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Abstract

Turbulence plays a key role in plasma dynamics and heating throughout the Universe.

Complex and unpredictable nonlinear motion leads to a transfer of energy from large

to small scales, where it is dissipated into heat. In the absence of collisions, turbulence

proceeds to microphysical scales where it is not known how reversible kinetic processes

lead to net dissipation. Earth’s magnetosheath provides an opportunity to directly probe

this open question using in situ measurements. This thesis presents an investigation into

the fundamental physics of turbulence using a database of magnetosheath observations

by NASA’s Magnetospheric Multiscale (MMS) mission. The comparative importance of

different electric field contributions is studied for 60 magnetosheath intervals, revealing

that how the nonlinear dynamics operate depends on both the ambient plasma conditions

and the turbulence driver. The relationships uncovered provide observational constraints

on turbulence theory, bounding the applicability of magnetohydrodynamic and kinetic

Alfvén wave physics, with applications to other plasma regimes and simulation studies.

The role of these electric field dynamics in facilitating turbulent dissipation is explored by

quantifying the non-ideal energy conversion related to specific kinetic processes. It is found

that energy conversion is enhanced in regions susceptible to anisotropy-driven kinetic

microinstabilities, suggesting these mechanisms play a fundamental role in dissipating

turbulent energy. The interpretation is that turbulence drives conditions to become locally

unstable, triggering instabilities which redistribute the free energy in favour of growing

wave modes. Despite these processes being reversible, the net transfer of energy is from

the fields into the particles, consistent with net dissipation. Turbulence is also found to

generate significantly non-Maxwellian velocity distributions, indicating that it provides

additional sources of free energy whereby instabilities can thermalise the plasma.
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Chapter 1

Introduction

The behaviour of a fluid in motion is governed by the delicate balance between inertial

and dissipative forces. When inertial forces prevail, the fluid enters a highly chaotic and

unpredictable flow regime called turbulence. This flow state is characterised by circulating

vortices whose interactions lead to the rapid mixing of fluid elements and a transfer of

energy between fluctuations at different scales. The evolution of a turbulent system is

extremely sensitive to initial and boundary conditions, rendering the dynamics impossible

to reconstruct from first principles. Turbulent fluctuations are stochastic, meaning that

the instantaneous configuration of a turbulent system is unlikely to resemble its average

state. Consequently, turbulence must be studied by examining its statistical properties

and developing phenomenological theories for how the process operates (Frisch, 1995).

Turbulence is universal phenomenon, occurring in a diverse range of systems from the

quantum to the cosmological (Barenghi et al., 2014; Zhou et al., 2020). Because turbulence

pervades the natural world, it has captivated artists, writers, and scientists for centuries,

inspiring great works such as Hokusai’s “The Great Wave off Kanagawa” (1831, Figure

1.1) and Vincent van Gogh’s “The Starry Night” (1889, Figure 1.2). As a result of its

ubiquity and complexity, turbulence has occupied some of the greatest minds of the last

two centuries, yet many aspects of its true behaviour remain shrouded in mystery.
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Chapter 1. Introduction

The first scientific investigation into turbulence was undertaken by Leonardo da Vinci in

c.1510–12, who recognised that it was a flow state composed of coexisting eddies across

many scales (Figure 1.3). In the 500 years since, his ideas have been mathematically

formalised, but general analytical solutions for turbulence still do not exist. Leonardo

noticed that turbulent water shaped the landscape, reflecting the modern appreciation

that a wide-range of physical processes, from the generation of the Galactic magnetic

field to the efficiency of jet engines, depend on turbulence (Barenghi et al., 2014). Being

such a longstanding and ubiquitous problem, turbulence is considered by many to be “the

most important unsolved problem of classical physics” (e.g. Feynman et al., 1965).

The defining characteristic of turbulence is its multiscale nature. Nonlinear interactions

generate structures across several orders of magnitude in scale, ultimately leading to a

cascade of energy from injection at large scales to dissipation at small scales (see Figure

1.3). This effect is amplified in inviscid fluids, which rapidly develop highly dynamic and

unpredictable flow patterns. Turbulence is common in plasmas, which are conducting

fluids that pervade the universe, accounting for up to 99.9% of visible matter (Buchanan,

2016). Often referred to as the fourth state of matter, plasma consists of superheated

ionised gas made up of approximately equal numbers of positive and negative charges. Its

ability to carry electric currents makes plasma capable of interacting with and generat-

ing magnetic fields, which couple nonlinearly into the dynamics and further perturb the

fluid motion (Biskamp, 2003). Electric fields can also exist in a plasma, driving particle

acceleration and mediating energy dissipation.

In collisionless plasmas, such as many of those found in space, negligible viscosity and

resistivity allows the turbulent dynamics to proceed to scales beyond the limits of a fluid

description, reaching the kinetic regime where reversible microphysical processes govern

the behaviour (Schekochihin et al., 2009). Turbulence is thus found in a wide range

of space plasma systems, including the geospace environment (Zimbardo et al., 2010;

C. H. K. Chen and Boldyrev, 2017; Rakhmanova et al., 2021), planetary magnetospheres

(Saur et al., 2002; Hadid et al., 2015), the solar wind (Bruno and V. Carbone, 2013;
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Chapter 1. Introduction

Figure 1.1: The Great Wave off Kanagawa by Hokusai (1831).

Verscharen et al., 2019), interstellar medium (Federrath, 2013; Falceta-Gonçalves et al.,

2014), and accretion disks (Santos-Lima et al., 2012), to name just a few.

One outstanding question is how turbulent energy within a collisionless plasma is dissi-

pated at small scales (Matthaeus et al., 2020). Magnetic fields are unable to do work on

charged particles, so energy transfer must be mediated by electric fields. Energy conver-

sion between the electromagnetic fluctuations and the particles can occur due to a wide

variety of kinetic processes, including nonlinear processes (for example magnetic reconnec-

tion), linear processes (such as cyclotron damping and landau damping), and stochastic

processes (Pezzi et al., 2021a). Once energy has been transferred to the particles, it must

be thermalised by kinetic mechanisms in lieu of collisions. Kinetic processes, which are

many and varied due to the inherently complex nature of particle distributions in the

absence thermalisation by collisions, take free energy from the particles and redistribute

it in favour of growing electromagnetic wave modes (Gary, 1993). Since these mechanisms

are formally reversible, how the turbulent cascade is terminated and net dissipation into

heat proceeds in the collisionless regime is a major unsolved problem.

There is a unique natural laboratory for studying collisionless plasma turbulence on our
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Figure 1.2: The Starry Night, by Vincent Van Gogh (1889), depicts a swirling sky
consistent with Kolmogorov’s (1941) statistical theory of turbulence (Ma et al., 2024).

planet’s doorstep. When the solar wind – a variable but persistent stream of super-

sonic plasma emanating from the Sun – encounters Earth’s protective magnetic field, it

is decelerated, heated, and compressed, forming a bow shock. The resulting region of

strongly-turbulent shocked solar wind plasma ahead of Earth’s magnetosphere is known

as the magnetosheath, depicted in Figure 1.4. This region presents a valuable opportu-

nity to study the impact of turbulence on plasma heating, energy transport, and particle

acceleration (Rakhmanova et al., 2021). Since it is at the interface between the solar

wind and the magnetosphere, understanding the processes occurring as a result of tur-

bulence in the magnetosheath is potentially important for characterising the global solar

wind–magnetosphere coupling (Sahraoui et al., 2020). By stirring and heating the magne-

tosheath, turbulence can perturb the magnetopause, impacting processes that ultimately

facilitate mass and energy transport from the solar wind into the inner magnetosphere.

This can drive so-called space weather that has potentially devastating socioeconomic

ramifications (Karimabadi et al., 2014; Eastwood et al., 2017; Buzulukova and Tsurutani,

2022).

The motivations for studying turbulence in the magnetosheath are thus twofold. First,
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Figure 1.3: A sketch of turbulence in a water flow by Leonardo da Vinci, from his
Studies of water (c.1510-12). Eddies and whirls of many sizes are depicted, ranging from
large to small, representing what we now know as the turbulent cascade. Credit: Royal
Collection Trust, reproduced from Colagrossi et al. (2021).

our understanding of the fundamental physics of turbulence is still poor – despite having

known the equations which govern the behaviour of a fluid in motion for nearly two cen-

turies (Navier, 1822; Stokes, 1845), and for a plasma for nearly a century (Alfvén, 1942;

Vlasov, 1945), the inherent nonlinearities render them unsolvable. As such, how the

nonlinear dynamics should behave is not certain, and how they generate structures and

processes which arrange themselves self-consistently to give rise to kinetic-scale dissipation

is generally unclear. It is important to identify these dissipative processes and structures

because they can have tangible consequences for how the energy is partitioned. Second,

since the magnetosheath represents the first link in the solar wind–geospace impact chain,

it is important to understand the nature of the turbulence in this region, which is neces-

sarily different to the pristine solar wind due to processing by the bow shock and dynamics

driven within the magnetosheath itself. How the turbulent fluctuations and kinetic pro-

cesses come together to heat the plasma, transport energy, and drive energetic phenomena

incident on the magnetopause is a fundamental open question.
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Figure 1.4: An artist’s impression of Earth’s turbulent magnetosheath. Credit: NASA.

A key advantage of studying turbulence in near-Earth space plasmas is the availability

and high precision of in situ measurements (e.g. Horbury et al., 2012), which allow us

to probe the small-scale dynamics of well-developed turbulence in these systems. In

contrast, astrophysical plasmas can only be observed remotely, and laboratory plasma

measurements are subject to instrumental limitations and limited ranges of scale. We are

fortunate, then, to have numerous space missions making field and particle measurements

throughout the heliosphere. Indeed, there is an extensive body of literature looking at

turbulence in the solar wind (Coleman, 1968; Bruno and V. Carbone, 2013; Alexandrova

et al., 2013; Verscharen et al., 2019); within Earth’s magnetosheath, plasma sheet, and

ionosphere (Rakhmanova et al., 2021; Stepanova et al., 2022); and in the magnetospheres

of other planets (e.g. Vasavada and Showman, 2005; Papen et al., 2014). The wealth

of in situ measurements provide an opportunity to contrast turbulence across different

environments.

Of particular importance to space plasma turbulence is the Magnetospheric Multiscale

(MMS) mission (Burch et al., 2016), which has provided nearly 10 years of multi-point

measurements with unprecedented resolution, ushering in a new era of space plasma

20



Chapter 1. Introduction

turbulence research thanks to its instrumental capabilities. What sets MMS apart is that

it can probe kinetic-scale particle structures and employ multi-spacecraft methods using

its four identical satellite probes, facilitating in-depth studies of the turbulent dynamics

and collisionless plasma phenomena occurring in the magnetosheath. These measurements

are key to making progress on disentangling collisionless dissipation.

In this thesis, MMS observations of Earth’s magnetosheath are used to learn about the

fundamental physics of turbulence. In particular, how the electric fields within a turbulent

plasma are generated by the nonlinear dynamics is explored, quantifying how the relative

contribution of different electric fields arising due to the nonlinear dynamics varies as a

function of the plasma conditions. Beyond this, the key open question of how collision-

less processes lead to net dissipation is explored. In particular addressing how kinetic

microinstabilities associated with local generation of anisotropic particle velocity distri-

butions contribute to the dissipation process in the magnetosheath. The link between

turbulence and thermalisation is investigated, with aims to reconcile the complex distri-

butions inherent in collisionless plasmas with turbulent energy conversion and dissipation.

These insights help begin to inform a broader understanding of the different regimes of

turbulent behaviour across space and astrophysical plasmas. The structure of this thesis

is outlined in the following.

Chapter 2 introduces the key concepts required to understand magnetosheath turbulence.

The description starts with collisionless plasma physics, then the origin and salient prop-

erties of the near-Earth plasma environment, before introducing turbulence theory, and

finally discussing kinetic microinstabilities.

Chapter 3 covers relevant data analysis methods, including a brief introduction to MMS

instrumentation and data processing. Particular emphasis is placed on the computation of

power spectral density, the estimation of spatial gradients via multi-spacecraft techniques,

and Taylor’s hypothesis, all crucial to undertaking turbulence studies.

Chapter 4 investigates aspects of the fundamental physics of turbulence, determining how
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competing nonlinear forces in the magnetosheath behave relative to one another, and how

this relative behaviour varies under different plasma conditions. The results suggest that

ratios of electric field terms, and nonlinear versus linear contributions, depend both on

ambient conditions and the driver of turbulence. Consequences for a variety of plasma

regimes are discussed, also providing observational constraints on the assumptions going

into turbulence theories.

Chapter 5 addresses the open question of collisionless dissipation by investigating the link

between turbulent fluctuations and kinetic microinstabilities associated with temperature

anisotropies in the plasma. The energy conversion stage of dissipation is quantified,

revealing enhanced levels in local regions with unstable conditions. The findings suggest

that turbulence is driving the plasma into a state under which instability mechanisms

can redistribute the energy. The results have consequences for how turbulent fluctuations

influence thermodynamic regulation of the magnetosheath.

The collisionless nature of the plasma means that turbulent energisation processes can

lead to more complex distributions than simple anisotropic Maxwellians. Chapter 6 anal-

yses these complex deformations to the velocity distribution function and explores their

relationship with the energisation and kinetic instabilities discussed in Chapter 5. More

complex distributions are found when ion populations are unstable, suggesting that not

only is turbulent energy conversion triggering kinetic microinstabilities, but it is pref-

erentially creating non-Maxwellian features as well. These results help to reconcile the

coupling between non-Maxwellianity and turbulent fluctuations, representing a step to-

ward understanding the thermalisation processes in turbulent collisionless plasmas.

Finally, Chapter 7 summarises the thesis and discusses implications for our current un-

derstanding of plasma turbulence, suggesting potential avenues for future work.
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Theoretical Background

2.1 Plasma Physics

Plasma is the fourth fundamental state of matter, made up of superheated gas that

has become ionised to the extent that its dynamics are dominated by electromagnetic

forces. Consisting mostly of ions and free electrons, plasmas are characterised by collective

particle behaviour and electrical conductivity. Plasma was first discovered in laboratory

experiments by Sir William Crookes (1879) which he reported on as ‘radiant matter’ in

a lecture to the British Association for the Advancement of Science in Sheffield. The

term plasma was coined by Irving Langmuir (1928) as an analogy to blood plasma when

describing ionized regions in gas discharges. Over the course of the following century,

the study of plasma physics has continuously expanded into a vast field, applicable to

numerous physical systems from the natural to the laboratory and astrophysical. In fact,

it is now known that the vast majority of baryonic matter in the Universe – from 90–99.9%

– exists in the plasma state (e.g. Buchanan, 2016).

The following sections formally introduce the concept of a plasma, then outline impor-

tant theoretical frameworks upon which Chapters 4–6 are based. Descriptions of plasma

physics take after Baumjohann and Treumann (1996), Boyd and Sanderson (2003), and

Gurnett and Bhattacharjee (2005). Since plasmas are made up of multiple particle species,
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species-specific variables are hereafter denoted by a generalised subscript s, which can be

specified to e for the electron species, and i for the ion species, typically taken to be pro-

tons. Throughout the thesis, unless stated otherwise, temperatures are taken in energy

units (so the factor of kB is not written down).

2.1.1 Definition of a Plasma

Plasmas are quasineutral, which means that the concentration of positive and negative

free charges are approximately equal, leading to a state of macroscopic neutrality. To

maintain quasineutrality, a volume element must contain sufficient particles to shield the

microscopic electromagnetic fields arising from individual charges.

The Coulomb potential of each charge q,

ϕC =
q

4πϵ0r
, (2.1)

is shielded by other charges, resulting in an exponentially decaying Debye potential,

ϕD =
q

4πϵ0r
exp

(︃
− r

λD

)︃
. (2.2)

Here, λD is the Debye length, which is the characteristic length over which the Debye

potential falls off by a factor of 1/Euler’s number. The electron Debye length is the

smallest meaningful characteristic scale in a plasma, given by

λD =

√︃
ϵ0Te

e2ne

, (2.3)

where Te and ne are the electron temperature and number density, respectively. For

collective shielding to occur, the physical dimension of the system, L, must greatly exceed

the Debye length. This constitutes the first plasma criterion,

λD ≪ L. (2.4)

24



Chapter 2. Theoretical Background

For shielding to be effective, there must be sufficient particles within a sphere of radius

λD, given by the plasma parameter Λ

Λ = neλ
3
D ≫ 1, (2.5)

which constitutes the second plasma criterion. This criterion means that the mean poten-

tial energy of a particle due to its nearest neighbour must be much smaller than its mean

energy kBTe (or Te in energy units, as used hereafter). If the first and second criteria are

satisfied, we observe collective plasma behaviour.

If an external force is applied to a fully ionised plasma which leads to a local reduction in

electron number density, electrons will be accelerated to maintain quasineutrality. Such

a situation causes an oscillation of the electrons with respect to the ions, known as a

Langmuir wave, in which the electrostatic force acts as the restoring force for fast collective

electron oscillations. These oscillations occur at the plasma frequency ωpe,

ωpe =

√︄
nee2

meϵ0
. (2.6)

If the plasma is not fully ionised, collisions with neutrals can inhibit the collective plasma

behaviour. If τn is the average time between electron–neutral collisions, then for the

electrons to be unaffected by collisions the plasma oscillations must occur much more

rapidly than τn, such that

ωpeτn ≫ 1. (2.7)

This is the third plasma criterion. When satisfied, this condition means that electromag-

netic effects will dominate over ordinary kinetic gas processes.

Additionally, electromagnetic waves are unable to propagate through a plasma at frequen-

cies ≲ ωpe because the Debye shielding by free charges serves to exponentially reduce the

wave amplitude. The exponential decay length over which this shielding occurs is given
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by the inertial length for a given species s,

ds =
vA,s

|Ωs|
=

c

ωps

, (2.8)

where

vA,s =
B0√
n0ms

(2.9)

is the Alfvén speed, B0 = |⟨B⟩| is the background magnetic field strength, n0 is the

background number density, Ωs is the gyrofrequency (see Section 2.1.2), c is the speed

of light in a vacuum, and ωps is the plasma frequency. The Alfvén speed represents the

fastest speed at which magnetic signals can propagate through a plasma – an important

plasma parameter in the Magnetohydrodynamics (MHD) description (see Section 2.1.3).

The Alfvén speed of the ions is much lower than the electrons, since the greater inertia of

the ions slows down the restoring force (magnetic tension – see Section 5.1) of the wave.

2.1.2 Kinetic Theory

Field Equations

Electromagnetic fields influence the motion of charged particles, which in turn give rise

to the fields via Maxwell’s equations,

∇ · E =
ρ

ϵ0
, (2.10)

∇ ·B = 0, (2.11)

∇× E = −∂B

∂t
, (2.12)

∇×B = µ0j+ ϵ0µ0
∂E

∂t
, (2.13)

where B is the magnetic field, and E is the electric field. The first expression shows that

electric space charge density, ρ = e(ni − ne), is the source of electric fields. The second

expression indicates that there are no sources or sinks of magnetic field (no ‘monopoles’),

so all magnetic field lines are closed. The third and fourth equation show that the electric
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Figure 2.1: Helicoidal motion of charged particles moving along a uniform magnetic
field. Gyro-orbits are not to scale. After Baumjohann and Treumann (1996).

and magnetic fields are coupled by their spatiotemporal variations, although for negligible

fast electric field fluctuations the magnetic field structure is generated by current density

j = e(nivi − neve).

Single Particle Motion

Before considering collective behaviour, it is useful to discuss the motion of individual

charges within a plasma. The velocity v of a particle will respond to electromagnetic

forcing in accordance with the Lorentz equation,

ms
dv

dt
= qs (E+ v ×B) , (2.14)

where ms and qs are the mass and charge of species s. Charged particles will undergo

gyromotion around magnetic field lines, circulating at the gyrofrequency,

Ωs =
qsB

ms

, (2.15)

where B = |B| is the magnitude of B. The radius of this motion is the gyroradius,

ρs =
v⊥,s

Ωs

, (2.16)

where v⊥ is the component of particle velocity perpendicular to the magnetic field. The

motion of charged particles along a uniform B is illustrated in Figure 2.1.
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Particle Drifts

In the presence of an electric field, the guiding center (the center of the gyrating orbit)

can itself undergo drift motion. In an electrostatic electric field, the guiding center is

subject to the E ×B drift , given by

vE =
E×B

B2
. (2.17)

This drift is independent of the particle mass and charge, so electron and ions move in

the same direction. As such, this drift does not cause a current. It is also related to the

Lorentz transformation, as for a free particle E = −v×B. In the case of a slowly varying

electric field, an additional drift component known as the polarisation drift affects the

guiding center, given by

vP =
1

ΩsB

dE⊥

dt
. (2.18)

In this case, the drift velocity depends on the charge and mass of the particles, and is

directed along the perpendicular component of the electric field (in opposite directions

for ions and electrons). This leads to a polarisation current which is mostly carried by

the plasma since mi ≫ me.

In addition to the aforementioned electric drifts, there are several drift processes caused

by weak variations in the magnetic field. Within a magnetic gradient ∇B the gyroradius

of the particle orbits will be larger in the part of the orbit with stronger magnetic field

strength, and vice versa. This leads ions and electrons to drift in opposite directions with

the velocity

v∇ =
mv2⊥
2qB3

(B×∇B). (2.19)

As well as linear gradients, curvature in the magnetic field can cause a drift motion due

to the centrifugal force experienced by particles due to their parallel velocity. In terms of

the local radius of curvature, Rc, the curvature drift is given by

vR =
msv

2
∥

qs

Rc ×B

R2
cB

2
. (2.20)
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This drift motion is perpendicular to the magnetic field and its local curvature, and

is proportional to the parallel particle energy 1
2
msv

2
∥. Overall, the drift caused by a

generalised force F is given by

vF =
1

Ωs

(︃
F

ms

× B

B

)︃
, (2.21)

so that by choosing an appropriate force term the particle drifts can all be described.

Exact Phase Space Density

The most complete description of a plasma constitutes an N-body problem, where the

position and velocity of every particle must be known. Only with this information is it

possible to solve the equations of motion which specify the trajectories individual particles

follow in response to microscopic fields. The position and velocity of every particle can be

represented in a 6D coordinate system called the phase space, which has the axes (x,v).

The exact number density of a single j-th particle at time t is

Fj (x,v, t) = δ(x− xj(t))δ(v − vj(t)), (2.22)

where

δ(x− xj(t)) = δ(x− xj)δ(y − yj)δ(z − zj), (2.23)

δ(v − vj(t)) = δ(vx − vx,j)δ(vy − vy,j)δ(vz − vz,j), (2.24)

are three-dimensional Dirac delta functions in position and velocity space. The total exact

number density is given by the sum over Equation 2.22.

The Distribution Function

Unfortunately, considering the evolution of exact phase space density under the influence

of microscopic electromagnetic fields becomes intractable for even a small number of

particles, let alone sufficient numbers to validate the second plasma criterion (Equation

2.5). In systems with large numbers of particles, it becomes convenient to smooth out
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phase space by defining the average number density of particles in a small phase space

volume d3x d3v. The total number of particles in the system N is then defined as

N =

∫︂ ∞

−∞
f(x,v, t) d3x d3v, (2.25)

where f(x,v, t) is termed the distribution function. If the plasma is made up of multiple

species, it is necessary to define a distribution function of each species s.

The equation which describes the evolution of the distribution function in response to

macroscopic fields and interparticle collisions is called the Boltzmann equation (after

Boltzmann, 1896), given by

dfs
dt

≡ ∂fs
∂t

+ v · ∇xfs +
qs
ms

(E+ v ×B) · ∇vfs =
δcfs
δt

, (2.26)

where δcfs/δt is the collision operator. In most space plasmas, collisions are negligible

compared to long-range collective forces (e.g. Verscharen et al., 2019, see Section 2.1.6),

so the collision operator goes to zero and we get the Vlasov equation (after Vlasov, 1945),

dfs
dt

≡ ∂fs
∂t

+ v · ∇xfs +
qs
ms

(E+ v ×B) · ∇vfs = 0. (2.27)

Macroscopic Quantities

Assessing the full distribution function reveals information about the whole of 6D phase

space, but often it is useful to measure macroscopic quantities, such as density, bulk flow

velocity, average temperature, etc. These quantities depend only on space and time, so

we need to integrate over velocity space to obtain them. Such integrals must be weighted

by f(x,v, t), multiplied by the outer (dyadic) product of the velocity v raised to the i-th

power. These integrals are called velocity moments, where the i-th = 0, 1, 2, 3 velocity

moments correspond to useful macroscopic quantities,

number density, ns =

∫︂
V

fs(v) d
3v, (2.28)
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bulk velocity, vs =
1

ns

∫︂
V

vfs(v) d
3v, (2.29)

pressure tensor, Ps = ms

∫︂
V

(v − vs)(v − vs)fs(v) d
3v, (2.30)

heat flux vector, qs =
ms

2

∫︂
V

(v − vs) · (v − vs)(v − vs)fs(v) d
3v. (2.31)

The number density ns is the number of particles from species s per unit volume. The

bulk velocity vs is the average velocity of the bulk flow. The pressure tensor Ps = [Ps,ij]

is the rate of momentum transfer in direction i across surface j in the frame of reference

moving with the bulk velocity. The heat flux vector qs, which is the trace of the heat flux

tensor Qs, corresponds to the transfer of heat in a direction which need not be aligned

with the bulk velocity.

The pressure tensor can be expressed as nsTs, where Ts is the kinetic temperature of the

distribution. As we will see later, collisionless plasmas are rarely in a state of thermody-

namic equilibrium, so this temperature does not correspond to a thermodynamic tempera-

ture in the traditional sense. The isotropic temperature Ts is given by the trace Tr[Ts]/3,

under the assumption that off-diagonal components are negligible. In an anisotropic

plasma, the temperatures parallel and perpendicular to the magnetic field are defined as

Ts,∥ = bTTsb, (2.32)

Ts,⊥ = (Tr[Ts]− Ts,∥)/2, (2.33)

where b = B/|B| is the local magnetic field unit vector. It is usually the case that

off-diagonal components are negligible, and the temperature is symmetric with respect

to the perpendicular directions. When this does not hold, the distribution is said to be

agyrotropic.

2.1.3 Magnetohydrodynamics

Magnetohydrodynamics (MHD) (Alfvén, 1942) is a hydrodynamic theory which treats

the plasma as an electrically charged fluid responding to external and internal magnetic
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fields. The system is highly complex because when the charged fluid responds to external

fields it generates further fields by nature of its motion. The generalisation of this theory

is the multi-fluid theory of plasmas, of which ideal MHD is a simplifying approximation

where the plasma is treated as a single set of mass-weighted fluid variables. To explain

the work presented in this thesis, it is necessary to introduce some elements of both ideal

MHD as well as multi-fluid theory.

The Moment Equations

In many plasma physics systems, we are more interested in the macroscopic quantities

than the full distribution function. In this case, a system of equations called the moment

equations can be used. These equations are obtained (for a collisionless plasma) by taking

velocity moments of the Vlasov equation (Equation 2.27).

The zeroth moment equation,

∂ns

∂t
+∇ · (nsvs) = 0, (2.34)

is simply the mass continuity equation. Multiplying by the charge qs and summing over

all species yields the charge continuity equation. The first moment equation (which is

derived fully in Appendix A.1),

∂

∂t
(msnsvs) +∇ · (msnsvsvs) = qsns (E+ vs ×B)−∇ ·Ps, (2.35)

is called the momentum equation (or the momentum density conservation equation),

which corresponds to Newton’s second law. The trace of the second moment equation

(which is derived fully in Appendix A.3),

∂

∂t

[︃
1

2
msnsv

2
s +

3ps
2

]︃
+∇ ·

[︃
1

2
msnsv

2
svs +

3psvs

2
+ vs ·Ps + qs

]︃
− E · js = 0, (2.36)

gives the energy equation, which states the conservation of energy for species s. The

total energy conversion, j · E =
∑︁

s js · E, is a useful quantity which encapsulates the
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reversible (for a collisionless plasma) conversion of energy between electromagnetic fields

and particles. The j · E term, and decompositions based on different components of the

electric field, is a key measure of energy conversion which will be used throughout this

thesis, particularly in Chapter 5 (see also Section 2.3.4).

The Closure Problem

The precise reasons for the introduction of Equations 2.35 and 2.36 will become clear in

subsequent sections, however it is worth briefly mentioning a consequence of their form

which is central to the difficulty of analytically describing the evolution of plasmas. This

problem is called the closure problem, which makes it impossible to close the system of

moment equations without specifying an equation of state or solving an infinite number

of equations.

This problem arises due to the v · ∇fs term in the Vlasov equation, which couples the

i-th moment of the Vlasov equation to the (i+1)-th moment of the velocity distribution.

As such, the number of unknown moments always exceeds the number of equations.

There isn’t a formal way to determine the relationship between the (i + 1)-th and i-th

moment, however the external imposition of an equation of state relating Ps to ns is most

commonly employed method of closing the problem analytically. However, this approach

is more successful in a collisional plasma (which is closer to thermodynamic equilibrium),

than a collisionless one. Additionally, the closure problem can be avoided in observational

studies by using a measured variable – usually Ps – to close the system.

Single-Fluid Theory

In single-fluid theory, we treat the plasma as a conducting fluid supporting electromagnetic

fields and currents. This treatment leads to the MHD equations of a plasma, which can

be derived using the following single-fluid variables:

charge density, ρ = e(ni − ne) ≈ 0 due to quasineutrality, (2.37)
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current density, j = e(nivi − neve), (2.38)

single-fluid number density, n =
mene +mini

me +mi

, (2.39)

single-fluid mass, m = me +mi = mi

(︃
1 +

me

mi

)︃
, (2.40)

single-fluid velocity, u =
minivi +meneve

mene +mini

. (2.41)

From these variables, one obtains the MHD continuity equation by multiplying Equation

2.34 by mi for the ions and me for the electrons, summing the resulting equations, and

simplifying as

∂n

∂t
+∇ · (nu) = 0. (2.42)

Obtaining the MHD momentum conservation equation is more involved due to the nonlin-

ear terms. The process involves taking the multi-species momentum equations (Equation

2.35), multiplying the electron equation by mi and the ion equation by me, adding the

equations, making use of the definitions of P = Pe+Pi, ρ, j, and finally invoking ne ≈ ni

and me ≪ mi, resulting in

∂(nmu)

∂t
+∇ · (nmuu) = −∇ ·P+ ρE+ j×B, (2.43)

where ρE ≈ 0 due to quasineutrality.

2.1.4 Generalised Ohm’s Law

Equation 2.43 introduced the current density as a new variable, so since the plasma is a

conducting medium, an expression describing the evolution of j in response to the electric

field E is required to close the system. This equation is known as generalised Ohm’s law.

The equation is obtained by subtracting the two-fluid momentum equations (2.35); a full

derivation is provided in Appendix A.2.
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The full expression for generalised Ohm’s law in a collisionless plasma is

E = −u×B⏞ ⏟⏟ ⏞
EMHD

+
1

ne
j×B⏞ ⏟⏟ ⏞
EHall

− 1

ne
∇ ·Pe⏞ ⏟⏟ ⏞
EPe

+
me

ne2

[︃
∇ ·
(︃
uj+ ju− jj

ne

)︃
+

∂j

∂t

]︃
⏞ ⏟⏟ ⏞

Einertia

+
∞∑︂
ℓ=1

(︃
−me

mi

)︃ℓ

Mℓ⏞ ⏟⏟ ⏞
Eδme

,

(2.44)

where underbraces denote the short-hand names of each term, and where the finite electron

mass corrections (Eδme ) are defined using (e.g. Stawarz et al., 2021)

Mℓ =
2

ne
j×B− 1

ne
∇ ·P+

me

ne2

[︃
∇ ·
(︃
uj+ ju− (1 + 2ℓ)

jj

ne

)︃
+

∂j

∂t

]︃
. (2.45)

There are many terms in Equation 2.44, which amount to successive corrections to the

Lorentz force acting upon the mass-weighted single fluid plasma motion, because of the

absence of electrical resistivity, η = meνc/ne
2, where νc is the collision frequency. If

η ̸= 0 then this leads to an electric field, Eη = ηj, which can dominate E, allowing field-

particle interactions to heat the plasma at the expense of electromagnetic energy. The

MHD description provided in this thesis is ‘ideal’, referring to the η = 0 case, so that

the resistive term in generalised Ohm’s law, Eη = ηj is equal to zero. This assumption is

justified for near-Earth space plasmas, which are all collisionless (i.e. νc ≈ 0, see Sections

2.1.6 & 2.2), so collisional effects such as kinematic viscosity and electrical resistivity can

be ignored.

Figure 2.2 illustrates the basic mechanism behind the first three terms on the right hand

side of Equation 2.44. The MHD term (EMHD) is associated with the magnetic field being

frozen into the plasma flow u at large scales (see Section 2.1.5); indeed, for an ideal MHD

plasma, E = EMHD = −u × B. In Figure 2.2, the electric field arises to account for the

deflection of positive and negative charges in opposite directions when moving through the

magnetic field. The resultant electric field is directed from positive to negative charges.

The Hall term (EHall) arises due to differential motion between ions and electrons, which

can give rise to electric fields transverse to the current and magnetic field even for a

collisionless plasma. Figure 2.2 shows the simple case of positive charges moving relative
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to stationary negative charges. The positive charges are deflected, setting up an electric

field directed to oppose the charge separation. EHall typically becomes important around

the ion gyroradius, as below these scales the ion fluid is decoupled from the bulk flow.

The electron pressure term (EPe ) is an ambipolar electric field arising from the thermal

motions of the particles, specifically due to a spatial gradient leading to a flux of momen-

tum density from one region to another. This is illustrated in Figure 2.2, which shows that

particles will be exchanged from an area of higher pressure to an area of lower pressure,

setting up an electric field which acts to oppose this change.

The inertia term (Einertia) comes from the finite inertia of the electrons, preventing them

from instantly responding to driving by E. The finite-me correction term Eδme , which

comes from the Taylor expansion for small electron mass when writing the equations in

terms of single-fluid variables, is observed and expected to be negligibly small (Stawarz

et al., 2021, see also Chapter 4).

The combination of pressure and inertia electric fields is referred to as the non-ideal

electric field,

E′ = E+ ve ×B = EPe + Einertia , (2.46)

which is the contribution to E capable of decoupling the motion of electrons from the

magnetic field. The parallel component of E′ is important because it can lead to accelera-

tion along magnetic field lines, a key part of the mechanisms behind particle energisation

and heating. The concept of the non-ideal electric field will be drawn upon heavily in the

work chapters of this thesis, particularly through j ·E′ as the mediator of non-ideal energy

conversion (energy conversion between the fields and particles coming from sources other

than convection).
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2.1.5 Diffusion and Frozen-in Flux

The Induction Equation

The general induction law of MHD comes from inserting the electric field from generalised

Ohm’s law (Equation 2.44) into Faraday’s law (Equation 2.12),

∂B

∂t
= ∇×

(︃
u×B− 1

ne
j×B+

1

ne
∇ ·Pe −

me

ne2

[︃
∇ ·
(︃
uj+ ju− jj

ne

)︃
+

∂j

∂t

]︃)︃
, (2.47)

where finite-me corrections have been neglected. Equation 2.47 can be expressed as

∂B

∂t
= ∇× (u×B)− 1

ne
∇× (j×B)−∇× E′, (2.48)

where the first term on the right hand side represents the magnetic field being ‘frozen-

in’ to the plasma flow via the ideal MHD electric field (meaning magnetic flux through

an arbitrary surface moving with u remains constant). The second term represents the

decoupling of the magnetic field from u due to the Hall electric field (but the magnetic

field remains frozen-in to the electron flow). The final term represents the effect of the

non-ideal electric field in allowing the magnetic field to decouple from the electron velocity,

enabling, for example, magnetic reconnection. The significance of this equation is that

the balance between the terms indicates whether B is convected with the flow or whether

it is able to decouple from the fluid motion and diffuse across the flow. The importance

of the non-MHD electric fields as a function of scale will be explored in Chapter 4, with

consequences for the dynamics of the system, and their impact via j · E′ (see Equation

2.36; Section 2.1.4), in Chapters 5 & 6.

Magnetic Pressure

When variations are slow enough to neglect the displacement current in the plasma, the

Lorentz force in the MHD momentum equation (Equation 2.43) can be rewritten using
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the Ampère-Maxwell law (Equation 2.13) as

j×B = − 1

µ0

B× (∇×B), (2.49)

which introduces the MHD magnetic tension force. This force appears when re-arranging

Equation 2.49 using the vector identity

B× (∇×B) =
1

2
∇(B ·B)− (B · ∇)B, (2.50)

giving

j×B = −∇
(︃
B2

2µ0

)︃
+

1

µ0

(B · ∇)B. (2.51)

The first term in Equation 2.51 corresponds to the gradient of magnetic pressure pB, a

pressure term which contributes along with the thermal pressure to the total pressure,

ptotal = pth + pB, (2.52)

where pth,s is typically taken as nsTs. The second term can be expressed as the divergence

of the magnetic stress tensor, ∇ · (BB)/µ0, a term which leads to tensional and torsional

forces on the plasma.

The Plasma Beta

A useful parameter is the plasma beta, which is defined as the ratio of thermal to magnetic

pressure,

β =
pth

B2/2µ0

. (2.53)

This parameter encodes whether the fluid or the frozen-in magnetic field controls motion;

when β > 1, the MHD fluid dynamics drive the system; when β < 1 magnetic forces

dominate. Space plasma systems are generally referred to as low-beta for β ≪ 1 and

high-beta for β ≳ 1, including β ≈ 1.

For a multi-species fluid, one can define separate βs for individual species based on their
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thermal pressure. The total β is then the sum over all βs. For example, in the electron-ion

case, the total β = βe + βi. Additionally, parallel and perpendicular βs can be defined

based on the pressure components p∥ and p⊥.

2.1.6 Collisions

The description of plasma physics in this chapter has been for collisionless regimes, where

system dynamics occur over length scales equivalent to or smaller than those over which

Coulomb interactions are able to thermalise VDFs. As such, collisionless plasma dynamics

take place throughout all of phase space (Pezzi et al., 2021a), requiring a kinetic treatment

of reversible microphysical processes to understand problems such as energy dissipation

(e.g. Gary, 1993; Verscharen et al., 2019; Verscharen et al., 2022, some elements of which

will be introduced in Section 2.4). Additionally, while interspecies collisions remain rare,

sharp velocity space gradients found in strongly distorted VDFs may be able to acti-

vate intraspecies collision operators (Schekochihin et al., 2009; Pezzi et al., 2021a, and

references therein).

The mean free path, λmfp, encodes the characteristic distance between subsequent colli-

sions. In a fully-ionised collisional plasma, λmfp is very long, ≫ λD (Baumjohann and

Treumann, 1996). In collisionless plasmas, the viscous (i.e. related to momentum ex-

change between particles of the same species) mean free path is a ratio of the parallel

thermal velocity to the intraspecies collision frequency (Howes, 2024),

λmfp,s =
vth∥,s
νss

, (2.54)

where

vth∥,s =

√︄
2Ts,∥

ms

(2.55)

is the parallel thermal speed, and the collision frequency is

νss =
e4ns ln Λ

(4πϵ0)2m
1/2
s T

3/2
s,∥

, (2.56)
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where Λ is the plasma parameter, given by Equation 2.5.

For interspecies collisions, which exchange momentum between ions and electrons and are

as such related to the electrical resistivity, the following relations can be used (Boyd and

Sanderson, 2003)

νei ∼ νee, (2.57)

νie ∼
me

mi

(︃
Te,∥

Ti,∥

)︃3/2

νee ∼
√︃

me

mi

νii. (2.58)

Due to their mass ratio, to exchange equal and opposite momentum the ions will experi-

ence small-angle scattering (amounting to a random walk in velocity space) whereas the

electrons undergo large-angle deflections, hence

νee ∼ νei ≫ νii ∼
√︃

me

mi

νei ≫ νie ∼
me

mi

νei. (2.59)

These inequalities demonstrate that electron–electron collisions are as frequent as electron–

ion, which are much more common than ion–ion, which in turn are much faster than the

time it takes for ions to be affected by collisions with electrons.

Many space plasmas are considered collisionless because they are hot and rarefied, leading

to very small ν and thus very large λmfp. This will be quantified in Section 2.2, but λmfp

can range from comparable to several orders of magnitude larger than the system size.
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Figure 2.2: Schematics illustrating the mechanisms behind each of the principal gener-
alised Ohm’s law terms (Equation 2.44). F+ and F− represent the force on the positive
and negative charges, respectively, and x represents a spatial position. The MHD term
shows that an electric field is set up to oppose the separation of moving positive and
negative charges as they are deflected in a uniform magnetic field. The Hall term shows a
simple example where the ions move relative to the electrons, the electric field accounting
for their displacement due to the magnetic field. The pressure term arises from a flux
of momentum from one spatial location to another, the electric field coming from the
growing spatial charge imbalance.
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2.2 Near-Earth Plasma Environment

The interaction between the solar wind – a dynamic, but persistent, stream of plasma

emanating from the Sun – and Earth’s protective magnetic field gives rise to a highly vari-

able, structured system in the near-Earth environment. The key regions of this interaction

are presented in Figure 2.3, and will be introduced in the following sections.

2.2.1 Solar Wind

The solar wind is a magnetised plasma outflow originating in the solar corona (the outer-

most layer of the Sun’s atmosphere) and propagating approximately radially throughout

the heliosphere. The history of solar wind research is rich, beginning with recognition of

a link between solar activity and changes to Earth’s magnetic field (Sabine, 1851; Sabine,

1852; Hodgson, 1859; Stewart, 1861). The first connection between these observations

and the idea of a stream of ‘corpuscular radiation’ came later (Eddington, 1910; Birke-

land, 1914; Chapman, 1917), where the idea was developed to explain observations of

comet tails (see Verscharen et al., 2019, for a more detailed review). It was only when

Parker (1958) demonstrated that a hot solar corona is not in hydrostatic equilibrium,

but rather accelerated to supersonic speeds by the pressure gradient force, that the ‘solar

wind’ was first formally predicted, promptly being measured by spacecraft a few years

later (Gringauz et al., 1960; Neugebauer and Snyder, 1962). Parker’s model forms the

cornerstone of solar wind predictions and explanations ever since, yet there are several

unsolved problems which remain unsolved, such as the mechanism behind coronal heating

and acceleration (Verscharen et al., 2019; Sahraoui et al., 2020).

The solar wind is composed of radially streaming electrons and protons, with small pop-

ulations of α-particles and heavy ions. Beyond around 10 RSun the radial velocity is

approximately constant, and density falls off as about n ∝ r−2 (with slight deviations due

to deceleration of α-particles, see e.g. Verscharen et al., 2019). The Interplanetary Mag-

netic Field (IMF) is frozen into the streaming solar wind plasma, which drags it out into a

spiral shape in the plane of the ecliptic (Parker, 1958) due to the Sun’s rotation. At 1 AU
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Symbol Corona(1) Solar Wind(1) Magnetosheath(2) Definition

n 106 cm−3 3 cm−3 10 cm−3 Number density

T 106 K 105 K 105—106 K Temperature

B 105 nT 3 nT 10 nT Magnetic field strength

u N/A 300—800 km/s 200 km/s Bulk flow speed

L 100 Mm 1 AU 10 RE System size

λmfp 10−4 AU 3 AU(3) 0.4 AU(3) Mean free path

di 0.2 km 140 km 50 km Ion inertial length

ρi 0.01 km 160 km 160 km Ion gyroradius

de 5 m 3 km 1 km Electron inertial length

ρe 30 cm 2 km 2 km Electron gyroradius

βi ≪ 1 ∼ 1 ∼ 10 Ion beta

βe ≪ 1 ∼ 1 ∼ 1 Electron beta

Table 2.1: Typical values for a variety of important plasma parameters throughout the
heliosphere. Sources of data are (1)Verscharen et al. (2019), (2)Chapter 4, and (3)Stawarz
and Genestreti (2023). Quoted solar wind parameters are for 1 AU. Bulk speed in the
corona is omitted as the solar wind is still being accelerated. λmfp depends on the type
of collision (see Section 2.1.6) – values here are for the protons. For an in-depth study
of solar wind plasma parameters as a function of heliocentric distance, solar cycle, and
other variables, see Maruca et al. (2023).

the angle between the solar wind and IMF is around 45°, and this value asymptotes to 90°

in the outer heliosphere. More details on the heliospheric magnetic field can be found in

the review by Owens and Forsyth (2013). Solar wind streams are usually categorised into

the slow wind (300–500 km/s) and fast wind (500–800 km/s), as well as eruptive transient

events such as coronal mass ejections. The solar wind is weakly collisional, as λmfp ∼ L

(especially in the outer heliosphere), and can be reasonably understood by incompressible

MHD theory over large scales (∇ · u = 0, see e.g. Grappin et al., 1990; Marsch and Tu,

1990, see also Section 2.3.2). A table of typical parameters is presented in Table 2.1, which

is complemented by the reviews by Verscharen et al. (2019) and Maruca et al. (2023) for

the solar wind.

2.2.2 Earth’s Magnetosphere

Earth’s intrinsic magnetic field arises from the convective motion of molten iron and nickel

in the outer core. Any magnetic field lines that are ultimately connected to the Earth

form part of a complex geomagnetic system called the magnetosphere. This magnetic field
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Figure 2.3: Earth’s magnetosphere, showing the interface with an oblique Interplanetary
Magnetic Field (IMF) (carried by the solar wind). ‘Parallel’ and ‘Perp.’ areas of the bow
shock refer to the angle between the shock normal n and the incoming IMF. The IMF
angle in the GSE X-Z plane of ≈ 135° is rather extreme, but chosen to clearly illustrate
the shock geometry. Inspired by Baumjohann and Treumann (1996).

dominates the near-Earth region of space, where it hosts numerous current systems and

plasma populations. The structure of the magnetosphere is outlined in 2.3. The internal

dynamo gives rise to a nearly-dipolar magnetic field, which is compressed on the dayside

by the solar wind (since frozen-in plasmas cannot mix, see Sections 2.1.5 and 2.2.3) and

drawn-out on the nightside into a long ‘magnetotail’. Between the oppositely-directed

lobes of the magnetotail is the plasma sheet, a site of magnetic reconnection. The inner

structure of the magnetosphere and its connection to the surface via the ionosphere is a

rich subject in itself (see Baumjohann and Treumann, 1996, for an introduction to these

regions).

The interface between the magnetosphere and the IMF is called the magnetopause. This

boundary moves toward and away from the Earth depending on the balance between dy-

namic pressure from the variable solar wind and magnetic pressure of the magnetosphere

itself. Assuming the magnetospheric field is dipolar, the magnetic field strength at 0°
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magnetic latitude is

B =
µ0

4π

ME

r3
, (2.60)

where ME is Earth’s dipole moment, ME = 8.05× 1022 Am2. The magnetopause stand-

off distance Rmp can be estimated by equating the solar wind dynamic pressure with the

magnetic pressure from Earth’s magnetic field,

nswmiv
2
sw =

(2B(Rmp))
2

2µ0

=
µ0

8π2

M2
E

R6
mp

, (2.61)

where the factor of 2 comes from currents running along the magnetopause increasing

the magnetospheric magnetic field to twice that of a dipole (Lopez and Gonzalez, 2017).

Equation 2.61 can be solved for Rmp as

Rmp =

(︃
µ0M

2
E

8π2nswmiv2sw

)︃1/6

. (2.62)

Under steady solar wind conditions, Rmp ≈ 10 RE, and this value isn’t particularly sen-

sitive to solar wind dynamic pressure due to the sixth root (Baumjohann and Treumann,

1996).

The dayside magnetopause is a site of magnetosphere–IMF coupling, where magnetic

reconnection and the Kelvin-Helmholtz instability (a fluid shear effect) are able to inject

solar wind plasma into the magnetosphere (see, e.g. Johnson et al., 2014; Hesse and

Cassak, 2020; H. Zhang et al., 2022). Dayside magnetic reconnection is favoured in

southward (i.e. directed from above to below the ecliptic) IMF conditions due to the

large magnetic shear between the solar wind and Earth’s magnetic field, whereas under

northward IMF other processes may become important (Kavosi and Raeder, 2015).

The magnetosphere is depicted in southward IMF conditions in Figure 2.3, where recon-

nection would be favoured at the subsolar (directly facing the Sun) point. Newly injected

plasma circulates around the magnetosphere, convecting from the dayside to the night-

side via a drift mechanism known as the Dungey cycle (Dungey, 1961). On the nightside,

reconnection can occur at the plasma sheet, leading to plasma exhausts which reach the

45



Chapter 2. Theoretical Background

Figure 2.4: Example of spacecraft measurements passing from the solar wind, through
the magnetosheath, into the magnetosphere during quasi-perpendicular conditions (θBn ≈
57° based on magnetic coplanarity). Measurements by MMS (see Section 3.1) on 2018-02-
09 from 08:00:00 to 12:45:00 UTC. Panels display: (a) the vector magnetic field; (b) the
number density; (c) the MHD bulk velocity (Equation 2.41); (d) the omnidirectional ion
energy spectrum; (e) the omnidirectional electron energy spectrum; (f) the temperature,
which is not well-measured in the solar wind or magnetosphere due to low density. Colour-
axis units in panels (d) & (e) are keV/(cm2 s sr keV). The vertical dashed line represents
the approximate location of the bow shock, and the vertical dotted line represents the
approximate location of the magnetopause. Vectors are in GSE coordinates.

inner regions of the magnetosphere and cause space weather with potentially wide-ranging

socioeconomic impacts (e.g. Eastwood et al., 2017; Buzulukova and Tsurutani, 2022).

2.2.3 The Magnetosheath

When a supersonic flow encounters an obstacle it is decelerated and deflected, causing a

bow shock. Since the solar wind is unable to directly penetrate into the magnetosphere,
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it slows from supersonic to subsonic flow within a narrow region upstream of the magne-

topause known as the magnetosheath (Baumjohann and Treumann, 1996). The shocked

plasma which makes up the magnetosheath is slower, hotter, and more compressed than

the solar wind, as shown in Table 2.1, and it is host to enhanced fluctuation amplitudes,

large variations in plasma parameters, and a variety of plasma structures. Understand-

ing dynamics in the magnetosheath is key to characterising magnetosphere–solar wind

coupling (e.g. Sahraoui et al., 2020).

The local conditions of the magnetosheath depend heavily on upstream properties, par-

ticularly the angle θBn (0–90°) between the IMF and the normal to the bow shock (e.g

Greenstadt, 1972). When θBn < 45° the shock is referred to as quasi-parallel, otherwise it

is quasi-perpendicular. Magnetosheath properties downstream of these shock configura-

tions are quite variable, in particular the nature of the turbulence (which will be further

discussed in Section 2.3). Quasi-parallel regions typically have a more turbulent upstream

(‘foreshock’), whereas quasi-perpendicular shocks have a more clearly defined transition

region due to rapid deceleration of the solar wind plasma (Johlander et al., 2018).

An example of how the plasma conditions change between the solar wind, magnetosheath,

and magnetosphere is shown in Figure 2.4. In this transit of a quasi-perpendicular region,

it is demonstrated that the magnetosheath plasma is compressed, decelerated, and heated,

with enhanced magnetic field strength and strong fluctuations. Inspection of panels 2.4

(d) & 2.4 (e) shows the vastly different energy spectrum in each region, where the solar

wind ions exhibit a strong beam with a weaker secondary beam corresponding to the

alpha particles, and the electrons have lower temperature. In the magnetosheath, both

populations are strongly heated, and in the magnetosphere the density has significantly

dropped but the ion energies are above the instrumental limit.

Alternatively, an example with quasi-parallel conditions is shown in Figure 2.5. Here,

the bow shock boundary is far less well-defined, with significant structure making up the

‘foreshock’ regions. Fluctuation amplitudes in the magnetosheath are much larger, and

the boundary with the magnetopause is also quite poorly defined. Around the bow shock
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Figure 2.5: Example of spacecraft measurements passing from the solar wind, through
the magnetosheath, into the magnetosphere during quasi-parallel conditions (θBn ≈ 27°
based on magnetic coplanarity). Measurements by MMS (see Section 3.1) on 2019-04-
09/14:00:00 to 2019-04-10/02:00:00 UTC – note that the time axis is reversed for compar-
ison to Figure 2.4. Panels display: (a) the vector magnetic field; (b) the number density;
(c) the MHD bulk velocity (Equation 2.41); (d) the omnidirectional ion energy spectrum;
(e) the omnidirectional electron energy spectrum; (f) the temperature, which is not well-
measured in the solar wind or magnetosphere due to low density. Colour-axis units in
panels (d) & (e) are keV/(cm2 s sr keV). The vertical dashed line represents the approxi-
mate location of the bow shock, and the vertical dotted line represents the approximate
location of the magnetopause. Vectors are in GSE coordinates.

and magnetopause there are several crossings in and out of the magnetosheath. It is

carefully-selected quasi-parallel intervals which will make up the bulk of the observations

used in this thesis, due to the strong fluctuation amplitudes.

In situ observations of the magnetosheath are favourable for studies of turbulence and

small-scale behaviour because of the high signal-to-noise ratio compared to the solar wind

(e.g. Sahraoui et al., 2013). Data from this so-called ‘natural laboratory’ will be used
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throughout this thesis, as outlined in Chapter 3 and the studies in Chapters 4–6. Before

then, it is necessary to introduce some key concepts of plasma turbulence in the following

Sections.

2.3 Turbulence Theory

Turbulence is a fundamental fluid phenomenon which transfers fluctuation energy between

different scales. This transfer usually takes energy from large driving scales where it

is injected, through an ‘inertial range’ where it is conserved, into small scales where

dissipation converts it irreversibly to heat (e.g. Frisch, 1995; Schekochihin et al., 2009;

Bruno and V. Carbone, 2013; Verscharen et al., 2019). In plasmas, turbulent fluctuations

include perturbations to the electromagnetic fields as well as the velocity, which due to

their coupling strongly influence the dynamics. In collisionless plasmas, the absence of

viscosity and electrical resistivity means that there is negligible damping of fluctuations,

allowing the turbulence to reach far smaller scales than in the hydrodynamic case. At

these kinetic scales (below di for βi ≤ 1 or ρi for βi ≥ 1), reversible kinetic processes

take over the dynamics. Understanding how energy is dissipated through these kinetic

processes in the collisionless regime remains a major unsolved problem in plasma physics

(e.g. Kiyani et al., 2015; Matthaeus et al., 2020). In this section, the phenomenology of

MHD turbulence is introduced, before addressing the changes the process undergoes as it

the transition to kinetic scales.

2.3.1 Turbulent Energy Spectra

The turbulent cascade is the name given to the net transfer of energy from larger to smaller

scales. The phenomenological picture of turbulence is that it occurs as a result of local

nonlinear interactions between similarly-sized eddies, generating new smaller eddies which

likewise interact nonlinearly with their neighbours to produce yet smaller eddies, and so

on until dissipation (e.g. Verscharen et al., 2019). The earliest attempts to formulate a

theory of turbulence in hydrodynamics used this principle, as famously summarised by

49



Chapter 2. Theoretical Background

Richardson (1922) in a rhyming verse:

Big whirls have little whirls that feed on their velocity,

and little whirls have lesser whirls, and so on to viscosity.1

This idea of a turbulent cascade has been continuously developed and refined to the

present day. Turbulence theories typically make predictions for the shape of the energy

spectrum, E(k), in the inertial range. The energy spectrum in this range usually follows

a power law, E(k) ∼ k−α, where α is the spectral index. The spectral index contains

information about the mechanism leading to the cascade of fluctuation energy from larger

to smaller scales.

Kolmogorov Turbulence

The first statistical theory of hydrodynamic turbulence was developed by Kolmogorov

(1941a, 1941b). Using dimensional analysis and assuming the inertial range is homoge-

nous, isotropic, scale-invariant, and local in scale, a constant energy transfer rate as a

function of scale is defined as

ϵ ∼ δu2
l /τnl, (2.63)

where δul is the velocity fluctuation across an eddy of size l, and τnl ∼ l/δul is the

characteristic eddy turnover time (the nonlinear time). Substituting and rearranging

gives

δul ∼ (ϵl)1/3. (2.64)

Relating scale to wavenumber via k ∼ 1/l and noting that only fluctuations at scales

smaller than l contribute to the energy at scale l, the fluctuation energy in each wavenum-

1Richardson’s verse was a play on two lines of an 1872 poem by De Morgan (1915):
Great fleas have little fleas upon their backs to bite ’em,
And little fleas have lesser fleas, and so ad infinitum.

which was itself based on part of a 1733 satirical poem on the role of poets in society by Swift (1734):
So, Nat’ralists observe, a Flea Hath smaller Fleas that on him prey,
And these have smaller yet to bite ’em, And so proceed ad infinitum.
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ber band, E(k)dk, can be integrated to give the total fluctuation energy spectrum,

∫︂ ∞

k

E(k′)dk′ ∼ E(k)k ∼ δu2
l ∼ (ϵl)2/3, (2.65)

E(k) ∼ ϵ2/3k−5/3. (2.66)

This power law in k is frequently observed in the inertial range of turbulent plasmas, for

example in the solar wind (e.g. Coleman, 1968; Kiyani et al., 2015; Verscharen et al.,

2019).

Alfvénic Turbulence

Iroshnikov (1964) and Kraichnan (1965) independently developed a theory of Kolmogorov-

style turbulence that could be applied to MHD. This model of so-called Alfvénic turbu-

lence treats fluctuations as counterpropagating Alfvén waves directed along the mean B

direction. These wave packets have parallel extent l∥ and perpendicular extent l⊥, and it

is assumed that interactions between fluctuations are local in scale. Dimensional analysis

is no longer sufficient to describe the cascade time as there are two physical timescales,

the nonlinear turnover time τnl(l) ∼ l/δul and the Alfvén time τA(l) ∼ l∥/vA (Schekochi-

hin and Cowley, 2007). Nonlinear interactions between counterpropagating wavepackets

either increases or decreases the fluctuation amplitudes, by

∆δul ∼
δu2

l

l
τA ∼ δul

τA
τnl

(2.67)

during the time it takes for the wavepackets to propagate through one another. The

turbulence is taken to be weak, such that many interactions are required to significantly

alter the fluctuations (τA ≪ τnl ⇔ ∆δul ≪ δul).

The number of interactions in a time t is N = t/τA, and the total fractional change in

amplitude is
√︁
τAt/τ 2nl. The cascade time τl can then be defined as the time taken for
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√︁
τAt/τ 2nl = 1, such that δul is changed by a considerable fraction of itself:

τl ∼
τ 2nl
τA

∼ l2vA
δu2

l l∥
. (2.68)

Recalling that ϵ ∼ δu2
l /τl and taking l∥/l ∼ 1 because of isotropy, then rearranging, and

substituting as

δu2
l ∼ (ϵlvA)

1/2, (2.69)

the expression for the energy spectrum is found to be

E(k) ∼ (ϵvA)
1/2k−3/2. (2.70)

The spectral index here is lower than in Kolmogorov turbulence due to the reduction of

the cascade rate by the ratio τA/τnl.

Anisotropic Turbulence and Critical Balance

Alfvénic turbulence was the accepted model of solar wind turbulence until a growing

number of results from observational studies were found to be inconsistent with the as-

sumption of isotropy (e.g. Matthaeus et al., 1991). Naturally, one would expect k∥ ≪ k⊥

in a strong magnetic field, as frozen-in magnetic field can be moved laterally quite freely

but resists bending (Schekochihin, 2022).

To exemplify this, consider counterpropagating Alfvén waves k1 and k2 that form k3,

whose wavevectors k and frequencies ω±(k) = ±k∥vA must satisfy the resonance condi-

tions (see e.g. Galtier et al., 2000; Schekochihin and Cowley, 2007)

k1 + k2 = k3 ⇒ k∥1 + k∥2 = k∥3, (2.71)

ω±(k1) + ω∓(k2) = ω±(k3) ⇒ k∥1 − k∥2 = k∥3. (2.72)

These conditions are satisfied only if one incoming wave has k∥ = 0 and the other wave

has k∥ unchanged after the interaction. This means the weak turbulent cascade can only
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develop in k⊥, thus k⊥ ≫ k∥. In the limit of weak turbulence, the spectrum can be found

to be E(k⊥) ∼ (ϵk∥)
1/2k−2

⊥ (Goldreich and Sridhar, 1997), however because it is assumed

that τA ≪ τnl, increasing k⊥ will eventually lead to χ = τA/τnl → 1, which is in violation

of the weak turbulence conditions.

Goldreich and Sridhar (1995) proposed that in strong turbulence τA ∼ τnl is satisfied

scale-by-scale, giving k⊥/k∥ ∼ δul/vA – a property known as critical balance. When

χ < 1, weak turbulence theory causes χ → 1, but it is argued that χ > 1 will not occur

because parallel Alfvénic fluctuations will become uncorrelated if the eddy turnover time

is faster than the time it takes for the interaction between Alfvénic wave packets to take

place. Taking τl ≈ τA ≈ τnl and assuming constant ϵ gives

τl = k∥vA = k⊥δul, (2.73)

k∥ ∼ v−1
A k⊥δul ∼ v−1

A k⊥

(︃
ϵ

k⊥

)︃1/3

∼ v−1
A ϵ1/3k

2/3
⊥ . (2.74)

The final term in Equation 2.74 shows that wavevector anisotropy increases as the turbu-

lence cascades to smaller scales, as

k⊥
k∥

∼ k
1/3
⊥ . (2.75)

By integrating the 2D energy spectrum over wavenumber, the 1D ‘reduced’ spectra are

found to be E(k⊥) ∼ k
−5/3
⊥ and E(k∥) ∼ k−2

∥ . A direct result of the critical balance

condition is that the parallel spectral index is steeper – due to parallel decorrelation

caused by the perpendicular cascade. In essence, critical balance can be thought of as an

application of linear wave physics to strongly turbulent plasmas (Shestov et al., 2022).

The critical balance conjecture is consistent with several observational results for the solar

wind (e.g. Horbury et al., 2008; C. H. K. Chen, 2016), and it is established that there is

scale-dependent anisotropy, however whether the solar wind always agrees with the k
−5/3
⊥

spectral scaling is still somewhat unclear (Schekochihin, 2022).
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As such, critical balance theory is still developing. Critical balance has also been extended

to collisional turbulence, in which it still applies (Terry, 2018). Shestov et al. (2022)

point out that there are several ongoing problems in critically-balanced turbulence, such

as explaining nonlocal effects found in Alfvén wave collisions (Beresnyak and Lazarian,

2008), and incorporating the role of plasma compressibility (Magyar et al., 2019).

Dynamic Alignment

A further revision of Goldreich-Sridhar (1995) critical balance comes from Boldyrev

(2006), called (scale-dependent) dynamic alignment. As put by Chandran et al. (2015),

dynamic alignment describes the increasingly parallel configuration into which two advect-

ing Aflvén wavepackets shear. In other words, that magnetic and velocity fluctuations

tend towards maximal alignment while still supporting a constant energy cascade flux (if

they were completely aligned, no nonlinear interactions would be taking place so there

would be no energy cascade) (Schekochihin, 2022). Boldyrev (2006) suggests that mis-

alignment occurs in the parallel direction because the local field direction can only be

defined within a small angle. The alignment angle is scale dependent (θub ∼ k
−1/4
⊥ ), lead-

ing to a perpendicular energy spectrum of E(k⊥) ∼ k
−3/2
⊥ – equivalent to if Kraichnan

(1965) had used their dimensional argument for only the perpendicular spectrum. How-

ever, dynamic alignment is not a universally accepted hypothesis, subject to its own share

of controversy (more so than critical balance, in fact). Numerical evidence in favour of

Boldyrev (2006) has been contested due to spectral observations inconsistent with dy-

namic alignment in the solar wind (see C. H. K. Chen, 2016; Schekochihin, 2022, and

references therein).

Spectral Laws in the Solar Wind and Magnetosheath

To highlight typical behaviour and common variations it is useful to now show examples

of magnetic energy spectra in the solar wind and magnetosheath. Figure 2.6 compiles

three examples from Sahraoui et al. (2020), who undertook a review of properties of

turbulence in the solar wind at 1 AU and the magnetosheath. Figure 2.6 (a) gives a solar
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Figure 2.6: Power spectrum of magnetic field fluctuations measured in (a) the solar
wind and (b, c) the magnetosheath, illustrating the differences between spectral laws in
the different regions. Vertical dashed lines denote the magnetic correlation length (λc, see
Section 2.3.2), ion/electron gyroradius (ρi/e, fρi), ion gyrofrequency (fci). Adapted from
Sahraoui et al. (2020) Figures 3 & 4.

wind power spectrum in frequency-space (because spacecraft measure time series, see

Section 3.5), where a clear inertial range ∼ f−5/3 exists between the correlation scale (see

Section 2.3.2) and the ion scales. Below ρi, there are several sub-ranges as kinetic effects

successively take effect. After the transition range, the dispersive range (also called the

dissipative range) features a scaling law ∼ f−8/3, in line with other studies (e.g. Kiyani et

al., 2015). Finally, at sub-electron scales a further steepening in the spectrum corresponds

to electron dynamics decoupling from the magnetic field.

Studies of magnetosheath scaling relations are fewer and further between, as the dy-
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namics are a combination of solar wind turbulence processed by the bow shock and new

dynamics generated within the magnetosheath (Huang et al., 2017; Sahraoui et al., 2020;

Rakhmanova et al., 2021). Being confined by the bow shock and magnetopause, large-

scale turbulent dynamics are expected to depend on upstream solar wind forcing, location

within the magnetosheath, and quasi-parallel/quasi-perpendicular shock geometry (e.g.

Karimabadi et al., 2014). For example, fluctuations behind the quasi-parallel bow shock

have 2–3 times higher amplitude than in quasi-perpendicular regions (Rakhmanova et

al., 2021). It is also argued that the bow shock destroys existing solar wind correlations,

which must then re-develop, corroborated by Breuillard et al. (2018) who report an ∼ f−1

scaling behind the bow shock.

In contrast with solar wind observations at 1 AU, it has been found that a significant

fraction of observed magnetosheath spectra do not exhibit a Kolmogorov inertial range

∼ f−5/3 (Huang et al., 2017; Sahraoui et al., 2020), for example in Figure 2.6 (b). This

is attributed to location within the magnetosheath – spectra showing a well-developed

inertial range are measured away from the bow shock in the quasi-parallel flanks, such

as in Figure 2.6 (c) (Alexandrova et al., 2008; Huang et al., 2017), but not behind the

quasi-perpendicular bow shock (Shevyrev et al., 2006; Breuillard et al., 2018). In agree-

ment with other magnetosheath studies, Yordanova et al. (2020) and Rakhmanova et

al. (2021) demonstrated the presence of an inertial range in quasi-parallel regions, with

non-Kolmogorov scalings (and a spectral bump around ion scales) in quasi-perpendicular

regions.

At kinetic scales, which are much smaller than the system size, the spectra appear not to

be dependent on location within the magnetosheath. The slope in the dispersive range is

reminiscent of the solar wind case, which is surprising when the difference between plasma

parameters in the two systems is considered. Indeed, Sahraoui et al. (2020) suspect that

this indicates that there is not a statistical dependence of turbulence scaling on local

plasma conditions, a result confirmed by a lack of correlation between spectral index and

these parameters (Sahraoui et al., 2013; Huang et al., 2014). Moreover, in a case study on
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magnetosheath turbulence associated with different instabilities, Breuillard et al. (2016)

found that dominating mirror instability enhanced the parallel spectrum, whereas the

opposite case was true in dominating Alfvén ion cyclotron instability (see Section 2.4 for

a brief overview of instabilities) – the authors noted that in the absence of instabilities,

the magnetic spectrum was isotropic. The difference in spectral slopes when instabilities

are present may indicate a difference in dissipation mechanism. Finally, in the electron

dissipation range, slopes are found to be much steeper than in the solar wind, which

is suspected to be due to suboptimal signal-to-noise ratios in solar wind measurements

(Huang et al., 2014).

Overall, the relationship between upstream conditions, the bow shock, and magnetosheath

turbulence throughout the region are still being actively explored.

Kinetic Turbulence

In the absence of collisions to terminate the turbulent cascade at fluid scales, turbulence

can proceed into the sub-ion regime where the (ideal) MHD model breaks down. At these

scales, the Hall term and non-ideal electric fields from generalised Ohm’s law (Equation

2.44) become important to the dynamics. These terms factor into the second and third

terms of the right-hand side of the induction equation (Equation 2.48). If the Hall term

is assumed to dominate the dynamics (the extent to which this is true is evaluated in

Chapter 4), the Strong Hall MHD model becomes relevant (Biskamp et al., 1999, also

known as the electron MHD model). In this model, B contains most of the fluctuation

energy, and a steeper power law of ∼ k−7/3 emerges due to the extra derivative in B

(Stawarz et al., 2024). However, there are varied observations of power law scalings in

the magnetosheath, representing the inherent complexity of trying to understand how

small-scale turbulence operates in this region.

Several other models have been proposed to explain observations, some of which take a

critical balance approach invoking kinetic-scale wave modes, such as kinetic Alfvén waves

(Boldyrev and Perez, 2012), inertial kinetic Alfvén waves (C. H. K. Chen and Boldyrev,
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2017), and whistler waves (Narita and Gary, 2010; Boldyrev et al., 2013). Slightly steeper

spectra around ∼ k−2.8 are sometimes observed in spacecraft observations (e.g. Alexan-

drova et al., 2009; C. H. K. Chen et al., 2010; Salem et al., 2012), which may be because

in reality turbulence is not as space-filling and self-similar as assumed in most theories

(see discussion in Stawarz et al., 2024). Several studies have also reported an exponential

turnover in the power spectrum at electron scales, particularly in the solar wind (Alexan-

drova et al., 2009; Alexandrova et al., 2012; Alexandrova et al., 2013; Roberts et al., 2017;

Alexandrova et al., 2021), although the applicability of these findings to magnetosheath

turbulence is still a matter of active research (Sahraoui et al., 2020; Rakhmanova et al.,

2024). Discerning the exponential spectrum from the power-law behaviour is difficult in

the solar wind due to instrumental limitations (Sahraoui et al., 2013; F. Carbone et al.,

2021). It is also difficult to study electron scales in the magnetosheath due to reformation

of the turbulence by the bow shock (Rakhmanova et al., 2021) and the wide variety of

small-scale processes which can modify the behaviour of turbulence in the kinetic regime

(Chiappetta et al., 2023).

Overall, our understanding of how turbulence operates in the kinetic regime is still poor.

Chapter 4 addresses several aspects of this problem, providing observational constraints

on the relative importance of different nonlinear forces as a function of scale, turbulent

driver, and varying plasma conditions.

2.3.2 Turbulent Cascade Theory

As a formal introduction to turbulent cascade theory, it is helpful to discuss incompress-

ible MHD turbulence (where ∇ · u = 0 and therefore ∇n = 0 throughout the medium).

Additional complexities are introduced by compressible and kinetic effects (both of which

are relevant to the work presented in this thesis), however incompressible MHD is suffi-

cient to describe the core concepts. The following description follows after Frisch (1995),

Biskamp (2003), Bruno and V. Carbone (2013), Schekochihin (2022), and Stawarz et al.

(2024).
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To start, it can be helpful to break down plasma and electromagnetic variables Q(x, t)

into their background Q0 and fluctuation δQ(x, t) components, such that Q(x, t) = Q0 +

δQ(x, t) (e.g. Stawarz et al., 2024). So treating the MHD momentum equation (Equation

2.35) leads to

∂u

∂t
= −∇ · (uu)− ∇p

ρ
+

j×B

ρ
, (2.76)

where p is the trace particle pressure, u is the single fluid velocity translated into the

u0 = 0 frame, and ρ = ρ0 = n0m is the mass density (which is spatiotemporally uniform).

Employing the vector identity ∇ · (xx) = (x · ∇)x + x(∇ · x), Equation 2.76 can be

expressed as

∂δu

∂t
=

(∇× δB)×B0

µ0ρ0
− ∇δp

ρ0⏞ ⏟⏟ ⏞
Linear

− δu · ∇δu+
(∇× δB)× δB

µ0ρ0⏞ ⏟⏟ ⏞
Nonlinear

. (2.77)

Similarly, the induction equation (Equation 2.48) can be expressed as

∂δB

∂t
= ∇× (δu×B0)⏞ ⏟⏟ ⏞

Linear

+∇× (δu× δB)⏞ ⏟⏟ ⏞
Nonlinear

. (2.78)

Finally, by taking the divergence of Equation 2.76 the incompressibility condition (∇·δu =

0) becomes

∇2δp = ∇ ·
(︃
(∇× δB)×B0

µ0

)︃
⏞ ⏟⏟ ⏞

Linear

−∇ ·
(︃
ρ0δu · ∇δu− (∇× δB)× δB

µ0

)︃
⏞ ⏟⏟ ⏞

Nonlinear

. (2.79)

In Equations 2.77–2.79, the terms are split into linear and nonlinear components, con-

taining single and multiple fluctuating variables, respectively. Linear terms give rise to

wave modes, whereas nonlinear terms are responsible for the turbulent dynamics. The

overall dynamics are a combination of both types of term, and as seen in Section 2.3.1 it

is necessary to consider the balance of both when developing a theoretical description of

turbulence. This information is encoded in a generalised χ parameter,

χ =
τl
τnl

. (2.80)
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Typically χ > 1 in the solar wind (Matthaeus et al., 2014), however it will be shown

in Chapter 4 that this ratio varies from χ < 1 to χ > 1 in the magnetosheath. There

is a distinction between defining global B0 and local or scale-dependent versions (which

can be used for small fluctuations which experience locally averaged B, e.g. C. H. K.

Chen, 2016). Local B0 is subject to random variations to the reference frame (Matthaeus

et al., 2012), so additional care must be taken when fluctuations with respect to a local

background are used.

In collisional MHD, two further parameters would usually have been defined – the Reynolds

number Re = lu0/ν (where ν is the viscosity), and the magnetic Reynolds number

ReM = lu0/η (where η is the resistivity). Re encodes the delicate balance between iner-

tial and viscous forces: when small, velocity fluctuations can complicate and distort the

plasma; when large, fluctuations are damped out as a result of viscosity. Similarly, ReM

characterises the ratio of magnetic induction to resistive diffusion. However, since the

plasmas considered in this thesis are collisionless (see Sections 2.1.6 & 2.2), ν and η tend

towards zero, leading to highly turbulent systems with little damping. Howes (2024) give

a helpful review of the alternative parameters which describe the nature of collisionless

turbulence.

Turbulence theories typically aim to describe statistical properties of turbulence, due to

the complex and distorted nature of its fluctuations which occur over a broad range of

physical scales. One way of probing turbulence is via the autocorrelation tensor,

Rg
ij (x, ℓ) = ⟨δgi(x+ ℓ) δgj(x)⟩, (2.81)

where ⟨. . .⟩ represents a spatial average, equivalent to an ensemble average if the turbu-

lence is homogeneous. Rg
ij contains the correlation coefficient between components of an

arbitrary quantity g (x) as a function of the physical-space ‘lag’ ℓ. The trace of Rg
ij gives

the correlation function of fluctuation energy,

Rg (x, ℓ) = ⟨δg(x+ ℓ) · δg(x)⟩, (2.82)
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which is essentially a measure of how correlated fluctuations are at different points in the

flow. As ℓ → ∞ the value of the correlation function should go to zero. A commonly-used

measure used to characterise the scale associated with δg is the correlation length, defined

as

λc,g =
1

Rg (0)

∫︂ ∞

0

Rg (ℓ) dℓ, (2.83)

which represents the characteristic decorrelation scale for fluctuations δg (or, alternatively,

the largest scale of correlated turbulent fluctuations). Another statistical quantity related

to Rg (ℓ) is the 2nd-order structure function,

Sg
2 (x, ℓ) = ⟨|∆g (x, ℓ) |2⟩ = ⟨|g (x+ ℓ)− g (x) |2⟩, (2.84)

which is employed in the original Kolmogorov (1941a, 1941b) statistical descriptions of

turbulence. If fluctuations are statistically homogeneous, the relationship between Sg
2 (ℓ)

and Rg (ℓ) is (Biskamp, 2003)

Sg
2 (ℓ) = 2Rg (0)− 2Rg (ℓ) . (2.85)

With the tools introduced in Equations 2.81–2.85, the incompressible MHD equations

2.77–2.79 can be written in terms of the 2nd-order structure function of the kinetic (u)

plus magnetic (bA, where bA = B/
√
µ0ρ is the magnetic field in Alfvén units) fluctuation

energy,

S2 (ℓ) = Su
2 (ℓ) + SbA

2 (ℓ) , (2.86)

R (ℓ) = Ru (ℓ) +RbA (ℓ) . (2.87)

Assuming fluctuations are statistically homogeneous, S2 (ℓ) evolves in time as (Politano

and Pouquet, 1998b; Adhikari et al., 2023b)

∂S2 (ℓ)

∂t
= P (ℓ)− ∂

∂ℓ
·Y (ℓ) + 2D (ℓ)− 4ϵ. (2.88)
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In systems with high enough Re (or equivalent collisionless analogue), each of the terms

in Equation 2.88 should dominate at different scales (Pecora et al., 2023). The terms are

as follows: P (ℓ) represents the injection of fluctuation energy at large scales; Y (ℓ) is a

mixed 3rd-order structure function containing the nonlinear terms,

Y (ℓ) = ⟨∆u (ℓ) |∆u (ℓ) |2 +∆u (ℓ) |∆bA (ℓ) |2 − 2∆bA (ℓ) [∆u (ℓ) ·∆bA (ℓ)]⟩; (2.89)

D (ℓ) is the dissipation due to viscosity and resistivity, given in a collisional plasma by

D (ℓ) = ν
∂2

∂ℓ2
Su
2 (ℓ) +

η

µ0

∂2

∂ℓ2
SbA
2 (ℓ) ; (2.90)

and ϵ is the average energy dissipation rate. Naturally, D (ℓ) → 0 in collisionless systems,

although recent work has provided some non-collisional proxies for this term (Pezzi et

al., 2021a; Pezzi et al., 2021b; Yang et al., 2022; Yang et al., 2024). Y (ℓ), termed the

‘Yaglom flux’ by some in analogy with its hydrodynamic counterpart (Yaglom, 1949),

contains an energy term from kinetic and magnetic energies coupled into velocity shears,

and a cross-helicity term from correlated δu and δbA coupled with magnetic gradients

(Marino and Sorriso-Valvo, 2023). In the case of purely Alfvénic fluctuations, the two

terms in Y (ℓ) cancel out and the cross-scale energy cascade ceases. Y (ℓ) introduces

a closure problem, whereby the equation for the 2nd-order structure function (Equation

2.88) depends on the 3rd-order structure function, the evolution of which will depend

on the 4th-order structure function, and so on. This represents a key difficulty in the

development of complete turbulence theories.

In the range of scales where Y (ℓ) dominates the steady-state case of Equation 2.88 (the

aforementioned inertial range), one of the few exact results in MHD turbulence emerges

(Politano and Pouquet, 1998a; Politano and Pouquet, 1998b; Marino and Sorriso-Valvo,

2023)

∂

∂ℓ
·Y (ℓ) = −4ϵ. (2.91)

Equation 2.91 encapsulates the important role played by the nonlinear dynamics in facil-
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itating the cascade of turbulent energy from driving scales to dissipation scales. In the

absence of significant nonlinearities, turbulence would be unable to fully develop and no

cross-scale transport would occur.

This section has focused on describing turbulent cascade theory through the lens of ho-

mogeneous incompressible MHD theory. However, several extensions have been studied

which, while unnecessary to elucidate the core concepts of turbulence theory as is the aim

of this section, are nonetheless noteworthy. Examples include consideration of background

velocity shears (Wan et al., 2009; Stawarz et al., 2011), compressibility (i.e. ∇ · δu ̸= 0,

Banerjee and Galtier, 2013), the Hall effect (Galtier, 2008; Hellinger et al., 2018; Ferrand

et al., 2019; Hellinger et al., 2021; Ferrand et al., 2021), compressible Hall physics (Andrés

et al., 2018), and kinetic particle-in-cell simulations (Marino and Sorriso-Valvo, 2023).

2.3.3 Local Structures Generated by Turbulence

While the spatial configuration of a turbulent system could be reconstructed as a su-

perposition of wave modes, these are far from random and uncorrelated. Instead, there

are preferential phase correlations between modes at different scales which are gener-

ated by the nonlinear dynamics, giving rise to ‘coherent’ structures (e.g. Stawarz et al.,

2024). In turbulent magnetic fields, localised coherent structures form current sheets,

magnetic shears, and other complex filamentary and vortical structures (Greco et al.,

2009; Matthaeus et al., 2015). Specifically, the Probability Density Function (PDF) of

∆B and ∆u exhibits enhanced tails, indicating that sharp gradients occur more often

than expected for a normal distribution – these bursty patches of turbulence are referred

to as intermittency (Verscharen et al., 2019).

Intermittency can be identified by the Partial Variance of Increments (PVI) diagnostic

(Greco et al., 2008),

PVI =
|∆B(x, ℓ)|√︁
⟨|∆B(x, ℓ)|2⟩

, (2.92)

which may be equivalently expressed in terms of time lag increments ∆B(t, τ) via Taylor’s

hypothesis (see Section 3.5) for time series measurements of B(t) (Greco et al., 2018).
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Figure 2.7: Example of intermittent turbulence from a 2D MHD simulation. (a) The
PDF of out-of-plane current density jz compared to a reference Gaussian. Panels (b)–(d)
show magnetic field lines, coloured red where contributions come from region I–III of the
PDF, respectively. Adapted from Greco et al. (2018).

Large PVI values occur in the presence of coherent structures, which are thought to give

rise to intermittency (Verscharen et al., 2019). An example of intermittency in a 2D MHD

turbulence simulation is shown in Figure 2.7. The generation of sharp magnetic gradients

(i.e. strong jz) related to the super-Gaussian tails (III) of the PDF leads to coherent

filamentary structures, such as current sheets, which survive longer than the surrounding

turbulence. Within these strong gradients the ideal MHD approximation can be violated,

leading to magnetic diffusion and non-ideal electric fields.

Intermittency is observed in the solar wind, the bow shock, and the magnetosheath (e.g.

Greco et al., 2009; V. Carbone, 2012; Karimabadi et al., 2013; Matthaeus et al., 2015;
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Chasapis et al., 2018a; Plank and I. L. Gingell, 2023). Coherent structures are often host

to increased plasma heating and non-Maxwellian features in the VDF (Osman et al., 2011;

Wan et al., 2012; Karimabadi et al., 2013; Wu et al., 2013; Wan et al., 2015; Parashar and

Matthaeus, 2016; Yang et al., 2017a). The link between intermittent turbulence, energy

conversion, and non-Maxwellianity is still an unresolved question (e.g. Verscharen et al.,

2019; Parashar and Gary, 2019; Perri et al., 2020; Bandyopadhyay et al., 2021; Pezzi

et al., 2021a; Graham et al., 2021), which will be explored in Chapters 5 and 6.

2.3.4 Energy Conversion and Dissipation

Turbulent Electric Fields

Electric fields play a key role in turbulent processes as magnetic fields are unable to do

work on charged particles. Electric fields enable interactions between the electromagnetic

field and the particles by coupling magnetic and velocity field fluctuations via the Lorentz

force, mediating energy transfer between the two through a nonzero j ·E (Stawarz et al.,

2021, see also Sections 2.1.3–2.1.4). As such, below the MHD scales E plays an important

role in the dynamics (e.g. Vörös et al., 2019). It has been observed that the power

spectrum of E is steeper in the MHD inertial range and then flattens at sub-ion scales (Li

et al., 2020, see also Chapter 4). The diverging power laws of E and B spectra at sub-ion

scales is attributed to the dominance of EHall in this range, introducing an extra factor k

from the power spectrum of the curl in j = (∇ × B)/µ0 (Matteini et al., 2016; Stawarz

et al., 2021).

Learning about the turbulent electric field is crucial to understand the dynamics at dif-

ferent scales. Unfortunately, electric field measurements are prone to poor signal-to-noise

ratios, particularly due to contamination from the spacecraft environment, which means

sub-ion scale studies aren’t reliably achievable in the solar wind (Bale et al., 2005; Mat-

teini et al., 2016). Fortunately, strong fluctuations in E make the magnetosheath an

ideal laboratory to study the cross-scale nature of electric field fluctuations, both in the

ambient magnetosheath as well as localised coherent structures. While it is difficult
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to measure generalised Ohm’s law due to the spatial gradient terms and high particle-

instrument frequencies needed to probe sub-ion scales, this feat can be accomplished

in the magnetosheath thanks to high-resolution multipoint measurements from NASA’s

Magnetospheric Multiscale (MMS) mission (Burch et al., 2016, see Section 3.1).

Comparative analyses of the terms in generalised Ohm’s law, which have been performed

using multi-spacecraft measurements in turbulence and reconnection studies (e.g. André

et al., 2004; Khotyaintsev et al., 2006; Torbert et al., 2016b; Genestreti et al., 2018;

Stawarz et al., 2021), reveal a complex interplay between the different terms, the tur-

bulence, and plasma parameters, all of which will be the subject of Chapter 4. It has

been shown that non-ideal terms in generalised Ohm’s law (see Section 2.1.4), EPe and

Einertia , mediate energy conversion inside electron diffusion regions via j·E′ (Torbert et al.,

2016b; Genestreti et al., 2018; Vörös et al., 2019), highlighting the importance of study-

ing the non-MHD electric field components to characterise the energetics in kinetic-scale

processes.

When considering generalised Ohm’s law in the context of turbulent plasmas, writing out

the equations for the Fourier transform of the spatial electric field, denoted ˜︁E(k), reveals
why the cross-scale behaviour of the electric field is so complex. Considering EMHD ,

˜︁EMHD (k) =

∫︂ ∞

−∞

∫︂ ∞

−∞
−˜︁u(k1)× ˜︁B(k2) δ(k1 + k2 − k) dk1 dk2, (2.93)

where the convolution theorem has been used. The same process can be applied to

EHall , where an extra factor of k comes from the Fourier transform of ∇ when expressing

j = ∇×B/µ0,

˜︁EHall (k) =
1

ne

∫︂ ∞

−∞

∫︂ ∞

−∞

ik× ˜︁B(k1)

µ0

× ˜︁B(k2) δ(k1 + k2 − k) dk1 dk2, (2.94)

where, for illustrative purposes, it has been assumed that n = n0 in the 1/ne prefactor.

If this is not the case, a further convolution arises from fluctuations in n.
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The Fourier transform of ˜︁EPe may be expressed as

˜︁EPe (k) =
−1

ne

∫︂ ∞

−∞

∫︂ ∞

−∞
ik ·

[︂˜︁ne(k1) ˜︁Te(k2) δ(k1 + k2 − k)
]︂
dk1 dk2, (2.95)

where the electron pressure has been decomposed into Pe = neTe. By nature of the

convolutions in Equations 2.93–2.95, there are, in principle, contributions to the dynamics

that generate each ˜︁E (k) from all other k, encoding key information about the nature of

the nonlinear interactions in the turbulent environment. Turbulence theories are built

on assumptions about how these convolutions behave, which is not a priori obvious. In

Chapter 4, the unique measurements from MMS are employed to directly measure these

convolutions in Earth’s magnetosheath and probe how the nonlinear dynamics behave.

Investigating how the balance of electric field terms changes as a function of scale improves

understanding of which physical effects are dominating the turbulent energy transfer at

different scales, enhancing our understanding of the turbulent energy cascade process

and its implications for particle acceleration and energisation. This subject will be ex-

plored thoroughly in Chapter 4, in terms of electric field contributions, and Chapters 5–6,

in terms of energy conversion as a result of the non-ideal electric field and the kinetic

mechanisms with which it couples.

Turbulent Dissipation

One of the crucial open questions in collisionless plasma turbulence is determining which

mechanisms are responsible for dissipating energy at small scales? It is unknown which

of the wide variety of kinetic plasma processes are responsible for turbulent dissipation,

why these processes are occurring, and how they are distributed within the turbulent

environment. Further, it is unknown how the energy is partitioned between the electrons

and ions, and how it is distributed in velocity space. Finally, it is not clear whether the

mechanisms responsible for dissipation and their distribution throughout the turbulent

environment are the same in every situation, or whether it varies depending on the ambient

plasma conditions and the drivers of the turbulence.
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As established in previous sections, the absence of collisional viscosity and resistivity

means that the turbulent cascade reaches sub-fluid scales, where kinetic physics controls

the dynamics and eventual dissipation into heat. Without a singular process which ter-

minates the cascade at small scales, a variety of dissipation proxies have been suggested

in attempts to solve this problem. Attempts to explain dissipation have often focused on

specific wave modes and instabilities, on individual mechanisms such as magnetic recon-

nection, phase mixing, or stochastic heating, or on investigating different energy channels

within a plasma (Matthaeus et al., 2020). Pezzi et al. (2021a) split the wide variety of

dissipation proxies into two classes: ‘energy-based’, which treats dissipation as a transfer

between energy modes in a fluid-like description; and ‘VDF-based’, which aim to directly

quantify deviations from VDF equilibrium.

In the energy-based dissipation formalism, much recent work has focused on the channels

by which energy can be transferred between different forms, mediated by j · E and the

pressure–strain interaction (Ps · ∇) · vs (e.g. Del Sarto et al., 2016; Yang et al., 2017b;

Yang et al., 2017a; Chasapis et al., 2018b; Pezzi et al., 2019; Matthaeus et al., 2020;

Pezzi et al., 2021a; Yang et al., 2022). These studies focus on the statistical movement of

energy between forms through exchange terms, rather than individual physical structures

or processes giving rise to the energy conversion. The electromagnetic energy density is

given by

Em(x, t) =
1

2

(︃
ε0E

2(x, t) +
1

µ0

B2(x, t)

)︃
, (2.96)

and the particle kinetic energy density is given by

Es(x, t) =
1

2
ms

∫︂
v2fs(x,v, t) d

3v. (2.97)

Es can be broken up into fluid flow kinetic energy density Ef
s and internal energy density

E th
s , which are defined as

Ef
s (x, t) =

1

2
msns|vs|2, (2.98)

E th
s =

1

2
ms

∫︂
(v − vs)

2fs(x,v, t) d
3v, (2.99)
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respectively. The role of j · E and pressure–strain in energy transfer becomes apparent

when writing out the equations for time evolution of the different energy densities, given

by

∂Ef
s

∂t
+∇ · (Ef

s vs) +∇ · (Ps · vs) = (Ps · ∇) · vs + js · E, (2.100)

∂E th
s

∂t
+∇ · (E th

s vs) +∇ · qs = −(Ps · ∇) · vs, (2.101)

∂Em

∂t
+

1

µ0

∇ · (E×B) = −j · E. (2.102)

Noting that j ·E and pressure–strain both appear in two equations, their role as exchange

terms is apparent: positive j·E removes energy from Em in favour of Ef ; positive (Ps·∇)·vs

transfers energy from the bulk flow to random internal motions. The (Ps · ∇) · vs term

is commonly decomposed into Psθs (called P–θs) and Πs : Ds (called Pi–Ds), which

correspond to plasma expansion and compression, and the work per unit volume done by

flow shear, respectively.

Neither j · E or pressure–strain is sign-definite (Matthaeus et al., 2020), instead the net

transfer of energy is expected to be from the electromagnetic field into the particles to

facilitate dissipation of turbulent fluctuations. For this reason – and the difficulty in mea-

suring spatial gradients of the particle moments (Adhikari et al., 2023a) – observational

studies often choose to remain agnostic to the ultimate partition of particle energy density

into Ef and E th . Instead, the critical aspect of dissipation is treated as the transfer of

energy between electromagnetic fluctuations and bulk particle energy, via j · E, which is

the scheme adopted in Chapters 5 & 6 in line with many works on magnetic reconnection

(e.g Birn and Hesse, 2005; Zenitani et al., 2011b; Phan et al., 2018) and turbulence (e.g.

Wan et al., 2015; Vörös et al., 2019).

For VDF-based dissipation proxies, the key idea is to quantify non-equilibrium features in

the VDF. These features are observed to be significant at sites of intense current sheets,

vortices, and other coherent structures where dissipation is thought to occur (Osman et

al., 2011; Servidio et al., 2012; Matthaeus et al., 2012; Parashar and Matthaeus, 2016). To

capture non-equilibrium features without visually inspecting entire distribution functions,
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various non-Maxwellianity parameters have been proposed. Many non-Maxwellianity pa-

rameters are based on changes in kinetic entropy density (e.g. Liang et al., 2020),

ss = −kB

∫︂
fs ln fs d

3v. (2.103)

Using this principle, Kaufmann and Paterson (2009) propose a measure of non-Maxwellianity

as

M̄KP ,s =
sM − ss
3
2
kBns

, (2.104)

where sM is the entropy density of the equivalent Maxwellian distribution. Liang et al.

(2020) propose a renormalisation of M̄KP ,s to prevent problems at extreme temperatures.

The renormalisation can be expressed as

M̄ s =
M̄KP ,s(︂

1 + ln 2πTs

ms(∆3v)3/2

)︂ . (2.105)

This scheme involves course-graining phase space into cells of hypervolume ∆3r∆3v, where

∆3r is a spatial volume and ∆3v is the volume of a cell in velocity space. The velocity

space grid scale is encoded into the renormalised parameter to account for the sharp, delta

functions of structures as T → 0 and for the breakdown of statistical physics descriptions

as T → ∞. M̄ s thus provides a dimensionless non-Maxwellianity measure which is 0 for

a Maxwellian, and is always non-negative so long as appropriate ∆3v is chosen.

Other attempts to quantify non-Maxwellianity involve integrating over velocity space

the difference between a measured distribution and a model Maxwellian with the same

density, bulk velocity, and temperature. Greco et al. (2012) define their non-Maxwellianity

parameter as

εs =
1

ns

√︄∫︂
(fs − gs)2 d3v, (2.106)

where gs is the model Maxwellian. This quantity is linked to the enstrophy of the plasma

as Ωs = (εsns)
2 (Servidio et al., 2017), which is also related to the free energy in some

plasma models (e.g. Schekochihin et al., 2008). Pezzi et al. (2021a) propose a slight
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modification to εs, renormalising it to

ξs = εsv
3/2
th,s , (2.107)

where vth,s =
√︁

Ts/ms is the local thermal speed, as εs has dimensions of v−3/2.

Unfortunately, the Greco et al. (2012) non-Maxwellianity parameter is problematic to

use on a collection of different intervals as the parameter is sensitive to large changes

in density. Instead, Graham et al. (2021) define the non-bi-Maxwellianity (hereafter

non-Maxwellianity for brevity) ϵs as the absolute difference between fs and a model bi-

Maxwellian gs with the same velocity moments, integrated in velocity space as

ϵs =
1

2ns

∫︂
v,θ,ϕ

|fs − gs|v2 sin θdvdθdϕ, (2.108)

where

gs =
ns

π3/2v3s,∥

Ts,∥

Ts,⊥
exp

(︄
−
(v∥ − V∥)

2

v2s,∥
−

(v⊥,1 − V⊥)
2 + v2⊥,2

v2s,∥(Ts,⊥/Ts,∥)

)︄
(2.109)

is the model bi-Maxwellian, V∥/⊥ are the bulk velocity parallel/perpendicular to B, ve-

locity space coordinates (v∥, v⊥,1, v⊥,2) are parallel to (B,V⊥,B×V⊥), respectively, and

vs,∥ =

√︄
2Ts,∥

ms

(2.110)

is the parallel thermal speed. ϵ ranges from 0 (perfect bi-Maxwellian) to 1 (no overlap

between gs and fs). The Graham et al. (2021) definition of ϵ is dimensionless, which is

preferable to enstrophy-related measures such as defined by Greco et al. (2012), as the

former do not pick up large changes in density. Another benefit of the chosen method

is that gs is defined by a drifting bi-Maxwellian, so temperature anisotropies are not

captured by ϵ, and large bulk velocities will be accounted for.

It is often helpful to know how asymmetric the VDF is around the local magnetic field

direction, deviations from which are termed ‘agyrotropy’. Since gs is cylindrically sym-

metric in the direction perpendicular to B (i.e. T⊥,1 = T⊥,2), agyrotropic features in the
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observed distribution will be captured by ϵ. To isolate the part of non-Maxwellianity

coming from agyrotropy, one can use the agyrotropy measure
√
Q (Swisdak, 2016), given

by √︁
Q =

(︃
1− 4I2

(I1 − P∥)(I1 + 3P∥)

)︃1/2

, (2.111)

where the parallel pressure P∥, the trace I1, and the sum of principal minors I2, are defined

for a pressure tensor P in arbitrary coordinates (x, y, z) by

P∥ = b̂ ·P · b̂ = b2xPxx + b2yPyy + b2zPzz + 2(bxbyPxy + bxbzPxz + bybzPyz), (2.112)

I1 = Tr[P] = Pxx + Pyy + Pzz, (2.113)

I2 = PxxPyy + PxxPzz + PyyPzz − (PxyPyx + PxzPzx + PyzPzy), (2.114)

respectively, where b̂ = B/|B| is the local magnetic field direction.
√
Q ranges from 0 to

1, where 0 represents gyrotropy and 1 corresponds to maximal agyrotropy. A maximally

agyrotropic pressure tensor will be given by

P =

⎛⎜⎜⎜⎜⎝
x

√
x

√
x

√
x 1 1

√
x 1 1

⎞⎟⎟⎟⎟⎠ , (2.115)

with eigenvalues are 0, 0, x+2 for any x ≥ 0. The
√
Q = 1 tensor takes this form because

a small perturbation which increases any of the off-diagonal components will drive one

of the eigenvalues to be negative, which would result in a tensor which is not real and

symmetric (and as such, not a physically meaningful pressure moment of the VDF).

One additional way of investigating dissipation, which is worthy of mention but not used

for the large statistical studies in this thesis, is the field-particle correlation technique

(e.g. Klein and Howes, 2016). This method explores correlations between the electric field

and the particle distribution function via the term proportional to (E+ v ×B) · ∇vfs

in the Vlasov equation (Equation 2.27). By diagnosing the energy transfer at each point

in phase space, the distribution of energy transfer in velocity space can be determined,
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producing a unique velocity-space signature of the mechanism mediating the process.

Since each collisionless mechanism is likely to have a different characteristic, the field-

particle correlation technique can be used to explore the resonant interactions underlying

energy transfer. However, due to the inherent complexity of investigating individual

structures in VDFs, it is not feasible to use this method in a statistical study.

Both ϵ and
√
Q will be investigated in Chapter 6 to probe the link between non-Maxwellian

features and turbulence. At this point, it is critical to note that the two classes of

dissipation proxies are not uncorrelated – distortion of the VDF occurs as a result of energy

transfer and vice versa (Pezzi et al., 2021a). Different dissipation measures are found to

be regionally correlated, i.e. they are enhanced in similar spatial regions, but generally

not point-to-point correlated (Yang et al., 2019; Matthaeus et al., 2020). Dissipation

in collisionless turbulence remains an active area of research (oftentimes hotly debated),

which is a key theme underlying the motivation behind work presented in this thesis.

2.4 Kinetic Microinstabilities

2.4.1 Instabilities

As discussed in Section 2.3, the physical mechanisms which give rise to dissipation in

collisionless plasmas are still poorly understood. Additionally, in the absence of collisions

the VDF can deviate significantly from equilibrium, introducing wave–particle interactions

that reduce the free energy of the system (Schekochihin et al., 2009; Verscharen et al.,

2019). Since the magnetosheath is host to strong electromagnetic fluctuations and non-

Maxwellian VDFs (e.g. Perri et al., 2020; Graham et al., 2021), understanding wave–

particle interactions helps elucidate thermodynamic regulation in this highly dynamic

region of near-Earth space plasma.

Kinetic microinstabilities are a class of wave–particle interactions which are frequently

called upon in Chapters 5 & 6. These processes act to reduce non-Maxwellian features

in the VDF by redistributing free energy in favour of growing wave modes. In this
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section, the basic principles of kinetic microinstabilities are laid out to give context to

the results in Chapters 5 & 6. These mechanisms are used only as a tool to probe the

thermodynamic regulation of the magnetosheath, rather than the individual instability

mechanisms themselves being the focus of in-depth investigation, which is reflected in the

description provided here.

Turbulence is dominated by a local cascade, whereas wave–particle instabilities are able to

directly inject energy at small scales by generating kinetic-scale electric and/or magnetic

fluctuations (Verscharen et al., 2019). This leads to an effective viscosity when particles

scatter on the small-scale field fluctuations, influencing the large-scale plasma behaviour.

When the VDF meets the conditions for an instability, wave mode amplitude A grows

exponentially with time, as

A(x, t) ∝ eγt, (2.116)

where γ > 0 is the growth rate of the instability. When the instability is growing the wave

mode, free energy in the VDF is used to drive the system closer to local thermodynamic

equilibrium. Then, when the conditions are no longer satisfied, γ falls and the system

tends towards marginal stability.

2.4.2 Quasilinear Diffusion

The effect of resonant interactions between waves and particles on the VDF is described

by quasilinear diffusion (Gary, 1993; Marsch, 2006; Verscharen et al., 2019). Particles can

partake in resonant interactions when their parallel speed is equal to the resonance phase

speed of a wave mode,

vph =
ωr − nΩs

k∥
, (2.117)

where ωr is the real frequency of the wave mode, n is a signed integer, and k∥ is the

wavevector component parallel to the background magnetic field. When n = 0 the diffu-

sion mechanism corresponds to Landau damping, and when n ̸= 0 it is cyclotron damping.

During quasilinear diffusion, particles diffuse in the direction which leads from higher to

74



Chapter 2. Theoretical Background

Figure 2.8: Schematics of quasilinear diffusion in the case of (a) perpendicular-
anisotropic, and (b) parallel-anisotropic distributions. The grey gradient and dashed
lines represent isodensity contours of the anisotropic distribution functions. The solid
semicircles show paths of conserved particle kinetic energy in the frame moving with res-
onant waves at parallel phase speed |vph | (blue) and −|vph | (red). The arrows represent
the quasilinear diffusive flux of cyclotron-resonant particles. The dotted green line corre-
sponds to v2∥ + v2⊥ = constant. Based on Verscharen et al. (2019, 2022).

lower phase space density, along semi-circles defined by

(︃
v∥ −

ωr

k∥

)︃2

+ v2⊥ = constant, (2.118)

i.e. energy in the frame moving with vph is conserved. Energy which is gained or lost by

the particles (corresponding to a positive/negative change in v2∥ + v2⊥) is transferred from

or to the wave via the resonance at k∥ and ωr (Verscharen et al., 2019).

The quasilinear diffusion mechanism is illustrated in Figure 2.8 for anisotropy-driven

instabilities, where cyclotron damping drives a VDF with T⊥ ̸= T∥ closer to local ther-

modynamic equilibrium. Figure 2.8 (a) shows how a VDF with perpendicular-dominated

anisotropy will evolve due to quasilinear diffusion. Particles with v∥ < 0 resonate with

oppositely directed wave modes, diffusing tangent to the red semi-circles from greater to

smaller f(v∥, v⊥). This reduces v
2
∥ +v2⊥, as the particles have moved inwards, further from

the line of constant kinetic energy (green). Particles with v∥ > 0 likewise interact with

resonant waves at parallel phase speed −|vph|, reducing their kinetic energy as well. The

overall effect is to redistribute excess phase space density from large to small v⊥, isotropis-

ing the distribution. The comparable case of parallel-dominated temperature anisotropy
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Name Instability Driver Driven Scale

Ion cyclotron Ti,⊥/Ti,∥ > 1 Kinetic Micro

Ion mirror Ti,⊥/Ti,∥ > 1 Kinetic Macro

Parallel ion firehose Ti,⊥/Ti,∥ < 1 Kinetic Micro

Oblique ion firehose Ti,⊥/Ti,∥ < 1 Kinetic Micro

Parallel electron firehose Te,⊥/Te,∥ > 1 Kinetic Micro

Oblique electron firehose Te,⊥/Te,∥ > 1 Configuration Micro

Electron whistler Te,⊥/Te,∥ < 1 Kinetic Micro

Table 2.2: Table of relevant instability mechanisms. After Verscharen et al. (2019).

is shown in Figure 2.8 (b), where particles with v∥ ≫ 0 resonate with resonant waves at

|vph|, diffusing down the phase space density gradient and reducing their kinetic energy.

The same happens for particles with v∥ ≪ 0 and waves at −|vph|. The resultant change

to the distribution function acts to reduce T∥ and increase T⊥ towards isotropy. Thus, in

both Figures 2.8 (a) & (b), free energy in the VDF is removed from the particles to grow

wave modes.

2.4.3 Anisotropy-driven Instabilities

Wave–particle instabilities are usually classified based on the spatial scale of the driven

unstable modes (macro/micro, e.g. Treumann and Baumjohann, 1997) or the driving

mechanism (configuration/kinetic; Verscharen et al., 2019). In the former classifica-

tion, macroinstabilities and microinstabilities refer to wave modes driven at scales much

larger than, or comparable to, the kinetic scales, respectively. In the latter classifica-

tion, configuration instabilities are those which occur due to deviations of macroscopic

quantities from equilibrium, whereas kinetic instabilities arise due to resonances involving

non-Maxwellian VDFs. A table of properties for the instabilities discussed in Chapters

5 & 6 is given in Table 2.2. These mechanisms are all temperature anisotropy-driven,

as this class of instability can be investigated conveniently on the plane of temperature

anisotropy and parallel beta (see Section 5.1).

Throughout this thesis, the instability mechanisms are collectively referred to as kinetic

microinstabilities, however there is some nuance to this description in the case of the ion
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mirror and oblique electron firehose instabilities, as shown in Table 2.2. Furthermore, the

parallel electron firehose instability is neglected due to the lower instability threshold of

the oblique electron firehose (e.g. Cozzani et al., 2023), the latter of which is hereafter

termed the electron firehose instability for brevity. For further information about these

instability mechanisms and a variety of others, see the textbook by Gary (1993), and the

review papers by Verscharen et al. (2019, 2022).

77



Chapter 3

Spacecraft Data Techniques

3.1 The Magnetospheric Multiscale Mission

Magnetospheric Multiscale (MMS) is a NASA space mission launched on 13 March 2015,

consisting of four spacecraft probes containing identical instrument suites. The mission is

designed to investigate magnetic reconnection and explore aspects of turbulence and parti-

cle energisation (Burch et al., 2016). Its instrumental resolution is unprecedented, which,

in conjunction with high spatial resolution multi-spacecraft capabilities, has unleashed a

new era of in situ space plasma research. In this section, the mission objectives, profile,

and instruments are introduced. Subsequent sections discuss the techniques employed to

clean up and process MMS data to take advantage of its scientific capabilities.

3.1.1 Science Objectives

In the mission overview, Burch et al. (2016) state three specific objectives to be addressed

in priority order:

1. Determine the role played by electron inertial effects and turbulent dissipation in

driving magnetic reconnection in the electron diffusion region.

2. Determine the rate of magnetic reconnection and the parameters that control it.
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3. Determine the role played by ion inertial effects in the physics of magnetic recon-

nection.

The studies made possible by MMS have significantly advanced our understanding of

how magnetospheric dynamics is driven by the solar wind, elucidated how kinetic plasma

physics operates in a collisionless regime, and led to the discovery of new dissipation pro-

cesses such as electron-only magnetic reconnection. As of March 2025 there are over 1500

publications indexed in the Google Scholar MMS collection1, quantifying this mission’s

invaluable contribution to the field.

Beyond its primary objective of unravelling the mysteries of magnetic reconnection, MMS

is capable of being used to undertake detailed studies into turbulence. With its high

instrumental resolution and multi-point measurements, MMS is able to investigate kinetic-

scale processes such as energy transfer (e.g. Chasapis et al., 2018a; Chasapis et al., 2018b;

Vörös et al., 2019; Pecora et al., 2023) and dissipation of turbulent energy (e.g. Chasapis

et al., 2018b; Matthaeus et al., 2020; Bandyopadhyay et al., 2021; Roy et al., 2022). Since

how dissipation operates in the absence of collisions is a critical unsolved problem, the

extensive MMS dataset represents a unique toolset to explore this unknown aspect of

turbulence.

Because MMS consists of four spacecraft orbiting in a tetrahedral formation with a small

separation between the spacecraft, accurate estimates of 3D spatial gradients can be ob-

tained from the data (see Section 3.4.1), which are key to probing the turbulent dynamics.

In Chapter 4, this capability will be used to directly measure the contributions to the elec-

tric field from the individual terms in generalised Ohm’s law (Equation 2.44), providing

observational constraints on the nature of the turbulent dynamics and turbulent energy

dissipation. While this feat could be achieved by the four-spacecraft Cluster mission (Es-

coubet et al., 2001; Matteini et al., 2016), MMS can resolve the terms down to sub-ion

scales (which has been utilised in the context of a reconnection diffusion region, for exam-

ple Torbert et al., 2016a; Genestreti et al., 2018). This feature is important to turbulence

1https://scholar.google.com/citations?user=OWZfs-4AAAAJ (Accessed March 2025)
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studies, as the small-scale behaviour of the turbulent electric field changes as it transitions

from MHD-like dynamics at fluid scales to being dominated by the Hall term and kinetic

effects at small scales (as demonstrated using MMS data by Stawarz et al., 2021).

In addition, data products containing high-quality 3D VDFs, and their corresponding

fluid moments, have made possible in-depth studies of field-particle correlations (C. H. K.

Chen et al., 2019), instabilities (e.g. Svenningsson et al., 2022; Cozzani et al., 2023), and

velocity-space structures (Shuster et al., 2019; Graham et al., 2021; Shuster et al., 2023).

These data are used in Chapters 5 and 6 to explore how turbulence gives rise to energy

conversion, and how that energy is ultimately dissipated via thermalisation of the particle

distribution. These studies would not be possible without the rich dataset MMS provides.

3.1.2 Mission Profile

The mission profile is designed so that MMS favourably encounters the dayside magne-

topause and near-Earth magnetotail, to maximise opportunities to observe reconnection

(Fuselier et al., 2016). The orbit precesses from the dayside, through the dawn flank,

then nightside, and finally dusk flank over approximately 1 year. Apogee was initially 12

RE but has since been raised to 25 RE then 29 RE. The mission was originally scheduled

for 2 years of operation, but has been extended 3 times to-date (now on its 10th year).

The precession and apogee-raising throughout the mission is demonstrated in Figure 3.1

(a). The MMS orbit is beneficial for the analysis undertaken in this thesis because the

spacecraft is close to apogee in the vicinity of the magnetosheath (especially earlier in the

mission lifetime), so extended periods of continuous observations of magnetosheath turbu-

lence are possible. As the orbit precesses, it samples different parts of the magnetosheath,

building up a useful dataset of observations for the studies in Chapters 4–6.

The spacecraft orbit in a tetrahedral formation, which elongates and flattens slightly

throughout each orbit. The tetrahedron size is frequently changed, with the smallest

separations around 7 km and the largest approximately 160 km. Comparing these sepa-

rations to the characteristic scales in the magnetosheath (presented in Table 2.1) shows
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Figure 3.1: Overview of MMS orbits and formation types, reproduced from Stawarz
and Genestreti (2023). (a) The different elliptical orbits during different phases of the
mission. The blue orbits represent the precession of apogee over the course of a year, and
the green and orange orbits show how apogee has been raised throughout the mission.
The X–Y plane in Geocentric Solar Ecliptic (GSE) coordinates is shown, with nominal
magnetopause (solid) and bow shock (dashed) by Shue et al. (1998) and Fairfield (1971),
respectively. (b) The typical tetrahedral formation comprised by the four spacecraft, plot-
ted relative to the barycenter of the formation. (c) Example string-of-pearls configuration.

that MMS routinely samples sub-ion scales (below di and ρi), almost reaching electron

scales in some cases. Indeed, in some intervals de and ρe are sufficiently large that the

interspacecraft separation facilitates sampling of sub-electron scale dynamics.

The orbits are designed so that the tetrahedron is configured optimally for good-quality

gradient estimations (Harvey, 1998) when transiting the region of scientific interest (Fuse-

lier et al., 2016). These parameters encode the geometric properties of the MMS polyhe-

dron, based on the eigenvalues of the volumetric tensor R, elements of which are defined

as

Rjk =
1

N

N∑︂
α=1

rαjrαk (3.1)

where N is the number of spacecraft (N = 4 for MMS), rαj is the j-th component of

the α-th spacecraft position r, and the mean position is taken to be zero by choosing
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the coordinate system origin to be the mesocenter (this description, and the following,

are after Robert et al., 1998b). Since this tensor is symmetric, it can be represented as

an ellipsoid in space with three principal axes (each lying in the direction of one of the

eigenvectors). If these are given by the eigenvectors R(n) of R, the eigenvalues are ordered

as

R(1) ≥ R(2) ≥ R(3), (3.2)

representing the major, middle, and minor semi-axes of the pseudo-ellipsoid:

a =
√
R(1), (3.3)

b =
√
R(2), (3.4)

c =
√
R(3). (3.5)

These are used to define the elongation E = 1 − (b/a), planarity P = 1 − (c/b), and

characteristic size,2 L = 2a. The elongation is a measure of prolateness (i.e. the forma-

tion is stretched along one direction), and planarity is a measure of oblateness (i.e. the

polyhedron is squashed along one direction). The MMS orbit is optimised to have low E

and P in scientific regions of interest, for reliable 3D gradient estimations (Fuselier et al.,

2016). An example tetrahedron is shown in Figure 3.1 (b).

During orbit change manoeuvres, the opportunity is sometimes taken to fly the spacecraft

in a colinear ‘string of pearls’ formation, as demonstrated in Figure 3.1 (c). During these

periods it is not possible to measure 3D spatial gradients because the spacecraft is no

longer in tetrahedral formation. In these periods, each spacecraft passes through roughly

the same location in sequence, giving an approximate time slice of the region, allowing

MMS to sample multiple length scales simultaneously.

2referred to as such by Robert et al. (1998b), but distinct from the characteristic spacecraft separation
Rsc introduced later in the thesis.
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3.1.3 Instrumentation

Fluxgate Magnetometer (FGM)

MMS’s FIELDS instrument suite (Torbert et al., 2016b) contains two triaxial Fluxgate

Magnetometer (FGM) sensors to provide vector DC magnetic field measurements. One

sensor is a Digital Fluxgate (DFG), whereas the other is an Analogue Fluxgate (AFG),

and they are both mounted on 5 m long booms. The basic principle of a FGM (see e.g.

Verscharen et al., 2019) is a ring core composed of a ferromagnetic alloy, wrapped by a

drive winding and a sense winding. A current is applied to the drive winding to saturate

the ring core, and any changes to the magnetic flux in the core are detected by an induced

voltage in the sense winding. In the absence of an external magnetic field, the driven fields

in the ring core cancel out. However, when there is an external magnetic field the halves

of the core producing the aligned and anti-aligned induced fields will not saturate at the

same time, leading to a net change of flux in the sense winding which induces a voltage.

Both MMS FGM sensors have a low range and high range sensing mode. DFG is capable

of measuring ±650 nT and ±10, 500 nT in low range and high range respectively, with

noise densities at 1 Hz of < 8 pT/
√
Hz and < 100 pT/

√
Hz. The values for AFG are

similar, with measurement capability of ±510 nT (low range) and ±8200 nT (high range),

with 1 Hz noise densities of 5 pT/
√
Hz and 10 pT/

√
Hz, respectively. Full details of the

design and calibration of the AFG and DFG are described in Russell et al. (2016). MMS

DC B measurements are provided at 128 Hz, although the highest frequencies are often

contaminated by noise and must be used in conjunction with AC search coil measurements

(see below).

Search Coil Magnetometer (SCM)

Fluxgate Magnetometers are typically better suited to measuring DC background mag-

netic fields (Verscharen et al., 2019). To complement FGM, MMS’s Search Coil Mag-

netometer (SCM) can be used for high-frequency AC measurements. SCM is a triaxial

induction search coil wound around a ferromagnetic core which serves to amplify the
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applied magnetic field (Torbert et al., 2016b; Le Contel et al., 2016). SCM is located

4 m along the AFG boom, providing 8192 Hz vector AC B measurements, designed to

be used in the 1 Hz–6 kHz range. The instrument sensitivity is ≤ 2 pT/
√
Hz at 10 Hz,

≤ 0.3 pT/
√
Hz at 100 Hz, and ≤ 0.05 pT/

√
Hz at 1 kHz (Le Contel et al., 2016). SCM

data cannot be used to measure background or low-frequency B fluctuations, although

it can be combined with FGM data to produce a full frequency spectrum of B (Argall

et al., 2018).

Electric Field Double Probe (EDP)

Electric fields are measured by MMS using double probes, which sense the potential

difference between spherical electrodes at the end of booms to avoid contamination by

the spacecraft electric field. To produce 3D E field observations, a Spin-plane Double

Probe (SDP) and Axial Double Probe (ADP) are used. The electric field data product

is accurate to 0.5 mV/m between DC and 100 kHz frequencies (Torbert et al., 2016b).

The SDP (Lindqvist et al., 2016) measures spin-plane electric field using the potential

difference between four spherical electrodes at the end of 60 m long booms. The ADP

(Ergun et al., 2016) senses the component of E along the spin-axis across an effective

antenna length of ∼ 29.2 m. The E data product released by MMS goes up to 8192 Hz,

which matches the SCM for sub-electron scale investigations. EDP and SCM also have

a non-continuous higher-frequency mode which captures 65,536 Hz electric and magnetic

fields (Torbert et al., 2016b).

Fast Plasma Investigation (FPI)

One of the most exciting capabilities of MMS is its high-frequency particle distribution

measurements. The Dual Electron Spectrometer (DES) and Dual Ion Spectrometer (DIS)

are able to measure 3D sky-map distributions of electron and ion phase space density

at 30 ms and 150 ms cadence, respectively (Pollock et al., 2016). Eight sensors for

each spacecraft are distributed in pairs around the spacecraft perimeter. 3D phase space

density is calculated by combining the measurements from each instrument to cover the
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full azimuthal range of the sky-map.

FPI utilises Top Hat Electrostatic Analysers (ESAs), which are devices consisting of two

concentric hemispherical shells nested closely together (Pollock et al., 2016; Verscharen et

al., 2019). Particles enter via an aperture in the outer shell and are deflected by a potential

difference across the narrow gap between the hemispheres. This potential difference is

swept across a range of values to change the range of particle energy-per-charge that are

able to reach the detectors. This sweeping process allows the instrument to build up a

particle distribution, with geometric resolution defined by the spacing between collimator

plates, and time resolution set by the dead time each detector is delayed by before it is

able to measure another particle. Where detector field-of-view overlaps, particle counts

can be combined to contribute to the distribution. It should be noted that the direction

of a measurement pixel is opposite to the velocity of the particles it measures.

The structure of MMS particle distributions is 32× 16× 32 measurements of phase space

density, constituting 16,384 velocity space co-ordinates. These are 32 energy channels per

time step, distributed across 16 polar phase angles from 0° ≤ θ ≤ 180° (where 0° is the

+Z axis), and 32 azimuth angles from 0° ≤ ϕ ≤ 360° (starting from spacecraft +X axis

and rotating counter clockwise around +Z). All angular bins are 11.25° in width, with

θ = 5.625 + 11.25 × p (for pixel number p from 0–15). Energy steps are logarithmically

spaced, because higher resolution is needed at the center of the distribution, where the

most phase space density resides.

In Phase 1A (starting 01/09/2015), MMS used alternating parity sweeps to double the

energy resolution by changing the energy channels every other time step. By interleaving

these measurements, phase space density observations for 64 energy channels (i.e. twice

the energy resolution) are possible. During this phase DES and DIS measured 10 eV–

30 keV across 32 energy steps interleaved across 2 parities. However, this is at the

expense of halving the time resolution (arguably the most groundbreaking aspect of the

measurements), so since Phase 1B (starting 26/09/2016) the energy stepping has been

effectively disabled by using identical energy steps across the 2 parities. DES measures
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6 eV–30 keV and DIS 2 eV–30 keV. The data used in this thesis come from both periods,

but the individual energy steps are only important when analysing full VDFs rather than

plasma moments, such as in Chapter 6. Plasma moments are calculated from the particle

distributions numerically, rather than by fitting the measured distribution to different

populations, and counting statistic uncertainties are propagated from the distributions to

the moments to provide error estimates for these quantities.

3.2 Processing MMS Data

3.2.1 Resampling Time Series Data

The particle and field measurements produce data at different time cadences, so to com-

bine data from different instruments it is necessary to employ interpolation and averaging

schemes. Linear interpolation is used to upsample data, inserting points between the

lower-resolution timestamps and then shifting all points forward or backward a partial

increment in time to match the higher-resolution time steps (if necessary). Data gaps,

which occur sporadically for a few consecutive points in some intervals, are also filled iby

linear interpolation. However, interpolation is not suitable for down-sampling data, as the

down-sampled data has no guarantee of compensating for spikes and troughs either side of

the measurement step. Instead, the downsampling scheme used is box-averaging, where

higher-resolution points within a rolling ‘box’ around the lower-resolution time steps are

mean-averaged. This is especially the more suitable scheme for particle moments, as these

consist of aggregations over the time step rather than instantaneous measurements.

The combined data products used by Chapters 4–6, but two illustrative examples of these

are the particle-derived current density j = ne(vi−ve) and the mass-averaged single-fluid

velocity u = (mivi +meve)/(mi +me). In the case of j, the lower-cadence ion velocity vi

is interpolated onto the higher-cadence electron velocity ve. This operation is performed

because the small-scale behaviour of j is dominated by ve, as demonstrated in Figure

3.3. In contrast, for u (which is a large-scale variable used to describe fluid motion) ve is
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averaged down onto the ion timescale because at large scales u ≈ vi (because mi ≫ me).

3.2.2 Spintone

Each MMS probe is spin-stabilised, undergoing one full clockwise rotation approximately

every 20 seconds (Burch et al., 2016). As a result of the de-spinning procedure, several

data products are recalibrated by the MMS team to remove spintone effects. An additional

product is provided which represents the spintone effect on the bulk velocities measured

by DES and DIS. Subtracting this data product from the provided bulk velocities removes

an artificial spike in the frequency spectrum (see Section 3.3) at ≈ 0.05 Hz (e.g. Bandy-

opadhyay et al., 2018). Spintone effects, particularly those related to internally-generated

photoelectrons (see Section 3.2.4), may still be present in the 3D skymap distributions,

which requires care when analysing features in the full VDFs.

3.2.3 FPI Noise Level

A significant portion of the analysis in Chapter 4 involves the power spectrum of particle

moments. As such, the statistical uncertainty needs to be propagated into frequency-space

to determine whether the noise level of FPI variables is being reached. The noise level is

estimated using the method described by Gershman et al. (2015). This involves generating

a zero-mean time series of white noise, where at each time step the noise level is a randomly

generated value from a normal distribution which has a standard deviation equal to the

FPI error provided by MMS (corresponding to the counting statistics propagated through

the particle moment calculations). Thus, at every time step the value has a probability

distribution given by

p(x) =
1√︁

2πσ(vi)2
exp

(︃
− x2

2σ(vi)2

)︃
, (3.6)

where σ(vi) is the instantaneous FPI error in the ion velocity moment. Then, the power

spectrum of the random variable for each spacecraft is taken and averaged into a single

statistical uncertainty which is an approximate noise floor. Based on this uncertainty

level, the ranges of scale where spectral curves appear to be contaminated by noise can be
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removed. This is done by isolating the range of frequency affected by noise and deleting it

from the power spectrum (and any averages taken thereof, as in Chapter 4). The process

described in this section is used to generate a noise level for the velocity as shown in 4.8,

wherein it can be seen that the velocity moment measurements do reach the noise floor

in this example.

3.2.4 Spacecraft Potential and Photoelectrons

As discussed in Section 3.1.3, FPI builds up a particle distribution by counting particles

as it scans through different energy channels across a range of azimuthal and elevation di-

rections (relative to the spacecraft spin axis). Due to attraction/repulsion experienced by

electrons/ions within non-zero spacecraft potential VSC , it is necessary to remove energy

channels with E < eVSC (in the electron case) and correct the remaining channels (and all

ion channels) by +qsVSC (Graham et al., 2021). Electron VDFs can also be contaminated

by photoelectrons, which are generated inside the ESAs leading to an artificial enhance-

ment in phase space density at low energies (Gershman et al., 2017). This effect occurs

more strongly in the sunward-pointing detectors, leading to a directional enhancement in

measured electron phase space density. Electron distributions can also be distorted at low

energies by positively-charged spin-plane and axial booms (Toledo-Redondo et al., 2019),

and the motion of low-energy electrons can be disturbed by ion plumes when the Active

Spacecraft Potential Control (ASPOC) system (Torkar et al., 2016) is turned on (Barrie

et al., 2019). It is helpful to be mindful of these effects when analysing unusual VDF

signatures, and when computing sensitive data products. For example, in Chapter 6, the

velocity (energy) axis of all VDFs is shifted to account for the effect of the spacecraft

potential, and the lowest 4 electron bins are removed from any calculations taking place

on the full particle distribution. This process is detailed further in Section 6.2.
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3.3 Power Spectra

3.3.1 Power Spectral Density

Power spectra are a useful tool to investigate fluctuation power as a function of scale.

Since the turbulent cascade typically manifests as a power-law in frequency-space, the

power spectrum is commonly employed as a means to analyse how the turbulent cascade

distributes energy across different ranges of scale.

Throughout this study, Welch’s periodogram method is used to compute the power spec-

trum (Welch, 1967). Let the n-th frame (i.e. element; time step) of the m-th block (subset

of the time series; periodogram) be given by

xm(n) ≡ w(n)x(n+mR) n = 0, 1, . . . ,M − 1,M m = 0, 1, . . . , K − 1 (3.7)

where w is the windowing function (used to taper the ends of each periodogram, mak-

ing the data quasi-periodic), K is the number of available blocks, M is the number of

nonzero samples (after windowing) and R is the offset (or overlap) between windows. The

periodogram of the m-th block is then

Pxm,M(ωk) =
1

M
(FFTN,k[xm])

2 ≡ 1

M

(︄
N−1∑︂
n=0

xm(n)e
−2πink/N

)︄2

(3.8)

where FFT is the Fast Fourier Transform, ωk = 2π/N is the frequency, ∆t is the measure-

ment resolution and N is the total length of the time series. After this, Welch’s method

for the power spectral density (PSD) is given by

Ŝ
W

x ≡ M∆t

K

K−1∑︂
m=0

Px,M(ωk) (3.9)

which is merely the average of the periodograms corresponding to each block. In this

work, a Hanning windowing function (Von Hann and DeCourcy Ward, 1903) was used

with each time series split into 3 blocks of length N/2, overlapping by N/4. Since the

intervals are expected to be statistically homogeneous, the power spectrum of each block
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Figure 3.2: Trace Power Spectral Density (PSD) of electron and ion velocity moments
as measured by the MMS FPI instruments for an interval of magnetosheath turbulence
(2016-12-08/10:16:52–10:21:02). Vertical dashed lines denote wavenumbers associated
with characteristic scales.

should be approximately the same. Averaging over the blocks reduces the noise in the

spectrum.

To illustrate the concept of the power spectrum, as well as provide useful context for later

chapters, Figure 3.2 shows the trace PSD of electron and ion velocity vectors as measured

by FPI in an example turbulence interval. In this figure, a periodogram of length 0.5M

is used, giving to 3 blocks overlapping by M/2. The PSD of vi does not extend to as

large k because the sampling rate is lower. By inspecting how the PSD behaves as a

function of scale (where l ∼ 1/k), it is clear that large-scale velocity fluctuation power

is approximately equal between the two species, but at small scales there is significantly

more power in ve than vi. The point at which vi begins to fall off faster than ve is around

the ion gyroradius, indicating that ion velocity fluctuations are suppressed in the sub-ion

range, the range within which the ions are decoupled from the magnetic field.
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3.3.2 Phase Scrambling

To probe whether random phase-alignments are present in a dataset consisting of two

vectors dotted into each other (rather than a real relationship), it can be useful to scramble

phases and perform the dot product on these new variables. This technique is employed

in Chapter 5.

To illustrate the process, take the x-component of generalised variable q and compute the

discrete Fast Fourier Transform (FFT) to obtain the Fourier series,

qx[k] = FFT(qx[n]) =
N−1∑︂
n=0

qx[n] e
−2πink/N , (3.10)

where N is the length of the time series, n represents a given element of the time series,

and k is a given frequency. The amplitude is thus

ck =
√︂
a2k + b2k, (3.11)

where ak and bk are the real and imaginary coefficients from the Fourier series. The phase

is then

θk = arctan

(︃
bk
ak

)︃
, (3.12)

which are shuffled randomly into a new order, applying the new ordering to ck too. Then

performing the inverse FFT as

qx[n] =
1

N

N−1∑︂
k=0

qx[k]e
2πink/N (3.13)

produces a phase-scrambled time series of qx. Performing this operation on the other

components of q and generalised variable w, then re-combining into vectors and taking

the dot product, yields the phase-scrambled q ·w.

91



Chapter 3. Spacecraft Data Techniques

3.4 Multi-spacecraft Techniques

3.4.1 Barycentric Estimator

The barycentric estimator is a method for computing a spatial gradient by assuming

linear gradients between each spacecraft node and Taylor expanding (Paschmann and

Daly, 1998; Shuster et al., 2019). For an arbitrary tensor quantity Q (a scalar, vector, or

higher-order tensor), the barycentric estimator relies on Taylor expanding all other nodes

around node 1 to first order

Qn ≈ Q1 +
∂Q
∂x

(xn − x1) +
∂Q
∂y

(yn − y1) +
∂Q
∂z

(zn − z1), (3.14)

to produce a linear estimate of the gradient which can be solved for the barycenter value.

The gradients ∂Q/∂x, ∂Q/∂y, and ∂Q/∂z are treated as constants, so

⎡⎢⎢⎢⎢⎣
(x2 − x1) (y2 − y1) (z2 − z1)

(x3 − x1) (y3 − y1) (z3 − z1)

(x4 − x1) (y4 − y1) (z4 − z1)

⎤⎥⎥⎥⎥⎦ ·

⎛⎜⎜⎜⎜⎝
∂xQ

∂yQ

∂zQ

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
Q2 −Q1

Q3 −Q1

Q4 −Q1

⎞⎟⎟⎟⎟⎠ . (3.15)

Solving this system gives

⎛⎜⎜⎜⎜⎝
∂xQ

∂yQ

∂zQ

⎞⎟⎟⎟⎟⎠ =

⎡⎢⎢⎢⎢⎣
(x2 − x1) (y2 − y1) (z2 − z1)

(x3 − x1) (y3 − y1) (z3 − z1)

(x4 − x1) (y4 − y1) (z4 − z1)

⎤⎥⎥⎥⎥⎦
−1⎛⎜⎜⎜⎜⎝

Q2 −Q1

Q3 −Q1

Q4 −Q1

⎞⎟⎟⎟⎟⎠ , (3.16)

which, for an arbitrary-dimensional Q gives the gradient tensor ∇Q, which is a tensor of

one rank higher than the variable Q. For an example vector,

(∇Q)ij =

⎡⎢⎢⎢⎢⎣
∂xQx ∂xQy ∂xQz

∂yQx ∂yQy ∂zQz

∂zQx ∂zQy ∂zQz

⎤⎥⎥⎥⎥⎦ , (3.17)
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which can be used to calculate the curl,

∇×Q =

⎛⎜⎜⎜⎜⎝
(∇Q)yz − (∇Q)zy

(∇Q)xz + (∇Q)zx

(∇Q)xy − (∇Q)yx

⎞⎟⎟⎟⎟⎠ . (3.18)

Similarly, the divergence is readily evaluated as

∇ ·Q = (∇Q)xx + (∇Q)yy + (∇Q)zz. (3.19)

The same process can be applied to a rank 2 tensor. In that case, the gradient tensor can

be expressed as

(∇Q)ijk =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎛⎜⎜⎜⎜⎝
∂xQxx

∂yQxx

∂zQxx

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎝
∂xQxy

∂yQxy

∂zQxy

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎝
∂xQxz

∂yQxz

∂zQxz

⎞⎟⎟⎟⎟⎠⎛⎜⎜⎜⎜⎝
∂xQyx

∂yQyx

∂zQyx

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎝
∂xQyy

∂yQyy

∂zQyy

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎝
∂xQyz

∂yQyz

∂zQyz

⎞⎟⎟⎟⎟⎠⎛⎜⎜⎜⎜⎝
∂xQzx

∂yQzx

∂zQzx

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎝
∂xQzy

∂yQzy

∂zQzy

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎝
∂xQzz

∂yQzz

∂zQzz

⎞⎟⎟⎟⎟⎠

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (3.20)

The divergence of a matrix is hence given by

∇ ·Q =

⎛⎜⎜⎜⎜⎝
(∇Q)xxx + (∇Q)yxy + (∇Q)zxz

(∇Q)xyx + (∇Q)yyy + (∇Q)zyz

(∇Q)xzx + (∇Q)yzy + (∇Q)zzz

⎞⎟⎟⎟⎟⎠ , (3.21)

which is how the electron pressure term (EPe = ∇ · Pe/ne) and the curlometer current

(j = ∇×B/µ0) are calculated from MMS data.
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Figure 3.3: Power Spectral Density (PSD) of Single Spacecraft (1SC) jpart = ne(vi−ve)
(i.e. the PSD is taken of jpart for all 4 spacecraft, then averaged) and jcurl = ∇×B/µ0.
The measurement interval used is from 2016-12-08/10:16:52–10:21:02. The wavenumber
is estimated using Taylor’s hypothesis, as described in Section 3.5.

The Taylor expansion employed by Equation 3.14 assumes that gradients between the

spacecraft probes are linear, so any calculation of a spatial gradient by MMS may become

unreliable at scales smaller than the characteristic spacecraft separation,

Rsc =
1

4

4∑︂
i=1

4∑︂
j=1

|ri − rj|, (3.22)

where r is the spacecraft position vector. This possibility is discussed further in the

following section.

3.4.2 Checking Barycentric Estimator

To illustrate the reliability of the barycentric estimator method, the power spectrum of

j as calculated from the particle velocities (jpart , Equation 2.38) and Ampère’s law (jcurl ,

Equation 2.13), is plotted in Figure 3.3. It can be seen that the power spectrum of jcurl

agrees well with that of jpart , indicating that both methods sample the same fluctuation

amplitudes as a function of scale. Since the barycentric estimator method is based on a

1st-order Taylor expansion, it assumes gradients between the spacecraft probes are linear,
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Figure 3.4: Time series of jpart and jcurl (see Figure 3.3 caption) for 2016-12-08/10:17:30–
10:18:30. The vector components are in global Field-aligned Coordinates (FAC), where
[⊥1,⊥2, ∥] are parallel to [u0 ×B0,B0 × (u0 ×B0),B0] directions.

meaning that a reduction in power is expected at k ≥ R−1
sc .

In this example, the spacecraft separation Rsc is close to the electron instrument cadence,

so jcurl only falls off slightly below k = R−1
sc . In other intervals with larger Rsc (smaller

R−1
sc ), a discrepancy appears at small scales due to the barycentric estimator method

failing to capture gradients beyond first-order at these scales. Similarly, at large scales

(e.g. at k < λ−1
c ), there is a discrepancy between the two current density measurements

which possibly arises due to the field increments between spacecraft becoming comparable

to the noise level.

An excerpt from the data used to produce Figure 3.3 is plotted in Figure 3.4. In this

period, it is apparent that the time series of the two methods for computing current density

are in good agreement, component-by-component. Small discrepancies mostly occur in

large or sharp current structures, which correspond to when the magnetic gradients may

be comparable to the spacecraft separation scale. Overall, the examples shown in Figures

3.3 & 3.4, as well as the same plots for several other intervals (not shown), suggest that the

barycentric estimator method gives a reliable approximation of spatial gradients, giving

confidence to the measurement of EPe and Ein (which rely on this technique) in Chapter

4.

95



Chapter 3. Spacecraft Data Techniques

3.5 Taylor’s Hypothesis

Taylor’s hypothesis (Taylor, 1938) is important in satellite data analysis because it asso-

ciates time series measured by spacecraft instruments with spatial slices through physical

structures. Turbulence predictions are usually expressed in terms of wavenumber k, how-

ever spacecraft measure time series and as such are only able to measure frequency spectra

(where the frequency is in the spacecraft frame). Any such frequency ωsc will have a tem-

poral component ωplas in the plasma rest frame, and a spatial component which arises

from the doppler shift, k · u0. It is possible to relate these quantities via

ωsc = ωplas + k · u0, (3.23)

where k is the wavevector and u0 is the mean bulk velocity. If the bulk flow is fast enough,

temporal changes will occur much slower than the time taken to advect over a point in

space, such that

ωplas ≪ k · u0. (3.24)

Thus, a spacecraft transecting a plasma structure subject to these conditions will measure

an effective spatial cut through the plasma instead of a time series (Sahraoui et al., 2020).

A measured frequency fsc can be converted to a wavenumber using the relation

k =
2πfsc
|u0|

. (3.25)

There are several ways in which the Taylor hypothesis is usually tested. If one assumes

that the fluctuations are related to linear wave modes, comparing the bulk velocity to the

phase speed of the different waves can be used to determine whether the hypothesis is

valid (Matthaeus and Goldstein, 1982; Klein et al., 2014; Perri et al., 2017). Alternatively,

it can be checked by comparing statistical quantities (usually the structure functions)

computed using Taylor’s hypothesis to multi-spacecraft quantities which don’t assume

Taylor’s hypothesis is valid (C. H. K. Chen and Boldyrev, 2017; Chhiber et al., 2018;

Stawarz et al., 2022). Finally, if the magnetic spectral breaks are taken to occur at ρi and
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ρe, Taylor’s hypothesis can be tested by comparing the actual frequencies of the breaks

with the Taylor-shifted gyroscales (Sahraoui et al., 2012; Huang et al., 2014). However,

as will be discussed in Chapter 4, the spectral break does not universally occur at these

scales, so this method may not be reliable in some cases.

Using these methods (particularly, recently, the structure function comparison), Taylor’s

hypothesis has been shown to be valid at the MMS spacecraft separation scale (Chasapis

et al., 2017; C. H. K. Chen and Boldyrev, 2017; Chhiber et al., 2018; Stawarz et al.,

2019; Stawarz et al., 2021; Stawarz et al., 2022) and as such can be assumed to be valid

at similar or larger scales (Stawarz et al., 2022). However, in some cases the assumption

is violated (Stawarz et al., 2019), emphasising the importance of checking its validity

when equating temporal measurements to spatial measurements. A further limitation of

Taylor’s hypothesis is that it measures the reduced wavenumber spectrum averaged onto

the direction of background flow (ωsc ∼ ku cos θku). To fully describe the k-spectrum, it

is necessary to use multi-spacecraft methods (e.g. Zhao et al., 2023).

3.6 Probability Density Functions

The Probability Density Function (PDF) of a dataset is a function which gives the relative

likelihood of a randomly sampled data point to have a given value, normalised so that

the integral of the PDF is 1. This is a powerful tool for understanding the distribution

of values within a dataset, such as in intermittent turbulence (Section 2.3.3). Taking

moments over the PDF reveals different characteristics of the distribution, which are

discussed below.

The first-order moment is simply the mean, µ. The second-order moment is the variance,

σ2, which represents the spread of the distribution,

σ2 =

∑︁N
i=1(xi − µ)2

N
, (3.26)

where xi are the elements of the distribution, and N is the total number of points in the
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distribution. The third-order moment is skewness, γ1, which is a measure of asymmetry

in the distribution, given by

γ1 =
1
N

∑︁
i(xi − µ)3

σ3
=

1
N

∑︁
i(xi − µ)3

( 1
N

∑︁
i(xi − µ)2)3/2

. (3.27)

The fourth-order moment is the kurtosis κ, which represents the tailedness of the distri-

bution, is given by

κ =
1
N

∑︁
i(xi − µ)4

σ4
=

1
N

∑︁
i(xi − µ)4

( 1
N

∑︁
i(xi − µ)2)2

. (3.28)

Kurtosis of a normal distribution is 3, smaller values have diminished tails, and larger

values have enhanced tails. As such, high κ is a convenient diagnostic of intermittency

(Greco et al., 2009).
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Chapter 4

Turbulent Electric Fields Under

Different Magnetosheath Conditions

Material in this chapter has been published as:

H. C. Lewis, J. E. Stawarz, L. Franci, L. Matteini, K. Klein, C. S. Salem, J. L. Burch,

R. E. Ergun, B. L. Giles, C. T. Russell, and P.-A. Lindqvist (2023). “Magnetospheric

Multiscale measurements of turbulent electric fields in earth’s magnetosheath: How do

plasma conditions influence the balance of terms in generalized Ohm’s law?” In: Physics

of Plasmas 30:8, p. 082901. doi: 10.1063/5.0158067

4.1 Introduction

Electric fields (E) are a crucial element in the unsolved problem of turbulent dissipa-

tion. Since magnetic fields cannot do work on the charged particles, it is the electric field

which mediates energy exchange between the magnetic field B and particle velocity via

the Lorentz force. The evolution of B is also intimately linked to E, via the induction

law (Equation 2.48), so the behaviour of the electric field indicates the physical processes

underlying the dynamics (see Section 2.3.4). As such, characterising the nature of E at

different spatial scales, and under a variety of plasma conditions, is valuable to our un-
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Figure 4.1: Schematic Power Spectral Density (PSD) of B and E, demonstrating the
change in spectral behaviour when transitioning from the MHD inertial range into the
sub-ion scales.

derstanding of how turbulence changes from the fluid regime dominated by MHD physics

to sub-ion scales where kinetic effects come into play (see Section 2.3.1).

In the context of a turbulent plasma, E exhibits a spectral slope similar to B and u

at MHD scales, which then becomes shallower below the ion scales1 (Bale et al., 2005;

Chaston et al., 2008; Stawarz et al., 2016; Matteini et al., 2016; C. H. K. Chen and

Boldyrev, 2017). This is illustrated schematically in Figure 4.1. The enhancement in E

fluctuations at small scales arises due to the growing importance of EHall and EPe (see

Section 2.1.4) compared to EMHD (Matteini et al., 2016), which has been observed in

simulations (e.g. Howes et al., 2011; Franci et al., 2015b; Franci et al., 2018; Papini et al.,

2019; Franci et al., 2020) and spacecraft measurements (Stawarz et al., 2021).

The shallower E spectrum suggests that there is a relative increase in energy density

carried by electric field fluctuations compared to the magnetic field, although for there to

be more energy in the electric field the PSD would need to be a factor of c2 greater. This

spectral behaviour has been associated with Kinetic Alfvén Waves (KAW) by comparing

E2/B2 to the dispersion relation for KAWs (e.g. Howes et al., 2008; Schekochihin et

al., 2009; C. H. K. Chen and Boldyrev, 2017; Dwivedi et al., 2019), although it has been

1Throughout, ‘below the ion scales’ refers to spatial scales smaller than around ρi and di.
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demonstrated that KAWmodes are not crucial to reproduce the electric field enhancement

(e.g. Matthaeus et al., 2008; Papini et al., 2019). Changes in the spectral behaviour might

also arise due to the potential onset of dissipative processes which interrupt and eventually

terminate the turbulent cascade.

The balance of terms in generalised Ohm’s law (Equation 2.44) reveals information about

the nonlinear dynamics, helping to constrain turbulence theories and lay the groundwork

for further studies examining energy conversion and dissipation in turbulent environments

(such as in Chapter 5). Stawarz et al. (2021) examined the relative contributions from

different terms in generalised Ohm’s law for three turbulent magnetosheath intervals,

characterising the behaviour of the spectra for each term. Within these intervals, fluc-

tuations in EMHD dominated the spectrum at large scales, transitioning to EHall around

the ion scales. The relative contribution of EPe compared to EHall was approximately

constant across scales, and the spatial part of Einertia was small across the range of scales

currently accessible by spacecraft measurements. Stawarz et al. (2021) also investigated

the ratio of nonlinear to linear components of EMHD and EHall , showing that the former

becomes more nonlinear at small scales due to increasing misalignment between B and

u fluctuations as a result of the Hall effect modifying the MHD magnetic field, and that

the latter remains constant across all scales.

The Stawarz et al. (2021) case study leaves several unanswered questions which are ad-

dressed in this study. It is still unknown how properties of the turbulence and ambient

plasma conditions impact the balance of electric field contributions, and the ratio of

nonlinear to linear contributions to each term. The work in this chapter constitutes a

statistical survey of spectral characteristics, linking changes in these to variability in the

properties of the surrounding plasma. The investigation covers how spectral features can

be estimated based on characterisations of the way turbulence self-consistently organ-

ises the fluctuations and underlying ambient plasma parameters. The implication of the

relationship between spectra, properties of turbulence, and ambient parameters in the

context of validity of turbulence theories and approximations is discussed, elucidating

101



Chapter 4. Turbulent Electric Fields Under Different Magnetosheath Conditions

potential constraints for future theoretical and simulation studies. The results provide

insight into electric field behaviour in plasma systems where high-quality multi-spacecraft

observations are not available to directly measure individual electric field contributions.

4.2 Data Set and Methods

4.2.1 Interval Selection

This study examines the database of magnetosheath turbulence intervals compiled by

Stawarz et al. (2022). The database contains 60 intervals of continuous ‘burst’ mode

observations by MMS in the magnetosheath, the dates of which are given in Appendix

B.1. The intervals are all several minutes in length, corresponding to multiple magnetic

correlation lengths λc (the largest scale of turbulence fluctuations of the magnetic field in

a system – see Section 2.3.2), are homogeneous on large scales, and have necessarily fast

bulk flow speed u0 compared to dynamic evolution of the plasma for Taylor’s hypothesis

(Taylor, 1938, see Section 3.5) to be satisfied (Stawarz et al., 2022). The intervals are

well-suited to turbulence analyses thanks to these properties, allowing power spectra to

be used to probe the turbulent cascade and for frequency spectra to be converted into

wavenumber spectra and thus compared with known spatial scales.

The dataset is suitable for an investigation into the relative importance of generalised

Ohm’s law terms as a function of plasma conditions because the intervals cover a wide

range of different background plasma parameters. The range of background parameters

is shown in Figure 4.2; covering around 2.5 orders of magnitude in βi, 2.7 in βe, 1.3 in

δBrms/B0, and 1.5 in vA. The intervals feature strong variability in plasma variables

such as B, u, and E, which is typical of the turbulent magnetosheath. Finally, the

intervals are multiple magnetic correlation lengths λc in duration (a turbulence parameter

rather than a plasma parameter; see Section 2.3.2) and the average spacecraft separation

Rsc = ⟨|Ri−Rj|⟩, for position R and spacecraft index i ̸= j ∈ {1, 2, 3, 4}, is small enough

to probe sub-ion scale gradients via the barycentric estimator method (Section 3.4.1).
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Figure 4.2: Range of background parameters: (a) βi, (b) βe, (c) δBrms/B0, and (d) vA.
The whiskers denote the most extreme values, the box represents the first quartile to the
third quartile, the purple vertical line is the median, and the cross shows the mean.

Figure 4.3 demonstrates a typical turbulence period. Panels 4.3 (a) & (b) show B and

E to be turbulent and homogeneous on large scales, exhibiting multi-scale fluctuations

without large reduction or enhancement of amplitude across the full length of the interval.

Panel 4.3 (c) shows the bulk velocity, including the local vA, where it can be seen that bulk

flow is typically faster than the Alfvén speed and that there is a relatively fast background

flow compared to the fluctuations. Panel 4.3 (d) demonstrates significant fluctuations in

the density are present, by up to a factor of 2, and that quasineutrality is maintained

between ne and ni. Panels 4.3 (e) & (f) show the current density, which exhibits bursty

signatures where the sharp peaks correspond to current sheets in regions of sharp magnetic

gradients/rotations. Comparing the two panels reveals that the current can be calculated

consistently either by the particle method or the barycentric estimator method. Panels 4.3

(g)–(k) show the calculated terms of generalised Ohm’s law (Section 2.1.4) with different

y-axis limits. Panels 4.3 (i) & (j) in particular highlight the similar location and relative

magnitude of spikes in |EHall | and |EPe |, with |EPe | typically having smaller amplitude.

Panel 4.3 (k) shows the the very small signal strength in Einertia . Finally, panel 4.3 (l)
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Figure 4.3: Time series of variables for the example interval from 2016-12-08/10:16:52–
10:21:02. Text on the right-hand side of each panel indicates whether the variable is a
Single Spacecraft (1SC) quantity (see Section 4.2.2) from a specific spacecraft, or the
barycenter average over all four spacecraft. Vector quantities are in Field-aligned Co-
ordinates (FAC), with [⊥1,⊥2, ∥] defined parallel to the local [u × B,B × u × B,B],
respectively.
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shows the fluctuating scalar isotropic temperatures, where the electrons are hotter than

the ions.

4.2.2 Computing Generalised Ohm’s Law

The four key terms in generalised Ohm’s law, EMHD , EHall , EPe , and Einertia , are computed

using the method used by Stawarz et al. (2021), outlined in the following. The component

of E arising from the advection of magnetic structure in the background flow is removed

by subtracting −u0 × B (where u0 is the mean vector single-fluid velocity ≈ ⟨vi⟩) from

the observed electric field, Eobs . This is defined as the plasma-frame electric field,

Epl = Eobs + u0 ×B. (4.1)

The same process is applied to EMHD , redefining it as

EMHD = −u×B+ u0 ×B = −δu×B, (4.2)

where δu = u − u0 is the time-varying difference from the background flow. The single-

fluid velocity is calculated as u = (meve + mivi)/(me + mi), using ve downsampled to

vi because u is dominated by vi at observable scales (see Figure 3.2). EHall is calculated

using the particle current density j = ne(vi − ve), with vi interpolated onto the electron

timescale because j is dominated by ve at small scales (as shown in Figure 3.2), where

the Hall term is important. The current is verified by comparing with the current from

Ampère’s Law, j = ∇×B/µ0, computed by the barycentric estimator method (Robert et

al., 1998a, see Section 3.4.1). Finally, Einertia cannot be fully computed because it contains

both a spatial and temporal component, which cannot be independently resolved due to

Taylor’s hypothesis. As such, the inertia term is computed as

Einertia =
me

ne2

[︃
∇ ·
(︃
uj+ ju− jj

ne

)︃]︃
. (4.3)
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4.2.3 Computing Power Spectra

Fluctuation power in turbulent variables exhibits different scalings across different wavenum-

ber bands, making the power spectrum a convenient tool to compare the relative im-

portance of variables as a function of scale. In this chapter, power spectral density is

computed using the Welch’s method (Welch, 1967) as described in Section 3.3. Where

variables are vectors or tensors, the trace power spectrum (e.g. PSD[q] = PSD[qx] +

PSD[qy] + PSD[qz]) is taken, unless otherwise stated. The electromagnetic fields and

plasma moments are measured by the four MMS spacecraft simultaneously, so one can

calculate Single Spacecraft (1SC) power spectra to reveal information about scales smaller

than the spacecraft separation. Alternatively, any variables containing spatial gradients

are computed using the barycentric estimator method (denoted by subscript bary ; defined

in Section 3.4.1), which is evaluated at the barycenter of the MMS tetrahedron and as

such filters out power at scales comparable to or smaller than the spacecraft separation.

To compare 1SC and barycenter spectra – which reveals the impact of barycenter aver-

aging – the 1SC variables are averaged onto the barycenter after computing the power

spectrum, i.e. PSD[EMHD ] = ⟨PSD[EMHD ,1SC ]⟩bary .

Figure 4.4 shows power spectra of plasma variables and generalised Ohm’s law terms for

the same example interval as in Figure 4.3. Panel 4.4 (a) shows typical power spectra

of normalised Epl, B, u, j and n. All variables have similar trends at large scales and

diverge in the ρi to di range, with Epl/vAB0 and µ0ρij/B0 following a shallower power

law than B/B0, u/vA, and n/n0. Panel 4.4 (b) shows power spectra of the generalised

Ohm’s law terms. Each term exhibits a different power law and amplitude, related to

how the dynamics vary between terms. Einertia has small fluctuation power compared

to the other three terms at all accessible scales, which is also observed in every other

interval, so this term is not considered further. Spectral characteristics of the remaining

terms, particularly the interplay between them and how this changes depending on the

plasma conditions, will be introduced in the following section and explored throughout

this chapter.
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Figure 4.4: Power spectra of plasma variables and electric field terms for interval 2016-
12-08/10:16:52–10:21:02. (a) Power spectra of selected normalised quantities: Epl/vAB0,
B/B0, u/vA, jµ0ρi/B0, and n/n0. Vertical lines represent the wavenumbers associated
with the scales λc, ρi, di, and Rsc. (b) The power spectra of Epl , EMHD, EHall ,1SC , EPe ,
and Einertia , where Epl is averaged onto the electron cadence. EPe measurements at scales
smaller than Rsc have been faded to indicate where the breakdown of the first-order
gradient approximation could be impacting reliability.

When comparing EHall to EMHD , the former term is averaged onto the measurement

cadence of the latter (the ion timescale, 150 ms cadence), and then the average of the 1SC

power spectra is taken such that (EHall/EMHD)
2 = ⟨PSD[EHall ,1SC ]/PSD[EMHD ,1SC ]⟩bary.

Conversely, when comparing EPe to EHall , EHall stays on its original sampling cadence

and the power spectrum of the barycenter average is used, such that (EPe/EHall)
2 =

PSD[⟨EHall ,1SC ⟩bary]/PSD[EPe ]. Consequently, EPe/EHall cannot be evaluated at length

scales smaller than Rsc.

4.3 Dimensional Analysis

The interplay between the different terms in generalised Ohm’s law determines the over-

all behaviour of the electric field by describing its evolution as a sum of contributions

arising from different physical effects. To understand how the balance between these

contributions changes in response to differing ambient plasma conditions, as well as the

way the turbulence self-consistently organises the fluctuations, the relationship between

power spectra of electric field terms is investigated in this chapter. Starting with the
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Fourier transforms of the MHD, Hall, and electron pressure terms in generalised Ohm’s

law (Equation 2.44), which are given in Equations 2.93, 2.94, and 2.95, respectively, a di-

mensional analysis approach is taken in this section to reduce the complexity arising from

the convolutions. By using simplifying assumptions the behaviour of the convolutions can

be estimated. Later in this chapter, the convolutions will be constrained observationally

and compared to these dimensional estimates in order to learn about the role of plasma

conditions on the spectral behaviour of the turbulent electric field.

4.3.1 Conventions

It is helpful in turbulence studies to decompose variables Q(t) into a background Q0 =

⟨Q(t)⟩ and fluctuating deviation from the mean δQ(t) = Q(t) −Q0. Additionally, when

calculating the power spectral density of a fluctuating variable (see Section 3.3) one obtains

the fluctuation amplitude as a function of wavenumber k, which is denote by δQ(k).

Taking kl = 1/l as the wavenumber associated with a given spatial scale l, we can isolate

a contribution to the fluctuation intensity from a given scale as δQ(kl). With these tools,

different ways to characterise a scale-dependent fluctuation can be defined. First, the

root mean square (rms) fluctuation δQrms =
√︁
⟨(δQ)2⟩ is equivalent to integrating the

power spectrum over all wavenumbers (which is likely to be weighted towards large scales

due to the power-law decay of fluctuation amplitudes typically exhibited by turbulence).

Alternatively, integrating across a range of k, ∆k = [k − δk, k + δk], gives the power

associated with that range of wavenumbers. A quotient of two fluctuating quantities,

δQ1(k)/δQ2(k), can be evaluated at some kl or integrated (or averaged if the ratio is

not decaying with k) over some ∆k to understand the balance of fluctuation power at

or between some scales. The following section will frequently characterise fluctuating

variables as single numbers, where the method chosen encodes some physical information

about the scale-dependence of the variables.
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4.3.2 Ratios Between Generalised Ohm’s Law Terms

The dynamics of E are dominated by EMHD , EHall , and EPe , as seen in the example

spectrum in Figure 4.4 (b). The relationship between the different terms varies on an

interval-by-interval basis, however there are some quantifiable features of the spectra

which reflect characteristics of the dynamics. The first of these is the Hall scale (kHall),

which refers to the length scale at which EMHD and EHall exchange spectral dominance.

By taking the ratio EHall/EMHD and neglecting the angles between vectors (which is not

a priori the obvious thing to do, but will be shown in the results of this chapter to be a

valid assumption), the scale dependent relationship is found to be

EHall

EMHD

∼
⃓⃓
1
ne

j×B
⃓⃓

|−δu×B|
∼

⃓⃓⃓
1
ne

∇×B
µ0

×B
⃓⃓⃓

|−δu×B|
∼

1
neµ0

k δB B

δuB
, (4.4)

where k is a wavenumber coming from ∇×B. To simplify further, using the relationship

di =

√︃
mi

ne2µ0

=
1

neµ0

√
µ0nmi, (4.5)

Equation 4.4 becomes

EHall

EMHD

∼ di√
µ0min

kδB

δu
∼ kdi

δbA
δu

, (4.6)

where the magnetic fluctuation in Alfvén units δbA = δB/
√
µ0min (where n = n0 + δn).

To approximate kHall requires taking EHall/EMHD = 1 and solving for k, such that

kHall =
1

di

δu

δbA
. (4.7)

Second, the dynamics of EPe and EHall are typically observed to be spectrally similar,

except with more power in EHall . To arrive at a dimensional analysis expression for

the ratio of these terms, EHall is expanded as in Equation 4.4, then the numerator and

denominator are multiplied by Pe,0/Pe,0 and B2
0/B

2
0 , respectively, giving⃓⃓

1
ne

∇ ·Pe

⃓⃓⃓⃓
1
ne

j×B
⃓⃓ ∼ |∇ ·Pe|

|∇ × δB/µ0 ×B|
∼ |n0Te,0∇ ·Pe/Pe,0|

|∇ × (δB/B0)× (B/B0)B2
0/µ0|

. (4.8)

109



Chapter 4. Turbulent Electric Fields Under Different Magnetosheath Conditions

Utilising the expression for the electron plasma beta,

βe =
n0Te,0

B2
0/2µ0

, (4.9)

Equation 4.8 can be simplified and treated dimensionally as

βe

2

|∇ ·Pe/Pe,0|
|∇ × (δB/B0)× (B/B0)|

∼ βe

2

δPe/Pe,0

δB/B0

B0

⟨|B|⟩
, (4.10)

where ⟨|B|⟩ = ⟨
√︁
|B0|2 + 2δB ·B0 + |δB|2⟩ is the average magnitude of the magnetic

field, which becomes B0 in the case of small fluctuation amplitudes. When making j×B

dimensionless, ⟨|B|⟩ has been included to incorporate the fluctuation amplitudes. Equa-

tion 4.10 does not contain an explicit k dependence, which is consistent with expectations

provided that δPe has the same spectral scaling as δB⟨|B|⟩.

4.3.3 Ratios of Nonlinear to Linear Contributions

Each term can be further decomposed into background (non-fluctuating), linear (single

fluctuating variable) and nonlinear (multiple fluctuating variables) components. Nonlin-

ear variables are associated with scale-transfer terms related to turbulence, whereas linear

variables in isolation produce wave-like behaviour, so measuring the ratio of nonlinear to

linear contributions of a term is a way of understanding which processes are driving the

dynamics of that term. Such factors are important in turbulence theories since they usu-

ally involve assumptions about the nature of the nonlinear fluctuations, often related to

the rate of nonlinear interactions, τnl, as compared to linear wave periods, τl (see Section

2.3). As such, the ratio of nonlinear to linear terms can be taken as a proxy for a 1/χ

parameter.

To understand how the ratio of nonlinear to linear contributions varies under different

conditions for the three dominant terms in generalised Ohm’s law, dimensional analysis

techniques are again employed to estimate the ratio of nonlinear to linear elements of

each term, hereafter denoted as RNL/L. For EMHD and EHall , the ratios are are given
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respectively by

R
NL/L
MHD =

| − δu× δB|
| − δu×B0|

∼ δB

B0

, (4.11)

R
NL/L
Hall =

|δj× δB|/ne
|δj×B0|/ne

∼ δB

B0

, (4.12)

where the −u0 × δB linear part of the EMHD term is missing since we are in the frame

moving with the bulk plasma velocity, and the j0 × δB linear part of EHall is neglected as

we expect there to be no large-scale currents.

In the case of EPe , two linear terms are present: one associated with density fluctuations

δn; and the other associated with temperature fluctuations δTe. The electric fields as-

sociated with δn, δTe, the ‘combined’ linear term, and the nonlinear contribution δnδTe

are given respectively by

Eδn = −δn∇ ·Te,0

ne
, (4.13)

EδTe = −n0∇ · δTe

ne
, (4.14)

EδTe+δn = −∇ · (n0δTe + δnTe,0)

ne
, (4.15)

EδnδTe = −∇ · (δnδTe)

ne
. (4.16)

Since there are two linear terms, R
NL/L
Pe

can be expressed as

R
NL/δTe

Pe
=

|EδnδTe |
|EδTe |

∼ δn

n0

, (4.17)

R
NL/δn
Pe

=
|EδnδTe |
|Eδn |

∼ δTe

Te,0

, (4.18)

R
NL/combined
Pe

=
|EδnδTe |
|EδTe+δn |

∼ δnδTe

n0δTe + δnTe,0

, (4.19)

where we have assumed that the divergence of the nonlinear component is the same as

that of the linear components.
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4.4 Results

4.4.1 The Hall Scale

The wavenumber kHall corresponds to the smallest spatial scale at which the turbulent

electric field is dominated by fluctuations in the MHD term. Figure 4.5 (a) shows the

square root of the ratio of EHall to EMHD as a function of scale for an example interval,

with kHall defined as the wavenumber representing the intersection of this curve with

EHall/EMHD = 1. To reduce the impact of spectral noise and the unequal density of

points across wavenumber space on the determination of kHall , the measured ratio of

spectra is averaged over equal-width bins in log space and then a linear fit is taken of this

curve. The intersection of this fit with EHall/EMHD = 1 gives the measured kHall .

Equation 4.6 expresses kHall as a function of di and δu/δbA. In the example interval, kHall

falls between kdi = 1 and kρi = 1, suggesting that δu/δbA is playing a nontrivial role in

setting the location of kHall in this interval. Figure 4.5 (b) shows the scale dependence of

δu/δbA as quantified by the square root of the ratio of the power spectral densities. For

the example interval, the ratio is roughly constant at large scales from approximately the

magnetic correlation length to the ion scales, with a slight excess of magnetic fluctuation

energy. Such an excess may be consistent with non-Alfvénic fluctuations at large scales in

the magnetosheath; however, even in the context of incompressible MHD turbulence and

in the solar wind, an excess of magnetic energy is an observed feature (Matthaeus et al.,

1986; Wicks et al., 2013; Lee et al., 2010; Stawarz et al., 2012; Franci et al., 2015a; Franci

et al., 2015b; Bowen et al., 2018). At smaller scales, starting around kρi = 1 and kHall , the

magnetic energy becomes increasingly dominant, consistent with the behaviour of kinetic

scale dynamics and the reduced importance of u at sub-ion scales. The excess of magnetic

energy across the spectrum is qualitatively consistent with the fact that kHall < d−1
i in

this interval.

Figure 4.6 compares measured values of kHall to the dimensional expression (Equation

4.7) for all 60 of the intervals examined in this study. Given that there are multiple ways
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Figure 4.5: (a) The ratio of the spectra of EHall ,1SC to EMHD ,1SC for interval (2016-
12-08/10:16:52–10:21:02), including the best-fit line derived from a smoothed spectrum
(not shown, see text). (b) The ratio of 1SC spectra of δu to δbA for the same interval.
Measured kHall is denoted in panels (a) and (b) by the green dash-dotted vertical line.

Figure 4.6: The trends between measured kHall and different ways of evaluating the
dimensional analysis expression for kHall for all 60 intervals. In each panel, the diagonal
dashed line corresponds to agreement, the red line corresponds to a best fit line calculated
linear regression in log space, and the example interval (2016-12-08/10:16:52–10:21:02)
shown in Figures 4.4 & 4.5 is surrounded by a hollow black circle to identify it.
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to characterise the scale-dependent term δu/δbA, a number of different options have been

tested, which each has a different implication for the full behaviour of the terms. These

are shown in Figure 4.6, which compares the measured kHall to a different dimensional

approximation in each panel.

The Alfvénic assumption (δu/δbA = 1) would imply that the dynamics are wholly con-

trolled by Alfvénic behaviour. Panel 4.6 (a) shows that this approximation overestimates

the value of kHall , suggesting that there is an excess in magnetic fluctuations compared

to velocity fluctuations in the magnetosheath. Similarly, Panel 4.6 (b) shows that taking

the rms fluctuations (δurms/δbA,rms) overestimates kHall in most cases, indicating that the

large-scale ratio of the fluctuations does not control the crossover scale between MHD and

sub-ion dynamics.

Further examination of δu/δbA evaluated at a variety of relevant scales based on the square

root of the ratio of power spectral densities reveals the most appropriate approximation

to use. Panel 4.6 (c) shows δu/δbA evaluated at at kρi = 1, which systematically over-

estimates the measured value; Panel 4.6 (d) shows kdi = 1, which also overestimates the

measured value, but is closer to a linear trend; and Panel 4.6 (e) shows the effect of evalu-

ating kdiδu/δbA = 1 as a scale-dependent expression, defining kdim = 1/di× (δu/δbA)kdim .

Comparing these panels, it is evident that evaluating δu/δbA at kdi = 1 gives the closest

reproduction of kHall , with a gradient of 0.91 and a correlation coefficient of 0.76, and the

smallest systematic offset. This is shown in greater detail in Figure 4.7. The agreement

suggests that scales adjacent to di are most important in determining where the transition

to Hall term dominance of the electric field occurs, which aligns with expectations as Hall

dynamics arise from a decoupling of the ion fluid from the plasma dynamics. A similar

trend is obtained for kdim , albeit with a greater offset at smaller kHall .

Further refinements are possible, such as by breaking up the fluctuations δu/δbA into

components perpendicular and parallel to the mean field B0. No combination of com-

ponents is found to produce significantly better agreement, indicating that there are no

preferred fluctuation directions which are solely controlling the MHD–Hall dynamics in
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Figure 4.7: The trend between measured kHall and the dimensional expression from
Equation 4.7 using (δu/δbA)kdi=1, for all intervals. The diagonal dashed line corresponds
to agreement, and the example interval (2016-12-08/10:16:52–10:21:02) shown in Figures
4.4 & 4.5 is surrounded by a hollow black circle to identify it.

these turbulent intervals. Indeed, many of the intervals have large fluctuation ampli-

tudes relative to the background magnetic field and seemingly near-isotropic fluctuations

(Stawarz et al., 2022). Based on the observed values of δu/δbA evaluated at kdi = 1, as

well as those feeding into kdim , δu/δbA is empirically consistent with 0.5 for the intervals

examined in this study, as shown in Panel 4.6 (f). This indicates that, for this selection

of magnetosheath plasma data, kHall di ∼ 0.5 and thus the spatial scale associated with

the Hall scale is around 2di, as the typical ratio of δu/δbA in the sub-ion scale range is

approximately 0.5. Using this empirical result in the dimensional analysis is also fairly

effective in terms of predicting the measured kHall across all intervals.

The scatter in Figure 4.7 could arise from several sources, such as the approximations used

to obtain the dimensional analysis expression for kHall , inexact measurements of kHall due

to variability in the curve of the power spectrum, or artificial enhancements in the velocity

measurements as they approach the noise floor. One of the principal simplifications of

the dimensional analysis expression is that scale-dependent alignment between different

vector quantities is neglected. Investigating alignment properties between δu, δbA, and

δb, and subsequently including characteristic values of these into the dimensional analysis

expressions, yielded no noticeable improvements, implying that they are not directly
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Figure 4.8: Power spectra of δbA, δu, and statistical uncertainty in δvi calculated from
FPI counting statistics. In the interval shown (2015-11-15/05:27:36–05:32:10), the noise
floor is reached, causing a flattening of δu.

feeding into the location of kHall .

The noise level of the bulk velocity fluctuation is checked using the method described in

Section 3.2.3 (Gershman et al., 2015). For context, the power spectra of δbA, δu, and the

noise level in δvi are shown in Figure 4.8. In this example, the bulk velocity is reaching the

noise floor, which causes it to flatten off. In all cases where velocity measurements appear

to reach the noise floor, the affected range is removed in computations of characteristic

values of δbA/δu. The procedure of checking and removing ranges of scales where velocity

fluctuations have reached the noise floor gives confidence that scatter in Figure 4.7 is

primarily arising due to uncertainty in determining the exact value of kHall , rather than

error or statistical uncertainty in the measurements.

4.4.2 Relative Amplitude of EPe
and EHall

Below kHall , the spectrum of E is dominated by a combination of EHall and EPe . The ratio

EPe/EHall represents the proportion of the fluctuation energy arising from the non-ideal

term EPe compared to EHall ,bary . This ratio is shown as a function of scale in Figure

4.9 (a) for an example interval, in which it can be seen that for kρi > 1 the spectrum
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Figure 4.9: (a) The ratio of the spectra of EHall ,bary to EPe for example interval (2016-
12-08/10:16:52–10:21:02). The orange horizontal dashed line represents the mean of this
spectrum in the range ρ−1

i ≥ k ≥ R−1
sc , computed from bins spaced equally in log-space.

(b) The ratio of 1SC spectra of δPe/Pe,0 to δB/B0, multiplied by the factors βe/2 and
B0/⟨|B|⟩, for the same interval. The orange horizontal dashed line which spans from
ρ−1
i ≥ k ≥ R−1

sc represents the mean of this spectrum in this range.

is shallow, with a gradual uptick at smaller scales. In other examples (not shown), the

spectrum ranges between a slight downwards slope, to almost completely flat, to a slight

upwards gradient.

Appealing to the dimensional expression in Equation 4.10, the scale-dependent part of

EPe/EHall is related to (δPe/Pe,0)/(δB/B0), which is plotted as a function of scale in

Figure 4.9 (b) and is found to follow a similar trend as a function of scale in the sub-ion

range as the measured ratio of spectra. This ratio has been rescaled by the constant

factors βe/2 and B0/⟨|B|⟩. The shallow gradient of the spectrum is approximately in

line with Equation 4.10, which indicates that there should be no overall scale-dependence

of the ratio, i.e. that magnetic and density fluctuations have the same power-law as

per theoretical expectations in the nearly incompressible limit (Montgomery et al., 1987;

Schekochihin et al., 2009). Comparable behaviour has been found in the solar wind

(C. H. K. Chen et al., 2012) and hybrid kinetic simulations (Franci et al., 2015a), where

similar power laws have been reported for B and n at sub-ion scales, which is consistent

with similar scaling between B and Pe if the fluctuations are isothermal. However, the
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presence of temperature fluctuations may lead to a more subtle relationship between the

pressure and magnetic field.

The factor B0/⟨|B|⟩, which is accounting for variations in the magnitude of B, is a nec-

essary factor to include, at least in the magnetosheath. This term encodes how much

the fluctuations perturb the magnitude of the magnetic field, ranging from around 10−1

to 1 in this dataset. Beyond the inclusion of the magnetic field strength fluctuation, an-

other factor to consider is that there are different ways to quantify the electron pressure

fluctuation δPe. For example, one could consider fluctuations in the isotropised pressure,

pe = Tr[Pe]/3. However, this does not take into account individual or unbalanced fluctu-

ations in the diagonal terms that may be giving rise to electron temperature anisotropy,

as such it only accounts for variations in the overall amount of pressure, as opposed to

variations in the amount of anisotropy. The scale-dependent pressure fluctuation is com-

puted by taking the power spectrum of each of the diagonal terms then summing (i.e.

the trace power spectrum of the Pe tensor, equivalent to 3 times the power spectrum of

the isotropic pressure). In principle, the off-diagonal components could also contribute to

the dynamics, but upon further investigation it was found that including the off-diagonal

parts of Pe into δPe does not improve agreement, implying that these do not significantly

contribute to EPe/EHall . It is still unknown whether the spectrum of off-diagonal terms

in the pressure tensor would need to be included in a situation where those dominate, as

this is not a case that has been observed by MMS.

To quantify EPe/EHall and δPe/δB, the average value of the smoothed measured ratio

in log-space between kρi = 1 and kRsc = 1 is used, as denoted by the horizontal orange

dashed lines (respectively) in Figures 4.9 (a) and (b). Investigating the spectrum for every

interval revealed that the sub-ion ratio either had a shallow gradient or was flat. In the

example interval, the gradient is upwards towards smaller scales. It was found that using

the mean value, rather than taking into account the upwards/downwards trend present in

some intervals, was the most effective way of characterising the ratio. This is demonstrated

in Figure 4.10, which shows the agreement between the measured EPe/EHall and the
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Figure 4.10: Trends between the measured value of EPe/EHall and the value estimated
from Equation 4.10, both evaluated between kρi = 1 and kRsc = 1. Error representing
the standard deviation of the data going into each interval average denoted by a scatter
point. In both panels, the diagonal dashed line corresponds to agreement, and the example
interval (2016-12-08/10:16:52–10:21:02) shown in Figures 4.4, 4.5, and 4.9 is denoted by
a hollow black circle.

dimensional analysis expression in Equation 4.10 for all intervals. The general trend shows

good agreement, indicating that the dimensional estimate works well. As such, it can be

concluded that it is indeed necessary to include B0/⟨|B|⟩ into the expression for EPe/EHall

in the magnetosheath, and that one needs to take into account the fluctuations in the

diagonal components of the electron pressure tensor in order to include the anisotropy

fluctuations. This shows that the level of fluctuations compared to the background, as

well as fluctuations in the anisotropy, have an impact on the relative importance of Hall

and electron pressure dynamics. By taking these steps the ratio of EPe to EHall in the

sub-ion range can be characterised.

A simple error analysis was performed for the scatter points using the standard devi-

ations around the mean for both axes of each scatter point, as shown in Figure 4.10,

which demonstrates uncertainties of order ∼ 0.1 for both axes. The implication of the

majority of points being within error bars of the agreement line is that the gradual up-

wards/downwards trend in EPe/EHall is not significantly altering the dimensional char-

119



Chapter 4. Turbulent Electric Fields Under Different Magnetosheath Conditions

Figure 4.11: Ratios of the power spectra of the nonlinear and linear components of
EMHD ,1SC , EHall ,1SC and (−ve×B)1SC for interval (2018-04-27/17:56:24–18:03:50), which
is not the same example as mostly used throughout this chapter so far. The horizontal
dash-dotted line corresponds to δBrms/B0.

acterisation. Additionally, the three leftmost points in the scatter plot appear to be

systematically enhanced compared to the dimensional analysis estimate, which indicates

that the computation of EPe may be contaminated by noise. However, a noise floor is not

clearly identifiable when analysing the power spectrum, so there may be another source

of uncertainty affecting these intervals.

4.4.3 Nonlinear and Linear EMHD and EHall

Just as the E dynamics as described by generalised Ohm’s law can be split into different

terms corresponding to separate physical effects, so too can each term be decomposed

into contributions from nonlinear and linear components. Figure 4.11 shows an example

of the ratios of power spectra of nonlinear and linear terms contributing to EMHD , EHall

and EMHD +EHall = −ve×B, where the nonlinear and linear components of −ve×B are

computed separately. The nonlinear to linear terms, which are given in Section 4.3.3, are

computed relative to the global mean of each variable before the ratio of power spectra

is taken.
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At scales larger than the ion scales (in this case between λc and ρi) R
NL/L
MHD and R

NL/L
Hall are

constant as a function of scale and centered around δBrms/B0, indicating that there is a

balance between the linear and nonlinear terms in the system. At smaller scales, R
NL/L
MHD

diverges from δBrms/B0 to become increasingly nonlinear. This occurs due to dealignment

of δB and δu at smaller scales, whereas alignment between B0 and δu does not vary with

scale, leading to a relative strengthening of the nonlinear term (Parashar et al., 2018;

Stawarz et al., 2021).

The dealignment may be occurring due to EHall causing beyond-MHD modifications to the

magnetic field at scales below kHall . The ratio of nonlinear to linear terms (NL/L) for the

MHD term, R
NL/L
MHD , is evaluated at length scales between λc and ρi, in the range where the

ratio of nonlinear to linear components is unaffected by the Hall effect. R
NL/L
Hall , on the other

hand, remains constant as a function of scale, in such a way that the combination of EMHD

and EHall , −ve ×B, also remains approximately constant as a function of scale from the

correlation length down to the smallest observable scales. As such, the dominant dynamics

in generalised Ohm’s law at any given scale appear to arrange themselves such that they

maintain a balance between the linear and nonlinear contributions. The ratio between the

two terms is set by the strength of δBrms/B0 across all scales, which is weighted towards

the behaviour of the largest-scale fluctuations, implying that the largest-scale properties

of the fluctuation amplitudes are determining the relative importance of nonlinear and

linear terms.

From Section 4.3, the relative scaling of nonlinear to linear MHD and Hall terms both

reduce to δB/B0 within the dimensional analysis treatment. Figure 4.12 (a) shows R
NL/L
MHD

averaged over the scale range kλc = 1 to kρi = 1 as compared to δBrms/B0 for all the

intervals, and Figure 4.12 (b) shows R
NL/L
Hall averaged over the scale range kλc > 1 compared

to δBrms/B0 for all intervals. In all cases the ratios appear to be roughly consistent with

the behaviour shown in the example interval and clearly scale with the ratio δBrms/B0.

A scaling with δB/B0 is in agreement with Equations 4.11 and 4.12, where in this case

the ratio of large-scale magnetic field fluctuations to average background field, δBrms/B0,
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Figure 4.12: (a) The relationship between measured R
NL/L
MHD averaged over scales between

kλc = 1 and kρi = 1, and δBrms/B0, for all intervals. (b) The relationship between

measured R
NL/L
Hall averaged over scales smaller than the correlation length,and δBrms/B0,

for all intervals. In both panels the dashed diagonal line represents agreement, and the
interval (2018-04-27/17:56:24–18:03:50) from Figure 4.11 is denoted by a hollow by a black
circle.

is determining the relative scaling of nonlinear to linear contributions.

Since the constant ratio of linear to nonlinear terms is being set by δBrms/B0, there

exist intervals that are strongly dominated by the nonlinear dynamics as well as intervals

which are dominated by the linear dynamics even while maintaining a balance between

them. The spread in the scatter trends may be associated with how well the estimate of

the mean value of the ratio has converged given the variability in the ratio, which has a

greater impact on the MHD term because a smaller range of scales means that fewer data

points are used to calculate the average. For the magnetic field, it is expected that this

is the more significant source of uncertained compared to the uncertainty on the actual

measurement of B.

4.4.4 Nonlinear and Linear EPe

R
NL/L
Pe

is a more complex quantity to evaluate because EPe consists of two linear terms

as well as a nonlinear term. When the same dimensional approach as in Section 4.4.3 –

using the rms as the characteristic fluctuation amplitude – is applied to all components of
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Figure 4.13: Measured values in the sub-ion range plotted against dimensional estimates
characterised by the rms fluctuation amplitude. (a) R

NL/combined
Pe

compared to dimensional

estimate from 4.19. (b) R
NL/δn
Pe

compared to 4.18. (c) R
NL/δTe

Pe
compared to 4.17. In all

panels, the diagonal dashed line corresponds to agreement and the example interval (2016-
12-08/10:16:52–10:21:02) is identified by a hollow black circle which surrounds the scatter
point.

R
NL/L
Pe

, the dimensional estimation fails to account for measured values in all 60 intervals.

The discrepancy is shown in Figure 4.13 (a), in which it can readily be observed that all

scatter points are above the agreement line, indicating that the dimensional estimation is

underestimating the measured value.

It is interesting to note that every interval has a measured R
NL/L
Pe

< 1, showing that the

electron pressure divergence term is dominated by its linear components for all intervals, in

contrast to R
NL/L
MHD and R

NL/L
Hall . Additionally, when the fluctuation amplitudes are evaluated

at characteristic scales such as kρi = 1 and kdi = 1, or when they are averaged between

kρi = 1 and kRsc = 1, agreement is still not found. Lack of agreement is also true

for the ratio of nonlinear to individual linear terms given by Equations 4.17 & 4.18, as

seen in Figures 4.13 (b) & (c), respectively, implying that the underestimation is not

coming from correlation between the two linear terms in the denominator of R
NL/L
Pe

. The

relative scaling of nonlinear to linear parts of EPe can not be characterised as a function

of plasma conditions using the simple dimensional form of the expressions – instead, the

full convolution between variables needs to be accounted for.

Since R
NL/L
Pe

cannot be reproduced using simple dimensional estimates, it is instead nec-

essary to break down the contributions to this term and qualitatively compare the be-
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Figure 4.14: (a) Power spectra of Eδn , EδTe , Eδn+δTe , and EδnδTe , for the example
interval (2016-12-08/10:16:52–10:21:02). Each curve corresponds to the power spectrum
of an individual component of the electron pressure term, which are calculated at the
barycenter as per the gradient estimation technique used to compute the divergence.
Power spectra of the contributions from the diagonal components of the temperature
tensor are computed before being summed together. (b) The various linear and nonlinear
combinations of background and fluctuating n and Te that feed into δPe, for the same
interval. The power spectrum of each variable is computed for each spacecraft before
being averaged together, to reduce variability in the spectrum.

haviour of each. The electric field terms that contribute to EPe are given by Equations

4.13–4.16, the power spectra of which are shown in Figure 4.14 (a). From this figure, the

ratio EδnδTe/EδTe and the ratio EδnδTe/EδTe+δn both appear to be independent of scale,

whereas Eδn becomes smaller below the ion scales, resulting in a larger EδnδTe/Eδn at

smaller scales. This behaviour indicates that the electric field associated with tempera-

ture fluctuations is increasingly dominating the linear component of the electron pressure

term towards larger wavenumbers, implying that temperature fluctuations are playing a

more important role in the EPe dynamics than density fluctuations.

The increasing importance of EδTe relative to Eδn at sub-ion scales is readily apparent

in the example spectrum in Figure 4.14 (a) and may have important consequences as it

suggests violation of purely isothermal dynamics in the sub-ion scales. It could be that the

changing relative importance of linear terms precludes a simple dimensional estimation

from being employed on this term. It has been demonstrated in Figure 4.14 (a) that

the linear contributions to EPe are dominating the term, so any estimate for the relative

scaling of nonlinear to linear parts may be sensitive to the relative dynamics of the Eδn
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and EδTe contributions. This could explain why R
NL/L
Pe

cannot be captured by a simple

dimensional approximation.

Figure 4.14 (b) shows power spectra of the linear and nonlinear components of Pe for an

example interval, which corresponds to the variables whose divergence are associated with

components of the electron pressure term. The combination of the two linear variables

is dominant at all accessible wavenumbers, which is the same for all intervals and in

agreement with the observation that EPe is dominated by linear components. The trends

are broadly the same as those of the different contributions to EPe , as illustrated in Figure

4.14 (a). The linear term n0δTe becomes progressively larger relative to δnTe,0 at sub-ion

scales. This suggests that temperature fluctuations are increasingly more important than

density fluctuations at small scales, which indicates that the similar findings for EδTe and

Eδn are not solely arising due to differences between the divergence of each fluctuating

variable.

4.5 Discussion

4.5.1 The Hall Scale: Underlying Dependences

The relationships demonstrated in Section 4.4 convey only part of the complex interde-

pendence between the electrodynamics and the turbulence properties and ambient plasma

conditions within the magnetosheath. It has been shown that kHall ∼ 1/di × (δu/δbA),

which means that the length scale where the Hall fluctuations become dominant, kHall ,

scales with 1/di and the ratio of velocity to magnetic fluctuations. The value of δu/δbA

is a scale-dependent quantity that is influenced by an excess of magnetic energy at MHD

scales, before beginning to drop off as velocity decouples when the Hall effect takes over.

The fact that large-scale δu/δbA does not control kHall suggests that the diverging δu and

δbA spectra at sub-ion scales may be playing a role in the dynamics. It is interesting that

kHall is not best described using (δu/δbA)kHall
, as this implies that the relative fluctuation

amplitude at scales other than those adjacent to kHall are feeding into the location of the
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Figure 4.15: Power-law relationships between (a) δu/δbA and δBrms/B0, and (b) βi and
δBrms/B0. The orange line represents the power law obtained by taking the line of best
fit in log-space. α signifies the power law and R is the correlation coefficient.

change in dynamics, implying moderately nonlocal behaviour (in potential violation of

the local approximation used in most cascade theories).

Additionally, there may be an underlying dependence of δu/δbA itself on the ambient

plasma conditions. This means kHall has a combination of explicit dependence on plasma

parameters as well as underlying dependences coming from δu/δbA. If the fluctuations

were Alfvénic, or if there was no dependence of δu/δbA on plasma conditions, one would

expect kHall ∼ d−1
i . However, the best fit line is calculated as kHall ∼ d−1.2

i based on

Figure 4.6 (a). Beyond this, investigating the underlying dependences of δu/δbA on other

parameters reveals the relationship δu/δbA ∼ (δBrms/B0)
−0.21, as shown in Figure 4.15

(a). This shows that the fluctuations in velocity and magnetic field become closer to being

Alfvénic for intervals with smaller magnetic field fluctuations compared to the background,

which is consistent with small amplitude fluctuations being more wave-like. To summarise,

in the case of intervals with smaller background fluctuations, kHall approaches 1/di. A

future investigation may wish to extend this trend to intervals with very small δBrms/B0

to see if kHall becomes smaller than 1/di, as well as check whether δB contributions from

other length scales exhibit stronger control over the behaviour.

When checking δBrms/B0 against other parameters, a scaling of βi ∼ (δBrms/B0)
1.53 was
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uncovered for the set of magnetosheath intervals used, as seen in Figure 4.15 (b), which

folds into the expression for kHall as

kHall ∼
β−0.14
i

di
. (4.20)

Since βi = ρ2i /d
2
i , it follows that kHall ∼ ρ−0.28

i d−0.72
i , which introduces a dependence on ρi

that was not originally apparent from the dimensional analysis. Based on Equation 4.20,

the (normalised) spatial Hall scale, lHall/di ∼ β0.14
i , can be compared to empirical esti-

mates for the B spectral break scale inferred from solar wind observations and numerical

simulations (C. H. K. Chen et al., 2014; Franci et al., 2016),

lbreak
di

∼ 1

3

(︄
1 + β

1/2
i − β

1/4
i

2

)︄
. (4.21)

In this dataset, βi ranges from 0.81–243.03. Across this range, the curve of lbreak/di as a

function of βi is not similar to that of lHall/di. Qualitatively, lbreak/di is less than lHall/di

at small βi, then rises faster than lHall/di, overtaking around βi ≈ 20. However, the extent

of the relationship between lHall and lbreak has not been fully investigated here, and could

form the basis of a future study. It would be interesting to further test the relationship on

intervals with a wider range of βi ≤ 1, if such conditions can exist in the magnetosheath.

4.5.2 Pressure vs Hall: Underlying Dependences

It has been shown that the value of (EPe/EHall)sub-ion has a functional dependence on

βe/2, ((δPe/Pe,0)/(δB/B0))sub-ion, and B0/⟨|B|⟩. The latter two quantities have direct

dependences on β = βe + βi, with ((δPe/Pe,0)/(δB/B0))sub-ion ∼ β−0.68, and B0/⟨|B|⟩

featuring two populations with different relationships to β, shown in Figures 4.16 (a) & (b),

respectively. There is a population with relatively small δBrms/B0 in which B0/⟨|B|⟩ ∼

1 and is independent of β. Another population, corresponding to large δBrms/B0 has

B0/⟨|B|⟩ ∼ β−0.33. These populations may be explained by considering the definition of
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Figure 4.16: (a) The relationship between (δPe/Pe,0)/(δB/B0) and β, compared to
the Boldyrev et al. (2013) (labeled B13) Kinetic Alfvén Waves (KAW) prediction. (b)
The relationship between B0/⟨|B|⟩ and β, with δBrms/B0 on the color axis. (c) The
relationship between (δPe/Pe,0)/(δB/B0)×B0/⟨|B|⟩ and β for both populations of ⟨|B|⟩,
also compared with the B13 prediction (multiplied by the B0/⟨|B|⟩ prefactor for each
interval). The example interval (2016-12-08/10:16:52–10:21:02) and the interval from
Figure 4.11 (2018-04-27/17:56:24–18:03:50) are denoted by a hollow black circle and hollow
black square, respectively.

⟨|B|⟩/B0,

⟨|B|⟩
B0

=

⟨︄√︄
1 +

2δB∥

B0

+

(︃
δB∥

B0

)︃2

+

(︃
δB⊥

B0

)︃2
⟩︄

≥ 1, (4.22)

which puts an upper limit on the ratio B0/⟨|B|⟩, which will happen when the fluctuations

are very small compared to the background.

When combining the dependences revealed in Figures 4.16 (a) and 4.16 (b), two power-law

scalings governing the dependence of EPe/EHall with β emerge, as shown in Figure 4.16

(c): ((δPe/Pe,0)/(δB/B0))sub-ion × B0/⟨|B|⟩ ∼ β−0.75 for small-fluctuation intervals and

((δPe/Pe,0)/(δB/B0))sub-ion × B0/⟨|B|⟩ ∼ β−1.07 for large-fluctuation intervals. Folding

these relationships into the original expression for (EPe/EHall)sub-ion gives

(︃
EPe

EHall

)︃
sub−ion

∼

⎧⎪⎪⎨⎪⎪⎩
βeβ

−0.75, small δBrms/B0

βeβ
−1.07, large δBrms/B0.

(4.23)

which serves as an approximation for the observed value of (EPe/EHall)sub-ion.

It would be desirable to extend this research to a much wider dynamic range of EPe/EHall

(if this exists – see end of this paragraph) and β, in order to further explore the trends of

both populations. In particular, regions with low fluctuation amplitudes and high beta
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to confirm whether the β−0.75 extends to large β alongside the β−1.07 trend. Additionally,

identifying regions with strong fluctuation amplitudes and low beta would be useful as it

would show whether the β−1.07 trend plateaus for small β, in accordance with the trend

of the other population. Such intervals may be unlikely to occur in the magnetosheath,

as when δBrms/B0 is large this implies small B2
0 , which must then be countered by an

appropriately small Ti,0 to generate small β. However, in this dataset variation in β is

typically driven by changes in B2
0 , which covers ∼ 2.3 orders of magnitude, whereas Ti,0

only varies over∼ 1 order of magnitude. In addition to extending the trends, these findings

indicate that it may be difficult to identify magnetosheath intervals where EPe ≥ EHall .

This means that, given β = βe+βi ≥ βe and, in this dataset, βi/βe > 1, neither population

is expected to produce EPe/EHall > 1 in the turbulent magnetosheath. Even in the

unlikely case that β ≈ βe in the magnetosheath, for EPe/EHall > 1 one would need to

identify an interval with βe ∼ 104 (for small δBrms/B0) or βe ≈ 0 (for large δBrms/B0).

4.5.3 Kinetic Alfvén Wave Predictions

The functional dependence of (δPe/Pe,0)/(δB/B0) on β noted here can be compared to

the expectation from linear Kinetic Alfvén Waves (KAW) theory (Boldyrev et al., 2013,

hereafter ‘B13’), which is often invoked in theoretical descriptions of kinetic scale plasma

turbulence (Bale et al., 2005; Schekochihin et al., 2009; Roberts et al., 2022). Imposing

the assumption of isothermal Te justifiable in various space plasmas (e.g. Schekochihin et

al., 2009), but shown earlier in this chapter to be violated within the magnetosheath, the

relative amplitude of scalar isotropic electron pressure to magnetic fluctuations is given

by (Boldyrev et al., 2013)

δpe/n0Te,0

δB/B0

∼ δn/n0

δB/B0

∼
(︃
β2

2
+

β

2

)︃−1/2

. (4.24)

This expression is found to underestimate the measured value for the whole dataset, as

shown in Figures 4.16 (a) & (c), in agreement with the findings of Stawarz et al. (2021).

Equation 4.24 is a factor of ∼ 3 smaller than the observed value of (δPe/Pe,0)/(δB/B0)
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for small β, dropping off faster than (δPe/Pe,0)/(δB/B0) with larger β, as shown in Figure

4.16 (a).

There may be several factors that lead to the disagreement between Equation 4.24 and the

observations. One possibility could be that the dynamics are KAW-like, but the assump-

tions that go into Equation 4.24, such as isothermal and isotropic electrons, are violated.

The results of Section 4.4.4 suggest that the temperature fluctuations are playing a role in

the dynamics in the magnetosheath, thus rendering the isothermal approximation invalid

– an assumption which is commonly made in theoretical descriptions of plasma turbu-

lence (Schekochihin et al., 2009). Furthermore, electron distributions are observed to have

anisotropy in the temperature within the magnetosheath (average Te,⊥/Te,∥ varies between

0.69–1.03 for this range of intervals, but instantaneous values have a far wider range), and

taking into account the fluctuations associated with this anisotropy was necessary when

comparing EPe to EHall . The role of anisotropy-driven kinetic microinstabilities in magne-

tosheath thermodynamics (and associated energy conversion related to the electric field)

is explored in Chapter 5. Beyond this, distributions can deviate from bi-Maxwellians,

which is an effect explored in Chapter 6.

Another possible factor which leads to disagreement between KAW physics and mea-

surements is that a different wave mode may be relevant, for example whistler waves.

Boldyrev et al. (2013) derive an expression for (δn/n0)
2/(δB/B0)

2 in the case of whistler

waves,

(δn/n0)
2

(δB/B0)2
=

1

2

ω4
pi

k4
∥c

4
, (4.25)

however this is expected to be small since the denominator on the right hand side contains

k4
∥, which is typically large. As such, whistler waves are not expected to explain the

behaviour; instead, it is likely that no single wave mode is dominating the dynamics

in the magnetosheath. It may be that the strong nonlinearity observed in many of the

intervals is fundamentally altering the dynamics and that fully nonlinear solutions are

needed to account for the observed relationship.
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4.6 Summary

In this chapter, the spectral properties of generalised Ohm’s law terms have been evalu-

ated in a statistical sense, using a large dataset of MMS measurements of Earth’s magne-

tosheath. Terms in generalised Ohm’s law amount to successive corrections to the ideal

MHD conditions, incorporating additional physical effects which become relevant at dif-

ferent spatial scales. As such, understanding how the electric field operates in a given

situation reveals information about how the plasma dynamics arise. Thus, the turbu-

lent electric field is a powerful tool to probe the nonlinear dynamics of turbulent space

plasmas.

The power spectrum of each electric field term contains a convolution of multiple fluctuat-

ing variables, indicating that contributions to the dynamics are dependent on a variety of

spatial scales. Furthermore, the relative importance of nonlinear and linear components

within each term determines how the turbulence operates, constituting an important char-

acteristic upon which descriptions of turbulence can be built. The aim of this study has

been to unravel the complex interdependence between the contributions to the total elec-

tric field, as well as between the nonlinear and linear components, by approximating the

full convolutions in terms of underlying plasma conditions and properties of the turbulent

fluctuations. This study has advanced our understanding of the impact of variability in

magnetosheath properties on the relevance of different physical effects in controlling the

dynamics.

Characteristics of the relative importance of EMHD , EHall , and EPe have been identified

which are present in all intervals, but vary from one interval to the next. These are

the crossover between MHD and Hall dynamics, kHall , the ratio of electron pressure to

Hall contributions, EPe/EHall , and the ratio of nonlinear to linear contributions from

each term. The work presented here confirms expectations that kHall typically occurs

around the ion scales, and that (EPe/EHall)sub-ion is approximately constant as a function

of scale. R
NL/L
MHD is constant at scales larger than the ion scales, R

NL/L
Hall is constant across all

accessible scales, and these ratios demonstrate a scale-by-scale balance between the linear

131



Chapter 4. Turbulent Electric Fields Under Different Magnetosheath Conditions

and nonlinear terms is achieved that can be dominated by either the nonlinear or linear

terms. EPe is dominated by linear components, typically a mixture of contributions from

δn and δTe at large scales, then by contributions from δTe at small scales, which calls

into question the fact that many studies neglect temperature fluctuations altogether.

Equations have been developed to approximate how kHall , EPe/EHall , R
NL/L
MHD , and R

NL/L
Hall

depend on the properties of the turbulence and ambient plasma conditions. This is in

agreement with work by Franci et al. (2020), which showed that properties of the turbulent

cascade are mainly dependent on ambient plasma conditions rather than the type of

large-scale driver. The Hall scale most clearly depends on 1/di and δu/δbA evaluated at

the ion inertial length. At sub-ion scales, EPe/EHall depends on βe, (δPe/Pe,0)/(δB/B0)

averaged over the sub-ion scales, with all three of the anisotropic diagonal components

of Pe included into δPe, and B0/⟨|B|⟩. At scales larger than the ion scales, R
NL/L
MHD and,

across all scales, R
NL/L
Hall is constant and goes as δBrms/B0, indicating that the balance

between the background field and large-scale magnetic fluctuations controls the relative

nonlinearity to linearity of these terms.

Several of the key properties of the turbulent fluctuations, namely δu/δbA,

(δPe/Pe,0)/(δB/B0) and B0/⟨|B|⟩, have underlying dependences on plasma conditions

such that kHall and EPe/EHall are expressible solely as empirical functions of ambi-

ent plasma parameters. An evaluation of the Hall scale gives kHall ∼ β−0.14
i × (1/di).

For the relative amplitude of electron pressure to Hall fluctuations, the relationship

(δPe/Pe,0)/(δB/B0) ∼ β−0.68 is uncovered. Such a scaling is not consistent with the

isothermal linear KAW approximation. Indeed, temperature fluctuations are playing a

significant role in generating the non-ideal electric field. Additionally, two populations

of B0/⟨|B|⟩ behaviour are identified, corresponding to small and large δBrms/B0, respec-

tively. When combined, the two populations feed into (EPe/EHall)sub-ion, corresponding

to βe/β
0.75 (small δBrms/B0) and βe/β

1.07 (large δBrms/B0), respectively.

This work opens the door to a variety of further research directions. Investigating how

the findings of this study compare to different plasma systems, covering an extrapolation
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beyond the extrema of the intervals used here – as well as completely different parameter

regimes – would give useful insight into the applicability and limitations of these results. A

formal analysis of the relationship between the Hall scale and the magnetic field spectrum

break scale may reveal the role of the sub-ion electric field in changing the magnetic field

dynamics, particularly in regions with a well-developed inertial range such as the solar

wind. Another further study may aim to incorporate temperature fluctuations into the

KAW treatment of (δPe/Pe,0)/(δB/B0), to determine whether KAW physics is important

in the dynamics of the magnetosheath. Beyond this, it is clear that simple dimensional

analysis expressions cannot reliably approximate the relative scaling of linear and nonlin-

ear contributions to EPe , so it would be interesting to uncover why dimensional analysis

methods break down for this term, and not others. Such a study may give insights into

the nature of the interplay between the two linear terms which jointly dominate the EPe

dynamics.

It would be interesting to explore whether the results in this chapter are linked to system-

atic variations with distance from the bow shock, or more generally with position within

the magnetosheath, as a result of recently driven turbulence evolving as it develops. This

would contribute to the body of work assessing the different spectral ranges of turbulence

present throughout the magnetosheath. A cursory assessment reveals no obvious links

between the Ohm’s law characteristics and location in the magnetosheath, but a different

dataset may be required to extensively explore this aspect (potentially based on the 2023

MMS unbiased magnetosheath campaign). Similarly, it would be interesting to examine

whether the results in this chapter are linked to systematic variations with upstream solar

wind conditions.

This chapter explores contributions to the turbulent electric field and how they change

relative to one another based on changes to the turbulent plasma environment. This

has direct implications for energy conversion and the dissipation of turbulent fluctuation

energy as the electric field facilitates these processes in collisionless space plasmas. The

chosen direction for further work in this thesis is to explore the role of the electric field in
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mediating energy transfer between the electromagnetic field and the particles. In Chapter

5, electric field-driven energy transfer will be studied in the context of processes which

regulate the plasma thermodynamics, such as kinetic microinstabilities, to build up a

picture of how the turbulent electric field modulates magnetosheath energetics.
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Chapter 5

Linking Turbulent Energy

Conversion to Kinetic

Microinstabilities

Material in this chapter has been published as:

H. C. Lewis, J. E. Stawarz, L. Matteini, L. Franci, K. G. Klein, R. T. Wicks, C. S. Salem,

T. S. Horbury, and J. H. Wang (2024). “Turbulent Energy Conversion Associated With

Kinetic Microinstabilities in Earth’s Magnetosheath”. In: Geophysical Research Letters

51:24, e2024GL112038. doi: 10.1029/2024GL112038

5.1 Introduction

In collisionless plasmas, internal energy needs to be redistributed via wave–particle in-

teractions, which requires that free energy is used to grow the wave. There are various

ways by which free energy can be converted to work, but the common factor is that,

since magnetic fields cannot do work on particles, energy transfer occurs via interactions

with the electric field. Chapter 4 discussed the variable precedence of different electric

field contributions depending on the surrounding magnetosheath conditions; this chapter
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investigates energy conversion which occurs as the result of coupling between the current

density and different electric field contributions (see Section 2.3.4). In this chapter, by

studying signatures of energy conversion associated with turbulent fluctuations, the re-

lationship between turbulence and the redistribution of free energy via processes which

regulate the thermodynamics of the magnetosheath is explored.

The dynamics of the magnetosheath are influenced by solar wind turbulence as it is

processed by the bow shock, as well as fluctuations driven by the shock itself (Huang et al.,

2017; Sahraoui et al., 2020; Rakhmanova et al., 2021). In addition to strong fluctuations,

the magnetosheath is host to complex VDFs which deviate significantly from Maxwellian

distributions (Shuster et al., 2019). The non-Maxwellian features can act as a source of

free energy, as the Maxwellian distribution is the equilibrium state. The shape of the VDF

– like the turbulent fluctuations – is influenced by the bow shock as well as dynamics in

the magnetosheath. Non-Maxwellian VDFs are susceptible to instabilities (see Section

2.4), which reduce the free energy in the VDF by scattering particles in velocity space

and driving the plasma to relax into a state closer to thermodynamic equilibrium, exciting

plasma wave modes (Gary, 1993; Treumann and Baumjohann, 1997). In the absence of

collisions, it is processes like these which are expected to account for changes to the VDFs,

acting to equilibrate the distribution functions in opposition to competing processes which

perturb them.

Both turbulence and VDF instabilities are involved in energy transfer between electromag-

netic energy and particle energy. Since magnetic fields cannot do work on the particles,

energy exchange between the fields and bulk flow energy is mediated by j·E (Baumjohann

and Treumann, 1996, see Section 2.1.4). Taking the contribution from the electric field

in the frame moving with the electron bulk velocity,

E′ = E+ ve ×B, (5.1)

and coupling it into the total current density gives the Joule dissipation, j · E′ (Zenitani

et al., 2011a; Vörös et al., 2019). This term is the collisionless analogue of Ohmic heating,
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ηj2, and it is an important step in the dissipation process (Birn and Hesse, 2005; Birn and

Hesse, 2009; Zenitani et al., 2011b) because it encapsulates energy conversion related to

non-ideal (i.e. beyond ideal MHD) electric fields, which are capable of decoupling particle

motion from B. How the eventual dissipation of turbulent fluctuation energy at kinetic

scales occurs is still an open topic of debate (see discussions in e.g. Matthaeus et al., 2020;

Pezzi et al., 2021a; Bandyopadhyay et al., 2023), emphasising the importance of studying

how non-ideal energy conversion interacts with the processes which underlie small-scale

thermodynamics in collisionless plasmas.

In contrast to ηj2, which is positive by definition, j · E′ is reversible and therefore sign-

indefinite, although space plasma observations typically find it to be positive on aver-

age (Matthaeus et al., 2020). Positive values correspond to transfer from fields to flow

(loading), whereas negative values correspond to conversion from the flow to the fields

(generating) (Birn and Hesse, 2005). Signatures of intense positive and negative j ·E′ are

present throughout the magnetosheath. A key question in the study of collisionless plasma

turbulence and its associated dissipation is understanding the origin of both the positive

and negative energy conversion signatures, how they may relate to specific fundamental

plasma processes, and how those signatures ultimately link to irreversible dissipation.

Within the magnetosheath, E′ is dominated by the electron pressure divergence electric

field (from Equation 2.44), because the inertia term is negligible (as demonstrated in

Chapter 4)

E′ ≈ EPe = − 1

ne
∇ ·Pe, (5.2)

down to the smallest spatial scales which can be sampled by spacecraft instruments (Va-

syliunas, 1975; Lyons and Pridmore-Brown, 1990; Hesse and Winske, 1993; Vörös et

al., 2019; Stawarz et al., 2021). As seen in Chapter 4, instrumental resolution within

the magnetosheath is regularly sufficient to sample EPe well into the sub-ion range, but

rarely below the electron characteristic scales. However, EPe can only be computed via

the barycentric estimator method, which assumes linear gradients below Rsc and requires

tetrahedral multipoint measurements (Section 3.4.1). As such, this chapter primarily uses
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E′ based on the electric field measurements from MMS as it is the more straightforward

and reliable electric field component to measure, in addition to making possible the in-

clusion of data taken after the electron spectrometer on MMS4 shut down in June 2018.

Additionally, despite being a Single Spacecraft (1SC) variable, E′ also contains the full

inertia term, meaning that the ∂j/∂t component of Einertia (which cannot be explicitly

computed from time series data when Taylor’s hypothesis (Taylor, 1938, Section 3.5) is

employed) is accounted for.

As established in Section 2.4, prior studies have demonstrated that temperature anisotropy

(Ts,⊥/Ts,∥ ̸= 1) is constrained by the parallel plasma beta βs,∥ = 2nsTs,∥µ0/B
2. Investiga-

tions of the solar wind and magnetosheath have observed this effect for the protons (Gary

et al., 1995; Gary et al., 1997; Hellinger et al., 2006; Maruca et al., 2012; Matteini et al.,

2013; Maruca et al., 2018; Bandyopadhyay et al., 2022a) and electrons (Gary et al., 2005;

Xu and T. Chen, 2012; X. Zhang et al., 2018; Graham et al., 2021). The constraint put on

Ts,⊥/Ts,∥ by βs,∥ is thought to be linked to a number of different instabilities (Gary, 1993),

for which empirical functional forms have been developed to parametrise the growth rate

contours as a function of dimensionless parameters Se, αe (electrons) and a, β0 (ions).

These curves are expressed as

Te,⊥

Te,∥
= 1 + Se β

−αe

e,∥ (5.3)

for the electrons (Gary and J. Wang, 1996) and

Ti,⊥

Ti,∥
= 1 +

a

(βi,∥ − β0)b
(5.4)

for the ions (Hellinger et al., 2006).

When plotted on the temperature anisotropy–parallel beta plane (hereafter shortened to

the anisotropy–beta plane), these curves serve as boundaries of the accessible region of

parameter space, indicating that rapidly-growing kinetic microinstabilities have a control-

ling influence on the shape of VDFs. Electron parameter space is bounded by the electron

whistler and oblique electron firehose instabilities, whereas the ions are influenced by the
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ion cyclotron, ion mirror, parallel ion firehose, and oblique ion firehose instabilities. This

chapter examines how local anisotropy of the VDF or local β∥ associated with the tur-

bulent dynamics in the magnetosheath interplay with these kinetic microinstabilities to

regulate the energy conversion and dissipation in collisionless plasma turbulence. As dis-

cussed in Section 2.4, the instability growth rate thresholds are derived using linear Vlasov

theory under the assumption of perturbations to single bi-Maxwellian components for each

species growing in a uniform background, in apparent contradiction with the nonlinear,

nonuniform conditions characteristic of turbulence. One explanation for how linear the-

ory is applicable in turbulent conditions is that the local nonlinear timescales have been

found to be much slower than linear growth rates in extreme regions of anisotropy–beta

parameter space (Bandyopadhyay et al., 2022b; Qudsi et al., 2020). However, this is not

always true, especially in the solar wind (Klein et al., 2019a; Klein et al., 2021).

The links between turbulence and small-scale instabilities have recently started to be ex-

plored for the protons, for example in hybrid simulations of Alfvénic turbulence (Markovskii

et al., 2019; Bott et al., 2021) and in the solar wind (Opie et al., 2023). However, this is

still an open problem. The resonant interactions responsible for particle energisation have

been the subject of detailed studies in recent years (e.g. Howes et al., 2017; Klein et al.,

2017; C. H. K. Chen et al., 2019; Verniero et al., 2021; Afshari et al., 2021; Jiang et al.,

2024), however they are difficult to investigate statistically because of their purely kinetic

nature and how complex it is to look at individual features through many 3D VDFs across

a turbulent interval. Instead, a fluid approach is adopted using j · E′ to assess the net

transfer of energy to and from the particles, neglecting how the dissipation takes place

in detail on a particle-by-particle basis. An exploration is made of how this fluid heating

step is organised with respect to the plasma microinstabilities, to highlight how turbu-

lent fluctuations are interacting with the VDFs to create conditions which are locally

susceptible to the kinetic microinstabilities which regulate the plasma thermodynamics.
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5.2 Methods

5.2.1 Preparing the Dataset

Rapid VDF measurements by the Fast Plasma Investigation (FPI) instrument suite on

Magnetospheric Multiscale (MMS) – namely electron and ion velocity distributions sam-

pled at cadences of 0.03 s and 0.15 s, respectively – facilitate in-depth exploration of

sub-ion scale turbulence that was not possible with prior missions. The dataset used in

this chapter consists of 24.4 hours of 1SC burst-mode data from 163 intervals of con-

tinuous magnetosheath measurements by MMS1. This is a significant expansion on the

database of intervals compiled by Stawarz et al. (2022) used in Chapter 4, with additions

extending to the end of the 2019–2020 MMS dayside season. The intervals range from 3–

43 minutes in length, with a mean of 9 minutes. There are no large-scale inhomogeneities

and all are long enough to cover multiple correlation lengths (the largest scale of turbulent

fluctuations). More information about the intervals is compiled in Appendix B.1.

Intervals are aggregated to create a single time series of variables on the electron and

ion measurement cadence, as appropriate. Velocity moments of the VDFs are used to

compute j = en(vi − ve), invoking quasineutrality and interpolating vi onto the electron

timescale, since small-scale fluctuations in j are dominated by ve (Stawarz et al., 2021),

as demonstrated in Figure 3.2. E′ is calculated on the electron instrument cadence,

which requires averaging E and B onto the electron cadence to match j. Instantaneous

local values of the parallel plasma beta βs,∥ and temperature anisotropy Ts,⊥/Ts,∥ for

species s are used, where the ion values are interpolated onto the electron cadence under

the assumption that small-scale fluctuations in these parameters can be neglected. The

impact of performing the following analysis on data downsampled onto the ion cadence

(0.15 s) has been examined, finding that the results are qualitatively similar.

Figures 5.1 (a) & (b) show how microinstabilities constrain accessible regions of anisotropy–

beta parameter space in this dataset. Electron whistler & firehose and ion instability

thresholds are plotted using the parametric curves defined in Gary and J. Wang (1996)
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Figure 5.1: Probability density plotted on the anisotropy–beta plane, with an example
time series. Panel (a) represents parameter space for the electrons, where solid and dashed
lines correspond to γ = 10−2Ωc,e and γ = 10−1Ωc,e growth rate thresholds, respectively.
Panel (b) shows ion parameter space, with γ = 10−2 Ωc,i instability thresholds. Panels
(c)–(e) illustrate motion through parameter space through changing anisotropy, as well
as the variability in thresholds, during 2017-09-28/20:44:30—20:48:51. Panel (c) shows
the turbulent magnetic field. Panels (d) and (e) show the temperature anisotropy of
the electrons and ions, respectively. Shaded areas represent instantaneous γ = 10−2Ωc

instability thresholds for each species (the γ = 10−1Ωc,e thresholds are not shown as
γ = 10−2Ωc will be met first.

Threshold Species Growth Rate γ Se αe a β0 b

Whistler Electron 10−2Ωc,e 0.36 0.55 / / /

Whistler Electron 10−1Ωc,e 1.00 0.49 / / /

Firehose Electron 10−2Ωc,e −1.23 0.88 / / /

Firehose Electron 10−1Ωc,e −1.32 0.61 / / /

Cyclotron Ion 10−2Ωc,i / / 1.001 0.0 −0.330

Mirror Ion 10−2Ωc,i / / 1.041 −0.0039 −0.608

Parallel Firehose Ion 10−2Ωc,i / / −1.144 −0.0625 −0.774

Oblique Firehose Ion 10−2Ωc,i / / −1.193 0.2301 −0.926

Table 5.1: The dimensionless parameters for the instability growth rate thresholds dis-
played on the anisotropy–beta plane in this chapter. Se & αe fit the electron curve as
in Equation 5.3 and a, β0, & b fit the ion curve as in Equation 5.4. The ion species is
assumed to be composed entirely of protons. Growth rate curves courtesy of Gary and
J. Wang (1996), Gary and Nishimura (2003), and Maruca et al. (2018).
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& Gary and Nishimura (2003), and Maruca et al. (2018), respectively. In fitting these

thresholds, it is assumed that VDFs are anisotropic Maxwellians and that there is no

anisotropy for one species when computing the growth curves of the other. The values

of the dimensionless parameters for the thresholds in use are given in Table 5.1. Despite

nonzero background non-Maxwellianity (which will be discussed further in Chapter 6)

and overlap between times when Te,⊥/Te,∥ ̸= 1 and Ti,⊥/Ti,∥ ̸= 1 within this dataset, the

plots in Figure 5.1 demonstrate that the vast majority of probability density lies within

instability growth rate thresholds of γ = 10−2Ωc, as seen in previous studies (Maruca

et al., 2018; Graham et al., 2021). Probability density, also known as normalised occur-

rence rate, is equal to the number of samples within the bin divided by the total number

of samples, divided by the area of the bin to account for the unequal bin sizes. The

probability density is thus normalised so that the integral over the whole distribution is

equal to 1.

Comparing Figures 5.1 (a) and (b), the ions are typically able to deviate further from the

plotted instability growth rate curves, and crucially the ion probability density appears

more diffuse across parameter space, irrespective of instability thresholds. In both panels,

the greatest occupancy of parameter space is concentrated around T⊥/T∥ ∼ 1 and β∥ ∼

10−1—101, indicating the typical conditions in the magnetosheath. Figures 5.1 (c) to (e)

show that turbulent fluctuations generate local changes to both anisotropy and instability

thresholds such that the plasma is locally driven closer or farther from the unstable regions,

indicating that a typical interval moves significantly around parameter space as opposed

to filling an isolated region close to its average.

To illustrate the distribution of T⊥/T∥ and β∥ throughout this dataset, histograms and

marginal distributions are plotted in Figure 5.2. Figure 5.2 (a) shows that Te⊥/Te∥ is

not directly correlated with Ti⊥/Ti∥. Since the instability growth rate thresholds are

parametrised based on the assumption that each species exhibits anisotropy only when

the other is isotropic, the absence of a correlation between the two species implies that the

underlying assumptions are not systematically violated. However, the distributions are
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Figure 5.2: Histograms of temperature anisotropy and parallel plasma beta for both
species, including individual histograms of each quantity on the margins. Panel (a) com-
pares electron and ion temperature anisotropy. Panel (b) compares electron and ion
parallel beta. In both panels, the dash-dotted black line corresponds to agreement. In
the marginal distributions, the frequency (number of points) scale is linear and the greyed-
out line corresponds to the other species’ distribution. In the 2D histograms, the colour
scale is logarithmic.

not uniform. Te⊥/Te∥ is more sharply-peaked, indicating fewer extreme values compared

to Ti⊥/Ti∥. This is consistent with electrons undergoing faster interactions than the ions

leading to more isotropic VDFs, or with greater errors in the ion VDFs.

Figure 5.2 (b) compares βe,∥ and βi,∥, which, assuming quasineutrality, depend on the

relationship between Te,∥ and Ti∥. There is an approximately linear trend parallel to the

agreement line, offset such that βi∥ is usually greater than βe,∥, which is expected because

the ions are typically hotter than the electrons. There is a region with βe,∥ > βi∥, but this

accounts for a small fraction of the data. The marginal panels show that the distributions

of values are very similar, with βe,∥ smaller such that there are more instances where

βe,∥ ≤ 1, showing that the dynamics of the electron fluid are more readily influenced by

magnetic field behaviour.

5.2.2 Interpretation of Anisotropy–Beta Plots

Before proceeding to the results, there are some aspects which must be borne in mind

when interpreting anisotropy–beta plots, especially when plotting the distribution of a

variable other than the probability density on the z-axis. A third variable may not be
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organised solely by the instantaneous values of β∥ and T⊥/T∥ and the kinetic microin-

stabilities which grow at extreme combinations of these values. Instead, there can be a

more complex relationship between the x-, y-, and z-axes, arising due to an underlying

functional dependence or the overlaying of multiple populations. For example, in the solar

wind fast and slow streams have different distributions in anisotropy–beta space because

of how the proton anisotropy evolves as the solar wind propagates away from the Sun

(Hellinger et al., 2006), meaning they must be treated separately to identify differences in

how they respond to anisotropy-driven instabilities. Fortunately, this study uses turbu-

lent magnetosheath data, which does not have well-defined disparities between different

internal conditions like the fast and slow solar wind. However, the data set contains wide

variation in background conditions (such as β, δB/B0, and others – see Chapter 4), which

have to be considered when interpreting the plots.

Due to the aggregation of many intervals with different ambient conditions, the instabil-

ity growth rate thresholds used (Gary and J. Wang, 1996; Gary and Nishimura, 2003;

Maruca et al., 2012) may not be the most appropriate for this dataset. These thresholds

were chosen because they are calculated for magnetosheath data with no alpha popu-

lation, however they are based on β ∼ 1 plasma with independent anisotropy between

the two species. These conditions are not always satisfied in Earth’s magnetosheath, but

these nominal instability contours are provided for reference. However, it is important

to remember that the displayed thresholds are just contours of an exponential increase

in maximum growth rate which occurs as the data moves into more unstable regions of

parameter space. The most appropriate contour which well-contains this dataset may be

between – or beyond – those displayed in the subsequent figures.
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5.3 Results

5.3.1 j · E′ on the Anisotropy–Beta Plane

To investigate how energy conversion to/from the electromagnetic fields is organised with

respect to kinetic microinstabilities, ⟨|j · E′|⟩ and ⟨j · E′⟩ are plotted on the anisotropy–

beta plane in Figure 5.3. To account for any large-scale variability in the amplitude of

fluctuations between intervals, the time series of j ·E′ is normalised by its mean-removed

Root Mean Square (rms) value,

√︁
⟨(j(t) · E′(t)− ⟨j(t) · E′(t)⟩)2⟩, (5.5)

on an interval-by-interval basis. The data in these units represents an energy conversion

fluctuation where a value of 1 corresponds to the characteristic fluctuation amplitude for

the interval from which a given data point originates.

Figure 5.3 (a) shows that mean signed energy conversion is positive across most of pa-

rameter space, and that it is particularly strong near the firehose and whistler instability

thresholds. The center of the distribution is weakly net-positive, accounting for the ma-

jority of overall energy conversion and suggesting that there is an average dissipation of

electromagnetic energy into particle energisation. At low βe,∥, there are regions of negative

average energy conversion which partially overlap with enhancements in ⟨|j ·E′|⟩. Concor-

dantly, Figure 5.3 (b) shows that there is enhanced ⟨|j ·E′|⟩ – corresponding to a greater

mean amplitude of energy conversion signals – in regions susceptible to oblique electron

firehose and electron whistler instabilities. Qualitatively, high ⟨|j · E′|⟩ is most strongly

concentrated around the firehose threshold, extending to γ ≤ 10−2Ωc,e. In comparison,

the enhancement associated with the whistler instability begins at γ ≥ 10−2Ωc,e. Interest-

ingly, there is an enhancement along the low–βe,∥ edge of the distribution for Te,∥ > Te,⊥.

Despite being partially obscured in the full set of intervals, closer investigation reveals

that this feature is robust for different subsets of intervals. Given that this signature

is not in the vicinity of the standard instability thresholds, the significance of enhanced
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Figure 5.3: Average amplitude of energy conversion signals distributed on the
anisotropy–beta plane. (a) ⟨j · E′⟩ in Te,⊥/Te,∥–βe,∥ parameter space with instability
thresholds of γ = 10−2Ωc,e (solid line) and γ = 10−1Ωc,e (dashed line). (b) ⟨|j · E′|⟩
on the same plane. (c) ⟨j ·E′⟩ in Ti,⊥/Ti,∥–βi,∥ parameter space with instability thresholds
of γ = 10−2Ωc,i. (d) ⟨|j · E′|⟩ on the same plane. In all panels, bins with fewer than 5
points in total or originating from only 1 interval are excluded.

⟨|j · E′|⟩ in this region of parameter space is less clear.

There are interesting comparisons to draw with how energy conversion is organised across

ion parameter space. Figure 5.3 (c) shows that, as for electrons, ⟨|j · E′|⟩ is enhanced

along ion instability boundaries. However, the enhancement is most pronounced beyond

the instability thresholds, suggesting that a faster growth rate is required to overcome

the effects which are driving the ion VDFs into unstable regions. An enhancement on

the low–βi,∥ edge is also visible, albeit partially obscured as in the electron plot. This

similarity may be expected because the time steps that are at β < 1 are mainly driven

by large magnetic fields, appearing as low–β∥ points on both species’ planes. Figure 5.3

(d) shows that ⟨j · E′⟩ in ion parameter space is more sign-indefinite than the electrons

beyond the instability thresholds, with average net conversion from fields to flow only

being maintained in the stable center of the distribution.

146



Chapter 5. Linking Turbulent Energy Conversion to Kinetic Microinstabilities

5.3.2 Parallel and Perpendicular Components of j · E′

In the previous section, it was established that that non-ideal energy conversion between

electromagnetic and particle energy (via j · E′) is enhanced in regions that are more

susceptible to anisotropy–beta instabilities and at low parallel beta. One aspect that is

unique to the non-ideal electric field is that it is capable of accelerating particles parallel

to the magnetic field, as well as perpendicular energisation and energy transport across

field lines. The total energy conversion will not be solely in the direction parallel to B,

so the term is decomposed into parts arising from parallel and perpendicular j · E′. To

do this, j and E′ are projected into a local field-aligned coordinate system where ẑ is

aligned with the instantaneous B. Then, the parallel components are multiplied and the

dot product of the two perpendicular components is taken, as

(j · E′)∥ = j∥E
′
∥, (5.6)

(j · E′)⊥ = j⊥ · E′
⊥ = j⊥1E

′
⊥1 + j⊥2E

′
⊥2. (5.7)

It should be noted that j∥E
′
∥ and j⊥ · E′

⊥ cannot be exclusively associated with parallel

and perpendicular energisation, respectively, as there must be a cross-term related to the

mirror force linking the parallel and perpendicular directions. Here, j∥E
′
∥ and j⊥ · E′

⊥

can be thought of as terms from the energy equation (Equation 2.36) projected into the

local field-aligned coordinate system. These two terms are given the same treatment as

in Section 5.3.1, by normalising each variable by its interval-rms and aggregating into a

single dataset.

Figures 5.4 (a)–(d) show how average signed values and magnitudes of j∥E
′
∥ and j⊥ ·

E′
⊥ are distributed on the Te,⊥/Te,∥–βe,∥ plane. Figure 5.4 (a) shows that the average

parallel energy conversion is largely positive across parameter space, with an enhancement

along the electron firehose edge and a small region of negative average at low–βe,∥ around

Te,⊥/Te,∥. These trends are contextualised by Figure 5.4 (b), which shows that the average

magnitude of j∥E
′
∥ is significantly enhanced along the electron firehose edge. The center
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Figure 5.4: Average parallel and perpendicular energy conversion signals distributed
on the anisotropy–beta plane. Instability thresholds for the electrons (a)–(d) and ions
(e)–(h) are the same as in Figure 5.3. The electron/ion panels, respectively, have plotted
on the colour axis: (a/e) ⟨j∥E ′

∥⟩; (b/f) ⟨|j∥E ′
∥|⟩; (c/g) ⟨j⊥ · E′

⊥⟩; (d/h) ⟨|j⊥ · E′
⊥|⟩. In all

panels, bins with fewer than 5 points in total or originating from fewer than 2 intervals
are excluded.
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of the distribution has low average magnitude, and there is not an enhancement along the

low-βe edge, which is in contrast to the full electron ⟨|j ·E′|⟩ plot in Figure 5.3 (b). Figures

5.4 (a) & (b) together suggest that parallel energy conversion is largely concentrated in

areas which may be more susceptible to the electron firehose instability, but reduced in

other regions of parameter space.

In contrast to the parallel energy conversion in Figures 5.4 (a) & (b), Figures 5.4 (c) &

(d) present the distribution of average value and magnitude of j⊥ · E′
⊥ on the electron

anisotropy–beta plane. Figure 5.4 (c) shows that ⟨j⊥ · E′
⊥⟩ is more sign-indefinite in

the center of the distribution and along the electron firehose instability edge. Along the

electron whistler edge there is an enhancement in average perpendicular energy conversion,

and the low–βe,∥ region is generally negative. The center of the distribution has smaller

values, possibly as a result of a more balanced number of positive and negative values

cancelling out in the average of these bins. Figure 5.4 (d) shows ⟨|j⊥ ·E′
⊥|⟩ in central bins

has a generally higher value than ⟨|j∥E ′
∥|⟩, more similar to what is observed for ⟨|j · E′|⟩

in Figure 5.3 (b). This indicates that the majority of energy conversion contributions

come from the perpendicular component, which is in agreement with MMS observations

of turbulence in Earth’s magnetotail (Ergun et al., 2020). Figure 5.4 (d) also shows that

there are enhancements along the whistler, firehose, and low–βe,∥ edges, albeit a much-

diminished trend along the electron firehose boundary compared to ⟨|j∥E ′
∥|⟩ and ⟨|j ·E′|⟩.

Turning now to the Ti,⊥/Ti,∥–βi,∥ plane, Figures 5.4 (e) & (f) represent ⟨j∥E ′
∥⟩ and ⟨|j∥E ′

∥|⟩,

respectively. Much like the total j · E′, the energy conversion as distributed with respect

to the ion variables has more spread and is less sign-definite than the electron equivalent.

This is expected, as the parallel and perpendicular energy conversion terms are simply

components of the total term. As shown in Figure 5.4 (e), ⟨j∥E ′
∥⟩ has a similar distribution

to j·E′ as in Figure 5.3 (c); the center (where most points reside) is broadly positive, there

is an enhancement in strength and reduction in sign-definiteness in the regions susceptible

to anisotropy–beta instabilities, and there is a negative region at low values of βe,∥. Figure

5.4 (d) corroborates these trends, but adds important context by displaying a reduction
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in ⟨|j∥E ′
∥|⟩. This is reminiscent of the electron analogue in Figure 5.4 (b), suggesting that

j∥E
′
∥ is generally smaller, but especially smaller for j∥E

′
∥ < 0, which indicates that parallel

energy conversion tends to be into the particles rather than the electromagnetic field. The

only areas of enhanced ⟨|j∥E ′
∥|⟩ in Figure 5.4 (d) are sparsely in the instability regions, as

well as a small region in low–βi,∥.

Figures 5.4 (g) & (h) show the average value and magnitude of j⊥ ·E′
⊥, respectively. These

plots are reminiscent of the electron versions in Figures 5.4 (c) & (d). In Figure 5.4 (g),

⟨j⊥ ·E′
⊥⟩ is enhanced along the instability and low–βi,∥ edges, with a diminished (but still

positive) energy conversion in the distribution center. A negative trend is present at low–

βi,∥, although this is not as extensive at Ti,⊥/Ti,∥ < 1 as in Figures 5.4 (e) or (c). Despite

being nearly sign-definite at βi,∥ ≳ 1 in the center of the distribution, the regions associated

with instabilities are more variable. Finally, Figure 5.4 (h) shows that ⟨|j⊥ ·E′
⊥|⟩ is greater

than ⟨|j∥E ′
∥|⟩ in the center of the distribution, and that there are enhancements along all

edges, like the electron plane. The contrast between Figures 5.4 (f) and (h) reinforces the

conclusion that most of the energy conversion is in the perpendicular component, but that

the perpendicular part has closer to equal distributions of positive and negative energy

conversion, leading to apparent reduction of average energy conversion in Figures 5.4 (e)

and (g).

5.3.3 Statistics of j · E′ within Enhancement Regions

To investigate the statistical trends identified in anisotropy–beta parameter space, bins

are manually selected and grouped into regions of apparent enhanced ⟨|j · E′|⟩ to inves-

tigate their properties. Certain regions have unclear boundaries (particularly those in

ion parameter space), which introduces some variability, however the main highlighted

features are not impacted by this. Note that the enhancements associated with the ion

cyclotron and ion mirror instabilities have been treated as a single region. Figure 5.5

shows the Probability Density Function (PDF) in each manually-defined region for bins

in the range [−3.5, 3.5] rms units, within which the vast majority (98.10%) of points lie.

For context, 54.77% of the dataset has j ·E′ > 0 rms units, but only 10.10% has j ·E′ ≥ 1
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Figure 5.5: Probability Density Function (PDF) of j · E′ for (a) electron and (b) ion
enhancement regions. Markers represent the center of histogram bins. The dashed grey
curve indicates a normal distribution with the same mean and standard deviation as the
entire dataset.

Figure 5.6: Probability Density Function (PDF) of j·E′ components in enhanced regions
of anisotropy–beta parameter space. (a) & (b) show the PDF of j⊥ · E′

⊥ in enhancement
regions associated with the electron and ion instabilities, respectively. (c) & (d) show
PDFs of j∥E

′
∥. Markers correspond to the center of each histogram bin. The dashed grey

curve indicates a normal distribution with the same mean and standard deviation as the
entire dataset.
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rms units and 6.58% has j · E′ ≤ −1 rms units.

All regions, including the remainders, have nonzero skewness and high kurtosis. Figure 5.5

(a) shows there is a slight enhancement in the negative tails of the electron PDF relative

to the remainder, but a more significant enhancement on the positive side, leading to

net positive j · E′. The low–βe,∥ region has diminished positive tail, but the heaviest

negative tail of all the regions. Bins with |j ·E′| ≳ 2 rms units do not have enough counts

to discern a reliable trend. Figure 5.5 (b) demonstrates that ion instability regions are

nearly identical to the remainder in the negative tail, but are enhanced on the positive

side. The low–βi,∥ region is reminiscent of its electron counterpart because they largely

share similar points; the negative tails are heavier than positive, and the peak value is

smaller. These trends will be discussed qualitatively in Section 5.4.

To understand how components of total j · E′ give rise to the observed enhancement

regions, the PDFs of j⊥ ·E′
⊥ and j∥E

′
∥ in those regions are plotted in Figure 5.6. Figures

5.6 (a) & (b) are almost symmetric around j⊥ · E′
⊥ ≈ 0, with enhanced core, diminished

flanks, and enhanced tails which are reminiscent of the j · E′ case. Figures 5.6 (c) & (d)

illustrate that small j∥E
′
∥ is unbalanced, with more positive values than negative, except

in the case of low-β. Comparing the two rows suggests that the parallel component tends

to be more positive than the perpendicular component, but |j∥E ′
∥| is less likely to be large

than |j⊥ · E′
⊥|. The qualitative similarity between the PDFs of j⊥ · E′

⊥ and j · E′ reflects

the fact that the perpendicular component accounts for most of energy conversion (in

agreement with other studies, e.g. Ergun et al., 2020).

Comparing Figure 5.6 (a) with Figure 5.6 (c) reveals differences between perpendicular

and parallel energy conversion in the different electron enhancement regions. Figure

5.6 (a) shows an increase in positive j⊥ · E′
⊥ in the region which is susceptible to the

electron whistler instability, signifying a link between the (Te,⊥ > Te,∥)–driven instability

and perpendicular energy conversion. Similarly, 5.6 (c) demonstrates an increase in j∥E
′
∥

in the electron firehose instability region, especially for j∥E
′
∥ > 0, which shows that

the Te,∥ > Te,⊥ process is associated with parallel energy conversion. This is interesting
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because j·E′ mediates energy exchange between the electromagnetic fields and the particle

energy, but parallel and perpendicular components of the energy conversion need not

necessarily lead to enhancements in parallel and perpendicular temperature, respectively.

The comparison between Figure 5.6 (b) with Figure 5.6 (d) shows that differences between

the instability enhancement regions are not as prominent for the ions as the electrons. The

cyclotron/mirror region (which is associated with Ti,⊥ > Ti,∥), has a slight enhancement

for positive j⊥ ·E′
⊥ compared to the other regions, but it is not as pronounced as for the

analogous electron whistler instability region. However, in all panels of Figure 5.6, but

especially for the parallel component, negative energy conversion (from the fluid to the

fields) is increased in the low–β∥ region. This implies that the process which gives rise to

increased negative energy conversion at low-β∥ is dominated by parallel energy conversion,

which may be related to how the parallel component is noted to be correlated with T∥

enhancements.

5.4 Discussion

By investigating the statistical relationship between energy conversion (associated with

turbulent fluctuations) and anisotropy–beta instabilities (processes which are partly re-

sponsible for mediating the plasma thermodynamics), the aim is to explore how turbulence

may be linked to thermodynamic processes in the magnetosheath. This section discusses

possible interpretations of these findings and the consequences for magnetosheath plasma

thermodynamics.

5.4.1 Understanding Energy Conversion Statistics

To contextualise the observed energy conversion signals it is helpful to identify which

processes may be relating them to kinetic microinstabilities. First, turbulent fluctuations

locally driving the plasma towards an instability threshold by distorting the distribution

would be expected to give a positive energy conversion signature. This corresponds to

free energy being injected which puts the VDF into an unstable configuration. Second,
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the growth of wave modes as a result of instability criteria being met is expected to give

a negative energy conversion signature, as it relies on the instability process extracting

free-energy from the distribution in order to drive electromagnetic fluctuations. Third,

the reconfiguration of the VDF from a more- to less-unstable state, due to the scattering

of free energy in velocity space, may not show up in j · E.

In this dataset, the presence of strong fluctuations in j ·E′ along the unstable boundaries

of the distribution is indicative of a link between turbulence and the underlying instability

processes. Largely positive ⟨j ·E′⟩ across parameter space indicates that the predominant

observation is of the extraction of energy from turbulent fluctuations into the fluid flow.

However, around the instability thresholds there is a mixture of net-positive and net-

negative bins, particularly for the ions, which suggests the results are also sampling part

of wave growth due to instabilities.

Table 5.2 gives the average values of j · E′ and |j · E′| in each manually-defined region as

introduced in Section 5.3.3. Comparing to the remainder (all bins which are not in at

least one of the enhancement regions) gives an indication of how the statistics are different

when susceptible to the influence of kinetic microinstabilities and at low β∥. The three

electron regions represent 3.18% of the total dataset, including 3.04% associated with

the electron firehose and whistler instabilities. ⟨j · E′⟩ in the electron instability regions

shows that the average energy conversion direction is from the fields to the fluid flow, and

that the average value is increased compared to the remainder. This is consistent with

electron VDFs being driven into unstable configurations by fluid heating associated with

turbulent fluctuations. The low–βe,∥ region has net energy conversion from the fluid flow

into the fields, which suggests observations are of the scattering of particles leading to the

reduction of free energy in the VDF in favour of growing wave modes.

The fraction of the total dataset which is in ion regions is lower, at 1.65%, with only

0.98% of measurements associated with enhancements in j · E′ at the ion cyclotron and

firehose instabilities. Trends in ⟨j·E′⟩ in the ion regions are similar to those in the electron

regions, with net positive energy conversion along instability thresholds and net negative
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Region Data (%) ⟨j · E′⟩ ⟨|j · E′|⟩ Var. Skew. Kur.

Electron firehose 2.48 0.159 0.779 2.00 3.01 79.20

Electron whistler 0.56 0.150 0.721 1.76 5.25 164.99

Electron low–βe,∥ 0.14 −0.059 0.755 3.15 −15.96 648.70

Electron remainder 96.82 0.104 0.583 0.97 1.89 94.50

Ion firehose 0.54 0.127 0.683 1.67 2.92 61.60

Ion cyclotron/mirror 0.44 0.155 0.713 2.23 5.55 224.16

Ion low–βi,∥ 0.67 −0.040 0.667 1.79 −1.33 824.73

Ion remainder 98.35 0.106 0.587 0.99 2.09 85.51

Table 5.2: Mean net and amplitude of j ·E′, variance, skewness, and kurtosis by region.

Region Data (%) ⟨j⊥ · E′
⊥⟩ ⟨|j⊥ · E′

⊥|⟩ Var. Skew. Kur.

Electron firehose 2.48 0.061 0.686 1.41 1.74 63.54

Electron whistler 0.56 0.171 0.805 2.39 6.09 196.67

Electron low–βe,∥ 0.14 −0.111 0.748 2.09 −1.56 47.19

Electron remainder 96.82 0.059 0.588 0.98 1.77 80.54

Ion firehose 0.54 0.088 0.671 1.55 2.70 46.15

Ion cyclotron/mirror 0.44 0.126 0.737 2.20 7.25 293.59

Ion low–βi,∥ 0.67 0.013 0.658 1.15 0.78 47.00

Ion remainder 98.35 0.059 0.590 0.99 1.77 80.04

Table 5.3: Mean net and amplitude of j⊥ ·E′
⊥, variance, skewness, and kurtosis by region.

Region Data (%) ⟨j∥ · E′
∥⟩ ⟨|j∥ · E′

∥|⟩ Var. Skew. Kur.

Electron firehose 2.48 0.186 0.751 3.13 4.78 111.98

Electron whistler 0.56 0.014 0.356 0.66 −1.94 71.39

Electron low–βe,∥ 0.14 0.029 0.657 4.20 22.22 951.35

Electron remainder 96.82 0.101 0.419 0.95 3.38 275.64

Ion firehose 0.54 0.105 0.510 1.87 2.96 168.96

Ion cyclotron/mirror 0.44 0.107 0.520 1.90 3.49 251.38

Ion low–βi,∥ 0.67 −0.070 0.542 2.35 1.66 1296.34

Ion remainder 98.35 0.103 0.425 0.99 3.98 246.07

Table 5.4: Mean net and amplitude of j∥E
′
∥, variance, skewness, and kurtosis by region.

conversion at small βi,∥. The trends in energy conversion, which will be explored in the

following paragraphs, are broadly similar between the electron and ion species.

The average amplitude of signals represents how much energy conversion is occurring

regardless of direction, without positive and negative values cancelling each other out
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(which can be understood by observing the small differences in probability density between

positive and negative histogram bins of the same magnitude in Figure 5.5). The electron

firehose region has the strongest ⟨|j · E′|⟩ enhancement, with a 33.6% increase compared

to the remainder of the data. The electron whistler region has the smallest increase at

23.6%, but this is still larger than the enhancement in any of the ion regions. The low–

βe,∥ region has a 29.5% increase, showing that more energy conversion is occurring on

average in this region than in the remainder, albeit on average directed from bulk flow to

electromagnetic energy.

Compared to the remainder, the ion instability regions have enhanced ⟨|j ·E′|⟩, by 16.4%

(ion firehose) and 21% (ion cyclotron), indicating that smaller energy conversion signa-

tures are present around ion instability thresholds than at equivalent electron boundaries.

This implies that energy conversion fluctuations to and from the ion VDFs are on average

weaker where kinetic microinstabilities are growing or acting compared to the electron

case, possibly as a result of the ions being more nonthermal due to their lower thermal

velocity. Similarly to its electron analogue, the low–βi,∥ region has negative ⟨j · E′⟩ and

increased ⟨|j · E′|⟩.

For electrons, MMS may not sample particle distributions fast enough to resolve all dy-

namics. This, in conjunction with clear net positive ⟨j ·E′⟩, suggests preferential observa-

tion of the driving of electron VDFs into unstable regions, rather than energy conversion

related to the growth of waves themselves. In contrast, ion dynamics take place on longer

timescales, potentially indicating why fluctuations can be observed more clearly, explain-

ing why ⟨|j · E′|⟩ is enhanced but ⟨j · E′⟩ is more sign-indefinite in unstable regions.

Wave propagation may bias these statistics against observing negative j·E′ in the electrons,

as Svenningsson et al. (2022) found most electron whistler waves are observed away from

their source region. Other instabilities may also generate waves which rapidly propagate

away from their source region, although the non-propagating electron firehose mode is

expected to dominate compared to the propagating mode (Cozzani et al., 2023). On the

other hand, waves resulting directly from ion instabilities have been observed in the solar
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wind (Gary et al., 2016; McManus et al., 2024). Additionally, due to Taylor’s hypothesis

(Taylor, 1938, see Section 3.5), which is verified to be true for the 60 of these intervals used

in Chapter 4 (Stawarz et al., 2022), MMS generally observes spatial slices due to plasma

advection rather than temporal slices due to evolution. To account for these effects, a

simulation study into j ·E′ and kinetic microinstabilities would be valuable to track how

the instability cycle is linked to turbulence as plasma evolves through the magnetosheath.

In addition, Table 5.2 contains the higher-order moments of the distribution (see Section

3.6. Studying the values in Table 5.2 reveals that the remainder of the ion and electron

distributions both have variance just under 1, as these regions contain most of the data

(which is normalised to the variance of each interval). All enhancement regions have larger

variance, corresponding to a wider spread in values, because they preferentially contain

some of the more intense signatures. The skewness in the remainder is smaller than all

the enhancement regions, but still positive, meaning that the distribution is asymmetric

around its mean, weighted towards positive (fields to flow) energy conversion signals. This

suggests that there are other types of energy conversion/dissipation processes acting in

the magnetosheath which are not directly linked to the anisotropy–driven instabilities.

The regions associated with instabilities have enhanced skewness, corresponding to an

even greater weighting towards large positive j ·E′ values. In contrast, the low-β∥ regions

have negative skewness, indicating a weighting towards values smaller than the mean.

In both cases, the means are negative, so this shows that there are more large negative

energy conversion signals in these regions – more so in the low-βe,∥ region than the low-

βi,∥ one. Kurtosis is very high in all cases, corresponding to heavy tails compared to a

normal distribution. The high kurtosis of the electron whistler, ion cyclotron/mirror, and

especially both low-β∥ regions indicates that large current signals are enhanced in these

regions, giving rise to enhanced ⟨|j · E′|⟩ compared to the remainder. Interestingly, the

electron firehose and ion firehose regions have reduced kurtosis compared to the remainder

(although larger), suggesting instead that their respective increases in ⟨|j · E′|⟩ arise due

to an overall shifting of the distribution towards more net-positive ⟨j · E′⟩.
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Figure 5.7: Distribution of j · Epl on the anisotropy–beta plane. Panels (a) & (b) show
the distribution of average net and average absolute value with respect to the electron
instability thresholds. Likewise, (c) & (d) show the distribution of those variables with
respect to the ion instability thresholds. Only bins containing at least 5 points, or from
at least 2 intervals, are shown. The instability thresholds are the same as those in prior
figures, defined in Table 2.2.

5.4.2 Alternate Energy Conversion Signatures

This chapter focuses on j · E′ (as well as j⊥ · E′
⊥ and j∥E

′
∥) as the representation of

energy conversion between the electromagnetic fields and particle energy, because it is

closely associated with dissipation. This term is the non-ideal (i.e., arising from beyond-

MHD effects only) component of the total j · E, so j · E′ is the energy conversion due

to the electric field in the frame moving with the electron bulk flow. Analogously, one

can investigate energy conversion in the frame moving with the background plasma flow,

j · Epl = j · (E + u0 × B). This component corresponds to the total energy conversion

except that from the motion of the background flow.

Figure 5.7 shows how j ·Epl (normalised into rms units by dividing by the mean-removed

interval rms) is distributed on the anisotropy–beta plane, for direct comparison with j·E′ in

Figure 5.3. Figures 5.7 (a)–(d) show how trends in j ·Epl are strongly reminiscent of those
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in j · E′. There is an enhancement in the average magnitude of energy conversion along

the instability thresholds, although less marked than for the non-ideal energy conversion.

The majority of bins, especially in the high-probability density center of the distribution,

exhibit positive energy conversion signals. Along the low–β∥,e and low–β∥,i edges, there is

a slight enhancement in the average magnitude in some bins, but a tendency for negative

average signed values, indicating that the conversion of energy is into the fields in this

region of parameter space. In all, this figure demonstrates that energy conversion measures

other than j · E′ produce qualitatively similar results to those discussed in Section 5.3.1,

giving confidence to the results described within that chapter, and solidifying the choice

to focus on the non-ideal energy conversion due to its close links to dissipation. An

implication of j ·E′ and j ·Epl having similar distribution across parameter space is that

the non-ideal part is providing the main part of the energy conversion, dominating the

structure with respect to instability growth rate thresholds.

One process which may be playing a key role in the local distortion of VDFs and exci-

tation of kinetic microinstabilities is turbulence-driven magnetic reconnection, which has

recently been attracting significant attention in the magnetosheath. Prior studies have

demonstrated that turbulence-driven reconnection events are actively occurring through-

out the magnetosheath (e.g. Retinò et al., 2007; Sundkvist et al., 2007; Phan et al., 2018;

S. Wang et al., 2019; I. Gingell et al., 2019), including within some of the intervals used

in this study (Stawarz et al., 2022). Collisionless magnetic reconnection is well known

to generate VDF anisotropy in the outflows and along the separatrices (Egedal et al.,

2013), which potentially contributes to driving the distribution in the magnetosheath to-

wards the instability boundaries. In fact, observations of magnetic reconnection in other

contexts have clearly demonstrated the generation of firehose fluctuations through this

mechanism (Cozzani et al., 2023).

An example of j ·E′ associated with magnetic reconnection in the electron firehose insta-

bility enhancement region is shown in Figure 5.8. Structures were automatically identified

from all regions which had |j · E′| > 5 rms within an enhancement region. This thresh-
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Figure 5.8: Time series of a large-j · E′ structure during electron firehose instability
conditions associated with electron-only magnetic reconnection. The event occurs at
around 2016-12-11/15:22:51 in the magnetosheath. Panels show: (a) magnetic field; (b)
current density; (c) non-ideal electric field; (d) j ·E′ and components, where ⊥ represents
j⊥ · E′

⊥ and ∥ represents j∥E
′
∥; (e) perpendicular and parallel electron temperature; (f)

electron temperature anisotropy, where the firehose and whistler lines correspond to the
instability margins at the instantaneous βe,∥; (g) electron parallel beta; (h) electron and
ion non-bi-Maxwellianity (see Section 2.3.4 and Chapter 6). The yellow shaded region
denotes where the plasma is within the electron firehose enhancement region. The hatched
horizontal span is an electron-only magnetic reconnection event as identified by Stawarz
et al. (2022).

old is significantly larger than the majority of energy conversion, but has been chosen to

isolate clearly identifiable peaks. In Figure 5.8, an electron-only magnetic reconnection

event occurs at a B rotation, leading to increases in j and E′ which generate a large posi-

tive j∥E
′
∥. This event occurs while the temperature anisotropy is depressed such that the

plasma is unstable to the electron firehose instability, as a result of a significant increase

in the parallel component of the electron temperature. The nature of this event may
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Figure 5.9: Average magnitude of phase-scrambled j ·E′ on the anisotropy–beta plane.
Instability thresholds and colour axis limits are the same as Figure 5.3 panels (b) and
(d). Bins without 5 points, or containing points from only 1 interval, are removed from
the distributions.

suggest that the magnetic reconnection has generated a large anisotropy due to a parallel

conversion of energy from the fields to the particles, which drives the distribution toward

the firehose unstable region.

Other examples of processes which can modify the internal energy are the divergence of

the vector heat flux density (Du et al., 2020), and dissipation associated with an increase

in entropy due to collisions (Liang et al., 2019; Liang et al., 2020; Argall et al., 2022;

Barbhuiya et al., 2024). Even in weakly collisional plasmas, non-Maxwellian features

in the VDF are subject to intraspecies collisions as a result of the dissipation of strong

velocity-space gradients (e.g. Schekochihin et al., 2009; Pezzi et al., 2021a). Such entropy

studies may provide a novel way of assessing the scattering of particles in the distribution

function associated with the instabilities. Further studies may utilise future spacecraft

missions or simulations to expand on the results presented here and investigate the links

between energy conversion measures in the context of local turbulence-driven distortions

to the VDFs which may be giving rise to kinetic microinstabilities. Chapter 6 will further

explore underlying structures – both physical and velocity-space – which contribute to

energy conversion in the magnetosheath.
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5.4.3 Validating trends on the Anisotropy–Beta Plane

To confirm that the trends in j · E′ are real, rather than arising due to random phase-

alignments between j and E′, a phase-scrambling technique was employed as described

in Section 3.3.2. It is not possible to randomise the phase of vector j and E′ while

constraining the result to have the same magnitude at each time step. Instead, each

vector component has its phase randomised in Fourier space before converting back into

a vector time series and taking the dot product.

Figure 5.9 shows the average magnitude of phase-scrambled j · E′ on the (a) electron

and (b) ion anisotropy–beta planes. In both panels, the distribution is approximately

uniform across the central regions of parameter space. In areas with fewer points per bin,

some variability arises, although this is not severe enough to call into question the trends

observed in Figure 5.3. Indeed, it is to be expected that some outlying values will appear

in low-occupancy bins because the mean will be less well-defined. This is important to

bear in mind when interpreting the distribution of a variable on the anisotropy–beta

plane.

Confidence in interpretations of anisotropy–beta distributions can be improved by altering

the bin sizes. In this case, 80×80 bins are used for the figures presented in this chapter.

However, the trends are still qualitatively similar when using as low as 40×40 bins, and

reminiscent when using higher numbers (although with more variability due to increased

numbers of low-count bins). In Section 5.3.3, all bins in each area where ⟨|j · E′|⟩ is

qualitatively enhanced are combined. This serves to reduce visual bias from low-count

bins, producing the PDFs in Figure 5.5. Overall, distributions on the anisotropy–beta

plane should be interpreted with care, making sure to validate qualitative trends and

minimise the impact of any visual bias. When done so, this gives confidence to results

involving distributions on this plane.

At high betas, even a minuscule anisotropy will be strong enough to destabilise the rela-

tively weak magnetic fields. This situation arises in astrophysical plasmas, but even in the
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Figure 5.10: j ·E′ distributed on the β∥(T⊥/T∥−1)–β∥ plane, to better resolve the high-
β∥ funnel. The left and right columns show the electron and ion columns respectively.
Panels (a) & (b) show probability density. Panels (c) & (d) show the average signed
non-ideal energy conversion via j · E′. Panels (e) & (f) show average magnitude of j · E′.
The instability thresholds are those introduced previously, translated into the new y-axis.
The histograms represent an 80x80 grid of bins.

magnetosheath the anisotropy–beta plots are sensitive to uncertainty in the temperature

anisotropy at large beta (Cozzani et al., 2023). At high β∥, the instability thresholds

show that an instability will grow rapidly for small deviations from isotropy. As such,

small uncertainties can lead to the conditions being incorrectly classified as unstable to

T⊥ > T∥ or T∥ > T⊥ instabilities. In the first instance, it sufficient to simply bear this fact

in mind when drawing conclusions about the high–β∥ funnel in parameter space. Beyond

that, the y-axis can be remapped to β∥(T⊥/T∥ − 1) (as explored in e.g. Kunz et al., 2018;
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Gorman and Klein, 2024), inverting the problem area and allowing us to probe higher β∥

with less sensitivity to temperature anisotropy uncertainty.

Figure 5.10 shows probability density, ⟨j · E′⟩, and ⟨|j · E′|⟩, on the β∥(T⊥/T∥ − 1)–β∥

plane. Given that the parametric thresholds for instability growth rates are defined for

β∥ ∼ 1 (Gary and J. Wang, 1996; Gary and Nishimura, 2003; Maruca et al., 2012), it is

unsurprising that these thresholds diverge in regions of extreme β∥ when remapped onto

the new y-axis. Ignoring the thresholds themselves, the trends are robust – qualitatively

reminiscent of the other plane – with enhancements in average energy conversion along

the fringes of the distribution associated with kinetic microinstabilities. Beyond β∥ ≳ 102,

bin occupancy is too low to draw reliable trends. For small β∥, the bins contain many

points over a very small range of β∥(T⊥/T∥ − 1), so it is difficult to discern the low–β∥

edge which was observed on the other plane. There appears to be a reduction in ⟨|j ·E′|⟩

and shift to slightly negative ⟨j · E′⟩, which is consistent with the presence of a low–β∥

reduction in average energy conversion.

5.5 Summary

This chapter presented a statistical investigation into non-ideal energy conversion associ-

ated with kinetic microinstabilities, revealing enhanced levels of j ·E′ close to temperature

anisotropy–beta instability thresholds. In these regions, compared to the remainder of

the distribution, energy conversion has increased amplitude and larger positive net value,

indicating that the driving of VDFs into unstable configurations is observed more often

than redistribution of free energy in the VDF via scattering of particles and the subse-

quent growth of wave modes. It is found that the greatest enhancement in ⟨j · E′⟩ and

⟨|j · E′|⟩ occurs in the region susceptible to the electron firehose instability. In contrast,

the largest increase of average j · E′ in ion parameter space occurs on the edge closest to

the ion cyclotron instability threshold.

Breaking down j · E′ into j⊥ · E′
⊥ and j∥E

′
∥ reveals that the majority of non-ideal en-

ergy conversion comes from the perpendicular component, but that there is a significant
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enhancement in parallel energy conversion observed near the electron firehose instability

thresholds. j∥E
′
∥ is also found to be more positive on average than j⊥ ·E′

⊥, suggesting that

there is less energy imparted into the fields coming from processes acting through parallel

currents and electric fields. In contrast to the electrons, the ion firehose edge does not

exhibit a significant enhancement in the average parallel energy conversion. In addition

to different components of j ·E′, trends in ⟨j ·E′⟩ and ⟨|j ·E′|⟩ are qualitatively consistent

with average values of j · Epl across anisotropy–beta parameter space. Enhancements in

the absolute value of energy conversion are most pronounced when using j ·E′, indicating

a stronger link between fluctuations in the non-ideal component of energy conversion and

kinetic microinstabilities compared to the background plasma-frame energy conversion.

In addition to the known effect of parallel beta constraining temperature anisotropy,

which has been shown to be related to an enhancement in average energy conversion, an

additional region of interest has been discovered which is present in both parameter spaces.

There is increased negative energy conversion (with a smaller absolute value than the net

of the reminder) along the low–β∥ edge, at Te,⊥/Te,∥ < 1 for the electrons and Ti,⊥/Ti,∥ ∼ 1

for the ions, highlighting these regions as areas where significant energy is being imparted

into electromagnetic activity. The origin of this effect is not yet understood, but may be

arising from a new instability process which becomes important at low parallel beta. As

a starting point to understand this region of parameter space, the non-Maxwellianity is

explored in Chapter 6.

Despite accounting for a small percentage of the overall observations, it has been shown

that non-ideal energy conversion is enhanced when VDFs are configured such that they

may lead to the growth of anisotropy-driven kinetic microinstabilities. Turbulent fluctu-

ations are playing a key role in the link between the instabilities and thermodynamics,

by driving fluctuations in temperature anisotropy and local parallel beta. It is suggested

that, while the kinetic microinstabilities are not solely responsible for the large-scale en-

ergy budget of the magnetosheath, the instability growth—excitation—scattering cycle

is playing an important active role in how turbulent fluctuations influence the plasma
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thermodynamics.

Following the work presented in this chapter, it would be interesting to explore what

role non-Maxwellian VDFs are playing in the observed energy conversion statistics. Mag-

netosheath VDFs are typically found to exhibit a flat-top distribution, (e.g. Formisano

et al., 1973), which, by their non-bi-Maxwellian nature, contribute to extra sources of free

energy in the VDF which are not accounted for by the anisotropy–beta instability thresh-

olds (Klein et al., 2018; Klein et al., 2019b). Magnetosheath VDFs frequently exist as

flat-top distributions with energetic tails (e.g. Formisano et al., 1973), which are related to

processing of the solar wind by Earth’s bow shock. However, turbulent fluctuations may

be playing a role in accelerating non-thermal particles via the turbulent dissipation mech-

anism (e.g. Wan et al., 2012; Karimabadi et al., 2014; Chasapis et al., 2015; Matthaeus

et al., 2015; Chasapis et al., 2017; Yordanova et al., 2021; Bandyopadhyay et al., 2021),

contributing to local enhancements in non-Maxwellianity such as energetic tails. Some

work has been done to uncover how non-Maxwellianity is organised with respect to the

anisotropy-driven kinetic microinstabilities (such as Graham et al., 2021; Walters et al.,

2023), but it is not known how energy conversion related to the turbulent fluctuations

interplays with dynamic VDF structure in the magnetosheath.

Chapter 6 links trends in the non-Maxwellianity to energy conversion, contextualising

the results of this chapter in terms of underlying physical and velocity-space structures

which give rise to these statistics, as well as the relationship between the turbulent energy

conversion fluctuations and signatures of non-Maxwellian VDFs.
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Characterising Non-Maxwellianity of

VDFs in Earth’s Magnetosheath

6.1 Introduction

Having undergone processing by the bow shock, the magnetosheath consists of deceler-

ated, heated, and compressed solar wind plasma, subject to dynamically-new turbulence

in addition to shocked solar wind fluctuations (Huang et al., 2017; Sahraoui et al., 2020;

Rakhmanova et al., 2021, see also Section 2.2.3). Plasma in the magnetosheath is col-

lisionless, as its collisional mean free path of ∼ 105 RE is several orders of magnitude

greater than the system size of ∼ 10 RE (Stawarz and Genestreti, 2023). As such, VDFs

can exist in a state far from thermal equilibrium, deviating significantly from Maxwellian

distributions (Shuster et al., 2019; Perri et al., 2020; Graham et al., 2021).

Pristine solar wind electron distributions typically consist of an anisotropic Maxwellian

core at low energies (which can be represented by a bi-Maxwellian distribution), with a

power-law distribution at higher energies. Together, these can be approximated by kappa

distributions (e.g. Livadiotis et al., 2018; Verscharen et al., 2019). Processing by the

bow shock reforms electron VDFs into flat-top distributions (Montgomery et al., 1970;
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Feldman et al., 1983). Recent work suggests that the formation of flat-top electron distri-

butions is the result of stochastic processes which happen due to electron demagnetisation

and adiabatic behaviour within electric field structures created by the shock (Stasiewicz,

2023). Proton distributions in the magnetosheath are also significantly disturbed from

their upstream core and beam structure, exhibiting non-Maxwellian high-energy tails (e.g.

Formisano et al., 1973; Schwartz et al., 2022). Non-Maxwellianity in proton VDFs down-

stream of the bow shock represents a significant source of free energy in velocity space

imparted onto the protons, as temperature anisotropy (e.g. Greco et al., 2012; Maruca

et al., 2018) and additional non-Maxwellian features (Perri et al., 2020).

Non-Maxwellian VDFs are subject to various wave–particle and wave–wave interactions

which act to redistribute free energy via kinetic instabilities (e.g. Gary, 1993; Treumann

and Baumjohann, 1997; Verscharen et al., 2019; Verscharen et al., 2022, see also Section

2.4). As established in Chapter 5, temperature anisotropy-driven kinetic microinstabilities

constrain Ts,⊥/Ts,∥ based on βs,∥ in the magnetosheath (see also e.g. Gary et al., 2005;

Maruca et al., 2018; Graham et al., 2021). However, since magnetosheath VDFs are rarely

perfect bi-Maxwellians, it is not clear how additional sources of free energy in the VDF

impact the action of anisotropy–driven instabilities. As introduced in Section 2.3.4, ϵ and
√
Q are two dimensionless parameters which can be used to assess whether VDFs have

additional sources of free energy beyond those captured by temperature anisotropy-driven

instability threshold curves used in Chapter 5.

In this chapter, signatures of non-Maxwellianity in magnetosheath VDFs are explored,

with the aim of characterising typical behaviour and explaining observed variability and

its possible links to energy conversion observed in Chapter 5. It has been shown that tur-

bulence has an important role in imparting energy into the particles so that anisotropy-

driven kinetic microinstabilities may grow wave modes and isotropise the distributions,

however the impact of additional sources of free energy (beyond anisotropy) in velocity

space is unknown. The results of this chapter feed into the important question of how

turbulence links into the thermodynamic regulation of the magnetosheath, with appli-
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cations to collisionless dissipation and the role of reversible kinetic processes in energy

redeposition.

6.2 Methods

The Fast Plasma Investigation (FPI) instrument suite (Pollock et al., 2016, see Section

3.1.3) on board MMS is capable of measuring electron and ion VDFs fast enough to cap-

ture sub-ion scale structures, with instrument cadences of 0.03 s (electrons) and 0.15 s

(ions), respectively. By providing full particle distributions in addition to velocity mo-

ments calculated thereof, MMS facilitates in-depth studies of velocity space characteris-

tics and non-Maxwellian features present in magnetosheath VDFs. These VDFs and their

moments, as well as high-resolution B and E measurements, can be used to explore the

physical structures giving rise to energy conversion in unstable regions of anisotropy–beta

parameter space. This study uses the same data set as in Chapter 5, which is described

in detail in Section 5.2.1 and provided in Appendix B.1.

Computing ϵ involves taking the velocity space integral of the absolute difference between

a measured distribution, fs, and a model distribution, gs, based on the same moments

as the measured distribution. MMS VDFs are used for fs, then the numerical particle

moments from integrating fs (provided by the MMS team) are used to produce a model

distribution. For each energy channel, energy values are corrected for the spacecraft

potential and then converted to velocities via

v =

√︄
2e(E + qsVSC )

ms

, (6.1)

where E is the energy in eV and VSC is the spacecraft potential in volts. Photoelectron

effects often contaminate the first 4 electron energy channels, so bins with E < 28 eV are

removed when calculating ϵe (see Section 3.2.4; Graham et al., 2021). To avoid unphysical

contributions to ϵ from low/zero count bins at large energies or small densities, energy

channels in gs are masked out based on where fs(v) = 0. Once the parameter has been
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Figure 6.1: Probability density histogram of n against ϵ in log space for (a) the elec-
trons and (b) the ions. Isolated concentrations of probability density come from quasi-
perpendicular intervals where the number density undergoes only small fluctuations.

calculated for each time step, short data gaps are filled using linear interpolation.

Graham et al. (2021) find that ϵe is inversely proportional to ne, attributing this feature

firstly to distinct hot and cold populations found in the magnetospheric measurements

(their study uses all burst data from the first MMS dayside campaign, rather than only

magnetosheath data from multiple campaigns as in this study), and secondly to decreased

particle counts causing larger statistical uncertainty. The first effect is physical, but un-

likely to affect this study because the magnetosheath has only a single temperature com-

ponent. The second effect is instrumental, and is likely to be present in this investigation.

As illustrated in Figure 6.1 (a), there is an inverse relationship between ne and ϵe, at

least for some of this data, as reported for magnetopause observations by Graham et al.

(2021). Despite a large spread in the distribution, it is clear that many of the largest

values of ϵ occur at very low density. This must be borne in mind during interpretation of

the non-Maxwellianity results in the following sections. In Figure 6.1 (b), it is less clear

whether ni is inversely proportional to ϵi, as many large values of ϵi occur at ni ≫ 0.

Finally, in addition to the overall value of non-Maxwellianity, in the following sections it

is helpful to investigate fluctuations of a quantity Q with respect to its interval mean,

defined as δQ = Q − ⟨Q⟩interval , to isolate fluctuations from variable backgrounds. This

definition is used for fluctuations in the density, agyrotropy, and energy conversion, but

in the case of non-Maxwellianity the fluctuation is additionally normalised to the interval

170



Chapter 6. Characterising Non-Maxwellianity of VDFs in Earth’s Magnetosheath

mean itself,

δϵs =
ϵs − ⟨ϵs⟩interval
⟨ϵs⟩interval

. (6.2)

This is necessary to account for the scale of fluctuations relative to the background, which

varies from interval to interval as well as the level of the background.

6.3 Characterising Background Non-Maxwellianity

The non-Maxwellianity parameter is always nonzero within this data set, with ϵe ranging

from 0.041–0.28 and ϵi from 0.14–0.72. In this dataset, ϵe is generally lower than ϵi, the

latter having a greater range and larger fluctuations around the background compared

to the former. The rms fluctuation in ϵe ranges from 0.0028–0.026, whereas the rms

fluctuation in ϵi ranges from 0.0080–0.10, illustrating that there is significantly more

variability in the ions than the electrons. The ϵ parameter is sensitive to several aspects

of the VDF, such as beams, energetic tails, agyrotropy, and granularity in low-count bins

in velocity space. In this section, the properties of mean-averaged VDFs for a selection

of magnetosheath intervals are studied in order to characterise which features give rise

to background non-Maxwellianity. This background non-Maxwellianity feeds into the

thermodynamics of the system, representing a potential source of free energy beyond that

which can give rise to anisotropy-driven instabilities.

To visualise the structure of non-Maxwellian VDFs, 2D slices are taken using a 20° ele-

vation limit with respect to reference directions in velocity space. The chosen directions

form a right-handed coordinate system, pointing along v × B, B × v × B (i.e. along

the component of the velocity perpendicular to the local magnetic field), and B. Here,

v is the species bulk velocity. In the calculation of ϵ, a drifting bi-Maxwellian is used,

so to emulate this the projected VDF is converted to a cartesian grid and then shifted

into a frame moving with the species bulk velocity. Finally, the shifted cartesian grid is

interpolated onto the original spherical grid representing the velocity space cells sampled

by MMS instrumentation, leading to some smearing of bins where the shifted VDF bins

overlap multiple MMS bins. This is particularly apparent at the center of the distribution,
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Figure 6.2: Slices through the background electron VDF for 2017-11-13/19:30:44–
19:38:42. Colour axes show: (a)–(c) measured phase space density; (d)–(f) model bi-
Maxwellian phase space density ge based on the moments of fe; (g)–(i) signed difference
between fe − ge, where red denotes super-Maxwellian (fe > ge) and blue denotes sub-
Maxwellian fe < ge; (j)–(l) the non-Maxwellianity integrand, representing the velocity
space volume integrated absolute difference between fe and ge.
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where the spherical gap in phase space relating to masked-off bins removed due to space-

craft potential contamination is stretched along the bulk velocity direction. To compute

the background VDF for a given interval, slices are taken of each VDF time step. The

mean of those slices is what is plotted in the following Figures. In intervals where energy

stepping (see Section 3.1.3) is still taking place, the same process is used but alternate

time steps are interleaved to produce 64 energy channels.

Figure 6.2 illustrates a typical background electron VDF taken from a quasi-parallel mag-

netosheath interval with qualitatively uniform fluctuations in ϵe around the background.

The companion plot of background ion VDF in the same interval is displayed in Figure

6.3 (discussed later). Several intervals with steadily fluctuating non-Maxwellianity signa-

tures were investigated in this process, with qualitatively similar results which will also be

discussed later. In these figures, each row represents the three reference direction-aligned

2D slices through VDFs of different data products. The first row is the measured phase

space density fs; the second row is the the phase space density of the model bi-Maxwellian

with the same moments as fs and gs; the third row is the absolute difference (plotted log-

arithmically) between fs and gs, using the red and blue colour scales to represent super-

and sub-Maxwellian regions of measured phase space density, respectively; and the fourth

row displays the integrand of the non-Maxwellianity parameter, which is the information

conveyed in both colour axes of the third row weighted by the velocity space volume

element of each bin.

Figure 6.2 panels (g)–(i) show that fe is sub-Maxwellian in the core, super-Maxwellian on

the shoulder of the core, then sub-Maxwellian again in the flanks, before finally having

weakly super-Maxwellian tails (although this is weak with respect to the center of the

distribution, not accounting for the drop in phase space density of both fe and ge at

larger velocities). This shape is consistent with a flat-top distribution as a result of

processing by the bow shock (Montgomery et al., 1970; Feldman et al., 1983). Panels (j)–

(l) elucidate the structure giving rise to ϵe, showing in panels (j) and (k) two hemispheres

aligned obliquely to the mean field direction. In other intervals, this two-lobe shape is
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Figure 6.3: Following on from Figure 6.2, slices through the background ion VDF for
2017-11-13/19:30:44–19:38:42. Colour axes show: (m)–(o) measured phase space density;
(p)–(r) model bi-Maxwellian phase space density gi based on the moments of fi; (s)–(u)
signed difference between fi − gi, where red denotes super-Maxwellian (fi > gi) and blue
denotes sub-Maxwellian fi < gi; (v)–(x) the non-Maxwellianity integrand, representing
the velocity space volume integrated absolute difference between fi and gi.
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also present, though not aligned along the same direction. The origin of this feature is

unknown, but it is confirmed to not be due to the process of shifting the distribution into

the zero bulk flow frame, which is corroborated by the fact that the electron bulk speed

is very small compared to the velocity range measured by FPI.

Following on from the previous figure, Figure 6.3 shows the background ion VDF for

the same interval. Firstly, it must be noted that the bulk speed ui = 300 km s−1 is a

considerable fraction (around 30%) of the axis limits, so the fine structure and general

shape of the variables in the 2D slices is more likely to be modified by the process of shifting

into the bulk flow frame. This is responsible for the small ‘beam’-style structure visible in

panel (n). Panels (s) to (u) show a super-Maxwellian core, with sub-Maxwellian flanks,

and super-Maxwellian tails in line with expectations (e.g. Formisano et al., 1973; Schwartz

et al., 2022). There is an elongation of the super-Maxwellian core in a direction almost

perpendicular to the magnetic field, however this is not observed in all intervals that were

checked, and for those in which it is present the direction is not consistent. Panels (v) to

(x) represent the typical qualitative shape of the non-Maxwellianity integrand, where it

appears to be one lobe with a phase space deficiency where a second lobe would be, offset

from the distribution center. The direction of this feature varies throughout the intervals,

so it is not clear what gives rise to it. Importantly, it is not the same direction as the

center of the two-lobe electron non-Maxwellianity structure acknowledged in the previous

paragraph.

Despite differences between the example interval and others that were investigated (not

shown), qualitative features are consistent. To further exemplify the background proper-

ties of the VDF which are giving rise to non-Maxwellianity, the Pitch Angle Distribution

(PAD) can be used. The PAD represents the VDF integrated around the background B

field. In Figure 6.4 the PADs of the electrons and ions are given in directions θ = 0°

(parallel), θ = 90° (perpendicular), and θ = 180° (antiparallel) to B. Panels (a) to (c)

show that the electron PAD resembles a flat-top distribution with sub-Maxwellian phase

space density at the center, with an enhancement at lowest energies due to photoelectron
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Figure 6.4: Observed and model Pitch Angle Distribution (PAD) for 2017-11-
13/19:30:44–19:38:42, the same interval as shown in Figures 6.2 & 6.3. Panels (a)–(c)
show the electron PAD at θ (observed) and θM (model) of 0°, 90°, and 180° with respect
to the mean B. The dotted line shows the top of the fourth energy channel, below which
bins don’t contribute to ϵe. Panels (d)–(f) show the ion PAD at the same angles. Solid
lines denote PAD of the observed distribution and dashed lines represent the PAD of the
model bi-Maxwellian VDF with the same moments.

effects. This enhancement occurs below the bins which are cut off in the calculation of ϵe,

so it is not being treated as a real non-Maxwellian feature. Panels (d) to (f) show that the

ion distributions exhibit a super-Maxwellian center, sub-Maxwellian flanks, and enhanced

energetic tails. This is interpreted as a flat-top distribution or a nearly bi-Maxwellian core

(where the difference from bi-Maxwellian is an enhancement of phase space density). A

small notch in panel (f) represents an additional anti-parallel beam-like feature present

in the example interval.

The PADs in Figure 6.4 typify the properties of the background particle distributions,

which, despite varying between intervals, have qualitatively similar shapes. A schematic

view of this shape is presented in Figure 6.5 for idealised VDFs symmetric in all directions

relative to the magnetic field. In panel (a), the proposed true shape of the electron PAD
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Figure 6.5: Schematic pitch angle distributions indicating the typical background be-
haviour of the background magnetosheath distributions. Red and blue shading represent
super-Maxwellian and sub-Maxwellian phase space density, respectively. Photoelectron
contamination is denoted in panel (a) in green.

is indicated as a flat-top, with photoelectrons artficially enhancing phase space density

in the lowest energy channels. fe is typically lower than fi because the electrons fill a

larger velocity range in phase space (as the energy to velocity conversion is dependent on

particle mass), albeit at much lower phase space density.

The principal difference between different shapes of electron distributions is how pro-

nounced the shoulder of the flat-top core is, with some intervals barely becoming super-

Maxwellian in this region. When the shoulder is weaker, the flanks are also closer to the

bi-Maxwellian, but the tails are still enhanced in all cases. The intervals with larger ⟨ϵe⟩

tend to correspond to a shift to the right, so that differences between fe and ge occur at

higher velocities. This trend is mirrored in the ions. Differences in the shape of the ion

PAD generally manifest as changes to the level of enhancement in the core compared to

the bi-Maxwellian, with some intervals becoming only slightly super-Maxwellian in this

range.
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6.4 Non-Maxwellianity in Anisotropy–Beta Space

6.4.1 Non-Maxwellianity

The impact of non-Maxwellian VDFs on the plasma thermodynamics via the action of

kinetic instabilities is still poorly understood. Enhanced non-Maxwellianity represents

additional sources of free energy with which instability mechanisms can be excited. In

the previous section, it is established that neither the protons or electrons are perfect

bi-Maxwellians in the magnetosheath, with variation in background levels between in-

tervals as well as smaller-scale fluctuations around this background. Yet, observations

in Chapter 5 (see Figure 5.1) confirm that growth rate thresholds for anisotropy-driven

instabilities constrain accessible regions of anisotropy–beta parameter space – an effect

which doesn’t account for non-Maxwellianity. The thresholds are based on the assump-

tion of bi-Maxwellian distributions with Ti,⊥/Ti,∥ = 0 when Te,⊥/Te,∥ ̸= 0 (and vice versa),

neither of which conditions are satisfied in this data set, so it is interesting to understand

what role non-Maxwellianity may be playing in the dynamics.

Figure 6.6 shows the distribution of different non-Maxwellianity measures on the anisotropy–

beta plane. In panel (a), a significant increase in δϵe can be seen at low βe,∥ for Te,⊥/Te,∥ <

1, coinciding with an increase in ϵe in panel (b). The whistler region has δϵe < 0 on av-

erage, indicating fluctuations towards bi-Maxwellianity are occurring when the plasma

is unstable to the whistler instability. In contrast, points around the firehose edge have

a weakly positive δϵe. Panel (b) shows increasing average ϵe towards smaller-βe,∥ bins,

which may be related to n, as explored later. This relationship appears also to depend

on Te,⊥/Te,∥, with larger ⟨ϵe⟩ at a given βe,∥ when anisotropy is further from 1. This

feature may be related to how well the anisotropy moments are capturing the shape of

the VDF, as at very high anisotropy one may expect there to be a higher likelihood of

non-Maxwellian features being present. Due to a lack of points with Te,⊥/Te,∥ ≫ 1, it is

not possible to confirm whether this trend is symmetric.

Panels (c) and (d) show the fluctuation and value of ϵi in anisotropy–beta parameter

178



Chapter 6. Characterising Non-Maxwellianity of VDFs in Earth’s Magnetosheath

Figure 6.6: Non-Maxwellianity and agyrotropy parameters distributed on the
anisotropy–beta plane. Panels in the left-hand column show bin-average difference from
interval mean, and panels in the right-hand column show the bin-average value of the
parameter. The distributions are of (a)–(b) ϵe, (c)–(d) ϵi, (e)–(f)

√
Qe, (g)–(h)

√
Qi,

respectively. Bins containing fewer than 5 points or points from only 1 interval are ex-
cluded. Angled brackets refer to the average within the histogram cell. Colour scales on
the right-hand column are logarithmic.
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space, exhibiting different trends to the electron plane. The strong concentration of

δϵi < 0 around Ti,⊥/Ti,∥ = 1 suggests approximately isotropic VDFs are largely free from

non-Maxwellian features, albeit only at βi,∥ ≳ 101. Enhanced δϵi along both instability

thresholds contrasts with panel (a), indicating that ion non-Maxwellianity is fluctuating

above the background when in unstable configurations. This could be arising due to

additional sources of free energy which may partly contribute to why ion parameter space

is poorly constrained by the growth rate thresholds compared to the electrons. Unlike

panel (b), panel (d) shows that ϵi is less strongly related to the parallel beta. The

largest non-Maxwellianity signatures occur at extreme values of Ti,⊥/Ti,∥, although not at

βi,∥ ≳ 102, suggesting that the relationship between non-Maxwellianity and the density is

weaker for ions than electrons, as corroborated by Figure 6.1.

Given that non-Maxwellianity represents a source of free energy beyond the established

link between non-ideal energy conversion and anisotropy-driven instabilities, it is informa-

tive to compare Figure 6.6 to distributions of j ·E′ in Figure 5.3. It should be noted that

ϵi is computed on the ion timescale, whereas the ion panels in Figure 5.3 use upsampled

ion axes data to match the electron-cadence j · E′, leading to an apparent increase in

parameter space occupancy in the latter plot for the same minimum bin count threshold.

For the electrons, ϵe is not enhanced in the unstable regions where j·E′ is large, suggesting

that the energy conversion is strongly linked to the anisotropy-driven instabilities rather

than additional instability mechanisms. Negative j ·E′ on the low-βe,∥ edge coincides with

a significant increase in δϵe (and ϵe), suggesting that the highly non-Maxwellian VDFs

may be leading to energy transfer from the particles into the fields.

6.4.2 Agyrotropy

The agyrotropy parameter represents a type of non-Maxwellianity caused by velocity

space asymmetry about the B-aligned direction, manifesting as differences to the two

perpendicular diagonal terms and off-diagonal terms in the temperature tensor. To isolate

how this component is distributed with respect to anisotropy-driven instabilities, δ
√
Q and

√
Q are plotted on the anisotropy–beta plane in Figure 6.6. Panel (e) shows that δ

√
Qe
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is large along the instability boundaries, despite δϵe being reduced and approximately 0

along the whistler and firehose edges, respectively. There is also a significant positive

δ
√
Qe along the other boundaries of the distribution, even at Te,⊥/Te,∥ ∼ 1, which aligns

with the increase in δϵe at low βe,∥. These trends suggest that not only are the kinetic

microinstabilities linked to agyrotropy which isn’t noticeably captured by δϵe, but at

other extreme regions such at low βe,∥ distributions have enhanced agyrotropic features.

Panel (f) shows that the largest
√
Qe occurs at low βe,∥, and that it is not significantly

enhanced along the instability boundaries. The latter observation shows that positive

δ
√
Qe observed in the instability regions is still not a large

√
Qe (i.e. the fluctuation is

not large relative to the background), explaining why it does not show up in the non-

Maxwellianity parameter in panel (a). From panels (e) and (f), it is clear that there

is enhanced agyrotropy along the edges of the distributions but it is not contributing

significantly to the non-Maxwellianity parameter as seen in panels (a) and (b).

The distribution of fluctuations of ion agyrotropy is shown in panel (g), wherein it can

be seen that the largest enhancements in δ
√
Qi occur beyond the instability thresholds.

Unlike δϵi, there is only a very weak increase in δ
√
Qi at small values of βi,∥. This

observation is corroborated by panel (h), which shows that large values of
√
Qi also occur

in unstable regions, coinciding with where δ
√
Qi is large. Values of

√
Qi are around an

order of magnitude greater than those of
√
Qe, suggesting that they are contributing more

significantly to the non-Maxwellianity trends than in the electron case. The agyrotropic

component of the ion VDFs in these regions could be partly responsible for the poor

constraint of parameter space by the ion anisotropy-driven instabilities compared to the

electrons.
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Figure 6.7: Probability density of non-Maxwellianity fluctuations compared to (a)–(b)
agyrotropy and (c)–(d) non-ideal energy conversion. The left- and right-hand columns
show electron and ion variables, respectively. In panel (d), the downsampled j ·E′ is used.
The colour axis is logarithmic, with three contours per order of magnitude from a kernel
density estimation of the probability density.

6.5 Fluctuations in the Non-Maxwellianity

6.5.1 Fluctuating Parameters

Fluctuations δϵ around the background value range from small variations due to gran-

ularity in the measured distributions up to several rms in size coming from changes to

the distribution structure itself. To understand the relevance of fluctuations in non-

Maxwellianity, δϵ is plotted against key variables in Figure 6.7. Panel (a) shows the

histogram of δϵe against δ
√
Qe, to investigate the link between fluctuations in agyrotropy

and fluctuations in the overall non-Maxwellianity. The core of the distribution is approx-

imately symmetric around δϵe, but large positive δ
√
Qe occurs preferentially at δϵe > 0,

and large negative δ
√
Qe is most frequent at δϵe < 0. This suggests that extreme fluc-
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tuations in agyrotropy are associated with an increase in non-Maxwellianity (as would

be expected), but the largest non-Maxwellianities are generally arising due to sources

other than agyrotropy. One explanation for this is that large off-diagonal pressure tensor

components (on which
√
Q is based) do not always correspond to changes in phase space

density (Graham et al., 2021). The lack of probability density δ
√
Qe < 0 for all δϵe is a

result of ⟨
√
Qe⟩ typically being close to 0.

In panel (b), it is seen that the ion version of the distribution is less structured. Again,

extreme values indicate a correlation between δϵi and δ
√
Qi, but the main concentration

of points suggests only a very weak relationship between these two variables. This is

interesting, as it implies the ion non-Maxwellianity is less-closely tied to the ion agy-

rotropy, possibly because the ion VDFs generally have a background agyrotropic compo-

nent which contributes to the background non-Maxwellianity, and fluctuations are due to

other changes to the VDF. Perri et al. (2020) found that
√
Qi was moderately correlated

with εi (the Greco et al. (2012) non-Maxwellianity), but in MMS data it was much weaker.

However, εi is more susceptible to changes in density than ϵi, so it is possible that in the

MMS case the agyrotropy is contaminated at low densities by noise in the off-diagonal

pressure terms.

To further investigate the relationship between fluctuations in non-Maxwellianity and

non-ideal energy conversion (as discussed in Section 6.4.1, δϵ is plotted against j · E′ for

the electrons and ions in Figures 6.7 (c) & (d), respectively. Panel (a) demonstrates that

large values of |j · E′| occur preferentially but not exclusively at positive values of δϵe

(seen as a slight skewness), suggesting more energy conversion is happening when the

non-Maxwellianity is locally larger than the background. The same trend is noticeable

for the ions in panel (b), albeit with smaller values of |j ·E′| due to the downsampling onto

ion cadence smoothing over sharp energy conversion features. From these panels, it is ap-

parent that there is a weak relationship between enhanced energy conversion and positive

fluctuations in non-Maxwellianity, implying that observations of j · E′ are accounting for

processes both taking and giving energy to non-Maxwellian VDFs. One interpretation of
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Figure 6.8: Time series of (a) ϵi and (b) ϵe within the example interval (2017-11-
13/19:30:44–19:38:42). The dashed horizontal lines represent the mean of each variable.
Points chosen for further investigation are denoted by vertical lines (note the thickness of
these does not reflect the averaging time period). Arrows represent the fluctuation direc-
tion with respect to the mean, with no arrow meaning the data point is approximately at
the mean value.

this is that the results are evidence for the role of additional VDF free-energy in exciting

mechanisms which modify the energetics in the magnetosheath. However, as discussed

previously and in Chapter 5, anisotropy-driven kinetic instabilities are the more influential

driver of energy conversion.

6.5.2 Non-Maxwellianity in an Example Interval

In this section, the fluctuating non-Maxwellianity is explored in a brief case study for the

example interval used throughout this Chapter (2017-11-13/19:30:44–19:38:42). The aim

is to showcase an example of how ϵ varies throughout a typical interval, and explore what

gives rise to these variations. However, it is impractical to be exhaustive even in this short

interval, as there are still nearly 8000 electron VDF measurements in this time period.

Instead, large positive and negative fluctuations, as well as two instances of average ϵ,

are investigated. Figure 6.8 shows the non-Maxwellianity throughout the interval, with

selected time periods numbered 1–6 and 7–12 for the ions and electrons, respectively.

Comparing the panels, it is clear that ϵi is more variable than ϵe, as expected, and that

fluctuations in one parameter are not necessarily correlated with the other.
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The following are short qualitative descriptions of the features observed at each num-

bered time step in Figure 6.8 (a), where average/enhancement/reduction represents the

instantaneous value of ϵi with respect to the interval mean:

1. Average: Qualitatively similar to interval mean, faint beam.

2. Enhancement : Strong beam structure, highly asymmetric VDF.

3. Reduction: Closer to bi-Maxwellian VDF, but antiparallel beam.

4. Average: Beam not present, close to interval mean structure.

5. Reduction: Weak beam present, otherwise close to bi-Maxwellian.

6. Enhancement : Strong beam structure, highly asymmetric VDF.

These observations indicate that strong beams are a possible driver of enhanced non-

Maxwellianity. However, when there is a faint beam (or no beam), ϵi is being influenced

by changes to how symmetric the core and flanks of the VDF are, with the remaining

component coming from the strength of the energetic tails. In the electron case, in time

steps 7–12 variations are largely coming from granularity in the VDF, with no noticeable

beams or other coherent velocity space structures. This is likely due to the higher speed

of the electrons, undergoing more interactions which erode sharp gradients in velocity

space. The following aspects are noted, but it should be remembered that the changes

are subtle:

7. Reduction: Diminished energetic tails.

8. Average: Close to interval background; granularity.

9. Enhancement : More granularity, reduction in phase space density, flatter core.

10. Enhancement : Granular, especially in tails, flat top.

11. Average: Flat top but with weak tails.

12. Reduction: Lower phase space density, less pronounced shoulder.

Studying the normalised non-Maxwellianity fluctuations (δϵ) and agyrotropy fluctuations

(δ
√
Q) for the example interval sheds light on the results of Figure 6.7. The time series of
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Figure 6.9: Time series of fluctuating magnetic field, non-Maxwellianity, and agyrotropy
for 2017-11-13/19:30:44–19:38:42. The mean (= 0) is given by a dashed black line.

these parameters and the fluctuating normalised magnetic field vector are shown in Figure

6.9 (for a longer time period than Figure 6.8). Firstly, it is confirmed that fluctuations

in ϵi are greater than ϵe even relative to the mean. Next, δϵe and δϵi are fluctuating on

similar scale sizes to the magnetic field, suggesting that the fluctuations may be driven

by the large-scale turbulent structure, rather than the localised structures. In contrast,

δ
√
Qi undergoes generally faster fluctuations, and δ

√
Qe varies on very small timescales

which may be partly associated with noise.

To further explore the turbulent nature of the non-Maxwellianity parameter, the power

spectrum is plotted in Figure 6.10. It is seen that both δϵe and δϵi follow a similar

power-law trend to δB/B0, albeit at lower power. At f ∼ 100 Hz the non-Maxwellianity

parameters begin to level off, likely due to noise, with δϵe reaching its noise floor for at

least half of a decade in frequency. This could explain the observation from Figure 6.7
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Figure 6.10: Power spectral density of non-Maxwellianity fluctuations and normalised
magnetic field fluctuations. Dashed vertical lines represent the correlation length of the
curve with the same colour. The mean is removed and the spectrum consists of a single
Hanning-windowed periodogram.

that δϵ and j · E′ are only weakly correlated, as the high-frequency fluctuations in non-

Maxwellianity contain very little fluctuation power on the scales where energy conversion

signals are measured.

To characterise the largest scale of the turbulent fluctuations, the correlation length (see

Section 2.3) is estimated as the integral of the correlation function up to the first zero

crossing. These values are denoted by vertical dashed lines in Figure 6.10, wherein it can

be noted that they are similar to λc of the magnetic field, which has been corroborated

with values from Stawarz et al. (2022). This process was repeated for the 60 intervals

from that study (the interval list used in Chapter 4, Appendix B.1), so that λc of δϵe & δϵi

and δB may be compared. The reason the additional intervals are not used is because the

correlation length calculation relies on the validity of Taylor’s hypothesis (Taylor, 1938, see

Section 3.5), which has not been rigorously verified as performed in the analysis by Stawarz

et al. (2022). This comparison is shown in Figure 6.11, where there is an approximately

linear scaling in log space, discounting intervals where the aforementioned process of

estimating λc is qualitatively poor. From this result, it is suggested non-Maxwellianity in

the VDF is being influenced by the turbulent dynamics on approximately the same scales
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Figure 6.11: Comparison of estimated correlation length, λc, of the normalised vec-
tor magnetic field and the fluctuating non-Maxwellianity for each species. Where the
estimation of the correlation scale is qualitatively poor, based on manual inspection of
the correlation functions, points are demarcated by hollow red circles. One point of
δϵe ∼ 10−1 di has been cut off by the plot limits.

as the magnetic field. This explains why strong correlations are not found between the

energy conversion term and the non-Maxwellianity parameter, despite non-Maxwellianity

representing a source of free energy for wave-particle interactions. However, it is still

possible for the two quantities to be weakly regionally correlated, even if not point-to-

point correlated.

6.6 Summary

Magnetosheath VDFs typically exist in a non-Maxwellian state, representing a potential

source of free energy which can be redistributed by wave-particle interactions. Deviations

typically go beyond anisotropy, including energetic tails, beams, and flat top distribu-

tions, leading to a breakdown of the assumptions behind temperature anisotropy-driven

kinetic microinstabilities. Yet, these instabilities are observed to effectively constrain val-

ues of the anisotropy based on the local parallel beta, an effect linked to turbulent energy

conversion in Chapter 5. VDFs departing from bi-Maxwellianity are characterised by a

non-zero non-Maxwellianity parameter ϵ (Graham et al., 2021), which is observed to vary

between 0.041–0.28 for the electrons and 0.14–0.72 for the ions. Levels of background
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non-Maxwellianity vary between distinct intervals, as do the levels of fluctuations.

The background non-Maxwellianity arises from different velocity space structure between

the two species. Electrons exhibit a sub-Maxwellian ‘flat-top’ distribution, with enhanced

shoulders, diminished flanks, and energetic tails. This shape is formed when the electrons

undergo processing by the shock (Montgomery et al., 1970; Feldman et al., 1983). In

contrast, the ions have a super-Maxwellian core, with sub-Maxwellian flanks and more

energetic tails than the electrons. Background ion non-Maxwellianity exhibits greater

variation compared to the electrons, often due to beams and agyrotropic background

distributions, which are less common in the electron VDFs.

Fluctuations of the non-Maxwellianity of ion VDFs arise due to significant velocity space

structures, such as beams, enhanced tails (compared to the already super-Maxwellian

background), and highly agyrotropic distributions. A small component comes from gran-

ularity in velocity space, where particle counts cause small differences between the ob-

served and model distributions. In the electron case, non-Maxwellianity is lower and

varies less relative to its smaller mean, with most variability arising due to granularity

in velocity space and the potential for instrumental effects to disrupt measurements at

low energies. In both species, non-Maxwellianity fluctuations occur on larger scales than

individual energy conversion structures associated with kinetic microinstabilities, which

explains why correlations between δϵ and j · E′ are weak. It is also noted that despite

the additional sources of free energy coming from deviations away from bi-Maxwellian

distributions, anisotropy-driven instabilities still appear to play a dominant role in ther-

modynamic regulation of the magnetosheath.

Not only is turbulence driving energy conversion into the particles which can give rise to

wave-particle interactions that regulate the magnetosheath thermodynamics, but it also

causes variability to the non-Maxwellianity of magnetosheath VDFs. Particularly in the

ions, this represents a source of additional free energy in the VDF which may partially

explain why the ions appear less strongly bound by anisotropy–driven instabilities. The

host of kinetic processes made possible by these non-equilibrium velocity distributions
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are expected to ultimately lead to dissipation of turbulent fluctuation energy at micro-

scopic scales. An interesting problem for future studies is to investigate the additional

mechanisms made possible by non-Maxwellian VDFs in the magnetosheath, to further

characterise the dissipation process in collisionless plasmas.

190



Chapter 7

Conclusions

Turbulence is one of the great unsolved problems of classical physics. It is found in

all corners of the Universe, heating astrophysical plasmas, churning Earth’s oceans, and

perfectly mixing a milky cup of tea. Despite knowing the equations which govern turbulent

flow for more than two centuries, many features of its behaviour remain shrouded in

mystery, particularly when it is coupled to electromagnetic forces and in the absence of

collisions between particles. Fortunately, nature presents us with a unique laboratory

for the study of plasma turbulence on our planet’s doorstep. Studying turbulence in the

magnetosheath not only reveals important information about the fundamental physics

operating in turbulent systems, but also informs our understanding of the solar wind–

magnetosphere coupling that leads to potentially harmful space weather. The latest

generation of space missions, along with new developments in computer simulations and

theory, allow us to probe deeper into turbulence than ever before. As such, the field is

progressing rapidly, with new missions on the horizon – such as HelioSwarm (Klein et al.,

2023) and Plasma Observatory (Retinò et al., 2022) – which promise to further demystify

this ubiquitous phenomenon.

The key open questions in plasma turbulence surround how the nonlinear dynamics oper-

ate across different scale ranges and under different plasma conditions, and the extent to

which these dynamics self-consistently excite different dissipative processes in collision-
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less systems. The comparative role of nonlinear and linear forces forms the foundation

of many turbulence theories, constraining the way in which energy is transferred from

injection at large scales, through the lossless inertial range, to dissipation at small scales

(Schekochihin, 2022; Marino and Sorriso-Valvo, 2023). In the absence of collisions, the

cascade proceeds to such small scales that the MHD fluid description of turbulence gives

way to kinetic physics (Verscharen et al., 2019). Because collisionless plasmas can exist in

a state far from thermodynamic equilibrium, numerous channels are activated by which

kinetic processes can reversibly transport energy between different forms (Treumann and

Baumjohann, 1997). The essence of the dissipation problem is thus: How is energy in the

fluctuations on average converted into particle energy, and how is the plasma eventually

thermalised (Matthaeus et al., 2020; Pezzi et al., 2021a)?

All turbulence theories make assumptions about how the nonlinear forces are organised,

and how they balance with the linear forces. To address this fundamental question, Chap-

ter 4 investigates how competing forces encoded within the different terms in generalised

Ohm’s law behave behave relative to each other, and how that varies with respect to sur-

rounding magnetosheath conditions. Furthermore, the electric fields generated by these

forces are intrinsically linked to dissipation. MMS is uniquely capable of directly mea-

suring nearly all of the terms in generalised Ohm’s law at high resolution (Stawarz et

al., 2021), providing observational constraints on the assumptions going into theory. We

might expect the relative importance of these effects to depend on ambient plasma condi-

tions (Franci et al., 2020), as well as the nature of the fluctuations, which may be further

influenced by how the fluctuations are excited in the plasma, such as shock-driven turbu-

lence (Bessho et al., 2022), the reflection of Alfvénic fluctuations in the solar atmosphere

(Verdini and Velli, 2007), secondary instabilities in the Kelvin-Helmholtz instability (Di

Mare et al., 2019), etc.

Chapter 4 demonstrates key results on the scale at which MHD dynamics give way to

the Hall effect, the relative importance of Hall and ambipolar and diamagnetic electric

fields (e.g., the electron pressure term) in the turbulent plasma, and the balance between
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linear and nonlinear effects. The Hall scale (at which the MHD term gives way to the

Hall term) is found to vary with the ion inertial length, modulated by the ion-scale ratio

of magnetic to velocity field fluctuations. Therefore, in a purely-Alfvénic situation the

MHD approximation breaks down at di, but in non-Alfvénic regimes the scale is different

(closer to 2di in the magnetosheath). This indicates that an excess of magnetic energy

in the magnetosheath causes Hall physics to become important at larger scales than

otherwise. These results would need to be taken into account in MHD studies of non-

Alfvénic turbulent systems. Assessment of the relative importance of the nonlinear to

linear parts of the MHD and Hall terms (which is analogous to the χ parameter for the

ratio of nonlinear to linear timescales from turbulence theory) shows that these depend

on δBrms/B0. This is unexpected in the case of the Hall term, which only dominates at

small scales, whereas the rms fluctuation is weighted towards the large scales, suggesting

that the nonlinear dynamics must transmit this information to the small scales. Nonlinear

contributions dominate when δBrms/B0 > 1, and vice versa, showing that the way in which

the turbulence self-consistently arranges itself is dependent on the large-scale driver.

The scale-dependent ratio of electron pressure to Hall electric fields (encoding the impor-

tance of thermal effects, which can potentially break the frozen-in condition and accelerate

particles along the magnetic field) is also investigated in Chapter 4. It is shown that the

spectral ratio of these terms varies with three parameters: βe; the ratio B0/⟨|B|⟩; and

the sub-ion ratio (δPe/Pe,0)/(δB/B0) (including fluctuations of the pressure anisotropy).

Once again, the properties of turbulence are important as well as ambient conditions. Fur-

thermore, it is found that the component of the electric field generated by temperature

gradients can be stronger than that arising from density gradients, showing the magne-

tosheath cannot be treated as an isothermal plasma. This is incompatible with KAW

theories (e.g. that of Boldyrev et al., 2013), indicating the need for further developments

of turbulence theory to fully characterise magnetosheath turbulence at sub-ion scales.

This also means that simulation studies which aim to reproduce small-scale dynamics will

need to incorporate electron temperature fluctuations.
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An empirical analysis of the turbulence properties which factor into the scaling laws

found in Chapter 4 reveals underlying dependences on the ambient plasma parameters,

suggesting that the nonlinear forces in the magnetosheath largely depend on ambient

conditions, rather than the nature of the fluctuations being purely controlled by the

driving mechanism. The ratio of ion-scale magnetic to velocity field fluctuations is found

to depend on βi, which introduces a relationship between the Hall scale and the ion

gyroradius (kHall ∼ ρ−0.28
i d−0.72

i ).

Notably, this scaling is distinct from the scaling for the break point in the magnetic

spectrum inferred from solar wind observations and simulations (C. H. K. Chen et al.,

2014; Franci et al., 2016). It will be interesting to further explore how the Hall scale is

related to the magnetic spectral break and disentangle whether this discrepancy is mainly

related to additional physics setting the magnetic break scale or differences between the

nature of solar wind and magnetosheath turbulence. A similar analysis for the electron

pressure to Hall electric field ratio reveals a two power-law scaling: ∼ βeβ
−0.75 when

δBrms/B0 is small and ∼ βeβ
−1.07 when δBrms/B0 is large. This shows that the relative

importance of the pressure term depends more strongly on β when the magnetic field

fluctuations are strong relative to their background. While in this dataset these two

scalings occupy distinct ranges of beta, it is intriguing to further explore whether both

scalings can exist for the same values of beta representing distinct regimes of turbulence.

The results of Chapter 4 provide key observational constraints for how the nonlinear

forces in turbulence are organised relative to one another, and how they vary over the

accessible parameter regime in the magnetosheath. The work is valuable to the study of

remote astrophysical plasmas (where in situ measurements are not possible) as well as

computational studies (where choices regarding which physical effects to simulate have

consequences for the tractability and choice of simulation techniques available). It would

be valuable to investigate how the scalings uncovered in Chapter 4 extrapolate to regimes

beyond the magnetosheath, such as the solar wind, where Alfvénicity and the large-scale

turbulence driver are different. The upcoming HelioSwarm mission (Klein et al., 2023) will
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be capable of measuring the Hall scale in the solar wind by calculating the current across

several spatial scales simultaneously (using nested tetrahedra within its nine-spacecraft

formation). This will advance our understanding of the applicability of MHD physics

throughout the heliosphere, allowing for a direct comparison between the solar wind and

shock-driven magnetosheath turbulence.

Chapter 4 therefore addresses how the nonlinear electric field dynamics operate within

different turbulent regimes. Following this, Chapters 5 and 6 present an investigation into

energy conversion and thermalisation, to unravel how the multitude of kinetic processes

possible in a collisionless plasma lead to net dissipation and heating. Specifically, local

non-ideal energy conversion via j · E′ and associated deformations to the VDF are ex-

plored in the context of anisotropy-driven kinetic microinstabilities. This class of kinetic

process is shown to constrain temperature anisotropy in the solar wind (e.g. Verscharen

et al., 2019) and magnetosheath (Gary et al., 2005; Maruca et al., 2018) by redistribut-

ing free energy in velocity space, playing a role in the thermodynamics of the plasma.

Recently, it has been found that the instabilities (which are based on linear theory in

a homogeneous background) are able to grow sufficiently fast to overcome the inherent

nonlinear timescales of turbulence (Bandyopadhyay et al., 2022b). However, it remains to

be seen how turbulent energy conversion and eventual thermalisation couples into these

mechanisms. This problem is addressed in Chapters 5 and 6.

Chapter 5 quantifies the role of kinetic microinstabilities in the energy conversion stage

of dissipation, showing that average j ·E′ is enhanced in unstable regions. However, since

energy conversion is sign-indefinite (Matthaeus et al., 2020) – where j ·E′ > 0 represents

energy imparted into the particles by the electromagnetic field, and j·E′ < 0 represents the

opposite case – it is not a priori clear how the instability cycle is leading to net dissipation.

Net-positive energy conversion is observed, suggesting turbulent fluctuations impart their

energy into the VDF, driving it into an unstable configuration. The implication is then

that microinstabilities excite waves which quickly propagate to other plasma regions, fast

enough that they evade measurement by MMS due to instrumental limitations. This
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interpretation is consistent with the fact that the ion instability regions are less net-

positive than the electrons, because ion processes generally occur on slower timescales

than electron ones (Gary, 1993), so part of the wave-excitation phase is being measured.

An interesting tendency for negative average j · E′ in the lowest-β∥ regions is uncovered,

even though there is no microinstability mechanism affecting this parameter regime (Gary,

1993; Treumann and Baumjohann, 1997). The origin of this effect is thus unknown, im-

plying that dominant magnetic pressure (compared to thermal pressure, as encoded by

the β) is somehow resulting in energy being taken from the particles into the fields. A

useful extension to this work would be to utilise a dispersion solver which can accept

arbitrary VDF configurations – such as the Arbitrary Linear Plasma Solver (ALPS) code

(Verscharen et al., 2018) – to identify what instabilities may be acting in this region.

Since the intervals which give rise to this effect are mostly found to remain in a similar β∥

regime (as opposed to in other parts of anisotropy–beta parameter space, where individ-

ual intervals move around significantly), there could be a configuration-space instability

acting, or the effect could be as a result of the large-scale driver of turbulence.

Comparing the results of j ·E′ with j ·Epl reveals qualitatively similar trends, suggesting

that the non-ideal term (which is part of the plasma-frame energy term) is driving the

enhanced energy conversion in unstable regions, rather than the convective contribution.

This strengthens the link between kinetic microinstabilities and dissipation, as it is only

the non-ideal energy conversion which can lead to particle acceleration parallel to the

magnetic field. Furthermore, it is found that j∥E
′
∥ is weak in all cases except when

unstable to the electron firehose instability (the electron instability activates when there

is an excess in Te,∥). This is interpreted as evidence for the electron firehose instability

leading to particle acceleration parallel to magnetic field lines, an important feature of

dissipation. In contrast, j⊥ · E′
⊥ is excited most along the electron whistler instability

threshold, but is also increased in all extreme anisotropy–beta conditions and generally

makes up the majority of energy conversion observed in the magnetosheath. Despite being

less clear, the trends with respect to ion instabilities are consistent with their electron
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counterparts.

Enhanced energy conversion signals concentrated in unstable regions correspond to local

events, associated with a wide variety of physical processes such as magnetic reconnec-

tion, magnetic holes, and other current structures which generate non-ideal electric fields.

A valuable further study would be to formally categorise the multitude of processes oc-

curring in unstable regions, to understand the role each mechanism plays in net energy

conversion and the potential relationship to the microinstabilities. The cumulative ef-

fect of the turbulence in unstable regions is net energy conversion from the fields to the

particles, where the amount of energy converted is greater on average than in stable re-

gions. Despite accounting for a small percentage of magnetosheath observations, unstable

plasma regions seem to be significantly contributing to net energy conversion into the par-

ticles. Thus, anisotropy-driven kinetic microinstabilities are an important link between

turbulent fluctuations and dissipation.

Having shown that local regions close to instability boundaries are where enhanced energy

conversion is observed, a question remains as to how the microinstabilities link to ther-

malisation. Anisotropy-driven instabilities redistribute free energy from excess parallel

or perpendicular temperature to excite wave modes, thereby thermalising that aspect of

the distribution. However, due to the lack of collisions in the magnetosheath, VDFs typ-

ically exist in non-equilibrium configurations significantly more complex than anisotropic

Maxwellians (Perri et al., 2020; Graham et al., 2021). As such, there is more free energy in

velocity space which may induce further instabilities. This feature is explored in Chapter

6, wherein the effect of VDF non-Maxwellianity (ϵ) and agyrotropy (
√
Q) is investigated

with respect to anisotropy-driven microinstabilities. This gives context to the results of

Chapter 5 and probes the elusive thermalisation step of dissipation.

The non-Maxwellianity parameter is found to fluctuate around a steady background value,

where the background and level of fluctuations vary from interval to interval. In the

electrons, the background distributions are flat-tops, with variations primarily arising due

to large-scale deformations based on changes to the ambient parameters, and granularity
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in the VDF at smallest scales. In contrast, ion non-Maxwellianity has a higher background

and stronger fluctuations, coming from changes to the background VDF shape, beams,

and agyrotropy. This is reflective of the fact that ions undergo fewer interactions due to

their slower speed, and are, as such, generally thermalised to a lesser degree. In unstable

regions, ϵi,
√
Qi, and

√
Qe are enhanced, suggesting that the turbulence giving rise to

increased j ·E′ is also injecting energy into these aspects of the VDF structure. However,

the same trends are not observed in ϵe, potentially due to the small size of the values

compared to the noise. This may be improved upon by undertaking a similar analysis

utilising a fully-kinetic simulation.

One interpretation of these findings is that the cumulative effect of small energy conversion

structures is enhanced
√
Q and ϵ. However, the alternative view is that variations to the

distribution are driven by large-scale turbulence, which is more likely to be the case based

on the correlation lengths of ϵ and B, which are similar. This is consistent with the lack of

a strong correlation between point-to-point non-Maxwellianity and j · E′, although there

is a slight enhancement to δϵ during periods of significant energy conversion. A future

direction for this work would be to categorise the alterations to the velocity distribution

as a result of the observed regions of enhanced energy conversion near anisotropy-driven

instability thresholds. This could be achieved using field-particle correlation techniques

(Klein et al., 2017). Furthermore, computing terms of the Vlasov equation, along the lines

of Shuster et al. (2019), may elucidate how energy imparted into the particles by positive

j · E′ is transported through velocity space once it has been imparted to the particles.

The results of Chapter 6 indicate that, while microinstabilities are responsible for reduc-

ing temperature anisotropy in unstable regions, the same turbulent fluctuations which

give rise to increased anisotropy may also be giving rise to non-Maxwellian features in

the distribution. Even though non-Maxwellianity represents extra free energy in velocity

space, Chapter 5 showed that anisotropy-driven instabilities strongly constrain the pa-

rameter space accessible to magnetosheath plasma, acting to thermalise the distributions.

Consequently, kinetic microinstabilities are likely a predominant process in mediating
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collisionless dissipation in the magnetosheath.

Overall, the work in this thesis addresses how turbulence operates in a collisionless regime.

By characterising how the turbulent electric field contributions self-consistently organise

under a variety of magnetosheath conditions, it has been shown that the balance of

competing nonlinear forces depends on ambient plasma parameters as well as the charac-

teristics of the fluctuations that, in principle, may be influenced by the turbulent driver.

Beyond this, an investigation into the links between turbulence and kinetic microinstabil-

ities has revealed enhanced energy conversion in unstable periods, showing that this class

of kinetic mechanism is playing an important role in facilitating collisionless dissipation.

The results have applications to remote plasma systems where in situ measurements are

not available, the observational constraint of assumptions going into turbulence theo-

ries and simulations, and the solar wind–magnetosphere space weather impact chain.

The foundations have been laid for several future studies into the nonlinear dynamics

of turbulence in space plasmas and the processes by which net dissipation is ultimately

achieved. The exciting future HelioSwarm and Plasma Observatory missions will unleash

a new generation of turbulence studies, making possible for the first time simultaneous

multi-spacecraft measurements at fluid and ion scales. These new missions, in addition

to the maturing data sets provided by existing missions, promise to push the boundaries

of turbulence research further than ever before, helping scientists demystify the universal

phenomenon of turbulence.

199



Bibliography

Adhikari, S., Matthaeus, W. H., Parashar, T. N., Shay, M. A., and Cassak, P. A. (2023a).

“Statistics of Pressure Fluctuations in Turbulent Kinetic Plasmas”. In: Monthly Notices

of the Royal Astronomical Society, stad2871. doi: 10.1093/mnras/stad2871.

Adhikari, S., Shay, M. A., Parashar, T. N., Matthaeus, W. H., Pyakurel, P. S., Stawarz,

J. E., and Eastwood, J. P. (2023b). “Effect of a guide field on the turbulence like

properties of magnetic reconnection”. In: Physics of Plasmas 30:8, p. 082904. doi:

10.1063/5.0150929.

Afshari, A. S., Howes, G. G., Kletzing, C. A., Hartley, D. P., and Boardsen, S. A. (2021).

“The Importance of Electron Landau Damping for the Dissipation of Turbulent En-

ergy in Terrestrial Magnetosheath Plasma”. In: Journal of Geophysical Research: Space

Physics 126:12, e2021JA029578. doi: 10.1029/2021JA029578.

Alexandrova, O., Chen, C. H. K., Sorriso-Valvo, L., Horbury, T. S., and Bale, S. D. (2013).

“Solar Wind Turbulence and the Role of Ion Instabilities”. In: Space Science Reviews

178:2-4, pp. 101–139. doi: 10.1007/s11214-013-0004-8.

Alexandrova, O., Lacombe, C., and Mangeney, A. (2008). “Spectra and anisotropy of

magnetic fluctuations in the Earth’s magnetosheath: Cluster observations”. In: Annales

Geophysicae 26:11, pp. 3585–3596. doi: 10.5194/angeo-26-3585-2008.

200

https://doi.org/10.1093/mnras/stad2871
https://doi.org/10.1063/5.0150929
https://doi.org/10.1029/2021JA029578
https://doi.org/10.1007/s11214-013-0004-8
https://doi.org/10.5194/angeo-26-3585-2008


Bibliography

Alexandrova, O., Lacombe, C., Mangeney, A., Grappin, R., and Maksimovic, M. (2012).

“Solar Wind Turbulent Spectrum at Plasma Kinetic Scales”. In: The Astrophysical

Journal 760:2, p. 121. doi: 10.1088/0004-637X/760/2/121.

Alexandrova, O., Saur, J., Lacombe, C., Mangeney, A., Mitchell, J., Schwartz, S. J.,

and Robert, P. (2009). “Universality of Solar-Wind Turbulent Spectrum from MHD

to Electron Scales”. In: Physical Review Letters 103:16, p. 165003. doi: 10.1103/

PhysRevLett.103.165003.

Alexandrova, O., Jagarlamudi, V. K., Hellinger, P., Maksimovic, M., Shprits, Y., and

Mangeney, A. (2021). “Spectrum of kinetic plasma turbulence at 0.3–0.9 astronomical

units from the Sun”. In: Physical Review E 103:6, p. 063202. doi: 10.1103/PhysRevE.

103.063202.

Alfvén, H. (1942). “Existence of electromagnetic-hydrodynamic waves”. In: Nature

150:3805, pp. 405–406. doi: 10.1038/150405d0.
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Appendix A

Derivations

This appendix contains detailed derivations of the momentum equation, generalised Ohm’s

law, and the energy equation, to expand on Chapter 2. The derivations are based on those

presented in Gurnett and Bhattacharjee (2005).

A.1 The Momentum Equation

The Vlasov equation for species s describes how the velocity distribution function (VDF)

evolves in phase space in response to electromagnetic fields. The expression is given by

dfs
dt

≡ ∂fs
∂t

+ v · ∇xfs +
qs
ms

(E+ v ×B) · ∇vfs = 0, (A.1)

where fs is the velocity distribution function with dimensions (x,v, t) corresponding to

three spatial, three velocity space, and one time dimension, ∇x represents a physical-space

derivative, ∇v represents a velocity space derivative, E is the electric field vector, v is the

phase space velocity variable, and B is the magnetic field vector.

To obtain the momentum equation, we take the first velocity moment of the Vlasov

equation. We start by multiplying (A.1) by the velocity space momentum variable msv
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and integrating over all of velocity space (V ),

ms

∫︂
V

v

[︃
∂fs
∂t

+ v · ∇xfs + qs (E+ v ×B) · ∇vfs

]︃
d3v = 0. (A.2)

We will treat all the integrals in the above equation separately, starting with the first term

on the Left-Hand Side (LHS). This integral can be readily evaluated using the density

and bulk velocity nsvs =
∫︁
vfsd

3v,

ms

∫︂
V

v
∂fs
∂t

d3v =
∂

∂t

(︃
ms

∫︂
V

vfs d
3v

)︃
=

∂

∂t
(msnsvs) . (A.3)

The second integral on the LHS of (A.2) is more involved. Rearranging as

ms

∫︂
V

v (v · ∇xfs) d
3v = ∇x ·

[︃
ms

∫︂
V

vvfs d
3v

]︃
, (A.4)

and substituting the tensor identity

vv = (v − vs) (v − vs) + vsv + vvs − vsvs, (A.5)

where vs is the average velocity, gives

∇x ·
[︃
ms

∫︂
V

vvfs d
3v

]︃
= ∇x ·

[︃
ms

∫︂
V

(v − vs) (v − vs) fs d
3v +msnsvsvs

]︃
, (A.6)

since
∫︁
vsvfs d

3v = 0. Using the definition of the pressure tensor

Ps = ms

∫︂
(v − vs) (v − vs) fs d

3v, (A.7)

we can simplify (A.6) to

∇x ·
[︃
ms

∫︂
V

(v − vs) (v − vs) fs d
3v +msnsvsvs

]︃
= ∇x · [Ps +msnsvsvs] . (A.8)
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The third integral on the LHS of (A.2) can be simplified using

F · ∇vfs = ∇v · (Ffs) , (A.9)

since the Lorentz force F = qs (E+ v ×B) does not have a velocity divergence, so it can

be brought inside the term. The term becomes

∫︂
V

v (F · ∇vfs) d
3v =

∫︂
V

v [∇v · (Ffs)] d3v. (A.10)

The Right-Hand Side (RHS) of this equation can be expressed in terms of its vector

components,

∫︂
V

(vx x̂+ vy ŷ + vz ẑ)

[︃
∂

∂vx
Fxfs +

∂

∂vy
Fyfs +

∂

∂vz
Fzfs

]︃
d3v, (A.11)

which is an expression containing 9 individual integrals. We group these integrals into

∫︂
V

vx x̂
∂

∂vx
(Fxfs) d

3v +

∫︂
V

vy ŷ
∂

∂vy
(Fyfs) d

3v +

∫︂
V

vz ẑ
∂

∂vz
(Fzfs) d

3v, (A.12)

and ∫︂
V

vx x̂
∂

∂vy
(Fyfs) d

3v +

∫︂
V

vx x̂
∂

∂vz
(Fzfs) d

3v +

∫︂
V

vy ŷ
∂

∂vx
(Fxfs) d

3v

+

∫︂
V

vy ŷ
∂

∂vz
(Fzfs) d

3v +

∫︂
V

vz ẑ
∂

∂vx
(Fxfs) d

3v +

∫︂
V

vz ẑ
∂

∂vy
(Fyfs) d

3v.

(A.13)

The three integrals in (A.12) are all of the form

∫︂ ∞

−∞

∫︂ ∞

−∞
dvi dvj

∫︂ ∞

−∞
dvk vk

∂

∂vk
(Fkfs) , (A.14)

where i, j, and k represent the components of the vectors. Integrating by parts gives

∫︂ ∞

−∞
dvk vk

∂

∂vk
(Fkfs) = [vk Fk fs]

∞
−∞ −

∫︂ ∞

−∞
Fkfs dvk, (A.15)

where the [vk Fk fs]
∞
−∞ term is zero provided fs(v → ∞) → 0 sufficiently rapidly. The six
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integrals in (A.13) are of the form

∫︂
V

vj
∂

∂vk
(Fkfs) d

3v =

∫︂ ∞

−∞

∫︂ ∞

−∞
dvi dvj vk

∫︂ ∞

−∞

∂

∂vk
(Fkfs) dvk, (A.16)

which can be integrated directly as

∫︂ ∞

−∞

∂

∂vk
(Fkfs) dvk = [Fk fs]

∞
−∞ = 0, (A.17)

where, as above, it is assumed that phase space density goes to zero sufficiently quickly

at infinite velocity. The nine integrals thus become

∫︂
V

v [∇v · (Ffs)] d3v = −
∫︂
V

Ffs d
3v. (A.18)

Using the Lorentz force F = qs (E+ v ×B) and integrating, we arrive at the expression

∫︂
V

v (F · ∇vfs) d
3v = −qs

∫︂
V

(E+ v ×B) fs d
3v

= −qsns (E+ vs ×B) .

(A.19)

Together, the integrals in (A.2) become

∂

∂t
(msnsvs) +∇x · [Ps +msnsvsvs]− qsns (E+ vs ×B) = 0. (A.20)

Rearranging the terms, we obtain the standard form of the momentum equation

∂

∂t
(msnsvs) +∇ · (msnsvsvs) = qsns (E+ vs ×B)−∇ ·Ps, (A.21)

where ∇ represents ∇x.

A.2 The Generalised Ohm’s Law

Generalised Ohm’s law is obtained by taking the difference between the ion and electron

momentum equations and rearranging in terms of the current and pressure.
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We start with the ion momentum equation

∂

∂t
(minivi) +∇ · (minivivi) = nie [E+ vi ×B]−∇ ·Pi. (A.22)

and the electron momentum equation

∂

∂t
(meneve) +∇ · (meneveve) = −nee [E+ ve ×B]−∇ ·Pe. (A.23)

Noting that current density j is proportional to vi − ve, we multiply (A.22) by me and

(A.23) by mi to obtain an equation containing a (vi − ve) term,

∂

∂t
(memivi −mimeve) +∇ · [memivivi −mimeveve] = n (me +mi) E

+ ne (mevi −mive)×B

−me∇ ·Pi +mi∇ ·Pe,

(A.24)

where n = ne = ni is the number density assuming quasineutrality. Substituting the mass

density ρm = n(me +mi), equation (A.24) becomes

memi

{︃
∂

∂t
[n(vi − ve)] +∇ · [n(vivi − veve)]

}︃
= eρmE+ ne (mevi +mive)×B

−me∇ ·Pi +mi∇ ·Pe.

(A.25)

We now simplify each group of terms on the RHS of (A.25), starting with the B part of

the electromagnetic fields terms. Using the convenient mathematical tool

mevi +mive = mevi +mive + (meve −meve) + (mivi −mivi), (A.26)

and then employing the following rearrangements of the expressions for the single-fluid

velocity u and current density j

(me +mi)u = meve +mivi, (A.27)
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(mi −me)
j

ne
= mivi −mive −mevi +meve, (A.28)

equation (A.26) can be expressed as

mevi +mive = (me +mi)u− (mi −me)
j

ne
.

This form allows us to express the electromagnetic fields terms from (A.25) as

ρmE+ ne (mevi +mive)×B = eρmE+ ne

[︃
(me +mi)u− (mi −me)

j

ne

]︃
×B. (A.29)

The pressure terms group is simplified by noting that the ion pressure term, me∇ ·Pi, is

reduced by a factor of me/mi compared to the electron pressure term, mi∇ ·Pe, allowing

us to neglect the ion pressure contribution.

Bringing all the simplified terms back into the full expression in (A.25), we have

memi

{︃
∂

∂t
[n(vi − ve)] +∇ · [n(vivi − veve)]

}︃
= eρmE

+ ne

[︃
(me +mi)u− (mi −me)

j

ne

]︃
×B

+ mi∇ ·Pe.

(A.30)

Turning to the LHS of the above expression, we can simplify the ∂/∂t term using the

current density j = ne(vi − ve), as

∂

∂t
[n(vi − ve)] =

1

e

∂j

∂t
, (A.31)

and the ∇ term by substituting ve = vi − j/ne, as

∇ · [n(vivi − veve)] = ∇ ·
[︃
n(vivi −

(︃
vi −

j

ne

)︃(︃
vi −

j

ne

)︃]︃
= n∇ ·

[︃
vivi − vivi +

vi j

ne
+

j vi

ne
− jj

(ne)2

]︃
,

(A.32)
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which can be simplified using u ≈ vi for me ≪ mi as

1

e
∇ ·
[︃
uj+ ju− jj

ne

]︃
. (A.33)

This allows us to write the whole LHS as

memi

{︃
∂

∂t
[n(vi − ve)] +∇ · [n(vivi − veve)]

}︃
=

memi

e

[︃
∂j

∂t
+∇ ·

(︃
uj+ ju− jj

ne

)︃]︃
,

(A.34)

and the total equation as

memi

e

[︃
∂j

∂t
+∇ ·

(︃
uj+ ju− jj

ne

)︃]︃
= eρmE+ ne

[︃
(me +mi)u− (mi −me)

j

ne

]︃
×B

+ mi∇ ·Pe.

(A.35)

Dividing through by eρm = ne(me +mi) we get

memi

ne2(me +mi)

[︃
∂j

∂t
+∇ ·

(︃
uj+ ju− jj

ne

)︃]︃
= E+

[︃
u− mi −me

(me +mi)

j

ne

]︃
×B

+
mi

ne(mi +me)
∇ ·Pe.

(A.36)

Finally, by employing the following cancellations using me ≪ mi

memi

ne2(me +mi)
≈ me

ne2
, (A.37)

−(mi −me)

ne(me +mi)
≈ −1

ne
, (A.38)

mi

ne(mi +me)
≈ 1

ne
, (A.39)

and rearranging, we obtain the generalised Ohm’s law,

E = −u×B+
1

ne
j×B− 1

ne
∇ ·Pe +

me

ne2

[︃
∇ ·
(︃
uj+ ju− jj

ne

)︃
+

∂j

∂t

]︃
. (A.40)
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There are some corrections to the above expression which come from Taylor expansion

around the finite electron mass. The corrections are not calculated or used in this thesis,

so a derivation is not provided. As presented by Stawarz et al. (2021),

Eδme =
∞∑︂
ℓ=1

(︃
−me

mi

)︃ℓ

Mℓ, (A.41)

where

Mℓ =
2

ne
j×B− 1

ne
∇ ·P+

me

ne2

[︃
∇ ·
(︃
uj+ ju− (1 + 2ℓ)

jj

ne

)︃
+

∂j

∂t

]︃
, (A.42)

giving the full form of the generalised Ohm’s law

E = η j− u×B+
1

ne
j×B− 1

ne
∇ ·Pe +

me

ne2

[︃
∇ ·
(︃
uj+ ju− jj

ne

)︃
+

∂j

∂t

]︃
+

∞∑︂
ℓ=1

(︃
−me

mi

)︃ℓ{︃
2

ne
j×B− 1

ne
∇ ·P+

me

ne2

[︃
∇ ·
(︃
uj+ ju− (1 + 2ℓ)

jj

ne

)︃
+

∂j

∂t

]︃}︃
.

(A.43)

A.3 The Energy Equation

To obtain the energy equation, we start with the Vlasov equation,

dfs
dt

≡ ∂fs
∂t

+ v · ∇xfs +
qs
ms

(E+ v ×B) · ∇vfs = 0, (A.44)

and take the second moment, i.e. multiply Equation A.44 by msvv/2 and integrate over

velocity space. For convenience, we make the decomposition v = vs +w, where vs is the

bulk velocity of species s and w is the internal velocity coordinate in phase space relative

to the bulk velocity.

The second moment of A.44 consists of three terms,

∫︂
V

1

2
ms (vs +w) (vs +w)

∂fs
∂t

d3v, (A.45)
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∫︂
V

1

2
ms (vs +w) (vs +w) · (vs +w)∇xfs d

3v, (A.46)

∫︂
V

1

2
ms (vs +w) (vs +w)

qs
ms

[E+ (vs +w)×B] · ∇vfs d
3v, (A.47)

which sum to 0. Starting with the first integral, A.45, and considering only the trace of

the velocity tensor vv (for simplicity – the full tensor result of this derivation is called

the pressure tensor equation and is beyond the scope of what is required in this thesis),

∫︂
V

1

2
ms (vs +w) · (vs +w)

∂fs
∂t

d3v =
∂

∂t

∫︂
V

1

2

(︁
v2s + 2vs ·w + w2

)︁
fs d

3v, (A.48)

we can employ the definition of the density ns =
∫︁
fs d

3v to get

∂

∂t

[︃
1

2
msnsv

2
s +

∫︂
V

msvs ·wfs d
3v +

1

2

∫︂
V

msw
2fs d

3v

]︃
. (A.49)

The second term in this equation is of the form
∫︁
wfs d

3v, which goes to zero as there is

by definition no bulk w. We can simplify the third part by noting that w = v − vs and

employing the definition of the pressure tensor Ps = ms

∫︁
(v − vs) (v − vs) fs d

3v then

taking the trace Tr[Ps] = 3ps assuming isotropic scalar pressure ps, giving the final form

of A.45,

∂

∂t

[︃
1

2
msnsv

2
s +

3ps
2

]︃
. (A.50)

Considering the second integral, A.46, we again take the trace of vv to get the expression

∫︂
V

1

2
ms

(︁
v2s + 2vs ·w + w2

)︁
(vs +w)∇xfs d

3v, (A.51)

which, when rearranged, expands into a sum of six integrals,

1

2
ms∇x ·

[︃ ∫︂
V

v2svsfs d
3v + 2

∫︂
V

(vs ·w)vsfs d
3v +

∫︂
V

w2vsfs d
3v

+

∫︂
V

v2swfs d
3v + 2

∫︂
V

(vs ·w)wfs d
3v +

∫︂
V

w2wfs d
3v

]︃
.

(A.52)

Again, terms of the form
∫︁
wfs d

3v go to zero, and we can use the definitions of ns, Ps,
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ps, and the heat flux vector qs =
ms

2

∫︁
V
v2vfs d

3v to arrive at the final expression for A.46,

∇x ·
[︃
1

2
msnsv

2
svs +

3psvs

2
+ vs ·Ps + qs

]︃
. (A.53)

The third integral, A.47, can be written as

∫︂
V

qs
2
(vs +w)2 [E+ (vs +w)×B] · ∇vfs d

3v, (A.54)

which can be integrated by parts to give

qs
2

[︁
(vs +w)2 [E+ (vs +w)×B] fs

]︁∞
0
− qs

2

∫︂
V

fs∇v

(︁
(vs +w)2 [E+ (vs +w)×B]

)︁
d3v,

(A.55)

in which the first term goes to zero provided fs → 0 sufficiently quickly as v → ∞. The

second term can be rearranged as

−qs
2

∫︂
V

fs [E+ (vs +w)×B] · ∇v

[︁
(vs +w)2

]︁
d3v, (A.56)

since the Lorentz force does not have a velocity space gradient. Noting that ∇vv
2 = 2v,

the expression can be simplified further to

−qs

∫︂
V

fs [E+ (vs +w)×B] · (vs +w) d3v, (A.57)

which, using (v ×B) · v = 0, simplifies further to

−qs

∫︂
V

fs (E · vs + E ·w) d3v. (A.58)

Finally, using the definition of ns and removing the second term because again
∫︁
wfs d

3v =

0, we arrive at the final form of A.47,

−qsnsE · vs ≡ −E · js. (A.59)
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Putting the three evaluated integrals together, the energy equation is given by

∂

∂t

[︃
1

2
msnsv

2
s +

3ps
2

]︃
+∇x ·

[︃
1

2
msnsv

2
svs +

3psvs

2
+ vs ·Ps + qs

]︃
− E · js = 0. (A.60)

251



Appendix B

Table of Intervals

B.1 Chapter 4

The following intervals are sourced from Stawarz et al. (2022). The total length of the

data set is 32,013 seconds.

Number Start Date End Date Duration (s)

1 2015-10-21/06:55:10 2015-10-21/07:03:45 515

2 2015-10-29/14:48:05 2015-10-29/14:53:55 350

3 2015-10-31/10:22:27 2015-10-31/10:26:07 220

4 2015-11-15/05:27:36 2015-11-15/05:32:10 274

5 2016-02-23/21:54:06 2016-02-23/21:58:36 270

6 2016-09-28/16:50:14 2016-09-28/17:00:14 600

7 2016-09-30/17:50:34 2016-09-30/18:01:50 676

8 2016-10-25/09:45:57 2016-10-25/09:50:07 250

9 2016-11-09/13:41:23 2016-11-09/13:45:13 230

10 2016-12-08/10:16:52 2016-12-08/10:21:02 250

11 2016-12-08/10:25:02 2016-12-08/10:28:52 230

12 2016-12-09/09:01:40 2016-12-09/09:07:00 320

13 2016-12-09/09:26:25 2016-12-09/09:34:57 512
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Number Start Date End Date Duration (s)

14 2016-12-11/15:20:15 2016-12-11/15:32:31 736

15 2016-12-31/13:27:04 2016-12-31/13:31:02 238

16 2017-01-27/00:38:53 2017-01-27/00:42:01 188

17 2017-01-27/00:52:47 2017-01-27/00:56:56 249

18 2017-01-27/00:57:23 2017-01-27/01:02:36 313

19 2017-01-28/05:29:14 2017-01-28/05:34:50 336

20 2017-01-28/09:05:25 2017-01-28/09:11:12 347

21 2017-01-31/04:19:34 2017-01-31/04:25:50 376

22 2017-01-31/04:27:04 2017-01-31/04:30:03 179

23 2017-01-31/04:31:26 2017-01-31/04:35:13 227

24 2017-09-28/06:31:34 2017-09-28/06:58:14 1600

25 2017-09-28/10:43:00 2017-09-28/10:53:30 630

26 2017-09-28/20:42:00 2017-09-28/20:51:21 561

27 2017-11-13/19:06:36 2017-11-13/19:10:51 255

28 2017-11-13/19:30:44 2017-11-13/19:38:42 478

29 2017-11-16/15:36:06 2017-11-16/15:44:09 483

30 2017-11-25/01:02:52 2017-11-25/01:05:52 180

31 2017-12-01/13:12:07 2017-12-01/13:23:38 691

32 2017-12-09/06:12:34 2017-12-09/06:18:22 348

33 2017-12-12/04:21:15 2017-12-12/04:28:41 446

34 2017-12-12/19:32:59 2017-12-12/19:41:03 484

35 2017-12-17/19:42:54 2017-12-17/19:50:12 438

36 2017-12-21/06:41:57 2017-12-21/07:03:42 1305

37 2017-12-24/01:22:35 2017-12-24/01:38:31 956

38 2017-12-26/05:46:16 2017-12-26/06:03:00 1004

39 2017-12-26/06:12:44 2017-12-26/06:52:14 2370

40 2018-02-10/00:55:04 2018-02-10/01:00:33 329

41 2018-02-18/12:52:44 2018-02-18/13:03:01 617
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Number Start Date End Date Duration (s)

42 2018-02-21/07:31:54 2018-02-21/07:36:02 248

43 2018-02-21/07:48:54 2018-02-21/08:00:43 709

44 2018-03-15/20:32:00 2018-03-15/20:38:42 402

45 2018-04-13/15:39:34 2018-04-13/15:43:51 257

46 2018-04-14/23:00:14 2018-04-14/23:06:15 361

47 2018-04-15/00:31:04 2018-04-15/00:35:42 278

48 2018-04-19/05:08:04 2018-04-19/05:41:50 2026

49 2018-04-23/07:50:14 2018-04-23/08:33:38 2604

50 2018-04-24/21:44:15 2018-04-24/21:52:31 496

51 2018-04-27/16:30:57 2018-04-27/16:35:20 263

52 2018-04-27/16:39:47 2018-04-27/16:44:11 264

53 2018-04-27/17:35:44 2018-04-27/17:41:51 367

54 2018-04-27/17:56:25 2018-04-27/18:03:49 444

55 2018-04-28/20:48:55 2018-04-28/20:53:40 285

56 2018-04-28/21:02:05 2018-04-28/21:09:20 435

57 2018-04-28/21:29:06 2018-04-28/21:34:20 314

58 2018-04-28/22:22:46 2018-04-28/22:29:40 414

59 2018-05-23/14:35:26 2018-05-23/14:41:41 375

60 2018-05-28/22:23:40 2018-05-28/22:30:30 410

B.2 Chapters 5 & 6

The following intervals also derive from Stawarz et al. (2022), with additions in between

some intervals as well as up to the end of the 2019/2020 dayside MMS dayside campaign.

Some of the longer intervals have been split up to aid with computational tractability.

The total length of the data set is 87,974 seconds.
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Appendix B. Table of Intervals

Number Start Date End Date Duration (s)

1 2015-10-21/06:55:10 2015-10-21/07:03:45 515

2 2015-10-29/14:48:05 2015-10-29/14:53:55 350

3 2015-10-31/10:22:27 2015-10-31/10:26:07 220

4 2015-11-15/05:27:36 2015-11-15/05:32:10 274

5 2016-02-23/21:54:06 2016-02-23/21:58:36 270

6 2016-09-28/16:00:00 2016-09-28/16:08:52 532

7 2016-09-28/16:50:06 2016-09-28/16:59:00 534

8 2016-09-28/17:32:06 2016-09-28/17:37:32 326

9 2016-09-28/16:50:14 2016-09-28/17:00:14 600

10 2016-10-01/18:30:00 2016-10-01/18:40:00 600

11 2016-09-30/17:50:34 2016-09-30/18:01:50 676

12 2016-10-25/09:45:57 2016-10-25/09:50:07 250

13 2016-11-09/13:41:23 2016-11-09/13:45:13 230

14 2016-12-08/10:16:52 2016-12-08/10:21:02 250

15 2016-12-08/10:25:02 2016-12-08/10:28:52 230

16 2016-12-09/09:01:40 2016-12-09/09:07:00 320

17 2016-12-09/09:26:25 2016-12-09/09:34:57 512

18 2016-12-11/15:20:15 2016-12-11/15:32:31 736

19 2016-12-31/13:27:05 2016-12-31/13:31:01 236

20 2017-01-27/00:38:54 2017-01-27/00:42:00 186

21 2017-01-27/00:52:47 2017-01-27/00:56:56 249

22 2017-01-27/00:57:23 2017-01-27/01:02:36 313

23 2017-01-28/05:29:14 2017-01-28/05:34:50 336

24 2017-01-28/09:05:25 2017-01-28/09:11:12 347

25 2017-01-31/04:19:34 2017-01-31/04:25:50 376

26 2017-01-31/04:27:04 2017-01-31/04:30:03 179

27 2017-01-31/04:31:26 2017-01-31/04:35:13 227

28 2017-09-28/06:31:34 2017-09-28/06:58:14 1600
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Number Start Date End Date Duration (s)

29 2017-09-28/10:43:00 2017-09-28/10:53:30 630

30 2017-09-28/20:42:00 2017-09-28/20:51:21 561

31 2017-11-13/19:06:36 2017-11-13/19:10:51 255

32 2017-11-13/19:30:44 2017-11-13/19:38:42 478

33 2017-11-16/15:36:06 2017-11-16/15:44:09 483

34 2017-11-25/01:02:53 2017-11-25/01:05:51 178

35 2017-12-01/13:12:07 2017-12-01/13:23:38 691

36 2017-12-09/06:12:34 2017-12-09/06:18:22 348

37 2017-12-12/04:21:15 2017-12-12/04:28:41 446

38 2017-12-12/19:32:59 2017-12-12/19:41:03 484

39 2017-12-17/19:42:54 2017-12-17/19:50:12 438

40 2017-12-21/06:41:57 2017-12-21/07:03:42 1305

41 2017-12-24/01:22:35 2017-12-24/01:38:31 956

42 2017-12-26/05:46:16 2017-12-26/06:03:00 1004

43 2017-12-26/06:12:44 2017-12-26/06:22:14 570

44 2017-12-26/06:22:14 2017-12-26/06:32:14 600

45 2017-12-26/06:32:14 2017-12-26/06:42:14 600

46 2017-12-26/06:42:14 2017-12-26/06:52:14 600

47 2018-02-10/00:55:05 2018-02-10/01:00:32 327

48 2018-02-18/12:52:44 2018-02-18/13:03:01 617

49 2018-02-21/07:31:54 2018-02-21/07:36:02 248

50 2018-02-21/07:48:54 2018-02-21/08:00:43 709

51 2018-03-15/20:32:01 2018-03-15/20:38:41 400

52 2018-04-13/15:39:34 2018-04-13/15:43:51 257

53 2018-04-14/23:00:14 2018-04-14/23:06:15 361

54 2018-04-15/00:31:04 2018-04-15/00:35:42 278

55 2018-04-19/05:08:04 2018-04-19/05:41:50 2026

56 2018-04-23/07:50:14 2018-04-23/08:33:38 2604
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Number Start Date End Date Duration (s)

57 2018-04-24/21:44:15 2018-04-24/21:52:31 496

58 2018-04-27/16:30:57 2018-04-27/16:35:20 263

59 2018-04-27/16:39:47 2018-04-27/16:44:11 264

60 2018-04-27/17:35:44 2018-04-27/17:41:51 367

61 2018-04-27/17:56:25 2018-04-27/18:03:49 444

62 2018-04-28/20:48:55 2018-04-28/20:53:40 285

63 2018-04-28/21:02:05 2018-04-28/21:09:20 435

64 2018-04-28/21:29:06 2018-04-28/21:34:20 314

65 2018-04-28/22:22:46 2018-04-28/22:29:40 414

66 2018-05-23/14:35:26 2018-05-23/14:41:41 375

67 2018-05-24/00:13:54 2018-05-24/00:17:21 207

68 2018-05-24/05:49:54 2018-05-24/05:54:01 247

69 2018-05-28/22:23:40 2018-05-28/22:30:30 410

70 2018-10-16/14:22:14 2018-10-16/14:32:21 607

71 2018-10-16/14:38:34 2018-10-16/14:47:01 507

72 2018-10-17/03:36:44 2018-10-17/03:45:41 537

73 2018-10-17/04:13:34 2018-10-17/04:22:00 506

74 2018-10-19/03:33:00 2018-10-19/03:42:11 551

75 2018-10-22/07:21:04 2018-10-22/07:35:11 847

76 2018-10-25/03:08:00 2018-10-25/03:16:30 510

77 2018-10-27/09:13:14 2018-10-27/09:23:00 586

78 2018-10-27/09:23:01 2018-10-27/09:32:00 539

79 2018-10-27/09:38:00 2018-10-27/09:48:30 630

80 2018-10-28/11:23:00 2018-10-28/11:35:00 720

81 2018-10-28/11:35:01 2018-10-28/11:45:21 620

82 2018-10-30/09:27:00 2018-10-30/09:42:00 900

83 2018-10-31/15:16:00 2018-10-31/15:27:00 660

84 2018-10-31/16:04:00 2018-10-31/16:17:00 780
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Number Start Date End Date Duration (s)

85 2018-11-01/22:16:16 2018-11-01/22:28:58 762

86 2018-11-03/12:40:00 2018-11-03/12:50:00 600

87 2018-11-07/13:15:00 2018-11-07/13:27:31 751

88 2018-11-07/13:27:32 2018-11-07/13:37:31 599

89 2018-11-15/20:54:00 2018-11-15/21:00:00 360

90 2018-11-15/21:33:30 2018-11-15/21:40:31 421

91 2018-11-15/22:10:00 2018-11-15/22:15:00 300

92 2018-11-21/16:10:14 2018-11-21/16:25:00 886

93 2018-11-21/16:28:00 2018-11-21/16:40:00 720

94 2018-11-21/16:40:01 2018-11-21/16:50:00 599

95 2018-11-21/17:40:54 2018-11-21/17:53:00 726

96 2018-11-21/17:56:00 2018-11-21/18:00:00 240

97 2018-11-24/09:22:30 2018-11-24/09:37:00 870

98 2018-11-29/23:09:00 2018-11-29/23:14:00 300

99 2018-11-29/23:18:00 2018-11-29/23:27:00 540

100 2018-12-01/23:04:06 2018-12-01/23:12:20 494

101 2018-12-05/14:55:00 2018-12-05/15:05:00 600

102 2018-12-05/15:10:00 2018-12-05/15:20:00 600

103 2018-12-10/10:02:00 2018-12-10/10:13:00 660

104 2018-12-18/20:03:00 2018-12-18/20:13:00 600

105 2018-12-18/20:36:30 2018-12-18/20:40:42 252

106 2018-12-18/20:36:30 2018-12-18/20:40:42 252

107 2019-01-22/11:24:25 2019-01-22/11:35:00 635

108 2019-02-12/14:33:04 2019-02-12/14:44:00 656

109 2019-02-12/14:44:01 2019-02-12/14:55:00 659

110 2019-02-12/15:00:00 2019-02-12/15:12:59 779

111 2019-04-20/13:24:04 2019-04-20/13:27:31 207

112 2019-10-09/07:12:14 2019-10-09/07:18:00 346
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Number Start Date End Date Duration (s)

113 2019-10-10/09:02:44 2019-10-10/09:10:00 436

114 2019-10-10/15:00:00 2019-10-10/15:07:21 441

115 2019-10-16/12:54:24 2019-10-16/13:04:00 576

116 2019-10-16/13:04:01 2019-10-16/13:16:00 719

117 2019-11-05/22:04:54 2019-11-05/22:13:42 528

118 2019-11-19/21:45:00 2019-11-19/21:53:00 480

119 2019-11-25/13:20:00 2019-11-25/13:30:00 600

120 2019-11-25/13:30:01 2019-11-25/13:40:00 599

121 2019-11-26/20:18:04 2019-11-26/20:21:30 206

122 2019-12-03/19:06:00 2019-12-03/19:17:00 660

123 2019-12-03/19:17:01 2019-12-03/19:28:00 659

124 2019-12-07/09:33:44 2019-12-07/09:40:00 376

125 2019-12-07/09:40:01 2019-12-07/09:50:00 599

126 2019-12-07/09:50:01 2019-12-07/10:00:00 599

127 2019-12-07/10:00:01 2019-12-07/10:10:00 599

128 2019-12-07/10:10:01 2019-12-07/10:20:00 599

129 2019-12-07/10:20:01 2019-12-07/10:30:00 599

130 2019-12-17/20:30:00 2019-12-17/20:40:00 600

131 2019-12-24/01:33:04 2019-12-24/01:46:11 787

132 2019-12-28/08:30:00 2019-12-28/08:37:00 420

133 2019-12-28/08:46:30 2019-12-28/08:53:30 420

134 2019-12-28/08:55:01 2019-12-28/09:05:00 599

135 2019-12-28/09:05:01 2019-12-28/09:15:00 599

136 2019-12-31/23:46:00 2019-12-31/23:57:00 660

137 2020-01-14/05:08:00 2020-01-14/05:14:30 390

138 2020-01-14/05:23:00 2020-01-14/05:35:00 720

139 2020-01-14/05:35:01 2020-01-14/05:43:00 479

140 2020-01-14/05:43:01 2020-01-14/05:52:00 539
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141 2020-02-04/07:26:25 2020-02-04/07:36:00 575

142 2020-02-04/07:36:01 2020-02-04/07:46:00 599

143 2020-02-04/07:46:01 2020-02-04/07:56:00 599

144 2020-02-04/07:56:01 2020-02-04/08:06:00 599

145 2020-02-04/08:06:01 2020-02-04/08:17:00 659

146 2020-02-04/08:17:01 2020-02-04/08:30:00 779

147 2020-02-11/20:59:44 2020-02-11/21:09:00 556

148 2020-02-11/21:09:01 2020-02-11/21:19:00 599

149 2020-02-14/20:56:54 2020-02-14/21:08:21 687

150 2020-02-26/00:23:54 2020-02-26/00:30:00 366

151 2020-02-26/00:30:01 2020-02-26/00:40:00 599

152 2020-02-26/00:40:01 2020-02-26/00:50:00 599

153 2020-02-26/00:58:30 2020-02-26/01:10:00 690

154 2020-02-26/01:10:01 2020-02-26/01:20:00 599

155 2020-02-29/10:03:00 2020-02-29/10:10:00 420

156 2020-02-29/10:10:01 2020-02-29/10:20:00 599

157 2020-02-29/10:20:01 2020-02-29/10:30:00 599

158 2020-02-29/10:30:01 2020-02-29/10:40:00 599

159 2020-02-29/10:40:01 2020-02-29/10:50:00 599

160 2020-02-29/10:50:01 2020-02-29/10:55:00 299

161 2020-03-20/21:07:54 2020-03-20/21:15:00 426

162 2020-03-20/21:15:02 2020-03-20/21:25:00 598

163 2020-03-20/21:25:01 2020-03-20/21:33:00 479
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Appendix C

Figure Permissions

Some figures included in this thesis have been sourced from other publications. In each

case, where necessary permission has been obtained, listed below.

Figure(s) Source Licence

1.1 Wikimedia (24/03/2025) Photo of Public Domain Artwork

1.2 Wikimedia (12/03/2025) Photo of Public Domain Artwork

1.3 Colagrossi et al. (2021) Creative Commons CC BY

1.4 NASA / Mary Pat Hrybyk-Keith Public Domain

2.6 Sahraoui et al. (2020) License Agreement 5965900896514

2.7 Greco et al. (2018) License Agreement 5965830443790

3.1 Stawarz and Genestreti (2023) License Agreement 5995940842897

Table C.1: Licenses for figure reuse.
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