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5. 

ilBSTRACT 

Chapters I and II contain a review of U(626) symmetry 

and its hierarchy of subgroups. The problem of proton - anti-proton 

annihilation at rest into two masons is treated in chapter III in the 

framework of broken U(49 /4). A detailed comparison with broken U(69 6) 

is drawn. In chapter VI w© assume that the physical baryons belong 

to the mixed states of the 220+9  364+ and 572+ irreducible represen-

tations of U(69 6)9  and find the consequences of this assumption on the 

weak and electromagnetic vertices. Finally9  chapter V deals with the 

problem of higher boson mass spectra in the group U(6) 0 U(6) 0(3).e. 
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INTRODUCTION 

The discovery, at Brookhaven, of fl.- in January 1964 was not 

only a landmark to unitary symmetry scheme of Gell-Mann and Neiman - 

the Tight-Foldway", but also a signpost to many a scholar who desired 

a clearer understanding of the structure of 'Elementary Particles' by 

symmetry principles. Following this, Gursey and Radicatil  arrived, in 

the summer of 1964, at SU(6) symmetry scheme which is a non.-trivial 

merging of space-spin and unitary-spin. Thus, for the first time in the 

history of particle physics, it became possible to classify the octet 

pseudoscalar and the nonet vector mesons into one single multiplet - 

the xi, and the octet and decuplet baryons into another - the 512  with 

a unique  coupling for all baryon-baryon-meson vertices. One of the good 

consequences of this was the prediction of - 3/2  for the magnetic 

moment ratio of proton and neutron. 

Nevertheless, SU(6) had its limitations, one of which is that 

it could only be applied to situations at rest. A relativistic 

generalization of it was needed. And it did not take long before 

Fulton and Wess2,  Charap and Matthews, Ruhl, and many others, thinking 

along somewhat different lines, introduced the group SL(6„C) as the 

least non-trivial relativistic completion of SU(6). At nearly the same 

time, Salam, Delbourgo and Strathdee3, Sakita and Wali4, independently 

proposed the group U(6, 6), which has most of the good features of SL(6, C) 

with the added advantage of accommodating more particles in its regular 

representation, and of providing a definite reasonable value for the 

proton magnetic moment. However, it may be true to say that the 
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explanation of the hitherto mysterious equality of the proton electric 

and magnetic form factors is the most striking prediction of U(69 6) 

theory. For, it was soon realised that U(6,6) is incompatible with the 

requirements of unitarity5  of the 5-matrix, and that at any rate, ignoring 

this very problem, calculations done on scattering processes with U(6,6) 

invariant amplitudes, in more cases than not, give results in violent 

disagreement with experiment. 

The main aim of this work, therefore, is to emphasisesame of the 

weak points of this theory and to illustrate using three specific examples 

how one can obtain better results, and possibly predictions, from a strong 

interaction symmetry theory of this type, by broken symmetry techniques. 

Thus in chapter I we make a brief survey of the development of 

U(6,6) theory by means of auxiliary operators, following closely the 

systematic logical approach of Feldman andllatthews.6  The limitations 

on the S-matrix elements, due to the requirement of pure U(696) index 

invariance, are discussed in detail in chapter II under "The need for 

symmetry breaking". This chapter closes with a discussion on the hierarchy 

of subgroups of u(696) produced by the insertion of symmetry breaking 

spurions. 

We choose in chapter III, as our example, the problem of pp 

annihilation at rest into two mesons, in the dynamical spurion scheme 

of U(4,4) (in which the X-quarks are separated from the non-X quarks). 

The results8  led to the conclusion that, among other factors, these 

dynamical spurions were necessary for better agreement with experiment. 

Similar to what people do in current algebra, we assume, in 

chapter IV, that the physical baryons exist9  as a mixed state of the 
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three low lying irroduoiblo re.pruscntations of U(696) - (220,L=0)+2  

(364;L=0)+  and (572,L=0)+. This breaks the U(6,6) symmetry since the 

physical baryon tensor is no longer an irreducible representation of 

this group. The consequences of this assumption are studied with 

special reference to electromagnetic and weak vertices. Calculations 

of the GA/Gv and DIP ratios led to the conclusion that such a mixing, at 

best, reproduces the old SU(6) results. 

Finally, in chapter V, we choose as our example the two point 

function for mass spectra, and treat the problem of further classification 

of higher boson resonances, by deriving an approximated mass formula for 

the group U(6)40U(6)00(3).e, (for any given angular momentum t ) and 

exhibiting thel° exact values of the spin-orbit and tensor mass splitting 

terms for -f = 1, 2, 30 Equal spacing mass relations which give fitting 

predictions are obtained. Our mass formula contains terms which determine 

the mixing angles unambiguously. 

More detailed summaries are given at the beginning of each of 

the last three chapters. 
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CHAPTER  

U(62.6) AS AUXILIARY GROUP, 

As mentioned earlier, the contents of the first two chapters 

are not new, but they are necessary for a logical introduction to, and 

a clear understanding of the motivations for symmetry breaking. 

1. Homogeneous Lorentz Group as Auxiliary Operators. 

4. 
The homogeneous, proper orthochronons+ Lorentz group L+, is 

the group of transformations 

xp, 	A 1.1v xv  

with 

det A 	+ 19  A: > 1 	41.0.1.161 

and which leaves invariant the quadratic form 

elv  xp, xv 

Since the conditions (1.1) exclude separate space or time reflections, 

the group elements are continuously connected with the identity. The 

infinitesimal Lorentz transformation 

=10, xv 	 ....1.3 

are expressed in terms of six real antisymmetric parametersttp,v  and 

are generated by six infinitesimal antisymmetric operators Jilv  satisfying 

the commutation relation: 

(j1P9jXP)  = i(glAjvp gvP
j 
 PA -gPPJ 
	g 
vX 	vX

J 
 PP
) 
 

Let us add to this the displacement in space-time 
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XII 	XICI. 
	 ....1.5 

which form a four parametza- Abolina group9  With lnaratasimal 

generatare Pp, satisfying 

(PilyPv) = 0  

The Poincare group is the semi-direct product of this aelian group 

with the proper homogeneous Lorentz group. It is defined with the 

additional commutation relation 

(Px9Jµv) = i(gApPv - MNPµ) 
	....1.7 

which is the requirement that under Lorentz transformation P transforms 

like a 4-vector. 

Thus the general Poincare transformation, parametrised by a 

displacement-eP and a Lorentz transformation AP (det A= 1,)\°°  = 1) 

is 
u(e,A) = expf 	11(11 + 1-111') 	 ....1.8 

In (1.8) Pp, is interpreted physically as the total energy and momentum 

operator. Jij  (or equivalently r0-j) are interpreted as angular momentum. 

Jai (or rioi) generate pure Lorentz transformation and are related to the 

velocity of the transformation parallel to j-axis. 

The Poincare group generated by tlp,v, Px is non-compact so that 

all its unitary representations are infinite. However we require that 

the physical states be nonnalizable and hence form unitary representations 

of the Poincare group. These states are specified by the eigen-values 

of the operators of a complete commuting set constructed from these 

group generators. Thus an irreducible representation is partially 

specified by giving the value of the Casimir operator 

P2 m2> = m2 I m2 > 	 ....1.9 
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and fbr any state_in thin ropraoontation me can further specify the 
eigenvalue of E . 

E  ra29p> = I m29p> 	 ....1.10 

where for physical states, 

m2  > 09  Pa  = + (D2  + m2)2 
	....1.11 

and in particular we restrict ourselves to 

m2  > 0 	 ....1.12 

Clearly, physically we have selected those states corresponding to a 

given mass. The mamifold of states satisfying (1.9) to (1.12) is 

infinite, and it is called an orbit. A particular point of interest 

on this orbit, corresponding to a particular component of this infinite 

component multipliet,is given by the state of zero momentum, 

Pp = mp = (IND 
	 ....1.13 

Now, by definition, the Little Group of the Poincare group corresponding 

to a state of four momentum pp, is the subgroup of the homogeneous Lorentz 

group which leaves pp  invariant. Since the little group is the same for 

all points on an orbit, it is convenient to specify this subgroup - the 

little group - with respect to the special point defined by equation 

(1.13) which corresponds to the rest frame pi  = 0. The little group 

therefore is generated by Jib - the angular momentum operators. Thus we 

may further specify J2  and J12  for a state in this representation. For 

one particle state these reduce to the spins, and spin components sy  

This, apart from parity, completely determines the representation of 

the one particle states, as far as their space-time properties are 

concerned. We denote these one particle states by 

1m20;12035 = Ip9s> 	....1.14 
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where m29  s determine an irreduciblo representation and p and s3  a 

state in this representation. 

To obtain an explicit representation for the general Poincare 

transformations, equation (1.8)9  on the one particle states, we shall 

for convenience introduce the boost operator which takes the rest state 

im,s> to a moving state 1p,sX 

Ip9 s) = N exp(-i g (p) . K)I m,s> 	....1.15 

whore 

Kj = Joj 	 ....1.16a 

and e(p) is parallel to p and satisfies 

coshjfj = Pqm 9  sinhlei =IP I /m 	....1.16b 

and N is a normalization factor chosen converiuntly. 

Under a puro Lorentz transformation /9  a general state 1p,$) 

is transformed to 

U(nQlp,s >= 	ip,s> 

..1.18 

whore V a 6(1)0 9  pg =A-1  p 	....1.19 

and A is the Lorentz transformation. 

From equation (1.15) the effect of the three exponential factors 

in the square brackets in equation (1.18) is successively to take nt 

p°-. m. Thus they take a rost frame state to a rest frame state. 

In other words, they are just the little group spin rotation. Therefore, 

if we define the Wignor rotation as 

D(p) = 	orit.E 07i4.E 
	

1.20 

Then 
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p(P)1171,0 = 11119a9 ><D1939 1B(P)inlys> 

and equation 1.18 may be written 

U(T) 	s> = Ipv9s9><;m901D(p)1m9s> 

and under translations 

U(e)1P9s> = 	
iP Ptil  11),S> = e1P11 Ip9s> 

svo.,14022 

oper14023 

Let us now express these transformation properties in terms of 

ordinary Pack annihilation and creation operations on a non-degenerate 

vacuum state 'I>, 

(P, s)1 > = Ipo > 

where with covariant normalization 

[a(p9s)9a+(p100:14.  21-10(1)0)6(p2-m2) 

= (2T0484(p_p9)oss9 

Then by (1.22) - (1.24a) 

U(9) a(p9s) u-1(q) .n,s10-1(p)4m9s5a(pgs°) ..1.25 

and 

14) a(p9s) u-1(t)  = e-ippe a(p,$) 
	....1.26 

Fran these we can see that the transformation properties of these 

operators under Lorentz transformations are complicated because the 

aligner rotation9  D9 depends not only on 119  the parameter of pure Lorentz 

transformation9  but also on the momentum of the particular state being 

transformed. We therefore want to construct operators with simple 

transformation properties. To do so, we must first develop explicit 

representations for the three factors appearing in D. This is done 

by introducing an auxiliary group which must contaln the Lorentz 

boosts IC and. the spin operators Jib  as subgroups. The simplest group 
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to take is the homogeneous Lorentz group, and we may use any. roprdsentation 

which includes the spin s in the decomposition. Again, it is simplest 

to use finite (but non-unitary) representations 1a>. 
We can write 

<m,s1D(P)1m9s a>=<m,sla><al l:  ei 410><$1e itIS IO> 

x <O le  

and define the auxiliary operator 

Aa(p) a <ale-if °410><0 m,s>a(p,$) 

Ija(p)s  a(P9s) 

Then by (1.25) and (1.27) 

.•••1•27 

....1.28 

U('1.)Acr(p)D-1(vt) =<ale-31°.fif3><f3im,s,U(N)a(p,$)U-101) 

= <ale1  K1P>Ap(P° )  

= Sap(p9 ) 	 ....1.29 

whore we have made use of the relation 

4f31m,s><m,s1Dim,0> =<(31Di:><pfm,s9) 	....1.30 

which is true since D is an element of the rotation group, which is 

a subgroup of the auxiliary group and the representation fa> includes 

the spin I s>. 
In equation (1.29) the spin label s in a(p,$) is replaced by the 

index a in Ace(p), and this has the consequence that the spinor matrix 

sceP is a pure indox transformation, parametrised only by --land decoupled 

from the momentum p. In 16(p) p is replaced by p° =A-1p. Therefore 

A (p) transforms as a density representation of the homogeneous Lorentz 

group. The finite non-unitary states ia>,  have no direct physical meaning. 
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The link between the physical states Im,s> and the auxiliary states 

fa>. is the spinor<aim,s> appearing in equation (1.28). 

To construct Aa(p) it is necessary that the representation ia> 

contains the spin Is>. If la> contains several spins, then Aa(p) may be 

constructed to include particles of different spin. If a runs over 

more values than the label s, then there must be restrictions which 

reduce the number of independent auxiliary operators Aa(p) to the 

number of independent a(p0). It is in this respect that the equations 

of motion play a vital role. Lot us consider for example the case of 

spin 1. Hero s runs over two values. We may choose for ICY> the repres-

entation (i3O) E la> or (0,1) ; 3t> and given explicitly as 

-(„alKtb> 	1/2  61) 	(a,b = 1,2) 

<MIC313 )= 	i/2 	(at=1,2) 
	....1.31 

where aalI), 0.°:15 aro the conventional Pauli matrices. In either choice, 

a runs over two values and there will be no constraints. But if we choose 

for la> the Dirac representation (190) + (093) for which 

where 

4:alKi10> = 2(60A:11 13  aa = 1....4 	....1.32 

a'Iv = 1/2E y4, 

and 	 .6..1.33 

9;} 2 gp,v, 

then a runs over four values, and we may impose the conditions 

(y 0)0)34131m,s> = + <aim,s>. 

From (1.32) 

<ale-igelSif3> = re -xP(— ilicY0i/2)1 

• • • •1 .34 

....1.35 



Using (1.16b), (1.35) in (1.34), we obtain 

dex1)(1 fi aoi)  = Yu  
from which we derive, using (1.zali (1.34) and (1.35), 

(1( opti, - m)0  A9(P) = 0 

16. 

....1.36 

where, we use the representation in which yo  is hermitian, yi  is 

antihermitian. If we now define Parity Operator R which satisfies 

the commutation relations, 

= ta,Poi = R,Joi = ER9J0 = 	....1.37 
we can see that in the Dirac representation, 

jpv 2 =lapv 	 ....1.38 

and. y°  satisfies (1.37).  and may serve as a representation of R. 

Therefore equation (1.34) may be interpreted as a specification of the 

particle parity. Thus equation (1.36) shows that for a particle of spin 

and definite parity, the Ua(p)s  defined in (1.28) is the conventional 

Dirac spinor. This expression for the spinor in terms of the auxiliary 

group matrix elements of the boost operator is the crucial link between 

the group theoretic and field theoretic approaches to relativistic 

particle theories. The role of the Dirac equation in reducing, in a 

convariant manner, the number of independent Aka(p) to the number of 

independent a(p,$) is typical of all sudh°equations of motion°, other 

than the Klein-Gordan equation. 
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2. Construction of Poincare scalar densities with Auxiliary Operators. 

The auxiliary operator dual to Au(p) is 

e(P) E a+(p9 s) <my i[3>< f3 leiC*14a > 	....1.39 

so that under Lorentz transformation 

UOVAa(p)U-1(V = AO(pg)< pi e-i1441,01>  

= AP(Pg)(S-1)13a 	 ....1.40 

This ensures that the quantity 

e(P)Ace(P) 	 0... I .41 

is a scalar density. Since the matrix element <alKfil>is antihermitian, 

Aa(p) is not the hermitian conjugate of Acy(p). The hermitlan conjugate 

of Au(p) is to be constructed for each particular case considered. For 

example, for the Dirac representation of the spin 1 particles, 

(Au(p))+  = AP(p)(yo)oa  (+ means hermitian conjugate) 
....1.41a 

Under translations 

Au(p) -)e-iP11411  Au(p) 	 ....1.42 

Aa(p) e+11)  A«(P) 
	 .0..1.43 

Thus with these auxiliary operators one can construct Poincare scalar 

densities. To do so, we notice that under Lorentz transformation ppAu(P) 

transforms effectively as a 4-vector. The vector representation in the 

Lorentz group is the (194) representation, so one may introduce the 

matrices 

(0-11) 	s (1904 
	 ....1.44 

(v )ab 9...cr)  ab 	.0..1.45 
AO 

As is suggested by the notation, a and a transform as Lorentz 4-vectors. 
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Therefore given any 4-vector p we can construct Lorentz spinors by 

saturating the indices 11.1 

pal; = PP'(a)at 
	 9...1.46 

p 	pp(o. )db 	 ....1.47 

The spinor pas, p 	transforms as indicated by their indices, so that 

for example under Lorentz transformation (p pe) 

Ace(p)pat  At(q) -1011.c(p°)S01  a pas S A (qQ) 

= Aa(10')Ps 41/5(q.°) 
	

ire,4401.48 

is a true scalar. So that to construct Poincare invariant densities, all 

one has to do is to saturate indices in the product of four momentum 

spinors, and multiply by a four momentum 8-function. A typical example 

is 

A
a... 

(p) A
8 	

(q) p 
bd... 
A 	(r) 64(p + q r) 

b... 	d... 	;804,0 

....1.49 

where the form of the 6-function argument implies that A(p) and A(q) are 

creation operators, and A(r) annihilation operators, or vice versa. 

3. Fields, Statistics, CTP and CrcWile.  

We have been able, in the previous section, to construct Poincare 

scalar densities of type (1.49) with the auxiliary operators, without 

introducing the notion of antiparticles, causality, statistics, crossing 

and CTP. Weinberg11, Feldman and Matthews6  have, by introducing a local 

field tlia(x), defined as some linear combination of auxiliary operators 
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which transforms under homogeneous Lorentz transformation as indicated 

by the space-time variable x and the suffix a, and satisfies causality 

in the form of the local commutation relations: 

[Ya(x),y(y):1+  =0 (x - Y) 2  C 0 	....1.50 

shown that 

(i) ya,(x) must be a combination of annihilation aryl creation operators, 

and that the auxiliary operator associated with a creation operator 

can be made to have the same transformation properties as that 

associated with an annihilation operator. 

(ii) If for particles of spin j we11 use the representation (j,o) or 

(o9  j) for the a, the usual condition between spin and statistics**  

is obtained: 

Nrce(x)9Vp.(y):1_ = 0, 	(x - 	2  < 0 	....1.51 

only if j is an integer and (X = fpf, and that 

1410,,(x)4(Y)1+  = 0 	for (x - y)2  <0 	....1.52 

only if'j is one half an odd integer and }Xt = 1µ1 and these 

causality conditions lead to crossing symmetry and CTP. 

(iii) If for particles6 of spin 2, we use the Dirac (LO) + (0,4) 

representation, then if we assume the parity doubling theory tee. 

there are as many s as there are a, then our fields can satisfy 

causality, but will not satisfy any equation of motion except the 

Klein-Gordan type. However, if we put in a definite parity on our 

particle state Imo >, and put in opposite parity on the antiparticle 

state fm,' 9 then for our field operator i(x) to satisfy causality 

it will in addition satisfy, in configuration space, the equation 
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of motion 

(i y a — m) y (c) = 0 	.0..1.53 

which is the Dirac equation of motion for 4 component spinory(x). 

4. Extension of Auxiliary Group to U(2,2). 

We prescribed earlier that any Aci(p) which contains the pure 

Lorentz transformation Ki  as infisrltesimal generators, and which 

includes the required_ spin s in its decomposition can serve as an 

auxiliary group. Let us now exploit the freedom in this prescription, 

and consider the extension of the auxiliary group to U(2,2), which is 

the group of transformations whose infinitesimal generators are FR  

(R = 1,2..16). In the basic (Dirac) 4 x 4 representation la>, 

whore 

<alFR113> = i(YR)cyP  

Y R  = 19Y50491N4Y5; 

Y5 = No
N
1
N
2
Y
3 

Yo(YR).1.  Yo  = YR  

apv  ifNp9W] 

00001054 

....1.55a 

....1.55b 

....1.550 

We define an auxiliary operator 

a(P) = OIEril.IS113><Rim2s>a(P9s) 	 ....1.56 

This has exactly the same form as (1.28), but now la> is to be 

interpreted as a representation of U(2,2) and will transform like some 

reducible representation of the Lorentz Group. Thus under pure Lorentz 

transformation 

01)tity(P)U-1(
. ) = <,,,,fej-4.43>A0  (po 

= ScP  Ap(p°) 
	....1.57 
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which is exactly the same as equation (1.29). However we now have 

the possibility of performing U(29 2) index transformation on the 

auxiliary operators 

Ace(p) 4.<ce ieilIRFR IR> AR(P) 

Ta0  AR(P) 	 ....1.58 

The auxiliary operator dual to Aa(p) is e(p) where 

Acl(p) = a+(p,$) Cm,s413>< 131 81E41a> 

and under U(29 2) index transformation 

Aa'(P) 9  1113 (P) (r-1), 	 ....1.60 

It is worth pointing out at this stage that under the U(2,2) index 
transformations of type (1.58) and (1.60) there is no effective trans-

formation on p. Thus if we were to insist on invariance under these 

index transformations we would be led to a restricted class of Poincare 

scalar densities. This distinction is important, especially in chapter 

II where we show how restriction on U(6,6) index invariants leads to a 

restricted class of Poincare invariant S -matrix elements. 

The condition (1.55c) ensures that the relationship between 

hermitian conjugate operators and dual for U(2,2) is the same as for 

the homogeneous Lorentz group. Thus for the basic 4 x 4 representation 

(Aa(P))+  = AP)Yolf 
and this ensures that (A*(p)yo) transforms like e(p). 

We can now build auxiliary operators of the form A
y .•. 

(p) out of ap.. 

many index tensors, and these will represent particles of higher spins. 

We may then define corresponding fields 1Q" (p) which transforms under 

V(2,2) index transformation as 

0041411059 



....1.61 
and 
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(C::(1)»+ 
transforms like 

(Y 
Y°  

a 	/a  
0)Y 	"p41(P)y'....(Y0)ac ( Yo)  0 ° "" • . 

Feldman and Hatthews6 have carried out the construction of fields 

cpce0  composed of auxiliary operators of the form A10113(p) (a„0 = 1...4) 

which transforms as an irreducible representation of U(2,2) and which 

describes particles of both spin 0 and 1. They have shown that if one 

assumes parity doubling and that the creation and annihilation operators 

are Bose operators, then the fields P will satisfy causality, and there 
will be no constraint on the indices (i.e. no equations of motion except 

the K.G. type). Whereas if one assigns negative parity to both the 

particle and the antiparticles states then yop will satisfy causality 

in addition to theci=tAtit, the equation of motion 

(±Ya)orr  TITP(x)(iYa)pP  = - m2  (e(x) 	....1.62 
The above parity assumption implies that 91,1aY(x) is a self conjugate 

field consisting of two singlets and two triplets, all of negative 

parity. 

However, if one imposes further restrictions by specifying 

separately the parities of the quark and antiquark components, so that 

for instance the quark statep,$) has a positive quark parity and the 

state Im,”. has negative quark parity, then y0.i3(x) will satisfy 

causality together with the equations 

(iya - m)0P cpp°(x) = 0 	....1.63 
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and. 

Ta4(y) (iya + m)
4
13 = 0 	.0..1.64 

which are Bargmandignor (B. W.) equations first introduced into 

U(696) theory by Salem et al .3  The fields in (1.63) and (1.64) cannot 

be made self conjugate because the quark parities of im9B> are opposite 

to those of Olio>. This is a direct6  consequence of causality. This 

has physical significance only if the interactions are such that the 

quark parities are observable. 

The problem of constructing fields 410,[3y(p) from auxiliary operators 

of type Aa (p) runs along similar lines.12  By assigning positive and 

negative quark parities to the states tm,s> and Ims g> respectively9  one 

obtains the B.W. equation 

4  (iYa m):1  tp6.1,y(x) 	= 0 	..•.1.65 

in configuration space. 

5. Extension to U(6,6). 

We have extended the auxiliary group to include U(292). We shall 

now discuss briefly the inclusion of the well-known internal symmetry 

group SU(3). The rest states are now defined as 

fm, s 9N, I; s3YI3  > 	 ....1.66 

where N is an SU(3) irreducible representation9  I is the total isospin9  

y and 13 the hyperchmoge and third component of isospin respectively. 

If9  in addition to U(292) invariance9  we assume that the single particle 
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state (1.66) transforms as a representation of SU(3), then we can take 

our auxiliary group to be U(2,2)19SU(3), and the corresponding(spinor) 

field in the basic representation is 

W apr 	(a = 1...4), (r = 1...3) 	....(1.67) 
 

where o specifies a representation of U(2,2) and r, of SU(3). The 

auxiliary group transformations are index transformations carried. out 

independently on those two indices and U(2,2) and SU(3) invariants are 

constructed by taking products of these fields and saturating indepen, 

dently, the two types of indices. The little group of this auxiliary 

group is U(2)4011(2) SU(3). 

Now we can extend. the auxiliary group to U(6,6) by requiring the 

transformation, in the basic representation, on the corresponding twelve 

component field (spinor) 

IVA = 	(A = 1....12) 	.0..1.68 

to include transformations which couple U(2,2) indices, a to SU(3) 

indices, r. Like in the previous sections our fields here satisfy 

causality, and if we restrict them to satisfy the requirement that our 

particle and anti-particle states have opposite quark parity, they will in 

addition satisfy the ]3.W. equations. This will then correspond to the 

theory of Salem, Dolbourgo and Strathdee.3 

Our ability to extend to higher groups, the auxiliary operators 

out of which we construct local fields, stems from the fact that we 

restrict ourselves to pure index transformations on these fields. In 

the latter part of the next chapter, we shall discuss the difficulties 

one encounters in trying to construct Poincare invariant S-matrix 

elements out of these local fields. 
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CHAPTER II. 

U(696) ALGEBRA AND THE NEED FOR SYMMETRY BREAKING 

1. Algetra of U(2,2) and its sulmuRRA. 

We shall first review the algebra of U(292) and its subgroups. The 

extension to U(6,6) becomes trivial. The non-compact U(292) algebra is 

defined in terms of sixteen 4 x 4 Dirac matrices yR  (R = 

defined in equation (1.55): 

YR = 19Yp9iY059 ap =gyp,9Yv19 y5  = yoy1y2y3 
....2.0 

{Y119Yvl = 2 9µv 

Here we adopt a representation in which yo  is hermitian and Yi 

(i = 19293) is antihermitian, so that the sot of y-matrices obeys the 

defining property 

YoYRYo = YR+ 
	

.o..2.1 

of U(292) algebra. Of the total sixteen matrices, eight of them 
4 4  1, 	yo9  yoa = Ayi5  ....2.2 

are hermitian9  and eight 

Y59 y5Y = i;09 iY0Y59 1Y0Y5a = Yi 

a 
--23°.319(712)' 	= (a019c70eac3),  

.untiphormitian9  miler() a = ( 

In Pauli representation, 

= (01 	
yi  

9/  ":7• 0.4)9  iY5 	

0 
1'1 0 	c72L 0 3.   

41 0002.14 

The hermitian and anti-hermitian matrices appear as block diagonal 

and block off-diagonal respectively. This provides a mnanonic for 

0000203 
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remembering them. 

The yR  so defined obey the multiplication rules 

Y Y 	= - ia + g 
P v 	pv 	pv 

YY 	
= i( g4Y  u - gXVYµ) 	Eicxpv 1YKY5  

YpAY
v
Y5 = igp,vY5 	4KA 

a nap 	= i(gKvcrAp gXpaKv gla:TAN gXyaKµ)  

(gKlIgXv gXµgIN - EKXµvY5)  

alaiY05 = i(gApiYKY5 glfil1YXY5) - Elap,A) 

aKXY5 	= i C-KXµvap.,v 

iYPY5iYvY5 = iaPv 	gPv 
Use will be made of those rules in the computation without explicit 

reference to them. 

The U(2,2) algebra is realized in general by a sot of matrices J 

which satisfy commutation rules analogous to those of the yR. Those 

commutations rules are much simplied by defining alternative bases, 

	

= I(yR)c,„0  JR 	a9  0 = 1929394 

It takesthe form, 

EJ 09 J 6) = 6  J - 	J 8  
Y a Y Y 

In this new basis, the hermiticity condition (2.1) becomes 

(Ja13)4.  = (Y0  ) Y 	6(Y ) y 0 	 ....2.8 

The relations(2.6) and (2.7) are now easily generalized to U(P,P) with 

Y 

= PxP( 1  ! 0 

0 
C.) t 	pxp 

Now, there exists local isomorphism between the U(2,2) group and the 

0(492) group - the real orthogonal group in six dimensions with metric 

gmN  = (+ 	+) 9 	MN = 0,1,2,3,5,6 

ooe42.5 

00.0206 
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We will write the y-aatrices'in the form YEN where  

= up' Yo  = iV59 Yo = Y119 Y56 = Y5  

Then equations (2.5) and (2.7) will take the simple form 

YKINN = i(g gLMYKN gNeLN gLNYKK)  

+ (gal LN r  °KAM ) 

and 

....2.10 

DIM Jik0 = i(gRem gLeu °DAN gLeTWA)  ....2.11 

with 

= MN - N)as  .2.12 

Using this local isomorphism one can systematically break down U(2,2) 

into all its important subgroups. A comprehensive account of this is 

contained in reference (13). We shall here discuss only those, the 

direct application of which we need in this work. 

The maximal compact subgroup 0(4) locally isomorphic to U(2)0 U(2) 

is composed of the generators, 

1,t,yo,yoit = 4(1 ±yo), 4(1 t yo)1 	....2.13 

which commute with yo. It is therefore the little group of U(2,2). If 

we select from the set (2.13) those generators which commute with a12, 

we have the sot.  

10712,y0o239y0a31 	 ....2.14  

which generate the W-spin group of Lipkin914  which is relativistic for 

all processes whose kinematics restrict the free momenta to the z-direction. 

If we further restrict the set (2.14) to 

1, a 	 06002015 
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we have the ordinary spin group (SU(2)). 

The most important non-compact subgroup of U(292) for our purpose 

is the (already introduced) homogeneous Lorentz group 44  locally 

isomorphic to 0(3,1) locally isomorphic to SL(29C)9  with generators apv. 

Idthin the algebra of. 49  as indeed within the algebra of S0(392) composed 

of the generators (a09y11)9  there exists an antisymmetric tensor Cuo  

which has tha property that 

(0-1)(43  Coy  Ova 

(c-1)c43  (apv)0Y  Cyo 	(apv)ou  

(C-1)'f3  (y ) 	C 	= 	(y a  11  0 	y6 	µ)s 

In fact one can show that3  the 16 Dirau matrices of U(2,2) fall into 

two distinct classes. The matrices 

(Y 	C) «R9 (a ) p 	µV cd0 

are symmetric, and 

C 	(y C) 	(iv 	C) a09  5 02  .p5 0 

are antisymmetric. The tensor Cao  is identified with charge conjugation 

operator. The transformation properties of the fields under C will be 

defined later. 

2. Extension to U(696). 

We shall now pass smoothly on to the algebra of U(696), which we 

define as the algebra of the 144 matrices 

FR  =kwR  Ti 	(R = 1 	16)9  (i = 0,... 8) ....2.17  

where yR  are as defined in (2.0) and Ti are the unitary spin matrices 

which we conventionally define as 
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T1  = z Xi, T° = 1/R1 	(i = 1 ... 8) 	0...2.18 

where Xi  are the Gell-Nann15  matrices. The Ti  satisfies the 00141BilitAti-041- 

relations 

Ti = dijk + ifiik)Tk  ; 1, j, k = 0 ... 8 	....2.19  

where dijk, fijk  (i,j,k = 1 ... 8) are completely symmetric and 

completely antisymmetric tensors respectively. They are all given by 

Gell-Mann, and 

folk  = o 	ct.ojk o jkff 
"v3 

Tr(TiTj) = 2 Sij 	 so.•2.21 

In the same way as in U(2,2), the gemrators of U(6,6) algebra denoted 

by JAB, (A,B = 1....12) will satisfy the commutation relation 
EJA9 JC

D 
 = 80JA, oAJC ..2.22 B 	B D D B 

and the hermiticity condition 

(j4)3)1.  = (Yo jYo),14; 
analogously to (2.7) and (2.8). 

If we now define 

JR1  = 	(Ti): Jao: 

	

where A = a, r, B = 13,s; a, f3 = 	r9 s = 19 29 39  
the relation (2.22) will give: 

DiOji = [:T 9J5j) = 
(J1,J5  Ji= ifijkJ

5  k 
 

ifijkj k 
µv 1-Lv 

i (J5 ,Jpvi = 	iifjk 	j  k 

	

Ep,vpX pX 	 ....2.25 
fj 	idaik(g  	g 	j  k 	k ) 

PX 	 PV 	Xµ Pv gpµ Xv 

ifijk ((grow, gxv gxp, gpv)jk epxpav j  
5 

*0062023 

ifijkjk 



CtjXi  J 	idijk(g 	k  Ap, v oxv 

rj  i9j 	 k 
X5 Pv) 	a 	gip,  dv5 

k gXv JP5) 

xpp 

ifijkE. 
'X Pvp 

JP5 

Jk 

30. 

Pi9JU = ifijkk idujk k g J -Jpv pA) 

4p9 j
V)
1 	,ijk g IAT X 

	

k 	1. ,,ijk J k  a 	5 	p X 

E ji, j 	ifijk g
P  j  P

k 

[J19J p5  j] = 

LJ5i,JA= 

ifijk jk 
p5 

ilk J k id - 
p5 

....2.25 
(continued) 

g ) 	fik k 
5 

J 9JP  = id JP  

and if we use (J14N) as introduced in (2.9)9  in place of t.TRig  equation 

(2.25) collapses into 

J19jii = ifijk jk 

Ejis,,r- 1 = ifijk jk 
MN 	MN ....2.26 

ELMN11= ifijk{( gam gLN gKN gilL) jk  ICKLMNIJ IJ
I
4 

+ idi jk{g J24  + e 	 j k  KN LM -LM KN - -Km LN - g  LN KM 

which summarizes the algebra of u(6,6). 
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3. Multispinor Representation of p(6,6). 

In the fundamental (quark) representation of U(696), under an 

infinitesimal transformation, the 12-component spinorsek  (A = 1....12) 

transforms similarly to equation 1.589  

wA(P) -4  SAB  VP) 
	 ....2.27 

where now 

S = 0 j Ei RJR = ei,AJB 	
(E, real) 	....2.28 

and the adjoint (anti-quark) spinor which is defined by 

tipr (11/01.)+ (ydao 	....2.29 

transforms 

-3 (S-1)11; IpB 	....2.30 
so that the quantity "A v.&  is an invariant. As indicated in (1.61) 
multispinors representing particles of higher quantum numbers can be 

built up from these basic spinors, and they transform according to tho 

general rule, 

id  CD.... 
T AB.... 

A° Bt 	( -)C ( 

....2.31 

The representations of interest in this work are the regular representation 

yAB(143), the completely symmetric representation, yoBc)(364) 9  the mixed 

symmetry representation, ygo)c(572)9  and the totally antisymmetric 

ycimej(220). representation 	The full decomposition of these into their 

spin and unitary spin contents, after the application of B.W. equations 

are: 



fr}s 	1. 	(ppa.  + 5  q)5rficil3  cPA 	far
B  

	2p, 
 4 
` 
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— m)y i.t  YkAncr 11)CceMiPqr1 22n 2 
Ciao  D p,),( pqr} 

 

+ 2m 	I"%r  
.),5  cja, tpq. Nyr  

4Z  
+ cy.(A,B,C4 

....2.33 

and 

(Ydg, Dacpcirl = 0 

WC.A.B1C 	2.4-i.; BIS  + 111)Y µ, CLO 'Epqs)efp,y,rs  

 

(€qrsc( 	m)Y5 cJoyArce; erpsEU 	 s + ni) 5da3c9 ci} 

C
q 	

+ m>y5C:p + ((i + 1705CloyVal 
2n1 6 p 

+ 	 noys  cicvpay  ipqr)  aav 2 

(Y 	S  = ° 11 a 	PP9r 

- 1 4 1*  
1-i Br 	"" 

4 	E(0 -1- 111)Y11  q],a,D  A PYe Pqr 

.4.1{-bi+m)y5CliOrps\)yq -4prsyYPs)+eYeA'B'Ci &u 6  

(Y )f3  A 	= 0 11, 	PiD 
Here, t 
	

means symmetry, 	antisymmetric. 

These decompositions have been done according to the reduction 

and 

with 
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u(696)--,u(292)esu(3) 	 .6..2.36 

and the spin and unitary spin of the particles are as indicated by 

the indices cr,S,y and psoci,r respectively. 

We can generalize12 the charge conjugation operator introduced in 

(2.16) such that under C, 

YA(P) 	( A(P))C  = .0 
	

(4.p) 

WA(P) 	6P(P))C  = (C-'1 )ABI)B(-1)) 
	 Ofi0.21137 

and for the multispinors, we have, for example, 

\II ABC(P)-1r CAD CBE CCA)DEF(-1))  

9BA( q)—P  (c-1)AD cp(4q) CEB 
	....2.38 

The generalized C will now have the properties, 

CAB(C- 1 ) B D = 61)  A 	 ....2.39 

(c-1)ABi) C  vp, T B (C)CD = 	(T1)T)A  

The relations (2.38) and (2.39) will be extensively used in our 

calculations. 

4. The need for Symmetry breaking. 

We showed in Chapter I how one can construct Poincare scalar densities 

by use of auxiliary groups which wo extended to include U(6,6). Let us 

for the moment suppress the internal symmetry indices and consider only 

the auxiliary groups which belong to U(2,2) symmetry. In this case we 

are now dealing with physical particle local fields such as 

1cii3Y 	ilY03*Y2 \\10,10.Ne j9  (Pc, 
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built up from the fundamental fields 	and its dual qsa(p)* Now the 

most natural requirement for theories constructed from such fields is that 

the effective interaction Lagrangian, or S-matrix elements, are limited 

to be invariant under the index transformations of U(2,2) of type, 

equations (1.58) and (1.60), This restriction to index U(2,2) invariance 

leads to a subset of Poincare invariants. Thus a term like 

kr(q) (ydg$3(t) 1311 	....2.40 

which is Poincare invariant is excluded by U(2,2) invariance. Even 

terms of the form 

a%4(V )13  41 -‘1 4.  (V )6  
Was $ A '4..piE XS 

ilpiP112.41 

which are index Lorentz invariant are not index U(2,2) invariant because 

the Vs are only a subset of FR's which would have, if inserted into 

(2.41), made it full U(2,2) invariant. 

Thus we see that any form which was index invariant under auxiliary 

group transformation was automatically Poincare invariant, but certainly 

not vice-versa. Now it has been pointed out16 that even if the interaction 

Lagrangian is restricted by requiring index invariance under auxiliary 

group U(2,2), it is not possible to construct a theory (that is a 

specification of an interaction Lagrangian6 and free particle propagators 

from which S-matrix elements can be calculated to any order in the coupling 

strength) which leads in general to S-matrix elements which show this 

U(2,2) index invariance. This is because any such theory based on local 

fields leads to S-matrix elements which contain terms of the form p y 
P P 

Y µY w  Y which arise from propagators and summation over spins. These terms 

certainly destroy the invariance of the S-matrix element under index 
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transformation of the auxiliary group. Thus we are left with S-matrix 

which is invariant only under Poincare group, P. Thus, with U(696) as 

auxiliary group, the surviving invariance of our theory is POSU(3). 

On the other hand if we force in a presciption that our S-matrix 

be U(6,6) invariant, then we come into direct conflict with the principles5  

of unitarity. This can easily be soen as follows: the unitary condition 

is 

Im 	= (27)4  1E1  41T+In›A(niTli>8(4)  (Pn Pi) 

....(2.42) 

where, the summation is over positive energy intermediate states n. Now, 

the projection operator 

E I n>Kn = IS +m 	(16  Y
P  PP  ) 
	....2.43 

introduces terinsy µp µ9  p 9  which are not U(6,6) index invariant. Thus any 

S-matrix built on such a proscription, cannot in general be unitary. It 

is perhaps worth remarking in passing at this stage that even SU(3) is 

compatible with unitarity only if we neglect the physical mass differences 

produced by symmetry-breaking effects in the S-matrix elements. It is 

therefore not surprising that SU(3) predictions for scattering cross-

sections are not, in general, good compared with experiment. This point 

will be stretched further in chapter III. 

If one decidedly ignores the difficulties with unitarity mentioned 

above, and makes numerical calculations with a U(696) index invariant 

amplitude, one does obtain results which are, to be fair, in remarkable 

agreement with experiments for two and three point functions. Notably, 

its prediction of the exact magnetic moment of the proton and the proton- 
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neutron magnetic momenta  ratios. However when applied to four point 

functions for reactions it gives some results which are in violent 

disagreement with experiment. A few of these include: 

(a) nero polarization5  for various meson baryon scattering processes, 

in particular 

+ 	0=-  + e 	• • • • 2•14/4 

Experimentally17  at 17 lab. momentum of 1.95 Bev/c the average 

polarization is 0.77 t 0.24. 

(b) Equality of the differential5'7  cross-section for 

Ti + p 	Tr+  + r and K7 + p 	Ko 

At low energies the left hand side is about one hundred times greater 

than the right hand side, but at higher energies both tend to zero very 

rapidly. This result is also true for SU(3) alone. 

(c) The ratios of cross-sections of various two meson proton-antiproton 

annihilation processes are also bad compared withl8  experiment, e.g. 

cr(eX*-) 	a(Pri°*) = 16 : 1 	00002046 

Experimentally the ratio is 0.92 : 1.2. This particular problem. is 

treated in great detail in chapter III. 

Since the requirements of U(6,6) index invariance have led to S-matrix 

elements which are in conflict with unitarity, and which predict some 

results in conflict with experiment, it certainly needs some modification. 

We were led to U(696) index invariance and not true invariance because we 

restricted our space time dimension to four.19  As suggested by many 

authors92 for example in the case of U(2,2) we can extend the space-time 

to 16, so that we have 16 energy-momentum operators PR  which obey the 
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commutation relations 

DRIPS3 = 

[FIVE'S) 	ifRS PT 

The last relation shows that PR  transforms like a 16-vector under U(292) 

transformation. We can then form the spinor (PIA)a18  which is a 

generalization of (1.46) and (1.47) and our auxiliary operators will 

be of the form 

FR A,(p) 	<ate"-'1  IS)(01m9 s> a(p9 s) 	....2.49 

where now p runs over sixteen values and under IU(292) transformation 

A«( p) 	(cr leilRFRI 13> Ao(p 9 ) 	 ....2.50 

which is a true, not an index, transformation. We make contact with the 

physical world by requiring that the p runs over the real four values p. 

The little group is still U(2)0U(2). We would then proceed as in the 

case of U(2,2). The only difference now is that with IU(2,2) transformation, 

the derivative or irregular couplings are no longer excluded from the 

interaction Lagrangian as they were in pure U(2,2) index transformation. 

In the same way IU(696) admits the irregular couplings into the Lagrangian 

and is therefore less restrictive than U(6,6). 

On the other hand we can look at the problem from a slightly different 

view point. We take U(6,6) index invariance as a working hypothesis, 

first order approximation in the scattering amplitude, and then, as need 

arises, supplement this with irregular couplings. These irregular couplings 

will then break the U(696) symmetry. The inclusion of irregular terms 

into U(696) invariant matrix elements may be looked upon as intrinsic  

symmetry breaking, since the requirement that the physical particle fields, 

constructed from U(696) auxiliary operators,3  obey Bargman Wigner equations 
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of motion, introduces theso irregular 1.,=-0.sy pypi  intrinsically into the 

theory. 

Equation (2.43), together with the remark we passed on SU(3) and 

unitarity, reveals that the inclusion of those 'intrinsic' irregular 

terms will not be sufficient to restore unitarity, since the phsyical 

multiplets of U(6,6) binds together particles of different spins, and 

therefore largely different masses. This suggests then
20 

 the inclusion 

of spin-dependent mass splitting terms which21  may be called 'unitarity 

corrections°. These terms are of tha form yRie y R. Again, these 

corrections may give only an order of approximation to unitarity, and 

cannot restore it completely. In this way we can write the S-matrix 

elements as a sum of three leading terms, 

S = So + SD + Su 	 ....2.51  

where So has full homogeneous U(6,6) symmetry, SD  are the derivative 

terms which break °intrinsically' the U(696) symmetry, and Su  are the 

spin-dependent 'unitary corrections'. 

5. 	The hierarchy of U(6, 6) subgroups. 

An interesting equation now arises: with these symmetry breaking 

terms, can any vestige of our symmetry still possibly survive? 

We shall answet.. this question first by considering the derivative 

terms SD only. The derivative coupling is of the form y p1.1  = 
	Thus 

if in any process it is not possible to find a Lorentz frame where any 

of the components of pp,  is zero, then the term -V breaks down u(6,6) 
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symmetry to POSU(3), and there will be no new prediction except SU(3) 

predictions. Let us consider the following more interesting cases: 

(i) Some particular processes may be such that the 5-matrix depends on 

only one 4-momentum (this includes mass matrices for two point functions). 

In this case we can go to the rest frame whore p1  = p2  = p3  = 09 and the 
non- 

surviving symmetry is that whose generators commute with 	the chiral

U(6)00U(6) composed of the generators 

1(1 ± 'Old, 1(1 + 
	

00002052 

This is the little group of U(6,6). 

(ii) For some processes involving two independent 4-momenta pp, goi we 

may go to a frame 

= (p0,0,0,0) and qµ  = (090„0,q) 

and the surviving symmetry will be the collinear U(6)w  of Lipkin and 

Meshkov14  or the lesser group of Matthews, Charap and Streator with 

generators 

(19 cY129  Yoa239  Yo(331)"T1 	....2.53 

Such processes include vertex functions, all forward and backward 

scattering and pp annihilation at rest into two mesons. U(6)w  is compatible 

with unitarity provided all its intermediate states are collinar. 

(iii) If three momenta pp? 	Icy,  aro independent, we can set 

po  = (peopo,o), qv,  = (o,o,o,q), 	= (0,0,k,0) 

and the symmetry that remains will be generated by all matrices which 

conmute with yo9  y39  Y2, 

(1,  Yo(723)  Ti 	 ....2.54 



V5)  
u(3) 0u(3) SU(3) coplanar 

LO 

This is the coplanar or the least group u(3)%11u(3). 

We consider next the effects of insertion of such non-mamontum 

dependent spurions of the form 

y5  ey5  y 	yij, 9  i•y5y116, iy5y0,  9 v ea.  P 	V ....2.55 

into U(6s6) invariant amplitude. 

As in the case of derivative coupling, the insertion of any but 

y5 ey5  reduces the U(6,6) symmetry down to POSU(3). With the insertion 

of y50Y59  the residual symmetry is generated by all matrices w?116.d, 

commute with y 5. An excellent diagranimatic23  way of representing the 

hierarchy of subgroups is as shown in fig. 1. 

Fig. It alzids of U(696)  

Range of Validity 

I 	u(696) 	sL(69c) I 

Yo   'Yo 

u(6)u(6)  	5 su(6) I rest 

Y3 

LT(3) OU(3)1 

N./ V3 

collinar 	su(6)w  

3-dim. processes 

Note: In this figures  A 	B means the generators of A that commute 
with y generate B. 
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Other interesting subgroups of- u(6,6)- -which are not obtained 

directly by insertion of dynamical spurions includes 

(a) Usi(4)0Usy(2) with the generators 

1, CY, 4, T, Y, Ya 	 ....2.56 

where 

= (T1,T29T3), Y = g (T9  - 	T8) 	0...2.57 3 
and S, 19 Y stand for space spin, isospin and hyperchaKge respectively. 

We recognise Usi(L) as the original supermultiplet group of Wigner24  

and USY  (2) as the strange quark spin introduced by Lipkin.25  The 

application of the relativistic extension of this group forms the basis 

of our discussion in the next chapter. 

(b) The chiral U(6) ( U(6) with generators 

iY5) T19 iC1± Y5) c Ti  

obtained from SL(6,C) by performing Neyl'svalitary trick. 
26 

(c) U(2,2)0SU(3), the generators of which we have already displayed. 
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CHAPTER III. 

BROKEN U(4,4) AND pi; ANNIHILATION AT REST 

INTO TWO MESONS  

1. Introduction. 

Since the advent of U(6,6) several authors have investigated its 

predictions on pp annihilation at rest into two mesons with or without 

dynamical spurions. It has been shown18'27  that the full U(6,6) 

invariant term So  (in equation 2.51) vanishes in annihilation amplitude 

while, under certain conditions SD, the irregular momentum dependent 

term, gives a unique coupling which predicts results in violent disagree-

ment with experiments. Attempts28 at including the momentum non-dependent 

spurions Su  does improve the results on some events but not on others. 

It becomes therefore apparent that the trouble with U(6,6) symmetry does 

not only lie in its dynamical structure but also in its internal symmetry 

structure. Recalling that even at SU(3) level some of the bad predictions 

of U(6,6), for example 

dc(K-p K 	 ° ) = de( K-p 	....3.o 

still survive, and the fact that Lipkin's X-quark selection rule29 does 

fairly well agree with experiments we are tempted to attribute, to some 

degree, the failures of u(6.6), for reactions,3°  to the merging of 

strange and non-strange quarks. 

Following Macfarlane, AD'Raifeartaigh and Sudarshan,31 therefore, 

we propose and test, within the spurion scheme, a covariant U(4,4) 

generalization of the aligner supermultiplet SU(4). This group, U(4,4) 
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has been ehaan31 to reproduce the same predictions as u(6,6) on magnetic 

moment of the proton and on the proton-neutron magnetic moment ratio. 

We shall here treat in great detail the application8  of this group to 

the problem of pp annihilation at rest into two mesons. 

2. Particle classification in U(4,4). 

Under the reduction 

U(6,6) --,U(4,4)si ZU(2,2)sy  

a fundamental twelve component (Dirac) quark goes into 

--y-ycv(P +3) 
so that a U(6,6) meson tensor B.  will reduce according to 

	

B 	B(p1-3) 

	

C°A 	(P+3 ) 

	

Pq me.39 	R3' 
E.aE 	,up 	- 

m 
 2,c-3 	-ayp 	

m 
 3 ,a3 

....3.1 

....3,2 

....3.3 

where, S, I, Ydenote space-spin, iso-spin, and hypercharge respectively, 

a.  runs from 1 to 4, p from 1 to 2, and similarly for all small greek and 

latin indices. 

The generators of the algebra of U(4,4) are y11,i  whore the R's, 

R running from 1 to 16, are the Dirac matrices, the same as for U(6,6) 

but now the Ti, i running from 0 to 3, with T°  = 1, are the Pauli spin 

matrices. 

The physical particle content of the ca's are realised in the 

maximal compact subgroup of U(4,4), the non-chiral U(4)10U(4) composed 

of the generators 
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1(1 I yo )Ti, 1(1 ± y0 )1 Ti 	 ....3.4 

Thus under the reduction (3.1) and (3.3) the 36 low-lying mesons are 

classified as follows: 

(P 	?V x=0  , 	
(r)2 

....3.5 

T2 Z)(71K*)x=1' 
	(03  :)(m,y)x=2  

where here, X = n, means the total number of X-quark and antiquark content 

of eachIarticle in the multiplet. 

In terms of this classificationAa", m, x, VI are physical in U(4) 

space. This can easily be seen. The classification here is a complete 

separation of particles according to their X-quark and antiquark contents. 

No two particles with different X -quark contents can mix. Therefore, 2.4.r 

cannot mix with m and) cannot mix with x. Again, althoughWand tie, now 

belong to the same multiplet, they are distinguished by their space spin 

contents and cannot mix: Similarly m and x cannot mix. The expression 

of these phsyical classifications in terms of the unphysical SU(6) 

classification of these singlets determines, unambiguously, the mixing 

angles in SU(6) space. 

We now apply Bargman aligner equations to each co, so that, for 

instance (equation 2.32), 

(31) 
V cf, 	(k) = [(u 

with subsidiary condition 

+ O(15 5 q Y  u q P + 	V P)38 	....3.6 u  

k V = 0 
V, V 

The baryons are similarly treated. Under (3.1) 
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TABC --2*(p+3 ) (q +3 )y(r4-3 ) 

,«13), ,pqr 	ei°2,ay,(pci3 + cy.p,q,r) 

where 

+ di T30,ev,(p33+ay.p,q,r) 	4,a. x,333 

(N,N*)x_o, 	4#2  :)(1- Y*)x=1,  

ila:*)x=2, 	14 :)(Si:)x=3  

....3.7 

....3.8 

and each 
	

satisfies the BsIL equations of motion. In this particular 

problem we shall be concerned with only theft. The spin 1.. beat of 

is abstracted from equation (2.33), 

where 

2T6111i,cfly,p,q,r = e N3  cePv,r cyc•p,q,r;o',B,y 

....3.9 

mN aOY,r 
	= 	[(m + 	C]ao 	....3.10 

3. Construction of U(4, Invariant Amplitudes. 

Since U(6,6) contains in its regular representation all the different 

multiplets of U(4,4), to construct U(4,4) invariant amplitudes it is more 

convenient to construct U(6,6) invariant amplitudes and then use the 

redmtion (3.1) to express them in terms of U(4,4) amplitudes. 

To begin with let us assume that all the mesons have equal mass 

(in the actual computation, physical masses are used where these make a 

substantial difference), and let the proton, anti-proton mass be m. 

We specify the rest condition by going to a frame where 

p = (m,0) = momentum of proton 

= momentum of anti-proton 	....3.10a 
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q1 = 

q2 = 

momentum of meson 1 
ooni,3610a 

momentum of meson 2 	contd. 

Energy momentum conservation FAves 

ql 	q2 = 2p =*' e=m 
	....3.11 

We define 

q  = q1 q
2  = (0,%), whore q = 24' 	....3.12 

so that we have only two independent momenta q and p. Thus the 

irreducible insertion of 4 and, or into U(6,6) [U(4,4)] invariant 

amplitude will leave us with residual symmetry U(6)w [U(4)1,1] (see fig. 1). 

The reductions 

1430143 --7) 1 e 	, .1121,  D  0594o  a 4.212 5005 fP 5005* 
and 

364 0364* 	1 ca1u -e- 5940  e 126412 
indicate that there are four u(6,6) invariant amplitudes, 

1,  11E4,  1L2D,  5940  

which can be constructed for pp annihilation into two mesons. These 

are given by 

tnABC So _ - lr 	(-P)TABD(P) (rED(q1) °DE(q2)  

RABC(_p)
%BD(P)  C:PC2(q1) Te(q2) °ED (q1)  

m  E(, 
C "2)) 

4yABC( ...p) Iyllim(p) wBp(q1) 
(9CE(q2) 
	....3.16 

where ± indicate F or D couplings respectively, and 1/(-p) represents 

incoming antiparticle with momentum p. 

It can be shown18'27  that 

S  4,011.1. 
0 
	 ....3.17 
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yABC(sp)ve_44(p) - 0  

47. 

for p = (m,0) 	....3.18 

i.e. the left hand side of (3.17) vanishes whenever there is a 

direct contraction between 4/(-p) and U1)(p). This property arises purely 

from the Lorontz indices and has nothing to do with the internal symmetry 

indices. Thus the °leading' term, the U(6,6) invariant term in the 

S-matrix element, vanishes identically. This result is however in 

reasonable agreement with experiment for two meson production compared 

with higher meson production rates. Except the pit production, the two 

meson production is considerably damped. 

We are now left with the terms SD  and Su. Let us treat SD  first. 

These are terms obtained by the insertion of the two independent spurions 

and 4 in the U(6,6) amplitude in such a way as to obtain all possible 

irreducible independent terms. On account of the °rest conditions° and 

equation (3.18) the number of independent terms one gets in this par-

ticular problem is very much limited. This is more so because whenever 

16 acts on either y or 4,i, the vertex is reducible because of the I411 
equations. Similarly, whenever i or i acts between wi  and w2, or T1,2 

and If)  or T1,2  and 4), the vertex is reducible. So that the only 

irreducible terms are: 

	

SD  aNABC(-P) (,4)DA 	(4)Fc* .DEF(P) 	(cid 	(c12)  

a2 	
•••D 	• • 	G. • F 	F 	G 

) (4)A (A)B‘rDEF(P) mC(q1)mG(q2) TG(q )m (q  1 C 2 

a;TABC(-P) (94)AD (4):EZN)DEF(P){4(q1)(PiGr(q2) mGF(q )mg(q2),} 
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▪ a3  CPBC(-13)(4)D coz DEFP'y 	) 	(q1)(4)2.  A B  °G (q2)  

• a4T 

	

c(-P)(4)DA (4)B TDEF(P)cnC  (9.2)(4)1Gi 	(C11)  

E , . oF ,q  OABCf vrAID01  (p) cpB (qi) 	k 2;  
"I" a5 I 	%-131  "1  'A TDEF 

....3.19 

where the a's are in general invariant functions of (s,t,u). However, 

the rest conditions reduce the a's to functions of the energy only. We 

shall  now assume that strong interaction is invariant under charge con-

jugation C defined in (2.37) - (2.39). To test (3.19) on C, we first 

symmetrize and antisymmetrize Bose and Fermi Operators respectively. 

For example, consider the last term ar. 

ABC 
(P1)(4))24DEF(P2)  YDEF(P2)(0)DA PABcPin x  

x 	(q1) cpG (q2) -1- 	(q2) 4nB (q1)] 
	

....3.20 

Under C, the first term of (3.20) goes into 

(c-1)AA' (c-1)BB' (c-1)CC'wA'B'C' (-p
1  )(ODA CDD' CEEC)1:"E'F'(-P2) li  

(c-1)EG Tg 	CRIB 	' 
(C-1)FI mJ

1 
f
clx') r JC' `  

= 

TABC(  
f

1311 
)(OlkiTITEF( ) B ) 
'‘'D i 	(PE  

(aCF  (q2)  

here we have used (2,38) and (2.39). Treating all the other terms 

in a similar way, we obtain for a5: 

— ABC 
4' 	(-P1)(4)AYDEF(P2) (0)3 (q1)  co'c' (q2) 	

----k 

- TABC(_p 
2 	A 	

g_p 
1 
 ) cpE (q

1)   C 
 TF (q2) - 	Me 	B  
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YABC(-131)(54)0ATDEF(P2) cod   (q1) cnC ((42) 	....3.21 

obtained by making the replacement p
1.'"--34+ p2, q1,2--•?-q1,2  which is 

consistent with energy momentum conservation equation (3.11). 

0 .". a5  =  

by charge conjugation invariance. Applying C to the other terms we 

find that the only non-vanishing amplitude is 

SD = gDYABC(-13)(4)DA 64)511DEF(P)t ql)(4(q2) mG(c11)mC
G  
((12)  

....3.22 

We next consider the terms Su arising from the insertion of non-

momentum dependent spurions of the form, 20,28 

Y5eY5' iYvY5eiYm,Y5, YIJOY0,  a veallv 	....3.23 

These terms when inserted into baryon and meson mass terms split their 

masses as follows: 

5 4"5 iYuY5 	,y5  splits 0-  singlet from 0-  octet 

apveauv e vp(DYp 	splits 1 singlet from 1 octet 

atIveap,v, iNi4v5eiytly5  splits 0-  nonet from 1 nonet 

aopao. iNvypivoy5  splits 1+ octet from 3/2  decuplet 

....3.24 

The insertion of the Ps break u(6,6) symmetry down to U(6)w. The 

additional liberal insertion of (3.23) will break the symmetry down to 

SU(3). To prevent this, therefore, we shall choose from (3.24), one term 

that splits the masses of the 0-  nonet from the 1 nonet. Moreover, 

since our ultimate goal is U(4,4) where and m are physical and belong 

to different multiplots, it will be desirable also to split their masses. 

The only term that accomplishes these two requirements is 

acv ) a uv 	 ....3.25 



which we choose. (By this economy of choice the only term 

we really miss is iyily50iYilY59 or 1/50q5.) In spite of all this, 

we realize that the term (3,25)9  if contracted in all possible ways, 

still breaks down our symmetry to SU(3). To prevent this we have to 

impose the extra condition that our annihilation amplitude is dominated 

by a single 22 plet meson pole. This is analogous to the octet dominance 

assumption in SU(3)9  and will correspond. in SU(4) to the 15 plot dominance. 

With this restriction, and with charge conjugation invariance, (3.25) 

will give the unique term 

Su = gu "C(-0(apv)A (cYPOBTDEF(P) 
(pG 

: C 
) q2 	

Tg(q1)4(q2)J 

....3.26 

so that S will now be 

S = SD + Su 
	 ....3.27 

Now we have to express every U(6,6) amplitude in terms of the 

corresponding U(4,4) ampl:C4de. Using (3.1) and (3,3) we fina that on the 

basis of the above prescriptions, notably 15 plet dominance, a typical 

U(6, 6) amplitude, say 47 Tcpcp, will now break into two U(4,4) amplitudes: 

479yy -.41:ilTifp/1 (pi yi ce2 Y2 Y2j 
	....3.28 

Thus, we have for the general U(4,4) amplitude, 

ABC( n) -- A 
= 	' 
41 	(9)A( )B -11„DEF(—P)

F 
qPU qi)  (PFI,G(  q2)  (Pip(  qi)  "Pc' q2)  

	

+ 0,2  EpzioG ( 41) 
n(q2) 
	cp2.45.( qi) 

i5ABC, ‘,
Cr 	

%Eiji 	f „.. 	(, 
(-p) (Cr 	Pi 'Ii 	rlISP ""1" 121 1P 4) ‘Lii  *IP"2) "  

F G ylL r 	f 	riF (g
2)Map (qcp,„ (g2) 
....3.29 

)4
2p 

)
4, 

0...3.29 
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Here, A, B, C are now U(4,0 indices with the appropriate decomposition 

for 4#1  and y15,2  in terma of the a's and the p's as indicated in equations 

(3.3) and (3.7), and al ,u2,(319132  aro coupling constants. 

4. Evaluation of the alalitudes. 

Before we durrionstrate how to evaluate (3.29)9  we shall first analyse 

the state of our initial and final systems. The pp system at rest is in 

the 3S1 and 
1So 

states. The parity and charge parity of these states are 

summarised in Table 1. 

Table 1: Show parity and charge parity of (pp) system. 

P C 

0 - + 

3s1  - 

Thus while the single and. triplet states have same space parity, they 

have opposite charge parity. We shall assume here, as in the case32  of 

Gell-Mann's SU(3)„ that for pseudoscalar mesons 

C1'5> = +1J> 

....3.30 CLIC) 	+le) 
CIK°› = +111.Y> 

and for vector mesons 

+.60> 
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....3.31 

and C with definite Since the initial state is eigonstate of P 

olgenvalue we must construct final states which are also eigenstates of 

P and. C with same eigenvalues. Consider for instance the production of 

two pseudoscalar mosons. The 1 ‘o mode is forbidden by space parity9 
 since 

the conservation of J implies t 

since t= 19  and 

C Fr-1)-r-  > 

= 0. But the -)So mode is allowed9  

....3.32 
= 17-TT+  

= (-)
e Trtn) 

.-11171-Tr) 
Therefore C invariance will thus forbid singlet particle pseudo-

scalar (PP) production. Therefore a C invariant amplitude will be of 

the F type, i.e. In+Tr-- 7-71+  ,>9  since 

3S01Cul-7-  w-1171-  ) = 	FY.  - Tf.T171*  ) 	F coupling 
....3.33 

In the same way, we can construct for C invariant amplitude for other 

modes: 
1 so  (PV) 

3s0  (PV) 

lso (vv) 

3s0  (VV) 
Here V stands for  

2'CleK*-  - re+  ) = + lee-  - K-e+  ) 

ciee-  K*-E ) _ K- Fle- 	> 
g Clete-  + K*-e1),  = +.11e+e-  + K*-el 

g Clete- 	, = le+e-  - K*  29-) 

vector meson9  P for pseudoscalar meson. 

coupling 

coupling 

D coupling 

F coupling 

Equations (3.33) and (3034) will act as rough guides in our computations. 

Lot us now indicate how ono computes specific contributions from 

(3.29): 
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1 
2C(...p)(4), (444LF(p) = CACIIPYyPqr(...p)(4 Lilt)

ou g1tus(P) 

= Yli4Y9PV(-1))(4): sp (4); 611c1"1  T19  of x, the( P)  

= Y1c113V9  Pqr(-13 ) ( 	91) 0  119 oe x9pqs(P) 

1 1req3  nfli V9 r E gr3 Ri..- '3cesiP ErP3  RCY°313  P9 CI ). 
- 24 

x{cfpci3  Nlox9s  + E.qs3  N3 v 	Esp3  Ofx069,133,  

(¢Dx 	(4): 

(the last equation comes frau using 3.9) 

2P/P432Y'r  N3f-Axo  + 12 

+ (1.Y1c'rl 	 - 431a  Ntoji  )81; 

....3.35 
Here we have used 

NMY 	N  (f3c3 Y_ 

N 	+ N 	+ N 	= 0 
[910 	 [Yod 

Cg3(:st3 = 8Ps 6'cti  - 6P 8g  t s 

A similar result is obtained for the other term with (o1.ce  )8Pv ) 

replacing ( Oa°  (4):. 

For the meson part9  consider for example the term cpicpp using 

equation (3.6) 



(I)1 cp1 -'4•Tt,C(c1 )T1G(q ) 	c11" 2 

I + 	) y (pi  ( (q1) 	( 1 + 	y (pi (q1) 157 	5 	 µ 	P 

j ( x  ((1 + 42) y
5 

 cp
5 	2 	

( 1 .1. 	y 
 v 

cpi q2)I 
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k 
Y 

k 

	

+ 	q2 	(i9i = 12223) 	0...3.37 

so that, using the kinematical relations 

(4+ P) Y5(912  P) Y5  = 4(1 - 

(42+ P) Y5(41  + 11) Y5  = -4(1 - p) 

where 

qi = (P q/2) 	q2 = (p q/2) 
we obtai  n 

Yi(PI  = 	- PX1Xy  y15(q1) 5(c12) iTj  Thir ....3.38 

The same is true for cp2cp.2. We can now couple (3.38) to (3.35) and apply 

the B. W. equation given in (3.10) to the N's to obtain 

(m - p,) 	4 NO if [TiTi TjTi):} 	• • • .3.39 

Notice the F combination as expected from (3.33). .A11 other terms are 

similarly treated. Finally9  by defining the following quantitiesc 

G= 	(m 	p,) II u 
3P,  

Q 3p 2  

H=32 (xn p,) u 	YvY5  YvY5 A] u 

= 	(m2  - p,2)lu 3µ- 	 v 5 2(mivi v 5 

,2 .) J 	•=— 14- 2(m2  112) yP,  yv  + (m - p)(quyv  
3P'  

- 2 pvy 4 u 

(in- p) n (Si Ypyv  (clwyv - clod g ,v 



2 
L - 2

2  
N = 3 2  

1 

	

{ pv'Y + 1.2(m - 	gpv 	qPciv } 
(c1,Yv9 civY0) u  

, 
u [ 	P 1,,P%) — 111 P c v 	P v 	17-1 ,T, gµgv 
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- 2 ( m 	v.) g 	u 

R = 	m (m - µ)(m  + 	(qvyp,  + civiyv) 	g 4 
-[2m-1 p vii) u 	 a • .03040 

we have the resultsg 

For pp —)13P via 339  

A = Gt(NN) rs t( 3c1 - 13R1) (PtP) sr  + (3a'2 - 	2) (P 3P 3) s  ;1 

(NN)r [(3cel 	P1)(PtP t.)ss 	(3ce2 	13 2)(P3P3)sj 
0.3.41 

For p1.5 --IP/ via 139  

A = (r1N)s  "a(10I + J) 	60ID1  (PtVt)sr  + [(WI + J) cY2  - 60I132)(P3V3) sr ) 
+ (F114)a [-(21 + J) a1  + 12If311(Pttrt) ss  + {-(2I + J) s 2 + 121[321(P3V3)_ss  1 

For pi; ---+ PV via 359  

A = Hf(YIN) rs {(ia1  - 13131)(PtIrt)+Sr  + 	- 1332)(P3V3)+611 

+ (F70)r1:(-1cli 	Pi)(P tlit):s  + 	32)(P3V3):siy 
••.•3•43 

For pi; —+ VI/ via 139  

A = QC(FIN)rs i(-5,e1  + 3001)(VtlIt)+r  + (-5a2  + 30132)(V3V3):ri 

+ (FIN)rr [(cei  - 6Fs1)(Vtl/t)+ss  + (012  - 602) (if3V3):,s1) 
03.4k 

For pf)--+IN via 339 
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A = (11N)*(5K L) a1  - 26X5/1(Vt7t) 7r  1(5K + L) al  - 26KQ21(V3V3)sr  

+ (14N); ([(-K L + M) al  + 	+ 4R) Pi](VtVt)ss  + f(- K - L + X) a2  

+ (K + /IR) (32.1 (V3V3)ss  

where 

(io)s  r N3 	(ptpt)s = (pt ps 	
Ps pt§ 

	

r t 	t ri 

5. Results and Conclusions. 

We shall  first discuss those results which are directly obtained 

from equations (3.41) to (3.45) making no use of experimental input. Ile 

sha11  classify them according to their modes. 

From equation (3.41) we deduce 

3S 3 A(x°Y,°) = A(7°7°) = A(TT°X) = 0 	....3.46 

This result is in fact a consequence of charge conjugation invariance. It 

was also obtainedl8  in U(696) theory. 

From equation (3.43), 

3S 3 gprr) = 	) 	 0.6.3.47 

3s 3 A(p ) = A('n) 	 .00.3.48 

3S ; A(A) = A(y7) = A(cpx) = A(px) = A(mx) = 0 	....3.49 

Equation (3.39) is satisfied experimentally in so far as these events 

have not been seen. It could easily have been deduced from (3.29). It 

also agrees with U(696) results. Equations (3.47)=1 (3.48) are hardly 

easy to justify since there are no reliable experiments on (t.4tTI) and (s1/7) 

events9  while data on (p7) and (pt) are pretty sure.33  Physical mass 

insertions enhance A(pr) desirably but depress A(p) undesirably. U(626) 

predicts12 
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3 A(p7) o AOmmr) : .049) : Afs pl? g A(px) o (bvx) 

3 ; 	5 0 43 3 5/E2 10472 AO 

Thus9  experimentally, the predictions (3.47)9 (3.48); (3.49) appear 

more tolerable than their U(626) equivalent. Equation (3.44) gives 

1S ; A(urinr) 	A(pp) o A(pIts) 	= 	3 : 3 3 5 	....3.5o 

ls A(ete-) A(K.'"Teo) 	. 4 g - 1 	—.3.51 
ls 	A(w) = A(pcp) = Aquy) = 0 	....3.52 

Equation (3.52) agrees with experiment and with u(61,.6) predictions. The 

square of the ratio A(pp) A(p4) in (3,50) is in fair agreement with 

experiment rate a(pp) 	a(pu4 = 3.8 s 7.0. But there are no data on 

(Law). Equation (3.51) is conspicuouJly bad compared with oxperimentql 

rate a(ete) o a(E*° ) = 1.3 2 2.9. It was also obtained. in U(696)9 

and is the single disturbing aspect of U(696) which survives a broken 

U(4,4) theory in this problun. Mrdever9  it arises from 1S mode which 

accounts for at most 	of most two-meson annihilation processes. 

Using equations (3.42) and (3.45): 

A(er-) A(K°X'*) = ((10I+ J) a2  60102  ) 

1S ; A(p+7-) 
	

[(10I 4- J) a'1  - 60IB 	
....3.53 

and 

3s ; A(*te-) - ge°1?") €(.5K +-r) a2  - 26KB2] 

'S 	A(p+p-) 	= [(51: + L) al  - 26'4E113 
00..3.54 

Thus we see that none of the U(626) sum rules can be simply derived, in 

U(494). The U(696) sum rules are not well satisfied28  by experiment. 
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It is worth mentioning that we can derive all U(6,6) results by 

going to the u(6,6) limit al  --aa2, 

Let us now turn to a more exciting aspect of our problem. Let us 

assum3 that the annihilation amplitude for PP and. VP productions are 

dominated by the 33 mode - a very reasonable assumption.33934  Than from 

equation (3.41)9  by putting 

33 ; A(kli7) o A(leir) = 7 a 5 	 0...3.55 

we obtain the ratio 

132  a2  = 1 g 7 

and equation (3.43) gives 

33 ; A(I `K*-) 	A(KnC°*) = 4 g - 5 	....3.57 

the square of which =pares fa-lourably with experimental cross section 

cr(ee-) s g(K°1?") = 0.92 s 1.2 	...03.58 
This result is rather satisfying since the ratio is insensitive to mass 

factors. 	In the same way, using the results 

33 ° A(U.1-7-) 	s A(K41-) = 9 : 5 ....3.59 

3s ; A(p°u°) 	3 A(p°T) 

we obtain the ratios 

a2 	= 1 3 	11 

= 5 : 2  ....3.60 

....3.61 

g ce2 	= 9g50  .0..3.62 
and equations (3.43) and (3.44) give 

3s 9  A(p° u°) g A(K*-1-r) = 3 R 1 	.03.63 

+ - 
1S 	A(p; pt) s A(K*-1-K*-) = 2 : 1 	....3.64 

which are also good compared with experiment. However, equation (3.64) 
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cannot be taken too seriously in view of cur assumption of the 3S mode 

dominance. if this is so the possibility of the existence of a singlet 

resonance in the effective mass region of (K*41*-) cannot be ruled out. 

In our calculations we have used physical masses of the form 

(m-1-°/e where this will make significant difference. But we have not 

taken phase space corrections into account. The fact that the results 

obtained in this way are consistently good indicate that phase space 

effects tend to cancel out in the ratios. In fact, as pointed. out by35  

Fraser, phase space corrections change the results only slightly, and in 

the right direction. In table II we exhibit these results, comparing them 

with U(65.6) results and with experiment. 

We can make one more interesting deduction from this problem. The 

ratios in equations (3.56) and (3.61) 

02  3 a2 = 1 g 	pi  3 Cel = 1 	11 

indicate that the coupling strengths of the derivative term SD  are an 

order of magnitude greater than those of the unitarity terms Su. This is 

only in keeping with the expression 

S = So + Sp 4. Su 	0 0 0 0 	 ....3.66 

as a rythmic perturbative expansion in the coupling strengths. This 

result is however contingent on the kinematics of this particular problem 

and the assumptions made in deriving (3.65). Here, So, the leading term, 

vanishes identically. 

In conclusion, this problem has served three useful purposes. 

First, it has denonstrated how one can obtain bettor results from 

higher symmetry groups by symmetry breaking techniques using momentum 
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dependent and momentum non-dependent spurions. 

Next, that the bad effoots of SU( 3) for reactions are to a good. 

extent duo to the lumping together of the non-strange and the styange guar, ks, 

Those bad. effects are obviously amplified at U(6,6) level, because of its 

high predictive power. U(4,4) similar to U(6,6) in all respects except 

that the X-quarks are separated from the non-X-quarks is, therefore, a 

better approximate symmetry for reactions than U(696), 

Finally, subject to the assumptions made here, and. to the kinamatias 

of this problem, there is sense and rytbmnin the expansion (3.66) as a 

perturbation expansion in the coupling strengths. 

Table 	The predictions of U(4,4) in this table are subject to the input 

data (underlined) which fix the ratios Pi : al, P2 a a2  and 

al  3 a2  to 1 a 11, 1 : 7 and 9 g 50 respectively. 

Ratios of amplitudes Modes 
U(6,6) 
prodic- 
tions 

U(494) 
prodic- 
tions 

Ratios of 	(a)  
experimental( a)  
rates ^Le a 

------ 

TA(Til-u-) 	: A(K+K-) 33 1 	: 	2 9 g 5 3.2 g 	1.1 
PP ,  

t2A(er) a A(V1°) 3S 2 g 	1 7 a 1.1 	3 0.56 

fa(p 070) 	: A(pon.0) 3S 3250 5 a 2 14 : 2.2 

PVA(K+K") : A(K°13  ) 

{. 

3S 4 t -1 4 : -5 0.92 : 	1.2 

A(p1;•J) 	a k(K4T°*) 3S 3 a 4 3 2 	1 (1430.92)09(29:0092)± 

1

1(p°pT) : A(e+K*-) 1S 3 a 4 2 a 	1 3.8 a 	1.3 

VV I A( e+K*- ) ag IC*P °) 1S 4 a -1 4 a -1 1.3 a 2.9 

[A(op) 	: ik(pur) ls 3a 	5 3a 	5 3.8 a 	7.0 

(a) Most of the experimental data are taken from Table I of ref. (33). 
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CHAPTER IV 

REPRESENTATION MIXING TN T./„.§za 

1. Introduction. 

Applications of the algebra of integrated current components36  

to weak and electromagnetic phenomena had, about a year ago, indicated 

that although the assumed commutation relations between the integrated 

currents seem to be correct, the assumption that the obtained sum rules 

are saturated by very few intermediate states is, inmost cases, 

inadequate. In particular, it is realised that the saturation of the 

Adler-Weisberger sum rule, 

(Z7/  )2  GA 
)14k) rev  to t( n+p) 

TT  grTSN vz 

av
tot(n-p)] 

G 
(here, v/GA is ratio of vector to axial vector coupling constants, 

atot, 4.p)  tir 	is the total cross-section for elastic 7'p scattering, v is 

the poin lab energy and q is the magnitnde of the three-momentum of the 

poin in the lab system. M and µ are the nucleon and pion masses 

respecttvely9) with the spin 1+ octet and 3/21-  &cuplet alone gives results 

for Gv/GA, and G* (the strength of the axial vector transition between 

the nucleon and 19*(1238) which are bad, compared with experiment. On the 

other hand it is observed that in (400) the contribution of states like 

N*(1512„ JP = 3/2-)„ Y:(1405„ JP = 1.-) and Y:(1520,JP = 372) gives terms 

of the same order of magnitude as the deeuplet.37 Again it is to be 

noted that none of the low lying irreducible representations of u(6,6)„ 

alone, reproduces the experimental values of both GA/Gv  and D/F ratios. 

Thus if we still believe that the sum rules are saturated by a few states, 
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those states must then belong to more than one irreducible representation 

of our symmetry group. This idea has led many authors369 37938 to the 

concept of the physical baryons belonging to more than one irreducible 

representation of U(3)Q1U(3) and ;U(6) v, Investigation of the consequences 

of this assumption have been successfully carried out in the context of 

algebra of current37938  components. 

We shall here consider assumptions of similar nature within the 

context9  of U(69 6) symmetry. We shall assume specifically that the 

physical baryons belong to some mixed states of 

(i) (2209  L = 0)4.  and (364, L = 0)4' 

and 

(ii) (2209  L = 0)4', (364, L = 0)+  and (5729  L = 

These assumptions are motivated by our belief that the recent discovery 

like 1,1(1450&) and e( of the resonances 39 	 16639e) serve Rs an incentive 

to the consideration of the 226+  and the 572+  multiplets. 

It isuez-theeile to remark that those assumptions break the U(69 6) 

symmetry, since the tensor for a baryon single particle state is no longer 

irreducible in U(696). 

From the decomposition equations (2.33) - (2.35)9  it is seen that 

only the 364 contains the docuplet 	Therefore we shall focus attention 

on the i+ octet parts:" 

2. (i) The  (220, L = 0).4' and. ( 364, L = 0)+  mixing. 

We assume that the physical baryon wave function can be written as 

B> 	= ce 1364) + I22o> 



where a and 3 are ming parametors with constraint 
2 	9 + 13- = 1 

We compute the expectation valu©s of the 143 vectors 

(FRi)t = (yaTi)2 

between the states I B ) 9 namely 
JRi = 2 <3641FRii 364) + (1 - 	<*220 FRif 220 

(YRTi),;  ABD) 

+ (1 012) (p _BCj 
(R1  ' 
,iD 

c lipp] 
where we are only interested in the spin -14" octets. 

63 

{ABCr m) y 	€ 	NS  + 5 u(l pqs yr cy.A9 B9  s 

.00.404 

N5  ) qrs yp 
••0.405 

=c10 in)   Cl  ( 	N   aari 6171 	 --103 -̀rps yq 
+ ey.A, B, C 

Using the functions, 

q = pc p, P = pg + p, r = cavkX  Pv qk YX Y5 
and the identity 

l'u ru ,„ ( + 21:113,,i) N N ;4- 21:72p 

▪ 4.6 

• 0.4.7 

We ontain for the first terms of (4.3) 

J i 	-P2  5 	(FT y N) i272 5 3r,  

Jvoi  = P2 12;2 (i N y 	N)„„„ 
V,  5 	dAj1-4t 	

• 004.9 

J 	= (11-N)F 	Pfl'2 N)3D}.2F 2a 	 .0.04.10 



j_i = 	p2 
12m2 

Ji 	 P
2 

= " 
5 	12m2  

T  
u  = ' 2 7I r-.2m P 

12in 	
N)n 	

11. (n),1 

6L. 
2 

Al 	N) 	+ 
-1- (Po 

p,V 	 ( - p,qv Pvcip? (Tll)F_3D  

and. ful,  the socond. term, 

Ji  
p2 

= - 
21114 (N + 	(P q 	P q (Rig) D 	12m4 	v 	v 1,1 	D4-1°  

ego do not need the scalar current). 

Using the free field equations (B,14.) 

11-P5i  = 	91:59 	1-1QV  = 	(Pv11  

we can define the total ps,Jadoscalar and vector currents as 

.1.(tot) 	= 	j5i + 	 ....4.17 
j5 

.±(tot) = igv3 /0, 	 00.'94018 vw,   

and havo respectively for the sot (4.8) - (14..11) and (4.12) - (4.15)9  

.i(tot) _ (1  + 	) 
35 	—  

P2  --- 	 N) 
12m2 

(N y
5 3D+.2F .9..4.18 

and 

	

1 	2m ji( tot) = 	(1 + 2. )(Ei) + (1 + 	)(11 -1-1r  
2m 	2m11 F 3 	2.4m2 3D+2F 

00004019 

p2 
.0..4.20 

i(tot) 
(1 + — )(IT y5 N)D' j5 	= - 7272 	µ 

an 
J 	iN jµ(tot) = 1

3  .._ (1 + -E- )(71q)F - 	(1 + 	AN 2 hiD P 2m 	Znil P,  
....4.21 
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From equations (49)9  (4.13) and (4.3) wo have 

Lo2  - 1  
F 	2a2 40004622 

The common assumption about weak interactions is that they proceed via 

the coupling G Wp,9 ws 	1-Yliy5) 
i EA 	_ 

Gv  I - 2.2 

From (4.22) and (4.23) wo obtain 

IGA/  1 = 
3D - F  

which lathe static limit gives s 

....4.23 

40004424 

in agra.a.nent with the U(3) 

 

U(3) results obtained by Cabibbo and Ruegg38  Cie 

 

from a consideration cf the mixing of the (569L=0)+  and the (209L=0)" 

and the (569L=0)+  and (70,L=0)-  in the context of current algebra. If 

in (4.24) we put D/F = 1.759  we get I A/Cry 1 = 2.2. Alternatively9  if 

1GA/Gv 1 = 1.2, D = 1.18. These results are bad compared with the 

experimental result of IGAiliGirl = 1.2 and D/F = 1.75. 

3. (ii) The (2209L=0)+. (364,L=0)+  and (57221.4=0)-f.  m5:Idng. 

As in the case of (i), we assume that the physical baryon state can 

be written as 

1B> = cei  1364> + u2  1220> + ce3  1572 > 	....4.25 

wwithui2 +ce22 +cr3  = 1 	 000.04026 

Then 

ce12  <3641FRil 369+ u22  <220 Fail 220) 

+ a/32  (5721FR1t572>i  + g1a32  (5721FR1i 572)  II 
+ g2ct1ce3  (5721FRil 364 > + g3u2v3  <572 IFRit 220> 

....4.27 
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where gl,g29g3  are constants. The first two terms have been worked out 

in (i). To work out the rest we need the r octet part of the 572 

representation shown in equation (2.34). 

TrAB1C = tjfilirs131/ m)  Y5 dlpy 
s 

- Erps (+ m) y5  Clw  NL1 
	

00004028 

Using (4.4)9  (4.5) and (4.28) we work out the respective F/D ratios due 

to there:Levert components of current in the right hand side of (4,27). 

These, together with their corresponding GA/Gy ratios w-Ddisplayed in 

Table III. 

From this table we see that the current (5721FR11572> I  has the 

same F/D ratio as the current <2201FRi1220) and is therefore not 

independent. 

The usual practice in the application of group theory to ',Lye.= 

is to assume that the interaction is invariant under a group of transfor- 

mations, and to classify our physical particle states into definite irreducible 

representations of our group so that the interaction will take a given 

irreducible representation into itself. However, if the interaction is 

approximately invariant under the group, it will induce some transition 

between states belonging to different irreducible representations of the 

group. It can then be argued that such transitions are snail compared with 

the transitions between states of same irreducible representation. They 

break the group symmetry. :ow we can consider the case for approximate 

invariance in another light. We assume, as in this problem, that our 

physical particle state is a mixed state of the irreducib10 representations 

of the group. Here we build in the symmet7 breaking. We may then 
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reasonably requIrsD that our interaction takes an irreducible representation 

of the group into itself. This eliminates the cross terms <364IFail 572 

and 	(220 IFRi  1572 

This heuristic argument is supported by the fact that these cross 

terms give non-zero electric charge to the neutron. This can be demonstrated 

as follows 

We can express all the currents in (4.27) in terms of the total 

pseudoscalar and vector currents from which we can read off the magnetic 

moments and electric charges. 

For 	0641FRil 364> and (220 IFRi1220 ) see equations (4.18)2  ( 4.19) 

and (4020) D  ( 4.21) • 

For 	(220 IFRil 572 

j i(tet) = P2  ( ) (11 y N) 

5 	 214m2 	
11' 	

5 D-F 
P,, 

(1 + 2 i 	
6 

(tot) 	1 	an )(— 	N) 	 2— )(N)31}1-F 
j 	= 	(1 + 	N 	

D-F 
+ 

6m  

For (36/4.IFRi1572> 
J i( tot) = 
5 

2 
24m2  (1 + 	)(IT Y5 4 31)1_9, • • ••4•31 

i(tot) = _ 	ti  + 	)(7 p, N\  
(1 + 2—  )(1\iN) 17 

2 
6 	bra2 l3D+F 6m 	2mu, 	D1- 7 

• •••4•32 
For <572 'Fait 572 11 

j  i(tot) = P2  (1 + ....n_. )(FT yc N), 5 	12m2 	V, 	-) --2-(D+F) 

j 
11 

(tot) = 
3
"1  (1+Z

p,  )(F — 2   N)it E+FN + 

Pm 
( 1 + 

	

) (N 

 

l)F 

• •• .4.34 

••• • 4.29 

• • • .4.33 



2 
(1 - 	) f_ 

uE1/4qI 
asi = 

l4M2   

2 	2 C(1 + 	
v), 	

F(e) 	 ( u.2 	q ) 
2m 

out, o4.35 
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W now assame that the electromagnetic interactions proceed via 

p,T irit,)rmediate states, which in the Lagrangian modell3  corresponds to 

introducing couplings of the form (°1-4-/g)AviP in the U-soin scalar 

projection (T3 + 0/41). Then to lowest order in e, we have for Sachgs 

electric form factor10  

where F(e) is an ad hoc form factor introduced into u(696) vertex. 

According to 0ehme,41  on account of pole dominance, at q2  = 112  we can 

tx2 
[(1 	; 

replace the fac 	) 
2 
 F(q2) 17 the msidue at 1J2. Thus 

2mp, 
(4.35) boct3mee 

)-1 GE( qz) 	10.  + 2_2  ) p2)1( - q2) 
4m2 	 2n 

.0..4.36 

from which we call road directly the Electric charge of the octet baryons 

using the D and F parts of the coefficients of 	in equations (4.19)9 (4.21) 

(4,30), (4,32) and (4.34). (These ratios are also shown in Table III under 

pd The cross terms are not pure F and therefore give non-zero charge to 

the neutron. 

Eliminating these, (4.27) becomes 

iRi  = <3641FRi1364> + al  <2201Fliii 220> + a'2  <572IFR91572Ne>11 

where we have made • use of the constraint (4.26). 

4. Results and Conclusions. 

From (4.37) and Table III we obtain 

3  - ce2 ice3  D/F  
2 + Tia

3 

....4.38 
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1Lk - 5  + °"1  
Gv 

1 	3 # N2 +°'3 

from which we obtain 

I F + D 
G A I 	3F - D V 

....4.40 

which is the same as we obtained in the case(i) equation (4.24). 

As we have commented, this result is bad compared with expariment, and 

with the result obtained by Gatto et a138  and Harari,37  whose consideration 

	

of (50.1.,=0)-1-  aid (ZO,L=1) 	in U(3)0U(3) algebra of currents yielded 

;(2.1 	_ 	D + F  ....4.41 Gv 	3(D - F) 
which is in exc:ellent agreement with experimental values of 1.2 for 

GA/Gv 

and 1.75 far D/F. This goad result (4.41) has been obtained by Akyeampong42 

in U(6,6) symmetry scheme by mixing (364,L=0)+  and (220,L=1)-. However, 

if in (4.38) 

D/F = 3/2 ....4.42 

which corresponds to 

 

°'(1))/11(n) = 3/2 

a good experimental result, then (4.40) gives 

1..?V  = 5/3 	
....4.44 

the old SU(6) result. 

Thus, in conclusion, if we assume that the physical baryons belong 

to mixed states of the three low-lying irreducible positive parity 
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i-.a.es6ntatior of U(6,6), (220,L=0)+, (364,L=0)1-  and (572,L=0)+, 

thml 	reogyiements that 

1% 01) 
. 	, 

(a) 	= 0 

for all currants, and that 

(h)

automatica 	- / y 	13GA2/0 to 5/3. No more, no les. So far, 

it appears that only the mixtilce of the (56,L=0)+  with the (20,Z=1)- 

can 	depy--..-&s 5/3 to the expe-fimental value 1.2. 

It is use.r.:C,. to remark9  that brder- nixing assumptions (i) and.  

Johnson Triem,:n rolalions are retrcod. if the parameters are chosen in 

such a wa:- 	eli,--Lna..t,) the cross ts,rrns. 
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.;11.17-ent, 	lb r 
each I.R. 

r : D ror 
Mag. moment 
pert of 	• 
vector 	. 
ourrent 
(r) 

r : U IOr 
charge 
part of 
vecttr 
current 

(F,I) 

ii. 	: 	1) ror 
pseudo-
scalar and 
axial vector 
current 

Y.5.ivi5 

uA : ui 

61.4FR±1364> 3D + F  3F 
, 
 3D + 2F 5/3 

420 IFRil 220> - D 	,- F - D - 1 

<5721FR1t5722, - D F 	
_ 

- D 
[ 	

- 1 

q721FliiI572)11.  ED .1-  F) 	q 

• 
F ED + F) 1 

.,.. 

<5721 FR11364> - (3D -I- 5F) D + F - (3D + 5F) - 

0721 FRij 220) 	, D - F - (3D + F) D - F - 

Table III: Shows the different F/D and GA/GV ratios for the irreducible 

representations considered. The calculations are based on 

the expression for the multiplets given by Delbourgo et al.13  

It is worth pointing out that the magnetic moment part of the 

vector current has the same F/D ratio as the pseudoscalar and 

axial vector currents. 
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CHAPTER V. 

I-EXCITATION IN U(6)eU(6). 

1. Introduction.  

As remarked by Professor A. Salam, at the September (1965) Oxford 

International Conference21 on Elementary Particles, the year 1965 was 

a year of rare achievement in a phenomenological 001-eelstion of the 

resonances. A greater portion of this achievement stemz from the concept 

that higher resonances could be thought of as angular momentum excitation 

of the lower ones. We shall here restrict ourselves to the bosons. The 

rest symmetry subgroup U(6)&i(6), of U(6,6), with its magic multiplet of 

6 provides the most convenient basis for this orbital excitation. Several 

authors, notably, Gatto et al,43 hahanthancia and Sudarshan,41  and Sinanoglu45 

have considered, with some measure of success, the possible classification 

of higher bosons in U(6) U(6)00(3)e with certain definite approximate 

assumptions regarding the spin-orbit and tensor symmetry breaking terms, 

and the mixing angles. So far, it is not known for sure, for example, the 

exact value of the tensor symmetry breaking terms, and the general effect 

of these spin - breaking terms on the mixing angles between the T = Y = 0 

octet-singlet members of the nonts,. 

It is therefore the purpose of this report10 to conduct a systematic 

study of the above problems, deriving an approximated mass formula for the 

group U(6)011(6) 6000(3)e  (for any given e) by dropping certain well-defined 

mass tensors, and exhibiting the exact forms (values) of the symmetry 

breaking terms. Our approximated mass formula contains terms which 

determine the mixing angles. 
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2. Mass tensors and_Mass Formula. 

Throughout this work we shall assume the quantum number assignments 

of mesons consistent with the model of bound quark-antiquark (qq) system 

in relative £-wave. So that 

J = 	I+ s, 	C = (-) e+s t 	P = (-) 1+1 
	....5.0 

where e is the angular momentum, s the intrinsic spin, P is space parity, 

and C charge parity of the uncharged mesons. And we extend the concept 

of charge parity to the kaon by using the definition that if Cie) = 

In°> , then OK> = 1 K > where K and n belong to the same multiplet. 

This helps to distinguish, for instance, the 11)1  K*(tP-) and the 

3P1 K*(1++)- 
The physical meson state in U(6)(iX(6)00(3)6 is represented by 

(6,Z; (). To construct the mass operator which we will require to 

transform like an I = Y J = 0 tensor in the product space of 

U(6)0U(6)00(3)t we shall use the chain reduction 

U(6)01)(6)0(3)i 	SU(6)00(3)t  

SU(3)1,)SU(2)siPSU(2)t 	....5.1 

Consider then the reduction processes 

(6X; t ):0(6,6; 6.) ---) 1e)  35, 35 +1; 2t 	e 2C - 1 et o 
....5.2 

and 

35035 	1 el 35F  35D  e 189 15 280 8) 280 ED 405 	....5.3 

(35,1) —3, 35 

(1,35) ....5.4 
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Charge conjugation invariance applied to (5.3) eliminates the 35F  

and the 280, 78.15, and groups together the (35,1) and (1.35). Since 

an SU(3)/OSU(2)s  reduction of 35,189 and 405 of SU(6): 

35 	(8,3) E? (1,3) ED (8,1) 	....5.5 

189 	(8,5) 6) (1,5) 6 2(8,3) e (27,1) 	(8,1) qi (1,1) e 
.•••5•6 

405 	(27,5) e) (8,5) e (1.5) 	(27,3) e 2(8,3) 	(27,1) 

e'(8,1) (1,‘ (1,1) e 	....5.7 

gives a maximum spin of 2, to construct a scalar in total spin space, 

the maximum value of the irreducible representation of the orbital spin 

in the right hand side of (5.2) must be 2. This maximum value is already 

reached in the case t= 1. Thus the maximum number of mass tensors is 

the same for all e 31. Morr-over, exactly the same mass tensors 

operate for all t ;:1. 

The coupled state of our system in the product space is defined in 

terms of the uncoupled46  state by 
/6 6 uvIc. e ) ovi) iTv2)1 f,,,4 

v1.v2 
c
1v1 	

i 

v I 	s3  3  i3  
s3,e3 	....5.8 

and the mass tensor is similarly defined, to wit: 

PI 10' 
	= 

c 	
B 8 	ivp 

Ey,f1;11 
2 	Xi  X2  X) X 

le
1 -12 	

8SL 8S3L3 
....5.9 S3L3 

where 8 corresponds to some SU(6) irreducible representation in the 

decomposition of cyq0B, and (P,S) are (SU(3), SU(2)) decompositions of 8. 

L is some irreducible representation of foe in SU(2)e space. Using 

(5.8) and (5.9) we write the transition element as 

- 1I
.
y vii3 ; 6 'a' ,s 



3(6i.r)(62.r) 
T  	22 Y

2 
....5.12 

   

75. 
6Z w 	(6 v 6 

vi Al  vii C2 viv
v C

3 (4°  "I 	v2 v
co 

6 
x 	C4  C2 A2 v) C5 (Ai A2 A) C6  ( s e j  ) s3  ea  j3  

s 	e j \ ( e L  
x 	C7  js5 {5 j5/ C8 t3 L3 e5 	ESL 6S3L3 

ippi6)cz.lielz.)C 	f 	....5.10 

the summation being taken over all possible magnetic quantum members. 

Equation (5.10) reveals some interesting features. The coefficients 

C6,  C7, C8 are independent of the internal symmetry quantum numbers and 

aro directly responsible for spin-splitting. This splitting falls into 

three categories according as L takes the values 0,1,2. For L = 0, there 

is no spin splitting in total spin space and all particles come out with 

degenerate mass in this space. The most interesting case is L = 1. In 

this case the spin-splitting term, denoted by 	in Table IV shown below, 

is given by 

= 	/ if 46 if + 1)' 	 ....5.11 

and is proportional, for a given 6, to the anticipated spin-orbit 

splitting (reference (44) and (45), and Dalitz (39)). For L = 2, we have 

the spin-splitting terms denoted by in table IV. This surely corresponds 

to some tensor forces and its exact values are computed for 	= 1,2,3. 

It cannot be simply expressed in terms of J, L, S. This is not surprising 

since the supposed tensor forces 
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unlike L.S, does not commute with J2, L2 and S2 and so its eigen.v,...‘,lues 

cannot be simply expressed in terms of these quantities. 

The coefficients Cl, C2, C3, C4, C5  contribute to the splitting 

within the U(6)0U(6) multiplets. In working out these coefficients it 

is reasonable to neglect47  contributions from the 18927,8 and 40527,8, 

drawing our morals from the case of SU(6). 

Equation (5.10) gives48  then, using conventional mass squared for 

mesons,49 the approximated mass formula 

= Ao + 	+ Bic)p + (A2  + B20q + (A3  + B3 )r 

+A4.5** v+Be" + (A6 + B4)t 	....5.13 

for any given 

Here Ao, (A1,B1), (A2,B2), (11,3,133), A4, B5, (A6,B6) are reppectively 

the reduced matrix elements corresponding to 

, m35(8 ) Mr 
L1,1:1i ' 	

Ni 
LL(35,1)+(1,35);1J ' [(35,1

3
)+(1,35);3] 	' 

, -189(1,5) 
5(111)- ' L35,35;ii 	-"55 [3

(
,3:5V5] 11  [35,35;5] ' 	Mr 	m 

0(1,1) 	,,a5(8,1) 
'135,35;1] ' mN:31)-1-(1,35);3] ' 	"[35,35;1] 	-1.35,35;3] 

....5.14 

and p, q, r, v, t are products of Ci....C5  in (5.10) and. are shown 

below in Table V. 

3. Results and Conclusions. 

From Tables IV and. V, we observe50 that if we set A6  = B6  = 0 we 

come out with equidistance relations, 
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3S1  EK*(1--) - p(1--)3 = 180  DC(0-+) - n(01")] 

= 1P1  [K*(1+-) - n(14. )] 	....5.15 
and 

3p
0  pc*(0++) 	0(0++)] = 3P1 De(i++) 0(144)3 

	

3p2  [K*(2++) — p(2++)] 	....5.16 

The first part of (5.15) is well known and is satisfied by experiment.51 

For the second part, fitting in the masses of 891 for 3S1  K*(1--), 769 

for 3s1  p(1--) and 1220 for 1P1  p(1+-)"..013, we come out with a satisfactory 
prediction of 1225 MeV for 1P1  K*(1+-). This can be identified with the 

C(1215±15) resonance. 

From relation (5.16), feeding in the masses 1410 for 3P2  K*(244), 

1324 for 3P2  p(2++)••-.A2, 1072 for 3P1  p(1++)^0 Al  and 725 for 3P0  K*(044-) 

ewk, we come out with 1175 MeV for 3P1  K*(.:14). This fits exactly with 

the Knn(1175) resonance. Also from (5.16) we predict 540 1IeV for 

3P0  p(014), which falls neatly into pattern, but has not yet been seen. 

The relations (5.15) and (5.16) are expected to repeat for corres- 

ponding particles as we go up the ladder. Thus for t = 2, we expect 

to have 

	

1D2  [K*(2-+) - p(2-4)] = 331  [K*(1--) 	p(1--)] 

= 1s0  [K(0-4.) - n(0-+)] ...5.17 
and 

3D2  [K*(1--) 	p(1- )] = 3D2  [K*(2-) 	p(2--)] 

	

= 3D3  [K*(3--) 	p(3 -)] ...5.18 

The validity of the first part of (5.17) and of (5.18) will be a matter 
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for future experimental test. Some of these equal spacing relations 

were also obtained by Gatto, Niani and Preparata,43 who considered only 

the case t = 1 in U(6)GU(6)00(3)p,  '°Imoving state& of besons. 

Now from tables IV and V, it is clear that for any given , the 

mixing between the I = Y = 0 octet-singlet within each nonet depends 

not only on p, q, r, v, t, but also on 	and and on the masses of 

the particles belonging to the multiplets. Thus we do not expect in 

general to reproduce the rt-x  or cp-aptype of mixing. With explicit 
knowledge of nine masses for any given 6 , we can calculate the seven 

other masses and the four mixing angles, using for each mixing angle the 

formula52 

sing 
 e 	= (f7 - f8) I (f ,  - f) 	 ....5.19 

f + f° 	= f1 + f8' 
	ff' = (f14.1-: f8)

2 - f f8 • . 5.20 

where f1 f8 represent the singlet and the octet I = Y = 0 particles of 

each nonet and f,f' aro their corresponding physical states, (f1 	f8) 

given in table V is the singlet-octet transiti.on 

In deriving these results we have neglected the effects of possible 

mixing between, for example, 11)/  K*(1+-) and 3P1  K*(1++). The fact 

that our predictions fall into nice pattern with experiment justifies 

this neglect a posteriori, and indicates that such a mixing is expected 

to be small. It is interesting to notice that for t = 0, our approx-

imated mass formula agrees with U(6)4013(6) mass formula of reference 

(50 ). Although our method here is fairly unwieldy and tends to make the 

true nature of the symmetry breaking forces less transparent, it has 

the sole advantage of giving the exact values of these symmetry breaking 
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terms, notably, the so-callod tensor forces, and that, for any given e. 
Moreover, if we believe in orbital excitation, it contains in it the 

ingredients that will supply most of the information needed about higher 

boson mass spectra, once as little as nine masses are known, for any 

given value of the orbital excitation. 
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and 	are vyritten up to factors of 11041( 	1) and 

1/V4(2 e- 	( 1i+ 1717e+5T respectively. 'These factors are 

however irrelevant for considerations within a gi7en . 



Particle 
Symbol s P q r v -E, 

K*  1 -3- 2 -1 -2 10 -1 0 

fl  1 2 -11 1 -1 3 
btu 0 0 -32 -32 -1 0 

cPu  0 -2 -2 10 -1 0 
*44 0 2,M 0 0 0 0 

K 0I 2 -1 18 -18 -1 4 
TT 1 2 9 -27 -1 -5 

xu 0 0 0 0 5 0 
rtu 0 -2 18 -18 -1 8 
17,  X 0 242 0 0 0 0 

81. 

V. 
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.APPENDIX 

In this appendix we shall compute all possible baryon-baryon-meson 

vertices related to the processes 

B' 	B + M 	 ....A.1 

where H is a member of the 1/13:tizroducibl,,,1 representation of U(6,6) 

and Bg 9  B are members of tho 2209  364 and ,72 irreducible representations 

of U(69 6). First9  such a comp:'-:;- -'cion will illustrate the procedure 

outlined in chapter IV. Next9  if U( 6, 6) invariance is approximately 

true9  the large widths of some of -the newly discovered53  resom,.1ces9  

notably the NI and Yos  strongly suggests that they may well belong to 
2 

the three low-lying irreducible representations of U(69 6), parity 

discrepancies notwithstanding. It is therefore worthwhile 9 in the 

	

manner of R. Delgourgo 	M.A. Rashid,54  to compute the coupling 

strenghts for such transitions as (.11.1). 

From the product decompositions, 

220 0 220 1 143 c.B 4212 f.D 

364 e 364 1 143-6,-) 5940 

572 (ic.5  572 1 a 1431%1432M4212 ....A.2 

220 (0 572 —4 143 eS, 4212 

364 C  572 143 	5005 	.0  

we see that there are unique invariant couplings for a711  but the process 

572 	572 + 143 which has two distinct invariant couplings. These 

invariants are 

7  ABC] _ 
LABc °,) cPC  

4, „A..) 	Cc, 
CPC 9 



where 

(AB3 C  
C° 	Cti CAB; C 	„B° 

(6133C° qt 	T 	CAB°3C 	9 

ABC3  
C a 	TcAnc},ti 	cpB° C 	YCAB3C 9 (1) 	 I CAB C B 

TEABJC TCC,/gB LlicBc3A 

83. 

....A.3 

....A.4 

1)1LAB)C L\ji23A3C 

The SU(3)GSU(4) redueUon of .229_, 	and.. 21 ,t-re given by; 

220 = (89 20°)$ (109 L*) e) (19 20) 

/611= (10 9 20) ID (89  20 9 ) 	(19e) 	 ....A.5 

M= (10920°) Ct (89 20)=5(89 200 e (1920) 	(8,14-* ) 

The decomposition in terms of the wave functions arc given in equations 

(2.33) to (2.35). 

As an example we shall compute the first term of (A.3) writing 
C° ,C° = ( y,)Y'( Ti)r° ....A.6 

st  
we computes, using equation (29  35) 9  the form 

cf, 	(yrtTi)cc  Tcei  

481 P  {C V CC-1  Y 	 TZ1+12 -1  3[6 
11 	 "Y5 	+ m)I0 

m 

x (€rps 79 (1 + Ergs -Y 9 P vs  ) + cy.A.9 B9 C .? 

x (y )y  Y ° (11)r  1".(..€pqr° 	1 	
y11610  A p yg R 	 11 

+ N/2  [66  + in)  v 	(€ 	 vt ) + cy.A9 B9 C joii3 r°pt vy' s,q c-r'qt y-,p 3 m 

=0 



8L.. 

where A
ll 

is a spin -14-  singlet and v a spin i+  octot. The SU(3) 
indices aro trivially contracted using 

Pqr stu = (6P 6c1  6r.+ 613  6q Sr  + 615  6q Sr) s t u 	t u s 	u s t 

- (6P 	t 	A 6q 6r  + 6P 6q 6r  + 6P 6q 6r) 	.....8 
s u 	t s 	u 	s 

Pqr 	= 6c1 	
- 6r 	6q 6r 	oett o Ali9 ptu tuut 

pqr 	2  Sr 
u ....A.10 

We consider in detail the contraction of the U(L) indices. 

For A -.1 A119  A11 	
v transitions, we have, 

fip-1  YO9 r;°)13  (YR)Nc0 + m) Yv  C3c63 Avg ,ye  

[(14 + in) Y5 di 2 VC/ 

r ,J m, v = 	y 	S i‘p9  + ni v )(IS + in)  VvY 1.), 	la)115'e pP.P R v p 
....A.11 

and for v 	v transitions, 

[C-1  y5(10 + 	( ))/1[(li + m) Y5 dap vyc 

E ÷ in) y5  clyc  v 

= cyit  v SIA(0 + m)(ig 
 + m9) } 

YR ( + 1T1) (16  + 0 
	

011012 



and 

84a. 

v &-1  y5  (' + 	('eh)g [-(14 m) v5 IPY1  

= v v S 

where pg9  p are the momenta of outgoing and incoming baryons 

respectively. 

Taking into account the B.W. equations for the mesons9  we can 

define the analogue of the total current equations (4.17) and (4.18) 

in terns of (NR)s, 

tot 	1 
Y5  = 

P 
(4+ Y5  9411,4114,A1114 
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tot 	1 = - 	41) Yµ 

....A.15 

whore µ, is the mass of the meson. Plugging (A.14) and (A.15) into 

(A.11) 9 (A012) and (A.13) 9 and using the relations 

q = p 	p9  p = p o p9  

= 1.3vkX Pv qk YX Y 5 
	 ..0.A.16 

p1-1 	= qµ  cp11, = 0 	 0 00 0A.17 

and the identity 

71(P ° ) 	+ PP  - mg m 
(1  + P.P ° ) 

ram' u(P) = 71(P° ) 1717  u(p) 

....A.18 

wo obtain9  for 220 -/ 220 + 1439 
1 

- -9  P2  (1 + ) y5  
5 - 	12m -v 

+- 3/-2
1
nun' it.(1 ) m 	; Ti 	+ h.c m+ra"' 

+ 12112  (1 + 211111 ' 
2 — 	 1.1 	p p(1v 

	qPv )  

-1 ")D 	Tr(Ti) v  Y5 

7c,  Y5 
	Tr(T) 

• 0A01.9 

-1 	= 1 (1  + 	v )D  Treri) rX 172 v) 3 x 	3 	)(v 

+ 	an  (1 + 	)1.(vv)F  + Tr(T1) vv:i 

+
3  
1 	(1 + /- 	mmg 

) it 
, 

11, 	- y )g tjA  v T1  Ne5  A 

PXciP7113-Y5A ti' 	c111716-Y5YXA I/  
+h.cJ  

+ 12m2 
 (1 + 	) P2 	yx  L vi  + (Pµ% - cvv ) 4EAµYx Av

- P-111  P2 	 (1P'')) 1:41 	Tr(Ti)  
••••A•20 
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For 572 	+ 14.3g 

egJi  = 	(1 + 111-4:11') (1 + 2-11. 9 ) 1.(trys v)D.F 2Tr(T1  ity5  v - 5 12 	1.1 I 	rim 

y5 	2Vr1  y5  v 44. f\rv,  (Ti) y5  

+ -{3-2  q 	u 	P. Tr(T1) ,r3 Ti  
m 9 	-  

x inTig  (P qv — vv ) fi:"11  Ti  y5  Av .  

Ii 

0 0 0 .A421 

	

g'*1 =  12 (1 + 121-11-1'). 	+ 2=-13' -c )f ,74 x.9T± v + 	v + 216/rx  y5  Ti  v rzn° 	 2µ. 

+ 	/5 	yx 	A 9y5 	Tr(Ti) + 412giIi  y g  Ax  

+( _Pv x + -L ((A7v) 	- 2T r  (Ti) 	 v m' 	m j 	3D+F 	 - 	Ti 
 

3 
+ Tr(Ti) ry + 	v - gSTi  2rati 	D-F 

( 2cloXY5  PXci l v I C g.  Ti  v + .1- ti3A Tr(T1) r2 A7Ti  m 	an gin 51  
1  

(P 
)W Tl y 

35rimv 	 v 	x v  

- 12 FAX(1 + 12-'82u ) [QV) 3D+F  2Tr(T1) 	v + 	R; Q 

1  P,(pa v 815- - me Ati, 	 V" 1,1  

For 572 	572 + 1439 the first coupling, 

e , • 0 A 22 

5 
= 

12 
(1 + EtP12  ) (1 + 212') ram'  )D + Tr(  Ti) 1 PI+J6 Y5-‘4 
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+ Z  (p2 6  +p qV  -PV  q\ )flf.  TY5  iff y  /til. c  -L 31IM 

0 0 9 .A•23 

	

g-1 Ji = 1 (1 + 	(1 +)117X Ti  Y5141 - 	Y5% 1 X 3 L 	ran° 

P  (-.21 + 	+P1 - 	+ 	)r2L;i6 
ro m- 	— 

PannXcl:fg_5  + 	y py5) 	 + 	Ti  

+ 	[Tr(Ti)ii lu _ ("IA D  + 

__2_14zranv (P2 811, ± pug.%) 	pvq ) yx 11/ 1 	y\k  

	

13 2L 	2 
kmin°11 (P 61,19 + P p% - PVcip) 	T  P V 

I.D.671;  (1 + 	) tTr(ri)frif + (11) F" + h•c 	00 ..A•24 

For the second coupling of 572 	572 + 1439 

= 	(1  + rsta° ){.  
-2 5 12 

5 r (1 + PO_ )[ tsly pr) 	+ 	T 1 
pm 	5 D+F ,11. 

i 	
5 

VT± 5;:-.  
- 	jt Tl  + ,r6 Tr (T1) f(0( 	f 

rm ° 
Immo 	vvpa [2pP 	(P 1)(1 	P!130.5) Tr( Ti) If 	- )7414)  p cr  

..A.25 

Ti 	1 

g2 = 2 X 12 

(- 

(1 + "1-±Tag )(i (1 + PtR) YS  r6 Tr(Ti) v3)( - 1160.  1;f1 )D  
run° 

+ 

g 

	

pq y 	p'°  

1 	 2"1  5 	(Ti) 	- 16(r I it )  :D YX v5 	nim" 	m' 	L 	r 



+ 

J )„, 	Ti 
o 

+ 	p )iiTi y 	Tib 

+ 6m  (1 + 4,1  ) Px  Tr(T1)7( .11  + (II )F..  

88. 

6m° 1-(1 + 1.72)(q Ox 	oxv) + Px  8‘.4jfi Tr(Ti)iilifiv  

2
A7 Expp0A(1 + mO) pp  P°  1-1  P 13p  9 } ji T1A) 

U lla p, 

+ 	(1 + 21.2°) 	[- ff-1  T-ty + 	3714? 	. ..A .26 
mm 	p. 	• 

where in, m° aro respectively the masses of the incoming and outgoing 

baryons at each vertex. We have not included here the results for 

572 ~3 364 + 114.3 and 364 -7364+ 143 as these have been published in 

references (54) and (3) respectively. The presence of the characteristic 

factor C1 + (m + m°)/µ  ] whitli enters through the equations of motion, 

and the appearance of the same F/D ratio in the magnetic moment part 

of the vector current as well as in the pseudoscalar current, are 

noteworthy. 

Here, the particle symbols .g), ,!4 	te are respectively decuplet 
of spin 1*, octet of spin 3, octet of spin I and singlet of spin 19  a]]  

belonging to the M.  irreducible representation of U(696). 



89. 

REFERENCES AND FOOTNOTES 

1. Gursey and Radicati„ Phys.Rev.Lett. 11 173 (1964). 
Saldta, Phys.Rev. 136, B.1756 (1964). 

2. T. Fulton and. J. Wess„ Phys.Lett. 14, 57 (1965). 
J. Charap and P.T. Matthews, Proc.Roy.Soc. A286, 300 (1965). 
W. Ruhl, N.C. 27, 301 (1965). 

3. A. Salam, R. Delbourgo and J. Strathdee, Proc.Roy.Soc. A284, 146 (1965). 

4. B. Saldta and K. Wall, Phys.Rev. 139, B.1355 (1965). 

5. R. Blankenbealos, M. Goldberger, K. Johnson and. S. Trieman, 
Phys.Rev.Lett. 14, 518 (1965). 

J. Cornwil„ P.Freund, K. Mahanthappa, ibid 14, 515 (1965). 

6. G. Feldman and P.T. Matthews, Annals of Physics 40, 19 (1966). 
P.T. Matthews, Acta Phy.Austriaca, III, 338 (196U. 

7. H. Harari, High-Energy Physics and 21,:mentary Particlep I.A.E.A. (1965). 

8. C.O. Nwachuku„ Phys.Rev. (to be published). 

9. C.O. Nwachuku, P. Mahanta, D. Akyeampong, Nuovo Cimento (to be 
published). 

10. C.O. Nwachuku, Nuovo Cimento 1a, 58 (1966). 

11. S. Weinberg, Phys.Rev. 	 B.1318 (1960; 
1,22, B.597 (1965). 

12. F. Hussain, Ph.D. Thesis, 1966. Imperial College, London. 

13. R. Delbourgo eta. High Energy Physics and Elementary Particles 
Seminar, I.A.E.A. Vienna 1965. 

14. H. Lipkin and S. Meshkov, Phys.Rev.Lett. 14, 670 (1965). 

15. M. Gell-Mann, Phys.Rev. 	1067 (1962). 

16. W. Ruhl, N.C. 	201, 219, 1629 (1965). 
T. Fulton and JVI.IUSS9  Phys.Lett. 14, 57 (1965); ibid 11, 177 (1965). 
(also ref. 3, 4, 22). 

17. D. Connolly et al, Phys.Rev.Lett. 12, 482 (1964). 

18. F. Hussain and P, 	Phys.Rev. 110., 1013 (1966). 



90. 

19. L. 0°Raifeartaigh9  Phys.Rev. 1319  B.1052 (1965) 

20. R. Oehme, Phys.Rev.Lett. 124, 866 (1965). 
R. Oehme, ibid lh, 664 (1985). 
R. Oohme, High Energy Physics and Elementary- Particles Seminar, 

I.A.E.A. Vienna 1965. 

21. Abdus Salam, Oxford International Conference on Elementary 
Particles (1965). 

22. J.M, Charap, P.T. Matthews and R.F. Streater9  Proc.Roy.Soc. 
A2909  24 (1966). 

23. D. Horn, Lectures on SU(6), Argonne National Laboratory 
(1966) (unpublishe ) 

24. E. Inagner, Phys.Rev. 51, 106 (1937). 

25. H. Lipkin, Phys.Rev.Lett. 13, 590 (1964). 

26. H. TATeyl, Classical Groups, Princeton University Press (1964)9  p.265. 

27. R. Delbourgo9  Y. Leung, M. Rabid, and J. Strathdee, Phys.Rev. 
Lett. 14, 609 (1965). 

28. C. Lai, Phys.Rev.Lett. 1 9  563 (1965). 

29. H. Lipkin, Now we are SU(6)°. High Energy Physics and Elementary 
Particle Seminar, :.A.E.A. Vienna 1965. 

30. c. Lai, N.C. 419  606 (1966). 

31. A. Macfarlane, i.e. O'Raifeartaigh and. E. Sudarshan, Phys.Rev. 
Lett. 14, 755 (1965). 

32. M. Goll-Mann9  Phys.Rev.Lett. 12, 155 (1964). 

33. R. Axmenteros et al, Phys.Rev.Lett. 11, 170 (1965). 

34. R. Axmento et al, Proc. of the International Conference on 
High Energy Nuclear Physics, Geneva, Switerland9  1962. 

35. G. Fraser (Private Communication). 

36. R. Dashen and M. Gell-Mann, Phys.Lett. 179  142 (1965). 

37. H. Harari, Phys.Rev.Lett. 169  964 (1966). 

38. R. Gatto9  L. Maiani and G. Preparata9  Phys.Rev.Lett. 16, 377 (1966). 
N. Cabibbo and R. Ruegg, Phys.Lett. 22, 85 (1966). 



91. 
39. H.C. Corben, Phys.Rev. 145, 1253 (1966). 

R.H. Dalitz, Proceedings of the Oxford International Conference 
on Elementary Particles, 19659  p.159. 

40. R. Sachs, Phys.Rev. 126, 2256 (1962). 
K. Barnes, Phys.Lott. 1, 166 (1962). 

41. R. Oehme, Phys.Rev.Lett. 14, 1085 (1965). 

42. D. Akyenmpong, 	Imperial College. 

43, R. Gatto, L. Maiani and G. Preparata, Phys.Rev. 1./1„9„ B.1579 (1965). 
R. Gatto, L. Maiani and. G. Preparata, Phys.Rev. lig, 1135 (1966). 
R. Gatto and E. Borchi, Phys.Lett. 14, 352 (1965). 

44. K. MahantNvpdand E. Sudarshan, Phys.Rev.Lett. 14, 163 (1965). 

45. 0. Sinanoglu, Phys.Rev. 145, 1205 (1966). 

46. We use the notation of J. De Swart. Rev.Mod.Phys. 	916 (1963). 

47. It is the neglect of these terms that gave reasonable SU( 6) mass 
formula; M. Beg and V. Singh, Phys.Rev.Lett. la, 418 (1964). 

48. We use SU(6) C.G. Coefficients by C. Cook and G. Murtaza, 
N.C. 29.., 532 (1965) and some trivial U(6)® U(6) C.G. Coefficients. 

49. The use of the mass squared for bosons may be related to the fact 
that in the Lagrangian the mass term for bosons is m2  yl" cp. See 
also footnote of reference 46. 

50. This is also based on the observation 	in the limit of u(6)eu(6), 
A6  comes out negligible compared to the other A° s. 
D. Akyeampong, N.C. 41, 499 (1966). 

51. A. Rosenfeld et al. UCRL-8030, Part 1, March 1965. We take all 
our experiments from hero. Note however that evidence for the 
existence of the Al resonance is fairly shaky. B. Shen, G. Goldhabor, 
S. Goldhabor, J. Kadyk, Phys.Rov.Lott. j, 731 (1965). 

52. S. Glashow and R. Socolow, Phys.Rev.Lett. 119  329 (1965). 

53. A.H. Rosenfeld et al. Rev.Mod.Phys., January 1967. 

54. R. Delbourgo and M.A. Rashid, Proc.Roy.Soc. :z567  412 (1965). 

Unless otherwise stated, throughout this discussion we use the metric 
(1 - 1 - 1 - 1). All Greek indices of type ps, v run from 0 to 3 
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and all Latin indices of typo i9 j run from 1 to 3. Summation is 
implicit for ropoated icdicos. 

++ Soo chaptor II on the classification of the subgroups of U(292). 

For dotailod calculation, soe Appondix. 
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