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A B S T R A C T

The current challenges facing data-driven impact localisation methods primarily involve accurately localising
impacts occurring outside the training impact coverage area, particularly for anisotropic composite structures.
This study addresses these challenges by integrating the physical dispersion relations of impact-induced waves
into the localisation process, thereby enhancing overall accuracy and reducing reliance on extensive training
impact data. The dominant impact-induced flexural waves, derived from first-order shear deformation theory
and classical laminate theory, exhibit significant dispersion. The phase velocity of these waves is governed by
a dispersion equation dependent on structural stiffness, wave frequency, and direction. Solving this dispersion
equation for a given wave frequency and known structural stiffness yields a wave velocity profile (WVP).
Unlike conventional data-driven methods, which approximate the WVP with a black box and relate the time
difference of arrival to the impact location, this study explicitly formulates and optimises the WVP with respect
to structural stiffness and wave frequency based on the training impacts. Leveraging the partial derivatives of
the dispersion equation, optimisation is performed using fast gradient-based techniques such as the Newton’s
method and the trust-region reflective algorithm. The optimised WVP is then employed for impact localisation
using the triangulation method. Experimental validation of the proposed hybrid physics-based and data-driven
impact localisation method involves conducting drop-mass impact testing on a composite laminate flat panel
and a stringer-stiffened panel. The localisation results confirm the efficiency and accuracy of the proposed
hybrid method with minimal training impact data, demonstrating its capability to accurately localise impacts
even for stiffened panels, including those occurring outside the coverage area of the training impacts.
1. Introduction

Low-velocity impacts, such as those resulting from tool drops, ap-
plied to composite laminates can induce Barely Visible Impact Damage
(BVID), posing a significant threat to structural integrity [1–5]. To
address the detection and characterisation of these damage-causing
impacts, passive sensing techniques for structural health monitoring
(SHM) have garnered considerable attention and application, particu-
larly within the aerospace sector [6]. Passive sensing systems for SHM
involve the deployment of passive sensors affixed to the structure,
which remain in a low-power state during normal operation and acti-
vate to record and store structural responses only upon detection of an
external impact [7,8]. Leveraging the recorded passive sensor signals, a
primary focus of passive SHM revolves around accurately localising im-
pacts, reconstructing impact forces, and crucially, assessing the impact
damages [9].

✩ In this work, a novel hybrid physics-based and data-driven method for impact localisation on composite laminates is developed, which enables the localisation
f impacts outside the training impact coverage area and the reduction of training impacts required.
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The foundational axioms of SHM, as concluded by Farrar [10],
highlight the inherent limitation wherein sensors alone cannot directly
measure damage; instead, damage assessment necessitates a compara-
tive analysis between two system states. Conversely, the estimation of
impact location and impact force history can be achieved solely through
analysis of passive sensor signals. These insights drive the exploration
of indirect methodologies for impact damage assessment. For instance,
the development of a digital twin model [11] that integrates estimated
impact location and reconstructed impact force history into a numerical
impact model facilitates impact damage assessment. In any circum-
stance, the effectiveness and precision of impact localisation methods
are paramount, as they provide crucial spatial data concerning potential
impact damage.

Considerable research efforts have been dedicated to the advance-
ment of impact localisation methods [12], which are typically cat-
egorised into model-based, modal-based, transfer function-based and
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wave propagation-based methods. Model-based techniques, rooted in
numerical impact simulation models such as the Finite Element Method
(FEM), aim to determine impact location either by minimising dispar-
ities [13,14] or by maximising correlation coefficients [15] between
predicted and measured responses across all potential loading points.
For instance, El-Bakari [14] employed the particle swarm optimisa-
tion algorithm based on beam theory to minimise the fitness function
derived from impulse response function for impact localisation on an
elastic beam. In a recent work, Liu [15] constructed a FEM model
and developed a hierarchical approach to identify the numbers, loca-
tions, and forces of impacts, incorporating partition optimisation and
polynomial fitting strategies to expedite impact localisation. However,
these models heavily rely on accurate knowledge of material proper-
ties [16] and boundary conditions [17], which can be challenging to
obtain in real-world applications. Moreover, real-time impact locali-
sation using FEM is often impractical, as identifying a single target
impact typically entails conducting hundreds of impact simulations,
even when employing surrogate-assisted efficient global optimisation
techniques [18].

Modal analysis, as a widely-used technique in structural dynam-
ics [19], can also facilitate impact localisation. This method reveals that
the distinct contributions of modal modes in the structural response
serve as signatures for the impact location. Goutaudier [20,21] suc-
cessfully identified both the locations and severities of impacts on a
metallic plate using only a single accelerometer, leveraging this modal
information. However, it is important to note that obtaining mode
shapes from experiments is a prerequisite for this method, which may
limit its applicability.

The transfer function between the impact response and impact
excitation offers valuable physical information for impact localisation.
The time reversal technique [22] aids in this process by correlating
transfer functions with impact responses, with the highest time reversal
correlations indicating the impact location. These transfer functions
can be obtained through experiments conducted prior to impact lo-
calisation. For instance, Ciampa [23] utilised a pre-collected transfer
function database to identify impacts on composite structures using
time reversal with only one passive sensor. Additionally, transfer func-
tions can be approximated using a FEM model. In a recent study by
Yu [24], time-domain spectral FEM was employed to simulate the re-
emitted wavefield by reversing the impact sensor response for impact
localisation. Furthermore, transfer functions can be estimated using a
data-driven approach with training impact data related to the sensor
signals and impact force. Simone [25] and Chen [26] accurately located
impacts on composite and aluminum plates, respectively, using time
reversal based on densely-distributed training impact data. However, it
is noteworthy that time reversal relies on the linear reciprocity theo-
rem, which may not be entirely applicable when boundary conditions
significantly influence structural responses [27].

The wave propagation method, grounded in the physical relation-
ship that the distance travelled by impact-induced waves is the product
of wave propagation velocity and propagation time, offers a means to
locate impacts. With knowledge of the wave velocity profile (WVP),
impacts on composite structures can be estimated in two-dimensional
coordinates using triangulation with a minimum of three sensors [28].
This WVP can be determined through numerical simulations or exper-
imental measurements. However, it is crucial to consider the specific
type of wave, as the wave propagation velocity and time difference
of arrival (TDOA) are wave-dependent. Impact experiments [29–31]
demonstrate that impacts simultaneously generate in-plane extensional
waves, and out-of-plane flexural waves in the structure. The in-plane
extensional wave typically exhibits higher frequency and velocity com-
pared to the flexural wave, although the flexural wave carries the
majority of the energy and dominates the impact-induced waves.

Due to the high-frequency and low-amplitude nature of in-plane
extensional waves, Capineri [32] and Bulletti [33] typically designed
2

an analog front-end to capture these high-frequency waves for impact
localisation. The sampling frequency required to capture extensional
waves typically exceeds several hundred thousand hertz. Zhu [34]
conducted experimental comparisons between extensional waves and
flexural waves for TDOA extraction using the Akaike Information Cri-
terion (AIC). Extensional waves were selected for impact localisation
based on the challenges associated with AIC method for TDOA estima-
tion. Conversely, Meo [35] utilised wavelet transform to extract TDOA
and WVP from flexural waves at lower frequencies (below 10 kHz).
Utilising flexural waves for impact localisation requires a lower sam-
pling frequency, conserving power and data storage, and facilitates
TDOA extraction due to the dominance of flexural waves. Additionally,
several studies have employed triangulation for impact localisation
without considering the specific wave type, either by exploiting ma-
terial isotropy [36] or estimating the WVP using TDOA data [37] or
using signal energy as a complement to TDOA [38,39].

Given that modal-based, transfer function-based, and wave
propagation-based methods all rely on physical information about the
structure for impact localisation, data-driven methods offer a promising
alternative by leveraging pre-collected training impact data alone. By
establishing correlations between training impact sensor signals and
their corresponding impact locations, an impact localisation model
can be developed and applied to locate target impacts. Data-driven
methods offer the advantage of being adaptable to complex structures
without the need for detailed knowledge of material properties and
boundary conditions [10,12], making them versatile and practical to
locate impacts on complex composite structures.

Depending on the training features utilised for impact localisa-
tion, these data-driven methods can be straightforwardly categorised
into TDOA-dependent data-driven [40–51] and TDOA-free data-driven
methods [52–58]. Surrogate modelling is a straightforward technique
for both TDOA-dependent and TDOA-free data-driven impact localisa-
tion. For example, Liu [53,54] investigated the employment of wavelet
packet energy and multi-domain features for impact localisation using
support vector regression. Damm [55] employed convolutional neural
network (CNN) to localise impacts by inputting the short-time Fourier
transform of sensor signals. Zhao [56] constructed a probabilistic neu-
ral network using features extracted by variational mode decomposition
and multiscale permutation entropy. Sharif-Khodaei [47] developed an
artificial neural network (ANN) to locate impacts on a stiffened compos-
ite panel using FEM training impact data with various input features.
This study emphasised the effectiveness of TDOA extracted from sensor
signals as an input feature for accurate impact localisation. Seno and
Aliabadi [48–50] conducted low-mass, low-energy impact experiments
on composite panels, varying impact angles, masses, impactor materi-
als, and environmental temperatures. Localisation accuracy remained
high under these diverse environmental and operational conditions,
based on Kriging surrogate and TDOA extracted by the Normalized
Smooth Envelope Threshold (NSET) method. Balasubramanian [41]
conducted a comparative analysis of different neural network archi-
tectures, such as ANN, CNN, and Long Short-Term Memory network
(LSTM), for accurate and robust impact localisation. The study revealed
that ANN, utilising TDOA as a feature, demonstrated superior accuracy,
while CNN showed greater robustness using sensor signals as inputs.

However, data-driven impact localisation methods relying on TDOA
encounter shortcomings on two fronts. Firstly, the type and frequency
components of the impact-induced waves used for TDOA extraction
significantly influence impact localisation. Analysing the characteristics
and extent of impact-induced waves is crucial, along with the develop-
ment of precise and consistent TDOA extraction techniques. Secondly,
data-driven impact localisation methods face challenges regarding their
generalisability. Localisation accuracy beyond the training impact area
can significantly deteriorate. While increasing the number of training
impacts may enhance generalisability, it is often impractical due to the
high costs associated with collecting extensive training data covering

various impact scenarios.
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To mitigate the costs associated with collecting training impact
data, multi-fidelity modelling for SHM has drawn attention in recent
years [59–61]. This approach allows for the utilisation of inexpensive
low-fidelity training data, typically derived from analytical analyses or
numerical simulations, to supplement or replace the need for expen-
sive high-fidelity training data obtained from experiments. Seno [62]
developed a multi-fidelity Co-Kriging surrogate for impact localisa-
tion by integrating numerical and experimental training impact data.
This study demonstrates the feasibility of reducing the costs associ-
ated with collecting expensive experimental impact data by leveraging
less costly numerical alternatives. Kalimullah [63] measured the wave
velocity profile through active sensing experiments and incorporated
this low-fidelity velocity profile information along with high-fidelity
experimental impacts into a multi-fidelity ANN model using transfer
learning techniques. However, in this study, the wave velocity profile
was determined for non-dispersive extensional waves excited by active
sensing. Given that extensional waves are highly contaminated by
noise for impacts occurring far from the sensors, the TDOA of the
experimental impacts was instead extracted from the dispersive flexural
waves. The disparity between the low-fidelity velocity profile of the
extensional waves and the TDOA of the flexural waves may lead to
significant localisation errors, particularly for laminated composites
with unbalanced laminate layers.

To enhance localisation accuracy beyond the training impact cov-
erage area and reduce reliance on extensive training impact data,
this study introduces a novel hybrid physics-based and data-driven
(HPD) impact localisation method. This hybrid approach integrates the
physical characteristics of impact-induced flexural waves into the lo-
calisation process, utilising a wave propagation velocity profile (WVP)
governed by a dispersion equation derived analytically from equa-
tions of motion based on the first-order shear deformation theory
(FSDT) [64]. The dispersion equation serves as a parameterisation
method expressing the WVP as a function of material stiffness and
wave frequency. Unlike conventional data-driven methods that approx-
imate the WVP with a black box, this study explicitly formulates and
optimises the WVP based on training impact data with respect to ma-
terial stiffness and wave frequency. A two-stage approach is proposed
for WVP optimisation, leveraging partial derivatives of the dispersion
equation. This optimisation process only involves gradient-based op-
timisations such as Newton’s method and the trust-region-reflective
algorithm [65]. With the optimised velocity profile, triangulation is
employed to locate the target impacts.

Experimental validation of the proposed HPD impact localisation
method involves conducting impact testing on a composite laminate
flat panel and a composite laminate stringer stiffened panel using a
drop mass. Additionally, a data-driven method employing the ANN
surrogate is utilised as a reference method, with the impact location
uncertainty considered through 200 repetitions of the ANN training
and testing process. A comparison of the localisation performance
between the proposed HPD and ANN methods illustrates the ability of
the HPD method to accurately localise impacts with minimal training
impacts, even when impacts occur outside the training impact cov-
erage area. Furthermore, impact tests on the stringer stiffened panel
demonstrate the applicability of the proposed hybrid method for lo-
calising impact events on real in-service aircraft composite stiffened
structures.

The subsequent sections of this paper are structured as follows. Sec-
tion 2 presents the equations of motion of composite laminate plates,
the dispersion relations of impact-induced waves (in-plane waves, out-
of-plane flexural waves), the two-stage approach for optimising the
WVP, the impact localisation by triangulation, and the TDOA extraction
from the impact sensor signals. In Section 3, the experimental setup
for impact testing on a composite laminate flat panel and a composite
laminate stiffened panel is described. Sections 4 and 5 present the
results of WVP optimisation and impact localisation for these two
3

panels, respectively. The final conclusions are drawn in Section 6. l
2. Methodology

The section commences with an introduction to the equations of
motion governing composite laminate plates. These equations serve as
the foundation for deriving and analysing the dispersion relations of
both in-plane waves and out-of-plane flexural waves. Following this,
the proposed hybrid physics-based and data-driven impact localisation
approach is presented. This includes establishing the physical relation-
ship between TDOA, wave velocity, and impact location, as well as
optimising the WVP based on training impacts and dispersion relations.
Moreover, the triangulation method for impact localisation utilising
the optimised WVP is detailed. Finally, extracting TDOA from sensor
signals is discussed.

2.1. Equations of motion of laminated composite plates

The structural equations of motion govern the impact-induced
waves. These equations, specific to laminated composite plates, can
be explicitly derived by applying classical laminate theory [66,67] in
conjunction with plate theories [64], such as classical plate theory
(CPT) and first-order shear deformation theory (FSDT), which simplify
the shear strain along the plate thickness.

Since symmetrical laminates are predominantly used in most appli-
cations, this study focuses on symmetrically laminated plates, which
is not considered a serious limitation. For a symmetrically laminated
plate, neglecting body forces, the equations governing in-plane and out-
of-plane motions in terms of displacements are outlined in Appendix A
based on FSDT. These equations are employed to derive the dispersion
relations of in-plane waves and out-of-plane flexural waves.

2.2. Non-dispersive impact-induced in-plane waves

For in-plane waves, assuming the harmonic waveform 𝑢 = 𝑈𝑒𝑖𝑘(𝑟−𝑐𝑡)

and 𝑣 = 𝑉 𝑒𝑖𝑘(𝑟−𝑐𝑡) with 𝑟 = 𝑥 cos 𝜃 + 𝑦 sin 𝜃, where 𝑘 and 𝑐 represent
the wavenumber and the wave phase velocity in the 𝜃 direction, and
substituting this waveform into Eq. (36), the governing equation for
this harmonic waveform is formulated in matrix form:

𝑘2
[

𝐶11 − 𝐼1𝑐2 𝐶12
𝐶12 𝐶22 − 𝐼1𝑐2

] [

𝑈
𝑉

]

= 0,

𝐶11 = 𝐴11 cos2 𝜃 + 𝐴66 sin
2 𝜃 + 2𝐴16 sin 𝜃 cos 𝜃,

𝐶12 = 𝐴16 cos2 𝜃 + 𝐴26 sin
2 𝜃 + (𝐴12 + 𝐴66) sin 𝜃 cos 𝜃,

𝐶22 = 𝐴66 cos2 𝜃 + 𝐴22 sin
2 𝜃 + 2𝐴26 sin 𝜃 cos 𝜃.

(1)

ere, 𝐴𝑖𝑗 , 𝑖, 𝑗 = 1, 2, 6 represent laminate stiffness, as defined in Ap-
endix A. 𝐼1 = 𝜌ℎ denotes the mass per unit length, where 𝜌 and
represent the density and thickness of the plate. For a non-trivial

olution, the determinant of the coefficient matrix should be zero,
esulting in the simplified dispersion equation in terms of wave velocity
or non-zero wavenumber:

(𝐶11 − 𝐼1𝑐2)(𝐶22 − 𝐼1𝑐2) − 𝐶2
12 = 0. (2)

t can be observed that this is a biquadratic equation in terms of wave
elocity 𝑐, which possesses an explicit analytical solution:

𝑐2 =
−𝐶𝑏±

√

𝐶2
𝑏−4𝐶𝑎𝐶𝑐

2𝐶𝑎
, 𝐶𝑎 = 𝐼21 ,

𝐶𝑏 = −𝐼1(𝐶11 + 𝐶22), 𝐶𝑐 = 𝐶11𝐶22 − 𝐶2
12.

(3)

The operation ± indicate two wave modes with distinct phase veloci-
ies. These two phase velocities correspond precisely to the velocities
f the in-plane extensional wave and the in-plane shear wave, with the
n-plane extensional wave corresponding to the mode with the larger
elocity value.

The phase velocity of in-plane waves, denoted by 𝑐, remains inde-
endent of the wavenumber 𝑘, indicating that in-plane waves exhibit
ondispersive behaviour. This characteristic is ideally suited for impact
ocalisation, as it implies that the wave velocity remains constant
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regardless of the impact excitation or wave frequency. However, in
practical impact scenarios, the in-plane deformation is typically neg-
ligible [31]. Even in cases of oblique 45-degree impacts, experimental
evidence confirms that flexural waves predominate and the amplitude
of the in-plane waves is dramatically small [30], especially when the
impact is far away from the sensor. Such low amplitude allows the
noise to significantly contaminate the identification of the in-plane
waves from the sensor signals. Therefore, there is no necessity to further
approximate displacement using higher-order plate theory to account
for the dispersive properties of these in-plane waves.

2.3. Dispersive impact-induced flexural waves

In this subsection, the dispersion relations of the impact-induced
flexural waves are first derived based on the governing equations of
out-of-plane motion illustrated in Eq. (37). Subsequently, the wave
modes and wave velocities are analysed. Finally, an example of flexural
wave analysis in a laminated composite plate is presented.

2.3.1. Dispersion relations of the flexural waves
For flexural waves, assuming the harmonic waveform 𝑤 =

𝑊 𝑒𝑖𝑘(𝑟−𝑐𝑡), 𝜓𝑥 = 𝛹𝑥𝑒𝑖𝑘(𝑟−𝑐𝑡), 𝜓𝑦 = 𝛹𝑦𝑒𝑖𝑘(𝑟−𝑐𝑡) with 𝑟 = 𝑥 cos 𝜃 + 𝑦 sin 𝜃,
then substituting into the equations of out-of-plane motion Eq. (37),
this waveform is governed by:

𝐆
⎡

⎢

⎢

⎣

𝑊
𝛹𝑥
𝛹𝑦

⎤

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

𝑔11 𝑔12 𝑔13
𝑔21 𝑔22 𝑔23
𝑔31 𝑔32 𝑔33

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝑊
𝛹𝑥
𝛹𝑦

⎤

⎥

⎥

⎦

= 0, (4)

where 𝑊 ,𝛹𝑥, 𝛹𝑦 represent the wave amplitudes. The elements 𝑔𝑖𝑗 , for
, 𝑗 = 1, 2, 3, of the coefficient matrix 𝐆 are given by:

𝑔11 = −(𝐴44 sin
2 𝜃 + 𝐴55 cos2 𝜃 + 2𝐴45 sin 𝜃 cos 𝜃)𝑘2

+𝐼1𝑘2𝑐2,
𝑔12 = 𝑔21 = 𝑖(𝐴55 cos 𝜃 + 𝐴45 sin 𝜃)𝑘,
𝑔13 = 𝑔31 = 𝑖(𝐴45 cos 𝜃 + 𝐴44 sin 𝜃)𝑘,
𝑔22 = (𝐷11 cos2 𝜃 + 2𝐷16 sin 𝜃 cos 𝜃 +𝐷66 sin

2 𝜃)𝑘2

+𝐴55 − 𝐼3𝑘2𝑐2,
𝑔23 = 𝑔32 = [(𝐷12 +𝐷66) sin 𝜃 cos 𝜃 +𝐷16 cos2 𝜃]𝑘2

+𝐷26 sin
2 𝜃𝑘2 + 𝐴45,

𝑔33 = (𝐷22 sin
2 𝜃 +𝐷66 cos2 𝜃 + 2𝐷26 sin 𝜃 cos 𝜃)𝑘2

+𝐴44 − 𝐼3𝑘2𝑐2,

(5)

where 𝑖 denotes the imaginary unit (𝑖2 = −1). 𝐷𝑖𝑗 where 𝑖, 𝑗 = 1, 2, 6, 𝐴𝑖𝑗
where 𝑖, 𝑗 = 4, 5, represent laminate stiffness, as defined in Appendix A.
𝐼3 = ∫ ℎ∕2−ℎ∕2 𝜌𝑧

2𝑑𝑧 is typically referred to as the rotational inertia. For a
ontrivial solution, the determinant of the matrix 𝐆 is zero:

𝑔11(𝑔22𝑔33 − 𝑔223) + 𝑔12(𝑔13𝑔23 − 𝑔12𝑔33)
+ 𝑔13(𝑔12𝑔23 − 𝑔13𝑔22) = 0.

(6)

his dispersion equation is a sextic polynomial equation in terms of
he phase velocity 𝑐, containing only even-degree terms. For each
avenumber 𝑘, there are three solutions to this equation for the phase
elocity, corresponding to three values of angular frequency 𝜔 = 𝑐𝑘 and
hree wave modes. To evaluate the limit of Eq. (6) as the wavelength
ecomes infinite (𝑘 → 0), the terms solely related to 𝑘 are omitted, and
𝑘 is expressed by the angular frequency 𝜔. The cut-off frequencies of
hese three wave modes are the solutions to:

𝐼1𝜔2[(𝐴55 − 𝐼3𝜔2)(𝐴44 − 𝐼3𝜔2) − 𝐴2
45] = 0. (7)

he solution 𝜔𝑐 = 0 corresponds to the lowest mode of the flexural
aves, which has a velocity of zero as 𝑘 → 0. Other two solutions
𝜔𝑐 > 0) represent two higher modes whose phase velocities become
nfinite as 𝑘 → 0.

It is worth noting that in the absence of shear modulus information,
23 and 𝐺13 are usually assumed to be equal to 𝐺12. In this case, 𝐺23 =

𝐺13 leads to 𝐴44 = 𝐴55 and 𝐴45 = 0. From Eq. (7), the cutoff frequencies
of these two higher modes are identically equal to

√

𝐴 ∕𝐼 . Due to the
4

44 3
lack of information and for the sake of simplicity, the following analysis
will adhere to the assumption that 𝐺23 = 𝐺13 = 𝐺12. This assumption
simplifies the 𝐆 matrix (replacing 𝑘 with 𝜔∕𝑐) to:

𝑔11 = −𝐴44
𝜔2

𝑐2
+ 𝐼1𝜔2,

𝑔12 = 𝑔21 = 𝑖𝐴44
𝜔
𝑐 cos 𝜃,

𝑔13 = 𝑔31 = 𝑖𝐴44
𝜔
𝑐 sin 𝜃,

𝑔22 = (𝐷11 cos2 𝜃 + 2𝐷16 sin 𝜃 cos 𝜃 +𝐷66 sin
2 𝜃)𝜔

2

𝑐2
+𝐴44 − 𝐼3𝜔2,

𝑔23 = 𝑔32 = [(𝐷12 +𝐷66) sin 𝜃 cos 𝜃 +𝐷16 cos2 𝜃]
𝜔2

𝑐2

+𝐷26 sin
2 𝜃 𝜔

2

𝑐2
,

𝑔33 = (𝐷22 sin
2 𝜃 +𝐷66 cos2 𝜃 + 2𝐷26 sin 𝜃 cos 𝜃)

𝜔2

𝑐2
+𝐴44 − 𝐼3𝜔2.

(8)

2.3.2. Limiting velocities and monotonicity of the flexural waves
As the wavenumber/frequency tends to infinity, the phase velocities

for these three wave modes approach constant values. Evaluating the
limit of Eq. (6) when the frequency becomes infinite (𝜔 → +∞) by
mitting the lower-order terms of 𝜔 except 𝜔6 results in an equation:

𝜔6(𝐴44
𝑐2

− 𝐼1)[(
𝑏22
𝑐2

− 𝐼3)(
𝑏33
𝑐2

− 𝐼3) −
𝑏223
𝑐2

] = 0. (9)

These intermediate parameters 𝑏22, 𝑏33 and 𝑏23 extracted from their
corresponding 𝑔𝑖𝑗 are given by:

𝑏22 = 𝐷11 cos2 𝜃 + 2𝐷16 sin 𝜃 cos 𝜃 +𝐷66 sin
2 𝜃,

𝑏23 = (𝐷12 +𝐷66) sin 𝜃 cos 𝜃 +𝐷16 cos2 𝜃 +𝐷26 sin
2 𝜃,

𝑏33 = 𝐷22 sin
2 𝜃 +𝐷66 cos2 𝜃 + 2𝐷26 sin 𝜃 cos 𝜃.

(10)

he velocity solution 𝑐 =
√

𝐴44∕𝐼1 = 𝛼
√

𝐺12∕𝜌 from Eq. (9) represents
the limiting phase velocity value of the lowest mode flexural waves
as the frequency tends to infinity. This velocity is solely dependent on
the shear modulus and density of the laminates. However, the limiting
velocities of the other two higher modes also depend on the wave
propagation direction 𝜃. Specifically, in the 𝜃 = 0 direction with 𝑏22 =
𝐷11, 𝑏23 = 𝐷16 and 𝑏33 = 𝐷66, expanding the dispersion equation Eq. (6)
yields:
[

(𝐷11
𝜔2

𝑐2
+ 𝐴44 − 𝐼3𝜔2)(𝐷66

𝜔2

𝑐2
+ 𝐴44 − 𝐼3𝜔2) − (𝐷16

𝜔2

𝑐2
)2
]

∗ (−𝐴44
𝜔2

𝑐2
+ 𝐼1𝜔2)

+𝐴2
44
𝜔2

𝑐2
(𝐷66

𝜔2

𝑐2
+ 𝐴44 − 𝐼3𝜔2) = 0.

(11)

The limiting velocities of the two higher modes in the 𝜃 = 0 direction
as the frequency approaches infinity are expressed as:

𝑐2 =
(𝐷11+𝐷66)𝐼3+𝐷2

16±
√

[(𝐷11+𝐷66)𝐼3+𝐷2
16]

2−4𝐷11𝐷66𝐼23
2𝐼23

≥ min(𝐷11, 𝐷66)∕𝐼3 ≥
𝐺12
𝜌 > 𝑐2.

(12)

Consider a unidirectional lamina whose stiffness matrix 𝑄̄𝑖𝑗 , 𝑖, 𝑗 =
1, 2, 6 is calculated based on the principal fibre orientation (𝜙 = 0),
𝑄̄11 reaches its maximum (𝑄̄11 = 𝑄11 = 𝐸1∕(1 − 𝜈12𝜈21)), 𝑄̄66 reaches it
minimum (𝑄̄66 = 𝑄66 = 𝐺12) and 𝑄̄16 vanishes (𝑄̄16 = 0). Consequently,
the limiting velocity of one of the two higher modes takes its minimal
value, which remains slightly larger than that of the lowest mode (𝑐 =
𝛼
√

𝐺12∕𝜌) as the frequency approaches infinity. Laminates with multi-
ple pliers placed in different orientations increase the average stiffness
𝐷66 compared to a unidirectional laminate, resulting in a greater lim-
iting velocity for higher modes. Varying the principal directions of
the laminates from the fibre direction also increases the 𝐷66. Since
the rotations of principal directions of laminates 𝜙 are equivalent to
the change of wave propagation direction 𝜃 in the dispersion equation
concerning the calculation of phase velocity, the limiting velocities of
the higher modes in every wave propagation direction exceed that of
the lowest mode (𝑐 = 𝛼

√

𝐺12∕𝜌). Therefore, due to the nature of the
laminates, 𝑏22 > 𝐼3𝑐2 > 0 and 𝑏33 > 𝐼3𝑐2 > 0 are maintained for
all wave propagation directions 𝜃 since 𝑐 ≥ 𝑐. Furthermore, a simple
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Fig. 1. The modes and velocities of flexural waves. (a) Spectrum relations depict the relationship between frequency 𝜔 and wavenumber 𝑘. For the three wave modes of flexural
aves in the 𝜃 = 0 direction, wave frequency increases with the wavenumber. The higher two modes initiate with non-zero cut-off frequencies. (b) Dispersion relations portray the

elationship between wave velocity 𝑐 and frequency 𝜔. Comparing the wave velocity of the lowest mode at 𝜃 = 0◦ , 45◦ , 90◦ directions illustrates the positive relationship between
velocity and frequency.
transformation on (𝑏22∕𝑐2 − 𝐼3)(𝑏33∕𝑐2 − 𝐼3) − 𝑏223∕𝑐
2 > 0 demonstrates

22𝑔33 − 𝑔223 > 0 if 𝑐 ∈ (0, 𝑐).
Intuitively, the phase velocity of the lowest mode of flexural waves

ncreases monotonically with frequency and is bounded in (0, 𝑐). To
rove this, assuming 𝑐 ∈ (0, 𝑐), the first-order partial derivative of wave
elocity with respect to frequency, 𝜕𝑐

𝜕𝜔 , should be positive. Typically,
16 in Eq. (11) is relatively small, which does not influence the sign
f 𝜕𝑐

𝜕𝜔 , especially for symmetric cross-ply laminates (𝐷16 = 0). By
disregarding 𝐷16, Eq. (11) can be reformulated as:

𝑔11𝑔22 − 𝑔212 = 0, 𝑔11 = −𝐴44
𝜔2

𝑐2
+ 𝐼1𝜔2,

𝑔22 = 𝐷11
𝜔2

𝑐2
+ 𝐴44 − 𝐼3𝜔2, 𝑔12 = 𝑖𝐴44

𝜔
𝑐 .

(13)

The derivative of wave velocity with respect to frequency is calculated
as:
𝜕𝑐
𝜕𝜔 = 𝑐

𝜔
𝑔11(𝑔22−𝐴44)

𝑔11(𝑔22−𝐴44+𝐼3𝜔2)−𝑔22𝐼1𝜔2
> 0. (14)

hen 𝑐 ∈ (0, 𝑐), 𝑔11 is negative. Moreover, given that 𝑏22 = 𝐷11 > 𝐼3𝑐2 >
, 𝑔22 exceeds 𝐴44. Consequently, both the numerator and denominator
n Eq. (14) are negative, resulting in a positive derivative. This confirms
he monotonically increasing relationship between the phase velocity of
he lowest-mode flexural waves and the frequency.

It can be observed from Eqs. (6) and (11) that the phase velocity
f flexural waves varies with the wavenumber/frequency. Particularly
or the lowest mode, as the wavenumber (or frequency) increases, the
hase velocity also increases, indicating the dispersive nature of flexu-
al waves. Although Eq. (6) describes these dispersion relations, there
s no explicit algebraic solution to this dispersion equation. However,
pproximate numerical solutions for the wave velocity of the lowest
ode can be obtained for any wavenumber or frequency using methods

uch as the bisection method or Newton’s method, as the phase velocity
of the lowest-mode flexural waves, bounded within the range (0, 𝑐),
onotonically increases with frequency.

.3.3. Example of flexural wave analysis in a laminated composite plate
To demonstrate the dispersive nature of flexural waves, an analysis

as conducted on flexural wave propagation in a symmetric cross-
ly laminate with a layup of [0∕90]4𝑠. The material properties of the
nidirectional ply are outlined in Table 1. Fig. 1(a) illustrates the
pectrum relations, which portray the relationship between frequency
nd wavenumber, for the three modes of flexural waves in the 𝜃 = 0
irection. In this illustration, the wavenumber 𝑘 and frequency 𝜔 are
ondimensionalised by the laminate thickness ℎ and velocity

√

𝐺12∕𝜌,
respectively.

As the wavenumber 𝑘 increases, the frequency of the flexural wave
modes also rises. For a specific wavenumber 𝑘, the higher mode
5

Table 1
Material properties of a unidirectional lamina (M21/T800s)

Property 𝐸1 [MPa] 𝐸2 [MPa] 𝐺12 [MPa] 𝜈12 𝜌 [g∕mm3]

Value 171000 11470 4830 0.3 1.6e−3

*𝐸1: elastic modulus in the fibre direction, 𝐸2: elastic modulus perpendicular to the
fibre direction, 𝐺12: shear modulus, 𝜈12: Poisson’s ratio, 𝜌: density.

corresponds to a greater frequency 𝜔 (or a higher phase velocity
𝑐). This nonlinear relationship between frequency and wavenumber
underscores the dispersive nature of flexural waves.

To further explore the behaviour of the lowest wave mode, which
is the focus of this study, dispersion relations (plots of phase velocity
as a function of frequency, 𝑐 = 𝑑𝑟(𝜔)) are depicted in Fig. 1(b). These
relations include velocity comparisons between CPT and FSDT for wave
propagation directions of 0, 45, and 90 degrees.

As frequency increases, phase velocities also increase in all direc-
tions, indicating a monotonically increasing relationship and confirm-
ing the dispersive property of flexural waves. Additionally, it is ob-
served that CPT tends to overestimate wave velocity compared to FSDT
due to its neglect of shear deformation and rotational inertia effects.
However, for low wave frequencies, CPT can serve as an approximation
of FSDT for phase velocity calculations. The dispersion relations for
flexural waves based on CPT are derived in Appendix B, where phase
velocity increases linearly with the square root of frequency and is
unbounded.

It is important to note that waves correspond to specific types of
motion. In impact dynamics, flexural (bending) motions predominate,
while twisting is negligible. In the three governing equations of out-
of-plane motions derived based on FSDT, as shown in Eq. (37), the
rotational terms are employed to describe shear deformations, which
are coupled with and contribute to the dominant out-of-plane flexural
motions. Therefore, the study does not consider possible torsional
waves (negligible) induced by rotational terms. The derived dispersion
relations govern the flexural waves, which are dominant and of primary
interest in this study.

2.4. Dispersion relations explicitly parameterise the velocity of impact-
induced flexural waves

The focus of this study lies on the lowest mode of flexural waves,
which carries the majority of impact-induced wave energy, particularly
when the dominant frequency of the impact-induced waves is lower
than the cut-off frequency. Referring back to Eq. (6), the parame-
ters in this dispersion equation can be categorised into four groups:
material stiffness 𝐴44 and 𝐷𝑖𝑗 where 𝑖, 𝑗 = 1, 2, 6, wave frequency

𝜔, flexural wave propagation angle 𝜃, and flexural wave propagation
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velocity 𝑐. Modifying the material stiffness or the wave frequency
alters the wave velocity profile 𝑐(𝜃) accordingly. Naturally, this equa-
tion serves as a parameterisation method for the velocity profile of
impact-induced flexural waves. Assuming independence of the material
stiffness, the independent design variables of this parameterisation
method for the wave velocity profile amount to eight in total: 𝐱 =
(𝐷11, 𝐷12, 𝐷16, 𝐷22, 𝐷26, 𝐷66, 𝐴44, 𝜔). The first-order partial derivative of
wave velocity with respect to the 𝑛th design variable is derived from
this dispersion equation Eq. (6) as:

(𝑔22𝑔33 − 𝑔223)
𝜕𝑔11
𝜕𝑥𝑛

+ (𝑔11𝑔33 − 𝑔213)
𝜕𝑔22
𝜕𝑥𝑛

+ (𝑔11𝑔22 − 𝑔212)
𝜕𝑔33
𝜕𝑥𝑛

+ 2(𝑔13𝑔23 − 𝑔12𝑔33)
𝜕𝑔12
𝜕𝑥𝑛

+2(𝑔12𝑔23 − 𝑔13𝑔22)
𝜕𝑔13
𝜕𝑥𝑛

+ 2(𝑔12𝑔13 − 𝑔11𝑔23)
𝜕𝑔23
𝜕𝑥𝑛

= 0.

(15)

For simplification purposes, defining 𝑎𝑖𝑗 , where 𝑖, 𝑗 = 1, 2, 3, as the
eading principal minors of matrix 𝐆:

𝑎11 = 𝑔22𝑔33 − 𝑔223, 𝑎22 = 𝑔11𝑔33 − 𝑔213,
𝑎33 = 𝑔11𝑔22 − 𝑔212, 𝑎12 = 𝑔13𝑔23 − 𝑔12𝑔33,
𝑎13 = 𝑔12𝑔23 − 𝑔13𝑔22, 𝑎23 = 𝑔12𝑔13 − 𝑔11𝑔23,

(16)

he dispersion equation 𝑑𝑒𝑡(𝐆) = 0 can be formulated using Laplace
xpansion from the 𝑖th row or the 𝑗th column:

𝑑𝑒𝑡(𝐆) =
∑3
𝑗=1 𝑎𝑖𝑗𝑔𝑖𝑗 |𝑖=1,2,3

=
∑3
𝑖=1 𝑎𝑖𝑗𝑔𝑖𝑗 |𝑗=1,2,3 = 0.

(17)

eanwhile, its first-order partial derivative, as shown in Eq. (15), can
e rearranged with 𝑎𝑖𝑗 , 𝑖, 𝑗 = 1, 2, 3 as:

𝑎11
𝜕𝑔11
𝜕𝑥𝑛

+ 𝑎22
𝜕𝑔22
𝜕𝑥𝑛

+ 𝑎33
𝜕𝑔33
𝜕𝑥𝑛

+2𝑎12
𝜕𝑔12
𝜕𝑥𝑛

+ 2𝑎13
𝜕𝑔13
𝜕𝑥𝑛

+ 2𝑎23
𝜕𝑔23
𝜕𝑥𝑛

= 0.
(18)

he second-order partial derivatives of the dispersion equation with
espect to variables 𝑥𝑛 and 𝑥𝑚, are further derived as:
𝜕𝑎11
𝜕𝑥𝑚

𝜕𝑔11
𝜕𝑥𝑛

+ 𝑎11
𝜕2𝑔11
𝜕𝑥𝑛𝜕𝑥𝑚

+ 𝜕𝑎22
𝜕𝑥𝑚

𝜕𝑔22
𝜕𝑥𝑛

+ 𝑎22
𝜕2𝑔22
𝜕𝑥𝑛𝜕𝑥𝑚

+ 𝜕𝑎33
𝜕𝑥𝑚

𝜕𝑔33
𝜕𝑥𝑛

+ 𝑎33
𝜕2𝑔33
𝜕𝑥𝑛𝜕𝑥𝑚

+ 2( 𝜕𝑎12𝜕𝑥𝑚
𝜕𝑔12
𝜕𝑥𝑛

+ 𝑎12
𝜕2𝑔12
𝜕𝑥𝑛𝜕𝑥𝑚

)

+ 2( 𝜕𝑎13𝜕𝑥𝑚
𝜕𝑔13
𝜕𝑥𝑛

+ 𝑎13
𝜕2𝑔13
𝜕𝑥𝑛𝜕𝑥𝑚

) + 2( 𝜕𝑎23𝜕𝑥𝑚
𝜕𝑔23
𝜕𝑥𝑛

+ 𝑎23
𝜕2𝑔23
𝜕𝑥𝑛𝜕𝑥𝑚

) = 0.

(19)

Here is an example to illustrate the calculation of the first-order
artial derivative 𝜕𝑐

𝜕𝜔 . By letting 𝑥𝑛 = 𝜔 in Eq. (18), the first-order
partial derivatives of 𝑔𝑖𝑗 , where 𝑖, 𝑗 = 1, 2, 3, with respect to the
frequency 𝜔 are:
𝜕𝑔11
𝜕𝜔 = −2𝐴44[

𝜔
𝑐2

− 𝜔2

𝑐3
𝜕𝑐
𝜕𝜔 ] + 2𝐼1𝜔,

𝜕𝑔22
𝜕𝜔 = 2𝑏22(

𝜔
𝑐2

− 𝜔2

𝑐3
𝜕𝑐
𝜕𝜔 ) − 2𝐼3𝜔,

𝜕𝑔33
𝜕𝜔 = 2𝑏33(

𝜔
𝑐2

− 𝜔2

𝑐3
𝜕𝑐
𝜕𝜔 ) − 2𝐼3𝜔,

𝜕𝑔12
𝜕𝜔 = 𝑖𝐴44 cos 𝜃(

1
𝑐 −

𝜔
𝑐2

𝜕𝑐
𝜕𝜔 ),

𝜕𝑔13
𝜕𝜔 = 𝑖𝐴44 sin 𝜃(

1
𝑐 −

𝜔
𝑐2

𝜕𝑐
𝜕𝜔 ),

𝜕𝑔23
𝜕𝜔 = 2𝑏23(

𝜔
𝑐2

− 𝜔2

𝑐3
𝜕𝑐
𝜕𝜔 ).

(20)

ubstituting 𝜕𝑔𝑖𝑗
𝜕𝜔 , 𝑖, 𝑗 = 1, 2, 3 into Eq. (18), 𝜕𝑐

𝜕𝜔 is derived in combination
with Eq. (17) as:
𝜕𝑐
𝜕𝜔 = 𝑎11𝑔11−(𝑎22+𝑎33)𝐴44

−𝑎11𝐴44
𝑤2
𝑐2

−(𝑎22+𝑎33)(𝐴44−𝐼3𝜔2)

𝑐
𝜔 . (21)

2.5. Physical relation correlates impact location, TDOA, and wave velocity

To integrate the dispersion relations of lowest-mode flexural waves
into impact localisation, the physical relation between impact location,
TDOA and wave propagation velocity is established as:

𝛥𝑡𝑖𝑗 = 𝑡𝑗 − 𝑡𝑖 =
𝑑𝑗
𝑐(𝜃𝑗 )

− 𝑑𝑖
𝑐(𝜃𝑖)

=
√

(𝑥𝑠−𝑥𝑗 )2+(𝑦𝑠−𝑦𝑗 )2 −
√

(𝑥𝑠−𝑥𝑖)2+(𝑦𝑠−𝑦𝑖)2 ,
(22)
6

𝑐(𝜃𝑗 ) 𝑐(𝜃𝑖)
s

where (𝑥𝑠, 𝑦𝑠) denotes the impact location (source), (𝑥𝑖, 𝑦𝑖) and (𝑥𝑗 , 𝑦𝑗 )
epresent the locations of the 𝑖th and 𝑗th sensors, and 𝑐(𝜃𝑖) and 𝑐(𝜃𝑗 ) are
he impact-induced wave propagation velocities along the paths from
he impact to the 𝑖th and 𝑗th sensors, respectively. Hence, given the

VP and the sensor locations, the impact location can be estimated
sing TDOA data.

In practice, TDOA data are extracted from the signals recorded by
assive sensors. Widely-used data-driven methods for impact locali-
ation involve constructing a model, often through techniques such
s surrogate modelling [68] or recursive filter estimation [69], which
stablishes a relationship between these TDOA values and the impact
ocation based on training impacts. Essentially, these methods approx-
mate the WVP and the sensor locations using a black-box function,
acilitating the estimation of the impact location. However, these data-
riven approaches heavily rely on the TDOA extraction method, which
ust consistently extract TDOA values from the same wave frequency

omponent across various impact scenarios.
Moreover, since the locations of sensors are also estimated during

he training process, any errors in the estimation of sensor locations
ignificantly impact the accuracy of the approximated velocity profile,
articularly when training impact data are limited. Consequently, data-
riven methods for impact localisation typically require a large volume
f training impact data and may struggle to accurately locate impacts
utside the coverage area of the training impacts.

Instead of relying on a black-box surrogate model to approximate
he WVP, this study explicitly optimises the WVP parameterised by
aterial stiffness and wave frequency as detailed in Section 2.4, using

raining impact data. During this optimisation process, sensor location
nformation is integrated into the objective function, resulting in a more
ccurate estimation of the WVP. As the wave frequency on which the
DOA extraction is based cannot be determined exactly, the frequency
serves as an optimisation design variable. By utilising the optimised
VP, the location of the target impact is determined using the triangu-

ation method, which minimises the discrepancy between the estimated
DOA from the optimised WVP and the extracted TDOA from sensor
ignals. The localisation uncertainty can be further estimated based on
his discrepancy.

It is noteworthy that in this study, the WVP is parameterised by a
otal of eight design variables (𝐱 = (𝐷11, 𝐷12, 𝐷16, 𝐷22, 𝐷26, 𝐷66, 𝐴44, 𝜔)),
hich is significantly smaller than that of conventional surrogate mod-
lling methods. For example, the number of parameters to be optimised
n ANN can easily exceed several hundred, depending on the num-
er of neural network layers and the number of neurons in each
ayer.

The objective function 𝑅 (objective residual) for optimising the
VP based on the training impacts is defined as the sum of squared

rrors between the estimated and actual TDOA values. Therefore, this
ptimisation problem can be expressed as:

𝐱 = (𝐷11, 𝐷12, 𝐷16, 𝐷22, 𝐷26, 𝐷66, 𝐴44, 𝜔),
𝐱𝑜𝑝𝑡 = argmin

𝐱
𝑅 = argmin

𝐱

∑𝑁𝑖
𝑖=1

∑𝑁𝑠
𝑗=2 𝑟

2,

𝑟 = ( 𝑑𝑖𝑗
𝑐(𝜃𝑖𝑗 ; 𝜔)

− 𝑑𝑖1
𝑐(𝜃𝑖1; 𝜔)

) − 𝛥𝑡𝑖1𝑗 ,

𝑐𝑜𝑝𝑡(𝜃) = 𝑐(𝜃; 𝐱𝑜𝑝𝑡),

(23)

where 𝑟 represents the difference between the estimated and actual
TDOA, 𝑁𝑖 and 𝑁𝑠 are the number of training impacts and sensors,
espectively. 𝑑𝑖𝑗 and 𝜃𝑖𝑗 denote the known distance and wave propaga-
ion direction from the 𝑖th training impact to 𝑗th sensor, respectively.
(𝜃𝑖𝑗 ; 𝐱) represents the wave propagation velocity along the direction
𝑖𝑗 given the parameters 𝐱 obtained by solving Eq. (6). In the definition
f objective residual for minimisation, sensor 1 is designated as the
nchor sensor. TDOA are calculated between sensor 𝑗, 𝑗 ≥ 2 and sensor
. Therefore, 𝛥𝑡𝑖1𝑗 = 𝑡𝑖𝑗 − 𝑡

𝑖
1 represents the known actual TDOA between

ensor 𝑗, 𝑗 ≥ 2 and sensor 1 for 𝑖th training impact.
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2.6. Wave velocity profile optimisation: A two-stage approach

The optimisation of the WVP, as depicted in Eq. (23), can be
achieved through heuristic optimisation algorithms such as Genetic
Algorithms (GA). However, solving this eight-dimensional optimisa-
tion problem using GA necessitates a substantial number of objective
function evaluations, making the process time-consuming. Moreover,
enhancing the wave propagation velocity can be achieved by either
adjusting the design variables associated with stiffness 𝐴44, 𝐷𝑖𝑗 , 𝑖, 𝑗 =
, 2, 6 or by augmenting the wave frequency 𝜔. Since these stiffness are
ntrinsic material properties, which are typically approximately known
eforehand, it is preferable to scale the wave velocity by optimising the
ave frequency 𝜔 and fine-tune the shape of the WVP by optimising the

tiffness 𝐴44, 𝐷𝑖𝑗 , 𝑖, 𝑗 = 1, 2, 6 within their confidence regions. Therefore,
two-stage approach is proposed to address this WVP optimisation

roblem.

.6.1. Stage 1: Scale the WVP by optimising the wave frequency 𝜔
To scale the WVP by optimising the wave frequency 𝜔, the first-

rder and second-order partial derivatives of objective residual 𝑅 with
espect to the frequency 𝜔 are derived using the chain rule. This
irst-order partial derivative 𝜕𝑅

𝜕𝜔 is derived as:

𝜕𝑅
𝜕𝜔 =

𝜕
∑𝑁𝑖
𝑖=1

∑𝑁𝑠
𝑗=2 𝑟

2

𝜕𝜔 =
∑𝑁𝑖
𝑖=1

∑𝑁𝑠
𝑗=2 2𝑟

𝜕𝑟
𝜕𝜔

= 2
∑𝑁𝑖
𝑖=1

∑𝑁𝑠
𝑗=2 𝑟(

𝜕𝑟
𝜕𝑐 ⋅

𝜕𝑐
𝜕𝜔 ),

𝜕𝑟
𝜕𝑐 = [− 𝑑𝑖𝑗

𝑐2(𝜃𝑖𝑗 ;𝜔)
, 𝑑𝑖1
𝑐2(𝜃𝑖1;𝜔)

], 𝜕𝑐𝜕𝜔 = [ 𝜕𝑐(𝜃𝑖𝑗 ;𝜔)𝜕𝜔 , 𝜕𝑐(𝜃𝑖1;𝜔)𝜕𝜔 ],

(24)

where ⋅ represents the dot product operation. Both 𝜕𝑟
𝜕𝑐 and 𝜕𝑐

𝜕𝜔 are
ectors with 2 elements, as 𝑟 is related to 𝑐 in both 𝜃𝑖𝑗 and 𝜃𝑖1 directions.
he second-order partial derivative of the objective residual 𝑅 with
espect to the frequency 𝜔 is further derived as:
𝜕2𝑅
𝜕𝜔2

= 2
∑𝑁𝑖
𝑖=1

∑𝑁𝑠
𝑗=2(

𝜕𝑟
𝜕𝑐 ⋅

𝜕𝑐
𝜕𝜔 )

2 + 𝑟[ 𝜕
2𝑟
𝜕𝑐2

⋅ ( 𝜕𝑐𝜕𝜔 )
2 + 𝜕𝑟

𝜕𝑐 ⋅
𝜕2𝑐
𝜕𝜔2

],
𝜕2𝑟
𝜕𝑐2

= 2[ 𝑑𝑖𝑗
𝑐3(𝜃𝑖𝑗 ; 𝜔)

,− 𝑑𝑖1
𝑐3(𝜃𝑖1; 𝜔)

], 𝜕
2𝑐
𝜕𝜔2

= [ 𝜕
2𝑐(𝜃𝑖𝑗 ; 𝜔)
𝜕𝜔2

, 𝜕
2𝑐(𝜃𝑖1; 𝜔)
𝜕𝜔2

].
(25)

The dependence of the second-order partial derivatives 𝜕2𝑅
𝜕𝜔2

on the
TDOA 𝛥𝑡𝑖1𝑗 in 𝑟 is noted. The convexity of the objective residual 𝑅 with
espect to the frequency 𝜔 remains uncertain. Utilising the Newton’s
ethod for optimisation based solely on these derivatives may lead to

onvergence to a local minimum.
Given that the frequency 𝜔 predominantly controls the scaling of the

VP, transitioning from 𝜔1 to 𝜔2 scales the velocity profile from 𝑐1(𝜃)
o 𝑐2(𝜃). This scaling can be approximated by a velocity scale factor 𝛽,
here 𝑐2(𝜃) is approximately 𝑐1(𝜃)∕𝛽. Therefore, instead of optimising

he frequency 𝜔, the velocity scale factor 𝛽 can also be employed
o scale the WVP to best align with the training impact locations
nd TDOA data. With 𝜔𝑏 held constant, the baseline velocity profile
alculated from Eq. (6) is denoted as 𝑐𝑏(𝜃), maintaining a constant
alue for each wave propagation direction 𝜃. The optimisation of the
bjective residual 𝑅 with respect to velocity scale factor 𝛽 is expressed
s follows:
𝛽𝑜𝑝𝑡 = argmin

𝛽
𝑅

= argmin
𝛽

∑𝑁𝑖
𝑖=1

∑𝑁𝑠
𝑗=2[(

𝑑𝑖𝑗
𝑐𝑏(𝜃𝑖𝑗 )

− 𝑑𝑖1
𝑐𝑏(𝜃𝑖1)

)𝛽 − 𝛥𝑡𝑖1𝑗 ]
2.

(26)

The first and second-order partial derivatives of the objective residual
𝑅 with respect to 𝛽 are derived as follows:
𝑑𝑅
𝑑𝛽 = 2

∑𝑁𝑖
𝑖=1

∑𝑁𝑠
𝑗=2[(

𝑑𝑖𝑗
𝑐𝑏(𝜃𝑖𝑗 )

− 𝑑𝑖1
𝑐𝑏(𝜃𝑖1)

)𝛽 − 𝛥𝑡𝑖1𝑗 ](
𝑑𝑖𝑗

𝑐𝑏(𝜃𝑖𝑗 )
− 𝑑𝑖1

𝑐𝑏(𝜃𝑖1)
),

𝑑2𝑅
𝑑𝛽2

= 2
∑𝑁𝑖
𝑖=1

∑𝑁𝑠
𝑗=2(

𝑑𝑖𝑗
𝑐𝑏(𝜃𝑖𝑗 )

− 𝑑𝑖1
𝑐𝑏(𝜃𝑖1)

)2 ≥ 0.
(27)

As the second-order partial derivatives of the objective residual with
respect to 𝛽 are non-negative, this optimisation problem is convex,
allowing for efficient solution using methods like the steepest descent or
7

Algorithm 1: An indirect algorithm to optimise WVP with
respect to frequency 𝜔 using the Newton’s method

Input: 𝐸1, 𝐸2, 𝐺12, 𝜈12, 𝜌, 𝛷, 𝐼𝑥𝑦, 𝑆𝑥𝑦, 𝛥𝑡𝑖1𝑗
Output: 𝜔𝑜𝑝𝑡
𝑑𝑖𝑗 , 𝜃𝑖𝑗 ← 𝐼𝑥𝑦, 𝑆𝑥𝑦;
𝐷,𝐴← 𝐸1, 𝐸2, 𝐺12, 𝜈12, 𝜌, 𝛷;
𝜔𝑏 ← 2𝜋𝑓𝑁𝑆𝐸𝑇 ;
𝛽𝑜𝑝𝑡 ← 2 ;
while ∣ 𝛽𝑜𝑝𝑡 − 1 ∣≥ 0.01 do

𝑐𝑏(𝜃) ← 𝑐(𝜃;𝜔𝑏) ;
𝑅 ←

∑𝑁𝑖
𝑖=1

∑𝑁𝑠
𝑗=2[(

𝑑𝑖𝑗
𝑐𝑏(𝜃𝑖𝑗 )

− 𝑑𝑖1
𝑐𝑏(𝜃𝑖1

)𝛽 − 𝛥𝑡𝑖1𝑗 ]
2;

𝛽0 ← 1;
𝛽𝑜𝑝𝑡 ← argmin

𝛽
𝑅 ; /* Solve Eq. (26) by Newton’s method */

𝜔𝑏 ← 𝑖𝑑𝑟(𝑐𝑏(𝜃;𝜔𝑏)∕𝛽𝑜𝑝𝑡) ;
end
𝜔𝑜𝑝𝑡 ← 𝜔𝑏;

*𝛷: laminate layup; 𝐼𝑥𝑦: training impact locations; 𝑆𝑥𝑦: sensors’ locations;
𝛥𝑡𝑖1𝑗 : training TDOA; 𝑓𝑁𝑆𝐸𝑇 : cut-off frequency used for TDOA extraction.

ewton’s method. The Newton’s method iteratively minimises 𝑅 with
espect to 𝛽:

𝛽𝑘+1 = 𝛽𝑘 −
𝑅′(𝛽𝑘)
𝑅′′(𝛽𝑘)

. (28)

The optimised 𝛽𝑜𝑝𝑡 can then be utilised to update the frequency
𝜔𝑏 and adjust the velocity profile baseline 𝑐𝑏(𝜃) using the inverse
dispersion relations 𝜔 = 𝑖𝑑𝑟(𝑐). These relations are derived from
the dispersion relations 𝑐 = 𝑑𝑟(𝜔) illustrated in Fig. 1. The inverse
dispersion relations represent a monotonic increasing function between
wave frequency and phase velocity. The updates for the frequency 𝜔𝑏
and velocity profile baseline 𝑐𝑏(𝜃) are given by:

𝜔𝑏 = 𝑖𝑑𝑟(𝑐𝑏(𝜃;𝜔𝑏)∕𝛽𝑜𝑝𝑡), 𝑐𝑏(𝜃) = 𝑐(𝜃;𝜔𝑏). (29)

Repeating such a convex optimisation with respect to the velocity
scale factor 𝛽, and the update processes of the frequency 𝜔𝑏 and the
velocity profile baseline 𝑐𝑏(𝜃) indirectly lead to the optimisation of the
WVP and the identification of the optimal frequency. The pseudocode
for this indirect optimisation approach is illustrated in Algorithm 1.

2.6.2. Stage 2: Fine-tune the WVP by optimising the stiffness
The amplitude of the WVP, optimised with respect to the frequency,

closely approximates its real value. Next, the shape of the WVP can
be fine-tuned by minimising the objective residual with respect to
the stiffness matrix 𝐷 (where 𝐷 represents 𝐷11, 𝐷12, 𝐷16, 𝐷22, 𝐷26, 𝐷66)
and the stiffness 𝐴44 constrained within its confidence region. This
second-stage optimisation problem is formulated as:

𝐷𝑜𝑝𝑡, 𝐴𝑜𝑝𝑡44 = argmin
𝐷,𝐴44

𝑅 = argmin
𝐷,𝐴44

∑𝑁𝑖
𝑖=1

∑𝑁𝑠
𝑗=2 𝑟

2,

𝑟 = ( 𝑑𝑖𝑗
𝑐(𝜃𝑖𝑗 ; 𝐷,𝐴44 ,𝜔𝑜𝑝𝑡)

− 𝑑𝑖1
𝑐(𝜃𝑖1; 𝐷,𝐴44 ,𝜔𝑜𝑝𝑡)

) − 𝛥𝑡𝑖1𝑗 ,

𝑐𝑜𝑝𝑡(𝜃) = 𝑐(𝜃; 𝐷𝑜𝑝𝑡, 𝐴𝑜𝑝𝑡44 , 𝜔𝑜𝑝𝑡).

(30)

o circumvent the use of the time-consuming GA for solving this
even-dimensional optimisation task, the trust-region-reflective algo-
ithm [65] is employed. This method leverages the information from
he partial derivatives of the objective residual with respect to the
esign variables (stiffness 𝐷, 𝐴44). Through the chain rule, the first and
econd-order partial derivatives 𝜕𝑅

𝜕𝑥𝑛
and 𝜕2𝑅

𝜕𝑥𝑛𝜕𝑥𝑚
of the objective residual

𝑅 with respect to the stiffness variable 𝑥𝑛, 𝑥𝑚 ∈ (𝐷,𝐴44) are deduced
and expressed using intermediate derivatives 𝜕𝑟

𝜕𝑐 , 𝜕2𝑟
𝜕𝑐2

, 𝜕𝑐
𝜕𝑥𝑛

, and 𝜕2𝑐
𝜕𝑥𝑛𝜕𝑥𝑚

:

𝜕𝑅
𝜕𝑥𝑛

=
∑𝑁𝑖
𝑖=1

∑𝑁𝑠
𝑗=2 2𝑟

𝜕𝑟
𝜕𝑥𝑛

= 2
∑𝑁𝑖
𝑖=1

∑𝑁𝑠
𝑗=2 𝑟(

𝜕𝑟
𝜕𝑐 ⋅

𝜕𝑐
𝜕𝑥𝑛

),
𝜕2𝑅

𝜕𝑥𝑛𝜕𝑥𝑚
= 2

∑𝑁𝑖
𝑖=1

∑𝑁𝑠
𝑗=2{(

𝜕𝑟
𝜕𝑐 ⋅

𝜕𝑐
𝜕𝑥𝑛

)( 𝜕𝑟𝜕𝑐 ⋅
𝜕𝑐
𝜕𝑥𝑚

)

+ 𝑟[ 𝜕
2𝑟 ⋅ ( 𝜕𝑐 𝜕𝑐 ) + 𝜕𝑟 ⋅ 𝜕2𝑐 ]}.

(31)
𝜕𝑐2 𝜕𝑥𝑛 𝜕𝑥𝑚 𝜕𝑐 𝜕𝑥𝑛𝜕𝑥𝑚
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Algorithm 2: Trust-region-reflective algorithm to optimise WVP
with respect to stiffness (𝐷,𝐴44)

Input: 𝐸1, 𝐸2, 𝐺12, 𝜈12, 𝛷, 𝐼𝑥𝑦, 𝑆𝑥𝑦, 𝛥𝑡𝑖𝑗 , 𝜔𝑜𝑝𝑡
Output: 𝑐𝑜𝑝𝑡(𝜃)
𝑑𝑖𝑗 , 𝜃𝑖𝑗 ← 𝐼𝑥𝑦, 𝑆𝑥𝑦;
𝐷0, 𝐴0

44 ← 𝐸1, 𝐸2, 𝐺12, 𝜈12, 𝛷;
[𝐷𝑙𝑏, 𝐷𝑢𝑏] ← 𝐷0, [𝐴𝑙𝑏44, 𝐷

𝑢𝑏
44] ← 𝐴0

44;
𝑁𝑖𝑡𝑒𝑟 ← 10000, 𝑖𝑖𝑡𝑒𝑟 ← 1 ;
𝐷 ← 𝐷0, 𝐴44 ← 𝐴0

44 ;
𝑟← ( 𝑑𝑖𝑗

𝑐(𝜃𝑖𝑗 ; 𝐷,𝐴44 ,𝜔𝑜𝑝𝑡)
− 𝑑𝑖1

𝑐(𝜃𝑖1; 𝐷,𝐴44 ,𝜔𝑜𝑝𝑡)
) − 𝛥𝑡𝑖1𝑗 ;

𝑅←
∑𝑁𝑖
𝑖=1

∑𝑁𝑠
𝑗=2 𝑟

2;
𝛥𝑅← 1, 𝛥𝑥← 1;
while 𝑖𝑖𝑡𝑒𝑟 ≤ 𝑁𝑖𝑡𝑒𝑟 & 𝛥𝑅 > 10−6 & 𝛥𝑥 > 10−6 do

𝜕𝑐
𝜕𝑥𝑛

← 𝐷,𝐴44, 𝜔𝑜𝑝𝑡 ;
𝜕𝑅
𝜕𝑥𝑛

← 𝜕𝑐
𝜕𝑥𝑛

;

[𝛿𝐷, 𝛿𝐴44] ← 𝑅, 𝜕𝑅𝜕𝑥𝑛
;

𝑝 ← 𝑅, 𝜕𝑅𝜕𝑥𝑛
;

[𝐷,𝐴44] ← [𝐷,𝐴44] − 𝑝[𝛿𝐷, 𝛿𝐴44];
𝑟 ← ( 𝑑𝑖𝑗

𝑐(𝜃𝑖𝑗 ; 𝐷,𝐴44 ,𝜔𝑜𝑝𝑡)
− 𝑑𝑖1

𝑐(𝜃𝑖1; 𝐷,𝐴44 ,𝜔𝑜𝑝𝑡)
) − 𝛥𝑡𝑖1𝑗 ;

𝛥𝑅← 𝑅 −
∑𝑁𝑖
𝑖=1

∑𝑁𝑠
𝑗=2 𝑟

2;
𝑅 ←

∑𝑁𝑖
𝑖=1

∑𝑁𝑠
𝑗=2 𝑟

2;
𝛥𝑥 ← 𝑛𝑜𝑟𝑚(𝑝[𝛿𝐷, 𝛿𝐴44]);
𝑖𝑖𝑡𝑒𝑟 ← 𝑖𝑖𝑡𝑒𝑟 + 1;

end
𝐷𝑜𝑝𝑡 ← 𝐷,𝐴𝑜𝑝𝑡44 ← 𝐴44;
𝑐(𝜃) ← 𝑐(𝜃; 𝐷𝑜𝑝𝑡, 𝐴

𝑜𝑝𝑡
44 , 𝜔𝑜𝑝𝑡);

*𝑁𝑖𝑡𝑒𝑟: Maximal number of iteration; 𝛥𝑅: objective residual reduction; 𝛥𝑥:
iterative change of design variables; 𝑝: updating step size, [𝛿𝐷, 𝛿𝐴44]: updating
direction.

Drawing from Eqs. (17), (18), and (19), the intermediate partial
derivatives 𝜕𝑟

𝜕𝑐 , 𝜕2𝑟
𝜕𝑐2

, 𝜕𝑐
𝜕𝑥𝑛

, and 𝜕2𝑐
𝜕𝑥𝑛𝜕𝑥𝑚

can be derived analytically. A
etailed derivation of the first-order partial derivatives 𝜕𝑟

𝜕𝑐 and 𝜕𝑐
𝜕𝑥𝑛

is
presented in Appendix C, as gradient information is essential for the
trust-region-reflective algorithm.

The implementation of the optimisation problem described in
Eq. (30) is depicted in Algorithm 2. Here, the first-order partial deriva-
tive 𝜕𝑅

𝜕𝑥𝑛
is utilised to minimise the residual 𝑅 with respect to the

tiffness 𝐷 and 𝐴44 using the trust-region-reflective algorithm. In prac-
ice, the optimisation is executed using the ‘‘fmincon’’ function in
atlab. Termination conditions include reaching the maximum number

f iterations (‘MaxIterations’), ensuring the change in design vari-
bles is below the ‘StepTolerance’, and ensuring the reduction in the
bjective residual is below the ‘FunctionTolerance’.

.7. Triangulation: Impact localisation based on the optimised WVP

Once the WVP 𝑐(𝜃; 𝐷opt, 𝐴
opt
44 , 𝜔opt) of the impact-induced flexural

aves has been optimised based on training impacts, the location of the
arget impact can be estimated using the triangulation method, which
nvolves minimising the difference between the estimated TDOA from
he optimised WVP and the extracted TDOA from sensor signals. This
ptimisation problem for impact localisation is expressed as:

𝑥, 𝑦 = argmin
𝑥,𝑦

𝑅 = argmin
𝑥,𝑦

∑𝑁𝑠
𝑗=2 𝑟

2,

𝑟 = 𝑡𝑗 − 𝑡1 − 𝛥𝑡1𝑗 =
𝑑𝑗
𝑐(𝜃𝑗 )

− 𝑑1
𝑐(𝜃1)

− 𝛥𝑡1𝑗 ,

𝑑𝑗 =
√

(𝑥 − 𝑥𝑗 )2 + (𝑦 − 𝑦𝑗 )2, 𝑗 = 1, 2,… , 𝑁𝑠,

𝜃 = arccos 𝑥𝑗−𝑥 , 𝑗 = 1, 2,… , 𝑁 ,

(32)
8

𝑗 𝑑𝑗 𝑠 T
Algorithm 3: Triangulation method to locate impacts based on
the optimised WVP

Input: 𝐷𝑜𝑝𝑡, 𝐴
𝑜𝑝𝑡
44 , 𝜔𝑜𝑝𝑡

Input: 𝑆𝑥𝑦(𝑥𝑗 , 𝑦𝑗 ), 𝛥𝑡1𝑗 , 𝑗 = 1, 2, ..., 𝑁𝑠
Input: [𝑥𝑙𝑏, 𝑥𝑢𝑏], [𝑦𝑙𝑏, 𝑦𝑢𝑏]
Output: 𝑥, 𝑦, 𝜎𝑥𝑦
𝑐(𝜃) ← 𝐷𝑜𝑝𝑡, 𝐴

𝑜𝑝𝑡
44 , 𝜔𝑜𝑝𝑡;

𝑥, 𝑦← 𝛥𝑡1𝑗 ; /* Initial impact locations */
𝑑𝑗 , 𝜃𝑗 ← 𝑥, 𝑦, 𝑥𝑗 , 𝑦𝑗 ;
𝑅 ←

∑𝑁𝑠
𝑗=2[(

𝑑𝑗
𝑐(𝜃𝑗 )

− 𝑑1
𝑐(𝜃1)

) − 𝛥𝑡1𝑗 ]2;

𝑁𝑖𝑡𝑒𝑟 ← 10000, 𝑖𝑖𝑡𝑒𝑟 ← 1 ;
𝛥𝑅← 1, 𝛥𝑥← 1;
while 𝑖𝑖𝑡𝑒𝑟 ≤ 𝑁𝑖𝑡𝑒𝑟 & 𝛥𝑅 > 10−6 & 𝛥𝑥 > 10−6 do

𝜕𝑐(𝜃𝑗 )
𝜕𝑥 ,

𝜕𝑐(𝜃𝑗 )
𝜕𝑦 ← 𝐷𝑜𝑝𝑡, 𝐴

𝑜𝑝𝑡
44 , 𝜔𝑜𝑝𝑡 ;

𝜕2𝑐(𝜃𝑗 )
𝜕𝑥2

,
𝜕2𝑐(𝜃𝑗 )
𝜕𝑦2

,
𝜕2𝑐(𝜃𝑗 )
𝜕𝑥𝜕𝑦 ←

𝜕𝑐(𝜃𝑗 )
𝜕𝑥 ,

𝜕𝑐(𝜃𝑗 )
𝜕𝑦 ;

𝜕𝑅
𝜕𝑥 ,

𝜕𝑅
𝜕𝑦 ,

𝜕2𝑅
𝜕𝑥2

, 𝜕
2𝑅
𝜕𝑦2

, 𝜕
2𝑅

𝜕𝑥𝜕𝑦 ← 𝑐(𝜃);

[𝛿𝑥, 𝛿𝑦] ← 𝑅, 𝜕𝑅𝜕𝑥 ,
𝜕𝑅
𝜕𝑦 ,

𝜕2𝑅
𝜕𝑥2

, 𝜕
2𝑅
𝜕𝑦2

, 𝜕
2𝑅

𝜕𝑥𝜕𝑦 ;

𝑝← 𝑅, 𝜕𝑅𝜕𝑥 ,
𝜕𝑅
𝜕𝑦 ,

𝜕2𝑅
𝜕𝑥2

, 𝜕
2𝑅
𝜕𝑦2

, 𝜕
2𝑅

𝜕𝑥𝜕𝑦 ;
[𝑥, 𝑦] ← [𝑥, 𝑦] − 𝑝[𝛿𝑥, 𝛿𝑦];
𝑑𝑗 , 𝜃𝑗 ← 𝑥, 𝑦, 𝑥𝑗 , 𝑦𝑗 ;
𝛥𝑅← 𝑅 −

∑𝑁𝑠
𝑗=2[(

𝑑𝑗
𝑐(𝜃𝑗 )

− 𝑑1
𝑐(𝜃1)

) − 𝛥𝑡1𝑗 ]2 ;

𝑅 ←
∑𝑁𝑠
𝑗=2[(

𝑑𝑗
𝑐(𝜃𝑗 )

− 𝑑1
𝑐(𝜃1)

) − 𝛥𝑡1𝑗 ]2;

𝛥𝑑 ← 𝑛𝑜𝑟𝑚(𝑝[𝛿𝑥, 𝛿𝑦]);
𝑖𝑖𝑡𝑒𝑟 ← 𝑖𝑖𝑡𝑒𝑟 + 1;

end
𝜎𝑥𝑦 ← 𝑥, 𝑦, 𝑐(𝜃), 𝛥𝑡𝑗1;

*[𝑥, 𝑦]: estimated location of target impact; 𝜎𝑥𝑦:localisation uncertainty;
[𝑥𝑙𝑏, 𝑥𝑢𝑏], [𝑦𝑙𝑏, 𝑦𝑢𝑏]: bounds of impact location determined by plate size.

where (𝑥, 𝑦) represent the location coordinates of the target impact,
(𝑥𝑗 , 𝑦𝑗 ) denotes the location coordinates of the 𝑗th sensor, 𝑑𝑗 indicates
the distance between the target impact and the 𝑗th sensor, 𝜃𝑗 is the
direction from the target impact location to the 𝑗th sensor, and 𝑐(𝜃𝑗 ) is
he optimised wave velocity in the 𝜃𝑗 direction.

To avoid the use of the time-consuming GA algorithm, the trust-
region-reflective algorithm is employed to address this optimisation
problem efficiently. The first and second-order derivatives 𝜕𝑅

𝜕𝑥 , 𝜕𝑅
𝜕𝑦 , 𝜕2𝑅

𝜕𝑥2
,

𝜕2𝑅
𝜕𝑦2

, 𝜕2𝑅
𝜕𝑥𝜕𝑦 of the objective residual 𝑅 with respect to the impact location

coordinates 𝑥 and 𝑦 are derived using the chain rule:
𝜕𝑅
𝜕𝑥 =

∑𝑁𝑠
𝑗=2 2𝑟

𝜕𝑟
𝜕𝑥 ,

𝜕𝑅
𝜕𝑦 =

∑𝑁𝑠
𝑗=2 2𝑟

𝜕𝑟
𝜕𝑦 ,

𝜕2𝑅
𝜕𝑥2

=
∑𝑁𝑠
𝑗=2 2(

𝜕𝑟
𝜕𝑥 )

2 + 2𝑟 𝜕
2𝑟
𝜕𝑥2
,

𝜕2𝑅
𝜕𝑦2

=
∑𝑁𝑠
𝑗=2 2(

𝜕𝑟
𝜕𝑦 )

2 + 2𝑟 𝜕
2𝑟
𝜕𝑦2
,

𝜕2𝑅
𝜕𝑥𝜕𝑦 =

∑𝑁𝑠
𝑗=2 2

𝜕𝑟
𝜕𝑥

𝜕𝑟
𝜕𝑦 + 2𝑟 𝜕2𝑟

𝜕𝑥𝜕𝑦 .

(33)

These intermediate partial derivatives 𝜕𝑟
𝜕𝑥 , 𝜕𝑟

𝜕𝑦 , 𝜕2𝑟
𝜕𝑥2

, 𝜕2𝑟
𝜕𝑦2

, 𝜕2𝑟
𝜕𝑥𝜕𝑦 can be

derived using the chain rule in conjunction with the dispersion equation
Eq. (6) and the optimised parameters 𝐷opt, 𝐴

opt
44 , 𝜔opt. The detailed

erivations of these derivatives are provided in Appendix D. Based
n this derivative information, Algorithm 3 illustrates the implemen-
ation of impact localisation using the triangulation method and the
rust-region-reflective algorithm based on the optimised WVP.

The initial impact location in this optimisation can be estimated
rom the TDOA data. By analysing the TDOA values, the sensor closest
o the impact, indicated by the minimum TOA, and the sensor farthest
rom the impact, indicated by the maximum TOA, can be identified.
his information offers a reasonable estimate of the impact location.
o enhance the robustness of the localisation process, two initial impact
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locations are generated in this study. One is positioned inside the sensor
network between the closest and farthest sensors, while the other is
situated outside the sensor network near the nearest sensor.

Additionally, the uncertainty of the estimated impact location (𝑥, 𝑦)
an be quantified based on the triangulation method. For every pair
f sensors, such as sensor 𝑖 and sensor 𝑗, where 𝑗 > 𝑖, there exists at
east one location solution (𝑥𝑗𝑖, 𝑦𝑗𝑖) that satisfies the condition for the
stimated TDOA 𝛥𝑡𝑗𝑖 = 𝑡𝑗 − 𝑡𝑖 = 𝑑𝑗∕𝑐(𝜃𝑗 ) − 𝑑𝑖∕𝑐(𝜃𝑖) to match the actual
DOA 𝛥𝑡𝑗𝑖.

𝑡𝑗 − 𝑡1 − 𝛥𝑡𝑗1 =
𝑑𝑗
𝑐(𝜃𝑗 )

− 𝑑𝑖
𝑐(𝜃𝑖)

− 𝛥𝑡𝑗𝑖

=
√

(𝑥𝑗𝑖−𝑥𝑗 )2+(𝑦𝑗𝑖−𝑦𝑗 )2

𝑐(𝜃𝑗 )
−

√

(𝑥𝑗𝑖−𝑥𝑖)2+(𝑦𝑗𝑖−𝑦𝑖)2

𝑐(𝜃𝑖)
− 𝛥𝑡𝑗𝑖

= 0.

(34)

The solution of the equation above, closest to the estimated impact
location (𝑥, 𝑦), indicates how the estimated impact location should
adjust to nullify the TDOA difference (𝛥𝑡𝑗𝑖 = 𝛥𝑡𝑗𝑖). Every pair of sensors
(varying 𝑖 and 𝑗) provides a location (𝑥𝑗𝑖, 𝑦𝑗𝑖) bounding the estimated
impact location (𝑥, 𝑦) that satisfies 𝛥𝑡𝑗𝑖 = 𝛥𝑡𝑗𝑖. The uncertainty (standard
deviation) of the estimated impact location can be defined as the
average distance between the estimated impact location (𝑥, 𝑦) and the
bounding locations (𝑥𝑗𝑖, 𝑦𝑗𝑖).

𝜎𝑥𝑦 =
2

𝑁𝑠(𝑁𝑠−1)
∑𝑁𝑠−1
𝑖=1

∑𝑁𝑠
𝑗=𝑖+1

√

(𝑥𝑗𝑖 − 𝑥)2 + (𝑦𝑗𝑖 − 𝑦)2. (35)

2.8. TDOA extraction from sensor signals

From the physical relationship described in Eq. (22), careful atten-
tion must be given to TDOA extraction to ensure accurate impact lo-
calisation. As previously discussed, dispersive flexural waves dominate
the impact sensor signals, wherein their higher frequency components
propagate faster than their lower frequency counterparts. To precisely
determine impact locations, TDOA extraction should consistently rely
on identical frequency components across all impacts. However, varia-
tions in impact scenarios, such as changes in impact mass or velocity,
alter the impact force and result in distinct distributions of frequency
components in the sensor signals. Furthermore, the presence of in-
plane extensional waves, captured by sensors near the impact point, can
affect TDOA extraction. Therefore, a reliable TDOA extraction method
is essential for impact localisation, one that can consistently extract
TDOA across diverse impact scenarios while disregarding the effects of
extensional waves when impacts occur near sensors.

In this study, two widely used envelope-based TDOA extraction
methods are considered: Envelope Threshold (ET) [45,47,63] and Nor-
malised Smooth Envelope Threshold (NSET) [48,62]. These methods
identify TDOA by determining the earliest time at which the signal
envelope crosses a predefined threshold. While the ET method com-
putes envelopes using the Hilbert transform, the NSET method employs
Butterworth filtering to calculate the envelopes.

Fig. 2 illustrates the impact signals recorded by four PZT sensors
on a composite laminate flat panel and TDOA extraction using ET and
NSET methods for this impact. Further details regarding the experimen-
tal setup, the impact, and the panel can be found in Section 3, with this
impact corresponding to impact number 1 shown in Fig. 4(a). These
four PZT sensors, arranged in ascending order of the impact-to-sensor
distance, are indexed as [1, 4, 2, 3]. Thus, it is anticipated that the
impact-induced wave reaches sensor 1 first and sensor 3 last, resulting
in 𝛥𝑡𝑗1 > 0, 𝑗 = 2, 3, 4 and 𝛥𝑡31 attaining maximal values.

From the sensor signals shown in Fig. 2(a) and (b) over two time
indows (4 ms and 0.4 ms), initial peaks are observed at a signal
mplitude level of 1 V. These peaks indicate the arrival time of impact-
nduced waves at the sensors, which is crucial for TDOA estimation.
owever, it is noticeable that the ET method, relying on the Hilbert

ransform, results in an early rising envelope, as illustrated in Fig. 2(c).
9

hese envelopes fail to capture the information of the initial peaks,
rendering the extracted TDOA values unreliable. Moreover, consider-
ing the varying frequency components in signals for different impact
scenarios, the ET method struggles to extract TDOA from the same
frequency due to the envelope from the Hilbert transform encompassing
all frequency components.

The NSET, on the other hand, offers more flexible frequency control,
as the frequency components of the envelope obtained from the low-
pass Butterworth filter can be adjusted by the filter’s cut-off frequency
𝑓𝑁𝑆𝐸𝑇 . This cut-off frequency 𝑓𝑁𝑆𝐸𝑇 can be roughly selected based on
the presence of initial peaks in the envelopes as it increases from a small
value, such as 2 kHz. As depicted in Fig. 2(d), when 𝑓𝑁𝑆𝐸𝑇 = 20 kHz,
the initial peaks are clearly visible in the envelopes for all four sensors,
facilitating TDOA extraction through thresholding. Furthermore, the
initial peaks of the envelopes accurately represent the wave arrival
order and the impact-to-sensor distance, consistent with the previous
analysis of 𝛥𝑡𝑗1 > 0, 𝑗 = 2, 3, 4. Thus, 𝑓𝑁𝑆𝐸𝑇 = 20 kHz appears to
be a suitable cut-off frequency for TDOA extraction in this flat panel
scenario. More details about the implementation procedures of the
NSET method can be found in [48,62].

Moreover, it is important to note that the low-pass filter cannot
entirely eliminate frequencies above the cut-off frequency [10]. TDOA
extraction typically relies on higher frequency components in the sig-
nals that exceed the cut-off frequency 𝑓𝑁𝑆𝐸𝑇 . Therefore, it is suggested
that this cut-off frequency 𝑓𝑁𝑆𝐸𝑇 can serve as an initial estimate and
lower bound for the frequency in the two-stage optimisation of the
WVP, as depicted in Algorithm 1. This approach enhances the efficiency
of the WVP optimisation process.

3. Experimental setup

To validate the proposed hybrid physics-based and data-driven
impact localisation method, experimental impact tests were conducted
on a sensorised composite laminate flat panel and a sensorised stringer-
stiffened panel. The experimental setup for these impact tests is de-
picted in Fig. 3. Both the flat panel and stiffened panel used were
quasi-isotropic carbon fibre-reinforced laminates (M21/T800s). The
stacking sequence of the flat panel was [0∕+45∕45∕90]2𝑠, with each ply
having a thickness of 0.25 mm. Conversely, the stringer-stiffened panel
had a stacking sequence of [−45∕45∕0∕0∕90∕0]𝑠 for both the single
plate region without a stringer and the stringer, with a ply thickness
of 0.125 mm. The material properties of a unidirectional lamina are
provided in Table 1, essential for the analytical calculation of the wave
propagation velocity profile.

The flat panel (290 mm × 200 mm) was equipped with 4 PZT
sensors bonded to the top side of the plate (impact side), while the
stiffened plate (475 mm × 250 mm) had 4 PZT sensors bonded to the
bottom side of the plate to simulate potential sensor installation on the
inside of a stiffened aircraft structure. The coverage area of these 4
PZT sensors, both for the flat panels and the stiffened panels, formed a
rectangular area.

Impacts were induced by dropping a 20 mm diameter round steel
head impactor perpendicular to the panels along the guide rails, as il-
lustrated in Fig. 3(a) and (b). The impactor had a mass of 100 g and was
dropped from a height of 20 mm. The layout of the impact locations
and sensor positions is depicted in Fig. 4 for both the flat and stiffened
panels. A total of 35 drop mass impacts, numbered from 1 to 35, were
applied to the composite laminate flat panel, evenly distributed on a
20 × 20 mm grid and all within the sensor network. Conversely, 25 drop
mass impacts, numbered 1 to 25, were conducted on the composite
laminate stringer stiffened panel. Impacts numbered 1 to 5 and 21 to
25 were slightly outside the sensor network. Additionally, these impacts
on the stringer stiffened panel were categorised into three groups based
on impact location: 10 impacts on the single panel region without a
stringer (numbered 1:5:21, 5:5:25), 10 impacts on the stringer toes
(numbered 2:5:22, 4:5:24), and 5 impacts on the panel region between

the stringer toes (numbered 3:5:23).
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Fig. 2. The TDOA extraction from sensor signals using ET and NSET methods. (a) Impact sensor signals captured by 4 PZT sensors within a time window of 4 ms on a laminated
omposite flat panel. The highest signal amplitudes occur within the initial time window of 1 ms, after which the signal amplitudes decrease due to structural damping. (b) Sensor
ignals within the initial 0.4 ms time window. Initial peaks are observed at a signal amplitude level of 1 V, which are crucial for TDOA estimation. (c) The envelopes obtained by
he ET method. ET method, relying on the Hilbert transform, results in an early rising envelope. (d) The envelopes obtained by the NSET method. An appropriate cut-off frequency
an be determined to retain the initial peaks of the sensor signals in the envelopes.
Fig. 3. Experimental setup for impact testing. (a) Impact testing setup of the composite laminate flat panel, utilising a drop mass to generate impacts along a guide rail. (b) The
omposite laminate flat panel, clamped along its longitudinal edges while the transverse edges remain free. (c) Impact testing setup of the composite laminate stringer-stiffened
anel, employing the same drop mass to induce impacts along a guide rail. (d) The stringer stiffened panel, supported simply on the four corners of the panel.
An NI PXI-5105 8-channel oscilloscope and NI SignalExpress soft-
are were utilised for sensor signal acquisition. Each PZT sensor was

onnected to an individual channel of the oscilloscope. The sampling
requency for recording the impact sensor signals was set at 200 kHz,
ith a fixed sampling window of 50 ms. Each impact was repeated

wice for consistency. A total of 70 impact sensor signals were collected
rom the flat panel, while 50 were collected from the stringer-stiffened
anel. Details of these impact tests are summarised in Table 2, where

‘FP’’ and ‘‘SP’’ represent the flat and stiffened panels, respectively.
It is important to highlight that the dispersion relations governing

he wave profile are derived analytically for simple plates, based on the
SDT. A recent study by Correas [70] presented an analytical impact
pring model for predicting impact behaviours of stringer-stiffened
10
Table 2
Impact tests conducted.

Impact case Impact machine Parameters Number of impacts

FP Drop mass m = 100 g, h = 20 mm 70 (loc 1-35 × 2 rpt)
SP Drop mass m = 100 g, h = 20 mm 50 (loc 1-25 × 2 rpt)

*m: impact mass, h: impact height, loc: location, rpt: repetitions.

composite laminates, utilising the FSDT. In this model, the global
stiffness of the stiffened panel is represented by combining the stiffness
of its flat plate component and the stringer component. Validation
of this analytical impact spring modelling was conducted using FEM
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Fig. 4. Layout of composite laminate flat and stiffened panels. (a) The flat panel, measuring 290 mm × 200 mm, was equipped with 4 PZT sensors bonded to the top side of the
plate (impact side). A total of 35 impact locations, numbered 1–35, are uniformly distributed inside the sensor network. (b) The stringer-stiffened panel, measuring 475 mm ×
250 mm, had 4 PZT sensors bonded to the bottom side of the plate (opposite to the impact). A total of 25 impact locations are designated on this panel, with impacts numbered
1–5 and 21–25 slightly outside of the sensor network.
𝐴
a

models, which demonstrated a close estimation of the impact force
history.

Building upon this work, stringer-stiffened composite laminates can
be effectively approximated by a simplified plate model, where the
equations of motion of simple plates approximately govern the motions
of the stringer-stiffened composite laminates using the global stiffness.
In other words, the dispersion relations derived from the equations of
motion of simple plates can also be used to parameterise the WVP of the
stringer-stiffened composite laminates. The purpose of conducting im-
pact tests on the stringer-stiffened panel is to validate the effectiveness
of the proposed hybrid impact localisation method on more complex
stiffened structures. This validation is essential, considering that the
majority of aircraft structures are intricate and incorporate stiffening
elements.

4. The optimisation of wave velocity profile

The experimental impact data were utilised to validate the proposed
hybrid physics-based and data-driven impact localisation method,
which optimises the WVP using a two-stage approach based on training
impacts and locates the target impact through triangulation based on
the optimised WVP. For the composite laminate flat panel, four exper-
imental impacts numbered 12, 14, 22, and 24, as shown in Fig. 4(a),
were utilised as the training impacts. Similarly, the same number of
training impacts, numbered 7, 9, 17, and 19 and displayed in Fig. 4(b),
were adopted for the stringer-stiffened panel. Subsequently, all ex-
perimental impacts were treated as testing impacts (target impacts)
based on the optimised WVP, aiming to be localised by minimising the
difference in TDOA between the optimised WVP and sensor signals.
11
The accuracy of the WVP and impact localisation hinges on factors
such as the optimisation algorithm, the number of sensors employed,
and the quantity of training impacts. In this section, the number of
sensors was fixed at four, which is a reasonable choice, as in practical
scenarios, the aircraft structure can be segmented into numerous sub-
structures using the closest four sensors. Additionally, the effects of the
number of sensors were investigated on impact localisation Section 5.3.

With the aforementioned four training impacts, the proposed two-
stage approach was compared with the GA for optimising the WVP as
described in Eq. (23). The stiffness design variables 𝐷𝑖𝑗 , 𝑖, 𝑗 = 1, 2, 6, and
44 are determined using the laminate properties detailed in Table 1
nd the stacking sequence. A scaling range of [0.8, 1.2] is employed

to accommodate stiffness uncertainties in the optimisation. For the
frequency 𝜔, the cut-off frequency 𝑓𝑁𝑆𝐸𝑇 utilised in TDOA extraction
via the NSET method serves as its nominal value, with the frequency
bounded empirically within [1, 30]𝑓𝑁𝑆𝐸𝑇 during optimisation.

In addition, the GA algorithm utilises an initial population size
of 100, determined through Latin hypercube sampling in the eight-
dimensional design space, with each iteration employing the same
population size. Conversely, the proposed two-stage approach necessi-
tates an initial point defined by the nominal values of the optimisation
design variables.

The convergence of the objective residual, to be minimised during
the velocity profile optimisation, is illustrated in Fig. 5 for both the flat
and stiffened panels. In the figure legend, ‘‘TS’’ denotes the proposed
two-stage approach.

It is evident that the proposed two-stage approach achieves con-
vergence much more rapidly compared to the GA algorithm for both
flat and stiffened panels. The proposed method requires fewer than
40 objective residual evaluations in total to minimise the objective
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Fig. 5. Convergence of objective residual for WVP optimisation: (a) flat panel (FP), (b) stringer stiffened panel (SP). For both panels, the proposed two-stage (TS) method requires
ewer than 40 objective residual evaluations in total to minimise the objective residual to a value that would typically necessitate 1000 objective residual evaluations with GA.
Table 3
Computational time for the velocity profile optimisation.

Algorithm Computational time (FP) Computational time (SP)

TS 2.24 s 3.59 s
GA (1000 FC) 18.95 s 26.55 s
GA (10000 FC) 179.13 s 242.59 s

*FC: function counts.

residual to a value that would typically necessitate 1000 objective
residual evaluations with GA. In the first stage, which optimises the
WVP with respect to the frequency using Newton’s method, conver-
gence is achieved in less than 5 iterations, with fewer than 5 objective
residual evaluations in each iteration. Subsequently, the second stage,
which optimises the WVP with respect to stiffness, further reduces
the objective residual significantly in a single large step. In contrast,
the GA algorithm’s initial population yields a relatively small value of
the objective residual, with subsequent iterations exploring the design
space at a higher computational cost, resulting in limited improvement.

Table 3 presents the average computational time of 10 repetitions
for both the two-stage approach and GA to optimise the WVP on an
Intel i7-10700 processor. The proposed two-stage approach demon-
strates nearly an 8-fold improvement in speed compared to GA for WVP
optimisation. It takes less than 4 seconds for the proposed two-stage
approach to identify the optimised WVP.

The optimised WVP for both the flat and stiffened panels, obtained
through the proposed two-stage approach and GA, are depicted in
Fig. 6. The label ‘‘FS’’ in the figures denotes the first-stage, representing
the WVP optimised with respect to frequency. It is noteworthy that
the first-stage optimised velocity profile (FS) closely approximates the
final optimised results of the two-stage approach (TS) and GA. This
observation underscores the significance of frequency as the primary
design variable influencing wave velocity amplitude. Furthermore, the
optimised WVP obtained through the two-stage approach (TS) and
GA exhibit remarkable similarity, underscoring the effectiveness of the
proposed two-stage approach for efficient WVP optimisation.

5. Impact localisation on the experimental flat and stiffened pan-
els

With the optimised WVP obtained through the proposed two-stage
approach, the impact locations and localisation uncertainties for the
target impacts can be identified via triangulation. This process involves
utilising the trust-region-reflective algorithm to solve another optimisa-
tion problem, as depicted in Algorithm 3. This hybrid physics-based and
data-driven impact localisation method is denoted as HPD.

As a reference method, the widely used data-driven impact localisa-
tion method employing ANN is adopted. The ANN architecture aligns
12

with previous research [47], which demonstrated that a configuration
comprising 4 layers, each with 10 neurons utilising hyperbolic tangent
sigmoid function as activation, and Fletcher-Powell conjugate gradient
as the training function, yielded satisfactory localisation accuracy for
large-scale stiffened panels. The number of training epochs for the ANN
is set to 50000, with a learning rate of 0.01. The ANN training process
is repeated 200 times to address model uncertainty. The final location
estimation of the target impacts is obtained as the average location
prediction from these 200 repetitions, while the localisation uncertainty
is quantified by the standard deviation of these 200 predictions.

The structure of this section is organised as follows: the subsequent
two subsections present the results of impact localisation by HPD and
ANN on the experimental flat panel and the stiffened panel, respec-
tively. Additionally, the final subsection investigates the effects of the
number of sensors employed on impact localisation.

5.1. Impact localisation on the flat panel

As previously stated, for the composite laminate flat panel, four
experimental impacts numbered 12, 14, 22, and 24, as shown in
Fig. 4(a), were utilised as the training impacts. The target impacts
(testing impacts) to be localised encompassed all 35 experimental
impacts, some of which were situated outside the coverage area of
the four training impacts. The localisation outcomes of the proposed
HPD and ANN are depicted in Fig. 7, where solid red circles represent
the sensors, hollow black diamonds denote the training impacts, solid
blue squares represent the target impacts, solid magenta hexagons
indicate the identified locations of the target impacts, and the dashed
magenta ellipses represent the uncertainties (standard deviations) of
the identified locations. The uncertainties of the locations estimated by
the ANN method are not plotted in the figure because they are so large
that including them would distort the presentation of the localisation
results.

With only four training impacts, the proposed HPD method accu-
rately localises the target impacts regardless of whether they are within
or outside the training impact coverage area. In contrast, the ANN
method fails to localise impacts outside the training impact coverage
area because it relies solely on training impact data without incorpo-
rating any physical information. The accuracy of the ANN extrapolation
cannot be guaranteed, and its predictions typically tend to closely
resemble the training data.

However, the proposed HPD method explicitly derives the WVP
through optimisation, which is the exact physics model that the ANN
aims to approximate. By integrating physics information with train-
ing impact data, the proposed HPD method can effectively locate
impacts outside the training impact coverage area. Moreover, the in-
corporation of physics information also reduces the training impact
requirements. The effectiveness of the proposed method is demon-
strated by its ability to accurately localise impacts based on only four

training impacts.
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Fig. 6. The optimised WVP based on four training impacts: (a) flat panel (FP), (b) stringer stiffened panel (SP). For both panels, the proposed two-stage (TS) method optimised
he WVP to an extent almost identical to the time-consuming GA. Particularly, the first-stage (FS) optimised WVP closely approximates the final optimised results, indicating the
ignificance of the wave frequency for controlling the wave velocity amplitude.
Fig. 7. Impact localisation of the flat panel. (a) The proposed HPD method accurately located impacts outside the coverage area of the four training impacts with high localisation
confidence. (b) ANN failed to locate impacts outside the training coverage area due to its exploration limitations.
Table 4
Impact localisation results of the flat panel.

Localisation
method

Mean error
[mm]

Max error
[mm]

Mean SD
[mm]

Max SD
[mm]

HPD 8.27 17.89 2.15 4.62
ANN 25.67 56.39 11.36 17.52

Table 4 presents a summary of the impact localisation outcomes for
he flat panel using both the HPD and ANN methods. The mean error
nd maximum error in the table represent the average and maximum
ocalisation errors, respectively, across the 35 target impacts. Addition-
lly, the average and maximum standard deviations (SD) indicate the
ncertainties associated with these impacts.

Comparing the two methods, the proposed HPD method exhibits
igher accuracy, as evidenced by its smaller mean and maximum local-
sation errors, as well as more reliable location estimation, indicated by
ts smaller mean and maximum standard deviations, in contrast to the
NN method. Specifically, the HPD method yields a mean localisation
rror of 8.27 mm and a mean standard deviation of 2.15 mm, while
he corresponding values for the ANN method are 25.67 mm and
1.36 mm, respectively.

.2. Impact localisation on the stringer stiffened panel

To validate the proposed HPD impact localisation method on stiff-
ned composite structures, impact tests were conducted on a composite
aminate stringer-stiffened panel, as illustrated in Figs. 3 and 4. The
xperimental impacts numbered 7, 9, 17, and 19 were utilised as
13
training impacts to optimise the velocity profile. Subsequently, all 25
impacts were employed as target impacts to assess the localisation
accuracy of the proposed HPD method.

Fig. 8 presents a comparison of impact localisation between the
proposed HPD method and ANN on the stiffened panel, based on
the four selected training impacts. The markers in this figure have
the same representation as those in the flat panel depiction shown
in Fig. 7. The results demonstrate that, similar to the flat panel, the
proposed HPD method accurately locates the target impacts, regardless
of whether they fall within or outside the training impact coverage
area. In contrast, ANN fails to localise impacts beyond the training
impact coverage area. Additionally, impacts numbered 1–5 and 21–25,
located slightly outside the sensor network, are successfully localised
by the proposed HPD method.

The localisation errors and uncertainties are summarised in Ta-
ble 5. Similar to the flat panel results, the proposed HPD method
offers more accurate and reliable impact location estimation, as indi-
cated by smaller localisation errors and standard deviations compared
to ANN. Specifically, the proposed HPD method achieves a mean
localisation error of 12.65 mm and a mean standard deviation of
8.91 mm, whereas ANN exhibits corresponding values of 36.38 mm and
20.13 mm, respectively.

The precise impact localisation achieved by the proposed HPD
method on the stringer-stiffened panel validates its applicability to
stiffened composite laminate structures. This applicability arises from
the fact that stiffened composite laminate panels can be effectively
approximated by simple plates with global stiffness [70]. Additionally,
the proposed HPD method demonstrates robustness to variations in
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Fig. 8. Impact localisation of the stiffened panel. (a) The proposed HPD method accurately located impacts outside the training coverage area and even outside the sensor network.
The accurate impact localisation on the stiffened panel underscores the potential application of the proposed HPD method to real-world composite stiffened aircraft structures. (b)
ANN failed to locate impacts outside the training coverage area due to its exploration limitations.
Table 5
Impact localisation results of the stiffened panel.

Localisation
method

Mean error
[mm]

Max error
[mm]

Mean SD
[mm]

Max SD
[mm]

HPD 12.65 32.90 8.91 32.81
ANN 36.38 89.28 20.13 40.31

structural stiffness since the WVP for locating impacts is optimised with
respect to wave frequency and stiffness through a two-stage approach
based on training impact data. In this optimisation process, the ampli-
tude of the WVP is primarily controlled by the wave frequency, while
the shape of the WVP is fine-tuned by variations in material stiffness.

This analysis suggests that the HPD method is suitable for locat-
ing impacts on real aircraft composite laminate stiffened structures.
Moreover, leveraging physical information from laminate properties
and stacking sequences significantly reduces the training data require-
ments. With just four training impacts, impacts can be located with a
localisation error of approximately 10 mm and a standard deviation of
10 mm for both flat and stringer-stiffened panels.

5.3. The effects of number of sensors on the impact localisation

Although studies on sensor placement optimisation have demon-
strated that optimal impact identification performance is achieved
when the sensors are positioned at the corners of the plate, maximising
the coverage area [71–73], it is worthwhile to investigate the effects of
the number of sensors on impact localisation using the proposed HPD
method. It is well established that at least 3 sensors are required for the
triangulation method to determine a unique impact location [28]. The
proposed HPD impact localisation method can also operate effectively
with three sensors. Fig. 9 illustrates the impact localisation of the flat
panel using four combinations of three sensors (four sensors form 4
combinations of three sensors). It is evident that impacts are accurately
located for all four sensor combinations.

Table 6 presents statistics on the localisation accuracy of the flat
panel using three and four sensors. The mean localisation errors for the
four combinations of three sensors range from 9 to 11 mm, while the
maximum localisation errors range from 15.58 to 23.60 mm. Increasing
the number of sensors from 3 to 4 enhances the overall localisation
accuracy, with the mean localisation error decreasing to 8.27 mm, and
the maximum localisation error falls within the range observed for
three sensors.

Additionally, increasing the number of sensors improves the reli-
ability and robustness of the impact localisation system, particularly
in accounting for sensor malfunctions. While the effectiveness of the
proposed HPD with three sensors is validated for impact localisation,
14
Table 6
Impact localisation results of the flat panel with three and four sensors.

Case Sensor Mean error [mm] Max error [mm]

Comb1 1, 2, 3 9.90 21.21
Comb2 1, 2, 4 9.01 15.58
Comb3 1, 3, 4 10.71 20.20
Comb4 2, 3, 4 10.00 23.60
All 1, 2, 3, 4 8.27 17.89

including more sensors is preferable for ensuring reliability and ac-
curacy. This is also true in real-world applications, where large-scale
structures are typically equipped with at least tens of sensors.

6. Conclusions

A novel hybrid physics-based and data-driven impact localisation
method was developed in this study for composite laminates, termed
the HPD method, integrating the physical dispersion relations of
impact-induced flexural waves into the localisation process. The disper-
sion relations of flexural waves, derived from FSDT, parameterise the
WVP with respect to material stiffness and wave frequency. A two-stage
approach was developed for the optimisation of WVP based on training
impacts, utilising solely gradient-based optimisation algorithms. This
optimised WVP was subsequently employed for impact localisation by
the triangulation method.

Experimental validation of the proposed HPD method involves con-
ducting impact testing on a composite laminate flat panel and stringer-
stiffened panel using drop mass. The results demonstrate that the HPD
method accurately localises impacts with just four training impacts,
even when impacts occur outside the training impact coverage area,
a capability not matched by ANN. The successful application of the
HPD method to the composite laminate stringer-stiffened panel under-
scores its potential for localising impact events in real-world composite
stiffened aircraft structures.

Moving forward, future research directions include the develop-
ment of a probabilistic framework for impact localisation based on
the proposed HPD method, which accounts for uncertainties arising
from the training impact data. Additionally, refining a TDOA extraction
method to accurately and consistently estimate TDOA across various
impact scenarios is crucial for generalising the proposed HPD method
to a wide range of impact situations. Moreover, aiming for accurate
and reliable impact identification with a small number of training
impacts necessitates the development of a physics-based and data-
driven method for precise and robust impact force reconstruction.
These research endeavors form the foundation for analysing impact

damages and monitoring structural health.
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Fig. 9. Impact localisation of the flat panel with three sensors. (a) Sensor combination 1 (sensors numbered 1, 2, 3). (b) Sensor combination 2 (sensors numbered 1, 2, 4). (c)
ensor combination 3 (sensors numbered 1, 3, 4). (d) Sensor combination 4 (sensors numbered 2, 3, 4). For all four sensor combinations, impacts are quite accurately located.
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Appendix A. Equations of motion of laminated composite plates
based on FSDT

Illustrated in Fig. 10, a rectangular laminated composite plate with
a total thickness ℎ consists of four orthotropic layers and is analysed
using two commonly employed plate theories: CPT and FSDT. CPT as-
sumes negligible shear strain, shear deformation, and rotational inertia,
15

A

allowing the mid-surface plane to fully represent the motion of a three-
dimensional plate. In contrast, FSDT considers a non-zero constant
shear strain along the plate thickness, resulting in a linear displacement
variation throughout the thickness.

For a symmetrically laminated plate, the in-plane motion and trans-
verse motion are decoupled. Neglecting body forces, the equations
governing in-plane motion in terms of displacements are provided as
follows [31,74,75]:

𝐴11
𝜕2𝑢
𝜕𝑥2

+ 𝐴66
𝜕2𝑢
𝜕𝑦2

+ 2𝐴16
𝜕2𝑢
𝜕𝑥𝜕𝑦 + 𝐴16

𝜕2𝑣
𝜕𝑥2

+𝐴26
𝜕2𝑣
𝜕𝑦2

+ (𝐴12 + 𝐴66)
𝜕2𝑣
𝜕𝑥𝜕𝑦 = 𝐼1

𝜕2𝑢
𝜕𝑡2
,

𝐴16
𝜕2𝑢
𝜕𝑥2

+ 𝐴26
𝜕2𝑢
𝜕𝑦2

+ (𝐴12 + 𝐴66)
𝜕2𝑢
𝜕𝑥𝜕𝑦

+𝐴66
𝜕2𝑣
𝜕𝑥2

+ 𝐴22
𝜕2𝑣
𝜕𝑦2

+ 2𝐴26
𝜕2𝑣
𝜕𝑥𝜕𝑦 = 𝐼1

𝜕2𝑣
𝜕𝑡2
.

(36)

The equations governing transverse (out-of-plane) motion are de-
ived as follows:

𝐴55(
𝜕𝜓𝑥
𝜕𝑥 + 𝜕2𝑤

𝜕𝑥2
) + 𝐴45(

𝜕𝜓𝑥
𝜕𝑦 + 𝜕𝜓𝑦

𝜕𝑥 + 2 𝜕2𝑤
𝜕𝑥𝜕𝑦 )

+𝐴44(
𝜕𝜓𝑦
𝜕𝑦 + 𝜕2𝑤

𝜕𝑦2
) = 𝐼1

𝜕2𝑤
𝜕𝑡2
,

𝐷11
𝜕2𝜓𝑥
𝜕𝑥2

+𝐷66
𝜕2𝜓𝑥
𝜕𝑦2

+ 2𝐷16
𝜕2𝜓𝑥
𝜕𝑥𝜕𝑦 +𝐷16

𝜕2𝜓𝑦
𝜕𝑥2

+𝐷26
𝜕2𝜓𝑦
𝜕𝑦2

+ (𝐷12 +𝐷66)
𝜕2𝜓𝑦
𝜕𝑥𝜕𝑦 − 𝐴55(𝜓𝑥 +

𝜕𝑤
𝜕𝑥 )

−𝐴45(𝜓𝑦 +
𝜕𝑤
𝜕𝑦 ) = 𝐼3

𝜕2𝜓𝑥
𝜕𝑡2

,

𝐷16
𝜕2𝜓𝑥
𝜕𝑥2

+𝐷26
𝜕2𝜓𝑥
𝜕𝑦2

+ (𝐷12 +𝐷66)
𝜕2𝜓𝑥
𝜕𝑥𝜕𝑦 +𝐷66

𝜕2𝜓𝑦
𝜕𝑥2

+𝐷22
𝜕2𝜓𝑦
𝜕𝑦2

+ 2𝐷26
𝜕2𝜓𝑦
𝜕𝑥𝜕𝑦 − 𝐴45(𝜓𝑥 +

𝜕𝑤
𝜕𝑥 )

−𝐴44(𝜓𝑦 +
𝜕𝑤
𝜕𝑦 ) = 𝐼3

𝜕2𝜓𝑦
𝜕𝑡2

.

(37)

where 𝑢, 𝑣,𝑤 represent the mid-plane displacements in the 𝑥, 𝑦, 𝑧 direc-
ion respectively, while 𝜓𝑥, 𝜓𝑦 denote the rotations of the normal to the
id-plane about the 𝑦 and 𝑥 axes respectively (illustrated in Fig. 10).

dditionally, ℎ, 𝜌 represent the plate thickness and density, 𝐼1 = 𝜌ℎ



International Journal of Mechanical Sciences 274 (2024) 109222D. Xiao et al.

s
b

t
d
o

Fig. 10. Laminated composite plate and plate theories (CPT and FSDT). When subjected to impact from a hammer, a rectangular laminated composite plate with a total thickness
ℎ, comprising four orthotropic layers, undergoes deformation. The deformations (wave propagation) during impact can be analysed analytically using plate theories, such as CPT
or FSDT, each based on its respective assumptions.
b

a

denotes the mass per unit length, 𝐼3 = ∫ ℎ∕2−ℎ∕2 𝜌𝑧
2𝑑𝑧 is typically referred

to as the rotational inertia. The laminate stiffness is given by:

(𝐴𝑖𝑗 , 𝐷𝑖𝑗 ) = ∫ ℎ∕2−ℎ∕2(𝑄̄𝑖𝑗 )𝑘(1, 𝑧
2)𝑑𝑧, 𝑖, 𝑗 = 1, 2, 6,

𝐴𝑖𝑗 = 𝛼2 ∫ ℎ∕2−ℎ∕2(𝑄̄𝑖𝑗 )𝑘𝑑𝑧, 𝑖, 𝑗 = 4, 5,
(38)

where 𝑄̄𝑖𝑗 for 𝑖, 𝑗 = 1, 2, 6 represent the plane-stress reduced stiffness,
𝑄̄𝑖𝑗 for 𝑖, 𝑗 = 4, 5 denote the transverse shear stiffness. To account for
the non-uniform distribution of shear strain across the plate thickness,
a shear correction factor 𝛼 is introduced. Typically, this factor is taken
as 𝜋2∕12 [31].

Appendix B. Dispersion relations of flexural waves based on CPT

Formulated from the CPT, the equation describing the out-of-plane
motion of the midplane, neglecting body forces, is derived as a fourth-
order partial differential equation [74,76]:

𝐷11
𝜕4𝑤
𝜕𝑥4

+ 2(𝐷12 + 2𝐷66)
𝜕4𝑤
𝜕𝑥2𝑦2

+𝐷22
𝜕4𝑤
𝜕𝑦4

+4𝐷16
𝜕4𝑤
𝜕𝑥3𝜕𝑦

+ 4𝐷26
𝜕4𝑤
𝜕𝑥𝜕𝑦3

+ 𝐼1
𝜕2𝑤
𝜕𝑡2

= 0.
(39)

Assuming the harmonic waveform 𝑤 = 𝑊 𝑒𝑖𝑘(𝑟−𝑐𝑡), 𝑟 = 𝑥 cos 𝜃+𝑦 sin 𝜃 and
ubstituting it into Eq. (39), the dispersion relations of flexural waves
ased on CPT are derived as follows:

𝐼1
𝑐4

𝜔2
= 𝐷11 cos4 𝜃 + 2(𝐷12 + 2𝐷66) sin

2 𝜃 cos2 𝜃
+𝐷22 sin

4 𝜃 + 4𝐷16 sin 𝜃 cos3 𝜃 + 4𝐷26 sin
3 𝜃 cos 𝜃.

(40)

Clearly, this dispersion equation governs only one wave mode. The flex-
ural waves of this mode exhibit dispersive characteristics, wherein the
phase velocity 𝑐 increases linearly with the square root of the frequency
√

𝜔. However, this phase velocity is unbounded and approaches infinity
as the wave frequency tends to infinity, which is impractical in reality.
In real structures, the rotational inertia, neglected in CPT, serves to
limit the phase velocity as the frequency approaches infinity.

Appendix C. The partial derivative of objective residual with re-
spect to stiffness

In the second stage of the optimisation of the WVP, the first-order
partial derivatives 𝜕𝑅

𝜕𝑥𝑛
of objective residual 𝑅 with respect to stiffness

variable 𝑥𝑛 ∈ (𝐷,𝐴44), as derived in Eq. (31), are expressed with in-
ermediate derivatives 𝜕𝑟

𝜕𝑐 ,
𝜕𝑐
𝜕𝑥𝑛

using the chain rule. These intermediate
erivatives can be straightforwardly obtained based on the expression
f 𝑟 illustrated in Eq. (30):
𝜕𝑟
𝜕𝑐 = [− 𝑑𝑖𝑗

𝑐2(𝜃𝑖𝑗 ; 𝐷,𝐴44 ,𝜔𝑜𝑝𝑡)
, 𝑑𝑖1
𝑐2(𝜃𝑖1; 𝐷,𝐴44 ,𝜔𝑜𝑝𝑡)

],

𝜕𝑐 = [ 𝜕𝑐(𝜃𝑖𝑗 ; 𝐷,𝐴44 ,𝜔𝑜𝑝𝑡) ,
𝜕𝑐(𝜃𝑖1; 𝐷,𝐴44 ,𝜔𝑜𝑝𝑡) ].

(41)
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𝜕𝑥𝑛 𝜕𝑥𝑛 𝜕𝑥𝑛
The partial derivative 𝜕𝑐
𝜕𝑥𝑛

(representing the derivative of velocity 𝑐
with respect to the stiffness 𝑥𝑛 ∈ (𝐷,𝐴44)) is crucial information for the
trust-region-reflective algorithm when optimising the WVP with respect
to stiffness 𝑥𝑛 ∈ (𝐷,𝐴44). Eq. (18) provides a standardised expression
for computing this partial derivative, involving intermediate variables
𝑎𝑖𝑗 , 𝑔𝑖𝑗 , 𝑖, 𝑗 = 1, 2, 3. When the frequency 𝜔 is fixed, the first-order partial
derivative of 𝑔𝑖𝑗 , 𝑖, 𝑗 = 1, 2, 3 with respect to stiffness 𝑥𝑛 ∈ (𝐷,𝐴44) can
e derived as:
𝜕𝑔11
𝜕𝑥𝑛

= 𝜔2

𝑐2
( 2𝐴44

𝑐
𝜕𝑐
𝜕𝑥𝑛

− 𝜕𝐴44
𝜕𝑥𝑛

),
𝜕𝑔12
𝜕𝑥𝑛

= 𝑖 cos 𝜃 𝜔𝑐 (
−𝐴44
𝑐

𝜕𝑐
𝜕𝑥𝑛

+ 𝜕𝐴44
𝜕𝑥𝑛

),
𝜕𝑔13
𝜕𝑥𝑛

= 𝑖 sin 𝜃 𝜔𝑐 (
−𝐴44
𝑐

𝜕𝑐
𝜕𝑥𝑛

+ 𝜕𝐴44
𝜕𝑥𝑛

),
𝑔22
𝜕𝑥𝑛

= 𝜔2

𝑐2
( 𝜕𝑏22𝜕𝑥𝑛

− 2𝑏22
𝑐

𝜕𝑐
𝜕𝑥𝑛

) + 𝜕𝐴44
𝜕𝑥𝑛

,
𝑔23
𝜕𝑥𝑛

= 𝜔2

𝑐2
( 𝜕𝑏23𝜕𝑥𝑛

− 2𝑏23
𝑐

𝜕𝑐
𝜕𝑥𝑛

),
𝑔33
𝜕𝑥𝑛

= 𝜔2

𝑐2
( 𝜕𝑏33𝜕𝑥𝑛

− 2𝑏33
𝑐

𝜕𝑐
𝜕𝑥𝑛

) + 𝜕𝐴44
𝜕𝑥𝑛

,

(42)

where the expressions of 𝑏22, 𝑏23, 𝑏33 are given in Eq. (10). Substituting
Eq. (42) into Eq. (18), 𝜕𝑐

𝜕𝑥𝑛
is derived as follows:

𝜕𝑐
𝜕𝑥𝑛

= 𝑐
2𝜔

𝑁𝑢𝑚1+𝑁𝑢𝑚2
𝐷𝑒𝑛 ,

𝑁𝑢𝑚1 =
𝜔2

𝑐2
(−𝑎11

𝜕𝐴44
𝜕𝑥𝑛

+ 𝑎22
𝜕𝑏22
𝜕𝑥𝑛

+ 𝑎33
𝜕𝑏33
𝜕𝑥𝑛

+ 2𝑎23
𝜕𝑏23
𝜕𝑥𝑛

),

𝑁𝑢𝑚2 = 2𝑖𝜔𝑐
𝜕𝐴44
𝜕𝑥𝑛

(𝑎12 cos 𝜃 + 𝑎13 sin 𝜃) +
𝜕𝐴44
𝜕𝑥𝑛

(𝑎22 + 𝑎33),
𝐷𝑒𝑛 = 𝜔

𝑐2
(−𝑎11𝐴44 + 𝑎22𝑏22 + 𝑎33𝑏33 + 2𝑎23𝑏23)
+ 𝑎12𝑖 cos 𝜃

𝐴44
𝑐 + 𝑎13𝑖 sin 𝜃

𝐴44
𝑐 ,

(43)

where 𝑎𝑖𝑗 , 𝑖, 𝑗 = 1, 2, 3, represents the leading principal minors of the 𝐆
matrix defined in Eq. (16). Expanding Eq. (43) in terms of stiffness 𝐷
nd 𝐴44 yields:

𝜕𝑐
𝜕𝐷11

= 𝜔
2𝑐

𝑎22 cos2 𝜃
𝐷𝑒𝑛 ,

𝜕𝑐
𝜕𝐷22

= 𝜔
2𝑐

𝑎33 sin2 𝜃
𝐷𝑒𝑛 ,

𝜕𝑐
𝜕𝐷66

= 𝜔
2𝑐

𝑎22 sin2 𝜃+𝑎33 cos2 𝜃+2𝑎23 sin 𝜃 cos 𝜃
𝐷𝑒𝑛 ,

𝜕𝑐
𝜕𝐷12

= 𝜔
𝑐
𝑎23 sin 𝜃 cos 𝜃

𝐷𝑒𝑛 ,
𝜕𝑐
𝜕𝐷16

= 𝜔
𝑐
𝑎22 sin 𝜃 cos 𝜃+𝑎23 cos2 𝜃

𝐷𝑒𝑛 ,
𝜕𝑐
𝜕𝐷26

= 𝜔
𝑐
𝑎33 sin 𝜃 cos 𝜃+𝑎23 sin2 𝜃

𝐷𝑒𝑛 ,

𝜕𝑐
𝜕𝐴44

= 𝑐
2𝜔

− 𝜔2

𝑐2
𝑎11+2𝑖

𝜔
𝑐 (𝑎12 cos 𝜃+𝑎13 sin 𝜃)+(𝑎22+𝑎33)

𝐷𝑒𝑛 .

(44)

Appendix D. The partial derivative of objective residual with re-
spect to impact location

To solve the optimisation problem for impact localisation illustrated
in Eq. (32) using the trust-region-reflective algorithm, the first and
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T

o
b

w
r
d

t

second-order derivatives 𝜕𝑅
𝜕𝑥 , 𝜕𝑅

𝜕𝑦 , 𝜕2𝑅
𝜕𝑥2

, 𝜕2𝑅
𝜕𝑦2

, and 𝜕2𝑅
𝜕𝑥𝜕𝑦 of objective resid-

ual 𝑅 defined in Eq. (32) with respect to impact location coordinates 𝑥
and 𝑦 are required. These derivatives are derived using the chain rule:
𝜕𝑅
𝜕𝑥 =

∑𝑁𝑠
𝑗=2 2𝑟

𝜕𝑟
𝜕𝑥 ,

𝜕𝑅
𝜕𝑦 =

∑𝑁𝑠
𝑗=2 2𝑟

𝜕𝑟
𝜕𝑦 ,

𝜕2𝑅
𝜕𝑥2

=
∑𝑁𝑠
𝑗=2 2(

𝜕𝑟
𝜕𝑥 )

2 + 2𝑟 𝜕
2𝑟
𝜕𝑥2
,

𝜕2𝑅
𝜕𝑦2

=
∑𝑁𝑠
𝑗=2 2(

𝜕𝑟
𝜕𝑦 )

2 + 2𝑟 𝜕
2𝑟
𝜕𝑦2
,

𝜕2𝑅
𝜕𝑥𝜕𝑦 =

∑𝑁𝑠
𝑗=2 2

𝜕𝑟
𝜕𝑥

𝜕𝑟
𝜕𝑦 + 2𝑟 𝜕2𝑟

𝜕𝑥𝜕𝑦 .

(45)

hese intermediate derivatives 𝜕𝑟
𝜕𝑥 , 𝜕𝑟

𝜕𝑦 , 𝜕2𝑟
𝜕𝑥2

, 𝜕2𝑟
𝜕𝑦2

, and 𝜕2𝑟
𝜕𝑥𝜕𝑦 , are further

derived as follows:
𝜕𝑟
𝜕𝑥 = 𝜕𝑡𝑗

𝜕𝑥 − 𝜕𝑡1
𝜕𝑥 ,

𝜕𝑡𝑗
𝜕𝑥 = ( 1

𝑐(𝜃𝑗 )
𝜕𝑑𝑗
𝜕𝑥 − 𝑑𝑗

𝑐2(𝜃𝑗 )
𝜕𝑐(𝜃𝑗 )
𝜕𝑥 ),

𝜕𝑟
𝜕𝑦 = 𝜕𝑡𝑗

𝜕𝑦 − 𝜕𝑡1
𝜕𝑦 ,

𝜕𝑡𝑗
𝜕𝑦 = ( 1

𝑐(𝜃𝑗 )
𝜕𝑑𝑗
𝜕𝑦 − 𝑑𝑗

𝑐2(𝜃𝑗 )
𝜕𝑐(𝜃𝑗 )
𝜕𝑦 ),

𝜕2𝑟
𝜕𝑥2

= 𝜕2𝑡𝑗
𝜕𝑥2

− 𝜕2𝑡1
𝜕𝑥2

,
𝜕2𝑡𝑗
𝜕𝑥2

= ( 1
𝑐(𝜃𝑗 )

𝜕2𝑑𝑗
𝜕𝑥2

− 1
𝑐2(𝜃𝑗 )

𝜕𝑐(𝜃𝑗 )
𝜕𝑥

𝜕𝑑𝑗
𝜕𝑥 )

−[( 1
𝑐2(𝜃𝑗 )

𝜕𝑑𝑗
𝜕𝑥 + −2𝑑𝑗

𝑐3(𝜃𝑗 )
𝜕𝑐(𝜃𝑗 )
𝜕𝑥 ) 𝜕𝑐(𝜃𝑗 )𝜕𝑥 + 𝑑𝑗

𝑐2(𝜃𝑗 )
𝜕2𝑐(𝜃𝑗 )
𝜕𝑥2

],

𝜕2𝑟
𝜕𝑦2

= 𝜕2𝑡𝑗
𝜕𝑦2

− 𝜕2𝑡1
𝜕𝑦2

,
𝜕2𝑡𝑗
𝜕𝑦2

= ( 1
𝑐(𝜃𝑗 )

𝜕2𝑑𝑗
𝜕𝑦2

− 1
𝑐2(𝜃𝑗 )

𝜕𝑐(𝜃𝑗 )
𝜕𝑦

𝜕𝑑𝑗
𝜕𝑦 )

−[( 1
𝑐2(𝜃𝑗 )

𝜕𝑑𝑗
𝜕𝑦 + −2𝑑𝑗

𝑐3(𝜃𝑗 )
𝜕𝑐(𝜃𝑗 )
𝜕𝑦 ) 𝜕𝑐(𝜃𝑗 )𝜕𝑦 + 𝑑𝑗

𝑐2(𝜃𝑗 )
𝜕2𝑐(𝜃𝑗 )
𝜕𝑦2

],

𝜕2𝑟
𝜕𝑥𝜕𝑦 = 𝜕2𝑡𝑗

𝜕𝑥𝜕𝑦 −
𝜕2𝑡1
𝜕𝑥𝜕𝑦 ,

𝜕2𝑡𝑗
𝜕𝑥𝜕𝑦 = ( 1

𝑐(𝜃𝑗 )
𝜕2𝑑𝑗
𝜕𝑥𝜕𝑦 −

1
𝑐2(𝜃𝑗 )

𝜕𝑐(𝜃𝑗 )
𝜕𝑦

𝜕𝑑𝑗
𝜕𝑥 )

− [( 1
𝑐2(𝜃𝑗 )

𝜕𝑑𝑗
𝜕𝑦 + −2𝑑𝑗

𝑐3(𝜃𝑗 )
𝜕𝑐(𝜃𝑗 )
𝜕𝑦 ) 𝜕𝑐(𝜃𝑗 )𝜕𝑥 + 𝑑𝑗

𝑐2(𝜃𝑗 )
𝜕2𝑐(𝜃𝑗 )
𝜕𝑥𝜕𝑦 ],

𝜕𝑑𝑗
𝜕𝑥 = 𝑥−𝑥𝑗

𝑑𝑗
,
𝜕𝑑𝑗
𝜕𝑦 = 𝑦−𝑦𝑗

𝑑𝑗
,

𝜕2𝑑𝑗
𝜕𝑥2

= (𝑦−𝑦𝑗 )2

𝑑3𝑗
,
𝜕2𝑑𝑗
𝜕𝑦2

= (𝑥−𝑥𝑗 )2

𝑑3𝑗
,
𝜕2𝑑𝑗
𝜕𝑥𝜕𝑦 = −(𝑥−𝑥𝑗 )(𝑦−𝑦𝑗 )

𝑑3𝑗
.

(46)

Since the optimised WVP maintains a fixed shape and value, the
intermediate derivatives, 𝜕𝑐(𝜃𝑗 )𝜕𝑥 , 𝜕𝑐(𝜃𝑗 )𝜕𝑦 , 𝜕

2𝑐(𝜃𝑗 )
𝜕𝑥2

, 𝜕
2𝑐(𝜃𝑗 )
𝜕𝑦2

, 𝜕
2𝑐(𝜃𝑗 )
𝜕𝑥𝜕𝑦 are non-zero

nly when the optimised WVP exhibits non-circular wavefronts. This is
ecause even small variations in the location coordinates 𝑥, 𝑦 result in

changes in the wave propagation direction 𝜃, thereby altering the wave
propagation velocity 𝑐(𝜃). These derivatives can be derived using the
chain rule:
𝜕𝑐(𝜃𝑗 )
𝜕𝑥 = 𝜕𝑐(𝜃𝑗 )

𝜕𝜃𝑗

𝜕𝜃𝑗
𝜕𝑥 ,

𝜕𝑐(𝜃𝑗 )
𝜕𝑦 = 𝜕𝑐(𝜃𝑗 )

𝜕𝜃𝑗

𝜕𝜃𝑗
𝜕𝑦 ,

𝜕2𝑐(𝜃𝑗 )
𝜕𝑥2

= 𝜕2𝑐(𝜃𝑗 )
𝜕𝜃2𝑗

( 𝜕𝜃𝑗𝜕𝑥 )
2 + 𝜕𝑐(𝜃𝑗 )

𝜕𝜃𝑗

𝜕2𝜃𝑗
𝜕𝑥2

,

𝜕2𝑐(𝜃𝑗 )
𝜕𝑦2

= 𝜕2𝑐(𝜃𝑗 )
𝜕𝜃2𝑗

( 𝜕𝜃𝑗𝜕𝑦 )
2 + 𝜕𝑐(𝜃𝑗 )

𝜕𝜃𝑗

𝜕2𝜃𝑗
𝜕𝑦2

,

𝜕2𝑐(𝜃𝑗 )
𝜕𝑥𝜕𝑦 = 𝜕2𝑐(𝜃𝑗 )

𝜕𝜃2𝑗

𝜕𝜃𝑗
𝜕𝑥

𝜕𝜃𝑗
𝜕𝑦 + 𝜕𝑐(𝜃𝑗 )

𝜕𝜃𝑗

𝜕2𝜃𝑗
𝜕𝑥𝜕𝑦 .

(47)

The computation of these intermediate derivatives involves the deriva-
tives of the WVP 𝑐(𝜃) with respect to the direction 𝜃 and the derivatives
of the direction 𝜃 with respect to the impact coordinates (𝑥, 𝑦). As
the wave propagation direction 𝜃𝑗 is given by cos(𝜃𝑗 ) = (𝑥𝑗 − 𝑥)∕𝑑𝑗 ,
the partial derivatives of 𝜃𝑗 with respect to impact location (𝑥, 𝑦) are
derived as:
𝜕𝜃𝑗
𝜕𝑥 = (𝑦𝑗−𝑦)

(𝑥𝑗−𝑥)2+(𝑦𝑗−𝑦)2
= (𝑦𝑗−𝑦)

𝑑2𝑗
,

𝜕𝜃𝑗
𝜕𝑦 = −(𝑥𝑗−𝑥)

(𝑥𝑗−𝑥)2+(𝑦𝑗−𝑦)2
= (𝑥−𝑥𝑗 )

𝑑2𝑗
,

𝜕2𝜃𝑗
𝜕𝑥2

= 2(𝑥−𝑥𝑗 )(𝑦−𝑦𝑗 )
𝑑4𝑗

,
𝜕2𝜃𝑗
𝜕𝑦2

= −2(𝑥−𝑥𝑗 )(𝑦−𝑦𝑗 )
𝑑4𝑗

,

𝜕2𝜃𝑗
𝜕𝑥𝜕𝑦 = (𝑦−𝑦𝑗 )2−(𝑥−𝑥𝑗 )2

𝑑4𝑗
.

(48)

Based on the first and second-order derivatives of the dispersion
equation shown in Eqs. (18) and (19), the first and second-order deriva-
tives of 𝑔 , 𝑖, 𝑗 = 1, 2, 3, with respect to the direction 𝜃 are required for
17

𝑖𝑗
the calculation of 𝜕𝑐(𝜃)
𝜕𝜃 , 𝜕

2𝑐(𝜃)
𝜕𝜃2

, which can be derived as:

𝜕𝑔11
𝜕𝜃 = 2𝐴44

𝜔2

𝑐3
𝜕𝑐
𝜕𝜃 ,

𝜕2𝑔11
𝜕𝜃2

= 2𝐴44𝜔2( 1
𝑐3

𝜕2𝑐
𝜕𝜃2

− 3 1
𝑐4
( 𝜕𝑐𝜕𝜃 )

2),
𝜕𝑔12
𝜕𝜃 = −𝑖𝐴44𝜔(

cos 𝜃
𝑐2

𝜕𝑐
𝜕𝜃 + sin 𝜃

𝑐 ),
𝜕2𝑔12
𝜕𝜃2

= −𝑖𝐴44𝜔[−2
sin 𝜃
𝑐2

𝜕𝑐
𝜕𝜃 − 2 cos 𝜃

𝑐3
( 𝜕𝑐𝜕𝜃 )

2 + cos 𝜃
𝑐2

𝜕2𝑐
𝜕𝜃2

+ cos 𝜃
𝑐 ],

𝜕𝑔13
𝜕𝜃 = 𝑖𝐴44𝜔(−

sin 𝜃
𝑐2

𝜕𝑐
𝜕𝜃 + cos 𝜃

𝑐 ),
𝜕2𝑔13
𝜕𝜃2

= 𝑖𝐴44𝜔[−2
cos 𝜃
𝑐2

𝜕𝑐
𝜕𝜃 + 2 sin 𝜃

𝑐3
( 𝜕𝑐𝜕𝜃 )

2 − sin 𝜃
𝑐2

𝜕2𝑐
𝜕𝜃2

− sin 𝜃
𝑐 ],

𝜕𝑔22
𝜕𝜃 = −2𝑏22

𝜔2

𝑐3
𝜕𝑐
𝜕𝜃 + 𝑏′22

𝜔2

𝑐2
,

𝜕2𝑔22
𝜕𝜃2

= 𝑏′′22
𝜔2

𝑐2
− 4𝑏′22

𝜔2

𝑐3
𝜕𝑐
𝜕𝜃 − 2𝜔2𝑏22(−3

1
𝑐4
( 𝜕𝑐𝜕𝜃 )

2 + 1
𝑐3

𝜕2𝑐
𝜕𝜃2

),
𝜕𝑔23
𝜕𝜃 = −2𝑏23

𝜔2

𝑐3
𝜕𝑐
𝜕𝜃 + 𝑏′23

𝜔2

𝑐2
,

𝜕2𝑔23
𝜕𝜃2

= 𝑏′′23
𝜔2

𝑐2
− 4𝑏′23

𝜔2

𝑐3
𝜕𝑐
𝜕𝜃 − 2𝜔2𝑏23(−3

1
𝑐4
( 𝜕𝑐𝜕𝜃 )

2 + 1
𝑐3

𝜕2𝑐
𝜕𝜃2

),
𝜕𝑔33
𝜕𝜃 = −2𝑏33

𝜔2

𝑐3
𝜕𝑐
𝜕𝜃 + 𝑏′33

𝜔2

𝑐2
,

𝜕2𝑔33
𝜕𝜃2

= 𝑏′′33
𝜔2

𝑐2
− 4𝑏′33

𝜔2

𝑐3
𝜕𝑐
𝜕𝜃 − 2𝜔2𝑏33(−3

1
𝑐4
( 𝜕𝑐𝜕𝜃 )

2 + 1
𝑐3

𝜕2𝑐
𝜕𝜃2

),

(49)

here 𝑏𝑖𝑗 is a component of 𝑔𝑖𝑗 as defined in Eq. (10), 𝑏′𝑖𝑗 and 𝑏′′𝑖𝑗
epresent the first and second partial derivatives of 𝑏𝑖𝑗 with respect to
irection 𝜃, respectively, and they are given by:

𝑏′22 = (𝐷66 −𝐷11) sin 2𝜃 + 2𝐷16 cos 2𝜃,

𝑏′′22 = 2(𝐷66 −𝐷11) cos 2𝜃 − 4𝐷16 sin 2𝜃,

𝑏′23 = (𝐷26 −𝐷16) sin 2𝜃 + (𝐷12 +𝐷66) cos 2𝜃,

𝑏′′23 = 2(𝐷26 −𝐷16) cos 2𝜃 − 2(𝐷12 +𝐷66) sin 2𝜃,

𝑏′33 = (𝐷22 −𝐷66) sin 2𝜃 + 2𝐷26 cos 2𝜃,

𝑏′′33 = 2(𝐷22 −𝐷66) cos 2𝜃 − 4𝐷26 sin 2𝜃.

(50)

Combining Eqs. (49) and (50) with Eq. (18), the first-order deriva-
ive of velocity 𝑐(𝜃) with respect to direction 𝜃 ( 𝜕𝑐(𝜃)𝜕𝜃 ) is given by:

𝜕𝑐(𝜃)
𝜕𝜃 =

𝜔
𝑐 (𝑎22𝑏

′
22+𝑎33𝑏

′
33+2𝑎23𝑏

′
23)+2𝑖𝐴44(𝑎13 cos 𝜃−𝑎12 sin 𝜃)

2 𝜔
𝑐2

(𝑎22𝑏22+𝑎33𝑏33+2𝑎23𝑏23−𝑎11𝐴44)+
2𝑖𝐴44
𝑐 (𝑎12 cos 𝜃+𝑎13 sin 𝜃)

. (51)

Representing 𝜕2𝑔𝑖𝑗
𝜕𝜃2

= 𝑒𝑖𝑗 − 𝑞𝑖𝑗
𝜕2𝑐
𝜕𝜃2
, 𝑖, 𝑗 = 1, 2, 3, as shown in Eq. (49),

where 𝑒𝑖𝑗 , 𝑖, 𝑗 = 1, 2, 3, does not include terms related to 𝜕2𝑐
𝜕𝜃2

, the second-
order derivative of the velocity 𝑐(𝜃) with respect to the direction ( 𝜕

2𝑐(𝜃)
𝜕𝜃2

)
can be derived by substituting Eqs. (49)–(51) into Eq. (19):

𝜕2𝑐(𝜃)
𝜕𝜃2

=
∑3
𝑖=1

∑3
𝑗=1

𝜕𝑎𝑖𝑗
𝜕𝜃

𝜕𝑔𝑖𝑗
𝜕𝜃 +

∑3
𝑖=1

∑3
𝑗=1 𝑎𝑖𝑗𝑒𝑖𝑗

∑3
𝑖=1

∑3
𝑗=1 𝑎𝑖𝑗𝑞𝑖𝑗

. (52)
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