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ABSTRACT 	 2 

This thesis is intended to be a study of methods of 

determining the behaviour of rock slopes, particularly as 

resulting from opencast mining excavations. Numerical and 

observational methods are discussed and are shown to be linked 

via displacement studies on model and prototype. 

The majority of numerical work was carried out using the 

Finite Element Method. As far as is relevant to the main theme 

of the thesis, attention is given to this method. 	The exposition, 

given primarily in Chapter 2, provides sufficient information. to 

follow the computer programs given in Appendices B and D for the 

analysis of two and three dimensional structures respectively. 

Chapters 3, 4 and 5 deal with studies carried out using the 
Finite Element Method to explore its application in slope stability 

investigations. For simple examples sufficient cases have been 

studied to permit general conclusion to be drawn. In many 

situations, in particular the jointed three dimensional problem, 

only simple models were amenable to solution. Where possible 

comparison is made with limiting equilibrium models. 

Chapter 6 deals exclusively with observational methods and 

gives some current examples of their use. Field trials designed 

to measure displacements around a small opencast mining operation 

are described and general proposals for monitoring systems are 

outlined. 

Finally, in Chapter 7, an attempt is made to apply the 

methods discussed in Chapters 3 and 4 to a simulation of a physical 
model of a systematically jointed rock slope. 
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SYNOPSIS 

An outline of the aim and nature of this thesis is followed 

by a brief description of the rock slope problem to be studied. 

An attempt is made to review methods used to estimate the 

behaviour of rock slopes. 	These methods range from simple 

limiting equilibrium calculations, through numerical techniques to 

observational studies. 	The aim of this discussion is to place 

the remainder of the work reported in this thesis in the context 

of current slope stability research and practice. 
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1.1 	OBJECT AND OUTLINE 

A rock slope may be designed prior to excavation, or it may 

be designed by observation and experience during the early stages 

of the work. 	In the context of opencast mining the latter 

approach is relatively common but initial estimates may be 

essential since the viability of a project can be closely related 

to the angle at which the rock. slopes are mined (Ref. 1). 

Estimates of bench behaviour may also govern the choice of heavy 

mining machinery. 

The primary purpose of this thesis is to draw together the 

body of knowledge concerning the application of numerical methods 

in rock slope design and to place these in context with other 

current methods. It further aims to show how such work maybe 

coupled with field measurements and how these may be carried out in 

a real situation. Comments on the latter are based on field 

trials carried out at a small open pit mine and on relevant 

technical literature. 

The majority of work in this thesis is based upon the Finite 

Element Method of structural analysis. The method has been widely 

reported in scattered literature and this thesis to some extent 

reviews its current uses in estimating rock slope behaviour. When 

this study began relatively little work in this field had been 

reported. 	Since then there has been very rapid development, much 

of which will be referenced where relevant. Instead of reporting 

other researcher's work the author has attempted to cover the whole 

range of possible approaches himself. Where computer programs 

were already available in the literature they have been used, 

modified and extended where necessary. 	In some cases, new 

approaches required the writing of completely new programs. 

Although some of this work may have been repetitive, it is believed 

that it should all be included in order to cover the whole of this 

relatively new field, and to make informed criticism where necessary. 

Since the object of this thesis is not a study of Numerical Methods 

themselves, discussion of the Finite Element Method is restricted 

almost entirely to a single chapter. Only when the method itself, 
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or the computer programming, have a direct bearing on the 

assumptions inherent in the analysis, are these discussed within 

the main body of the text. The mathematical content of even 

the chapter on the Finite Element Method is extremely limited since 

the emphasis is on a user tool rather than a research topic. 	In 

order to be consistent with this aim, computer programs, with input 

instructions, are given in the appendices. 	The collection is 

fairly comprehensive, but avoids duplication with other publications. 

1.2 	DESCRIPTION OF THE PROBLEM 

The behaviour of a rock mass when an excavation is made in it 

will depend upon the characteristics of the rock material itself and 

its state prior to disturbance. 	The geological history will have 

determined both the initial conditions and the rock characteristics, 

but the latter may be considerably modified by the process of 

excavation if it involves heavy blasting. 

1.2.1 Initial Conditions 

A considerable amount of effort has been given to the study of 

the state of stress in the earth's crust. 	It is usually accepted 

that the vertical stresses in undisturbed material may be deduced 

from self weight alone. Horizontal stresses vary considerably, 

according to the environment. Measurements by Hast (Ref. 2) in the 

Fennoscandian mountain ranges showed considerable horizontal 

stresses even at the surface, and a much higher rate of increase 

with depth than normally is assumed. Where possible measurements 

of initial stress conditions should be made since they are an 

important parameter that may be included in the numerical design 

techniques. 

1.2.2 Rock Mass Classification  

In most cases, the material constituting a rock slope is a 

discontinuum. The spatial orientation and frequency of fractures, 

together with the relative strength and deformability of the rock 

material and the discontinuities, are the major factors that control 
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the behaviour of the rock mass during and after excavation. The 

method of analysis required will depend on the above considerations, 

since these control the mode of failure. 

A number of classifications of rock masses relating to surface 

excavations, have been presented. Miller and Hoffmann (Ref. 3) 

drew the distinction between quasi-monolithic, jointed, cracked, 

and shattered rock. Duncan and Goodman (Ref. 4) have given a more 
comprehensive classification that is reproduced (Table 1.1) together 

with comments on the pertinent method of analysis. 

1.3 	EXISTING METHODS  OF ANALYSIS - AN OUTLINE 

There are three basic methods of estimating the behaviour of 

a rock slope. The first of these is Limit Equilibrium. This 

finds extensive use since it provides a simple method of calculating 

a Factor of Safety and, hence, the required YES/NO answer. In 

addition, the calculations, in some cases, may be done on'the back 

of an envelope' or reduced to a graphical or tabular presentation. 

The second alternative is stress analysis. This has, until 

recently, been restricted almost exclusively to the study of rock 

as a continuum. The Factor of Safety is difficult to deduce 

without resorting to a limiting equilibrium calculation, but 

considerable data regarding slope stresses and displacements may be 

obtained. Although the latter may not have a bearing on Mining 

Practice, other than as a reference for physical observations, they 

may be important when the slope acts as a foundation for an 

artificial structure. The third method, the empirical and 

observational approach, involves the study of models and the 

performance of the prototype itself. Physical models may be 

replaced by numerical simulations which fulfill precisely the same 

purpose but are not subject to some of the limitations inherent in 

the former. 	It is advisable that such simulations should be checked 

against a comprehensive physical model. 

Each of these three methods will be discussed briefly below. 

In doing so the usual, but rather arbitrary, division into two or 

three dimensional cases will be avoided as far as possible. All 
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TYPE 
	

DESCRIPTION 
	

ANALYSIS 
	

FIGURE 

1) Strong 	As strong as 
Homogeneous concrete. Free 
Rock 	from discontin- 

uities. 

Elastic 
Continuum. 
Stress 
Analysis. 

2) Weak 	Much. weaker 
Homogeneous than concrete. 

	

Rock 	Free from 
discontinuities. 

Soil Mechanics 
techniques. 
Plastic 
Analysis. 

3) Terraced 
Rock 

Horizontal beds Check 
of varying 	behaviour of 
strength. 	soft zones by 

Soil Mechanics 
techniques. 

4) Ravelling 
Rock 

Rock contin- 	Analyse as a 
uous but breaks cohesionless 
upon weathering. soil. 

5) Slumping 
Rock 

Altered or clay Soil Mechanics 
rich rock with 	techniques. 
very low 
strength. 

CLASSIFICATION OF ROCK MASSES FOR SURFACE EXCAVATION 
- CONTINUOUS ROCK MASSES -(After Duncan & Goodman 1968) 

TABLE 1.1 (Part 1) 



Soil Mechanics 
if very heavily 
fractured. Search 
for dominant 
features and then 
as (8). 

2-dimensional 
analysis by Soil 
Mechanics techniques. 
May also consider 
toppling failure. 
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TYPE 
	

DESCRIPTION 
	

ANALYSIS 
	

FIGURE 

6) Sheeted 
Rock 

Hard strong rock 
with planar 
weakness roughly 
parallel to 
natural slopes. 

2-dimensional 
analysis. Limit-
ing Equilibrium 
Calculations 
Check for toppl-
ing failure. 

7) Slabby Rock Hard rock with 
one strongly 
developed set 
of discontin-
uities which 
control the 
strength. 

2-dimensional 
analysis. Finite 
Element may be 
used. Also 
Limiting 
Equilibrium. 

8) Buttressed 
Rock 

Hard rock with 
two sets of 
weaknesses which 
dominate the 
rock mass 
strength. 

3-dimensional 
analysis. Limit-
ing Equilibrium 
by Vector/Stero-
graphic Projection 
methods. Also 
Finite Elements. 

9) Blocky Rock Hard rock with 
three or more 
sets of weak-
nesses which 
dominate 
behaviour. 

10) Schistose 	Schistocity 
Rock 	planes, usually 

steeply dipping, 
control mass 
behaviour. 

CLASSIFICATION OF ROCK MASSES FOR SURFACE EXCAVATION 

- DISCONTINUOUS ROCK MASSES - 
(After Duncan & Goodman 1968) 

TABLE 1.1 (Part 2) 
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practical problems are three dimensional, but both the growth of 

Rock Mechanics from Soil Mechanics and the relative simplicity of 

calculations for cross-sections have resulted in attention being 

placed on the two-dimensional subcase. 

1.3.1 LimitEquilibrium  

The condition of limiting equilibrium occurs when the 

disturbing forces are exactly matched by the resisting forces. 

Analyses based on the calculation of this limiting condition are 

referred to as Limit Equilibrium Methods. These methods all 

assume that rock behaves in a rigid/perfectly plastic manner, and 

that failure occurs on a predetermined surface. 	If the material 

of the rock slope is considered to be homogeneous then the Soil 

Mechanics approach of assuming an arbitrary failure surface is 

adopted. 	The Rock Mechanics approach takes into account the 

structural control on the possible shape of the sliding mass. 

Structurally determined behaviour must be analysed as a three 

dimensional problem, unless the critical features strike parallel 

to the slope face. Vector and graphical methods for analysis of the 

more general case have been discussed at length elsewhere (Ref. 5) 

and these will be referred to in a later chapter of this thesis. 

The two-dimensional sub-case: 

When the rock is either truly homogeneous or sufficiently 

discontinuous to be considered isotropic, the usual slip circle and 

non-circular arc analyses of the Soil Mechanics approach may be used. 

The degree of fissuration which justifies the assumption that a 

rock mass is isotropic is highly debatable. Bray (Ref. 6) showed 
that rock with ten radially spaced joints approximated to a 

granular soil, for the case of an angle of internal friction of 

30 degrees. Few rock masses can meet this specification so the 

criterion is modified to whether the rock is sufficiently dis-

continuous for any chosen slip surface to be possible without 

necessitating fracture of the solid material. 
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In many situations, the stability of a slope is likely to be 

governed by relatively planar discontinuities with large lateral 

extent, and shear strength considerably below that of solid rock. 

These features are faults, fault zones, bedding planes and joint 

sets. 

The simplest case that can be considered is a single discon-

tinuity dipping into the excavation and striking parallel to the 

slope surface. The wedge of material above the surface is assumed 

to behave as a monolithic block and the only forces involved are 

the resolved components of the weight of the potentially sliding 

wedge. For the simple case of frictional behaviour alone, the 

angle of friction necessary for stability is equal to the dip of the 

slip surface. 	(Fig. 1.1) 	That it is independent of the slope 

height is contrary to observed behaviour. 

Figure 1.1 

Normal Force (Fn.) 	= W Cosfi 
Shear Strength (T) 	.. Fn. Tart. 56 
Sliding Force 	 = W S ixt/5 
Resisting Force 	= W Cosp Ton. 56 

Angle of Friction for Stability (fir) = /3 

The further possible variables for this simple model are (Fig. 1.2):- 

= Unit weights of Rock and Water respectively 

= Slope Height 

= Cohesion 
Coulomb Law 

= Friction Angle 



CHAPTER 1 
	

INTRODUCTION 
Existing Methods of Analysis - 	14 

An Outline 

= Slope Angle 

. Depth of Tension Crack 

Height of Water Table (assumed to be horizontal) 

TENSION CRACK 

Figure 1.2 

From the geometry of the slope the Factor of Safety now becomes 

....E2L21..bf2211:±22110 1(1)  
Total Disturbing Force - 	+ V Cosia 

where 

W = 	H2  [ CoE - Cot 	— (f,4 )2.  Cot /31 

U  = 	
Ht: ( 1. — Coi Tortif3) — Z. + Ho)  - 

2'StaiLel./1  

V= 1y 	2 
W 

A = H  
Slap 

These formulae are tedious to calculate manually, if all the 

terms are included, so Hoek (Ref. 7) has devised slope design 

charts requiring only the calculation of simple slope functions. 

These charts entail approximations not apparent to the user, and 

the author has produced design tables as an alternative (Table 1.11). 

This requires interpolation between tabulated values of the 

variables given above, but the approximations involved in this 

process are quite evident without further investigation. 



******************************************************************************************************************************** 
• SLOPE ANGLE 	40.0000HESION FACTOR* 	60.00 401N7 ANGLES ACROSS PAGE6FRICTION DOWN TENSION CRACK EMPTY AND FLAL* 
***************************************************************4**************************************************************** 
*WATER TABLE RATIO* 	0.00 	 • 
*************************************** ****** *********************************************************************************** 
• TENSION CRACK RATIO= 	0.00 	*TENSION CRACK RATI _O* 	+30 	*TENSION CRACK RATIO= 	.60 
******************************************************it*.*********************************************************************0 
*TRT* 10 	20 	30 	40 	50 	60 	70 	80 * 10 	20 	30 	40 	50 	60 	70 	80 * 10 	20 	30 	40 	50 	60 	70 	80 * 
******************************************************************************************************************************** 
• 100  1.25 .67 .55 0.00 0.00 0.00 0.00 0.00* 1.20 .64 .55 0.00 0.00 0+00 0.00 0.00* 1.18 0.00 0.00 0.00 0.00 9.00 0.00 0.00* 
* In* lay .67 .55 .0,00 0.00 0.00 0.00 0.00* 1.14  .59 .46 0.00 0.00 0.00 0.00 0.004  .88  0.00 0.00 0.00 0.00 0.00 0.00 0.00* 
* 20* 2.31 1.18 .88 0;00 0.00 0.00 0.00 0.000 2.26 1.15 .87 0.00 0.00 0.00 0.00 0.00* 2.25 9.00 0.00 0.00 0.00 0.00 0.00 0.000  
* 21* 2.31 1.18 ,88 0.00 0.00 0.00 0.00 0.00* 2.15 1.06 .72 0.00 0.00 0:00 0.00 0.00* 1.67 0.00 0.00 0.00 0.00 0.00 0.00 0.00° 
• 390 3.52 1.77 1.25 0.- 00 0.00 0.00 0.00 0.00* 3.47 1.74 1.24 0.00 0.00 0.00 0.00 0.00* 3,45 0.00 0.00 0.00 0.00 0.00 0.00 0.00* 
• 30* 3.52 1.77 1.25 0.00 0.00 0.00 0.00 0.00* 3.29 1.60 1.02 0.00 0.00 0.00 0.00 0.00° 2.56 0.00 0.00 0.00 0.00 0.00 0.00 0.00* 
• 40* 5.00 2.49 1.70 0.00 0.00 0.00 0.00 0+00* 4.95 2.46 1.70 0.00 0.00 0.00 0.00 0.00* 4.94 0.00 0.00 0.00 0.00 0.00 0.00 0.00* 
* 40* 5.00 2.49 1.70 0.00 0.00 0.00 0.00 0.00* 4.70 2.26 1.39 0.00 0.00 0.00 0.00 0.00° 3.66 0.00 0.00 0•00 0.00 0.00 0.00 0.00* 
******************************************************************************************************************************** 
*WATER TABLE RATIO* 	.33 
**************************************************************,*****************************************************0*********** 
• TENSION CRACK RATIO= 	 *TENSION CRACK RArIu= 0.00 	 .30 	*TENSION CRACK tAT10 	.60 
*******.********************************************************** ****** 6,444444404*************************4********************* 
*18/* 10 	20 	30 	40 	50 	60 	70 	80 * 10 	20 	3U 	40 	50 	60 	70 	80 • 10 	?0 	3u 	40 	50 	60 	70 	80 0  
******************************************************************************************************************************** 
• 10* 1.20 .64 .53 0.00 0.00 0.00 0.00 0.00* 1.14 .61 .52 0.00 0.00 0.00 0.00 0.00° 1.10 0.00 0.00 0.00 0.00 0.00 0,00 0600* 
* 10* 1.20 .64 "..53 0.00 0.00 0.00 0.00 0.00* 1.09 .56 .44 0.00 0.00 0.00 0.00 0.00° .81 0.00 0.00 0.00 0.00 0.00 0.00 0.00* 
* 20* 2.22 1.13 .84 0,00 0.00 0.00 0.00 0.00* 2.15 1.09 .04 0.00 0.00 0.00 0.00 0.00° 2.07 0.00 0.00 0.00 0.00 0.40 0.00 0.00* 
•2* 2.22 1.13 	.84  0.00 0.00 0.00 0.00 0.00* 2.04  1.01 	.66  0.00 0.00 0.00 0.00 0.00° 1.54  0.00 0.00 0.00 0.00 0.00 0.00 0.00° 
* 30* 3.37 1.69 1.19 0.00 0.00 0.00 0.00 0600* 3.30 1.64 1.1b 0.00 0.00 0.00 0,00 0.00* 3.18 0.00 0.00 0.00 0.00 0.00 0,00 0.00° 
* 30* 3.37 1.66 1.19 0.00 0.00 0.00 0.00 0.00* 3.13 1.51 	.95 0.00 0.00 0.00 0,00 0.00* 2.36 0.00 0.00 0.00 0.00 0.00 0.00 0,00° 
* 4r* 4.79 2.37 1.61 1.00 0.00 0.00 0.00 0.00* 4.71 2.34 1.5* 0000 0.00 0.00 0.00 0,00° 4.5* 0.00 U.00 0.00 0.00 0.00 0.00 0.00* 
* 4(.* 4.79 2.37 1.81 0.00 0.00 0.00 0.00 0.00* 4.47 2.13  1.29 0.00 0.00 0.00 0.00 0.00* 3.36 0.00 0.00 9.00 0.00 0.00 0.00 0.00° 
*********************************** ***** ******************** *** * **** ******* ****************************44.*****************o**** 
*WATER TOLE RATIO= 	.67 	 * 
bA*************AoAAPAAMA*004Abb.,*40************,,AbAbo************************44***04444*******04,4****************0************** 
• TENSION CRACK RATIO= 0.00 	 N *TENSION CRACK RATIO= 	.30 	•TESIO'' CRACK RATIO= 	.60 
******************************************************************************************************************************** 
*18/* 10 	40 	30 	40 	50 	60 	70 	80 * 10 	20 	30 	40 	50 	60 	70 	00 * 10 	?0 	30 	40 	50 	60 	70 	80 ° 
******************************************************************************************************************************** 
• 100  1.06 .57 .48 0.00 0.00 0.00 0.00 0.00* .99 .52 .45 0.00 0.00 0.00 0.00 0.00* .86 11.01) 0.00 0.00 0.00 0.00 0.00 0.00° 
* 10* 1.06 .57 .48 0.00 0.00 0.00 0.00 0.00* .94 ,48 .37 0.00 0,00 0.00 0000 0.00* .68 0.00 0.00 0.00 0.00 0.00 0100 0.00° 
* 20* 1.93 .98 .73 0+00 0.00 0.00 0.00 0.00* 1013 .41 	.66 0.00 0.00 0.00 0.00 0.00* 1.58 0.00 0.00 0.00 0.00 0.00 0.00 0.00* 
* 2C* 1.93 .98 .73 0.00 0.00 0.00 0.00 0.00* 1.74 .64 .54 0.00 0.00 0.00 0.00 0.00* 1,25 0.00 0.00 0.00 0.00 0.00 0.00 0.00* 
* 30* 2.92 1.45 1.01 0.00 0.00 0+00 0.00 0.00* 2.79 1.36 .91 0.00 0.00 0.00 0.00 0.00* 2.41 0.00 0.00 0.00 0.00 0.00 0.00 0.00° 
* 30* 2.02 1.45 1.01 0.00 0.00 0.00 0.00 0.00* 2.65 1.25 .74 0,00 0.00 0.00 0.00 0.00°  1.90 0.00 0.00 0.00 0.00 0.00 0.00 0.00° 
* 4n* 4.13 2.02 1.36 0.00 0.00 0,00 0.00 0.00* 3.97 1.91 1+21 0.00 0.00 0.00 0.00 0,00* 3.43 0.00 0.00 0.00 0.00 300 0.00 0.00° 
• 40* 4.13 2.02 1.36 0.00 0.00 0.00 0.00 0.00* 3.77 1.75 .48 0.00 0.00 0.00 0.00 0.00° d.71 0.00 U.00 0.00 0.00 0.00 0.00 0.00° 
04.4***************M4040***********0************b44****************Aw***044,4.4****************4******************************** 
°WATER TABLE RATIO= 	1.00 	 * 
***************0******************* ****** * ***** *****•******************************0******************************************** 
• TENSION CRACK RATIO* 	0.00 	*TENSION CRACIN HATIVI2 	.30 	*TLNSION CRACK RATIO= 	.60 	0 
*************************************************************************************************.****************************** 
*T8/* 10 	20 	30 	40 	50 	60 	70 	80 * 10 	20 	30 	40 	50 	60 	70 	80 ° 10 	20 	30 	40 	50 	60 	70 	80 * 
*****************************2******4*********4******************Agg**************0*****4*************************************** 
* 10° .83 .45 .39 0.00 0.00 0.00 0.00 0.00* .74 .38 .32 0.00 0.00 0.00 0.00 0.00* .57 0.00 0.00 0.00 0.00 0.00 0.00 0.00* 
* 1n* 03 .45 .39 0,00 0.00 0.00 0.00 0.00* .74 .38 .32 0.00 0.00 0.00 0.00 0.00* .57 0.00 0.00 0.00 0.00 0.00 0.00 0.00* 
4°  20* 1.46 .73 .54  1.00 0.00 0.00 0.00 0.00* 1.34 .64 .43 0.00 0.00 0.00 0.00 0.00* 1.03 0.00 0.00 0.0U 0.00 0.00 0.00 0.80°  
o 20* 1.48 	.73 .54 0.00 0.00 0.00 0.00 0.00* 1.34 .64 	.43 0.00 0.00 0.00 0.00 0.00* 1.03 11.00 0. 00 0.00 0.00 0.00 0.00 0.00° 
* 30* 2.17  1.05 .71 0.00 0.00 0.00 0.00 0.00* 2.01 .93  .5b 0.00 0.00 0.00 0,00 .0.00° 1.85 0.00 0.00 0.00 0.00 0.00 0.00  0,00* 
* 33* 2.17 1.05 .71 0+00 0.00 0.00 0.00 0.00* 2.01 	.93 ;56 0.00 0+00 0.00 0.00 0.00* 1.55 0.00 0.00 0.00 0.00 1.00 0.00 0.00° 
* 40* 3.04 1.44 .93 0,00 0.00 0.00 0.00 0.000 2.84 1.29 .73 0.00 0.00 0.00 0.00 0.00* 2.19 0.00 0.00 0.00 0.00 0.00 0.00 0.00* 
* 40* 3.04 1.44 .93 0.00 0.00 0.00 0.00 0.00* 2.84 1.29 .73 0.00 0.00 0.00 0.00 0.00* 2.19 0.00 0.00 0.00 0.00 1.00 0.00 0.00° 
**********************************************************************************************************************8********* 

TABLE 1.11  
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The models described above, have assumed a single continuous 

discontinuity, perhaps delimited by a tension crack. Any lack of 

continuity will result in an increase in the strength of the 

failure surface, or the formation of a surface that steps between 

discontinuities possibly belonging to the same joint set. 

The case of complex surfaces has been discussed in detail by 

Jennings (Ref. 8). • He considers the case of a mean plane defined 

by two joint sets and partial fracture of. the solid (Fig. 1.3). 

0 
MEAN FAILURE 

PLANE TENSloN j: SET 1 

da. 

SHEAR FAILURE PARALLEL 
ti 

44( 	TO SET 1 
ti 

Figure 1.3 

The assumption of sliding on joint set 2, opening on set 1, shear 

failure parallel to set 2 through the solid, and tensile fracture 

normal to set 2 makes the model relatively complex. Resort to 

computer methods must be essential, in view of the large number of 

possible combinations, unless very extensive structural data can 

be gathered. 

Barton (Ref. 9) examined limit equilibrium methods in some 

detail and developed a method of slices taking into account inter-

slice forces. This was used to study the case of sliding on a 

stepped surface, defined by successive overstressing of joints of a 

single set during slope deepening. 	This is an interesting 

approach to progressive failure, but, in the author's opinion, is 

rather too simple to model such a complex phenomenon. 
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1.3.2 Stress Analysis  

Photoelastic methods have been used to study the gravity 

stresses induced by excavation of a slope. These have been 

reported, notably by La Rochelle (Ref. 10), Yu, Gyenge and Coates 

(Ref. 11) and Long (Ref. 12). 	The method is not particularly 

convenient for gravity structures since centrifugal loading is 

necessary except for high sensitivity materials such as Gelatine 

(which demonstrates unwanted time-dependent effects). 	There is 

an additional problem of the effect of Poissons ratio, which in th?. 

case of gelatine is approximately 0.5. Using the normal restraint 

boundary conditions it is only possible to achieve initial 

horizontal to vertical stress ratios of 0.5 or 1.0 in Plane 

Stress or Plane Strain models respectively. 

An attempt to calculate the stresses in an infinite elastic 

slope, by assuming the stresses to be a linear function of the 

co-ordinates (Fig. 1.4), yields the following expressions:- 

t' „„ = —75Coti. X + 2 2f Cob,  . Y 

1(2) 

Tc j = 	Cot .Y 

Unit Weight = 

Infinite Elastic Wedge 

Figure 1.4 

Since the horizontal stress (01050) becomes increasingly large with Y 
and no account is taken of toe effects, this does not seem a 

reasonable approximation except at the crest. Richards and Schmid 



CHAPTER 1 
	

INTRODUCTION 
Existing Methods of Analysis - 	113 

An Outline 

(Ref. 13) obtained analytical solutions for body-force stresses 

in earth dams, but concluded they were invalid for top wedge angles 

greater than 900. 	It was therefore impossible to give an 

analytical solution for a vertical cut or sloping embankment. 

By a process of elimination, it is necessary to use numerical 

methods, even for the simple case of modelling an isotropic slope 

exhibiting linear, elastic behaviour. 	Finite Difference and 

Finite Element techniques have been used extensively. The Finite 

Difference methods (Refs. 14 and 15) are generally harder to use 

because special arrangements must be made for boundaries and 

different material types (Ref. 5). The Finite Element method has 

the advantage of being ideally suited to the consideration of 

arbitrary boundary conditions, inhomogeneity, and any initial stress 

conditions. 	It may be modified to treat in-elastic and non-linear 

behaviour. 	In fact, it is probably true to say that any material 

behaviour may be simulated providing it can be adequately defined. 

Discussion of this work forms the major part of this thesis and 

literature will be referred to where relevant. 

These methods may all be considered as numerical models and 

may be designed to reproduce closely the properties of the proto-

type. They have a great advantage over physical models in that 

they are quasi-indestructable. The tedious part of model prepara-

tion is reduced to definition of the geometry, whilst other changes 

become trivial. 

1.3.3 Model Studies and Observation Methods  

Observational methods range from simple records of visual 

inspection of an excavation, in its early stages, to complex 

instrumentation of the whole rock mass. These provide qualitative 

data on the slope behaviour on which to evaluate current practice 

and base future design. 

Physical models may be designed to demonstrate a mechanism 

or to provide a simulation of a real situation. In both cases 

there may be difficulty in matching the stress levels and the 
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material strength, in order that the physical problem may be 

reasonably reproduced. The problem may be easily resolved for 

the case of weak granular materials, but not so readily when 

modelling a discontinuum. 

The 'Base Friction' model discussed by Hoek and Boyd (Ref. 16) 

is an excellent example of a quantitative simulation of a discon 

tinuum. They demonstrated the importance of toppling as a mode of 

failure and showed that the final configuration could easily be 

confused with one of the more familiar sliding modes. 	This is in 

agreement with the far more sophisticated Plane Strain models 

reported by Muller and Hofmann (Ref. 3). 

Probably the most elaborate model of a rock slope was 

constructed and tested by Barton (Ref. 9). He reproduced the 

strength and behaviour of rough joints by the creation of sets of 

tensile fractures in a weak brittle material. This study provides 

an excellent test case for numerical analysis since it is 

extremely well documented. 

An interesting three dimensional model was reported by Heuze.  

and Goodman (Ref. 17). They used a remouldable material which was 

cut according to the measured orientation of discontinuities in the 

field. Water was then introduced to promote sliding or toppling 

of the three dimensional blocks so defined. 

It appears that complex models simulating real situations are 

restricted to slope stability in the context of Civil Engineering. 

In connection with dam construction, several models in which the 

abutments were included have been reported. Undertaking such 

formidable work has been justified by lack of any alternative. 

The interaction between dam and abutments may be vital to the dam 

stability and has, until recently, not been amenable to numerical 

analysis. 

The demarcation between stress analysis and modelling becomes 

blurred as more complex behaviour is studied using computer 

simulations. Cundall has reported (Ref. 15) on the analysis of 
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granular materials comprising packings of either cylindrical or 

prismatic units. This method is particularly applicable to 

slope studies, where the assumption of rigid units is realistic. 

It has been checked with considerable success against the toppling 

model referred to above (Ref. 16). An increase in computer 

capacity will enable developments of such methods to be used as 

design tools. These will be of much greater power than the small 

displacement methods that are discussed in this thesis. 

1.4 	CONCLUSION 

The aim of this introduction was to review the whole spectrum 

of methods of estimating the behaviour of rock slopes. 	The 

referenced material is deliberately not extensive and is aimed 

chiefly, to support the author's opinion that the numerical 

techniques based on the Finite Element Method are likely to make 

a continuing and important contribution to slope design. 
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SYNOPSIS 

The chapter is divided into two parts. 	The first part gives 

a general introduction to the Finite Element Method of structural 

analysis. From this the properties of some of the plane and 

solid elements used in this study are derived. 	The second part 

of the chapter presents the special methods used for modelling 

jointed materials. Most attention is given to the derivation of 

the properties of one and two dimensional joint elements for 

inclusion in two and three dimensional models respectively. 

The contents of this chapter provides the basis of much of 

the work reported in this thesis. 	It also describes the 

formulation of the computer programs given in Appendices B and D. 
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PART I - CONTINUUM MECHANICS 

2.1 INTRODUCTION 

The Finite Element Method of analysis has been widely 

discussed both from a fundamental standpoint and in its application 

to the solution of engineering problems. The purpose of this 

thesis is to apply this method to rock slopes in particular, rather 

than to pursue developments. 

2.2 	THE METHOD  

The following description of the method of finite elements 

in continuum mechanics has been given in the text by Zienkiewicz 

and Cheung (Ref. 1): 

(a) The continuum is separated by imaginary lines or 

surfaces into a number of finite elements. 

(b) The elements are assumed to be interconnected at 

a discrete number of points on their boundaries. 

It is assumed that the displacements of these 

nodal points are the unknown parameters. 

(c) A function is chosen to define uniquely the state 

of displacement within each 'element' in terms of 

the nodal displacements. 

(d) The state of strain may be defined uniquely from 

the displacement functions. The state of stress 

may be determined if the elastic properties of the 

material are known, together with any initial 

stresses or strains. 

(e) A system of forces concentrated at the nodes and 

equilibrating the boundary stresses and any -

distributed loads is determined. 
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(f) The stiffness of the whole model may be written 

down as the sum of the contributions of 

individual elements. The response of the 

structure to the loading of (e) may be 

calculated and the stresses and strains through-

out the model thereby determined. 

The above description places no limitation on either the model or 

the elements utilized in its construction. 

2.2.1 A General Formulation  

The first step is to choose how the displacement varies 

throughout each element. 	(In fact there is no reason why this 

variation is restricted to displacements. The method has been 

applied to many physical phenomenon including temperature and 

seepage flow.) If 	and [ I are taken to signify a column 

vector and a matrix respectively, then the variation of displacement 

may be written as:- 

2(1) 

whereto} is the displacement at any point within the element due 

to nodal displacements (gle. [NJ is the relationship between 

fli) and tqe  and is known as the shape function, as it is 

dependent upon the spacial co-ordinates. 

Since the displacement at any point is known from 2(1) the 

strain (El may be calculated. 

(e} = CBJ (g} 
	

2(2) 

where [El] may be deduced from the element shape. function. 

Also assuming linear elastic behaviour, the relationship 

between the stresses (cri and strains (6) is:- 
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fr.} = [D]((E) - (E,}) 
	

2(3) 

where [D] is the material stiffness matrix, (E.} initial strains 

in the material of the element and [o} the initial stresses. 

ED] is usually, and non-rigorously, referred to as elasticity 
matrix.) 

Each element is 

distributed loads (r) 
is now subjected to a 

the resulting element 

r  subject to nodal forces tF1e  and 

acting per unit volume. If the structure 

virtual displacement Me  at the nodes, 

displacements ffl and strains [el are: 

{r1= [Nil ril e 
	

2(4) 

and 	= [B] 
s

S lti e 
	

2(5) 

The work done by the nodal forces is:- 

a siey (Fie 	
2(6) 

The internal work per unit volume by the stresses and distributed 

forces:- 

(felef r fcr) - fr)Ttr} 
	

2(7) 

Substituting equations 2(4) and 2(5) equation 2(7) becomes:- 

(ConT UBV- to-1 - [N} {.1) 
	

2(8) 
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Equating external work (Equation 2(6)) with the total internal 

work by integrating over the volume of the element: 

(teley{F e = ([ *IT( 	d(voi) 	doloo) 	2(9)  

Since this is valid for any virtual displacement, equation 2(9) can 

be written with substitution, as: 

{F}e  = (1[6]7[D] EB1 d6109 	f[sfta;1d(voi) 

-f[Br[DRE.P(v01) -f[NOTCO d ("I) 
	2(10) 

The right hand side of this equation is in four parts. The 

first refers to the stiffness of the element. The stiffness 

matrix Ne of the element may therefore be written down by 

inspection as: 

Lk e  = 	[ 	[D] [B] 4'1°0 2(11) 

The equivalent nodal forces due to initial stress, initial strain 

and distributed loads comprise the remaining three terms 

respectively. 

2.2.2 Natural Co-Ordinates  

Formulation of the properties of arbitrary shaped elements is 

facilitated if special local co-ordinate systems are used. These 

are chosen so that the co-ordinates only have the range (0 	+ 1) 

or (-1 	+ 1). 	(Refs. 2 and 3) and they are therefore particularly 

convenient when considering curvilinear elements (Fig. 2.1). 
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x 	 x 
CUBIC ELEMENT -12 NODES LINEAR ELEMENT- 4 NODES 

Figure 2.1 

In order to use the co-ordinate systems some relationship with the 

original cartesian co-ordinates must be established. Equation 2(1) 

defined a relationship between the displacement at any point and 

the nodal point displacements. Similarly a relationship between 

the cartesian co-ordinates at any point and the cartesian co- 

ordinates of the nodes may be defined. 	If these two relationships 

are the same the element is said to be isoparametric (Ref. 3). 

2.2.3 The Plane Triangular Element  

Figure 2.2 
	

Figure 2.3 

For a plane triangular element, defined by nodes 1, 2, 3, 

the co-ordinates of the point P (Fig. 2.3) inside the element are 

given in area co-ordinates as (Li, L z , L3 ) where:- 
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Li  = Ai 	lz,  Az 	L3 = As 	 2(13) 
A 	A 

A is the area of the triangle 123. From the equation 2(13), if 

P lies within the triangle: 

L1 + L2  + L3 = 1. 	 2(14) 

Then the relationship between the natural co-ordinates of Fig. 2.2 

and the area co-ordinates of Figure 2.3 is: 

Li = tt 	L3= 4 	 2(15) 

Lz = 	- Li  — L3 = 1. - 	- 

If it is assumed that the displacement (LA.) of any point within the 

element is a linear function only of its co-ordinates then: 

U. = L1 ul + L2 U.2 + L3 u3 	 2(16 ) 

where vi, u2  ,u3  are the nodal point displacements. 	This relation- 

ship has the property that at node 1 the displacement is ul  , etc., 

as required. The physical interpretation of the element shape 

functions is that they represent the contribution each particular 

node makes to the displacement throughout the element. Hence, 

generally it is Written that: 

LA. 	= Ni  u.1  + N2142  . 	. + Noti.  . 	. • + NnUrt 	2(17) 

where N.  is the shape function for node L 
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For the case of the plane three node triangle the shape functions 

can be given as: 

= 2(18) 

For the isoparametric elements the shape function also relates the 

cartesian and local natural co-ordinates ( TL , 	). 	Thus: 

DC = L1 xi + 1.2,X1 + L3 x3 = 11, X1 + (1.-1,1-$)x2  + 	X3 

2(19) 

5 =y1 1.3 	= /13i + 	i) 32. 	(3 3  

from equations 2(15) and 2(16). 

For the bi-axial cases the state of strain is: 

ak  

[E) = 6n 	= 2(20) 
2:4 + bv 

2C3 	ay Ix 

where 15/ 	is a vector of nodal point displacements in cartesian 

co-ordinates (Equation 2(1)). 

From elementary mathematics 

	

?1.7C 	ht4  • 
b DC a + ay 

	

au . ax 	)^itt . 
S";*/ 	11/ 

2(21) 



•••• 

2(23) 

av = 	— -J'2. + Y3  d 
2(21+) 

v = 	1/1 	- V 
+17 

114 
2(25) 

[T] 

Also from the shape functions 

em = 	LL 2.  + 1,13  

= 	VI  - 14.1  

But 

- 
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or 

    

   

 

au 
ay 

• 2(22) 

  

    

[T] being the Jacobian Matrix 

From equation 2(19) the Jacobian Matrix can be written down by 

substituting in 2(22) for the partial differentials. 

and similarly 
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,v 	7 ,v 
alz 

2(26) 

From equation 2(23) 

 

 

X.2.- X 	DC3  -0C2.  

   

2(27) 

[E] may be deduced from the equations 2(20), 2(24), 2(25) and 2(26). 

91*  t3 	0 	I  %- 5, 	o 	I ,.-J2.  

[ 	

0 i 0 	ac3 -x2.1 o 	x,-x3  : o 	x,-x, 
 

9C3 '-2C 2. 	-% ■ ;.." 2C3  53 -5 ' ! 2C-X1  '1' - 41 
2(28) 

The element stiffness matrix can be determined by substitution in 

equation 2(11). 

I 
[kr= ff[ET[D][13] •j 	= J j rsir[D]tt3] I T1 di di  

J1= 0 L3::0 

= [BiT[D] 	= [Br [Di [8] • A 

2(29) 

since dx dt = 	dit = 2A di diz.  

2.2.4 Other Plane Elements  

The integration of equation 2(29) was performed explicitly as 

[B] is a constant. For many other shaped elements this is not 

possible and it becomes necessary to resort to numerical 

integration. The arbitrary quadrilaterals illustrated in Fig. 2.1 
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are examples. 

Division of a model into triangular elements is often 

unnecessarily tedious, so arbitrary quadilateral elements are 

commonly used. In order to avoid numerical integration the 

quadrilateral may be automatically divided, within the computer 

program, into either two or four triangles. The second alternative 

involves the creation of a fictitious node at the centroid. 	The 

element now has two additional degrees of freedom which must be 

suppressed before the contribution of the element to the whole 

structure can be determined. This element, which is now a sub-

structure, is more efficient than its alternative and is the one used 

for plane stress/strain studies in this thesis. It was originally 

used by Wilson (Ref. 4). 

2.2.5 The Four-Node Tetrahedron Element  

Since the original properties of an element were derived 

making no assumption regarding the type of element there is no 

difficulty in treating the three dimensional case. The simplest 

element is now the tetrahedron. As for the plane stress triangle 

it is assumed that stress and strain are constant within the 

element and the element shape functions can be written down by 

considering a local co-ordinate scheme. 

If the local co-ordinates of point p are:- 

, 	 1/4. 
V V V V 

V is the volume of the tetrahedron and these volume co-ordinates 

are defined so that:- 

Vi + Vi 4. V3 + V4 	 2(29) 
V V 

Clearly this is directly analagous to the plane triangle case. 
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Figure 2.4 

If 

= 4 

V2 = -er 	 2(30) 

= 

Then from 2(29) 

The natural and cartesian co-ordinates are related by the shape 

functions. 

e.g. 	X = Ve x `  + V2  X2 + V3 X3 + V4 x4 	
2(31) 

4 x' + 	2Ca  + 17C 3 + 1 — — — 

For the three dimensional case the Jacobian matrix is:- 

  

  

 

2(32) 

  

  



CHAPTER 2 
	

THE FINITE ELEMENT METHOD 	36 
The Method 

which, for the tetrahedron, becomes by substitution 

7C4 

x3- '2C4 

x2- X4  

'14 

133- 	i4. 

71-24 

Z3- 

72.- 74 

2(33) 

The strain vector is now:- 

    

  

 

2(34) 

  

    

    

And:- 

P 

It  Lg.} 1L4  ZI/ 
11.t 

t 0. 0. 
0. O. 1. 
0. 	1. 	0. 

u, 
u}  
U3 

2(35) 

     

Using equation 2(35) and the similar expressions for the other 

terms of equation 2(34) the B matrix may be calculated. This is 

again constant and the element stiffness matrix becomes: 

[kle=frEsi T[D] [B] d(v01) =.113:1[0][B] li—i- D3r[D][B].\/ 
2(36) 

2.2.6 Other Simple Three Dimensional Solid Elements  

It is not usually convenient to work entirely with tetrahedral 
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Figure 2.6 
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elements since data preparation is then excessively tedious. 

Hexahedral bricks and wedge shaped elements are useful. Both 

these elements may be either assembled from tetrahedra or 

formulated directly. 

A hexahedron may be divided into five tetrahedra in two 

possible ways. Both of these constructions may be envisaged as a 

small tetrahedron on each of the four faces of a central and larger 

tetrahedron. 	One construction is shown in Figure 2.5. 

8 

   

   

   

Figure 2.5 

2 

In order to overcome the assymmetry of this sub-division a mean 

stiffness matrix is obtained by formulating the properties of the 

two possible assemblies. 

The tetrahedron derived hexahedral element can only have 

plane faces. This is not a limitation if an isoparametric 

hexahedron is formulated directly. 	(Fig. 2.6) The elements may 

be curvilinear. 



CHAPTER 2 	THE FINITE ELEMENT METHOD 
The Method 

The shape functions for this element are:- 

1\k' = 	(1  + io) (1+ I(o) (1+  70) 

 

38 

2(36 ) 

 

where etc. 

From the equations 2(36) the element stiffness matrix may be 

derived in exactly the same manner as described above. 

[kr= le  [6]T[ D] [ 	a(vol) 

[B0,41,41AT[D] {s(i)71.)47)1iTI d dId41 2(37)  
-1 -1 -1 

Resort must now be made to numerical integration. 

r  , 
If G(k )/;41) is the value of [13(1,4Z)t)j LD.11. (1)11)14 
at the sample point 	11,1-et 	then 

rz R 11 

[R]e= 	 1-1 k  I-1j HL  G 	bj c k ) 	2(38) 

where Hi,, j , k are constants of integration and ai,,bj ,ck the 

sample points for an n point Gauss Rule. 	(For this simple case 

the two point rule is quite adequate.) 

A pentahedron may also be subdivided into tetrahedra. In 

this case the division may be carried out in four possible ways. 

The author derived a mean stiffness matrix by using all four 

possibilities but took account of repetitious terms to economize 

on computer time. 

The direct formulation of the six node pentahedral element 

Fig. 2.7 is based on the following shape functions:- 
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where 

Ni  ,N = 	(1 + 

N3 , Nt = 	c)/2. 

"1, 1\15  = (1-1- 	(1 + t°)/Z. 
 

2(39) 

  

Figure 2.7 

Formulation of the stiffness matrix shows that only the terms 

containing 	need to be integrated numerically, so using a two- 

point rule the stiffness can be evaluated from 

2 

[W..= 	HCL) G (43-i.,1)§) 
	

2(4o) 

using the same terminology as above. 

2.3 	SOLUTION OF EQUATIONS  

The equation 2(10) derived by equating internal and external 

work gives the contribution of a single element to the whole 

structure. This may be rewritten as:- 

{F} + JNT{cl d(v°9 fiB3T[DHEold(vol) +1[N np} d(vet) 

2(4-0) 
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The left hand side of this equation is simply a list of nodal 

point loads and may be evaluated if the initial stresses and 

strains, distributed loads and concentrated nodal forces are known. 

The contribution of an individual element with n degrees of 

freedom has therefore been reduced to n simultaneous equations. 

Summation of all such contributions gives an overall stiffness 

matrix [K1 and load vector tfRi. 	The solution of this set of 

equations may be written as: 

2(41) 

where fgl is the vector of all nodal displacements. The overall 

stiffness matrix is modified to take account of any nodal 

constraints before solution is obtained by either direct inversion, 

an elimination procedure, or relaxation. 

In this study the subroutine BANSOL written by Wilson (Ref. 5) 

has been used in all computer programs. This equation solver is 

based on Gaussian Elimination and exploits the properties of the 

symmetric, narrow banded stiffness matrix. The Frontal Solution 

program presented by Irons (Ref. 6) was investigated later in this 
study, but appeared to offer little advantage for the very small 

and simple models discussed in this thesis. 
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PART II - SPECIAL, CONSIDERATIONS FOR JOINTED MATERIALS 

	

2.14 	INTRODUCTION 

On the scale considered in open pit mining the rock is 

usually highly discontinuous. The presence of these discontin-

uities has a considerable influence on the behaviour of the rock 

mass, so special methods have to be used to take them into account. 

Two approaches, using Finite Elements, may be adopted. 	In the 

first the rock is assumed to behave macroscopically as a " 

continuum. Alternatively, the behaviour of discrete discontinuities 

within the solid may be considered. This involves modelling 

phenomenon such as slip, separation under tensile loading and 

dilatancy. 

	

2.5 
	

CONTINUUM APPROACH 

2.5.1 Anisotropic Material Properties  

If the discontinuities are sufficiently close together, with 

respect to the size of the model, the mass may be ascribed 

anisotropic elastic properties. The deformability of the discon-

tinuities will determine the mass anisotropic elastic constants. 

The simplest case is when the discontinuities are parallel. 

(Ref. 7) This is analagous to a stratiform body in which the 

material is transversely isotropic (Figure 2.7)., There are only 

five independent elastic constants for this material and the 

stress-strain equations are:- 

	

crx 	102 Cri 	101 CrZ 

	

Ex - Ei 	Et  	El 

Eb  = -1.127k+ . 43t - 122. 6k 
El 	Ez 	Ez  

; = - V) ax - VA CS + (ra 

	

E1Ez 	El 

)St. 

= 04.1 

?r 1  /5 32-  -6-2.  

2(42) 

with the constants E2, (3.„, .2)2  associated with behaviour normal to 
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the plane of the strata and the constant E1  , 1)1 with the plane 

of the strata. 

Figure 2.7 

2.5.2 Calculation of E uivalent Elastic Pro erties 

It is required to take account of joint deformability. 	In 

order to do this it is necessary to assume that the joint behaves 

linearly both with respect to shear and normal stresses (Fig. 2.8). 

If the shear and normal displacements gsj and gni result from 

shear and normal forces per unit area of 1: and c.r then the stiffnesses 

of the discontinuity are defined as:- 

Shear Stiffness (Ps) . Ssi 

2(43) 

Normal Stiffness (P11)= 
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When a joint does not behave linearly this definition may be 

generalised to the rate of change of displacement with force per 

unit area. 

Duncan and Goodman (Ref. 8) discussed the case of deforrnability 
of a rock containing a single joint set (Fig. 2.9). 

     

     

BASI C 
UNIT 

 

=ID 
Figure 2.9 Deformation of Jointed Rock 

(After Duncan & Goodman (8)) 

The total response (g) of the rock to normal loading 

comprises contributions of the solid rock (Sr) and the discontin-

uities ( gni) • 

E = Sr 	grtj — 
(3-„S — 
Er + kfl 

2(41+) 

The equivalent modulus in the direction normal to the joints is 

thus:- 

1.  
Ert = 	+ 1. 

k Er 	S. Q,) 

The equivalent shear modulus (Gns) may be similarly derived: 

1 

Gns=( 1. + g. 
ks) 

2(45) 

2(+6) 
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Duncan and Goodman used this approach to establish the relation-

ships for Othotropic Continua with three mutually perpendicular 

joints sets. 

In general, the co-ordinate system to which the material 

properties are referred will not coincide with the global system 

used to define the model. Transformation equations are therefore 

necessary. 

These may be written (Ref. 8) as:- 

taiL2,3 = [A  ]f 0-1 maz 	
2(47) 

}1,2,3 = [BE} x,,5,z 

If [C] is the inverse of the material stiffness matrix [D] (Equation 

2(3)) 

1,2,3 

i.e. the elasticity matrix: 

[E} = 	[C ] 	{71 11,3 	112)3  

being the local co-ordinate 

112,3  

scheme in which the material 

2(+8) 

properties were evaluated. 

From 2(47) and 2(48) 

NcEbc,3,,:= [c]1,1)3 [A]ccrl 

-1 
Therefore 	{E}X)%7= [B] [C.1 	[Ail{'Cr}

,E A 142,3 

Hence 

[C.] 	= [B]_i[C] 1,2,3 [A] 

It can be shown that [A] and [B] are orthogonal matrices, i.e. 

2(49) 



2(55) Er Er  

0. 0 2. 
E 

0. 
Er Er 

0. 
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[AV= HT  and 	[Air= [B] 1 
	

2(50) 

Equation 2(49) therefore can be rewritten: 

[C]zi5,2. 	[A]T  [C11)2)3  [ Al 
	

2(51) 

Similarly the transformation for the material stiffness matrix is:- 

2(52) 

The transformations for the biaxial cases are given by Jaeger(Ref. 

9) as:- 

CoS2' SLr 21 2. Sixtf3 Cose 
[A]  S COS2/8 -2. Six1E3 Cos/3 2(53) 

- S i,ne Cosfi SI:nfi Cos/3 Cog - SCrey3 

- 	Cos173 SCrtlfg Scnfl Cosf 

[B]  S C.ree Coe/3  -Si.rt(3 Cos/3 2(510 

-2 . Si.ryS Cos, 
- 

2. Suifi Coyz coslfi - Sin 2/8 

where /.? is the angle between the x-axis and the Xi-axis measured 

counterclockwise from x to Xt. These equations hold for the case 

where rotation is about the X-axis. 

The way is now open to determine the global material stiff-

ness or elasticity matrix for any single joint set of arbitrary 

orientation. The global material elasticity matrix may now be 

obtained by linear superposition of the contributions of both the 

solid material and the discontinuities. 

For the plane stress case the relationship for an isotropic 

solid is:- 
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That for a joint set parallel to the x-axis:- 

Ex 	O. 	0. 	0. { 
O. g-kn  °. 

j 	 . 	0. 	—1 	'I'x-,1 
Sys 

2(56) 

By linear superposition exactly the same relationship is obtained as 

before (Equation 2(45), 

1 
i.e. 7- = 	+ 

ER  Er  S.kn 

In this manner any number of joint systems may be superimposed upon 

the original rock material, providing the reference axes for each 

system are identical. 

2.6 	DISCRETE DISCONTINUITIES - SPECIAL JOINT ELEMENTS  

Three different methods have been used to model specific 

discontinuities where the spacing is no longer small with respect 

to the total scale. The different methods will be summarised 

briefly before that used in this study is developed in greater 

detail. 

2.6.1 Discontinuity Representations  

Pin-jointed linkage elements  

Anderson and Dodd (Ref. 10) proposed that a fault be 

represented by linking elements on either side of the discontinuity 

by pin ended straight members (Fig. 2.10). These are able to 

transmit only longitudinal compressive forces. Tension in the 

member is not permitted and no resistance is offered to shear as 

it is free to rotate. This procedure is not physically very 

satisfactory since discontinuities are observed to transmit shear 

forces. 
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Figure 2.10 

Modified continuum elements 

The simplest approach is to model a discontinuity using 

rectangular elements with a high aspect ratio (In fact a length 

to width ratio of about 1:5 is a reasonable maximum). 	Isotropic 

or anisotropic material properties may be used to simulate the 

deformability of the joint. 

In order to model joints using elements with an aspect ratio 

greater than about 5 a modification to the usual rectangular 

elements is required. (Ref. 11). 	A plane rectangular element 

with eight nodes (Fig. 2.11) may be satisfactorily reduced in one 

direction by suppressing the relevant nodes. 

4 	6 

8 

0 	0 	0 

I 5 

Figure 2.11 

Displacement variation may now be linear in the short direction and 

parabolic in the long. Under these conditions the shape functions 

for this, and similar elements, can be deduced using the Lagrange 

interpolation formula. 
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joint Elements 

They are:- 

For Corner Nodes 1, 2, 3, 4 

For Mid Nodes 5, 6 

=2. 
(1. + I.) 

2(57) 
Ni = 

where 

From these the element properties can be derived as in Section 2.2. 

Similar elements may be used to model discontinuities in three 

dimensional structures. These are discussed by Ahmad et al (Ref. 

12) in the context of shell structures. 	There is, of course, no 

reason why such elements should be plane. Using the isoparametric 

concept, the shape functions provide all the information necessary 

to form elements which simply conform to the defined nodal points. 

The stiffness matrix of these elements must be obtained by using 

numerical integration. 

The main short-coming of these continuum elements is that the 

measurable properties of joints are shear and normal stiffness. 

For lack of any information to the contrary, it is assumed that 

these two parameters are independent. The apparent shear and 

normal stiffness of the continuum elements are interrelated by virtue 

of the elastic laws assumed during their formulation (Ref. 8). 

The normal stiffness is also dependent on the element thickness, 

and becomes infinite as the thickness approaches zero. This can 

give rise to numerical problems (Ref. 11). 

Stiff Linkage Elements  

Discontinuities can be ascribed shear and normal stiffness 

if they are considered to behave elastically. Physically the 

discontinuity may be thought of as the interface between two solid 

units. 	The stiffness terms refer to this interface, which may be 

replaced by an element consisting of two coincident faces whose 

interaction has already been defined. 



CHAPTER 2 	THE FINITE ELEMENT METHOD 
The Linkage Elements 

49 

The above model was developed By Goodman, Taylor and Brekke 

(Ref. 13) from the idea, investigated by Ngo and Scordelis (Ref. 

14), of adding linkage element stiffness to total structural 

stiffness. This method has the advantages that elements have no 

thickness - a physically observable fact except when gouge is 

present - and the shear and normal stiffnesses are independent. 

2.7 	THE LINKAGE ELEMENTS  

2.7.1 A General Formulation 

Goodman, Taylor and Brekke originally developed a one-

dimensional joint element to simulate plane discontinuities in 

biaxial stress problems. The derivation may be given in a 

completely general way, in a manner consistent with that used above 

(Section 2.2.1) for continuum elements. 

Equation 2(4) related the virtual displacement 	at any 

point within any element to the virtual displacements tOje  of the 

nodes. In this case only the relative displacements of the two 

faces are of concern. Hence if fflYe1  is now the virtual relative 

displacement and [N] is the shape function of each face then:- 

[ -N,Ngle 	2(58) 

	

fire( 	
E 

 

If (pl are the forces per unit area on the joint then these are 

related to the relative displacements by a joint material stiff-

ness matrix 

	

fri = 	N]i 
	

2(59) 

The internal work done by these distributed forces due to the 

virtual displacement 	is:_ 

	

fi'irfr = 	-N NIT{ E 	N 'lel- 
	

2(6o) 
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Equating internal and external work by integrating over the surface 

are of the element. 

a5le1T(ft.-N i N r l: 	f,-N,N,a(Are...)) 	2(61) 

For convenience, initial distributed loads and relative 

displacements have been left out of equation 2(61). 	If they are 

included the final expression becomes:- 

[Fle.f [-N,N][qt-N,N1dOireo.)fgle  
2(62) 

-.1[..N,N]r{ra} d(Area) f[k][-N,N3N d(AreQ) 

where fro} and IS01 are the initial loads and relative displace-
ments respectively. 

The stiffness matrix will not, in general, have been formed 

in global coordinates. Transformations, as discussed for the 

anisotropic case (Section 2.5.2) will be necessary. 	Thus:- 

• [k]e = f[A [- N317-  [k] [-N, N] [A] d (Area ) 	2(63) 

where the original material stiffnesses [[t] were given in the 
c  

local co-ordinates and [KJ
e 
 is the final element stiffness matrix. 

2.7.2 One Dimensional Joint Elements  

Figure 2.12 



Lul 
2(68) 
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Equation 2(43) may be expressed in matrix form:- 

i ks 	0. 	0, 	
{icf }rei 
	 2(64 ) 

In this context it and Oil  are shear and normal forces per unit 
length. These are related to the relative displacement vector 

[fire' by the material stiffness matrix [n]. 

Using the Lagrange interpolation formula for each face of the four 

node element, the shape functions may be written down immediately. 

2(65) 

For the top face (3, 4) the shear displacement (gs) and the normal 

displacement (&) are, from the nodal displacements. 

I 	[ 	0. 	1,- i 	O. 	[ti3  
V3 	2(66) 

Syt ET 	
2 	I.+ 	0. 	1.1 	v1444  

and for bottom face (1, 2) 

Ss  Wm-or-} 
1 

6040 	2 

1. 4 0. 	1. + 	a. 	fa. v, 
0. 	1.-k 	0. 	

(4, 
 

2(67) 

The relative displacement of the two faces is 

Ss  in - Ss  bot-torrt 	= ..... I —A 0. -8 0. 8 0 A o 1 
gon- gn  1)046m 	2 	0. -A O. -IS 0 B 0 A 



= 4 
3 

-1 
41 
(1.t`0(1.1) 

-1 

+1 
f 	= B  
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where 	A = 1. 	, 	, and pl is the nodal 
displacement vector. 

The element stiffness matrix in local co-ordinates is given by 

equation 2(62) as:- 

[C] 	[-N, NJ T[E] r-N,N] d LAS-ea) 2(69) 

Substitution of 2(67) gives the terms of the stiffness matrix as:- 

8 

Noting 

	

+A 	A.1 

	

f(f) 	= I(f) 12--  • 
-1 

The joint stiffness matrix is:- 

L 
6 

-[R] 

-[K] -f[R] 
2(70) 

where 

[R] = 
0. 1. 0. 
2. 0. 1. 
0. 2. 0. 
1. 0. 2. 

2. 
0. 
1. 
0. 
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The contribution of the element to the global stiffness matrix may be 

determined by transformation from the local to global co-ordinates. 

In the general case, the forces and displacements of a node given 

in the local (x', y', z') system transform from the local system 

by a matrix EL] giving 

fs,'} = [L lc 	: 	= 	FLI, 	2(71) 

in which [L.] is derived from the direction cosines of the angles 

formed between the sets of axes. 

For the set of forces acting on the nodes of the element 

(F1 = [-r7cF3e 	2(72) 

Following a parallel argument to section 2.5.2 the transformation 

for the stiffness matrix is 

Ne= [-r
]

T t k ile  [T] 
	

2(73) 

For the two dimensional case the relationship between the axes may 

be written down by inspection (Fig. 2.12):- 

txT1= P:4;1 
where 

[ Xi [C  
osfi 

- 	Cos 3  

0. 0. 
0.- 

0. ). 0. 0. 
0. 0. >, 0. 
0. 0. 0. *)% 

And 

2(74) 

2(75) 
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8 

Figure 2.13 

Extension of the above approach to non-plane one-dimensional 

elements, with more than two nodes per face (Fig. 2.13), is easily 

accomplished using the Langrange polynomials. These give a value 

of unity at any point of the division and zero at all the others, 

and are, in fact, the necessary shape functions (Ref. 3). 

Ni = 	 — t-00 it.+a) 	(A — in) 	2(76)  

An) 

For the non-plane case the necessary co-ordinate transform-

ations will vary along the length of the element. The stiffness 

contribution of each node must be evaluated and a locally othogonal 

co-ordinate set derived to obtain the required transformations. 

Alternatively, a numerical integration procedure can be adopted, 

in which case a local orthogonal set must be determined for each 

integration point. 

Finally it is noted that there will be continuity between the 

one dimensional joint elements and the two dimensional plate 

elements providing there are a matching number of nodal points for 

each type. As the co-ordinates of the nodal points must have the 
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same values for adjacent elements, continuity is automatically 

satisfied. 

2.7.3 Two Dimensional Linkage Elements  

The derivation of the stiffness matrix of a linkage element 

was given (Section 2.7.1) in a general manner. The treatment of 

two dimensional linkage elements, for modelling discontinuities in 

three dimensional structures, therefore presents no particular 

problem. All that is necessary is a choice of element shape 

functions for the top and bottom faces. This presentation follows 

the lines of Mahtab and Goodman (Ref. 15) although the publication 

of their work post-dated the author's original formulation. 

The transformation equations for this case are a little more 

complex since local orthogonal axes have to be constructed with 

respect to a planar, rather than a linear, feature. In this study 

the discontinuities are considered to be flat, over any one element, 

and the transformations may be derived quite simply. 

A Triangular Joint Element  

The shape functions of the two faces have already been given in 

connection with the triangular plate element (Section 2.2.3). 

If the three components of displacement are given in the local 

orthogonal co-ordinate system (0e, yr , 	) then the relative 

displacement of the two faces, at any point within the element is:- 
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= 	-ifl Tor 	earom 

 

   

 

-N, 0. 0. I -142.  0. 0. 1 -1 	0. 0. ItNit  0. 0. 14-N5 0. 0. 1+N, 0, 0. 

O. -NI  0. 0. -N2  O. { 0. -N3  O. 0. +Nil  O. 1 0. tN5 0. O. +1\4 0. 

0. 0 -N, I 0. 0 -NI I  0. O. -N3 1 P. 0 +Nii I 0. 0. +Ns I 0. 0. +Nt, 

2(78) 

   

   

where [fl 	a.na [4'1 &lion, Tor are the displacements of the top and 

f

U
bottom faces and v the vector of nodal displacements. 

(.) 

Since the two faces (123 and 456) are coincident, the shape functions 

for each are identical. i.e. 	NI 4  etc. 

Equation 2(77) may therefore be rewritten as:- 

fflrei ^ [-N/N] Tal 
	

2(78) 

The element stiffness matrix is now:- 

Me= f[-NAT iki [-NM] ci(Area) 	 2(79) 

where 

0. 0. 
[k ] = 	5,  0. 

VIM 

The joint stiffness matrix lq consists of the stiffness in the 

directions of the local orthogonal axes. It is assumed that 

these stiffnesse8 are independent of each other and that there are 

no off-diagonal terms in [1]. 	The latter would result in cross- 

coupling between shear and normal behaviour. Although this is a 

possible method of introducing dilatational behaviour for the 

joint the author considers the approach to be unsatisfactory. 



CHAPTER 2 
	

THE FINITE ELEMENT METHOD 	57 
The Linkage Elements 

The alternative method of modelling such phenomena will be 

discussed, later in this thesis, in connection with two dimensional 

studies. 

Substitution in equation 2(79) results, upon multiplication, in the 

following expression:- 

[kle= 	[+
-
[
[.
t.11.4.1
][

1;1
F4
1
1
1 d (A1") 
	

2(80) 

where 

N.1: 1x 0. 0. t,I,N.Lkx 0. 0. r1,t436.x 0. 0. 
14,45 0. Ia, N,N1 ft5 O. 10. NMI fiy 0. 

ts1;itzi0. 0. NmAll o. a N,N,IfiL 
Nlfi, 0. 0.N,N3k,o. 0. 

NIft3 0. la NIN3k 0. 
Ni fi 10 	0.N N f 

— — — 	 2 3  
I 	KR, 6. 0. 

t SY M 	'Vs 0. 
N3fiz 

The integration may be performed explicitly. This formulation was 

originally carried out in the local cartesian co-ordinate system to 

yield terms of the form:- 

1N6N! 
d (Area) = 414 ri2az ai 1:0)3(2,4) (bici bici)(114i3I)+ Ci (X13!' 

2(81) 

where ai, 6i, ci , etc. are constants depending on the nodal co-
ordinates of the element. If instead, the shape functions obtained 

from the area co-ordinates are used, then the general rule for 

integrating over the triangle area can be applied. This is:- 

N 

Lel IL) • LS. 	A I I 	L2 	- 1(a+ c+2) 	• 
2(82) 
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where L 	L i , Ls  are the area co-ordinates. 

Hence 

if LL 	= 	2A = A  
1± 	6 

fiLl• dxd = 	.2A A L a 	ig 

and 

For this case N. = LE, so [P] becomes:- 

o. 0. fz„ 0. 0. 2x 0. 0. 
2 65  0 ky 0. 0 	o. 

2Ez  o. 0. kt  0 0. kt  
2k, 0. O. k, 0. 0. 

2A3  0. 0. A3  0. 
20z  0. 0. Az  

S'Y M 	2kx  0. 0. 
ky  0. 

2.kz  

12 
2(83) 

The original version of the computer programme used for the work 

reported in this thesis evaluated the expression above (Equation 

2(81)). 	The author failed to find any simplification. 

Quadrilateral Joint Elements  
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A quadrilateral joint element may be divided into two triangles 

(Fig. 2.15) in two different ways. 	Consideration of both. divisions 

will yield a mean stiffness matrix with improved characteristics. 

Alternatively, an arbitrary shaped quadrilateral element based on 

the isoparametric quadrilateral plate element may be used. This 

has the advantage that it need not be flat and is compatible with 

the arbitrary hexahedral and pentahedra) elements discussed 

earlier (In this study only flat elements are considered). 

Figure 2.16 

The shape functions for each face are now:- 

	

Ni = 	(1' + kJ( 1' + 0 
	

2(84) 

where 	= 
0 	L 	and 	

= 117  0 

Proceeding in an identical manner as for the triangular case, 

the stiffness matrix can be obtained. 

41 +1 
[kr =  	[- N,N 	1[-N , N I TI d 	 2(85) 

-1 -1 

Numerical integration must be resorted to for this case 
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[kr= 	Hj  H. EN,N(ctir[q{--N,0,1)] VTt 
ki 1.A 

where 14. I& are constants of integration. 

2.7.4 Transformation Equations  for Planar Joint Elements  

Figure 2.17 

Since the plane ijk is flat it is completely defined by any two 

vectors lying within it. 	e.g. ik and ij. 

These two vectors can be written down as the co-ordinates of i, j, k 

are known 

I T 
Lk = 	x;- XR ; 	; 

2(86) 

Lj = L 	 ; 

The vector product of these two is normal to the plane and there- 

fore parallel to Z1. 	That is, the vector.of e' can be given by the 
normalised product of ij and ik. 
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.......p.a...■••■CNVR•0077.••■■••■•■■•■•■■•■■• 

7.1. 

Li X L 

2(87 ) 

A 	 T 

A/01 + Bat c 	' 1(A7- + 	CL) ) 	+ e e) 

where 

A = 	) (EL-  ) 	)(z 	) 

-(xL-Dcs)('L-zft) + (9c i-xfazcz.j) 

C = occ 	ft) 

The local XI  axis is in the plane of the joint and is chosen to be 

parallel to the ,9 plane. It is therefore horizontal and 
corresponds to the geological strike of the joint. 

A 	 

g x i'= 
I. 	

X? 
1. 

al 	

W(A2+132.3-c') 

I(Aa + c") 
2(88) 

C  
1(\2+ e+ e) 

Hence 

o. 
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The local 	axis vector is simply the vector product of the 

other two axes. For a right handed co-ordinate system: 

  

2(89) 

  

   

The relationship between the local and global axes can now be 

written as: 

x' 
= it/ = [DC) 

z 
2(90) 

    

For the triangular joint element the transformation equation is 

now: 

iDCJ [DC] 
	0. 

[T ] = 	[DC
1 [DCI  

0 	[D 

2(91) 

[Dcl 

(c.f. Equations 2(73), 2(74), 2(75) ) 

Since the quadrilateral elements are all flat, the transformation 

equations may be determined from any three of the nodal point co-

ordinates of one face. 
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2.7.5 Output from Joint  Elements  

Equation 2(59) enables the forces per unit area to be 

calculated when the nodal displacements, in local co-ordinates, are 

known. Since all of the elements in this study are based on the 

assumption of a linear displacement variation, the forces per unit 

area will be constant right across their surface. Their values 

will therefore be given at the centroid of the element. 

For the one dimensional joint element equation 2(59) becoMes:- 

irs  0.1 	0. 	0. 1. 0. 1. 0. 	e.  icl 
or 	2 	O. kn 	O. -1. 0. -1. 0. 1. 0. 1. 2( 92) 

And for the two dimensional triangular element: 

ftx-ifA  k 0. 0. 	a o. o.4. o. o.-1. a 0.41. o. 0.44. o. O. 41. O. O. r 	e 
it :y = -).-; o'.c y  o. 	0.-1. O. 0.4.0. 0.4.0. o.si.o. Om.. o. o..a.o. I gl 
(ry, 	0. 0. 	0. 0.4 0. 0.4.0.0.4.0. 0.4.6.0.41..0.0A 	2(93) 

In fact, these expressions are obvious from the original definition 

of the properties of the joint elements. 

The displacements [S }
e 

are given in the local co-ordinate scheme. 

These may be derived from the displacements in the global system 

using the transformation equations 2(91) and 2(75). The local 

displacements and forces per unit area for the two dimensional 

element, will therefore correspond with axes definition, Section 

2.7.4 

2.8 	TREATMENT OF NON-LINEAR PROBLEMS  

So far discussion has been restricted to the solution of 

problems where the material has been assumed to behave according to 

linear, elastic laws. In many cases the problem will not be 

amenable to a one step solution. Not only may the final situation 

be achieved after a complex history, but the material properties may 

be non-linear and history dependent. Also, the final displacements 
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may not be infinitesimal. 

2. 8 . 1 2.2aE.E.2 Displacements.  

In most large displacement problems the strains are, in fact, 

small and a direct iterative procedure may be adopted to provide 

a solution (Ref. 1). Linear elastic deformations are computed 

for the structure in the normal way. The original nodal co-ordinates 

are then adjusted to their displaced position and the problem 

resolved. The second step leads to an improved estimate Of 

displacements by repeating the complete solution with the recalcul-

ated element stiffnesses. This process may be repeated until 

convergence is achieved. This process of modifying element nodal 

co-ordinates may also be used for cases of incremental loading, in 

which linear behaviour may indeed occur if the increments are 

sufficiently small. Argyris (Ref. 16) has discussed such cases at 

length. 

No consideration has been given to large displacements in this 

study. It has been assumed that a reasonable approximation is 

obtained providing the geometry of individual elements remains 

substantially unaltered. This assumption enables the stiffness 

matrix of the whole structure to be assembled once only, unless there 

are geometrical alterations to the model during its simulated history. 

A number of different load cases may therefore be studied with 

economy of computer time. 

2.8.2 Non-Linear Material Properties  

The simplest method of treating materials that behave non-

linearly is an iterative procedure in which the elastic properties 

are modified according to the total stress calculated for each 

element. In the same manner as discussed in connection with large 

displacements, a first solution provides revised values with which 

to form the stiffness matrix for the next solution (Fig. 2.18). 
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a- 

Figure 2.18 Figure 2.19 

An alternative procedure applies to the loading in small 

increments and modifies the elastic constants according to the 

current stress level. For the first case, a secant value of 

Young's modulus is used and for the second a tangent value. The 

latter results in an actual stress/strain behaviour that lies 

above true curve (Fig. 2.19). 

The above methods suffer from the disadvantages that it is 

impossible to model work softening materials - such as typical rock 

joint - and that the stiffness matrix must be reformed each cycle. 

These problems may be avoided using initial stress (Fig. 2.20) or 

-initial strain (Fig. 2.21) procedures. 

0-  

Figure 2.21 

The equation 2(10) includes terms due to initial stresses 

and strains. These may be used to simulate non-linear behaviour 
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by introducing the departure from linearity as initial conditions 

for the linear model. This procedure has been discussed in detail 

in references 11, 17 and 18 and will be described as relevant to 

the main body of the text. 

2.9 	CONCLUSION  

The outline of the Finite Element method given in this 

chapter provides the necessary knowledge for the generation of all 

the procedures that are discussed in this thesis. The exposition is 

by no means exhaustive, and the references represent only a small 

part of the total literature. 
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SYNOPSIS 

A large number of elastic analyses of rock slopes, assuming 

plane strain conditions, were carried out by the author in an 

attempt to draw some conclusions regarding the use of stability 

calculations based on such work. 	Geometry and initial stress 

conditions were varied in order to make some observations on the 

influence of these parameters on the behaviour of rock slopes. 
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3.1 	PREVIOUS WORK  

Numerous studies of stresses in the vicinity of slopes 

subject to body forces have been reported in the literature. 

Numerical methods of obtaining solutions have been either Finite 

.Difference or Finite Element techniques. 

The application of Finite Difference methods to slope 

studies is relatively uncommon. 	Sturgul and Scheidegger (Ref. 1) 

used a standard relaxation method to solve for stresses around a 

vertical wall subject to tectonic loading alone. A solution for 

an open trench subject to gravity loading, by Dibiagio (Ref. 2), 

was later checked by Phukan (Ref. 3), who used a Lumped Parameter 

method. More recently Cundall (Ref. 4) obtained solutions for a 
gravity loaded vertical slope with and without additional tectonic 

stresses. 

Examples of Finite Element Analyses of slopes are now too 

numerous to be mentioned individually. Nevertheless the papers 

by Yu et al (Ref. 5) and Phukan et al (Ref. 6) are noteworthy since 

they provide evidence of agreement between the numerical and 

photoelastic methods for analysis of continua subject to body forces. 

A number of.other publications have provided material, in 

addition to the author's, from which to make some general 

observations regarding stresses around slopes. The report by 

Duncan and Goodman (Ref. 7) contains a very thorough discussion 

of the case of a vertical slope subject to different initial 

stresses. 	Both Wang & Sun (Ref. 8) and Stacey (Ref. 9) have 

recently reported on studies, with a similar purpose to the author's, 

in which they analysed a large number of different slope geometries 

and initial conditions. 

	

3.2 	COMPUTER PROGRAM VERIFICATION  

In order to verify the computer programs for-biaxial cases 

that were used in this study, comparisons were made with available 

solutions by other Workers in this field. The programming itself 
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required no verification since extensive use was made of the 

program given by Wilson (Ref. 10). 

Agreement between solutions can only be expected providing 

the parameters defining the original model are identical. Wang & 

Sun (Ref. 8) gave a solution for a symmetrical excavation with 
vertical sides, a Poissons ratio of 0.2 and subject to gravitation 

loading only. Figure 3.1 gives some results from the above 

publication together with those due to the author. Wang & Sun 

used a model with boundaries as indicated in the figure. The 

finite element idealization used by the author is given in Figure 

3.3. The closer boundaries of the former model have some 

influence on the stress distribution but the results of the 

analysis are essentially similar. 

A second comparison was made with an unpublished analysis by 

Cundall (Ref. 11). 	In this case the models were identical, but 

the methods of analysis differed since Cundall used Dynamic 

Relaxation. 	Computer drawn contours, done to the same scale, 

showed no perceptable differences upon superposition so these have 

not been reproduced. 

3.3 	SOME OBSERVATIONS ON THE ELASTIC ANALYSIS OF SLOPES  

For the purposes of this study the material of a slope has 

been considered to be homogeneous, isotropic, linearly elastic 

and time independent. These assumptions have some bearing on 

the method of analysis and the presentation. 

3.3.1 Dimensionless Presentation  

The stresses in a slope of the above material are linearly 

dependent upon the slope height (H) and the unit weight ( a) 

The stresses may therefore be normalised by dividing by the product 

of these two variables. The results may then be resealed for 

geometrically similar situations. 

In the same manner the displacements are proportional to the 



°-trtuit. 

-1000 

-1200 

-1400 

AUTHOR (1969) WANG SUN 

Stress Di.strtbuti.on for a 90°  Slope (1).-.0.2 , e. 160 1bfift3, H=1036.3ft) 

FIGURE 3.1 

( Ref. 8) 
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unit weight and the square of the slope height and inversely 

proportional to the elastic modulus. 	They may, therefore, be 

normalised by dividing by ( 	/E ). 	(See equation 3(2)) 

3.3.2 Excavation Simulation 

Two methods of conducting the analysis of an excavation are 

possible: 

(a) Gravity may be applied instantaneously to an 

unstressed body. 

(b) Excavation may be simulated in a prestressed 

body. 

These two methods must result in exactly the same stress 

distribution providing the prestress in (b) is equal to the stresses 

that would exist in case (a) if no excavation were present. The 

equality of these two methods must also hold if the excavation is 

carried out in any number of arbitrary increments, since the model 

is a conservative system. 	References (12) and (13) provide 

recent evidence that numerical methods do not transgress this 

fundamental principle. In the author's opinion the only 

qualification to the above statements is that the final co-ordinates 

of the structure should be identical after, rather than before 

the analysis. This observation is really trivial since infinite-

simal strain is assumed. 

Although the stresses are identical the vertical displace-

ments are different since case (a) contains the component due to 

pre-excavation response to gravity loading. The application of 

body force loading to a uniform layer with complete all round 

constraint will wesult in vertical strains: 

3(1) 
E 

where 07, is the vertical stress, /) 	the Poissons ratio and E 

the Youngs modulus. 



CHAPTER 3 	2D ELASTIC ANALYSIS 
Some Observations on the Elastic 	75 

Analysis of Slopes 
•■•■■■•■■•■••■■■••■=4*..,* 

Integrating the expression 3(1) the total displacement 

(ey ) at any depth 0 below the surface of a layer thickness T 
is: 

gv = 	( 
 

2E 	 (1. 1) ) 
3(2) 

The equation 3(2) provides all the information necessary 

to calculate the correct displacements due to excavation from 

results obtained by method (a). 

The computer simulation of material removal from a pre-

stressed model may be accomplished in two ways. The first method 

is illustrated by Figure 3.2. Nodal forces equivalent to the 

forces existing on the new free surface, due to stresses in the 

material to be removed, are calculated. Equal and opposite forces 

are now applied and the resulting stresses (Acr) added to those 

(0-0) existing prior to the increment. (Ref. 14). 

I //WY/A fiANWA•W/R"Y/ANY/A`W 

./...Nyo...,wk.WKW/A■Y/A•WANY/A.`Y/ 

cr 
111:1114/111;  

 

4%.‹"Y/W./A5-WASW.A-77/CW,C,WAWA./ 

 

WA-W/4:N%." 

 

Figure 3.2 

Alternatively, material may simply be excavated by completely 

removing elements from the stressed model. Equilibrium will no 
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longer exist and readjustments will occur so that it is re-

established. 

Consideration of the computational procedure for the above 

methods shows them to be basically identical. Differences should 

therefore only arise from variations in the calculated values of 

the nodal forces along the free surface. For both. these methods 

previous workers have chosen to ascribe a very low modulus value 

	

to material that had been excavated. 	This procedure does not 

appear to influence the results, but the author preferred to use a 

simple by-pass statement that resulted in zero contribution to the 

overall stiffness matrix. An advantage of presentation is 

achieved since excavated elements appear stress free in computer 

output. 

3.3.3 Influence of Initial Stresses and Poisson's Ratio  

Consideration of the method of simulating the excavation of a 

slope in initially stressed material makes it obvious that, all 

other things being equal, the resulting stresses will be directly 

proportional to the initial stresses. Calculation of two 

extreme conditions of initial stress will therefore, in principle, 

provide all necessary data for the solution for other cases, 

without resort to further stress analysis. 

Poisson's ratio will not influence the results of an analysis 

if constant stress boundary conditions are used. If a model is 

subject to lateral constraint in its own plane, then Poisson's 

ratio will determine the stresses that would exist if no 

excavation were present. For a horizontal surface these are:- 

Vertical stress 	= S. D 

Horizontal stress = 	D 
	

Plane Stress 
	

3(3) 
Horizontal stress = 	.X. D 

	
Plane Strain 

using the same symbols as in the previous section. 

Hence, for these displacement boundary conditions, the stresses 
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will be linearly dependent upon (0) or (0/(1-'0), for plane 

stress or plane strain cases respectively. A series of plane 

strain analyses for Poisson's ratios 0.0, 0.2, 0.3, 0.47, conducted 

by the author, verified this linear dependence. 	Such analyses 

enable the stresses for the case of a Poisson's ratio of 0.5 to be 

determined by linear extrapolation, when this cannot be done using 

existing computer program (Bray (Ref. 15)). 

3.4 	SLOPE STUDY VARIABLES  

In order to reduce the amount of computation necessary in 

this study, it was essential to limit the variation of the 

individual parameters defining the slopes to be analysed. These 

parameters will be discussed briefly below. 

3.4.1 Material Properties  

As has been stated above (Section 3.4) the material was 

assumed to be homogeneous, isotropic, linearly elastic and time 

independent. In view of this assumption the only material 

property that need be considered is the Poisson's ratio. The 

author chose to use a value of 0.2 for all the analyses that will 

be discussed below. This means that the initial stress conditions 

that may be deduced assuming all round constraint are exactly 

equivalent to a ratio of 1:4 between the horizontal and vertical 

stresses on the boundaries. For high initial horizontal stresses 

the influence of Poisson's ratio on the in plane stresses was 

shown to be minimal. 

3.4.2 Slope Geometry  

Open pit excavations are assumed to be symmetrical and made 

in a half space so that the original surface geometry is not a 

variable. The excavation itself has the two variables; the slope 

angle and the ratio of toe width (half the base width) to slope 

height. 	(Since the results may be expressed in a dimensionless 

form the physical dimensions of the model are arbitrary.) In 

order to study the influence of the toe width the case of a 



CHAPTER 3 	2D ELASTIC ANALYSIS 	78 
Slope Study Variables 

vertical slope with height to toe width ratios (for the half model) 

of 0.3, 0.5, 1.0 were considered. 	For further cases the ratio was 

standardised as 0.3, this being considered a typical value for an 

open pit mine. 

3.4.3 Residual Stress State  

It is widely assumed that vertical stresses prior to 

excavation are due to self weight only. If plane stress or plane 

strain conditions pertain then the vertical and horizontal stresses 

prior to excavation are given by Equations 3(3). The latter 

neglect the possibility of any horizontal residual stresses that 

may be present, although there is increasing evidence (Refs. 16, 

17, 18) that this is often not the case. 	Despite this departure 

from ideal conditions the horizontal stresses still appear to 

increase linearly with depth, according to an expression of the 

form: 

C + K.X.H 	 3(4) 

ae 
where C is the horizontal stress arael- the surface and K a 

constant. Hast (Ref. 16) found evidence of quite considerable 

horizontal stresses at the surface, but more usually C is deleted 

from the above expression. K then becomes simply the ratio of 

the initial horizontal and vertical stresses. 

In this study the influence of initial stresses was considered 

only for the case of a 45
o slope. Several cases are illustrated, 

although there is a linear relationship between the stresses and 

the K value for each model. 

3.5 	THE COMPUTER MODPTr  

Yu et al (Ref. 5) judged that the overall vertical dimensions 

of a slope model should be three times the slope height, in order 

for the effect of the boundaries to be minimal. This ratio was 

used for most cases reported in this study. The horizontal extent 

was greater than the vertical and dependent upon the slope angle. 
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The main features of a typical model are given in Fig. 3·3· 
The meshes used for other slope angles Here topologically 

equivalent to that illustrated. 

Figure 3.3 

Model dimensions: 

3000 x 5000 units 19 x 27 elements 

Excavation depth: 

1000 units - 10 elements 

Toe \vidth: 

1000 units 10 elements 

3.6 PRESENTATION OF RESULTS 

Evidence, to support observations on the influence of 

various parameters on the stresses around an open pit excavation, 

is given in the form of computer dra\ill contours of stresses. 

These Here produced using the plotting program, for a regular mesh, 

that is given in Appendix A. All options in this plotting 

package were exploited in order to give as complete a representation 

as possible. 

The follo\'Jing cases are illust:eated: 

79 
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Figure 3.4. Horizontal stresses for a vertical slope with various 

toe widths. 

Figures 3.5, 3.6, 3.7. 	All contours 

and relevant vectors are given for slope angles 30°, 60°  and 90°  

for the case of gravity loading only on a plane strain model with 

a Poisson's ratio of 0-2. 

Figures 3.8, 3.9, 3.10, 3.11. 	All contours and vectors for a 

slope angle of 45°  with initial stress ratios (K) of 0-25;0-5, 1.0 

and 2.0 respectively. 

On examination of these contour diagrams it should be noted 

that the outline of each unit does not correspond to the total model 

dimensions. Additionally, it should be noted that the vectors have 

the correct direction but an arbitrary magnitude, chosen to facilitate 

visual interpretation. 

3.7 	RESULTS OF ANALYSES  

General conclusions concerning the importance of each parameter 

defining the slope are given below. These are based on the results 

obtained by the author, some of which are illustrated in Figures 

3.4 to 3.11, and also other published data. 

3.7.1 Influence of Toe Width  

The influence of toe width was found to be minimal except in 

the region of the toe itself (Fig. 3.2). 	For the wider toe widths 

there is increased floor heave and corresponding tensile horizontal 

stresses. 	These would be manifested, in a real situation, by 

cracking in the base of the excavation. 

It is noted that the stress concentrations in the toe region 

increase with toe width. This is in agreement with the more 

recent findings of Wang and Sun (Ref. 8). 
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HORIZONTAL STRESSES (o-xx) FOR VARIOUS 

TOE TO SLOPE HEIGHT RATIOS 

FIGURE 3.4 
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3.7.2 Influence of Slope Angle 

A number of general observations can be made on the results 

of analysis in which the slope angle was varied. 

(a) Horizontal stresses in the slope tend to decrease 

as the slope angle increases. This is apparently 

due to a buttressing effect that becomes increasingly 

important as the slope flattens. 

(b) Vertical stresses in the main body of the slope 

increase with an increase in slope angle to an upper 

limit for the case of a vertical cut. For the 

latter case there is little modification to the pre-

excavation stresses except in the toe region. 

(c) There is a considerable increase in the shear 

stresses, in the toe region, with the slope angle. 

(d) The magnitudes of the principal stresses are 

similar for different slope angles, except in the 

toe region. The orientations are strongly 

influenced by the slope angle, as the principal 

stress directions must correspond to zero stress 

normal to the free surface. 

(e) The magnitude of the maximum shear stresses increases 

with slope angle, particularly in the toe region. 

Wang and Sun (Ref. 8) deduced relationships between the slope 

angle and the stresses after excavation. Although the author 

generated sufficient data to have done likewise it was felt at the 

time that such results would be dependent upon the chosen mesh 

size, particularly in the toe region. In addition it neither did 

nor does appear that such quantitative results are of any direct 

use in estimating the stability of rock slopes. 
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3.7.3 Influence of Initial Stresses 

In view of the publication of results for vertical slopes 

subject to various initial stresses (Ref. 7), only the case of a 

45°  slope was studied. This also represents a more typical 

condition in the field of open pit mining. 

Firstly, it should be noted that the minor principal stresses 

are vertical for the low residual stress conditions and horizontal 

for the high. 	(The sign convention is tensile stresses positive, 

but the stresses are normalised by dividing by the virgin vertical 

stress at full depth.) For the case K = 1, the principal stress 

direction is originally indeterminate. 

The presence of high horizontal stresses prior to excavation 

results in concentrations in the toe region. The most significant 

increase is probably in the maximum shear stresses, though the 

importance of this is somewhat offset by an increase in the 

corresponding mean normal stresses. 

A very interesting feature of this analysis is the presence 

of a tensile zone for the case of high residual stresses. This 

feature is extremely slope dependent, due to the buttressing effect 

in flatter slopes, and is therefore considerably more marked for 

the vertical slopes studied by Duncan and Goodman (Ref. 7). Based 

on this observation it seems reasonable to suggest that tension 

cracks at the crust of a pit are unlikely to be due to 'tension 

zones' unless the slope is either near vertical, or subject to 

very high initial stresses. 

For the condition K = 1 an additional case with a Poisson's 

ratio of 0.475 was studied. The influence of this parameter was 

found to be minimal, as expected. The lesson that can be learnt 

from such studies is that considerable attention should be devoted 

to determining the initial state of stress rather than the elastic 

properties of the solid. 
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3.8 	STABILITY ANALYSES FROM STRESS DISTRIBUTIONS  

From the stress analyses discussed above, it is clear that 

the stress concentrations in the region of an open pit will not 

cause the failure of competent rock. In the context of Soil 

Mechanics, however, analysis may be conducted in terms of the 

shear strength of unruptured material. 

Brown & King (Ref. l9) produced stress distributions for 

embankments and predicted failure surfaces by working backwards 

from specific exit points, calculating the most critical direction 

for slip at each sample point. Calculation of the average 

cohesion required to prevent sliding along this surface provided 

a stability indicator. 

Wang and Sun (Ref. 20) used stress distributions to calculate 

the stresses on predefined circular surfaces. They claimed that 

the method was 'a much more nearly exact solution than any method 

of slices because the elastic stress analysis by the finite 

element method is used in the analysis'. Although this technique 

may be easier to use for more complex geometries and non-homogeneous 

materials, the author is of the opinion that this statement is 

meaningless. If the main body is elastic then the entire slip 

surface cannot yield plastically without influencing the original 

stress distribution. 

The above approaches may be applied in rock slope design if 

the rock may be considered as a cohesionless soil. However, 

attention will be directed towards slopes with systems of parallel 

discontinuities since these pose a more truly rock mechanics 

problem. 

In his discussion on displacement and strain, Bray (Ref. 21) 

considers four cases for the analysis of strain of a rock element 

traversed by parallel joints. These cases are:- 

(a) Where the displacement due to slip is so large that 

elastic components of strain may be ignored, and 
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the concepts of finite strain must be employed. 

(b) Where displacement due to slip is large compared 

with the elastic component, but the strain is infinite-

simal. 

(c) Where the displacement due to slip is of the same 

order of magnitude as the elastic displacements. 

(d) Where no slip occurs on any of the joint planes and 

the strain is purely elastic. 

If only case (d) is considered, then the elastic stress 

distributions will be valid. 	If, however, an analysis shows that 

joint slip would occur under the existing stresses, then the 

distribution is no longer valid. Resort must then be made to some 

other technique or the simulation of inelastic behaviour. 

Calculations ignoring_this 'no-slip' criterion will be discussed 

in the knowledge that they are only valid within certain limits. 

Note should be taken that the results of all such analyses are only 

as good as the numerical approximation, and in this case, will be 

mesh dependent. 

THE STRESS ON A SINGLE DISCONTINUITY THROUGH THE SLOPE TOE 

The simple model, described in Section 1.3.17of a single 

discontinuity dipping into an excavation may be re-studied using 

the elastic stress distributions obtained. 

3 
41  

Figure 3.12 
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Following the sign convention of Figure 3.12 the shear stresses 

(q.) and normal stresses (Cri;,) may be given by the following 

expressions:- 

crn = crxx Cosi  e -1- 2 . tx‘j  Sin e Cos 9 + cr" Sin 
3(1+) 

ft = (cryy crxx ) Sine Cos 9 + 	(Cos'a SCrie) 

where 0 is the angle, measured clockwise, between the X'axis and 

the normal to the plane. 

Figure 3.13 

Working from the stress distribution given in Fig. 3.8 for a 

45°  slope, the shear and normal stresses on the surface AB (Fig. 

3.13) may be calculated using equations 3(4). As there is no 

merit in resealing the results, the non-dimensional presentation 

is retained in Figure 3.14. 

The results show that the stress distribution on the surface 

is far from uniform and also dissimilar to that deduced by an 

infinite number of slices method. 	(i.e. assuming the stress is 

dependent upon the vertical height of material above the point of 

consideration.) The most significant feature is the occurrence 

of very low normal stresses at the toe region, where the shear 

stresses are relatively high. 
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It is worth noting at this point that whatever stress 

distribution on the surface is assumed, equilibrium cannot be 

violated. The sum of all the shear and normal forces on the 

surface must be exactly equal to the respective resolved components 

of the weight of the material above. This means that, if a linear 

failure criterion is used, limit equilibrium analyses based on 

plane slip surfaces must give the same answer irrespective of the 

assumed stress distribution in the slope. This observation does 

not apply to curved failure surfaces, since under these circum-

stances there may be a considerable variation of stresses -on the 

surface without violating equilibrium considerations. 

3.10 THE UBIQUITOUS JOINT ANALYSIS  

If a rock mass is traversed by a large number of parallel 

joints it may be assumed, for the purpose of computation, that such 

discontinuities exist at all points - i.e. they are ubiquitous. 

Duncan and Goodman (Ref. 7) applied this concept to the analysis of 

a vertical slope by consideration of the three dimensional state of 

stress, which they calculated from Plane Strain analysis. The 

stresses on ubiquitous joint systems with specified orientations 

with respect to the slope were determined and used to calculate 

whether slip or tensile fracture was expected for prescribed joint 

properties. A similar procedure was adopted by the author, although 

only the case of joints striking normal to the plane of the section 

was considered. 

The stresses on the selected discontinuities may be 

transformed (Equation 3(4)) to determine the relevant shear (15) 

and normal stresses 67k) . If the strength of a joint is given 

by a Coulomb law (Fig. 3.5), then slip is expected if: 

I I an ,6 
	

3(5) 

where c. is the cohesion intercept and ,6 the angle of friction. 
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The results of such analysis may be presented in the form of 

maps of zones of potential slip for particular material properties. 

The method is, however, open to criticism since it is not valid if 

a zone of potential slip exists. Despite this, the method 

provides a lower bound for the acceptable material properties. 

A further criticism that joints do not behave according to a simple 

Coulomb law may be overcome by inclusion of a realistic stress 

dependent relationship between shear strength and normal stress. 

For the purpose of presenting the results of a ubiquitous 

joint analysis it is useful to define a Shearing Ratio that may be 

calculated for each sample point. 

5.R. 	 22 > 1,0 for no slip 
lr-I 

where Tav is the available shear strength corresponding to the 

normal stress ( wiz ). 

The output from the elastic stress analyses discussed above 

had been stored on punched cards to facilitate further comput-

ations. Since the stresses were all in a dimensionless form 

it is convenient to rewrite the expression for the shearing ratio 

by using the dimensionless grouping ( 	) to replace the 

cohesion term: 

1-1 
o=n  Tart I 

S.R. = 	H  

3(6) 

3(6) 
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From this expression it is noted that the Shearing Ratio is 

directly proportional to the dimensionless cohesion group value 

for the slope. 	Since the model 	used (Fig. 3.3) was 

topologically equivalent to a regular mesh the results of this type 

of analysis may be printed out in matrix form. Typical output is 

given in Figure 3.16, which demonstrates the simple visual 

interpretation of results possible with this method of presentation. 

The results given in Figure 3.16 are transformed to true 

slope geometry in Figure 3.17. 	This is, in fact, the case discussed 

in Section 3.9. It is clear that a proportion of this slope is 

overstressed in view of the material properties assumed. In 

practice gross failure is not likely to occur since the factor of 

safety deduced from a simple sliding wedge calculation is 1.66. 

From this simple example it is apparent that the presence of zones 

of potential slip means that stress redistribution must occur, and 

can occur, without total slope failure. 

3.10.1 Variable Joint Orientation  

It is interesting to study the importance of joint orientation 

by varying this parameter while maintaining all others unchanged. 

The lowest shear ratios determined for each selected orientation 

may be presented as a polar diagram (Fig. 3.18). 

These diagrams display two high points associated with joints 

either normal or parallel to the slope face. The low points are 

obtained for low and steep angle joints, the latter representing 

toppling rather than sliding mode of slip. 	(Fig. 3.19) 

Figure 3.19 
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U9IQUITOUS JOINT ANALYSIS 	OF 	45 

STRESSES ON PLANES INCLINED 

STRESSES NCPAAL TO PLANE 

DEGREE 

AT 

SLOPE 

60.00TO 	THE VERTICAL 

*a.uoo*ocom*o.no .031 .344 .662 .674 .081 .035 .087 
*0.L00*0.b03*.8JC .035 .070 .091 .113 .130 .142 .151 
*0.0004-0.0004Y).610 0348 .09) .122 .147 .170 .189 .e04 
40.000 4.0.00C*0.6J6 .055 .107 .147 .180 .207 .236 .?5b 
*306000.000*0.0J0 .L59 .117 .167 .207 .240 .268 .292 
*0.600*U.06040.0n .062 .125 .180 .228 .267 .301 .330 
*0.0004.0.00040.000 .064 .131 .191 .243 .289 .329 .363 
*0.006*0.003*6.016 .065 .135 .199 .256 .367 .352 .391 
*0.00046.0604.6.006 .666 .139 .206 .266 .321 -0376 .414 
*0.000*0.60b*0.000 .064 .144 .213 .276 .334 .387 .435 
.032 	.027 	.036 .085 .183 .253 .317 .375 .429 .478 
.160 	.141 	.145 .189 .260 .329 .390 .446 .498 .546 
.296 	.271 	.272 .303 .354 .4/2 .468 .521 .570 .617 
.430 	.404 	.461 .420 .457 .503 .552 .600 .647 .690 
.559 	.533 	.527 .538 .565 .601 .642 .685 .728 .768 

SHEAR STRESSES ON PLANE 
*0.000*0.600*0.006 .009 -.030 •-.046 
*6.0004-0.j0j*0.0j0 .057 .633 .015 .603 ^.016 -.014 
40.000*6.060*0.000 .081 .073 .062 .052 .045 .040 .035 
*0.006*0.000*0.6J0 .097 .100 .098 .093 .089 .085 .081. 
*be600 4-0.600*0.006 .168 .121 .127 .128 .127 .126 .124 
40.000*0.000*0.010 .114 .136 .150 .158 .162 .163 .163 
40.0064'0.0004'0.000 .118 .148 e169 .183 .192 .197 .199 
*0.000*0.000*0.000 .119 .155 .183 .2u4 .218 .227 .232 
*0.600*0.000*0.000 .117 .161 .195 .229 .239 .252 .261 
46.000*0.00046.000, 
.036 	.035 	.051 

.112 

.123 
.163 
.186 

.203 

.225 
.233 
.256 

.256 

.280 
.274 
.299 

.287 

.313 
.027 	.056 	.106 .170 .223 .260 .288 .311 .329 .343 
.048 	.088 	.140 .197 .247 .285 .315 .338 .356 .371 
.084 	.123 	.171 .221 .267 .366 .336 .360 .380 .395 
.126 	.161 	.203 .247 .289 .325 .356 .381 .401 .418 

C/(H*GAMMA) 	= 	.1960E-61 
ANGLE OF FRICTION ON 
40.006*6.0004.0.030 
*0.0004'0.00040.006 

JOINT 	= 40.0600 
4./81-1.9U91,5721.483-1.455-1.444-1.450 
.863 	2.344 	6.60133.27148.629*3.5004.0.256 

4.0.00840.0000.0)0 .740 1.307 1.983 2.739 3.569 4.473 5.440 
*0.000*0.00040.0,)0 .675 1.086 1.460 1.827 2.172 2.504 2.826 
40.0604'0. 0011 401.610(1 .642 .975 1.253 1.503 1.733 1.944 2,141 
*0.000#0.0031"0.036 .626 .914 1.136 1.331 1.503 1.670 1.828 
*0.000413.00640.[Jaii .621 4878 1.064 1.223 1.368 1.5J2 1.627 
4-0.000*0.0G 12 40.tJ,-;fi .626 .857 1,017 1.152 1.273 1.338 1.497 
*C.00040. 00046.!j 3C1 .640 .856 .989 1.164 1.269 1.309 1.405 
*0.0000*0 	00040.00;) .650 .860 .977 1.077 1.169 1.256 1.342 
1630 	1.195 	.968 .736 .935 1.031 1.114 1.192 1,268 1.343 
5.676 	2.475 	1.340 	1.045 1.069 1.138 1.202 1.265 1.328 1.391 
5,524 2.805 	1.772 	1.389 1.282 1.280 1.311 1.352 1.399 1.449 
4.535 	2.914 	2.083 	1.682 1.508 1.446 1.436 1.452 1.48o 1.515 
:888 	2.905 	2,276 	1.909 1.710 1.612 1.570 1.561 1.571 1.589 

Computer Output . Ubiqu'itous Joint Arioi3sLs 

FIGURE 3.16 
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If the results are plotted on a 'cohesion term' versus 

minimum Shearing Ratio basis the influence of the former is apparent. 

Taking note only of situations where the joints dip into the 

excavation, an envelope for the lines due to different joint 

orientations may be drawn. This corresponds to a plot of the 

minimum possible value of Shearing Ratio against the dimensionless 

cohesion grouping, and, as such, constitutes a design criterion for 

the slope. 	It is, however, dependent on the accuracy of the 

original stress analysis and is therefore valueless in reality. 

Ignoring this possible criticism the method may still be used to 

give a qualitative assessment of the influence of various parameters. 

3.10.2 Influence of Initial Stress  

The calculations for 45°  slopes with various initial stress 

conditions provided data with which to carry out ubiquitous joint 
wt 

studies. 	The resulting max,ilimaq shearing ratio envelopes for an 

angle of friction of 30°  are given in Figure 3.20. These curves 

indicate that, for the same material properties, high initial 

stresses will result in worse stress conditions in some parts of the 

slope. Perhaps greater redistribution of stress may be necessary 

but equilibrium still cannot be violated so, in the final analysis, 

gross failure is not initial stress dependent if these simple 

models hold true in reality. Consideration of non-linear failure 

criteria and progressive failure will lead to a different conclusion. 

3.10.3 General Design Curves 

rvtip..1w%kve4 
If the max-i-mblm Shearing Ratio envelopes are plotted for a 

number of possible slope angles then the value of the cohesion 

grouping necessary to ensure no slip within the slope can be 

plotted against slope angle. 	(Fig. 3.21). 	This constitutes a 

general design curve that may be tested against a real situation. 

Figure 3.22 superimposes results obtained, using this design 

criterion, on observed slope height/slope angle data gathered from 

the Atalaya open pit in Spain (Ref. 22). 	As expected, the no- 

slip design criterion is extremely conservative. 
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It is noted that the discontinuity in Figure 3.21 is due to 

a shift in location of the locally overstressed region. For high 

angle slopes the minimum shearing ratio occurs at the toe, whilst 

for lower angle slopes it may occur at mid-height. 

3.11 CONCLUSIONS  

Stress analyses were conducted assuming rock slopes to 

behave as homogeneous, isotropic, linearly elastic, time 

independent solids. The results of these analyses were used to 

estimate the stability of rock slopes containing parallel joint 

systems, making the assumption that these have no influence on the 

stress distribution if no slip or separation occurs. The following 

conclusions are drawn from this study. 

(1) Stress concentrations in the region of open pit 

excavations are generally low, although more pronounced 

for steep slopes and high initial stress conditions. 

Reports by other workers (Refs. 8, 23) show that 

detailed slope geometry has little influence on the 

stress distribution in the main body of the slope. 

(2) The initial stress conditions can be deduced from 

the Poisson's Ratio of the material of the slope by 

assuming boundary restraints only. In practice it 

is vital to measure the in situ stresses. If the 

original horizontal stresses are high th.n the 

influence of Poisson's Ratio is minimal. 

(3) Tension zones around excavations may occur both at 

the toe and the crest of a slope. The former are 

more pronounced for wide toe widths and the latter 

for steeper slopes and high initial stresses. 

(4) For plane failure surfaces, the overall factor of 

safety of a slope cannot be influenced by the stress 

distribution since equilibrium must be satisfied. 



CHAPTER 3 	2D ELASTIC ANALYSIS 	105 
Conclusions 

.../1.04MMa00.1**  

(Ignoring Peak/Residual behaviour for joints.) 

(5) The stresses within a slope may be transformed 

to determine the shear and normal stresses on a 

ubiquitous joint set. The Shearing Ratio, 

defined as the ratio of available shear strength 

to actual shear stress, provides a quantitative 

assessment of slope stability. 

(6) Adoption of design based on the ubiquitous joint 

analysis results in extreme conservatism since 

only a 'no-slip' condition can be accepted. 	In 

a real situation stress redistribution must occur 

for locally overstressed regions. 
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SYNOPSIS  

The elastic analyses discussed in the previous chapter are 

extended to take account of material anisotropy and inelastic 

behaviour. This includes no-tension analysis and progressive 

slip on a ubiquitous joint set. 

The use of discrete joint elements to model discontinuities, 

after the method proposed by Goodman et al (Ref. 1), is discussed. 

The results of analyses of jointed rock slopes are presented. 

Finally consideration is given to the general behaviour of 

discontinuities under load and to a method of simulation. A 

computer program which enables complex joint properties to be 

modelled by initial stress and strain methods is described. 
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4.1 	INTRODUCTION  

The methods of stress analysis based on the treatment of rock 

as a linearly elastic isotropic material have been discussed in the 

previous chapter. These did not appear to offer a satisfactory 

approach to the design of rock slopes. Methods of taking into 

account the existence of discontinuities, or planes of weakness, 

must therefore be considered. However, before attention is given 

to treatment including discrete discontinuities, it seems. justifiable 

to consider situations where such planes are sufficiently close 

together to ascribe bulk properties to the rock mass. 

	

4.2 	CONTINUUM APPROACHES TO MODELLING JOINTED ROCK MASSES  

Measurable characteristics of a discontinuity in rock are its 

shear strength and its resistance to normal and shear deformation. 

The latter properties have been defined in Section 2.5.2 as the 

normal and shear stiffnesses. For the present it will be assumed 

that force displacement laws for discontinuities are linear 

provided the strength is not exceeded. 

A simple approach to jointed rock, possible when the 

discontinuities are closely spaced and in parallel sets, is to 

assume that the joints contribute only to the elastic deformability 

of the rock mass. The material is still elastic but is anisotropic, 

with the anisotropy controlled by the jointing. This approach 

was discussed at some length in Section 2.5 so it suffices to state 

that the elastic properties of the discontinuities and the solid 

are superimposed to determine a bulk deformability. An example 

of the use of this method is given in Chapter 7 in connection with 

an analysis of a physical model study. 

Duncan and Goodman (Ref. 2) performed a series of analyses 

for a rectangular slope excavated in orthotropic material. They 

concluded that the stress conditions around the slope were not 

greatly different from the isotropic case. The displacements, 

however, were strongly influenced by the anisotropy. 
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It is concluded that the above approach is reasonable when 

discontinuities are parallel and closely spaced with respect to 

the scale of the excavation. The stress changes during excavation 

must, of course, be sufficiently small to justify the assumption 

that the joints deform linearly and that no slip occurs. 

A second possible approach to jointed rock masses is to 

assume they behave in an elasto-plastic manner. The yield point 

is defined either by the shear strength of the discontinuities, or 

the rock mass as a whole if it is highly and randomly fractured. 

The latter type of material more closely corresponds to a soil than 

a jointed rock and has been widely studied in the context of soil 

mechanics. 

Phukan and La Rochelle (Ref. 3) reported on a comparison of 

stresses and deformations around vertical slopes using a finite 

element method and a lumped parameter finite difference technique. 

Similar results for both methods showed a growth of a plastic zone 

in the toe region. They suggested that this might coalesce with a 

tension zone in the slope crest. 

Duncan and Dunlop (Ref. 4) simulated elastic-perfectly 

plastic behaviour by reducing the elastic modulus in regions where 

yield was predicted. The authors recognised the importance of 

the loading history and performed the excavation in a series of 

increments. Baker et al used an elasto-plastic analysis to 

obtain a stress distribution which was studied to determine the most 

critical slip surface. The results compared favourably with those 

obtained by the Morgenstern-Price method although the predicted 

surfaces were different. 	Their approach is, of course, subject to 

an earlier criticism made in Section 3.8 in connection with the 

assumption that slip on the selected surface will not alter the 

stress distribution in the body. 

Perloff et al (Refs. 5 and 6) reported on a study of the use 

of elasto-plastic analysis of underground excavations. Field 

studies showed no correlation between computer and measured results, 
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even in cases where instrumentation was installed well in advance 

of the excavation. Quite clearly the rock did not behave as a 

granular material and should have been treated as a true discontin-

uum, with attention being given to structural data. 

The approaches referred to above consider rock either as an 

anisotropic elastic solid or a material exhibiting elasto-plastic 

behaviour and obeying a plastic yield criterion. No account is 

taken of the observed importance of slip upon pre-existing 

discontinuities or the inability of the rock mass to sustain tension. 

These conditions may both be simulated with relative ease when the 

inelastic and elastic components of displacements are of the same 

order of magnitude. 

4.2.1 No-Tension Analysis of Rock Materials  

The simplest approach to the analysis of materials unable to 

sustain tension is by direct iteration. This involves modification 

of the elastic properties of the portions in which tension occurs. 

The procedure has been described by Zienkiewicz et al (Ref. 7) as 

follows: 

(a) Analyse the problem as an isotropic elastic one 

and check where tensile principal stresses are 

developed. 

(b) Where principal tensions are shown assume the 

material to be highly anisotropic with zero 

(or very small) elastic modulus in the 

direction indicated by the tension. 

(c) Re-analyse the original problem on the basis of 

new, now anisotropic, properties and repeat (b) 

and (c) until a no-tension state is reached. 

Unfortunately this process is slow from the computational 

standpoint. 	The stiffness matrix of the model must be reformed 

each iteration if the finite element method is used. Additionally 



CHAPTER 4 
	

2D JOINTED ROCK SLOPES 
Continuum Approaches to Modelling 	113 

Jointed Rock Masses 

it has been observed by Zienkiewicz et al (Ref. 7) that convergence 

cannot be guaranteed. These authors therefore devised an 

alternative procedure which may usefully be described in terms of 

the stress transfer process they presented: 

(a) Analyse the problem as an elastic one. 

(b) At the end of (a) tensile stresses may have been 

developed. Since the material cannot sustain 

tension these are eliminated without permitting 

any point in the structure to displace. In 

order to maintain equilibrium 'restraining' 

forces have to be applied to the structure. 

(c) The restraining forces do not exist in fact so 

their influence has to be removed by superposition 

of equal but opposite nodal forces. The structure 

is now re-analysed for the effect of such forces 

and the stresses computed are added to those 

pertaining at the end of (b) (when tensions have 

been eliminated). 

(d) If at the end of (c) principal tensions are 

still in existence steps (b) and (c) are repeated 

until all tensile stresses are reduced to a 

negligible figure. 

(e) Repeat the whole process for the next load 

increment. 

This procedure may be accompanied by a variation in the 

elastic properties as for the direct iteration method, either 

every iteration-or at selected intervals. The computer programming 

may be accomplished with relatively few modifications to standard 

linear elastic versions. In order to make full use of the 

economy of a constant stiffness matrix some adjustments to the 

equation solver must be made so that only a partial inversion is 

required for each new load condition. It was also found convenient 
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to store on tape the element properties necessary for evaluating 

the forces referred to in (b) and (c) above. 

In the author's general two-dimensional program, listed in 

Appendix B, the rock may be ascribed a limited tensile strength 

that is set to zero once the rock is cracked (Figure 4.1). 	Also 

the program has been written so that a final analysis using 

anisotropic elastic properties may be performed when load 

perturbations have led to an irreducible area of tension. 	(Of 

course, elastic analysis may be performed by setting the tensile 

strength to an arbitrarily high value.) 

Normal Stress 

Tensile 

Figure 4.1 

In order to test the computer program, and by way of 

illustration of its use, the small model given in Figure 4.2 was 

studied. 	The rigid inclusion in the centre of the model is 

subject to horizontal loading that results in a large area of 

tension. After ten cycles of readjustment the differences 

between the results of cycles were small and the zone of tension 

was considered to be effectively irreducible. 	The important 

influence of the'cracking is shown in Figure 4.3, which illustrates 

the difference in horizontal displacements, at or near the free 

surface, for the elastic and no-tension situations. 

In the author's opinion no-tension analysis is most applicable 

to slope analysis when used in conjunction with the discrete joints 
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that are discussed below. Tension cracking at the crest of the 

slope may be adequately catered for without including specially 

orientated joint elements in the model. 	In these circumstances 

a considerable saving on the total number of elements might be 

achieved. 

4.2.2 Joint Controlled Plasticity 

The ubiquitous joint analysis described in Chapter 3 referred 

to studies made on elastic solutions for stresses in rock slopes. 

It was stated that these solutions were only valid if the assumed 

failure criterion was not violated in any part of the slope. The 

logical extension of this method is to consider elasto-plastic 

behaviour which permits slip to occur, parallel to the ubiquitous 

joint set, in the overstressed regions. 

The program written by the author assumes that the rock mass 

behaves elastically unless overstressed. The latter condition is 

defined either by a no-tension, or limited tension, criterion or a 

Coulomb law for the joint set. Depending on which criterion is 

violated the program will simulate either tensile cracking or slip 

in the defined direction. 

The overall failure criterion for the solid material is defined 

by the following parameters: 

(1) Tensile S.,:rength. 

(2) Direction of the Ubiquitous Joint Set. 

(3) Cohesion of the Joints. 

(4) Friction Angle for the Joints. 

Although the tension criterion takes precedence over the 

slip criterion it may be overwritten by ascribing the material an 

arbitrarily high tensile strength. 

To put the above into practice it is necessary to generalize 

the stress transfer process discussed above. The latter is clearly 
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none other than the initial stress method for modelling non-linear 

material behaviour, as discussed in Chapter 2. 	There is, in fact, 

a difference as the initial stress method has been used where there 

is a given relationship defining the state of stress at any computed 

strain. In the author's program there is simply a stress transfer 

from the overstressed regions to the surrounding material (Fig. 4.4). 

Figure 4.4 

4.2.5 Ubiquitous Joint Slip by the Initial Stress Method  

X99 

Figure 4.5 
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The shear and normal stresses on any plane, as shown in 

Figure 4.3 may be determined from the xy stresses by the following 

transformation equations (3.9): 

Crtz. = 	 cxx+ cryy \ ) 	(rxz  cS5 ) Cr62e + "cx3  SErt 20 
4(5) 

r 	= 	csy  crxx) Sian (3 Cos 0 + (Cost e Scrtle) "Cacj  

If the permissible shear stress (Irp ) at a particular normal 

stress (oil ) is given by a Coulomb strength criterion: 

C - 07:1-ct n 
	 4(6) 

where c and 6 are the joint cohesion and friction angle respectively. 

The shear stress to be shed is therefore: 

i‘cI = 1 ma I — I rp 1 
	

4(7) 	, 

Since all the computations in the program are done in terms 

of stresses in the global co-ordinate system, it is necessary to 

transform this excess shear stress to give the initial stresses for 

the next increment. This transformation yields the following 

expressions: 

Cricx 	

- 	

- 't S ixt 6) Cos 

cS3' 	

• 

1- 2 "C' Si.n d Cos e 
	

4(8) 

i.`(cosle scrtt e) 

Substituting these expressions back into equations 4(5) shows that 

there is no change in the normal stress and that the required 

decrease in the shear stress is achieved, 
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Using the algorithm given in Figure 4.6 in the form of a 
flow chart, the computer simulation of slip on a ubiquitous joint 

set may be achieved. Clearly a number of possible variations may 

be adopted. 	The most obvious is to start with anisotropic 

material properties, as described in Section 4.2, which could be 

modified according to the amount of slip that has occurred within 

particular elements. More complex stress strain relationships 

for the pre- and post-failure material could be selected. The 

author did not explore either of the above possibilities. In any 

case such modifications may be made with relatively few computer 

program adjustments. 

4.2.4 Application of the Ubiquitous Joint Slip Program  

The model shown in Figure 4.2 is used to illustrate the use 

of this approach to jointed materials. Assuming a vertical joint 

set, Figure 4.7 shows the vertical displacements due to vertical 

loading applied to the rigid inclusion. The influence of slip on 

the vertical displacements at the surface is quite clear. 

Accompanying this inelastic behaviour there is a general transfer 

of vertical stress down into the model. The phenomenon was 

noted to be less marked for higher Poisson ratios. A similar 

observation would be made if the joints were dilatant during 

shear, as both types of behaviour result in horizontal stress 

increases when under confinement. However, it is important not 

to confuse dilantancy and Poisson's ratio effects as they are 

completely different phenomena. 

The computer program may also be used for slope behaviour 

studies. Figure 4.8 shows the results of the analysis of a 45°  

slope with joints dipping at 20°  into the excavation. The 

initial slip zone corresponded closely with the results from the 

study discussed in Chapter 3, although the finite element mesh 

(Figure 4.8) was considerably more coarse. 	Subsequent iterations 

resulted in displacements into the excavation and a lowering of 

the crest, but not a very extensive growth of the slip zone. 
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Although the above behaviour is included in the computer 

program listed in Appendix B the author does not believe it has 

wide application in rock slope studies if used on its own. For 

foundation problems (Ref. 10) and in underground situations, where 

the stresses are generally higher and there are kinematic 

constraints on the displacements, the method may well prove useful. 

4.2.5 A Further A lication of the Initial Stress Method 

The presence of water in a rock slope is observed to have a 

significant influence upon its stability. 	This influence is 

dependent upon the water pressure and hence upon the phreatic 

surface. In the context of a rock slope the latter is determined 

by the draw-down behind the face and, hence, the permeability of 

the rock mass. 

The conductivity of a solid rock is several orders of 

magnitude less than that of the discontinuities, so the former may 

be ignored for most practical purposes. Since the conductivity 

of the discontinuities is proportional to the third power of the 

aperture (Ref. 12) it is highly stress dependent if the discontin-

uities are deformable. Assuming a linear normal stress/ 

displacement relationship the conductivity (C') may be written as: 

4(9) 

where C is the conductivity of the joint with zero normal load. 

Fn  and Rn  are the normal force per unit area and stiffness 

respectively. 	(Note that Fa  is negative if the joint is in 

compression.) 

In order to study the influence of the stress distribution on 

the permeability and the location of the phreatic surface an 

elementary model of a vertical slope was considered. 	It was 

assumed that this was traversed by horizontal and vertical joints 
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and that each element of the model contained one joint inter-

section. The configuration is shown in Figure 4.9. Water pressure 

on the joints was deemed equivalent to an initial stress in the 

composite element. 

The interaction between the stress and the water pressure 

was necessarily solved iteratively. As the finite element method 

was used to solve for the material stresses and a finite difference 

network analysis (Ref. 13) for the potential distribution a means 

of communication between the two parts had to be devised. This 

was achieved by systematic labelling of the nodes of the two systems 

II and equivalencing which resultiltg in the node points of the finite 

difference network being located at the centroid of each finite 

element. It was therefore possible to use the results from the 

stress analysis to calculate the current effective stress and, 

therefore, the current joint conductivities. Each calculation 

after the stress analysis started with the initial hydraulic. 

boundary conditions and the conductivities were iteratively revised 

until the phreatic surface and potential distribution corresponding 

to the stress state had been determined. This, in turn, provided 

the necessary data for the following stress calculation which took 

into account the influence of the water pressures. This 

procedure is expressed as a flow chart in Figure 4.10. 

The author undertook the above investigation to show that 

simple programming methods could be used to study this extremely 

complex problem. However, the limited results that were obtained 

are of some considerable interest. Evidence was produced that the 

stress conditions around a slope may encourage drainage, rather 

than vice versa as has been assumed in the past. It was also 

shown that the presence of water may have a marked influence on 

slope deformations. At this stage of development the study was 

handed over to Maini who has reported the findings (Ref. 14) and 

intends to carry out further work on this interaction problem. 

The model studied to date is particularly simple and should be 

extended to take account of the presence of discrete discontinuities. 

Very recently the author has been informed of work of this type 
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that is being carried out at the University of California, 

Berkeley (Ref. 15). 

4.3 	MODELLING A DISCONTINUUM  

There appear to be two possible approaches to modelling 

discontinua. One method is to include special joint elements in 

an otherwise elastic continuum. Such an approach restricts 

modelling to conditions of small displacements, even if finite 

strain theory is used. Elements initially in contact must 

remain in juxtaposition even if physically separated by tension 

across the interface. Alternatively a jointed rock mass may be 

treated as a granular material. The shape and size of each unit 

is then determined by the spacing and orientation of the relevant 

joint sets. 

Trollope (Ref. 16) studied interparticle forces for a variety 

of particle shapes to determine stress distributions in wedges of 

granular material. This concept was applied to slope studies by 

Trollope and Burman (Ref. 17). 	The method is, however, 

essentially static even though the laws of continuum mechanics are 

no longer the basis of solution. What appeared to be required 

was a method that described the interaction of particles in such 

a manner that they could move freely with respect to each other. 

After discussions with the author, Cundall devised a truly 

discontinuous model. 	Starting with the case of cylinders which 

could move independently according to interparticle force displace- 

. ment laws, he extended his study to slopes constructed of 

rectangular blocks. For both these models the equations of 

motion were set up for each particle and solved in real time 

increments. The results of these analyses were mainly qualitative 

and served to draw attention to the important phenomenon of toppling 

failure (Ref. 18). 

The chief limitation of the method devised by Cundall is that 

the particles are assumed rigid, although force displacement laws 

are defined for the points of contact in order to calculate inter- 
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particle forces. This means that the method is particularly 

suitable for studying low stress situations, but is likely to be 

in error if applied to relative high stress problems. The author 

attempted to overcome this limitation by using deformable particles 

based on arbitrary shaped twelve-node quadrilateral finite elements. 

Unfortunately unexpected computational problems were encountered 

and the attempt has been shelved for the present. 

The first method of simulating a discontinuum, as mentioned 

above, necessitates the modelling of the individual joints, or 

interfaces, between blocks of solid rock. In terms of finite 

elements this means the special joint elements described in Section 

2.6. As stated in Chapter 2 such elements are restricted to 

small relative displacement problems although the displacement of 

the whole model may be relatively large. In principle finite 

rather than infinitesimal strain theory should be applied but this 

was not done in this study. 

4.4 	PROPERTIES AND SIMULATION OF DISCONTINUITIES IN ROCK MASSRS  

Before considering more complex characteristics for discon-

tinuities it is of interest to study previous work and the 

assumptions that were made. Goodman et al (Ref. 1) listed joint 

properties as: 

(a) They are tabular. 

(b) No resistance to tension normal to their surface. 

(c) Joints offer a high resistance to normal 

compression. They may deform to some extent, 

particularly if there is detritus between the 

faces or they do not match exactly. 

(d) At low normal stresses shear displacement results 

in dilational behaviour if the joint has moderate 

or low inclination asperities. The shear 

strength is then frictional unless there is 
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'cohesion' due to interlock of asperities, lack 

of continuity or joint infilling. At high 

normal stresses shear through the solid rock may 

be essential and the 'cohesion' may then be 

considerable. 

(e) Small shear displacements may occur before the 

yield stress is reached. 

The above authors developed a model which assumed that a 

joint behaved linearly up to a yield shear stress defined by a 

linear Coulomb strength law. After the shear strength of the 

discontinuity was reached the shear stiffness was reduced to a 

residual to model slip. A limit was placed on the amount of normal 

closure permitted, the normal stiffness being increased if this 

were exceeded. The normal stiffness was set to zero if the joint 

was in tension. Each of these processes is a direct iterative 

approach based on variable elastic properties for elements. The 

program written by these authors was later modified by Heuze to 

include the following features: 

(a) An initial stress field. 

(b) The shear stiffness was modified so that peak 

shear strength was maintained after yield. This 

is illustrated in Figure 4.11. 

(c) The condition of maximum permitted normal 

closure and no-tension were remodelled by 

progressive alteration of the joint normal stiff-

ness according to Figure 4.12. 

A listing of the program, as modified by Heuze, was made 

available to the author by Professor Goodman (Ref. 19). 	The 

author has made several modifications and corrections to the program 

and it is now particularly suitable for modelling multistage 

excavations in rock masses. This version has been used in the 

study of a jointed 45°  slope described below. The sign conventions 
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necessary to interpret this study are given in Figure 4.13. 

3 

 

Figure 4.13 - Joint Sign ConVention 

4.4.1 Case Study of a 45°  Slope  

In order to test the simulation of jointed rock masses that 

is discussed above, several models of a 45°  slope were studied. 

These were either a continuum or contained one, three or five 

joints down the slope face, as illustrated in Figure 4.14. Each 

of these models may be considered as a degeneration of the five 

joint model, of which Figure 4.15 is a computer drawing made using 

the first of the programs given in Appendix A. Clearly the 

element idealization is much coarser than used in the models 

studies of Chapter 3. The stress distribution for the continuum 

case, which is given in Figure 4.16, is therefore less accurate 

" than that given in Figure 3.8. However, the model was considered 

satisfactory for the present purpose of studying the influence of 

parallel joints on slope behaviour. 

Rather than giving consideration to all possible parameters, 

the cases of joints dipping into the excavation at 22i°  to the 

horizontal were studied. The stresses and deformations were then 

determined for a variety of material parameters. Namely: the 

elastic modulus of the solid, the shear and normal stiffnesses of 

the discontinuities and the stress conditions prior to excavation 
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of the slope. No joint strength parameters were included as the 

'elastic' response was considered to be of most interest. In the 

absence of peak residual behaviour, the limiting conditions for 

equilibrium can be calculated without resort to numerical 

simulation (Chapter 1). 

Combinumm Model 

Figure 4.14 - Models of Rock Slope 

Before drawing any conclusions from the results of the study 

it is perhaps worthwhile to give attention to the situation being 

considered. Figure 4.17 shows the stress conditions, on a joint 

passing through the toe, that exist before the residual stress 

state is disturbed by the excavation. The residual stress ratio 

( 0xx : cryy) is varied in the range 0.25 to 2.0 but the normal 

stress on the joint is almost constant as the latter is flat lying. 
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The shear stresses, however, vary considerably and are zero when 

the residual horizontal and vertical stresses are equal. Although 

the stresses prior to excavation may vary widely, the average 

stresses on a particular plane must be equal after excavation if 

the conditions of equilibrium are to be. satisfied. 	Thus, if the 

joints behave in the elastic manner described above, the response of 

the rock to the excavation will be strongly influenced by the 

residual stress condition. 

Figure 4.17 

The results of the study are given in Figures 4.18 to 4.23. 

These all refer to a slope 500 units in depth constructed in a 

material of unit weight. Dimensions may therefore be chosen at 

will, providing they are consistent. 

Figure 4.19 shows the displacements due to excavation in a 

continuum model. Unless the solid rock is very much more rigid 

than the joints these displacements will be a significant 

proportion of the total displacements of the jointed system. 

Figure 4.18 combines the results of parameter variations 

for the case of a single joint model. 	The stress distributions 

given are so similar to those from the multi-joint cases, that the 
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latter have not been reproduced. The conclusions given below are 

therefore common for all cases. 

(a) The elastic modulus has some influence. For 

a rigid material the joint displacement due to 

excavation and the resulting stress distribution 

on the joint will vary linearly with depth. 

(b) The variation of the ratio of joint shear to 

normal stiffness has no appreciable influence 

on the stresses, all other things being equal. 

This is a consequence of the two dimensional 

nature of the model. 

(c) Variation of the initial, or residual, stress 

field has a marked influence. Shear stresses at 

the toe tend, to be lower for the higher initial 

horizontal stresses. In such cases progressive 

failure should start at the crest rather than the 

toe of the slope. 

Figures 4.20 to 4.23 attempt to indicate the influence of the 

various parameters on the slope displacement. This is relatively 

simple for the single joint case as only the displacements of the 

wedge are shown. For the five joint case the displacements refer 

to the nodes above the joint. These will obviously be different 

from those of the nodes below the joint if the joint is considered 

to be deformable. The following observations may be made on these 

figures. 

(a) The joint deformation becomes dominant as the 

elastic modulus of the solid rock increases (Figures 

4.18, 4.20). 

(b) The softer the joint in shear the more the dis-

placements will be controlled by their orient-

ation (Figure 4.21). 
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(c) Displacements into the excavation, rather than 

out of it, will occur except when the initial 

horizontal stresses are low (Figures 4.21 - 4.23). 

As discussed above, their direction will largely 

depend upon the initial shear stress on the 

joints. 

(d) Displacements are greater for the multi-joint 

systems, particularly if the joints are 

significantly more deformable than the solid. 

Obviously this case study is by no means exhaustive and the 

conclusions apply to the particular models that are described. 

However, the results do give qualitative impressions of the 

influence of some of the parameters defining a rock slope situation. 

Clearly all these must be measured with some precision if meaning-

ful simulation of jointed rock slopes is to be accomplished. 

4.4.2 Toppling Modes of Failure  

The studies reported by Cundall (Refs. 9, 18) and Hofmann 

(Ref. 11) have drawn attention to the importance of toppling as a 

mode of failure of jointed rock slopes. Figure 4.24 shows two 

stages in a model study by Ashby (Ref. 20). The slope model, 

which was constructed from plaster of paris blocks, was slowly 

rotated until failure by toppling occurred. The model itself may 

be reproduced using a finite element idealization but the 

. mechanism of failure cannot. 

The first limitation of the finite element model discussed in 

this thesis is that only infinitesimal strain can be considered. 

This means that only pre slip conditions can be modelled. The 

second limitation is the assumption of uniform stress across any 

joint element. The transition from line contact to point contact 

between two blocks is therefore precluded, unless every discontin-

uity is represented by a very large number of elements. This last 

course is clearly impractical except for trivial cases. 
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A simple finite element idealization of a model of the type 

shown in Figure 4.24 was analysed. The results showed the 

typical block rotation that occurs, but not the toppling induced 

partings between blocks. The arching of rows of bricks was also 

apparent despite the small displacements. 

4.5 	EXTENSION TO MORE COMPLEX JOINT BEHAVIOUR 

The computer simulation of jointed rock materials necessitates 

the assumption of particular behaviour for discontinuities. The 

simplest model is one of linear behaviour, up to a yield point, as 

proposed by Goodman et al (Ref. 1). As modified by Heuzg (Ref. 8) 

this model is satisfactory for joints exhibiting elastic-perfectly 

plastic behaviour in shear. It ignores the very important 

phenomenon of peak residual shear behaviour generally displayed by 

rock discontinuities. Furthermore it generates an arbitrary 

stiffness to limit joint closure under normal loading. 

In order to simulate more general joint behaviour the author 

investigated the use of initial stress and initial strain techniques. 

These appear to have a considerable advantage, as regards computer 

time, over the variable stiffness method adopted by Heuzg (Ref. 8). 
A detailed comparison of these two techniques has recently been 

published by Goodman and Dubois (Ref. 21). The latter author is 

reported to be investigating a 'Constant Energy' method that is 

more efficient than either technique. 

Before discussing the method of simulating complex joint 

behaviour it is pertinent to review the relevant properties of rock 

discontinuities in more detail than above (Section 4.4). 

4.5.1 Further Pro•erties of Discontinuities 

Shear tests on both small and large samples of jointed rock 

have shown several important features of discontinuities under 

load. 

(a) The shear strength is dependent upon the 
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normal stress and the previous shear displace-

ment that has occurred. 

(b) Discontinuities in shear usually exhibit marked 

peak residual behaviour. The degree too which 

this occurs depends upon the roughness of the 

discontinuity, the competence of the wall rock, 

the nature of any infilling, the normal stress 

and any previous shear displacement. 

(c) A discontinuity may be strongly dilatant, or 

contractant, during shearing. The dilatancy 

will depend upon the normal loading and the 

shear displacement as well as the properties of 

the discontinuity itself. 

(d) Discontinuities may exhibit very non-linear 

behaviour when subject to normal load. They 

are incapable of sustaining tension, unless they 

are healed. They have a maximum possible 

closure defined by the properties of any infill-

ing and the initial void ratio of the fracture. 

The behaviour of joints in shear has been reviewed by Goodman 

(Ref. 22) who provided some quantitative values for deformability 

and strength of rock joints. He particularly drew attention to 

the importance of joint infilling, as this may completely control 

the joint behaviour. 

The models of joint behaviour presented by Patton (Ref. 23), 

Ladanyi and Archambault (Ref. 24) and other authors are interesting 

as they explore the mechanisms involved. The author has restricted 

his attention to the possibility of simulating observed joint 

properties. 

4.5.2 Computer Simulation and Programming Assumptions 

The behaviour of joints has been considered to comprise three 
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parts: shear force/displacement behaviour, normal force/ 

displacement behaviour and dilatancy. Each of the properties can 

be specified numerically providing the necessary data can be 

determined from laboratory and field tests. Relevant values of 

each of these properties may then be calculated, at any point in 

the program, by linear interpolation between data points. 

In this section each of the three components of joint 

behaviour will be treated independently so that the assumptions in 

the computer simulation are quite clear. 

(a) Shear Force/Displacement Laws  

A relationship between shear force per unit area and shear 

displacement may be described numerically as the shear strength 

at given displacement increments. Since it is impossible to have 

a separate relationship for every normal stress some method of 

normalizing the relationship is essential. Two methods of 

achieving this can be adopted. The first is based upon the 

assumption that the shear displacement to peak strength is independent 

of the normal stress. The second requires that the apparent 

shear stiffness to peak is independent of normal stress. 	The 

latter course is the more convenient of the two and appears to be 

in agreement with the published data of Krsmanovic et al (Ref. 25) 

and Barton (Ref. 26). 	The first approach was also investigated. 

It would, of course, be possible to specify any alternative 

relationship between shear displacement to peak strength and normal 

stress. 

The non-dimensional shear force/shear displacement law is as 

follows: The shear stress is normalized by dividing by the residual 

shear strength. Assuming a purely frictional strength the 

normalized sheai strength may be written: 

4(10) 
crrt.  Tan ycr  

where 071  is the normal stress and the residual friction 
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angle. 	So that the joint shear stiffness (cs)  describes the 

initial behaviour of the joint the shear displacement (6;) must 

be described in terms of an elastically related shear displace-

ment ces ) , where: 

es - cr, Tartr 

The non-dimensional shear displacement is therefore: 

gs 
	

4(12) 
ses 

The relationship can now be described numerically as in Figure 

4.25. It is assumed that the joint will have reached residual 

conditions if the normalized shear displacement exceeds ten units. 

1. 	2. 	3. 	5. 
NORMALIZED SHEAR DISPLACEMENT 

Figure 4.25 

This behaviour is simulated by use of the initial stress 

method in much the same manner as for the ubiquitous joint slip 

case. Physically the process consists of shedding shear load 

in excess of that which should correspond to the existing shear 

displacement. Convergence may be slow due to a falling curve but 

methods of acceleration have not been explored. 
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In order to minimise the influence of history during the 

readjustment for any load increment it has been assumed that the 

relationship between shear displacement and stress is reversible. 

Alternative strategies could be adopted between increments but 

these only consist of more complex memories of past behaviour. 

The author knows of no records of the result of reversing the sense 

of shear displacement upon which to base such treatment. 

Finally it should be noted that the computer program starts 

by calculating the shear displacements corresponding to the 

residual stress state prior to disturbance by excavation or loading. 

It is assumed that the shear stiffness describes the necessary 

relationship for this calculation (Figure 4.26). 

The analysis of non-linear problems in rock mechanics has 

already been discussed in this thesis. However, the methods have 

not been suitable for modelling work softening behaviour, such as 

displayed by rock joints. 	Indeed the method described in Section 

4.4 may result in generation of negative joint stiffnesses if there 
is a significant fall in joint strength. The first publication of 

work considering the above type of behaviour was by Zienkiewicz et 

al (Ref. 27) who reported its use in conjunction with modified 

continuum elements. That of Goodman and Dubois (Ref. 21) is too 

recent to influence the work described in this thesis. 
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(b) Normal Stress/Displacement Law  

Very little work appears to have been carried out to 

specifically determine the behaviour of a joint subject to normal 

load. Studies by Barton (Ref. 26) on a weak modelling material 

with tension induced discontinuities, revealed marked non-linear 

behaviour and considerable permanent deformation. This latter 

phenomenon was undoubtedly partially due to the presence of loose 

particles caused by the mode of preparation of the discontinuities, 

but probably it is observed also in nature. However, there is 

evidence from plate loading tests (Ref. 29) that joints may behave 

linearly over certain stress ranges. 

A numerical relationship is used to define the proportion of 

the maximum permissible closure that may occur at a prescribed 

normal load. This is used to calculate the initial strain equivalent 

to the resistance to normal closure that is input for the next 

approximation. Obviously it is convenient if this relationship 

accords with the chosen joint normal stiffness (kr,) over the first 

normal load increment, i.e. 

4(1.3) 

where gr, and Prli  are the normal displacements and loads 

corresponding to the first load interval on the relationship given 

in Figure 4.27. 
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Figure 4.27 
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As stated above the resistance to closure is simulated using 

an initial strain method. 	This is illustrated by Figure 4.28. 

In this case convergence is generally rapid since the relationship 

takes the form of a rising curve. ' 

Finally it should be noted that the joint is assumed to have 

no tensile strength. The no-tension cut off is achieved using 

the initial stress method described earlier in this chapter. In 

the event of residual tensile or compressive stresses the 

corresponding displacement is calculated as for the shear stress 

case. 

(c) Dilatancy during Shear  

It is observed that a rough discontinuity exhibits dilatant 

behaviour during shear, due to a tendency to ride up roughnesses. 

Of course, if the sense of the shear displacement were reversed the 

joint may become contractant, although it would presumably achieve 

a minimum point after which it again became dilatant. Such a 

material may be termed bidilatant. A bicontractant material, as 

proposed by Goodman and Dubois (Ref. 21) is difficult to imagine. 

Barton (Ref. 26) did, in fact, note an initial contraction during 

shear, particularly at higher normal stresses. This is again 

probably due, in part, to the presence of small loose particles 

between the surfaces. Dilatancy is strongly dependent upon the 
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normal load and is reported to cease at stresses of the order of 

several thousand psi (Ref. 21). 

Two interlinked aspects of dilatation must be represented. 

Firstly a normalized dilatation versus normalized shear displace- 

ment curve for zero normal load is defined. 	(The use of the 

normalized shear displacement of equation 4(12) ensures that peak 

strength and peak dilatation angle may coincide.) The first law 

is resealed by means of a second numerical law defining the 

proportion of the normalized dilatation that occurs at the existing 

normal stress. These two relationships are given diagrammatically 

in Figure 4.29. 
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Figure 4.29 

Normalized Shear 
1h:sr lacement 

The dilatation is simulated using an initial strain as for 

limiting the normal closure. The total initial strain )for the 

next approximation,in any increment is thus a summation of that 

due to dilatation and resistance to normal closure. 

The flow chart of the subroutine incorporating all these 

behaviours is given in Figure 4.30. The complete computer 

program, togethe'r with user instructions, is given in Appendix B. 

4.5.5 Tests of the Computer Simulation  

A number of small models have been studied in order to fully 

test all the options in the simulation program. As these model 
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Figure 4.30 

Continued 
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studies have no particular merit in themselves they are not 

reported in detail. 

1 2 3 4 5-•  

1 2 3 4 
6 '4  7 it ow 	ww.......... 8 10 

11 12 ''. 13 14 r  15 

5 6 7 8 
16 1? 19 19 W 

Figure 4.32 

The symmetrical model of Figure 4.31 was analysed to test 

the necessary transformations. As anticipated, the results were 

symmetrical about the centre-line. The stiffness matrices of 

this model and that of Figure 4.32 were written onto cards so as to 

minimise computer cost during subsequent tests. Load conditions 

were then varied in an attempt to consider all possible cases. 

Figure 4.33 shows the results of applying shear and normal 

loading to the simplified shear box model (Figure 4.32). The 

normalized shear force/displacement law assumed for the discontin-

uity is given, together with the results of the analysis. The 

latter shows that elements 9 and 10 are stressed beyond their peak 

strength, whilst 11 and 12 deform elastically. Yielding of the 

former two elements results in a progressive increase of load on 

the latter two, until a stable situation is reached. 	If the joint 

residual angle of friction is decreased the situation is no longer 

stable and slip will occur on all four elements. Exactly similar 

behaviour was observed for a prestressed model that was constrained 

normal to the direction of shear loading. 
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-1. 	-1. 	-1. 	-1. 

Noda l Forces 
on model 

0. 1. 2. 3. 4. 5. 6. 7. 8. 9. 10. 

Norrnali3eci Shear 3)isplacement 

Residual 	Angie of 	Fri,ctIon 	for Jow.t s= 30° 

NORMALIZED 

Element 	Shear Strength 	Shear F/A 	Shear Displacement Approx. No. 

9 1.988 2.059 2.059 
10 1.994 2.031 2.031 
11 1.657 1.657 1.657 1 
12 1.394 1.394 1.394 

9 1.982 2.019 2.090 
10 1.987 2.026 2.063 
11 1.679 1.679 1.679 2 

12 1.407 1.407 1.407 

9 1.978 2.004 2.112 
10 1.983 2.010 2.085 
11 1.695 1.695 1.695 3 
12 1.416 1.416 1.416 

9 1.968 1.970 2.160 

10 1.973 1.975 2.134 

11 1.728 1.728 1.728 10 
12 1-436 1.436 1.436 

Figure 4.33 
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Further tests demonstrated parting in tension, dilatation 

during shear and resistance to normal load. 

4.6 CONCLUSIONS 

 

 

In the author's opinion the finite element method may be 

used to provide a satisfactory simulation of the behaviour of 

jointed rock slopes, providing small displacement theory is relevant 

to the case considered. Using the techniques outlined in this 

chapter, virtually any behaviour of rocky materials may be simulated 

providing it can be adequately defined. Each of the constitutive 

laws discussed in this chapter have been applied to simple models. 

In principle they may be applied to the real situation. However, 

the latter can only be adequately simulated if precise field data 

is available and these methods are extended to cover the general 

three dimensional case. 
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SYNOPSIS 

The method of determining the stability, against sliding, 

of a wedge defined by two planes of weakness in a slope is 

presented briefly. Vector analysis is used, since this provides 

a basis for the presentation of an extension of this method that 

takes into account joint deformability. 

The influence of slope plan is discussed with reference to 

analyses of axisymmetrical excavations. A fully three-

dimensional Finite Element computer program capable of modelling 

jointed rock masses is presented. Results obtained for simple 

sliding wedge models, are discussed with particular reference to 

the importance of joint deformability. Reference is also made 

to the influence of initial stresses and computer simulation of 

progressive failure. 
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5.1 INTRODUCTION 

The analysis of the previous chapters assumed that a rock 

slope can be considered to be of infinite lateral extent and that 

discontinuities always strike parallel to the slope face. These 

assumptions are now discarded and the fully three-dimensional 

problem examined, albeit in terms of very simple models. 

Following the sequence of previous chapters, attention is 

given first to simple sliding wedge models, then to stress analysis 

assuming that rock behaves as a continuum, and finally to Finite 

Element simulation of jointed rock slopes. 

5.2 	THE SLIDING OF A RIGID WEDGE  

The simple sliding wedge model of Section 1.3.1 may be extended 

to three dimensions by consideration of tetrahedral wedges defined 

by two planes of weakness passing through a rock slope. Such 

situations are amenable to analysis using graphical techniques 

based on stereographic projection (Refs. 1, 2), although only a 

vector-based method will be discussed below (Refs. 3, 4, 5). 

5.2.1 Vector Definition of the Problem  

In order to solve numerically for the forces on the planes 

of weakness defining a wedge in a slope, it is necessary to 

describe the geometry vectorially. The presentation here 

follows Wittke (Ref. 5) and is therefore brief, but hopefully 

sufficient for the purposes of development later in this chapter. 

The orientation of the two planes of weakness OBD and OCD 

in Figure 5.1 are completely defined by the vectors cti,lti  and 
■ A 
Uz i NS.  respectively. These represent the dip (Vp. ) and strike 

direction ( 1;,2  ) of the planes according to the convention 

defined by Figure 5.1. Since these vectors lie on their 

respective planes, then the normal to each plane may be expressed 

as a vector product. 
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Figure 5.1 

14 1,2. 	U.1,2 X 1,2. 

In like manner the direction of the intersection of the two 

planes is obtained from the vector product of the normal to each. 

ac = tkr1  X 4Yz 

From the vector St which defines the intersection line OB the 

angle of the projection of OB on the YZ plane (ex) is given by: 

( 	 2 
Tan. 	=•-• VC 

x3 

The total height of the wedge can be expressed in terms of the 

slope angle (00, the crest angle (5)* the slope height (HS) 

5 (1 ) 

5(2) 

5(3) 
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H 	+ 	H s 	t  Tan a --Tan  Ex Tan S'  
Tan ix  -Tan c Tan a / 	5(4) 

where Hc  is the height of the wedge apex above the crest of the 
slope. 

The vectors defining OD, OC, OB, both in magnitude and 

direction, can now be determined from simple geometrical consider-

ations, and from these the areas of the planes and the volume of 

the wedge can be expressed as:- 

Area OBD = 2 . I OD X 0 B I 

Area OCB = 	. OC X OB 

Volume OBCD = 6.h.10CX0D1 

where k = sin( o(--- Ex ) Ai ( OB,I2  4- 0 522) 

5.2.2 Stability Against Sliding  

Ignoring rotational modes, sliding can occur in three possible 

ways: 

(a) On face 1 only; parallel to the dip direction 

of plane 1. 

(b) On face 2 only; parallel to the dip direction 

of plane 2. 

(c) On both faces; parallel to the intersection. 

The first two possibilities will occur if it is kinematically 

possible to slide parallel to the direction of dip of either of the 

two planes. 	(Should either plane 1 or plane 2 strike parallel to 

the face then (a) or (b) must occur, since a tetrahedral wedge is 
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not defined,and the problem reduces to the case of Section 1.3.1). 

It is possible to determine whether sliding occurs on one 

or two planes by a simple vector comparison. Defining u 	as 

vectors of the normals to the planes by the following equation: 

= V x x 	5(6) 

It is then possible to compare the direction of 1312 with 

the original normal vectors 173/A  . They must be parallel but they 

may be in opposite directions. 	If either are in the opposite 

sense then sliding will occur on that plane alone. If both are in 

the same sense then sliding will occur along the intersection, i.e. 

If either 	
13 
 
1,2 1..t2  — 	sliding 

12 	AlriJa  
1A) 

If both 
*tz  sliding //// at 

51,21 

The case of sliding on one plane only is trivial once the 

condition has been selected as being relevant, so attention will be 

restricted to consideration of sliding along the intersection. 

Figure 5.2 

If the total weight of the wedge is expressed as the vector G 
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then the force tending to cause sliding is:- 

IT I - C9 	x 

I 58  I 
5(8) 

The vector T must have the same sense as 52 and have the 
magnitude defined by equation 5(8). Therefore:- 

.5E 2
. 	. 5E 1 . 	 5(9) 

1 	1 

And the component of weight normal to the intersection is:- 

N = G T 	 5(lo) 

N 	clearly represents the resultant of the normal forces on 

the two planes. Since these forces must be parallel to the 

normals tA1
12 

then:- 

N = V1  +- VI  = di.;31  + c12. (i02 ) 	5(11) 

	

where v 	are the vectors of the normal forces and have 

	

magnitudes d1 	. The vector equation 5(11) can be written as 

three separate equations in terms of vector components and solved 

for the constants. 

The total available shear force ( 7-') resisting sliding, 
assuming a Coulomb strength law is:- 

T1 	ci  . Al  + Tan lb, + c2:  Az 	d2. Tan IS2 	5(12) 
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where cio2  and 01,2.  are,respectively, the cohesion and 

friction angles for the planes of weakness. 

The factor of safety against sliding can therefore be 

written as:- 

F.S. = 
	 5(13) 

T I 

Alternatively, the angle of friction necessary to prevent 

sliding on either plane may be calculated if some assumption 

regarding cohesion is made. This approach has the advantage that 

it is immediately apparent which plane is the most critical. The 

method of analysis may then be treated as an aid to engineering 

judgement rather than a 'black-box' producing answers. 

5.2.3 Implementation of Three-Dimensional Wedge Analysis 

The vector analysis described briefly above is simple to 

program on a computer, particularly if a subroutine is used for 

all vector manipulations. Such a procedure is adopted in the 

program listed in Appendix C. This program is written so that 

only sliding is considered as a possible mode of failure and it 

is assumed that loading is due to an acceleration vector only. 

(This will normally be the acceleration due to gravity.) 

Additional forces and other shear strength criteria may, of course, 

be considered without complication. 

The large number of possible variables in the sliding wedge 

situation preclude the deduction of general results. Hoek and 

Boyd (Ref. 6) considered the case of a gravity loaded wedge defined 
by two planes of weakness with equal angles of friction, and no 

cohesion, on each. For this model, they were able to draw up a 

series of charts relating the differences in dip and dip direction 

of the two planes with the necessary angle of friction to prevent 

sliding. The author considers that this paper is important 

because it demonstrates the fundamental simplicity of this type of 

analysis that is so often lost in a mass of vector equations and 

stereographic projections. 
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5.3 STRESS ANALYSIS OIl' A THREE-DIHENSIONAL EXCAVATION 

Currently, it is not possible to analyse three dimensional 

excavations \'lith arbitrary geometry in any great detail. Even an 

extension of the simple models of Chapter 3 is beyond the reasonable 

capabilities of present computers, except for the special case of 

axisymmetrical excavations. The methods of analysis described in 

Chapter LI- are, of course, available, and may readily be utilized 

on the arrival of larger and faster machines. Using the finite 

element progrmns listed in Appendices B and D in excess of 500 nodes 

may be used in any model if the full capacity of a CDC 6400 (45K 
Core Storage) computer is utilized. A single elastic allalysis of 

such a model would require about 80 seconds computing time for the 

two-dimensional case and considerably more for the three-dimensional 

case. It is impossible to be more precise without reference to 

particular elements and the method of formulation of their 

properties. As far as the three-dimensional models are concerned 

the real limitation ''lith the given program is the band width 

restriction. Any cross section is thus limited to representation 

''lith about t\venty nodes. Alternative methods of solution of 

equation must be adopted if larger models are to be studied (Section 

2.3)· 

5.3.1 Axisymmetric Analysis 

Figure 5.3 

167 
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The analysis of axisymmetric situations can be achieved by 

modification of the finite element method as applied to the 

solution of two dimensional problems. By symmetry, the two in 

plane components of displacement (referred to r, z co-ordinates 

in Figure 5.3) completely define the state of strain and therefore 

the stress. The only modifications required to the two dimensional 

approach are therefore concerned with the consideration of ring 

rather than plate elements. The integration of the element 

properties must now be carried out over the volume of revolution. 

Treatment of axisymmetric analysis is given in the text by 

Zienkiewicz and Cheung (Ref. 7). The program used by the author 

is a modified version of that given by Perloff (Ref. 8) for the 

analysis of elasto-plastic axisymmetric continua, and its basis is 

described by Wilson (Ref. 9). 

A comparison was made between analytical results for the 

point loading of an infinite elastic half space and a simple 

computer model of the same. 

Even the small number of elements used provided a good 

approximation (Fig. 5.4). 	(The computer values in Figure 5.4 

include a correction to take account of the limited vertical extent 

of the model.) 

Since the agreement was excellent, further checks were 

restricted to the same model subject only to gravity loading. As 

anticipated, the circumferential and radial stresses were constant 

across any plane defined by constant z. 

5.3.2 Axisymmetric Excavations  

In open pit mines it has often been noted that the more 

stable portions of the excavation are those where the three 

dimensional shape of the pit is constricting. Conversely, 

promontories are observed to be less stable. This phenomenon is 

generally attributed to an increase in circumferential stresses 

in areas where the plan is concave. The discussion by Jenike and 



1.0 lbf 

  

N 

0.1 
'to 

ILI 0.3 
2 

< 04 

O 0.5 

U 
0.6 

iu 
Scale I 1.0n  

SOLUTIONS 
o FINITE ELEMENT 

/ANALYTICAL 

Er .= 0.1.x e ibfiirta  
0.2 

VERTICAL DISPLACEMENTS 
AT THE SURFACE 

SH
M
I
S
 M
O
H
 AO
 S
IS

a  

RADIUS (INCHES) 
1.0 	2.0 	3.0 	4.0 	5.0 6.0 

AXISYMMETRIC MODEL OF POINT LOAD ON ELASTIC HALF SPACE 

FIGURE 5.4- 

C) 



CHAPTER 5 	3D ANALYSIS OF ROCK SLOPES 	170 
3D Stress Analysis 

Yen (Ref. 10) concerning axisymmetric pits strictly refers only to 

the zone in plastic equilibrium around a circular shaft. The 

author therefore, considered it worthwhile to study the basis of 

the general assumption, given by Hoek (Ref. 11),concerning the 

importance of pit geometry (Fig. 5.5). 

Figure 5.5 

In order to study this problem a number of analyses of a 45°  

slope were run for comparison. The several possibilities are:- 

(a) Plaire Stress - zero normal stresses by definition. 

(b) Plaitte,Strain - zero normal displacements by 

definition, so that the circumferential stress 

is given by:- 

Cree 	1.) . 	Crrr 	) Z. 

(c) The axisymmetric excavation, which for extreme 

cases is either a conical buttress or pit. 

The results of analyses of the plain strain and axisymmetric 

pit, using the model type given in Section 3.6 are presented in 

Figures 5.6, 5.7 and 5.8. The two solutions are drawn opposite 
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each other for all except the vertical stresses, which were 

virtually identical. It is observed that there is a large 

reduction in radial stress behind the slope, comparing axisymmetric 

with plain strain solution. There is also a pronounced region of 

tensile hoop, or circumferential stress in the crest, which would 

result in radial cracking in a real situation. Although this is 

apparently in conflict with the expected presence of high 

compressive circumferential stresses, there is also a marked 

increase in confining stress in the lower portion of the slope. 

The latter is probably associated with the small radius of the toe. 

The effect will therefore become less marked as the radius increases, 

with the plain strain solution providing a limiting condition 

equivalent to an excavation of infinite diameter. 

Cundall (Ref. 12) observed that the deformed state of the 

axisymmetric pit was equivalent to an outward rotation of the crest. 

This resulted in an increase in radius and therefore tensile 

circumferential stresses. The author's analysis of a 45°  buttress 

(Fig. 5.9) revealed the same outward rotation of the crest, but in 

this case, a decrease in radius is occasioned. The circumferential 

stresses, therefore, tend to be higher in the crest region and lower 

in the main body of the slope. 

Figure 5.9 reveals that although the circumferential stresses 
are low, they are not tensile as was expected. Comparison of the 

other stresses shows a general fall in radial stresses except on 

the slope face, and little change in vertical stresses. However, 

it should be noted that strict comparison is rather difficult since 

the models of conical 'pillar' and 'pit' are essentially dissimilar. 

In order to evaluate the difference between the plain 

strain and conical pit analyses, a 'Ubiquitous Joint Analysis' was 

performed for each. The results given in Figure 5.10 for a 30°  

joint set are different, but consideration of the minimum Shearing 

Ratio (Section 3.11.3) for various joint orientations reveals little 

overall variation between the two cases. In any case, the 

necessary assumption of conical planes of weakness seems rather 

unrealistic, so the results are not reproduced in any detail. 
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The general conclusion that may be drawn from all these 

analyses is that the stress distribution is unlikely to have a 

marked effect on stability. In a real situation the explanation 

of variation in stability is likely to be statistical (Fig. 5.11). 

Figure 5.11 

There is an increased likelihood that a 'kinematically 

feasible' block will be defined by planes of weakness if the slope 

is buttress shaped. 	In addition, this situation corresponds to 

the maximum possible volume of material involved in the potential 

slide, if all other things are equal. 
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5.3.3 L.ELiesA.),..sismneLs'iC Models  

The analyses discussed above consider only the case of rock 

behaving as a continuous, isotropic, homogeneous, linearly elastic 

solid. The only other cases that can be studied are conditions 

of transverse isotropy or horizontal jointing. All other cases 

involve physically unreasonable features in an axisymmetric 

situation, so treatment along the lines of Chapter 4 was not 
considered in this connection. 

5.4 	ANALYSIS OF GENERAL THREE DIMENSIONAL STRUCTURES IN JOINTED ROCK 

Although it was stated above that it is not yet possible to 

analyse general structures in any detail, using the Finite 

Element method, simple models may be treated in order to assess 

the importance of assumptions inherent in current methods of 

analysis. The particular aim of the studies to be discussed 

below was to determine whether the sliding wedge models treated 

above ignore important physical parameters of the real situation. 

5.4.1 Computer Programs and Verification  

In the course of this study, two computer programs for the 

Finite Element Analysis of three dimensional structures in 

jointed rock were written. The purpose of this duplication was 

to provide a relatively independent check on the results obtained. 

The main difference between the two programs ivas that the first was 

built round tetrahedra based solid elements and triangular joint 

elements whilst the second was built on the natural co-ordinate 

elements described in more detail in Chapter 2. Since the 

earlier of these two programs has already been published by the 

author (Ref. 13) only the second is listed in Appendix C. 

Verification of the programs is conveniently treated in two 

parts. The continuum elements may be tested against the Boussinesq 

solution used above (5.3.1). 	Again, making allowance for the 

limited vertical extent of the model, the results are reasonable 

despite the few elements used in the idealization (Fig. 5.12). 
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The results using the earlier program are better than the later 

version , although for the various vledge models to be discussed 

below there was no appreciable difference. 

Initial checks on the joint elements were carried out using 

elementary models, such as two rigid elements connected by a 

single joint. These provided a simple check on the transformation 

involved since the solutions were Imovm. from statics. A more 

rigorous check, using the model (Fig. 5.13) described by Goodman et 

al (Ref. lLI-), was made against the program for tvro dimensional 

structures. The model consisted of a single rough joint passing 

through a plate in plane strain alld subject to shear loading. 

Agreement between the two solutions was excellent and the computer 

program was considered to be reasonably verified. 

FINITE E.LEMENT MESH "1>1 AGr~ 1\ 1\1 MATIe R Ef"RES(!NTATION 

o~ ""O'DEL l>EFO~MATlc)t'4 

Figure 5.13 

5.5 THE ANALYSIS OF HEmE TYPE STRUCTURES BY FINITE ELEHENTS 

The problem to be modelled is a vertical rock slope 

containing a symmetrical vledge defined by two planes of vlealmess 

(Fig. 5.14). For this case the geometrical variables are the 

wedge height, the aperture of the vledge and the dip of the inter­

section of the two planes of \vealmess • 

179 
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Z,10-  

2a. WEDGE APERTURE 

fi DIP OF INTERSECTION 

Figure 5.14 

Of course the mechanical properties can be varied independently 

of the geometrical parameters defining the situation. In this 

case the solid rock is assumed to be isotropic, homogeneous, 

linearly elastic material so its behaviour is totally described by 

the Elastic Modulus and Poisson's Ratio. The joint is ascribed 

normal stiffness and shear stiffness. The latter is assumed to be 

independent of direction in the programs as they stand at present. 

The mesh given in Figure 5.15 is typical of the Finite 

Element idealizations of this simple situation. The boundary 

conditions are chosen to suppress displacement on the base and 

permit only vertical displacement on the rear and sides of the 

model. In addition, the boundaries were placed sufficiently 

remote from the wedge to minimise any influence they might have 

on the result of analysis. 	(Mahtab & Goodman (Ref. 15) reported 

that the wedge should be at least its own width away from the 

boundaries.) 
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Elements in Model:— 

48 1-lexo, hedeo. 

2 Wedges 

2 P,yrarn;ds 

Tel-rahedron 

2 Trt;on31,tlar Jo6n4s 

Figure 5.15 

5.5.1 The Influence of Material Properties  

Assuming a fixed geometry, analyses may be performed with 

various material properties. These reveal that the elastic modulus 

of the solid influences the displacements but not the stresses in 

the model. Additionally, it is noted that only the ratio of the 

joint stiffnesses influences the stresses on the joint, the 

magnitude again affecting only the displacements. 

5.5.2 Influence of Joint Stiffness on Sliding Stability 

Since the results of analysis were insensitive to the solid 

material properties, these and the wedge height were standardised 

at the values used by Mahtab & Goodman (Ref. 15) (Table 5.1). This 

was done partially with a view to obtaining a realistic comparison 

with their published results. The joint normal stiffness was 

likewise standardised and the shear stiffness varied to obtain 

different stiffness ratios. 	The results of analyses are shear 
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and normal forces per unit area on the joints. Assuming purely 

frictional behaviour, the limiting condition on each plane is:- 

> "Fa 1-C 
	

5(11+) 

where 
Y6 

r  is the angle of friction required to prevent sliding. 

O is the normal force per unit area and 1Y the shear 

force per unit area. 	The output of the computer program is in 

fact the shear forces per unit area in the dip and strike 

directions, but the limiting condition is determined from the 

resultant of these two. Although this does not necessarily 

correspond with the possible direction of sliding of the wedge it 

is the correct limiting condition for the model to be valid. 

The results of varying the joint stiffness ratio for the 

case of a wedge aperture of 30°  and dip of intersection of 45°  are 

plotted in Figure 5.16. From this figure it is apparent that as 

the stiffness ratio increases, the solution approximates more 

closely to that obtained from the rigid wedge analysis discussed 

above. For low stiffness ratios the results indicate that very 

high friction angles are required for limiting conditions in this 

particular case. 



z 
0 80, 

Wed3Q Aperture = 30°  

Di.1 of Joint Intersection = 45° 
U. 60. 

U, 
'a 50-  
z 

40. 
a 
w 30. 

An5le of Friletion 
for Lirrtikin3 

(14.5*  

m  20. 

10. 

CHAPTER 5 	3D ANALYSIS OF ROCK SLOPES 
Wedge Analysis by Finite Elements 

183 

Model Parameters: 

Included angle of wedge (204 ) 	= 30° 

Dip of joint intersection ( /3 ) 	= 45° 

Wedge height (H) 	= 32•8 ft 

Rock Properties: 

E = 144. x 106 psf 

= 0'25 

e = 149. pcf  

Joint Properties: 

krt  = 14.4 x 106  psf/ft 
Rs  = 	gri / R. 

Cohesion = O. 

R 1. 10. 100. RIGID 

't -291.3  -245.8 -212.5  -211. 

C71  - 64.5  -343.3 -714.6 -815. 

95,,  77.5 35.6 16.6 14.5 

Table 5.1 

Results of a Typical Series of Analyses 

10.0 	loo. 	1400. 	10000. 

JOINT STIFFNESS RATIO 

Figure 5.16 
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5.5.3 Influence of Wedge Aperture  

If the analyses of 5.5.2 are run for various wedge apertures, 

the influence of the latter may be established. Figure 5.17 

illustrates a decreasing influence of joint stiffness ratio as the 

wedge aperture increases. 	(It is also notable that the solutions 

converge on the rigid wedge analysis in every case, thereby 

providing additional justification for the computer program.) 
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Typical results from a 30°  wedge aperture study are given in 

Table 5.1 above. These differ markedly from those published by 

Mahtab & Goodman (Ref. 15). The reason for this disparity is not 

clear and it was this that prompted a writing of a second computer 

program. Not only are the actual results of analysis different, 

but also the method of assessing limiting conditions. Mahtab and 

Goodman (Ref. 15) chose to calculate the latter from the actual 

normal force per unit area and the component of weight of the 
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wedge tending to cause sliding in the direction of intersection. 

In the author's opinion, sliding will normally occur in another 

direction first, and therefore modify the whole situation. 	This 

will be discussed in greater detail in connection with progressive 

failure. 

5.5.5 Progressive Failure of Wedge  

If joint strength properties are assumed then a comparison of 

available shear strength and actual shear force per unit area may 

be made. 	If the latter exceeds the former then yielding, or slip, 

may be simulated by determining a new value for shear stiffness of 

the joint (Fig. 5.18). 

Available Shear Strength  
S 	Maximum Shear Displacement 5(15) 

If this procedure is adopted for the single element wedges discussed 

above then a progressive decrease in shear stiffness will occur 

until the available shear strength is equal to the actual shear 

force per unit area. 	If, however, the strength of the joint is such 

that rigid wedge calculations show that it would slide, then, except 

in the limiting case, the shear strength will always be less than 

the shear force per unit area, whatever the joint stiffness ratio. 

The above statements amount to the conclusion that the standard 

rigid wedge analysis always provides the limiting conditions for 

stability. The parallel with the rigid wedge analysis is completed 

by the observation that as the stiffness ratio increases, the 

component of shear displacement normal to the direction of the 

joint intersection decreases. In the limit, as the stiffness ratio 

approaches infinity, then all shear displacement occurs in the 

expected direction since the kinematics of the situation preclude 

any other components. 
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tr° i 	STABLE 
JOINT STRENGTH 

UNSTABLE 

Shear Dinlacement 

Figure 5.18 

The very simple wedge models discussed.above, give no 

indication of the stress distribution on each joint defining the 

wedge since the former are represented by a single constant stress 

element. Progressive failure can only be examined by use of a 

more complex model so alternative idealizations (Fig. 5.19) 

utilizing four plane triangular joint elements were studied. In 

this case the symmetry of the situation was used and only half the 

model analysed. 
2,10 

JOINT 
ELEMENTS 

IA, 	W",-. 0. 

Figure 5.19 
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Assuming the same material constants and model dimensions 

as before, progressive analysis for the case of a 30°  wedge 

aperture and 45
o dip intersection was conducted. The joint 

friction angle was assumed to be 30°, since this was known to 

be stable from rigid wedge limiting equilibrium considerations. 

Table 5.11 gives the joint stresses and required angles of friction 

determined from the analysis. Progressive readjustments for eight 

iterations resulted in a decrease in shear stiffness on all elements 

until a uniform friction angle of 30° was required to maintain the 

wedge in a state of limiting equilibrium. 

Joint 

Element 

Stresses & Angle of Friction Required to Prevent Slip 

* 
Iteration 1 Iteration 4 Iteration 8 

1 a; - 50.7 -402.6 -389.7 

I: 300.2 239.6 225.7 

Or 80.4°  30.7°  30.1°  

2 071  - 53.7 -405.7 -408.1 

I: 284.4 241.5 236.4 

96f' 79.3°  30.8°  30.1°  

3 cril - 32.1 -258.5 -261.9 

I: . 	185.1 156.3 152.0 

96r 80.4°  31.2°  30.0°  

4 oF; - 81.8 -557.3 -585.6 

1: 405.8 328.7 338.9 
jr  78.6°  30.5°  30.0°  

* Stiffness Ratio = 1.0 

Table 5.11 

5.5.6 Influence of Residual Stresses  

The influence of initial stresses on the stability of wedges 

exposed during excavation can be studied with minor modifications 

to the computer programs. Results of such analysis reiterate the 

point that the measurement of initial stresses is of vital concern 

in slope stability. 
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The influence of initial horizontal stresses is illustrated 

by consideration of the possible cases of stresses either 

parallel or normal to the face created by the process of excavation. 

If the initial normal stresses are high and compressive then the 

joints tend to open when unloaded and there is a corresponding 

decrease in joint normal stress. 	Such a lessening of stress was 

noted in connection with two dimensional analysis. However, the 

same conditions of limiting equilibrium must still pertain despite 

the increase in angle of friction to prevent readjustment slip. 

Figures 5.20 and 5.21 show some results of analyses conducted 

assuming high initial compressive stresses parallel to the free 

face. The stresses are considerably different, but the conditions 

for limiting equilibrium are unchanged. It is notable that the 

angle of friction required to prevent slip is reduced quite markedly 

for narrow aperture wedges. 	This effect decreases as the wedge 

aperture is increased. Although the joint displacements are 

dependent upon the residual stresses the deformation of the main 

body of the models is virtually unaltered. 

Influence of Residual Stresses on Required Angle of Friction 

The discussion above has some bearing on the variation of 

stability with pit geometry. An examination of the stress distri- 
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bution for a particular case will indicate whether there is a net 

increase or decrease in the stresses parallel to the free face, 

and whether a corresponding variation in the angle of friction to 

prevent slip is likely to exist. Consideration of the stress 

distributions in Figure 5.8 suggests tight geometries are unlikely 

to result in less readjustment slip, particularly if the potential 

slide exits high up on the face or is quite superficial. 	(The 

validity of mental superposition of elastic stress distributions 

for axisymmetric cases and wedge analysis is dubious, but a 

qualitative assessment is all that is claimed.) Except when 

readjustment slip may result in modification of joint strength the 

stability of any wedge is unaffected by the stress conditions in 

the slope. The factor of safety can therefore be determined from 

limiting equilibrium calculations. 

5.6 	AN EXTENSION TO VECTOR METHODS FOR WEDGE ANALYSIS 

One of the most interesting results of the Finite Element 

analysis of wedge type situations was the insensitivity of the 

solution to variations in the elastic modulus of the solid rock. 

This motivated the idea that it should be possible to modify the 

usual rigid wedge model to take account of joint deformability. 

If the elastic properties were really unimportant then good 

agreement should be obtained between the Finite Element and 

Modified Rigid Wedge analyses. 

5.6.1 A Simplified Wedge Model with D6formable Joints  

Consideration is given to the simplest possible model; a 

symmetrical tetrahedral wedge defined by two planes. 

Using the notation given in Figure 5.22 the total weight of 

the wedge is:- 

W = 2 . X. A . H . Cos/3 Si.rt 	 5(16) 
3 

where A is the area of each sliding face. 
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Figure 5.22 

Resolving parallel to the intersection the average shear 

stress on the faces is:- 

-- 	up . Cos/3 S En of P 3 
I-1 S 
 • 5(17) 

The total force tending to drive the wedge into the joint 

intersection is:- 

W Cos/3 	H . A Cos2p. SLn. cx 	5(18) 

If this results in a displacement 6 normal to the joint 

intersection then, because the wedge and its seating are undeform-

able:- 

Tm 	art  

ks.v. cos a n  . • Si.n of 
	5(19) 

1: and Or' are the average stresses as defined in Figure 
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5.22 and 'V is the displacement of the wedge normal to the line 

of intersection and in the plane OCD. 

Hence: 

(3-Ct Cob o( 
	

5(20) 

where 

R 
	k, 

S 

Resolving perpendicular to the intersection line:- 

2A . (cr, Si.n a( + 	cos 00 	A H Cos'L3 Strt c, 	5(21) 

Substituting 5(20) in 5(21) and rewriting:- 

cr • XHRCos Sce  
3( R 5it 2pc + Coszo0 

5(22) 

`U 	H Cosz   Scn a Cos a  n   
3 ( R S 	Coecx 

5(23) 

From these expressions it is apparent that, as for the Finite 

Element analysis, it is the ratio of the joint stiffnesses that is 

critical in determining the average stresses on the planes. 

From equations 5(17) and 5(23) the maximum shear force per 

unit area is obtained by substitution in the expression: 

5(24 ) 
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The angle of friction to prevent sliding is:- 

TorLA) 	Tan-1 (1/(ftpl  'Yin) 	5(25) 
071 

And the direction of shear with respect to the intersection 

line (Fig. 5.22) is:- 

Tan. 71I -ft2  irp  5(26) 

In the limit, when the normal stiffness is very much larger 

than the shear stiffness then:- 

k r, >> k-s 	R 	c-C) 

Crn 	". Cos'/3  3 
• O . 

'gyp 	 5i.n/3 Cos Sno( 
3 

jOr 	(SI:11 of Tani3) 

These conditions are exactly those resulting from the normal 

rigid wedge analysis in which joint deformability is ignored. 

5.6.2 The Mechanism of Joint Stiffness Ratio Variation  

Examination of the above expressions (5(17, 22, 23)) reveals 

the influence of joint stiffness ratio. As the joint shear 

stiffness decreases, with respect to the normal stiffness, then 

there is a corresponding decrease in the shear force normal to the 

intersection and an increase in the normal force per unit area on 

each face. For all situations, however, the shear force parallel 

to the intersection must be constant if equilibrium is to be 

satisfied. An increase in joint stiffness ratio will therefore 

And 
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result in both an increase in normal force per unit area and a 

decrease in the maximum shear force per unit area on each of the 

sliding faces. As has already been stated, the direction of slip 

will correspond with the direction of maximum shear force per unit 

area. Although this is not a kinematically feasible possibility 

when total wedge failure by slip is concerned, it is a consequence 

of the assumed deformability of the planes of weakness. Only if 

the joint stiffness ratio is very high will this direction correspond 

with sliding parallel the intersection. 

5.6.3 Generalisation of the Modified Rigid Wedge Analysis  

The above modifications may be incorporated in the vector 

analysis described in Section 5.2. If the test of direction of 

sliding (5.2.2) reveals the composite condition to be the case, 

then equations 5(8) - 5(11) may be replaced by two vector equations 

that may be solved to determine the three components of stress on 

each plane of weakness. 

Six vectors of average stress describe the state on the two 

planes:- 

crn 	
. pr 

n 	• 

	

1)2 	 r 

From equilibrium: 

	

0, 
+ 0; 
	

"rn + TN_ + Tri  Ypz  = G 
	

5(27) 

If the shear and normal stiffnesses of the discontinuities 

are 6;1,2.  and krz 	respectively, then:- 
1.02 

S., any  and g-n: 

 

5(28) 

  



cr; a-  • "t„ 	-t + 	 - 2. 

kn 	 k, 
1 	1 	 2 	k's2  

5(29) 

1 	 ' 
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With similar expressions describing the displacements due to 

the shear components of stress. 

Since the wedge and its seating are rigid, then the displace-

ments of the two faces must be related according to the following 

vector equation:- 

From the vector analysis in Section 5.2, the following 

relationships may be deduced. 

0";( 	C 1 	G,31 	Cryt 2 	C 2 . 

't 	C3 . ( t.Z. x c 	34c it. 	2 X ni 	 1=1 	 Ix) 5(30) 

f ps — 5 
i5*cl 

= C6 • 5c1  15-Tc  

Substitution of equation 5(30) into equations 5(27) and 

5(29) yields six simultaneous equations in the constants C1-C 6 ' 
which are the magnitudes of the stress vectors. Solution of these 

equations enables the conditions for limiting equilibrium of each 

plane of weakness to be determined. 

5.6.4 Results of Modified Rigid Wedge Analysis  

The computer program for vector analysis for wedges given in 

the Appendix C contains a subroutine based on the method outlined 

in the above section. Using either the 'vector program' or by 

direct substitution in equations 5(17) to 5(26) results may be 

obtained for the situations discussed in Sections 5.5.2 and 5.5.3. 

Figures 5.23 and 5.24 show the very close agreement with the 

results of the Finite Element analysis. 
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The similarity of the results from the two methods of 

analysis supports the original observation concerning the relative 

unimportance of the properties of the solid rock. From this it 

may be concluded that this Modified Rigid Wedge analysis satisfact-

orily takes account of the influence of joint deformability on the 

stability of sliding wedges. It does, however, give no indication 

of the displacements of the rock mass and is simply a limiting 

equilibrium model. 

The direction of slip (Fig. 5.24) shows clearly the importance 

of joint stiffness ratio. Criticisms based on the supposition that 

displacements can only occur parallel to the joint intersection are 

only valid if the normal stiffness is assumed to be very large with 

respect to the shear stiffness. This is obviously a special case 

of the general situation. The method is really applicable when 

soft joint infilling results in very deformable discontinuities. 

5.7 	CONCLUSIONS  

The results of analyses of axisymmetri,,a1 excavations indicate 

that high circumferential stresses do not exist for conical pits. 

In fact, there is a considerably greater tensile zone at the slope 

crest than for a plane face. Based on these observations it is 

suggested that variations in stability with slope geometry are 

primarily due to the statistics of the planes of weakness that form 

possible failure units. 

The analysis of simple wedge type slides showed that the 

limiting conditions, to prevent sliding, may be calculated using the 

standard Rigid Wedge methods. Finite Element and Modified Rigid 

Wedge analyses are in close agreement and there seems little 

advantage in using the former for stability calculations. In more 

complex situations, where initial stresses may be important and 

where the displacements due to excavation are of concern, then the 

Finite Element Method will provide a complete solution. 

It is acknowledged that only small models may be studied using 

the computer programs developed. However, all the tools are 



CHAPTER 5 	3D ANALYSIS OF ROCK SLOPES 	196 
Conclusions 

available, so, given larger and faster computers, the techniques 

discussed in connection with two dimensional analysis may be 

applied. 	Such a degree of sophistication is in advance of current 

methods of assessing the parameters defining the real situation. 

At present, therefore, time and money is probably more profitably 

spent improving the engineering assessment of the problem than on 

detailed numerical analysis. 
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SYNOPSIS  

A .brief summary of methods of monitoring the behaviour of 

slopes precedes a more detailed discussion of a proposed system 

using precise surveying techniques. Some attention is given to 

the equipment considered essential for such measurements. Field 

trials consisting of repeated co-ordination of points in and 

around a small open pit are reported and conclusions are drawn 

regarding the practicality of such a monitoring scheme. 

Finally, evidence of the uses of slope monitoring is found 

in current literature. 
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6.1 INTRODUCTION  

"If we learn to pay more attention to the phenomenon itself 

and take this as teacher, we shall see more. Deformations are 

more precisely observed and more clearly assessed than the stresses 

calculated back from them." 

Miller's (Ref. 1) comments above, have considerable relevance 

to one form of slope monitoring in open pit mines. Very precise 

determination of displacement will enable the full behaviour of 

rock slopes to be understood. 

The methods discussed in this thesis, almost without exception, 

provide computed values for the displacements throughout an 

excavation, at any chosen moment in time. 	If these methods are 

valid, then comparison of real and predicted slope behaviour will 

provide a significant indication of stability. 	If, however, there 

is little agreement between theory and practice then the design 

methods and the assumed properties of rock masses must be reviewed. 

Slope monitoring is also used in the prediction of the time 

of failure once a potential slide has been detected. The 

necessary measurements may then be less precise, since the 

movements prior to collapse are frequently large with respect to 

those anticipated in a 'no failure' situation. 

6.2 	SLOPE MONITORIN-7  

A wide variety of instrumentation has been used in connection 

with monitoring the behaviour of rock slopes. Basically they are 

either microseismic or displacement devices. 

6.2.1 Microseismic Monitoring  

Microseismic activity is associated with the break up of 

material and inter rock sliding and has therefore been used exten-

sively to monitor the failure of laboratory specimens under load. 
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In the context of slope stability it is not possible to estimate 

the expected level of microseismic activity, although assessments 

might be made using the stress levels calculated from numerical 

analysis. Monitoring this phenomenon therefore constitutes a 

qualitative method, so it should be supplemented by displacement 

studies. The latter will quantify other data as well as provide 

evidence concerning the extent and mechanism of the failure. 

In deep underground mines where stresses are high and rock 

bursts are a problem, microseisms are monitored to detect potential 

danger areas (Ref. 2). 	In slopes the stresses are generally much 

lower and activity is associated with sliding and very local stress 

concentrations. Energy is radiated at around 1-10 Hz, which is 

fortunate since the higher frequencies found in deep level studies 

would be severely attentuated within the highly discontinuous rock 

mass. 

During slope investigations at the Kimbley Pit (Ref. 3) three 

component seismographs were placed to detect radial, tangential and 

vertical motion with respect to the pit. Unfortunately, the 

reports on the work only state that activity was recorded during 

slope steepening, but ceased soon after excavation was complete. 

Considerably more information is reported concerning slope 

failure at the Chuquicamata Mine in Chile (Ref. 4). Moving coil 

seismometers, recording events from 0.5 to 12.5 Hz were set for 

operation in the vertical plane and records kept of the number 

of events recorded per 24 hour period (Fig. 6.1). Fortunately 

it proved easy to differentiate between noise due to the excavation 

process, earthquakes and failure events. A very good correlation 

between the records of the last of these and displacement studies 

was achieved. 

6.2.2 Displacement Monitoring  

A catalogue of the various methods that have been used to 

measure displacements around slopes is beyond the scope of this 

thesis. They may, however, be broadly grouped into three types. 
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Down-the-hole Instrumentation  

The many devices, such as borehole extensometers, the shear 

strip indicator and borehole tilt meters (Ref. 5), provide data on 

some component of displacement with respect to the borehole axis. 

Unless coupled with a collar survey only relative displacements may 

be determined, but the methods may serve to define the limits of a 

slide once the approximate location is known. Some of these 

devices are expensive, both to purchase and install, but they may 

be used for remote monitoring or automatic recording. 

Crack Measuring Devices  

Many methods of varying complexity have been used to measure 

the relative movement between two faces of a critical discontinuity. 

In essence the methods consist of measurements between two or more 

points either side of a crack. References 4 and 6 give typical 

examples. 

These devices are usually used as failure warning 

instrumentation, since they can only be installed when critical 

discontinuities have been isolated. Even when used for this 

purpose, they are best employed in conjunction with survey techniques 

designed to detect gross movements. 

Repeated Survey Techniques  

Repeated Surveying of a number of points over a period of 

time (using any technique) will enable one or more components of 

displacement to be calculated. 	If failure is involved, then 

displacements can be large, and relatively crude methods may be 

adopted. For example; 'Tape and Transit' lines can be used 

where the topography and pit geometry are suitable. This involves 

measuring the departure of points from colinearity, using a 

theodolite, and taping of distances between the points. The 

latter technique is satisfactory over short ranges and where 

undisturbed taping lanes can be arranged. 
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Precise levelling is a rapid and accurate method of 

determining vertical displacements and, as such, has found wide 

usage both on its own and in conjunction with other techniques 

(Ref. 7). The alternative method of Trigonometrical Levelling 

is unsatisfactory except for relatively large movements and should 

therefore only be used when unavoidable. 

In the author's opinion the most comprehensive and 

satisfactory method of determining the movement around an excavation 

is by repeated precise co-ordination of a number of reference points. 

In the past, this inevitably would have entailed repeated 

triangulation, but the advent of precise distance measuring 

equipment has provided preferable alternatives. Such methods 

will be discussed at greater length below. 

6.3 	PRECISE SURVEY METHODS  

As has been stated above, the aim of precise survey 

measurements is either to detect the onset of failure or to 

determine the success of design procedures. If detailed computer 

analysis has been conducted to determine the displacements 

expected, departure from these will provide warning of potential 

slope failure. If no such analysis has been conducted, then 

estimations must be based on observed trends. This latter 

procedure has been proposed by Watt (Ref. 8), who assumed that a 

linear response was anticipated. 

Figure 6.2 
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The precision required to successfully operate such a scheme 

will depend upon the expected displacements. The deformations 

given in Figure 6.3 refer to a 45
o slope for a pit 100 meters in 

depth and were obtained using an elastic analysis as discussed in 

Chapter 3. The author believes this to be a realistic estimate 

of the displacements that would occur due to excavation, since it 

seems improbable that discontinuities will contribute significantly 

to elastic recovery. 	(The discontinuities may, however, introduce 

an anisotropy that has a marked influence upon displacements into 

the excavation.) 

Departures from the anticipated behaviour initially may be 

very small. Estimates of the standard deviation of the measure-, 

ments are essential so that significant departures may be recognised. 

Clearly the smaller the standard deviation the sooner potential 

slope failure can be detected and remedial action taken. 

6.3.1 A Proposed Method 

The aim of the method is to determine the three dimensional 

vector of movement of points in and around a slope during its 

excavation. In order to do this three types of monitoring stations 

are necessary. 

Primary Stations  

Elastic aualyses of slopes indicate that Primary, or 

Reference, stations must be placed several diameters from the 

excavation. They should, of course, be sufficiently substantial 

and isolated to ensure that a continuous and reliable reference 

system is provided. Care should be taken to ensure that seasonal 

effects, such as shrinkage and swelling of soil with moisture 

variations, are overcome by suitable foundations on solid rock, 

where possible. 

Secondary Stations  

In many situations the most useful monitoring points are at 
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the crest of the slope. 	Additionally, stations in this location 

provide vantage points from which the inside of the excavation may 

be observed. 	Such Secondary, or Crest, stations must again be 

substantial and should ideally take the form of pillars with 

special fittings facilitating rapid and accurate mounting of 

instrumentation. In general, surveying from Tripod setups should 

be avoided since differential movements causing rotation of the 

head are almost inevitable. 	In some situations, however, it may 

be impossible to construct pillars that will remain undamaged and 

buried monuments will be essential (Fig. 6.4). 

Manhole Cover 

Figure 6.4 

Pit Wall Targets  

The nature of pit wall targets will depend upon the method 

of surveying adopted. One alternative is surveying by inter-

section. The station will then consist only of a simple optical 

target. For surveying by bearing and distance measurement a 

composite target including a reflector will be'necessary. In the 

author's opinion stations within the pit should be permanent, and 

placed on the rock faces where they are remote from damage by rock-

fall or the process of excavation. In most cases therefore, a 

substantial rock bolt should provide anchorage. However, in 
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situations where surface spalling is serious some alternative 

strategy must be adopted, perhaps using buried monuments on benches. 

P 

P = Primary Station 	S = Secondary Station 

T = Pit Wall Target 

Figure 6.5 

The survey splits itself into two parts which may or may not 

be done simultaneously. Firstly, the secondary stations must be 

co-ordinates with reference to the primary. Secondly, the movement 

of the pit wall targets can be detected by reference to the secondary 

stations. Figure 6.5 gives an idealised plan of this procedure for 

a small open pit. The method of surveying the secondary stations 

is either by triangulation (the measurement of angles) or trilat-

eration (the measurement of distances). The advantages of the 

latter over the former have been discussed by St. John and Thomas 

(Ref. 9). Watt (Ref. 8) has given a diagrammatic comparison of 
the accuracy of distance and angle measuring instruments (Fig. 6.6). 
Here it is sufficient to state that angular measurement is not 

competitive on any criterion, over the ranges involved in pit 

monitoring. Whatever technique is used for surveying the secondary 

stations, it is essential that precise levelling be used to 

determine their elevations. Trigonometrical levelling is obviously 

unavoidable for the pit wall targets, but it is a poor alternative 
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elsewhere. Surveying the pit wall targets may be achieved by 

intersection from two or more secondary stations or by bearing and 

distance from a single station. From the point of view of accuracy 

and speed, the author is in favour of the latter course, particularly 

if targets can be left in-situ. 	It also eliminates problems of 

intervisibility since there should be no difficulty where only one 

line of sight is necessary. Furthermore it is frequently difficult 

to achieve a well conditioned network if targets are fixed by 

intersection. 

Complete determination by distance measurement from three 

or more points is theoretically feasible, but has practical dis-

advantages. Firstly, it necessitates either very complex targets 

or target adjustment between measurements. Secondly, it is 

frequently difficult to obtain a good spatial distribution of 

secondary stations from which observations can be made. 

6.3.3 Instrumentation  

It is relevant to make aTfew observations and recommendations 

concerning necessary instrumentation for the method proposed above. 

Levels and Levelling  

The precision automatic levels are likely to produce the best 

results in an open pit situation since they are less effected by 

the environment than the conventional tilting level. For precise 

work they should be fitted with parallel plate or pentaprism 

micrometers and used in conjunction with matched double graduated 

invar levelling staves. The Zeiss Koni 007 is a most satisfactory 

instrument since its totally sealed optics and micrometer are 

ideal in a dusty mine atmosphere. 

Levelling should be done in closed traverses in order that 

errors may be detected. Watt (Ref. 8) suggests that no circuit 
closure error should exceed 3cr , where 

0-.  = 0 .5 4/ ( L/2) miNt 	 6(1) 
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and L is the perimeter in km. 

Trigonometrical levelling does not require elaboration, 

although it is relevant to remark that computations are facilitated 

if observed vertical angles correspond with the slope of any 

distances measured. 

Finally, any errors must be distributed and corrections made 

for refraction and curvature. The elevation of all stations is 

then determined and the data is required to reduce measured 

distances to horizontal. 	(To obtain elevations from Trigonometrical 

levelling the co-ordinates of the stations must be known. These 

may be taken from the previous survey.) 

Theodolites and AnGular Measurement  

The choice of theodolite depends upon the required accuracy 

and, to some extent, the other equipment used in the scheme. 

Reference to Figure 6.6 provides a general guide to instruments and 

procedures required to achieve compatibility between angular and 

distance measurement. For repeated surveying it must be true that 

any instrument necessitating fewer observations is preferable. 

For precise work it is vital that the theodolite mounting 

is rigid. Both from the point of view of stability and speed, 

pillars are desirable. These are particularly suitable if used 

in conjunction with a method for rapid and reproducable mounting 

of equipment. In this context the Kern system has proved to be 

excellent both on pillar and tripod setups. 

Whatever instrument is used the surveyor must be fully aware 

of the misadjustments that may occur. In any case, compensated 

rounds of angles should always be observed and correction made for 

'dislevelment' of the theodolite where steep sights are involved 

(Ref. 10). 
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Electromagnetic Distance Measuring Instruments  

There are an increasing number of electromagnetic distance 

measuring instruments. Those with relatively short ranges, using 

modulated light waves and therefore employing passive reflectors, 

have application to displacement measurement if sufficiently 

accurate. Table 6.1 gives a summary of the important properties 

of some of relevant instruments. Currently, the most accurate 

promises to be the Mekometer, which Kern intends to market as a 

geodetic instrument. 

The choice of instruments is somewhat dictated by target 

considerations. All require retrodirective optical reflectors;6 

cm. diameter corner cubes being in most common usage. The targets 

are relatively expensive and the large arrays necessary for some 

instruments are both costly and cumbersome.' 

Electromagnetic Distance Measurers  

Instrument 
Claimed 
Daylight 

Range 
Claimed 
Accuracy 

Targets 
for lkm 
Range* 

Kern Mekometer 
ME 3000 	

. 3 Km + 0.1mm - 1ppm 1 

Tellurometer 
MA 100 

2 Km 1-5mm - +  1ppm 3 

Hewlett Packard 
3800A & 3800B 

3 Km 3mm + lOppm 
(-40°c to +40°c) 

1 

Aga Geodimeter 
6A 

5 Km 
(Standard) 

Bulb 

5mm + 	1ppm 1 

Wild 
DI 10 Distomat 

1 Km - +  1 cm 9 

Zeiss 
SM-11 & Regelta 14 

2 Km 
+ 
- 1 cm 7 

* All use Retrodirective prisms 

Table 6.1 
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Targets  

For angular measurement precise traverse targets are 

necessary. If used in conjunction with distance measurement these 

should be completely interchangeable with the optical reflectors 

as well as the theodolite and distance measuring instrument. For 

pit wall targets, however, a composite arrangement including a 

reflector will be essential if these are to be left in situ. 

The retrodirective reflectors possess the advantage of being 

non-critical as regards alignment with the line of sight. There 

is, however, a small error due to misalignment and this depends 

upon the method of mounting. 	The measurements by Cheney (Ref. 11) 

given in Figure 6.7 refer to a target with an axis of rotation 

about its rear apex. 

If the target is mounted correctly, with the axis somewhere 

within the reflector, then errors due to misalignment are cancelled 

by real changes in length. Based on the assumption that measure-

ments are always made with reference to this axis, then alignment 

problems may be ignored when determining displacements of fixed 

targets by bearing and distance measurement from one station only. 

Figure 6.8 shows a compound target constructed for use by the 
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author. This consists of a 6 inch square anodized metal target 
with the 'bulls eye' replaced by a 1 inch diameter corner cube. 

The housing for the corner cube is coupled, via a ball and socket 

fixture to 1 inch diameter studding which may be fixed as a resin 

bounded rock anchor. Using the Mekometer this target has a maximum 

useful range of about 1,000 ft. 

It should be noted that the Mekometer requires reflectors to 

be stress free, since it utilizes elliptical polarisation modulation. 

The corner cubes, which are ground to a tolerance of better than 

10 seconds, are therefore relatively expensive. Other instruments 

work on a differeht principle so there seems ample scope for 

investigating cheap reflectors which do not provide a financial 

. 	deterrent to leaving them in situ. 

6.3.4 Accuracy of Measurements  

The accuracy of individual measurements has already been 

stated. It is, however, pertinent to remark that due attention 

must be given to the conditions in which the survey work is conducted. 

Open pits are very likely to give rise to anomalous air conditions 

so refraction and shimmer may be serious problems. Horizontal 

refraction over the pit is a particular problem which is not 

generally encountered elsewhere. It may have a significant 

influence on the accuracy of angular measurement but is unlikely to 

effect distance measurements. Proportional errors in electro-

magnetic distance measurement are 1 ppm for every 1°C error in the 

temperature estimation. From all points of view, therefore, it 

would appear advisable to survey when the air conditions are most 

stable. 

When all necessary corrections have been made and distances 

reduced to a common horizontal plane, the co-ordinates of all 

points may be calculated, if those of the reference scheme are 

known. Finally, displacements may be determined by comparison with 

previous results. 	(Of course, it is also possible to calculate 

displacements directly from differences in the reduced data.) 	In 

order to give meaning to these results it is necessary to have an 
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estimation of the likely error. Since estimates of the accuracy 

of individual observations can be made then it is possible to 

calculate the likely error in the co-ordinates determined for any 

station. This procedure has been discussed at length by Watt 

(Ref. 8) in connection with pre-analysis of a survey configuration 
to test whether it will yield the required accuracy. 	The method 

of calculating the so called 'error ellipses' (Fig. 6.9) will not 

be reproduced here. 

Th:splacemerit 
Vec.tors 

Figure 6.9 

6.4 	SLOPE MONITORING AT GORTDRUM MINE, IRELAND  

Gortdrum is an open pit copper mine situated a few miles 

outside Tipperary, in the Republic of Ireland. The pit is small, 

measuring about 2,500 x 800 feet, but it is geologically complex. 

A large fault runs down the long axis of the pit and divides it 

into two halves with rather different characteristics. 

Owing to the close proximity of the tailings dam to the pit 
• 

and the economic necessity of mining at the maximum safe slope 

angle, some form of slope monitoring has been considered essential. 

The author was fortunate enough to try out ideas in this realistic 

situation. Also, since these measurements were not part of the 

scheme used by the mine, it was possible to place emphasis on 

assessing the practicality of the method rather than routinely 

producing results. 
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6.4.1 Operational Procedure  

Since the monitoring project was to be relatively short-

lived and the final geometry of the excavation was uncertain, the 

monuments were chosen to be simple and easy to construct. A 

station at the eastern end of the pit was assumed stable as it was 

relatively remote and development at that end limited. A station 

at the western end provided the far point of the main baseline 

running down the length of the pit. The orientation of this 

baseline could be checked by reference to a church spire with a 

conveniently ornate cross on the apex. Originally six other 

crest stations were positioned around the western end of the pit 

(Fig. 6.10), where the excavation was deepest. 	Some small 

failures had already occurred, on the southern side, in massively 

bedded sandstones and mudstones. 
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The crest stations consisted of metal tubes inset in concrete. 

For centering purposes a small plug could be inserted and for 

trigonometrical levelling an extension and crosspiece fixed as 

shown in Figure 6.11. 

Cross Piece For 
Leve II in5 

Ce.n.bre Po i.rt.t 

Not Lo Scale. 
Figure 6.11 

Despite the roughness of this scheme the results obtained 

using the Mekometer are fairly impressive. 	(The prototype of the 

instrument was kindly lent to the author by its originator Dr. 

K.D. Froome of the National Physical Laboratory, Teddington.) 

Table 6.11 gives the results for repeated measurements of the main 

baseline throughout the period of the field trials. It should be 

noted that errors include those due to centering. For the latter 

purpose the self centering metal tripods manufactured by Kern were 

used. They proved very satisfactory providing a check was always 

made that the centering rod was not constrained by the centre mark. 

Targets on the pit wall were surveyed by intersection so were 

simply -4 inch screw heads or nuts. These proved very satisfactory 

for precise sighting but only the author could see them at the 

range involved! Clear identification was necessary and it was 

found useful to repaint both the sighting points and indicator 
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Measurements of Main Baseline Reduced to Horizontal  

Date Number of 
Horizontal 
Length 

Observations cms 

May 1970 2 75225.19 
July 1970 1 75225.04 
Oct. 1970 75225.20 
Dec. 1970 2 75225.32 

Feb. 1971 2 75225.36 

Table 6.11 

targets at the start of any series of measurements. The amount of 

swinging on the end of a rope and scrambling over broken material 

involved during the repainting, provided a practical demonstration 

of the convenience of targets that could be left undisturbed. 

The surveying procedure consisted of trigonometrical 

levelling of the crest stations and then co-ordinating by trilat-

eration, using the Mekometer. The pit wall targets were then 

intersected from two or more crest stations, two compensated rounds 

being taken at each with a Watts Microptic No. 2 theodolite. The 

scheme proved quite satisfactory and the author was able to complete 

all measurements,.unaided, in about three days. 

6.4.2 Surveying Calculations  

Calculation of results was split up into five parts. 

(1) Trigonometrical levelling for crest station 

elevations. 

(2) Reduction of distances to horizontal. 

(3) Trilateration calculations for co-ordinates 

of crest stations. 

(4) Intersection of pit wall stations. A third 

ray was initially used as a check but was 
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dropped as the angle of intersection was very 

acute. 

(5) Trigonometrical levelling for the pit wall 

target elevations. 

Computations were performed with a Hewlett Packard 9100B, 

although use could have been made of larger computing facilities for 

such routine work. However, the author believes there is 

considerable advantage to be gained in breaking down the calculation 

into small steps as above and using one of the increasing number 

of programmable desk calculators. The advent of surveying 

equipment providing digital output onto punched paper tape may 

facilitate direct computer processing in the future. 

6.4.3 Results of Measurements  

Table 6.111 gives records of movements of some stations 
throughout the period of measurement. Stations on the eastern 

side were lost, due to two small slides and the resulting clearing 

up operation, so they are not included. 

The tight western end of the pit seemed most stable. This 

was anticipated since the structural features lie predominantly 

normal to western face. Two monolithic blocks on the southern 

side excited initial interest, but main mining operations transferred 

way from the area and the blocks appeared to ztabilize. There was 

no evidence of massive movement on this southern side and therefore 

no immediate concern for the tailings dam. 

6.4.4 Conclusions from Field Trials at Gortdrum  

Although the measurements could be done quite rapidly, it was 

obvious that considerable time would be saved by the use of pillar 

instead of tripod set ups. These should have very substantial 

foundations and should be placed far enough back from the crest to 

minimise the risk of loss through a small bench failure. 



• • 	 • 

June 1970 July 1970 Oct. 1970 Dec. 1970 Feb. 1971 

Station E N H E N H E N H E N H E N H 

R.M. O. O. O. O. O. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 

W. 0. 0. 0. +0.2 O. -0.2 +0.1 O. -1.3 O. 0. 0. -0.1 0. 0. 

N.W. +1.3 -1.5 -1.2 +1.7 +0.1 -0.2 +0.9 -0.6 -2.5 +1.1 -1.5 -1.2 +1.1 -1.7 -3.2 

M.N. +0.6 -0.3- -1.0 Original Station Lost 

N.E. +1.2 +0.3 -1. -0.4 -3.3 -1.5 Original Station Lost 

S.W. Original Station Lost +0.7 -0.4 -1.9 -0.7 -0.7 -1.5 -0.5 -0.1 -1.8 

M.S. I 	+0.4 	+0.1 +0.1 +2.0 +1.7 -0.4 +0.2 +0.6 -0.5 a. +1.0 +0.6 

S.E. Original Station Lost +2.0 +2.7 -0.4 -0.3 +0.3 -0.1 

B.E. +1.7 +1.5 +1.1 +2.5 +1.4 O. +2.3 +0.9 +1.2 +1.7 +0.6. +0.2 

9 0.0 +0.5 -1. 0.0 +2.0 -0.5 -1.0 +15.5 -5.5 Station Lost 

8 +0.5 +0.5 0. +1.0 +4.0 0. +1.0 +4.0 -1.5 +1.3 +3.5 -0.7 +0.6 +4.0 -0.6 

7 0.0 +1.0 0. +1.0 +4.o 0. +1.0 +3.o -2.  +1.0 +4.0 -0.5 +0.2 +4.7 -1.9 

B.W. +2.1 -1.0 O. +2.5 +3.0 -0.3 +5.5 +4.0 -3.  +3.7 +3.1 -0.3 +4.o +4.1 -3.2 

12 +1.0 +3.0 -1. +2.5 +6.5 -1. +2.5 +6.3 -3. +3.0 +7.5 -2.5 +3.5 +8.8 -3.6 

13 +1.0 +3.0 -0.5 +2.5 +3.5 -1. +2.5 +6.0 -3.5 +2.9' +5.5 -3. +3.6 +6.4 -4.5 

10 +0.5 +3.0 -0.5 +2.5 +5.5 0. +2.5 +6.5 -2. +3.0 +5.0 -1.2 +2.9 +6.9 -2.0 

11 0.0 +3.0 O. +1.5 +5.0 O. +1.0 +6.0 -2. +1.5 +7.0 -1.1 

16 +0.5 O. o. +0.5 0. o. 0. o. -1. +0.6 -1.0 -1.0 +0.5 -1.1 0. 

14 0. o. o. o. o. -0.5 +0.5 0. -1. +1.0 -1.5 -0.7 -0.9 -1.3 +0.3 

6 +0.5 0. O. O. O. o. o. +1.0 -1.5 +0.7 -1.2 -0.8 +0.4 -0.9 +0.1 

5 +0.5 0. 0. o. -0.5 +0.5 0. o. -1. +0.3 -1.6 -0.5 +0.4 -1.7 +0.3 

15 +0.5 0. o. o. o. +0.5 -0.5 +0.5 -1. O. -1.0 -0.5 -0.3 -1.0 +0.3 

4 +2.5 -3.5 -2.0 +3.5 -2.5 -2.5 +3.o -3.0 -3.5 +3.6 -4.5 -3.5 +3.3 -4.5 -2.7 

Table 6.111 
Displacements at Gortdrum - First Measurement May 1970 
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The weak point of the scheme was definitely the trigono-

metrical levelling of the crest stations. Not only was it 

comparatively inaccurate but it was inconvenient for calculation, 

as the vertical angles did not correspond with measured distance. 

The intersections at the pit wall targets were generally too 

acute (about 300). Unfortunately, the geometry of the excavation 

made it difficult to do otherwise without considerably increasing 

the length of the Bights. Bearing and distance measurements would 

not be subject to this problem, and are therefore preferred by the 

author. 

The quality of angular measurement was noticeably weather 

dependent. Vertical angles tended to be more consistent between 

rounds than horizontal angles. This was attributed to horizontal 

refraction, but could be due to differential expansion and 

subsidence of the tripod legs. In general, disagreements between 

consecutive rounds was of the order of one to two seconds for 

both horizontal and vertical angles. 

There has been no attempt to draw any conclusions regarding 

slope stability at Gortdrum. The field measurements were not of 

sufficient duration to provide useful data and the geological and 

rock strength data is too limited to permit any meaningful 

numerical analysis. 

6.5 	SLOPE MOVEMENTS AT THE BERKELEY PIT  

Anaconda's Berkeley Pit at Butte, Montana, has a history of 

small slope failures. The author visited this site for a few days 

and was provided with records of slope movements in an area where 

slope failure was anticipated. The information gathered is 

reported briefly as an example of typical field measurements. 

Large movements were detected at the crest of the pit. In 

the particular location the slope was standing at about 50°  and 

the crest was some 330 feet above the next working level. The 

rock was predominantly weathered and unweathered granite, with 

about 130 feet of oxidized ore at the surface. 
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Cumulative movements of up to five feet were apparent, on 

a few major discontinuities, when the author visited the site. 

Measurements on a series of lines of posts had been made over the 

preceding four months. Typical results of taping between posts 

are given in Figure 6.12. Taking results from all lines, contours 

of displacement occurring over a particular time span may be 

plotted as in Figure 6.13. This provides a useful method of 

presenting data. 

No mapping of surface cracking or geological structure had 

been carried out so the author spent some time collecting data 

summarized in Figure 6.14. Comparison between Figures 6.13 and 

6.14 showsthe very strong structural control on the movements. 

On the basis of the geological measurements it appeared that the 

slide was either deep seated, or a local toppling failure. 

Cra_cking on lower benches, a large component of horizontal 

displacement and a total lack of evidence of movement in the toe 

region tended to support the latter as a possible explanation. 

A later report revealed that the slope did not fail as 

anticipated, and it was eventually flattened to prevent further 

problems. 

6.6 	AN EXAMPLE OF COMPARISON WITH COMPUTER PREDICTION  

The only example available in the literature appears to be 

that on work carried out at the Kimbley Pit by Kennecott Copper 

Corporation and the U.S.B.M. The original Finite Element 

analysis was conducted by Blake (Ref. 12) who considered the rock 

to be linearly elastic but took account of different rock types 

and residual stress states. He concluded that the stress state 

was low with respect to the rock strength and that it might 

reasonably be assumed that the rock would behave elastically. 

A test during which the slope was steepened by excavation was 

carefully monitored in adits behind the slope face. This provided 

excellent data with which to compare further computer analysis 

since the total displacements resulting from the material removal 
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TIME 

DISPLACEMENTS AT THE BERKELEY PIT 

FIGURE 6.12  
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were measured. In the event, agreement between observed and 

computed behaviour was excellent (Ref. 13). The test has 

provided the only field data concerning the elastic recovery of 

a rock mass due to the excavation of a pit (Fig. 6.15). 

It should be noted that correlation was achieved only because 

measurements commenced before the excavation started. In any 

displacement measurement system this is essential. All too often 

displacement studies start only after a slope has already. 

deteriorated beyond recovery. 

6.7 	AN EXAMPLE OF WARNING OF FAILURE 

The slide at the Chuquicamata pit in Chile provides an 

excellent and well documented example of displacement measurement 

used to predict slope failure (Ref. 4). In this case movements 

were large and relatively crude surveying methods proved to be 

satisfactory. 

Measurements of displacements throughout the sliding area 

resulted in plots of cumulative displacement versus time for the 

fastest moving point (Fig. 6.16). This was used to predict the 

date of failure a month before it actually occurred. Although a 

considerable amount of guess work was involved in deciding exactly 

how much displacement could occur before total collapse, the 

estimate was correct to the day. Pit production was only slightly 

affected and there was no loss of life although 12 to 15 million 

tons of material were involved in the slide. 

6.8 CONCLUSIONS  

The prediction of time of collapse, or early warning, has 

been the main function of observational methods in connection with 

rock slopes in open pit mines. In this context, simple displace-

ment measurements and records of microseismic activity are proven 

techniques. Undoubtedly, others will be used in the future. 

Already Terrestrial and Air Photogrammetry (Ref. 14) are 

attracting attention as methods of monitoring displacements. 
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The precise determination of surface displacements by 

surveying techniques has been discussed in detail. The advent of 

accurate distance measuring equipment is certain to have a 

profound impact in this field as displacements may now be monitored 

with great precision and relatively little effort. If such 

information can be gathered from the start of an operation early 

warning of potential slope failure will be possible. Field 

studies of this type are vital to the advance of the subject of 

slope stability since only then can the modern numerical 

techniques be evaluated. 
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Synopsis 

Synopsis  

The properties of a modelling material, and discontinuities 

introduced into it, are discussed with reference to the material 

behaviour proposed in Chapter 4. The idealized relationships 

necessary for computer analysis are obtained from reported laboratory 

test data. 

A physical model of a multijointed rock slope is analysed 

using some of the two dimensional finite element techniques discussed 

in this thesis. A comparison is made between the displacements of 

the physical model and the various computer simulations. 
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Introduction 

7.1 	INTRODUCTION 

A number of computer techniques for modelling rock slopes 

have been discussed in this thesis. No justification by comparison 

with real situations has been possible. Any examples have been 

idealized models studied for the purposes of illustration. 

Unfortunately the author does not have access to a sufficiently 

well documented study of slope behaviour on which to conduct an 

exhaustive computer analysis. Indeed, it is probable that no such 

case exists as the procedures of precise slope monitoring and 

jointed rock testing are relatively new and unpractised. 

The most comprehensive computer simulations discussed in this 

thesis are two dimensional and are immediately an approximation to 

the real situation. Of course these techniques are readily extended 

to the full three dimensional case. Doubtless this will be done in 

the future. For the present, however, the ideal check is against a 

well documented, two dimensional model of a jointed rock slope. 

Obviously it is important that the physical characteristics of the 

model should be representative of the real situation. 

Barton (Ref. 1) has described a number of studies of jointed 

rock slopes. These are well documented with details of boundary 

conditions, excavation procedure and displacements prior to failure. 

He also gives extensive information concerning the characteristics 

of both the solid material and the discontinuities introduced by 

tensile fracturing. Tests on the latter provided evidence on 

which to base the idealized behaviours discussed in Chapter 4. 
Altogether, Barton's study provides an excellent opportunity to 

demonstrate the use of the numerical methods, discussed in this 

thesis, to study a practical problem. It is also possible to 

compare observed and computed behaviour. 

7.2 	THE MODEL  

The model was constructed from 16" square slabs, 1" in thick-

ness, of a material: comprising read lead sand/ballotini and plaster 

of paris (Ref. 2). Regular sets of parallel joints were produced 

in these slabs by propagating a tensile fracture through them by 
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means of a specially designed guillotine.. The strength of these 

discontinuities vIas carefully matched \-lith the material density to 

give geometric and stress scaling factors of 500 : 1 and 666 : 1 

respectively. (For the purposes of computer analysis the real 

model properties will be used throughout.) 

The completed model, measuring 8' long and 4' high, was 

assembled from 18 slabs with the loading rig in the horizontal 

position. It was then rotated slowly to the vertical Vlhile the 

horizontal loading Has increased to retain a constant ratio \rJith 

the vertical loading due to gravity. In its final position, under 

plane stress conditions, a pit was excavated in the centre of the 

model by means of a spatula and a vacuum cleaner. 

The model to be discussed ,"as designated number L. M. 3 by 

Barton (Ref. 1). It contained three joint sets at half inch 

spacing and was symmetrical about the centre line (Figure 7.1) • 

The boundary conditions were carefully controlled so that the 

initial horizontal stresses were one half of the self weight 

vertical stresses. The lower boundary was fixed but the side 

boundaries provided a partially following load. 

Figure 7.1 

Excavation ,·JaS performed in a series of steps. At the end 

of each the new displaced condition "JaS recorded photographically. 

Displacements of a number of sample points were thereby kno"m to 
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an accuracy of about 0.006 inch. Those recorded at the crest of 

the slope were larger than elsewhere and are given in Table 7.1. 

In general the displacements decreased towards the toe, where they 

were predominantly horizontal. Final collapse occurred with a 
11 	 PI 

symmetrical excavation 31•2 in depth, about 6 across the base and 

a slope angle of around 82°. 

Depth 
(Inches) 

I 	Displacement 
(Inches) 

Inclination to Horizontal 
Dipping into the Excavation 

(Degrees) 

0. 0. 0. 

8. 0.034 21. 

16. 0.031 15.  

25- 0.049 14- 

30. 0.086 16.  

31.2 FAILURE 

Table 7.1 

7.3 	THE MATERIAL AND THE PROPERTIES OF DISCONTINUITIES  

The elastic properties of the solid material were determined 

from uniaxial compression tests on specially prepared specimens. 

The following apply to the material from which the model was 

constructed. 

Density = 0.07 lbf/in3  

Youngs Modulus (50% U.C.S.) 	= 1.07 x 104  lbf/in2  

Poisson's Ratio (Estimated) 	= 0.15 

Uniaxial Compressive Strength = 20.14 lbf/ij 

The joints produced in the slabs by the guillotine were 

rough but continuous unless stopped by pre-existing discontinuities. 

Three different types of joints were distinguished according to 

their order of occurrence (Figure 7.2). 	The differences between 

their properties are seen clearly in Figures 7.3 - 7.6. 
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Primary Joint 	Continuous 

Primary Crossed Joint Continuous, but 
influenced by 
secondary jointing 

Secondary Joint 

Figure 7.2 

Discontinuous 

7.4 	Idealized Behaviour for Computer Simulation  

The upper portion of Figure 7.3 shows the relationship 
between shear force and shear displacement resulting from direct 

it 
shear tests on 2.32 x 1.0 samples containing a single primary 

discontinuity. Barton (Ref. 3) suggests that these provide 

evidence that the displacement to peak is independent of normal 

stress. In view of the scatter of results the author feels 

justified in retaining the constant shear stiffness approach 

discussed in section 4.5.2. 

Figure 7.4 indicates that the residual angle of friction for 

the primary jointing is close to 43°. Figure 7.5 shows that over 
the normal stress range relevant to the model study the ratio of 

peak to residual shear strength is about 2. The residual shear 

strength per unit area is 1'0 lbf/in2. If the displacement to 

peak strength is taken as 0.02 then the required shear stiffness 

to match the initial shear behaviour is 100 lbf/in2/in. The 

approximation of the joint shear behaviour, based on the above 

information, may now be drawn as in Figure 7.7. 

The lower portion of Figure 7.3 shows the dilatation of the 
joint during shear whilst subject to a variety of normal stresses. 

For the purposes of simulation this behaviour is split into two 
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parts which are recoupled in the analysis. Figure 7.7 shows the 
dependence of dilatation on the normal stress and Figure 7.8 the 

dilatation that occurs at 'zero' normal loading. 

Finally a normal stress displacement relationship is necessary. 

Figure 7.6 shows that the overall normal behaviour is strongly non-

linear although the joint deforms fairly linearly once any 

consolidation stress is reached. The joint normal stiffness was 

chosen as 2. x 105  lbf/In2/in to match the behaviour at the relevant 

stress state. The process of excavation is primarily one of un-

loading and the normal stiffness is selected accordingly. 

The method of analysis discussed in section 4.4 did not take 
account of the complex behaviour laws described above. In order 

to apply the method to this model, properties representative of 

pre-peak response of the three joint sets were therefore selected. 

These are given in Table 7.11 and can mainly be deduced from 

Figures 7.3 - 7.6. 

Joint Set Normal Stffness 
lbf/in /In 

Shear Stiffness 
lbf/in /in 

Cohesip 
lbf/in 

Angle of 
Friction 

66°  (Primary) 2- x 105  23- 0.1 58°  

Vertical (P.C.J.) 5 2• x 10 30- 0.1 58°  

Horizontal (S) 1- x 105  80- 0.2 60°  

Table 7.11 

7.5 	COMPUTER STUDIES  

In order to attempt to test the range of computer programs, 

two finite element models were used. The first of these was for 

continuum analysis. Both isotropic and joint controlled 

anisotropic behaviour were considered. The second model attempted 

to simulate the discontinuum by the inclusion of joint elements. 

Unfortunately the real model comprised some forty thousand discrete 

units so the finite element approximation was necessarily poor 

(Figure 7.10). 
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7.5.1 Continuum Analysis  

A relatively coarse mesh of 270 elements and 304 nodal 

points was used as only the order of magnitude and the direction 

of displacements were of real interest. Only half the model was 

studied and the mesh was constrained to excavate to an 82°  slope 
it 

at the full depth of 32 . 

The results of the elastic, isotropic analysis, using actual 

modelling material properties, draws attention to the very small 

contribution of elastic behaviour to the total deformation. The 

displacements shown in the upper portion of Figure 7.9 are those 
due to excavation to full depth. They are too small to have been 

recorded during the model study as the displacement measuring 
tt 

accuracy was about 0.006 . It would, however, be wrong to conclude 

that the elastic recovery of a slope on unloading is always 

insignificant (Ref. 4). 

The method of superimposing deformabilities to calculate 

joint controlled anisotropic material constants was then used. The 

bulk properties of the jointed model material were deduced from the 

intact elastic properties and the stiffness given in Table 7.11. 

The resulting displacements from an analysis assuming this 

behaviour are given in the lower part of Figure 7.9. Again these 

do not correspond with those measured in practice. Although the 

displacements are of the right order of magnitude they occur in the 

wrong place and in the wrong directions. Elastic recovery of both 

the solid and the jointing clearly playsnimportant role despite the 

marked influence of the steeply dipping joint set. In reality the 

behaviour of discontinuities is not reversible. 

For the sake of completeness the stress distributions were 

plotted for the above studies. These revealed that the horizontal 

stresses in the region of slope were lower for the anisotropic 

case. In fact a zone of tension parallel to the slope face 

persisted over much of its height. A ubiquitous joint analysis 

for the 66°  joint set, using the properties listed in Table 7.11, 

showed a much larger slip zone for the anisotropic case. 
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7.5.2 Elastic Analysis of the Jointed Model  

The finite element model given in Figure 7.10 is almost the 

largest that can be treated using the program listed in Appendix B. 

It does not take account of the horizontal set, but includes as 

many as possible of the vertical and steeply dipping joints near 

the final slope profile. 

A single step excavation to full depth resulted in the 

displacements shown in Figure 7.11. These displacements contain 

no component due to slip as they are the elastic response of the 

model to unloading. 	The chief difference between these values and 

those recorded during the model study is the much larger horizontal 

displacements recorded in the latter case. Progressive reduction 

of shear stiffness on over stressed discontinuities would result in 

displacements parallel to the steeply dipping joint set. Only 

toppling or dilatant behaviour for the joints could result in large 

horizontal components of displacement. 

The most interesting feature of this analysis was the presence 

of tensile stresses on the steeply dipping joints at the slope face. 

This is not a physically reasonable phenomenon and is probably due to 

the relatively coarse mesh used. The erroneous result arises 

because of the assumption of constant stress elements when calculating 

the excavation loads equivalent to the residual stress state. 

Attempts to model progressive slip on overstressed joints 

failed owing to the generation of negative shear stiffnesses. 

Examination of Figure 4.11 shows that this occurs if the residual 

shear stress is greater than the current shear strength. The latter 

condition requires some arbitrary resetting of shear stiffness that 

was not included in the existing program. It is possible that the 

problem might not occur if a multistage excavation were performed. 

However, this approach was not pursued. The above discussion 

provides a good example of the difficulty of modelling a work 

softening material using a direct iterative approach. 
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DISPLACEMENT SCALE 

0.01"  

ELASTIC RECOVERY DUE 
TO EXCAVATION 

MEAN DISPLACEMENTS FOR 
NEAR SURFACE BLOCKS 

FIGURE 7.11 
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For interest, it is perhaps worthwhile to record the computer 

requirements for the above analysis. Using a variable stiffness 

version of the computer program given in Appendix B the storage 

requirement was 37,000 words of central memory. For every iteration, 

by formation and inversion of the stiffness matrix, about 62 seconds 

of central processor time were used oil the C.D.C. 6400 at Imperial 

College. 

7.5.3 Analysis Using Comprehensive Material Laws  

The first study was carried out assuming the excavation to 

be made to full depth in a single step. The comprehensive 

material properties given in Figure 7.8 were used. The initial 

cycle of the calculation gave results differing from the elastic 

analysis described above (Fig. 7.11) by virtue of the different 

initial stiffnesses of the joints. 	There was, of course, the same 

tendency that was observed previously for very low, to tensile, 

stresses on the steeply dipping joints near the surface. 

Examination of the existing and permitted joint stresses and 

displacements revealed several interesting facts. Firstly, there 

was an area of tension on the joints along the crest. Secondly, 

it was noted that most joints not in tension were within their 

shear strength and should therefore behave elastically in shear. 

The line of joints one above that passing through the toe was most 

critical, with slip predicted on the lowest two elements (Fig. 

7.12). Thirdly, it was observed that the dilatation corresponding 

to the existing shear displacement was generally several orders of 

magnitude greater than the permitted normal closure. 

Resubmission of the model for the next iteration gave rather 

unexpected results. The displacements appeared reasonable but the 

joint normal stresses had increased throughout the model by orders 

of magnitude. The dilatation was therefore automatically reduced 

to zero for succeeding iterations. This erroneous result was seen 

to be caused by very high dilatations and dilatational forces input 

from the previous iteration. In fact the errors in the calculation 

of the dilatation component of behaviour were much greater than the 
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original normal stresses. 

By way of experiment the above procedure was repeated without 

horizontal residual stresses. Exactly the same problem of very 

high normal stresses due to dilatation was met. 	It was therefore 

decided to alter the joint properties'in such a way as to limit 

the dilatation. This was achieved by reducing the joint normal 

stiffness, increasing the permitted maximum closure and decreasing 

the maximum dilatation. The revised joint properties were:- 

Normal Stiffness 

Maximum Closure 

Maximum Dilatation 

Normal Stress Increment 

0.2 x 104 lbf/in2  /In 

- 0.1 x 10-2  in 

0.7 x 10-3  in 

0.2 x 101 lbf/in2 

The first test using the altered joint parameters was carried 

out with a model excavated to half the full depth. The results 

were considerably more satisfactory as the dilatation and permitted 

normal closure were more comparable. 	It was, however, observed, 

from the iterations that were performed, that the no-tension 

condition was resulting in a divergent rather than a convergent 

solution. The author therefore decided to cut the tension 

elimination calculation out of the program for further analysis. 

(It is retained in the program listed in Appendix B as it functioned 

satisfactorily during test runs.) 

The final analysis of the model simulated a cut to full depth 

in a single step. The initial elastic displacements for this 

model, as obtained from the first iteration, are shown in Figure 

7.13. For simplicity only the displacement of the centroids of 

the blocks at the surface are plotted. Slip and dilatation were 

then permitted according to the prescribed laws. After four 

iterations a distinct structure bounded by tension and slip 

developed. This is shown in Figure 7.14, together with the 

existing displacements. Further iterations resulted in increased 

displacements into the excavation (Fig. 7.15). However, stresses 

were generally too erratic for any conclusions regarding the 

stability of the slope to be drawn. 
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7.5.4 Practical Considerations 

It is probably of some interest to state the procedure and 

computer requirements for the above analysis. With this end in 

view the flow chart given in Figure 7.16 has been constructed. 

(Further details are given in AppendiX B.) 

Clearly it is impractical to run a lengthy analysis in one 

pass. Not only is it impossible to state beforehand how many 

iterations are necessary for any increment, but it is improbable 

that it is convenient from a computing standpoint. Figure 7.16 

shows how the analysis may be performed as a multipass exercise. 

The logic of the flow chart is internal to the computer program 

and the path followed is determined by the data cards submitted 

on any run. All that is required externally is to ensure that 

the correct files are ready, and contain the anticipated information. 

Three basic conditions exist:- 

(1) First run with the model:-

All data read from cards. 

(2) Not the first run. 	The last increment was complete:- 

Read data from tape. 

(3) Not the first run. The last increment is to be continued:-

Read data from tape. 

Recover element properties tape. 

Recover reduced stiffness matrix tape. 

Of course, at the end of any of these runs the necessary tapes 

for restarting the calculate must be saved, either physically or 

by storing their contents on another file. 

Running the program listed in Appendix B required 42,000 words 

of central memory on the CDC 6400 at Imperial College. The 

computer time for the model discussed above was about 68 seconds 
for an iteration involving a recalculation of the model stiffness 

matrix and 23 seconds for iterations involving only load perturbations. 
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0 1 4 vone.4.L.-,  Z-Lons 

This should be compared with 62 seconds for each iteration using 

the variable stiffness method. 

7.6 	CONCLUSIONS  

It has been demonstrated how input parameters for numerical 

analysis may be determined from laboratory testing of a jointed 

material. Those obtained were utilized in a number of simulations 

of a physical model. 

The computed displacements of the elastic continuum model 

were very different from those reported for the prototype. The 

elastic recovery of the joints made a significant contribution in 

the case of the anisotropic model. Such behaviour was not observed 

in the prototype and is unlikely to be observed in nature. To 

overcome this problem the calculation could be done iteratively, 

with elements ascribed properties according to whether they were 

loaded or unloaded over the current increment. 

The discontinuum model was first studied using the variable 

stiffness method described in Chapter 4. This was found to fail 

owing to the presence of negative joint stiffnesses generated 

during unloading by excavation. In the context of slope stability 

this problem is likely to occur if this method of analysis is 

adopted. 

The discontinuum model was then studied using the comprehensive 

computer program listed in Appendix B and described in Chapter 4. 
This approach broke down owing to very low joint normal stresses 

occurring with very large dilatations. This problem is perhaps 

common to slope situations, but also reflects the very rough 

discontinuities present in the prototype. 

By adopting adjusted joint properties the model was success-

fully simulated. However, the results were rather erratic. This 

was probably due to two reasons. Firstly, there may be a problem 

connected with the calculation of dilatation from the total stress 

state rather than stress disturbances. Secondly, it is essential 
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that such a complex model be simulated in very small increments of 

change so that a realistic history is followed. Such a procedure 

is lengthy and expensive and was not attempted within this study. 

Although the results of the model simulation are not 

conclusive the author believes the exercise to be a useful 

illustration•of the methods discussed in this thesis. The short 

comings are discussed briefly above and point the way to further 

work in this field. 

The comprehensive simulation that has been developed is 

potentially a useful tool in rock mechanics. The way appears to 

be open to model virtually any prescribed behaviour. The computer 

program listed in Appendix B may serve as a basis for further 

investigation. Such a study could usefully examine the importance 

of considering finite, rather than infinitesimal, strain. At all 

times further development should be made in parallel with physical 

models simple enough to permit a reasonable representation to be 

achieved using the numerical models. In retrospect the model 

discussed in this chapter was too large and too complex to provide 

a useful test case at the current stage of development. 
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APPENDIX 

A 

PLOTTING INPUT AND OUTPUT OF 

TWO DIMENSIONAL FINITE ELEMENT STUDIES 

1) Data Checking and Mesh Plotting 

2) Contour Plotting Program ,(a) 

3) Contour Plotting Program (b) 
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DATA CHECKING AND MESH PLOTTING 

PURPOSE:- To check the nodal point and element data for the 2-D 
programs. There is the option to plot the mesh. 

INPUT:- 	Deck of nodal point and element data as used for the 
finite element program. Plotting data if required. 

OUTPUT:- 	Complete listing of data and model bandwidth. Plot 
of finite element mesh with the element number at 
each centroid. 

INPUT INSTRUCTIONS AND PROGRAM NOTATION 
	

FORMAT 

CARD 1 	NUMEL 	Number of Elements 	315 

NUMNP 	Number of Nodes 

NPLOT 	= 0 if plot not required 

CARDS 2 	N 	Nodal point number 	15,F5.O,2F10.O  

CODE(N) Displacement code 

R(N) 	X ordinate 

Z(N) 	Y ordinate 

CARDS 3 	M 	Element number 	 615 

1X(M,1) 

1X(M,2) 
List of nodes defining 

1X(M,3) 	element 

1X(M,4) 

1X(M,5) 	Material identification 

CARD 4 	ANG 	Orientation of element number 
(+ve anticlockwise from hori-
zontal) 

FACT 	Scale factor.Plots twice size 
if equal to 2. 	 3F5.0 

SIZE 	Size of number 

ENDPLOT Enplot value for Calcomp Plotter 

CARD 5 

} 

XSHIFT 	Shift origin of model for plotting 
in 	 2F5.0 

YSHIFT 	X and Y directions respectively 



PRCGPAM 	JOCINPUT I OUTPUT,TAPR5=INPUT,TAPEE8OUTPOT,TARE62/ 000225 
141TI:KILT43;593259320 000002 DIMENSION IX(700,5),R(700),2(700),CODE1700) 000227 315 

000002 
000014 

RFA0(91 1007) 	NUMFL,NUM4P,NPLOT 
inAn=n 1011(01104;: 

320 J=FF 
325 CO/677MT 

C 	arAD Amn PRINT PF NODAL Porto* DATA 000236 341 CONTINUF 
C"""" 	 • 000243 M00N0=28J*2 

000015 L=n 000245  WPTTF 	(6,2112) 	mnANn 
000016 4P1 TE16,20001 000252 WRITF 	(6,2019) 	LPAD 
000021 2001 FO0mAT111HNOIAL DATA I 

C 	 
000260 
000263 

IF 	(LIA0.NE.01 	STOP 
IF(4RLOT.GT.0) CALL EYOREtNUMNR,NUMeL0(0,71 

000021 AO 	0FA015,1002i 	N,C009(N),6141,7(N) 000270 2012 	F0cmAT 	(/61 41ANC= 	75 /1 

000135 NL=L+1 000270 2018 FORMAT 	(243 FLFMENT CARO ERROR 	N= 	74) 

000137.  
000042 

IF1L.F1.91 	GO 70 90 
zx=N-L 

000270 
000270 

2019 rOcmAT 	(' LRAD 	=8 	751 

000043 00=.(01N1-R11))/7X 000272 

T  
000045 0/.(7(N)-2(1)1/2X 
000059 70 L=14.1 UNUSED COMPILED  
000052 IF(1I-L) 	100,90,80 017100 
000195 80 	COFF(L)=0.1 
000056 RIL1=P(L-1)+017  
000060 z(L)=ztL-1)+17 
000052 GO TO 70 

000063 PO 	WoTTF(A,10)41 	1K,r0OF(009R(K)121K/i1C=N1,10) 
000103 IF(L.E0.1.) 	L=1 
000105 IF(NUMNP-N) 	100,110,60 
000110 400 WPFIF 	(6,2009) 	N 
000116 - 	110 0C)T7NUF 
010116 1102 FORMAT(75.F5.012F10.01 
001116 1004 FO9HA7175,C5.01 2F10.21 
000116 2009 FOcmAT(4M6AD=010) 
000116 NoITE(6,30001 
000122 3190 FORmAT112HFLEMENT DATA 	) 

cm* 

C 	PFAo AND PRINT OF ELEMENT PROPER -.FS 
Cy*** 

000122 N=0 
009123 130 qrAn(s,ircl) mt (Tx(m,n,T=i,$) 
000141 140 	N=t'+1 
000143 IF 	101-NI 	170,170,150 
000151 150 	IN(N,1)=IX(N-1,1)+1 
000152 IY(N,2)=IX(N-1,2)+1 
000153 IX(N,31=IX(N-1,3)+1 
000154 IY(N,4)=7X(N-1,41+1 
000155 IX(N,5)=7)(1N-1,5) 
000156 170 	WRITF(6,10131 	NOIY(N,I),I=I95) 

-000174 IF 	(M-N) 	130,1801140 
000177 180 	IF 	(N11mFL-41 	190,190,130 
000202 190 CON1JNUF 
000202 1003 FOcMA1(6I5) 

C 	DETERMINF BAND WIDTH 
C 	 

0002112 314 J=0 
000203 DO 140 N=1,NUMEL 
000205 00 340 	1=1,4 
000205 00 175 L=1,4 
000207 KK=IAR5(7X(N,I)-IX(N,L)) 
010215 TF1KK.LE.391 GO TO 315 	-- (1)" 
000217 WPITF 	(6,201A) 	N (.3 
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CONTOUR PLOTTING PROGRAM  (a) 

PURPOSE:- 	To plot stresses for models for which the elements 
are laid out to be topologically equivalent to a 
regular mesh 

INPUT:- 	Direct stresses at the centroids of the elements and 
plotting instructions. 

OUTPUT:- 	The output is one or more of the following options: 

(1) The direct stresses XX, YY, XY 
(2) The major and minor principal stresses 

and directions. 
(3) Maximum shear stress, mean normal stress and 

maximum shear stress directions. 

Each of these groups is plotted three across the page 
(30 inches on a Calcomp Plotter). Contours are drawn 
at specified intervals and the direction vectors are 
of uniform magnitude. 

INPUT INSTRUCTIONS AND PROGRAM NOTATION 	FORMAT 

CARD 1 IROW Number of rows in mesh 	415,3E10.0 
ICOL Number of columns in mesh 
NPLOT Number of plots 
NUMEL Total number of elements 
UZMAX Any value above this will not 

be plotted 
SCALE Geometric scaling factor 
TSCL Stress scaling factor 

CARD 2 CINT(N) List of values to give contour 
interval or vector magnitude of 
each plot 	 9F5.0 

CARD 3 XXPL 
SIGPL 

#(1 if XX, YY, XY required 	3F5.0 
O. if principal stresses required 

SUMPL O. if maximum shear stress etc. 
required. 

CARD 4 XST 
XEN XST 	(M) 6F10.0 xsor 

XEN 
Model YST 
box definition 

YST 
YEN YEN 
XBOT 

CARDS 5 N Element Number 	I5,2F10.2,3E12.4 
RR(N) X-ord 
ZZ(N) Y-ord 
SIG1(N) XX-stress 
SIG2(N) YY-stress 
SIG3(N) XY-stress 

265 



'down 

neom 

000213 	- 
SMIFT0XEN01.0 

- 	YSHIFT=YEN.1.0 	- - 	- 
--- SMIFTY=2.000SMTPT.,1.0-  

Cgves 	TRANSFORM FROMAHEAR ARRAY TO MATRIX 
- 	00 10 - LT/p2COL 

PRCGRAM CONTUR(INPUTOUTPUT-p -- '-' "TAPESTINPUT,TAPE6vOUTPUT,TAPE2009211 
1 	TAPE2T) 	_ 	_ 	_ _ 	.... 	. 	- 	• 
DIMENSION 	PR1000).221006/ISIG16811i*SIG210001-4SIG3(000T,SIG41000)--102214---  

1,S165(800),SIG6(800) 	 -- 
cormoN/TPL,xsr,xEN,ystoTti,x9a/IxPenvoty,,y1*(30,301,ciNrctotommt--Imis 

000002 CO0MON/TRA/ SIO(6),THETA 	 - 	-  060220 DO 10 J=1,IROW 
000002 COMMOWARR/SMAX,OIRS,TSCLIRsr 	

. 	._ ___. . 	. 	
- -- 000236 K=CI...11"-TROR+J 

000002 - 	COMMON/SIR/ F(800),IRON,ICOLO2MAX 00023? XP(J,I)=PR(X)/SCALE 
'000002 DIMENSION MEC131 - 000240 YP(J,I).721X1/SCALE 
000002 INTEGER PAPER 000242 10 C014TINUE 

000002 *FAD( 5,9000) PAPER,MEO 	
_  -__ 	. 

C." 	VT,TT,VT-.STRESS PLOT OPTION 
000012 9000 FORMAT(I5,3010) 000246 % 	IF(XXPL.E0.0.0 	GO TO 1000 
000012 NUMPL=V 	. 000247 00 101 N=1,RUFFL 
000013 REA0(5,1) IROWIIICOLOPLOTOUHEL,UZMAXIIISC6LE,TSCL 000255 101 F(N)=SIG1(N) 
000135 1 FOOHAT(475.3510.011 ' 000257 CALL PLOT 	(0.0,1.0,-3) 
000035 READ 15,2) 	(CINT(N),N.1,NPLOT) 000261 CALL TPLOT 
000044 2 FOXMIIT 	(10F5.0) 	 ' 000262 . 	CALL SYM9OL 	1VT,VT,0.15,5FIXX-STPESS,110.1,1) 
000044 NPITE169I010)(0INT(N),N=1,NPLOT) 000266 00 102 N=1,NUMFL 
000053 1010 FORMAT12M1,° 	CONTOUR INTERVALS 	• , 10E12.41 000274 102 F(0)=SIG7(01 
000053 READ15,3) XXPL,SIGPLOOMPL 000276 CALL PLOT(0.00SMIFT,-3) 
000365 3 FORMAT 	131'5.0) 	

. 
000300 CALL TPLOT 

1009E5 READC5961 XST,XEN,YST,YEN,X0OT 000301 CALL SYMOOL 	(XT,YIg0.15,9MYYSTRESS,100.0,0) 
000103 6 	rOR,,,AT(6r10.0) 	

. 	.... 	
. 000305 DO 10' N=1,NUM0L 

000103 MOITF(6,15) 000313 103 R(10=SIC3(N) 
000207 . 15 voRmAT t1m1,3x004nrotox,5mx-oR0,4x,-smy-cRc ip5x,9mxx-sTREs5,2x,14ry 000315 CALL RLOT(0.1,0SWIFT,-1) 

/..sTPES5,3X,000...STPESS) 000317 CALL TPLOT 

000107 00 1007 N=1,NUEL 000320' CALL STMPOL 	(XT,YT,0.15,914XY-STRESS,1 00.0,0) 
000111 READ(5.4) 	H,RP(N),ZZ(H),SIG1INftSIG2(M),SIG3(N) 000324 • CALL SYMPOL(XNON,0.14,ME0,180.0,30) 
000130 SUP=SIG/tWaS/G2(N)+SI031N) C"!*SNIFT PLOTTING ORIGIN 
000133 IF(SUM) 	1007,1008,1007 C 	- 
000134 1000 CelaTTNUF 000330 TFtIGPL.E1.0.) 	CO TO 3000 
000140 SIFI(N)=U2MAX.1.0 000331 CALL PLOT(SHIFT.SHIFTy,-3) 	. 
000140 SIO2(N)=U7MAX./.0 000334 1000 000TTNUE 
000141 S1C3(R)=1.,ZmAxs1.0 C4***COmPuTE PRINCIPAL STRESSES ARO THE/P OIRECTIONS 
000147 1007 CO0TINUE C 
000146 On 1009 k=i,NUmEL 000334 DO 50 n=10wmEL 
000147 IF(APS(STG1(H)).GT.U7MAX1 GO TO 1019 000336 IP(SIG1(r).GT.U2MAX) 	GO TO 50 
000157 SIC1M1=5IG1(0)/T5CL 000342 SIG111=STG1(0) 
001160 SIC7(19)=SIG2(01/TSCL 000343 STC(2)=STG?(R) 
000161 SIC3(04)=SIG3(0)/TSCL 000345 STG(3)=SIG7(0) 
000162 GO TO 1009 000347 CALL PPT"C 
000164 1019 SIC110)=A05(SIG1(0)) ' 800351- SIG1(N)=SIG(4) 
0011E6 S/02(N)=AIS(SIG2(01)) 000352 ST02(N)=STG(5) 
000167 5I03(N)=A85(SIG3(N)) 000354 SIG3(N)=SIG(6) 
000171 1009 CONTTYUF 000356 50 COnTTNUE 
000174 4 rORMAT(I5,2F10.293E12.4) Ow 	COMPUTATION OF MAXIMUM SHEAR STRESS ANC DIRECTION 
000174 5 FORMATIIR 	,15,2F10.2,3E1Z.4) 000301 00 100 	N=1,NUMEL 	' 
000174 CALL START 0003E7 SIG4(N).1SIGI(N)+SIG2(0)),?.0.  

C"4".1FRINF LIMITS FOR PLOTTING 000371 ST05(0).(SIG110).-STG?(N)1/2.1 
000177 . 	XST=XST/SCAL0 000373 STC-6(N)=5TG3(N)t45.0 
000200 xEn.Yry/SCALF 000374 TF(STG1(N).GT.UZPAx) 	STOrtN)=STGlty) 
000231 TST=YST/SCALE 00037? IF(SIG6(N).GT.90.1 	STG6(N)=SIG6(R)-90. 
000202 rEN=YFN/SOALF 000403 100 CONTINUE 
000203 xPCT=MIOT/SCALE 	 . 000404 wRITE(6.17) 
000204 XT=X1OT 000410 NR/TE(6,7) 	(N,SIG1(01),SIG2tN),SIG7(m),5TG4(0))SIG5(N),STI6(N), 
000205 YT..0.25 10.1INUMEL 	) 
000206 XN.- XFN Crn 	PRINCIPAL STRESS PLOT OPTTOV 	 ts.) 
000210 TN.VEN40.5 C 4,11,4oPiol 	MAJOR PRINCIPAL STRESSES 	 0) 

as 



000436 
000444 

DO 104 N=1,NUMEL 
104 Fth)=SIG1(0) 

CIIFTC 4TPN, 	' - 	• 
SUBROUTINE PRINC 

000446 CALL 	PLOT(1.0,1.0,•3) 000001 COMMON /TRA/ SIG(6),THPTA 

000450 CALL TPLOT C." CALCULATE PRINCIPAL STRESS 

000451 CALL SYMPOL(YT,YT,0.15,10MM4X-..STRES5,180.,10) 000001 CC=CSIG(11aSIG(2))12.0 

04000PLOt MINOR PRINCIPAL STRESSES 000004 03:(SIG(i)-SIG(2))/2.1 

000455 CO 105 N=1,NUMEL 000006 CP.SORT(00"2+STG(21"2) 

000463 105 	F(0)=SiG2(N) 000013 SIG(4)=CC+CR 

000465 CALL PLO7(0.0,YSMIFT,+0) 000014 SIG157.cr-rp 

000467 CALL TPLOT 000016 EPS=ATAN2(SIC(3),BB)/2.0 

000470 CALL 	SYmPOL(XT,Y7,0.15,10NMIN.STPESS,180.,/0) 000021 SIC(6).57.306rEPr 

C0100PLOT PRINCIPAL STRESS DIRECTIONS 	' 000023 RETURN 

.000474 NO)hPL=PUMPL+1 	 . 000024 7N0 

000476 SwAX=CINT(NUmPL) SU0POUTINE ARROW 

000500 CALL PloT(1.00S0IFT,-/) 000001 COMMON fARR/TO,TSCL,0,2 

000503 CALL POx(XST,XEN,YSTOENIXA°T) 000001 AL.T/2.0 

000507 00 	80 	N,-.1,NUmFL 000003 A.0/57.396 

000511 IF 	(5IG1(N).GT.UZMAX) 	GO TO 	80 000005 Al:AL*COS(A) 

000517 OTP5.5IG3(0) 000011 A2=AL*SIN(0) 

000521 P.co(N)/SCALE 000014 x1=A1+0  

000522 2.77(01/5C01r 000015 01=42+Z 

000524 CALL APRON 000017 X2=-A14.R 

010525 RO °ONTTNUE 000020 Y2=-A247 

030510 CALL 	SYmOOL(XT,YT,0.15,9NDIRECTION,100.0,9) 900021 x7=A2+R 

C****SHTET ORIGIN 000022 v7=-A1+7 

000534 2000 CONTINUE 000023 X4.-A2+R 

Ow 	°PITON TO PLOT SMEAR ST' SS ANT) DIPF0TIONS 010424 04,...A14.2 

000534 IF 	CSUmPL.F0.0.1 	GO TO 3000 000026 CALL PLOT 	(X101,3) 

000535 CALL 	PLOT(SNIFT,HIFTY,-1) 000030 CALL PLOT (X702,2) 

000540 00 106 N=1,NUNEL 000033 CALL PLOT 	(X30393) 

010544  106 	0(N1=SIG4(0) 000036 Pau PLOT 	(X4,'4,2) 

000550 CALL 	PLoT(0.0,103,-3) 000041 PETUPN 

000552 GALL TPLOT 000042 !VC 

000553 CALL 	SYN001(XT,07,0.15,14MMEAN NOPM.STP.9180.1,14) SUBROUTINE TPLOT 

010557 00 	107 N=1,NUMEL 000001 rOwmON/TPL/xST,xrN,YST,YEN,x1n7,yg( 70,7010g(30,T0), 17INT(11),NumPL 

0006E5 107 	F(K)=SIGs(N) 000001 COMMON/STD/ F(000),IPOW,ICOL,U7MAX 

000567 CALL PLOT(3.0,0S0/FT,-0) 000001 OT0F10c10?: 	C(10,300 

000571 CALL 	TPLOT 000001 NU0PL=NUm0L+1. 

000572 CALL 	SYmPOL(XT,Y7,0.15,1404AX.SNFAP 3TR.1131.,14) 000003 nr.rrNT(NU.PL) 

000576 NIA.PL=NurgLri 000005 OD 	5 	I.11ICOL 
000600 S4PY=CTNT(KL,PL) 000005 DC 5 J=1,T1OW 
000602 CALL 	PLOT(0.9,0SWIFT,-3) 000021 K7-(I-1)*Igow+J 

000605 CALL goY(XITOCFN,YST,YrN,YInT) 000022 5 CL,I)=F(K) 

000611 on go N=10.0PFL 000030 10 CALL 	ROX(XST,XEN,YST,YEN,XPOT) 

00061T IF 	(SIG1(N).GT.U7MAX) 	GO TO 10 000034 CALL 	CONTOR(I0OW,TCOL,I,XP,Y0,1G,10 0,0041X) 

000621 R=PR(N)/SCAL0 000044 RETURN 
000622 Z=77(N)/cCALF 000045 rmr 
000624 0IgS.SIG6(N) SOFPOuTINE OOX(XST,X0-N,YST,YEN,xPOT) 
070626 CALL 	Aopew 000007 natl. 	PLOT 	(n.09Yr",7)  
000627 90 	CCKTINIT 000011 CALL 	PLOT 	(0.0,YST,2) 
000632 CALL F0NPOLU7T0T,0.15,9MOIPEGTION,180.1191 000317 CALL 	0-LOTty4,T0FT,11,1 
000636 3000 	r!oNTTNUE 000024 CALL 	PLOT 	,(X57,0.0,2) 
000E36 Nut 	F0PLOT(SNICT) 000031 CALL 	PLOT 	(YrN,0.0,7) 
000640 7 FOPPAT(1H 	,I5,5E12.4,F10.2) 	. 000037 CALL 	PLOT 	(XEN,YIN,2) 
000640 17 F0vmAT 	(141,1X ,41-irtro0,2X,10H0AT-STPPSS,PX,10MMIN-STrrS0, 000044 CALL 	PLOT 	(0.0,YFN,21 

i1X,11NFRIKI-OIRECTOYOMPPIN-SUM,3X0MMAX-.SMEAPI2X,12MOIRFCT..54EAP) 000052 RETUPN 
000640 STOP 000053 Enir 
000642 ENC 

N, 
00 
'...1 
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01'1E10 "IN. 
SUPPOUTINF CON1CP(IR,TC.70(R,YR, 	00C.OST.U2HAXT) 

000277 
000302 	• 

15 
10 

CONTTNUP 
CCNTINUE 

000117 OT°EN5TON 7(10,30)011(30,39),T0(R00311) SEARCH AROUNO ROUNOARTES cno FOGFS STARTING TN.G. 
000112 COPHON/OHN/TFLAG(74,39.2),IE.TRO.JSO.N.IROW.ICOL 000304 DC 2G J = 1, ICH 

/ 	,(15,009110010.(200)1111.".07H3YON.Y".7" 000396 IF(TPLAG(1.J.1) 	.01. 	/1 	CALL 	INTT(1,1.J01.J.I.ITITO,7) 

000012 
001177 

r0cronw .1.60 	70 	Omni 	ICOL 	.LE. 	301 	GO TC 100 
N0TTF(6,10) 

000323 
000751 20 

IF(IP1AG(IRON.J.1) 	.E0. 	1) 	CALL 	ILITT(T.I0M..I.TPow.J.1,x,0,.7) 
r0nTTmu0 

000025 go poemaT(TTm Corn OUTSIDE 30731 LINT,  ALLONEC 	) 000354 00 21 	I 	= 	1, 	IPM 
01011 000355 IE(TPLAG(T.I,7) 	.10. 	1) 	CALL 	INTT(4,70.10,7,7PITE,7) 
010111 100 	71(: 	A1S(ICE) 000171 IF(TrLAG(I.ICOL.2) 	.ECI. 	11 	CALL. 	INTIt2.I.I;;M.I.I001.1203.),:-.7) 
000114 TF(DC.GT.1.0) 	GO TO 	101 000417 21 cn*Trflur 
000037 H.11E16091 C SEARCH THPCUGm USI? BOUNDARY SOUAPES 
000042 ge rnA"AT(///404 7EP0 CONTOUR INTERVAL NOT eERMTTTFO 00042? " 79 	= 2,TRM 
000146 STCP 000423 00 75 J = IgICN 
000151 101 	1.1TPAX 	= 	U7wAXT C TS IT A POLN1ART SCUAD.. 

000051 IPCw 	: 	IP 000424 TE(7(I.J) 	.GT. 	UZMAX) GO TO 	71 
000157 ICPL 	r 	Tt 000432 IF(7(T+10) 	.0T. 	u7max1 	cf) 71 71 
mos! CS 	olsT 000435 IF(Z(I,Joi) 	.GT. u2mAx) 	GO TO 	71 
floors El 	= 	.1nrvonl 000441 IF(1(I41.J.11 	.GT. 	U7mAY) 	GO TO 	71 
000057 E2 	= 	.0000100C 000443 GO TO 	75 
033050 rpm 	. 	rpnw - C 
000062 ICP 	= 	Trot. 	- C FIND AN EDGE IN SQUARE WITH TFLAG = 

C ETNO THE mINTmUM AND may/HU4 VALUFS CF 7 000443 T1 TF(TELAG(I.J,1) 	.10. 	1) 	GI 	TO 	91 
000064 THIN 	= 	7(1,1) 000451 TF(IFLA0,(I,J+1,2) 	1) 	GO TO 	82 
0000Ec GC 6 	T 	= 	1,ro0w 000452 TFITELAG(I+1,J,1) 	.0n. 	11 	GI TO 
0,10162 On 6 J = 1.I1OL 000454 IF(IFLAG(I.J.2) 	.E0. 	1) 	GO TO 84 
000070 IF17(I.J) 	.LT. 	?MTN) 	24IN • 	2(r,J) 000455 GO To 75 
000016 6 CONTINUF C 
000105 5 CONITHUE 000456 81 CALL 	INTT(3,T...1.J.T.J.1.0 5 ,TP.7) 
090117 ZMPX = 7MIN 000472 GO TO 75 
000111 IC 1C T=1,•PIN 000476 82 CALL 	rmii(4,T,J+1,T,J41,2,x73,T0,7) 
000112 no 75 J=t,ICOL 000512 GO TO 75 
090117 IF(7(T,J).LT.U7MAY.ANCI.7(I.J).GT.74AX1 	!MAX = 	2(1,J) onosiE 67 CALL 	INIT(1,I4.1,J,I+10,1,X0,YP,71 

000121 Ts coNYTMUF 000532 GO TO 75 

C FIND LOWFST CONTOUP 000536 84 CALL 	INITT(2117,J-1.10,21X°."17) 
000137 K = TMTN/DC + 0.5 C 
001141 C 	= 	FLOAT(9-.1)•CC 000556 75 CONTINUE 

C 000561 70 CONTINUE 
070145 
0 00146 

: 	rl,JO -; 	1,1000  C 
000563 

SEARCH THROUGH INTERNAL EDGFS 
00 25 	r = 	),IPM 

011147 TE)C 	.1E. 	74AY) 	FETO0N 0005E5 PO 25 J = ipTCM 
C SeT FLAG(' CN ALL FOGFS FOR CONTOUR C 000566 IF(IFLAG(I.J,1) 	.E0. 	1) CALL INIT(1,I.J.I.J.10(1.1YR,71 

00015? 10 10 	T 	= 	1.IRON 000603 IF(TELAG(T,J.21 	.10. 	11 	CALL 	INITT(1.,T,JIITIJ.20(11,TO,71 
000155 00 15 J = 	IFTCOL 000631 25 CONTINVF 
000165 27 	= 	7(T,J) 000626 50 CONTIMUr 
000161 IF(A9S(72-C) 	.1.1. El) 	Z7 = C 2 El 000640 RETURN 
000167 Tr(J 	.E0. 	T011.) 	GO TO 15 000E41 FM! 
000171 7J 	= 	Z(T,J+1) 
010174 IP(A1S(IJ...0) 	.L1. 	Ell 	7J = 	C 	Cl UNUSED COmPTLFP SFACr. 
°noon? 10tAG(I,J,1) 	= 	0 015600 
000206 IF(77 	.GE. UTHAY .00. 7J .GE. U7MAT) GO TO le 
000216 IFIA15(27-C) 	• 	AnS(C...2J) 	.I.E..4185(22..2J) 	A 	E2) 	IeLAG(I.J.1)=1 SUEROUTINE SMOOTH(X.YOSO) 
C0077." le 	1t"(T 	.TO. 	Tonw) 	r0 Tn 15 000006 1TMENSION X(200)012081 
000215 71 	. 	7(T41,J) 00000E IF(N 	.LT. 	2) 	RETURN 
000240 TFCA11(7T-3) 	011 	22 = 	C • Et 000010 IT = 	3 
000246 IFLAG(I042) 	s 000011 CO 5 r 
epos? Tr(77 	.GF. 	U7MAY 	71 .GE. O7MAX) 	GO TO 15 000013 CALL PLOT(A(T),Y1I),TT1 
000262 IF(AP5177...0) 	• 	AOS(C-21) 	.LE. 	AOS(22•7I) 	• E2) 	TFLAG4I.J.2)e1 000022 II = 2 

000021 5 CCNTINUF 
000075 . PETUPH 
000025 ENT` 



CONTOUR PLOTTING PROGRAM (b) 

PURPOSE:- To plot stresses for plane strain and axisymmetrical 
models where the mesh is not regular. Elements may 
be triangular or quadrilateral. 

INPUT:- 	Stresses at element centroids, a list of nodes defining 
each element and plotting instructions. 

OUTPUT:- 	A list of input data and contoured plots of direct 
stresses (RR,ZZ,TT,RZ) 

INPUT INSTRUCTIONS AND PROGRAM NOTATION 	FORMAT 

CARD 1 NUMEL Number of elements 	 2I5,F10.0 
NUMNP Number of nodes 
UZMAX Maximum value to be plotted 

CARD 2 NPLOT Number of plots 
NC 	Number of contour values to each plot 	415,3F10.0 
NO 	Number of coordinates to describe 

structure 
NA 	Number of steps between contour labels 
SCA 	Geometric scale factor 
XM 	Distance between plots in the X direction 
YM 	Distance between plots in the Y direction 

Note that the program was written for plotting on Kingmatic 
paper size 1 and it spaces the plots two across the page. If 
the geometric scaling factor is 2. then the model is plotted 
half size. 

CARD 3 BASE(I) Minimum contour value for each plot 
(NPLOT of them) 	 6E10.0 

CARD 4 CINT(I) Contour interval (NPLOT of them) 	6F10.0 

CARD 5 Z(I),W(I) Coordinates defining the structure 
(NO pairs) 	 6F10.0 

CARDS 6 ((IX(N,I),I=1,4),N=1,NUMEL) List of nodes 	2413 
defining each element. If the third 
and fourth nodes are the same then 
the element is triangular 

270 

CARDS 7 N 
X(N) 
Y(N) 
RR(N) 
ZZ(N) 
TT(N) 
RZ(N) 

Element Number 

Coordinates of centroid 

Stresses from analysis 

z 

15, 2F8.2,3E12.4 



IMCGRAN AvTITHRUTOUTPUT,TAPrSeINPUT,TA0E6sOUTPUTtTAPE25,T807,71 
C 	I.4Cr005.--.si.JOHN 	"RICK MrCMANTCS" 

000730 200 rOtTTNUE 
cwr/hn crNTP0/n FLEmForr LIST 

80090? CTPENSTOP: 	vSt6 4/0),(600),TS(600),SS15001 000111 tF(K.ST.11 	0) 	TO 	99 
000302 COPtiON taitTL,NU4Nr,UZMAY,14PLOTINOtSCA,10,YMt/X4600,4/, 000337 011..-40O(1) 

1 	v(500),Y(E01),YY(600),VV(610),VY(600)1nASE110),CTNT(10), 000340 YN(11)=Y(m)/S17.A 
27(40),14(401,40110/o77(600) 000342 YNIN1=Y(m)/SCA 

01010? COPmE"i/T9Ir/ 5(500t4),KM(E01),YR(A011),t7(4//,JA(40),NC,NA 000343 XS(N)=Yv(4) 
003002 ECLIVALECE 	(S(1,1),XC/OS(1,2),YS),(S(1,3),TS),(S(1,4),SS) 000345 YS(N)=MM) 
000102 pTan(5o0gn) NUMFL,NUMNP.U7MAX 000347 SS(A117.YY(m) 
000114 1000 	FORm0.1(215,F14.1) 000350 TS(41=TT(M1 
0100.14 wrITr (s,21C1) 	NUPTI,NUMNP,U7MAX 000352 50 TO 	itIn 
000)26 2000 FnkmAT(1h1,23NNUm9EP Or ELEMENTS= 	TS , 	/ 000352 99 xN(N)=ymm1=xS(N)=N,S(N)=TS(4)=SS11,420.. 

201449MnEr Or NOnrS 	= 	75 	,1 000352 CO 	410 	J=1,K 
2 	24HmAxir,Um VALUE PLOTTF1 = 	,F10.2 	) 00037? SK.K 

C",DEAP PLOTTINC TN51rUCTTONS*' 000773 icAir.re:rA*CK 
000026 FA:1(,10021 	PPLOI,NCow,NA,SCA,xmom 000374 JK.N00(J) 
030051 wPITF.(c,700m) 	NPLOTOW,P0,NA,SCA,XM,YM 000376 XN(M.V1(N1+Y(.110/SCAK 
000072 2003 FO.MAT(1P1,17HNL4P0D OF PLOTS 	/ 000400 rN(N)=Yr!(N)+Y(Jv)/sCAK 

1 	75,114rDNICUPc,T5,2DHCO0POS FCP STRUCTU0Et 000402 YS(!)=XS(14)+XX(JK)/"! 
2 	15,20NSTEPi 	PETWEEN LABFLS,4X,13HSCALE FACTOR= ,F10.2, 	/ 000405 YS(N).Y.S(N)+YY(jK)/SK 

Pr;,9TFTANrE 	P,ETWEEN PLOTS- 	X. 	,F10.2,214T= 	rip.? 	) 001417 TF(N)=TS(N)+TT(..v)/SK 
003072 PFAP(5,1033) 	(RASf(I),I=1,NPLOT) 000411 SF(N)='c'(N)+XY(00/SK 
000101 4t"/Tr(r,21141 	(9AFECT),T=1,NDLOTI 000412 411 CO,, TTNUr 
004110 2304 EOreAT(IP 	,/91-1CChTOUP ?.ASE 	VALUES 	, 	/ 	6E11.2 000414 100 COITINUF. 
000111 rem(5,1"13) 	(CT.,,T(T),T=ToPt.oT) C""PLOT UNITS GN.. AT A 11,47----3 AC"'  
000117 WFTTFT6,20O5) 	(pTpJI(Il0=1,OPLOT) 000417 CALL STAPT 
010126 2I05 Fn=maT(1H 	,I,HtcNTrU7 INTrDVALS 	t/ 6E11.2) 000420 !7ALL 	DLDT(1.19, 1.1,3) 
0)012 fram15,10171 	f7(I)01(1),I=100) 000423 00 500N=1,NPLOT 
C00147 w.T*r(6,70^6) 	(7(T),W(2),T=1001 000420 CALL 	a^rTPI(Nl 
430160 2105 	r0c4AT111. 	,34PGCCFDINATES OEFININA 	THC 	SIRLC7URE 4 	6F16.2) 090426 IF(N-?1 	007,5019502 
rnOIEC 1N17 FrPrAT(4T5,3rI0.C) 000430 501 '.:ALL 	FL0T(X",-Vw,-2) 
000110 1003 	F0c,4e..,,F11.01 000434 GO TO 50r 

(744 	'!trr‘NT 	DATA 	 000435 007 CALL 	pLOT(3.3.,4p,_1!) 
003160 ofAc15,10051 	ItTY(Nt I/0=1,4101=itNUMEL) 000440 500 COKTTNUF 
001200 In/s 	FrcwAT(747,) 000443 CALL 	PIPtn7110.1 
010200 QEAP(6,1c)1) 	(NoiN),T(N),xx(N),TT(NT,TT(N),xTtN),N=1,NuTEL) 000444 STOP 
000226 1001 	rrcm1T(,2r1.2,4r1?.4) 000446 "1r 
000225 NriTr(;,?001) 
01023,  2901 	rrrmAT(IH0OY,71,E(FM'AT,2X,11HNOrAL 	LTST,4X14HXORV,4X,4HY120,4Y, UNUSED COMPILED Sr A"! 

1 4t- XX-ST''ES5,5X,PHYY•STPESS,5X,4PTTITDESSOXONXY•STPESS ) 011100 
00/232  1. 2ITr(A,20I2)(NITXINII/trA(Nt21,TYIN,1),TY(414),X(N/ t Y(N) t  

I 	xXO/tYv(4),TT(4),YYM,N=1,NUMFL1 
01/271 2102 	rOrmAT11$' 	,IXt 5 I4,2rP.2,4r12.4) 
000270 " 10 v=100 
01010I 7(1)=7(4)/Sr:A 
000 401 W(1)=4W1)/SCA 
03030? 11 	CCrOTNI,F 

r,fsfro FATE NOES AN 	sTATSSFs rPnm ELEMENT OATA". 
041303 ne 	100 	N=IotimelF 
000104 K=r 
000705 rr 70" m=T,fUrrt 
09070t 111 	/nn 
000116 TF(Ty(401.FC.N1 	nn Tn irn 
000317 R00 CrfkipmC 
011321 r;rs 	'Oe 
009!21 150 	 GO TO 201 
COnT74 

tIe.r.,!:;0.1.GE.U7MAX) 

600!2i,  wroo=m 



000002 
SWIPPOITHF PRFT9I(NP) 

. COwt404 HUMEL91■4004P,IIIPIAX,NPLOT,NO,SCA,)(14900,7X(600441 9  
1 	z(64p).y(5011,WY(600),YY(001,XY(6001,9ASE(10)90TNT(10), 
27(40)90(40)000(10),T3(6001 

608006 
000006 
000006 

00000? CotrON/T01P/ S(600,4),XN(600).010(6003,00(40)sJA1401000A 000014 
ComPLOT 5HAPF CF STRUOTOPE"" 000015 

000002 CALL 	01_0717(1)96111),11 000115 
000085 co sn N.2040 	

• 
000015 

000010. CALL 	PLOT(7141911(4),21 000016 
000014 50 CCNTINUE 000016 82 . 

Co*.4ESTAIILTSH OCHTOUP INFORMATION*"** 000017 
00001? F.0.0 000036 
000020 CO 10 N=1,Ne 000037 
000032 CT(N)=9AcE(NP)+CINT1NP10F 000040 
000011 F=F.1.0 000042 
000034 10 COATTNUE 271=0H(IT)  000043 
000035 re 20 jirtoc 000045 
000042 JAIJI1=0 000047 
000043 20 COPTI4UP 000056 11 

000044 
r.,,..pLoT ELEMENTS ONE AT ATTME

N' cc 1 0 0 	.1,NUWEL 
000057 
000060 

000045 T=IX(M,I) 000062 
000050 J=TX(4r21 000161 
000051 pc=iy(140) 000065 
00015? 
000054 

L=10(0,4) 
IF1K.E0.1.1 	GO TC 490 

000067 
000010 12  

000162 Li = 	(1/N(T)-XN(10/"24.(44M-TN(F1)**70 000071 
13  000066 L2=((x0(J)-XN(L))2+2+10N(J)-YN(L))**2) 000072 

000072 TF111.1F.1.2) 	GO 	TO 	480 000107 
000075 CALL 	TPIFLT(K9L9JINP/ 000110 
000100 reit. 	TrTriTtic,i,romPt 000111 
000105 CO TO 100 000113 
000107 400 	CALL 	TPTPLICK,1_,T,NP1 000114 
000114 490 CALL TPIPLItT,J,KOP) 000116 
000121 100 CONTTNUF 000120 
000124 RFTU404 000127  14 
000124 CNC 000130 

000131 
umusEr COMPTLEfi sFAcr 000111 
017600 000134 

000136 
000140 15 
000140 
000141 
000142 16  

SUPPOUTTNF TRIPLTtTT,JJ9KKOKT) 
OTHENSION At40/0140,0140/0(40),J0(401 
CO2M04/1 212, St6C0,41,0H(601),Y141F111,PT1431,JAt401,NCO6 
00 82 J1*1,14C 

Viti:::: 
CSJT1=0. 
ONI1 50. 
jetJI)=0 
COKTTNUE 
IrtS(TI,KT).1T.4UJerT11C0 Tft it 
SSI=5(339KT) 
S12=1(JJ,KT) 
XX1=XN11T1  
XX2=01,(JJ) 

2720,H(JJ) 
GO TO 12  
111=c(J0,K1) 
SS2=S(TIIKT) 
xx1=xN(JJD  
XX2=XNCIT)  

;;;=:Y"N(ITI: 
G4 10 30 

IT'4(jjoet).GT.S(KK,KT/) GO TO 14 
151=S(JJ,KT1 
SE2=SIKK,KT) 
XX1.XN1JA 

;;21:11= 
222=Ym1l(F)  
GO TO 15 
SS1=S(KK,KT1 
052=1(JJ,KT/ 
xyl.xmiosto 
XY2 =P1(.1J1 

=J; 
CONTINUE 
GO TO 30 

7rg(TT,KT).1T.StKVIKT/) 10 TO 17 
SFI=S(TI,KT1 000157 

 1:0 	5S2=S(K0OCT) 
000161 
000163 	

XXI=XN(TI) 
XY2=XN(KY) 

000164 
000166 	

ZZI=YNIIT1 

T4 4!:"  000170  
000177 17 5S1=SIKKOCT1 
000200 	552=5(110(T/ 

:;12::1144:1(1% 
000201 
000203 
000204 	271=271r4.1tKx)  
000206 	Z72=YHIII/ 



000210 14 CONTTNUE 
000210 30 COWTT4OE 
000210 	OTcF2APS,SS2-SS1) 
000213 	TF(DIFF.LT.0.0001) GO TO 60 
000715 	CO 21 N=1,NO 
000217 	TF1CT(N)..LT.SS1.0R.CT.01).GT.SS2/ GO TO 21 
000232 	XY:(CT(N)-SS1)*M2•.XX1),(SS2SS1)+XXt -- -- 
000237 	YY=Z71+(rT(N)-..SS1)4(722•-221)/(SS2-SSIJ 
001245 	JC(N)=JC(N)+t 
000247 	JS=JC(N) 
000359 	GO TO t70,71,72),JS 
000257 	70 	A(S)=XX 
0002E0 	4(h)=YY 
000202 	GO TO 21 
004264 71 C110=Y* 
0002E5 	D(4)=YY 
019267 	GO rn 21 
000270 	72 OYC=CA(N)-C(W)**2+19(4)-0(N/1"2 
000275 	IFt0XC.GT.0.00011 GO TO 21 
010301 	C(K)=XX 
0/0302 	Ut')=YY 
000304 21 CONTTNUE 
000307 60 !7OKTTNUE 
000307 	GO TO (13,16,24) NW 
000316 	24 	CO 25 JI=1,NC 
000320 	TF(JC(J1).E0.0) GO rn ?s 
000321 	'ALL PLOT (A(JI),P(JT)94-3/ 
000324 	CALL PLOT(C(JI),P(JI),+2/ 
000330 	TF(JACJT/.EC.0) GO TO 96 
000334 	JAtJT)=JAJ.II)-.1 
000336 	GC TO 95 
000337 	26 CALL 40MRER(AtJT)9P(JI),0.07,CT(JT)p0.013) 
000/46 	JAUT1=NA 
000353 25 ( ONTTNUE 
000356 	PFluoN 
000356 	rNr 

UNUSED COMPTLFR SCACF 
0!6rno 
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APPENDIX 

B 

TWO DIMENSIONAL SIMULATION OF JOINTED 

ROCK STRUCTURES BY FINITE ELEMENTS 
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COMPUTER PROGRAM FOR JOINTED ROCK MASSES  

TWO DIMENSIONAL ANALYSIS  

PLANE STRESS AND PLANE STRAIN  

Purpose  

The program is designed to simulate complex behaviour of jointed 
rock systems. The following material behaviours are treated using initial 
stress and strain methods. 

(1) Limited or zero tensile strength for solid materials 

(2) Shear on a ubiquitous joint set in solid materials 

(3) Non linear shear force displacement law for joints; 
including peak residual behaviour. 

(4) Dilatancy during shear 

(5) Zero tensile strength for joints 

(6) Non—linear closure under normal load; according to a prescribed 
law. 

Comment 

The program was written for the CDC 6400/6600 installation at London 
University. It is based on earlier two dimensional finite element programs 
developed at the University of California, Berkeley (1965-1969). 

Input Data  

(1) Title of Problem  (12A6) 

Columns 1-72 on the first data card of the set contains a title that 
will be printed at the head of output. 

(2)  

Columns 

Control 	Information 	(415, 2F10.2, 	515) 

Notation Program 

1 - 5 Number of Nodal Points NUMNP 
6 - 10 Number of Elements NUMEL 

11 - 15 Number of Material Types NUMMAT 
16 - 20 Number of Boundary Pressure Cards NUMPC 
21 - 30 Acceleration in X direction ACELX 
31 - 40 Acceleration in Y direction ACELY 
41 - 45 Number of Steps on this run NSTEP 
46 - 50 0 if a second data set follows NEND 
51 - 55 Residual Stress Code* NRES 
56 - 60 Joint Cut-off Number. 	Materials with a higher number 

are all joints NSHELL 
61 - 65 Material type with Non Existant Properties NONEX 

	

* NRES = 0 	No Residual Stresses 

	

NRES = 1 	Residual Stresses, In Local Coords for Joints 

	

NRES = 2 	Residual Stresses. In Global Coords for Joints. 
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(3) Tape Storage Card (215) 

1 - 5 Reads Data and Previous Output from TAPE 11 	NREAD 

6 - 10 Write Data and Current Output onto TAPE 12 	NWRITE 

if not zero 

(See Note (D)) 

(4) Model Control Card (5F10.0) 

1 - 10 Scale Factor for nodal point co-ordinates 	SCALE 

used for changing scale, units, etc. 
11 - 20 Set greater than zero if Residual Stresses are 	RCALC 

to be calculated (NRES will have been zero if so) 
21 - 30 Datum for Residual Stress Calculations 	DATUM 

May be necessary to shift co-ordinate origin 
for residual stress calculations 

31 - 40 Ratio of Horizontal to Vertical Residual Stresses 	RATIO 
41 - 50 Code for Plane Stress (=1) or Plane Strain (=0) 	PLANE 

(5) Material Property Cards 	Set for each material type. 

Solid Materials: 

First Card:(I5, F10.0) 

1 - 5 	Material Identification 	 MTYPE 
6 - 15 	Material Density 	 RO 

Second Card (7F10.0) 

1 - 10 	Tensile Strength of Material 
11 - 20 	E - Compression 
21 - 30 	v 
31 - 40 	E - Tension 
41 - 50 	Direction of Ubiquitous Joint set. 

(Measure Anticlockwise from X axis) 
OR Area for Bar Elements. 

51 - 60 -5hesion for Joints 
OR Initial Stress for Bar Elements 

61 - 70 Piiction Angle for Joints 

Joint Materials; 

First Card; (15) 

1 - 5 	Material Identification 
	

MTYPE 

Second Card: (5F10.0) 

E(1,MTYPE) 
E(2,MYTPE) 
E(3,MYTPE) 
E(4,MTYPE) 
E(5,MTYPE) 

E(6,MTYPE) 

E(7,MTYPE) 

1 - 10 
11 - 20 
21 - 30 
31 - 40 
41 - 50 

Normal Stiffness 
Shear Stiffness 
Joint Cohesion (usually zero) 
Joint Friction Angle 
Maximum Normal Closure (Must be negative) 

E(1,MTYPE) 
E(2,MTYPE) 
E(3,MTYPE) 
E(4,MTYPE) 
E(5,MTYPE) 

Third Card: (I5) 

1 - 5 	Joint Number 	 JTYPE 

Fourth Card: (2F10.0) 

1  - 10 	Maximum POsible Dilatation at zero normal load 	DINC 

11 - 20 	Normal Load Increment for Dilation law 	FINC 
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Fifth Card: (10F5.0) 	 SHEAR 

List of Normalized Shear Stresses at unit increments of 
Normalized Shear Displacement. The shear stress at unit 
displacement should be 1.0 for the joint shear stiffness to 
describe its behaviour 

7. 8. 9. 10. 

NORMRLIEI SHEAR DISPLACEMENT 

Sixth Card: (10F5.0) 	 DRATIO 

List of the Proportion of Maximum Dilatation that may occur. 
Given at specifield increments of normal stress (FINC). 

STRESS Seventh Card: (10F5.0) 	NORMAL T 	
DILTN 

List of Normalized Dilatation (Dilatation/DINC) that occurs 
at zero normal stress. Given at unit intervals of Normalised 
Shear Displacement. 

1. 

I. 2. 3. 4. 5. 6. 7. 8. 9. 10. 

NORMAL)DED SHEAR DISPLACEMENT 
Eighth Card; (10F5.0) 	 SNJNT 

List of the Proportion of Maximum Closure that may occur. 
Given at specified normal stress increments (FINC). NOTE that 
it is convenient if the normal stiffness corresponds to this 
relationship over the first increment. 

NORMAL STRESS 
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(6) Nodal Point Cards (215, 4F10.0)  

1 - 5 	Nodal Point Number 
6 - 10 Nodal Point Load or Displacement Identifier* 	CODE 
11 - 20 X - ordinate 
21 - 30 Y - ordinate 
31 - 40 X - Loador X - Displacement 	 UR 
41 - 50 Y - Load or Y - Displacement 	 UZ 

*Nodal Coding 

Loads or displaceMents are indicated, depending on the nodal code 

Code 	0 	1 	2 	3 

X-direction 	L 	D 	L 	D 	D= Displacement 

Y-direction 	LLDD 	L= Load 

Missing nodal points in the data presented are generated automatically 
by linear interpolation. In the event of interpolation the nodal code 
and the loads are set to zero. If CODE is negative then it refers to 
the angle measured anti-clockwise from the global axes to local axes in 
which a load/displacement is specified. 

This is used for skew boundaries (See Note A following). 

(7) Element Cards (615)  

1 - 5 Element Number 
6 - 10 I 	 IX (1) 

11 - 15 J 	 IX (2) 
16 - 20 K 	 IX (3) 
21 - 25 L 	 IX (4) 
26 - 30 Material Type 	 IX (5) 

Missing elements are supplied by adding one to each nodal point number 
of the last specified element. This element also defines the material 
type. The last element must appear on the last data card of this series. 

Solid Element 

  

K 

 

      

3 

      

   

         

         

Labelled I, J, K, L 	Labelled I, J, K, K 

Maximum difference between nodal point numbers of an element is 39. 
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Joint Element 

Labelled I, J, K, L 	- Nodes I and L have the same co-ordinates 
so do J and K. 

A one dimensional Bar Element is identified as I, J, J, I. 

(8) Pressure Cards (215, 1F10.0)  

One card for each boundary element subject to normal pressure. 

1 - 5 Nodal Point 	I IBC 
6 - 	10 Nodal Point J JBC 

11 - 20 Normal Pressure PR 

As shown above, the boundary element must be on the left with reference 
to the direction I to J. Surface tensile force is input as a negative 
pressure. Joints cannot be placed on the boundaries. 

(9) Residual Stress Cards (15, 2X, 3E15.4)  

1 - 5 Element 
6 - 7 Blank 
8 - 22 X -, stress 	 RESID(N,1) 

23 - 37 Y - stress 	 RESID(N,2) 

38 - 52 XY - stress 	 RESID(N,3) 

If the residual stress refers to joint elements then if the former are 
in the joint local co-ordinate system: 

X - stress = Normal Stress 

Y - stress = 0.0 

XY - stress = Shear Stress 

If cards in this set are omitted, then the stresses are assumed equal to 
those on the last card. If all the elements have the same stresses, then 
only the first and last element stresses need by supplied. 
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(10) Construction, Excavation or Loading Control Card (615)  

One card of this type is required to head each set of increment 
instructions. There are NSTEP increments. 

1 - 5 	Number of Elements which are to have their material 
code altered. 

NELCUT 

6 - 10 New Material Code for altered elements MCUT 
11 - 15 Number of Nodal points to be altered NBOUN 

16 - 20 Number of first approximation in-this computer run NFIRST 

21 - 25 Number of last approximation in this computer run NLAST 

26 - 30 Total 	Number of approximations for this load increment NP 

Note: If NP is greater than NLAST then further approximations on a later 
computer run are anticipated. The residual stress state and the 
displacements are then not updated before the results of the run are 
written onto tape. 

(11) Altered Node Cards(I5, F5.0, 2F10.0)  

There will be NBOUN of these for each load step. 

1 - 5 	Node Number N- 
6 - 10 Displacement or Load Code CODE 

11 - 20 X-Load or Displacement UR 
21 - 30 Y-Load or Displacement UZ 

Note: These are total loads or displacements, not additional to those - 
pre-existing. 

(12) Altered Element Cards (615)  

List of Elements to be given material type MCUT. Six Element Numbers 
per card. 	 NCUT 

COMPUTER OUTPUT  

The following output is obtained: 

1) Printout of entire data, if this has been read from cards 

2) Residual Stress state at beginning of each increment 

3) Incremental and total displacements up to the start of the current 
increment. Given for each approximation. 

4) Stresses at the centroid of each solid element. Given for each 
approximation. 

5) Stresses and relative displacements of each joint element. Given 
for each approximation. 
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ADDITIONAL REMARKS ON DATA AND COMPUTER OUTPUT  

(a) Co-ordinate Systems  

ACCELERATION ive 

TISPLINCEIvIENT }VC 
0. 

The right-handed xy co-ordinate system is as shown above. 

Displacements have the same sign. 

Accelerations have the opposite sign. 

0. 

The ns co-ordinate system for skew boundaries is defined by the 
angle +ve clockwise from the x-axis to the s-axis. It must 
always be negative in the range -0.001 to -180.0 degrees. 
(Note +1.0 E - 179.0). 

The terms in columns 31-50 of the nodal point card are now 
interpreted as: 

UR is the specified load in the s-direction 
UZ is the specified displacement in the n- direction 

The displacement printed in the output are given in this local 
co-ordinate system for these nodes. 

(b) Continuum Element Stresses  

'tax cri3 
Direct Stresses Sign Convention (Tension +ve) 
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Principal Stress Direction Sign Convention a is measured anti-
clockwise from the x-axis. 

(c) Joint Element Stresses and Displacements  

 

Positive displacements 
of top face relative to 
bottom face 

Positive Stresses 

The stresses and displacements for the joint are the mean valuesand 
are given at the mid point. Residual stresses have the same sign 
convention unless they are given in global co-ordinates (NRES = 2) 

(d) Tape Handling of Data and Output  

The following procedure has been adopted for storing data and output 
on tape units 11 and 12. It is designed for permanent file usage. 
The essence of the procedure is that the permanent file cycle is 
written as TAPE 12 and read as TAPE 11. 

NREAD 	NWRITE 

RUN (1) 	 0 	1 

Read Data from Cards 
Write output and Data on TAPE 12 
Catalog TAPE 12 
as Permanent File (P.F.) Named; (e.g.) (EXCAV, 
CY=1) 

(where CY is the cycle number) 

RUN (2)  

Attach TAPE 11 - P.F. (EXCAV, CY=1) 
Read Data and Previous Output from TAPE 11 
Write Output and Data on TAPE 12 
Catalog TAPE 12 - P.F. (EXCAV,CY=2) 
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RUN (N) 	 1 	1 

Attach TAPE 11 - P.F. (EXCAV, CY.N-1) 
Read Data and Output from RUN (N-1) 
Write Final Output and Data on TAPE 12 
Catalog TAPE 12 - P.F.(EXCAV, CY = N) 

Clearly the cycle numbers need not be successive and only the 
output of the current and preceding runs need be on file at the 
same time. If a real tape is used then the output of the current 
run may overwrite the preceding run by using only tape 11 or tape 
12 for both reading and writing. However, it is probably good 
practice to retain the preceding output until the current run has 
been checked. 

(e) Model Control Card  

If RCALC is greater than zero then the residual stress slate in the 
model will be calculated from the given co-ordinates. In most cases, 
the depth of overburden will control the vertical stress. It is then 
essential that the origin of the coordinate system for the model is 
constrained to lie on the upper free surface. This is done using 
DATUM as shown below. 

RATIO definesthe ratio of the residual horizontal stress to 
the vertical, 

i.e. 	ax = RATIOx ay  

Note that SCALE alters the data in store whilst DATUM does not. 
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(f) Shear Force/Displacement Law  

The law is defined so that the initial shear stiffness (ks) is 
independent of the normal stress. 

SHEAR 'DISPLACEMENT 

The normalised relationship between shear force per unit area and 
shear displacement is arrived at via the joint shear stiffness and 
the residual angle of friction ((pr.). It is convenient if the shear 
stiffness defines the behaviour at least over the first increment of 
normalised shear displacement. (If residual stresses exist at the 
start of the calculation the corresponding displacements are 
calculated from the shear stiffness). 

 

T 

 

 

on  Tan 4r  

 

 

an  Tan (Pr 

(g) 	Dilation Laws  

Shear tests on joints may be used to determine the joint dilatancy. 
This has been divided into two parts. Firstly the dilatation during 
shear at zero, or very low, normal stress is defined. The maximum 
dilatation recorded is DINC. This is used to define a normalised 
dilatation at zero normal load. It is specified numerically at 
intervals of the normalised shear displacement defined in note (f). 

Dilatation at zero normal load 

= (DILTN) X (DINC) 

In order to take account of the influence of normal stress on dilatancy 
a second law is defined. This specifies the proportion of the maximum 
dilatation that occurs and is given at the increments of normal stress 
as defined by FINC. 
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Note: Because the dilatation law is defined in terms of the 
normalised shear displacement, it is possible to ensure that 
the peak dilatation angle coincides with peak shear strength. 

(h) Normal Closure Law  

The maximum permissible normal closure is given by E(5,MTYPE) on the 
second joint property card of each set.-  Up to the maximum value any 
relationship between normal force per unit area and normal displacement 
may be specified. SNJNT defines the proportion of the maximum that 
is permitted at the given increments of normal stress (FINC). 

(i) Solid Element Properties  

 

WW 

tl)  
Nw 

t- 
PAITE-b TENSILE 

A 
	STRENGTH 

   

    

    

Prr  
SLIP ON 
UBIQUITOUS 

JOINT SET 

STRAIN 

RESIMUAL. STRESS STATE 

Slip will occur on the 'jointing' in the solid elements if the shear 
stress exceeds the shear strength at the existing normal stress. 

T  available  c + on  Tan (I) 

where 	is the angle of friction 
and 	c is the joint cohesion 



PROGRAM GEN(INPUTOUTPUT,TAPE5=INPUTpTAPE6=OUTPUTpTAPE7. 
1 0TAPE8,TAPE9,TAPE10,TAPE11,TAPE12) 

• C 	ST.JOHN 	UMCR005 	• 
CPLANE STRAIN WITH JOINTS, CUMULATIVE LOADING, NOM LINEAR ALONG TANGENT 

000345 
000346 
000347 
800351 

2(N)=Z(N)*SCALE 
NL=L+1 
IX=01°L 
DR=(R(N)-R(L))/ZX 

000002 COMMON NUMNP,NUMEL,NUMMAT,NUMPC,ACELX,ACELY,N,VOLORES,MTYRE, '000353 DZ=(Z(N)-Z(L))/ZX 
1 HE0(12),E(8,12),R0(12),0000(12),R(5001,2(500),UR(500)02(500), 800355 70 1=1+1 
2 CO0E(500),I9C(200),JBO(200),PR(200),ANGLE(4),L8A0,NNN,NP, 000357 IF(4-L) 	100,90,80 
3 EPS(400),NSHELLIRSTRST(400,3),K0(400),KS(400) 000362 80 CODE(L)=0.0 

000002 COMMON /ARG/ RRR(5),222(5),S(10,10),P(10),TT(4),LM(4),00(3,3), 000363 R(1)=RIL°1)+OR 

1 	HH(6,10),RR(4),ZZ(4),C(4,4)0(6,10)0(6,6),F(6,10),TP(6),XI(1 0) 000365 Z(L)=Z(L-1)+02 
2,EE(7),IX(400,5),MTAG(400),RSTRS(4),RESIO(400,3) 000367 UR(L)=0.0 

000002 COMMON /BANARG/ MBAND,NUM31003(1601,A(160,80),ND 000370 UZ(L)=0.0 

000002 COMMON /EXC/ NCUT(l00I,NONEX 000371 GO 	TO 70 	 . 

000002 COMMON /CUM/ BST(1000),STRN(400,4),NS 000371 90 WRITE(6,2002) 	(K,CODE(K),R(K),Z(K),UR(K),U2(K),K=NL,N) 
000002 COMMON /PLN/ PLANE 000415 IF(NUMNP°N) 	100,110,60 

000002 REAL 0N,KS ' 000420 100 WRITE 	(6,2009) 	N 

C 	 000426 LOAD=1 
C 	READ AND PRINT OF CONTROL INFORMAT AND MATERIAL PROPERTIES 000427 GO TO 60 
C 	 000430 110 CONTINUE 
C 	 000430 NI= NUMNP+1 

000002 LOAD=0 C TO BE VARIED WITH DIMENSION STATEMENT 
000003 50 READ(5,1000) 	HED,NUMNP,NUMEL,NUMMAT,NUMPCIACELX,ACELY, 000432 00 111 N=NI,500 

1 NSTEP,NEND,NRES,NSHELL,NONEX 000436 UR(N)=0.0 
000037 WPITE(6,2100) HED,NUMNP,NUMEL,NUMMAT,NUMPC,ACELX,ACELY,NSTEP, 

1 NSMELL 
000437 

C 
111 UZ(4)=0.0 

000065 READ(511003) 	NREAD,NWRITE C READ AND PRINT OF ELEMENT PROPERTIES 
000075 READ(5,1005) 	SCALE,RCALC,DATUM,RATIO,PLANE C 
000113 WRITE(613005) 	SCALE,RCALCIOATUM,RAT/0 000440 WRITE 	(6,2001) 
000127 IF(PLANE.E0.0.) 	WRITE(6,2030) 000444 N=0 
000134 IF(PLANE.EC.1.) 	WRITE(6,2031) 000445 130 READ 	(5,1003) 	Mp(IX(M,/),I=1,5) 

C 000463 140. N=N+1 
000142 IF 	(NSHELL 	.EQ. 	0) 	NSHELL= 13 000465 IF(4-N) 	170,170,150 1 
000144 56 DO 59 M=1,NUMMAT 000473 150 	IX(0,1)=TX(N°1,1).01 
000146 READ 	(5,1001) 	MTYPEIRO(MTYPE) 000474 IX(0,2)=IX(N°1,2).1 
000155 IF 	(HTYPE .GT.NSHELL) 	GO TO 560 000475 I0(013)=IX(N01,3)+1 
000161 WRITE(6,2011) 	NTYPE,RO(HTYPE) 000476 IX(014)=/0(0°1,4)01 
600170 READ 	(5,1005) 	(E(0,MTYPE),J=1,7) 000477 10(01,5)=10(N-1,5) 
000177 WRITE 	(6,2010) 	(E(JOITYPE),J=1,7) 000500 170 	W00TE(6,2303) 	NOIX(N,I),I=1,5) 
060266 GO TO 59 000516 IF 	(0°N) 	180,180,140 
000207 560 REA0(5,1005) 	(E(J,MTYPE),J=1,5) 000521 180 	IF 	(NUMEL°N) 	196,190,130 
000216 WRITE 	(6,2017) 	MTYPE 000524 . 190 CONTINUE 
000224 WRITE(6,2016) 	(E(J,MTYPE),J=1,5) C 
000233 CALL PROPS C READ AND PRINT OF PRESSURE BOUNDARY CONDITION. 
000234 59 CONTINUE • C . 
060237 IF(NREAD.E0.0.) 	GO TO 7040 - 000524 IF 	(NUMPC.EQ. 	0) 	GO TO 310 
000240 REA0(111 	RyZ,UROZ,CODE,IX,IBC,LBC,PRORES,RESIO, 000525 290 	WRITE 	(6,2605) 

1 RSTRSTIISTRNOST,EPS,MTAG,NUMBLKOD,KN,KS 000531 U0 300 L=1,NUMPC 
000313 GO TO 7001 000533 READ 	(5,1004) 	incro,Jac(L),Prt(i) 
000314 7000 CONTINUE 000544 300 	WRITE(6,2007) 	I0C(L),JBC(L),PR(L) 

C • 000562 310 CONTINUE 
C 	 C 
C 	READ AND PRINT OF NODAL POINT DATA C READ AND PRINT OF INITIAL DATA FOR THE PROBLEM 
C 	 C 
C 800561 'DO 32 N=1,NUMEL 

000314 WRITE 	(6,2004) 000563 DO 31 1=1,3 
600320 L=0 -- 	000572 RESIO(N,I)=3.0 
006321 64 READ 	(5,1002) 	NgC00E(N)gR(N),Z(N)gUR(N),UZIN) 000573 31 CONTINUE r9 
000344 R(N)=R(N),SCALE -000574 32 CONTINUE co 

cr, 



000576 IF(NRES.E0.01 	GO TO 45 001002 L0AO=LOAD+1 
000577 1=0 	 • 001004 315 IF(KK-J) 	325,325,320 
000600 47 READ 	(5,1607) 	Np(RESID(N,I),/.1,3) 001007 320 J.KK 
000616 NL=L+1 ' 001011 325 CONTINUE 
000620 43 L.L+1 001013 340 CONTINUE  
000622 IF(N-4)40,41,42 001020 MBANO=2.0+2 
000624 42 DO 46 I=1,3 001022 WRITE 	(6,2012) 	)(FANO 
000634 46 RESIO(L,I)=RESID(L-100 001027 WRITE 	(6,2019) 	LOAD 
004636 GO TO 43 001035 IF 	(LOAD.NE.0) 	STOP 
000637 41 CONTINUE C 	 
000637 IF(NUMEL-N) 	40,45,47 C***4  PROVISION FOR EXCAVATION 
000642 40 	WRITE 	(6,1008) 	N 001040 DO 1500 NS=1,NSTEP 
000650 1040=1 001042 4. REAN5,1003) 	NELCUTOCUT,NEOUN,NFIT,NLAST,NR 
000651 45 CONTINUE 401061 IF(NROUN.E0.0) 	GO TO c..11 
Ou0651 IF(RCALC.E0.0.0) 	GO TO 145 001062 WRITE(6,3401) 
000652 OVA=R0(1)*ACELY 001066 DO 900 NR=1,NBOUN 
000654 DO 141 N.1,NUMEL 0014170 REA3(5,1002) 	K,C00E(K),UR(K),OZ(K) 
000657 TCEN=0.0 001103 WRITE(6,1002) 	K,CODE(K),UR(K),UZ(K) 
000660 NN03.4 001117 900 CONTINUE 
000661 IF(IX(H13).E0.IX(N,4)) 	NN00.3 001122 901 IF(NELCUT.E0.0) 	GO TO 903 
000664 DO 142 	I=1,NN0D 001123 WRITE(6,3002) 
00067> J=IX(N,/) 001127 READ(5,1003) 	(NCUT(I),I=1,N£LCUT) 
600676 142 	YCEN=YCEN.0.2(J) 001136 WRITE(6,1003)(NCUT(I),I=1,NELCUT) 
000703 DIV=FLOAT(NNOD) 001145 00 902 NC=1,NELCUT 
000704 NESIO(N,2)=0V8*(YCENJOIV—OATUM) . 001155 M=NCUT(NC) 
000710 RESIO(N,1)=RESIO(N,2)sRATIO 001156 /X(M,51=MCUT 
000712 141 	RESID(N,3)=0.0 001156 932 CONTINUE 
000716 NRES=2 001160 903 CONTINUE 
00017 145 CONTINUE C 	 PRINT RESIDUAL STRESSES AT START OF INCREMENT 	(NOT FIRST 	INC.) 

C 	 001160 IF(NFIRST.GT.1) 	GO TO 351 
C 	SOLVE NON-LINEAR STRUCTURE BY SUCCESSIVE APPDXIMATIONS 001164 wRITE(6,1006) 
C 	 001167 wRITE(6,10071 	(K,(PESIO(K,I),T=1,3),K.1,NU.EL) 

006717 00 350 N=1,NUMEL C 4 
000726 MTAG(N)=1 C FORM STIFFNESS MATRIX 
600727 LRS(N)=0.0 C 
000727 STRN(N,1)=0.Q 001211 CALL STIFF 
000730 STRN(N,2)=0.0 001212 351 CONTINUE 
030730 STPN(N,3)=0.0 001212 NW.N0,2 
0610731 STRN(N,4)=0.0 001214 DO 500 NAN=NFIRST,NLAST 
000731 350 CONTINUE 001216 IF(NNN.EQ.1) 	GO TO 	352 
000733 00 605 NL=1,NUMEL 001220 N0=0 
000734 00 605 	IJ=1,3 001221 353 NB=13+1 
000743 ' RSTRST(NL,IJ)=0.0 001223 DO 354 NR=1,NW 
000744 605 CONTINUE 001236 K=NW*(N8-1)+NR 
000747 NF=2*NUMNP 001237 KK=2.(NR-1) 
000151 00 505 N.1,NF 001240 9(K0-1)=UR(K) 
000755 505 	11ST(N)=4.0 001241 354 9(00.2)=UZ(K) 
000757 7001 CONTINUE 001246 WRITE(8) 	(P(N),N=1,ND) 

C 	 001254 IFINUMBLK-.N0352,352,353 
C 	OLTERMINE BANO WIDTH 001257 352 CONTINUE 
C 	 C 

000757 314 J=0 C SOLVE FOR DISPLACEMENTS 
400760 DO 340 N=1,NUMEL C 
000762 DO 340 	I=1,4 001257 CALL BANSOL(NNN) 
000763 DO 	325 L=1,4 C 
000764 KK=IABS(IX(4,2)-IX(N,L)) 001261 WRITE(6,2906)(41,13(2.W.14,B(2.N),OST(2*N-14,BST(2.40,N=1,MUmA.H/ 000772 IF(KK.LE.39) 	GO TO 315 C COMPUTE STRESSES 004774 WRITE 	(6,2018) 	N 



001307 
001310 
001311 
001314 

001316 
;01323 
001324 

001325 
001333 
001314 

001335 
001336 
001341 

CALL STRESS 
CALL JSTR 

500 CONTINUE  
IF(NLAST.LT.NP) GO TO 1500 

C".. CUMMULATIVE DISPLACEMENTS UPDATED AT ENO OF INCREMENT 
00 1510 N=1,NF 
BST(N)=BST(N)+G(N) 

1510 CONTINUE 
C..** SET NODAL LOADS BACK TO ZERO FOR NEXT INCREMENT 

00 1511 N=1,NUMNP 
UR(1)=0.0 

1511 	UZ(N)=0.0 
C"*.NRES=2 IF RESIDUAL STRESS FOR JOINT IN GLOBAL COORDINATES 

NRES=1 
1500 CONTINUE 

/F(NKRITF.E0.0) 	GO TO 5000 	 • 

001422 	2012 FORMAT (/6MMOAND= 15 /) 
001422 	2016 FORMAT 	(*0 	KN 	KT 	C 	0HT  

1 	MAX.CLOSURE 	./ 5E15.4 ) 
001422 	2017 FORMAT 	(1M010X,16H MATERIAL NUHRFRIS) 
001422 	2018 FORMAT 	(24H  ELEMENT CARD ERROR 	N = 	14) 
001422 	2019 FORMAT 	I. LOAD .0. Is) 
001422 	2030 FORMATt. 	PLANE STRAIN ANALYSIS OF JOINTEJ STRUCTURES .) 
001422 	2031 FORMAT(. 	PLANE STRESS ANALYSIS OF JOINTED STRUCTURES .) 
001422 	3001 FORMAT(1N0,14HNCQES ALTERED ) 
001422 	3002 FORMAT11H0,18HELEMENTS EXCAVATED 	) 
001422 	3005 FORIAT(1H0,* 	SCALE FACTOR = .,E12.4,// 

1 	. 	RESIDUAL STRESS CALCULATION. 	PCALC= 	..,F5.0,. 	DATUH= 	.,E12.4 
2 	,*RATIO= .,E12.4,//) 

081422 	3006 FOPMATC1H0,30H RESULTS WRITTEN ONTO TAPE 	I 
001422 	STOP 
001424 	ENO 

001342 WRITE(12)R,Z,UR,UZ,COOE,IX,IBC,LBC,PR,NRES,RESID, 
1 RSTRSTISTRN,BST,EPS,HTAG,NUMALK,HD,KN,KS UNUSED COMPILER SPACE 

001415 WRITE(6,3006) 012300 
001421 5010 CONTINUE . —. 
001421 IF(NENO.EQ.J) 	GO TO 50 

C 
C 

001422 1000 	FOR1AT(12A6/415,2F10.2,615) 
001422 1001 FOR1A7t15,F10.0) 
001422 1002 FORMAT(25,F5.0,5F10.0) 
001422 1003 	FORMAT(615) 
001422 1004 FOR4AT(215,F10.0) 
001422 1005 	FORMAT(7E10.0) 
001422 1006 FORMAT 	(25111INITIAL STRESSES IN ROCK//8M ELEMENT 4X 9M X•-STRESS 6X 

1 9H Y-STRESS 6X 10H XY-STRESS//) 
001422 1007 FORMAT 	(15,25,3E15.4) 
001422 1000 FORMAT 	(31M RESIDUAL STRESS INPUT ERROR N= 15) 
001422 2000 FORMAT 	(1H1 12A6/ I 

14.Hu NUMBER OF NODAL POINTS 	 13 / 
23CH0 NUMBER OF ELEMENTS 	 13 / 
33LHI 	NUMBER OF DIFF 	MATERIALS 	 13 / 
430H0 NUMBER OF PRESSURE CARDS 	 IT / 
53CHJ X-ACCLLERATION 	 E12.4/  
63041 	Y-ACCELERATION 	 512.4/ 
7 3uHJ 	NUMBER OF APFROXIMATIONS 	• 	13/ 
8 30110 JOINT CUT OFF NUMBER 	13 	) 

001422 2001 	FORMAT 	(4941LLLMENT NO. 	I 	J 	K 	L 	MATERIAL 	) 
001422 2002 FORMAT 	(112, 	F12.2, 	2F12.3, 	2E24.7) 
001422 2003 	FEPMAT 	(1113,416,1112) 	 . 
001422 2004 FORMAT 	(1u3H1NODAL 	POINT 	TYPE 	X•:1120/NATE 	Y•..0MOINATE 	X LO 

1AD JR DISPLACEMENT 	Y LOAD 01 DISPLACEMENT 	) 
001422 2005 FOP1AT (29HORRESSURE 90UNOARY CONDITIONS/ 24H 	I 	J 	PRESS 

SURE 	I 
001422 2006 FORMAT(1141,11HN.P. 	NUMAER,18X,2HUX,18X,2HUY,17X,4MCUMX,17X, 

1 	4H3U4Y, 	/(1112,4E20.7)) 
001422 2007 	FORMAT 	(216,F12.3) 
001422 2004 FOPlAT("ONODAL POINT 	X DISPLACEMENT I DISPLACEMENT 	CUM 

J. 	X 4ISPLACEMENT 	CUM Y DISPLACEMENTS) 
 

001422 2009 FORMAT 	(26HONOJ0L POINT CARD ERROR N= 15) 
001422 2010 FORMAT420X,12RCOMP MODULUS,3X,I4HPOISSONS RAT/0,3X, 

1 	12HTERS 	MODULUS 	,/(F15.503516.5)) 
U01422 2011 FORMAT 	(17HOMATERIAL NUMBER= 13, 	15,4 MASS DENSITY= E12.4) 



SUBROUTINE PROPS 
000001 	COMMON /MAT/ SHEAR(4,10),ORATIO(4,10),0/LTN(4,10),DINC(4),FINC(4) 

,SMJNT(4,10) 
000001 	REA9(5,1000) J 
000007 	REA0i5,1001) DINC(J),FINC(J) 
000017 	WRITE(6,2041) J,OINC(J),FINC(J) 
000031 	RFAD(5,1002) (SHEAR(J,I),I21,10) 

000044 	NRITE(6,2J02) (SHEAR(J,I),I=1,10) 
000057 	READ(5,1002) (DRATIO(J.I),I=1,10) 

U00072 	WRITE(6,2u03) (DRATIO(J,I),I=1,10) 
G00105 	REA1(5,1G02) (OILIN(JII),I*1,10) 

000120 	. HRITE(6,2.104) (DILTN(J.I),I=1,10) 
000133 	REA1(5,1002) (SNJNT(J,I),I=1,10) 
000146 	WRITE(6,2005) (SNJNTIJ,I),/=1,10) 
000161 	1 CONTINUE 
000161 	1000 FOR1AT(I5) 
000161 	1001 FORMAT(2F10.0) 

100161 	1302 FORIAT(1EF5.0) 
000161 	2001 FORMAT( /OW JOINT TYPE *,I5,* DILATATION CONSTANT • ,E12.4, 

/ * NORMAL STRESS INCREMENT * 11E12.4 ) 
000161 	2002 FORMAT( • SMEAR STRENGTH AT UNIT INTERVALS OF DISPLACEMENT • / 

1 10F10.3) 
000161 	2003 FORMAT( * DILATATION AND NORMAL DISPLACEMENT RATIO */010F10.31 
000161 	2004 FORMAT(• DILATATION AT UNIT INTERVALS OF SHEAR DISPLACEMENT * 

1 / 10F10.3) 
000161 	2005 FORMAT(. NORMAL DISPLACEMENT AT NORMAL STRESS INCREMENTS .9 

1 /,10E10.3) 
000161 	RETURN 
000162 	END  

SUBROUTINE STIFF 

	

000001 
	

COMMON NUMNP,NUMELIINUMMAT,NUMPC,ACELX,ACELY,N,VOLORESOTYRE, 
1 HE0(12),E(8,12),R0(12),XXNN(12),R(500),7(500),UR(500),UZ(500), 
2 COOE(50C),/BC(200),JOC(230/11PR(2L-0),ANGLE(4),LBANNNNOP, 
3 EPS(400),NSHELL,RSTRST(400,3),KN(400),KS(400) 

	

000001 
	

COMMON /ARG/ RRR(5),222(5),S(10,10),P(1U),IT(4),LM(4),J3(:,,3), 
1 MH(61/0/IRR(4),22(4)pC(4,40H(6,10)0(6,6),F(6,10),TP(6),XI(10) 
2,EE(7)pIX(400,5),MTAG(400),RSTRS(4),RESID(402,3) 

	

' 008001 
	

COMMON /BANARG/ MBANDINUMBLK,9(160),A(1607 80),HD 

	

000001 
	

COMMON /EXC/ NCUT(100),NONEX 
C 	 
C 	INITIALIZATION 
C 	 

	

000001 	REWIND 8 

	

000003 	REWIND 10 
NB 	40 800005 

C****NB IS CONTROLLED BY COMPUTER BANDWIDTH 
C**** 	DIMENSIONS OF A AND B MUST CORRESPOND 

000006  

	

000010 	
N0=2*ND 

00010  NO2=2*NO 

	

000011 	
L=.1 

	

000012 	.0 

	

000013 	DO 50 W=1,1402 

	

000015 	8(N).0.0 

	

000016 	00 50 H=1,NO 

	

 
000026 	50 A(N,M).0.0 

C 	 
C 	FORM STIFFNESS MATRIX IN BLOCKS 
C 

UNUSED COMPILER SPACE 
.017500 

000033 
000034 
000036 
0000 37 
000040 
000043 

000044 
000046 
000050 
000052 
000056 
000063 
000065 
000066 
000071 
000072 
000073 
000074 
000076 
000101 

.000104 
000111 
000114 
000117 
000121 
000123 
000134 
000141 

60 NUMOLK=NUMBLX+1 
NH=NB*(NUMBLI(4.1) 
NM.NH-ND 
NL.HM-N8+1 	ti 
KSHIFT=2*NL.•2 
00 210 N=1,NUMEL 

C***BYEPASS STATEMENTS FOR NON-EXISTANT ELEMENTS 
IFIIXCN,5).E0.NONEX) GO TO 210 
IF (TM'S)) 210,210,65  

65 DO 80 
IF (IX(N,I)-NL) 80,70,70 

70 IF (IX(N,I)-NN) 90,90,80 
80 CONTINUE 

GO TO 210 
90 IF (IX(N,5) .LE. NSHELL) GO TO 92 

CALL JTSTIF 
GO TO 165 

92 CALL QUAD 
IX(N,5)=-IX(N,5) 
IF (VOL.LE.0.) LBAD=1 
IF (VOL.GT. 0.) GO TO 144 
WRITE (6,2003) N 

144 IF fIX(NO3).EO.IX(N,4)1 GO TO 165 
145 DO 150 11=1,9 

CC.S(II,10)/S(10,10) 
Pf/I)=P1II)....CC*Ft101- 
DO 150 J41.1,9 

150 S(I/04)=S(II,JJ)....CC*S(10,44) 
DO 160 II=1,0 	_ - 

CO 



000144 
610146 
000150 

CC=S(II,9)/S(9,9) 
P(I/)=P(II)-CC*10(9) 
DO 160 JJ=1,8 

000404 
000406 

13(JJ)=8(JJ)-tS/NA•02-COSA*OR) 
300 CONTINUE 

C++* 	2. DISPLACEMENT B.C. 
046161 164 	S(II,JJ)=S(II,JJ)-.CC*S(9,JJ) 000411 310 DO 400 M=NLOH 

C 	*A00 ELEMENT STIFFNESS TO TOTAL STIFFNEvwf* 000413 IF 	(N...NUMNP) 	315,315,400 

000166 165 00 166 1=1,4 000415 315 U=UR(M) 

000177 166 LM(I)=2•IX(N,I)-2 000417 N=2*M.-1-KSHIFT 

000201 DO 200,1=1,4 000421 IF 	(COOE(M)) 	390,400,316 

000203 00 200 	K=1,2 000423 316 IF 	(000E(M)-1.) 	317,370,317 

00020(7 II=LM(I)+K-KSHIFT 020426 317 IF 	(000E(M)-2.) 	318,390,318 

000206 KK=26 1-2.1( 000431 318 IF 	(CODE(M)-3.) 	390,380,390 

000210 8(I/)=0(II)*P(KK) 000434 370 CALL MODIFY(A,0,NO2,MBAND,N,U) 

000214 U0 200 	J=1,4 000440 GO TO 400 	• 
100215 00 	20u 	L01,2 000441. 380 CALL MODIFY(A,8,ND2,MBAND,N,U) 
000216 JJ=LM(J)+L-114.1-KSHIFT 000445 390 U.UZ(M) 
000222 LL=2*J-2+L 000447 N=014-1 
000224 IF(JJ) .200,200,175 000451 CALL MODIFY(A,B,NO2,MBAND,N,U) 
000226 175 	IF(N0-JJ) 	180,1951195 000455 400 CONTINUE 
000231 180 	WRITE 	(6,2004) 	N C 	 WRITE BLOCK OF FOUATIONS ON TAPE AND SHIFT UP LOWER 9LOCK *.s.. 

000237 LOAD = 1 000460 WRITE(8) 	((A(N,M),H=1,HBAND)101=1,N0)* 
000240 GO TO 210 000477 WRITE(8) 	(8(N),N=100) 

000241 195 A(II,JJ)=A(II,JJ)+S(KK,LL) C+4** TRANSFER B VECTOR INTO UR,UZ ONE BLOCK AT THE TIME 
000250 200 CONTINUE 000505 00 419 N=NLOM 

000260 210 CONTINUE 000515 K02*N-KSHIFT 
000263 IF(LRAD.NE.0) 	GO TO 475 000517 UZ(N)=B(K) 

C 	A30 CONCENTRATED FORCES WITHIN BLOCK 	 000520 419 UR(N)08(X-1) 
000264 DO 250 N=NL,NM 030523 DO 420 N=1,ND 
000275 K=2,0-KSHIFT 000525 K=N+ND 

000277 B(K)=0(X)+UZ(N) 000526 8(N)013(0() 
000301 250 	0(K-1)=00(-11)JR(N) 000527 0(K)=0.0 

C 	 BOUNDARY CONDITIONS 	 000531 DO 420 M=1,ND 

C*** 	1.PRESSURE S.C. 	""" 000543 A(N,M)=A(K,M) 

000304 IF 	(NUMPC) 	260,310,260 000544 420 A(K,M)=0.0 

000305 260 DO 300 L=1,NUMPC C 	 CHECK FOR LAST BLOCK 

000307 I049C(L) 000550 475 IF(NM-NUMNP) 	60,480,480 

000312 J=JIC(L) 000553 480 CONTINUE 

000313 PP=PRIL)/2.0 000553 IF 	(LBAD .E0. 	0) 	GO TO 500 
000315 02,0(2(I)-2(J))*PP 000554 WRITE 	(6,2005) 	LOAD 
000320 OR=0(01)-R(I))*PP 000562 STOP 
000323 264 	I1=2.1-KSHIFT 000564 500 RETURN 
000325 JJ=24J-KSHIFT 000565 2003 FORMAT 	(26HONEGATIVE AREA ELEMENT NO. 	14) 
100326 IF 	(II) 	281,280,265 000565 2004 FORMAT 	(29H00AN0 WIDTH EXCEEDS ALLOWABLE 14) 
000330 265 	IF 	(II-NO) 	270,270,280 000565 2005 FORMAT ( • LABO* 415) 
000333 270 	SINA=0.0 000565 END 
000334 COSA=1.0 
000335 IF 	(COOE(I)) 	271,272,272 UNUSED COMPILER SPACE 
000340 271 	SINA=SIN(COOE(/)) 015300 
000342 COSA=COS(CODE(I)) 
000347 272 	B(TI-1)=0(II-1)4(00511802+SINA*OR) 
000354 0(II)=13(II)-(SINA•02-COSA*OR) 
000356 280 	IF(JJ) 	300,300,285 
000360 285 	1F(JJ-NO) 	290,290,300 
000363 290 	SINA=0.0' 
000364 COSA=1.0 
000365 IF 	(CODE(J))291,292,292 
000370 291 SINA=SIN(COOE(J)) 
000372 COSA=COS(CODE(J)) 
000377 292-0(JJ-1)=0:JJ-1)0(COSA*07+SINA•DR) 

0 



SUBROUTINE QUAD 000124 H(II,JJ)=14(I/0,1)■C(II,KK).0(KK,JJ) 
L00001 COMMON NUMNPI NUMEL,NUMMAT,NUMPC,ACELX-IpACELY,N,VOL,NRES,MTYRE, 000126 88 CONTINUE 

1 HED(12),E(8,12),R0(12),XXNN(12),RT500),Z(500),UR(500)0 2(500), 000133 DO 89 11=1,4 
2 CODE(500),IBC(200),JBC(200),PR(200),ANGLE(4),LBADONN,NP, 
3 FPS(400),NSMELLIRSTRST(400,3),KN(400),KS( 400) (0)10)01;: 

00 89 JJ=1,4 
C(I1,JJ)=0.0 

coma COMMON /ARG/ 	RRR(5),ZZZ(5),S(10,10),P(10),TT(4),LM(4),00(3,3 ), 000140 DO 89 )0<=1,3 
1 	HH(6,10),RR(4),Z2(4),C(4,4),H(6110),0(6,6),F46,10),TP(6),XI(10) 000154 CIII,JJ)=C(II,JJ)40(KK,II)*M(KK,JJ) 
2,EE(7),IX(400,5),MTAG(400),RSTRS(4),RESIO(400,3) 000156 89 CONTINUE 

000001 COMMON /BANARG/ MBAND,NUMSLK0(160),A(160,80),NO C 
000001 COMMON /TEN/ HRES(3,10) C REPLACE RESIDUAL STRESS FOR NTH ELEMENT 
000001 COMMON /PIN/ PLANE c 
canal I=Ix(N,1) 000163 IF( NRES.EQ.0) 	GO TO 112 
000003 J=IX(N,2) 00 111 	IJ=1,3 
000004 
000006 

K=IX(N,31 
L=IX(N,4) 00 0:0 

111 RSTRS(IJ)=RESID(N,IJ)+RSTRST(N,IJ) 
GO TO 114 

000007 MTYPE=IX(Np5) 000200 112 DO 113 IJ=1,3 
C FORM STRESS STRAIN RELATIONSHIP FOR PLAIN STRAIN 	 000205 113 RSTRS(IJ)=0.0 

000011 •  00 	105 	10(=1,7 000214 114 RSTRS(4)=RSTRS(3) 
000020 105 EE(KK)=E(10(4.1,MTYPE) C FORM QUADRILATERAL STIFFNESS MATRIX 	 
000422 IF 	(MTAG(N)..2) 	82,84,03 000215 RRR (5) = (R(I) +R(J)+R(K)+R(L) )/4.0 
000025 82 EE(3)=EE(1) 000221 ZZZ(5).(7(T)+Z(J)+Z(K)+Z(L))/4.0 
000027 GO TO 84 000225 

MCP11=TX(N:M)4 000027 83 EE(1)=EE(3) 000226 
000033 84 	EE(1)=EE(1)/(1...,EE(2)**2) 000232 93 RRR(M)=R(MM) 
000035 EE(3)=FE(3)/(1.-EE(2)**2) 000235 94 	ZZZ(M)=2(MM) 
000037 EE(2)=EE(2)/(1.EE(2)) 000240 00 100 	II=1,10  
000041 XX=EE(11/EE(3) 000241 P(II)=0.0 
000042 COMM=EE(1)/(XX-LE(2)**2) 000242 00 95 JJ=1,6 
000045 C(1,1)=COMM*XX 000251 95 HH(JJ,II)=0.0 
000045 C(1,2)=COMM*EE(2) DO 96 JJ=1,3 
000046 C(1,3)=0.0 li) 00 56 96 HPFS(JJ,II)=060 
000050 C(2,1)=C(1,2) 000262 DO 100 JJ=1,10 
000050 C(2,21=COMM 000270  100 	S(II,JJ)=0.0 
000051 C(213)=0.0 000274 00 119 11=1,4 
000052 C(3,11=0.0 000304 JJ=IX(NIII) 
000053 C(3,21-0.0 000305 119 ANGLE(II)=CODE(JJ)/5703 	i 
000033 C(3,3)=.5*EE(1)/(XX+EE(2)) C FORM BAR STIFFNESS 	 
000057 SS=SIN(EPS(N)) 500311 IF 	(IX(N,21-IX(N,3)) 	250,240,250 
000061 CC=COS(EPS(N)) 000315 240 	TT(112-EE(6) 
0.10067 S2=SS*SS 000316 TT(2)=-Et(6) 
000070 C2=CC*CC 000317 OR=R(J)-R(I) 
000071 SC=SS•CC 000321 OZ=Z(J)-2(I) 
000071 0(1,1).S2 000324 XL=SORT(OR**2+02"2) 
000072 0(1,2)=C2 0u0337 RRR(5)=(R(I)-R(J)1/2.-2..EE(4) *02/XL 
000073 0(1,3)=13.o 000343 ZZZ(5)=(Z(I)+Z(J))/2.4.2.*EE(4)*0R/XL 
000074 0(1,4)=...SC 000351 CALL TRISTF(112,5) 
000075 0(2,1)=C2 000353 GO TO 130  
000076 0(2,21=S2 000354 250 CONTINUE 
000076 
000077 

0(213)=040 
0(2,4)=SC 000356 

IF 	(K.NE. 	1) 	GO TO 125 
120 	CALL 	TRISTF(1,2,3) 

000100 0(3,1)=2.*SC 000361 R4R(5).(RRR(114RRR(2)4ARR(3)//3.0 
000102 0(3,2)=-0(3,1) 222(5)=UZZ(1) 4222(2)4222(3)1/3.0 
000103 003,31=0.0 0003);T: VOL=XT(1) 
000103 0(3,41=-C2,52 000372 IF(VOL.GT.0.) 	GO TO 130 
000105 00 88 ,11=1,3 040374  WRITE 	(6,1000) 	k 
000106 00 88 JJ=1,4 000401 RETURN 
000107 M(II,JJ)=0.0 000402 125 VOL=0.0 
000112 00 88 KK=1,3 000403 CALL TRISTF(4,1,51 

BY RSTRS(IJ) 



0001,06 CALL TPISTF(1,2,5) SUBROUTINE TRISTF(IIIJJ,KK) 

000411 CALL TPISTF(213,5) 000005 .COMMON NOMNR,NUMEL,NUMNAT,NUMPC,ACX,ACELY,N,V01,NRES,MTYE, 
000414 CALL TRISTF(1,4,5) 1 HE0(12)1pE(8.12),R0(12),XXNN(/2),R(500).2(506)OR(500)0Z(5uR). 
000417 IF(VOL.GT. 	0.) 	GO TO 126 2 	COOE(500)1I9C(200),J8C(200).PR(2C0).ANGLC(4),L8A0,NNN,NP, 

000422 WRITE 	(6,1000) 	N 3 ERS(400),NSHELL.RSTRST(400,3),KN(400).KS(400) 
000427 126 00 140 	01.1,6 000005 COMMON /ARG/ RRR(5),Z22(5).S(10.1G).R(10),TT(4),LM(4),00(I.3). 
000431 00 140 JJ=1,10 1 	414(6,10),RR(41,27(4),C(4,4),H(6,10)0(6,6),F(6,16),TP(6)0I(11) 
000440 mil(II,JJ)=MH(II,JJ)/4.0 2,EE(7),IX(400,5),MTAG(400),RSTRS(4),RESIO(400,3) 
000441 140 CONTINUE 000005 COMMON /RANARG/ MBANDOUMALK0(160),A(160,30),ND 
000444 130 CCNTINUE 000005 COMMON /TEN/ HRES(3,10) 
010444 WRITE(10) 	RRR,2Z2400.1'S'P,VOLOPES C 1. 	INITIALIZATION 
000467 RETURN C 
000470 1000 FORMAT (* NEGATIVE AREA 	'ELEMENT NU.* 25) 000010 LM(1)=II 
C00470 2001 FORMAT 	(1N 	'4E12.4) 000010 LH(2)=JJ 
4,00470 END 000011 LM(3)=KK 

UNUSED COMPILER SPACE 000012 RR(1)=RRR(II) 
015500 100014 RR(2)=RRR(Jj) 

000015 RR(3)=RRR(KK) 
100017 RR(4)=RRR(II) 
000017 ZZ(1)=222(II) 
070021 ZZ(2)=ZZZ(.1J) 
000022 22(3)=2270(10 
14.0024 ZZ(4)=ZZZ(II) 

C 
000025 85 00 100 	1=1,6 
000027 DO 90 	J=1,10 
000036 F(I,J).0.0 
000037 90 H(I'4)=0.0 
000040 00 100 	4.1,6 
000050 100 0(1'4)=0.0 

C 
C 3. 	FORM INTEGRAL(G)T*(C)*(G) 
C 

000056 COMM.RR(2)*(22(3)-22(1)).RR(114(72(2)-22(3))+PR(3)*(22(1)-21(2)) 
1400066 XI(1)=COMM/2.0 
000067 IF(XI(1).GT.0.0) 	GO TO 	102 
000072 WRITE(6,1000) 	II,JJ,KK,N 
000105 LDAS=1 
0'10106 RETURN 
000107 102 CONTINUE 
000107 VOL=VOLOCI(1) 

C 
000111 107 0(2,2)=XI(1)*C(1,1) 
000113 0(2,6)=XI(1)*C(Ip2) 
000114 0(3,3)=XI(1)*C(4,4) 
000116 D(3,5)=XI(1)*C(4,4) 
000120 0(5,5)=XII1/*C(4,4) 
000121 0(6,6)=xI(1)*C(2'2) 

C 
000123 108 00 tio 1=1,6 
000125 DO 110 J=I'6 
000135,  

C 
110 0(J,I)=0(I,j) 

C 4. FORM COEFF/CIENT■OISPLACEMENT TRANSFORMATION MATRIX 
C 

000144 00(1,1)=020(2).22(3)•RR(3)422(2))/CONM 
000147 00(1p2).(RR(3)*ZZt1)-RR(1).22t3))/COMM 



000154 00(1,31=(KK(i)•ZZ(2)-RRt21+ZZ(11)/C01M( 600472 	165 KRE513,13;MRES(3ti)44H(31I)+415,11/*X/(1) 

000160 00(2,10=(ZZ(21-ZZ(31)/COMM C 

000162 00(2,2)=(ZZ(31-ZZ(1)1/COMM C ACCELERATION LOADS 

000164 00(2,3)=(22(I)-22C211/COMM C 

000165 00(3,1).(RR(3/-.RR42/1/COM4 400505 COMM=ROiNTTPET+XI(1),3.0 

000170 DD(3,2)=(RR(1)-RR(3)1/COMM 000510 00 170 1=1,3 

000172 00(3,3)■(RR(2)-RR(111/COMM 040524 3=2*LM(D-1 

C 000526 R(J)=P(J)-ACELX*COMM 

000175 00 120 1.113 000530 	170 R(J+1)=12(J+1/-ACELY*COMN 

000215 J=2*LM(I)-1 C 
000217 M(11J).00(/,I) C FORM STRAIN TRANSFORMATION MATRIX 
000220 M(2,J)=00(2,1/ C 

000224 M(3,J)=00(3,” 000535 	400 00 4/0 1.1,6 

000230 M(49.1.1).00(1t1) 000537 00 410 J=1.10 

000234 M(5041/.00(2,I) 040546 	410 NM(IfJ)-MMtI,J)+H(I,J) 

000237 120 	M(6,J+1)=00(3.I) C 

C 018555 	415 RETURN 

C ROTATE UNKNOWNS IF REQUIRED 000556 	1200 FORAAT(28mZERO OR NEGATIVE AREA, TRI. 3I4,11HELEM6NT NO. 
C C 

000251 00 125 J=1,2 000556 END 

000254 I=LM(J) 
000255 IF (ANGLE(I)) 	122,125,125 UNUSED COMPILER SPACE 
000260 122 SINA=SIN(ANGLE(/)) 015500 
000263 COSA=COS(ANGLEMi 
000266 IJ=2'I 
000270 00 124 X=1,6 
000303 TEM=M(K,IJ-1) 
000304 M(K,IJ-1)=TEM.COSA+H(K,IJ)*SINA 
000306 124 H(K,IJ)' -TEM*S/RA4M(K9IJ)*COSA 
000313 125 CONTINUE 

C 
C 5. FORM ELEMENT STIFFNESS MATRIX (M)T•(0)'(Nl 
C 

000315 00 130 J=1.10 
000317 00 130 X.1,6 
000320 IF 	(H(K,J)) 	126,130,126 
000323 126 DO 129 I.1,6 

C 
000341 129 F(I,J)=FC/ 1004.0(/pK)*M(K,J) 
000346 130 CONTINUE 
000352 DO 140 K=1,6 
000354 00 140 1=1,10 
000355 IF 	(4(X,Y)) 	136,140,136 
000360 136 DO 139 4.1,10 
000375 139 5(I,J).S(I,J)*H(X,I7+F(K,J) 
000402 140 CONTINUE 

C 
C 
C FORM RESIDUAL LOAD MATRIX 
C 

000406 150 DO 150 T=1,10 
000426 160 P(I)=P(I)+XI(1)*H(2,I)'( 	-RSTRS(1)I 

..x/(1)+N(6,I1*4 	-RSTRS(2)) 
2 	0CI(11.M(3,I)'( 	-RSTRS(3)) 
3 	exI(1)(4415,W"( 	-RSTRS(3)1 

000442 00 	165 	I=1,10 
000464 mPFS(1,I) =NRES(1,I)+MT21IT.ITIT1) 
000470 MPTS(20)=HRES(2.I)+H(6.I1*XI(1) 

I5) 



000001 

SUBROUTINE 'MT/F. 
COMMON NUNNPOUMEL6NUMMATOOMPC,ACELX,ACELY,N,VOL,NRESOTYPE, :::t:70 

DO 200 /I=1,4 
IS=24II...1 

1 	NE0(12),E(6,12),R0(12),XXNN(12),R(500)92(540)0R(500)02(500), 
2 COOE(500),I3C(200)0JOC(2J0),PR(200),ANCLE(4),LBA0pNNNOP, 

000151 
000153 

IN=2*II 
DO 200 JJ=1,4 

3 EPS(400),MSNELL,RSTRST(400,3),KN(400),K5C400) 000163 JS=23JJ■1  

000001 COMMON /ARG/ RRR(5),ZZI(5),S(10,10),P(10)pIT(4J,LM(4)00(3,3), 

1 	MM(6,10),RR(4),22(4),C(4,4),H(6,10)10(6,6).FI6,10),TP(6)0(I(10)  
000165 
000166 

.047.24JJ 
ESTIF(IS,JS)=COMS*A(IIIJJ)  

2,EE(719IX(430,5),MTAG(400),RSTRS(4),RESIO(4u0,3) 000172 200 	ESTIE(IN,JN)=COMN*A(II,JJ)  

000001 	' ' 	COMMON /CUM/ 8ST11000),STRN(400,4),NS C'" 	ROTATE GLOBAL COORDINATES  

000001 DIMENSION 	AC4,4J,TR(2,2)94-STIF(10910),PPP(8) 
000:;(11 7 

TR(1,1)=DR/L 

000001 EDUIVALENCE(S(10,10),ESTIF(10,10)) 0 	 0 TR(1,2)=07/1 

000001 DATA 	A/2.91.0-.1.,..2.1,1.,2.10.2.0..1.,1.,2.92.111.9■2.9■141,141,244 0002.11 TR(211)....02/L 

000001 REAL KS,KN,L 000211 TR(2,2)=DR/L  

400001 I/=IX(N,1) 000212 IF(TR(1,1).EQ.1.) 	GO TO 405 

000003 JJ=IX(N,2) 000215 00 400 NN=1,4 

000004 OP=R(JJ)-R(1/) 000216 DO 	410 	II=1,0  

000007 
400012 

02=2(J.1)-2(II) 
L=SORI(DR*JR+02*OZ) 

000221 
000223  

JJ=2*NN-4 
TEMP=ESTIE(II,JJ) 

000015 IFIL.E0.0.1 	GO TO 201 000227 00 410 	K1=1,2 

000020 MAT=IX(N,51 000243 ESTIF(II,JJ)=TEMP*TR(1,KK)+ESTIF(II,2*NN)*TR(2,KK) 

(00021 rx(4,5)=-tx(N,5) 000250 410 JJ=JJ+1 

C*** 	4AT4:RIAL PROPERTIES **** 000256 00 424 11=1+0 

000022 IF(NNN.GT.1) 	GO TO 50 JJ=2*NN-1  000262 

000431 KN(N)=E(1,MAT) 000264 TEMP=ESTIF(JJ,I/) 

430031 KSIN)=E(2,4AT) 000267 no 420 	KK=1,2  

000036 53 ams=Kstn1*L/6. 000305 ESTIF(JJ,II)=TR(1,KK)*TEMR+TR(2,KK)*ESTIF(2*NN,II) 

000037 COMN=KN(N)*L/6. 000310 420 	JJ=..J+1  

C*** 	INITIALIZE 	**** 000316 Lop CONTINUE 

000041 DO I00 II=10 000320 405 CONTINUE 

000043 R(II)=0.0 000320 00 401 	1=1,4 

000044 10 103 	JJ=1,4 J=2*I-1  000330 

000053 100 	ESTIF(II,JJ)=6.0 000332 II=2*I 	1 

C*** 	DEVELOP RESIDUAL STRESS CONTRIROTIONS TO THE LOAD VECTOR 000334 p(J)=PPP(J)*TR(1,2)+PPP(II)*TR(2,2)  

C 	 400337 401 	P(II)=-PPP(J)*TR(2,2)+PPP(II)*TP(1,2) 

C THE FOLLOWING SIGN CONVENTION IS AUOPTED.TNE NORMAL STRESS IS POSITIVE 000345 RETURN  

C WHEN DIRECTED CUTWAROS THE ELQMENT ON THE FACE(II,JJ).THE WAR STRESS 400345 201 	WRITE(6,2090) 	N 

C IS POSITIVE WHEN DIRECTED FROM IT TO JJ AND KK TO LL INSIDE THE ELEMT. 000353 RETURN 

C UESIJES,ANO FOR EXAMPLE,S2 IS THE AUARE OF THE COSINE OF THE ANGLE 000354 2300 	FOR4AT(10E12.31 

C 1ETWEEN THE GLO9AL X DIRECTION ANO THE LOCAL NORMAL STRESS DIRECTION. 000354 209„, 	F0P4AT(1414 	DAD 	JOINT,N= 	II/) 

000061 SC=(DR*OZ)/(L**2)• 0 00354  END 

000063 ' 	S2=(D7/1)**2 
400064 C2=(OR/L)**2 UNUSED COMPILER SPACE 

000065 IF(NRES.E0.2) 	GO TO 112 016300 
000072 111 	RSTRS(1)=RESIO(N,1) 

1 	+PSTRSTIN,1)+KN(N)*STRN(N,1) 
000075 RSTRS(2)=,(ESIJ(N13) 

1 	+RSTRST(N,3) 
000100 GO TO 113  

000103 112 RSTRS(11=RESID(N,1)*S2+RESION,2)*C2+2.*RrSI0(N,31*SC 
030110 RST(S(2)=(RESIOIN,2)-RLSIO(N,1))*SC+RESID(N,31*(S2...C2) 
000115 113 CONTINUE 
000115 DO 16u 	I=1,4 
000132 J=2'I.-1 
400134 PRP(J)=L*RSTRS(1)/2. 
400/34 J=2*I 
030136 160 	P.IR(J)=-L*RSTRS(2)/2. NJ 

000/41 00 	161 	1=1,4 * 

000145 161 	PPP(I)=-PPP(I) 
4 



SUBROUTINE MODIPY(A,B,NEO,MBAND,N,U) SUBROUTINE BANSOL(NNN) 
000010 	DIMENSION A(164,00), 01160) 000002 COMMON /BANARG/ 	MM,NUM3/K,8(160),A(16,50),NN 
000010 	00 250 M=2,MBANO 088802 NTAPE=9 
000011 	K=N-M+1 000003 IF(4NN.E0.1) 	NTAPE=B 
000012 	IF(K) 	235,235,230 000006 NL=NN+1 
000020 	230 	8(()=8(10...A(K,M)*U 000007 NM=NN+NN 
000021 	A(1(0)=0.0 0000/0 NP=0 
000026 	235 K=Nftil 000012 REWIND 7 
000030 	IF(NEQ-K) 	250,240,240 000014 REWIND 8 
000036 	240 8(()=0(0-A(N,M)*U 000016 REWIND 9 
000040 	A(N,M)=0.0 Cm* 7 FOR REDUCED B MATRIX 
000044 	250 CONTINUE Cm* 8 FOR NEW 3 MATRIX 	A MATRIX ON FIRST RUN 
000047 	A(N,1)=1.0 Cm* 9 FOR REDUCED A MATRIX 
000051 	3(N)=U 000020 GO 	TO 	150 
000052 	RETURN C 	REOJCE EQUATIONS BY  BLOCKS 
000053 	END C 	1. SHIFT UP aLocK OF EQUATIONS 

000021 100 	N8=49+1 
UNUSED COMPILER SPACE 000023 DO 125 N=1,NN 
020100 000025 NK=NN+N 

000026 d(N)=B(NM) 
000027 9()41)=0.0 
000031 DO 125 m=lom 
000043 . 	A(N,M)=A(NM,m) 
000044 125 	A( 	1,M)=0.0 

C 	2. 	READ NEXT BLOCK INTO CORE 
000051 IF(NUMFALK-N8) 	150,200,150 
000053 150 	READ(NTAPE) 	t(A(N,m),K=10m)02NL,N14) 
000073 REA3(8) 	(B(N),N=NL,NH) 
000103 IF(NB) 	200,100,200 

3. REDUCE BLOCK OF EQUATIONS 
000105 200 	IF(NTAPE-8) 	202,202,201 

C*." REDUCE A ANO 8 IN FIRST PASS 
000110 202 00 	300 N=1,NN 
000112 IF(4(14,11) 	225,300,225 
000113 225 00 275 L.2,N44 
000115 IF(A(N,L)) 	230,275,230 
000424 230 C=A(N,L)/A(N,1) 
000125 I=N4L-1 
000127 J=0 
000130 DO 250 	K=/,MM 
000142 J=J+1 
1100143 250 	A(I,J)=A(I,J)-C*A(N,K) 
000150 A(N,1)=C 
000155 275 CONTINUE 
000160 300 CONTINUE 
000163 375 	WRITE(9) 	((1(N,M),M=10411),N=1,NN) 

Om" REDUCE B ONLY SUBSEQUENT PASSES 
000204 201 	00 301 N=1,NN 
000206 IF(A(N,1)AQ.0.0) 	GO TO 301 
000207 DO 276 L=2,4M 
000221 IF(A(N,/).EQ.0.0) 	GO 	TO 276 
000222 I=N+L-1 
000224 0(I)=13(I)...A(N,L)*(3(N) 
000226 276 CONTINUE 
000231 B(N)=8(N)/A(N,1) 
000234 301 CONTINUE 
000237 IF(NUNBLK...N8) 	376,400,376 
000241 376 WRITE(7) 	(80110=1,NN) 



GB) 
044247 GO TO 100 SUBROUTINE STRESS 

C 	 BACK SUBSTITUTION 000001  COMMON NUMNP,NUMEL,NUMMAT,NUMPCFACELX,ACELY,N,VOL,NRESOTYPE, 

404251 400 BACKSPACE 9 1 NED(12),E(8,12),R0(12),XXNN(i2),R(500),2(500)1UR(500)02(500), 

000253 
000255 

402 DO 450 M=1,NN 
N=NN+1.01 

2 COOE(500),IBC(200)0BC(200),PR(200),ANGLE(4),LBA0,NNNOP, 
3 EPS(600),NSHELL,RSTRST(400,3),KN(400),KS(400) 

000257 00 425 K=2,MM 000001 COMMON /ARC/ 	RRR(5).,ZZZ(5),S(10,101,P(1(1),IT(4),LM(4),00(30), 

000270 L=N+K-1 1 	MM(6,10),RR(4),Z244)0(4,4),H(6,10),0(6,6),F(6,10),TP(6),X/(10) 

000272 425 El(N)=B(N)A(NIK)*B(L) 2,E.E(7),IX(40015),MTAG(400/pRSTRS(41,RESI0(40013) 

000276 NM=N+NN 000001 COMMON /BANARG/ MBANO,NUMBLK,B(160),A(160,80)00 

000277 B(NM)=13(N) 000001 COMMON /CUM/ BST(1000),STRN(400,4),NS 

000304 450 A(NM,N8)=8(N) 000001 COMMON /EXC/ NCUT(100),NONEX 

000313 NB=NB-i 000001 DIMENSION HRES(3,10),SIG(10),STR(3) 

000314 IF(MB) 	475,500,475 000001 REWIND 10 

000314 
000316 

475 BACKSPACE 7 
BACKSPACE 9 

C 	COMPUTED ELEMENT STRESSES 
c4.44,  

000320 READ(7) 	(BCN),N=1,NN) 000003 MPR/NT=0 

000326 REAO(9) 	(lA(N,M),M=1,MM),N=1,NN) 000004 DO 300 M=1,NUMEL 

000347 BACKSPACE 9 000006 N=M 

000352 BACKSPACE 7 000010 IX(4,5)=IAOS(/X(11,5)) 

000354 . 	GO TO 402 000012 MTYRE=LX(N,5) 

C"" ORDER UNKNOWNS IN B ARRAY 000014 IF(MTYRE.EC.NONEX) 	GO TO 303 

000355 500 K=0 .000016 IF 	(MTYPI. 	GT. 	NSHELL) 	GO TO 300 

000356 • DO 600 NB=1,NUM8LK 000024 TENS1=E(1,MTYPE) 

000360 00 500 N=1,NN 000025 TENS2=E(1,MTYPE) 

000370 K=K+1 000026 ALPHA=(E(5,MTYPE)+90.)30.0174532925 

000371 NM=N.NN C'+++ READ DATA FROM TAPE 10 	(GENERATED IN QUAO 
000371 13(K)=A(NM,NR) 000031 REA1(10) 	RRR,722,C,MH,S,P,VOL,MRES 

000312 600 CONTINUE Cm* CURRENT TOTAL INITIAL STRESSES 
C**" REMIND 8 READY FOR NEN BLOCKS OF B 000054 DO 	100 	I=1,3 

000401 REWIND 8 000065 100 	RSTRS(I)=RESID(N,I)4RSIRST(N,I) 

ee0403 RETURN 000070 RSTRS(4)=RSTRS(3) 

000404 END 0"" CALCULATE NEW P(9),P(10) 	FROM PREVIOUS INITIAL STRESSLS 
000071 IF(IK(N,3),E.O.IK(N14)) 	GO TO 102 

UNUSED COMPILER SPACE 000074 00 	101 	I=9,11 

017000 000113 101 P(I)=P(I)+(RSTRSTO,1)*MRES(14/1+RSTRST(N,2)=NRES(2,I) 

1 	+RSTRST(N13)4MRES(3,I)) 
000122 102 CONTINUE 
000122 00 120 	I=1,4 
000134 II=2+I 
"0136 JJ=2*IX(N,I) 
000140 P(I/-1)=B(JJ...1) 
000141 1.0 	P(II)=B(JJ) 
000146 00 150 	1=1,2 
000147 RR(I)=P(I+4) 

000151 DO 150 K=1,8 
000160 150 	RR(I)=RR(/).•$(14.8,K)4P(K) 
000165 COMM=S(9,5)*S(10,10)■S0,10i*S1100) 
000170 IF 	(COIN) 	155,160,155 1  
000171 155 P(B)=(S(100.0).PR(1)-S(0,10)4RR(2))/COMM 
000175 P(10)=(-..S(10,4).*RR(1)45(9,9)*RR(2))/COMM 
000202 160 00 170 	I=1,6 
000204 TP(I)=0.0 
000205 00.170 	K=1,10 
000215 170 	TP(I)=TP(I)+1-1(I,K)*P(K) 
000222 RR(/)=TP(2) 
000223 RR(2)=TP(6) 
000225 R12(3)=0.0 
000225 RP(4)=TP(3)+TP(5) 

N 
to 



-.:• 

000230 
000233 
000234 
000235 
000244 
00025! 

000253 
000255 
000257 
000264 
000265 
000266 
000270 
000272 
000272 
000277 

000301 
000302 

000302 
000313 

000316 
000320 

000323 
000325 
000327 

000332 
000334 
000336 

000336 
000341 
000344 
000353 
000356 
000360 
000362 

000367 
000371 
000374 
000405 
000413 
000420 
000421 
000423 

000432 
000435 

176 DO 180 1=1.4 
SIG(I)0RSTRS(I) 
RSTRS(I)=0.0 
DO 180 K=1,4 

180 SIG(I)=SIG(I)0C(IIK).RR(K) 
SIG(3)=SIG(41 

C 	 
C 	OUTPUT STRESSES 
C 	 
C 	CALCULATE PRINCIPAL STRESS 
C 	 

CC=(SIG(1)..SIG(2))/2.0 
8R=(SIG(1)-SIG(2))/2.0 
CR=SCIRTOB*42+SIG(3)"2) 
SIG(4)=CC+CR 
SIG(5)=CC-CR 
IF(BB.NE.0.) 	GO TO 195 
EPS(N)=77717. 
GO To iqs 

195 	EPS(N)=ATAN2(SIG(3).0B)/2. 
196 SIG(0)=57.396•EPS(N) 

0"" TENSILE STRESSES TO BE ELIMINATED 
TNIN=0.0 
TMAX=0.0 

Cs*" TENSILE STRENGTH SET TO ZERO AFTER CRACKING 
IF(MTAG(N).E0.2.0R.MTAG(N).EQ.3) 	TENS1=4.0 
IF(MTAG(11).EQ.3) 	TENS2=0.0 

C"" 30TH PRINCIPAL STRESSES COMPRESSIVE 	MTAG=1 
MTAG(N)=1 
IF(SIG(41-TENS1) 	261,261,260 

0004, MAJOR PRINCIPAL STRESS TENSILE 	MTAG=2 
260 	MTAG(N)=2 

TMAX=SIG(4) 
261 	IF(SIG(5)-TENS2) 	263,263,262 

C"" BOTH PRINCIPAL STRESSES TENSILE 	MTAG=3 
262 MTAG(N)=0 

TMIN=SIG(5) 
263 CONTINUE 

CCCC ROTATE BACK TO GLOBAL AXES TO FIND INITIAL STRESSES 
S2=SIN(EPS(N))**2 
C2=COS(EPS(N))"2 
CS=SIN(EPS(N))*COS(EPS(N)) 
SYP(1)=TMAX*C2+TMIN*S2 
STR(2)=TMAX*S2.THIN*C2 
STR(31.(TMIN-TMAX)0CS 

' 	IF(NTAG(N).GT.1) 	GO 	TO 284 
C"" ALPHA MEASURED ANTICLOCKWISE FROM R AXIS

S2=SIN(ALPHA)"2 
C2=COS(ALPHA)"2 
SC=SIN(ALPHA)*COS(ALPHA) 
SIGN0SIG(1)*C202.*SIGt31°S00SIG(2)*S2 
TMN=(SIG(2)-SIG(11)*SC4SIG(3)*(C2-S2) 
CJ=E(60TYPE) 
PHIR=E(7,MTYPE)40.01745320 
SHEAR=CJ-SIGN*SIN(PHIRO/COS(PH/R) 

C"" REMOVE ALL SHEAR IF IN TENSION 
IF(SIGN.GT.0.01 	SHEAR=CJ 

 

IF(SHEAR.GT.ABSfTNNl1 	GO TO 284 

ALTERATIONS 

TOR=(ABS(TMN)-SHEAR)*SENSE  

	

000461 	DO 270 I=1.3  

	

000516 	DO 280 II=1,9  

004443 
000443 	

SENSE=TMN/ABS(TMN) 

000445 	STR(1)=...2.0*TOR4SC  
000450 	STR(2)=-STR(1) 
000450 	STR(3).TOR*(C2-.S2) 
000453 	MTAG(N)=4  
000456 	284 CONTINUE 
000456 	IF(NTAG(N).E0.1) 	GO TO 263 

C"" CALCULATE FORCES EQUIVALENT TO NEW INITIAL STRESSES (CHANGE ONLY) 

000470 	270 RSTRST(N.I)=RSTRST(N,I)°STR(I) 
400473 	DO 271 I=1.10 
000505 	271 P(I)= 	(STR(11*HRES(1,I)+STR(2)*HRFS(2.1)+STR(3)*HRES(31I)) 

000514 	
C**** REDUCE TO 8 DEGRtES OF FREEDOM -FOR QUADRILATERAL AND BAR LLEMENTS 

IF(IX(N,3).EO.IX(N,4)) 	GO TO 272 

000525 	CC=S(II.10),S(10.10) 
000527 	P(II)=P(II)-CC°P(10) 
000531 	280 S(II.9)=S(II0)-CC*S(10.9) 
000535 	00 281 II=1.8  
000545 	CC=S(II,9)/S(9.9) 
000546 	281 	P(II)=P(III-CC*P(9) 

C"" ELIMINATE IF NODES CONSTRAINED 
000551 	272 DO 282 1=1'4 
000556 	II=2*I-1 

::::0 567 	
IJ=IX(N,I)  
IFI000E(IJ).E0.1.0.0R.CODE(IJ).E0.3.0) 	P(II)=0.0 

000572 	IF(0)0E(IJ).L0.2.0.0R.CODE(IJ).EQ.3.0) 	P(II•1)=0.0 

000603 	
Cm* 800 LOADS TO URIUZ 

UR(IJ)=UR(Ij).P(II) 
000606 	UZ(IJ)=UZ(IJ)+P(II+1) 
000611. 	WRITE(b,7000) 	N,UR(IJ),UZ(IJ) 
000622 	7000 FO0MAT(I5,2E12.4) 
000622 	282 CONTINUE 
000624 	283 CONTINUE 
000624 	104 	IF 	(MPRINT 	) 	110.105,110 	* 

::11 	
105 	WRITE 	(6,2000) 

000632 	
MPRINT=50 

110 	MPRINT=MPRINT-1 
000634 	305 	WRITE(6,2001) 	N,RRR(5).ZZZ(5).(SIG(I),I=1.6),MTAG(N),SIGN.TMN 

C"*" UPDATE RESIDUAL STRESSES AT END OF INCREMENT 
000656 	• 	IF(NNN.LT.NP) 	GO TO 300 
000661 	RESID(0,1)=SIG(1) 
000663 	RESID(11,2)=SIG(2) 
000664 	RESID(N,3)=SIG(3) 
000666 	300 CONTINUE 
000671 	320  RETURN 
000672 	2000 FORMAT 	(7H1E1.110. 	7X 	1HX 7X 1NY 4X (MX-STRESS 4X 8HY0STRESS3X 

19HXY-STRFSS 2X 10HMAX-STRESS 20 /OHMIN-STRESS 7H 	ANGLE 
1 2X,4NNTAG,4X,7HSIGMA (4,4)(1.6MTOR MN ) 

000672 	2001 FORMAT(I7WF8.215E12.4.F7.2“5,2E12.4) 
000672 	END 

UNUSED COMPILER SPACE 
014700 	 • 
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000430 IFIABSCCEPSTI.LT.ABS(STRN(4,21)) C0N=+1.0 SUBROUTINE INTPL(A,BOINCIVALUE) 

C"" STRN(N12) 	STORES PREVIOUS SHEAR DISPLACEMENT 	, 000006 DIMENSION A(10) 
000437 STRN(N12)=CEPST C444•4  INTERPOLATION SU(3ROUTIME(A GIVEN AT SPECIFIED INCREMENTS OF 
OV0441 CALL INTPL 	(SHR.D/SP,100,STREN) 000006 BI=3/BINC+1.0 
000444 FTNORM=FT/RSD 000010 I=IFIX(8I) 
000446 WRITE(6,1UO2) STPEN.FTNORMOISP 000011 IF(I.GT.9) 	GO TO 10 
000460 1002 FORHAT(30H NORMALIZED SHEAR BEHAVIOUR 	.17HS1EAR STRENGTH= 	IF6.3 000014 OEL=B-OINC4 (FLOAT(I)-1.0) 

1 	21139 SHEAR F/A= 	,F6.3,9H OISP.= 	,F6.3) 000017 VALUE=A(I).(A(I+1)-A(I))*4EL/RINC 
000460 STREN=STREN*RSO 000022 RETURN 
000462 ITCAOS(STREN/ABS(ET)) 	180,200.180 000823 	10 VALUE=1.0 
800465 180 SIGT=FT*(STREN/ABS(FT)•..1.0) 8CON 000024 RETURN 
000473 GO 	TO 	21,0 000025 END 
000473 176 SILT=-FT 
000475 WRITE(6,2405) UNUSED COMPILER SPACE 
000500 200 RSTRST(N13)=RSTRST(N,3)+SIGT 020200 

C44" Rt.:5,j RESIDUAL STRESSES ON LAST APPROXIMATION 
000503 IF(NP.LT.NAR) GO TO 230 
000505 RESI3CN,1)=FN 
000507 HESIO(N,3)=FT 
000510 GO TO 5Ur 
000511 230 CONTINUE 

C4**4  CALCULATE LOADS EQUIVALENT TO INITIAL STRESS AND STRAIN INCREMENTS 
008514 ENAL)=(S/GN-KN(N)*STINT)+L/2.0 
0J0517 FTAJJ.SIGT 4L/Z.J 	• 
000520 RAO.1=FTA0J.ORFNADJ•DZ 
000523 ZADJ=FTADJ,TZ+FNADJ'OR 
000525 30 	306 	I=1,4 
4.20527 r.v,rx(N,I) 
000532 IF(COOE(IJ).E0.1.0.0R.000E(IJ).E0.3.0) 	GO TO 301 
4u0543 UR(IJ)=UR(IJ).FOR(I)*RADJ 
000547 fl:11 IF(8OIE(IJ).E0.2.P.OR.CODE(IJ).E0.3.e) 	GO 	TO 3u0 
0.05fiu UZ(IJ)=U7(IJ)+FOR(I) 41A0J 
000564 ' 	3t0 CoNTTNUE 
0u0566 30,; :',ONTINUE 
000571 2033 FOR4AT( • 	DILATATION= 4 ,E12.41* PERMITTED NORMAL CLOSURE=4 ,E12.4) 
040571 2JJ4 FOPlAT( 4 	JOINT 	IN TENSION 	4) 
060571 2005 PORHAT( 4 	NO SHEAR STRENGTH 	4) 
000571 ,<ETURN 
000571 ENO 

UNUSED COMPILER SPACE 
415040 

9) 
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APPENDIX 
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WEDGE STABILITY ANALYSIS 

BY VECTOR METHODS 
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COMPUTER PROGRAM FOR WEDGE STABILITY ANALYSIS  

Purpose  

The program is designed to calculate the stability against sliding 
of a wedge defined by two planes of weakness in a rock slope. The rock 
is assumed to be rigid but the joints may be deformable in both the shear 
and normal directions. 

Comment  

The program notation is based on that used by Wittke (A Numerical 
Method of Calculating the Stability of Slopes in Rock with Systems of 
Plane Joints. Rock Mech. & Eng. Geology, Supplement I, 1964). Only sliding 
stability is considered as the program was written to investigate the influence 
of joint deformability. 

Input Data  

Slope and Joint Data - One Set for each problem. 

Card 1. (3F5.0) 

Columns 
	

PROGRAM NOTATION 

1 - 5 Slope Angle 	 SLA 
6 - 10 Crest Angle 	 CRE 
11 - 16 Height from Toe to Crest 	 H. 

Card 2 (4F5.0) 

STR 1 
DIP 1 
COH 1 
THI 1 

1 - 5 Strike of Plane 1 
6 - 10 Dip of Plane 1 
11 - 15 COhesion of Plane 1 
16 - 20 Angle of friction of Plane 1 

Card 3 (4F5.0) 

1 - 5 Strike of Plane 2 
6 - 10 Dip of Plane 2 
11 - 15 Cohesion of Plane 2 
16 - 20 Angle of Friction of Plane 2 

Card 4 (3F5.0) 

1 - 5 X-Accelration 
6 - 10 Y-Acceleration ' 

11 - 15 Z-Acceleration 

STR 2 
DIP 2 
COH 2 
THI 2 

G(1)  
G(2)  
G(3)  

Card 5 (4F5.0) 

1 - 5 Normal Stiffness Joint 1 	 KN1 
5 - 10 Shear Stiffness Joint 1 	 KS1 
11 - 15 Normal Stiffness Joint 2 	 KN2 
16 - 20 Shear Stiffness Joint 2 	 KS2 

Note Only the ratios of the shear and normal stiffnesses 
are important. 
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Output  

1) Writes out input data 

2) a) Writes out if data is invalid 
e.g. No wedge defined. 

b) Writes out on which plane or planet sliding occurs 

c) Writes factor of safety for defined strength 

d) Writes out required angle of friction to prevent sliding 
(cohesion = 0. ) taking into account joint deformability. 



PROGRAM WOG(INPUTIOUTPUT,TAPE5=INRUT,TAPE6TOUTPUT) C'••' JOINT NORMALS 
	 UMCR005 	C.M.ST.JOHN 	ROCK MECHANICS-•-IMPERIAL COLLEGE 000264 CALL VECT(US,V1010,4) 

000002 COMMON/OD' 	111(3),02(1)01(3)02(3),N1C3)02(3),X)31,00(3),OC(3), 
1 	TEMR(3),Y1(3),Y2(31,09(3)00),T13)04(3), 
2 KN1,KN2,KS1,KS2 

000270 

000274 

CALL VECT(U2,V2,W2,Q,4) C•'•• VECTOR DEFINING INTERSECTION 
CALL VECT(M2,1041,X,0,4) 

000002 
000002 

PEAL N,KNI.,KN2,1(S1,KS2 
00 5000 NPEATI=1,10 

000300 
000302 

IF(T(2).0.0.0) 	GO TO 31 
NR/TE/6,20111 

000004 
000035 
000035.  
000041 
000041 
000073 

READ(5,1000) 	SLA,CRE,H,STR1,1IP1,COH1,TMI111STR2,0IP2,CON2ITNI2 
1000 F0RMAT(3F5.014E5.014F5.0) 

WRITE(6,2000) 
2000 FORMAT(1H1,* 	WEDGE ANALYSIS DATA 	•0 

WRITE(6,2001) 	SLA,CRE,H,STR1,DIP1,COH1gTH/1,STR2,0IP2pCOM211THI2 
2001 FORMAT(' ' SLOPE ANGLE AND CREST ANGLE •,2F10.2/ 

1 	 • SLOPE HEIGHT TO CREST *I F10.2/ 

000305 
000305 
000306 

000306 
000315 
000323 

2011 FORMAT( 	• 	INTERSECTION GOES NOT DEFINE A WEDGE °) 
GO TO 5000 

31 CONTINUE 
C•••• CHECK WHETHER ONE 0LANE PARALLEL 	TO FACE 

IF(STRJ.E0.0.0.0R.ST01.E0.100.0) GO TO 4 
IF(STP2.E0,0.0.0R.STR2.E0.100.01 CO TO 5 
GO TO 6 

2 	 • 	DIP AND STRIKE OF JOINTS •/ 010323 4 WRITE(602005) 
1 • JOINT 1 •,5X,2F10.4, • COHESION •,F0.2,• FRICTION • F6.2f 000327 2005 FORMAT[• JOINT 1 P4RELLEL TO SLOPE') 
4 * JOINT•? *,5X,2F10.4, ' COHESION ',F6.240,  FRICTION • F0.21 	) 000327 RARA=1.0 

000071 
000115 
000115 

READ(5,1001) 	G(1),G(2)0(3),KN1,KS1,1KN2,K52 
1001 FORMAT(3F5.0/4F5.0) 

WRITE(6,19991 	(G(I),T=1,3) 

000330 
000332 
000333 

EV=OIP1 
GO TO 7 

5 wRITF(6,2006) 
000123 1996 FORMAT( 	• 	GRAVITY VECTOR • ,3F10.2 	,/) 000337 2006 FORMAT( 	JOINT 2 PARELLEL TO SLOPE') 
000123 WRITE(6,1999) 	KN1,KS1,012,KS2 0007 3? PARA=2.0 
000137 1999 FORMAT( 	• 	STIFFNESS JNT 1 NORM.= ' E/2.4 	• SHEAR' • E12.4, 000340 EV=160.-OIR2 

1 	 • 	STIFFNESS JNT 2 NORM.. • E12.4 	• SHEAR= • E1204,1) 000343 GO TO 7 
Cass• CHECK DATA 000343 6 PARA=0.0 

000137 IF(SLA.GT.0.0.AN1.SLA.LE.100.) 	GO TO I 000344 Fv=ATAN2txt3),x(211 
000150 WRITE(6,2002) SLA 000346 EV=160.+EV/ANG 
000155 2002 FORMAT(' IMPOSSIBLE SLOPE ANGLE • ,610.4) 000151 IF(sLA.E0.1600 GO TO 6 
000155 GO TO 5000 000353 7 IF(EV-SLA) 	9,10,10 
000156 1 IE(CRE.GE.0.0.ANO.CREAT.90.) 	GO TO 2 000356 6 IF(EV-CRE) 9,10,10 
000156 WR/TE(6,2003) CRE 000361 10 WRITE(6,2007) 
000171 2003 FORMAT(• IMPOSSIBLE CREST SLOPE • F10.4) 	, 000365 2007 FORMAT(' SLIIING KINEMATICALLY IMPOSSIBLE •) 
000173 GO TO 5000 000365 GO TO 5000 
000174 2 IF(S1A.GT,CPF) 	GO TO 3 000366 9 CONTINUE 
000200 WRITE(6,20041 000166 CALL VECTAX,X,TE40,04V,1) 
000203 2004 FORMAT(' CPFST ANGLE GREATER THAN SLOPE '0 000372 CALL VECT(N2,m1,TEmP,A90,11 
000203 GO TO 5000 000376 ARR=ATAN2tA5V,A11)/ANG 
000204 3 CONTINUF 000402 WRITE(6,4020) 	000,EV 

C••'• WRITE DOWN VECTORS DEFINING THE PROBLEM 000411 4020 FOPMAT( • 	WEDGE ARpri$F0RE= •,FA.2, • 	INTrRsECTTow DIP = ",FIS.2) 
000205 (45=3.1415926,180.0 DETE0MINE GEOMETRY OF WEDGE 
000?05 01=STP1 	•AHG 000411 CR"CRE 	*ANG 
000207 92=5TP2 	•ANG . 	000413 SL=S1A 	*ANG 
000210 Gi=niPi 	•ANG 000414 EX=EV 	*AN, 
000212 . 	G2=1TP2 	•ANG 000416 TANEX=SIN(EX1,COS(EX) 
000213 TH1=THI1 	*ANG 000423 TANCR=SIN(CP)/COS(CRI 
000215 1-42=TH/2 	•ANG 000430 TANS1=SIN(SL),ODS(SL) 
000217 U1(1)=COS(R11 000435 TANG1=STN(G1)/COS(G1) 
000220 111(2)=SIN(P1) 000442 TANG2=SIN(S2)'COS(G2) 
000222 U113)=0.0 000447 TA411=SIN(D1)/O0S(91) 
0037 23 U2(1)=COS(92) 000454 TAN92=SIN(92)1COS(92) 
000225 U2(2)=SIN(92) 000461 HS=H•((TANSL-TANEX)•TANCR►/(tTANEx-TANCRI'TANSL) 
000727 U2(3)=0.0 C••►' FIND MAGNITUDE AND DIRECTION OF VECTOR APEX TO TOE 
000 2 30 V1(1)=SIN(81)•COS(G1) 000467 CALL VECT(X,TEMP,X,O,2) 
000235 V /( ?)=-COS(11)*COS(G1) 000473 TOTAL=t,•HS)/TEMP(3) 
000243 V1( 3)=-•SIN( G/ ) 000476 CALL vECT[TENR,o5,TENP,ToTAI.,3) 
000246 V 2(1) =SIN (921•COS (G21 	 FIN() VECTORS DEFINING )(EDGE LIMITS 
000753 V2( 2) =••COS(92)•COS(G2) C•'•• OC,00 RECOME VECTOR UP FACT FOR 2 0 WEDGE 
000261 V2( 3) =-ST H( G21 000504 1,1(21=4/TANSL 



000504 
000505 

00(3)=M 
0Ct21.M/TANSI. 000736 

C" CALCULATE SLIDigh FORCE,NORMAL FORCE ANO SELECT JOINT PROPERTIES 
17 CALL VECT/G,V1ITENPOT,11 

000507 OC(31.m - 00 0742 CALL VECT(S011,TENP,FN011 

000507  IF(PARA.GT.0.01 	GO TO $1 _000746 COMES.COM1 

000512 0041).-M/(TANG2*SIN(8211414/(TANSL*TAN021 _080747 TANTN=S/N(TH1)/COS(TM1) 	• 

000520 00(1)=-N/(TANGI*SIN(R1114M/(TANSL*TAN811 000755 GO TO 20 

000530 GO TO 82 000755 19 CALL VECT(G9V2,TEMPOT,1) 

000531 81 Or(11.0.0 000761 CALL VECT(G,542,TEmp,FN,1) 
000532 00(1)=0.0 000765 COMESzCOM2 

000633.  8? CONTINUE . 	000766 TANTM=SIN(TH21/COS(TH2) 
Cs*** CALCULATE VOLUMES ANO SLIDING AREAS 000773 FN=-FN 

000533 IF(PARA.E0.0.0) 	GO TO 91 C.*** CALCULATE FACTOR OF SAFETY 

000534 92 CALL VECT(00,08,TEMP,0,4) 000775 20 FS.ECOMES*AREWN*TANTWI/OT 
000540 VOL 	.SORT(TEmP(11*TEMP(1).TEMP(21*/EMP(21+TEMP(3)*TEMP(3))/2.0 001002 GO TO 100 
000550 94 AREA.SIRT(On(1),09111+08(21,00(214.0g(3)*08(311 C**** STABILITY FOR COMPOSITE SLIDING 
000557 GO To 18 001002 16 CALL VECT(X,TEMP,TEMP,OX,2) 
000557 91 CALI. VECT(OC,00,TEMP,0,4) 001006 CALL VECT(G,V,TEMP,GY,1) 
000563 OCO 	=SIRT(TEmP(11*TEmP(114.TEMP(2)*TEMP(2)+TEMP(3)*TEMP(3)1 001012 CON.GX/OXPDX) 
000571 AD=.(SL-EX) 0010/4 CALL VECT(I,T,TE4P,CON,3) 
000573 VOL=OCO*SIN(401*SORT(08(21,00(21+000)*00(311/6.0 00 10 20 • DO 25 1.1,3 
000606 CALL vECT(00,09,TEmP,0,4) 001026 25 N(I)=GIIY.4fI1 

000511 AREA1=SORT(TEMP(11*TEMP(1).TEMP(2)*TEMP(2)+TEMP(3)*TEMP(311/1.0 C**" T IS VECTOR OF DRIVING FORCE .N VECTOR OF NORMAL FORCE 
000621 CALL VECT(00,0C,TEMP,0,41 001031 C2=(N(1)4 4142)..N(2)*W1 121)1/1W2/2/*W1(1)..W2(/)*W1/2), 
000624 AREA2=S0RT(TEmP(1)*TEMP(1)+TEMP(2)*TEMP(2).TEMR(3)*TEMP(3)1/2.0 001040 C1...(N(1.14.C2*W2(111/W1(11 

C**** TEST FOR DIRECTION OF SLIDING 001043 cl.mism) 
000534 CALL VECT(V1,x,TEmP,0,41 001044 C2=ABS(C21 
000637 CALL VECT(TEmP,Y1,TEmP10,21 0"" CALCULATE FACTOR OF SAFETY 
000543 no 	121 	I=1,3 001046 SHEAR.SORTUT(1)+T(1/+T(2)*T(2),7(3)*T(3)) 
000645 C.71(Il-w1(I1 001053 • FSm(COM1VAREADCOH25AREA244C1'SIN(TN1)1COS(TH1)) 
000647 IFIAIStC1.1F.0.0011 	GO TO 121 1 +(C2*SIN(14211/COS(TM2)))/SMEAR 
000652 GO TO 122 C**** WRITE OUT ANSWER 
000653 121 CONTINUE 001075 WRITE(6,3000) 	VOL,AREA1,AREA2 
000655 Go T0 12 001107 3000 FORMAT( /* VOLUME 	AREA PLANE 1 	AREA PLANE 2 v,f3E1.2.4/ 
000656 122 RAR4=1.0 001107 GO TO 101 
000660 wRITE(6,2008) 001110 100 WRITE(6,3001) 	VOL,AREA 
000663 2008 FORMAT(* SLIDING ON PLANE 1 *0 001120 3001 FORMAT( /* 	VOLUME 	AREA f /2E12.4) 
000663 AREA=AREA1 001120 101 WRITE(6p3002) 	FS 
000565 Gn TO 18 001126 3002 FORMAT(/*-----FACTOR OF SAFETY = * E12.4 * 	411 

000665 12 CALL VECT(V2,X,TEMP,Q,41 C**** CALL SOFT FOR TETRAHEDRAL WEDGE WITH SOFT JOINTS 
000571 CALL vECT(TEmP,72,TEMP,012) 001126 IF(PARA.E0.0.0) CALL SOFT(AREAJORE42,VOL) 
000675. 00 141 I=1,3 001132 5000 CONTINUE 
000677 C=Y2(I)-W2CTI 001134 STOP 
000701 IF(ARS(C).LF.0.001/ GO TO 141 001136 pan 
000704 GO TO 142 
000705 141 CONTINUE UNUSED COMPILER SPACE 
000707 Go TO 14 014000 
000710 142 PARA=2.0 
000712 wRITE(6,20091 
000715 2009 FORMAT(' SLIDING ON PLANE 24 ) 
000715 AREA=AREA2 
0017/7 GO TO 18 
000717 14 wRITE(6,2010) 
000723 2010 FORMAT(* COMPOSITE SLIDING '0 

C"" VECTOR OF WEDGE WIGHT 
000723 18 VOL=ABS(VOL) 
000725 DO 15 IJ.1,3 
000731 15 G(1.1)=G(/J)*VOL 
000733 IF(RARA-1.01 	16,17,19 



SUBROUTINE vECT(U004.000,N) SUBROUTINE SET(A,I,J,V,CONST) 
000007 DIMENSION U(3),V(3) 114(3) 000007 DIMENSION A(69711 ,8(6,6),Vt61 

C NOPN=1 	0 BECOMES SCALAR PRODUCT Of U AND V 100007 DO 1 K=1,3 
C NOPN=2 	NORMALISE U INTO V 000014 
C NOPN=3 	MULTIPLY U BY Q,PLACE IN V 100016 	1 A(L,..1)0/(10,000NST 
C NO0N=4 	N RECOMES VECTOR PRODUCT OF U AND V 000023 RETURN 
C NoPm=S 	N BECOMES VECTOR U. VECTOR V4,0 100023 END 

000007 GO TO (1,2,3140),NOPN 
00 0017 1 0=0.0 UNUSED COMPILER SPACE 
001020 00 10 I=1,3 020200 
000023 10 O=O+U(I)*V(2) 
000026 IF(O.NE.0.0) 	GO TO 15 
000012 wRITE(6,17) 
000035 STOP 
000042 2 0=0.0 
000043 00 11 I=1,3 
000045 it ()=0.U(I)AU(/1 
000051 IF(O.NE.0.0) 	GO TO 10 
000055 NRITE(6.17) 
000060 17 FORMAT(• NULL VECTOR ") 
000063 STOP 
000065 16 0=S0RT(0) 
000073 GO TO 31 
001073 3 0=1.0/0 
000075 31 00 12 1=1,3 
000103 12 V(I)=U(I)/0 
000105 RETURN 
000105 4 X=3 
001106 00 13 I=1,3 
000114 J=6-I-K 
000116 UfT1=U(J)+V(K)-.U(KI"V(J) 
000121 13 K=I 
000127 RETURN 
000127 5 00 14 1=1,3 
000133 14 M(21=Uff1.1.04V(I1 
000141 15 RETURN 
200142 ENO 

UNUSED COMPILER SPACE 
0176 00 



SUPROUTINE SOFT(AREA1,AREA2,VOL1 000240 winTE(6,10001 	THIR 

000005 CONMON/wG0/ 	U1(3102(3),V113102(3),v1(31,i42(3)0(31,00(3),OCC3), 000250 1000 FORMAT(/• ANGLE OF FRICTION TO PREVENT SLIPING= • 
TEMP(3),T1(31,Y2f31,09(314(31,713),N(31, 000252 5 CONTINUE 

2 KN1,KN2,KS1,KS2 000254 RETURN 

000005 oTNENSION A(6,71,546,61 000255 END 

000005 DIMENSION XN(3),S1(3),52(3),SM(3),FN(3) 
000005 DIMENSION DIV(6) UNUSED COMPILER SPACE 

000005 0EAL 	NI KN1,KM2,KSI,K52 017000 

000005 CALL VECT(X,XN,TENR,9,2) 
C•••• FORM FOUATIONS TO RE SOLVED 

000010 CALL SET(A,111041,1.0) 
000014 CALL 	SFTTA,1,2012,..1.01 
000020 CALL VFCT(XN,N1,TENR,Q,4) 
000024 CALL VECT(TFMR,Si,TEMP0,2) 
000030 CALL 	SET(A,1,3151,1.0) 
000034 CALL VFCT(XN,W2,TEM°01,4) 
000040 CALL VECT(TEMP,52,TEMP,Q,2) 
000044 CALL 	S=T(A,1,4,52,1.0) 
000050 CALL 	cET(A,1,5,xN,1.0) 
000054 CALL 	SrT(4,1,50(N,1.0) 
000062 DIY(1)=AREA1•KN1 
000063 DIV(2)=AR0A2•KN2'(-1.0) 
000065 DIV(3)=AREA1•KS1 
000067 9Tv(4)=AREA2*KS2*(-1.01 
000071 hiv(5)=PIV(31 
000072 DIV(6)=DIV(4) 
000073 DO 1 J=1,3 
000075 K=J+3 
000076 no 1 1=1,6 
000107 A(K,I)=4(J,I1FOIV(I) 
000110 1 CONTINUE 
000116 00 2 	1=1,3 
000123 A(I,7)=G(I) 
000124 A(T+3,7)=0.0 
000124 2 CONTINUE 
	 SOLVE MATIONS- SOLUTION IN LAST COLUMN OF A 
VI*** 	CDC MATRIX /NVERSIONLIORARY PACKAGE 

000126 CALL mATRIK(10,6,7,00,603) 
000134 PO 5 K=1,2 
000140 DO 3 I=1,3 
000144 SM(T)=0.0 
000145 3 	FN(I)=0.0 
000146 IF(K.E0.2) 	GO TO 9 
000152 DO 7 T=1,3 
600160 smn=sni104s1t1A,At3,7,fxmun'At5,7) 
000164 . 	7 rAlin.wtm0A(1.71 
000166 GO TO 0 
000170 9 DO 6 T=1,3 
000177 SHtI)=SH(I)ES?(I1•Af4,7),XN(I)'A(6,7) 
000203 6 FN(I)=-N2(I) 	A(2,7) 
000207 8 CONTINUE 
000701 wqr7E(6,1001) 	K 
000215 1001 FORMAT(/ 15X,* JOINT 	,r51 

C••'• ANGLE OF FRICTION REQUIRED FOR STABILITY 
000217 SHEAR=SORT1SH(11'SH/1/*SH(2)+SH121.SH(3/*SH(31/ 
000725 FNORM=SQRT(FN(1)IFN(1)eFN(21•FN(21+FN(3)'FN(3)1 
000233 THIR=ATAN2(5NEAR,FNORN) 
000236 INTR=TNIR/0.01745 

,E12.4) 
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COMPUTER PROGRAM FOR JOINTED ROCK MASSES 

THREE DIMENSIONAL ANALYSIS 

ISOPARAMETRIC ELEMENTS 

Purpose  

The program is designed to model the behaviour of three dimensional 
structures in rock containing joints. Joints are ascribed shear and 
normal stiffnesses and have no tensile strength. The continuum elements 
are considered to be isotropic, linear, elastic solids. 

A failure criterion for the joints in included. Modification of 
shear stiffness when this criterion is exceeded and modification of normal 
stiffness as joint closure occurs amount to ascribing non-linear 
properties to the joints. 

Comment  

The program was written for the C.D.C.6600 installation at London 
University. 

It is based on the two-dimensional finite element programs developed 
at the University of California, Berkeley. 

'Input Data  

(1) Jitle of Problem (12A6 

Columns 1 - 72 to contain title which will be printed at the head of 
output. 

(2) Basic Control 	Information 	(515,3F10.0) 

(PROGRAM NOTATION) Columns 

1 - 5 Number of Elements NUMEL 
6 - 	10 Number of Nodal Points NUMNP 

11 - 	15 Number of Continuum Materials NUMMAT 
16 - 20 Number of Joint Types NJOINT 
21 - 26 Number of Approximations NAP 
26 - 35 Accelration in X direction ACELX 
36 - 45 Acceleration in Y direction ACELY 
46 - 55 Acceleration in Z direction ACELZ 

There can be a total of 10 continuum and joint types 
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(3) Material Properties (15,5F10.0) 

Solid Material 

Columns 1-5 
5-15 
16-25 
26-35 

Joint Materials 

Material Number 
Material Density 
Youngs Modulus 
Poissons Ratio 

MTYPE 
RO 
E (1,MTYPE) 
E (2,MTYPE) 

175 

5-15 
16-25 
26-35 
36-45 
46-55 

Joint Number - (must exceed number 
of Solid Materials)JTY.PE 

Shear Stiffness 	E (1,JTYPE) 
Normal Stiffness 	E (2,JTYPE) 
Joint Cohesion 	E (3,JTYPE) 
Joint Friction 	E (4,JTYPE) 
Maximum closure of joint, input 
as negative amount 	E (5,JTYPE) 

(4) Nodal Point Data (I5,F5.0, 6F10.0) 

Columns 1-5 
6-10 

11-20 
21-30 
31-40 
41-50 
51-60 
61-/0 

Nodal Point Number 
Nodal Point Load or Displacement 
Identifier* 

X-ordinate 
Y-ordinate 
Z-ordinate 
X-load or displacement 
Y-load or displacement 
Z-load or displacement 

N 

CODE 
X 
Y 
Z 
UX 
UY 
uz 

*Nodal Coding 
Loads or displacements are indicated, depending on the 
Nodal Code. 

Code 0 1 2 3 4 5 6 7 
X direction L D L L D D L D D. Displacement 
Y direction L L D L D L D D Specified 
Z direction L L L D L D D D L. Load specified 

Missing nodal points in the data presented are generated auto-
matically by linear interpolation (i.e. Specify only the first and last 
nodes in a series equally spaced). 

In the event of interpolation the nodal code is assumed to be 
Zero, and the nodal loadings are also set to Zero. 



II 

KK 

. 	Joint Elements  

LL 

SJ 
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(5) Element Data 	(1115) 

- 5 Element Number 
6 - 10 Material 	type NPROP 

11 - 	15 Number of Nodes NNOD 
16 - 20 I 
21 - 25 J 
26 - 30 K 
31 - 35 L 	List of nodes defining IX(M,8) 
36 - 40 II 	element 
41 - 45 JJ 
46 - 50 KK 	(Max. 	Difference . 25) 

51 - 55 LL 

Missing elements will be supplied by successively adding one to.each nodal 
point number of the last specified element. This last element also defines 
the material type and the number of nodes. 

The element with the highest number must appear on the last data card. 

Solid Elements  

Note that all elements are labelled anti-clockwise with the further nodes 
from the viewing point listed first. 

Output  

The following output is printed by program instructions: 

1) Complete List of Input Data 
for each approximation 

2) Displacements of all Nodes 
3) Stresssat the Centroids of all Solid Elements 

(Not including the Principal Stresses) 
4) Stresses and Displacements at the centre of Joint Elements. 



(e) Continuum Stresses 

cru 

Direct Stresses Sign Convention (Tension +ve) 

311 

Notes on Output  

(a) Co-ordinate System 

4. 
N 

/'.4  Go' 1- 
X 	S 

The Right Handed Rectangular xyz Co-ordinate system. 

(b) Joint Element Stresses 

The local co-ordinate system for the joint elements is chosen so x' is 
horizontal and in the plane, and z'normal to the joint plane. Relative 
displacements of the top face with respect to the bottom are positive if 
they corespond to this local system. Stresses correspond, with the notation 
that a normal tensile stress is positive. 

Note that the output also gives the maximum shear displacements on the joint 
surface. The direction of the maximum is measured anti-clockwise from the x' 
axis. 
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(d) Non-Linear Joint Properties 

(1) A joint in tension is ascribed zero shear and normal stiffness. 

(2) The joint normal stiffness (kn) is increased as the closure (zd) 
approaches the maximum permitted (LIM) according to the following 
equation: 

k'n 
	kn x LIM  

(LIM - zd) 

(3) The joint- shear stiffness (ks) is modified if the maximum shear 
stress exceeds the permitted value (STR): 

STR 	0 - an  tan (t) 
k's = 	= 	 

MS 	Max. Shear Disp. 



PRocnAm STpitimpuT,ouTRuT,TAPEs=imPut,TAPE6=n(JTPuT,TAnE0,TAK9) 
C 	umcR005 ST.JOHN 	ROCK MECHANICS 	IMPERIAL COLLEGE 

000336 
000341 

IwtN,21=IX(N-1,2).1 
Txtm,31=Txtm-1,3)+1 

000002 COMMON AMATO NUMEL,NUMND,NAP,NNN,NUMMAT,MTYPEIACELX0ACELYIACEL70  000344 IWTM041=IT(N.1,4)+1 
1 F(5,101,CDOE(104),UX(1041,UY(104),UZ(104),IX(70,01,NNOO(70), 000347 Ixtm951=Ixtm-1,51+1 
2 NPPOP(701,X(1041,Y(1041,2(l041,LM(5),KX(701,KNt701,R0(10t 000351 IXCN,61=TX(4-1,514.1 

000002 COMMON fRANARG, MnANO,NUM91K03(156100(156,70),N0 000352 IX(N,7)=MN-1,7144 
000002 OIMENION HF1(12) 000354 IXtNi51=1(14-10)+1 
000002 REAL KY,KN 000355 Ix(NI9)=TY(N-10) 

 	THRFE OIMESIONA1 STRESS--TETRAHEDRAL ELEMENTS 	' 000357 170 wPITE(6,1005) 	N,NPROPCNI,NNO9(N1,(IXCNI I),T=1,4) 
cs.,4, REAn AN) PRINT OF CONTROL INFORMATION 000401 IE(M.GT.N) 	GO TO 140 

(moo? pEanfn,10001 mE0tmumEL,mummpou4mATO4JoiNT,mAP,ACELx,ACELY,ACEL7 000405  TE(NomrL-N1 	175,150,130 
000030 WRITE(6,2000) 	HEO,NUMEL0NUMNP,ACELA0ACELT,ACEL7 000406 175 1959=1050+1 
000050 00 10 	T=1,NU4NAT 000410 WRITF(6,7004) 	N 
000052 REV)! 	5,10011 	MTTRE,RO(MTYPE),(E(JOTYPE),J=1,2) 000415 150 IFINJOINT.F0.0) 	CO TO 314 
000065 WRTIF(6,2001) 	MTYPE,RO(MTYPE),(F(JOTYPE),J=1,2) 	ALLOCATION OF INITIAL JOINT pRovERT-Trs 
000101 10 CONTINUE 000416 no 30 N=1,NUMEL 
000104 IFINJOINT.EO.01 	GO TO 50 000420 mTv0E=N0POPCNI 
000105 no 20 J=1,NJOINT 000421 IF(mTYPE.LE.NUMmAT) GO TO 31 
000106 4E40(5,1001) 	JTYPE,(E(I,JTYPE),I=1,5) 000427 tex(N)=r(1,mTYPE,  
000117 WRITF(6,2010)JTYRFOE(I,JTYRE),I=1,5) 000427 KN(N)=F(2,10yoF) 
000131 70 CONTINUE 000431 GO TO 30 
000134 50 comilmuE 000432 31 KX(4)70.0 

C**** QFp0 AND PRINT mOnAL nATA 000433 KN(N1=0.0 
0001 14 WRITE 	(6,2002) 000434 30.CM-11'3,41 T 
000140 19/10=0 	 IETERMINE RANO WTITM 
000141 L=0 000437 314 J=0 
000142 60 	PEAO(5,1002) 	N,CODE(N),X(N1,Y(N),Z(N),UX(N),UY(N),U7(N) 000440 00 340 4=10UMEL 
000170 NL=L+1 000442 wonES=Nwoncni 
000171 ZX=N-1 000444 00 340 t=1,w0nES 

.000173 OY=(X(N1.)((l)1,7X 000445 00 325 1=1,400E5 
000175 OT=(TIN)-Y(1))/7X 000446 KK=TaIS(TX(N,I)-TX(M,L1) 
000200 07=(7(N)7(1))/IX 000454 IFfKK.LE.25) 	GO TO 315 
000203 70 L=L+1 000456 wgriT(6,2004) 	N 
000205 IF(N.11 	100,90,40 000464 19A0=19A0-11 
000210 90 C00E(1)=0.0 000466 CO TO 340 
000211 x(L).x(L-1) 4.ox 000466 315 TF(KK-J)325,325,320 
000213 v(L)=Y(L-11+nr 000471 320 	J=KX 	. 
000215 2(1)=7(111+97 000473 325 CONTINUE 
000217 UY(L)=0.0 000476 340 CONTINUE 
000220 OY(1)=0.0 000503 MBANO=34J+3 
000220 U7(1)=0.0 000506 WRITE 	(6,2005) 	malign 
000221 GO TO 70 000513 TE(LOAD.E0.01 GO TO 501 
000222 90 WRITE 	(6,10031T5ICOnE(K),X(K)0Y(0,7(K),UX(K),UT(K)OZ(K)0K=NLIIN) 000514 wPITT(5,20061 LOAD 
00025? IFINUMND-.N) 	100,110,60 000522 GO TO 5000 
000255 100 WRITE(6,20091 	N 000523 501 nn 500 NNN=1,41P 
000263 1940=1 FORM STIFFNESS MATRIX 
000264 GO TO 60 000525 CALL STIFF 
000265 110 CONTINUE 800526 IFtLnan.GT.0) 	GO TO 5000 

Cern REV) AND PRINT ELEMENT PROPERTIES SOLVE FOR nISnLACEmENTS 
000265 WRITE 	(6,2003) 000531 CALL PANS01 
000271 N=0 000532 NR/TE(6,2007) 	NNN 

C 	130 	READ(501004) 	M0NIRROP(M10NN013(M)0(IX(M0I),I‘1,10) 000540 WRITE 	(6,2005) 
000272 110 RrAO(501004) 	M,NPROP(M),NNO0(M),(IX1M0D0I=1,15) 000544 wRiTrts,10061(m0(3,m-2)01(34,m-1),9(3.N),M=1,mummpi 
000314 140 m=m+i C"" COMPUTE STRESSES 
000316 IF 	Cm-40 	170.170,150 000567 CALL STRESS 
000330 150 MPROP(N)=NPROPtN-i) 000570 IFtWoImT.GT.01 CALL JSTR 
000331 mmontm).mmontm-11. 000573 500 CONTINUE 
000332 II(Ng1)=IX(4.101)+1 000575 5000 CONTINUE 



000576 	1000 FOPmAT(12A6/5/5,3F10.00 
000616 	1001 TO0mATt/5,6F10.00 	 • ;0014=T;DEAT7NTIF041..4uNNIA, NAPONN,NUMmATOTYPE,ACFLX,ACELT,ACEL2, 000576 	1002 rORMAT (I5,4-5.0,6r10.01 	

000001 
1 rt5,10),CODEt1040,UXt1041,UY(1041,U7t10401Ixt70,5),NNOG(700, 

000576 	1001 FoRmAT(im ,I5,10x,F5.0,3F10.2,10X,3E12.4) 	 2 NPROP(701,xt1041,Y(104),2t1041,LM(6),10(f700,KNt700,R0(101 000576 	1005 FO0HAT(11I5) 	 r'ommON /E5TTF/ NnTIES,E150F(31,7m,PR,EIXT7t3,50,7/,ETA,ZETAOETJAC, 1009 F0+7HAT(1H '01'5) 000576 	 000001  
1JAC(3,3),JACT4V(313),SHAPE(61,0N(30),01I6,6,013),CODRO(3100(3,111) 000575 	1006 FO0mAT(101 ,T5,3F1.2.4) 	 000001 	 COMMON /STIFF cf24,241,P(24),10AO,N,CONsT 

000576' 	2000 FoRm4T(1041,1246/ 00000/ 	 COMMON /8ANAR6/ 45AND,NUAIRLK,R(156) 0(156,73 ) ,ND 1 27H0 NIIMPE9 OF ELEMENTS 	925 I  REMIND n 
7 27H0 NUM 	OF NODAL POINTS 	'IS 1 	

000001 

3 2AHO ACCElrRATIONI -X-0IRECTION-. 	
000003 

NO.1*Ng ,F10.2 / 
,F10.2 / 4 7AH0 ACCFLERATI04 ..y.orpEcTioN- 

s 2040 4CCr1FRATION -7-nIRECTION- 	,F10.2 0 	

000004 
902=2 ND 
LAAO.0 

000006 

NUM9LK=0 000575 	2001 FoqmAT(1$40,16mmATERIAL NUMBER--- 05 ,/ 9N OEMS/TY. ,E12.4, 	
000010 

1 15HYOUN■S H11OLOS= ,E12.5 ,1SH0OISCNS RATIO= 1E12.4 0 	
000011 

no 50 N=1,N87 000576 	2007 FORmATtlmi,iSmNonAl POINT DATA / 	 nt40=0.0 
1 13,4mNODE,147,414nonE,4x,imx,gx,I.Ny,qx,iN7, 	

::1011; 
DO SO m=1,Nn 
ANO)=0.0 2/57,2HUY,10X,2HU7,107,2HU2) 

000576 	2003 FORMAT (1,41,9AMELEMENT PROPERTIES f 	- 	
::::244 

1 04 FiFmENT,13,4HPROP,13,6mNODES,33,20NNODAL POINT LISTING ) 	
50 ComTINOF 

G.*** FORM ST IFFNESS. MATRIX IN 1LOCKS 000576 	7004 FOPH 4 T ( 1H0,15HC 4 RI ERROR AT 	,T5) 	

00002g 

000031 000576 	2005 FOPMAT (1140,1014PANONIOTH= 	I5) 	
50 NUMnK=NIIM91-10.1 

tg-VNT4rMILK+11  000576 	7006 FnemAT (1m0,54LHA 0. 	,I5) 
000576 	2007 FOPmA3(1141,14HAPPROXIMATION 	I5) 	

000032 
000034 

NL=NM-.404.1 000576 	2000 FOR 4 ATUM0,1X,4MNO0E,4X,04X0ISPL.,4X0HY....1ISPL. ,4X,I3M7-0ISPL.) 	
[24270=01:n 000576 	200A FORM41 (1H0,27440001 POINT ERROR CARD NO. 	IS) 	

(01:110:;56 
1747.1mEL 000576 	2010 rnPmAT(1m0,107,124JOINT NUMBER ,I5,12X,15H1NE4R STIFFNESS ,E12.4, 	:0000 1:10: 	 TFC0400nPc0401 210,210,65 1 10x,164N0omAl STIFFNESS ,E12.4 ,f 

2 10X,AHCOHETON ,E12.4,5X,14)1FRICTION ANGLE ,E12.4, 	
000044 	

65 14(7171.11=4,4S 3 53 ,11mmAx.GLOSuPF ,E12.40 	
000046 

	

000050 	IF(Ix(N,/,-mi) 00,70,70 
70 TFCI7(N,I0-NM) 00 0.00  000576 	600 STOP 
00 CONTINUE 000600 	 r41 	

000054 0 
100061 

UNUSED COMPILER SPACE 	
000064 	GO Tn 210  

00  ;;YZ:7:7?:04S 	
, 

015300 	 000064 

NcLzIX(N,I) 
000066 
000102 

	

000103 	 FLXT7 (1,T1=X(NELI 

	

000104 	 ELTTZt7,T)=7(NFL) 
000106 95 F1x7213,II=ZtNEL1 
000116 IF(MTXPE-NUMMAT) 100,100,110 
000124 100 XXI=F(l,MTXPEI 
000124 PR=E(204TYPE0 

ELP0g(1)=ROIMTYPE)mACELX 
FlOnF(?)=RO6MT7PEPAACELY 

000125 

EcliZIO.FT,ILPr OCIITTPE)*ACEL7 
iitiii3 
000134 GO TO 120 

	

000135 	
• 

1/0 CALL ELM3J 
000136 120 comTrNur 
010136 HPROP(N)s..NPROPIN) 
	 ADO ELEMENT STIFFNESS TO TOTAL STIFFNESS 

	

000140 	165 00 166 ImI,NOCES, 

	

000151 	166 LM(I)=3*IXEN,Y).•3 

	

000154 	 00 200 I=1,NODES 

	

000155 	00 200 1 .193 

	

- 000156 	 II.LNCTI4K-KGNIFT 

	

000160 	KK=38I-34.2 

	

000162 	Rit/IlmOtIII.PIKK) 



000165 nO POO J.1,NOOES SURR0UTINE FLMAK 
000167 On 200 L=1,3 000001 COMMON /ESTIF/ NO0E5,E1q0E(3),YM,PRIELXY2(3,8),XI,ETA,ZETA,IETJAC, 
000170 JJ=LM(J)+1'-iI+1■KSMIET 1JAC(1,31,JACINV(313),SHARE(8),ON(3,0)0(5,610(3),CDORD(3)0(310) 
000174 1L=3*J-111. 000001 COMMON !STU/ S(24,24),R(24),NERR,NELEM,CONST 
000175 IF 	fin 	200,200,175 000001 REAL JAC,JACINV 
000200 175 	TE(NI-JJ) 	/00,195,195 C 	• 
000203 100 	WRITE 	(5,2001) 	N C 	ELEMENT STIFFNESS MATRIX -4EXADEDRAL,TETRAHEDRAL OR PENTAmEnRAL 
000211 LBA0=1 000001 NO03=30NODES 
00021? cn TO 210 000003 DO 1 	I=1,N003 
000213 115 	A(IT,JJ).A(TT,JJ).S(KK,LL) 000004 P(I)=0.0 
000272 200 	C0NTIN1E 000005 np i j=1,Non3 
000233 210 ^ONTINuE 000014 1 	S(I,J)=0.0 

C***, 	Ann CONCENTRATED FORCES WITHIN BLOCK 000020 IF(NOOES.EO.81 	GO TO 6 
000215  00 250 N=NL,Nm 000022 TE(NO0ES.E0.6) 	CO TO 6 
000747 K=3*N-KSHIET 000024 TF(4011cS.E0.4) 	GO TO 4 
000251 D(K 	)=9(K 	04417(N) 000025 WRITE(5,2000) 	NELEMODOES 
000753 B(K-1)=1)(K-1).41Y(N). 000015 2000 F00MATUX,57H***ER*00"*THREE DIMENSIONAL TSOPARAmsTRTC ELEMENT NU 
000255 250 	6(K-2)=4(K-2)+UX(N) AM9ER,I4,18H DEFINE!) AS HAVING,I3,6H NOOES 1 

C.*** 0ISPLACFMENT POUNDARY CONDITIONS 000035 NERR=NER041 
000260 nO 400 4=NI,NH 000037 QrtORN 
000262 TF(m-NUMNP) 	115,315,400 000037 4 	7ETA=0.25 
000254 115 NC=C007(m) C, 	INTEGRATION EXPLICIT FOR TETRAHEDRON 
000255 IF(NC.F0.0) 	Gm TO 400 000040 ETA.,_0.25 
000257 U=UX(M) 000041 XI=0.25 
000270 N=1*m-2-KSHIET 000043 CALL OXY7(YM,PR,11 
000273 TF(NC.E1.2.0R.NC.E0.3.0R.NC.E0.5) 	GO TO 320 000045 CALL 8xy2 
000305 CALL MOIIFY(4,RINO21,164410,U) 000045 CONST=0ETJACP5.0 
000311 320 U=UY(1) 000050 CALL STIF3 
000313 N=N+1 000051 cn TO 10 
000315 IF 	(NC.E11.1.00.NC.E0.3.0R.NC.E(1.5) 	GO TO 	325 000052 6 MESH=3 
000327 CALL MIDIEY(0,9,NO2ORANO,N,U) 000053 m(1)=0.555555555555556 
000333 325 U=U7(M) 000054 H(2)=0.0000888800880119 
000335 N=N+1 000056 14(3)=0.555555555555556 	f 
000317 TE(NC.E1.1.0R.NC.E0..2.0R..NC.E0.40 	GO TO 400 000055 C0040(1)=*0.774506669241403 
000351 Cell MI0IFY(40,412,MPA4O,40) 000050 000R1(2)= 0.000000000000000 
000355 400 CONTINUE 000060 COOR1(31= 0.774506669241483 

C***° )(RITE BLOCK OF EOUATIONS ON TAPE AND SNIFT UP LOWER 000062 CALL 1XY2(YM,PR,O) 
000350 NRITE(9) 	M114104(N,M),M.1,MBANU),N=100/ 000065 TE(NIDES.E0.1) 	Go TO 8 
000402 DO 420 N=1,N1 C***NUMERICAL INTEGRATION ALONG LENGTH OF OENTAHEO0,0N 

000405 1=44.Nn 000067 00 51 IXI=1,MESH 
001406 B(N)=9(K1 000071 YT=C00Pn(ITT) 
000407 .R(()=0.0 000073 CALL Bra 
000411 no 420 M=i,Nn 000074 CONST=H(TXI)BOETJAC/2.0 
000423 A(N,M)=A(K,M) 	' 000077 5i CALL STIF3 
000424 420 	AtX,11/=0.0 000103 Gn To 10 

l**** CHECK LAST BLOCK 000103 8 00 61 KZET4.10ESm 
000430 IF 	(MM...NOWWW) 	60,400,440 000105 2ETA=COIRO(K7s'TA) 	' 
000433 4,0 CONTINUE 020107 no ai 	JET8'1,14E"' 
000433 TF(LOAD.E0.011 	no TO 500 000110 ETA=000RO(JETA) 
000434 . 	WPITE(6,20021 	Ln110• 000112 00 01 	DrimIOESH 
000442 2000 FORMAT (IH ,27HN£GATIVE VOL 	ELEMENT NO. 	TO1 000113 xT=COOP0(IxT) 
000442 2001 FORMAT(1H ,26MBAN0 WIOTH EX 	FOS ALLOWABLE 	I5) 000115 CALL WITT 
000442 7002 FORMAT(ilf 	,514113A02 	15/ 000116 CONST=M(KZETA) M(JETWM(IXI)+OETJAC 
000442 500 RETURN 000123 81 CALL STIF3 
000443 END 000133 10 00 12 r=2otoo3 

Sm. COMPLETE ELEMENT STIFFNESS MATRIX 
umusrn COMPILER SPACE 000135 X=I-1 
016100 000136 • 00 	12 JA1,K 	 (.4.) 

-.1. 
cn 



000147 	12 S(J,T1mSTI,J1 
000154 	RETURN 
000154 	END 

uRusro coRwrirp SPACE 
011400 

SU9ROUTTNE nxy7tym,pqm 
009005 
	

DIMENSION 0(6,61 
000005 
	

REAL JACIJACINV 
C 

ELASTICITY MATRIX 0 FOR AN ISOTROPIC THREE DIMENSIONAL ELEMENT 

000005 	n1 1 I=1,6 
000006 	00 1 J=I,6 
000013 	1 D(T,J)=0.0 
000025 	CONST=YM/001.0+HR00(1.0-2.00PR)) 
000031 	0(1,1)=CONST*(1.0-RR) 
000033 	0(1,21=CONST0012 
000014 	0t1,31=CONST*0R 
004035 	0(2,2)=CONST*(1.0-PR) 
000036 	n(2,3)=CoNsT*PR 
000037 	0(3,3)=CONST+01.0-PR, 
000040 	0(4,4)=CONST0(0.5-0R) 
000041 	0(5,5)=CONST*(0.5-0R) 
000042 	0(6,6)=CONSTY(0,5-P91 
000043 	DO 2 I=1,5 
000045 	K=I+1 
000046 	nn 2 J=K.6 
000055 	2 n(J,r).n(I,J) 
000063 	RETUDN 
000064 	F4n 

UMUSEn 00MPILE. So ACE 
020100 

sunRouttmr srTrs • 
000001 	COMMON /ESTTF/ NOOES,EL90F(3),YM,PR,ELKYZ(3,0),XI,ETA,ZETA,IETJAC, 

1JAC(3,31,JACINV(3,31,SHAPEt81,0N(3,01,0(6,6)01031,COOR0(3)03(3,8) 
000001 	COMMON /STU/ S(24,24),0(24),NFRR,NELEM,CONST 
000001 	00 9 J2LOCK=1,3 
000003 	Jn1=x1L0cK 
000004 	J02=4 
000005 	J03=6 
000006 	I01=31LOCK 
000007 	112=2 
000010 	113=1 
000011 	IF(JRLOCK.E0.1) GO TO 6 
000013 	IF(J1LICK.E0.2) GO TO 5 
000014 	Jn2.5 
000015 	I93=1 
000016 	GO TO 6 
000017 	5 J03=5 
000020 	T02=1 
000021 	6 nn 9 J=1,NODES 
000023 	NCOL=(J-1)03+J1LOCK 
000025 	K=J 
000027 	00 9 I9LOCKmJALOCK,3 
000037 	T01=I0LOCK 
00003? 	Il2=4 
000040 	103=6 
000041 	IF(ISLOCK.E0.2) 10325 
000044 	IF(T0L1CK.E0.1) 102=5 
000047 	011=0tI01,Jniv+A(I01,J1+D(I01,J02)+9(192,J)+D(1.01,013)*9(1113,J) 
000062 	1102=D(IO2,J011*9(1011,J)+0(T02,3112)04(I120)+0(T02,J131 58(193,J) 
000074 	993=0(103,J01)*R(191,J)+0(103,J02)59(192,J1s0(103,J03),B(193,J) 
000107 	I94=I9LOCK 
000111 	195=2 
000112 	106=3 
000113 	TE(IOLnCK.E0.7) I05=1 
000116 	T0(19LOCK.E1.3) I06=1 
000121 	DO 8 I=K,NODES 
000123 	NRIW=(I-1)01+19LOCK 
000125 	IF(NCOL.GT.NRON) GO TO 7 
000131 	NC=NCOL 
000131 	NR=NPOW 
000132 	GO TO 
000133 	7 NC=NPOW 
000134 	NR=NCOL 
000136 	0 S(NR,NC)=StNR,NC) 	+CONSTY(9(I84,I)0001+8(I115,I)*902+- 

1 0(106,11°1031 
000157 	9 Km1 
000166 	00 11 I=1,3 
000170 	DO 11 NO0Em1,NOOES 
000201 	K=3.(molE-1).1. 
000204 	P(102P(K)-CONST+SHAHEMODEPFELOOF(I) 
000207 	11 CONTINUE 
000213 	RETURN 
000213 	END 

UNUSED COMPILER SPACE 
017300 

cs.) 



SUIRO(JTINF RVT7 000210 ny.11204111E)=ETAT*(1.04XII*XI1 ,11.0+2FTAI*7ETA1,8.0 
000001 nn4mON /ESTIFF NnOES,EL9DFC3),TMIPR,ELXYZ(3,81,XI,ETA,ZETA,DETJAC, 0002/6 2 ON(3.N10E).ZETAI* 111.0+XII*X11.(1.0+ETAI'ETA),8.0 

IjAC(3,3),JACINV(3,31,5HAPE48)104(3,8/0(6,6)0(3),COORD(3)0(3,0) 000225 15 no 17 I=1/3  
000001 COMMON iSTIF, S(24924),P(24),NERR OELEN,CONST 000227 DO 16 Js1,3 
000001 R7A1 	JAC,JACINV 000235 16 JACCT,J)=0.0 

000237 00 17 NOOF=1,NO1FS 
sToA7N mATPIv P FOR A POINT 	(XI,ETA,TETA) 	IN A THREE DIMENSIONAL 60740 nO 17 K=i,3 
150RARAmETRIC ELEMENT 000254 17 JACII,K1=JA0C10(140N(I,NOOE)*ELxTZ(K,NODE) 

000264 OETJAC=JACI1,1)*(JACC2,2) ,JAC(3,3)-JACC2 13)*JACt3,2)). 
000001 7F(NOnFS.E0.5) 	Gn TO 60 A 	JAC(1,21*(JAC(2,3)+JAC(3,1/-JAC(2,1)+JAC(3,37)+ 
00000/ TF(N1nrS.E0.8) 	GO TO 60 JAC(1,3)*(JAC(2,1)*JACt3,2)-JAC(2,21*JAC(3,11) 

0*** SHAPE FUNCTION ANn DERIVATIVE.- TETRAHEDRON 000301 IF CIETJACAE.0.0) 	GO TO 20 
000005 sHADF(1.)=7I 000303 JAnINV(1,1)= 	(JAC(2,2)*JAC(3,31-JAC(2,31*j4,:q3,2))/IFTJAC 
000006 SHARE(21=ZETA 000307 jACINV(1,21=-(JA(1,2)*JAC(3,31-JACC1,31wJA(3,2))/DETJAC 
000007 SHAPE(3)=ETA 000313 JAIINV(1,3)= 	tJAC(1,2) ,JAC(2,31-JAC(1,3)*J8C(2,21),OFTJAr 
000011 sHAP014)=1.0-xT-ETA-ZETA 000320 JACINV(2,1).-(JA0C2,1)*JAC(3,31-JACI2,3)*jACt3,11)/DETJAC 
000014 nn 4 1=1,3 000324 - 	JACINV(2,2)= 	0Antlt1/*JAC(3,31-JACf1,3)*jAC(3,1))/OFTJAC 
000015 no 5 J=1,3 000331 JACINV(2,3)=-(JACt1,1)+JAC(2,31-JAn(1,31*JAC(2,11)/)ETJAC 
000023 5 	nN(T,J1=0.0 000335 JACINV(3,11= 	(JAC(2,1)*JACt3,2/-JACt2,21*Ja":(3,1))/OFTJAC 
000025 4 	nN(I,41=-1.0 000341 jAcTiqvc3,2)=-(jar(1,1),0 jAC(3,2)-JAC(1,2) ,JAC(3,11)/DETJAC 
600611 nNi1.11=1.0 000346 JACTNV(3,3)= 	(JAC(1,1)*JAC(2,2)-JAC(192)*JAC(2,1))/nETJAG 
000031 oN(2,3)=1.0 000352 no 18 	1=1,3 
000032 oN(3,2)=1.0 000354 nO 	1 01 	NOnE=1,N107:S 
000034 r,c) 	In 	is 000375 14 D(I,NODE)=JAcTNV(Y,1) 11.13N(1000E)+JACTNVCI,21,ON(2,NOOE).JACINvCI,3 

E*" SHAPE FUNCTION AND DERIVATIVE • PENTAHEITRON A1*0N(3,NOOE1 
000014 60 	x/I=1.0 000406 RETURN 
000035 7774=0.33333113333333333 000406 20 IOTTE(6,20001 	NELFM 
000017 ETA 	=0.33333333333333333 000414 2000 FOPHAT(1H0,35H2EPO OP NEGATIVE OETERMINATE.ELEMENT 	,I5) 
000040 nn 51 	1=1,4,3 000414 NrPR=NEP0+1 
000052 xII=-xIi 000416 RE7NRN 
000053 smAnFur1=7ETA*(1.0.xiI+xI1/2.0 000416 ENO 
000057 (1)1(10)=2ETA'xii/2.0 
000060 n4(70/.0.0 UNUSED DOMPTLFR SPACE 
000061 61 ONt3,I).(1.0+X/I,X/)/2.0 016500 
000054 On 5? 1=2,5,3 
000102 yTt—cTI 
000103 SHAPr(I1=f1.0-ETA-2ETAV0(1.0+XII*XI)/2.0 
000107 ON(1,I).(1.0-ETA-ZETA)*XII/2.0 
000110 ON(201=-1.0,t1.0c(II+XI1,2.0 
000113 52 oN(3,I) =-1.01,(1.0+xTIfla1/2.0 
000120 no 53 	1=3,6,3 
000112 xiT.-xtI 
000133 5HanE(TI=ETAIP(1.03x// 4,)(1)/2.0 
000137 ON11,I).ETA*X/I/2.0 
000140 nN(20)=(1.0+)(II*x/)/2.0 
000147 53 	14(3,11=0.0 
000144 GO TO 15 

Cy** SHAPE FUNCTION AND OERIVATIVE - HEXAHEDRON 
000145 00 	XII2-1.0 
000146 ET41.1.0 
000150 7ETAIz-4.0 
000151 DO 2 NOnEmloNODES 
000163 HOLI=XII 
000164 XII=-ETAI 
000166 FTAI=HOLD 
000166 IF(No0F.E(1.51 	7ETAI=1.0 
00017? SHAPE(NOnE)*(1.00XII.XI).(1.04.ETAT.ETA)Pti.0+2ETAT.ZETA1/0.0 
000203 01(10000=XII•t/.0+ETAIATTA)*(1.042ETAInETA)08.0 

C.) 
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SD0ROUTTNE JXT2 
COMMON /ESTIF, NOOES,ELS0F(311,YM,PR,ELXV2(3,8)*XIIPETA,2ETA*DETJAC, 
tJAC13,11,JAC/NV(3,3),SHAPEt8),ONt3,41,0(5,5)0(3),GOORD(3)0(3,8) 
COMMON /STIFF St24,24),P(24),NERROELEM,OONST 
COMMON ',INT/ KSN(1,3),OC(3,3),TXY2(3,8),NOO,4002 
PEAL JAC,JACINV,KSN,XT 
TF(NIOES.FD.1) GO TO 8 
SHAPE(1)=ETA 
SHAPF(2)=1.0-ETA--XI 
SHA°E(1)=XI 
nN(2,3)=0.0 
ON(2,2)=-1.0 
D4(2,1)=1.0 
04(1,3)=1.0 
04(1,2)=-1.0 
DN(1,11=1).0 
GO Tn /0 
X/I=-1.0 
FTAT=1.0 
00 81 T=1,N00 
40101=XTT 
XII=-ETAI 
ETA/7410LO 
SMAREtT)7.(1.0+X/I'XI)*(1.0+ETAI*ETA)/4.0 
nmu,DatxII*(1.0+ETAT*FTA),4.0 

81 ON(2,I)=ETAI*(1.0+XII'XI)/4.0 
10 nn 21 1=1,2 

DO 20 J=1,2 
20 JACST,J)=0.0 

no 21 NOOE=1000 
00 21 %0=1,2 

21 JAC(T,X1=JAC(I,K)+ONII,NODE),TXYZ(X,NODE) 
PETJAC=JAC(11 1)*JAC(2,2)-JAO(2,1)*JAC11,2) 
IF(OFTJAC.GT.0.0, GO TO 50 
WRITE(6,2000/ NELEM,IETJAC 

2000 FORMAT(1110,22HOETERMINATE OF ELEMENT,25,2X,2MIS,E/2.4) 
NFRR=NERR+1 

50 RETURN 
0N1  

SURROUTINF TRANTFLXY7,0C) 
000004 	DIMENSION ELXTZ(301),DC(3,3) 
000004 	no 11 T0-1,3 
000005 	no ti J=1,3 
000012 	11 notr,J)=oa 

c*** FORM TRANFORM4TION MATRIX FOR PLANF JOINT 
000017 	A=tFLXX7(2,2)-TLXT2(2,11)*(ELXY7f3,1)*EIXY7f1,1)) 

-(ELXY7(2,1)-EIXY2(2,1).)*S£LXY7(3,2)-E1XY2(3,1)) 
000031 	R=(FLXX2(1,11-EIXT7(1,2))*(FIXT7(3,3)-ELXY7(3,1)) 

....(ELXV7(1,1t*ELXY2(1,3))4tElXY2(3,2)-ELXT711,11) 
000043 	C=CELXT7(1,2)-E/XX7(1,1)),(ELXY7(2,3)-EIXT7(2,1)) 

1 -TELXYZ(1,1)-FLXY2(1,11)*(E1XYZ(2,21-ELxy7l2,1))• 
000054 	AR=TA".2441"2)"0.5 
090051 	A00=(A"2*.P"2.C"2)"0.5 
000067 	OC(3,3)=C/APC 
000071 	IF/010(1,31.E9.1.0) GO TO 14 
000100 	OC(1,1)=-Rtaq 
000101 	D0(1,2)=A/AR 
000103 	nc(to)=o.o 
000104 	pc(,,i)=-A*Cf(Al+APC) 
000106 	OC(2,21=-“P'Cf(A8*A4C1 
000107 	OC(2,3)=AnfAqC 
000111 	DC(1,1)=A,APC 
000113 	DC(3,2)=R/APC 
000114 	RcTU0N 
000114 	14 OC(1,1)=1.0 
000116 	nr..(2,21.1.0 
000117 	RETURN 
000117 	Emn 

UNUSED COMPILER SPACE 
020000 

000001 

000001 
000001 
000001 
000001 
000003 
000004 
000007 
000010 
000010 
000012 
00001? 
000013 
000014 
0000/5 
000016 
000017 
000021 
000031 
000014 
000036 
000036 
000041 
000046 
001051 
.000055 
• 000063 

000065 
000066 
000102 
000112 
000115 
000120 
000127 
000127 
000131 
000112 

UNUSFP COMPILER SPACE 
017500 



SURPOUTINF STRESS  
000001 	COMMON /OAT, NUMFL,NUMNP,NAP,NNN,NUMMATO4TTRE,ACELX,ACELY,ACELZ, 

1 r(5,20),COOE(104),UX(104),UY(104)02(104),TX(700),NNO0(70), 
2 NPRIP(70),Xt104,0(104),Z(104),LMC81,KX(70),KNI70/pRO(10) 

000001 	COMMON /CCTT, NOTIES,Fl90(3),YM,OR,FLXYZ(394),X117ETAIOETJAC, 
tjA1(3,3),JaciNy(3,3),SNAPE(8),ON(3,8),1(6,6),4(3),COOR0(3)038(3,0) 

000001 	COMMON /stir, S(24,24),P(24),LMADO,CONST 
000001 	COMMON fOANAPG/ M44ND,NUMALK,0(156),A(156,71),ND 
000001 	DIMENSION STG(6),EmAI6),CEN(3) 
000001 	WPITF(5,2000) 
000005 	00 100 N=1,NlimEL 
000007 	mTyRE=IAOS(NGROP(N)) 
000011 	TP(NTYPE.CT.NUNMAT) CO TO 100 
000014 	mRooR(m)=4TxnF 
000014 	NinnEs=nmon(N) 
000016 	no 1 T=1,q0nES 
000012 	NEL=Ixcm,T, 
000031 	ELX11(1,I1=YINEL) 
000014 	PLICI7(2,D=YINEL1 
000036 	1 FLX17(3,I1=7(NEL) 
000051 	YM=E(1,MTIPE) 
000051 	PR=E(2,4TTPE) 
000053 	no 2 T=1,5 
000057 	SIG(T)=0.0 
000060 	2 FDA(T)=0.0 
000061 	IFINIOES,FO.M/ GO TO 
00003 	TF(NODES.E0.51 GO TO 6 
000065 	7E1'4=0.25 
000066 	ETA.0.25 
000066 	77=0.25 
000070 	CO TO 10 
000070 	5 7ETA=0.33333333333333333 
000071 	F74=0.333333/3333333333 
000072 	xT=0.0 
000074 	CO TO 10 
000074 	A zETA=0.0 
000075 	ET4=0.0 
000075 	xT=0.0 
000075 	10 no 20 T=1,NOOFS 
000103 	IT=3*1-3 
000104 	JJ=3cTX(N,T)-1 
000106 	'on 20 J=1,3 
000115 	20 DI/It-.1)=RIjit.j1 
00012? 	CALL RXYZ 
000123 	CALL nx77(7m,12R,I) 

C**** CALCULATE ELEMENT STRAIN AT CENTR0I0 
000126 	no 30 T=1001ES 
000130 	NUM=/*(t-1) 
000132 	nn 40 J=1,3 

C**** CALCULATE ELEMENT STRESSES -GLORAL COORDINATES 
000142 	40 E°A(J)=FPACJII-PICJ,T)*P(NUM4J) 
000153 	FDA(4).EPA(4/00/2,I/ 1 P(NUM11.1)+Re(1,I)M(NUM+2) 
000157 	EPM(51=E°A(51+RR(3,I)*PtNUM+2)+DD(2,I)*P(NUM+3) 
000154 	30 EDA(6)=EPA(5)+R8t1,WIP(NUM.3)+D8(3,II*P(NU4,11 
000176 	nn 50 2=1,5 
000177 	no 50 J=1,6 
000'06 	50 SIG(I)=SIG(I)+O(T,J)*FPACJ/ 
000213 	no 60 J=1,3 

000215 	CE4(J)=0.0 
000216 	• no 60 I=1,40OFS 
000226 	60 CEN(J)=CEN(.11+SH4RE(I),ELXYZ(J,I) 

C*** WRITE ELEMENT STRESSES 
000233 	wo/TE(5,10001 NOCEM(I),I=1,3),(S/G(J),J=1,5) 
000245 	100 CONTINUE 
000750 	1000 FoRmAT(iM pI5,3c4.2,6E12.4) 
000250 	2000 FORNAT(141,74ELEmENT,5X,2,4XC,0x,210C,4X,PN7C,6X, 

1 7u77,107,2mT7,10X,2m72,107,2mx7,10X,2477,10x,2m7X) 
000250 	RETURN 
000250 	rNO 

umuCFn COMPILER SPACE 
0167 00 



SWIROUTINE JSTD 	 GO TO 430 
000001 	COMMON /OAT/ NUMEL,NUMNP,NAPONNOUNHATOTYPE,ACELX,ACELY,ACELZ, 	

000223 
 300 KW(N)=0.0 

1 F(5,10),COnE(104).UX(1.04),UT(104)07(1041.IX(70.0),NNOn(70). GO TO 400 
2 NPPOP(7010(104).Y(1041,2(1.04),LM(0).KX(70).KN(70),R0110) 	. eNN: 350 KN(N)=KN(N)*10.0.110 

000001 	c0m40n fEsTiFf NOOFS.ELROF(3).YM,PR,ELXY2(3.9),XT.ETA97ETA.DETJAC, 000232 	400 STR=C0N+APS(K41*TANTH 

	

1JAC(3,310ACINV(30),SHAPE(8),ON(3,810(6,6)0(3),COORD(3006(310, 00 0236 	;;;Flpiii::.p:) GO TO 499 
000001 	COMMON fSTTF1 S(24,24),P(24),LDADO,CONST 	 000240 	TF(A1S(FS).LE.STR) GO TO 500 
009001 	COMMON fJNTF KSN(3,3)0C(3,3)1TXYZ(1.8).NOD.N002 	 000243 
001001 - 	rnmmnN fRANOGI MDAND,NUMILK0(156).0(156.70).ND 	 000245 
000001 	REAL KS,KNIKX,KT,LIMIMS 	 - 	o 	 000246 	::r::2500 
000001 	INTEGER FAIL 	 000246 	499 KX(N)=0.0 
000001 	WPI1F(6,2000) 	 000250 
	 ogrAiN NonAL POINT oISPLAcEMENtS ANn MEAN DISPLACEMENTS 	 000251 	500 CONTINUE 

000005 	no 100 N=1,NUmEL 	 000251 	wR/TE(6,1000) NO(C,I,C,ZC,X0,Y0,711,PIS.ANG,FN,FS,FAIL 
00000' 	mr(PF=TA95(NPPOR(N)) 	 1000 FORMAT(1H 04.3F6.3,4F13.4.FR.2,2E12.4,I5) 
000011 	IFOITYPE.LE.NUMMAT) GO TO 900 

mpqop(NwITYPE 	

000305 

	

000305 	2000 FORMAT(1H1,5HJOINTOX,2HXC,6X,2HYC,6X,2HZCI3X.12HSTRIKE D/SP., 
000014 

	

	 1 3X,91-10IP DI5P.,2X,10)1NOPM DISP.93X0MHAxoTsP.,ix, 
Noo.NNOn(N1f2 000114 	 2 7MOIRECT. 9 2X,10HNORMAL F/A,3X,9HSMEAR F/A,3X,44SLIP) 
FAIL=1 	 000305 000016 	 900 CONTINUE 

000017 	uM=VM=WM=XC=YC=7C=0.0 	 000310 	RETUPN 
000026 	00 200 I=1,NOD 

m=jx()),I) 	
000310 	ENO 

000050 
000052 	rucf7(t0)=x(m) 	 UNUSED COMPILED SPACE 
000051 	ELXYZf2,I)=Y(M) 	 016500 
000056 	FLXYZ(1,I1=7(m) 

C"" CALCULATE CENTROID OF JOINT 
000051 	NN=3*M-2 
000065 	xC=xc+X(M)/N00 	 . 
000070 	TC=IC+Y(m),Non 
000072 	7C=7.C41.2(M)/NOn 
000075 	J=I+401 
000077 	ML=IX(N,J) 
000101 	mN=1"1-2 
000104 	UM=UM+(9(MN )-9(NN )),NOD 
000110 	VH=V4+(9(MN+1)-9(N+4+1))/N01 
000115 	W4=WM+19(MN+2)-9(NN+21)/NOD 
000121 	200 CONTTWJE 

," FORM TRANSFORMATIONS EDUATIONS 
000116 	.CALL TRAN(ELXYZ,0C1 

Cm,  TRANSFORMOISPLACEMENTS TO SHEAR AND NORMAL-XO=STRIKE DISPL. 
000140 	xo=no(1,1)=um+ncti,2) 4,vmeoCti,3)•wm 
000145 	vo=nC(2,1),UM+DC(2,2)*VM+DC(2,3)*WM 
000151 	71=0C(3,1),UM*OC(1.2) ,VM.DC(3,31,WM 

I.e.' MAGNITUDE AND DIRECTION.OF MAXIMUM SHEAR DISPLACEMENT 
000161 	pms,-.07AN2 (Yn, VII 
000171 	ANG=ANG•57.306 
000172 	MS=(Xn,i2sY0"2)"0.5 
	 ODTATN MEAN SHEAR AND NORMAL FORCES PER UNIT AREA 

000200 	FN=71,KN(N) 
000202 	FS=MS•KX(N) 

7..***,  moniFicATtnN nF NOPMAL STIFFNESS WITH DISPLACEMENT 
000203 	LIM=E(5,MTYPE) 
000204 	C01-1=F(1,MTYPE) 
000205 	TH=E(40TKPE)/57.I96 
000210 	T4NTH=SIN(T4),COS(TH) 
000214 	IF(7.0.GE.0.0) GO TO 300 
000216 	TE(7O.LE.LIM1 GO TO 350 	 C.) 000220 	KN(N1=K4(N)*L/M/(LIM-20) 	 K) 

..a 



000001 
000001 
000003 
moo 
000006 
000010 
000011 

000012 
000014 
000015 
000017 
001020 
000022 
000034 
000035 

000041 
000043 
00005° 

005166 
000070 
000071 
000074 
000075 
000104 
000105 
000107 
000110 
000122 
000123 
000174 
000136 
000137 
000142 

000145 
000147 
000171 

000172 
000174 
000175 
000207 
000211 
000215 
000215 
000221 
000210 
000231 

SUIPoUTINF PANSAI. 
COMMON ,DANARO/ 	MR,NUMRLKO(1561.A(156.78).NN 
NL=NN.i 
NW=NN.I.NN 
40cwINh A 
REWIND 4 
N0=0 
f0 TO 150 

PEouCE EOUATIONS RY BLOCKS 

C 	 1. SHIFT141OCK OF EQUATIONS 

100 NI2VO+1 
no 125 N=1,NN 
NN=NN+N 
v't4)=11NW) 
41441=0.0 
no 125 M=1,144  
A01011=4(N14,011 

125 	A(44,N1=0.0 
r,4040 	2. REAn NEXT BLOCK OF EQUATIONS INTO CORE ". 

IF 	[NuMPLK-NR) 	150,200,150 
150 PFAI (5) 	(4(N),(A(NO)ON*10114),N2NION) 

IF 	(Nn) 	200,100,200 
0 40.40 	3, 	PEOUCF 4LACK OF EQUATIONS 	40440 

200 	nn 300 N=1,NN 
IF 	(4fN,1/1 	225,300,225 

225 BIN/=1(N1/ACN,11 
10 275 L=2.014 
IF 	tAC40.11 	230,275,230 

230 Cal(N.1//A1N,1/ 
T=N4.1-1 
J=0 
00 200 K=L,mM 
J=J+1 

250 	A(I,J)=4(I,J)-C40A(M,K) 
1(/)=8113.•44IN IL1401(N1 
A(N,L)=C 

275 CONTINUE 
300 CONTINUE 

4. W0ITE RUCK OF REDUCED EQUATIONS 	ON TAPE 0 
IF (411431A-N0) 	175,400.375 

375 WRITE 	(8) 	(13(NIOA(N.M1.1q=20111,Ns1oN) 
Go TO 100 

C 	PACK.-CURSTITI1N 

400 On 450 M=1,NN 
N=NN4.1.03 
no 425 K=205 
L=N+K.•1. 

425 Rt41.91W-4IN.K101110 
N94=N+NM 
RINN1=4(NI 

450 	Al14140011=40(NI 
N41-lq.1 
IF (NB) 475,500,475 

P4041 

000231 	470 flacKspefIF 4 
000233 	 READ (A) (P(N).(11(40110:20mos1om) 
000255 	 BACKSPACE A 
000257 	 GO TO 400 

ORDER UNKNOWNS IN 4 ARRAY 

000260 	500 t<=0 
000751 	 nn 600 Nk=1,NuN411( 
000263 	 nO 600 N21.NN 
000273 	 WizNOAN 
000274 	 0(=K4,1 
000274 	600 P1102A0 ,000 
000303 	 RETURN 
000304 	 ENO 

UNUSEn CONPRFn Sneter 
017200 

SunoluTTNE mOnTFT(00,NE0,48ANO,N,U1 
000010 	 ONENSTON At15B 9 78)0(156) 
000010 	 00 ?50 4=2044440 
000011 	 K=N■4+1 
00001' 	 IF(K1 	235,235,230 
000020 	230 BIK1=4(40•AI1(,NI*U 
000021 	 A(K,41=0.0 
000026 	235 1(=N+N-1 
000030 	 TF(NEQ-K) 	200,240,240 
000036 	240 AtK).R11(1-A(N.M)*U 
000040 	 A(N0).0.0 
000044 	250 CONTINUE 
000047 	AN,1121.0 
000051 	0(N)=U 
000052 	RETURN 
000063 	FND 

UNUSED COMPILER SPACE 
020100 


