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Topics in Stochastic Particle Systems and
Self-Organised Criticality

ABSTRACT

The thesis studies non-equilibrium stochastic particle systems, especially in
the context of self-organised criticality. With increasing degree of complexity,
different theoretical methods are explored, drawing upon the probability the-
ory of branching processes and statistical field theory. The concept of "crit-
icality" and its typical signatures are carefully examined in non-equilibrium
complex systems and exactly calculated for branching particle systems to
identify universal features beyond the universality class. New theoretical
results on the critical density of Abelian Manna Model are found. Field
theoretical approach is discussed to highlight the importance of dynamical
correlations in certain models, and is generalised to accommodate critical

reaction-diffusion processes on graphs.
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INTRODUCTION

The thesis is dedicated to the analysis of a few probabilistic models loosely
under the umbrella of stochastic particle systems (SPS) [1, 2] and the devel-
opment of theoretical methods for more general purposes. SPS are a wide
class of mathematical models originated from the studies of complex systems
|3, 4], which from a statistical physics point of view, are systems consisting
of many components interacting with each other and/or the environment un-
der simple dynamical rules, with relevant macroscopic phenomena explained
as emerging from the collective behaviour of their components. In models,
components are sometimes treated as "particles", no matter whether they are
particles in the physical sense [5] or abstraction that retains the discreteness
and other key properties of the components, e.g., individuals in population
dynamics or epidemic models [6]. Dynamical rules of the particles are often
chosen to be "stochastic", either of intrinsic quantum mechanical origin [7]
or due to the fact that details of the interaction involving components (parti-
cles) are too complicated to track, while statistical observables are sufficient
to account for the macroscopic phenomena of interest. Such models that
feature particles as discrete entities and stochastic dynamics are what we

referred to as SPS. Many of these models are often studied under the name



of interacting particle systems |8, 9]. We prefer SPS to include models such
as branching particle systems and random walkers [2| where particles don’t
interact with each other explicitly. Also throughout the thesis, we refer to
stochastic dynamical rules of particles as microscopic dynamics and consider
as the starting point of our inquiry, even if such dynamical rules may be
extracted from coarse-graining upon mechanisms in smaller scales and are in

some sense mesoscopic [1].

SPS can be roughly categorised into (i) reaction particle systems and (ii)
spin particle systems. The former often arises from the backgrounds of chem-
ical reactions, population dynamics, epidemics, etc. [5, 2|, where particles
are endowed with intrinsic properties called species or {ypes. Particle number
doesn’t necessarily conserve in reactions. When spatial degrees of freedom
are concerned, particles may move around or hopping among different sites.
The latter are associated with applications where particles are bound to their
spatial or topological positions, such as in (kinetic) Ising model, voter model
|2] or neural networks [10]. Particles adopt different states following the mi-
croscopic dynamics, while the total particle number is conserved. Note that
such division is not absolute, a system may be modelled in either way depend-
ing on the perspective. For example, we can construct both metapopulation
model (reaction-like) and individual-based model (spin-like) for epidemics
|6, 11]. Also, a spin particle system, when only certain spin states are of
interest, may be treated as effectively a reaction particle system with mobile
particles representing the spatial evolution of spin states. In the current the-
sis, we focus on methods for reaction particle systems, which by extension
are relevant for models that can be mapped into reaction particle systems as

well.

Reaction particle systems are often non-equilibrium, as the transitions be-
tween macroscopic states (configurations) of the system may break detailed
balance [12, 2|. This is apparent for systems with absorbing states, where the
system stops evolving once entering such a state. Whether a system would

end up in one of its absorbing states is typically contingent on some macro-



scopic observable (control parameter), leading to the study of absorbing phase
transition (APT), and further dynamical critical behaviours around the tran-
sition [13, 14, 12, 15]. APT is not only important for many applications of
complex system modelling, e.g., extinction or fixation of populations [16],
outbreak of epidemics [6], information cascades [17, 18], neural avalanches
[19], etc., but also poses interesting theoretical questions due to the signif-
icance of fluctuation near criticality and the how discreteness of particles
features in such transition. In particular, we are interested in models with
microscopic dynamics coupled to some macroscopic feedback mechanism that
self-organise the system into its criticality without the need of fine-tuning the
control parameter. These are models known to present self-organised crit-
icality (SOC) |20, 21]|. Paradigmatic models of SOC are cellular automata
with simple dynamical rules of separate time-scales and prescribed bound-
ary conditions, which demonstrate rich phenomenology (critical behaviours
sensitive to subtle changes in the dynamical rules, some of which remain

controversial) while largely lacking exact solutions [22].

Despite the simplicity of microscopic dynamics, SPS are usually challeng-
ing to solve directly. Apart from a few special cases, the standard analytical
treatment of SPS resorts to (further) coarse-graining to smooth out particle
discreteness and stochasticity [12, 15]. In the first step, all fluctuations are
ignored, resulting in a deterministic mean-field theory (MFT) of the system.
Then appropriate noise is introduced to capture the (main) effects of stochas-
ticity of the microscopic dynamics and the critical behaviours of the model.
In this thesis we explore methods for SPS from a different approach, try-
ing to hold on to particle discreteness and stochasticity as much as possible,
while relaxing, at different levels, spatial-temporal correlations to keep the
models analytical tractable. When all the dynamical correlations (spatial-
temporal correlations due to particle interactions) are ignored, particles with
only self-reactions form branching processes (BP) [2, 23]. In Chapter 1 and
Chapter 2, we discuss a few classes of BP and spatial BP as candidates
for non-trivial MFT, challenging some of the commonly held presumptions
of MFT in non-equilibrium systems [12, 24]. We then move to showcase

in Chapter 3 incorporating short-range dynamical correlations of an SOC



model in an effective BP which is exactly solvable, giving closed-form ap-
proximates of a key quantity of the model in generic set-ups. We introduce
and develop field-theoretic methods to tackle long-range dynamical correla-
tions in Chapter 4, and conclude in Chapter 5 with the application of a
systematic way to ignore correlations for network dynamics and some fresh

results.



ABSORBING PHASE TRANSITION,
CRITICAL AVALANCHES AND
BRANCHING PROCESSES

This chapter is partially based on the article [25] “ Comment on ‘Finite-size
scaling of survival probability in branching processes’ 7, Physical Review E
94.6 (2016): 066101, by Nanxin Wei and Gunnar Pruessner.

NW is the main contributor to the article.

1.1 APT and Critical Avalanches

We consider systems with absorbing-state(s) and one species of active par-
ticles and refer to the population of active particles at time ¢ and the pop-
ulation size N(t) both as activity as long as the indication from context is
clear. Without activity, the system is in an absorbing state, i.e., stops evolv-
ing. If initiated with N(0) > 0 (typically N(0) = 1), the (eventual) survival
probability of activity P := tlgglo P{N(t) > 0} satisfies


https://link.aps.org/doi/10.1103/PhysRevE.94.066101
https://link.aps.org/doi/10.1103/PhysRevE.94.066101

(1.1.1)

« =0 m<me
P(l
>0 m>m,.

where m is some effective control parameter characterising the SPS, we say
the system admits an absorbing phase transition (APT), with m < m, in
the absorbing phase and m > m, in the active phase. If further in the active
phase

P(m) ~ |m —mg|® (1.1.2)

then the APT is continuous and m, the critical point of the phase transi-
tion. At the critical point of a continuous APT, observables are expected to
be scale-invariant and display algebraic relation in their asymptotes, most
prominently featured in the finite-time active (survival) probability P,(t) :=
P{N(t) > 0} and the mean activity pu(t) := (N(t)),

P,(t) ~t7° (1.1.3)
u(t) ~t° (1.1.4)

According to theory of critical phenomena, without spatial degree of freedom,
the three exponents (3, 0, 0 determine the universality class of the APT

(among which 6 and 6 are dynamic exponents at criticality) [13, 12].

When the system from an absorbing (or quiescent) state is driven to take
up some initial activity, the evolution of activity until its termination (the
system entering an absorbing state again) can be perceived as an avalanche.
Of particular interest are critical avalanches with the underlying activity
process poised at or near the critical point of the APT. Critical avalanches
are expected to exhibit scale-invariant distributions of avalanches size and

duration:

Pr(T) ~ T~™G,(T/T.) (1.1.5)
Ps(S) ~ S7™G.(S/S.) (1.1.6)



where S := [*N(t)dt and T := inf{T : N(T) = 0} are avalanche size
and duration respectively; S. and T, are characteristic avalanches size and
duration (cut-off of power-law) dependent on the system size and distance
to the critical point, diverging at thermodynamic limit when approaching
criticality. A more refined ansatz on critical avalanches link the statistics of

size and duration:
(S|dT) :=E{S|T € (T'—dT,T]} ~ 1T (1.1.7)
which infers the conditional distribution
Ps(S|dT) ~ TGy (S/T™) (1.1.8)

The activity process at criticality features only two independent dynamic
exponents d and 0, which can be linked to the exponents of critical avalanches

through scaling laws:

T =148 (1.1.9)
5
I 1.1.10
& +1+e+6 ( )
T N N (1.1.11)
‘YST_TS—]__ P %

When avalanches are used as models for complex systems, the scaling re-
lations in Eq.(1.1.5)—(1.1.7) are often considered as signatures of criticality.
In addition, since the conditional expectation of avalanche size is the in-
tegral of the conditional expectation of activity p(t|dT) = (N(t|dT)) =
E{N(t)|T € (T'—dT,T]}, the latter, often regarded as (average) temporal
profile of avalanches [26, 27|, is also expected to take a scaling form at criti-
cality

w(t|dT) ~ T°A(t/T) (1.1.12)

with exponent 0 = vy,, — 1 = 0 + § resulting from the scale-invariance of the
two-time correlation function of the activity. The universal scaling function
in rescaled time A(t/T) is the so-called shape of the temporal profile or

the avalanche shape, which has recently been purported as an additional



key indicator of criticality, especially when the power-law distribution of

avalanche size or duration may emerge from non-critical dynamics [28, 29].

Systems with SOC feature statistics of critical avalanches, which can often
be explained through some associated APT [30, 31|. Suppose there is a
system with APT, where activity evolves at a fast or microscopic time-scale;
If driving and dissipation at a slow or macroscopic time-scale establish a
feedback mechanism making the critical point of the APT an attractor (stable
fixed-point), the system would be self-organised to criticality from a range
of initial conditions without fine-tuning. This mechanism occurs repeatedly
in the later chapters of the thesis.

1.2 Universality of Branching Processes

Branching processes (BP) are reacting particle systems with only mono-
particle reactions called branching. Throughout the thesis, we do not consider
genealogical information and restrict our attention to the population dynam-
ics of branching particle systems. From the mathematical perspective, BP
bear the nice property of additive independence and are thus amenable to a
number of analytical tools; From the modelling point of view, particles in BP
have no explicit interactions and are often considered as mean-field theories
(MFT) for more complicated interacting particle systems. As such, BP are
extensively studied and have numerous applications from biology, physics to
social sciences [32, 23, 33, 34, 35|.

BP are also perhaps the simplest stochastic particle systems with contin-
uous APT and natural candidates for modelling critical avalanches, widely
believed to be subject to the universal mean-field critical behaviours in sta-
tistical physics literatures [12] and account for many observed power-law

avalanche statistics with size exponent 3/2 [24].



In this section, we examine the APT and associated critical behaviours of
a few typical classes of BP, with a special focus on observables conditioned on
extinction or given extinction time, scenarios which link BP to avalanches.
We provide an integral account to demonstrate the universality of mean-field
critical behaviours of BP, both standard and non-standard, from the statis-
tical physics perspective, while including the ingredients that are usually left

out in the discussions of critical phenomena.

1.2.1 Homogeneous Markov BP

Consider single species (or one-dimensional) continuous-time BP { N () };>0
initiated with one particle N(0) = 1. Homogeneous Markov BP is charac-
terised by a branching rate r and a random variable K taking value from
non-negative integers N representing the number of offspring produced per
branching. At any time t > 0, each existing particle is independently subject
to branching (Poissonian events) with rate r, when it is replaced by K iden-
tical offspring. Let {px}r—o1.. be the probability mass function of K and
f(z) == E[2%], 2 € [0,1] its probability generating function, also referred to
as branching mechanism. Throughout this chapter we only consider BP with
finite mean offspring number and both positive death and birth probabilities
by assuming that m := E(K) = f'(1) < oo and py > 0, po +p1 < 1.

Markovianity of { N(¢)} indicates that at any time ¢ all existing particles are
equal in terms of branching, i.e., have the same branching rate and branching
mechanism; Homogeneity further dictates that both the branching rate and
branching mechanism are invariant over time. Define P(n,t) := P{N(t) =
n}, the BP satisfies master equation

dP((;Z,t) — Tzk:pk(n —k+1)P(n—k+1,t) —rnP(n,t), (1.2.1)



hence its generating function F(z,t) := E[zN®)], 2 € [0, 1] satisfies the for-

ward Kolmogorov equation

OF OF
O %5 - 4 (1:22)
F(z,0) = z,

which can solved by the method of characteristics [36].

Homogeneous Markov BP are also naturally renewal, i.e., after the first
branching event, the system is “renewed” to a collection of independent sub-
systems identical to the original one (with the same law).

Denote the life-time of a particle as 7 and the life-time distribution G(t) :=
P{r <t} =1—e"" we have

0

P(n,t) = 6,11 — G(t)] + /t dG(ty) Zka*k(n,t —t1), (1.2.3)

where P** stands for the k-th convolution of P(n, -), followed by (the integral

form of) the renewal equation:

F(z,t) = 2[1 - G(t)] + /t dG(t) fIF (2, — )] (1.2.4)

0
F(z,0) = z,

which is equivalent to the backward Kolmogorov equation with the same
initial condition
0

aF(z, t)=r[f(F(z,t)) — F(z,1)] (1.2.5)

F(z,0) = z.

Let finite-time extinction probability be Q(t) := F(0,t) and (eventual)
extinction probability ¢ := Q(c0). From Eq.(1.2.4) (even with general G(t))

we have

Theorem 1. (i) q is the smallest root of f(z) = z in [0, 1], which exists.

10



(ii) If m = f'(1) > 1, then q < 1; Otherwise q = 1.

BP with m ><=1 are referred to as super-, sub-, critical respectively.

which can be further strengthened by

Theorem 2. (i) If z € [0, 4], then F(z,t) 1 q, t — oo,
(ii) If z € (¢, 1), then F(z,t) | q, t — oc.

Both Theorem 1 and Theorem 2 are standard results in the theory of BP,

see for example |23].

Initial value problems Eq.(1.2.2) and Eq.(1.2.4) (with G(t) = 1—e™"") both
have the unique solution F'(z,t) and are equivalent in this case. Although
the exact solution of F'(z,t) depends on details of the branching mechanism
f(z) and may not be easily obtained explicitly, its large ¢ asymptote adopts a
unified closed form for all z € [0, 1) thanks to Theorem 1 and Theorem 2. In
the rest of the subsection, we derive the large ¢ asymptote of F(z,t) and the

resulted observables of BP for two general classes of branching mechanisms.

1.2.1.1 Regular branching mechanism

By “regular branching mechanism” we refer to offspring distributions with
all moments finite, which indicates that f(z) is analytic on z € [0,1]. This
is also the most commonly used class of BP in applications, including the
binary BP with f(z) truncated at the second order.

e (Eventual) survival probability
f(2) is Taylor expandable if it is analytic. For supercritical BP close to

criticality, ¢ 7 1, we have

g=f(g)=1-m(l—q)+ma(l—q)°+o0o((1-0q)?), (1.2.6)

11



where ms = f”(1)/2 < oo. Hence the survival probability and associated
exponent (' are given by

m—1

Pr=1-¢q=~ (1.2.7)

mo
= =1

To obtain the large ¢ asymptotic solution of F'(z,t), it is convenient to work
with the backward Kolmogorov equation Eq.(1.2.5). Since Theorem 2 ensures
that when ¢ — oo, F(z,t) 1 q Vz € [0, q|, define F(z,t) := q — F(z,t), then
F(z,t) | 0. Expand f(e) around g, for large t and given z € [0, ¢], Eq.(1.2.7)

can be approximated by

dF - -
%zr[q—m(q—F)—i—mg(q—Ff—F]
dF — —
= [ maF, (1.2.8)

where m = f'(q), M2 = f"(¢)/2 and € = ¢g—m > 0, which can then be solved
by integration, with the initial condition F(z,0) = ¢ — z. The asymptotic

solution reads

é(q—=) .-
F(z, t) ~ J Tl rden === sub- or super- critical (1.2.9)

1 ..
art+1/(g—z) critical

which contains the full information of the leading order contribution to the
marginal distribution of the BP, P(n,t), hence the asymptotes of all one-
time observables. In the homogeneous Markov case, solution Eq.(1.2.9) con-
veniently encodes the large ¢t asymptotes of all multiple-time observables as

well.

e One-time observables
For critical and subcritical BP, ¢ = 1, Eq.(1.2.9) holds for z € [0, 1], F(z,t)
encodes the asymptotes of the probability distribution of N(t) for large ¢,

12



from which we can extract all one-time observables. At criticality we have

Py(t) = F(0,t) ~ 1/t (1.2.10)
= d0=1,
and
u(t) =-F(1,1)=1 (1.2.11)
= 0=0

Eq.(1.2.6),(1.2.10),(1.2.11) give the well-known mean-field exponents of APT.

For supercritical BP, ¢ < 1, Eq.(1.2.9) holds on z € [0,¢]. The finite-
time survival probability P,(t) = 1 — F(0,t) = 1 — q + F(0,t), therefore
follows exactly the same scaling form as subcritical BP but with a shift of

the reference point (1 — g).

For supercritical BP to be avalanches, one should condition the processes
on finite extinction time. Since P{N(t) =n|T < oo} = P{N(t) = n}q¢™ due
to the Markov property, we have

F(z,t|T < 00) = F(qz,1), (1.2.12)

therefore observables evaluated at z = 1 for the conditional process can be

translated into evaluation at z = ¢ for the original process. E.g.,
(N(H|T < o0)) = qF'(q,t) = ge~ " (1.2.13)

Conditional on extinction, the expected population size supercritical BP de-

cays exponentially, just as subcritical BP.

¢ Two-time observables

Thanks to the Markov property, the generating function of n-time joint

13



distribution of the BP can be directly written down in terms of F(z,t), e.g.,

Fio(21, 20,11, t2) == [E[Z{V(tl)zév(m] = F(z1F(2,tas —t1),t1), t1 <ty
(1.2.14)

Asymptotes of the two-time observables can all be extracted from the asymp-
totic form of the (one-time) generating function F'(z,t) based on Eq.(1.2.9).
In particular, we would like to characterise the temporal profile of avalanches
wu(t|dT) := (N (t|dT)) and the cumulated temporal profile u(¢|T") := (N (¢|T)),
which are the expected number of particles at ¢t for BP conditioned on ex-
tinction at 1" or by T respectively. Since

PIN() = n|T € dry = AN =n, T < T}/dT

dQ(T)/dT
_dP{N(t) = n|T < T}Q(T)]/dT
= QT dT , (1.2.15)
the temporal profile and its cumulated version are linked by
sar) - DT /AT 1210

Q'(T)
The generating function for the BP conditional on extinction by 7' is given
by

P2 4|T) = E[zN0T] — ﬁF(zQ(T — 0,0, (1.2.17)

hence

QT —t) Q(T)

wu(t|T) = F'(1,¢|T) = oI 0T -1 (1.2.18)
Therefore from Eq.(1.2.16)
4, Q=1 d | _Q(T)
u(t|dT) =1+ O @ | o1 (1.2.19)

The first term on the right hand side of Eq.(1.2.19) is due to setting N (0) = 1
and N(T) = 0. To symmetrise with u(¢t|dT~) = u(t|dT) — 1, or consider the
shape of the temporal profiles which is rescaled to normalisation at large

T, this term can be ignored. The second term is only dependent on the
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finite-time extinction probability. At criticality, from Eq.(1.2.9) we have
Q(t) ~ 1 —1/(mgrt + 1), therefore
(tar) ~ L0 - Ly (1.2.20)
. TV T -
with parabolic avalanche shape A(x) = z(1 — x) and consistent scaling expo-
nent c =0+0=1.

e Avalanche size

Moments of avalanche size can be obtained by integrating moments of ac-
tivity over time. The avalanche size distribution can also be derived directly
from its generating function Fs(2) := E[25], 2z € [0, 1] or moment generating
function Mg(y) := E[e™¥%], y=—1n 2 > 0 which satisfies

1
Mg = mf(./\/ls) (1.2.21)

At criticality, in Eq.(1.2.21) expand f(e) around 1 to quadratic terms and
solve the resulted equation, we have Py(S) ~ S™3/2, hence T, = 3/2, consis-
tent with the scaling law Eq.(1.1.10).

All of the observables considered above, as far as their large ¢ (and T')
asymptotes are concerned, only depend on the offspring number distribu-
tion up to its second (factorial) moments, leading to universal mean-field
behaviours. These results can be understood from a more intuitive perspec-
tive: For homogeneous Markov BP, branching rate r can be seen as a uniform
rescaling of time, all the relevant information about the dynamics is encoded
in the branching mechanism f(z); If the branching mechanism is regular,
f(2) is analytic in [0, 1] and plays a similar role to the analytic free energy in
the Landau mean-field theory for continuous phase transitions in equilibrium
systems, whose first derivative determines the critical point and the second

derivative prescribes the mean-field critical behaviours.
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1.2.1.2 Branching mechanism with divergent variance

This corresponds to the offspring number K having divergent variance,
equivalently E(K?) — oo (or f”(1) — o00), which often arises from avalanches
on scale-free networks [27, 29]. Assume that K adopts a power-law distri-
bution, py ~ k™7 as k — oo with 2 < v < 3. Eq.(1.2.4) still holds, so do
Theorem 1 and 2. m = 1 is still the critical point of the BP, but f(z) is no
longer analytic at 1. Nonetheless, we can still asymptotically expand f(z)
around 1 [37]:

f(2)~1—ml—2)+cl(1—-y)1—-2)"" 21" (1.2.22)

where I' is the Gamma function and ¢ some constant. All the analysis for
the regular Markov BP carries through by replacing the quadratic term with

the power (v — 1) term, hence we have

Pr~m— 1|72 ml1 (1.2.23)
P,(t) ~t 72 t— 00 (1.2.24)
pt) =1 (1.2.25)
u(t]dT) ~ Tﬂ%(l . %) T — oo, t/T finite (1.2.26)

The critical behaviours described above may be perceived as of a non-standard
mean-field theory and this class of irregular BP is suitable to model avalanches
with intense fluctuations even when all the dynamical correlations are ig-

nored.

It is also worth mentioning that for BP with divergent offspring num-
ber variance, in the subcritical regime away from criticality, the avalanche
size distribution may still manifest power-law in a certain range [29], a phe-
nomenon uncharacteristic of regular BP. This is one of the examples where
power-law statistics of a key observable does not guarantee criticality of the

dynamics, which one should bear in mind when modelling complex systems.
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1.2.2 Inhomogeneous Markov BP

As stated at the beginning of subsection 1.2.1, Markovianity of BP
means that at any given time ¢, all the existing particles are subject to
the same global branching rate and mechanism, hence memoryless as the
process of population size. Inhomogeneity however, suggests that the global
branching rate and mechanism may vary, deterministically or stochastically,
with environment (additional degrees of freedom) or over time. Here we give
a brief discussion on the simple cases of Markov BP with branching rate

and/or branching mechanism deterministically varying over time.

For Markov BP with time-dependent branching rate r(¢) and branching
mechanism f(z,t), the master equation Eq.(1.2.1) still holds, hence the for-

ward Kolmogorov equation Eq.(1.2.2) is transformed into

OF OF
5 = ") 1f(z 1) — 4] (1.2.27)
F(z,0) =

When only the branching rate is time-dependent and the branching mech-
anism fixed, we can separate variables for F(z,t) and solve Eq.(1.2.27) by
the method of characteristics the same way as for Eq.(1.2.2). The solution
would simply be replacing 7t in the solution of Eq.(1.2.2) with fo (t"dt',
where the time-dependent branching rate serves as a non-uniform rescaling
of time. This means that Eq.(1.2.4) also holds after a change of time vari-
able, hence Theorem 1 and 2 follow. In terms of critical behaviours, f’ =1
and 0 = 0 follow from Eq.(1.2.7) and Eq.(1.2.11) unchanged, while & from
Eq.(1.2.10) depends on the particular form of r(¢) as

Py(t) ~ —— £ = 00 (1.2.28)

fo tdt

When the branching mechanism is time-dependent, the situation is more

complicated. In general, the BP would still exhibit an absorbing phase tran-

17



sition, but even the criticality of the APT depends on the specific form of
f(z,t). In some applications, however, the time-dependence of f(z,t) can
be treated as perturbation, then similar techniques for the analysis of homo-
geneous Markov BP can be applied to calculate observables near or at the

criticality of the unperturbed BP.

1.2.3 Age-dependent BP

When we loosen the constraint of Markovianity, existing particles of BP
may be subject to different branching rates or branching mechanisms. One of
the most widely studied and applied classes of non-Markovian BP is the so-
called age-dependent BP [32, 23]. Consider a single type branching particle
system [38] where newborn particles are subject to the same law: a general
life-time distribution G(t) and age-dependent regular branching mechanisms
f(z,t) := E[zK®)], where K (t) is the offspring number of a particle branch-
ing at age t with probability mass function (distribution) {py(¢)}r—o1.. and
f(e,t) analytic in [0,1] for all ¢ > 0. The BP initiates with one newborn
particle', N(0) = 1. Although {N(¢)}+¢ is non-Markovian and the master
equation doesn’t hold, the process is renewal at the first branching event
and its generating function F(z,t) satisfies a renewal equation adapted from
Eq.(1.2.4):

F(z,t) = 2[1 — G(t)] + /Ot AG(t) fIF (2.t — 1), 1] (1.2.29)

F(z,0) = 2.

Intuitively the first item on the right hand side of Eq.(1.2.29) accounts for
the initial particle not branching by ¢ and the second item the first branch-
ing occurring at t; € (0,¢) with branching mechanism f(e,¢;). When the
branching mechanism is fixed f(z,) = f(z) and only the branching rate is

age-dependent, the process reduces to a Bellman-Harris BP [32].

'BP with different initial conditions can be easily characterised with the simplest sit-
uation discussed here as building block.
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e Survival probabilities P/ and P,(t)
Denote finite-time and eventual extinction probabilities as Q(t) := F(0,t)
and ¢ := Q(o0), same as in previous sections. Let z = 0 in Eq.(1.2.29) we

have

Qt) = /0 dG(t,) flQ(t — t1),t1] (1.2.30)

Take ¢ — oo on both sides of Eq.(1.2.30), the limit is allowed also in the
integrand given the fact that 0<Q(-) <1 and 0< f[Q(+),]<1. Hence

m:Amﬂ%uﬁwxﬂ (1.2.31)

Further define f(z) := Jo7 dG(u) f(z,u). Tt is easy to see that F) =1, f(z)
is monotonically increasing and inherits the basic properties of f(z,-) (e.g.,

convexity, analyticity). Eq(1.2.31) can then be rewritten as

= flq), (1.2.32)

and we have analogous to Theorem 1:

Theorem 3. (i) ¢ is the smallest root of f(z) =z in [0, 1], which ezists.
(ii) Denote m := f'(1). If m > 1, then q < 1; Otherwise q = 1.
Age-dependent BP with m ><= 1 are referred to as super-, sub-, critical

respectively.

with f (z) playing the role of effective branching mechanism. Since f (z) is

analytic, we immediately have
Pr=1—qg~|m-1|, m 1, (1.2.33)
same as in the Markovian case with the standard mean-field exponent ' = 1.

To obtain the asymptotic behaviour of Q(t) (hence P,(t)) from Eq.(1.2.30)

takes a little more effort. Here we summarise part of the results from [39, 40]:

Theorem 4. (i) Define I,; := [ 6’97 f(1,u)dG(u).
If I, = [;°0.f(1,u)dG(u) = 1 and I,, > 0 (non-trivial condition), the
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age-dependent BP is critical. If further I,s, I, and 1,5 are all finite, (which
implies that I,; are all finite for 0<i,j<3), then

t— o0 (1.2.34)

(ii) In the Bellman-Harris case, the constraints can be loosened to second
moments of the life-time distribution. If m= f'(1)=1, 0 <m,= f"(1) < o0,
t= [ tdG(t) < oo and t*[1 — G(t)] = 0 as t — oo, then Eq.(1.2.34) holds

in the new notations

t— o0 (1.2.35)

In short, when G(t) is relatively “well-behaved”, we recover the standard

mean-field exponent 6 = 1.

For the critical behaviours of pu(t) and p(t|dT’), we can make use of the
following renewal theorems |23, p144-145]:

Theorem 5. (i) Define the renewal function
Ua(t) =) a"G™(t), >0 (1.2.36)
n=0

where G is a distribution function on [0,00), G*" its n-fold convolution with

G =1 and 0<a<oo a constant. It solves the integral equation
t
Un(t) =1+ a/ Un(t — u)dG(u), t>0 (1.2.37)
0
(ii) Integral equation

H(t) = C(t) + a/Ot H(t —w)dGu), t>0 (1.2.38)
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where ((t) is a bounded measurable function on [0, 00) has the unique solution

H{(t) = (¢ Ua)( /ct—udU u) (1.2.39)

which s bounded on finite intervals.

Theorem 6. Define t := [ tdG(t) < oo and other notations follow from
Theorem 5. Let a = 1.

(i) If ¢ :== lim C(t) exists, then lim H(t)/t = Co/t_

(i) If ¢(t) is Rzemann mtegmble then hm H(t) = [[," ¢(u)du]/t = const.

e Population size evolution p(t)
From Eq.(1.2.29) we have

ity =1~ + [ 4G()0. F(L )t — 1) (1.2.40)

0

Define G(t) := 1 — G(t) and G(t) := [ dG(u)d. f(1,u). Since at criticality

/OOOdG(u)azf(l,u) = (1) =1, (1.2.41)

(t) can serve as the effective life-time distribution with G(0) = 0 and

G
G(00) = 1. Eq.(1.2.40) can be rewritten as

u(t) = G(t) + /0 AG(u)p(t — u), (1.2.40)

thus according to Theorem 5, has solution

Ci

p(t) = (G xU)(t) (1.2.43)

where T(t) := 320 G*(t).
In the case of Bellman-Harris, G(t) = G(¢), it is easy to verify that u(t) = 1

is the solution of Eq.(1.2.40), and the standard mean-field exponent 6 = 0
follows. The general asymptotic behaviour of u(t) at large ¢ may depend
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on the forms of G(t) and G(t). Since G(co) = 0, from Theorem 6(i) we
have }Lg p(t)/t =0, pu(t) ~ o(t) at large t, hence 0 < 1. Further if G(t)
is Riemann integrable (which can be ensured if }L@ t2G(t) = 0), then from
Theorem 5(ii), we again have 0 = 0. If however, G(t) decays slow enough, it
is possible to construct a critical age-dependent BP with sublinearly growing
population and exponent 0 < 8 < 1 deviating from the standard mean-field

value.

e Temporal profile u(t|dT)

For simplicity, we restrict our attention to the Bellman-Harris case. Following
the notations in subsubsection 1.2.1.1, we derive the renewal equation by
conditioning the branching time of the initial particle 7 at ¢t; € [¢t,T) or
t1 € 10,1).

P(n,t|T) P{N(t) = n, N(T) = 0|N(0) = 1}

__
- Q(T)
1

~Q(T)
+/0 P{ri € dt:} > peP{N(t) = n,N(T) = 0[N (t;) = k}]

:;{5,“ / AG(t) 3 peQ (T — 1)

(1)
+/ dG(ty) Zka T— t,)P*(n, t—t1|T—t1)} (1.2.44)

[5n,1n>{n > t,N(T) = 0|N(0) = 1}

Define F(z,t|T) := Q(T)F(z,t|T) and j(t|T) := Q(T)u(t|T), we have

F(z,1|T) = - / 4G (1) FIQ(T — )] / AG(t) FIF (21t — ta|T— 1)
(1.2.45)
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and

fit|T) :/t dG(t1) F1Q(T — t)] +/Oth(t1)f’[Q<T— t)]a(t—t|T — t)
(1.2.46)

The first item on the right hand side of Eq.(1.2.46) can be expressed as

S(HT) = /1t dG () FIQ(T—1)] = /0 G () F[ QT —t— )]
(1.2.47)

by changing of variable ¢; = t4+wu. If the life-time distribution G(t) has

exponential tail, i.e.,
Gt)=1-Gt)~e™  t—= 00 (1.2.48)
where 0 < 7 < 00 is the asymptotic hazard (branching) rate, we have
G'(t+u) ~ GG (u), t,u — 00 (1.2.49)

Since we are interested in the asymptotic behaviour of the solution at ¢,7 —
oo and t/T finite, plug Eq.(1.2.49) into Eq.(1.2.47) we get

E(t,T) ~ @(t)/OTtduG’(u)f[Q(T— t—u) =Gt)Q(T—1t).  (1.2.50)

The last equality is due to the fact that Q(T—t) = OT_tduG’(u)f[Q(T—t—u)],
which can be obtained from Eq.(1.2.45) by setting z =1 and T < T — t.

With approximation Eq.(1.2.50), the renewal equation Eq.(1.2.46) turns into

AtT) = GHQ(T— 1) +/Oth(t1)f’[Q(T— At —t|T— ) (1.2.51)

Notice that this is of the same form as the renewal equation in the Markovian

case, where the BP being extinct by T conditioned on no branching by ¢ is
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equivalent to the BP being extinct by (7'— t) (from one initial particle).
Eq.(1.2.51) is solved by
_ : Q'(T)
tT) =Q(T'—t) ———+—— 1.2.52
OT) = QT =) 57— (1252
equivalent to the Markovian solution of p(¢|7) in Eq.(1.2.18). This can also
be verified directly by utilising the Markovian renewal equation of finite-time

extinction probability
QT) = GOQT 1) + [ a6 QT (1.2.53)

From Eq.(1.2.52) we can extract the temporal profile, which naturally takes
the same form as Eq.(1.2.19):

p(t)dT) =1+ Qg(;;) %

Q'(T)

a5 (1.2.53)

Since for Bellman-Harris BP, the asymptotic behaviour of Q(t) also coincides
with the Markovian case, we conclude that the temporal profiles of Bellman-
Harris BP with life-time distribution adopting exponential tail scale exactly
the same as those of homogeneous Markov BP:

L(tdT) ~ T%(l - %), T 0o, /T finite (1.2.54)
with the parabolic avalanche shape. This is a major original result of this
chapter, which proves the conjecture proposed in [27] based on numerical
simulations, that the temporal profiles of age-dependent BP show transient
non-universal behaviours for small ¢ and resume the universal behaviour of

its Markovian counterpart for large ¢.

Finally, it’s worth mentioning that for age-dependent BP, when the life-
time distribution G(t) belongs to the so-called sub-exponential class, u(t)
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and P,(t) may admit algebraic asymptotic behaviours for large ¢ in the sub-
critical regime |23, p152,p168|, which in turn leads to power-law avalanche
size distributions. This is the second scenario that we encounter (after the
one mentioned at the end of subsubsection 1.2.1.2) in BP with essential

observables demonstrating power-law off criticality.

1.2.4 BP with immigration

We conclude our survey of the critical behaviours of BP with another
widely considered set-up: BP with immigration |23, 41, 33|. In the terms of
reacting particle systems, this corresponds to particle creation from external
sources, and once created (join the system) particles are subject to the same

law of BP independently.

When immigration is allowed, the system formally no longer admits an
absorbing state. In order to be put in touch with avalanche dynamics, one
should consider slow immigration rate and population processes separated by
the zero state as avalanches. The exact probabilistic model, i.e., continuous-
time BP with one initial particle and immigration stopped at the zero popu-
lation state, turns out to be challenging®. In this set-up, upon first branching
the system is no longer renewal (consisting of independently evolving subsys-
tems), since the families of the first generation of offspring collectively but
asynchronously affect potential immigration, which also composes part of the

system.

On the other hand, a coarse-grained approach may help to bypass the
technical difficulties, as is adopted in [42]. Consider the population process
{N(t)} rescaled by a large parameter €0, the resulted process p(t) := N(t)/Q
can be treated as a continuous state stochastic process initiated at p(0) = 0.
For simplicity, assume the original BP is Markovian and homogeneous, with

branching rate r = 1 and regular branching mechanism f(z). Denote m =

2To our best knowledge still open question.
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f'(1), my = f"’(1) and € = 1 — m, then the population “field” p(t) satisfies
the Langevin equation with multiplicative noise:

%p = —ep+ /pE(t) (1.2.55)

where (£(t)&()) = 2mo(t —t') and . As pointed out in [42]|, Eq.(1.2.55)
should be understood in the [to sense to be consistent with the absorbing
state at 0, and may also be referred to as a demographic random walk. To
incorporate a slow immigration rate A in the original BP would simply mean
adding an external field h to the right hand side of Eq.(1.2.55):

d

Sp=h—ep+ RE(D) (1.2.56)

Following the procedure in [42], Eq.(1.2.56) can be rewritten in the Stratonovich
sense and transformed to an equation describing a one-dimensional random
walk in a logarithmic potential:

- 2h —m, €

= — — = 1.2
T . 23:+17(t) (1.2.57)

where z stands for the time derivative in the Stratonovich sense and (n(t)n(t')) =
720(t —t'). For x(0) = 0", the first return time of the random walk is iden-
tified as avalanche duration. TLet e = 0 (the underlying BP critical), one
can derive the first return time distribution from Eq.(1.2.57), and together
with the scaling argument p ~ ,/pv/t, fully characterise the (coarse-grained)

avalanche statistics. The exponents are given as [42]

T, =2 —h/m,, Yo =2 (1.2.58)
From scaling laws Eq.(1.1.9) and Eq.(1.1.11), we thus have

d=1—h/m,, 0 =h/m, (1.2.59)

Since BP with slow immigration stopped at zero is critical (in terms of APT)

when the underlying BP is critical, Eq.(1.2.59) gives the dynamical expo-
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nents of at criticality of a non-interacting particle system different from the
standard mean-field values. It is interesting to note that these exponents
depend on the immigration rate h thus are continuously tunable. One may
come to terms with these behaviours by viewing an avalanche in this scenario

as the composition of sub-avalanches initiated at different times.

1.3 Summary Remarks

In this chapter, we first introduce the concepts of absorbing phase transi-
tions (APT) and how their dynamical critical behaviours are linked to char-
acterisation of critical avalanches, laying the foundation for our main interest
in the studies of stochastic particle systems throughout this thesis. Then we
focus on non-spatial branching processes (BP), the simplest family of particle
systems admitting APT and prototypical candidates of mean-field theories
(MFT). Most of the results presented here are not original, the main pur-
pose is to examine a few most important classes of BP from the lens of APT
and critical avalanches and reveal the universality of mean-field critical be-
haviours from an approach mathematically as unified as possible. We see that
the standard mean-field universality class which is often associated with all
BP by default in physics literatures arises from the homogeneous Markovian
and regular case, and is largely robust as long as the branching mechanism
is fixed and regular, including for BP with time-dependent branching rates
and non-Markovian Bellman-Harris BP. With irregular or varying branching
mechanism, critical behaviours may deviate from the standard mean-field
results, although they can still be considered as MFT due to the additive
independence nature of branching particle systems, and treated consistently
by the Markovian master equation or the renewal integral equation of the
generating function. Some of the derivations and comments are published as
[25], and the results about the temporal profiles of Bellman-Harris BP are
fresh.
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We also note that power-law/algebraic scaling of key observables may
present in non-critical regimes, phenomena which often come up in the dis-
cussions of controversies regarding critical avalanches of complex systems
[43, 44, 28, 45, 24, 29].
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ABSORBING PHASE TRANSITIONS
AND FINITE-TIME PROPERTIES OF
SPATIAL BRANCHING PROCESSES

Complex systems with APT and critical avalanches usually involve spatial
degrees of freedom. To see how the spatial factor features in these phenomena
in a minimalistic fashion, we again consider branching particle systems which
are absent of all (explicit) dynamical correlations and the models of mean-

field approximation for interacting particle systems.

Spatial BP, including branching random walks (BRW) and branching dif-
fusions, incorporate salient phenomenology and are of both theoretical and
applicational importance. They have been extensively studied in recent years
by both mathematicians and physicists and remain active topic for both com-
munities. Just to name a few fruitful directions of late: In bounded domains,

“pure” branching generates spatial correlations which typically leads to clus-
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tering of the population, phenomena which are of significance in modelling
ecological systems and neutron reactions [46, 47, 48, 49]; In open domains,
the propagation of travelling waves or the extreme values of spatial BP are
highly important mathematical objects [50, 51, 52|, apart from their wide
applications in population ecology [53] / genetics [54] and epidemics [55].

Here, we limit our attention to the evolution of population size of spatial
BP, which differs from that of non-spatial BP only in terms of boundary
effects to the population size. The purpose of this chapter is two-fold: Firstly,
to provide a more comprehensive understanding of the critical behaviours of
branching particle systems as the extension of Chapter 1; And secondly, to
introduce the powerful iteration method for approximating the solutions of
renewal equations originated from BP, spatial or non-spatial. The method is
frequently seen in the proofs of the theory of BP |23, 41|. Nonetheless, we put
an emphasis on its physical interpretation and its effectiveness in modelling
complex systems, illustrated by a new application with our recurring interest

in critical avalanches: the temporal profiles of branching diffusion.

2.1 Some Results and Remarks on APT of Spa-
tial BP

2.1.1 Branching diffusions in bounded domains

Consider a spatial BP in a bounded domain with absorbing (Dirichlet) bound-
ary conditions, i.e., particles killed at boundaries or regarded as leaving the
system. For simplicity, the underlying BP is homogeneous Markovian and
regular. In additional, particles are independently subject to Markovian dif-
fusion, with generator (operator) L. The spatial BP is clearly Markovian in
terms of the evolution of particle configuration or particle density distribu-
tion, but generally non-Markovian for the population size evolution. Initiated
from one particle at arbitrary location, under mild boundary geometric con-

straints (Lipschitz boundaries), the spatial BP admits a continuous APT at
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the critical point of r(m — 1) = Ay, where r is the branching rate, m the
mean offspring number of BP, and \; the first (smallest) eigenvalue of L un-
der prescribed boundary conditions [56]. Above or below the critical point,
the expected population size grows or decays exponentially, while keeps con-
stant at criticality, a direct consequence of the so-called “many-to-one” lemma
[57]. [56] also found that at criticality, the finite-time extinction probability
algebraically decays as t~1. Hence 0 =0, § = 1.

Since the critical condition is given by a combination of parameters char-
acterising branching and diffusion, there are a number of ways to approach
criticality. For a bounded domain in one dimension, [58] found that ' =1
if one approach the critical domain size from above. It is easy to see that
the exponent doesn’t change if approaching from the BP parameters (linear

critical condition).

The key reason for the above spatial BP to exhibit standard mean-field crit-
ical behaviours lies in the spectral theory of the diffusion operator. For
Dirichlet boundary conditions in bounded domains, one expects a separation
of spatial and temporal variables, and a discrete spectrum with the smallest
eigenvalue governing the survival rate (from exiting the domain) of diffusive
particles. The competition of pure branching and killing at the boundary,
both exponential with respect to time, determine the critical point and nec-
essarily belonging to the standard mean-field universality class. From this
argument, we see that pure absorbing boundary conditions can be relaxed
to at least partially absorbing (otherwise no difference from the non-spatial
case), which could only change the critical point via A; but not the critical
behaviours. If however the diffusion is anomalous, e.g., fractional diffusion

[59], we might expect a different universality class.

2.1.2 Branching diffusions with drift on the half line

Now consider BP in unbounded space with partially absorbing boundary con-

ditions, the simplest case being on an half line with absorbing boundary at
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the origin. Again assume the underlying BP is homogeneous Markovian and
regular, and particles are subject to Brownian motion with a negative drift

A

L= %d;:a —v%. At first glance, this process is almost identical with the one
limited on bounded domains. Surprisingly, the open geometry plays a cru-

cial part in the “criticality” of the process and completely shifts the landscape.

Early work [60] found that the spatial BP described above admits a contin-
uous APT with respect to the drift v as parameter. If we further set the
branching rate at unity and assume that a particle deterministically splits
into two per branching, then v, = v/2 is the critical point. The particle
system, initiated from one at arbitrary position zy, persists with positive
probability if v <wv. and perishes almost surely if otherwise, corresponding to

active and absorbing phases.

Recent works [61, 62, 63, 64] have characterised the asymptotic behaviours
of this process near or at criticality in great details. Here we use the term
critical or criticality purely referring to the parameter value at which a phase
transition occurs, as in line with the mathematical literatures. We shall
see that it does not pertain the critical behaviours in the commonly used

statistical physics sense.
When the drift v approaches the critical value from below, define e=2 — 2.
[61] found that the eventual survival probability follows

Pr o~ 2V (2.1.1)

Although with an algebraic component, Eq.(2.1.1) is quite different from the
scaling behaviours in the theory of critical phenomena in statistical physics,
since the exponential part dominates the decay as ¢ | 0. In a sense, this
means the typical time-scale not only doesn’t diverge but in fact vanishes

approaching the critical point.

For the finite-time survival probability at criticality, [63] found that

Py(t) ~ e G0 (2.1.2)
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Again this is unusual for “critical” behaviours, as the survival probability

decays faster than any power-law would predict.

Now we should expect the evolution of population size not to scale as a

constant, which is indeed the case as shown in [64].

In short, the scaling ansatz and therefore the scaling exponents introduced in
section 1.1 are not suitable to characterise the spatial BP here, a reminder
that we should not expect to transplant the paradigms of heuristic physical

arguments without scrutiny.

2.2 Finite-Time Properties of Spatial BP

The results discussed above, i.e., critical behaviours of spatial BP, are for
large t asymptotics. In applications, either as model of population dynamics
or approximation of some interacting particle systems, one might be inter-
ested in observables of spatial BP in finite time comparable to the average
branching waiting time. For this purpose, we introduce the iteration method
which is highly flexible for renewal equations stemming from BP. We illus-
trate the method in an example of spatial BP, but similar techniques can
be easily translated to other set-ups, including almost all of the examples

considered in Chapter 1.

We elaborate and slightly generalise the set-up adopted in [56]. Consider a
branching diffusion in a bounded domain €2 satisfying Lipschitz conditions
and having at least partially absorbing boundary conditions. Let L be the
generator of diffusion on 2 with the first eigenvalue A\;. The probability
density of a simple (non-branching) diffusive particle initially placed at x to
be at y at time ¢ is p(y,x;t) = g(y,t|x,0), where g(y,t|x,t') is the Green

function of the diffusion, i.e.,
(00 — Ly)gly. tix.t') = 3y —x)3(t = ¢) (2.2.1)

The survival probability of a simple particle initially placed at x by time ¢ is
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then
Pa(x, 1) := / dyp(y,x;t) (2.2.2)
Q

and the complement extinction probability p,(x,t) := 1 — pa(x, t).
Note that for all ¢ € (0,1),

p(y,x;t) = / dx'p(x',x; t")p(y, x';t — t')
Q

=  pu(x,t) :/dx'p(x’,x;t')pa(x’,t—t’) (2.2.3)
Q

Assume branching is time-homogeneous with general life-time distribution
G(t) and regular branching mechanism f(-) with mean offspring number
m := f'(1). Denote G(t):=1 — G(t), thus the maximum branching rate is
given by r:= max {G'(t)/G(t)}. To impose that m <1+ \;/r; would ensure

the branching diffusion being subcritical or critical.!

Let Nx(t) be number of particles at time ¢ for the branching diffusion started

with one particle at x. Then

P{N(t)=n} = C(t) [nBa(, 1) + Sripal, £)] + /O dG(t)
' [5n0ﬁa(x7 tl)+/ﬂp(dY7 X3 tl) ;ka*k{Ny(t - tl) :n}
(2.2.4)

where the first term on the right hand side accounts for the first branching
time 73 > ¢ and the initial particle absorbed at the boundaries or remaining,

and the second term conditions on 71 = ¢; < ¢t and branching position at y

! This condition ensures the convergence of the iteration schemes which we give later;
But if only a few iterations are necessary to give good approximation for practical consid-
eration, the condition can be lifted.
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if not absorbed by time ¢;. The generating function of Ny(t) follows

t

Fx(z,t) =G(t) [Pa(x,t) + 2pa(x,1)] —i—/o dG(t1)

P, (%, tl)—i—/ p(dy, x; tl)f[Fy(z,t—tl)]] (2.2.5)
Q
e Finite-time extinction probability Qx(t) := Fx(0,t) follows

Qx(t) = G(t),(x, 1) + /0 th(m) {ﬁa(x, t) + /Q pdy, x; 1) f[Qy(t — tl)]}
(2.2.6)

e Expected population size evolution py(t) := (Ng(t)) = Fy(1,t) follows

px(t) = G(t)pa(x, 1) +m/0 dG(t’)/Qp(dy,X; )yt = 1) (2.2.7)

If branching is Markov with rate 7, then G(t) = 1 — ™", the linear integral
equation Eq.(2.2.7) is solved by

r(m—1)t

px(t) = e Pa(x,1), (2.2.8)

which is easily verifiable by utilising the transitive property Eq.(2.2.3). This
is the many-to-one lemma [51, 62, 57| in probability literatures, which can
be interpreted as: The expected population size of the branching diffusion
at time ¢ is the expected number of particles produced by the underlying BP
times the survival probability of a simple diffusive particle; Each leaf in the
genealogical tree of BP (up to time t) contributes equally to the expected
population size with the weight of the probability of remaining in the do-

main, a direct consequence of additive independence of branching diffusions.

Similarly, denote Fy(z,t|dT) := E[zN<WID)] F (2,¢|T) = E[z™T)] and
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Fx(z,t|T) Qx(t)Fx(z,t|T), then
(z,¢|T) Zz"[P{N N(T) = 0}

=Gt +z/Qp(dy,X;t)Qy(T—t)}

)| Pa(x,1)
+/0th(t1)[ﬁa(x, t) —|—/Qp(dy,x; t)f[Fy(z,t—t1|T—t1)]

(2.2.9)

e Temporal profile ux(t|dT’) and cumulated temporal profile ux(t|T") can be
obtained from [ix(¢t|T) := Qx(t)ux(t|T) which follows

fix ()T zé(t)/ﬂp(dy,x; t)Qy (T —1) +/0 dG(t)
-/Qp(dy,x;tl)f’[Qy(T—tl)]gy(t—tl\T—tl) (2.2.10)

Define ((t,T) := G(t) Jop(dy,x;t)Qy(T —t), the above equation can be
solved by iteration:

AO(HIT) = Gu(t,T)
A (1|T) = <x<t,T>+/0 4G (1) / pldy, x: 1) F'[Qy (T —t)]A9 (t—ta|T— 1)

i=0,1,... (2.2.11)

Clearly [Lﬁf)(t|T) is non-decreasing in 4; Since f'[Qy (T—t1)] <mand [, p(y, x;t1)
<1, the iteration limit is uniformly upper bounded according to the renewal

theory. Therefore we have uniform convergence

lim i) (T) = fix(¢]7) VxE€Q0<tST (2.2.12)

The iteration method described above is versatile and computationally ef-
ficient compared to Monte Carlo simulations, since in a few iterations one

obtains the desired profile in its entirety. The method also enjoys a nat-
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ural physical interpretation, that the i-th iteration takes into account the

contributions of branching events up to ¢ generations.
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MULTI-TYYPE BRANCHING PROCESS
AS EFFECTIVE MEAN-FIELD
THEORY OF ABELIAN MANNA
MODEL

This chapter is based on the paper [65] “Critical Density of the Abelian
Manna model via a multi-type branching process”, Physical Review E 100.3
(2019): 032116, by Nanxin Wei and Gunnar Pruessner.

NW devised the theory, made the analytical calculations, conducted the simu-
lations and produced Figure 3.3, and contributed partially to the manuscript;
GP contributed heavily to the manuscript, including the rest of the graphics.
The chapter contains large chunks of verbatim reproduction of [65] without

citation. All other citations follow standard protocols.
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In the previous chapters we study in length (spatial) BP with single type
of particles which can be perceived as avalanche dynamics, and focus on
properties at/near criticality. As mentioned before, the critical behaviour
of avalanches is the signature of SOC, which in the mean-field sense can be
modelled by BP. For some important feature of SOC models, especially in
low dimensions, the plain MFT result may be less than satisfactory. In this
chapter we present a concrete example of incorporating short-range dynam-
ical correlations in the multi-type BP as effective MFT, which systematic

improves the estimation of the critical point beyond plain MFT.

In the following, we first introduce the Abelian Manna model and its map-
ping to the multi-type branching process mimicking its avalanche dynamics,
then demonstrate how the critical density of AMM can be extracted from

the branching process and conclude with a briefdiscussion of the results.

3.1 Abelian Manna Model and Self-Organised

Branching Process

Manna model [66] is the prototypical stochastic sandpile model proposed
for self-organized criticality (SOC) [67]. It was reformulated by Dhar to make
it Abelian |68]. The resulting Abelian Manna model (AMM) and its variants
have been studied extensively numerically and analytically |69, 70, 71, 72,
73, 74]. Numerical simulations have established that a range of other models
belong to the same universality class [21, p. 178|, in particular the Oslo
Model |75, 76| and the conserved lattice gas |77, 78]. The stationary density
of AMM has been estimated with very high precision on hypercubic lattices of
dimensions d = 1 to d = 5 |79, 80, 81, 82, 74]. Yet, theoretical understanding
of Manna model is far from complete. In a mean-field theory which ignores
all spatial-temporal correlations, the avalanches can be naturally perceived as
a binary branching process [83, 84| with branching ratio o twice the particle
density ( as a mean field. At stationarity, the macroscopic dynamics of

driving and dissipation of particles self-organises the branching ratio to unity,
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which is the critical value, 0. = 1, i.e. the branching ratio above which
a finite fraction of realisations branches indefinitely. The mean-field value
of the critical density is therefore (. or) = 0./2 = 1/2 regardless of the
dimension of the system [85]. However, numerical findings have placed the
critical value (. of the density clearly above 1/2 in any dimension studied
|21, 74|, suggesting that the spatial correlations ignored by the mean-field

theory are significant.

To facilitate the following discussion, we reproduce the definition of AMM:
AMM is normally studied on a d-dimensional hypercubic lattice, but ex-
tensions to arbitrary graphs are straight forward. Each site carries a non-
negative number of particles, which we refer to as the occupation number.
A site that carries no particle is said to be empty, otherwise it is occupied
by at least one particle. A site carrying less than two particles is stable,
otherwise it is active. If all sites in a lattice are stable, the system is said
to be quiescent, as it does not evolve by its internal dynamics. If the lattice
has N sites, the number of such states is 2V. Particles are added to the
lattice by an external drive. If such an externally added particle arrives at
a site that is occupied by a particle already, an avalanche ensues as follows:
Every site that carries more than one particle topples by moving two of them
to randomly and independently chosen nearest neighbours, thereby charging
them with particles. This might trigger a toppling in turn. The totality of
all topplings in response to a single particle added by the external drive is
called an avalanche.

We will refer to the evolution from toppling to toppling as the microscopic
time-scale, as opposed to the macroscopic timescale of the evolution of quies-
cent states. The evolution from one quiescent state to another quiescent state
by adding a particle at a site and letting an avalanche complete is a Markov
process. Because of the finiteness of the state space of quiescent configura-
tions and assuming accessibility of all states (but see [74]), the probability
to find AMM in a particular quiescent state approaches a unique, stationary,

strictly positive value. The analysis below is concerned solely with the the
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stationary state of AMM.

For the discussion below we require the notion of occupation number pre-
toppling and occupation number post-toppling. The former refers to the num-
ber of particles at a site prior to its possible toppling, the latter refers to the
number of particles at a site immediately after possibly shedding (a multi-
ple of) two particles and yet prior to it receiving particles from any other
site. Committing a slight abuse of terminology, we will refer to pre- and
post-toppling occupation numbers even when the site is stable. Of particular
importance to the following consideration is the occupation density (, that

the expected total number of particles divided by the number of sites.

One paradigm of AMM and SOC in general is the (binary) branching
process [32]. The population of that process at any given time is thought to
represent those sites that become active as a result of receiving a particle.
As they topple, the particles arriving at nearest neighbouring stable sites
might activate those, depending on whether they were previously occupied
by a particle or not. Any empty site that is charged with only one particle
becomes occupied but remains stable. Any stable site charged with two
particles is guaranteed to become active. As active sites are sparse, they
are rarely charged. However, the Abelian property of AMM means that the
arrival of one additional particle at a site leads to a further toppling only if
the parity of its occupation number is odd. If two particles arrive at a site,

its parity will not change, but the site is bound to topple (once more).

If a neighbouring site becomes active in response to a charge, this corre-
sponds in the branching process to an offspring in the next generation. If two
such offspring are generated, this corresponds to a branching that increases
the population size. If a neighbouring site turns from empty to occupied, no

offspring is produced.

The evolution of an avalanche may thus be thought of as a branching

process of activity with strong correlations of branching (doubling) and ex-
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tinction events as the lattice occupation dictates whether and where these
events take place. Ignoring the lattice and the history of previous and ongoing
avalanches, one is left with a plain binary branching process, commonly used
to cast AMM and SOC models generally in a mean field theory [85, 14, 86, 87].

In general branching processes, the branching ratio is exactly unity at
the critical point of the process, above which the probability of sustaining a
finite population size indefinitely is strictly positive. We therefore identify

the critical point of the branching process with that of the lattice model.

3.2 Self-Organised Multi-Type Branching Pro-
cess and the Critical Density of AMM

The multi-type branching process considered in the following is based on
a mapping of the types of the branching process to the active motives of
AMM, as shown in Figure 3.1 for the one-dimensional case. These motives
indicate the occupation number of the central site pre-toppling (i.e. prior to
the central site toppling) and the occupation of the neighbouring sites post-
toppling (i.e. after they may have toppled themselves, which leaves their
parity unchanged, but prior to the central site toppling). Defining the mo-
tives this way, we can disregard toppling sites charging active neighbouring
sites. We effectively keep track only of the change of parity of the neighbour-
ing sites, which is due to charges they receive but does not change when they
topple themselves. Within a time step in the multi-type branching process
all currently active motives undergo toppling, which corresponds toparallel

updating on the microscopic time scale of AMM.

The type labels in Figure 3.1 of the form o; characterise the configuration
as follows: o = « indicates that the active site carries three particles, o = (3
indicates that it carries two. The index ¢ indicates the number of neighbour-

ing sites carrying a single particle post-toppling. In general, i € {0,...,¢}

42



(&%) 651 Qg

Bo b B2

Figure 3.1: The six different active motives of the one-dimensional Abelian Manna model.
The central site carries either three (o; for i = 0,1,2) or two particles (5; for i = 0,1,2)
and is to topple in the next microscopic time step. The occupation number of sites neigh-
bouring the central site are representative only in as far as their parity is concerned, with i
indicating the number of sites that carry an odd number. Their occupation number is post-
toppling (after they may have toppled themselves, but prior to the central site toppling),
whereas the central site is shown pre-topping (before it topples). The configurations dif-
fer in whether neighbouring sites may or may not topple themselves due to being charged
by the toppling site. Although we may picture the configurations being situated on a one-
dimensional lattice, their spatial orientation is irrelevant and so we do not distinguish left
and right neighbours.

where ¢ is the coordination number. Henceforth, we restrict ourselves to
regular lattices with constant coordination number ¢q. These may be thought

of as d-dimensional hypercubic lattices with ¢ = 2d.

At any point during the evolution of an avalanche, those sites whose oc-
cupation information is not captured by the active motives are occupied
independently with density (. The active sites we consider carry only ever
two or three particles, i.e. we do not keep track of multiple topplings. In
Figure 3.2 we illustrate how the toppling of motive «; in one dimension gives

rise to the motive (.

In the interest of clarity, we summarise our key assumptions: (i) In each
timestep during an avalanche, the substrate sites (sites whose occupation

information is not captured in the active motives) are assumed to be occupied

43



1/2
\VW P w.p. (/4
w.p.1/2 ?
IR e
i i W.p¢
N B2

Figure 3.2: Example of a toppling on a one-dimensional lattice. The initial state «; goes
over into state 2 with probability (w.p.) {/4, which is the joint probability of three inde-
pendent events: The independent toppling of two particles to one side (w.p. 1/4) and the
occupation of a next-nearest neighbouring site (w.p. ). The latter assumption ignores spa-
tial correlations.

independently with probability (, which is a fixed model parameter. This
is where we ignore correlations. (i) No occupation number post-toppling
exceeds unity and no active site carries more than three particles. This is
a significant restriction only in one dimension, where multiple toppling is
known to play a significant role [88]. (i) No site receives particles toppling
from different sites simultaneously. (iv) All sites are considered bulk sites,
i.e. there is no boundary. FEach site has therefore the same number ¢ of

neighbours.

The time in the branching process progresses by all individuals attempt-
ing branching in each parallel timestep, which corresponds to the microscopic
time in AMM. The branching itself mimics the toppling dynamics: In each
toppling two particles are redistributed to the same neighbour with proba-
bility (w.p.) 1/¢ and to different neighbours w.p. 1 —1/¢. For a configuration
of type o, a randomly chosen neighbour of the active, toppling site is occu-
pied (has odd parity) w.p. j/q. The active site itself will be left occupied if
o = « and empty if o = 5. The next nearest neighbours of any active site
are treated as substrate sites, occupied w.p. ( and empty w.p. (1 —(). An il-
lustrative example of a branching path on a one-dimensional lattice is shown
in Figure 3.2, where the motive oy is shown to turn into 5y w.p. (/4. The
probabilities of all branching paths on regular lattices with constant ¢ are

listed in Tab. 3.1. The multi-type branching process initiates from a single
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Table 3.1: Branching probabilities of active motives on a regular lattice with constant coor-
dination number ¢. The only form of branching occurs is when two independent copies of S
are generated, indicated by 2/3;. The symbol @ indicates that no offspring is produced.

motif centred on the site that triggers the avalanche. Assuming uncorrelated
occupation of sites in quiescent states at criticality, the initial motif is of type
B; with probability

Bin(j, ¢;: ¢) = <;]) (1=, (3.1)

To keep the expressions below consistent, we allow Bin(j, ¢; ¢) = 0 for j > q.

The multi-type branching process defined above approximates the popula-
tion dynamics of the activity in an avalanche of AMM on an infinite lattice.
Activity performs a (branching) random walk on the lattice, as active sites
topple and produce active offspring sites |[89]. For avalanches on finite lat-
tices with open boundaries, when the density is subcritical, the activity is
expected to extinguish before particles reach any of the boundaries, and as
a result, the occupation density ( increases under the external drive. When
supercritical, the activity with large probability persists until incurring dis-
sipation at the boundaries which decreases the density accordingly [88]. On

the other hand, large ¢ will generally lead to larger avalanches, and small
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¢ to small avalanches. Nevertheless, under this apparent self-organisation
|30, 90], the fluctuations of ¢ decrease with system size and in the thermody-
namic limit, the stationary density approaches a particular value generally
referred to as the critical density (even when there may be more than one,
[91]). We identify the critical density as the smallest density (. at which the
multi-type branching process has a finite probability to evolve forever, i.e.

its critical point, when the branching ratio is unity.

To find the critical point of the multi-type branching process, it suffices to
determine the density (. when the largest eigenvalue \; of the mean offspring

matrix M introduced below is unity [23, p186].

The mean offspring matrix is the matrix M = {m, , }, with m,, , the mean
number of offspring of type 7 produced as an individual of type ¢ undergoes
multi-type branching, i.e. an update. The types o and 7 are any of the states
a; and f; with j € {0,1,..., ¢}, as exemplified in Figure 3.1. The individual

elements m, , of the matrix are easily determined from Tab. 3.1,

Mes 0 = 0 (3.2a)
May, 0 = q%Bin(k —1,q—1;¢) for k >0 (3.2b)
Ma; o = 0 (3.2¢)
M, g, = (2] + ;zq = Bin(k —1,q—1:¢) for k > 0 (3.2d)
Mg, e, = q%Bin(ky q—1;¢) (3.2¢)
Mg, g = 2 ;Zq —% Bin(k, ¢ — 1;¢). (3.2f)

Because my;, = Mg, ., and my, = mg, p,, the matrix M has some

Qg1 Br+1

very convenient symmetries, which, after ordering states according to
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(g, ..., aq,Bo,- .., 0,) may be written as

_ Qq+1>@®§ ‘Qq—}-l?b@ﬁ (3.3)
a®B,0,,1 [ b®B,0,,,

with vectors

a = (aj)ogqu with a; = ]/QQ (34)
b= (bj)ocjeq With b; = (25 +1)/q—3j/¢" (3.5)
B = (Bp)ock<g-1 With By = Bin(k,q — 1;() (3.6)

and 0, is a column of g + 1 zeroes. For example, the matrix for the one-
dimensional AMM is

0 0 0 0 iB) iB
0 1By 1B 0 3B, 2B
0 1By iBi 0 By, B
M = : (3.7)
0 0 0 3By 3Bi 0
1By 1B 0 2By 2By 0

By 1B, 0 By, B 0

using By = Bin(0,1;¢) = 1—(, B; = Bin(1,1;¢) = ( and By = Bin(2,1;() =
0.

Upon factorisation, the characteristic polynomial of M obtains a surpris-

ingly simple form:

det ()\I — M) =
1 2(g —1)° 11 (3.8)
)\2(172()\2__3)[)\2_ (¢ )§+Q+ +_3]'
4q q q
Since ¢ = 2d > 2, the largest root \; equals unity if and only if {( = %.

It exceeds unity if and only if ( exceeds %. Our estimate of the critical
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dimension 1 2 3 5
(. (numerics) 0.94882(1) [74] | 0.7170(4)[81] | 0.622325(1) [82] | 0.559780(5) [74]
. (present work) 0.750 0.625 0.583 0.550

Table 3.2: The theoretical estimate of the critical density (. in the d-dimensional AMM
derived here compared to the numerical values reported in the literature for the stationary
density of the Abelian Manna model.

density is thus

_afl
Ce = 50 (3.9)

This is the central result of the present work. Writing this result in a more

suggestive form, with ¢ = 2d for hypercubic lattices we obtain (. = % +

L
4d’

shows a comparison between this result and the numerical values found by
simulations |74, 81, 82| on lattices in dimensions d € {1,2,3,5}. While our
estimate Eq. (3.9) underestimates (. as found numerically by about 21%

i.e., a correction to the mean-field result (. ory = % by 4id. Tab. 3.2

in one dimension, this deviation drops to about 2% in five dimensions. We
would expect that incorporating a larger number of nearest neighbours would

improve the estimate further [71].

3.2.1 The fixed-energy AMM on random regular graphs

In the derivation above the dimension d of the hypercubic lattices consid-
ered enters only in as far as the coordination number ¢ = 2d is concerned.
Hence the results equally apply to AMM on any graph with fixed coordina-
tion number. To demonstrate this, we compare numerical estimates of the
critical density in random 5-regular graphs [92] (¢ = 5) to our theoretical ap-
proximation. To avoid the complication of choosing sinks or dissipation sites
on graphs, we adopt the fixed-energy version of AMM [93] in the simulations.
For a given density, particles are initially uniformly randomly distributed on
the sites of the graph, and a random occupied site is driven to start the
avalanche. To determine the critical density, we estimate the survival prob-

ability of the activity after many microscopic timesteps (approximately ten
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times the size of the graph) and plot it against the particle density for dif-
ferent graph sizes IV, Figure 3.3. The numerical estimate of (. ~ 0.62 as the
apparent onset of a finite probability of indefinite survival is consistent with

our theoretical approximate (. = % + %} = 0.6.

N =400
—¥— N=2000
= N=4000
—— N=8000

0.6

0.60 0.62 0.64 0.66 0.68 0.70 0.72

Figure 3.3: Estimate of the asymptotic density in the fixed-energy version of AMM on
random 5-regular graphs of different sizes. The approximate critical point, identified as the
onset of asymptotic survival, at around (. = 0.62 is very close to the theoretical prediction
(e= 5+ 35 =06.
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3.3 Summary and Discussion

In the procedure outlined above, we have cast the dynamics of the Abelian
Manna model in a multi-type branching process, whose types consist of active
motives of composite sites. Upon charging a singly occupied site a branching
process ensues and evolves by producing offspring according to the density of
occupied sites (. The critical density (. of the AMM is identified as the value
of ¢ when the branching process is critical, which we derived in a simple
closed form, systematically improving on the mean-field prediction. Our
main results Eq. (3.9) are in line with numerical findings in the literatures,
Tab. 3.2. The most significant corrections are found in low dimensions and
the estimates are with excellent accuracy in moderately high dimensions,
e.g.,d=>5.

It was recently established that the occupation numbers of AMM in the
quiescent state display long-ranged anti-correlations [94, 95]. These corre-
lations are not captured in the procedure outlined above. The corrections
to the mean-field value that we find are solely based on the correlations of

site-occupations that develop during the course of an avalanche.

The motives that we use to capture local occupancy and its correlations
represent the occupancy of nearest neighbours only in as far as their parity
after having (possibly) toppled themselves is concerned. The small number
of motives allows us to find a closed form the critical density in arbitrary
dimension and on more complicated graphs, in contrast to other well-known

techniques such as cluster approximation [96, 71].

The method we introduced here also provide insights into the evolution of
activity in AMM avalanches. AMM is believed to belong to the conserved
directed percolation (CDP) universality class [93, 77|, which is different from
the more general directed percolation (DP) universality class due to the con-
servation of particles in the dynamics. In the present work, through the

mapping of AMM avalanches to a MTBP, we explicitly show that the cor-
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relation and conservation of particles during avalanching causes the shift of
the critical density away from its mean-field value. During an avalanche,
activity grows (active motives split) at the cost of singly-occupied sites, so
that the sites receiving toppling particles are occupied with a probability
less than their mean density. The conservation of particles and their spatial
correlation thus lead to local suppression of activity. The MTBP mapping
respects particle conservation within active motives, which keep track only
of the total number of particles post-toppling at the neighbours of an active
site. Our method does not keep track of the total number of particles in the
system, but numerical evidence strongly suggests that this fluctuates very
little in large systems [74], indicating that activity is much less affected by

global conservation.

It would be interesting for future work to establish a rigorous lower bound
of (. by considering the activity of AMM as some critical population dynam-
ics, e.g. via the coupling method [97].
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FIELD-THEORETIC APPROACH TO
REACTING PARTICLE SYSTEMS

This chapter is partially based on the paper [98] “Volume explored by a
branching random walk on general graphs”, Scientific reports 9, no. 1 (2019):
1-9, by Ignacio Bordeu, Saoirse Amarteifio, Rosalba Garcia-Millan, Benjamin
Walter, Nanxin Wei, and Gunnar Pruessner.

The paper is the result of a group project led by GP, which NW participated
in. The main contribution of NW to [98] is discussed in section 4.3. The
Feynman diagrams used in this chapter are adapted from the manuscript of
|98, originally produced by IB and GP.

To go beyond (effective) mean-field theories for interacting particle sys-

tems, we have to take into account long-range spatio-temporal correlations.
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One systematic way of treating such correlations is through field-theoretic
methods. There are many formulations of (statistical) field theories [99, 15].
Here we limit our attention to the so-called Doi-Peliti formalism [100, 101]
for reacting particle systems, which constructs field theories from microscopic
dynamics in a faithful representation before taking the continuum limit, thus
bearing the advantage of capturing discrete stochasticity of particles. We
first give a brief introduction to the Doi-Peliti formalism of field theories and
what can be calculated from there, then showcase this approach in two exam-
ples and report on some of the results from field-theoretic analysis. Finally,
we try to generalise the field-theoretic methods to reacting diffusive particle

systems on networks.

4.1 Brief Introduction to the Doi-Peliti Formal-

ism of Field Theories

Consider particle systems on discrete structures, typically d-dimensional
hypercubic lattices (d = 0 corresponds to a single site). Denote particle
types as A, B, ..., then a particle configuration is given by {n,(x)n,(x)---}
where x represents coordinates of sites. Particles are subject to a set of
dynamical rules of on-site reactions and hopping, both Markovian, see e.g.
[102, 5|. The dynamics of the system is thus described by a set of master
equations governing the evolution of the probability distribution of particle
configurations P(n,(x)ny(x)--- ,t), much like Eq.(1.2.1).

The first step of the Doi-Peliti formalism is to encode particle configura-
tions in a Fock space representation of bosonic particles as |n,(x)ng(x)---),

and their probability distribution at time ¢ as

|W(t)) := Z P(n,(x)ng(x) -+, t) [ny(x)ns(x) -+ ) (4.1.1)

{na(x)ns(x)-}
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Each type of particle is equipped with a set of creation and annihilation

operators, e.g., type A with af(x) and a(x), which act on configurations as

a(3) () () - ) = Iy () + 1,y () -+ )
a(x) [ (), (%) - ) = 1, () [ () = L,y (%) - ) (4.1.2)

The master equations can then be presented compactly in an operator form

d .

SW(0) = —H V(). (1.1.3)
with the stochastic pseudo-Hamiltonian H = H(al(x), a(x),bt(x), b(x), - -)
encoding the full dynamics of the system. The solution of Eq.(4.1.3) can be

formally written as

(U(t)) = e [W(0)) (4.1.4)

Observables of interest are measured as average over P(n,(x)n,(x)--- ,t) (or
distributions of multiple times), which can be extracted from the state of the

system |W¥(t)), e.g.,
(0) = (5] O|W(t) = (15 O™ |W(0)) (4.15)
where the observable O = O(af(x), a(x), bt (x), b(x), - --) and the projection

operator (3| = (0| exp{a(x)b(x)---}.

Following the standard procedure [103, 104] of discretising the time interval
and inserting complete sets of coherent states, we can transform Eq.(4.1.5)

into a path integral given as
<O> = /D[(él ¢17 (15; ¢27 e ]OeA[¢J{7¢17¢;,¢2,-"]7 (416)

where O = (’)(qﬂ, o1, gbg, ¢, - -+ ) is obtained from replacing operators a'(x), a(x)
with fields ¢1(x), ¢1(x) and bf(x), b(x) with fields ¢}(x), ¢o(x), etc., and the
action A = — [dxdtL from the space-time integral of the Liouvillian L

adapted from replacing operators with corresponding fields in H. To sim-
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plify the field-theoretic action A, we apply the so-called Doi-shift by changing
the variables for creation fields ¢ = ¢! — 1.!

E(ggl, o1, ggg, ¢9,- -+ ) consists of a bilinear Gaussian part which represents
free fields, and the rest representing interactions. For the perturbative meth-
ods of field theory (to which we limit our discussions), observables are eval-
uated from the path integral as perturbation expansion, i.e., the sum of a
series of correlation functions (most conveniently in the moment space) eval-
uated under the Gaussian measure of free fields. The expansion series can be
neatly expressed in Feynman diagrams [105], composed of bare propagators
with associated masses (free fields) and vertices with bare couplings (inter-
actions). Note that in the Doi-Peliti formalism, after the Doi-shift, diagrams
do not directly corresponds to particle reactions, but correlations generated

from reactions.

Presented in diagrammatics, perturbation expansion can be seen as loop
expansion, with tree diagrams as the O-th order. From the physical interpre-
tation of diagrams mentioned above, it is clear that tree diagrams account
for contributions to an observable neglecting dynamical correlations (which
involve the spatial-temporal history of participating particles). As such, keep-
ing only tree diagrams corresponds to a mean-field theory (approximation).?
Contributions of loop diagrams can be summed up as Dyson sum featuring
one-particle irreducible diagrams or proper vertices [105]. The number of
loops in a proper vertex determines its order in the loop expansion, thus one
can include contributions to an observable up to one-loop diagrams, two-
loop diagrams, etc, as corrections to the tree-level / mean-field calculation,

by considering only possible proper vertices up to that order.

Formally, loop diagrams are integrals over the entire momentum space and

involve singularities, being that infrared (IR), ultraviolet (UV) or logarithmic

'The procedure described here can be better understood through the examples in the
next section.
2We shall see that BP has only tree diagrams and are indeed exact mean-field theories.
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divergence depending on the dimension of the field theory. In our current
context, i.e., particle systems defined on lattices (or other discrete structures),
if the contributing loop diagram is UV-divergent, then it can be naturally
reqularised (made finite) by imposing an upper cut-off in the momentum
space due to the minimum spacing of the lattice. Notably, contributions
from such loop diagrams amount to a finile correction to observables and do

not change the related critical behaviours.

On the other hand, if the contributing loop diagram poses IR- or log-
arithmic divergence, the loop expansion hence the perturbation expansion
can not be understood as summing up the bare values of terms included.
However, if we are interested in critical behaviours, thanks to the ansatz of
scale-invariance at criticality, the loop expansion may yet be interpreted as
a relation of (IR- or log-) scaling limits. To systematically extract scaling
limits of correlation functions with divergent loop contributions, one resort
to (moment space) renormalisation group (RG) methods [99, 15]. There are
a number of recipes for RG, all involve the transformations of fields and cou-
plings induced by probing the system at varying momentum scales. Going
down with momentum scales, such transformations form a RG flow, lead-
ing to stable fixed point(s) featuring scale-invariant critical behaviours. The
renormalised couplings at each stable fixed point of the RG flow thus char-

acterise a universality class.

To ensure renormalisability, one extra step is required before the RG anal-
ysis. Note that loop diagrams are constructed by propagators and interaction
vertices. Given the spatial dimension d of the field theory, from dimensional
analysis (power counting), we can deduce the momentum scaling dimension
of each coupling of interaction vertices: positive, zero or negative correspond-
ing to the coupling being relevant, marginal or irrelevant respectively. Here,
“relevant” means that the coupling is relevant for constructing IR-divergent
loop diagrams, and “marginal” and “irrelevant” in the same vein. The upper
critical dimension d. is identified as the dimension that keeps a minimum

set of couplings marginal and renders the rest irrelevant. As such, when the
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field theory is in dimension d > d., all of the interactions are irrelevant for
IR~singularity, hence we expect mean-field critical behaviours following from
the Gaussian (trivial) fixed point of the RG flows.

When d < d,, the field theory admits corrections from IR- or logarithmically
divergent loop diagrams and the RG flows may lead to non-trivial stable fixed

point(s) signifying alternative critical behaviours.

We have briefly cruised through the construction of field theories via Doi-
Peliti formalism and the pipeline of field-theoretic analysis, with much tech-
nical details omitted. The purpose of such account is only to introduce the
necessary concepts and key ingredients that enable the understanding of re-

sults we report in the next section and the discussion in the section to follow.

4.2 Examples of Field Theories a la Doi-Peliti

4.2.1 Field theory of activated random walk

We need two types of particles to describe the exact AMM avalanche pro-
cess: the active particles labelled A and the substrate particles labelled B.

A+ B 524 aba — conjug. (4.2.1)
A (—ﬁ—)—> B bT(1 —b'b)a — conjug. (4.2.2)
ng=0

In addition, active particles A hop or random walk to nearest neighbouring

sites with effective diffusivity D, while substrate particles B stay immobile.

at?ba — b'bata = (a® + a@)ba — b(a + 1)ba (4.2.1)
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b'(1 - bTb)a — (1 = b'b)a’a = (b — @)a + a(b + 1)ba — (b* + b)ba

U —U
N —
[ U
—U —U

—H = —DV¢Vé+u( — )¢ + 2u( — )b + u(d? — 0>

—L = — $316 — O — eyhtb + DV
Fu(p — )+ 2u(d — V)d + u(d? — P )o

4.2.2 Field theory of branching Wiener sausages

(4.2.1a)

(4.2.1D)

(4.2.2))

(4.2.2a)
(4.2.2b)

(4.2.2¢)

(4.2.3)

(4.2.4)

“Branching Wiener sausages” refer to distinct sites visited by branching

random walkers, generalising from “Wiener sausage” as distinct sites visited

by random walkers in the continuum limit.
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A5 kA, k=0,2 a*a — conjug. (4.2.5)
A——> A+B b'(1 —b'b)a’a — conjug. (4.2.6)

(ns=0)

In addition, active particles A hop or random walk to nearest neighbouring

sites with effective diffusivity D, while ink particles B stay immobile.

r[po(a — a'a) + pa(a'®a — a'a)] = —r(1 — 2py)aa + rp.d’a (4.2.5")

— >;— (4.2.5a)

bi(1 —blb)ata — (1 = blb)ata =b(a+ 1)a — (B +b)(a+ 1)ba  (4.2.6")

“— _;r“_ (4.2.6a)
W?S’T _:_"':T (4.2.6b)
e _}% (4.2.6¢)

Dimensional analysis give the critical dimension d. = 4, the only relevant
interaction couplings are (4.2.5a)-right, (4.2.6a)-left and (4.2.6b)-left:

R
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—L = =006 — PO — €abd — et) + DOV P + £ 56 + uhd — uyie
(4.2.7)

The observables interested, moments of the distinct site visited is given by

(V) = [ a2, ) 01, )30 0) (12.8)

%— (4.2.9)

The scaling of the n-th moment of the number of distinct sites visited

diagrammatic as

The critical dimension d. = 4.

If d < 2 this volume remains finite in large .

If 2 < d < 4 (provided that nd — 2 > 0)

n t(nd72)/2 Dt < l2
Ifd>4
n t?n—l Dt < 12

4.3 Critical Dynamics of Reacting Diffusive Par-

ticle Systems on Networks

Hitherto we have discussed field-theoretic methods for reacting diffusive
particle systems defined on a hypercubic lattice and its continuum limit,

the d-dimensional Euclidean space. It is then natural to try to generalise
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these powerful methods to particle systems on inhomogeneous structures,

especially tempting for the vibrant area of network dynamics.

Consider the particle system of branching random walkers described in
subsection 4.2.2, now on a undirected network G with N nodes. The
dynamics only differ from the lattice version in terms of hopping of active
particles as random walkers. Assume active particles perform continuous-
time, unbiased edge-based (or edge-centric) random walks [106] with unit
rate on G in addition to on-node reactions (branching and deposition), i.e.,
each active particle on a node hops to one of its nearest neighbours each
with unit rate. At the master equation level, this corresponds to taking the
(unnormalised) graph Laplacian L := D — A as the diffusion operator. Here
D :=diag(dy, ...,dy) is the diagonal matrix with node degrees as entries and
A the adjacency matrix. The field theory of this system can be obtained
simply by replacing the Euclidean diffusion operator —DV? with %L in the
Liouvillian, fields in spatial coordinates with vector fields, and summing over
all node indices instead of integrating over space in the field-theoretic action
A. To focus on critical dynamics, again we keep only relevant interactions

and the new action reads

A= / [~ ' 06— O — €' & — atp ¥

~T

— 3P Le+1 (P )b +up ¢ —upp ()], (4.3.1)

where &, o, 17), 1 are N-dimensional column vectors, ()" for transpose, and
(¢T)2, (1) to be understood as Hadamard products (element-wise product).

Path integrals with respect to the new action can be expressed by the same set
of Feynman diagrams for perturbation expansion. As diagrams are calculated
in the momentum space for Euclidean field theories, i.e., the eigenspace of
the diffusion operator with Fourier modes as eigenbasis, similar calculations
should be done in the eigenspace of L for field theories on networks. The
eigenvalues and eigenvectors of L bear some well-known useful properties
[107, 108]:
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(1) Since L is real and symmetric, its eigenvalues (spectrum) {\;} are real and
can be associated to a set of real, normalised orthogonal eigenbasis {§, }.
(11) The smallest eigenvalue is 0, with eigenvector 1, and non-degenerate if
and only if G is connected. Let 0= g < A\; < -+ < A\y_1.

(111) M1 < 2k,.., where k.. is the largest degree of G. We consider sparse
networks, with finite k,,. even in the thermodynamic limit N — oo.

Define the density of states and (normalised) spectral density as

p(A) = ~ A= N) (4.3.2)
PN = 2op() (133

tree diagrams, mean-field critical behaviour as Eq.(4.2.11)
(V') (t) ~ &7, t < *(G) (4.3.4)

where [(G) stands for the diameter of G.

loop diagrams, consider only proper vertices, e.g.,

U = '“QE (4.3.5)
u

The lattice version reads

r/2 u —u
U = [ dwd?
! / q—€w+Dq2+ea—iw+ebiw+Dq2—|—ea

—ru?

_ /dwddq [(—iw +e&) (W + (Dg* + ea)Q)} h (4.3.6)

2

where dw =dw/(27), d%q =d%q/(27)¢ and ¢*=q-q, q being the momentum
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and w the frequency carried by the propagator. The network version reads

o T‘/Q u —Uu / /
t _/JWAZA; —w+ N2+ €, —iw+ e iw + N /2 + €aV1()\07 ANV, A)
—ru? . ) ) -t
= dw dAp(N) | (—iw + &) (w” + (A/2 + €,)7) (4.3.7)

where Vi (Ao, A, N) =3, £,(1)€, (1)€0(21) =dr v and Va(A,N) =3, €1(7)€5 (5) =,
due to the orthogonality of the eigenbasis and the fact that £y =1. Note that
eigenvalue identities at vertices like the ones listed above in general do not
hold for arbitrary field theory on networks, unlike the way they are guaran-
teed on lattices by the conservation of momentum as a result of translational

invariance.

For many typical network ensembles, in the thermodynamic limit N — oo,
the spectral density p, converges to a continuous bulk distribution and some-
times accompanied by zero-measure (isolated) outliers [109, 110]. If 0 is an
outlier, i.e., A\; > 0 in the thermodynamic limit, we say the Laplacian spec-
trum admits a spectral gap. necessarily mean-field, recover the scaling in
Eq.(4.3.4)
If no spectral gap, A\ L0 as N — oo. “infared” singularity in the loop integral
If further the infared end of the spectrum is governed by a spectral dimension
d such that

pu(N) ~ AH2L (4.3.8)

then the spectral dimension takes the place of the Euclidean dimension d in

characterising the critical behaviour. Thus if d<d.=4, then
(NG) () ~ 1272, t < I(G) (4.3.9)

The results are in good consistence with the numerical simulations, as shown
in [98].

In conclusion, we hypothesise that for reacting particle systems on largely

random networks, if the mobility is limited to edge-based random walks and
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the reactions involve no more than three-leg vertices, then the results from
field-theoretic analysis on the analogous lattice model can be translated over.
If the networks admit a spectral gap, we expect mean-field critical behaviours;
Otherwise we just replace the Euclidean dimension d with the spectral di-

mension d of the networks for critical scaling behaviours.
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THRESHOLD DYNAMICS ON
COMPLEX NETWORKS AND
MESSAGE-PASSING METHODS

This chapter is partially based on the papers

“Generalised Cascade Condition for Watts Threshold Model on Complex Net-
works” by Nanxin Wei, Qing Yao and James P. Gleeson, in preparation;
and “Persistent Threshold Dynamics with Recovery in Complex Networks”
by Nanxin Wei and Bo Fan, arXiv:1905.08358.

NW is the main contributor to both papers, in theory, simulations and
manuscript writing.

QY produced Figure 5.2 and Figure 5.3, with some of NW’s code.

The chapter contains verbatim reproduction from both manuscripts listed

above without citation. Any other citations follow standard protocols.
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In previous chapters, we’ve touched upon handling network dynamics as
plain MFT (Chapter 1), effective MFT (Chapter 3) and methods to go be-
yond MFT (Chapter 4). In particular, Chapter 3&4 show that mean-field
approximation is highly successful for network dynamics and that it is quite
challenging to go beyond MFT except for in special cases. In this chapter we
introduce another theoretical method, message-passing, for network dynam-
ics which directly take into account a most commonly used approximation
for network topologies, i.e., locally tree-like assumption. We shall see that
the message-passing method is closely related to MFT, yet not quite in some

variants.

5.1 Watts Threshold Model and Abrupt Tran-

sitions

Threshold dynamics on complex networks has received a lot attention from
researchers in recent years [18, 111]. In general, it refers to the spreading
of a certain node state only enabled (or significantly facilitated) when a
local threshold of collective vertex states is met. It also often appears in
the literature under the name of complex or cooperative contagion [112,
113, 114, 115], in contrast to simple contagion dynamics such as the contact
process where individual node state contribute to spreading independently. A
consecutive of nodes meeting thresholds during the spreading process form
a cascade ', which are prevalent in the modelling of a variety of complex
systems, e.g., the spreading of opinion [116] or adoption of innovation [117,
118] on social networks with peer pressure; the resilience of financial networks
against default [119, 120], infrastructure networks against failure [121] or

biological networks against ageing [122].

One important formulation of threshold dynamics is the Watts Threshold
Model (WTM) proposed in [123], using a fractional threshold and allowing

'Synonymous to “avalanche”, chosen here simply for consistency with existing litera-
tures on this topic.
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randomness in threshold determination. In some parameter regime of WTM,
a small initial trigger may lead to a much larger cascade’. The condition
for such global cascades is the focus of Watts’ original work|[123]|, and has
since been systematically improved [124, 125, 126] and extensively studied in
different variations [127, 128, 129, 130, 131].

On the other hand, WTM as cooperative spreading process is expected to
exhibit an abrupt phase transition without the restriction of small trigger
size. At the critical point of the transition, a small increase in trigger size
would cause a jump in the final cascade size. In this sense, the global cascade
condition mentioned above corresponds to the special case where the critical

point is close to zero.

In this section, we study the condition of abrupt transitions for WTM
in comparison with the classic global cascade condition via message-passing
methods [124, 126, 132]. For random network ensembles, an extended phase
diagram with three regions is obtained. The critical line marking the exis-
tence of a discontinuous (hybrid) transition is the generalised cascade con-
dition. For fixed finite network, we take a dynamical perspective and derive
an analogous condition of explosive cascading. A critical threshold criterion
is proposed for arbitrary seed size, with the boundary case being the coun-

terpart of the generalised cascade condition.

5.1.1 WTM on random networks

We first consider uncorrelated random network ensembles (configuration
model [133]) with degree distribution {px} in the thermodynamic limit (net-
work size N — o00). Assume {p.} is unimodal and has finite mean z :=
(k) < oo, and that all relevant functions involving {p;} in this work is an-

alytic (which can be ensured, e.g., by choosing sufficiently large maximum

“More precisely, a sublinear fraction o(N) of nodes as trigger may lead to a cascade of
linear fractional size O(N) with high probability in the thermodynamic limit N — oc.

67



degree cut-off k,,,). The dynamics of WTM follows the standard set-up
[123]:

(i) Each node in the network can take one of the two states: undamaged or
damaged.

(17) Each node is assigned a fractional threshold, say node j is assigned
6, € [0,1]; 4, is drawn from a (cumulative) distribution Fj(e) independent of
j, typically parameterised with the mean threshold 6 = (é)

(274) Initially a fraction u (referred to as trigger size) of nodes are set as
damaged, the rest undamaged.

(1v) Damaged states spread through threshold cascading, updated in discrete
time-steps denoted by ¢: If a node j with degree k; and threshold éj is un-
damaged and has m damaged neighbours at time ¢ that satisfies m/k; > éj
(the fraction of damaged neighbours exceeds its threshold), then node j is
damaged at time t 4 1.

(v) Cascading continues until no threshold of the remaining undamaged nodes
is exceeded. The average final fraction of damaged nodes?®, is referred to as

the final cascade size p.

Given the network topology and threshold distribution, the final cascade
size p can be calculated from the trigger size p via message-passing methods
[126] under locally tree-like approximation. Let p{) be the probability of an
arbitrary node being damaged and average message v\) the probability of
one end of an arbitrary edge being damaged if the other end is in cavity (not

contributing to damage spreading) at time ¢, we have:
P =+ (1= gy  t=0,1,.. (5.1.1)

g(x) = kf;pk Zk: (Z) 2™(1— )" R(m, k)

=0

3Technically to average over realisations of the network ensemble, threshold distribution
and triggering sets of nodes; When assuming thermodynamic limit, equivalent to average
over just realisations of triggering sets.
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and

AR e (1-— u)h(y(t)) t=0,1,.. (5.1.2)
o) k—1
kp k—1 k—m—1
h — PR m 1 _ m k
=38 (5 et

where the response function for WITM R(m, k) is the probability of a node

with degree k£ get damaged by a minimum of m damaged neighbours given

by
Rw%mzp{m<%}:E{%) (5.1.3)

By definition p(® = v© = 4. Take the limit of iterations for Eq.(5.1.1) and
Eq.(5.1.2), we have p := p{®) and v := () satisfying:

p=p+(1—-pg) (5.1.4)
v=p+(1—ph(v) (5.1.5)

Given pu, Eq.(5.1.5) is a self-consistent equation about v. However, Eq.(5.1.5)
may not have a unique solution. For the convenience of further analysis, we
define ¥ (z, u) :== p+ (1 — p)h(x) and rewrites Eq.(5.1.2) as

D = g (O ) pe0,1) (5.1.6)

v is the iteration limit of Eq.(5.1.6), hence a fixed point of the mapping
U(e, ). Also, it should be a stable fixed point considering the random-
ness in triggering sets and the interpretation of v as the average message.
Since U(e, 11) is smooth and monotonically increasing, () = p=(0, 1) >0,
U(1, 1) <1, such stable fixed points exist in [0, 1] and v is the smallest one
of them.

69



When (p=0v=0) is a fixed point. The zero fixed point is unstable if and
only if

h'(0) > 1
& > k(k- 1)kaé(%) >z (5.1.7)

which is precisely the global cascade condition proposed in [123]. This cor-
responds to a discontinuous transition with v as order parameter and p as
control parameter at u. = 0 (sublinear fraction size in the thermodynamic
limit), as showcased in Figure 5.1a.

To characterise the discontinuous transition in general, we transform Eq.(5.1.5)
into
v —h(v)

=T"he) (5.1.8)

I

d ~0if and only if 2/(0) > 1, as is the case pinpointed in Eq.(5.1.7). If there

v,

9 =0, then Fq.(5.1.8)
describes a one-to-one mapping for v € [0, v.). As such, v continuously grows
with g until g, = Vf::((y”;)) where Z—Z C — 00, indicating a discontinuous jump
as shown in Figure 5.1b. The critical point (u., v.) satisfies

d
exists 0 <v,. <1 such that d—u >0, Vv € [0,v,.) and
1%

(1 - /vbc)h/(yc) =1 (519)

The extended global cascade conditions proposed in [124, 125] provide good

approximations to the discontinuous transition when p. ~ 0.

The jump vanishes when the critical point is an inflection point of the curve
described by Eq.(5.1.8), as demonstrated in Figure 5.1c. The network param-
eters (e.g., mean degree z and mean threshold 6) fulfilling the requirement
d*u

25| =0 thus give rise to the critical line or phase boundary

W' (1) = 0 (5.1.10)
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Figure 5.1: Examples of u vs. v, ER networks with z = 5, fixed fractional threshold =0

separating parameter regions with and without the discontinuous transition.
When the threshold level is higher than that prescribed by the critical line,

v continuous grows with p in [0,1), as exemplified in Figure 5.1d.

The analysis above focuses on the dependence of the average message v
on trigger size pu. From Eq.(5.1.4) it is obvious that the final cascade size p
admits a discontinuous transition with respect to u at u. if and only if v does

at .. Therefore, we propose Eq.(5.1.10) as generalised cascade condition,
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together with the global cascade condition Eq.(5.1.7) depicting the phase
diagram of WTM, as demonstrated in Figure 5.2. We consider WTM on
Erdos—Renyi networks parameterised by mean degree z and fixed fractional
threshold 6 = 6. Critical lines Eq.(5.1.7) (equality) and Eq.(5.1.10) are found
numerically, marking out three phases which are termed fragile, quasi-robust
and robust respectively, regarding the resilience of networks in each phase
against threshold cascades of damage. Colours in the fragile and quasi-robust
phases of Figure 5.2 are generated from Monte Carlo simulations of WTM on
ER networks of size N = 10° with matching parameters over 100 realisations,

brighter color for larger cascade size jump.
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10 -
0.66
87 0.55

N

6 - 0.44
0.33

4
Fragile 0.22

2

0.11
0 T T T T 1 0.00

0.2 0.4 0.6 0.8 1.0

Figure 5.2: Phase diagram of WTM on ER networks

The discontinuous transition described above is in fact hybrid, i.e., exhibit-
ing the critical behaviours of a second order phase transition before the jump
i T pe, similar in nature as bootstrap percolations [134] where the threshold
for spreading is a fixed number of occupied neighbours. The critical exponent
B defined by |6p| ~ |6u|?, i 1 pe can be obtained by taking variations on
both sides of Eq.(5.1.4) and Eq.(5.1.5) and expanding to third order terms
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and plugging in Eq.(5.1.9) and Eq.(5.1.10)

v =20p+ (1 —pe) {h’(uc)éu + h"<21/c) (6v)* + W ve) (5u)3} — Sp-h(v,)
(5.1.11)

59 =61 = g(0] +0 = ey + L5y 1+ L)
(5.1.12)

The results, f = 1/2 in the quasi-robust phase and 8 = 1/3 on the phase
boundary, are mean-field exponents. Since message-passing methods assume
locally tree-like topology, on network ensembles in the thermodynamic limit,

long-range dynamical correlations are effectively ignored.

5.1.2 WTM on fixed finite network

Now we shift our attention to WTM on a fixed finite network G = (V, E)
of size Ny = |V|. Each link (¢,j) € E corresponds to two directions for
message-passing i < j and j < i, totalling Ny = 2|F|. Let u be the
probability of each node initially being damaged (equivalent trigger size).
The threshold cascades of WTM can be approximated by the message-passing
scheme similar to Eq.(5.1.1) and Eq.(5.1.2)

PV = pdy, + (1 - m)g () (5.1.13)
V) i, + (1 () (5.1.14)

where p(*) is a size N; vector with entries pgt) as the probability of node j being

damaged by time t, v®) a size N, vector with entries I/Z-(Qj

message passed on from j to 4 at time ¢, and mappings g : [0, 1]V — [0, 1]™

as the expected
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and h : [0,1]Y2 — [0, 1] prescribed by

gi(w) =Y Pl <m}> [[wes [T —vicsn)
m=1 ‘%‘Q:’)T:l jen j"eonQ
-3 F, (k@) STTvier T vies) (5.1.15)
m=1 J ‘iif;"j,, je J"edi\Q

hi<—j (I/) = Z Fé (%) Z H Vier H(l - Vj(—l”) (5116)

— J Qcoj\{i} 1"ed
m=1 \?z\]:\vfl} req \Qu(i}

Take t to infinity and assume the iteration limit of Eq.(5.1.14) starting with
v(0 = i1y, exists, we have

p=nl,+(1-pgw) (5.1.17)
v=ul,+(1-phv) (5.1.18)

The final cascade probability vector p := p(®) qualitatively follows the ex-
pected message vector v := (> in relation to the trigger probability  and

sums up to the final cascade size p:=>_ p;.
eV

Eq.(5.1.18) is self-consistent but not easy to solve directly. To better under-
stand the relationship between p and v, define ¥(x, ) := pl,,+(1—p)h(x),
then Eq.(5.1.14) can be rewritten as

v —w(® ) (5.1.19)

The Jacobian matrix of W(x, 1) which linearises Eq.(5.1.19) is given by

oh

aﬂ =(1-p) L‘?_zc] : (5.1.20)

s - [
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where

), oo [n(E) ()

m=1

. Z H$j<_l/ H 1_='I7j<—l”) (5121)

Q'Cé )_/\{ ul} ey I"€dj
e \2ufin

To characterise the evolution of expected messages v® at the initial stage (of
iterations), we evaluate the Jacobian at u1,,, the message vector at arbitrary
trigger size p.

Joya=0—=p MHZAF( )Bm( —1,k; — 2; 1) (5.1.22)

where B is the non-backtracking matrix of graph G with entries B, .=

050 (1=04), AFp(F ) F@(%)—Fa(m m=1) and Bin(m—1, k;—2; p) = (k 2),um_l(l—
p)ki=m=1 Notice that the summation part in the right hand side of Eq.(5.1.22)
has only index j dependence, signifying the intermediate node that relays the
message, we can define a Ny X Ny diagonal matrix D with entries D;, ;. ; the

j dependent sum aforementioned and rewrite Eq.(5.1.22) in a concise form:
J|,a,, = (1— 1)DB (5.1.23)

When p = 0, Dijij = Fj(), Eq.(5.1.23) is reduced to the situation
considered in Section 4.1 of [126].

The condition for explosive growth of message hence damage is given by the
largest eigenvalue of the Jacobian matrix at t = 0 as expressed in Eq.(5.1.23).
When Ay := max{A[J|,1, ]} is larger than unity, the expected message grow
exponentially in the initial iterations. Since the higher the threshold level
the harder it is for cascades to spread, we suggest 0.(u) satisfying Ay, T 1
as 0 = (f) | 0. be the eritical threshold criterion for the given triggering
probability p. For a fixed finite network, the largest 0.(u) for all € [0,1)
is analogous to the phase boundary of the quasi-robust phase in the network

ensemble scenario.
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We illustrate our results in Figure 5.3, for both synthetic and empiri-
cal networks. For simplicity we choose threshold condition 6 = 0, hence
D jicj = Bin(m;—1, k;—2; u) and m; = [k;60]. Figure 5.3a and Figure 5.3c
plot the ;1 — 0. relation described above from the eigenvalues of J|,;, numer-
ically found, for the Facebook Caltech network [135] and the configuration
model based on the same degree sequence respectively; Figure 5.3b and Fig-
ure 5.3d show Monte Carlo simulation results of WTM on the same networks
as used in their left panels. For chosen threshold level #, the abrupt transi-
tion is expected to happen around the triggering probability p that makes 6
critical, which can be found in the left panels Figure 5.3a and Figure 5.3c.

The results are in good consistence with our prediction.
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Figure 5.3: WTM on fixed finite network
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5.2 Persistent Threshold Dynamics with Re-

covery on Random Networks

Some real-world networks, while being less susceptible to global cascade for
small initial trigger, may be subject to persistently triggered cascades and
some recovery mechanism. Typically, cascades happen in a much shorter
time-scale than the intermittency of triggering or recovery. Such systems
follow the dynamical patterns as: triggering — cascading — triggering
(& recovery) — cascading — - - -, which are observed in a variety of social
[136, 117, 137, 138|, technical [121, 139, 140, 141], financial [142, 143, 120] and
biological networks [144, 122]. The original WTM with one-off triggering can
be viewed as the first step in the persistent picture: triggering — cascading.
To characterise persistent threshold dynamics analytically is of great interest
to network scientists, but it is also challenging due to the cumulative cor-
relations built up in the dynamics. Some recent attempts have been made
either by setting up models in a convenient way to harness the one-off results
[143, 120, 145], or disregarding the separation of time-scales and considering
continuous-time dynamics [146, 147, 148, 149].

In this section, we investigate a minimalistic model of persistent thresh-
old dynamics with recovery based on WTM. Using results on WTM from
subsection 5.1.1 as building blocks and exploiting the structural features
exposed during the persistent dynamics, we provide an approximation scheme
which enables a good theoretical characterisation of the model. As our model
is very generic and the theoretical approach can be easily extended to more
complicated set-ups, this work contributes to the important quest of un-

derstanding networked systems which slowly evolve to the point of critical
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collapse (or outburst in terms of spreading).

5.2.1 Model set-up and general behaviour

We consider the natural extension of WTM to persistent dynamics on ran-
dom network ensemble with degree distribution {px}. Same as in WTM,
each node can take a state of either damaged or undamaged and the initial
configuration starts with all nodes undamaged; Each node is assigned with

a fractional threshold, for simplicity assume to be fixed at 6.

The persistent dynamics occur at two separate time-scales: spontaneous
damage (triggering) and recovery at the slow or macroscopic time-scale, and
cascading via the dynamical rules of WTM at the fast or microscopic time-
scale. More precisely, take discrete time-steps at the macroscopic scale and

denote them by ¢, the dynamics goes as follows:

(i) In each time-step, undamaged / damaged nodes are subject to sponta-
neous damage / recovery independently with small probability ry or r
respectively. Define the ratio R :=r;/rg, which can be interpreted as

the relative intensity of recovery over triggering.

(ii) In addition, undamaged nodes (after the updates in (i)) are subject to
cascading as in WTM, i.e, an undamaged node turns damaged if among
its neighbours the damaged ones exceed the fractional threshold. The
(average) fraction of damaged nodes after cascading stops in time-step
t is the damage fraction at ¢, denoted as p(t) while the undamaged
fraction as ¢(t):=1 — p(t). The dynamics then continues to time-step
t+ 1.

Further, we limit our attention to the persistent dynamics on quasi-robust
random networks, a general class of networks proposed in subsection 5.1.1,
since on robust networks cascading is less relevant and on fragile networks
one-off small trigger suffices to damage almost the entire network. In gen-

eral, the temporal evolution of undamaged fraction ¢(t) (from the context
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of network resilience) exhibits one of the two types of behaviour depending
on chosen R: decreasing to an intermediate value and fluctuating around
it for large R, or gradually dropping before suddenly collapsing to a much
lower value for small R. We refer to them as the stationary phase and the

collapsing phase respectively, as showcased in Figure 5.4.
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- = theory 1.0 - = theory

0.9 0.8

A\we- = e .
0.8 0.6 i
¢ () i
1
0.7 0.4 i
i
i
0.6 0.2 i
i
|
|
0.5 00 I
. 200 400 600 800 0 50 100 150 200 250
t t

(a) Stationary phase, high recovery (b) Collapsing phase, low recovery

Figure 5.4: lllustration of two phases of networks under the persistent dynamics

The temporal evolution of undamaged fraction of nodes ¢(t) for persis-
tent dynamics with recovery on Poisson random networks with mean
degree z = 30, fixed fractional threshold # = 0.5, triggering rate
ro = 0.0025 and recovery rate r1 = R-ro; (a) R =15 (b) R = 1. Starting
from fully undamaged initial configuration ¢ = 1, five realisations are
shown as thin colourful lines in both (a)&(b), while thick black dash

lines are theoretical calculations follow from the analysis below.

5.2.2 Effective trigger size evolution of the persistent
dynamics

In order to theoretically characterise the persistent dynamics on quasi-

robust networks, it would be tempting to replace the increasing trigger size

1 in the analysis in subsection 5.1.1 with the temporal evolution of some ef-

fective trigger size . (t). Here we argue that by classifying the damaged nodes
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in the persistent dynamics into two types: spontaneously damaged nodes and
nodes damaged via cascading, under certain assumptions the spontaneously
damaged nodes can indeed serve as effective trigger p.(t) to estimate the

network damage fraction p(t).

Assume that when the network (either in stationary or collapsing phase)
evolves in low damage regime, spontaneously damaged nodes that fall below
the sustainable condition are negligible. This means that all spontaneously
damaged nodes are recoverable. Further we assume that all nodes damaged
via cascading accumulated over time are mostly below the sustainable condi-
tion. Since we have small probabilities per time-step r¢, 71 < 1, the second
assumption would thus infer that nodes damaged via cascading are much less
likely to be recovered (or may only recover at much slower pace) compared
to spontaneously damaged nodes. The above assumptions are reasonable in
all cases considered in this work, and are believed to hold for quasi-robust

networks in general.

The theoretical estimation of the persistent process is given by the follow-
ing effective process: In each time-step, (i) Each undamaged node is sponta-
neously damaged with probability ry and each spontaneously damaged node
recovers with probability 71, both independently; (ii) The updated sponta-
neously damaged nodes serve as the effective trigger and govern the cascading
according to the threshold dynamical rule of WTM. In other words, it is the
alternating combination of “independent spontaneous damage / recovery of
undamaged / spontaneous damaged node” and “refreshing of cascading dam-
age”. It is worth pointing out that the different treatment of two types of
damaged nodes here is not because of enforced intrinsic properties of dam-
age, as is the case in [143]), but is a result due to their different positioning
in the network hence their susceptibility to recovery. Figure 5.5 provides a

schematic illustration of the effective dynamics.
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Figure 5.5: Schematic illustration of the effective dynamics in contrast to the model
dynamics
Example of a possible realisation of the model dynamics (upper panel)
and the corresponding effective dynamics (lower panel). Empty nodes
with solid boundary are active nodes, black for spon-failed nodes, grey
for cas-failed nodes. Empty nodes with dashed boundary are cas-failed

nodes put in cavity, i.e., perceived as active nodes during the updates
between two macroscopic time-steps.

Using results from the trigger size analysis for expected cascading damage,
the rate equation of the effective trigger size p.(t) is given by

dyte .
5 = ro[L = ()] = i (5.2.1)
,ue<0) =0,

where p(e) stands for the mapping from the trigger size p to the final cascade
size p in WTM, as encoded in Eq.(5.1.4) and Eq.(5.1.5) The estimation of
undamaged fraction at time ¢ (before the critical collapse for networks in the

collapsing phase or without constraint in the stationary phase) is thus

p(t) = plpelt)), (5.2.2)
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where p.(t) evolves according to Eq.(5.2.1).

If taking du./dt = 0 in Eq.(5.2.1) gives a physical stationary state, we say
the network belongs to the stationary phase. At the stationary state, denote
k= pe(00) and p*:=p(pk). Eq.(5.2.1) indicates that the stationary damage
fraction p* only depends on the ratio R = r;/rq as defined earlier. For high R

which ensures stationary phase, this dependence relation can be illustrated

from Figure 5.6, at the intersection of left hand side p(i.) (blue line) and
right hand side 1 — Ry, (red dashed line).
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Figure 5.6: p(R) from effective trigger size of steady state

Dynamics on Poisson random networks with degree distribution p, =
e 2 /k!, z = 10 and fractional threshold § = 0.5, the estimation of

steady state death fraction p given relative recovery intensity R, shown
here for R = 3.5.
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Figure 5.6 also shows that p; monotonically increases as R decreases.
Given that the mapping rho : mu — p holds up to p = p. with the critical
trigger size of WTM g, prescribed by Eq.(5.1.9), we can define

Re = [1 = p(pe)l/ pe (5.2.3)

as the critical (recovery over damage) ratio. The network is expected to be in
the stationary phase when R > R, and in the collapsing phase when R < R..
For networks in the collapsing phase, the effective trigger size would evolve in
the form of Eq.(5.2.1), increasing until reaching .. Thus we can identify the
time of collapse t. as the solution of the boundary value problem: Eq.(5.2.1)

with additional end-time condition

pe(te) = pe. (5.2.4)

5.2.3 Results and discussions

Calculations based on the effective process introduced above are conducted
to compare with Monte Carlo simulation results. Estimates for the temporal
evolution of undamaged fraction are plotted in thick black dash lines in Figure
5.4, in good agreement with simulation results for both the stationary phase

and pre-collapse stage of the collapsing phase.

Take a decreasing set of large R values and record the average stationary
damage fraction in the state for each R. Results are shown by the red dots in
Figure 5.7, with detailed parameters in figure comments. Blue lines represent
the theoretical estimates p*(R) of the same set of R values. Theory and simu-
lations agree with convincing accuracy for networks safely in the active phase
(R > R.), regardless of network structure. As R approaches the theoretical
critical point R, from above, deviations for the stationary damage fraction
kick in. One can see that the more homogeneous random networks are and
the more mean degrees they have (Poisson random network with mean degree

z = 30), the better the estimates extend to the regime closer to the critical
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collapse. Nevertheless, in all cases the actual critical point found in simula-
tions is larger than its theoretical estimate R.. In other words, theoretical
estimate R, provides a lower bound, below which the network would safely
belong to the collapsing phase. This can be explained by further scrutiny over
the effective dynamics in comparison with the model dynamics, see Figure
5.6. As the theoretical damage fraction p(t) (for any given R) is derived from
the effective trigger size . (t), the recoverable cascading damaged nodes, i.e.,
nodes damaged via cascading earlier, but at the current time-step satisfy the
sustainable condition due to accumulated neighbour recovery, are considered
to be recovered with certainty in the effective dynamics, but not necessarily
so in the model dynamics. For lower R, the damage fraction would increase
such that this fraction of nodes becomes no longer negligible. Therefore, it
is to be expected that the theoretical damage fraction is an underestimation,

and in simulations networks are prone to collapse for some R > R,.

Poisson, z=10 Poisson, z=30 SF, y=3.0,kmin=5

i
smuaton | |4 e smuaen| |1 e smuton

(a) (b) (c)
Figure 5.7: R vs. p* in the stationary phase, theoretical estimates and simulation results

(a) & (b) Poisson random networks with z = 10 and z = 30 respectively;
(¢) Scale-free random networks with pp o« k77, v = 3.0, kpin = 5,
(k) ~ 8.7. In all cases we fix § = 0.5 and ro = 0.0025.

For networks in the collapsing phase (R < R.), we can also calculate the
time of collapse t., and compare with results from simulations, as shown in
Figure 5.8. Blue lines plotted from theoretical estimate, while red dots with
error bars are average and standard deviation of ¢. from simulations. In all

cases theory and simulations are in reasonable alignment, with ¢, being an
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expected upper bound. Following the same argument in the last paragraph,
since the estimated damage fraction being underestimation, the actual time

of collapse comes earlier than the theoretically predicted one.

SF, ¥=3.0,kmin=5

(a) (b) (c)
Figure 5.8: R vs. . in the collapsing phase, theoretical estimates and simulation results

(a) & (b) Poisson random networks with z = 10 and z = 30 respectively;
(¢) Scale-free random networks with pr o« k77, v = 3.0, kmin = 5,
(k) = 8.7. In all cases we fix § = 0.5 and ry = 0.0025.

In this section we develop a method to calculate the average damage frac-
tion of complex networks under cascade-recovery dynamics if the recovery
is strong enough to keep the network “functional” (largely undamaged), and
the collapsing time for the damage to spread to the bulk of the network if
otherwise. The simulation results are in good consistency with our theoreti-
cal estimates, with moderate discrepancies closer to critical point of collapse,
as a result of optimistic approximation of recoverable nodes damaged via
threshold cascading from past time. Therefore, the critical ratio R, pre-
dicted by our method can be used as a necessary lower bound for recovery
to avoid critical collapse and the predicted collapsing time ¢, a upper bound
of the longevity of the system.

From the perspective of application, our model can be potentially applied
to predict the collapsing time of complex systems with interdependency, or

the condition for it to remain functional. For example, the stock market in
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which the performance of the stock of each company depends on its upstream-
downstream partners, while the 0 and 1 states of each company correspond
to debt deficit status and debt solvent status respectively [142, 143, 120].
Our method then can be used to predict whether the collapse of the entire
stock market could be triggered by the chain reaction of debt deficits of
listed companies based on enterprise financing efficiency and disbursement
rate. Similarly, with our method we could also try to predict the lifespan of
some animal [122], the collapsing time and condition of honey bee colonies
[150], the failure time of power grids [151], the behaviour of progression of
lung carcinomas with different cell proliferation and apoptosis rates [144],
the spread of disruptions in railway systems [140], the collective behaviour
in online social movements [137], and so forth. In general, our model has a
strong potential in characterising a variety of complex systems with binary
state components and network structure, on which non-monotone dynamics
are running, and we are going to explore those candidate systems in future
study.
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SUMMARY

In this thesis we examine and explore a number of theoretical methods
for stochastic particle systems, especially reaction particle systems. Our
general approach is to study effective mean-field theories that are exactly
solvable probabilistic models which retain as much information of the original
dynamics as possible, as well as to utilise field-theoretic methods to go beyond

mean-field theories.

In Chapter 1 and Chapter 2, we discuss different classes of non-spatial
and spatial branching processes as candidates for non-trivial mean-field the-
ories, some of which are largely ignored in the physics literatures and go
against popular presumptions for mean-field theories of non-equilibrium sys-
tems [12, 24]. Some new results on the temporal profile of branching particle
systems are obtained, which may serve as refined characterisation of critical

avalanches.

In Chapter 3, we showcase incorporating short-range dynamical corre-

lations of the Abelian Manna Model in an effective multi-type branching
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process that is exactly solvable, yielding closed-form approximates of the
critical density of the Abelian Manna Model in generic set-ups, which previ-
ously are only available from numerical simulations, semi-numerical analysis,

or in the brute mean-field value.

In Chapter 4, we introduce and develop field-theoretic methods to tackle
long-range dynamical correlations of reaction particle systems, with appli-
cation in branching Wiener Sausage and extension to particle systems on
graphs. The last part of Chapter 4 for field-theoretic methods on graphs is

still in preliminary form and worth further investigation.

Finally in Chapter 5, we adapt the message-passing method on networks
for variants of the classical Watts Threshold Model, and explain how message-
passing is fundamentally an effective mean-field theory tailored to ignore

dynamical correlations on networks.
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