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Abstract

In this thesis we explore two possible approaches to the study of Gopakumar-Vafa invari-
ants in genus 0 and 1, mostly concentrating on their relation with certain moduli spaces
of morphisms.

The work is divided in two parts. In the first part we study via a new technique
inspired by Hitchin’s spectral curve construction, a version of Donaldson-Thomas invari-
ants which Katz has proposed as a mathematical definition of genus 0 GV invariants.
The spectral curve point of view leads us, in the reduced class case, to express the local
invariants of a fixed curve in terms of maps from curves homeomorphic to genus 0 ones.
At the end of the first part we look at some examples in the non reduced class case and
explore the spectral construction techniques in this set up.

In the second part of the thesis I discuss a joint work with Luca Battistella and Cristina
Manolache. We first recall Li-Zinger definition of reduced genus 1 invariants, which
coincide with genus 1 GV for the quintic 3-folds for the reduced class case, and prove
that such invariants coincide with those arising from the moduli space of 1-stable maps.
In such moduli space elliptic tails are destabilised and replaced by non degenerate maps
from cuspidal curves. We think of this as a first step in a longer project, with the aim is
that to define alternate compactifications of the moduli space of maps in higher genus

whose associated invariants do not take into account degenerate contributions.
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Introduction

Gromov-Witten theory is the first example of the modern approach to enumerative ge-
ometry and, as the first deformation invariant theory constructed, it has been intensively
studied for more than 20 years. The theory presents several serious difficulties: it is
extremely hard to compute, the invariants are rational due to the presence of finite au-
tomorphisms of the maps in the case of multiple cover, and in genus g > 0 the different
boundary components of the moduli space give degenerate contributions.

When X is a smooth projective Calabi-Yau 3-fold, Gopakumar-Vafa conjectured the
existence of an integer valued theory underlying Gromov-Witten counting; via M-theoretic
methods they defined the BPS invariants n, g which should count the embedded curves
in geometric genus g underlying the GW and should satisfy:

n 2g72
Y Njaaree= Y S pan () o
B.g B.g,m

where we denoted by le the Gromov-Witten invariants of X. A direct mathematical
definition for these invariants in all genus has been recently proposed in [MT16] via the
perverse cohomology of the DT sheaf on the moduli space .7 5(X) of pure 1-dimensional
stable sheaves .# with support in class f € Hy(X,Z) and holomorphic Euler characteristic
X(F)=1.

In this thesis we explore, via different techniques, Gopakumar-Vafa invariants in ge-

nus zero and one and their relations with moduli spaces of maps.

Katz invariants and spectral curve construction

The numerical invariants arising from .# g(X) were already proposed as mathematical

definition of genus 0 BPS invariants by Katz [Kat08|:

nop = j 1= x(A5(X),v)
[, 5 (X))

where v denotes the Behrend function of the moduli space. It is a priori not clear from
the definition why these invariants should capture only the genus 0 curves and our main
motivation was to understand whether there exists a technique to reduce Katz invariants

to genus 0 curves and thus reveal the relation with maps from genus 0 curves.

11
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We will actually work with local contribution : for a fixed curve i: C - X and y a

cycle on C satisfying i,y = , we can define the contributions of C to Katz’s invariants as

no,y = X (A, (C), V|4 (0)-

where .Z,,,(C) is the subspace of .# g(X) of sheaves set theoretically supported on C
whose associated fundamental cycle [.Z] (see (1.7)) coincide with y.

In this thesis we develop a new technique to study Katz invariants and their localisa-
tion to rational curves; the technique is inspired by Hitchin’s spectral curve construction.

Before giving an outline of the main idea, we collect the main results.

Reduced class case

In the reduced case, i.e. y = [C] and C reduced, we give an interpretation of the invariants
in terms of curves homeomorphic to genus 0 curve. We first define (see Definition [2.13)
the moduli functor PN™ of partial normalisations of C of fixed genus (which is indeed m

in the connected case) and show that:

Theorem. PN™ is represented by a closed subscheme PN™ of the Quot scheme Quotc (.7, m)
parametrising length m quotient of the zero dimensional sheaf on . = v,0z/ 0. We denoted
by C % C the normalisation.

Let T™ C PN/5,n € PN™ denote the locally closed sub-variety parametrising partial

conn —

normalisations homeomophic to trees of P!,

Theorem. Let C be a connected, reduced projective curve of arithmetic genus g and normal-
isation |_|11\71P1. Let C < X denote its embedding in a smooth Calabi-Yau 3-fold X. The

contribution ng [c) to the invariant ng ; [c) is given by:

g(C)

no,[c] = ZX(Tg(C)_jr(Sj)*Vl///L[C](C)) (0.2)
=0

where s; is, roughly speaking, defined by mapping a point 7 € .#,,c|(C) to the curve C which
is the maximal partial normalisation from which .7 is pushed-down.

Assuming that the normalisation of C is |_|11\’ IP! is not a restrictive hypothesis. Indeed,
it is not hard to see that for any curve class 8, curves with positive geometric genus
do not contribute to Katz invariants [JS12, Proposition 6.19],[Tod11, Lemma 2.11]. To
understand the contribution of singular curves with normalisation a disjoint union of
IP!, the idea is to exploit the action of Pico(é ) (where C is a formal neighbourhood of C
in X) on .#,(C), given by Z.F = Z®.7 and understand the orbits of this action via
Hitchin’s spectral construction. For example, .# supported on C is a fixed point if and
only if for any .Z € Pic?(C) there exists an isomorphism

7 -y 709 (0.3)
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In Hitchin’s language (0.3) is a so called Higgs field. Given such a triple (.%, ¢, %), we get

a unique compactly supported sheaf .7 on Tot(%) % C called eigen-sheaf of ¢ , whose

Prix
fiber over a point x € Tot(.#) corresponds to an eigen-space of Fy(y e, Fn(x) We

denote by C# the scheme theoretic support of 7. From .7, we recover .# as v,.%; where
v: C4 — C shall be thought of as a finite cover where the fiber over y € C corresponds to
the eigenvalues x; of ¢,. We will make this description more precise in §

We want to exploit the fact that, being .# of degree 0, a Higgs-field with values in .Z,
which is moreover an isomorphism, is rare and its existence constrains the geometry of
the spectral curve. In fact, when C is smooth, unless .Z is a torsion point, a Higgs-field

isomorphism with values in a degree 0 line bundle does not even exist.

Nodal curve Example

Let us look at the simplest example of singular curve: an irreducible nodal cubic C. It
is well known that the pure rank 1 sheaves on C are either line bundle or push-down
v,Op1(d) from the normalization IP!. In a local (analytic) neighbourhood U around the
singular point, v,0p: (d)|y = Op, & O, where By, B are the two branches coming together
at 0. Then locally we have an isomorphism of the form:

(a,p) +
ﬁBl@ﬁBzﬂ)ﬁBl@ﬁBz’ aiﬁEC.

which is not given by a regular function on U since we have chosen a # f8, but it is
given by a regular function on the normalisation. The above local isomorphism glues to
a global Higgs-field v,0p:1(d) 2 v, 0p1(d) ® £ for any .Z and in the associated spectral
curve the two branches are told apart, i.e. .% is a IP! embedded in Tot(.#). The Higgs
sheaf ¢ is uniquely determined up to scalar and once such a scalar is fixed, say A, IP!

intersects the fiber over the node in A and a A where «a is the scalar corresponding to .
in the identification Pic®(C) = C*.

<

Figure 1: Spectral curve nodal, rank 1 case

Orbits and fixed points

Pursuing this idea, in the reduced class case we are able to describe all the orbits and in

particular the fixed points:
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Proposition. Let C be a connected, reduced, projective curve and .# a sheaf of rank 1 on
each irreducible component of C. .7 has stabiliser K C Pic®(C) if and only if F = v3,8 where
CLCisa partial normalisation of C with Pic®(C) = Pic’(C)/K and Stab(&) = {e}.

In particular, the fixed points are push-down from curves of arithmetic genus 0:

Corollary. In the previous hypothesis , F is fixed by Pic’(C) if and only if F = vp,Ep, where
D5 Cisa partial normalization of C whose connected components are trees of P! and &p a

pure rank 1 sheaf on it.
Moreover, under stability hypothesis:

Corollary. If .F is stable and x(.F) = 1 then D is a tree of P! and &p = Op. Furthermore, for
any reduced, projective curve C, there are finitely many partial normalisations with source a
tree of P. In particular the fixed point of the Pic®(C) action on M1 ,c)(C) are finite.

Some examples in the non reduced case

In the case y = r[C] we can try to exploit the same idea, but in this case the geometry
of the spectral curve, although still constrained, is harder to describe. So far we only
have partial results and just for higher rank sheaves supported on the reduced curve C

underlying y.

Proposition. Let .7 be a rank r stable sheaf supported on the reduced curve C underlying y
and let fix x(F) = 1.

1. Let C be an irreducible nodal curve with a single node and . as before. % is fixed by
Pic’(C) if and only if F = v,,0cr, where v,: C" — C is a r : 1 morphism from a chain
of P! which does not factor through any sub-chain.

2. Let C be an inrreducible curve with a single ordinary cusp and .% as before. .7 is fixed
by Pic®(C) if and only if F = v..Oc, where C, is a length r, genus 0 thickening of P!
with v, not factoring through any sub-scheme Cy.

As far as we know, the spectral construction technique is a new approach to this
problem and we hope therefore that it will lead to a different point of view to take to
understand Katz invariants and their relation to GW. However, at the moment it is not
yet clear the generality in which this approach can be pursued and if it is going to lead

us any closer to an understanding in elementary terms of the GV/GW relation.

Reduced genus 1 invariants from 1-stable maps

While genus 0 Gromov—Witten theory is understood fairly well, the higher genus theory
is still unknown in general and its enumerative meaning is affected by more degener-
ate contributions. Reduced Gromov-Witten invariants [Zin09a)], [VZ08]], [VZ07], [LZ07],
[LZ09], [Zin08]], [Zin09b] solve two problems at the same time: they give computations
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of genus 1 Gromov-Witten invariants and they have a better enumerative meaning. The
only unpleasant aspect of reduced invariants is that their modular interpretation is com-
plicated. In this paper we propose a way to fix this issue by working with a different

moduli space.

Reduced invariants

The locus of maps from smooth elliptic curves to IP” is irreducible; we call its closure the
main component of My ,(IP",d). In [VZ08|] R. Vakil and A. Zinger construct a desingu-
larisation Ml,n(]l’r,d)main of the main component of Ml,n(ll’r,d) via an iterated blow-up
construction. Let

7 f

]

M],n(lprl d)main

IPT’

be the universal curve over Ml,,l(ﬂ”,d)main and let I € N. Then the sheaf 7, f*0p:(l) is a
vector bundle. Given X; a hypersurface of degree [ in IP, reduced genus 1 invariants of X
(see [VZ08|, [HL10a]) are defined as

Crop (T f(Opr (1)) N [My,(IP", )20,

Standard and reduced invariants of the quintic threefold X5 C IP* are related by the Li-
Zinger formula [LZ07]:

1
Ni(Xs5,d) = Ni*!(Xs,d) + = No(Xs,d). (0.4)

Cuspidal Gromov-Witten invariants

Based on D.I. Smyth’s work on the birational geometry of M, , [Smy11la,Smy11b], M.
Viscardi [Vis12] has introduced a series of alternate compactifications of the moduli space
of maps from smooth elliptic curves. The first instance of these alternate compactifica-
tions is H(I%L(X,ﬁ), where elliptic tails are made unstable and cuspidal singularities are
allowed in the source curve. These spaces carry perfect obstruction theories and lead to
invariants; we call them cuspidal Gromov-Witten invariants.

The main result we prove in Chapters § [5)j6]is the following:
Theorem. Let X5 C IP* be a generic smooth quintic threefold. Then:
Ni*d(Xs,d) = Ny (X5, d),

where:
Nlred(Xs,d) = deg(ctop(ﬁ*f*(ﬁw(s))) N [Ml(ﬂ)4ld)main])
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and
NP (X, d) = deg[ M (X5, )]

The proof of the main Theorem

The moduli space M, (IP",d) has many boundary components. From the proof of the
Li-Zinger formula we see that the genus 0 contribution to the right hand side of
comes from the boundary component with a single rational tail. This suggests that dis-
carding this component would provide a more direct approach to reduced invariants for
the quintic threefold. This is exactly what the Smyth—Viscardi space M(ll)(]l”,d ) does.

Here is a rough sketch of the proof of our result. We first show:

Theorem. There exists a well-defined 1-stabilisation morphism at the level of weighted-stable
curves:

m\{\i’zst N ﬂ“(Y;’St(l)
replacing elliptic tails of weight 0 with cusps.

We then consider the following cartesian diagram:

—(1)
Zx, — M1 (Xs5,d)

I = |

myt ——— my(n).

and prove that Zx_ is a substack of M (X5,d) that has no component with contracted

elliptic tails. The diagram above endows Zy, with a virtual class which, by Costello’s vir-

tual push-forward formula [[Cos06]], has the same enumerative content as [M(ll)()%, d)]vir.

In order to compare the degree of [ZXS]"ir with the reduced Gromov-Witten invari-
ants we follow in Chang and Li’s footsteps. We first introduce the moduli space of 1-
stable maps with p-fields; this has the advantage of having a simpler geometry and ad-
mits a cosection-localised virtual class [KL13|] with the same degree as [ﬂ(ll)(XS,d)]Vir
[CL12]. We then consider

, -
MG st ) My (P, d)P,

which admits, thanks to a variation of Costello’s construction [6.17] a cosection localised

vir

. . . . (1
class with the same enumerative information as [./\/l(l )(IP4,d)p Yol

]. We finally perform
a desingularisation of this auxiliary p-fields space via the study of its local equations
[HL10a]. In the end we analyse a splitting of the intrinsic normal cone of the desingu-

larised space as in [[CL15]. All these steps deliver the theorem.

Smoothability

On our way there, we review Vakil’s characterisation of maps lying in the boundary of
M, (P, d)™n [VZ07] and we give a new proof using Hu-Li’s equations [HL10a]. Using
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Smyth’s work on genus 1 singularities [Smy13, Appendix A] we also rephrase smootha-

bility as follows:

Theorem. A map [f] € M, (IP",d) contracting the minimal genus 1 subcurve is smoothable
if and only if it factors through a map from a genus 1 singularity that does not contract any

component.

Chapter Contents
Chapter 1

Here we introduce the notations, definitions and basic results we need in the study of
local Katz invariants: we collect basic facts about Picard groups of singular groups, in-
troduce the notion of Higgs field, spectral curve and give some examples, and finally

recall the definition of local contributions.

Chapter 2

Using the spectral curve construction we characterise the orbits and in particular the
fixed points of the Pic action on the moduli space of rank 1 sheaves. We then give an
interpretation of the invariants in terms of moduli spaces of unibranch partial normali-
sations; the spaces are defined in Section 2 of this chapter and we prove that they admit

a natural algebraic structure as locally closed sub-schemes of a certain quot scheme.

Chapter 3

We study the geometry of spectral curve associated to Picard fixed sheaves of higher rank
on a reduced curve with a single node and on a reduced curve with a single cusp. We
make some conjecture about the geometry structure of the spectral curve associated to
Pic invariant higher rank sheaves on general reduced curve which suggest there should
be also in the non reduced case an interpretation of the invariants in terms of curves

homeomorphic to trees of P!

Chapter 4

We review some classical results about the irreducible components of M (IP",d) and local
equations for this moduli stack in a smooth ambient space, and recall the definition of
reduced invariants. We recall Smyth’s m-elliptic singularities and discuss two different
proofs of Vakil’s characterisation of smoothable maps to projective space: one is based on

Hu-Li’s local equations; for the other one we give a classification of genus 1 singularities.

Chapter 5

We introduce Viscardi’s compactifications, study their components, and define the in-

variants arising from them. We show the existence of a comparison morphism (the so
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called 1-stabilisation) defined at the level of weighted pre-stable curves, which contracts

elliptic tails to cusps.

Chapter 6

We adapt all the theory developed by [HL10a|,[CL12[,[CL15] in order to give an alge-
braic proof of the Li-Zinger formula to the case of cuspidal stable maps. Finally we use
the comparison morphism and standard virtual pull-back techniques or their localised

version to compare cuspidal invariant to standard GW and to reduced GW.



Picard groups, Higgs sheaves and

Katz invariants

In this first chapter we introduce the dictionary, notation and basic results we keep using

through the first three chapters.

1.1. Partial normalisations and simultaneous normalisations

Definition 1.1. Let C be a connected, reduced, projective curve. We say that C’ L Cisa
partial normalisation if v is birational on any irreducible component of C.

Notice that, due to its universal property, the normalisation C %> C admits a factori-

sation through C’ 5 C for any partial normalisation.

Definition 1.2. Let C’ — C be as in Definition For any x € S C Sing(C), where S ¢ C
is the finite set of points where v is not an isomorphism, we define the relative delta

invariant of x to be the quantity:
55/ = dlmC (V*ﬁC’,x/ﬁC,x) .

If C’ is the full normalisation of C the above is the usual definition of delta invariant

of a curve singularity; in the latter case we suppress the super script C’.

Definition 1.3. We define the arithmetic genus of a projective curve C to be the quantity
2,(C) :=dimg H'(C, O¢). If C is reduced this is related to the genus of the normalisation
in the following way:

%(C)=gC)+1-N+ ) &,
x€Sing(C)

19



20 Chapter 1. Picard groups, Higgs sheaves and Katz invariants

where N is the number of irreducible components of C. For C reduced, projective with

normalisation C, the geometric genus is the dimension of the H!(C, O%).

Remark 1.4. Some authors define the arithmetic genus of a curve C to be the quantity
1 - x(C,O¢). This agrees with our definition when C is connected and reduced, and it is
sometimes preferred as it is invariant in flat families. Our choice allows us to identify

the arithmetic genus of a curve with the dimension of its Pic?.

1.1.1. Semi-normalisations and Simultaneous normalisations

Given a flat family of reduced curves ¥ — S we want to recall what are sufficient condi-
tions for it to admit a simultaneous normalisation, i.e. a morphism % — % — S such that
for any closed point s € S the morphism € — €, is the normalisation. In order to state

the result we are interested in, let us first recall the definition of semi-normalisation.

Definition 1.5. [Kol96, Definition 7.2.1] Let X be a reduced scheme. The semi-normalisation
of X is a scheme X’ together with a birational map X’ ~, X such that for each x € X there
exist a unique x” € X’ with m(x’) = x, i.e. m is a homeomorphism. Furthermore, if Y — X
is any other birational map which is bijective on closed points, then there exists a unique
factorisation X" — Y — X. In other words, the semi-normalisation is the maximal partial
normalisation among the ones which are bijections. We say that X is semi-normal if it is

isomorphic to its semi-normalisation.

Example 1.6. Let C be a reduced, projective curve whose only singularities are ordinary
nodes. Then C is semi-normal: any partial normalisation C’ — C is the normalisation at
one of the nodes and thus is not bijective. Hence the maximal bijective partial normali-
sation is C itself.
Let instead C be an integral curve with a cusp singularity; then C is not semi-normal.
. . 1V . . . . .
Indeed, the normalisation IP* — C is also the semi-normalisation as v is an homeomor-

phism.

Remark 1.7. Semi-normal curves play an important role in the theory of generalised
Jacobians; indeed, semi-normal rational curves (i.e. whose normalisation is a disjoint
union of IP!) are the only curves whose Pic? is an algebraic torus (C*)" for some n. We

will go back to semi-normal curves and describe their analytic model in §[I.2]

The following result , which is [Kol11}, Theorem 12], gives a characterisation of fam-
ilies of curves over semi-normal bases which admit a simultaneous normalisation. We
state Kollar’s Theorem only for families of curves, see [Kol11] for the higher dimensional

case and for the proof.

Theorem 1.8. Let € — S be a flat family of reduced, projective curves and S a semi-normal

scheme. Then the following are equivalent:

1. € — S admits a simultaneous normalisation € — € — S;
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2. The Hilbert polynomial of the normalisation of the fibers x(€, 0(nH)) is locally con-
stant on S, namely all the fibers have the same number of irreducible components and

the same geometric genus.

1.2. Jacobian of singular curves

Most of what appears in this section is taken from [Liu02, § 7.5], and full details for the

proofs we do not give can be found in there .

Definition 1.9. [Liu02} Definition 5.9] Let C be a projective curve over C with irreducible
components Cj,...,Cy. We define Pic’(C) to be the set of isomorphism classes of line
bundles . such that deg(%|cwd) = 0 for every 1 <i < N. Pic’(C) is a group with respect
to the tensor product ®. Z

Abusing terminology we will sometimes refer to Pic?(C) as the Jacobian of C.

Lemma 1.10. [Liu02, Lemma 5.11] Let C be a projective connected curve over C and let c’'S
C be a 1-dimensional closed sub-scheme defined by a nilpotent ideal. Then the pull-back map
' Pic%(C) - Pic%(C’) is surjective with unipotent kernel of dimension dimg HY(C, O¢) —
dime H'(C’, 0)).

Remark 1.11. Since the Pic® is commutative and we are working over C, for us a unipo-

tent group is just a group isomorphic to G¥ for some k.

The group of line bundles Pico(é\)

Let X be a smooth projective variety and let C < X be a projective, connected curve
with defining ideal .#. We denote by C, the thickening of C defined by .#" and by C its
completion, i.e. C is endowed with the sheaf of rings li(_mn Ox/I".

Definition 1.12. We define Pic®(C) to be the group under ® of line bundles on C whose

restriction to C has degree 0 on any irreducible component C; of C.

By Lemma the pull-back morphisms along restriction maps
Jn-1

Pic’(C,) = Pic’(C,_;) b, Pic’(C)

are surjective for each n. In particular, each line bundle on C extends to a line bundle 2
on C, [Har77, Proposition 9.6], i.e. Pic’(C) —» Pic’(C).

Remark 1.13. C is a formal neighbourhood of C in X and in particular any finite length
thickening C of C in X is contained in such neighbourhood C C C.
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Pic® for reduced curves

In the notation of § given a partial normalisation C’ % C, we denote by % the 0-
dimensional sheaf [[,c5 v.OF, ,/OF | fitting in the short exact sequence:

0— O —= .0 —=H —>0.

Identifying H!(C, o¢), HY(C, v.0¢,) with Pic(C) and Pic(C)’ respectively, we get an in-

duced sequence of groups:
HO(C',v,0%,) — H(H') — Pic(C) 2> Pic(C') — 0. (1.1)

Since pull-back along birational morphisms preserves the degree of line bundles, for each

partial normalisation there is a surjective morphism of groups:
Pic%(C) —2= Pic(C’) (1.2)

The kernel of v* and thus the structure of Pic?(C) can be explicitly described. We will be
only interested in curves with normalisation a disjoint union of IP!, thus we do not recall

the structure of Pic’(C) for C of positive geometric genus.

Proposition 1.14. [Liu02, Lemma 5.12,Theorem 5.19,Remark 5.20] Let C be a reduced,
connected projective curve, C’ L Ca partial normalisation with k connected components, and

S the set of points where v is not an isomorphism. Then

Ker(v*) = >< ((([j*)l{r' (O}-1 o Céf'—|{v-1(x)}|+1 )/(C*)k_l

x€S

In particular, if | | P! is the normalisation of C then Pic®(C) is isomorphic to:

>< ((C*)b(x)—l % Cdx_b(x)-'-l)/(([:*)N_l.
peSing(C)

Remark 1.15. If € — T is a morphism of schemes, it is well defined the relative Picard
group Pic}(¥) — T, [BLR12, § 8,§ 9]. This is the sub-functor of Picy,r ([BLR12} Defini-
tion 2,§ 8] consisting of all elements whose restriction ., belongs to Pic’(C;) for all fibers
of € — T. If € — T is a flat family of reduced, projective curves, then Pic}.(¢) — T is a
smooth family of commutative connected groups over T [BLR12, § 8.4]. If we moreover
assume that all the fibers of ¥ — T have geometric genus 0, then the above groups are

affine.

Curves whose Pic’(C) is an algebraic torus

Definition 1.16. Let C be a reduce curve; a point p € C is a genus 0 singularity if 5’\0}, is

isomorphic to C[[xy,..., x¢]]/(x;xj i < j) for some k (these are also called ordinary k-fold
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singularity [Liu02, Definition 5.13]), see Figure A reduced curve with only genus 0

singularities is semi-normal in the sense of definition

~ k-axes in Ak

Clx,v)/(xy) Clx,v,z)/(xy,yz,xz2) Clxy,..., x¢]/(xjx; 1 <i < j<k)

Figure 1.1: Genus 0 singularities

Remark 1.17. If p is a genus 0 singularity, its the delta invariant is o0(p) = b(p) — 1 where
b(p) is the number of branches. For a fixed number of branches, there exists only one

genus 0 singularity up to isomorphism ([Smy11a} Proposition A.2]).

Lemma 1.18. [Liu02, Lemma 5.18] Let C be a reduced, projective curve. Pic%(C) is an
algebraic torus, i.e. Pic®(C) = G, for some k, if and only if all the singularities of C are genus

0 singularities and the normalisation of C is a disjoint union of P!
A special case is that of curves of arithmetic genus 0 and thus with trivial Pic’(C):

Definition 1.19. We call a curve C a generalised tree if it is connected and it has trivial
Pic’(C). If all the singularity of C are ordinary nodes we say that C is a tree. Furthermore,
if a tree of P! satisfy the following condition: any irreducible component of the tree meets

at most two other irreducible component, we say that it is a chain of IP!.

Remark 1.20. A generalised tree has only genus 0 singularities, the normalisation at any
singular point disconnects the curve, i.e. the irreducible components are smooth P!, and

there are no cycles, i.e. 771(C) = 0.

Remark 1.21. Notice that for a curve C which is homeomorphic to a generalised tree D
the Pic%(C) is unipotent of dimension the arithmetic genus of C. Any curve with normal-

isation IP! and whose singularities are all unibranch is an example of the above.
We will need the following fact about generalised trees:

Lemma 1.22. Let C be a reduced, projective curve. There exists a finite number of partial

normalisations D — C, with D a generalised tree.

Lemma 1.23. Let C be a reduced projective curve. There exists a unique partial normalization
v . . iy )

C’ = C such that: v, is an homeomorphism, and C’ has only genus 0 singularities. C’ is the

semi-normalization of C ( Definition[1.5).

Proof. Let C 2, C be the full normalisation. For any x € Sing(C) consider its pre-image
under v, {q,...,4m} = v_(x), and choose an affine neighbourhood V, of x which does not
contain any other singular point. Denote by W, the affine curve defined as Spec of the
Oc(V,) algebra:

(e V) f@) == flam}- (1.3)
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Then we have that v decomposes as v~ (V) 2, W, 2, V, and both v, v, are isomor-
phisms outside x, which ensures we can glue together the local charts W, to get C’. By
construction v, is bijective and since it is also proper it is a homeomorphism, this proves
(1).
The second statement then follows directly from the local definition of C’ (1.3) and
[Liu02, Proposition 5.15].
Finally the uniqueness follows from the universal property of semi-normalisations.
O

proof of Lemma(1.22} 1f D P Cisa generalised tree which is a partial normalisation
of C, then vp factors through the semi-normalisation, which is unique for its universal
property. So it is enough to argue that a curve C’ with only genus 0 singularities admits
finitely many partial normalisations, and so, in particular, finitely many connected ones.

Let py,...pn be the singular points of C’; to give a partial normalisation D — C’
we need to specify a partial normalisation at any singular point p;. It suffices to show
that a curve A,, with an ordinary m-fold singularity p admits a finite number K,, of

partial normalisations A" — A, and then for a semi-normal curve C’ the number of partial

normalisation will be given by [T, .} K-
Let IP% U---ulP} — A, be the normalisation of the m-fold singularity, and (ky,...,k;)
a partition of m. Any choice in
m m—kl) (kl+kl_1)
1.4)
15 I (

defines a curve B (unique by Remark[1.17) with I connected components By,..., B; having
respectively a kq,...kj-ordinary fold, and admitting a birational map B — A,,. In fact
such a map is unique up to isomorphism and thus is indeed the number of partial
normalisations of A,,. The uniqueness follows from the fact that B is constructed from the
full normalisation contracting a divisor [Ser00, § 4.4], i.e. as a push-out in the category of
schemes [Sch05| § 3] and thus the universal property of push-out [Sch05, Theorem 2.3]
ensures the uniqueness of the map to A,,. O

Remark 1.24. Not every singular curve is defined by contracting a closed sub-scheme
of the normalisation, e.g. the ramphoydal cusp, locally defined by y? — x> = 0. is not.
In particular, in the general case, there could be a unique (up to isomorphism) curve C’

admitting an infinity of non isomorphic birational maps to a fixed curve. We will see an

explicit example in§

1.3. Spectral curve construction

The theory of Higgs bundles on smooth curves of genus g > 2 has been broadly studied
since Simpson and Hitchin seminal works on non abelian Hodge theory [Hit87],[Sim92],

and later it found applications in several other field. We are not going into this beautiful
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piece of geometry, but we just borrow the idea of the spectral curve construction to then

exploit it in the singular setting we are interested in.

Definition 1.25. Let C be a projective, connected curve. Given a line bundle . on C we
define an .# valued Higgs sheaf on C to be a pair (&, ¢) where & is a sheaf of - modules
and ¢ is an .Z valued endomorphism of &, i.e. $ € Hom(&,& ® Z).

Given a Higgs sheaf (&, ¢) there is a natural action of Sym(.#) on & defined through

¢: ERL ﬂ &. Hence & has a structure of Sym(.Z") = n,05 module, where we denoted
by 7t the natural projection from S := Tot(.Z). Since 7 is affine, the category of quasi-
coherent 05 modules is equivalent to the category of quasi-coherent 7,05 = Sym(.Z")
modules [Har77, Exercise 11.5.17]. We denote by &, the sheaf of 05— modules which
uniquely correspond to the Higgs sheaf (&, ¢). We call &, the eigensheaf of (&, ¢). Vicev-
ersa, given a sheaf .# on S, m,.# has naturally a Sym(.Z") module structure defined

by: F®L KR #, where A is the tautogical section of 7*.Z’; this defined a Higgs sheaf
(10, F, 10, A).
A morphism of Higgs sheaves (&, ¢), (%, ) is a morphism of sheaves & L Z inducing

a commutative diagram:

I Jv (1.5)

EQRYL % F L.

This correspond to a A linear morphism & — %y, on Tot(.2).
Notice that & on C is coherent if and only if &, is a compactly supported coherent
sheaf on S. In conclusion, we have an equivalence of categories: Higgs ,,(C) = Cohp(Tot(-Z)).
We denote by Cs the scheme theoretic support of the eigensheaf and we call it the

spectral curve associated to (&, ¢}.)

Note 1.26. The scheme structure of the spectral curve depends on the Higgs-field, not
just on the sheaf & so it would be more correct to use the notation Cg 4, but we find it

heavy, thus we will almost always suppress the ¢.

Examples in the smooth setting

Example 1.27. Let C be a smooth curve and (&, ¢) a locally free rank 1 Higgs sheaf with
values in .Z. Then ¢ is a section s of .Z, possibly the zero section, and thus C = Cs =
{A—s=0}CTot.Z, and & is just & itself.

Example 1.28. Let us consider C = P!, & = Opi(a)®Op1 (b) witha > b+1,and £ = Opi(1).

An £ valued endomorphism of & is represented by a matrix:

7

(p:[sl Ssb] with s;,57 € HY(Op1(1)) and s, € HY(Opi(a—b+1)).
1
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Let us fix s1,5] to be x¢, x; respectively; we can explicitly write down the equation of the
spectral curve Cg in the two charts of the line bundle:

= (V-1 =5) = 0}.

1
1S=7

CenUy,_n ={(A=1)(A=1)=0}, ConU,
x0

So Cs is a union of two P! meeting in a simple node in the point P = ([1 : 1],1). In
order to describe &, which we already know is a line bundle outside the node, we need
to understand its stalk at P and its degree on the components C; := C(1_1)—g and C; :=
Cia-n)=0 -

The stalk of the eigen-sheaf at P depends on s,,: if the latter section vanishes in
7(P), where 7t is the natural projection to P! then ¢r(p) is diagonalisable and and &y =
Oc,(a”) ® Oc,(b”).; otherwise, the Higgs sheaf is not diagonalisable in 7(P) and & =
O(a’,b’) is a line bundle on Cg.

Finally, to understand the degree of &, on the two components, we look at how 1 acts
on the eigen-sheaf and we see that: if the first case above occur, then a” = a, b”’ = b, and

if the second case occur, a’ =a+P, b’ =b.

Example 1.29. Let & = ®;0p: be a rank r trivial vector bundle on P! and ¢ € Hom(&, &).
We can assume that ¢ is represented by an upper triangular matrix whose entries 4;;
are constant sections; in particular the eigenvalues of ¢ are all constant. So the spectral

curve is a disjoint union of multiple P:
Ce={(A-ap)fi - (A-a,))} P! xC,

where k; is the multiplicity of a; in the minimal polynomial of ¢ and the eigen-sheaf
&y encode the normal form of the Higgs field at the generic point of C. Denote C(If/l =
{(A=ar)h =0}

éaqﬁlcgll = ﬁczt (&) ﬁcsll RS ﬁcilmt
where the k{ are the dimensions of Jordan blocks for the eigenvalue «; in the normal form

decomposition of ¢.

The above examples can be summed up in the following description: when (&, ¢) is
a .2 Higgs bundle on C smooth, the spectral curve Cs is a divisor in Tot(.Z) cut out by
the minimal polynomial of ¢ : p(1) € Ory o, whose coefficients are sections of powers of
Z. The points x1,...,x; in the fiber of C¢ — C over a point x € C are the eigenvalues of
Oyt & — E,® L. If ¢ has generically distinct eigenvalues, then the map Cge LCisa
rk(&’) : 1 cover, branched over the points where different eigenvalues come together, and
the eigensheaf & is generically a line bundle on Cg, whose rank may jump up on the
ramification point if ¢, for x a branched point is diagonalisable. Otherwise to interpret
n as a rk(&) : 1 we have to take into account both the rank of the eigen-sheaf and the

multiplicity of the irreducible components of the spectral curve.
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Examples in the singular setting

In this section, C is a projective and integral curve, possibly very singular. Let (.#,¢)
be an .Z valued Higgs field, with .# torsion free of rank r. We have already seen an
example of the geometry of the spectral curve in the singular setting in the introduction,
recall Figure|ll A general way to study the geometry of the spectral curve associated to a
singular Higgs sheaf is to relate it to a smooth Higgs bundle in the following way.

Let C - C be the normalisation. Then we have a v*.¢ valued Higgs bundle on C
given by the torsion free part of the pull-back of .#, i.e. (& := v*F/tor,py = v*¢/tor).
This gives a short exact sequence of Higgs sheaves (1.5):

0 s F LAEEEEN s 7 5 0

V&
I Lo | (1.6)

0—)9@$%v£®$—>3®$—>0

where 7 is supported on the zero dimensional singular locus of C. Let us denote by
Tot(v*.Z) 7 Tot(.Z) the natural map induced by the normalisation. The morphisms in
define, under the equivalence Higgs o,(C) = Cohp(Tot(-Z’)), a short exact sequence
of compactly supported sheaves on Tot(.Z):

O—>9’¢—>17*£’¢0—>9'—>0

where .7 is supported on a zero dimensional sub-scheme contained in the fibers over
Sing(C). This implies that the spectral curve Cz = Supp(Z,) is the scheme theoretic
image under ¥ of C¢ = Supp(&y, ), i.e. the ideal sheaf of C5 C Tot(.Z) is given by

I = Ker(ﬁTot(g) — ﬁ*ﬁTot(v*.i”) > ﬁ*ﬁcﬁ)

It is in general quite difficult to compute .# and, whenever possible, we will find alterna-

tive ways to study the geometry of C4.

/\
//

— | —

Figure 1.2: Spectral curve cusp
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Example 1.30. Let C be a reduced, projective curve with a cusp singularity, and nor-
malisation P! 2> C. Consider on C the pure rank 1 sheaf .# = v,0pi(d) and let .Z, €
Pic!(C) = (C, +) a line bundle of degree 1 on C. Notice that dim¢ Hom(.#,.# ® .%,) = 2
while dimg H%(.%,) = 1. Thus given a Higgs sheaf (.#, ¢) with values in .%,, ¢ is not nec-
essarily a section of .Z,.

In the above notation, the Higgs bundle (&, ¢g) on IP! associated to (., ¢) is (Op1(d), s)
where s € H(0p: (1)), and the corresponding spectral curve Cs is cut out in Tot(&p1)(1)
by the equation A’ —s = 0, where 1’ is the tautological section ( i.e. the fiber coordinate)
of 7*0p1(1) on Tot(Op1)(1). Since C4 and Cg are isomorphic away from the singularity,
in order to understand .#, or equivalently Cz we can work locally around the singular
point.

Let Py = v~1(0) be the pre-image of the cuspidal point and let 0 € Uy be a trivialising
chart for .%,, e.g. Uy = Spec(C[t?,t3,(1 —a*t?)7!]), and Up, = v~1(Uy) the corresponding
trivialising chart for Op1(1) = v*.%,. In these charts, the morphism v is given by:

C[t2, 13, (1 - a2y, A1 5 €[t (1 - a?2)"L, V]
A—- A +at)
and the section s is given by a+ byt for some ay, by € C. Then we see that s is in the image
of 7, i.e. it descends to a section of .7} if and only if by/ay = a. In this case 7(Cs) = C

and &, = 7. If instead s does not satisfy the previous condition, then it does not define a

section on the cuspidal curve and C g, given by the kernel of
C[t2, 13, (1 - a2y, A1 5 Clt, (1 - a2, V1 5 1, (1= 2825, V)X = (ag + bot)),

has parametrisation t — (t2,t3,a + (by +aag)t + abyt?) € Tot(Z,). In this case C» = IP!, see
Figure (1.2), and the natural projection to C is the normalisation map, and & = Op:(d).

1.4. Moduli of stable sheaves and DT invariants
Let X be a smooth projective Calabi-Yau 3-fold over C, i.e. Kx = 0x and H!(X, Ox) = 0.
In what follows we denote by w a polarisation Ox(1) on X.

Definition 1.31. A coherent sheaf .# on X is pure of dimension d if the support of .# has
dimension 4 and for any sub-sheaf ¢ C .#, the dimension of the support of ¢ is still d.

For .# a pure 1-dimensional coherent sheaf on X we denote by [.#] the fundamental

1-cycle associated to .# defined by:

[F] = Zlengthﬁx'” Z,177] (1.7)
Ul

where 71 runs over the codimension 2 points in X. The rational equivalence class of the

latter is the Poincaré dual of ch,(%).
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Definition 1.32. Let w be a fixed polarisation on X. The slope of a pure sheaf .%# with
respect to w is defined as:
_ x(&)
I/lw( )_Chz(ﬁ)a)
where x(.#) denotes the holomorphic Euler characteristic. We say that .# is y,, semistable
if for any proper subsheaf ¢ C .#, the inequality p,(¥) < (%) holds, and stable if the

above inequality is strict.

For fixed n € Z, p € Hy(X,Z), we denote by mn’ﬁ(X) the algebraic stack of pure 1-
dimensional, w semistable sheaves .# with x(.#) = n and fundamental 1 cycle [.Z] in

class .

Theorem 1.33. [HL10b, Theorem 4.3.4] If p and n be such that there are not strictly semi-
stable sheaves, then M, g(X) is a projective scheme; in this case we will use the notation

My p(X).

Theorem 1.34. [Tho00|| The moduli space .#,,3(X) admits a symmetric perfect obstruction
theory given by Rn*RL%”omXXj/M(X) (F,F)[2] where F is the universal sheaf on X x .4, s(X)
and 1t denotes the second projection.

The above obstruction theory defines a 0-dimensional virtual class on ., 3(X). We
denote the associated DT invariant with:

D Ti’l,ﬁ = \J‘ 1 .
['///n,/i(X)]vir

In [Kat08]] the genus 0 GV invariants are defined as the DT invariants arising from the
moduli space of pure 1-dimensional stable sheaves with x(.#) = 1. The latter is a tech-
nical assumption to ensure there are not strictly semistable and the stability condition is

independent from the choice of polarisation:

Lemma 1.35. For x(.%) = 1, there are no strictly semi-stable sheaves and .F is stable if and
only if for any proper subsheaf ¢ C ¥ the inequality x(¥) < 0 holds.

Proof. 1f for any proper subsheaf ¢ C .7 the inequality x(¥¢) < 0 holds, in particular
oY) < po(F) for any w and Z is strictly stable independently of the choice of polari-
sation by definition.

Vivecersa, let 7 € ./ g(X) be semi-stable object, i.e. any sub-sheaf 4 C .7,

x(¥)

Po(Y) = W

1
Sﬂw(f)zm-

As ¢ is a sub-sheaf, for any choice of polarisation:

length O ¢, < length O F, foranyn
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which implies chy(¥4) - w < chy(F) - w for any w. Then .# semistable implies that any
proper subsheaf ¢ has x(¥¢) <1 and in fact we will now show that the inequality has to
be strict. Suppose x(¥¢) = 1, then since we assumed .# semi-stable,

1 1
D)o~ T w

and chy(9)-w < chy(F) - w

which implies ch,(¥¢)-w = chy(.%)-w for any choice ofw and thus ch,(¥) = ch,(#). This, in
turns, implies that the quotient .%#/¥ is supported in dimension 0 and has 0 holomorphic
Euler characteristic, i.e. ¢ =.% and thus ¢ is not a proper subsheaf.

O

We will refer to the invariants:

110][5 = J . 1
[ p(X)]V"

as the Katz invariants of X.

1.4.1. Behrend function and Local invariants

Let Y be a Deligne-Mumford stack, denote by Z.(Y) the free abelian group generated
by cycles on Y and by Con(Y) the group of integer valued constructible functions on
Y. Given a morphism X 2, Y and constructible functions @ on X and ¢ on Y we will
denote by g"ip and g.@, respectively, the pull-back constructible function, defined by
x — 1P(g(x)), and the push-forward constructible function, defined by y — )((Xy,(p|xy).
Recall that x(X, ¢) = x(Y, g.¢) and if g is a homeomorphism, then x(Y,¢) = x(X, g"¥).

Definition 1.36. We call Behrend function of the DM stack Y and denote by vy the
constructible function

Vy = Eu(fy)

where Eu is the MacPherson’s local Euler obstruction and cy is the signed support of the

intrinsic normal cone of Y, often called the distinguished cycle on Y.

We refer to [Ful98| Example 4.2.9] for the definition of Eu and to [Beh09, § 1.1] for
the explicit local expression of cy.

Theorem 1.37. [Beh09} Theorem 4.18] Let Y be a proper DM stack endowed with a symmet-

ric perfect obstruction theory, then
[ a=xtv= Y ey, =)
[Y]vzr ne?

The obstruction theory for .#), 3(X) is symmetric, thus the above Theorem implies we

can express the invariants as a weighted Euler chracteristic.
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We recall some properties of vy and their consequences; full details can be found in
[Beh09, Proposition 1.8]:

* The constructible function vy only depends on the scheme structure of Y It fol-
lows in particular that the DT type invariants do not depend from the choice of a
symmetric perfect obstruction theory.

o If f: Z > Y is étale then f*vy = v,. Thus vy(P) is an invariant of the singularity of
Y at P.

o if Z=27,UZ, is the disjoint union of two locally closed substack, then x(Z,vy|y) =
X(Z1,vylz,) + X(Z2,vylz,).

» If Y is a disjoint union of a closed substack Z and a open substack U then x(Y,vy) =
x(U,vy)+ x(Z,vylz). In particular we can compute DT invariants over stratifica-

tions of the moduli space.

Definition 1.38. For a fixed reduced curve i: C — X and y € ®;Z[C;] a cycle on C satis-
tying i,y = B, we define the local contributions of C to the invariants to be:

no,y = X(A1,y(C), Vg (c))

where .7, ,,(C) is closed locus in .# g(X) whose sheaves satisfy [#] = y, (this is an equal-
ity as cycles) i.e .# are scheme theoretically supported either on C or on thickenings of
C.

Remark 1.39. As explained in [PT10, § 3.2] we can recover the global invariants from the
local contributions: the subspaces .#},, (C) are the fibers of the Hilbert-Chow morphism

M1,5(X) — Chow(X, B)

sending .# to its fundamental 1-cycle, where we denoted by Chow(X, ) the parameter
space of 1 cycles in X of class . Then we have a constructible function

ﬁO,[)’: ChOW(X,ﬂ) Y4

Y — 7”10’7/

such that ng g = x(Chow(X, B), 7ig g)-

1.4.2. Reduction to curves of geometric genus 0

We prefer working with local contributions since the spaces .# ,,(C) admit an action of
the group Pic’(C), given by:
L F =FL. (1.8)

—

The action is in fact defined on the formal neighbourhood .7 4(C) of .#1 ,,(C) in .21 4(X);
and it preserves the closed subspace .7, (C). Any thickening C of C with [C] = y is
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contained in the formal neighbourhood C of C and the action restricts to the action
of Pic%(C) for sheaves supported on C.

Notice that the Behrend function v , is invariant under the Pic®(C) action since ten-
soring with a line bundle is locally an isomorphism on .7 g(X); in particular v _4 is con-
stant on the orbits and, if we act by a sub-torus of Pico(a ), we can restrict the invariants
to the fixed points.

Using this action, it has already been shown the invariants DT, ,, vanishes unless the

normalisation of the reduced curve underlying 7 is a disjoint union of IP!:

Lemma 1.40. Let C be a reduced projective curve and Cy,...,Cy its irreducible components.
Suppose that for some 1 < i < N C; has geometric genus bigger or equal then one, then for

every cycle y supported on C the invariant DT, ,, vanishes.

We refer to [JS12} Proposition 6.19],[Tod11, Lemma 2.11] for the proof. We just want
to remark that the point is that, as soon as we have a component of positive geometric ge-
nus, x(Pic®(C)) = 0, and the same will be true for all the orbits of the action; in particular
this means that the action does not admits fixed points (see also Corollary [2.7).

If instead C has all irreducible component with high arithmetic genus and normali-
sation IP!, then C contributes to the invariants and we want to understand how. In par-
ticular, we would like to understand if it is possible to localise the invariants to curves of

arithmetic genus 0, namely to generalised tree



Contribution of singular curves:

reduced cycle case

In this chapter we give an interpretation in terms of curves homeomorphic to generalised
trees of P! of the invariant 1o, in the case y = [C] and C reduced. In such case, 7 €
M1 ,c)(C) is scheme theoretically supported on C and it has rank 1 on each irreducible
component of the curve. The group Pico(f) acts on ¥ € .#c)(C) C ///1,5(6) through
Pic’(C).

2.1. Characterisation of fixed point of the action and description
of the orbits

Let C be a reduced, projective curve and let .# € Coh(C) be a pure sheaf of rank 1 on each
irreducible component of C. Let us assume furthermore that the stabiliser Stab(.#) of .
with respect to the Pic?(C) action is non trivial. Then, for each .# € Stab(.%) there exists

an isomorphism: .% i) Z ®.Z. In the language of § ¢ is an .Z-valued Higgs field.

Lemma 2.1. Let C be a reduced, projective curve, and let % be a pure sheaf of rank 1 on
each irreducible component of C. If for a fixed O¢ # £ € Pic®(C) there exists an isomorphism

F i F Q.ZL, then the spectral curve C 4 is a non trivial partial normalisation of C.

Proof. Denote by v: C4z — C the natural map coming from the spectral construction.
First we show that Cz = Supp(:#;) does not have embedded points, equivalently that
Oc, is pure. As 7 is pure, the eigensheaf .7, is pure as well, otherwise, given a 0
dimensional sub-sheaf ¢ C .7, pushing down we would get a zero dimensional subsheaf

v.9 of #, contradicting the purity of .7#. Then O is pure as well. In fact, suppose there

33
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was a dimension 0 sub-sheaf .7, then
fzgﬁcy :jz'yd)qu;z(ﬂz'gq):o

where the last implication follows by purity of .7,. This means that .#, is supported on
Z,ie., Z =Cg and .#; = 0. Moreover, the fact that .# has rank 1 on every irreducible
component of C implies that v is birational, so C # is reduced with N irreducible compo-
nents.

Finally, to prove that the spectral curve is a non trivial partial normalisation, let’s
prove that the tautological section A|c,, of v*.Z is nowhere vanishing and thus trivialises
v*Z. It follows from the definition of .7, that the push-down of /\®idg‘4) along v is
the isomorphism ¢. As v is affine the push-forward v, is exact, thus A ®id 5, is an iso-
morphism, hence nowhere 0. But then so is A which therefore gives a trivialization for
vz O

Lemma 2.2. Let C be reduced and projective, # pure of rank 1, and let .7 i) F QL bean
isomorphism, with O¢ # £ € Stab(.#). Denote by C » % C the spectral curve, and by F the
eigensheaf of (%, ). Then we have a surjection Stab(.%) Y, Stab(Fg). In particular if F is

Pic(C) invariant, Fyis Pic’(C ) invariant.

Proof. Let us first prove that the map is well defined, namely that if .#Z € Stab(.#) then
V'l € Stab(F), i.e. we want to show that for any .# € Stab(.#) there exists an isomor-
phism

Ty — FeQV' M. (2.1)
Notice that we have an isomorphism of 07, » modules F,@Vv* 4 = (F®.H )pgia ,» where

®id
(7 ® M) pgid, denotes the eigensheaf defined by .7 (P—lﬂ F QL Q.. So the existence

of the isomorphism (2.1)) is equivalent to the existence of the commutative diagram:

¢

F FRL (2.2)
LII’ Lll’@idz’
id
ol ro.00 2.

The isomorphism 1 surely exists because we chose .# € Stab(.#); we only need to show
that the diagram commutes. On the dense open set U = C \ Sing(C) where .Z|y is a
line bundle, the morphisms in (2.2) are multiplication by a scalar and thus the diagram
restricted to U is commutative. In other words the homomorphism

F::(i)oll)®l.d:/—4)oqb®l.d//[: F > FRL QM

is zero when restricted to U. This implies that Supp(.#m(F)) C (C \ U), i.e. it has dim 0.
But .# ® £ ® ./ is pure, so #m(F) =0, i.e. F =0 and the diagram (2.2) commutes.
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We conclude arguing that Stab(.%) 7, Stab(7,) is surjective. By Lemma|2.1|the spec-
tral curve is a partial normalisation, which implies the pull-back Pic’(C) — Pic®(C4)
is surjective. In particular any ¢’ € Stab(%) is a pull-back ¢ = v*.# for some . €

I

Pic’(C). For any &’ = v*./4 € Stab(.#,) we have an isomorphism 7y — 7, ® £, whose
push-down give an isomorphism .# =.7 ® ., thus .# € Stab(.%).
O

Proposition 2.3. Let C be a reduced, projective curve and % a pure sheaf of rank 1 on each
irreducible component of C. .F has stabiliser K C Pic®(C) if and only if:

1. F =v.8 where C - Cisa partial normalisation of C with Pico(é) = Pic(C)/K,
2. & a pure rank 1 sheaf on C with trivial stabiliser with respect to the Pic®(C) action.

Proof. Suppose first .# = v,& satisfy conditions (1) and (2) above. Then for any .Z € K we
have by projection formula that v,& ® £ = v,(& ® v*.Z). Since we assumed K = Ker(v"),
we have v,(&®v*.Z) = v,& and thus K C Stab(.%#). On the other hand, since we assumed
that & has not stabiliser with respect to the Pic’(C) action, K = Stab(.%).

To prove the other implication we proceed inductively on the dimension of the sta-
biliser. If the action of Pic’(C) on .Z is free, i.e. K is trivial, conditions (1) and (2) are
satisfied. )

If not, choose 0 # .4, € Pic’(C) and consider an isomorphism .# (P—) F QL. By

1
Lemma the spectral curve Cg4 . C associated to (Z,¢') is a non trivial partial nor-
malisation of C. Furthermore, by Lemma the eigen-sheaf .71 is a pure rank 1 sheaf
on Cgz with stabiliser K; = v{K/Ker(v]) with respect to the Pic’(C4) action. If K is zero,
then the action of Pic’(C4) on F 1 is free and we are done. Otherwise there exists a
Oc, # £, € Stab(F 1) and we can repeat construction.

Since Ce%k is always a non trivial partial normalisation of C:/('Z(Pk—l’ after finitely many

steps the pull-back of K along Cg{ﬁk % C is zero. Indeed, if C Y, Cis the normalisation,
then pure sheaves on C are line bundles and the action of Pic’(C) on them is free. So the

stabiliser K of a pure rank 1 sheaf on C is a subgroup of the Ker (PicO(C) LN PicO(E)) and

the spectral curve construction process terminates after at most g(C) — g(C) steps. O

Remark 2.4. The fact that any pure rank 1 sheaf on a reduced curve is push-down of
a pure rank 1 sheaf from some partial normalisation is well known by people studying
compactifications of Pic®(C).

The spectral curve construction gives a way to produce the maximal partial normali-
sation from which my rank 1 pure sheaf is push-forward, but another way to construct C
given .#, which does not involve the spectral curve, is the following: if .% is pure of rank
1 on any irreducible component of a reduced curve C, then it is generically a line bundle.
This ensures that the the sheaf of 0 algebras &ndq(.#,.7) is commutative. Clearly 0
is a sub-ring of &ndc(.#,.#); on the other hand, any ¢ € &ndc(.-#,.#) is annihilated by
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a polynomial with coefficient in 0, thus &ndq(.#,.7) is an integral extension of O, i.e.
C= Specc(&ndc(F,.#)) — C is a partial normalisation. Obviously .# is an 0z module.
From this point of view we also see that C only depends on .# and not on the choices

we do in the spectral construction process.

Corollary 2.5. Each orbit of the action of Pic’(C) on A [ c1(C) is isomorphic to Pic(C) for

~ 1 . .
C — C some partial normalisation.

Proof. Given & € . c)(C), its orbit Oz is isomorphic to Pic(C)/Stab(.#) = Pic?(C)

where C is the partial normalisation constructed in Proposition O

Remark 2.6. Since we are interested in computing 7 [cj, or also its naive counterpart
x(A1,1c)(C)), we need to know which orbits, or equivalently which partial normalisa-
tions, contribute to the invariants. By Proposition Pic’(C) is a product of an al-
gebraic torus (C*)" with a commutative unipotent group (C,+)" for some n,m, thus we
want to distinguish partial normalisations whose Pic’ has a C* factor from those which
don’t. In the next section we will deal with this problem; we construct parameter spaces
of partial normalisations with unipotent Pic® and show that the invariant can be localised

to these curves, which are homeomorphic to genus 0 curves.

Corollary 2.7. Under the hypotheses of Proposition F is fixed by Pic®(C) if and only if
F = vp,&p, where D 2> C is a partial normalization of C whose connected components are
generalised trees and &p is a pure rank 1 sheaf on it. In particular, the normalization of C is a

disjoint union of P!,

Remark 2.8. In Proposition[2.3|and Corollary [2.7|we did not impose any stability condi-
tion on .#. In particular, the above characterisation holds if we want to work with moduli

spaces M, 5(X) parametrising strictly semistable objects.

Corollary 2.9. Let C be a connected, reduced projective curve; F € ., c|(C) is a fixed point
of the Pic®(C) action if and only if F = v,0p where D 5 Cis partial normalisation with D a

generalised tree. In particular, there are finitely many fixed points.

Proof. By Corollaryit is enough to show that for any generalised tree D, M; p)(D) is
a reduced point represented by & and then the claim follows from the fact that there
are finitely many generalised trees D which partially normalised a fixed curve C, see
Lemma Notice that we are just considering connected partial normalisations as
A1 ,c](C) does not have strictly semi-stables. Let D be a generalised tree and . a pure
rank 1 sheaf on D with x(.%) = h%(.%)—h!(.#) = 1. Then there exists at least one non zero
section Op 2, 7 and thus an inclusion Op/Ker(s) — #. Notice that 0, = 0p/Ker(s) is
the structure sheaf of a sub-variety of D and at the same time a sub-sheaf of .%# which is
pure. Then Z is a union (possibly disconnected) of generalised trees.

In particular x(€) > 1 and so 0 destabilizes .7 (see Lemma[1.35). It follows that s
is injective, i.e Op C .#. But x(0p) = 1, which implies by strict stability 0 = .%. Finally,
the fact that M; p)(D) is reduced simply follows from the fact that Ext})(ﬁD, Op)=0. O
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For C a projective reduced curve with only genus 0 singularities, Pic?(C) = (C€*)8(©)

where g,(C) is the arithmetic genus of C. Recall the following result for torus actions:

Proposition 2.10. [BB73| Let X be an algebraic scheme endowed with an action of an alge-
braic torus T = (C*)’, then the topological Euler characteristic of X coincides with the topolog-
ical Euler characteristic of the fixed locus X T

x(X) = x(x7). (2.3)

For each .Z € (C*)%(©) the morphism ~®.Zis in fact an automorphism of ///1,/3(6); SO
the Behrend function, which only depend from the scheme structure of the neighbour-
hood ///ng((’?\ ), is invariant under such action. It follows that a weighted version of (2.3))

holds. Moreover, such action preserve the closed sub-scheme .# |c|(C) and we have:

Corollary 2.11. Let C be a reduced projective curve with only genus 0 singularities, then:

XeCh=) 1
D¢

where the sum run over the arithmetic genus 0 connected partial normalisations of C. If C
is embedded on a smooth Calabi-Yau 3-fold X, then the local invariant is given by ng[c] =
ZD”—D>C V.4 (Np«Op) where we wrote v_,(qp.Op) for the value of the Behrend function of

M1 ,3(X) at the point i,1p.Op.

Proof. The proof follows immediately from the results of this section and the fact that by
Corollary[2.9]the sum is finite. O

Remark 2.12. For curves with nodal singularities a result more general than this was
already known via Stable-Pairs. Indeed in [PT10} § 3.6] the authors prove that all the
BPS numbers 1), ¢ of a nodal curve C can be expressed in terms of partial normalisa-
tion of fixed arithmetic genus h, or equivalently, h dimensional sub-tori of .#; ¢}(C). An
analogous result for higher genus BPS number of curves with ordinary 3-folds points

(Definition [1.16)).

For curves with singularities other than genus 0, two complications arise: Pic’(C) has
unipotent factors and thus in general positive dimensional orbits of the action contribute
to the invariants, and in general there are infinitely many of such orbits. In the next
section we discuss a way to describe the contributions coming from positive dimensional

orbits.

2.2. Moduli spaces of partial normalisations

In this section C is a connected, reduced, projective and rational curve, i.e. with nor-
. . —= Ul o
malisation C = UN P! — C. We denote by .7 = 10N pr/Oc = @xeSing(C) 0" the zero

dimensional sheaf supported on the singular locus whose length is g,(C)+ N — 1.
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Definition 2.13. Let C be as above. For 0 < m <length(.#) we define a functor
PN™: (Sch) — (Sets)

as follows: for any T — (Sch) we define PN"(T) to be the set of isomorphism classes of
diagrams

CxT — r

Y‘dT
e

CxT

where €7 — T is a flat family of reduced projective curves with 1 — x(0g) =1-N +m,
and for every geometric point the morphism 7 is a partial normalisation C — %, 5c
factoring # . For a morphism T’ P T we get an induced map PN"(T’) — PN™(T) given
by pull-back.

We want to show that PN™ is represented by a closed subscheme of the quot scheme
Quotc (.7, k), parametrising length k quotients of .. See [HL10b, § 2] for a proof of the
fact that Quotc (.7, k) is a projective scheme over C. Let us denote by 04 ®.7 4, Wy the

universal quotient module over Quotc (., k) x C.

Theorem 2.14. In the above notation, PN™ is represented by a closed subscheme PN™ of
Quotc (S, m).

Proof. Forany CxT — €r %, CxT we have the following commutative diagram of T-flat

sheaves:
0 —— Ocxr — (nxidr)Og,r — S @07 —— 0

[ I [

0 — T(,,ﬁch — (ﬂXidT),,ﬁfxT > WT > 0

and thus . ® O 4 W1 € Quotc(, m)(T). Moreover two partial normalisations 67 ; SN
CxT, 6t 2, ox T, are isomorphic as Ocyr algebras if and only if Oy,  and Oy, , areiso-
morphic as Ocxr modules. Indeed, given an isomorphism as ¢, modules ¢: 71,0, | 5
75,0, , there is an induced isomorphism of O algebras

1
¢ o(=)op
(g)ndﬁch (T(Z,* ﬁ%,z’ nzx*ﬁ%r,z ) gnd(fcxr (T(L*ﬁ%’m o ﬁ(fr,l )

and we also have the isomorphisms 7t; . O, = &ndg,_ (ni,*ﬁ%‘i, ni,*@gm) explicitly given

associating to the ring element x the endomorphism m, defined by multiplication by x.
This implies that two families of partial normalisations are isomorphic if and only if

there exists an isomorphism #; = %, such that . ® O o, W, S Q07 o, W, commutes

with the identity on .7, i.e. they are the same point in the Quot scheme. This define an

injective morphism PN" < Quotc(., m).
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Fixed a quotient . ® O KN W7, we get a finite O, module
My, = Ker((q xidr).0x p — .7 ® 0 5 “//T)

such that Ocur C Ay, C (nxidT). O, 7.

Then PN™(T) € Quotc(,m)(T) is identified with the locus in T where .#Zy. is
an Oc,r algebra with respect to the product p o ®? defined on //125 via the inclusion
12 My, — (nxidr), Oz, 1.

Thus we want to identify the locus of ¢ € T such that the product p o %2, which lies
naturally in (n x idr).0g, 1 , actually lies in .#y, . Equivalently, PN"(T) is the locus of
t € T where the projection

®2
@2 dopo!
%WT 4 WT

is identically zero. In conclusion, PN (T) is identified with the locally closed subscheme
Tp C T in the flattening stratification of coker(q o y 0 1®?) corresponding to Hilbert poly-
nomial P equal to the (constant) Hilbert polynomial of the fibers of the flat sheaf #7
[HL10b| Theorem 2.1.5]. In fact Tp it closed since it is the stratum corresponding to the
maximal Hilbert polynomial. Alternatively, we can see that Tp is closed showing that it
is stable under specialization.

O

Proposition 2.15. In the hypothesis of Theorem[2.14

1. The locus PN}, € PN™ parametrising connected partial normalisations of arithmetic

genus 1 —N + m is open in PN™;

2. The locus T™ C PN[},,,, parametrising partial normalisation homeomorphicﬂ to a gen-
eralised tree ( Definition is closed in PN, .,

Proof. 1. Let .#y|pym be the universal Ocypyn algebra on PN™. Then PN/, € PN™
is identified with the locus where dim H(C, (.#y |pyn )p) <2, which is open in PN™

by upper semicontinuity of cohomology.

2. A partial normalisation [C,] is in T™ C PN[¢,, if and only if PicO(Cp) is unipo-
tent. Let Picg(%) — S be the relative Pic? of the flat family ¥ — S defined by
some S — PN/ .. Then (Remark Picg(% ) — S is a smooth family of affine
commutative groups and T"(S) is the locus of s € S such that Pic%(C,) does not
contain a multiplicative subgroup. The latter is a closed condition in the base by
[Con14, Proposition 3.1.6] ,[Ber, XI,5.8(a)].

O

We sketch a couple of examples.

I These curves are really just bijective to generalised tree and not isomorphic to them unless 1 = 0.
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Example 2.16. Let A,_; be an integral, projective curve with normalisation IP! and a
opo = C[t?,t"], n > 3 odd, namely py is a A,_;
singularity and 6(pg) = % Notice that &4 can be described as the Kernel of:

unique singular point py such that 0y

Op1 — C°
p(t) = (p'V(0),p(0),...,p!""2(0))

where pl/)(0) denotes the j-th derivative evaluated at 0. We claim that T™ is a reduced
point for each 0 <m < % For n = 3, A, has a cuspidal singularity, . has length 1 and
thus it is just the structure sheaf &) of the singular point, and the only non empty T" are

T! and TY, both isomorphic to a reduced point.

Next we show that for a fixed A, , the variety underlying the scheme T°7!, it’s a
point represented by the partial normalisation [P — A,_; — A,.;]. We are actually
convinced that T?7! is scheme theoretically a point, and this should be proved studying
infinitesimal deformations of P! — A,_; — A,,,; with fixed sources and targets.

By Theore To-1 C Quot(ﬁgo, 6 —1) = P%"!, where the last equality follows from
the fact that the module structure on ﬁgo is the trivial one and thus the Quot scheme can
be identified with the Grassmanian Gr(C?,5 - 1). All we have to understand is for which
[W] e Gr(C? 6 - 1) the module

Ker(pw) = {p € €[] (p(0), p2(0),...,p"2(0) € W** =L}

is closed under multiplication. We can write down this condition for a generic W: given

p(t) =Y iso aiti, q(t) =Yiso biti € Ker(qy ), namely:

(P)(l)(o) V1 (51)(1)(0) 21
(p)?(0) :x(%) (a)°)(0) :w(%) AvecC (2.4)
(p)(n—Z)(O) Vy—2 (q)(11—2)(0) Vy-2

where (v) = (v;) is the spanning vector of the line L, we want that the derivatives of the

product to lie on the same line L as p and g, i.e. if there exist y € C such that for all

a;, bi eC

(p~q)‘”(0) agvv+by vy 2

(p-9)?(0) :( agvv3+byAvs+a, vvi+by vy ): ‘u‘( 7/‘3 ) (2.5)
(p~q)(";._2)(0) AgVVy_p+bg AV, _o+) 28;VVj+b; Av;

where the expression on the right hand side is deduced from (2.4). The only possibility
to satisfy (2.5) for any choice of coefficients is v = --- = v,_4 = 0, thus T°"! is the point in
[0:---:0:1] € P°~! and the explicit form of (2.5) shows that it corresponds, as expected,
to the natural inclusions C[t?, t"?] < C[t?,t"] < C[t], alias P! — A,_; — A,,;. Notice

that in this case T%! = PNl ~ pNo-1,

conn

. %
i+j=n— n-2

Notice that any partial normalisation C 5 Ay of cogenus 2 factors through a partial
normalisation of cogenus 1. Indeed, the pull-back along v of the maximal ideal m of the

singular point defines a colength 3 ideal J in 0. Choosing a colength 2 ideal I containing
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J and contained in the maximal ideal of the singular point in C, i.e. ] CI C my, a cogenus
1 partial normalisation which factors v is given by C[I]. In our case, since there is just
one partial normalisation of cogenus 1, this imply T°?(A,,;) = T°'(A,_;) and thus

inductively we get that T™ is a point for all m.

The Example can be generalised to all ADE singularities (see §[2.3|for the def-
inition and the analytic local model of ADE and their partial normalisations). In the
example below we write PN™ = [C’] (or T" = [C’]) implying that there exists, up to iso-
morphism, a unique partial normalisation (or partial normalisation homeomorphic to a
generalised tree) in the sense of Definition

Example 2.17. Let C be an integral, projective curve with normalisation IP! and a unique

singular point py which is of type ADE:
1. Let pg be an A, singularity.

(a) if nis even, for each 0 < m < n/2 we have PN = T™ =[A,,,];

(b) if n is odd, for each 1 < m < n+ 1/2, we have PN = [Ay,,41], T™ = 0, and
PN = T9 = [IP!]. The latter is true for any integral curve of geometric genus

one, thus we don’t repeat it in what follows.
2. Let pg be a D,, singularity.

(a) If nisodd, foreach 1 <m < %—1, PN™ =[A,,_2VL]U[A,,,], thus T™ = [A,,,];
for m = %—1, PN™ =[Ay,, VL] and thus T" = 0; for m = 1, PN! = [A,] LU[A;]
and thus T! = [A,].

(b) If niseven, 1 <m < 5—1, PN" = [Ay,_1 VL]U[A}.1], and thus T™ = 0; for
m =4, PN™ = [Ay,1 VL] and thus T™ = 0; for m = 1, PN' = [A;] and thus
T!=0.

3. Let p be a singularity of type Eg4, E7, Eg.

(a) in the first case we have: PN? = T? = [E4(1)], PN! = T! = [A,].

(b) In the second case we have PN3 = [E;(1)] and thus [T3] = 0, PN? = [A, V L]
and thus [T?] =0, PN! = [A,]U[A;] and thus [T'] = [A;].

(c) Finally for Eg we have PN® = T3 = [Eg(1)], PN? = T? = [E¢(1)]and PN! = T! =
[A2].

To compute this example we would follows the steps of Example and we thus
avoid giving further details for the sake of conciseness.

Remark 2.18. The statement of Example2.17} at least at the level of varieties, can be
deduced by [GK85|,[Co098|, where a complete classification of the (finitely many!) pure

rank 1 modules on ADE local rings is given.
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We now consider an easy example of uni-branch curve singularity with infinitely

many partial normalisations of fixed cogenus.

Example 2.19. Let C be the integral projective curve with normalisation IP! and a unique
singular point py such that 0, = C[t*1>,1,7]. Then O can be described as the Kernel
of:

ﬁlpl — (E3
p(t) = (p1(0), p'?(0), p®)(0)).

Let us start by finding the equation of T? C Gr(C?,2) = IP2. As before we need to un-
derstand for which [W] € P? the & module .#y, has a ring structure. As before, p(t) =

Yisoait', q(t) = Yisobit! € Ker(qy), if and only if:
(P(0) v, (9)")(0) v,
(P)(z)(o) = /\ * (52); (q)(z)(o) =V (52); /\1V S C
’ (9)(0) ’
where v = (v;) is the spanning vector of the line L = W*". In order for .4y, to be a ring,
the derivatives of the product should lie on the same line, i.e. there should exist y € C
such that for all 4;,b; € C:
(p-9)"(0) agVvy+bpAvy vy
(pq)(z)(O) = ( a0V7/2+b0/\'V2+2V/\7/12 = I/l . (VZ). (2.6)
(p-9)®(0) agvv3+by Avz+2vAv v,
We see that (2.6) is satisfied for any choice of coefficients as soon as v; = 0 and so
P!=T?={x=0}C H’fxw:z] and we can write explicitly the IP! family of genus 2 partial
normalisations: Cp.p = Clat?+bt>,t4,+°]. Notice that for a # 0 the Cjy;) are all isomorphic
to A4 as C-algebras, but they are not isomorphic as ¢ algebras. A computation similar

to the ones we just did proves that T! is again only one point and the corresponding

partial normalisation is a curve with a cuspidal singularity.

This example gives the motivation for the next short subsection, were we revisit the

spectral curve construction in a way which will be useful in the next section:

2.2.1. One Step Spectral Construction

Let .7 be a pure rank 1 sheaf on a reduced curve C with non trivial stabiliser with re-
spect to the Pic’(C) action. We have seen in Proposition how to construct, iterat-
ing the spectral curve construction a finite number of times, the partial normalisation
Specq (Endc(F#,.7)) = Ei C such that .Z = 7.7, and .Z has not stabiliser with respect
to the Pico(g) action. By construction C has cogenus dimg Stab(.%).

Sometimes, choosing . € Stab(.%) generically, we can get the curve C performing the

spectral construction only once. Here generic means not contained in Ker (PicO(C) BN Pic(C’))

for any C’ 2, C such that 7 factors through v. However, this is not always possible. For
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example in the case of if we consider # = v,0¢_, , then Stab(F) = C? and any point

in this plane belongs to the one dimensional kernel L, of the pull-back along C, ,, ety C

for one of the IP[la:b] cogenus 1 partial normalisations.

Construction 2.20. Let C be projective, reduced, with normalisation a disjoint union of
P! and .% a pure rank 1 sheaf on C and let Stab(.#) C Pic’(C) a j-dimensional subgroup
of the g(C)-dimensional group Pic’(C).

If we choose Z1,....Z; € Stab(.#) generically, then the smallest algebraic subgroup
of Stab(.%) spanneaﬂ by the .Z}, is Stab(.%) itself. For each .Z; we have an isomorphism

F iR Z ® Z; and any two such isomorphism commutes (see Lemma . Thus we have
a morphism

¢ =(P1,....Pj): ﬁ—)ﬂ@(ﬁlg...@%)

which endows .# with a structure of Sym ((ofl @ @,?j)v) module.

Then there exist a unique compactly supported sheaf & on X := Tot(.Z; &-- 7)) LN'o
such that ,& = .Z and the push-down of the tautological section A = (Ay,..., Aj): & >
EQRM (L D ®.Z;) recovers ¢ (Compare with §.

Let C be the scheme theoretic support of .Z; the same argument of Lemma|2.1|{shows

that C » Cisa partial normalisation of C. Furthermore, the tautological sections O i>
1%, restricted to C trivialise 7% so C is a non trivial partial normalisation. Finally, the
stabiliser Stab(c?) of & with respect to the Pico(é) action is v* Stab(.#)/Ker(v*) (Compare
with Lemma [2.2), but the latter is trivial if we are in the assumptions of

In conclusion, C % Cis the unique curve of genus g(c)—j such that .7 == 7,& with &

stabiliser-free with respect to the Pic®(C) action.

Remark 2.21. The uniqueness follows from the fact that, as we already remarked, we re-
cover C from . as Specc (§ndc(F, 7). In fact, clearly Oz C v.6ndz(8,8) = Endc(F, F).
On the other hand, if the inclusion is proper then & is push-down from a further par-
tial normalisation, but this contradicts the fact that & stabiliser-free with respect to the
Pic®(C) action.

2.3. Interpretation of the invariants in terms of generalised tree

Let C be a connected, reduced projective curve of arithmetic genus g and with normali-
sation a disjoint union of P! .
To simplify notation from now on we denote .# c)(C) simply by .#. Consider the
Cartesian diagram:
Stab — Pic%(C)x .#
lp l/a

M —D s

2We mean the smallest algebraic subgroup containing all the powers of the .} and all their tensor prod-
ucts.
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where a is the action, i.e. a(.Z,.%) = (Z ® .#,.#) and A the embedding of the diagonal.
Then Stab 2> .7 is a group scheme whose fiber over a point m € .# is the stabiliser
Stab(m) C Pic’(C) of that point. Let us denote by M; C A the locus where the dimension
of the fibers of p is equal j, i.e. the locus of points whose stabiliser has dimension j.

The fiber dimension of a morphism of schemes (locally of finite type) is always an
upper semicontinuous function on the source scheme [GD65|, Theorem 13.1.3], but since
Stab is a group scheme and therefore it has a section, namely the identity, the fiber di-
mension is also upper semicontinuous on the target .# [Ber, Proposition 4.11].

It follows that each . is locally closed in .#; we endowed the .#; with their reduced
scheme structure. In particular, the locus .#; [¢)(C)° C 4, [c)(C) where the Pic%(C) action
is free, which in this case coincide with the locus of points with finite stabiliser, is open.

Notice that .#; can be also thought as the union of all orbits of dimension g(C) - j,

and thus it is Pic(C) invariant.

Remark 2.22. The locus .7 c}(C)° coincides with Pic’(C) if C has only locally planar
singularities, but not in general. For example, if C has a non Goreinstein singularity,
then the dualising sheaf w¢ is pure of rank 1, and &nd¢c(we, wc) = O¢ by local duality. In
particular this implies that Stab(w¢) = {e}. So there is a at least a second irreducible com-
ponent U, = Pic’(C)®@ wc C A1,c)(C)° and in general this is not the only one [Kas12].

Definition 2.23. Let D be a connected, reduced, projective curve; we define the weight of

D to be the positive integer x(.#; p)(D)°).

The next result shows that the local contributions to the invariants can be localised to

curves homeomorphic to rational connected curves, i.e to generalised tree of P!

Theorem 2.24. Let C be a connected, reduced projective curve of arithmetic genus g and
normalisation UNTP' . Then the Euler characteristic of its Simpson compactified Jacobian
M ,(c)(C) is given by:

8(©)

(A c)(C) =) x (T8, (5)).1)

j=0
where (sj).1 is the constructible function whose value at a point [D] € T8()J, is the weight of
D.

If C <y X isembedded in a smooth Calabi-Yau 3-fold X, then the contribution ngc)

to the invariant ng ; [c) is given by:
8(C) _
nojcy= ) x(TE9T, (5.7 x) (2.7)
=0

where (s;).v 4 takes the value x (., [p|(D)°,v.4(x)) at a point [D].

Proof. We begin by constructing the morphisms s; which induces the constructible func-

tions (s;).1 and (s;).v.z.
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Let consider the restriction .7 4. of the universal sheaf of .# to C x.#; and the pull-

back Stab; LN A of the group scheme Stab — .#. Given a closed point m € .#; we
can pick generic elements .¢3,....Z; in the fiber p~!(m) = Stab(m) in such a way that the
smallest algebraic subgroup spanned by the .Z; is Stab(m). Since the latter is an open

condition, on a neighbourhood U,, of m we can choose local sections Z},....Z; of the

smooth map Stab; LN M such that for any m’ € U,, the smallest algebraic subgroup
spanned by £y, ... L], is Stab(m’). Let Z = {U,,} be a cover of .#; whose opens satisfy
the above property. Then for any U,, we have a morphism of Ocxy, modules

¢ ’4)
Qy,: Zulu, —><////|U (L 80Y)) (2.8)

where each ¢ is an isomorphism. Construction for the family of Higgs fields (?2.8)
produces an eigen-sheaf sheaf g;Um on Totcyy, (ﬁ@ e EB,Z”]'), flat over U,,, with compact

support %m. Notice that furthermore, all the % pull-back to trivial line bundles on the

spectral curve (gUm- The construction commutes with taking pull-backs; in particular, the

pull-back to any closed m’ € U,, gives a partial normalisation C Y Cof cogenus j, and
a sheaf & on C such that: 7,& = F and & is stabiliser free with respect to the PiCO(E)

action.

We have in this way constructed on any open U,, a flat family %m — U, of cogenus
j connected partial normalisations. The flatness follows from the constance of the arith-
metic genus, which in the case of curves it’s equivalent to the constance of the Hilbert
polynomial of the structure sheaf of the fibers; the connectedness follows from the fact
that .%,, = ¥,& is stable and thus it cannot be the push-forward of a sheaf on a discon-

nected curve.

The families %m — U, constructed above are unique up to isomorphism, as they can

be recovered from .7 as &ndcyy, ($%|U,n,ﬁ%|u’n) (see Remark [2.25[). It follows that

we can glue the %m — U,, on the intersections U,, N U, to get a flat family of cogenus j

connected partial normalisations z 5 M.

Notice furthermore that the normalisation of each fiber of 7 A is isomorphic
to UNTPL. Then, up to taking the semi-normalisation of the base ///s” —n> A, Theo-
rem .Kolll] ensures that sn*¢ — /// " admits a simultaneous normahsatlon 7
//{5" Moreover, since € — C x %s” and I_INIl31 X .///s” — Cx //15” are two simultaneous
normahsatlons of C x ///]5” over a reduced base they are 1somorph1c, [Kol11]). In conclu-

sion the triple
U ///js” — sn"€ — Cx //{js”
defines a morphism ///5” MR PNCgO(n " and thus a map of topological spaces .#; — PNCgO(n i

Recall that, by definition of semi-normalisation, (Deﬁnition the morphism ///js” SN
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A is a homeomorphism, and thus
XA = x(A),  x (MG syl (X)) = X (M v.p(x) (2.9)

where we denoted by v_4(x) the restriction to .#; of the Behrend function of the ambient
space ., c](X). Let T8(C)-j C PNféf)_] be the closed subscheme, endowed with the
reduced structure, parametrising partial normalisation of genus g(C) — j homeomorphic

to a generalised tree and U its open complement. Then we have:

X(,///].S”) = X(PNCgO(E)_j,sj*l) = )((Tg(c)_jysj*lng(C)-f) +X(U;5j>e1|U) (2.10)

\ C)-j .
X(%jsn,sn V]) :X(PNéchn) ],Sj*(Si/l 1/]))
= )((Tg(c)_j,Sj*(sn*vj)|Tg<C)—j)+ x(U,sj(sn*v))ly)

and thus to conclude it suffices to argue that s;. 1|y, sj.(sn™v_4(x))|lu are identically zero
on U.

By definition, the value at a point p € U of the constructible functions above is given,
respectively, by )((sj_l(p)) and )((s]._l(p),sn*v//[(x)lsf(p)). On the other hand, the fiber over
p = [C#] is the open locus ///f’[cy](Cy) C A c,)(Cz) where the Pic%(C) is free, and
since we have we have chosen p € U, Pic’(C ) contains a non trivial torus (C*)* for some
1<k<g(c)—jso X(%ﬁ[cy]((jy)) = 0 by Proposition The same holds true for the
weighted Buler characteristic since v _4(x) is invariant under the action of tensoring with
a line bundle. O

Remark 2.25. We did not construct %m directly as Spec (@@ndCXUm (ﬁ///] |Um'°oj//fj|Um )) be-
cause we could not argue directly that the sheaf of endomorphism of .% is flat over U,,. In
order to prove flatness it would be enough to prove that (t) : i ,&ndcyy, (ﬁ///] lu,,» f//,jlum) =
Endc(iy, 7 M i, //4) and then use the constancy of the Hilbert polynomial for the right
hand side as m’ varies in .#;. In fact, if one manages to prove (1) one can then define

C— A directly and simplify the above argument.

In the case of curves with ADE singularities this theorem has an easier expression,
directly in terms of the finitely many orbits of the action. Unfortunately at the moment
we do not have a technique to compute the weight of curves other than planar ones, so it
is hard to compute x(.#; [c](C)) explicitly.

We have computed in Example [2.17]that curves with ADE singularity admit finitely
many partial normalisation in any fixed genus. In fact, more is known; the main result
of [GK85|| can be restated in the following way: for any curve C with a unique singular
point py which is a finite representation type singularity (See Appendix below for
the definition), the only pure rank 1 sheaves on C with trivial Pic’(C) stabiliser are line

bundles when C is Gorenstein, line bundles and sheaves of the form wc ® .Z, if C is not
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Gorenstein. In particular, ///f[c](C ) is isomorphic to Pic?(C) in the Goreinstein case and
it is a disjoint union of two connected components, both isomorphic to Pic?(C), in the

non Goreinstein case.

Corollary 2.26. Let C be a connected, reduced projective curve with with only ADE singular-

ities, then
v(Op(g(D)), if wp =2
Mo,c] = Z
p=c\ (v(Op((g(D))) + v(wp(2—g(D)))

where the sum runs over the finitely many partial normalisations homeomorphic to a gener-
alised tree (Definition of IPL.

Proof. The only claim we are left to prove is that if Oz denotes the orbit under the Pic®(C)
action of F = Op(g(D)) or F = wp(2-g(D)) then x(Oz,v|p,) = v(F). First notice that v
is constant on the orbits of the action because we can extend the action to a local isomor-
phism around .# (c|(C) <> .#; 4(X) [PT10, Lemma 3.11]. Second, recall that D home-
omorphic to a generalised tree means Pic?(D) = (C,+)8(P) and clearly ¢ 7 = Pic®(D). In
conclusion x(Oz,vlo,) = v(F) x((C,+)3D) = v(F). O

Remarks about the relation with genus 0 Gromov-Witten invariants

The above theorem gives an interpretation of Katz invariants in terms of birational mor-
phisms from curves homeomorphic to genus 0 curves but it does not seem to give any
new insight on the expected relation between genus 0 GW invariant and genus 0 BPS
invariants.

Another possible point of view to consider, which we didn’t explore yet but we think
might be worth pursuing, is proposed in what follows (without any claim of it being
rigorous).

Let us consider C < X an integral, rational rigid curve in a Calabi-Yau 3-fold X.
Under the rigidity hypothesis, .# c|(C) is a connected component of .7} g(X) and it
also make sense to define the contribution of C to genus 0 GW invariants as the length
of the zero dimensional scheme M ((C,[C]), whose unique reduce point represent the
normalisation of C.

If ¢ = P! x M o(C,[C]) and F denote respectively the universal curve and the univer-
sal map over My ((C,[C]), then F,04 is an object in . |c)(C)(Mg,o(C,[C])). This means
that we have a morphism M ((C,[C]) — .#; c)(C) and the image of Mg ((C,[C]) is a
certain thickening Z of the point [f,Op:1 ], where f is the normalisation.

On the other hand, given the action of Pic’(C) on the subspace A1 ,(c)(C), for a generic
choice of j in Lie(Pic’(C)), we get a vector field V on the moduli space:

%4
O.m,(c)— Tt,,(C) (2.11)

which vanishes on the fixed points of the action. Suppose this extends to a vector field V

on the whole moduli space . g(X) := .#, e.g. if C is rigid as we assumed. Dualising v
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and remembering that, since .# admits a symmetric obstruction theory with obstruction

sheaf QO , , we get a cosection
%

Ob 4 AR Oy

whose degeneracy locus, around .#},,(C), coincides with the fixed locus of the Pic?(C).
Then by [KL13|, we get a cosection localized virtual [D(VV)]VViS cycle supported only on
the fixed points of the Pic’(C) action.

But for our integral rigid curve with normalisation P! the fixed locus is [f,Op1], so the
cosection localised cycle [D(VV)]VViﬁ, should probably be ( if we assume the local version
of the GW/BPS correspondence in genus 0 and in the base case d = 1) the cycle [Z].

Appendix: curves of finite representation type and in particular

curves with ADE singularities

Definition 2.27. [Kas12] Let p € C be a singular point of C; the singularity at p is said to
be of finite representation type if there exist finitely many isomorphism classes of rank

1 pure modules on @A’C,p.

A curve singularity is of finite presentation type if and only if its analytic local ring
is one of those listed in Table or in Table [GK85|. We say that a curve C has a
singularity of type ADE in p if locally analytically around p the ring of regular function
is one of those in Table

The remaining finite representation type singularities are all non Goreinstein and

they are partial normalisations of curves of type ADE, we recall their parametrisation in

Table2.2}

Remark 2.28. Example and more in general all curves admitting infinitely many
non isomorphic partial normalisations are not of finite presentation type. However, it
is possible to have finitely many isomorphism classes of partial normalisations, but in-
finitely many isomorphism classes of pure rank one modules. This is the case for any

curve with a genus zero singularity with 4 or more branches.
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Table 2.1: Singularities of type ADE

Singularity Parameterization
A,,n>2andeven k[[t?,t"]]

A, n>1landodd k[[(t,t),(t'T,0)]]
D,n>3andodd  Kk[[(t"21),(t?,0)]]
D, n>3andeven k[[(t, t,O),(t%,O, 1]
Es k[[£, 4]

E7 k[[(tz,t),(t?’,())]]

Eg k([£, %]

Table 2.2: NG Singularities of finite representation type

Singularity Parameterization
A,VL n>2andeven K[[(t",0),(t? ,1)]]
A,VL n>1andodd Kk[[(¢+!"1)/2 - "+1 /2 0),(t,t,0),(0,0,t)]]

Eg(1) k([
E;(1) k[[(
Eg(1) k([

f4 tS]]

0), (t%,0)]]

t3
k[[£3, t5 t7]]






Towards non reduced class

contribution

We now want to study the contributions g, for  non reduced. In this case the moduli
space .#,,(C) is more complicated: .7 € .#;,,(C) could be a higher rank sheaf on the
reduced curve C as well as a sheaf supported on some thickening of C.

We keep looking for an interpretation of the fixed points of the Pic’(C) action on
AM,,(C) as sheaves pushed-forward from genus 0 curves, and the idea is once again to

understand the spectral curve associated to a Higgs field isomorphism .% — .7 ® Z.

We did not explore the spectral construction on non reduced curves and already in the
case of higher rank sheaves supported on reduced curves we do not have yet an efficient
procedure to study the geometry of C 4 in general.

In this chapter we just report the very few examples we worked out so far; most likely
to treat the general case we need a different idea than the one we pursued here.

We will see that Pic?(C) invariant higher rank sheaves supported on a (reduced) curve
with a node or a with a cusp are indeed push down from a genus 0 curve. However we
have to include in the picture non reduced curves, thus before going into the example
we recall the definition of generalised rank, which we will denote by Rk, for a sheaf

supported on a non reduced curve.

Filtrations of sheaves in .7, , (C) and associated graded

Let C be an integral projective curve with normalisation P!, and y = I[C] a cycle sup-
ported on C. Fix 7 € .#, ,,(C) whose support is a thickening C, of C of length r, i.e. such

51
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that [C,] = r[C] with r < [. We define a filtration:
F1CFHC-CF, =F

constructed iteratively taking the Kernel of the natural restriction map .#; - .%|c, and
a graded object supported on the reduced curve associated to ., namely G(%) = &;.%;|c
of rank I and Euler characteristic x(G(.%#)) = x(.%).

Remark 3.1. Notice that if .# is fixed by the Pic’(C) action so is each sheaf .#; C .%, C
.-+ C .7, on its filtration and its associated graded G(.7) = &;.7;|c.

So we start by investigating Pic’(C) invariant sheaves of higher rank on reduced
curves. In what follows we will abuse terminology and say that a sheaf .# on a non
reduced curve C has rank r if the associated graded has rank r on the underlying reduced

curve; we will use the notation Rk(.#) for the rank of the associated graded.

Reminder of Section|1.3

Let C be an integral, rational, projective curve. Recall that, given a pure rank r sheaf .#
and a Higgs-field .7 i F ®.% on C with .Z € Pic’(C), we have an induced Op: valued
Higgs-field:

&= (v F)tors 2 & (3.1)
on the normalisation P! 2> C; the eigenvalues of ¢( are constant. Thus the associated

spectral curve is a disjoint union of multiple IP!:
Céa:{(/\’_al)kl ..... (/\’_am)km)zo}gIPGC. (3.2)

Then we argued in Section the spectral curve Cz for (%,¢,.Z), namely the
scheme theoretic support of the eigen-sheaf & is the scheme theoretic image of C¢ along

the morphism
7: Tot(v*.Z) = P! xC — Tot(.Z), (3.3)

i.e. Cg is the closed subscheme of Tot(.#) whose ideal sheaf is the Kernel of:
Ototy = V.Opixg > V.0g (3.4)

Also recall that we call pure a projective curve whose structure sheaf is pure, i.e. it
does not have torsion sub-sheaves. This is equivalent to say that the curve does not have
embedded points, i.e. is Cohen-Macaulay. We have seen in Lemma that the spectral

curve of a pure Higgs sheaf .7 2, F ® % is pure; here another way to argue for Pic’(C)

fixed ones:

Remark 3.2. The scheme theoretic image C4 of Cz along v is pure. Indeed, since v is

birational, we have an injective morphism of sheaves 0¢_ < v,0c,. Suppose that O
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has a torsion sub-sheaf 7. Then
0= Homc¢ (7,7.0c,) =Hom(v'7,0c,)=0

where the last equality follows from the fact that Ce is pure.

3.1. Invariant higher rank sheaves on rational curves with a sin-

gle node

In this section, C is an integral curve with a unique singular point py which is an ordinary
node and normalisation IP! 5 C. We will use the following notation: we denote by {x,y} =

v~!(py) the pre-image of the singular point, by .Z,, with a € C*, the line bundle obtained
a

from P! x C choosing {x} x C = {y} x C as gluing automorphism.

Lemma 3.3. For any pure rank r sheaf % on C and any Higgs field 7 ﬂ F L, which is
an isomorphism, the spectral curve Cz is a pure curve of arithmetic genus 0. The underlying
reduced curve has chains of P! as connected components (Definition m

Proof. In order to study the geometry of C, we look at the Higgs-field & ﬂ) &
on P! associated with ¢ , and we describe the scheme theoretic image Cz of Cg
along v (3.3). Since outside of the singularity py both v and ¥ are isomorphisms, we
can work analytically locally around the singularity as elsewhere C4 is isomorphic to
Cg. In the following we abuse notation and keep denoting by C 4 and C, their analytic
neighbourhoods around 7t~} (p) C Tot(.%,) and 7'~ (py) € P! x C respectively.

As in Example we look at an explicit local description of the morphism v in
the relevant charts. Denoting by A the fiber coordinate of Tot(.Z,) and by A’ the fiber
coordinate on IP! x C, we have that ¥ is analytically locally given by:

Clty, t2, AY/(H - 12) 5 C[t, ] @Clty, V] (3.5)
AWV a- ). (3.6)

We want to understand the image under v of the general C¢ (3.2), for a fixed .%Z,.
First let us look at the case Co = {(A —ay) = 0} Second we look at the the case of a
multiple section, i.e., Cp = {()\’ —ap)k = O}. Finally we will look at the case of a disjoint

union of two ( possibly multiple) sections , i.e. Co = {(/\’ —ap)f () —ay)ke = 0} .

1. In the first case C# is the union of the two disjoint lines in Tot(.Z,) defined by the
ideal 1
‘ﬂCg = (tll/\_al)m (tz,/\— E . al).

I This is for example the case that occurs when we look at rank one sheaves, so we already know from the
previous chapter that C & is isomorphic to a P!, so analytically locally around the singularity we have two
disjoint smooth branches. The computation we perform now explains the way such a P! is embedded in the
fixed .Z,.
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Looking at the global picture, this tells us that the image of a constant section is
still isomorphic to a IP! and such IP! intersects the fiber over the node at (pg, a;) and
(po, %al) (Look back at Figure .In particular the spectral curve is not a section of

Tot(.%,) — C, unless @ = 1 and the line bundle is the trivial one.

2. In the second case, the image C 4 of the k—th thickening Cy := {()\’ —ay)k= 0} is the
unique pure thickening of length k of v (Cfgfd), where the image is again in the sense
of (3.4). Then C4 is defined by the ideal

Il

(1, (A=) N (e, (= ) =

pure
L)

Looking at the global picture, this tells us that the image of the k-th thickening
kP! C P! x C of the constant section is once again isomorphic to the source. In

particular this means that x(0c¢ ) = k.

3. In the third case, the ideal of C4 is given by:

Fep = (1, (=) A 12, (A= —ar)f2) A 61, (A a)) 1 (12, (A - a20)'%)

7z
Thus, unless a; = é'al or a, = aay, Cz is again isomorphic to the disjoint union of
the two multiple sections. Let us instead assume that a; = % - a (the other case is
completely symmetric); then two of the four separate branches of the analytic local
picture meet in the point S = (pg, a1) in the fiber over the node; to complete the de-
scription of C 4, we need to compute the multiplicity of the intersection in S. To do
that, we compute the zero dimensional cokernel of the inclusion &¢_ — 7,0¢, and
see that it is generated over C by the functions {(1,0), (/\’,O)...,()\’(kl‘l),O)}, where
ky is the min between k; and k,. Furthermore, from the “normalisation ” exact se-
quence

0—0c, - V.0c, — ﬁg‘ —0
we see that the arithmetic genus of C# is zero also in this last case and x (0, ) = k.

Finally notice that each irreducible (multiple) component C; = 17({(/\’ —a;)ki = 0}) of Cx
meets at most two other irreducible components and that there are no cycles. Indeed, C;
and C; meets if and only if a; = aa; or a; = a;/a, so there are at most two possible j and
obviously no cycles.

O]

Remark 3.4. Notice that the curves C 4 obtained in the above Lemma as scheme theoretic
images under v of some Cs have holomorphic Euler characteristic x (ﬁc y) > 1, where the

equality holds if and only if C is reduced and connected, i.e. a chain of IP!.

Corollary 3.5. Let .% be a rank r sheaf on a reduced integral curve C with a single node. Then
F is Pic®(C)-fixed if and only if it is push-down of a sheaf & from a curve C=CyU---U
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v(a)
| | (1)
3 SR
1 !
ix 33’
‘ " P'xC Tot(Z,)

Figure 3.1: Spectral curve case (3) Lemm

Cn = C such that: two components C; and C; meet at most in a point (possibly non reduced),
the arithmetic genus g(C) = h'(0¢) = 0, the connected components of C'® are chains of P!,
Moreover &y is such such that: r = Rk(&glc, )+ + Rk(éa¢|CN).E|

Proof. 1If % = m,& is push-down from such a curve C satisfying the conditions above,
then .7 is fixed by Pic’(C) since by projection formula 77,6 ® .2 = (& ® ©*.£) and by
assumption Pic’(C) = 0.

Viceversa, if .7 is fixed by Pic’(C), then for each .Z € Pic’(C) we have an isomorphism

F i) Z# ® £ and thus we can think of .7 as being push-down from of the eigensheaf &

from the spectral curve C4 of (#,¢,.Z). As we reminded in § the spectral curve
Cg is the scheme theoretic image ( in the sense of (3.4)) along v: P! x C — Tot(.¥) of
the spectral curve C, for Higgs field ¢g: & = v*.F/tors — & on the normalisation P!
Lemma describes the geometry of such a curve C4 and in particular proves that the
latter satisfy the hypothesis assumed for C. O]

If we don’t impose any stability condition we can’t be any more precise about the ge-
ometry of C 5z or about the eigen-sheaf &,. However, for # € .# ,,(C) of rank r supported

on C we can say more.

Lemma 3.6. Let C be as in Corollary A pure sheaf F supported on C is stable with
x(F) =1 ifand only if F = Ocx with C* C C a chain of PL.

Proof. If .7 = O« then it is obviously stable of holomorphic Euler characteristic one.
Let’s now suppose that .# on C is stable with x(.#) = 1. First, C is connected , as
there are not strictly stable sheaves supported on a disconnected curve. Moreover, since
x(F) = h%C,.#) - h'(C,.#) = 1, then .Z admits at least one non zero section 0¢ 5 F
and thus 0 = Oc/Ker(s) C . with Z a pure sub-curve of C. In particular, Z itself has
h'(0y) = 0 and thus x(07) > 1, and the equality holds only when Z is a chain of P!. It
thus follows by stability of .# and by Lemma [1.35|that Z must be a chain Cy for some k
and in that case 0 =.% again by Lemma(1.35 ]

25ee for the definition of Rk
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Proposition 3.7. Let .7 be a pure rank r stable sheaf on C with x(F) = 1; .F is fixed by the
Pic%(C) action if and only if F = v,,0¢r, where v,: C" — C is a morphism from a chain of P!

which does not factor through any sub-chain, in particular v, is r : 1.

Proof. Let first suppose that . = v,,0¢r; then, as usual, we easily see by projection for-
mula that it is fixed by Pic’(C) and since v, is affine x(.%) = x(Oc,) = 1. We are left to
prove that under the hypothesis that v, does not factor through any sub-chain the push-
forward v,,0cr is stable. We do this by induction on r; for r = 1 it is obvious. Let us
suppose that the claim is true for the push-down of the structure sheaf from a r—1 chain.
Let now consider C, = C,_; U Cy; notice that 0¢: is the unique up to scalar non trivial
extension e in Exté,(i*ﬁcr-l,j* Oc1(—-1)). The hypothesis that v, does not factor trough any
sub-chain ensure that the push-down:

Vele): 05 Vo0 (-1) D v O D vy, 60 — 0

is still a non trivial extension. Moreover by the inductive hypothesis, both v,,j.0c1(-1)

and v(,_1).0cr1 are stable of holomorphic Euler characterstic 0 and 1 respectively.

Let consider ¥ <% Z ;we want to show (see Lemmal|l.35) that x(¢) < 0.If iock =0
then the inclusion k factors trough j, i.e. ¢ is a sub-sheaf of v,,j,0¢1(—1) and we are done

since the latter is stable of Euler characteristic 0. Otherwise, first notice that from the
Kernel-Cokernel sequence we get that

jok
H =Ker(d =5 v, 1, 0cr1) CvnjuOci (-1),

which implies x(.#") < 0. Moreover, /% C v(,_1.0c-1 and since the latter is stable of
Euler characteristic 1 by inductive hypothesis, x(¢/.%) < 0 and thus we are done as the
homolorphic Euler characteristic is additive.

Viceversa, let . of rank r and x(.%) = 1 fixed by Pic(C). Then for any . = O, if we

¢
consider the (unique up to scalar) Higgs field ¥ —— # ®.Z we can think of .# as

the push-down of its eigen-sheaf &,. By Lemma Cz is a chain of P! of length k < r
obtained as shown in Lemma from k copies of the normalisation C;,x;,y; gluing y;
to x;;1 and since & is stable with x(&,) =1 on Ck we in fact have &y = Ocx, which in
particular forces k = r as every component of the chain maps birationally to C.

O

I think that using a technique similar to the one adopted in this section it would be

possible to show that:

Conjecture 3.8. If % is a stable rank r sheaf with x(#) = 1 on an integral curve C whose
only singularities are genus 0 singularities, then # = p,0c where C, is generalised tree with
r irreducible components, and the morphism C, 2, ¢ does not factor trough any sub-tree and

restrict to the normalisation on each irreducible component.
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However, since I hope in the future to find a more elegant way to describe the struc-
ture of the spectral curve also in the higher rank case, I do not want to torture the reader

any further with computations of the above type (for this section).

Remark 3.9. Another point of view worth exploring in order to understand higher rank
sheaves on singular curves could be the following: inspired by the rank 1 case, we might
want to think of a sheaf .# on C as a module over & = &ndc(.#,.#). In the higher rank
case the latter is non commutative, but .% is also a module over the center of 7. I think
it might be interesting to understand weather the structure sheaf of the spectral curve is

indeed such center.

Remark 3.10. Let C < X be the embedding of an irreducible nodal curve with a sin-
gle node in X a CY 3-fold, and let us assume that the normal bundle of C in X is
N¢/x = £ @& 2" with £ a non torsion line bundles of degree 0; in particular C is rigid.
The contribution to genus 0 GW invariants in class r[C] for such a curve has been com-
puted in [BKLO1, Theorem 1.2] to be } y, 1/k3. Thus accordingly to the genus 0 GW/GV
correspondence the contributions n ,(c] are equal 1 for all r.

Furthermore, looking at [BKLO1|] proof we see that the contribution is computed in

the following way: there is an isomorphism of moduli spaces

I_I MO,O(Cnl(d]w-';dn))—>M0’0(C,T)
(dl ..... dn),zdi:r'

where M o(C,,(dy,...,d,)) are genus 0 stable maps with target a length n chain of P! and
fixed degree on each irreducible component. The contribution of M ((C,,(dy,...,d,)) is
then computed to be 1/k®> when all the d; are equal k and zero otherwise.

We have seen that on the reduced curve C the only stable sheaf which is C* invariant
is v,.0c . In fact, under the above rigidity hypothesis, we expect that if 7 € .# ,c}(C) is
C" fixed, then .7 is push-forward from the reduced curve C and thus is v,,0¢ . If this is
true, then ng, r[C] is essentially identified with the contribution of My ((C,,(1,...,1)).

For r = 2 we can actually prove that all stable sheaves of Euler characteristic 1 are in

fact pushed forward from C, but it is not yet clear how to proceed in the general case.

3.2. Invariant higher rank sheaves on the cusp

In this section C denotes an integral, rational projective curve with a unique singular
point py which is an ordinary cusp. As in the previous section, v: P! — C denotes the

normalisation. Moreover we denote by .Z), for m € G, the degree 0 line bundle on C

whose sheaf of section is the kernel of v,0p: M 0y, and by niu the morphism

P! x CC — Tot(.%,,).

Remark 3.11. In general, f C is an integral curve with only unibranch singularities, then

both the normalisation morphism v: P! — C and the morphism v: P! x C — Tot(.¥) for
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% a degree zero line bundle on C, are homeomorphisms. In particular, if Z C P! x C is a
one dimensional sub-scheme and 7(Z) is its scheme theoretic image (always in the sense
of [3.4), then the number of connected components of Z and 7(Z) is the same.

Lemma 3.12. Let C be a curve with a cusp singularity, P! 2 C its normalisation and v: P! x
C — Tot(Z) the induced morphism. The scheme theoretic image Cy = ¥(kIP') of the k-th
thickening of P! in P! x C is a pure curve of arithmetic genus g(Cy) = dim H'(Cy, Oc,)=0,
and Cfd =~ P!,

Proof. We first prove that Cy has ”delta invariant” k—1 with respect to its “normalisation”

kP!, i.e. there is a short exact sequence:
0— Oc, = V.0kp1 — ﬁg‘l -0 (3.7)

where Q is a point in the fiber over p. As in the previous section, outside the singular
point ¥ is an isomorphism and thus we only have to understand the geometry of Cj
locally around 77!(pg). Unfortunately we do not have a geometric insightful way to do
that and we proceed by brute force algebra. Recall from Example[I.30]that the morphism

v is given, in a trivialising chart U, for .Z}, around the singular point, by the inclusion:

Clt2 13, (1 - m22) A1 B [t (1 = m22)~L, )]
A XV +mt).

We want to understand the kernel of the morphism F given by the composition
Clt2 13, (1 - m2t2) L A1 S €[t (1 - m22)™, V] — C[t, (1 — m?2)"L V)YV - a)k.

However, to prove (3.7), it is enough to argue that the cokernel ¢ = ¥,0ypi1/Im(F) has
length k—1.If k = 1 then Im(F) = C[t?,t3,(1-m?t?)"!, a+mta] = C[t,(1-m?t?)~' ] and thus
we are done. If k > 1, we will show that the /7" is generated over C by {/\’, oo (A’)k‘l}. The
algebra C[t, (1 —m?t?)™1, A']/(X’ - a)* it is infinitely generated over C by the monomials

(V)

m b,C EIN, Oﬁagk—l

We want to understand which among those generate the cokernel. Since coker v = C[ 1],
we get that {/\’,..., ()\’)k‘l} C coker(F). Now notice that for each a,c, and for b > 2

nab asb a
(1)t (/\ t?(1 —mt) ) (3.8)

(1_m2t2)c = (1_m2t2)u+c

Consequently we have that for any a > 1, ¢ the class of (1")%t/(1 —m?t?)° in ¢ is the same
as the class of (1")?, indeed, first notice that from (3.8):

(A)7t/(1 —m?t?)° —(X)*t € Im(F)



3.2. Invariant higher rank sheaves on the cusp 59

and thus the class of (1")%t/(1 — m*t?)¢ in the quotient ¥ is the same as for (1’)?t inde-
pendently of c. Finally observe that:

(V)it = L(Aﬂ - Z(‘,’)miti(a’)“ — (X)), (3.9)

am .
1>2

Last, we have to check that the class of ¢t in the ¥ can be written as linear combina-
tion of 1’4, but this will follow from the previous points and from the following explicit

expression of F((A —a)k)):

F((A-a)f) = (W +mtd —a)f =

k-2 k-1 k-2 i ; o
:mt()\')k+mt/\’Z( ; ) Va1 (1) (mt Yk ZZ(].)(/\,)](X]_Z
i=0

i=1 i j=0

€(N,...,(V)E1) by €Im(F)by (3.8)

Finally mt(A)* = mtay + mtz (k.l)(/\ )i(—a )17 in Im(F) and this allow us to con-
clude again by (3.9). We have finally proved (3.7), and now the fact that the arithmetic
genus is 0 follows computing inductively H'(Cy, Oc,) using the left most colon of the

commutative diagram:

Oc,(-1) —L— 7,0p —— O

[

Oc, —— 7.0 —» 05

L

Oc,, X V.Ok—1ypr —> ﬁ(kQ_Z.

O

Proposition 3.13. Let .# be a pure rank r stable sheaf on C with x(.#) = 1; then.Z is fixed by
the Pic®(C) action if and only if F = vnOc, where C, is a length r, genus 0 thickening of P!

with v, not factoring through any sub-scheme Cy.

The proof of Proposition can be adapted to prove the above statement; we thus

refrain from repeating the arguments.

Higher rank Pic’(C) invariant sheaves on general reduce curve

Given a Pic(C) invariant rank r sheaf .# on a curve C with a unibranch singularity

worst than cuspidal, the spectral curve Cg4 associated to an Higgs field isomorphism
F i F ®.Z can be a thickened P! with strictly positive arithmetic genus.
For example, let C be a integral curve with normalisation P! and a unique singular

point py with analytic local ring given by C[[t3,t*,3]]. In this case Pic’(C) = C? and for
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a line bundle %, ;) which is generic, i.e. a # b # 0, a computation similar to the one of
Lemma shows that the scheme theoretic image v(2IP!) C Tot(.Z, ;) is a thickened
IP! of arithmetic genus 1, with structure sheaf &;(2IP!) determined by an extension e €
Ext%ot(fﬂ'b)(ﬁ]pl, Op1(-2)).

However, C4 is still a curve homeomerphic to a genus 0 curve and this is true in
general. Indeed, the results of the previous chapter imply that for any integral reduced
curve with normalisation P! the scheme theoretic image along 7: P! x C — Tot(.#) of
a reduced section P! = {\'—a =0} C P! x C is isomorphic to IP'. Combining the last

observation with the claim of we expect a statement like the following to hold true:

Conjecture 3.14. Let C be a reduced projective curve with normalisation a disjoint union of
IP'. A pure sheaf F on C is Pic’(C) fixed if and only if it is push-down from a curve C whose

connected components C;, endowed with their reduce scheme structure, are generalised tree.



Moduli space of stable maps in genus

1 and Li-Zinger reduced invariants

This second part of the thesis is essentially the content of [BCM18|, joint work with
L.Battistella and C. Manolache.

In this first chapter we will: recall the description of the irreducible components of
M, ,(P",d), review Hu-Li equations and desingularisation of the moduli space of maps
to IP” (which allows to define reduced invariants), and finally give two different proofs of
the smoothability criterion for maps in genus 1. Let us start by fixing some notation we

are going to use in the next 3 chapters:

Notation and Conventions

We denote by Ml,n(X,ﬁ) denote Kontsevich’s moduli stack of n-pointed genus 1 stable
maps to X in the homology class f. We may use the shorthand M for a moduli space
of stable maps, and always denote by (7, f): 4y — M x X the universal curve and the
universal stable map.

We denote M, ,, the algebraic stack of prestable n-marked curves of arithmetic ge-

nus, and denote by ¢ LN My, the universal curve. We will later define the algebraic
stacks U=dst (Definition and mf}; (Subsection ) parametrizing respectively

1,n
pre-stable pointed curves decorated with weights, and pre-stable pointed curves to-

gether with a Cartier divisor, and see that there are natural forgetful morphisms m‘fi,j -
th:d,St

1,n
backs of the universal curve.

— M, ,- We will often abuse notation and keep denoting by ¢ and 7 the pull-

totdeg=d,st

We shall also consider the universal Picard stack P = Picy ,

of m: € — My,

with universal line bundle .%, subject to the stability condition that w,® ® .£%? is n-

61



62 Chapter 4. Moduli space of stable maps in genus 1 and Li-Zinger reduced invariants

ample, and the requirement that the total degree of .Z on the fibers of ¢ is d. Above we
denoted by a)?g = wyp(07 +++++0,) where o; are the universal sections of ¢ LR P. Notice
that we denoted again by (¢, ) the pullback of the universal curve to the Picard stack
along the forgetful map P — M, ,,. Through the chapter we will keep denoting by (¢, )
also its pull-backs to all relevant algebraic stacks mapping on N, ,,.

Let A denote the projection I)iftl(’);deg:d’St - m{“jjd'“
degree of the line bundle. The forgetful map M = M, ,(IP*,d) — ﬂ‘(‘{‘i;:d’St factors through

A by declaring % := f*Op:(1). We shall often use shorthand notation M for ﬂ“qv’;:d’“ and
totdeg=d,st

P for Picy
There is a "cuspidal version” of all the spaces introduced in the above section; we will
denote by N11; ,(1) the stack pre-stable, at worst cuspidal curves, by m:= ﬂ“(‘fi;:d’“(l) the

weight-decorated version, by m;ﬁvu) the stack of pre-stable curves together with a rela-

, where the weight comes from the

tive Cartier divisor, and by D= Pictotdeg=dst(q)

the connected component of line bundles
of total degree d the universal Picard stack over the space of pre-stable (or weighted pre-

stable) cuspidal curve. (See Chapter [5|for the precise definitions).

4.1. Components and Hu-Li equations

The global geometry of the moduli space ﬂl,n(ll”,d ) is well understood. In this section
we recall how to describe the irreducible components of Ml,o(ﬂ)n d) and Hu-Li’s proce-
dure to find local equations for the moduli space in a smooth ambient space [HL10a].
Now that we have introduced all the necessary notation, we can indeed sum up Hu-Li
method for finding equations of the moduli space of maps in a smooth ambient. We will
then be more precise in Section §

Since giving a map in IP" is the same as giving a base point free line bundle together
with r+1 sections, the moduli space of maps to IP” can be described as an open inside the
cone 7, Z®*1, which lives over P. In section §we will see how to find equations for
7% in a smooth ambient space. In fact, following Hu-Li original approach we will

div
1

work over M{Y

rather then P, which we can do once we fix coordinates on IP". It is also
possible to work on P; we will see how in Chapter [l when we will study equations for a

space similar to the space of maps.

Components

The main component of the moduli space, denoted by M ,(IP",d)™", is defined to be the
closure of the irreducible locus of stable maps with source a smooth elliptic curve to IP".
Moreover, for every positive integer k and partition A + d into k positive parts, there is

an irreducible boundary component D, (IP",d) defined to be the closure of the locus where:

(i) the source curve is obtained by gluing a smooth elliptic curve E with k rational tails
R; =P,

(ii) the map contracts the elliptic curve E to a point,
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(iii) the map has degree A; on the rational tail R;.

The irreducibility follows from the fact that D,(IP",d) is the image of the gluing mor-
phism from the fiber product:

k
Ml,k X ]_IMO’l (lpr, /\Z) X(H:vr)k P
i=1

We will denote by DF the union of all the D,(IP",d) where ) has k parts. We will use the
following terminology:

Definition 4.1. We call core of a connected genus 1 curve the unique smallest (by inclu-

sion) sub-curve of arithmetic genus 1.

Proposition 4.2. (1) These are all the irreducible components of M (IP",d):

M, (P",d) = M, (P, d)™in y U D,(IP",d).
A

(2) A map [f] lies in the boundary of the main component if and only if:
* either f is non-constant on at least one irreducible component of the core,

* orif f contracts the core, write C = E pllg | *_, Ry, where E is the maximal contracted
genus 1 subcurve, then {df(qu_Rl-)}i‘:l are linearly dependent in Ty (g)P".

In this case we say that (f] is smoothable.

This is due to R. Vakil and A. Zinger, see [Vak00, Lemma 5.9] or[VZ07|]. We shall later
discuss a proof of this fact based on local equations for the moduli space.

4.1.1. Hu-Li equations

Recall that a map C — IP” is given by a line bundle L on C together with r + 1 sections in
HOY(C, L) that generate the line bundle, i.e. they don’t have a base locus.
It is therefore natural to look for an embedding of M, (IP",d) as an open inside 7, %!,
where we denoted: by . universal line bundle of total degree d on the universal Picard
. totdeg=d,st
stack P := Pic

1 . . .
Ln of m: € — M. Let w, ® be the relative canonical bundle twisted
by the n universal sections of 7; then .Z is subject to the following stability condition:

1 .
wr® ® L%? is t-ample.

The stack m?};

Hu and Li actually work over a local chart of mfiV, which is the stack parametrising

families of nodal genus 1 curves together with a relative Cartier divisor; these have to
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satisfy a stability condition, namely that w, ® O« (2D) is a t-ample line bundle, where D
is the universal Cartier divisor.

We can construct mdlv as the open locus inside
C(n..Z) = Specy Sym®*(R! 77,2 ® w,,)

(see [CL12|] and Section [6.2.1), where the section of .Z is not 0 on any irreducible com-
ponent of the curve. The morphism to the base m;h; — P is obtained by declaring

An étale chart over ﬂ“(‘fi;’ for the moduli space of maps

Let [f: C = P"] = ([ug: - : u,), u; € HY(C, f*Opr(1)) be a pomt of M, (IP",d): we may
fix homogeneous coordinates on IP" in such a way that D := f~'{xy = 0} C C is a simple
divisor supported on the smooth locus of C, i.e. a d-uple of distinct smooth points. The
latter is an open condition and it will thus hold in a neighbourhood of [f].

This gives a morphism from an étale chart ¢/ of M, (IP",d) to an étale chart V of m‘fiv,
We may assume that V is contained in the locus where the divisor consists of d distinct
smooth points; notice that such locus is smooth over M, .

A map to IP" shall now be thought of as a pair (C, D) curve-divisor, together with r
sections of O¢(D); the map can be written as [1 : uy :...: u,], where 1 denotes the constant
section of H(0¢) € HY(0¢(D)).

Furthermore, étale locally on M (IP",d), we may pick two extra sections A and B of
the universal curve € — M, (IP",d) such that:

1. they pass through the core;

2. they are distinct smooth points disjoint from the support of D.

Explicit form of the equations

Now R!7,0,(D + A) = 0 and thus 11,0,(D + A) is a vector bundle on V and 1,04(D) is
defined inside it by the vanishing of the restriction map 7, 04»(D + A) — 1.04(D + A)| 4.

Proposition 4.3. (1) There is a locally closed embedding of an étale chart of My (IP",d) inside
the vector bundle V := Specy, (1, Oy (D + A)®"):

L

M, (P, d) 1%

mdlv

Notice that V is smooth since V is.
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(2) Assume furthermore that V is affine; on V we then have:
1,045(D+A)=1,.0,(D+ A-B)®n.04(D+A)p

and restricting to A is zero on the second factor.

(3) Call ¢: 11,04(D + A-B) = 1,04(D + A) 4 the map induced on the first factor by
restricting to A. Locally on V, 11,04 (D + A — B) can be written as a sum of line bundles and
thus the map @ can be rewritten as follows: let D = Zle 0;, then

P =0p;: B, 1.0x(5;+ A-B) = 1,04(D+ A) 4.

(4) After choosing a trivialisation for each of the line bundles above, @;: 0 — O), is given

[ <

9¢€[A,0;]

by multiplication by

where C4 is the smoothing coordinate on My corresponding to the node q, and [A, 6;] denotes

the set of nodes separating A (the core) from the point 6;.

We refer the reader to [HL10a, Lemma 4.10, Proposition 4.13] for the details; we are
going to review the key ideas in where we describe, following these ideas, local
) mor
(IP7, d).
We can now describe the equations as follows: first choose coordinates (w{ )f:
the fiber of V' = Spec, (1,04 (D + A—-B)®) CV — V compatible with the basis given in

equations for the moduli space of 1-stable maps M‘ll

Proposition .(3). Then U is an open inside {Fl =...=F'= 0} C V, where:
. d M
Syl
i=1 \ge[A,0;]

Desingularisation of the main component and reduced invariants

The main motivation for finding local equations of the moduli space of maps was to
study a desingularisation of the main component of the latter. We briefly recall the blow-
up construction giving the aformentioned desingularisation and conclude the section
defining reduced invariants.
Definition 4.4. m‘fiz:d’“ denotes the stack of weighted-stable curves of genus 1 with n
markings and total weight d: geometric points of ijjd'St represent connected, reduced,
nodal, projective curves of arithmetic genus 1 with n distinct smooth markings and an
integer-valued function wt on the dual graph.

Such a function assumes only nonnegative values, the sum of which on all the vertices
of the dual graph is d; wt is compatible with the specialisation maps, and we further

impose the following stability condition:

* every p, = 0 component of weight 0 has at least three special points;
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* every p, = 1 component of weight 0 has at least one special point.

There is an étale, non-separated morphism m;‘ffd"c’t — My ,,. The stability condition is
such that the forgetful map mlyn(IPr, d) — M, , factors through ﬂ“(‘fi;:d’St
is coming from the degree of the map to IP’.

Hu-Li consider an iterated blow up of ©; C, m{fffdﬁt k > 2, defined as the closure of
the loci where the minimal elliptic subcurve E has weight 0 and [C N\ ENE| = k.

, and the weight

Notice that after the k-th blow-up, the strict transform of Oy, is smooth, so the final
result ﬁv”q\'t'St is smooth as well. The stability condition on the weighted curves ensures
that the process terminates.

The Vakil-Zinger space is then defined by taking the following Cartesian diagram

M (P, d) —— M1 ,(P7,d) f:(C,x)—> P
my, —— my (C,x,deg(f*0(1)).

Remark 4.5. Notice that ﬂ“(‘fii‘q’ — ﬂ“(‘l’"f1 is smooth, so we can think that the equation de-

scribed in the previous section are equation in a smooth ambient over the space of pre-
iv

stable weighted curves. The reason why it is preferable to blow-up ﬂ“q"tn rather than min

is that the combinatorics of the former is easier.

Theorem 4.6. [HL10a, Theorem 5.24,2.11] (i) The blow-up of the main component //Zn(IPr, d)main
is smooth.

(ii) Let 1t° : ™ain //Zn(ll”,d)main be the universal curve over the main component of
//ZAIP’,d) and let f°: €™ — P" be the universal morphism. Then &,y := 7°(f°)* Opr(a) is

a vector bundle of rank ad.

For a hypersurface X CIP" of degree a, the main component is defined by the Carte-

sian diagram

%LH(X’d)main SN ]Ln(ﬂ)r,d)main

l l

jl,n(xl d) EE— Zl,n(ﬂ)rr d)

We then define /ZH(X, d)™3in to be the the cartesian product //ZH(X, d)><(//7l (uvr,d)//Zn(H)rf d)main
where //Zn(X, d) it’s the proper transform of the blow up.
Then we have that &), is a relative perfect obstruction theory for /Z J(X, d)main

//Zn(ﬂ)r,d)main, hence we have a virtual class
(A1, (X, )P = o () O [ 1 (P, )00 (4.1)

of homological degree d(r +1—a)+n.
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Definition 4.7. For a hypersurface X CIP’, the genus 1 reduced invariants are defined by

main ]Vir

integrating against [//ZM(X,d)

For a Calabi-Yau complete intersection X5, the relation between reduced invariants

and standard invariant is explained by the Li-Zinger formula [LZ07]:

1
Nl(X5,d):NfEd(X5,d)+EN0(X5,d). (42)

In fact there exists various generalisations of [LZ07], but we shall not mention them
here as we are not going to explore invariants other than the ones of the quintic 3-fold in
P,

Remark 4.8. Formula (4.1) should be thought of as a hyperplane property for reduced in-

variants.

4.2. Genus 1 singularities and smoothability

In this section we provide two different proof of the smoothability criterion, Proposi-

tion [4.2}(2).

Smoothability from the equations

We provide a proof of Proposition [4.2].(2) based on Hu-Li’s equations.

Proof. Let us start with the easiest degenerate situation: [C = EUR L IP"] is a stable map
from a curve with a single separating node which contracts the elliptic curve E and has
degree d on the rational tail. Let denote the single node of C by q. We saw that equations

for the moduli space of maps around such a point look like:

d
Cq Zw{ =0, for j=1,...,1.
i=1
Since , is the smoothing parameter of the node g, the point [f] defines a smoothable
map if and only if the equations admit a solution with C, # 0, that is Z?:l w{ =0 for every
j. Taking a coordinate z on P! centred at the node g, the i-th basis vector of the basis

given in Proposition[4.3](3) corresponds to a polynomial vanishing at g and at &;, VI = i.

ei(z) =z ]_[ —(z__(;l),

1=i

This can be written as:

where we have chosen a convenient normalisation. So the restriction to the rational tail

. . . N
of the map corresponding to the point of coordinates (w{ )Ll .....

d d
[1: Zw}ei(z) I Zw{ei(z)].
i=1 i=1

r .
4 can be written as:
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Differentiating with respect to z we see that the image of the tangent vector at g is given

in affine coordinates around f (E) by:

i=1 i=1

Hence smoothability is equivalent to the image of the tangent vector being zero.

More generally we may assume that the dual graph is terminally weighted [HL10a)
§3.1]: essentially this means that the weight is positive only on the leaves of the dual
graph and it satisfy the stability condition. We can make this assumption because the
moduli space of map of genus 0 with target IP” is smooth and this says that every dual
graph is in the closure of a terminally weighted one.

Assume there are k rational tails of positive weight Ry, h = 1,...,k. Denote by D(h)
the set of indices i such that o; belongs to the R, and by E(h) the set of nodes separating

the core from Rj,. The equations will then take the following form:
Z[ B c][ y wg]:o,jzl,...,r,
h=1\qeE(h ieD(h)
which can be assembled in matrix form as follows:
ieD(h) j,h qeE(h h

A map is smoothable if and only if the above equation as a solution for the smoothing
parameters ¢ # 0, if and only if W is not invertible, so if and only if we have linear
dependence of the rows of the above matrix W. On the other hand we can choose a

suitable coordinate z; around the node g;, on Rj, and write the map as:

[1:py(z):- o ph(za)),

where: 6
Z a—
Z w e (z;) and eh (zp) = z1, h D L
ieD(h leD(h)\{i}
The elliptic curve is contracted to the point [1:0:...: 0] and the tangent vector to Rj, at

gy is mapped to the h-th row of W (in affine coordinates around f(E)). Again we see that
the map is smoothable if and only if the image of the tangent vectors to the rational tails

at the nodes are linearly dependent in Ty g)P". O

Smoothability as factorization property

Before introducing Smyth-Viscardi alternate compactification, we recall the classification

of genus 1 singularities and propose a different characterisation of smoothability, which
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is close in spirit to [RSW17|] modular interpretation of //Zn(ﬂ)r,d)mai“.

Definition 4.9. Let C be a reduced curve over k and p € C a singular point. We define
the genus of the singularity in p to be the quantity:

where 6(p) = dimy (v.Oz/0c) ®k(p), v: C — C is the normalisation of C at p, and b(p) is
the number of branches of C at p.

Smyth proved [Smylla, Appendix A] that once the number of branches m = m(p) is
fixed, there is a unique Gorenstein genus 1 singularity up to analytic isomorphism. A
k-rational p € C with a Goreinstein genus 1 singularity is called an elliptic m-fold point.

The analytic local model for these singularities are:

K[[x,v]/(@*-x%) m=1
Ocp = k[[x,9])/(x(x=1?)) m=2
K[[x,9])/, m>3

where I, = (xhxi —XpX;j i,j,hef{l,...,m— 1}) and i, j, h are distinct.
The proof of the classification is a commutative algebra computation; we outline the

way it works completing the classification of the non Goreinstein ones.

Lemma 4.10. (Classification of genus 1 singularities) The genus 1 singularities with m branches
are obtained by gluing a genus 0 singularity with k branches together with a Smyth’s (m — k)-
elliptic fold. In the following, we will call these (k, m — k) singularities. Notice that k may be 0

(i.e. a point) or 1 (i.e. a smooth rational curve).

Proof. Adopting Smyth’s notation: R denotes the completion of the local ring of C at the
singularity; R = k[[t;]]®... @ k][[t,,]] its integral closure; my the maximal ideal of R and
my that of R

Let us recall that to describe R as a quotient polynomial ring, it is enough to find
a k-basis for mR/mﬁ = (ey,...,es) where the ¢; are some elements in R. Indeed, once
given such a basis, it is a consequence of completeness that R can be recognised as

k[[x1,...,x]]/I, where I is the kernel of the ring homomorphism

k[[x1,....,x]] = RCk[[t]]®... ©Kk[[t,,]]
X; = €
Smyth observes that R/R is graded by:
N , -
(R/R); := m%/(mva NR)+ mg

Furthermore:
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1. m=06(p) = Lsodimi(R/R);;
2. 1=g(p) = ¥ s dimy(R/R);;
3. if (R/R); = (R/R); = 0 then (R/R);,; = 0.

From (2) and (3) it follows that dim(R/R); = 1 and dimy(R/R); = 0 for i > 2. Then the

exact sequence:
2
2 s .
0— 2R — R — (R/R); — 0
mﬁmR mzNR

entails that:

m?{~ C mpg, mR/m% C mg/m% is a codimension 1 k-subspace.

Obviously m}% C m%. Hence s is at least m—1. After relabelling we may assume ey,...,e,,_;
generate m R/ngv, and after Gaussian elimination they take the following form:

e = (tl,O,...,O,altm)

ey = (0, tz,...,o, blztm)

em-1=1(0,0,.., by 1,am_1tm)

with ay,...,a,,_1 € k. At this point Smyth restricts his attention to Gorenstein singularities

and shows that under this assumption he can choose all the a4; to be 1. Furthermore
2 _
2=
For m =1 (resp. 2) he finds extra generators and shows they satisfy the equation of a cusp

mZ = m3 holds if m > 3, thus the above are generators for mz/m3% and the goal is reached.
(resp. a tacnode).

Removing the Gorenstein restriction we have three possibilities for m > 3:

1. At least two of the a; are non-zero, say i = 1,2: then aja,t2, = e, - e, 50 m% = mlzz

and we are done as above. It is easily seen that ey,...,e,,_; satisfy the equations of a

(k, m — k) singularity where k is the number of 4; that are zero.

2. Only one of the 4; is non-zero, say a; = 1: then m?Rv = m3 + (t2) and by adjoining

e, = 2, to the e; we see that they generate mp/m% and they satisfy the equation of a
tacnode (e% —em)en, = 0,and eje; = 0 for i = j and (4, j) # (1,m), so this is an (m - 2,2)

singularity.

3. Finally all the a; are zero: then we have to add t2, t3, to generate mg/m% and we
find an (m—1,1) singularity.

Similarly for m = 2 there are two possibilities: the tacnode (corresponding to a; = 0) and

the union of a cusp with a non-coplanar line (for a; = 0), with equations:

k[[x,y,z]]/(xz,yz,y2 —x3).
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For m =1 the only possibility is the cusp; the maximal ideal is given by m% =mpg. O

Remark 4.11. The genus and number of branches are no more sufficient to tell these
singularities apart, neither is the embedding dimension. A numerical invariant that dis-

tinguishes them is dimy R/I, where
I, = Anng(R/R) = {f € R| f -RC R}

is the conductor ideal at the singular point. Using the explicit description of R given
in the lemma above, we can easily find generators of I, and check that for a (k,m — k)
singularity we have:

dimy R/I, = m—k.

Definition 4.12. Let C be a genus 1 curve and let E a genus 1 sub-curve. W say that
a rational component R is at distance / from E if there are I rational components be-
tween R and E. A genus 1 sub-curve E C C is called balanced if all the marked rational

components of C have same distance from E.
We can then rephrase smoothability as the following factorisation property:

Proposition 4.13. Let [f: C — IP"] be a stable map from a genus 1 curve C = EyLg | |2} R,
where E is the maximal genus 1 subcurve contracted by f, and the R; are rational tails on
which f has positive degree.

Then f is smoothable if and only if it factors through a curve with a genus 1 singularity

f:C ﬂ 6i> IP", such that ¢ contracts Exc(f) ={D c C| f(D) = pt} and is an isomorphism

outside it.
Lemma 4.14. Every genus 1 singularity is smoothable.

Proof. We explicitly construct a (semi)stable model with a contraction to the given sin-
gularity. Assume we start with a (k, m — k)-singularity C. Pick any m-pointed elliptic
curve (E,qy,...,q,) and glue E along the markings with m copies of IP! at their respec-
tive points 0; call the rational tails Ry, ..., R,,. It is useful to consider the resulting curve
C as a point of Mum with markings on the rational tails given by 1 and co. We now
choose a smoothing € of C over a DVR scheme A, such that the total space %, has an
Aj-singularity at the nodes gy, ..., and is regular everywhere else; furthermore extend
the markings to get a horizontal Cartier divisor X. Resolving the singularities we obtain a
fibered surface 7t°°: €°* — A such that in the central fiber the strict transforms Ri,....,Ri
are at distance 1 from the core E, while the other rational tails are adjacent to it. Call
Fy,..., F the exceptional divisors of the resolution. As in [Smyl1la, Lemma 2.12] we may

contract E, which is obviously balanced, by means of the line bundle:

A = wps(E+X),
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which results in €', with an m-elliptic singularity in the central fiber, k of whose branches
are the images of Fy,...,F; and are thus unmarked. We may finally perform a second
contraction by using the line bundle .Z; := 07 (X); let ) denote the resulting family of
curves, with singularity 4.

Notice that for each t € A we have H! (Ct,£lc,) = 0. One only needs to check on t = 0;

for Cy let us then look at the normalisation sequence
0 — Llc, V' Lilc, » vV Lilc,/Lrlc, = 0

and notice that the second map is surjective at the level of global sections as soon as .%|c,
has positive degree on at least one branch, which is the case for us. It follows that %,
satisfies cohomology and base-change, hence we may simply check on the central fiber
both its relative semi-ampleness and the behaviour of its sections. The sections will be
constant along Fy,...,Fy, so the linear relation among their derivatives at the Smyth’s
singularity will only imply the linear dependence of the tangent vectors of Ry1, ..., Ry, at
4; on the other hand sections of .%, along R, ..., Ry are completely independent, and thus
they embed these IP'. We deduce that the central fiber of % has a (k,m — k)-singularity.

O

Proof. [4.13| The argument that if f is smoothable then it has to factor through a genus 1
singularity was essentially given by Vakil in [Vak00, Lemma 5.9]. We review it here in
some detail.

Pick a smoothing F: €5 — IP" of f = Fy. After base-change we may assume that
A is the spectrum of a complete DVR. The line bundle ¥ := F*0pr(1) is trivial on ev-
ery irreducible component of the central fiber contracted by f. Since every connected
component of Exc(.Z) = {D c C : Z|p ~ Op} has arithmetic genus 0 or 1, we may use
the argument in [Smylla, Lemma 2.12] to show that .Z is 7-semi-ample. We thus get
a contraction ¢: ¥y — € and notice that F factors through ¢ by the construction of
C = P1r_ojA (@nzo TZA,*D?QM). Being a smoothing of a reduced curve, €, is normal, thus
¢ factors through the normalisation v: €5 — €5, which is a finite map by [Liu02} §8.2].
It is now clear that G5 — A is a flat family of genus 1 curves with reduced fibers, and
the map F o v has positive degree on all the components of %y, which for flatness reasons
needs to have a genus 1 singularity. In conclusion we have constructed a factorisation f
of f through a curve with a genus 1 singularity.

Vice versa let us suppose that we have a factorisation:
C —) IP”

N

such that ¢ contracts Exc(f) and is an isomorphism everywhere else. We shall below

make the point that f is smoothable as soon as it is not constant on the core (compare
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also with [RSW17, Theorem 4.5.1]), so in this case we have no use for ¢. Otherwise ¢
contracts at least the core, and C has a genus 1 singularity at a certain point q. We first
show that:

Claim 4.15. Under these assumptions, we can produce smoothings € of C and N ofawith

a contraction map ¢, extending the given ¢.

The proof of this claim follows the lines of the two-step contraction described in the
proof of Lemma It will be useful to treat C as a stable curve marked with f~1(Q)
for a generic quadric Q CP".

Proof. Assume that C has a (k, m — k)-singularity at g; denote by E := ¢~1(g) C C, which
is the maximal genus 1 unmarked (i.e. contracted by f) connected subcurve of C. By
assumption the components of C adjacent to E are marked (i.e. not contracted by f),
and they can be partitioned into Ry, ..., Ry mapping to the genus 0 part of the (k,m — k)-
singularity, and Ry,q,...,R,, parametrising the branches of the (m — k)-elliptic fold. Let
I; denote the distance of R; from the core Z, which can be determined from the marked
dual graph. Let I = max{ly,y,...,1,;} and L = max{ly,...,1,,}. Consider a smoothing %),
of C with an A;_;, singularity at R; NE for i =k +1,...,m, and an Aj_;,-singularity at
R;NE fori=1,...,k. Extend the markings f~!(Q) to a horizontal Cartier divisor ¥. Let
%)’ be the semistable model with regular total space; notice that in the central fiber the
strict transforms of Ry.q,...,R,, are at distance ! from the core, while all other marked
components are further apart. Let EP? be the maximal unmarked balanced subcurve
inside %°, including all the components at distance less than [ from Z. We may now use

Smyth’s line bundle:

gl = a)chS/A{ Z (l+ 1 —l(F,Z))F ®ﬁag25(2),

FgEbal

to perform the contraction of E®?!, obtaining a family 4, — A whose central fiber has
an m-elliptic fold point. Notice that the contraction is otherwise an isomorphism, due to
the stability condition. As in Lemma [4.14]we may then perform a second contraction by
using the line bundle .%; := 0z (X); we denote by %) the resulting family of curves. It
may be seen that the central fiber %)) is isomorphic to C, and so is the resulting contraction

up to an automorphism of C. O

Let .Z be an extension of L := f*ﬁpr(l) on %, which exists because deforming line
bundles on curves is unobstructed. In order to extend f to F: éxr — " all we have
to show is that the r + 1 sections $,...,$,, representing the map f extend to sections
of Z. Thus it is enough to verify that Hl(af) = 0 [Wan12]. Once this is done we are

going to obtain the smoothing of the original map by precomposing with the contraction

F%Aiﬂiﬂjr



74 Chapter 4. Moduli space of stable maps in genus 1 and Li-Zinger reduced invariants

Since all the curves we are considering are Cohen-Maculay, they have a dualising

sheaf wz such that for any line bundle L:

HY(C,D)=(H(C, L ®wg))".
It is known [Ser00, IV, § 3] that wz can be described as the subsheaf of v*wE®K(E)
(where v: C — C is the normalisation) satisfying: for every open U C C a rational 1-form
wEV, (a)g® K(E)) (U) is a section of wz(U) if and only if:

Z Res(v'(lw)=0  V¥fe Ox(U)
gev=1(0)

From this description it is patent that the pullback of wg to the normalisation restricts
to a line bundle of degree —1 or 0 on every branch, according to it being one of the k or
m—k components. Hence it can be seen from the normalisation exact sequence and Serre

duality that H' (C,L) = 0 as soon as L has positive degree on one of the branches. O]



Viscardi Alternate compactification

and 1-stabilisation map

5.1. Definition of the moduli space and components

The moduli spaces of m-stable maps give alternate compactifications of M , (X, p).

Definition 5.1. Let C be a connected, reduced, projective curve of arithmetic genus 1
over k, and let py,...,p, € C be smooth, distinct points. A map f: C — X is said to be
m-stable if the following conditions hold:

(1) C has only nodes and elliptic I-fold points, I < m, as singularities.

Stability:

(2) For any subcurve E C C of arithmetic genus 1 on which f is constant,

|{Eﬂm}u{i:pie]§}|>m.

(3) f has no non-trivial infinitesimal automorphisms.

Remark 5.2. While in the case of Kontsevich’s moduli space of stable maps the stability
condition is equivalent to the map having finite automorphismes, in this case, it is strictly

stronger. So already intuitively we do expect to have fewer stable objects.
Viscardi’s main result [Vis12, Theorem 3.6] is the following:

Theorem 5.3. The moduli functor of m-stable maps M(ln,?(X,[j’) is represented by a proper
Deligne-Mumford stack of finite type over k.

Remark 5.4. We think that the algorithm proposed by Viscardi to prove the properness

of his moduli spaces oversees a case. The issue is that, given a map f: G4 — P} over a

75
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DVR scheme A such that ¢, is smooth and f is constant on a genus 1 connected subcurve
E C %), it is not always true that f descends to a map f : Gp — P, where %o has a genus

1 Gorenstein singularity.

Consider the stable map [f] in M, (IP3,4) from an elliptic bridge
C:= qul UE |_|q2 R2

to IP3 that maps R, to the z-axis, contracts E to the origin, and makes (R»,q,) into the

normalisation of a cusp in the (x,y)-plane, i.e. its image is the non-Gorenstein singularity:
D :=Spec(k[x,y,z]/(x,p)) U Spec (k[x,y,z]/(z,y2 - x3)).
Notice that df(T,,R;) = 0, so there is a non-trivial linear relation:
0-df (T, Ry)+1-df(T,,Ry) =0,

and hence the map is smoothable. Viscardi claims that the map factors through the
family %, obtained by contracting E to a tacnode. Notice that the image of f would
still be D, since there is at most one indeterminacy point of Ep > IP},, located at the
singularity. However in our example f cannot factor through the tacnode. Indeed in that
case we would have a birational morphism between two singular curves with the same
0 invariant and the same normalisation, so f : C — D would be an isomorphism, which

is a contradiction. We suggest that in this case the correct procedure would be to sprout
(R1,q1)-

Rq

Ry

Figure 5.1: An example of non-factorisation.

However Viscardi’s argument can be fixed. Let (¢, F;) be a stable map to IP", defined
on the generic point of a DVR scheme A; we may assume that %, is smooth [Vis12} Sec-
tion 3.2.1]. As described in [Visl12, Theorem 3.6, Step 1], after applying semi-stable
reduction we get a map F: %5 — P}, for which we may suppose that C := % is nodal
and reduced, and f := F; is stable ( the point is that we already know that the Kontsevich
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moduli space of stable maps is proper).

If f is not constant on the minimal genus 1 subcurve, then it is already m-stable and
there is nothing to say. Otherwise let E C C be the maximal genus 1 subcurve where f is
constant and let R, LI... U R,, = C/E.

By Proposition(2) we know there is a non-trivial linear relation among the d f (T, R;)’s.
Consider a maximal one with all non-zero coefficients. Possibly after relabelling, such a
relation looks like:

ardf(Ty, Ry)+...+ a;df (T R;) = 0.

In this case we blow-up ¢} in gj,1,...,4,. The induced map Fy is constant on the excep-
tional divisors Gj,1,..., G, and we can complete the above linear relation to

a1 df (T, Ry)+...+a; df(Tq]Rj) +Bjr1df(Ty Gje1) + ..+ B df (T, Gi) = 0

qj+1

with g; = 1 for all i. Now this sprouting [Smyl1b, Section 2.3] ensures that the map
descends to the corresponding elliptic m-fold singularity. Notice that, for every m; <
m,, there is a morphism from an mj,-elliptic singularity to an m;-elliptic point that is
birational on the target and contracts m, — m; branches of the source to the singular
point. Proceed now with Step 2 of Viscardi’s algorithm.

The irreducible components of Viscardi’s moduli space m(ﬁ)(ﬂ’ﬂd ) are also well un-
derstood [Vis12, Thm. 5.9]; indeed they have a similar description of the ones of Kontse-
vich’s space. The main advantage of the m-stable compactification is that the number of

components drops as m increases:

Proposition 5.5. Asin Proposition define M ,,(P",d)"%", to be the closure in H(I?ZZ)(IP’, d)
of the irreducible locus of stable maps with source a smooth elliptic curve to P, and, for every
positive integer k and partition A + d into k positive parts, let D, (IP",d) be the closure of the
locus with source EURy U...Ry and f(E) = pt. Then

()

M@, d) = M, (P, d)™ain g UDA(IPr,d)
A

for0<m+1<k<min{r,d}.

In particular, in the moduli space m(ll)(IPr,d) we will consider in the next sections
the boundary component D! has been destabilised, and for m big enough the space of
m-stable maps it is actually irreducible.

Obstruction theory and m-reduced invariants

The Behrend-Fantechi obstruction theory R®7,f*Tx for spaces of morphisms endows
ﬂ(li';)(X, B) with a perfect obstruction theory relative to M, ,(m).

Indeed, M({’;’(x, p) is open in Morml'”(m)(?:X x My ,(m)) and thus the natural relative
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obstruction theory R® 71, f*Ty on the latter [BF97, Proposition 6.2] restricts to an obstruc-
tion theory on the moduli space of m-stable maps.

Moreover, Behrend shows that R® ﬁ*(f*TX ® LN for £ = wﬁ(Z)(f*ﬁX(l)) is a reso-
lution in locally free sheaves for the obstruction theory (see [Beh97, Proposition 5]),thus
the relative obstruction theory is perfect.

Finally, notice that the base is an irreducible Artin stack for every m (since every point
is limit of a family of smooth curves and the locus of smooth curves is itself smooth) and
it is a smooth stack for m < 5. Irreducibility ensures that 11 ,,(m) has a fundamental class
and thus have a virtual class ([BF97], [LT98|]) on M(ln;)(X,ﬁ) can be defined in the usual
way, by virtual-pull-back [Man12].

Then m-stable invariants are defined in the usual way capping [Mﬁi’ﬁ(x,/s)]vif with
pull-backs under the evaluation maps of cohomology classes on X.

Remark 5.6. For m > d + n, the space M(lﬁ)(]l?r,d) is smooth relatively to N ,(m) since
the stability condition ensures that not genus one curves are contracted. Moreover for a
complete intersection X < IP” cut out by a regular section of & = @0/(d;), we have that
. f*& is a vector bundle, and thus M(f,'f)(x, B) < ﬂ(&)(ll)r, d) should satisfy a hyperplane
property as in the genus 0 case [KKPO03] or in the case of reduced invariants.

However since the base M ,(m) does not seem to have a natural perfect obstruction
theory for m > 5, we in fact do not understand the absolute obstruction theory of the
moduli space of m-stable maps, and thus we actually do not know how to compute the

invariants by localisation techniques.

Main Theorem

We can now state the main theorem of the second part:

Theorem 5.7. Let X be a generic smooth quintic three-fold. Then:
Nred(x,d) = N{ P (X, d)

where:
Nie4(X, d) := deg ([M (P4, d)™™] N eop (7 f*(Ops (5)))

and
NEP(X, d) = deg[ M) (X, )],

In the remaining of this section and for all the next chapter we built up the necessary
machinery to prove the above Theorem.
5.2. 1-stabilisation map

In this section we construct the 1-stabilisation map from the Artin stack of weighted pre-

stable curves to the Artin stack of weighted 1-pre-stable curves (defined below). This will
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allow us to compare the 1-stable invariants defined in the previous section with the usual
GW invariants, and with the reduced ones via the Li-Zinger formula (0.4).

Before we begin, we recall for the benefit of the reader a result of Smyth, [Smy1l1la),
Lemma 2.13] about contracting genus 1 curves in a one parameter smoothing, which will

be quoted often in this section:

Lemma 5.8. Let t: € — A be a projective and flat family of curves over a dvr scheme A,
with smooth general fiber and connected reduced, nodal special fiber. Let £ be a line-bundle
on € with positive degree on the generic fiber and non-negative degree on each irreducible

component of the special fiber. Consider
E = {Irreducible components F C C|deg.Z|r = 0},

and assume that: E is connected of arithmetic genus one, £|g ~ Of, Then £ is m-semiample
. ) ¢ = ) L

and there exists a contraction € — C, where ¢ is proper, birational, and Exc(¢) = E. Further-

more, € — A is flat with reduced fibers and the number of branches and the 6-invariant of the

isolated curve singularity p € C are given by

m=|C\ENE|
O0=pu(E)+m—-1.

In analogy with Definition [4.4]we define:

Definition 5.9. Let ﬂ"q‘f;:d"c’t(l) be the stack of at worst cuspidal connected, reduced,
n-marked, projective curves of arithmetic genus 1 that are weighted-stable with total

weight d, i.e. the weight is nonnegative and such that:
* every p, = 0 component of weight 0 has at least three special points;
* every p, = 1 component of weight 0 has at least fwo special points.

In this definition, by special point we mean the preimage of a node or a marking in the

normalisation.

In the following we will sometimes denote m}”jfd’“u) with M and with ¢ it universal

curve.

wt=d,st
1,n

Theorem 5.10. There exists a morphism T - ﬂ“(‘fi;:d'“(l) which extends the identity

on the smooth locus.

The idea behind this construction is essentially due to Hassett [HHO09, §2] and it has
recently been reviewed and simplified in [RSW17, §3.7]. For simplicity we will work
with unmarked curves, which is indeed the case of interest when looking at the Gromov-
Witten theory of a Calabi-Yau threefold.

We shall construct the contraction over m?iv first, and then show that it descends to

th'“. The weighted stability condition is implicit in the notation.
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Let £ be the locus inside the universal curve spanned by elliptic tails of weight 0; this
is a Cartier divisor in the universal curve over 1'!“(‘{“’5t ; we will abuse notation and denote
by £ all its pullbacks. Moreover we denote by D' its image in M}"*, which is a Cartier
divisor as well.

Consider the following line bundle on the universal curve over m;ﬁV:
N = wr(E)® Ox(2D), (5.1)

where D is the universal Cartier divisor over m‘}iV. Notice that .4 is trivial on the locus
of elliptic tails, so the Proj construction applied to .4” will contract this locus.
Proposition 5.11. Let € = Proj

mdiv
. . 1
curves and ¢ is a regular morphism:

(ED,150 70 ®"). Then % is a family of weighted 1-stable

¢

€,D) > (€,

div
ml

( (D))

This defines the 1-stabilisation morphism m‘}iv — m‘lﬁ"(l).

We need to prove that .4 is t-semi-ample, namely that 7c* 7, 4/ ®" — 4 ®" is surjec-
tive for n big enough, as this ensures regularity of ¢, and that .4 is locally free, in
order to have flatness of 7t. Both these facts are clearly true generically, but less so on
points of £ and D!. We shall check this by exploiting the next lemma, which is a nice
technical gadget taken from [RSW17].

Lemma 5.12 (pullback with a boundary). [RSW17, Lemmma 3.7.2.2] Let t: € — S be a
proper family of curves over a smooth base, and let A be a line bundle on € such that R! rt, N
is a line bundle supported on a Cartier divisor D C S. Then for every DVR scheme A with
closed point 0 and generic point 1, and for every morphism f: A — S such that f(0) € D and
f(n)eS\D we have

FrN =g fol.

Now recall that in our case .4 is trivial on elliptic tails and of positive degree ev-
erywhere else, and that (by cohomology and base change) the rank of R! 7.4 can be
checked on the fibers, [Har77, Theorem IT1.12.11], so we see that it is 0 outside D' and 1

on it.
Lemma 5.13. The line bundle 4" is t-semi-ample, i.e. the natural map
TZ*TZ“/V‘ZM — :/V®n

is surjective for n > 0.
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Proof. Outside the locus of elliptic tails .4 is w-ample. We are left to check on points
belonging to an elliptic tail; thanks to the above Lemma we can reduce to the case that C
is the central fiber of a one-parameter smoothing of the elliptic tail. This has been dealt
with by Smyth [Smy11a, Lemma 2.13] (see Lemma|5.8). O

Lemma 5.14. 7.V is locally free on m‘fiV.

Proof. [RSW17, Proposition 3.7.2.1] We have to check that 7t,.#” has constant rank. On
Mdv < D! we see that R! 7,4 = 0, so 7,4 satisfies Cohomology and Base Change and
its rank is determined by Riemann-Roch. Given a point x on the boundary D!, we can

pick a DVR scheme A whose closed point maps to x and whose generic point maps to

m‘fiv \ D!. Then we are in the hypotheses of Lemma and we can check the rank at x
by looking at 7, f*. 4" over A. Now f*.#"is flat over A, so 7t f*.#" is as well, which implies
torsion-free and thus constant rank. O

Proof. Let S — MY be a smooth atlas, then we have:

(¢5,Ds) ——= 4 (%3, ¢(Ds))

S

where €5 = P1‘0j5(691120
ng-semi-ample and 7tg is flat since 7g .4 is locally free. To verify that this defines a

705N ®"), s is a proper and birational morphism since ./ is

morphism S — m‘fiv(l) we have to argue that %5 has reduced fibers and only nodes and
cusps as singularities.

Since these properties only concern the fibers of 7= we can verify them after base
change to a DVR scheme A chosen as in Lemma so that the construction commutes
with base-change. Furthermore we can pick f: A — S such that the total space %, is
regular, so we may just apply Smyth’s Contraction Lemma [Smyl1la, Lemma 2.13] (see
Lemma .

Finally to conclude that this defines a morphism m‘fiv — m‘fiV(l) it is enough to ver-
ify that there is an isomorphism pr’i‘gg = pr*zcg; satisfying the cocycle condition, where
pr;: S'=S Xppuaiv S 3 S.

This follows from the fact that pr; €5 are obtained from applying the Proj construc-
tion to pring,. 4" = mg .pr;.#, by flatness of S’ — S. Thus it is enough to show that
pr;/ =pr;. /. But ./ is the pullback of a line bundle on ﬂ’(‘lﬁv, thus the desired isomor-
phism follows from the commutativity of the diagram

S X S ——— S
1

-

§ ——— my
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The cocycle condition is derived similarly. O

Proposition 5.15. The 1-stabilisation for curves with a divisor induces an analogue morphism

on weighted curves:
m(liiv s m(liliV(l)

Lo ]

m‘i\/t,st E| m\th,St ( 1 )

Proof. Etale locally on m}“t'“ we can choose smooth sections s; of the universal curve
so that the Cartier divisor D = ) s; has degree compatible with the weight function,
so in particular it makes A4 = w,(£) ® Oy (2D) trivial on the elliptic tails and w-ample
elsewhere. For a smooth atlas S — M}""*, this observation allows us to define a lifting
S— ﬂ“(‘lﬁv, and thus a morphism&: S — ﬂ“q\'t’St(l) through the construction of Proposition
B.IT

In order to show that this descends to a morphism 1'[“(‘1/"t’st — th’St(l) we need to
verify that there exists prj(&) = pr} (&) satisfying the cocycle condition, where pr;: S =
S X st S=3S.

This boils down to checking that for two different choices of a lifting D;,D;,: S —

M there exists a unique isomorphism

G = Pr_f)js[@m(%))@”] = Pr_OjS[@m(e/Vz))@”] =%,

n>0 n>0

By construction there is a birational map :

s
N
2l v 34

We want to show that i extends to a regular morphism. Notice that % is nor-
mal, i = 1,2. Indeed since S is smooth and the singularities of the fibers are in codi-
mension 1, (gz\ is regular in codimension 1. Moreover since both S (smooth) and the
fibers (Cohen-Macaulay) satisfy Serre’s condition S,, so does the total space of % by
[Mat89, Thorem 23.9]. Then, since the geometric fibers of ¢; are either points or p, = 1

subcurves, and in either case connected, Zariski’s connectedness theorem implies that

(].')1"* ﬁcgs = ﬁ%;;

Moreover by construction Exc(¢) = Exc(¢,) is the locus of elliptic tails of weight 0, so
in particular ¢, contracts all fibers of ¢;. Then [Debl3, Lemma 1.15] implies that ¢,
factors through ¢, and viceversa. This proves the regularity of i and its inverse. Notice

that 1 is unique as it is the only extension of ¢, o . ]
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Moreover the 1-stabilisation map is proper:
Lemma 5.16. The 1-stabilisation M} — M\""*'(1) is a proper morphism.

Proof. Use the valuative criterion: let A be a DVR scheme with generic point 77; we have

to fill in the upper right part of the following diagram:

%) <= €
L# 0
A

We may in fact assume that ¢, is an isomorphism, and then it is enough to take the
weighted stable model of . O

Future direction: comparing m-reduced invariants

The m-stabilisation for m > 2 does not extend to a regular morphism; the following is an

example with stable curves:

\

o
T

Figure 5.2: An example of different plausible 3-stabilisations.

Both curves on the right are 3-stable, so it is unclear how to define the 3-stabilisation
already on points.

Here is some heuristics about why the natural choices in families do not work. Indeed
suppose we try contracting the minimal genus 1 unmarked subcurve. Consider a 1-
parameter smoothing of the node g: the generic fiber is a smooth elliptic curve with three
marked P! attached. If a contraction of the core existed, we would get a family with a
Smyth’s 3-fold elliptic point degenerating to the tacnode, but such a family cannot exist;
the miniversal deformation of the tacnode contains only cusps and nodes as singularities.

On the other hand, try to define the 3-stabilisation by contracting the maximal un-
marked genus 1 subcurve. Choose a generic smoothing of our stable curve in such a way
that the total space %) is smooth. Notice that the maximal unmarked subcurve of the
central fiber is not balanced [Smy11a, Definition 2.11], so contracting it we would get a

non-Goreinstein singularity.
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However, the indeterminacy locus has been resolved by [RSW17]. They consider the
moduli space mrad parametrising radially aligned logarithmic curves, which, in very rough
terms, means that the logarithmic structure is such that it is possible to define a total
order on the vertices of the dual graph of the curve.

They then show that the latter resolve the indeterminacy, i.e. we have a diagram:

mrad ,wt

/\

________________ > MY (m).

We have seen in the above example that, given a genus 1 semi-stable curve C (in
fact stable in the example), the m-(semi)-stable curve C we should contract C to seems
to depend on: a choice of smoothing, and a choice of balanced genus 1 sub-curve to
contract. Giving a radially aligned log structure to the curve fixes both these choices and
thus determine the contraction s,,.

We expect that using the above morphism and a generalisation of the arguments we

are going to see in the next chapter it will be possible to prove:

Conjecture 5.17. If X is a smooth projective Calabi-Yau 3-fold. Then for any m>1:
red _ ——(m) vir
GWyg (X) = deg|[M;,, (X, B)]™ ).

If X is a smooth projective Fano 3-fold, then for any choice of insertions y1,...,y, the reduced

invariants coincide with the m-invariants for any m > n.



Reduced vs Cuspidal invariants

6.1. The main idea and Chang-Li solution

We exploit the 1-stabilisation morphism constructed before to introduce some auxiliary
spaces, endowed with natural virtual classes, that allow us the comparison between cus-
pidal and reduced invariants of the quintic threefold. Let Z be defined by the pullback

diagram:

z Y AV p g

l 0 ip (6.1)

m‘{Vt,St b m\th,St ( 1 )

Objects of Z over a scheme S consist of diagrams:

C ¢ s C
S

where f is a 1-stable map and ¢ is the weighted 1-stabilisation; arrows over idg are

f

s P4

commutative diagrams:

c—t,c L ps
lw 11/3 lidlp
o Ve I pa

where ¢ and 1) are isomorphisms. Recall that 1 is determined by ¢ due to the required

85
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commutativity with the dominant “birational” morphism ¢.

Forgetting C and keeping f o ¢: C — IP4, we obtain a morphism
ii Z - M(P4d).

Lemma 6.1. The morphism i: Z — M, (P4,d) is a closed immersion. In particular Z is a

proper DM stack.

Proof. From the above description of arrows in Z, i is representable (i.e. faithful) and a
monomorphism (i.e. full).
We can check properness using the valuative criterion. We argue as in [RSW17, The-

orem 4.3]. Let A be a DVR scheme with generic point #; consider a diagram:

2
2! /
—

Notice that there is an open dense substack of Z where ¢ is an isomorphism. Indeed
the generic point of either the main component or any boundary component is already
1-stable. Thus we can assume that ¢,, in the above diagram is an isomorphism.

Observe that f is constant on the fibers of ¢4, so it factors topologically through N
We can conclude proving that ¢.0y, = Oz, which ensures we are in the hypothesis of
Debarre factorisation Lemma [Deb13, Lemma 1.15]. To prove the above isomorphism of

sheaves, consider the exact sequence:
0— ﬁ@ = GOy, — qb*ﬁ’%/ﬁ@ -0

Since ¢ is an isomorphism away from the cuspidal point, the cokernel is supported
in dimension 0. However X(ﬁ‘?ﬂ) = )((q,’)*ﬁcgn) implies the same equality holds on the
whole of A, since the Euler characteristic is constant in flat families. So x(¢.04,/ ﬁ@ )=
length(¢. ﬁ%/ﬁﬁ) =0. O

So we may add the commutative diagram to the left:

M, (P4, d) +— s 7\ (P d)

|l e

mw{vt,st ( ~ ) mw{vt,st(l)

A description of the irreducible components of Z can be easily obtained from the
inclusion i: there is a main component Z™3" which is the closure of the locus of maps

from a smooth elliptic curve, and for every k > 2 a boundary component D¥Z, whose
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‘

Figure 6.1: A typical element of D' N D2,

general point represents a contracted elliptic curve with k many rational tails of positive

degree.

Remark 6.2. Each component of Z is isomorphic to the corresponding one in M (IP4,d).
Indeed given any stable map there is at most one factorisation through the weighted
1-stabilisation of the curve and more in details: objects of M (IP% d)\ D! are 1-stable
already; objects of D' NM (IP4,d)™i" factor through the cusp thanks to the smoothability
criterion, which implies the node is a ramification point of the map; and objects of D! NDF
(k > 2) factor through a map which is constant on the cusp.

On the other hand, objects of D!"° = D! \ (M (P4, d)main Uks2 D¥) do not admit any

factorisation, so Z has no corresponding component.

If we replace IP* with X the quintic 3-fold in (6.1), then by Lemmawe get a closed
sub-stack Zy < .4, (X, B) (in the proof we never use the fact that the target is P4).

Moreover, Zx is naturally endowed with a zero-dimensional virtual class [Zx]"I"
whose degree coincide with the one of [%(11)()(, B)]VI*. Indeed, given the inclusions € Z/m <
(EM(X)/IT*( — b'*IEpX, where IEPX is the relative obstruction theory for 1-stable maps to X,
we can define [Zx]"'"" by virtual pull-back of [11]. Moreover, since the 1-stabilisation
map is a proper birational morphism and virtual pull-back commutes with proper push-
forward [Man12}, Theorem 4.1], b.[ Zx]VI' = [%gl)(X,/i’)]Vir.

So if we were able to understand how the virtual class [.# (X, B)]Vir was supported on
the different components of the moduli space, the comparison between GW and cuspidal
invariants will be quickly done.

Unfortunately, the geometry of ./ (X, ) is hard to understand and neither we can
try to study it through the easier space .#(IP%,d) as there is not a perfect obstruction
theory for ./ (X, B) — (P d).

Chang-Li theory of maps with p-fields is a beautiful way around these difficulties.

6.2. 1-stable maps with p fields

We adapt Chang-Li’s theory of p-fields to cuspidal maps. This is a word-by-word repeti-
tion of the arguments in [CL12|] once noticed that they carry over to families of at worst
cuspidal curves. We provide the non-expert reader with a résumé of some of the key

ideas contained in [CL12[|; this section can otherwise be skipped.
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6.2.1. Moduli of sections

Definition 6.3. Let B be an algebraic stack and let t: 4 — B be a flat proper morphism
of finite presentation, which is representable by algebraic spaces, and whose geomet-
ric fibers are reduced l.c.i. curves. Let 2 be an algebraic stack, representable, quasi-
projective, and smooth over ¢. The cone of sections of 2 over € is a B-stack S defined
by:

S(S — B) = {sections of %5 — €s};

The groupoid S is an algebraic stack representable and quasi-projective over B [CL15,

Proposition 2.3].

To fix the notation let us draw the following diagram:

. 74

a
Co — € (6.2)
b

where ¢ denotes the universal section. Let us see some examples of the above construc-

tion we will be interested in.

Direct image cones

When Z = Vb(.Z) for a line bundle .Z on ¥, the algebraic stack S — B representing

sections of .Z can be constructed as:
C(m..Z) := Specy Sym®*(R! 77,2 ® wy,).

This is essentially because R! 77,2 ® w,; commutes with pullbacks, and it has the desired
modular interpretation by Serre duality.

Moduli of stable maps and 1-stable maps

Recall that P denotes the universal Picard stack. Let X C IP" be a projective variety and

let Zx be defined by the following cartesian diagram over ¢p:

.QPX L XX%D

o

2ol 0, Lomy Prxgy

Then M, (X, ) is the open substack of the moduli space Sy of sections of 2% — ©p
defined by the stability condition. This is the point of view we have already taken for
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X =IP" in Proposition [4.3|to describe the local equations of the moduli space of maps.
Analogously the moduli space of 1-stable maps ﬂ(l”(x,/g) can be thought of as an
open inside the moduli space of sections of

Py = (Vb(i’%f”l) N\ 07) xpr X
over ‘55.

Moduli of 1-stable maps with p-fields

In this section we denote by M the moduli space of 1-stable maps M(ll)(lP‘L,d) and by
2. ®-5
The moduli space of p-fields is defined as the cone of sections of the line bundle 5

over ‘51\7[:

Definition 6.4. The moduli space of 1-stable maps with p-fields:

_1 n —
M (P4 d) = Clig (Fg)

parametrises 1-stable maps:

G L
2
S

with a p-field ) € HO(Gs, f3 Ops(=5) ® wz,).

We use the abbreviation P := ﬂ(ll)(ll"‘,d )P. Employing the above description of the
moduli space of 1-stable maps, P can also be thought of as an open in the moduli space
of sections of the vector bundle Vb(i”%B5 @ éiﬁ).

6.2.2. Obstruction theories

With the notation introduced in section (in particular see diagram ((6.2)), the mor-
phism S — B admits a relative dual perfect obstruction theory:

¢s/p: Ts/p — Bs/p:= R g .0 T/

For the proof see [CL12, Proposition 2.5] and notice that it relies on general properties of
obstruction theories and the cotangent complex, and the fact that 2 — ¥ is smooth, but
never on the specification that 4 — B is a family of nodal curves.

Let us review the examples above:

* for the direct image cone of a line bundle .#’ the dual obstruction theory is Ec(,, #)/p =
R®*m, %;
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* the moduli space M= Mﬁ”(lp{ d) has a dual obstruction theory relative to 5 given
o 4 5
by Eyyp = R* g, (Do Za);
« in the case of 1-stable maps with p-fields P = ﬂ(ll)(ll’4, d)P, we get E5 5 = R* ﬁﬁ*(j%ﬁ@
ﬁﬁ).
We review the compatibility of various obstruction theories for the moduli spaces men-

tioned above.

Lemma 6.5. P is a smooth Artin stack of dimension 0. Furthermore there is a compatible

triple of dual perfect obstruction theories:

. [1]
A T/ﬁ/ﬁ:([—l] _ Tﬁ/ﬁ > Tﬁ/ﬁ _—

I | -

R* 75, (07) — R 7y, Dy Za) — R* 75y, (f5 Tps) ——

implying that Eg W/ = =R®7ty., @0 ) gives the standard Behrend-Fantechi virtual class on
M. We denoted by A the natumlforgetful map from M — .

Proof. The first statement follows from deformation theory: the projection g: P Mis
unobstructed of relative dimension 0 and M is a smooth Artin stack of dimension 0, since
both nodal and cuspidal singularities are 1.c.i., so obstructions to their deformations are
contained in Extég Qe 0F) =

The fact that "JI’M m — By = R 7. fl\i/[ Tp4) is a perfect obstruction theory when
% — M is a family of Gorenstein curves is proved in [BF97, Proposition 6.3].

The lower row in the above diagram is induced by the Euler sequence of IP*. The
middle column comes from identifying the space of stable maps as an open substack of
the cone of sections (see above) of Vb( @0 ) over P. The existence of such a commuta-
tive diagram is [CL12, Lemma 2.8]. The final claim follows from functoriality of virtual
pullbacks [Man12]. O

Lemma 6.6. There is a compatible triple of dual perfect obstruction theories
(R* 75, (Pp) R 15, (L5 © Pp) R 15, (L2))
for the triangle:
P
P

Notice that the virtual rank of E5 5 = =R*7 ( 7;35 ® ﬁf) is 0, hence it endows the

moduli space of 1-stable maps with p-fields w1th a cycle class of dimension 0. However
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P is not proper. In the next section we describe Chang-Li’s cosection (depending on the
choice of w € k[xy,...,x4]5) of the obstruction bundle, and show that the corresponding
localised cycle is supported on the proper subtack M(ll)(X,d), where X = V(w) is the

quintic threefold, that is the degeneracy locus of the cosection.

6.2.3. Cosection localisation and virtual pullback

Recall Kiem-Li’s machinery of cosection localised virtual classes [KL13, Theorem 1.1]:

Theorem 6.7 (Localisation by cosection). Let Y — S be a morphism of DM type between
algebraic stacks, with Y Deligne-Mumford and S smooth, endowed with a perfect obstruction
theory. Suppose the obstruction sheaf Oby admits a surjective homomorphism o : Oby, — Oy
over an open U C Y.
Let1: Y(0):=Y\NU <Y, then (Y, o) has a localised virtual cycle:
(Y] e A,Y (o).

This cycle enjoys the usual properties of the virtual cycles; it relates to the usual virtual cycle
[Y]VI" vig [Y]'' = ,[YVF € A, Y.

loc

We now review a slight generalisation of this, that combines it with Manolache’s vir-
tual pullback construction [Man12]; this can also be found in [|CL12, § 5].

Let Y — S be as in the hypotheses of the theorem, or more generally such that there
is a triple of compatible obstruction theories for a triangle Y — S — T with T smooth.
Assume for simplicity that the obstruction theory Ey/s is a vector bundle E admitting a
cosection:

EL oy

surjective on an open U C Y; denote by Y (o) the complement Y \ U. Recall the following
notation from [KL13]:

G =Ker(E|ly — Oyly), E(U):ElY(U)UG‘

Kiem and Li define a localised Gysin map:

!

Soloc+ A«(E(0)) = A(Y(0)),

which we explain in what follows. Let [B] € Z,(E(0)) be a cycle represented by a closed
integral substack. If B C E|y(4) then they use the standard Gysin morphism:

|
So,loc

[B] := sgm) [B] € A,(Y(0)).

Suppose instead that B is not contained in Ely(,). Then we may choose a variety with a

regularising morphism Y 2, Y such that:
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* vis proper and v(Y)NU = 0;
* the pullback along v of the cosection v*o =: & extends to a surjective morphism

o

V'E — 03(D) — 0
for a Cartier divisor D C Y.

« there is a closed integral B C G = Ker(6) such that 7,[B] = k[B] for some k € N.

We denote by v(c): D — Y(o) the restriction of v to the divisor, and by 7: G — E(o) the
restriction of the natural map v*E — E. The localised Gysin pullback is then defined as:

S;T,IOC

1ol Bl = 19(0). (D] 5S[B1) € A(¥(0)

In [KL13, § 2] they prove that: such (Y, v, B) always exist; the cycle sij loc[B] is independent
of the above choices; the construction preserves rational equivalences and thus defines

the desired morphism on Chow groups.

Remark 6.8. If we consider [Y] as a cycle in E(o), thought of as the zero section of E,

notice that a natural choice for Y is Bly Y.

Kiem and Li then proceed to extend the cosection-localised Gysin pullback to vec-
tor bundle stacks h'/h%(IE) (this is relatively easy in the presence of a global resolution,
which is the case in the situation at hand); they show that the intrinsic normal cone Cy/g
is contained in the closed substack h'/h°(IE)(c), at least when the cosection of the relative
obstruction bundle lifts to a cosection of the absolute obstruction bundle [KL13| Corol-
lary 4.5].

Definition 6.9. Consider a cartesian diagram of stacks:

v 5y

lp’ i ip

s %5
with p as above. Assume furthermore that we have a cosection

ObY/S — ﬁY

that lifts to a cosection of the absolute obstruction sheaf Oby. Then we can define a

localised virtual pullback operation:

(0,00 AS') = Avy (Y ()

where Ey//s» = (¢')'Ey/s, 0’ = (¢’)*(0)and Y'(¢") = Y(0) xy Y.



6.2. 1-stable maps with p fields 93

Replace S’ by a primitive cycle in it, i.e. assume that S’ is irreducible and reduced. Re-
call that pulling back Ey,s along ¢” endows p’ with a relative perfect obstruction theory.

Furthermore we can pullback the cosection:
Obys' = ¢"Oby/s z, .
The degeneracy locus of ¢’ is Y’(¢”), which in turn implies that:
W' /h(Byys)(0”) = (¢')'h' /hO (Ey/s)(0).
By [KL13, Corollary 4.5] and from the cartesian diagram above,
Cyys C(@")'Cyss CEyys(o’)
thus we can define the localised virtual pullback of [S’] to be:

()&, 0,011 = 50 10c [Ty

6.2.4. A cosection for p-fields

We are going to construct the cosection paralleling [CL12, §§3.2-3.4]. There is a mor-

phism of vector bundles on P induced by iterated tensoring of line bundles:
hy: \/b(iﬂ%95 ® 75) — Vb(@ss),  hi(xp) = pW(xo, .- X4)

where x; and p denotes the tautological sections of the pull-back of 922%?5 , and @5 to the
vector bundle, and w is the fixed degree 5 polynomial defining the quintic 3-fold X.

Differentiating h; gives a morphism of tangent sheaves, and thus pulling it back along

/> Vb(;?gS) \ {0} @ Vb(F5)

—

Cﬁﬁ > %
lﬁﬁ iﬁﬁ
> P

the universal evaluation

—

P
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we obtain a cosection of the relative obstruction sheaf (see § ):

UllOb

. 5 5 1.4
BB = R! 7'(,73,*( ITPQ @ 95) —R nﬁy*(wﬁﬁ) ~ 05

4
O1j(u,p) (% ) = Pw) + Z&iw(u)fc’i, where (6.3)
i=0

1=

()P, (p)eH (w220 H (u" Pp)

The degeneracy locus of this cosection is ﬂ‘f)(x, d): indeed, by Serre duality if w(u) =
0 then we can find a p such that the cosection does not vanish; similarly we can do if
P Z?:o diw(u) # 0. But w(u) = 0 and d;w(u) = 0 never happen simultaneously by smooth-
ness of X, so it has to be w(u) =y = 0.

Moreover Chang and Li prove (|[CL12, Proposition 3.5]) that oy lifts to a cosection
of the absolute obstruction bundle Ob73 g ﬁﬁ, i.e. o7 factors as Obﬁ/ﬁ - Obﬁ N ﬁ’ﬁ.
Notice that ¢ and ¢, have the same degeneracy locus because Obz 5 — Obg is surjective.

Being able to lift the cosection to the absolute obstruction sheaf is a sufficient con-
dition for the relative intrinsic normal cone %% 5 to be contained in the closed substack
h'/h%(IE)(0;) of the obstruction bundle h!/h°(E)( determined by the cosection, see [KL13]].

We may thus endow m(ll)(IP‘l, d)P with a localised virtual cycle:

Pl = 0,10 C7p] € Ao[M1 (X, ).

We want to show that it gives the same numerical invariants as the cuspidal Gromov-

Witten theory of X, up to a sign:

Theorem 6.10.
deg[ M\ (P4, d)P VT = (~1)5 deg[ M) (X, d)]""

loc —

6.2.5. From p-fields to the quintic threefold

—(1
This is achieved in two steps: we first compare the invariants of ./\/l(l )(H’4,d )P with the
—1
ones coming from M(l )(NX/IP4,d)p , where Ny/ps is the normal bundle of the quintic in
P4,

Second we compare the latter invariants with deg[m(ll)(X, d)Jvir,

Deformation to the normal cone

This is attained in [CL12, §§4-5] by a family version of the p-fields construction applied
to the deformation to the normal cone of X C IP%; let us denote the latter by V — A/},
so that Vo = P* and V, = Nyx,ps. The idea is to proceed as follows: construct a perfect
obstruction theory for M(l”(v, d)P relative to 5 which is compatible with the obstruction

theories of the fibers ﬂ(f)(vt,d)P; then construct a family version of the cosection and
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use the fact that for compatible obstruction theories taking cosection localized cycles

commutes with Gysin pull-back to conclude the deformation to the normal cone.
. -1 .
In order to construct the obstruction theory for M(l )(V,d )P, we want to express it as

an open inside a cone of sections (then we can use the general result in § , to such
goal we will find useful the following elementary Lemma:

Lemma 6.11. The deformation to the normal cone V is cut inside Vb(Ops(5)) x Al by the
equation w(x)—ty = 0, where [xq : ... : x4] are the basis coordinates and y is fiber coordinate .
If C(V) denotes the affine cone over V, then C(V) is cut out inside Ci xCy x Al by the same
equation, and its tangent bundle is determined by the following exact sequences:

®5 Y diw(x)x;—t)
0= Tewyar = Ociv)®fcv) ————— Ocv) — 0 (6.4)
Y 9w(x)x;—t9—pf
0— TC(V) - ﬁé‘?(sv) b ﬁC(V) &) ﬁC(V) ﬁC(V) —0 (65)

The proof is just a computation in local coordinates.

This allows a description of the moduli space of maps to V as the cone of sections of

a certain smooth object 2’ over %XAI:

! %
¢ o l

Vb($§5) N {0}®Vb($§5) — Vb(Ops(5)) x A}

v

Cg—l > Cg:
V) T UPxa
fi_ 2

l M w) xa)

M (V,(d,0) —— PxAl

Similarly V= m(ll)(V,(d,O))p can be defined as the cone of sections of 2 := &’ @
Vb(éiﬁ). The general ’t\heozl explained above tells us that R*7t,e" T, 5, Al provides an
obstruction theory for V — Px A}. Moreover the fact that 2 is defined via the cartesian
square together with Lemma allows us to give a more explicit description of
the above perfect obstruction theory ( [CL12, Proposition 4.2]):

Lemma 6.12. A dual perfect obstruction theory is given by:
Popat Topxnt = Byt 1= R Ap(f5 @ Py)

where f3;: ‘% — V is the universal map and ¢ is the vector bundle on V defined by the exact
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sequence, see (6.4):

* @5 Znaw )xl t})
0—><%”—>prﬂj4(ﬁ]p4(1) @ﬁp4(5))—>pr Ops(5) — 0.

The restriction of Py /pun 10 a fiber
t

— 7,5 t=0
Vi={ =)
My (Nxsps,d)P =0

gives the standard obstruction theory of V; — P.

We would like to conclude that the restriction of the virtual cycle to the fibers is
the standard virtual cycle on the fiber. The techniques of functoriality in intersection
theory teach us that we should look for a triple of compatible obstruction theories for the

triangle:

Vie—Ht 3V

N

The cone of sections interpretation provides us with an obstruction theory relative to
) given by:

Ej 5= R fp(f54 @ 7p)

where %" is determined by the following exact sequence on V, see (6.5)):

) Y 9iw(x)xi—tj—yf

0 — A — prips (Ops(1)%° & Ops(5) @ Ops prh Ops(5) — 0

Of course hO(IE’V//ﬁ) =Ty 5 but the previous lemma and the difference between .J# and

2 hint at the fact that the obstruction sheaf hl(IEL/,ﬁ) contains one factor R! UST P
O3 too many, so that restricting IEW to the fibers we would not find their standard
obstruction theory. A confirmation of this fact is given by observing that IE’V/T) equips
V with a 0-dimensional cycle, while we are looking for a 1-dimensional cycle such that
restricting to any fiber, i.e. applying i}, we get [V,]V'' € Ay(V}).

This issue is solved in [CL12, §§4.5-6] by lifting the standard obstruction theory (j)A ~
to a different, specifically tailored one:
i Es;

¢V/D V/p V/p

where the latter two-term complex fits into an exact triangle:

ercv [ 2] > Ey —>]EA5E>

V/D

Furthermore ¢y; 5 is compatible with the standard obstruction theory for the fibers:
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Lemma 6.13. For every t € All( we have a commutative diagram:

ﬁvc*ﬁ%c[—l] —_— IET/;/ﬁ —_— E?/’ﬁbc

I I I

. . 1
For the proof see [CL15, § 4.6]. Notice that the lower row is not a distinguished
triangle, yet Chang and Li prove in [CL12}, A.4] that this weaker (truncated) notion of
compatibility is enough to prove functoriality.
Since we are working with cosection localised cycles, we need a family version of the
cosection. This is induced by differentiating the following vector bundle morphism on
Px Al

(pry.prs3) v

Vb(.ﬁ%ﬁ @£§5 ® 75) b(.,éﬂ%?S ® F5) > Vb(ws)

The cosection takes then the following form:

Oby/puns CR' (L 0257 © Py) - R s

O1|(wv,p) (% 9, P) = Py +vp

It is showed in [CL12, §4.7] that &y lifts to a cosection ¢: Oby; — 05; and that the degen-
eracy locus of ¢ is
MUY (X, d)x Al

Recall that the sections (u,v) are required to satisfy w(u) —tv = 0. So &; coincides
up to a non-zero scalar with the above defined cosection o; for P when t = 0. It is
proved in [KL13| Theorem 5.2] that, given compatible perfect obstruction theories, the
construction of a cosection localised virtual cycle is compatible with Gysin pullbacks, so
that by [CL12, Proposition 4.9]:

! 33 1vir S vir =) | rY31vir - (1 vir =)
Lo VI = [PIr € 40(Q),  h[VIr = [M) (Nx ps, d)P1ST € A (D)

where we have denoted by Q:= M(ll)(X, d).

Functoriality of cosection-localised pullback

We are left with proving that deg[ﬂ(ll)(NX/]pz;, cl)"],%r coincides up to a sign with deg[m(ll)(X, d)]Vir.

In the rest of the section we use the following notation: N = M(ll)(Nx/H)zl,d)p, and
D 1\7 — @
First, Chang and Li prove that there is a perfect obstruction theory

DA RS D
Egg =R g (Z2 0 Py)
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compatible with Eg 5 and 9"Eg 5, so that Eg 5 inherits a cosection o, with degeneracy
locus D(oy) = Q. So they have a localised virtual pullback:
A(Q) = A(D(0g) = Q)

v, :
]E/V/Q,IOC

which they then prove to satisfy functoriality using the techniques of [KKP03], so:

! vir vt vir
O 10l Q1 = (MY (N, P

IEJV/Q loc

To conclude it is enough to compute the degree of ﬁ]IE/v on Ag(Q); we just need to

/Q,loc

[C]) for a closed point C. This is done in [|[CL12, Theorem 5.7] and

the same con51derat10ns work in our case.

compute deg(vIEA oloc

Hopefully we have managed to convince the reader that the subtle intersection theory
perpetuated in [[CL12|] does not rely at all on the hypothesis that the families of curves
we are working with are nodal, but l.c.i. curves are well-behaved enough so that all the

proofs carry over to the situation of our interest.

6.3. Auxiliary space of p-fields

Now that we have 1-stable maps with fields, we would like to compare them with ordi-

nary stable maps with fields, in order to finally achieve the wanted comparison between

cuspidal and reduced invariants. We thus define an analogue of the space Z in §[6.1]
Let XP and Z? be the algebraic stacks defined by the following cartesian diagram:

zr o« 7\ ph ayp
e ]
XP —— Picy(1)
R

m\th,St m\{vt st( )
Remark 6.14. The stack AP parametrises

G — %

NS

with a line bundle .%; on %s. Notice that by pulling back Zs via ¢s we obtain a line
bundle on s, hence a morphism AP — Pic;. This is generically an isomorphism, but has
1-dimensional fibers over the locus of elliptic tails, due to the fact that Pic(@\) — Pic(C)
has kernel G, when C has a cusp.
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Remark 6.15. Similarly the stack Z” parametrises

%s LN 7
S

with a p-field ¢ € HO(Gs, £ Opi(-5) ® wy,).

Caution 6.16. Unfortunately we are not able to compare ZP with M, (IP% d)P directly,
since, contrary to the space of maps case, we don’t have a morphism between the two
spaces of p-fields.

Indeed, denote by 7= f*Ops(1) and by £ = 4)*.,?\, a morphism ZP — M, (P4,d)P is
equivalent to a morphism R! 77, #®> — R! %, %5,

Instead, we only have a map the wrong way around: R! .7 — R' 71,2 on ZP which
is not an isomorphism. To see this, consider the dual picture: since ¢*wy; = w(€), the

p-fields on € that we get by pulling back from % vanish on elliptic tails.

This meant that we could not directly look at [CL15] decomposition of the intrinsic
cone, but we had to use the machinery they built to study instead the cone of ZP. The
comparison with reduced invariants is possible because ZP and Z (and all of their res-
olutions) have the same main component, and the latter is comparable with standard
GW.

Before starting the study of the geometry of Z? which will lead us to the final com-
parison, let us show that this auxiliary space of p-fields can be endowed with a virtual

class whose degree coincide with cuspidal invariants of the quintic:

The perfect obstruction theory R®#,(.Z®° @ &) for the morphism ](11)(11)4,51)1’ —

Picq(1) together with its cosection induce a localised virtual class on ZP by localised

virtual pullback, see §

[Zp]vir

|
a*o,loc " 7]Egp//w:,a*0[

XP].

In order to show that this gives the same invariants as the space of 1-stable maps
with p-fields, we need to prove that localised virtual pullback commutes with proper

pushforward.

Lemma 6.17. ( Localised virtual pullback commutes with proper pushforward.) With the same
setup and notation as in § suppose furthermore that ¢ is proper and ¢’(Y’)NU = 0. For
every cycle [B’] € A.(S),

@Lo(p')g,, . [B=(0), , o puBl € AlY(0)).
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Proof. Consider the following diagram:

AS) — AdCyrys) — A(hY/EO(Byys)(0”) ——25 A(Y'(0”))

| | | |

A(S) —— AlCyss) — A (/KO (Ey/s)(0)) IR (Y (0))

Only the right-most square is not classical. Hence we are left with showing that for every
cycle [B'] € A,(h'/h°(Ey/5/)(0”)) we have:

P, 10l B]) = 5 10 (9F[B']) € Au(Y(0)), (6.7)

where @®: h'/h%(Ey /s)(0’) — h'/h°(Ey s)(0) is induced by the morphism of vector bun-
dle stacks.
If B’ c h'/h%(Ey /s )|Y (o) then P®(B') C hl/hO(IEy/S)ly(o-), thus the localised Gysin mor-

phisms coincide with s , and their commutativity with

!
hY/BO(By sy (o7 and Shl/hO(IEY/sHym)
proper pushforward is well-known, see [Kre99] if we assume the existence of global res-

olutions).

Assume then that B’ is a prime cycle in h'/h°(Ey//s/)(0”) not contained in h'/h°(Ey/s/)ly /(o)

Then recall that:

Shosec B 1= 1v(0"), (ID]-5[B]) € AL(Y'(0)),

where v': Y — Y, (v/)*(0”) and B satisfy the conditions of a regularlsmg morphism,

see §/6.2.3l Notice that if we consider the composition v: Y 25y’ 25 ¥ and the pull-

back v*(0), the first two of those conditions are always satisfied. How about B—B —
¢®(B’) =: B? Suppose first that B* — B is generically finite of degree h; then B — B is
generically finite of degree hk, so:

P15k 0clB) = 1 9200”1, (ID]-5[B))

= %vw)*([msg[iﬂ)
[B]

a loc

= 5(7'10c((Pyr [B']).

If instead B’ — B is not generically finite, then the right-hand side in formula (6.7) is
zero. In order to show that the same is true for the left-hand side it is enough to appeal
to [KL13, Lemma 2.7], since vE[B] = (v)E o F[B] = 0. O]

Corollary 6.18. deg[ZP]Vlr deg[/\/l( )(I[)4’d)p vir

loc

This follows immediately from the fact that the 1-stabilisation is proper and bira-
tional, Lemma and thus AP and Pic; (1) are birational.
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6.4. Local equations and desingularisation

6.4.1. Equations for Z? relative to AP

We are going to need a description of the normal cone Czy/yp in order to perform a
splitting. Since Z? is a line bundle over the boundary of Z, we find instead equations for
the latter.

Recall that Z can be embedded as an open inside C(ﬁ*§@5) over X'P. We are going
to find an embedding of C(ﬁ*é?%) in a smooth ambient space over AP, that will be a
vector bundle obtained by suitably twisting Z.

This is a revisited version of § so the ideas all come from [HL10a]. We work

locally on Z: start with a point & = [(C i 6i> IP*] € Z and choose coordinates on P*

such that f~!{x, = 0} is a simple smooth divisor D = Zle o; on C. This continues to be
true on a neighbourhood U of &.

Locally the morphism Z — X'P can be written as & > [C — C, 0&(D)], which admits
a local lifting U — X9V .= ﬂ“(‘lﬁv(l) x5 M, and in fact hits the smooth locus of the latter.

Remark 6.19. The space m?iv maps (actually includes) in m‘fiv(l) X5 M but it is not
isomorphic to the latter; pulling pack D from C to C might give a divisor vanishing

identically on the elliptic tail.

Remark 6.20. The projection X9V — X'P is not smooth. In fact, when the line bundle is
trivial on the minimal elliptic subcurve E, it may be deformed to a degree 0, non-effective
line bundle on such a subcurve, so that sections of &z(D) which are constant and non-
zero on E are obstructed. The locus where such a morphism is smooth, in AP is the
locus where the line bundle is effective. However the latter is not locally closed, so even
working in local charts we can’t avoid the issue.

This tell us the equations in a smooth ambient relatively to X4 will differ from the
equations in a smooth ambient relatively to XP.

However we will now see that the difference is minimal and, most important, does
not affect the results of [HL10a].

In a neighbourhood V C AP of [C — C, O&(D)] we can write the universal line bundle
Py as Oz (D +p —po), where p, p, are sections trough the core, with p is free to move on
the core, i.e. p as a local coordinate on XP relative to 1. Then in the chosen charts,
the deformation theory of C — C — IP* is the same as the deformation of C — C,.%),s €
H 0(92/’;/5 ). Notice that another difference with respect to is that, working without
having fixed a divisor, we have to consider deformation of all the 4 + 1 sections defining
the map to IP*.

Locally on V we can pick another smooth section A of the core not intersecting py,

neither the support of D + p.
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Lemma 6.21. C(ﬁ*g;) is the kernel of the vector bundle map:
7, OAA+D+p—po) o R.04(A)

where, up to shrinking V, we may write:

d
RO A+D+p-py) = (H.OAA+6; - po) @ 1O AA+p - po) (6.8)
i=1

where D = Z?:l 0;, and thus
d
P = @ PidPp
i=1

where we denoted by ¢, the composition
T, OAA++—pg) = 1,0AD+ A+p—po) = 1.0 4(A)

The proof goes as in [HL10a, Lemma 4.10], to which we refer for the details. The
idea is the following: both sides in[6.8]are vector bundles and we do have a map between
them, so we just have to check the isomorphism fiberwise and for that we can base change
to a point and check that the global sections of right hand side form a basis for the global
sections of the left hand side.

Let us introduce some more notation: around a point [6] € m‘f't’“(l), for every node
g of C there is a coordinate C4 whose vanishing locus is the divisor where such a node is

not smoothed. These functions can be pulled back to V. Denote by

o= [

where the product runs over all the nodes separating 6; from the core.

Lemma 6.22. There are trivialisations for the line bundles n*ﬁ%;{A +9; — po), Tt @g(.A +p-—
po), 7.0 4(A) such that locally we have the following explicit expression for @; and @,:

©i =Cls,ap Pp=(P—Po)

This is essentially [HL10a, Proposition 4.13]. We only remark the idea and then refer
to [HL10a, Proposition 4.13] for details. Proving that two sections coincide (up to multi-
plication by a scalar) is equivalent to say that their zero loci coincide. Let R be a point in
AP, let us for example show that ¢, r vanishes if and only if R € {p —py = 0}. The Kernel
of ¢ r is given by 7tg .0z (p — po). Thus we have that, if p = p the latter is isomorphic to
OR = Tig * @@(.A+ p —po) and thus @, g = 0, otherwise ﬁR’*ﬁ@(p —po) =0 and ¢, g is an

isomorphism.

Remark 6.23. The vanishing locus of (p—pg) on the boundary means that the line bundle
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restricts to the trivial one on the core.

Lemma 6.24. A local chart U for Z can be embedded as an open inside:
(Fo =...=F4 = 0) C Vb(%,. 4 (A)®)

where
d

Fj=) Cs,amw] +(p-polwy,
i=1

and w{ are coordinates on the fiber of the j-th copy of Vb(#,.4)(A)) over V.

Compare with [HL10a, Theorems 2.17-19].

6.4.2. Hu-Li blow-up and desingularisation

We perform a modular blow-up of M}Y"*(1): we successively blow up O, k > 2, de-

fined as the closure of the loci where the minimal elliptic subcurve E has weight 0 and
CNENE|=k.
Notice that after the k-th blow-up, the strict transform of @kﬂ is smooth, so the final

result TTT;Vt’St(l) is smooth as well.

Remark 6.25. The fiber product

Sy wit,st wt,st
M (1) X st ) M

wt,st

recovers the Hu-Li blow-up ﬁz(l . The key observation is that ©; is already a Cartier
divisor and the inverse image of O is precisely Oy; using the universal property of the
blow-up, it can be shown that there are maps in both directions, and they are inverse to

one another.

Remark 6.26. After blowing up, the equations in are simplified and assume the
following form:

Cw+(p—po)wgs1 =0

where C is one of the newly created boundary divisors ©; from M}*™ (i.e. one of the
exceptional divisors produced by the blow-up process), and w is a suitably defined coor-
dinate on the fiber of Vb(#,.Z(A)) x yp XP.

Notice that the components of ZP are in bijection with those of Z7, however all the
boundary ones have the same dimension 54 + 4, and their intersection with main, which

is now smooth, is a divisor in the latter.
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Summing up, we get:

O
M (Phd) ' Z sy M\(P4, )
i O
ﬁ;l < XP > ﬁa(l)
i O

ﬁ;(‘f’t'St ~ ﬁz(\l/vt,st ﬁi(\l:vt,st ( 1 )
We conclude this brief section remarking that the blow-up procedure does not affect

the invariants:

Lemma 6.27. We have the identity:

deg[gp]ﬁz = deg[Zp]Vir

loc*

Follows again from compare also with [CL15, Proposition 2.5].

6.5. Splitting the cone and proof of the Main Theorem

We are finally able to study the cone € 3, ,35. This is going to be a word-by-word repeti-
tion of the arguments in [CL12].

Lemma 6.28. The map p: ZP — XP has a relative perfect obstruction theory Bz, wp =
R® ﬁ*(jeas ® 3/5) The intrinsic normal cone ¢Z~P/i775 has the following properties:

1. Its restriction to the open ZP° = ZPmain { Uks2 D*ZP can be described as the zero

section of h'/h* (B3, ,7p)| 5.

2. Its restriction to the open locus of the boundary Zpgste = Zp _ Zpmain js g gk 2
subbundle stack of hl/hO(IEgp/%ﬂgp,gst,o

Proof. Compare with [CL12, Lemma 4.3]

1. Observe that ZP° = Z° because here Ho(af®_5 ® wg) = 0. Moreover Z° is un-
obstructed on its image, which is an open of XP, because R' %#,.Z = 0. So the
normal cone is [ZP°/7,. #®5], which is the zero section of hl/hO(IEgp//ﬁs)lgp,o =
[0@R' %, 2/1t,. L% @ 0)].

2. We know that ZP85%° is a line bundle over Z8%%°. From the equations we see
that the latter is smooth over its image ¥ in XP, which is the codimension 2 locus

where the core has weight 0 and the line bundle is trivial on it. Recall that every
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. . . . ot pr
smooth morphism A — B of relative dimension n factors as A S BxA" =5 B. So

we have
gp,gst,o ét ; WXA5d+6 ¢ ; WDXASd+6

I 1

where the bottom horizontal arrow is a codimension 2 regular embedding. Thus
- |~ ~ | e PBS nr Op
€ 5/ Zose = 0"/ 1L @7, 7|

is a rank 2 subbundle stack of ' /h°(Ez, 5)| zpsse-

Notice that the image of Z°in MI(P4) contains Ml (P#)main A D1,

6.5.1. Contribution of the main component

Recall the definition of the closure of the zero section of a vector bundle stack: let B be an
integral algebraic stack and let F = [F 4, Fi] be a complex of locally free sheaves on
B. The zero section is O : [Fo/Fy] — h'/h°(IF) = [F,/F,], which is in general not a closed

embedding; its closure is defined as:

O = [cl(dFg)/Fy]

Op is an integral stack.

Example 6.29. When h°(FF) = 0, the closure of the zero section looks like B with some
further stacky structure on the vanishing locus of d. Consider for example B = P! and
F =[Op 5 Op1(1)]. Then the action of e € Fy on F; is given by f + f +xe. Clearly cl(dF)
is the whole line bundle F;; the Fy-action is transitive on the fibers over {x # 0} and trivial
on the {x = 0}-fiber. Hence O is isomorphic to P!\ {x = 0} with a gerbe [A!/G, ] replacing
the point {x = 0}.

We may now split the cone € 3, 35 in the following manner: we denote by C™main the
closure of the zero section of hl/hO(IEgp/ﬁ)lgp,main, which is an irreducible cone supported
on the main component. All the rest is supported on the boundary components, possibly
on their intersection with the main one, and we are going to pack all the components
supported on Dk ZPp together and label them C¥ accordingly, so in the end we obtain a
splitting:

_  ___ _ main k
Coyzp=C™"+) €
k>2

We are going to show that:

1. the contribution of ™3™ is exactly the reduced invariants of X;
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2. the other cones C¥, k > 2, are enumeratively meaningless.

In order to prove the first claim we proceed as in [CL12, §5]; let us start by noticing
that the obstruction theory E := E3, 35 splits as [E; ® E; where E; = R® 7%*(,27@5) and
[E, =R*® ﬁ*(ﬁ) When we restrict to ZP™3in we see that h'/hO(E, ) is the closure of its own

zero section; it follows that:

@main _ 6]E|§p,main = hl/hO(IEl )|’Z‘p,main ®6IE

2|Z‘p,main

Then by standard intersection theory (pullback the right-hand side by 7t = 7t} o 7 ):
OiE[O:main] = OiEz [61E2|Z~p,main]
At this point we recall the following [CL12, Lemma 5.3]:

Lemma 6.30. Let E = [E) — E;] be a complex of locally free sheaves on an integral Deligne-
Mumford stack B such that h'(IE) is a torsion sheaf on B and the image sheaf of E) — E; is
locally free. Let U C B be the complement of the support of h'(IE), and let B C h'/h°(EY[-1])
be the closure of the zero section of the vector bundle h'/h°(EV[-1]|yy) = h°(E|y)Y. Then

0'[B] = e(h°(IE)V) € A,(B).

We apply this lemma to R®72,.Z%5 = E} on Zpmain - Notice that it satisfies the hy-
potheses by virtue of the equations in Remark indeed the question may be ad-
dressed locally; looking at the resolution of E;:

1, L2 (A) — 1, L%5(A)l 4

we deduce from the equation that the image of this map is 77,.Z®5(A)|4 ® & Zpmain (—2),
where Z denotes the Cartier divisor E = ZP™main (Ukzz Dkgp). Then 7,.Z%° is a vector

bundle, being the kernel of a vector bundle map.
Lemma 6.31. If we let i be the inclusion of Z in M, (P, d), then:
i (Cop (. Z9%) N [ZPMN)) = 0o (. L5°) N[ M (P, )Pl

Proof. Recall that the projection (-)? — (—) is an isomorphism on main, so it makes sense
to write i,[ ZPMain] = [ A, (P4, d)P™2n], which follows from Lemma On the other
hand notice that on ZP™3i" we have:

.2 =10 L =1L

by projection formula and since ¢, 0y, ... = Oz i by Zariski connectedness theorem.
g Zp,main

The result follows from the projection formula for Chern classes. O]
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We are left with showing that the rest of the C¥ do not contribute to the invariants.
This is essentially a dimensional computation. The arguments of [CL12} §§6-8] may be
adapted; we shall outline them for the benefit of the reader. We introduce the notation
Zpsst .= Uks2 DX ZP for the union of the boundary components, and €8t = Ugso CF.

Step I: reduction to the case of a cone inside a vector bundle

This section deals with removing the technicalities of working with a cone stack inside a

vector bundle stack and reducing to the case of a cone inside a vector bundle.

The key point is that [E := [E| 5,4 has locally free h° and h': the equations in Remark
are automatically satisfied on the boundary, without imposing any condition on the
fiber coordinates.

When we fix a resolution by locally free sheaves [E = [F, LN F1], the image sheaf d(F),
which is the kernel of F; — h!([E), is a subbundle of F;. Consider the projections:

B: Fy > h'/h'(E) and p’: F, - V:=R'7,(L e 2);

the second is also flat since d(F) is a vector bundle. The cone stack €8t can be descended
to a cone C8%t C V by taking the quotient of ~! T8 by the free action of d(F); C#' should
then be thought of as the coarse moduli of C#. Recall that we started with a cosection
o1 of V (see Eq. (6.3)) and pulled it back to all relevant spaces. It follows from the
commutativity of localised Gysin pullback with flat pullback that:

! ty ! t
S moE),6, [ L8] = V.6, (€8]

See [CL12, Proposition 6.3].

Step II: from cosection localised to standard Gysin map

Recall that the construction of a localised virtual class refines the standard one, namely:

l*[Y]Vir — [Y]vir,

loc

where 1: Y(0) < Y is the degeneray locus of the cosection. In particular, when Y itself is a
proper Deligne-Mumford stack, the degree of the localised virtual class can be computed

after pushing it forward to Y.

Then to compute 5!‘7 s [C#'] we are going to compactify ZP8t, extend the cone, the
Y1
vector bundle and the cosection to it, and then make use of the fact we just recalled.

Since ZP8%t = Vb Fst ( P ), we take its standard copactification:

—

y: gp'gSt = 1P(7t@€9 ﬁggst) — Z&st,
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We want to pullback the cosection:

4

() (%) = pw(u) + ) dw(u)i;
i=0

noticing that in the compactification the p-field i can go to infinity, we define the vector

bundles on ?p'gSt:

~ t % t %
VP = 7' Vi(-Doo), VP =7 Vs.

We are now able to extend the cosection and get:
R ~Ccpt ~cpt
O VCpt = Vlcp (&) V2Cp e ﬁzp,gst.

The compatibility of 6 with &, and the fact that 2P s proper, together with the

observation at the beginning of this section, explain the following:

Proposition 6.32. Let 1,: Z,(V(5)) — Z.(VPY) be defined by 1,[C] = [C]. And i: D(5) — Z8
the inclusion. Then

Jeo Sy ot =ivosy  : Z(V(F)) - AJ(Z8Y).

Vept G,loc*

See [CL15, Proposition 6.4] for full details.
Furthermore, from functoriality of Gysin pullbacks and the deformation to the nor-

mal cone it follows that:

| p—

[C] = S!~2cp‘ [e] S!Vlcpt [N* ~cptE],

Syept v CnoeV;

Step III: homogeneous cones

Chang an Li introduce the notion of homogeneity for substacks of V on ZPt: write
V=Vi®V, with V; =R' #,(£®°) and V, =R! %,(P),

and y: ZP8% — Z8% the projection. Since ZP8% is the total space of a line bundle over
ggSt, it comes with a natural G,-action on the fibers of y. Moreover, since the highest

pushforwards satisfy cohomology and base-change:

Vi=y'Vi
for the corresponding vector bundles V; on Z8% 50 the total space of V; can be endowed
with a G,-action that makes the projection to Zpgst equivariant. We say that a closed
substack of V is 0-homogeneous if it is the pullback of a closed substack of V along y. In
fact there are different Gy,-actions on V that make the projection to ZP# equivariant:

namely, we can twist the trivial action on the fibers by two characters of G,,, one for each
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V;. Then we say that a substack of V is (I;,l,)-homogeneous if it is invariant with respect

to such an action. Here is how we are going to use the homogeneity:

Lemma 6.33. Let C C V be an (I;,1,)-homogeneous subcone of V; then the cone EO(OEBV;pt)

is pulled back from a cone in V, on Z&,

Proof. Locally we may pick coordinates t on the fibers of y, x1,..., x5 on the fibers of prt,
and yy,...,¥54.+5 on the fibers of V;pt, such that the ideal of C is generated by separately
homogeneous polynomials p; in t~lix; and t72y;. The ideal of CN (0 ® VZC P') is then given
by (x1,...,x5,p;(0, t‘l2y))]~, where p;(0, t~129) results from setting x; = 0 in pj- Notice now
that C being a cone, it is invariant by scalar multiplication on the fibers of VP!, so we
may as well say that Cn(0® V;pt) is cut by the ideal (x1,...,x5,p;(0,9));. This makes it
clear that C N (0@ V') is pulled back from (0@ V) on Z8, O

Finally Chang and Li point out that the coarse moduli cone C#%" is (0, 1)-homogeneous
[CL12, Proposition 6.7].

Step IV: reduction of the support of the cone

The final goal is to show that S!Vcpt [C85] is zero, and the way we will do that, it’s by a
dimension count.

In order to do that, we will in this section consider the following cycle: Cstnoe V;pt.
The reason for this is that, using deformation to the normal cone and functoriality of the

Gysin pull-back, we get an identity of cycles:

[C8t] = 5!‘7cr>t ° 5!~5pt[N7 7Pt
2 1

! st
chpt V. CgStﬂ(OGBVZ ce ]'

)

On the other hand, the support of the cycle we obtain from the first Gysin pull-back
s!prt, is contained in the support of the cone C8t'N(0& V;pt), so it will be enough to study
the dimension of the latter.

The reason why the latter should be easier to understand is that, as we will see below,
the inclusion C&' N (0 & V;pt) - V;pt factors trough the (coarse moduli of the) intrinsic
normal cone €z, 5 for ZP — Z, and this in turn can be described quite explicitly since
ZP is a line bundle on Z, and we have explicit equations for the latter.

Using the above observation, one can see that CgStﬁ(OEBV;pt) is contained inside a sub-

stack of \7; P* which is the union of the zero-section OVZCPt (i.e. il 'gSt) and a line subbundle
F of \7; Pt supported on the intersection of the boundary with main & = ZP/main n Zp:gst,
Even better, using the notion of homogeneity we reviewed in §[6.5.1|we can then show
that such a line bundle actually comes from E = Z™ain n Z8t je F = y*F (this last fact
together with push-pull techniques for intersections of cycles will simplify even more
the computations).
We give the precise statement and a sketch of the proof, see [CL12, Proposition 7.1]

for more details.
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Lemma 6.34. There is a line subbundle F of V,|z such that:
C8* N 0@ VP COpm UF:= 275 Up'F
2

It is enough to show this before taking the closure (since C8% is integral) . First they

use the fact that there is a triple of compatible obstruction theories for the triangle:

Zp 14 N4

~N S

XP

such that their restrictions to ZP#t have locally free h° and h'. By taking h' of the dual

obstruction theories we obtain a commutative diagram:

hl( Zp/lepgSt) ) hl(lLép/X,Plzl),gst) —> hl(y*lYZ/XP|Z~p'gSt)
et Ve,

We know that the vertical arrows are injective, essentially by the definition of an obstruc-
tion theory, and the bottom triangle is exact.

Notice that 0@ V), is precisely the kernel of pr;. It follows that, in order to understand
the support of C8tN 0@ V), it is enough to study that of N, where N is the coarse moduli
cone of €3, 3, living in the upper left corner of the above diagram.

This is an easier task, since we know that Z?/Z is a line bundle on Z8 and an
isomorphism on Zmaino

Hence we can always find a local chart S — Z and a diagram as follows:
U ALY N
Z+— S
where C is a local equation for the boundary. Then

v Lz, 5l = [I/T° 2 Qalssl
where [ is generated by the equation Ct, whose image under 9 is {dt, which restricts to 0
on ZPest x3, T ={C = 0}. So the action is trivial, and the coarse moduli cone is precisely
Speces Sym® I/12, which is a line bundle supported on Ex 3, T and trivial otherwise. By
gluing different charts we get the line bundle £ on 2.
The last part of the statement, namely that F it is the pull-back of a line bundle F on
& is proved using Lemma the normal cone of ZP/Z is homogeneous with respect
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to the G, -action with character 1 on the fibers (because so is the obstruction theory)
of V, - gp'gs’t; furthermore, being a cone, it is 0-homogeneous as well (see the above

discussion of homogeneity), so it is 7*F for some line bundle F on E C Z.

Step V: the boundary pushes forward to zero

Recall that we need to show that the degree of the following class is 0:

! st] — ¢! ! - R
SVCpt[Cg ] - szcpt o Svlcpt [NCgStﬂ(OGBVZCPt)Cg ]

It follows from the previous section that S!cht [N, \C 85t] can be represented by
1

Cestin(0a v,
the sum of two cycles, one (call it Nj) supported on a line subbundle of VZCpt on 2, the

other one (call it N,) supported on the zero section of V; Pt

Lemma 6.35. Both Ny and N, are 5d + 1-dimensional cycles, and for i =1,2:

deg(slvzcm [N;]) = 0.

Proof. Compare with [CL12, Lemma 8.1]. The dimension of Z8% is 5d + 3, being locally a
5(d + 1) vector bundle over a dimension -2 stack; so ZP8t which is a line bundle on the
former, has dimension 5d + 4. The coarse moduli cone has then dimension 5d + 6, as can

be argued from Lemmal|6.28 Vlcpt|

vst has rank 5, so s!cht [C#t] is represented by a cycle

of dimension 54 + 1. We shall exploit the commutativitly of Gysin pullback with proper

pushforward.

For N; we conclude easily from the above facts, since deg(S!cht [N7]) = deg(s!v2 7.[N1]),
but 7,[N;] € As;y,1(F) must be trivial, since F has dimension 54, 2being a line bundle on 2

which is a divisor in Z™main,
On the other hand N, C V;pt admits a further splitting into N, , C V;I;lt according to

the component D¥ZP®" on which they are supported, with y - d in k parts. There exists

a comparison morphism:

By: DFZ"E

— DFZ = DFM, (P, d) > W),

where W, := ]_[i-;l Mo,l (P4, d;) X (p)r IP%. The map By is given by forgetting the p-field, the
Vakil-Zinger blow-up and the k-pointed elliptic curve contracted by the map to IP%. This
has the nice property that V;Pt is the pullback along g, of a vector bundle on W,. First
construct a connected curve ?ﬂ by gluing the universal curve over each factor along the

given sections, producing a genus 0 non-Gorenstein (unless k = 2) singularity to which
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the universal maps to IP* descend by the property of pushouts:

?”LHP‘*

=i}

Wi

Notice now that the sheaf V, := 7, f*Ops(5) is a vector bundle of rank 54 + 1 on W,, as
can be checked by Riemann-Roch and the normalisation sequence, and VZC’ 1;t = ,B;(VI)/ ).
Finally the actual dimension of W, is 5d + 4 — 2k < 5d + 1 for k > 2 by Kleiman-Bertini
theorem, so B,,.[N,,,] = 0. O

Proof. (Main Theorem) For the benefit of the reader we summarise here the key results

which allow us to conclude:

* p-fields give the same invariants as the quintic up to a sign, see Theorem

deg[ My (P4, d)P [ = (~1)5 deg[ M) (X, d)]'".

lo

* ZP and M(ll)(]lﬂ, d)P are virtually birational, see Corollary

deg[ZP]vir — deg[ﬂ(ll)(ﬂﬂ,d)p]vﬁ

loc loc*
* The desingularisation ZP s ZP does not alter the invariants, see Lemmam

deg[gp]vir — deg[ZP]Vir

loc loc’

* The main component of ZP contributes with the reduced invariants up to a sign,
while the boundary is numerically irrelevant, see Lemmas and

deg[gp]vir = (-1)> deg(Ctop(ﬁ*f*ﬁP4(5) A [Ml(ﬂ){d)main]).

loc
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