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Wave-packet recollision and pulse-shape effects in high-harmonic generation
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The recollision model of harmonic generation in a time-varying field has two elements: the emission due to
a recolliding wave packet, and the quasiperiodic emission of wave packets in successive cycles. By discussing
these issues separately, we explain the origin of blueshifting, and the ‘‘smearing’’ of the harmonic spectrum.
We find that such a model shares many of the qualitative features of the semiclassical theories of harmonic
generation.@S1050-2947~97!09401-8#

PACS number~s!: 42.50.Vk, 32.80.Rm, 42.65.Ky
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INTRODUCTION

In this paper we will describe some of the critical featur
of high harmonic generation in a pulsed laser field. In p
ticular we will consider the origin of the single-atom blu
shift and loss of harmonic resolution that we have previou
identified by solving the time-dependent Schro¨dinger equa-
tion @1#. Before doing this we will discuss the salient featur
of the emission in a constant amplitude field. The spectr
of harmonics in a constant amplitude field has the same c
acteristic behavior for a wide range of experimental para
eters: a plateau of harmonics of approximately equal int
sity followed by a sharp cutoff, at an energy given
I p13.2Up , where I p is the binding energy of the initia
state, andUp is the ponderomotive energy which, for a las
of frequency v0 and amplitude e0, is given by Up

5e0
2/(4v0

2) @2#. These features have been explained
means of a semi-classical model based on tunneling
recollision proposed by Corkum@3#, and also by Kulander
Schafer, and Krause@4#. This is a three-step model, the fir
step of which is the promotion of an electron into the co
tinuum, which is thought of as occurring via tunneling. On
it has escaped, the electron will oscillate under the influe
of the electric field, and, depending on the phase at which
electron is produced, will have some probability of returni
to the nucleus. If the returning electron is recaptured by
nucleus, it may emit a single, high-energy photon. From
simple analysis of the possible classical trajectories of a
electron in the field, it is possible to obtain the cutoff la
quoted above.

Lewensteinet al. @5# demonstrated that by making
strong-field approximation~i.e., assuming that the effect o
the atomic potential on the continuum electrons can be
glected compared with the laser field! this recollision picture
of the harmonic generation can be recovered from a pu
quantum-mechanical treatment. In a recent paper Kanet al.
@6# extended the Lewenstein model to describe the feat
of high harmonic generation in a pulsed field. Their mod
has led to a simple description of the single-atom blueshif
terms of the phase of the returning electrons.

In this paper we extend the model of the recollision p
cess developed previously by Protopapaset al. @7# which de-
scribes the harmonic generation in terms of the spectrum
to a single encounter of a tunneling wave packet with
551050-2947/97/55~2!/1224~10!/$10.00
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atomic core coupled with the periodic nature of the reco
sion. The exact mechanism of the single-collision spectr
depends on the details of the system. As is usual in the s
of harmonic generation, we consider only the radiation d
to the mean dipole, and neglect the dipole fluctuations@8,9#.
In this limit, for an electron colliding with a completely de
pleted atomic core, then only continuum-continuum inter
tions contribute to the coherent spectrum, and therefore
response can be described in terms of bremsstrahlung
discussed by Karapetyan and Fedorov@10#. For the more
typical case where there is a large bound-state populatio
is the dipole moment between the bound and continu
parts of the wave function that is important, as has be
described by Corkum@11#.

In this paper we shall contrast the effect of a single wa
packet tunneling out of the atom and recolliding multip
times, with the effect of a series of different wave pack
undergoing a single recollision. In order to treat this proble
correctly, one must also consider the oscillating phase of
ground state. We will then extend this model to the case
time-dependent pulse shapes, and demonstrate that su
model shares many of the features of the recollision theo
Moreover, we shall see that quite general features of
spectrum can be understood in quantal as well as semic
sical terms.

QUANTUM RECOMBINATION MODEL

For much of this paper we will use the terminology of th
semiclassical theories~i.e., tunneling, oscillation in the field
recollisions, etc.!. We should emphasize, however, that o
calculations and conclusions are not dependent on the v
ity of the semiclassical models, although the fact that o
work agrees with their predictions is further justification f
the insight they provide. In our discussion we will follow th
approach of Protopapaset al. @7# in considering two distinct
aspects of the harmonic generation, first the radiative em
sion due to the behavior of a single continuum wave pac
and second the effect of the periodicity of the driving fie
In order to simplify our initial discussion, we will assum
that the depletion of the ground state is small, and that
laser field has a constant amplitude. We shall, however,
turn to the effect of ground-state depletion at the end of t
section. The important effects due to a time-varying fie
1224 © 1997 The American Physical Society
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55 1225WAVE-PACKET RECOLLISION AND PULSE-SHAPE . . .
amplitude will be taken up in a later section. In the limit
no depletion, an identical continuum wave packet is p
duced every half-cycle, at the same phase relative to
driving field. Furthermore, the behavior of each wave pac
in the field will be the same, and therefore one might exp
a series of identical recombination events. This last assu
tion is only true in the limit where each wave packet on
encounters the core once; if a given wave packet encoun
the core more than once, the situation is more complica
In this case it is convenient to still think of wave packe
produced in different cycles as distinct, even though th
overlap. We shall see later that these multiple collisions h
a definite effect on the harmonic spectrum. For the mom
we shall presume that the dominant features of the emis
spectrum can be described assuming strict periodicity@7#.

If each recollision event is essentially the same, the c
tribution made to the dipole acceleration by each will
identical, simply shifted in time by half of the laser period.
mathematical terms we can write the dipole acceleration~in
the time domain! as the convolution of the dipole acceler
tion due to a single recollision, with a series ofd functions
separated byt/2, wheret52p/v0 is the laser period. If we
consider two consecutive emissions and recombinations,
will be a mirror image of the other about the origin. Since t
dipole acceleration operator has an odd parity, there will b
sign change between the two contributions, and the sig
our d functions will therefore alternate. In order to obtain t
frequency spectrum of the radiation, we have to take
Fourier transform of the dipole acceleration. From an ap
cation of the convolution theorem, the spectrum is then s
ply the product of the Fourier transforms of the two fun
tions in the convolution. Since the Fourier transform of o
series ofd functions is simply another set ofd functions with
peaks at (2n11)v0, the spectrum is the single-cycle spe
trum, modulated by peaks at odd harmonics of the laser
quency ~this is analogous to diffraction grating in optic
@12#!.

In the argument so far we have neglected changes in
ground-state population, whereas in any real harmo
generation experiment ionization is necessarily pres
When the ground-state population decreases we nee
modify our assumption that successive wave packets
identical. It is reasonable, however, to assume that each w
packet has a normalization proportional to the ground s
population when it is produced, but that otherwise they
identical. Similarly the dipole induced when the wave pac
recombines should be proportional to the ground-state am
tude at the ‘‘time’’ of recollision. We can add this depletio
effect to our model by multiplying each of ourd functions in
the time domain by a factorg(t r)g(t r2t/2), whereg(t) is
the amplitude of the ground state. In other words we hav
multiply our series ofd functions by some envelope func
tion which in general is slowly varying. The effect of th
can be obtained by another application of the convolut
theorem. The harmonic peaks are broadened; however, s
the envelope is slowly varying, this broadening is small.

In the next section we will describe our numeric
method, but first we should clarify what we mean by t
single-wave-packet spectrum. So far we have discussed
monic generation in terms of a series of wave packets, e
returning to the core once. We also assumed that, for a g
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energy, during a single recollision, there is only one poss
trajectory. In reality, for a single wave packet, there are t
possible trajectories which will generate harmonics in
plateau region. Furthermore, there is also a finite probab
of each wave packet oscillating close to the core and re
liding more than once. The effect of each subsequent re
lision will decrease due to dispersion of the wave packet,
nevertheless we still need to take this into account. Th
recollisions do not change the basic philosophy of o
model. We can still define the spectrum as the convolution
the response due to a single wave packet with a seriesd
functions. The difference is that in this case the single-wa
packet response will extend over several laser cycles. T
presents a small problem in verifying our model by nume
cal calculation, since it is difficult to isolate the response d
to a single wave packet. The solution to this problem is
consider the dipole acceleration in terms of the convolut
of the set ofd functions with the half-cycle response. If w
consider the dipole acceleration during half a cycle, at so
time during a flat pulse there will be a contribution due to t
first recollision of one of the wave packets, plus contrib
tions due to trajectories with long return times and wa
packets that have already crossed the core one or more ti
While repeating a single half-cycle does not reproduce
actly the full dipole acceleration, we will show that it gives
reasonable approximation of the correct spectrum. This g
us a convenient method of examining periodic effects in
spectrum. In particular, it allows us to identify the effect
multiple trajectories, with the same kinetic energy, from
single wave packet. We shall see later that this point is c
cal to the details of the harmonic spectrum, particularly wh
using a pulsed field.

NUMERICAL METHOD

Our calculations of the harmonic response are based
numerical integration of the time-dependent Schro¨dinger
equation ~TDSE! in the length gauge using the Cran
Nicholson method@13#. We use a one-dimensional equatio
with the soft-core potential@14#

V~x!5
2Z

~11x2!1/2
. ~1!

We chooseZ52 in order to model an ion, since previou
studies have indicated that pulse-shape effects are more
portant for higher binding energies@1#.

The effect of using a one-dimensional potential has b
discussed elsewhere@15#. The principal argument against th
use of one-dimensional models of recollision concerns
effect of transverse spreading of the continuum wave pac
in three-dimensional calculations. The effect of this spre
ing is an important issue in its own right, and one that
beyond the scope of the current paper. The use of the o
dimensional model for the present calculation can be ju
fied by the fact that the pulse-shape effects discussed her
also observed in three-dimensional calculations@1#.

In order to study the effects of the periodicity we ma
two different calculations of the harmonic spectrum due
any particular pulse shape. The first method is to calcu
the dipole acceleration for the entire duration of the pul
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1226 55J. B. WATSON, A. SANPERA, K. BURNETT, AND P. L. KNIGHT
The second is to calculate the response to a single half-cy
and then to build up the dipole acceleration from a set
half-cycle responses. In the case of a constant amplitude
amounts to taking a single half-cycle responseds and repeat-
ing it over the pulse@7#,

d̈~ t !5(
n

~21!nds~ t2nt/2!. ~2!

For a time-dependent pulse we calculate the half-cycle
sponse at different intensities, and use them to model
shape of the pulse.

SINGLE-CYCLE HARMONIC SPECTRUM

In this section we will consider the details of the sing
cycle response. We will interpret the spectrum in terms
tunneling and recollision, although the periodic model abo
is independent of the exact mechanism of harmonic gen
tion. We obtain the harmonic spectrum by calculating
expectation value of the dipole acceleration, i.e.,

d̈~ t !5^C~x,t !ud̈uC~x,t !&. ~3!

We can gain extra insight into the emission process
considering the projection of the dipole acceleration onto
ground state, i.e.,

d̈p~ t !5^C~x,t !ug&^gud̈uC~x,t !&. ~4!

We start by writing the wave function in the form

C~x,t !5a~ t !exp~2 ivgt !ug&1C f~x,t !. ~5!

Here we separated the ground stateug& from the remainder
of the wave functionC f , and factored out its oscillating
phase.

Substituting into Eq.~3!, we find that the full spectrum is
given by

d̈~ t !5a* ~ t !exp~ ivgt !^gud̈uC f~x,t !&1^C f~x,t !ud̈uC f~x,t !&

5^Cg~x,t !ud̈uC f~x,t !&1^C f~x,t !ud̈uC f~x,t !&, ~6!

whereCg(x,t)5a(t)exp(ivgt)ug&. The first term in this equa
tion corresponds to transitions from the excited and c
tinuum states back to the initial state, while the second te
is due to transitions that only involve excited and continu
states.

On the other hand, the projected spectrum is given by

d̈p~ t !5a* ~ t !exp~ ivgt !^gud̈uC f~x,t !&

5^Cg~x,t !ud̈uC f~x,t !&. ~7!

Comparison of Eqs.~6! and ~7! indicate that, by projecting
the dipole acceleration onto the ground state, it is possibl
isolate the response due to transitions back to the gro
state.

In a previous paper Krause, Schafer, and Kulander@16#
demonstrated that this projected spectrum was similar to
full dipole acceleration spectrum, except that the struct
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after the cutoff was lost. In our calculations we have fou
that, if the ionization is small, the spectra calculated by
two methods are almost identical. This being the case,
second term in Eq.~6! must be negligible. This analysis in
dicates that the dominant contribution to the harmonic sp
trum comes from the oscillating dipole moment induced b
tween the bound state (Cg) and the excited and continuum
(C f) parts of the wave function. Furthermore, sinceCg is
strongly localized at the core, it is only the part of the co
tinuum wave function close to the core that contributes—i
the recolliding wave packet~and also, as we shall see late
the tunneling part!. This reproduces the explanation of th
emission process given by Corkum@11#.

We will consider two separate contributions to the sp
trum, the first of which can be thought of as due to t
tunneling process. The idea of harmonics generation du
tunneling was first predicted by Brunel@17#, and was later
utilized by Rae and Burnett@18# in a self-consistent model o
propagation effects. When the wave packet is first produ
in the continuum, it is close to the origin, and so an oscill
ing dipole is induced between the bound state and the c
tinuum; therefore the atom radiates. Since at this stage
wave packet has not been accelerated by the laser field
~kinetic! energy associated with it is small, and therefore
spectrum falls off quickly with increasing energy. We ca
demonstrate this by calculating the atomic response to ha
a laser cycle. The result is plotted in Fig. 1~a! ~solid curve!.
In a laser pulse this tunneling event is repeated periodica
and therefore the spectrum contains peaks at the odd
monics. We will demonstrate the effect of the periodic
below, but first we will consider a second contribution due
electrons returning to the core, and recombining with
ground state, i.e., the recollision in the semiclassical mo
In the first half-cycle there is tunneling, but the wave pac
does not return to the core until the second half-cycle~when
the field switches direction!. Each half-cycle, from the sec
ond onwards, contains both tunneling and recollision eve
This can be demonstrated by looking at the response du
second half-cycle of the pulse: the dashed curve in Fig. 1~a!.
One can see in the figure that for energies below 8v0 the two
spectra are essentially the same, from which we deduce
this is the region where the ‘‘tunneling’’ process dominate
Beyond this region the solid curve continues to decrease
idly in intensity, while the dashed curve exhibits a clear p
teau. We conclude that the presence of the plateau is du
the recollision of the first wave packet. As predicted by t
semiclassical model the plateau has a cutoff atI p13.2Up .
Figure 1~b! shows the response calculated over the fi
~solid curve! and second~dashed curve! cycles. We can see
that in both cases there are harmonic peaks up to the n
harmonic, while after this point there are only clear harmo
peaks in the second cycle response. This difference
simple consequence of the periodicity. The odd harmon
sappear when a spectrum~or part of a spectrum! is repeated
in time at intervals oft/2 with alternating sign. In the firs
cycle two wave packets tunnel out from the core, but onl
single wave packet recollides. Therefore the tunneling par
the spectrum contains peaks at the harmonics, but the re
lision part does not. In the second cycle there are two w
packets created by tunneling and two recolliding wave pa
ets ~the first wave packet to collide during the second cy



g

st

r-

g

55 1227WAVE-PACKET RECOLLISION AND PULSE-SHAPE . . .
FIG. 1. ~a! The spectrum generated durin
half a laser cycle in He1 at intensity 1.531015

W/cm2 and wavelength 372 nm, using the fir
half-cycle~solid curve! and the second half-cycle
~dotted curve!. ~b! The spectrum generated du
ing a single laser cycle in He1 at intensity
1.531015 W/cm2 and wavelength 372 nm, usin
the first cycle~solid curve! and the second cycle
~dotted curve!.
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was produced during the first cycle! and therefore the har
monics appear across the whole spectrum. We note tha
the second-cycle spectrum certain harmonics are suppre
We will show in a later section that this is due to recollisio
at different phases~relative to the driving field! from a single
wave packet.

Before concluding this section we will give further ev
dence of the recollision model. In Fig. 2 we plotted the el
tron probability density as a function of position and time
a colorscale plot for the first two cycles of a flat pulse. In th
plot the ground-state population has been removed in o
to emphasize the tunneling part. The first wave packe
in
ed.

-
s
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is

emitted over the first part of the cycle, and recollides with
one cycle. If we take the second half of this cycle then
only recollision is from a single wave packet. If, howeve
we were to consider the next half-cycle we would rece
contributions due to both the first wave packet returning
the second time and the next wave packet returning for
first time. As already pointed out by Protopapaset al. @7#, the
interference between these different wave packets will l
to extra structure in the wave function; this explains the o
gin of the fringes in the second cycle plotted in Fig. 2. W
will show later that these recollisions make an importa
contribution to the spectrum.
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FIG. 2. A contour plot of the probability den
sity as a function ofx andt for a two-cycle pulse
in He1 at intensity 1.531015 W/cm2 and wave-
length 372 nm.
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HARMONIC GENERATION WITH A CONSTANT
INTENSITY

In previous sections we emphasized the importance of
periodicity of the wave-packet production in generating h
monics. In this section we will verify the periodic nature
the harmonic generation by comparing the response to a
pulse, with the spectra obtained by periodically repeating
single half-cycle response. This approach will also allow
to distinguish between the response due to the first rec
sion, and effects due to further recollisions of the same w
packet. We calculated the harmonic spectrum for He1 using
an eight-cycle flat pulse of intensity 1.531015 W/cm2 at
wavelength 372 nm. In Fig. 3~a! we plot the harmonic spec
trum obtained by solving the TDSE for the full eight cycle
The result is the familiar plateau of harmonics with a sh
cutoff at a position given byI p13.2Up . Figure 3~b! shows
the same spectrum calculated by integrating the Schro¨dinger
equation for the first cycle only, and repeating the dip
acceleration due to the second half of this cycle, with alt
nating sign to produce the eight-cycle response.~For com-
parison we have included the full spectrum as a dot
curve.! It is clear that the cutoff in Fig. 3~b! is correct, as are
the positions of the harmonics. There are, however, a co
of clear differences between Figs. 3~a! and 3~b!. First, al-
though the plateau is correct in the single-cycle model, th
are clear harmonics after the cutoff, whereas in Fig. 3~a!
there is still a background but with no clear peaks. The ori
of these extra harmonics is that in repeating a single h
cycle we have made the background noise in the spect
periodic.

The second point concerns the intensity of the plat
harmonics. In Fig. 3~a! there is a large variation in the ha
monic intensities, with some harmonics~namely, the 17th
and 29th! suppressed, whereas in the single-cycle model
peaks are of approximately constant intensity. By choos
the second half-cycle of the pulse we have neglecte
couple of critical contributions to the harmonic spectrum;
e
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have only included the first recollision of each wave pack
and we have cut off part of the recollision of this wav
packet. Simulations, both classical, and using the strong-fi
approximation~see, for example, Lewensteinet al. @5#! have
shown that for a given return energy~outside the cutoff re-
gion! there are two possible trajectories. For a sin(v0t) field
the highest-energy trajectory occurs at a phase 1.86p, and
for energies below the maximum there are two possible c
sical trajectories—one before and one after the maximu
This difference between the cutoff and plateau harmonics
also been demonstrated in solutions of the time-depen
Schrödinger equation by Maquetet al. @19#. By using a
wavelet analysis of the dipole acceleration, they conclud
that the cutoff harmonics are produced only once in e
half-cycle, while the plateau harmonics are produced at s
eral different times. Here we will make no detailed analy
of the temporal dependence of various parts of the spectr
We can, however split the single-wave-packet response
two parts; contributions that occur in the same cycle as
tunneling event, and contributions that occur in subsequ
cycles. By sampling different cycles within a flat pulse, w
can differentiate between these two contributions.

If, instead of sampling the second half-cycle, we take
fourth half-cycle, there will be contributions due to the tu
neling of a new wave packet and the recombination of
previous one, as before. There will also be contributions
to trajectories with a long return time, and recollisions
older wave packets. The spectrum obtained by sampling
second cycle is plotted in Fig. 3~c!; again we show the resul
of the full calculation as a dotted curve. In this case we s
find the plateau with harmonic peaks, but there is stro
modulation of the peaks. In fact the spectrum bears a strik
similarity to that obtained for the full eight-cycle pulse. Fro
this we conclude that the modulation of the harmonic pe
is due to multiple contributions to a given part of the spe
trum by a single wave packet.

We have therefore confirmed that the harmonics arise
to the periodicity of the electron recollisions~Protopapas
et al. @7#!, and demonstrated the validity of writing the ha



ed
y
-
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FIG. 3. The harmonic spectrum generat
from He1 using an eight-cycle pulse of intensit
1.531015 W/cm2 and wavelength 372 nm calcu
lated by ~a! using a full eight-cycle pulse,~b!
periodically repeating the first cycle, and~c! pe-
riodically repeating the second cycle.
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monic spectrum as a convolution of the response due
single-wave packet with a set of periodicd functions. The
case where we sampled the second half-cycle is equivale
considering only the first cycle of the single-wave-pac
response, while sampling the fourth half-cycle is equival
to extending the calculation of the single-wave-packet
sponse to two laser periods. In the latter case the contribu
due to a single wave packet will show extra structure,
necessarily harmonic peaks, and therefore there is a mod
tion of the harmonic efficiency.

So far we have developed the idea of harmonic genera
due to a series of identical wave packets, created at inter
of half the laser period, recolliding with the nucleus. In t
a

to
t
t
-
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t
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n
ls

remainder of this paper we shall demonstrate that, wit
simple modification, our model can be used to describe
response to a pulse with a time-dependent intensity.

HARMONIC GENERATION
USING A TIME-DEPENDENT PULSE

In a previous paper@1# we demonstrated that when th
laser intensity increases during the pulse, there is a blue
of the harmonics. Furthermore, when there is a rapid ti
dependence, the structure of the harmonics may bec
‘‘smeared out,’’ so that it is no longer possible to distingui
individual peaks. To illustrate these results we calculated
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FIG. 3 ~Continued!.
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harmonic response to an eight-cycle pulse of wavelength
nm, with a field amplitude ramped linearly for intensitie
between 3.531014 and 1.531015 W/cm2. The results are
plotted in Fig. 4. In this case there is a clear blueshift of
highest harmonics, while the lower-order harmonics are
at the correct frequencies. At this stage the peaks are
clearly visible; however, there is a large amount of struct
in between the harmonics. If we were to ramp the intens
faster, this structure would increase until it was no long
possible to see the harmonic peaks.

We will now pursue our theory further in order to stud
2

e
ill
till
e
y
r

harmonic generation using such a time-dependent pulse
previous sections we assumed that the behavior of e
wavepacket was the same, and therefore we were abl
write the dipole acceleration in the form of a convolutio
For a time-dependent pulse we need to modify our appro
to account for the fact that the behavior of a given wa
packet will depend on the intensity of the field; i.e., ea
contribution will be different. The most straightforwar
method is to return to our single-cycle model, but rather th
repeating an identical half-cycle, we build up the dipole a
celeration from a series of half-cycles taken at different~con-
stant! intensities.
ed
-

FIG. 4. The harmonic spectrum generat
from He1 using an eight-cycle pulse of wave
length 372 nm, and peak intensity 1.531015

W/cm2, with the field ramped linearly over the
pulse.
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FIG. 5. The harmonic spectrum generated from He1 using an eight-cycle pulse of wavelength 372 nm, and peak intensity 1.531015

W/cm2, with the field ramped linearly over the pulse calculated by~a! using the first cycle of the response calculated at 16 differ
~constant! intensities, and~b! using the second cycle of the response calculated at 16 different~constant! intensities.
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We propagated the TDSE for two laser cycles, at 16 d
ferent field amplitudes between 0.1 and 0.2 a.u. We t
assume that the dipole acceleration for the full pulse is m
up of the second half-cycle at each intensity in turn. T
spectrum is plotted in Fig. 5~a! ~to aid the comparison we
have plotted the full spectrum as a dotted curve on the s
plot!. From the plot it is clear that the simple calculatio
perfectly replicates the position of the shifted ‘‘harmonic
peaks including the high-order, blueshifted peaks, but fail
generate any of the interharmonic structure.
-
n
e
e
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By sampling the second half-cycle of the pulse at ea
intensity, we have removed effects due to multiple reco
sions of a single wave packet. It is instructive to repeat
calculation, taking the acceleration from the second par
the second cycle at each intensity. In Fig. 5~b! we plot the
result of this calculation; again we plot the full spectrum a
dotted curve. In this case there is much better agreem
between the two cases. The calculation with multiple rec
lisions again matches the main peaks correctly, but this t



m
he

k
r
sit
r
tru
in
g
an
th
r t
ef
o
th
hi
ec

th
n
ee

it
of
t
o
o
h
e
n
t
u
e
a
s
f

th
n

e

e
a

te
d
b
th
d
ve

off
the
ries

the
ese
as
m

del
ing
gle
t of
iod-
n-
st
ar-
x-
t to
ve
ar-
up-

ch
s of
lose
he
col-
nd
ter
ncy
uf-
ser
the
usly
h
vel-
ir
lly,
dy-
in

th
n-
nd
rch

1232 55J. B. WATSON, A. SANPERA, K. BURNETT, AND P. L. KNIGHT
we also obtain structure between the harmonics. If we co
bine this with the previous results we can fully explain t
pulse-shape effects we observe. The first recollision~or more
precisely the contribution within a single cycle! of each wave
packet in turn leads to a set of very clean harmonic pea
with no intermediate structure. The phase of each single
combination spectrum is dependent on the laser inten
and therefore there is a time-dependent phase for each pa
the spectrum, this causes a shift of the peaks in the spec
away from the harmonic frequencies. We must also take
account the contribution to the spectrum due to a sin
wavepacket over several cycles, i.e., long trajectories
multiple recollisions. It is reasonable to assume that
longer a wave packet spends in the laser field, the greate
dependence of the phase on the laser intensity, and ther
the greater the blueshift. Thus the multiple contributions t
given part of the spectrum lead to structure in between
main peaks. In the case of a rapidly increasing field t
structure becomes large, ‘‘smearing’’ the harmonic sp
trum.

Our approach has therefore allowed us to explain both
single-atom blueshift, and also the loss of clear harmo
peaks. We can also make an important distinction betw
the effect of having different~average! intensities within dif-
ferent cycles of the pulse, with the fact that the intens
changes within a single cycle. If we think of this in terms
trajectories, then one might assume that the phase of
radiation produced during a single cycle would depend
both the average intensity during that cycle, and also on h
the intensity changes within the cycle. Our results show t
the change in the average laser intensity during differ
cycles leads to a shifting and smearing of the harmo
peaks, but the spectrum is not particularly sensitive
changes in intensity during a single cycle. While for calc
lations of the single-atom response this last point may app
trivial, it is important in calculations of the response of
collection of atoms. This collective response has previou
been calculated by constructing a database, made up o
polarization ~which is related to the dipole moment! of a
single atom at a range of laser intensities. These data are
substituted into a wave equation to obtain the media respo
~see for example the work of Muffett@20#!. Our conclusions
here show that this approach may still be valid even wh
the laser intensity varies rapidly during the pulse.

We should point out that the results presented here ar
qualitative agreement with the conclusions reached by K
et al. @6# using both a semiclassical method, and also
method based on the formalism developed by Lewens
et al. @5#. Their semiclassical method allowed them to stu
individual electron trajectories, and therefore they were a
to make a much clearer distinction between the effect of
first collision and multiple collisions. In particular they foun
that only electrons undergoing their first recollision will ha
ev
-
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energies close to the cutoff; this explains why the cut
harmonics are always well defined. For energies below
plateau they found that there are two possible trajecto
~one either side of the main peak!. The first of these trajec-
tories leads to a peak close to the correct position, while
second has a large shift. Unfortunately the second of th
electron trajectories does not return within the same cycle
it is produced; we are therefore unable to distinguish it fro
electrons that have returned more than once.

CONCLUSION

In this paper we have used a quantum-mechanical mo
to gain insight into the harmonic generation by consider
separately the contribution due to the behavior of a sin
wave packet generated in the continuum, and the effec
periodic generation of such wave packets due to the per
icity of the driving field. We have demonstrated in the co
stant field amplitude limit that if we consider only the fir
recollision of each wave packet, we obtain a plateau of h
monics of equal intensity, followed by a cutoff in the e
pected position. If, however, we allow each wave packe
recollide more than once, and include the effect of wa
packets that do not recollide within a single cycle, the h
monic plateau is modulated, with certain harmonics s
pressed.

For a time-dependent pulse the first recollision of ea
wave packet once again generates a very clear serie
peaks, although many of the peaks, particularly those c
to the cutoff, are shifted from the harmonic frequencies. T
shift is due to phase shifts between the spectra due to re
lisions occurring at differing intensities. We have also fou
that recollisions that do not occur within a single cycle af
the first cycle produce further peaks with a greater freque
shift. If the rate at which the field amplitude changes is s
ficiently large, these shifts become comparable with the la
frequency, with the result that there are no clear peaks in
spectrum. The conclusions reached here have previo
been presented by Kanet al. using a semiclassical approac
based on the classical action. By using the formalism de
oped by Protopapaset al., we have been able to confirm the
analysis using a fully quantum-mechanical analysis. Fina
we discussed the suitability of models based on the stea
state response for calculating the harmonic response
pulsed laser fields.
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