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We apply the non-intrusive least-squares shadowing (NILSS) method to a newly proposed 
augmented tangent system in order to calculate the sensitivity of time-average quantities of chaotic 
dynamical systems to parameter variations. The original tangent system is augmented with an 
additional equation that acts as a low-pass filter, leaving low frequencies unaffected while filtering 
out high frequencies. A linear damping term is also added to the original tangent system; the term 
is activated at high frequencies but vanishes at low frequencies. The method introduces two new 
parameters, the damping coefficient and the time-scale of the filter. Their values can be estimated 
from the properties of the dynamical system. We evaluate the performance of the proposed 
algorithm in the Kuramoto–Sivashinsky equation and the Kolmogorov flow system. The number 
of non-negative Lyapunov exponents (NNLEs) of the augmented system is generally smaller than 
that of the original system, and this accelerates the sensitivity calculations. Comparisons with 
the standard NILSS demonstrate the accuracy of the method at a reduced computational cost. 
The proposed algorithm is more scalable compared to existing approaches and can be applied to 
sensitivity analysis as well as optimisation and control of complex, large-scale dynamical systems, 
including turbulent flows.

1. Introduction

The rapid growth of high-performance computing capabilities has made it possible to optimise turbulent flows through scale
resolving simulations, such as Large Eddy and Direct Numerical Simulations. The accuracy limitations of current approaches based 
on Reynolds-Averaged Navier–Stokes (RANS) are therefore bypassed. Turbulent flows, however, are chaotic and exhibit sensitivity 
to initial conditions and parameter variations; this is often referred to as the butterfly effect. This leads to exponential growth in 
tangent (adjoint) variables during the forward (backward) integration step, rendering traditional methods unsuitable for sensitivity 
analysis of chaotic systems. This critical issue was first identified by Lea et al. [1] in their study of the Lorenz attractor, a typical 
low-dimensional chaotic model. Similar behaviour was subsequently observed in other systems [2,3].

In recent years, much research effort has focused on addressing the aforementioned challenge. Early work included the ensemble 
adjoint method of Lea et al. [1], which applies the adjoint method to multiple random trajectory segments and then averages the 
computed derivatives. Other methods to compute sensitivities of time-average quantities include the fluctuation-dissipation theo
rem [4], the Fokker–Planck equation [5], Least Squares Shadowing (LSS) [6], unsteady periodic orbits [7], cumulant expansions [8], 
fast response algorithm [9,10], and the space-split sensitivity (S3) algorithm [11], which utilises Ruelle’s linear response theory [12].
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Among these approaches, LSS is one of the most promising. The method is theoretically based on the shadowing lemma [13]. For 
uniformly hyperbolic systems, this lemma guarantees the existence of a solution trajectory (obtained after a perturbation is added to 
a system’s parameter) that remains indefinitely close to the reference trajectory (obtained at the reference value of the parameter). 
The new trajectory is known as the shadowing trajectory, and LSS formulates and solves a least-squares optimisation problem to find 
it. The presence of the shadowing trajectory regularises the problem and allows meaningful sensitivities to be computed.

It is important to note that shadowing-based sensitivity methods rely on the (strong) assumption that shadowing trajectories 
capture the long-time statistics of perturbed systems, but this assumption does not hold universally. Counterexamples exist even 
in simple chaotic systems where shadowing trajectories are non physical [14]. In contrast, the rigorous linear response theory of 
Ruelle [12,15] provides mathematically exact derivatives of statistical quantities. Ruelle established the foundational framework for 
linear response by decomposing sensitivities into contributions from the stable and unstable subspaces of the dynamics, see [15] in 
particular where a physical interpretation for each contribution is also given. This decomposition inspired subsequent computational 
approaches, such as the blended response algorithm [16,17], which approximates separately the stable and unstable components.

Recent advances have further clarified the relationship between shadowing and the linear response. Ni [18] rigorously quantified 
the bias inherent in shadowing methods, showing that they capture only the stable part of Ruelle’s formula. The analysis also revealed 
that for high-dimensional systems with low-dimensional unstable subspace the shadowing component dominates the sensitivity, 
making it a practically useful approximation. Building on these insights, Ni developed the fast response algorithm [9,10], which 
employs a shadowing-like technique to compute efficiently the contributions from both the stable and unstable manifolds under 
hyperbolicity assumptions.

The above work demonstrates that shadowing-based methodologies are very useful tools for sensitivity analysis. The original 
LSS algorithm has been successfully applied to many relatively small chaotic systems [6,19,20]. Several variants have been also 
proposed, such as the Multiple Shooting Shadowing (MSS) [21,22], the Frequency Domain Shadowing (FDS) [23], or more recently 
the optimal control shadowing [24]. The most efficient variant is the Non-Intrusive Least Squares Shadowing (NILSS) proposed by Ni 
and Wang [25], with follow-up work detailed in [26--28]. This method constructs and solves a much smaller optimisation problem, 
with size that scales with the number of positive Lyapunov exponents (NPLEs) of the system (which is orders of magnitude smaller 
than the number of degrees of freedom). This significantly reduces the computational complexity and enables the application of the 
NILSS to large-scale systems. However, in the case of turbulent flows, it is still limited to cases of moderate Reynolds (𝑅𝑒) number 
due to the rapid growth of NPLEs with 𝑅𝑒 [29].

The central aim of the present work is to further improve the computational efficiency of shadowing-type algorithms. To this 
end, we augment the tangent system with an additional equation that filters out high frequency components and also add a linear 
damping term in the right hand side of the original tangent system. Results from the FDS method [23] have shown that truncating the 
high frequency components of the shadowing trajectory does not affect the accuracy of the sensitivity. Moreover for turbulent flows, 
there are theoretical arguments [30--32] and computational evidence [33,29] that the largest Lyapunov exponent scales with the 
Kolmogorov time scale (with a correction factor that depends on Re). We conjecture that it is thus associated with the smallest eddies 
that carry the high-frequency fluctuations of the flow, while momentum transfer is primarily dominated by large-scale structures. By 
filtering out the small-scale, high-frequency, structures, it is hoped that the NPLEs can be reduced with minimal effect on the accuracy 
of computed sensitivities. Gilbert [34] examined the effect of each LE on the sensitivity for the Kuramoto-Sivashinsky equation. The 
results demonstrate that the most dominant LEs are those close to zero. This indicates that the impact of the leading LEs is relatively 
small compared to the near-neutral ones. The FDS method [23] performs the filtering operation directly in the frequency domain, 
but here we achieve a similar result by adding a damping term to the tangent equation; the term is active only at high frequencies 
and vanishes at low frequencies. As will be seen, this indeed reduces the NPLEs and therefore the computational complexity of the 
method. The performance of the proposed algorithm is tested in the Kuramoto–Sivashinsky system and the Kolmogorov flow.

The remainder of the paper is organised as follows. In section 2, we briefly introduce the shadowing method, while section 3
presents the augmented tangent system and details the selection of its parameters from the properties of the original system. Section 4
proposes an augmented NILSS algorithm, which is assessed in the Kuramoto–Sivashinsky system in section 5 and the Kolmogorov 
flow in section 6. Finally, section 7 summarises the main findings of this work and proposes some future research directions.

2. Shadowing method in time and frequency domains

Consider the dynamical system described by the set of ordinary differential equations (ODEs),

d𝒖
d𝑡 

= 𝒇 (𝒖;𝒔) , 𝒖(0) = 𝒖0, (1)

where 𝒖 represents the state vector (with size 𝑛𝑢) and 𝒔 is the set of parameters defining the system. For example, in flow around 
an aerofoil, 𝒖 represents the velocity components and pressure at discrete points in the computational domain, and 𝒔 the Reynolds 
number, angle of attack, Mach number etc. In most practical applications, engineers are often interested in time-averaged quantities,

𝐽 (𝒔) = lim 
𝑇→∞

1 
𝑇

𝑇

∫
0 

𝐽 (𝒖;𝒔)d𝑡. (2)

In the previous example, 𝐽 (𝒔) may represent the mean drag or lift coefficients of the aerofoil. The sensitivity of 𝐽 (𝒔) with respect to 
𝒔 is defined as
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d𝐽
d𝒔

= lim 
𝛿𝒔→0

lim 
𝑇→∞

1 
𝑇

𝑇

∫
0 

𝐽 (𝒖 (𝒔+ 𝛿𝒔) ;𝒔+ 𝛿𝒔) − 𝐽 (𝒖 (𝒔) ;𝒔)
𝛿𝒔

d𝑡. (3)

For chaotic systems the differentiation and time-averaging operations do not commute, i.e.

d𝐽
d𝒔

≠ lim 
𝑇→∞

lim 
𝛿𝒔→0

1 
𝑇

𝑇

∫
0 

𝐽 (𝒖 (𝒔+ 𝛿𝒔) ;𝒔+ 𝛿𝒔) − 𝐽 (𝒖 (𝒔) ;𝒔)
𝛿𝒔

d𝑡

= lim 
𝑇→∞

1 
𝑇

𝑇

∫
0 

(
𝜕𝐽

𝜕𝒖
𝒗+ 𝜕𝐽

𝜕𝒔

)
d𝑡,

(4)

where 𝒗 is the sensitivity of 𝒖 with respect to 𝒔,

𝒗 = 𝜕𝒖

𝜕𝒔
= lim 

𝛿𝒔→0

𝒖 (𝒔+ 𝛿𝒔) − 𝒖 (𝒔)
𝛿𝒔

. (5)

The reason is that chaotic systems have one or more positive Lyapunov exponents (LEs), thus the introduction of the small perturbation 
𝛿𝒔 causes the two trajectories 𝒖 (𝒔+ 𝛿𝒔) and 𝒖 (𝒔) to diverge in phase space, leading to exponential growth of 𝒗(𝑡) and therefore the 
integral on the right hand side of (4) does not converge.

To address this challenge, Wang et al. [6] introduced the least squares shadowing (LSS) method. The method is based on the 
shadowing lemma [13], which guarantees that for a uniformly hyperbolic system, given a reference trajectory 𝒖 (𝑡;𝒔), there exists 
another trajectory 𝒖 (𝜏(𝑡);𝒔+ 𝛿𝒔) that shadows indefinitely the reference one (𝜏(𝑡) is a time transformation). The two trajectories 
have different initial conditions, but for ergodic systems the time-average 𝐽 (𝒔) and its sensitivity d𝐽

d𝒔
are independent of the initial 

condition.
To find the shadowing trajectory LSS solves the following minimisation problem [21],

min
𝒗,𝜂 

1
2

𝑇

∫
0 

‖𝒗(𝑡)‖2𝑑𝑡, (6a)

𝑠.𝑡.
d𝒗
d𝑡 

=
𝜕𝒇

𝜕𝒖
𝒗+

𝜕𝒇

𝜕𝒔
+ 𝜂(𝑡)𝒇 , (6b)

⟨𝒇 (𝒖;𝒔), 𝒗(𝒖;𝒔)⟩ = 0, (6c)

where 𝒗(𝑡) is the sensitivity of 𝒖(𝑡;𝒔), 𝜂(𝑡) = d
d𝒔

(
d𝜏
d𝑡 
)

is known as time-dilation, and (6c) enforces the orthogonality between 𝒇 (𝒖;𝒔)

and 𝒗(𝒖;𝒔). The gradient d𝐽
d𝒔

can be obtained from,

d𝐽
d𝒔

= 1 
𝑇

𝑇

∫
0 

𝜕𝐽

𝜕𝒖
𝒗+ 𝜕𝐽

𝜕𝒔
+ 𝜂(𝑡)(𝐽 − 𝐽 )d𝑡. (7)

In [23] the shadowing method was formulated in the frequency domain. The key idea was to replace the minimisation (6a) with 
the periodicity condition,

d𝒗
𝑑𝑡 

=
𝜕𝒇

𝜕𝒖
𝒗+

𝜕𝒇

𝜕𝒔
+ 𝜂(𝑡)𝒇 (8a)

⟨𝒇 (𝒖;𝒔), 𝒗(𝒖;𝒔)⟩ = 0 (8b)

𝒗(0) = 𝒗(𝑇 ). (8c)

The gradient expression (7) takes the following form,

d𝐽
d𝒔

=
(

𝜕𝐽

𝜕𝒔

)
0
+

𝑞∑
𝑘=−𝑞

(
𝜕𝐽

𝜕𝒖

)
−𝑘

𝒗̂𝑘 +
𝑞∑

𝑘=−𝑞

𝑘≠0 
𝜂̂−𝑘𝐽𝑘, (9)

where a hat denotes a Fourier-transformed variable, the index 𝑘 denotes the 𝑘-th harmonic of the fundamental angular frequency 
𝜔0 = 2𝜋∕𝑇 and 𝑘 ∈ [−𝑞, 𝑞]. In [23] it was demonstrated that truncating (i.e. filtering out) very high frequencies still yields accurate 
results. This finding motivates the present work, however the filtering operation is performed in the time, instead of the frequency, 
domain. To this end, system (6b) is augmented with an additional equation, as explained in more detail in the next section.
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Fig. 1. The modulus (red line and left axis) and the angle (blue line and right axis) of the transfer function 𝐻 (𝜔;Δ), see (14), against the normalised frequency 𝜔Δ. 
(For interpretation of the colours in the figure(s), the reader is referred to the web version of this article.)

3. Augmented tangent system

We augment the original inhomogeneous tangent system (6b) with an additional equation that performs filtering in the time 
domain. More specifically, the augmented tangent system is expressed as follows,

d𝒗∗

d𝑡 
=

𝜕𝒇

𝜕𝒖
𝒗∗ +

𝜕𝒇

𝜕𝑠 
−𝑋

(
𝒗∗ − 𝒗̃

)
, (10a)

d𝒗̃
d𝑡 

= 1 
Δ

(
𝒗∗ − 𝒗̃

)
, (10b)

where 𝒗̃ is the low-pass filtered variable (and we have omitted the time-dilation term for convenience). The filtering parameter Δ > 0
determines the frequency content of 𝒗̃ with respect to that of 𝒗∗. A small value of Δ results in a large cut-off frequency 𝑓𝑐 ; as Δ
increases 𝑓𝑐 is reduced. A linear damping term is added to the right hand side of the original tangent equation with the positive 
damping parameter 𝑋, therefore 𝒗∗ ≠ 𝒗.

The augmented homogeneous tangent system is similarly defined as,

d𝒘∗

d𝑡 
=

𝜕𝒇

𝜕𝒖
𝒘∗ −𝑋

(
𝒘∗ − 𝒘̃

)
, (11a)

d𝒘̃
d𝑡 

= 1 
Δ

(
𝒘∗ − 𝒘̃

)
. (11b)

The analytical solution of (10b) is

𝒗̃ (𝑡;Δ) =

𝑡 

∫
−∞

 (𝜏 − 𝑡;Δ)𝒗∗(𝜏)d𝜏, (12)

which is a convolution integral with an exponentially decaying kernel [35,36],

 (𝜏 − 𝑡;Δ) = 1 
Δ

exp
(
𝜏 − 𝑡

Δ 

)
. (13)

The analytical solution takes a particularly simple form in the frequency domain. Taking the Fourier transform of (10b), i.e. substitut
ing 𝒗̃(𝑡) = ∫ +∞

−∞
̂̃𝒗(𝜔)𝑒𝑖𝜔𝑡d𝜔 and 𝒗∗(𝑡) = ∫ +∞

−∞ 𝒗∗(𝜔)𝑒𝑖𝜔𝑡d𝜔, the equations decouple due to linearity and we get ̂̃𝒗(𝜔) =𝐻 (𝜔;Δ)𝒗∗(𝜔), 
where 𝐻 is the transfer function given by,

𝐻 (𝜔;Δ) = 1 
1 + 𝚤𝜔Δ

, (14)

and 𝚤 =
√
−1 is the imaginary unit. The modulus and angle of the complex 𝐻 (𝜔;Δ) are shown in Fig. 1 as a function of 𝜔Δ. The 

cutoff circular frequency is defined by,

𝜔𝑐 = 1∕Δ. (15)

For 𝜔 ≪ 𝜔𝑐 , 𝐻 (𝜔;Δ)→ 1, so there is no damping, but when 𝜔 ≫ 𝜔𝑐 , 𝐻 (𝜔;Δ)→ 0, so high frequencies are damped. The Fourier 
transform of the damping term 𝑋 (𝒗∗(𝑡) − 𝒗̃(𝑡)) that appears in (10a) is

𝑋
(
𝒗∗(𝜔) − ̂̃𝒗(𝜔)

)
=𝑋 (1 −𝐻 (𝜔;Δ))𝒗∗(𝜔) = 𝑋𝚤𝜔Δ 

1 + 𝚤𝜔Δ
𝒗∗(𝜔), (16)
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Fig. 2. Lyapunov spectrum of the augmented system (orange line) from that of the original system (blue line) as Δ→∞. 

so 𝑋
(
𝒗∗(𝜔) − ̂̃𝒗(𝜔)

)
→ 0 for 𝜔≪𝜔𝑐 and 𝑋

(
𝒗∗(𝜔) − ̂̃𝒗(𝜔)

)
→𝑋𝒗∗(𝜔) as 𝜔≫𝜔𝑐 . Therefore, for low frequencies the damping term 

𝑋 (𝒗∗(𝑡) − 𝒗̃(𝑡))→ 0, thus the tangent equation does not change, and 𝒗∗(𝜔)→ 𝒗̂(𝜔). The damping term acts only for frequencies 𝜔 of 
the order 𝜔𝑐 or higher.

We note here that the augmented system has the same form as the Selective Frequency Damping (SFD) method [35,37] that is 
used to extract steady, but linearly unstable, flow fields using time-stepping algorithms. In our case we have a different aim; the goal 
is not to reach a steady state, but rather to damp high frequencies and accelerate the sensitivity calculations.

3.1. Stability analysis of the augmented system

We now proceed to analyse the stability of the augmented system. This analysis has also been performed in [35] but below we 
also investigate the limiting cases of 𝑋 and Δ taking very small or very large values. This analysis can provide significant insight on 
the selection of these two parameters. It also allows us to approximately infer the Lyapunov spectrum of (11) from that of the original 
system.

We assume that the Jacobian 𝜕𝒇∕𝜕𝒖 is a positive scalar, equal to 𝜆. This can be taken to represent one of the of Lyapunov exponents 
of the original system. The matrix of the augmented system (11) becomes

𝚵 =
[
𝜆−𝑋 𝑋

1 
Δ − 1 

Δ

]
. (17)

The eigenvalues of 𝚵 can be easily obtained analytically,

𝜉± = 1 
2Δ

(
(𝜆−𝑋)Δ − 1 ±

√
Δ2 (𝜆−𝑋)2 + 2Δ(𝜆+𝑋) + 1

)
. (18)

The number of eigenvalues (and eigenvectors) is doubled due to the introduction of the filtered variable 𝒘̃.
We now consider the effect of very large Δ. To this end, we perform Taylor series expansion of (18) around 1∕Δ = 0 and keeping 

only the linear term we get,

𝜉+ ≈ 𝜆−𝑋 + 1 
Δ

𝑋

𝜆−𝑋
, (19a)

𝜉− ≈ − 1 
Δ

𝜆 
𝜆−𝑋

. (19b)

When Δ→∞, i.e. when all frequencies are filtered, we obtain:

lim 
Δ→∞

𝜉+ = 𝜆−𝑋, (20a)

lim 
Δ→∞

𝜉− = 0. (20b)

Based on the above result, we can obtain the Lyapunov spectrum of the augmented system from that of the original system; this 
is shown schematically in Fig. 2. The whole spectrum is shifted downwards by 𝑋, a long flat region exists at 0 (with size equal to 𝑛𝑢) 
and the negative exponents are shifted to the right.

On the other hand, as Δ→ 0 the two equations decouple and the first equation of the augmented system converges to that of the 
original system. Indeed, the analytical solution (18) gives

lim 
Δ→0

𝜉+ = 𝜆, (21a)

lim 
Δ→0

𝜉− = −∞, (21b)

where the bottom equation originates from (11b).
It is worth reiterating that the above analysis is based on the important assumption that the Jacobian is constant. However, these 

analytical results provide important physical insight. In later sections, we compute the Lyapunov spectrum of the augmented system 
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Fig. 3. Schematics of Power Spectral Density (PSD) and Cumulative Power Spectral Density (CPSD) of the state variables and estimation of the value of Δ from the 
CPSD.

using the standard Gram–Schmidt orthogonalisation procedure of [38,39] and compare with that of the original system, to ascertain 
similarities and differences with the analytical method presented above.

3.2. Selection of parameters 𝑋 and Δ

Based on the analysis of the previous section, to reduce the maximum LE of the augmented system, we set the value of the damping 
variable 𝑋 = 𝜆1, where 𝜆1 is the maximum LE of the original system. According to the previous analysis, when Δ is sufficiently large, 
the maximum LE of the augmented system is expected to be around zero.

To determine the value of Δ, we examine the power spectral density (PSD) of the state variables 𝒖(𝑡). The cumulative power 
spectral density (CPSD) represents the total energy contained in a signal up to a certain temporal frequency 𝑓 and is defined as

𝐶(𝑓 ) =

𝑓

∫
0 

PSD(𝑓 ′)d𝑓 ′. (22)

This function is widely adopted for analysing the power contribution of signals, see for example [40]. We now define the ratio 
𝑅(𝑓 ) = 𝐶(𝑓 )∕𝐶(∞), which indicates the percentage of power within the frequency range [0, 𝑓 ].

We can obtain Δ from 𝑅(𝑓 ) using the procedure illustrated in Fig. 3. The PSD of some key variables (that depend on the problem) 
is first calculated and then 𝑅(𝑓 ) is plotted against 𝑓 , see left and right panels respectively. The desired percentage of the energy 
captured 𝑟 is selected and the cutoff frequency 𝑓𝑐 is determined by solving the equation 𝑅(𝑓𝑐) = 𝑟. From equation (15), the filtering 
parameter Δ can be expressed as a function of 𝑟,

Δ(𝑟) = 1 
𝜔𝑐

= 1 
2𝜋𝑓𝑐 |𝑅(𝑓𝑐 )=𝑟

. (23)

As the value of 𝑟 decreases, 𝑓𝑐 increases and Δ increases. When 𝑟→ 0, Δ→∞ signifying the elimination of all oscillating power 
of the signal. In sections 5.1 and 6.2 we explore different values of 𝑟 that correspond to different Δ’s.

4. NILSS algorithm for the augmented tangent system

To obtain the sensitivity 𝑑𝐽
𝑑𝒔

, we apply the NILSS algorithm to the augmented homogeneous and inhomogeneous systems, (11)
and (10) respectively. The core structure of the algorithm is the same as the original one proposed in [25] albeit with some small 
modifications. Fig. 4 depicts a schematic representation. The time domain [0, 𝑇 ] is partitioned into multiple segments 𝑇 =𝑁𝑠 ×Δ𝑇 , 
where 𝑁𝑠 is the number of segments and Δ𝑇 the time length of each segment. The 𝑖-th segment spans the time domain 

[
𝑡𝑖−1, 𝑡𝑖

]
, 

where 𝑡0 = 0 and 𝑡𝑁𝑠
= 𝑇 . One nonlinear simulation of system (1) is first performed to obtain the state vector 𝒖(𝑡) at the reference 

value of parameters 𝒔, from which the Jacobian 𝜕𝒇
𝜕𝒖

can be computed. Subsequently, simulations of the augmented tangent system 
are conducted on each segment. This involves one simulation of the inhomogeneous tangent system (10) and 𝑛𝑝 simulations of the 
homogeneous tangent system (11), where 𝑛𝑝 is set equal to the number of PLEs in the original paper [25]. In the adjoint version 
of the NILSS algorithm of Blonigan [28], the value of 𝑛𝑝 is set equal to the number of non-negative Lyapunov exponents (NNLEs), 
encompassing both positive and neutral LEs. We follow the latter approach and set 𝑛𝑝 equal to the number of NNLEs. At the end 
of the computation at each segment, a QR re-orthonormalisation procedure is applied to derive the starting conditions for the next 
segment.

In the final step, we add to the inhomogeneous solution a linear combination of the tangent solutions. The unknown coefficients are 
determined by the solution of an optimisation problem which is subject to matching conditions across the boundaries of consecutive 
segments to ensure one continuous solution. Appendix A provides a detailed description of the NILSS algorithm as applied to the 
augmented tangent system.
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Fig. 4. Schematic diagram of the augmented tangent NILSS algorithm. 

Fig. 5. Lyapunov spectrum of the KS System for 𝑐 = 0. Results are averaged over 10 simulations with different initial conditions. Black dots indicate individual 
simulations. The blue line represents data from [19].

5. Application of augmented NILSS to the Kuramoto–Sivashinsky system

The Kuramoto–Sivashinsky (KS) equation describes a chaotic dynamical system and has been extensively studied [19,21--23]. The 
equation is

𝜕𝑢

𝜕𝑡 
= −(𝑢+ 𝑐) 𝜕𝑢 

𝜕𝑥
− 𝜕2𝑢 

𝜕𝑥2
− 𝜕4𝑢 

𝜕𝑥4
, (24)

with 𝑥 ∈ [0, 𝐿], with Dirichlet and Neumann boundary conditions at the two ends of the domain, 𝑢 (0, 𝑡) = 𝑢 (𝐿, 𝑡) = 0, and 𝜕𝑢 
𝜕𝑥

|𝑥=0 =
𝜕𝑢 
𝜕𝑥

|𝑥=𝐿 = 0. For spatial discretisation we employ a second order central finite difference scheme, and the solution is marched in time 
with a 4th order Runge–Kutta scheme. We set 𝐿 = 128 and use 𝑛𝑢 = 128 grid points inside the domain, and results were extracted 
every Δ𝑡 = 0.1. The range of the parameter 𝑐 ∈ [0,1]. We consider the sensitivity with respect to 𝑐 of two objective functions; the 
space- and time-average state and energy,

𝐽 1 =
1 

𝑇𝐿

𝑇

∫
0 

𝐿 

∫
0 

𝑢(𝑥, 𝑡)d𝑥d𝑡, (25a)

𝐽 2 =
1 

𝑇𝐿

𝑇

∫
0 

𝐿 

∫
0 

𝑢2(𝑥, 𝑡)d𝑥d𝑡. (25b)

The gradients obtained using finite differences [19] will be used to validate the values computed by the proposed shadowing method.
We calculate the Lyapunov spectrum of the KS system using the QR decomposition algorithm [38,41]. To ensure convergence of 

the LEs, the calculation time is set to 3000. Different values of segment size 𝑑𝑇 were investigated, and the first 25 LEs converge for 
all 𝑑𝑇 from 0.3 to 20. In all original LE computations in this section, we set 𝑑𝑇 = 0.5. The spectrum for 𝑐 = 0 is shown in Fig. 5 and 
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Fig. 6. Power spectral density of different state variables of the KS system (left) and normalised cumulative power spectral density (right) for 𝑐 = 0. 

Fig. 7. The filtering parameter Δ against 𝑐 for different values of 𝑟. 

compared with that reported in [19]. There is very good matching between the two spectra; it can be seen that the number of NNLEs 
is equal to 15.

The parameter 𝑋 is set to the leading LE of the original system, 𝑋 = 𝜆1. When 𝑐 varies in the range [0,1], 𝜆1 falls within [0.096,0.1]. 
The parameter Δ is evaluated using the cumulative power spectral density of the system. In Fig. 6, we present the PSDs at three points 
in the domain and also the space-averaged PSD for 𝑐 = 0. Most of the energy is contained within frequencies less than 0.1. The captured 
energy ratio 𝑟 against the frequency 𝑓 is shown on the right panel. For different 𝑟 values ranging from 5% to 90%, the parameter Δ
varies from 1.5 to 40, as shown in Fig. 7. It can be seen that Δ is almost constant with 𝑐 and depends only on 𝑟.

Since the cutoff frequency is applied to the tangent variables, determining Δ based on the PSD of these variables would be more 
meaningful. However, as the tangent solution is unknown a priori, we instead analyse the frequency characteristics of the state 
variables to determine the appropriate cutoff frequency.

We now consider the Lyapunov spectrum for the augmented tangent system. We first investigate the effect of the time segment 
size 𝑑𝑇 because the introduction of the filtering parameter Δ introduces an additional time scale in the system. We examine the 
effect of 𝑑𝑇 for values ranging from 𝜋Δ to 6𝜋Δ. The particular segment size 𝑑𝑇 = 2𝜋Δ corresponds to a fundamental frequency 
2𝜋∕𝑑𝑇 = 1∕Δ = 𝜔𝑐 , i.e. it is equal to the cutoff frequency of the filter, see (15). The results, depicted in Fig. 8 for 𝑐 = 0 show that, 
similar to the original system, the value of 𝑑𝑇 does not affect the calculation of the LEs. In other words, reliable LEs can be obtained 
for a wide range of 𝑑𝑇 values, that result in fundamental frequencies that can be smaller or larger than the cut off, 𝜔𝑐 . This is probably 
due to the smooth transfer function of the filter, see Fig. 1. Note that for Δ = 1 (left panel) there is a band of LEs with values larger 
than those of the original system, and the number of PLEs is also larger. For the larger value Δ = 5 (right panel), all LEs are smaller, 
as predicted by the linear stability analysis of section 3.1. In the following we present results with segment size 𝑑𝑇 = 2𝜋Δ.

In Fig. 9, we compare the Lyapunov spectrum of the original system with that of the augmented system with a large value Δ = 100. 
The shape of the spectrum resembles Fig. 2; it is shifted downwards by 𝑋 and the negative LEs are shifted to the right by 𝑛𝑢. This is 
consistent with the theoretical prediction of section 3.1, in particular equation (20) valid for Δ→∞.

We now calculate the LEs of the augmented system for different values of 𝑟 for 𝑐 = 0; the results are displayed in Fig. 10. To 
facilitate the interpretation of the figure, the corresponding values of Δ are also provided in the legend. When Δ is small, say Δ < 3, 
the number of NNLEs is higher than that of the original system (orange line). This was also noticed in Fig. 8 (left plot). As the value 
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Fig. 8. Effect of time segment length 𝑑𝑇 on the Lyapunov spectrum of the augmented KS system for 𝑐 = 0. Results are averaged across 5 simulations with different 
initial conditions. Left: Δ= 1. Right: Δ= 5. 𝑋 is set equal to the leading LE of the original system, 𝜆1 .

Fig. 9. Comparison of Lyapunov spectrum between original and augmented system with Δ = 100, for 𝑐 = 0. For the augmented system, 𝑋 is set as the leading LE of 
the original system, 𝜆1 (= 0.0965). Left: the complete set of LEs, Right: zoomed-in view of LEs around 0.

Fig. 10. Comparison of the first 25 LEs for augmented systems with different values of ratio 𝑟 (or Δ). For all cases 𝑋 = 𝜆1 and 𝑐 = 0. 
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Fig. 11. Number of NNLEs of the original and augmented system with different values of Δ and 𝑐. For all cases, 𝑋 = 𝜆1 . 

of Δ increases, not only does the value of the leading LE decreases, but the spectrum also becomes more horizontal i.e. the slope is 
reduced, see for example the spectra for Δ = 20,40. These two effects compete and when Δ is small, the decrease in the leading LE 
is small, but the change in slope results in a higher number of NNLEs. With increasing Δ, the reduction of the leading LE dominates 
and the number of NNLEs decreases. When 𝑟 < 60% (Δ > 3), the number of NNLEs is reduced to less than a quarter of the original 
system, this is shown more clearly in Fig. 11. A couple of interesting observations can be also made from this figure. First, the effect 
of 𝑐 is very small. Secondly, there is a ``sweet spot'' between 𝑟 = 20% and 40% (Δ between 5 and 10) with the sharpest reduction in 
the number of NNLEs.

5.1. Evaluation of sensitivities using the augmented system

We now utilise the augmented tangent system for sensitivity calculations. The time segment size Δ𝑇 for the application of the 
NILSS method is taken as the reciprocal of the leading LE of the augmented system. We set the number of time segments such that the 
total time is approximately 100, i.e. 𝑁𝑠 = ⌈100∕Δ𝑇 ⌉, resulting in an total control time is 𝑇 =𝑁𝑠 × Δ𝑇 . In Fig. 12 we plot contours 
of the system state and tangent variables 𝒗𝑠 in the 𝑥 − 𝑡 plane for the original (top right) and augmented systems (middle row) for 
different 𝑟 (or Δ) values for 𝑐 = 1.0. The sensitivities 𝒗𝑠 obtained from the augmented systems have very similar structure to those of 
the original system. With reduced energy 𝑟, the solution exhibits smoother temporal development and sharp peaks are suppressed. 
This demonstrates the effectiveness of the proposed method to capture the structure of the solution of the original system and at the 
same time reduce the number of NNLEs. The bottom row depicts contours of the filtered sensitivity 𝒗̃𝑠 (obtained from 𝒗̃𝑠 = 𝒗̃+ 𝒂𝑾̃ ) 
for the same values of 𝑟 as the middle row. We note that 𝒗̃𝑠 is not employed in the sensitivity calculations, only 𝒗𝑠 is used, see equation 
(A.8). We include these plots however to illustrate the effect of temporal filtering. When Δ is small (e.g. when 𝑟 = 60% and Δ≈ 3), 𝒗̃𝑠

is not significantly different from 𝒗𝑠. However, for larger Δ 𝒗̃𝑠 exhibits a smooth temporal evolution compared with 𝒗𝑠. For 𝑟 = 20%, 
the isolines are almost parallel to the 𝑡 axis, indicating suppression of most frequencies.

The sensitivities d𝐽 1∕d𝑐 and d𝐽 2∕d𝑐 for different values of 𝑟 are shown in Fig. 13. For the case labelled as 𝑟 = 100% the results 
were obtained using the standard NILSS algorithm. For both objective functions the sensitivities computed using the augmented 
system are very close to those obtained from original system. For d𝐽 1∕d𝑐 all results show a constant bias with respect to the finite 
difference values. In Ref. [22] this was attributed to the non-uniform hyperbolicity of the system, and can be eliminated by filtering 
out the very small singular values of the resulting system matrix. Such improvements are however beyond the scope of the present 
study.

The sensitivities against 𝑟 for 𝑐 = 0.5 are shown in Fig. 14. The average sensitivities at different 𝑟 remain almost constant. The 
standard deviation of d𝐽 1∕d𝑐 (obtained from 100 runs with different initial conditions) is more pronounced for low values of 𝑟, i.e. 
when the retained energy is smaller. On the other hand, the standard deviation for the d𝐽 2∕d𝑐 is much larger than that of d𝐽 1∕d𝑐, 
and (perhaps surprisingly) is also not affected by 𝑟.

To obtain further insight, we computed the norms of the Jacobian term 𝜕𝒇
𝜕𝒖
𝒗∗ and the linear damping term 𝑋 (𝒗∗ − 𝒗̃) and plot 

them against the frequency in Fig. 15 for two values of 𝑟. As can be seen, the damping term is an order of magnitude smaller that the 
Jacobean term; it is even smaller for low frequencies because 𝑋

(
𝒗∗(𝜔) − ̂̃𝒗(𝜔)

)
→ 0 for 𝜔≪𝜔𝑐 as explained in section 3.

To demonstrate the effect of the proposed form of the damping term we repeated the sensitivity calculations without time filtering, 
i.e. we consider the tangent system
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Fig. 12. Top row: contour plot of state variable 𝒖(𝑥, 𝑡) (left) and shadowing direction 𝒗𝑠(𝑥, 𝑡) (right) for the original (non-augmented) tangent system in the 𝑥 − 𝑡

plane. Middle row: contours of 𝒗𝑠(𝑥, 𝑡) for the augmented tangent system calculated from (A.6) for different filtering parameters Δ. Bottom row: corresponding filtered 
𝒗̃𝑠(𝑥, 𝑡) for the augmented systems calculated from 𝒗̃𝑠 = 𝒗̃+ 𝒂𝑾̃ . All tangent variable plots share the same colour legend (shown on the top right corner). All results 
are for 𝑐 = 1 and 𝑋 = 𝜆1 .

d𝒗∗

d𝑡 
=

𝜕𝒇

𝜕𝒖
𝒗∗ +

𝜕𝒇

𝜕𝑠 
−𝑋𝒗∗. (26)

The results are shown in Fig. 16 (orange line) and deviate significantly from the reference NILSS solution. The reason is that now 
the damping term acts across the entire frequency range, thereby leading to erroneous results. This fully justifies our approach to 
augment the tangent system with the timefiltering equation.

In summary, the obtained results demonstrate the accuracy of the sensitivities calculated from the application of the NILSS 
algorithm to the augmented KS system. The results are rather insensitive to 𝑟. This is consistent with the finding of [23] that when 
using only the diagonal block of the shadowing harmonic operator (i.e. truncating all frequencies) the results are still very accurate. 
To explain this behaviour, we turn into equation (9) and notice that the first term is zero for both objective functions, thus the 

sensitivity is determined by the second and third terms (and the former is the dominant). We therefore computed 
(

𝜕̂𝐽

𝜕𝑢 

)
−𝑘

𝑣̂𝑘 for 

different 𝑘 and plot the absolute values in the left panel of Fig. 17. The results clearly show that the value of the term for 𝑘 = 0 is by 
far the largest one, approximately two orders of magnitude larger than the rest. The cumulative sum of these terms for 𝑘 ∈ [−𝑞, 𝑞]
against 𝑞 is shown in the right panel. Vertical lines indicate the cut-off frequencies for different 𝑟. It is evident that for 𝐽1 a single 
term (𝑞 = 0) produces sensitivities that closely match those obtained using finite difference and there is very small variation as 𝑞
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Fig. 13. Comparison of calculated sensitivities for the KS System for different values of 𝑟 (𝑟 = 100% indicates the original system). The black horizontal dashed line 
indicates the sensitivity obtained from finite differences. Results are averaged over 100 runs with different initial conditions.

Fig. 14. Sensitivities of the KS system against 𝑟 for 𝑐 = 0.5. Results are averaged over 100 runs with different initial conditions. Dots represent individual runs. The 
shaded area marks one standard deviation above and below the average (denoted with a solid line).

Fig. 15. Variation of the norms of the Jacobean and damping terms with frequency for two 𝑟 values. 

grows. The variation in the sensitivity of 𝐽2 is larger, so 𝑟 is expected to have some effect. This is however masked in the right panel 
of Fig. 13 because for 𝑐 = 0 the sensitivity is small but a large range of values is shown in the figure.

The independence of 𝑑𝐽 1∕𝑑𝑐 from 𝑟 can be also interpreted using the Reynolds-averaged equations. Consider the Reynolds 
decomposition, 𝑢 = 𝑢+𝑢′, where 𝑢 is the time-average state and 𝑢′ indicates the fluctuation around 𝑢. Substituting this decomposition 
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Fig. 16. Comparison of sensitivity calculations for the KS system using different methods. 

Fig. 17. Absolute values of 
(

𝜕̂𝐽

𝜕𝑢 
)
−𝑘

𝑣̂𝑘 for different wave numbers 𝑘 (left panel). Cumulative sum of 
(

𝜕̂𝐽

𝜕𝑢 
)
−𝑘

𝑣̂𝑘 for 𝑘∈ [−𝑞, 𝑞] against 𝑞 (right panel). Results for 𝑐 = 0. 
In both plots, the blue line refers to 𝐽1, and the orange line refers to 𝐽2.

into (24) and taking the time-average we obtain the Reynolds-averaged form of the KS system,

0 = −

[(
𝑢+ 𝑐

) 𝜕𝑢

𝜕𝑥
+ 𝜕2𝑢

𝜕𝑥2
+ 𝜕4𝑢

𝜕𝑥4
+ 1

2
𝜕𝑢′2

𝜕𝑥 

]
. (27)

If we define 𝐹
(
𝑢; 𝑐

)
= −

(
𝑢+ 𝑐

) 𝜕𝑢

𝜕𝑥
− 𝜕2𝑢

𝜕𝑥2
− 𝜕4𝑢

𝜕𝑥4
and 𝑅

(
𝑢′2

)
= −1

2
𝜕𝑢′2

𝜕𝑥 , the corresponding tangent equation is

𝜕𝐹

𝜕𝑢

𝜕𝑢

𝜕𝑐 
+ 𝜕𝑅 

𝜕𝑢′2

𝜕𝑢′2

𝜕𝑐 
+ 𝜕𝐹

𝜕𝑐 
= 0. (28)

The sensitivity d𝐽 1∕𝑑𝑐 can be computed from

d𝐽1
d𝑐 

= 1 
𝐿

𝐿 

∫
0 

𝜕𝑢

𝜕𝑐 
d𝑥 = − 1 

𝐿

𝐿 

∫
0 

(
𝜕𝐹

𝜕𝑢

)−1
(

𝜕𝑅 

𝜕𝑢′2

𝜕𝑢′2

𝜕𝑐 
+ 𝜕𝐹

𝜕𝑐 

)
d𝑥. (29)

The fact that d𝐽 1∕𝑑𝑐 does not depend on 𝑟 suggests that the effect of the second term (that contains the sensitivity of the Reynolds 
stress 𝑢′2) is relatively small. We run a long simulation (over 106 time units) for 𝑐 = 0 and obtained a value of −0.956 (the term 
𝜕𝑅 
𝜕𝑢′2

𝜕𝑢′2

𝜕𝑐 was computed with finite differences). Ignoring the Reynolds stress term, the value was −0.931. The difference between 
these two values is small and confirms that the sensitivity of the Reynolds stress with respect to 𝑐 plays a minor role.
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Fig. 18. Measured (orange) and estimated (blue) speed-up of augmented NILSS algorithm for 𝑐 = 1.0. Results are averaged over 100 runs. 

5.2. Computational cost

We proceed to analyse the computational efficiency of the proposed algorithm. The measured speed-up 𝑠𝑐 is the ratio of the wall 
clock time of the standard NILSS algorithm divided to that of the augmented algorithm, for the same control time 𝑇 . This is shown 
with the orange line in Fig. 18. The results indicate that the augmented NILSS can be as much as three times faster compared to the 
original algorithm. While the augmented tangent simulation introduces additional variables, the computational overhead is small. 
This is because the timefiltering equation (10b) is much faster to integrate compared to the tangent equation. Assuming that the 
computational costs of the augmented (in)homogeneous tangent simulations are comparable to those of the nonlinear simulations, 
the speed-up can be also estimated by the ratio of NNLEs, i.e. 𝑠𝑒 =

𝑛𝑝(𝑟=100%)+2
𝑛𝑝(𝑟)+2 . This ratio is shown with the blue line in Fig. 18 and 

is very close to the measured speed-up.

6. Application to Kolmogorov flow

The Kolmogorov flow has been extensively studied in relation to stability and transition to turbulence [42--44]. The flow is 
governed by the two-dimensional Navier–Stokes equations,

𝜕𝒖

𝜕𝑡 
+ 𝒖 ⋅∇𝒖+∇𝑝− 1 

𝑅𝑒
Δ𝒖 = 𝒇𝑘, in Ω× [0, 𝑇 ] (30)

∇ ⋅ 𝒖 = 0, (31)

where 𝒖 = 𝑢𝑥𝒆𝑥 + 𝑢𝑦𝒆𝑦 is the velocity vector (𝒆𝑥, 𝒆𝑦 are the unit vectors in the 𝑥 and 𝑦 directions respectively), 𝑝 is the pressure, and 
𝑅𝑒 is the Reynolds number. The forcing term 𝒇 𝑘 acts only in the 𝑥 direction and takes the form,

𝒇𝑘 = sin
(
𝑛𝑓 𝑦

)
𝒆𝑥, (32)

where 𝑛𝑓 is the wavenumber in the y-direction (set here to 𝑛𝑓 = 4). We consider the computational domain Ω= [0, 2𝜋] × [0, 2𝜋] and 
apply periodic boundary conditions in the 𝑥 and 𝑦 directions.

The simulations are performed using the open-source KolSol solver [45]. The Fourier pseudo-spectral method is employed for 
spatial discretisation, while a fourth-order Runge–Kutta explicit scheme is used for time advancement with time step 𝑑𝑡 = 0.01. The 
number of spatial Fourier modes is 𝑘𝑥 = 𝑘𝑦 = 16, which is adequate to capture the flow structure for the range of 𝑅𝑒 examined (from 
32 to 40). The flow is chaotic (see more details later) and contours of the instantaneous and time-average 𝑢𝑥 velocity are shown in 
Fig. 19. The instantaneous velocity field contains large scale fluctuating structures while the time-average velocity is homogeneous 
in the 𝑥 direction and has a wavy pattern in the 𝑦 direction with a wavenumber equal to that of forcing term.

We consider the sensitivity of the space- and time-averaged kinetic energy,

𝐽 = 1 
2𝑇Ω

𝑇

∫
0 

∫
Ω 

(
𝑢2𝑥 + 𝑢2𝑦

)
dΩd𝑡, (33)

with respect to the Reynolds number. The sensitivity d𝐽
d𝑅𝑒

is first estimated using finite differences. We computed 𝐽 by performing a 
very long simulation (106 time units) and show the results in Fig. 20. The values of the objective function within the considered 𝑅𝑒

number range closely approximate a straight line, thus its sensitivity is approximately constant, and equal to 0.016.
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Fig. 19. Contours of the instantaneous (left) and time-averaged (right) 𝑢𝑥 velocity component of the Kolmogorov flow for 𝑅𝑒= 34. 

Fig. 20. Variation of the objective function 𝐽 (blue line) and its sensitivity (red line) with Reynolds numbers. The computational time is 106 time units. 

The inhomogeneous tangent Navier–Stokes system is given by

𝜕𝛿𝒖

𝜕𝑡 
+ 𝛿𝒖 ⋅∇𝒖+ 𝒖 ⋅∇𝛿𝒖+∇𝛿𝑝− 1 

𝑅𝑒
Δ𝛿𝒖+ 1 

𝑅𝑒2
Δ𝛿𝒖 = 0, (34)

∇ ⋅ 𝛿𝒖 = 0, (35)

where 1 
𝑅𝑒2

Δ𝛿𝒖 represents the forcing term 𝜕𝒇
𝜕𝑠 in (10a) and is obtained by differentiating the viscous term with respect to Reynolds 

number. In the homogeneous system, this term is omitted.
An initial field is integrated for 500 time units, long enough for the flow to reach the chaotic attractor and for all transients to 

die out. The flow simulation is then restarted and the non-linear equations are integrated together with the homogeneous tangent 
system to compute the Lyapunov spectrum. The segment length is 𝑑𝑇 = 10 and the total computation time is 3000 that ensures LE 
convergence; this is confirmed in the left panel of Fig. 21 for 𝑅𝑒 = 36. The leading 15 LEs are shown on the right panel of Fig. 21. 
For each 𝑅𝑒 number, the results were averaged over 10 simulations with random starting fields. At 𝑅𝑒 = 34, the leading LE is 0.065, 
consistent with the value reported in [45]. Note that the system exhibits two zero LEs, this is due to the translational symmetry in 
time and along the x-direction due to the imposed periodic conditions [27,46]. Furthermore, the number of PLEs increases from two 
to three as the Reynolds number grows from 34 to 38.

For the NILSS algorithm, the time segment is 1∕𝜆1 i.e. the inverse of the leading LE, and the number of homogeneous equations 
to be integrated is equal to the number of NNLEs. We start with 𝑅𝑒 = 38, a Lyapunov time of 9.41, 22 time segments, and a control 
time slightly exceeding 200; the number of NNLEs is 𝑛𝑝 = 5. The computed sensitivities against the integration time 𝑇 are shown in 
Fig. 22. Averaging the results for 40 different initial conditions reveals that the sensitivity converges to 0.0162 after 100 time units. 
The relative error compared to the finite difference value is only about 1%.

We set 𝑇 = 100 and compute the sensitivity for other Reynolds numbers. For each case we average over 50 realisations; the resulting 
sensitivity results are depicted in Fig. 23. The values match well with finite differences. The shaded area marks one standard deviation 
above and below the average value; the results indicate that the variance increases with Reynolds number.
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Fig. 21. Convergence history of several LEs for 𝑅𝑒= 34 (left panel). The leading 15 LEs (right panel). Results are averaged over 10 simulations with different initial 
conditions.

Fig. 22. Sensitivity 𝑑𝐽

𝑑𝑅𝑒
against the integration time 𝑇 using the NILSS method for 𝑅𝑒 = 38. The red line indicates the finite difference value. Results are averaged 

over 40 runs with different initial conditions (shown as blue dots).

Fig. 23. Sensitivity d𝐽∕d𝑅𝑒 for Kolmogorov flow against the 𝑅𝑒 number. The horizontal black line indicates the finite difference value. The results are averaged over 
50 realisations with different initial conditions (shown as red crosses). The grey area marks one standard deviation above and below the average.

6.1. Augmented tangent system

For each 𝑅𝑒 number we set the value of 𝑋 equal to the leading LE 𝜆1 of the original system. To obtain Δ, we evaluate the PSDs 
at different points in the domain (see the left panel in Fig. 24) and plot the percentage of the energy captured between [0, 𝑓 ] against 
𝑓 on the right panel of Fig. 24.
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Fig. 24. PSDs at different points of the domain (left panel) and captured energy 𝑟 against frequency (right panel). Results for 𝑅𝑒= 36. 

Fig. 25. The filtering parameter Δ against 𝑅𝑒 for three values of 𝑟. 

Fig. 26. Lyapunov spectrum of the augmented system for different values of 𝑟 for 𝑅𝑒= 34 (left plot). The leading Lyapunov exponent of the augmented system against 
𝑅𝑒 (right plot).

The variation of Δ with 𝑅𝑒 number for three different 𝑟 is shown in Fig. 25. For large 𝑟 the value of Δ does not change with 𝑅𝑒, 
but as 𝑟 decreases, Δ starts to vary significantly with Reynolds number. For the same 𝑟, higher Reynolds numbers result in smaller 
Δ, indicating larger corresponding cutoff frequencies. This implies that, as 𝑅𝑒 increases, higher frequencies contain more fluctuating 
energy, as expected.
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Fig. 27. Number of non-negative LEs of the Kolmogorov flow for different values of 𝑟 and 𝑅𝑒. For all cases, 𝑋 = 𝜆1 of the original system. 

Fig. 28. Sensitivity d𝐽∕d𝑅𝑒 against 𝑅𝑒 for different values of 𝑟. Results are averaged over 50 realisations with different initial conditions. The shaded area denotes 
one standard deviation above and below the average for 𝑟= 100%.

Based on these parameter choices, the Lyapunov spectrum of the augmented system can be analysed. The total calculation time 
is set to 3000, and the segment size is 𝑑𝑇 = 2𝜋Δ. For each Reynolds number and each 𝑟 the results are averaged over 10 realisations. 
The left panel of Fig. 26 displays the LE spectrum for different 𝑟 at 𝑅𝑒 = 34. The right panel shows the variation of the leading LE 
against 𝑅𝑒. It is clear that it increases with 𝑅𝑒 for all cases (as expected) but it is very interesting to notice that the rate of growth 
(slope) is reduced as 𝑟 is getting smaller.

Fig. 27 compares the number of NNLEs compared to that of the original system. It is evident that both the largest LE and the 
number of NNLEs have decreased. In most cases, the number of NNLEs is only about half of that of the original system.

6.2. Sensitivities

We now employ the augmented NILSS algorithm to compute the sensitivity d𝐽∕d𝑅𝑒. Again, the segment length is obtained from 
the inverse of the leading LE, and the total control time is 100. The 𝑛𝑝 is set to the number of NNLEs of the augmented system and 
50 simulations with different initial conditions were performed for each 𝑅𝑒. The average sensitivity is depicted in Fig. 28. In the 
plot we superimpose the variance of the results of the NILSS method for 𝑟 = 100%, i.e. the grey area is the same as the one shown 
in Fig. 23. For 𝑟 = 90%, the results are very close to those for 𝑟 = 100%. For this 𝑟, the number of NNLEs is smaller compared to the 
original system for all 𝑅𝑒 (and for 𝑅𝑒 = 34 it is half), as shown in Fig. 27. For lower 𝑟 the average results start to deviate from finite 
difference, but still fall within the range of one standard deviation of the standard NILSS solution. A lower value of 𝑟 now yields 
smaller sensitivities. This suggests that for this case higher frequencies affect d𝐽∕d𝑅𝑒.

In order to explain this, in the left panel of Fig. 29, we plot the (absolute) values of the terms 
(

𝜕̂𝐽

𝜕𝑢 

)
−𝑘

𝑣̂𝑘 that appear in the 

sensitivity equation (9). The value corresponding to 𝑘 = 0 is larger than those at other Fourier modes. On the right panel the cumulative 
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Fig. 29. Left panel: Absolute values of 
(

𝜕̂𝐽

𝜕𝑢 
)
−𝑘

𝑣̂𝑘 in the sensitivity formula at various wave numbers. Right panel: The second term in equation (9) across different 
cutoff wave numbers 𝑝. The results are for the case with 𝑅𝑒= 34.

sum in the range 𝑘 ∈ [−𝑞, 𝑞] is plotted against 𝑞. Vertical lines denote the cutoff frequencies for different 𝑟. When 𝑟 is small (e.g. 
𝑟 = 40%), the cumulative sum is close to that of the average state and this results in errors (smaller values) in the computed sensitivity. 
As 𝑟 increases the correct value is approached, for example at 𝑟 = 90% the sensitivity is (acceptably) close to the finite different value, 
while the number of NNLEs is smaller compared to the original system, see Fig. 27, and this leads to computational savings. Recall 
also that for this flow case the objective function is the average energy, see (33), which is a quadratic moment, so it is expected that 
it will be more sensitive to the range of frequencies retained. A first order moment is not expected to be so sensitive. However, for 
Kolmogorov flow the time and space-average of velocity is 0 (see Fig. 19) so it is not an appropriate choice, thus the flow energy, i.e. 
a quadratic moment, was considered.

7. Conclusions

We propose a non-intrusive shadowing method that utilises an augmented tangent system to compute the sensitivity of time
average quantities of chaotic dynamical systems. The original tangent system is augmented with an additional equation that filters 
out high frequency components in the time domain. A linear damping term, that vanishes for low frequencies, is also added to the 
right hand side of the original system. The new algorithm has two parameters, the damping coefficient 𝑋 and the filter time scale 
Δ. We performed linear stability analysis on a simplified form of the augmented system (constant Jacobian matrix) and derived an 
analytical expression that provides insight on the effect of these two parameters on the Lyapunov spectrum of the augmented system. 
We discuss how to select 𝑋 and Δ from the properties of the original dynamical system (largest Lyapunov exponent and cumulative 
power spectral density).

We apply the new algorithm to the Kuramoto–Sivashinsky (KS) system and the Navier–Stokes equations. We systematically inves
tigate the impact of Δ on the Lyapunov spectrum and compare with the results of the linear stability analysis. Appropriate selection 
of the two parameters can effectively reduce the number of NNLEs, thereby improving significantly the computational efficiency of 
the shadowing algorithm. The computed sensitivities closely match those obtained from the standard NILSS method, highlighting 
the accuracy and reliability of the proposed algorithm, especially for first order moments (for example time-averaged velocity). For 
second order moments, for example kinetic energy, the results depend more strongly on the value of the time filtering parameter Δ.

One of the important features of the proposed algorithm is that it is more scalable compared to existing approaches. It does not 
require evaluation of the full spectrum of the NNLEs of the original system, but only of the largest LE 𝜆1 , which is not time-consuming to 
compute. For large Δ, the NNLEs of the augmented system are smaller compared to those of the original system making the sensitivity 
calculations faster. A follow-up study could compare the Covariant Lyapunov Vectors (CLVs) of the original and augmented tangent 
systems and examine their spectral content. Further research is required to assess the performance and accuracy of the proposed 
method in other flow settings.
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Appendix A. The augmented tangent NILSS algorithm

Input Number of segments 𝑁𝑠, length of each time segment Δ𝑇 , parameters Δ and 𝑋, and number of NNLEs for the augmented 
tangent system 𝑛𝑝.

Notational convention The 𝑖-th segment covers the time domain 
[
𝑡𝑖−1, 𝑡𝑖

]
, where 𝑡0 = 0, 𝑡𝑁𝑠

= 𝑇 and 𝑖 = 1…𝑁𝑠. We denote as 
𝒗+ = [𝒗∗, 𝒗̃]⊤ and 𝒘+ = [𝒘∗, 𝒘̃]⊤ the solutions of the inhomogeneous and homogeneous tangent systems (10) and (11) respectively. 
The subscript 𝑖 denotes variables evaluated at the 𝑖-th segment. For example, 𝒗+

𝑖
(𝑡) = [𝒗∗

𝑖
, 𝒗̃𝑖]⊤ represents the solution of the inhomo

geneous tangent system at the 𝑖-th segment, from 𝑡𝑖−1 to 𝑡𝑖. To differentiate between solutions of the homogeneous tangent system 
obtained using different initial conditions a second index 𝑗 is added, for example 𝒘+

𝑖,𝑗
(𝑡) = [𝒘∗

𝑖,𝑗
, 𝒘̃𝑖,𝑗 ]⊤ is the solution at the 𝑖-th 

segment due to the 𝑗-th initial condition at 𝑡𝑖−1 (note that 𝑗 = 1…𝑛𝑝).

Preliminaries Set the initial condition of the non-linear system (1) 𝒖(0) = 𝒖0. Set the initial condition of the inhomogeneous 
tangent system to 𝟎, i.e. 𝒗+(0) = 𝟎, or in index notation 𝒗+1 (𝑡0) = 𝟎. Define a random orthogonal matrix 𝑸0 = [𝒒0,1,… ,𝒒0,𝑛𝑝 ]. Set the 
index i=1.

Step 1 Integrate the non-linear system (1) in the 𝑖-th segment.

Step 2 Integrate the augmented homogeneous tangent system in the 𝑖-th segment 𝑛𝑝 times using the columns of the matrix 𝑸𝑖−1
as initial conditions, i.e. 𝒘+

𝑖,𝑗
(𝑡𝑖−1) = 𝒒𝑖−1,𝑗 , and obtain 𝒘+

𝑖,𝑗
(𝑡) = [𝒘∗

𝑖,𝑗
, 𝒘̃𝑖,𝑗 ]⊤, with 𝑗 = 1…𝑛𝑝.

Step 3 Integrate the augmented inhomogeneous tangent system in the 𝑖-th segment to obtain 𝒗+
𝑖
(𝑡) = [𝒗∗

𝑖
, 𝒗̃𝑖]⊤.

Step 4 Project the tangent variables 𝒘∗
𝑖,𝑗
(𝑡) and 𝒗∗

𝑖
(𝑡) to the non-linear system trajectory using Eq. 8 of Ref. [25] and obtain 

𝒗∗
𝑖
⊥(𝑡) and 𝒘∗

𝑖,𝑗
⊥(𝑡) (the filtered variables are not projected). Define orthogonal projection vectors 𝒗+

𝑖
⊥(𝑡) =

[
𝒗∗
𝑖
⊥, 𝒗̃𝑖

]⊤
and 𝒘+

𝑖,𝑗
⊥(𝑡) =[

𝒘∗
𝑖,𝑗

⊥, 𝒘̃𝑖,𝑗

]⊤
. Stack the vectors 𝒘+

𝑖,𝑗
⊥(𝑡𝑖) column by column to define matrix 𝑾 +

𝑖
⊥(𝑡𝑖) =

[
𝒘+

𝑖,1,… ,𝒘+
𝑖,𝑛𝑝

]
.

Step 5 Perform QR decomposition of 𝑾 +
𝑖
⊥(𝑡𝑖),

𝑾 +
𝑖
⊥(𝑡𝑖) =𝑸𝑖𝑹𝑖. (A.1)

Matrix 𝑸𝑖 contains the initial conditions of the homogeneous tangent equations for the next segment.

Step 6 Obtain the initial condition for inhomogeneous system for the next segment from

𝒗+
𝑖+1(𝑡𝑖) = 𝒗+𝑖

⊥(𝑡𝑖) −𝑾 +
𝑖
⊥(𝑡𝑖)𝒃𝑖, (A.2)

where

𝒃𝑖 =
(
𝑾 +

𝑖
⊥(𝑡𝑖)

)⊤
𝒗+𝑖

⊥(𝑡𝑖). (A.3)

Step 7 If 𝑖 =𝑁𝑠 proceed to step 8, otherwise increase index 𝑖 by 1 and return to Step 1.

Step 8 Solve the following optimisation problem that minimises the 2 norm of the perpendicular projection of shadowing 
sensitivity constrained by the matching conditions at the segment boundaries:

min
𝒂𝑖

𝑁𝑠∑
𝑖=1 

1
2

𝑡𝑖

∫
𝑡𝑖−1

‖𝒗∗𝑖 ⊥ +𝑾 ∗
𝑖
⊥
𝒂𝑖‖2d𝑡

s.t. 𝒗+
𝑖+1

⊥ (
𝑡𝑖
)
+𝑾 +

𝑖+1
⊥ (

𝑡𝑖
)
𝒂𝑖+1 = 𝒗+𝑖

⊥ (
𝑡𝑖
)
+𝑾 +

𝑖
⊥ (

𝑡𝑖
)
𝒂𝑖

(
𝑖 = 1,… ,𝑁𝑠 − 1

)
,

(A.4)

where 𝑾 ∗
𝑖 =

[
𝒘∗

𝑖,1,… ,𝒘∗
𝑖,𝑛𝑝

]
. The solution will determine the coefficients 𝒂𝑖 = [𝑎𝑖,1,⋯ , 𝑎𝑖,𝑛𝑝 ] for each segment. In matrix notation, 

the optimisation problem (A.4) can be written as,

min
𝒂𝑖

𝑁𝑠∑
𝑖=1 

1
2
𝒂⊤
𝑖 𝑪 𝑖𝒂𝑖 + 𝒅⊤

𝑖 𝒂𝑖

s.t. 𝒂𝑖+1 =𝑹𝑖𝒂𝑖 + 𝒃𝑖
(
𝑖 = 1,… ,𝑁𝑠 − 1

)
,

(A.5)

where 𝑪 𝑖 is the covariance matrix of the augmented homogeneous solutions 𝑪 𝑖 = ∫ 𝑡𝑖
𝑡𝑖−1

(
𝑾 ∗

𝑖
⊥
)⊤

𝑾 ∗
𝑖
⊥d𝑡, 𝒅𝑖 is related to the inhomo

geneous solution 𝒅𝑖 = ∫ 𝑡𝑖
𝑡𝑖−1

(
𝑾 ∗

𝑖
⊥
)⊤

𝒗∗
𝑖
⊥d𝑡, 𝑹𝑖 is from the QR decomposition (A.1), and 𝒃𝑖 is defined in (A.3).
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The shadowing solution 𝒗𝑠𝑖 can be written as:

𝒗𝑠𝑖 = 𝒗∗𝑖 +𝑾 ∗
𝑖 𝒂𝑖. (A.6)

Step 9 Calculate the scalar 𝜉𝑖 using the solution at the end of each segment:

𝜉𝑖 =
(
𝒗𝑠𝑖

(
𝑡𝑖
))⊤ (

𝒇
(
𝑡𝑖
))(

𝒇
(
𝑡𝑖
))⊤ (

𝒇
(
𝑡𝑖
)) . (A.7)

Step 10 Compute the sensitivity from,

d𝐽
d𝒔

= 1 
𝑇

𝑁𝑠∑
𝑖=1 

⎡⎢⎢⎣
𝑡𝑖

∫
𝑡𝑖−1

(
𝜕𝐽

𝜕𝒖
𝒗𝑠𝑖 +

𝜕𝐽

𝜕𝒔

)
d𝑡+ 𝜉𝑖

(
𝐽 − 𝐽

(
𝑡𝑖
))⎤⎥⎥⎦ . (A.8)

Data availability

Data will be made available on request.
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