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Abstract

By means of a backwards scattering construction, existence of a class of exponentially decay-
ing solutions of the nonlinear massive wave equation Oyi)+at) = F (1), 0¢) on the Kerr-Anti-
de Sitter black hole exterior region is proven. Scattering data characterising the exponential
decay is posed on the future event horizon, paired with Dirichlet boundary conditions at
null infinity. The resulting solutions form a large class, exhibiting all functional degrees
of freedom associated with the problem. However, given that (at best) inverse logarithmic
decay has been established for even general solutions of the linear (F = 0) forward problem
[37], they are decidedly non-generic. The Hawking-Reall bound on the angular momentum of
the spacetime is not imposed. In this setting, it is known that the forward problem admits
exponentially growing mode solutions [15]. The prescribed exponential decay of the horizon
data is utilised in overcoming the blueshift effect one encounters when solving backwards, as
is familiar from the related result in the asymptotically flat setting [8].

In order to establish key techniques for the scattering construction on the Kerr-Anti-
de Sitter exterior, similar constructions on the asymptotically flat Minkowski space and
Schwarzschild black hole exterior are presented. These are followed by a nonlinear local
existence result on pure Anti-de Sitter space, serving as an introduction to asymptotically
Anti-de Sitter spacetimes and nonlinear techniques.
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Chapter 1

Introduction

1.1 The black hole stability problem

The black hole stability problem is a central question of mathematical general relativity. The
Einstein vacuum equations

1
R;w - éRg}LV + Agul/ =0 (111>

for a spacetime! (M, g) with cosmological constant A admit a handful of known explicit
black hole solutions, of which one would like to determine asymptotic stability or instability
under small perturbations. More precisely, given appropriate initial data sufficiently close to
data for an explicit reference black hole solution of (1.1.1), one asks whether the maximal
development under (1.1.1) satisfies the following criteria for asymptotic stability:

1. The maximal development contains a black hole region,

2. The maximal development remains globally sufficiently close to the reference black hole
spacetime.

3. The maximal development asymptotically approaches the reference black hole in time.?

In the A > 0 case, great strides have been made. Namely, full nonlinear asymptotic stability
of the slowly rotating Kerr [26,43-45,53] and Kerr-de Sitter [20,32] spacetimes. There have
been many other important contributions in this direction, including, but not limited to
[1,7,9-11]. In the A < 0 setting, the picture is not so clear. However, one has the following
conjecture.

!Throughout this thesis, M is assumed to be (3 + 1)-dimensional.

2In reality, one does not ask for the resulting solution to asymptotically approach a black hole with exactly
the same parameters as the reference, but one in the same “family” of black hole spacetimes (with possibly
different mass or angular momentum, for example). One can see, for instance, [10] for an in-depth discussion
of the precise formulation of asymptotic stability.
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Conjecture 1.1.1 (Asymptotic (in)stability of Anti-de Sitter space [36,38]). Anti-de Sitter
(AdS) space is asymptotically unstable (respectively, stable) as a solution of (1.1.1) with
Dirichlet (respectively, optimally dissipative) boundary conditions at future null infinity.

The conjectured stability of AdS under optimally dissipative boundary conditions will
be proven in upcoming work of Holzegel-Luk-Smulevici-Warnick [39]. With regards to the
instability portion of Conjecture 1.1.1, Moschidis proved instability of AdS in spherical sym-
metry coupled to two matter models, Einstein null dust [47] and Einstein massless Vlasov
[48] equations, with Dirichlet boundary conditions. Bizon and Rostworowski derived insta-
bility numerically for the spherically symmetric Einstein massless scalar field equation with
Dirichlet boundary conditions [2].

The Holzegel-Smulevici instability conjecture was, in fact, stated for the full asymptotically-
AdS Kerr-AdS family of black hole spacetimes [36] (of which AdS itself is a special case).
Nonetheless, based on the key result (Theorem 1.3.2) of this thesis, a large class of perturba-
tions of Kerr-AdS spacetimes which decay sufficiently fast will be constructued in subsequent
work, in the manner of Dafermos-Holzegel-Rodnianski [8]. Before addressing the problem in
the setting of full gravity, it is prudent to consider the so-called poor man’s linearisation of
(1.1.1), the scalar wave equation®

O,¢ + atb = F(4, D) (1.1.2)

on a fixed spacetime background with metric g, mass o = 0 for (M, g) with A = 0 and
more general masses in the A < 0 case. As such, we will explore this setting, first focusing
on the more familiar A = 0 backgrounds which admit a well-posed initial value problem for
(1.1.2). After developing an appropriate scattering construction for decaying scalar waves
in this setting, we will move to the asymptotically AdS backgrounds on which the pertinent
problem is an initial boundary value problem with Dirichlet boundary conditions at infinity.
An in-depth discussion of the eventual goal of a scattering construction for a class of fast-
decaying perturbations of asymptotically Anti-de Sitter black hole spacetimes under the full
Einstein vacuum system (1.1.1) is postponed until Chapter 4.

1.2 The “poor man’s linearisation” on asymptotically
flat backgrounds

In the globally hyperbolic asymptotically flat setting, the problem of interest is the initial
value problem

{qwzﬂwa=0 (1.2.1)

(1/)7 8t1/}>|{t:’r}: (¢07 1/}1)7

for a massless scalar wave. We restrict our attention to the linear (F = 0) problem, as
including nonlinear terms involves additional complications (namely, the null condition)

3Here, [, is the d’Alembertian [, = ﬁa,t(\/ |det g|g"¥ D, ) with respect to the metric g.
ctg
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Figure 1.1: The Penrose diagram of Minkowski space. Here, Z= are future (respectively,
past) null infinity.

which will not arise when we come to consider the nonlinear problem in the asymptotically
AdS setting.

We will begin by discussing problem (1.2.1) where we fix g = 7, the Minkowski metric,
from the perspective of scattering and Friedlander’s radiation field.

1.2.1 Scattering on Minkowski space: Friedlander’s radiation field

Minkowski space (M, n) is the maximally symmetric A = 0 solution of (1.1.1). The
Minkowski metric in standard (¢, 7,6, ¢) coordinates is given by

n = —dt* 4+ dr? + r*(d6? + sin® 0do?). (1.2.2)

For simplicity, the discussion of this section will concern problem (1.2.1) with g = 7 in these
coordinates. However, in practice, we will supplement these with double-null coordinates
(u,v,6,¢) which are better suited to the geometry of the scattering problem on asymptoti-
cally flat spacetimes.

Decay for solutions ¢ of (1.2.1) on Minkowski space in the regime of compactly supported
initial data is well understood. The Strong Huygen’s Principle ensures that the solution is
compactly supported in time at each fixed radius, whilst the work of Friedlander [21-23]
precisely describes the radial asymptotics of the solution. We collect two key results of
Friedlander here, before later proving a version of them using the modern language of the
energy method in Section 2.2. Firstly, Friedlander showed that the radial asymptotics of the
solution ¢ of (1.2.1) are uniquely defined.

Theorem 1.2.1. (Existence and uniqueness of the radiation field of an initially compactly
supported wave on Minkowski space [21]) Let ¢ be a smooth solution of (1.2.1) arising from

12



compactly supported initial data (¢, 1) at t = 7 > 0. Then ¢ admits a unique, uniform
radiation field hz+:

lm r(t, 7,0, ¢0) = hz+(t — 1,0, ).
T—00
This result is paired with a second which gives the reverse implication: that prescribed
radial asymptotics uniquely determine a solution v of

0,1 = 0. (1.2.3)

Theorem 1.2.2. (A scattering construction for waves on Minkowski space from prescribed
compactly supported radiation fields [21]) Let hz+ (t—7, 6, ¢) be a sufficiently smooth function
of compact support in ¢ — r. Then there exists a unique smooth solution ¥ of (1.2.3) on
t =7 > 0 attaining hz+ as its radiation field:

lim r(t, 7, 0,0) = hz+ (t — 1,0, ).
r—00
The proof of (the existence part of) Theorem 1.2.2 given in this thesis (see Sections
2.2.5-2.2.7) acts as a first, relatively straightforward construction via the scattering problem

{an =0 (1.2.4)

T?Z)‘IJr: hI+.

This will lay the groundwork for the more involved constructions for scalar waves on black
hole spacetimes.

1.2.2 Scattering on asymptotically flat black hole exteriors

Let us now discuss the appropriate analogue of Theorem 1.2.2 on A = 0 black hole exteriors,
starting with those which are spherically symmetric.

The Schwarzschild spacetimes are a one-parameter family of spherically symmetric A = 0
solutions (Mg(ar), gs(ary) of (1.1.1). For each fixed choice of mass parameter M > 0, the cor-
responding maximally extended spacetime contains a black hole region. The Schwarzschild
spacetimes are a subfamily of the two-parameter (mass and angular momentum) axially
symmetric Kerr family.

In (t*,r,60,¢) coordinates, the spacetime metric on the exterior region r > 2M of the
Schwarzschild black hole (whose event horizon H* lies at {r = 2M}) is given by

oM AM oM
gsony = — (1 — 7) (dt*)* + Tdt*dr + (1 + 7) dr? + r?(d6? + sin? 0de?).  (1.2.5)

From now on, we shall drop the M-dependence from subscripts for brevity of notation.
When considering problem (1.2.1) in the setting ¢ = gg, one must take several new facets
into account. First of all, one may define a radiation field h of the solution 1 arising from

13



Figure 1.2: The Penrose diagram of the Schwarzschild black hole exterior region. Here, Z*
are future (respectively, past) null infinity and H* are the future (respectively, past) event
horizons, which lie at r = 2M.

compactly supported initial data as before, obtaining the analogue of Theorem 1.2.1 [13].
However, energy of the solution initialised at t* > 0 is now lost via both future null infinity
Z7" and the future event horizon H*, meaning that h is bifurcate. As such, the appropriate
scattering problem (analogous to (1.2.4)) is

Dgs =0,
1.2.6
{(Wwﬂ/f!ﬁ) =h= (hq{+,hz+). ( )

Secondly, the Strong Huygens’ Principle no longer holds. One instead finds that compactly
supported (as well as more general) initial data gives rise to a solution decaying at the
(sharp) rate =3 [16] (in time ¢t = t* — 2M log(r — 2M)). Motivated by Theorem 1.2.2 on
Minkowski space, one may resultingly like to prescribe a polynomially decaying radiation
field at infinity as scattering data for (1.2.6) in the hope of obtaining a unique solution .
However, in doing so, one encounters a geometric obstruction: the blueshift effect, which
drives exponential growth along the event horizon. As such, to close estimates and derive a
solution v of (1.2.6), one prescribes an exponentially decaying radiation field on the event
horizon. See Section 2.1.2.1 for a simplified explanation of this mechanism. Thankfully, by
assuming exponential decay of the radiation field, one avoids a further geometric feature,
trapped null geodesics, of the Schwarzschild exterior which manifests in degeneration of
energy estimates for the forward problem (1.2.1) at the photonsphere, r = 3M. One thus
obtains the following result (see Sections 2.3.3-2.3.5).

Theorem 1.2.3. (A scattering construction for linear waves on the Schwarzschild exterior
from prescribed exponentially decaying radiation fields) Let h = (hy+(t*, 6, @), hz+(t*,0, ¢))
be sufficiently smooth, exponentially decaying and appropriately matched bifurcate scatter-
ing data on the event horizon and future null infinity. Then there exists a smooth solution
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¢ of (1.2.3) on t* > t§ > 0 attaining h as its radiation field. More precisely,

lim r(t*,7,0,0) = hz+ (t%,0,0),  V|y+= hy+.
r—00
Amazingly, due to the assumed exponential decay of the scattering data, generalising
Theorem 1.2.3 to include the full family of (sub)extremal axially symmetric Kerr exteriors
involves no additional conceptual difficulties. The construction is entirely insensitive to the
geometric complication of superradiance which one must confront in other settings. The
analogues of Theorems 1.2.1 and 1.2.3 for solutions ¢ of (1.2.1) on the Kerr exterior follow
from a result of Dafermos, Rodnianski and Shlapentokh-Rothman [13]. These results will not
be proven here. However, the analogous (to Theorem 1.2.3) construction on Kerr-AdS will
be given in detail in Chapter 4. There one sees the (relatively minor) equivalent difficulties
arising from moving away from spherical symmetry of the background.
Given this basis of scattering constructions for decaying scalar waves on asymptotically
flat backgrounds, we now shift our attention to the asymptotically AdS setting.

1.3 The “poor man’s linearisation” on asymptotically
AdS backgrounds

On an asymptotically AdS spacetime with metric g, the appropriate poor man’s linearisation
of (1.1.1) is a massive* scalar wave (or Klein-Gordon) equation

Og¢ + av = F(¢, D). (1.3.1)

The mass o will be assumed to satisfy the Breitenlohner-Freedman bound o < % which
ensures a positive T' = 0, energy, as first demonstrated by Breitenlohner and Freedman on
AdS itself [4]. The range o > 0 is sometimes referred to as the range of “negative mass”.
Due to the non-globally hyperbolic nature of these spacetimes, one must study (1.3.1)
in the context of an initial boundary value problem. Since we are motivated by the setting

where Conjecture 1.1.1 predicts instability, we focus on the Dirichlet problem:

{ Ogt) + anp = F (3, 0)),

3 1.3.2
(¥, at¢)|{t:r}: (Yo, 1), 127%Ylr=0, s= % — . ( )

1.3.1 Anti-de Sitter space

The maximally symmetric A = —2 (¢ > 0) solution of (1.1.1) is the anti-de Sitter (AdS)
spacetime (Mags, gaqs). In standard (¢,7,60,¢) coordinates, for each fixed cosmological

4For the specific choice of conformal mass o = 2, the support of the Green’s function of (1.3.1) with
g = gaas and F = 0 is restricted to the light cone. In this sense, (1.3.1) with & = 2, F = 0 is the analogue
of the zero mass equation on asymptotically flat space [34].
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Figure 1.3: A non-compact causal diamond on the Penrose diagram of the non-globally
hyperbolic Anti-de Sitter space. Here, Z is null infinity.

constant, the metric reads

2
1
Gags = — (1 + 2_2) dt® + e dr?® + r*(d6* + sin® 0d¢?). (1.3.3)

62

On AdS, the “radiation field” at infinity of solutions of (1.3.2) is determined by the boundary
conditions. Dirichlet boundary conditions enforce that the solution loses no energy through
Z, implying that there exist no decaying solutions of (1.3.2) with g = gags. As such, there
is no meaningful analogue of Theorem 1.2.2 in this setting. Our consideration of AdS itself
will be limited to a proof of local existence for the nonlinear problem (1.3.2), which follows
from linear well-posedness on general asymptotically-AdS spacetimes [33]. This appears
in Chapter 3. In order to define an appropriate notion of scattering, we next consider
asymptotically-AdS black hole spacetimes, where we will see (Theorem 1.3.1) that some
amount of decay occurs.

As in the A = 0 setting, there is no additional conceptual difficulty arising from gener-
alising the analogue of Theorem 1.2.3 from spherical to axial symmetry. As such, we next
discuss problem (1.3.2) on Kerr-AdS exteriors, without first considering Schwarzschild-AdS.

1.3.2 Scattering on the Kerr-AdS black hole exterior

For cach fixed negative cosmological constant A = —5 (¢ > 0), the Kerr-AdS spacetimes
(MK adas, gr aas(M, a)) are a two-parameter family of axially symmetric solutions of (1.1.1).
Given a fixed choice of mass M > 0, event horizon radius r; and (sub)extremal angular
momentum® a

la|<|—— =2 —2r%2  and |a|< L. (1.3.4)

5The second requirement ensures that expression (1.3.5) defines a Lorentzian metric (one can check via
direct calculation that det g is undefined when |a|= ¢, due to the vanishing of E and when |a|> ¢, there exists
0 = 0’ at which det g|g-> 0). The first bound ensures that (1.3.5) describes a black hole spacetime (extremal
in the case of equality). See [52].
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H 1

Figure 1.4: The Penrose diagram of the Kerr-Anti-de Sitter black hole exterior. Here Z is
null infinity and H* are the future (respectively, past) event horizons.

one has a black hole spacetime with metric (in familiar Boyer-Lindquist (¢, 7,6, gz;) coordi-
nates)

A —Nga’sin?0  , X, % o Ag(r?+a?)?—A_a®sin®f ., -
JKAdS = — 5 dt” + N dr* + A—gd@ + = sin” Od¢
An(r2 4+ a2)2 — A 3
-2 olr —i—:az) asin® 0dedt, (1.3.5)

which extends to a regular metric (4.2.1) on the entire exterior region r > r,. The quantities
A1, Ay, ¥ and Z are defined in (4.2.2).

The asymptotic-in-time behaviour of general solutions of the linear (F = 0) problem
(1.3.2) with g = gk aas(M, a) for a satisfying the Hawking-Reall bound

lalt < r? (1.3.6)
is captured in the following Theorem of Holzegel-Smulevici.

Theorem 1.3.1. (Generic logarithmic decay for the linear massive wave equation with
Dirichlet boundary conditions on the Kerr-AdS exterior [36]) Set F = 0 and consider (1.3.2)
on the exterior of a fixed Kerr-AdS black hole satisfying the Hawking-Reall bound (1.3.6).
Solutions 1 arising from generic initial data (1)g,%) decay logarithmically in time and no
faster.

In the setting where one allows the Hawking-Reall bound (1.3.6) to be violated, one
encounters even “worse” decay behaviour. This was demonstrated by Dold, who derived
exponentially growing mode solutions of the linear problem [15].

It is precisely the generically slow decay of solutions of the linear initial boundary value
problem (1.3.2) which motivates studying a (backwards) scattering problem in order to

17



extract exceptional fast-decaying solutions. With that being said, the problem with which
we shall work is the global towards the future Dirichlet scattering problem

{DKAdS¢+@¢=-7:7 a< g (1.37)

3_
1/1‘7#: h'f-ﬁ‘y T2 51/)‘1: 0» § = % - Q,

with smooth scattering data hy+, capturing the desired fast-decay, prescribed on the black
hole event horizon H*. As was the case on the Schwarzschild background (Theorem 1.2.3),
we must require that hy+ decays exponentially in time as a result of the blueshift effect at
the horizon. In Chapter 4 we prove the following key result which is stated informally below.

Theorem 1.3.2. (A scattering construction for exponentially decaying nonlinear waves on
the Kerr-AdS exterior) Under appropriate assumptions on F (see Section 4.2.3.2), there exist
a large class of solutions 9 of (1.3.7) on the region t* > ¢ > 0 of the (sub)extremal® (1.3.4)
Kerr-AdS exterior which decay exponentially in time towards the future.

We note that the exponentially decaying solutions of (1.3.7) which we derive on the
Kerr-AdS exterior are significantly more exceptional than those on the asymptotically flat
Schwarzschild exterior. This is due to the aforementioned polynomial decay of general solu-
tions of the initial value problem in that setting, compared with the general slow decay here
(Theorem 1.3.1).

1.4 Outline

The body of the thesis is divided into three chapters, whose contents are as follows. Each
chapter begins with its own introduction, which is more in-depth than what has been pre-
sented so far.

Chapter 2 In this Chapter, the “poor man’s linearisation” is discussed with respect to
asymptotically flat backgrounds. Firstly, the appropriate versions of each of Friedlander’s
results on Minkowski space (Theorem 1.2.1 and Theorem 1.2.2) are stated formally and
proven. This is followed by the statement and proof of Theorem 1.2.3 on the Schwarzschild
black hole exterior.

Chapter 3 Here, we begin our study of asymptotically Anti-de Sitter backgrounds with
a statement and proof of local existence for the nonlinear problem (1.3.2) on Anti-de Sitter
space itself.

6Note that this result does not assume the Hawking-Reall bound, in contrast to Theorem 1.3.1
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Chapter 4 This chapter contains an adapted version of the upcoming paper A scatter-
ing construction for nonlinear wave equations on Kerr-Anti-de Sitter spacetimes [35], whose
main result is Theorem 1.3.2. Therein, a detailed discussion of moving from the “poor man’s
linearisation” to an analogous result for the Einstein vacuum equations (1.1.1) is also pro-
vided.

After the body of the thesis, several appendices are included. Appendix A contains defini-
tions associated with the energy method, as well as a general energy identity. Several impor-
tant inequalities appear in Appendix B, including some Sobolev embeddings and Gronwall’s
inequality. In Appendix C, the Arzela-Ascoli Theorem is stated, alongside a related, useful
result. Finally, Appendix D contains a discussion of regular double-null coordinates on the
Schwarzschild black hole exterior.

1.5 Notation

Throughout this thesis, the following notational conventions will be used.

e By 0,:, we shall denote the standard partial derivative with respect to a given coordi-
nate system {x'}3_.

e O (with no subscript) is used to denote an arbitrary partial derivative.

e By 0 = (0y,...,0,) (in places, other lowercase Greek letters are used), we shall denote
a multi-index with entries 0;, ¢ € N and length |o|= )", 0,. Given a collection of vector
fields X,, for instance {0,.}3_,, we shall denote a general concatenation of them by
X7 =X X7

e By ¢, we shall denote the metric induced on the sphere at fixed time and radius (in
the relevant coordinates) by the background metric of a given spacetime.

e In coordinates (6, $) on said sphere, we shall then denote, by ¥, A the associated
gradient and Laplace operators

Vf= gABVAf Vg, A= gABVAVB;

(here, f is a sufficiently smooth function),

e by |V---Vf|*= gAA, .- -gBB'WA - Vuf Y- Ygf, the norm of the gradient with

respect to the induced metric on the sphere,

e and, by dw, the associated volume form:

dw = sin #dOde¢.

e Finally, by {Qj}?zl we shall denote the angular momentum operators, a set of vector
fields which form a basis for the action of SO(3) on the spheres.
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Chapter 2

The “poor man’s linearisation” on
asymptotically flat spacetimes

2.1 Introduction

In this chapter, we study the “poor man’s linearisation” of the Einstein vacuum equation on
asymptotically flat spacetimes, the linear wave equation

Uy = 0,

focusing specifically on Minkowski space and the Schwarzschild black hole exterior. We
first consider the forward problem (1.2.1) on Minkowski space, followed by the scattering
problem (1.2.4). We prove Theorems 1.2.1 and 1.2.2 in this setting, the latter of which serves
as a first demonstration of the scattering construction which will be key for the discussion
of the Kerr-AdS black hole exterior in Chapter 4. Next, on the Schwarzschild black hole
exterior we prove Theorem 1.2.6 via a further scattering construction. This will showcase
a scattering problem with bifurcate data (on the horizon and at infinity), as well as the
key complication of working with spacetimes possessing an event horizon in the setting of
backwards-in-time evolution, the blueshift effect. Both features will also play a role when it
comes to the scattering construction on Kerr-AdS in Chapter 4.
Here, we provide a brief outline of the content appearing in this chapter.

2.1.1 Minkowski space

In the following sections, we shall restate informal versions of Theorem 1.2.1 and Theorem
1.2.2 and discuss the key elements of their proofs.
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2.1.1.1 The forward problem: Existence and uniqueness of Friedlander’s radi-
ation field

We begin our study of equation (1.2.3) on Minkowski space by studying the forward problem

Hit =0 (2.1.1)
(1, 04| =r= (20, 1)

with smooth and compactly supported initial data (i, ¢ ). For the purposes of this problem,
it is most convenient to write the equation in double-null coordinates (u =t —r,v =t+r),

L0,0,(r) = A, (2.1.2)

and integrate (2.1.2) directly in u, v.
In these corordinates, the Minkowski metric n (1.2.2) reads

1
n = —dudv + Z(u — v)?(d6? + sin® 0d¢?).

We shall prove the following result (a null-coordinate restatement of Theorem 1.2.1).

Theorem 2.1.1. (Existence and uniqueness of the radiation field of an initially compactly
supported wave on Minkowski space [21]!) Let ¢ be a smooth solution of (2.1.1) arising from
initial data (10, 11) at time ¢t = 7 > 0 supported on r < Ry, < oo (Figure 2.1). Then there
exists a unique, v-independent function hz+(u, 0, ¢) (the radiation field of 1)) for which

r(u,v,0,8) = hys (u, 0, 6) + o(%)

Let us discuss Theorem 2.1.1, firstly in terms of the toy problem for spherically symmetric
waves, before outlining key elements of the proof in full generality.

Spherically symmetric solutions of problem (2.1.1) Before discussing the proof of
Theorem 2.1.1 in the general case, let us first consider the case where we restrict to spherically
symmetric solutions 9 (u, v) of (2.1.1). Such solutions satisfy equation (2.1.2) with Ay = 0
and, therefore, satisfy the system

Ou(r)) = H(u), 0,(r) = F(v), (2.1.3)

where the functions H and F' are yet to be determined. Integrating equations (2.1.3) in u
and v, respectively, yields the expression

r = h(u) + Ci(v) = f(v) + Ca(u). (2.1.4)

IThe result itself is originally due to Friedlander [21], however, the proof given in this thesis is original.
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Figure 2.1

Here, h and f are, respectively, the u- and v-antiderivatives of H and F', whilst C'; and Cy
are unknown functions. By (2.1.4), one may express the solution as

r = h(u) + f(v). (2.1.5)

Now, since 9 is initially compactly supported, the function f must also vanish at all points
(t = 7,r) where r > Ry,,,. Furthermore, since f is u-independent, f must in fact vanish at
all v > 7+ Rgypp. This immediately yields Theorem 2.1.1 under the restriction to spherically
symmetric 1.

General solutions of problem (2.1.1) Outside of spherical symmetry, we will take the
approach of estimating the (now non-vanishing) right-hand side of equation (2.1.2) as an
error term and directly integrating the left-hand side. The key ingredient we will exploit
in order to estimate A is a so-called r? estimate (see Section 2.2.2). This gives uniform
control of ¢ itself. Commuting the equation with second-order concatenations of the angular
momentum operators {Qj}?zl then gives a uniform bound for At by the initial data. The
result easily follows.

Let us now discuss the backwards problem.
2.1.1.2 The backwards problem: A scattering construction for linear waves
from their radiation fields

Given existence and uniqueness of the radiation field hz+, we now consider the backwards

problem
Oy =0
{“/J|z+= hz+(u, 0, ¢) (216)

with smooth, v-independent and compactly supported (in u) scattering data hz+. In this
setting, we will prove the following result (a null-coordinate restatement of Theorem 1.2.2).
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Theorem 2.1.2. (A scattering construction for linear waves on Minkowski space from pre-
scribed compactly supported radiation fields [21]) Let hz+(u,0,¢) be a smooth function
supported on a compact interval [ug, u;] of u (Figure 2.2). Then there exists a smooth
solution ¢ of problem (2.1.6) on ¢t > 7 > 0.

LIS ]
T+

Lo

t=r

Figure 2.2

The proof of Theorem 2.1.2 employs the aforementioned r” estimates as part of an iter-
ation scheme, consisting of a sequence of finite-in-time problems

Dn’l/Ji = 0
2.1.7
{T¢i|v—vi: hl’+ (U, 97 QZ))? ¢i|u:u1: 0 ( )

with scattering data at finite v = v; (see Figure 2.3). It will be shown in Section 2.2.6 that
the finite problems (2.1.7) approximate the full problem (2.1.6) in the limit v; — oo. This
is achieved by utilising the energy method, which is very widely applicable and will be used
throughout this thesis. The method involves multiplying the equation by an appropriate
globally timelike (in this case, T' = 0, will suffice) vector field applied to ¢

Tep - Oyt = 0

S 0w O+ O O+ O A+ 00+ D - Oyb = 0

and integrating by parts over a well-chosen spacetime region.? Here, this will be a cut-off
null cone (see Section 2.2.6 and Figure 2.9). This allows one to estimate H'-norms of the
solutions 1; of the finite problems (2.1.7) on past spacelike slices of constant time by the
approximate scattering data on v = v; as:

COCEy

2This method can also be carried out more abstractly using the framework of the energy-momentum tensor
and currents (see Appendix A). In doing so, one integrates the energy identity (A.0.1) over the spacetime
region via the Divergence Theorem. This approach will be used in the discussion of Schwarzschild, Anti-de
Sitter space and Kerr-Anti-de Sitter space.

r2cosf

sin 6

ho\? 1
Lh)?2 + ———| VA% | r2dud 2.1.
[(1—1—1") + (Oyh) +1+T2W7] r*dudw, (2.1.8)
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where
ET(t) = /E [(atwi)2+(8rwi)2+|y7¢i|2 r2drdw. (2.1.9)

Commuting with 7" = 9; and {Qj}?zl sufficiently many times gives analogous estimates
for their H* norms. By Sobolev embedding in the spacelike slices, one can then obtain
L estimates for the v; and their derivatives. This allows application of the Arzela-Ascoli
Theorem (see Appendix C) to deduce a convergent subsequence of the v;, tending to our
target solution ¢ of the full problem (2.1.6).

We will now discuss the analogous scattering result and its proof on the Schwarzschild
black hole exterior.

t=r1

Figure 2.3

2.1.2 The Schwarzschild black hole exterior

As discussed in Chapter 1, we would like to prove Theorem 1.2.3 on the Schwarzschild
exterior. In the following, we set up a null-coordinate statement of the result and discuss
the key elements of the proof, highlighting the differences to the Minkowski case along the
way.

2.1.2.1 A scattering construction for linear waves on the Schwarzschild black
hole exterior

The relevant scattering problem on the Schwarzschild exterior is

{ Hast =0, (2.1.10)

¢|H+: hag+, T¢|I+= hz+,

with bifurcate characteristic scattering data on the event horizon and future null infinity.
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We will work with the equation itself in (t*,7,0,¢) coordinates (in which the metric is
(1.2.5)):

M M 4M
Oyt = — (1 + T)aﬁw + (1 - 7) 0% + 7&*&4& + Ay
+ S arw+ 2 (1- L )ow+ 20 aw —0, (2.1.11)
r r r r2sinf

however, it is convenient to introduce double-null coordinates, which we will use to define
the scattering data, among other things. To do so, we fix an R > 3M sufficiently large® and
define the Regge-Wheeler radial coordinate

r*=r+2Mlog(r —2M) — R, (2.1.12)
and corresponding null coordinates (u =t — r*,v =t +r*). In (u,v,0,¢) coordinates, the

spacetime metric reads

2M
gs(M) = —4(1 — —)dudv + 7%(d6? + sin® 0d¢?). (2.1.13)

r

Note that this metric (2.1.13) is only regular on r > 2M, away from the event horizon H™.
However, one can define (U, V) coordinates which are regular across H* (see Appendix D).
Given this, we proceed in (u,v,0,¢) coordinates, with the caveat that whenever a function
is evaluated u = oo, we are really doing so at the corresponding finite value in the regular
(U, V) coordinates.

W+ T+

=ty

Figure 2.4

We will assume (and it will become clear why in the subsequent discussion) that the
smooth scattering data (hy+, hz+) we prescribe for problem (2.1.10) satisfies

Fy+lhy+] < Cexp(—B-v), Fr+[hz+] < Cexp(—B - u) (2.1.14)

for all t = 3 (u+ v) > 0, some C' > 0 and some constant B > 0 sufficiently large, depending
on the surface gravity x.* Here, Fy+, Fr+ are H'-norms of hy+, hz+, respectively. Truncated

3Largeness will be required when we apply the r?-weighted estimates (see Section 2.3.2) in Section 2.3.5.
4The surface gravity of a Killing horizon is the constant & which satisfies V*(T°T}) = —2xT°, where T
is the Killing field which generates the horizon.
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forms of these will appear as the horizon (respectively, v = v;) flux term in a subsequent
energy inequality (2.1.17). In practice, one must also assume higher-order analogues of
(2.1.14).

We will prove the following result (a null coordinate restatement of Theorem 1.2.3).

Theorem 2.1.3. (A scattering construction for linear waves on the Schwarzschild exterior
from prescribed exponentially decaying radiation fields®) Let hy+ (v, 0, ¢) and hz+(u, 0, ¢) be
sufficiently smooth, exponentially decaying (in v and u respectively, as in (2.1.14)) functions.
Then there exists a smooth solution ¢ of problem (2.1.10) on t* > ¢ > 0.

The proof of Theorem 2.1.3 employs an iteration, similar to that used for the analogous
result on Minkowski space, on the finite-in-time problems (see Figure 2.5)

{ Hasti =0, (2.1.15)

Yl = hy+i,  T]om0,= Rz

Here, hy+;, hz+; are appropriately truncated scattering data (see Section 2.3.4). That prob-
lems (2.1.15) approximate the full problem (2.1.10) in the limit v; — oo will be shown in
section 2.3.4.

The presence of a black hole region in the spacetime introduces some new difficulties, of
which we now provide an overview.

H+ I+

=ty

Figure 2.5

Degeneration of the 7T energy As on Minkowski space, we would like to apply an
appropriate vector field multiplier to the equation and integrate over a suitable spacetime
region to estimate all derivatives of the solution 1; by the scattering data (in a manner
analogous to (2.1.8)). However, in doing so, using the Killing vector field 7" = 0y now
produces an energy (the analogue of (2.1.9))

B = [ (1+ 2 @r+ (1- 2 )@ + [9op|Para, 2116

>This result follows from [13], however, a different argument is used there.
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which degenerates at the event horizon r = 2M. This is a manifestation of the fact that
on the Schwarzschild spacetime (in fact, all black hole spacetimes with x > 0), 7" is not
globally uniformly timelike on the entire exterior region - it becomes null on the horizon.
In order to remedy this and derive an estimate which controls all derivatives of the solution
non-degenerately (allowing us to apply the Arzela-Ascoli Theorem to obtain a solution of
the full problem (2.1.10)), we must employ an alternative, necessarily non-Killing, vector
field multiplier. This leads us to the next difficulty.

=ty

Figure 2.6

Gravitational blueshift In the pursuit of a non-degenerate energy estimate analogous to
(2.1.8), we use a globally uniformly timelike vector field N as our multiplier:

Ny -UOgg = 0.

Integrating over the spacetime region D (depicted in Figure 2.6) bounded by a constant t*
slice” and the null hypersurfaces (v = v;, H") on which the truncated scattering data is
posed in the finite problem (2.1.15) then gives rise to the estimate

T
EN[)(t) < Fyenpe 1) + Flomonen) + C',.i/ EN ;)¢ at, (2.1.17)
t

where the constant C; > 0 depends linearly on x. Here, Fy+npe ) and Fio—yynp- 1) are
first-order flux terms through the horizon and v = v; (the bifurcate data analogue of the
boundary term on v = v; in (2.1.8)). Thus, in order to control the energy purely in terms
of the scattering data, we must treat the (x dependent) bulk term. This is easily achieved,

thanks to the assumption of exponential decay (2.1.14) on the scattering data, as follows.
By applying the assumed decay (2.1.14) of the scattering data, (2.1.17) gives

EN[W)(t") < Cexp(—B -t) + C, /T EN ] (t*)at™ . (2.1.18)

t*

SIn the case of non-zero angular momentum (for example, on Kerr or Kerr-AdS), T is in fact non-timelike
on a region (the ergoregion) extending beyond the event horizon, and may even be spacelike at the horizon.
"In practice, we will work with mixed spacelike-null slices ¥« (see Section 2.3.1).
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Via a Gronwall inequality (see Appendix B), (2.1.18) implies

T t*l
EN[i](1) <Cexp(—B - t*) + / CyCexp(—B - t*') exp (/ Cnd5> de*’

tT t
=Cexp(—B - t") + / CrCexp ((C,i — B)t*’) dt*’

-

Cy

< _B-t*
_C(1+B—C’H)6Xp< B-t")
=Cexp(—B - t*), (2.1.19)

with

- C.
CC(H—B_CH) > 0,

provided that the rate B > 0 of decay (2.1.14) along the horizon is strictly greater than the
constant C..

As on Minkowski space, commuting with appropriate vector fields produces analogous
estimates for the H* norms of the solutions 1; of the finite problems (2.1.15). However, due
to the aforementioned degeneration of the 7" = 0« energy (2.1.16), one must also commute
with N to control all higher-orer derivatives non-degenerately. Each commutation produces
an additional bulk term, meaning that the assumed rate of decay B > 0 of the scattering
data (2.1.14) must be chosen sufficiently large, depending on the number of commutations,
as well as C,. One may then proceed precisely as before, Sobolev embedding in the mixed
null-spacelike slices to obtain L* estimates for the ¢; and their derivatives, before applying
the Arzela-Ascoli Theorem (see Appendix C) to obtain a solution of the full problem (2.1.10).

2.2 Minkowski space
We begin our discussion of Minkowski space with some preliminary definitions (Section 2.2.1.
These are followed by the statements of some key estimates we will require later (Section

2.2.2). With these in hand, we proceed with tackling the forward problem (2.1.1) in Sections
2.2.3-2.2.4. Finally, in Sections 2.2.5-2.2.7, we discuss the backwards problem (2.1.6).

2.2.1 Preliminaries

Here, we state some basic definitions.

Vector fields In order to generate energy estimates to sufficiently high order, we will
commute the equation (2.1.2) with the (Killing) commuting vector fields:

Ty € {T — 0, = %(au +0,), {Qj}g:l}. (2.2.1)

28



The energies We recall the definitions of the standard Sobolev spaces on Minkowski space.
In Section 2.2.2 we demonstrate that these arise when using the vector field T' = 0; as a
multiplier and commuting with 7', {Q;}7_,.

Definition 2.2.1. (Sobolev norms on spacelike slices of Minkowski space) Let ¢ be a fixed
time. Then for each k£ € N, we define the Sobolev space

Hy (%) = {1 0,00) x 82 = R | |[¢]| g, (2, < 00}

of scalar fields 1 on ¥, associated with the energy

||1/JH§{M&)=/E [(@W + (0:0)* + |Y7w|2+¢2] r2drdw, (2.2.2)

and, for k > 2,

113 0= / > {WQalagzaggWJr(Qmatpzarpw)a] r2drdw. (2.2.3)
St Jo|<h-1,
lp|<k
By ||| iz5,» we denote the above norms, minus their zeroth-order terms.

We also recall the following standard definitions of LP spaces on Minkowski space.

Definition 2.2.2 (LP-norms on spacelike slices of Minkowski space). Let ¢ € R be a fixed
time. Then for p € {2, 00} we define the spaces

L5,(S0) = {41 [0,00) x 8 = R | [[][2p )< 00}

of scalar fields v on ¥; associated with the norms

Wl = [ WPrdarde, 10l suplol.

2.2.2 Key estimates

In this section, we collect some estimates which will be used to prove Theorems 2.1.1 and
2.1.2. Firstly, we state energy conservation and local energy boundedness results on the
spacelike slices 3J;. These are followed by some rP-weighted estimates of Dafermos-Rodnianski
[12] on slices of constant u.

Conservation of energy Although we will not directly use the following result, it is
included here as an interesting comparison to the stronger localised estimate (Proposition
2.2.5) which appears below, as well as a first application of the energy method.
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Proposition 2.2.3. (Conservation of energy on Minkowski space) Suppose ¢ is a smooth
solution of problem (2.1.1) arising from smooth compactly supported initial data (1, 11).
Then v satisfies the energy conservation law

/Z t {(at¢)2+(arw>2+IWP}ﬂdrdw: / {(atw)u(aw)uww\? Pdrdw,  (2.2.4)

T

at each t > 7.

This follows easily from applying 0;7) to the equation as a multiplier, integrating over
the spacetime slab D = M}, N [7,t] and dropping boundary terms as a result of compact
support.

Local energy boundedness By localising to the spacetime region of the following defi-
nition, one can recover the stronger coercive estimate of Proposition 2.2.5 below.

Definition 2.2.4. (A cut-off cone in Minkowski space) Fix ty > 11, R >0 and let B, C R?
be the ball of radius r > 0 centered at the origin in R?* (whose boundary we will label S,.).
We will denote by C' the “cut-off cone”

C - U {t - T} X Bﬁ-‘,—tz—q’?

Te[tl,t2]

and by 0C' its boundary (see Figure 2.7).

C
D

Figure 2.7: The “cut-off cone” of Definition 2.2.4.

Applying 0,1 to the equation as a multiplier once more and integrating over C', we obtain
the following local energy boundedness result. In Section 2.2.6, we will apply a similar
estimate for a particular choice of R > 0 in the backward direction to control the solution
on a spacelike slice by the scattering data. Higher order analogues follow from commuting
the equation with the commuting vector fields I'y,;.
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Proposition 2.2.5. (Local energy boundedness on Minkowski space) Fix t, > t; and R > 0.
Suppose ¥ is a smooth solution of problem (2.1.1) arising from smooth compactly supported
initial data (1,11 ). Then 1 satisfies

/ [(&W)Q + (3##)2 + |Y7¢|2} r’drdw
{t=t2}x By

</ (0 + ) + V0l Pard
{t=t1}xBx

Rttg—tq

r’-weighted energy estimates Here we state the rP-weighted energy estimates for the
forward and backwards problems (2.1.1), (2.1.6) on Minowski space, with p = 2. It is possible
to obtain similar estimates for p > 2 [12] (up to non-positive-definite bulk terms), however,
these will not be required here. These results follow from applying 79,7 as a multiplier to
the equation in double-null coordinates (2.1.2) and integrating by parts over an appropriate
spacetime region (D;*_f below). One can see [12] for further details.

In the following, given fixed t; > t;, R > 0, we will denote by

Dpf= My n{r>Ryn{uelt; — Rt — R},
the null partial spacetime strip, and by itl the mixed spacelike-null slice
Sy = {{t:t’}ﬁ{rgR}}U{{u:t’—R}ﬁ{vzt’+R}}

(see Figure 2.8).

t=r

Figure 2.8

Proposition 2.2.6. (Estimate for r?-weighted energies for the forwards problem on Minkowski
space [12]) Fix to > t; > 7 and R > 0. Suppose 9 is a smooth solution of problem (2.1.1)
arising from smooth compactly supported initial data. Then 1) satisfies the r’-weighted
estimate

/ r2(T%0, (1)) *dvdw + / 2r(T'%,0,(r1))?dudvdw
u=ty—Ru>t2+R D27 g

R
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S/ r2(T%,0,(r1))*dvdw + C : {( ¢00)* + (TY0,0)* + | VT | drdw,
u=t1—Rwv>t1+R

Sy
for all |«|> 0, some C' > 0.

Proposition 2.2.6 follows immediately from the |a|= 0 result appearing in [12] after
commuting with I'y;.

The following result for the backwards problem is not proven in [12], however, it fol-
lows from the same argument used to prove the (forward) (p-WE-Mink) estimate appearing
therein, adapted to the backwards setting.

Proposition 2.2.7. (Estimate for r?-weighted energies for the backwards problem on Minkowski
space [12]) Fix t5 > t; > 0 and R > 0. Suppose 9 is a smooth solution of problem (2.1.6)
arising from smooth compactly supported scattering data. Then 1) satisfies the r2-weighted
estimate

/ r3(T'%,0,(rv))*dvdw + / 2r (IS0, (1)) *dudvdw
u=t1—Rv>t1+R R

to—
Dy R

< / r*(I'5,0,(r¢))*dvdw + C [ {(rmtw)u(rﬁwarw)u|y7rm\2 drdw,
u=to—R,v>to+R

S,
for all |«|> 0, some C' > 0.
With these estimates in hand, we can now proceed to formally stating and proving

Theorem 2.1.1.

2.2.3 The forward problem: Existence and uniqueness of Fried-
lander’s radiation field

We begin our study of the forward problem (2.1.1) on Minkowski space by defining the
following initial data quantities.

Definition 2.2.8. (Initial data quantities D7} for the forward problem on Minkowski space)
Given sufficiently regular initial data (1g,%1) : R® — R on ¥, we define the quantity

oM — / > {ng + (D*Opbo)? + (T*0pabo)? + | VT o |* | r*drdw
)
T |a|<m-—1
for each m > 1.
In terms of these initial data quantities, Theorem 2.1.1 is restated formally as follows.

Theorem 2.2.9. (Existence and uniqueness of the radiation field of an initially compactly
supported wave on Minkowski space [21]) Let ¢ be a smooth solution of problem (2.1.1)
arising from smooth initial data (¢, ;) at time ¢ = 7 > 0 supported on r < Ry, < o0
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and satisfying @?V[ < oo. Then there exists a unique, v-independent function hz+(u, 8, ¢) :
R x S% — R (the radiation field of 1) such that

w<uava9?¢) - S 095

for some C' > 0.

The proof of Theorem 2.2.9 involves integrating equation (2.1.2) in the null directions
and using the r*-weighted estimate (Proposition 2.2.6), combined with Sobolev embedding
(Theorem B.1.2 and Corollary B.1.3) to control the right-hand side. This is carried out as
follows.

2.2.4 Proving existence and uniqueness of the radiation field

In order to prove Theorem 2.2.9, we require an estimate for the right-hand side of equation
(2.1.2). In the proof below, this will be applied to allow the left-hand side of the equation
(2.1.2) to be directly integrated in u and v.

Proposition 2.2.10. (An estimate for Aty on Minkowski space) Let ¢ be as in Theorem
2.2.9. Then

1
&< D},

for some C' > 0.

Proof. First, suppose that (u,v) is such that ¢(u,v) > 7 and 7(u,v) > Rgypp. Then choose
vg such that the sphere (u,vy) lies in a finite time slice ¥,, with 75 > 7, at a finite radius
R > Rgypp. By the Fundamental Theorem of Calculus, one has

|(re) (u, 0,0, ¢)|< /U|5v(7"1/1)(u, v, 0,9)|dv" + |(rd) (u, ve, 0, 9)]. (2.2.5)

Applying the Sobolev inequality on S? (Corollary B.1.3) to the first term on the right-hand
side of (2.2.5) yields

/v|&)(r¢)(u, V', 0, ¢)|dv’
<C/v>v2 /S { 24 VO, (r) P+ V0, (1) } r2dudw

/ (Q70,(r))*r*dvdw
v>vg 52

lo|<2

<CZ/

lo|<2 7 1

[ Q700p)% + (°0,4)2 + WQ%F} drdw (2.2.6)
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=C Y / {Qaatw +(Q70,40)* + |V | drdw

lo]<2

<CD3,, (2.2.7)

for some C' > 0. Here, (2.2.6) follows from the r’-weighted estimates (Proposition 2.2.6 with
|a|< 2) by choosing t; = 7 and R as above to ensure the boundary term on w; vanishes.
Applying (2.2.7) to (2.2.5) then gives

|(r) (u, 0,8, )| < CDY + |(r)) (u, 2,0, 0)- (2.2.8)

We can estimate the second term on the right-hand side of (2.2.8) as follows. For each u and
its corresponding fixed vy, choosing 71, 73 so that 0 < r; < R < ry < 0o, we have that

|(rp) (u, v2, 6, )
=|R(u,v2, 6, 9)|
<C {W + (00)* + |V P+(029) + |772w|2+|773r¢|2] r?drdw (2.2.9)
SrN[ri,re]
<C ( / [w"’ + Z (Q%)Q] r2drdw + i’)}w> (2.2.10)
3rN[ri,re] lo|=1
<C (/ {(&ﬂw)? + |W\2} r2drdw + 35@) (2.2.11)
S N[r1,re]
<CD?%, (2.2.12)

for some C' > 0. Here, (2.2.9) follows from Sobolev embedding in 3, (Theorem B.1.2),
(2.2.10) from Proposition 2.2.5, and (2.2.11) from Hardy’s inequality (Theorem B.2.1) and
Proposition 2.2.5. The final inequality (2.2.12) follows from Proposition 2.2.5.

Now, combining estimates (2.2.8) and (2.2.12) gives

|(r) (u, v, 0, 9)|< CDY,. (2.2.13)

for some C' > 0.
Next, suppose instead that (u,v) is such that ¢ = t(u,v) > 7 and 7(u,v) < Rgypp. Then

() (u, 0,0, 6) | <C / GPr2drdu
S {r<Rsupp}
SC/ {(8@)2 + Wwﬁ] r2drdw (2.2.14)
Sin{r<Rsupp+t—T}
SC/ [(&@D)Q + IWW] rPdrdw (2.2.15)
S {r<Rsupp}
<ODjy, (2.2.16)
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for some C' > 0, where (2.2.14) follows from Hardy’s inequality (Theorem B.2.1) and (2.2.15)
from local energy boundedness (Proposition 2.2.5).
Combining estimates (2.2.13) and (2.2.16) gives the pointwise bound

1
< 2.
vl OBy (2.2.17)

for some C' > 0. By commuting the equation with Q7 for |o¢|< 2 and Sobolev embedding in
R? (Theorem B.1.2) one obtains

P&y PV C Y I0%|< 0D —
|a|=2

as required. 0

Given Proposition 2.2.10, we may proceed with proving Theorem 2.2.9 by integrating
equation (2.1.2) directly.

Proof of Theorem 2.2.9. By Proposition 2.2.10 and the equation (2.1.2), we have that

1
10,0, (r)|= 7] A< CQMl — (2.2.18)

for some C' > 0.
Fix ug = 7 + R with R > Rg,,,. Then, by integrating (2.2.18) in u, one obtains

19, () (a0, 0, 6)| < / 9.0, (r) (ol 0,6, @) du!

/ C©M1+ru v)? du

1
for some C' > 0. Now fixing © and integrating (2.2.19) in v gives
() (1,0,0,9) — ()1, 5.0,0)| < [ 1010} (u,v'.0. )|’
T 1
< 5 _ e /
_/v CD(u u0)1+r(u,v’)2dv
<CDY———— 2.2.2
C@Ml +r(u,v)’ ( 0)

for some C' > 0. Since the right-hand side of (2.2.20) vanishes in the limit » — oo, indepen-
dently of v, the result follows. O

This completes our consideration of the forwards problem.
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2.2.5 The backwards problem: A scattering construction for lin-
ear waves from their radiation fields

We begin our discussion of the backwards problem (2.1.6) on Minkowski space with the
following definition of scattering data quantities.

Definition 2.2.11. (Data quantities D%, for the scattering problem on Minkowski space)
Given sufficiently regular scattering data hz+ : R x S? — R supported on [ug, u;] with
ug < uy, we define the quantity

o :/ / 3 [h2+(F7M8uh)2+W7F§\“4hy2 2 dudw,
ug 2

5 Jaf<k—1

In terms of these data quantities, we can now formally state the result we wish to prove
for the backwards problem on Minkowski space.

Theorem 2.2.12. (A scattering construction for linear waves on Minkowski space from
prescribed compactly supported radiation fields [21]) Let hz+(u,0,¢) : R x S* be smooth
scattering data supported on [ug,u;] with uy < u; < 00, up(r = oo0) = 7 > 0, such that
D3, < co. Then there exists a smooth solution ¢ of problem (2.1.6) attaining hz+ as its
radiation field, i.e.

Mub.0) | O3,
T+r(u,v)| = (T4 r(u,v))?

¢(U7U79>¢) - (2221)

In order to prove Theorem 2.2.12, we derive uniform estimates for solutions 1; of a
sequence of finite (in v) problems (2.1.7) approximating the full problem (2.1.6). This is
carried out in the following section. These estimates will subsequently allow an application
of the Arzela-Ascoli Theorem to gives the required result.

2.2.6 The iteration scheme

Fix a sequence {v;}°, of v-values such that r(u;,v;) > 0. We will study the finite in v
problems

2.1.7
Twi’v:tli: hI+i<u7 07 ¢)7 wi|u=u1: 07 ( )

with truncated scattering data posited on v = v;, satisfying

hI*i(uv U = vy, ‘9a ¢) = wi(“)hIJr (U, 07 d)))

where

() 1 for u <wu; —0.2
wo;\u) =
0 for u > u; — 0.1.

The key element of the proof of Theorem 2.2.12 is the following uniform boundedness result
for their solutions.
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Theorem 2.2.13. (Uniformly bounded solutions of the finite problems on Minkowski space)
Let 7 be fixed. The corresponding smooth solution 1; in of problem (2.1.7) satisfies

||¢i||H}w(zt)§C@?w, (2.2.22)
D7 | g (2 SCDFS, (2.2.23)

at all times ¢t > 7, for some C' > 0 and all |o|< 2.
In the proof of Theorem 2.2.13, we will require the following proposition.

Proposition 2.2.14. (Estimates for derivatives non-tangential to {v = v;} on Minkowski
space) Fix i and let ¢; be the corresponding smooth solution of problem (2.1.7). Then one
has the following estimates for selected v-derivatives of );:

/ {(Bu&ﬂ/)f + VO, | r*dudw < C(D3,)? (2.2.24)
{v=v;}

Proof. Let us begin with the first term on the left-hand side of (2.2.24).
By the equation (2.1.2), we have that

7“4&% = 0,0,(r;) = Outb; — Oy + 10, 0,1;
S 00 = At~ O+ -0, (2.2.25)

= @aw? < (Bl 4 S0P+ 50uP). (2220

for some C' > 0. Integrating (2.2.26) and using the scattering data to control derivatives
tangential to {v = v;} gives

2
/ (0,0, *r*dudw SC’/ {|Y72h|2+l2 (8u (E)> + %(&ﬂ/}i)z] r?dudw
{o=vi} {o=vi} r r r

<C(D3,)* + C/ %(8vwi)2r2dudw, (2.2.27)

{v=v;}

for some C' > 0. To deal with the remaining non-tangential derivative in (2.2.27), we use
that

Since ¢ is already controlled by the scattering data on {v = v;}, we estimate 9,(r;). At
each fixed u > ug, the Fundamental Theorem of Calculus gives

|8v(rwi)(u,vi,0,¢)|:/ 10,0, (rb;) (W', vs, 0, @) |du’
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:/U|Ah(u’,0,¢)|du’ (2.2.29)

<(u — g 5(/ | Ah(u, 0 ¢)|2du> (2.2.30)

where (2.2.29) follows from the equation (2.1.2) and (2.2.30) from the Cauchy-Schwarz in-
equality. The boundary term at ug vanishes by definition of the support of h. Now, inte-
grating (2.2.28) gives

/ |0y *r? dudw :/ 105 (115) — i [Pr*dudw
{v=v;}

{v=v;}

/{v =v;} L

/ C/ |Ah(u', 0, ¢)2du’ + |1/JZ|2:| r*dudw (2.2.31)
{v=v;} L uQ
/ / IV2h(u, 0, ¢)2du’ + |7,D¢|2] r*dudw

{v=vi} L

h u
/ ( > r?dudw + C/ [/ |Y72h|27“2dudw} du’
{v=v;} r {v=v;}
h 2
dudw +C @Mdu
{v=v;}

gC(©§w) (2.2.32)

IN

|8U(T¢i>‘2+|"¢i|2} r?dudw

IN

IA

IN

for some C' > 0. Here, (2.2.31) follows from (2.2.30). Applying (2.2.32) to (2.2.27) gives the
estimate for the 9,0,1; derivative appearing in (2.2.24).
To control the remaining Y, term appearing on the left-hand side of (2.2.24), we simply

commute estimate (2.2.32) with the angular momentum operators {{;}? i1, glving

/ VO, *r?dudw < C’Z / (Q,;0,1;)*r*dudw < C(D3,)%
{v=vi} {

v=v;}

With this estimate in hand, we can now prove Theorem 2.2.13.

Proof of Theorem 2.2.13. Fix i and let C,, be the cut-off cone (see Definition 2.2.4) with ¢,
chosen such that ¥,, does not intersect the region on which the solution ; is supported,
7 <t <ty, and R > 0 chosen such that the null boundary of the cone lies on {v = v;} (see
Figure 2.9). Integrating the energy identity (A.0.1) with X =T over C,, yields

/ {(@%)2 + (@%)2 + !VIMQ r’drdw
Bty {v<v; }
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Figure 2.9

1
= / 5 [(afwi — 0hi)* + \W?] r’dudw, (2.2.33)
(o=} {teltr ta]} 2

since the boundary term on ¢, vanishes by construction. Let us consider the terms on the
right-hand side of (2.2.33). We have that

1
/ — 1 (O — 87%-)2 + ’V@MQ] r*dudw
{o=vitn{telt i)} 2 L
o
:/ — 1 (Durbi)?* + WZMQ] r’dudw
{o=vitn{telt i)} 2 L
[ A\ 1
/ - (au <—)> + —2|Y7h|2} r*dudw (2.2.34)
{o=vitn{telt i)} 2 L r r
171 Rz 9 1
{o=vipnftelt ta]} 2 LT o r
R\ 2 1
gc/ K_) + (0,h)* + —2|Y7h|2] r*dudw (2.2.35)
{o=v; }n{telt1,t2]} r r
<CD},, (2.2.36)

for some C' > 0. Here, (2.2.34) follows from the fact that the derivatives 9,, ¥ are tangent
to the boundary of the cone (which lies on {v = v;}, where ¢ = ). Inequality (2.2.35)
follows from the Cauchy-Schwarz inequality. Since h is v-independent, estimate (2.2.36) is
independent of i. Applying (2.2.36) to (2.2.33) gives

/ {(atm)? + (0p103)? + V) | r2drdw < CD),. (2.2.37)
¢ N{v<o;}

In order to obtain higher-order analogues of (2.2.37), we commute estimate (2.2.37) with
the I'y; commuting vector fields (2.2.1). Let us demonstrate how this is carried out for the
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second order estimate, as the process at higher-order is similar. After commuting once with
T, one obtains the estimate

/ [(83%-)2 + (0:0,10)* + \Waw] r2drdw
iy {v<us}

SO/ [(&@;%)2 + (O24:)* + |778u¢i‘2+|y78v¢i|2} r’dudw
{v=v; }N{te[t1,t2]}

2 2h i h

<C (@u0:00)" + {0 | + VOl T
{v=v; }n{t€[t1,ta]} " '

SC(Q?M)27 (2.2.38)

2
+ |W8v1/1i|2} r?dudw

for some C' > 0. Here, (2.2.38) follows from Proposition 2.2.14.

To control the remaining second order derivatives (which are purely spatial), we first
commute (2.2.37) twice with the angular momentum operators {€;}? ;. This gives the
estimate

/ {IW(W|2+|Y78¢wi|2+|y72wi|2} r?drdw
Yy {v<v; }

3
SC Z [(Qjauwiy + (Q]Qkﬁuwl)Z + ‘Wiji’2+‘WQij1/)i’2 7“2dudw

{v=vi}n{teltr,t2]} 1=y

<C(D3,)?% (2.2.39)

for some C' > 0. The final inequality (2.2.39) follows as a result of all derivatives appearing
on the right-hand side of the previous inequality being tangential to {v = v;}.

Estimates (2.2.38) and (2.2.39) control all second order derivatives on v, except for
the second-order radial derivative. This is easily controlled via the equation after applying
(2.2.37), (2.2.38) and (2.2.39) to control all other terms.

After commuting sufficiently many times and repeating these steps, one recovers the
estimate

191l 1, (5) SCD

for some C' > 0. To prove estimate (2.2.22), we also require an L? estimate for ¢;. By
Hardy’s inequality (Theorem B.2.1),

Wl engozan <€ [ [(arw»? T WW} Pdrdw < 0D,

Etﬂ{vgvi}

for some C' > 0, where the final inequality follows from (2.2.37).
Finally, An application of Theorem B.1.2 then yields estimate (2.2.23). This completes
the proof. [

We now have the ingredients required to prove Theorem 2.2.12.
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2.2.7 Convergence of the iteration scheme and attainment of the
radiation field

Proof of 2.2.12. By Theorem 2.2.13, we have uniform boundedness of the solutions ; to
the finite problems (2.1.7) and their first-order derivatives D;. Since we have set 7;|y—,,=
hz+(u, 0, $) to be v-independent, v; extends to the function r1hz+ on [v;, 00). Furthermore,
since ¥;]y—y; = 0, 1; extends to a function which is identically zero on [u;,00). Thus, we
may apply the Arzéla-Ascoli Theorem on the domain [7,00) x [0,00) x S? to obtain a uni-
formly convergent subsequence ;; — 1. We may also apply Arzela-Ascoli to the derivatives
{D; 1 D2 g } up to sufficiently high order to obtain uniformly convergent subsequences
Dvpy; — D, DQ@/Jijk — D?i. Thus, the limiting function 1 solves (2.1.2). It remains to
show estimate (2.2.21).
If the sphere (u,v) is such that r(u,v) = 0, then clearly

|T/l/)(u7 U’ 97 ¢) - h(u7 07 ¢)|
=[h(u,0, )]

=¢ / / {hQ + (9uh)? + | VRO + [V Ouh P+ hJ? | P dudw
ug S2
<003,
for some C' > 0, by Sobolev embedding (Corollary B.1.3).

Now consider (u,v) such that r(u,v) = R > 0. By the triangle inequality and scattering
data for ;,

rp(u, v, 0,¢) — h(u, 0, 9)|
:’T¢(uv v, 0, ¢) - Twik<ua Vig, 0, ¢)|
< |r(u,v,0,0) — ri(u, v, 0, 0)|
+ i (u, 0,0, ) — iy (u, vig, 0, B)|

= |7’¢(Ua v, 97 (Z)) - 7"%%(% v, 97 ¢)| + ‘ / Zk(ay(rwzk))(u, U/, 0, ¢)dUI . (2240)

Inequality (2.2.40) follows from an application of the Fundamental Theorem of Calculus. In
order to control the second term on the right-hand side of (2.2.40) independently of i), we
apply the Fundamental Theorem of Calculus once again, giving

|Twik<u’v797¢)| < + |Twik(uvvik797¢)|' (2241>

/ " Ou(ru)) (., 6, ) !

Consider the second term on the right-hand side of (2.2.41). By Sobolev embedding on S?
(Corollary B.1.3), we have that

/ O, o', 6, B)A
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S v
<C Z / / a lr¢lk ) d/U,(I(A) ( )
<2 2'2~ 12

Fixing R > 0 as above and choosing t, sufficiently large so that v = t;+ R > v;;, and applying
the r2-weighted estimate (Proposition 2.2.7) with |a|< 2 to the right-hand side of (2.2.42)

gives
/ / (270, (rii;))r*dv'dw
o] <2 S22 Ju

<C Z / |: ant¢zk (anﬂ/h'k)Z + |WQU77Z]1I€’2:| TQdew

lo|<2

=C > / [Q@twlk (Qaawik)umeikﬁ}ﬁdrdw

lo|<2

<0D3, (2.2.43)

for some C' > 0, where (2.2.43) follows from Theorem 2.2.13.
For the second term on the right-hand side of (2.2.41) , we simply use the scattering data
and Sobolev embedding (Corollary B.1.3) as before, to obtain

i (u, vig, 0, @)| < C@?\/[
for some C' > 0. Thus,

D
147’

Wi < C (2.2.44)

for some C' > 0. Via the equation (2.1.2) and the appropriate backwards analogue of
Proposition 2.2.10, (2.2.44) then gives

CDY
L4r2

1050 (ripir )| = B < (2.2.45)

for some C' > 0. Fix v < uy. Then, by the Fundamental Theorem of Calculus, the assumption
¥i(uy) = 0 and estimate (2.2.45)

|0y (rig,) (u, v, 0, 0)| =/ 1000, (riy) (W', v, 0, @) | du
“ CD3, ,
S/u 1L+7r(u,v,0,0)? du

< /u j /
u
1 ]. 7 (’LL,, 'U,‘;,(b)
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D3,
1+ r(up,v)?

for some C' > 0. Now, by virtue of |u; — u| < oo, we have that

1+ 7(u, 1 +v— —
T(uv): v uzl—i—ue[l,oo),
L+ 7r(u,v) 14+v—1wu 1+v—u
we have that
1 C
<

1+ 7r(u,v)? = 14+ r(u,v)?

for some C' > 0. Hence,

0, t) (1,00, 0)] < — O

Tt (2.2.46)

Finally, integrating (2.2.46) in v gives the following estimate for the second term on the
right-hand side of (2.2.40).

’ / O s (1,0, 0, )

< / 100 (rug) (w1, 0, 0, 6)|dv

v 0D,
< _ M
- /U 1+ r(u, U)de

- CD%,
— 1+ 7r(u,v)?

for some C' > 0 Now, as k — oo, (2.2.40) gives:

(u, 0,6, ) — h(“’e’@‘ < %

r(u,v) | = 1+7r(u,v)?

for some C' > 0, as required. O

2.3 The Schwarzschild black hole exterior

We begin our discussion of the Schwarzschild black hole exterior in Section 2.3.1 with some
basic definitions, before stating some key estimates we will use (Section 2.3.2). In Sections
2.3.3-2.3.5 we will then discuss the backwards problem (2.1.10).

2.3.1 Preliminaries

Let us start by stating some definitions we will require.
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Vector fields We define the globally uniformly timelike vector field

NS = 61, + f(’)”)lwau, where f(?”) = 10° (231)

1 lforr< R— 4
- 1—¥f0rr2R.

Here R is as in (2.1.12) and f interpolates smoothly between its two cases. Ng will be
used as both a multiplier and commutator, in order to obtain coercive energy estimates. As
discussed in Section 2.1.2, the analogous estimates using only 7' = 0« degenerate at H™T,
meaning that they do not control derivatives transverse to the horizon.

The commuting vector fields we shall use are

= {T — 0, N, {Qj}ﬁzl},
and by ['s we will denote the subset of Killing commuting vector fields:

e {T, {Qj};;l}.

A mixed null-spacelike foliation It is convenient to define the following foliation of the

Schwarzschild exterior region.
Let t* =t + 2M log(r — 2M) and R be as in (2.1.12). Then, for each fixed t* we shall
denote by ¥+ the leaf in the foliation satisfying

S, = (MS N {(t*,r,@,qﬁ)‘r < R}) U (MS N {(t*,r,@,@’u > R}). (2.3.2)

An example of such a hypersurface is depicted in Figure 2.10.
The unit normal to the spacelike part of each leaf ¥, is given by

t*r

The energies We define the following Sobolev spaces on the mixed null-spacelike slices of
the Schwarzschild black hole exterior.

Definition 2.3.1. (Sobolev norms on mixed null-spacelike slices of Schwarzschild) Let t* = 7
be a fixed time. Then for each & € N, we define the Sobolev space

H§(%:) = {: [2M,00) x 5% = R | [[¢)]| g,y < 00}

of scalar fields 1) on X, associated with the energy

‘WH%@(ZT):/E e [(@ﬂb)? + (0p1h)* + ’W¢‘2+¢2} r2drdw
+/Z - [(&ﬂpf - legﬂ/ﬂ} r*dvdw (2.3.3)
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and, for k > 2,

[ (Y71 0020734 |2+ (2 P2 9P%4p)? | r2drdw
st3) S-N{r<R}

lo|<k—1,
|p|<k

+ / {Wmagw%(magw)?} r2dvdw>. (2.3.4)
S.n{r>R}

By ||| izt we denote the above norms, minus their zeroth-order terms.

We also define the following standard definitions of L? spaces on the slices of the Schwarzschild
exterior.

Definition 2.3.2 (LP-norms on mixed null-spacelike slices of Schwarzschild). Let t* = 7 €
R be a fixed time. Then for p € {2, 00} we define the spaces

LY(2:) = {¢: [2M,00) x §* = R | ||| sy < 00}

of scalar fields ) on ¥; associated with the norms

Wls,= [ P [ juPrdede,  [lipe, = sl
S-n{r<R} S-n{r>R} S

2.3.2 Key estimates

Here we collect two key results that we require to prove Theorem 2.1.3 - r?-weighted estimates
(Proposition 2.3.3) and a Sobolev embedding in the mixed null-spacelike slices (Theorem
2.3.4).

r?-weighted energy estimates We will require 7?-weighted estimates (analogous to Propo-
sition 2.2.7) in our analysis on Schwarzschild. These follow (after commuting with I'g) from

the same argument appearing in [12], adapted to the backwards problem (2.1.10). The key

element is applying r?0,(rv¢) as a multiplier to the equation (2.1.11), after rewriting it in

double-null coordinates. Here 3 is the mixed null-spacelike slice (2.3.2) defined above and,

given fixed t5 > t7 >0, R > 0, Dg:g is the partial null spacetime strip (see Figure 2.10)

D g =Msn{r>R}n{uct; - Rt~ R]}.

Proposition 2.3.3. (Estimate for r?-weighted energies for the backwards problem on the
Schwarzschild black hole exterior [12]) Fix t5 > ¢; > 0 and R > 0 sufficiently large.® Suppose

8Largeness is required due to the appearance of an additional bulk term of bad sign for small » which
one does not see in the analogous estimate on Minkowski space.
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Figure 2.10

Y is a smooth solution of problem (2.1.10) arising from smooth scattering data. Then
satisfies the r?-weighted estimate

/ TQ(f‘gav(rw))2dvdw+/ . 2r(D20,(re)) *dudvdw
u=t; —Rv>t;+R pi2— B

2
1

< / r2(T'%0, (r))*dvdw + C( / {(fgatw + (T20,0)% + |y7fg¢\2] drdw
u=t;—Rv>t5+R Etgﬁ{r<R}

—R

[ |0+ 9T v
Etéﬂ{’r‘ZR}
for all |«|> 0, some C' > 0.

Sobolev embedding on null-spacelike slices We also require the following Sobolev em-
bedding result. This follows from the Sobolev embedding theorem for functions on bounded
domains of R™ (Corollary B.1.3), as well as that for functions on R” (and unbounded do-
mains) (Theorem B.1.2).

Theorem 2.3.4. (L™ Sobolev embedding on mixed null-spacelike slices ¥, in Schwarzschild)
Let ¢ : ([2M, R) x S?)U([R, o) X [t*,00) x 5?) — R be a smooth function. Then 1 satisfies
the Sobolev inequality

[Wllegea< CliYl a2,

2.3.3 The backwards problem: A scattering construction for lin-
ear waves from their radiation fields

Let us define the following scattering data quantities, in terms of which we will state the
main result of this section.

Definition 2.3.5. (Data quantities D% for the scattering problem on the Schwarzschild black
hole exterior) Given sufficiently regular bifurcate scattering data (hy+,hz+) : R x S — R,
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we define the quantities

2
Dy _/ / exp(2Yy - u) {hﬁ + (0 I'S hﬁ) + |Y7F§h1+|2] r*dudw,

SH+ / /
S

where T}, is a constant depending on k. We shall denote by D% the sum of the data quantites
D§ =Dz + Dy

Given this definition, we can now formally restate the result we will prove for the back-
wards problem (2.1.10) on the Schwarzschild black hole exterior.

2
exp(2Ty - v) {hiﬁ n ((%thw) + |Wrghﬂ+|2] rdvdw,

la|<k—1

Theorem 2.3.6. (A scattering construction for exponentially decaying linear waves on the
Schwarzschild black hole exterior from prescribed radiation fields) Let ¢ > 0 be fixed and
(hy+ (0,0, 8), hr+(u,0,0)) : R x S* — R be smooth scattering data satisfying D% < oo for
2T, 5 > a,5.° Then there exists a smooth solution ¢ : {t* > 5} x {r > r.} x S* — R of
problem (2.1.10) attaining hz+ as its radiation field, i.e.

hI+<ua97¢> < 05955

r = r(u,v)?

P(u,v,0,¢) — (2.3.5)

In order to prove Theorem 2.3.6, we proceed in a similar manner as on Minkowski space
by deriving uniform estimates for solutions 1; of a sequence of finite (in v) problems (2.1.15)
approximating the full problem (2.1.10). This is carried out in the following section. These
estimates will subsequently allow an application of the Arzela-Ascoli Theorem, as before, to
give the required result.

2.3.4 The iteration scheme

For the finite problems (2.1.15), we will take truncated scattering data (hy+;, hz+;) satisfying

hq.ﬁ— for v < UV — ?91', ’191 = LUZ
h’H+i(u:OO,U,9,¢) :{O for v > v, 10

hI*i(uv U = Uy, 97 ¢) :wi(u)hl—+ (U, 97 ¢)a

where

() 0 for r(u,v;) < 2.56M
wi(u) =
1 for r(u,v;) > 2.5M +0.1.

Here, hy+; and w; are assumed to interpolate smoothly between their respective cases.
We prove the following estimates for the solutions ; of the finite problems (2.1.15), which
will be applied to prove Theorem 2.3.6.

9This is a constant a, r—s5, depending on the surface gravity s, which grows with k. One can see where
this constant arises in the proof of Proposition 2.3.8.
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Theorem 2.3.7. (Uniformly bounded solutions of the finite problems on the Schwarzschild
black hole exterior) Let ¢ > 0, ¢ be fixed and (hy+;, hz+;) be truncated scattering data
satisfying ©% < oo for 2T, 5 > a,5. The corresponding smooth solution v; of problem
(2.1.15) satisfies

19ill73 5,0y SC exp(—2T 5 - 7)D5, (2.3.6)
1Dl | Z (5, SO exp(—2T 5 - 1) D, (2.3.7)

at all t* > ¢§, for some C' > 0 and all |o|< 2.

This will follow from the following Proposition, via an application of Theorem 2.3.4.

Proposition 2.3.8. Let i, 1; be as in Theorem 2.3.7. Then
19illF1(5,.) S C exp(=2T 5 - 7)D

at all t* > ¢, for some C' > 0.

Figure 2.11

Proof of Proposition 2.3.8. Integrating the energy identity (A.0.1) for the vector field Ng
over the spacetime region D depicted in Figure 2.11 gives (via an application of the Diver-
gence Theorem)

/ JNT] - ng - rPdrdw +/ JN ] - r*dvdw
T N{r<R} Epxn{r>R}

/ ﬁ@ﬁﬂmw+/ ﬁWﬁﬂ@w+/ KN[y] - r*dudvdw
{v=v;} H+

DN{r<R}

T
<C [exp(—ZTH,l DG+ / / a1 I 1] - nﬁ%rdwdt*’} , (2.3.8)
t JSn{r<Rr}

where (2.3.8) follows from the assumption D% < oo on the scattering data. By direct
calculation, one finds that a,; = 4M is the reciprocal of the surface gravity . The last term
on the right-hand side of (2.3.8) is of positive sign, hence, it cannot simply be dropped if
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we wish to control the left-hand side by scattering data. Instead, we will use a Gronwall
inequality (Theorem B.3.1). Accordingly, we define the functions

Ey,(t") = / JN ] - n& - ridrdw + / JN[] - r2dudw
SpN{r<R} S«N{r>R}
bwi (t*/) = C’exp(—QT,@l . t*/)g}g

and rewrite the energy identity (2.3.8) as an inequality in Ey, (t*) and by, (t*):

T
Ewi (t*) < blﬁi (t*/) + / k1 ° E¢i (t*/)dt*/'

t*

Applying Theorem B.3.1 then yields

T t*/
Ewi (t*> Sb?/h (t*/> +/ a,{’lbwi (t*/) exXp (/ aﬁ,lds) dt*/
t

t* *

T
—by, () + / e 1bys, (£ exp <(t*’ - t*)am)dt*’
t

*

T

=by, (t") + Cexp(—a, - t¥) /

t*

a1 D exp <(a,{’1 — ZTH,l)t*') de*’

T 1
:bwz (t*/> o GeXp(—(l,{’l . t*)/ a/{,lgs

1+ QT,{J — g1

Oper (exp ((a,{,l — 2T,€71)t*’>)dt*’

k1D
1)+ Cosplans ) (0002000
k,1 T Wg 1

g1
<C Y, )DL 1+ —
= eXp( Nt ) S( + 2Tn,1 - an,l)
<Cexp(—2T,, - t*)Ds,
for some C' > 0, provided 27, ; > a,;. Hence,

[l < CEy,(t) < Cexp(—2Y w1 - t7)Dg,

HY (S n{v<us}) =

for some C' > 0. In order to derive bounds for higher-order derivatives, we apply concate-
nations of the commuting vector fields I's to sufficiently high order. Commutations with T
and the €); generate no additional terms, so we need only worry about bulk terms generated
by commutations wth Ng. The bulk after one commutation with Ng is given by

KN (Nvpy) = Tog(Ntp)) M7 4 O(Napy) - Nopy. (2.3.9)

After expanding the second term on the right-hand side of (2.3.9) as

O(Nv;) - Nepy = |2 700,050 + (Q(V“(N)ﬂau)—(V&N)Wg))vﬁ‘wi} Ny, (2.3.10)
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one sees that the bulk (2.3.9) involves only derivatives of 1; up to second order. Moreover,
by choice of Ng (2.3.1), the bulk contribution vanishes outside of a compact (r < R) region
of r, meaning that the corresponding term in the commuted energy estimate,

/ JN [N - n& - rdrdw + / JN[N;] - r2dvdw
Y N{r<R} Sp«N{r>R}

= / JN[N] - rPdudw + [ TN [Ny - rPdodw
{v=v;} HT

T
+ / / (Taﬁ(Nwi)W)waﬁ + O(Ny) - N1/Ji) r2drdwdt*,
t*/ﬁ{’f‘<R}

is easily rewritten
T
Bya (6) < b (t) + [ ava B ()
t*
as before, with a, 2 > a, 1. Applying Theorem B.3.1 as before gives

Ene (tF) < O )DL 1 2
v ) SCexp(-20,0 0903 (14 22— )

<Cexp(—2Y,o - t")D%,
for some C' > 0, provided 2Y, 5 > a, 2. Thus,

19l 5, ooy —C(Ew () + Ery,(t) + Eng, () + ) [Eﬂ i (1) + B0, (1 )D

1<5,k<3

<Cexp(—2Y,.3-t")D%,
for some C' > 0. Repeating sufficiently many times, one obtains

||¢1||H4 (Zpr o< }) = Cexp( 2Tf€75 ’ t*)®5 )

provided 2, 5 > a, 5, where a, 5 is the relevant (strictly larger) analogue of a1, 2.
Finally, an application of Hardy’s inequality (Theorem B.2.1) on each segment ¥, N{r <
R} n{v <wv;}, .0 {r > R} N {v < v} of the slice X, gives

|[i]32 2 (S <o} < Cexp(—2T,1 - t")Dg < Cexp(—27T, 5 - t*)D3,

for some C' > 0. This completes the proof. m

Proof of Theorem 2.3.7. Estimate (2.3.6) follows immediately from Proposition 2.3.8, whilst
an application of Theorem 2.3.4 gives (2.3.7). O

We can now complete the proof of the main result (Theorem 2.3.6).
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2.3.5 Convergence of the iteration scheme and attainment of the
scattering data

Proof. By an application of the Arzela-Ascoli Theorem (familiar from the proof of the anal-
ogous result, Theorem 2.2.12, on Minkowski space), Theorem 2.3.7 gives a solution of the
full problem 2.1.10. The uniform estimate (2.3.5) then follows from the r? estimates (Propo-
sition 2.3.3) (with R chosen to be that used to define the foliation, as in (2.1.12), (2.3.2))
and Theorem 2.3.7 in the same manner as the proof of Theorem 2.2.12. O
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Chapter 3

Local existence for nonlinear wave
equations on Anti-de Sitter space

3.1 Introduction

The key goal of this chapter is to introduce importan elements required in the following
chapter (which contains a scattering construction for nonlinear waves on the Kerr-AdS black
hole exterior). As mentioned previously, there is no such meaningful scattering constuction
on pure AdS. For this reason, our discussion of AdS itself is limited to proving a local
existence result for nonlinear wave equations. This serves to illustrate the procedure one
uses to prove the analogous (backwards) result for nonlinear wave equations on Kerr-AdS,
which is utilised (without explicit proof) in the following chapter. The proof of local existence
on AdS also serves as a first demonstration of a bootstrap argument which plays a key role
in the subsequent discussion of Kerr-AdS.

3.1.1 Anti-de Sitter space

Since AdS itself has no horizon and possesses a timelike future null infinity, it is most
convenient to work with standard (¢,7,0,¢) coordinates and spacelike hypersurfaces. As
such, the AdS metric we will work with is as stated earlier:
r? 2 1 2 20002 1 win? 2
Gads = — 1+£—2 dt +1+T2dr + r(d#” 4 sin” 6d¢*). (1.3.3)
2

We shall refer to the spacetime manifold itself as M 45. In these coordinates, we will
consider the equation

Ogaus® + b = F(ib, D), (3.1.1)

where

cos 0

2 2
! =0/ + (1 + %)@% + Ay + % (1 + %)&w + 0. (3.1.2)

O, ) = —
gaas ¥ 112 r2sin 6
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In lengthy expressions, the subscript of the [J operator will be dropped. We will prove a
local existence result for the corresponding initial-value Dirichlet problem:*

Hgaus® + a0 = ]:(¢> 8¢)
(w) 8t¢)’{t=0}: (1007 ¢1)7 T%_S¢|I: Oa s = % - Q,

with sufficiently regular initial data (¢o,%1). Throughout, we will restrict our attention
to a nonlinearity F (1, 0¢) which is quadratic in the (appropriately weighted) first-order
derivatives of 1 (see Section 3.2.3). We postpone an in-depth discussion of this until the
scattering construction on the Kerr-AdS exterior is presented. However, one can have in
mind that this choice of F is designed to mimic the nonlinearities which appear when the
Einstein vacuum equation (1.1.1) is written in harmonic gauge.

(3.1.3)

3.1.2 Local existence of nonlinear waves on Anti-de Sitter space
The (informally stated, for now) result we will prove is the following.

Theorem 3.1.1 (Local existence for nonlinear wave equations on Anti-de Sitter space). Let
(10, 11) be sufficiently regular initial data at time ¢ = 0. Then there exists some time 7" > 0
up until which problem (3.1.3) admits a regular solution.

Figure 3.1

In order to prove Theorem 3.1.1, the key step is to utilise an iteration scheme, of a
different spirit than those appearing in the earlier discussion of scattering constructions. In
this case, the interval of time is the same at each step in the iteration (we are proving a
purely local result), whilst the right-hand side of the equation changes. At each step in the
iteration, we work with a purely linear inhomogeneous problem:

de
DgAdswi + Ozwz = ]:i—l :f F<¢i—17 awi—l)

i 3.1.4
(Ui, 0hi) 5= (W0, ¥1), 72 %lz=0, s=,/—aq, ( )

!By r%*5w|z, we denote the limit lim, _ o rg’sw(t, r,0,¢) for fixed (¢,0,¢).
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for ©+ > 2. Via induction on ¢ and a bootstrap argument, we obtain uniform boundedness of
each ;. This allows a familiar application of the Arzela-Ascoli Theorem to derive a solution
1 of the full nonlinear problem (3.1.3).

3.1.3 Outline

In Section 3.2 we provide some basic definitions, as well as an explicit definition of the
nonlinearity F we will allow on the right-hand side of equation (3.1.1). This is followed in
Section 3.3 by a collection of estimates which will be called upon in proving Theorem 3.1.1.
Finally, in Secion 3.4, we will formally restate and prove the main result (Theorem 3.4.1).

3.2 Preliminaries

3.2.1 Geometric objects

We begin by defining some key geometric objects in AdS space.
In the standard (¢, 7,0, ¢) coordinates (corresponding to the metric (1.3.3)), the spacelike
hypersurfaces ¥; of constant time have unit normal and induced volume form

1 1
nZt:—Qab —2
V1t V1t

We also define the renormalised coordinate derivative operators (which will be utilised in
the definition of the nonlinearity, among other things):

1 1

. _ 1
ped L D
- {1+rataraT7 1+T89w7 1+T6¢¢}7 € {at’TaT’ 1_|_,r.86¢

voly, = r?drdw.

1
147

aw}. (3.2.1)

In order to derive energy estimates to sufficiently high order, we apply the (Killing) com-
muting vector fields

Laas € {T, {Qj}?zl} (3.2.2)
to the equation. The subscript of I' will be dropped where necessary for compactness of

expressions.

3.2.2 The energies

We define the following r-weighted energies on AdS space, which naturally arise when using
T as a multiplier (see Section 3.3.1).

Definition 3.2.1 (Sobolev norms on spacelike slices in AdS space). Let ¢ be a fixed time.
Then, for each k € N we define the Sobolev space

Hhs(S0) = {61 0,00) x 82, 5 R [ [[9][3 ()< o0}
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of scalar fields 1 on X; associated with the energy

||w||H (0) / [1+ 2(&@) ( r¢)2—|— |Y7¢|2+¢2} r’drdw (3.2.3)

AdS

and, for k > 2,

W’\%sdsmffz{ 2 (7“203\WQ“18528S3¢\2+7“2”3(Qpl@”?@f%)?)

lo|<k—1,
|pI<E, p2<k—1

1o Q(a%)] ridrdw. (3.2.4)

On the spacelike slices of constant time, we also define the following LP spaces.

Definition 3.2.2 (LP-norms on spacelike slices of AdS space). Let ¢ € R be a fixed time.
Then for p € {2,000} we define the spaces

LZdS( ) {1/1 [07OO> X StQ,r — R ‘ ||w|‘%ids(2f)< OO}

of scalar fields v on ¥; associated with the norms

2 _ 2,2 —
1122 gm0 = /ZtW\ r?drdw, Y]|,s20= Sgtp]q/)]

Finally, we define the function spaces in which the solutions we seek lie.

Definition 3.2.3 (Function spaces of the solution on AdS space). By CHE o, we denote
the function space

1
of scalar fields ¢ on M 44s.

3.2.3 A class of nonlinear wave equations

We postpone an in-depth consideration of the nature of and motivation for the nonlinearity
we choose to study here until the discussion on Kerr-AdS (see Section 4.2.3). However, we
state the condition which F must satisfy in order to close the estimates, before explicitly
defining the F to which we restrict.

Condition 3.2.4 (The required estimate for F on AdS space). The right-hand side F of
equation (3.1.1) must satisfy

> T Q7 F 2, 0 < CkHwHdeS(zt)(WHHMS@)> )

lo|<k—1

p
Z HD!JAalS‘FHL2 dS(Et HwHHAds(Zf) (HwHHidé Et))

RINESS

(3.2.5)
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for some k > 9, Cy, Cj, > 0 and n, p > 0.

This condition is satisfied by a very general class of F but, for simplicity, we shall focus
on the following specific choice of (quadratic in D1 (3.2.1)) nonlinearity. Considering the
frame

1 1 1

0, =ro,, = Oy, = ——0y, 3.2.6
1,00 =7 LTI BT 9% (3.2.6)

€y =
define
F =F"(t,r0,0)-ebe). (3.2.7)

Here, F': Mags — TMaas @ TMags is a (0,2)-tensor with components F,, : Mg — R
which are smooth, bounded (with respect to the frame e;) functions? with uniformly bounded
T, © and ey derivatives up to order k£ — 1. As we shall show in Proposition 3.3.9 below, this
choice of F (3.2.7) satisfies Condition 3.2.4 with n =1, p = 3.

3.3 Key estimates

In this section, we collect several estimates for solutions of problem (3.1.3), which will be
required in the proof of Theorem 3.1.1.

3.3.1 Coercivity of the energy

After direct calculation, one finds that the T-energy

2
/2 JL W] - ng, - voly, = %/2 {1 _i 2 (O)? + (1 - 2—2> (0,0)* + |VU|*—arp? | r*drdw,
t t 02
(3.3.1)

involves a zeroth-order term of bad sign for & > 0. As such, some additional work is required
to obtain an appropriate coercive energy with which we can work in the manner familiar
from the previous chapter. It will become apparent in the proof of the following coercivity
result that this is precisely the reason for requiring the Breitenlohner-Freedman bound a < %
on the mass.

Proposition 3.3.1 (A coercive estimate for the T-energy on AdS). Let t be fixed and
be a solution of (3.1.3) in H%,4(3;). Then the T-energy (3.3.1) of v satisfies the coercive
estimate

/Z JtTW] 'ntzt -volg, > ||¢H%{},ds(2t)

2This is modulo the standard degeneration of the frame ﬁ@g, ﬁad, on SZ%.
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Note that the reverse implication

1115

Ads(Et)Z C/2 JtT[w] 'ngt 'VOIEt

is trivially true for some C' > 0.

Proof. Via integration by parts in r, the Dirichlet boundary conditions and the Cauchy-
Schwarz inequality, we have that

1
Yrridrdw < | =¢20,(r*)drdw
Et Z:t 3

1
=— ~0,(YH)r*drdw
5 3

2
=— Zp0,) - r3drdw
5, 3

S( %ererdw) 2 (/ (6T¢)2T4drdw> y
Zt 9 Zt

2
/ %¢2r2drdw§/ (8T¢)2r4drdw</ (1+Z—2) (0,10)*r*drdw,
¢ 3t Yt

This gives

ensuring that the zeroth-order term in the 7T-energy (3.3.1) can be absorbed by the 0,1 term,
without degeneracy, for all o < %. ]

3.3.2 Estimates for higher order radial derivatives

We will require the following estimates for radial and mixed radial derivatives of general
order.

Proposition 3.3.2 (An estimate for the second-order radial derivative of ¢ on AdS space).
Let ¢ be a function in HZ,4(3;) satisfying Dirichlet boundary conditions 72 ~5¢)|z7= 0. Then
we have that

/E (07)*rdrdw < C(||w||§{}4ds(2t)+||Tw||§—l}4ds(2z)+/E (Ogtp + Oéw)QT’Qdew>,

for some C' > 0.

Proposition 3.3.2 follows from a standard elliptic estimates argument (see [33]), as a
result of the fact that 7" is globally timelike on AdS space. A similar estimate (Proposition
4.3.6) will be utilised on the “far” region of Kerr-AdS where T' is timelike, however, there
one must employ a more complex argument to cover the entire exterior region.

By commuting with I 445, one obtains the following higher-order estimate.
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Proposition 3.3.3 (An estimate for higher-order derivatives of at most second order in
the radial direction on AdS space). Let 1 be a function in HY ,,(3;) for k > 2 satisfying
Dirichlet boundary conditions 7"%’81/)]1: 0. Then,

/E Z (T70%)*r8drdw < C Z [HF%II?I}MS@ﬁ /E (Fﬁ(Dgw+aw))2r2drdw],

b lo|=k-2 o] <k—1,
|B|<k—2

for some C' > 0.
Finally, we have the following result for general derivatives.

Proposition 3.3.4 (A k''-order estimate for general derivatives on AdS space). Let 1 be a
function in H% ,o(5,) for k > 2 satisfying Dirichlet boundary conditions 72 ~*¢|z= 0. Then,

> / 1272 (091 9724) 22 drdw
o=k, 2t
02>2

¢ 5 Il et

la|<k—1,
181<k—2,

hI<[%52]

((rﬁ(mgw + ozw))2 n (Dg(gﬂ + aw))Q) rzdrdw] ,

t

for some C' > 0.

Proposition 3.3.3 follows from applying O to the equation (3.1.1) sufficiently many times,
multiplying by A" for p sufficiently large, integrating by parts and using Proposition 3.3.2
and Proposition 3.3.3 to control terms where necessary. One can see Section 4.3.2 for similar
arguments.

3.3.3 Sobolev embedding in spacelike slices

We will also require the following Sobolev embedding results.

Theorem 3.3.5 (L Sobolev embedding on spacelike slices ; of AdS space). Fix ¢ and let
¥ be a function in H% (%) for k > 3 satisfying Dirichlet boundary conditions r2~*[z= 0.
Then one can bound ¢ and its D derivatives (3.2.1) up to order |o|< k — 3 uniformly as

[[D7]| oo (54
S mew +/'(PWDw+aw2
= 3 HY L (Z¢) < 9 >
1+7r2 ol <]o 142, Ads 2t <,
18I<|o|+1,
<175
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+ (Dg(mg¢ + aw))z) r2drde : (3.3.2)

for some C > 0. Up to order |o|= k — 4, one has estimate (3.3.2) for the D derivatives
(3.2.1).

Proof. Let |o|< k — 3. For any fixed r, as a result of the Dirichlet boundary conditions, we
have that

D7t 7,0, 6)|< / 10, D7 |dr

N :
< ag 2 4
_(/r —1+r4dr) (/T |0, D7|*(1 +r )dr)

1

< ¢ ( / |8TD“1/1|2r4dr)2, (3.3.3)

1+4+7r2

for some C' > 0. Moreover, by Theorem B.1.1,

/ |&«DU¢|2T4dT

r

<e>" [ Y0, D7y Prodrdw
J

2
—0 /5

<C> / ! 19200, D7) *r8drdw
3t

1+ r2
lp|<2

<C> [ |20, D7y rdrdw

lpl<2 ¥ >t

o 2
<c {HF wHH}MS(zt*)*/E
lal<[]+2,
181<lol+1,

=[5 ]

<<r5 (O,0 + aw))2 + (Dg(mgw + azp)) 2) errdw]

t*

(3.3.4)

for some C' > 0, by Propostion 3.3.4. Combining (3.3.3) and (3.3.4) gives the desired result.
For |o|< k — 4, one reproduces (3.3.2) for the D derivatives by controlling the top-order 0;
derivative by the zeroth-order term of (3.2.3) after |o| T commutations. O

In fact, via elliptic estimates, we can prove the following Sobolev embedding with stronger
(a-dependent) weights. Since we will not use this result in the proof of local existence (and

3Note that the same estimate (as well as those appearing in Theorem 3.3.6 and Theorem 3.3.7) holds for
27 derivatives, controlling angular derivatives dg, 0y with a stronger radial weight.
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for simplicity), we state it here for solutions ¢ of the linear wave equation O, ¢ + o) = 0.
However, one can also prove an analogous estimate for U, , .1 +a1) = F # 0 with appropriate

F.

Theorem 3.3.6 (An improved L Sobolev embedding on spacelike slices ¥; in AdS space
(33, Section 7.3]). Fix ¢ and let ¢ be a function in H%,4(3;) (with O, ,.% + arp = 0) for
k > 3. Then one can bound ¢ and its D derivatives (3.2.1) up to order |o|< k — 3 uniformly
as

ag C «
D[ oo (s < PRI Z TPl (50 (3.3.5)
T ool 2

for some C' > 0, all § < s = 1/ —a. Up to order |o|= k — 4, one has estimate (3.3.2) for
the D derivatives (3.2.1).

Theorem 3.3.6 follows by using the equation (3.1.1) to control, via expression (3.1.2),
the second-order t-derivative 921 by purely spatial derivatives which appear with stronger
r-weights in the energy (4.2.9). One can then use a higher-order T-commuted energy to
control the integrand in (3.3.3), with additional room for the desired stronger weight in r.

We will also make use of the following embedding for derivatives where only 1 is arbitrary.

Theorem 3.3.7 (L* Sobolev embedding for derivatives where only 1 is arbitrary). Fix ¢ and
let ¢ be a function in H% (%) for k > 3 satisfying Dirichlet boundary conditions r2~*t)|.
Then, for each |o|< k — 4, one has

117 D[ | oo (s,
< C re 2 FBD 2
<o X [l | (@ +av))
o] <[o+3,
18I<]o]+2,
<[5

N[

+ (Dg(mgw + ozw))2>r2drdwu . (3.3.6)

3.3.4 Energy estimates for the linear inhomogeneous problem

We now prove general n''-order energy estimates for solutions ¢ of problem (3.1.3). This is
first carried out with respect to a general inhomogeneous term F. Estimates for our chosen
nonlinear term F (3.2.7) are then derived in the subsequent section.

Proposition 3.3.8. Suppose v is a CHY- , ;¢ solution of (3.1.3), with inhomogeneity F = F
satisfying

Z ||TUlQU2ﬁ||L2(Et)< (0. ]

lo|<n—1
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for all n < k, t in [0, T]. Then 1) satisfies the general n*® order energy estimate

SUP ||77Z)HHAdS(Zt)

te[0,T
2
SC[H%/JHHn S(zo)+(/ Z HTUlQa—Q]:”LZ(Et)dt)
|o|<n—1
-\ 2 N\ 2
+ Z (HF ds¢||H1dS(Et)+/ ((Fids]:) + (DgAdS]—"> )rzdrdw)}, (3.3.7)

laf<n—1,
|B|<n—2,
<[ 252]

for some C' > 0 and all n < k.

B

I

Figure 3.2

Proof. We apply T to the equation (3.1.1) as a multiplier and integrate by parts over the
region Df?ﬂf] M aqs N[0, T] (see Figure 3.2) to obtain

/DAdS

[0,7]

T4 - Flr2dtdrdw = / | T(aasth + ap)r*dtdrdw

Ad
DOT]

>C / -nk, - volg,.
DAdS

[0,7]

Thus, after dropping the boundary term at infinity by virtue of the Dirichlet boundary
condition, we have that

/ U] - - voly, < / JUY) -k - vols, + C/ Ty - Flridrdwdt.
X 3o D

AdS
[0,7]

Applying Proposition 3.3.1 gives

.2
1B o1 C (0B ot [ 0 Pt (33.5)

[0,7]
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Since we can perform estimate (3.3.8) over smaller time intervals, we in fact have that

sup |I¢|IH1

+€[0,T] AdS

(=S C<||w||§{;,ds(zo)+ /DMS | T - .7-"|r2drdwdt).

[0,77]

In order to generate higher-order estimates, we commute with the commuting (Killing) vector
fields I’ AdS*-

Z sup ||FAdS7vZ)HH1dS(Et)— (||1/)’|Hgds(z:0 + Z / ’FAdS Tw-f)\rgdrdwdt>.

lo|<n—1 E0T] lo|<n—1

(3.3.9)

Using Proposition 3.3.4 to control the missing radial and mixed radial derivatives, we have
that

sup ||y .
s W1

SC[|WHH"dS(EO)+ Z / | T71 Q72 (T - F)|r’drdwdt
oo

lo|<n-—1

+ Y (IIF as¥llin, S‘Z”Jr/t ((rﬁdsﬁ)2+ (DgAdSﬁ>2)errdw)]. (3.3.10)

la<n—1,
|Bl<n—2,

<[ 252]

Expanding the bulk term on the right-hand side of (3.3.10) arising from the inhomogeneity
F, we find that

/ / Z VAR YE (T?ﬁ‘]:")|r2drdwdt
s

tlo|<n—1

/ / |71 =122, 7105 Flr?drdwdt
s

t5|<|ol<n—1

/ SO TP 0% 77 0 F st

|o|<n,
|o|<n—1

6 o1 ()02
<5 s WlEmrtye ([ 3 10700 Al slt) @)

tefo,T lo|<n—1

Here ¢ > 0 is chosen sufficiently small to allow the first term on the right-hand side of (3.3.11)
to be absorbed on the left-hand side of (3.3.10), yielding

sup ||y ,
s 101
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T 2
<Cllollmt ([ X 1700 F )

lo|<n—1
N\ 2 N\ 2
+ ) (\!Fidsw\ﬁ%s(ztﬁ /E ((Fidsf) + (07,0 7) )r2drdw>],
|a|<n—1, t
|B]<n—2,
<[ 252 ]
for some C' > 0, as required. O

3.3.5 Estimating the nonlinearity

We now turn our attention to estimating the F contribution in (3.3.7) for our particular
choice of nonlinearity F (3.2.7). We first prove the following bound on the second and
final terms on the right-hand side of (3.3.7). This is followed by an explanation of how the
remaining (strictly lower-order) F-dependent terms are treated.

Proposition 3.3.9. Let ¢ be as in Proposition 3.3.8 with £ > 9 and suppose F is a
nonlinearity of the form (3.2.7). Then F satisfies the estimates

>N F |z, w0 < Cl |

AdS(Et)|W||H§;é(zt)v

lo|<k—1
. 9 ~ 4 (3.3.12)
D TPl om0 < Ol s,
RNESS
for some C, C>0.
Proof. By the chain rule and assumption (3.2.7) on F, we have that
Z ’|T01902f’|L2(2t): Z ||T01902 (Flw(t, ZII) . eﬂ/’@u%/))HB(zt)
lo|<k-1 lo|<k—1
<Cr Y T e T sy, (3.3.13)
lo|<k—1
0<o1,7<02
0<p,v<3

where C is a constant depending on the functions F*”(t, z) appearing in F (3.2.7). Assum-
ing, without loss of generality, that § + v < % yields

> T e - TP e ||, (3.3.14)

lo|<k—1
0<o1,7<02,
0<p,v<3

< DT e[ [IT Q% e[ oo s, (3.3.15)
|o|<k—1
| <51,
0<p,v<3
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e [P TO w = e P (33.16)

[yl <1002,

Here, the last inequality follows from Theorem 3.3.7 and the assumption k& > 9. By the
assumption k£ > 9, the [J terms on the right-hand side of (3.3.16) are of lower-order than
those appearing in (3.3.12), so we demonstrate how to treat those first, as follows.

We treat the second-order terms in each [J explicitly. All other terms can be dealt with
similarly. We have that

Y 15Tl

<[552]
1 Y2 1 Y3 1 Y4 2
<C Z (r*o;)” (_zatQ> (_283) (—23§,> (FH(t,x) - e pe,)) + ...
<5521 " " " L2(20)
1 Y2—pP 1 P 2
<o 2 et (Gor) e v (5op) ]|
h<Es2), " r L2(s)
5<717p<72,cr<7376<w
0<p,v<3

where Cr is a constant depending on the functions F' /‘”( x) ap arlng in F (3.2.7). Without
loss of generality, we assume that 6 + p+ o + 8 < $[£2] < 22 yielding

2 92\v1—0 1 2 e 202\ 1 2 g ?
E (r°0;) —0; e (100 507 | e
<A, : " 12(%0)
0<71,0<72,0<73,8<74

<p,v<
< >

‘(7332)% (laQ) b et
T 27t 23
IvI<[5527, "

lo]<*32,
0<p,rv<3

<Cllyll;

2 2

1 72
0ty (508) e

L2(%) Loo (%)

Hk I(Et)g

for some C' > 0. Here, we have applied Theorem 3.3.5 (treating lower order terms on the
right-hand side of (3.3.2) via the same argument) and the assumption k > 9.

Applying the same argument to the [J terms on the right-hand side of (3.3.16), we have
that

> T Q7 Fllpag, )< Cl |

o <k—1

Ads(zt)"w"Hgd;(zt)'
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We can treat the other terms (of strictly lower order) on the right-hand side of (3.3.7)
similarly. The I' commuted terms are immediately controlled by the above. This gives

Z / (M5 F)? 2drdw—i—/ Z ||FidS‘FHL2(Et

|B|<k— 21 T BI<k—3
<[ E52

<C/ 11 5=z 1 35 (3.3.17)

It is worth noting that the estimate of Proposition 3.3.9 leaves room for additional r-weights
in the nonlinearity F, as a result of the r2 weight in Theorem 3.3.5. In fact, if one instead
applies the stronger result of Theorem 3.3.6, even more room is gained. As we shall see in
the discussion of Kerr-AdS, one in fact only requires a Sobolev embedding with an r%-weight
for the scattering construction (Theorem 4.3.14).

With all necessary estimates in hand, we proceed with proving local existence.

3.4 Local existence for nonlinear wave equations on
Anti-de Sitter space

We will apply the estimates appearing in Section 3.3 in order to prove the following nonlinear
local existence result on Anti-de Sitter space.

Theorem 3.4.1 (Local existence for nonlinear wave equations on AdS space). Let ¢y €
HE ,s(30) for k > 9, 41 = 0 and F be as in (3.2.7). Then there exists a time 7" > 0 up to
which the nonlinear initial value Dirichlet problem (3.1.3) admits a solution ¢ : {0 < ¢ <
T} x {r >0} x S7, = R € CHY 4 satisfying

sup kudes(gt)S A. (3.4.1)

te[0,T

for some A > 0, depending on 1)y. Moreover, the solution satisfies

Z ||7’2D 7vZ’HL;ods(zt) < A,

lo|<k—3

Z ||7"2D wHL (3 =

lo|<k—4

(3.4.2)

In order to prove Theorem 3.4.1, we adapt Luk’s proof of the analogous result on
Minkowski space [46]. This involves constructing an appropriate sequence of purely lin-
ear problems approximating the full nonlinear problem (3.1.3). Via an inductive argument
on the iterates and a familiar application of the Arzela-Ascoli Theorem, we obtain a limiting
solution of problem (3.1.3).

65



Remark (Uniqueness of solutions). Uniqueness of the solution given by Theorem 3.4.1 is
not proven here. However, said solution is expectedly unique in the energy class C'H fms. For
a discussion of uniqueness for solutions of the linear equation on more general asymptotically
AdS spacetimes, one can see [33].

3.4.1 An approximating sequence of linear waves
Consider the sequence of problems

def

{Dwi tat = Fi ™ Fpi,, 0uiy) -
(Vi, Ohi)|zo= (Yo, %1),  Ti|z=0

for i > 2, whose solutions {¢;}2°, € CHY 4 are to be determined recursively from the initial
data ¥y € Hf&dS(EO)’ P = 0.

For each fixed i, the equation in (3.1.4) is strictly linear. The right-hand side F;_; is a
linear inhomogeneity, depending on the previous element ;1 of the sequence of solutions.
As such, linear local well-posedness [33] ensures that such a sequence of unique solutions
{1i}32, exists. We will prove the following Theorem.

Theorem 3.4.2 (Uniform boundedness of solutions of the approximating linear problems
on AdS space). Let 1y € H%,4(X0) and 1y = 0. Then there exists A,T > 0 (depending on
1) such that for each 4, the corresponding solution 1; € CHY% ;¢ of problem (3.1.4) satisfies

sup [|Yillgr =) < A
te[mH e (=0

Theorem 3.4.2 follows immediately from Proposition 3.4.3.

Proposition 3.4.3 (Induction on i on AdS space). Let (¢, %) be as in Theorem 3.4.2.
Then the following statements hold.

1. The solution 1y € CHY 4 of problem (3.1.4) with i = 2 satisfies

sup ||vs|| gx <A,
te[O,T]H 2l (0

for some T > 0 sufficiently small and A > 0 sufficiently large (both depending on ).

2. Let i > 2 be fixed. Suppose that the solution ¢;_; € CH% ;4 of problem (3.1.4) satisfies
the inductive hypothesis

sup [|[Yicallgy (s, < A 3.4.3
te[O,T]Hw 1HHAdS(E ) ( )
Then ; also satisfies
sup ||v;|| e < A, 3.4.4
te[O’T]HT/’ ||HAdS(Et) ( )
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as well as

Z ||7’2D0¢1"L3°ds(2t <A,

lo|<k-3

Z ||T2D wzHLAdS(zt) =

lo|<k—4

(3.4.5)

In order to prove Proposition 3.4.3, we employ a bootstrap argument which closes as a
result of the following.

Proposition 3.4.4 (Improving the bootstrap assumption on AdS space). Let ¢y, ¥; and
1¥;_1 be as in Proposition 3.4.3. Furthermore, suppose that 1); satsifies the bootstrap as-
sumption

il gr o)< 24 (3.4.6)

at some t € [0,7] Then the bootstrap constant can be improved, so that

¥l < A.

Proof of Proposition 3.4.4. By Proposition 3.3.8 and Proposition 3.3.9, we have that

ti}l,p ||¢Z||HAdS(Et)

2
<C 101y I / 190l
Wl | Il g
2
o [ / [ FA I )
T
4 2
b [ (Il ol )| (3.47)
for some C' > 0. Then, by assumptions (3.4.3) and (3.4.6),
i) % <o +T?A* + TA* +4TA% | < A
HHE 45 (80) = 20 -

as desired. Here, the final inequality follows for A(w)) sufficiently large and 7" sufficiently
small, so that T?A* + TA* + 4T A? < %. ]

We can now prove Proposition 3.4.3 as follows.

Proof of Proposition 3.4.3. We prove each statement in turn, beginning with the base case.
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1. Fix i = 2. The function 19 solves problem (3.1.4) with trivial right-hand side F; = 0,
which by Proposition 3.3.8 and Proposition 3.3.9 gives

2 < 2 <
tiB%]HwQHHE\dS(Zt)— C| |w0| |H’f\ds(20)_ A’

for some C' > 0. Here, the first inequality follows from the initial condition on ¥, and
the second by choosing A(1y) > 0 sufficiently large.

2. We shall show that the set

B= {t € [0,7] ‘ V5 satisfies |[Yl|pr ) S AVTE [O,t]}

is non-empty, open and closed, proving B = [0, 7.

e Since t =0 € B, B is clearly non-empty.

e Let t; be a sequence of times in B. Then by continuity of ¢; and the assumed
bound on 1);, t; has a limit in B. Thus B is closed.

e Suppose t > 0 € B. Then, by continuity of v; there exists a small radius ¢ > 0
such that, for all 7 in the open ball B.(t) = (t — e,t + ¢), 1, satisfies

||¢iHH§dS(ET)§ 24A.

By Proposition 3.4.4, this implies

il )< A,
so that B.(t) C B and B is open.

Thus B = [0,T]. Since [0,7] is a closed interval and v; is continuous, (3.4.4) follows.
Estimates (3.4.5) follow from an application of Theorem 3.3.5.

]

We can now complete the proof of Theorem 3.4.1.

3.4.2 A limit of the approximating sequence

Proof of Proposition 3.4.1. By Proposition 3.4.3, we have uniform boundedness of v; and its
derivatives for each fixed ¢. We can now perform a familiar application of the Arzela-Ascoli
Theorem to obtain our target solution v, satisfying the required estimates. O
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Chapter 4

A scattering construction for
nonlinear wave equations on
Kerr-Anti-de Sitter spacetimes

4.1 Introduction

This chapter concerns solutions of the massive scalar wave equation

Oy + arp = F (¥, 00), (1.3.1)
on the exterior (r > r;) of a fixed (3 + 1)-dimensional Kerr-Anti-de Sitter (Kerr-AdS)
background! (Mg ags, g aqs) with cosmological constant A = —% (¢ >0), mass M > 0 and

future event horizon (H*) radius 7, whose angular momentum a satisfies

M2
|a]§\/ ¢ —02—-2r1 and |a|< /. (1.3.4)
r+

Recall that, in Boyer-Lindquist coordinates, the metric takes the familiar form
A_ — Apa®sin® 6 b b Ay (r? 22 _ A 2sin20
JKAdS = — ga Sl de? + A_dTQ + Z46% + 9(7’ +a ) a“ sin

AY) =23
A@(TQ + 0,2)2 — A
=

sin? fd¢?

-2

—asin® 0dedt, (1.3.5)

"'We will usually drop the ‘KAdS’ subscript (from g, [J, and other relevant objects), in order to maintain
compactness of mathematical expressions.

2Recall that the second requirement ensures that expression (1.3.5) defines a Lorentzian metric (one can
check via direct calculation that det ¢ is undefined when |a|= ¢, due to the vanishing of = and when |a|> ¢,
there exists § = ¢’ at which det g|g-> 0). The first bound ensures that (1.3.5) describes a black hole spacetime
(extremal in the case of equality). See [52].
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where A_, Ay, ¥ and = are functions of r and 6, defined below in (4.2.2). In practice,
alternative (t*,7,0, ¢) coordinates will be used, as these remedy that Boyer-Lindquist coor-
dinates cease to be regular at the event horizon. The spacetime metric in these coordinates,
as well as the relation between the two coordinate systems is stated in Section 4.2.1. One
may consult Figure 4.1 for examples of hypersurfaces of constant ¢ and t* time respectively.

Recall that, in (1.3.1), the mass « is assumed to satisfy the Breitenlohner-Freedman
bound, o < %, within which positivity of the energy was first derived in the “pure” Anti-de
Sitter (AdS) context [4]. The range o > 0 corresponds to “negative mass.” The class of
nonlinearity F treated here will be defined in Section 4.2.3. For now, one should think of F
as polynomial in first-order “unit” derivatives D1 (see (4.2.7)) of the solution and consider
F = %2(@*1/1)2 as one explicit example. In particular, in contrast to the asymptotically
flat case, no algebraic condition on F is required. Specifically, one need not impose the null
condition which is crucial in the asymptotically flat case [5,41,42]. This is due to the fact that
derivatives in the null directions decay at the same rate in 7, meaning that there are no “good”
and “bad” derivatives. However, some general r-weighted condition (4.2.12), analogous to
Condition 3.2.4 on AdS, on F is required. Note already that condition (4.2.12) allows a
broad class of nonlinearities. In particular, we permit terms of the form ¢*”0,10,v which
mimic the first-order terms appearing when one writes the Einstein equation in harmonic
gauge. This is discussed further in Section 4.2.3.2.

4.1.1 The main result

Since asymptotically-AdS spacetimes are not globally hyperbolic, the pertinent setting in
which to study (1.3.1) is an initial boundary value problem. Here, we restrict our attention
to the Dirichlet problem

{ DgKAdSQ/) +ay = f(¢a 3¢),

3 4.1.1
(¢>8t*w) {t*=r}= (¢07¢1), TE_S"LMI: Oa s = E_)l - Q, ( )

with initial conditions prescribed on a spacelike hypersurface {t* = 7} and boundary con-
ditions at the timelike conformal boundary Z, which can formally be viewed as the limiting
hypersurface {r = co} (see Figure 4.1). However, one may easily extend the discussion that
follows to Neumann or Robin boundary conditions in the manner of Holzegel-Warnick [40].

The objective of this chapter is to construct and prove quantitative estimates for an
expectedly non-generic, but nonetheless large, class of exponentially decaying solutions of
(4.1.1). No symmetry assumptions will be made on the class of solutions which, moreover,
exhibit the full functional degrees of freedom of the problem (4.1.1). The main result can be
stated informally as follows (a restatement of Theorem 1.3.2):

Theorem 4.1.1 (Exponentially decaying nonlinear waves on the Kerr-AdS exterior). Under
appropriate assumptions on F (see Section 4.2.3.2), there exist a large class of (classical)
solutions v of (1.3.1) with vanishing Dirichlet boundary conditions at Z, parameterised by
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Figure 4.1: The Penrose diagram of the Kerr-AdS exterior region {r > r,} depicting exam-
ples of constant ¢t and t* spacelike hypersurfaces.

appropriate scattering data on H*, on the (sub)extremal® (1.3.4) Kerr-AdS exterior defined
globally to the future of some constant t* hypersurface. These solutions, moreover, decay
exponentially in time towards the future.

Theorem 4.1.1 follows from recasting the initial boundary value problem (4.1.1) as a back-
wards problem with exponentially decaying scattering data on the horizon, and constructing
solutions via an iteration scheme, in a manner analogous to those employed on Minkowski
space and the Schwarzschild black hole exterior. It is the exponentially decaying data which
makes the solutions non-generic. However, it seems an extremely intricate problem to a
priori characterise the initial data giving rise to such solutions as a set in the space of all
Cauchy data for (4.1.1).

Remark (Solutions outside of the span of quasinormal modes). As one immediate appli-
cation of the construction of Theorem 4.1.1, it follows that, even for the linear (F = 0)
equation (1.3.1), there are solutions which do not lie in the span of so-called quasinormal
modes. Indeed, one can prescribe the scattering data to vanish after finite time to construct
non-trivial solutions which vanish to the future of some late t* = constant slice. These solu-
tions do not lie in the span of quasinormal modes. See [55] where such solutions and their
relation to quasinormal modes are discussed in the Schwarzschild-de Sitter case.

Before discussing our construction to establish Theorem 4.1.1 in more detail, the following
section provides a brief review of what is known about the forward problem (4.1.1).

4.1.2 Comparison with the forward problem

Understanding the behaviour of general solutions of the nonlinear initial boundary value
problem (4.1.1) is key to the wider black hole stability problem (see the discussion of Section

3Note that this result does not assume the Hawking-Reall bound (1.3.6), outside of which exponentially
growing mode solutions are known to exist (see Theorem 4.1.3 below).
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4.1.4) and is a difficult open question. Holzegel and Smulevici [36] derived sharp logarithmic
decay of general solutions of (4.1.1) for the class of linear (F = 0) problems, in the setting
where the Hawking-Reall bound

lal < 1% (1.3.6)
is satisfied. Informally, their result can be stated as follows.

Theorem 4.1.2 (Logarithmic decay of general linear waves on the Kerr-AdS exterior [36]).
Consider a fixed Kerr-AdS background (M, g) satisfying the Hawking-Reall bound (1.3.6).
General solutions of the initial boundary value problem for

Uy aus® +ap =0 (4.1.2)

with Dirichlet boundary conditions on the subextremal Kerr-AdS exterior decay logarithmi-
cally and no faster.

See also the work of Gannot who constructs quasinormal mode solutions of (4.1.2) on
Kerr-AdS [24,25].

When the Hawking-Reall bound is violated, behaviour of solutions of (1.3.1) can generally
be much worse. This was exhibited by Dold [15] who produced solutions of (4.1.2) which
grow exponentially in time, for parameters violating (1.3.6).

Theorem 4.1.3. (Exponentially growing mode solutions of (4.1.2) [15]) For any ¢, there is
a Kerr-AdS exterior (violating the Hawking-Reall bound (1.3.6)) for which equation (4.1.2)
with Dirichlet boundary conditions at Z admits an exponentially growing mode solution.

The proof of Theorem 4.1.2 relies on frequency space analysis of solutions of the forwards
problem (4.1.1). This allows the authors to deal with geometric features of the Kerr black-
hole exterior, such as superradiance and stable trapping, which cannot be fully understood
in physical space. On the other hand, as we shall see, solving backwards from (sufficiently
fast) exponentially decaying scattering data for (1.3.1) not only makes it possible to treat
the more general nonlinear (F # 0) equations of Theorem 4.1.1, but also allows one to use
purely physical space methods since the exponential decay estimates render the procedure
insensitive to both trapping and superradiance.

One may expect that, for slower than exponentially decaying scattering data on H™, the
construction of Theorem 4.1.1 can be generalised to again construct future global solutions on
the exterior. Such solutions would now generically be singular at the event horizon, however.
Characterising the scattering data which give rise to regular solutions at H*, which thus
arise as solutions of the forward problem (4.1.1) with regular Cauchy data, is an interesting
and difficult open problem.

4.1.3 Outline of the proof

As noted, Theorem 4.1.1 is proven by way of a scattering construction, inspired by that
of Dafermos, Holzegel and Rodnianski [8] in the A = 0 setting. This involves prescribing
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the exponentially fast decay of the solution to be constructed as data hy+ along the event
horizon of the Kerr-AdS black hole and evolving backwards to obtain a global towards the
future solution of (1.3.1).

It is worth noting that (as is the case in the asymptotically flat setting), conceptually,
the construction on Kerr-AdS is not significantly more difficult than that on the spherically
symmetric Schwarzschild-AdS spacetime.

As is familiar from the discussion of Schwarzschild in Chapter 2, the key difficulty to
overcome, the blueshift effect (see Section 4.1.3.1 below), already arises at the level of treating
a linear problem (4.1.3). To extend to the full nonlinear problem, one must control an
additional bulk term in the energy estimates. This is straightforward, provided F satisfies
an appropriate assumption (4.2.12) (similar to Condition 3.2.4 on AdS).

The main step in the proof consists of obtaining a priori energy estimates for a sequence
of approximating problems. We give an outline via a discussion of the linear and nonlinear
aspects of the problem.

4.1.3.1 Linear aspects: The redshift effect

As is familiar from the discussion of the Schwarzschild black hole exterior, due to the lack
of a globally uniformly timelike Killing vector field on Kerr-AdS, the gravitational blueshift
means that any energy estimate generated by a timelike vector field will produce a non-
vanishing bulk term which could, potentially, drive exponential growth (see Section 2.1.2).
This should be contrasted with forward-in-time propagation where a (uniformly timelike)
redshift vector field N can be carefully constructed to ensure all derivatives in the energy
estimate appear with a good sign near the horizon. In order to close energy estimates and
prove Theorem 4.1.1, we impose a rate of exponential decay on the scattering data which is
stronger than the blueshift-generated exponential growth. Consequently, the methods used
in this chapter do not allow for scattering data which decay any slower. It is unclear how one
might address backwards evolution of (1.3.1) in the setting of polynomially decaying data,
for instance!. However, in the extremal setting (the setting of equality in the first condition
appearing in (1.3.4)), the redshift effect degenerates (k = 0), and so one may be able to close
estimates under weaker decay assumptions.

To see how this works in practice, let us consider a backwards, finite-in-time, linear toy
scattering problem which should be thought of as approximating, in the limit t* — oo, the
full problem

O Y+ap =0 a<?
e . ! - (4.1.3)
Vlgr=hay+, 127Plz=0, s=./7-o
In (4.1.3), the smooth scattering data hy+ satisfies
Fy+[hy+] < Cexp(—B - 1), (4.1.4)

4In the A = 0 setting, it is conjectured that polynomially decaying perturbations of the Kerr event horizon
give rise to weak null singularities [8]. One can expect similar behaviour in the A < 0 setting.
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Figure 4.2: The region of integration for estimate (4.1.6).

for some C' > 0 and some constant B > 0 sufficiently large, depending on the surface gravity

k. Here, Fy+ is an H'-norm of hy+, a truncated form of which will appear as the horizon

flux term in a subsequent energy inequality (4.1.6). One must also assume higher-order

analogues of (4.1.4) but, for now, the estimate will only be demonstrated to first order.
The toy problem we consider is one with mixed spacelike and null scattering data:

{DQKAdSw +ayp =0, a< AQL

O (4% 3_g 9 (415)
¢|H+m{t*§t3nal}: X(t )h’H+7 (w, at*¢)|2téna1: 0, T2 ’lp’z: 0, S = 1 .

Here, the scattering data on the horizon is truncated via an appropriate cut-off function y
which vanishes with all derivatives at ¢5,,,. Note that the energy Fy+njr s 1= Fp+ [X (1) hag+]
of the cut-off scattering data is controlled by that without the cut-off (and in turn controlled
by (4.1.4)). Local well-posedness of problem (4.1.5) follows from a characteristic data ana-
logue of [33]. That problem (4.1.5) indeed approximates (4.1.3) follows from the iteration
procedure in Section 4.5 with F = 0.

We define the non-degenerate energy (expressed in regular coordinates (t*,r,6, ¢))

B0 = [ [50e0P + 0w (9407 vls,.

Multiplying the equation in (4.1.5) by N4, where N is a uniformly timelike vector field equal
to the stationary Killing field T" = 0+ at infinity, and integrating by parts over the spacetime

strip D[IT( %dsl] = Mg ags N [7,t5,.1] vields the energy estimate’

t;‘mal
E)(r) < Foraprar 1+ Fropre, )+ On/ E[(¢") e, (4.1.6)

which is the analogue of estimate (2.1.17) on Schwarzschild. Here, Fy+ and Fr are the
flux terms on the event horizon and future null infinity, respectively. The constant C,, > 0
depends linearly on the surface gravity .

°In fact, the zeroth-order term arising from using N (or T') as a multiplier appears with a bad sign and,
as such, some additional work is required to show that this multiplier controls F[¢]. This is carried out in
Section 4.3.1.
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Applying the Dirichlet boundary conditions and assumed decay (4.1.4) along the horizon,
(4.1.6) becomes

E[Y](r) < Cexp(=B - t*) + C, /ﬁnal D))t (4.1.7)

Via a Gronwall inequality, in the same manner as on Schwarzschild (Section 2.1.2), (4.1.7)
implies

tina t*
EW)(r) <Cexp(—B- 1)+ / 1 CrCexp(—B - t")exp (/ C,{ds) dt*
Tt;;lnal ’
=Cexp(—B- 1)+ / CxCexp ((Cﬂ - B)t*)dt*

Cy
<Cl1 _B.
_C( +B_C>exp( 7)

K

=Cexp(—B - 1), (4.1.8)

with

N C,.
C_C<1+B—CH> > 0,

provided that the rate B > 0 of decay (4.1.4) along the horizon is strictly greater than the
constant C'.

4.1.3.2 Linear aspects: Controlling higher-order derivatives

In order to prove Theorem 4.1.1, one requires estimates analogous to (4.1.8) for higher order
energies. Commuting with 7', N and ® = 9, (the Killing vector field associated with the axial
symmetry of the background) gives non-degenerate control of higher order time (and mixed
time) derivatives. This is carried out in Section 4.3.4, for a linear inhomogeneous problem.
Commuting with 7" and & is trivial, however, commuting with N generates non-vanishing
commutator terms. On Schwarzschild-AdS (indeed, as was done on AdS in Chapter 3),
one could also commute with the angular momentum operators (without generating further
additional bulk terms) to control the missing angular derivatives. However, outwith spherical
symmetry, one must take more care. There are many ways to resolve this (and the terms
generated by commuting with N') but, for simplicity, here this is achieved in Section 4.3.2
by constructing estimates from the equation (1.3.1). Note that the estimates obtained in
this manner are not optimal. In particular the L> Sobolev embedding (Theorem 4.3.14) one
can prove using these estimates gives only rz decay of v, |[V4|. One could improve these
estimates by commuting with the angular momentum operators and treating the resulting
bulk contributions as error terms, yielding r~ 3 decay of ¢ (as in Theorem 3.3.5 on AdS
space) and angular derivatives with a stronger weight [rYV1|, plus further improvements,
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depending on the Breitenlohner-Freedman bound. However, it will become clear that the
weaker decay is sufficient to close the argument, even in the nonlinear case.

To control all missing spatial derivatives at general order, we require a four level hier-
archy of L? estimates, which appear in Section 4.3.2. The first level (I) in the hierarchy
controls general derivatives D79 on the “far” region (where 7" is uniformly timelike). These
elliptic estimates are stated in Section 4.3.2.1. Level (II) controls derivatives of the form
N1T729% D2y i.e., those which involve only two derivatives in general spatial directions,
on the entire exterior region. These estimates are derived in Section 4.3.2.2. Level (ITI) con-
tains the “near” region analogues of those estimates at level (I), and are derived in Section
4.3.2.3. Finally, the fourth level (IV) of L? estimates, appearing in Section 4.3.2.4, control
general derivatives D7 on the entire exterior region.

I Estimating D?¢ on the “far” region

To construct the elliptic estimate of Proposition 4.3.7 (appearing in Section 4.3.2.1), we begin
by estimating all second order spatial derivatives on the “far” region (captured by Proposition
4.3.6). To do so, we rewrite the equation (1.3.1) (in regular (t*,r, 0, ¢) coordinates) in the
form

(A + g0 + 27040, ) =0y + arp + ... ., (4.1.9)

where A denotes the Laplace-Beltrami operator of the spheres of constant (t*,r). The ...
represent terms controlled by the first-order energy and the energy after one commutation
with the Killing vector field 7. On the “far” region, where T is timelike, the operator in
brackets on the left-hand side of (4.1.9) is elliptic. Via a standard argument, this allows one
to control all spatial derivatives on the “far” region by commuting with 7" and an estimate
for F (see Proposition 4.3.6):

/ 5(7“)(’W2¢‘2+T2‘V3r¢\2+7“4(831/))2)Terdw
S

§0<E[¢] (t*) + E[Ty) (") + /E (0,0 + az/))Qer'rdw) ,

+*

for some C' > 0. Here, & (r) is supported on the “far” region where T is timelike. Successively
applying O, to (4.1.12) and commuting sufficiently many times with 7" then allows one to
control all derivatives on the “far” region in this manner (Proposition 4.3.7):

Z 5(7‘)7“2”2 (V7 0720734 |*r3drdw

o=k ' Z¢*
<c ¥ [E[T“¢](t*) + /E ((Tﬁ(mgw +a¢))2 + (Dg(mgw +om/1)>2) TQdeW],
FE t
lyI<[552]

(4.1.10)
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for some C' > 0, k > 2. The last two terms on the right-hand side of (4.1.10) will eventually
be controlled by an estimate for F.

II(A) Estimating D21 on the entire exterior

To construct the estimate of Proposition 4.3.9 (appearing in Section 4.3.2.2) for derivatives
N1T72®% D2y we begin by estimating all second order spatial derivatives D?¢). To do so,
we first note that the second term on the left-hand side of (4.1.9) degenerates at the event
horizon (where ¢"" = 0). Furthermore, the third term carries a potentially bad sign which
plays a role outside of the large-r regime. To deal with the latter, we rewrite (4.1.9) as

A+ g7 00 =0y +ap + .., (4.1.11)

where the ... represent terms controlled by the first-order energy and the energy after one
commutation with each of the Killing vector fields 7', ®. Away from the horizon (where
g #0), (4.1.11) allows one to estimate all second order spatial derivatives by estimates for
the nonlinearity F and the energy after one commutation with each of 7', . To counteract
the degeneration at the horizon, we rewrite the 721 term on the right-hand side of (4.1.11)
in terms of the redshift vector field NV, which (close to the horizon) carries a non-degenerate
O, term:

gt*r gt*gb
N = (1+ V=)o, -

" Or — \/W‘%'

This gives
Ay + (g” + f(r))afw =00 + o) + O(%) N2y — ..., (4.1.12)

where £(r) is a cut-off function supported on the horizon and up to a finite radius. The
..., as before, represent terms controlled by the first-order energy and the energy after one
commutation with each of T, ®. Multiplying (4.1.12) by A4, integrating by parts on the

left and applying Cauchy-Schwarz on the right allows one to obtain control of WQw, Yo,,
provided care is taken with the r-weights which appear. The first two terms on the right-hand
side of (4.1.12) are controlled by estimates for the nonlinearity F. This gives

| (807 + #1900 )2

<C [Ew] (t*) + E[TY)(t*) + E[NY|(t*) + E[®](t*) + /E (O, + ap)*r*drdw|, (4.1.13)

¥

for some C' > 0. The integrand of the final term on the right-hand side of (4.1.13) will
eventually be replaced by F? and estimated. Estimate (4.1.13) does not close immediately
due to the presence of the E[Nv] term. However, this is eventually controlled by estimates
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for the N-commuted energy, which involve commutator terms supported on a compact r
region (see Proposition 4.3.16). We have that

E[l(r) + E[TY](7) + E[NYI(7) + E[®¢](7)

SFH+0[T,t;‘.mal] + FIrw[r,t;;l

nal]

v f {ck (EM () + BIT9)(™) + EING|(™) + B2y <t*'>)

+/Et* <y[D,N](¢)y+ ZyNUIT@chS(Nw-f)\>r2drdw]dt*’, (4.1.14)

|o<2

where E[Y], Fy+npre ) and Frope | are as above. Estimate (4.1.13) is then inserted on
the right-hand side of (4.1.14) to control the commutator term [(J, N](¢)) (which consists of
general derivatives up to second order). An appropriate estimate for F is applied to the final
term on the right-hand side of (4.1.14), and a Grénwall inequality is used (see the proof of
Theorem 4.5.2) in the manner of (4.1.8), giving

E[¢)(r) + B[TY)(1) + BIN¢|(r) + E[®¢](7) < C"exp(~B - 7), (4.1.15)

where C" is strictly greater than the constant C' appearing in inequality (4.1.8). Estimate
(4.1.15) now allows the second-order elliptic estimate (4.1.13) to close.

The second order radial derivative can then be controlled via the equation (4.1.12) itself,
by virtue of the fact that we now control all other derivatives which appear therein. This
yields (see Proposition 4.3.8)

/ (“W + T2W‘9T¢‘2+7”2(33¢)2>r2drdw

<c [EM (t) + E[Tv](t) + E[Nv] (") + E[0w](t) + /E (O, + a)2r2drdw |

¥

<clon(-5 7+

(O, + aw)2r2drdw] : (4.1.16)
pop

for some C' > 0.

I1(B) Estimating N?'7723° D2?1) on the entire exterior

To produce the higher order estimates in this level of the hierarchy (Proposition 4.3.9), we
successively commute (4.1.12) with N, T" and ® and repeat the same procedure. Since N
does not commute with U, , .., doing so generates additional terms at each step. However,
these terms are always of lower order in N and involve at most two general derivatives, so
are immediately controlled by lower order estimates. This gives (see Proposition 4.3.9)

> / ((AF”¢)2+r2]W8TF”w|2+r2(8fF”z/))2)errdw
St

lo|l=k—2
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<c Y { o] (¢ /E ) <FB(ng)+aw)>2r2drdw}, (4.1.17)

|o|<k—1,
|5\Sk—2

for some C' > 0, k > 2, where I'? = N71T72973,

ITII(A) Estimating N7'7T°2®729321) on the “near” region

Before estimating all general derivatives at level IIT (Theorem 4.3.10), as is carried out in
Section 4.3.2.3, we note that (4.1.17) implies the estimate

[ 3 emeraropariaas
Sy

<C Z {E[F“@/J](t*) +/2* (FB(Dg@b—I—aw))zrzdrdw], (4.1.18)

for derivatives of second order in dy. Here, £(r) (as above) is supported on the “near” region,
where N has a non-vanishing r-component. As such, it only remains to control derivatives
NoT72 973074 for oy > 2.

ITI(B) Estimating Dt on the “near” region

Let us demonstrate how to estimate 1), 9.
Rearranging (4.1.9) so that only terms involving Jp derivatives remain on the left-hand
side, one has

00

\/%ag(\/ydet )0 + B9(g")0) + &b = O +ap + ..., (4.1.19)
ety
where ... represent terms controlled on the “near” region by the first-order energy and

estimate (4.1.18). Applying A to (4.1.19) gives

A( \i&t - 9p(+/|det ) Bptp + Dp(g°*) gt + A¢) = AOg0 + ap) + ... (4.1.20)

The ... on the right-hand side of (4.1.20) involve terms with derivatives of at most second
order in 6, and so are controlled by (4.1.18). The first term on the right-hand side of (4.1.20)
will eventually be controlled via an estimate for F. Multiplying (4.1.20) by A4, applying
the Cauchy-Schwarz inequality to the right-hand side and integrating the Azwﬁw term on
the left-hand side by parts in the angular directions gives control of the d31 derivative. The
other terms on the left-hand side of (4.1.20) can be absorbed via e-Cauchy-Schwarz. This
gives the estimate

&(r) |Y731/J |*r?drdw

S

79



<} { Tey)(t /E ((rﬂ(mgw + oa/))>2 + (A0 + oa/))>2) Terdw],

|| <3,
1Bl<2

for some C' > 0.
Repeating with the higher order multiplier A%[} yields control of 9

. 5(7")|Y74¢\2T2drdw

<y [ Tey)(t /E ((Fﬂ(mgw + on/))>2 + (A0 + on/))>2) errdw],
|| <3, t*
18<2

for some C' > 0.
By successively applying A and higher-order At multipliers, one controls all 9§ deriva-
tives. Commuting with 7', N and & then gives (Theorem 4.3.10)

ST [ ey o ag g Prdrdw

o=k >0

<c ¥ {E[F“@b](t*) n /E ) ((Pﬁ(mg¢ + aw))Z + (8O + a¢)>2)r2drdw]

| <k—1,
|BI<k—2,

<[ 52]
(4.1.21)

for some C' > 0, k > 2.

IV Estimating D71 on the entire exterior

Finally, combining estimates (4.1.10) and (4.1.21) gives control of general derivatives on the
entire exterior, as appears in Section 4.3.2.4 (Theorem 4.3.12):

Z 7272 |Y70182’33‘731/J|2 2drdw

jo|=k  Zex

<c ¥ [E[Paz/)] () + /E ) ((rﬂ(mgw + mp))2 + (D’;(Dgw + on/))>2) errdw],

la|<k-1,

|B|<k-2,
k—2

[vI< ’—T—‘

for some C' > 0, k > 2.

4.1.3.3 The nonlinear problem

Let us now turn to the full nonlinear problem. We once again consider a finite-in-time
approximation of the full nonlinear problem, analogous to (4.1.5) with a non-zero nonlinearity
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F on the right-hand side of the equation. This forms part of an iteration scheme (see Section
4.5.1) whose limit will provide the desired result for the full problem. Local well-posedness
for the finite-in-time nonlinear problems will not be proven here. However, it follows from
an adaptation of the linear well-posedness result [33], or an argument similar to that used
to prove Theorem 3.4.1 on AdS space.

The key ingredient of the proof of Theorem 4.1.1 is an energy estimate, in the spirit of
(4.1.6), but now with an additional term arising from the nonlinearity F:

Final
EW)(1) < P, )+ / (CRE[w](t*/)'f‘ /E I.F(w,az/))-vaolzt*)dt*’. (4.1.22)

t*

In order to proceed as before, using the assumed exponential decay and a Gronwall inequality
to derive exponential decay of E[i](7), one must be able to bound this new term appropri-
ately. Given that no null condition is required, this is easily insured, provided the general
Condition 4.2.4 is satisfied. In particular, one must ensure that an appropriately r-weighted
spatial L? norm of F and its derivatives is well-controlled by the energies (4.2.12). For sim-
plicity it is assumed (assumption (4.2.14)) that F is quadratic in the unit derivatives D)
(4.2.7). It is shown in Proposition 4.3.17 that this class of F indeed satisfies Condition 4.2.4.
The restriction on F could be weakened to allow for additional growth in » by commut-
ing with angular momentum operators to deduce stronger radial decay, as discussed earlier.
However, the class satisfying (4.2.14) can be readily adapted without additional decay to the
key application of interest, the Einstein vacuum equation in an appropriate gauge. This is
discussed further in Section 4.2.3.2. Condition 4.2.4 easily allows for more general nonlin-
earities than those of the assumed form (4.2.14), including higher order polynomials of D1,
as well as additional linear terms.

Provided F satisfies appropriate assumptions (see Condition 4.2.4), one may then pro-
ceed as in the linear setting, commuting (4.1.22) with 7" and the redshift vector field N
(Section 4.3.4) and applying a Gronwall inequality to derive exponential decay of the ener-
gies E[T*NPy] to sufficiently high order (Section 4.5.3). As was the case in the linear setting,
one must employ elliptic estimates and the equation to control the “missing” angular and
radial derivatives (as is done in Section 4.3.2).

4.1.4 Relation to the Einstein equation

It remains to present the problem in its wider context. The decay behaviour of solutions of
(4.1.1) is closely related to the question of stability of the Kerr-AdS spacetimes as solutions
of the Einstein vacuum equation (EVE)

1
R, — éRgW +Agu, =0 (4.1.23)
with negative cosmological constant A = _e% and the black hole stability problem, more
generally. In an appropriate choice of coordinates, (4.1.23) can be written as a system

of wave equations. As such, it is expected that Theorem 4.1.1 will play a central role in
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deducing existence of a class of exponentially decaying gravitational perturbations of the
Kerr-AdS black hole exterior. The technical details of applying Theorem 4.1.1 to (4.1.23)
will be carried out in subsequent work. In order to move from Theorem 4.1.1 to an analogous
statement in full gravity, one must deal with two concerns - firstly, the quasilinear nature
of (4.1.23); secondly, its gauge-invariance. The first concern is straightforward to address
- Theorem 4.1.1 is written as a statement for semilinear equations, purely for the purpose
of simplicity. One may easily extend to quasilinear equations mimicking the structure of
(4.1.23), as one need not capture a null condition in the nonlinearity. The insensitivity of
the scattering construction to trapping means, moreover, that no additional difficulties arise
from treating quasilinear nonlinearities. The key difficulty of working with (4.1.23) is rather
the second concern - that of fixing a gauge. There are many possible choices of gauge in
which to work with (4.1.23), harmonic and double-null gauge being two commonly used
in the literature. Let us address each of these in turn, highlighting their advantages and
disadvantages, and the degree to which they translate (4.1.23) into a system of equations
treatable via the methods appearing in this work.

In harmonic gauge, (4.1.23) takes the form of a system of quasilinear massive wave
equations, as derived by Enciso and Kamran [18] in their well-posedness result for (4.1.23)
in the asymptotically AdS setting. There, one sees that the system carries little in the way of
geometric structure and admits multiple different masses a. Each of these masses lies in the
range to which Theorem 4.1.1 applies (see the discussion in Section 4.2.3.2).° A drawback
of harmonic gauge particular to the scattering problem is that it is not well-adapted to
characteristic hypersurfaces on which one would like to pose data.

On the other hand, a double-null gauge is, by design, suited to characteristic hyper-
surfaces. Under this choice of gauge, (4.1.23) becomes a system of wave and transport
equations for spacetime null curvature components. Although the system of equations in
double-null gauge is considerably more cumbersome than in the harmonic gauge case, one
has the aesthetic advantage of wave equations admitting only the conformal mass o = 2
in (3 + 1)-dimensions. In linearised gravity with double-null gauge, two gauge-independent
curvature components, @l¥! for s = 42, satisfy the Teukolsky equations - wave equations of
the form (1.3.1) with masses o = 2.

Given that one expects, via an appropriate choice of gauge, that Theorem 4.1.1 can be
applied to (4.1.23) to obtain a class of exponentially decaying gravitational perturbations of
Kerr-AdS spacetimes, let us now address the wider context of the black hole stability problem.
Moschidis [47, 48] showed instability of pure AdS in the context of (4.1.23) in spherical
symmetry coupled to appropriate matter models. Previously, Bizon and Rostworowski [2]
derived an instability mechanism based on resonant frequencies and found instability for
the spherically symmetric scalar field using numerical methods. Moreover, Theorem 4.1.2
suggests that general perturbations of Kerr-AdS spacetimes decay insufficiently fast to allow
one to prove nonlinear stability. Thus the authors of [36] conjecture nonlinear instability®

SFurthermore, note that the Sobolev spaces used herein are mass independent, so treating multiple masses
is straightforward.

"One may see [27], for example, for work in this direction in the Kerr-AdS setting.

8Note, however, that linear stability of the Schwarzschild-AdS subfamily has been proven [28-30].

82



of the Kerr-AdS exterior as a solution of (4.1.23) (see also, however, the discussion in [14]).
As such, the class of exponentially decaying perturbations suggested by Theorem 4.1.1 are
expectedly non-generic.

4.1.5 Outline

This chapter has the following structure. Section 4.2 introduces the Kerr-AdS spacetime
metric and associated quantities, as well as some vector fields which will be key to proving
Theorem 4.1.1. The precise class of wave equations (1.3.1) considered and associated bound-
ary conditions are then specified. Finally, the energy spaces in which the analysis is carried
out are defined, and some important energy quantities recalled. Section 4.3 presents several
physical space estimates which will be key for the proof. In Section 4.4, the main result
(formulated informally in Theorem 4.1.1) is presented rigorously as Theorem 4.4.2. Section
4.5 is concerned with the proof of Theorem 4.4.2.

4.2 Preliminaries

Before presenting the main result, the set up and key quantities are noted here. Firstly,
in Section 4.2.1 the Kerr-AdS metric and relevant spacetime vector fields are introduced.
The equation, associated boundary conditions and scattering problem formulation follow in
Section 4.2.3. In particular, the class of nonlinearity F in (1.3.1) is specified at this stage.
Section 4.2.2 presents the energy spaces in which solutions of the scattering problem will be
analysed.

4.2.1 The Kerr-AdS family of spacetimes
4.2.1.1 The spacetime manifold and metric

For fixed negative cosmological constant A = _z%’ the Kerr-Anti-de Sitter (Kerr-AdS) space-
times are a two-parameter family of solutions (M’ ¢’) of the Einstein vacuum equation
(4.1.23). Each fixed choice of mass M > 0 and each angular momentum a such that (1.3.4)
holds, where r (the largest real root of A_, see (4.2.2) below) is the event horizon radius,
give a stationary, axisymmetric, rotating black hole with metric

A_ — Aga®sin®0 _ 1 ( , (( 7"2> E)) )
=— At + ———— (A, —a®sin® 0| 14+ —= | + = ) |dr? + —d#?
g by B(1+ )2 + /2 /2 A,

N Ag(r? + a®)? — A_a*sin® 0 Ag(r? +a*)? — A_

=5 sin? fd¢? — 2 = asin® fdeodt”
2 2M 2 2a sin? 2M
i ( L2 in? 0) drdy — 2asin 0 (1 22 T)dQsdr (4.2.1)
(1+m)\ 3 ¢ (1+%) =
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in coordinates (

r,0,¢) on the exterior region M =R x [ry,

2
AL =(r +a2)(1+ 62) +2Mr

o0) x S2. Here
¥ =1r? +a’cos’ 0
2 2
a _ a
Ag—l—g—gcos 6 ::1_6_2’ (4.2.2)
One can check that Anti-de Sitter space and the one-parameter Schwarzschild-Anti-de Sitter
family arise as special cases for the choices a = M =0, or a = 0, M > 0, respectively.
We shall denote by SZ, the sphere at a given time ¢* and radius r, with induced metric
Ng(r? + a? A_a’sin®6
g —d92 9( ).—2
=2

ny. =

t*

r

in Figure 4.1. We shall denote by ny,. their future-directed unit normal vector
V=40,

sin? fd¢>
The spacelike hypersurfaces ¥« of constant ¢* foliate the exterior region {r > r, }, depicted

and by voly, , their induced volume form

g"?
\/W

\/W

VO]‘Et* - :

(4.2.3)

sin 04/ —gt" " drdfde.
We collect here the asymptotic (in ) behaviour of the inverse metric components g
g

. 1 . 1 1
e — O(ﬁ)a g O<T2>, 996 == O(ﬁ)’ gd)(z) = O(ﬁ)
. 1 . 1 , 1
g :O<ﬁ)’ 9t¢:0(ﬁ)’ 9¢:O(,,Tg)
and determinant

(4.2.4)
det g = O(r?)

large at infinity

which will be applied in later estimates where it is key that r-weights do not become too
by the relations

(4.2.5)
One may alternatively employ Boyer-Lindquist coordinates (¢,7,0, ¢), defined implicitly
de*

B 2Mr % a=
dr A_(1+%)

_aE dt*
dr A

d¢
=1
dt

from this point onwards

=1
d¢

Then the metric (4.2.1) takes its, perhaps, more familiar form (1.3.5). However, since Boyer-
Lindquist coordinates become irregular at the event horizon H*, we shall work in (¢*,7, 6, ¢)
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4.2.1.2 Vector fields

One immediately obtains from (4.2.1) that the coordinate vector fields T = 0y, ® = 0, are
Killing. However, T' is not uniformly timelike in the black hole exterior. As such, we will
use a uniformly timelike vector field

NKAdS:T+£(T>K g(T):{lonTSTO , Ty <rp<r;<oo (426)
Oonr>mr
to obtain coercive energy estimates. Otherwise, control of derivatives transverse to the
horizon degenerates. Throughout, 7 is a fixed radius such that 7" is uniformly timelike on
r > 1o, 1 > 7T is a sufficiently large (depending on a) fixed radius (see Lemma 4.3.2) and
&(r) is a positive function, interpolating smoothly between its two cases. For simplicity, we
choose Y to be the future-directed unit normal (4.2.3) to the spacelike hypersurfaces .
Let us now define the set of commuting vector fields

I'rcadas € {Nkaas, T, P}.

From now on, we drop the ‘KAdS’ subscript. We shall denote by o = (01,09, 03) a multi-
index with entries 0;, i € N, and length |o|= >, 0;. A general concatenation of the I'-vector
fields will be written as

7 = N7 %,

These will be applied to the equation (1.3.1) in order to generate estimates for the solution
¥ to sufficiently high-order.
Moreover, define the sets of normalised spacetime derivatives

De {lat*,rar, Low, law}, De {@*,r&, Low. law} (4.2.7)
T T T T T

in terms of which the definition of the class of nonlinearity (Section 4.2.3.2), the Sobolev
embedding Theorem 4.3.14 and Theorems 4.4.2-4.5.2 will be stated. General concatenations
of these derivatives will be denoted in a similar manner as for the commuting vector fields,
with multi-index o = (0y, ..., 03). For example,

1 70 1 7271 7
- () o () ()"

We denote the purely spatial normalised derivatives r0,., %89 and 71:8¢, by D,.

4.2.2 The energies

We define the following weighted, non-degenerate energies on Kerr-AdS.? It will become
clear that these arise when integrating the energy identity (A.0.1) with X = N and its
commutations over an appropriate spacetime region.

9These are equivalent to the Cartesian “twisted” energies appearing in [18] when one restricts to Dirichlet
boundary conditions.
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Definition 4.2.1 (Sobolev norms on spacelike slices of KAdS). Let ¢t* be a fixed time. Then,
for each £ € N we define the Sobolev space

Higas(Ze) = {90 : [y, 00) % 8152*,7’ —R| ||¢‘|§I§Ads(2t*)< oo}

of scalar fields v on ¥+ associated with the energy

1l s = /E [T%(at*zp)ur?(ar@p)u|W|2+¢2]r2drdw (4.2.8)

and, for k > 2,
o3|y 1to1 9oz gos 2 1 9p2 1
[T —/Z [ > (rz VT 92 |2 2ee (901 OF ¢)2> + ﬁ(8§¢)2] r2drdw.
¥ ol<k—1,
|P||§l€‘7§ﬂ1§1k—1

(4.2.9)
We also define the following LP-norms on spacelike slices of Kerr-AdS.

Definition 4.2.2 (LP-norms on spacelike slices of KAdS). Let t* € R be a fixed time. Then
for p € {2, 00} we define the spaces

Ly aqs(Zee) = {0« [r4,00) x S, = R | [[¢][7 < 00}

KAdS (%)

of scalar fields ¥ on ¥+ associated with the norms

11122 )= /ZWJI2 2drdw,  [[¥llrze, om0 = SUDlY].

t*
In terms of these Sobolev and LP spaces, we define the following classes of functions of
time and space.

Definition 4.2.3 (Function spaces of the solution on KAdS). By CHY¥ , s, we denote the
function space

k—1
CHKAdS = {w M — R ‘ 1/} - ﬂ C Rt* HK;dS(Et*)> and w - Ck(Rt*' KAdS(Et*))}

q=0

of scalar fields 1) on M.

4.2.3 A class of nonlinear wave equations

In this chapter, we study the nonlinear wave equation!®

Oy 4+ ap = F, a < %’ (4.2.10)

0The restriction a < % is known as the Breitenlohner-Freedman bound. This assumption ensures that
(4.2.10) is well-posed, given appropriate initial and boundary conditions, in the general asymptotically-AdS
setting [33].
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for v € CHY ,,5(3+) with fixed k > 9 where F is a smooth function of the spacetime coor-
dinates, the solution ¢ and its normalised first-order derivatives D1 (4.2.7). In the following
sections, we introduce appropriate boundary conditions before discussing the assumptions F
satisfies and how this relates to the Einstein vacuum equation in harmonic gauge. We then
state the scattering problem to be studied.

4.2.3.1 Boundary conditions at future null infinity

Given that the Kerr-AdS spacetime is not globally hyperbolic, equation (4.2.10) must be
paired with an appropriate boundary condition along the timelike conformal boundary Z.
In this chapter, we restrict our attention to a particular choice in the reflective category,
Dirichlet boundary conditions:*!

9
—a, (4.2.11)

3_s
r2*lz=0, s= 1

o3 o
where we write 72|z to mean the limit

lm 72 5(t, r, 0, ¢)

r—00

for each fixed (t*,0, ¢).

The methods used herein easily extend to include Neumann or Robin boundary condi-
tions. However, one must use the formalism of twisted derivatives introduced by Warnick
[54]. Dirichlet, Neumann and Robin boundary conditions were treated in this manner in the
linear setting by Holzegel and Warnick [40].

It is worth noting that, since we do not commute with angular momentum operators
(and therefore only show Pz decay of ¥, not the ro2s decay of Theorem 3.3.6), we do not
explicitly prove here that ¢ attains this boundary condition. However, this is known from
the well-posedness theory where angular momentum operators are utilised [34].

4.2.3.2 A general nonlinearity involving derivatives to first-order

In order to close the estimates appearing in this chapter, we require a general condition
on the nonlinearity F (similar to Condition 3.2.4) on AdS space). This is encoded in the
following estimates.

Condition 4.2.4 (The required estimates for F on KAdS). The right-hand side F of equa-
tion (4.2.10) must satisfy

Z INTT20% 2 5,0< Cul[¥llar, o0 (H@ZJHHKMS(&*) ;

lo|<k—1

p
> ITFI, waS Ckilwilmsw(HMIHKMS@»)

RN

(4.2.12)

'Note, the boundary condition is only really necessary in the range % <a< % where it excludes the

Neumann branch of the solution. Otherwise, an assumption of finite energy suffices.
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for some k > 9, Cy, Cj, > 0 and n, p > 0.

Condition 4.2.4 allows for a very general class of F. However, for simplicity, we shall
restrict our attention to a nonlinearity which is quadratic in the first order normalised deriva-
tives D) (4.2.7) of the solution. In terms of the frame

1 1 1
eg=—0p, € =10, ey=—-0p, e3=—0y, (4.2.13)
r r r
we shall write
F=F"(t,rb,¢)-ee. (4.2.14)

Here, FF : M — TM ® TM is a (0,2)-tensor with components F,, : M — R which are
smooth, bounded (with respect to the frame e;) functions'? with uniformly bounded T', N,
®, e, and ey derivatives up to order k£ — 1. By Proposition 4.3.17 below, the nonlinearity
(4.2.14) satisfies Condition 4.2.4 with n =1, p = 3.

It is worth noting that the restriction to nonlinearities of the form (4.2.14) is not nec-
essary to close the argument of this chapter. One can readily extend to include quasilinear
equations, as well as more general F satisfying the obvious analogue of Condition 4.2.4. This
includes, for example, higher order polynomials in D), as well as additional linear terms with
suitable asymptotics. Furthermore, one can treat systems

9
Dy + gy = Fjs <,
of equations with the F; satisfying the obvious analogue of Condition 4.2.4. Notably, one can
also allow for F to have some additional growth in r by bootstrapping stronger r-weighted
norms of ¢ in the proof. This can be done (although we will not do this here) via commuting
with angular momentum operators and performing an additional round of elliptic estimates.

j=1,..0

The Einstein equations in harmonic gauge The generality of Condition 4.2.4 will, in
particular, allow for treatment of the Einstein vacuum equation in later work. To see that
this is possible, in principle, let us consider the Einstein equation in harmonic gauge. In
[18], the Einstein vacuum equation in harmonic gauge is written symbolically, in (¢, z, 0, ¢)
coordinates, in terms of a conformally rescaled metric g = 22g ({x = 0} corresponds to Z)
as

1(9)

X

87 + 02(9)

=0

_ _ SN a
Qg) =7 '0°7 + ao(9)090g +

Here, the a;(g) are smooth functions of x and g. Due to the blow-up of some terms in the
above towards the conformal boundary, the authors perform a technical process of renormal-
isation to obtain a system of nonlinear wave equations which can be treated via an earlier
result for scalar waves [17]. The solution is written as a sum

g=7v+h, h=x2u

2This is modulo the standard degeneration of the frame 19y, 19, on 52
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of terms 7 and h which contain the most (respectively least) singular behaviour at the
boundary. The authors construct the approximate solution v of Q(v) = 0 algebraically from
the boundary data, iteratively constructing v, such that Q(v,) = O(x*~!) and setting v = 7,
for ¢ sufficiently large. After fixing v, they solve a tensorial equation

1 F(g !
Pau— -+ Lo +/ 24 B(u, 20u)do (4.2.15)
€Tz € 0

for u. Here, F(g) is smooth and B is quadratic, with smooth coefficients depending on
2y + oxzu. The principal part of P, is the wave operator [l of the rescaled metric. Having
fixed v = 7, for large enough ¢, the highly singular weight in the first term is counteracted.
This problem reduces to first ignoring the tensorial nature of equation (4.2.15) and solving
a system of scalar equations

Lya,u; =Nj, j=0,.,3. (4.2.16)

1

Here, the left-hand side L, u; is related to a scalar wave equation with mass 3 a; <0via

Dgwj + Oéj?/]j = [1 —|— (’)(xz)]x%Lg’ajuj, % = .CU%U] (4217)
and the right-hand side Nj schematically looks like
N; = x%uf + x%ujauj + x%(ﬁuj)Q. (4.2.18)
This gives, via relation (4.2.17), a system of scalar wave equations

for ;.

Local well-posedness of scalar wave equations of the form (4.2.10) with quadratic nonlin-
earities F akin to the quadratic (in ;) term on the right-hand side of (4.2.19) was proven
in an earlier paper of the authors [17]. In particular, in that setting, equation (4.2.10) with

§ 9
F=Fr(t,2,0,0) e apép, F* =29Fr(t* 2,0,¢), q>2+ ’/Z —a,  (4.2.20)

was considered. Here F" : M — R are smooth, bounded functions and ¢é; is the frame anal-
ogous to (4.2.13) in (t*, 2,6, ¢) coordinates. Since the masses «; of the system of equations
(4.2.16) satisfy o; < 0, the relevant nonlinearity F of the form (4.2.20) has weight 27 with
q> %, as appears in the final term on the right-hand side of (4.2.18).

We note that the class (4.2.20) of nonlinearity considered in [17] is strictly smaller than
that (4.2.14) treated herein, due to the requirement of weights which decay in r. Most
importantly, one can show that Condition 4.2.4 applies to all terms appearing on the right-
hand side of (4.2.19).

13Tt is worth noting that equations (4.2.10) with “positive mass” a < 0 are easier to treat than the
more general equations treated herein. In particular, the corresponding energies are automatically coercive,
meaning that the additional work appearing in Section 4.3.1 is not required if one restricts to these masses.
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4.2.3.3 The scattering problem for nonlinear waves

All that remains is to supplement (4.2.10), (4.2.11) with appropriate scattering data hy-+
on the event horizon H*. It will become clear in subsequent sections that this scattering
construction requires that hy+ decay at a sufficiently fast exponential rate in t*. That being
said, the scattering problem we will study in this chapter is

O =
{ Vv =7 (4.2.21)

w’}ﬁ: hy.ﬁ, 7"%781/)’1: 0, s= % —Q

where we seek a solution ¢p € CHY. ,,¢ for k > 9. From Proposition 4.3.17 onwards, we will
restrict our attention to F satisfying assumption (4.2.14).

4.3 Key estimates

Here, we collect a number of estimates which will be key in proving the main result. Firstly,
in Section 4.3.1, coercivity of the energies is derived. This is followed in Section 4.3.2 by
elliptic estimates for spatial derivatives. In Section 4.3.3, these elliptic estimates are applied
to derive an L* Sobolev embedding on the spacelike slices ¥;«. Finally, in sections 4.3.4
and 4.3.5, the previous estimates are appealed to in proving the k'"-order energy estimates
which are central to the proof of Theorem 4.1.1.

4.3.1 Coercivity of the energy

In order to prove Theorem 4.1.1, one must be able to prove coercive estimates. By direct
calculation, one finds that the (degenerate at H™) T-energy

/ Jg[w] -ngt* -vols,.
Zt*

1 o

. A -
25/ {_ 9" (Orv)’ + ?(87"1@)2 + VY[ 429" 0,401 — 7 ?| Zdrdw (4.3.1)
e =

carries a zeroth-order term of bad sign.'* As was the case on Anti-de Sitter space (see
Proposition 3.3.1), it will become clear in the proof of Lemma 4.3.2 that ensuring positivity
of this energy requires stipulating the Breitenlohner-Freedman bound o < %. An analogous
zeroth-order term also appears in the non-degenerate N-energy

/ T[] nk,,, - vols,., (4.3.2)
I

4One must also deal with the 0r1p0y1p term, however, this can be absorbed by other terms via an appli-
cation of Cauchy-Schwarz away from the horizon.
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with which we will work throughout this chapter, where now the coefficient is a different
function —C, (with Cy = 7 for v > ry). Trivially, for some C' > 0 one has the estimate

b b
/ Jiv[w] -nk - voly, + C{/ %@f:drdw + / Co?=drdw
>, ! S.n{r>r1} ¢ = Srn{r<ri} -

>3

Kads(®r)?

however, we will show in Lemma 4.3.2 that the term on the “far region” r > r; can be
dropped. In Lemma 4.3.3, it will be shown that the term on the “near region” r < r; can
be exchanged for a spacetime term on a compact in r region.

We prove the following coercivity statement for the N-energy.

Proposition 4.3.1 (A coercive estimate for the non-degenerate N-energy on KAdS). Let
¥ be a solution of (4.2.21) in CHj, ;5 with first time derivative in C([r,7']; L*(X;+)). Then
the N-energy (4.3.2) of ¢ satisfies the coercive estimate

/ IV ks - voly,.
s,

- by by
+ C, [/ V?=drdw + / (1&2 + (815*7,/1)2) :drdwdt*]
ET/Q{T‘<T'1+5} = D[T’T/]Q{T<T1+(5} =

>[I

KAdS (ET)

(4.3.3)

for an appropriately chosen constant C, depending on the mass «.

Note that the implication

101632 C | TEE] -, - vols,

in the other direction is trivially true for some positive constant C.

Proposition 4.3.1 will be applied to the finite-in-time problems (4.5.1) in Section 4.5. In
that setting, the integral on ¥, appearing in (4.3.3) vanishes and so Proposition 4.3.1 shows
that the N-current J™[¢)] controls the H} 4,5 norm of ¢ up to a spacetime term:

J T A"

supported away from infinity. This term can then be dealt with via a Gronwall inequality.

Proposition 4.3.1 follows from two estimates: one on the “far” region r > r; where
N = T, and one on the “near” region. The former is a Hardy inequality, adapted from
[34, Section 5.1], the proof of which demonstrates the importance of the aforementioned
Breitenlohner-Freedman bound a < %. This result is as follows.
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Lemma 4.3.2 (A “far” region Hardy inequality on KAdS). Let x(r) be a smooth, positive
cut-off function satisfying

0on7r<nr,
x(r) =
lonr>r+4,

for some § > 0, and increasing monotonically on [ry, 7 + d], where 7, is sufficiently large
with respect to a. Then for a solution ¢ of (4.2.21) in H) 4;5(3¢), one has that

/Z x(7) {%(Z‘WV - %uﬂ] %drdw >0

On the “near” region, the zeroth order term of the N-current JV[¢)] is estimated via a

spacetime term in order to derive the following coercivity statement.

Lemma 4.3.3 (A “near” region estimate for the non-degenerate N-energy on KAdS). Let
¥ be a solution of (4.2.21) in CH}, 4,5 with first time derivative in C([7, 7']; L*(3;+)). Then

b b b
/ P =drdw < / Y =drdw + C/ {1/}2 + (at*¢)2] —drdwdt*,
S.0{r<ri4+6} = son{r<ri+6} = Dy, " {r<ri+d} =
(4.3.4)

[\

for some C' > 0.
We begin by proving Lemma 4.3.2.

Proof of Lemma 4.3.2. We adapt the proof of coercivity of the T-energy from [34, Lemma
4.1] as follows.
Firstly, we have that

«

(0%
2=
ZENS

2=
€ — J X

x(r)?*Sdrdw < x(r)*(r?* + a®)drdw. (4.3.5)

Integrating the right-hand side of (4.3.5) by parts and applying the Cauchy-Schwarz
inequality, one obtains

/Z x(r)?(r* + a®)drdw (4.3.6)

:/ %X(T)W& <7"3 —r3 +3a*(r — m))drdw
Sy

== [ 30—t s ) [x00wa + o) ara
S O 2

NI

[r? — 3 +3a?(r —ry)]

< ( / ) X + a2>drdw) % ( / oG - 2drdw)
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—:é*%(ﬁ—wﬁ44m%r—r+00AX@»w%V¢u (43.7)

<([ §xow s aa) % ([ v ron =l g

r2 + a2

where the final inequality follows from the fact that the second term of (4.3.7) is negative.
Thus,

[ — 13 4+ 3a*(r — ry)]?

R drdw.

| e s ety < [ @)

Now, provided that the cut-off radius r; is chosen sufficiently large (depending on a), we
have that

[A ) [r3—ri+3a2<r—r+>}2] -0
(r? + a2)e2 x(r)#0
implying
A 9
/ x(r) [E(aﬂbf - %W} =drdw >0 <<= a< T
Zt* [a—
as required. ]

Next, we prove Lemma 4.3.3 which covers the remaining “near” region, r < ry + 9.
) b

Proof of Lemma 4.5.3. On the “near” region r < r; + 0, we estimate the zeroth-order term
of (4.3.2) by a spacetime term via the Fundamental Theorem of Calculus:

b
/ 2 =drdw
Srn{r<ri+é} =

!

T x
at* |:/ w2:drdw} dt*
Spn{r<ri+6} =

Oy (@zﬂ) drdwdt*

D[T ! ﬂ{T<T1 +6}

)y
:/ P2 =drdw — / 21) - at*¢:drdwdt*
= Dy, 11 ﬂ{r<r1+6} =

by
D[T T/]Q{T<T1 +6} =

~N{r<ri+0}

b
s/ ¥’ {w+@wﬂ:mmw,
Son{r<ri+6} =

for some C' > 0. Here, (4.3.8) follows from the Cauchy-Schwarz inequality. m

Dy, {r<ri+d}
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Proposition 4.3.1 follows as a straight forward corollary of Lemmas 4.3.2 and 4.3.3.

Proof of Proposition 4.3.1. By Lemma 4.3.2, the N-energy is coercive on the “far” region
r > ry + 0. Then, by adding an appropriate multiple

~ by by
Cha {/ Y?=drdw + / {wQ + (3t*w)2} :drdwdt*}
X n{r<ri+6} = Dy, {r<ri+d} =

of the right-hand side of the estimate appearing in Lemma 4.3.3 (choose, say, C, = 2C,,
where C, is the coefficient of the zeroth-order term in (4.3.2)), one obtains the desired
result. O]

By commuting (4.3.3) with I' and applying the elliptic estimates appearing in the next
section, one obtains analogous higher order coercive estimates for v sufficiently regular.

4.3.2 [? estimates for derivatives of order > 2 in space

The estimates appearing in this section will allow us to control higher-order angular and
radial derivatives of the solution . This allows one to avoid bulk terms generated by
commuting with the angular momentum operators, as we did with no issue in the spherically
symmetric Anti-de Sitter setting. We will prove a four-level hierarchy of estimates - the first
for general derivatives on the “far” region, the second for derivatives of the form I'? D%
(where only two derivatives are in general directions) on the entire exterior, the third for
general derivatives on the “near” region, and the fourth for general derivatives on the entire
exterior.

We begin with preliminary second order elliptic estimates for angular derivatives, first
on the spheres St%m and then on the spacelike slices >;«. The first is given on the Kerr-
AdS spheres 32*7 at fixed time and radial distance, but holds for more general topological
2-spheres.

T

Lemma 4.3.4 (An elliptic estimate on the topological 2-spheres Sf*ﬂn of KAdS [9, Prop
4.4.3]). Let ¢ be a sufficiently smooth function on S . for t*, » > 7+ fixed. Then

/S2 (A¢)*dw 20/2 (|W2¢\2+2K\W¢y2)dw, (4.3.9)

t*r t*r
for some ¢ > 0, where K is the Gauss curvature of S7. .

Note that the K term in (4.3.9) can be negative, however, when it comes to applying
Lemma 4.3.4 to prove Proposition 4.3.8 it will be treated as a lower-order term. As such,
the sign does not matter.

Under assumption of sufficient regularity of ¢) on the entire spacelike hypersurface >,
one immediately obtains the following result as a consequence of Lemma 4.3.4.
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Corollary 4.3.5 (An elliptic estimate for second-order angular derivatives on spacelike slices
of KAdS). Let ¢ be a function in Hz ,;5(3:). Then

/ (A¢)*rdrdw >c / (|Y72¢|2+2K|W12>r2drdw, (4.3.10)
I 3

for some ¢ > 0, where K is the Gauss curvature of SZ ..

Given Corollary 4.3.5, we next recall some elliptic estimates on the “far” region.

4.3.2.1 Elliptic estimates for general derivatives on the “far” region (I)

We first recall the standard (see, for example, [33]) second-order elliptic estimate one can
prove on the “far” region (outside of the ergoregion) on which 7" is everywhere timelike. This
requires appealing to Corollary 4.3.5 and commuting once with 7.

Proposition 4.3.6 (A “far” region second-order elliptic estimate on KAdS). Let ¢ be
a function in H% ,,4(3) satisfying Dirichlet boundary conditions (4.2.11) and &(r) be a
smooth, positive cut-off function satisfying

~ 0 onr < rg,
10117’27’0—1—5

for some & > 0 such that To +6< r1, and increasing monotonically on [rq, ro + 5] Here, rg,
r1 are as in Section 4.2.1.2. Then we have that

| en(i9rvrrigot et om? ) tard
e
SC(||¢| |§{}<Ads(2t*)+||Tw||?q}mds(zt*)+/E Oy + aw)QTQdew), (4.3.11)

for some C' > 0.

Proposition 4.3.6 is a result of the fact that one can write the wave equation (1.3.1) as

1 .
\/m@' (9” V \det g‘aj"w

. y 1 .
=0¢ — ¢"" 0pp — 29" 0.05) — ———=0,(¢" "\/|det g]) Db, (4.3.12)

\/|det g|

for i = r, 0, . The left-hand side of (4.3.12) is an elliptic operator on the region where gs,.
(the induced metric on the slice ¥;+) is positive definite. This is precisely where one has
=2 [ A

det gx,. =

2
5 | sind Aa} >0,
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the same region on which 7" is timelike:

Gt = Ty m -

in? A_
g~ ] <0

Integrating (4.3.12 by parts gives control of W2¢, YO,1p. The remaining 0% can then be
controlled directly by (4.3.12), given that one controls all other terms.

By successively applying 0, to (4.3.12) and repeating these steps, one obtains the fol-
lowing higher-order result.

Proposition 4.3.7 (A “far” region k''-order elliptic estimate on KAdS). Let 1) be a function
in HY ,,5(34) for k > 2 satisfying Dirichlet boundary conditions (4.2.11) and &(r) be as in
Proposition 4.3.6. Then we have that

Z E(r)r22|\ V7 97207 | 22 drdw

lo|=k pIN

<C ) {HT%H%}WS@J /E ((Tﬂ (O + aw>)2 + (D;(Dg¢ + mp)>2) r2drdw},

o] <k—1,
|B|<k—2,
<452

for some C' > 0.

We can now proceed to estimate derivatives I'?D?¢ on the entire exterior, which will
subsequently allow us to construct estimates for general derivatives on the “near” region.
These will eventually be combined with Proposition 4.3.7 to control general derivatives on
the entire exterior region.

4.3.2.2 Estimating spatial derivatives of at most second order in general direc-
tions on the entire exterior region (II)

We first derive an elliptic estimate for second order spatial derivatives on the spacelike slices
Y+. This requires appealing to Corollary 4.3.5, commuting once with 7" and commuting
once with the redshift vector field N in order to counteract the degenerate (at the horizon)
g"" weights appearing in the estimate involving T alone. One commutation with ® is also
employed, in order to deal treat a mixed angular-radial term of potentially bad sign. This
result will then be generalised to a statement for higher order spatial derivatives of the form
' D4 via successive commutation with the commuting vector fields T

Proposition 4.3.8 (A non-degenerate second-order elliptic estimate on spacelike slices of
KAdS). Let ¢ be a function in H% ,,;¢(2¢) satisfying Dirichlet boundary conditions (4.2.11).
Then we have that

/ (’VQ%/J‘Q%—TQ!War¢|2+r4(8fzp)2>errdw
S
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sc(uwuip

KAdS(Ef*

)JFHTW’?W S(zt*)H‘NwH%ﬂ S(zt*)ﬂ@i/}ﬂiﬂ

KAd KAd KAdS(Et*)
+/ ((mR —|—a1/1)2r2drdw> (4.3.13)
Zt*

for some C' > 0.

Proof. Let us consider the massive wave operator

Ut + atp

appearing on the left-hand side of (4.2.10) in regular (¢*,r, 6, ¢)-coordinates:

Oy + arp =g" " 0pp + g7 02 + 29" 20 Optp + 29" "0 0,
rr 00

g g
+ 0.(¢") 0 + —=—=0,(\/|det g]) 0,1 + ——=——==0p(+/|det g|) Dy}
|det g| V/|det g

t*r
+ 0p(g") Db + 297" 0y 0,1b + 0, (9" ") D) + g—ar(\/ |det g|)Dy-1)

V/|det g|

rd
T 0,(v/]det g])0stb + 0, (g")0ut) + Kb + o, (4.3.14)

_|_—
\/|det g|

By rewriting the 021 term in (4.3.14) in terms of N%¢, rearranging, multiplying by A and
integrating over a spacelike slice Y;«, one obtains

1 1 1 !
‘ /Et* |:T'_2N21/) + (ﬁ + f) 8t*0¢¢ + <7"_3 + f) &s*@w + (74—4 -+ f) 8t*¢ + (T + 5)8,4/)

+ %@w + (13 + 5) Ot + Ogtb + aw] A - r*drdw
r r

> C‘ /2 * [(QM + fQ(Qt*T)2>63¢ +€2(g")20%) + 2(g¢r n 529t*rgt*¢)8¢8r¢

+ ) + 4&#] Ay - ridrdw

: (4.3.15)

for some C' > 0. Note that by using the redshift vector field, the degenerately weighted
(¢""|,+= 0) second-order r-derivative has been supplemented with a non-degenerate near-
horizon term.

We estimate all terms on the left-hand side of (4.3.15), beginning with the first:

<(1 [ ) (0 % gl ) (Aot %

<1 (N2¢)2drdw+% / (Ay)drdw

2 s, S

1
‘ / —2N2w W.XIR r’drdw
v T
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KAdS

1 €
< |IN¥[in (Et*)+§/ (Ay)*drdw.
E Zt*

Here, € > 0 is chosen sufficiently small to allow for the £ weighted second term to be absorbed
by the (A)? term on the right-hand side of (4.3.15).

The terms on the left-hand side of (4.3.15) involving second-order t*-derivatives and
first-order derivatives respectively are dealt with similarly, yielding

/ K% + 5) O Opt) - A + (% + 5) OO - Aw] rdrdw
Py r r

Sig [‘Wat*¢’2—|—r2(arat*¢)2:| r’drdw + g/ (Aw>2r2d7“dw
P

P "

1 2 2.2
S%HTQZJHH}(AdS(Et*)—’_E /Zt* (Aw) redrdw

/ {(% + 5) Opt) - Ap + (1 + )0t - A + %%w A+ (lg + f) Op) - 4&/)} rdrdw
Py r T r

< L,ig(at*lb)Q +1r2(9,10)% + |777,/J\2] r2drdw + 26/ (A)*r2drdw
- Sy

1
< Il

—2e KAdS

(5,012 /E (Ay)*rPdrdw.

Analogously,

‘/Et* {(Dgw + o)) Ay - errdw‘ < 2_1€/zt (O, + a)2r2drdw + g /Et* (A)ridrdu.

Next, we determine what the right-hand side of (4.3.15) controls. Integrating the r-derivative
terms by parts and dropping boundary terms at infinity as a result of the Dirichlet boundary
conditions (4.2.11) gives

[ (s etap)ot ao-rarad
— /2* <gm~ + 52(gt*7~)2> {&«(37«1/1 . 4&/,) — - 87“4&/)} 2drdu

- /Z {— 3r(<g” + 52(gt*r)2>r2) B, - Aab

- (g” - §2<gt*r>2) (aw RO+ 0,(9)0) - Db + 0,(g%) O, - 8§¢> } drdw

+/ 52(gt*r)28r¢-4ﬁ¢-7“2dw‘
52

t*ory
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20’ / {r‘warwr%
Sy

v ( (o + €60 2)2 o vou

=00 ol g FUPre ard
(4.3.16)

1
ZC(/E [r4|775r¢|2_§7~2(4ﬁ¢)2] drdw — 2_€||w||12f—[}(Ads(gt*)> (4317)

for some C' > 0. Here, as before, ¢ > 0 is chosen sufficiently small. Inequality (4.3.16)
follows from applying the asymptotic behaviour of the inverse metric components (4.2.1.1)
and absorbing the small contribution of the boundary term on r, by other terms. Line
(4.3.17) follows from the Cauchy-Schwarz inequality. The second term on the right-hand
side of (4.3.17) can be absorbed on the left-hand side of (4.3.15), whilst the final term can
be absorbed by the (Aw)? term on the right-hand side of (4.3.15).

The mass term appearing on the right-hand side of (4.3.15) satisfies

‘ / a - A - r2drdw
Sy

1 2.2 ¢ 2.2
g—/zt* (ap)*redrdw + 5/ (Av)*r*drdw

2¢e I

2
a 2 € 2.2
Sy (o,

and so can be absorbed by other terms.
This leaves one terms of potentially bad sign on the right-hand side of (4.3.15). This
satisfies

/ 2<g¢r + §29t*rgt*¢) Dp0pth - Arp - r*drdw
Zt*

1
§C|:/Et* g(Aw)Qrszdw + 2_5||(I)w|‘%l}<Ads(Et*):| , (4318)
for some C' > 0. The first term on the right-hand side of (4.3.18) can be absorbed by
the (Aw)? term on the right-hand side of (4.3.15), whilst the second can be moved to the
left-hand side of (4.3.15).
For the Laplacian term on the right-hand side of (4.3.15), we appeal to Corollary 4.3.5.
The Gauss curvature term of bad sign on the right-hand side of (4.3.10) is of first-order, so

easily controlled via an application of the Cauchy-Schwarz inequality by ||| HY uss and
z*

absorbed by the left-hand side of (4.3.15). The remaining 65717& term on the right-hand side
of (4.3.15) is of good sign. Finally, the second-order r-derivative of ¢ is controlled via the
equation, yielding estimate (4.3.13).

O

In order to generalise the estimate of Proposition 4.3.8 to higher order derivatives I'? D1,
one must commute with N sufficiently many times and apply A™ as a multiplier for m > 0
sufficiently large. By doing so, one recovers the following result.
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Proposition 4.3.9 (A non-degenerate k''-order elliptic estimate on KAdS for derivatives
where only 2 of k are arbitrary). Let ¢ be a function in H¥ ,,o(3) for k > 2 satisfying
Dirichlet boundary conditions (4.2.11). Then,

=C Z {IIF“wIIHKAdS(Et*)+ /2 (Fﬁ(Dgwmw))Qr?drdw} (4.3.19)

la|<k—1, ¢
1BI<k—2

{W?rw%r?\Vraawy%r‘*(raafzp)?} r*drdw

for some C' > 0.

Proof. In order to control third order derivatives of the form I"'D?¢, we successively commute
(4.3.14) with T, N and ®. The process of proving the second order estimate can then be
repeated, applying higher-order multipliers A” as required to successfully integrate by parts.
Commuting with 7' and ® generates no additional terms, so the T'D?1), ® D1 estimates are
trivial. Commutator terms are generated in the ND?21) estimate, however, these are of at
most second order (in general derivatives) and vanishing near infinity so controlled by the
estimate of Proposition 4.3.8:

VO =g,V N LN (0,(" V/[etg]) )

1 v
el g) (9" /|det g0, ) + —’dt’

1
4 N(¢™/|det g)0,0,. 4.3.20
g (9""V/|det g])0,.0,1 ( )

Further commutations with N generate additional commutator terms which are also of at
most second order in general derivatives and of lower order in N. These can always be
controlled by estimates with fewer commutations. ]

Given Propsition 4.3.9, we can next estimate general derivtives on the “near” region.

4.3.2.3 Estimating general derivatives on the “near” region (III)

We would like to prove the following estimate, which gives control of general k*"-order deriva-
tives of 1 on the “near” region. This, combined with the analogous “far” region result
(Proposition 4.3.7) will allow us to control general k'-order derivatives of ¢ on the entire
exterior region, non-degenerately.

Theorem 4.3.10 (A non-degenerate k''-order “near” region estimate on KAdS). Let 1) be
a function in HY. 4;4(3+) for k > 2 satisfying Dirichlet boundary conditions (4.2.11) and let
&(r) be as in the definition of N (4.2.6). Then,

. P22 Y7 0207 b P2 drdw
[op) Sk—l
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<c ¥y [HF%HHMS@ -+ /E ((rﬁ(mgw + mp))Q + (L@ + azp))Q) errdw}

la] <k—1, t
|B|<k—2,

<[ 552]
for some C' > 0.

In order to prove Theorem 4.3.10, we require the following result which is immediately
implied by Proposition 4.3.9.

Proposition 4.3.11 (A non-degenerate k'"-order “near” region estimate on KAdS for
derivatives where at most 2 of k are Jp). Let ¢ be a function in Hy 4;6(3p) for k > 2
satisfying Dirichlet boundary conditions (4.2.11) and let £(r) be as in the definition of N
(4.2.6). Then,

/ 8;18"26”38”41/1)2 2drdw
St |o|=k—2,
04<2
2
<C Z [|FQ¢HHKAdS(Et*)+/ <Fﬁ(Dgw+a¢)> frgdrdw} (4.3.21)
al<k—1, Dpx
s

for some C' > 0.

We can now prove Theorem 4.3.10. We demonstrate how to obtain control of the third
and fourth-order 0y derivatives. The general higher-order statement follows by iterating the
same steps sufficiently many times and commuting with T'.

Proof. Rearranging (4.3.14) so that only terms involving 0y derivatives of ¢ appear on the
right-hand side gives

Oytp 4 ap — g7 024p — g7 0% — 29" %04 Optp — 29" 040 01 — B, (g"") 0,0
TT t*r
8,(\/[det g))0n — 207" D0rib — By(g" ) Opth — —L——0,(v/]det g]) O
|det| |det g)0,0) — 297" 00,0 (9" ")Op1) dora) (v/|det g[) Ot

\/|detg]

\/ﬁ@(wda 9100t + 9y(¢?°) gt + A (4.3.22)

Applying the A operator to both sides of expression (4.3.22), multiplying by &(r)A" for
p = 1,2 and integrating over Y+ then yields

- (V/|det g|)0pth — 0,(g"?) 00 — )

/2 o= [ Oyt + ) + 07 0720305 | £(r) A" - rdrdw
7 ol<4,

G4<2
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999 00 2 P - r2drde
ZC‘ /Et* [——|detg|aa(v |det g|) A + 9p(9”) ADpyp + A 14 £(r) AP - r2drdw|, (4.3.23)

for some C' > 0.
Set p = 1. By Cauchy-Schwarz and Proposition 4.3.11, this implies

> ity et [ ) (@ +an)’ + (8Cw+ ) ) aras]

o<,
BI<2
60
=C /2 { /—éet 7 Op(+/Idet g ) Adyt) + Dy (9" ) A + 4&2@&] E(r) A - rPdrdw,  (4.3.24)

for some C' > 0. Control of third-order angular derivatives (in particular, the third-order dy
derivative) arises from integrating the final term on the right-hand side of (4.3.24) by parts
once in the angular directions:

> 5(r)|Y73¢|27’2d7’dw. (4.3.25)

5y

&(r) - 4&21/1 - A - r?drdw

o

The remaining terms of potentially bad sign are controlled via Cauchy-Schwarz,

Ds(\/|det g|) Adarp - Ap + p(g?") Ay - Aw} r?drdw

[ e
< G/zt* [6]?73@/424—%(4&@2] r2drdw, (4.3.26)

for some C' > 0, where ¢ > 0 is chosen to be sufficiently small. The second term on the
right-hand side of (4.3.26) can be absorbed on the left-hand side of (4.3.24).
Combining (4.3.25), (4.3.26) and (4.3.24) (with p = 1) gives

> {HP“M SR / ((Fﬁ (g + (w))z - (A(Dgw + a¢))2)rzdrdw]

o] <3, Dpx
|B<2

>C [ €)Y yPridrdw, (4.3.27)

S

for some C' > 0.
Now, set p = 2. Applying Cauchy-Schwarz with a sufficiently small € > 0 weight to the
left-hand side of (4.3.23) and applying Proposition 4.3.11 gives

> {I\Fawlléhds(zﬂﬁ /E ) <(F‘3 (Ogv + a¢))2 + (A(Dgw + a¢)>2)r2drdw]

B
9 " )
=l [, L/|d—et —00(V/Idet ) A0 +00(s”) A0+ A0
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- g(ﬁw] (A% - r2drdw (4.3.28)

The first two terms on the right-hand side of (4.3.28) are controlled by (4.3.27). The third

term controls W42/1 via an application of Corollary 4.3.5, after absorbing the Gauss curvature
term of bad sign as before. This gives

5 [ vity ot [ (@ +a0)’+ (8Gw+an))ara]

|| <3, t*
18]1<2
>C f(r)[W%F+W4w!2}ﬁdrdw,
Sy
for some C > 0. L]

4.3.2.4 Estimating general derivatives on the entire exterior region (IV)

Given Proposition 4.3.7 and Theorem 4.3.10, we now have the following estimate for general
kth-order spatial derivatives on the entire slice 3.

Theorem 4.3.12 (A non-degenerate k''-order L? estimate on spacelike slices of KAdS). Let
¥ be a function in HY ,,6(3) for k > 2 satisfying Dirichlet boundary conditions (4.2.11).
Then,

Z / r2o2 |Y7018§?8;’3¢|2r2d7"dw
Et*

1=,
oo<k—1
2 2
<¢ > {HF%\I?{;WS@H)+ /E ((F’B(Dgw+aw)) + (O3(O,0 + av)) )r2drdw}
ik, t
<432 ]
(4.3.29)

for some C' > 0.

4.3.3 Sobolev embedding in spacelike slices

We recall the Sobolev embedding result for a general complete Riemannian manifold with
positive injectivity radius and Ricci curvature bounded below [31], stating it for the spheres
SZ » C M. Theorem 4.3.14, an embedding on spacelike slices ¥+ will follow as a corollary.

Theorem 4.3.13 (L> Sobolev embedding on spheres S7. . of KAdS [31, Thm 3.4]). Fix
(t*,r) and consider the Riemannian 2-submanifold Stz*’r of M equipped with the induced
metric. Let u : S, — R be a function in the Sobolev space

2
ok = {f S, =R ‘ / SOV fPrtdw < oo}.
t*,r ’ 2

t*r 7=0
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Then one can bound u uniformly,

2
sup|ul* < 6/ Z|W]u|27’2dw,
Sk S?

t*r =0
for some ¢ > 0.
Applying Theorem 4.3.12 and Theorem 4.3.13 allows us to derive the following embed-
dings.

Theorem 4.3.14 (L*> Sobolev embedding for normalised derivatives on spacelike slices ;-
of KAdS). Fix t* and let ¢ be a function in Hy 4,5(3:) for k > 3 satisfying Dirichlet
boundary conditions (4.2.11). Then one can bound ¢ and its D derivatives (4.2.7) up to
order |o|< k — 3 uniformly as

1D e (,0)

C
Sr_% Z {|‘Fa¢|ﬁf}<,4ds(2t*)+/z ((Fﬁ(Dgw + a¢)>2 + (Dg(Dgl/) + a¢)>2)r2drdwu
|| <|o|+2, t*
1B1<|o|+1,

i< 1o

(4.3.30)

for some C' > 0. Up to order |o|= k — 4, one has estimate (4.3.30) for the D derivatives
(4.2.7) of 1.

Proof. Given that ¢|z= 0, we can apply the Fundamental Theorem of Calculus to obtain

D7y < / 19, D7|dr

(/ %dr)z(/ ]&Dawl2r2dr)2
T r T

1
1 o 2
< T(/ IarD"@DIQ?“er) : (4.3.31)
T2 T
Then, by Theorem 4.3.13, we have that

/ |0, D7 |*r*dr

T

IN

2
<é) / Y 0, D74 [*ridrdw
]:0 Et*

<C > {IIFWIIE;(MS(&*W /2 ((Fﬁ (O + aw>)2 + (D;(Dgw + aw))Q) rzdrdw]

la|<|o|+2, ¢
1BI<|o]+1,

i<

(4.3.32)
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for some C' > 0, where (4.3.32) follows from Theorem 4.3.12. Thus,

| D74
c }
S_l Z |:HIW¢| |HKAds Et*)+/ <(F6(Dgw + Oé¢))2 + (D3<Dgw + Oﬂﬁ)f)ﬁdrdw”
"L jalgple, e
1BI<o]+1,
<] 5]

for some C' > 0, as required. The estimate for D¢ with |o|< k — 4 follows similarly, where
the top-order T' derivative is controlled with a stronger weight by the zeroth-order term of
(4.2.9) after commuting |o| times with 7". O

We also note the following Sobolev embedding for derivatives where only 1 is arbitrary.

Theorem 4.3.15 (L>™ Sobolev embedding on spacelike slices of KAdS for derivatives where
only 1 is arbitrary). Fix ¢* and let ¢ be a function in HY ,,s(34) for k > 3 satisfying
Dirichlet boundary conditions (4.2.11). Then, for each |o]|< k — 4, one has

[|[NT* T2 Dp|| oo s,

I

C
<512 [l et [ (PO an) + (00 + a¢)>2)r2drdw]]
e N

<122

(4.3.33)

4.3.4 Energy estimates for the linear inhomogeneous problem

We now prove general n''-order energy estimates for a solution 9 of (4.2.21). We begin with
a result for the problem (4.2.21) with general inhomogeneity F.

Proposition 4.3.16 (An n'"-order energy estimate for solutions of the linear inhomogeneous
problem on KAdS). Suppose ¢ is a CHJ ;s solution of (4.2.21), with inhomogeneity F
satisfying

> INTT0% F| 2z, < 00,

lo]<n—1

> /z ( (TP F)? (Dgﬁ)Q) rdrdw < oo

|B|<n—2,
<252 21

th

for all n < k, t* in |7, 7]. Then ¢ satisfies the general n™ order energy estimate

111,

KAdS(Et*
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<O Fleron) 4 100 st 3 [ (0224 02 Para

IVIS(" 2}

v (c,i,nnwnzn@t*w T |\rﬂf||%2@*>)dt*

|8]<n—3

( / > ||N"1T”2¢>”3]-"||L2(Et*)dt) } (4.3.34)

lo|<n—1

for some ¢ > 0 and all n < k where Fj .,

involving derivatives of the scattering data hy+ of up to n'"-order. The constant Cy,, depends
on the spacetime surface gravity £ and n.

is a flux term through the event horizon,

Proof. We apply the vector field N (4.2.6) as a multiplier and integrate the equation over
the spacetime region Dy, .7 = M N [r,7']. By direct calculation and an application of the
Divergence Theorem, one obtains that

Jo.

[r7]

|N4 - Flr2dt*drdw = / |Ny(Og¢p + agp)|[r2dt*drdw

Dy

7]

zc/ TV ks - voly,.
D, ¢

[m.7']

for some C' > 0. Hence, by integrating (A.0.1) over D and applying Proposition 4.3.1, it is
clear that v satisfies

. ¥ v
/ TN - nk, - vols,, + Co { / P =drdw + / (W + (at*@u)?) Edrdwdt*}
T ET/Q{T‘<7”1} = D[T’T/]O{T'<T1} =

SC(/ Jliv[w] “nhy, - volyr + / ij[zp] -n& - voly,,
HN[r,7] i i

+ /
Dir,7)

~ P by
+Cy [/ Y*=drdw + / (¢2 + (8t*¢)2) :drdwdt*} )
Xon{r<ri} = Di o {r<ri} =

where we have used the Dirichlet boundary condition to drop the boundary term on Z.
Applying Proposition 4.3.1 to the integrals on the spacelike slices gives the energy estimate

(|N¢ - Flridrdw + | KN [w]|v012t*>dt*

KAdS(Er) KAdS(S_)

1112 G[Fm”q[ A

’ /2; 4 (||w||HKAdS(Zt*)+|lat*w||§_[}1(Ads(Zt*)+|Nw : F|T2drdw

7,7
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+ KN [i]|vols,. ) dt*} ,
where

Fvlﬁm[T,T/] [Y] = / Jﬁ’[w] “nl, - volys
HN[7,7]
We shall refer to the higher-order analogues of this horizon flux term as
Finpm] = > / TN[L7] - nt, - volye.
HrN[r, 7]

lo|<m—1

Since we can perform the same estimate over smaller time intervals, we in fact have the
following L* in time estimate:

sup [[¢[[7,

t*e[r,7']

<C[ Fyirn ¥ HWHHKMS@ >+/D

KAdS(Ex)

(P

KAdS(Et*
[r,7']

+ | Ny - f|r2drdw + |KN[1/J]|V012t*>dt*:| ,

In order to generate the general k"-order estimate appearing in the Theorem, we commute
the equation with I'7:

Y sup [0

lo|<n—1 telr, 7]

<C|: HerTq—’[ ]+HwHHKAdS(E ’) /D

KAdS(Syx)

(| W13, sy FIEN [NTT2 37 ) vols,.

[mm'] |o|<n—1
+ <\N”1T"2<I>"3(Nz/) - F)|+[3,, N”l](w)\>r2drdw> dt*} .
(4.3.35)

Expanding the term in (4.3.35) arising from the inhomogeneity F via the product rule yields

/ / > INTT0% (N - F)|rPdrdwdt”
T Et*

lo|<n—1
/ / | No1—o1tlpoe=02 §os=0sy, . NO1T92 % Flr2drdwdt®
E*
t |o‘|<\a\<n 1
/ > INTT=O% || 25, [[NT T2 07 F| p2(s, . dt* (4.3.36)
al<n,
o

107



€ 0102 F O
<5 sup WHHKMS@* (/ N INTTo 0 F | o, )dt> (4.3.37)

*
t*e[r,7'] lo|<n—1

Estimate (4.3.36) follows from relabelling indices and an application of the Cauchy-Schwarz
inequality. Finally, (4.3.37) follows from the definition of the n''-order energy of ¢. We
choose € > 0 sufficiently small to allow the first term of (4.3.37) to eventually be absorbed
by the left-hand side of estimate (4.3.35).

Returning to (4.3.35), we use that the redshift vector field N is Killing on r > rq, so that
bulk terms generated by commuting with /N are non-vanishing only on the compact r-region
ro <r < ry. This ensures no large-r bulk contribution, giving the bound

/ > IEN[NTT0% ) |voly,. < Crp > JNINTT0 Y] k- voly,
P ol <n—1 2t |o|<n—1
< CnnHl/’HHKAds(zi*), (4.3.38)

where C),, depends on the spacetime surface gravity x and the number of commutations.
This leaves only the commutator term on the right-hand side of (4.3.35) to be treated. By
direct calculation (for example, at first-order (4.3.20)) one finds that [(J,, N'] is an operator
of order g¢. Clearly, its terms involve at most two general derivatives. Moreover, since N =T
near infinity (and [y, 7] = 0), one need not worry about r-weights. As such, Proposition
4.3.9 gives

LX

[0y, N (¥ |<C/ Z [|F”y7 VP4 TV 0,902 +r (17 0%1))? } r2drdw

o1<n—1 lo|<n—3

<C Z ||Fa¢||HKAdS(gt*)—|—/2 (Fﬁ(Dgw—Faw)) r2drdw}
la|<n—2, - t*
|B]<n—3

_ « BTN\2,.2

_Calgn:—Z ‘HF Q/JHHKAdS Et*)+/z:t* (F F) : drdw:| . <4339>
|B]<n—3

Combining estimates (4.3.35), (4.3.37), (4.3.38) and (4.3.39) gives
1—\0'
aﬁzn—ltsel[i'pT]H Vs

2
sﬂﬁwwu+wmmﬁwﬁj S NPT Fll g

lo|<n—1
/

+ﬂ70%mw

for some C' > 0, where the first term on the right-hand side of (4.3.39) has been absorbed by
the higher order C, ,-weighted bulk term. The left-hand side of estimate (4.3.40) does not

et D IITPF Iizmt*)) dt*] , (4.3.40)
|B|<n—3
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control all n*™-order deriatives of 1. In particular, the purely angular, angular-radial and
purely radial derivatives of order n > 2 are missing.
By Theorem 4.3.12, we have that

> / P22 Y7 o7 Pridrdw
P

lo|<n

<C Z |‘Fa¢|’HKAdS(Et*)+/E* <<Fﬁ(Dg”¢+oﬂ/J)>2 + (Dg(Dgw+a¢)>2)r2drdw]

la|<n-1, *
|B|<n—2,

<[ 252 ]
=C Z |‘Fa¢|’HKAdS(Et*)+/E ((Fﬁ]})2 + (D;’]})Q)errdw} , (4.3.41)

la|<n—1, *
|Bl<n-2,

<252

Finally, combining estimates (4.3.40) and (4.3.41) produces estimate (4.3.34) for all deriva-
tives of ¥ up to n''-order. O

4.3.5 Estimating the nonlinearity

Next, we estimate the nonlinearity F appearing in problem (4.2.21) of the form (4.2.14). This
will eventually allow us to treat the terms involving F on the right-hand side of estimate
(4.3.34). We begin with the following proposition which provides an estimate for the top-
order F terms on the right-hand side of (4.3.34). Then we will comment on treating the
other (lower-order) F-dependent terms on the right-hand side of (4.3.34). We note that
Proposition 4.3.17 confirms that the nonlinearity (4.2.14) indeed satisfies Condition 4.2.4.

Proposition 4.3.17 (Estimates for the nonlinearity on KAdS). Let ¢ be as in Proposition
4.3.16 with k£ > 9 and suppose F is a nonlinearity of the form (4.2.14). Then F satisfies the
estimates

S N T8 Fll s < Clll o9l
lo|<k—1

2 o (4.3.42)
Z |‘D;F’|L2(Et*)§ CHwHHf{;{iS(Et*)

lyI<[%52]
for some C,C > 0.

Proof. By the chain rule and assumption (4.2.14) on F, we have that
> INTT2O Fl|omn= Y [INTT720%(F™(t*, 7) - eutbe,th)||r2s,)
lo|<k—1 lo|<k—1
<Cp > INTTTRTR e ah - NOT B e, 2(s, ),
lo|<k—1

0<01,7<02,0<03
0<p,v<3

(4.3.43)
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where Cr is a constant depending on the functions F*(t*, x) appearing in F (4.2.14). As-
suming, without loss of generality, that § + v < % yields

Z INTT72 7097 Pe 0 - NOTT®P e, 0| 12,0

lo|<k—1
0<01,7<02,p<03
0<p,v<3

< D INTTRe% e ||,
lo|<k—1

k—1
6]<35=,

0<p,v<3

<l [t 3 NP (2340

5|+2
yl< 1227

|N61 T62 (I)53 ezﬂ/}| |L°°(Et* )

Here, the last inequality follows from Theorem 4.3.15 and the assumption £ > 9. By the
assumption k£ > 9, the [J terms on the right-hand side of (4.3.44) are of lower-order than
those appearing in (4.3.42), so we demonstrate how to treat those first, as follows.

We expand the [, term as follows, treating the second-order terms in each [ explicitly.
The other terms are dealt with similarly.

Y EFI .

lyI<T%52]
2 ) 1 ) Y2 1 ) V3 1 ) Y4 2
o ¥ e () () (%) e m-amen)| e
<4521 : " " L2(S)
- 2
<C Z (r292)m—? 12 T e, 2529 (L g2 "
=VF r 7') T,Q t* 6M¢ (T r) 7"2 t* 61/77[} 2 )7
lyI<T5527, L2(Z
5371,p7§“/2,02§7376§*m

<p,v<3

where CF is a constant depending on the functions F*(t*, z) appearing in F (4.2.14). As-
suming, without loss of generality, that 6 + p+ o + § < 3[552] < 22 yields

292y iaQ Vz_p... - (r29%)9 la2 p...
Z (7’ T) P2t e#w (T r) 2ot e,

k2
[vI<[%5=1,
<1, P0<’Y2 U<’?y)3 B<va

<p,r<
1 Y2 2
202 2
< Z (ri o)™ (ﬁﬁt*) ey
<2521, L2(2e)
lo|<k2
0<p,w<3

K AdS (B4+)?

2

L2(Sp)

2

(r?9?)m (Ti?af) e

Lo (S4x)
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for some C' > 0. Here, we have applied Theorem 4.3.14 (treating lower order terms on the
right-hand side of (4.3.30) via the same argument) and the assumption & > 9.

Applying the same argument to the [J terms on the right-hand side of (4.3.44), we have
that

S N Tz, < Clllig oo 19l s_

lo|<k—1
[]

By the same method, we treat the other terms (of strictly lower order) on the right-hand
side of (4.3.34):

/E (TFPrdrd + / S P F R, de

18|<k—2, T |BI<k—3
M<[%452]
<c / (PPN TP (4.3.45)

for some C' > 0. We now have all the ingredients required to proceed to stating and proving
the main result.

4.4 The main result

In order to precisely formulate the main result, we define the following k*"-order quantities
®}, which depend on the scattering data hy-+.

Definition 4.4.1 (Weighted k'™-order data quantities on KAdS). Given scattering data
+ o {tr € 0,00)} x S%, — Ron H*, we define the quantity D, (which depends on
derivatives of the scattering data hy up to k''-order) as

Dy = Z/ / lexp( Yy - t*) V7 022 hyy+ |Pdt*dw,
lo|<k
where T is a constant depending on k.
Given this, we now state the main result.

Theorem 4.4.2 (Exponentially decaying nonlinear waves on Kerr-AdS). Let t§ > 0 be fixed,
k> 9 and let hy+ : RT x Sf*’” — R be sufficiently smooth scattering data with
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for associated constant (see Definition 4.4.1) Y, > By, with By > 0 sufficiently large
depending on k and the spacetime surface gravity . Then there exists a solution ¢ : {t* >
to} x {r >ry} x SE . — Rin CHJ 4, of problem (4.2.21) satisfying

1117 < Cexp(—By, - 1)y (4.4.2)

Ads(zt*) -
for some C' > 0. Moreover, the solution satisfies
1 *
Z 72 D77 (5,,.) < C exp(—By - t*)Dy,
lo|<k—3

l—0 %
Y MDY f s,y < Cexp(=By - t')Dy.

lo|<k—4

(4.4.3)

for some C' > 0.

Remark (Uniqueness of solutions). Note that Theorem 4.4.2 makes no claims regarding
uniqueness of the solution v. However, by applying the estimates appearing in sections 4.3.4
and 4.3.5 to the difference of two solutions ], 15, one can derive uniqueness in the class of
exponentially decaying solutions. One can see [8] for an analogous discussion of the problem
of uniqueness in the setting of a scattering problem for exponentially decaying perturbations
of the asymptotically flat Kerr black hole exterior.

4.5 The proof

This section is concerned with the proof of Theorem 4.4.2. Firstly, a sequence of finite-in-
time problems approximating the full problem are constructed (Section 4.5.1). The bootstrap
argument of Section 4.5.2 is used to show existence of uniformly bounded, exponentially de-
caying solutions of these finite problems via the bootstrap improvement argument appearing
in Section 4.5.3. Finally, a standard argument is used to ensure the sequence of solutions of
the finite problems converges to the target solution of the global towards the future nonlinear
problem. This appears in Section 4.5.4.

4.5.1 An approximating sequence of nonlinear waves

Given a sequence t; — oo of times to the future of a fixed tj > 0, we consider the finite-in-
time problems

{Dgwi +ayy; = F; = F(Dii, Diy), (4.5.1)

3
Vilur=hyrsy Yils,. =0, 137lr=0, s= 9 _q
for v, € CHY ,,5. Here hqy+; is the appropriately truncated scattering data, satisfying

hot (1,0, ¢) for t* <t —0;, 0; = Lt*

ha+i(t"r =1y, 0,0) = {0 for #* — ¢+ 1o (4.5.2)
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Figure 4.3: The spacetime region on which the finite-in-time problems are constructed.

and interpolating smoothly between its two cases.
We prove the following estimates on the v; and their derivatives.

Theorem 4.5.1 (Uniformly bounded solutions of the finite problems on KAdS). Let ¢ > 0
be fixed, k > 9 and let hy+; : RT x St2*,7“+ — R be sufficiently smooth truncated scattering
data with

Dy < 00 (4.5.3)

for associated constant (see Definition 4.4.1) Y, > By, with By > 0 sufficiently large
depending on k and the spacetime surface gravity . Then there exists a solution 1; : {t* €
t5, ]} x {r > ry} x S&, = R € CHJ. 145 of the nonlinear scattering problem (4.5.1)
satisfying

1l e

KAdS(Et*

) < Cexp(—By, - t*)Dy, (4.5.4)
for some C' > 0. Moreover, the solution satisfies

ST D7l s, ) < Cexp(=By - )0y,
lo|<k—3

> D il e s,y < Cexp(—By - )y

|o|<k—4

(4.5.5)

for some C' > 0.

4.5.2 The bootstrap argument

We prove Theorem 4.5.1 via the following bootstrap argument. Openness of the bootstrap
set B is given by Theorem 4.5.2; which is stated and proven in Section 4.5.3. For the duration
of this section and Section 4.5.3, i is fixed.

Proof of Theorem 4.5.1. Consider the set

B = {t* € [tg, t7]

(4.5.6)
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We will show that B = [t{, t7].
e Firstly, by local existence of solutions of (4.5.1), B is non-empty.

e Furthermore, by local existence, continuity and the bootstrap assumption (4.5.4), any
sequence of times 7; in B converges to a limit 7 in B. As such, B is closed.

e Now, let t* € B. Then, by continuity of the solution ¢; and a further application of
local existence, there exists a small open ball B (t*) = (t* — €,t* + €) of radius € > 0
on which 1; solves (4.5.1) and satisfies

1 (7)

Kads(E7)

< 2C exp(—By, - 7)Dy. (4.5.7)

Theorem 4.5.2 below implies that the bound (4.5.7) can be improved
||¢¢(T)||2§Ads(&)§ 6eXp(_Bk “T) Dk,

so that B.(t*) C B and B is open.

Hence, B is open, closed and non-empty, implying B = [t§, t7].
The uniform bound (4.5.9) follows from Theorem 4.5.2, completing the proof. O

4.5.3 Improving the bootstrap assumption

The following bootstrap assumption improvement result gives openness of the bootstrap
set B and the uniform bound (4.5.9). These are required for the proof of Theorem 4.5.1
appearing in the previous section. The proof follows from the energy estimate for the lin-
ear inhomogeneous problem (Proposition 4.3.16) and that for the nonlinearity (Proposition
4.3.17).

Theorem 4.5.2 (Improving the bootstrap assumption on KAdS). Let ¢ > 0 be fixed, k > 9
and let hy+ be as in Theorem 4.5.1. Furthermore, let tj < T' < ¢7 and suppose there exists a
solution v¢; € CHE ,,s of problem (4.5.1) satisfying (4.5.4) for some C' > 0 sufficiently large
at 7 € [T,t]. Then v; decays in t* with an improved constant

C
1l e <5

(&
KAdS(S:) . 2

xp(—By, - 7). (4.5.8)

and satisfies )
Z |‘7’§Dg¢i|’%w(zt*) < Cexp(=By - )9y,

lo|<k—3

> D Wl [F s,y < Cexp(—By - t)Dy.

| <k—4

(4.5.9)

for B,, = C,,, and some C' > 0.

114



Proof. By Propositions 4.3.16 and 4.3.17, as well as estimate (4.3.45), 1; satisfies
1l e

KAdS(E )
<C |:F7l-€l+ﬂ['r,tﬂ[wi} + leH?—I’C (Zt*) HwZHH’C 1 / ||77Dl|‘H’C 2 $(Zix) 77Z}Z|| AdS(Ei* dt*
t* 2
+/ mk”wzHHk(Zt*)dt + (/ ||w1||HKAdS(Et* leHKAdS(Ei* dt*) :|
2
e T R T O AT PSR —"
t
2 *
b (100 190 B 4Ot o (4510

where
Fyﬁ+m[7,t;][¢i] < Cexp(=2T, 5 - t7)Dy,

for some C' > 0, by truncation of the scattering data (4.5.2).

By the decay assumption (4.5.3) on the approximate scattering data hq+;, the assumption
that v;|x,.= 0, and applying the bootstrap assumption (4.5.4) to the lower order norm in
the final term on the right-hand side, (4.5.10) becomes

v
i[5 oS \<C [exp(—QT,{,k ) Dy + /T (20 exp(—By, - 7)Dy + C’,@k> ||¢i||?{k(2t*)dt*
7 - 1 2
([ Wl (Compt=Bi02) ) |
S
<C [GXP(—QTn,k ) D+ / (30 exp(—By - 7)Dj + Cm) ||¢i||§1k(zt*)dt*]
(4.5.11)
Let

a(Cyur) = C’(?)@exp(—Bk -T)Dy + Cn7k>,
b(t") = Cexp(—2Y . - t7) Dy
Then a Gronwall inequality [51, Proposition 2.6] yields
1l

KAdS(ET)

<b(t*) + /th a(Clr)b(t") exp (/Tt* a(C’,{’k)ds) dt*
“0(t)+ [ a(Cuantt exp (¢~ (o)
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=b(t*) + Cexp(—a(Cyy) - 7) / i*a(cﬂ,,f)@kexp ((a(cm) —QTH,k)t*)dt*

_b(t) — Cexp(—a(Cup) - 7) /T " ﬂa(fjk;(%’; 0 (exp ((alCrs) - 2n,k)t*))dt*

QTn(fjkcz(@C:k) exp ((G(Cn,k) - 2T,<;,k)7‘)

a(Cug)
< ) | 7 4.5.12
<Cexp(—2T, ) - 7)Dk (1 + 2T — a(C,;,k)) o

<b(t*) + C exp(—a(Cy ) - 7)

The desired improved estimate

C
[ HHKAdS(Z S e xp(—DBy, - 7)Dk (4.5.13)
follows, provided 27, ; > By, and
O 2C 2Ca(Cyr) < g (45.14)
T (27, k—a(Cyr)) 2

Inequality (4.5.14) holds, provided 2T, > a(C..) and C and B, are sufficiently large,
depending on Cy , C' and Dy,

To obtain the uniform bounds (4.5.9), we apply Theorem 4.3.14. For each |o|< k — 3,
this gives

1Dl (5.

1
2

C N 2 2
S S [ty |, (P00 s @0 o) ]
o/l 42, .
1BI<|o|+1,
i< o]
C X :
== 2 [IIF Wi, oo+ / ((FBF)2+(D3F)2)r2drdw”
"L falglol+, =
18I<|o|+1,
i< 251
C 2
< 1 I s 1 s, )]
C(T\? Bi \nt
Sr_é(g) exp( 9 )@a|+3v

where the third inequality follows from estimate (4.3.45) and the last from (4.5.13). For
|o|=k — 3, one obtains the same estimate for D°. O
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4.5.4 Convergence of the solution
All that remains is to prove Theorem 4.4.2 as a consequence of Theorem 4.5.1.

Proof of Theorem 4.4.2. By Theorem 4.5.1, we have uniform boundedness of the solutions
Y; to the finite problems (4.5.1) and their first-order derivatives D1);. Since we have set
Yi]x,. = 0, each solution 1); trivially extends to a function which is identically zero on [t, co).

Thus, we may apply the Arzéla-Ascoli Theorem on the domain [t§, 00) x {r > 73} x SE . to
obtain a uniformly convergent subsequence 9;; — ¢. We may also apply Arzéla-Ascoli to the
derivatives {D1;;, D*i;; Lo+ 1 up to sufficiently high order to obtain uniformly convergent
subsequences Dv;; — D1, D2¢ijk — D%*). Thus, the limiting function ¢ solves (4.2.10).
Finally, the uniform bound (4.5.5) gives the estimates (4.4.3). O
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Appendix A

The energy momentum tensor

We recall [34] the energy-momentum tensor of a solution ¢ of (1.1.2)

. 1
T ™ 0,00, — 59,(9™ a0 — a?).

The current of 1 along a given vector field X is

and the associated bulk is der
KX[p) = T[],

Here, (X)WW denotes the deformation tensor! of the vector field X:

ef 1
X, 5 Vs + V.. X,

Recall the relation [34]

VAN ]) = KXy, (A.0.1)

IN.B., if X is a Killing field on (M, g), its deformation tensor is trivial and the resulting bulk vanishes.
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Appendix B

Inequalities

B.1 Sobolev inequalities

Theorem B.1.1 (L* Sobolev embedding on smooth Riemannian 2-manifolds [31, Thm
3.4]). Let (M, h) be a smooth Riemannian 2-manifold with Ricci curvature bounded below
and positive injectivity radius. Suppose u : M — R is a function in the Sobolev space

2
HY, = {f:/\/t —R ‘ /MZ|Y7jf]2volh < oo}.
=0

Then one can bound u uniformly,

2
sup|ul* < E/ Z!W]u\QVOIh,
M M

for some ¢ > 0.

Theorem B.1.2 (L> Sobolev embedding on R?®). Let f : R® -+ R € H?*(R?). Then f
satisfies the Sobolev inequality:

[l @sy < Cl|f|lm2@s), (B.1.1)
for some C' > 0.

Proof. Let f be the Fourier transform of f. Then for all x € R3,

Jo) = | J©)eede
SRR NG

120



Now, by the Cauchy-Schwarz inequality and the Fourier Inversion Theorem [50, Thm 7.7,
p186-187], we have

soie( [ [0y a) ([ (1e) “ac)

<C||f|| g2 (rs)
for some C' > 0. L]

Corollary B.1.3 (L* Sobolev embedding on a bounded, open subset of R?). Let Q2 C R3
be a bounded, open set and f : Q — R a function in H?(Q). Then f satisfies the Sobolev
inequality

1l < Cllf |2 (B.1.2)

Proof. By the Extension Theorem [19, 5.4, Thm 1], f extends to a compactly supported
function fu on R? satisfying

|| fexe| [ @3y < C |05
for some C' > 0 Since fey is compactly supported, we may apply Theorem B.1.2 to obtain
[ £ < |l fextl oo @sy < O\ fexel |2 ms),
for some C' > 0. By Remark (i) [19, 5.4, Remarks], we also have that
|| fext |23y < C||fllm2(0)s

for some C' > 0. Hence,
fllze@) < ClIf 2@,

for some C' > 0, as desired.

B.2 Hardy’s inequality

Theorem B.2.1 (Hardy’s inequality [49, p.72]). Let f € H'(B,(0)), where r > 0 and B,(0)
is the open ball of radius r centered at the origin in R*. Then

‘ f

" < 2||V fll 25,0
where V is the gradient operator.

L2(Br(0))

||
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B.3 Gronwall’s inequality

Theorem B.3.1 (Gronwall’s inequality [51, Proposition 2.6]). Suppose 0 < T' < Ty and
v [T,Tf] — R satisfies

o(t) < b(t) + /t ' a(s)v(s)ds

for all ' < t < Ty, for some a,b: [T, Tf] — [0,00). Then

v(t) < b(t) + /tTf a(s)b(s) exp </st a(s')ds') ds

forall T <t < Ty.
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Appendix C
The Arzela-Ascoli Theorem

In proving several results appearing in this thesis, we employ the Arzela-Ascoli Theorem
(stated below as Theorem C.0.3). We first include here the following relevant definition of
equicontinuity of a sequence of functions. This is followed by Proposition C.0.2, which we
shall rely on to ensure that the sequences of functions (solutions ; of finite problems, for
example (2.1.7)) and their derivatives) with which we work indeed satisfy the assumption of
equicontinuity, required to apply Theorem C.0.3 which follows.

Definition C.0.1 (Uniform equicontinuity). We say that a sequence of functions { f,, }nen,
fn o R™ — R is uniformly equicontinuous if for all ¢ > 0 there exists a 6 > 0 such that if
|x —y| < 6 then |f,(z) — fu(y)| < € for all n € N.

Proposition C.0.2 (Uniform equicontinuity from uniformly bounded first-order deriva-
tives). Let {f;}32, be a sequence of continuous functions f; : R" — R whose first-order
derivatives are everywhere well-defined and uniformly bounded. Then the sequence f; is
uniformly equicontinuous.

Proof. Let the f; have first-order derivatives uniformly bounded by a constant M, so that
for all ¢ € R™ and all multi-indices o € N with |a| = 1

0% filc)] < M.

The f; are continuous, so for x; < x9, we may apply the Mean Value Theorem to derive
existence of a ¢ € R” satisfying

f(332) - f(xl)

Tog — X1

flo) =

Hence, for all 1 < x5 € R",

|f(22) — f(21)] < Mlxy — 24

and so the f; are Lipschitz continuous. It easily follows that for all € > 0, if |z —y| < 57,
then
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[falz) = fu(y)] < Mz —y| <e
for all n € N. ]

Theorem C.0.3 (Arzela-Ascoli'). Let {f,}nen be a sequence of uniformly bounded and
uniformly equicontinuous functions f,, : R™ — R. Then there exists a subsequence { f,,, }n ken
which converges pointwise to a function f : R™ — R. Moreover, the convergence is uniform
on compact sets.

See, for example, the Corollary of Theorem A5 in [50, Appendix A, p411].
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Appendix D

Regular double-null coordinates on
the Schwarzschild black hole exterior

The Schwarzschild metric in double-null coordinates (u, v, 6, ¢)
2M 20102 | w2 042
gs(M) = —4| 1 — — )dudv + r*(d6” + sin® 6d¢”). (2.1.13)
r

is only regular on r > 2M, away from the event horizon H*. However, the renormalised
vector field

1

T

extends regularly across H*. One can see this by defining new null coordinates

U v
U—exp(—m), Vexp(m),

in terms of which the standard radial coordinate r is given implicitly by

oM
~UV = exp (4;\4) 2;\4 (1 - ) (D.0.2)

The coordinate vector fields of (u,v) and (U, V) are related by

! 5, = ZPlan) 5 (D.0.3)

— )
AM exp(4) AM

Oy =

Via the relations (D.0.2) and (D.0.3), one ensures regularity of the renormalised vector field
(D.0.1)

1 r ro1
= o (g7 sy

r

across r = 2M.
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