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Abstract
There are many processes in cell biology that can be modeled in terms of particles dif-
fusing in a two-dimensional (2D) or three-dimensional (3D) bounded domainΩ ⊂ R

d

containing a set of small subdomains or interior compartments U j , j = 1, . . . , N
(singularly-perturbed diffusion problems). The domain Ω could represent the cell
membrane, the cell cytoplasm, the cell nucleus or the extracellular volume, while
an individual compartment could represent a synapse, a membrane protein cluster,
a biological condensate, or a quorum sensing bacterial cell. In this review we use a
combination of matched asymptotic analysis and Green’s function methods to solve
a general type of singular boundary value problems (BVP) in 2D and 3D, in which
an inhomogeneous Robin condition is imposed on each interior boundary ∂U j . This
allows us to incorporate a variety of previous studies of singularly perturbed diffu-
sion problems into a single mathematical modeling framework. We mainly focus on
steady-state solutions and the approach to steady-state, but also highlight some of the
current challenges in dealing with time-dependent solutions and randomly switching
processes.

Mathematics Subject Classification 92B05 · 92C37 · 35B25 · 60J60 · 82B24

1 Introduction

There are a wide range of problems in cell biology that can be modelled in terms
of particles diffusing in a two-dimensional (2D) or three-dimensional (3D) bounded
domain Ω ⊂ R

d containing a set of small subdomains or compartments U j , j =
1, . . . , N , within the interior (singularly-perturbed diffusion problems). For example,
Ω could represent the cellmembranewhile the compartments could represent synapses
or protein clusters such as macro-assemblies of adhesion molecules. Alternatively, if
Ω were the cell volume then the corresponding compartments could be enzyme-rich
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reactive substrates, or high density liquid droplets (biological condensates). On a
larger length scale, Ω could represent the extracellular medium surrounding a set of
diffusively-coupled cells as in bacterial quorum sensing. In most of these applications
one is interested in calculating the steady-state solution (assuming it exists), and the
rate of approach to steady state as determined by the principal eigenvalue of the linear
evolution operator or by the so-called accumulation time1. The latter is based on the
fractional deviation of the time-dependent solution fromsteady state, and has beenused
extensively in studies of diffusion-based morphogenesis (Berezhkovskii et al. 2010,
2011; Berezhkovskii and Shvartsman 2011; Gordon et al. 2011; Bressloff et al. 2019).
The type of steady-state boundary value problem (BVP) that typically arises can be
analysed using a combination of matched asymptotic analysis and Green’s function
methods. The basic idea is to construct an inner or local solution of the diffusion
equation in a small neighbourhood of each compartment, which is then matched to an
outer solution in the bulk domain. The matching is achieved by expressing the outer
solution in terms of the Green’s function of the diffusion equation in the absence of
any compartments. It follows that the details of the matched asymptotic analysis in 2D
and 3D domains differ considerably due to corresponding differences in the Green’s
function singularities:

G(x, x0) → − 1

2πD
ln |x − x0| in 2D ,

G(x, x0) → 1

4πD|x − x0| in 3D

as |x − x0| → 0. Hence, an asymptotic expansion of the solution to a BVP in 3D is
in powers of ε, where ε represents the size of a compartment relative to the size of the
bulk domain. On the other hand, the analogous expansion in 2D tends to be in powers
of ν = −1/ ln ε at O(1) in ε. The slower convergence of ν in the limit ε → 0 can be
handled by summing the logarithmic terms non-perturbatively, as originally shown in
Refs. Ward and Keller (1993) and Ward et al. (1993).

Examples of cellular processes that have been analyzed using singular perturbation
theory include the following: intracellular protein concentration gradients mediated by
enzyme-rich subcellular domains (Straube andWard 2009; Levy and Iron 2011, 2013);
coarsening of biological condensates via Ostwald ripening (Kavanagh 2014; Bressloff
2020a, b, 2024b); protein clustering (Bressloff 2024b); synaptic receptor trafficking
(Bressloff et al. 2008; Bressloff 2023b); bacterial quorum sensing (Muller and Uecker

1 Another class of problem treats the compartments as totally or partially absorbing traps, and the main
focus is determining the first passage time or splitting probability for a single particle to be captured by one
of the traps—the so-called narrow capture problem (Coombs et al. 2009; Chevalier et al. 2011; Delgado
et al. 2015; Kurella et al. 2015; Lindsay et al. 2016, 2017; Grebenkov 2020; Bressloff 2021a, b). There
have also been extensive studies of the complementary narrow escape problem, which is concerned with
the first passage time statistics of a particle escaping from a domain whose boundary contains one or more
small openings such as ion channels or the narrow neck of a dendritic spine (Holcman and Schuss 2004;
Singer et al. 2006, a, b; Pillay et al. 2010; Cheviakov et al. 2010; Holcman and Schuss 2013, 2014a, b).
The majority of these studies are based on Green’s function techniques and integral equations, although the
asymptotic methods developed for singularly perturbed domains have also been used. We do not consider
single particle diffusion in this review.
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2013; Gou andWard 2016; Iyaniwura andWard 2021a, b); volume transmission (Law-
ley 2018; Lawley and Shankar 2020). Although each of these applications utilises the
same basic mathematical method, they tend to be treated in isolation. Therefore, in
this review we show how the majority of current applications can be incorporated into
a single type of BVP involving an inhomogeneous Robin boundary condition on ∂U j

combined with the insertion and removal of particles within Ω . We consider three
different models for the boundary inhomogeneity c j : (I) c j is a prescribed constant
on ∂U j ; (II) ∂U j acts as a semi-permeable membrane and c j is identified with the
particle concentration on the interior side of the membrane; (iii) U j is treated as a
well-mixed biochemical compartment that can exchange one molecular species with
the exterior environment, whose concentration within U j determines c j . For simplic-
ity, we assume that all of the compartments are either circularly symmetric (2D) or
spherically symmetric (3D). More general shapes are briefly discussed in section 6.

The structure of the paper is as follows.2 In Sect. 2 we introduce the general model
equations and show how they are related to the various applications in specific limits.
In Sect. 3 we solve the steady-state BVP in both 2D and 3D using singular perturbation
theory. The relaxation to steady-state is analysed in Sect. 4 by solving the BVP for the
singularly perturbed diffusion equations in Laplace space and then taking the small-s
limit, where s is the Laplace variable. This determines the corresponding accumula-
tion time. In Sect. 5 we summarise a recent study (Iyaniwura and Ward 2021b) that
uses singular perturbation theory to reduce a PDE-ODE model of diffusively cou-
pled biochemical compartments (model III) to a nonlinear system of ODEs. Finally,
in Sect. 6, we describe various extensions of the theory, including randomly switch-
ing boundaries, and Kuramoto-like models of diffusively coupled oscillators. These
examples highlight one major challenge for future work on singularly-perturbed dif-
fusion problems, namely, developing asymptotic and numerical methods that can deal
effectively with time-dependent and switching processes. (For very recent progress in
this direction see Ref. Pelz and Ward (2024).)

2 The general setup

Consider a d-dimensional simply-connected, bounded domain Ω ⊂ R
d , d = 2, 3,

containing a set of N interior subdomains or compartments U j , j = 1, . . . , N , see
Fig. 1a. For concreteness, suppose that each compartment is circularly (spherically)
symmetric for d = 2 (d = 3)—more general shapes will be considered in Sect. 6.
Denoting the radius and centre of the j-th compartment by r j and x j , respectively,
we have

U j = {x ∈ Ω, |x − x j | < r j }, ∂U j = {x ∈ Ω, |x − x j | = r j }. (2.1)

The main characteristic of a singularly perturbed domain is that the compartments
U j are small compared to the size of the domain Ω and are well separated. More

2 In this reviewwe focus on the underlyingmathematical principles and techniques, andhow they are applied
to singularly-perturbed diffusion problems in cell biology. Explicit results for specific configurations of Ω

and U j , j = 1, . . . , N , and choices of boundary conditions can be found in the cited literature.
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Fig. 1 a A singularly perturbed domain Ω ⊂ R
d containing N interior compartments U j centred at the

positions x j , j = 1, . . . , N . b In the region exterior to the compartments, Ω\U with U = ⋃N
j=1 U j , there

may be the insertion and/or removal of diffusing particles. The influx current is denoted by I0, whereas the
efflux current is taken to be proportional to the local particle concentration u(x, t) with rate γ0

precisely, suppose that the domain Ω is inscribed by a rectangular area or volume
whose smallest dimension is L , and introduce thedimensionless parameter ε = rmax/L
where rmax = max{r j , j = 1, . . . , N }. We then fix length scales by setting L = 1
and writing r j = ε� j with � j = r j/rmax, and 0 < ε � 1. We also assume that
|xi − x j | = O(1) for all j �= i and mins{|x j − s|, s ∈ ∂Ω} = O(1), j = 1, . . . , N .
(If Ω is unbounded, then we identify L with the smallest distance between any pair
of compartments, that is, L = min{|xi − x j |, i �= j}.)

Let u(x, t) denote the particle concentration in the region exterior to all of the
compartments, that is, x ∈ Ω\U withU = ⋃N

j=1 U j .We take u to satisfy the following
singularly perturbed diffusion problem:

∂u(x, t)

∂t
= D∇2u(x, t) − γ0u(x, t) + I0, x ∈ Ω\U , (2.2a)

D∇u(x, t) · n(x) = 0, x ∈ ∂Ω, (2.2b)

D∇u(x, t) · n j (x) = κ j [u(x, t) − c j (x, t)], x ∈ ∂U j , (2.2c)

where D is the diffusivity, n is the outward unit normal of the exterior surface ∂Ω and
n j is the unit normal of the interior surface ∂U j that is directed out of the interior U j ,
see Fig. 1a. The term I0 in Eq. (2.2a) represents a particle source current, whereas
the term −γ0u(x, t) represents removal of particles at a rate γ0, see Fig. 1b; the latter
could correspond to a degradation rate. The exterior boundary ∂Ω is assumed to be
totally reflecting, whereas on each interior boundary ∂U j we impose a generalised
Robin boundary condition with constant reactivity κ j . In the limit κ j → ∞, Eq.
(2.2c) reduces to the inhomogeneous Dirichlet boundary condition u(x, t) = c j (x, t)
for all x ∈ ∂U j , whereas we obtain a totally reflecting boundary condition when
κ j = 0. It remains to specify the boundary field c j (x, t), x ∈ ∂U j . We consider three
different compartmental models for c j (x, t), as illustrated in Fig. 2:

I. Constant boundary fields. The simplest boundary condition is c j (x, t) = c j,0 for
all x ∈ ∂U j , where c j,0 is a prescribed constant. Equation (2.2c) then reduces to a
classical Robin boundary condition for u(x, t) − c j,0.
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Fig. 2 Three distinct models of the boundary field c(x, t), x ∈ ∂U , of a compartment U , see Eq. (2.2c). (I)
The boundary field c(x, t) for x ∈ ∂U is a fixed constant c0. (II) The boundary ∂U acts as a semipermeable
membrane and particles can freely diffuse across the interface. The boundary field c(x, t) = v(x−, t) for
x ∈ U , where x− indicates that the point on the boundary is approached from the interior. (III) U is treated
as a well-mixed biochemical compartment containing K chemical specieswa , a = 0, . . . , K . The boundary
field c(x, t) = w0(t) for all x ∈ ∂U

II. Spatially inhomogeneous compartments and semi-permeable interfaces. Now sup-
pose that the boundary ∂U j acts as a semipermeable interface between diffusion in
the exterior domain Ω\U and diffusion within each interior U j . Equations (2.2a, b)
are supplemented by the following diffusion equation for the particle concentration
v j (x, t) in U j :

∂v j (x, t)

∂t
= D j∇2v j (x, t) − γ jv j (x, t) + I j , x ∈ U j , (2.3a)

and the boundary condition (2.2c) is replaced by the pair of semipermeable boundary
conditions

D∇u(x+, t) · n j (x+) = D j∇v j (x−, t) · n j (x−) = κ j [u(x+, t) − v j (x−, t)],
x ∈ ∂U j . (2.3b)

Here x± indicateswhether a point on the boundary ∂U j is approached from the exterior
or interior of the compartment U j . The diffusivity D j within the j-th compartment
may differ from the exterior diffusivity D. We also allow for the insertion and removal
of particles within U j .

III. Spatially homogeneous compartments as biochemical reaction networks. Each
compartment is treated as a biochemical reaction network involving a set of K + 1
chemical species Xa , a = 0, 1, . . . , K . Diffusion within U j is assumed to be suffi-
ciently fast so that the corresponding compartment can be treated as well-mixed. This
means that the concentrations w j,a within U j are spatially homogeneous. Only one
of the chemical species can be exchanged with the exterior domain Ω\U , which we
identify with X0. This implies that c j (x, t) ≡ w j,0(t) for all x ∈ ∂U j . Using mass
action kinetics we then have the following system of equations for the concentrations
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w j = (w j,0, w j,0, . . . , w j,K ):

dw j,a

dt
= fa(w j ) − κ jδa,0

|U j |
∫

∂U j

(w j,0(t) − u(x, t))dx (2.4)

for a = 0, 1, . . . , K . For simplicity, the mass action kinetics is taken to be the same
for all cells, that is, the form of fa is independent of j .) One can view Eqs. (2.2) and
(2.4) with c j (x, t) = w j,0(t) as a nonlinear PDE-ODE model of diffusion-mediated
communication between small signalling compartments (Gou and Ward 2016; Iyani-
wura and Ward 2021a, b). Finally, note that the factor of |U j | ensures that the number
of particles crossing ∂U j is consistent with the definition of the flux in the boundary
condition (2.2c), assuming that the compartmental and bulk concentrations are defined
with respect to the same volume.

We now summarise various biological applications of Eqs. (2.2) that involve one
of the above compartmental models.

Intracellular signalling (Straube and Ward 2009; Levy and Iron 2011, 2013). An
important component of many intracellular signal transduction pathways is the
reversible cycling between an inactive and an active protein state, which is catal-
ysed by opposing activator and deactivator enzymes. A concentration gradient in
these signalling cycles can then be generated by the spatial segregation of the oppos-
ing enzymes (Brown and Kholodenko 1999; Kholodenko 2009; Munoz-Garcia and
Kholodenko 2010; Howard 2012). One suchmechanism is the phosphorylation of pro-
teins by a membrane-bound kinase, which are then dephosphorylated by a cytosolic
phosphatase, see Fig. 3. This results in a gradient of the phosphorylated protein, with
a high concentration close to the cell membrane and a low concentration within the
interior of the cell. As the cell grows in size, the surface-to-volume ratio decreases and
membrane-activated proteins have to diffuse over longer distances in order to reach
their target such as the nucleus. Hence, the proteins become progressively deactivated
towards the cell interior, thus providing a mechanism for coupling cell growth with
the cell cycle and cell division (Meyers et al. 2006). It has also been observed that the
range of an intracellular protein gradient can be enhanced by signalling cascadesmedi-
ated by kinases located on the membranes of subcellular compartments. Cascades of
intracellular phosphorylation-dephosphorylation gradients can be formulated in terms
of Eqs. (2.2) for I0 = 0 and c j (x, t) = c j,0 (model I) (Straube and Ward 2009; Levy
and Iron 2011, 2013). The boundaries ∂U j represent the membranes of subcellular
compartments that are rich in kinases, and u(x, t) is the concentration of an acti-
vated signalling molecule in the cytosol. Phosphotases within the cytosol deactivate
the signalling molecules at the constant rate γ0. If the total cytosolic concentration
utot of activated and deactivated signalling molecules is a constant and the enzymes
on ∂U j are unsaturated, then one can identify c j,0 with utot and κ j with the rate of
phosphorylation.

Ostwald ripening of biological condensates (Alikakos et al. 2004; Kavanagh 2014;
Bressloff 2020a, b, 2024b). Ostwald ripening describes the coarsening of polydisperse
droplets during late-stage liquid-liquid phase separation, ultimately transitioning to a
single condensate in thermodynamic equilibriumwith a surrounding dilute phase (Lif-
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Fig. 3 Schematic illustration of
a protein modification cycle
where an inactive form P is
converted to an active form P∗
at the plasma membrane. Both
forms diffuse in the cytoplasm,
resulting in deactivation of P∗
by cytoplasmic enzymes

shitz and Slyozov 1961; Wagner 1961). In this example U j represents a liquid droplet
of time-dependent radius r j (t) in the high density phase, u(x, t) is the concentration
of particles in the low density phase, and γ0 = 0 = I0 = 0. A crucial assumption of
late-stage phase separation is that the droplet radii evolve on a much slower time scale
than diffusion so that for the purposes of asymptotic analysis they can be treated as
constants. This is an example of a quasi-static approximation. The boundary condition
on each surface is taken to be u(x, t) = c j,0 with

c j,0 = φa

(

1 + �c

r j

)

≡ c0(r j ), (2.5)

where φa is the density of the dilute phase under complete phase separation, and
�c is the so-called capillary length constant. (More precisely, φa denotes a volume
fraction.) Equation (2.5) expresses the Gibbs–Thomson law due to interfacial tension
on the droplet interface (Doi 2013). We thus have an example of model I in the limit
κ j → ∞. The no-flux boundary condition on ∂Ω ensures mass conservation. Under
the quasi-static approximation, the solute concentration u(x) exterior to the droplets
satisfies a steady-state diffusion equation of the form

∇2u = 0, x ∈ Ω\U , ∇u(x) · n(x) = 0 on ∂Ω, u(x) = c0(r j ) on ∂U j .(2.6)

The quasi-static approximation ensures that the total volume of condensates is con-
served. This follows from integrating Eq. (2.6a) with respect to x ∈ Ω\U and using
the divergence theorem:

N∑

j=1

∫

∂U j

∇u(x) · n(x)dx = 0. (2.7)
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Fig. 4 Schematic diagram illustrating the concentration profile as a function of x along the axis joining the
centres of two well separated droplets with different radii r1 > r2. The solute concentration c0(r1) around
the larger droplet is lower than the concentration c0(r2) around the smaller droplet due to surface tension.
This results in a net diffusive flux from the small droplet to the large droplet. Here u∞ denotes the far-field
concentration

That is, the sum of the fluxes into the N condensates is zero so that there is no net
change in the total condensate volume. The particle flux at the surface ∂U j determines
the rate of growth or shrinkage of the droplet under the adiabatic approximation.
Introduce a slow time-scale τ = t/ε2 and let r j (τ ) be the slowly varying radius of
the j-th droplet. The number N j (τ ) of particles within the j-th droplet then evolves
according to the equation

dN j (τ )

dτ
= −ε2D

∫

∂U j (τ )

∇uτ (x) · n j dx, (2.8)

where uτ (x) is the steady-state concentration for the set of radii {r1(τ ), . . . , rN (τ )},
and ∂U j (τ ) is the corresponding droplet boundary. In the case of a uniform spherical
droplet in the high density phase φb, the number of particles is N j (τ ) = |U j (t)|φb.
Hence, Eq. (2.8) yields a closed equation for the dynamics of the droplet radii.

In classical Ostwald ripening, the difference in surface concentrations c0(ri ) for
droplets of different sizes results in a net diffusive flux from small to large droplets.
This is illustrated in Fig. 4 for two droplets U1 and U2 with r2 < r1. These fluxes
modify the far-field solute concentration u∞, which ultimately leads to complete
phase separation.3 However, multiple coexisting biological condensates are found in
the cytoplasm and cell nucleus (see the reviews (Hyman et al. 2014; Brangwynne
et al. 2015; Berry et al. 2018; Mittag and Pappu 2022) and references therein). These
membrane-less organelles are viscous, liquid-like structures containing enhanced con-
centrations of various proteins and RNA,many of which can be continually exchanged
with the surrounding medium. It has been hypothesised that the coexistence of mul-
tiple droplets over significant timescales involves the active suppression of Ostwald
ripening. Various hypotheses have been given to account for this suppression: actively

3 Standard treatments of Ostwald ripening use a mean-field approximation, in which each droplet “sees”
an effective far-field concentration u∞ that is determined self-consistently. The theory of diffusion in
singularly perturbed domains can be used to calculate corrections to mean field theory (Kavanagh 2014;
Bressloff 2020a, b, 2024b).
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driven chemical reactions that maintain the out-of-equilibrium switching of proteins
between soluble and phase separating forms (Zwicker et al. 2015; Wurtz and Lee
2018; Lee and Wurtz 2019; Weber et al. 2019) (see also section 6.2); the mechanical
suppression of coarsening mediated by intracellular visco-elastic networks such as the
cytoskeleton (Feric and Brangwynne 2013; Style et al. 2018; Rosowsk et al. 2020); the
slow conversion of a molecular constituent between the dilute and dense phases due
to various regulatory interfacial proteins (Seydoux 2018; Folkmann et al. 2021; Lee
2021). The last mechanism can be implemented by considering model I with κ j < ∞
(Bressloff 2024a).

Protein clustering in membranes (Bressloff 2024b). A second example of a self-
organising process based on model I is protein clustering in cell membranes, where U j

is an anchored protein cluster and u(x, t) is the concentration of free proteins. Each
boundary U j is taken to be totally absorbing, and proteins are exchanged between
the cytosol and membrane via the active mechanisms of endocytosis and exocytosis
(Foret 2012). That is, γ0 and I0 specify the rates of endocytosis and exocytosis, respec-
tively. The aggregation or clustering of proteins and other macromolecules plays an
important role in the formation of various large-scale structures in cell membranes,
including the assemblies of cell-cell adhesion proteins in epithelia (Quang et al. 2013),
lipid raft formation (Turner et al. 2005; Rautu et al. 2018), and postsynaptic domains
(PSDs) at excitatory and inhibitory synapses in neurons. PSDs are rich in scaffold-
ing proteins that can transiently trap transmembrane neurotransmitter receptors, thus
localising them at specific sites that are apposed to active zones in presynaptic domains
where neurotransmitters are released. PSDs thus play a crucial role in determining the
effective strength of synaptic connections between cells (MacGillavry et al. 2011;
Biederer et al. 2017; Choquet 2018), see also the next application. One model of PSD
formation is based on Smoluchowski coagulation equations, in which the system is
kept out of equilibrium by the recycling of particles between the cell membrane and
interior (Ranft et al. 2017; Hakim and Ranft 2020). This results in the stabilisation of
a stationary distribution consisting of multiple clusters. (Other models treat PSD for-
mation as a reaction-diffusion process undergoing non-equilibrium pattern formation
(Haselwandter et al. 2011, 2015; Hakim and Ranft 2020; Chapdelaine et al. 2021).)
Recently, a modified PSD aggregation model has been introduced, which involves
fixed anchoring sites that trap clusters at specific positions within the membrane, con-
sistent with the alignment of PSDs and presynaptic active zone (Baillou and Ranft
2023). These anchoring sites can be identified with the compartmental centres x j . In
this particular model, cluster growth and shrinkage is based on the absorption of free
proteins at the boundaries U j , combined with endocytosis within the cluster. There
exists a unique steady-state solution satisfying the system of equations

D∇2u(x) − γ0u(x) + I0 = 0, x ∈ Ω\U , (2.9a)

D∇u(x) · n(x) = 0, x ∈ ∂Ω, u(x) = 0, x ∈ ∂U j . (2.9b)
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with the radii determined self-consistently from

D
∫

∂U j

∇u(x) · n j dx = −γ0u0|U j |, (2.10)

where u0 is the uniform concentration within a cluster.

Synaptic receptor trafficking (Bressloff et al. 2008; Bressloff 2023b). One application
of model II is synaptic receptor trafficking within the cell membrane of a neuron.
Advances in single particle tracking (SPT) and imaging techniques have established
that freely diffusing neurotransmitter receptors are temporarily confined by binding
to scaffolding proteins within the PSDs (Choquet and Triller 2013). (The dynamics of
scaffolding proteins considered in the previous example occurs on slower time scales.)
Surface receptors are also exchanged between the cellmembrane and interior of the cell
via active forms of vesicular transport (exocytosis and endocytosis). The lateral diffu-
sion and trapping of synaptic receptors occurs for almost all types of synapses. This
includes the majority of fast excitatory synapses in the central nervous system, which
involve the neurotransmitter glutamate binding to α-amino-3-hydroxy-5-methyl-4-
isoxazole-propionic acid receptors (AMPARs) within dendritic spines (Borgdorff and
Choquet 2002; Groc et al. 2004; Czondora et al. 2012; Choquet 2018), and inhibitory
synapses containing the glycine receptor (GlyR) that are found in the postsynaptic
membrane of the soma and initial portion of dendrites in spinal cord neurons (Meier
et al. 2001; Dahan et al. 2003;Maynard et al. 2023). As the effective strength or weight
of a synapse depends on the number of synaptic receptors, it follows that the synaptic
weight is determined by a non-equilibrium steady-state in which there is a dynamical
balance between different non-zero receptor fluxes (diffusive, endocytotic etc.) This
also implies that activity-dependent changes in the strength of the synapse correspond
to shifts in the dynamical balance-point.

Since a typical dendrite is hundreds of microns in length but only a few microns
in diameter, most diffusion-trapping models of AMPAR trafficking treat the dendrite
as a quasi-one-dimensional (1D) cable along which the spines are represented as
discrete point sources or sinks (Earnshaw and Bressloff 2006; Bressloff and Earnshaw
2007; Earnshaw and Bressloff 2008; Schumm and Bressloff 2022). On the other hand,
the reduction to a 1D cable model is not appropriate for inhibitory synapses located
in the somatic membrane, for example. In such cases, one has to treat the somatic
membrane as a singularly perturbed 2D domain containing one or more synapses
that act as transient traps (Bressloff 2023b).4 In terms of Eqs. (2.2a, b) and (2.3a,
b), U j represents a synapse, u(x, t) is the concentration of extrasynaptic receptors
and v j (x, t) is the concentration of synaptic receptors within the j-th synapse. The
constants γ0 and γ j represent the extrasynaptic and synaptic rates of endocytosis,

while I0 and I j are the corresponding rates of exocytosis. The inclusion of a semi-
permeable interface is motivated by the so-called partitioned fluid-mosaic model of
the plasma membrane, in which confinement domains are formed by a fluctuating
network of cytoskeletal fence proteins combined with transmembrane picket proteins

4 Analyzing the full 2D model in the case of a long thin cylindrical surface also establishes the validity of
the quasi-1D approximation for dendrites (Bressloff et al. 2008).
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that act as fence posts (Kusumi et al. 2005). Note that the effects of scaffolding proteins
within the PSD can be encoded by the synaptic diffusivity D j (Bressloff 2023b). This
exploits a well-known biophysical mechanism for reducing the diffusion coefficient,
in which scaffold proteins act as mobile buffers (Keener and Sneyd 2009). Finally,
solving the steady-state equations then determines the number of receptors in the j-th
synapse according to

N j =
∫

U j

v j (x)dx. (2.11)

Bacterial quorum sensing (Muller and Uecker 2013; Gou and Ward 2016; Iyaniwura
and Ward 2021a, b). One of the major applications of model III is bacterial quorum
sensing (QS), which is a form of collective chemical sensing and response that depends
on population density.5 Examples include bioluminescence, biofilm formation, viru-
lence, and antibiotic resistance (Waters and Basser 2005; Hense and Schuster 2015;
Pérez-Velázquez et al. 2016; Papenfort and Bassler 2016; Mukherjee and Bassler
2019). Bacterial QS involves the exchange of certain signalling molecules called
autoinducers between the intracellular and extracellular environments. At low cell
densities the concentration of autoinducers within individual cells is too low to trigger
a cellular response. However, as the population grows, the concentration of autoin-
ducers passes a threshold, resulting in the activation of various genes including those
responsible for synthesising the autoinducers. The resulting positive feedback loop
means that all of the cells initiate transcription at approximately the same time, result-
ing in some form of coordinated behaviour. The basic process at the single-cell level
is shown in Fig. 5.

Most models of bacterial QS assume that extracellular diffusion is sufficiently fast
so that one can treat the system as a population of identical homogeneous cellular
compartments diffusively coupled to a well-mixed extracellular compartment Ω\U .
The corresponding dynamics is given by a system of coupled nonlinear ODEs of the
form

dU

dt
= ακ̂

N

N∑

j=1

[

w j,0(t) −U (t)

]

− γ0U (t), α = |U |
|Ω| − |U | , (2.12a)

dw j,a

dt
= fa(w j ) − κ̂δa,0[w j,0(t) −U (t)], (2.12b)

where U (t) is the uniform extracellular autoinducer concentration, w j,0(t) is the
autoinducer concentration within the j-th cell, and α is the volume fraction of the
cytosol relative to the extracellular domain. (Note that α is related to the cell density.)
However, in order to take into account the effects of bulk diffusion, it is necessary to

5 A modified version of the PDE-ODE system given by Eqs. (2.2) and (2.4) has been used to model the
spatial spread of an airborne disease between localized patches of human populations (David et al. 2020).
The dynamics within a patch U j is given by an SIR (susceptible-infected-recovered) model, with the rate of
infection determined by the concentration of pathogen on the boundary ∂U j . The field u(x, t) represents the
concentration of diffusing pathogen outside the local populations. For simplicity, the movement of people
between patches is ignored.

123



   58 Page 12 of 52 P. C. Bressloff

Fig. 5 A schematic illustration of quorum sensing at the single-cell level

consider the coupled PDE-ODEmodel given by Eqs. (2.2) and (2.4) with γ0 a cytosolic
degradation rate, I0 = 0 and c j (x, t) = w j,0(t).

3 Matched asymptotics: steady-state analysis

Consider the steady-state diffusion problem for a constant boundary field c j,0 (model
I):

D∇2u(x) − γ0u(x) + I0 = 0, x ∈ Ω\U , (3.1a)

D∇u(x) · n = 0, x ∈ ∂Ω, (3.1b)

D∇u(x) · n j = κ j

ε
[u(x) − c j,0], x ∈ ∂U j . (3.1c)

The corresponding steady-state equations for model II are

D∇2u(x) − γ0u(x) + I0 = 0, x ∈ Ω\U , (3.2a)

D∇u(x) · n = 0, x ∈ ∂Ω, (3.2b)

D j∇2v j (x, t) − γ jv j (x, t) + I j = 0, x ∈ U j , (3.2c)

D∇u(x+) · n j (x+) = D j∇v j (x−) · n j (x−) = κ j [u(x+) − v j (x−)], x ∈ ∂U j .

(3.2d)

Finally, the steady-state version of model III is obtained by setting c j,0 = w∗
j,0 in Eq.

(3.1), with

fa(w
∗
j ) = κ jδa,0

|U j |
∫

∂U j

(w∗
j,0 − u(x))dx. (3.3)
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Fig. 6 Schematic illustration showing the mapping of a singularly perturbed diffusion problem to corre-
sponding inner and outer solutions. a Original unscaled domain. b Construction of the inner solution in
terms of stretched coordinates y = ε−1(x − x j ), where x j is the centre of the j-th compartment. The

rescaled radius is � j and the region outside the compartment is taken to be Rd , d = 2, 3, rather than the
bounded domain Ω . c Construction of the outer solution. Each compartment is shrunk to a single point.
The outer solution can be expressed in terms of the corresponding modified Neumann Green’s function and
then matched with the inner solution around each compartment

Given the basic assumption that the compartments are small and well-separated, we
can use a combination of matched asymptotics and Green’s function methods along
the lines of Refs. Ward and Keller (1993), Ward et al. (1993), Straube et al. (2007),
Gou and Ward (2016), Ward (2018) and Bressloff (2023b) in 2D and Refs. Straube
and Ward (2009), Cheviakov and Ward (2011) and Bressloff (2023) in 3D. More
specifically, we construct an inner or local solution valid in an O(ε) neighbourhood
of each compartment, and then match to an outer or global solution that is valid away
from each neighbourhood. The general construction is illustrated in Fig. 6. We now
give a detailed description of the steps of the analysis, first in 2D and then 3D. In both
cases, we develop the asymptotic analysis for model I and then indicate how to extend
the analysis to models II and III. We also perform the rescalings

κ j → κ j

ε
, I j → I j

ε2
, γ̄0 → γ̄ j

ε2
, j = 1, . . . , N , (3.4)

so that the total flux across the boundary ∂U j and the rates of insertion and removal
within U j are O(1).6 Finally, without loss of generality, se take I0 = 0. (If I0 > 0
then we simply perform the shifts u(x) → u(x) − I0/γ0, c j,0 → c j,0 − I0/γ0 etc.)

6 One example where the reactivity κ j is not rescaled is in a conversion-limited model of Ostwald ripening
during the liquid-liquid phase separation of biological condensates (Lee 2021; Bressloff 2024b) Taking
the flux across each droplet boundary to be O(ε) means that the coarsening of droplets is significantly
slowed down, resulting in the coexistence of multiple droplets over relevant biological timescales. The
corresponding matched asymptotic analysis has to be modified accordingly.
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3.1 Asymptotic analysis in 2D

In the 2D case (d = 2), the inner solution of Eqs. (3.1) near the j-th compartment is
constructed by introducing the stretched local variable y = ε−1(x − x j ) and setting

Uj ( y) = u(x j + ε y). (3.5)

The inner solution Uj then satisfies (on dropping O(ε) terms)

D∇2
yUj ( y) = 0, | y| > � j , (3.6a)

D∇ yUj ( y) · n j ( y) = κ j [Uj ( y) − c j,0], | y| = � j . (3.6b)

Since the inner problem is considered to be circularly symmetric, we use polar coor-
dinates with | y| = ρ and set Uj = Uj (ρ) such that

d2Uj

dρ2 + 1

ρ

dU j

dρ
= 0, ρ > � j , D

dUj

dρ

∣
∣
∣
∣
ρ=� j

= κ j [Uj (� j ) − c j,0], (3.7)

which has the general solution

Uj (ρ) = Φ j + A j log[ρ/� j ], � j ≤ ρ < ∞, (3.8)

with

Φ j = c j,0 + A j D

κ j� j
. (3.9)

In order to determine the N coefficients A j we have to match the far-field behaviour
of the inner solution U with the outer solution. The outer solution is constructed by
shrinking each compartment to a single point and imposing a corresponding singularity
condition that is obtained by matching with the inner solution. The outer equation is
given by

D∇2u(x) − γ0u(x) = 0 (3.10)

for x ∈ Ω ′ ≡ Ω\{x1, . . . , xN }, together with the boundary condition D∇u · n =
0, x ∈ ∂Ω . The corresponding singularity conditions are

u(x) ∼ Φ j + A j
[
log(|x − x j |/� j ) − log ε

]
(3.11)

for x → x j . A common feature of strongly localised perturbations in 2D domains
(Ward and Keller 1993) is the appearance of the small parameter

ν = − 1

log ε
. (3.12)
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In order to eliminate the 1/ν term in the singularity condition (3.11), we rescale the
unknown coefficients A j by setting A j = νA j . It is well-known that ν → 0 more
slowly than ε → 0. Hence, if one is interested in obtaining O(1) accuracy with
respect to an ε expansion, then it is necessary to sum over the logarithmic terms
non-perturbatively (Ward and Keller 1993; Ward et al. 1993).

The first step is to introduce the Neumann Green’s function of the modified
Helmholtz equation according to7

D∇2G(x, x′) − γ0G(x, y) = −δ(x − x′), x, x′ ∈ Ω, (3.13a)

∇G(x, x′) · n(x) = 0, x ∈ ∂Ω,

∫

Ω

G(x, x′)dx = 1

γ0
. (3.13b)

Note that the 2D Green’s function can be decomposed as

G(x, x′) = − log |x − x′|
2πD

+ R(x, x′), (3.14)

where R is the non-singular part of the Green’s function. It follows that the solution
of Eq. (3.10) can be written in the form

u(x) ∼ −2πνD
N∑

k=1

AkG(x, xk). (3.15)

We have N unknown coefficients A j , which are determined by matching the inner
and outer solutions:

A j
[
1 + νΨ j − ν log � j + 2πDνR(x j , x j )

]+ 2πDν
∑

k �= j

AkG(x j , xk) = −c j,0.

(3.16)

We have set Φ j = c j,0 + νA j (ν)Ψ j for convenience with Ψ j = D/(κ j� j ). Also
note that the first term A j on the left-hand side follows from the factor “− log ε”
multiplying A j in Eq. (3.11). Let us rewrite Eq. (3.16) as a matrix equation:

[I + ν (Ψ + 2πDG)] a = −c0, (3.17)

where I is the N × N identity matrix,

a = (A1, . . . , AN )�, Ψ = diag(Ψ1, . . . , ΨN ), (3.18)

and G is an N × N matrix with entries

Gi j = G(xi , x j ), i �= j, G j j = R(x j , x j ) − log � j

2πD
. (3.19)

7 There are very few geometries for which the 2D or 3D Neumann Green’s function of the modified
Helmholtz equation is known explicitly, see Appendix A.
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Inverting Eq. (3.17) yields in component form

A j = −
N∑

i=1

(I + νM)−1
j i ci,0, j = 1, . . . , N , (3.20)

with

Mji = Ψ jδi, j + 2πDG j i . (3.21)

Note that the solution (3.20) for A j is a non-perturbative function of the small param-
eter ν, which was obtained by matching the inner and outer solutions using Green’s
functions along the lines originally developed in Refs. Ward and Keller (1993) and
Ward et al. (1993). This effectively sums over the logarithmic terms, which is equiva-
lent to calculating the asymptotic solution for all terms of O(νk) for any k. It is O(1)
with respect to a corresponding ε expansion. If one were to Taylor expand Eq. (3.20)
in powers of ν, then the leading order form of the outer solution would be

u(x) ∼ 2πνD
N∑

k=1

ck,0G(x, xk). (3.22)

Finally, note that the asymptotic solution (3.20) still holds in the limit κ j → ∞,
except that Ψ j → 0. This corresponds to having the Dirichlet boundary condition
u(x) = c j,0 for all x ∈ ∂U j .

Zero degradation(γ0 = 0).Special care has to be takenwhenγ0 = 0, since the solution
of Laplace’s equation in a bounded domain Ω with a reflecting boundary ∂Ω is only
defined up to a constant. The corresponding generalised Neumann Green’s function
satisfies the equation

D∇2G0 = 1

|Ω| − δ(x − x′), x, x′ ∈ Ω, (3.23a)

n · ∇G0 = 0 on ∂Ω,

∫

Ω

G0dx = 0 (3.23b)

for fixed y. The additional constant term 1/|Ω| on the right-hand side of Eq. (3.23a)
is needed in order to ensure that both sides yield zero when integrating with respect
to x ∈ Ω . The condition

∫
Ω
G0dx = 0 determines G0 uniquely. Again we can

decompose G0 as

G0(x, x′) = − ln |x − x′|
2πD

+ R0(x, x′), (3.24)

where R0 is the regular part of the Green’s function G0. (Some examples of G0 in
simple geometries are collected in Appendix A.) The analysis of the inner solution is
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identical to the case γ0 > 0. However, the outer solution is now only defined up to a
constant u∞ such that

u(x) ∼ u∞ − 2πDν

N∑

k=1

AkG0(x, xk) (3.25)

for x /∈ {x j , j = 1, . . . , N } and some constant u∞. Since
∫
Ω
G0dx = 0, it follows

that

u∞ = |Ω|−1
∫

Ω

u(x)dx. (3.26)

In addition, if x /∈ {x j , j = 1, . . . , N } then

∇2u(x) ∼ −2πD
N∑

k=1

Ak∇2G0(x, xk) = − 2π

|Ω|
N∑

=1

Ak .

Hence, the outer solution satisfies the steady-state diffusion equation if and only if

N∑

k=1

Ak = 0. (3.27)

In order to determine the N + 1 unknown coefficients, A j , j = 1, . . . , N and u∞,
we require N + 1 linearly independent conditions. One of these is given by Eq. (3.27)
whereas the others are obtained frommatching the inner and outer solutions. Proceed-
ing along similar lines to the derivation of Eq. (3.20) we find that

A j =
N∑

i=1

(I + νM0)
−1
j i [u∞ − ci,0], j = 1, . . . , N , (3.28)

with

M0 = Ψ + 2πDG0, G0, j j = R0(x j , x j ) − ln � j

2πD
and G0, j i = G0(x j , xi ), j �= i .

(3.29)

Imposing the constraint (3.27) on Eq. (3.28) then determines the unknown constant
u∞:

u∞ =
⎡

⎣
N∑

i, j=1

(I + νM0)
−1
j i

⎤

⎦

−1
N∑

i, j=1

(I + νM0)
−1
j i c j,0. (3.30)
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Finally, note that expanding Eqs. (3.28) and (3.30) to O(ν) yields

A j ∼ u∞ − c j,0, u∞ ∼ c0 ≡ 1

N

N∑

k=1

ck,0, (3.31)

and the outer solution reduces to

u(x) ∼ c0 − 2πDν

⎡

⎣
N∑

k=1

(c0 − ck,0)G0(x, xk) − 1

N

N∑

j,k=1

(c0 − ck,0)[G0, jk + Ψkδ j,k ]
⎤

⎦ .

(3.32)

One important application of the above analysis is determining the coarsening
dynamics of 2D Ostwald ripening (Kavanagh 2014; Bressloff 2020a). First, substi-
tuting the inner solution (3.8) into Eq. (2.8) under the adiabatic approximation and
setting |U j | = πr2j with r j = ε� j gives to leading order

d� j

dτ
= DνA j

� jφb
∼ Dν

� jφb
(u∞ − c j,0), j = 1, . . . , N . (3.33)

Substituting for c j,0 using Eq. (2.5) then implies that

u∞ − c j,0 ∼ φa

N

N∑

k=1

(

1 + �c

rk

)

− φa

(

1 + �c

r j

)

= φa

[
1

N

N∑

k=1

1

rk
− 1

r j

]

.(3.34)

Hence,

d� j

dτ
= Dνφa

� jφb

(
1

�harm
− 1

� j

)

, j = 1, . . . , N , (3.35)

where �harm is the harmonic mean of the droplet radii,

1

�harm
= 1

N

N∑

k=1

1

rk
. (3.36)

Including higher-order terms in the asymptotic expansion then yields corrections to
this mean field result.

Semi-permeable interface (model II). The onlymodification of the inner solution (3.8)
and the outer solution (3.15) in the case of a semipermeable interface concerns the cal-
culation of the constants c j,0 and Ψ j appearing in the matching condition (3.16). That
is, we have to extend the inner solution so that it includes the effects of diffusion within
each compartment as determined by Eqs. (3.2). In terms of stretched coordinates, we
set

Uj ( y) = u(x j + ε y), Vj ( y) = v j (x j + ε y). (3.37)
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The inner solutions Uj , Vj then satisfy (on dropping O(ε) terms)

D∇2
yUj ( y) = 0, | y| > � j , (3.38a)

D j∇2
yVj ( y) − γ j V j ( y) + I j = 0, | y| < � j , (3.38b)

D∇ yUj ( y+) · n j ( y+) = D j∇ yVj ( y−) · n j ( y−) = κ j [Uj ( y+) − Vj ( y−)], | y| = � j .

(3.38c)

Using polar coordinates with | y| = ρ, the solution can be written as Bressloff (2023b)

Uj = Φ j + νA j (ν) log ρ/� j , � j ≤ ρ < ∞, (3.39a)

Vj = I j

γ j
+ Φ j

I0
(
β jρ

)

I0(β j� j )
, 0 ≤ ρ ≤ � j , (3.39b)

where β j =
√

γ̄ j/D̄ j and I0 is a modified Bessel function of the first kind. The

coefficients Φ j , Φ j can be expressed in terms of νA j by imposing Eqs. (3.38c). After
some algebra, we find that

Φ j = I j

γ j
+ νA j

[
D

κ j� j
+ D

D jF(β j� j )

]

, Φ j = νA j
D

DF(β j� j )
, (3.40)

with

F(x) := x I1 (x)

I0(x)
. (3.41)

It follows that

c j .0 = I j

γ j
, Ψ j = D

κ j� j
+ D

D jF(β j� j )
(3.42)

in the matching condition (3.16). Note that in the limit D j → ∞ for all j = 1, . . . , N
we recover model I.

The above model has been used to study the effects of bulk diffusion on synaptic
receptor trafficking in somatic inhibitory synapses (Bressloff 2023b). Substituting Eq.
(3.39b) into Eq. (2.11) then gives the following expression for the steady-state number
of receptors in the j-th synapse:

N j = 2πε2
∫

U j

V j (ρ)ρdρ ∼ πε2�2j
I j

γ j
+ 2πε2νDA j

D j

∫ � j

0

I0
(
β jρ

)

β j� j I1(β j� j )
ρdρ

= πε2�2j
I j

γ j
+ 2πνDA j

γ j/ε
2 . (3.43)
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We have used the Bessel function identity d
dx [x I1(x)] = x I0(x), which implies that

∫ � j

0
I0(β jρ)ρdρ = β−2

j

∫ β j � j

0
x I0(x)dx = 1

β
2
j

∫ β j � j

0

d

dx
[x I1(x)]dx

= � j

β j
I1(β j� j ).

It follows that the synaptic strength as determined by N j depends on local synaptic
parameters such as the rates of endo/exocytosis γ j/ε

2 and I j/ε
2, the synaptic dif-

fusivity D j , and the size of the synapse ε� j . However, there is also a heterosynaptic
component to the synaptic strength due to the fact that the coefficient A j depends on
all of the other synapses through the matching condition (3.16) (Bressloff 2023b).

Biochemical reaction network (model III). In compartmental model III the constant
c j,0 = w∗

j,0 is determined from Eq. (3.3) under the mappings κ j → κ j/ε by setting
u(x) = Uj (� j ) on ∂U j :

f̂a(w
∗
j ) = κ jδa,1

∫

∂U j

(w∗
j,0 −Uj (� j ))d y = κ jδa,02π� j (w

∗
j,0 −Uj (� j )). (3.44)

We have also set fa(w) = f̂a(w)/|U j |. Using Eqs. (3.8) and (3.9) with c j,0 = w∗
j,0,

we obtain the nonlinear algebraic system (Gou and Ward 2016)

f̂a(w
∗
j ) + 2πDνA jδa,0 = 0. (3.45)

(Recall from Eq. (3.20) that the coefficients A j depend on all the coefficients ck,0,
k = 1, . . . , N .) Since the underlying coupled PDE-ODE system is nonlinear, it fol-
lows that there may exist more than one solution of Eq. (3.45). However, in order to
determine the stability of each steady-state solution, one has to linearise the full time-
dependent equations and solve a non-trivial eigenvalue problem (Gou andWard 2016).
Linear stability analysis also yields necessary conditions for the occurrence of a Hopf
bifurcation, signalling the emergence of collective oscillations. Alternatively, asymp-
totic methods can be used to reduce the PDE-ODE system to an effective nonlinear
ODE system in the fast diffusion regime (Gou and Ward 2016; Iyaniwura and Ward
2021a, b), providing a more tractable framework for investigating diffusion-mediated
synchronisation, see also Sect. 5.

3.2 Asymptotic analysis in 3D

The 3D analysis of Eqs. (3.1) is based on an asymptotic expansion with respect to ε

rather than ν (Straube and Ward 2009; Cheviakov and Ward 2011; Bressloff 2023).
The outer solution is expanded as

u(x) ∼ εu1(x) + ε2u2(x) + . . . (3.46)
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with

D∇2un(x) − γ0un(x) = 0, x ∈ Ω\{x1, . . . , xN }; ∇un(x) · n(x) = 0, x ∈ ∂Ω

(3.47a)

for n = 1, 2. . . .. Equations (3.47) are supplemented by singularity conditions as
x → x j , j = 1, . . . , N . The latter are determined by matching to the inner solution.
In the inner region around the j-th compartment, we again introduce the stretched
coordinates y = ε−1(x − x j ) and set Uj (y) = u(x j + ε y). Expanding the inner
solution as

Uj ( y) = Uj,0( y) + εUj,1( y) + . . . , (3.48)

we have

D∇2
yUj,n( y) = γ0Uj .n−2( y), | y| > � j , (3.49a)

D∇ yUj,n( y) · n j ( y) − κ jU j,n( y) = −κ j c j,0δn,0, | y| = � j . (3.49b)

(Note that Uj,n ≡ 0 for n = −2,−1.) Finally, the matching condition is that the
near-field behaviour of the outer solution as x → x j should agree with the far-field
behaviour of the inner solution as | y| → ∞, which is expressed as

εu1(x) + ε2u2(x) ∼ Uj,0(x) + εUj,1(x) + . . . (3.50)

In particular, note that the far-field behaviour of Uj,n determines the near-field
behaviour of un+1 so we alternate between the inner and outer solutions during match-
ing.

In order to solve the inner BVP for Uj,0, we introduce spherical polar coordinates
and set Uj,0 = Uj,0(ρ):

d2Uj,0

dρ2 + 2

ρ

dU j,0

dρ
= 0, ρ > � j , D

dUj,0

dρ

∣
∣
∣
∣
ρ=� j

= κ j [Uj,0(� j ) − c j,0].
(3.51)

Assuming that the solution decays at infinity, we have

Uj,0 = Λ j c j,0
ρ

, Λ j := κ j�
2
j

κ j� j + D
. (3.52)

(Note thatΛ j → � j in the limit κ j → ∞.) Thematching condition (3.50) then implies
that u1(x) satisfies Eqs. (3.47) together with the singularity condition

u1(x) ∼ Λ j c j,0
|x − x j | as x → x j .
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It follows that the leading order contribution to the outer solution can be written as

u1(x) = 4πD
N∑

k=1

ΛkckG(x, xk), (3.53)

where G is the 3D version of the modified Helmholtz Green’s function defined in Eq.
(3.13). In particular, the 3D Green’s function has the singularity structure

G(x, x′) = 1

4πD|x − x′| + R(x, x′). (3.54)

Next we match the far-field behaviour of Uj,1( y) with the non-singular contribution
to the near-field behaviour of u1(x) around U j . That is, Uj,1( y) ∼ χ j as | y| → ∞
with

χ j = 4πDΛ j c j,0R(x j , x j ) + 4πD
N∑

k �= j

Λkck,0G(x j , xk). (3.55)

It follows that the solution of Eq. (3.49) for n = 1 is

Uj,1 = χ j

(

1 − Λ j

ρ

)

. (3.56)

Hence, u2(x) satisfies Eq. (3.47) supplemented by the singularity condition

u2(x) ∼ − χ jΛ j

|x − x j | as x → x j .

Following along identical lines to the derivation of u1(x), we obtain the result

u2(x) = −4πD
N∑

k=1

ΛkχkG(x, xk). (3.57)

In conclusion, the outer solution takes the form

u(x) ∼ 4πDε

N∑

k=1

Λk(ck,0 − εχk)G(x, xk), (3.58)

while the inner solution around the j-th cluster is

Uj (ρ) ∼ Λ j

ρ

(
c j,0 − εχ j

)
. (3.59)
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Zero degradation (γ0 = 0). As in the case of 2D diffusion, we have to modify the
analysis when γ0 = 0. In particular, the outer solution has a constant O(1) term that
has to be determined self-consistently:

u(x) ∼ u∞ + εu1(x) + ε2u2(x) + . . . (3.60)

The leading order contribution to the inner solution now takes the form

Uj,0(ρ) = u∞ − Λ j (u∞ − c j,0)

ρ
, (3.61)

with Λ j defined in (3.52). The subsequent analysis proceeds along identical lines to
the previous case. The outer solution becomes

u(x) ∼ u∞ + 4πDε

N∑

k=1

Λk(ck,0 − u∞ − εχk)G0(x, xk), (3.62)

while the inner solution around the j-th cluster is now

Uj (ρ) ∼ u∞ + Λ j

ρ

(
c j,0 − u∞ − εχ j

)
. (3.63)

Here G0 is the 3D version of the modified Green’s function of Eq. (3.23), and χ j is
given by Eq. (3.55) after replacing c j,0 by c j,0 − u∞. The unknown constant u∞ is
determined by ensuring that the outer solution (3.62) satisfies the steady-state equation
∇2u(x) = 0. Applying the Laplacian ∇2 to both sides of Eq. (3.62) implies that for
x /∈ {x j , j = 1, . . . , N }, we have

0 = ∇2u(x) ∼ 4πD
N∑

j=1

Λ j
(
c j,0 − u∞ − εχ j

)∇2G0(x, xi )

∼ 4π

|Ω|
N∑

j=1

Λ j
(
c j,0 − u∞ − εχ j

)
.

It follows that to O(ε)

u∞ =
∑N

j=1 Λ j [c j,0 − εχ j ]
∑N

i=1 Λi
. (3.64)

Equations of the form (3.58) and (3.62) have been used to characterise the spatial
decay of intracellular protein gradients under phosphorylation- dephosphorylation
(Straube and Ward 2009). Analogous to the 2D case, Eq. (3.62) has also been used
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to determine droplet coarsening dynamics in 3D Ostwald ripening. Substituting Eq.
(2.5) into Eq. (3.64) and taking the limit Λ j → � j , we have

u∞ ∼ φa
∑N

j=1 � j
(
1 + �c/ε� j

)

∑N
i=1 �i

= φa + φa�c
∑N

i=1 �i
. (3.65)

Moreover, since |U j | = 4πr3j /3 with r j = ε� j , we find that Eq. (2.8) becomes

d� j

dt
= Dφa�c

φb� j

(
1

�av
− 1

� j

)

, j = 1, . . . , N , where �av = 1

N

N∑

k=1

�k . (3.66)

Hence, at time τ all droplets satisfying � j (τ ) < �av(τ ) (� j (τ ) < �av(τ )) are growing
(shrinking). This means that the critical radius �av(τ ) is an increasing function of time
so that only a single droplet remains in the limit τ → ∞.

Semi-permeable interface (model II).Consider the 3Dversion of the innerBVP (3.38).
Introducing the series expansions

Uj ( y) = Uj,0( y) + εUj,1( y) + . . . , Vj ( y) = Vj,0( y) + εVj,1( y) + . . .(3.67)

we have for n = 0, 1

D∇2
yUj,n( y) = 0, (3.68a)

D j∇2
yVj,n( y) − γ j V j,n( y) + I jδn,0 = 0, | y| < � j , (3.68b)

D∇Uj,n( y) · n j = D j∇Vj,n( y) · n j = κ j [Uj,n( y) − Vj,n( y)], | y| = � j .

(3.68c)

For the sake of illustration, we calculate the leading order contribution (n = 0), which
in spherical polar coordinates is the solution to the BVP

D
∂2Uj,0(ρ)

∂ρ2 + 2D

ρ

∂Uj,0(ρ)

∂ρ
= 0, ρ > � j , (3.69a)

D j
∂2Vj,n0(ρ)

∂ρ2 + 2D

ρ

∂Vj,0(ρ)

∂ρ
− γ j V j,0(ρ) + I j = 0, ρ < � j , (3.69b)

D
∂Uj,0(�

+
j )

∂ρ
= D j

∂Vj,0(�
−
j )

∂ρ
= κ j [Uj,0(�

+
j ) − Vj,0(�

−
j )]. (3.69c)

Assuming that Uj,0(ρ) vanishes at infinity, we obtain a solution of the form

Uj,0(ρ) = A j

ρ
, Vj,0(ρ) = I j

γ j
+ Bj

sinh(β jρ)

ρ
, (3.70)
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with β j =
√

γ j/D j . Substituting into the boundary conditions (3.69c) gives

−DA j

� j
= κ j

[

A j − I j� j

γ j
− Bj sinh(β j� j )

]

= D j B j

{

β j cosh(β j� j ) − 1

� j
sinh(β j� j )

}

, (3.71)

which can be rearranged to yield the result

A j = D j
{
β j� j cosh(β j� j ) − sinh(β j� j )

}

D�−1
j sinh(β j� j ) + D jΛ

−1
j

{
β j� j cosh(β j� j ) − sinh(β j� j )

}
I j

γ j
, (3.72)

with Λ j defined in (3.52). Note that we recover Eq. (3.52) with c j,0 = I j/γ j in the

fast diffusion limit D j → ∞.

Biochemical reaction network (model III). The 3D version of Eq. (3.44) is

f̂a(w
∗
j ) − κ jδa,04π�2j (w

∗
j,0 −Uj (� j )) = 0. (3.73)

Using Eq. (3.59) with c j,0 = w∗
j,0, we thus obtain the nonlinear algebraic system

f̂a(w
∗
j ) + 4πDκ j�

2
jw

∗
j,0

κ j� j + D
δa,0 + O(ε) = 0. (3.74)

The existence of steady-state solutions and the reduction of the PDE-ODE system to
a nonlinear ODE system is developed in Ref. Muller and Uecker (2013). However, as
far as we are aware, the emergence of collective oscillations via a Hopf bifurcation
has not yet been explored in 3D.

4 Relaxation to steady state and the accumulation time

Models I and II are linear diffusion problems and we expect the system to relax to a
unique steady-state. In many applications one is also interested in characterizing the
relaxation to steady state. A standard approach is to calculate the principal nonzero
eigenvalue of the negative Laplacian (Ward and Keller 1993; Ward et al. 1993; Chevi-
akov and Ward 2011). However, this is a global measure of the relaxation process
that does not account for possible differences in the relaxation rate at different spatial
locations. In addition, it relies on the assumption that the eigenvalues have sufficiently
large spectral gaps. Therefore, in this section we use asymptotic methods to calculate
the accumulation time for singularly perturbed diffusion problems (Bressloff 2022,
2023a).

Following Ref. Bressloff (2022), consider the simple motivating example of dif-
fusion along the finite interval, x ∈ [0, L], with a constant flux J0 at the end x = 0
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and a reflecting boundary at x = L . The concentration u(x, t) satisfies the diffusion
equation8

∂u

∂t
= −Lu ≡ D

∂2u

∂x2
− γ0u, 0 < x < L; −D

∂u

∂x

∣
∣
∣
∣
x=0

= J0, −D
∂u

∂x

∣
∣
∣
∣
x=L

= 0,

(4.1)

with u(x, 0) = 0. If L � ξ ≡ √
D/γ0, then the boundary condition at x = L can

be neglected and u(x) = (Jξ/D)e−x/ξ with ξ identified as the space constant for
exponential decay. One way to quantify the relaxation to steady state is to consider
the eigenfunction expansion 0 < λ0 < λ1 . . .

u(x, t) − u(x) =
∑

n≥0

cnφn(x)e
−λn t , (4.2)

where (λn, φn(x)), n ≥ 0, are the eigenvalues and eigenfunctions of the linear operator
L = −D∂2x + γ0 with homogeneous boundary conditions:

Lφn(x) = λnφn(x), x ∈ [0, L], φ′
n(0) = φ′

n(L) = 0. (4.3)

The eigenfunctions form a complete orthonormal set

∫ L

0
φm(x)φn(x)dx = δn,m . (4.4)

A straightforward calculation shows that

φn(x) = An cos(nπ(L − x)/L), λn = γ0 + n2π2D

L2 , n ≥ 0. (4.5)

If the positive eigenvalues are well separated, then the relaxation to steady state will
be dominated by the term c0φ0(x)e−λ0t with λ0 = γ0 and φ0(x) = constant. (The
constants cn are determined by the initial condition.) Hence, we can identify 1/γ0 as
the effective relaxation time.

In order to define the corresponding accumulation time for the above 1D problem,
let

Z(x, t) = 1 − u(x, t)

u(x)
(4.6)

8 In the particular application to morphogenesis, u(x, t) represents the extracellular morphogen concen-
tration gradient along the body axis of a developing embryo, while the boundary flux at x = 0 is generated
by local protein synthesis (Berezhkovskii et al. 2010, 2011; Berezhkovskii and Shvartsman 2011; Gordon
et al. 2011). The constant γ0 is an effective degradation rate due to binding of morphogen to cell sur-
face receptors. The spatially varying morphogen concentration drives a corresponding spatial variation in
gene expression through some form of concentration thresholding mechanism.This converts a continuously
varying morphogen concentration into a discrete spatial pattern of differentiated gene expression across a
cell population. One constraint of the model is that the concentration gradient should be established within
appropriate developmental time scales.
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denote the fractional deviation of the concentration from steady state. Assuming that
there is no overshooting, i. e. no sign reversal of Z(x, t), then 1 − Z(x, t) can be
interpreted as the fraction of the steady-state concentration that has accumulated at
x by time t . It follows that −∂t Z(x, t)dt is the fraction accumulated in the interval
[t, t +dt]. The accumulation time T (x) at position x is then defined as Berezhkovskii
et al. (2010, 2011); Gordon et al. (2011):

T (x) =
∫ ∞

0
t

(

−∂Z(x, t)

∂t

)

dt =
∫ ∞

0
Z(x, t)dt . (4.7)

In terms of the eigenfunction expansion (4.2),

T (x) = − 1

u(x)

∫ ∞

0

∑

n≥0

cnφn(x)e
−λn t dt = −

∞∑

n=0

cnφn(x)

λnu(x)
, (4.8)

which is non-singular since λn > 0 for all n ≥ 0. For the simple diffusion process
given by Eq. (4.1), T (x) can be calculated explicitly in the limit L → ∞ and one
finds that Berezhkovskii et al. (2010)

T (x) = 1

2γ0

(

1 +
√

γ0

D
x

)

. (4.9)

Let us now turn to Eqs. (2.2) with c j (x, t) = c j,0 (model I) and an initial condition
u(x, 0) = u0(x) with u0(x) having compact support on Ω\U . Suppose that there
exists a unique solution u(x) of the steady-state Eqs. (3.1). In contrast to the above
1D example, care has to be taken regarding the sign of u(x) − u(x, t). If the initial
condition u0(x) = 0, then u(x) − u(x, t) > 0 for all x ∈ Ω\U since the boundaries
U j act as source terms. On the other hand, if u0(x) has sufficient nonzero compact
support then the boundaries act as sinks and u(x) − u(x, t) < 0 for all x ∈ Ω\U . We
will consider the latter example here and thus reverse the sign in the definition of the
accumulation time:

T (x) =
∫ ∞

0
t

(
∂Z(x, t)

∂t

)

dt = −
∫ ∞

0
Z(x, t)dt = − lim

s→0
s Z̃(x, s), (4.10)

where we have introduced the Laplace transform Z̃(x, s) = ∫∞
0 e−st Z(x, t)dt .

Laplace transforming the higher-dimensional version of Eq. (4.12) implies that

s Z̃(x, s) = 1 − sũ(x, s)

u(x)
, (4.11)

so that the corresponding accumulation time can be written as

T (x) = − lim
s→0

1

s

[

1 − sũ(x, s)

u(x)

]

= 1

u(x)

d

ds
[sũ(x, s)

∣
∣
∣
∣
s=0

. (4.12)
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(In order to calculate the accumulation time for higher-dimensional diffusion in a
singularly perturbed domain, it is more convenient to work in Laplace space.) Laplace
transforming Eqs. (2.2) with c j (x, s) = c j,0/s and I0 = 0, we have

D∇2ũ(x, s) − (s + γ0)̃u(x, s) + u0(x) = 0, x ∈ Ω\U , (4.13a)

D∇ũ(x, s) · n(x) = 0, x ∈ ∂Ω, (4.13b)

D∇ũ(x, s) · n j (x) = κ j

[
ũ(x, s) − c j,0

s

]
, x ∈ ∂U j .

(4.13c)

Mathematically speaking, these equations are identical in form to the steady-state
problem under the mappings γ0 → γ0 + s, c j,0 → c j,0/s and an effective external
input u0(x). Hence, the asymptotic methods presented in Sect. 3 can be extended to
solve the diffusion problem in Laplace space. (This also holds for model II, but breaks
down in the case of model III due to the presence of nonlinear time-dependent terms;
extensions of the latter beyond steady-state analysis will be discussed in Sect. 5.) Also
note that the steady-state solution could also be recovered using the identity

u(x) = lim
t→∞ u(x, t) = lim

s→0
sũ(x, s),

One subtle feature about working in Laplace space concerns the small-s behaviour
of the corresponding Green’s function G(x, x′; s), which is defined by Eqs. (3.13)
under the mapping γ0 → γ0+s. (The small-s behaviour is needed in order to evaluate
the accumulation time using Eq. (4.12).) For γ0 > 0, the Green’s function is a nonsin-
gular function of s such that lims→0 G(x, x′; s) = G(x, x′). However, in the special
case γ0 = 0 (zero degradation), G has a simple pole at s = 0 such that Bressloff
(2022, 2023a)

G(x, x′; s) = 1

s|Ω| + G0(x, x′) + s∂sG(x, x′; 0) + O(s2), (4.14)

where G0 satisfies Eqs. (3.23). This causes particular problems in 3D, since we obtain
a double series expansion in ε and s that includes terms in powers of ε/s. Although
such terms can be eliminated by performing partial summations, the details are rather
technical (Bressloff 2023a). Therefore, we will restrict the analysis to the case γ0 > 0.

4.1 Asymptotic analysis in 2D

Following along identical lines to section 3.1, the inner solution takes the form

Ũ j (x, s) = c j,0
s

+ ν Ã j (s)D

κ j� j
+ ν Ã j (s) log[ρ/� j ], � j ≤ ρ < ∞, (4.15)
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provided that s < 1/ε2. (Since we are ultimately interested in the limit s → 0, this
restriction is not an issue here.) Similarly, the outer solution becomes

ũ(x, s) ∼ Γ0(x, s) − 2πνD
N∑

k=1

Ãk(s)G(x, xk; s), (4.16)

where

Γ0(x, s) =
∫

Ω

G(x, x′; s)u0(x′)dx ′. (4.17)

Matching the inner and outer solutions yields a system of N equations for the N
unknown coefficients Ã j (s):

Ã j (s)
[
1 + νΨ j − ν log � j + 2πDνR(x j , x j ; s)

]+ 2πDν
∑

k �= j

Ãk(s)G(x j , xk; s)

= −c j,0
s

+ Γ0(x, s). (4.18)

We thus obtain the matrix solution

Ã j (s) = −
N∑

i=1

(I + νM(s))−1
j i

[ci,0
s

− Γ0(xi , s)
]
, j = 1, . . . , N , (4.19)

with

Mji (s) = Ψ jδi, j + 2πDG j i (s), (4.20)

and

Gi j (s) = G(xi , x j ; s), i �= j, G j j = R(x j , x j ; s) − log � j

2πD
. (4.21)

For γ0 > 0, the Green’s function G(x, x′; s) is non-singular in the limit s → 0.
Hence, multiplying the outer solution (4.16) by s, differentiating with respect to s and
taking the limit s → 0 gives

lim
s→0

dsũ(x, s)

ds
∼ −2πνD

N∑

k=1

{
A′
kG(x, xk) + AkH(x, xk)

}+ Γ0(x, 0), (4.22)

where

H(x, xk) = lim
s→0

∂G(x, xk; s)
∂s

, (4.23)
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A j = lims→0 s Ã j (s) is the coefficient of the corresponding steady-state solution, and

A′
j = lim

s→0

(
d[s Ã j (s)]

ds

)

= ν

N∑

i=1

Θ j i ci,0 +
N∑

i=1

(I + νM(0))−1
j i Γ0(xi , 0),(4.24)

with

Θ = (I + νM(0))−1 M ′(0) (I + νM(0))−1 . (4.25)

We have multiplied both sides of Eq. (4.19) by s and differentiated with respect to s
using the matrix identity

0 = d

ds

[
T(s)T(s)−1

]
= T′(s)T(s)−1 + T(s)

d

ds
T(s)−1 (4.26)

for any invertible and differentiable matrix T(s). Combining the various results yields
the following general expression for the accumulation time:

T (x) ∼ Γ0(x, 0) − 2πνD
∑N

k=1

{
A′
kG(x, xk) + AkH(x, xk)

}

2πνD
∑N

k=1 AkG(x, xk)

∼
∫
Ω
G(x, x′)u0(x′)dx′

2πνD
∑N

k=1 G(x, xk)ck,0
+ O(1). (4.27)

A general result of this analysis is that the accumulation time diverges as ν → 0 in
the case of a nonzero initial condition u0(x) in the bulk, for which the compartments
act as strongly localised sinks. The situation is very different if u0(x) ≡ 0 for all
x ∈ Ω\U , since the compartments now act as strongly localised sources from which
particles diffuse into the bulk. Reversing the sign in the definition of the accumulation
time, we have T (x) = O(1).

4.2 Asymptotic analysis in 3D

We now turn to the aysmptotic analysis of Eqs. (4.13) in 3D. The outer solution can
be expanded as

ũ(x, s) ∼ Γ0(x, s) + εũ1(x, s) + ε2ũ2(x, s) + . . . (4.28)

with

D∇2ũn(x, s) − γ0un(x, s) = 0, x ∈ Ω\{x1, . . . , xN }, (4.29a)

∇ũn(x, s) · n(x) = 0, x ∈ ∂Ω (4.29b)
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for n = 1, 2. . . .. Equations (4.29) are supplemented by singularity conditions as
x → x j , j = 1, . . . , N . The latter are determined by matching to the inner solution

Ũ j ( y, s) = Ũ j,0( y, s) + εŨ j,1( y, s) + . . . , (4.30)

where

D∇2
yŨ j,n( y, s) = γ0Ũ j .n−2( y, s), | y| > � j , (4.31a)

D∇ yŨ j,n( y, s) · n j − κ j Ũ j,n( y, s) = −κ j c j,0
s

δn,0, | y| = � j . (4.31b)

The matching condition is now

Γ0(x, s) + εũ1(x, s) + ε2ũ2(x, s) ∼ Ũ j,0(x, s) + εŨ j,1(x, s) + . . . (4.32)

In order to perform this matching, we need to Taylor expand Γ (x, s) near the j-th
compartment and rewrite it in terms of stretched coordinates:

Γ0(x, s) ∼ Γ0(x j , s) + ε∇Γ0(x j , s) · y + . . . (4.33)

It immediately follows that the O(1) contribution to the inner solution no longer
vanishes at infinity. In particular,

Ũ j,1( y, s) = Γ0(x j , s) + Λ j

ρ

[c j,0
s

− Γ0(x j , s)
]
. (4.34)

The matching condition (4.32) then implies that u1(x) satisfies Eqs. (4.29) together
with the singularity condition

ũ1(x, s) ∼ Λ j

|x − x j |
[c j,0

s
− Γ0(x j , s)

]
as x → x j .

Hence, we have the solution

ũ1(x, s) ∼ 4πεD
N∑

k=1

Λk

[ck,0
s

− Γ0(xk, s)
]
G(x, xk; s). (4.35)

Combining the non-singular near-field behaviour of ũ1(x, s) with Eq. (4.33) implies
that

Ũ j,2( y, s) → ∇Γ0(x j , s) · y + 4πD
N∑

k=1

Λk

[ck,0
s

− Γ0(xk, s)
]
G jk(s) as. | y| → ∞,(4.36)

where Gi j (s) = G(xi , x j ; s for i �= j , and Gi i (s) = R(xi , xi ; s).
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The first term on the right-hand side generates contributions to the inner solution
in the form of first-order spherical harmonics, which only affect the outer solution at
O(ε3). In order to show this, we decompose the solution around the j-th compartment
as Uj,1 = A j,1 + Bj,1 with

A j,1( y, s) → χ j (s) = 4πD
N∑

k=1

Λk

[ck,0
s

− Γ0(xk, s)
]
G jk(s) as | y| → ∞,

and

Bj,1( y, s) → b j · y as | y| → ∞, b j (s) = ∇Γ0(x j , s).

The solution for A j,1 is then

A j,1( y, s) = χ j (s)

(

1 − Λ j

| y|
)

. (4.37)

In order to determine Bj,1, we introduce local spherical polar coordinates such that
b j = (0, 0, b j ) and y · b j = b jr cos θ , 0 ≤ θ ≤ π . In spherical polar coordinates we
have

∂2Bj,1

∂r2
+ 2

r

∂Bj,1

∂r
+ 1

r2 sin θ

∂

∂θ

(

sin θ
∂B(1)

j

∂θ

)

= 0, r > 1, (4.38)

Bj,1 ∼ b jr cos θ as r → ∞; Bj,1 = 0 on r = � j . (4.39)

Recall that Laplace’s equation in spherical polar coordinates has the general solution

B(r , θ, φ) =
∑

l≥0

l∑

m=−l

(

almr
l + blm

rl+1

)

Pm
l (cos θ)eimφ, (4.40)

where Pm
l (cos θ) is an associatedLegendre polynomial. Imposing theDirichlet bound-

ary condition and the far-field condition implies that

Bj,1( y, s) = b j� j cos θ

(
| y|
� j

− �2j

| y|2
)

. (4.41)

Clearly this leads to a singular term that is O(ε3).
In summary, we obtain an outer solution of the form

ũ(x, s) ∼ Γ0(x, s) + 4πεD
N∑

k=1

Λk

[ck,0
s

− Γ0(xk, s) − εχ j (s)
]
G(x, xk; s).

(4.42)
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Multiplying both sides by s, differentiatingwith respect to s and taking the limit s → 0
gives

lim
s→0

dsũ(x, s)

ds
∼ 4πεD

N∑

k=1

Λk
{
ck,0H(x, xk) − Γ0(xk, 0)G(x, xk)

}+ Γ0(x, 0),

(4.43)

We conclude that

T (x) ∼ Γ0(x, 0) + 4πεD
∑N

k=1 Λk
{
ck,0H(x, xk) − Γ0(xk, 0)G(x, xk)

}

4πDε
∑N

k=1 Λkck,0G(x, xk)

∼
∫
Ω
G(x, x′)u0(x′)dx′

4πDε
∑N

k=1 Λkck,0G(x, xk)
+ O(1). (4.44)

As in the 2D case, T (x) is singular in the limit ε → 0 for u0(x) having nonzero
support, but is finite when u0 ≡ 0 (after a sign reversal).

5 Asymptotic reduction of a 2D PDE-ODEmodel to a nonlinear ODE
system

In contrast to the linear models I and II, which are based on linear diffusion equations,
model III describes a nonlinear coupled PDE-ODE system that can support multiple
steady-state solutions. However, only those that are linearly stable will be observable.
Moreover, a steady-state solution may undergo a bifurcation due to one or more eigen-
values associated with the linearised system crossing the imaginary axis, resulting in a
modified set of unstable and stable steady-state solutions, and possibly the emergence
of a limit cycle. The linear stability of the 2Dmodel and conditions for a Hopf bifurca-
tion have been analysed in Ref. Gou and Ward (2016). Asymptotic methods have also
been used to reduce the PDE-ODE system to an effective nonlinear ODE system in
the well mixed limit D � O(ν−1) (Gou andWard 2016; Iyaniwura andWard 2021a),
and this analysis has subsequently been extended to the regime D = O(ν−1) (Iyani-
wura and Ward 2021b). The reduced models provided a more tractable mathematical
framework for investigating the role of diffusion-mediated coupling on the collective
dynamics of compartmental oscillators, at least in the fast diffusion regime. In this
section we review the asymptotic reduction of Ref. Iyaniwura and Ward (2021b).9

9 Extending asymptotic and numerical methods to the time domain is an important topic for future work
in this area. A recent preprint by Pelz and Ward (2024) develops a hybrid asymptotic-numerical theory for
studying diffusion-mediated collective oscillations. In particular, these authors extend asymptotic methods
for analyzing Eqs. (2.2) and (2.4) to the time-dependent setting without any restrictions on the diffusivity.
This leads to a novel integro-differential ODE system that characterizes intracellular dynamics in amemory-
dependent bulk-diffusion field. They also introduce a fast time-marching scheme to compute numerical
solutions to the integro-differential system over long time intervals.
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The main idea is to derive an ODE for the mean bulk concentration

u(t) = 1

|Ω\U |
∫

Ω\U
u(x, t)dx, (5.1)

which is accurate to O(ν) and couples to the dynamical variablesw j (t), j = 1, . . . , N .
First, integrating Eq. (2.2a) with κ j → κ j/ε and I0 = 0, and using the divergence
theorem shows that

du(t)

∂t
+ γ0u(x, t) = 2π

|Ω|
N∑

j=1

� jκ j

[

w j,0(t) − 1

2πε� j

∫

∂U j

u(x, t)dx

]

, (5.2a)

wherewehave taken |Ω\U | = |Ω|+o(ε) (assuming that N is not too large).Moreover,

|U j |dw j,a

dt
= f̂a(w j ) − 2πκ j� jδa,1

[

w j,0(t) − 1

2πε� j

∫

∂U j

u(x, t)dx

]

. (5.2b)

Assuming D = O(ν−1), set D = D0/ν with D0 = O(1). The inner solution around
the j-th compartment satisfies the equation

D∇2
yUj ( y, t) = 0, | y| > � j , (5.3a)

∇ yUj ( y, t) · n j ( y) = νκ j

D0
[Uj ( y, t) − w j,0(t)], | y| = � j . (5.3b)

Using polar coordinates with | y| = ρ and settingUj = Uj (ρ, t), we have the solution

Uj (ρ, t) = Φ j (t) + νA j (t) log[ρ/� j ], � j ≤ ρ < ∞, (5.4)

where

A j (t) = κ j� j

D0
[Φ j (t) − w j,0(t)]. (5.5)

Substituting the inner solution into Eqs. (5.2) then gives

du(t)

∂t
+ γ0u(x, t) = −2πD0

|Ω|
N∑

j=1

A j (t), (5.6a)

|U j |dw j,a

dt
− f̂a(w j ) = 2πD0δa,0A j (t). (5.6b)

It remains to determine the coefficients A j (t), j = 1, . . . , N by matching the inner
solution with the outer solution, which satisfies

∂u(x, t)

∂t
= D0

ν
∇2u(x, t) − γ0u(x, t), x ∈ Ω\{x1, . . . , xN }, (5.7a)
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D∇u(x, t) · n(x) = 0, x ∈ ∂Ω, (5.7b)

u(x, t) ∼ w j,0(t) + νA j (t) log(|x − x j |/� j ) +
[

1 + D0

κk� j

]

A j (t).

(5.7c)

Introduce the expansion

u(x, t) ∼ u(t) + ν

D0
u1(x, t) + . . . , where

∫

Ω

u1(x, t)dx = 0. (5.8)

Substituting into the outer equations shows that Iyaniwura and Ward (2021b)

D0∇2u1(x, t) = du(t)

dt
+ γ0u(t) + 2π

N∑

k=1

Ak(t)δ(x − xk), x ∈ Ω, (5.9a)

D∇u(x, t) · n(x) = 0, x ∈ ∂Ω, (5.9b)

u1(x, t) ∼ w j,0(t) − u(t)

ν
+ A j (t) log(|x − x j |/� j ) +

[

1 + D0

κ j� j

]
A j (t)

ν
. (5.9c)

The sum over Dirac delta functions in Eq. (5.9) ensures that is consistent with Eq.
(5.6) when integrated over Ω . Proceeding as in previous sections, we write

u1(x, t) ∼ −2πD0

N∑

k=1

Ak(t)G0(x, xk), (5.10)

where G0 satisfies Eqs. (3.23). Finally, matching the inner and outer solutions using
Eq. (5.9c) gives

[

1 + D0

κ j� j

]

A j (t) + 2πD0ν

N∑

k=1

G0, jk Ak(t) = u(t) − w j,0(t), j = 1, . . . , N .

(5.11)

In summary, as originally shown in Ref. Iyaniwura and Ward (2021b), the PDE-
ODE system of model III with bulk diffusivity D = D0/ν = O(ν−1) can be reduced
to anODE system given by Eqs. (5.6) with coefficients A j (t) determined by thematrix
Eq. (5.11). In order to relate this result to the classical ODE system (2.12a), suppose
that all the cells are identical so that κ j = κ and � j = �. The solution of Eq. (5.11)
can then be written as

A j (t) = κ�

κ� + D0

N∑

k=1

[I + νQ]−1
jk [u(t) − wk,0(t)] where Q = κ�D0

κ� + D0
G0,(5.12)
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and Eqs. (5.6) become

du(t)

∂t
+ γ0u(x, t) = 2π

|Ω|
κ�D0

κ� + D0

N∑

j,k=1

Wjk[wk,0(t) − u(t)], (5.13a)

dw j,a

dt
= fa(w j ) − 2πN

|U |
κ�D0

κ� + D0
δa,0

N∑

j=1

Wjk[wk,0(t) − u(t)], a = 0, 1, . . . , K ,

(5.13b)

whereW = [I+ νQ]−1. SinceW → I in the well-mixed limit D0 → ∞, Eqs. (5.13)
reduce to the non-spatial model (2.12a) with κ̂ = 2πNκ�/|U |. However, all informa-
tion regarding the scaled diffusivity D0 and the spatial configurations x1, . . . , xN of
the cells via the dependence ofW on G0(xi , x j ) is lost. The effects of these features
on synchrony and oscillatory dynamics of diffusion-mediated quorum sensing are
explored in some detail in Ref. Iyaniwura and Ward (2021b) by considering the par-
ticular example of Sel’kov reaction kinetics. (The latter was originally introduced as
a simple model of glycolysis oscillations in yeast cells (Sel’kov 1968).) Each isolated
compartment is assumed to be slightly below the threshold for the onset of oscilla-
tions. In the presence of diffusion-mediated cell–cell interactions with D0 = O(1),
one finds that for a range of parameter values and geometric arrangements of cells, the
coupled system can undergo aHopf bifurcation resulting in collective synchronisation.
However, these collective oscillations disappear in the well-mixed limit, indicating the
crucial role of bulk diffusion in the emergence of synchrony.

6 Themes and variations

We conclude by discussing some generalisations and open problems arising from the
theoretical framework presented in previous sections.

6.1 Non-spherical compartments

As originally shown byWard and Keller (1993) andWard et al. (1993), it is possible to
generalise the asymptotic analysis of singularly perturbed diffusion problems to more
general compartmental shapes such as ellipsoids by applying classical results from
electrostatics. In particular, note that the low-order terms in the expansion of the inner
solution around the j-th compartment satisfy Laplace’s equation. This is supplemented
by a Robin boundary condition on U j together with some far-field condition. For the
sake of illustration, suppose that the Robin boundary condition is replaced by the
Dirichlet condition U ( y) = Φ on ∂U j and U ( y) → u∞ as | y| → ∞. (Given the
solution to Laplace’s equation, one could determine Φ self-consistently by imposing
the Robin boundary condition.) We can then write the solution as

U ( y) = Φ + [u∞ − Φ](1 − w( y)), (6.1)
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with w( y) satisfying the boundary value problem

∇2
yw( y) = 0, y /∈ Uk; w( y) = 1, y ∈ ∂U j ; w( y) → 0 as | y| → ∞. (6.2)

This is a well-known problem in electrostatics and has the far-field behaviour

w( y) ∼ C j

| y| + P j · y
| y|3 + . . . as | y| → ∞, (6.3)

whereC j is the capacitance and P j the dipole vector of an equivalent charged conduc-
torwith the shapeU j . (HereC j has the units of length.) Some examples of capacitances
for various trap shapes are as follows Cheviakov and Ward (2011):

C j = a (sphere of radius a),

C j = 2a(1 − 1/
√
3) (hemisphere of radius a),

C j =
√
a2 − b2

cosh−1(a/b)
(prolate spheroid with semi-major and minor axes a, b),

C j =
√
a2 − b2

cosh−1(b/a)
(oblate spheroid with semi-major and minor axes a, b).

One typically finds that low-order terms in the asymptotic expansion for non-spherical
compartments can be obtained from the corresponding expressions for the spherical
case by replacing the scaled radius � j with the more general shape capacitance C j .
An analogous result holds for 2D with ln � j replaced by the so-called logarithmic
capacitance.

6.2 Switching processes

Volume transmission. There is at least one example of a singularly perturbed diffusion
problem in cell biology that is not covered by the boundary conditions shown in Fig. 2,
namely, volume transmission. The latter refers to a form of neural communication
whereby a population of neuronsmakes non-specific connections to other brain regions
(Fuxe et al. 2010; Cruikshank et al. 2023). That is, rather than forming one-to-one
synaptic connections to other neurons, they simply release neurotransmitter into the
extracellular space from numerous axon terminals known as varicosities. A number of
well-knownneurotransmitters participate in volume transmission, including serotonin,
dopamine, histamine and acetylcholine. In most cases, the cell bodies are located
in brain stem nuclei and their axons project to a distant brain region such as the
striatumor cortex,where they release the neurotransmitter, seeFig. 7.Recently, volume
transmission has been formulated as an example of diffusion in a singularly perturbed
domain in which the boundaries ∂U j randomly switch between open and closed states
(Lawley 2018; Lawley and Shankar 2020). That is, each compartment U j represents
a varicosity that acts as a source of neurotransmitter when the source neuron fires
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Fig. 7 Schematic diagram illustrating volume transmission. Neurons in a brain stem nucleus project their
axons to another brain region, where they release neurotransmitter from numerous small varicosities into
the extracellular space

and is a sink for neurotransmitter otherwise. The latter is due to the re-uptake of
neurotransmitter into the terminals.

The model equations take the form

∂u(x, t)

∂t
= D∇2u(x, t), x ∈ Ω\U , (6.4a)

D∇u(x, t) · n(x) = 0, x ∈ ∂Ω, (6.4b)

D∇u(x, t) · n j (x) = J j , x ∈ ∂U j if neuron j is quiescent at timet, (6.4c)

u(x, t) = 0, x ∈ ∂U j if neuron j is firing at time t . (6.4d)

Here J j is a constant flux of neurotransmitter into the extracellular space when the
corresponding source neuron is firing. Note that the volume Ω is the extracellular
space that includes the varicosities but excludes the target cells. Equations (6.4) are an
example of a diffusion process in a randomly switching environment (Bressloff and
Lawley 2015a, b).Oneway to analyze such a system is to take expectationswith respect
to the random switching process, conditioned on the current state of the environment.
For the sake of illustration, suppose that all the source neurons fire synchronously
and that switching between the global quiescent and firing states is described by a
two-state Markov chain with transition rates α, β:

(quiescent) 0
β
�
α

1 (firing). (6.5)

(If each varicosity switched independently then we would have aMarkov chain of size
2N , where N is the number of varicosities.) Let N (t) ∈ {0, 1} denote the current state
of the source neurons, and introduce the conditional expectations

un(x, t) = E[u(x, t)1N (t)=n]. (6.6)
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It can then be shown that un evolves according to the equations

∂un(x, t)

∂t
= D∇2un(x, t) +

∑

m=01,1

Qnmum(x, t), x ∈ Ω\U , (6.7a)

D∇un(x, t) · n(x) = 0, x ∈ ∂Ω, (6.7b)

u0(x, t) = 0, D∇u1(x, t) · n j (x) = J j , x ∈ ∂U j . (6.7c)

The matrix generator of the Markov chain is

Q =
(−β α

β −α

)

. (6.8)

The steady-state can then be obtained by performing two successive asymptotic expan-
sions based on model I. First, suppose that we replace the inhomogeneous Neumann
boundary condition for u1 on ∂U j by the Dirichlet boundary condition u1(x, t) = φ j

for some unknown constant φ j . Summing the steady-state version of Eqs. (6.7) with
respect to n = 0, 1 and setting u(x) = u0(x) + u1(x) gives

D∇2u(x) = 0, x ∈ Ω\U , (6.9a)

D∇u(x) · n(x) = 0, x ∈ ∂Ω, u(x) = φ j x ∈ ∂U j . (6.9b)

This is equivalent to Eqs. (3.1) for model I in the limits κ j → ∞ and γ0 → 0.
Solving the latter equation along the lines outlined in Sect. 3, we then set n = 1 and
u0(x) = u(x) − u1(x) in the steady-state version of Eqs. (6.7):

D∇2u1(x) − (α + β)u1(x) = −βu(x), x ∈ Ω\U , (6.10a)

D∇u1(x) · n(x) = 0, x ∈ ∂Ω, u1(x, t) = φ j , x ∈ ∂U j . (6.10b)

Equations (6.10) yield another versionofmodel I,withγ0 = α+β and an external input
βu(x), which can also be solved using the methods of Sect. 3. The resulting solution
depends on the unknown constants φ j , which are finally determined by imposing
the original Neumann boundary condition for u1 (Lawley and Shankar 2020). (An
analogous pair ofBVPs arises in the analysis of narrowescape through a stochastically-
gated boundary (Bressloff and Lawley 2015b).)

One general result that emerges from the singular-perturbation theory is that the
leading order term in the asymptotic expansion of the extracellular concentration is a
constant that is independent of the number and location of the varicosities, correlations
in neural firings, and the size and geometry of the extracellular space (Lawley and
Shankar 2020). These features do appear in the next leading order term, which may
still be space-independent under mild assumptions.

Active phase separation. Another example of a singularly perturbed diffusion problem
with switching is a model for the active suppression of Oswald ripening during the for-
mation of multiple biological condensates. In this model, solute molecules randomly
and independently switch between two conformational states, one phase separating
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(P) and the other soluble (S) Wurtz and Lee (2018); Lee and Wurtz (2019). It is
assumed that switching between the states P and S occurs according to the chemical
reactions

P
k
�
h

S,

where h and k are concentration-independent reaction rates. The latter reflects the
non-equilibrium nature of the chemical reactions, in which detailed balance does not
hold due to the phosphorylating action of ATP, say. Let Un(x, t), x ∈ Ω\U , denote
the concentration of solute molecules in state n ∈ {S, P}. The steady-state diffusion
equations take the form Bressloff (2020a, b)

D∇2US − kUS + hUP = 0, (6.11a)

D∇2UP + kUS − hUP = 0, x ∈ Ω\U , (6.11b)

supplemented by the boundary conditions

∇US · n(x) = 0 = ∇UP · n(x) on ∂Ω,

US(x) = Θ j , UP (x) = c0(r j ) ≡ φa

(

1 + �c

ri

)

, on ∂U j . (6.11c)

The unknown constants Θ j are determined by solving a second pair of diffusion
equations within each droplet U j and imposing flux continuity of the soluble phase
across ∂U j :

D∇2Vj,S − kVj,S + hVj,P = 0, (6.12a)

D∇2Vj,P + kVj,S − hVj,P = 0, x ∈ U j , (6.12b)

supplemented by the boundary conditions

Vj,S(x) = Θ j , Vj,P (x) = φb, on ∂U j . (6.12c)

The flux continuity conditions are

∇US(x) · n(x) = ∇Vj,S · n(x) on ∂U j . (6.13)

The combination of non-equilibrium chemical reactions, phase separation and dif-
fusion can lead to a stationary state consisting of multiple high density droplets that
is maintained by circulating fluxes of P and S molecules. The basic mechanism is
illustrated in Fig. 8 for a pair of droplets. As in classical Ostwald ripening, dynam-
ical equations for the droplet radii can be derived using mean field theory under an
adiabatic approximation. The resulting equations support a stable fixed point that rep-
resents a multi-droplet solution (Wurtz and Lee 2018; Lee and Wurtz 2019). Singular
perturbation theory has subsequently been used to investigate corrections tomean field
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Fig. 8 Schematic illustration of the non-equilibrium concentration profiles of P-state and S-state solute
molecules for a pair of liquid droplets in the presence of chemical reactions that drive switching between
the two states. Coexistence of the two droplets is maintained by a circulating flux of P and S molecules.
Within the P-rich droplets, the chemical reaction P → S dominates, leading to an accumulation of S
molecules inside the droplets, and a net out-flux of S molecules. In the cytoplasm the reverse reaction
dominates, leading to the creation and accumulation of P molecules between the droplets and a net in-flux
of P molecules

theory, which take into account finite-size effects associated with the boundary of the
domain and the positions of the droplets (Bressloff 2020a).

Switching boundaries versus switching particles. One significant difference between
the model of volume transmission and the model of active phase separation is that in
the former case the boundaries physically switch, whereas in the latter case it is the
particles that independently switch states. These two distinct scenarios are. illustrated
in Fig. 9. For a sufficiently large number of solute molecules, the diffusion equations
of active phase separation are deterministic. On the other hand, all particles move in
the same randomly switching environment during volume transmission, which means
that Eqs. (6.4) are stochastic. In other words u(x, t) is a stochastic field, and Eqs. (6.7)
are first-moment equations. It is also possible to derive singularly-perturbed diffusion
equations for the second-order moments Cn(x1, x2, t) = E[u(x1, t)u(x2, t)1N (t)=n]
etc. From these it can be shown that the randomly switching environment induces
statistical correlations between the particles even though they are not interacting. For
example,

E[u(x1, t)u(x2, t)1N (t)=n] �= E[u(x1, t)1N (t)=n]E[u(x2, t)1N (t)=n]. (6.14)

One direction for future exploration would be to apply singular perturbation theory to
these higher-order moment equations.

123



   58 Page 42 of 52 P. C. Bressloff

Fig. 9 Particle versus boundary switching. a The boundary ∂U switches between an open and a closed
state. b The particle switches between two configuration states, only one of which can cross ∂U

6.3 The Kuramotomodel

The original non-spatial model (2.12a) has motivated a number of theoretical studies
of simplified oscillator models coupled via quorum sensing (Schwab et al. 2012, ?;
Sharma et al. 2016; Verma et al. 2019). In particular, following Ref. Schwab et al.
(2012, ?), suppose that each oscillator is just beyond a Hopf bifurcation point so that
its state at time t can be represented by a complex amplitude z j (t), j = 1, . . . , N .10

It follows that the state of the environment can be represented by a complex variable
Z(t), which diffusively couples to each z j . Let ω j be the natural frequency of the j-th
oscillator. The frequencies ω j are randomly drawn from a distribution h(ω), which
is taken to be an even function about a mean frequency ω0. Finally, moving to a
rotating frame with frequency ω0, the dynamics of the system can be represented by

10 This contrasts with the regime considered in Ref. Iyaniwura and Ward (2021b), where each isolated
oscillator is below the Hopf bifurcation threshold.

123



Cellular diffusion processes in singularly… Page 43 of 52    58 

the equations

dz j
dt

= (λ0 + iω j − |z j |2)z j − κ̂(z j − Z), (6.15a)

dZ

dt
= ακ̂

N

N∑

j=1

(z j − Z) − (γ0 + iω0)Z . (6.15b)

In the rotating frame the frequencies ω j are drawn from an even distribution g(ω) =
h(ω − ω0) with zero mean. Suppose that Eq. (6.15a) is rewritten in polar coordinates
with z j = a jeiθ j and z = aeiψ :

da j

dt
= (λ0 − κ̂ − a2j )a j + κ̂a cos(ψ − θ j ), (6.16a)

dθ j

dt
= ω j + κ̂a

a j
sin(ψ − θ j ). (6.16b)

As a further simplification, consider the large λ0 limit with a j ≈ √
λ0 in steady-state

for all j = 1, . . . , N . This allows us to effectively eliminate the dynamics of the
amplitudes a j . After performing the rescalings a j → a j/

√
λ0 and a → a/

√
λ0, Eqs.

(6.15) reduce to Schwab et al. (2012)

dθ j

dt
= ω j + κ̂a sin(ψ − θ j ), (6.17a)

dz

dt
= ακ̂

N

N∑

j=1

(eiθ j − z) − (γ0 + iω0)z. (6.17b)

Equations (6.17) are a modified version of the classical Kuramoto model (Kuramoto
1984; Strogatz 2000), in which z is identified with the state of an external medium
rather than the first circularmoment of the N oscillators. The latter is defined according
to

z̄(t) := 1

N

N∑

j=1

eiθ j (t) = a(t)eiψ(t). (6.18)

Here φ(t) is equal to the average phase and a(t) is a measure of the degree of phase-
coherence; a completely incoherent state corresponds to the case a = 0, whereas a
completely synchronised state satisfies a = 1.

The collective behaviour of the globally-coupled model given by Eqs. (6.17) can be
investigated in the thermodynamic limit N → ∞ by considering a continuum mean
field model (Schwab et al. 2012). Let ρ(θ, t, ω)dθ denote the density of oscillators
with frequency ω that have a phase in the interval [θ, θ + dθ ] at time t with the
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normalization

∫ 2π

0
ρ(θ, t, ω)dθ = g(ω). (6.19)

Since the total number of oscillators with frequency ω is fixed, we have the continuity
or Liouville equation

∂u

∂t
= − ∂

∂θ

[

ωu + κ̂

2i
(ze−iθ − z∗eiθ )u

]

, (6.20a)

and

dz

dt
= ακ̂ (z − z) − (γ + iω0)z, (6.20b)

where

z = 〈eiθ 〉 :=
∫ ∞

−∞

[∫ 2π

0
eiθu(θ, t, ω)

dθ

2π

]

dω. (6.21)

The modified ODE system (5.13), which takes into account the effects of finite
diffusion in the bulk, suggests a generalisation of Eqs. (6.17) of the following form:

dθ j

dt
= ω j + κ̂a

N∑

j=1

Wjk sin(ψ − θk), (6.22a)

dz

dt
= ακ̂

N

N∑

j,k=1

Wjk(e
iθk − z) − (γ0 + iω0)z. (6.22b)

It would be interesting to explore how the presence of the matrix W affects synchro-
nization and clustering of the original model for finite N . However, in contrast to
Eqs. (6.17), taking the thermodynamic limit of Eqs. (6.22) doesn’t make sense, since
the reduction of the PDE-ODE system to the ODE system (5.13) assumes that the
compartments are well-separated. This assumption would break down in the limit
N → ∞, at least in a bounded domain Ω .

Appendix A: Neumann Green’s functions in simple geometries

One of the crucial features of the asymptotic expansions presented in this review is the
involvement of the Neumann Green’s function G(x, x′) of the modified Helmholtz
equation and the generalised Neumann Green’s function of Laplace’s equation, see
Eqs. (3.13) and (3.23), respectively. Explicit expressions for these Green’s functions
and their regular parts are only known for a small set of geometries, particularly in
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the case of the modified Helmholtz equation. In this appendix we collect some of the
known results.

(a) Laplace’s equation on the disc. Let U ⊂ R
2 be the unit circle centred at the origin.

The 2D Neumann Green’s function is given by

G0(x, ξ) = 1

2π

[

− ln(|x − ξ |) − ln

(∣
∣
∣
∣x|ξ | − ξ

|ξ |
∣
∣
∣
∣

)

+ 1

2
(|x|2 + |ξ |2) − 3

4

]

,

(A.1)

with the regular part obtained by dropping the first logarithmic term.

(b) Laplace’s equation the sphere. Let U ⊂ R
3 be the sphere of radius a centred about

the origin. The 3D Neumann Green’s function takes the form Cheviakov and Ward
(2011)

G0(x, ξ) = 1

4π |x − ξ | + a

4π |x|r ′ + 1

4πa
ln

(
2a2

a2 − |x||ξ | cos θ + |x|r ′

)

+ 1

6|U | (|x|2 + |ξ |2) + B, (A.2)

where the constant B is chosen so that
∫
U G(x, ξ)dx = 0, and

cos θ = x · ξ

|x||ξ | , x′ = a2x
|x|2 , r ′ = |x′ − ξ |.

It can be shown that B is independent of ξ .
(c) Laplace’s equation in a rectangular domain. Let U ⊂ R

2 be a rectangular domain
[0, L1] × [0, L2]. The 2D Neumann Green’s function has the logarithmic expansion
(Bressloff et al. 2008; Pillay et al. 2010)

G0(r, r′) = 1

L1
H0(y, y

′) − 1

2π

∞∑

j=0

∑

n=±

∑

m=±

(
ln |1 − τ j znζm | + ln |1 − τ j znςm |

)
,

(A.3)

where

τ = e−2πL2/L1 , z± = eiπ(x±x ′)/L1 ,

ζ± = e−π |y±y′|/L1 , ς± = e−π(2L2−|y±y′|)/L1 ,

and

H0(y, y
′) = L2

3
+ 1

2L2
(y2 + y′2) − max{y, y′}. (A.4)
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Assuming that τ � 1, we have the approximation

G(r, r′) = 1

L1
H0(y, y

′) − 1

2π

∑

n=±

∑

m=±
(ln |1 − znζm | + ln |1 − znςm |) + O(τ ).

The only singularity exhibited by Eq. (A.3) occurs when r → r′, r′ /∈ ∂U , in which
case z− = ζ− = 1 and the term ln |1 − z−ζ−| diverges. Writing

ln |1 − z−ζ−| = ln |r − r′| + ln
|1 − z−ζ−|

|r − r′| ,

where the first term on the right hand side is singular and the second is regular, we
find that

G(r, r′) = − 1

2π
ln |r − r′| + R(r, r′), (A.5)

where R is the regular part of the Green’s function given by

R(r, r′) = − 1

L1
H0(y, y

′) + 1

2π
ln

|1 − z−ζ−||1 − z−ζ+|
|r − r′|

+ 1

2π
ln |1 − z−ς−||1 − z−ς+| + 1

2π
ln |1 − z+ς−||1 − z+ς+|

+ 1

2π
ln |1 − z+ζ−||1 − z+ζ+| + O(τ ). (A.6)

(d) Modified Helmholtz equation in a sphere (Grebenkov 2020).

G(x, s|x0) = e−√
s/D|x−x0|

4π |x − x0| − Gsp(x, s|x0), (A.7)

with

Gsp(x, s|x0) = 1

4π

√
s

D

∞∑

n=0

(2n + 1)Pn(cos θ)
k′
n(

√
s/DR0)

i ′n(
√
s/DR0)

× in(
√
s/D|x|)in(

√
s/D|x0|). (A.8)

Here Pn is a Legendre polynomial, x · x0 = |x||x0| cos θ , and in, kn are modified
spherical Bessel functions,

in(x) =
√

π

2x
In+1/2(x), kn(x) =

√
2

πx
Kn+1/2(x). (A.9)
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In order to simplify the analysis, we will assume that the initial position x0 is at the
centre of the sphere. Using the identities

i0(x) = sinh x

x
, k0(x) = e−x

x
, in(0) = 0, n > 0, (A.10)

we see that

G j0 = e−√
s/D|x j |

4π |x j | − 1

4π

√
s

D

k′
0(

√
s/DR0)

i ′0(
√
s/DR0)

i0(
√
s/D|x j |). (A.11)

Similarly,

G jk = e−√
s/D|x j−xk |

4π |x j − xk | − Gsp(x j , s|xk), j �= k; G j j = − 1

4π

√
s

D
− Gsp(x j , s|x j ).

(A.12)

Further useful identities are

(2n + 1)i ′n = nin−1 + (n + 1)in+1, −(2n + 1)k′
n = nkn−1 + (n + 1)kn+1.

(A.13)

The 3D Neumann Green’s function for Laplace’s equation in the sphere can also be
written down explicitly so that Cheviakov and Ward (2011)

G jk = G(x j , xk) = 1

4π

[
1

|x j − xk | + R0

|x j ||x′
j − xk | + 1

2
(|x j |2 + |xk |2)

+ 1

R0
ln

(
2R2

0

R2
0 − |x j ||xk | cos θ + |x j ||x′

j − xk |

)]

− 7

10πR0

(A.14)

for j �= k, where x′ = x/|x|2. It also follows that

G j j = R(x j , x j ) = 1

4π

[
R0

R2
0 − |x j |2

+ 1

R0
ln

(
R2
0

R2
0 − |x j |2

)

+ |x j |2
]

− 7

10πR0
,

(A.15)

and

G j0 = 1

4π

[
1

|x j | + |x j |2
2

]

+ 1 − 7

10πR0
. (A.16)
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