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Abstract

We live in a rapidly evolving era of Big-Data, with modern rich-content signals which

exhibit large variance, complicated structures and large data volumes; this all calls for

robust, explainable and expressive generative models. Probabilistic generative models are

aimed at learning signal behaviours and providing a human-level understanding in an

unsupervised way, pursuing the ultimate goal of artificial intelligence. Yet, the existing

models are mostly based on the Gaussian distribution which, despite its mathematical

tractability, is accompanied by limitations in terms of robustness and flexibility to accom-

modate the typically unbalanced and heavily tailed natures of modern signals. In this

thesis, we address these issues through the class of elliptical distributions, and propose

novel and efficient generative models with guaranteed robustness and enhanced express-

ibility. Deep neural networks are also addressed in this context to further improve the

model expressive power, whereby we introduce a novel structure that seamlessly combines

an auto-encoder and a generative adversarial net (GAN). This makes it possible to achieve

semantically meaningful learning, thus ensuring model explainability.

To suit the needs of machine intelligence for real-world data, we first generalise the existing

symmetric elliptical distribution to accommodate asymmetric signals, a commonplace in

practice, by employing a directional von-Mises-Fisher (vMF) distribution and introducing

a skewed elliptical distribution. In such a generative model, the generating process is

clear, physically meaningful, and generic, allowing for explicit probabilistic density func-

tions (pdfs) to be obtained. More importantly, the proposed generalisation is proved

to share all desirable properties with the elliptical distribution, such as easy manipula-

tion and practical implementations. We further provide a stable method to estimate the

proposed model, and its superior performance is verified both theoretically and through

experimental results.

Next, we address the paradigm of learning from multi-modal signals, by proposing the

general elliptical mixture model (EMM), which is shown to be sufficiently expressive to

fit arbitrary real-valued distributions. Another important property of the EMM is its

robustness, which is quantified through the influence functions as theoretical bounds.

However, the existing EMMs are limited to several specific types of elliptical distributions.

We therefore propose a unifying framework for computable and identifiable EMMs. To
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universally and efficiently solve EMMs, we establish a statistical manifold of elliptical

distributions, and by finding the mismatch in their statistical manifolds, a reformulation

trick and a redesigned cost are proposed, so as to allow for an equivalent statistical manifold

and achieve extremely fast convergence speed.

To overcome the problem of spurious convergence to local optima when learning EMMs,

we further propose a relaxed Wasserstein distance for significantly enhanced discrepancy

measurement between probabilistic models; the so proposed distance is proved to be an

upper bound of the Wasserstein distance, and more importantly, this allows for both

explicit statistical manifold metrics and the corresponding operations. For the universal

manifold solver, we propose an adaptive stochastic gradient descent method to accelerate

the convergence. The flexible EMMs with so quantified robustness, estimated through

efficient and universal solvers, are shown to almost approach the global optimum.

The focus next shifts to using deep neural nets in generative models, to further enhance

model expressibility for complicated signals. In particular, we propose to use the charac-

teristic functions (CFs), a powerful tool that contains all the information about any general

distribution, to evaluate distributions for signals with high dimensions and complicated

structures. In the analysis, we first prove the theoretical completeness of the evaluation,

and that benefiting for the inherent complex-valued CF, its phase and amplitude parts

possess physical meanings. More importantly, we introduce a reciprocal theory to make

the CFs complete when comparing two transformed signals through deep neural networks.

The proposed reciprocal CF generative adversarial net (RCF-GAN) is therefore seamlessly

combines the auto-encoder and GAN, and learns a semantic low-dimensional manifold for

both the generation and reconstruction with enhanced model explanability. We further

propose an optimal sampling strategy under the umbrella of flexible elliptical distribu-

tions, and an anchor design to improve the convergence speed. Experimental results show

that the proposed RCF-GAN achieves the state-of-the-art generation and reconstruction

on images, whilst enjoying simple yet stable training procedure.

Finally, for data observed on irregular domains, the graph link prediction problem is

considered as a probabilistic generative model, making it possible to learn graphs via

statistics from graph signals. We show that most of the generative models can be applied in

this task, and further propose a graph RCF-GAN (GRCF-GAN), which learns meaningful

representations of graph nodes and achieves the state-of-the-art performances.
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Generative models:

GMM Gaussian mixture model

EMM Elliptical mixture model

vMF distribution von-Mises-Fisher distribution

GMRF Gaussian Markov random field

VAE Variational auto-encoder

GAN Generative adversarial net

VGAE Variational graph auto-encoder

DCGAN Deep convolutional GAN

W-GAN Wasserstein GAN

W-GAN-GP Wasserstein GAN with gradient penalty

MMD-GAN Maximum mean discrepancy GAN

AGE Adversarial generator encoder

RCF-GAN Reciprocal characteristic function GAN

GRCF-GAN Graph reciprocal characteristic function GAN

GCN Graph convolutional net

Solvers:
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EM Expectation maximisation

IRA Iteratively reweighing algorithm

Metrics:

MSE Mean squared error

KL divergence Kullback–Leibler divergence
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ELBO Evidence lower bound

JS divergence Jensen-Shannon divergence
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IPM Integral probability metric

MMD Maximum mean discrepancy

CF Characteristic function

ECF Empirical characteristic function

FID Fréchet inception distance

KID Kernel inception distance

AUC Average area under the ROC curve

AP Average precision

RKHS Reproducing kernel Hilbert space

Other abbreviations:

pdf Probabilistic density function

cdf Cumulative density function

mgf Moment generating function

psd Positive semi-definite

iid Independent and identically distributed
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Notations

Nomenclature

x, y, z Light lowercase Scalar parameters

x,y, z Bold lowercase Vector parameters

X,Y,Z Bold uppercase Matrix parameters

X ,Y,Z Light calligraphic Random scalar variables

X ,Y ,Z Bold calligraphic Random vector variables

X θ Subscript θ Random variable parametrised by a parameter θ

Domains and spaces

m Dimension

n Number of samples

k Number of clusters

R Real numbers

C Complex numbers

Rm Real numbers of dimension m

H Reproducing kernel Hilbert space

M Riemannian manifold

ds2 Riemannian metric

P Manifold of positive semi-definite matrices

TΣM Tangent space of Riemannian manifold M at point Σ

∇E Euclidean gradient

∇R Riemannian gradient

Special notations

L Loss term (function)

I Identity matrix

µ Mean (location) parameter

Σ Covariance matrix
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Q Precision matrix (Q = Σ−1)

A Adjacency matrix

L Laplacian matrix

D Degree matrix

Z Latent random variables

S Random variable uniformly distributed on a unit spherical surface

V Random variable satisfying a von-Mises-Fisher distribution

Statistics

pX (x) Probabilistic density function of random variable X , indexed by x in the function;

Equal to p(x) if there is not ambiguity in context

ΦX (t) Characteristic function of random variable X

EX [·] Expectation operation over random variable X

Equal to EpX (x)[·], Ep(x)[·], or E[·] if there is not ambiguity in context

VarX [·] Variance operation over random variable X

Equal to VarpX (x)[·], Varp(x)[·], or Var[·] if there is not ambiguity in context

N (µ,Σ) Multivariate Gaussian distribution with mean µ and covariance matrix Σ

E(µ,Σ, g) Multivariate elliptical distribution with mean µ, covariance matrix Σ and function type g

=d Equivalence in probabilistic distributions, e.g., X =d Y + Z

∼ Satisfying probabilistic density function, e.g., X ∼ N (µ,Σ)

Operations

det(A) Determinant operation of a matrix A

tr(A) Trace operation of a matrix A

AT Transpose of a matrix A

AH Hermitian transpose of a matrix A

A1/2 Square root of a positive semi-definite matrix A

· Inner product
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Chapter 1

Introduction

1.1 Motivation and objectives

“The actual science of logic is conversant at present only with things either certain, im-

possible, or entirely doubtful, none of which (fortunately) we have to reason on. Therefore

the true logic for this world is the calculus of Probabilities, which takes account of the

magnitude of the probability which is, or ought to be, in a reasonable man’s mind.”

– James Clerk Maxwell (1850)

From the beginning of human history, we have been observing signals surrounded by var-

ious types of noise and uncertainties, and by trial and error, have gradually learnt to

use probability to “guess” the true inner relationship the world hides to us, and simul-

taneously explain how a phenomenon or signal of interest is generated from this inner

relationship. Fast forward tens of thousands of years, the notion of generating from some

basic probability distributions is the key idea behind probabilistic generative models in ma-

chine learning and statistical signal processing. In other words, given the observed data,

generative models typically assume latent variables that depict the cause from the inner

relationship, together with a generating process that is able to replicate similar signals

given the observed data.

More importantly, the area of probabilistic generative models is one of the most promising

1
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fields to achieve the ultimate goal of artificial intelligence (AI), i.e., models and algorithms

with a human-level understanding of signals1. It does not require the labels associated with

data, thus avoiding the high cost of acquiring data labels in many applications, and learns

to model data in an un-supervised way. Furthermore, it benefits from treating signals in

a probabilistic way, which relieves the notorious over-fitting issue and also indicates the

uncertainty when performing decision making. On the other hand, its ability to replicate

similar signals allows to clearly understand both origins and evolutions of signals, in a

similar logic to the quote by Richard Feynman:

What I cannot create, I do not understand.

Moreover, this typically enables the latent variables to possess high-level or semantic

information that can be further employed in down-stream tasks such as predictions.

The generative models can be generally formulated as

X =d G{Z}, (1.1)

where X is a random variable representing observed signals, Z is the latent (random)

variable and G denotes the generating process, either deterministic or probabilistic. Its

probability relationship has been widely used and is given by,

pX (x) =

∫
z
p{X=G{Z}}(x|z)pZ(z)dz. (1.2)

Different assumptions on Z and G thus define different generative models. Typically, Z

and G are parametrised for the ease of optimisation, and the parameters can exist in various

forms and can thus be estimated either deterministically or stochastically (Bayesian). For

example, these parameters can be the mean, µ, or the covariance matrix, Σ, of a standard

Gaussian distribution N (µ,Σ) of Z; these can also be the parameters of deep neural

networks given by G. It needs to be pointed out that there are still several non-parametric

generative models which operate by, for example, only assuming some smooth properties

in kernel density estimation models [12] or consistency in Dirichlet process [13]; in practice,

those models, however, typically cannot scale well in high dimensions, and are thus not

1https://openai.com/blog/generative-models/
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discussed in this thesis. Therefore, in this thesis, we focus on introducing and improving

parametric probabilistic generative models.

Furthermore, the generating process G can be both linear and non-linear. More specifically,

for a linear transform of G, the generated distribution, X , can be often obtained explicitly,

and this type of models is called explicit generative models [14]. Obviously, explicit genera-

tive models can clearly indicate the generation procedure, as well as formulate closed-form

probability density functions (pdfs), thus allowing for easily understanding/explaining the

observed data. On the other hand, the linearity of those models severely limits the appli-

cations. For data which either reside in high dimensional spaces or exhibit complicated

structures, a non-linear G is preferable. The non-linear operation in G is typically im-

plemented using the neural networks, and the resulted generative distributions X not

necessarily have explicit pdfs, and are thus referred to as implicit generative models [14],

or nowadays deep generative models.

It is the fact that we basically cannot have2 a “free lunch” for all types of signals without

any explicit or implicit assumption on the underlying structure. In other words, an impor-

tant basis is required through the domain or prior knowledge when dealing with different

signal types. This means that both explicit and implicit generative models have their own

pros and cons in different applications. Generally speaking, explicit models exhibit good

explainability, that is, the resulting model can be well explained, whereas implicit models

are more preferable for the expressibility, that is, the resulting model is powerful enough

to express complicated distributions by replicating similar signals.

This thesis addresses both explicit and implicit generative models, with the aim of improv-

ing their respective generative capability for different types of signals. More specifically, it

is well-known that the Gaussian distribution is the workhorse in generative models, with

the popularity of the Gaussian distribution mainly arising from its mathematical conve-

nience such as conjugate properties in Bayesian inference, as well as the support of the

central limit theorem. However, the Gaussian assumption is most often inadequate in real-

world applications. More importantly, models with Gaussian assumptions are extremely

2This refers to the No Free Lunch theorem, which states that when considering all possible applications,
any two algorithms perform equivalently [15].
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sensitive to small deviations from the Gaussian assumptions. In other words, when it

comes to various real-world applications, a small violations of the Gaussian assumption

can result into highly biased models and results.

To pave a path of balancing the computational (mathematical) ease and the requirements

of real-world applications, advanced models built upon the Gaussian distribution have to

consider three essential perspectives of generative models:

• Meaningful generating process: It is the fact that an arbitrary transform from

the Gaussian distribution can result in a meaningless and even incomputable distri-

bution. Therefore, we need to choose or develop generative models by reflecting our

belief on signals, so as to make it possible to interpret and reason on the resulting

estimated models.

Within explicit generative models, attempted improvements aim to enhance robust-

ness of the models, which allows for some mild violations (outliers) of the Gaussian

assumptions. The family of symmetric elliptical distributions [16] is one of such

robust3 generalisations that inherits the location-scales feature of the Gaussian dis-

tribution but is much more robust to assumption violations, thus allowing for more

flexibility in applications. However, this type of distributions still does not imply

any asymmetric property, yet signals in many applications including finance, bio-

metric and audio scenarios, are not necessarily symmetric. To this end, this thesis

proposes a skewed version of the elliptical distribution, to accommodate asymmetric

signals. Furthermore, to deal with multi-modal signals, the finite mixture model,

especially Gaussian mixture model (GMM), can be employed, and in this thesis, we

systematically propose a much more powerful model, i.e., elliptical mixture model

(EMM) which exhibits many properties that are desirable in practical applications.

Furthermore, to model highly complicated data, we can choose non-linear trans-

forms of the Gaussian distribution, with the resulting distributions typically not

having explicit pdfs, and thus belonging to implicit generative models, including

variational auto-encoders (VAEs) [18] and generative adversarial nets (GANs) [19].

3Robustness in statistics means that an estimation method is able to avoid completely breakdown given
the existence of outliers or model assumption violations, whilst minimising the decrease of estimation
efficiency [17], which shall be introduced in detail in Chapter 2.
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This thesis further proposes to seamlessly and naturally combine the GANs and the

auto-encoders, under one unifying umbrella, thus benefiting from the advantages of

both VAEs and GANs.

• Comprehensive statistical metrics: As generative models aim at mimicking

observed signal behaviours and outputting similar signals, it is crucial to have means

of measuring the discrepancy between the generated signals and observed signals, as

a way of promoting similarity.

One of the most popular such metrics is the Kullback–Leibler (KL) divergence, a spe-

cial case of the Bregman divergence [20]. The KL divergence enjoys the convenience

of computation, which is equivalent to the widely applied maximum log-likelihood

(MLL) framework. However, the KL divergence (even the Bregman divergence)

operates through a “bin-to-bin” comparison between two pdfs, which yields mean-

ingless values when two pdfs are well separated or are supported in manifolds of

different dimensions [21]. This deficiency could lead to local optima of explicit gen-

erative models and the issue of gradient vanishing in implicit generative models.

Recently, the Wasserstein distance, which employs a “cross-bin” comparison, has

offered many practical benefits by virtue of the reflection of sample space [22]. It

provides a comprehensive comparison between two distributions, but suffers from

high computational complexity. This thesis further proposes a relaxed Wasserstein

distance for the ease of computations. Furthermore, for a rigorous and comprehen-

sive comparison of any two pdfs, on even distributions which do not have a valid

pdf, this thesis proposes to employ the characteristic function (CF) of distributions,

which is a powerful tool that contains all the information relevant to the distributions

and is computationally affordable.

• An efficient and stable solver: The generative models are typically parametrised

either explicitly or implicitly to allow for adjustments and optimisations. The solver

is therefore crucial to optimise the generative model and perform the best fitting.

Unfortunately, solving most of the generative models does not necessarily yield a

closed-form optimum, which depends on the format of generative models and the

choice of statistical metrics. Typically, the solvers operate in an iterative way. For
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example, a coordinate descent method called expectation-maximisation (EM) has

been the de facto in solving the GMMs under the KL divergence, whilst other models

may be solved by gradient descent methods. However, the gradient descent strategy

does not ensure a closed boundary within probability spaces. In other words, during

gradient descent, the updated parameters may not formulate a valid probabilistic

generative model. For example, when updating a covariance matrix of a Gaussian

distribution by gradient descent, it does not necessarily remain positive semi-definite

(psd) even when its initialisation is psd. Thus, the updated result is ill-posed given

the Gaussian generative model. An elegant way of solving this is to establish a

statistical manifold and to implement gradient descent through manifold operations.

The natural gradient, proposed by Amari [23], is a special case of this, and this

thesis explicitly establishes statistical manifolds for various generative models, also

achieving fast convergence.

1.2 Thesis outline and original contributions

This thesis sets out to improve generative models in terms of the above three key per-

spectives. The overall flow of this thesis is shown in Figure 1.1. Generally, the Gaussian

distribution can be analysed to be generated from the distribution called χ2 distribution,

which shapes the tails of Gaussian pdf to be quite light, so that the Gaussian distribu-

tion does not give any chance or possibility to the data samples far away from its centre.

In other words, it thus does not allow signals violating the assumption. To address this

issue, the elliptical distribution extends the underlying
√
χ2 distribution to an arbitrary

one-dimension positive random variable R, which is much more robust to assumption vio-

lations and is also flexible, because it includes many existing important distributions such

as Cauchy, Student-t, generalised Gaussian, logistic, and α-stable distributions. However,

the scalar random variable, R, imposes equal weights in all the dimensions. The resulting

elliptical distribution is symmetric and thus cannot well accommodate skewed data.

Chapter 3 therefore focuses on the problem of generalising symmetric distributions, given

the fact that a large class of modern probabilistic learning systems assumes symmet-
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ric distributions but real-world data tend to obey skewed distributions and are thus not

always adequately modelled through symmetric distributions. To address this issue, ellip-

tical distributions are increasingly used to generalise symmetric distributions, and further

improvements to skewed elliptical distributions have recently attracted much attention.

However, existing approaches are either hard to estimate or have complicated and abstract

representations. To this end, we propose to employ the von-Mises-Fisher (vMF) distri-

bution to obtain an explicit and simple probability representation of the skewed elliptical

distribution. This is shown not only to allow us to deal with non-symmetric learning sys-

tems, but also to provide a physically meaningful way of generalising skewed distributions.

For rigour, our extension is proved to share important and desirable properties with its

symmetric counterpart. We also demonstrate both theoretically and through examples,

that the proposed vMF distribution is both easy to generate and stable to estimate.

Furthermore, the above distributions are uni-modal and thus exhibit limitations for multi-

modal applications, e.g., signals with multiple clusters and peaks. Therefore, in Chapters

4 and 5, we propose to optimise the EMMs, in order to fit any real-valued distribution

and also to promise enhanced robustness, flexibility and stability over the widely employed

GMM.

Chapter 4 aims to solve the problem encountered with existing studies based on the

EMM, which are restricted to several specific types of elliptical distributions, that are not

supported by general solutions or systematic analysis frameworks; this significantly limits

the rigour in the design and power of EMMs in applications. To this end, we propose a

novel general framework for estimating and analysing the EMMs, achieved through Rie-

mannian manifold optimisation. First, we investigate the relationships between Rieman-

nian manifolds and elliptical distributions, and the so established connection between the

original manifold and a reformulated one indicates a mismatch between these manifolds,

a major cause of failure of the existing optimisation strategies for solving general EMMs.

We next propose a universal solver which is based on the optimisation of a re-designed cost

and prove the existence of the same optimum as in the original problem; this is achieved

in a simple, fast and stable way. We further calculate the influence functions of the EMM

as theoretical bounds to quantify robustness to outliers. Comprehensive numerical results
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demonstrate the ability of the proposed framework to accommodate EMMs with different

properties of individual functions, in a stable way and with fast convergence speed. Fi-

nally, the enhanced robustness and flexibility of the proposed framework over the standard

GMM are demonstrated both analytically and through comprehensive simulations.

Chapter 5 proceeds to solve EMMs by the Wasserstein distance which provides a much

more desirable optimisation space compared to the widely adopted KL divergence that is

employed in Chapter 4. More specifically, we provide a stable solution to the EMMs that

is both robust to initialisations and reaches a superior optimum by adaptively optimising

along a manifold of a relaxed Wasserstein distance. To this end, we first provide a unify-

ing account of computable and identifiable EMMs, which serves as a basis to rigorously

address the underpinning optimisation problem. Due to a probability constraint, solving

this problem is extremely cumbersome and unstable, especially under the Wasserstein dis-

tance. To relieve this issue, we introduce an efficient optimisation method which operates

on a statistical manifold defined under a relaxed Wasserstein distance, which allows for

explicit metrics and computable operations, thus significantly stabilising and improving

the EMM estimation. We further propose an adaptive method to accelerate the conver-

gence. Experimental results demonstrate the excellent performance of the proposed EMM

solver.

The above proposed distributions all belong to explicit generative models. Although we

can benefit from those to clearly understand the generating process, for example, the

skewed direction of signals when using vMF elliptical distributions or the cluster informa-

tion when using EMMs, these are still limited when fitting complicated and high-dimension

signals.

Chapter 6 therefore employs deep neural nets to propose a new structure of combining

GANs and auto-encoders, as an implicit generative model. More specifically, one called

integral probability metric (IPM) equips GANs with the necessary theoretical support

for comparing statistical moments in an embedded domain of the critic, while stabilising

their training and mitigating model collapse issues. For enhanced intuition and physical

insight, we introduce a generalisation of IPM-GANs which operates by directly comparing
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probability distributions rather than their moments. This is achieved through CFs, a pow-

erful tool that uniquely comprises all the information about any general distribution. For

rigour, we first prove theoretically the ability of the CF loss to compare probability distri-

butions, and establish physical meaning of the phase and amplitude of CFs. An optimal

sampling strategy is then developed to calculate the CFs, and an equivalence between the

embedded and data domains is proved when a reciprocal theory holds. We therefore seam-

lessly combine the IPM-GAN with an auto-encoder structure, equipped with an advanced

anchor architecture, which adversarially learns a semantic low-dimensional manifold for

both generation and reconstruction. This efficient structure, called reciprocal CF GAN

(RCF-GAN), uses only two modules and a simple training strategy, to achieve the state-

of-the-art bi-directional generation. Experiments demonstrate the superior performance

of the RCF-GAN on image generation, reconstruction and interpolation.

Chapter 7 further applies the generative models over irregular domains, i.e., the graph

domain, to address the widely concerned graph learning problem. In many situations

where the graph topology cannot be directly observed or even when the data is partially

observed, the inference of graph structure is a key first step. Unfortunately, given the

observed graph data, graph learning is an ill-posed problem, of which a reasonable solution

requires some priors. Thus, it is natural to connect and summarise those techniques

under the umbrella of probabilistic generative models. We herein propose to an advanced

graph RCF-GAN (GRCF-GAN) for graph topology inferencing, with the state-of-the-art

performances achieved over a range of applications.

It is our hope that this thesis will serve to provide a new and unified perspective on

combining explicit and implicit generative models, paving the way for future work to

embark upon this intrinsic combination.

1.3 Publication list

The following publications are the outcomes of the material presented in the thesis:
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Figure 1.1: Thesis structure, with the flow aiming to demystify generative models by
tractable generating process, statistical metrics, and efficient solvers.



Chapter 2

Background

“Everyone believed in the normal distribution, the mathematicians because they

thought it was an experimental fact, the experimenters because they thought it was

a mathematical theorem ... Normality is a myth; there never has, and never will be,

a normal distribution.”

– Robert Charles Geary (1947)

In this chapter, we introduce the basic background for the material covered in this

thesis. We first introduce typical explicit/implicit generative models in Sections

2.1 and 2.2, with the overall principle summarised in Figure 2.1. We then explain

statistical distances in Section 2.3 that have been widely applied to evaluate and

optimise the models, as well as the basics of manifold optimisations in Section 2.4,

which have been receiving increasing attention in modern constrained optimisation.

2.1 Explicit Generative Models

The popularity of the Gaussian distribution arises mainly from its simple formula-

tion and mathematical convenience in manipulation, such as conjugate properties

in Bayesian inference. With the support of the central limit theorem, Gaussian

13



14 Chapter 2. Background

Figure 2.1: The relationships among the generative models reviewed in this chapter.

distributions have become a workhorse of probabilistic generative models, while a

mixture of a sufficient number of Gaussian distributions (aka. Gaussian mixture

model, GMM) has been proven to be able to fit any complicated real distribu-

tion [24], which has been also applied in deep radial basis function (RBF) neural

networks [25,26]. We shall first review the Gaussian linear models in Section 2.1.1.

However, models based on the Gaussian assumptions tend to be extremely sensitive

to small deviations from the assumptions. In other words, for most Gaussian based

models, even a slight deviation from the assumptions, or a single outlier in data can

significantly degrade the performance or even break down the estimator.

This lack of robustness makes the Gaussian based models often inadequate in real-

world applications. For example, although the central limit theorem supports the

usage of Gaussian distribution when resulting from a sufficient number of added up

independent identical distributed (iid) random variables, the very requirement on

the sufficient number of random variables may not hold. The central limit theorem

also further requires that a random variable is with a finite variance, and it fails for

random variables with infinite variance (impulsive behaviours). The corresponding

solution to the scenario of impulsive random variables results in the generalised

central limit theorem that supports the class of distributions called the α-stable

distribution which, unlike the Gaussian distribution, are heavily tailed.
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Impulsive signals are not rare in practice, for example, they characterise financial

crashes or flash crashes as a result of wrong manipulations, and are often present

in physiological signals such as in electrocardiography. In such applications, models

built upon the Gaussian distribution almost invariably fail to yield accurate predic-

tions and inferences. It is therefore necessary to introduce a more general class of

“robust” distributions which are capable of dealing with general random variables, a

prerequisite for efficient machine learning. Another issue is the limited flexibility of

Gaussian-based models, which is prohibitive to their application in rapidly emerg-

ing scenarios based on multi-faceted data with unbalanced channels; sources of such

imbalance may be due to different natures of the data channels involved, different

powers in the constitutive channels, or temporal misalignment, all commonplace in

practice.

Despite the existence of robust techniques, developing a generalised distribution

starting from the Gaussian distribution is not straightforward because the general-

isation should be as tractable and meaningful as the Gaussian distribution, so that

many applications based on the Gaussian building blocks can also be established

based on the generalised distribution, whilst maintaining the robustness and flexi-

bility. The elliptical distribution is one of the most significant such generalisations.

When possessing an explicit probability density function, the elliptical distribution

is formulated as tractably as the Gaussian distribution, and it also belongs to the

location-scale family. In other words, it is characterised by the parameters of a lo-

cation (mean) vector and a scale (scatter) matrix. The additional flexibility of the

elliptical distribution arises from the generator density function, as its variations

yield many important distributions, such as Laplacian, Cauchy, Weibull, Gamma,

generalised Gaussian, Student-t, hyperbolic and α-stable distributions, to name but

a few. More importantly, an appropriate density generator can also result in a

robust M-estimator to further reinforce the robustness. The elliptical distribution

also enjoys many desirable properties in the manipulation and also admits marginal

and conditional elliptical distributions. We therefore review the existing elliptical
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distributions in Sections 2.1.2 and 2.1.3.

2.1.1 Gaussian Models

Given the fact that the real world signals do not necessarily satisfy the single Gaus-

sian distribution due to noise, skewness, complicated structures, to name but a few,

a typical strategy is to employ the Gaussian distribution as a building block and

develop Gaussian linear models through linear transforms. Our brief introduction

of explicit generative models cannot by any means review all the generative models,

but focus on a review of several representative and relevant Gaussian linear models

first.

Gaussian Markov Random Fields (GMRFs)

The Gaussian Markov random field (GMRF) has been widely applied in spatial

statistics and analysis [27] such as in image segmentation [28] and understanding

[29]. Basically, GMRF extends the naive Gaussian model by imposing neighbouring

structures as a prior, and it defines a random field X ∼ N (µ,Σ) that satisfies

p(xi|{xj}j 6=i) = p(xi|{xj}j∈Ωi), (2.1)

where i and j index two random variables within the field X , and Ωi denotes

the neighbourhood of xi. The definition of a neighbourhood is typically accompa-

nied with (undirected) probabilistic graphical models, so that the random variables

(nodes) are defined as neighbours when they are connected in graphs, i.e., satisfy-

ing the Markov property. Therefore, (2.1) assumes signals to be conditioned solely

based on their neighbours, and consequently, GMRF allows for priors of structural

neighbouring information that is typically sparse and smooth, and thus capable of

extracting useful information and suppressing signal outliers.

The conditional distribution of a Gaussian still follows the Gaussian distribution,
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and without loss of generality, we separate a random variable X as [X 1,X 2]T to

formalise the conditional Gaussian distribution,

X 1

X 2

 ∼ N (µ =

µ1

µ2

 ,Σ =

Σ11 Σ12

Σ21 Σ22

), (2.2)

so that the conditional distribution can be denoted as (Chapter 2.3.1 of [30])

X 1|X 2 ∼ N (µ1|2,Σ1|2), (2.3)

where

µ1|2 = µ1 + Σ12Σ
−1
22 (x2 − µ2), Σ1|2 = Σ11 −Σ12Σ

−1
22 Σ21 (2.4)

On the other hand, it is more convenient to use the precision matrix, Q = Σ−1, than

the covariance matrix to represent the conditional distribution. Upon rewriting in

terms of the precision matrix, we obtain Σ1|2 as precisely the Schur complement

with the following block-wise matrix property [31],

Q =

Q11 Q12

Q21 Q22

 = Σ−1 =

 Σ−1
1|2 −Σ−1

1|2Σ12Σ
−1
22

−Σ−1
22 Σ21Σ

−1
1|2 Σ−1

22 + Σ−1
22 Σ21Σ

−1
1|2Σ12Σ

−1
22

 . (2.5)

Therefore, the block matrix Q11 depicts the precision matrix Σ−1
1|2 of the conditional

Gaussian distribution. On the other hand, compared with the covariance matrix,

Σ, the elements in Q, to be zero or not, truly indicate the independence when X 1

conditioned on X 2, avoiding the misleading influence on causation, as correlation

does not mean the causation1.

Besides its practical applications, GMRF also connects many generative models. For

example, starting from the GMRF, we may also have an infinite dimensional version

of the Gaussian process. On the other hand, when the neighbouring is defined

based on temporal rather than spatial relationships, an auto-regressive model is

1Two random variables can show a strong correlation when they are all highly influenced by a middle
random variable, however, they are not the causation of one another.
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obtained [32]. Gaussianity can also be generalised by other distributions to format

the Markov random field (MRF), such as the Ising model or restricted Boltzmann

machine [33]. For conciseness and clarity, we omit explorations of this direction in

the thesis.

Factor Model

Another important model in probabilistic generative models is the factor analysis

model, which forms the basis of many important tools, such as the probabilistic

principal component analysis [34].

More specifically, the observed data is assumed to be generated via a factor model

that can be represented as

X =d WZ + ε, (2.6)

where W is a matrix, Z is a vector of latent variables (or factor loadings) which

is Gaussian distributed with zero mean and an identity covariance matrix (Z ∼

N (0, I)), while ε ∼ N (0,Λ) is also Gaussian distributed with a diagonal covariance,

Λ, but is independent of Z.

On the basis of this factor model, it is easy to obtain the distribution of X as

X ∼ N (0,WWT + Λ) (2.7)

The factor model can be estimated through MLL of X , which results into the prob-

abilistic principle component analysis [34]. As shall be shown, the MLL estimation

is equivalent of using the Kullback–Leibler (KL) divergence as distance metrics.

Furthermore, to find the latent variables given observed signals, we can choose to

maximise the posterior distribution of Z from the factor model, as follows

arg max
z

p(z|x) ∝ arg max
z

p(x|z)p(z) = arg max
z

(log(p(x|z)) + log(p(z)))

= arg min
z

(
(x−Wz)TΛ−1(x−Wz) + zTz

)
.

(2.8)
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Upon further assumption of an isotropic diagonal, Λ = σ2I, (2.8) can be simplified

by denoting y = Wz as

arg max
z

p(z|x) = arg min
y

(
||x− y||2 + σ2yT (WWT )−1y

)
. (2.9)

This means that given the observed signals, x, we aim at finding the corresponding

z which simultaneous minimises the reconstruction error ||x−y||2 and satisfies some

smoothness or sparsity constraint given by (WWT )−1.

For rigour, the posterior of p(z|x) can be explicitly obtained. We first rewrite (2.6)

by stacking X and Z together and obtain the augmented Gaussian distribution

(please refer to Chapter 2.3.3 of [30]) as follows,

X
Z

 ∼ N (0,

WWT + Λ W

WT I

). (2.10)

Using the results of conditional Gaussian distribution from (2.4), we can obtain the

posterior as

Z|X ∼ N
(
WT (WWT + Λ)−1x, I−WT (WWT + Λ)−1W

)
(2.11)

It is interesting to note that even for zero-mean Z and X , the mean of the posterior

p(z|x) is not zero and is related to the observed signals, x. However, for the covari-

ance matrix, the term I −WT (WWT + Λ)−1W that indicates the uncertainty, is

irrelevant to the observed signals x.

The factor model is actually a special form of the linear Gaussian models [35],

and it can be naturally extended by employing some non-linear operations such as

polynomials X =d
∑k

i=0 WiZ i and even neural networks X =d g(Z). However,

the cost of involving non-linear transforms is that the posterior p(z|x) is no longer

explicit, and regimes a lower bound to be employed in optimisation, as shown shortly.
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Gaussian Mixture Model (GMM)

The above models fit signals to be within a single modal, and in order to fit multi-

modal signals, a finite mixture model can be employed. One of the most widely

applied finite mixture models is the GMM, which consists of several Gaussian dis-

tributions (clusters). The GMM can reflect on many important cues in the observed

signals, such as locations, scales and portion of clusters, as well as the spread of

clusters in signals.

For generality, we assume that there are k mixtures (Gaussian distributions) in

the GMM model, latent variables Zi ∈ {0, 1} are binary, and the probability of

choosing the i-th mixture is denoted by p(Zi = 1) = πi, so that
∑k

i=1Zi = 1 and∑k
i=1 πi = 1. If we employ the random variable Y to denote the set of Gaussian

distributions, that is, the GMM, and use the notation X to denote single Gaussian

distribution N (µi,Σi), then

Y =d

k∑
i=1

ZiX i ∼
k∑
i=1

πiN (µi,Σi). (2.12)

Similar to the factor model, we can also choose to use the MLL to estimate the

GMM. Given a set of independent and identically distributed (iid) observed signals

{xj}nj=1, we can have the log-likelihood of the GMM as follows,

L =
n∑
j=1

log

(
k∑
i=1

πi√
(2π)mdet(Σi)

exp
(
− 1

2
(xj − µi)TΣ−1

i (xj − µi)
))

. (2.13)

Obviously, by maximising L, we cannot obtain closed-form solutions {µi,Σi, πi}ki=1

due to the log of sum operation. An alternative is to use the well-known expectation

maximisation (EM) algorithm [36]. We use the notation in particular p(z|x;θ)

to denote that the posterior distribution is parametrised by θ, where here θ =

{µi,Σi, πi}ki=1. Then, the EM algorithm iterates the following E step and M step
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until convergence,

E step: Calculate posterior : p(zi = 1|xj;θold) =
πold
i Nj(µold

i ,Σold
i )∑k

l=1 π
old
l Nj(µold

l ,Σold
l )

M step: Update parameters : πnew
i :=

∑n
j=1 p(zi = 1|xj;θold)

n

µnew
i :=

∑n
j=1 p(zi = 1|xj;θold)xj∑n
j=1 p(zi = 1|xj;θold)

Σnew
i :=

∑n
j=1 p(zi = 1|xj;θold)(xj − µi)(xj − µi)T∑n

j=1 p(zi = 1|xj;θold)

(2.14)

We will show later in Section 2.2.2 that the EM algorithm is a type of variational

inference which maximises a lower bound, called the evidence lower bound (ELBO),

whereby the original log-likelihood cannot be solved explicitly. Briefly speaking, in

the GMM problem, ELBO turns the intractable log-sum operation into the solvable

sum-log format, so that at the maximisation step (i.e., the M step), that is, into the

update on parameters {µi,Σi, πi}ki=1 can be obtained explicitly.

On the other hand, due to its exponential function, the GMM can be also regarded as

mixtures of RBFs and therefore be generalised as deep RBF neural networks [25,26].

As shall be shown in the next section, the elliptical distribution provides various

choices of kernels rather than the exponential format in the RBF kernel.

2.1.2 Elliptical Distributions

Robustness

The above Gaussian related models inevitably suffer from the sensitivity to outliers

or model violations that arise from the intrinsic nature of the Gaussian distribution.

Thus, in many applications the Gaussian distribution cannot hold, and what makes

things worse is that when slightly violating the Gaussian assumption, the resulting

estimation can be severely affected and even yield completely wrong results. For

example, although the central limit theorem supports the Gaussian distribution
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resulted from sufficiently adding up iid random variables, its requirement on the

sufficient number of random variables may not hold.

More importantly, the central limit theorem also requires that the random variable is

with a finite variance, and in cases when random variables are with infinite variance

(impulsive behaviours), the central limit theorem fails and the generalised central

limit theorem is applied to eventually result in the distribution called α-stable dis-

tribution [16], instead of the Gaussian distribution. Impulsive signals are not rare in

practice, for example, they exist in the financial crashes or flash crashes as a result

of wrong manipulations, where models built upon the Gaussian distribution almost

fail to make predictions and inferences. It is therefore necessary to employ some

“robust” models to deal with the possible violations.

A rigorous account of the robustness of estimators may involve robust statistics [17],

which is employed to evaluate whether a model is capable of avoiding a complete

breakdown given the existence of model violations, whilst minimising the decrease of

estimation efficiency. The influence function (IF) is one of the most important cri-

teria and bounded IFs indicate the robustness [17]. Denoting the clean distribution

as X θ and the contaminated distribution as X θ,ε by a portion ε of outliers at x0,

the IF is defined as follows,

Fθ̂(x0;X θ) = lim
ε→0

θ̂(X θ,ε)− θ̂(X θ)

ε
= [

∂θ̂(X θ,ε)

ε
]ε→0, (2.15)

where θ̂(X θ,ε) represents the parameter θ̂ estimated under the contaminated distri-

bution X θ,ε, and θ̂(X θ) denotes the estimation without outliers. Generally speaking,

the IF depicts the estimation deviation due to the existence of a small portion of

outliers. We now provide an insight into the IF through a simple example. It is

well-known that when using a single Gaussian distribution and estimating its mean,

µ, via MLL, given observed iid signals {x}nj=1, we have the closed-form solution

of µ =
∑n
j=1 xj

n
, which is the mean value of signals. However, when one sample x1

(i.e., a small portion of outliers) within the signals violates the Gaussian assumption
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and is, for example, infinitely large (x1 →∞) in some cases, the estimation can be

severely distorted due to µ =
x1+

∑n
j=2 xj

n
→ ∞, which indicates an unbounded IF.

Given this unbounded IF, the Gaussian distribution estimated by MLL is therefore

not robust. In the following, we shall introduce a family of distributions named ellip-

tical distributions, which include both robust and non-robust distributions, as well

as an extensive number of important distributions such as the α-stable as mentioned

above, Laplacian, t and logistic distributions [16].

Elliptical distribution

More specifically, a random variable, X ∈ Rm, is said to exhibit an elliptical distri-

bution if and only if it admits the following stochastic representation [16],

X =d µ+RΛS, (2.16)

where R ∈ R+ is a non-negative real scalar random variable which models tail

properties of the elliptical distribution, and S ∈ S(m′−1) is a random vector which is

uniformly distributed on a unit spherical surface2 with the pdf within the class of

2π−m
′/2Γ(m′/2). The product R ·S thus represents a spherical distribution, of which

the “spread” or distribution tail is dominated by R, whilst the uniform distribution

S supports the distribution to m′ dimensions. The constant parameter Λ distorts

the spherical distribution to an ellipse and the location vector µ then translates the

distribution. For a comprehensive review of elliptical distributions, we refer to [16].

When m′ = m, that is, for a non-singular scatter matrix Σ = ΛΛT , the pdf for

elliptical distributions does exist and has the following form

p(x)=2π−
m
2 Γ(

m

2
)︸ ︷︷ ︸

cm

det(Σ)−
1
2 g((x− µ)TΣ−1(x− µ)︸ ︷︷ ︸

t

). (2.17)

In (2.17), the term cm serves as a normalisation term and relates solely to m. We

2The term Sm
′−1 is defined as Sm

′−1 := {x ∈ Rm
′

: xTx = 1}.
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denote the Mahalanobis distance (x−µ)TΣ−1(x−µ) by t. The density generator,

g(t), can be explicitly expressed as t−(m−1)/2pR(
√
t), where t > 0 and pR(t) denotes

the pdf ofR [37]. Thus, R, or equivalently3 R2, fully characterises g(·), i.e., the type

of elliptical distributions. For example, whenR2 =d χ2
m (χ2

m denotes the chi-squared

distribution of dimension m), then in (2.17), g(t) ∝ exp(−t/2), which formulates the

multivariate Gaussian distribution. Therefore, the elliptical distribution can be fully

characterised by µ, Σ and R. For simplicity, the elliptical distribution in (2.17) will

be denoted by X ∼ E(x;µ,Σ,R) or X ∼ E(x;µ,Σ, g), where E(x;µ,Σ, g) =

cmdet(Σ)−1/2g(t) of (2.17).

Furthermore, when estimating the elliptical distribution via MLL, given observed

signals {xj}nj=1, we obtain the following log-likelihood

L =
n∑
j=1

log cm −
1

2
log det(Σ) + log g(t), (2.18)

where the estimates of µ and Σ are given by

µ =

∑n
j=1 ψ(tj)xj∑n
j=1 ψ(tj)

, Σ = −2

∑n
j=1 ψ(tj)(xj − µ)(xj − µ)T

n
, (2.19)

where ψ(t) = g′(t)/g(t) and g′(t) = dg(t)/dt, and tj = (xj − µ)TΣ−1(xj − µ). In many

elliptical distributions, ψ(t) shows a decreasing trend, i.e., ψ(t) → 0 when t → ∞,

which effectively penalises the impact of outliers. On the other hand, we should not

ignore the fact that because t also includes the parameters µ and Σ that are to be

estimated, the solution of (2.19) is not in the closed-form format. A method called

iteratively reweighing algorithm (IRA) has been proposed to iterate (2.19) until

convergence [38]. However, the IRA is not guaranteed to converge for all elliptical

distributions [38].

We next aim to demystify the multivariate Gaussian distribution N (µ,Σ) by its

3The term R2 is frequently used in practice because R2 =d (x− µ)TΣ−1(x− µ).
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(a) Gaussian (b) Elliptical

Figure 2.2: Illustration of the generating process of Gaussian and elliptical distributions.

stochastic representation as [37]

X =d µ+ Σ
1/2
√
χ2
m · S. (2.20)

With this generating process, we can easily see that the term (X − µ)TΣ−1(X −

µ), also called the Mahalanobis distance, satisfies the χ2
m distribution when X is

Gaussian distributed, because of

(
(X − µ)TΣ

−1/2
)(

Σ
−1/2(X − µ)

)
=d
√
χ2
mUTU

√
χ2
m =d

√
χ2
m · 1 ·

√
χ2
m =d χ2

m.

(2.21)

Note that regardless of µ and Σ, the Mahalanobis distance always follows the same

χ2
m distribution; this property has been widely applied in hypothesis testing for

Gaussianity, anomaly/outlier detection, etc.

We further provide illustrations when generating the Gaussian and the elliptical dis-

tributions in Figure 2.2. It is obvious that the elliptical distribution possesses more

flexible choices on R, while a widely spread R can lead to heavy-tailed distributions,

and the corresponding robust models.

Remark 2.1. Before proceeding further, we shall emphasise the importance of the

stochastic representation in analysing elliptical distributions:

1) Since R is independent of S, the Mahalanobis distance (X −µ)TΣ−1(X −µ) (=d

R2) is also independent of the normalised random variable Σ−1/2(X−µ)/
√

(X−µ)TΣ−1(X−µ)

(=d S), an important property in many proofs in this thesis.

2) The stochastic representation provides an extremely simple way to generate sam-
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ples, because only two random variables, i.e., the one-dimensional R and uniform

S, can be easily generated.

3) When R is composed from a scale mixture of normal distributions, the IRA

method converges [39]. For a general elliptical distribution, however, the conver-

gence is not ensured.

Elliptical mixture model (EMM)

Given the power of elliptical distributions, it is natural to establish the mixtures of

elliptical distributions, i.e., EMMs, as a potential generative model. The generating

process of EMMs is similar to that of GMMs, where X i in (2.12) now satisfies a

single elliptical distribution. In order to successfully establish EMMs, we first need

to answer the three main questions:

• Are EMMs identifiable so that one EMM would not be modelled by two dif-

ferent sets of parameters?

• Are EMMs computable so that we can estimate it via numerical methods?

• Do EMMs converge with existing solvers?

Existing works that have answered these three questions are limited to several spe-

cific types of distributions. For example, the mixtures of the t-distributions have

been thoroughly studied [40–42], on the basis of the IRA method. A more general

mixture model has been proposed in [43] based on the Pearson type VII distribution

(includes the t-distribution as a special case). Moreover, as the transformed coeffi-

cients in the wavelet domain tend to be Laplace distributed, a mixture of Laplace

distributions has been proposed in [44] for image denoising. Its more general version,

a mixture of hyperbolic distributions, has also been recently introduced in [45]. The

above distributions belong to the scale mixture of normals class, which ensures the

convergence of the IRA. Another recent work proposes a Fisher-Gaussian distribu-

tion as mixing components to better accommodate the curvature of data, with the
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Markov chain Monte Carlo used to solve a Bayesian model [46]. This distribution

has a closed-form representation and mainly consists of a von Mises-Fisher distri-

bution convolved with Gaussian noise, which belongs to generalised skew normal

distributions [47]. More importantly, when the concentration parameter τ → 0, this

distribution then belongs to the mixture of symmetric elliptical distributions.

On the other hand, Wiesel proved the convergence of the IRA in [48] via the concept

of geodesic convexity of Riemannian manifold, and Zhang et al. further relaxed the

convergence conditions in [49]. The work in [50] proves similar results from another

perspective of the Riemannian manifold, which also states that the IRA cannot

ensure a universal convergence for all EMMs. In other words, for other elliptical

distributions, the convergence is no longer guaranteed. Despite several attempts,

current EMMs, including [51–53], are rather of an ad hoc nature.

Besides the IRA method for solving several EMMs, gradient-based numerical algo-

rithms typically rest upon additional techniques that only work in particular situa-

tions (e.g., gradient reduction [54], re-parametrisation [55] and Cholesky decompo-

sition [56,57]). Recently, Hosseini and Sra directly adopted a Riemannian manifold

method for estimating the GMM, which provides an alternative to the traditional

EM algorithm in the GMM problem [58, 59]. However, their method fails to retain

the optimum in the EMM problem. To this end, as shall be introduced in Chapter

4, we propose a universal scheme to consistently and stably achieve the optimum at

a fast convergence speed, which acts as a “necessity” instead of an “alternative” in

the EMM problem, as the IRA algorithm may not converge.

2.1.3 Existing Generalised Elliptical Distributions

The above introduced elliptical distributions are symmetric, and thus inevitably

limited to asymmetric data. The skewness can be achieved by adding a weighting

term π(x − µ) to the existing symmetric pdfs [47, 60, 61], in a way similar to the

skewed normal distribution [62]. However, this type of skewness does not necessarily

start from a stochastic representation of (2.16), which impedes clear interpretations
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of its inner relationships, generations and moments. A further successful variant

employs conditional distributions of a symmetric elliptical distribution [63], to give

X se =d Y | Y0 > 0, where

Y
Y0

 ∼ E(
µ

0

 ,
Σ βT

β 1

 , g) (2.22)

where the parameter β controls the skewness of the distribution. The form of (2.22)

represents a typical skewed elliptical distribution, of which Y0 has also been extended

to higher dimensions [64–66]. Importantly, the form of (2.22) is invariant under

quadratic forms [47], and is closed under marginalisation and affine transforms; we

refer to [67] for more detail. However, the estimation of the above skewed elliptical

distributions can be ill-posed, especially regarding its shape (skewness) parameter.

Although the singularity issue in the information matrix of shape parameter can

be relieved by a centralised parametrisation trick [60], the estimation of the shape

parameter in this skewed version could still diverge, which calls for other penalty

techniques [68]. Note that the moment estimation method employed to estimate

skewed normal distributions is also inadequate for skewed elliptical distributions [69].

A further generalisation that explicitly comes with the stochastic representations

was proposed by Frahm [37], and is given by

X ge =d µ+ R̂ΛU , (2.23)

with a form similar to that in (2.16). The difference lies in the scalar random

variable, R̂, that no longer requires to be non-negative and can be even negative;

although a uniform distribution on a unit sphere similar to S, U is dependent with

R̂, which skews the distribution. This generalisation includes the skewed elliptical

distribution in (2.22) as a special case, and is closed under affine transformation,

marginalisations and even conditioning [37].

The skewness of (2.23) arises from the dependency between R̂ and U . In other

words, although U is still distributed on a unit sphere surface, its dependency on
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R̂ enables varying importance along directions. Given the fact that there are only

a few distributions of a scalar random variable conditioned on a vector, this flex-

ible dependency is usually abstract and under-determined in practical modelling.

More importantly, despite generalising and skewing the elliptical distribution, this

dependency also impedes the analysis of the generalised elliptical distribution, be-

cause the roles of R̂, Λ and U become unclear and sometimes interchangeable. For

example, in the elliptical distribution, the dispersion is uniquely dominated by Σ,

while this no longer holds in generalised elliptical distributions [37], and could lead

to multiple minima/maxima when modelling data in practice. We therefore propose

a new generalisation towards symmetric elliptical distributions by addressing all of

the above problems in Chapter 3.

2.2 Implicit Generative Models

Implicit generative models have intensively received attentions due to the success

of deep neural nets, with many important structures proposed to model data and

signal distributions. Basically, implicit generative models assume a deep neural

net as G to transform from some simple distributions Z, for example a spherical

distribution, by RS or
√
χ2
mS, and then achieve a powerful implicit distribution

by X =d G{Z}. In this way, a deep neural net can be trained so as the generated

distribution approaches the true distribution of observed signals. Deep neural nets,

obviously, are capable of modelling complicated distributions in real-world signals

such as images/videos, natural language processing and bio-engineering tasks.

The variational auto-encoder (VAE) [18], probabilistic flow [70] and generative ad-

versarial net (GAN) [19] are the best known representatives in literature, and we

shall briefly introduce them as a background for the material in this thesis. Gen-

erally speaking, the VAE approaches X by optimising a proper posterior, i.e., by

limiting suitable latent variable distributions that are most likely to generate the

true distribution. The probabilistic flow based models are straightforward to use

invertible transforms, so that the evaluation can be exactly inferenced. The GANs,
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however, employ another neural net called a discriminator to distinguish between

the generated distribution and the true distribution, so that the generator needs to

compete against the discriminator to approach to the true distribution. The dis-

criminator basically outputs a trained discrepancy, which is also called the neural

distance [71].

2.2.1 Probabilistic Flows

Different from the linear models mentioned in Section 2.1.1, probabilistic flow based

models employ a non-linear transform (implemented by neural nets) on the latent

variable to fit the distributions of observed signals [70]. However, a non-linear

transform dose not necessarily admit a closed-form pdf of the resulting distribution.

To address this issue, one strategy is to formulate every transform in neural nets to

be bijective, so that the generating process “flows” from the latent distribution to

the signal distribution with invertible transforms. In this way, although still not in

a closed-form pdf, we can have an explicit relationship between the latent and signal

distributions, and are thus able to use gradient descent to update the transforms.

Specifically, when Z and X are of the same dimension, and the transform X =d

g(Z) is differential and invertible, we can establish the explicit relationship

pX (x) = pZ(z)|det(
dz

dx
)| = pZ(g−1(x))|det(Jg−1(x))|, (2.24)

where g−1 denotes an inverse of the function g, given by Z =d g−1(X ), and Jg−1(x) ∈

Rm×m is the Jacobian matrix with regard to variable x, given by

Jg−1(x) =



∂g−1
1

∂x1

∂g−1
1

∂x2
. . .

∂g−1
1

∂xd

∂g−1
2

∂x1

∂g−1
2

∂x2
. . .

∂g−1
2

∂xd
...

...
. . .

...

∂g−1
d

∂x1

∂g−1
d

∂x2
. . .

∂g−1
d

∂xd

 . (2.25)

More importantly, when the function g is a neural network that is composed of
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consecutive layers, g = g1 ◦ g2 ◦ g3 · · · ◦ gl, the Jacobian matrix has the following

favourable “separability” property,

det(Jg−1(x)) = det(Jg−1
1

(x)) · det(Jg−1
2

(x)) · · · · · det(Jg−1
l

(x)) (2.26)

Thus, given (2.24) and (2.26), we can use the KL divergence to maximise the log-

likelihood of observed signals {xj}nj=1 as follows

L =
n∑
j=1

log pX (x) =
n∑
j=1

(
log pZ(g−1(xj)) +

l∑
i=1

log |det(Jg−1
i

(xj))|

)
. (2.27)

The calculation of the determinant Jacobians, however, typically regimes an O(m3)

computational complexity [70], which is intractable in high dimensions. Therefore,

for practical purposes, the invertible transforms {gi}li=1 have to be chosen by some

specific forms for the ease of computations, at a cost of at mostO(m), whilst avoiding

trivial transforms to increase the model expressive power. We refer the reader to

some typical works in this direction such as NICE [72], RealNVP [73] and GLOW

[74], as well as a well-documented review [70].

The probabilistic flows provide an elegant way of achieving exact inference whilst

possessing an adequate and powerful expressibility. However, in order to obtain

invertible transforms, the dimension of latent variables needs to be the same as the

dimension of signals, that is, extremely high, and each layer in the network needs to

keep the same dimension. More importantly, only limited types of transforms cater

for the invertible requirement and computational feasibility which leads to excessive

stacking of hidden layers to maintain the expressive power. Therefore, probabilistic

flows still suffer from high computational burdens, as well as large size of network

designs.

2.2.2 Variational Auto-Encoder (VAE)

It is important to have reduced dimensions in the latent space, because although

signals such as images/videos are of high dimensions, their semantic representations
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always lie on some low-dimensional manifolds. To this end, the VAE [18] employs

a non-linear transform of a reduced dimension implemented by neural nets to fit

the distributions of observed signals, in this way, extracting semantically meaning-

ful information in the latent space. The cost to pay is that the transform is no

longer invertible, so that the resulting distribution p(x) =
∫
p(x|z)p(z)dz cannot

be obtained in a closed-form pdf, and the relationship is not explicit between the

generated and signal distributions either. A remedy is to generate plenty of samples

from the latent distribution Z, as4 {zi}n
′
i=1, and obtain a proxy to the generated

distribution by its samples p(x|zi). It is, however, a challenging to compare the gen-

erated samples and the observed signals, both of which are in the format of random

samples instead of distributions.

Furthermore, VAEs basically use the KL divergence to compare the generated dis-

tribution and the true distribution, which results in the MLL method. As shall

be mentioned in Section 2.3, the KL divergence has its intrinsic limitations when

comparing two well-separated distributions, and is thus even worse when comparing

the random samples from two distributions. Another way of understanding this is

from the beginning of training, where the generated distribution is basically ran-

dom noise which makes it intractable for the generated samples to exactly “hit” the

true distribution because they both reside in high dimensions and exhibit compli-

cated structures. Thus, most of likelihoods of the observed signals to be maximised,

p(x|zi), are zero and therefore cannot provide any useful information or gradients

to train the network, which severely degrades the generation process.

It is thus natural to ask: can we “help” the generation by specifying a proper latent

variable distribution that is most likely to generate the true distribution? The poste-

rior p(z|x) is the best choice to formulate this latent variable distribution. However,

due to the intractability of p(x), we cannot achieve explicit posterior as the Bayesian

theorem gives p(z|x) = p(x|z)p(z)
p(x)

. The VAE, therefore, as its name implied, employs

variational inference to calculate the posterior.

4Please note that the number of generated samples n′ is not necessarily equal to the number of observed
signals n.
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Because we cannot achieve an explicit posterior, p(z|x), variational inference basi-

cally employs another computable distribution q(z|x) and attempts to minimise the

KL divergence between p(z|x) and q(z|x) as a way of approximating this intractable

posterior. Therefore, we have

dKL(q(z|x)||p(z|x)) =

∫
q(z|x) ln

q(z|x)

p(z|x)
dz = −

∫
q(z|x) ln

p(z|x)

q(z|x)
dz

= −
∫
q(z|x) ln

p(z|x)p(x)

q(z|x)p(x)
dz

= −
∫
q(z|x) ln

p(z,x)

q(z|x)
dz︸ ︷︷ ︸

ELBO

+ ln p(x),

(2.28)

where the first terms is called evidence lower bound (ELBO). It can be further

expanded as

ELBO =

∫
q(z|x) ln

p(z,x)

q(z|x)
dz

=

∫
q(z|x) ln p(x|z)dz +

∫
q(z|x) ln p(z)dz−

∫
q(z|x) ln q(x|z)dz

= Eq(z|x)[ln p(x|z)]− dKL(q(z|x)||p(z))

(2.29)

Therefore, upon combining (2.28) and (2.29), we arrive at the following rearranged

equation

ln p(x)− dKL(q(z|x)||p(z|x)) = ELBO = Eq(z|x)[ln p(x|z)]− dKL(q(z|x)||p(z)).

(2.30)

By inspecting (2.30), we observe that if we are maximising the ELBO, although

we cannot obtain an explicit p(x) needed by the MLL, we are basically maximising

ln p(x), i.e., the log-likelihood, as well as simultaneously minimising the approxima-

tion error on the posteriors dKL(q(z|x)||p(z|x)). This is precisely what is desired in

the above elaboration. Furthermore, the ELBO in (2.30) can be maximised through

an auto-encoder structure, where q(z|x) is an encoder and p(x|z) decodes from the

latent variable. More importantly, as for implementation considerations, we can

assume both q(z|x) and p(x|z) to be Gaussian distributions, whereby their mean
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values and the (diagonal) covariance matrix are the output from neural networks;

the first term of (2.30) therefore becomes the widely used MSE reconstruction loss,

whereas the second term of (2.30) can be obtained explicitly given two Gaussian

distributions [18]. Furthermore, since sampling from q(z|x) cannot ensure an ef-

ficient gradient update, a re-parametrisation trick has been applied to enable the

back-propagation by sampling from the standard Gaussian distribution [18].

It is the fact that the variational inference is a powerful structure for solving Bayesian

problems, and if we revisit the GMM problem in Section 2.1.1, we can still regard

it as a variational inference problem where, different from the VAE, the posterior in

the GMM p(x|z) can be explicitly obtained. We can thus rewrite (2.29) as

ELBO =

∫
q(z|x) ln

p(z,x)

q(z|x)
dz

=

∫
q(z|x) ln p(x|z)dz +

∫
q(z|x) ln p(z)dz−

∫
q(z|x) ln q(x|z)dz

=

∫
q(z|x) ln p(x, z)dz−

∫
q(z|x) ln q(x|z)dz.

(2.31)

Given that the posterior of the GMM problem can be explicitly parametrised by θ =

{µi,Σi, πi}ki=1, for the current iteration during estimation, we can choose the varia-

tional posterior q(z|x) to be equal to p(z|x;θold), which is the E step in (2.14). Then,

we can maximise the ELBO by maximising the first term
∫
p(z|x;θold) ln p(x, z;θ)dz

(whilst ignoring the second term
∫
p(z|x;θold) ln p(x|z;θold)dz due to its irrelevance

to the optimisation), which results into the M step in (2.14). In this way, variational

inference provides an extremely powerful tool under the KL divergence, whereby the

VAE elegantly builds upon the variational inference and achieves the generation on

complicated signals such as images.

However, in practice, the VAE typically generates blurred images, and a common

conjecture is that under the KL divergence, the VAE tends to diffuse the generated

distribution across the whole data space, instead of focusing on specific parts of the

data space [75]. This results in the MSE loss which is too conservative to generate

sharp images. It is also the fact that naive auto-encoders also use MSE losses
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and provide reconstructed blurred images. Also, VAEs perform poorly when the

assumed Gaussian distributions of posterior, prior and generating distributions are

insufficiently flexible [76].

2.2.3 Generative Adversarial Net (GAN)

Different from approximating the posterior in the VAE, the GAN [19] proposes

a discriminator to distinguish between the generated and true data distributions.

In this way, research focus now turns to developing efficient statistical metrics in

generative models, as by using the deep neural nets, the resulting distributions

do not necessarily have closed-form pdfs and thus need more powerful metrics for

evaluations.

More specifically, the GAN consists of two neural net modules, that is, a generator

and a discriminator. The goal of the generator, as usual, is to generate distributions

that are close to the true data distribution, whereas the discriminator aims to distin-

guish between the generated distribution and the true distribution. These compete

against each other and if properly trained, they arrive at a Nash equilibrium [19].

The overall objective function is formulated as follows,

min
g

max
f

L(g, f) = EpX (x)[log f(x)] + EpZ (z)[log
(
1− f(g(z))

)
], (2.32)

where g is the output of the generator, f is the output of the discriminator of range

[0, 1], and X denotes the true data distribution, whereas Z is the latent distribution.

In (2.32), the maximal f ∗ is obtained when it accurately recognises the generated

distribution by outputting f(g(z)) = 0, whilst it outputs f(x) = 1 for the true

distribution. Its optima are given by f ∗(x) = pX (x)
pX (x)+pg(Z)(x)

[19]. On the other hand,

given a maximal f ∗, g∗ only reaches its minimum when it has exactly the same

distribution as the true data distribution, i.e., g(Z) = X , which yields the global

optima and also named as the Nash equilibrium in this zero-sum game. In this

case, L(g, f) = − log 4, and f ∗(x) = 1/2 [19], meaning that the discriminator cannot
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distinguish between the generated and true distributions. Furthermore, due to the

cross-entropy form of (2.32), it has been also proved that given an optimal f ∗, the

L(g, f∗) is equivalent to comparing the JS divergence between the generated and

true distributions, as follows [19]

min
g
L(g, f ∗) = − log 4 + 2 · dJS

(
X , g(Z)

)
, (2.33)

The training of GANs iterates the optimisation on g and f until the convergence.

However, the original format of GANs [19] requires extremely careful designs on

both net modules and training steps, so that the generator and discriminator can

play against each other properly. In practice, the GAN exhibits strong instability

in training and suffers from mode collapse, which has been noticed and discussed

in the literature [77]. A main conjecture regarding this issue stems from the fact

that the true distribution basically resides in a low-dimensional semantic manifold

where, under the JS divergence, a perfect discriminator does exist and therefore

cannot provide any back-propagating gradient to train the generator [78].

It is the fact that existing statistical metrics are typically inferior in high dimensional

spaces and for complicated distributions when directly used, and the key obstacle is

a lack of an efficient and comprehensive metric to evaluate the discrepancy between

the generated distribution and the true distribution. Main trends in stabilising

and improving GANs tend to employ the IPMs to measure the generated and true

distributions, with the notable ones using a dual form of Wasserstein distance to

formulate the Wasserstein GAN (W-GAN) [4]. In the W-GAN, the discriminator,

also called the critic in IPM-GANs, now formulates a part of the Wasserstein dis-

tance to ensure theoretical completeness, but needs to satisfy the requirement of

1-Lipschitz requirement [4].

A naive weight clipping scheme in the W-GAN [4] employs a gradient penalty in

W-GAN (W-GAN-GP) to mitigate the heavily constrained critic by penalising the

gradient norm [79], followed by a further elegant treatment by restricting the largest
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singular value of the net weights [80]. It has been understood that although the critic

cannot search within all functions satisfying the Lipschitz requirement [71, 81], the

critic still serves as a way of transforming high dimensional but insufficiently sup-

ported data distributions into low dimensional yet broadly supported (simple) distri-

butions in the embedded domain [3]. Comparing the embedded statistics, however,

then becomes much easier. For example, Cramer GAN compares the mean with an

advanced F from the Cramer distance to correct the biased gradient [82], whilst

McGAN [83] explicitly compares the mean and the covariance in the embedded

domain. Fisher GAN employs a scale-free Mahalanobis distance and thus a data

dependent F [84], which is basically the Fisher-Rao distance in the embedded do-

main between two Gaussian distributions with the same covariance. The recent

Sphere GAN further compares higher-order moments up to a specified order, and

avoids the requirement of Lipschitz continuity condition by projecting onto a spher-

ical surface [8]. Moreover, in a non-parametric way, BE-GAN directly employs an

auto-encoder as the critic, whereby the auto-encoder loss is compared through em-

bedded distributions [85]. The sliced Wasserstein distance has also been utilised

to measure the discrepancy in the embedded domain [86]. Another non-parametric

metric was obtained by the kernel trick of the MMD-GAN [3,5], which treats F as

the RKHS.

On the other hand, there are also works trying to combine auto-encoders in an

adversarial way. To address the smoothing artefact of the variational auto-encoder

[18], several works aim to incorporate the adversarial style in (variational) auto-

encoders, in the hope of gaining clearer images whilst maintaining the ability of

reconstruction. These mostly comprise at least three modules, an encoder, a decoder,

and an adversarial module [87–92]. To the best of our knowledge, there is one

exception, called the adversarial generator encoder (AGE) [7], which incorporates

two modules in adversarially training an auto-encoder under a max-min problem.

The AGE still assumes the Gaussianity in the embedded distributions and only

compares the mean and the diagonal covariance matrix; this is however insufficient
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to identify two distributions, and additionally requires the pixel domain loss to be

utilised in implementations. As shall be introduced in Chapter 6, we propose a novel

framework called RCF-GAN, playing a min-max problem, which is fundamentally

different from the AGE, as the auto-encoder in our RCF-GAN is a necessity to

achieve the theoretical guarantee of a reciprocal, with the proposed anchor design.

In contrast, without the auto-encoder, the AGE could still work (see Theorems 1

and 2 in [7]). Furthermore, other than the first- and second-order moments, the

proposed RCF-GAN fully compares the discrepancies between distributions in the

embedded domain via CFs. Benefiting from the powerful non-parametric metric

via the CFs, our RCF-GAN adversarially learns distributions only in the embedded

domain, that is, on a semantically meaningful manifold, without the need of any

operation on data domain.

2.3 Preliminaries on Statistical Metrics

2.3.1 Kullback–Leibler (KL) Divergence and Extensions

The KL divergence measures the difference between two distributions, pX (x) and

pY(x), as

dKL(X ,Y) =

∫
pX (x) log

(pX (x)

pY(x)

)
dx. (2.34)

We also use interchangeably the notation dKL(pX (x)||pY(x)). Generally speaking,

the KL divergence satisfies most of properties that a distance requires, except for the

symmetry property (dKL(X ,Y) 6= dKL(Y ,X )). In other words, the KL divergence

uniquely associates two distributions so that X =d Y if and only if dKL(X ,Y) = 0

or dKL(Y ,X ) = 0. Moreover, the KL divergence also satisfies the triangle property,

i.e., dKL(X ,Y) ≤ dKL(X ,Z) + dKL(Z,Y), which is also called convexity.

Taking two multivariate Gaussian distributions, X ∼ N (µ1,Σ1) and Y ∼ N (µ2,Σ2),
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as an instance, their KL divergence can be explicitly obtained as [93]

dKL(X ,Y) =
1

2

(
log
|Σ2|
|Σ1|

+ (µ1 − µ2)TΣ−1
2 (µ1 − µ2) + tr(Σ−1

2 Σ1)−m
)

(2.35)

Furthermore, in many applications we have observed signals {xj}nj=1 that are as-

sumed to be sampled from pX (x) and we then wish to optimise pY(x) that is

parametrised by θ, i.e., pY(x;θ). The minimisation of the KL divergence then

yields

min
θ
dKL(X ,Y) =

∫
pX (x) log pX (x)dx−

∫
pX (x) log pY(x;θ)dx

∝ −
∫
pX (x) log pY(x;θ)dx = −

n∑
j=1

log pY(xj;θ),
(2.36)

which is exactly the MLL method, i.e., based on maximising the likelihood of the

distribution pY(x;θ) to be optimised, so that pY(x;θ) is highly likely to generate

the samples from X .

Although MLL is appreciated for its ease in practice, the KL divergence suffers from

its “bin-to-bin” way of comparing distributions. In other words, for every bin of xj-

xj+1, it compares the two distributions “vertically” by
∫ xj+1

xj
pX (x) log

(
pX (x)/pY (x)

)
dx,

which is insufficient because this may ignore the significant difference between two

disjoint distributions. As shown in Figure 2.3, when the two distributions are well

separated, the KL divergence outputs consistently large values, which leads to the

so called gradient vanishing.

A symmetric (and smooth) version of the KL divergence is the Jensen-Shannon (JS)

divergence, which is defined as

dJS(X ,Y) =
1

2
dKL(X ,Z) +

1

2
dKL(Y ,Z)), (2.37)

where pZ(x) = pX (x)+pY (x)/2. The JS divergence also indicates the mutual entropy of

X and Y , switched by a binary indicator Z. This scenario is similar to the original
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Figure 2.3: Illustration of the comparison principles of the KL divergence and Wasserstein
distance.

GAN [19], where the JS divergence has also been reflected in the objective function.

Further generalisations include the f-divergence [94] and the Bregman divergence

[95], with the KL divergence and JS divergence as special cases. Although finding

applications in few generative models [96], these are more abstract and meaningful

in theoretical analysis, and thus be less popular compared with the KL divergence.

2.3.2 Wasserstein Distance

The popularity of Wasserstein distance arises from its ability to provide a powerful

measurement between two distributions. The Wasserstein distance originates from

Gaspard Monge [22], whereas its popular representation comes from an independent

work of Kantorovich [97], which has the form,

dαW (X ,Y) = inf
τ∈Π(X ,Y)

Eτ [|x− y|α], x ∼ pX (x),y ∼ pY(y), (2.38)

where Π(X ,Y) denotes the collection of joint distributions of X and Y . The Wasser-

stein distance was initially used to solve the problem of optimal transport, which

aims to find the minimal transport cost between two piles. When α = 1, this is also

called the Earth mover’s distance (EMD). Moreover, Π(X ,Y) is called accordingly

the transport plans. By definition, the Wasserstain distance compares two distribu-

tions by finding the minimal transport plan within all possible transport plans, thus

conducting a “cross-bin” comparison as shown in Figure 2.3.
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Benefiting from its “cross-bin” comparison, the Wasserstein distance indicates the

difference between two distributions better than the KL divergence, and has there-

fore been widely employed in evaluating complicated distributions generated by, for

example, deep generative models. However, the problem of the Wasserstein distance

is its computational difficulty, because we still have to find the minimum and basi-

cally do not have an explicit representation except for m = 1 [98], posing difficulties

in further optimisations.

Many algorithms have been proposed to efficiently calculate the Wasserstein dis-

tance, where we refer to [98] for more detail. However, we need to point out to the

dual form of the Wasserstein distance, which is the core of the Wasserstein related

GANs. We consider a special case for α = 1 because of its simplicity and popularity,

and refer to Chapter 5 of [97] for other cases. Specifically, the term dW (X ,Y) has

the dual form given by,

dαW (X ,Y) = sup
f∈FL

EX [f(x)]− EY [f(y)], (2.39)

where FL represents the collection of all 1-Lipschitz continuous functions. This

allows for the Wasserstein distance to be solved by a neural net that performs the

operation of finding f , which is the core of Wasserstein GANs [4, 78], as well as

providing advanced theoretical guarantees for the convergence of GANs.

2.3.3 Integral Probability Metrics (IPMs)

The dual form of the Wasserstain distance in (2.39) basically provides another family

of distance metrics called the integral probability metrics (IPMs) [99], which all have

the following representation

dIPM = sup
f∈F
|EX [f(x)]− EY [f(y)]|, (2.40)
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where here the symbol F denotes a collection of bounded real functions. Different

F basically define different IPMs [100], for example, when F is the collection FL,

then it formulates the Wasserstein distance (dual form). Another important IPM is

called the maximum mean discrepancy (MMD) [101], where F is considered to be

the reproducing kernel Hilbert space (RKHS) [102]. Using kernel embeddings, the

MMD distance can be efficiently calculated by the explicit relationship given by

d2
MMD = EX [<φ(x), φ(x′)>H] + EY [<φ(y), φ(y′)>H]− 2EX ,Y [<φ(x), φ(y)>H],

(2.41)

where φ(x) is the eigenfunction and allows for f(x) =< f, φ(x) >H, and < ·, · >H

denotes the inner product in the RKHS. Given samples from X and Y , i.e., {xi}ni=1

and {yi}n
′
i=1, the (empirical) MMD can be obtained using the kernel trick as follows,

d2
MMD =

1

n(n− 1)

n∑
i6=j

k(xi,xj) +
1

n′(n′ − 1)

n′∑
i6=j

k(yi,yj)−
2

nn′

n,n′∑
i,j

k(xi,yj). (2.42)

2.4 Preliminaries on Statistical Manifolds

A Riemannian manifold (M, ρ) is a smooth (differential) manifold M (i.e., locally

homeomorphic to the Euclidean space) which is equipped with a smoothly varying

inner product, ρ, on its tangent space. The inner product also defines a Riemannian

metric on the tangent space, so that the length of a curve and the angle between two

vectors can be correspondingly defined. Curves on the manifold with the shortest

paths are called geodesics, which exhibit constant instantaneous speed and generalise

straight lines in the Euclidean space. The distance between two points on M is

defined as the minimum length of all geodesics connecting these two points.

We shall use the symbol TΣM to denote the tangent space at the point Σ, which is

the first-order approximation of M at Σ. Consequently, the Riemannian gradient

of a function f is defined with regard to the equivalence between its inner product

with an arbitrary vector ξ on TΣM and the Fréchet derivative of f at ξ. Moreover,
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Figure 2.4: Illustrations of basic operations on a Riemannian manifold.

a smooth mapping from TΣM ontoM is called the retraction, whereby an exponen-

tial mapping obtains the point on geodesics in the direction of the tangent space.

Because the tangent spaces vary across different points on M, parallel transport

across different tangent spaces can be introduced on the basis of the Levi-Civita

connection, which preserves the inner product and the norm. In this way, we can

convert a complex optimisation problem on M into a more analysis friendly space,

i.e., TΣM. For a comprehensive text on the optimisation on the Riemannian mani-

fold, we refer to [103] and illustrate some basic operations in Figure 2.4. Therefore,

on the basis of the above basic operations, the manifold optimisation can be per-

formed by the Riemannian gradient descent [104]. The retraction is then utilised to

map a step descent from the tangent space to the manifold. To accelerate gradient

descent optimisation, the parallel transport can also be utilised to accumulate the

first-order moments [105–109].

The statistical manifold is therefore a Riemannian manifold built on probabilistic

distributions, that is, each point on the manifold is a probability distribution. When

the distribution is characterised by parameters, we can relate the manifold back to

the parameter space. For example, when establishing a statistical manifold of mul-

tivariate Gaussian distributions that are parametrised by the covariance matrix, we

can build each point of the manifold as the covariance matrix, and its Riemannian

metric is related to the Hessian of the employed statistical distance. When the KL
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divergence is employed, we then obtain the Fisher information tensor as the Rieman-

nian metric. Pioneering in this direction is the work of Rao, which introduced the

Rao distance to define the statistical difference between two multivariate Gaussian

distributions [110]. This distance was later generalised and calculated in closed-

form [111–113], to obtain an explicit metric (also called the Fisher-Rao metric).

The metric ρΣ(η, ξ) ,<η, ξ>, tr(ηΣ−1ξΣ−1) was adopted by to measure the Rao

distance through covariance matrices of two multivariate Gaussian distributions. It

is also possible to obtain a closed-form solution for the geodesic between two positive

definite matrices Σ1 and Σ2, γ(t) = Σ
1/2
1 (Σ

−1/2
1 Σ2Σ

−1/2
1 )tΣ

1/2
1 , to yield its geodesic

distance d(Σ1,Σ2) = || ln(Σ
−1/2
1 Σ2Σ

−1/2
1 )||F [114]. A geodesic convex function f is

defined as f(γ(t)) ≤ (1− t)f(Σ1) + tf(Σ2) with t ∈ [0, 1]. However, with regard to

other elliptical distributions, the corresponding Fisher-Rao metric is not guaranteed

to be well suited for optimisation [23].

On the other hand, there is another type of distributions, named the exponen-

tial family, that overlaps with elliptical distributions; its Fisher-Rao metric can be

explicitly determined by a second-order derivative of the potential function [115].

However, the corresponding Riemannian gradient, Levi-Cevita connection, expo-

nential mapping, parallel transport, etc., may not necessarily be obtained explicitly

and in a general form for multivariate exponential families [112]. The existing lit-

erature mainly analyses the Gaussian distribution [116] and the dually-flat affine

geometry [117] in terms of α-connections. More importantly, even though the op-

timisation can be formulated, a further obstacle is the lack of re-parametrisation

property. As shown in the sequel, the absence of re-parametrisation could lead to

extremely slow convergence when solving EMMs.



Chapter 3

Generalised Elliptical

Distributions

A large class of modern probabilistic learning systems assumes symmetric proba-

bility distributions, however, real-world data tend to obey skewed distributions and

are thus not always adequately modelled through symmetric distributions. To ad-

dress this issue, elliptical distributions are increasingly used to generalise symmetric

distributions, and further improvements to skewed elliptical distributions have re-

cently attracted much attention. However, existing approaches are either hard to

estimate or have complicated and abstract representations. To this end, we propose

to employ the von-Mises-Fisher (vMF) distribution to obtain an explicit and simple

probability representation of the skewed elliptical distribution. This is shown not

only to allow for dealing with non-symmetric learning systems, but also to provide

a physically meaningful way of generalising skewed distributions. For rigour, our

extension is proved to share important and desirable properties with its symmetric

counterpart. We also demonstrate both theoretically and through examples that

the proposed vMF distribution is both easy to generate and stable to estimate.

45
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3.1 Introduction

Probabilistic distributions are a common underpinning tool in the modelling, under-

standing and predicting a wide variety of real-world signals. The normal distribution

has been a workhorse in probabilistic modelling, as it admits a simple representation

and mathematical tractability, while its application is justified through the central

limit theorem. However, issues such as the lack of robustness and flexibility when

dealing with general signals remain a serious obstacle to real-world applications. The

family of elliptical distributions generalises normal distributions, and possesses many

desired properties such as simple generation, controllable robustness and flexibility.

Elliptical distributions include the normal, Cauchy, t, logistic, and Weibull distri-

butions [16]. The well-behaved nature of elliptical distributions underpins powerful

modelling tools, such as unimodal [118, 119], mixture models [120, 121], Bayesian

frameworks [122] and probabilistic graphical models [123].

Despite success, elliptical distributions inherit some of the limitations of symmetric

distributions, which affects their modelling power, as in many cases such as finan-

cial, biometric and audio scenarios, the data are not symmetric due to an intrinsic

coupling, systematic trend, outliers, or a small number of samples available. To

address this issue, several skewed versions of the elliptical distributions have been

proposed, with the majority [47, 60, 61, 63] following a similar way of generalising

the normal distribution by adding a skewness weighting function [62]. Although

attracting attentions in recent applications [124–126], this type of skewed elliptical

distributions results in a different stochastic representation from the (symmetric)

elliptical distribution, which is prohibitive to invariance analysis, sample generation

and parameter estimation. A further extension employs a stochastic representation

of elliptical distributions by assuming some inner dependency [37]. However, due to

the added dependency, the relationships between parameters become unclear and

sometimes interchangeable, thus impeding the estimation.

In this chapter, we start from the stochastic representation of elliptical distribu-
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tions, and propose a novel generalisation by employing the von Mises-Fisher (vMF)

distribution to explicitly specify the direction and skewness, whilst keeping the in-

dependence among the components in elliptical distributions. Such a generalisation

is intuitive and maximally resembles the original (symmetric) elliptical distribu-

tions, which is beneficial in three aspects: i) it admits a simple and closed-form

density function, so that all the elliptical distributions can be explicitly generalised

as the proposed vMF elliptical distribution; ii) it shares many desirable proper-

ties with the original elliptical distribution, including the independence between the

quadratic term (or the Mahalanobis distance) and the whitened variables, the in-

variance property, and explicit moments; iii) it inherits the robustness properties

from the elliptical distributions, and can be estimated stably and efficiently, even

by a naive numerical gradient descent method. This opens a new avenue for the de-

sign and implementation of robust probabilistic learning systems, such as generative

models in unsupervised learning and discriminative models in supervised learning

systems.

3.2 Generalisation via Von Mises-Fisher Distribution

3.2.1 The vMF Elliptical Distribution

Being distributed on a unit sphere surface, the vMF is a popular choice in directional

statistics [127–130]. The vMF distribution is determined by two parameters: µv for

the main direction and τ for the concentration (denoted as vMF (µv, τ)). Therefore,

it is natural and beneficial to replace S in the elliptical distribution (introduced

in Chapter 2.1.2) by the vMF distribution as a way of explicitly expressing the

direction information. We thus propose a new type of generalisation of the elliptical

distributions in the form

X =d µ+RΛV , (3.1)
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Figure 3.1: Illustration of generating the proposed vMF elliptical distribution via its
stochastic representation of (3.1). The red dot denotes the point (0, 0).

where V denotes a random variable satisfying the vMF distribution vMF (µv, τ).

The stochastic representation is illustrated in Figure 3.1.

In our definition,R remains the same, i.e., non-negative and independent of V . More

importantly, when τ → 0, the vMF distribution approaches the uniform distribution

on a unit sphere S, and consequently (3.1) degenerates into a symmetric elliptical

distribution. This generalisation maximally preserves the formats and desirable

properties of the symmetric elliptical distribution, such as the independence and

clear physical meaning of each part. In other words, in our proposed vMF elliptical

distribution, µ closely relates to the data location, Λ controls the dispersion, R

governs the tails and V the directions (skewness). As shall be shown shortly, this is

beneficial in both theoretical analysis and practical estimator settings.

The pdf of X in (3.1) can be obtained in a closed-form as

pX (x) = det(Σ)−1/2 · pV(
Σ−1/2(x− µ)√

t
) · g(t), (3.2)

where t represents the Mahalanobis distance i.e., t = (x − µ)TΣ−1(x − µ) and

pV(·) is the pdf of vMF distribution vMF (µv, τ). We provide the proof of (3.2) in

Appendix-3.4.1. An intuitive way of understanding our generalisation is through the

fact that vMF (µv, τ) resembles a Gaussian distribution, N (µv, 1/τI), constrained on

a unit circle (especially for an adequately large τ). Furthermore, the Gaussian distri-

bution N (µv, 1/τI), as a special case of the elliptical distribution, has the stochastic



3.2. Generalisation via Von Mises-Fisher Distribution 49

representation V≈dµv+ 1√
τ

√
χ2
mS. Please recall that S is a uniform distribution on

a unit sphere surface as introduced in Chapter 2.1.2. Therefore, we can approximate

(3.1) as

X =d µ+RΛV ≈d µ+RΛ(µv +
1√
τ

√
χ2
mS)

≈d µ+ ΛµvR+
1√
τ

Λ(R
√
χ2
m)S.

(3.3)

Given that random variables {R,
√
χ2
m, S} are mutually independent, the term(

µ+ 1√
τ
Λ(R

√
χ2
m)S

)
constitutes a symmetric elliptical distribution whilst the term

ΛµvR adds to the asymmetry on the direction Λµv.

3.2.2 Properties

We now proceed to introduce the properties of the proposed vMF elliptical distri-

bution, with Proposition 3.1 addressing the invariance under the quadratic terms.

Proposition 3.1. The skewness of the distribution is invariant to the quadratic

term (X − µ)TΣ−1(X − µ).

Proof. From (3.1), we have

(X − µ)TΣ−1(X − µ) =d R2VTV =d R2. (3.4)

Because R is independent of V , the quadratic term is irrelevant to the skewness

part of our vMF elliptical distribution.

This completes the proof.

The property in Proposition 3.1 is the basis for satisfying the distributional invari-

ance [131], which provides convenience in applications such as hypothesis testing

and dealing with sampling bias [47].

Given the fact that Σ
−1/2(X−µ)/(X−µ)TΣ−1(X−µ) =d V , from (3.1) we can easily obtain

the following result based on the proof of the Proposition 3.1.
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Proposition 3.2. The quadratic term (X −µ)TΣ−1(X −µ) is independent of the

whitened random variable Σ
−1/2(X−µ)/(X−µ)TΣ−1(X−µ).

This independence property plays a crucial role in the calculation of the robustness

and other related proofs. Furthermore, due to the neat generalisation and clear

physical meaning of our vMF elliptical distribution, we can write the moments in a

closed-form, with the first two moments addressed in Proposition 3.3.

Proposition 3.3. Given the generalisation of (3.1), we have

E[X ] = µ+ (ρm(τ)E[R]Λ)µv

Var[X ] = E[R]2
ρm(τ)

τ
Σ− E[R]2(1− m

τ
ρm(τ)− ρ2

m(τ))Λµvµ
T
v ΛT

(3.5)

where ρm(τ) ∈ (0, 1) is the ratio of two modified Bessel functions of the first kind,

given by

ρm(τ) = Im/2(τ)/Im/2−1(τ). (3.6)

Proof. Given the stochastic representation of (3.1), we have

E[X ] = µ+ E[RΛV ]. (3.7)

More importantly, due to the independence between R and V , we further have

E[X ] = µ+ E[R]ΛE[V ]. (3.8)

Recall that V is the vMF parametrised as vMF (µv, τ). Its first-order moment is

then calculated by E[V ] = ρm(τ)µv [132]. Thus, the first-order moment of the vMF

elliptical distribution can be obtained as

E[X ] = µ+
(
ρm(τ)E[R]Λ

)
µv. (3.9)

Similarly, the second-order moment of the vMF distribution is given by E[VVT ] =
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ρm(τ)/τI + (1− m/τρm(τ))µvµ
T
v [132], so that we arrive at

Var[X ] = E[XX T ]− E[X ]E[X ]T

= E[µµT +µRVTΛT +RΛVµT +R2ΛVVTΛT ]

−
(
µµT +E[R]µE[V ]TΛT +E[R]ΛE[V ]µT +E[R]2ΛE[V ]E[V ]TΛT

)
= E[R]2Λ

(
E[VV ]T − E[V ]E[V ]T

)
ΛT

= E[R]2
ρm(τ)

τ
Σ− E[R]2(1− m

τ
ρm(τ)− ρ2

m(τ))Λµvµ
T
v ΛT

(3.10)

This completes the proof.

Furthermore, when τ → 0, the following bounds hold, according to the Taylor series

of the modified Bessel function of the first kind (Ia(b) ≈ 1
Γ(a+1)

( b
2
)a for b→ 0):

lim
τ→0

ρm(τ) =
Im/2(τ)

Im/2−1(τ)
=

Γ(m/2)

2Γ(m/2 + 1)
τ = 0,

lim
τ→0

ρm(τ)

τ
=

Γ(m/2)

2Γ(m/2 + 1)
=

Γ(m/2)

2(m/2)Γ(m/2)
=

1

m
.

(3.11)

Therefore, from Proposition 3.3, when τ → 0, we have E[X ] = µ and Var[X ] =

E[R2]/mΣ, which are exactly the moments of the symmetric elliptical distributions

[37].

3.2.3 Optimisation

Given the i.i.d. nature of the samples {xi}ni=1, our vMF elliptical distribution can be

estimated by maximising the log-likelihood (MLL), which is equivalent to minimising

the Kullback-Leibler divergence between the parametric and empirical distributions.

It also needs to be pointed out that other distance measures can be employed in

estimation, such as the Wasserstein distance, a subject of future work.

For notational simplicity, we shall denote the whitened term as zi = Σ
−1/2(xi−µ)√

ti
and

the quadratic term as ti = (xi − µ)TΣ−1(xi − µ). Then, due to the simple form of
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the pdf of our generalised distribution, we can omit the constant term and write the

log-likelihood from (3.2) as

L(µ,Σ, µv, τ) ∝ −n
2

ln det(Σ) + n(
m

2
− 1) ln τ

− n ln Im/2−1(τ) +
n∑
i=1

τµTv zi +
n∑
i=1

ln g(ti)
(3.12)

Furthermore, as ||µv|| = 1, this leads to constrained optimisation, whereby we

reparametrise (3.12) by v = τµv (where τ = ||v||2 and µv = v/||v||2) as

L(µ,Σ, v) ∝ −n
2

ln det(Σ) + n(
m

2
− 1) ln ||v||2

− n ln Im/2−1(||v||2) +
n∑
i=1

vTzi +
n∑
i=1

ln g(ti).
(3.13)

By taking the derivatives with respect to µ, Σ and v, and setting them to 0, we

obtain the following optimum, with the detailed proof given in Appendix 3.4.2.

µ∗ =

∑n
i=1

(
(vT zi

ti
− 2ψ(ti))xi − 1√

ti
Σ

1
2 v
)∑n

i=1(vT zi
ti
− 2ψ(ti))

Σ∗ =

∑n
i=1

(
(vT zi

ti
− 2ψ(ti))(xi − µ)(xi − µ)T −Σziv

T
)

n

v∗ = ρ−1
m (|| 1

n

n∑
i=1

zi||2)

∑n
i=1 zi

||
∑n

i=1 zi||2

(3.14)

In (3.14), ρ−1
m (·) is an inverse function of ρm(·) and ψ(t) =

∂g(t)/∂t
g(t)

. Moreover, when

τ → 0, v∗ → 0, and the optimal µ and Σ also represent the optimum of the

symmetric elliptical distribution.

3.3 Numerical Results

This section supports the analysis through experimental assessment of properties of

the proposed vMF elliptical distribution, together with its estimation method. In our

experiments, we tested 5 degrees of concentration, i.e.,τ={2
√

2,4
√

2,6
√

2,8
√

2,10
√

2},
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together with 5 different dimensions (m = {2, 4, 8, 16, 32}), under two types of distri-

butions, i.e., vMF Gaussian and vMF Cauchy distributions, thus having 5×5×2 =

50 test cases. For each test case, we generated 1, 000 synthetic samples from distri-

butions of randomly chosen parameters (µ,µv,Σ). The only controlled parameter

was the eccentricity of the distribution, which is the ratio of the maximal eigenvalue

over the minimal eigenvalue of Σ; we set it smaller than 4 to avoid the majority of

samples being aligned on low-dimensional spaces. For the synthetic data, in each

test case, we performed estimation over 10 trails, with random initialisations. Stan-

dard steepest gradient descent was used to update µ and Σ, with the learning rate

of 0.01, while µv and τ were optimised by a truncated Newton method proposed

in [130]. The mean values of likelihood error ratios over the 10 trails are plotted in

Figure 3.2, with the likelihood error ratio defined as

r =
|lest − ltrue|

ltrue
, (3.15)

while lest denotes the log-likelihood given by the estimated parameters and ltrue for

the true log-likelihood.

From Figure 3.2, we observe that different from other generalised elliptical dis-

tributions, the generation of our vMF elliptical distributions is straightforward to

implement and easy to control. More importantly, by virtue of its simple estimation

method, the error ratios of estimating both vMF Gaussian and Cauchy distributions

were both lower than 0.07, and even lower than 0.03 except for the case m = 2. The

obtained small error ratios also verify that the proposed vMF elliptical distribution

is not only easy to generate but is also stable. Moreover, Figure 3.2 also shows

that increasing either the dimensions, m, or the degrees of concentration, τ , did not

enlarge the estimated error, thus validating the consistency of our simple yet robust

and effective estimation. Employing advanced numerical solvers such as conjugate

gradient descent and trust region method could further improve the estimation, a

subject of future work.
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(a) vMF Gaussian

(b) vMF Cauchy

Figure 3.2: Log-likelihood error ratios with respect to different dimensions, m, and de-
grees of concentration, τ , in estimating the proposed: (a) vMF Gaussian and (b) vMF
Cauchy distribution. One example per distribution of randomly generated samples from
the stochastic representations of (3.1) is also provided in the upper right panel. For the
convenience of illustration, we show the main part of vMF Cauchy samples whilst ignoring
some highly scattered samples.

3.4 Appendix

3.4.1 Proof of the Closed-Form pdf in (3.2)

Notice that R is independent of V , so that the following holds

p{R,V}(r,v) = pR(r) · pV(v) (3.16)

We next define a random variable by a multiplication Y = f(R,V) = R · V .
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It needs to be pointed out that V is a unit random vector, which means that the

multiplication function f is an injection due to {R,V} = f−1(Y) = {||Y ||2, Y/||Y||2}.

Given the change of variables formula [133], the matrix volume is ||y||−(m−1)
2 . Thus,

the pdf of Y can be obtained as

pY(y) = p{R,V}(||y||2,
y

||y||2
) · ||y||−(m−1)

2 = pR(||y||2) · pV(
y

||y||2
) · ||y||−(m−1)

2

(3.17)

By employing the linear transform, X = µ + Σ1/2Y , the pdf of our vMF elliptical

distribution can be obtained by substituting t = (x− µ)TΣ−1(x− µ) = ||y||22, as

pX (x) = det(Σ)−
1
2 · pV(

Σ−1/2(x− µ)√
t

) · t−
m−1

2 pR
(√

t
)︸ ︷︷ ︸

g(t)

(3.18)

3.4.2 Proof of the Optimum in (3.14)

By using the relationship of the modified Bessel function of the first kind ∂Ia(b)/∂b =

Ia+1(b) + a/bIa(b), we can simplify the derivative of v as

1

n

∂L(µ,Σ,v)

∂v
= (

m

2
− 1)

v

||v||22
+

1

n

n∑
i=1

zi

− 1

Im/2−1(||v||2)

v

||v||2
(
Im/2(||v||2) +

m
2
− 1

||v||2
Im/2−1(||v||2)

)
= − v

||v||2
Im/2(||v||2)

Im/2−1(||v||2)
+

1

n

n∑
i=1

zi

(3.19)

By setting the derivative in (3.19) to 0, we arrive at the optimal v in the form

v∗ =
||v||2

ρm(||v||2)

1

n

n∑
i=1

zi = ρ−1
m (|| 1

n

n∑
i=1

zi||2)

∑n
i=1 zi

||
∑n

i=1 zi||2
(3.20)

The optimal µ can be calculated in a similar way

0 =
∂L(µ,Σ,v)

∂µ
=

n∑
i=1

(−Σ−
1
2 v

t0.5i
+

vTziΣ
−1(xi − µ)

ti

)
− 2ψ(ti)Σ

−1(xi − µ),

(3.21)
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with the optimum at

µ∗ =

∑n
i=1

(
(vT zi

ti
− 2ψ(ti))xi − 1√

ti
Σ

1
2 v
)∑n

i=1(vT zi
ti
− 2ψ(ti))

(3.22)

To find the optimum of Σ, it is convenient to decompose Σ into ΛΛT by the Cholesky

decomposition because the square root of the positive definite matrix Σ is guaran-

teed. Then, by taking the derivatives with regard to Λ, we have

0 =
∂L(µ,Σ=ΛΛT ,v)

∂Λ
= −nΛ−T

+
n∑
i=1

( 1

ti
vTziΣ

−1(xi − µ)(xi − µ)TΛ−T − ziv
TΛ−T

)
−

n∑
i=1

(
2ψ(ti)Σ

−1(xi − µ)(xi − µ)TΛ−T
)

(3.23)

After some simplifications, the optimal Σ can be easily obtained in a closed-form as

Σ∗ =

∑n
i=1

(
(vT zi

ti
− 2ψ(ti))(xi − µ)(xi − µ)T −Σziv

T
)

n
(3.24)

3.5 Summary

We have proposed a novel generalised elliptical distribution, termed the vMF el-

liptical distribution, in order to generalise symmetric elliptical distributions and

equip them with physical meaning in the analysis, simple representations and the

ability to represent general skewed distributions. This has been achieved in an in-

tuitive manner, starting from the stochastic representation, which has enabled the

proposed vMF elliptical distribution to exhibit many desirable properties, together

with an explicit pdf. We have also introduced optimal parameter estimation into

the vMF elliptical distributions, and have experimentally validated that even a basic

steepest gradient descent method can achieve consistent and stable low estimation

errors. This opens new avenues for both future applications and research on skewed

distributions, especially in the context of probabilistic learning machines.



Chapter 4

General Framework for Learning

the Elliptical Mixture Model

Mixture modelling using elliptical distributions promises enhanced robustness, flexi-

bility and stability over the widely employed Gaussian mixture model (GMM). How-

ever, existing studies based on the elliptical mixture model (EMM) are restricted

to several specific types of elliptical probability density functions, which are not

supported by general solutions or systematic analysis frameworks; this significantly

limits the rigour in the design and power of EMMs in applications. To this end, we

propose a novel general framework for estimating and analysing the EMMs, achieved

through Riemannian manifold optimisation. First, we investigate the relationships

between Riemannian manifolds and elliptical distributions, and the so established

connection between the original manifold and a reformulated one indicates a mis-

match between these manifolds, a major cause of failure of the existing optimisation

for solving general EMMs. We next propose a universal solver which is based on the

optimisation of a re-designed cost and prove the existence of the same optimum as

in the original problem; this is achieved in a simple, fast and stable way. We further

calculate the influence functions of the EMM as theoretical bounds to quantify ro-

bustness to outliers. Comprehensive numerical results demonstrate the ability of the

proposed framework to accommodate EMMs with different properties of individual

57
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functions in a stable way and with fast convergence speed. Finally, the enhanced

robustness and flexibility of the proposed framework over the standard GMM are

demonstrated both analytically and through comprehensive simulations.

4.1 Introduction

Finite mixture models have a prominent role in statistical machine learning, ow-

ing to their ability to enhance probabilistic awareness in many learning paradigms,

including clustering, feature extraction and density estimation [134]. Among such

models, the GMM is the most widely used [135], with its popularity stemming from

a simple formulation and the conjugate property of Gaussian distribution. Despite

mathematical elegance, a standard GMM estimator is subject to robustness issues,

as even a slight deviation from the Gaussian assumption or a single outlier in data

can significantly degrade the performance or even break down the estimator [136].

Another issue with GMMs is their limited flexibility, which is prohibitive to their

application in rapidly emerging scenarios based on multi-faceted data which are

almost invariably unbalanced; sources of such imbalance may be due to different

natures of the data channels involved, different powers in the constitutive channels,

or temporal misalignment [137].

An important class of flexible multivariate analysis techniques are elliptical distribu-

tions (introduced in Chapter 2.1.2), which are quite general and include as special

cases a range of standard distributions, such as the Gaussian distribution, the lo-

gistic distribution and the t-distribution [16]. The desired robustness to unbalanced

multichannel data is naturally catered for in elliptical distributions; indeed esti-

mating certain elliptical distribution types results in robust M-estimators [17], thus

making them a natural candidate for robust and flexible mixture modelling. In this

work, we therefore consider mixtures of elliptical distributions, or elliptical mixture

model (EMM), in probabilistic modelling. By virtue of the inherent flexibility of

EMMs, it is possible to model a wide range of standard distributions under one um-
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brella, as EMM components may exhibit different properties, which makes EMMs

both more suitable for capturing intrinsic data structures and more meaningful in

interpreting data, as compared to the GMM. Another appealing property of EMMs

is their identifiability in mixture problems, which has been proved by Holzmann et

al. [138]. In addition, it has also been reported that several members of the EMM

family can effectively mitigate the singular covariance problem experienced in the

GMM [40].

Existing mixture models related to elliptical distributions are most frequently based

on the t-distribution [40–42], the Laplace distribution [44], and the hyperbolic distri-

bution [45]; these are optimised by a specific generalised expectation-maximisation

process, called the iteratively reweighting algorithm (IRA) [38]. These elliptical

distributions belong to the class of scale mixture of normals [139], where the IRA

actually operates as an expectation maximisation (EM) algorithm, and such an

EMM model is guaranteed to converge. However, for other types of elliptical dis-

tributions, the convergence of the IRA requires constraints on both the type of

elliptical distributions and the data structure [38,49,50]. Therefore, although bene-

ficial and promising, the development of a universal method for estimating the EMM

is non-trivial, owing to both theoretical and practical difficulties.

To this end, we set out to rigorously establish a whole new framework for esti-

mating and analysing the identifiable EMMs, thus opening an avenue for practical

approaches based on general EMMs. More specifically, we first analyse the second-

order statistical differential tensors to obtain the Riemannian metrics on the mean

and the covariance of elliptical distributions. A reformulation trick is typically used

to convert the mean-covariance-estimation problem into a covariance-estimation-

only problem [38]. We further investigate the relationship between the manifolds

with and without the reformulation, and find that an equivalence of the two mani-

folds only holds in the Gaussian case. Since for general elliptical distributions, the

equivalence is not guaranteed, this means that a direct optimisation on the reformu-

lated manifold cannot yield the optimum for all EMMs. To overcome this issue, we
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propose a novel method with a modified cost of EMMs and optimise it on a matched

Riemannian manifold via manifold gradient descent, where the same optimum as

in the original problem is achieved in a fast and stable manner. The corresponding

development of a gradient-based solver, rather than the EM-type solver (i.e., the

IRA), is shown to be beneficial, as it offers more flexibility in model design, through

various components and regularisations. We should point out that even for the

EMMs where the IRA converges, our proposed method still outperforms the widely

employed IRA. We finally systematically verify the robustness of EMMs by proving

the influence functions (IFs) in closed-form, which serves as the theoretical bound.

The recent related work in [58,59] adopts manifold optimisation for GMM problems

by simply optimising on the intrinsic manifold. However, this strategy is inadequate

in EMM problems due to a mismatch in manifolds for optimisation, which leads to a

different optimum after reformulation. More importantly, as the flexibility of EMMs

allows for inclusion of a wide range of distributions, this in turn requires the statistics

of mixture modelling to be considered in the optimisation, whilst the work [58, 59]

only starts from a manifold optimisation perspective. The key contributions of this

work are summarised as follows:

1) We justify the usage of Riemannian metrics from the statistics of elliptical distri-

butions, and in this way connect the original manifold with the reformulated one,

where the convergence can be highly accelerated.

2) A novel method for accurately solving general EMMs in a fast and stable manner

is proposed, thus making the flexible EMM truly practically applicable.

3) We rigorously prove the IFs in closed-form as theoretical bounds to qualify the ro-

bustness of EMMs, thus providing a systematic framework for treating the flexibility

of EMMs.
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4.2 Manifold Optimisation for the EMM

In this section, we shall first justify the Riemannian metrics of elliptical distributions

in Section 4.2.1, followed by a layout of the EMM problem, and the introduction of

the proposed method in Section 4.2.2. Finally, a novel type of regularisation on the

EMMs is introduced in Section 4.2.3, which includes the mean-shift algorithm as a

special case. Please note that we use the same notations to represent an elliptical

distribution X ∼ E(x;µ,Σ, g) given by Chapter 2.1.2.

4.2.1 Statistical Metrics for Elliptical Distributions

Although there are various metrics designed for measuring the distance between

matrices [140–143], not all of them arise from the smooth varying inner product

(i.e., Riemannian metrics), which would consequently give a “true” geodesic dis-

tance. One of the widely employed Riemannian metrics is the intrinsic metric

tr(dΣΣ−1dΣΣ−1), which can be obtained via the “entropy differential metric” [144]

of two multivariate Gaussian distributions. The entropy related metric was later

used by Hiai and Petz to define the Riemannian metric for positive definite matri-

ces [145]. In this chapter, we follow the work of [145] to calculate the corresponding

Riemannian metrics for the elliptical distributions.

Lemma 4.1. Consider the class of elliptical distributions E(x|µ,Σ, g). Then, given

local coordinate vectors dΣ, the Riemannian metric for the covariance is given by

ds2 =
1

2
tr(dΣΣ−1dΣΣ−1). (4.1)

Proof. Please see Appendix-4.5.1.

More importantly, as the metric is related to Σ, the Levi-Civita connection is given

by ∇XY = −1
2
(XΣ−1Y + YΣ−1X) [146], where X,Y are vector fields on the

manifold of Σ. The corresponding exponential mapping, which moves along with
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the geodesics given the direction from a tangent vector, can be explicitly obtained

as ExpΣ(U) = Σ
1
2 exp(Σ−

1
2 UΣ−

1
2 )Σ

1
2 , where U ∈ TΣM [146].

When estimating parameters of elliptical distributions, the mean vector and the

covariance matrix need to be estimated simultaneously. An elegant strategy would

be to incorporate the mean and the covariance into an augmented matrix with

one extra dimension [38]. Such a strategy has also been successfully employed in

the work of [58, 59], which is called the “reformulation trick”. Thus, based on the

metrics of Lemma 4.1, we can introduce the following relationship related to the

reformulation.

Lemma 4.2. Consider the class of elliptical distributions, E(y|0, Σ̃, g). Then, upon

reformulating y and Σ̃ as

y = [xT , 1]T , Σ̃ =

(
Σ + λµµT

λµT
λµ

λ

)
(4.2)

the subsequent Riemannian metric follows

ds2 = tr(dΣ̃Σ̃−1dΣ̃Σ̃−1)

=λdµTΣ−1dµ+
1

2
tr(dΣΣ−1dΣΣ−1)+

1

2
(λ−1dλ)2.

(4.3)

Proof. The proof is a direct extension of that in [147], where only the Gaussian case

is proved, and will thus be omitted.

As dµTΣ−1dµ and 1
2
tr(dΣΣ−1dΣΣ−1) exactly formulate the two manifolds of EMMs

without reformulation, we can inspect the relationship between the manifolds of

EMMs with and without the reformulation from Lemma 4.2, which provides an-

other perspective in understanding the reformulation.

Remark 4.1. In Lemma 4.2, there is a mismatch between the two manifolds, due

to the term 1
2
(λ−1dλ)2. When restricted to the Gaussian case, we show in the sequel

that the gradient of λ vanishes when optimising Σ̃, i.e., dλ = 0. In this case,

manifold optimisation on Σ̃ is performed under the same metric as a simultaneous
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optimisation on a product manifold of the mean and the covariance, which leads to

the success of [58, 59] in solving GMMs. However, this property does not hold for

general EMMs.

4.2.2 Manifold Optimisation on the EMM

Generally, we assume that the EMM consists of k mixing components, each el-

liptically distributed. To make the proposed EMM flexible enough to capture in-

herent structures in data, in our framework it is not necessary for every elliptical

distribution within the mixture to have the same density generator (denoted by

Ei(x|µi,Σi, gi)). In finite mixture models, the probability of choosing the i-th mix-

ing component is denoted by πi, so that
∑k

i=1 πi = 1. For a set of i.i.d samples xj,

j = 1, 2, 3, · · · , n, when using the MLL method (aka. under the Kullback–Leibler

divergence), the negative log-likelihood can be obtained as

L = −
n∑
j=1

ln
k∑
i=1

πicmdet(Σi)
− 1

2 gi
(
(xj − µi)TΣ−1

i (xj − µi)
)
. (4.4)

The estimation of πi, µi and Σi therefore requires the minimisation of L in (4.4).

By setting the derivatives of L to 0, we arrive at the following equations,

πi =

∑n
j=1 ξij

n
, µi =

∑n
j=1 ξijψi(tij)xj∑n
j=1 ξijψi(tij)

,

Σi=−2

∑n
j=1 ξijψi(tij)(xj − µi)(xj − µi)T∑n

j=1 ξij
,

(4.5)

where ξij =
Ei(xj |µi,Σi,gi)πi∑k
i=1 Ei(xj |µi,Σi,gi)πi

is the posterior distribution of latent variables; tij =

(xj−µi)TΣ−1
i (xj−µi) is the Mahalanobis distance; ψi(tij) = g′i(tij)/gi(tij) acts almost

as an M-estimator for most heavily-tailed elliptical distributions, which decreases to

0 when the Mahalanobis distance tij increases to infinity. It is obvious that the

solutions πi, µi and Σi are intertwined with ξij and tij, which prevents a closed-

form solution1 of (4.4). By iterating (4.5), this results to an EM-type solver, which is

1It should be pointed out that there are multiple solutions to (4.5) and the goal here is to find a local
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exactly the IRA algorithm. However, the convergence of the IRA is not guaranteed

for general EMMs [38].

On the other hand, when directly estimating the reformulated EMM, i.e., Ei(y|0, Σ̃i, gi),

similarly, we arrive at

π̃i =

∑n
j=1 ξ̃ij

n
, Σ̃i = −2

∑n
j=1 ξ̃ijψi(t̃ij)yjy

T
j∑n

j=1 ξ̃ij
, (4.6)

where t̃ij = yTj Σ̃−1
i yj and ξ̃ij =

Ei(yj |0,Σ̃i,gi)πi∑k
i=1 Ei(yj |0,Σ̃i,gi)πi

. It needs to be pointed out that the

directly reformulated EMM optimises on the augmented space yj = [xTj , 1]T of Rm+1,

which is typically a mismatch to the original problem within the dimension m. This

intrinsic difference becomes clear after decomposing Σ̃i to obtain the corresponding

solutions, µi and Σi, as well as λi. This is achieved in the form

(
Σi + λiµiµ

T
i

λiµTi

λiµi
λi

)
= − 2∑n

j=1 ξ̃ij

n∑
j=1

ξ̃ijψi(t̃ij)

(
xjx

T
j

xj

xTj
1

)
. (4.7)

Because (t̃ij = yTj Σ̃iyj) 6= (tij = (xj − µi)TΣ−1
i (xj − µi)), ψi(t̃ij) in (4.7) does

not equal ψi(tij) in (4.5). The only exception is when ψi(·) is a constant, e.g.,

ψi(·) ≡ −1
2

for the Gaussian distribution. In this case, λi ≡ 1, and the manifold

with the reformulation is same as the original one.

To retain the same optimum as the original problem, we introduce a new parameter

ci, which aims to mitigate the mismatch of the reformulated manifold brought by

λi. The same optimum is ensured in the following theorem.

Theorem 4.1. The optimisation of πi, Σ̃i and ci based on the following re-designed

cost

L̃ = −
n∑
j=1

ln
k∑
i=1

πi · cm · (cidet(Σ̃i))
−1/2gi

(
yTj Σ̃−1

i yj −ci
)

(4.8)

stationary point. Finding the global optima is difficult in mixture problems [148] and beyond the scope of
this chapter.
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has the same optimum as those in (4.5):

πi =

∑n
j=1 ξij

n
, ci =

1

λi
= −

∑n
j=1 ξij

2
∑n

j=1 ξijψi(tij)

Σ̃i = −2

∑n
j=1 ξijψi(tij)yjy

T
j∑n

j=1 ξij

(4.9)

Proof. Please see Appendix-4.5.2.

We optimise (4.8) on a product manifold of Σ̃i, πi and ci. For optimising Σ̃i,

on the basis of the metric in Section 4.2.1, we calculate Riemannian gradient as

∇RL̃ = Σ̃i(∇EL̃)Σ̃i, where ∇EL̃ is the Euclidean gradient of cost L̃ via ∂L̃/∂Σ̃i.

Furthermore, although explicitly formulated, it is important to mention that the

exponential mapping provided after Lemma 4.1 operates on a matrix, which comes

with an extremely high computational complexity (typically O(m4)) and even needs

a certain degree of approximation [149]. A common way to approximate the expo-

nential mapping is via the retraction, of which the accuracy is up to the first order

to the exponential mapping [150]. Thus, we employ the Taylor series expansion of

exp(Σ−
1
2 UΣ−

1
2 ) as a way of the approximation, via

ExpΣ(U) = Σ
1
2 exp(Σ−

1
2 UΣ−

1
2 )Σ

1
2

≈ Σ
1
2 (0 + Σ−

1
2 UΣ−

1
2 +

1

2
Σ−

1
2 UΣ−1UΣ−

1
2 )Σ

1
2

= Σ + U +
1

2
UΣ−1U = RΣ(U),

(4.10)

where the approximation is performed up to the cubic (third-order) term. It can be

easily verified that RΣ(U) is a retraction (Chapter 4.1 of [103]), which significantly

reduces the computational complexity from a matrix exponential to simple linear

operations on matrices. Finally, we employ the conjugate gradient descent [151] as

a manifold solver, with a pseudo-code for our method given in Algorithm 1.

The advantages of our algorithm, by virtue of its inherent reformulation, can be un-

derstood from two aspects. First, through the reformulation, our method is capable

of providing a relatively global descent in terms of the re-parametrised Σ̃i, whereas
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Algorithm 1: The proposed method for optimising the EMM.

input: n observed samples: x1,x2, . . . ,xn;
initialisation: {µ0

i }ki=1, {Σ0
i }ki=1, {π0

i }ki=1, {c0
i }ki=1, and {λinii }ki=1

for i = 1 to k do
for j = 1 to n do

yj , Σ̃
0
i ← Reparamet(xj , µ

0
i , Σ0

i , λ
ini
i )

while not converged (at the t-th iteration): do
for i = 1 to k do

Calculate Euclidean gradients ∇E(Σ̃t
i), ∇E(πti) and ∇E(cti), by differentiating

L̃ of (4.1)

πt+1
i ← Step descent based on ∇E(πti)

ct+1
i ← Step descent based on ∇E(cti)

Update Σ̃t
i:

∇R(Σ̃t
i)← Rgradient(Σ̃t

i, ∇E(Σ̃t
i))

Ut
i ← Step descent based on ∇R(Σ̃t

i)

Σ̃t+1
i ← Retraction(Σ̃t

i, Ut
i)

for i = 1 to k do

µ∗i , Σ∗i ← Decomposition(Σ̃∗i )

output: {µ∗i }ki=1, {Σ∗i }ki=1 and {π∗i }ki=1

Function Reparamet(x, µ, Σ, λ):
Re-parametrisation via (4.2)

return y, Σ̃

Function Rgradient(Σ, ∇E):
return ∇R = (Σ∇EΣ)

Function Retraction(Σ, U):
return Σnew = (Σ + U + 1

2UΣ−1U)

Function Decomposition(Σ̃, c):

Decompose via inverting (4.2):

(
Σ+ 1

c
µµT

1
c
µT

1
c
µ
1
c

)
= Σ̃

return µ and Σ

optimisation without the reformulation requires a sophisticated incorporated step

descent on both µi and Σi, to ensure a well-behaved convergence. On the other

hand, one typical singularity case is when certain µi moves to the boundary of the

data during optimisation, in which the cluster is likely to model a small set of data

samples (e.g., one or two samples). In contrast, the proposed reformulated EMMs

can be regarded as zero-mean mixtures, which to some extent relieves this singularity

issue.
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4.2.3 Regularisation

We impose the inverse-Wishart prior distribution to regularise the EMM (i.e., pΣi
(Σi)

∝ 1
det(Σi)

v/2 exp(−vtr(Σ−1
i S)

2
)), where v controls the freedom and S is the prior ma-

trix. The advantages of using a form of tr(Σ−1
i S) are two-fold: i) it is strictly

geodesic convex in Σi and ii) the solutions are ensured to exist for any data configu-

ration [152]. By utilising maximising a posterior on covariance matrices, we obtain

the same solutions of πi and µi as those of (4.5), whereas Σi now becomes

Σi =
−2 ·

∑n
j=1 ξijψi(tij)(xj − µi)(xj − µi)T + vS∑n

j=1 ξij + v
. (4.11)

Similar to Theorem 4.1, the following proposition can be obtained for the reformu-

lation with regularisations.

Proposition 4.1. The optimisation of πi, Σ̃i and ci based on the following cost

function

L̃r = L̃+
k∑
i=1

(cidet(Σ̃i))
−v/2 exp

(
−vtr(Σ̃−1

i S̃)

2

)
, (4.12)

achieves the same optimal Σi as in (4.11) and the same πi and µi as in (4.5), where

S̃ = [S
0

0
0
]. The optimal ci and λi are

ci =
1

λi
= −

∑n
j=1 ξij + v

2
∑n

j=1 ξijψi(tij)
. (4.13)

Proof. The proof is analogous to that of Theorem 4.1 and is therefore omitted.

Remark 4.2. In (4.11), it can be seen that when v → ∞, Σi → S. Furthermore,

when S = Im, Σi = σ2Im, the estimation of µi in (4.5) becomes
∑n
j=1 ξijψi(σ

−2||xj−µi||2)xj∑n
j=1 ξijψi(σ

−2||xj−µi||2)
,

which is the basic mean-shift algorithm with soft thresholds. Furthermore, when

S = Im, Σi = Im and ψi(tij) = −1/2 (the GMM), it then turns to a soft version

of the basic k-means algorithm. This all demonstrates that the EMM is a flexible

framework in our regularisation settings and that we can choose v and S to achieve

different models.
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It needs to be pointed out that although the inverse-Wishart prior is one of the

popular priors (typically S = I), there are also other priors which suit different

requirements. For example, there is also work using the Wishart prior, which is

less informative but requires a particular setting of the parameters [153]. Instead of

controlling the degrees of freedom by the scalar v, a generalised inverse-Wishart dis-

tribution has been applied to flexibly control the degrees of freedom [154]. Another

pragmatic solution would be to decompose the covariance matrix into its standard

deviation and correlation matrix components (inverse-Wishart distribution) so that

the standard deviation can be treated in a flexible way [155]. Moreover, proba-

bilistic graphical models can be used as a prior to explicitly control the sparsity of

the matrices [156], where e.g., graphical LASSO can be applied. Furthermore, a

robust distribution for positive definite matrices, named F -distribution, has become

a popular choice for priors, which generalises the half-Cauchy and half-t distribu-

tions [157]. Recently, a Riemannian Gaussian distribution for the positive definite

matrix has been proposed by replacing the Mahalanobis term with the Fisher-Rao

metric of positive definite matrices [158]. A similar strategy can be extended to

the Laplacian [159] and even to the elliptical distributions, which has a significant

potential to generate a rich class of priors on positive definite matrices. This chap-

ter investigates the inverse-Wishart prior as an example of regularisation, because

it can further emphasise the flexibility of EMMs and also the compatibility of our

re-parametrisation technique. The investigation on other priors is part of our future

work.

4.3 Influence Functions of the EMM

Robustness properties of a single elliptical distribution (or more generally, an M-

estimator) have been extensively studied [136,160–162], typically from the perspec-

tive of influence functions (IFs) [163]. The IF is an important metric for quantifying

the impact of an infinitesimal fraction of outliers on the estimations, which captures
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(a) Gaussian (b) Cauchy

(c) Laplace (d) GG1.5

Figure 4.1: For reproducibility, we follow the work of [9] to generate three one-dimensional
clusters using the inverse of the Gaussian cumulative distribution function. These three
clusters are centred respectively at µ1 = 0, µ2 = −5 and µ3 = −10, and IF curves for µ1

are illustrated. The mixture distributions are the Gaussian, Cauchy, Laplace and GG1.5,
as shown in Table 4.1. The theoretical bounds are plotted in solid lines and the actual IFs
are plotted in dotted lines. The horizontal dotted lines represent the boundedness (upper
bounds) where the mixtures exhibit robustness. The zoomed versions of the IFs of the
mean are given in the black box of each figure.

the local robustness. However, to the best of our knowledge, there exists no work on

the IF of mixture models, especially for the EMMs. To calculate the IFs, we utilise

x0 to denote point-mass outliers, which means that these outliers are point-mass

distributed at x0 [136]. We also explicitly write the posterior distribution of latent

variables as a function of x (ξi(x) = Ei(x|µi,Σi,gi)πi∑k
i=1 Ei(x|µi,Σi,gi)πi

), because in robustness anal-

ysis, we need to quantify it with respect to outliers. For simplicity, ti is also defined

as the Mahalanobis distance (x−µi)TΣ−1
i (x−µi) and E[·] is the expectation over

the true distribution of x. Then, our analysis on the IFs is based on the following

two lemmas.
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Lemma 4.3. Consider the mixture of elliptical distributions, Ei(x|µi,Σi, gi). When

data are well separated, upon denoting (x0 − µi) by x0 for the i-th cluster, its IF is

given by,

FΣi
(x0) = −ξi(x0)ψi(x

T
0 Σ−1

i x0)

w2

x0x
T
0

+ Σ
1
2
i

[
2w1 · ξi(x0)ψi(x

T
0 Σ−1

i x0)xT0 Σ−1
i x0 + w2 · ξi(x0)I

2(mw1 − w2)w2

]
Σ

1
2
i ,

(4.14)

where w1 and w2 are constants (irrelevant to the outlier x0) given by

w1 =
E[(ξi(x)− ξ2

i (x))ψ2
i (t)t

2] + E[ξi(x)ψ′i(t)t
2]

m(m+ 1)

+
E[(ξi(x)− ξ2

i (x))ψi(t)t]

m
+

E[ξi(x)− ξ2
i (x)]

4
,

w2 =
πi
2
− E[(ξi(x)− ξ2

i (x))ψ2
i (t)t

2] + E[ξi(x)ψ′i(t)t
2]

m(m+ 1)
.

(4.15)

Lemma 4.4. Consider the mixture of elliptical distributions, Ei(x|µi,Σi, gi). When

data are well separated, for the i-th cluster, its IF on the mean is given by

Fµi(x0) =
1

w3

ξi(x0)ψi(x0)(x0 − µi), (4.16)

where w3 is a constant (irrelevant to the outlier x0) given by

w3 =
2E[ξi(x)ψ′i(t)t]

m
+ E[ξi(x)ψi(t)] +

2E[(ξi(x)− ξ2
i (x))ψ2

i (t)t]

m
. (4.17)

Proofs of the two lemmas are provided in the Appendices-4.5.3 and 4.5.4. The

actual2 and theoretical IF curves of the four EMMs are plotted in Fig. 4.1, showing

that in practice the robustness of the EMMs can be well captured by our theoretical

bounds.

More importantly, the robustness of the EMM can also be analysed from Lemmas

2The actual IF is obtained via numerical tests on the actual difference between the estimated parameter
and the ground truth when increasing the absolute value of a single outlier, to establish whether an outlier
could totally break down the estimation; this is cumbersome and requires extensive repeated estimations
to obtain the curve.
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4.3 and 4.4, and is determined by ψi(·) (or gi(·)) of each cluster. Specifically, when

x0 → ∞, FΣi
(x0) is bounded (defined as covariance robust) only when ψi(t)t is

bounded for t→∞, which leads to bounded ψi(x
T
0 Σ−1

i x0)xT0 Σ−1
i x0 in (4.14). Like-

wise, bounded Fµi(x0) (defined as mean robust) requires bounded ψi(t)
√
t, which

is slightly more relaxed than the requirement of covariance robust. For example, in

Fig. 4.1, by inspecting the boundedness of the curves, we find that the Gaussian and

GG1.5 mixtures are neither covariance robust and mean robust, while the Cauchy

mixtures are both covariance robust and mean robust. For the Laplace mixtures,

they are not covariance robust but are mean robust, which shows that the covari-

ance robust is more stringent than the mean robust. Thus, the developed bounds

provide an extremely feasible and convenient treatment for qualifying or designing

the robustness within EMMs.

4.4 Experimental Results

Our experimental settings are first detailed in Section 4.4.1. We then employ in

Section 4.4.2 two toy examples to illustrate the flexibility of EMMs in capturing

different types of data. This also highlights the virtues of our method in universally

solving EMMs. In Section 4.4.3, we systematically compare our EMM solver with

other baselines on the synthetic dataset, followed by a further evaluation on the

image data of BSDS500 in Section 4.4.4.

4.4.1 Parameter Settings and Environments

Baselines: We compared the proposed method (Our) with the regular manifold

optimisation (RMO) method without reformulation (i.e., updating µi and Σi sep-

arately) and the IRA method, by optimising different EMMs over various data

structures. It should be pointed out that the IRA includes a range of existing works

on solving certain EMMs, e.g., the standard EM algorithm for the Gaussian distribu-

tion, [40] for the t-distribution and [45] for the hyperbolic distribution. Besides, the
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convergence criterion in all the experiments was set by the cost decrease of adjacent

iterations of less than 10−10. For our method and the RMO, that involved manifold

optimisation, we have utilised the default conjugate gradient solver in the Manopt

toolbox [164]. We should also point out that we evaluated all the methods on orig-

inal EMM problems and due to the fact that priors are highly data-dependent, we

leave the reasonable and comprehensive evaluations on regularised EMMs as part of

our future work.

Performance objectives: We compared our method with the RMO and IRA

methods by comprehensively employing 9 different elliptical distributions3 as com-

ponents within EMMs. These are listed in Table 4.1, with their properties provided

in Table 4.2, where the Cauchy distribution is a special case of the student-t dis-

tribution with v = 1. We should also point out that the non-geodesic elliptical

distributions cannot be solved by the IRA method [49, 50]. In contrast, as shown

below, our method can provide a stable and fast solution even for the non-geodesic

elliptical distributions.

Table 4.1: Details of the 9 elliptical distributions used for assessments

Gaussian Student-t (v = 1 and v = 10) GG1.5 Logistic

g(t) g(t) ∝ exp(−0.5t) g(t) ∝ (1 + t/v)−(m+v)/2 g(t) ∝ exp(−0.5t1.5) g(t) ∝ exp(−t)
(1+exp(−t))2

Laplace Weib0.9 Weib1.1 Gamma1.1

g(t) g(t) ∝
K(1−0.5m)(

√
2t)

√
0.5t

0.5m−1
g(t) ∝ t−0.1 exp(−0.5t0.9) g(t) ∝= t0.1 exp(−0.5t1.1) g(t) ∝ t0.1 exp(−0.5t)

Note: Kx(y) is the modified Bessel function of the second kind. Student-t with v = 1 is the Cauchy distribution.

Synthetic datasets: We generated the synthetic dataset via randomly choosing

the mean and the covariance, except for the separation c and eccentricity e [135,

165], which were controlled to comprehensively evaluate the proposed method under

various types of data structures. The separation, c, of two clusters k1 and k2 is

defined as ||µk1−µk2||2 > c·max{tr(Σk1), tr(Σk2)}, and the eccentricity, e, is defined

as a ratio of the largest and the smallest eigenvalue of the covariance matrix within

one cluster. The smaller value of c indicates the larger overlaps between clusters; the

3Please note that in the next chapter (Chapter 5), we will provide a “ready-to-use” summary on other
computable and identifiable EMMs.
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Table 4.2: Properties of the elliptical distributions used for evaluations

Gaussian Student-t Laplace GG1.5
Covariance Robust No Yes No No

Mean Robust No Yes Yes No
Heavily Tailed No Yes Yes No

Geodesic Convex Yes Yes Yes Yes

Logistic Weib0.9 Weib1.1 Gamma1.1
Covariance Robust No No No No

Mean Robust No No No No
Heavily Tailed No Yes No No

Geodesic Convex Yes Yes No No

smaller value of e means more spherically distributed clusters. In total, we generated

3× 2 = 6 types of synthetic datasets, whereby m and k were set in pairs to {8, 8},

{16, 16}, and {64, 64}; c and e were set in pairs to {10, 10} and {0.1, 1} to represent

the two extreme cases. Each synthetic dataset contained 10, 000 samples in total

(n = 10, 000) drawn from different mixtures of Gaussian distributions. For each test

case (i.e., for each method and for each EMM), we repeatedly ran the optimisation

over 50 trials, with random initialisations. Finally, we recorded average values of the

iterations, the computational time and the final cost. When the optimisation failed,

i.e., converging to singular covariance matrices or infinite negative likelihood, we

also recorded and calculated the optimisation fail ratio within the 50 initialisations

for each test case, to evaluate the stability in optimisation.

BSDS500 dataset: Finally, we evaluated our method on the image data, over two

typical tasks. The first was related to image segmentation, where all the 500 pictures

in the Berkeley segmentation dataset BSDS500 [166] were tested and reported in

our results. We set k = 2 in this task in order to clearly show the effects of different

EMMs in segmentation (as shown in Fig. 4.6). Evaluation over multiple parameters

k was included in the second task. Moreover, each optimisation was initialised

by the k-means++ using the vl-feat toolbox [167], which is a typical initialisation

method in clustering tasks such as the k-means clustering. The cost, iterations

and computational time were recorded for all the 500 pictures. In the second task,

our evaluation was implemented on another challenging task, by modelling and

clustering 3×3 and 5×5 image patches from the image dataset. It needs to be pointed
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out that this task is a core part of many applications, such as image denoising,

image super-resolution and image/video compression, where similarities of image

patches play an important role. Specifically, we randomly extracted 100 patches

(3× 3 and 5× 5) from each image in the BSDS500, and vectorised those patches as

data samples. Thus, we finally obtained the test data with sizes 50, 000 × 27 and

50, 000 × 75, where k was set to 3 and 9. Also, we ran each optimisation with 50

times random initialisations, and recorded the average final cost and the standard

deviation.

4.4.2 Toy Examples

Before comprehensively evaluating our method, we first provide some intuition be-

hind its performance based on flower-shaped data with 4 clusters (n = 10, 000)

(shown in Fig. 4.2-(a)). The flexibility of the EMMs via our method is illustrated

by: (i) adding 100% uniform noise (i.e., 10, 000 noisy samples), as shown in Fig.

4.2-(b); (ii) replacing two clusters by the Cauchy samples with the same mean and

covariance matrices, as shown in Fig. 4.2-(c). The five distributions that were chosen

as components in EMMs are shown in Fig. 4.2-(d).

The optimised EMMs are shown in Fig. 4.3. From this figure, we find that the GMM

is inferior in modelling noisy or unbalanced data. This is mainly due to its lack of

robustness, and thus similar results can be found in another non-robust EMM, i.e.,

the GG1.5. In contrast, for a robust EMM, such as the Cauchy and the Laplace, the

desirable level of estimation is ensured in both cases. Therefore, a universal solver

is crucial as it enables flexible EMMs can be well optimised for different types of

data.

We further plot the iteration numbers against the average cost difference of Our,

IRA and RMO methods when optimising the two cases in Fig. 4.4 and 4.5. Note

that for the purpose of illustrations [58], the cost difference is defined by the abso-

lute difference between the cost of each iteration and the relatively “optimal” cost,
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(a) Ground truth (b) Case 1: 100% Noise

(c) Case 2: Cauchy clusters (d) Tails of distributions

Figure 4.2: Toy examples consisting of four Gaussian sets. (a) Data structure: The red
circles represent the mean values at (5, 5), (5,−5), (−5, 5) and (−5,−5), and the black
circles denote covariance ellipses including 95% data samples of each Gaussian distribution.
(b) Test case adding 100% uniform noisy samples to the data. (c) Test case of data that
consist of two Gaussian and two Cauchy sets. (d) Tails of the distributions which were
utilised in this test. It needs to be pointed out that the Cauchy samples in (c) are spread
over a wide range, so that we show (c) within (±15,±15) for illustration convenience.

(a) Gaussian (b) Cauchy (c) Laplace (d) Logistic (e) GG1.5

Figure 4.3: Optimisation results of the proposed method across the 5 EMMs. The top
row shows the results for Case 1 and the bottom row shows the results for Case 2. The
red circles denote the ground-truth as shown in Fig. 4.2-(a), whilst the black crosses
and ellipses represent the estimated mean and covariance matrices. The colour of each
sample is corresponding to that of Fig. 4.2-(a), and is classified by selecting the maximum
posterior among the clusters.
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(a) Gaussian (b) Cauchy (c) Laplace (d) Logistic (e) GG1.5

Figure 4.4: Cost difference against the number of iterations of the 5 EMMs for Case 1.
The top figures show the cost difference against the iterations optimised via Our, IRA and
RMO methods. The bottom quantities are the final convergence speed in terms of the
number of iterations and execution time (ites/sec).

(a) Gaussian (b) Cauchy (c) Laplace (d) Logistic (e) GG1.5

Figure 4.5: Cost difference against the number of iterations of the 5 EMMs for Case 2.
The top figures show the cost difference against the iterations optimised via Our, IRA and
RMO methods. The bottom quantities are the final convergence speed in terms of the
number of iterations and execution time (ites/sec).

which was obtained by choosing the lowest value among the final costs of the three

methods. From the two figures, the IRA achieved a monotonic convergence, because

it consistently increases the lower bound of the log-likelihood; our method, although

occasionally fluctuating at the late stage of convergence, such as for the Cauchy

distribution in Fig. 4.5, consistently achieved the lowest cost among all EMMs and

converged with the least number of iterations. A further cautious choice of optimis-

ers as well as line search methods can probably achieve a monotonic convergence.

Moreover, although one iteration of our method takes longer time than that of the

IRA method due to the line search, the overall computational time of our method is

comparable to that of the IRA method. As shown in the next section, our method

even performs much faster in terms of computational time than the IRA for higher

dimensions and larger numbers of clusters (m > 2 and k > 4).
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4.4.3 Evaluations over the Synthetic Datasets

We next systematically evaluated our method based on the synthetic dataset de-

scribed in Section 4.4.1. For each dataset, we had 9 × 3 = 27 test cases, i.e., 9

types of EMMs for the 3 methods. The 9 types of EMMs include 8 types of el-

liptical distributions and the other one (denoted as Mix) is composed by half the

number of Cauchy distributions and the other half of Gaussian distributions. Table

4.3 shows the overall result averaged across dimensions m and k for the 9 EMMs.

As can be seen from Table 4.3, our method exhibits the fastest convergence speed

in terms of both the number of iterations and computation time, and it also ob-

tains the minimum cost. It can also be found that datasets with more overlaps (i.e.,

{c = 0.1, e = 1}) take a longer time to optimise, whereby iterations and computa-

tional time increase for all the 3 methods. On the other hand, by comparing the

results of our method and those of the RMO method, we can clearly see a signifi-

cant improvement in both convergence speed and final minimum, which verifies the

effectiveness of our reformulation technique.

We provide further details of the comparisons of different m and k in Table 4.4, where

3 EMMs and {c = 10, e = 10} were reported due to the space limitation and the fact

that similar results can be found for other EMMs and settings of Table 4.3. We can

see from this table that the superior performance of our method is consistent over

different dimensions m and cluster numbers k. Table 4.4 shows that our method

requires the minimum number of iterations as well as least computational time.

More importantly, the standard deviations for the iterations and computational

time of our method are almost the lowest, which means that our method is able to

stably optimise the EMMs. With an increase in m and k, our method consistently

achieves the best performance of the average costs with 0% fail ratio. In contrast,

the IRA can become extremely unstable. One reason is due to the fact that, the

IRA cannot converge for the non-geodesic convex distributions such as the Weib1.1

and Gamma1.1 in Table 4.3 [48]. Another perspective is that it even failed on

geodesic convex distributions in Table 4.4 (e.g., 90% fail ratio for the Gaussian
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and 100% fail ratio for the Cauchy when m = 64, k = 64). This may be due to

the separate updating scheme on µi and Σi, which has been mentioned in Section

4.2.2. Although we see an enhanced stability when using manifold optimisation,

this separate updating scheme, we believe, is also the reason that the RMO requires

extremely large computational complexity to converge (> 900 iterations and > 4000

seconds when m = 64, k = 64) and in several cases it even failed to converge

altogether. Our method, on the one hand, re-parametrises the parameters to perform

a simultaneous update on µi and Σi via Σ̃i; the re-parametrised EMMs also have

a fixed zero mean that prevents potential clusters to move to the data boundary.

These two aspects enable our method to consistently and stably optimise EMMs

with the fastest convergence speed and lowest cost.

(a) Original (b) Gaussian (c) Cauchy (d) Laplace (e) Logistic (f) GG1.5

Figure 4.6: Reconstructed images by Our method when optimising the 5 EMMs.

4.4.4 BSDS500 Dataset

Convergence speed between Our, the IRA, and the RMO methods was compared

over averaged results across the whole 500 pictures in BSDS500, as shown in Table
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4.5. Again, our method converged with the fastest speed and achieved the minimum

cost error among the RMO and the IRA methods. We further show in Fig. 4.6 four

reconstructed images via our method when optimising the five EMMs. Observe that

the images reconstructed from the non-robust distributions (e.g., the Gaussian and

the GG1.5 distributions) were more “noisy” than those from the robust distributions

(e.g., the Cauchy and Laplace distributions); however, these may capture more

details in images. Thus, by our method, different EMMs can flexibly model data for

different requirements or applications.

Finally, we evaluated our method on modelling the BSDS500 image patches, which

is a challenging but important task in practice. More comprehensively, besides

the manifold conjugate gradient solver adopted as a default of our method, we

further evaluated the manifold steepest descent (denoted as Our (STP)) and the

manifold LBFGS (denoted as Our (LBF)) as alternatives to solve the step descent

in Algorithm 1. The results are reported in Table 4.6. From this table, we can

see again that our method consistently achieved the lowest costs across different

initialisations. For example, for the Gaussian mixtures, it obtained 72.8 ± 1.30 in

the 50 random initialisations, compared to 73.9 ± 2.01 of the IRA and 75.5 ± 6.72

of the RMO. Also, our method converged with the least computational time and

was able, compared to the existing methods, to consistently provide fast, stable

and superior optimisation. Furthermore, by employing different solvers, the results

achieved by our method are comparable to one another; among the three solvers,

the steepest descent solver took slightly more computational time due to its naive

update rule, whilst the conjugate gradient solver performed slightly better than

the other two solvers in balancing the computational time and cost. Overall, all the

three solvers of our method achieved much better results than the IRA and the RMO

methods, which also verifies the effectiveness of our re-designed cost. Therefore, we

can conclude that for various scenarios and applications, our method was able to

consistently yield a superior model with the lowest computational time.



82 Chapter 4. General Framework for Learning the Elliptical Mixture Model

4.5 Appendix

4.5.1 Proof of Lemma 4.1

To calculate the Riemannian metric for the covariance matrix, we follow the work

of [145] to calculate the Hessian of the Boltzman entropy of elliptical distributions.

The Boltzman entropy is first obtained as follows,

H(x|Σ) =

∫
x

px(x) ln px(x)dx

=

∫
x

px(x)[−1

2
ln |Σ|+ ln cm + ln g(t)]dx

= −1

2
ln |Σ|+ ln cm +

∫
Rm

pR(t) ln g(t)dt.

(4.18)

Because (ln cm +
∫
Rm pR(t) ln g(t)dt) is irrelevant to Σ, the Hessian of H(x|Σ) can

be calculated as

∂H(x|Σ + sΣ0 + hΣ1)

∂s∂h
|s=0,h=0 =

1

2
tr(Σ0Σ

−1Σ1Σ
−1). (4.19)

The Riemannian metric can thus be obtained as ds2 = 1
2
tr(dΣΣ−1dΣΣ−1), which is

the same as the case for multivariate normal distributions and is the mostly widely

used metric.

This completes the proof.

4.5.2 Proof of Theorem 4.1

The proof of this property rests upon an expansion yTj Σ̃−1
i yj to become (xj −

µi)
TΣ−1

i (xj −µi) + 1
λi

within derivatives of L̃. By setting ∂L̃/∂λi = 0 and ∂L̃/∂ci = 0,

we then arrive at

λi = −2

∑n
j=1 ξ̃ijψi(tij + 1

λi
− ci)∑n

j=1 ξ̃ij
,

ci = −1

2

∑n
j=1 ξ̃ij∑n

j=1 ξ̃ijψi(tij + 1
λi
− ci)

,

(4.20)
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where

ξ̃ij =
πi · cm ·

√
ci · det(Σ̃−1

i ) · gi
(
yTj Σ̃−1

i yj − ci
)

∑k
i=1 πi · cm ·

√
ci · det(Σ̃−1

i ) · gi
(
yTj Σ̃−1

i yj−ci
) . (4.21)

By inspecting λi = 1/ci, det(Σ̃i) = λi · det(Σi) and yTj Σ̃−1
i yj = (xj − µi)TΣ−1

i (xj −

µi) + 1
λi

, we obtain ξ̃ij = ξij and ψi(tij + 1
λi
− ci) = ψi(tij).

To prove the equivalence of the optimum of Σ̃i in (4.8) and optima of µi and Σi,

we directly calculate ∂L̃/∂Σ̃i in (4.8) and set it to 0, to yield

Σ̃i = −2

∑n
j=1 ξ̃ijψi(tij + 1

λi
− ci)yjyTj∑n

j=1 ξ̃ij
. (4.22)

Again, as λi = 1/ci and ξ̃ij = ξij, we arrive at

Σ̃i = −2

∑n
j=1 ξijψi(tij)yjy

T
j∑n

j=1 ξij
= −2

∑n
j=1 ξijψi(tij)∑n

j=1 ξij

xjx
T
j xj

xTj 1

 . (4.23)

By substituting µi and Σi of (4.5) and λi in (4.20), we have

Σ̃i =

Σi + λiµiµ
T
i λiµi

λiµ
T
i λi

 , (4.24)

which means that the optimum value Σ̃i is exactly the reformulated form by the

optimum values of (4.5).

This completes the proof.

4.5.3 Proof of Lemma 4.3

We here denote the contaminated distribution F =d (1 − ε)Fx + εFx0 , where ε is

the proportion of outliers; Fx is the true distribution of x and Fx0 is the point-mass

distribution at x0. For simplicity, we employ t to denote (x−µi)TΣ−1
i (x−µi) and

t0 to denote (x0−µi)TΣ−1
i (x0−µi). Then, the maximum log-likelihood estimation
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on the Σi of the EMM becomes

(1− ε)E[ξi(x)ψi(t)(x− µi)(x− µi)T +
1

2
ξi(x)Σi]

+ εξi(x0)ψi(t0)(x0 − µi)(x0 − µi)T + ε
ξi(x0)

2
Σi = 0.

(4.25)

We first calculate the IF (denoted by F in the proof) when Σi = I and µi = 0.

Thus, we have t = xTx and t0 = xT0 x0 in the following proof. Then, according to

the definition of IF, we differentiate (4.25) with respect to ε and when it approaches

0, we arrive at

E
[∂ξi(x)

∂ε
|ε=0ψi(t)xxT +ξi(x)

∂ψi(x
TΣ−1

i x)

∂ε
|ε=0xxT +

1

2

∂ξi(x)

∂ε
|ε=0I+

1

2
ξi(x)F

]
+ ξi(x0)ψi(t0)x0x

T
0 +

1

2
ξi(x0)I = 0.

(4.26)

In addition, we obtain

∂ξi(x)

∂ε
|ε=0 = (ξi(x)− ξ2

i (x)) · (−1

2
tr(F )− ψi(t)xTFx),

∂ξi(x)

∂ε
|ε=0 = −ψ′i(t)xTFx.

(4.27)

By combining (4.26) and (4.27), we arrive at

E
[
(ξi(x)−ξ2

i (x))·(− 1

2
tr(F )−ψi(t)xTFx)·(ψi(t)xxT +

1

2
I)

− ξi(x)ψ′i(t)(x
TFx)xxT +

1

2
ξi(x)F

]
+ ξi(x0)ψi(t0)x0x

T
0 +

1

2
ξi(x0)I = 0.

(4.28)

It should be pointed out that (x − µ)TΣ−1(x − µ) has the same distribution as

R2. It is thus independent of Σ−
1/2(x−µ)√

(x−µ)TΣ(x−µ)
(denoted by u), which has the same

distribution as S (i.e., uniform distribution). For mixing components, when data

are well-separated, those x that do not belong to the i-th cluster have extremely low

ξi(x). In other words, the expectation in (4.28) is dominated by the expectation of

the data which belong to the i-th cluster. Therefore, to calculate the expectation,
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we can treat the quadratic term (x− 0)T I(x− 0) = xTx (i.e., t) as independent of

the normalised term I−
1/2(x−0)√

t
= x√

t
(i.e., u) of the i-th cluster.

Based on this approximation, we can rewrite (4.28) as

E
[
(ξi(x)−ξ2

i (x))·(−1

2
tr(F )−ψi(t)t · uTFu)·(ψi(t)t·uuT +

1

2
I)

−ξi(x)ψ′i(t)t
2(uTFu)uuT +

1

2
ξi(x)F

]
+ ξi(x0)ψi(t0)x0x

T
0 +

1

2
ξi(x0)I = 0.

(4.29)

Moreover, as u is uniformly distributed, we have E[uuT ] = 1
m

I, E[uTFu] = 1
m

tr(F )

and E[(uTFu)uuT ] = 1
m(m+1)

(F + tr(F )I). Thus, we arrive at

−
(E
[
(ξi(x)−ξ2

i (x))ψ2
i (t)t

2
]

+ E
[
ξi(x)ψ′i(t)t

2
]
)(F + tr(F )I)

m(m+ 1)

−
E
[
(ξi(x)−ξ2

i (x))ψi(t)t
]
tr(F )

2m
I−E[(ξi(x)−ξ2

i (x))]tr(F )

4
I

− 1

2m
E[(ξi(x)− ξ2

i (x))ψi(t)t]tr(F )I +
πi
2
F

+ ξi(x0)ψi(t0)x0x
T
0 +

1

2
ξi(x0)I = 0.

(4.30)

With w1 and w2 in (4.15), we can re-write (4.30) as

w2F = w1tr(F )I− ξi(x0)ψi(t0)x0x
T
0 −

1

2
ξi(x0)I. (4.31)

Then, by taking the trace on both sides of (4.31), we have

tr(F ) =
ξi(x0)ψi(t0)x0x

T
0 + 1

2
ξi(x0)I

mw1 − w2

(4.32)

Thus, the IF at point x0 of the i-th cluster, when Σi = I, can be obtained as

F (x0) =

[
2w1 · ξi(x0)ψi(x

T
0 x0)xT0 x0 + w2 · ξi(x0)

2(mw1 − w2)w2

]
· I− ξi(x0)ψi(x

T
0 x0)

w2

x0x
T
0 .

(4.33)
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The IF is then obtained at point x0 of the i-th cluster for general Σi and µi according

to its affine equivalence (i.e., FΣi
(x0) = Σ

1/2
i F (Σ

−1/2
i (x0 − µi))Σ

1/2
i ).

This completes the proof.

4.5.4 Proof of Lemma 4.4

Similar to the proof of Lemma 3, we have the following equation for estimating µi

with contaminated distribution F =d (1− ε)Fx + εFx0 :

(1− ε)E[ξi(x)ψi(t)Σ
−1
i (x− µi)]+εξi(x0)ψi(t0)Σ−1

i (x0 − µi) = 0 (4.34)

Note that in (4.34), for simplicity we also use t to denote (x−µi)TΣ−1
i (x−µi) and

t0 to denote (x0−µi)TΣ−1
i (x0−µi). We here also utilise F to denote the IF in this

proof.

In addition, by differentiating with ε and ε→ 0, we arrive at

E
[∂ξi(x)

∂ε
|ε=0ψi(t)Σ

−1
i (x− µi)

+ ξi(x)
∂ψi(t)

∂ε
|ε=0Σ

−1
i (x− µi)− ξi(x)ψi(t)Σ

−1
i F

]
+ ξi(x0)ψi(t0)Σ−1

i (x0 − µi) = 0.

(4.35)

Besides, we also calculate

∂ξi(x)

∂ε
|ε=0 = (ξi(x)− ξ2

i (x)) · (−2ψi(t)(x− µi)TΣ−1
i F )

∂ψi(x)

∂ε
|ε=0 = −2ψ′i(t)(x− µi)TΣ−1

i F.

(4.36)

When data are well separated, we can assume that t = (x − µi)TΣ−1
i (x − µi) is
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independent of u =
Σ
−1/2
i (x−µi)√

t
. Therefore, (4.36) becomes

2·E
[
(ξi(x)− ξ2

i (x))ψ2
i (t)t

]
·E
[
uTΣ

− 1
2

i Fu
]

+2·E
[
ξi(x)ψ′i(t)t

]
·E
[
uTΣ

− 1
2

i Fu
]
+E[ξi(x)ψi(t)]Σ

− 1
2

i F

= ξi(x0)ψi(t0)Σ
− 1

2
i (x0 − µi),

(4.37)

which yields E[uTΣ
− 1

2
i Fu] = 1

m
Σ
− 1

2
i F . Thus, we arrive at

F =
ξi(x0)ψi(t0)(x0 − µi)

2
m
E[(ξi(x)− ξ2

i (x))ψ2
i (t)t]+

2
m
E[ξi(x)ψ′i(t)t]+E[ξi(x)ψi(t)]

. (4.38)

This completes the proof.

4.6 Summary

We have proposed a general framework for a systematic analysis and universal op-

timisation of EMMs, and have conclusively demonstrated that this equips EMMs

with significantly enhanced flexibility and ease of use in practice. In addition to the

general nature and the power of the proposed universal framework for EMMs, we

have also verified both analytically and through simulations, that this provides a

reliable and robust statistical tool for analysing the EMMs. Furthermore, we have

proposed a general solver which consistently attains the optimum for general EMMs.

Comprehensive simulations over both synthetic and real-world datasets validate the

proposed framework, which is fast, stable and flexible.



Chapter 5

Solving General EMMs through a

Relaxed Wasserstein Manifold

Compared to the widely adopted Kullback–Leibler (KL) divergence in estimating

Gaussian mixture models (GMMs) and even the elliptical mixture models (EMMs)

in Chapter 4, we show in this chapter that the Wasserstein distance provides a more

desirable optimisation space, which provides a stable solution to the EMMs that is

both robust to initialisations and reaches a superior optimum by adaptively optimis-

ing along a manifold of a relaxed Wasserstein distance. To this end, we first provide

a unifying account of computable and identifiable EMMs, which serves as a basis

to rigorously address the underpinning optimisation problem. Due to a probability

constraint, solving this problem is extremely cumbersome and unstable, especially

under the Wasserstein distance. To relieve this issue, we introduce an efficient op-

timisation method on a statistical manifold defined under the relaxed Wasserstein

distance, which allows for explicit metrics and computable operations, thus signif-

icantly stabilising and improving the EMM estimation. An adaptive method is

further proposed to accelerate the convergence. Experimental results demonstrate

the excellent performance of the proposed EMM solver.

88
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5.1 Introduction

(a) Simple GMM (b) KL cost space (c) Wasserstein cost space

Figure 5.1: Illustration of a simple one-dimensional GMM with 3 clusters. (a): The
ground-truth of clusters is plotted via the black dotted lines; Parametric models ρ(θ) are
denoted as colourful lines; We set ALL the parameters θ of the GMM to the ground-truth
EXCEPT the mean values of only two clusters, i.e., µ1 and µ2. (b): The KL divergence and
the normalised gradient versus the variance of µ1 and µ2. (c): The Wasserstein distance
and the normalised gradient versus the variance of µ1 and µ2.

This chapter establishes a general solution to the finite mixture model problem,

which has been attracting extensive research effort for decades, due to both its

simple representation and potential for universal approximation on arbitrary distri-

butions in Rm. The finite mixture model also provides interpretable and statistical

descriptions of data, which makes it a popular choice in a wide range of statistical

learning paradigms, such as semi-supervised learning, capsule networks, and various

image processing paradigms (e.g., de-noising, matching and registration).

The estimation on a finite mixture model boils down to a minimisation problem

which considers the mixture of distributions as a parametric model ρ(θ), which is

then optimised through a minimisation of a certain discrepancy measure between

ρ(θ) and empirical distributions of observed data ρ∗, namely, minθ d (ρ(θ), ρ∗). This

minimisation, although not explicitly stated, is a constrained problem because ρ(θ)

must maintain the property of a probability density throughout, to ensure that d(·, ·)

is tractable.

Due to this probability constraint, various advanced numerical algorithms (solvers)

have been typically restricted by either the requirement of an increasingly flexible

ρ(θ) or a powerful d(·, ·). Such restrictions, for example, are one of the main ratio-

nales for using the expectation-maximisation (EM) algorithm to minimise the KL
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divergence in Gaussian mixture model (GMM) problems [36]. On the other hand,

gradient-based numerical algorithms typically rest upon additional techniques that

only work in particular situations (e.g., gradient reduction [54], positive definite pro-

jection [58], re-parametrisation [55] and Cholesky decomposition [56]). Besides the

GMM, there exist other solutions that allow for flexible choices of ρ(θ), which still

belong to the EM-type methods (e.g., mixtures of t-distributions [40], Laplace distri-

butions [44] and hyperbolic distributions [45]). Unfortunately, given other suitable

candidates of distributions, those EM-type methods cannot ensure universal conver-

gence [38,49,50], which dramatically limits the power of finite mixture models.

Another issue that has been highlighted in the literature is the sensitivity to ini-

tialisations when solving GMMs [148, 169]. One of the main reasons is due to the

use of KL divergence, which operates based on a “bin-to-bin” comparison between

two density histograms. This means that mixtures which fall into a spurious local

minimum cannot be corrected via the points outside. Indeed, with random initiali-

sations for the GMM, Jin has proved that the EM algorithm or any other first-order

method which minimises the KL divergence are highly likely to result in arbitrary

bad local minima [148]. This can also be easily verified from the non-smooth op-

timization space with various local optimum of the KL divergence as illustrated in

Fig. 5.1-(b), even for estimating a simple GMM (Fig. 5.1-(a)). The gradients on the

space are highly concentrated as well, which also leads to ill-posed gradient descent.

On the other hand, by virtue of the reflection of sample space [98] within the Wasser-

stein distance1 [22] which employs a “cross-bin” comparison, many practical benefits

may be achieved in learning tasks [4]. This property is particularly appealing in mix-

ture model problems, where it ideally provides a comprehensive distance measure

over all possible transport plans. The optimization space of the Wasserstein dis-

tance is also shown in Fig. 5.1-(c), of which smoothness is witnessed. Basically,

there only exist global optimum in this case. The gradients on this space are also

well behavioured, which promises to achieve superior optimisation. Most recently,

1Throughout this chapter, the term Wasserstein distance refers to the square-Wasserstein distance.
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Kolouri et al. [170] have adopted the Wasserstein distance for solving GMM prob-

lems. However, the aforementioned probability constraint enforces an extremely

small stepsize (learning rate) during optimisation. Given the random projections of

the sliced Wasserstein distance, this setup leads to extremely slow convergence or

even non-convergence (especially in high dimensions as shown in our experiments).

At the end of their optimisation, the EM algorithm is still needed to stabilised the

algorithm.

Motivations and Contributions: Despite extensive benefits, optimising the GMM

under the Wasserstein distance is still not feasible due to the probability constraint.

To address this from a different perspective, we resort to the statistical manifold. We

should further point out that our work is different from information geometry [23],

as directly establishing a manifold in the whole density space of mixture models

is absolutely intractable and cumbersome in optimisation [171]. Another problem

within the Wasserstein space is that the geodesic between two mixture models may

not lie in mixture models of the same type [172], which leads to non-convergence.

We propose to resolve this problem by introducing an approximation to the Wasser-

stein distance, followed by establishing a statistical manifold via the so induced

distance, which exhibits the desirable property of being complete within mixture

models. The subsequent optimisation along this manifold intrinsically satisfies the

probability constraint and ensures that the solution resides in the same mixture

models. More importantly, minimising the induced distance is shown to be truly re-

ducing the discrepancy between two mixture models, unlike most existing solutions

which are based on the minimisation of the Euclidean distance from the optimal

parameters. This ensures fast and stable convergence in optimisation. By realising

that the existing Riemannian adaptive algorithms only make sense in updating vec-

tor parameters, we further develop a novel accelerated stochastic gradient descent

method for updating the positive definite matrices.

In this way, our proposed framework makes it possible to incorporate a broad family

of distributions, ρ(θ), including an important class of multivariate analysis tech-
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niques called elliptical distributions [16] and to further investigate the mixture fam-

ily termed the elliptical mixture model (EMM). We therefore provide computable

and identifiable EMMs in a unified way, which demonstrates that EMMs are quite

general and flexible and include the GMMs as special cases [16].

Overall, this chapter proposes a complete and efficient framework for solving general

EMM problems, by establishing a statistical manifold under an relaxed Wasserstein

distance which promotes stability and efficiency, together with an adaptive stochastic

gradient algorithm to further accelerate the optimisation2. Compared to the existing

literature on mixture problems, the proposed solution achieves consistently superior

performance not only in the GMM problems but also for general EMM problems.

Our contributions can be summarised as follows:

• A unified framework for dealing with computable and identifiable EMMs, which

introduces a rich choice of candidates for flexible finite mixture models.

• Establishment of the statistical manifold through the proposed relaxed Wasser-

stein distance, which provides explicit and complete operations within the man-

ifold.

• An adaptive accelerated Riemannian gradient descent algorithm on the estab-

lished manifold, to improve the optimisation and accelerate convergence.

5.2 Computable and Identifiable EMMs

Elliptical distributions include a wide range of standard distributions, and it there-

fore comes as no surprise that a unified summary of computable candidates as

components in the EMMs is a prerequisite to problem definition and subsequent

solutions. A classical summary can be found in Chapter 3 in [16]; however, despite

progress this framework is not general enough as various elliptical distributions are

still missing, and more importantly, it involves complicated representations for each

2The code of this chapter is available at https://github.com/ShengxiLi/wass emm



5.3. Statistical Manifold towards EMMs 93

type of elliptical distributions. The existing literature also employs different nota-

tions and formulations of particular distributions, which may lead to confusion. To

this end, we provide a simple and unified framework for summarising the existing

computable elliptical distributions via the stochastic representation, in a unifying

notation that is provided in Chapter 2.1.2 of this thesis, which can then be used to

constitute flexible and identifiable EMMs.

Due to the fact that the R2 decides the type of elliptical distributions, we here

provide a unified summary of elliptical distributions in Table 5.1; this is achieved

through stochastic representations in (2.16). This makes it possible to avoid com-

plicated formulations, and to instead classify different categories simply through

several typical distributions of R2, which also allows for simple and intuitive sam-

ple generations for elliptical distributions. The proof for expressions in this table

is provided in Appendix-5.6.1. Uniquely, this further clarifies the commonalities

between the members of the elliptical family of distributions. More importantly,

constructing an EMM with the candidates in Table 5.1 can be easily proved to be

identifiable based on Theorem 2 in [138]. It is thus convenient and safe to establish

a well-defined EMM by the candidates summarised in Table 5.1.

5.3 Statistical Manifold towards EMMs

As the Wasserstein distance possesses a Riemannian structure [98], it is then natural

to treat each EMM as a “point” in the manifold, whereby the metric is defined by

the Hessian of the Wasserstein distance. However, as pointed out by Chen [172],

in the Wasserstein space, the geodesic between two points, i.e., two GMMs, does

not necessarily belong to the GMM of the same type. A way to solve this problem

is to pull back from the whole density space to the parametric space [172]. This

treatment, nevertheless, is still a toy solution due to two main considerations. The

first deficiency is that the metric does not have a closed-form representation, and

needs to be numerically obtained for every possible value in advance before the



94 Chapter 5. Solving General EMMs through a Relaxed Wasserstein Manifold

T
a
b

le
5.1:

R
2
↔

C
om

p
u

tab
le

ellip
tical

d
istrib

u
tion

s

T
y
p

es
R

2
↔

c
m
·
g
(t)

T
y
p

ical
M

u
ltivariate

D
ist.

K
o
tz

T
y
p

e
[16]

R
2

=
d
G

1
/
s,

= (
Γ

(
m
/
2)sb

(2
a
+
m
−

2
)/

(2
s
)

Γ
(
(2
a
+
m
−

2
)/

2
s)π

m
/
2 )

t a−
1ex

p
(−
bt s)

G
am

m
a:
s

=
1

W
eib

u
ll:
a

=
s

G
∼

G
a(

2
a
+
m
−

2
2
s

,b)
G

en
eralised

G
au

ssia
n
:
a

=
1

a
>

1−
m2
,b,s

>
0

G
au

ssia
n
:
a

=
1,
s

=
1,
b

=
12

S
c
a
le

M
ix

tu
re

o
f

N
o
rm

a
ls

P
earson

T
y
p

e
V

II
[16]

= (
(π
v
) −
m
/
2
Γ

(s)
Γ

(s−
m
/
2
) )

(1
+
t/
v) −

s

T
-d

ist.:
s

=
m

+
v

2

K
−

1∼
G

a(s−
m2 ,

v2
),

C
a
u
ch

y
:
v

=
1,
s

=
m

+
1

2
v
>

0,
s
>

m
/

2

R
2

=
d
G
·K

,
G
∼

G
a(
m2
,

12 ),
K

h
as

d
iff

eren
t

d
ist.

H
y
p

erb
olic

T
y
p

e
[45]

= (
(v
/
a
)
λ
/
2

(2
π

)
m
/
2
B

eK
λ

( √
a
v
) )

B
eK

(λ
−
m
/
2
) ( √

a
v
+
v
t)

( √
a/
v+

t/
v)
m
/
2−
λ

In
verse-G

au
ssian

:
λ

=
−

1/
2

K
∼

G
IG

(v
,a
,λ

)
K

-d
ist.

[1
62

]:
a
→

0,
λ
>

0

v
,a
>

0,
λ
∈
R

L
ap

lace:
a
→

0,
λ

=
1,
v

=
2

O
th

er
T

y
p

es
[139,173]

=
ex

p
(−
t)/

(1
+

ex
p

(−
t))

2
L

o
gistic

√
K
∼
∂

K
ov

( K2
)/∂K

K
∼

S
α

S
(
a2
),
a
∈

(0,2)
∝

S
α

S
(a

)
α

-stab
le

P
e
a
rso

n
T

y
p

e
II

R
2
∼

B
eta(m

/2,s),
s
>

1
= (

Γ
(m
/
2
+
s)

π
m
/
2
Γ

(s) )
(1
−
t)
s−

1,
t∈

[0,1]
[16]

N
o
ta

tio
n

s:
a
,b,s,v

,λ
,α

are
ad

ju
stab

le
p

aram
eters

for
d

iff
eren

t
ty

p
es

of
d

ist.;G
an

d
K

are
ran

d
om

varia
b
les

related
to
R

2;
m

is
th

e
d

im
en

sion
.

G
am

m
a

d
ist.:

G
a(x

,y
)

=
y
xt x−

1ex
p

(−
y
t)/Γ

(x
);

In
verse

G
au

ssian
d

ist.:
G

IG
(x
,y
,z

)
=

(x
/
y
)
z
/
2

2
B

eK
z
( √
x
y
) t z−

1ex
p
(−

x
t
2
+
y

2
t

);

K
olm

ogorov
-S

m
irn

ov
d

ist.:
K

ov
(x

)
=

1
−

2 ∑
∞n

=
1 (−

1)
n

+
1ex

p
(−

2n
2x

2);
B

eta
d

ist.:
Γ

(x
+
y
)

Γ
(x

)Γ
(y

) t x−
1(1
−
t)
y−

1;

S
α

S
(a

):
th

e
sy

m
m

etric
α

-stab
le

d
ist.

w
ith

in
d

ex
a
;

B
eK

x (y
):

th
e

B
essel

fu
n

ction
of

th
e

th
ird

k
in

d
;

Γ
(x

):
th

e
G

a
m

m
a

fu
n

ction
.



5.3. Statistical Manifold towards EMMs 95

optimisation. This is highly prohibitive, especially for multivariate cases due to the

curse of dimensionality. Besides computational intractability, operations such as

the exponential mapping and the vector transport in the manifold cannot be well

defined as there is typically a second-order differential equation involved to obtain

those operations.

We thus propose a relaxed Wasserstein distance between two EMMs as a means to

define a well-behaved manifold for the EMM problems; this is achieved by the prop-

erty that the Wasserstein distance of two elliptical distributions is completely and

explicitly defined. We then provide the Riemannian metric for the EMM problems

according to the defined distance.

5.3.1 Relaxed Wasserstein Distance between EMMs

We now focus on the distance between two EMMs Y1 and Y2, and propose a

relaxed Wasserstein distance by treating each distribution within an EMM as a

“super-point” and defining a transport-like distance between those “super-points”.

A rigorous definition is given as follows.

Definition 5.1. Given two EMMs Y1 and Y2, a discrepancy measure is defined as

dU(Y1,Y2)= min
γ(i,j)

(∑
i,j

γ(i, j)

k
d2
W (X i,1,X j,2) + arccos(

∑
i,j

γ(i, j)
√
πi,1πj,2)

)
,

(5.1)

where d2
W (X i,1,X j,2) is the Wasserstein distance between the elliptical distribu-

tions X i,1 and X j,2. γ(i, j) is binary ∈ {0, 1}; for each i and j, γ(i, j) satisfies∑k
i=1 γ(i, j) = 1 and

∑k
j=1 γ(i, j) = 1.

Theorem 5.1. Given two EMMs Y1 and Y2, the discrepancy measure dU(Y1,Y2)

defines a distance.

Proof. Please see Appendix-5.6.2.
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We provide our intuitions of defining the distance of (5.1). The second term

arccos(
∑

i,j γ(i, j)
√
πi,1πj,2) intrinsically relates to the probability constraint given

by
∑k

i=1 πi,1 =
∑k

j=1 πj,2 = 1, while γ(i, j) operates as a bijection between mix-

ture components in Y1 and Y2.
∑

i,j
γ(i,j)
k
d2
W (X i,1,X j,2) can thus be regarded as

a discrete transport between k uniformly distributed “super-points” X i,1 and X j,2,

for which their cost is defined as d2
W (X i,1,X j,2). We also noticed a computational

distance proposed by Chen et. al [174]. Our metric can be further seen as a re-

striction (or upper bound) of the Chen’s metric because we operate via a one-to-one

transport whilst the Chen’s metric admits arbitrary transport plans. However, the

most advantageous property of our metric is that it defines an explicit manifold over

EMMs, which will be introduced shortly.

More importantly, dU(Y1,Y2) comprehensively reflects the discrepancy between Y1

and Y2 via a summation operation; this means dU(Y1,Y2) = 0 if and only if both

the difference between mixture components X i,1 and X j,2 and the difference between

latent variables πi,1 and πj,2 equal to 0. The following lemma further proves that

for balanced EMMs, dU(Y1,Y2) is an upper bound of the Wasserstein distance

d2
W (Y1,Y2).

Lemma 5.1. Given two balanced EMMs Y1 and Y2 (i.e., πi,1 = πj,2 = 1/k for all

i, j), dU(Y1,Y2) is an upper bound of the Wasserstein distance:

d2
W (Y1,Y2) ≤ dU(Y1,Y2). (5.2)

The equality holds when k = 1.

Proof. Please see Appendix-5.6.3.

5.3.2 Statistical Manifold for EMM Problems

Before introducing the statistical manifold for EMMs, we would like to give credit

to several most recent works on Gaussian distributions and elliptical distributions,
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which lay a basis of our metric proposed in this section. We would like to mention

[175] of the Wasserstein distance of Gaussian measures and [176] for the elliptical

distributions. Most recently, the Riemannian manifold for Gaussian distributions

has been established in an explicit form [177,178]. Then, on the basis of the relaxed

Wasserstein distance, we provide the Riemannian metric of the EMM problems by

calculating the Hessian of the proposed distance in Definition 5.1 as follows.

Lemma 5.2. The relaxed Wasserstein distance dU(Y1,Y2) represents an explicit

Riemannian metric in the parametric space, and the corresponding Riemannian

manifold is a product manifold of Rk×
∏k

i=1(Rm×P), where P is the m×m symmetric

positive semi-definite manifold:

1) The manifold for the square root of πi, i.e., [
√
π1,
√
π2, · · · ,

√
πk]

T is a sphere

manifold of Rk.

2) The manifold for µi is the Euclidean space of Rm.

3) The manifold for Σi, i.e., P, is defined by

ds2 =
E[R2]

m
(LΣi

[dΣ])Σi(LΣi
[dΣ]). (5.3)

In (5.3), LA[C] = B is a Lyapunov operator: ATB + BA = C, where A,B,C ∈ P

[179]. More importantly, the sectional curvature is non-negative (= m/E[R2]kG where

kG ≥ 0 is the sectional curvature for Gaussian cases [177]). Recall that R is defined

in (2.16).

Proof. Please see Appendix-5.6.4.

Remark 5.1. The metric in (5.3) provides a manifold for positive definite matrices.

Compared to the best known manifold belonging to the Hadamard manifold (non-

positive sectional curvature) [180], the newly developed manifold provides an example

of non-negative manifolds. It is actually further stated that an Alexandrov space has

the non-negative curvature iff it is a Wasserstein space [181]. The established metric
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Table 5.2: Basic operations of the manifold in Lemma 5.2

For the h-th iteration

∇U (·) Exp(−α∇U (·))
√
π
h ∇E(

√
π
h

)− (
√
π
h

)T∇E(
√
π
h

) ·
√
π
h

cos(||α∇U (
√
π
h

)||2)
√
π
h − sin(||α∇U (

√
πh)||2)

||∇U (
√
πh)||2

∇U (
√
π
h

)

µhi ∇E(µhi ) µhi − α∇U (µhi )

Σh
i ∇E(Σh

i )Σh
i + Σh

i ∇E(Σh
i ) (LΣh

i
[−α∇U (Σh

i )] + I)Σh
i (LΣh

i
[−α∇U (Σh

i )] + I)

For the Radon transform p ∈ Sm−1, specified in the EMM problems:

∇E(
√
π
h

) The i-th dimension of ∇E(
√
π
h

) is 2
∫
R cmφ(y)

√
πi
h(pTΣh

i p)−1/2g(
(y−pTµi)

2

pT Σh
i p

)dy

∇E(µhi ) =

(
−2
∫
R cmφ(y)πhi (pTΣh

i p)−3/2g′( (y−pTµi)
2

pT Σh
i p

)(y − pTµhi )dy

)
p

∇E(Σh
i ) =

(
−
∫
R cmφ(y)πhi (pTΣh

i p)−3/2
(

1
2
g(

(y−pTµh
i )2

pT Σh
i p

) + g′(
(y−pTµh

i )2

pT Σh
i p

)
(y−pTµh

i )2

pT Σh
i p

)
dy

)
ppT

φ(y) is the Kantorovich potential [172]. ∇E(·) denotes the Euclidean gradient with regard to
√
π
h

, µhi and Σh
i .

thus provides a desirable reflection on the curvature when dealing with Wasserstein

related EMM problems.

5.4 Adaptively Accelerated Optimisation

By virtue of optimising on a statistical manifold, the probability constraint can be

satisfied automatically; this allows us to incorporate various numerical algorithms

when solving the EMM problems. More specifically, we first show that the con-

strained minimisation problem can be transformed to an unconstrained one when

restricted on the statistical manifold, which results in the “vanilla” gradient descent

on the manifold. We then propose an adaptively accelerated solver.

5.4.1 Vanilla Gradient Descent on Statistical Manifold

Similar to [182], for gradient descent methods, the way for gradient descent in our

work is given by,

Yθ+∆θ∗= arg min
Yθ+∆θ

dSW (Yθ+∆θ,Y∗)+
dU(Yθ,Yθ+∆θ)

c2
,

→ ∆θ∗ = Exp(−α∇U(θ))

(5.4)
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where ∆θ is the step size for the next iteration and c2 denotes a sphere of all

realisable distributions, which ensures searching for optimal ∆θ∗ without being

slowed down by the curvature; dSW (Yθ+∆θ,Y∗) denotes the sliced Wasserstein dis-

tance [183] between the parametric mixture model Yθ+∆θ and the observed samples

Y∗. By relaxing dU(Yθ,Yθ+∆θ) with its Hessian term (i.e., the inner product on the

tangent space), we naturally obtain an unconstrained Riemannian gradient descent

of the second row of (5.4), where∇U(θ) is the Riemannian gradient on the statistical

manifold defined by dU(·, ·); α is the stepsize of each iteration; Exp(−α∇U(θ)), called

exponential mapping, projects the step movement −α∇U(θ) from the tangent space

to the statistical manifold along geodesics [103], which ensures the probability con-

straint. On the other hand, when the proposed distance dU(Yθ,Yθ+∆θ) is changed

to the Euclidean distance, (5.4) is the trivial gradient descent [170]. However, as

mentioned above, this gradient descent does not satisfy the probability constraint

nor does it reflect the probability space curvature, which leads to inefficient and

unstable optimisation.

In (5.4), the sliced Wasserstein distance [183] provides a feasible solution in solving

the semi-discrete Wasserstein problem, i.e., Yθ+∆θ is continuous and Y∗ is the sum

of Dirac masses [184]. It uses unit random projections to turn the original problem

to a one-dimensional Wasserstein problem via the Radon transform [183], so that a

closed-form solution can be obtained3. More importantly, as the sliced Wasserstein

distance is composed of a set of random projections [183], it is then natural to im-

plement a stochastic gradient descent on the Riemannian manifold for each random

projection (denoted as p ∈ Sm−1). The random projection process also allows for

parallel gradient descent. We provide the basic operations of problem in (5.4) in

Table 5.2, while the details are provided in Appendix-5.6.5.

3It needs to be pointed out that other relaxed distances (e.g., entropy relaxed Wasserstein distances)
for the semi-discrete problem can also be seamlessly adopted in (5.4) of our work.
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Algorithm 2: Riemannian adaptively accelerated manifold optimisation

input: n observed samples y1,y2, . . . ,yn; stepsize {αh}Hh=1; hyper-parameters {βh1 }Hh=1 and
β2;

initialisation: 1st-order moment {u0
i }ki=1; 2nd-order moment {v0

i }ki=1;
for h = 1 to H do

Random projection: p ∈ S(m−1)

Update
√
π
h+1

= Exp(−α∇U (
√
π
h
))

for i = 1 to k do

Update µh+1
i = Exp(−α∇U (µhi ))

Update Σh
i by the Dadam:

uhi = βh1ϕΣh−1
i →Σh

i
(uh−1i ) + (1− βh1 )∇U (Σh

i )

vhi = β2v
h−1
i + (1− β2)∇E(Σh

i )∇E(Σh
i )T

adphi = max{pTvhi p, adph−1i }
Σh+1
i = Exp(−α

huh
i/
√

adph
i )

output: πH , {µHi }ki=1, {ΣH
i }ki=1

5.4.2 Adaptively Accelerated Algorithm

On the basis of several accelerated Riemannian stochastic gradient descent methods

which adopt the first-order moment information [107], recently Becigneu and Ganea

[185] further proposed a Riemannian adaptive method by employing the second-

order moments. Although this adaptive stochastic gradient descent method [185]

may be incorporated to our work to further improve the convergence, we argue that

it only makes sense for updating vector parameters, i.e., πh and µhi , because in this

case the second-order moment can be calculated element-wise by a decomposition

into product manifolds [185]. This is similar to the Adam algorithm in the Euclidean

space [186]. When updating the matrix parameter, Σh
i , however, it does not capture

the second-order information properly due to the direct accumulation of the second-

order moments over the whole matrix manifold; this slows down convergence in the

optimisation.

The key difficulty for the matrix case is that it is meaningless to accumulate second-

order moments in an element-wise manner due to the structure within the matrix.

We here view the second-order moments of matrices from another perspective, by

realising that a positive definite matrix can be decomposed into a set of eigenvec-

tors and the corresponding eigenvalues. The eigenvectors can be regarded as a set
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of projection directions and the eigenvalues are scalars that can be connected with

the accumulation in those directions. Furthermore, we can see from Table 5.2 that

the Euclidean gradient ∇E(Σh
i ) consists of a scalar weight multiplied by a rank-1

matrix characterised by the direction ppT . Therefore, instead of the element-wise

accumulation, we propose a direction-wise accumulation of second-order moments

to adaptively adjust the stepsize when updating the matrix. The details of our al-

gorithm in Algorithm 2, with our directional adaptive accelerated method (Dadam)

of updating Σh
i being achieved by vhi and adphi .

Moreover, as there is no explicit parallel transport in the Wasserstein space, we

propose a new means of vector transport ϕΣh−1
i →Σh

i
(uh−1

i ) = LΣh−1
i

[uh−1
i ]Σh

i +

Σh
i LΣh−1

i
[uh−1
i ] to accumulate the first-order moments.

As for the convergence analysis, because our goal is to minimise the Wasserstein

distance, qualitatively, our manifold, defined by the Hessian of the relaxed Wasser-

stein distance as in Lemma 5.2, implicitly involves the second-order information

and accelerates the convergence. Furthermore, adphi denotes the accumulation in

the current projection p, which is a scalar (for computational ease) and does not

need any eigen-decomposition operations. This, on the one hand, avoids the high

computational complexity of calculating any inverse of matrices, making our method

the same computational complexity as that of [185] at each iteration. On the other

hand, it also makes our convergence analysis similar to that of [185], upon realis-

ing that the sectional curvature is automatically bounded from below; we omit the

analysis here.

5.5 Experimental Results

We evaluated the effectiveness of our manifold and the proposed Dadam on both

synthetic data and image data, by employing 4 EMMs, i.e., mixtures of Gaussian,

Logistic, Cauchy and Gamma (s = 1, a = 2, b = 0.5 in Table 5.1).
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Figure 5.2: The Wasserstein distance against the number of iterations for the
four considered algorithms, averaged over the three types of datasets ({m, k} =
{2, 3}, {8, 9}, {16, 27}). The best learning rate is shown in the legend. 1000 iterations
are for illustration purpose. The computational time per iteration is discussed in Table
5.3.

Figure 5.3: The optimised GMMs via the EM and our (W/M+Dadam) methods on a
flower-shaped synthetic data (n = 10, 000) with random initialisations. Each cluster in
the flower-shaped data is composed by Gaussian-distributed samples.

Table 5.3: Comparisons among our, WO/M and EM methods for GMMs by varying m
and k.

m = 2, k = 3 m = 8, k = 9 m = 16, k = 27

Wass NLL Time / Ite. Wass NLL Time / Ite. Wass NLL Time / Ite.

W/M 0.01 5.10
4.35ms

0.03 19.49
9.83ms

2.39 44.92
32.51ms

+Dadam ± 0.00 ± 0.00 ± 0.03 ± 0.03 ± 0.33 ± 1.04

WO/M
0.03 5.12

4.23ms
4.26 22.27

9.64ms
5e3

Inf 29.77ms
± 0.00 ± 0.00 ± 3.61 ± 1.69 ± 589

EM
0.65 5.30

3.10ms
0.70 19.83

13.92ms
2.51 48.84

215.00ms
± 1.06 ± 0.35 ± 0.46 ± 0.29 ± 1.27 ± 1.24

Synthetic Data: Each synthetic dataset contains different mixtures of Gaussian

distributions, with 10, 000 samples in total. Specifically, we employed three types

of synthetic datasets, i.e., {m = 2, k = 3}, {m = 8, k = 9} and {m = 16, k = 27}.

Each type contains 10 randomly generated mixture datasets (the eccentricity ε and

the separation c of [165] were equal to 10). For every algorithm, we tested on

each dataset over 10 random initialisations and recorded the mean and standard

deviation. Then, we averaged over all datasets to obtain the performance of each
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Table 5.4: Comparison performance of our, WO/M and IRA algorithms over the BSDS500
dataset via five metrics

Gaussian Mixture Logistic Mixture Cauchy Mixture Gamma Mixture

Our WO/M IRA Our WO/M IRA Our WO/M IRA Our WO/M IRA

Wass
35.0 89.5 53.6 45.8 154 68.0 179 211 253 35.5 510 –

±4.68 ±10.0 ±21.9 ±12.7 ±10.9 ±24.2 ±15.3 ±7.77 ±65.4 ±1.82 ±71.2 –

NLL
11.8 12.2 11.8 10.6 12.5 10.6 12.1 12.3 12.0 13.3 19.1 –

±0.01 ±0.11 ±0.05 ±0.02 ±0.25 ±0.06 ±0.01 ±0.01 ±0.05 ±0.07 ±0.86 –

PSNR 18.9 18.6 18.3 18.8 18.2 17.8 19.3 19.3 18.4 21.0 18.0 –

(dB) ±0.07 ±0.18 ±0.66 ±0.11 ±0.18 ±0.67 ±0.05 ±0.06 ±0.56 ±0.08 ±0.58 –

SSIM
0.68 0.65 0.66 0.67 0.62 0.63 0.70 0.70 0.69 0.73 0.59 –

±0.00 ±0.01 ±0.03 ±0.01 ±0.01 ±0.03 ±0.00 ±0.00 ±0.02 ±0.00 ±0.03 –

FailR 0.20% 53.1% 2.98% 0.46% 75.5% 2.68% 1.16% 0.82% 17.16% 0% 2.02% 100%

algorithm.

Image Data: We adopted the MNIST [187] dataset as well as the BSDS500 [166]

benchmark dataset in our evaluation. For the MNIST dataset, each image in both

the training and testing sets was downsampled to 3 × 3 and 5 × 5; by vectorising

each we obtained two test data with (n×m) being (70, 000× 9) and (70, 000× 25),

respectively. The evaluation on the BSDS500 dataset is slightly different from that

on the MNIST dataset, which enables to verify our method on some basic tasks

such as the image reconstruction. Specifically, instead of modelling over the whole

dataset, each image in the dataset was treated as one test data; this means we

had 500 test data in the BSDS500 dataset. Furthermore, each test data in both

the MNIST and BSDS500 datasets was tested for every algorithm with 10 random

initialisations, where the mean and standard deviation were also recorded.

Parameter Settings and Metrics: We found the best learning rates α by search-

ing from {0.001, 0.003, 0.01, 0.03, 0.1, 0.3}. Similar to [185, 186], β11 = 0.9 and

β2 = 0.999. The maximum number of iterations for testing the synthesis data

was 2, 000 and that for the image data was 10, 000. The Wasserstein distance (sim-

plified as Wass) and averaged negative log-likelihood (NLL) were mainly employed

for comparison. The optimisation fail ratio (FailR) was also reported to show the

stability of optimisation under various initialisations. For image data, we adopted

two well-known metrics, namely, the peak signal-to-noise ratio (PSNR) and struc-

tural similarity index (SSIM ) [168], to evaluate the quality of reconstructed images
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via maximising the posterior of optimised EMMs.

Baselines: Each main part of our method was assessed. The vanilla Riemannian

gradient descent method on our manifold is denoted by W/M + Vanilla. The

Riemannian Adam of [185] with our manifold is W/M + Adam. Our proposed

Dadam is denoted by W/M + Dadam or Our interchangeably. We also performed

comparisons with the trivial gradient descent over the sliced Wasserstein distance

without the manifold (denoted by WO/M ), which is the basics of [170]. The EM-

type methods were also compared, which are denoted as EM for GMMs and IRA

for other EMMs [38]. All the methods were run on the Matlab 2017a under Intel

Core(TM) i7-6700 CPU, where the time was recorded.

5.5.1 Assessment over the Dadam on Synthetic Data

We first evaluated the effectiveness of our Dadam in adaptively accelerating the

convergence. In this part, we only optimised the Σi whilst setting the π and µi as

the ground truth of the synthesis data. Fig. 5.2 illustrates the convergence speed;

observe that the optimisation on our established manifold exhibits much faster con-

vergence. Furthermore, both the adaptive methods of [185] and the Dadam were

shown to boost the speed. The proposed Dadam achieved the fastest convergence,

which verifies the effectiveness of our Dadam.

5.5.2 Overall Comparisons on Synthetic Data

We next compared our algorithm (i.e., W/M+Dadam) with the WO/M and the EM

methods under GMM problems. Similar results can be found for other EMMs; the

result for GMMs is given in Table 5.3. It should be pointed out that all parameters

(π, µi and Σi) were optimised in this test and each result was reported via the

corresponding best learning rates. From this table, observe that our algorithm not

only achieves an extremely stable estimation (the lowest deviations) but also the

lowest values of both the Wasserstein distance and the NLL. An illustrative example
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Figure 5.4: Wasserstein distance against the computational time for the EM and Our, on
the downsampled 3 × 3 and 5 × 5 MNIST test data. The best learning rate is chosen as
α = 0.1. The cluster number is chosen as k = 3. The maximal iterations are set to 10, 000
for both methods.

can be found in Fig. 5.3, in which our algorithm consistently achieves the optimal

clustering but the optimised GMMs via the EM are highly unstable. From Table 5.3,

we should also point out that although our algorithm implements a set of manifold

operations, the computational burden over that without manifold optimisation (i.e.,

WO/M ) is in average around 5%. However, our algorithm enjoys much faster speed

compared to the EM algorithm per iteration.

5.5.3 Overall Comparisons on the MNIST

We further compared the computational complexity of our algorithm (W/M+Dadam)

with the EM method, besides the time per iteration reported in Table 5.3. Fig. 5.4

plots the decrease of Wasserstein loss with regard to the computational time when

optimising GMMs and the trends for other EMMs are the same. We can see clearly

from this figure that our algorithm consistently achieves the lowest Wasserstein cost.

The computational time of our algorithm is comparable to that of the EM algorithm

when m = 3×3 = 9; our algorithm, however, requires much less time when in higher

dimensions such as m = 5 × 5 = 25. We shall also need to point out that the ran-

dom projections in our algorithm can be implemented parallelly, which can further
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accelerate the convergence speed of our algorithm.

5.5.4 Overall Comparisons on the BSDS500

Finally, we evaluated our algorithm on the BSDS500 dataset, with the results shown

in Table 5.4 shows the results. From this table, we see some improvements of

using the Wasserstein distance instead of the KL divergence, by comparing the

WO/M with the IRA. However, due to the probability constraint, the WO/M is

highly unstable and its fail ratio reaches > 50% for the Gaussian mixture and

Logistic mixture. More importantly, by optimising on our established manifold

together with our Dadam method (denoted as Our), we can consistently achieve

best performances over the five metrics. Again, our algorithm also achieve highly

stable estimation, taking advantages from the Wasserstein distance, compared to

the IRA which operates under the KL. Another advantage of our algorithm is its

universal convergence, while the IRA does not converge for the mixture of Gamma,

which limits the flexibility of EMMs.

5.6 Appendix

5.6.1 Proof for expressions in Table 5.1

Consider the term pR(t) = g(t2) · tm−1. The pdf of R2 is then obtained accordingly

as,

pR2(t) =
1

2
· g(t) · tm/2−1. (5.5)

The term g(t) can be further decomposed as c · gc(t), where gc(t) is a nuclear term

that only relates to t, and c is a normalisation term of pR(t). This allows us to

prove the results in Table 1 related to computable elliptical probability distribution

functions (pdf) as follows.
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• Kotz type distributions: The nuclear term of density generator is gc(t) =

ta−1exp(−bts) and c can be calculated from the condition
∫
pR(t)dt =

∫
g(t2) ·

tm−1dt = 1 as,

c = (

∫ ∞
0

t2a+m−3exp(−bt2s)dt)−1 =
2sb

2a+m−2
2s

Γ(2a+m−2
2s

)
. (5.6)

We now arrive at the pdf of R2 for the Kotz type distributions, in the form

pR2(t) =
sb

2a+m−2
2s

Γ(2a+m−2
2s

)
t
m
2

+a−2exp(−bts). (5.7)

However, in practice, it is intractable to generate samples of R2 as in (5.7). On

the other hand, it can be found that G1/s has the same distribution as R2 when

G is Gamma distributed. Specifically, when G ∼ Ga(2a+m−2
2s

, b), we obtain the

pdf of G1/s as,

pG1/s(t) = sts−1 b
2a+m−2

2s t
2a+m−2

2
−sexp(−bts)

Γ(2a+m−2
2s

)
=

sb
2a+m−2

2s

Γ(2a+m−2
2s

)
t
m
2

+a−2exp(−bts).

(5.8)

This proves that R2 =d G1/s for the Kotz type distributions.

• Scale mixture of normals distributions: The scale mixture of normal

distributions consists of a mixture of zero-mean normal distributions (denoted

as X =
√
KN , where N is zero-mean normal distribution and K is called the

mixing distribution with pdf pK(t)). Correspondingly, we can write the pdf of

X as

pX (x)=

∫
t

pX (x|t)pK(t)dt∝
∫
t

t−
m
2 exp(

xTΣ−1x

t
)pK(t)dt. (5.9)

Furthermore, to represent a scale mixture of normal distributions in the form

of stochastic representations, by inspection we see that a normal distribution,

N , can be represented by a multiplication of
√
χ2
m and S (from the stochastic

representation), so that the following holds:

X =d
√
KN =d

√
K · χ2

m · S =d
√
K · GS, (5.10)
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where G ∼ Ga(m/2, 2). In this case, R2 =d K · G by the stochastic represen-

tation. Therefore, although (5.9) and (5.10) are equivalent, (5.10) provides a

unified stochastic representation within the elliptical family. This allows us

to discuss different K for different sub-classes of scale mixture normals in the

following.

For the Pearson type VII distributions, where the nuclear density generator

is given by gc(t) = (1 + t/v)−s, we can obtain the corresponding normalisation

term c as follows,

c = (

∫ ∞
0

tm−1(1 + t2/v)−sdt)−1 =
2Γ(s)

(v)m/2Γ(s−m/2)Γ(m/2)
. (5.11)

Consequently, the pdf of R2 becomes:

pR2(t) =
Γ(s)

Γ(s− m
2

)Γ(m
2

)v
m
2

(1 +
t

v
)−st

m
2
−1. (5.12)

Again, the rather complicated form of (5.12) makes it impossible to generate

samples. It can be found that when pK(t) =
( v

2
)s−

m/2

Γ(s−m/2)
tm/2−s−1exp(−v/2t) and

G ∼ Ga(m/2, 2), R2 in (5.12) has the same pdf as K · G. This can be verified

as follows,

pR2(t)=

∫ ∞
0

pG(t|τ)pK(τ)dτ=

∫ ∞
0

( 2
τ
)
m
2 t

m
2
−1exp(− t

2τ
)(v

2
)s−

m
2

Γ(m
2

)Γ(s− m
2

)
τ
m
2
−s−1exp(− v

2τ
)dτ

=
Γ(s)t

m
2
−1

Γ(s− m
2

)Γ(m
2

)v
m
2 (1 + t

v
)s
,

(5.13)

where K−1 ∼ Ga(s− m
2
, v

2
) and R2 =d K · G.

Moreover, for other types within the scale mixture normals, Barndorff et

al. [188] have proved that the generalised hyperbolic distributions can be for-

mulated in the form of (5.9) when K satisfies the inverse-Gaussian distribution.

The elliptical logistic distributions are also mixtures of normals, where
√
K in

(5.9) relates to the Kolmogorov-Smirnov distribution [173]. Besides, the re-

lationship between the scale mixture normals and the α-stable distribution
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is given in [139], which satisfies our equivalent form of (5.10). We omit the

tedious proofs here.

• Pearson type II distributions: The nuclear density generator is gc(t) =

(1 − t)s−1 with the constraint t ∈ [0, 1]. We omit the proof here because the

calculation of c and the pdf of R2 are well documented in [16].

This completes the proof of Table 5.1.

5.6.2 Proof of Theorem 5.1

Symmetry: It is easy to verify the symmetry of dU(Y1,Y2), i.e., dU(Y1,Y2) =

dU(Y2,Y1).

Non-negativity: Due to arccos(·) ≥ 0, d2
W (X i,1,X j,2) ≥ 0 and γ(i, j) ≥ 0

for all i, j, dU(Y1,Y2) ≥ 0. More importantly, the equality holds if and only

if Y1 =d Y2. In this case, we have minγ(i,j)

∑
i,j

γ(i,j)
k
d2
W (X i,1,X j,2) = 0 and

minγ(i,j) arccos(
∑

i,j γ(i, j)
√
πi,1πj,2) = arccos(

∑
i πi,1) = arccos(1) = 0, which re-

sults in dU(Y1,Y2) = 0.

Triangle inequality: Because γ(i, j) is binary ∈ {0, 1} for each pair {i, j}, and

it satisfies
∑k

i=1 γ(i, j) = 1 and
∑k

j=1 γ(i, j) = 1, the γ(i, j) operates as a bijection

between the elliptical distributions within the first and second EMMs.

Then, in order to prove the triangle property, we denote the third EMM as Y3 =d∑k
h=1 zh,3X h,3, and investigate the relationship between dU(Y1,Y2) and dU(Y1,Y3)+

dU(Y2,Y3). We use γ∗(·, ·) to denote the optimal γ(·, ·) in the defined distance

dU(·, ·), and also define the following function

f
(
Y1,Y2, γ(i, j)

)
=
∑
i,j

γ(i, j)d2
W (X i,1,X j,2) + arccos(

∑
i,j

γ(i, j)
√
πi,1πj,2).

(5.14)

By Definition 5.1, minγ(i,j) f(Y1,Y2, γ(i, j)) = f(Y1,Y2, γ
∗(i, j)) = dU(Y1,Y2).
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More importantly, for two arbitrary γ(i, h) and γ(h, j), their combination γ(i, h) ∩

γ(h, j) =
∑k

h=1 γ(i, h) · γ(h, j) also formulates a transport plan γ(i, j) because

γ(i, h)∩γ(h, j) is still binary and
∑k

i=1 γ(i, h)∩γ(h, j) =
∑k

j=1 γ(i, h)∩γ(h, j) = 1.

We therefore now arrive at

dU(Y1,Y3) + dU(Y2,Y3)

= f(Y1,Y3, γ
∗(i, h)) + f(Y2,Y3, γ

∗(j, h))

=
1

k

(∑
i,h

γ∗(i, h)d2
W (X i,1,X h,3)+

∑
h,j

γ∗(h, j)d2
W (X h,3,X j,2)

)
+arccos(

∑
i,h

γ∗(i, h)
√
πi,1πh,3)+arccos(

∑
h,j

γ∗(h, j)
√
πh,3πj,2)

≥ 1

k

∑
i,j

(
γ∗(i, h) ∩ γ∗(h, j)

)
d2
W (X i,1,X j,2)

+ arccos
(∑

i,j

(γ∗(i, h) ∩ γ∗(h, j))√πi,1πj,2
)

= f
(
Y1,Y2, γ

∗(i, h) ∩ γ∗(h, j)
)

≥ f
(
Y1,Y2, γ

∗(i, j)
)

= dU(Y1,Y2).

(5.15)

In (5.15), the first inequality holds due to the fact that both d2
W (X i,1,X j,2) and

arccos(
∑

i,j γ(i, j)
√
πi,1πj,2) satisfy the triangle property. Moreover, the second in-

equality is due to the fact that the combined plan γ(i, h)∩ γ(h, j) is not necessarily

the optimal plan between Y1 and Y2, as the optimal plan γ∗(i, j) achieves the

minimum and defines the distance of dU(Y1,Y2).

This completes the proof of Theorem 5.1.

5.6.3 Proof of Lemma 5.1

Recall that Y ∼
∑k

i=1 πiE(x|µi,Σi,R). We can now write the definition of the

Wasserstein distance in the form

d2
W (Y1,Y2)= inf

η(Y1,Y2)

∫
m×m

η(Y1,Y2)||x1 − x2||22dx1dx2, (5.16)
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where η(Y1,Y2) denotes the joint distribution between Y1 and Y2, and satisfies∫
m
η(Y1,Y2)dx1 = pY2

(x2) and
∫
m
η(Y1,Y2)dx2 = pY1

(x1).

More importantly,

∑
i,j

γ∗(i, j)

k
d2
W (X i,1,X j,2) =

∑
i,j

γ∗(i, j)

k
inf

η(X i,1,X j,2)

∫
m×m

η(X i,1,X j,2)||x1−x2||22dx1dx2

=

∫
m×m

∑
i,j

γ∗(i, j)

k
η∗(X i,1,X j,2)||x1 − x2||22dx1dx2,

(5.17)

where η∗(X i,1,X j,2) is the optimal plan that achieves the Wasserstein distance

between X i,1 and X j,2. Therefore, by comparing (5.16) and (5.17), we can eas-

ily observe that
∑

i,j
γ∗(i,j)
k

η∗(X i,1,X j,2) consists a subset of joint distribution of

η(Y1,Y2), due to πi,1 = πj,2 = 1/k. In other words, because of the factorisation

from Y to X , the
∑

i,j
γ∗(i,j)
k

η∗(X i,1,X j,2) does not necessarily achieve the optimal

transport plan between Y1 and Y2.

Moreover, for balanced EMMs, the following holds for arbitrary γ(i, j),

arccos(
∑
i,j

γ(i, j)
√
πi,1πj,2) = 0. (5.18)

Thus, we have

d2
W (Y1,Y2) ≤

∑
i,j

γ∗(i, j)

k
d2
W (X i,1,X j,2) = dU(Y1,Y2). (5.19)

This completes the proof of Lemma 5.1.

5.6.4 Proof of Lemma 5.2

Due to the fact that γ(i, j) in Definition 1 is a bijection between the mixture com-

ponents in Y1 and Y2, for each π1, µi,1 and Σi,1 in Y1, there exist only one corre-
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sponding π2, µj,2 and Σj,2, respectively, in Y2. In other words, when casting the

problem onto the parameter space, the Hessian of dU(Yθ,Yθ+s∆θ) can be calculated

as follows,
∂2dU(Yθ,Yθ+s∆θ)

∂s2
|s→0

=
1

k

K∑
i=1

∂2d2
W (Xµi,Σi

,Xµi+s∆µi,Σi+s∆Σi
)

∂s2
|s→0

+
∂2 arccos(

√
π
T

(
√
π + s∆π))

∂s2
|s→0,

(5.20)

where the square root operation
√
· is performed element-wise.

In (5.20), we can see that the manifold defined by dU(Yθ,Yθ+∆θ) is a product

manifold defined by d2
W (Xµi,Σi

,Xµi+∆µi,Σi+∆Σi
) and arccos(

√
π
T

(
√
π + ∆π)).

Furthermore, arccos(
√
π
T

(
√
π + ∆π)) defines a sphere manifold [103] (Examples

3.5.1 and 3.6.1), for which basic operations are provided in Examples 4.1.1, 5.4.1

and 8.1.7 of [103]. On the other hand, the Wasserstein distance between two elliptical

distributions has an explicit representation as follows [176,189],

d2
W (Xµi,Σi

,Xµi+∆µi,Σi+∆Σi
) = ||∆µi||22

+
E[R2]

m
tr(Σi+(Σi+∆Σi)−2(Σ

1/2
i (Σi+∆Σi)Σ

1/2
i )

1/2).

(5.21)

We can thus conclude that the manifold for µi is the conventional Euclidean space

within Rm. Moreover, the manifold of Σi can also be correspondingly obtained on

the basis of [178].

This completes the proof of Lemma 5.2.

5.6.5 Calculations within Table 5.2

The basic operations on a sphere manifold were described in [103] (Examples 3.5.1,

3.6.1, 4.1.1, 5.4.1 and 8.1.7). As the manifold for µi is the conventional Euclidean

space, the trivial gradient descent can be employed. Operations for Σi under the

Wasserstein manifold can be found in [178]. Furthermore, we omit the scale weight
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E[R2]
m

in our work as it can be incorporated into the stepsize α during the gradient

descent.

To calculate the Euclidean gradients, we first explicitly express our cost function,

i.e., the sliced Wasserstein distance dSW (Yθ,Y∗), as follows,

dSW (Yθ,Y∗) =

∫
m

inf
η(Ra(Yθ ,p),Ra(Y∗,p))

∫
R×R

ηR · (y1−y2)2dy1dy2dp, (5.22)

and

ηR = η(Ra(Yθ,p),Ra(Y∗,p)), (5.23)

where y1 denotes the Radon transform [183] Ra(Yθ,p), which projects Yθ onto a

one-dimensional random variable along the direction p. Similarly, y2 denotes the

Radon transform of Y∗ with the direction p. Recall that η(·, ·) is a joint distribution.

Due to the fact that elliptical distributions belong to the location-scale family, as

described by the stochastic representation, the Radon transform of each Xµi,Σi
has

a simple representation in the form XpTµi,pTΣip ∼ E(x; pTµi,p
TΣip,R), where X

is a one-dimensional elliptical distribution.

Fortunately, the one-dimensional Wasserstein distance has the closed-form solution

[98], so that we can re-write (5.22) as

min
π,µi,Σi

dSW (Yθ,Y∗) =

min
π,µi,Σi

∫
m

∫
R
|y−T (y)|2

k∑
i=1

cmπi

(pTΣh
i p)

1
2

g

(
(y−pTµi)

2

pTΣh
i p

)
dydp,

(5.24)

where T (y) is the optimal transport plan between Ra(Yθ,p) and Ra(Y∗,p), which

can be explicitly obtained via their cumulative distribution functions [172]. When

optimising (5.24) using stochastic gradient descent, for each p, we therefore minimise

min
π,µi,Σi

L(θ,p) =

min
π,µi,Σi

∫
R
|y − T (y)|2

k∑
i=1

cmπi

(pTΣh
i p)

1
2

g

(
(y−pTµi)

2

pTΣh
i p

)
dy.

(5.25)
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Then, by calculating the derivatives with regard to
√
πi, µi and Σi, and upon

introducing the Kantorovich potential φ(y) [172], we obtain the Euclidean gradients

as follows,

∇√πi,µi,Σi
L(θ,p) =∫

R
φ(y)∇√πi,µi,Σi

(
k∑
i=1

cm
√
πi

2

(pTΣh
i p)

1
2

g
((y − pTµi)

2

pTΣh
i p

))
dy,

(5.26)

where∇√πi,µi,Σi
(·) denotes the derivatives with regard to {√πi,µi,Σi}, respectively.

The Euclidean gradients in the Table 5.2 can then be easily calculated.

5.7 Summary

We have introduced a new and complete framework for solving general EMMs. To

this end, we have first provided a unified and easy-to-use summary of the candidates

for identifiable EMMs, which is achieved via a stochastic representation. Then, a

relaxed Wasserstein distance for EMMs has been proposed, which unlike the existing

Wasserstein distances allows the corresponding metrics to be explicitly calculated.

The so established manifold has been shown to consistently improve performances

in terms of Wasserstein cost and even the NLL cost, and also significantly stabilise

the optimisation on EMMs, making them robust to initialisation. We have further

proposed a directional adaptively accelerated algorithm to enhance and stabilise the

convergence, the performance of which has been validated through comprehensive

experimental results.



Chapter 6

Reciprocal GAN through

Characteristic Functions

(RCF-GAN)

Generative adversarial nets (GANs) involve deep neural nets in the generating pro-

cess, and the integral probability metric (IPM) equips GANs with the necessary

theoretical support for comparing statistical moments in an embedded domain of

the critic, while stabilising their training and mitigating model collapse issues. For

enhanced intuition and physical insight, we introduce a generalisation of IPM-GANs

which operates by directly comparing probability distributions rather than their mo-

ments. This is achieved through characteristic functions (CFs), a powerful tool that

uniquely comprises all the information about any general distribution. For rigour,

we first prove theoretically the ability of the CF loss to compare probability distri-

butions, and establish the physical meaning of the phase and amplitude of CFs. An

optimal sampling strategy is then developed to calculate the CFs, and an equiva-

lence between the embedded and data domains is proved when a reciprocal theory

holds. We therefore seamlessly combine the IPM-GAN with an auto-encoder struc-

ture, equipped by an advanced anchor architecture, which adversarially learns a

semantic low-dimensional manifold for both generation and reconstruction. This ef-
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ficient structure, called reciprocal CF GAN (RCF-GAN), uses only two modules and

a simple training strategy, to achieve the state-of-the-art bi-directional generation.

Experiments demonstrate the superior performance of the RCF-GAN on generation,

reconstruction and interpolations of images.

6.1 Introduction

GANs owe their success to their ability to capture complicated data distributions

[19]. In practical applications, however, their significant potential still remains

under-explored, as GANs typically suffer from unstable training and mode collapse

issues [77]. An effective and elegant way to address these issues is to replace the

Jensen-Shannon (JS) divergence in measuring the discrepancy in the original form

of GANs [21] by another class of metrics called the IPM [99], given by

d(Pd,Pg) = sup
f∈F
|Ex∼Pd [f(x)]− Ex∼Pg [f(x)]|, (6.1)

where the symbol F in IPMs represents a collection of (typically real) bounded

functions, Pg denotes the generated distribution, and Pd is the real data distribution.

Using IPMs to improve GANs has been justified by the fact that data distributions

in the real-world are typically embedded on low-dimensional manifolds. This is

intuitive because real-world data tend to preserve semantic information instead of

just representing a collection of rather random pixels. Thus, while the divergence

measure (“bin-to-bin” comparison) of the original GAN can easily max out, the IPMs

such as the Wasserstein distance (“cross-bin” comparison) are able to consistently

yield a meaningful measure between the generated and real data distributions [21].

The variation in the collections of F in (6.1), therefore, defines different IPM-GANs,

while the supremum supf∈F is typically achieved by the discriminator net, or more

formally, the critic in the IPM-GANs. The original IPM-GAN was motivated by

the Wasserstein GAN (W-GAN) [4], where F denotes the set of all 1-Lipschitz

functions. However, it has been widely argued that the critic is not powerful enough
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to search within all the 1-Lipschitz function spaces, which leads to limited diversity

of the generator due to an ill-posed equivalence measurement of Pd and Pg [71,

81]. Follow-up works have been proposed to improve the W-GAN by either its

enhancement to satisfy the 1-Lipschitz condition (e.g., by gradient penalty [79] or

spectral normalization [80]) or by employing an easy-to-implement F for the critic.

The latter, by virtue of relaxing the critic, typically leads to a tedious comparison

on the embedded feature domain, i.e., by matching higher-order moments instead

of the mean matching in the W-GAN. This path includes numerous recent GANs

which additionally consider the second-order moment (e.g., Fisher-GAN [84] and

McGAN [83]), together with explicitly (e.g., Sphere GAN [8]) or implicitly (e.g.,

MMD-GAN [3,5]) comparing higher-order moments.

Generalising (6.1) as a moment matching problem has been justified as a natural

and beneficial way to understand IPM-GANs [190–192]. This also compensates for

the known deficiency whereby the critic may not transform the data distributions

into unimodal distributions, as for example, in the case of Gaussian distribution

that is solely determined by the first- and second-order moments.

Moreover, it is both more robust and elegant to compare the distributions directly,

because the equivalence in distributions ensures the equivalence in the moments; the

inverse, however, does not necessarily hold. As a powerful tool which contains all the

information relevant to a distribution, the characteristic function (CF) provides a

universal way of comparing distributions, even when their probability density func-

tions (pdfs) do not exist. The CF also has a one-to-one correspondence with the

cumulative density function (cdf), which has also been demonstrated to benefit the

design of GANs [193]. Compared to the moment generating function (mgf) that has

been reflected in the MMD-GAN [5], the CF is unique and universally existent, and

is more sensitive to distribution alignments [194,195]. More importantly, the CF is

automatically aligned at 0; this means that even a simple “bin-to-bin” comparison

between CFs can consistently provide a meaningful measure and thus avoid the issue

of gradient vanishing associated with the original GAN [4]. Also, the weak conver-
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Figure 6.1: The overall structure of the proposed RCF-GAN. The generator serves to min-
imise the CF loss between the embedded real and fake distributions. The critic serves to
minimise the CF loss between the embedded real and the input noise distributions, whilst
maximising the CF loss between the embedded fake and the input noise distributions.
Moreover, an MSE loss between the embedded fake and the input noise distributions is
regularised as the auto-encoder loss, which has not been shown in the figure. An optional
t-net can be employed to optimally sample the CF loss.

gence property of CFs ensures that the convergence in CFs implies the convergence

in the distributions.

In this chapter, we propose a reciprocal CF GAN (RCF-GAN) as a natural gener-

alisation of the existing IPM-GANs, with the overall structure shown in Fig. 6.1.

It needs to be pointed out that incorporating the CF in a GAN is non-trivial be-

cause the CF is basically complex-valued and in addition the comparison has to be

performed on functions. To address these difficulties, we first illuminate the role of

CFs by showing that its phase is closely related to the distribution centre, whereas

the amplitude dominates the distribution scale. This provides a feasible way of

balancing the accuracy and diversity of the generation. Then, for the comparison

over functions, we prove that other than in the whole space of CFs, sampling within

a small ball around 0 of CFs is sufficient to compare two distributions. This also

enables the proposed CF loss to be bounded and differentiable almost everywhere.

We further optimise the sampling strategy by automatically adjusting sampling dis-

tributions under the umbrella of the scale mixture of normals [196].

Benefiting from the power of CFs in comparing distributions, we propose to perform

distribution comparison solely in the embedded domain, and prove the equivalence

to its data domain counterpart, when a reciprocal condition between the generator
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and the critic holds. This motivates us to incorporate an auto-encoder structure

to satisfy the theoretical requirement of a reciprocal. In this way, the critic in our

RCF-GAN is further relaxed and only focuses on learning a meaningful embedding.

Furthermore, different from many existing adversarial works with auto-encoders

incorporating at least three modules1 [3,5,87–92], our RCF-GAN only requires two

modules that already exist in a GAN; the critic is an encoder and the generator

also serves as a decoder. This is neat and reasonable and comes without an increase

in computational complexity and complicated (unstable) training strategies, as well

as without other stringent requirements such as the Lipschitz continuity. More

importantly, the framework of comparing the full distributions in the embedded

domain enables our CF-GAN to learn a semantic and meaningful latent space.

The effectiveness of our RCF-GAN is comprehensively experimentally verified through

the tasks of image generation, interpolation and reconstruction, where our CF-GAN

learns a meaningful embedded space and also avoids the smoothing artefact that

arises from the use of point-wise mean square error (MSE) employed in the data

domain. Thus, RCF-GAN benefits from both the auto-encoder and the GANs,

i.e., bi-directionally generating clear images. Our experimental results show that

the proposed RCF-GAN achieves remarkable improvements in image generation,

together with an additional capability in the reconstruction and interpolation.

A very recent independent work [6] named OCF-GAN also employs the CF by using

the same structure of MMD-GANs. Our RCF-GAN is substantially different from

that in [6], in that:

• Our critic operates as semantic embeddings and learns a meaningful embedded

space, instead of being a component to build complete metrics, as with the

existing GANs (e.g., OCF-GAN, MMD-GANs and W-GANs) do.

• Our CF design, is novel in its triangle anchor design with the l1-norm (to

stabilise convergence), meaningful analysis of amplitude and phase (to favour

1To our best knowledge, the only exception is the AGE [7], which adopts two modules in an auto-
encoder, under a max-min problem and different losses. Please see the Chapter 2.2 for the details.
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other distribution alignment tasks), the use of t-net of outputting scales (to

automatically optimise T distribution types), and useful supporting theory (to

correctly and efficiently use CFs in practice).

• Our RCF-GAN seamlessly combines the auto-encoder and GANs by using only

two neat modules while achieving the state-of-the-art performances, whereas

the majority of adversarial learning structures use at least three modules with

auto-encoding separated from GANs.

Consequently, while the results in [6] were reported with all images rescaled to the

size of 32 × 32, our RCF-GAN consistently outperforms the work in [6] in various

ways including high resolutions, net structures and functionalities.

6.2 Characteristic Function Loss and Efficient Sampling Strat-

egy

6.2.1 Characteristic Function and Elliptical Distribution

The CF of a random variable, X ∈ Rm, represents the expectation of its complex

unitary transform, given by

ΦX (t) = EX [ejt
Tx] =

∫
x

ejt
TxdFX (x), (6.2)

where FX (x) is the cdf of X . We thus have ΦX (0) = 1 and |ΦX (t)| ≤ 1 for all t.

This property ensures that CFs can be straightforwardly compared in a “bin-to-bin”

manner, because all CFs are automatically aligned at t = 0. Moreover, when the

pdf of X exists, the expression in (6.2) is equal to its inverse Fourier transform; this

ensures that ΦX (t) is uniformly continuous. Another important property of the CF

is that it uniquely and universally retains all the information regarding a random

variable. In other words, a random variable does not necessarily need to possess a

pdf (e.g., when it is an α-stable distribution), but its CF always exists.



6.2. Characteristic Function Loss and Efficient Sampling Strategy 121

As the cdf, FX (x), is unknown but has to be compared, we employ the empiri-

cal characteristic function (ECF) as an asymptotic approximation in the form of

Φ̂Xn(t) =
∑n

i=1 e
jtTxi , where {xi}ni=1 are n i.i.d. samples drawn from X . As a result

of the Levy continuity theorem [197], the ECF converges weakly to the population

CF [198]. More importantly, the uniqueness theorem guarantees that two random

variables have the same distribution if and only if their CFs are identical [199].

Therefore, together with the weak convergence, the ECF provides a feasible and

good proxy to the distribution, which has also been preliminarily applied in two

sample test [200, 201]. Before proceeding further, we introduce an important class

of distributions that will be used in this work.

Example 6.1. Within unimodal distributions, one broad class of distributions is

called the elliptical distribution, which is general enough to include various important

distributions such as the Gaussian, Laplace, Cauchy, Student-t, α-stable and logistic

distributions. The elliptical distributions do not necessarily have pdfs, and we refer

to [16] for more detail. The CF of an elliptical distribution, X , however, always

exists and has the following form

ΦX (t) = ejt
Tµψ(tTΣt), (6.3)

where µ denotes the distribution centre, Σ is the distribution scale, and ψ(·) is a real-

valued function R→ R, for example, ψ(s) = e(−s/2) for the Gaussian distribution. By

inspecting (6.3) we can see that the phase of the CF is solely related to the location of

data centre and the amplitude is only governed by the distribution scale (diversity).

6.2.2 Distance Measure via Characteristic Functions

The auto-alignment property of the CFs allows us to incorporate a simple “bin-

to-bin” comparison over two complex-valued CFs (corresponding to two random
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variables X and Y), in the form

CT (X ,Y)=

∫
t

(
(ΦX (t)−ΦY(t))(Φ∗X (t)−Φ∗Y(t))︸ ︷︷ ︸

c(t)

) 1
2dFT (t), (6.4)

where Φ∗ denotes the complex conjugate of Φ and FT (t) is the cdf of a sampling

distribution on t. For the convenience of subsequent analysis, we represent the

quadratic term for each t as c(t) = (ΦX (t)−ΦY(t))(Φ∗X (t)−Φ∗Y(t)). Importantly,

CT (X ,Y) is a valid distance that measures the difference between two random vari-

ables via CFs, which is provided in Lemma 6.1; this means CT (X ,Y) = 0 if and

only if X =dY . A specific type of CT (X ,Y) in (6.4) is when the pdf of t is propor-

tional to ||t||−1, and its relationship to other metrics, including the Wasserstein and

Kolmogorov distances, has been analysed in detail [202].

Lemma 6.1. The discrepancy between two random variables X and Y, given by

CT (X ,Y) in (6.4), is a distance metric when the support of T resides in Rm.

Proof. Please refer to Appendix 6.5.1.

Furthermore, given that the phase and amplitude of a CF indicate respectively

the data centre and diversity as shown in Example 6.1, upon inspecting c(t) we

can rewrite it in a physically meaningful way, i.e., through the differences in the

corresponding phase and amplitude terms as,

c(t) = |ΦX (t)|2 + |ΦY(t)|2 − ΦX (t)Φ∗Y(t)− ΦY(t)Φ∗X (t)

= |ΦX (t)|2 + |ΦY(t)|2 − |ΦX (t)||ΦY(t)|(2 cos(aX (t)− aY(t)))

= |ΦX (t)|2 + |ΦY(t)|2 − 2|ΦX (t)||ΦY(t)|

+ 2|ΦX (t)||ΦY(t)|
(
1− cos(aX (t)− aY(t))

)
= (|ΦX (t)| − |ΦY(t)|)2︸ ︷︷ ︸

amplitude difference

+2|ΦX (t)||ΦY(t)| (1− cos(aX (t)− aY(t)))︸ ︷︷ ︸
phase difference

,

(6.5)

where aX (t) and aY(t) represent respectively the angles (phases) of ΦX (t) and

ΦY(t). This clearly shows that CT (X ,Y) effectively measures the amplitude dif-



6.2. Characteristic Function Loss and Efficient Sampling Strategy 123

ference between random variables, together with their phase difference weighted by

the amplitudes. We can further consider a convex combination of the two terms via

0≤α≤ 1, to yield2

cα(t) =α
(
(|ΦX (t)| − |ΦY(t)|)2

)
+ (1−α)

(
2|ΦX (t)||ΦY(t)|(1−cos(aX (t)−aY(t))

)
.

(6.6)

Recall that for the elliptical distributions in Example 6.1, the phase represents the

distribution centre while the amplitude represents the scale; CT (X ,Y) thus measures

the both discrepancy of the centres and diversity of two distributions. We show

in Figure 6.2-(a) that by swapping the phase and amplitude parts, the saliency

information follows the phase part of the CF, which captures the centres of the

distribution3. We further illustrate in Figure 6.2-(b) that this property still holds

for real data distributions, even though they are much more complicated and can

even be non-unimodal. From Figure 6.2-(b)-(d), it shows that mainly training the

phase (shown in Figure 6.2-(c)) results in generating images similar to an average

of the real data, as a result of minimising the difference of the data centres. On the

other hand, when mainly training the amplitude (shown in Figure 6.2-(b)), we can

obtain diversified but inaccurate images (“wrong” numbers such as “1” for digit 7

and “6” for digit 5, uneven characters, disconnected artefacts, etc.). To this end,

by using different weights in cα(t), we can flexibly capture the main content via

minimising the phase difference, whilst enriching the diversity of generated images

by increasing the amplitude loss. This provides a meaningful and feasible way of

understanding the GAN loss in controlling the generation process.

6.2.3 Sampling the Characteristic Function Loss

In practice, to calculate CT (X ,Y) efficiently, as mentioned in Section 6.2.1, ΦX (t)

and ΦY(t) can be evaluated by the ECFs of X and Y , which are weakly convergent

2Such a split into the amplitude-only and phase-only parts within the mean squared loss is similar to
the Least Mean Magnitude Phase (LMMP) algorithm [203,204].

3This phenomenon has been discovered in the Fourier representation of signals [205, 206]. We validate
that this also holds in probabilistic distributions.
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(a) Swapping phase and amplitude (b) Mainly training amplitude

(c) Mainly training phase (d) Training amplitude and phase

Figure 6.2: Two experiments on the MNIST dataset which illustrate the physical meaning
of the phase and amplitude of the CF. (a) A multivariate Gaussian fit to the images of
digits 1 and 2, by naively assuming that each pixel is independent from other pixels. The
phase and amplitude information of the CFs between the two multivariate distributions
were then swapped, followed by random sampling from the swapped distributions. (b)-(d)
A generator was directly trained on the given images of each digit. To avoid the impact
from the critic, we DID NOT employ the critic in this experiment but directly calculated
the loss between images after the generator with different α. We performed training for
amplitude for α = 0.999 in (b), phase only for α = 0.001 in (c) and equally training the
amplitude and phase information for α = 0.5 in (d).

to the corresponding population CFs. The remaining task is to sample from FT (t).

A direct approach would be to use the neural net where the input is Gaussian

noise and the output are the samples of FT (t). However, Proposition 6.1 indicates

that this can lead to ill-posed optima whereby FT (t) converges to some point mass

distributions and is thus no longer supported in Rm, as required in Lemma 6.1. In

other words, for the degenerated FT (t), we may have CT (X ,Y) but X 6=d Y . In

our experiment, we also found that directly optimising FT (t) can cause instability.
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Proposition 6.1. The maximum of CT (X ,Y) is reached when FT (t) attains a mass

point at t∗, where t∗ = arg maxt c(t). The minimum of CT (X ,Y) is reached when

FT (t) attains a mass point at 0.

In the way of addressing this ill-posed optimisation on FT (t), we can impose some

constraints on FT (t), for example, by assuming some parametric distributions. On

the other hand, we may also be concerned that the constraints on FT (t) can impede

the ability of CT (X ,Y) as a metric to distinguish X from Y . Lemma 6.2 provides

an efficient and feasible way of choosing FT (t).

Lemma 6.2. If random variables X and Y are supported on a finite interval

[−1, 1]m, CT (X ,Y) in (6.4) is still a distance metric for distinguishing X from

Y for any FT (t) that samples t within a small ball about 0.

Proof. Please refer to Appendix 6.5.2.

Owing to these desirable properties, as shown in the next section, we employ

CT (X ,Y) as the loss to compare two distributions from the critic. By employ-

ing bounded activation functions (tanh, sigmoid, etc.), the requirement of Lemma

6.2 is automatically satisfied. Therefore, instead of searching within all the real

distribution spaces, the choices of FT (t) can be safely restricted to some zero-mean

distributions, e.g., the Gaussian distribution. Furthermore, compared to the fixed

Gaussian distribution, it is preferable, whilst avoiding the ill-posed optimum, that

FT (t) could be optimised to better accommodate the difference between two distri-

butions.

In this work, we choose FT (t) as the cdf of a broad class of distributions called the

scale mixture of normals, in the form of

pT (t) =

∫
Σ

pN (t|0,Σ)pΣ(Σ)dΣ, (6.7)

where pT (t) is the pdf of FT (t), while pN (t|0,Σ) denotes the zero-mean Gaussian

distribution with the covariance given by Σ, and pΣ(Σ) denotes distributions of
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Σ. It needs to be pointed out that the scale mixture of normals comprises a large

portion of the elliptical distributions and includes many important distributions

(e.g., the Gaussian, Cauchy, Student-t, hyperbolic distributions [139]) by choosing

different pΣ(Σ). Therefore, instead of directly optimising FT (t), which leads to ill-

posed solutions, we alternatively optimise the neural net to output the samples of

pΣ(Σ). The use of the affine transformation (or the re-parametrisation trick) allows

us to propagate back the gradients.

We should point out that the term
∫

t
c(t)dFT (t) contained in our CF loss can also

be interpreted as certain well behaved kernels in the MMD metric. This is due to the

fact that the shift invariant and characteristic kernels in the MMD metric have to

satisfy k(x,y) =
∫

t
e−jt

T (x−y)dFT (t) for some compactly supported FT (t) [100]. In

contrast to the predefined and fixed kernels in the MMD-GANs, the proposed opti-

misation on the types of FT (t) is thus able to learn this important hyperparameter,

i.e., the type of kernels. On the other hand, the elliptical distributions in Example

6.1 potentially provide a set of well-defined characteristic kernels, by choosing FT (t)

as a normalised version of the CFs in (6.3). Then, the corresponding real-valued

kernels are the density generators in [196].

6.3 Reciprocal Adversarial Learning

6.3.1 Characteristic Function Loss in RCF-GAN

Although the CF loss is a complete metric for measuring any forms of data dis-

tributions (e.g., Fig. 6.2-(b)-(d)), the CF loss in (6.4) works more efficiently and

effectively in the embedded domain, with higher likelihood of learning fruitful rep-

resentations of data. To this end, we first express our RCF-GAN in the IPM-GAN

format as

d(Pd,Pg) = sup
T ,f∈F

CT (f(X ), f(Y)), X ∼ Pd and Y ∼ Pg, (6.8)
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Algorithm 3: RCF-GAN. In all the experiments in this work, the generator and the
critic are trained once at each iteration. The optional t-net with the parameter θt is
designated by hθt(·).
input: Real data distribution Pd; Gaussian noise PN ; batch sizes bd, bg, bt and bσ for

the data, generator input noise, T and t-net input noise, respectively;
learning rate lr; reciprocal regularisation in the embedded domain λ

output: Net parameters θc and θg for the critic and generator, respectively
while θc and θg not converge do

/* train the critic */

Sample from distributions: {xi}bdi=1 ∼ Pd; {zi}
bg
i=1 ∼ PN ; {ti}bti=1 ∼ PN ;

{σi}bσi=1 ∼ PN
Affine transform: {ti}bti=1 ←

(
{ti}bti=1, hθt({σi}

bσ
i=1)

)
// optional

Calculate adversarial loss: // empirical version of

−
(
CT (f(Y),Z)− CT (f(X ),Z)

)
L = −

(
C{ti}bti=1

(
fθc(gθg({zi}

bg
i=1)), {zi}

bg
i=1

)
−C{ti}bti=1

(
fθc({xi}

bd
i=1), {zi}

bg
i=1

))
Update: θt ← θt + lr ·Adam(θt,∇θt

[
L
]
)

θc ← θc + lr ·Adam(θc,∇θc
[
L+ λ

∑bg
i=1 ||zi − fθc(gθg(zi))||22

]
)

/* train the generator */

Sample from distributions: {xi}bdi=1 ∼ Pd; {zi}
bg
i=1 ∼ PN ; {ti}bti=1 ∼ PN ;

{σi}bσi=1 ∼ PN
Affine transform: {ti}bti=1 ←

(
{ti}bti=1, hθt({σi}

bσ
i=1)

)
// optional

Calculate adversarial loss: // empirical version of CT (f(Y), f(X ))

L = C{ti}bti=1

(
fθc(gθg({zi}

bg
i=1)), fθc({xi}

bd
i=1)

)
Update: θg ← θg + lr ·Adam(θg,∇θg

[
L
]
)

where a distinction is made between the random variables (X and Y) in the data

domain and those (X and Y) in the embedded domain, i.e., X =d f(X ) and Y =d

f(Y). Lemma 6.3 below shows that this metric is well-defined for neural net training.

Lemma 6.3. The metric CT (X ,Y) is bounded and differentiable almost everywhere.

Proof. Please refer to Appendix 6.5.3.

Because CT (·, ·) is bounded by construction, it relaxes the requirements on the critic

f ∈ F . Otherwise, we need to bound F to ensure the existence of the supremum [84].

6.3.2 Matching in the Embedded Space

Having proved that CT (X ,Y)=0⇔ X =dY , we also need to prove the equivalence

between CT (f(X ), f(Y)) = 0 and X =dY , to ensure that our RCF-GAN correctly
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learns the real distribution in the data domain. This result is provided in Lemma

6.4.

Lemma 6.4. Denote the distribution mapping by Y =d g(Z). Given two functions

f(·) and g(·) that map between the supports of Y and Z, if EZ [||z − f(g(z))||22] =

0, we also have the reciprocal property EY [||y − g(f(y))||22] = 0, and vice versa.

More importantly, this yields the following equivalences: CT (f(X ), f(Y)) = 0 ⇔

CT (X ,Y) = 0 ⇔ CT (f(Y),Z) = 0 and CT (f(X ),Z) = 0.

Proof. Please refer to Appendix 6.5.4.

As a prerequisite for Lemma 6.4, the co-domains between f(·) and g(·) need to

reside on the supports of Y and Z. Otherwise, the reciprocal may not hold. In

our RCF-GAN, we propose an anchor design for our critic, by rewriting the critic

loss (by minimising) as −(CT (f(Y),Z)−CT (f(X ),Z)). Thus, Z operates as the

static anchor (or pivot) in the dynamic training process. Besides stabilising and

improving the convergence in training, this further enables the critic to quickly

map real data, X , to the support of Z, whilst the generator tries to map the

generated distribution, Y , to the real data, X . The adversarial part to maximise

CT (f(Y),Z) aims to improve the generation quality against the generator loss, i.e.,

CT (f(X ), f(Y)). Fig. 6.1 illustrates the triangle relationship in our anchor design.

Furthermore, Lemma 6.4 indicates that instead of being regarded as components of

some IPMs (e.g., the W-GAN) to be optimised with strict restrictions, the critic

can be basically regarded as a feature mapping because in the embedded domain the

CF loss is a valid distance metric of distributions. The critic can then be relaxed

to satisfy the reciprocal property. Therefore, we incorporate the auto-encoder in

only two modules by interchangeably treating the critic as the encoder and the

generator as the decoder. More importantly, Lemma 6.4 ensures that matching in the

embedded space is sufficient due to EZ [||z−f(g(z))||22] = 0→ EY [||y−g(f(y))||22] =

0. This is beneficial in various applications such as the image generation (and
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reconstruction), where in the data domain, the MSE loss typically leads to smooth

artefacts.

6.3.3 Putting Everything Together

In practice, in Lemma 6.4, we regard f(·) as the critic and g(·) as the generator.

The t-net is denoted by h(·) and the covariance matrix of its output is assumed to be

diagonal (we thus represent it as σ), which is reasonable as in the embedded domain

the multiple dimensions tend to be uncorrelated [18]. We also need to clarify that

because the t-net is optional and in our RCF-GAN, fixed Gaussian can be directly

sampled for t, we separate the t-net from f(·). However, if the t-net is employed, they

(the t-net and critic) are optimised simultaneously and share the same critic loss,

i.e., −(CT (f(Y),Z)−CT (f(X ),Z)). Moreover, the critic additionally minimises

an MSE loss to ensure the reciprocal property. On the other hand, the generator

is trained by minimising (6.8), as per usual. The pseudo-code for the proposed

RCF-GAN is provided in Algorithm 3.

It needs to be pointed out that here we choose Z as the Gaussian distribution for

a fair comparison to other GANs; other complex distributions can be seamlessly

adopted in our framework according to different tasks at hand, for example, finite

mixture models for un-supervised and semi-supervised classifications, and learnt

distributions for sequential data processing.

Remark 6.1. In addition to the ease of computation, the structure of the proposed

RCF-GAN benefits from its interpretation as both a GAN and an auto-encoder, as

a way of unifying them. As an auto-encoder, the RCF-GAN enables us to compare

reconstructions solely on a meaningful embedded manifold, instead of the standard

data domain comparison. When regarded as a GAN, the auto-encoder part theo-

retically and practically indicates the convergence; it also stabilises the training by

pushing the embedded distributions to the static anchor Z.
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6.4 Experimental Results

In this section, the proposed RCF-GAN is evaluated in terms of both image gen-

eration (including reconstruction and interpolation), with our code available at

https://github.com/ShengxiLi/rcf_gan. We first provide the experimental set-

tings and technical details, followed by performance comparisons with other models

on image generation. To evaluate the learnt embedded space within RCF-GAN, the

assessments on image reconstruction and interpolation are provided, by using solely

the embedded features. We also need to point out that in this work we mainly focus

on generating, reconstructing and interpolating images as those are the main crite-

rion for evaluating GANs, and we will provide advanced results on link prediction

of graph embedding to show the semantic meaning of our embedded space in Chap-

ter 7. As shown later, the proposed RCF-GAN does not optimise the adjacency

matrix which is the ultimate goal of graph learning, but instead achieves superior

performances through basic graph convolutional nets.

6.4.1 Settings for Image Generation

Table 6.1: The FID and KID scores obtained from the DCGAN [1] structure. The results
of the DCGAN and W-GAN-GP are from [2] and [3]. The corresponding publicly available
codes were run to obtain the results of the W-GAN [4], MMD-GAN [5], OCF-GAN and
OCF-GAN-GP [6]. The results of the AGE were tested from its pre-trained models [7].

Methods
FID KID

CIFAR-10 Celeba LSUN B CIFAR-10 Celeba LSUN B

DCGAN 37.7 [2] 21.4 [2] 70.4 [2] —- —- —-

W-GAN 42.64±0.26 31.85±0.28 57.05±0.37 0.025±0.001 0.023±0.001 0.048±0.002

W-GAN-GP 37.52±0.19 [3] —- 41.39±0.25 [3] 0.026±0.001 [3] —- 0.039±0.002 [3]

MMD-GAN 42.8±0.27 32.5±0.16 56.52±0.34 0.025±0.001 0.024±0.001 0.047±0.002

OCF-GAN 40.99±0.15 32.66±0.16 61.48±0.23 0.024±0.001 0.024±0.001 0.052±0.002

OCF-GAN-GP 33.68±0.21 16.09±0.25 65.18±0.317 0.021±0.001 0.011±0.001 0.060±0.002

AGE 32.54±0.24 23.19±0.14 —- 0.020±0.001 0.017±0.001 —-

RCF-GANln
(t norm) 31.55±0.20 19.34±0.22 38.16±0.286 0.019±0.001 0.012±0.001 0.032±0.001

RCF-GANln
(t net) 31.21±0.21 15.86±0.08 40.15±0.40 0.018±0.001 0.011±0.001 0.034±0.001

RCF-GANsn
(t net) 32.65±0.27 13.71±0.16 29.15±0.21 0.019±0.001 0.009±0.001 0.024±0.001

Note: Symbol t norm corresponds to use the fixed Gaussian samples and t net to the t-net, ln denotes the layer normalisation

and sn is the spectral normalisation [80].

Datasets: Three widely applied benchmark datasets were employed in the eval-

uation: CelebA (faces of celebrities) [207], CIFAR-10 [208] and LSUN Bedroom
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(LSUN B) [209]. The images of the CelebA and LSUN B were cropped to the size

64×64 and 128×128, whist the image size of the CIFAR10 was 32×32. When evalu-

ating the reconstruction, the test sets of the CIFAR10 and LSUN B were employed,

of which the samples were not used in the training.

Baselines: As our work is mainly related to the IPM-GANs, we compared our

RCF-GAN with the W-GAN [4], W-GAN with gradient penalty (W-GAN-GP) [79]

and MMD-GAN [3,5]. As an advancement of the MMD-GAN, the most recent work,

OCF-GAN [6], together with its gradient penalty version (OCF-GAN-GP) was also

compared. We need to point out that all the results reported in [6] were evaluated

for the image size of 32 × 32. We thus ran the experiments for the CelebA and

LSUN B for image sizes 64×64 and 128×128 by using its provided code. For image

reconstruction, we compared our RCF-GAN with the recent adversarial generator-

encoder (AGE) work [7], which empirically performs better than the adversarially

learned inference (ALI) [92].

Metrics: The Fréchet inception distance (FID) [2] was employed as a performance

metric, which is basically the Wasserstein distance between two Gaussian distribu-

tions, together with the kernel inception distance (KID) that arises from the MMD

metric [3]. In evaluating the FID and KID scores, we randomly generated 25,000

samples for both generation and true images, and obtained these metrics, in terms

of the mean and standard deviation, by 10 times repeated random selections and

calculations.

Net structure and technical details: For a fair comparison, all the reported

results were compared under the batch sizes of 64 (i.e., bd = bg = bt = bσ = 64).

Moreover, all variances of Gaussian noise were set to 1, except for the input noise

of the generator that was 0.3, because the reciprocal loss had to be minimised given

the fact that the output of the critic is restricted to [−1, 1]. Furthermore, we do

not require the Lipschitz constraint, which allows for a relatively larger learning

rate (lr=0.0002 for both nets). Moreover, for the CIFAR10 and LSUN B datasets,

the dimension of the embedded domain was set to 128 and for the CelebA dataset
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the dimension was 64. The optional t-net, if used, was a small three layer fully

connected net, with the dimension of each layer being the same as the embedded

dimension. It needs to be pointed out that except for several specific experiments

(e.g., ablation study) aiming at in-depth analysis on our RCF-GAN, we set λ to

linearly space from 0.6 to 1, which is reasonable as the role of critic changes from

a discriminator to an encoder along the training procedure. Our default RCF-GAN

used t-net and layer normalisation, and was trained with the vanilla CF loss (i.e.,

α = 0.5 in (6.6)).

Next, we first provide in Section 6.4.2 a comprehensive assessment under the DC-

GAN structure [1] for a fair comparison with the existing GANs. To reveal the

physical meaning of our CF loss, we also investigated effects of unequally weight-

ing amplitude and phase in training our RCF-GAN in Section 6.4.3. Then, the

reconstruction and interpolation of the proposed RCF-GAN is evaluated in Section

6.4.4, followed by the ablation study on key components adopted in the RCF-GAN

in Section 6.4.5. Furthermore, Section 6.4.6 shows that the proposed RCF-GAN is

scalable to various net structures and it achieved the state-of-the-art performances

under the ResNet structure [210]. The performance of RCF-GAN could be further

improved by e.g., progressive training [211], using individual learning rates [2], or

adding noise to discriminators [21]. All experiments were run on a single Nvidia-

GeForce-RTX2080 graphics card, except for the one of ResNet under image size

128× 128, which required two Nvidia-GeForce-RTX2080 graphics cards.

6.4.2 Random Image Generation under DCGAN Structure

The images generated from random Gaussian noise are shown in Fig. 6.3. Observe

that by virtue of the proposed CF loss in the RCF-GAN, the generated images are

clear and close to the real images; the FID and KID scores are further provided in

Table 6.1. This table shows that the proposed RCF-GAN consistently achieved the

best performances across the three datasets. The OCF-GAN-GP achieved compara-

ble generation performance on the CelebA dataset, but had relatively inferior perfor-
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mances compared to our RCF-GAN on the CIFAR-10 and LSUN B datasets. Thus,

although the most recent independent work, OCF-GAN, also adopts the characteris-

tic function in designing the loss, it still operates under the MMD-GAN framework,

without the interpretation of the physical meaning of the characteristic function

and the consideration of the t-net proposed in this chapter. More importantly, the

reciprocal structure introduced in this chapter, together with the proposed CF loss,

significantly improves the image generation performance.

By inspecting the achieved best performances of RCF-GAN, the use of the t-net in

outputting optimal FT (t) proved beneficial. Moreover, we set the default RCF-GAN

to use t-net and layer normalisation, which is also a common and fair choice in the

existing IPM-GANs [79]. We also show that using the spectral normalisation can

further improve the performance of the proposed RCF-GAN. In the default setting,

our critic and generator were evaluated under almost the same number of model

parameters as W-GANs, whereas MMD-GANs need an extra decoder net. The only

extra cost in our t-net is negligible because it is a 3-layer fully connected net with

the dimension of each layer less than 128.

More importantly, compared to a fluctuated generator loss that is caused by the

adversarial module in GANs, we take the advantages of the auto-encoder structure

in utilising the reciprocal loss (i.e., EZ [||z− f(g(z))||22] indicates the reciprocal loss

in the embedded space), together with the distance between the embedded real

distribution f(X ) and the Gaussian distribution Z (i.e., CT (f(X ),Z)) to better

indicate the convergence, as shown in Figure 6.3. Intuitively, the reciprocal loss

measures the convergence on reconstructions, whereas the real image embedding

distance CT (f(X ),Z) indicates the performance on generating images.

6.4.3 Phase and Amplitude in the CF Loss

Besides the illustrative examples in Fig. 6.2, the effects of α in (6.6) on training

the overall RCF-GAN are shown in Fig. 6.4. Observe that the proposed RCF-
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(a) CelebA (b) CIFAR10 (c) LSUN B

Figure 6.3: Convergence curves and the images generated by the proposed RCF-GAN
from Gaussian noise, under the DCGAN [1] structure. The curves represent an average
over a moving window, with 500 iterations.

GAN is robust to the choice of α, as when α ranges from 0.1 to 0.9, the RCF-GAN

still achieved relatively superior generations. We did not witness any mode collapse

generations in any experiment. Although α = 0.5 was a default and mainly used in

our experiments, varying α could achieve even better performances. For example,

for the dataset without complex and diversified scenarios (e.g., CelebA), imposing

amplitude by α = 0.75 increased the FID (KID) from 15.86 (0.011) to 13.84 (0.009).

As the amplitude relates to the diversity measurement in the CF loss, the increment

may come from enhancing the richness of generated faces. On the other hand, for

some complicated scenarios (e.g., CIFAR-10), keeping the mean of data generation

(that is, focusing on the phase) could be more beneficial (e.g., α = 0.1).

Fig. 6.4 further shows an illustrative example on some over-weighted examples

from CelebA. When over-weighting the phase (α = 0.1), the generated images tend

to be whitened and blurred, with their interpolation less smooth. This indicates

that the RCF-GAN tended to learn the average (mean) information of the data.

On the contrary, when the amplitude was over-weighted (α = 0.9), the generated

images were over-saturated and with noisy artefacts, meaning that the RCF-GAN

was likely to learn diversified content, even though some learnt faces were inaccurate.

Therefore, the physical meaning of the proposed CF loss can provide a feasible way

of understanding and evaluating generation details where the KID and FID metrics
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cannot reflect.

Figure 6.4: The FID and KID scores for different α, under the DCGAN [1] structure.
Observe the embedded space (by interpolated images) of the proposed RCF-GAN, which
was learnt with different α on CelebA dataset. The details of image interpolation are given
in Section 6.4.4.

6.4.4 Image Reconstruction and Interpolation under DCGAN Structure

Benefiting from the reciprocal requirement introduced in Lemma 6.4, the proposed

RCF-GAN can also reconstruct images and learn a semantic meaningful space. Im-

ages reconstructed and interpolated by RCF-GAN, AGE and MMD-GAN are shown

in Fig. 6.5. As seen from this figure, because the RCF-GAN matches the distribu-

tions only in the embedded domain, the reconstructed images are clear and seman-

tically meaningful, resulting in superior interpolation and reconstruction. This is

beneficial because besides randomly generating real images, our RCF-GAN is able

to bi-directionally reconstruct and interpolate real images. In contrast, although

MMD-GANs employ a third module to implement an auto-encoder, the decoded

images are severely blurred.

The proposed RCF-GAN also achieved better subjective reconstruction and inter-

polation than the AGE, by generating less blurred and more accurate images (for

example, correct skin and hair colours). This is quantified in Table 6.2, which shows

that the images reconstructed by our RCF-GAN are superior to those from the

AGE. More importantly, by comparing with the FID and KID scores in Table 6.1,

the images from the proposed RCF-GAN are consistently superior, whilst the qual-
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Table 6.2: The FID and KID scores of reconstructed images under the DCGAN structure.
The AGE results were tested from its pre-trained models [7].

Methods
FID

CIFAR-10 Celeba LSUN B

AGE 47.37±0.32 30.77±0.19 —-

RCF-GAN 28.70±0.16 14.82±0.12 44.16±0.42

Methods
KID

CIFAR-10 Celeba LSUN B

AGE 0.022±0.001 0.024±0.001 —-

RCF-GAN 0.014±0.001 0.009±0.000 0.036±0.001

ity of the reconstructed images by the AGE is significantly inferior to its randomly

generated images. This also indicates the effectiveness of the unified structure of

our RCF-GAN.

(a) RCF-GAN (b) AGE (c) MMD-GAN

Figure 6.5: Image reconstruction (upper panel) and interpolation (lower panel) by the
proposed RCF-GAN, AGE [7] and MMD-GAN [5] for the CelebA dataset, under the
DCGAN [1] structure. The upper panel shows the reconstructed images (in even columns)
corresponding to the original images (in odd columns). The lower panel displays the linear
interpolation in the embedded domain.

6.4.5 Ablation Study

The roles of the two key distinguishing elements, the term λ that controls the recip-

rocal and the anchor design, of the proposed RCG-GAN are next evaluated via an

ablation study on the CelebA dataset. The results in Table 6.3 shows that without

the reciprocal loss (by setting λ = 0) the overall generation was largely degraded

and the reconstruction even completely failed. This, on the one hand, highlights the
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Table 6.3: Ablation study on the CelebA dataset. The proposed RCF-GAN was evaluated
and compared to the one without (w/o) reciprocal requirement (λ = 0) and without anchor
design.

FID

w/o reciprocal w/o anchor RCF-GAN

G. 59.39±0.37 17.80±0.20 15.86±0.08

R. >100 >100 14.82±0.12

KID

w/o reciprocal w/o anchor RCF-GAN

G. 0.046±0.001 0.010±0.000 0.011±0.001

R. >0.060 >0.060 0.009±0.000

Note: G. stands for random image generation and R. for image

reconstruction.

Figure 6.6: The ResNet 128 × 128 structure adopted in this work. The numbers in red
colour represent the channel setting of ResNet 64× 64.

necessity of the reciprocal loss in our work; on the other hand, it also validates the

correctness of the theoretical guarantee in Lemma 6.4, which is an important require-

ment that also motivates the auto-encoder structure in our RCF-GAN. Moreover,

Table 6.3 also validates the effectiveness of the proposed anchor design. Without

the anchor design, the generation still works, however, because the minimisation

of CT (f(X ),Z) by the anchor does no longer exist, the mapping of real images

f(X ) might not completely fall into the support of Z, thus leading to poor recon-

structions. Therefore, in order to successfully generate and reconstruct images, the

reciprocal and anchor architecture are necessary in the proposed RCF-GAN.

6.4.6 Advancements under ResNet Structure

The scalability of the proposed RCF-GAN was further evaluated over complex net

structures and larger image sizes. Specifically, we trained RCF-GAN under the
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Table 6.4: The FID and KID scores under the ResNet structure, for 64×64 and 128×128
image sizes. The result of Sphere GAN was obtained from the original article [8]. We
ran the available code of the OCF-GAN-GP [6] with its implemented ResNet structure
because it failed to converge in our structure given in Fig. 6.6.

64× 64
FID KID

Celeba LSUN B Celeba LSUN B

Sphere GAN — 16.9 [8] —- —-

RCF-GAN 9.02±0.22 8.76±0.07 0.006±0.001 0.005±0.001

RCF-GAN (R.) 8.06±0.08 7.89±0.05 0.003±0.000 0.002±0.000

128× 128

OCF-GAN-GP 20.78±0.15 21.82±0.20 0.015±0.001 0.014±0.001

RCF-GAN 10.71±0.11 10.32±0.13 0.006±0.000 0.005±0.001

RCF-GAN (R.) 13.01±0.15 8.64±0.10 0.006±0.000 0.003±0.000

Note: R. stands for image reconstruction.

(a) Generation (b) Reconstruction (c) Interpolation

Figure 6.7: Random generation, reconstruction and interpolation by the proposed RCF-
GAN, using ResNet and images of size 128 × 128 pixels. The upper panel shows images
of the CelebA dataset and the lower panel images from the LSUN B dataset.
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ResNet structure, over image sizes of 64× 64 and 128× 128. The ResNet structure

for image size 64 × 64, was exactly the same as that in [79]. We extended this

structure to the image size of 128×128 in a similar way to the DCGAN, as is shown4

in Fig. 6.6. We adopted spectral normalisation instead of the layer normalisation

in the ResNet experiments; we refer to our implementations for more detail.

The FID and KID scores are given in Table 6.4, and the results of randomly gener-

ating, reconstructing and interpolating 128 × 128 images are provided in Fig. 6.7.

Again, it is obvious that the proposed RCF-GAN achieved the lowest (and best)

FID and KID scores, compared to the existing state-of-the-art models. The gener-

ated images given in Fig. 6.7 also validate the fidelity and superior performances

of our generation. More importantly, under a more powerful net structure than the

DCGAN, the proposed RCF-GAN learned a more semantically meaningful embed-

ded space, thus reconstructing and interpolating images in a highly realistic style.

Therefore, the proposed RCF-GAN, only requiring two network modules with a

simple training strategy, achieved the above superior generation, reconstruction and

interpolation in a stable and scalable way, compared to other GANs that either

require additional nets (e.g., ALI and MMD-GAN) or employ complicated training

strategies (e.g., W-GAN and MMD-GAN for training the critic and generator at

different times).

6.5 Appendix

6.5.1 Proof of Lemma 6.1

We here prove the non-negativity, symmetry and triangle properties that are re-

quired as a valid distance metric.

4Please note that the critic of our ResNet 128 × 128 structure is slightly different from that in the
spectral GAN [80]. We adopted a symmetric (mirror) structure of the generator, whereby the spectral
GAN used an asymmetric one. Although the RCF-GAN still works under the structure of the spectral
GAN, we believe that the mirror structure can well reflect the proposed reciprocal idea and also represents
a natural extension of the ResNet 64 × 64 in [79]. The parameter size in our ResNet structure is slightly
smaller than that in the spectral GAN.
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Non-negativity: Based on the definition of CT (X ,Y) in (6.4), the term CT (X ,Y)

is non-negative, because c(t) ≥ 0 for all t. We next prove that the equality holds

for:

• X =d Y → CT (X ,Y) = 0: This is evident because ΦX (t) = ΦY(t) for all t.

• X =d Y ← CT (X ,Y) = 0: Given that the support of T is Rm,
∫

t

√
c(t)dFT (t) =

0 exists if and only if c(t) = 0 everywhere. Therefore, ΦX (t) = ΦY(t) for all

t ∈ Rm. According to the Uniqueness Theorem of the CF, we have X =d Y .

Therefore, CT (X ,Y) ≥ 0, and the equality holds if and only if X =d Y .

Symmetry: This is obvious for the symmetry of c(t), thus yielding CT (X ,Y) =

CT (Y ,X ).

Triangle inequality: Because the CFs ΦX (t) and ΦX (t) are elements of the

normed vector space, we have the following inequality (also known as the Minkowski

inequality), ∫
t

|ΦX (t)− ΦZ(t) + ΦZ(t)− ΦY(t)|dFT (t)

≤
∫

t

|ΦX (t)−ΦZ(t)|dFT (t)+

∫
t

|ΦZ(t)−ΦY(t)|dFT (t).

(6.9)

Therefore, the triangle property of CT (X ,Y) follows as

CT (X ,Y) ≤ CT (X ,Z) + CT (Z,Y). (6.10)

This means that CT (X ,Y) is a valid distance metric for measuring discrepancies

between two random variables X and Y .

This completes the proof.
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6.5.2 Proof of Lemma 6.2

The proof of the triangle and symmetry properties is the same as those for Lemma

6.1. The non-negativity is also evident (the same as that in Lemma 6.1), but the

equality holds for different conditions.

Before proceeding with the proof, we first quote Theorem 3 from Essen [212].

Theorem 3 ( [212]) The distributions of two random variables X and Y are the

same when

• ΦX (t) = ΦY(t) in an interval around 0;

• βk =
∫
x
xkdFX (x) <∞ for k = 0, 1, 2, 3, . . .

•
∑∞

k=1
1/β1/2k

2k diverges, which means that the moment problem of βk is determined

and unique.

It is the fact that only requiring ΦX (t) = ΦY(t) in an interval around 0 does not

ensure the equivalence between two distributions without any other constraints, also

given in the counterexample provided in [212]. This equivalence cannot be ensured

even when all the moments are matched. The third condition, intuitively, guarantees

this equivalence by a restriction that the moment does not increase “extremely” fast

when k →∞.

In Lemma 6.2 of this work, we bound X and Y by [−1, 1], thus having |βk| ≤ 1 <∞

and 1/β1/2k
2k ≥ 1 so that

∑∞
k=1

1/β1/2k
2k diverges. In this case, according to Theorem 3,

we have ΦX (t) = ΦY(t) when t samples around 0 → X =d Y . Conversely, it is

obvious that X =d Y → ΦX (t) = ΦY(t) for all t. Therefore, for bounded X and

Y , sampling around 0 is sufficient to ensure the symmetry, triangle, non-negativity

(together with the uniqueness when the equality holds) properties of CT (X ,Y).

This completes the proof.
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6.5.3 Proof of Lemma 6.3

We first show the boundedness of CT (X ,Y) by observing

0 ≤ CT (X ,Y) =

∫
t

|ΦX (t)− ΦY(t)|dFT (t)

≤
∫

t

|ΦX (t)|dFT (t) +

∫
t

|ΦY(t)|dFT (t) ≤ 1 + 1 = 2,

(6.11)

where the second inequality is obtained via the Minkowski inequality and the third

one by the fact that the maximum modulus of the CF is 1. It should be pointed

out that this property is important and advantageous because in this way our cost

becomes bounded automatically. Otherwise, we may need to bound f ∈ F to

ensure an existence of the supremum of some IPMs (such as the dual form of the

Wasserstein distance used in the W-GAN).

To prove the differentiable property, we first expand c(t) in CT (X,Y)=
∫

t

√
c(t)dFT (t)

as

c(t) = (Re{ΦX (t)} − Re{ΦY(t)})2 − (Im{ΦX (t)} − Im{ΦY(t)})2, (6.12)

where Re{ΦX (t)} = EX [cos(tTx)] denotes the real part of the CF and Im{ΦX (t)} =

EX [sin(tTx)] for its imaginary part. Therefore, by regarding c(t) as a mapping

Rm → R, it is differentiable almost everywhere5.

This completes the proof.

6.5.4 Proof of Lemma 6.4

Because EZ [||z − f(g(z))||22] = 0 and ||z − f(g(z))||22 ≥ 0, we have z = f(g(z))

for any z and g(z) under the supports of Z and Y , respectively. We can obtain

g(z) = g(f(g(z))) under the supports of Z and Y as well; given that y = g(z) by

5We note that c(t) is not necessarily complex differentiable because it does not satisfy the Cauchy-
Riemann equations. In other words, nonconstant purely real-valued functions are not complex differentiable
because their Cauchy-Riemann equations are not satisfied. However, in our case, CT is differentiable as it
is treated within the CR calculus. Please refer to [206,213] for more detail on the CR calculus.
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the definition, this results in y = g(f(y)). Then, we have EY [||y − g(f(y))||22] = 0.

Therefore, the function g(·) is a unique inverse of the function f(·), and vice versa,

which also indicates that the two functions are bijective.

The bijection of the function f(·) possesses many desirable properties between the

domains of Y and Z, thus ensuring the equivalences between their CFs. More

specifically, without loss of generality, we assume CT (X ,Y) = 0, which means

∫
x

ejt
T

xdFX (x) =

∫
y

ejt
T

ydFY(y), for all t. (6.13)

Then, given the bijection f(·) by X = f(X ) and Y = f(Y), we obtain x = f(x) =

f(y) = y⇔ x = y, for any realisations x and y from X and Y . Then, the following

equivalence between the CFs of X = f(X ) and Y = f(Y) holds∫
x

ejt
T

xdFX (x) =

∫
y

ejt
T

ydFY(y), for all t

⇔
∫

x

ejt
T f(x)dFX (x) =

∫
y

ejt
T f(y)dFY(y), for all t

⇔
∫

x

ejt
TxdFX (x) =

∫
y

ejt
TydFY(y), for all t.

(6.14)

Therefore, we have CT (f(X ), f(Y)) = 0. Furthermore, we also have f(Y) =d Z

due to EZ [||z− f(g(z))||22] = 0. Hence the following equivalences: CT (X ,Y) = 0⇔

CT (f(X ), f(Y)) = 0⇔ CT (f(Y),Z) = 0 and CT (f(X ),Z) = 0.

This completes the proof.

6.6 Summary

We have introduced an efficient GAN structure that seamlessly combines the IPM-

GANs and auto-encoders. In this way, the reciprocal in the proposed RCF-GAN

ensures an equivalence between the embedded and data domains, whereas in the em-

bedded domain the comparison of two distributions is rigorously supported by the

proposed powerful CF loss, together with the physically meaningful phase and am-
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plitude information, and an efficient sampling strategy. The reciprocal, accompanied

with the proposed anchor design, has been shown to also stabilise the convergence

of the adversarial learning in the proposed RCF-GAN, and at the same time to

benefit from meaningful comparisons in the embedded domain. Consequently, the

experimental results have demonstrated the superior performances of the proposed

RCF-GAN in tasks on image learning tasks.



Chapter 7

Application in Graph Link

Prediction

In many situations where the graph topology cannot be directly observed or even

when the data is partially observed, the inference of graph structure is a key first

step. Unfortunately, given the observed graph data, graph learning is an ill-posed

problem, of which a reasonable solution requires some priors. Thus, it is natural to

connect and summarise those techniques under the umbrella of probabilistic gener-

ative models. We herein propose to an advanced graph RCF-GAN (GRCF-GAN)

for graph topology inferencing, with the state-of-the-art performances achieved over

a range of applications.

7.1 Introduction

Oftentimes, it is necessary to establish additional connections, in addition to the

existing edges in a graph, such as in the cases of graph completion (interpolation)

and graph extension (expansion) [214, 215]. This is achieved through so called link

prediction. A direct way to perform link prediction would be to employ some heuris-

tic similarity method on the nodes and sub-graphs in order to predict the missing

145
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links between nodes, as is the case with PageRank, SimRank [216] and SEAL [217].

Alternatively, we can employ learning approaches to infer such links in some “well-

behaved” embedded spaces of graphs; this is highly related to the field of graph rep-

resentation learning, that is, learning a representative latent space given an existing

graph. The spectrum of a graph is a simple yet effective candidate for an embedding

space, since it reflects smoothness (frequency) of graphs. In this way, spectral clus-

ters can be utilised to train a classifier to predict links [10]. In addition to spectral

clustering, more advanced methodologies include Deepwalk [218], Note2vec [219]

and Line [220], all of which learn meaningful and continuous low-dimensional latent

spaces by preserving (encoding) neighbouring information of nodes. For more detail,

we refer to some recent well-documented reviews [221–223].

More recently, the graph convolutional net (GCN), a powerful tool for implicitly

processing local information in graphs, has also been applied to link prediction

tasks, through probabilistic generative models. Within GCNs, two types of gener-

ative models are typically used, graph variational auto-encoder (VAE) and graph

generative adversarial model (GAN) [224–226]. Autoregressive models have also

been considered to progressively generate graphs [227, 228]. We here focus on the

VAE-based methods because they are straightforwardly designed to learning repre-

sentations for link prediction, while GAN related methods are motivated by graph

generation. We should also point out that the two VAE- and GAN- based approaches

are not independent, as some VAE-based works take advantage of additional adver-

sarial modules to improve learning capacity [229, 230]. The proposed RCF-GAN in

Chapter 6, being a seamless combination of auto-encoder and GANs, however, is

also a promising candidate for graph generation, part our future work.

The graph VAE [11] employs the VAE framework proposed in [18], with the un-

derpinning idea that the data (or the graph connections in graph VAEs) are also

generated by Gaussian random samples. However, different from the linear model

approaches, the VAE employs a neural net (decoder) as a non-linear way of image

generation. To avoid trivial generation from random noise, we need to find a rea-
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sonable set that is likely to generate meaningful signals, thus leading to an encoder

structure which minimises its distance to the true posterior. We refer to [231] for a

detailed tutorial on the VAE.

The initial attempt, called the variational graph auto-encoder (VGAE) [11], uses the

connection information to the encoder, implemented as a GCN, whilst the decoder

employs a simple inner product operation to reconstruct the adjacency matrix. To

enable a GCN in the decoder and complete the theory, work in [232] proposes an in-

termediate and learnable adjacency matrix within the decoder. Other improvements

include regularising VGAE through semantic validity [233], use of rich models (such

as mixture models) as a prior [234], and an asynchronous message passing scheme

for directed acyclic graphs [235].

A potential problem with the VGAE is that its reconstruction loss forces the training

of the VGAE to recover an incomplete training adjacency matrix, whereby the test

and validation edges are masked out. Therefore, if a perfect reconstruction was

achieved in training, in the test stage, the VGAE would only recover the training

edges, whilst ignoring the test and validation edges. The way of relieving this

issue by the VGAE lies in its usage of variational inference i.e., the representation

(embedding) of each graph node as a Gaussian distribution given by the learnt mean

and covariance. This, however, adds disturbance and difficulties to the decoder when

reconstructing, increasing the reconstruction loss in an implicit adversarial way and

forcing the VGAE to learn robust and meaningful graph representations.

On the other hand, because the proposed RCF-GAN in Chapter 6 can learn a mean-

ingful representation in the embedded space, graph links can be directly predicted

by the embedded features, instead of being reconstructed by the decoder as the

VGAE does. Thus, the graph RCF-GAN (GRCF-GAN) in graph link prediction

differs from the VGAE in two main aspects: 1) the decoder within the GRCF-GAN

no longer reconstructs the adjacency matrix but outputs the node features, to sat-

isfy the reciprocal requirement of the proposed GRCF-GAN; 2) the reconstruction

loss in GRCF-GAN is based on node features, in the embedded space, instead of
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the adjacency matrix in the data domain of the VGAE. The so learnt embedded

features are therefore graph representations and generalise well, thus enabling link

prediction via our GRCF-GAN to effectively avoid overfitting to the training edges.

Experimental results show that the embedded space learnt from only reconstructing

graph node features can accurately predict graph links via a fixed inner product op-

eration, in this way outperforming the existing VGAEs [11] that aim to reconstruct

graph adjacency matrices.

7.2 Probabilistic Generative Models in Graph Link Predic-

tion

Generally speaking, a graph consists of a set of vertices (nodes), V , connected

by a collection of edges A ∈ |V | × |V |, where |V | represents the cardinality of

the set V . The connection by edges is typically denoted by an adjacency matrix

A, where its element Ai,j > 0 if nodes Vi and Vj are connected, and Ai,j = 0

otherwise. Alternatively, the Laplacian matrix L can also be employed to represent

the connectivity, by L = D−A, where D is called the degree matrix and is diagonal

by Di,i =
∑

j Ai,j. Because the diagonal matrix D, the non-diagonal elements in

L are non-positive. When the graph is undirected, an important property of the

Laplacian matrix is that it is positive semi-definite (psd), which allows for eigen-

decomposition and definitions of spectrum in graphs [236].

Graph data analytics with known or given typologies A or L is feasible for ap-

plications that involve physically meaningful structures, such as citation networks,

transport networks and observable social networks. In those applications, the graph

convolutional nets (GCNs) and other spectral techniques have been successfully im-

plemented and developed to filter, analyze or visualize graph signals [237]. However,

in many situations where the graph topology cannot be directly observed and some-

times even when the data is partially observed, the inference of graph structure is a

key first step, because different graph structures can lead to totally different types
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of results.

Unfortunately, given the observed graph data, graph learning is an ill-posed problem.

In other words, different types of graphs can generate the same data. Thus, to infer

graph topology we need to employ some priors, for example, to match statistics via

imposing sparsity or smoothness conditions on the graph. A straightforward way

would be on the basis of some fundamental statistical models, such as the covariance

or precision matrices of the Gaussian distribution (due to their positive definiteness

property), the Gaussian Markov random field with local independence prior, and the

factor analysis model with smoothness assumptions. We envisage further progress

of generative models to be based on the concept of diffusion processes on graphs.

The generating model can be regarded as the graph signal that has been diffused by

some graph kernels (e.g., polynomial kernels) from a white Gaussian distribution.

By using unified notations across the thesis, graph learning can be treated as an

inverse problem to a graph generation process, that is, V = g(Z), where V denotes

the observed data, while the data are considered to be the output of an unknown

graph transform g(·) of some initial status, Z. The existing literature of learning

a graph can be thought of as an attempt to infer the generative process, g(·), by

matching the statistics of data, V , with different priors on Z.

Example 7.1. We show in Figures 7.1 and 7.2 that different graph connections

can have different smoothness features, given the same observed samples. As indi-

cated in Figure 7.2, the observed sample retains the lowest frequency components

on Graph-(a) and the highest frequency components on Graph-(c). This also results

in the smoothest nodal sample when evaluated on Graph-(a). In signal processing,

we typically aim at “de-noising” a signal to obtain low-frequency based (or smooth)

signals. Therefore, given the observed samples, the prior of smoothness can also be

helpful when learning a graph.
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(a) (b) (c)

Figure 7.1: Three types of graph connections given the observed nodal sample v =
[3, 2, 1, 0,−1,−2,−3]T .

Figure 7.2: The spectrum values corresponding to the three types of graph connections
in Figure 7.1. The energy is calculated via vTLv, where small values indicate a smooth
graph.

7.2.1 Basic Gaussian Model

The simplest way of constructing a graph would be to associate edge weights with

the covariance of graph data; this is reasonable under the Gaussian assumption,

since the first two moments fully capture the whole statistics of the data. Given the

covariance matrix, its non-zero elements naturally provide consistent estimation of

the connectivity within a graph. Furthermore, by associating the adjacency matrix

A with the covariance Σ of a Gaussian distribution, a more sophisticated approach

would be to use hypothesis testing via setting a false alarm rate (Chapter 7.3.1

of [238]). However, the limitation of this model is that by employing individual

tests, the number of implementation scales in inferring the graph grows up to O(m2),

where m is the number of nodes or the dimension of the node vector. This, on the
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one hand, results in high computational complexity in relatively large graphs; on

the other hand, this leads to increasingly false judgements even with a constant false

alarm rate. A further possible misleading of the correlation models is due to the

fact that the correlation does not mean the causation. In other words, the i-th and

j-th vertices can show a strong correlation when they are all highly influenced by a

middle vertex, however, they are not the causation of one another.

A way of addressing this ambiguity is to use the conditional correlation given by

the precision matrix Q as an indicator of A because as introduced in Chapter 2,

the precision matrix Q in the Gaussian distribution reflects the independence so

as to show the Markov property. A similar hypothesis testing method can also be

employed and is still limited to large-scale graphs. More importantly, this method

has one additional limitation, in that it requires the number of samples to be larger

than the dimension of covariance to ensure a proper inverse of covariance; this does

not necessarily hold, especially for large-scale graphs. Therefore, an advancement of

this model is to impose a prior on the precision matrix, which results into a regular-

isation term in estimating the precision matrix and the graph LASSO method can

be applied to solving the advanced model [239]. More importantly, constraining the

elements in A to be non-negative is also a common regularisation type in graphical

learning. For more detail, we refer to [240–242].

7.2.2 Factor Model and Polynomial Models

We can further use the factor model introduced in Chapter 2.1.1 to infer the graph

connection A or L [243–246]. To allow for more flexible generating procedures, a

tractable non-linear model by the polynomial transform has been proposed in the

following form,

V =d

l∑
i=1

λiS
iZ i + ε, (7.1)

where Z i is independent white Gaussian noise Z i ∼ N (0, I), while ε ∼ N (0, α2I),

similar to the factor model in (2.6). From (7.1), S is the (symmetric) shift operator
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which can be chosen as e.g., the adjacency matrix, or the Laplacian matrix, to name

but a few. Furthermore, (7.1) can be compactly written as

V =
l∑

i=0

λiS
iZ i, (7.2)

where S0 = I and λ0 = α2 retain the same statistics as those in (7.1).

On the basis of (7.2), the covariance of V can be calculated as

Σ = E[VVT ] = (
l∑

i=0

λiS
i)E[ZZT ](

l∑
i=0

λiS
i)T

=
l∑

i=0

λiS
i(

l∑
i=0

λiS
i)T = UT

( l∑
i=0

λiΛ
i
)2
U ,

(7.3)

where we have used the eigen-decomposition S = UTΛU .

Eigenvector estimation. From (7.3), we can see that the eigenvectors of S are

the same as those of the covariance of V . This means, in a straightforward way,

that we can infer the eigenvectors of the S by the empirical covariance from the

observed data, v1,v2, . . . ,vn.

Eigenvalue estimation. After obtaining the eigenvectors, the remaining task is to

estimate the eigenvalues of S. Without any additional constraints, it is obvious that

arbitrary values can be chosen as the eigenvalues of S because we can always find

a corresponding set of λ1, λ2, . . . , λl that satisfies (7.3). Thus, to achieve a unique

solution, we need to employ some prior on the function f(·) [247], which is modelled

as

min
S,Λ

f(S), subject to S = UTΛU . (7.4)

For example, when f(S) = ||S||0, the objective function minimises the number of

edges, whereas f(S) = ||S||1 minimises the energy of graph edges.

Equation (7.2) assumes that the diffusion process starts from the same initial status,

white Gaussian noise. An enhanced diffusion model has been proposed in [248] by
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assuming that the signals are generated from multiple heat diffusion processes

V =
l∑

i=1

e−λiLZ i. (7.5)

Here, Z i represents the initial state that can also be optimised, and λi controls the

diffusion time (depth). This means that with a small λi, the i-th column of e−λiL

is localised at the i-th vertex. This model can be solved via a dictionary-learning

solver by regarding [e−λ1L, e−λ2L, . . . , e−λlL] as the dictionaryD and [Z1,Z2, . . . ,Zl]

as coefficients Z. The objective function can now be formulated as

min
L,Z,λi

||V −DZ||2F + reg(Z) + reg(L), subject to {λi}li=1 ≤ 0, (7.6)

where reg(·) denotes a certain regularisation; for more detail, we refer to [248].

7.2.3 Deep Graph Generative Models

A further existing extension of the framework to link prediction would be to estimate

the missing graph connections using the VAE, as introduced in Chapter 2.2.2. The

initial attempt, called the VGAE [11], models the connectivity (adjacency matrix)

through the encoder, by q(z|A,v), whilst the decoder remains the standard neural

network used to reconstruct the connectivity. In this way, the encoder in the VGAE

can be implemented as a GCN, while the decoder may be simplified to only a product

operation p(A|z) = sigmoid(zzT ), where the sigmoid function is used to satisfy the

probability constraint. The overall structure of the VGAE is given by Figure 7.3. To

enable the use of a GCN also in the decoder and to comply with graph theory, work

in [232] proposes to employ an intermediate and learnable adjacency matrix within

the decoder. Other improvements include regularising VGAE through semantic

validity [233], use of rich models (such as mixtures models) as a prior, p(z) [234],

and an asynchronous message passing scheme for directed acyclic graphs [235].
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Figure 7.3: Principle of the use of VGAE in link prediction. The training process of the
VGAE is based on the provided training edges and node features, whilst the test edges are
not connected. Different from the standard auto-encoder, the encoder of VGAE outputs
the estimated mean and covariance values of Gaussian distributions (µ1,µ2, . . . ,µ6 and
σ1,σ2, . . . ,σ6), while the input to the decoder is randomly drawn from the corresponding
Gaussian distributions. Being a graph variance of the VAE, the loss consists of two
parts: the term KL(q(z|A,v)||p(z)) of Loss 1 which reflects how well the output Gaussian
approaches the standard Gaussian distribution, p(z) (zero mean and identity covariance),
while the term Eq(z|A,v)[log p(A|z)] of Loss 2 corresponds to the quality of reconstruction
of the adjacency matrix, A.

7.3 Proposed Graph Link Prediction Method

Since the proposed RCF-GAN in Chapter 6 is capable of learning representative

embeddings in the latent space, we therefore develop a GRCF-GAN to predict the

missing links, following the idea that the observed signals are generated by proba-

bilistic models of graphs. The overall structure is shown in Figure 7.4. Specifically,

similar to the VGAE, we use the GCN as the encoder structure to accommodate

the graph connection information A. However, for the decoder, different from the

VGAE that tries to reconstruct the incomplete adjacency matrix and thus suffers

from possibilities of overfitting, we aim to learn representative features in the latent

space, and thus are able to infer graph links by a simple product operation on the

learnt features, i.e., by sigmoid(zzT ). In other words, for the decoder of the proposed

GRCF-GAN, we aim to generate graph node features, so that the learnt feature z

is able to represent both the node features and the connectivity information.
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Figure 7.4: The overall structure of the proposed GRCF-GAN.

7.4 Experimental Results

In the following experiments on graph link prediction, we employed two well-known

datasets, i.e., Cora and Citeseer [249]. The split of datasets into training, validation

and test sets was exactly the same as that in the VGAE [11] for fair comparisons,

i.e., 85% for training, 5% for validation and 15% for testing. The RCF-GAN settings

from Section 6.4.1 remained the same to verify the robustness and generalisation of

the proposed GRCF-GAN, except for the net structures. For the critic of GRCF-

GAN, we adopted the same basic GCN as the one adopted in the VGAE for a fair

comparison. The dimensions of both the critic in GRCF-GAN and the VGAE were

set to {mnode, mlayer, 128}, where mnode denotes the dimension of node features

and mlayer represents the dimension of the middle layer. We set mlayer by {256, 512,

1024, 2048} in our experiments for comprehensive comparisons. The VGAE was also

run with different mlayer for a fair comparison by its publicly provided code [11]. For

the generator of our GRCF-GAN, we used a simple 3-layer fully connected neural

net with dimensions {128, mlayer, mnode}. The training and testing process were

repeatedly ran 10 times, with both models were trained over 300 epochs. Finally,

the mean values of the area under the ROC curve (AUC) and average precision (AP)

are shown in Fig. 7.5. Our implementation on graph link prediction is available at

https://github.com/ShengxiLi/grcf.
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(a) Cora

(b) Citeseer

Figure 7.5: The AUC and AP scores of our GRCF-GAN and standard VGAE, with mlayer

ranging from 256 to 2048. The solid lines show the AUC and AP of our GRCF-GAN in
testing, whereas the dashed lines designate for the VGAE. Since spectral clustering [10]
is a typical baseline when not using GCNs, spectral clustering results from [11] are shown
in dotted lines.

Observe from Fig. 7.5 that for all mlayer our GRCF-GAN for link prediction consis-

tently outperformed the VGAE and spectral clustering method by a significant mar-

gin. More specifically, the VGAE achieved its best performance at approximately

mlayer = 512, with the AUC (AP) at 0.910 (0.929) for Cora and 0.904 (0.921) for

Citeseer. Further increasing mlayer may lead to overfitting of the VGAE, thus de-

creasing its performances in link prediction. However, with the increase of network

sizes, the performances of the proposed GRCF-GAN improved accordingly, and the

AUC (AP) scores reached 0.936 (0.941) for Cora and 0.944 (0.946) for Citeseer. On

the one hand, this may be due to the fact that GRCF-GAN does not directly recon-

struct the adjacency matrix but instead learns a semantic embedded space for link

prediction. On the other hand, this improvement also validates the effectiveness and

efficiency of the learnt embedded space. Therefore, by unifying the autoencoder and
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adversarial learning in the proposed GRCF-GAN, we are not only able to precisely

mimic data distributions, but also learn semantically meaningful representations of

the data.

7.5 Summary

In this chapter, we have developed the GRCF-GAN for the prediction of graph

links (edges), which is a key task in graph representation learning. We have first

discussed the generative models introduced in previous chapters in the context of the

graph link prediction problem, so as to indicate the links between the probabilistic

generative model and the graph generation. We have further proposed the GRCF-

GAN for graph link prediction, which, uniquely, generates links by learning graph

representations instead of minimising reconstruction errors as in existing works. The

proposed GRCF-GAN has achieved the state-of-the-art performances, which also

verifies the efficient and semantic way of learning of the GRCF-GAN structure.



Chapter 8

Conclusion

8.1 Summary of Thesis Achievements

This thesis makes original contributions to probabilistic generative models, and si-

multaneously develops the corresponding statistical metrics and estimation solvers.

Three important properties, namely robustness, explainability and expressibility,

have been improved and generalised for both explicit and implicit generative mod-

els, providing advanced AI techniques for modelling and understanding signals. This

chapter briefly summaries the main contributions of this thesis, followed by discus-

sion on open problems.

In Chapter 3, we have proposed a skewed elliptical distribution to generalise its sym-

metric counterpart, by the directional statistics depicted by the von-Mises-Fisher

(vMF) distribution. This generalisation is physically meaningful and shares impor-

tant properties with the elliptical distribution, including robustness, explicit density

functions and moments, meaningful stochastic representations, and intrinsic inde-

pendence and invariance properties. We have further proposed a stable and efficient

solver, which has been verified both theoretically and through numerical results.

In Chapter 4, we have proposed the elliptical mixture model (EMM) to address

multi-modal signals. We have provided a ready-to-use summary for computable

158
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and identifiable EMMs, given the broad family of elliptical distribution, as well as

calculated the influence function to quantify the robustness. The universal manifold

solver was further proposed, which is equipped with a re-formulation trick and re-

designed cost, to compensate for a mismatch of the statistical manifold established

on elliptical distributions. The proposed EMMs, together with the universal solver,

have been experimentally validated that they are resistant to outliers, and flexible

and powerful in modelling, whilst achieving fast and stable convergence.

In Chapter 5, to overcome the local optima when learning EMMs, we have further

proposed a relaxed Wasserstein distance for powerful discrepancy measurement be-

tween probabilistic models; the so proposed distance also allows for building explicit

statistical manifold on EMMs, rather than on the elliptical distributions. Conse-

quently, we have proved that the relaxed Wasserstein distance is an upper bound of

the Wasserstein distance, whilst achieving explicit manifold operations. More im-

portantly, for the universal manifold solver, we have proposed the directional Adam

(Dadam), an adaptive stochastic manifold gradient descent method, to accelerate

the convergence. Besides robustness and universal convergence, the proposed solver

estimates the EMMs to approximately the global optimum with fast and stable

convergence speed, which has been validated through comprehensive experiments.

In Chapter 6, we have proposed the reciprocal characteristic function GAN (RCF-

GAN), to further enhance model expressibility to complicated signals. The proposed

RCF-GAN is built upon the characteristic functions (CFs), a powerful tool that

admits all the information about any general distribution. We have further proved

that the proposed RCF-GAN is theoretically complete due to the proposed reciprocal

theory and demonstrated that, by weighting the phase and amplitude parts of the

CFs, we are able to control the generation style. More importantly, we have further

proposed an optimal sampling strategy under the umbrella of elliptical distributions,

and an anchor design to improve the convergence speed. Consequently, the proposed

RCF-GAN is shown to seamlessly combine the auto-encoder and GAN, and thus

learn a semantic low-dimensional manifold of signals, which promises both enhanced
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expressibility and explainability of models. Whilst benefiting from simple and stable

training, the proposed RCF-GAN has been experimentally validated to achieve the

state-of-the-art generation and reconstruction.

In Chapter 7, we have introduced radically novel probabilistic generative models for

graph link prediction tasks, which makes it possible to learn graphs from statistics

of the observed graph signals, instead of using some fixed rules to decide graph

connections. We have introduced most of the generative models to the task, and

have further proposed a graph RCF-GAN (GRCF-GAN), which learns meaningful

representations of graph nodes and achieves the state-of-the-art performances.

8.2 Future Work

Although remarkable advancements have been made in this thesis, we still have a

long way to go before the probabilistic generative models are mature in terms of

both robustness, explainability and expressibility, the road to the general artificial

intelligence. Related to the achievements of this thesis, some of the open problems

and future directions are provided below.

8.2.1 Generating Process: Advanced Elliptical Models

This thesis has provided a unifying framework of computable elliptical distribu-

tions, as well as the corresponding statistical manifold metrics to obtain universal

solvers. The elliptical distribution generalises the Gaussian distribution and also

shares its many important properties such as location-scale property, affine trans-

form, and conditional/marginal distribution belonging to the elliptical distributions.

It is therefore desirable to generalise many widely applied Gaussian generative mod-

els, including factor analysis, (deep) Gaussian process, Kalman filter, to name but

a few. Moreover, this thesis has addressed the EMMs, however, the mixture of

skewed elliptical distributions is still yet to be investigated. Eventually, the mixture
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of skewed elliptical distributions will be able to identify multiple skewed clusters,

and therefore comes with enhanced flexibility and explanability.

8.2.2 Metric: Statistical Manifold and Graphs

Given the fact that the graph Laplacian can be regarded as a discrete realisation of

the Riemannian metric, it is therefore beneficial to connect graphs to the statistical

manifolds of generative models, e.g., the elliptical distributions and EMMs, thus

establishing statistical graphs. This is beneficial to both fields; on the one hand, the

generative models can be fast and efficiently solved by using graph techniques, on

the other hand, the graph learning can become seamless when combined with the

proposed generative models in this thesis. For example, we can predict the graph

connections by estimating an EMM, where a robust and universal predictor can be

obtained.

8.2.3 Metric: Characteristic Functions in Distribution Alignment

Another potential direction following this thesis is to bring the general concept of

the CFs into practice. The CF has been previously studied as a powerful tool in

theoretical probabilistic analysis, while its practical applications have been limited

due to complicated functional forms. This thesis has preliminarily applied the CF

to learning generative adversarial nets by developing efficient sampling methods.

It is therefore both necessary and beneficial to develop a more sophisticated and

efficient method to evaluate the difference between two CFs, either explicitly or

numerically. Furthermore, the complex-valued nature of the CF brings the physical

meaning to the CF components. It is a well known experimental phenomenon that

the phase of discrete Fourier transform of images captures the saliency information,

which motivates a large volume of works in saliency detection. This thesis gives a

probabilistic explanation to this phenomenon, paving the way for future work to

embark upon this intrinsic relationship
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8.2.4 Solver: Auto-Encoding in an Adversarial Way

The studies of GANs and studies on the design of probabilistic auto-encoders basi-

cally start from different perspectives because the former serves for the generation,

or it “decodes” from random noise, whilst the latter, as its name implies, focuses

on encoding to summarise information. Although there are extensive attempts on

combining those two structures, they typically embed one into the other merely

as components, such as by using an auto-encoder as a discriminator in GANs or

using an adversarial idea in an auto-encoder. The RCF-GAN proposed in this the-

sis provides a way of equally treating the two structures; the proposed structure,

which contains only two modules, can be regarded both as an “encoder-decoder”

and “discriminator-generator”. We believe that this path is promising and efficient,

as it combines both the powerful expressibility of GANs and also explainability by

learning a semantic low-dimensional manifold. Following this direction, it is possi-

ble to propose many new models. For example, unsupervised classification can be

achieved when using mixture distributions in the latent space in training. The so

learnt representations can be further tuned and applied in down-streaming tasks,

such as semi-supervised learning and supervised classifications.

8.2.5 Application: Image Semantic Compression and Representation

The very nature of the probabilistic generative models is to find the intrinsic and se-

mantic representation of observed signals. The so established representation is able

to encode the signals, especially for image and video signals. The current image and

video compression standards aim at minimising the entropy in signals, which can

be easily calculated within the considered probabilistic generative models. There-

fore, application of the data-driven probabilistic generative models to compression is

expected to further improve the coding efficiency, whilst achieving semantic codecs

instead of meaningful bit steams in the existing image/video compression methods.
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[116] L. Malagò and G. Pistone, “Information geometry of the Gaussian distribution

in view of stochastic optimization,” in Proceedings of the 2015 ACM Confer-

ence on Foundations of Genetic Algorithms XIII, pp. 150–162, 2015.

[117] M. E. Khan and D. Nielsen, “Fast yet simple natural-gradient descent for

variational inference in complex models,” in 2018 International Symposium

on Information Theory and Its Applications (ISITA), pp. 31–35, IEEE, 2018.

[118] A. Renaux, P. Forster, E. Chaumette, and P. Larzabal, “On the high-SNR con-

ditional maximum-likelihood estimator full statistical characterization,” IEEE

Transactions on Signal Processing, vol. 54, no. 12, pp. 4840–4843, 2006.

[119] S. Zozor, C. Ren, and A. Renaux, “On the maximum likelihood estimator

statistics for unimodal elliptical distributions in the high signal-to-noise ratio

regime,” IEEE Signal Processing Letters, vol. 25, no. 6, pp. 883–887, 2018.

[120] S. Li, Z. Yu, M. Xiang, and D. P. Mandic, “Solving general elliptical mixture

models through an approximate Wasserstein manifold.,” in Proceedings of the

AAAI, pp. 4658–4666, 2020.



BIBLIOGRAPHY 175

[121] S. Li, Z. Yu, and D. Mandic, “A universal framework for learning the ellip-

tical mixture model,” IEEE Transactions on Neural Networks and Learning

Systems, in print, 2020.

[122] S. Zozor and C. Vignat, “On the MAP estimation in the context of elliptical

distributions,” in 17th European Signal Processing Conference, pp. 2460–2464,

IEEE, 2009.
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