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Abstract—As a building block toward a simple and scalable
solution to massive random access, we consider two-user multiple
access with ZigZag decoding, with no need for any coordination
or codebook differentiation. We derive closed-form bounds on
the achievable sum-rates of the original ZigZag and a modified
version of it, called double-zipper ZigZag, for both cases of perfect
and imperfect channel state information (CSI). We also show
that performances of both versions of ZigZag approach that of
optimal coordinated time-sharing in the high signal to noise ratio
regime, even in the presence of CSI errors.

Index Terms—Random access, ZigZag decoding, capacity
bounds, imperfect CSI.

I. INTRODUCTION

Two parallel approaches have been developed in the pre-
vious literature to address the problem of multiple access
communications. The first approach follows the footsteps of
Ahlswede [1] and Liao [2], and considers multiple access
channels (MACs) for which codebooks of individual users
are distinct and the channels are perfectly synchronized. The
receiver, having access to the users’ codebooks, can decode
the individual messages using different techniques. The rate
region achievable via this approach is named as the Cover-
Wyner rate region [3]. Considering Gaussian noise channels, at
high signal to noise ratios (SNRs), the rate region approaches
the time-sharing region, while at low SNRs, it becomes a
rectangular one [4], [5]. While it is possible to achieve the
MAC capacity via this approach, it does not scale beyond
a few users. In particular, it is impossible to assign distinct
codebooks to a massive number of users and keep track
of the transmitting ones at the receiver when they are only
sporadically active. Furthermore, it is not practical to have all
the users’ transmissions perfectly synchronized in time.

The second approach which has originated from Univ. of
Hawaii in early 1970s is the simple ALOHA protocol [6]
and its variants, which traditionally ignore the channel cod-
ing problem. This approach is based on collision avoidance,
i.e., colliding packets are discarded at the receiver. While
this approach is scalable in terms of the number of users,
its overall throughput performance is highly inferior. More
recent literature considers some extensions of ALOHA along
with successive interference cancellation [7] to improve its
throughput; however, this approach does not solve the problem
of massive uncoordinated random access with near information
theoretic limits either.
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A recent information theoretic formulation for the massive
random access problem is developed by Polyanskiy [9], as-
suming that the users utilize the same codebook. He defines a
K ,-user MAC code as a collection of norm-constrained vec-
tors, where the noisy sum of any K, of them can be decoded
with a certain probability of error. He also presents some
bounds on the capacity of the massive random access systems.
However, in this formulation too, the users’ transmissions are
assumed fully synchronized, and it appears difficult to achieve
these information theoretic limits in practice [10], [11].

In this paper, with the aim of facilitating massive random
access in a practical manner, we consider the use of ZigZag de-
coding [8]. The basic idea is to transmit the same packet twice
from both users in such a way that they experience different
delays at the receiver, which could be due to the differences
in channel delays or may be introduced artificially by proper
randomization at the transmitters. Then, the receiver performs
interference cancellation based on the received signals only,
i.e., without the need for decoding of users’ messages. Once
the interference is cancelled, each user’s message is decoded
separately. Namely, the users can adopt the same codebooks
(designed for single user communications), i.e., this scheme
can be used as a building block for massive random access.

Some aspects of ZigZag decoding have been studied in the
previous literature. In [12], the authors compare the throughput
performances of ALOHA and carrier-sense multiple access
(CSMA) schemes with ZigZag decoding. An algebraic rep-
resentation of collisions which views each collision as a
linear combination of the original packets is presented in [13].
This scheme outperforms not only the ALOHA-type schemes
from a delay perspective, but also the centralized scheduling
solutions. In [14], two ACK policies are proposed that stabilize
the random access system with ZigZag decoding. In [15], the
authors show that ZigZag decoding can be seen as an instance
of belief propagation in the high SNR regime. Building on
this observation, they present a simple soft-decoding version,
called SigSag. In [16], to deal with the error floor problem in
a frameless structure, a scheme with two-bit feedback called
enhanced ZigZag decodable frameless ALOHA (E-ZDFA) is
proposed. In [17], ZigZag decodable (ZD) codes are proposed
for distributed storage systems. A fountain coding system
based on ZD codes is proposed in [18].

In this paper, we obtain lower and upper bounds on the



achievable sum-rate of a two-user system with ZigZag decod-
ing in a non-unit gain channel with imperfect CSI. We also
show that the gap between the lower bound on the achievable
sum-rate of ZigZag decoding and the upper bound on the time-
sharing sum-rate becomes a constant at high SNRs. That is, the
performance of ZigZag decoding approaches that of optimal
coordinated time-sharing based solutions asymptotically. Note
that the ZigZag scheme is applicable even when the users
utilize the same codebooks. Hence, once it is extended to
handle more than two users, it would offer a solution to the
problem of massive random access with suitable transmission
protocols [9] [19].

The rest of the paper is organized as follows. In Section
II, the system model is introduced, and a short explanation of
ZigZag decoding process is given along with a characterization
of the resulting noise. In Section III, we propose a variation
of ZigZag decoding, which we call double-zipper ZigZag.
Bounds on the achievable sum-rate of the ZigZag decoding
for both cases of perfect and imperfect CSI are also obtained.
Numerical examples are provided in Section IV, and finally,
the paper is concluded in Section V.

II. SYSTEM MODEL

We have two users, each interested in transmitting a packet
of length NV to a receiver. Since there is no coordination
between the users or with the receiver, collisions occur. To
resolve the collisions, we rely on differences in the delays
experienced by the users’ transmissions. To be more precise,
we have two time intervals. In each time interval, the users
simultaneously send their packets without synchronization,
hence the packets experience different delays. Note that while
the delays may be naturally occurring, they may also be
introduced by randomizing the packet transmission times at
the users. The receiver then employs ZigZag decoding to
decouple the users’ packets using its observations in the two
time intervals.

Let the total transmission duration, and the first and the
second delay differences be T'= (2+ ) N, L; = 1N and
Lo = (B3N, respectively, with « > 0 (obviously o > 31 +
(2, but independent of delay differences), and without loss of
generality, 52 > 81 > 0.

Assuming that the users transmit independently with equal
power P, we now present some capacity expressions, which
are used for comparisons later on. For the sum-rate capacity
(per channel use), we have

Csc =1log (1+p (> + naf?)). M

where p = U% is SNR and %y is the channel gain of the
k-th user. While for the time-sharing sum-rate capacity (per
channel use), we have

Crs = Hog (1+ 20l [*) + d1og (1+ 20la). @)

We will also use as reference the expression derived in [21]
using a deterministic approach, which is within 0.5 bits per
user of the capacity,

CADTz[log (pmax{|h1|2,|h2|2})—‘+, 3)

where [a]™ denotes the least non-negative integer greater than
or equal to a.

III. CHARACTERIZATION OF Z1GZAG DECODING
A. Double-Zipper ZigZag

In the original ZigZag decoding process [13], the decoding
starts from one side (e.g., left to right) through the received
overlapped packets. In order to accumulate less noise, we
propose a modified version of ZigZag decoding, called double-
zipper ZigZag, in which the decoding is performed from
both sides through the middle of the overlapped packets.
Double-zipper ZigZag process proceeds as follows (assuming
Lo > Ly): In the first decoding step, using the received signals
in the second time interval, the first Lo symbols of the first
user and the last Lo symbols of the second user are observed
without interference. Next, Lo — L, symbols of each user are
removed of interference in each step using the observations of
the previous step. The process proceeds in the same manner
until both packets are interference free.

Let us describe the process mathematically. First, consider
unit gain channels with perfect CSI at the receiver. As ex-
amples, decoding processes of the original and double-zipper
ZigZag are depicted in Fig. 1 and Fig. 2, respectively, with
N =5, Ly =1 and Ly = 3, where n, ; is the additive white
Gaussian noise (AWGN) of the j-th time slot of the ¢-th time
interval at the receiver with variance o2, and s; ; is the j-th
symbol of the ¢-th user. Based on Fig. 2, in the first step of
the decoding process, three interference free symbols of each
user are .

S$1,1 =Y2,1 = 81,1 +na 1,
31,2 = Y22 = S1,2 + N2,
%1,3 =123 =513 +MN23, )
S2,3 = Y2,6 = S2,3 + N2,
824 =Yo7 = S2.4 + N2,
825 = Y2,8 = S2.5 + Na.3,

where 3;; is the interference free j-th symbol of the i-th
user, and y; ; is the j-th received signal in the i-th time
interval. Also, using (4), the remaining four symbols are freed
of interference in the second step, resulting in

82,1 =y12 — 812 = 82,1 +Ny12 — N2p2,
82,2 =Y1,3 — 51,3 = S22 + N1.3 — N2 3, (5)

S$1,4 =Y1,4 — 523 =514+ N14 — N2,
81,5 =Y1,5 — S2.4 = 81,5 +N15 —N2.7-

Employing the double-zipper ZigZag strategy, the equiva-
lent system model can be written as

§=s+ An, (6)
where S = [§1’1,...7§11N,§2,1,...,§2)N}T
is the 2N x 1 vector of decoded symbols,
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Fig. 1: Original ZigZag process for N =5, L1 =1 and Lo =3.

n = [nl,l,...,nLN_,_Ll,ng,l,...,nQ,N_FLz]T is the
(2N + Ly + L) x 1 vector of received AWGN noise terms,
s =[s11,.. .7517N,5271,...,32,N}T is the 2N x 1 vector of
transmitted symbols, and A is the 2N x (2N + Ly + Lo)
coefficient matrix representing the aggregate noise terms due
to the ZigZag decoding process. Note that the same model
holds for the original ZigZag, albeit with a different matrix
of noise coefficients.

B. Noise Covariance Matrix

Let n be a zero-mean complex circularly symmetric Gaus-
sian vector with independent elements of variance o2. Then,
the noise covariance matrix becomes R,, = afLAAT.

We first review the original ZigZag decoding process.
In its first step, Lo symbols are available free of interfer-
ence with only one input noise term. Next, in each middle
step, (L2 — L1) symbols are obtained (with the exception of
r £ (N — L) mod (Ly — L;) symbols in third-to-last and
second-to-last steps), accumulating an additional input noise
term in each step. Finally, L; symbols are obtained in the last
step with one input noise term. The process is completed after
[P | 4 [ Rk b2 =2 [2=La | 43 steps.

On the other hand, the double-zipper ZigZag decoding

process has I é\g :LL"‘l + 1 steps, which translates to almost
half of that of the original ZigZag for large IV, leading to less
noise accumulation. To be exact, 2Ls symbols are available
in its first step with one input noise term. Next, 2 (Ly — L)
symbols are obtained in each step (2r symbols in the last
step), accumulating an additional input noise term in each step.

Summing up, we can say that:

Lemma 1. In the original ZigZag decoding process, the
diagonal of the noise covariance matrix R,, has L1 + Lo
elements equal to o2, 2M + 1 groups of Ly — L1 elements
each with value kafL, k=2 ...,2M + 2, v elements equal
to (2M + 3) 02, and r elements equal to (2M + 4) o2, where
e

To—1L,

In the double-zipper ZigZag decoding process, the diagonal
of the noise covariance matrix R, has 2Ly elements equal to
02, M groups of 2(Ly — L) elements each with value ko2,
k=2,...,M+1, and 2r elements equal to (M + 2) 2.

My N, n n1,4 ns Ny
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interval 2" decoding step
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Fig. 2: Double-zipper ZigZag process for N =5, L1 =1 and Lo =3.

IV. BOUNDS ON THE SUM-RATE WITH PERFECT CSI
A. Unit Channel Gains

Using the equivalent model of (6), the ZigZag achievable
sum-rate (per channel use) becomes

1 det (R, + PI)
—Jog [ T )
ON det (R,,)

where I is the identity matrix.

The next lemma proves that if we replace the correlated
noise terms with independent terms of the same variances, the
mutual information will not increase if the codebook elements
are independent.

Lemma 2. Let YV XN+ ZN with XN =
(X1, Xo,...,XN] and ZN = [Z1,Zs,...,ZN]|. Assume that
X;’s, and the vectors X~ and ZN are independent, however,

N
Z;’s are correlated. Then, I (X™;YN) > 3 I(X;Y)).
i=1

Czz = @)

Proof: We first expand the mutual information term
I(XN;YN) as

I(XNM YNy =) 1(xMy; vt

-
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—

2

(®)

I
] =
] =

I(X;:Y | X/7hLy'=").
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Il
N
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Since mutual information is non-negative, keeping only the
terms with j = 4, we have

N
[XNYN) > S T(X5Y | XLyt )
i=1

Since X is independent of X! and Y~ (from the convex-
ity of mutual information I (U;V) in p (v|u) for fixed p (u)
[see [20], p. 25]), I (X;;Y; [ XL Y1) > I (X;;Y;), and
the claim follows. [ ]

Theorem 1. The achievable sum-rates per channel use of the
double-zipper and the original ZigZag decoding algorithms
can be lower bounded as

r p
>351 1 —1 1
Cpz >p2log ( +P)+N 0%( +M—|—2>

M
+ (B2 — B1) Zlog <1 + k—T—l)
=1

(10)



and

H2M
SPithe ﬂz 51
C 1 log (14—
07> og(l+p) Z + k—i— .
Y
+7 log (1+ L +log (14 P
2N 2M+3 2M+4))’
respectively.
Proof: Using Lemma 2, we have
1 det (Rl +PI2N)
Czz > —lo = 12
77 = 9N ( det (R")) ’ (12)
where R, is a diagonal matrix with the same diagonal

elements as R,,. Next, using Lemma 1, we have
M

det (R),) = (02" (M+2) 2)" [ ((k+1) 027"
—_———
first step last step
middle steps
M
:(Ji)zN(M + 2)27‘ H (k + 1)2(L2—L1).
k=1
(13)
Also, we have
det (R, + PI)
M
@2+ P}"* (M+202+P) H (e+1)o2+ Py

first step last step

middle steps

M
= (02)" (14 p)F2 (M +2)+p) H ((k+1)+p)2F2=1),

(14)

Substituting (13) and (14) into (12), gives (10), the lower
bound on the achievable sum-rate of the double-zipper ZigZag
process. In a similar manner, the lower bound on the achiev-
able sum-rate of the original ZigZag process is obtained as in
an. ]

B. Non-Unit Channel Gains

We now consider non-unit channel gains, which are taken
as constant during the two time intervals. We first assume that
the receiver knows all the channel gains perfectly.

In a similar manner to the previous section, we can obtain
an equivalent model of the ZigZag decoding for the non-unit
gain channels as follows

¥ = Hs + An, (15)

where §y = HS, and H is a diagonal matrix with Hy, ,, = h; for
k=1,...,Nand Hyj = hg for k=N +1,...,2N, where
hy is the channel gain of the k-th user. Using this equivalent
model, the achievable sum-rate (per channel use) for channels
with non-unit gains becomes

1, (det (R, + PHH")
9N det (R,,)

Czz = (16)

In the double-zipper ZigZag decoding, half of the symbols (to
be decoded in each step) are decoded using the first channel
gain and the other half using the second one. Using this
fact, similar to Theorem 1, we obtain a lower bound on the
achievable sum-rate (per channel use) of the double-zipper
ZigZag for channels with non-unit gains as follows

Cpz Z% (log (1 + p’ﬁl‘z) + log (1 + p’ﬁg‘Q))
Bo—f1 p|h1P p|haP
pla” plha”
+ﬁ <10g<1+M+2> —l—log(l—&-]w+2 .

On the other hand, in the original ZigZag process, the associ-
ated channel gain changes in each step, and we obtain

Coz Z% (log (1 +P!711|2) + log (1 +P|/_12’2))

By — B p|h| p|ha|®
e Z<1°g<1+2k+1 Hog|l+5,75 1) (s

k=0

o’ plha|’
1 2
+2N<10g<1+2M+3> +10g<1+2M+4)>.

V. ZIGZAG DECODING WITH IMPERFECT CSI

A. Bounds on the Sum-Rate With Imperfect CSI

We now assume that only estimates of channel gains are
available to the receiver, hy, = hy, + hk, where hy, and hy, are
the estimated channel gain and the channel estimation error
of the k-th user, respectively. The channel estimation error,
Bk, is modeled as a zero-mean random variable with known
variance o7, which is inversely proportional to the SNR, i.e.,
oj, = ¢ for some constant c.

Using the results in [22], lower and upper bounds on
the time-sharing sum-rate capacity (per channel use) with
imperfect CSI can be obtained as

2p|ha|

= (2 = (2
Crg> = 10 PPl ) Ly 1+M (19)
TS =5 108 2+ 1 9 %8 2+ 1

and

-l-% log (1+2c+2p|/_12|2).
(20)

For the ZigZag decoding with imperfect CSI, we obtain the

same equivalent model as (15) with y = Hs, where H is

a dlagonal matrix with Hy k= = hy for k = 1,...,N and
Hk e = ho for k=N + 1,...,2N. Again from [22] we get

1 _
Crs < 3 log (1+2e+2|hu )

Oy > log (’p(cl + AAT)_lﬁﬁH + ID @1)
and

Czz <log (|(AAT) " (cT+ pHA") +1)).  (22)



B. Sum-Rate Gap With Imperfect CSI

Keeping only the diagonals of the noise covariance matrix
and using the results in [22], we can obtain further lower
bounds on the achievable sum-rate of the double-zipper and
the original ZigZag with imperfect CSI as

- B plh 1| p!i_zzlz
(R )
r plha| plha*
ton <log<1+M+c+2>+log<l+M+c+2
and
8 ol plhs|”
1 1 2
C’OZZ? (log<1+ +1>+log<l+c+1>>
ﬁz —B | 1’ P|7Lz{2
Z( ( 1>+10g<1+2k+c+2 24

r plha plha|”
+QNQOg<1+2M+c+3>+10g<1+2M+c+4 ’

respectively, which are extensions of lower bounds in Section
III.A to the case of imperfect CSI. In the high SNR regime,
(23) can be simplified to

Cz >log (p) +log (|1 |h2|) — B2log (¢ + 1)

25
—cﬁ2—ﬁlnog(w>—§bg<M+c+z>, =

using Bo+ 5 +M (B2+F1)=1 and H (k+c) %'

Also, in the high SNR regime, the upper bound on the time-
sharing sum-rate capacity (20) can be simplified to

Crs <log (p) + 1+ log (|h1] |R2]) -

Using (25) and (26), the gap between the upper bound on
the time-sharing sum-rate capacity and the lower bound on
the achievable sum-rate of the double-zipper ZigZag in high
SNRs becomes

lim ACpz=1+p1og (c+1)
p—00

(26)

—I—%log (M +c+2)

+(B2—p1) log (W)

In the same manner, the gap between the upper bound on the
time-sharing sum-rate capacity and the lower bound on the
achievable sum-rate of the original ZigZag in high SNRs can
be obtained as

lim ACoz=1+ pilog(c+1)
p—r00

27

+ (M+1) (B2 = p1)
Lhampi (T(M+3)T (M+5+2)
2 T TEYT G

+W log ((2M +c+3) (2M +c+4)).

(28)
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Fig. 4: Finite-alphabet achievable rate with perfect CSI.

Note that both of these gaps are finite and independent of the
SNR. Therefore, we can conclude that the performances of
both original and double-zipper ZigZag decoding algorithms
approach that of the optimal time-sharing (which needs coor-
dination, hence it is more difficult to implement) in the high
SNR regime.

VI. NUMERICAL RESULTS

In this section, we compare the performance of ZigZag
decoding with that of (coordinated) time-sharing in both
perfect and imperfect CSI scenarios. We assume Rayleigh
fading with unit variance channel gains, which are constant
during the two time intervals. We have set the default values
of the parameters as N = 600, 51 = 0, B2 = 0.025 (Lo = 15)
and o = 0.05 (corresponding to 1" = 1230). Also, an outage
probability of 10 % is considered.

The outage capacity with perfect CSI is plotted versus the
SNR in Fig. 3 for different delay values (AL £ Ly—Ly). It can
be seen that the original ZigZag performs slightly better than
the double-zipper ZigZag, owing to higher noise correlation.
Furthermore, ZigZag decoding even outperforms the result in
[21] for some SNR values (see (3)). Constant capacity gap
between the ZigZag performance and the sum capacity at high
SNREs is also clear, demonstrating the asymptotic optimality of
this approach.

In order to have a more practical view, achievable rates
of the time-sharing and the ZigZag decoding schemes with
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finite alphabet signaling with quadrature amplitude modulation
(QAM) are depicted in Fig. 4. As an example, for 16-QAM at
an SNR of 40 dB, at least 87 % and 91 % of the capacity of
time-sharing can be achieved by the original and the double-
zipper ZigZag algorithms, respectively. Clearly, the asymptotic
performances of both ZigZag approaches are the same as the
time-sharing scheme.

Next we consider the case of imperfect CSI with ¢ = 1
(e, o = 1) The outage and relative outage capacities are
plotted versus SNR in Fig. 5 and Fig. 6, respectively. The
relative capacities are normalized with respect to the time-
sharing sum-rate capacity with perfect CSI. It can be seen
that the capacity gaps of both ZigZag algorithms fade away
in high SNRs, even in the presence of imperfect CSI.

VII. CONCLUSIONS

In this paper, we consider a two-user multiple access system
with ZigZag decoding at the receiver. We first introduce a
modified version of ZigZag, called double-zipper ZigZag,
which decodes the received packets from both sides. By
deriving some bounds on the achievable sum-rate of ZigZag
decoding for non-unit gain channels with imperfect CSI, we
show that the performance of ZigZag decoding approaches
that of the optimal time-sharing in the high SNR regime. This
is obtained without the need for any coordination, contrary to
the time-sharing approach, and the performance is achieved
by simple single user codes. Noting that there is no restriction

on the codebooks, this approach can be a viable solution to
the massive random access problem by extending the results
to more than two users and by combining it with suitable
medium access protocols.
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