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Abstract

With the growing demand for energy, the interdependence among multiple energy domains

is increasing rapidly. This interconnection enables enhanced operational flexibility and cost-

effectiveness, but also introduces significant complexity due to the intermittent and stochastic

nature of renewable energy sources (RES). Integrated energy systems are drawing huge atten-

tion for their potential to enable efficient and sustainable energy management across sectors.

However, the optimal dispatch of the different energy sources, storage systems, and flexible

loads in such systems remains a significant challenge.

This thesis presents a two-part investigation into the co-optimisation of distribution-level inte-

grated energy systems comprising coupled electrical distribution networks and district heating

networks. In the first part, a linear co-optimisation framework is developed to schedule the dis-

patch of energy resources based on day-ahead forecasts of RES generation and energy demands.

Electric boilers and heaters are employed as coupling devices between the two networks. By

leveraging the inherent flexibility in both domains, the proposed model minimises operational

costs and renewable curtailment. A case study based on the integrated electrical and heating

system at Bornholm Island, Denmark, demonstrates the effectiveness of the approach, showing

significant reductions in RES curtailment.

The second part addresses the operational uncertainties associated with RES generation and

load forecasts in distribution-level integrated systems. Variability in RES generation, coupled

with fluctuations in electrical and thermal demands, can lead to significant operational chal-

lenges, including voltage deviations, temperature constraint violations, and inefficient resource

utilisation. A rule-based dynamic dispatch is proposed to handle the increasing levels of un-

certain RES. A chance-constrained (CC) co-optimisation algorithm considering the uncertain

loads and RES is developed. The analysis is conducted using snapshot-based simulations of

representative operating conditions. In the proposed method, electric boiler power and curtail-

ment of RES are dynamically dispatched to reduce operational costs and network losses. The



approach is validated on the IEEE 15-bus distribution system and the UK Generic Distribution

System (UKGDS) 95-bus test systems. The results show that the developed method signifi-

cantly reduces the voltage deviations and temperature violations compared to the deterministic

method.

Together, these contributions provide a comprehensive framework for the economical operation

of integrated electrical and thermal energy systems in the presence of increasing renewable

energy penetration.
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Chapter 1

Introduction

The global energy landscape is undergoing a rapid transformation, driven by escalating cli-

mate concerns and reinforced by international net-zero targets such as those set by the Paris

Agreement and reinforced at COP28. Global capacities of solar and wind installations (in

GW) from 2018 to 2030 (planned) are as shown in Fig. 1.1. Renewable energy sources (RES),

particularly wind and solar, are at the core of this transition, offering low-carbon electricity

generation. However, their inherent intermittent and uncertain nature poses significant oper-

ational challenges. In many regions, the mismatch between rapid renewable deployment and

slow infrastructure upgrades has led to increased curtailment of clean energy, around 4% in

the UK in 2022 alone, with projections reaching up to 20% by 2030 [1]. Without timely and

strategic integration measures, studies suggest that up to 15% of global wind and solar gener-

ation could be lost by 2030, leading to substantial setbacks in emissions reduction efforts [2].

This situation underscores the urgent need for more flexible, integrated approaches to energy

system planning and operation.

In the context of the UK, the wind capacity expansion and curtailment costs are increasing

year on year as shown in Fig. 1.2 [3]. This growing curtailment not only leads to significant

economic losses and wasted clean energy but also risks undermining investor confidence in

17
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Figure 1.1: Historical and future cumulative solar PV and wind power capacity [2]

renewable projects. One promising solution to this challenge is the deployment of multi-energy

systems (MES), which directly address renewable curtailment by enabling surplus electrical

energy to be converted, shifted, and stored in other energy vectors. By integrating electricity,

heating, and gas networks, MES can unlock new flexibility pathways that reduce curtailment

and improve energy utilisation.

1.1 Motivation

Integrated energy systems (IES), or more broadly, multienergy systems (MES), offer a promising

paradigm shift by enabling coordinated management of multiple energy vectors like electricity,

heat, and gas across generation, storage, and consumption. These systems exploit interdepen-

dencies between vectors to enhance system flexibility, reduce RES curtailment, and unlock new

pathways for demand-side and intertemporal arbitrage. A prominent example is the integra-

tion of electrical and district heating systems (DHS). DHS are centralised energy networks that

produce and distribute thermal energy, which is typically in the form of hot water or steam,

to meet the heating demands of residential, commercial, and public buildings. In integrated

electrical and heating systems (IEHS), the excess electricity from renewables can be converted
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Figure 1.2: UK wind deployment and curtailment costs on the Scotland-England boundary [3]

into heat via electric boilers or heat pumps, stored thermally, and later used to meet heating

demands. Such coupling not only increases system-wide efficiency but also offers novel avenues

for decarbonising the heating sector, which accounts for nearly 50% of global energy consump-

tion [4]. Despite its importance, renewable heat consumption is expected to grow by just over

40% between 2023 and 2028, which is about two-thirds of the increase in total heat demand.

As a result, fossil fuel use for heating is projected to rise further, leading to a 5% increase in

annual CO2 emissions and adding approximately 86 Gt CO2 cumulatively during this period.

Accelerating the integration of renewable electricity into heating systems through MES is thus

essential to meeting global climate targets and reducing heat-related emissions.

In recent years, there has been a growing interest in the coordinated operation of multiple energy

systems with interconnecting elements [5]. Developments in smart grids and urban energy

infrastructures have further highlighted the relevance of MES in supporting the evolving needs

of modern energy systems. Smart cities, in particular, are characterised by a high degree of

energy vector diversity, incorporating solar PV, wind, electric vehicles, heat networks, and gas

infrastructure on the supply side, as well as flexible loads and storage on the demand side. With

the increasing integration of intermittent renewable energy sources, accurate modelling and

management of uncertainty in energy scheduling are critical. The limited pace of grid expansion
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has exacerbated curtailment issues, especially in high-penetration RES regions. Inaccurate

curtailment estimation can lead to system-level operational issues such as voltage violations in

the distribution electrical networks and temperature constraint violations in coupled thermal

networks. Therefore, active curtailment control mechanisms are essential for safe and reliable

system operation.

This thesis focuses on distribution-level electrical networks and district heating systems, where

renewable integration challenges, flexibility constraints, and operational uncertainties are most

pronounced. Among the various energy vectors, district heating presents a cost-effective and

energy-efficient solution for meeting space heating and hot water requirements in residential and

commercial buildings. However, as reported by the IEA, approximately 90% of the heat supplied

through district heating networks is still generated from fossil fuels, particularly in countries

like China and Russia [6]. In the context of smart grids and smart cities, where multiple energy

carriers such as electricity, heat, and gas coexist on both the supply and demand sides, co-

optimisation of resources becomes critical. By enabling joint scheduling of generation units,

storage devices, and flexible loads, MES frameworks can significantly enhance energy utilisation

and help mitigate the intermittency of renewable sources. Moreover, co-optimisation supports

the efficient use of surplus or otherwise underutilised energy carriers, contributing to optimal

demand satisfaction. The system’s flexibility stems primarily from three components: storage

technologies, interconnecting conversion devices, and responsive demand-side elements.

Optimal scheduling of these diverse energy resources is essential to enhance overall system

efficiency, resilience, and sustainability. However, the presence of interdependent networks,

stochastic RES, and variable demand patterns significantly complicates this scheduling prob-

lem. As a result, MES scheduling becomes a complex, multi-domain challenge that demands

advanced optimisation tools capable of dynamically allocating energy resources and flexibil-

ity across vectors, while satisfying the operational constraints. A brief literature overview is

discussed in the following section.
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Figure 1.3: Multi energy system with various sources, storages, and loads [7]

1.2 Literature review of electrical and heating systems

This section provides a brief literature overview on the modelling, optimal power flow, and

scheduling of MES and IEHS in particular. The modelling of MES has evolved significantly in

recent years to capture the growing interdependence between energy vectors such as electricity,

heat, gas, and hydrogen. Fig. 1.3 represents an energy hub model of MES with various

sources, storages, and loads [7]. Early approaches often considered individual energy carriers in

isolation, resulting in suboptimal system-level decisions. More recent works adopt integrated

frameworks that model energy conversion, storage, and transport across networks, enabling a

holistic representation of MES operations.

One of the foundational contributions in this domain is the energy hub model proposed in [8],

which introduces a generalised multi-port node framework to represent energy input/output

exchanges across domains. Within this framework, different energy conversions take place inside

the hub, and optimal dispatch algorithms determine the conversion levels and energy flows to
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meet multi-vector demands. In the existing literature, various algorithms have been discussed

to operate MES efficiently. Most of these works differ in the modelling complexity of MES

components and in the objectives used for optimisation. Common solution approaches include

linear programming, mixed-integer formulations, dynamic programming, genetic algorithms,

and Lagrangian relaxation methods [9–14]. A general review of energy management and control

strategies is discussed in [15]. A detailed review on modelling and optimal scheduling in IES is

attempted in [16].

Recent research has increasingly focused on distribution-level integrated energy systems, driven

by the rapid growth of renewable generation, electrification of heating, and limited grid rein-

forcement capacity. In this context, distributed energy management architectures and decomposition-

based optimisation algorithms have been reviewed in [17] to address scalability, privacy, and

coordination challenges in integrated electricity and heat systems. In [18], a nonlinear formu-

lation is employed to co-optimise integrated electricity and district heating systems, capturing

the complex interactions and constraints inherent in both networks. The study in [19] presents

an optimal scheduling algorithm that incorporates subsidy strategies to control heating system

dispatch, focusing on economic incentives and policy-driven signals. A robust co-optimisation

model combining a linear electrical network and a nonlinear gas network is developed in [20],

demonstrating the benefits of integrated energy planning across vectors with different charac-

teristics.

The operation of MES becomes more challenging with the addition of flexible loads and uncer-

tain renewable sources. A literature overview on optimal power flow in MES and scheduling

under uncertainty is discussed in the following subsections.

1.2.1 Optimal power flow in IEHS

As power systems evolve into multi-vector networks, the optimal power flow (OPF) problem

must also expand to accommodate the physical and operational characteristics of electricity,



1.2. Literature review of electrical and heating systems 23

gas, and thermal systems. Future power grids and microgrids are expected to involve a variety

of energy vectors on the generation side, such as solar, wind, heat, and gas. They also include

controllable electricity and heat demands on the consumption side and energy storage devices

[21]. While day-ahead scheduling is a well-studied problem in power systems, it becomes

significantly more challenging in IEHS due to network interdependencies and the stochastic

nature of multiple load types.

A substantial body of research has focused on solving the OPF problem for electrical networks

using deterministic [22], stochastic [23–25], and heuristic methods such as particle swarm op-

timisation and genetic algorithms [26, 27]. Generation-reserve co-optimisation models have

also been developed for integrated planning in [28]. For coupled electricity and gas net-

works, [29] proposes a hybrid dispatch framework, while robust optimisation techniques are

adopted in [30, 31]. Furthermore, integrated electricity-heat-gas systems have been modelled

using mixed-integer linear programming (MILP) in [32], providing tractable formulations for

multi-energy dispatch problems. Most of these works adopt a linearised electrical network

model based on DC optimal power flow (DC-OPF) or quadratic formulations. However, these

simplifications can compromise accuracy in radial distribution systems, where non-convexities

are more pronounced. To address this, a branch flow-based second-order conic programming

(SOCP) model is proposed in [33,34], which offers both accuracy and computational efficiency.

The State-of-the-art review in [35, 36] has highlighted the growing complexity of OPF formu-

lations due to high renewable penetration, operational constraints, and uncertainty, as well as

the increasing adoption of convex relaxation and data-driven methods to improve tractability

and scalability. The modelling of DHS presents additional complexity due to the dual physical

nature of thermal and hydraulic networks. A comprehensive steady-state model for DHS is

presented in [37], while a dynamic equivalent model tailored for distributed IEHS is proposed

in [38]. Other studies, such as [39], utilise data-driven approaches to approximate DHS be-

haviour. Simulation-based models are also explored for optimisation tasks in [40]. For solving

steady-state thermal load flows, [41] introduces a Newton-Raphson-based method that improves
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convergence speed.

1.2.2 Scheduling under uncertainty

The variability inherent to RES introduces significant uncertainty in system scheduling across

multiple time scales. Robust optimisation approaches have seen significant advances in ad-

dressing this issue. In [42], a robust scheduling framework is developed for smart appliances

and energy storage in residential settings, accounting for user behaviour uncertainty. Simi-

larly, [43] presents a two-stage distributionally robust optimisation model for integrated energy

systems with electricity-hydrogen storage. The first stage handles day-ahead planning, while

the second refines the schedule using distributional robustness to adapt to intra-day deviations.

Active power control (APC) and reactive power control are two commonly employed strategies

for maintaining optimal voltage levels. APC has proven particularly effective in mitigating

curtailment issues, as demonstrated in [44], where a droop-based control method is used to de-

termine optimal curtailment levels. To account for decision-dependent uncertainty, an adaptive

column-and-constraint generation algorithm is presented in [45], which offers robust generation

scheduling under uncertain conditions.

Stochastic scheduling methods have also been extensively applied to model uncertainty in RES

generation and load profiles. [46] proposes a stochastic multi-objective dynamic dispatch for

CHP-based microgrids, integrating a system simulation module that captures wind, irradi-

ance, and load uncertainties. In [47], a two-stage stochastic dynamic economic dispatch frame-

work is introduced, where a stochastic decomposition method is used to manage wind uncer-

tainty and improve generator pre-ramping decisions and reserve allocation. Another two-stage

scheduling frameworks for community-level integrated energy systems, incorporating power-to-

hydrogen and power-to-heat conversion is discussed in [48] to enhance operational flexibility

under source–load uncertainty. Scenario-based stochastic formulation is proposed in [49], where

wind uncertainty is incorporated into the economic dispatch problem using a backward scenario
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reduction technique based on Euclidean distance. The model demonstrates how wind inte-

gration can be effectively handled in thermal generation systems while maintaining economic

feasibility and grid stability.

Traditional deterministic and robust scheduling methods often struggle to balance economic ef-

ficiency with security constraints, especially in the face of forecast errors and volatile generation

patterns. Among uncertainty-handling methods, chance-constrained optimisation has emerged

as a powerful alternative to traditional stochastic and robust methods. The approach in [50]

develops a chance-constrained economic dispatch (CCED) model that restricts risk exposure

within a predefined confidence level. Another study, [51], formulates a joint dispatch model that

simultaneously optimises wind curtailment and load shedding while managing reserve short-

ages and transmission congestion. These studies highlight the strengths of chance-constrained

formulations in addressing feasibility issues and ensuring system security under uncertainty,

especially when compared to deterministic or purely robust or stochastic strategies.

The reviewed literature highlights substantial progress in the modelling and optimisation of

multi-energy systems, particularly in the coordinated operation of electrical and heating net-

works. However, most existing studies either focus on transmission-level planning, rely on sim-

plified or decoupled network representations, or inadequately address operational uncertainty

at the distribution level. Furthermore, while flexibility through storage and demand response

is widely acknowledged, its practical integration into network-constrained IEHS scheduling re-

mains limited. These observations motivate the development of co-optimisation frameworks

that are computationally tractable, explicitly account for electrical and thermal network con-

straints, and are suitable for distribution-level operation under uncertainty.
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1.3 Limitations of existing works

Many studies rely on simplified models of electrical and thermal networks to maintain com-

putational tractability, particularly in large-scale or real-time contexts. These simplified ap-

proaches, including linear approximations and decoupled vector modelling, are often necessary

trade-off’s when full non-linear or hydraulic modelling is infeasible. However, they limit the

ability to fully capture the network-level interactions, voltage and temperature constraints. A

clear opportunity exists to develop modular, scalable co-optimisation frameworks that cap-

ture the operational essence of IEHS while remaining computationally efficient, particularly for

practical implementations.

Although significant progress has been made in the field of MES optimisation, several challenges

remain that limit the effectiveness and applicability of current approaches. Electrical systems

are frequently modelled using linear approximations such as DC OPF, while thermal networks

often rely on steady-state representations. These simplifications overlook critical non-linearities,

voltage sensitivities, and dynamic thermal behaviours, which can result in inaccurate dispatch

decisions or infeasible operational outcomes in real-world systems. Another notable shortcoming

is the under representation of flexibility elements, such as demand-side response and energy

storage. While flexibility is key to mitigating the variability of RES, many existing models

treat loads as static and neglect their potential for temporal shifting. Consequently, the role of

flexible loads and storage in enhancing system resilience and reducing curtailment is not fully

realised. Here, flexibility refers to the ability of loads or storage systems to temporally shift

energy consumption or production within predefined operational limits.

Additionally, the integration across energy vectors, particularly between electricity and heat-

ing, is often modelled in a loosely coupled or oversimplified manner. This approach fails to

capture the operational inter-dependencies and mutual constraints of interconnected networks,

which are essential for accurate co-optimisation. True multi-vector coordination, especially in

integrated electricity and district heating systems, remains a technically and computationally
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demanding task. Handling uncertainties in RES generation and load forecasting poses another

major challenge. Although deterministic optimisation remains prevalent due to its simplicity,

it cannot accommodate the inherent variability of modern energy systems. While some stud-

ies have employed robust or stochastic optimisation frameworks, these often require extensive

scenario generation assumptions. Chance-constrained optimisation has emerged as a promising

alternative but is still underutilised in IEHS applications.

Moreover, the growing complexity of MES models with their multiple vectors, temporal cou-

pling, and operational constraints often results in highly dimensional and non-linear optimi-

sation problems. Despite this, many studies overlook the computational burden and do not

propose solution methods suitable for real-time or large-scale implementation. Curtailment

control represents yet another underdeveloped area. Accurate estimation and active control

strategies, such as adaptive curtailment and droop-based control, are still not widely integrated

into IEHS scheduling frameworks, limiting their ability to prevent system violations like over-

voltages or thermal overloads. Recent studies [52, 53] have investigated cyber–physical and

data-driven scheduling for integrated energy systems. However, high complexity, data depen-

dence, and challenges in enforcing network constraints limit their practical applicability.

Finally, many existing models do not fully reflect practical operational considerations. Factors

such as equipment limitations, security constraints, comfort constraints in thermal systems,

realistic forecasting errors, and computational complexities are frequently neglected. This dis-

connect between modelling assumptions and real-world constraints reduces the practical value

and deployability of the proposed solutions.

1.4 Objectives and contributions

The core objective of this research is to develop a scalable and practical framework for the

co-optimisation of IEHS, with a particular focus on managing uncertainties associated with
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renewable energy sources and variable demand. This study aims to explore how coordinated

scheduling across electrical and heating vectors can reduce curtailment, improve operational ef-

ficiency, and enhance the flexibility of the overall system under both deterministic and uncertain

conditions.

To achieve this, the research is structured around two complementary studies. The first involves

the formulation of a deterministic co-optimisation model for IEHS, focusing on the coordinated

scheduling of generation units, storage systems, and flexible loads using simplified yet repre-

sentative network approximations. The developed model is scalable and practical. The second

study extends this model by incorporating uncertainty in renewable generation and load fore-

casts through a chance-constrained optimisation framework. Here, the model is designed to

balance computational tractability with operational relevance, offering a basis for practical

deployment and further enhancement.

The various research objectives and original contributions of this work are outlined below:

• A co-optimisation modelling framework for integrated electrical and district heating sys-

tems is presented, capturing the key operational inter-dependencies between the energy

vectors.

• Deterministic and chance-constrained optimisation models are formulated to obtain op-

timal schedules for generation sources, curtailments, and flexible loads under both deter-

ministic and uncertain forecast scenarios.

• A novel dynamic dispatch rule is proposed for real-time adjustment of active power curtail-

ments and flexible load utilisation, enabling adaptive system response based on updated

information.

• An efficient solution methodology based on scenario generation and reduction is adopted

to solve the chance-constrained model, which increases the computational tractability

of the method. The proposed frameworks are validated on benchmark test systems,
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including the IEEE 15-bus and UKGDS 95-bus networks.

Together, these objectives aim to demonstrate the viability and benefits of coordinated schedul-

ing in IEHS while addressing the practical challenges of uncertainty, computational complexity,

and flexibility in real-world implementations.

1.4.1 Original contributions

Based on the research objectives set in the previous section, the following original scientific

contributions are delivered from this research

1. Proposed a linear co-optimisation strategy for electrical and district heating

systems

This thesis proposed a linear co-optimisation framework for integrated electrical and dis-

trict heating systems at the distribution level, where electric boilers and heaters act as

interconnecting elements between the two networks. By jointly scheduling renewable gen-

eration, storage devices, and flexible electrical and thermal loads, the framework demon-

strated how coordinated operation can reduce renewable energy curtailment and lower

operational costs.

2. Proposed a chance-constrained co-optimisation strategy for dynamic dispatch

of electrical and district heating systems

This work developed a chance-constrained co-optimisation strategy to explicitly account

for uncertainties in renewable generation and electrical and thermal load forecasts. The

proposed formulation enables probabilistic enforcement of voltage and temperature con-

straints in distribution-level integrated electrical and district heating systems. A rule-

based dynamic dispatch mechanism is introduced to obtain the renewable curtailment and

electric boiler dispatch levels. The effectiveness of the approach is validated on bench-
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mark distribution systems, demonstrating reduced voltage deviations and temperature

violation constraints compared to deterministic scheduling.

1.4.2 Research dissemination

1. Paper 1: S. P. Polisetty et al., “Co-optimisation of Electrical and District Heating

Networks: Bornholm case study,” 2023 62nd IEEE Conference on Decision and Control

(CDC), Singapore, Singapore, 2023, pp. 2549-2554, doi: 10.1109/CDC49753.2023.10383655.

Abstract:

With the growing energy demands, the interdependence among multiple energy domains

is increasing rapidly. The optimal dispatch of the different energy sources, storage sys-

tems, and flexible loads in a multi-energy system is a challenging problem. This paper

focuses on the co-optimisation of a multi-energy system consisting of electrical and dis-

trict heating networks to address the challenge. The electric boilers and heaters act as

interconnecting elements between the two systems. Utilising the available flexibilities in

both systems, the co-optimisation focuses on energy management to achieve economical

operation and reduction in renewable curtailment. The algorithm uses the day-ahead

forecast of renewable generation as well as electrical and heating demands to determine

the optimal schedule for the various generation, storage, and flexible loads in both sys-

tems. A case study based on the multi-energy system at Bornholm Island, Denmark,

is presented in this paper. The results show a significant reduction in renewable power

curtailment and a reduction in CO2 emissions achieved via the interconnected systems.

2. Paper 2: S. P. Polisetty, F. U. Nazir and B. C. Pal, “Chance Constrained Co-Optimization

of Integrated Electrical and District Heating Networks,” in IEEE Transactions on Power

Systems, vol. 40, no. 4, pp. 3401-3412, July 2025, doi: 10.1109/TPWRS.2025.3527552.

Abstract:

Integrated electrical and heating systems (IEHS) are drawing huge attention because of

their cost-effective and flexible operational capabilities. Optimal dispatch of renewable
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units in an IEHS is challenging because of their intermittent and stochastic nature. Un-

certainties in the renewable energy source (RES) forecast, electrical, and thermal loads

can cause voltage and temperature violations, compromising the operational security of

the system. In this paper, a rule-based dynamic dispatch is proposed to handle the in-

creasing levels of uncertain RES and ensure the system’s security. A chance-constrained

(CC) co-optimisation algorithm considering the uncertain loads and RES is developed.

In the proposed method, electric boiler power and curtailment of RES are dynamically

dispatched to reduce operational costs and network losses. The developed method is

tested on the IEEE 15 bus distribution system and the UK Generic Distribution Sys-

tem (UKGDS) 95 bus test system models. The results show that the proposed method

significantly reduces the voltage deviations and temperature violations compared to the

deterministic case.

3. Poster: S. P. Polisetty, F. U. Nazir and B. C. Pal, “Linear optimisation Model for Ther-

mal Load Scheduling in Smart Buildings”, 2022 IEEE Power & Energy Society General

Meeting (PESGM), Denver, USA, 17-21 July 2022.

1.5 Organisation of the thesis

This thesis investigates the co-optimisation of IEHS with an emphasis on improving operational

efficiency, reducing renewable energy curtailment, and managing the uncertainty associated

with variable generation and demand. The work progresses from linear co-optimisation model

to chance-constrained optimisation framework that integrate physical network constraints and

uncertainties. Throughout this thesis, electrical power is expressed in MW , thermal power

in MW , voltages in per unit (p.u.), and temperatures in degrees Celsius (oC), unless stated

otherwise. The remainder of the thesis is organised into the following chapters:

• Chapter 2 introduces the initial co-optimisation framework developed as part of the



1.5. Organisation of the thesis 32

first phase of this research. This chapter presents a linear programming-based model for

the coordinated scheduling of generation sources, storage systems, and flexible electrical

and thermal loads. Interconnection between the two networks is achieved through elec-

tric boilers and heaters, facilitating sector coupling and energy balancing. The model is

validated through a case study based on the Bornholm Island energy system in Denmark,

demonstrating improvements in renewable energy utilisation and reductions in both op-

erational cost and CO2 emissions. This chapter also presents simulation results of a few

practical scenarios.

• Chapter 3 significantly extends the modelling complexity by introducing detailed phys-

ical representations of both the electrical and district heating networks. The electrical

system is modelled using a second-order conic (SOCP) formulation of the OPF problem,

allowing accurate modelling of voltage constraints in radial distribution networks. The

district heating network is modelled using a steady-state thermal-hydraulic framework,

considering mass flow rates and temperature constraints. This chapter first presents a

deterministic optimisation formulation for the integrated system, and then transitions

to a chance-constrained optimisation approach to account for uncertainties in renewable

energy forecasts and load demand. Additionally, a scenario generation and reduction

methodology is incorporated to improve the tractability of the chance-constrained model

without sacrificing solution quality. This chapter lays the theoretical and methodological

foundation for uncertainty-aware co-optimisation in IEHS.

• Chapter 4 presents extensive numerical simulations for both the deterministic and

chance-constrained optimisation models. The test systems include the IEEE 15-bus ra-

dial distribution network and the UKGDS 95-bus network. Multiple uncertainty scenarios

for RES generation and load profiles are generated and analysed. The simulation results

highlight the impact of integrated energy system coordination on voltage regulation, tem-

perature compliance in heating networks, renewable energy curtailment, and total system

costs. A detailed comparison between the deterministic and chance-constrained models
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is provided to demonstrate the value of probabilistic approaches in ensuring secure and

economic operation under uncertainty.

• Chapter 5 summarises the key findings and conclusions drawn from the presented work.

The chapter also outlines the potential future directions for research, including the inte-

gration of real-time control mechanisms, coupling with other energy networks, the inclu-

sion of dynamic thermal models, and the use of data-driven or machine learning-based

forecasting and decision support tools.



Chapter 2

Scheduling of integrated electrical and

heating systems

This chapter presents a linear co-optimisation framework for the day-ahead scheduling of an

islanded IEHS. The primary goal is to determine the optimal dispatch of conventional and

renewable generators, flexible loads, and storage units, while minimising operational costs and

renewable curtailment. A test system based on the Bornholm Island energy infrastructure is

used to demonstrate the modelling approach and its benefits.

The integrated model captures the operational interdependencies between an electrical power

system (EPS) and a district heating system (DHS). The EPS comprises conventional generators,

solar PV, wind sources, inflexible and flexible electrical loads, which include central electric

boilers and household electrical heaters. The DHS includes conventional boilers, central electric

boilers, and hot water tanks (HWTs) serving various end-users such as households, schools, and

community swimming pools. Electric heaters in households and electric boilers at the DHS plant

form the coupling elements between the two domains, enabling energy flexibility across sectors.

These interconnecting devices are modelled as flexible electrical loads, while schools and pools

serve as flexible thermal loads on the DHS side. These flexible demands are time-shiftable but

34
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constrained by hourly consumption limits.

2.1 Electric power system

The EPS consists of conventional sources and renewable sources which will balance the inflexible

and flexible electrical demands of the system. The power balance equation for EPS is given by

PCG
t + PRES

t = DB
t +DFL

t + PRES curt
t (2.1)

where PCG
t is the net conventional generation power, PRES

t is the net power from renewable

sources. DB
t is the base electrical demand of the entire island, DFL

t is the flexible electrical

demand and PRES curt
t is the curtailed renewable power.

The inflexible demand DB
t is the forecasted base demand of the complete island, and DFL

t is

the flexible demand which will be determined by the co-optimisation. PRES curt
t is the curtailed

renewable power, which will always be a positive quantity. The flexible demand includes the

electric boilers demand, DEB
t at the DHS plant, and the net electric heaters demand, DH

t at

the household level which is given by

DFL
t = DEB

t +DH
t (2.2)

Conventional generators are associated with constraints representing their capacity limits, while

flexible loads are bounded by limits on their consumption at any given hour. The subscripts min

and max denote the minimum and maximum limits of each variable, respectively, as expressed

by

PCG
min ≤ PCG

t ≤ PCG
max,

DEB
min ≤ DEB

t ≤ DEB
max,

DH
min ≤ DH

t ≤ DH
max.

(2.3)
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Figure 2.1: DHS at Bornholm consisting of heating plant and consumers

The forecast of PV and wind generation and the forecasted base demand are parameters that

are inputs to the optimisation. The rest of the variables, which include the generation from con-

ventional sources and the flexible demand and curtailment, are optimised by the co-optimisation

algorithm.

2.2 District heating system

The DHS consists of a hot water supply plant, flexible communal loads, and inflexible household

loads connected as shown in Fig. 2.1. The DHS plant generates heat power, HS
t , from conven-

tional sources and also from electric boilers, HEB
t , which will be utilised to heat the water and

cater to the inflexible demand, HB
t , and flexible demand, HFL

t . The hot water tank (HWT) is

used to store or retrieve heat energy and constitutes the flexibility to serve the demand at a later

stage during the period of high fuel cost or renewable intermittencies. HHWT out
t and HHWT in

t

represent the output and input heat power of the HWT. At the household level, electric heaters

will also heat the hot water. The aggregated net heat power of the electric heaters is denoted by

HH
t . All DHS components and flexibility resources are coordinated within a centralised optimi-

sation framework, and the resulting scheduling problem is formulated for day-ahead scheduling
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and solved as a mixed-integer linear programming (MILP) problem.

The heat power balance equation governing the DHS plant and the consumer loads is expressed

as

HS
t +HEB

t +HH
t +HHWT out

t −HHWT in
t = HB

t +HFL
t (2.4)

The heat energy stored in HWT is denoted by EHWT
t . The HWT is constrained by mini-

mum and maximum storage limits, while its energy evolution is governed by the charging and

discharging power over the time step ∆t, as expressed by

EHWT
t = EHWT

0 + (HHWTin
−HHWTout)∆t, t = 1,

EHWT
t = EHWT

t−1 + (HHWTin
−HHWTout)∆t, t ≥ 2,

EHWT
min ≤ EHWT

t ≤ EHWT
max .

(2.5)

The heat generated from the conventional heat source is limited by its rated capacity. In

addition, the HWT is constrained by maximum charging and discharging rates, and it must

be ensured that the HWT operates either in charging or discharging mode at any given time.

These operational constraints are expressed as

HS
min ≤ HS

t ≤ HS
max,

HHWT
min xHWTout

t ≤ HHWTout
t ≤ HHWT

max xHWTout
t ,

HHWT
min xHWTin

t ≤ HHWTin
t ≤ HHWT

max xHWTin
t ,

xHWTout
t + xHWTin

t ≤ 1,

(2.6)

where xHWTout
t and xHWTin

t are binary variables indicating the discharging and charging states

of the HWT, respectively. These variables are part of the optimisation and solved using the

MILP formulation.
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2.3 Coupling strategy and independent optimisation cases

The EPS and DHS are modelled as two independent energy networks, each governed by its own

balance equations and operational constraints. In the proposed co-optimisation framework,

these systems are integrated through electric boilers at the heating plant and electric heaters

at the household level as shown in Fig. 2.2, which act as coupling elements between the two

domains. These devices appear as flexible electrical loads in the EPS and as controllable heat

generation units in the DHS. The interaction between the networks is enforced through linear

conversion constraints that relate electrical power consumption to thermal energy output using

fixed efficiencies. The relationship between the electrical power and the produced thermal

power can be expressed as

HEB
t = ηEBDEB

t ,

HH
t = ηHDH

t

(2.7)

where ηEB and ηH denote the conversion efficiencies of the electric boiler and the electric heater,

respectively. DEB
t and DH

t are the electrical demands of electrical boiler and electric heater

respectively.

For comparison purposes, independent optimisation cases are also considered. In the EPS-

only case, the electrical system is optimised without interaction with the heating network,

and all thermal demand is excluded. In the DHS-only case, the heating system is optimised

independently, with all thermal demand supplied by conventional heat sources and thermal

storage, and without access to electricity-driven heating. In both independent cases, the same

demand and generation forecasts and technical limits are used as in the co-optimised case. The

performance of the independent and co-optimised frameworks is evaluated using consistent

metrics, including renewable energy curtailment, operational cost, fuel consumption, and CO2

emissions.
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Figure 2.2: Interconnection between EPS and DHS at Bornholm

2.4 Linear co-optimisation of IEHS systems

The main objective of the co-optimisation algorithm is to utilise the flexibility from the DHS

system in the EPS to avoid renewable curtailment and reduce the use of conventional generation

and boilers. This is achieved by utilising the electric boilers at the DHS plant to cater to the

real-time heating demand and store the excess heat energy in the hot water tank. This reduces

the use of conventional boilers of the DHS plant and maximises the renewable utilisation of the

island. The co-optimisation will make sure that the electric boilers are utilised during the period

of peak renewable generation. The HWT will ensure to store hot water when excess renewable

power is available and discharge during the low renewable period and high heat demand periods.

The heating demand can also be catered by the electric heater at the consumer premise which

will help in further utilisation of renewable energy.

2.4.1 Cost function

The cost function reflects the objectives of co-optimisation which are low operation cost, low

renewable curtailment, and maximum utilisation of HWT. The objective function, F consists
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of operating cost, CO and penalty cost, CP which can be wrriten as

F = CO + CP (2.8)

The operational cost includes the cost of generation from various conventional generators in

EPS and the conventional heat sources of DHS. CO can be expressed as

CO =
24∑︂
t=1

(cCGP
CG
t + cHH

s
t ) (2.9)

where cCG represents the cost for electrical generation from various conventional generations

like biogas, CHP, and fossil fuel power plants, and cH is the cost of heat energy generated using

the conventional heat sources.

The co-optimisation tries to avoid any renewable curtailment, and a penalty price, pRES, is

assigned for the curtailed power to minimise total penalty. The penalty associated with the

renewable curtailment is expressed as

Cp =
24∑︂
t=1

(pRESP
RES curt
t ) (2.10)

The optimisation algorithm will minimise the cost function F subject to various constraints

associated with the EPS and DHS. The entire co-optimisation formulation to solve a day-ahead

scheduling problem can be described as

min
PCG
t ,Hs

t ,P
RES curt
t ,xt

F

subject to (2.1)− (2.7)

(2.11)
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2.5 Simulation results

The electrical sources considered for the simulation analysis are PV, wind, and conventional

generation from CHP, Biomass, and fossil fuel generators on the island of Bornholm. For

analysis purposes, a single price for conventional generation sources is considered here. The

electrical demand includes the total fixed electrical load of the island and flexible electric load

power comprising electric boilers at the DHS plant and electric heaters at households. The DHS

plant is equipped with conventional and electrical boilers as shown in Fig. 2.1. The heating

demand of the DHS network consists of the forecasted base heating demand of households and

the flexible communal heating demand.

The typical renewable generation and electrical demand profiles for the island are selected from

historical data available in [54]. The curtailment cost is the penalty cost for curtailing renewable

power. The power system operator should define this value depending on any agreements with

RES plants, the energy market, and other policies. The PV generation, wind generation, and

load profile of the island for two typical days are shown in Figure 2.3. The days are selected to

take into consideration the two extreme cases of generation or load. Since the historical data

on the heating demand of the DHS plant is not available, a fictitious variation is used for the

simulation analysis, which is shown in Fig. 2.3.

Various parameters for the simulation studies are listed in Table 2.1. It is noted that the

electrical power system considered in the simulations has a significantly higher installed capacity

(approximately 96 MW) compared to the district heating system, which operates in the range

of 4 MW. This disparity reflects the realistic sizing of energy infrastructures, where electrical

systems are designed to serve large-scale, system-wide demand, while district heating systems

are typically localised and sized according to thermal requirements of specific consumer clusters.

The aim of the proposed co-optimisation framework is not to match system capacities but to

exploit their operational interdependencies.

In case of a high-demand day, it is assumed that the household heating loads will be higher
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Figure 2.3: Typical generation and load profiles for a day at Bornholm

during the morning and evening time periods. A typical bell curve is considered in the case of

a low-demand day. The communal loads act as flexible loads for the heating system. These

flexible loads allow time-shifting and try to reduce the total operating cost. The communal

loads are mostly catered by HWT or EB instead of a conventional heat source, which increases

the operating cost. Based on the different generation and demand profiles, three test cases

are considered to analyze the outcome of the co-optimisation algorithm. A comparison of

co-optimisation and individual system optimisation is also presented here.

Case 1: High RES generation and high demand In this scenario, high power generation

from renewable sources and high fixed demand in both systems is considered. Generally, high

renewable generation and high demand might not occur on the same day, but this fictitious

case is considered to demonstrate the savings with the algorithm. The generation and demand

profiles are shown in Fig. 2.3. The result of the co-optimisation for this case is illustrated in

Fig. 2.4.

During the time instants when the demand is more than the renewable generation, conventional
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Table 2.1: Simulation parameters

Parameter Value Parameter Value

PCG
min 0 MW PCG

max 96 MW

HS
min 0 MW HS

max 4 MW

DEB
min 0 MW DEB

max 2.2 MW

DH
min 0 MW DH

max 0.2 MW

HHWT
min 0 MW HHWT

max 5 MW

EHWT
min 0 MWh EHWT

max 80 MWh

HFL 3 MW pRES 537.85 e /MW

cCG 141.2 e /MW cH 26.89 e /MW

generators are used to generate additional power. For instants when the demand is less than

the renewable generation, the excess power is used to cater to the flexible demand comprising of

the electric boilers and electric heaters of the DHS. The flexible electric power in this scenario

is as shown in Fig. 2.4b. In case the flexible power reaches the maximum limit, the excess

renewable generation is curtailed. The flexible electric power is utilised to heat the hot water

at DHS and/or at households using the heaters.

Conventional boilers are operated in coordination with electric boilers to meet the heat demand

of the island. The HWT charging and discharging is as shown in Fig. 2.4c. It can be observed

that hot water is being stored during the hours when renewable power is curtailed i.e., during

the excess renewable generation period. The time-shifting property of communal loads allows

the load to be shifted to times when conventional boilers are not operating and also during high

RES availability times. It can be seen in Fig. 2.4d that the communal load is being catered by

HWT instead of being catered by conventional boilers. The use of a co-optimisation algorithm

and the usage of electrical boilers during the instants of excess RES generation has resulted in

the reduction of RES curtailment by 16.73 MWh. The use of electric boilers in the DHS plant

has also reduced the usage of the conventional boiler. The comparison of optimising both the

systems individually, i.e., independent case and co-optimisation, is summarised in Table 2.2.
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Figure 2.4: Total electrical and heat power generation and demand in the island for case 1

Case 2: High RES generation and low demand In this scenario, high power generation

from renewable sources and low fixed demand in both systems are considered. The result of

the co-optimisation for this case is illustrated in Fig. 2.5. As the electrical demand in the

EPS is low, as shown in Fig. 2.5b, compared to the RES generation in Fig. 2.5a, there is an

excess of generation. The excess RES generation is utilised by the flexible boilers and heaters

by turning them on at maximum capacity, thereby reducing the renewable curtailment. The

electric boilers acting as the load of the EPS system during hours of excess RES are shown as

the flexible power in Fig. 2.5b. The heat generated from the electric boilers is either used for
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Figure 2.5: Total electrical and heat power generation and demand in the island for case 2

catering to the heat demand of the island (both household and communal) or to charge the hot

water tank. In Fig. 2.5c, the flexible heat is at the maximum capacity, and the hot water tank

is getting charged during most of the hours indicated as a negative value in Fig. 2.5.

During the period of renewable intermittencies, the electrical demand is catered to by conven-

tional generators. The heat generated by the electrical boiler is used to cater to the household

and communal loads as well as to charge the hot water tank. The hot water tank is charged

within the limits of operation to utilise the RES generation. The excess heat energy stored in
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the hot water tank can be used during the subsequent scheduled hours, thereby reducing the

conventional boiler usage. It can be seen in Fig. 2.5d that the communal loads are shifted to

the time when high RES is available. This time-shifting property helps in reducing the overall

operating cost of the system. The comparison of optimising both the systems individually and

performing co-optimising is summarised in Table 2.3. The co-optimisation has resulted in the

reduction of curtailment by 50.4 MWh which is a 22.4% reduction. Here, the electric boiler is

not utilised when conventional electric power is being utilised. Also, the conventional boiler is

never turned on in this scenario using the co-optimisation method and CO2 emissions are zero.

Case 3: Low RES generation and high demand This scenario considers a case in which

the generation from renewable sources is low and the demand in both systems is high. The

typical low PV day and low wind day profiles are considered for PV and wind generation. The

typical high-demand profile is considered for electrical and heat loads, which are shown in Fig.

2.3.

The result of the co-optimisation is illustrated in Fig. 2.6. As the electrical demand is not

able to be met by the RES, the conventional generation units are used to cater to the demand.

Since there is no excess generation from EPS, the DHS plant relies on the conventional boiler to

generate the heat power to cater to the various heating demands. The electric boiler does not

take part in the DHS operation in this case. The communal loads are catered by HWT which

are charged by conventional boiler. As we cannot use any RES here, the time-shifting loads

cannot provide much cost savings in this case. In this scenario, flexible elements are not utilised

by EPS and results in identical operational outcomes for both independent optimisation and

co-optimisation.
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Figure 2.6: Total electrical and heat power generation and demand in the island for case 3

2.6 Conclusions

A co-optimisation algorithm for the optimal dispatch of generation sources, storage, and flexible

loads in IEHS is presented in this chapter. Day-ahead forecasts of renewable generation as well

as demands of different energy domains are the inputs for this algorithm. The numerical

results for the Bornholm island scenario, consisting of electrical and district heating networks,

were presented. The obtained day-ahead optimal schedules show a significant reduction in

renewable curtailment and efficient utilisation of electric boilers and thermal storage. This is



2.6. Conclusions 48

Table 2.2: Comparison of independent optimisation and co-optimisation for case 1

Case Case 1

Independent Co-optimisation Change

Renewable

curtailment
42.7 MWh 25.9 MWh 39.2%

Fuel cost of

conventional boiler (EUR)
1146 846 26.2%

CO2 emissions from

conventional boiler (ton)
23.04 17.01 6.03

Energy gain of the

hot water tank (MWh)
0 0

mainly achieved by proper time-shifting of the flexible loads.

The three simulation cases highlight the impact of renewable availability and demand levels

on the effectiveness of co-optimisation. In Cases 1 and 2, where surplus renewable generation

is present, coordinated operation of the electrical and heating systems enables effective utili-

sation of electric boilers and thermal storage, resulting in significant reductions in renewable

curtailment, operating cost, and CO2 emissions. In contrast, Case 3 represents a low-renewable

scenario in which the absence of surplus renewable generation limits the activation of flexible

elements, resulting in identical operational outcomes for both independent optimisation and

co-optimisation. The co-optimisation resulted in an overall reduction of the operating cost of

both systems and a reduction in CO2 emissions.
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Table 2.3: Comparison of independent optimisation and co-optimisation for case 2

Case Case 2

Independent Co-optimisation Change

Renewable

curtailment
224.8 MWh 174.5 MWh 22.4%

Fuel cost of

conventional boiler (EUR)
902 0 100%

CO2 emissions from

conventional boiler (ton)
18.14 0 18.14

Energy gain of the

hot water tank (MWh)
0 23 23



Chapter 3

Chance-constrained co-optimisation of

IEHS

3.1 Introduction

As discussed in Chapter 1, the growing penetration of RES has introduced a new dimension of

uncertainty and variability in both electrical and thermal energy networks. These uncertainties,

driven by weather-dependent generation and fluctuating load demands, pose a critical challenge

to the economic operation of IES. As deterministic optimisation frameworks struggle to han-

dle the increasing levels of stochasticity, there is a growing need for advanced optimisation

techniques that incorporate risk-aware decision-making.

Chance-constrained optimisation has emerged as a powerful method for addressing uncertain-

ties in multi-energy systems. Unlike robust or purely stochastic models, chance-constrained

formulations enable system operators to maintain the feasibility of operational constraints with

a high probability. In the context of IEHS, such probabilistic formulations allow for more re-

alistic and flexible scheduling of controllable resources, particularly in scenarios involving high

RES penetration.

50
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This chapter presents a novel chance-constrained co-optimisation framework that simultane-

ously models the electrical and district heating networks under uncertainty. The proposed

method builds upon a base case deterministic formulation and extends it using a scenario-

based approach that captures the probabilistic nature of load and RES forecasts. Electric

boilers serve as the coupling elements between the two networks, enabling flexibility through

dynamic dispatch. Monte Carlo simulations are employed to generate a diverse set of scenarios

that reflect realistic variations in system inputs, while scenario reduction techniques ensure

computational tractability.

The chapter is structured as follows. First, the deterministic formulation of the co-optimisation

problem is revisited, highlighting the control variables and system constraints. Next, the math-

ematical formulation of the chance-constrained model is developed, including the scenario-based

implementation strategy. The chapter then details the use of linear dispatch rules for real-time

flexibility, followed by a discussion of the submodular scenario reduction (SSR) methodology.

Finally, the complete solution algorithm is outlined, demonstrating how the proposed frame-

work ensures operational feasibility under uncertainty while minimising system costs.

3.2 Electrical and heating system modelling

In this section, the modelling of electrical and heating systems is discussed. Two widely used

modelling methods for radial distribution systems are the branch flow method and the bus

injection method. A branch flow model with convex relaxations [33] is adopted in this work as

it has multiple advantages, like solution accuracy and better computational speed. Constant

flow variable temperature method is adopted here for district heating systems to obtain the

node temperatures for the required optimisation model.
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Figure 3.1: Line model in a distribution system

3.2.1 Electrical power flow modelling

Let NE denote the nodes in the electrical network indexed by i = 0,1,.....n and BE denote all

the branches/links denoted by (i, j) if it points from node i to node j. Then the connected

graph takes the form, G = (N,E). For a radial network, if the number of nodes is n+1, then

the number of branches is n. The voltage at node i is represented by Vi and the complex power

flowing from node i to j is represented by Sij as shown in Fig. 3.1. Also, the impedance of the

line ij is represented by zij = rij + jxij.

The branch flow equations include the voltage drop equation of each branch, complex power

flow in each branch and power balance at each node. The voltage drop equation of each branch

can be written as,

Vi − Vj = zijIij, ∀(i, j) ∈ BE (3.1)

The branch complex power flow can be defined as

Sij = VjI
∗
ij, ∀(i, j) ∈ BE (3.2)

The power balance at each node j can be written as

∑︂
k:j→k

Sjk −
∑︂
i:i→j

(Sij − zij|Iij|2) + y∗j |Vj|2 = sj, ∀j ∈ NE (3.3)

where sj is the net complex load power on bus j and yj is the shunt admittance from bus j to

ground. Equations (3.1)–(3.3) represent the branch flow equations. Here, the notation j → k

represents the branch from the upstream node j connected to downstream node k. Let X(s) be
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the set of all the branch flow solutions for a given s, then we can write:

X(s) := {x := (S, I, V, s0)− x solves (3.1)-(3.3) given s} (3.4)

For the relaxed model, we can define lij = |Iij|2 and vi = |Vi|2. Separating the real and

imaginary parts of (3.1)-(3.3) will give the following,

pj =
∑︂
k:j→k

Pjk −
∑︂
i:i→j

(Pij − rijlij) + gjvj, ∀j ∈ NE (3.5)

qj =
∑︂
k:j→k

Qjk −
∑︂
i:i→j

(Qij − xijlij) + bjvj, ∀j ∈ NE (3.6)

vj = vi − 2(rijPij + xijQij) + (r2ij + x2
ij)lij, ∀(i, j) ∈ BE (3.7)

vilij = P 2
ij +Q2

ij, ∀(i, j) ∈ BE (3.8)

Here, pi and qi represent the net real and reactive power consumption at node i. Pij and Qij

represent the real and reactive power flowing in the line ij. Equation (3.8) is a non-convex

second-order equation. This can be relaxed to an inequality equation 3.9 and still obtain an

exact solution for radial systems under mild assumptions [33]. This relaxation is tight and

holds till we maintain a convex objective function, which will be discussed in section 3.3. By

relaxing the equality constraint, a convex optimal power flow model can be obtained as

lij ≤
P 2
ij +Q2

ij

vi
(3.9)

Finally, (3.5–3.7),(3.9) represents the complete convex radial power flow equations. For the

buses connected with RES, pj = plj−pgj. Here, the renewable generation is a dynamic dispatch

variable whose dispatch power is identified after curtailing the optimal amount of active power.

Thus, pgj = pfgj − pdcj. Also, for the buses connected with power-transferring devices like EBs,

the load power can be expressed as plj = pflj − pdebj. For the optimal power flow (OPF), RES

active power and electrical boiler power are also optimisation variables.
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3.2.2 Thermal power flow modelling

According to [55, 56], the DHS network can be divided into two separate parts, supply and

return networks. Each network have the same physical and geometric properties. Load man-

agement studies state that DHS has supply temperature, return temperature, load flow rate,

and differential pressure as variables [57]. Also, the utility supplies the hot water to the con-

sumers and thus controls the supply temperature and differential pressure. Meanwhile, the

consumption will depend on the end users, which will determine the return temperature and

flow rate. Different load control methodologies include constant flow control, variable flow

control, demand-based and weather-compensated control, etc., These control methods extract

maximum heat from the supplied hot water and maintain the low return temperatures [55].

Also, most of the modern controllers use constant return temperature control [56]. By exploit-

ing this mode of operation, we are able to simplify the optimisation framework and achieve the

desired control by optimising the supply temperature alone. In the proposed method, DHS is

modelled as a constant flow and variable temperature (CFVT) network, which is a linear and

pragmatic modelling assumption.

The district heating system comprises hydraulic and thermal sub-systems. The hydraulic model

determines mass flow rates in each pipe, while the thermal system decides the temperature at

each node of the sending and receiving networks. As mentioned, the DHS is controlled using

the CFVT method. Thus, the hydraulic system is fixed, and the thermal circuit alone is

controlled. Fig. 3.2 represents a pipe model of the district heating system. Here, Ti denotes

the temperature at node i of the supply network. The variables T p+
i and T p−

i represent the

outflow and inflow temperatures of supply pipe i, respectively. The term ṁi denotes the net

mass flow rate consumed at node i, while ṁp
i represents the mass flow rate in supply pipe i.

In this work, the hydraulic sub-system is not explicitly optimised. Instead, pressure drops and

pump dynamics are implicitly accounted for by assuming a fixed mass flow profile obtained

from the CFVT operating strategy. This assumption reflects common operational practice in
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Figure 3.2: Pipes representation in district heating system

modern DHS, where flow rates are regulated at the supervisory level and remain quasi-static

over the optimisation horizon. As a result, pressure-related constraints do not appear explicitly

in the formulation, and the analysis focuses on the thermal feasibility of the network under

given flow conditions.

The adopted CFVT modelling approach introduces several simplifying assumptions. First,

mass flow rates are assumed to be known and constant, which neglects short-term hydraulic

transients and pump control actions. Second, heat losses along the pipes are modelled using

an exponential decay function with constant parameters, assuming uniform pipe characteristics

and ambient conditions. Third, return network temperatures are treated as fixed, which is

consistent with constant return temperature control strategies but may not capture user-side

variability in extreme operating conditions. These assumptions allow the DHS model to remain

linear and computationally tractable while preserving the dominant thermal behaviour relevant

for co-optimisation.

The heat consumption at node i can be written as

Φi = cpṁi(Ti − T ′
i ), ∀ i ∈ NT (3.10)

where Ti and T ′
i are the temperatures of the supply and return circuits corresponding to node

i. The mass flow rate balance at each node can be expressed as

∑︂
j:j→i

ṁp
j −

∑︂
k:i→k

ṁp
k = ṁi, ∀ i, j, k ∈ NT (3.11)
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Equation (3.11) represents the flow continuity equation. The difference between the sum of

flow rates entering a node and leaving a node equals the net consumption at that node. The

column vectors of load, ṁq, and pipe mass flow rates, ṁ, can be related using the network

incidence matrix, AT as

AT ṁ = ṁq (3.12)

Given the DHS configuration, we can obtain the incidence matrix, AT . Using the CFVT

method, the load mass flow rate is a known quantity, and the individual pipe flow rates can be

easily obtained using (3.12). The heat power balance at each node is

∑︂
j:j→i

cpṁ
p
jT

p+
j =

∑︂
k:i→k

cpṁ
p
kT

p−
k + cpṁiTi, ∀ i, j, k ∈ NT (3.13)

where cp is the specific heat of water. The electric boiler heat power is being supplied by

EPS and the variable power can be directly summed up accordingly in (3.13). For the buses

connected with EB, the heat balance equation can be expressed as

∑︂
j:j→i

cpṁ
p
jT

p+
j =

∑︂
k:i→k

cpṁ
p
kT

p−
k + cpṁiTi − hebi (3.14)

The temperature at each node is equal to the inflow temperature of all the pipes connected to

that node which gives

Ti = T p−
k , k : i→ k, ∀ i, k ∈ NT (3.15)

The temperature drop along a pipe can be expressed as

T p+
j − Ta = (T p−

j − Ta)e
− λL

cpṁ
p
j

T p+
j = (T p−

j − Ta)e
− λL

cpṁ
p
j + Ta, ∀ j ∈ NT

(3.16)

where L is the length of the pipe and Ta is the ambient temperature. By solving (3.12)-(3.16),

the nodal temperatures of the DHS can be obtained. Both systems are linked using the electrical

boilers, where they act as a load to the electrical system and as a source to the thermal system.
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At node j, the heat power generated by the electrical boiler, hebj and the electrical demand pebj

are related as follows:

hebj = η · pebj (3.17)

For a given s and ṁ, the complete set of solutions for the IEHS can be written as

X(s, ṁq) : = {x := (S, v, s0, T )− x solves

(3.5-3.7),(3.9),(3.12)-(3.17) given s, ṁq}
(3.18)

It should be noted that the presented DHS model represents a snapshot steady-state formula-

tion and does not capture inter-temporal dynamics such as thermal storage evolution or pump

scheduling over a 24-hour horizon. This completes the power flow modelling of both the elec-

trical and heating systems. In the next section, a deterministic optimisation model to obtain

the base case dispatch is presented. Next, to handle the uncertainties, a chance-constrained

optimisation model, which can be solved using the scenario approach method, is explained.

Later, the adopted scenario-based method and scenario reduction methodologies are discussed.

The dynamic-dispatch coefficients to obtain the curtailments and electric boiler power levels

are also discussed in this section.

3.3 Deterministic formulation

The objective of the proposed co-optimisation is to operate both the electrical and thermal

systems efficiently and increase the utilisation of electrical boilers. In a renewable dominated

system, the objective function aims to minimise the electrical losses and the conventional boiler

power of DHS and maximise power transfer from the electrical system to the heating system,

which in turn reduces curtailments.

Equation 3.19 represents a standard objective function formulation as proposed in [33]. The

first term,
∑︁

rij|Iij|2, corresponds to the minimisation of real power losses in the network.
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The second term,
∑︁

cip
g
i , represents the cost of real power generation, while the third term,∑︁

αi|Vi|2, accounts for conservation voltage reduction (CVR) by promoting lower voltage mag-

nitudes within allowable limits. The objective function takes the form

min
∑︂

rij|Iij|2 +
∑︂

cip
g
i +

∑︂
αi|Vi|2 (3.19)

for some given constants ci, αi ≥ 0.

The conic relaxation (3.9) is exact only if the objective is convex and strictly increasing [33].

Thus, each term in the summation (3.19) should be strictly increasing, which forces the con-

stants ci and αi to be strictly ≥0. Also, the objective should be strictly increasing in Iij and

non-increasing in load. Thus, we cannot have a minimisation term for the curtailment power,

pcurt. To avoid the pcurt term in the objective function, the electrical boiler power can take a

negative coefficient as

f = αl

∑︂
rijlij + αh

∑︂
cshs − αeb

∑︂
peb (3.20)

In the proposed method, voltage reduction is not considered in the objective; instead, they are

taken care of using inequality constraints. The term
∑︁

rijlij represents electrical line losses,∑︁
cshs represents conventional heat generation, and

∑︁
peb represents electrical boiler power.

As peb is a load term, it can take a negative coefficient, and is inline with the condition required

for the relaxation to be exact. Here, cs represents the per-unit operational cost associated with

the conventional heat source hs. Also, αl, αh, and αeb are the weights associated with the

electrical network losses, conventional heat power cost, and electric boiler powers, respectively.

Weights can be tuned according to the operator’s preference for the required objective.

All the electrical generation units will have upper and lower limits on the power generated.
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Similarly, the conventional heating units of the DHS at bus i will have limits as

pgimin
≤ pgi ≤ pgimax

hsimin
≤ hsi ≤ hsimax

(3.21)

Also, the operational limits on the voltages, line currents, and bus temperatures at bus i can

be considered as

vimin
≤ vi ≤ vimax , ∀i ∈ NE

lijmin
≤ lij ≤ lijmax , ∀(i, j) ∈ BE

Timin
≤ Ti ≤ Timax , ∀i ∈ NT

(3.22)

Here, it is safe to assume f is convex. Also, f is strictly increasing in lij, (i, j) ∈ BE, and

independent of all S. Let,

S := {(S, v, s0, s, T )|(v, s0, s, T ) satisfies (3.21)− (3.22)} (3.23)

The complete deterministic optimal power flow problem of IEHS can be written as

min
x,s

f(l, hs, peb)

subject to x ∈ X, (S, v, s0, s, T ) ∈ S
(3.24)

Here, x̂ denotes optimal solution for the complete co-optimisation problem.

3.4 Chance-constrained co-optimisation formulation

The general chance-constrained optimisation problem contains probabilistic security constraints

and aims to minimise the mean value of the objective function. The problem can be formulated
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as

min E(f)

subject to x ∈ X, (S, v, s0, s, T ) ∈ S

P (Timin
≤ Ti ≤ Timax) ≥ 1− ϵ, ∀i ∈ NT

P (Vimin
≤ Vi ≤ Vimax) ≥ 1− ϵ, ∀i ∈ NE

P (lijmin
≤ lij ≤ lijmax) ≥ 1− ϵ, ∀(i, j) ∈ BE

(3.25)

Here s, ṁq will also include the uncertainties, and the probabilistic constraints are complex to

compute. The chance-constrained optimisation helps in solving this optimisation problem with

uncertainties and a scenario-based approach is adopted here to solve the chance-constrained

optimisation. The scenario approach of solving a chance-constrained framework works well

with any probability distribution and also when the underlying probability distribution is not

known but the samples are available from measurements which is the case in most practical

situations [58].

The uncertainties in the system enforce that operational constraints are satisfied only up to a

desired probability level (1 − ϵ). The parameter ϵ represents the acceptable risk of constraint

violation, while the confidence level (1 − γ) defines the statistical guarantee with which the

scenario-based approximation satisfies the original chance constraints. Equivalently, γ denotes

the probability that the scenario-based guarantee fails. A solution is said to be ϵ-level robustly

feasible if, with confidence at least (1− γ), all operational constraints are violated in no more

than an ϵ fraction of realisations. This interpretation directly links confidence to operational

feasibility, ensuring that voltages, squared line currents, and temperatures remain within limits

under uncertainty with high probability. For the solution of (3.28) to be valid, it has to be

satisfied for a minimum number of scenarios, which are given by (3.26). For a given problem

with n continuous variables and a γ confidence level, the number of scenarios is given as

n−1∑︂
i=0

(︃
N

i

)︃
ϵi(1− ϵ)N−i ≤ γ (3.26)
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where N is the number of scenarios required to satisfy the inequality (3.26). Let Nmin be

the minimum number of scenarios to satisfy (3.26). Then, Monte Carlo simulations can be

performed to generate Nmin random scenarios and the set of scenarios is defined as O. Here,

lower levels of γ imply stronger guarantees on feasibility at the cost of increased computational

effort due to a larger required scenario set. The expected value of the objective function can

be written as

E(f) =

Nmin∑︂
k=1

πk ∗
{︃
αl

∑︂
(i,j)∈BE

rijlij + αh

∑︂
cshs − αeb

∑︂
peb

}︃
(3.27)

The complete chance-constrained optimisation problem can be written as

min E(f)

subject to xi ∈ Xi, (S, v, s0, s, T )i ∈ Si, ∀i ∈ O

(3.28)

3.5 Dynamic dispatch of curtailments and electric boiler

power

A linear rule is adopted here to dispatch the curtailments and electric boiler powers. The

curtailment real power dispatch conforms with the standard characteristic curves as suggested

in the German grid code [59]. Similarly, the electric boiler power is a real power demand on

the EPS and thus a linear rule fits well for the dispatch.

For a RES connected at bus i, the linear dispatch rule for the curtailment is as follows,

pcurti = ai0 +
∑︂
j∈BR

aijp
f
gj, ∀i ∈ BR (3.29)
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Similarly, for an electric boiler connected at bus i, the dispatch rule is as follows,

pEBi
= bi0 +

∑︂
j∈BR

bijp
f
gj, i ∈ BEB (3.30)

Here aij and bij are linear variables and are obtained from the solutions of the chance-constrained

optimisation framework set up in (3.28). The curtailed and EB powers for a particular scenario

can be obtained using (3.5) and (3.17) respectively. In compact form, these two equations can

be written as follows:

[pcurt] = A · [pRES]

[pEB] = B · [pRES]

(3.31)

Where A and B are the dynamic dispatch matrices for curtailments and EB power, respectively.

3.6 Scenario reduction methodology

Monte Carlo simulations are performed to generate different scenarios for load and RES gen-

eration. Here, the chance-constrained method is solved using a scenario-based approach. The

bus voltages and temperatures are held within their operational limits with a given probability

and confidence level. In the proposed method, electric boiler power and curtailment of RES are

dynamically dispatched to reduce operational costs and network losses. The proposed method

provides dynamic dispatch coefficients that can be used to obtain an exact dispatch after the

uncertain parameters are revealed.

In the case of larger electrical grids, Nmin is too large a number, and thus, the computational

times of (3.25) will be practically infeasible. Scenario reduction methods have been useful in

solving power management problems, and the same can be adopted here. A few of the popular

methods are forward selection and backward reduction [60, 61]. Fast-forward reduction is the

most popular and efficient method. However, these methods do not demonstrate scalability. A
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SSR method proposed in [62] is proven to be efficient in handling larger datasets. Also, [63]

proves that if the submodular function is monotone non-decreasing, then a solution within a

constant factor of the optimum is guaranteed by a greedy algorithm. The scenario reduction

technique solved using the greedy algorithm is proven to be a faster method [62] that beats the

benchmark Fast Forward Selection (FFS) method to a greater extent, at least at the scale of 20

times faster for larger data sets of 10,000 scenarios. Thus, an accelerated greedy algorithm is

adopted here to solve the submodular optimisation function and achieve faster computational

times.

In this method, a similarity matrix for each scenario is needed to be calculated. Let si and sj

denote the set of uncertainties for scenario i and j respectively. Then, the similarity value, wij

for each scenario is calculated using a radial basis kernel function (RBF) and l2 norm as shown

in (3.32)

wij = e−
dij
λ = e−

||si−sj ||2
λ (3.32)

where λ is the scaling factor for the distance measured in the exponent. The parameter λ

controls the sensitivity of the similarity measure to the distance, ||si−sj||2. In traditional RBF,

1/λ is the decay rate of the similarity distance. Thus, large λ leads to slower decay, and smaller

λ leads to higher decay. The choice of λ directly influences how scenarios are clustered based on

their distances. Larger λ values will promote selecting scenario subsets that span a wider range

of the uncertainty space. Smaller λ values result in retaining scenarios in high-probability spaces

of the uncertainty space and overlook less frequent scenarios. In the literature [64, 65], various

tuning methods like empirical-based, performance-based, and objective-driven are discussed.

A practical empirical method is to set λ to a fraction of max(||si − sj||2). Then, λ can be

increased to select broader scenarios or can be reduced to select tighter clusters in higher

probability regions.

Next, a cardinality-constrained maximisation is formulated as a facility location problem as
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follows:

max
R

f1(R) =max
R

(︃∑︂
i∈O

max
j∈R

wij

)︃
s.t. card(R) ≤ K

(3.33)

Where O and R represent the original and reduced set of scenarios. K is the maximum size of

the reduced set. The algorithm for solving this optimisation problem is adopted from [62] and

tailored for this application.

The complete procedure is as follows:

1. Generate initial scenario set: Use Monte Carlo simulations to produce a large set

of scenarios for uncertain parameters (e.g., RES generation, load demand). Denote the

original set of scenarios as O, with cardinality Nmin.

2. Compute scenario similarity matrix: For every pair of scenarios si and sj, compute

their similarity using a radial basis function (RBF) kernel with the l2-norm distance as

(3.32)

3. Formulate the objective function: The problem is framed as a cardinality-constrained

maximisation as (3.33)

4. Accelerated greedy selection:

(a) Initialise the reduced set R← ∅.

(b) At each iteration, select the scenario from O \ R that yields the largest marginal

increase in f1(R).

(c) Use a priority queue to avoid recomputing gains for all scenarios, improving compu-

tational efficiency.

(d) Repeat until |R| = K or marginal improvement is below a threshold.
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5. Ranking and cut-off determination: The greedy process produces a ranking of sce-

narios by importance. If K is not known in advance, the incremental improvements can

be examined to determine a saturation point where additional scenarios yield negligible

benefit.

6. Assign probabilities: Once R is chosen, redistribute probabilities using established

rules so that the reduced set remains a valid probabilistic representation of the original

uncertainty space.

7. Integration into chance-constrained optimisation: The reduced scenario set R

is then used in the current chance-constrained co-optimisation, significantly reducing

computational effort while retaining representativeness of the uncertainty set.

This adopted SSR method offers significant advantages as the problem size scales up, par-

ticularly for large initial scenario sets, which are common in IEHS with renewables. This

formulation offers provable approximation guarantees, ensuring near-optimal selection while

dramatically reducing computation time. Also, the greedy selection process minimises redun-

dant calculations, enabling the method to handle tens of thousands of scenarios efficiently. This

often achieves speedups of an order of magnitude compared to benchmark methods like FFS

without sacrificing selection quality. Moreover, SSR not only selects a representative subset for

a fixed cardinality but can also rank scenarios by importance, facilitating adaptive determina-

tion of the optimal number of scenarios based on marginal gains. This scalability, efficiency,

and flexibility make SSR particularly well-suited for real-time or large-scale chance-constrained

co-optimisation problems, where computational tractability is critical.

3.7 Solution methodology for the co-optimisation of IEHS

The complete algorithm to solve the co-optimisation of electrical and thermal systems is

presented in this section. The load and RES uncertainties are considered, and the chance-
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constrained optimisation is performed.

3.7.1 Steps involved in the algorithm

Step 1: Load the line parameter data of both the electrical and DHS networks. Electric boilers

connect both networks, thus the information about their location is crucial. Load the forecasted

values of the active, reactive power, and flow rates at each bus, forming the initial scenario set.

The reduced scenario set is initialised with the set of all the forecasted values.

Step 2: Solve the deterministic optimisation using (3.24). The dynamic coefficients of the

curtailment levels of each RES and electrical boiler power are obtained from this optimisation.

These values are sufficient to obtain the operating voltage and temperature levels for different

scenarios using the current injection (CI) method [66]. The CI method is a comparatively faster

method to obtain the solutions of the network.

Step 3: At this step, for a given standard deviation level, Monte Carlo simulations are per-

formed and a minimum number of scenarios as given by (3.26) are generated. Calculate the

distance matrix using (3.32) and store it, as this can be used to run the SSR for multiple iter-

ations in the algorithm. Using the dynamic coefficients from the deterministic solution, check

the violations and prepare the failed scenarios set with all the current failed scenarios.

Step 4: Now, perform the SSR on the failed scenarios set and append them to the current

reduced-scenario-set. Then perform the chance-constrained optimisation using (3.28) and ob-

tain the dynamic dispatch coefficients of each RES and electric boiler.

Step 5: At this step, use the dynamic coefficients obtained from the previous step and verify

if all the voltages and temperatures at each bus are respected for all the scenarios in the failed

scenario set. If there are any further violations, update the failed scenario set with the current

failed scenarios and go to step 4. Else, move to the next step.
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Figure 3.3: Flowchart for the chance-constrained optimisation

Step 6: At this step, all the coefficients obtained will ensure that the obtained solution is

feasible for the chance-constrained framework with the pre-defined confidence level and can be

dispatched.

The algorithm for the chance-constrained optimisation is summarised using a flowchart in Fig.

3.3.
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3.7.2 Conclusions

This chapter introduced a comprehensive chance-constrained co-optimisation framework for

IEHS, addressing the critical need to operate these systems reliably under growing uncertainty

from RES and variable loads. The proposed method combines a deterministic base model with

a probabilistic extension based on scenario analysis. This approach ensures that key operational

limits, including voltage levels, line currents, and supply temperatures, are satisfied with high

confidence under uncertainty.



Chapter 4

Numerical results

4.1 Introduction

This chapter presents the numerical evaluation of the chance-constrained co-optimisation frame-

work for the IEHS model discussed which is discussed in Chapter 3. To validate the effectiveness

of the presented models, simulations were conducted on two benchmark test systems, the IEEE

15-bus and the UKGDS 95-bus networks. Both systems are modified to incorporate RES and

DHS, forming the integrated energy networks that reflect practical configurations. The perfor-

mance of the model is assessed under both deterministic and stochastic (chance-constrained)

scenarios, considering uncertainties in RES and load forecasts. These uncertainties are modelled

as snapshot-based random variables at a given operating point, rather than as time-varying tra-

jectories over a 24-hour horizon. Scenario samples are generated using Gaussian distributions

around the forecasted values, with specified standard deviations to represent forecast errors.

The deterministic case serves as a baseline to highlight the advantages of the chance-constrained

approach in terms of feasibility, operational security, and flexibility utilisation. Key performance

metrics include the percentage of feasible scenarios, operational violations, dispatch behavior of

electric boilers, and renewable curtailment levels under varying standard deviations. The results

69
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demonstrate the scalability and robustness of the proposed model and illustrate how dynamic

dispatch rules improve operational reliability across varying system sizes and uncertainty levels.

4.2 System model

The developed chance-constrained co-optimisation model is tested on a 3.5 GHz Intel Xeon E5

processor with 64 GB of RAM, where the proposed algorithm is programmed in Python and

the optimisation problem is solved using the Gurobi 11.0 optimiser. The different test systems

and specifications are as follows:

1. The first test system selected is an IEEE 15-bus distribution system [67] which is shown

in Fig 4.1. The network configuration is modified to incorporate the RES and DHS

networks at two of the buses. Each RES of 2 p.u. is connected at Bus 4 and 11 as shown

in Fig. 4.1. Similarly, electric boilers are present on buses 12 and 14 which connect to the

DHS networks. The configuration of each DHS is as shown in Fig. 4.2. The source S1

shown in Fig. 4.2 represents a conventional heat source. The load and RES profiles are

assumed to be constant within each scenario and represent snapshot operating conditions.

However, across scenarios, their values vary according to the adopted stochastic sampling

process to capture forecast uncertainty. The network parameters are adopted from [37]

and can be found in Appendix A. The rated voltage of the 15-bus network is 11 kV and

the base power rating is 1 MVA.

2. The second test system considered is a 95-bus UKGDS system which is shown in Fig 4.3.

Two renewable energy sources are connected to buses 40 and 90. Also, Electric boilers are

present on buses 41 and 91 which connect to the DHS network. The rated voltage of the

95-bus network is 11 kV and the base power rating is 10 MVA. The network configuration

and parameters can be found in [68]. The upper and lower limits on the voltages at each

bus are 1.05 and 0.95 p.u. Similarly, the temperature limits in the DHS considered are
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Figure 4.1: IEEE 15 bus test system [67]

Figure 4.2: A 5-bus district heating test system

90 oC and 110 oC.

4.3 Solution using deterministic approach

15-bus test system

In the deterministic case, the optimisation is performed using the forecasted values of all the

loads and active power of RES. The dispatch obtained is as follows, Pcurt3 = 1.133 p.u., Pcurt10
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Figure 4.3: UKGDS 95-bus test system [68]

= 1.379 p.u. PEB13 = 0.394 p.u. , PEB11 = 0.394 p.u. Using this dispatch, posterior checks are

performed on a dataset of 50,000 scenarios with a standard deviation (SD) of 0.05 for all the

loads and RES. Around 31% of the scenarios are passed and 69% of the scenarios have severe

violations. The voltage violations on bus 11, 12, 13, and 14, and temperature violations on

DHS1 bus 1, 3, and 4 are as shown in Fig. 4.4. Four posterior data sets with different SDs

of the RES forecast are generated. The percentage of scenarios passed for different standard

deviations with the posterior set is as shown in Table 4.1. Among all these cases, only 25-30%

of the scenarios are passed, and the majority of the scenarios fail.
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Figure 4.4: Voltage and temperature violations for the 15-bus system with deterministic dis-
patch
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Figure 4.5: Relaxation gap of the inequality constraint of each branch for IEEE 15-bus deter-
ministic case

95-bus test system

The deterministic dispatch obtained is as follows, Pcurt40 = 0.998 p.u., Pcurt90 = 1.07 p.u.,

PEB41 = 0.658 p.u. , PEB91 = 0.658 p.u. For the standard deviation of 0.05 on the loads and

RES forecast, around 69.2% of the scenarios are passed and 30.8% of the scenarios have severe

violations. The voltage violations on buses 39, 40, 41, 42, 89, 90, and 91 and the temperature

violations on DHS1 bus 1, 3, and 4 are as shown in Fig. 4.6. The percentage of scenarios passed

for different standard deviations with the posterior set is given in Table 4.1.
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Table 4.1: Percentage of scenarios passed using deterministic approach for 15-bus test system

Standard deviation (SD) 0.05 0.1 0.15 0.2

Scenarios passed (%) for 15-bus system 31 29.9 26.7 24.5

Scenarios passed (%) for 95-bus system 30.8 31.1 30.9 30.7
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Figure 4.6: Voltage and temperature violations for the 95-bus system with deterministic dis-
patch

4.3.1 Discussion on relaxation gap

The equality condition in (3.8) is relaxed to an inequality to obtain (3.9). The relaxation is

exact when a convex objective function is considered, and each term in the objective function

is strictly increasing. The proposed formulation allows to obtain an exact solution which can

be confirmed by verifying the relaxation gap. For IEEE 15-bus, it consists of 15 branches and

thus there will be 15 inequalities to be relaxed. The absolute value of relaxation is plotted in

Fig. 4.7. Here, the maximum relaxation gap is around 2.6e-5, which is negligible. Similarly, for

UKGDS 95-bus system, a maximum relaxation gap of 1.5e-5 is observed as shown in Fig. 4.7.

Thus, the obtained solutions are exact, and it is sufficient to optimise the relaxed model.
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Figure 4.7: Relaxation gap of the inequality constraint of each branch for UKGDS 95-bus
deterministic case

4.3.2 Solution using chance-constrained approach

15-bus test system

From (3.26), the minimum number of scenarios required to maintain the confidence level of

γ=1e−10 is calculated as 3278 scenarios for a robustness parameter of ϵ = 0.02. Using the

deterministic dispatch as the starting solution, the violated scenarios are identified using the

CI method. The proposed algorithm, as discussed in Section 3.7 is performed in iterations until

all the 3278 scenarios become feasible. At each iteration, the solution is improved using (3.28),

which is chance-constrained optimisation.

The expected values of EB power and curtailments for different SD values are shown in Fig. 4.8.

It can be observed that the net expected utilisation of electric boilers is reduced in all the chance-

constrained cases compared to the deterministic case. Similarly, the net expected curtailments

are increased except for the 0.2 standard deviation case. However, the expected value of
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Figure 4.8: Comparison of expected values of 15-bus (a) electric boiler power (b)curtailments

the electrical network losses is lower in the case of the chance-constrained case compared to

the deterministic case. This is a compromise on the reduction of EB power and increased

curtailments for the reduction of operational violations. These expected values are computed

over scenario samples generated from Gaussian distributions of load and RES forecast errors

for each standard deviation level. The number of scenarios passed in the chance-constrained

optimisation case is more when compared with the deterministic case and they are within the

2% failure range, which is expected given that ϵ is set at 0.02.

The total number of iterations, computational time, and reduced scenarios utilised to solve the

cc-optimisation is shown in Table 4.3. For an SD of 0.2, the number of temperature and voltage

failures at each iteration are shown in Fig. 4.9. The voltage and temperature violations for both

deterministic and chance-constrained cases on the posterior data set are shown in Fig. 4.10.

It can be observed that the number of violated scenarios and the magnitude of violation are

significantly brought down in the chance-constrained case. Now, the dispatch parameters ‘A’
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Table 4.2: Summary of scenarios passed and violations for 15-bus test system

Standard deviation (SD) 0.05 0.1 0.15 0.2

Scenarios passed (DET)(%) 31% 29.9% 26.7% 24.5%

Scenarios passed (CC)(%) 98.96% 99.11% 98.51% 99.1%

Voltage violations 0 0 1 36

Temperature violations 517 445 744 414

1 2 3 4 5
Iteration

0

500

1000

1500

2000

Nu
m

be
r o

f V
io

la
tio

ns

Voltage Violations
Temperature Violations

Figure 4.9: Voltage and temperature violations at each iteration for the 15-bus system with
SD=0.2

and ‘B’ can be written as follows,

A =

⎡⎢⎢⎢⎢⎣
a10 a11 a12

a20 a21 a22

⎤⎥⎥⎥⎥⎦ , B =

⎡⎢⎢⎢⎢⎣
b10 b11 b12

b20 b21 b22

⎤⎥⎥⎥⎥⎦ ,

pRES =

[︄
1 p3 p10

]︄T

.

The matrix pRES is dependent on the real power forecast at bus 3 and 10. The dispatch

parameters for different cases of SD are as shown in Table 4.4. It can be observed that the

curtailment levels of a renewable source connected at bus i are strongly dependent on the

parameter aii which shows that the amount of power to be curtailed is dependent on the power

forecast at that bus. Whereas the power dispatch of the electric boiler connected at bus i has
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Figure 4.10: Comparison of violations in the posterior set for 15-bus DET and CC cases (a)
voltage violations (b) temperature violations

a significant parameter bi0 and the other parameters are less significant.

To assess the impact of spatial placement of the DHS relative to RES, multiple location-based

cases are considered. In each case, the RES units are connected to the same set of buses, while

the electric boilers (and hence the associated DHS networks) are connected to different buses in

the electrical network. These locations are deliberately selected to represent both electrically

closer and farther configurations with respect to the RES buses, allowing the influence of

network topology on curtailment, EB utilisation, and losses to be examined. The specific RES

and EB bus locations corresponding to each case are summarised in Table 4.5.
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Table 4.3: Number of iterations and reduced scenarios for 15-bus system

SD 0.05 0.1 0.15 0.2

No. of reduced scenarios 56 64 60 63

No. of Iterations 4 5 6 5

Simulation time (s) 122.2 128.54 130.265 130.9
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Figure 4.11: Comparison of expected values of 95-bus (a) electric boiler power (b) curtailments

95-bus test system

From (3.26), the minimum number of scenarios required to maintain the confidence level of

γ=1e-10 is calculated as 8826 for a robustness parameter of ϵ=0.02. The expected values of

EB power and curtailments for different SD values are shown in Fig. 4.11.

It can be observed that the net expected utilisation of electric boilers is reduced in all the chance-

constrained cases compared to the deterministic case. Similarly, the net expected curtailments

are increased in all the cases. The number of scenarios passed in the CC-optimisation case is
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Table 4.4: Coefficients of the dynamic dispatch variables of the 15-bus test system for different
SDs

SD=0.05 SD=0.1 SD=0.15 SD=0.2

a10 0 0 0 0

a11 0.74 0.72 0.749 0.633

a12 0 0.015 0 0

a20 0 0 0 0

a21 0 0 0 0.315

a22 0.617 0.61 0.618 0.242

b10 0.2655 0.245 0.242 0.3

b11 0 0 0 0

b12 0.17 0.033 0.026 0.005

b20 0.26 0.2964 0.221 0.296

b21 0.019 0 0.006 0

b22 0 0 0.036 0

more when compared with the deterministic case and it is within the 2% failure range for a

posterior set of 50,000 scenarios. Now, for the dispatch, we can write the pRES matrix in terms

of real power forecast at bus 40 and 90 as, pRES =

[︄
1 p40 p90

]︄T

.

The dispatch parameters for different cases of SD’s are shown in Table 4.7. The total number

of iterations, computational time, and reduced scenarios utilised to solve the cc-optimisation

is shown in Table 4.8. A similar trend for the IEEE 15 bus can be observed here too. The

curtailment level of the renewable source connected at bus i is strongly dependent on the

parameter aii. The dispatch of the electric boiler power connected at bus i is strongly dependent

on bi0. Now, the DHS is connected to different buses and the dispatch parameters for SD=0.05

are shown in Table 4.9. In this case, the dependence on b21 for the electric boiler power dispatch

can also be observed.
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Table 4.5: Dynamic dispatch coefficients of the 15-bus test system for different locations of
DHS network

Case 1 Case 2 Case 3 Case 4

RES Bus no. {3,10} {3,10} {3,10} {3,10}

EB Bus no. {13,11} {7,2} {6,9} {14,4}

a10 0 0 0 0

a11 0.74 0.832 0.788 0.769

a12 0 0 0.06 0.12

a20 0 0 0 0

a21 0 0 0 0

a22 0.617 0.638 0.674 0.469

b10 0.2655 0.2657 0.266 0.09

b11 0 0 0 0.065

b12 0.17 0.0169 0.169 0.036

b20 0.26 0.26 0.065 0.26

b21 0.019 0.019 0.11 0.019

b22 0 0 0 0

4.4 Conclusions

The numerical results validate the efficacy of the proposed chance-constrained co-optimisation

framework in enhancing the operational reliability and flexibility of IEHS. Compared to de-

terministic dispatch, the chance-constrained approach significantly reduces voltage and tem-

perature violations while ensuring a high percentage of feasible scenarios within predefined

risk limits. For both the 15-bus and 95-bus test systems, the model effectively adapts to in-

creasing uncertainty through dynamic dispatch rules that adjust electric boiler usage and RES

curtailment based on forecast deviations. Moreover, the study confirms that the relaxation

of non-convex constraints introduces negligible error, ensuring the practical applicability of

the convexified formulation. The framework also exhibits adaptability to varying DHS con-
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Table 4.6: Summary of scenarios passed and violations for 95-bus test system

Standard deviation (SD) 0.05 0.1 0.15 0.2

Scenarios passed (DET)(%) 30.8% 31.1% 30.9% 30.7%

Scenarios passed (CC)(%) 98.8% 98.6% 98.4% 98.3%

Voltage violations 0 0 0 0

Temperature violations 588 673 798 813

figurations and RES placements, making it suitable for real-world deployment in flexible and

uncertain multi-energy environments. These findings affirm the potential of chance-constrained

methods to support secure, cost-effective, and resilient multi-energy system operations.
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Table 4.7: Coefficients of the dynamic dispatch variables of the 95-bus test system for different
SD’s

SD=0.05 SD=0.1 SD=0.15 SD=0.2

a10 0 0 0 0

a11 0.62 0.632 0.547 0.562

a12 0 0 0.078 0

a20 0 0 0 0

a21 0 0 0 0.146

a22 0.558 0.552 0.612 0.39

b10 0.511 0.5 0.332 0.48

b10 0 0 0.045 0

b12 0 0 0.042 0

b20 0.09 0.477 0.399 0.48

b21 0.11 0 0.032 0

b22 0.08 0 0 0.0122

Table 4.8: Number of iterations and reduced scenarios for 95-bus system

SD 0.05 0.1 0.15 0.2

No. of reduced scenarios 60 60 55 60

No. of Iterations 5 5 4 5

Simulation time (s) 977.6 1012.4 976.7 1085.36
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Table 4.9: Dynamic dispatch coefficients of the 95-bus test system for different locations of
DHS network

Case 1 Case 2 Case 3

RES Bus no. {40,90} {40,90} {40,90}

EB Bus no. {41,91} {12,74} {33,11}

a10 0 0 0

a11 0.62 0.777 0.834

a12 0 0 0.027

a20 0 0 0

a21 0 0 0

a22 0.558 0.573 0.59

b10 0.511 0.511 0.511

b11 0 0 0

b12 0 0 0

b20 0.09 0.09 0.095

b21 0.11 0.115 0.115

b22 0.08 0.077 0.076



Chapter 5

Conclusions and future work

This chapter summarises the key findings of the research and discusses potential directions

for future work. The thesis aimed to focus on the co-optimisation frameworks for schedul-

ing of IEHS, mainly with the objective of minimising operational costs and renewable energy

curtailment. Using a test system inspired by the Bornholm Island energy infrastructure, the

research investigated the coordinated operation of conventional and renewable generators, flex-

ible electrical and thermal loads, and storage units. In addition to the deterministic linear

model, a chance-constrained co-optimisation framework was developed to address uncertainties

in renewable generation and demand forecasts. A scenario-based approach was adopted to

capture stochastic variations, and a scenario reduction technique was implemented to improve

computational efficiency while maintaining solution quality. This chapter presents the conclu-

sions drawn from all the chapters presented and outlines several possible extensions that could

enhance the scope and originality of the current work.
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5.1 Conclusions

This thesis mainly addressed the challenges of co-optimisation of IEHS. The key conclusions of

this thesis are as follows:

1. This thesis has developed deterministic and chance-constrained co-optimisation frame-

works for the coordinated day-ahead scheduling of integrated electrical and heating sys-

tems (IEHS). By explicitly modelling the operational coupling between electrical and ther-

mal networks, the proposed formulations demonstrate that joint optimisation is essential

to achieve cost-efficient and low-curtailment operation in systems with high renewable

energy penetration. Numerical results consistently show that co-optimisation outper-

forms independent operation by exploiting cross-sector flexibility rather than relying on

additional infrastructure.

2. The deterministic linear co-optimisation framework provides a practical and computation-

ally efficient method for scheduling IEHS. Using a test system inspired by the Bornholm

Island energy infrastructure, it is shown that flexible thermal loads, electric boilers, and

thermal storage significantly enhance system-wide flexibility, leading to reductions in op-

erating costs and renewable energy curtailment.

3. Recognising the limitations of deterministic scheduling under uncertainty, this thesis ex-

tends the co-optimisation problem to a chance-constrained formulation that explicitly

accounts for stochastic variations in renewable generation and demand. The scenario-

based approach allows probabilistic operational constraints to be enforced within prede-

fined confidence levels, thereby improving system reliability while maintaining economic

efficiency.

4. The computational burden associated with scenario-based chance-constrained optimisa-

tion is addressed through the application of scenario reduction techniques. Numerical

studies demonstrate that the reduced scenario set preserves solution quality and reliabil-
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ity guarantees while enabling the stochastic co-optimisation problem to be solved within

practical computation times, making the approach suitable for real-world applications.

5. Dynamic dispatch rules are incorporated within the chance-constrained framework to

enable real-time adjustment of renewable curtailment and electric boiler operation in re-

sponse to forecast deviations. This additional recourse mechanism enhances operational

resilience and reduces the conservativeness typically associated with stochastic optimisa-

tion, allowing the system to better adapt to real-time conditions.

6. The scalability and generality of the proposed frameworks are demonstrated by applying

the chance-constrained co-optimisation model to larger benchmark systems, including the

IEEE 15-bus and UKGDS 95-bus networks. The results confirm that the methodology is

not restricted to small or islanded systems and can be extended to realistic distribution

networks with diverse operating conditions.

7. Overall, the thesis establishes that co-optimisation of IEHS is a key enabler for the en-

ergy transition, allowing higher renewable penetration, reduced emissions, and improved

operational robustness. The proposed modelling framework is general and extensible,

providing a foundation for future integration of additional energy vectors such as gas,

hydrogen, and cooling systems, and supporting the evolution toward fully sector-coupled

energy systems.

5.2 Future work

While the current work provides a solid foundation for co-optimising IEHS, several important

directions remain for future research. These extensions would not only improve the accuracy and

originality of the current models but also support broader adoption and operational integration

in real-world energy systems.

• Uncertainty modelling: Although this work introduces a chance-constrained approach
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to handle forecast uncertainties, further exploration into advanced stochastic optimisation

techniques such as distributionally robust optimisation, and adaptive scenario-based for-

mulations can enhance decision-making under deep uncertainty. These methods can im-

prove the system’s responsiveness to high levels of variability in renewable energy sources

and demand.

• Multi-Time scale coordination: Future work could address the coordination between

day-ahead, intraday, and real-time operational layers. Such multi-timescale frameworks

are essential for dealing with forecast errors, ramping needs, and dynamic load behaviors,

especially in systems with high renewable penetration.

• Sector coupling with additional energy vectors: The integration of other energy

carriers, such as natural gas, hydrogen, and district cooling, can extend the model into a

full multi-energy system. Such coupling can enhance flexibility, support decarbonisation

strategies, and facilitate the design of energy hubs or prosumer-oriented communities.

• Decentralised or market-based operation: The centralised optimisation approach

used in this thesis could be extended to distributed or hierarchical control frameworks. Fu-

ture research may explore agent-based models, peer-to-peer energy trading, and market-

based mechanisms for demand-side flexibility in integrated energy communities.

• Experimental validation and real-time testing: To bridge the gap between theory

and practice, the models developed here can be tested using hardware-in-the-loop sim-

ulations or applied to real-world testbeds, such as Bornholm Island. Such a validation

would uncover practical challenges, including communication delays, control limitations,

and data availability, which are critical for deployment readiness.

Overall, advancing these research directions will be essential for realising the next generation

of smart, sustainable, and resilient energy systems. By extending the current modelling ap-

proaches, future studies can support more adaptive and robust decision-making frameworks that



5.2. Future work 89

align with evolving energy policy targets and the increasing complexity of integrated energy

infrastructures.
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Appendix A

5-bus DHS system data

Both the heating networks, DHS1 and DHS2, utilised in the Chapter 4 have the same configu-

rations and parameters. The heat network parameters, generation, and load details are listed

in this appendix.

A.1 Heat network pipe parameters

Different parameters of the pipes are as follows:

Diameter = 0.15 m,

ϵ = 1.25 x 10 −3 m,

λ = 0.2 W/mK,

µ = 0.294 x 10 −6 m2/s,

L = 100 m

Water density, ρ = 958.4 kg/m3,

100
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Specific heat of water, cp = 4182 J/(kg.K),

A.2 Source and load details

Conventional heat source rating = 3 MW

Heat load power at bus 1 to 4 = 0.8 MW

Boiler efficiency = 95%

Lower bound on temperature at nodes 1 to 4 = 90 oC or 363 K

Upper bound on temperature at nodes 1 to 4 = 110 oC or 383 K



Appendix B

IEEE 15-bus system data

Table B.1: 15-bus system line data: resistance and reactance (pu) [67]

From bus To bus Resistance (pu) Reactance (pu)

1 2 0.00315 0.075207

2 3 0.00033 0.001849

3 4 0.00667 0.038008

4 5 0.00579 0.014949

5 6 0.01414 0.036549

6 7 0.00800 0.039661

7 8 0.00900 0.041575

8 9 0.00700 0.032346

Continued on next page

102



A.2. Source and load details 103

Table B.1 – continued from previous page

From bus To bus Resistance (pu) Reactance (pu)

9 10 0.03667 0.016964

10 11 0.00900 0.0415754

11 12 0.02750 0.127043

13 14 0.03150 0.081405

13 15 0.03965 0.102984

14 15 0.01061 0.004153

Table B.2: 15-bus system line data: active and reactive power flow (pu) [67]

From bus To bus P (pu) Q (pu)

1 2 0.0208 0.0021

2 3 0.0495 0.0051

3 4 0.0958 0.0098

4 5 0.4222 0.0045

5 6 0.1383 0.0012

Continued on next page
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Table B.2 – continued from previous page

From bus To bus P (pu) Q (pu)

6 7 0.6538 0.0066

7 8 0.0323 0.0033

8 9 0.0213 0.0022

9 10 0.0280 0.0029

10 11 0.2170 0.0022

11 12 0.1330 0.0018

13 14 0.0029 0.0003

13 15 0.0161 0.0016

14 15 0.0139 0.0014



Appendix C

95-bus UKGDS data

Table C.1: 95-bus UKGDS line data [68]

From bus To bus Resistance (Ohm) Reactance (Ohm)

1 2 0.0590359 0.0612018

2 3 0.1180355 0.4027364

3 4 0.2541000 0.2546300

4 5 0.3129060 0.2318433

5 6 0.1564530 0.1069156

6 7 0.3569500 0.1815000

7 8 0.4283400 0.2178000

8 9 0.3353636 0.1469182

Continued on next page
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Table C.1 – continued from previous page

From bus To bus Resistance (Ohm) Reactance (Ohm)

9 10 0.1349029 0.0892496

10 11 0.4188052 0.2499013

11 12 0.4171959 0.2851244

13 14 0.2086040 0.1425622

14 15 0.3650499 0.2494778

15 16 0.4418557 0.1844524

16 17 0.1767447 0.0737858

17 18 0.3093002 0.1291191

18 19 0.2209218 0.0922262

19 20 0.3534773 0.1475595

20 21 0.3093002 0.1291191

21 22 0.5302220 0.2213453

22 23 0.2651110 0.1106666

23 24 0.0910041 0.0347996

24 25 0.1767447 0.0737858

Continued on next page
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Table C.1 – continued from previous page

From bus To bus Resistance (Ohm) Reactance (Ohm)

25 26 0.3534773 0.1475595

1 27 0.0664169 0.0688490

27 28 0.0469601 0.1258400

3 29 0.2095962 0.0918269

4 30 0.2934371 0.1285504

5 31 0.4192045 0.1836538

6 32 0.3650449 0.2494778

32 33 0.2346795 0.1603855

33 34 0.2868305 0.190200

34 35 0.3129060 0.2138433

35 36 0.1564530 0.1069156

36 37 0.2607550 0.1781967

37 38 0.2346795 0.1603855

38 39 0.3650449 0.2494778

39 40 0.1089000 0.1052700

Continued on next page
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Table C.1 – continued from previous page

From bus To bus Resistance (Ohm) Reactance (Ohm)

40 41 0.4356000 0.4210800

41 42 0.1452000 0.1403600

7 43 0.2515227 0.1101947

8 44 0.2934371 0.1285504

9 45 0.3129060 0.2138433

45 46 0.3772780 0.1652860

11 47 0.1888568 0.1249446

47 48 0.2698058 0.1784992

48 49 0.2583350 0.1104246

13 50 0.1427800 0.0726000

50 51 0.2855600 0.1452000

51 52 0.2141700 0.1089000

52 53 0.1137521 0.0434995

53 54 0.2141700 0.1089000

54 55 0.4283400 0.2178000

Continued on next page
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Table C.1 – continued from previous page

From bus To bus Resistance (Ohm) Reactance (Ohm)

55 56 0.4283400 0.2178000

56 57 0.3353636 0.1469182

57 58 0.6458254 0.2760736

14 59 0.2515227 0.1101947

59 60 0.5030454 0.2203773

60 61 0.3353636 0.1469182

15 62 0.3129060 0.2138433

62 63 0.1564530 0.1069156

63 64 0.2607550 0.1781967

64 65 0.2346795 0.1603855

65 66 0.3129060 0.2138433

66 67 0.0782265 0.0534578

67 68 0.3296524 0.0485452

68 69 0.1977866 0.0291247

69 70 0.1043020 0.0712811

Continued on next page
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Table C.1 – continued from previous page

From bus To bus Resistance (Ohm) Reactance (Ohm)

70 71 0.1825285 0.1247389

71 72 0.3296524 0.0485452

72 73 0.593371 0.0873862

16 74 0.2095962 0.0918269

74 75 0.3772780 0.1652860

18 76 0.2515227 0.1101947

21 77 0.1137521 0.0434995

25 78 0.4860328 0.2028928

33 79 0.2095962 0.0918269

34 80 0.2515227 0.1101947

35 81 0.1676818 0.0734591

36 82 0.2086040 0.1425622

82 83 0.1303775 0.0891044

40 84 0.1592481 0.0608993

50 85 0.2515227 0.1101947

Continued on next page
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Table C.1 – continued from previous page

From bus To bus Resistance (Ohm) Reactance (Ohm)

54 86 0.2855600 0.1452000

57 87 0.2583350 0.1104246

59 88 0.3353636 0.1469182

63 89 0.2209218 0.0922262

89 90 0.3534773 0.1475595

90 91 0.5302220 0.2138433

64 92 0.1564530 0.1069156

65 93 0.3353636 0.1469182

93 94 0.5868742 0.2571129

94 95 0.2737141 0.0567006

Table C.2: 95-bus UKGDS load data [67]

Bus number Active power (kW) Reactive power (kVAr)

1 940 170

Continued on next page
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Table C.2 – continued from previous page

Bus number Active power (kW) Reactive power (kVAr)

2 0 0

3 10 2

4 0 0

5 0 0

6 0 0

7 0 0

8 0 0

9 0 0

10 20 6

11 0 0

12 10 1

13 0 0

14 0 0

15 20 6

16 0 0

Continued on next page
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Table C.2 – continued from previous page

Bus number Active power (kW) Reactive power (kVAr)

17 20 4

18 0 0

19 30 3

20 20 6

21 0 0

22 10 3

23 0 0

24 0 0

25 0 0

26 10 3

27 0 0

28 650 130

29 10 2

30 20 4

31 20 4

Continued on next page
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Table C.2 – continued from previous page

Bus number Active power (kW) Reactive power (kVAr)

32 0 0

33 0 0

34 0 0

35 0 0

36 0 0

37 40 10

38 20 6

39 20 6

40 0 0

41 930 310

42 0 50

43 20 6

44 10 1

45 40 10

46 20 6

Continued on next page
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Table C.2 – continued from previous page

Bus number Active power (kW) Reactive power (kVAr)

47 20 10

48 140 30

49 10 1

50 0 0

51 40 10

52 0 0

53 0 0

54 0 0

55 0 0

56 10 2

57 0 0

58 40 10

59 0 0

60 10 3

61 10 1

Continued on next page
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Table C.2 – continued from previous page

Bus number Active power (kW) Reactive power (kVAr)

62 0 0

63 0 0

64 0 0

65 0 0

66 40 10

67 0 0

68 120 20

69 0 0

70 40 10

71 0 0

72 40 10

73 0 0

74 10 3

75 10 3

76 20 4

Continued on next page
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Table C.2 – continued from previous page

Bus number Active power (kW) Reactive power (kVAr)

77 20 6

78 50 10

79 0 0

80 20 10

81 10 3

82 0 0

83 50 10

84 10 1

85 20 4

86 10 3

87 20 6

88 0 0

89 0 0

90 0 0

91 30 6

Continued on next page
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Table C.2 – continued from previous page

Bus number Active power (kW) Reactive power (kVAr)

92 0 0

93 80 20

94 0 0

95 70 10
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