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ABSTRACT

Calibration of soil parameters is essential for reliable geotechnical analysis, yet remains challenging1

due to limited field measurements, model discrepancy, correlated outputs, and the need to incorpo-2

rate multiple-source data types. This paper proposes a sequential Bayesian framework that enables3

staged data assimilation and progressive refinement of a wide range of model parameters, thereby4

improving the reliability of predictions of engineering behaviour throughout the entire construc-5

tion and operation life cycle. A reduced-order modelling approach, combining principal component6

analysis and polynomial chaos expansion, is employed to construct efficient surrogates that preserve7

output correlations and support global sensitivity analysis. A custom likelihood formulation is de-8

veloped to integrate multiple observation types while explicitly accounting for model discrepancy9

and uncertainty. To focus calibration efforts on critical regions, a spatial weighting strategy is used,10

reflecting zones of engineering significance. The proposed methodology is demonstrated through11

a full-scale laterally loaded pile test. Results indicate that the surrogate model yields accurate and12
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computationally efficient predictions, and that the Bayesian updating process systematically reduces13

parameter uncertainty while maintaining consistency with field observations.14

Keywords Sequential Bayesian inference; Uncertainty quantification; Reduced-order modeling;15

Model discrepancy; Multi-source data;16

1 Introduction17

Recent advances in field monitoring and numerical modelling have enabled inverse analyses that infer material param-18

eters from site observations. Techniques are being developed to overcome challenges associated with large volumes of19

monitoring data and the computational cost of numerical modelling. Of the proposed methods, Bayesian methods are20

well suited to situations where data are limited and engineering judgement is integral, offering a probabilistic frame-21

work for integrating prior knowledge and quantifying uncertainty. (Kelly and Huang 2015; Wang et al. 2016; Baecher22

2017; Rahimi et al. 2019; Lo and Leung 2019; Jin et al. 2021; Yuen et al. 2021; Zhou et al. 2021; Buckley et al. 2023).23

Sequential Bayesian updating is particularly attractive in staged construction, where parameters can be progressively24

refined as new observations become available (Qi and Zhou 2017; Jin et al. 2021; Tang et al. 2022).25

Unfortunately, inverse analysis often demands extensive forward simulations, making uncertainty quantification26

(UQ) computationally prohibitive. Surrogate models reduce this computational cost by approximating high-fidelity27

input-output relationships; however, many do not adequately capture the spatial correlations that are critical in geotech-28

nical systems (Qi and Zhou 2017; Lo and Leung 2019; Westermann and Evins 2019; Zheng et al. 2023a; Zheng et al.29

2023b). Reduced order modelling addresses this limitation by projecting system responses onto lower dimensional30

basis that preserve the key physics (Blatman and Sudret 2011; Peherstorfer and Willcox 2016; Brunton et al. 2020;31

McQuarrie et al. 2021; Brunton and Kutz 2022; Geelen et al. 2023; Kramer et al. 2024; Conti et al. 2024). Geotechni-32

cal analyses can produce outputs with many degrees of freedom, such as nodal displacements and pore-water pressures33

at large numbers of mesh nodes and, where relevant, across multiple load increments or excavation stages. Despite34

this high output dimensionality, the responses commonly exhibit a correlated spatial structure that can be described35

using a small number of dominant spatial patterns (Brunton and Kutz 2022). These patterns are often termed modes;36

each mode represents a characteristic spatial distribution of displacement obtained from the numerical outputs. Di-37

mensionality reduction identifies the patterns associated with the largest variation, ranks them by their contribution38

to the total variation, and thereby selects the dominant modes. The modes may be interpreted as the principal struc-39

tures that govern the magnitude and spatial distribution of the geotechnical outputs. A surrogate model defined in40

this reduced space can then be trained and evaluated to reproduce the essential behaviour of the original model at a41

reduced computational training cost. This approach enables efficient handling of vector-valued, correlated responses42

and global sensitivity analysis (Sudret 2008; Garcia-Cabrejo and Valocchi 2014; Nagel et al. 2020; Wagner et al.43

2020; Yang et al. 2026). First, this study uses principal component analysis (PCA) and polynomial chaos expansion44
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(PCE) to build the surrogate that captures interdependencies among high-dimensional outputs and enables efficient45

and analytical sensitivity analysis.46

While computer models and monitoring systems encompass multiple quantities of interest, most Bayesian cali-47

bration works rely on single-source data, e.g., using displacements while neglecting internal forces (Wang et al. 2016;48

Qi and Zhou 2017; Jin et al. 2021). This fragmentation limits uncertainty quantification and parameter identifiability.49

Notable efforts have been made to merge multiple-source monitoring data for predictive purposes (Kelly and Huang50

2015; Rahimi et al. 2019; Tian et al. 2024), unfortunately many lack probabilistic frameworks or sequential updates.51

A second contribution of this study is therefore the development of a joint-likelihood-based function incorporating52

multiple relevant observations and model quantities of interest. Since calibration outcomes are sensitive to how uncer-53

tainties from both data and model predictions are represented, particular attention is given to the formulation of this54

likelihood function.55

Accurate likelihood construction in inverse analysis requires explicit consideration of multiple uncertainty56

sources, including observation noise, surrogate error, and often-ambiguous model discrepancies, which together57

contribute to the differences between observations and predictions (Kennedy and O’Hagan 2001). In the geotech-58

nical context, these discrepancies can arise from finite element (FE) model simplifications (model error) or from59

inherent biases in field data acquisition (systematic error), such as sensor misalignment or installation issues. While60

conceptually distinct, these uncertainties are often difficult to untangle, complicating model calibration. Surrogate61

approximations further introduce additional structural uncertainty to the calibration process. The Bayesian framework62

of Kennedy and O’Hagan (2001) offers a formal treatment of model-data discrepancy but assumes that observations63

are inherently more reliable than model predictions (Brynjarsdóttir and O’Hagan 2014; Ling et al. 2014; Rahimi et al.64

2019). This assumption should be treated with caution in geotechnical applications, as observations may also be af-65

fected by measurement errors and environmental effects that are not explicitly represented in the model. Enforcing66

agreement between model outputs and observations without resolving the source of discrepancy may lead to over-67

fitting and physically implausible results. To address these, as the third contribution of this study, the Kennedy and68

O’Hagan (2001) framework is adapted using a weighting strategy, which assigns higher weights to regions of geotech-69

nical significance. The weighting is defined prior to calibration based on engineering judgement, with the regions70

of interest specified at the outset. In addition to emphasising zones of engineering relevance, the spatial weighting71

also reduces the influence of parts of the domain where model discrepancy is observed. This enables calibration to72

focus on critical areas while avoiding the effect of the discrepancy between data and model. The custom likelihood73

function also incorporates observation noise and surrogate error as explicit uncertainty terms, considering their effects74

where appropriate. This allows all key uncertainty sources to be explicitly incorporated in the calibration, improving75

interpretability and maintaining consistency with the physical real-world system.76

The proposed framework is demonstrated on a full-scale laterally loaded pile test. A principal component analy-77

sis-polynomial chaos expansion surrogate is adopted to represent the correlated lateral deflections across loading stages78

and to enable efficient model evaluations. A custom likelihood function is formulated to assimilate pile displacements79
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and applied forces jointly, with explicit treatment of observation noise, surrogate error and model discrepancy. Cali-80

bration is spatially weighted toward the maximum pile deflection regions to emphasise physical relevance and mitigate81

the effects of various discrepancies. Sequential Bayesian updating is then applied to fuse the multi-source data across82

stages, yielding parameter posteriors that reflect the cumulative information content. Results show close agreement83

between predicted and measured responses, and are physically interpretable when compared with the real site data.84

2 Probabilistic model85

2.1 Uncertainty86

Uncertainty in geotechnical modelling arises from both inherent system variability and incomplete knowledge, typi-87

cally categorised as aleatory and epistemic uncertainty, respectively (Christian 2004; Baecher 2023). While aleatory88

uncertainty (e.g., heterogeneity of noise) is irreducible yet characterisable through more data collection, epistemic89

uncertainty-stemming from model form assumptions, idealisations, or limited site information, is often more influen-90

tial in practice. The distinction between the two is not always clear, and engineering judgment is required in managing91

the associated trade-offs. A taxonomy of typical uncertainty is presented below, highlighting their origins and impli-92

cations.93

• Forward parameters x: Reflect epistemic uncertainty due to limited knowledge of key geotechnical inputs, e.g.,94

distribution of soil properties and boundary conditions, many of which are indirectly inferred or unmeasurable.95

• Observation noise εr: Represents aleatory uncertainty from sensor limitations and random experimental effects. In96

high-dimensional settings, this noise may exhibit a spatial/temporal correlation and heteroscedasticity (where the97

noise structure may vary across space) (Brynjarsdóttir and O’Hagan 2014).98

• Model discrepancy ξ: Represents the mismatch between model predictionsM(x) and observations Y , arising from99

unmodelled physics, numerical inaccuracies, or sensor bias, including model error (δ), systematic error (s), or a100

combination of both.101

• Surrogate error T : Introduced by using a surrogate mathematical approximation M̃ instead of the underlying nu-102

merical physical modelM, typically due to model reduction, limited training coverage, truncation, or compression.103

It is quantified as:104

T =M(x)− M̃(x), (1)

Distinguishing between different sources of uncertainty is essential for effective uncertainty quantification (Oberkampf105

et al. 2002). When conventional conservative approaches are insufficient, probabilistic approaches such as Bayesian106

inference or the observational method are often adopted. In this work, uncertainty is quantified within such a proba-107

bilistic framework. In particular, the forward parameters x and elements in the observation noise term εr are treated108

as random variables to represent epistemic and aleatory uncertainty, respectively, while model discrepancy ξ and109

surrogate error T are characterised through error terms derived from the available simulations and observations.110
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2.2 Model formulation111

To relate the model predictions M(x) to the observations y ∈ RN , the observation noise εr ∈ RN is commonly112

introduced as an additive term accounting for the difference:113

y =M(x) + εr, (2)

where x ∈ RM represents the uncertain input soil parameters (M is the size of input parameter space). When m114

independent observations are available, the relationship can be expressed as:115

Y = {y(i)}mi=1 = {[y(i)1 , y
(i)
2 , · · · , y(i)N ]}mi=1 = {M(x) + ε(i)r }mi=1, where Y ∈ Rm×N , (3)

where N is the length of each observation vector. In this formulation, the forward FE modelM(x) is deterministic,116

producing a unique response for a given set of input parameters x. The probabilistic framework is introduced through117

the soil parameters and observation noise, which are treated as uncertain. As a result, the analysis considers a range118

of plausible parameter values, leading to a corresponding range of possible model responses for comparison with field119

measurements. This contrasts with a conventional deterministic analysis, in which a single set of soil parameters is120

adopted.121

Equation (2) assumes a numerical FE model M(x) accurately reflects the real-world problem, which may not122

be the case in practice. Beyond εr, additional uncertainties (see Section 2.1) should also be considered to avoid a123

biased inference or poor predictions. In line with the Kennedy and O’Hagan (2001) framework, a comprehensive124

probabilistic model should incorporate a reliable forward modelM (or a surrogate M̃) and explicitly account for the125

principal sources of uncertainty, thereby ensuring a complete and consistent formulation:126

Y =M(x) + ξ + εr

= M̃(x) + T + ξ + εr, where ξ ∈ {∅, δ, s, δ + s},
(4)

where ξ represents the model discrepancy and may take one of four forms: ∅, δ, s, or δ + s. Here, empty set ∅127

denotes the case where the discrepancy is considered negligible, i.e. the FE model response is regarded as sufficiently128

consistent with the measurements for the purpose of calibration. The model error δ and the systematic error s may129

act individually or in combination. The surrogate error T can be quantified from Equation (1). εr is associated with130

sensor accuracy, which may be specified by technical specifications, inferred from long-term monitoring records, or131

treated as unknowns during calibration.132

A key challenge lies in distinguishing whether model discrepancy arises from model error δ or systematic error133

s. This interpretation directly influences the choice of calibration strategy. As illustrated in Figure 1, two Kennedy134

and O’Hagan (2001)-type strategies are commonly encountered: adjusting the model to match the data (data-centric),135

or modifying the data to align with the model (model centric). The choice of either method of correction is often136

heuristic and reliant on subjective judgment. In geotechnical engineering, such approaches are further limited by weak137

5



contextual relevance and poor physical interpretability. Given that not all regions contribute to engineers’ decision-138

makings, calibration efforts should prioritize zones of practical significance, such as maximum wall deflections during139

excavation or settlements beneath structures. Guided by this principle, this study adopts a targeted calibration strategy140

using spatial weighting, where discrepancy parts are down-weighted and critical regions are emphasised. As shown141

in Figure 1 (balanced method), this approach aims to enhance physical fidelity by focusing on regions of engineering142

relevance, avoiding arbitrary corrections and enabling more meaningful inference.143

(b)
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making
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Figure 1: (a) model-data discrepancy; (b) data-centric, model-centric and weighting approaches. Note: ROI = region
of interest.

In inverse problems, the uncertain parameter vector is denoted as (x, εr), with sensor noise εr treated as a variable144

whose level and variation with depth are inferred during calibration. The weighting method simplifies the problem by145

bypassing the need for explicit distinction between discrepancies. The inverse problem is then formulated accordingly146

through Bayes’ theorem as:147

π(x, εr|Y) =
L(x, εr|Y) · π(x) · π(εr)

π(Y) ∝ L(x, εr|Y) · π(x) · π(εr), (5)

where π(x, εr|Y) represents the updated estimates of the soil parameters and measurement uncertainty after incorpo-148

rating the monitoring data Y . The priors π(x) and π(εr) denote the initial assumptions on the soil parameters and149

measurement uncertainty, while the likelihood L(x, εr|Y) measures the agreement between model predictions and150

field measurements.151

Equation (5) typically requires a sampling algorithm, such as Markov Chain Monte Carlo, to approximate the152

posterior distribution, due to the intractability of computing the evidence π(Y) arising from model complexity or153

high computational cost. To accelerate the calibration process, a polynomial chaos expansion surrogate model (i.e. a154

mathematical approximation) is used in lieu of the adopted physical model. The Markov chains were constructed using155

prior knowledge and sampling from an initial or inferred soil parameter distribution. Each chain follows a random156
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walk based on the Metropolis-Hastings algorithm (Hastings 1970). In each iteration, a candidate sample is generated,157

and the surrogate model is used to predict the corresponding response. The predicted result is then compared to field158

observations. This iterative process refines the exploration of the parameter space.159

However, as noted above, surrogate modelling introduces errors, T . These errors can be accounted for during160

inversion by incorporating the error within the observation noise covariance Σεr (Hansen et al. 2014; Meles et al.161

2022). A total of K realizations of x are generated, each producing N vector outputs used for surrogate training.162

After constructing the surrogate, the surrogate error T is evaluated using a validation dataset of K ′ independent FE163

runs, which are not used in the training process, resulting in a K ′ × N matrix, T ∈ RK′×N . The surrogate error is164

included in the likelihood as an additional uncertainty contribution. Since the surrogate replaces the original finite-165

element model, approximation errors in its predictions should not be absorbed into the inferred soil parameters. The166

observation covariance is therefore augmented by a surrogate-error covariance term by αT ∈ RN×N . This prevents167

overconfident updating when surrogate errors are non-negligible, while leaving the likelihood essentially unchanged168

when the surrogate is accurate. The combined covariance is expressed as:169

ΣT =
1

N
TTT, (6)

170

ΣεrT = αT ◦ Σεr , (7)
171

αT = I+
»
diag(ΣT )/|Ȳ|, (8)

where ◦ denotes the element-wise (Hadamard) product. The vector Ȳ ∈ RN represents the mean across the m172

datasets, i.e., Ȳ = m−1
∑m

i=1 y
(i). The operator diag(·) forms a diagonal matrix from the diagonal entries of ΣT .173 √

diag(ΣT ) ∈ RN×N represents the surrogate error standard deviation at each observation location. This normal-174

isation ensures that the scaling factor αT is dimensionless, by relating the surrogate error to the magnitude of the175

observations. Where required, the model predictions are interpolated onto the observation locations such that consis-176

tent dimensions are obtained.177

The purpose of Equations (6) to (8) is to combine the different sources of uncertainty, namely the surrogate error178

and the noise, consistently into the soil parameter calibration process. Incorporating these uncertainties increases the179

overall covariance of the error term, thereby enlarging the total uncertainty. This enlargement is beneficial for soil180

parameter calibration, as it makes the comparison between observations and FE model predictions less restrictive and181

consequently permits a wider range of plausible soil parameters. While the surrogate error covariance ΣT ∈ RN×N182

can be computed using Equation (6), the noise covariance Σεr ∈ RN×N is typically unknown, and the two components183

are scale-sensitive, meaning they cannot be directly combined. Therefore, the consideration of ΣT is incorporated via a184

proportional inflation factor αT ∈ RN×N in the noise covariance, preventing calibration dominated by a constant term185

ΣT and moderately increasing uncertainty without altering the heteroscedastic structure, thereby improving stability.186

Assuming that ΣεrT ∈ RN×N follows a zero mean multivariate Gaussian distribution, and given m sets of sparse187

independent observation vectors Y=(y(1), · · · , y(m)), the likelihood can be expressed as:188
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L(x, εr|Y) =
m∏
i=1

N(y(i)|M̃(x),ΣεrT )

=

m∏
i=1

1√
(2π)N det(ΣεrT )

exp

Å
−1

2

î
y(i) − M̃(x)

óT
Σ−1

εrT

î
y(i) − M̃(x)

óã
,

(9)

in which, det is the determinant. This choice is primarily for simplicity and mathematical convenience; alternative189

distributions could be adopted if supported by available data. Equation (9) now explicitly accounts for uncertainty190

associated with forward parameters x, observation noise εr, and surrogate error T . When the observations include191

multiple physical quantities (e.g., displacements, internal forces), the full observation set is organised into groups as192

G =
⋃Ngr

g=1 G(g) = (G(1), · · · ,G(Ngr)) with G(g)=Y=(yg(1), · · · , yg(m)). The overall group G encompasses Ngr193

types of observations, and each G(g) includes m sets of similar measurement conditions y. Assuming independence194

between the Ngr groups and the m sets of observations, the full likelihood function can be rewritten as:195

L(x, εr|G) =
Ngr∏
g=1

L(g)(x,Σ
(g)
εrT
|G(g), λ(g))

=

Ngr∏
g=1

m∏
i=1

N(yg(i), λ(g)|M̃(x),Σ
(g)
εrT

).

(10)

While model discrepancies are not represented directly, their influence is addressed via a weighting scheme using196

a predefined weight vector λ. Notably, this weighting scheme extends beyond discrepancy treatment and serves as197

a practical tool for emphasising regions deemed critical by engineering judgment. The regions of interest and their198

corresponding weights are predefined before calibration, representing areas of the problem where most of the stress199

and strain changes are expected, based on model responses relevant to the problem. For example, previous studies200

and applications have often focused on regions such as maximum and top wall deflections in excavation scenarios or201

pile-head displacements in offshore pile loading tests. The regions of interest may evolve as the analysis progresses.202

In staged excavations, for example, the location of maximum wall deflection may shift during construction. Each203

observation group G(g) is assigned its own likelihood function L(g) and corresponding weight vector λ(g), where,204

yg(i) denotes the i-th set of similar observations within the g-th group. As geotechnical construction and/or loading205

are typically staged, data are acquired incrementally, requiring sequential updates of model parameters (x, εr) through206

data assimilation. Assuming stagewise dependence, the sequence forms a Markovian process, i.e., the state at each207

stage depends only on the preceding stage (Bishop and Nasrabadi 2006), with recursive Bayesian updates, as illustrated208

in Figure 2. The horizontal arrows represent the propagation of the model parameters from one stage to the next, while209

the vertical arrows indicate the incorporation of observations at each stage. In this framework, the posterior distribution210

at stage t− 1 is used as the prior for stage t, and the calibration at each stage is carried out using only the observations211

available at that stage. As εr is treated as stage-specific and re-estimated at each stage, it is not carried forward and212

is therefore excluded from the figure for clarity. This one-step propagation avoids conditioning on the full history,213

thereby reducing computational overhead and improving the efficiency of sequential calibration.214

8



· · · xt−1 xt xt+1 · · ·

Gt−1 Gt Gt+1

Figure 2: Sequential Bayesian inversion

To assess predictive capability and quantify uncertainty before and after each stage of calibration, both prior215

and posterior predictive distributions are computed, respectively. The former integrates over the prior π(y) =216 ∫
Dx

π(x)π(y|x)dx, while the latter incorporates posterior knowledge via π(y|Y) =
∫
Dx|Y

π(x|Y)π(y|x)dx. y de-217

notes the model prediction in the output space, as provided by an appropriately constructed surrogate.218

2.3 Reduced order model and global sensitivity analysis219

Reduced-order models allow for flexible combinations of dimensionality reduction techniques and surrogate modelling220

approaches. In this study, polynomial chaos expansion (PCE) is adopted as the surrogate modelling technique. PCE221

represents the model response as an expansion of orthogonal polynomial basis functions of the uncertain input param-222

eters. In this study, Legendre polynomials are adopted as the basis functions, with a hyperbolic truncation scheme and223

sparse regression used to identify the relevant polynomial terms (Wagner et al. 2020). Owing to the orthogonality of224

the polynomial basis, sensitivity indices can be computed analytically from the polynomial chaos expansion coeffi-225

cients, without requiring additional Monte Carlo sampling (Sudret 2008; Wagner et al. 2020; Nagel et al. 2020; Yang226

et al. 2026).227

Global sensitivity analysis is conducted via Sobol’ indices, which decompose the output variance into contribu-228

tions from individual inputs and their interactions. Based on the orthogonal decomposition, the total variance of the229

model outputM(x) is defined as DT := Var[M(x)], and the total Sobol’ indices are calculated as:230

ST
i :=

∑
u⊃i

Su =
∑
u⊃i

Var[Mu(xu)]

DT
, (11)

where the termsMu(xu), with u := i1, · · · , is ⊂ 1, · · · ,M , represent the decomposition based on subsets of input231

variables. Further details on the reduced-order model construction and the associated sensitivity analysis are provided232

in Yang et al. (2026).233

When the model response is vector-valued, such as spatially distributed deflections at multiple depths, construct-234

ing a polynomial chaos expansion surrogate for each output component can become computationally demanding. This235

is particularly relevant when the number of output locations is large. To address this, principal component analysis236

(PCA) is employed to reduce the dimensionality of the model outputs prior to surrogate construction. The original re-237

sponse is projected onto a reduced set of dominant modes, and polynomial chaos expansion is then constructed in this238
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reduced space. This principal component analysis-polynomial chaos expansion combination reduces the number of239

surrogate outputs while preserving the dominant correlation structure of the vector-valued response (Yang et al. 2026).240

It is noted that several alternative reduced-order model configurations were also explored by the authors, including241

autoencoders, singular value decomposition combined with neural networks, tree-based models, and Gaussian process242

surrogates. None of these approaches, however, exhibited consistently superior performance; the relative performance243

of different surrogate modelling techniques may depend on the size and coverage of the training data.244

2.4 Custom likelihood function245

Model calibration is performed to infer the unknown parameters (x, εr) using the observation groups G, as formulated246

in Equations (9) and (10). The surrogate error and model discrepancy, being known, are not treated probabilistically.247

In many geotechnical applications, the noise covariance Σεr is simplified as σ2 × I, where σ > 0 is an unknown248

scalar noise level and I ∈ RN×N denotes the identity matrix, implying independent and identically distributed noise249

(Hsein Juang et al. 2013; Kelly and Huang 2015; Qi and Zhou 2017; Lo and Leung 2019; Jin et al. 2021; Asem250

and Gardoni 2021). While computationally convenient, this assumption may not reflect the real site conditions. For251

instance, instruments such as inclinometers may produce spatially aggregated responses with noise levels varying with252

depth, leading to heteroscedasticity or spatial correlations. A more general representation is proposed by assuming that253

the varying noise level σ can be approximated using low-order polynomial basis functions. A diagonal form is adopted254

as a practical simplification, which avoids the need to estimate a full covariance matrix and improves the numerical255

stability of the inversion process, particularly when the number of observations is large. This ensures smoothness and256

reduce dimensionality of the noise term. The noise covariance matrix can be written as:257

Σεr = diag
(
(σ2

1 , . . . , σ
2
N )

)
, (12)

258

σ(ω) = (σ1, ..., σN )T =

p∑
k=0

ωk × ψk × t, (13)

where ψk is the k-th Legendre polynomial basis, ωk is the associated coefficient, and p is the polynomial order. The259

polynomial is defined along the pile length, with the depth coordinate scaled between the top and bottom of the pile,260

allowing the noise level to vary continuously along the pile profile. The scaling factor t = max(Y) is introduced to261

dynamically link the noise level to each construction/loading stage, thereby capturing the stage-dependent variability262

in noise. Since this varying noise level is typically unknown, it is integrated and calibrated within the noise covariance263

matrix. The direct parametrisation may correlate with the FE mesh nodes or the sensor distribution, and may result in264

a prohibitively large parameter space. To achieve a substantial reduction in this parameter set, the derivation relies on265

employing a continuous polynomial basis. Utilising different orders of Legendre polynomial basis enables the effective266

approximation of the arbitrary noise level, thereby condensing the whole noise parametrisation into a manageable set267

of polynomial coefficients. This hierarchical formulation follows Σεr ∈ RN×N → σ ∈ RN → ω ∈ Rp+1 :=268

(ω0, · · · , ωp). This provides a compact parametrisation of the noise model while preserving variability in the noise269

model (Nagel et al. 2020; Wagner et al. 2020). This approach significantly reduces the complexity of inferring the270
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full covariance matrix, transforming a high-dimensional problem into a lower-dimensional one with a limited, well-271

constrained set of hyper-parameters. The hyper-parameter ω in our geotechnical context represents the confidence or272

tolerance of the observed data. A low value of ω indicates high confidence in the data, suggesting that the observations273

are likely accurate. Conversely, a high value implies greater uncertainty in the observations. The complete set of274

calibration parameters is (x, ω), where x denotes the uncertain soil parameters.275

The custom likelihood formulation and the associated parameter dependencies are summarised in Algorithm 1. It276

is acknowledged that different representations of the noise covariance can influence the calibration process. Common277

approaches include assuming identical and independent noise covariance (homoscedasticity), using a full covariance278

matrix to account for spatial correlations (heteroscedasticity) and varying noise levels, or considering only varying279

noise levels with no spatial correlation (diagonal heteroscedastic matrix). In some cases, customized noise covariance280

matrices may be developed based on the specific data collection methods employed. However, these representations281

are beyond the scope of this study.282

Algorithm 1: Custom-defined log-likelihood computation for multiple-source observations
Input: Parameters of interest: (x, ω);

Observation groups: G =
⋃Ngr

g=1 G(g) with G(g) = {yg(1), . . . , yg(m)};
Surrogate error representation: T ;
Emulator: M̃;
Number of Markov Chain Monte Carlo chains: Nchain;
Weight vector: λ

Output: Log-likelihood sum vector: [logL]
1 Set m← number of similar measurements in each group;
2 Set Ngr ← number of observation groups;
3 Initialize logLj ← 0, for j = 1, . . . , Nchain;
4 for j = 1 to Nchain do
5 for g = 1 to Ngr do
6 for i = 1 to m do
7 Evaluate Σ

(g)
εrT

using (ω(g), T (g)) via Equations (6) and (7);
8 Compute log-likelihood increment:

∆ logL(g,i)
j = log

(
N
Ä
yg(i), λ(g)

∣∣∣M̃(x),Σ
(g)
εrT

ä)
,

9 Update cumulative sum:
logLj ← logLj +∆ logL(g,i)

j ,

10 end for
11 end for
12 Normalize:

logLj ←
1

Ngr
× 1

m
× logLj ,

13 end for
14 return [logL1, . . . , logLNchain

]
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2.5 Bayesian workflow283

The complete inference structure is illustrated in the generalized probabilistic framework shown in Figure 3. This284

framework integrates prior engineering knowledge on both soil parameters and noise hyper-parameters, enabling285

physically-informed Bayesian inference. Observations are collected across multiple physical groups and stages. For286

each group, the m observations in Equation (10) denote repeated measurements of the same response quantity at a287

given stage. To account for various sources of uncertainty in Section 2.1, including model discrepancy, surrogate288

error, and observational noise, an extended Kennedy and O’Hagan (2001) structure is adopted. Observations, sub-289

ject to noise, are first collected at each stage and compared with the computational (FE) model to identify regions of290

critical interest and potential model discrepancy. The surrogate is constructed over the admissible parameter ranges to291

ensure adequate coverage of the parameter space, while the prior distributions define the probabilistic assumptions in292

the subsequent Bayesian calibration and may differ from the ranges used for surrogate construction. Surrogate error293

is quantified based on the available test dataset. Prior distributions are assigned to the soil parameters uncertainties,294

and posterior inference is performed via Markov chain Monte Carlo sampling, with all sources of uncertainty incor-295

porated within the custom-defined log-likelihood framework. A spatial weighting strategy is used within to enhance296

the engineering significance and avoid the potential effect from model discrepancy. All components are systematically297

embedded within a custom-defined likelihood function that reflects both the hierarchical structure of the data and the298

uncertainty sources. The inference process is carried out using a sequential Bayesian calibration strategy, with poste-299

rior samples drawn via Markov chain Monte Carlo and subsequently used for predictive assessment and uncertainty300

quantification.301

Figure 3: A generalized framework

3 Application-PISA pile problem302
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3.1 Problem setup303

To assess the performance of the proposed probabilistic framework, a laterally loaded monopile problem is exam-304

ined, based on field and numerical investigations conducted within the PISA project for offshore wind turbine (OWT)305

foundations (Byrne et al. 2020; Zdravkovic et al. 2020b). The study presents results for a specifically selected mono-306

tonic quasi-static loaded pile, incorporating high-quality field and laboratory data from the Cowden site in the UK307

(Zdravkovic et al. 2020a). Numerical simulations were conducted using the Imperial College Finite Element Program,308

ICFEP, (Potts and Zdravkovic 1999). Model predictions were validated against field measurements by Zdravkovic309

et al. (2020b), with a focus on two response quantities: (i) lateral pile deflections below the mudline and (ii) horizontal310

force at maximum eccentricity above mudline versus the mudline horizontal displacement, as illustrated in Figure 4.311

The pile considered conforms to the CL2 type defined by Zdravkovic et al. (2020b), with a diameter D = 2.0 m and312

an embedded length-to-diameter ratio L/D = 5.25. Monotonic lateral loading was applied at a height of 10 m above313

the ground surface (see the schematic in Figure 4). The glacial clay was represented using an extended modified Cam314

Clay formulation, augmented by a non-linear Hvorslev surface and a non-linear small-strain overlay. The open-ended315

pile was discretised with eight-noded shell elements (Schroeder et al. 2007). Soil-pile interaction was modelled using316

16-noded zero-thickness interface elements (Day and Potts 1994), governed by an elasto-plastic Tresca law with elas-317

tic normal and shear stiffnesses, and zero tensile capacity. The interface shear strength in compression was set equal to318

the initial undrained shear strength of the adjacent soil elements, thereby capturing spatial variations associated with319

the in-situ stress state, overconsolidation ratio and loading direction. For more details related to the pile geometry,320

soil constitutive models, and boundary conditions, refer to Zdravkovic et al. (2020b). A total of nine incremental321

horizontal loading stages were applied at the pile head. For two selected stages, corresponding to lateral displace-322

ments of vG = 20 mm (stage 4) and vG = 200 mm (stage 9), pile deflections were recorded at 101 positions down323

the embedded shaft, forming the first observational dataset: G(1) = {y(i)}i=4,9, y
(i) ∈ R101. The second dataset324

comprises the horizontal applied force at pile top at various loading stages, denoted by G(2) = {y(i)}9i=1, y
(i) ∈ R1,325

where i = 1, . . . , 9 denotes the loading stages.326

Figure 4: Model setup for a laterally loaded pile: G(1) and G(2)
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The uncertain soil parameters x comprises: the initial small-strain shear modulus G0, the coefficient of earth327

pressure at rest K0, and the overconsolidation ratio OCR (see Table 1). These parameters were identified, through328

the experience gained during the PISA project, as those (i) exhibiting the greatest uncertainty in their interpretation329

from the available site and laboratory data; (ii) contributing directly to the derivation of the undrained shear strength330

Su adopted for design; and (iii) initialise the maximum shear stiffness (G0) and stress state (K0 and OCR) in the331

soil. It is noted that the three soil parameters considered in this study are taken to vary with depth. Accordingly, the332

quantities listed in Table 1 are not specified directly as constitutive model parameters at each depth, but are treated333

as profile-defining parameters that control the depth-dependent soil property profiles assigned to the FE model. For334

example, as shown in Figure 5, the stiffness-related parameter (e.g. G0) controls the gradient of the stiffness profile,335

while parameters such asK0 and OCR shift the corresponding profiles by modifying the value at ground level, without336

altering their assumed shape. Once these profiles are defined, the corresponding values at each depth are assigned to337

the soil layers and used in the FE analysis. This provides a practical link between the calibrated geotechnical quantities338

and the parameters used in the constitutive model, while avoiding the need to directly calibrate parameters at every339

depth. For simplicity of notation, these quantities are still referred to as “soil parameters” throughout this paper. These340

soil parameters were modelled as independent random variables drawn from a prior distribution π(x) defined over the341

domain Dx. Uniform prior distributions were adopted over physically credible ranges derived from the available site342

investigation and laboratory data. The input variables are assumed to be independent, which is compatible with the343

PCE surrogate construction adopted in this study. The upper and lower limits adopted are derived from the ground344

characterisation of the Cowden site as documented by Zdravkovic et al. (2020b) and Yang et al. (2026). All other model345

definitions and settings follow the calibrated PISA reference models of Zdravkovic et al. (2020b) and are retained to346

provide a consistent baseline. The sequence of data acquisition and model updating is depicted in Figure 6, where347

subscripts denote loading stage and superscripts indicate observation group. As pile deflections were only recorded at348

stages 4 and 9, data at other stages were treated as missing in the deflection channel. Consequently, applied loads were349

used for model calibration at all construction stages, while deflection profiles were additionally considered at stages 4350

and 9.351

Table 1: Priors for parameter variations
x Dx Unit Physical meaning
G0 U(55000,165000) kPa Small-strain shear modulus (adopted range of p′-dependent values of G0)
K0 U(1.2,1.8) – Adopted range of values for at-rest coefficient of earth pressure at ground level
OCR U(15,50) – Adopted range of values for overconsolidation ratio at ground level

3.2 Performance of surrogate and global sensitivity analysis352

Latin hypercube sampling was employed, and models were incrementally executed until 36 runs were found to provide353

satisfactory surrogate performance according to the error metrics defined below (less than 3%). All FE model runs354

were carried out (over six hours per run) on a 32-core Intel® Xeon® Silver 4216 CPU (2.10 GHz) with 256 GB RAM.355

Of these, K = 31 simulations were used for training the surrogate, with the remaining K ′ = 5 for test validation.356
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Figure 5: Soil uncertainties

Figure 6: Data collection sequence

The number of 36 was chosen because the input space (G0, K0 and OCR) is relatively low-dimensional and exhibits357

near-linear behaviour, which facilitates interpolation and reduces the number of required evaluations. In addition, the358

output fields (deflection and applied force) were projected onto a low-dimensional latent space using principal com-359

ponent analysis, where only a small number of principal components were needed to represent the dominant features360

of the high-dimensional response. A reduced order model based on principal component analysis-polynomial chaos361

expansion was then developed for the vector-valued deflections G(1) and the scalar-valued forces G(2). For G(1), the362

dimensionality was reduced by selecting the number of principal components N ′ to retain 99.99% of the total output363

variance, yielding N ′ = 1. This result demonstrates that the high-dimensional response y ∈ R101 can be effectively364

captured by a single dominant mode, reflecting the smooth and coherent nature of the deflection patterns. The com-365

bination of principal component analysis with polynomial chaos expansion offers several advantages, including (1)366

improved model prediction and the ability to capture correlations among outputs, (2) analytical global sensitivity anal-367

ysis, (3) enhanced accuracy for subsequent calibration, (4) less requirements for the high number of FE runs and (5)368

accelerated calibration, as it is based on the subspace rather than the entire dataset. A detailed investigation is provided369

in Yang et al. (2026).370
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The performance of the surrogate models for G(1) and G(2) is evaluated using the Global Normalized Absolute371

Error (GNAE), defined as:372

GNAE =
1

K ′

K′∑
k=1

∣∣∣M(xk)− M̃(xk)
∣∣∣

max(M(xk))−min(M(xk))
× 100. (14)

The corresponding Global Normalized Absolute Error for each stage is summarized in Table 2. A single value cannot373

fully capture the surrogate error in vector outputs for G(1). As outlined in Equation (6), ΣT is computed as shown in374

Figure 7 and incorporated into the likelihood function. The two panels show the surrogate error covariance for nodal375

displacements at (a) Stage 4 and (b) Stage 9. Depth are measured from the mudline to the pile base, as shown in376

Figure 4; the “ends” therefore refer to the near-mudline and near-toe regions, and the transition region in the middle377

where displacements are small and tend to zero. The error is accordingly low in this transition region and higher where378

displacements are mobilised. Furthermore, the measured displacement at stage 9 (vG = 200 mm) is larger than at stage379

4 (vG = 20 mm), which results in a larger surrogate error. Since the surrogate error is expressed in terms of absolute380

displacement, the larger movement at stage 9 is likely to be associated with greater error magnitudes, although the381

relative accuracy of the surrogate model appears broadly comparable at the two stages.

Table 2: Surrogate error and covariance for each loading stage
Stage GNAE (G(1)) GNAE (G(2)) ΣT (G(1)) (m)2 ΣT (G(2)) (kN)2

1 – 0.56% – 0.01
2 – 2.29% – 1.58
3 – 2.79% – 8.22
4 2.23% 2.49% Figure 7(a) 16.11
5 – 2.54% – 31.06
6 – 2.91% – 71.28
7 – 1.06% – 9.72
8 – 2.08% – 50.05
9 1.40% 0.90% Figure 7(b) 11.91

382
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Figure 7: Surrogate error covariance matrix ΣT
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(a) Stage 4 for G(1) (b) Stage 9 for G(1)

(c) All stages for G(2)

Figure 8: Sobol’s indices

A global sensitivity analysis was performed to ensure that the parameters under investigation show a non-trivial383

influence on the model outputs. Sobol’ indices computed for both output types across all loading stages are presented384

in Figure 8. The results show that the three parameters have a primary influence on the outputs. Sobol’ indices in385

Figure 8(a) indicate that, at Stage 4 loading (vG = 20 mm), the soil response is dominated by the shear stiffness386

parameter G0. K0 also contributes additionally by controlling the ground horizontal effective stress, and therefore the387

stress level governing G0. This indicates the soil response at early stages of loading and Figure 8(c) confirms that the388

Stage 4 is the boundary to working load conditions governed by soil stiffness. Stage 9 Sobol’ indices in Figure 8(b)389

demonstrate the dominance of OCR and K0 that influence the soil’s undrained shear strength at later stages of loading390

that lead to plastic failure in the soil. Figure 8(c) demonstrates that the increasing influence of these two parameters391

post-Stage 4 loading. It is noted that an abrupt change occurs at depth of 8 m, where the pile deflection near this region392

approaches zero. This coincides with the point of rotation of a rigid pile (low L/D ratio) in the overall mechanism of393

pile response to lateral loading. This is a typical transition region where values near zero lead to value instability. In394

regions where sensitivity is not clearly manifested or weakly dependent on model parameters, relatively small weights395

may be appropriate. Although this transition region was not explicitly emphasised in the present study due to the396
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negligible displacement magnitude, it nevertheless indicates a possible refinement of weighting strategies through the397

incorporation of sensitivity information.398

3.3 Custom likelihood and noise parametrization399

In addition to the forward soil parameters listed in Table 1 and the known surrogate error covariance ΣT shown in400

Figure 7, the observation noise εr should also be explicitly parametrised. For the vector-valued pile deflections, both401

the magnitude and structure of noise may vary with depth. Depth-dependent noise levels σ = {σ1, · · · , σ101} are402

approximated by a third-degree Legendre polynomial (p = 3), as defined in Equation (15), which is assumed to be403

sufficient to characterise the noise:404

σ(zi) =

3∑
k=0

ω
(1)
k × ψk(2×

zi − z1
z101 − z1

− 1)×max(G(1)t ), (15)

in which, zi denotes the pile depth coordinate with 101 points. For scalar force outputs G(2), the observation noise εr is405

characterised by a single standard deviation, defined as σ = ω
(2)
0 ×max(G(2)t ), without involving a covariance matrix.406

All hyper-parameters are dimensionless and scaled by the output magnitude Gt at each stage, ensuring consistency407

with the observational scale. For G(1), the noise covariance is controlled via four parameters (ω
(1)
0 , ω

(1)
1 , ω

(1)
2 , ω

(1)
3 )408

that define the polynomial approximation, while G(2) is governed solely by ω(2)
0 . Uniform priors are assigned, as listed409

in Table 3. To introduce judgment on G(1), particular weighting emphasis is placed on the upper pile portion (2 m410

below the mudline, as this region experience the largest changes in stresses and strains due to the lateral loading of the411

pile). Accordingly, a predefined weight λ of 5.0 is applied in this region to enhance its influence during calibration,412

while a baseline weight of 1.0 is maintained elsewhere. It is noted here that the weight factors are prescribed by en-413

gineers according to problem-specific considerations. Their absolute magnitudes are not of consequence, as they are414

not sensitive within the likelihood space. The calibration is influenced only by the relative contrast between critical415

and non-critical regions, which reflects their engineering judgment and may vary among boundary value problems.416

The critical-zone depth and the value of λ are treated here as operational, problem-specific modelling choices rather417

than uniquely prescribed or formally optimised quantities. Guided by response sensitivity and exploratory trial cal-418

ibrations, increased weight is applied to a representative near-surface zone and several (depth, λ) combinations are419

examined. The configuration (top 2 m, λ = 5) is adopted for the present study as it gives stable calibration behaviour420

and acceptable agreement with the observations while maintaining the intended emphasis on the critical region. The421

selected values should not be taken as general guidance; further work is required to develop systematic procedures422

for defining weighted regions and selecting associated weighting factors. In large-scale monitoring, FE model outputs423

and field data are often collected in matrix or tensor formats. When encountering such multidimensional data, weights424

can be assigned by flattening these structures into vectors, thereby ensuring flexibility in handling complex data while425

maintaining focus on key calibration parameters. The weight vector also needs to match the dimensionality of the426

observations.427
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Table 3: Priors for noise hyper-parameters and unit for G1 and G2
ω Dω Unit Physical meaning
ω(1)

0 U(-0.1,0.1) – Hyper-parameter for G(1)
ω(1)

1 U(-0.1,0.1) – Hyper-parameter for G(1)
ω(1)

2 U(-0.1,0.1) – Hyper-parameter for G(1)
ω(1)

3 U(-0.1,0.1) – Hyper-parameter for G(1)
ω(2)

0 U(0,0.05) – Hyper-parameter for G(2)

3.4 Inversion results428

A prior predictive check is first conducted to examine whether the FE model is capable of reproducing the range of429

observed responses. This step provides an initial assessment of model fidelity and highlights any potential sources430

of discrepancy. This is essential in geotechnical engineering, where establishing the consistency between numerical431

predictions and field measurements forms the basis for building confidence in, and guiding, subsequent analyses.432

Figure 9 presents the prior predictive responses of the FE model for G(1) and G(2), showing generally good agreement433

with the field observations and indicating that the model provides a credible representation of the pile behaviour. The434

gray curves correspond to prior FE predictions generated from the soil parameter uncertainties listed in Table 1, while435

the blue curves denote the measured responses. The stage 4 (vG = 20 mm) and stage 9 (vG = 200 mm) deflection436

profiles in Figure 9(a) are typical of laterally loaded piles, with peak displacement at the mudline and a transition to437

negligible lateral movement at a depth of pile rotation, which is at around 8 m. Figure 9(b) shows the corresponding438

applied force at the pile head, where the gray curves represent the FE predictions, the blue dashed curves denote439

the raw field measurements, and the blue crosses indicate the selected observations incorporated in the calibration.440

Posterior inferences are conducted via Markov Chain Monte Carlo sampling within a custom likelihood framework,441

using 100 parallel chains and 400 iterations per chain, with a burn-in fraction of 70%. To prove the effect of multiple-442

source observation fusion within the probabilistic method in this study, three cases are considered: (i) Case A: using443

only deflection observation G(1); (ii) Case B: using only force observation G(2); (iii) Case C: using both data types444

G(1) + G(2);445

Following sequential Bayesian calibration, samples drawn from the posterior distributions of K0, G0, and OCR446

are evaluated through the trained surrogate model to generate the corresponding pile responses. Figure 10 presents447

the resulting posterior predictive estimates for all three calibration cases. As indicated in Figure 6, pile deflection448

observations are available only at stages 4 and 9, while force observations exist for all loading stages. For simplicity,449

only the results for stages 4 and 9 are shown. Figure 10(a) shows the inferred soil uncertainties on the predicted450

pile deflection. The posterior predictive envelopes (gray regions) and MAP estimates (maximum a posterior, which451

corresponds to the most probable value) show good consistency with the measured profiles (blue lines). Figure 10(b)452

shows the corresponding posterior predictions of the applied force at the pile head. The results clearly illustrate453

the progression of reduction in uncertainty from stage 4 to stage 9. At stage 4, the uncertainty in the predicted454

applied force remains relatively large, and the maximum a posterior estimate shows noticeable deviation from the field455

measurements, reflecting the limited observational information available at this early stage. As the loading advances456

19



(a) G(1): pile deflection observations against FE predictions

Model prediction

Observations

Loading path

(b) G(2): measured mudline displacements and pile head loading against FE predictions

Figure 9: Prior predictive estimates

to stage 9 and additional observations are incorporated, the maximum a posterior estimate aligns more closely with the457

measured responses, and the posterior predictive bands provide a substantially improved representation of the recorded458

behaviour.459

In Case A, where only pile deflections are used for calibration, the posterior distributions of the soil parameters460

exhibit a clear uncertainty shrinking (which can be seen from the samples in Figure 11(a) and Figure 11(d)), resulting461

in reduced predictive uncertainty in the corresponding deflection profiles (Figure 10(a)). A similar trend is observed in462

Case B, where only the applied forces are assimilated, as reflected in the posterior contraction shown in Figure 10(b),463

Figure 11(b), and Figure 11(e). Although both datasets originate from the same project and correspond to identical464

subsurface conditions, the independent use of G(1) and G(2) produces markedly different posterior parameter distribu-465

tions (see Figure 11(d) and Figure 11(e)), despite each case achieving good agreement with its respective observational466

quantity. This divergence indicates that soil parameters calibrated from one type of response, such as deflections in467

Case A, are unlikely to reproduce the alternative response, such as the applied forces in Case B, and vice versa.468

In Case C, both datasets are assimilated jointly within the custom likelihood framework. The resulting poste-469

rior predictive estimates (Figure 10(c)) exhibit consistently good agreement with the observations for both G(1) and470
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(c)

(b)

Stage 4             Stage 9

(a)

Stage 4                                        Stage 9

Stage 4             Stage 9 Stage 4                                        Stage 9

Figure 10: Posterior predictive estimates: (a) Case A (only pile displacement); (b) Case B (only applied force); (c)
Case C (pile displacement and applied force)

G(2), and the corresponding posterior distributions in Figure 11(c) and (f) show improved coherence. This behaviour471

illustrates a key advantage of Bayesian inference: integrating multiple, conditionally independent sources of infor-472

mation enhances parameter identifiability and more effectively constrains uncertainty by leveraging complementary473

sensitivities through the multiplicative nature of the likelihood. As shown in Figure 11, the inferred soil parameters474

in Case C converge to intermediate values relative to those obtained in Cases A and B. Each observation group, G(1)475

and G(2), favours different regions of the parameter space, and their joint contribution shifts the posterior mode toward476

a compromise that satisfies both. Although the posterior in Case C is slightly broader, it provides a more faithful477

representation of the epistemic uncertainty supported by the complete dataset. The sequential uncertainty quantifi-478

cation process, in which stage-wise posterior updates reflect both the accumulation of observations and the evolving479

parameter identifiability, is further illustrated in the supplementary figures provided in the accompanying code.480

Finally, it is noted that agreement between field observations and FE model predictions does not, by itself, en-481

sure that the calibrated soil parameters are physically meaningful. In geotechnical practice, soil parameters obtained482

through optimisation related methods are often found to be unrealistic or inconsistent with site investigation data.483

Such outcomes are unacceptable, as reliable soil characterisation underpins all geotechnical analyses. As such, it is484

essential to validate the calibrated parameters against the original site investigation profiles along the depth to ensure485

their consistency with both the geotechnical conditions and the specific project conditions.486

In Figure 12(a), the Cowden site conditions reported by Zdravkovic et al. (2020a) and Zdravkovic et al. (2020b)487

are compared with the soil parameters derived in this study. Four parameters profiles are involved: G0, K0, OCR,488
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(a) (b) (c)

(d) (e) (f)

Figure 11: Corner plots: (a) CA at S4; (b) CB at S4; (c) CC at S4; (d) CA at S9; (e) CB at S9; (f) CC at S9; Note:
S-Stage, CA-Case A, CB-Case B, CC-Case C

and the undrained shear strength Su, the latter being derived. Detailed derivations can be found in Zdravkovic et al.489

(2020b). All parameter profiles are plotted along the depth, with gray dashed lines indicating the bound limits used in490

Table 1, gray solid lines representing the best fitted curve derived deterministically for site data from Zdravkovic et al.491

(2020b), and red lines denoting the most likely soil parameters xMAP obtained through the uncertainty quantification492

in the current study. The calibrated parameters show good agreement with the reported site data, and the reconstructed493

undrained shear strength is also reasonably consistent with the Cowden site measurements and predicted soil profile494

used in Zdravkovic et al. (2020b). Furthermore, Figure 12(b) compares the observed field measurements, the predicted495

pile applied force response based the xMAP in this study, and the FE predictions reported by Zdravkovic et al. (2020b).496

The satisfactory agreement among these datasets provides further confidence that the calibrated soil parameters are497

physically meaningful and consistent with the site conditions.498
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Figure 12: Verification for the soil parameter obtained against results from Zdravkovic et al. (2020b)

4 Conclusion499

This work enhances the sequential Bayesian inversion framework to address key challenges related to geotechnical500

problems, demonstrated through a full-scale laterally loaded pile test, leading to the following engineering conclusions:501

(i) The reduced order model surrogate used captures spatial correlations in geotechnical responses, providing502

reliable modelling. The principal component analysis-polynomial chaos expansion based reduced-order model ac-503

curately captures the deflection profiles along the pile shaft, preserving spatial correlations essential for geotechnical504

interpretation. Cross-validation results show cross validation errors below 3% across all loading stages, confirming505

strong prior predictive capability. In addition, the surrogate supports analytical global sensitivity analysis, offering a506

fast and reliable tool for identifying key parameter influences with minimal computational cost.507

(ii) The proposed uncertainty treatment strategy enables robust and physically interpretable calibration. By jointly508

incorporating observation noise and surrogate error into an augmented covariance model, and addressing model dis-509

crepancy via spatial weighting, the framework avoids over-fitting and circumvents the need for arbitrary data or model510
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corrections. This leads to reliable posterior predictions that match field observations well, both in force responses511

across all loading stages and in displacement profiles near the mudline.512

(iii) The integration of multiple field data sources enhances parameter calibration and improves overall model513

consistency. By assimilating both lateral deflections and pile applied forces through a custom-defined likelihood, the514

framework effectively fuses complementary information across construction stages. The sequential Bayesian updates515

progressively reduce uncertainty and reconcile the distinct sensitivities of individual data types, yielding stable and516

physically interpretable parameter estimates that remain consistent across observables.517

5 Software and data availability518

All codes related to sequential Bayesian inversion, uncertainties/error modelling and surrogate modelling519

are based on Matlab software. Markov Chain Monte Carlo is performed using an open-source toolbox520

UQLAB available at https://www.uqlab.com/. All scripts and datasets required to reproduce the figures are at521

https://github.com/ningxin999/Geotechnique.522
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Nomenclature523

Greek symbols524

αT Scaling factor for surrogate error525

δ Model error526

εr Observation noise527

λ Weight vector528

ω Polynomial coefficient529

ψ Polynomial basis530

σ Noise level531

Σεr Noise covariance532

ΣT Surrogate error covariance533

ξ Model discrepancy534

Latin symbols535

D Pile diameter536

DT Total variance537

G Observation group538

G0 Initial small-strain shear modulus539

K Number of realisations540

K ′ Number of test samples541

K0 Coefficient of earth pressure at rest542

L Pile length543

M Input space dimension544

M Computational model545

M̃ Surrogate model546

N Output space dimension547

Ngr Number of observation groups548
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N ′ Number of principal components549

OCR Overconsolidation ratio550

S Sobol indices551

T Surrogate error552

vG Pile lateral displacement553

x Uncertain input soil parameters554

y FE output vector555

Operators and sets556

det(·) Determinant557

diag(·) Diagonal matrix558

∅ Empty set559

◦ Hadamard product560

I Identity matrix561

L(·) Likelihood function562

π(·) Probability density function563

R Set of real numbers564

(·)⊤ Transpose565
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