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ABSTRACT 

The penetrable-sphere models of liquid vapour equilibrium are a 

class of one-component continuum models in which molecules interact with 

mutlibody potentials. They are isomorphic with binary mixtures where the 

interactions are simple pair potentials. Roth versions exhibit phase 

separation and critical points. 

The properties of the multibody potentials of the one-component 

Model are studied and the equivalence of this with the two-component 

model is demonstrated; a set of transcription rules is obtained and used 

to transcribe thadistribution functions. A simple relation is found be-

tween the one- and two-component direct correlation functions which is 

exploited in the mean-field approximation On). The critical behaviour 
of the correlation functions is studied in detail in this approximation. 

The binary mixture is extended to a three-component system and the 

phase separation is investigated in the MFA and also with a six-term 
virial series. Two phase transitions of interest are discussed, the one 

continuous and the other discontinuous, The former corresponds to the 

simultaneous vanishing of three phases in a tricritical point; the lat-
ter corresponds to four-phase equilibrium. The vanishing of the order 
parameters at the tricritical point is represented by exponent laws and 

the values of the exponents are obtained. From these values, it is pro-
posed that the tricritical point is classical. 

The critical, point in the binary mixture model and.in a more reali-
stic system, namely one where molecules interact with Lennard-Jones 

potentials, are investigated with the Pereus-Yevick (PY) and hyper-

netted chain (}INC) integral equations. In the first model, Pade 

approximants are used to obtain the singular behaviour of the truncated, 
virial series; in the Lennard-Jones fluid the integral equations are 
solved numerically. It is concluded that the two integral equations 
predict critical points of different nature. The PY is classical in both 

models; the HNC is non-classical and realistic in the penetrable- 

sphere model and non-classical but unrealistic in the Lennard-Jones fluid. 
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Chapter I  

INTRODUCTION 

1.1 The theories of Van der Weals and Landau  

The study of critical points began just over one hundred years ago 

when Thomas Andrews of Queen's College, Belfast, carried out, during 
1861 to 1869, a series of experiments on the liquefaction of several 

gases. In the Bakerian lecture published in June 1869 in the Philo-

sophical Transactions of the Royal Society he reported his discovery of 

a striking "continuity of the gaseous and liquid states of matter". 
Six years earlier he had observed that above 88°F (31°C) no distinction 
between gaseous and liquid carbon dioxide was possible. In his words 
Clit 

On partially liquefying carbonic acid by pressure alone, and 
gradually raising at the same time the temperature to 88°F, 
the surface of demarcation between the liquid and gas became 
fainter, lost its curvature and at last disappeared. The 
space was then occupied by a homogeneous fluid which exhibited, 
when the pressure was suddenly diminished or the temperature 
slightly lowered, a peculiar appearance of moving or flickering 
striae throughout its entire mass. At temperature above 88°F 
no apparent liquefaction of carbonic acid, or separation into 
two distinct forms of matter could be effected, even when ,a 
pressure of 300 or 400 atmospheres was applied. Nitrous oxide 
gave analogous results. 

In the following experiments he measured the CO2  isotherms and determined 
precisely the "critical point", He concluded that [13; 

The ordinary gaseous and liquid states are only widely separated 
forms of the same condition of matter, and may be made to pass 
into one another by a series of gradations so gentle that the 
passage shall nowhere present any interruption or breach of 
continuity. 

Some work had been done before, mainly by van Marnum of Haarlem in the 

eighteenth century and Caignard de is Tour of Paris in 1822 but no one 
had observed such a striking continuity of phases, 

Just three years later, in June 1873, Johannes Diderik van der Weals 
gave a theoretical explanation of Andrews's experiment, In his thesis 

whose title is a translation of the Bakerian lecture (2, 3) he proposed 

an equation of state, based on the new kinetic theory, which takes into 

account the passage from the gas to the liquid state. He proposed 

(p 8-4—)(V b) RT 	 (1-i) 
v
2 

where the first term he interpreted as a correction to the pressure due 

to the attractive nature of intermolecular forces. Using Clausius's 



virial theorem and the assumption that the range of intermolecular forces 

is long compared with the mean free path, he was able to demonstrate 

that the reduction in pressure is proportional to the square of density. 

The finite size of the molecules, i.e. the repulsive core of the forces 

lead in a somewhat empirical argument to the second term. 

Recognition came very rapidly, first in Britain then elsewhere (31. 

Van der Waals gave a remarkably good qualitative description of gas-liquid 

phase transition. His equation is cubic in density and so has three roots 

for a given pressure and temperature. Above a critical temperature, Tc, 

there is only one real root representing the supercritical fluid and 

below T
c there are three roots corresponding to the two-phase region. 

The equation thus reproduces the continuity of the gaseous and liquid 

phases and their critical point discovered by Andrews. Figure 1 shows 

the p-V phase diagram of a fluid obeying Van der Waals equation of state. 

Fig. 1. Phase diagram of a fluid 
obeying Van der Waals's 
equation of state. 

A drawback,.bovever, is that the isotherms exhibit a wholly unstable 

portion in the two-phase region where the compressibility is negative. 

A later (1875) suggestion by Maxwell showed how to overcome this unpleas-

ant feature [4]. His proposal known as the equal-area rule enables one 

to obtain the saturated volumes and vapour pressure, pa, from the aigmoid 

isotherms: the line p=po  is drawn to out the loops in two areas of equal 

size. 
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Van der Waals's equation is a remarkable achievement of the appli-

cation of microscopic concepts to explain macroscopic phenomena. How-

ever it failed to reproduce accurately experimental phase transitions 

particularly in the vicinity of the critical point. It is known now that 

the disagreement reflects a tacit assumption of infinitely long ranged 

forces. In fact, Boltzmann pointed out that a long ranged force would 

be necessary to "obtain an exact foundation" for that equation of state, 

to which Van der Weals replied that he never had made such assumption 

and that it should be physically impossible [5]. In 1963 Kac, Uhlenbeck 

and Hemmer CO demonstrated that a one-dimensional fluid whose molecules 

interact in pairs with a potential p(x) which consists of a hard core and 

an exponential attraction *attr(x) (fig. 2) undergoes a phase transition 

on the limit of the force becoming infinitely weak and infinitely long 

ranged so that the integral 

CIO 

f *attr (x) dx 
	 (1-2) 

remains finite, The phase transition is described exactly by the Van der 

Weals equation but with a flat portion to the isotherms. 

Fig. 2, Kac potential. 

In terms of maeoular interactions the fundamental assumption of 

Van der Weals is that the "internal pressure", i.e. that which reduces 
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the external pressure, is caused by some smeared interaction exerted 

upon each molecule by the rest. This idea was expressed very clearly 

by Pierre Weiss in his theory of ferromagnetism [7]: 

I assume that each molecule experiences en action of the rest 
of the ensemble equal to a uniform field proportional to the 
magnetization and in the same direction of it. I propose the 
name of internal field in analogy to the internal pressure of 
Van der Waals. (p. 602) 

The concept of a "mean field" has been very fruitful since then. 

It may be introduced in a number of equivalent ways; 

i) Molecules occupying random positions interact as a uniform field. 

ii) An effectively constant field implies that there are no density 

fluctuations. 

iii) The effect of a uniform field can be produced by an infinite 

number of nearest neighbours, hence the mean field approximation 

is expected to be exact in a system of infinite dimensionality. 

iv) As Boltzmann pointed out [5] and Kac„ Uhienbeck and Hemmer [6] 

later demonstrated*  an infinitely-weak, infinitely long-ranged 

potential produces the effect of a mean field. 

In terms of thermodynamic functions, the mean field description 

of critical phenomena is equivalent to assuming  that the relevant 

thermodynamic potential may be expanded about the critical point 

in Taylor series [8]; therefore only even powers of the indepen- 

dent variables are included (odd powers vanish by symmetry). 

The latter point is what constitutes the basis ofIandau/s theory 

of critical phenomena (9]. The critical point is a unique (pc, Vc) point 

on the A(p, V) surface determined by the two conditions. 

2 
[1-4-A-1 = 
av2  

0 

or equivalently 

  

(1-3) 

th) = 0 and 
6221 
av2 T  

 

The consequences of those conditions were first investigated by 

Van der Weals himself (10 in 1894 end in more detail by Verachaffelt 

(11] in 1907 but are commonly ascribed to Landau because of the elegant 

treatment be developed later, 

Landau's approach is particularly usefUl in the light of modern 

theories of critical exponents as he brings out the dominant behaviour 
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of the thermodynamic quantities near the critical point. The essential 

steps of this theory are the following [121: 

1. An appropriate set of thermodynamic variables, such as T-Te  or 

p-pc, is chosen. They become zero at the critical point and represent 

a certain "order parameter" whose vanishing characterizes the disappear-

ance of any distinction between the coexisting phases, An appropriate 

free energy, function of those variables, is selected, 

2. The free energy is expanded in powers of e-pc  at constant T 

with coefficient a vo, 

3. The coefficients in turn are expanded in powers of T-T0  with 

the assumption that the leading coefficient vanishes to yield en infinite 

compressibility at the critical point. 

4. A minimization of the free energy is involved in order to remove 

the amid loops of the isotherm below Te. 

Some of those points are open to criticism E121. 2 for example is 

expected to be valid above To  but it is dubious at and below Te; 3 is 
unjustified, particularly for T<Ta  as it leads to unstable and metastable 

portions of the isotherms just as the Van der Weals equation does. Those 

instabilities are removed by 4 but this is an ad hoc assumption and fur-
thermore it is inconsistent with a rigorous stability treatment. Nonethe-

less Landau's theory succeeds in exhibiting the critical behaviour of 

thermodynamic quantities as power laws and produces explicit values of 

the critical exponents. 

1.2 The Ornstein - Zernike theory of critical scattering  

A different approach was taken by Ornstein and Zernike in 1914. 

They focused their description on a microscopic theory of critical flue« 

tuations but their predictions are essentially equivalent to those of 
the mean-field theories, i.e. they are also, classical. It had been known 
for some time that fluids exhibit a very sharp increase in the forward 
light scattering near their critical points. Those were the "moving or 

flickering striae" observed by Andrews heralding the vanishing of the 

surface of demarcation between the liquid and the gaseous phases. 
8moluchowaki (13) in 1908 ascribed that critical opalescence to the in-

crease of (independent) local fluctuations and Einstein [14] developed 

a theory of critical scattering based on the assumption of statistically 

independent fluctuations. However their theory could not account for the 

asymmetry in the direction of scattering (most of the increase is inthe 

forward direction) which is the distinctive feature of critical opales-

cence. It was not until four years later that Ornstein and Zernike 
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t15] recognized that the correlation of density fluctuations, roughly 
true away from the critical region, was no longer a valid assumption 
16). 

The Ornstein-Zernike (oz) theory rests upon the concept of a cor-
relation function, defined below through equations (1-9) to (1-11). 
Intuitively, they are a measure of the structure of the fluid, that is, 
the correlation functions are proportional to the probability that a 

density fluctuation in a microscopic element of volume induces a density 

fluctuation in some other element of volume separated by a distance r. 

When the critical point is approached the fluid begins to act collective-
ly; density fluctuations induce other fluctuations at distances so large 

compared with the size of the molecules that one may rightfully speak 

of an infinitely long correlated system. In practice the "correlation 

length", i.e. the average distance of a correlation, becomes of the order 
of magnitude of the wavelength of visible light and therefore it is ob-
served a considerable increase of light scattering from the critical 
fluid. 

In the OZ theory those critical fluctuations are accounted by two 

functions called the total'and the direct correlation functions, They 

are related to distant-neighbour and nearest-neighbour fluctuations 

respectively. The total correlation function increases characteristic-

ally its range as the system becomes critical while the direct correlation 

function is abort-ranged at every temperature, including the critical. 

The two functions are connected by an integral equation ((1-6) below) 

whose meaning is shown schematically in Figure 3. Correlations between 

two distant elements of volume, 1 and n, are "transmitted" via nearest-

neighbour (direct) correlations, j to j+1. It is clear then how long-

range order is attained with only short-ranged correlations. Bear the 
critical point macroscopic regions of the system are so correlated that 
they act as single units, 

Fig, 3. Direct and total, correlation functions 
in the Ornstein-Zernike theory, 



- 16 

We may conveniently define c(r) in terms of h(r) in Fourier space. 

Let 171(k) be the Fourier transform of the total correlation function h(r) 

and Z(k) that of the direct correlation function c(r). According to the 

02 theory they are related by 

1 + n g(k) = 

  

1 - n ;(k) 

= 1 + n a(k) + n2a(k)32  + 
	(1-4) 

where PUN/V is the number density. Actually (1-4) is only a definition 

of G(k) in terms of ti(k) (or vice versa) 44 it renders no information on 

the form of either, This has to be supplied by an additional hypothesis, 

For the moment we observe that (1-4) indeed contains the physical proper-

ties ascribed to co in fact c(k) is little affected by temperature (the 

same can be said for c(r)) since 

;00 M 4 h(k) 	for 	n (k) ,g.; 1 (high T) 

'f(k) =& n h(k) 	for 	n h(k) = 1 	(1-5) 

and 
	

c(k) + 1 	for 	11.(k) 	co (14Tc) 

Fourier inversion of (1-4) leads to the OZ integral equation 

h(r) = c(r) + n f c(r-e) h(r') dr, 	(1-6) 

The physical significance of b(r) and c(r) can be made more trans-

parent from (1-6) by the successive substitution of h(r) into the inte-

grand to give 1173 

h(r) = 0(r) + A i e(11 r/) c(r') dr1  + 

+n2 jj c(r rt) c(rt r") c(r") dedr" 	... 

(1-7) 
that is, the total correlation is made of two 	one expressing the 

direct correlation between neighbouring molecules (c(r)), and the other 

dealing with the "propagation" of correlation. It is in this way that 

infinitely long-ranged correlations are established when macroscopic 

regions of the system become correlated in the vicinity of the critical 

point. 
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The relation with Thermodynamics is established by fluctuation 

theory. The fluctuations in the total number of particles are given in 

the grand canonical ensemble by f18) 

<(N - (N) )2 > = n
2 
k T V KT 	(1-8) 

where ET  is the isothermal compressibility. These fluctuations can also 

be calculated from the m-body distribution function defined by 

60/ 	r , 1 , 	NI 	

Jf = 	3N 	(N-m)1 	4RAEmw#,AEN exP(-011 4.00) 
Nam h NI 

(1-9) 

where a  is the grand partition function. n(4°  is a measure of the condi-

tional probability of having is particles distributed into a given confi-

guration ri, r2, 0,,, r91, The total correlation function is defined as 

a convenient normalization of the two-body distribution function. To this 

end we define an auxiliary function, called the pair correlation function, 

which in a uniform fluid is given by E161 

g(r, ro) = n
(2) (

L,  A) 	= n
(2) (r, rf)  

n
(1)
(0 n°/(ri) 	n

2 
(1-10) 

When the system is in a single phase, g(r) 	1 as r + ca., The total cor- 

relation function, h(r), is defined as the difference between g(r) and 

its random value, that is 

h(r) = g(r) - 1 

Hence h(r) decays to zero as r 

The fluctuations in the total number of particles is found by 

integrating (1-9) for m=1 and m=2 and substituting the definition of 

h(r), eq. (1-11). Combining this result with (1-8) there is obtained 

the compressibility equation relating KT  to h(r) by 063 

n k T KT  = 1 n f h(r) dr 	 (1-12) 

Equation (1-12) is the mathematical statement of the observation that 

h(r) becomes infinitely long ranged at the critical point. As the integ-

ral of ,h(r) must be a bounded function over a finite region because of 
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the incompressibility of real molecules, eq, (1-12) is consistent with 

the divergence of the compressibility only if h(r) itself becomes infi-

nitely long ranged at the upper limit, 

The basic framework of the theory is thus established, but we are 
still without an expression for c(r) or, equivalently, for h(r), For-
tunately h(r) or, rather, its Fourier transform, is accessible to 
eip4rimintal ditermination.-' Let /(k) -ia-the scattering intensiti of some 

electromagnetic radiation (or sometimes thermal neutrons) incident upon 
a sample of fluid in the direction km0 and scattered at an angle 8, 
Neglecting multiple scattering we have the relation (161 

100/I0(4) s 8(k) m 1 I. n h(k) 
	

(1-13) 

where lo(k)  is the scattering intensity in the absence of correlations, 

13(k) is called the structure factor and measures the response of the 
fluid to an imposed periodical perturbation of wave number k 093, Com-
parison of (1-13) with (1-12) shows that 

0 
S(0) g 	

10 
'''"1"Ty 	g 1 	A h(0) 

k*o 

=nkTK 	 (1-14) 

so the increase in forward scattering in the critical region, measured 
by 0(0), is a consequence of the divergence of the compressibility at 
the critical point, From (1-4) we also can relate 0(0) to ;'(0) as 

1 	n c.;(0) = (1 	n eclOW1 	 (1-15) 

and consequently 

S 1(0) = 1 - n Z(0) 	 (1-16) 

Equation (1-16) means that 1 -' n 0(Q) = Q at the critical point, that is 
J' c(r) d m 1 and thus the integral of a(r) indeed remains finite, 

At this stage Ornstein and Zernicke introduced the assumption that 
fi(Ic) is holomorphic in some neighbourhood of the real axis. On the 

positive real axis this function can only have a pole at the origin when 
T = Te, It follows from (1-15) that c(lc) is also holomorphic in the same 
neighbourhood and hence admits a Taylor expansion about k = 0, They 



19 

further assumed that c(r) is short-ranged enough so the expansion of 

c(k) can be truncated after the first term (in k2), and that the second 

moment of c(r) 

<cos2  0> j r2  c(r) dr 	(1-17) 

remains finite at the critical point. The expansion of 0(k) near k = 0 

is, ander these conditions 

D-2 
s(k) 

K
2 ,R 

where s has the snits of inverse length end is defined by 

KR  = 
R 

(1-18) 

(1-19) 

Fourier inversion of (1-18) yields, 	threedimensiona  

h(r) 	ex10( -Kr)  

4=0 r  
r 

T T
c 

(1-20) 

t-4, 4-4 frig 

BY (1-1, though, we have that 

.4 

= (kTneK2)-1 
	

r 	 (1-21) 
T T

c 

thus 

K(T) + 0 
	

as 	T T 
	

(1-22) 

hence 

h(r) Z 12. 
	r 	01) 	 (1-23) 

T=T
c 

so, at the critical point, h(r) is no longer exponentially damped but 

decoys to zero as r,  

Equation (1-18) has two main experimental predictions: (a) that 



graphs of 8-1(k) against 0 should be straight lines end (b) the extra-
polated intercepts with the axis 0 m 0 should be proportional to 
-1, % KT  a, (eq. (1-14)) and therefore go to sera as T 4'T . Careful measure- 

ments have verified (b) but the linear variation of ;1-1(0 with k2  is 
true only for larger values of k2  and the lines show a, slight curvature 
ow*m.rd5 .ror 	values of k2  

Fig, 4. Observed dependence of 0- (k) OA 
k near the critical point (schematic), 

This alight curvature has important repercussions on the validity of the 
OZ theory. As Fisher E16] has pointed out, h(r) dome at the critical 
point of a d-dimensional system as 

R 	 (1-24) 

where the index n (0 % n 2) measures the departure from the OZ theory. 

The important point is that (1-24) implies that 

e(r) r"(441") 

that is, when n P 0, c(r) in sloe weakly longrranged and so its second 
moment diverges at the critical point (although the first moment still 
converges because of (1-16)), Recent measurements have verified that n, 
though small, is indeed greater than zero. 
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1,3 The order parameter and critical exponents  

The modern theory of critical points aims to understand the nature 

of the singularity in terms of the divergence of thermodynamic or 

statistical quantities. The central point of the theory is to charac-
terize such divergences in terms of power laws which relate the way in 

which an "order parameter" disappears as the appropriate thermodynamic 

variable assumes its critical value. 

We have already encountered the idea of an order parameter in 

Landau's theory. It is a measure of the proximity to the point where a 

physical, quantity goes to zero. Thus in a liquid-vapour critical point 
the order parameter may be the difference between the densities of the 
liquid and vapour phases as the critical point is approached from the 

two-phase region. 

The critical exponent characterizes the asymptotic behaviour of a 

function f(e) when the order parameter e tends to zero. It is formally 
defined by [12) 

A = llm log f(e)  
log c (1-26) 

assuming that f(e) is positive and continuous for sufficiently small 

values of c. It is customary to express the relation (1-26) in the 

shorthand notation 

f(c) ~ EX 	 (1-27) 

This equation does not imply that f(e) = Ac' at all et  because some cor-

rection terms are always present. There may be two cases [12]. In a 
simple one the correction is accounted by a polynomial, 

f(e) = A eX  (1 + B eu  + ...) (p > 0) 	(1-28) 

which does not conceal the asymptotic behaviour as e +.0. The critical 

exponent is obtained from log-log plots of f(e) against e where I is the 

limiting slope. But there may be a non-simple case where logarithmic 

factors such as 

f(e) =AllogLIP c A  (1 + B eV  + ...) 	(1-29) 
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arise. In such cases, determination of A may be very difficult or even 

impossible without full information on higher order terms. The case 

A = 0 is ambiguous. Normally it is ascribed to a logarithmic divergence 

(in the simple case) 

f(e) = A log e + B + 	 (1-30) 

although other possibilities such as a finite discontinuity are equally 

consistent with (1-26), 

The four most usual critical exponents involving only thermodynamic 

variables are denoted by a, 0, y, and 8, They relate the divergences of 

the heat capacity at constant volume and the compressibility and the 

shapes of the coexistence curve and the critical isotherm in the critical 

region, The specific heat at constant volume, Cv, has been observed to 

increase sharply near Tc  and it is usually regarded as diverging logarith-

mically. We write 

C
v(p = c T) ~ ( - Tc )-cg 	(T > Tc) 

(T
c 	

T) (31  (T < T
c
) 

	(1-31) 

(primed exponents indicate that the critical point is approached from 

below T
c 	

The shape of the coexistence curve is defined in terms of 

the way the order parameter p
1 
- p

g 
vanishes. We define the correspond-,  

ins exponent by 

Pl 	Pg 	(Tc 	T413 

	
(T < T

c
) 
	

(1-32) 

The approach to the critical point from within the one-phase region is 

most commonly characterized by the divergence of the isothermal compres-

sibility, which along the critical isochore p = pc  behaves as 

-Y 
	

(1-33) 

Since KT  becomes infinite at the critical point, the critical isotherm 

must have a horizontal tangent there, Its shape is described by 

P Pc 	s8;14, 	00)IP 	Pc  la 
	

(1-34) 
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The critical indices must be defined along a specified path. In 

some cases the indices defined along several paths coincide (as in the 

case of y' = y' = y' relating the exponents of the compressibility along  
the condensation and boiling lines of the two-phase region) but this is 

not necessarily always the case 027. 

There are several reasons for devoting such importance to the criti-

cal indices. In the first place it is an experimental fact that thermo-

dynamic functions become sera or infinite according to (1-27). The 

critical exponent is accessible to measurement while the complete func-

tional form (1-28) or (1-29) is usually not. Secondly there are a number 

of inequalities derived on the grounds of thermodynamic stability which 

the critical indices must obey, The two most important involving only 

the exponents of thermodynamic functions are (8] 

at t 20'4. yl ?. 2 	 (1-35) 

a' + 8(1 + d) k 2 	 (1-36) 

More thermodynamic inequalities in fluid and magnetic systems were sub-

sequently derived, many of them by Griffiths (20], A comprehensive list 

of inequalities may be found in his paper. 

Two more critical indices, n and v, related to the correlation 

functions are commonly used, We have already defined the exponent n 

which appears in Fisher's correction to the OZ theory. The inverse cor-

relation length. K(T), introduced in (1-18), becomes zero at the critical 

point as 

K(T) A. IT - Te l v 
	

T-0-T
c 
	(1-37) 

These indices are related to y by the equality 06] 

y = 	- n)v 	 (1-38) 

It is important to underline that these relations follow from general 

arguments and do not depend in any way on the Hamiltonian. 

Recently Widom (21), Kadanoff (22] and others (233 have put forward 

the "scaling hypothesis" where a very general equation of state is pro-

posed and which is presumed to be valid in the neighbourhood of the 
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critical point irrespective of the details of the Hamiltonian. One of 

its consequences is that the inequalities among the critical indices 

(1-35), (1-36), (1-38) become equalities leaving only two independent 

indices, The verification of the scaling hypothesis has become an im-

portant task in the study of critical phenomena. 

One important point that has emerged from the study of critical 

exponents is the inadequacy of mean-field theories to reproduce quanti-

tatively the experimental behaviour. Some time ago Guggenheim (24) show-

ed that the law of corresponding states was obeyed by the gases He, Ar, 

Kr, Xe, N2, 02, CO and CH4, with 0 = i rather than 0 = 	Later measure- 

ments and model studies have completed, the list of "real" critical expo-

nents which all, differ from their classical values. Some of the critical 

exponents are listed in Table 1. 

1.4 The Lenz - Icing model 

A more realistic insight into critical phenomena has been obtained 

by the study of model systems, of which the Lenz-Ising model has been 

the most widely employed. 

The model was suggested by Lenz to his student Ising as being appli-

cable to an elementary ferromagnet, It considers a regular crystal lat-

tice in which a spin, assigned to each site, can align parallel or anti-

parallel to an externally imposed magnetic field. The interaction energy 

between neighbouring spins is + J if they are antiparallel and - J if 

they are parallel (J > 0), Lang was able to solve the one-dimensional 

lattice 1257 but to his disappointment no phase transition was shown for 

any temperature other than T = O. In 1936, however, Peierls 1263 demon-

strated rigorously that the two- and three-dimensional, models undergo 

phase change. (His argument had an incorrect step which was later cor-

rected by Griffiths (271). Peierla drew closed contours enclosing regions 

of only parallel or only antiparallel spins and established a biunivocal 

correspondence between contours and spin configurations. Next he demon-

strated that below a critical (non-zero) temperature the area or volume 

enclosed by the tontours surrounding only antiparallel spins was only a 

small fraction of the total area or volume and therefore that most of 

the spins would be parallel, leading to a net magnetization. sight years 

later, in 1944, Onsager [28] published hie analytical solution to the 

planar lattice in zero external field. The results are completely dif-

ferent from the classical theories, A logarithmic divergence of the heat 

capacity was found, both above and below To, instead of a finite discon-

tinuity, and the magnetization approached zero with a one-eighth-power 
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law, The pair correlation function showed the most interesting result 

as it is of the form [29] 

g(r) Z r 4  exp 	Br (T — 1)] 	(T > Te) 
	

(1-39) 

instead of 

g(r) = (log r) exp (-Bsr 	- 1)1] 	(T > Tc) 	(1-40) 

which results from inverting (1-10 (OZ theory) for 4 al 2 and is clearly 
nonsense. 

Onsagerla exact solution rests on two symmetry properties of the 
model, The first, common to all dimensionalities, is the symmetry between 
parallel and antiparallel spins, If all spins are inverted the inter-

action energy remains unchanged. This leads to a one-to-one correspond-

ence of states with positive and negative magnetization, The second 

property is exclusive to two-dimensional lattices and depends on the con-
cept of a dual lattice, which is constructed in such 4 way that the sites 

of that lattice are situated on the centres of the original lattice and 

vice versa. This leads to a one-to-one correspondence for pairs of states 

at Tc above and below Te  at zero field, No such property has been found 

for the three-dimensional lattice and hence Onsagerls solution to the 
planar lattice remains one of the few exact treatments of phase transi-

tions, However many numerical studies have characterized well the three 

dimensional lattice, 

Although the Lenz-Ising model was proposed for magnetic phase transi-

tions an extension has been made to the study of liquid-vapour equilibrium. 

In 1952 Lee and Yang [30] extended the ideas so far applied to the Lenz-
Ising model to an hypothetical fluid called the lattice gas, In this 

system the space is divided in a number of "boxes" of such size that they 

can be either occupied or vacant, The hole-particle symmetry was found 

to be entirely equivalent to the parallel-antiparallel spine and much of 

what was later derived was based on this fact. An unattractive feature 
of the model is that the potential depends on a rather artificial con-

finement of the particles to preassigned sites, This can be roughly ade-

quate for a crystal but it is certainly untrue in a fluid. 

An interesting generalization of the Lenz-ising model in another 

direction was developed by Potts 131) in 1952. He considered a two dimen-

sional lattice as in the ordinary Lenz-Icing model but allowed each spin 

to be in q different states. Neighbouring spins interact with different 
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energies according to whether they are in the same or different states. 
Naturally the Lenz-Ising model corresponds to q = 2. The three-state 

mode]. (q = 	has aroused much interest recently for its connection with 

tricritical phenomena (i.e. three phases vanish simultaneously). In 

this case neighbouring sites interact with energy eo  if they are in the 

same state and e1  if they are in a different state. In the ferromagnetic 

case c < c1" The system shows a continuous (higher order) phase transi-
tion where all three phases vanish in a tricritical point. Straley and 
Fisher (32] exhibited that point by series analysis and remarked that 

it was an "anomalous" tricritical point in the sense that all three 
phases come to vanish on equal footing while in a "normal" tricritical 
point they do not DM We will return to this point later in connection 

with a continuous model of ternary equilibria but we will consider first 
another important generalization of lattice models, 

1.5 The penetrable-sphere model  

In 1970 Widom and Bowlinson (34] proposed an alternative model to 
the lattice gas, having an underlying symmetry closely analogous (but 
not strictly identical) to the hole-particle symmetry but with the realis-
tic feature of being a true continuum model*  and thus being more adequate 

for the study of liquid-vapour equilibrium. In the new model a multibody • 

potential energy was defined for a one-component system as a function of 
the total volume covered by N microscopic spheres (in general interpene-
trating, hence the name) each centred on one molecule and having constant 
volume v

o' 
 If W(r1, ...* r ) represents the common volume of the N inter- 

penetrating spheres, the potential energy is given by (34] 

U(ri*  ..., EN ) = 	(Nvo  W( 
vo 

0-40 

where g is a microscopic parameter with units of energy. This one-

component fluid was demonstrated to be isomorphic to a. binary mixture 

in which the particles interact with purely pair potentials in which 
molecules of the same species see each other as ideal gases but those 
of different species interact as hard spheres. The thermodynandc pro-
perties of one "version" are transcribed into the other by simple rules 

derived in the process of demonstrating their equivalence. The symmetry 
becomes more apparent in the two component version where both species 

play identical roles. 
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a 
Because of the interactions proposed, the mixture is expected to 

segregate into two phases, each consisting mostly of one species, when 

the density of both is high. This separation cannot persist at low 

densities because of the entropic contribution to the free energy and 

thus a critical point (plait point) is expected at some intermediate 

density. Widom and Rowlinson exploiting the symmetry of the model were 

able to locate the critical point by a number of inequalities and charac-

terize some of the asymptotic behaviour of thermodynamic variables. One 

interesting consequence of this model is that the mean orthobaric density 

.011  the one-component version (which coincides with the line of symmetry 

in the two-phase region) reflects the singularity of the heat capacity 

so that the law of rectilinear diameters fails. This failure is associ- 

ated with the deviation from the strict hole-particle symmetry of the 
	a 

lattice gas (35]. Though it has not been shown beyond doubt it seems 
that experimental systems have singular diameters. 

The modeAirwas shown to be correct in the limits of low and high 

temperatures, In the first one it is correct because it has the right 

symmetry, in the second one it gives rise to the mean field approxima-

tion. In fact, one of the equivalent formulations of this approximation 

is that of molecules occupying random positions; the mean volume <W> 

covered by the N interpenetrating spheres is simply, in the thermodynamic 
limit. 

V = 1 - exp(-p) 
	

(1-42) 

where p = v0N/V is a dimensionless density, From (1-41) it follows that 
the potential energy density of the random configuration is 

• = 1 	p 	exp( -p) 
	

(1-43) 

where $ = voil/eVa Thermodynamic properties follow from this equation of 
state. 

Further developments followed rapidly. Ruelle (36] using a modified 
version of Peierls's argument proved the existence of'a phase transition 

for the mixture model in two dimensions (and by implication in higher 
dimensionalities). It is not clear, however, how Onsagerts argument would • 

be extended to this model and it is likely that it cannot be solved exactly. t 

Widom [37)  based on a geometrical theorem by Hernia (38] discussed the 

decomposition of the multibody potential energy into negative 2m-body 

potentials corresponding to attractive forces and positive (2m + 1)-body 
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potentials (m 1, 2, ...) corresponding to repulsive forces. Lie [39] 

proved the asymptotic correctness of the WA as ,  the dimensionality 

became infinite for a system of penetrable cubes. 

The interactions between unlike particles in the binary mixture 
are not restricted to be only as hard spheres. The model was later 
extended to a general interaction, requiring only that this interaction 
complied'with stability requirements [40, 41, 42]. One particularly 

useful prescription is the gaussian model of Helfand and Stillinger 

(43] where the Mayer function 

fab(r)  = exP(-Buab)  - 1  

for cross a-b interactions*  is the wispier" 

2  f
ab(r) = exp(-s r

2 
 ) 

(1-44) 

(1-45) 

The resulting uab  potential is obtained by substitution of (1-44) in 

(1-45). On transcribing into the one-component version an explicit form 

of W(r1, 1111., ;) as function of position is obtained (407 

W(r_1* ...0  
N 

ft A 	- exp(-424))) dr 
1=1 

(1-46) 

which can be expanded as the sum of pair, triplet, etc, interactions as 

in the original model (35] 

u(_ 111 0011, ) = 	u2 	u
3 
+ 1111. 

pairs 	triplets 
(1-47) 

but with the advantage that the potentialsun  can be written down as 

explicit functions of position 001. A second and more useful, advantage 

is that all cluster integrals are readily expressed in closed form (41]. 

The virial expansion of the one-component model and a mixture of 

oriented hard cubes was considered by Straley, Cotter, Lie and Widom 

[44] who obtained the coexistence curve, Melnyk, Howlinson and Sawford 

(40] studied the two-component virial expansion in powers of the density 

and in powers of the activity for the hard-sphere and gaussian models. 

The critical behaviour of the exact series and the Percus-Yevick (FY) 

and second-order Percus-Yevick (PY2) approximations E451 was obtained 

with the use of Redd approximants. The PY approximation yielded a 

classical critical point in both models, The behaviour of the exact and 



- 30 - 

PY2 series was irregular for the hard-sphere model but gave a non-
classical critical point for the gaussian model. Later Ahn and Lebowitz 

[46] obtained an exact solution of the PY approximation and confirmed its 
classical behaviour. The hypernetted-chain (HNC) approximation was 

studied later [41, 42] and its non-classical nature established. 
The volume W(ri, .4,4) covered by the spheres placed at random 

was computed by Monte Carlo simulation by Melnyk and Howlinson [47, 48] 
who also studied the cumulant expansion of the potential energy. Other 

computer experiments were performed on a mixture of molecules of "non-

additive diameters", that is, one in which the collision diameters 
aaa 

and ebb  of a-a and b-b interactions are such that the cross diameter 

aab is 

uab = 1('0f  as 4" bb) 
	

(1-48) 

with A = O. The penetrable-sphere model corresponds to the limiting 

Case a
aa 

=
bb = 0 and. t > 0, Melnyk and Sawford (48, 491, obtained the 

equation of state by molecular dynamics simulation [45] and observed a 

phase separation at high densities. 

The mixture model can easily be extended to a ternary system by 
adding a third component interacting in such a way with the other two 

that 

and 

uaa = Ubb = ucc = 

(1-49) 

- m 	

for r < a_ 

= ubc m ucc 

This extension bears no connection with the original penetrable-sphere 

model other than having the binary mixture as the limit when the density 

of one of the three components goes to zero. However it will be shown 
that it can be regarded as a generalization to a continuum system of the 

three-state Potts model. This ternary mixture model also, in the MFAI  

resembles closely the symmetric regular solution model of Meijering (0], 

who studied the phase separation of a ternary mixture which has a Gibbs's 
free energy of the form 

0 for r > a 

fr 
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G = a(xy + yz + zx) + RT(x logx + y logy + z logz) 	(1-50) 

where x, y and z are the mole fractions of the three components and a is 

an energy parameter. This "model" is purely macroscopic; there is no 

known microscopic Hamiltonian which leads to (1-50). 
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Chapter II  

THE DISTRIBUTION FUNCTIONS OF THE PENETRABLE-SPHERE MODEL 

The penetrable-sphere models of liquid-vapour equilibrium are a 

class of one-component continuum models in which the particles interact 

via multibody potentials (34). The models are isomorphic to two-

component mixtures with simple pair potentials, Although the original 

model was proposed such that the potential between unlike particles in 

the mixture was that of hard spheres, extensions to more general pre-

scriptions have been developed [40, 41, 421. Of special interest is the 

gaussian model where the unlike potential is such that. the Mayer function 

is a gaussian E431. 

The isomorphism of the one- and two-component models is demonstra-

ted by showing that their grand partition functions are equal, provided 

some identifications of their variables are made, These identifications 

constitute a set of transcription rules by which the properties of one 
model are mapped into the other. Transcription takes a simple form for 

approximations such as the mean-field (MFA) or Percus-Yevick (PY) where 
the direct correlation functions between like particles are zero. 

In this chapter we first examine the stability and tempering of the 

multibody potential and then derive the transcription of the distribution 

functions and obtain their explicit form in the critical region of the 

MFA for two prescriptions of the cross potential, the hard-sphere and 

gaussian models. 

II.1 The penetrable-sphere model, stability and tempering of the  

multibody potential  

Consider an ensemble of N identical particles enclosed in a box of 

volume V and associate with each particle a microscopic sphere of con-

stant volume v
o centred on it. Those spheres will, in general, inter-

penetrate. 

The total volume covered by such spheres will be a function of 

the configuration of the particles, denoted (N), Let W(N) be this 

function, which is bounded above and below; above when there is no 

overlapping, and below when all centres coincide, 

V 5 W{N } 5 N v 
0 	 0 

(2-1) 
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The potential energy of the system, U(N), is defined to be propor-

tional to the difference between the volume of N non-overlapping spheres 
and the function W(N) described above. The function U(N) whose ensemble 
average is U is defined by 

U{N} = fi- ENvo  - WM) 	 (2-2) 

where e > 0 is a microscopic parameter with units of energy. This is a 

non-positive function in virtue of (2-1), U(N) is also stable, i.e. 

there exists a fixed natural number h
A 
with the property [511 

U{N} a - N hA 
	 (2-3) 

for all N and every configuration Oils. ProM (2-2) this lower limit is 

- c(N-1), thus 

- s(N - 1) s U(N} s 0 	 (2-fl) 

The potential is purely attractive without a hard core, For a pairwise 

additive function the lower bound would be proportional, to the number 

of pairs, iN(N-1), which improperly leads to non-extensive U. However, 

the potential of this model is a multibody function, not just a pair-

wise additive one, which saturates whenever two spheree.coincide. It 

is this property which guarantees that the lower bound of (2-2) is 
proportional, to N, not to N2, hence leading to correct Thermodynamics, 

In the alternative binary mixture version the intermolecular 
potentials are defined as 

uaa = ubb = 

cc'

r < Crab 
Uab 0 
	 (2-5) 

0 	 r > flab 

where oab is the collision diameter for particles of unlike species. 
The multibody potential 11(N) must be short ranged and (at least) 

weakly tempered, that is, the interaction energy AU between two groups 
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N' N" h
B 

AU(111, N"), 5 	 (2-6) 
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containing N' and N" molecules must be such that for all No and N" and 

any 6 > 0 there exists two fixed positive bounds Ro  and 	that 

whenever Ira 
	

r z R
o 
 for, all i and j and if Nor/r3+6 is 

sufficiently small (511. The potential energy (2-2) satisfies both 

conditions, in fact we take the definition of vo  and W(N) in terms of 

the pair potential u
ab of the mixture version (403 

v - f (r dr t
ab oi -o (2-7) 

N
b 

W(N) =V"I n (1 ab 	
.)1 dr 	(2-8) 

i21 

where to  is the Mayer function and the particle subscripted zero is of 

species a and the other 1 % i s Nil  particles are, of species b, and 

N
b 

N. Thus (2-2) may be written as Om, 413 

Nb 
u{Nb = 	f 

v 	
R (1 	f 	(r .)) dr 

o i=1 	
ab 02 o 

(2-9) 

then 

Au(N I , N") = 	N") - W(N1 ) 	U{N"} 	(2-10) 

	

No 	N" 

1  = - v  -fili [1 4.1'ab  (r oi  )3-1)(RE1 	r
al)oj

)1-1} dr
o  

0 	i=1 
 

j=1 

(2-11) 

And therefore (2-6) is satisfied for the more stringent condition 

hB m 0, The potential is then said to be strongly tempered. We next 

obtain the range of 41)(111,N"), From (2-5) it follows that 

0S 1 + fah 	1 
	 (2-12) 

SQ 

41; 
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1 + 	fab (r .) 5 	II [1 + f
ab 

 (r .)] 5 1 + f
ab 
 (r .) (2-13) 

i=1 	i=1 

The first inequality can be pred by induction (353 and the second is 

trivial. Integration of (2-10) leads, by (2-10), to 

v 	N' N" 
 J r t(r .)r "(r .)dr S -121AU(N1, N")I 	y ifall)(rodfa;(roi)dE0  fob 

ox ab oj o e 1=1 j=1 

(2-14) 

and thus AU is short-ranged as it is zero for separations of the groups 

N' and N" ,greater than the self-convolution of fo, which is a measure 

of the ,range of the multibody potential, 

It should be noticed that the above discussion depends on the 

property (2-12) of the Meyer function and not on a particular specifica-

tion of uab, it therefore may be extended to the general interaction 

uaa 	= 0, and uab  > Q such that leads to proper Thermodynamics. 

11.2 Transcription of the distribution functions  

To demonstrate the equivalence between the two versions of the 

model and obtain the transcription rules we show that their grand par-

tition functions are equal. 

We introduce a convenient set of variables, Let the dimensionless 

density, pressure-to-temperature ratio, energy density and reciprocal 

temperature be defined by 

p = mIVY 
	

(2-15) 

w = pvo/kT 
	

(2-16) 

$.= voU/ V 
	

(2-17) 

8 = e/kT 
	

(2-18) 

We define also the dimensionless activity z such that it approaches p 

as p tends to zero, 

Consider now the two-component grand partition function 
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Emix(za' zb) = expOrmix V/vo) 

Na N 

N 0 N =0 NaINbi 
yo 
	

v 	a 	b 	ab 

7 7 	1 	ral rbi b 
ffd(N )41(N )exp(-u /kT) 

a b 
( 2-20) 

where d(N) represents the element of volume dridre,,,44, When ell 
particles of species b are held fixed the remaining  Na  particles consti-

tute an ideal gas moving in a volume (V - WOO), thus integration over 
all positions of Na  keeping all particles b fixed yields simply 

dega) exp(-uab/kT) = [V 14(1101a 	(2-21) 

The Sum, cover Na  gives the exponential factor exp(V W(N)). After some 

rearrangement (2-20) becomes 
z
a
V 	

N
b 

(Z 	z ) 	° 	
z 

-mix a,  b. = e N b 	o 
, v 	

N Xp(”4  a v b ) (2-22) 
W 

The right hand side of (2-22) is, except for the factor 

exp(Za  V(vo), the definition of the one-component grand partition 

function if the following  identification is made; 

N
b 

= N 
	

(2-23) 

zb = Zee 
	

(2-24) 

z
a 
= 
	

(2-25) 

(2-19) 

thus 
z
a
V 

(z z ) e- ° = 	e) -mix a' b 
(2-26) 

Equations (2-23) to (2-26) constitute the transcription rules, 

We apply them to transcribe the rn-body distribution function, which is 

defined in a one-component fluid by 

n(m)(1, 0,,, m) 74 E-1 	*41..m)  
	 (Z 	I 

v
0 	

Opiwm)  exp[v  ; 
0 

VFW(N J) (2-2T) 
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Multiplying numerator and denominator by exp(OV/v0) gives, after some 

rearrangement 

n(m)(1 m) = 

OV 	-1r 	 exp(- 7-) 	/ 	
ze 	

f d(N-m) exp( t (V - W( N))] 
Nam 	o 

(2-28) 

Transcribing into the two-component language with the rules (2.23) 

to (2.26) and expanding the exponential term given 

(m)( n 	000, m) = 

-1  
'mix 	N 

Na  N13,14 a 

N 	N 
Z )a fz‘b 	 n

4b 

Kti I.V11 14(Na}d(N1).- exp --- 
kT ] 

(2-29) 

n(m)   
bb.,.b'' (1' .••, m). In particular setting m=1 yields eq. (2-24) and m=2 

gives the equality between the pair distribution functions 

n(2)  (1,2) 	
) ,2) = nbb ( / '2) 	 (2-30) 

A similar procedure can be followed for the mixed distribution function 

n(m)
0ab0,,b (1, 
	m) but no simple relations as (2 -23)or (2-30) are a  

obtained and therefore they are less usefUl. 

The identification of the distribution functions has important con- 

sequences in an approximation such as the MFA or PY where c aa = nbb = 
Consider the two-component 0Z equations 

hbb (1,2) = na  f hba  (1,3) Gab  (3,2) 4(3) 	(2-31) 

hab (1,2) = cab (1,2) 	'lb hbb (103)  eba (3,2) 4(3) 
	(2
'
32) 

where n
a 

= 14
a
/V = p

a 
v
o 
and n

b 
are number densities. Substitution of 

(2-31) into (2,32) and vice versa gives 

hab (1,2) =.cab  (1,2) .1. nanb  if hab  (1,4) cab(3,2) d(4) d(3)0-33)  

hbb (1,2) a 	f lib 
(1,3)  cab  (3,2)  4(3) 

hanb ff hbb (1,4)  cab (4,3) co(3,2) 4(4) 4(3) 	(2.34) 

On transcribing hbb  to h, pb  to p and pa to 0(1-p-4) we obtain, from 

(2034), the one-component OZ equation if we make the i#dentitication 

The right hand side of (2-29) is the mixture distributionfunction 

4 
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c(1,2) = v (1-p-f) 	c
ab(1,3)c ab

(3,2) d(3) 
o 

(2-35) 

The distinctive property of the direct correlation function is 

its short-rangedness. For pair potentials the range is essentially that 

of the Mayer function, except from a weak long-ranged tail. In the PY 

approximation the long-ranged tail is dropped and c(r) is only given by 

c(r) = f(r) Y(r) 
	 (2-36) 

where [17] 

y(r) = (1 4,  h(r)7 	Ei 	f(r)) -1 
	

( 2-37) 

The py approximation was originally proposed for systeMa with pairwise 
additive potentials.' Rushbrooke and Silbert 02] and Rowlinson (531 
studied the extension to triplet interactions, but there is no general 

formulation for a system with multibody potentials. However, the sali-

ent feature of the PY approximation is that the range of c(r) is of 

the order of that of the intermolecular potential [51 ] and that is exactly 

what equation (2-35) indicates, as we can see by substitution of (2-36) 

and comparison with (2-14). Thus transcription preserves the short 

rangedness of c(r) and in this sense the one-component c(r) of (2-35) 

corresponds to a true PY approximation in the system with multibody 

potentials. 

Equation (2-35) takes a simple form in Fourier space. Define 

the Fourier transform of cab(r) by 

(P,ftPhl 	( 

o ab
(1) = 	cab (r) 	dr  — 

(2w)3/2 

and similarly for 'elk). Transforming (2-35) gives 

(2n)312  p c(k) = PaPb[(2103/2  ab(k)1 

(2-38) 

(2-39) 

11.3 The mean-field approximation  

When all particles assume random positions the behaviour of the 

system is given by the MFA (section I.1). This approximation is also 

obtained from the virial expansion of the correlation functions, when 

all but the second virial coefficient are discarded. In this case 

00,44]. 



- 39 - 

c
ab
(r) = f

ab
(r) 

From (2-35) the one-component function is simply 

c(r) = e(1-o-0) g2(r) 

where e
2 

(r) is 4 chain integral 

f
2
(r) = v

o
-/  f r

ab 	' 
(1 3) f

ab ' 
(3 0 d(3) 

and from (2-34) the total correlation function is 

h(r) = 0(1"3-0) C2(r) Pe (1-0-02C4(r) t 
00 

= 	pj-1  ej  (1-P-00 f2,1 (r) 
j=1 

where the 2j-chain integral is 

(2-46) 

(2-41) 

(2-42) 

(2-43) 

(2-44) 

p. (r) = v-2
j+1 

1.,,ft 
	(1,3) .,. 	(2j+1 2) d(2). d(2j.0.1) t:2,3 	

0 	ab 	-ab 
(2-45)- 

with 

and 

f _ 
.12(0) = yo  f r

2 
 dr 

ft 2j 	dr = v 

(2-46) 

(2-47) 

The correlation functions (2-41) and (2-44) lead to the mean- , 
field equation of state (421 , In fact, the compressibility, given 

by (1-16), is 

aa 
= 1 - nb  c(r) dr ap   

(2-48) 

where c(r) is in turn given by (2-41), integration or 1:2(r) gives 

simply a factor of Yo  (equation (2-47)), hence 

e = 1 - pe (1-P-4) 

Combining (2-49) with the identity 

-1 
rap 	0   1 .3oge 	.
3p 	

,e 

gives the world order partial differential, equation for • 

( 	11-P", = 2 	0 logp ap 8 	9 
(2-51) 

(2-49) 

(2-56) 

whose only relevant solution, that is, one for which 4 	as p tends 
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to zero, gives 

= 1-p-exp (-p) 	 (2-52) 

which is the result of Widom and Rowlinson (eq.1-43) for the poten- 

tial energy density of a random configuration, that is, the MFA. 

The approximation is exact in infinite dimensions 139,42] and leads 

to a classical critical point f34] and so the correlation functions are 

expected to exhibit the classical behaviour. 

11.4 The gaussian model  

We will consider first the case in which the unlike interactions 

are gaussian in form (see section 1.5). All chain integrals can be in-

tegrated in closed form to give, in three dimensions [55 ] 

2 2 
= (2j)-3/2  exp(-41.-- 2j 

hence 

c(r) = 2-3/28 e-P  exP(-ia2r2) 

CO 

h(r) 2-3/2  -3/2p  j-/ ei exp (-JP - =  
j=1 

 

2-53) 

(2-54) 

2 2 
4 r 
2. / (2-55) 

The zeroth moment of c(r) gives the isothermal compressibility 

and the second moment Debyelp persistence length 

v-1  fc(r) dr P 6e P  = p-/  El- (aw/eP) 

2 - 
	1 1 2 2 , 	1 	 p oR 	arctr) dr = 2  Se p  

0 

(2-56 ) 

( 2-57) 

The length A is everywhere comparable with the range of the intermole-

cular potential as the second moment of c(r) remains finite at the 

critical point f561. 

At large separations the sum in (2-55) is dominated by terms 

with large j and can be replaced by en integral according to the Euler-

MacLaurin theorem 1571 

2k r(j) = 	113)(14 + 1  r( 1 	co-as (2k-1)( 1 ) 

j=1 	1 	k=1 
(2-50 

where A2k  are the Dernoulli numbers, The term t(1) is simply • 

f(1) m 0(1-0-e) 12(r) " e(r) 	 (2-59) 
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which is zero at large separations because of the short-,rangedness 

of c(r), therefore 

2 2 

23/2p 

1  
h(r) 	1

1 
 (Pee p) j-3" e a r  

	

2j 	dj  

With the change of variable t = j
-2 and the definitions 

2 2 ar 

- log (p0) 

equation (2-60) becomes 

h(r) - -4- f
1 
 exp (-a2 t2 b

2 
- 	dt 

22p o 	t2 

2 a 	= 

b2 = 

1 
2- 

p 

(2-60) 

(2-61) 

(2-62) 

(2-63) 

The integration can be performed for real values of a and b (b is 
real throughout the whole of the one-phase region) to give 08] 

. 	1 h(r) = t-iT) 4-171; [e2ab  Lerf(a+b) - 13 + e2ab  Cerf(a-b) + 131 

(2-64) 

where erf(x) is the error function. 

For large values of r the error functions assume the asymptotic 

form [58 3 

erf(a+b) - 1 
	exp ( 	(a+b)2) 	(2-65) 

Fir (a+b) 

and 

erf(a-b) + 	exp ( 	(a-b)2)  (2-66) 
)1; (a+b) 

hence (2-64) is, for large r 

2 2 
h(r) = .1 	1 	Ee -2ab 	

b  e-(a  +b ) 

/;-2-  2pa a 2 	
2 - b 

(2-67) 

-2ab 
1 	e  (2-68) 
2/p 	a 



as the second exponential dies out more quickly than the first. 

Transforming back to the usual variables we get 

h(r) = 1  
-Kr 
e  
r (2-69) 

v
o 	

-Kr 

402  
(2-70) 

K is an inverse correlation length (dist:mewl in section 1.2, the 

equation (1-19) there) defined by comparison between (0-68) and 

(2-69) as 

-2 2 a 	K 	 log (pe) 	 (2-71) 

The correlation length E = K-1  is a MeasurS 0 the, average  dist-

ance in a fluctuation, In the above discussion it has only been regarded 

as a parameter entering in the exponential damping of h(r), tut it *8 
a physical quantity of central importance in the scaling hypothesis 

121,221. According to that hypothesis it is the longest and only rele-

vant length in critical phenomena, which accounts for the temperature 

dependence near Tc  of all quantities, that is, the temperature depen-

dence of any physical quantity in the critical region can be deduced by 

studying the way it behaves under a change of scale (59]. We will not 

enter in a detailed discussion of the scaling hypothesis, which the MFA 

surely satisfies, but will only show how another important length, the 

mean range of order, becomes asymptotically equal to C. 
The mean range of order, A, is defined by (29,56] 

2 2 
-
I a2r2 U(r) dr 

 

a A 
1 g fh(r) dr P 

(2-72) 

integration of the QZ equation, 1 6), gives 
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1'1.2  h(r) dr = C1 -a- fh(r) dr] 2  fr2  c(r) dr 
v 
a 

(2-73) 

(1 +--vo  fh(r) dr) 
	

r
2 
c(r) dr 

1 - 
v 
 - fc(r) dr 
0 

(2-74) 

where the last step results from Fourier inversion of (1-15). 

Therefore 

a 
2
X  2 
	g 
- 

 

a
2
r
2 

c(r) dr 
(2-75) 

0 1 - -- f 0(04r 
0 

-1 v 
= pa

2 
 R (-

e
p
-) 
e 

(2-76) 

- 	Pee-P  (2-77) 

  

 

1 - pee-P 

 

From (2-71) 

exp (ia-2K2) = pee P 	 (2-78) 

thus 

ay = a CXD (7j a-2K2) 
	

(2-79) 

- exp (-is-2K2) 

2 	-1 = 1(exp -5-7) - 1) 
2c1 

(2-80) 
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Near the critical point, where K is small, 

AK = 1 	 (2-81) 

There is, therefore, only one correlation length, since A and K 1  
become asymptotically equal as the critical point is approached. 

Scaling relations among the critical indices are satisfied with the 

exponents taking their classical values a = 0, S = 	y = 1. 

11.5 The hard-sphere model 
The hard-sphere model in which unlike interactions are hard spheres 

conforms to the same pattern, The chain integral (2-t2) is now the 

common volume covered by two spheres, each of volume vg, separated by a 
distance x' e(r) is given by 

e(r) = 

( 	[ 11- i(fa  lir t 2 2a r 52a 

r > 2a 

(2-82) 

  

0 

 

     

The total correlation function is found first by taking the 

Fourier transform of c(r) 

r 	1( r 3  
k v c(k) = 	j

r 
r [ 1 	3 (-2-a) 	 sin(kr) dr (2-83) 

o 	
e ea 

0 

= ee P 	[3 	(11 
(2103/2 

kw 

(2-84) 

where ji(kc) is the spherical Bessel function of the first kind and 

order one. We then solve the OZ equation in Fourier space for 11(k) 

h(k) = 	;(k)  
1 - pre(k) 

(2-85) 



( 

i(r) = 	28°7! 
	j (kr) 	[3j (ka)) 	d(ko) 

1 - pee 	
(k0) 3w 
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0e-P  (ka)-2  (3 ji  (ka))
2 
 

(2-86) 

 

1 - pee P  (3j1  (ka)/ka)2  

Transforming back to configuration space gives 

 

(2T87) 

ka 

The function h(r) is not analytical (as h(r) -0- c(r) as p+ 0 

and c(r) is discontinuous at r P 204  but it can be easily inte-

grated numerically by Simpson's rule, Its numerical solution is 

shown in fig,5, 

Nonetheless, for large separations, corresponding to small k, 

the integral can be worked out by using the asymptotic expression 

[60] 

j1(x) 
	

x exp 	x2/10) 	(2-88) 

hence 

28  e P03 	jo(kr) CO exp (- i2a
2)]  

h(r) = . 	T.- 	 dk 
31T 1 - pee p  exp (- i k2a2) 0 : 	5 	(2-B2) 

Expanding the denominators gives 

0 

3w 
	 jjo(kr) k2  exp (- 	2 	(pee-P) exp( 	dk 5  a 

n=© 	5 
h(r) = 2Se-P(13 	

,2 2 

(2-90) 

The spherical Bessel function jn(14) is related to the Bessel 

function of the first kind and fractional order by [61] 
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in (z) = 	J 	(z) n + 2 

Making use of (2-91) with n = 0 we write, after collecting terms 

(2-91) 

CO 

m-1 	1 	3/2 	.2 2 
e Pa3  1 	 - mk h(r) - a 3 (p0e-P) 	(17) 	471 (kr) k exp 	

'1"--5a-) dk  rg 	2 'w 	m1  

0 

(2-92) 

The value of the integral is (62] 

CO 

2 
% 3/2 qi(kr/ k 	exp (- 141 ) dk = o   

 

ri 

 

2 

3/2 "P ( 	r2  ) (2-93) 
4mo /5  

) 

therefore (2-92) is transformed into the sum 

h(r) = 53/2 	pme m73/2  exp ( -pM 

6 1t 1/2p m=1 	40 m' 
(2-94) 

which is identical to the sum in the gaussian model, eq. (2-55), and 

the same procedure is followed for its asymptotic evaluation. The 

range of the potential, is in this case (2/3) 0 instead of a-1. 

For large m the sum is replaced by the integral 

h(r) 
3/2 	

I

1 	2 
exp(-82  - X-) dt 

t2  31t' 

with 

a2  4 "I  

4o2 
	 (2-96) 

(2-95) 



b
2 = p 	log (pe) 

whose asymptotic behaviour leads to 

5a  e
Kr 

h(r) 
3p 

(2-97) 

(2-98) 

which is identical to (2-69) with the appropriate range of the poten-

tial. The inverse correlation length is given by 

1 
22 

Tra K = p 	log (1)0) 

and X by 

1 
-P  

a-2 X2 
	5 P0 e  

1 -p 0e P  

Thus we have again 

/1 
a2  K2 ) 	N-1 -2 A2 	(exp %-" 	K a 	= 	5 5  

(2-99) 

(2-100) 

(2-101) 

which reduces to AK = 1 for small K. 

11,6 Discussion  

Equations (2-80) for the gaussian model and (2-3.01) for the hard-

sphere model relate the correlation lengths k and K-/  and exhibit their 

asymptotic identity As the critical point is approached, The form of 

those equations depend only on the range of the potential And may have 

wider validity than this class of models. 

Figures 6 to 8 illustrate the correlation functions and their 

Fourier transforms in the one- and two-component versions of the hard-

sphere model, 

h(r) rapidly Approaches the limiting value of (50/30 when, at 

P se  and 0 = Oc, r increases. This is the limit contained in equation 

(2-70. 
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The critical point is, by the nature of the MM, classical. 

We will obtain and discuss the critical behaviour of two more complete 

approximations, the PY and HNC, in chapter V.They are found to pre-

dict critical points of very different nature, the FY being classical 

as the MFA while the HNC being non-classical, in closer agreement with 

experimental systems. This distinction is maintained in a more reali-

stic system where the molecules intereact with (12,6) Lennard-Jones 

potentials. 

yw 
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149 - 

'i015.0 5 Total correlation function of the penetrable-

sphere model in the mean-field approximation. 

The dotted line is the asymptotic limit at the 

critical point. 
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rAr 
Figure 6 .One-component direct cori.elation function 

of the penetTabler,sphere mode1 0 the MFA 

in the limits of zero. and critical density. 
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Figure 7 Fourier transform of the one-component direct 
correlation function in the MFA. 
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Figure 8 Fourier transform of the two-component 

direct correlation function. 
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Chapter III  

A TERNARY MIXTURE CONTINUUM MODEL 

The mathematical simplicity of the two-component version of the 

penetrable-sphere model suggests that with the inclusion of a third 

component a simple and physically adequate model to study phase equili-

bria in ternary fluid mixtures would be obtained. The extended model 

may be regarded as a generalization to continuum systems of the three-

states Potts model (311 outlined in chapter I, in the same sense that 

the original penetrable-sphere model is a generalization of the lattice 

gas 134]. 

The model is defined by the intermolecular potentials. As in the 

binary mixture, only unlike molecules interact and do so via simple pair 

potentials. It was shown in Chapter II that any purely repulsive poten-

tial leading to proper thermodynamics may be acceptable; in practice the 

two most useful are that of the hard sphere model and that of the 

gaussian model, both leading to temperature-independent configuration 

energy. 

We set then 

	

uaa = ubb = ucc = ° 
	

(3-1) 

	

and u
ab = ubc = uca 

> 0 
	 (3-2 ) 

with u 	(a 0 0 either 

a 	
c9 

a 
r < a ( 3-3) 

0 	 r > a  

or 

2 2 
uaa 	= -kT log (1 - e-Y r  ) 
	

(3-4) 
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The model has a three-fold symmetry in the three components, which 

play identical roles. The symmetry reduces considerably the complexity 

of the calculations and is closely analogous to that of the Potts model 

and Meijering's regular solutions with equal and positive energy para-

meters. 

The mixture undergoes two phase transitions of interest; one is 

of higher order (continuous) where three phases vanish in a tricritical 

point, above which there are three-phase equilibria. The other is of 

first order (discontinuous) and occurs at still higher pressure (see ref. 

12 for the classification of phase transition), On lowering the pressure 

from above the second transition a three-phase region splits into a com-

plex configuration of one-, two- and three-phase regions, the transition 

point being an equilibrium quadruple point, i.e. one where four phases 

coexist. 

Phase diagrams in ternary systems are difficult to visualize since 

four variables are necessary to define a state, although in this model 

with temperature-independent configuration energy only three variables 

are independent, as the temperature is irrelevant, The pressure-to-

temperature ratio will then be treated as a single variable. A useful 

coordinate system on which to draw phase diagrams is the Mobius tri-

angular system where the compositions of the three components are plotted 
in an equilateral triangle, the vertices of which represent pure com-

ponents and the sides binary mixtures; one point inside'the triangle 
represent a state with composition of each component proportional to the 

perpendicular distances to the sides, 

The phase diagram of this continuum mixture is shown in Figure 9. 

In Fig. 9a the pressure is such that the whole of the interior of the 
triangle represents a single homogeneous phase, The binary critical 

points are in the middle of each side marked by dots. When the pressure 

is raised two-phasecrescentsdevelopfrom the sides (Fig. 9b) which ex-

pand until the pressure of the first transition of interest, that of 

higher order, is reached. Above this pressure three-phase equilibria 

form, therefore the transition corresponds to a tricritical point. 
Above the tricritical pressure the phase diagram is complex, showing 
regions of one-, two-, and three-phase equilibria (Fig. 9c). As the 
pressure is further raised the two- and three-phase regions expand un-

til the two-phase regions developing from the sides of the three-phase 

triangle touch at the lines of symmetry (Fig,9d) and at higher pressures 

join forming strips (Fig. 9e), At still higher pressures the three-

phase regions reach the lines of symmetry (Fig. 90. It is at this 



Figure 9 Phase 	ram of a ternary mixture 

with “norm41It tricjt$.oaj point. 
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pressure when the second transition of interest occurs; it is a 

first-order (discontinuous) transition where no critical fluctua-

tions occur; four-phase equilibria between an equimolar and a-rich, 

b-rich and c-rich phases is established; for any higher pressure a 

single three-phase region forms in the middle, which expands filling 

the whole of the triangle at infinite pressure (or zero temperature). 
Such geometry has been discussed earlier (63), Tricritical points 

were discussed theoretically in 1926 (64) but were discovered experiment-

ally much later (65) and the behaviour of thermodynamic variables 
as the tricritical point is approached has been considered only in the 
last few years. Meijering 150] obtained a phase diagram identical with 

the one shown in Fig.9 for a hypothetical thermodynamic system of regu-
lar solutions. Widom and Griffiths [65]'pointed out the similarities 
between tricritical points in fluid mixtures, magnetic systems and the 
mixture He3 - He4 and suggested an examination of tricritical exponents 

and dynamical properties to see in which way they differ from ordinary 

critical points (i.e. those where two phases vanish simultaneously). 

Riedel and Wegner 066,671 had found from renormalization group analysis 

C593 that tricritical exponents should not differ from their classical 
(i.e. mean-field) values by more than logarithmic corrections, in con-

trast with ordinary critical point exponents (123. An equivalent con-

clusion was drawn by Griffiths [33] who discussed the experimental data 

cited in Ref, [65]. He put forward a phenomenological model of the type 

proposed by Landau 181. The free energy P is expanded in powers of a 

one-dimensional order parameter 4) by 

T = a1 	+ 
1 	+  a2*

2 	a34)
3 4-  a4* 	*

6 	(3-5) 

where the a. are such that they take identical values in coexisting phases 

while 4)  does not. According to the convention of Griffiths and Wheeler 

C68) the former belong to the class of "field" variables while the second 
belong to the "density" variables; examples of the first are the pres-

sure, temperature and chemical potentials, of the second are the number 
densities, volume and, entropy density, The parameters aj  are then 

assumed to be linear combinations of some fields which vanish at the tri-
critical point. As it is evident from (3-5) the free energy 'V is a gener-
alised homogeneous function of the a. and therefore has a scaling pro-

perty, with a set if exponents derived from it. 
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One important consequence of Griffiths's model concerns the shape 

of the three-phase region in the tricritical neighbourhood. Analysis 

of the relative magnitude,  of the a-
J 
 (or equivalently, the linear com-

binationscf the field associated with them) show that the three-phase 

triangle shrinks in such a way that ore edge vanishes more rapidly than 

the dimension perpendicular to it, and this longest edge is nearly 

parallel to a unique direction in density space (Figure 10) [33,69]. 

The difference of densities of the vertices of the longest edge vanish 

as ( T - TTC  )2 (T TC  is the tricritical temperature and 01 = is 

the tricritical exponent) and the direction perpendicular vanishes as 

( T  TTC ) (exponent 02  = 1). Recent measurements of the system benzene-

ethanol-water-ammonium sulfate CPO] support the view of a unique direc-

tion in composition space singled out by the vanishing of the three-

phase triangles; the measured tricritical exponents were Al = 0.4 and 

P.2 = 1.0. 

A rather different picture was obtained by Straley and Fisher 

[32] in their series analysis of the two-dimensional (square lattice) 

three-states Potts model. Both the nature of the tricritical point and 

the underlying geometry of the phase diagram disagree with Griffiths's 

view. According to their results the system undergoes only one phase 

transition, which is continuous and occurs in place of the quadruple 

point of Fig. 9f. The phase diagram is shown in Figure 11. At low pres-

sures, Fig. 11a, the phase diagram is identical to that of Fig. 9b. 

On raising the pressure, though, the two-phase crescents, instead of 

developing the complex geometry of the previous case, grow, deforming 

continuously (Fig. 11b), until all three touch at the centre in a single 

tricritical point ( Figure 11 d). This three-fold symmetric point is 

incompatible with a unique direction in density (or composition) space. 

For higher pressures the tricritical point .splits into a three-phase 

triangle as in Fig.9g, but without passing through the quadruple point 

of Figure 9f. 

The phase diagrams of Figures 9 and 11 are clearly different. For 

the purposes of classification we call the class of models following 

the former 	the "normal" tricritical-point models while those follow- 

ing the later are the "anomalous" tricritical-point models. (Straley 

and Fisher [32] proposed the name of "anomalous" tricritical point for 

the one discovered by them). 

Evidence supporting both views has been produced by model studies 

[32, 33, 65-78] and recently by experimental determination of the tri-

critical exponents [70]. Some of these works have been devoted to 

4 
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Figure 10 Shrinking of the three-phase region in 

the neighbourhood of a normal tricritioal 

point, A well-defined direction is singled 

out. 



• 

Figure 11 Phase agram of a ternary mixture with 

gan'ome1ous" trioritioal point. 
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determine the order of the transition when, on lowering the pressure, 

the single three-phase region in the middle (Figs. 9g or 11e) splits. 

In the class of "normal" models this transition is of first order (dis- 

continuous) since it occurs at a point of four-phase equilibrium where 

no critical fluctuations are involved; on lowering the pressure from 

that point the complex phase diagram of Fig. 9e is obtained and for a 

somewhat lower pressure three asymmetrical tricritical points are 

formed. 

For the "anomalous" class of models the only transition is of 

higher order (continuous) where three phases vanish on an equal footing 

in a three-fold symmetrical tricritical point. 

Consequently the question of whether there is a quadruple point 

and three asymmetrical tricritical points or only one symmetrical tri-

critical point is equivalent to asking whether the first transition 

appearing when lowering the pressure from the central three-phase re-,  

gion is of first or higher order. 

Golner [71] studied a continuous generalization of the two-, three- 

and four-dimensional Potts model replacing the q discrete states by a 

three-fold symmetric probability distribution. Using the q = 0 approxi-

mation to the renormalization group recursion formula (where n is the 

Fisher critical exponent related to the decay of h(r)) he found a first-

order transition corresponding to the "normal" picture of Figure 9, He 

concluded that the order of the transition should be a•general feature 

of systems with three-fold symmetry, at least in the approximation 

n = 0. Ditzian and Oitmaa [72] discussed the high-temperature series 

expansion of the spin-1 Ising model with biquadratic interactions such 

that include the Potts model. The order of the transition depends on 

the magnitude of the biquadratic interactions parameter, which gives 

rise to "regions" of first and higher order. transitions; the three-

states Potts model lies in the border of the first order transition for 

d = 3. Sivardibre and Lajzerowcz [73] found that the spin-1 lattice 

gas model for symmetric binary parameters predicts normal phase dia-

grams, that is first order transition. 

The "anomalous" phase diagram or, equivalently, the picture of 

the higher order transition is also well supported. Baxter [74] ob-

tained exact expressions for the free energy and critical temperature 

of a two-dimensional q-state Potts model and demonstrated rigorously that 

for q > 4 the model has a first order transition but for q $ 4 the 

transition is of higher order. Eating [75] performed high-field series 

expansions of the three-states Potts model for square, simple cubic, 



body-centred cubic, triangular and face-centred cubic lattices; the 

latter was used to study the transition. Although the results are 

scattered and give a critical point above the one predicted by high-

temperature expansions, he interpreted the transition as a higher-

order one. Straley [76] investigated the three-dimensional Potts model 

on a simple cubic lattice with low- and high-temperature expansions; 

both have divergences on the same temperature range and the free energy 

and the internal energy bridge continuously from the low- to the high-
temperature series, which is evidence of a higher-order transition; 
however anomalies in the high-temperature series cast some doubt on 
their validity. Kim and Joseph studied the q -state Potts model in 

two and three dimensions 0773 and the spin-1 SchrOdinger exchange 
model [781 which is a generalization of the spin -1 Heisenberg model 

[791 in the same waythat the Potts model is a generalization of the 
spin -1 Ising model, The problem in the Potts model was approached by 
investigating the derivatives of the free energy with respect to an 

order parameter and the temperature; the authors claim to have good 

evidence of a higher order transition in the high-temperature series 
for q 3. With regard to the SchrBdinger model they found mean--field-
like behaviour for the high-temperature series of the free energy on a 

face-centred cubic lattice. 
The order of the transition is, thus, still subject to contro-

versy; there seems to be no decisive argument for either. In the next 
two chapters the phase behaviour of the ternary model described at the 

beginning of this chapter is studied in detail. The model exhibits 

a "normal" phase diagram in the MFA and that picture is,  not altered 
when up to six virial coefficients are considered, 

III. 1 The Mean-Field Approximation, basic equations  

The mean field approximation corresponds to restricting the 

virial series to the first term after the perfect gas contribution 

(Chapter II). The Helmholtz free energy, A, is then given by 

A(T,V,N) A0(T,V,N) 	 Nayao  
cont,bae Pa ,14a 

(3-6) 

where N  is the composition vector (Na, lib, Ho), Ao  is the free energy 

of a mixture of perfect gases at the same temperature and Boo  is the 

molecular second virial coefficient which is in this model E401 
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Bad 
 = 	v (1 -) 
	

(3-T) 

where
ag 

is the Kronecker delta and vo is a constant microscopic 
volume defined by the intermolecular potential uar  

The free energy or a mixture of perfect gases is given by  [80] 

Ao(T,V,N) = y N a a 
a=a,b,c 

- kT 2 	log zu  (To4N) (3,8)  
...02403 

where ma is the chemical potential of particles of species a in a 
reference state denoted (e.) and Zo(T0V,N) in the canonical par-
tition function given by 

N 
 

Za(T,V,1) 	= 	2—, 	fgAJLIler) 
Nal 	h

2 

Substitution of (3-9) in (3-8) gives 

A(T,V,N) = 	Na pa"a- 	kT 
a 	a 

3Na 

N kT 
- 1) 

(3-9) 

(3-10) 

2 

Na  (log 
p V 

 

where the reference pressure has been chosen to be 

=I h
2 13/2 

20mkT kT  (3-11) 

So the free energy of the system is, in full 

-e- 
A(T,v,w) 	r 	a f 	n kT 

kT 	t 
Na EST- + log i" v 1 I + v9. (nil +nil +) V ab be 

IT e
N
a 

(3-12) 

All the thermodynamic information is contained in this equation; 
the pressure and chemical potential follow by differentiation 

p 
 = 	I

,3  (A ikT )  j 
av 

T,N 

(3-13) 
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N
a 
+

b 
+ N

c 	
v 
0 
 (N
4 
 N + N

b
N
c 
+ N

c
N
a
) 	

(3-14) 
V 	v2 

and 

8A 
P = TN  4 

a  T,V,Nb,lic  

(3-15) 

' 

11 - a 	a, 
kT = 10g.-11-1 	

(Nb  Nc
) 

pV 	
V (3-16) 

and similarly for P o, and pc, The above equations will be more use-

ful in terms of the reduced quantities introduced to discuss the pane- 

-4rsble-ophere model. 

fined by 

Av 
a 

We will add 

of the dimensionless 

ir 
- P, 

to 

4- i 

Pa 

equations 

that 

I 

Iv& 

- 	I  

+ peps  

activity 

ca=a,b,c) 

list A free-energy-density dew 

(3-17) 

becomes 

 (3-18) 

(3-12), (3-14) and 

+Papb+ obPe+  PcPa 	(3-19) 

(3-20 ) 

(3-21) 

= 	
o 

 kTV 

and the definitions 

Pr. 
" 

	

log z 	= 
a 

In terms of these 

(3-16) read 

a 

a=a,b,c 

W  = 	Pa 	Pb 

log' za  = log pa  

- - 	+ 	log 
kT 

quantities 

43. 

Pa 
+ 	log kT 

Pc 	PaPb 	PbPc 

+ pb  +pc  



and similarly for logzb  and logzc. Equations (3-19) to (3-21) are the 

basis of the following work. 

We could have started alternatively with the Gibbs free energy as 
function of the compositions and temperature. It has a more complicated 

form but is well suited for numerical analysis r81). The results are, 
naturally, identical and will, be reviewed at the end of this chapter. 

III,? Equations for the critical phases  

A critical phase in multicomponent mixtures is most simply deter-
mined by stability conditions. In all that follows we use the fact 

that the free energy surface is an analytic function everywhere, 
According to stability theory rui the Helmholtz free energy must 

be a convex function of density for a phase to be stable. When the curva-
ture of the free energy surface changes sign a series of double- (or 

multiple-) tangent planes are possible, which means that there are 
regions where the free energy of the homogeneous system can be lowered 
by splitting into two (or more) phases E50a, 821. The locus of con-
tact points between the double-tangent plane and the free energy surface 

defines 4 boundary curve of coexisting states called the binodal (Figure 

12, curve denoted ACM. It encloses a region where the homogeneous phase 

is unstable; there the free energy surface is concave-convex (a region 
of metastable equilibrium) or fully concave (absolutely unstable region). 

The locus of points which divide the concave-convex and the fully con-
cave regions is the border of absolute unstability and is called the 

spinodal (Figure 12, curve denoted DCE), 
According to Gibbs can the critical, phase is defined by the vanish-

ing of all distinction between coexisting phases. Since there are al-

ways absolutely unstable states inside the binodal, it follows that the 

critical phase lies at the border between.unstable and stable regions. 
Fprthermore it is the point where the curvature of the free energy sur-

face ceases to change sign, i.e.the surface is again fully convex. These 

two conditions define completely the critical phase according to the 
following theorem (82,84] 
Theorem; In a system of m independent components, a critical phase which 

does not coexist with other phases has m-1 degrees of freedom. 
Corollary;  For any number of components, the locus of a critical phase 

in phase space is determined by two equations. 

For the binary mixture model which we ere considering the critical 
• phase (sometimes called plait-point) of species a and b is a single 
point (no degrees of freedom), not a line, since the configuration 
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V 

Figure 12 Free energy surface A(T,V)'. The region 

where the single phase is unstable is 

shown; the curve AU is the btnodal, 

the curve DCE is the spinodal, both 

are tangent at the critical point, C.' 



a2a 
ap 2 
a 

2 9 4 

apb
2 62a = ,P0Pb (bp.  ,)2 (3-22) 

66 - 
energy is temperature-independent and consequently an additional de- 

gree of freedom is lost when the temperature (which is an irrelevant 

variable) is fixed, The critical pressure-to-temperature ratio, n, has 

then a fixed value, In the ternary mixture model the locus of such 

critical points define a line as n in varied, but another critical point 

(of higher order) is defined by the simultaneous vanishing of three 

phases. We will call the former a binary critical point or more shortly 

a bicritical,point to distinguish it from the latter which is a tricri-

ticalpoint According to the terminology of Griffiths and Widom £661. 

The mathematical formulation of these two conditions is also pro-

vided by the stability theory, Let us consider for simplicity a binary 

mixture, The first condition is expressed by the fact that the quad-

ratic form (42a) should be positive definite at the spinodal r823 where 

a is the free energy density of eq., (3-19) and 

A necessary and sufficient condition for this to be so is that the deter-

minant of the second derivative* of a vanishes, i.e. 

ea  

acta
2 	

aPaaPb 

a
2
a 	a2u  

a0baPa 	aPb2 

D 

a2a  

= 0 	 (3-23) 

This condition together with (3-20) at fixed w defines the spinodal 

and is the first .equation for the critical paint which, is a point of 

this boundary, The second condition is obtained by noting that the vari-

ation (in the sense of a virtual displacement in Analytical Mechanics) 

of the critical phase cannot enter into the unstable re ion, This means 

[ 

that the variation of A, holding constant either 	11-3," or ---- 	can- an. 
aP 	ap 
4 

not be negative, that is 
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4SD= 
3D 
ap

e, 	
"Pa 

 

aD 

 

60b 0 	(3-24) 

 

aPb 

 

       

If 0 > 0 then by suitably reversing the signs of the independent 

variables (3-24) becomes negative; therefore it must be zero. Hence 

(3-24), as equality, must be satisfied simultaneously with either 

   

i
a
2
4 	

2 

app  i 4Pa + 0(--;"‘p 	4Pb = 
a b 

(3-25) 

or 

  

as 	aPba 	'a 
61413 	

Cia / 	i 2a 	/ 55 	

+ 	I ,a2a 	6 	= 0 
8p 	Pb  (3-26) 

This homogeneous system is satisfied if and only if the determinant 

a2a, 
1 

E 	apa
2 

a
2
4  

aPa aPa 

4 

= 0 	(3-27) 

aD 	 3D 
aP a 	aPb 

(or with eq. (3-26)), vanishes, This condition is then the second one 

for the critical, phase. The 04140 procedure can be followed for any 

number of components and it is also a natural routs to consider higher-

order critical points E69, 821, 



-2 -2 -1 -2 
-Pa b 	Pa Pb 

(3.30) 
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111,3 Binary systems,  

We will consider first the binary mixtures, since they are the 

limiting oases when the composition of one species is zero. We quote 

here only the main results as such mixtures have been studied in detail 

elsewhere (411 . 

The qualitative behaviour of the binary mixture is a fluid-fluid 

phase separation at high densities of both components. dace the po-

tential betwCen unlike species is that of hard spheres, the bicritical 

point occurs at fixed pa  = pb, fixed p/T ratio and the critical line 

in the p,T space is the straight line p eonst. T for xa  = xb  = 

When pc  = 0 the free energy or the mixture is 

1 	

45- 

tin, 	Pa  
= 	1

sc 	

p 	—=—_ 4. log  

'.' aavb 	

EH 

P  kT 	if  

  

+PaPb (3-28) 

  

thus the equations for the bieritical point are 

Pa  
-1 	 1 

Pb 	1 	(3-29) .  
D = 

-1 	1 
a 

- 
Pa

1 
 

and 

1 

D 
-2 	-1 	-1 	-2 -p 	-P P 
a a b 

or vice versa, Thus D = 0 and D = 0 yield 

(3-31) 
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The bicritical density is consequently pa  = pb = 1, Substitution 

into (3-20) (with pc  = 4) gives 

Ira = 	 (3-32) 

The spinodal is given by D = 0 or 

Pa Pb = 1 	 (3-33) 

The bimodal is obtained by equating the aPtiVities of both compon-

ents and the preseure for each pair of conjugated steteso An' parti-

magr tie-line le specified bit fixing value of If greater than 3 end 

solving the set 

It 

log pa  + Pb = log pa 
	

Pb 

1 	1 	11 	s• 
log pb  + pa  = log Pb 	P

a 
	(3-34) 

; 	• 	If 	os 	ss 	ft 

Pa + Pb 	pa Pb = Pa 	Pb 	Pa Pb 

t 	n 	fl 
The three equation* in the four unknowns pa, pbt 	 and and pb 

generate a boundary curve. 

Symmetry allows us to simplify the set (3-34) if we note that 

Pa = Pb 

(3-35) 
111 

= p 
a 

since the two components play identical roles, Therefore (3-,34) is 

reduced to the single equation between two unknowns 

Pb 



4 
log p 	p 	g log p 	pl 

a 	b 	b 	a 

(3-36) 

which has pairs of solutions for P > 1, 	Pb < 1 
or vice versa. 

a 

Table II shows selected values of pa  and pb; the phase diagram is 

depicted in Figures 13a and 13b. 

111.4 Ternary system  

As a third component is added the bicritical points are displaced 

from the sides of the coordinate triangle towards the centre. At low 

densities of the third component equilibria between two phases (a-rich 

and b-rich) persist and the symmetry of the phase boundary and spinodal 

is maintained. These curves form crescents developing from the sides 

of the coordinate triangle, The bieritical points march among the line 

of symmetry. (Figure 14), 

The binodal is now gonerated by thequations 

log pa 	Pb 	pc 
	log pa  + pb  + pc  

log p b  + pc 	p
a 
	log pb  + pc  + pa 	(3-37) 

H 

	

log pc  + pa  + pb 
	 log Pc 	Pa 	Pb 

	

I 1 	I 1 	1 1 	11 	 11 11 	II 11 	II 14 

Pa P 	Pb + Pc + PaPb+  PbPc +PcPa "" Pa Pb Pc 4.  PaPb PbPc +PcPa 

but as long as symmetry between the a-rich and b-rich phases persists 

the conditions 
11 

	

Pa 
	

Pb 

' - 
'a 
	 (3-38) 

4 

P
c 

	P
c 

allow us to simplify that set to the same single equation of the binary 

mixture binodalt namely 

4 

log pa 	pb 	
1Q13 Pb 	Pa 

	 (3-39) 

The spinodal is now obtained by the 3X3 determinant 
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x 

Figure 13 (a) Phase diagram of the binary mixture version 

of the penetrable,-sphere model. By symmetry 

the critical point is at x = 



a 

1 

0 

Figure 13 (b) phase diagram of the binary mixture model. 

The symmetry between components a and b is 

explicit. The line 

symmetry. 
ftw  rb is the'line of 



D 

= 

-1 
a 

1 

-1 
Pa 

-1 
Pb 

-1 
Pc 

1 

1 

-1 
Pa  Pc  

-1 - 
Pb 

1 

1 

-1 Pc 

-1 
- 2 

(3-40) 

(3-41) 

Setting D = 0 gives 

2papbpc 	papbpbpc PCP + 1 = 0 

The bicritical point at fixed w is defined by (3'42) and the 
curve D = O. 
From (3-41) 

ap 	-2 -1 -1-2 
Pa Pb Pc 	+ p

a Tc 

(342) 

(3-43 ) 

the other entries of D are obtained from (343) by permuting cyclically 
pa, pb  and pc. After some algebra we have 

D = -p-2p-2 p-2 + 2p-2 p-2 p-1 + 2p 	p 	p-2  - a b c 	a b 	c 	a 
-1 
 b 

-1 
 c 

-2 -1 -1 	-1 -2 -1 	-2 -1 
-Pa Pb Pc - Pa Ph Pc 	P P - Pa b 

-1 -2 -2 -2 -2 7P 	Pb 	Pa + Pb - Pc a. 

(3-44) 

Setting D = 0 gives 

P2 'E P (P c 	a a 	- 1)] 	Pc 	- 1) + (pb 	1)]-  (papb  1)2=0 

(3-45) 
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and similarly by permuting pa, pb  and p c. 

Equations (3-42) and (3-45) are satisfied for pa  ,m 1 and pb  = 1 

irrespective the value of pc, consequently the loci of bicritical points 

coincide with the line of symmetry. The displacement of the bicritical 

point as s is raised above 3 is given by 

Pa 
= 1 

(3-46) 
Pb 
	1 

-3 
3 

111.5 Tripritical_points 
As s is raised beyond 3 the binodal nd spinal form crescents, 

the former enclosing completely the latter as required by thermodynamic 
stability, However, the system moves towards an unstable situation; the 
curvature near the maximum (point marked C in Figure 14) of the spinodal 
grows faster than that of the binodal until a pressure is reached when 
both are equal, For any higher pressure the spinodal improperly inter-

sects the binodal, and although there is still a bicritical point at the 

expected position it lies inside an unstable region. 

When the curvatures coincide any point near the maximum satisfies 

simultaneously the equations of both curves. Solving then eq, (3-42) 

for Pc  and substituting that value in (3-20) gives 

Pc = 
1 - p

a
p
b  

p
a 
 + p

b 
 - 2p

a
p
b 

(3-41) 

W = 1 + p a  + pb  + 
- papb ) (1 4. 2pap ) 

Pa 4-Pb 	RPaPb 

(3-48) 

For those points the densities Pa* pb 
and p

c 
must also satisfy 

the equation for the binodal 

log( p /P ) 
	

Pa +Pb 
	0 
	 (3-49) 

Let ga  and pb  very near the point P4 	= 1 be given 
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pi pre 14 Phase diagram of the ternary mixture model. This is a 

three-fold symmetr,Is system. The binodals form crescents 

ACB developing from the sides and enc)osing the spinodals 

DCE; both boundaries are taw:opt at the hicritioal point 

C, which lies on the line of sy metry MT. The tie-lines 

PQ are parallel to the sides. This symmetry is destroyed 

partially above the tricritical pressure. 
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p
a 
 = 1 + 6 

N 
P 	= 1 +a6 + 06

2 
+ 

I 3
j 

(3-50) 

(3-51) 

where 6<<1. Expanding the logarithmic terms in (3-49) gives 

(pa  - )2 
	

4(Pa - 1)3 4. CI(Pall)  - Pa = 

= (Pb - 1)  - /(Pb - 1)2 	)'(Pb  - 1)3 4.  °(Pb4) ^ Pb 	(3-52) 

and using (3-50) and (3-51) thifl becomes 

_162 + 463 4. 0(64)  = 	4.  („.ao .11, 
 443)83 + Q(5) 

	
(3-53) 

Equating terms in the same power of 6 

-1 = 
	

(3-54) 

1 = -a0 	a
3 
	

(3-55) 
4 

from (3-51k) a = ± 1; the positive sign is excluded since it leads 

to the trivial result pa  = pb; with the negative sign we have 

0= 2/3, then 

p
a 
= 1 +8 
	

(3-56) 

= 1 - 6+ 	62 + 0(63). 	 (3-57) 

Substituting (3-56) and (3-57) in (3-48) gives 

2 
R 	16

2  
' (3 -, 16  ) n = 3 + 16 + 	- 	- 4 82 3 

(3-58) 
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15 	2 a 	

43-59) 

and from (3-47) 

= 	1 — (1 +  a) (1 — d + 	6
2
) 
	

(3-60) 
2 	16

2 
- 2 (1 + 6)(1 - 6 + s62) 

la2 4 
382  

(3-61) 

These values of u and pc  define the tricritical point. Table III shows 
some solutions of (3-47) to (3-40  near it 

The point pa  pb 	1, pc  = 4, 	= 

since on raising the pressure above w gl; 

= 15/4, 
15 is a tricritical point 

three-phase equilibrium is 
developed, The coordinates of the three-phase triangle into which the 
trieritieal, point splits on raising u are obtained from the general 
equations for the pressure and the set of activities; by symmetry the 
apex lies on the line of symmetry and the two lower corners on the bi-
nodal. 

A direct solution of the simultaneous equations obtained when the 
activities at the apex and lower corners are equated is not practicable 
since these equations vary slowly with density; an alternative procedure 
is followed. 

Consider the activities of the three components along two paths, 
(i) the binodal and (ii) the line of symmetry, By conditions (3-38) 
log za  = log zb  along the binodal and, as pa  = 013'  also along the 
line of symmetry, Thus only the activities of two components are in- 
dependent, let these be a and c, Plotting log Za  against log Ze  on 
paths (i) and (ii) gives the intersecting lines of figure 15, (See 

following page), The physically meaningful part of (i) ends at A, 
the point where the binodal and spinodal cross, and of (ii) at C, the 

bicritical point, The intersection of (i) and (ii), B, is easily ob” 
tamed by the secant method or any other modified Newton method E853. 

In this WAY, the values of the activities at the vertices of the three-
phase triangle are obtained, The densities of the coexisting states 
are obtained by bact-Polving :Or Po ph  and pc  the set 
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I. 

3,750 1,000000 10000000 0,250000 

3,755 1,109104 4.898290 0,249781 

3,760 1,15645? 4,858334 0,249630 

4,705 1,193040 0,828528 0,249444 

3,770 1,225558 4,803977 0,249261 

3,775 1,254109 0,782780 0,249077 

3,780 1,280265 0,763966 0,248894 

3,785 1,304606 0,746956 0,248710 

3,790 1,327510 0,731372 0,248527 

3,795 1,34923? 0.716954 0,248344 

3,800 1,369978 0,703510 0,248161 

TABLE III DENSITY OF SPECIES 

8,01C AT THE INTERSECTION OF 

THE BINOOAL WITH THE SPINODAI, 
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(E) 

log za 	= log pa  + pb  pc  

(E) 
log ze 	= log pc  + pa  +pb  (3-62) 

= Pa Pb Pc PaPb PbPc Pea 
on the binodal, 

log za  

( 

  

log zo  

Figure 15 Activities of components a and c along the 
binodal (marked (i)) and the line of symmetry (marked 
(ii)). 

and 

E) ( log z a 	= log pa + pa 
+ p

c 

(3-63) 
log z (E) = log pc + 2pa 

on the line of symmetry, Specimen solutions are shown in Table IV. The 

last point is of special interest because four-phase equilibrium is 

exhibited at that pressure. This point is discussed in section III.10. 

The trieritical point marks the bifurcation of the critical 

lines, defined by D = 0 and PI  = 0, Specimen solutions are shown in 

Table V. For w $ A5/4 the only solutions lie on the line of symmetry, 

but for w >15/4 three solutions are found, one on the line of symmetry 

and two away. Figure 16 shows schematically the loci of bieritical points 

(notes this figure does not represent a constant-n plane), At sr = 

3 (1 
 

+ VT) the critical line crosses the line of symmetry other than that 2 
on which the tricritioal point lies. This pressure is considered in more 

detail in section 111,9. 
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LOWER CORNER 	 APEX 

Tr 
	

PG 	 PC 
3.750 1,000000 1,000000 0,250000 1,000000 0,250000 

3,749 1,200451 5182321/ '0,247420 0,999989 5.253349 

3,770 1.282952 0,762065 0,245414 0,999954 0,256759 

3,780 1,347530 0,718074 0,243596 0,999684 0,260174 

3,790 1,400839 0,678516 0,241244 0,999800 0-1 263635 

3.800 1,464101 01 646176 0,239097 0,999687 0,267139 

5,450 1,688709 0,530151 0,228612 0,998730 0.285267 

3,900 1.873357 0,452370 0,218546 0,997094 0,304455 

3,950 2,037255 0,393839 0,208841 0,994754 0, 324782 

4,000 2,18748? 0,347371 0,199520 0,991660 0,346346 

4,100 2,460644 0,277198 0.981942 0,983026 0,393657 

4,200 4,704807 0,226269 0,165690 0,97065? 0,447592 

4,300 2,939324 0,147577 0,150658 0,953766 0,59995 

4,400 3,156425 0,157284 0,136735 0.931045 0,563862 

4,500 3,362905 0,133047 0,123805 0,40006? 0,674877 

4,641 3,613769 0,108559 0 0104559 0,838817 0,454817 

TAW IV DENSITY OF SPECIES A,B0 C 

AT T00 CORNERS Of TRUTNNEE'PHASE 

TRIANGLE, BY SYMMETRY TIME OTHER 

CORNER IS AT 
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Figure 16 Logi of the bioritical points, or critical lines, The 

bifurcation corresponds to the tricritical point, This 

is not a conatant-Iressure plena, 
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The binodal undergoes some changes as well. Two secondary branches 

develop from the sides of the three-phase triangle, the base of which 

is the last tie-line of that part of the binodal symmetrical about 

Pa  = 	The two secondary branches enclose completely the gpinodal, 

which is tangent to both at two bicritical points corresponding to the 

solutions of A = 0 and D = 0 away from the line of symmetry. Figures 

17 and 18 show the phase diagram at the tricritical pressure, 3.75, and 

at v = 3.80 respectively, The geometry of the phase diagram is identical 

to that of the regular solutions of Meijering [50 b] as was pointed out 

in the introduction to this chapter, 

111,6 Tricritical behaviour  

The thermodynamic behaviour of the ternary mixture model in the 

vicinity of the tricritical point may be described by the vanishing or 

order parameters in the same way than in ordinary critical points. Fciur 

order parameters arise from the features described above, two related 

to the shape of the three-phase triangles and two to the bifurcation 
of the critical line. 

The shape of the three-phase triangle has been described by the same 

order parameters as used by Griffiths 0331 and Lang and Widom [70], 

namely the "base" and "height" of the triangle, The characteristic 
flatness of the triangles near the tricritical point is a disinctive 

feature of what was called "normal" diagrams in the introduction in con-

trast to the "anomalous" tricrithal point (and phase-diagram) of Straley 

and Fisher (321, Beyond all doubt the present model belongs to the class 

of "normal" tricritical point models. In the next two sections this asser-

tion is justified by the values of the tricritical indices obtained. In 

the next chapter a more complete virial series is studied and the same 

conclusion is reached. 

111.7 Shape of the three-yhase triangle in the neighbourhood of the tri- 

critical point  

The point pa  = Pb  = 1, Pc  = 4 at u = 15/4 is a tri-

critical point because three-phase equilibrium develops there, On raising 

the pressure a characteristic three-phase triangle is formed, Two tri-
critical exponents are defined to reflect thin fact. 

Let (pa,, Pb  pc) be the density of species, a, b and c at the apex 

and (Pa  0 Pb  , pc  ) at the lower corner. By symmetry the density of a,b 
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• 

Figure 17 Phase diagram of the ternary mixture model at the 

tricritical pressure. 
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4. 

tit 

Figure 18 Phase diagram of the ternary mixture model 

at Tr= 3.80 



, 87 - 

It 	If 	it 
and c at the other corner is ( pb  pa  , pc  ); thus we consider only 

half the triangle. 

Let Ah = pc  - pc  be the height of the triangle and Ab = 2(pa  - pi)) 

the length of the base, at a fixed pressure 71 = 15/4, 

The tricritical exponents 01  and 02  are associated with the vanish-

ing of the two characteristic dimensions of the three-phase triangles, 

as the tricritical pressure is approached, by the asymptotic laws 

Ab ~ 	(n -
TC

)/31 • 
	

(3-64) 

Ah 	/TTC) 
112 	

(3-65) 

The exponents 01  and 42  corresponds to the notation of Lang and 

Widom 00]. 

In Figure 19 the height and base of three-phase triangles as 

function or pressure is shown. The former is a straight line and the 

latter is a parabola, bog-log plots of these curves produce the 

values a?  . 1, 02  14 1 (Figure 20). 

111.8 Critical lines  

The other important feature near the trieritieal point is the bi-

furcation of the critical, lines, corresponding to the three solutions 

of D = 0 and D
1 
 = 0 above it = 15/40 We introduce two tricritical-point 

exponents to reflect this fact. 

Let (pTC  , raT ) be the critical densities of species a and c and 

(pf10  40  p lc) be the density of a, b and c of one bicritical point on one 

of the stable branches of the critical line for s a 15/4. 

Define two differences, do  and 41  , parallel and oblique to the 

line of symmetry, by 

1 
d = p - 

TC 
p 

 (3-66) 

p 	pa 	 (3-67) 

and let 6 	and e be the trieritieal exponents defined by the 

asymptotic laws 



Figure 19 Shape of the three-phase triangles in the neighbourhood 

of the trioritleal poknt. The base, Abf  is defined in 

eq. 0-04) and the haighte 4h, in eq. (3-65) . 
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20 Figure, 
 

10' 4 	 )6 1  IT 
Tricritical oxponents p4  .,,,d. ra. 
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dTC

) 
e
11 

11. 

a 	(n-w
TC
) 

(3-68) 

( 3-69) 

Figure 21 shows logPlog plots of all, and d1  against An 

= w - 
,ETC. 

 The values 9 = 2 and 61  = 1 are obtained 

from the limiting slopes. 

III,9 Intermediate pressures  

At higher pressures the three-phase triangles and the secondary 

branches of the binodal expand, The six bicritical points approach 

each other until they merge in pairs at the lines or symmetry, When 
this happens the spinodals cross, 

Let w
+ 

be the pressure for this geometry, For n < w
+ the set of 

spinodala consists of three crescents developing from the sides of the 

coordinate triangle as in Figure 22a; for w > w+  the set consists of 

three crescents now developing from the corners of the coordinate tri-

angle and one closed branch surrounding the centre, as shown in Figure 

22c. At n = v
+ 

thus, they must cross as shown in Figure 22b. 

The condition for crossing is hence that a line of symmetry 

changes from cutting the spinodals only once (w < w
+
) to cutting them 

three times (w w+). 

Consider the line of symmetry pa  = Pt, and call 

Pa = Pb = 
	

(3-70) 

Equation (3-42) gives 

1 I. x 
Pe = 	2x 

(3-71) 

and the equation for the pressure becomes a cubic in the common value 

of Pa and Pb ; 

x
3 
 + 3x

2 
- 	+ 1 = 0 	 (3-72) 

This equation has one real root if 



10 -; 	 1w 

pivre 21 Irrioriti,aal PXP071011.04 Nand 9.0 
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(0-) 

(b)  

(c)  

Figure 22 The opinodalp near Ttp 4,09e... 
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3  27 ( + 1 ) 2  > 	4(,T + ) (3-73) 

and three otherwise E86) . The pressure 1T+  is then the solution of 

(3-73) as equality: 

+ =
2  (1 	)15) = 4.0980762, 	(3-74) 

Substitution of (3-74) in (3-72) gives 

Pa =  Pb 	= 2 ( 	- 1) = 0.366025... 	(3-75) 

And (3-71) gives 

p = 	(2 + /J) = 	1.866025... 	(3-76) 

The phase diagram at w = 4.098,,, is shown in Figure 23. 

pressure: quadruple Point  

When the pressure is fprther increased beyond the point at which 

the six bicritical points have merged in pairs the binary regions en-

closed by the secondary branches of the binodals join forming strips 

connecting two by two the sides of the three-phase triangles (Figure 

24). The triangles themselves expand, the apex moving towards the 

centre and the lower corners toward the lines of symmetry other than 

that on which the apex lies, When the three apeces merge at the centre 

the six lower corners reach the lines of symmetry that they are approach-

ing. Four-phase equilibria between an equimolar and a-rich, b-rich 

and c-rich phases is then established (Fig,25). 

The computation of the densities of coexisting states is greatly 

simplified by the symmetry of this particular point; at the centre all 

three components have the same density, 

Pa = Pb 
= 
-c = X 	 (centre) 	(3-77) 

The equation for the pressure becomes 

3 x2 	3 x 	0 
	

(3-78) 



4 

Figure 23 Phase diagram of the ternary mixture 

model at 11'm 4.098,., 
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Figure 24 Phase diagram of the ternary mixture model in 

the pressure range 4.098 4: Ti  4, 4,627 
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Figure 25 Phase diagram of the ternary mixture model 

at the quadruple-point pressure. 
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At the lower corners two densities are equal and the third is 

obtained from the pressure equation 

P 
	

Pc 
(lower corner) 	(3-79) 

n - 2 Y 2 

1 + 2 y 

On equating the activities at the apex and the lower corner gives 

2 
log 	" 2Y - 	+ 2y = log x + 2x 

1 + 2y 
(3-80) 

= log x + 2X 	(3-61) 

Equations (3-78), (3-80) and (3-81) define the values of x,y 
and n. The solution is 

= 3.613769 
(lower corner) 
	

(3-82) 

p
b 
 = p

c 
 = 0.108559: 	 4 

P
a 	P = pc  = 0.838817 	(centre) 	(3-83) 

at the quadruple-point pressure 

= 4.621#9 	 (3-84) 

For still higher pressures the centre becomes unstable with res-

pect to the corners and a single three-phase region forms in the middle. 

Table VI shows some states in the neighbourhood of the quadruple point. 

For w 	4.627.„ the "lower corner" has not really that meaning, but 

is the point where the binodal cuts the line of symmetry; this point 
lies in the unstable portion of the binodal which runs inside the spi-

nodal, nevertheless this range of pressures is obown for reference. 

p 
a 
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IT CENTRE 

DENSITIES 

kOWER.CORNER 

COMICAL POTENTIALS 

CENTRE 	LOWER CORNER 

4,5 0,442476 3,206904 0,150974 1,450001 1 0467262 

4,6 0,635415 3,540591 0,115194 1,491003 1,494691 

4,0E7 0,010617 3,613768 0,104559 1001870 1,501*70 • 

41/ 0,847638 3,149562 0,094119 1030410 1,520449 

4,0 0,460147 4,001222 0,079431 1,569642 1,545061 

4,9 0,474146 4,190620 0,067889 1,608123 1,566o27 

0,844431 4,364470 0,054870 10460/1 1,591329 

5,2 01904409 4,644539 0,045350 1,720446 1,034540 

5,4 0,941142 4,972371 0,035694 1 4792908 1,475485 

5,6 0,954477 1,243327 0,020499 1,863581 1,714”5 

5,8 0,977411 5,500589 0,022989 1,9$2578 1,75($653 

6,4 1,000000 5,747501 0,014645 2,000000 1,706135 

TAMA VI DENSITIES AND CHEMICAL .•  

POTENTIALS of STATES AT THE INTER” 

SECTION OF THE nIN0PAL WITH THE 

LINE OF SYMETRY (LOWER CORNER) 

AND THE CENTRE OF THE COORDINATE 

TRIANGLE, 
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The binodals first cut the line of symmetry at w = 4.438..., which is 

the minimum value of w for which the equation. 

log w - 2Y - Y2  
y(1 + 2y) 

 

- 3Y - 3Y
2 

= 

1 + 2y 
(3-85) 

 

     

(where y is the common value of pb  and pc  defined in eq,(3-79)) has 
a solution with 0 .4 y < 1. For t 	4,627 the lower corner is that of 

the three-phase region, From Table VI it is clear that. the only equili-

brium point is the quadruple, where the activities at the centre and 

lower corner are equal, 

The Gibbs free energy  

An entirely similar picture of the one described above is obtained 

starting from the Gibbs instead of the Helmholtz free energy, The re-

sults outlined in this section were communicated privately (811 and ob-

tained independently of the work above, 

The equation of state is 

= 
1 + 

RT 	V 

where 

* , 
B = 2B 

txlx2 + x 	+ x ) 
3'
x 

 1 

(3-86) 

( 3-87) 

x1, x
2 
and x

3 are the mel fractions of components a,b and c 

(x = Ni001 +If
b 
 )) and B*  is the molar second virial coefficient 

related to the molecular virial coefficient of eq. (3-7) by 

* 
B = N Bab 	 (3-88) 

where N 14 Avogadro's number. 

Instead of the pressure-to-'temperature ratio it is more convenient 
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to use its reciprocal, 

RT2  — 
B p 

(3-89) 

x
2 

and x
3 
are arbitrarily chosen as the independent compositions, 

then 

= 1 
-x2 

 - x3 
	 (3-90) 

A) Binary mixture 

The binary mixture io exactly eolu le because of the gymmetry, 

the binodal, defined by 	= 0 is 
42 

agm  

  

L2(x2 ) 

  

IT —re 
Bp 

2 

binodal 

 

( 3-91) 
- x2) L X2) 2 

 

     

     

where 

 

4 

 

gx2)  = 
1 - 2x2  

  

1 - x
2) 	

- 2x
2  log ( 2 x

2 x2  x2  

 

(3-92) 

and the spinodal is 

RT 

Bp 
spinodal 

(3-93) 

1 + {,  1 n } 

(x2  2c2)2  2  



(3-94) RT 
	

2 

B p 
	3 

3, 

101 - 

The bicritical point occurs at x
2 

= 1 at the critical temperature 

that is, n 

B) The ternary mixture  

For the ternary mixture the Gibbs free energy assumes a complicated 

expression 

gm  = g + RT 

3 

log x
a 
 + log 	*- i  E T  

41) p 

-log (x1x2  + x2x3 + x3x1)  + 
log[ ' 	'RT "-1-2 '-2-3 -3 

PLR tv v 4.v Y 	Y 

[1  

RT 	
+ x

2
x
3 
+ x3x1)  1  - tI 

J I 

(3-95) 

where ie-refers to a standard state. 

The epinodal is given by D = 0, where D is 

3
2
g D

2
gm  

o.x2 2 	3x2  8x3  

D ( 3-•96 ) 
2
%

2
gm  

3x
3 
3x
2 	

31(
2 
2 

There are two solutions a4ong the line of symmetry; one is 
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RT 	
2
2 = 	 0 $ x

2 
$ 1 

Bp 	3(1 
 - x2)  

(3-97) 

which springs from the bicritical point; the other is more complicated 

and has a maximum at 

RT 	0.488035 
B p 

(Inc], 	 (3—M 

x2 
	= 0.140863 

The 'latter corresponds to the intere action of the PPinodal urveS 
at the lines of symmetry described in section 111.9. 

Symmetry shows that (3-97) and (3-98) also satisfy th ondi- 

tion DI  = 0, where 

D 
 

DD 	aD 
ax? 	 ax3  

a2gra 	3
2
gm  

0x2  ax3 	ax3 
 

(3-99) 

   

because 31)  is always zero along the lime x1 x2. ax
2 

,2 
Equation (3-97) satisfies (3-99) men 	= 0 ; the point (3-98) 

ax20x3  

satisfies it because 	is zero there. Therefor, (3-97) is a locus sx3  

of bicritical points (or critical lines). 

The binodal in the locua of points for which 

agm 
(3x21 (3-1 00) 0 



- 103 - 

where 	— 
ax

is symmetric about x
1 

= x2. This binodal is found by 
3 

solving iteratively the equation 

RT 
- 	2 

Bp 

where 

L(x
2,x3) 

In the temperature 

2 5 

L2(x2'x3)  (3-101) 2 
x2+x37x2

2 
 -x3  -x2x3  -L(x2,x3) 

1 - 2x
2 
- x

3 
= 

. 	2  -x3  

(3-102) 

1-2x2-x3 
to 	

[1-x 
g 

x
2 

range 

RT 	8 

2 
x24-x3  -x2  -x3  -x2x3  

(3-103 ) re  
B p 
	15 

agm 
varies monotonically along the binodal, this means that in this 

3x
3 

range the phase diagram is simply a set of two phase regions as shown 

in Figure 17; the tie-lines are parallel to the side of the triangle 

and the bicritical points are described by (3-97). 

For lower temerature agm p 	(i7c-) no longer varies monotonically be- 

cause a third phase begins to 31t coexist with the other two on the 

line of symmetry. The point 

RT
= 
 8 

B p 15 
(3-104) 

= 15/4) is then a tricritical point. The corners of the three-

phase triangle into which the tricritical point splits are found by 



fat KT 	A, 

104— 

4 

64 	< II or  iv 

noire 26 Procedure to compute the vertices of the tree-phsse 
triangle from the Gibbs free energy. 
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computing 

agm  
ax
3 

x and goo  = g(x2,x3) 	(agm  / OX3) along the 

bimodal and then plotting (agm  / ax3) 	against goo  (Figure 26). 

x
2 

The intersection leads to the coordinates of these points as outlined 

in section 111.5,  

At RT/ep = 0,432218 Or r, 4,62709) the three apeces meet at 

the centre and the SIX lower corner* merge in pairs at the lines of 

symmetry; tour-phase equilibrium is then established, Below this the 

temperature there i4 4 single three-phase region which fills Most of the 

coordinate triangle, covering eventually the entire triangle at 

RT/ep A 0 (it  A 40). 

The secondary branches which the binodal develops below the tri-
critical, temperature can be determined by procedure similar to the 
one used to obtain the vertices of the three-phase triangles, but en- 

quiring about (agm  / Dx) 	and goo  along the locus where (agm/ax2) 
4 x

2 	
x
2 

is a non-zero constant instead of being sere; this locus is found by 

solving iteratively (3-101) with the non-zero gradient ( agm  / ax2) 

L(x2, x
3
) 

1 — 2x2  — x3  

   

-1-x-1--1L--1. 4. 1  7.2x2  - C log  

x2 	 X
2

4%
3
-x 

2 

 

(3-105) 

   

with 

x3  
included; L(x

2 
, x

3
) of (3-101) becomes then 

C 
[ 

1 	2a_ 
. RT 	ax

2 x3 

= constant 	 (3-106) 

The secondary branches are cumbersome to evaluate because of 

the lack of symmetry, but as they add no further physical under-

standing 'of the phase behaviour we consider them no more. 
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111.12 Discussion  

The MFA gives complete information on the phase separation of 

the ternary mixture, which conforms to the "normal" tricritical point 

pattern. Both the bicritical and the tricritical points are classical, 

the former because only two phases are involved and consequently all 

conclusions from chapter II apply, and the latter because the tri-

critical exponents assume their "classical" value, i.e. those of 

Griffiths's model E333. In the next chapter the phase diagram of 

the mixture is studied with a three- to six-term virial expansion and 

the tricritical behaviour analyzed. From this analysis it is concluded 

that the MFA description of the tricritical singularities is quantita-

tively correct to this number of coefficients and probably for any num-

ber of them. 
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Chapter IV 

THE VIRIAL MANOTON IN THE TERNARY MIXTURE MODEL 

The MFA provides a qualitatively complete picture of the ternary 

mixture model but is exact only for a ovate* of infinite dimeoeionalitY. 

We examine therefore in this chapter the phase behaviour of the model 

when the tree energy is not restricted to the second virus. coefficient, 

We find that the geometry of the phase diagram is unchanged, the tri” 

critical points are of the "normal" class since the three vanishing 

phases do so "asymmetrically“, i,e, no three-fold symmetry in involved, 

and a quadruple point appears again at some higher pressure. Even more 

important is that the MFA description of the singularities at the tri” 

critical point is correct no matter how many virial coefficients are 

included (up to six which are available), thus strongly suggesting that 

Oriffithee conjecture of the correctness of the MFA prediction of trig-

critical phenomena 031 is satisfied in this model. 

The exact series, i.e. that where all integrals are considered, is 

Studied; since only particles of different species have non-zero inter-

octions it is possible to include higher order virial coefficients than 

in a more general model (with all interactions different from zero), 

We begin by considering the virial expansion of the free energy 

density given by 

m 
a = a 0iii i4 k  PP 	 (4-1) 

imo 4m0 itmo 	b 	0 ijk 

where eJilt is the contribution of the term p
i 0,1 A¢ to the (i +k)th .44 b  

virial, coefficient. For simplicity of notation we define 

= 	= 0 	0 
C000 

= 0 
100 C010 	001 =  

(4-2) 

For the intermoleeulor potentials Of the mixture model the Mayer 

functions foe  fbb  and foe  are zero, therefore all coefficients ciii  

vanish, 

The numerical value of c
04 

is obtained from the theory of virial 

expansion (8T, 88, 891 as the sum of all integrals of products of Mayer 

Nations involving ii,j+k particles; those are called cluster integrals, 



A considerable mathematical manipulation is required to deal with the 
statistical derivation of the equation of state in virial form. The 

problem was first solved exactly by Ursell 071 and later greatly simpli-
fied by Mayer 081 and has since been discussed by many other authors 

and applied to thermodynamic and statistical quantities 091. 
The cluster integrals are most simply discussed in terms of the 

theory of graphs from which we introduce some definitions (553e 

IV. Some definitions of graph notation  

i) A linear graph,  denoted by Gplo  is a collection of p points and 
q lines connecting certain pairs of those points, The p points represent 

the molecules involved in the cluster integral from which 0 forms part; 
PS 

the lines usually represent the Mayer function f(v), although sometimes 

it is convenient to represent other functions like r*(r) or c(r), In the 

following we consider only f(r) bonds, 

ii) The graph is disconnected  if it is possible to separate the points 

in two or more groups such that there is no line Joining the distinct 

groups. It is connected  is the separation is not possible. 

iii) A graph is said to be coloured  if different species are assigned 

to the points. In all that follows we will deal with tri-coloured graphs, 

iv) If one point is given a special designation that point is called 

root point,  if not it is called a field point,  A root becomes a field 

point upon integration over its coordinates, Graphs with root points are 

rooted graphs;  graphs with AO roots are free graphs. 

v) If all points are distinguishable we have a lapelled graph, 

otherwise the graph is unlabelled,  Roots are always distinguishable, 

vi) A connected graph is irreducible  if there is no point such that 

on cutting all lines attached to it the graph becomes disconnected, other-

wise the graph is reducible.  If the cutting point is such that one of 

the pieces is tree from roots it is called en articulation point. 

vii) In the theory of virial expansions only connected graphs without 

articulation points are considered; those graphs are called stars, A 
polygon  is the simplest star, for it involves the minimum number of lines 

for a given set of points, On the other extremum we have a complete star  
where every point is joined to the rest. 

,IV.? The value of the grapheme  Thelmmosian model  

In virial expansions all possible stars involving two, three, etc. 
points are considered, The number of graphs as well as the difficulty 



of computing their value increases very rapidly. In the model used here 

the simplification introduced by the fact that f rbb and fcc  vanish 

reduces considerably the number of stars involved, 

In In computing the virial coefficients we must face two separate 

problems, one is the actual computing of the value of the stars, the 

other is to count the total number of stars contributing to each coefficient. 

This last involves formidable combinatorial problems, many of them still 

unsolved. 
The value of the graph can be obtained in closed form for the gaussian 

model discussed previously in Chapters I and II, in this model the Mayer 

function assumes the form 

fij( 	I r) = -exp (- a' jEi  Ejj
2\  (4-3) 

= -exp (- e:r2) 	 (4-4) 

The graph Om  represents the integral 

w(Gpq) = f 	f n f.. d{p} 
1G 1 13  pq  

(4-5) 

where the product is over all bonds of G
P9 

 , Introducing (4-3) yields 

W(G ) = (-
)
k  I 	

, 	2 r 	12 
pq 	t exp - 0 4 jr (4-6) 

(q) i a  

where the sum is over 411 q bonds of (
p9
, This suns can be written as a 

simple quadratic form with the introduction of a matrix containing the 

structure of the graph, Let liP(Sq)11 be p X p matrix associated with 

GP9 whose elements are defined by 
-1 if the link i-j occurs in . 

i) when i * j 	Dijpq) = 	
pq 

0 if the link does not occur. 

(4-7) 
ii) when i = j 	Dii(Gp4) 	bends attached to 

the point i. 

With this definition, the awn in the Integrend of (4-6) becomes 

D(G  ) erj 
(q) 	i=1 j=1 D 4  pe 

(4-8) 
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The quadratic form (4-8) as it stands cannot be further reduced 
because the determinant of D(GPq  ) is zero, however any one of the 

coordinates r.
1 
 may be eliminated by a suitable redefinition of the 

origin. Let primed variables refer to the new origin, then 

p-1 p-1 
! 	I D.. (G 

q  r 
 
- 

) .•. = 	E D.. (G)r!or'. 
i=1 j=1 1J  P1 

r 
-J 	1=1 j=1 1J Pq -1  -J 

(4-9) 

Let d(GPq  ) be the determinant of the quadratic form on the right 

hand side of (4-9) obtained from D(G ) by striking out the first (or 
P 

last) row and the first (or last) column; we call it the graph complexity. 

Since d(GPq  ) is not zero, a linear transformation can reduce the 

quadratic form to a normal form, i.e. to a form where its equation con-

tains no term in ri  except the term ri [90]. After some algebra (see 

ref. E90b]) we have, in three dimensions, 

	

3 	3 - — 

	

, 2 	2 
W(G 

q 
 ) = (-1r N 	Ed(G 

q
)] 

P 	a 	P 
(4-10) 

IV.3 The problem of counting stars  

Tho 	counting the eta= iz ==.c.,  difficult OinCC 1•SIG4C to 

no systematic way of solving it. 

The coefficientcijk  is the sum of all stars with i field points of 

species a and j and k of species b and c. Any labelling of the points as well 

as any permutation of species does not change the value of Gpq  although 

it constitutes a different configuration and therefore must be counted 

in the sum. 

Consequently we must take into account how many graphs identical 

in value can be generated by a mere labelling of points and interchange 

of species. 

Let us write 

vi+j+k-1 c.. = S M W(G ) 
{G } s  
Pq 

(4-11) 

where {) means the sum over all graphs with p points (p = i+j+k) and q 

lines. 	W(GPq ) is the value of G
Pq 

 given by eq (4-10). 

m is called the mixture labelling factor and s the symmetry number 

of the graph; their ratio gives the total number of graphs identical in 

value. 



Consider a free unlabelled graph
P9 

 and let for the moment all p 

points be of the same species. IA permutations are possible among the 

points. Let n be the number of ways of labelling the graph all leading 

to equivalent results, i.e. involving the same (labelled) Mayer functions. 

The symmetry of the graph is the ratio 

s= 
	

(4-12) 

Let now Q be a coloured graph, In addition to permutations of 
P9 

labels, permutation of species must also be considered, thus the graph 

   

3 

 

and the graph 

X ^-"*"'"'"'""" 0 

I 	I 
0 	x  

1 	2 

4 	3 

I 
X- 

1 	2 

(4-13) 

 

(4-14) 

a 

are identical in value but represent different configurations amongst 

the species. m, the mixture labelling factor, is the number of graphs 

obtained from QpR  by interchange of species, as from (4-13) to (4-14). 

For bicoloured graphs there art only two possibilities. When i x  j 

there is only one way of assigning the species to the points without 

establishing a bond between like species. When i J there are two 

ways (411, The mixture labelling factor in thus 

m= 1 	6la
.. 
	 (4-15) 

where 4ij  is Kroneckerls delta. 

For tricoloured graphs there is po known pulo, p thipp wit be 

Obtained by counting in how many different ways 4 Monochromatic (one.. 

component) graph may be coloureds 



1144 ColotirinA trees  

Tricoloured stare were obtained first by colouring each p-sided 

monochromatic polygon of the list of Hoover and DeRoeco (911 in every 

possible way and then Adding the bonds until a complete star was consi-

dered. Naturally all graphs involving any link between like epodes were 

discarded. To check that no coloured polygon was excluded a "colouring" 

tree was used, 

We start with a "base point" being of any species, c for example. 

TW9 bonds are poneible„ a-a and c-b, the end points, at and b can have 

each two bonds, a-b and s-s for a and b-s end b-o for b. Adding each 

time the only two choices the process is carried out until p points are 

considered along every "branch", A five-point tree is shown in 

Vieure 27. 

0. C b c 

Figure 27, The five-point colouring tree with 

bee, point of species 0. 

All brenchee on whieb the final point in of the Xeme species as the 

base are discarded since an closing the path a zero bond is established. 

The rest of the paths yield all polychromatic polygons. 

In this way ell colourings are considered for odd-sided polygons 

end all but one for even-sided polygons; the missing configuration in 

the second case is just the polygon with p/2 points of species a And p/2 

of species b distributed alternately, 
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The mixture labelling factor is deduced when the number of identical 

graphs is counted, Extreme care was taken in considering all graphs but 

no independent check was found; nevertheless the results should be 

reliable. 

The stare contributing to the exact cull,  up to the sixth wirial 

coefficient are listed in Table VII, The coefficient of each graph is 

the ratio m/s, In Table VIII the values of the coefficients ciix  are 

listed, 

1145 Three-component virial expansions 

So far we have considered the virial series Only up to the second 

virial coefficient, With the aid of the gaussian model we are now in 

a Position to include higher order coefficients, 

Consider the virial expansion of the free opera, 

A 	 Ni  Nj  Nk  
TYY 01"4.  g. 

kT kT igo  jgo 	vii.J+11,-1 	iJk 

where f iik is the molecular (itisk)th viri.al eoeftielent, Consistently 
with (4-2) we define 

CI 
m  m ;100  ;4 0. 

The prom"' and chemical potential are derived in the usual way 

giving 

(N +Wb+Nc) 	
0 0 	0 	 Psi  Nit  

kT 	V 	(itoix-1) 	'Cut  
i=0 J 0 k=0 4 

(4-17) 

P 	N XT 	 Comni-1 Nj NX 
a a 
kT 	" log 71,4—  " 	.aj 	b  c 

P V 

 

it jrgo Imo 	#4•41+X-1  ilk (4-18) 

In terms of the reduced variables the last two equations read 

DO 	 W 

W  = Pa Pb Pc 	I 1 (i+J.0*-1) Pi  Pj  Pk  4 b 	ijk ime JP° log0 
(4-19) 

and 

log a  = log 0 
W W 

4.14 1 	kfRO 

(4-16) 
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Table VII Cluster integrals contributing up to the sixth 

virial coefficient in the ternary mixture model. 
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Second virial coefficient 

Third virial Coefficient 

Fourth virial, Coefficient 

Fifth virial coefficient 

Sixth virial coefficient 

c
110 

= 

cm  0 

220 = 

c211= 

c230 = 

c
122 

= 

c330 = 
C
123 

222 

0240= 

C114 °  

- 1.0000000 

- 0.0589256 

0.0312W0 

0.0091529 

0.0020047 

- 0.0248322 

0.0038529 

0.0015291 

- 0.0324958 

0.0001151 

0.0000524 

Table VIII. The first six virial coefficients, 



wherec 	v
-
(i+jis-1) p ijk  = 	

n.jle 

IV.6 Two-phase region  

Two-phase equilibria subsist as long as the symmetry conditions 

P f  = P"  a b 

= p" 
b a 

P /  = P" c 	c 

(4-21) 

are satisfied, that is, for a < TOEBelow the triaritical pressure 
the phase boundary in given simply by 

log(paipb  
CO 

= 
1.4.1 j*1 XPO 

i 1 k 4 - a 1)b 	ab flo eijk (4-22) 

Any particular tie-line is obtained by solving (4819) and (4-22) at fixed 
R and constant 	The The two equations are easily solved with a Newton- 
Raphson method (851 since their derivatives are expressed simply in 
closed form, 

1V.7 Stability and critics). lines  

The locus of bicriticel points is determined by the intersection of 

the lines A = 0 and D' = O. This case is more complicated than the MFA, 
for the elements of the two determinants are polynomials of the 
(iti+k-2)th degree in p

a 
p
b 
p
c
. Their form becomes too cumbersome to 

permit a closed solution; nevertheless the expansion in cofactors (which 
are evaluated independently) though lengthy is straightforward. The 
resulting equations are solved by a three dimension Newton-Raphson method, 

Tricritical points correspond to bifurcation of the critical lines, 
that is, the points where the equation A m 0 and Pt *2,0 change from having 
only one solution to having three. One disadvantage of Newton-Raphson 
method is that it searches only for the solution closest to the initial 
guess supplied; this causes some difficulty in finding all three !solu- 

tions,for i! nTe , particularly near the tricritical point where the 

three solutions are very close to each other. Although this fact imposes 
some limitation on the accuracy in locating the tricritical point, it does 
not invalidate the method for examining the angle of bifurcation of the 
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critical lines. 

The procedure was carried out several times, each time including 

one more virial coefficient. 

The case with two coefficients is the mean field result. Inclusion 

of the third changes the phase diagram very little, however from the 

fourth onwards some difficulty was experienced in obtaining three solutions 
at each pressure above and near the critical, Nevertheless in all cases 
the critical line bifurcates at right angles to the line of symmetry to 

within the computational uncertainty. The estimated critical exponents 
from the log-log plots (Table X) 0L  and 0 14  are all within the range 
0 = 0.5 ± 0.05 and 0 = 2.0 * 0.2. A better estimate of the tricritical 
Pressure is obtained from the development of the three-phase triangles 
into which the tricritical point splits, 

IV.8 Tricritical point, 

Following the procedure described in vectiOn MO we obtain the 
vertices of the three-phave triangles tor any pressure between the tri” 
critical and quadruple points. The value of the tricritical pressure and 
the shape of the three-phase triangles were investigated With the eueeee" 
aive inclusion of the virial coefficients. The second virial coefficient 
gives the MFA and the third changes the diagram little. Larger changes 
were observed with the inclusion of the fourth and higher order coeffi-
cients. It soon became apparent that the series was being truncated too 
early, since the tricritical, pressure, and tricritical' density of one of 
the components, increased steadily with the number of coefficients con-
sidered (see Table IX and Figure 28). It is possible'that several more 
coefficients are necessary in order to achieve stable behaviour. Such 
was the experience of other workers in their study of the binary mixture 
[40, 431. 

In spite of the unsettled behaviour, and in contrast with it, the 
characteristic "flatness" of the three-phase triangles in the tricritical 
neighbourhood remains unchanged. Very small variations are found in the 
values of the tricritical indices 0 1  and 02  (Table X) all lying close to 
their MFA valued 0

1  m 0.5 and 02  1,0, The linear development of the,  

three-phase triangles provides a simple and accurate way to obtain the 
value of ;Iv 

More importaet is that the flatness of the three-phase triangles 
in the tricritical region indicates that the three coexisting phases into 
which the tricritical point splits do not form with three-fold symmetry, '  

but rather a well-defined direction in the composition space, oblique to 

the line of symmetry, is singled out, This is consistent with the 
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Number of 
coeffioienta 

2 (1FA) 3.75 1 0,25 
3 3.7641.0.002 0.9899 0.2686 
4 3.946±0,002 1.0593 0.2637 
5 4.047±0,002 1.0354 0,3185 
6 4.16010,002 1.0328 0.3624 

Table IX Successive approximation* to the 
tricritical point. The error 
bars represent the interval of 
confidence of result*. 

s$1f.c. 2 3 4 5 6 

8 i 0.50 0.48 0.51 0.50 

02 
1 1.0 1.0 1.0 1.0 

eI; 2 1.8? 2.2 2.0 2.1 

e1  i 0.45? 0.55 0,5 0.5 

Table X Tricritical exponent* 01, 02, 911 and 61  
as function of the number or yirial 
coefficients (n,v,c,) 

/444;oti CerrAoi 	ca.. Number of 	 A 
coefficients e-- 

2 (.wA) 3.6138 0.1086 0.8388 4.627 
3 3.4176 0.1238 0.8189 4.533 
4 3.6076 0.1196 0.8619 4.689 
5 3.2948 0.1553 0.8361 4.599 
6 , 3.1515 0.1774 0.8317 4,581 

Table XI SuccessiVe approximations to 
the quadruple point. 
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single..order-parameter theory of Griffiths [331 and thus with a "normal" 

phase diagram of the kind of the MI  and rules out any "anomalous" 

tricritical point of the kind obtained by Otraley and Fisher E32). The 

occurrence of normal tricritical points is underlined by the geometry of 

the phase diagram which leads to an equilibrium quadruple point which 

is discussed next. 

IV.9 Quadruple point 

At sufficiently high pressure the three-phase regions join, forming 

a point of four-phase equilibrium. Computation of the activities at the 

centre and lower corners of each triangle shows that the point is indeed 

stable. A simple set of equations of which those of the MFA area par-

ticular case (Equations (3-78), (3-81) and (3-82)) are sufficient to 

locate the point. 

As for the tricritical point, determination of the quadruple point 

shows that the series is also incomplete, giving particularly poor esti-

mates of the densities of the three components at the lower corners. The 

pressure, though, is well, defined and does not deviate much from its MFA 

value, The results are shown in Table XI and Figure 29 p 

Further increase of the pressure makes the quadruple point disappear 

and a single three-phase region forms in the middle of the coordinate 

triangle. The transition is of first order, i,e, no macroscopic fluctu-

ations are involved in any thermodynamic variable. Our truncated series 

thus indicate that the MFA behaviour persists even when higher coeffici-

ents are included, 

IV,10 Discussion  

It is clear from the results above that the geometry of the phase 
diagram is the same in the truncated virial expansions of this chapter 

as in the MFA, The model displays three-phase equilibria, beginning at 

three normal tricritical points and ending in a quadruple point at higher,  

pressures. Such is the behaviour of Meijeringle regular solutions [SO] 
and of the quaternary mixture studied experimentally by Lang and Widow 
(703. More specifically it is found that the MFA values of the tricriti-
cal indices remain unchanged up to a six-term virial aeries and presumably 

also in the exact case. This is a feature of higher-order critical points 

and there is still much work to be done in order to clarify► why tricritical 
points are of such different nature to ordinary (bi) critical points, 

The model discussed in this and the previous chapter has the three-

fold symmetry of the three-state Potts model. In fact we regard it as a 
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Figure 29 , 	.Displacement of the quadruple point with 

the number of yirial coefficients (n.v.c) • 
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generalization of that model to a continuum system in the same way that 

the original penetrable-sphere model was proposed as a generalization of 

the lattice gas. It is not clear, then, why the phase diagrams of the 
three-component continuum system and the three-state Potts model are -
different. The continuum nature of the former against the discrete nature 

of the latter might be one reason. These are not the only two models 
leading to contradictory phase diagrams, there is a whole class of models 
which may be put into two groups, in the one the Potts model (the 
anomalous-tricriticalpoint models) and in the other this continuum model 

(the normal-tricritical-point models). These were briefly reviewed in 

the introduction to Chapter III, For the second group there is experi-

mental evidence, though in an asymmetric system. 

It would be of much interest to extend the present model to an 

asymmetric ternary mixture (uab  * ubc  0 uca  * uab) and to a quaternary 

mixture, which would be closer to experiment, Also an experiment, whether 
simulated on a computer or in the laboratory, on a three-fold symmetric 

ayatem may well prove whether the above description of the phase diagram 

is true or not, 

The nature of the bicritical point has been discussed at length in 

the past (see particularly Fisher E12));  in the next chapter we consider 
that question first in the context of the penetrable-sphere model and then 

in a Kennard-Jones fluid. 



Chanter V  

THE PERCUS-YEVICK AND HYPER-NETTED CHAIN APPROXIMATIONS 

IN THE,NEIGHBOURHOOD OF THE CRITICAL POINT 

In the past chapters bicritical and tricritical points have been 

discussed in the two-component version of the penetrable-sphere model 

and its extension to a ternary mixture model, 

For bicritical points there is conclusive evidence for non-classical 
behaviour [121, therefore mean-field theories are useful but essentially 

incorrect near the bicritical point, Tricritical points, on the contrary, 

are of classical nature, at least for systems which follow the "normal" 

pattern, like the one studied in Chapters III and IV. 

The penetrable-sphere model, in spite of its artificial potential, 

behaves in closer agreement with real fluids than a mean field theory, 

The critical point in the two-component exact virial series for the hard-

sphere and gaussian interactions in non-classical (lo, 41]. The tri-
critical point in the ternary mixture follows the pattern of a normal 

tricritical point, which is supported by experimental evidence (703, 
In this chapter we return to one- and two-component models to study 

the nature of the bicritical point with the help of the integral equation 

approximations. 

Of all the equations proposed those of Percua and Yevick (FY) and 

the hyper-netted chain (HNC} (451 are the simplest which give physically 

reasonable results, They have been applied successfully over the whole 

thermodynamic space f17, 92, 931 and more recently in the critical region 

(40-42, 94-973. We examine them in this region in the two-component 

version of the penetrable-sphere model when molecules interact with 

gaussian potentials and in a one-component fluid where molecules inter,  

act with Lennard-Jones (12,6) potentials,. 

In the penetrable-sphere model with gaussian interactions, virial 

expansions up to the eleventh coefficient have been developed by Sawford 

011, Several Pad4 approximants (981 have been fitted to the truncated 

series in order to obtain an extrapolation to their critical behaviour, 

The critical exponents in the PY approximation correspond to those of a 

classical theory while those of the HNC are non-classical. 

For the Lennard-Jones fluid the integral equations have been solved 

numerically for temperatures and densities near the critical, and critical 

exponents have been deduced from the divergence of thermodynamic quantities. 

Some previous work has been carried out, Melnyk, Rowlinson and 

Sawford [40] and Hayford [411 studied the virial expansion in powers of 
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the density of the hard-spheres and gaussian models and concluded that 

the PY approximation is classical. Later Ahn and Lebowitz (461 solved 

analytically this approximation for the hard-spheres model and confirmed 

its classical nature, For the Lennard-Jones fluid, Watts studied the PY 

(941 and the HNC E95] integral equations using Baxter's modification of 

the Ornstein-Zernike equation (991 which is less susceptible to errors 

arising from the truncation of the range of the correlation functions 

but is only exact for the FY, He found that there is a region of densi- 
, 

ties, below Te, where neither equation has a solution. However, the iso-

thermal compressibility is infinite only for the FY compressibility 

equation of state (equation (5-49) below). Henderson and Murphy (96) 

solved the PY integral equation using Baxter's modification and also 

using an iterative method based on the original P1 equation (1001, and 

concluded that both yield equivalent results provided that sufficiently 

large range of the integrations is used in the latter. They then used 

the former to compute the critical exponents and concluded that the PY 

predicts a classical critical point. 

A) THE FENETHABLE-SFHERZ MODEL 

V.1 The FY and HNC approximations .  

Virial expansions may be carried out in the penetrable-sphere model 
to higher order terms because of the relatively small number of cluster 

integrals involved .(all clusters with any link between like particles 

are zero). 

A useful procedure to generate the graphs occurring in the virial 

expansion is to iterate over the integral equations substituting into 

themselves the result from one lower order iteration, In this section 

the FY and HNC are briefly discussed and the iterative procedure exempli-,  

fied for the two-component FY equation. The integral equations are most 

conveniently expressed in terms of the function 

Y(r) = (1 + h(r)) 	f(r))-1 	(5-1) 

where h(r) and c(r) are the total and direct correlation functions and 

f(r) is the Mayer function. 

The integral equations are most simply introduced by means of the 

theory of graphs. The correlation functions are defined as sets of 

rooted graphs (see section 1141) and the integral equation approximations 

are prescriptions for those sets which, together with the Ornstein-Zernike 

(oz) equation, define completely the correlation functions. 
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We introduce four classes of graphs, 

1 ) The Mayer f fWlction. denoted in what tollows by t = 0--0 

2) Tb~ cha.ins, which are those graphs -,ith a "bridge point". i.e .. one 

by which all route~ from root 1 to ~oot 2 mU$t pass~, arid therefore, 

wi thout an 1\2 link, Tney will pe denoted 1>1- 0: ;; cI/lJJJ>({ffJp 

3) Bundles. in which are parallel routes from 1 to 2 t one of which may 

be ~n f-bond. They will be denoted by tB;; Q 
4 ) Elementarx grapbs t which a:re nei tber chaiJls nor bundles. 'l'bey are 

the most difficult to compute~ but are usuelly neglected, They will 
be denoted bl fE = e -
The correlation functions are defined in t~rms ot tbeae ~lasses as 

follows (17] _ 

n(r) :; all Qonnecteq grapnQ witbo\lt .. rticulation points 
. - (5~Q) 

= f + Q! + IB + IE (5-3) 

:; t + (1 + f) (4' + IE) 

From (5-1) aQd (5-4) 

(5-6) 

From the proposition [11] 

h-c=G: (5-1) 

and (5-3) 

p-f+IB+1E (5-8) 

The PY and HNC approximations ~re obtained when ~ome olasses of 

grapns are negl~cted. Consider the expap,ion 

exp (~ + ~) - 1 = ~ + ~ • (~) 

where 
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is the set of all possible bundles of chains and elementary graphs, 

Equation (5-9) represents the set of all connected graphs without 
f-bonds, that is y 	1, therefore 

Defining 

we have 

(5-10) 

(5-11) 

(5-12) 

(5-13) 

(5-t4) 

+h=t+ ID  

but h 44 (1 + f)y - 1, therefore 

c = f y +iD 

The direct correlation function comprises two terms, the first, fy, is 

of short range because of V; the other,$), is a long-ranged but weak 

tail 11011, Since the essence of the II approximation is to retain only 
the short-ranged term, the equations 

c = f y 
(5-15) 

(1) = 0 

defines the approximation; the correlation functions are; from (5-12), 

with ID = 0, 

from (5-15) 

and from (5-5) 

FY y = 1 + firalteeP) 

FY 
C = 	+ 

PY h = 

(3-16) 

(5-17) 

(5-18) 
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The PY integral equation is obtained from (5-15) and the QZ 

equation 

yP  =1+hfcP  (r9h
FY 
 (r-r9 dr' 
	

(5-19) 

where n is the number density, Denote by 0 the convolution integral, 

then 

y
PY 

= 1 + n c
PY 

 0 h
FY 	

(5-20) 

= 1 + n (f + f C) 0 (f * f g g) 
	

(5-21) 

= 1  + ( A 
(522) 

It is clear from (5-22) what the prescription for the PY 	tO form 

all POlygona with non-crossing diagonals, 

The HNC is less restrictive in the class of graphs neglected. 

Prom (5-10) 

log y = C + E 	 (5-23) 

Setting i+,, which is a subset of p, equal to sero the HNC approximation 

is obtained 

log y
HNC 

 = V 
	

(5-24) 

cHNC 	
(5-25) 

The correlation functions are 

h
HNC 

 

( 5-26) 

(5-27) 

(5-28) 

t"....1)  

yHNC = exp ( 

firi
►  

 

and the HNC integral equation is 

h -c=h0c 
	

(5-29) 
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but, by (5-25) 

logy=h0c 	 (5-30) 

Using (5-26) and (5-27) gives 

log y = (f + C + M) 0 (f + M) 
	 5- 3 

  

• 

 

 

(5-32) 

In the tvcmcomponent integral equations all 0.1., b-b and a-b 

correlations are considered. For the FY: P: PO means that also 
aa bb 

= = 0; for the NW all oorrelatione are non-zero, The iterative aa 	bb  
procedure to generate the graphs is illustrated here with the first few 

steps in the FY approximation, 

Fpr the binary mixture 

c C =0 
aa bb 

c
ab 
=f 

ab 

Yaa = 1  nb gab 44  hab 

Yab = 1 a gab haa 

h =pc Oh 
aa b ab ab 

h =y - 1 + 
ab 	ab 	ab - ab 

and ybb  and hbb  are obtained from (5-35) and (5-37) by permuting species. 
The iteration is started with the correlation functions in the limit 

of the infinitely diluted gas, wherehoicasfandy= 1, i.e. 

c
ab 
	

(5-39) 

h
ab 

The first order in density is 

(5-33) 

(5-34) 

(5-35), 

(5-36) 

(573T) 

(5-38) 



t R 

Yaa = 1 + nb 

2 
na Yab 	1 4. na 11b 

(5-44) 

(5-45) 

(5-46) 

(5-47) 

(5,48) 

c
ab 

0 P—oc + na h 

hab 
- 	

na n ( 

which in turn produce 

-bb 
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hbb = na /4\ 

Yaa = 1 % 

Yab = 1 na rib 

(5-41) 

(5-42) 

(5-43) 

where "0" and "x" denote root poilltiO of sPegiee a and b respectively 

and "P" 444 "*" are field points of species a and b. For the nett order 

(5-41) to (5-43) are substituted into (5”34) to (5-38) to, give 

So the FY pattern (given in equation (5-22)) is developed, In principle 

the procedure can be carried put indefinitely, but the 4numher or graphs 

increases very rapidly, soon making impracticable to obtain higher order 

terms, 

Y.2 The pressure ,and compressibility equaiions ..9t state,  

There Pare two routes which will be followed to obtain the equation 

of state from the correlation functions, one, called the compressibility 

equation, results from the integration or the compressibility given by 

eq. (1-12), namely 

kT
!T 
	n f c(r) dir 
	 (5-49) 

The 1000114 is obtained by computing the mottle Immo of the inter 
molecular virial function, v(r) * r du(r)/dr E17) and in called the 

pressure equation of state, 
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	2, 
4/0ma1C 

. 	1 

line pr symmetry 
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(5-52) 
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-P-- =l+infr 	y(r) dr 
nkT 	6 	dr ( 5-  50) 

Equations (5-49) and (5-50) are entirely equivalent and consequently must 

lead to the same value of the pressure, However when the FY or HNC 

approximations are inserted, different values result, This inconsistency 

is due to the sets of graphs neglected. 

The virial expansion of the pressure results from substituting the 

corresponding expansions of c(r) and y(r) into (5-49) and (5-50) and the 

critical behaviour follows by extrapolation towards the singularity with 

a Pad4 approximant, which is the ratio of two polynomials of degrees N 

and M (hence the notation (N,M)) whose coefficients are determined from 

the series which they replace, The critical value of the expansion 

variable is the closest-to-the-origin zero of the denominator and the 

critical exponent is the residue at that pole. Helfand and Otillinger 

E431 have discussed several applications of the method. Further details 

regarding the implementation for the penetrable-sphere model have been 

given by Sawford 

In the mixture model, equations (5.-49) to (5-50) must be transformed 

into two-component variables, The transcription between the one- and 

two-component models has already been discussed in detail in Chapter 

That transcription also insures that the critical exponents are the same 

in the two languages except from A "ronormalisation"  between the two-

component critical exponent y and the one-component exponents y and a. 

The renormalized index yp  is given by 033 

„J- 
P 	1-a (5-51) 

In the classical limit yp  = y = 1. 

The nature of the critical point is moot simply analysed by fitting 

a Fade to the function 

where a is the two-component free ogormy density sad ga  F Pop is the 

mole fraction of particles of species a. The function (5.'52) has a 

simple pole at Pa  = Pb isPcritical with residue yo  0010 The free energy 
density is obtained either from (5-0) or (5-50) by integration with 

respect to volume. 
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V.3 The FY approximation  

The PY equation has been discussed in detail previously 00, 41] 

and here only the main results are quoted for comparison with the HNC. 

The limiting behaviour of the series was obtained by forming ?add 

aPProximants of order (3,6),(4,5), (5,4), and (6,3). The results vary 

little and all yield a critical density within the range 

= p
b 

= 1.116 t 0.002 

and renormalized critical exponent 

Y = 1.00 t 0.01 

(5-53) 

0-54) 

This approximation has a smooth tendency to the asymptotic behaviour. 

cromputation of the critical density from successive inclusion of virial 

coefficients leads to rapidly decreasing oscillations. 

Since some lattice models have shown a sudden onset Of classical 

behaviour as the dimensionality reaches 4 0021 the 'Ariel series was 

also studied for (1=4 and d=45, The viral coefficients for 3, 4 and 5 

dimensions are listed in Table XII. naturally in this case there is no 

change, for the PY is already classical in three dimensions but inter04-,  

ting changes are found in the  HNC  which is studied net 

V.4 The HNC approximation 

Pad approximants of order (4,7), (5,6), (6,5) and (7,4) were 

formed both to the pressure and compressibility equations of state. 

In three dimensions the poles and residues are scattered, but the 

renormalized critical exponent is consistently greater than one. 

Although no sudden onset of classical. behaviour was observed for 

d=4, the scatter is appreciably smaller and the critical density and 

renormalized exponent are closer to their classical values. The absence 

of a sharp break at (1=4 is probably due to an early truncation of the 

series and it is possible that the value el yo  might fall to unity if 

more terms are considered, Such was the experience of Milosevic and 

Stanley f1031 ip their work on the spherical model, 

The virial coefficients are listed in Table XIII and the critical 

density and renormalized critical exponents in 3,4 and 5., dimensions 

are shown in Table XIV. The error bars correspond to the range spanned 

by the different APProximantse 



— 134 

4 

P 31  4 
	

D 	5 

C(1,1) 	1"0,1 1W0k Oi 

0,40440/01 

C(30) 	000:4401,1J2 

C(4,4) 	is!Ismoht,04 

"5,0) 	"1.1.)f)1 tst,,04  

000040E 01 

0,52083F1,02 

415R6S1FrO3 

000P41/03 

pa41137E,04 

4 

TAIILE XII VIR/Ak COEFF7CIVNTS OF THE pY 

APPRORMATIOR 'Oft THE 111114RY MIXTURE VERSfON 

OF ViE FEHETRAW-SPHFRF Nont IN 3#4 ANTI 

5 r0,4FNSInNS; 



=Z. 

•11 .,4 
^11 	C ( 1 , ) 

•••■•• 

7? 	At 

• '2 

m 
3 
to 
-42 = 
V 

Is*  

4111 

x. 

imo 
4:30 

'4°  
m , 
-4 
= /A 

= 
•-4 

42 . 

72  

-41 

M 

14, 

ANN 

I' 

0 

*A 
4.1 

TA  

**11  w•J 

C214) 

013,3) 
C(205) 
CC3p41 

t(2#6) 

(3 	 ) C{3,5 ) 

t(4#4) 

t(2,r) 

t 	 f 	) 

Ct2,15) 

71A 
= 	 C (2 4Z ) 

= C(3.1 7) 

t(4,6) 

CC219) 
C (34 8) 

0(4,7) 
C(5,6) 

U2 

• 

f.0,10000E 	01 

C 

-000000E 01 

1) 	as 

p 

.4„1.011,40E 	01 

C 

.0;1-0004E 01 .•0..7-10000E 	01 
0,31450E-01 0,31250E,41 4,15623F,41 111.5625Er01 0:7812*Eq02 
0,zu0471-n2 0,20047E1.42 0,3n70T-03 0;57170E4003 0,A670(?E-03 
0,11509E.03 0,1130vE-43 0,21343E-44 4;21345E-04 0:359b51-95 
0,2,336t".o2 11.46462E-07 0,24074F-42 4,29/112E-04 0 13165.E-u2 
u,56431t-05 0,56231E-05 0,65144E-Z6 0,40104f-b6 0,7270E-07 
us1utzu1-02 4,10444E...02 4,3674F-43 iv,;32714E-03 C10080-03 
0,26143E-46 0,261931-OA 0,1R838E-07 h 14838t-0f 0;13595.Ef1U8 
u‘z2321t-43 0,17699E,01 0.371173F-04 0 249601-u4 0i:55413E-05 

-0,658153E-03 004646E,01 0,3R4A7F-03 4,73953E-03 0:32654E,u3 
vou462t-o? 0,10462E-47 0,49429E-49 11„49429E-0/ M3364.01 -0 
0,33547t-14 0,24445E.,44 0,341,6r-05 0,22052E-05 0:25744006 
0,23165E,03 0,37249t,01 0,17871 E-03 4,16691E-Q3 0.34404 
0,3r644k..49 0,37844f-0c 0,11324E-10 0,1182*E-10 023695112 
0,40.550t-nj 0,26623E-05 19,21153E-46 0,14A92E-06 021064104.0? 
0,1/366h-05 0,13792E-01 0,36,594E-44 0i;26169E-04 0.533201-v5 
,0,4661,5E-03 .0,36396E-44 0,27474E-04 4,22194E4-03 0:1V034t.m03 
0.1,d45910 0,12459E-10 0,23v54F-12 4;23936E-1Z 0.54076E1.14 
0.44-bnk"•fiG 0,7773AE-06 r7, 11175r-07 /1;86578E"013  0;4011.1E-09 
0.34474E4.04 0,35313E-04 0,52175E-05 0,32797E-05 .0.47164E*06 

...o.94'631trn4 0,112453E04 0,74657E-04 0;113775E-04 0',:2-935bt-04 

5 

C 

p0,10404E 01 
0178125E.,0a 
0,16706E-03 
0.35965f•.05 

0114438E-u2 
0,72789E-07 
0.b?261f,..04 

0,13595E....08 

1),43(104t.r.0 

0441415V"03 

0,43353f10 

0.14830f.•06 

1/114564i.•04 

0.36957f12 

U, (5169f'°08 
0138P40f.•05 

0,15140f.•03 

0.540116E-14 

0,26566E..09 

0,24966E.■06 

0.25300E04 



- 136 - 

iv 3 	d M 4 	d ==5 

0 	0 	c 
P 	Y 	P 	Y 	P 	Y 

	

P 	P 	P 

liNc(p) 1.19±0.02 1.4±0.1 1.073±0.002 1.13±0.01 1.0300±0.0003 1,04±0.01 

IDW(c) 	- 1.25 	- 2 	1.085±0.003 1.19,402 1.033 ±0.001 	1.05±0.01 

Table XIV. The critical density Pc  end renormelized 

oxPonent ye  Vox Padd Approximate or the 

eleventh order in three'  four and Ave 

dimmnsious, 

4 
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R) THE LENNARD-JONES FLUID 

The different nature of the critical point predicted by the PY 

and HNC approximations may be accounted by the fact that the latter 

alone has a direct correlation function with a weak but long-ranged 

tail which becomes crucial at the critical Point. This is 4 feature 

of the approximation, not pr the model, and therefore that differ-

ence should persist in a more realistic system, To ow that this is 

the case in a Lenner4-Jones fluid the PY and HNC integral equations have 

been solved, numerically for temperatures and densities near the critical. 

Consider a fluid whose molecules interact, with the pair potential 
at a separation R 

u(R) 
12 	6 

[4) R  qr) 	 (5-55) 

where e is an energy parameter and a is the radius of the molecules, 

It is usual to introduce the reduced distance r, density p and 

temperature T defined by 

No 
P V 

and (-56) 

In what follows we will work on that set of variables, 

The critical point is located where the isothermal bulk modulus, 

Op given by 

T(p,t) = 1-pfc(r) dr 
	 (5- 7 ) 

p f h(r) dr).-1 
	

(5-58 ) 

first vanishes when the temperature is lowered from the one-phase 

region, Equation (5-57) is preferred to (5-58) because h(r) is 

longer ranged than e(r) and consequently more sensible to truncation 

errors. 

V.5  TO Porre1,0.91010040m  

The correlation functions 0144,  OM by the Og equation and Ptther 

(5-15) for the PY or (5-25) for the me, For computational purposes 
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it is more convenient to deal with the difference 

4(r) = h(r) 	c(r) 
	

(5-59) 

rather than with either of the correlation functions, 

From (5-15) and (5-59) the PY direct correlation function is 

given by 

c
FY

(r) 
	

(1 + t(r)) (exp(-u(r) / CT) - 1 ) 
	

(5-6Q) 

and from (5-,25) and (5'19) the $WQ direct correlation fnnetion is 

HNC 
 (r) = exp( A (r) 	u(r)/ eT ) 	A( ) 	(5-61) 

V. Numerical procedure  

The integral equations are solved by the usual iterative pro-,  

cedure based on the fact that a Fourier transform of the 04 equations 

deconvolutes the integral, face 1,0,932 p,2? and references therein ; 

thus 

h(k) = Z(k)  

1 - 	C;(k) -ft 

(5-62) 

where 11,(k) and Z(X) are the sine) Fourier transforms of h(r) and e(r) 

0 

c(k) 	= 	fr c(r) sin(kr) dr 	(5-63) 
a 

and similarly for R(k). The inverse transform is given by 

c(r) = f k Z(k) ein(kr) dk 
2w2 r o 

(5-64) 

Tt is advantageous to use a modified form of (5$2),  transforming 
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4(r) rather than h(r) or c(r) since A(k) has a shorter range than 

either of h(4) or c(k) thus allowing us to truncate the integration 

at shorter r [1043. 

The iterative procedure is defined as follows, a first estimate 

of c(r) is transformed and substituted ihto 

A(k) (5-65 ) 

The function A (k) is then transferred back to Omfiguration space; an 

improved estimate of c(r) is obtained by either (5-60) for the FY or 

(5-61) for the HNC. The process is carried out until self-consistency 

i.e, no further improvement on c(r) is observed, In practice itera-

tion was stopped, whenever 

max (Ict(r( 	
c1-1 ( 1r.)I) < 10 	, 	

(5-66) 

where 1 refers to the 1-th iterate and c(ri) is evaluated on the grid 

ri, i=1,.,„N. 

For the first calculation the initial estimate was either the zerO 

density limit for r > 1 and the FY hard sphere function 0051 for r < 1, 

exp(-u(r)/ct) - 1 
	

r > 1 

co
(r) = 	

a +b r
2 

c r3 
	

r < 1 

	(5-67 ) 

where a, b and c are parameters depending only on density, Pr more 

usually a function from a nearby density and temperature, 

The integrations involved in taking the Fourier transform were 

performed with a rule similar to the trapezoidal, with the intervals 

determined by the zeros of the sine functions. This procedure has 

recently been described by ,ado (1061, The Pain advantage of this over 

equivalent methods, e.g. Filon's procedure E10T1 is that the ortho-

gonality of the Fourier pair is preserved. This property reduces the 

numerical error when repetitive transforms are taken C108). 

Lado's method assumes that both the functions and its transform 

vanish beyond a given range. Let L be such that c(r)m0 for r L; 

the Fourier transform becomes then 



P 

C(r) 	
2 	

y 	k
J 
 ;(k ) ein(k.r) 

ir r L 	a (5-68) 

since sin(kL)=0. The variable kj  is given by 

= 	= 	, 	
j = 0,1,2,.,, 

	
(5-69) 

and the integral of the inverse transform Iwomeei of finite upper 

limit. 

The further essuMPtign that v(k3) vaniehe4 	j  Ns/le leads to 

    

i 	
,2 

o(r) = 	 
2iL3 

j c(k3) sin(I12) (5-70 

    

    

T 3  

Zk.1  = 1444  j, 	j N  

N-I 

i c(r.) 
4 1 = 

(5-71) 

where r. = iL/N = iAr and the orthogonality Condition states that 

ArAk = 
	

(5-72) 

The most important point for eeoneMiSillg computing time is to have 

an efficient algorithm to evaluate the trigonometric sums of (5-70) and 

(5-7I). The fast Fourier transform of Cooley and Tukey MO which is 

available in the Numerical Algorithm Group (NAG) library provided such 

Algorithm f110]. 

The interval in configuration apace*  Aar w L/N, was take to be 
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0,1 since a finer division did not improve significantly the values of 

the integrals. The longest distance considered was Im1R.6, that is, a 

mesh of H=124 points, Near the critical point it is important to ensure 

that no significant contribution of the correlation functions is truncated. 

No appreciable change was detected for a longer range, The intermolecular 

potential was arbitrarily truncated at rP6,4, This distance is slightly 
larger than the usual cutoff radius (r=6) and probably accounts for the 

small differences in the critical density and temperature of this with 

respect to other works (see Table XV below), however, it should not 

affect the conclusions. 

Both equations, but particularly the HNC, became unstable in the 

critical region, The initial estimate had to be very close to the solu-

tion to pave the equations along isotherms, Typical differences of 

AP = 10 P
c 

yielded a good estimate of neighbouring points outside the 

critical regioni  but here 4e bad to be as wsall as 1 	Pc, 
ROO 

The criticq,gata.  

At the critical point DT(1107) vanishes for the first time on 
lowering the temperature from the one-phase region. For T<Te, 
HI  (o,T) has two zeros corresponding to the gas and liquid sides of 

the spinodal, Following the procedure described above the critical 

point was located end the shape of the critical isotherms investigated, 

The PY and HNC equations behave quite differently as shown In Figures 
30 and 31. The PY equation converges smoothly for all values of p and 
T while the HN0 becomes unstable near the critical point until it fails 
to converge. The difference is more explicit in Figure 32 where BT  (PsT) 
is plotted an a function of temperature along the critical isochore, 

The PY equation yields a straight line consistently with the classical 

critical index y = 1, The ONO on the contrary yields a line strongly 

curved near the critical temperature giving a value of y much smaller 

than unity and probably even of zero, Thus the HNC is indeed singular 
but unphysical, since for real fluids y 	An alternative but even 
less attractive possibility is that BT(e,T) is not zero at the "critical 
point" but the shape of Figure 31 does not suggeotthis, 

In Table XV the values of pc  and T are compared with previous 
results, The small differences for pc  in the PY approximation are 
attributed to the slightly longer range or the intermolecular potential 
in this work. The larger differences are in the HNC critical density and 

are probably due to the singularity found here, The error bars are 
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Figure 30 Isothermal bulk modulus in the critical region 

of a Lennard-Jones fluid. PY approximation. The 

curves are labelled with the reduced temperature. 
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?figure 31 lacthermal bulk modulus in the critical region of 

a Lennard-Jones fluid. HNC approximation, The curves 

are labelled with the reduced temperature, 
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merely a subjective estimate of the interval of confidence, 

Method 

Computer simulation [93] 0.32 - 0.36 1.32 - 1.36 

PY (c) reference [947 0.278 1.315 

reference [96] 0.278 1.311 

this work 0.282±0.002 1,31610.001 

[951 

HNQ (c)reference 0 	[95] '0.276 1.405±0.005 
this work 0.265*(4005 1.40221:0,0002 

Table XV Comparison of the critical parameters 
of several works for the FY and KW compressibility 
equation of state in a Lennard-Jonee fluid 

Other critical exponents follow from integration of the correla-

tion functions, but it is doubtful if enough accuracy has been reached 

in the critical region to withstand numerical integration, However, 

two exponents can be deduced from the above data, The'spinodal, which 

reflects the same singularity as the binodal, is the locus of zeros 

of B (e,T) for •T<T
c 

which were obtained from extrapolation of the 

subcritical isotherms (but only on the liquid eidesfor the HNC), In 

,both equations the spinodal is classicalm yielding an exponent 0 of 

0.55±0.05 for the PY and 0.53t0.05 for the HNC. 

The locus of the minima of B (p,T) is weakly singular in both 

cases, but it moves in opposite directions (figure 33). The curva-

ture of the HNC line is responsible for the low estimate of the 

critical density, A similar curve, but moving from the critical point 

to densities smaller than 	not not greater, is found for the line of 

symmetry of the penetrable-sphere model, whose singularity is accounted 

by the heat capacity critical exponent (3141, From the above results it 

is estimated that ca.°, In Table XVI the critical exponents of the 

PY and HNC approximations are collected, 
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"MP 

`Figure 32 Isothermal bulk modulus along the critical isochores, 

as a function of the reuuced temperature. 
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Figure 33 "Line of symmetry" that is the locus of (913(M)41) 0 

for the PY and HNC integral equations in a Lennard-Jones 

fluid near the critical point 
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0 

FY 0 0.55±0.05 1 

HNC - 0 0.53±0.05 w 1 	(0?) 

Heal fluid - 0.10 0.35 1.5 

Table XVI. Critical exponents for the 
PY and HNC approximations in a bennard-
Jones fluid. 

V.6 Disoussion 

The results from the first part of the chapter show a difference 

in the nature of the critical point predicted by the PY and HNC in-

tegral equation approximations. The former is, beyond doubt, 

classical while the latter, at least for the penetrable-sphere model, 
is non-classical, The different behaviour of the two approximations 
is due to the long range tail of the MO direct correlation function 
and therefore should be present in a more realistic system. 

In the second part the two integral equations are solved in the 
critical region of a Lennard-Jones fluid and their critical exponents 

computed. The FY equation is classical, in agreement with previous 
works 04,961 but the HNC although singular is unrealistic since 
y«1 

It is still an open question whether other approximations which 

are realistic and non-classical in the penetrable sphere model, e,g. 

1112 [403, retain this realism in a less idealized system. 
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Chapter VI  

SUMMARY AND CONCLUSIONS 

The penetrable-sphere model of liquid-vapour equilibrium, although 
an idealized representation of a fluid, has been proved to be a power-
ful instrument for studying phase transitions and the nature of critical 
points. 

In the original formulation the pair potentials of the binary mix-
ture version were those of hard spheres, This limitation is not neces-
sary. In Chapter II a generalization is discussed; any specification of 
the intermolecular pair potentials which leads to proper thermodynamic 
behaviour is equally acceptable. The one-component multibody potential 
is defined from the general specification of the pair potentials and its 
properties of abort -rangednesn and strong tempering depend only on the 
additional property of the Mayer function expressed in the inequality 
0 s 1.110 S 1, This generalization is important because other prescrip-
tionn such as the potential of the gaussian model are more suitable for 

numerical work, 
One interesting property of the penetrable-sphere model is the iso-

morphism between the one and two- component versions, When the set of 
transcription rules derived from it is applied to the m -body distribution 
function two salient results are obtained, The one, valid in general is 
the equality between the one-component and the two-component all-alike 

( distribution functions, n(m) (1,,..,m) = nbm)  (1,...,m), The second ,..b   
result is peculiar to approximations such as the PX or WA where cas  
= cbb = 0 and is a simple transcription rule between the direct correla-
tion functions of the two versions. A detailed examination can be made 
of the structure of the correlation functions in the neighbourhood of 
the critical point in the MFA as consequence of these results. 

When a third species is added to the binary mixture, a three-fell 
symmetric ternary mixture is generated, In Chapter III And IV,the 
phase transitions and critical points of such mixture are discussed. 
Equilibria between two, three, and four phases are displayed, conforming 
to the pattern of "normal" phase diagrams. 

In Chapter III the mean-field approximation is studied, Most re-
sults are obtained in closed form due to the relative simplicity of the 
model, and two phase transitions of interest are observed. The first 

correspond to the simultaneous vanishing of three phases in a trieriti-
cal point; four independent trieritical exponents are defined to 



149- 

describe the disappearance of some order parameters. The second transi-

tion corresponds to the formation of four-phase equilibrium. 

The same geometry is obtained when truncated virial expansions are 

considered (Chapter IV), and the MFA values of the tricritical exponents 

remain unchanged. This suggests that the MFA description of the tri-

critical singularity is correct, i.e, the tricritical, point is classical. 

There is considerable interest to know whether this is true in general or 

only for a certain class of models. At the moment there is evidence sup- 

porting this and the opposite view, i,e, that tricritical points, like 

bicritical points, are non-classical, One model which displays non-

classical, One model which displays non-classical (or anomalous) tri-

critical, points is the Potts model. 

There are several, extensions of this work which seem of interest, It 

is intriguing why if the model described here is in some way a generali-

zation of the Potts model to continuum systems their phase diagrams are 

so different. No doubt a computer experiment would be useful to decide 

if the normal phase diagram is indeed exhibited, For the binary mixture 
a molecular dynamics simulation showed the expected phase separation for 

high density of the two components. An extension of the model either 
to a quaternary mixture or to an asymmetric one would represent more 

closely the usual experimental situation. In the former case the task 

of counting the polychromatic graphs will certainly be increased, but 

the MFA may well be as simple and far-reaching as in the ternary mixture' 

The asymmetric mixture, for example, one with hard spheres of different 

diameter, would be a better simulation of the usual system in the labora-

tory, The phase diagram will surely be different from the one discussed 

above, and such features as the quadruple point may be absent. Suchms 

the case in the asymmetric regular solutions of Meijering. It would 

also be very interesting to study a transcription, similar to that of the 
penetrable-sphere model, to a two-component mixture, 

The nature of the bicritical points is investigated in Chapter V with 

the aid of the FY and HNC integral equations. For the penetrable-sphere 

model there is enough evidence to assert that the PY critical point is 

classical whereas-the HNC critical point is non-classical, In the 

Lennard-Jones fluid a similar difference is found, although the critical 
point of the HNC equation is unphysical, The numerical procedure des-

cribed in this chapter seems to be good enough to attempt the solution 
of other integral equations in the critical region; no mixing rule to en- 

sure convergence or even to accelerate it was necessary, and the results 

are of accuracy comparable to previous work, The long range of the 

• 
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