric
mode becomes unstable. Frame (b) shows that while m = 1 is unstable for small Ra, it
is stabilised as Ra is increased. Also indicated in this frame is the stabilising effect of
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Figure 5.1: Differential rotation stabilises the axisymmetric solution against 3D (m = 1)
disturbances. Stability of the axisymmetric 2-cell solution ;" for d = 3, shown in terms
of the growth rate R(\) as Ra is varied. (a) High wavenumbers are strongly damped while
m = 1 remains close to neutral. For Ra > 2000 an axisymmetric mode becomes unstable.
(b) Increasing Re; Pr the m =1 mode is stabilised.

rotation. Provided Rey Pr > 0.5 the m = 1 growth rate remains negative.

0.20

Increasing Req Pr Rey Pr=0
+ ReyPr=05
0.15 v RePr=1
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010 //‘\ « RePred
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Figure 5.2: Differential rotation tends to stabilise the axisymmetric solution against 3D

(m = 3,4) disturbances. Stability of the symmetric 4-cell solution for d = 1. (a) Wavenum-
bers m = 3,4 are unstable for small Ra but stabilised as Ra increases, while m = 1 remains
neutrally stable. (b) Increasing Re; Pr shows a tendency for m = 3,4 to be stabilised.

Frame (a) of figure 5.2 shows the stability of the 4-cell solution for wavenumbers m =0 —
5, indicating that wavenumbers m = 3,4 are unstable for small Ra, but are stabilised for
larger Ra. A numerical study of the fully 3D problem by Inagaki et al. (2019) also found
m = 3,4 to be the least stable wavenumbers for d = 1, Pr = 1. For all values of Ra the
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m = 1 wavenumber remains close to neutral stability. Frame (b) shows that increasing
the strength of rotation also reduces the growth rate of these 3D disturbances.

5.2.2 ASYMMETRIC MIXED SOLUTIONS

0.015
0.00 Rey Pr=0

=== Re;Pr=1

0.010{ —— RePr=2
025 Rey Pr=4

— m=0 T

"o | o 0.005
—050{ ~~ "‘2/
m=3 === =
0.000F=="-- =1

B e

R(A)

—0.005

~1.00
2000 2500 3000 3500 4000 2000 2500 3000 3500 4000 45
Ra Ra

(@) Ravs. R(\) form=1—4 (b) Ra vs. R(A) form =1

Figure 5.3: Differential rotation tends to stabilise the axisymmetric solution against 3D

(m = 1) disturbances. Stability of the asymmetric 3-cell solution for d = 1.5. (a) As Ra
increases m = 1 deviates slightly from neutral stability, while all higher wave numbers remain
stable. (b) Increasing Rej Pr shows a tendency for m = 1 to be stabilised.

Frame (a) of figure 5.3 shows that for the 3-cell solution at d = 1.5, the m = 1 wavenumber
is also the least stable. In frame (b) the stabilising effect of rotation on this mode is shown,
where R(\) is reduces with increasing Re; Pr. Although this section relies on the validity
of our analysis for values of Re; Pr > 1, the general trend indicates that both symmetric

and asymmetric solutions are stabilised by differential rotation.

Without a fully 3D code it is not been possible to determine if a 3D solution becomes
axisymmetric as the rotation strength Re; is increased. This behaviour has however been
indicated by Inagaki et al. (2019) for the fixed separation d = 1 and Pr = 1. Using a 3D
code they showed that for small Re;, the Ra at which the onset convection occurs increases
with Rejq, while for large Re; & 500 it is reduced. Their (Re;, Ra) stability diagram also
indicates that the axisymmetric 2-cell solution is preferred for a large range of parameter
space. In addition to the results of our calculations, we believe that this provides sufficient

justification for assuming that the 2-cell solution remains axisymmetric.

Although we have not computed the stability of the 1-cell solutions presented in section 4.4
to non-axisymmetric disturbances. Simple table-top experiments by Nadiga & Aurnou
(2008) which demonstrate the baroclinic (density driven) instability of a cold rotating air

mass in a warmer fluid, strongly suggest that this solution would become unstable to non-
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axisymmetric disturbances for non-zero rotation rates. Following ? we anticipate that
the resulting state would most likely resemble a non-axisymmetric spiral. Nevertheless we
believe that the instability mechanisms presented in section 4.4 are of relevance as they

highlight the significance of Ekman pumping in the polar region.
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CONCLUSION

Motivated by the presence of subsurface oceans in Jupiter’s and Saturn’s moons, we have
studied a model describing thermal convection between differentially rotating spherical
shells. Focusing in particular on the bistable behaviour encountered, a combination of
analytical and numerical approaches have been used to present an understanding of the
different physical mechanisms at play in this model. The hope is that they may help
explain bistability observed in systems where transfer of both angular momentum and

heat play prominent roles.

To study this model, we adopted the approach of identifying the simplest aspects of the
axisymmetric model first, and then to investigate each in isolation. To this end flow driven
by differential rotation was first studied (Mannix, Masters thesis). Non-rotating thermal
convection was then studied by considering the linear and weakly non-linear problems
analytically, and finally the full problem numerically for larger parameter values. Using the
insights gained from both problems, we then numerically studied the full problem allowing
for rotation of the inner sphere and thermal convection. Choosing this configuration where
the outer sphere is held stationary, was justified by its likelihood to become unstable for
smaller parameter values, thus facilitating the study of transitions in the system. Finally

we studied the stability of the axisymmetric solutions to non-axisymmetric perturbations.

The results of the thermal convection problem highlight the influence of radial gravity
and a spherical shell geometry. For narrow shell separations the problem bears strong
resemblance to the planar case, while for wider shells radial asymmetry is pronounced. In

the amplitude equations derived this asymmetry is highlighted by the presence of resonant
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quadratic terms, while in numerical computations by differences in the radial thermal
boundary layers for solutions computed at large Pr. At low Pr this asymmetry is found
to influence the temporal dynamics, such that the even and odd components of time-
dependent solutions oscillate in a 2:1 frequency ratio. At high Pr the stability of steady
solutions is influenced by those with the most developed boundary layer structure near
the poles. Whether or not bistable solutions with a different number of cells exist, is
found to depend largely on the shell separation d and to a lesser extent Ra. Although
the axisymmetric solutions are not stable to 3D disturbances at onset, they are found to

stabilise for larger Ra.

The results of the differentially rotating problem with thermal convection at large Pr,
highlight the significance of strong zonal flows, particularly near the equator and the poles.
For flows with an outward jet at the equator, it is found that rotating the inner sphere,
strengthens the poloidal flow and in turn the thermal boundary layers which emerge near
the sphere’s walls and in the plumes. This has the effect of stabilising that state of thermal
convection, which most resembles the one preferred by rotation. Conversely for flows with
plumes directed outwards along the rotation axis, it is found that an Ekman pumping
driven by the differential rotation hinders the development of strong plumes. We find
that this has the effect of destabilising the flow, eventually giving rise to a chaotic state
localized at the poles.

This is the first theoretical study on a PDE model of thermal convection between differen-
tially rotating spherical shells, which uses 2-parameter numerical continuation to identify
all possible 1-parameter bifurcations of a steady axisymmetric flow. This technique is
used to understand the flow regimes and transitions present in this system. While bi-
furcation analysis of this form has been applied more routinely to standard convection
problems with a simple base state, its extension to problems where the base states must
be determined nonlinearly has been much less explored. Allowing for the continuation of
bifurcations, their solutions and eigenvectors, this technique is shown to be a powerful tool

for understanding how bistability and hysteresis develops due to parameter changes.

A particularly novel physical feature highlighted in this model is that the bistable be-
haviour observed cannot be explained by assuming the flow develops to maximise the
torque or maximise heat transfer. It does appear however that an understanding of this
behaviour can be found by considering two critical regions in the flow: the equator and
the poles. It is also of interest that while increasing the rotation strength stabilises the
flow, when it does become bistable finite amplitude perturbations can induce a transition

from a steady equilibrium to a chaotic state, a feature characteristic of many shear flows.
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6.1 FURTHER WORK

The model we have considered while providing valuable insights, is a vast simplifica-
tion. In the context of the subsurface oceans of Jupiter’s and Saturn’s moons, a more
complete model would consider: non-axisymmetric affects, rapid co-rotation, allow for
time-dependent outer sphere rotation, and ideally target the parameter regimes outlined
by Wilson & Kerswell (2018).

An immediate extension of the work presented in this thesis would be to investigate the
configuration in which the outer sphere is rotated and the inner is held stationary, allowing
for both constant and time-dependent rotation (libration). Such an investigation would
help indicate how thermal convection modifies the flow’s response to outer sphere libration,
and would also facilitate the study of bistability in a system of non-autonomous PDEs
(Langa et al. 2002). Currently the libration problem is better understood in the isothermal
case (Aldridge & Toomre 1969). In a configuration with temperature affects included, we
anticipate that steady rotation would stabilise the state of thermal convection with plumes
directed towards the poles as shown in frame (b) of figure 4.4, and that any instabilities

would also be confined to the polar region.

Previous studies of the rapidly co-rotating isothermal system, allowing for differential
rotation (Hollerbach 2003, Hoff & Harlander 2019), have emphasised the importance of a
free shear layer termed the Stewartson layer. This layer develops for axisymmetric flow
at the inner sphere’s tangent cylinder. Its stability which depends strongly on the sign of
the differential rotation, is found to determine the form of the non-axisymmetric solution
and how azimuthal waves precess (Hollerbach 2003, Hoff & Harlander 2019). How thermal
convection will alter the formation of this shear layer, or its stability is however unknown.

Wavelength selection in spherical domains is typically studied with homogeneous boundary
conditions (Busse 1975, Busse & Riahi 1982, Matthews 2003), but the problem studied in
this thesis represents a case with imposed homogeneity. Performing numerical continuation
in narrow shells we have found bifurcation diagrams which resemble that of homoclinic
snaking Knobloch (2008, 2015), with corresponding solution states that appear to be
localized. It would be interesting to investigate if an analogue of homoclinic snaking is
possible in spherical domains for this problem and the related problem of double-diffusive
convection. To relate any behaviour observed in these coupled PDE models to a simpler

model equation such as the Swift-Hohenberg equation would also be of interest.
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SELF ADJOINTNESS OF THE
OPERATOR L

For a vector ¢ and operator £ as outlined

N D?D?  Ra, in -2
¢=<§ﬁ§29§)= ﬁ=<_n L, ) (A1)

1o 0
r sinf 96

an inner product may be found such that

(@F.Lo) = (Lo", @) (A.2)

Operators D? and D? are defined as

9 sn00 (1 0\ ., # 1 0 0
I ACAY (R A T A S ey Al
o " aa(maaa)’ 8r2+r28in986<8m9 ) (A.3)

Assuming homogeneous boundary conditions (4.3) a sufficient condition for this system to
be self-adjoint requires that the functional form of the temperature gradient and gravity
field g(r) satisfy

gy _y, (A.4)
The relevant inner product or volume integral is defined as
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L) D?D?  Ra.g(r)sinf-2 0
(9 (22, )

0
r2 r sin6 00

where the additional factors included are chosen to satisfy (A.2). Provided Tj)/r = Arg(r)

this can be expanded as a volume integral with g(r) factorised so that one obtains

At D22 ATQ( ) w1 oT 1 9y, T,
//{Racr251n 29 DDy + (v Snd 90 =T Snd 89)+ D T tr?sin 0drdd
(A.6)

As the Stokes operator D? and the operator D? may be related to the Laplacian (which
for homogeneous boundary conditions is self-adjoint) using

1
rsinf

1 ) P

rsinf’

1. T
D*p = (V? - ;DQT = VQ?, (A7)

r2gin? 0

the first and fourth term of (A.6) automatically satisfy (A.2). Considering the second and
third terms, we multiply through by factors 2 sin? @ to yield

//ATg waT a¢)d do. (A.8)

Integrating by parts with respect to 8 we obtain

/ATQ(T){’(/)+T9—Q77T —/ 850 do — T log—o,x + gadeH}dr (A.9)

Applying the boundary conditions at # = 0,7 terms outside the integral vanish yielding
the desired result. Factorising r?sind terms from this expression we may rewrite the

expression as

ATg T oyt 1 0Tt 5 .
// {_sine 20 +Sin9 50 Y o7 sin Odrd6, (A.10)

so that these terms also satisfy (A.2).
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COMPUTATION OF AMPLITUDE
EQUATION COEFFICIENTS

B.1 SIMPLIFICATION OF O(€?) TERMS

The right hand side of the vorticity D2t equation (3.30) is

8(7/’1aD21/11/7“2 sin® 9) dD2, . om
8(9,1") + on ) — Racpug(r) smeﬁ’
1 0(y1,Tu/r) +@
rsin @ 3(9,1") on

Yoy = Pr! (sin9
(B.1)

Tys =

This yields coefficients for the time derivatives A, B as

o= ([ :d stpzioyar) (|7 EOCa9) 4 (2 o T ).

=1

b= ([ _+ wpoperma)([1 0% 00) . (L2 (] o TP T () ).

r=1

(B.2)

where it is apparent that depending on the limit of Pr chosen either temperature or mo-
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mentum will dominate. Coefficients of the terms proportional to A, uB are independent
of Pr and given by

o=l ([ wtmpiouten ) ([ COG0,),

=1 -0 sin @ 5.3
~ A 1+d. T Gm 0 Gm 0 .
"= T ( / L wi"(r)DEannwmr)dr)( . (si)nﬁ()d0>'

Finally coefficients proportional to A, d B also independent of Pr are given by

_ —Ap ([T Gu0)Ge(0) *Yh(r) o 2 oTi (1)
@2 = Ra, </6=0 sin 0 d9)< or? D%wl(r)‘r—1+dc) + <2€+1>( or )

R ) (WD’Q"W(T) ive) *(557) (325;)

We now consider terms proportional to A%, AB, B? outlining both their coefficients and

7‘:1-|-dc7

r=ltd,

solution. Explicit expressions for ¢, are inserted subject to the following index notation

N 6 1
U = Z Z ZAkjirak”ka)Xu Apji,arji € C,

k=1j=1i=0

N 6 1
D21/)1 = Z Z Z Ayzmrayzx_QGy (G)XQH Ayzxa Ayzz € (C7

y=1z=12=0

-Ayzm - [a/yzw(ayzz - 1) - y(y + 1)]A’UZI’

where each of the above series contains the full solution of ?; and the operator D? has
been applied to obtain the modified coefficient A,.,. In all cases the summation index N

may be taken as
N =2m+1, (B.6)

where m is the larger of the two mode numbers. Mode amplitudes (functions of time) are

now contained in the array y defined as

Xi = [A7B]7 (B'7)

a convention adopted to facilitate ease of manipulation. Collecting terms within the Jaco-
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bian, and by the use of large sigma implying the summation over all indicies one obtains

f= Z 7"5{ — XiXz <k(k + 1)Akji7’akjipk> <[ayzz - 4]Ayzzrayszy) +

2cos G y
Xz Xi <[y(y +1)P, + Sinze‘y]Ayzxr“y”) <akﬂAkﬂT“"“Gk> } (B.8)

Terms from this expression are gathered to isolate radial functions

_ E akjitayza—5 _ § ’ alkjiyza—5
7“) - Akji[ayzz - 4]Ayzxr ki v - Alkji,yzmr kity )

§ Qyzztariji—5 E a2pji —5 <B9)
T’) = AyzxakjiAkjir yEw 7t = A2kji,yzzr JryEe )

and corresponding expressions for polar 6 terms are gathered to yield (where n = n —
1, & a=1.5)

n_ N+ o)l
P = 2“ 2990 (n + 2a / { = k(k+1)P,G, } 5o
nl(n+ o)« / 2 cos QGy G '
5= 1P, G de.
bz = 7r2(1 20)(n + 2a {bty+ sin? @ IGy} sin 0

Integration of polar terms is preformed symbolically, but does suffer from diminishing
accuracy as £ > 1 due to the increased number of coefficients. Combining these terms one
obtains

= Z XiX:E{[ﬂ?Alkji,yzzralkji’yzm] + [6;A2kji,yzmra2kji’yzm}}7’753 Gn(e) (Bll)

where simplification in terms amplitudes A%, AB,B? are then obtained by evaluating

products of the following vectors x; Xz

A? = x;[0]x2[0], AB = x;[0]xa[1] + x:[1]x2[0], B* = xi[1]xa[1]. (B.12)

Final simplifications permits expression

N 36 3
Yoy = ZZZXinjira’““_5Gk(9). (B.13)

k=1j=1 i=1

The nonlinear component of the right hand side of the temperature T' equation (3.30) is
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1 6(1/)1,T1/T)
rsing  9(6,r)

(B.14)

Inserting the explicit expressions for 11, Ty, subject to the following index notation

N 1
ZZZA T GE(0)Xi,  Akgisakji € C,
k=

14j=11=0
1

N 6
Ty /r= ZZZ 2T 2Py (cos0) Xz,  Byex,aysu € C, (B.15)
—lz=lz

1

Byza: = Rac

[ayza(@yze = 1) = y(y + Dl(ayze = 2)(aye0 = 3) = y(y + 1) Ayza,

where each of the above series contains products of the linear solution of v, and T} /7.
Note in this expression a (—) has been absorbed in Bj.,. Collecting terms after expansion

one obtains

G
+ ( 2y Byzxrayzwxz> (akjiAkjirakjinXi>}, (B.16)

sin® 6

where terms from this expression are gathered to isolate radial functions

Gl (’I") = E Akji[ayza: - 2]Byzzrakﬂ+aym_4 = E Blkji;yzazralkji'yzz_Ala

(B.17)
G2(r) = Z Byzzak:jiAkjirayZJ—‘rakji_él = Z B2kji,yzzrb2kji’yzx_47

and corresponding expression for polar 6 terms are gathered to yield (where n = n —
1, & a=1.5)

o + 1
ap =T /{kkJrlPk L P, sin 0o,

" 27L—|— 1 G, Gy .
oy =2 /0 {255 )P, singas.

(B.18)
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The jacobian term may then be concisely expressed in terms of the following series

J() = Z XiXa [0 Blijiyzar® 900 + o B2yji your®tv=e |r =4 P, (cos§).  (B.19)

k,j,iy,2,@

Combining these terms we may express the solution

2m+1 36 3

Toy = Z ZZXiijﬁa’“ﬁ*‘lPk(cosH). (B.20)
k

j=1i=1

Using these simplified expressions for T5f and t2¢ one can write the quadratic coefficients

proportional to A as

36 36

[\

) A LHde . 9 Lde -
0= (/T 1/11(7’)ZH12;'07"%° dr)w + <£Jr 1) </T Ih (T)ZFMOT‘”“’ d?"),

i=1 =1 i=1

[\
+

Ar trde 36 9 e 36
& 15 =4
= PrRa, (/ Vi) D Heare? dr)’” ! (“) </ Ti(r) Y Fer®

=1 i=1 =1 i=1

36 36

[\

)

Qg = Ar /1+dc Wi(r) ZH['QT‘”-ﬂ*Sdr Yo + 2 /1+dc T (r) Z Fyioratiz=4dp
PTRaC r 1 = - . {4+ 1 . 1 P J ’

=1 =1

(B.21)

and similarly the coefficients for B may be wrote as

Arp Itd. 36 9 1+d, 36
N m Gmjo—b m Gmjo—4
A= PrRa, (/r—1 (G (T)ZHmJOT 0 dr)'ym + <2m—|— 1) (/T " (r) ZFmJOT o4 dy

i=1
36

5 Ar hde ) 2 ,
— m H. . Amj1—5 ™ . amj1—4
P2 PrRa, (/r_l vi(r) Z mj1T dr)’}/m + <2m T 1) (/T (1) Z mj1T dr

i=1
1+d. 36

2 Ar m amj2—5 2 m amj2—4
s = erac(/T wl (T)ZHmJQT 2 dr)'?m‘f‘ (2m+1> (/T 1] (T’)ZFm]‘QT 27%dr |,

=1 i=1

where the polar integrals denoted by

e ([ OG0 g) ([ G000 o

—o sind -0 sin @

With the right hand side terms evaluated concisely, the particular (inhomogeneous) solu-
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tions for o (r,8), Ta(r, #) proportional to A%, AB, B? are obtained as

N 36 4
(r6,)=> > > XiAwjir® ' Gu(6),  Apji,axji € C,
k=1 j=1 i=2
N 36 (B.24)
(r,0.1) ZZZXZB’W”M” *Py(cos0), Byji, ai € C,
k=0 j=1 i=2
where coeflicients Ay;; & By i are obtained by solving the system
SN (B ) () () e
k=0 j=1 i=0 Arlk k + 1)] aiji ) \Bhji Fj;
where
apd; = [(anji — 3)(anji — 4) = k(k + D)[(arji — 1(anji — 2) — k(k + 1)), (B.26)
ak;i = [(arji — 2)(arji —3) — k(k +1)],
and Ap = —(1+d)/d or qinfeut js a constant pertaining to the temperature gradient.

Noteworthy is that series coefficients now depend on Pr. Similarly for the terms pro-

portional to A, B particular (inhomogeneous) solutions for 15 (r, 0), Ty (r,8) are obtained

as

6 1

(0.0 = D7 D> xidriir™ 2 C(0),  Apjiangi € C,
k= E,mj 1 i=0
1

(r,0,1) Z Z ZXszJ r®i TP (cosB),  Biji,axji € C,
k=¢,m j=1 i=0
where coeflicients Ay;; & By;j; are obtained by solving the system
N 36 _
S (, ) - (P
k=0 j—=1 i=0 Ap[k(k + 1)] allcéz Byji Frjs

where

ap); = [(arji + 2)(arji + 1) = k(k + 1)][arji(arji — 1) — k(k + 1)],
apj; = [(angi + Daggi — k(k +1)].
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Finally a homogeneous solution must be added to satisfy the associated boundary condi-
tions. This is achieved by adding functions of the form

N 6 3
P, 0,t) = 357 S Al Gr(9),
k=1j=1 i=0
N 6 3
T(r,0,t) = Z akﬁAZﬁr“Z-fflPk(cos 0),
k=0 j=1 i=0
1
Qji = —E[(akji = 3)(anji —4) — k(k + D][(arji — 1)(akji — 2) — k(k +1)].

(B.30)

Applying the 6 boundary condutions for each polynomial mode k& and amplitude of the
Bh

h
Jkm> = jkm>
scripts h,th being used to indicate homogeneous and inhomogeneous respectively

vector y; results in the following system Ax = Bx = b for terms A the super-

h ih
Ap A
h ih
i1 3 Ao 26 — 5 r=14d
m—+ h ih
Ak?n' _ - r¢% |r=1 B.31
SO () [ 35| e L e
k=1 i=0 ki = | s =114
Aps, 1M, =
h i}
A =15 v =144

While this system may be solved easily for k # ¢, m, for k = ¢, m the matrix A is singular
and b is not orthogonal to the null space Axy = 0. A solvability condition must be applied
to remove resonant terms present which cannot be solved for. We first calculate the null

space o and adjoint null space y, by solving

n
Azg =0, Aly,=0, where (gl xo) = Zyéxé =1, where vy}, 2, €C (B.32)
=0

where A' represents the conjugate transpose or hermitian of the matrix A. The solvability

condition is then applied to remove the resonant component of b by subtraction

b=b— (gl bxo. (B.33)

As the matrix A is singular, the solution space must be restricted to C™ \ {¢}. To do so

we solve the bordered system which is invertible

A o €T b
- = , where peR. (B.34)
(yoT 0> <M> <O>
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Solving by this method however demands that the solvability condition is later substituted,
as this step has altered the form of b for the purpose of applying boundary conditions
only. The case k = 0 represents a special case and requires different treatment. By virtue
of Go(cosf) = 0, ¢ must everywhere be zero and only the homogeneous temperature

boundary conditions must be satisfied using

T(’I", t)k:() =cot+ocar+ Tih(T, 9, t)|r:1,1+d =0. (B35)

A general solution for 9, Ty are thus obtained as

Ya(r,0,t) = ixz i { ZAh kit + ZA’h Ak }r‘le(G), Apgji,axji € C,
zzo k;l
To(r,0,t) = > xi Z { Z akﬂAkﬂ poksitl 4 Z B“L a5 }T_QPk(COS ), Byji €C,
- (B.36)
where the vector x; € R contains the mode amplitudes
xi = [A,B, A%, AB, B?]. (B.37)

Additional amplitudes C, D corresponding to aribitrary multiples of ¢; can also be in-
cluded in this solution. It may be shown however that their contribution integrates to

Z€ero.
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B.2 SIMPLIFICATION OF O(e?) TERMS

The right hand of the vorticity equation termed 135 may be expressed as

B a1,
3r = —pRac Q(T)W

1+ by, L atva)) L 9D%h | 9D
a(0,r) OT9 o )’
(B.38)

sing + Pr—! <sin9 (

where it may be noted that the jacobian involving 1, +12 contains additional terms not of
O(e?), this expression is however chosen for brevity. Explicit expressions for 11,19 & Ty
are inserted subject to the following index convention

N 48
1/)1 +1/)2 ZZZAk zrak” le( )X'L? Ak‘j’mak‘jl € (C
k=1j=111=0
N 48
D2(py + 1ho) ZZZAyz 3G ()X, Ayeas gz € C, (B.39)
y=1z=12=0

‘Ayzz = [(ayzx - 1)(ayzz - 2) - y(y + ]-)]Ayza:a Tl = Z Airziv

where each of the above series contains the full solution of ¥y + ¥, summed for all
amplitudes and modes N = 2m + 1, where m is the larger of the two modes . In addition
the operator D? has also been applied resulting in the modified coefficient .A. Amplitude
coefficients are now contained in the array y, which contains terms at both orders O(e)
and (€2)

xi=|A,B,A B, A’ AB, B, (B.40)

and the structure of each of the above solution arrays is as follows

N 48

I a1mgtl a1 ih aih
§ § E Apjirsi—t = (Al gritoetlh 4 A7_>1 7712 4 Al or®is—as ),
—_—
y=1j=1:=0 linear solution 1 homogeneous solution )5 inhomogeneous solution 15
(B.41)

This convention is used as it combines expressions into a single array facilitating ease of

manipulation. Collecting terms only of order O(€®) one obtains

w3f = —,LLRaCT73{Afg(’I") ( )+Bfm( }—|—P7” <{A(TZ)G£D2F€+B(7—2)GmD2Fm}+Jw()
(B.42)

the dependence on 75 exclusively arising from the coefficinets proportional to 7 all being
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zero. where the Jacobian term expressed explicity is (summations are omitted for brevity):

Jyp() = Z r7{ — XiXz (k:(k: + I)Akﬂr‘l’”"Pk> ([ayzx - 5]Ayzxray”Gy)+

k,j,5,y,2,2

2cos 0G
mm(b@+1ﬂ2+11

sin? 0

]Ayzz/rayzm) ([akji - 1]Akji'f‘akjin> }, (B43)
terms are gathered to obtain radial functions

Fl T = E Ak]z Ayzx — ) Ayzwrakji—i_ayzw_? = § Alkji,yzasralkji’yzw»

) (B.44)
T Z‘Ayzw Qg — Ak] puze ok ZAiji,yzwra kibyzw

corresponding expressions for polar § terms are gathered to yield (wheren =n—1, & a =
1.5)

n'(n + )[[(a ‘/
= 1) P,
= ﬂﬂlQ“HTn+2a L+ DRG, } (B.45)
n n(n+ o) (a / 2 cos HGy G, '
= 1)P,
bi = 7r2(1 29T (n + 2a {ly + sin” ¢ IGi} Sinede’

when integrated symbolically the process may be accelerated by noting that when (k +
y)%2 = 0 and n%2! = 0 the coefficent is apriori known to be zero. Combining these terms

one obtains

Jd’() = Z XiXm{B?Alkji,yzzralkji’yzz + 5£LA2kji,ysza2kji’yzz }Gn(a), (B46)

k.j,ty,2,x

where simplification in terms amplitudes AB?, A?B, A%, B? are then obtained by evalu-

ating products of the following vectors x;xz-

AB = x;[0]x2[3] + xi[3]xz[0

1x2[3] + xi[3]xa[L (B.47)
A?B = ;[ 4]x.[1] + xa[1x[4] + xi[0]x2 5] + xil5]x2[0] (. ..)
AB” = x;[6]x2[0] + xi[0]xz[6] + xi[1]x=[5] + xa[Blxa[1]( .- )

116



The right hand side of the temperature equation termed 75y is

1 W+, (Tv+To)r™Y) 0Ty 0T
T3f o Tsin9 8(677") + 87_2 + 67'1, (B48)

where as previously outlined additional terms, not O(e?) are also present, but the expres-
sion is chosen for brevity of expression. Inserting 11,19 & T, T5 subject to the following

index convention

N 48 6

Y1+ = Z Z Z Akjﬂ‘akﬂile(Q)Xi, Aka‘, akji € C,
k=1 j=1 i=0
N 48 6

(T4 T = 3033 Byear™== Py (cosb)xa: Byrr.ayes € C,

y=1z2=1z=0

(B.49)

and the structure of each of the temperature solution is as follows

N 48 5
akii—3 __ ,.—3 a +1 h al +1 ih ail
E E E Byjir® ™% =r73( Bimer™ "+ Byt + Bizoar™ons ),
° ‘ —_———
k=0 j=1 i=0

linear solution T4 homogeneous solution T5 inhomogeneous solution T

(B.50)

explicit expressions for 1,17, 9, 15 are substituted and after simplification we obtain

Tsy = A(72) fo(r)Pi(cos 0) + B(72) fm(r) Pr(cos 6) 4+ J(. . .), (B.51)

where the jacobian term expanded is

Jr()

Z { ( —k(k+ 1)Akjﬂ’a’“-“2PkX¢> ([ayzr - 3]B?JZ~"0T%”4P9X“”)

k35,92,

G
- (SirlgeByzwrayZI_4Xz> ([akji - I]Akjirakﬂ_2GkXi> } (B52)

Expressing in terms of radial and polar functions

GI(T) = § Akji[a’yza: - 3}Byzwrakji+aym_6 = E Blkji,yzwralkji’yzma

(B.53)
GQ(T) = ZByzw [a/kji - 1]Akji7‘ayzm+akji_6 = ZB2kji,yzx7ab2kji’yzz7
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with inner products for the polar terms are defined

2n +1
2

n 2n+1 ™ -G, Gy, .
ap = = /0 { sinJQG } P sin 06,

n o __
=

/ { = k(k + 1)P,P,} P, sin 09,
0 (B.54)

where it must be noted that the len(af’) > len(af) due to the presence of T' ~ f(r)Py(cos 6)
being admissable, such that associated terms as for example

1 9y oT/r
rsinf 00 Or ’

(B.55)

are non-zero. The jacobian term may then be concisely expressed in terms of the following

series

Jr() = Z xixz{a?Blkj@ywralW*y” + agBijLymr“QkﬁW”}Pn(cos 0), (B.56)

k.jiy,z,e

collecting terms corresponding to all amplitudes one may write the vector F3 = [th35, T55]T
as

Y3y = —puRacr *{AGH; + BG,,Hy, } + Pr! ({ADQFZGZ +BD?*F, G} + Jy (. .)),
Ts; = AP, Hy + BPy, Hy, + Jr(. . ),
(B.57)

to account for the variation at the outer boundary however an additional term must be

added to each equation. The modified boundary conditions at O(e3) are

b.d's ab3(r,0,t) =0, i(r,0,t) =0, T3(r,0,t) =0 at r=1,

b.d's 3(r,0,t) + 00 (r,0,t) =0, Pi(r,0,t) + 6 (r,0,t) =0, 6T} (r,0,t) + T5(r,0,t) =0 at r=1+d,
(B.58)

where it may be noted that ), T; are proportional to amplitudes A(7m2) & B(7y) only,

and the inhomogeneos diffusion problem to be solved is

Los = —0Lp1 + F3. (B59)
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AXISYMMETRIC

FINITE-DIFFERENCE CODE

In this formulation we express the full equations as

prt <g§ () - M@, Q)) = “Rag(r)roF sind + D,

orT o2
o, J(¥,Q) = PrD*Q,
ot
§:_D2¢’
vhere o(f.9) O(f.9/(r* sin? )
1 fi9 . frg/(r*sin“ 0
J(fag) - ’)"2 Sin9 8(0,’1")7 j(fvg) - Slna 8(9,7“) 9
d
" Ni(f,g9) = 2/ (cotﬂ@fl@)
W9 = 5ing or rob’

(C.1a)

(C.1b)

(C.1c)

(C.1d)

(C.2)

(C.3)

Defining the indices i, to be the location of the i*" € [0, N,] radial and j** € [0, N
polar grid-point, we use second order finite differences in both spatial directions. The

time discretisation uses Crank-Nicoloson and forward Euler schemes for the linear and

nonlinear terms respectively. Denoting the value at the current time-step by superscript
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€ and at the next step by £"T1, all interior grid points are updated according to

—1 glnjl B an n n n n aT‘ZJ : 1 2¢en+1 2¢n
Pr — =T W, 6 ) = N1 (7, ) | = —Rag(ri)ri— Sln@j+§(D § D),

At I o0
(C.4a)
Tl _n 1
2% 2,7 n mno\ __ 2mn—+1 2mmn

AL +J(7, 1) = §(V T + VT, (C.4b)

QM —on Pr
— W, ) = 5 (D + D), (C.4c)

and the stream-function is updated by inverting the Poisson equation

gl = — D2t (C.5)

The discretised linear operators V2, D? have a sparse penta-diagonal structure. They are
thus stored as sparse matrices and operated with using sparse linear algebra routines. At

the sphere’s boundaries we enforce that the grid points

To,; =1, Tn,; =0,

(C.6)
Qo = PrReysin®;, Qu, ;= PrReysinf;,

for each time-step. We must we must enforce the Dirichlet and Neumann boundary con-
ditions ¢ = 1’ = 0 at the sphere’s boundaries. The Dirichlet boundary condition is

implemented in solving (C.5), while the Neumann boundary condition is applied to solve

for -
{=—55 at r=L1+d (C.7)
Using a forward difference approximation into the domain at each boundary gives
24 ; 2¢N, 1,5
80 =""xp0 NPT T T AT (C.8)

Numerical stability is enforced by satisfying, the CFL condition and r-diffusion number at
each time-step

Ar r/Af

PrAt PrAt
<1/2 — < 1/2.
ArZz — /2 (rAg)? — /

OFL < (%-lﬁuluemt> <1,
(C.9)

120



C.1 CODE VALIDATION

Code validation is performed by demonstrating that the numerical approximation conver-
gences with second order error to the true solution. Evaluating solutions for different grid
sizes N, X Ny, we assume that the error of the numerical approximation compared with a

true solution behaves as

€ = [Yanal — Ynum| = AAt + BAr? + CA?, (C.10)
where
N, XNy 4 ] 1/p
|’(/}anal _1/Jnum| = ( Z ( zZ:mal - :w,m)p> ’ (Cll)
N, X Ny 1/p
AAt + BAr? + CAG* = ( > (At + BAr® + CZAGQ)”) , (C.12)

%

defines the LP norm such that e represents the sum of the error at all grid points. In

convergence tests we set Ar = A6 such that

€ = [Yanal — Ynum| = AAL + (B + C)Ar? = AAt + BAr?. (C.13)

To ensure that the temporal error is comparable between runs for different grid sizes, we
adjust At such that » = PrAt/(Ar?) remains constant. By obtaining two error measures

for different grid sizes we can evaluate the unknown exponent « in the relation

€= |'(/Janal - 1/)num| ~ AAt + BAT’Y- (014)

Assuming the temporal error AAt remains constant between different runs, each denoted
by the subscripts 1,2, one make take the logarithm of (C.14) giving

In(e;) = In(AAt) + yIn(B Ary), In(ep) & In(AAL) + yIn(BaAry). (C.15)

Combining these expressions yields an estimation of the exponent

v = In(ey /e2)/ In(B1Ary ) BaArs). (C.16)

To evaluate its anticipated value, we assume the constants A;, B; are independent of their

grid-points such that
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2+42p

Ny XNy 1/p 1/p B
< Z (Aot + Bi5r2)p> = (Ar_z(Aét + BérQ)p) ~ constAr~2 + BAr—r |

i

(C.17)

which depending on the chosen norm gives the following convergence rates

L' v=0, L?* y=1, L*® ~y=2. (C.18)

In the absence of an analytical solution to (C.1), we define the following functions

¥(r,0) = sin(k(ry — 1)) sin(k(rg — 7)) sin QW,

T(r,0) = cos(k/2(r1 — 1)), (C.19)
Q(r,0) = (ar® 4+ b/r)sin? 0,

£(r,0) = D3(r,0), where k=m/(d),

to satisfy the boundary conditions exactly. When substituted into (C.1) however, a remain-
der term is obtained. This remainder is determined analytically and added as a forcing
o (C.1), such that (C.19) become exact solutions. A caveat of this validation method, is
that (C.19) may be unstable, such that a time dependent code will not converge.

Setting the annulus width d = 0.3 and choosing Pr = 1, Ra = 1, Re = 1, the following

grid-sizes and time-steps are chosen.

Test | N, | Ny At
1) 5 | 54 | 1e-05
2) 10 | 105

3) 20 | 209

4) 30 | 314

5) 35 | 366

Table C.1: Set of grid-sizes chosen for code validation. The value of Ny is adjusted such
that A, = Ay in each test.

Figures C.1, C.2 demonstrate the convergence rates anticipated by (C.18) for each field

variable.
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Figure C.1: Both the vorticity £ and temperature field T converge to their true solution as
the grid-size N, is increased. This is also reflected in their exponents shown in the upper
right corners. In this figure m, dr are used in place of ~, Ar.
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Figure C.2: Both the specific angular momentum 2 and stream function fields 1) converge
to their true solution as the grid-size N, is increased. This is also reflected in their expo-
nents shown in the upper right corners. In this figure m, dr are used in place of v, Ar.
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AXISYMMETRIC SPECTRAL CODE

To calculate equilibrium states X and eigenvectors X’ a spectral method is used. The
solutions 6 dependency is expanded in terms of Legendre Py(cosf) for T and Gegenbauer
polynomials G¢(0) for ¥, Q up to degree Ny, thus satisfying the symmetry conditions at
0 = 0,7 exactly. To treat the solutions radial dependency a Chebyshev psuedo-spectral

method and finite-difference stencil are outlined.

The state vector is defined as

¢ Ny W(T,t)Gz(a)
X=|T|=)|Turt)Pucost) | , (D.1)
QO £=0 Qg(r,t)Gz(g)

such that X contains 3 x Ny x N,. elements. The projection onto this basis, requires that
we define the following normalization conditions. Representing nonlinear products of the
polynomials as an arbitrary function f(6), we may express series of Legendre polynomials

as

No T
10) = > aprteost). s =22 [ (o) Pi(coso)sino o (D2)
=0 0

and equivalently Gegenbauer polynomials as

G(0) = —sin? 90&?3/2)(005 0) = SinediePg(cos 0) (D.3a)
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" Gu(0)1(0)

Ny
10)=3 2 5eco), 5e=Ct0) [ 05 (D.3b)
where C(f) is a normalising constant given by
~ | 2
Gy = POF L@ e = f—1, a =15, (D.4)

-~ 7202097 () + 20)’

and T' is the gamma function. Substituting the state vector into the full equations and
projecting onto a finite sum of Ny basis functions we obtain the Galerkin projection of the

full equations given by

M%:N(X,X)+EX+F. (D.5)

where the components of the vector X are now

Yo=n, (1, 1)
TZ:NG (7”, t)
QZ:Ng (7’, t)

The corresponding matrix operator M is now given by

M=y --- 0 D? 0 0
M= : ; , where M;,=|0 1 0], (D.7)
0 - My, 0 0 I

and similarly the right-hand side matrix £ is given by

Li—om=0 -+ 0 PrD3D? PrRag(r) Rey PrN¥Q(Q0)em
L= : .t |, where Lem=| e+ 1)5 V2 0
0 R Req PrNQ(Q0)em 0 Pr Df
(D.8)

where the terms NWYQ(Qg)e, NQ(Qp), arise from the interaction with the base state
Qo(r,6) and are outlined subsequent sections. Notably these terms will populate off-
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diagonal entries in £. The forcing vector F' is given by

2ab 20> 3
FZ_2:PT2<__7'5>GZ_2(9)7 a =

r2

_ Rey(14+d) — Rey 5__(1+d)[Rel(1+d)2—Reg]
(1+d3 -1 " B (1+d)3—1 ’
(D.9)

where @, b are as per (2.19). We first outline the use of finite differences and subsequently
the Chebyshev collocation methods to treat the radial dependency.

D.1 FINITE DIFFERENCE METHOD

D.1.1 LINEAR TERMS

Using a stencil of N, equispaced grid-points we obtain the representation

Xo—o

) ) - ) - T
X=| 1 |, where X,= ( Ry i ¥ N 9;21...9;*NT‘2) :

Xe=N,
(D.10)

and each superscript ¢ corresponds to the location of a radial grid point, with r;,—¢g = 1 rep-
resenting the shell’s inner boundary. The finite difference representation of the boundary

conditions is given by

U=t =0,

vy dyy
dr dr
) =T} =0,

Q) =)' =0.

:()7 :0,

(D.11)

In defining (D.35) we have omitted the grid points ¢ = 0,7 = N, — 1 to enforce the
Dirichlet boundary conditions at the annulus boundaries. Specifying each of the operators
in this manner also helps to avoid the calculation of spurious eigenvalues when conducting
stability analysis. As can be seen in (D.12), specifying 1* = 0 or ¢»™*~1 = 0 would imply
that any \; is a solution of
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1 B 0] z:o 0

(—2 _ l(l+1)) 10 ... 0 =t
r2 r2 r2 :
4 = A8 ‘ - | [aL (D.12)
0 ce e 1)\t 0
The second order matrix operators Dg, Vf are given by
02 L+ 1
D%w@ = a:'/;e - ( 7'2 )’(/}Za
) (D.13)
V%_aw g%_é(f—i—l)w
T e T o r2 ©
and their discretization in matrix form by
(-0 o
1 (£2 - Wy 1
Ar2 Ar2 rZ_, Ar2
1 -2 1(1+1) 1
0 s (@ - ) A
0 = 0 e (x5 — )
(D.14)
(x5 - %) (a=+iom) 0 0
1 1 —2 1(+1) 1 1
(Ar2 - 7‘1-=2AT) (AT2 - rZ_, ) (W + 7‘1-=2Ar) U 0
Vi = . :
1 1 -2 1(1+1) 1 1
0 e (Ar2 - ri:NT,gAr> (Ar2 - r?:NT73) (Ar2 + ri:Nr,gA'r)
1 1 —2 1(1+1)
0 0 (ar — s (&, )
(D.15)

In addition to the Dirichlet boundary condition the Neumann boundary condition on
must also be enforced in the discretizations of D?D? and D}, operators which arise in the

vorticity equation. These are given by
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Phy 20%py L+ 1) Dby (L4 1)
D=5 T~ e T
Oy 2000+ 1) 0%y AL+ 1) Dby ([L(L+1)]? —6L(C+ 1))
Dfow T ot r2 or? + B Or + rd ‘
(D.16)

The matrix operator Dg’ is given by the stencil

Dy = a2 + by~ + ey + dgy T+ ey (D.17)

where the coefficients are given by

o 1 e+ 2 1 C_4€(€+1)+ 4 d__€(€+1)_ 2 1
T 2Ar3’ Cr22Ar o Ar2 T AP - r3 r;Ar2’ O r22Ar 1rAr2
(D.18)

Similarly the matrix operator DZD? is given by the stencil

DDy = a2 + byt + ey + dipyt + eyt (D.19)

with corresponding coefficients

R _ -4 20+ 2@+
Ard’ Art r2Ar? r3Ar
6 Al+1) W+ D(6-10+1)) g 4 20+1)  20(1+1)
Art r2Ar? B rd ’ N r2Ar? r3Ar

(D.20)

In addition to applying the Dirichlet boundary conditions as previous, the derivatives
must vanish at the boundaries. This is achieved by introducing ghost nodes ¢[1, wév "
and setting the derivative as approximated by central difference to be zero as follows.
The ghost nodes allow the function to be made symmetric at the boundary forcing the

derivative to be zero as follows

a’ v -
dr 2Ar

dpN Tt gy

dr 2Ar =0 (D-21)

207

For both operators this yields a matrix of the form
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(c+a) d e 0 O 0
b c 0 0
a 0
(D.22)
0 a b d e
0 0 a b c d
0 0 0 a b (c+e)

D.1.2 NON-LINEAR TERMS

The quadratic nonlinearity M (X, X) is treated by writing it as an linear operator N (X)
acting on a vector X’. This procedure is chosen as it allows the resulting linear matrix
to be used for time-stepping, linear stability and steady state solving routines. In state
space representation this yields

Ny
=0

where the matrix N'(X )y, is defined by

Noo -+ Now, NU(t)¢) em 0 NUQUQ) o
N(X) e = ,  where Ny, = 0 NT(¥e)em 0
0 NNgNg 0 0 NQ(wf)Zm
(D.24)

The submatrices contained each of dimension (Nr — 2 x Nr — 2) are given by

o= S o] 2] [ o] ]

o[22l
[aT(¢,m) br '

wrton = [T [o)[o] « [) o,

s - (4] ] - [ ]

where D3}, D? are given by (D.22), (D.14), the differentitaion matrix D is given by
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, (D.26)

and the coefficients depending on indicies ¢, m are given by the integrals (D.49), (D.50),
(D.51). Similarly the matrix corresponding to N (X', X) is defined by

Ny
N(X' X) =Y N(X)me X, (D.27)
m=0
with matrix entries given by
le e NON9 N\IJ(wm)mé 0 N\I’Q(Qm)mé
N(X)pe = : : , where Npy=| NT(Tp)me O 0
0 - Nnyn, NQQ)me 0O 0
(D.28)
The submatrices contained each of dimension (Nr — 2 x Nr — 2) are given by
_ a¢ € m b (L, m D2
viow) = [#5388 [Phon |« [552) [Phoe][2]
NUQ(Q,,) = anZm pa, |+ bwém ,,
C2Arr?
raT (¢, bT( z (D-29)
[a m m
N7t = S]] + [ ][] 2 ]
aQ {,m b
st -2 o] [ o e

and the coefficients depending on indices ¢, m are given by the integrals (D.49), (D.50),
(D.51). Distinct from operators M, L, the operator N is dense as the block matrices Ny,
are present at almost all (¢, m) indices, for solutions lacking equatorial symmetry. This
arises from the expression of nonlinear products in 0 as a linear superposition of modes

when projecting onto a basis of Legendre or Gegenbauer polynomials.
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D.2 PSEUDO-SPECTRAL METHOD

The Chebyshev points are defined by
xj = cos(jm/N), j=0,1,..,N, (D.30)

and the mapping form the interval [—1, 1] to [r;, r,] is given by

T0+Ti To — T4
xT;.
9 T g

(D.31)

r; =

In contrast to the equidistant finite difference grid, these collocation points cluster near the
sphere’s boundaries as required. Using these points we now solve for the values of a grid
function f evaluated at these collocation points. Following Trefethen (2000) we introduce
the unique polynomial p(r;) of degree < N with f; = p(r;), 0 < j < N. Provided that all

r; are distinct, the unique interpolant of degree IV is defined by

1 1
— H (x — zk), = —
4 1= aj

kA7

N
I @ —a. (D.32)
=0

k kA7

k

To obtain the differentiation matrix D we take the logarithm of (D.32) and differentiate
to obtain

pi@) =pi(x) > (z—ax)" (D.33)

N
Dij = DU = Z (xl — l‘j>_1 (D34)

aj(zi — ;) o

Higher derivatives of order v are obtained by taking powers of D. An alternative method for
computing the derivatives of a grid function makes use of fast Fourier transform (Trefethen
2000). The numerical complexity of this method scales as O(N log N) and is preferable
for large vectors.
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D.2.1 LINEAR TERMS

As in the previous section, we treat all § dependent terms using a Galerkin projection
to yield a system of Ny coupled ODEs each denoted by a subscript ¢. The resulting
ODE system is then discretized using a Chebyshev-collocation method. Denoting the grid
functions ﬁ , Tej , Q@ represented at N collocation points, the corresponding state vector is
given by

. . . . _ _ T
X = : , where ng( ;‘1... J=N-1 Tg_l...Tg_N*1 Q%_l...Q%_Nfl) .

Xo—o

Xe=N,
(D.35)

Choosing an eigenbasis of the governing equations the Galerkin projection automatically
enforces the boundary conditions in 6, while in the radial direction we must implement

the Dirichlet and Neumann boundary conditions

dipe

P Y=Ty=Q,=0, forr=r;7,. (D.36)

The Dirichlet boundary conditions are enforced by omitting the collocation points j =
0,7 = N, — 1, such that we only solve for the interior points defined as per (D.35). When

implemented for the second order linear operators this yields

VZ =D+ diag(g)D — diag(é(g—g 1)),
T ’rj
D = — ding( 1Y),
J

(D.37)

where j = 1,..., Nr—1and D € DN"=1XN7=1 Both the Neumann and Dirichlet boundary
conditions must be enforced on the higher order operators appearing in the fourth order
vorticity equation given by (D.16). To implement these conditions we redefine our grid

function using the relation

f(r) - (r2 +br + C)Q(r)a b= *(7‘1' + 7’o)a C=TiTo, (D38)

a polynomial of degree < N + 2 which satisfies f(r) = f'(r) = 0 at » = r;,7,. Taking four

differentiations we obtain
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(r)

f"(r) = 29(r) +202r + b)q (r) + (2 + br + )" (1), D.39)
J"(r) =64 (r) + 3(2r + b)¢" (r) + (r* + br + ¢)¢"' (r),
() =12¢"(r) + 42r + b)q" (r) + (r* 4+ br + ¢)¢"" (r).

To implement the spectral differentiation in matrix form we define ¢ to be the unique
polynomial of degree < N with f(r;) = f(r,) = 0 and ¢(r;) = v;/(r? + brj + ¢) for the
interior points j = 1,..., Nr — 1. In terms of matrices, we represent the derivative of order
q”(r) by D¥ and omit the first and last rows and columns of D¥ to enforce the Dirichlet

boundary conditions. For the third and fourth order derivatives we obtain

=3 _ 0% 1
D3 = = |6D 2 D? 2 A D3 i
or’ [6 I A DPT (b o) } Xdlag((r?+brj+c)>’
D= e = [12D? + 4(2r; + b)D? + (r? + brj + ¢)D?*| x diag .
ort ’ J ! (r2 4+ brj+c))’
(D.40)

where j = 1,.., Nr — 1 and D € DN"=1xNr=1_ GQuhstituting these relations into (D.16), we
obtain these operators in matrix form

- 2 o(C+1 400041
D} =D?— diag(r—j)D2 — diag( ( ; ))D + diag(%) (D.41)
J J
- 20(0+1 4000 +1 00+ 1)]2 =600+ 1
D230, = D' - ding( 2 D) D2 - ding (LD 1 diag( LD S D)
J J

(D.42)

D.2.2 NON-LINEAR TERMS

The quadratic nonlinearity N (X, X) is treated by writing it as an linear operator N'(X)
acting on an unknown vector X'. This procedure is chosen as it allows the resulting linear
matrix to be use for time-stepping, linear stability and steady state solving routines. In
state space representation this yields

NX)X = iN(X)gmxjn, (D.43)
£=0
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where the matrix N'(X)g,, is defined by

Noo -+ Now, N (Ye)em 0 NYQ(Q)em
NX)gm =1 + - : , where Ny, = 0 NT(¥¢)em 0
0 NNgNg 0 0 NQ(wé)ém
(D.44)

The submatrices contained each of dimension (Nr — 1 x Nr — 1) are given by

o0 =[] [2] [ o] ]
wway = (262 o] ][] o]

NT(wy) = [aT( z m } {W} H N {b (fém)} {Dw4:7 (D.45)
- [2523 o] » [5 ]

where D3, D? are given by (D.37), (D.41) and the coefficients depending on indicies £, m
are given by the integrals (D.49), (D.50), (D.51). Similarly the matrix corresponding to
N(X', X) is defined by

Ny
N(X',X) = N(X)me X, (D.46)
m=0
with matrix entries given by
Nme -+ Non, NU(m)me 0 NUQ(Q)me
N(X)mg = ,  where Ny = NT(Tm)mg 0 0
0 NNeNs NQ(Qm)mg 0 0

The sub-matrices contained each of dimension (Nr — 1 x Nr — 1) are given by
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NW("/’m) = -):| D?quwm
NTQ(Q,,) =

|
e m) } (D.48)
NT () = “m] [DTm}
|

N = |

and the coefficients depending on indices ¢, m are given by the integrals (D.49), (D.50),
(D.51). Distinct from operators M, L, the operator A is dense as the block matrices
Ny, are present at almost all (¢, m) indices. This arises from the expression of nonlinear
products in 6 as a linear superposition of modes when projecting onto a basis of Legendre

or Gegenbauer polynomials.

D.3 GALERKIN PROJECTION

The nonlinear terms involve products of 6 dependent terms and require integrals for their
product to summation transform. These integrals depend on the order of the polynomials
(¢,m) substituted and the order of the equation n. The integrals for terms arising in the

temperature equation are

AT (0 n) = 2n2+ 1 / {¢(t + 1) PPy, } P, sin 09,
0
x (D.49)
2 1
BT (6, m,n) = 22 / {ng’m }Pn sin 00,
2 o |sin“@
the specific angular momentum integrals are
+o)[l(a
aQ(l,m,n) = 1 70) {E (£ +1)P,G, }
T (n +
( o)[T(a G (D.50)
b (L HP,G
( m, ) ’/T21 2a)r(77+2a / { mm+ ) 14 9 )
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and the integrals for the vorticity equation are

(e mm) = 2((177;)0;)([71; / {e(e+1) PgGm}
DU (.. m) = 7T2((177 ;;)ar)([71;+2a {— [m(m+1)Py, + 2c§ig§m]gé}£lﬂéd0,
AL, m,m) = 2((1” ;)QF)([};SL )M / —2{ o GmGg}fT%da,
UL, m, ) = ((1";;}12([51)2]&)/
(D.51)

where in each case (n =n — 1, & a = 1.5). All integrals are evaluated using Weigner-3;j
notation, outlined in appendix E.

D.4 VALIDATION OF NUMERICAL CODE

We validate that the projection of the state vector X is correct, and that all matrices
are discretised correctly, that is to an O(Ar?) accuracy in space. Here we assume that a
sufficient number of orthogonal polynomials have been used in the solution representation.
This is ascertained by increasing Ny until the solution norm ||X|| approaches machine
precision. Steady states are solved according to a Newton-Iteration scheme

F(X™) +DF|x-(X"T - X") =0. (D.52)

To demonstrate second order spatial convergence we solve for a known solution X and
compare this with a numerical solution X, as the radial grid spacing Ar = d/N,. is
varied. This task is facilitated by the following procedure. If correctly discretised the
numerical of a steady solution at each grid point is given by its difference from the true
solution

§i=|X"'— X! |~ AN, (D.53)

|N
umi —

where §° represents the absolute error at the i*" radial grid point. For the sum of all grid
points this is defined by the LP norm

N, _ ' e
= (Y - X, ) ZA ArP) P AN TR (D.54)
=1

=1

where we have made use of the fact that N = d/Ar. We can therefore anticipate the
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following convergence rates to be
L' sy=1, L2—=~y=3/2, L® sy=2 (D.55)
To verify these relations we define an unknown exponent v as

S=|X"— X!, |~ AA. (D.56)

Calculating the error for different values of Ar we obtain estimates on . Considering two
different grid spacings Ar; and Ars, and taking the natural logarithm of (D.56) we obtain

In(6;) = vyIn(AAry), 1In(d2) = yIn(AAry), (D.57)
whose difference of this expression yields the following expression for
v & In(dry/ore)/ In(Ary/Arg). (D.58)

Following this procedure for multiple values of Ar validates the converge of the numerical
solution to the true solution as Ar — 0. In the absence of fully coupled analytical solutions
to (2.21), we prescribe an analytical solution satisfying the respective boundary conditions

) sin(2F (ry — 7)) sin(2F (ry — r)) sin 09y P3(cos 6)
X = sin(2% (ry — r)) sin(F (ro — r)) P3(cos 6) ) (D.59)
sin(ZF (rqy — 1)) sin(2F (ry — r)) sin 69 P3(cos 6)

and substituting this solution into the right hand side of (2.21) obtain an analytically
derived forcing vector G, which is added to the right hand side such that (D.59) becomes
a solution of the forced problem. Fixing the separation d = 1, the remaining parameter
values are chosen as Ra = 1, Re; = 1, Res = —1. We then solve the solution error (D.56)
for N, = {10, 20, 30,40, 50,60} and three values of Prandtl number Pr = {0.01, 1, 10}.

Log || Xuuns — X1
1og || Xuurs — X1

~120 ~120

125 125 5
245 =) =35 30 25 20 245 40 =35 30 25 20 245 40 35 30
logdr logdr logdr

(a) Pr=0.01 (b) Pr=1 (c) Pr=10

Figure D.1: Convergence of the steady-state solver to the known solution as measured using
the L? norm. By decreasing the radial grid space dr the exponent v — 1.5 as anticipated.
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3D STABILITY NUMERICAL

SOLUTION METHOD

The temperature terms simplify to yield

OT Ly®' 1 0T 929’ 1 0T ov

/ _ = oo = -z
v VT_&T r2 +r2 398r89+7‘251n089 Op’

Ly® T 1 9%® oT' 1 9w or
uVTﬂ%@@T:ij— o7 9 ov 9

7 or 120190 90 r2sm6 00 Op

These can be grouped as

1 90T oV

[ -
Non (T) 9" = r2sin@ 90 o’

| L0 0T 19T 9
NoaT)® = =2~ 7296 orop”

and substituting the series expansions (5.15), (5.16) one obtains
Ny

. mT,
Ny (T)¥' =i Z w3(l,p,n,m)7\112m,

pln
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( 1) o, T, 09,
N32 (I) *Zwl l]% n,m or CI) 2(lvpan,m)7§ or ’ (E6)

p,l,n

for terms linearised about 7', and similarly one obtains

1 0%

+l<I) oT}
N33(®,0)T Zwl (I,p,n,m) (p ) ;m+w2(l p,n,m)— =5

0

p,l,n

(E.7)

for the terms linearised about ®, V. The 6 dependent coefficients present in these terms
can be integrated exactly using Gaunt coefficients. This is achieved by use of the following

three integrals wy, wq, w3 which are functions of indices (I, p,n, m).

1(l,p,n,m) = / P P, P sin0df,
ToP™ OP,

wa(l,p,n,m) = ST 89p P sin 6d6, (E.8)
TPt oR, o,
ws(l,p,n,m) = T P sin 0d6.

The product to sum formula for obtaining coefficients of the associated Legendre polyno-
mials are given by

2 (nts)

wi(l,p,n,m,q,s) = / P"P,P;sinfdf, where / P P? sinfdf =
0 0
(

Using the following formula to evaluate products of associated Legendre polynomials

" PP s sinfdf = 2(-1)° tpon)(t p n (L+m)! (p+q)!(n+s)
/0 P/ PIP;sin0df = 2(—1) (0 0 0) (m q —s> \/(g “m) (p— )l (n—s)’
(E.10)

9)

one may write

wi(l,p,n,m,q,s) = (2n+1)(-1)° (f D n) (6 D n) \/(£+m)! (p+q)! (n—s)!

0 0 0/\m q -s (L—m)(p—q) (n+s)
(E.11)

where the square of factorial terms is a consequence of the chosen normalization. To
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simplify the second integral

" ppOPI
TP pssing do E.12
o0 o [nsm0dl, (E-12)

1U2(l,p7n,m, q, S) =

we expand its derivatives as follows

™ 9P QP
, 00 00

PSsinfdf = i / [—(+m)(l—m+ )P 'PI — (p+q)(p— g + 1) P B Py sin 646,
0
(E.13)

and using Gaunt’s formula one may write

wa(l,p,n,m,q,s) = (2n+1)(-1)° <_(b4+ c)) \/(64— m)‘ (p+ q)' (n J_r 8)' (E.14)

where

b((l; g g) (mg—l qil _ns) Vt+m)t—m+1)(p—q)p+g+1), (E15)

0 m+1 g—1 -—s

o
Il
N
O~
o3

n) ( / p n) \/(p+q)(p_q+1)\/(g_m)(£+m—|—1). (E16)

To simplify the third integral

(1 )—/Tr il 8P1?PS i 9d9—/1 quPmPSd (E.17)
ws(t,p,n,m,q,s) = 0 sinf o0 n SHL - . O 14 n AT, .

we set ¢ = 0 and use the identity

OPI (=2 — P 4 WP + P + 20 4 )Py
£ L . (E.18)

Substituting (E.18) into (E.17) and expanding its right hand side as follows we obtain

1 ™
ws(l,p,n,m,q=0,5) = _Z/o [(p* —2p® — p* +2p) Ppin + Pg—1 + (2p* +2p) Py1| P P? sin 0d,
(E.19)
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which is computed using Gaunt’s formula, such that one may write

wallopomm. g = 0,8) = (204 1)(_1)5(_@1 +4b+c)>\/(e+m)! (p+q) (n—s)!

where

{ p—1 n { p—1 n 4 3 9
- —2p3 —p? 4+ 2p),
“ (0 0 0) (m 2 —s> (v = 2p" = p" +2p)
1 1
b (CF my (e ", (E.21)
o o of\m 2 —s
{ p—1 n { p—1 n 9
- 2p® +p).
¢ (0 0 0) (m 0 —s> "+ )

The toroidal terms maybe simplified to yield

5 Wo(r)
Ny (T)¥' =Y ian(l,m,n) 23 -
" (E.22)
G 1 0%o(r)\ -, Uo(r) O,
Nia(¥)®" = lzaz(lamm)(rg oy ) Qim T as(lm,n)—Z=—2 =,

where

ai(l,m,n) = m(l2 +1—2)0;n,

I+ 1)1 +2)(l—m+1) 10+ 1)1 = 1)1 +m)

az(l,m,n) = @20+1) Oin @20+1) Picin (B23)
(l+2)(l—m+1) =11+ 1)l +m)
ag(l,m,n) = —2( (21+1) )(514_17”—2( (21+1) )(51_1,71.

Similarly the poloidal terms simplify to yield

Ny
) 1 9%y(r) Wo(r)\ o Yo(r) 09,
Noy (U)W ;;<043(l,m,n)r3 o +B2(l,m,n) " imtas(l,m,n) i S
(E.24)
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where

Yo(r) 9°9},,

I+ 1)(1—1)2( 1+ 2)2(1 - 1
Ba(l,m,n) = 2(( i )(21+)1( +m)) di—1m +2< U+ )2l(+ 1m+ )>5l+1,n7
(E.25)
Jo Y o0
NQQ(\I/())(I)/ =1 ;;'71 (7’283\1/0(’I")—2T6T\I/0(7‘)+l(l—|—1)\1/0(7’)> %—F <Tar\110(7‘)—2\1/0(7’)> Z% 8;‘777,
7 (E.26)

’71(l7m7n) = ml(l + 1) 6l,n7a
73(lvmvn) =2m 6l,n7 (E27)
Ya(l,myn) = —(1® +1—2)mdy .

In each case to simplify integrals with factors of P/ (z) appearing the following relation

is used
1

oM@ = g

((l —m+ 1P (x)+ (I + m)Pl”jl(x)>. (E.28)
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