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Fèlix Llovell,‡ Amparo Galindo,‡ Felipe J. Blas,§ and George Jackson‡,∗

‡Department of Chemical Engineering,

Imperial College London, South Kensington Campus,

SW7 2AZ, London, United Kingdom and

§Departamento de F́ısica Aplicada,

Facultad de Ciencias Experimentales,

Universidad de Huelva, 21071, Huelva, Spain

∗ Corresponding author: e-mail address g.jackson@imperial.ac.uk

1



Abstract

The SAFT-VR DFT Helmholtz free energy functional developed by Gloor et al.,

[J. Chem. Phys. 121, 12740 (2004)] is revisited and generalised to treat mixtures. The

functional, which is based on the statistical associating fluid theory for attractive poten-

tials of variable range (SAFT-VR) for homogeneous fluids, is constructed by partitioning

the free energy density into a reference term (which incorporates all of the short-range

interactions and is treated locally) and an attractive perturbation (which incorporates

the long-range dispersion interactions). In this work, two different functionals are com-

pared. In the first, one uses a mean-field version of the theory to treat the long-range

dispersive interaction, incorporating an approximate treatment of the effect of the cor-

relations on the attractive energy between the segments by introducing a short range

attractive contribution in the reference term. In the second, one approximates the cor-

relation function of the molecular segments in the inhomogeneous system with that of

a homogeneous system with an average density of the two positions, following the ideas

proposed by Toxvaerd [S. Toxvaerd, J. Chem. Phys. 64, 2863 (1976)]. The SAFT-VR

DFT formalism is then used to study interfacial properties and adsorption phenomena

at the interface. A detailed analysis of the influence of the molecular parameters on

the surface tension and density/composition profiles of the mixtures is undertaken for

binary mixtures with molecules of different chain length, segment diameter, dispersive

energy and attractive range. The effect of the asymmetry of the molecular species on

the adsorption phenomena is examined in some depth. The adequacy of the approach is

demonstrated by comparison of the theoretical predictions with the interfacial properties

of some real mixtures. The relative merits of the two approximate free energy function-

als are assessed by examining the vapour-liquid interfacial tension of selected mixtures

of n-alkanes. The theory generally provides an excellent description of the interfacial

properties of the mixtures without the need for a further adjustment intermolecular

parameters obtained solely from an examination of the bulk fluid phase behaviour.
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I. INTRODUCTION

The nature of the molecular interactions that occur at interfaces are responsible

for many of the phenomena that are observed in practice. For example, the

formation of micelles by amphiphilic surfactant molecules in aqueous solutions

(soap formulations and cosmetics), the nature of the lipid bilayers that form cell

membranes, the stability of colloids in emulsions (such as milk and paint), etc. A

detailed knowledge of interfacial properties is required to deal with many industrial

processes, specially those related to separation and extraction. However, the

modelling of interfacial systems remains as a challenge precisely because of their

inhomogeneous nature.

A quantitative evaluation of the interfacial phenomena can be developed by

starting from an accurate representation of the bulk homogeneous fluids. Among

several possibilities one of the most successful equations of state for fluid phase

equilibria is the Statistical Associating Fluid Theory (SAFT)1,2. The general form

of the SAFT expression for the Helmholtz free energy stems from Wertheim’s3–5

first order perturbation theory for associating systems. The total free energy

comprises a sum of terms that contribute to the total energy of the systems,

each with a rigorous statistical mechanical foundation. Several versions of the

SAFT approach have now been developed, most of them differing in the treatment

of the reference term; among them, some of the most popular include SAFT-

VR6,7, soft-SAFT8, PC-SAFT9 or the very recent SAFT-γ10,11 incarnations of the

methodology. Further details about the applicability and the various versions

of SAFT can be found in the comprehensive reviews of Müller and Gubbins12,

Economou13, Paricaud et al.14 and more recently Tan et al.15.

Equations of state (EOSs) of the generic SAFT form can be used as a good

basis for a specific treatment of the inhomogeneities of the density in the interfa-

cial region. Moreover, the firm physical basis of the theory and the corresponding

interpretation of the intermolecular interactions enables one to develop a method-

ology which can be used not only to predict but to understand the phenomena

observed in real compounds.

A large body of literature has been devoted to the description and estima-

tion of the interfacial properties of pure fluids following a variety of approaches.
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However, the application of theories of inhomogeneous systems to fluids mixtures

is far less common. One of the first successful approaches for the description

of interfacial tensions in mixtures is the so-called parachor method, introduced

by Macleod16,17. One can use this empirical approach to correlate the interfacial

tension with the difference of the bulk coexisting densities. Despite its empirical

basis, Fowler18 showed that the relation can be derived as an explicit function of

the intermolecular potential in the case of a step-wise density profile, which is a

reasonable assumption far away from the critical point. Other popular approaches

are based on the corresponding-states principle of Guggenheim19, where empirical

relations can be developed in terms of a specific reference fluid to provide an ac-

curate representation of the surface tension20. Though useful in correlating data

for the interfacial tension of fluid mixtures, these empirical relations offer little

in way of predictive capability. This is the advantage of approaches developed

from a more rigourous theoretical foundation such as the squared gradient theory

(also referred to as density gradient theory, DGT) and density functional theory

(DFT).

The DGT methodology is rooted in van der Waals’ original theory for inhomo-

geneous fluids21 (and in the earlier work by Rayleigh22), which was rediscovered

and popularised by Cahn and Hilliard23. In DGT the local free energy density

is expanded as a Taylor series about the density profile to second order, i.e., to

the second derivative of the profile with respect to the distance from the inter-

face (which in this case also corresponds to the square of the density gradient).

The first term of the DGT essentially corresponds to the Helmholtz free-energy

density of the uniform fluid evaluated at the local density. The square-gradient

term can be expressed in terms of c(r), the direct correlation function24; because

the form of c(r) is generally unknown, it is often treated phenomenologically with

the help of an adjustable parameter, the so-called “influence ”parameter, which is

estimated from real surface tension data. This can limit the predictive capability

of DGT approaches when extending the method to mixtures. We highlight some

representative examples of studies where a DGT treatment has been employed in

the following discussion. One of the first contributions in the area was the work

of Carey et al.25,26 who used the Peng-Robinson (PR) cubic EOS within a DGT

treatment to evaluate the interfacial properties for a wide variety of hydrocarbons,
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including alkanes, alkanols and aromatics. At about the same time, Poser and

Sanchez27 combined a lattice theory with DGT to describe the interfacial tension

of hydrocarbon mixtures and polymeric systems. Peters and collaborators have

made extensive use of the density gradient approach with the PR EOS or with the

Associating-Perturbed-Anisotropic-Chain Theory (APACT) to study binary and

ternary mixtures of carbon dioxide + butane + decane28,29, water + benzene30,31,

water + ethanol + hexane31,32, and gas condensates of n-alkane mixtures33. Sim-

ilar studies with cubic EOSs have been made to describe the interfacial tension

of a wide variety of mixtures including: light gases (carbon dioxide, nitrogen or

methane) and hydrocarbons34–36; refrigerants, nitrogen, argon, alkanes and carbon

dioxide37; and associating and non-associating mixtures38,39. From a more formal

perspective, Mejia and Segura40,41 have studied the interfacial behaviour of Type

IV binary mixtures (with regions of both vapour-liquid and liquid-liquid equilib-

ria) by combining DGT with the van der Waals equation of state. This interesting

analysis was then extended to the interfacial behaviour exhibited by type I, type II

and type V binary mixtures of equal sized Lennard-Jones molecules using a more

realistic DGT + soft-SAFT treatment42,43, including a comparison with molecu-

lar simulation. Kahl and Enders44,45 were the first to combine a DGT treatment

with the SAFT EOS to study the interfacial tension of mixtures of alkanes and of

alkanes with methanol. In a series of subsequent studies, Enders and co-workers

compared the performance of DGTs based on the PR, Sanchez-Lacombe (SL),

SAFT, and PC-SAFT EOSs for mixtures of carbon dioxide and polystyrene46,

associating mixtures of water + alkanols47, and mixtures of hydrocarbons and

aromatics48. Numerous studies in which a SAFT-like description is used within a

DGT formalism to describe the interfacial properties of fluid mixtures have now

been made49–54.

One of the most successful and rigourous approaches for the description of in-

homogenous systems involves the formal application of Density Functional Theory

(DFT), which in contrast to DGT approaches, does not require the use of empir-

ical adjustable parameters. DFT methods are based on the construction of a free

energy functional of the single particle density which fully describes the thermo-

dynamic properties of the inhomogeneous system with an interface. Though the

functional form of the free energy in typical DFTs is mathematically more com-
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plex (involving iterative variational techniques for their solution) than for a DGT

treatment, they have become quite popular because of the enhanced predictive ca-

pability. As a consequence, intermolecular parameters which have been estimated

by optimisation of experimental data for the bulk phases are sufficient to provide

a predictive platform for the interfacial properties of the system within a DFT

formalism, without the need for additional surface tension data. The fundamental

details of the DFT approach can be found in the seminal reviews by Evans55 and

Davis56, including the various options for going from a general DFT formalism

to an approximated theory that can be used to compute accurate results when

applied to real fluids. For a recent overview of the numerous applications of DFT

to pure fluids, the reader is referred to some of our previous publications57–60 and

to the recent work of Gross61.

As far as the application to real fluid mixtures is concerned, much fewer studies

have been undertaken with DFT. One of the simplest free energy functionals for

the description of the interfacial properties of inhomogeneous mixtures involves a

DFT constructed in a standard perturbative form: the repulsive reference term

(which corresponds to the contribution from the hard-core interaction) is treated

simply with a local density approximation (LDA) for the free energy density of

the bulk reference fluid, and the perturbation term due to the attractive interac-

tions is treated at the mean-field (MF) level assuming that one can neglect the

correlations between the molecules. This type of approach is commonly referred

to as a MF-DFT62,63. Studies employing MF-DFTs of this type have been used in

a beautifully thorough series of studies by Telo da Gama and co-workers64–79 to

describe the vapour-liquid and liquid-liquid interfacial tension, the surface absorp-

tion, and the wetting behaviour for a variety of mixtures of spherical particles. A

quantitative assessment of the theory is made by comparison with the interfacial

data for mixtures of halocarbons. Nordholm and collaborators80–82 have also de-

veloped a generalized van der Waals theory of interfaces, based on a perturbative

DFT treated with a local density approximation (LDA), and have applied it to

mixtures of alkanes and light gases. In an interesting and recent study, Bryk et

al.83 have employed DFT to study the phase behaviour and the interfacial struc-

ture of two coexisting (liquid-vapour and liquid-liquid) phases and adsorption in

slit-like pores for binary mixtures of chain and spherical particles. They used the
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same functional proposed by Yu and Wu 84. The hard-sphere and chain terms

(short-range part of the Helmholtz free energy functional) are approximated with

a Weighted Density Approximation (WDA). In a WDA approach one proposes

a weighted (smoothed) density which depends on several weighting factors ωi.

The functions that define the different density weights are now often based on

the Fundamental Measured Theory (FMT) of Rosenfeld85 and its modifications

(MFMT)86,87. This approximation accurately describes the oscillatory density

profiles which are characteristic of fluid-solid interfaces (i.e., near a hard sur-

face, or for confined fluids, etc.). The attractive term is non-local and commonly

evaluated at the mean-field level. Chapman and co-workers88–91 have developed a

general WDA-DFT approach based on Wertheim’s first-order perturbation theory

(iSAFT) to study the interfacial phenomena of polyatomic fluid mixtures includ-

ing the model of lipid-like molecules near surfaces, lipid bilayers, copolymer thin

films and diblock copolymers, though no direct comparison with experiment is

made. Winkelmann and collaborators92,93 have also used a DFT treatment to de-

scribe the interfacial properties of mixtures of Lennard-Jones molecule. The LDA

and the WDA approaches were implemented to estimate the short-range contri-

butions to the free-energy density. The attractive non-local term was calculated

using a mean-field approximation. Moreover, they considered the capillary-wave

“correction”by means of a mode-coupling theory for the mean-square roughness

of the interface94. They applied the approach to calculate the vapour-liquid inter-

face of the argon + methane, argon + nitrogen, heptane + toluene and dimethyl

formamide + heptane + toluene mixtures92 and to evaluate the liquid-liquid in-

terface of a hypothetical binary and ternary mixture93. More recently, Kahl and

Winkelmann95 have coupled the DFT treatment with the LJ-SAFT equation of

state for molecules with segments interacting through the Lennard-Jones interac-

tion potential, to predict surface tensions of a wide variety of pure non-associating

hydrocarbons. In this case, the radial distribution function in the attractive term

is factorized out of the integral and written in terms of an effective contact value of

the pair correlation function, as suggested by Gil-Villegas et al.6 for the SAFT-VR

approach which can be formulated as a DFT59,60; the accuracy of this approxima-

tion has been confirm by comparison with the simulation data for vapour-liquid

surface tension of square-well fluids of variable range96. Kahl and Winkelmann95
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also included a capillary-wave treatment which required the use of an empirical

adjustable parameter, the value of which depended on the family of compounds;

quantitative agreement was obtained in all cases when compared to experimental

data.

In this paper we address the problem of applying the density functional theory

using a standard perturbative approach to study the interfacial properties of a

range of fluid mixtures. We develop a generic DFT based on the SAFT-VR free

energy6, which has been shown to provide an excellent predictive platform for the

vapour-liquid and liquid-liquid equilibria of a range of mixtures (including alka-

nes and perfluoroalkanes97–100, replacement refrigerants101, water102,103, hydrogen

chloride104, hydrogen fluoride105,106, carbon dioxide107,108, xenon109–113, boron tri-

fluoride114, aqueous electrolytes115,116, and polyethylene14,117–119 and polyoxyethy-

lene polymers120), to treat the interfacial tension of inhomogeneous mixtures of

associating and non-associating chain-like molecules. Two approximate function-

als are formulated and assessed in terms of their predictive capability for the

interfacial tension of mixtures: the first involves the use of a mean-field attrac-

tive perturbative contribution with all of the short-range contributions (including

those due to dispersion and hydrogen bonding interactions) incorporated in a ref-

erence term which is treated locally; in the second more rigourous approach the

correlations are retained in the attractive term by using average segment-segment

correlation functions for the various components in the mixture evaluated at an

average density across the density profile.

The rest of this article is organised as follows: In Section II the theory is pre-

sented, with the main details of the DFT approach. Particular attention is paid

to the extension to mixtures and the description of the two approaches to approxi-

mate the contribution of the correlation function in the inhomogeneous region. In

Section III, the new theory is used to study the influence of the molecular parame-

ters on the interfacial phenomena for model binary mixtures. Both methodologies

are then assessed for some representative of mixtures of alkanes, comparing the

predictions for the interfacial tension with experimental data. Finally, section IV

is devoted to the conclusions of this work.
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II. THE DENSITY FUNCTIONAL THEORY

In this work we consider mixtures of chains of mi spherical segments of diameter

σii which can interact through pair-wise repulsive, dispersive, and associative con-

tributions. The repulsive and dispersive interactions characterising each spherical

segment are described by a simple square-well potential:

φij(rij) =





∞ rij ≤ σij

−εij σij < rij ≤ λijσij

0 r > λijσij

, (1)

where rij denotes the distance between the centres of the two segments, σij defines

the contact distance between segments of type i and j, and λijσij denotes the range

of the dispersive interaction of depth −εij between spheres of type i and type j.

The calculation of mixture properties requires the determination of a number of

cross (unlike) intermolecular parameters. The Lorentz combining rule for mixtures

is used for the unlike hard-core diameter,

σij =
σii + σjj

2
, (2)

while in general the unlike dispersive energy is given by the modified Berthelot

combining rule for binary mixtures,

εij = (1− kij)
√

εiiεjj, (3)

where kij quantifies the deviation from the Berthelot rule. In the particular case

of the mixtures examined in this work we employ the standard Berthelot recipe

where kij = 0. The unlike range parameter of the binary mixtures is obtained

from the following relation:

λij =
λiiσii + λjjσjj

σii + σjj

. (4)

The association (hydrogen-bonding) contribution is modelled by considering

additional off-centre sites (placed a distance r
(i)
d from the centre of a given segment)

which interact through a square-well potential of shorter range r
(ij)
c ; the interaction

of a site A on one segment with a site B on another is given by
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φij
AB(r

(ij)
AB ) =




−ε

(ij)
AB r

(ij)
AB < r

(ij)
c

0 r
(ij)
AB > r

(ij)
c

, (5)

where r
(ij)
AB is the distance between the centres of the two associating sites A and

B placed on segments of type i and j, respectively. In spite of its simplicity,

this model includes the relevant features found in associating chain molecules:

repulsive, attractive, and associative interactions.

A. Homogeneous fluid of associating chain molecules (SAFT-VR)

Within the SAFT-VR approach the Helmholtz free energy A of the homoge-

neous fluid is written as a perturbation expansion which takes into account the

various types of interactions. In the case of associating molecules, the free en-

ergy can be expressed as a sum of an ideal contribution Aideal, a monomer term

Amono (which takes into account the attractive and repulsive forces between the

segments that form the molecules), a chain contribution Achain (which accounts

for the connectivity of the segments in the molecules), and a contribution due to

association Aassoc:6,7

a =
A

NkBT
=

Aideal

NkBT
+

Amono

NkBT
+

Achain

NkBT
+

Aassoc

NkBT
, (6)

where N is the number of chain molecules in the mixture, T is the temperature,

and kB is the Boltzmann constant.

In the following, we use the nomenclature a({ρm}) ≡ a(ρ1, ρ2, . . . , ρn) to de-

note the dependence of a or any other magnitude on all the densities ρm of each

component m of the mixture. Here, m runs from 1 to n, with n the number of

components of the mixture.

1. Ideal contribution

The ideal term is given in the standard form as121

aideal({ρm}) ≡ Aideal

NkBT
=

n∑
i=1

xi

[
ln(ρiΛ

3
i )− 1

]
, (7)
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where xi is the mole fraction, ρi = Ni/V the number density of chain molecules of

type i, Ni the number of molecules, and Λi a thermal de Broglie wavelength which

contains the translational and rotational contributions to the partition function

of the ideal chain corresponding to each component i of the mixture; the kinetic

contributions do not have to be specified explicitly as they do not contribute to

the fluid-phase equilibria and interfacial properties.

2. Monomer contribution

The term Amono combines the repulsive and dispersive contributions to the free

energy of the monomeric spherical segments making up the chain molecules. A

high-temperature Barker and Henderson122,123 perturbation expansion (truncated

at second order) about a hard-sphere reference system is used to describe the free

energy of the monomers:

amono({ρm}) ≡ Amono

NkBT
=

(
n∑

i=1

mixi

)
(ahs + a1 + a2). (8)

The factor that depends on the chainlength mi and composition xi of each

component of the mixture, appears in the expression because the monomer free

energy is given in terms of the number of chain molecules N and not in terms of

the number of monomer segments Ns =

(
n∑

i=1

ximi

)
N .

The reference hard-sphere term is obtained from the expression proposed in-

dependently by Boubĺık124 and Mansoori et al.125,

ahs({ρm}) ≡ Ahs

NskBT
=

6

πρs

[(
ξ3
2

ξ2
3

− ξ0

)
ln(1− ξ3) +

3ξ1ξ2

1− ξ3

+
ξ3
2

ξ3(1− ξ3)2

]
, (9)

where ρs = Ns/V is the number density of spherical segments, which is re-

lated to ρ, the number density of chain molecules, through the relationship

ρs = ρ

(
n∑

i=1

mixi

)
. ξk are the moment densities defined as

ξk =
π

6
ρs

[
n∑

i=1

xsi(σii)
k

]
, (10)

where σii is the diameter of the spherical segments of chain i, and xsi is the mole

fraction of segments of type i in the mixture which is given by

11



xsi =
mixi

n∑

k=1

mkxk

. (11)

Note that the reduced packing fraction ξ3 is the overall packing fraction of the

mixture:

ξ3 =
π

6
ρs

n∑
i=1

xsiσ
3
ii =

π

6

n∑
i=1

ρsiσ
3
ii =

π

6

n∑
i=1

miσ
3
iiρi. (12)

The last equation indicates that the overall packing fraction ξ3 is a function of

the densities of all of the components of the mixture, ξ3 ≡ ξ3({ρm}). Hence, all

thermodynamic and structural properties that have an explicit dependence on ξ3

are functions of the set of densities {ρm}. For clarity, in the rest of the section we

will indicate this dependency through the set of densities {ρm}.
In the context of the SAFT-VR approach for mixtures, the mean-attractive

dispersive energy a1, is described by6,7

a1({ρm}) ≡ A1

NskBT
=

n∑
i=1

n∑
j=1

xsixsja
(ij)
1 , (13)

where a
(ij)
1 can be expressed with the use of the mean-value theorem as

a
(ij)
1 =

ρs

kBT

n∑
i=1

n∑
j=1

xsixsjα
vdW
ij ghs

0

[
σx; ξ

eff
x (λij)

]
, (14)

where

αvdW
ij = −2

3
πεijσ

3
ij(λ

3
ij − 1) (15)

is the van der Waals attractive constant for the i−j segment-segment interaction.

ghs
0

[
σx; ξ

eff
x (λij)

]
is the contact value of the pair distribution function for the hard-

sphere fluid at the effective density ξeff
x :

ghs
0

[
σx; ξ

eff
x (λij)

]
=

1− ξeff
x (λij)/2

(1− ξeff
x (λij))2

(16)

The dependence of ξeff
x (λij) on the packing fraction ξx and the range of the

square-well potential λij is obtained by using a very accurate description of the
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structure of the hard-sphere reference system with the following parameterisation

obtained for a square-well fluid:6,7

ξeff
x (λij) = c1(λij)ξx + c2(λij)ξ

2
x + c3(λij)ξ

3
x, (17)

where the coefficients cn are obtained from the matrix




c1

c2

c3


 =




2.25855 −1.05349 0.249434

−0.69270 1.40049 −0.827739

10.1576 −15.0427 5.30827







1

λij

λ2
ij


 . (18)

Though the specific expressions presented here are for segment-segment interac-

tions of a square-well form, the SAFT-VR treatment is entirely general6, and has

been implemented for Yukawa126, Lennard-Jones127, and Mie128 potentials. The

packing fraction ξx of the mixtures is defined in terms of σx, the segment size

described in terms of a van der Waals one-fluid mixing rule:

ξx =
π

6
ρsσ

3
x =

π

6
ρs

n∑
i=1

n∑
j=1

xsixsjσ
3
ij (19)

As will become clear in section II.B.2, it is useful to partition the mean-

attractive energy a1({ρm}) = asr
1 ({ρm}) + alr

1 ({ρm}) into short-range (asr
1 ) and

long-range (alr
1 ) parts. The long-range contribution is simply the van der Waals

dispersive term, which can be obtained from Eq. (14) fixing ghs
0 = 1:

alr
1 ({ρm}) ≡ a1({ρm}; g0 = 1) =

ρs

kBT

n∑
i=1

n∑
j=1

xsixsjα
vdW
ij , (20)

Note that this partitioning will provide a methodology for the generalisation of the

original SAFT-VR DFT treatment59,60 to mixtures; we emphasize that this does

not mean that our current description involves a mean-field approximation of the

type employed in the less rigourous augmented van der Waals approaches (e.g., see

references129–134, which include studies with equations of state of the SAFT form).

The short-range contribution can be obtained simply by substracting this long-

range contribution from the total free energy, asr
1 ({ρm}) = a1({ρm})− alr

1 ({ρm}):

asr
1 ({ρm}) =

ρs

kBT

n∑
i=1

n∑
j=1

xsixsjα
vdW
ij

{
ghs
0

[
σx; ξ

eff
x (λij)

]− 1

}
, (21)
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where hhs
0 [σx; ξ

eff
x (λij)] = ghs

0 [σx; ξ
eff
x (λij)]− 1 is an effective total correlation func-

tion. The second-order perturbation (fluctuation) term is expressed in terms of

the local compressibility approximation (LCA) proposed by Barker and Hender-

son135 where the fluctuation of the attractive energy is related directly to the

compressibility of the system by

a2({ρm}) ≡ A2

NskBT
=

n∑
i=1

n∑
j=1

1

2

(
εij

kBT

)
Khsxsixsjρs

∂a
(ij)
1

∂ρs

. (22)

Here, Khs is the isothermal compressibility for a mixture of hard spheres, given

by the Percus-Yevick expression136:

Khs =
ξ0(1− ξ3)

4

ξ0(1− ξ3)2 + 6ξ1ξ2(1− ξ3) + 9ξ3
2

(23)

3. Chain contribution

The contribution to the free energy due to the formation of a mixture of chain

molecules from the atomised segments is given in the standard Wertheim TPT1

form as137

achain({ρm}) ≡ Achain

NkBT
= −

n∑
i=1

(mi − 1) ln gsw
ii (σii; {ρm}), (24)

where gsw
ii (σii; {ρm}) is the contact value of the pair correlation function for a

system of square-well monomers. In the SAFT-VR approach the contact value of

the pair radial distribution function gSW
ii (σii; {ρm}) is obtained from a first-order

high-temperature expansion about a hard-sphere reference system6,7:

gsw
ij (σij; {ρm}) = ghs

ij (σij; {ρm}) + βεijg
(ij)
1 (σij; {ρm}) (25)

where ghs
ij is the contact value of the radial distribution function for the reference

system of a mixture of hard spheres at the packing fraction ξ3 of the mixture:

ghs
ij (σij; ξ3) =

1

1− ξ3

+ 3Dij
ξ3

(1− ξ3)2
+ 2D2

ij

ξ2
3

(1− ξ3)3
, (26)

where Dij is defined as
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Dij =
σiiσjj

σii + σjj

n∑
i=1

xsiσ
2
ii

n∑
i=1

xsiσ
3
ii

. (27)

The term g
(ij)
1 (σij; {ρm}) is obtained from a self-consistent calculation of the pres-

sure using the Claussius virial theorem, as explained in the original SAFT-VR

paper6,7. For a mixture of square-well monomers, g
(ij)
1 is given by,

g
(ij)
1 (σij; {ρm}) =

1

2πεijσ3
ij

[
3

(
∂a

(ij)
i

∂ρs

)
− λij

ρs

∂a
(ij)
i

∂λij

]
. (28)

4. Association contribution

The association contribution to the free energy, which is at the heart of all

SAFT equations of state, is described with the Wertheim3–5 theory of association.

This term can be expressed as a function of the fraction of molecules not bonded

at given sites as138

aassoc({ρm}) ≡ Aassoc

NkBT
=

n∑
i=1

xi

[{
si∑

A=1

(
ln X

(i)
A − X

(i)
A

2

)
+

1

2

}]
, (29)

where the first sum is over the species i, and the second over all si sites A on a

molecule of species i. X
(i)
A is the fraction of molecules of type i not bonded at a

given site A, given by the mass action equation as

X
(i)
A =

1

1 +
n∑

j=1

sj∑
B=1

ρj X
(j)
B ∆

(ij)
AB

, (30)

where B denotes the set of sites capable of bonding with site A. The associa-

tion interaction parameter ∆
(ij)
AB is determined from the Mayer function F

(ij)
AB =

[exp(ε
(ij)
AB/kBT ) − 1], the volume K

(ij)
AB available for bonding between sites A and

B, and the contact value of the monomer pair radial distribution function:138

∆
(ij)
AB = F

(ij)
AB K

(ij)
AB gsw

ij (σij; {ρm}). (31)

The free energy that has been described for the homogeneous fluid of associat-

ing chain molecules can be used to determine the bulk vapour-liquid equilibria in

15



a straightforward fashion. The densities of the coexisting vapour and liquid states

at a fixed temperature and pressure are determined numerically by requiring that

the pressure P = −(∂A/∂V )T,N , and chemical potentials µi = −(∂A/∂Ni)T,V,Nj 6=i

of each component i in the two phases are equal.

Now that the contributions to the free energy of the bulk fluid of associating

chain molecules have been defined we can construct the perturbative free energy

functional for the inhomogeneous fluid.

B. Inhomogeneous fluid of associating chain molecules (SAFT-VR DFT)

We consider an open mixture at temperature T and chemical potential µi for

each component in a volume V . In the absence of external fields, the grand

potential functional Ω[{ρm(r)}] of an inhomogeneous system is given by55

Ω[{ρm(r)}] = A[{ρm(r)}]−
n∑

i=1

µi

∫
dr ρi(r), (32)

where A[{ρm(r)}] is the “intrinsic”Helmholtz free energy functional. As in

the case of homogeneous systems, we use the nomenclature A[{ρm(r)}] ≡
A[ρ1(r), ρ2(r), . . . , ρn(r)] to denote the functional dependence of A on all the den-

sities ρm(r) (at each point r) for the set of components m of the mixture. In

general, the notation {ρm(r)} is used to denote all the density profiles of the

mixture evaluated at position r, i.e, {ρm(r)} ≡ ρ1(r), ρ2(r), . . . , ρn(r). The mini-

mum value of Ω[{ρm(r)}] is the equilibrium grand potential of the system and the

corresponding equilibrium density profiles ρeq
i (r) satisfy the following condition55:

δΩ[{ρm(r)}]
δρi(r)

∣∣∣∣
eq

=
δA[{ρm(r)}]

δρi(r)

∣∣∣∣
eq

− µi = 0 ∀i i = 1...n. (33)

These above n Euler-Lagrange equations are equivalent to requiring that the

Helmholtz free energy functional be a minimum subject to a constraint of constant

number of particles; the undetermined multipliers correspond to the chemical po-

tential of each component µi in the bulk coexisting phases.

In this work we extend the previous SAFT-VR DFT formalism59,60 to mix-

tures of associating chain molecules. As for pure fluids, we follow a standard

perturbative approach55,92 where the intermolecular potential is partitioned into
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a reference term (which includes the ideal, hard-sphere, chain and short-range as-

sociation contributions), and a perturbation attractive term (which includes the

dispersive interactions between the monomeric segments). Here we consider two

different levels of approximation to account for the description of the fluid inter-

face. In the first approach (SAFT-VR DFT), both the bulk fluid phase equilibria

and the interfacial properties are described with a perturbation theory in which

correlations are included in the reference and dispersive terms. In the second ap-

proximate scheme (SAFT-VR MF DFT), the bulk fluid is treated at the SAFT-VR

level (a second-order perturbation theory which incorporates the correlations of

the hard-sphere reference system), while the interfacial properties are treated at

the mean-field level (the correlations are neglected in the dispersive term).

1. SAFT-VR DFT

The Helmholtz free energy functional in the full SAFT-VR treatment of a mix-

ture of associating chain molecules describes both the bulk vapour-liquid equilib-

ria and the interfacial properties within a perturbative approach. Correlations are

taken into account explicitly both in the reference and dispersive terms. The full

SAFT-VR free energy functional is given by

A[{ρi(r)}] = Aref[{ρi(r)}] + Aatt[{ρi(r)}]. (34)

It is convenient to examine the grand potential functional in terms of re-

duced free energy densities f [ρ(r)] ≡
A[{ρm(r)}]

V kBT
≡

(
n∑

i=1

ρi(r)

)
a[{ρm(r)}], where

a[{ρm(r)}] ≡ A[{ρm(r)}]/(NkBT ).

As in our previous work57–60 the reference term Aref is taken to incorporate all

of the contributions to the free energy due to ‘short-range’ interactions such as

the repulsive hard-sphere term, the chain term, and the association term:

Aref[{ρm(r)}] = Aideal[{ρm(r)}] + Ahs[{ρm(r)}] + A2[{ρm(r)}]
+ Achain[{ρm(r)}] + Aassoc[{ρm(r)}]. (35)

The reduced ideal Helmholtz free energy of an inhomogeneous mixture of non-

spherical particles can be written as55,139
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Aideal[{ρm(r)}] =
n∑

i=1

kBT

∫
dr ρi(r)

[
ln(ρi(r)Λ

3
i )− 1

]
, (36)

where the orientational coordinates have been integrated out to give a constant

contribution as the phase is assumed to be anisotropic.

The hard-sphere interaction is short ranged and is usually treated locally in

a perturbative DFT treatment of the fluid interface55,92; such functionals based

on the local density approximation (LDA) of the reference term provide a good

description of the vapour-liquid and liquid-liquid interfaces, although the approach

fails for fluids close to their triple points or for confined systems where a weighted-

density approximation (WDA) has to be used. In our SAFT-VR DFT the hard-

sphere LDA free energy functional is given by

Ahs[{ρm(r)}] = kBT

∫
dr fhs({ρm(r)}) = kBT

∫
dr

(
n∑

i=1

miρi(r)

)
ahs({ρm(r)}),

(37)

where the expression for ahs({ρm(r)}) is written as a function of the packing

fractions ξk defined in Eq. (10) from the Boubĺık and Mansoori et al. form (cf.

Eq. (9)).

In the SAFT-VR description of the thermodynamics of the fluid, the high-

temperature perturbation expansion of the free energy is taken to second order

(A2). The local compressibility approximation (LCA) is used to approximate the

fluctuation term A2 of the homogeneous system in terms of the compressibility

of the hard-sphere fluid. This contribution is also treated locally in our reference

term:

A2[{ρm(r)}] = kBT

∫
dr f2({ρm(r)}) = kBT

∫
dr

(
n∑

i=1

miρi(r)

)
a2({ρm(r)}),

(38)

where a2({ρm(r)}) is given by Eq. (22). The slope of the profile for the mean

attractive energy turns out to be fairly constant over the interfacial region59,

which suggests that the fluctuation term is reasonably constant and can be treated

locally at a first level of approximation (since ∂a1({ρm(r)})/∂ρi ∝ a2({ρm(r)}).
At this stage we should point out that the second-order term has to be included in
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the full free energy functional of the inhomogeneous system in order to recover the

SAFT-VR expressions of the homogeneous bulk phase. This term was not taken

into account in the earlier mean-field description of the SAFT-DFT approach57,58.

Both the hard-chain (cf. Eq. (9)) and the association (cf. Eq. (29)) contributions

to the SAFT free energy can be written in terms of the contact value of the pair

radial distribution function of the reference monomer system; this is clearly a

‘short-range’ contribution and can also be approximated by a local functional.

The contribution to the reference free energy functional for the formation of chains

of mi square-well segments is written at the LDA level as

Achain[{ρm(r)}] = kBT

∫
dr f chain({ρm(r)})

= kBT

∫
dr

(
n∑

i=1

miρi(r)

)
achain({ρm(r)}), (39)

where achain({ρm(r)}) is the function of density given by Eq. (24). The LDA

treatment of long chains may at first appear to be rather drastic. As will be

shown later, it nonetheless provides a good description of the vapour-liquid surface

tension of moderately long alkanes. In essence this approximation amounts to

determining the average density profile for the segments making up the chain

without specifying which chain the segments belong to. A more sophisticated

WDA treatment, such as that developed by Kierlik and co-workers140–142, in which

the position of each segment of the chain is treated explicitly, can be used to

improve the description of long chains. This is, however, beyond the scope of the

current work.

In a similar way we can write the contribution due to molecular association at

the LDA level as

Aassoc[{ρm(r)}] = kBT

∫
dr f assoc({ρm(r)})

= kBT

∫
dr

(
n∑

i=1

miρi(r)

)
aassoc({ρm(r)}), (40)

where aassoc({ρm(r)}) is given by Eq. (29). The perturbation theory of

Wertheim3–5 was originally developed in the general case of inhomogeneous sys-
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tems; the fraction X
(i)
A [{ρm(r)}] of molecules of type i not bonded at a given site

A at a point r in the fluid can be expressed as a set of mass-action equations:

X
(i)
A [{ρm(r)}] =

[
1 +

n∑
j=1

sj∑
B=1

∫
dr′ dω′ ρj(r

′) X
(j)
B [{ρm(r′)}] F (ij)

AB

× g
(sw)
ij [r, r′; {ρm(r), ρl(r

′)}]
]−1

. (41)

We use the nomenclature {ρm(r), ρl(r
′)} to denote a dependence with the den-

sity profiles evaluated at positions r and r′, respectively. More explicitly,

{ρm(r), ρl(r
′)} ≡ ρ1(r), ρ1(r

′), ρ2(r), ρ2(r
′), . . . , ρn(r)ρn(r′).

The mass-action equations are seen to be non-local in nature, i.e., the property

at a point r depends on an integral over neighbouring points r′. The integral over

orientations ω′ for the site-site association interaction is also undertaken. In our

local LDA treatment we assume that the density does not vary appreciably over

the range of the site-site association interaction, ρi(r
′) ≈ ρi(r); this is expected

to be a good approximation for hydrogen-bonding association where the range of

the interaction is very short. The LDA form of the set of mass-action equations

defined by Eq. (30) can thus be written as

X
(i)
A ({ρm(r)}) =

[
1 +

n∑
j=1

sj∑
B=1

ρj(r) X
(j)
B ({ρm(r)})∆(ij)

AB ({ρm(r)})
]−1

. (42)

The correlations are included in the term ∆
(kl)
AB where we have invoked the

additional approximation that r2gsw
kl [r; {ρi(r})] does not vary appreciably over the

range of the site-site interaction138:

∆
(ij)
AB ({ρm(r)}) = K

(ij)
AB F

(ij)
AB gsw

ij (σij; {ρm(r)}). (43)

Before we end our description of the reference free energy functional it is

instructive to note that within the LDA treatment the free energy density

f ref({ρm(r)}) is given as a simple function, not a functional, of the local den-

sity, which is represented by that of the homogeneous system.

Since we are dealing with chainlike molecules, the dispersive contribution can

be expressed in terms of the average segment density profiles and the average
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segment-segment pair radial distribution function of the inhomogeneous reference

hard-sphere chain. Following our previous work, we approximate the segment-

segment pair distribution function by that of the equivalent unbonded hard-sphere

mixture, and express the functional in terms of the molecular density profiles:

Aatt[{ρm(r)}] =
1

2

n∑
i=1

n∑
j=1

∫
dr miρi(r)

∫
dr′ mjρj(r

′)

× ghs
ij [r, r′; {ρm(r), ρl(r

′)}] φatt
ij (|r− r′|). (44)

where we have expressed the functional in terms of the molecular densities profiles.

Note that Aatt depends on the set {ρm(r)}, i.e., on all density profiles of the

mixture, but ghs
ij also depends on {ρm(r), ρl(r

′)}, which means that the distribution

function depends in general on all the density profiles of the mixture at r but also

at r′.

A further set of approximations are now required as little is known about the

pair distribution function of the inhomogeneous hard-sphere mixture fluid.

(i) In order to extend the original SAFT-VR DFT formalism, originally devel-

oped for pure component systems, we use a simple van der Waals one-fluid

approximation and define the local packing fractions at r and r′ for the

mixture as:

ξx(r) ≡ ξx({ρm(r)}) =
π

6
ρs(r)σ

3
x(r) ≡

π

6

n∑
i=1

n∑
j=1

miρi(r)mjρj(r)

ρs(r)
σ3

ij. (45)

Note that the local packing fraction is a function of r through the set of all

the density profiles of the mixture evaluated at r. ξx(r
′) can be obtained

from the same expression (Eq. (45)) simply by substitution of r by r′. The

total density of segments ρs(r) is defined as:

ρs(r) ≡ ρs({ρm(r)}) =
n∑

k=1

mkρk(r), (46)

and ρs(r
′) is again obtained by interchanging r by r′. Note that Eq. (45) is

the traditional van der Waals one-fluid mixing rule defined locally (at r and
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r′), but expressed in terms of the molecular densities of the chains (instead

of segment densities).

(ii) Following our previous work, we assume that the correlations can be de-

scribed with the pair radial distribution function of an effective homoge-

neous fluid of (equivalent) hard spheres evaluated at an appropriate mean

density. This procedure of evaluating the correlation function of the inho-

mogeneous system in terms of that for the homogeneous system at a mean

density dates back to the work of Toxvaerd143–145. In this case, the mean

packing fraction is calculated from the simple arithmetic average:

ξx(r, r
′) ≡ ξx({ρi(r), ρj(r

′)}) =
ξx(r) + ξx(r

′)
2

, (47)

where ξx(r) and ξx(r
′) are the (true) inhomogeneous packing fraction at r

and r′, respectively. Note that ξx is a function of r and r′ through the set

of density profiles of the mixture evaluated at r and r′.

(iii) A further approximation is required in order to have a closed set of equa-

tions. In line with the SAFT-VR treatment of the bulk fluid mixtures,

ghs
ij [r, r′; {ρm(r), ρl(r

′)}] can be approximated by a pair radial distribution

function at contact for an equivalent one-component system with an effec-

tive packing fraction, ξeff
x (λij), which also depends on the set of densities

{ρm(r), ρl(r
′)}. This inhomogeneous effective packing fraction can be ob-

tained using the bulk expression (Eq. (17)), but evaluating all the densities

from the corresponding mean packing fraction determined for the set of

density profiles at each pair of positions,

ξeff
x (λij; {ρm(r), ρl(r

′)}) = c1(λij)ξx(r, r
′)+ c2(λij)ξx

2
(r, r′)+ c3(λij)ξx

3
(r, r′).

(48)

In order to be consistent with our previous SAFT-VR functional in the

homogeneous limit59,60, we use the following approximation:

ghs
ij [r, r′; {ρm(r), ρl(r

′)}] ≈ ghs
0 [σx; ξeff

x (λij; {ρm(r), ρl(r
′)})] (49)
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The final expression for the attractive perturbation term used in the SAFT-VR

DFT approach for mixtures is given by

Aatt[{ρm(r)}] =
1

2

n∑
i=1

n∑
j=1

∫
dr miρi(r)

∫
dr′ mjρj(r

′)

× ghs
0 [σx; ξeff

x (λij; {ρm(r), ρl(r
′)})] φatt

ij (|r− r′|). (50)

As we mentioned earlier the equilibrium interfacial profiles are those that min-

imize the grand potential. In the case of the SAFT-VR DFT that has just been

described, the corresponding Euler-Lagrange equations are obtained as

δΩ[{ρm(r)}]
δρi(r)

∣∣∣∣
eq

=
δA[{ρm(r)}]

δρi(r)

∣∣∣∣
eq

− µi

=
δAref[{ρm(r)}]

δρi(r)
+

δAattr[{ρm(r)}]
δρi(r)

− µi = 0 ∀i i = 1...n.(51)

The variation of the reference contribution with respect to densities {ρi(r)}
correspond to the local chemical potential:

µref
i =

δAref[{ρm(r)}]
δρi(r)

, (52)

which can be obtained from the corresponding expressions for the homogeneous

system, through the thermodynamic identity,

µi = kBT

{
a + ρ

(
∂a

∂ρi

)

TV Nj 6=i

}
. (53)

However, the variation of the attractive contribution requires a knowledge of the

density derivative of the correlation function with respect to ρi(r) (see Eq. (50)).

The equilibrium density profiles can thus be determined by solving the equations

µi = µref
i ({ρm(r)}) +

n∑
j=1

∫
dr′ mi mj ρj(r

′)

× ghs
0 [σx; ξeff

x (λij; {ρl(r), ρm(r′)})]φattr
ij (|r− r′|)

+
n∑

j=1

n∑

k=1

∫
dr′ mj ρj(r) mk ρk(r

′)

× ∂ghs
0 [σx; ξeff

x (λij; {ρl(r), ρm(r′)})]
∂ρi(r)

φattr
ij (|r− r′|). (54)
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The relation ensures that the (local) chemical potential of each component i at

each point along the profiles is equal to corresponding bulk chemical potential

µbulk
i .

2. SAFT-VR MF DFT

It is convenient to have a general approach for the development of an accurate

free energy functional where one does not have to treat the correlations in the

perturbative attractive term; this would allow one to construct a DFT from any

engineering equation of state of the bulk fluid mixture which is not explicitly

cast in terms of the correlation functions between the particles. In this section

we develop such an approach within the SAFT-VR description of homogeneous

fluid mixtures, though the method is not restricted to SAFT-like equations of

state. One can define a free energy functional in which the bulk fluid is treated at

the full SAFT-VR level (a second-order perturbation theory which incorporates

the correlations of the hard-sphere reference system), and the interface is treated

at the mean-field level of van der Waals (the correlations are neglected in the

attractive term).

As in the previous section the Helmholtz free energy functional is expressed in

terms of an ideal, a reference, and an attractive contribution (cf. Eq. (34)):

Amf[{ρm(r)}] = Aref
mf[{ρm(r)}] + Aatt

mf [{ρm(r)}]. (55)

The reference term Aref
mf[{ρm(r)}] is again treated locally, but is now defined as

Aref
mf[{ρm(r)}] = Ahs[{ρm(r)}] + Achain[{ρm(r)}]

+ A2[{ρm(r)}] + Asr
1 [{ρm(r)}] + Aassoc[{ρm(r)}]. (56)

where the full expressions for Ahs[{ρm(r)}] (Eq. 37)), A2[{ρm(r)}] (Eq. (38)),

Achain[{ρm(r)}] (Eq. (39)), and Aassoc[{ρm(r)}] (Eq. (40)) are used. The contri-

bution due to the short-range part of the correlations in the attractive term is

contained in Asr
1 [{ρm(r)}], which is defined in terms of the bulk term asr

1 (Eq.

(21)). As this represents a relatively short-range interaction it can be treated

locally as
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Asr
1 [{ρm(r)}] = kBT

∫
dr f sr

1 ({ρm(r)}) = kBT

∫
dr

(
n∑

i=1

miρi(r)

)
asr

1 ({ρm(r)}).
(57)

The mean-field dispersive term Aatt
mf [{ρm(r)}] is described at the level of

the van der Waals mean-field approximation in which the correlations in the

attractive perturbation term are neglected. By making the approximation

ghs
ij [r, r′; {ρm(r), ρl(r

′)}] ≈ 1 in Eq. (44) or Eq. (50), the dispersive term can be

written in the familiar mean-field form as

Aatt
mf [{ρm(r)}] =

1

2

n∑
i=1

n∑
j=1

∫
dr mi ρi(r)

∫
dr′ mj ρj(r

′) φatt
ij (|r− r′|). (58)

The Euler-Lagrange equation for the equilibrium profile of component i in the

case of the SAFT-VR MF DFT is now simply given by

µi = µref
mf,i({ρm(r)}) +

n∑
j=1

∫
dr′ mi mj ρj(r

′) φatt
ij (|r− r′|). (59)

These expressions are clearly obtained as a limiting form of Eq. (54) with

ghs
0 (σx; ξeff

x (λij; {ρm(r), ρl(r
′)}) → 1.

C. The equilibrium density profile and surface tension

The equilibrium density profile is found by solving the Euler-Lagrange rela-

tion Eq. (54). Calculations are done considering a planar interface perpendicular

to the z axis, where z is the normal distance to the interface. This assumption

implies that no density changes are observed in the x − y plane. In fact, we

are assuming another mean-field approximation in our DFT treatment since the

density profile is only a function of z on the average, and this is not exact for in-

stantaneous configurations. As a result, the standard DFT approach washes out

capillary fluctuations. These fluctuations, that can be viewed as a superposition

of sinusoidal surface waves (or two-dimensional normal modes, provided their am-

plitudes are small), that would become increasingly important close to the critical

point. These capillary wave fluctuations are not taken into account explicitly in

our treatment, but are not expected to make a significant contribution to the
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thermodynamic properties of the interface away from the critical region; Hender-

son146 has shown that the interfacial tension described by a capillary wave theory

is equivalent to the thermodynamic interfacial tension (accessible, e.g., through a

DFT treatment) in the case of long wave-length fluctuations.

Two different initial density profiles are proposed as a first trial for each com-

ponent of the mixture: a hyperbolic tangent and a step function. Normally, a

hyperbolic tangent is a more realistic profile and converges faster to the equilib-

rium profile than a step function. At low temperature however the step profile is

the best choice since the real density profiles are very steep. The density profiles

far away from the interfacial region approach asymptotically the bulk density of

the homogeneous phases.

The integration space is divided in equal parts in a grid comprising a minimum

of 100σ points. The Euler-Lagrange relations are then solved at each point of

the interface using a modification of the Powell Hybrid method147 included in the

Fortran Minpack routine. Each old density ρ
(old)
i (zi) at a point on the grid denoted

by zi is replaced by a new value ρ
(new)
i (zi) and, when the following point in the

interface grid is determined, the new densities for the previous points are used to

evaluate the non-local term, in order to speed up the convergence. A whole new

profile is generated and the procedure is repeated for a few iterations until there

is no significant change between the new and the previous profile. This is done

in practice when |ρ(new)
i (zi) - ρ

(old)
i (zi)| < 10−5, for all components of the mixture

and grid points.

Once the equilibrium density profile is known, the surface tension is determined

using the following thermodynamic relation:

γ =
Ω + PV

A (60)

by integrating the expression for the free-energy density across the interface, where

A is the interfacial area and P is the bulk pressure

III. RESULTS

The two different versions of our SAFT-DFT have been tested for several spe-

cific cases, where the capabilities of the two approaches are shown. Our first
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goal is to test both approaches and assess the effect of the various assumptions

on the calculated density profile and surface tension. In line with the studies

of Telo da Gama and co-workers64–79 we first examine the fluid phase behaviour

and interfacial properties of some model fluid mixtures. Telo da Gama and co-

workers predicted the fluid interfacial tension, the adsorption and wetting of a

number of systems of spherical particles with their simple MF DFT, and studied

the effect of varying the relative values of the size and energy parameters on these

properties (e.g., see references69,70,73). Here, we introduce correlations between

the particles in the attractive contribution and extend the analysis to mixtures

of chain molecules formed from square-well segments (of diameter σ, well-depth

−ε and range λσ) in order to assess the effect of the length asymmetry and other

molecular parameters on the interfacial phenomena. The trends observed will be

useful in understanding the type of behaviour exhibited by real mixtures.

Before describing the interfacial properties of a system one must first have

a knowledge of the phase equilibrium by solving the equilibrium conditions of

equality of temperature, pressure and chemical potential for each compound in

both phases. Once the equilibrium compositions and densities of the coexisting

phases have been determined, it is possible to proceed with a DFT treatment of

the corresponding fluid interfaces. In what follows, ε is the chosen unit of energy

and σ is the unit of length. Accordingly, we define the following reduced quantities

in terms of the energy and length parameters of component 1: temperature, T ∗ =

T/(kbε11), pressure P ∗ = Pσ3
11/ε11, interfacial thickness, w∗ = w/σ11, surface

tension γ∗11 = γσ2
11/ε11, and distance from the interface, z∗ = z/σ11.

A. Square-Well fluid mixtures

We consider first a “symmetrical” square-well monomer(1) + dimer(2) non-

associating binary mixture, in which all the segment-segment square-well param-

eters are the same: σ11 = σ22 = σ12, ε11 = ε22 = ε12, and λ11 = λ22 = λ12 = 1.50.

The adequacy of the SAFT-VR theory in describing the bulk fluid phase behaviour

for this system has already been assessed by comparison with Gibbs ensemble

Monte Carlo simulation148. Since the conformal and non-conformal molecular pa-

rameters of the segments forming both molecules are the same, such systems of
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monomers and chains are representative models to identify the effect of molecular

shape (chain length) of one of the components on the interfacial properties. In

particular, by changing the number of segments in the chain, these systems are

prototype models for studies of the interfacial properties of mixtures comprising

members of homologous series such as the n-alkanes or n-perfluoroalkanes with

increasing differences in the molecular weight between the two species.

The vapour-liquid equilibrium at a selected reduced temperature T ∗ =

T/(kbε) = 1.2 is shown in Figure 1a. Once the fluid phase equilibrium has been

determined (using a standard numerical procedure), the behaviour at the interface

can be studied by applying our SAFT-DFT procedure. The dependence of the

surface tension on the monomer composition as calculated from both approaches

is depicted in Figure 1b. The MF approximation leads to lower surface tension

values than an approach in which correlations are included in the attractive pertur-

bation term. The missing contribution from the correlation function is responsible

for this effect. It can also be seen that the difference between the vapour-liquid

tension increases as the composition approaches the pure dimer value. This result

is in agreement with the calculations performed for pure square-well fluids and

real compounds in previous work59,60, where lower values of the surface tension

with the MF approach were also obtained.

More information about the interface may be obtained by checking the den-

sity and composition profiles of this mixture. A point at fixed pressure is chosen

from the pressure-composition (Px) slice (Figure 1a) and the profiles for each

component in the vicinity of the vapour-liquid interface are calculated. The sep-

arate density and composition profiles of the monomer and the dimer predicted

with the MF and full DFT versions of the theory are presented in Figures 2a and

2b, respectively. Some interesting conclusions can be gleaned from these results.

First of all, the differences between the profiles obtained from both approaches

are not marked, with the profile corresponding to the MF approach being slightly

sharper. Secondly, it is clear that the profiles are monotonic with no evidence of

adsorption or desorption in the case of the monomer dimer mixture. This could

have been expected considering the moderate length asymmetry between the two

components of the mixture. It is important to point out that very tiny differences

in the density and composition profiles lead to notable variations in the surface
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tension. As a consequence, a very accurate determination of the profiles is crucial

for an accurate calculation of the interfacial properties.

The influence of the chain length on the density profiles and surface tension

of mixtures of chainlike molecules is summarised in Figure 2. We keep fixed

the chain length of the first component fixed as a monomer (m1 = 1) and vary

the number of segments of the second component by increasing the number of

segments in the chain (m2 = 2, 3, and 4). Following the same procedure as

for the monomer-dimer system, the phase equilibrium is calculated at the same

reduced temperature for each of the systems. The corresponding Px slices are

shown in Figure 3a. As expected, when the chain length of the second compound

is increased, the proportion of the chain in the gas phase decreases markedly,

resulting in wider phase envelopes.

The dependence of the surface tension of the three mixtures on composition is

shown in Figure 3b. The surface tension converges to that of the pure monomer in

all cases as x1 → 1. When the composition of the second compound is increased,

the surface tension becomes larger as the mixture becomes more asymmetric, an

expected result as the difference between the densities and compositions of the

liquid and vapour phases becomes more significant as the chain length asymmetry

is increased. It is also remarkable that the composition dependence of the surface

tension of the monomer(1) + dimer(2) binary mixture is almost linear, with the

curvature increasing when the chain length of the second compound is increased.

The density profiles of these three binary mixtures have also been examined

in detail for an equimolar composition (x1 = 0.5). As can be seen in Figure

3c, the density profile of the monomer(1) + dimer(2) mixture is characterized by

a monotonic behaviour (as previously shown in Figure 2). A small adsorption

of the monomer in the interface is observed in the case of the most asymmetric

mixture studies (monomer(1) + tetramer(2)). The monomer molecules tend to

accumulate in the interface on increasing the chain length of the second compound.

We have also assessed the influence of the composition where it appears that the

maximum degree of adsorption occurs for the equimolar liquid mixture. This type

of enhanced adsorption of one component relative to the other is seen in binary

mixtures of spherical molecules when there are significant differences in the values

of the unlike dispersion interactions (e.g., see references62,66,67,73)
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The other parameter that defines the volume of a molecule is the segment

size or diameter. For completeness, we have determined the interfacial properties

of mixtures of spherical SW molecules of different diameter. In particular, we

consider two monomer mixtures, with segment size ratios σ22/σ11 of 1.5 and 2.0.

The vapour-liquid Px slice (a) and the interfacial tension (b) as a function of

composition at T ∗ = 1.2 is depicted in Figure 4. It is clear from Figure 4a that

the influence of an asymmetry in the ratio σ22/σ11 on the phase behaviour is less

important than that corresponding to the chain length. In addition, the phase

envelope of both mixtures is narrower over the whole range of compositions when

compared with that shown in Figure 2a. As a consequence one would expect a

lower surface tension as can be seen in Figure 4b. The surface tension of the

mixture decreases when the segment size ratio is increased. The effect is most

marked at high concentrations of the smaller molecule. In Figure 4c the density

profiles corresponding to the smallest molecule for both mixtures are compared,

and no adsorption phenomena is observed in this case confirming that the influence

of this parameter is less significant. The broad density profile obtained for the

mixture with σ22/σ11 = 2.0 indicates the system is in the vicinity to the critical

point, as the difference between the gas and the liquid density phases is very small.

We have also analysed the influence of the attractive dispersion energy on

the interfacial properties. In Figure 5 we undertake a similar analysis for three

different binary mixtures of spherical molecules of the same size with different

dispersive energy ratios, ε22/ε11 = 1.50, 1.75 and 2.00, at T ∗ = 1.2. The phase

envelope of the mixture as a function of the dispersive energy ratio is shown in

Figure 5a. As the dispersive energy ratio is increased the phase envelopes become

wider, as one would expect. In Figure 5b, the calculated surface tension is seen to

exhibit similar values over a wide range of compositions, for mole fractions of the

smaller component from about 0.4 to 1.0. As the composition approaches that

of the the pure small component, the surface tension increases very sharply: the

surface tension value of the mixture with ε22/ε11 = 2.0 is twice that of the mixture

with ε22/ε11 = 1.50 as x1 → 0. It is evident that the difference in dispersive

energy plays a key role in the interfacial behaviour, and is most significant as

the composition approaches that of the component with the highest dispersive

energy. The corresponding density profiles corroborate that a marked adsorption
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phenomena is associated with this range of composition. In Figure 5c we show the

density profiles of the mixtures with different dispersion interactions at a selected

initial liquid composition of x1 = 0.20. As can be seen, the adsorption phenomena

is most significant when the dispersive energy ratio ε22/ε11 is increased. This is

consistent with the results obtained by Telo da Gama and coworkers with a MF

DFT64–79.

To end our analysis of the effect of the intermolecular parameters on the inter-

facial properties we study the effect of changing the range of the attractive square

well for in binary mixtures of spherical particles. In particular, we consider binary

mixtures for two different ratios of the potential range, λ22/λ11 = 1.50/1.25 and

1.75/1.25, at a reduced temperature of T ∗ = 1.2. The Px slice determined at

this temperature is depicted in Figure 6a, from which one can see that, at the

selected thermodynamic conditions the system is above the critical temperature

of component 1, with a very small fluid phase envelope for one of the mixtures.

This clearly has an important effect on the surface tension of the mixture, as

shown in Figure 6b. The vapour-liquid surface tension predicted for the mixture

with λ22/λ11 = 1.50/1.25, while larger values are found for the mixture with a

range ratio of 1.75/1.25. It is instructive to examine the density profiles of the

compound with the larger potential range. We have chosen to calculate the profile

at an initial liquid composition of x1 = 0.90 to ensure that we are inside the fluid

phase envelope in both cases. The mixture with the potential range ratio value

λ2/λ1 = 1.50/1.25 is very close to the critical point at the chosen state point, and

hence one obtains a very smooth profile with no marked adsorption. However,

the mixture with the potential range ratio of 1.75/1.25 exhibits a strong degree

of asymmetry with a correspondingly marked adsorption in the density profile.

It is clear that surface tension, as the other thermodynamic and structural

properties, are affected by all of the molecular parameters. From our current

analysis it would appear that the chain length, the dispersive energy and the

range of the intermolecular potential have a more significant effect on the interfa-

cial properties, while the size of the segments making up the molecules does not

contribute to the same degree.
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B. Binary mixtures of n-alkanes

The valuable information extracted from the previous analysis with model sys-

tems provides a basis from which to understand the interfacial behaviour of real

mixtures. In this section we apply the same formalism to predict some interfa-

cial properties of real n-alkane mixtures. In order to assess the capability of the

theory in predicting these properties, we compare the theoretical predictions with

the available experimental data. We study the interfacial properties of two dif-

ferent binary n-alkane mixtures to understand, from a molecular perspective, the

variation of the interfacial profiles as the asymmetry in the chain length between

the components of the mixture is increased.

We first consider the methane(1) + propane(2) binary mixture. Linear n-

alkanes are modelled as homonuclear chainlike molecules comprising mi square-

well segments of diameter σii, dispersive energy εii, and intermolecular potential

range λii. The molecular parameters of the pure components have been previously

obtained with the SAFT-VR equation of state by fitting the saturated liquid den-

sities and vapour pressures along the vapour-liquid coexistence range. We use the

reported values of the parameters118 to calculate the interfacial profiles and the

fluid interfacial tension of the mixtures. The molecular parameter values used in

this work are summarised in table I for completeness. As the components of the

mixture are very similar, we use the traditional Lorentz and Berthelot combin-

ing rules for the unlike segment size, dispersive energy, and potential range (cf.

eqs. (2)-(4) where kij = 0). This mixture exhibits type I phase behaviour ac-

cording to the Scott and van Konynenburg classification of binary mixtures149,150,

and therefore only vapour-liquid phase separation is expected for the entire fluid

range of temperatures and pressures. In Figure 7a we show the Px slices for the

methane(1) + propane(2) binary mixture at different temperatures. As can be

seen, the agreement between SAFT-VR predictions for the vapour-liquid equilib-

ria and the experimental data is good over the whole range of pressures apart from

the expected inadequacy in the vicinity of the critical point. The dependence of

the calculated vapour-liquid interfacial tension on the composition for the cor-

responding temperatures is shown in Figure 7b. Here we consider two different

theoretical levels of approximation, the full SAFT-VR DFT and the SAFT-VR
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MF DFT treatments (see sections II.B.1 and II.B.2). In both cases, accurate pre-

dictions are obtained considering that no further adjustment of the parameters

obtained from a description of the bulk fluid phase alone is made. The theoreti-

cal predictions for the interfacial tension is in good agreement with experimental

data in all cases, excepting in the critical region where one overestimates the crit-

ical temperature, due to the lack of a renormalization-group treatment151. The

SAFT-VR-DFT treatment which incorporated the correlations in the attractive

perturbation is seen to perform slightly better at low temperatures, as one would

have expected based on the results obtained for pure fluids60.

We now examine a more asymmetric binary mixture of n-alkanes to assess

the adequacy of the theory in predicting the interfacial properties of these more

extreme cases. The methane(1) + n-decane(2) binary mixture is considered as

a good prototype of asymmetric mixture of n-alkanes. In particular, we use the

previously reported molecular parameters of n-decane118. As can be seen from

Figure 8a, the SAFT-VR approach is still able to provide a reasonably good

description of the asymmetric phase envelope of the mixture without using any

binary parameter (kij = 0). We have also obtained the surface tension of the

mixture, as a function of pressure, along the vapour-liquid coexistence envelope,

as shown in Figure 8b. The SAFT-VR DFT provides a very accurate prediction

of the experimental surface tension152 over the whole range of pressures, except

near the critical region.

The density profiles calculated for the two systems considered, i.e., the

methane(1) + propane(2) and + methane(1) + n-decane(2) binary mixtures, at

the same thermodynamic conditions are also compared in Figure 9. This provides

a molecular perspective of the difference in the adsorption behaviour of mixtures

with different chain-length asymmetry. While there is little adsorption of methane

in the interface of the first methane(1) + propane(2) mixture, the density pro-

file corresponding to the methane(1) + n-decane(2) mixture exhibits a marked

adsorption of methane at the fluid interface. The results characterising Figures

9a and 9b were already expected from our studies of the model systems (section

III.A) considering the increasing of asymmetry of the mixture when passing from

propane to n-decane. In the methane(1)+n-decane(2) system it is clearly thermo-

dynamically favourable for the methane molecules to accumulate at the interface, a
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direct consequence of the decreasing miscibility of methane in n-alkanes of increas-

ing molecular weight. Finally, in Figures 10a and 10b we show the composition

profiles of both mixtures. Both profiles exhibit a monotonic behaviour. As can

be seen, the profiles corresponding to the methane + n-decane binary mixture are

very sharp since the equilibrium conditions are far removed from the critical point,

corresponding to a vapour phase which is nearly pure methane. It is important to

note that, though most of the results presented here correspond to the predictions

from the full SAFT-VR DFT approach, the SAFT-VR MF DFT treatment also

adequately describes the surface tension and adsorption phenomena of these real

mixtures.

IV. CONCLUSIONS

We have extended the general SAFT-VR DFT formalism originally developed

for pure fluids59,60 to deal with the interfacial properties of multicomponent sys-

tems of associating chain molecules. In order to construct a tractable DFT a

number of approximations, at different levels, are made to estimate the various

contributions to the Helmholtz free energy functional. Two different approaches

have been followed to incorporate the segment-segment correlations by retain-

ing the radial distribution function in the attractive term: a mean-field version

(SAFT-VR MF DFT), and a more rigourous approach where the distribution

function is evaluated at an average density along the profile (SAFT-VR DFT).

The new approach has been used to study the influence of the molecular pa-

rameters on the interfacial phenomena for some representative model systems.

Enhanced adsorption in the interface is found on increasing the asymmetry of

the components in the mixture. In particular, the density profiles and interfacial

tension are seen to be very sensitive to the relative chain lengths, the dispersive

energies and the ranges of the attractive potential. Such an analysis provides a

molecular based understanding of the microscopic mechanisms that control the

interfacial behaviour of mixtures of chainlike molecules.

The SAFT-VR DFT approach has been used to predict the vapour-liquid in-

terfacial properties of real n-alkane binary mixtures. In particular, we have deter-

mined the interfacial properties of methane + propane and the more asymmetrical
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methane + n-decane binary mixtures. Agreement between theoretical predictions

and existing experimental data for the vapour-liquid interfacial tension is very

good, particularly if one considers that the molecular parameters are obtained

solely from a description for the bulk fluid phase behaviour without further re-

finement. The full SAFT-VR DFT provides a superior performance than the

SAFT-VR MF DFT mean-field version, specially a low temperatures, though the

description with the latter is still reasonable for the systems examined in this

work.

The theoretical framework developed in this work opens a wide variety of pos-

sibilities, enabling a determination of the interfacial properties of complex fluids

in a reliable and fully predictive manner. We are now embarking on challenging

extensions of the theory to describe the interfacial properties of mixtures of chain

molecules including colloid-polymer systems153,154 and liquid crystals155–157 which

can be described within this type of formalism.
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TABLE I: Square-well segment-segment intermolecular molecular parameters of the

compounds examined in our study with the SAFT-VR approach118

Compound Mw(g/mol) m σ(Å) ε/kb(K) λ

CH4 16.04 1.000 3.6847 167.30 1.4479

C3H8 44.10 1.667 3.8899 260.91 1.4537

C10H22 142.28 4.000 3.9675 247.08 1.5925
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FIGURE CAPTIONS

FIGURE 1. (a) Pressure-composition (Px) slice, and (b) interfacial tension

γ∗ = γσ2
1/ε11 as a function of the composition x1 for the vapour-liquid equilibria

of a square-well monomer(1) + dimer(2) binary mixture, with σ11 = σ22, ε11 = ε22,

and λ11 = λ22 = 1.50 at a reduced temperature T ∗ = 1.2. The continuous curves

correspond to the predictions from the full SAFT-VR DFT approach and the

dashed curves to the SAFT-VR MF DFT mean-field treatment.

FIGURE 2. (a) Density profiles ρ∗1(z) = ρ1(z)σ3
11 and ρ∗2(z) = ρ2(z)σ3

11 as

functions of the distance from the interface z∗ = z/σ11, and (b) composition

profiles x1(z) and x2(z) as functions of z∗ for the vapour-liquid interface of a

square-well monomer(1) + dimer(2) binary mixture with σ11 = σ22, ε11 = ε22,

and λ11 = λ22 = 1.50 at a reduced temperature of T ∗ = 1.2. The composi-

tion of the coexisting liquid phase is x1 = 0.3 in (a) and (b). Curves as in Figure 1.

FIGURE 3. (a) Pressure-composition (Px) slice, (b) interfacial tension

γ∗ = γσ2
1/ε11 as a function of the composition x1, and (c) density profile

ρ∗(z) = ρ(z)σ3
1 as a function of the distance from the interface z∗ = z/σ1 for

the vapour-liquid equilibria of a square-well monomer(1) + dimer(2) (conti-

nous curves), monomer(1) + trimer(2) (dashed curves), and monomer(1) +

tetramer(2) (dot-dashed curves) binary mixtures, with σ11 = σ22, ε11 = ε22,

and λ11 = λ22 = 1.50 at a reduced temperature T ∗ = 1.2, obtained from the

SAFT-VR DFT approach. The composition of the coexisting liquid phase is

x1 = 0.5 in (c).

FIGURE 4. (a) Pressure-composition (Px) slice, (b) interfacial tension

γ∗ = γσ2
1/ε11 as a function of the composition x1, and (c) density profile

ρ∗(z) = ρ(z)σ3
1 as a function of the distance from the interface z∗ = z/σ1 for

the vapour-liquid equilibria of a square-well monomer(1) + monomer(2) binary

mixtures, with ε11 = ε22, λ11 = λ22 = 1.50, and σ22/σ11 = 1.5 (continuous

curves) and σ22/σ11 = 2.0 (dashed curves) at a reduced temperature of T ∗ = 1.2,

obtained from the SAFT-VR DFT approach. The composition of the coexisting
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liquid phase is x1 = 0.5 in (c).

FIGURE 5. (a) Pressure-composition (Px) slice, (b) interfacial tension

γ∗ = γσ2
1/ε11 as a function of the composition x1, and (c) density profile

ρ∗(z) = ρ(z)σ3
1 as a function of the distance from the interface z∗ = z/σ1 for

the vapour-liquid equilibria of a square-well monomer(1) + monomer(2) binary

mixtures, with σ11 = σ22, λ11 = λ22 = 1.50, and ε11/ε22 = 1.5 (continuous curves)

and ε11/ε22 = 2.0 (dashed curves) at a reduced temperature of T ∗ = 1.2, obtained

from the SAFT-VR DFT approach. The composition of the coexisting liquid

phase is x1 = 0.2 in (c).

FIGURE 6. (a) Pressure-composition (Px) slice, (b) interfacial tension

γ∗ = γσ2
1/ε11 as a function of the composition x1, and (c) density profile

ρ∗(z) = ρ(z)σ3
1 as a function of the distance from the interface z∗ = z/σ1 for

the vapour-liquid equilibria of a square-well monomer(1) + monomer(2) binary

mixtures, with σ11 = σ22, ε11 = ε22, and λ11 = 1.25, and λ22 = 1.50 (continuous

curves) and λ22 = 1.75 (dashed curves) at a reduced temperature of T ∗ = 1.2,

obtained from the SAFT-VR DFT approach. The composition of the coexisting

liquid phase is x1 = 0.1 in (c).

FIGURE 7. (a) Pressure-composition (Px) slice at temperatures of T = 283 K

(squares), T = 303 K (diamonds), and 318 K (circles), and (b) interfacial tension

as a function of the composition x1 for the vapour-liquid equilibria of the

methane(1) + propane(2) binary mixture compared with the SAFT-VR DFT

predictions. The symbols represent the existing experimental data17, and the

curves represent the theoretical predictions from full SAFT-VR DFT (continuous

curves) and SAFT-VR MF DFT (dashed curves).

FIGURE 8. (a) Pressure-composition (Px) slice and (b) interfacial tension as

a function of the pressure for the vapour-liquid equilibria of the methane(1) +

n-decane(2) binary mixture at a temperature of T = 311 K compared with the

SAFT-VR DFT predictions. The symbols represent the existing experimental

data152, and the curve the theoretical predictions from full SAFT-VR DFT.
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FIGURE 9. Density profiles ρ1(z), ρ2(z), and ρ(z) as functions of the distance

from the interface z∗ = z/σ1 at a temperature of T = 311 K and a liquid

composition of x1 = 0.20, obtained from the SAFT-VR DFT approach for the

vapour liquid equilibria of the (a) methane(1) + propane(2), and (b) methane(1)

+ n-decane(2) binary mixtures.

FIGURE 10. Composition profiles x1(z) and x2(z) as functions of the distance

from the interface z∗ = z/σ11 at a temperature of T = 311 K and a liquid

composition of x1 = 0.20, obtained from the SAFT-VR DFT approach for the

vapour liquid equilibria of the (a) methane(1) + propane(2) and (b) methane(1)

+ n-decane(2) binary mixtures.
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