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Abstract

In this thesis we explore two possible approaches to the study of Gopakumar-Vafa invari-

ants in genus 0 and 1, mostly concentrating on their relation with certain moduli spaces

of morphisms.

The work is divided in two parts. In the first part we study via a new technique

inspired by Hitchin’s spectral curve construction, a version of Donaldson-Thomas invari-

ants which Katz has proposed as a mathematical definition of genus 0 GV invariants.

The spectral curve point of view leads us, in the reduced class case, to express the local

invariants of a fixed curve in terms of maps from curves homeomorphic to genus 0 ones.

At the end of the first part we look at some examples in the non reduced class case and

explore the spectral construction techniques in this set up.

In the second part of the thesis I discuss a joint work with Luca Battistella and Cristina

Manolache. We first recall Li-Zinger definition of reduced genus 1 invariants, which

coincide with genus 1 GV for the quintic 3-folds for the reduced class case, and prove

that such invariants coincide with those arising from the moduli space of 1-stable maps.

In such moduli space elliptic tails are destabilised and replaced by non degenerate maps

from cuspidal curves. We think of this as a first step in a longer project, with the aim is

that to define alternate compactifications of the moduli space of maps in higher genus

whose associated invariants do not take into account degenerate contributions.

7





Contents

1 Picard groups, Higgs sheaves and Katz invariants 19

1.1 Partial normalisations and simultaneous normalisations . . . . . . . . . . . 19

1.1.1 Semi-normalisations and Simultaneous normalisations . . . . . . . 20

1.2 Jacobian of singular curves . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

1.3 Spectral curve construction . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

1.4 Moduli of stable sheaves and DT invariants . . . . . . . . . . . . . . . . . . 28

1.4.1 Behrend function and Local invariants . . . . . . . . . . . . . . . . . 30

1.4.2 Reduction to curves of geometric genus 0 . . . . . . . . . . . . . . . 31

2 Contribution of singular curves: reduced cycle case 33

2.1 Characterisation of fixed point of the action and description of the orbits . 33

2.2 Moduli spaces of partial normalisations . . . . . . . . . . . . . . . . . . . . 37

2.2.1 One Step Spectral Construction . . . . . . . . . . . . . . . . . . . . . 42

2.3 Interpretation of the invariants in terms of generalised tree . . . . . . . . . 43

3 Towards non reduced class contribution 51

3.1 Invariant higher rank sheaves on rational curves with a single node . . . . 53

3.2 Invariant higher rank sheaves on the cusp . . . . . . . . . . . . . . . . . . . 57

4 Moduli space of stable maps in genus 1 and Li-Zinger reduced invariants 61

4.1 Components and Hu-Li equations . . . . . . . . . . . . . . . . . . . . . . . . 62

4.1.1 Hu-Li equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

4.2 Genus 1 singularities and smoothability . . . . . . . . . . . . . . . . . . . . 67

5 Viscardi Alternate compactification and 1-stabilisation map 75

5.1 Definition of the moduli space and components . . . . . . . . . . . . . . . . 75

5.2 1-stabilisation map . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

6 Reduced vs Cuspidal invariants 85

6.1 The main idea and Chang-Li solution . . . . . . . . . . . . . . . . . . . . . . 85

6.2 1-stable maps with p fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

6.2.1 Moduli of sections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

6.2.2 Obstruction theories . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

9



10 Contents

6.2.3 Cosection localisation and virtual pullback . . . . . . . . . . . . . . 91

6.2.4 A cosection for p-fields . . . . . . . . . . . . . . . . . . . . . . . . . . 93

6.2.5 From p-fields to the quintic threefold . . . . . . . . . . . . . . . . . . 94

6.3 Auxiliary space of p-fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

6.4 Local equations and desingularisation . . . . . . . . . . . . . . . . . . . . . 101

6.4.1 Equations for Zp relative to XP . . . . . . . . . . . . . . . . . . . . . 101

6.4.2 Hu-Li blow-up and desingularisation . . . . . . . . . . . . . . . . . . 103

6.5 Splitting the cone and proof of the Main Theorem . . . . . . . . . . . . . . . 104

6.5.1 Contribution of the main component . . . . . . . . . . . . . . . . . . 105

Bibliography 113



Introduction

Gromov-Witten theory is the first example of the modern approach to enumerative ge-

ometry and, as the first deformation invariant theory constructed, it has been intensively

studied for more than 20 years. The theory presents several serious difficulties: it is

extremely hard to compute, the invariants are rational due to the presence of finite au-

tomorphisms of the maps in the case of multiple cover, and in genus g > 0 the different
boundary components of the moduli space give degenerate contributions.

When X is a smooth projective Calabi-Yau 3-fold, Gopakumar-Vafa conjectured the

existence of an integer valued theory underlying Gromov-Witten counting; viaM-theoretic

methods they defined the BPS invariants ng,β which should count the embedded curves

in geometric genus g underlying the GW and should satisfy:

∑
β,g

N
g
β q

βλ2g−2 =
∑
β,g,m

ng,β
m

(
2sin

(mλ
2

))2g−2
qmβ , (0.1)

where we denoted by N g
β the Gromov-Witten invariants of X. A direct mathematical

definition for these invariants in all genus has been recently proposed in [MT16] via the

perverse cohomology of the DT sheaf on the moduli spaceM1,β(X) of pure 1-dimensional

stable sheaves F with support in class β ∈H2(X,Z) and holomorphic Euler characteristic

χ(F ) = 1.

In this thesis we explore, via different techniques, Gopakumar-Vafa invariants in ge-

nus zero and one and their relations with moduli spaces of maps.

Katz invariants and spectral curve construction

The numerical invariants arising from M1,β(X) were already proposed as mathematical

definition of genus 0 BPS invariants by Katz [Kat08]:

n0,β =
∫
[M1,β (X)]vir

1 = χ(M1,β(X),ν)

where ν denotes the Behrend function of the moduli space. It is a priori not clear from

the definition why these invariants should capture only the genus 0 curves and our main

motivation was to understand whether there exists a technique to reduce Katz invariants

to genus 0 curves and thus reveal the relation with maps from genus 0 curves.

11



12 Contents

We will actually work with local contribution : for a fixed curve i : C → X and γ a

cycle on C satisfying i∗γ = β, we can define the contributions of C to Katz’s invariants as

n0,γ = χ(M1,γ (C),ν |M1,γ (C)).

where M1,γ (C) is the subspace of M1,β(X) of sheaves set theoretically supported on C

whose associated fundamental cycle [F ] (see (1.7)) coincide with γ.

In this thesis we develop a new technique to study Katz invariants and their localisa-

tion to rational curves; the technique is inspired by Hitchin’s spectral curve construction.

Before giving an outline of the main idea, we collect the main results.

Reduced class case

In the reduced case, i.e. γ = [C] andC reduced, we give an interpretation of the invariants

in terms of curves homeomorphic to genus 0 curve. We first define (see Definition 2.13)

the moduli functor PNm of partial normalisations of C of fixed genus (which is indeedm

in the connected case) and show that:

Theorem. PNm is represented by a closed subscheme PNm of the Quot scheme QuotC(S ,m)

parametrising length m quotient of the zero dimensional sheaf on S � ν∗OC /OC .We denoted
by C

ν−→ C the normalisation.

Let Tm ⊆ PNm
conn ⊆ PNm denote the locally closed sub-variety parametrising partial

normalisations homeomophic to trees of P1.

Theorem. Let C be a connected, reduced projective curve of arithmetic genus g and normal-

isation tN1 P1. Let C Xi denote its embedding in a smooth Calabi-Yau 3-fold X. The
contribution n0,[C] to the invariant n0,i∗[C] is given by:

n0,[C] =
g(C)∑
j=0

χ(T g(c)−j , (sj )∗ν |M1,[C](C)) (0.2)

where sj is, roughly speaking, defined by mapping a point F ∈M1,[C](C) to the curve C̃ which
is the maximal partial normalisation from which F is pushed-down.

Assuming that the normalisation of C is tN1 P1 is not a restrictive hypothesis. Indeed,

it is not hard to see that for any curve class β, curves with positive geometric genus

do not contribute to Katz invariants [JS12, Proposition 6.19],[Tod11, Lemma 2.11]. To

understand the contribution of singular curves with normalisation a disjoint union of

P
1, the idea is to exploit the action of Pic0(Ĉ) (where Ĉ is a formal neighbourhood of C

in X) on M1,γ (C), given by L̂ .F = L̂ ⊗F and understand the orbits of this action via

Hitchin’s spectral construction. For example, F supported on C is a fixed point if and

only if for any L ∈ Pic0(C) there exists an isomorphism

F F ⊗L
φ

(0.3)
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In Hitchin’s language (0.3) is a so called Higgs field. Given such a triple (F ,φ,L ),we get

a unique compactly supported sheaf Fφ on Tot(L )
π−→ C called eigen-sheaf of φ , whose

fiber over a point x ∈ Tot(L ) corresponds to an eigen-space of Fπ(x)
φπ(x)
−−−−→ Fπ(x). We

denote by CF the scheme theoretic support ofFφ . From Fφ we recover F as ν∗Fφ where

ν : CF → C shall be thought of as a finite cover where the fiber over y ∈ C corresponds to

the eigenvalues xi of φy .We will make this description more precise in § 1.3.

We want to exploit the fact that, being L of degree 0, a Higgs-field with values in L ,

which is moreover an isomorphism, is rare and its existence constrains the geometry of

the spectral curve. In fact, when C is smooth, unless L is a torsion point, a Higgs-field

isomorphism with values in a degree 0 line bundle does not even exist.

Nodal curve Example

Let us look at the simplest example of singular curve: an irreducible nodal cubic C. It

is well known that the pure rank 1 sheaves on C are either line bundle or push-down

ν∗OP
1(d) from the normalization P

1. In a local (analytic) neighbourhood U around the

singular point, ν∗OP
1(d)|U � OB1

⊕OB2
where B1,B2 are the two branches coming together

at 0. Then locally we have an isomorphism of the form:

OB1
⊕OB2

(α,β)
−−−−→ OB1

⊕OB2
, α , β ∈ C∗.

which is not given by a regular function on U since we have chosen α , β, but it is

given by a regular function on the normalisation. The above local isomorphism glues to

a global Higgs-field ν∗OP
1(d)

φ
−→ ν∗OP

1(d)⊗L for any L and in the associated spectral

curve the two branches are told apart, i.e. F is a P
1 embedded in Tot(L ). The Higgs

sheaf φ is uniquely determined up to scalar and once such a scalar is fixed, say λ, P1

intersects the fiber over the node in λ and αλ where α is the scalar corresponding to L

in the identification Pic0(C) � C
∗.

Figure 1: Spectral curve nodal, rank 1 case

Orbits and fixed points

Pursuing this idea, in the reduced class case we are able to describe all the orbits and in

particular the fixed points:
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Proposition. Let C be a connected, reduced, projective curve and F a sheaf of rank 1 on
each irreducible component of C. F has stabiliser K ⊆ Pic0(C) if and only if F � νC̃∗E where
C̃

ν−→ C is a partial normalisation of C with Pic0(C̃) � Pic0(C)/K and Stab(E ) = {e} .

In particular, the fixed points are push-down from curves of arithmetic genus 0:

Corollary. In the previous hypothesis , F is fixed by Pic0(C) if and only if F � νD∗ED , where
D

ν−→ C is a partial normalization of C whose connected components are trees of P1 and ED a
pure rank 1 sheaf on it.

Moreover, under stability hypothesis:

Corollary. If F is stable and χ(F ) = 1 then D is a tree of P1 and ED = OD . Furthermore, for
any reduced, projective curve C, there are finitely many partial normalisations with source a
tree of P1. In particular the fixed point of the Pic0(C) action on M1,[C](C) are finite.

Some examples in the non reduced case

In the case γ = r[C] we can try to exploit the same idea, but in this case the geometry

of the spectral curve, although still constrained, is harder to describe. So far we only

have partial results and just for higher rank sheaves supported on the reduced curve C

underlying γ.

Proposition. Let F be a rank r stable sheaf supported on the reduced curve C underlying γ
and let fix χ(F ) = 1.

1. Let C be an irreducible nodal curve with a single node and F as before. F is fixed by
Pic0(C) if and only if F � νr∗OCr , where νr : Cr → C is a r : 1 morphism from a chain
of P1 which does not factor through any sub-chain.

2. Let C be an inrreducible curve with a single ordinary cusp and F as before. F is fixed
by Pic0(C) if and only if F � νr∗OCr

where Cr is a length r, genus 0 thickening of P1

with νr not factoring through any sub-scheme Ck .

As far as we know, the spectral construction technique is a new approach to this

problem and we hope therefore that it will lead to a different point of view to take to

understand Katz invariants and their relation to GW. However, at the moment it is not

yet clear the generality in which this approach can be pursued and if it is going to lead

us any closer to an understanding in elementary terms of the GV/GW relation.

Reduced genus 1 invariants from 1-stable maps

While genus 0 Gromov–Witten theory is understood fairly well, the higher genus theory

is still unknown in general and its enumerative meaning is affected by more degener-

ate contributions. Reduced Gromov–Witten invariants [Zin09a], [VZ08], [VZ07], [LZ07],
[LZ09], [Zin08], [Zin09b] solve two problems at the same time: they give computations
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of genus 1 Gromov–Witten invariants and they have a better enumerative meaning. The

only unpleasant aspect of reduced invariants is that their modular interpretation is com-

plicated. In this paper we propose a way to fix this issue by working with a different
moduli space.

Reduced invariants

The locus of maps from smooth elliptic curves to P
r is irreducible; we call its closure the

main component of M1,n(Pr ,d). In [VZ08] R. Vakil and A. Zinger construct a desingu-

larisation M̃1,n(Pr ,d)main of the main component of M1,n(Pr ,d) via an iterated blow-up

construction. Let

C̃
f̃ //

π̃
��

P
r

M̃1,n(Pr ,d)main

be the universal curve over M̃1,n(Pr ,d)main and let l ∈N. Then the sheaf π̃∗f̃ ∗OP
r (l) is a

vector bundle. Given Xl a hypersurface of degree l in P
r , reduced genus 1 invariants of Xl

(see [VZ08], [HL10a]) are defined as

ctop(π̃∗f̃
∗(O

P
r (l)))∩ [M̃1,n(P

r ,d)main].

Standard and reduced invariants of the quintic threefold X5 ⊆ P
4 are related by the Li–

Zinger formula [LZ07]:

N1(X5,d) =N
red
1 (X5,d) +

1
12
N0(X5,d). (0.4)

Cuspidal Gromov–Witten invariants

Based on D.I. Smyth’s work on the birational geometry of M1,n [Smy11a, Smy11b], M.

Viscardi [Vis12] has introduced a series of alternate compactifications of the moduli space

of maps from smooth elliptic curves. The first instance of these alternate compactifica-

tions is M(1)
1,n(X,β), where elliptic tails are made unstable and cuspidal singularities are

allowed in the source curve. These spaces carry perfect obstruction theories and lead to

invariants; we call them cuspidal Gromov–Witten invariants.

The main result we prove in Chapters § 5,6 is the following:

Theorem. Let X5 ⊆ P
4 be a generic smooth quintic threefold. Then:

N red
1 (X5,d) =N

cusp
1 (X5,d),

where:
N red

1 (X5,d) := deg
(
ctop(π̃∗f̃

∗(O
P

4(5)))∩ [M̃1(P
4,d)main]

)
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and
N

cusp
1 (X5,d) := deg[M(1)

1 (X5,d)]
vir.

The proof of the main Theorem

The moduli space M1(Pr ,d) has many boundary components. From the proof of the

Li–Zinger formula we see that the genus 0 contribution to the right hand side of (0.4)

comes from the boundary component with a single rational tail. This suggests that dis-

carding this component would provide a more direct approach to reduced invariants for

the quintic threefold. This is exactly what the Smyth–Viscardi space M(1)
1 (Pr ,d) does.

Here is a rough sketch of the proof of our result. We first show:

Theorem. There exists a well-defined 1-stabilisation morphism at the level of weighted-stable
curves:

M
wt,st
1,n →M

wt,st
1,n (1)

replacing elliptic tails of weight 0 with cusps.

We then consider the following cartesian diagram:

ZX5
M

(1)
1 (X5,d)

Mwt
1 Mwt

1 (1).

�

and prove that ZX5
is a substack of M1(X5,d) that has no component with contracted

elliptic tails. The diagram above endows ZX5
with a virtual class which, by Costello’s vir-

tual push-forward formula [Cos06], has the same enumerative content as [M(1)
1 (X5,d)]vir.

In order to compare the degree of [ZX5
]vir with the reduced Gromov–Witten invari-

ants we follow in Chang and Li’s footsteps. We first introduce the moduli space of 1-

stable maps with p-fields; this has the advantage of having a simpler geometry and ad-

mits a cosection-localised virtual class [KL13] with the same degree as [M(1)
1 (X5,d)]vir

[CL12]. We then consider

M
wt,st
1 ×Mwt,st

1 (1)M
(1)
1 (P4,d)p ,

which admits, thanks to a variation of Costello’s construction 6.17, a cosection localised

class with the same enumerative information as [M(1)
1 (P4,d)p]virloc]. We finally perform

a desingularisation of this auxiliary p-fields space via the study of its local equations

[HL10a]. In the end we analyse a splitting of the intrinsic normal cone of the desingu-

larised space as in [CL15]. All these steps deliver the theorem.

Smoothability

On our way there, we review Vakil’s characterisation of maps lying in the boundary of

M1(Pr ,d)main [VZ07] and we give a new proof using Hu-Li’s equations [HL10a]. Using
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Smyth’s work on genus 1 singularities [Smy13, Appendix A] we also rephrase smootha-

bility as follows:

Theorem. A map [f ] ∈M1(Pr ,d) contracting the minimal genus 1 subcurve is smoothable
if and only if it factors through a map from a genus 1 singularity that does not contract any
component.

Chapter Contents

Chapter 1

Here we introduce the notations, definitions and basic results we need in the study of

local Katz invariants: we collect basic facts about Picard groups of singular groups, in-

troduce the notion of Higgs field, spectral curve and give some examples, and finally

recall the definition of local contributions.

Chapter 2

Using the spectral curve construction we characterise the orbits and in particular the

fixed points of the Pic action on the moduli space of rank 1 sheaves. We then give an

interpretation of the invariants in terms of moduli spaces of unibranch partial normali-

sations; the spaces are defined in Section 2 of this chapter and we prove that they admit

a natural algebraic structure as locally closed sub-schemes of a certain quot scheme.

Chapter 3

We study the geometry of spectral curve associated to Picard fixed sheaves of higher rank

on a reduced curve with a single node and on a reduced curve with a single cusp. We

make some conjecture about the geometry structure of the spectral curve associated to

Pic invariant higher rank sheaves on general reduced curve which suggest there should

be also in the non reduced case an interpretation of the invariants in terms of curves

homeomorphic to trees of P1.

Chapter 4

We review some classical results about the irreducible components ofM1(Pr ,d) and local

equations for this moduli stack in a smooth ambient space, and recall the definition of

reduced invariants. We recall Smyth’s m-elliptic singularities and discuss two different
proofs of Vakil’s characterisation of smoothable maps to projective space: one is based on

Hu-Li’s local equations; for the other one we give a classification of genus 1 singularities.

Chapter 5

We introduce Viscardi’s compactifications, study their components, and define the in-

variants arising from them. We show the existence of a comparison morphism (the so
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called 1-stabilisation) defined at the level of weighted pre-stable curves, which contracts

elliptic tails to cusps.

Chapter 6

We adapt all the theory developed by [HL10a],[CL12],[CL15] in order to give an alge-

braic proof of the Li-Zinger formula to the case of cuspidal stable maps. Finally we use

the comparison morphism and standard virtual pull-back techniques or their localised

version to compare cuspidal invariant to standard GW and to reduced GW.



1
Picard groups, Higgs sheaves and

Katz invariants

In this first chapter we introduce the dictionary, notation and basic results we keep using

through the first three chapters.

1.1. Partial normalisations and simultaneous normalisations

Definition 1.1. Let C be a connected, reduced, projective curve. We say that C ′
ν−→ C is a

partial normalisation if ν is birational on any irreducible component of C.

Notice that, due to its universal property, the normalisation C
ν̄−→ C admits a factori-

sation through C ′
ν−→ C for any partial normalisation.

Definition 1.2. Let C ′
ν−→ C be as in Definition 1.1. For any x ∈ S ⊆ Sing(C), where S ⊂ C

is the finite set of points where ν is not an isomorphism, we define the relative delta
invariant of x to be the quantity:

δC
′

x := dim
C

(
ν∗OC ′ ,x/OC,x

)
.

If C ′ is the full normalisation of C the above is the usual definition of delta invariant

of a curve singularity; in the latter case we suppress the super script C ′ .

Definition 1.3. We define the arithmetic genus of a projective curve C to be the quantity

ga(C) := dim
C
H1(C,OC ). If C is reduced this is related to the genus of the normalisation

in the following way:

ga(C) = g(C) + 1−N +
∑

x∈Sing(C)
δx

19



20 Chapter 1. Picard groups, Higgs sheaves and Katz invariants

where N is the number of irreducible components of C. For C reduced, projective with

normalisation C, the geometric genus is the dimension of the H1(C,OC ).

Remark 1.4. Some authors define the arithmetic genus of a curve C to be the quantity

1−χ(C,OC ). This agrees with our definition when C is connected and reduced, and it is

sometimes preferred as it is invariant in flat families. Our choice allows us to identify

the arithmetic genus of a curve with the dimension of its Pic0.

1.1.1. Semi-normalisations and Simultaneous normalisations

Given a flat family of reduced curves C → S we want to recall what are sufficient condi-

tions for it to admit a simultaneous normalisation, i.e. a morphism C → C → S such that

for any closed point s ∈ S the morphism C s → Cs is the normalisation. In order to state

the result we are interested in, let us first recall the definition of semi-normalisation.

Definition 1.5. [Kol96, Definition 7.2.1] LetX be a reduced scheme. The semi-normalisation
of X is a scheme X ′ together with a birational map X ′

m−→ X such that for each x ∈ X there

exist a unique x′ ∈ X ′ with m(x′) = x, i.e. m is a homeomorphism. Furthermore, if Y → X

is any other birational map which is bijective on closed points, then there exists a unique

factorisation X ′→ Y → X. In other words, the semi-normalisation is the maximal partial

normalisation among the ones which are bijections. We say that X is semi-normal if it is

isomorphic to its semi-normalisation.

Example 1.6. Let C be a reduced, projective curve whose only singularities are ordinary

nodes. Then C is semi-normal: any partial normalisation C ′ → C is the normalisation at

one of the nodes and thus is not bijective. Hence the maximal bijective partial normali-

sation is C itself.

Let instead C be an integral curve with a cusp singularity; then C is not semi-normal.

Indeed, the normalisation P
1 ν−→ C is also the semi-normalisation as ν is an homeomor-

phism.

Remark 1.7. Semi-normal curves play an important role in the theory of generalised

Jacobians; indeed, semi-normal rational curves (i.e. whose normalisation is a disjoint

union of P1) are the only curves whose Pic0 is an algebraic torus (C∗)n for some n. We

will go back to semi-normal curves and describe their analytic model in § 1.2.

The following result , which is [Kol11, Theorem 12], gives a characterisation of fam-

ilies of curves over semi-normal bases which admit a simultaneous normalisation. We

state Kollár’s Theorem only for families of curves, see [Kol11] for the higher dimensional

case and for the proof.

Theorem 1.8. Let C → S be a flat family of reduced, projective curves and S a semi-normal
scheme. Then the following are equivalent:

1. C → S admits a simultaneous normalisation C → C → S ;
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2. The Hilbert polynomial of the normalisation of the fibers χ(C s,O(nH)) is locally con-
stant on S, namely all the fibers have the same number of irreducible components and
the same geometric genus.

1.2. Jacobian of singular curves

Most of what appears in this section is taken from [Liu02, § 7.5], and full details for the

proofs we do not give can be found in there .

Definition 1.9. [Liu02, Definition 5.9] Let C be a projective curve overCwith irreducible

components C1, . . . ,CN . We define Pic0(C) to be the set of isomorphism classes of line

bundles L such that deg(L |Cred
i
) = 0 for every 1 ≤ i ≤N. Pic0(C) is a group with respect

to the tensor product ⊗.
Abusing terminology we will sometimes refer to Pic0(C) as the Jacobian of C.

Lemma 1.10. [Liu02, Lemma 5.11] Let C be a projective connected curve overC and let C ′
ι−→

C be a 1-dimensional closed sub-scheme defined by a nilpotent ideal. Then the pull-back map
ι∗ : Pic0(C) � Pic0(C ′) is surjective with unipotent kernel of dimension dim

C
H1(C,OC ) −

dim
C
H1(C ′ ,O ′C ).

Remark 1.11. Since the Pic0 is commutative and we are working over C, for us a unipo-

tent group is just a group isomorphic to G
k
a for some k.

The group of line bundles Pic0(Ĉ)

Let X be a smooth projective variety and let C ↪→ X be a projective, connected curve

with defining ideal I . We denote by Cn the thickening of C defined by I n and by Ĉ its

completion, i.e. Ĉ is endowed with the sheaf of rings lim←−−nOX /I
n.

Definition 1.12. We define Pic0(Ĉ) to be the group under ⊗ of line bundles on Ĉ whose

restriction to C has degree 0 on any irreducible component Ci of C.

By Lemma 1.10, the pull-back morphisms along restriction maps

Pic0(Cn)
j∗n−1−−−→ Pic0(Cn−1)

j∗0−→ Pic0(C)

are surjective for each n. In particular, each line bundle on C extends to a line bundle L̂

on Ĉ, [Har77, Proposition 9.6], i.e. Pic0(Ĉ)� Pic0(C).

Remark 1.13. Ĉ is a formal neighbourhood of C in X and in particular any finite length

thickening C of C in X is contained in such neighbourhood C ⊆ Ĉ.
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Pic0 for reduced curves

In the notation of § 1.1, given a partial normalisation C ′
ν−→ C, we denote by K the 0-

dimensional sheaf
∏
x∈S ν∗O

∗
C ′ ,x/O

∗
C,x fitting in the short exact sequence:

0 // O∗C
// ν∗O

∗
C ′

//K // 0 .

Identifying H1(C,O∗C ), H
1(C ′ ,ν∗O∗C ′ ) with Pic(C) and Pic(C)′ respectively, we get an in-

duced sequence of groups:

H0(C ′ ,ν∗O
∗
C ′ )→H0(K )→ Pic(C)

ν∗−−→ Pic(C ′)→ 0. (1.1)

Since pull-back along birational morphisms preserves the degree of line bundles, for each

partial normalisation there is a surjective morphism of groups:

Pic0(C) ν∗ // // Pic0(C ′) (1.2)

The kernel of ν∗ and thus the structure of Pic0(C) can be explicitly described. We will be

only interested in curves with normalisation a disjoint union of P1, thus we do not recall

the structure of Pic0(C) for C of positive geometric genus.

Proposition 1.14. [Liu02, Lemma 5.12,Theorem 5.19,Remark 5.20] Let C be a reduced,
connected projective curve, C ′

ν−→ C a partial normalisation with k connected components, and
S the set of points where ν is not an isomorphism. Then

Ker(ν∗) �
�
x∈S

(
(C∗)|{ν

−1(x)}|−1 ×Cδ
C′
x −|{ν−1(x)}|+1

)
/(C∗)k−1

In particular, if
⊔N

1 P
1 is the normalisation of C then Pic0(C) is isomorphic to:�

p∈Sing(C)

(
(C∗)b(x)−1 ×Cδx−b(x)+1

)
/(C∗)N−1.

Remark 1.15. If C → T is a morphism of schemes, it is well defined the relative Picard

group Pic0T (C )→ T , [BLR12, § 8,§ 9]. This is the sub-functor of PicC /T ([BLR12, Defini-

tion 2,§ 8] consisting of all elements whose restriction Lt belongs to Pic
0(Ct) for all fibers

of C → T . If C → T is a flat family of reduced, projective curves, then Pic0T (C )→ T is a

smooth family of commutative connected groups over T [BLR12, § 8.4]. If we moreover

assume that all the fibers of C → T have geometric genus 0, then the above groups are

affine.

Curves whose Pic0(C) is an algebraic torus

Definition 1.16. Let C be a reduce curve; a point p ∈ C is a genus 0 singularity if ÔC,p is

isomorphic to C [[x1, . . . ,xk]] /(xixj i < j) for some k (these are also called ordinary k-fold
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singularity [Liu02, Definition 5.13]) , see Figure 1.1. A reduced curve with only genus 0

singularities is semi-normal in the sense of definition 1.5.

C[x,y]/(xy) C[x,y,z]/(xy,yz,xz)

k-axes in A
k

C[x1, . . . ,xk]/(xixj 1 ≤ i ≤ j ≤ k)

Figure 1.1: Genus 0 singularities

Remark 1.17. If p is a genus 0 singularity, its the delta invariant is δ(p) = b(p)− 1 where

b(p) is the number of branches. For a fixed number of branches, there exists only one

genus 0 singularity up to isomorphism ([Smy11a, Proposition A.2]).

Lemma 1.18. [Liu02, Lemma 5.18] Let C be a reduced, projective curve. Pic0(C) is an
algebraic torus, i.e. Pic0(C) � G

k
m for some k, if and only if all the singularities of C are genus

0 singularities and the normalisation of C is a disjoint union of P1.

A special case is that of curves of arithmetic genus 0 and thus with trivial Pic0(C) :

Definition 1.19. We call a curve C a generalised tree if it is connected and it has trivial

Pic0(C). If all the singularity of C are ordinary nodes we say that C is a tree. Furthermore,

if a tree ofP1 satisfy the following condition: any irreducible component of the treemeets

at most two other irreducible component, we say that it is a chain of P1.

Remark 1.20. A generalised tree has only genus 0 singularities, the normalisation at any

singular point disconnects the curve, i.e. the irreducible components are smooth P
1, and

there are no cycles, i.e. π1(C) = 0.

Remark 1.21. Notice that for a curve C which is homeomorphic to a generalised tree D

the Pic0(C) is unipotent of dimension the arithmetic genus of C. Any curve with normal-

isation P
1 and whose singularities are all unibranch is an example of the above.

We will need the following fact about generalised trees:

Lemma 1.22. Let C be a reduced, projective curve. There exists a finite number of partial
normalisations D→ C, with D a generalised tree.

Lemma 1.23. Let C be a reduced projective curve. There exists a unique partial normalization
C ′

ν2−−→ C such that: ν2 is an homeomorphism, and C ′ has only genus 0 singularities. C ′ is the
semi-normalization of C ( Definition 1.5).

Proof. Let C
ν−→ C be the full normalisation. For any x ∈ Sing(C) consider its pre-image

under ν, {q1, . . . , qm} = ν−1(x), and choose an affine neighbourhood Vx of x which does not

contain any other singular point. Denote by Wq the affine curve defined as Spec of the

OC(Vx) algebra: {
f ∈ OC(ν

−1(Vx)) | f (q1) = · · · = f (qm)
}
. (1.3)
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Then we have that ν decomposes as ν−1(Vx)
ν1−−→ Wq

ν2−−→ Vx and both ν1, ν2 are isomor-

phisms outside x, which ensures we can glue together the local charts Wq to get C ′ . By

construction ν2 is bijective and since it is also proper it is a homeomorphism, this proves

(1).

The second statement then follows directly from the local definition of C ′ (1.3) and

[Liu02, Proposition 5.15].

Finally the uniqueness follows from the universal property of semi-normalisations.

proof of Lemma 1.22. If D
νD−−→ C is a generalised tree which is a partial normalisation

of C, then νD factors through the semi-normalisation, which is unique for its universal

property. So it is enough to argue that a curve C ′ with only genus 0 singularities admits

finitely many partial normalisations, and so, in particular, finitely many connected ones.

Let p1, . . .pN be the singular points of C ′; to give a partial normalisation D → C ′

we need to specify a partial normalisation at any singular point pi . It suffices to show

that a curve Am with an ordinary m-fold singularity p admits a finite number Km of

partial normalisationsA′→ A, and then for a semi-normal curve C ′ the number of partial

normalisation will be given by
∏
{p1,...,pN }Kmi

.

Let P1
1 t · · · tP1

m→ Am be the normalisation of the m-fold singularity, and (k1, . . . , kl )

a partition of m. Any choice in (
m
k1

)(
m− k1
k2

)
· · ·

(
kl + kl−1
kl−1

)
(1.4)

defines a curve B (unique by Remark 1.17) with l connected components B1, . . . ,Bl having

respectively a k1, . . . kl-ordinary fold, and admitting a birational map B → Am. In fact

such a map is unique up to isomorphism and thus (1.4) is indeed the number of partial

normalisations ofAm. The uniqueness follows from the fact that B is constructed from the

full normalisation contracting a divisor [Ser00, § 4.4], i.e. as a push-out in the category of

schemes [Sch05, § 3] and thus the universal property of push-out [Sch05, Theorem 2.3]

ensures the uniqueness of the map to Am.

Remark 1.24. Not every singular curve is defined by contracting a closed sub-scheme

of the normalisation, e.g. the ramphoydal cusp, locally defined by y2 − x5 = 0. is not.

In particular, in the general case, there could be a unique (up to isomorphism) curve C ′

admitting an infinity of non isomorphic birational maps to a fixed curve. We will see an

explicit example 2.19 in § 2.2.

1.3. Spectral curve construction

The theory of Higgs bundles on smooth curves of genus g ≥ 2 has been broadly studied

since Simpson and Hitchin seminal works on non abelian Hodge theory [Hit87],[Sim92],

and later it found applications in several other field. We are not going into this beautiful
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piece of geometry, but we just borrow the idea of the spectral curve construction to then

exploit it in the singular setting we are interested in.

Definition 1.25. Let C be a projective, connected curve. Given a line bundle L on C we

define an L valued Higgs sheaf on C to be a pair (E ,φ) where E is a sheaf of OC modules

and φ is an L valued endomorphism of E , i.e. φ ∈Hom(E ,E ⊗L ).

Given a Higgs sheaf (E ,φ) there is a natural action of Sym(L ∨) on E defined through

φ: E ⊗L −i φi

−−→ E .Hence E has a structure of Sym(L ∨) = π∗OS module, where we denoted

by π the natural projection from S := Tot(L ). Since π is affine, the category of quasi-

coherent OS modules is equivalent to the category of quasi-coherent π∗OS = Sym(L ∨)

modules [Har77, Exercise II.5.17]. We denote by Eφ the sheaf of OS− modules which

uniquely correspond to the Higgs sheaf (E ,φ). We call Eφ the eigensheaf of (E ,φ). Vicev-
ersa, given a sheaf F on S , π∗F has naturally a Sym(L ∨) module structure defined

by: F ⊗L −i λi−−→F , where λ is the tautogical section of π∗L ; this defined a Higgs sheaf

(π∗F ,π∗λ).

Amorphism of Higgs sheaves (E ,φ), (F ,ψ) is a morphism of sheaves E
f
−→F inducing

a commutative diagram:

E F

E ⊗L F ⊗L .

f

φ ψ

f ⊗idL

(1.5)

This correspond to a λ linear morphism Eφ →Fψ on Tot(L ).

Notice that E on C is coherent if and only if Eφ is a compactly supported coherent

sheaf on S . In conclusion, we have an equivalence of categories: HiggsL (C) � Cohcpt(Tot(L )).

We denote by CE the scheme theoretic support of the eigensheaf and we call it the

spectral curve associated to (E ,φ.)

Note 1.26. The scheme structure of the spectral curve depends on the Higgs-field, not

just on the sheaf E so it would be more correct to use the notation CE ,φ , but we find it

heavy, thus we will almost always suppress the φ.

Examples in the smooth setting

Example 1.27. Let C be a smooth curve and (E ,φ) a locally free rank 1 Higgs sheaf with

values in L . Then φ is a section s of L , possibly the zero section, and thus C � CE =

{λ− s = 0} ⊆ TotL , and Eφ is just E itself.

Example 1.28. Let us consider C = P
1, E = O

P
1(a)⊕O

P
1(b) with a ≥ b+1, andL � O

P
1(1).

An L valued endomorphism of E is represented by a matrix:

φ =

s1 sab
0 s′1

 with s1, s
′
1 ∈H

0(O
P

1(1)) and sab ∈H0(O
P

1(a− b +1)).
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Let us fix s1, s′1 to be x0,x1 respectively; we can explicitly write down the equation of the

spectral curve CE in the two charts of the line bundle:

CE ∩Uλ,t= x1
x0

= {(λ− 1)(λ− t) = 0} , CE ∩Uλ′ , s= 1
t
=

{
(λ′ − 1)(λ′ − s) = 0

}
.

So CE is a union of two P
1 meeting in a simple node in the point P = ([1 : 1],1). In

order to describe Eφ , which we already know is a line bundle outside the node, we need

to understand its stalk at P and its degree on the components C2 := C(λ−1)=0 and C1 :=

C(λ−t)=0 .

The stalk of the eigen-sheaf at P depends on sab: if the latter section vanishes in

π(P), where π is the natural projection to P
1 then φπ(P) is diagonalisable and and Eφ �

OC1
(a′′) ⊕ OC2

(b′′).; otherwise, the Higgs sheaf is not diagonalisable in π(P) and Eφ �

O(a′ , b′) is a line bundle on CE .

Finally, to understand the degree of Eφ on the two components, we look at how λ acts

on the eigen-sheaf and we see that: if the first case above occur, then a′′ = a, b′′ = b, and

if the second case occur, a′ = a+P, b′ = b.

Example 1.29. Let E = ⊕iOP
1 be a rank r trivial vector bundle on P

1 and φ ∈Hom(E ,E ).

We can assume that φ is represented by an upper triangular matrix whose entries aij
are constant sections; in particular the eigenvalues of φ are all constant. So the spectral

curve is a disjoint union of multiple P1:

CE =
{
(λ−α1)k1 · · · · · (λ−αm)km)

}
⊆ P

1 ×C,

where ki is the multiplicity of αi in the minimal polynomial of φ and the eigen-sheaf

Eφ encode the normal form of the Higgs field at the generic point of C. Denote Ckiαi ={
(λ−α1)k1 = 0

}
Eφ |Ckiαi

= O
C
ki
αi

⊕O
C
k1i
αi

· · · ⊕O
C
kmi
αi

,

where the kji are the dimensions of Jordan blocks for the eigenvalue αi in the normal form

decomposition of φ.

The above examples can be summed up in the following description: when (E ,φ) is

a L Higgs bundle on C smooth, the spectral curve CE is a divisor in Tot(L ) cut out by

the minimal polynomial of φ : p(λ) ∈ OTotL , whose coefficients are sections of powers of

L . The points x1, . . . ,xk in the fiber of CE → C over a point x ∈ C are the eigenvalues of

φx : Ex → Ex ⊗Lx. If φ has generically distinct eigenvalues, then the map CE

η
−→ C is a

rk(E ) : 1 cover, branched over the points where different eigenvalues come together, and

the eigensheaf Eφ is generically a line bundle on CE , whose rank may jump up on the

ramification point if φx for x a branched point is diagonalisable. Otherwise to interpret

η as a rk(E ) : 1 we have to take into account both the rank of the eigen-sheaf and the

multiplicity of the irreducible components of the spectral curve.
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Examples in the singular setting

In this section, C is a projective and integral curve, possibly very singular. Let (F ,φ)

be an L valued Higgs field, with F torsion free of rank r. We have already seen an

example of the geometry of the spectral curve in the singular setting in the introduction,

recall Figure 1. A general way to study the geometry of the spectral curve associated to a

singular Higgs sheaf is to relate it to a smooth Higgs bundle in the following way.

Let C
ν−→ C be the normalisation. Then we have a ν∗L valued Higgs bundle on C

given by the torsion free part of the pull-back of F , i.e. (E := ν∗F /tor,φ0 = ν∗φ/tor).

This gives a short exact sequence of Higgs sheaves (1.5):

0 F ν∗E T 0

0 F ⊗L ν∗E ⊗L T ⊗L 0

ν∗

φ ν∗φ0

ν∗⊗idL

(1.6)

where T is supported on the zero dimensional singular locus of C. Let us denote by

Tot(ν∗L )
ν̃−→ Tot(L ) the natural map induced by the normalisation. The morphisms in

(1.6) define, under the equivalence HiggsL (C) � Cohcpt(Tot(L )), a short exact sequence

of compactly supported sheaves on Tot(L ):

0→Fφ → ν̃∗Eφ0
→T ′→ 0

where T ′ is supported on a zero dimensional sub-scheme contained in the fibers over

Sing(C). This implies that the spectral curve CF � Supp(Fφ) is the scheme theoretic

image under ν̃ of CE � Supp(Eφ0
), i.e. the ideal sheaf of CF ⊆ Tot(L ) is given by

I = Ker
(
OTot(L ) ↪→ ν̃∗OTot(ν∗L )� ν̃∗OCE

)
It is in general quite difficult to compute I and, whenever possible, we will find alterna-

tive ways to study the geometry of CF .

Figure 1.2: Spectral curve cusp
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Example 1.30. Let C be a reduced, projective curve with a cusp singularity, and nor-

malisation P
1 ν−→ C. Consider on C the pure rank 1 sheaf F = ν∗OP

1(d) and let La ∈
Pic1(C) � (C,+) a line bundle of degree 1 on C. Notice that dim

C
Hom(F ,F ⊗La) = 2

while dim
C
H0(La) = 1. Thus given a Higgs sheaf (F ,φ) with values in La, φ is not nec-

essarily a section of La.

In the above notation, the Higgs bundle (E ,φ0) onP
1 associated to (F ,φ) is (O

P
1(d), s)

where s ∈ H0(O
P

1(1)), and the corresponding spectral curve CE is cut out in Tot(O
P

1)(1)

by the equation λ′ − s = 0, where λ′ is the tautological section ( i.e. the fiber coordinate)

of π∗O
P

1(1) on Tot(O
P

1)(1). Since CF and CE are isomorphic away from the singularity,

in order to understand I , or equivalently CF we can work locally around the singular

point.

Let P0 = ν−1(0) be the pre-image of the cuspidal point and let 0 ∈ U0 be a trivialising

chart for La, e.g. U0 = Spec(C[t2, t3, (1 − a2t2)−1]), and UP0 = ν
−1(U0) the corresponding

trivialising chart for O
P

1(1) = ν∗La. In these charts, the morphism ν̃ is given by:

C[t2, t3, (1− a2t2)−1,λ] ν̃−→ C[t, (1− a2t2)−1,λ′]

λ→ λ′ + atλ′

and the section s is given by a0+b0t for some a0, b0 ∈ C. Then we see that s is in the image

of ν̃, i.e. it descends to a section of La if and only if b0/a0 = a. In this case ν̃(CE ) � C

and Eφ �F . If instead s does not satisfy the previous condition, then it does not define a

section on the cuspidal curve and CF , given by the kernel of

C[t2, t3, (1− a2t2)−1,λ] ν̃−→ C[t, (1− a2t2)−1,λ′] π−→ C[t, (1− a2t2)−1,λ′]/(λ′ − (a0 + b0t)),

has parametrisation t→ (t2, t3, a0+(b0+aa0)t+ab0t2) ∈ Tot(La). In this case CF � P
1, see

Figure (1.2), and the natural projection to C is the normalisation map, and Eφ � O
P

1(d).

1.4. Moduli of stable sheaves and DT invariants

Let X be a smooth projective Calabi-Yau 3-fold over C, i.e. KX � OX and H1(X,OX ) = 0.

In what follows we denote by ω a polarisation OX (1) on X.

Definition 1.31. A coherent sheaf F on X is pure of dimension d if the support of F has

dimension d and for any sub-sheaf G ⊆F , the dimension of the support of G is still d.

For F a pure 1-dimensional coherent sheaf on X we denote by [F ] the fundamental

1-cycle associated to F defined by:

[F ] =
∑
η

lengthOX,η
Fη [η] (1.7)

where η runs over the codimension 2 points in X. The rational equivalence class of the

latter is the Poincaré dual of ch2(F ).
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Definition 1.32. Let ω be a fixed polarisation on X. The slope of a pure sheaf F with

respect to ω is defined as:

µω(F ) =
χ(F )

ch2(F ) ·ω

where χ(F ) denotes the holomorphic Euler characteristic. We say that F is µω semistable
if for any proper subsheaf G ⊆F , the inequality µω(G ) ≤ µω(F ) holds, and stable if the
above inequality is strict.

For fixed n ∈ Z, β ∈ H2(X,Z), we denote by Mn,β(X) the algebraic stack of pure 1-

dimensional, ω semistable sheaves F with χ(F ) = n and fundamental 1 cycle [F ] in

class β.

Theorem 1.33. [HL10b, Theorem 4.3.4] If β and n be such that there are not strictly semi-
stable sheaves, then Mn,β(X) is a projective scheme; in this case we will use the notation
Mn,β(X).

Theorem 1.34. [Tho00] The moduli space Mn,β(X) admits a symmetric perfect obstruction
theory given by Rπ∗RH omX×Mn,β (X) (F,F) [2] where F is the universal sheaf on X ×Mn,β(X)

and π denotes the second projection.

The above obstruction theory defines a 0-dimensional virtual class on Mn,β(X). We

denote the associated DT invariant with:

DTn,β =
∫
[Mn,β (X)]vir

1.

In [Kat08] the genus 0 GV invariants are defined as the DT invariants arising from the

moduli space of pure 1-dimensional stable sheaves with χ(F ) = 1. The latter is a tech-

nical assumption to ensure there are not strictly semistable and the stability condition is

independent from the choice of polarisation:

Lemma 1.35. For χ(F ) = 1, there are no strictly semi-stable sheaves and F is stable if and
only if for any proper subsheaf G ⊆F the inequality χ(G ) ≤ 0 holds.

Proof. If for any proper subsheaf G ⊆ F the inequality χ(G ) ≤ 0 holds, in particular

µω(G ) < µω(F ) for any ω and F is strictly stable independently of the choice of polari-

sation by definition.

Vivecersa, let F ∈M1,β(X) be semi-stable object, i.e. any sub-sheaf G ⊆F ,

µω(G ) =
χ(G )

ch2(G ) ·ω
≤ µω(F ) =

1
ch2(F ) ·ω

.

As G is a sub-sheaf, for any choice of polarisation:

lengthOX,η
Gη ≤ lengthOX,η

Fη for any η
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which implies ch2(G ) · ω ≤ ch2(F ) · ω for any ω. Then F semistable implies that any

proper subsheaf G has χ(G ) ≤ 1 and in fact we will now show that the inequality has to

be strict. Suppose χ(G ) = 1, then since we assumed F semi-stable,

1
ch2(G ) ·ω

≤ 1
ch2(F ) ·ω

and ch2(G ) ·ω ≤ ch2(F ) ·ω

which implies ch2(G )·ω = ch2(F )·ω for any choice ofω and thus ch2(G ) = ch2(F ). This, in

turns, implies that the quotient F /G is supported in dimension 0 and has 0 holomorphic

Euler characteristic, i.e. G �F and thus G is not a proper subsheaf.

We will refer to the invariants:

n0,β =
∫
[M1,β (X)]vir

1

as the Katz invariants of X.

1.4.1. Behrend function and Local invariants

Let Y be a Deligne-Mumford stack, denote by Z∗(Y ) the free abelian group generated

by cycles on Y and by Con(Y ) the group of integer valued constructible functions on

Y . Given a morphism X
g
−→ Y and constructible functions ϕ on X and ψ on Y we will

denote by g∗ψ and g∗ϕ, respectively, the pull-back constructible function, defined by

x → ψ(g(x)), and the push-forward constructible function, defined by y → χ(Xy ,ϕ|Xy ).
Recall that χ(X,ϕ) = χ(Y,g∗ϕ) and if g is a homeomorphism, then χ(Y,ψ) = χ(X,g∗ψ).

Definition 1.36. We call Behrend function of the DM stack Y and denote by νY the

constructible function

νY = Eu(cY )

where Eu is the MacPherson’s local Euler obstruction and cY is the signed support of the

intrinsic normal cone of Y, often called the distinguished cycle on Y.

We refer to [Ful98, Example 4.2.9] for the definition of Eu and to [Beh09, § 1.1] for

the explicit local expression of cY .

Theorem 1.37. [Beh09, Theorem 4.18] Let Y be a proper DM stack endowed with a symmet-
ric perfect obstruction theory, then∫

[Y ]vir
1 = χ(Y,νY ) =

∑
n∈Z

nχ(
{
νy = n

}
).

The obstruction theory for Mn,β(X) is symmetric, thus the above Theorem implies we

can express the invariants as a weighted Euler chracteristic.
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We recall some properties of νY and their consequences; full details can be found in

[Beh09, Proposition 1.8]:

• The constructible function νY only depends on the scheme structure of Y It fol-

lows in particular that the DT type invariants do not depend from the choice of a

symmetric perfect obstruction theory.

• If f : Z→ Y is étale then f ∗νY � νZ . Thus νY (P) is an invariant of the singularity of

Y at P.

• if Z = Z1 ∪Z2 is the disjoint union of two locally closed substack, then χ(Z,νY |Z ) =
χ(Z1,νY |Z1

) +χ(Z2,νY |Z2
).

• If Y is a disjoint union of a closed substack Z and a open substackU then χ(Y,νY ) =

χ(U,νU ) + χ(Z,νY |Z ). In particular we can compute DT invariants over stratifica-

tions of the moduli space.

Definition 1.38. For a fixed reduced curve i : C → X and γ ∈ ⊕iZ[Ci ] a cycle on C satis-

fying i∗γ = β, we define the local contributions of C to the invariants to be:

n0,γ = χ(M1,γ (C),ν |M1,γ (C))

where M1,γ (C) is closed locus in M1,β(X) whose sheaves satisfy [F ] = γ, (this is an equal-

ity as cycles) i.e F are scheme theoretically supported either on C or on thickenings of

C.

Remark 1.39. As explained in [PT10, § 3.2] we can recover the global invariants from the

local contributions: the subspaces M1,γ (C) are the fibers of the Hilbert-Chow morphism

M1,β(X)→ Chow(X,β)

sending F to its fundamental 1-cycle, where we denoted by Chow(X,β) the parameter

space of 1 cycles in X of class β. Then we have a constructible function

ñ0,β : Chow(X,β)→Z

γ → n0,γ

such that n0,β = χ(Chow(X,β), ñ0,β).

1.4.2. Reduction to curves of geometric genus 0

We prefer working with local contributions since the spaces M1,γ (C) admit an action of

the group Pic0(Ĉ), given by:

L ·F := F ⊗L . (1.8)

The action is in fact defined on the formal neighbourhoodM1,β(Ĉ) ofM1,γ (C) inM1,β(X);

and it preserves the closed subspace M1,γ (C). Any thickening C of C with [C] = γ is
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contained in the formal neighbourhood Ĉ of C and the action (1.8) restricts to the action

of Pic0(C) for sheaves supported on C.

Notice that the Behrend function νM is invariant under the Pic0(Ĉ) action since ten-

soring with a line bundle is locally an isomorphism on M1,β(X); in particular νM is con-

stant on the orbits and, if we act by a sub-torus of Pic0(Ĉ), we can restrict the invariants

to the fixed points.

Using this action, it has already been shown the invariants DTn,γ vanishes unless the

normalisation of the reduced curve underlying γ is a disjoint union of P1:

Lemma 1.40. Let C be a reduced projective curve and C1, . . . ,CN its irreducible components.
Suppose that for some 1 ≤ i ≤ N Ci has geometric genus bigger or equal then one, then for
every cycle γ supported on C the invariant DTn,γ vanishes.

We refer to [JS12, Proposition 6.19],[Tod11, Lemma 2.11] for the proof. We just want

to remark that the point is that, as soon as we have a component of positive geometric ge-

nus, χ(Pic0(C)) = 0, and the same will be true for all the orbits of the action; in particular

this means that the action does not admits fixed points (see also Corollary 2.7).

If instead C has all irreducible component with high arithmetic genus and normali-

sation P
1, then C contributes to the invariants and we want to understand how. In par-

ticular, we would like to understand if it is possible to localise the invariants to curves of

arithmetic genus 0, namely to generalised tree 1.19.



2
Contribution of singular curves:

reduced cycle case

In this chapter we give an interpretation in terms of curves homeomorphic to generalised

trees of P1 of the invariant n0,γ in the case γ = [C] and C reduced. In such case, F ∈
M1,[C](C) is scheme theoretically supported on C and it has rank 1 on each irreducible

component of the curve. The group Pic0(Ĉ) acts on F ∈M1,[C](C) ⊂M1,β(Ĉ) through

Pic0(C).

2.1. Characterisation of fixed point of the action and description

of the orbits

Let C be a reduced, projective curve and let F ∈ Coh(C) be a pure sheaf of rank 1 on each

irreducible component of C. Let us assume furthermore that the stabiliser Stab(F ) of F

with respect to the Pic0(C) action is non trivial. Then, for each L ∈ Stab(F ) there exists

an isomorphism: F
φ
−→F ⊗L . In the language of § 1.3, φ is an L -valued Higgs field.

Lemma 2.1. Let C be a reduced, projective curve, and let F be a pure sheaf of rank 1 on
each irreducible component of C. If for a fixed OC ,L ∈ Pic0(C) there exists an isomorphism

F
φ
−→F ⊗L , then the spectral curve CF is a non trivial partial normalisation of C.

Proof. Denote by ν : CF → C the natural map coming from the spectral construction.

First we show that CF = Supp(Fφ) does not have embedded points, equivalently that

OCF
is pure. As F is pure, the eigensheaf Fφ is pure as well, otherwise, given a 0

dimensional sub-sheaf G ⊆Fφ pushing down we would get a zero dimensional subsheaf

ν∗G of F , contradicting the purity of F . Then OCF
is pure as well. In fact, suppose there

33
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was a dimension 0 sub-sheaf IZ , then

IZ ⊆ OCF
=⇒IZ ·Fφ ⊆Fφ =⇒IZ ·Fφ = 0

where the last implication follows by purity of Fφ . This means that Fφ is supported on

Z, i.e., Z = CF and IZ = 0. Moreover, the fact that F has rank 1 on every irreducible

component of C implies that ν is birational, so CF is reduced with N irreducible compo-

nents.

Finally, to prove that the spectral curve is a non trivial partial normalisation, let’s

prove that the tautological section λ|CF
of ν∗L is nowhere vanishing and thus trivialises

ν∗L . It follows from the definition of Fφ that the push-down of λ ⊗ idFφ
along ν is

the isomorphism φ. As ν is affine the push-forward ν∗ is exact, thus λ ⊗ idFφ
is an iso-

morphism, hence nowhere 0. But then so is λ which therefore gives a trivialization for

ν∗L .

Lemma 2.2. Let C be reduced and projective, F pure of rank 1, and let F
φ
−→F ⊗L be an

isomorphism, with OC ,L ∈ Stab(F ). Denote by CF
ν−→ C the spectral curve, and by Fφ the

eigensheaf of (F ,φ). Then we have a surjection Stab(F )
ν∗−−→ Stab(Fφ). In particular if F is

Pic0(C) invariant, Fφ is Pic0(CF ) invariant.

Proof. Let us first prove that the map is well defined, namely that if M ∈ Stab(F ) then

ν∗M ∈ Stab(Fφ), i.e. we want to show that for any M ∈ Stab(F ) there exists an isomor-

phism

Fφ
�−→Fφ ⊗ ν∗M . (2.1)

Notice that we have an isomorphism ofOTotL modulesFφ⊗ν∗M � (F⊗M )φ⊗idM
,where

(F ⊗M )φ⊗idM
denotes the eigensheaf defined by F

φ⊗idM−−−−−−→F ⊗L ⊗M . So the existence

of the isomorphism (2.1) is equivalent to the existence of the commutative diagram:

F
φ //

ψ

��

F ⊗L

ψ⊗idL

��
F ⊗M

φ⊗idM// F ⊗M ⊗L .

(2.2)

The isomorphism ψ surely exists because we chose M ∈ Stab(F ); we only need to show

that the diagram commutes. On the dense open set U = C r Sing(C) where F |U is a

line bundle, the morphisms in (2.2) are multiplication by a scalar and thus the diagram

restricted to U is commutative. In other words the homomorphism

F := φ ◦ψ ⊗ idL −ψ ◦φ ⊗ idM : F →F ⊗L ⊗M

is zero when restricted to U . This implies that Supp(Im(F)) ⊆ (C rU ), i.e. it has dim 0.

But F ⊗L ⊗M is pure, so Im(F) = 0, i.e. F = 0 and the diagram (2.2) commutes.
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We conclude arguing that Stab(F )
ν∗−−→ Stab(Fφ) is surjective. By Lemma 2.1 the spec-

tral curve is a partial normalisation, which implies the pull-back Pic0(C) → Pic0(CF )

is surjective. In particular any L ′ ∈ Stab(Fφ) is a pull-back L ′ � ν∗M for some M ∈
Pic0(C). For any L ′ � ν∗M ∈ Stab(Fφ) we have an isomorphism Fφ

�−→Fφ ⊗L ′, whose

push-down give an isomorphism F �F ⊗M , thus M ∈ Stab(F ).

Proposition 2.3. Let C be a reduced, projective curve and F a pure sheaf of rank 1 on each
irreducible component of C. F has stabiliser K ⊆ Pic0(C) if and only if:

1. F � ν∗E where C̃
ν−→ C is a partial normalisation of C with Pic0(C̃) � Pic0(C)/K,

2. E a pure rank 1 sheaf on C̃ with trivial stabiliser with respect to the Pic0(C̃) action.

Proof. Suppose first F � ν∗E satisfy conditions (1) and (2) above. Then for any L ∈ K we

have by projection formula that ν∗E ⊗L � ν∗(E ⊗ ν∗L ). Since we assumed K � Ker(ν∗),

we have ν∗(E ⊗ ν∗L ) � ν∗E and thus K ⊆ Stab(F ). On the other hand, since we assumed

that E has not stabiliser with respect to the Pic0(C̃) action, K � Stab(F ).

To prove the other implication we proceed inductively on the dimension of the sta-

biliser. If the action of Pic0(C) on F is free, i.e. K is trivial, conditions (1) and (2) are

satisfied.

If not, choose OC , L1 ∈ Pic0(C) and consider an isomorphism F
φ1

−−→ F ⊗L1. By

Lemma 2.1 the spectral curve CF
ν1−−→ C associated to (F ,φ1) is a non trivial partial nor-

malisation of C. Furthermore, by Lemma 2.2 the eigen-sheaf Fφ1 is a pure rank 1 sheaf

on CF with stabiliser K1 = ν∗1K/Ker(ν
∗
1) with respect to the Pic0(CF ) action. If K1 is zero,

then the action of Pic0(CF ) on Fφ1 is free and we are done. Otherwise there exists a

OCF
,L2 ∈ Stab(Fφ1) and we can repeat construction.

Since CFφk
is always a non trivial partial normalisation of CFφk−1

, after finitely many

steps the pull-back of K along CFφk

νk−−→ C is zero. Indeed, if C
ν−→ C is the normalisation,

then pure sheaves on C are line bundles and the action of Pic0(C) on them is free. So the

stabiliser K of a pure rank 1 sheaf on C is a subgroup of the Ker
(
Pic0(C)

ν∗−−→ Pic0(C)
)
and

the spectral curve construction process terminates after at most g(C)− g(C) steps.

Remark 2.4. The fact that any pure rank 1 sheaf on a reduced curve is push-down of

a pure rank 1 sheaf from some partial normalisation is well known by people studying

compactifications of Pic0(C).

The spectral curve construction gives a way to produce the maximal partial normali-

sation from which my rank 1 pure sheaf is push-forward, but another way to construct C̃

given F , which does not involve the spectral curve, is the following: if F is pure of rank

1 on any irreducible component of a reduced curve C, then it is generically a line bundle.

This ensures that the the sheaf of OC algebras E ndC(F ,F ) is commutative. Clearly OC

is a sub-ring of E ndC(F ,F ); on the other hand, any φ ∈ E ndC(F ,F ) is annihilated by
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a polynomial with coefficient in OC , thus E ndC(F ,F ) is an integral extension of OC , i.e.

C̃ = SpecC(E ndC(F ,F ))→ C is a partial normalisation. Obviously F is an OC̃ module.

From this point of view we also see that C̃ only depends on F and not on the choices

we do in the spectral construction process.

Corollary 2.5. Each orbit of the action of Pic0(C) on M1,[C](C) is isomorphic to Pic0(C̃) for

C̃
η
−→ C some partial normalisation.

Proof. Given F ∈ M1,[C](C), its orbit OF is isomorphic to Pic0(C)/ Stab(F ) � Pic0(C̃)

where C̃ is the partial normalisation constructed in Proposition 2.3.

Remark 2.6. Since we are interested in computing n0,[C], or also its naive counterpart

χ(M1,[C](C)), we need to know which orbits, or equivalently which partial normalisa-

tions, contribute to the invariants. By Proposition 1.14 Pic0(C̃) is a product of an al-

gebraic torus (C∗)m with a commutative unipotent group (C,+)n for some n,m, thus we

want to distinguish partial normalisations whose Pic0 has a C
∗ factor from those which

don’t. In the next section we will deal with this problem; we construct parameter spaces

of partial normalisations with unipotent Pic0 and show that the invariant can be localised

to these curves, which are homeomorphic to genus 0 curves.

Corollary 2.7. Under the hypotheses of Proposition 2.3, F is fixed by Pic0(C) if and only if
F � νD∗ED , where D

ν−→ C is a partial normalization of C whose connected components are
generalised trees and ED is a pure rank 1 sheaf on it. In particular, the normalization of C is a
disjoint union of P1.

Remark 2.8. In Proposition 2.3 and Corollary 2.7 we did not impose any stability condi-

tion on F . In particular, the above characterisation holds if we want to work with moduli

spaces Mn,β(X) parametrising strictly semistable objects.

Corollary 2.9. Let C be a connected, reduced projective curve; F ∈M1,[C](C) is a fixed point
of the Pic0(C) action if and only if F � ν∗OD where D

ν−→ C is partial normalisation with D a
generalised tree. In particular, there are finitely many fixed points.

Proof. By Corollary 2.7 it is enough to show that for any generalised tree D,M1,[D](D) is

a reduced point represented by OD and then the claim follows from the fact that there

are finitely many generalised trees D which partially normalised a fixed curve C, see

Lemma 1.22. Notice that we are just considering connected partial normalisations as

M1,[C](C) does not have strictly semi-stables. Let D be a generalised tree and F a pure

rank 1 sheaf on D with χ(F ) = h0(F )−h1(F ) = 1. Then there exists at least one non zero

section OD
s−→ F and thus an inclusion OD/Ker(s) ↪→ F . Notice that OZ � OD/Ker(s) is

the structure sheaf of a sub-variety of D and at the same time a sub-sheaf of F which is

pure. Then Z is a union (possibly disconnected) of generalised trees.

In particular χ(OZ ) ≥ 1 and so OZ destabilizes F (see Lemma 1.35). It follows that s

is injective, i.e OD ⊆F . But χ(OD) = 1, which implies by strict stability OD �F . Finally,

the fact thatM1,[D](D) is reduced simply follows from the fact that Ext1D(OD ,OD) = 0.
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For C a projective reduced curve with only genus 0 singularities, Pic0(C) � (C∗)ga(C)

where ga(C) is the arithmetic genus of C. Recall the following result for torus actions:

Proposition 2.10. [BB73] Let X be an algebraic scheme endowed with an action of an alge-
braic torus T = (C∗)r , then the topological Euler characteristic of X coincides with the topolog-
ical Euler characteristic of the fixed locus XT

χ(X) = χ(XT ). (2.3)

For each L̂ ∈ (C∗)ga(C) the morphism −⊗ L̂ is in fact an automorphism of M1,β(Ĉ); so

the Behrend function, which only depend from the scheme structure of the neighbour-

hood M1,β(Ĉ), is invariant under such action. It follows that a weighted version of (2.3)

holds. Moreover, such action preserve the closed sub-scheme M1,[C](C) and we have:

Corollary 2.11. Let C be a reduced projective curve with only genus 0 singularities, then:

χ(M1,[C](C)) =
∑

D
ηD−−→C

1

where the sum run over the arithmetic genus 0 connected partial normalisations of C. If C
is embedded on a smooth Calabi-Yau 3-fold X, then the local invariant is given by n0,[C] =∑
D

ηD−−→C
νM (ηD∗OD) where we wrote νM (ηD∗OD) for the value of the Behrend function of

M1,β(X) at the point i∗ηD∗OD .

Proof. The proof follows immediately from the results of this section and the fact that by

Corollary 2.9 the sum is finite.

Remark 2.12. For curves with nodal singularities a result more general than this was

already known via Stable-Pairs. Indeed in [PT10, § 3.6] the authors prove that all the

BPS numbers nh,C of a nodal curve C can be expressed in terms of partial normalisa-

tion of fixed arithmetic genus h, or equivalently, h dimensional sub-tori of M1,[C](C). An

analogous result for higher genus BPS number of curves with ordinary 3-folds points

(Definition 1.16).

For curves with singularities other than genus 0, two complications arise: Pic0(C) has

unipotent factors and thus in general positive dimensional orbits of the action contribute

to the invariants, and in general there are infinitely many of such orbits. In the next

section we discuss a way to describe the contributions coming from positive dimensional

orbits.

2.2. Moduli spaces of partial normalisations

In this section C is a connected, reduced, projective and rational curve, i.e. with nor-

malisation C = tNi=1P
1 η
−→ C. We denote by S = η∗OtNi=1P1/OC =

⊕
x∈Sing(C)O

δx
x the zero

dimensional sheaf supported on the singular locus whose length is ga(C) +N − 1.
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Definition 2.13. Let C be as above. For 0 ≤m ≤ length(S ) we define a functor

PNm : (Sch)→ (Sets)

as follows: for any T → (Sch) we define PNm(T ) to be the set of isomorphism classes of

diagrams

C ×T CT

C ×T

η×idT
πT

where CT → T is a flat family of reduced projective curves with 1 − χ(OCt ) = 1 −N +m,

and for every geometric point the morphism π is a partial normalisation C → Ct
π−→ C

factoring η . For a morphism T ′
p
−→ T we get an induced map PNm(T ′)→ PNm(T ) given

by pull-back.

We want to show that PNm is represented by a closed subscheme of the quot scheme

QuotC(S , k), parametrising length k quotients of S . See [HL10b, § 2] for a proof of the

fact that QuotC(S , k) is a projective scheme over C. Let us denote by OQ ⊗S
q
−→ WQ the

universal quotient module over QuotC(S , k)×C.

Theorem 2.14. In the above notation, PNm is represented by a closed subscheme PNm of
QuotC(S ,m).

Proof. For any C×T → CT
π−→ C×T we have the following commutative diagram of T -flat

sheaves:
0 OC×T (η × idT )∗OC×T S ⊗OT 0

0 π∗OCT (η × idT )∗OC×T WT 0

= q

and thus S ⊗OT
q
−→WT ∈QuotC(S ,m)(T ).Moreover two partial normalisations CT ,1

π1−−→
C×T , CT ,2

π2−−→ C×T , are isomorphic as OC×T algebras if and only if OCT ,1 and OCT ,2 are iso-

morphic asOC×T modules. Indeed, given an isomorphism asOC×T modulesϕ : π1,∗OCT ,1

�−→
π2,∗OCT ,2 there is an induced isomorphism of OC×T algebras

E ndOC×T

(
π2,∗OCT ,2 ,π2,∗OCT ,2

) ϕ−1◦(−)◦ϕ
−−−−−−−−−→ E ndOC×T

(
π1,∗OCT ,1 ,π1,∗OCT ,1

)
and we also have the isomorphisms πi,∗OCT , � E ndOC×T

(
πi,∗OCT ,i ,πi,∗OCT ,i

)
explicitly given

associating to the ring element x the endomorphism mx defined by multiplication by x.

This implies that two families of partial normalisations are isomorphic if and only if

there exists an isomorphism W1 �W2 such that S ⊗OT
q1−−→W1,S ⊗OT

q2−−→W2 commutes

with the identity on S , i.e. they are the same point in the Quot scheme. This define an

injective morphism PN
m
↪→QuotC(S ,m).
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Fixed a quotient S ⊗OT
q
−→WT , we get a finite OC×T module

MWT
:= Ker

(
(η × idT )∗OC×T →S ⊗OT

q
−→WT

)
such that OC×T ⊆MWT

⊆ (η × idT )∗OC×T .

Then PNm(T ) ⊆ QuotC(S ,m)(T ) is identified with the locus in T where MWT
is

an OC×T algebra with respect to the product µ ◦ ι⊗2 defined on M ⊗2
WT

via the inclusion

ι : MWT
↪→ (η × idT )∗OC×T .

Thus we want to identify the locus of t ∈ T such that the product µ ◦ ι⊗2, which lies

naturally in (η × idT )∗OC×T , actually lies in MWT
. Equivalently, PNm(T ) is the locus of

t ∈ T where the projection

M ⊗2
WT

q◦µ◦ι⊗2
−−−−−−→WT

is identically zero. In conclusion, PNm(T ) is identified with the locally closed subscheme

TP ⊆ T in the flattening stratification of coker(q ◦ µ ◦ ι⊗2) corresponding to Hilbert poly-

nomial P equal to the (constant) Hilbert polynomial of the fibers of the flat sheaf WT

[HL10b, Theorem 2.1.5]. In fact TP it closed since it is the stratum corresponding to the

maximal Hilbert polynomial. Alternatively, we can see that TP is closed showing that it

is stable under specialization.

Proposition 2.15. In the hypothesis of Theorem 2.14:

1. The locus PNm
conn ⊆ PNm parametrising connected partial normalisations of arithmetic

genus 1−N +m is open in PNm;

2. The locus Tm ⊆ PNm
conn parametrising partial normalisation homeomorphic1 to a gen-

eralised tree ( Definition 1.19) is closed in PNm
conn

Proof. 1. Let MW |PNm be the universal OC×PNm algebra on PNm. Then PNm
conn ⊆ PNm

is identified with the locus where dimH0(C, (MW |PNm)p) < 2,which is open in PNm

by upper semicontinuity of cohomology.

2. A partial normalisation [Cp] is in Tm ⊆ PNm
conn if and only if Pic0(Cp) is unipo-

tent. Let Pic0S (C ) → S be the relative Pic0 of the flat family C → S defined by

some S → PNm
conn. Then (Remark 1.15) Pic0S (C ) → S is a smooth family of affine

commutative groups and Tm(S) is the locus of s ∈ S such that Pic0(Cs) does not

contain a multiplicative subgroup. The latter is a closed condition in the base by

[Con14, Proposition 3.1.6] ,[Ber, XI,5.8(a)].

We sketch a couple of examples.

1These curves are really just bijective to generalised tree and not isomorphic to them unless m = 0.
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Example 2.16. Let An−1 be an integral, projective curve with normalisation P
1 and a

unique singular point p0 such that OAn−1,p0 � C[t2, tn], n ≥ 3 odd, namely p0 is a An−1
singularity and δ(p0) =

n−1
2 . Notice that OAn−1 can be described as the Kernel of:

O
P

1 → C
δ

p(t)→ (p(1)(0),p(3)(0), . . . ,p(n−2)(0))

where p(j)(0) denotes the j-th derivative evaluated at 0. We claim that Tm is a reduced

point for each 0 ≤ m ≤ n−1
2 . For n = 3, A2 has a cuspidal singularity, S has length 1 and

thus it is just the structure sheaf O0 of the singular point, and the only non empty Tm are

T 1 and T 0, both isomorphic to a reduced point.

Next we show that for a fixed An+1, the variety underlying the scheme T δ−1, it’s a

point represented by the partial normalisation [P1 → An−1 → An+1]. We are actually

convinced that T δ−1 is scheme theoretically a point, and this should be proved studying

infinitesimal deformations of P1→ An−1→ An+1 with fixed sources and targets.

By Theorem2.14, T δ−1 ⊆Quot(Oδ
p0 ,δ −1) � P

δ−1, where the last equality follows from

the fact that the module structure on Oδ
p0 is the trivial one and thus the Quot scheme can

be identified with the Grassmanian Gr(Cδ,δ − 1). All we have to understand is for which

[W ] ∈Gr(Cδ,δ − 1) the module

Ker(ϕW ) =
{
p ∈ C[t] | (p(1)(0),p(3)(0), . . . ,p(n−2)(0)) ∈ W ∗

⊥
= L

}
is closed under multiplication. We can write down this condition for a genericW : given

p(t) =
∑
i≥0 ait

i , q(t) =
∑
i≥0 bit

i ∈ Ker(ϕW ), namely: (p)(1)(0)
(p)(3)(0)
...

(p)(n−2)(0)

 = λ · ( v1v3...vn−2

)
,

 (q)(1)(0)
(q)(3)(0)
...

(q)(n−2)(0)

 = ν · ( v1v3...vn−2

)
, λ,ν ∈ C (2.4)

where (v) = (vj ) is the spanning vector of the line L, we want that the derivatives of the

product to lie on the same line L as p and q, i.e. if there exist µ ∈ C such that for all

ai , bi ∈ C  (p·q)(1)(0)
(p·q)(3)(0)

...
(p·q)(n−2)(0)

 =
 a0νv1+b0λv1

a0νv3+b0λv3+a2νv1+b2λv1
...

a0νvn−2+b0λvn−2+
∑
i+j=n−2 aiνvj+biλvj

 = µ · ( v1v3...
vn−2

)
. (2.5)

where the expression on the right hand side is deduced from (2.4). The only possibility

to satisfy (2.5) for any choice of coefficients is v1 = · · · = vn−4 = 0, thus T δ−1 is the point in

[0 : · · · : 0 : 1] ∈ Pδ−1 and the explicit form of (2.5) shows that it corresponds, as expected,

to the natural inclusions C[t2, tn+2] ↪→ C[t2, tn] ↪→ C[t], alias P1 → An−1 → An+1. Notice

that in this case T δ−1 � PNδ−1
conn � PN

δ−1.

Notice that any partial normalisation C
ν−→ An+1 of cogenus 2 factors through a partial

normalisation of cogenus 1. Indeed, the pull-back along ν of the maximal idealm0 of the

singular point defines a colength 3 ideal J in OC . Choosing a colength 2 ideal I containing
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J and contained in the maximal ideal of the singular point in C, i.e. J ⊆ I ⊆m′0, a cogenus

1 partial normalisation which factors ν is given by C[I ]. In our case, since there is just

one partial normalisation of cogenus 1, this imply T δ−2(An+1) � T δ−1(An−1) and thus

inductively we get that Tm is a point for all m.

The Example 2.16 can be generalised to all ADE singularities (see § 2.3 for the def-

inition and the analytic local model of ADE and their partial normalisations). In the

example below we write PNm � [C ′] (or Tm � [C ′]) implying that there exists, up to iso-

morphism, a unique partial normalisation (or partial normalisation homeomorphic to a

generalised tree) in the sense of Definition 2.13.

Example 2.17. Let C be an integral, projective curve with normalisation P
1 and a unique

singular point p0 which is of type ADE:

1. Let p0 be an An singularity.

(a) if n is even, for each 0 ≤m ≤ n/2 we have PNm � Tm � [A2m];

(b) if n is odd, for each 1 ≤ m ≤ n + 1/2, we have PNm � [A2m+1], Tm = ∅, and
PN0 � T 0 � [P1]. The latter is true for any integral curve of geometric genus

one, thus we don’t repeat it in what follows.

2. Let p0 be a Dn singularity.

(a) If n is odd, for each 1 < m < n+1
2 −1, PN

m = [A2m−2∨L]t[A2m], thus Tm = [A2m];

for m = n+1
2 −1, PN

m = [A2m∨L] and thus Tm = ∅; for m = 1, PN1 = [A2]t [A1]

and thus T 1 = [A2].

(b) If n is even, 1 < m < n
2 − 1, PN

m = [A2m−1 ∨ L]t [A2m+1], and thus Tm = ∅; for
m = n

2 , PN
m = [A2m+1 ∨ L] and thus Tm = ∅; for m = 1, PN1 = [A1] and thus

T 1 = ∅.

3. Let p0 be a singularity of type E6,E7,E8.

(a) in the first case we have: PN2 � T 2 � [E6(1)], PN1 � T 1 � [A1].

(b) In the second case we have PN3 = [E7(1)] and thus [T 3] = ∅, PN2 = [A2 ∨ L]
and thus [T 2] = ∅, PN1 = [A2]t [A1] and thus [T 1] = [A2].

(c) Finally for E8 we have PN3 � T 3 = [E8(1)], PN2 � T 2 = [E6(1)] and PN1 � T 1 =

[A2].

To compute this example we would follows the steps of Example 2.16 and we thus

avoid giving further details for the sake of conciseness.

Remark 2.18. The statement of Example2.17, at least at the level of varieties, can be

deduced by [GK85],[Coo98], where a complete classification of the (finitely many!) pure

rank 1 modules on ADE local rings is given.
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We now consider an easy example of uni-branch curve singularity with infinitely

many partial normalisations of fixed cogenus.

Example 2.19. Let C be the integral projective curve with normalisation P
1 and a unique

singular point p0 such that OC,p0 � C[t4, t5, t6, t7]. Then OC can be described as the Kernel

of:

O
P

1 → C
3

p(t)→ (p(1)(0),p(2)(0),p(3)(0)).

Let us start by finding the equation of T 2 ⊆ Gr(C3,2) � P
2. As before we need to un-

derstand for which [W ] ∈ P2 the OC module MW has a ring structure. As before, p(t) =∑
i≥0 ait

i , q(t) =
∑
i≥0 bit

i ∈ Ker(ϕW ), if and only if:(p)(1)(0)(p)(2)(0)
(p)(3)(0)

 = λ · (v1v2v3) ,
(q)(1)(0)(q)(2)(0)
(q)(3)(0)

 = ν · (v1v2v3) , λ,ν ∈ C

where v = (vj ) is the spanning vector of the line L =W ∗
⊥
. In order for MW to be a ring,

the derivatives of the product should lie on the same line, i.e. there should exist µ ∈ C
such that for all ai , bi ∈ C :(p·q)(1)(0)(p·q)(2)(0)

(p·q)(3)(0)

 = (
a0νv1+b0λv1

a0νv2+b0λv2+2νλv
2
1

a0νv3+b0λv3+2νλv1v2

)
= µ ·

(
v1
v2
v3

)
. (2.6)

We see that (2.6) is satisfied for any choice of coefficients as soon as v1 = 0 and so

P
1 � T 2 = {x = 0} ⊆ P

2
[x:y:z] and we can write explicitly the P

1 family of genus 2 partial

normalisations: C[a:b] = C[at2+bt3, t4, t5].Notice that for a , 0 theC[1:b′] are all isomorphic

to A4 as C-algebras, but they are not isomorphic as OC algebras. A computation similar

to the ones we just did proves that T 1 is again only one point and the corresponding

partial normalisation is a curve with a cuspidal singularity.

This example gives the motivation for the next short subsection, were we revisit the

spectral curve construction in a way which will be useful in the next section:

2.2.1. One Step Spectral Construction

Let F be a pure rank 1 sheaf on a reduced curve C with non trivial stabiliser with re-

spect to the Pic0(C) action. We have seen in Proposition 2.3 how to construct, iterat-

ing the spectral curve construction a finite number of times, the partial normalisation

SpecC (E ndC(F ,F )) := C̃
ν̃−→ C such that F = ν̃∗F̃ , and F̃ has not stabiliser with respect

to the Pic0(C̃) action. By construction C̃ has cogenus dim
C
Stab(F ).

Sometimes, choosing L ∈ Stab(F ) generically, we can get the curve C̃ performing the

spectral construction only once. Here genericmeans not contained in Ker
(
Pic0(C)

ν∗−−→ Pic(C ′)
)

for any C ′
ν−→ C such that ν̃ factors through ν. However, this is not always possible. For
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example in the case of 2.19, if we consider F = ν∗OCcusp
, then Stab(F ) � C

2 and any point

in this plane belongs to the one dimensional kernel La,b of the pull-back along Ca,b
νa,b−−−→ C

for one of the P1
[a:b] cogenus 1 partial normalisations.

Construction 2.20. Let C be projective, reduced, with normalisation a disjoint union of

P
1 and F a pure rank 1 sheaf on C and let Stab(F ) ⊆ Pic0(C) a j-dimensional subgroup

of the g(C)-dimensional group Pic0(C).

If we choose L1, . . .Lj ∈ Stab(F ) generically, then the smallest algebraic subgroup

of Stab(F ) spanned2 by the Li , is Stab(F ) itself. For each Li we have an isomorphism

F
φi−−→F ⊗Li and any two such isomorphism commutes (see Lemma 2.2). Thus we have

a morphism

φ = (φ1, . . . ,φj ) : F →F ⊗ (L1 ⊕ · · · ⊕Lj )

which endows F with a structure of Sym
(
(L1 ⊕ · · · ⊕Lj )∨

)
module.

Then there exist a unique compactly supported sheaf Ẽ on X := Tot(L1⊕· · ·⊕Lj )
π−→ C

such that π∗Ẽ = F and the push-down of the tautological section λ = (λ1, . . . ,λj ) : Ẽ →
Ẽ ⊗π∗(L1 ⊕ · · · ⊕Lj ) recovers φ (Compare with § 1.3).

Let C̃ be the scheme theoretic support of F̃ ; the same argument of Lemma 2.1 shows

that C̃
ν̃−→ C is a partial normalisation of C. Furthermore, the tautological sections OX

λi−−→
π∗Li restricted to C̃ trivialise ν̃∗Li so C̃ is a non trivial partial normalisation. Finally, the

stabiliser Stab(Ẽ ) of Ẽ with respect to the Pic0(C̃) action is ν̃∗Stab(F )/Ker(ν̃∗) (Compare

with Lemma 2.2), but the latter is trivial if we are in the assumptions of 2.20.

In conclusion, C̃
ν̃−→ C is the unique curve of genus g(c)− j such that F =� ν̃∗Ẽ with Ẽ

stabiliser-free with respect to the Pic0(C̃) action.

Remark 2.21. The uniqueness follows from the fact that, as we already remarked, we re-

cover C̃ fromF as SpecC (E ndC(F ,F )). In fact, clearlyOC̃ ⊆ ν̃∗E ndC̃(Ẽ , Ẽ ) � E ndC(F ,F ).

On the other hand, if the inclusion is proper then Ẽ is push-down from a further par-

tial normalisation, but this contradicts the fact that Ẽ stabiliser-free with respect to the

Pic0(C̃) action.

2.3. Interpretation of the invariants in terms of generalised tree

Let C be a connected, reduced projective curve of arithmetic genus g and with normali-

sation a disjoint union of P1 .

To simplify notation from now on we denote M1,[C](C) simply by M . Consider the

Cartesian diagram:

Stab Pic0(C)×M

M M ×M

p a

∆

2We mean the smallest algebraic subgroup containing all the powers of the Li and all their tensor prod-
ucts.
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where a is the action, i.e. a(L ,F ) = (L ⊗F ,F ) and ∆ the embedding of the diagonal.

Then Stab
p
−→ M is a group scheme whose fiber over a point m ∈ M is the stabiliser

Stab(m) ⊆ Pic0(C) of that point. Let us denote by Mj ⊆M the locus where the dimension

of the fibers of p is equal j, i.e. the locus of points whose stabiliser has dimension j.

The fiber dimension of a morphism of schemes (locally of finite type) is always an

upper semicontinuous function on the source scheme [GD65, Theorem 13.1.3], but since

Stab is a group scheme and therefore it has a section, namely the identity, the fiber di-

mension is also upper semicontinuous on the target M [Ber, Proposition 4.11].

It follows that each Mj is locally closed in M ; we endowed the Mj with their reduced

scheme structure. In particular, the locusM1,[C](C)◦ ⊆M1,[C](C) where the Pic0(C) action

is free, which in this case coincide with the locus of points with finite stabiliser, is open.

Notice that Mj can be also thought as the union of all orbits of dimension g(C) − j,
and thus it is Pic0(C) invariant.

Remark 2.22. The locus M1,[C](C)◦ coincides with Pic0(C) if C has only locally planar

singularities, but not in general. For example, if C has a non Goreinstein singularity,

then the dualising sheaf ωC is pure of rank 1, and E ndC(ωC ,ωC ) � OC by local duality. In

particular this implies that Stab(ωC ) = {e} . So there is a at least a second irreducible com-

ponent UωC � Pic0(C)⊗ωC ⊆M1,[C](C)◦ and in general this is not the only one [Kas12].

Definition 2.23. Let D be a connected, reduced, projective curve; we define the weight of
D to be the positive integer χ(M1,[D](D)◦).

The next result shows that the local contributions to the invariants can be localised to

curves homeomorphic to rational connected curves, i.e to generalised tree of P1:

Theorem 2.24. Let C be a connected, reduced projective curve of arithmetic genus g and
normalisation tN1 P1 . Then the Euler characteristic of its Simpson compactified Jacobian
M1,[C](C) is given by:

χ(M1,[C](C)) =
g(C)∑
j=0

χ(T g(c)−j , (sj )∗1)

where (sj )∗1 is the constructible function whose value at a point [D] ∈ T g(c)−j , is the weight of
D.

If C Xi is embedded in a smooth Calabi-Yau 3-fold X, then the contribution n0,[C]
to the invariant n0,i∗[C] is given by:

n0,[C] =
g(C)∑
j=0

χ(T g(c)−j , (sj )∗νM (X)) (2.7)

where (sj )∗νM takes the value χ(M1,[D](D)◦,νM (X)) at a point [D].

Proof. We begin by constructing the morphisms sj which induces the constructible func-

tions (sj )∗1 and (sj )∗νM .
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Let consider the restriction FMj
of the universal sheaf of M to C ×Mj and the pull-

back Stabj
p
−→ Mj of the group scheme Stab → M . Given a closed point m ∈ Mj we

can pick generic elements L1, . . .Lj in the fiber p−1(m) = Stab(m) in such a way that the

smallest algebraic subgroup spanned by the Li is Stab(m). Since the latter is an open

condition, on a neighbourhood Um of m we can choose local sections L1, . . .Lj of the

smooth map Stabj
p
−→ Mj such that for any m′ ∈ Um the smallest algebraic subgroup

spanned by L1|m′ , . . .Lj |m′ is Stab(m′). Let U = {Um} be a cover of Mj whose opens satisfy

the above property. Then for any Um we have a morphism of OC×Um modules

ΦUm
: FMj

|Um
φ
1
,...,φ

j
−−−−−−−→FMj

|Um ⊗ (L1 ⊕ · · · ⊕Lj ) (2.8)

where each φ
i
is an isomorphism. Construction 2.20 for the family of Higgs fields (2.8)

produces an eigen-sheaf sheaf ẼUm on TotC×Um

(
L1 ⊕ · · · ⊕Lj

)
, flat over Um, with compact

support C̃Um . Notice that furthermore, all the Li pull-back to trivial line bundles on the

spectral curve C̃Um . The construction commutes with taking pull-backs; in particular, the

pull-back to any closed m′ ∈ Um gives a partial normalisation C̃
ν̃−→ C of cogenus j , and

a sheaf Ẽ on C̃ such that: ν̃∗Ẽ � Fm′ and Ẽ is stabiliser free with respect to the Pic0(C̃)

action.

We have in this way constructed on any open Um a flat family C̃Um → Um of cogenus

j connected partial normalisations. The flatness follows from the constance of the arith-

metic genus, which in the case of curves it’s equivalent to the constance of the Hilbert

polynomial of the structure sheaf of the fibers; the connectedness follows from the fact

that Fm′ = ν̃∗Ẽ is stable and thus it cannot be the push-forward of a sheaf on a discon-

nected curve.

The families C̃Um →Um constructed above are unique up to isomorphism, as they can

be recovered from F as E ndC×Um
(
FMj
|Um ,FMj

|Um
)
(see Remark 2.25 ). It follows that

we can glue the C̃Um →Um on the intersections Um ∩Um′ to get a flat family of cogenus j

connected partial normalisations C̃
ν̃−→Mj .

Notice furthermore that the normalisation of each fiber of C̃
ν̃−→ Mj is isomorphic

to tN1 P1. Then, up to taking the semi-normalisation of the base M sn
j

sn−−→ Mj , Theo-

rem 1.8[Kol11] ensures that sn∗C̃ → M sn
j admits a simultaneous normalisation C →

M sn
j . Moreover, since C → C ×M sn

j and tN1 P1 ×M sn
j → C ×M sn

j are two simultaneous

normalisations of C ×M sn
j over a reduced base they are isomorphic, [Kol11]. In conclu-

sion the triple

tN1 P
1 ×M sn

j → sn∗C̃ → C ×M sn
j

defines amorphismM sn
j

sj
−→ PN

g(C)−j
con and thus amap of topological spacesMj → PN

g(C)−j
con .

Recall that, by definition of semi-normalisation, (Definition 1.5) themorphismM sn
j

sn−−→
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Mj is a homeomorphism, and thus

χ(M sn
j ) = χ(Mj ), χ(M sn

j , sn
∗νM (X)) = χ(Mj ,νM (X)) (2.9)

where we denoted by νM (X) the restriction to Mj of the Behrend function of the ambient

space M1,i∗[C](X). Let T
g(C)−j ⊆ PN g(C)−j

con be the closed subscheme, endowed with the

reduced structure, parametrising partial normalisation of genus g(C)− j homeomorphic

to a generalised tree and U its open complement. Then we have:

χ
(
M sn

j

)
= χ

(
PN

g(C)−j
con , sj∗1

)
= χ

(
T g(C)−j , sj∗1|T g(C)−j

)
+χ

(
U,sj∗1|U

)
(2.10)

χ
(
M sn

j , sn
∗νj

)
= χ

(
PN

g(C)−j
con , sj∗(sn

∗νj )
)

= χ
(
T g(C)−j , sj∗(sn

∗νj )|T g(C)−j
)
+χ

(
U,sj∗(sn

∗νj )|U
)

and thus to conclude it suffices to argue that sj∗1|U , sj∗(sn∗νM (X))|U are identically zero

on U.

By definition, the value at a point p ∈U of the constructible functions above is given,

respectively, by χ(s−1j (p)) and χ(s−1j (p), sn∗νM (X)|s−1j (p)). On the other hand, the fiber over

p = [CF ] is the open locus M ◦
1,[CF ](CF ) ⊆M1,[CF ](CF ) where the Pic0(CF ) is free, and

since we have we have chosen p ∈U , Pic0(CF ) contains a non trivial torus (C∗)k for some

1 ≤ k ≤ g(c) − j so χ(M ◦
1,[CF ](CF )) = 0 by Proposition 2.10. The same holds true for the

weighted Euler characteristic since νM (X) is invariant under the action of tensoring with

a line bundle.

Remark 2.25. We did not construct C̃Um directly as Spec
(
E ndC×Um

(
FMj
|Um ,FMj

|Um
))

be-

cause we could not argue directly that the sheaf of endomorphism of F is flat overUm. In

order to prove flatness it would be enough to prove that (†) : i∗m′E ndC×Um
(
FMj
|Um ,FMj

|Um
)
=

E ndC(i∗m′FMj
, i∗m′FMj

) and then use the constancy of the Hilbert polynomial for the right

hand side as m′ varies in Mj . In fact, if one manages to prove (†) one can then define

C̃→Mj directly and simplify the above argument.

In the case of curves with ADE singularities this theorem has an easier expression,

directly in terms of the finitely many orbits of the action. Unfortunately at the moment

we do not have a technique to compute the weight of curves other than planar ones, so it

is hard to compute χ(M1,[C](C)) explicitly.

We have computed in Example 2.17 that curves with ADE singularity admit finitely

many partial normalisation in any fixed genus. In fact, more is known; the main result

of [GK85] can be restated in the following way: for any curve C with a unique singular

point p0 which is a finite representation type singularity (See Appendix 2.3 below for

the definition), the only pure rank 1 sheaves on C with trivial Pic0(C) stabiliser are line

bundles when C is Gorenstein, line bundles and sheaves of the form ωC ⊗L , if C is not
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Gorenstein. In particular, M ◦
1,[C](C) is isomorphic to Pic0(C) in the Goreinstein case and

it is a disjoint union of two connected components, both isomorphic to Pic0(C), in the

non Goreinstein case.

Corollary 2.26. Let C be a connected, reduced projective curve with with only ADE singular-
ities, then

n0,[C] =
∑
D→C


ν(OD(g(D)), if ωD �L

ν(OD((g(D))) + ν(ωD(2− g(D)))


where the sum runs over the finitely many partial normalisations homeomorphic to a gener-
alised tree (Definition 1.19)of P1.

Proof. The only claimwe are left to prove is that ifOF denotes the orbit under the Pic0(C)

action of F � OD(g(D)) or F � ωD(2−g(D)) then χ(OF ,ν |OF
) = ν(F ). First notice that ν

is constant on the orbits of the action because we can extend the action to a local isomor-

phism around M1,[C](C) ↪→M1,β(X) [PT10, Lemma 3.11]. Second, recall that D home-

omorphic to a generalised tree means Pic0(D) � (C,+)g(D) and clearly OF � Pic0(D). In

conclusion χ(OF ,ν |OF
) = ν(F ) ·χ((C,+)g(D)) = ν(F ).

Remarks about the relation with genus 0 Gromov-Witten invariants

The above theorem gives an interpretation of Katz invariants in terms of birational mor-

phisms from curves homeomorphic to genus 0 curves but it does not seem to give any

new insight on the expected relation between genus 0 GW invariant and genus 0 BPS

invariants.

Another possible point of view to consider, which we didn’t explore yet but we think

might be worth pursuing, is proposed in what follows (without any claim of it being

rigorous).

Let us consider C ↪→ X an integral, rational rigid curve in a Calabi-Yau 3-fold X.

Under the rigidity hypothesis, M1,[C](C) is a connected component of M1,β(X) and it

also make sense to define the contribution of C to genus 0 GW invariants as the length

of the zero dimensional scheme M0,0(C, [C]), whose unique reduce point represent the

normalisation of C.

If C � P
1×M0,0(C, [C]) and F denote respectively the universal curve and the univer-

sal map over M0,0(C, [C]), then F∗OC is an object in M1,[C](C)
(
M0,0(C, [C])

)
. This means

that we have a morphism M0,0(C, [C]) → M1,[C](C) and the image of M0,0(C, [C]) is a

certain thickening Z of the point [f∗OP
1], where f is the normalisation.

On the other hand, given the action of Pic0(C) on the subspace M1,[C](C), for a generic

choice of j in Lie(Pic0(C)), we get a vector field V on the moduli space:

OM1,γ (C)
V−→ TM1,γ (C) (2.11)

which vanishes on the fixed points of the action. Suppose this extends to a vector field V

on the whole moduli space M1,β(X) := M , e.g. if C is rigid as we assumed. Dualising V
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and remembering that, since M admits a symmetric obstruction theory with obstruction

sheaf ΩM , we get a cosection

ObM
V
∨

−−−→ OM

whose degeneracy locus, around M1,γ (C), coincides with the fixed locus of the Pic0(C).

Then by [KL13], we get a cosection localized virtual [D(V
∨
)]vir
V
∨ cycle supported only on

the fixed points of the Pic0(C) action.

But for our integral rigid curve with normalisation P
1 the fixed locus is [f∗OP

1], so the

cosection localised cycle [D(V
∨
)]vir
V
∨ , should probably be ( if we assume the local version

of the GW/BPS correspondence in genus 0 and in the base case d = 1) the cycle [Z].

Appendix: curves of finite representation type and in particular

curves with ADE singularities

Definition 2.27. [Kas12] Let p ∈ C be a singular point of C; the singularity at p is said to

be of finite representation type if there exist finitely many isomorphism classes of rank

1 pure modules on ÔC,p.

A curve singularity is of finite presentation type if and only if its analytic local ring

is one of those listed in Table 2.1 or in Table 2.2 [GK85]. We say that a curve C has a

singularity of type ADE in p if locally analytically around p the ring of regular function

is one of those in Table 2.1.

The remaining finite representation type singularities are all non Goreinstein and

they are partial normalisations of curves of type ADE, we recall their parametrisation in

Table2.2:

Remark 2.28. Example 2.19 and more in general all curves admitting infinitely many

non isomorphic partial normalisations are not of finite presentation type. However, it

is possible to have finitely many isomorphism classes of partial normalisations, but in-

finitely many isomorphism classes of pure rank one modules. This is the case for any

curve with a genus zero singularity 1.16 with 4 or more branches.
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Table 2.1: Singularities of type ADE

Singularity Parameterization

An, n ≥ 2 and even k[[t2, tn+1]]
An, n ≥ 1 and odd k[[(t, t), (t

n+1
2 ,0)]]

Dn n ≥ 3 and odd k[[(tn−2, t), (t2,0)]]
Dn n ≥ 3 and even k[[(t, t,0), (t

n−2
2 ,0, t)]]

E6 k[[t3, t4]]
E7 k[[(t2, t), (t3,0)]]
E8 k[[t3, t5]]

Table 2.2: NG Singularities of finite representation type

Singularity Parameterization

An ∨L, n ≥ 2 and even k[[(tn+1,0), (t2,0), (0, t)]]
An ∨L, n ≥ 1 and odd k[[(t(n+1)/2,−t(n+1)/2,0), (t, t,0), (0,0, t)]]
E6(1) k[[t3, t4, t5]]
E7(1) k[[(t2, t), (t3,0), (t4,0)]]
E8(1) k[[t3, t5, t7]]





3
Towards non reduced class

contribution

We now want to study the contributions n0,γ for γ non reduced. In this case the moduli

space M1,γ (C) is more complicated: F ∈M1,γ (C) could be a higher rank sheaf on the

reduced curve C as well as a sheaf supported on some thickening of C.

We keep looking for an interpretation of the fixed points of the Pic0(Ĉ) action on

M1,γ (C) as sheaves pushed-forward from genus 0 curves, and the idea is once again to

understand the spectral curve associated to a Higgs field isomorphism F →F ⊗L .

Wedid not explore the spectral construction on non reduced curves and already in the

case of higher rank sheaves supported on reduced curves we do not have yet an efficient

procedure to study the geometry of CF in general.

In this chapter we just report the very few examples we worked out so far; most likely

to treat the general case we need a different idea than the one we pursued here.

We will see that Pic0(C) invariant higher rank sheaves supported on a (reduced) curve

with a node or a with a cusp are indeed push down from a genus 0 curve. However we

have to include in the picture non reduced curves, thus before going into the example

we recall the definition of generalised rank, which we will denote by Rk, for a sheaf

supported on a non reduced curve.

Filtrations of sheaves in M1,γ (C) and associated graded

Let C be an integral projective curve with normalisation P
1, and γ = l[C] a cycle sup-

ported on C. Fix F ∈M1,γ (C) whose support is a thickening Cr of C of length r, i.e. such

51
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that [Cr ] = r[C] with r ≤ l.We define a filtration:

F1 ⊆F2 ⊆ · · · ⊆Fr = F

constructed iteratively taking the Kernel of the natural restriction map Fk �Fk |C , and
a graded object supported on the reduced curve associated to F , namely G(F ) = ⊕riFi |C
of rank l and Euler characteristic χ(G(F )) = χ(F ).

Remark 3.1. Notice that if F is fixed by the Pic0(Ĉ) action so is each sheaf F1 ⊆ F2 ⊆
· · · ⊆Fr on its filtration and its associated graded G(F ) = ⊕riFi |C .

So we start by investigating Pic0(Ĉ) invariant sheaves of higher rank on reduced

curves. In what follows we will abuse terminology and say that a sheaf F on a non

reduced curve C has rank r if the associated graded has rank r on the underlying reduced

curve; we will use the notation Rk(F ) for the rank of the associated graded.

Reminder of Section 1.3

Let C be an integral, rational, projective curve. Recall that, given a pure rank r sheaf F

and a Higgs-field F
φ
−→ F ⊗L on C with L ∈ Pic0(C), we have an induced O

P
1 valued

Higgs-field:

E := (ν∗F )/tors
φ0−−→ E (3.1)

on the normalisation P
1 ν−→ C; the eigenvalues of φ0 are constant. Thus the associated

spectral curve is a disjoint union of multiple P1:

CE =
{
(λ′ −α1)k1 · · · · · (λ′ −αm)km) = 0

}
⊆ P

1 ×C. (3.2)

Then we argued in Section 1.3, the spectral curve CF for (F ,φ,L ), namely the

scheme theoretic support of the eigen-sheaf Eφ is the scheme theoretic image of CE along

the morphism

ν̃ : Tot(ν∗L ) � P
1 ×C→ Tot(L ), (3.3)

i.e. CF is the closed subscheme of Tot(L ) whose ideal sheaf is the Kernel of:

OTotL → ν̃∗OP
1×C� ν̃∗OE (3.4)

Also recall that we call pure a projective curve whose structure sheaf is pure, i.e. it

does not have torsion sub-sheaves. This is equivalent to say that the curve does not have

embedded points, i.e. is Cohen-Macaulay. We have seen in Lemma 2.1 that the spectral

curve of a pure Higgs sheaf F
φ
−→F ⊗L is pure; here another way to argue for Pic0(C)

fixed ones:

Remark 3.2. The scheme theoretic image CF of CE along ν̃ is pure. Indeed, since ν̃ is

birational, we have an injective morphism of sheaves OCF
↪→ ν̃∗OCE

. Suppose that OCF
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has a torsion sub-sheaf T . Then

0 ,HomCF
(T , ν̃∗OCE

) �Hom(ν∗T ,OCE
) = 0

where the last equality follows from the fact that CE is pure.

3.1. Invariant higher rank sheaves on rational curves with a sin-

gle node

In this section, C is an integral curve with a unique singular point p0 which is an ordinary

node and normalisationP
1 ν−→ C.Wewill use the following notation: we denote by {x,y} =

ν−1(p0) the pre-image of the singular point, by Lα , with α ∈ C∗, the line bundle obtained

from P
1 ×C choosing {x} ×C

α
�−→ {y} ×C as gluing automorphism.

Lemma 3.3. For any pure rank r sheaf F on C and any Higgs field F
φ
−→F ⊗Lα , which is

an isomorphism, the spectral curve CF is a pure curve of arithmetic genus 0. The underlying
reduced curve has chains of P1 as connected components (Definition 1.19).

Proof. In order to study the geometry of CF , we look at the Higgs-field E
φ0−−→ E (3.1)

on P
1 associated with φ , and we describe the scheme theoretic image CF of CE (3.4)

along ν̃ (3.3). Since outside of the singularity p0 both ν and ν̃ are isomorphisms, we

can work analytically locally around the singularity as elsewhere CF is isomorphic to

CE . In the following we abuse notation and keep denoting by CF and CE their analytic

neighbourhoods around π−1(p0) ⊂ Tot(La) and ν̃−1π−1(p0) ⊆ P
1 ×C respectively.

As in Example 1.30, we look at an explicit local description of the morphism ν̃ in

the relevant charts. Denoting by λ the fiber coordinate of Tot(Lα) and by λ′ the fiber

coordinate on P
1 ×C, we have that ν̃ is analytically locally given by:

C[t1, t2,λ]/(t1 · t2)
ν̃−→ C[t1,λ

′]⊕C[t2,λ′] (3.5)

λ→ (λ′ ,α ·λ′). (3.6)

We want to understand the image under ν̃ of the general CE (3.2), for a fixed Lα .

First let us look at the case CE = {(λ′ −α1) = 0} .1 Second we look at the the case of a

multiple section, i.e., CE =
{
(λ′ −α1)k = 0

}
. Finally we will look at the case of a disjoint

union of two ( possibly multiple) sections , i.e. CE =
{
(λ′ −α1)k1(λ′ −α2)k2 = 0

}
.

1. In the first case CF is the union of the two disjoint lines in Tot(Lα) defined by the

ideal

ICF
= (t1,λ−α1)∩ (t2,λ−

1
α
·α1).

1This is for example the case that occurs when we look at rank one sheaves, so we already know from the
previous chapter that CF is isomorphic to a P

1, so analytically locally around the singularity we have two
disjoint smooth branches. The computation we perform now explains the way such a P1 is embedded in the
fixed Lα .
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Looking at the global picture, this tells us that the image of a constant section is

still isomorphic to aP1 and suchP
1 intersects the fiber over the node at (p0,α1) and

(p0,
1
αα1) (Look back at Figure 1).In particular the spectral curve is not a section of

Tot(Lα)→ C, unless α = 1 and the line bundle is the trivial one.

2. In the second case, the image CF of the k−th thickening CE :=
{
(λ′ −α1)k = 0

}
is the

unique pure thickening of length k of ν̃(Cred
E ), where the image is again in the sense

of (3.4). Then CF is defined by the ideal

(t1, (λ−α1)k)∩ (t2, (λ−
1
α
·α1)k) �

(
I k
CLα

)pure
.

Looking at the global picture, this tells us that the image of the k-th thickening

kP1 ⊆ P
1 × C of the constant section is once again isomorphic to the source. In

particular this means that χ(OCF
) = k.

3. In the third case, the ideal of CF is given by:

ICF
= (t1, (λ−α1)k1)∩ (t2, (λ−

1
α
α1)

k2)∩ (t1, (λ−α2)k1)∩ (t2, (λ−α2α)k2).

Thus, unless α2 =
1
α ·α1 or α2 = αα1, CF is again isomorphic to the disjoint union of

the two multiple sections. Let us instead assume that α2 =
1
α ·α1 (the other case is

completely symmetric); then two of the four separate branches of the analytic local

picture meet in the point S = (p0,α1) in the fiber over the node; to complete the de-

scription of CF , we need to compute the multiplicity of the intersection in S. To do

that, we compute the zero dimensional cokernel of the inclusion OCF
→ ν̃∗OCE

and

see that it is generated over C by the functions
{
(1,0), (λ′ ,0) . . . , (λ′(k1−1),0)

}
, where

k1 is the min between k1 and k2. Furthermore, from the ”normalisation ” exact se-

quence

0→ OCF
→ ν̃∗OCE

→ O
k1
S → 0

we see that the arithmetic genus of CF is zero also in this last case and χ(OCF
) = k2.

Finally notice that each irreducible (multiple) component Ci = ν̃(
{
(λ′ −αi )ki = 0

}
) of CF

meets at most two other irreducible components and that there are no cycles. Indeed, Ci
and Cj meets if and only if αj = ααi or αj = αi /α, so there are at most two possible j and

obviously no cycles.

Remark 3.4. Notice that the curves CF obtained in the above Lemma as scheme theoretic

images under ν̃ of some CE have holomorphic Euler characteristic χ
(
OCF

)
≥ 1,where the

equality holds if and only if CF is reduced and connected, i.e. a chain of P1.

Corollary 3.5. Let F be a rank r sheaf on a reduced integral curve C with a single node. Then
F is Pic0(C)-fixed if and only if it is push-down of a sheaf Eφ from a curve C = C1 ∪ · · · ∪
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P
1 ×C

x y
1
α ν̃

Tot(Lα)

ν̃(1)

ν̃(α)

Figure 3.1: Spectral curve case (3) Lemma3.3

CN
π−→ C such that: two components Ci and Cj meet at most in a point (possibly non reduced),

the arithmetic genus g(C) = h1(OC) = 0, the connected components of Cred are chains of P1.
Moreover Eφ is such such that: r = Rk(Eφ |C1

) + · · ·+Rk(Eφ |CN
).2

Proof. If F = π∗E is push-down from such a curve C satisfying the conditions above,

then F is fixed by Pic0(C) since by projection formula π∗E ⊗L � π∗(E ⊗ π∗L ) and by

assumption Pic0(C) = 0.

Viceversa, if F is fixed by Pic0(C), then for each L ∈ Pic0(C) we have an isomorphism

F
φ
−→F ⊗L and thus we can think of F as being push-down from of the eigensheaf Eφ

from the spectral curve CF of (F ,φ,L ). As we reminded in § 3, the spectral curve

CF is the scheme theoretic image ( in the sense of (3.4)) along ν̃ : P1 ×C → Tot(L ) of

the spectral curve CE for Higgs field φ0 : E = ν∗F /tors → E on the normalisation P
1.

Lemma 3.3 describes the geometry of such a curve CF and in particular proves that the

latter satisfy the hypothesis assumed for C.

If we don’t impose any stability condition we can’t be any more precise about the ge-

ometry of CF or about the eigen-sheaf Eφ . However, for F ∈M1,γ (C) of rank r supported

on C we can say more.

Lemma 3.6. Let C be as in Corollary 3.5. A pure sheaf F supported on C is stable with
χ(F ) = 1 if and only if F � OCk with Ck ⊆ C a chain of P1.

Proof. If F � OCk then it is obviously stable of holomorphic Euler characteristic one.

Let’s now suppose that F on C is stable with χ(F ) = 1. First, C is connected , as

there are not strictly stable sheaves supported on a disconnected curve. Moreover, since

χ(F ) = h0(C,F ) − h1(C,F ) = 1, then F admits at least one non zero section OC
s−→ F

and thus OZ = OC/Ker(s) ⊆ F with Z a pure sub-curve of C. In particular, Z itself has

h1(OZ ) = 0 and thus χ(OZ ) ≥ 1, and the equality holds only when Z is a chain of P1. It

thus follows by stability of F and by Lemma 1.35 that Z must be a chain Ck for some k

and in that case Ok �F again by Lemma 1.35.

2See §3 for the definition of Rk
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Proposition 3.7. Let F be a pure rank r stable sheaf on C with χ(F ) = 1; F is fixed by the
Pic0(C) action if and only if F � νr∗OCr , where νr : Cr → C is a morphism from a chain of P1

which does not factor through any sub-chain, in particular νr is r : 1.

Proof. Let first suppose that F � νr∗OCr ; then, as usual, we easily see by projection for-

mula that it is fixed by Pic0(C) and since νr is affine χ(F ) = χ(OCr ) = 1. We are left to

prove that under the hypothesis that νr does not factor through any sub-chain the push-

forward νr∗OCr is stable. We do this by induction on r; for r = 1 it is obvious. Let us

suppose that the claim is true for the push-down of the structure sheaf from a r−1 chain.

Let now consider Cr = Cr−1 ∪ C1; notice that OCr is the unique up to scalar non trivial

extension e in Ext1Cr (i∗OCr−1 , j∗OC1(−1)). The hypothesis that νr does not factor trough any

sub-chain ensure that the push-down:

νr∗(e) : 0→ νr∗j∗OC1(−1)
j
−→ νr∗OCr

i−→ ν(r−1)∗OCr−1 → 0

is still a non trivial extension. Moreover by the inductive hypothesis, both νr∗j∗OC1(−1)
and ν(r−1)∗OCr−1 are stable of holomorphic Euler characterstic 0 and 1 respectively.

Let consider G Fk ; we want to show (see Lemma 1.35) that χ(G ) ≤ 0. If i◦k = 0

then the inclusion k factors trough j , i.e. G is a sub-sheaf of νr∗j∗OC1(−1) and we are done

since the latter is stable of Euler characteristic 0. Otherwise, first notice that from the

Kernel-Cokernel sequence we get that

K = Ker(G
i◦k−−−→ ν(r−1)∗OCr−1) ⊆ νr∗j∗OC1(−1),

which implies χ(K ) ≤ 0. Moreover, G /K ⊆ ν(r−1)∗OCr−1 and since the latter is stable of

Euler characteristic 1 by inductive hypothesis, χ(G /K ) ≤ 0 and thus we are done as the

homolorphic Euler characteristic is additive.

Viceversa, let F of rank r and χ(F ) = 1 fixed by Pic0(C). Then for any L , OC , if we

consider the (unique up to scalar) Higgs field F F ⊗L
φ
� we can think of F as

the push-down of its eigen-sheaf Eφ . By Lemma 3.6 CF is a chain of P1 of length k ≤ r
obtained as shown in Lemma 3.3 from k copies of the normalisation Ci ,xi , yi gluing yi
to xi+1 and since Eφ is stable with χ(Eφ) = 1 on Ck we in fact have Eφ � OCk , which in

particular forces k = r as every component of the chain maps birationally to C.

I think that using a technique similar to the one adopted in this section it would be

possible to show that:

Conjecture 3.8. If F is a stable rank r sheaf with χ(F ) = 1 on an integral curve C whose
only singularities are genus 0 singularities, then F � p∗OCr where Cr is generalised tree with

r irreducible components, and the morphism Cr
p
−→ C does not factor trough any sub-tree and

restrict to the normalisation on each irreducible component.
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However, since I hope in the future to find a more elegant way to describe the struc-

ture of the spectral curve also in the higher rank case, I do not want to torture the reader

any further with computations of the above type (for this section).

Remark 3.9. Another point of view worth exploring in order to understand higher rank

sheaves on singular curves could be the following: inspired by the rank 1 case, we might

want to think of a sheaf F on C as a module over A = E ndC(F ,F ). In the higher rank

case the latter is non commutative, but F is also a module over the center of A . I think

it might be interesting to understand weather the structure sheaf of the spectral curve is

indeed such center.

Remark 3.10. Let C ↪→ X be the embedding of an irreducible nodal curve with a sin-

gle node in X a CY 3-fold, and let us assume that the normal bundle of C in X is

NC/X � L ⊕L ∨ with L a non torsion line bundles of degree 0; in particular C is rigid.

The contribution to genus 0 GW invariants in class r[C] for such a curve has been com-

puted in [BKL01, Theorem 1.2] to be
∑
k|r 1/k

3. Thus accordingly to the genus 0 GW/GV

correspondence the contributions n0,r[C] are equal 1 for all r.

Furthermore, looking at [BKL01] proof we see that the contribution is computed in

the following way: there is an isomorphism of moduli spaces⊔
(d1,...,dn),

∑
di=r

M0,0(Cn, (d1, . . . ,dn))→M0,0(C,r)

whereM0,0(Cn, (d1, . . . ,dn)) are genus 0 stable maps with target a length n chain of P1 and

fixed degree on each irreducible component. The contribution of M0,0(Cn, (d1, . . . ,dn)) is

then computed to be 1/k3 when all the di are equal k and zero otherwise.

We have seen that on the reduced curve C the only stable sheaf which is C∗ invariant

is νr∗OCr . In fact, under the above rigidity hypothesis, we expect that if F ∈M1,r[C](C) is

C
∗ fixed, then F is push-forward from the reduced curve C and thus is νr∗OCr . If this is

true, then n0, r[C] is essentially identified with the contribution ofM0,0(Cr , (1, . . . ,1)).

For r = 2 we can actually prove that all stable sheaves of Euler characteristic 1 are in

fact pushed forward from C, but it is not yet clear how to proceed in the general case.

3.2. Invariant higher rank sheaves on the cusp

In this section C denotes an integral, rational projective curve with a unique singular

point p0 which is an ordinary cusp. As in the previous section, ν : P1 → C denotes the

normalisation. Moreover we denote by Lm for m ∈ Ga the degree 0 line bundle on C

whose sheaf of section is the kernel of ν∗OP
1
p′(p0)−mp(p0)−−−−−−−−−−−−→ Op0 and by ñu the morphism

P
1 ×CC→ Tot(Lm).

Remark 3.11. In general, f C is an integral curve with only unibranch singularities, then

both the normalisation morphism ν : P1→ C and the morphism ν̃ : P1 ×C→ Tot(L ) for
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L a degree zero line bundle on C, are homeomorphisms. In particular, if Z ⊆ P
1 ×C is a

one dimensional sub-scheme and ν̃(Z) is its scheme theoretic image (always in the sense

of 3.4), then the number of connected components of Z and ν̃(Z) is the same.

Lemma 3.12. Let C be a curve with a cusp singularity, P1 ν−→ C its normalisation and ν̃ : P1×
C → Tot(L ) the induced morphism. The scheme theoretic image Ck = ν̃(kP1) of the k-th
thickening of P1 in P

1 ×C is a pure curve of arithmetic genus g(Ck) = dimH1(Ck ,OCk
) = 0,

and Cred
k � P

1.

Proof. We first prove that Ck has ”delta invariant” k−1 with respect to its ”normalisation”

kP1, i.e. there is a short exact sequence:

0→ OCk
→ ν̃∗OkP1 → Ok−1

Q → 0 (3.7)

where Q is a point in the fiber over p0. As in the previous section, outside the singular

point ν̃ is an isomorphism and thus we only have to understand the geometry of Ck

locally around ν̃−1(p0). Unfortunately we do not have a geometric insightful way to do

that and we proceed by brute force algebra. Recall from Example 1.30 that the morphism

ν̃ is given, in a trivialising chart U0 for Lm around the singular point, by the inclusion:

C[t2, t3, (1−m2t2)−1,λ]
ν̃−→ C[t, (1−m2t2)−1,λ′]

λ→ λ′ +mtλ′ .

We want to understand the kernel of the morphism F given by the composition

C[t2, t3, (1−m2t2)−1,λ]
ν̃−→ C[t, (1−m2t2)−1,λ′]→ C[t, (1−m2t2)−1,λ′]/(λ′ −α)k .

However, to prove (3.7), it is enough to argue that the cokernel K = ν̃∗OkP1/ Im(F) has

length k−1. If k = 1 then Im(F) � C[t2, t3, (1−m2t2)−1,α+mtα] � C[t, (1−m2t2)−1] and thus

we are done. If k ≥ 1,we will show that the K is generated over C by
{
λ′ , . . . , (λ′)k−1

}
. The

algebra C[t, (1−m2t2)−1,λ′]/(λ′ −α)k it is infinitely generated over C by the monomials

(λ′)atb

(1−m2t2)c
b,c ∈N, 0 ≤ a ≤ k − 1.

We want to understand which among those generate the cokernel. Since coker ν̃ � C[λ′],

we get that
{
λ′ , . . . , (λ′)k−1

}
⊆ coker(F). Now notice that for each a,c, and for b ≥ 2

(λ′)atb

(1−m2t2)c
= F

(
λatb(1−mt)a

(1−m2t2)a+c

)
. (3.8)

Consequently we have that for any a > 1, c the class of (λ′)at/(1−m2t2)c in K is the same

as the class of (λ′)a, indeed, first notice that from (3.8):

(λ′)at/(1−m2t2)c − (λ′)at ∈ Im(F)
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and thus the class of (λ′)at/(1 −m2t2)c in the quotient K is the same as for (λ′)at inde-

pendently of c. Finally observe that:

(λ′)at =
1
am

(λa −
∑
i≥2

(
a
i

)
miti(λ′)a − (λ′)a). (3.9)

Last, we have to check that the class of t in the K can be written as linear combina-

tion of λ′a, but this will follow from the previous points and from the following explicit

expression of F((λ−α)k)) :

F((λ−α)k)) = (λ′ +mtλ′ −α)k =

=mt(λ′)k +mtλ′
k−2∑
i=1

(
k − 1
i

)
(λ′)iαk−1−i︸                            ︷︷                            ︸

∈〈λ′ ,...,(λ′)k−1〉by (3.9)

+
k−2∑
i=0

(
k
i

)
(mtλ′)k−i

i∑
j=0

(
i
j

)
(λ′)jαj−i

︸                                   ︷︷                                   ︸
∈Im(F)by (3.8)

Finally mt(λ′)k = mtαk +mt
∑k−1
i=0

(k−1
i

)
(λ′)i(−α)k−1−i in Im(F) and this allow us to con-

clude again by (3.9). We have finally proved (3.7), and now the fact that the arithmetic

genus is 0 follows computing inductively H1(Ck ,OCk
) using the left most colon of the

commutative diagram:

OC1
(−1) ν̃∗OP

1 OQ

OCk
ν̃∗OkP1 Ok−1

Q

OCk−1 ν̃∗O(k−1)P1 Ok−2
Q .

ν̃

ν̃

ν̃

Proposition 3.13. Let F be a pure rank r stable sheaf on C with χ(F ) = 1; thenF is fixed by
the Pic0(C) action if and only if F � νr∗OCr

where Cr is a length r, genus 0 thickening of P1

with νr not factoring through any sub-scheme Ck .

The proof of Proposition 3.7 can be adapted to prove the above statement; we thus

refrain from repeating the arguments.

Higher rank Pic0(C) invariant sheaves on general reduce curve

Given a Pic0(C) invariant rank r sheaf F on a curve C with a unibranch singularity

worst than cuspidal, the spectral curve CF associated to an Higgs field isomorphism

F
φ
−→F ⊗L can be a thickened P

1 with strictly positive arithmetic genus.

For example, let C be a integral curve with normalisation P
1 and a unique singular

point p0 with analytic local ring given by C[[t3, t4, t5]]. In this case Pic0(C) � C
2 and for
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a line bundle L(a,b) which is generic, i.e. a , b , 0, a computation similar to the one of

Lemma 3.12 shows that the scheme theoretic image ν̃(2P1) ⊆ Tot(La,b) is a thickened

P
1 of arithmetic genus 1, with structure sheaf Oν̃(2P1) determined by an extension e ∈

Ext1Tot(La,b)
(O

P
1 ,O

P
1(−2)).

However, CF is still a curve homeomerphic to a genus 0 curve and this is true in

general. Indeed, the results of the previous chapter imply that for any integral reduced

curve with normalisation P
1 the scheme theoretic image along ν̃ : P1 ×C → Tot(L ) of

a reduced section P
1 � {λ′ −α = 0} ⊆ P

1 × C is isomorphic to P
1. Combining the last

observation with the claim of 3.8, we expect a statement like the following to hold true:

Conjecture 3.14. Let C be a reduced projective curve with normalisation a disjoint union of
P
1. A pure sheaf F on C is Pic0(C) fixed if and only if it is push-down from a curve C whose

connected components Ci , endowed with their reduce scheme structure, are generalised tree.



4
Moduli space of stable maps in genus

1 and Li-Zinger reduced invariants

This second part of the thesis is essentially the content of [BCM18], joint work with

L.Battistella and C. Manolache.

In this first chapter we will: recall the description of the irreducible components of

M1,n(Pr ,d), review Hu-Li equations and desingularisation of the moduli space of maps

to P
r (which allows to define reduced invariants), and finally give two different proofs of

the smoothability criterion for maps in genus 1. Let us start by fixing some notation we

are going to use in the next 3 chapters:

Notation and Conventions

We denote by M1,n(X,β) denote Kontsevich’s moduli stack of n-pointed genus 1 stable

maps to X in the homology class β. We may use the shorthand M for a moduli space

of stable maps, and always denote by (π,f ) : CM → M × X the universal curve and the

universal stable map.

We denote M1,n the algebraic stack of prestable n-marked curves of arithmetic ge-

nus, and denote by C
π−→ M1,n the universal curve. We will later define the algebraic

stacks M
wt=d,st
1,n (Definition 4.4) and Mdiv

1,n (Subsection 4.1.1) parametrizing respectively

pre-stable pointed curves decorated with weights, and pre-stable pointed curves to-

gether with a Cartier divisor, and see that there are natural forgetful morphisms Mdiv
1,n →

M
wt=d,st
1,n →M1,n. We will often abuse notation and keep denoting by C and π the pull-

backs of the universal curve.

We shall also consider the universal Picard stack P = Pic
totdeg=d,st
1,n of π : C → M1,n

with universal line bundle L , subject to the stability condition that ωlog
π ⊗L ⊗2 is π-

61
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ample, and the requirement that the total degree of L on the fibers of C is d. Above we

denoted by ωlog
π = ωC /P(σ1+ · · ·+σn) where σi are the universal sections of C

π−→ P. Notice

that we denoted again by (C ,π) the pullback of the universal curve to the Picard stack

along the forgetful map P→M1,n. Through the chapter we will keep denoting by (C ,π)

also its pull-backs to all relevant algebraic stacks mapping on M1,n.

Let λ denote the projectionPic
totdeg=d,st
1,n →M

wt=d,st
1,n , where the weight comes from the

degree of the line bundle. The forgetful map M =M1,n(Pr,d)→M
wt=d,st
1,n factors through

λ by declaring LM := f ∗O
P
r (1). We shall often use shorthand notationM forMwt=d,st

1,n and

P for Pictotdeg=d,st1,n .

There is a ”cuspidal version” of all the spaces introduced in the above section; we will

denote by M1,n(1) the stack pre-stable, at worst cuspidal curves, by M̂ :=M
wt=d,st
1,n (1) the

weight-decorated version, by Mdiv
1 (1) the stack of pre-stable curves together with a rela-

tive Cartier divisor, and by P̂ := Pictotdeg=d,st(1) the connected component of line bundles

of total degree d the universal Picard stack over the space of pre-stable (or weighted pre-

stable) cuspidal curve. (See Chapter 5 for the precise definitions).

4.1. Components and Hu-Li equations

The global geometry of the moduli space M1,n(Pr ,d) is well understood. In this section

we recall how to describe the irreducible components of M1,0(Pr ,d) and Hu-Li’s proce-

dure to find local equations for the moduli space in a smooth ambient space [HL10a].

Now that we have introduced all the necessary notation, we can indeed sum up Hu-Li

method for finding equations of the moduli space of maps in a smooth ambient. We will

then be more precise in Section § 4.1.1.

Since giving a map in P
r is the same as giving a base point free line bundle together

with r+1 sections, the moduli space of maps to P
r can be described as an open inside the

cone π∗L ⊕r+1, which lives over P. In section § 4.1.1 we will see how to find equations for

π∗L
⊕r+1 in a smooth ambient space. In fact, following Hu-Li original approach we will

work over Mdiv
1,n rather then P, which we can do once we fix coordinates on P

r . It is also

possible to work on P; we will see how in Chapter 6 when we will study equations for a

space similar to the space of maps.

Components

Themain component of the moduli space, denoted byM1,n(Pr ,d)main, is defined to be the

closure of the irreducible locus of stable maps with source a smooth elliptic curve to P
r .

Moreover, for every positive integer k and partition λ ` d into k positive parts, there is

an irreducible boundary component Dλ(Pr ,d) defined to be the closure of the locus where:

(i) the source curve is obtained by gluing a smooth elliptic curve E with k rational tails

Ri � P
1,

(ii) the map contracts the elliptic curve E to a point,
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(iii) the map has degree λi on the rational tail Ri .

The irreducibility follows from the fact that Dλ(Pr ,d) is the image of the gluing mor-

phism from the fiber product:M1,k ×
k∏
i=1

M0,1(P
r ,λi )

×(Pr )k Pr .
We will denote by Dk the union of all the Dλ(Pr ,d) where λ has k parts. We will use the

following terminology:

Definition 4.1. We call core of a connected genus 1 curve the unique smallest (by inclu-

sion) sub-curve of arithmetic genus 1.

Proposition 4.2. (1) These are all the irreducible components of M1(Pr ,d):

M1(P
r ,d) =M1(P

r ,d)main ∪
⋃
λ

Dλ(P
r ,d).

(2) A map [f ] lies in the boundary of the main component if and only if:

• either f is non-constant on at least one irreducible component of the core,

• or if f contracts the core, write C = E ptq
⊔k
i=1Ri , where E is the maximal contracted

genus 1 subcurve, then {df (TqiRi )}
k
i=1 are linearly dependent in Tf (E)Pr .

In this case we say that [f ] is smoothable.

This is due to R. Vakil and A. Zinger, see [Vak00, Lemma 5.9] or[VZ07]. We shall later

discuss a proof of this fact based on local equations for the moduli space.

4.1.1. Hu-Li equations

Recall that a map C→ P
r is given by a line bundle L on C together with r +1 sections in

H0(C,L) that generate the line bundle, i.e. they don’t have a base locus.

It is therefore natural to look for an embedding ofM1(Pr ,d) as an open insideπ∗L ⊕r+1,

where we denoted: by L universal line bundle of total degree d on the universal Picard

stack P := Pic
totdeg=d,st
1,n of π : C →M. Let ωlog

π be the relative canonical bundle twisted

by the n universal sections of π; then L is subject to the following stability condition:

ω
log
π ⊗L ⊗2 is π-ample.

The stack Mdiv
1,n

Hu and Li actually work over a local chart of Mdiv
1 , which is the stack parametrising

families of nodal genus 1 curves together with a relative Cartier divisor; these have to
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satisfy a stability condition, namely that ωπ⊗OC (2D) is a π-ample line bundle, where D
is the universal Cartier divisor.

We can construct Mdiv
1,n as the open locus inside

C(π∗L ) = SpecP Sym
•(R1π∗L

∨ ⊗ωπ)

(see [CL12] and Section 6.2.1), where the section of L is not 0 on any irreducible com-

ponent of the curve. The morphism to the base Mdiv
1,n → P is obtained by declaring

LMdiv
1,n

:= OC (D).

An étale chart over Mdiv
1,n for the moduli space of maps

Let [f : C → P
r ] = ([u0 : · · · : ur ], ui ∈ H0(C,f ∗O

P
r (1)) be a point of M1(Pr ,d): we may

fix homogeneous coordinates on P
r in such a way that D := f −1{x0 = 0} ⊆ C is a simple

divisor supported on the smooth locus of C, i.e. a d-uple of distinct smooth points. The

latter is an open condition and it will thus hold in a neighbourhood of [f ].

This gives a morphism from an étale chart U ofM1(Pr ,d) to an étale chart V ofMdiv
1 .

We may assume that V is contained in the locus where the divisor consists of d distinct

smooth points; notice that such locus is smooth over M1 .

A map to P
r shall now be thought of as a pair (C,D) curve-divisor, together with r

sections of OC(D); the map can be written as [1 : u1 : . . . : ur ], where 1 denotes the constant

section of H0(OC ) ⊆H0(OC(D)).

Furthermore, étale locally on M1(Pr ,d), we may pick two extra sections A and B of

the universal curve C →M1(Pr ,d) such that:

1. they pass through the core;

2. they are distinct smooth points disjoint from the support of D.

Explicit form of the equations

Now R1π∗OC (D +A) = 0 and thus π∗OC (D +A) is a vector bundle on V and π∗OC (D) is

defined inside it by the vanishing of the restriction map π∗OC (D +A)→ π∗OC (D +A)|A.

Proposition 4.3. (1) There is a locally closed embedding of an étale chart of M1(Pr ,d) inside
the vector bundle V := SpecV (π∗OC (D +A)⊕r ):

M1(Pr ,d) U V

Mdiv
1 V

ét

ét

Notice that V is smooth since V is.
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(2) Assume furthermore that V is affine; on V we then have:

π∗OC (D +A) � π∗OC (D +A−B)⊕π∗OC (D +A)|B

and restricting to A is zero on the second factor.
(3) Call ϕ : π∗OC (D +A − B) → π∗OC (D +A)|A the map induced on the first factor by

restricting to A. Locally on V , π∗OC (D +A −B) can be written as a sum of line bundles and
thus the map ϕ can be rewritten as follows: let D =

∑d
i=1 δi , then

ϕ = ⊕ϕi : ⊕di=1 π∗OC (δi +A−B)→ π∗OC (D +A)|A.

(4) After choosing a trivialisation for each of the line bundles above, ϕi : OV → OV is given
by multiplication by ∏

q∈[A,δi ]
ζq,

where ζq is the smoothing coordinate on M1 corresponding to the node q, and [A,δi ] denotes
the set of nodes separating A (the core) from the point δi .

We refer the reader to [HL10a, Lemma 4.10, Proposition 4.13] for the details; we are

going to review the key ideas in §6.4, where we describe, following these ideas, local

equations for the moduli space of 1-stable maps M(1)
1 (Pr ,d).

We can now describe the equations as follows: first choose coordinates (wji )
j=1...,r
i=1,...,d on

the fiber of V ′ = SpecV (π∗OC (D +A−B)⊕r ) ⊆ V → V compatible with the basis given in

Proposition 4.3 .(3). Then U is an open inside
{
F1 = . . . = Fr = 0

}
⊆ V , where:

Fj =
d∑
i=1

 ∏
q∈[A,δi ]

ζq

wji .
Desingularisation of the main component and reduced invariants

The main motivation for finding local equations of the moduli space of maps was to

study a desingularisation of the main component of the latter. We briefly recall the blow-

up construction giving the aformentioned desingularisation and conclude the section

defining reduced invariants.

Definition 4.4. M
wt=d,st
1,n denotes the stack of weighted-stable curves of genus 1 with n

markings and total weight d: geometric points ofMwt=d,st
1,n represent connected, reduced,

nodal, projective curves of arithmetic genus 1 with n distinct smooth markings and an

integer-valued function wt on the dual graph.

Such a function assumes only nonnegative values, the sum of which on all the vertices

of the dual graph is d; wt is compatible with the specialisation maps, and we further

impose the following stability condition:

• every pa = 0 component of weight 0 has at least three special points;
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• every pa = 1 component of weight 0 has at least one special point.

There is an étale, non-separatedmorphismM
wt=d,st
1,n →M1,n. The stability condition is

such that the forgetful map M1,n(Pr ,d)→M1,n factors throughM
wt=d,st
1,n , and the weight

is coming from the degree of the map to P
r .

Hu-Li consider an iterated blow up of Θk ⊆,M
wt=d,st
1,n k ≥ 2, defined as the closure of

the loci where the minimal elliptic subcurve E has weight 0 and
∣∣∣C rE ∩E

∣∣∣ = k.
Notice that after the k-th blow-up, the strict transform of Θk+1 is smooth, so the final

result M̃wt,st
1 is smooth as well. The stability condition on the weighted curves ensures

that the process terminates.

The Vakil-Zinger space is then defined by taking the following Cartesian diagram

M̃1,n(Pr ,d) M 1,n(Pr ,d) f : (C,x)→ P
r

M̃wt
1,n Mwt

1,n (C,x,deg(f ∗O(1)).

Remark 4.5. Notice that Mdiv
1,n →Mwt

1,n is smooth, so we can think that the equation de-

scribed in the previous section are equation in a smooth ambient over the space of pre-

stable weighted curves. The reason why it is preferable to blow-upMwt
1,n rather thanMdiv

1,n

is that the combinatorics of the former is easier.

Theorem 4.6. [HL10a, Theorem 5.24,2.11] (i) The blow-up of the main component M̃1,n(Pr ,d)main

is smooth.

(ii) Let π◦ : Cmain → M̃1,n(Pr ,d)main be the universal curve over the main component of
M̃1,n(Pr ,d) and let f ◦ : Cmain→ P

r be the universal morphism. Then Ead := π◦∗ (f
◦)∗O

P
r (a) is

a vector bundle of rank ad.

For a hypersurface X ⊆ P
r of degree a, the main component is defined by the Carte-

sian diagram

M 1,n(X,d)main M 1,n(Pr ,d)main

M 1,n(X,d) M 1,n(Pr ,d)

We then define M̃1,n(X,d)main to be the the cartesian product M̃1,n(X,d)×M̃1,n(Pr ,d)
M̃1,n(Pr ,d)main,

where M̃1,n(X,d) it’s the proper transform of the blow up.

Then we have that Ead is a relative perfect obstruction theory for M̃1,n(X,d)main ↪→
M̃1,n(Pr ,d)main, hence we have a virtual class

[M̃1,n(X,d)
main]vir = cad(Ead )∩ [M 1,n(P

r ,d)main] (4.1)

of homological degree d(r +1− a) +n.
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Definition 4.7. For a hypersurface X ⊆ P
r , the genus 1 reduced invariants are defined by

integrating against [M̃1,n(X,d)main]vir.

For a Calabi-Yau complete intersection X5, the relation between reduced invariants

and standard invariant is explained by the Li–Zinger formula [LZ07]:

N1(X5,d) =N
red
1 (X5,d) +

1
12
N0(X5,d). (4.2)

In fact there exists various generalisations of [LZ07], but we shall not mention them

here as we are not going to explore invariants other than the ones of the quintic 3-fold in

P
4.

Remark 4.8. Formula (4.1) should be thought of as a hyperplane property for reduced in-
variants.

4.2. Genus 1 singularities and smoothability

In this section we provide two different proof of the smoothability criterion, Proposi-

tion 4.2.(2).

Smoothability from the equations

We provide a proof of Proposition 4.2 .(2) based on Hu-Li’s equations.

Proof. Let us start with the easiest degenerate situation: [C = E∪R
f
−→ P

r ] is a stable map

from a curve with a single separating node which contracts the elliptic curve E and has

degree d on the rational tail. Let denote the single node of C by q. We saw that equations

for the moduli space of maps around such a point look like:

ζq

d∑
i=1

w
j
i = 0, for j = 1, . . . , r.

Since ζq is the smoothing parameter of the node q, the point [f ] defines a smoothable

map if and only if the equations admit a solution with ζq , 0, that is
∑d
i=1w

j
i = 0 for every

j . Taking a coordinate z on P
1 centred at the node q, the i-th basis vector of the basis

given in Proposition 4.3.(3) corresponds to a polynomial vanishing at q and at δl , ∀l , i.
This can be written as:

ei(z) = z
∏
l,i

(z − δl )
−δl

,

where we have chosen a convenient normalisation. So the restriction to the rational tail

of the map corresponding to the point of coordinates (wji )
j=1,...,r
i=1,...,d can be written as:

[1 :
d∑
i=1

w1
i ei(z) : . . . :

d∑
i=1

wri ei(z)].



68 Chapter 4. Moduli space of stable maps in genus 1 and Li-Zinger reduced invariants

Differentiating with respect to z we see that the image of the tangent vector at q is given

in affine coordinates around f (E) by:

(
d∑
i=1

w1
i , . . . ,

d∑
i=1

wri ).

Hence smoothability is equivalent to the image of the tangent vector being zero.

More generally we may assume that the dual graph is terminally weighted [HL10a,

§3.1]: essentially this means that the weight is positive only on the leaves of the dual

graph and it satisfy the stability condition. We can make this assumption because the

moduli space of map of genus 0 with target Pr is smooth and this says that every dual

graph is in the closure of a terminally weighted one.

Assume there are k rational tails of positive weight Rh, h = 1, . . . , k. Denote by D(h)

the set of indices i such that δi belongs to the Rh, and by E(h) the set of nodes separating

the core from Rh. The equations will then take the following form:

k∑
h=1

 ∏
q∈E(h)

ζq


 ∑
i∈D(h)

w
j
i

 = 0, j = 1, . . . , r,

which can be assembled in matrix form as follows:

W · ζ :=

 ∑
i∈D(h)

w
j
i


j,h

·

 ∏
q∈E(h)

ζq


h

= 0.

A map is smoothable if and only if the above equation as a solution for the smoothing

parameters ζ , 0, if and only if W is not invertible, so if and only if we have linear

dependence of the rows of the above matrix W . On the other hand we can choose a

suitable coordinate zh around the node qh on Rh and write the map as:

[1 : p1h(zh) : . . . : p
r
h(zh)],

where:

p
j
h(zh) =

∑
i∈D(h)

w
j
i e
h
i (zh) and ehi (zh) = zh

∏
l∈D(h)r{i}

(zh − δl )
−δl

.

The elliptic curve is contracted to the point [1 : 0 : . . . : 0] and the tangent vector to Rh at

qh is mapped to the h-th row ofW (in affine coordinates around f (E)). Again we see that

the map is smoothable if and only if the image of the tangent vectors to the rational tails

at the nodes are linearly dependent in Tf (E)Pr .

Smoothability as factorization property

Before introducing Smyth-Viscardi alternate compactification, we recall the classification

of genus 1 singularities and propose a different characterisation of smoothability, which
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is close in spirit to [RSW17] modular interpretation of M̃1,n(Pr ,d)main.

Definition 4.9. Let C be a reduced curve over k and p ∈ C a singular point. We define

the genus of the singularity in p to be the quantity:

g(p) = δ(p)− b(p) + 1,

where δ(p) = dimk(ν∗OC /OC )⊗ k(p), ν : C → C is the normalisation of C at p, and b(p) is

the number of branches of C at p.

Smyth proved [Smy11a, Appendix A] that once the number of branches m = m(p) is

fixed, there is a unique Gorenstein genus 1 singularity up to analytic isomorphism. A

k-rational p ∈ C with a Goreinstein genus 1 singularity is called an elliptic m-fold point.
The analytic local model for these singularities are:

ÔC,p �


k[[x,y]]/(y2 − x3) m = 1

k[[x,y]]/(x(x − y2)) m = 2

k[[x,y]]/Im m ≥ 3

where Im =
(
xhxi − xhxj : i, j,h ∈ {1, . . . ,m− 1}

)
and i, j,h are distinct.

The proof of the classification is a commutative algebra computation; we outline the

way it works completing the classification of the non Goreinstein ones.

Lemma 4.10. (Classification of genus 1 singularities) The genus 1 singularities withm branches
are obtained by gluing a genus 0 singularity with k branches together with a Smyth’s (m − k)-
elliptic fold. In the following, we will call these (k,m− k) singularities. Notice that k may be 0
(i.e. a point) or 1 (i.e. a smooth rational curve).

Proof. Adopting Smyth’s notation: R denotes the completion of the local ring of C at the

singularity; R̃ = k[[t1]]⊕ . . .⊕ k[[tm]] its integral closure; mR the maximal ideal of R and

mR̃ that of R̃.

Let us recall that to describe R as a quotient polynomial ring, it is enough to find

a k-basis for mR/m
2
R = 〈e1, . . . , es〉k where the ei are some elements in R̃. Indeed, once

given such a basis, it is a consequence of completeness that R can be recognised as

k[[x1, . . . ,xs]]/I , where I is the kernel of the ring homomorphism

k[[x1, . . . ,xs]]→ R ⊂ k[[t1]]⊕ . . .⊕k[[tm]]

xi 7→ ei

Smyth observes that R̃/R is graded by:

(R̃/R)i :=mi
R̃
/(mi

R̃
∩R) +mi+1

R̃

Furthermore:
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1. m = δ(p) =
∑
i≥0dimk(R̃/R)i ;

2. 1 = g(p) =
∑
i≥1dimk(R̃/R)i ;

3. if (R̃/R)i = (R̃/R)j = 0 then (R̃/R)i+j = 0.

From (2) and (3) it follows that dimk(R̃/R)1 = 1 and dimk(R̃/R)i = 0 for i ≥ 2. Then the

exact sequence:

0→
m2
R̃

m2
R̃
∩R
→

mR̃

mR̃ ∩R
→ (R̃/R)1→ 0

entails that:

m2
R̃
⊆mR, mR/m

2
R̃
⊆mR̃/m

2
R̃
is a codimension 1 k-subspace.

Obviouslym2
R ⊆m2

R̃
. Hence s is at leastm−1. After relabelling we may assume e1, . . . , em−1

generate mR/m
2
R̃
, and after Gaussian elimination they take the following form:

e1 = (t1,0, . . . ,0, a1tm)

e2 = (0, t2, . . . ,0, a2tm)

. . .

em−1 = (0,0, . . . , tm−1, am−1tm)

with a1, . . . , am−1 ∈ k.At this point Smyth restricts his attention to Gorenstein singularities

and shows that under this assumption he can choose all the ai to be 1. Furthermore

m2
R̃
=m2

R holds ifm ≥ 3, thus the above are generators formR/m
2
R and the goal is reached.

Form = 1 (resp. 2) he finds extra generators and shows they satisfy the equation of a cusp

(resp. a tacnode).

Removing the Gorenstein restriction we have three possibilities for m ≥ 3:

1. At least two of the ai are non-zero, say i = 1,2: then a1a2t2m = e1 · e2 so m2
R̃
= m2

R

and we are done as above. It is easily seen that e1, . . . , em−1 satisfy the equations of a

(k,m− k) singularity where k is the number of ai that are zero.

2. Only one of the ai is non-zero, say a1 = 1: then m2
R̃
= m2

R + (t2m) and by adjoining

em = t2m to the ei we see that they generatemR/m
2
R and they satisfy the equation of a

tacnode (e21 − em)em = 0, and eiej = 0 for i , j and (i, j) , (1,m), so this is an (m− 2,2)
singularity.

3. Finally all the ai are zero: then we have to add t2m, t
3
m to generate mR/m

2
R and we

find an (m− 1,1) singularity.

Similarly for m = 2 there are two possibilities: the tacnode (corresponding to a1 , 0) and

the union of a cusp with a non-coplanar line (for a1 = 0), with equations:

k[[x,y,z]]/(xz,yz,y2 − x3).
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For m = 1 the only possibility is the cusp; the maximal ideal is given by m2
R̃
=mR.

Remark 4.11. The genus and number of branches are no more sufficient to tell these

singularities apart, neither is the embedding dimension. A numerical invariant that dis-

tinguishes them is dimkR/Ip where

Ip = AnnR(R̃/R) =
{
f ∈ R | f · R̃ ⊆ R

}
is the conductor ideal at the singular point. Using the explicit description of R given

in the lemma above, we can easily find generators of Ip and check that for a (k,m − k)
singularity we have:

dimkR/Ip =m− k.

Definition 4.12. Let C be a genus 1 curve and let E a genus 1 sub-curve. W say that

a rational component R is at distance l from E if there are l rational components be-

tween R and E. A genus 1 sub-curve E ⊆ C is called balanced if all the marked rational

components of C have same distance from E.

We can then rephrase smoothability as the following factorisation property:

Proposition 4.13. Let [f : C→ P
r ] be a stable map from a genus 1 curve C = Eptq

⊔m
i=1Ri ,

where E is the maximal genus 1 subcurve contracted by f , and the Ri are rational tails on
which f has positive degree.

Then f is smoothable if and only if it factors through a curve with a genus 1 singularity

f : C
φ
−→ Ĉ

f̂
−→ P

r , such that φ contracts Exc(f ) = {D ⊂ C | f (D) = pt} and is an isomorphism
outside it.

Lemma 4.14. Every genus 1 singularity is smoothable.

Proof. We explicitly construct a (semi)stable model with a contraction to the given sin-

gularity. Assume we start with a (k,m − k)-singularity Ĉ. Pick any m-pointed elliptic

curve (E,q1, . . . , qm) and glue E along the markings with m copies of P1 at their respec-

tive points 0; call the rational tails R1, . . . ,Rm. It is useful to consider the resulting curve

C as a point of M1,2m with markings on the rational tails given by 1 and ∞. We now

choose a smoothing C∆ of C over a DVR scheme ∆, such that the total space C∆ has an

A1-singularity at the nodes q1, . . . , qk and is regular everywhere else; furthermore extend

the markings to get a horizontal Cartier divisor Σ. Resolving the singularities we obtain a

fibered surface πss : C ss
∆
→ ∆ such that in the central fiber the strict transforms R̃1, . . . , R̃k

are at distance 1 from the core E, while the other rational tails are adjacent to it. Call

F1, . . . ,Fk the exceptional divisors of the resolution. As in [Smy11a, Lemma 2.12] we may

contract E, which is obviously balanced, by means of the line bundle:

L1 := ωπss(E +Σ),



72 Chapter 4. Moduli space of stable maps in genus 1 and Li-Zinger reduced invariants

which results inC ∆ with anm-elliptic singularity in the central fiber, k of whose branches

are the images of F1, . . . ,Fk and are thus unmarked. We may finally perform a second

contraction by using the line bundle L2 := OC ∆
(Σ); let Ĉ∆ denote the resulting family of

curves, with singularity q̂.

Notice that for each t ∈ ∆ we have H1(Ct ,L2|Ct ) = 0. One only needs to check on t = 0;

for C0 let us then look at the normalisation sequence

0→L2|C0
ν∗L2|C0

� ν∗L2|C0
/L2|C0

→ 0

and notice that the secondmap is surjective at the level of global sections as soon as L2|C0

has positive degree on at least one branch, which is the case for us. It follows that L2

satisfies cohomology and base-change, hence we may simply check on the central fiber

both its relative semi-ampleness and the behaviour of its sections. The sections will be

constant along F1, . . . ,Fk , so the linear relation among their derivatives at the Smyth’s

singularity will only imply the linear dependence of the tangent vectors of R̂k+1, . . . , R̂m at

q̂; on the other hand sections of L2 along R1, . . . ,Rk are completely independent, and thus

they embed these P
1. We deduce that the central fiber of Ĉ∆ has a (k,m − k)-singularity.

Proof. 4.13 The argument that if f is smoothable then it has to factor through a genus 1

singularity was essentially given by Vakil in [Vak00, Lemma 5.9]. We review it here in

some detail.

Pick a smoothing F : C∆ → P
r of f = F0. After base-change we may assume that

∆ is the spectrum of a complete DVR. The line bundle L := F∗O
P
r (1) is trivial on ev-

ery irreducible component of the central fiber contracted by f . Since every connected

component of Exc(L ) = {D ⊂ C : L |D ' OD} has arithmetic genus 0 or 1, we may use

the argument in [Smy11a, Lemma 2.12] to show that L is π∆-semi-ample. We thus get

a contraction φ : C∆ → C ∆ and notice that F factors through φ by the construction of

C ∆ = Proj
∆

(⊕
n≥0π∆,∗L

⊗n
)
. Being a smoothing of a reduced curve, C∆ is normal, thus

φ factors through the normalisation ν : Ĉ∆→ C ∆, which is a finite map by [Liu02, §8.2].

It is now clear that Ĉ∆ → ∆ is a flat family of genus 1 curves with reduced fibers, and

the map F ◦ν has positive degree on all the components of Ĉ0, which for flatness reasons

needs to have a genus 1 singularity. In conclusion we have constructed a factorisation f̄

of f through a curve with a genus 1 singularity.

Vice versa let us suppose that we have a factorisation:

C P
r

Ĉ

f

φ f̂

such that φ contracts Exc(f ) and is an isomorphism everywhere else. We shall below

make the point that f is smoothable as soon as it is not constant on the core (compare
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also with [RSW17, Theorem 4.5.1]), so in this case we have no use for φ. Otherwise φ

contracts at least the core, and Ĉ has a genus 1 singularity at a certain point q. We first

show that:

Claim 4.15. Under these assumptions, we can produce smoothings C∆ of C and Ĉ∆ of Ĉ with
a contraction map φ∆ extending the given φ.

The proof of this claim follows the lines of the two-step contraction described in the

proof of Lemma 4.14. It will be useful to treat C as a stable curve marked with f −1(Q)

for a generic quadric Q ⊆ P
r .

Proof. Assume that Ĉ has a (k,m − k)-singularity at q; denote by E := φ−1(q) ⊂ C, which

is the maximal genus 1 unmarked (i.e. contracted by f ) connected subcurve of C. By

assumption the components of C adjacent to E are marked (i.e. not contracted by f ),

and they can be partitioned into R1, . . . ,Rk mapping to the genus 0 part of the (k,m − k)-
singularity, and Rk+1, . . . ,Rm parametrising the branches of the (m − k)-elliptic fold. Let

li denote the distance of Ri from the core Z , which can be determined from the marked

dual graph. Let l = max{lk+1, . . . , lm} and L = max{l1, . . . , lm}. Consider a smoothing C∆

of C with an Al−li singularity at Ri ∩ E for i = k + 1, . . . ,m, and an AL−li+1-singularity at

Ri ∩ E for i = 1, . . . , k. Extend the markings f −1(Q) to a horizontal Cartier divisor Σ. Let

C ss
∆

be the semistable model with regular total space; notice that in the central fiber the

strict transforms of Rk+1, . . . ,Rm are at distance l from the core, while all other marked

components are further apart. Let Ebal be the maximal unmarked balanced subcurve

inside C ss
0 , including all the components at distance less than l from Z . We may now use

Smyth’s line bundle:

L1 = ωC ss
∆
/∆

 ∑
F⊆Ebal

(l +1− l(F,Z))F

⊗OC ss
∆
(Σ),

to perform the contraction of Ebal, obtaining a family C ∆ → ∆ whose central fiber has

an m-elliptic fold point. Notice that the contraction is otherwise an isomorphism, due to

the stability condition. As in Lemma 4.14 we may then perform a second contraction by

using the line bundle L2 := OC ∆
(Σ); we denote by Ĉ∆ the resulting family of curves. It

may be seen that the central fiber Ĉ0 is isomorphic to Ĉ, and so is the resulting contraction

up to an automorphism of C.

Let L̂ be an extension of L̂ := f̂ ∗O
P
r (1) on Ĉ , which exists because deforming line

bundles on curves is unobstructed. In order to extend f̂ to F̂ : Ĉ∆ → P
r all we have

to show is that the r + 1 sections ŝ0, . . . , ŝr+1 representing the map f̂ extend to sections

of L̂ . Thus it is enough to verify that H1(Ĉ, L̂) = 0 [Wan12]. Once this is done we are

going to obtain the smoothing of the original map by precomposing with the contraction

F : C∆

φ
−→ Ĉ∆

F̂−→ P
r .
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Since all the curves we are considering are Cohen-Maculay, they have a dualising

sheaf ωĈ such that for any line bundle L̂:

H1(Ĉ, L̂) = (H0(Ĉ, L̂−1 ⊗ωĈ ))
∨.

It is known [Ser00, IV, § 3] that ωĈ can be described as the subsheaf of ν∗ωC ⊗ K(C)
(where ν : C̄→ Ĉ is the normalisation) satisfying: for every open U ⊆ Ĉ a rational 1-form

ω ∈ ν∗
(
ωC ⊗K(C)

)
(U ) is a section of ωĈ(U ) if and only if:∑

q∈ν−1(0)

Res(ν∗(f)ω) = 0 ∀f ∈ OĈ(U)

From this description it is patent that the pullback ofωĈ to the normalisation restricts

to a line bundle of degree −1 or 0 on every branch, according to it being one of the k or

m−k components. Hence it can be seen from the normalisation exact sequence and Serre

duality that H1(Ĉ, L̂) = 0 as soon as L̂ has positive degree on one of the branches.



5
Viscardi Alternate compactification

and 1-stabilisation map

5.1. Definition of the moduli space and components

The moduli spaces of m-stable maps give alternate compactifications of M1,n(X,β).

Definition 5.1. Let C be a connected, reduced, projective curve of arithmetic genus 1

over k, and let p1, . . . ,pn ∈ C be smooth, distinct points. A map f : C → X is said to be

m-stable if the following conditions hold:

(1) C has only nodes and elliptic l-fold points, l ≤m, as singularities.

Stability:
(2) For any subcurve E ⊂ C of arithmetic genus 1 on which f is constant,∣∣∣∣{E ∩C rE

}
∪ {i : pi ∈ E}

∣∣∣∣ > m.
(3) f has no non-trivial infinitesimal automorphisms.

Remark 5.2. While in the case of Kontsevich’s moduli space of stable maps the stability

condition is equivalent to the map having finite automorphisms, in this case, it is strictly

stronger. So already intuitively we do expect to have fewer stable objects.

Viscardi’s main result [Vis12, Theorem 3.6] is the following:

Theorem 5.3. The moduli functor of m-stable maps M(m)
1,n (X,β) is represented by a proper

Deligne-Mumford stack of finite type over k.

Remark 5.4. We think that the algorithm proposed by Viscardi to prove the properness

of his moduli spaces oversees a case. The issue is that, given a map f : C∆ → P
r
∆
over a

75
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DVR scheme ∆ such that Cη is smooth and f0 is constant on a genus 1 connected subcurve

E ⊆ C0, it is not always true that f descends to a map f̂ : Ĉ∆→ P
r
∆
, where Ĉ0 has a genus

1 Gorenstein singularity.

Consider the stable map [f ] in M1(P3,4) from an elliptic bridge

C := R1q1tE tq2 R2

to P
3 that maps R1 to the z-axis, contracts E to the origin, and makes (R2, q2) into the

normalisation of a cusp in the (x,y)-plane, i.e. its image is the non-Gorenstein singularity:

D := Spec(k[x,y,z]/(x,y))∪ Spec
(
k[x,y,z]/(z,y2 − x3)

)
.

Notice that df (Tq2R2) = 0, so there is a non-trivial linear relation:

0 ·df (Tq1R1) + 1 ·df (Tq2R2) = 0,

and hence the map is smoothable. Viscardi claims that the map factors through the

family Ĉ∆, obtained by contracting E to a tacnode. Notice that the image of f̂ would

still be D, since there is at most one indeterminacy point of Ĉ∆ d P
r
∆
, located at the

singularity. However in our example f cannot factor through the tacnode. Indeed in that

case we would have a birational morphism between two singular curves with the same

δ invariant and the same normalisation, so f̂ : Ĉ → D would be an isomorphism, which

is a contradiction. We suggest that in this case the correct procedure would be to sprout

(R1, q1).

R1

R2

R1

R2

R1

R2

R1

R2

f
f̂

Figure 5.1: An example of non-factorisation.

However Viscardi’s argument can be fixed. Let (Cη ,Fη ) be a stable map to P
r , defined

on the generic point of a DVR scheme ∆; we may assume that Cη is smooth [Vis12, Sec-

tion 3.2.1]. As described in [Vis12, Theorem 3.6, Step 1], after applying semi-stable

reduction we get a map F : C∆′ → P
r
∆′ , for which we may suppose that C := C0 is nodal

and reduced, and f := F0 is stable ( the point is that we already know that the Kontsevich
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moduli space of stable maps is proper).

If f is not constant on the minimal genus 1 subcurve, then it is already m-stable and

there is nothing to say. Otherwise let E ⊂ C be the maximal genus 1 subcurve where f is

constant and let R1 t . . .tRm = C/E.

By Proposition 4.2 (2) we know there is a non-trivial linear relation among the df (TqiRi )’s.

Consider a maximal one with all non-zero coefficients. Possibly after relabelling, such a

relation looks like:

α1df (Tq1R1) + . . .+αj df (TqjRj ) = 0.

In this case we blow-up C∆ in qj+1, . . . , qm. The induced map F̃0 is constant on the excep-

tional divisors Gj+1, . . . ,Gm and we can complete the above linear relation to

α1df̃ (Tq1R̃1) + . . .+αj df̃ (Tqj R̃j ) + βj+1df̃ (Tqj+1Gj+1) + . . .+ βmdf̃ (TqmGm) = 0

with βi = 1 for all i. Now this sprouting [Smy11b, Section 2.3] ensures that the map

descends to the corresponding elliptic m-fold singularity. Notice that, for every m1 ≤
m2, there is a morphism from an m2-elliptic singularity to an m1-elliptic point that is

birational on the target and contracts m2 − m1 branches of the source to the singular

point. Proceed now with Step 2 of Viscardi’s algorithm.

The irreducible components of Viscardi’s moduli space M(m)
1,n (P

r ,d) are also well un-

derstood [Vis12, Thm. 5.9]; indeed they have a similar description of the ones of Kontse-

vich’s space. The main advantage of the m-stable compactification is that the number of

components drops as m increases:

Proposition 5.5. As in Proposition 4.2, defineM1,n(Pr ,d)main, to be the closure inM(m)
1,n (P

r ,d)

of the irreducible locus of stable maps with source a smooth elliptic curve to Pr , and, for every
positive integer k and partition λ ` d into k positive parts, let Dλ(Pr ,d) be the closure of the
locus with source E ∪R1 ∪ . . .Rk and f (E) = pt. Then

M(m)
1 (Pr ,d) =M1(P

r ,d)main ∪
⋃
λ

Dλ(P
r ,d)

for 0 ≤m+1 ≤ k ≤min {r,d} .

In particular, in the moduli space M(1)
1 (Pr ,d) we will consider in the next sections

the boundary component D1 has been destabilised, and for m big enough the space of

m-stable maps it is actually irreducible.

Obstruction theory and m-reduced invariants

The Behrend-Fantechi obstruction theory R• π̂∗f̂ ∗TX for spaces of morphisms endows

M(m)
1,n (X,β) with a perfect obstruction theory relative to M1,n(m).

Indeed,M(m)
1,n (X,β) is open in MorM1,n(m)(Ĉ ,X×M1,n(m)) and thus the natural relative
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obstruction theory R• π̂∗f̂ ∗TX on the latter [BF97, Proposition 6.2] restricts to an obstruc-

tion theory on the moduli space of m-stable maps.

Moreover, Behrend shows that R• π̂∗(f̂ ∗TX ⊗L N ) for L � ωπ̂(Σ)(f̂ ∗OX (1)) is a reso-

lution in locally free sheaves for the obstruction theory (see [Beh97, Proposition 5]),thus

the relative obstruction theory is perfect.

Finally, notice that the base is an irreducible Artin stack for everym (since every point

is limit of a family of smooth curves and the locus of smooth curves is itself smooth) and

it is a smooth stack form ≤ 5. Irreducibility ensures thatM1,n(m) has a fundamental class

and thus have a virtual class ([BF97], [LT98]) on M(m)
1,n (X,β) can be defined in the usual

way, by virtual-pull-back [Man12].

Then m-stable invariants are defined in the usual way capping [M(m)
1,n (X,β)]

vir with

pull-backs under the evaluation maps of cohomology classes on X.

Remark 5.6. For m > d + n, the space M(m)
1,n (P

r ,d) is smooth relatively to M1,n(m) since

the stability condition ensures that not genus one curves are contracted. Moreover for a

complete intersection X ↪→ P
r cut out by a regular section of E = ⊕O(di ), we have that

π̂∗f̂
∗E is a vector bundle, and thus M(m)

1,n (X,β) ⊆M
(m)
1,n (P

r ,d) should satisfy a hyperplane

property as in the genus 0 case [KKP03] or in the case of reduced invariants.

However since the base M1,n(m) does not seem to have a natural perfect obstruction

theory for m > 5, we in fact do not understand the absolute obstruction theory of the

moduli space of m-stable maps, and thus we actually do not know how to compute the

invariants by localisation techniques.

Main Theorem

We can now state the main theorem of the second part:

Theorem 5.7. Let X be a generic smooth quintic three-fold. Then:

N red
1 (X,d) =N cusp

1 (X,d)

where:
N red

1 (X,d) := deg
(
[M̃1(P

4,d)main]∩ ctop(π̃∗f̃ ∗(OP
4(5)))

)
and

N
cusp
1 (X,d) := deg[M(1)

1 (X,d)]vir.

In the remaining of this section and for all the next chapter we built up the necessary

machinery to prove the above Theorem.

5.2. 1-stabilisation map

In this section we construct the 1-stabilisation map from the Artin stack of weighted pre-

stable curves to the Artin stack of weighted 1-pre-stable curves (defined below). This will
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allow us to compare the 1-stable invariants defined in the previous section with the usual

GW invariants, and with the reduced ones via the Li-Zinger formula (0.4).

Before we begin, we recall for the benefit of the reader a result of Smyth, [Smy11a,

Lemma 2.13] about contracting genus 1 curves in a one parameter smoothing, which will

be quoted often in this section:

Lemma 5.8. Let π : C → ∆ be a projective and flat family of curves over a dvr scheme ∆,
with smooth general fiber and connected reduced, nodal special fiber. Let L be a line-bundle
on C with positive degree on the generic fiber and non-negative degree on each irreducible
component of the special fiber. Consider

E = {Irreducible components F ⊂ C | degL |F = 0} ,

and assume that: E is connected of arithmetic genus one, L |E ' OE , Then L is π-semiample

and there exists a contraction C
φ
−→ Ĉ, where φ is proper, birational, and Exc(φ) = E. Further-

more, Ĉ → ∆ is flat with reduced fibers and the number of branches and the δ-invariant of the
isolated curve singularity p ∈ Ĉ are given by

m = |C\E ∩E|

δ = pa(E) +m− 1.

In analogy with Definition 4.4 we define:

Definition 5.9. Let M
wt=d,st
1,n (1) be the stack of at worst cuspidal connected, reduced,

n-marked, projective curves of arithmetic genus 1 that are weighted-stable with total

weight d, i.e. the weight is nonnegative and such that:

• every pa = 0 component of weight 0 has at least three special points;

• every pa = 1 component of weight 0 has at least two special points.

In this definition, by special point we mean the preimage of a node or a marking in the

normalisation.

In the following we will sometimes denoteMwt=d,st
1,n (1) with M̂ and with Ĉ it universal

curve.

Theorem 5.10. There exists a morphism M
wt=d,st
1,n →M

wt=d,st
1,n (1) which extends the identity

on the smooth locus.

The idea behind this construction is essentially due to Hassett [HH09, §2] and it has

recently been reviewed and simplified in [RSW17, §3.7]. For simplicity we will work

with unmarked curves, which is indeed the case of interest when looking at the Gromov-

Witten theory of a Calabi-Yau threefold.

We shall construct the contraction over Mdiv
1 first, and then show that it descends to

M
wt,st
1 . The weighted stability condition is implicit in the notation.
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Let E be the locus inside the universal curve spanned by elliptic tails of weight 0; this

is a Cartier divisor in the universal curve over Mwt,st
1 ; we will abuse notation and denote

by E all its pullbacks. Moreover we denote by D1 its image in M
wt,st
1 , which is a Cartier

divisor as well.

Consider the following line bundle on the universal curve over Mdiv
1 :

N := ωπ(E )⊗OC (2D), (5.1)

where D is the universal Cartier divisor over Mdiv
1 . Notice that N is trivial on the locus

of elliptic tails, so the Proj construction applied to N will contract this locus.

Proposition 5.11. Let Ĉ = Proj
Mdiv

1
(
⊕

n≥0π∗N
⊗n). Then Ĉ is a family of weighted 1-stable

curves and φ is a regular morphism:

(C ,D) (Ĉ ,φ(D))

Mdiv
1

φ

π π̂

This defines the 1-stabilisation morphism Mdiv
1 →Mdiv

1 (1).

We need to prove that N is π-semi-ample, namely that π∗π∗N ⊗n →N ⊗n is surjec-

tive for n big enough, as this ensures regularity of φ, and that π∗N is locally free, in

order to have flatness of π̂. Both these facts are clearly true generically, but less so on

points of E and D1. We shall check this by exploiting the next lemma, which is a nice

technical gadget taken from [RSW17].

Lemma 5.12 (pullback with a boundary). [RSW17, Lemmma 3.7.2.2] Let π : C → S be a
proper family of curves over a smooth base, and let N be a line bundle on C such that R1π∗N

is a line bundle supported on a Cartier divisor D ⊆ S . Then for every DVR scheme ∆ with
closed point 0 and generic point η, and for every morphism f : ∆→ S such that f (0) ∈D and
f (η) ∈ S rD we have

f ∗π∗N � π∆,∗f
∗
C N .

Now recall that in our case N is trivial on elliptic tails and of positive degree ev-

erywhere else, and that (by cohomology and base change) the rank of R1π∗N can be

checked on the fibers, [Har77, Theorem III.12.11], so we see that it is 0 outside D1 and 1

on it.

Lemma 5.13. The line bundle N is π-semi-ample, i.e. the natural map

π∗π∗N
⊗n→N ⊗n

is surjective for n� 0.
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Proof. Outside the locus of elliptic tails N is π-ample. We are left to check on points

belonging to an elliptic tail; thanks to the above Lemma we can reduce to the case that C

is the central fiber of a one-parameter smoothing of the elliptic tail. This has been dealt

with by Smyth [Smy11a, Lemma 2.13] (see Lemma 5.8).

Lemma 5.14. π∗N is locally free on Mdiv
1 .

Proof. [RSW17, Proposition 3.7.2.1] We have to check that π∗N has constant rank. On

Mdiv
1 rD1 we see that R1π∗N = 0, so π∗N satisfies Cohomology and Base Change and

its rank is determined by Riemann-Roch. Given a point x on the boundary D1, we can

pick a DVR scheme ∆ whose closed point maps to x and whose generic point maps to

Mdiv
1 rD1. Then we are in the hypotheses of Lemma 5.12 and we can check the rank at x

by looking at π∗f ∗N over ∆. Now f ∗N is flat over ∆, so π∗f ∗N is as well, which implies

torsion-free and thus constant rank.

Proof. 5.11 Let S→Mdiv
1 be a smooth atlas, then we have:

(CS ,DS ) (ĈS ,φ(DS ))

S

φS

πS π̂S

where ĈS = Proj
S
(
⊕

n≥0πS,∗N
⊗n), φS is a proper and birational morphism since N is

πS-semi-ample and π̂S is flat since πS,∗N is locally free. To verify that this defines a

morphism S →Mdiv
1 (1) we have to argue that ĈS has reduced fibers and only nodes and

cusps as singularities.

Since these properties only concern the fibers of π̂ we can verify them after base

change to a DVR scheme ∆ chosen as in Lemma 5.12, so that the construction commutes

with base-change. Furthermore we can pick f : ∆ → S such that the total space C∆ is

regular, so we may just apply Smyth’s Contraction Lemma [Smy11a, Lemma 2.13] (see

Lemma 5.8).

Finally to conclude that this defines a morphism Mdiv
1 →Mdiv

1 (1) it is enough to ver-

ify that there is an isomorphism pr∗1ĈS � pr∗2ĈS satisfying the cocycle condition, where

pri : S
′ = S×Mdiv

1
S⇒ S.

This follows from the fact that pr∗i ĈS are obtained from applying the Proj construc-

tion to pr∗iπS,∗N � πS′ ,∗pr∗iN , by flatness of S ′ → S . Thus it is enough to show that

pr∗1N � pr∗2N . But N is the pullback of a line bundle onMdiv
1 , thus the desired isomor-

phism follows from the commutativity of the diagram

S ×Mdiv
1
S S

S Mdiv
1

pr1

pr2
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The cocycle condition is derived similarly.

Proposition 5.15. The 1-stabilisation for curves with a divisor induces an analogue morphism
on weighted curves:

Mdiv
1 Mdiv

1 (1)

M
wt,st
1 M

wt,st
1 (1)

�

∃

Proof. Étale locally on M
wt,st
1 we can choose smooth sections si of the universal curve

so that the Cartier divisor D =
∑
si has degree compatible with the weight function,

so in particular it makes N = ωπ(E ) ⊗OC (2D) trivial on the elliptic tails and π-ample

elsewhere. For a smooth atlas S →M
wt,st
1 , this observation allows us to define a lifting

S→Mdiv
1 , and thus amorphism ξ : S→M

wt,st
1 (1) through the construction of Proposition

5.11.

In order to show that this descends to a morphism M
wt,st
1 → M

wt,st
1 (1) we need to

verify that there exists pr∗1(ξ) � pr∗2(ξ) satisfying the cocycle condition, where pri : S
′ =

S×Mwt,st
1

S⇒ S.

This boils down to checking that for two different choices of a lifting D1,D2 : S →
Mdiv

1 there exists a unique isomorphism

Ĉ1 = Proj
S

⊕
n≥0

π∗(N1))
⊗n

 � Proj
S

⊕
n≥0

π∗(N2))
⊗n

 = Ĉ2.

By construction there is a birational map ψ:

CS

Ĉ1 Ĉ2.

φ1 φ2

ψ

We want to show that ψ extends to a regular morphism. Notice that Ĉi is nor-

mal, i = 1,2. Indeed since S is smooth and the singularities of the fibers are in codi-

mension 1, Ĉi is regular in codimension 1. Moreover since both S (smooth) and the

fibers (Cohen-Macaulay) satisfy Serre’s condition S2, so does the total space of Ĉi by

[Mat89, Thorem 23.9]. Then, since the geometric fibers of φi are either points or pa = 1

subcurves, and in either case connected, Zariski’s connectedness theorem implies that

φi,∗OCS � OĈi
.

Moreover by construction Exc(φ1) = Exc(φ2) is the locus of elliptic tails of weight 0, so

in particular φ2 contracts all fibers of φ1. Then [Deb13, Lemma 1.15] implies that φ2

factors through φ1, and viceversa. This proves the regularity of ψ and its inverse. Notice

that ψ is unique as it is the only extension of φ2 ◦φ−11 .
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Moreover the 1-stabilisation map is proper:

Lemma 5.16. The 1-stabilisation M
wt,st
1 →M

wt,st
1 (1) is a proper morphism.

Proof. Use the valuative criterion: let ∆ be a DVR scheme with generic point η; we have

to fill in the upper right part of the following diagram:

Cη C

Ĉη Ĉ

φη φ

We may in fact assume that φη is an isomorphism, and then it is enough to take the

weighted stable model of Ĉ .

Future direction: comparing m-reduced invariants

The m-stabilisation for m ≥ 2 does not extend to a regular morphism; the following is an

example with stable curves:

q

Figure 5.2: An example of different plausible 3-stabilisations.

Both curves on the right are 3-stable, so it is unclear how to define the 3-stabilisation

already on points.

Here is some heuristics about why the natural choices in families do not work. Indeed

suppose we try contracting the minimal genus 1 unmarked subcurve. Consider a 1-

parameter smoothing of the node q: the generic fiber is a smooth elliptic curve with three

marked P
1 attached. If a contraction of the core existed, we would get a family with a

Smyth’s 3-fold elliptic point degenerating to the tacnode, but such a family cannot exist;

the miniversal deformation of the tacnode contains only cusps and nodes as singularities.

On the other hand, try to define the 3-stabilisation by contracting the maximal un-

marked genus 1 subcurve. Choose a generic smoothing of our stable curve in such a way

that the total space C∆ is smooth. Notice that the maximal unmarked subcurve of the

central fiber is not balanced [Smy11a, Definition 2.11], so contracting it we would get a

non-Goreinstein singularity.
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However, the indeterminacy locus has been resolved by [RSW17]. They consider the

moduli spaceMrad
1,n parametrising radially aligned logarithmic curves, which, in very rough

terms, means that the logarithmic structure is such that it is possible to define a total

order on the vertices of the dual graph of the curve.

They then show that the latter resolve the indeterminacy, i.e. we have a diagram:

M
rad,wt
1,n

Mwt
1,n Mwt

1,n(m).

s0

sm

We have seen in the above example that, given a genus 1 semi-stable curve C (in

fact stable in the example), the m-(semi)-stable curve Ĉ we should contract C to seems

to depend on: a choice of smoothing, and a choice of balanced genus 1 sub-curve to

contract. Giving a radially aligned log structure to the curve fixes both these choices and

thus determine the contraction sm.

We expect that using the above morphism and a generalisation of the arguments we

are going to see in the next chapter it will be possible to prove:

Conjecture 5.17. If X is a smooth projective Calabi-Yau 3-fold. Then for any m ≥ 1 :

GW red
1,d (X) = deg

(
[M(m)

1,n (X,β)]
vir

)
.

If X is a smooth projective Fano 3-fold, then for any choice of insertions γ1, . . . ,γn the reduced
invariants coincide with the m-invariants for any m ≥ n.
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Reduced vs Cuspidal invariants

6.1. The main idea and Chang-Li solution

We exploit the 1-stabilisation morphism constructed before to introduce some auxiliary

spaces, endowed with natural virtual classes, that allow us the comparison between cus-

pidal and reduced invariants of the quintic threefold. Let Z be defined by the pullback

diagram:

Z M
(1)
1 (P4,d)

M
wt,st
1 M

wt,st
1 (1)

b′

� ρ

b

(6.1)

Objects of Z over a scheme S consist of diagrams:

C Ĉ P
4

S

φ

π

f

π̂

where f is a 1-stable map and φ is the weighted 1-stabilisation; arrows over idS are

commutative diagrams:

C Ĉ P
4

C ′ Ĉ ′ P
4

φ

ψ

f

ψ̂ id
P

φ′ f ′

where ψ and ψ̂ are isomorphisms. Recall that ψ̂ is determined by ψ due to the required

85
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commutativity with the dominant “birational” morphism φ.

Forgetting Ĉ and keeping f ◦φ : C→ P
4, we obtain a morphism

i : Z →M1(P
4,d).

Lemma 6.1. The morphism i : Z ↪→M1(P4,d) is a closed immersion. In particular Z is a
proper DM stack.

Proof. From the above description of arrows in Z , i is representable (i.e. faithful) and a

monomorphism (i.e. full).

We can check properness using the valuative criterion. We argue as in [RSW17, The-

orem 4.3]. Let ∆ be a DVR scheme with generic point η; consider a diagram:

Cη C∆ P
4

Ĉη Ĉ∆

φη φ∆

f

j

g

Notice that there is an open dense substack of Z where φ is an isomorphism. Indeed

the generic point of either the main component or any boundary component is already

1-stable. Thus we can assume that φη in the above diagram is an isomorphism.

Observe that f is constant on the fibers of φ∆, so it factors topologically through Ĉ∆.

We can conclude proving that φ∗OC∆
� OĈ∆

, which ensures we are in the hypothesis of

Debarre factorisation Lemma [Deb13, Lemma 1.15]. To prove the above isomorphism of

sheaves, consider the exact sequence:

0→ OĈ∆
→ φ∗OC∆

→ φ∗OC∆
/OĈ∆

→ 0

Since φ is an isomorphism away from the cuspidal point, the cokernel is supported

in dimension 0. However χ(OĈη
) = χ(φ∗OCη ) implies the same equality holds on the

whole of ∆, since the Euler characteristic is constant in flat families. So χ(φ∗OC∆
/OĈ∆

) =

length(φ∗OC∆
/OĈ∆

) = 0.

So we may add the commutative diagram to the left:

M1(P4,d) Z M
(1)
1 (P4,d)

M
wt,st
1 M M

wt,st
1 (1)

i

�

∼

A description of the irreducible components of Z can be easily obtained from the

inclusion i: there is a main component Zmain which is the closure of the locus of maps

from a smooth elliptic curve, and for every k ≥ 2 a boundary component DkZ , whose
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Figure 6.1: A typical element of D1 ∩D2.

general point represents a contracted elliptic curve with k many rational tails of positive

degree.

Remark 6.2. Each component of Z is isomorphic to the corresponding one inM1(P4,d).

Indeed given any stable map there is at most one factorisation through the weighted

1-stabilisation of the curve and more in details: objects of M1(P4,d) rD1 are 1-stable

already; objects ofD1∩M1(P4,d)main factor through the cusp thanks to the smoothability

criterion, which implies the node is a ramification point of themap; and objects ofD1∩Dk

(k ≥ 2) factor through a map which is constant on the cusp.

On the other hand, objects of D1,◦ =D1
r (M1(P4,d)main∪

⋃
k≥2D

k) do not admit any

factorisation, so Z has no corresponding component.

If we replace P4 with X the quintic 3-fold in (6.1), then by Lemma 6.1 we get a closed

sub-stack ZX ↪→M 1(X,β) (in the proof we never use the fact that the target is P4).

Moreover, ZX is naturally endowed with a zero-dimensional virtual class [ZX ]vir

whose degree coincide with the one of [M
(1)
1 (X,β)]vir. Indeed, given the inclusionsCZx/M ↪→

CM̂(X)/M̂ ↪→ b′∗EρX , where EρX is the relative obstruction theory for 1-stable maps to X,

we can define [ZX ]vir by virtual pull-back of [M]. Moreover, since the 1-stabilisation

map is a proper birational morphism and virtual pull-back commutes with proper push-

forward [Man12, Theorem 4.1], b′∗[ZX ]vir = [M
(1)
1 (X,β)]vir.

So if we were able to understand how the virtual class [M 1(X,β)]vir was supported on

the different components of the moduli space, the comparison between GW and cuspidal

invariants will be quickly done.

Unfortunately, the geometry of M 1(X,β) is hard to understand and neither we can

try to study it through the easier space M 1(P4,d) as there is not a perfect obstruction

theory for M 1(X,β) ↪→M 1(P4,d).

Chang-Li theory of maps with p-fields is a beautiful way around these difficulties.

6.2. 1-stable maps with p fields

We adapt Chang-Li’s theory of p-fields to cuspidal maps. This is a word-by-word repeti-

tion of the arguments in [CL12] once noticed that they carry over to families of at worst

cuspidal curves. We provide the non-expert reader with a résumé of some of the key

ideas contained in [CL12]; this section can otherwise be skipped.
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6.2.1. Moduli of sections

Definition 6.3. Let B be an algebraic stack and let π : C → B be a flat proper morphism

of finite presentation, which is representable by algebraic spaces, and whose geomet-

ric fibers are reduced l.c.i. curves. Let Z be an algebraic stack, representable, quasi-

projective, and smooth over C . The cone of sections of Z over C is a B-stack S defined

by:

S(S→ B) = {sections of ZS → CS } ;

The groupoid S is an algebraic stack representable and quasi-projective over B [CL15,

Proposition 2.3].

To fix the notation let us draw the following diagram:

Z

CS C

S B

e

πS π

(6.2)

where e denotes the universal section. Let us see some examples of the above construc-

tion we will be interested in.

Direct image cones

When Z = Vb(L ) for a line bundle L on C , the algebraic stack S → B representing

sections of L can be constructed as:

C(π∗L ) := SpecB Sym
•(R1π∗L

∨ ⊗ωπ).

This is essentially because R1π∗L
∨⊗ωπ commutes with pullbacks, and it has the desired

modular interpretation by Serre duality.

Moduli of stable maps and 1-stable maps

Recall that P denotes the universal Picard stack. Let X ⊆ P
r be a projective variety and

let ZX be defined by the following cartesian diagram over CP:

ZX X ×CP

L ⊕r+1
r 0C P

r ×CP

/Gm

�

/Gm

Then M1(X,β) is the open substack of the moduli space SX of sections of ZX → CP

defined by the stability condition. This is the point of view we have already taken for
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X = P
n in Proposition 4.3 to describe the local equations of the moduli space of maps.

Analogously the moduli space of 1-stable maps M(1)
1 (X,β) can be thought of as an

open inside the moduli space of sections of

ẐX = (Vb(L̂ ⊕r+1
P̂

)r 0Ĉ )×Pr X

over Ĉ
P̂
.

Moduli of 1-stable maps with p-fields

In this section we denote by M̂ the moduli space of 1-stable maps M(1)
1 (P4,d) and by

P̂M̂ = L̂ ⊗−5
M̂
⊗ωπ̂M̂

.

The moduli space of p-fields is defined as the cone of sections of the line bundle P̂M̂

over ĈM̂:

Definition 6.4. The moduli space of 1-stable maps with p-fields:

M(1)
1 (P4,d)p := C(π̂M̂,∗(P̂M̂))

parametrises 1-stable maps:

ĈS P
4

S

f̂S

π̂S

with a p-field ψ̂ ∈H0(ĈS , f̂ ∗SO
P

4(−5)⊗ωπ̂S ).

We use the abbreviation P̂ := M(1)
1 (P4,d)p. Employing the above description of the

moduli space of 1-stable maps, P̂ can also be thought of as an open in the moduli space

of sections of the vector bundle Vb(L̂ ⊕5
P̂
⊕ P̂

P̂
).

6.2.2. Obstruction theories

With the notation introduced in section 6.2.1 (in particular see diagram (6.2)), the mor-

phism S→ B admits a relative dual perfect obstruction theory:

φS/B : TS/B→ ES/B := R•πS,∗e
∗TZ /C

For the proof see [CL12, Proposition 2.5] and notice that it relies on general properties of

obstruction theories and the cotangent complex, and the fact that Z → C is smooth, but

never on the specification that C → B is a family of nodal curves.

Let us review the examples above:

• for the direct image cone of a line bundleL the dual obstruction theory isEC(π∗L )/B =

R•π∗L ;
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• the moduli space M̂ =M(1)
1 (P4,d) has a dual obstruction theory relative to P̂ given

by EM̂/P̂ = R• π̂M̂,∗(
⊕4

0 L̂M̂);

• in the case of 1-stablemaps with p-fields P̂ =M(1)
1 (P4,d)p, we getEP̂ /P̂ = R• π̂P̂ ,∗(L̂

⊕5
P̂
⊕

P̂P̂ ).

We review the compatibility of various obstruction theories for the moduli spaces men-

tioned above.

Lemma 6.5. P̂ is a smooth Artin stack of dimension 0. Furthermore there is a compatible
triple of dual perfect obstruction theories:

λ̂∗T
P̂/M̂[−1] TM̂/P̂ TM̂/M̂

R• π̂M̂,∗(OĈ ) R• π̂M̂,∗(
⊕4

0 L̂M̂) R• π̂M̂,∗(f
∗
M̂
T
P

4)

o

[1]

[1]

implying that EM̂/P̂ = R• π̂M̂,∗(
⊕4

0LM̂) gives the standard Behrend-Fantechi virtual class on
M̂. We denoted by λ̂ the natural forgetful map from M̂→ P̂.

Proof. The first statement follows from deformation theory: the projection ρ̂ : P̂→ M̂ is

unobstructed of relative dimension 0 and M̂ is a smooth Artin stack of dimension 0, since

both nodal and cuspidal singularities are l.c.i., so obstructions to their deformations are

contained in Ext2OĈ
(ΩĈ ,OĈ ) = 0.

The fact that TM̂/M̂ → EM̂/M̂ := R• π̂M̂,∗(f
∗
M̂
T
P

4) is a perfect obstruction theory when

Ĉ → M̂ is a family of Gorenstein curves is proved in [BF97, Proposition 6.3].

The lower row in the above diagram is induced by the Euler sequence of P4. The

middle column comes from identifying the space of stable maps as an open substack of

the cone of sections (see above) of Vb(
⊕4

0 L̂ ) over P̂. The existence of such a commuta-

tive diagram is [CL12, Lemma 2.8]. The final claim follows from functoriality of virtual

pullbacks [Man12].

Lemma 6.6. There is a compatible triple of dual perfect obstruction theories

(R• π̂P̂ ,∗(P̂P̂ ),R
• π̂P̂ ,∗(L̂

⊕5
P̂
⊕ P̂P̂ ),R

• π̂P̂ ,∗(L̂
⊕5
P̂

))

for the triangle:

P̂ M̂

P̂

ρ̂

Notice that the virtual rank of EP̂ /P̂ := R• π̂P̂ ,∗(L̂
⊕5
P̂
⊕ P̂P̂ ) is 0, hence it endows the

moduli space of 1-stable maps with p-fields with a cycle class of dimension 0. However
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P̂ is not proper. In the next section we describe Chang-Li’s cosection (depending on the

choice of w ∈ k[x0, . . . ,x4]5) of the obstruction bundle, and show that the corresponding

localised cycle is supported on the proper subtack M(1)
1 (X,d), where X = V (w) is the

quintic threefold, that is the degeneracy locus of the cosection.

6.2.3. Cosection localisation and virtual pullback

Recall Kiem-Li’s machinery of cosection localised virtual classes [KL13, Theorem 1.1]:

Theorem 6.7 (Localisation by cosection). Let Y → S be a morphism of DM type between
algebraic stacks, with Y Deligne-Mumford and S smooth, endowed with a perfect obstruction
theory. Suppose the obstruction sheafObY admits a surjective homomorphism σ : ObY|U → OU

over an open U ⊆ Y .
Let ι : Y (σ) := Y rU ↪→ Y , then (Y,σ) has a localised virtual cycle:

[Y ]virloc ∈ A∗Y (σ).

This cycle enjoys the usual properties of the virtual cycles; it relates to the usual virtual cycle
[Y ]vir via [Y ]vir = ι∗[Y ]virloc ∈ A∗Y.

We now review a slight generalisation of this, that combines it with Manolache’s vir-

tual pullback construction [Man12]; this can also be found in [CL12, § 5].

Let Y → S be as in the hypotheses of the theorem, or more generally such that there

is a triple of compatible obstruction theories for a triangle Y → S → T with T smooth.

Assume for simplicity that the obstruction theory EY/S is a vector bundle E admitting a

cosection:

E
σ−→ OY

surjective on an open U ⊆ Y ; denote by Y (σ) the complement Y rU. Recall the following

notation from [KL13]:

G = Ker(E|U → OY |U ) , E(σ) = E|Y (σ) ∪G.

Kiem and Li define a localised Gysin map:

s!σ,loc : A∗(E(σ))→ A∗(Y (σ)),

which we explain in what follows. Let [B] ∈ Z∗(E(σ)) be a cycle represented by a closed

integral substack. If B ⊂ E|Y (σ) then they use the standard Gysin morphism:

s!σ,loc[B] := s
!
E|Y (σ)[B] ∈ A∗(Y (σ)).

Suppose instead that B is not contained in E|Y (σ). Then we may choose a variety with a

regularising morphism Ỹ
ν−→ Y such that:
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• ν is proper and ν(Ỹ )∩U , ∅;

• the pullback along ν of the cosection ν∗σ =: σ̃ extends to a surjective morphism

ν∗E
σ̃−→ OỸ (D)→ 0

for a Cartier divisor D ⊆ Ỹ .

• there is a closed integral B̃ ⊂ G̃ = Ker(σ̃) such that ν̃∗[B̃] = k[B] for some k ∈N.

We denote by ν(σ) : D→ Y (σ) the restriction of ν to the divisor, and by ν̃ : G̃→ E(σ) the

restriction of the natural map ν∗E→ E. The localised Gysin pullback is then defined as:

s!σ,loc[B] :=
1
k
ν(σ)∗

(
[D] · s!

G̃
[B̃]

)
∈ A∗(Y (σ)).

In [KL13, § 2] they prove that: such (Ỹ ,ν, B̃) always exist; the cycle s!σ,loc[B] is independent

of the above choices; the construction preserves rational equivalences and thus defines

the desired morphism on Chow groups.

Remark 6.8. If we consider [Y ] as a cycle in E(σ), thought of as the zero section of E,

notice that a natural choice for Ỹ is BlY (σ)Y.

Kiem and Li then proceed to extend the cosection-localised Gysin pullback to vec-

tor bundle stacks h1/h0(E) (this is relatively easy in the presence of a global resolution,

which is the case in the situation at hand); they show that the intrinsic normal cone CY/S
is contained in the closed substack h1/h0(E)(σ), at least when the cosection of the relative

obstruction bundle lifts to a cosection of the absolute obstruction bundle [KL13, Corol-

lary 4.5].

Definition 6.9. Consider a cartesian diagram of stacks:

Y ′ Y

S ′ S

ϕ′

ρ′ � ρ

ϕ

with ρ as above. Assume furthermore that we have a cosection

ObY/S→ OY

that lifts to a cosection of the absolute obstruction sheaf ObY. Then we can define a

localised virtual pullback operation:

(ρ′)!
EY ′ /S′ ,σ ′

: A∗(S
′)→ A∗−rk(E)(Y

′(σ ′))

where EY ′/S ′ = (ϕ′)∗EY/S , σ ′ = (ϕ′)∗(σ) and Y ′(σ ′) = Y (σ)×Y Y ′.
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Replace S ′ by a primitive cycle in it, i.e. assume that S ′ is irreducible and reduced. Re-

call that pulling back EY/S along ϕ′ endows ρ′ with a relative perfect obstruction theory.

Furthermore we can pullback the cosection:

ObY′/S′ � ϕ
∗ObY/S

σ ′−−→ OY′ .

The degeneracy locus of σ ′ is Y ′(σ ′), which in turn implies that:

h1/h0(EY ′/S ′ )(σ
′) = (ϕ′)∗h1/h0(EY/S )(σ).

By [KL13, Corollary 4.5] and from the cartesian diagram above,

CY ′/S ′ ⊆ (ϕ′)∗CY/S ⊆ EY ′/S ′ (σ
′)

thus we can define the localised virtual pullback of [S ′] to be:

(ρ′)!
EY ′ /S′ ,σ ′

[S ′] = s!σ ′ ,loc[CY ′/S ′ ].

6.2.4. A cosection for p-fields

We are going to construct the cosection paralleling [CL12, §§3.2-3.4]. There is a mor-

phism of vector bundles on P̂ induced by iterated tensoring of line bundles:

h1 : Vb(L̂
⊕5
P̂
⊕ P̂

P̂
)→ Vb(ωπ̂P̂

), h1(x,p) = pw(x0, . . . ,x4)

where xi and p denotes the tautological sections of the pull-back of L̂ ⊕5
P̂

, and P̂
P̂
to the

vector bundle, and w is the fixed degree 5 polynomial defining the quintic 3-fold X.

Differentiating h1 gives a morphism of tangent sheaves, and thus pulling it back along

the universal evaluation

Vb(L̂ ⊕5
P̂

)r {0} ⊕Vb(P̂
P̂
)

ĈP̂ Ĉ
P̂

P̂ P̂

e

π̂P̂ π̂P̂
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we obtain a cosection of the relative obstruction sheaf (see § 6.2.2 ):

σ1 : ObP̂ /P̂ = R1 π̂P̂ ,∗(L̂
⊕5
P̂
⊕ P̂P̂ )→ R1 π̂P̂ ,∗(ωπ̂P̂

) ' OP̂

σ1|(u,ψ)(x̊, p̊) = p̊w(u) +ψ
4∑
i=0

∂iw(u)x̊i , where

[(u,ψ)] ∈ P̂ , (x̊, p̊) ∈H1(u∗L̂ ⊕5
P̂

)⊕H1(u∗P̂P̂ )

(6.3)

The degeneracy locus of this cosection isM(1)
1 (X,d): indeed, by Serre duality if w(u) ,

0 then we can find a p such that the cosection does not vanish; similarly we can do if

ψ
∑4
i=0∂iw(u) , 0. But w(u) = 0 and ∂iw(u) = 0 never happen simultaneously by smooth-

ness of X, so it has to be w(u) = ψ = 0.

Moreover Chang and Li prove ([CL12, Proposition 3.5]) that σ1 lifts to a cosection

of the absolute obstruction bundle ObP̂
σ−→ OP̂ , i.e. σ1 factors as ObP̂ /P̂ → ObP̂

σ−→ OP̂ .

Notice that σ and σ1 have the same degeneracy locus because ObP̂ /P̂→ObP̂ is surjective.

Being able to lift the cosection to the absolute obstruction sheaf is a sufficient con-

dition for the relative intrinsic normal cone CP̂ /P̂ to be contained in the closed substack

h1/h0(E)(σ1) of the obstruction bundle h1/h0(E)( determined by the cosection, see [KL13].

We may thus endow M(1)
1 (P4,d)p with a localised virtual cycle:

[P̂]virloc = 0!σ1,loc[CP̂ /P̂] ∈ A0

(
M(1)

1 (X,d)
)
.

We want to show that it gives the same numerical invariants as the cuspidal Gromov-

Witten theory of X, up to a sign:

Theorem 6.10.

deg[M(1)
1 (P4,d)p]virloc = (−1)5d deg[M(1)

1 (X,d)]vir

6.2.5. From p-fields to the quintic threefold

This is achieved in two steps: we first compare the invariants of M(1)
1 (P4,d)p with the

ones coming from M(1)
1 (NX/P4 ,d)p, where NX/P4 is the normal bundle of the quintic in

P
4.

Second we compare the latter invariants with deg[M(1)
1 (X,d)]vir.

Deformation to the normal cone

This is attained in [CL12, §§4-5] by a family version of the p-fields construction applied

to the deformation to the normal cone of X ⊆ P
4; let us denote the latter by V → A

1
t ,

so that Vt,0 = P
4 and V0 = NX/P4 . The idea is to proceed as follows: construct a perfect

obstruction theory forM(1)
1 (V ,d)p relative to P̂ which is compatible with the obstruction

theories of the fibers M(1)
1 (Vt ,d)p; then construct a family version of the cosection and
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use the fact that for compatible obstruction theories taking cosection localized cycles

commutes with Gysin pull-back to conclude the deformation to the normal cone.

In order to construct the obstruction theory for M(1)
1 (V ,d)p, we want to express it as

an open inside a cone of sections (then we can use the general result in § 6.2.2), to such

goal we will find useful the following elementary Lemma:

Lemma 6.11. The deformation to the normal cone V is cut inside Vb(O
P

4(5)) ×A1
t by the

equation w(x)− ty = 0, where [x0 : . . . : x4] are the basis coordinates and y is fiber coordinate .
If C(V ) denotes the affine cone over V , then C(V ) is cut out inside C5

x ×Cy ×A1
t by the same

equation, and its tangent bundle is determined by the following exact sequences:

0→ TC(V )/A1
t
→ O⊕5C(V ) ⊕OC(V )

∑
i ∂iw(x)x̊i−tẙ−−−−−−−−−−−−−→ OC(V )→ 0 (6.4)

0→ TC(V )→ O⊕5C(V ) ⊕OC(V ) ⊕OC(V )

∑
i ∂iw(x)x̊i−tẙ−yt̊−−−−−−−−−−−−−−−−→ OC(V )→ 0 (6.5)

The proof is just a computation in local coordinates.

This allows a description of the moduli space of maps to V as the cone of sections of

a certain smooth object Z ′ over Ĉ
P̂×A1 :

Z ′ V

Vb(L ⊕5
P̂

)r {0} ⊕Vb(L ⊗5
P̂

) Vb(O
P

4(5))×A1
t

ĈM(1)
1 (V )

Ĉ
P̂×A1

t

M(1)
1 (V , (d,0)) P̂×A1

t

�e

π̂
M(1)

1 (V ) π̂
P̂×A1

t

(6.6)

Similarly V̂ := M(1)
1 (V , (d,0))p can be defined as the cone of sections of Z := Z ′ ⊕

Vb(P̂
P̂
). The general theory explained above tells us that R•π̂∗e∗TZ /P̂×A1

t
provides an

obstruction theory for V̂ → P̂×A1
t .Moreover the fact that Z ′ is defined via the cartesian

square (6.6) together with Lemma 6.11 allows us to give a more explicit description of

the above perfect obstruction theory ( [CL12, Proposition 4.2]):

Lemma 6.12. A dual perfect obstruction theory is given by:

φV̂ /P̂×A1
t
: TV̂ /P̂×A1

t
→ EV̂ /P̂×A1

t
:= R• π̂V̂ (f

∗
V̂H ⊕ P̂V̂ )

where fV̂ : ĈV̂ → V is the universal map and H is the vector bundle on V defined by the exact
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sequence, see (6.4):

0→H → pr∗
P

4

(
O
P

4(1)⊕5 ⊕O
P

4(5)
) ∑

i ∂iw(x)x̊i−tẙ−−−−−−−−−−−−−→ pr∗
P

4 O
P

4(5)→ 0.

The restriction of φV̂ /P̂×A1
t
to a fiber

V̂t =
 P̂ t , 0

M(1)
1 (NX/P4 ,d)p t = 0

gives the standard obstruction theory of V̂t → P̂.

We would like to conclude that the restriction of the virtual cycle to the fibers is

the standard virtual cycle on the fiber. The techniques of functoriality in intersection

theory teach us that we should look for a triple of compatible obstruction theories for the

triangle:

V̂t V̂

P̂

ιt

The cone of sections interpretation provides us with an obstruction theory relative to

V̂ → P̂ given by:

E
′
V̂ /P̂ := R• π̂V̂ (f

∗
V̂K ⊕ P̂V̂ )

where K is determined by the following exact sequence on V , see (6.5):

0→K → pr∗
P

4

(
O
P

4(1)⊕5 ⊕O
P

4(5)⊕O
P

4

) ∑
i ∂iw(x)x̊i−tẙ−yt̊−−−−−−−−−−−−−−−−→ pr∗

P
4 O

P
4(5)→ 0

Of course h0(E′
V̂ /P̂

) ' TV̂ /P̂, but the previous lemma and the difference between H and

K hint at the fact that the obstruction sheaf h1(E′
V̂ /P̂

) contains one factor R1 π̂V̂ ,∗OĈV̂
'

OV̂ too many, so that restricting E
′
V̂ /P̂

to the fibers we would not find their standard

obstruction theory. A confirmation of this fact is given by observing that E′
V̂ /P̂

equips

V̂ with a 0-dimensional cycle, while we are looking for a 1-dimensional cycle such that

restricting to any fiber, i.e. applying ι!t , we get [V̂t]vir ∈ A0(V̂t).
This issue is solved in [CL12, §§4.5-6] by lifting the standard obstruction theory φ′

V̂ /P̂
to a different, specifically tailored one:

φV̂ /P̂ : TV̂ /P̂→ EV̂ /P̂,

where the latter two-term complex fits into an exact triangle:

R1 π̂V̂ ,∗OĈV̂
[−2]→ EV̂ /P̂

ν−→ E
′
V̂ /P̂

[1]
−−→

Furthermore φV̂ /P̂ is compatible with the standard obstruction theory for the fibers:
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Lemma 6.13. For every t ∈A1
k we have a commutative diagram:

π̂V̂c∗OĈV̂c
[−1] EV̂c/P̂ EV̂ /P̂|V̂c

T
≤1
V̂c/V̂

T
≤1
V̂c/P̂

T
≤1
V̂ /P̂
|V̂c

For the proof see [CL15, § 4.6]. Notice that the lower row is not a distinguished

triangle, yet Chang and Li prove in [CL12, A.4] that this weaker (truncated) notion of

compatibility is enough to prove functoriality.

Since we are working with cosection localised cycles, we need a family version of the

cosection. This is induced by differentiating the following vector bundle morphism on

P̂×A1
t :

Vb(L̂ ⊕5
P̂
⊕ L̂ ⊗5

P̂
⊕ P̂

P̂
)

(pr2,pr3)−−−−−−−→ Vb(L̂ ⊗5
P̂
⊕ P̂

P̂
)
·−→ Vb(ωπ̂P̂

)

The cosection takes then the following form:

ObV̂ /P̂×A1 ⊆ R1 π̂∗(L̂
⊕5
V̂
⊕ L̂ ⊗5

V̂
⊕ P̂V̂ )→ R1 π̂∗ωπ̂

σ̄1|(u,v,ψ)(x̊, ẙ, p̊) = ψẙ + vp̊

It is showed in [CL12, §4.7] that σ̄1 lifts to a cosection σ̄ : ObV̂ → OV̂ and that the degen-

eracy locus of σ̄ is

M(1)
1 (X,d)×A1

t .

Recall that the sections (u,v) are required to satisfy w(u) − tv = 0. So σ̄1 coincides

up to a non-zero scalar with the above defined cosection σ1 for P̂ when t , 0. It is

proved in [KL13, Theorem 5.2] that, given compatible perfect obstruction theories, the

construction of a cosection localised virtual cycle is compatible with Gysin pullbacks, so

that by [CL12, Proposition 4.9]:

ι!t,0[V̂]virσ̄ = [P̂]virσ ∈ A0(Q̂), ι!0[V̂]virσ̄ = [M(1)
1 (NX/P4 ,d)p]virσ̄0 ∈ A0(Q̂)

where we have denoted by Q̂ :=M(1)
1 (X,d).

Functoriality of cosection-localised pullback

We are left with proving that deg[M(1)
1 (NX/P4 ,d)p]virσ̄0 coincides up to a signwith deg[M(1)

1 (X,d)]vir.

In the rest of the section we use the following notation: N̂ := M(1)
1 (NX/P4 ,d)p, and

v̂ : N̂ → Q̂.

First, Chang and Li prove that there is a perfect obstruction theory

EN̂ /Q̂ := R• π̂N̂ ,∗(L̂
⊗5
N̂
⊕ P̂N̂ )
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compatible with EN̂ /P̂ and v̂∗EQ̂/P̂, so that EN̂ /Q̂ inherits a cosection σ ′0 with degeneracy

locus D(σ ′0) = Q̂. So they have a localised virtual pullback:

v̂!
EN̂ /Q̂,loc

: A∗(Q̂)→ A∗(D(σ ′0) = Q̂)

which they then prove to satisfy functoriality using the techniques of [KKP03], so:

v̂!
EN̂ /Q̂,loc

[Q̂]vir = [M(1)
1 (NX/P4 ,d)p]virσ ′0 .

To conclude it is enough to compute the degree of v̂!
EN̂ /Q̂,loc

on A0(Q̂); we just need to

compute deg(v̂!
EN̂ /Q̂,loc

[ζ]) for a closed point ζ. This is done in [CL12, Theorem 5.7] and

the same considerations work in our case.

Hopefully we have managed to convince the reader that the subtle intersection theory

perpetuated in [CL12] does not rely at all on the hypothesis that the families of curves

we are working with are nodal, but l.c.i. curves are well-behaved enough so that all the

proofs carry over to the situation of our interest.

6.3. Auxiliary space of p-fields

Now that we have 1-stable maps with fields, we would like to compare them with ordi-

nary stable maps with fields, in order to finally achieve the wanted comparison between

cuspidal and reduced invariants. We thus define an analogue of the space Z in § 6.1.

Let XP and Zp be the algebraic stacks defined by the following cartesian diagram:

Zp M
(1)
1 (P4,d)p

XP Pic1(1)

M
wt,st
1 M

wt,st
1 (1)

α

γ �

�

Remark 6.14. The stack XP parametrises

CS ĈS

S

φS

with a line bundle L̂S on ĈS . Notice that by pulling back L̂S via φS we obtain a line

bundle onCS , hence amorphismXP → Pic1. This is generically an isomorphism, but has

1-dimensional fibers over the locus of elliptic tails, due to the fact that Pic(Ĉ)→ Pic(C)

has kernel Ga when Ĉ has a cusp.
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Remark 6.15. Similarly the stack Zp parametrises

CS ĈS P
4
S

S

φS

πS π̂S

fS

with a p-field ψ ∈H0(ĈS , f ∗SO
P

4(−5)⊗ωπ̂S ).

Caution 6.16. Unfortunately we are not able to compare Zp with M1(P4,d)p directly,

since, contrary to the space of maps case, we don’t have a morphism between the two

spaces of p-fields.

Indeed, denote by L̂ = f ∗O
P

4(1) and by L = φ∗L̂ , a morphism Zp →M1(P4,d)p is

equivalent to a morphism R1π∗L
⊗5→ R1 π̂∗L̂

⊗5.

Instead, we only have a map the wrong way around: R1 π̂∗L̂ → R1π∗L on Zp which

is not an isomorphism. To see this, consider the dual picture: since φ∗ωπ̂ = ωπ(E ), the
p-fields on C that we get by pulling back from Ĉ vanish on elliptic tails.

This meant that we could not directly look at [CL15] decomposition of the intrinsic

cone, but we had to use the machinery they built to study instead the cone of Zp . The

comparison with reduced invariants is possible because Zp and Z (and all of their res-

olutions) have the same main component, and the latter is comparable with standard

GW.

Before starting the study of the geometry of Zp which will lead us to the final com-

parison, let us show that this auxiliary space of p-fields can be endowed with a virtual

class whose degree coincide with cuspidal invariants of the quintic:

The perfect obstruction theory R• π̂∗(L̂ ⊕5 ⊕ P̂) for the morphism M
(1)
1 (P4,d)p →

Pic1(1) together with its cosection induce a localised virtual class on Zp by localised

virtual pullback, see § 6.2.3:

[Zp]virα∗σ,loc := γ
!
EZp/XP ,α∗σ

[XP].

In order to show that this gives the same invariants as the space of 1-stable maps

with p-fields, we need to prove that localised virtual pullback commutes with proper

pushforward.

Lemma 6.17. ( Localised virtual pullback commutes with proper pushforward.) With the same
setup and notation as in § 6.2.3, suppose furthermore that ϕ is proper and ϕ′(Y ′)∩U , ∅. For
every cycle [B′] ∈ A∗(S ′),

ϕ′∗ ◦ (ρ′)!EY ′ /S′ [B
′] = (ρ)!

EY/S
◦ϕ∗[B] ∈ A∗(Y (σ)).
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Proof. Consider the following diagram:

A∗(S ′) A∗(CY ′/S ′ ) A∗(h1/h0(EY ′/S ′ )(σ ′)) A∗(Y ′(σ ′))

A∗(S) A∗(CY/S ) A∗(h1/h0(EY/S )(σ)) A∗(Y (σ))

s!σ′ ,loc

s!σ,loc

Only the right-most square is not classical. Hence we are left with showing that for every

cycle [B′] ∈ A∗(h1/h0(EY ′/S ′ )(σ ′)) we have:

ϕ′∗(s
!
σ ′ ,loc[B

′]) = s!σ,loc
(
ϕE

∗ [B
′]
)
∈ A∗(Y (σ)), (6.7)

where ϕE : h1/h0(EY ′/S ′ )(σ ′)→ h1/h0(EY/S )(σ) is induced by the morphism of vector bun-

dle stacks.

If B′ ⊂ h1/h0(EY ′/S ′ )|Y ′(σ ′) thenϕE(B′) ⊂ h1/h0(EY/S )|Y (σ), thus the localised Gysinmor-

phisms coincide with s!h1/h0(EY ′ /S′ )|Y ′ (σ′ )
and s!h1/h0(EY/S )|Y (σ)

, and their commutativity with

proper pushforward is well-known, see [Kre99] if we assume the existence of global res-

olutions).

Assume then that B′ is a prime cycle in h1/h0(EY ′/S ′ )(σ ′) not contained in h1/h0(EY ′/S ′ )|Y ′(σ ′).
Then recall that:

s!σ ′ ,loc[B
′] :=

1
k
ν ′(σ ′)∗

(
[D] · s!

G̃
[B̃]

)
∈ A∗(Y ′(σ ′)),

where ν ′ : Ỹ → Y ′, (ν ′)∗(σ ′) and B̃ satisfy the conditions of a regularising morphism,

see § 6.2.3. Notice that if we consider the composition ν : Ỹ
ν ′−−→ Y ′

ϕ′

−−→ Y and the pull-

back ν∗(σ), the first two of those conditions are always satisfied. How about B̃→ B′ →
ϕE(B′) =: B? Suppose first that B′ → B is generically finite of degree h; then B̃ → B is

generically finite of degree hk, so:

ϕ′∗(s
!
σ ′ ,loc[B

′]) =
1
k
ϕ′∗ ◦ ν ′(σ ′)∗

(
[D] · s!

G̃
[B̃]

)
=
1
k
ν(σ)∗

(
[D] · s!

G̃
[B̃]

)
= hs!σ,loc[B]

= s!σ,loc(ϕ
E

∗ [B
′]).

If instead B′ → B is not generically finite, then the right-hand side in formula (6.7) is

zero. In order to show that the same is true for the left-hand side it is enough to appeal

to [KL13, Lemma 2.7], since νE∗ [B̃] = (ν ′)E∗ ◦ϕE

∗ [B̃] = 0.

Corollary 6.18. deg[Zp]virloc = deg[M(1)
1 (P4,d)p]virloc

This follows immediately from the fact that the 1-stabilisation is proper and bira-

tional, Lemma 5.16 and thus XP and Pic1(1) are birational.
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6.4. Local equations and desingularisation

6.4.1. Equations for Zp relative to XP

We are going to need a description of the normal cone CZp/XP in order to perform a

splitting. Since Zp is a line bundle over the boundary of Z , we find instead equations for

the latter.

Recall that Z can be embedded as an open inside C(π̂∗L̂ ⊕5) over XP . We are going

to find an embedding of C(π̂∗L̂ ⊕5) in a smooth ambient space over XP , that will be a

vector bundle obtained by suitably twisting L̂ .

This is a revisited version of § 4.1.1, so the ideas all come from [HL10a]. We work

locally on Z : start with a point ξ = [(C
φ
−→ Ĉ

f
−→ P

4] ∈ Z and choose coordinates on P
4

such that f −1{x0 = 0} is a simple smooth divisor D =
∑d
i=1 δi on Ĉ. This continues to be

true on a neighbourhood U of ξ .

Locally the morphism Z → XP can be written as ξ 7→ [C→ Ĉ,OĈ(D)], which admits

a local lifting U → X div :=Mdiv
1 (1)×

M̂
M, and in fact hits the smooth locus of the latter.

Remark 6.19. The space Mdiv
1 maps (actually includes) in Mdiv

1 (1) ×
M̂

M but it is not

isomorphic to the latter; pulling pack D̂ from Ĉ to C might give a divisor vanishing

identically on the elliptic tail.

Remark 6.20. The projection X div→ XP is not smooth. In fact, when the line bundle is

trivial on the minimal elliptic subcurve E, it may be deformed to a degree 0, non-effective
line bundle on such a subcurve, so that sections of OĈ(D) which are constant and non-

zero on E are obstructed. The locus where such a morphism is smooth, in XP is the

locus where the line bundle is effective. However the latter is not locally closed, so even

working in local charts we can’t avoid the issue.

This tell us the equations in a smooth ambient relatively to X div will differ from the

equations in a smooth ambient relatively to XP .
However we will now see that the difference is minimal and, most important, does

not affect the results of [HL10a].

In a neighbourhood V ⊆ XP of [C→ Ĉ,OĈ(D)] we can write the universal line bundle

L̂V as OĈV
(D + p − p0), where p,p0 are sections trough the core, with p is free to move on

the core, i.e. p as a local coordinate on XP relative to M. Then in the chosen charts,

the deformation theory of C → Ĉ → P
4 is the same as the deformation of C → Ĉ,L̂V , s ∈

H0(L̂ 5
V ). Notice that another difference with respect to §4.1.1 is that, working without

having fixed a divisor, we have to consider deformation of all the 4 + 1 sections defining

the map to P
4.

Locally on V we can pick another smooth section A of the core not intersecting p0,

neither the support of D + p.
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Lemma 6.21. C(π̂∗L̂V ) is the kernel of the vector bundle map:

π̂∗OĈ (A+D + p − p0)
ϕ
−→ π̂∗OA(A)

where, up to shrinking V , we may write:

π̂∗OĈ (A+D + p − p0) �
d⊕
i=1

π̂∗OĈ (A+ δi − p0)⊕ π̂∗OĈ (A+ p − p0) (6.8)

where D =
∑d
i=1 δi , and thus

ϕ =
d⊕
i=1

ϕi ⊕ϕp

where we denoted by ϕ∗ the composition

π∗OĈ (A+ ∗ − p0) ↪→ π∗OĈ (D +A+ p − p0)→ π̂∗OA(A)

The proof goes as in [HL10a, Lemma 4.10], to which we refer for the details. The

idea is the following: both sides in 6.8 are vector bundles and we do have a map between

them, so we just have to check the isomorphism fiberwise and for that we can base change

to a point and check that the global sections of right hand side form a basis for the global

sections of the left hand side.

Let us introduce some more notation: around a point [Ĉ] ∈Mwt,st
1 (1), for every node

q of Ĉ there is a coordinate ζq whose vanishing locus is the divisor where such a node is

not smoothed. These functions can be pulled back to V . Denote by

ζ[δi ,A] =
∏

ζq

where the product runs over all the nodes separating δi from the core.

Lemma 6.22. There are trivialisations for the line bundles π∗OĈ (A + δi − p0), π̂∗OĈ (A + p −
p0), π∗OA(A) such that locally we have the following explicit expression for ϕi and ϕp:

ϕi = ζ[δi ,a], ϕp = (p − p0)

This is essentially [HL10a, Proposition 4.13]. We only remark the idea and then refer

to [HL10a, Proposition 4.13] for details. Proving that two sections coincide (up to multi-

plication by a scalar) is equivalent to say that their zero loci coincide. Let R be a point in

XP , let us for example show that ϕp,R vanishes if and only if R ∈ {p − p0 = 0} . The Kernel
of ϕp,R is given by π̂R,∗OĈR

(p −p0). Thus we have that, if p = p0 the latter is isomorphic to

OR � π̂R ∗OĈR
(A + p − p0) and thus ϕp,R = 0, otherwise π̂R,∗OĈR

(p − p0) = 0 and ϕp,R is an

isomorphism.

Remark 6.23. The vanishing locus of (p−p0) on the boundary means that the line bundle
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restricts to the trivial one on the core.

Lemma 6.24. A local chart U for Z can be embedded as an open inside:

(F0 = . . . = F4 = 0) ⊆ Vb(π̂∗L̂V (A)⊕5)

where

Fj =
d∑
i=1

ζ[δi ,A]w
j
i + (p − p0)w

j
d+1

and wji are coordinates on the fiber of the j-th copy of Vb(π̂∗L̂V (A)) over V .

Compare with [HL10a, Theorems 2.17-19].

6.4.2. Hu-Li blow-up and desingularisation

We perform a modular blow-up of Mwt,st
1 (1): we successively blow up Θ̂k , k ≥ 2, de-

fined as the closure of the loci where the minimal elliptic subcurve E has weight 0 and∣∣∣C rE ∩E
∣∣∣ = k.

Notice that after the k-th blow-up, the strict transform of Θ̂k+1 is smooth, so the final

result M̃wt,st
1 (1) is smooth as well.

Remark 6.25. The fiber product

M̃
wt,st
1 (1)×Mwt,st

1 (1)M
wt,st
1

recovers the Hu-Li blow-up M̃
wt,st
1 . The key observation is that Θ1 is already a Cartier

divisor and the inverse image of Θ̂k is precisely Θk ; using the universal property of the

blow-up, it can be shown that there are maps in both directions, and they are inverse to

one another.

Remark 6.26. After blowing up, the equations in 6.24 are simplified and assume the

following form:

ζ̃w̃+ (p − p0)wd+1 = 0

where ζ̃ is one of the newly created boundary divisors Θ̃k from M̃
wt,st
1 (i.e. one of the

exceptional divisors produced by the blow-up process), and w̃ is a suitably defined coor-

dinate on the fiber of Vb(π̂∗L̂ (A))×XP X̃P .

Notice that the components of Z̃p are in bijection with those of Zp, however all the

boundary ones have the same dimension 5d +4, and their intersection with main, which

is now smooth, is a divisor in the latter.
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Summing up, we get:

Z̃p M̃(1)
1 (P4,d)p

M̃1(P4,d) Z̃ M̃(1)
1 (P4,d)

P̃ic1 X̃P P̃ic1(1)

M̃
wt,st
1 M̃

wt,st
1 M̃

wt,st
1 (1)

�

i

�

�

∼

We conclude this brief section remarking that the blow-up procedure does not affect
the invariants:

Lemma 6.27. We have the identity:

deg[Z̃p]virloc = deg[Zp]virloc.

Follows again from 6.17; compare also with [CL15, Proposition 2.5].

6.5. Splitting the cone and proof of the Main Theorem

We are finally able to study the cone CZ̃p/X̃P . This is going to be a word-by-word repeti-

tion of the arguments in [CL12].

Lemma 6.28. The map ρ̃ : Z̃p → X̃P has a relative perfect obstruction theory EZ̃p/X̃P =

R• π̂∗(L̂ ⊕5 ⊕ P̂). The intrinsic normal cone CZ̃p/X̃P has the following properties:

1. Its restriction to the open Z̃p,◦ = Z̃p,main
r

⋃
k≥2D

kZ̃p can be described as the zero
section of h1/h0(EZ̃p/X̃P )|Z̃p,◦

2. Its restriction to the open locus of the boundary Z̃p,gst,◦ = Z̃p − Z̃p,main is a rank 2

subbundle stack of h1/h0(EZ̃p/X̃P )|Z̃p,gst,◦

Proof. Compare with [CL12, Lemma 4.3]

1. Observe that Z̃p,◦ � Z̃◦ because here H0(Ĉ, L̂⊗−5 ⊗ ωĈ ) = 0. Moreover Z̃◦ is un-

obstructed on its image, which is an open of X̃P , because R1 π̂∗L̂ = 0. So the

normal cone is [Z̃p,◦/π̂∗L̂
⊕5], which is the zero section of h1/h0(EZ̃p/X̃P )|Z̃p,◦ =

[0⊕R1 π̂∗P̂/π̂∗L̂
⊕5 ⊕ 0].

2. We know that Z̃p,gst,◦ is a line bundle over Z̃gst,◦. From the equations 6.26 we see

that the latter is smooth over its image W in X̃P , which is the codimension 2 locus

where the core has weight 0 and the line bundle is trivial on it. Recall that every
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smooth morphism A→ B of relative dimension n factors as A
ét−→ B ×An

pr1−−−→ B. So

we have
Z̃p,gst,◦ W ×A5d+6 X̃P ×A5d+6

W X̃P

ét

q

where the bottom horizontal arrow is a codimension 2 regular embedding. Thus

CZ̃p/X̃P |Z̃p,gst,◦ �
[
q∗CW /X̃P /π̂∗L̂

⊕5 ⊕ π̂∗P̂
]

is a rank 2 subbundle stack of h1/h0(EZ̃p/X̃P )|Z̃p,gst,◦ .

Notice that the image of Z̃◦ in M̃1(P4) contains M̃1(P4)main ∩ D̃1.

6.5.1. Contribution of the main component

Recall the definition of the closure of the zero section of a vector bundle stack: let B be an

integral algebraic stack and let F = [F0
d−→ F1] be a complex of locally free sheaves on

B. The zero section is 0
F
: [F0/F0]→ h1/h0(F ) = [F1/F0], which is in general not a closed

embedding; its closure is defined as:

0
F
= [cl(dF0)/F0]

0
F
is an integral stack.

Example 6.29. When h0(F ) = 0, the closure of the zero section looks like B with some

further stacky structure on the vanishing locus of d. Consider for example B = P
1 and

F = [O
P

1
x−→ O

P
1(1)]. Then the action of e ∈ F0 on F1 is given by f 7→ f +xe. Clearly cl(dF0)

is the whole line bundle F1; the F0-action is transitive on the fibers over {x , 0} and trivial

on the {x = 0}-fiber. Hence 0
F
is isomorphic to P1

r{x = 0}with a gerbe [A1/Ga] replacing

the point {x = 0}.

We may now split the cone CZ̃p/X̃P in the following manner: we denote by Cmain the

closure of the zero section of h1/h0(EZ̃p/X̃P )|Z̃p,main , which is an irreducible cone supported

on the main component. All the rest is supported on the boundary components, possibly

on their intersection with the main one, and we are going to pack all the components

supported on DkZ̃p together and label them Ck accordingly, so in the end we obtain a

splitting:

CZ̃p/X̃P =Cmain +
∑
k≥2

Ck

We are going to show that:

1. the contribution of Cmain is exactly the reduced invariants of X;
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2. the other cones Ck , k ≥ 2, are enumeratively meaningless.

In order to prove the first claim we proceed as in [CL12, §5]; let us start by noticing

that the obstruction theory E := EZ̃p/X̃P splits as E1 ⊕ E2 where E1 = R• π̂∗(L̂ ⊕5) and

E2 = R• π̂∗(P̂). When we restrict to Z̃p,main we see that h1/h0(E1) is the closure of its own

zero section; it follows that:

Cmain = 0
E|Z̃p,main = h

1/h0(E1)|Z̃p,main ⊕ 0E2|Z̃p,main

Then by standard intersection theory (pullback the right-hand side by π̂∗
E
= π̂∗

E1
◦ π̂∗

E2
):

0!
E
[Cmain] = 0!

E2
[0

E2|Z̃p,main ]

At this point we recall the following [CL12, Lemma 5.3]:

Lemma 6.30. Let E = [E0→ E1] be a complex of locally free sheaves on an integral Deligne-
Mumford stack B such that h1(E) is a torsion sheaf on B and the image sheaf of E0 → E1 is
locally free. Let U ⊆ B be the complement of the support of h1(E), and let B ⊆ h1/h0(E∨[−1])
be the closure of the zero section of the vector bundle h1/h0(E∨[−1]|U ) = h0(E|U )∨. Then

0![B] = e(h0(E)∨) ∈ A∗(B).

We apply this lemma to R• π̂∗L̂ ⊗5 = E
∨
2 on Z̃p,main. Notice that it satisfies the hy-

potheses by virtue of the equations in Remark 6.26: indeed the question may be ad-

dressed locally; looking at the resolution of E∨2 :

π̂∗L̂
⊗5(A)→ π̂∗L̂

⊗5(A)|A

we deduce from the equation that the image of this map is π∗L̂ ⊗5(A)|A ⊗OZ̃p,main(−Ξ),
where Ξ denotes the Cartier divisor Ξ = Z̃p,main ∩

(⋃
k≥2D

kZ̃p
)
. Then π̂∗L̂ ⊗5 is a vector

bundle, being the kernel of a vector bundle map.

Lemma 6.31. If we let i be the inclusion of Z̃ in M̃1(P4,d), then:

i∗(ctop(π̂∗L̂
⊗5)∩ [Z̃p,main]) = ctop(π∗L

⊗5)∩ [M̃1(P
4,d)p,main]

Proof. Recall that the projection (−)p→ (−) is an isomorphism on main, so it makes sense

to write i∗[Z̃p,main] = [M̃1(P4,d)p,main], which follows from Lemma 6.1. On the other

hand notice that on Z̃p,main we have:

π∗L = π̂∗φ∗φ
∗L̂ = π̂∗L̂

by projection formula and since φ∗OCZ̃p,main = OĈZ̃p,main
by Zariski connectedness theorem.

The result follows from the projection formula for Chern classes.



6.5. Splitting the cone and proof of the Main Theorem 107

We are left with showing that the rest of the Ck do not contribute to the invariants.

This is essentially a dimensional computation. The arguments of [CL12, §§6-8] may be

adapted; we shall outline them for the benefit of the reader. We introduce the notation

Z̃p,gst :=
⋃
k≥2D

kZ̃p for the union of the boundary components, and Cgst =
⋃
k≥2C

k .

Step I: reduction to the case of a cone inside a vector bundle

This section deals with removing the technicalities of working with a cone stack inside a

vector bundle stack and reducing to the case of a cone inside a vector bundle.

The key point is that E := E|Z̃p,gst has locally free h0 and h1: the equations in Remark

6.26 are automatically satisfied on the boundary, without imposing any condition on the

fiber coordinates.

When we fix a resolution by locally free sheaves E = [F0
d−→ F1], the image sheaf d(F0),

which is the kernel of F1→ h1(E), is a subbundle of F1. Consider the projections:

β : F1→ h1/h0(E) and β′ : F1→ Ṽ := R1 π̂∗(L̂
⊕5 ⊕ P̂);

the second is also flat since d(F0) is a vector bundle. The cone stackCgst can be descended

to a coneCgst ⊆ Ṽ by taking the quotient of β−1Cgst by the free action of d(F0); Cgst should

then be thought of as the coarse moduli of Cgst. Recall that we started with a cosection

σ1 of V (see Eq. (6.3)) and pulled it back to all relevant spaces. It follows from the

commutativity of localised Gysin pullback with flat pullback that:

s!h1/h0(E),σ̃1[C
gst] = s!

Ṽ ,σ̃1
[Cgst]

See [CL12, Proposition 6.3].

Step II: from cosection localised to standard Gysin map

Recall that the construction of a localised virtual class refines the standard one, namely:

ι∗[Y ]
vir
loc = [Y ]vir,

where ι : Y (σ) ↪→ Y is the degeneray locus of the cosection. In particular, when Y itself is a

proper Deligne-Mumford stack, the degree of the localised virtual class can be computed

after pushing it forward to Y .

Then to compute s!
Ṽ ,σ̃1

[Cgst] we are going to compactify Z̃p,gst, extend the cone, the

vector bundle and the cosection to it, and then make use of the fact we just recalled.

Since Z̃p,gst � VbZ̃gst

(
π̂∗P̂

)
, we take its standard copactification:

γ̄ : Zp,gst
:= P

(
π̂∗P̂ ⊕OZ̃gst

)
→ Z̃gst.
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We want to pullback the cosection:

σ1|(u,ψ)(x̊, p̊) = p̊w(u) +ψ
4∑
i=0

∂iw(u)x̊i ;

noticing that in the compactification the p-field ψ can go to infinity, we define the vector

bundles on Zp,gst
:

Ṽ
cpt
1 = γ̄ ∗V1(−D∞), Ṽ

cpt
2 = γ̄ ∗V2.

We are now able to extend the cosection and get:

σ̄ : Ṽ cpt = Ṽ cpt
1 ⊕ Ṽ cpt

2 → OZp,gst .

The compatibility of σ̃ with σ̄ , and the fact that Zp,gst
is proper, together with the

observation at the beginning of this section, explain the following:

Proposition 6.32. Let ι! : Z∗(Ṽ (σ̃))→ Z∗(Ṽ cpt) be defined by ι![C] = [C].And i : D(σ̃)→ Z̃gst

the inclusion. Then

γ̄∗ ◦ s!Ṽ cpt ◦ ι! = i∗ ◦ s!σ̃ ,loc : Z∗(Ṽ (σ̃))→ A∗(Z̃
gst).

See [CL15, Proposition 6.4] for full details.

Furthermore, from functoriality of Gysin pullbacks and the deformation to the nor-

mal cone it follows that:

s!
Ṽ cpt[C] = s

!
Ṽ

cpt
2
◦ s!

Ṽ
cpt
1
[NC∩0⊕Ṽ cpt

2
C].

Step III: homogeneous cones

Chang an Li introduce the notion of homogeneity for substacks of Ṽ on Z̃p,gst: write

Ṽ = Ṽ1 ⊕ Ṽ2 with Ṽ1 = R1 π̂∗(L̂
⊕5) and Ṽ2 = R1 π̂∗(P̂),

and γ : Z̃p,gst → Z̃gst the projection. Since Z̃p,gst is the total space of a line bundle over

Z̃gst, it comes with a natural Gm-action on the fibers of γ . Moreover, since the highest

pushforwards satisfy cohomology and base-change:

Ṽi = γ
∗Vi

for the corresponding vector bundles Vi on Z̃gst, so the total space of Ṽi can be endowed

with a Gm-action that makes the projection to Z̃p,gst equivariant. We say that a closed

substack of Ṽ is 0-homogeneous if it is the pullback of a closed substack of V along γ . In

fact there are different Gm-actions on Ṽ that make the projection to Z̃p,gst equivariant:

namely, we can twist the trivial action on the fibers by two characters of Gm, one for each
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Ṽi . Then we say that a substack of Ṽ is (l1, l2)-homogeneous if it is invariant with respect

to such an action. Here is how we are going to use the homogeneity:

Lemma 6.33. Let C ⊆ Ṽ be an (l1, l2)-homogeneous subcone of Ṽ ; then the cone C∩(0⊕Ṽ cpt
2 )

is pulled back from a cone in V2 on Z̃gst.

Proof. Locally we may pick coordinates t on the fibers of γ , x1, . . . ,x5 on the fibers of Ṽ cpt
1 ,

and y1, . . . , y5d+5 on the fibers of Ṽ cpt
2 , such that the ideal of C is generated by separately

homogeneous polynomials pj in t−l1xi and t−l2yi . The ideal of C ∩ (0⊕ Ṽ
cpt
2 ) is then given

by 〈x1, . . . ,x5,pj (0, t−l2y)〉j , where pj (0, t−l2y) results from setting xi = 0 in pj . Notice now

that C being a cone, it is invariant by scalar multiplication on the fibers of Ṽ cpt, so we

may as well say that C ∩ (0⊕ Ṽ cpt
2 ) is cut by the ideal 〈x1, . . . ,x5,pj (0, y)〉j . This makes it

clear that C ∩ (0⊕ Ṽ cpt
2 ) is pulled back from (0⊕V2) on Z̃gst.

Finally Chang and Li point out that the coarse moduli cone Cgst is (0,1)-homogeneous

[CL12, Proposition 6.7].

Step IV: reduction of the support of the cone

The final goal is to show that s!
Ṽ cpt[Cgst] is zero, and the way we will do that, it’s by a

dimension count.

In order to do that, we will in this section consider the following cycle: Cgst∩0⊕ Ṽ cpt
2 .

The reason for this is that, using deformation to the normal cone and functoriality of the

Gysin pull-back, we get an identity of cycles:

s!
Ṽ cpt[Cgst] = s!

Ṽ
cpt
2
◦ s!

Ṽ
cpt
1
[NCgst∩(0⊕Ṽ cpt

2 )C
gst].

On the other hand, the support of the cycle we obtain from the first Gysin pull-back

s!
Ṽ

cpt
1
, is contained in the support of the cone Cgst∩(0⊕ Ṽ cpt

2 ), so it will be enough to study

the dimension of the latter.

The reason why the latter should be easier to understand is that, as we will see below,

the inclusion Cgst ∩ (0 ⊕ Ṽ cpt
2 ) ⊆ Ṽ cpt

2 factors trough the (coarse moduli of the) intrinsic

normal cone CZ̃p/Z̃ for Z̃p → Z̃ , and this in turn can be described quite explicitly since

Z̃p is a line bundle on Z̃ , and we have explicit equations for the latter.

Using the above observation, one can see thatCgst∩(0⊕Ṽ cpt
2 ) is contained inside a sub-

stack of Ṽ cpt
2 which is the union of the zero-section 0Ṽ cpt

2
(i.e. Zp,gst

) and a line subbundle

F̃ of Ṽ cpt
2 supported on the intersection of the boundary with main Ξ̃ = Z̃p,main ∩ Z̃p,gst.

Even better, using the notion of homogeneity we reviewed in § 6.5.1 we can then show

that such a line bundle actually comes from Ξ = Z̃main ∩ Z̃gst, i.e F̃ = γ̄ ∗F (this last fact

together with push-pull techniques for intersections of cycles will simplify even more

the computations).

We give the precise statement and a sketch of the proof, see [CL12, Proposition 7.1]

for more details.
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Lemma 6.34. There is a line subbundle F of V2|Ξ such that:

Cgst ∩ 0⊕ Ṽ cpt
2 ⊆ 0Ṽ cpt

2
∪ F̃ := Zp,gst ∪ γ̄ ∗F

It is enough to show this before taking the closure (since Cgst is integral) . First they

use the fact that there is a triple of compatible obstruction theories for the triangle:

Z̃p Z̃

X̃P

γ

such that their restrictions to Z̃p,gst have locally free h0 and h1. By taking h1 of the dual

obstruction theories we obtain a commutative diagram:

h1(L∨
Z̃p/Z̃
|Z̃p,gst) h1(L∨

Z̃p/XP
|Z̃p,gst) h1(γ ∗L∨

Z̃ /XP
|Z̃p,gst)

Ṽ2 Ṽ1 ⊕ Ṽ2 Ṽ1
i2 pr1

We know that the vertical arrows are injective, essentially by the definition of an obstruc-

tion theory, and the bottom triangle is exact.

Notice that 0⊕Ṽ2 is precisely the kernel of pr1. It follows that, in order to understand

the support of Cgst∩0⊕ Ṽ2, it is enough to study that of N , where N is the coarse moduli

cone of CZ̃p/Z̃ , living in the upper left corner of the above diagram.

This is an easier task, since we know that Z̃p/Z̃ is a line bundle on Z̃gst and an

isomorphism on Z̃main,◦.

Hence we can always find a local chart S→ Z̃ and a diagram as follows:

Z̃p T S ×A1
t

Z̃ S

�

V (ζ̃t)

ét

where ζ̃ is a local equation for the boundary. Then

τ≥−1LZ̃p/Z̃ |T = [I /I2
δ−→Ω

A
1
S /S

]

where I is generated by the equation ζ̃t, whose image under δ is ζ̃dt, which restricts to 0

on Z̃p,gst ×Z̃p T = {ζ̃ = 0}. So the action is trivial, and the coarse moduli cone is precisely

SpecT gst Sym• I /I2, which is a line bundle supported on Ξ̃×Z̃p T and trivial otherwise. By

gluing different charts we get the line bundle F̃ on Ξ̃.

The last part of the statement, namely that F̃ it is the pull-back of a line bundle F on

Ξ is proved using Lemma 6.33: the normal cone of Z̃p/Z̃ is homogeneous with respect
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to the Gm-action with character 1 on the fibers (because so is the obstruction theory)

of Ṽ2 → Z̃p,gst; furthermore, being a cone, it is 0-homogeneous as well (see the above

discussion of homogeneity), so it is γ̄ ∗F for some line bundle F on Ξ ⊆ Z̃ .

Step V: the boundary pushes forward to zero

Recall that we need to show that the degree of the following class is 0:

s!
Ṽ cpt[Cgst] = s!

Ṽ
cpt
2
◦ s!

Ṽ
cpt
1
[NCgst∩(0⊕Ṽ cpt

2 )C
gst]

It follows from the previous section that s!
Ṽ

cpt
1
[NCgst∩(0⊕Ṽ cpt

2 )C
gst] can be represented by

the sum of two cycles, one (call it N1) supported on a line subbundle of Ṽ cpt
2 on Ξ̃, the

other one (call it N2) supported on the zero section of Ṽ cpt
2 .

Lemma 6.35. Both N1 and N2 are 5d +1-dimensional cycles, and for i = 1,2:

deg(s!
Ṽ

cpt
2
[Ni ]) = 0.

Proof. Compare with [CL12, Lemma 8.1]. The dimension of Z̃gst is 5d+3, being locally a

5(d +1) vector bundle over a dimension −2 stack; so Z̃p,gst, which is a line bundle on the

former, has dimension 5d +4. The coarse moduli cone has then dimension 5d +6, as can

be argued from Lemma 6.28. Ṽ cpt
1 |Zp,gst has rank 5, so s!

Ṽ
cpt
1
[Cgst] is represented by a cycle

of dimension 5d + 1. We shall exploit the commutativity of Gysin pullback with proper

pushforward.

For N1 we conclude easily from the above facts, since deg(s!
Ṽ

cpt
2
[N1]) = deg(s!V2

γ̄∗[N1]),

but γ̄∗[N1] ∈ A5d+1(F) must be trivial, since F has dimension 5d, being a line bundle on Ξ

which is a divisor in Zmain.

On the other hand N2 ⊆ Ṽ
cpt
2 admits a further splitting into N2,µ ⊆ Ṽ

cpt
2,µ according to

the component DµZp,gst
on which they are supported, with µ ` d in k parts. There exists

a comparison morphism:

βµ : D
µZp,gst→DµZ =DµM1(P

4,d)→Wµ

whereWµ :=
∏k
i=1M0,1(P4,di )×(P4)kP

4. The map βµ is given by forgetting the p-field, the

Vakil-Zinger blow-up and the k-pointed elliptic curve contracted by the map to P
4. This

has the nice property that Ṽ cpt
2 is the pullback along βµ of a vector bundle on Wµ. First

construct a connected curve C µ by gluing the universal curve over each factor along the

given sections, producing a genus 0 non-Gorenstein (unless k = 2) singularity to which
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the universal maps to P
4 descend by the property of pushouts:

C µ P
4

Wµ

π̄

f̄

Notice now that the sheaf Vµ := π̄∗f̄ ∗OP
4(5) is a vector bundle of rank 5d + 1 on Wµ, as

can be checked by Riemann-Roch and the normalisation sequence, and Ṽ cpt
2,µ = β∗µ(V

∨
µ ).

Finally the actual dimension of Wµ is 5d + 4 − 2k < 5d + 1 for k ≥ 2 by Kleiman-Bertini

theorem, so βµ,∗[N2,µ] = 0.

Proof. (Main Theorem) For the benefit of the reader we summarise here the key results

which allow us to conclude:

• p-fields give the same invariants as the quintic up to a sign, see Theorem 6.10:

deg[M(1)
1 (P4,d)p]virloc = (−1)5d deg[M(1)

1 (X,d)]vir.

• Zp and M(1)
1 (P4,d)p are virtually birational, see Corollary 6.18:

deg[Zp]virloc = deg[M(1)
1 (P4,d)p]virloc.

• The desingularisation Z̃p→ Zp does not alter the invariants, see Lemma 6.27

deg[Z̃p]virloc = deg[Zp]virloc.

• The main component of Z̃p contributes with the reduced invariants up to a sign,

while the boundary is numerically irrelevant, see Lemmas 6.31 and 6.35:

deg[Z̃p]virloc = (−1)5d deg
(
ctop(π̃∗f̃

∗O
P

4(5)∩ [M̃1(P
4,d)main]

)
.
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