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ABSTRACT

ji]

This thesis is intended to be a study of methods of
determining the behaviour of rock slopes, particularly as
resulting from opencast mining excavations. Numerical and
obgervational methods are discussed and are shown to be linked

via displacement studies on model and prototype.

The majority of numerical work was carried out using the
Finite Element Method. As far as is relevant to the main theme
of the thesis, attention is given to this method. The ex@osition,
given primerily in Chapter 2, provides sufficient information to
follow the computer programs given in Appendices B and D for the

analysis of two and three dimensional structures respectively.

Chapters 3, 4 and 5 deal with studies carried out using the
Finite Element Method to explore its application in slope stability
investigations. For simple examples sufficient cases have been
studied to permit general conclusion to be drawn. In many
situations, in particular the jointed three dimensionsl problem,
only simple models were amenable to solution. Where possible

comparison is made with limiting equilibrium models.

Chapter 6 deals exclusively with observational methods and
gives some current examples of thelr use. TField trials designed
to measure displacements around a small opencast mining operation
are described and general proposals for monitoring systems are

outlined.

Finglly, in Chapter 7, an attempt is made to apply the
methods discussed in Chapters 3 and 4 to a simulation of a physical

model of a systematically jointed rock slope.
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CHAPTER 1L INTRODUCTION

SYNOPSIS

An outline of the aim and nature of this thesis is followed

by a brief description of the rock slope problem to be studied.

An attempt is made to review methods used to estimate the
behaviour of rock slopes. These methods range from simple
limiting equilibrium calculations, through numerical techniques to
observational studies. The aim of this discussion is to place
the remainder of the work reported in this thesis in the)context

of current slope stability research and practice.
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OBJECT AND OUTLINE

A rock slope may be designed prior to excavation, or it may
be désigned by observation and experience during the early stages
of the work. In the context of opencast mining the latter
approach is relatively common but initial estimates may be
essential since the viability of a project can be closely related
to the angle at which the rock slopes are mined (Ref. 1).
Estimates of bench behaviour may also govern the choice of heavy

mining machinery.

The primary purpose of this thesis is to draw together the
body of knowledge concerning the application of numerical methods
in rock slope design and to place these in context with other
current methods. It further aims to show how such work may be
coupled with field measurements and how these may be carried out in
a real situation. Comments on the latter are based on field
trials carried out at a small open pit mine and on relevant

technical literature.

The majority of work in this thesis is based upon the Finite
Element Method of structural analysis. The method has been widely
reported in scattered literature and this thesis to some extent
reviews its current uses in estimating rock slope behaviour. When
this study began relatively little work in this field had been
reported. Since then there has been very rapid development, much
of which will be referenced where relevant. Instead of reporting
other researcher's work the author has attempted to cover the whole
renge of possible approaches himself.  Where computer programs
were already available in the literature they have been used,
modified and extended where necessary. In some cases, new
approaches required the writing of completely new programs.
Although some of this work may have been repetitive, it is believed
that it should all be included in order to cover the whole of this
relatively new field, and to meke informed criticism where necessary.
Since the object of this thesis is not a study of Numerical Methods
themselves, discussion of the Finite Element Method is restricted

almost entirely to a single chapter. Only when the method itself,
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or the computer programming, have a direct bearing on the
assumptions inherent in the analysis, are these discussed within
the main body of the text. The mathematical content of even

the chapter on the Finite Element Method is extremely limited since
the emphasis is on a user tool rather than a research topic. In
order to be consistent with this aim, computer programs, with input
instructions, are given in the'appendices. The collection is

fairly comprehensive, but avoids duplication with other publications.

DESCRIPTION OF THE PROBLEM

The behaviour of a rock mass when an excavation is made in it
will depend upon the characteristics of the rock material itself and
its state prior to disturbance. The geological history will have
determined both the initial conditions and the rock characteristics,
but the latter may be considerably modified by the process of

excavation if it involves heavy blasting.

Initial Conditions

A considerable amount of effort has been given to the study of
the state of stress in the earth's crust. It is usually accepted
that the vertical stresses in undisturbed material may be deduced
from self weight alone. Horizontal stresses vary considerably,
according to the environment. Measurements by Hast (Ref. 2) in the
Fennoscandian mountain ranges showed considerable horizontal
stresses even at the surface, and a much highcr rate of increase
with depth than normally is assumed. Where possible measurements
of initial stress conditions should be made since they are an
important parameter that may be included in the numerical design

techniques.

Rock Mass Classification

In most cases, the material constituting a rock slope is a
discontinuum. The spatial orientation and frequency of fractures,
together with the relative strength and deformability of the rock

material and the discontinuities, are the major factors that control
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the behaviour of the rock mass during and after excavation. The
method of analysis required will depend on the above considerations,

since these control the mode of failure.

A number of classifications of rock masses relating to surface
excavations, have been presented. Miller and Hoffmann (Ref. 3)
drew the distinction between quasi-monolithic, jointed, cracked,
and shattered rock. Duncan and Goodman (Ref. 4) have given a more
comprehensive classification that is reproduced (Table 1.1) together

with comments on the pertinent method of anslysis.

EXISTING METHODS OF ANALYSIS - AN OUTLINE

There are three basic methods of estimating the behaviour of
a rock slope. The first of these is Limit Equilibrium. This
finds extensive use since it provides a simple method of calculating
a Factor of Safety and, hence, the required YES/NO answer. In
addition, the calculations, in some cases, may be done onfthe back
of an envelope' or reduced to a graphical or tabular presentation.
The second alternative is stress analysis. This has, until
recently, been restricted almost exclusively to the study of rock
as a continuum. The Factor of Safety is difficult to deduce
without resorting to a limiting equilibrium calculation, but
considerable data regarding slope stresses and displacements may be
obtained. Although the latter may not have a bearing on Mining
Practice, other than as a reference for physical observations, they
may be important when the slope acts as a foundation for an
artificial structure. The third method, the empirical and
observational approach, involves the study of models and the
performance of the prototype itself. Physical models may be
replaced by numerical simulations which fulfill precisely the same
purpose but are not subject to some of the limitations inherent in
the former. It is advisable that such simulations should be checked

against a comprehensive physical model.

Each of these three methods will be discussed briefly below.
In doing so the usual, but rather arbitrary, division into two or

three dimensional cases will be avoided as far as possible. All
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Description of the Problem
TYPE DESCRIPTION ANATYSIS FIGURE
1) Strong As strong as Flastic
Homogeneous concrete. IFree Continuum.
Rock from discontin-  Stress
ulties. Analysis.
2) Wealk Much weaker Soil Mechanics
Homogeneous  than concrete. techniques.
Rock Free from Plastic
discontinuities. Analysis.
3) Terraced Horizontal beds  Check

Rock

L) Ravelling
Rock

5) Slumping
Rock

of varying
strength.

Rock contin-
uous but breaks
upon weathering.

Altered or clay
rich rock with
very low
strength.

behaviour of
soft zones by
Scil Mechanics
techniques.

Anglyse as a
cohesionless
soil.

Soil Mechanics
techniques.

CLASSIFICATION OF ROCK MASSES FOR SURFACE EXCAVATION

~ CONTINUOUS ROCK MASSES

TABLE 1.1 (Part 1)

“(After Duncan & Goodman 1968)
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TYPE DESCRIPTION ANALYSIS FIGURE
6) Sheeted Hard strong rock 2-dimensional
Rock with planar analysis. Limit-
weakness roughly ing Egquilibrium
parallel to Calculations

7) 8labby Rock

8) Buttressed
Rock

9) Blocky Rock

10) Schistose
Rock

natural slopes.

Hard rock with
one strongly
developed set
of discontin-
uities which
control the
strength.

Hard rock with
two sets of
weaknesses which
dominate the
rock mass
strength.

Hard rock with
three or more
sets of weak-
nesses which
dominate
behaviour.

Schistocity
planes, usually
steeply dipping,
control mass
behaviour.

Check for toppl-
ing failure.

2--dimensional
analysis. TFinite
Element may be
used. Also
Limiting
Equilibrium.

3~dimensional
analysis. Limit-
ing Equilibrium
by Vector/Stero-
graphic Projection
methods. Also
Finite Elements.

Soll Mechanics

if very heavily
fractured. Search
for dominant
features and then

as (8).

2-dimensional

analysis by Soil
Mechanics techniques.
May also consider
toppling failure.

CLASSIFICATION OF ROCK MASSES FOR SURFACE EXCAVATION
- DISCONTINUOUS ROCK MASSES -

(After Duncan & Goodman 1968)

TABLE 1.1 (Part 2)
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practical problems are three dimensional, but both the growth of
Rock Mechanics from Soil Mechanics and the relative simplicity of
calculations for cross-sections have resulted in attention being

placed on the two~dimensional subcase.

Limit Eguilibrium Methods

The condition of limiting equilibrium occurs when the
disturbing forces are exactly matched by the resisting forces.
Analyses based on the calculation of this limiting condition are
referred to as Limit Equilibrium Methods. These methods all
assume that rock behaves in a rigid/perfectly plastic manner, and
that failure occurs on a predetermined surface. If the material
of the rock slope is considered to be homogeneous then the Soil
Mechanics approach of assuming an arbitrary failure surface is
adopted. The Rock Mechanics approach takes into account the

structural control on the possible shape of the sliding mass.

Structurally determined behaviour must be analysed as a three
dimensional problem, unless the criticsl features strike parallel
to the slope face. Vector and graphical methods for analysis of the
more general case have been discussed at length elsewhere (Ref. 5)

and these will be referred to in a later chapter of this thesis.

The two~dimensional sub-case:

When the rock is either truly homogeneous or sufficiently
discontinuous to be considered isotropic, the usual slip circle and
non-circular arc analyses of the Soil Mechanics approach may be used.
The degree of fissuration which justifies the assumption that a
rock mass is isotropic is highly debatable. Bray (Ref. 6) showed
that rock with ten radially spaced Joints approximated to a
granular soil, for the case of an angle of internal friction of
30 degrees. Few rock masses can meet this specification so the
criterion is modified to whether the rock is sufficiently dis-
continuous for any chosen slip surface to be possible without

necessitating fracture of the solid material.
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In many situations, the stability of a slope is likely to be
governed by relatively planar discontinuities with large lateral
extent, and shear strength considerably below that of sclid rock.
These features are faults, fault zones, bedding planes and joint

sets.

The simplest case that can be considered is a single discon-
tinuity dipping into the excavation and striking parallel to the
slope surface. The wedge of material above the surface is assumed
to behave as a monolithic block and the only forces invol%ed are
the resolved components of the weight of the potentially sliding
wedge. For the simple case of frictional behaviour alone, the
angle of friction necessary for stability is equal to the dip of the
slip surface. (Fig. 1.1) That it is independent of the slope

height is contrary to observed behaviour.

H
Figure 1.1
Normal Force (Fn ) =W Cos/3
Shear Strength (T) .= Fp Tan 55
Sliding Force =W Sin 3
Resisting Force = W Cos 8 Ton @

Angle of Friction for Stability (fr) = 8

The further possible variasbles for this simple model are (Fig. 1.2):-

¥,%y = Unit weights of Rock and Water respectively
H = Slope Height
c = Cohesion

1

Friction Angle } Coulomb Law

#
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L = Slope Angle
Z, = Depth of Tension Crack
Hu = Height of Water Table (assumed to be horizontal)
TENSION CRACK
o
-+
= WATER
TABLE
H

Figure 1.2

From the geometry of the slope the Tactor of Safety now becomes

F - Total Resisting Force _ CA + ( WCosfB - U-VSing) Tang 1(1)
Total Disturbing Force WSin /3 + VCos A
where
z
w o= 3 SH{(Cot s - Cort) = (&) Cot g}
¥ : - oHY
o -t (0 (1= casTng) - (e )
V = -'Z- X,o 202
A = H'io
Sinf

These formulae are tedious to calculate manually, if all the
terms are includéd, so Hoek (Ref. 7) has devised slope design
charts requiring only the calculation of simple slope functions.
These charts entail approximations not apparent to the user, and
the author has produced design tables as an alternétive (Table 1.II).
This requires interpolation between tabulated values of the
variables given above, but the approximations involved in this

process are quite evident without further investigation.
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The models described above, have assumed a single continuous
discontinuity, perhaps delimited by a tension crack. Any lack of
continuity will result in an increase in the strength of the
failure surface, or the formation of a surface that steps between

discontinuities possibly belonging to the same joint set.

The case of complex surfaces has been discussed in detail by
Jennings (Ref. 8). - He considers the case of a mean plane defined

by -two joint sets and partial fracture of the solid (Fig. 1.3).

MEAN FAILURE
PLANE T < I, TEnsion LT ser 1

SHEAR FAILURE PARALLEL
To SBYT 4

Figure 1.3

The assumption of sliding on joint set 2, opening on set 1, shear
failure parallel to set 2 through the solid, and temsile fracture
normal to set 2 makes the model relatively complex. Resort to
computer methods must be essential, in view of the large number of
possible combinations, unless very extensive structural data can

be gathered.

Barton (Ref. 9) examined limit equilibrium methods in some
detail and developed a method of slices taking into account inter-
slice forces. This was used to study the case of sliding on a
stepped surface, defined by successive overstressing of joints of a
single set during slope deepening. This is an interesting
approach to progressive failure, but, in the author's opinion, is

rather too simple to model such a complex phenomenon.
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Stress Analysis

Photoelastic methods have been used to study the gravity
stresses induced by excavation of a slope. These have been
reported, notably by La Rochelle (Ref. 10), Yu, Gyenge and Coates
(Ref. 11) and Long (Ref. 12). The method is not particularly
convenient for gravity structures since centrifugal loading is
necessary except for high sensitivity materials such as Gelatine
(which demonstrates unwanted time-dependent effects). There is
an additional problem of the effect of Poissons ratio, which in the
case of gelatine is approximately 0-5. Using the normal restraint
boundary conditions it is only possible to achieve initizl
horizontal to vertical stress ratios of 0-5 or 1:0 in Plane

Stress or Plane Strain models respectively.

An attempt to calculate the stresses in an infinite elastic
slope, by assuming the stresses to be a linear function of the

co-ordinates (Fig. 1.4), yields the following expressions:-

Onxx = —8Coti. X + 2¥Cot’L.Y
Oy = &.Y 1(2)
12:3-— SCoti.Y
X ]
Y

Unit Weight = ¥

Infinite Elastic Wedge
Figure 1.4

Since the horizontal stress (Oux) becomes increasingly large with Y

and no account is taken of toe effects, this does not seem a

reasonable approximation except at the crest. Richards and Schmid
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(Ref. 13) obtained analytical solutions for body-force stresses
in earth dams, but concluded they were invalid for top wedge angles
greater than 900. It was therefore impossible to give an

analytical solution for a vertical cut or sloping embankment.

By a process of elimination, it is necessary to use numerical
methods, even for the simple case of modelling an isotropic slope
exhibiting linear, elastic behaviour. Finite Difference and
Finite FElement techniques have been used extensively. The Finite
Difference methods (Refs. 14 and 15) are generally harder to use
because special arrangements must be made for boundaries and
different material types (Ref. 5). The Finite Flement method has
the advantage of being ideally suited to the consideration of

arbitrary boundary conditions, inhomogeneity, and any initial stress

. conditions. It may be modified to treat in-elastic and non-linear

behaviour. In fact, it is probably true to say that any material
behaviour may be simulated providing it can be adequately defined.
Discussion of this work forms the major part of this thesis and

literature will be referred to where relevant.

These methods may all be considered as numerical models and

may be designed to reproduce closely the properties of the proto-

‘type. They have a great advantage over physical models in that

they are quasi-indestructable. The tedious part of model prepara-
tion is reduced to definition of the geometry, whilst other changes

become trivial.

Model Studies and Observation Methods

Observational methods range from simple records of visual
inspection of an excavation, in its early stages, to complex
instrumentation of the whole rock mass. These provide qualitative
data on the slope behaviour on which to evaluate current practice

and base future design.

Physical models may be designed to demonstrate a mechanism
or to provide a simulation of a real situation. In both cases

there may be difficulty in matching the stress levels and the
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o

material strength, in order that the physical problem may be
reasonably reproduced. The prcblem may be easily resolved for
the case of weak granular materials, but not so readily when

modelling a discontinuum.

The 'Base Friction' model discussed by Hoek and Boyd (Ref. 16)
is an excellent example of a quantitative simulation of a discon
tinuum. They demonstrated the importance of toppling as a mode of
failure and showed that the final configuration could easily be
confused with one of the more familiar sliding modes. This ig in
agreement with the far more sophisticated Plane Strain models

reported by Miuller and Hofmann (Ref. 3).

Probably the most elaborate model of a rock slope was
constructed and tested by Barton (Ref. 9). He reproduced the
strength and behaviour of rough joints by the creation of sets of
tensile fractures in a weak brittle material. This study provides
an excellent test casé for numerical analysis since it is

extremely well documented.

An interesting three dimensional model was reported by Heuzé
and Goodman (Ref. 17). They used a remouldable material which was
cut according to the measured orientation of discontinuities in the
field. Water was then introduced to promote gliding or toppling

of the three dimensional blocks so defined.

It appears that complex models simulating real situations are
restricted to slope stability in the context of Civil Engineering.
In connection with dam construction, several models in which the
© abutments were included have been reported. Undertaking such
formidable work has been justified by lack of any alternative.

The interaction between dam and abutments may be vital to the dam
stability and has, until recently, not been amenable to numerical

analysis.

The demarcation between stress analysis and modelling becomes
blurred as more complex behaviour is studied using computer

simulations. Cundall has reported (Ref. 15) on the analysis of
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granular materials compriging packings of either cylindrical or
prismatic units. This method is particularly applicable to

slope studies, where the assumption of rigid units is realistic.
It has been checked with considerable success against the toppling
model referred to above (Ref. 16). An increase in computer
capacity will enable developments of such methods to be used as
design tools. These will be of much greater power than the small

displacement methods that are discussed in this thesis.

CONCLUSION

The aim of this introduction was to review the whole spectrum
of methods of estimating the behaviour of rock slopes. The
referenced material is deliberately not extensive and is aimed
chiefly, to support the author's opinion that the numerical
techniques based on the Finite Element Method are likely to make

a continuing and important contribution to slope design.
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Synopsis

SYNOPSTS

The chapter is divided into two parts. The first part gives
a general introduction to the Finite Element Method of structural
analysis. ¥rom this the properties of some of the plane and
solid elements used in this study are derived. The second part
of the chaplter presents the special methods used for modelling
jointed materials. Most attention is given to the derivation of
the properties of one and two dimensional Jeint elements for

inclusion in two and three dimensional models respectively.

The contents of this chaplter provides the basis of much of
the work reported in this thesis. It also describes the

formulation of the computer programs given in Appendices B and D.
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PART T - CONTINUUM MECHANICS

INTRODUCTION

The Finite Element Method of analysis has been widely
discussed both from a fundamental standpoint and in its application
to the solution of engineering problens. The purpose of this
thesis is to apply this method to rock slopes in particular, rather

than to pursue developments.
THE METHOD

The following description of the method of finite elements
in continuum mechanics has been given in the text by Zienkiewicz

and Cheung (Ref. 1):

(a) The continuum is separated by imaginary lines or

surfaces into a number of finite elements.

(b) The elements are assumed to be interconnected at
a discrete number of points on their boundaries.
‘It is assumed that the displacements of these

nodal points are the unknown parameters.

(¢) A function is chosen to define uniquely the state
of displacement within each 'element'! in terms of

the nodal displacements.

(d) The state of strain may be defined uniquely from
the displacement functiomns. The state of stress
may be determined if the elastic properties of the
material are known, together with any initial

stresses or strains.

(e) A system of forces concentrated at the nodes and
equilibrating the boundary stresses and any’

distributed loads is determined.
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(£f)  The stiffness of the whole model may be written
down as the sum of the contributions of ‘
individual elements. The response of the
structure to the loading of (e) may be
calculated and the stresses and strains through-

out the model thereby determined.

The above description places no limitation on either the model or

the elements utilized in its construction.

A General Formulation

The first step is to choose how the displacement varies
throughout each element. (In fact there is no reason why this
variation is restricted to displacements. The method has been
applied to many physical phenomenon including temperature and

seepage flow.) If {} and [] are taken to signify a column

vector and a matrix respectively, then the variation of displacement

may be written as:~

{#)= [N](s)°

where ﬁ#} is the displacement at any point within the element due
e
to nodal displacements {S} . [N] is the relationship between
e . cy s
{f} and {S} and 1s known as the shape function, as it is

dependent upon the spacial co-ordinates.

Since the displacement at any point is known from 2(1) the
strain {8} may be calculated.

{2} - [8] (5}°

where [B] may be deduced from the element shape. function.

Also assuming linear elastic behaviour, the relationship

between the stresses {cj- and strains {8} is:-

2(1)

2(2)



CHAPTER 2 THE FPINITE ELEMENT METHOD
The Method

bl

(o} = [0]({e} - {e}) + () 2

where [D] is the material stiffness matrix, {Eo} initial strains
in the material of the element and {03} the initial stresses.

( [Dﬂ is usually, and non-rigorously, referred to as elasticity

matrix. )

Each element is subject to nodal forces {F}e and
distributed loads {p} acting per unit volume. If the structure
is now subjected to a virtual displacement {S*}e at the nodes,

the resulting element displacements {f *} and strains {€*} are:
{§1= NI( 8%)° 2(1)
wa  {e% = [B]{s*) 2(5)
The work done by the nodal forces is:-
(7)) (7} o

The internal work per unit volume by the stresses and distributed

forces:-
({4)) (=} - {57 {p) | 2(7)
Substituting equations 2(4) and 2(5) equation 2(7) becomes:-

| ({5*}3)T([B]T{"} - [N][P}) - 2(8)
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Equating external work (Equation 2(6)) with the total internal

work by integrating over the volume of the element:
({S ) {F}e = ({8 )({[a] {o] dfver) f[N] {r} d(vot)) 2(9)

Since this is valid for any virtual displacement, equation 2(9) can

be written with substitution, as:

"j[B]T[D]{&}d(voi) 'ﬁN]T{F} d(vo1) 2(10)

The right hand side of this equation is in four parts. The
first refers to the stiffness of the element. The stiffness

matrix [ﬁ]e of the element may therefore be written down by

inspection as:

(k]° = J[B]T (o] [B] d(ve)) | 2(11)

The equivalent nodal forces due to initial stress, initial strain
and distributed loads comprise the remaining three terms

respectively.

Natural Co-Ordinates

Formulation of the properties of arbitrary shaped elements is
facilitated if special local co-~ordinate systems are used. These
are chosen so that the co-ordinates only have the range (O —» + 1)
or (<1 ==+ 1). (Refs. 2 and 3) and they are therefore particularly

convenient when considering curvilinear elements (Fig. 2.1).
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LINEAR ELEMENT - 4 NODES CUBIC ELEMENT - 12 NoODES
Figure 2.1

In order to use the co-ordinate systems some relatiomship with the
original cartesian co-ordinates must be established. Equation 2(1)
defined a relationship between the displacement at any point and
the nodal point displacements. Similarly a relationship between
the cartesian co-ordinates at any point and the cartesian co-
ordinates of the nodes may be defined. If these two relationships

are the same the element is said to be isoparametric (Ref. 3).

2.2.% The Plane Triangular Element

y i 31
11!-‘41.

ié:o.

1
#:1‘1
3 41:0
K
>x ;x
Figure 2.2 Figure 2.3

For a plane triangular element, defined by nodes 1, 2, 3,
the co-~ordinates of the point P (Fig. 2.%) inside the element are

given in area co-ordinates as (Ljy, Ly ,L3 ) where:-
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L1= é_s: Lz: Az L3 = AS 2(15)
A

A is the area of the triangle 123. From the equation 2(1%), if
P lies within the triangle:

Ly + L, + Ly = 1. - 2(1%)

Then the relationship between the natural co-ordinates of Fig. 2.2

and the area co-ordinates of Figure 2.3 is:

Ly = q. Ly = %

L1:1'-L1-L3=1'—1Z—$

2(15)

If it is assumed that the displacement (W) of any point within the

‘element is a linear function only of its co-ordinates then:

w = Liu; + Liu, + Lzug 2(16)

where Wy, U, , U3 are the nodal point displacements. This relation-
ship has the property that at node 1 the displacement is uy , etec.,
as required. The physical interpretation of the element shape
functions is that they represent the contribution each particular
node makes to the displacement throughout the element. Hence,

generally it is written that:

W = Nguy + Npuy - « « +Nug -« - o +Npun 2(17)

where Ni is the shape function for node U .
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For the case of the plane three node triangle the shape functions
can be given as:

' 2(18)

For the isoparametric elements the shape function also relates the

cartesian and local natural co-ordinates ( U , % ).  Thus:

o = Lyoy + Laa, + LyXs = 'rloci + (1,-4’(-%):!2 + fg'fi:x3
2(19)
Y o= Lyyy+ Liye + Lyys = Pyg + (L-M-4) 9 + gy,
from equations 2(15) and 2(16).
For the bi-axial cases the state of strain is:
(3w
€x b;' e
e} = l&y b =4 5 - [B]{S} 2(20)
2, BV
?S,g 3—5*;‘
L

-&
where {S} is a vector of nodal point displacements in cartesian
co-ordinates (Equation 2(1)).

From elementary mathematics

W B4 dx M. By
TR TR T ¥
2(21)
. du ., ox BM._B_‘Q

w7 o T w
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or

>u o
Yel_ [ ¥
3 ®
X 3 ¥

[j] being the Jacobian Matrix

From equation 2(19) the Jacobian Matrix can be written down by

substituting in 2(22) for the partial differentials.

~x1+ x:

[71-

X, - X,

Also from the shape functions

%‘% - "u1+ u3
%% = W - WU,
But
0% >
= [T 45
33 57

and similarly

1l

du du
v du
=[T] » 2(22)
S 2w
2y oy
-31+ 33
2(23)
\j'... 3;
%%:: — Wyt
2(2h)
V - -
2 Vi = V2
du
>
[ff] i 2(25)
37
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W o
ij‘! = {f] ;j 2(26)
oy b“z

(4]- L | 976 % e

}3—‘ Xy-%y Ky ~Xz

[8] may ve deduced from the equations 2(20), 2(24), 2(25) and 2(26).

Y.~ Y, o : Y- 4, (4] } -3, o
[B] = o x;—"z: o x,-x3! 0 2, -2, 2(28)
A3~y Y, -y ! X=Xz Yy, ’3»; x,-X, Y-y,

The element stiffness matrix can be determined by substitution in
equation 2(11).

e -r 1 i-4 .
[&]= [[te)Toll8] dxdy = [ [ [6TIO)(B][T] ¢4 4y

L=0 l3=0 2(29)
- BTkl - [s]7[o] (8] A
since dx d_j = |T| d“" d‘PZ = 2A d‘%‘ d‘z

2.2.4 Other Plane Elements

The integration of equation 2(29) was performed explicitly as

[B] is a constant. For many other shaped elements this is not

possible and it becomes necessary to resort to numerical

integration. The arbitrary quadrilaterals illustrated in Fig. 2.1
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are examples.

Division of a model into triangular elements is often
unnecessarily‘tedious, so arbitrary guadilateral elements are
commonly used. In order to avoid numericel integration the
quadrilateral may be automatically divided, within the computer
program, into either two or four triangles. The second alternative
involves the creation of a fictitious node at the centroid. The
element now has two additional degrees of freedom which must be
suppressed before the contribution of the element to the whole
structure can be determined. This element, which is now a sub-
structure, is more efficient than its alternative and is the one used
for plane stress/strain studies in this thesis. It was originally
used by Wilson (Ref. k).

The Four-Node Tetrahedron FElement

Since the original properties of an element were derived
making no assumption regarding the type of element there is no
difficulty in treating the three dimensional case. The simplest
element is now the tetrahedron. As for the plane stress triangle

it is assumed that stress and strain are constant within the

element and the element shape functions can be written down by

considering a local co-ordinate scheme.

If the local co-ordinates of point p are:-

My, M, M, W
v vV vV Y

\/ is the volume of the tetrahedron and these volume co-ordinates

are defined so that:-

V¥V My =1, 2(29)
vV V V V

Clearly this is directly analagous to the plane triangle case.
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/“Z

L,

Figure 2.4

It

V, = & 2(20)
; = 1
Then from 2(29)
We l-§ -1
The natural and cartesian co-ordinates are related by the shape
functions.
e.g. X = V‘ x, + Vyxa+ Vs Xz + Vq,xa,
2(31)
= #x, + ‘(xz+ 1234:3 +(1—'§ —‘al —72)%4
For the three dim‘ensional case the Jacoblan matrix is:-
B
% % o%
‘ dx v ¥z '
[J’] = S-;Z S 2(32)
by 2
| ¥ ¥ 3
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which, for the tetrahedron, becomes by substitution

i - AR Y
[T]-

Ay~ Xg

x;" QC4

The strain vector is now:-

f'sxw

gy
= £z y =

{E}‘ ‘ij

¥y2

&3

And: -~

e N YN
dx b?
f20-[9] -3
du du
% E

Using equation 2(35) and the similar expressions for the other
terms of equation 2(34) the B matrix may be calculated.

again constant and the element stiffness matrix becomes:

[R1°= [ (8] Te] (8] dovay - [53*[91[3]'.._21 [s]'[][8].V
2(36)

Y- Ya
Yy~ 54-

Y," Yg

o
©

2.2.6 Other Simple Three Dimensional Solid Elements

Z."’ 24.
Zy- %

Z,m 2y

-

-

2(332)

2(34)

This is

It is not usually convenient to work entirely with tetrahedral
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elements since data preparation is then excessively tedious.
Hexahedral bricks and wedge shaped elements are useful. Both
these elements may be either assembled from tetrahedra o

formulated directly.

A hexahedron may be divided into five tetrahedra in two
possible ways. Both of these constructions may be envisaged as a
small tetrahedron on each of the four faces of a central and larger

tetrahedron. One construction is shown in Figure 2.5.

Figure 2.5

In order to overcome the assymmetry of this sub-division a mean
stiffness matrix is obtained by formulating the properties of the

two possible assemblies.

The tetrahedron derived hexahedral element can only have
plane faces. This is not a limitation if an isoparametric
hexahedron is formulated directly. (Fig. 2.6) The elements may

be curvilinear.

(+1,-1,-1)
¢1,-1,-1)

Figure 2.6
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The shape functions for this element are:-

NL ;é (1 +¢7:o) (1F 70) (1 +?o) 2(36)

where %o = %%L etc.

From the equations 2(36) the element stiffness matrix may be

derived in exactly the same manner as described above.

[€1% [ (1701 [] dcel
+1 +1 41

- [ [ [ e vl 1 [sG 0, )]1T)ag eqer 2Gn

-1 -4 -

Resort must now be made to numerical integration.

s G(%,”’l;"z) is the value of [3(%,42,7)]7[!3][B(‘%,"z,*‘z)]lTl

at the sample point %,’n)éi then

n I n
[&]%= ﬁzizizi He Hj By G (acbjcg) 2(38)
e J= =

-

where Hij ¢ are constants of integration and a;, by ,Cg the
2})
sample points for an n point Gauss Rule. (For this simple case

the two point rule is quite adequate.)

A pentahedron may also be subdivided into tetrahedra. In
this case the division may be carried out in four possible ways.
The author derived a mean stiffness matrix by using all four
possibilities but took account of repetitious\terms to economize

on computer time.

The direct formulation of the six node pentahedral element

Fig. 2.7 is based on the following shape functions:-
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N, Ny = (144,)/2.
- 1 (1+4.)/2 2(39)
(t--4) (t +%.) /%

s
w

z=
o~

I

Z
~
P
o
il

Figure 2.7

Formulation of the stiffness matrix shows that only the terms
containing % need to be integrated numerically, so using a two-

‘point rule the stiffness can be evaluated from

2
e :
[£]°- 2 H(L G (a;,%,%) 2(40)
i=1
using the same terminology as above.

2.3 SOLUTION OF FQUATIONS

The equation 2(10) derived by equating internal and external
work gives the contribution of a single element to the whole

structure. This may be rewritten as:-

fF}e+ J[B]T{UQ} d(ve!) + ‘([B]T[D]{Eo} d(vel). +J[N ]T{ F} d(vel)

- [ﬁ]e{g}c 2(40)
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The left hand side of this equation is simply a list of nedal
point loads and may be evaluated if the initial stresses and
strains, distributed loads and concentrated nodal forces are known.
The contribution of an individual element with n degrees of
freedom has therefore been reduced to n simultaneous equations.
Summation of all such contributions gives an overall stiffness
matrix [K] and load vector {R} . The solution of this set of

equations may be written as:
(s (<17 (R) e

where {S} is the vector of all nodal displacements. The overall
stiffness matrix is modified to take account of any nodal
constraints before solution is obtained by either direct inversion,

an elimination procedure, or relaxation.

In this study the subroutine BANSOL written by Wilson (Ref. 5)
has been used in all computer programs. This equation solver is
based on Gaussian Elimination and exploits the properties of the
symnetric, narrow banded stiffness matrix. The Frontal Solution
program presented by Irons (Ref. 6) was investigated later in this
study, but appeared to offer little advantage for the very small

and simple models discussed in this thesis.
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PART TT - SPECTAL CONSIDERATTIONS FOR JOINTED MATERIALS

INTRODUCTION

On the scale considered in open pit mining the rock is
usually highly discontinuous. The presence of these discontin-
uities has a considerable influence on the behaviour of the rock
mass, so special methods have to be used to take them into account.
Two appreoaches, using Finite Flements, may be adopted. In the
first the rock is assumed to behave macroscopically as a
continuum.  Alternatively, the behaviour of discrete discontinuities
within the solid may be considered. This involves modelling
phenomenon such as slip, separation under tensile loading and

dilatancy.

CONTINUUM APPROACH

Anisotropic Material Properties

If the discontinuities are sufficiently close together, with
respect to the size of the model, the mass may be ascribed
anisotropic elastic properties. The deformability of the discon-

tinuities will determine the mass anisotropic elastic constants.

The simplest case is when the discontinuities are parallel.
(Ref. 7) This is analagous to a stratiform body in which the
material is transversely isotropic (Figure 2.7). There are only
five independent elastic constants for this material and the

stress-strain equations are:-

— _E% __4553__ 2_?5 -
Ex = Eq E E’1 X"‘— {2(1+01>/EI} T?cz
Ey = - ox+ To - U0 Xzf .é. sz 2(42)
E1 EZ EZ. A
€= -no- U% S Yo = Ty
Ej. Ez EI Y3

with the constants E,, G,, ¥, associated with behaviour normal to
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the plane of the strata and the constant E, , #4 with the plane
of the strata.

Figure 2.7

2.5.2 Calculation of Bguivalent Klastic Properties

It is required to take account of joint deformability. In
order to do this it is necessary to assume that the joint behaves

linearly both with respect to shear and normal stresses (Fig. 2.8).

ssf 5

Figure 2.8

If the shear and normal displacements SSJ' and Snj result from

shear and normal forces per unit area of T and Oy then the stiffnesses

of the discontinuity are defined as:-

Shear Stiffness (ﬁs) = _’__r__
65

2(h3)
Normal Stiffness (ﬁn)z _Cn

oy
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When a Joint does not behave linearly this definition may be
generalised to the rate of change of displacement with force per

unit area.

Duncan and Goodman (Ref. 8) discussed the case of deformability

of a rock containing a single joint set (Fig. 2.9).

ROCK

JOINT
FOINT

S ! e
7 EEem T )
2 xrlr“ 1T ¥ \ L T
RocK &1 ‘\L
gasic T HLJP__,_._,__,L_,L
UM ot T >

Figure 2.9 Deformation of Jointed Rock
(After Duncan & Goodman (8))

The total response (&) of the rock to normal loading

comprises contributions of the solid rock (8;) and the discontin-

uities (Snj) .

o S On

§= S + Sny = + 2(Lh)
v nJ E\" én
The equivalent modulus in the direction normal to the joints is
thus:-
E IR
Er‘ S-ﬁn
The equivalent shear modulus (Gns) may be similarly derived:
1,
Gns= (_L 1. ) 2(46)
Ge Sks
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Duncan and Goodman used this approach to establish the relation-
ships for Othotropic Continua with three mutually perpendicular

joints sets.

In general, the co-ordinate system to which the material
properties are referred will not coincide with the global system
used to define the model. Transformation equations are thervefore

necessary.

These may be written (Ref. 8) as:-

{6-}1,2,3 [ A ] { G} Y,z
(¢1,,, = [8){E}usn

2(47)

Ir [C] is the inverse of the material stiffness matrix [D] (Equation

2(%3)) i.e. the elasticity matrix:
£ = fc o-} 2(48)
{ }L%3 [ ]L%3{ 1,2,3

1, 2,3 Dbeing the local co-ordinate scheme in which the material

properties were evaluated.

From 2(47) and 2(48)

[B]{E}:x,g,f [C] 1,2,3 [A] {O.}x)j;i

Therefore {E}x,g,zz [B]“I [C]1,2,3 [A]{U'}x}‘j,z

Hence

[c,]%z: [B]“1 [ C]m,z [A] 2(49)

It can be shown that Lﬂ] and [BJ are orthogonal matrices, i.e.
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[A]ni: [E%]T and [Af: {B]wi 2(50)

Equation 2(49) therefore can be rewritten:

[C]%)% = [A}T [c] 123 [A] 2(51)

Similarly the transformation for the material stiffness matrix is:-

[0],,.= [81"[®1,,,[E] o 2

The transformations for the biaxial cases are given by Jaeger(Ref.

g) as:i-

Cos‘ﬁ Si,nzﬂ Q;Stnf{ Cos[a' |
Sin'/3 Cos’8 ~2.Sing Cos/8 2(53)
L—S'm,eCosﬁ S.:n/g, Cosfz Cos’B - Sm"/s |

1

[A]

Cos* g Stn 8 Sin/t Cos/S |
S (,rf/s Cos’8 =Sing@ Cos 3 2(54%)

-2.Si R.Si C 22 — Sin?
) mlﬁCosﬁ in 8 Cosfs Cos/s S"/&_

It

[e]

where /9 is the angle between the x-axis and the Xi—axis measured
counterclockwise from x to Xi' These equations hold for the case

where rotation is about the Xa-axis.

The way is now open to determine the global material stiff-
ness or elasticity matrix for any single joint set of arbitrary
orientation. The global material elasticity matrix may now be
obtained by linear superposition of the contributions of both the

solid material and the discontinuities.

For the pléne stress case the relationship for an isotropic

solid is:-
[ 1 .2 o
- lz 1 o0 r
BT E B ) 2(55)
5x5 . o. o egiw_) L Y
R E |
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That for a joint set parallel to the x-axis:-

Ex 0 2. 0 U'x
1 1.
=3 J i O 0 Sﬁg '”3

By linear superposition exactly the same relationship is obtained as
before (Bquation 2(45),

In this manner any number of joint systems may be superimposed upon
the original rock materisl, providing the reference axes for each

system are identical.

DISCRETE DISCONTINUITIES - SPECIAL JOINT ELEMENTS

Three different methods have been used to model specific
discontinuities where the spacing is no longer smell with respect
to the total scale. The different methods will be summarised
briefly before that used in this study is developed in greater
detail.

Discontinuity Representations

Pin-jointed linkage elements

Anderson and Dodd (Ref. 10) proposed that a fault be
represented by linking elements on either side of the discontinuity
by pin ended straight members (Fig. 2.10). These are able to |
transmit only longitudinal compressive forces. Tension in the
member is not permitted and no resistance is offered to shear as
it is free to rotate. This procedure is not physically very
satisfactory since discontinuities are observed to transmit shear

forces.
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Figure 2.10

Modified continuum elements

The simplest approach is to model a discontinuity using
rectangular elements with a high aspect ratio (In fact a length
to width ratio of about 1:5 is a reasonable maximum). Isotropic
or anisotropic material properties may be used to gimulate the

deformability of the joint.

In order to model joints using elements with an aspect ratio
greater than about 5 a modification to the usual rectangular
elements is required. (Ref. 11). A plane rectangular element
with eight nodes (Fig. 2.11) may be satisfactorily reduced in one

direction by suppressing the relevant nodes.

0

6 3

7 /
84 [___ﬁ, <;;=%>[ . ‘i____,gfl

[t O O
1 5 2
Figure 2.11

Displacement variation may now be linear in the short direction and
parabolic in the long. Under these conditions the shape functions
for this, and similar elements, can be deduced using the Lagrange

interpolation formula.



CHAPTER 2 THE FINITE ELEMENT METICD
Discrete Discontinuities - Special

T S rmde TTY e maa —
oint Ilements

48

They are:-
For Corner Nodes 1, 2, 3, 4 N. = i’“ + %a)

R 2(57)
For Mid Nodes 5, 6 NL = (j~" %2>

h = .
where %o %L%
From these the element properties can be derived as in Section 2.2.

Similar elements may be used to model discontinuities in three
dimensional structures. These are discussed by Ahmad et al (Ref.
12) in the context of shell structures. There is, of course, no
reason why such elements should be plane. Using the isoparametric
concept, the shape functions provide all the information necessary
to form elements which simply conform to the defined nodal points.
The stiffness matrix of these elements must be obtained by using

numerical integration.

The main short-coming of these continuuvm elements is that the
measurable properties of Joints are shear and normal stiffness.
For lack of any information to the contrary, it is assumed tha?
these two parameters are independent. The apparent shear and
normal stiffness of the continuum elements are interrelated by virtue
of the elastic laws assumed during their formulation (Ref. 8).
The normal stiffness is also dependent on the element thickness,
and becomes infinite as the thickness approachcs zero. This can

give rise to numerical problems (Ref. 11).

Stiff Linkage Flements

Discontinuities can be ascribed shear and normal stiffness
if they are considered to behave elastically. Physically the
discontinuity may be thought of as the interface between two solid
units. The stiffness terms refer to this interface, which may be
replaced by an element consisting of two coincident faces whose

interaction has already been defined.
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The above model was developed By Goodman, Taylor and Brekke
(Ref. 13) from the idea, investigated by Ngo and Scordelis (Ref.
14), of adding linkage element stiffness to total structural
stiffness. This method has the advantages that elements have no
thickness ~ a physically observable fact except when gouge is

present - and the shear and normal stiffnesses are independent.

THE LINKAGE ELEMENTS

A General. Formulation

Goodman, Taylor and Brekke originally developed a one-
dimensional joint element to simulate plane discontinuities in
biaxial stress problems. The derivation may be given in gz
completely general way, in a manner consistent with that used above

(Section 2.2.1) for continuum elements.

Equation 2(4) related the virtual displacement {:fx} at any
point within any element to the virtual displacements {g“}e of the
nodes. In this case only the relative displacements of the two
faces are of concern. Hence if {f*}re! is now the virtual relative

displacement and [FJ} is the shape function of each face then:-

(£ = [-nN1{s%)° 2(58)

mf-

If {P} are the forces per unit area on the joint then these are
related to the relative displacements by a joint material stiff-

{r} = [RI[-nNI{SY 2(59)

The internal work done by these distributed forces due to the

. e
virtual displacement {Sf} isi-

0= - nTTRIL-n N (8% 260
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Equating internal and external work by integrating over the surface

[T LT [EunT T g atoes) 2o

For convenience, initial distributed loads and relative

displacements have been left out of equation 2(61). If they are
included the final expression becomes:-
e T e
(F}°= f [-N,N]T[€] [N, N] d(wea){$ } o)

..J[-N,N]T{Po} d(Avea) - J[ﬁ] [-N,N]}{5,} d(Avea)

where {};} and {So} are the initial loads and relative displace-

ments respectively.

The stiffness matrix will not, in general, have been formed
in global coordinates. Transformations, as discussed for the

anisotropic case (Section 2.5.2) will be necessary. Thus:-

[£]° = I[A]T[—N,N]T[ﬁ][—N,N] [A] d(Area)

2(63)

where the original material stiffnesses Df]
e . R . .
local co-ordinates and [ﬁ] is the final element stiffness matrix.

were given in the

2.7.2 One Dimensional Joint Elements

Y\

Figure 2.12
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Equation 2(43) may be expressed in matrix form:-

T Re O. 55

al"lo e 5, =[&]{f}m 2(64)

In this context T and Of are shear and normal forces per unit
length. These are related to the relative displacement vector
{f}rel by the material stiffness matrix [R].

Using the Lagrange interpolation formula for each face of the four

node element, the shape functions may be written down immediately.
N, = L 1.+ 8%, 2(65)
L 2 ) L

For the top face (3, 4) the shear displacement (SS) and the normal
displacement (Sk) are, from the nodal displacements.

G 1+¢ 0. 1.- 0. Us
L G S ? ‘lis 2(66)
sobp) 20 0 144 0 1-4f |y
and for bottom face (1, 2)
S bottim i.-~ 0. 1.+ 0. ' W,
s -1 L ? Vi 2(67)

Sn bottormn 2 0 1—% 0. 1{'% Vy

The relative displacement of the two faces is

.

(w} - Sghp- Ss bottom | 1| -A 0. -B 0. B O A o]{u}
B - " 5| 0.-A 0.-BO B O A
Sntop~ §n bottom 2 | 5(68)
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where A::i«% Yy, B :L+% , and {u}:m'menmhl
displacement vector.

The element stiffness matrix in local co-ordinates is given by
equation 2(62) as:-

2 f[-N,N]T[e] [-N,N] d(hven) 2(69)

Substitution of 2(67) gives the terms of the stiffness matrix as:-

+1

[(1r4)es-2
-1
_if (-4) % - &

+1
) [arpi-na -

w|F

Noting

j'(f [(f Loaé

The joint stiffness matrix is:-

e *[R] '[R]
g'l” = L 2(70)
K% e

where
2. 0. 1L 0.1 (ks
=1 0. 2 0 1 ||
[K] 1. 0 2. 0.])&s
. 1. 0. 2. Rn
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The contribution of the element to the global stiffness matrix may be
determined by transformation from the local to global co-ordinates.
In the general case, the forces and displacements of a node given

in the local (x', y'; z') system transform from the local system

by a matrix [L] giving

{s}=0c){s} = (=7 =[L)") 2(71)

in which [L] is derived from the direction cosines of the angles

formed between the sets of axes.

For the set of forces acting on the nodes of the element

(1 - [r1{s}° - A aleat 2(72)

Following a parallel argument to section 2.5.2 the transformation

for the stiffness matrix is
[ﬁ]e= [T]T[ﬁ']e [T] 2(7%)

For the two dimensional case the relationship between the axes may

be written down by inspection (Fig. 2.12):-

5 DI}

1

where

[%]= Cos/3 Stnﬁ 2(75)

—an/s Cosﬂ

e
-
d
i
o o 0 >

oo ¥ ©°
0)’00
>~ o o°
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Extension of the above approach to non-plane one-dimensional
elements, with more than two nodes per face (Fig. 2.13), is easily
accomplished using the Langrange polynomials. These give a value
of unity at any point of the division and zero at all the others,

and are, in fact, the necessary shape functions (Ref. 3).

Ny = ¢-50(3-4:)----(4 “#L-Q(i"‘tm) """ (éf'?") 2(76)
SRR NC IR REEC RS PR PIESL IR D

For the non-plane case the necessary co-ordinate transform-
ations will vary along the length of the element. The stiffness
contribution of each node must be evaluated and a locally othogonal
co-ordinate set derived to obtain the required transformations.
Alternatively, a numerical integration procedure can be adopted,
in which case a local orthogonal set must be determined for each

integration point.

Finally it is noted that there will be continuity between the
one dimensional joint elements and the two dimensional plate
elements providing there are a matching number of nodal points for

each type. As the co-ordinates of the nodal points must have the
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same values for adjacent elements, continuity is automatically

satisfied.

Two Dimensionsgl Linkage Elements

The derivation of the stiffness matrix of a linkage element
was given (Section 2.7.1) in a general manner. The treatment of
two dimensional linkage elements, for modelling discontinuities in
three dimensional structures, therefore presents no particular
problem. A1l that is necessary is a choice of element shape
functions for the top and bottom faces. This presentation follows
the lines of Mahtab and Goodman (Ref. 15) although the publication

of their work post-dated the author's original formulation.

The transformation equations for this case are a little more
complex since local orthogonal axes have to be constructed with
respect to a planar, rather than a linear, feature. In this study
the discontinuities are considered to be flat, over any one element,

and the transformations may be derived quite simply.

A Triangular Joint Element

) !
A 4,V
zZ [
// ~
P \\
/’/ \\
L gl x w N
/‘/ 4 N 5
N
jL 3 ‘z
x

Figure 2.1k

The shape functions of the two faces have already been given in
connection with the triangular plate element (Section 2.2.3).
If the three components of displacement are given in the local
orthogonal co-ordinate system (%, Yy, 2 ) then the relative

displacement of the two faces, at any point within the element is:-
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{f }m: {ﬂ%r— U}somm

“N, 0. 0.1-N, 0. 0. )Ny 0. O.|#N; 0. O.|+Ns 0. 0. sty 0. 0, [2(78)
= 0.-N, o. : 0.3 0.1 0. =Ny 0.1 0. 48y 0. 0.+Ns 0. 0.+ 0.
0. 0 -N,j 0. 0 -N,j O. 0.-Nj| 0. O +N,] 0. O.+Ng| 0. O.+N,

where {f}Top and £{ZBMMW1 are the displacements of the top and
(73
bottom faces and {x} the vector of nodal displacements.

Since the two faces (123 and L456) are coincident, the shape functions

for each are identical. i.e. Ny= N4 etc.

Equation 2(77) may therefore be rewritten as:-

(£ - [-]fE] |

The element stiffness matrix is now:-

[K]%= Jr[-N).N]T[R] [-N,N] d(Areq) 2(79)

where

The joint stiffness matrix [ﬁ] consists of the stiffness in the
directions of the local orthogonal axes. It is assumed that
these stiffnesses are independent of each other and that there are
no off-diagonal terms in.[ﬁ]. The latter would result in cross-
coupling between shear and normal behaviour.  Although this is a
possible method of introducing dilatational behaviour for the

Joint the author considers the approach to be unsatisfactory.
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The alternative method of modelling such phenomena will be

discussed, later in this thesis, in connection with two dimensional

studies.

Substitution in equation 2(79) results, upon multiplication, in the

following expression:-

e {[+IN] 8] con
K] [—m B s o)

where

NiRye 0. 0. NN 0. O, NM,R 0. O.

N iy 0. 10, Np,fy 0. 10. Nbsy O
_____ NM 0 0 NWE 0. 0 NNGy

N;Rye O. 0. N,N;G 0. O.

[R] = | Nigy 0 0. NNsy 0.
_____ L N 10 0 NNy

B (A

[ N,&e 6. O

sSYM! | N3k, O

! N,

The integration may be performed explicitly. This formulation was
originally carried out in the local cartesian co-ordinate system to

yield terms of the form:-~

jNiNj d(Area) = 4%1\ [12°i°j*bcbj(z°‘ez)*‘(b.;cj* bje; (Z"i‘ﬁ +Ci‘j('z‘5§)]2(gl>

where a;, by , ¢; , etc. are constants depending on the nodal co-
ordinates of the element. If instead, the shape functions obtained
from the area co-ordinates are used, then the general rule for

integrating over the triangle area can be applied. Thig ig:-

JJ Lk e == -RA 2(82)

l_1 L?. L3 dax dj = :a+b+c+2)
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where L, ., L, , Ly are the area co-ordinates.

Hence
”Lfaxdr.&.a;\ - _'?*6.

and

I LJ.\,dxdg: ..@——!'—L-EA — _A_
4 1R

For this case NC = Ly so UQ] becomes: -

g

Ry 0.0. Ry 0. 0. &, 0 O
2€y 0. Ky 0. 0 &y 0.
2620 0. Rz 0 0. Rz
28, 0. 0. Ry 0. 0.

(%] - A 26, 0. 0. &y 0. 2(83)
12 261 0 0 Rk;
SYM 26,,0. 0.
16y 0.

The original version of the computer programme used for the work
reported in this thesis evaluated the expression above (Equation

2(81)). The author failed to find any simplification.

Quadrilateral Joint Elements

Figure 2.15
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A quadrilateral joint element may be divided into two triangles
(Fig. 2.15) in two different ways. Consideration of both divisions

will yield a mean stiffness matrix with improved characteristics.

Alternatively, an arbitrary shaped quadrilateral element based on
the isoparametric quadrilateral plate element may be used. This
has the advantage that it need not be flat and is compatible with
the arbitrary hexahedral and pentahedral elements discussed

earlier (In this study only flat elements are considered).

Figure 2.16

-The shape functions for each face are now:-

=z
1

= H(aea) (1)

=

=

(0]

be ]

(0]
-
Q

i

g%, wmd =17

Proceeding in an identical manner as for the triangular case,

the stiffness matrix can be obtained.

+1 1

(k] - j j[-N,N]T[ﬁ}[—N,N]lﬂ d¢ dy 2(85)

-1 -1

Numerical integration must be resorted to for this case
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[R1%= J% él Hj H [—N,N(%,’Q)T{ﬁ] [-—N,N(‘%,"’{)] |}

where Hi,F{j are constants of integration.

2.7.4 Transformation FEouations for Planar Joint Elements

Figure 2.17

Since the plane ijk is flat it is completely defined by any two

——— —r
vectors lying within it. e.g. ik and ij.

These two vectors can be written down as the co-ordinates of i, j, k

are known

- T
th = { ik ; Yi-Ye ; ZimZe}
2(86)

11

[xc=) 5 gi-9j 5 2-z)

4

The vector product of these two is normal to the plane and there-
fore parallel to Z’. That is, the vector of 2’ can be given by the

= =
normalised product of ij and ik.
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lt} X L"’é} | 2(87)

{ A . B . C T
J sy T (A B ) /(A‘+a“+c‘)}

where

A = (\jL“_jj)(zL’zﬁ) = (‘dt“ﬁﬁ)(zt‘%’)
B = -(xi-xj)(2i-26) + (xi-x¢)(2i- J)

C = (=) ui-ye) ~ (xi-*e)(4i-9;)

The local ¢ axis is in the plane of the joint and is chosen to be
parallel to the:xH plane. It is therefore horizontal and

corresponds to the geological strike of the joint.

r A I

J(N+ B+ C)
0.

=Zxz'={o0 X B\ \ 2(88)
1. N (A2+ B+ C¥)

C
L,/(A2+ B*+C) J

Hence




CHAPTER 2 THE FINITE ELEMENT METHOD

. X
The Linkage Elements

62

The loesl 5' axis vector is simply the vector product of the

other two axes. For a right handed co-ordinate system:

( ~AC )
J(A+BHCY) (A4 B
y - Boxx! “BC 2(89)
EE J (N +B ) (A% BY)
A*+ B
L K (A + B ) N B )

The relationship between the local and global axes can now be

written as:

x' f' x x
yr=14|q4; =[bC]{y 2(90)
z’ z/| \2 Z

For the triangular joint element the transformation equation is

1oWs

-[D c] ]

[T] [DC][DC] 2(91)

(c.f. Equations 2(73), 2(7h), 2(75) )

Since the quadrilateral elements are all flat, the transformation
equations may be determined from any three of the nodal point co-

ordinates of one face.
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Output from Joint Elements

Equation 2(59) enables the forces per unit area to be
calculated when the nodal displacements, in local co-ordinates, are
known. Since all of the elements in this study are based on the
assumption of a linear displacement variation, the forces per unit
area will be constant right across their surface. Their values

will therefore be given at the centroid of the element.

For the one dimensional joint element equation 2(59) becones:-
T 4k 0 ]}|-1 0.0 10 1 0 {g}"—

_ 1 .0.-1. 0 5(92
ol 2lo &flo-1o-to1ot (92)

n

And for the two dimensional triangular element:

™ " Ry 0- 0.1} 0.0.0.-4 0.0.-4.0.0.41.0.0.44.0.0.41.0, 0. e
Typ=3|0ky 0| 0.-1.0.0.-1.0.0-1.0.0.41.0.0.+1.0.0.+1.0. {g}
o 0.0.8;]] 0.0.-10.0.-4.0.0-1.0.0.4.0.0.41.0.0.+ 2(93)

In fact, these expressions are obvious from the original definition
of the properties of the joint elements.

The displacements {S}e are given in the local co-ordinate scheme.
These may be derived from the displacements in the global system
using the transformation equations 2(91) and 2(75). The local
displacements and forces per unit area for the two dimensional
element, will therefore correspond with axes definition, Section

2.7.4

TREATMENT OF NON-LINEAR PROBLEMS

So far discussion has been restricted to the solution of
problems where the material has been assumed to behave according to
linear, elastic laws. In many cases the problem will not be
amenable to a one step solution. Not only may the final situation
be achieved after a complex history, but the material properties may

be non-linear and history dependent. Also, the final displacements
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may not be infinitesimal.

Large Displacements

In most large displacement problems the stfains are, in fact,
small and a direct iterative procedure may be adopted to provide
a solution (Ref. 1). Linear elastic deformations are computed
for the structure in the normal way. The original nodal co-ordinates
are then adjusted to their displaced position and the problem
resolved. The second step leads to an improved estimate of
displacements by repeating the complete solution with the recalcul-
ated element stiffnesses. This process may be repeated until
convergence is achieved. This process of modifying element nodal
co~ordinates may also be used for cases of incremental loading, in
which linear behaviour may indeed occur if the increments are
sufficiently small. Argyris (Ref. 16) has discussed such cases at
length.

No consideration has been given to large displacements in this

study. It has been assumed that a reasonable approximation is

. obtained providing the geometry of individual elements remains

substantially unaltered. This assumption énables the stiffness
matrix of the whole structure to be assembled once only, unless there

are geometrical alterations to the model during its simulated history.

A number of different load cases may therefore be studied with

economy of computer time.

Non-Linear Material Properties

The simplest method of treating materiszls that behave non-
linearly ils an iterative procedure in which the elastic properties
are modified according to the total stress calculated for each
element. In the same manner as discussed in connection with large
displacements, a first solution provides revised values with which

to form the stiffness metrix for the next solution (Fig. 2.18).
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tan(g)

tan* (&)

Figure 2.18 Figure 2.19

An alternative procedure applies to the loading in small
increments and modifies the elastic constants according to the
current stress level. For the first case, a secant value of
Young's modulus is used and for the second a tangent value. The
latter results in an actual stress/strain behaviour that lies

above true curve (Fig. 2.19).

The above methods suffer from the disadvantages that it is

impossible to model work softening materials - such as typical rock

joint - and that the stiffness matrix must be reformed each cycle.

These problems may be avoided using initial-stress (Fig. 2.20) or

initial strain (Fig. 2.21) procedures.

g o

tan'i(E) = Consbant

z / b=

Figure 2.21 Figure 2.20

%1

The equation 2(10) includes terms due to initial stresses

and strains. These may be used to simulate non-linear behaviour
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by introducing the departure from linearity as initial conditions
for the linear model. This procedure has been discussed in detail
in references 11, 17 and 18 and will be described as relevant to
the main body of the text.

CONCLUSTON

The outline of the Finite Element method given in this
chapter providesthe necessary knowledge for the generation of all
the procedures that are discussed in this thesis. The exﬁosition is
by no means exhaustive, and the references represent only a small
part of the total literature.
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Synopsis

SYNOPSIS

A large number of elastic analyses of rock slopes, assuming
plane strain conditions, were carried out by the author in an
attempt to draw some conclusions regarding the use of stability
calculations based on such work. Geometry and initial stress
conditions were varied in order to make some observations on the

influence of these parameters on the behaviour of rock slopes. |
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PREVIOUS WORK

Numerous studies of stresses in the vicinity of slopes
subject to body forces have been reported in the literature.

Numerical methods of obtaining solutions have been either Finite

‘Difference or Finite Element techniques.

The application of Finite Difference methods to slope
studies is relativély uncommon . Sturgul and Scheidegger (Ref. 1)
used a standard relaxation method to solve for stresses around a
vertical wall subject to tectonic loading alone. A solution for
an open trench subject to gravity loading, by Dibiagio (Ref. 2),
was later checked by Phukan (Ref. 3), who used a Lumped Parameter
method. More recently Cundall (Ref. L) obtained solutions for a
gravity loaded vertical slope with and without additional tectonic

stresses.

Examples of Finite Element Analyses of slopes are now too
numerous to be mentioned individually. Nevertheless the papers
by Yu et al (Ref. 5) and Phukan et al (Ref. 6) are noteworthy since
they provide evidence of agreement between the numerical and

photoelastic methods for analysis of continua subject to body forces.

A number of - other publications have provided material, in
addition to the author's, from which to make some general
observations regarding stresses around slopes. The report by
Duncan and Goodman (Ref. 7) contains a very thorough discussion
of the case of a vertical slope subject to different initial
stresses. Both Wang & Sun (Ref. 8) and Stacey (Ref. 9) have
recently reported on studies, with a similar purpose to the author's,
in which they analysed a large number of different slope geometries

and initial conditions.

COMPUTER PROGRAM VERIFICATION

In order to verify the computer programs for. biaxial cases
that were used in this study, comparisons were made with available

solutions by other workers in this field. The programming itself
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required no verification since extensive use was made of the

program given by Wilson (Ref. 10).

Agreement between solutions can only be expected providing
the parameters defining the original model are identical. Wang &
Sun (Ref. 8) gave a solution for a symmetrical excavation with
vertical sides, a Poissons ratio of 0-2 and subject to gravitation
loading only. Figure 3.1 gives some results from the above
publication together with those due to the author. VWang & Sun
used a model with boundaries as indicated in the figure. The
finite element idealization used by the author is given in Figure
3.3, The closer boundaries of the former model have some
influence on the stress distribution but the results of the

analysis are essentially similar.

A second comparison was made with an unpublished anzlysis by
Cundall (Ref. 11). In this case the models were identical, but
the methods of analysis differed since Cundall used Dynamic
Relaxation. Computer drawn contours, done to the same scale,
showed no perceptable differences upon superposition so these have

not been reproduced.

VSOME OBSERVATIONS ON THE ELASTIC ANALYSIS OF SLOPES

For the purposes of this study the material of a slope has
been considered to be homogeneous, isotropic, linearly elastic
and time independent. These assumptions have some bearing on

the method of analysis and the presentation.

Dimensionless Presentation

The stresses in a slope of the above material are linearly
dependent upon the slope height (H) and the unit weight (¥).
The stresses may therefore be normalised by dividing by the product
of these two variables. The results may then be rescaled for

geometrically similar situations.

In the same manner the displacements are proportional to the
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unit weight and the sguare of the slope height and inversely
proportional to the elastic modulus. They may, therefore, be

normalised by dividing by ( YHE).  (See equation 3(2))

Excavation Simulation
Two methods of conducting the analysis of an excavation are
possible:

(a) Gravity may be applied instantaneously to an

unstressed body.

(b)  Excavation may be simulated in a prestressed

body.

These two methods must result in exactly the same stress
distribution providing the prestress in (b) is equal to the stresses
that would exist in case (a) if no excavation were present. The
equality of these two methods must also hold if the excavation is
carried out in any number of arbitrary increments, since the model
is a conservative system. References (12) and (13) provide

recent evidence that numerical methods do not transgress this

fundamental principle. In the author's opinion the only

qualification to the above statements is that the final co-ordinates
of the structure should be identical after, rather than before
the analysis. This observation is really trivial since infinite-

simal strain is assumed.

Although the stresses are identical the vertical displace-
ments are different since case (a) contains the component due to
pre~-excavation response to gravity loading. The application of
body force loading to a uniform layer with complete all round

constraint will xesult in vertical strains:

(o N
2v=_!(1__-—> . 3(1)
£ (1.-2)
where O3 is the vertical stress, P the Poissons ratio and E

the Youngs modulus.
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Integrating the expression 3(1) the total displacement
( Sv ) at any depth D below the surface of a layer thickness T

is:

Sy = é}[:; (D"-T“ (1~ 77— 3(2)

The equation 3(2) provides all the information necessary
to calculate the correct displacements due to excavation from

results obtained by method (a).

The computer simulation of material removal from a pre-
stressed model may be accomplished in two ways. The first method
is illustrated by Figure 2%.2. Nodal forces equivalent to the
forces existing on the new free surface, due to stresses in the
material to be removed, are calculated. Equal and opposite forces
are now applied and the resulting stresses (Acr) added to those

(03) existing prior to the increment. (Ref. 14).

L

mr\// il |

ARSI 7 R TR R VAN TR 7

Ao

O =0,+00

Figure 3.2

Alternatively, material may simply be excavated by completely

removing elements from the stressed model.  Equilibrium will no
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longer exist and readjustments will occur so that it is re-
established.

Consideration of the computational procedure for the above
methods shows them to be basically identical. Differences should
therefore only arise from variations in the calculated values of
the nodal forces along the free surface. For both these methods
previous workers have chosen to ascribe a very low modulus value
to material that had been excavated. This procedure does not
appear to influence the results, but the author preferred fo use a
simple by-pass statement that resulted in zero contribution to the
overall stiffness matrix. An advantage of presentation is
achieved since excavated elements appear stress free in computer

output.

Influence of Initial Stresses and Poisson's Ratio

Consideration of the method of simulating the excavation of a

- slope in initially stressed material makes it obvious that, all

other things being equal, the resulting stresses will be directly

proportional to the initial stresses. Calculation of two

extreme conditions of initial stress will therefore, in principle,

provide all necessary data for the solution for other cases,

without resort to further stress analysis.

Poisson's ratio will not influence the results of an amalysis
if constant stress boundary conditions are used. If a model is
subject to lateral constraint in its own plane, then Poisson's
ratio will determine the stresses that would exist if no

excavation were present. For a horizontal surface these are:-

Vertical stress = §.D
Horizontal stress = 92.¥.D Plane Stress 2(3)
Horizontal stress = 2 ¥.D Plane Strain

1-v

using the same symbols as in the previous section.

Hence, for these displacement boundary conditions, the stresses
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will be linearly dependent upon (#) or (1)/(1,~p)), for plane
stress or plane strain cases respectively. A series of plane
strain analyses for Poisson's ratios 0-0, 0-2; 0-3%, 0-47, conducted
by the author, verified this linear dependence. Such analyses
enable the stresses for the case of a Poisson's ratio of 0-5 to be
determined by linear extrapolation, when this cannot be done using

existing computer program (Bray (Ref. 15)).

SLOPE STUDY VARIABLES

In order to reduce the amount of computation necessary in
this study, it was essential to limit the variation of the
individual parameters defining the slopes to be analysed. These

parameters will be discussed briefly below.

Material Properties

As has been stated above (Section 3.4) the material was
assumed to be homogeneous, isotropic, linearly elastic and time
independent. In view of this assumption the only material
property that need be considered is the Poisson's ratio. The
author chose to use a value of 0-2 for all the analyses that will
be discussed below. This means that the initial stress conditions
that may be deduced assuming all round constraint are exactly
equivalent to a ratio of 1l:4 between the horizontal and vertical
stresses on the boundaries. For high initial horizontal stresses
the influence of Poisson's ratio on the in plane stresses was

shown to be minimal.

Slope Geometry

Open pit excavations are assumed to be symmetrical and made
in a half space so that the original surface geometry is not a
variable. The excavation itself has the two variables; the slope
angle and the ratio of toe width (half the base width) to slope
height. (Since the results may be expressed in a dimensionless
form the physical dimensions of the model are arbitrary.) In

order to study the influence of the toe width the case of a
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vertical slope with height to toe width ratios (for the hzalf model)
of 0+3, 0-5, 1-0 were considered. For further cases the ratio was
standardised as 0-3, this being considered a typical value for an

open pit mine.

Residual. Stress State

It is widely assumed that vertical stresses prior to
excavation are due to self weight only. If plane stress or plane
strain conditions pertain then the vertical and horizontal stresses
prior to excavation are given by Equations 2(3). The latter
neglect the possibility of any horizontal residual stresses that
mey be present, although there is increasing evidence (Refs. 16,
17, 18) that this is often not the case. Despite this departure
from ideal conditions the horizontal stresses still appear to
increase linearly with depth, according to an expression of the

form:

U= C + K.Y¥.H 3(k)

ok

where C is the horizontal stress saé the surface and K a

-constant. Hast (Ref. 16) found evidence of quite considerable

horizontal stresses at the surface, but more usually C is deleted
from the zbove expression. K then becomes simply the ratio of

the initial horizontal and vertical stresses.

In this study the influence of initial stresses was considered
only for the case of a 450 slope. Several cases are illustrated,
although there is a linear relationship between the stresses and

the K value for each model.

THE COMPUTER MODEL

Yu et al (Ref. 5) judged that the overall vertical dimensions
of a slope model should be three times the slope height, in order
for the effect of the boundaries to be minimal. This ratio was
used for most cases reported in this study. The horizontal extent

was greater than the vertical and dependent upon the slope angle.
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muter Model

The main features of a typical model are given in Fig. 3.3.
The meshes used for other slope angles were topologically

equivalent to that illustrated.
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Figure 3.3
Model dimensions:
3000 x 5000 units = 19 x 27 elements

Excavation depth:

1000 units 10 elements

Toe width:
1000 units = 10 elements

PRESENTATION OF RESULTS

Evidence, to support observations on the influence of
various parameters on the stresses around an open pit excavation,
is given in the form of computer drawn contours of stresses.
These were produced using the plotting program, for a regular mesh,
that is given in Appendix A. A1l options in this plotting
package were exploited in order to give as complete a representation

as possible.

The following cases are illustrated:
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Figure 3.k4. Horizontal stresses for a vertical slope with various
toe widths.

Figures 3.5, 3.6, 3.7. All contours - oux,%5y, %y, 5, 03, 2o, G=
and relevant vectors are given for slope angles 300, 60° and 900
for the case of gravity loading only on a plane strain model with

a Poisson's ratio of 0-2.

Figures 3.8, 3.9, 3.10, 3.11. A1l contours and vectors for a
slope angle of 45° with initial stress ratios (K) of 0-25, 0.5, 1.0

and 2.0 regpectively.

On examination of these contour diagrams it should be noted
that the outliné of each unit does not correspond to the total model
dimensions. Additionally, it should be noted that the vectors have
the correct direction but an arbitrary magnitude, chosen to facilitate

visual interpretation.

3.7 RESULTS OF ANALYSES

General conclusions concerning the importance of each parameter
defining the slope are given below. These are based on the results
‘obtained by the author, some of which are illustrated in Figures
2.4 to 3.11, and also other published data.

3.7.1 Influence of Toe Width

The influence of toe width was found to be minimal except in
the region of the toe itself (Fig. 3.2). For the wider toe widths
there is increased floor heave and corresponding tensile horizontal
stresses. These would be manifested, in a real situation, by

cracking in the base of the excavation.

It is noted that the stress concentrations in the toe region
increase with toe width. This is in agreement with the more

recent findings of Wang and Sun (Ref. 8).
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Influence of Slope Angle

¥

A number of general observations can be made on the results

of analysis in which the slope angle was varied.

(a) Horizontal stresses in the slope tend to decrease
as the slope angle increases. This is apparently
due to a buttressing effect that becomes increasingly

important as the slope flattens.

() Vertical stresses in the main body of the slope
increase with an increase in slope angle to an upper
limit for the case of a vertical cut. For the
latter case there is little modification to the pre-

excavation stresses except in the toe region.

(c) There is a considerable increase in the shear

stresses, in the toe region, with the slope angle.

(a) The magnitudes of the principal stresses are
similar for different slope angles, except in the
toe region. The orientations are strongly
influenced by the slope angle, as the principal
stress directions must correspond to zero stress

normal to the free surface.

(e) The magnitude of the maximum shear stresses increases

with slope angle, particularly in the toe region.

Wang and Sun (Ref. 8) deduced relationships between the slope
angle and the stresses after excavation. Although the author
generated sufficieﬁt data to have done likewise it was felt at the
time that such results would be dependent upon the chosen mesh
size, particularly in the toe region. In addition it neither did
nor does appear that such quantitative results are of any direct

use in estimating the stability of rock slopes.
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Influence of Initial Stresses

In view of the publication of results for vertical slopes
subject to various initial stresses (Ref. 7), only the case of a
450 slope was studied. This also represents a more typical

condition in the field of open pit mining.

Firstly, it should be noted that the minor principal stresses
are vertical for the low residusl stress conditions and horizontal
for the high. (The sign convention is tensile stresses positive,
but the stresses are normalised by dividing by the virgin vertical
stress at full depth.) For the case K = 1, the principal stress

direction is originally indeterminate.

The presence of high horizontal stresses prior to excavation
results in concentrations in the toe regiomn. The most significant
increase is probably in the maximu shear stresses, though the
importance of this is somewhat offset by an increase in the

corresponding mean normel stresses.

A very interesting feature of this analysis is the presence
of a tensile zone for the case of high residual stresses. This
feature is extremely slope dependent, due to the buttressing effect
in flatter slopes, and is therefore considerably more marked for
the vertical slopes studied by Duncan and Goodman (Ref. 7). Based
on this observation it seems reasonable to suggest that tension
cracks at the crest of a pit are unlikely to be due to 'tension
zones' unless the slope is either near vertical, or subject to

very high initial stresses.

For the condition K = 1 an additional case with a Poisson's
ratio of 0-475 was studied. The influence of this parameter was
found to be minimal, as expected. The lesson that can be learnt
from such studies is that considerable attention should be devoted
to determining the initial state of stress rather than the elastic

properties of the solid.
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STABILITY ANALYSES FROM STRESS DISTRIBUTIONS

From the stress analyses discussed above, it is clear that
the stress concentrations in the region of an open pit will not
cause the failure of competent rock. In the context of Soil
Mechanics, however, analysis may be conducted in terms of the

shear strength of unruptured material.

Brown & King (Ref. 19) produced stress distributions for

embankments and predicted failure surfaces by working backwards

. from specific exit points, calculating the most critical direction

for slip at each sample point. Calculation of the average
cohesion required to prevent sliding along this surface provided

a stability indicator.

Wang and Sun (Ref. 20) used stress distributions to calculate
the stresses on predefined circular surfaces. They claimed that
the method was 'a much more nearly exact solution than any method

of slices because the elastic stress analysis by the finite

-element method is used in the analysis'.  Although this technique

may be easier to use for more complex geometries and non-homogeneous
materials, the author is of the opinion that this statement is
meaningless. If the main body is elastic then the entire slip
surface cannot yield plastically without influencing the original

stress distribution.

The above cpproaches may be applied in rock slope design if
the rock may be considered as a cohesionless soil. However,
attention will be directed towards slopes with systems of parallel
discontinuities since these pose a more truly rock mechanics

problem.

In his discussion on displacement and strain, Bray (Ref. 21)
considers four cases for the analysis of strain of a rock element

traversed by parallel joints. These cases are:=-

(a)  Where the displacement due to slip is so large that

elastic components of strain may be ignored, and
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the concepts of finite strain must be employed.

(b) Where displacement due to slip is large compared
with the elastic component, but the strain is infinite-

simal.

(¢) VWhere the displacement due to glip is of the same

order of magnitude as the elastic displacements.

(d) Vhere no slip occurs on any of the joint planes and

the strain is purely elastic.

If only case (d) is cousidered, then the elastic stress
distributions will be valid. If, however, an analysis shows that
joint slip would occur under the existing stresses, then the
distribution is no longer valid. Resort must then be made to some
other technique or the simulation of inelastic behaviour.

Calculations ignoring this 'no-slip' criterion will be discussed

in the knowledge that they are only valid within certain limits.
Note should be taken that the results of all such analyses are}only

as good as the numerical approximation, and in this case, will be

mesh dependent.

THE STRESS ON A SINGLE DISCONTINUITY THROUGH THE SIOPE TOE

The simple model, described in Section 1l.3.1,0f a single
discontinuity dipping into an excavation may be re-studied using

the elastic stress distributions obtained.

S Y
2 ‘°35 T
| 4«
| .__...__._..S"’x
Cxx ij
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ng
= -————-x
Y 533

Figure 3.12
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Following the sign convention of Figure 3.12 the shear stresses

(’t) and normal stresses (Cﬁ1> may be given by the following

()

expressions: -
On = Oy Cos*® + R. ’tx:j Sin® Cos 9 + %U Sin®
T = (035 '"O'xx) Sing Cos @ 4 ’C,‘,_‘3 (Cos"é) -—S\'n‘e)

where @ is the angle, measured clockwise, between the X axis and

the normal to the plane.

Figure 3.13

Working frofn the stress distribution given in Fig. 3.8 for a
450 slope, the shear and normal stresses on the surface AB (Fig.
3.13) may be calculated using equations 3(4). As there is no
merit in rescaling the results, the non-dimensional presentation

is retained in Figure 3.1h4.

The results show that the stress distribution on the surface
is far from uniform and also dissimilar to that deduced by an
infinite number of slices method. (i.e. assuming the stress is
dependent upon the vertical height of material above the point of
consideration.) The most significant feature is the occurrence
of very low normal stresses at the toe region, where the shear

stresses are relatively high.
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It is worth noting at this point that whatever stress
distribution on the surface is assumed, equilibrium camnot be
violated. The sum of all the shear and normal forces on the
surface must be exactly equal to the respective resolved components
of the weight of the material above. This means that, if a linear
failure criterion is used, limit equilibrium analyses based on
plane slip surfaces must give the same answer irrespective of the
assumed stress distribution in the slope. This observation does
not apply to curved failure surfaces, since under these circum-
stances there may be a considerable variation of stresses on the

surface without violating equilibrium considerations.

3.10 THE UBIQUITOUS JOINT ANALYSIS

If a rock mass is traversed by a large number of parallel
joints it may be assumed, for the purpose of computation, that such
discontinuities exist at all points - i.e. they are ubiguitous.
Duncan and Goodman (Ref. 7) applied this concept to the analysis of
a vertical slope by consideration of the three dimensional state of
gtress, which they calculated from Plane Strain analysis. The ‘
stresses on ubiquitous Joint systems with specified orientations
with respect to the slope were determined and used to calculate
whether slip or tensile fracture was expected for prescribed joint
properties. A similar procedure was adopted by the author, although
only the case of Joints striking normal to the plane of the section

was considered.

The stresses on the selected discontinuities may be
transformed (Equation 3(L4)) to determine the relevant shear (T )
and normal stresses G?h) . If the strength of a joint is given

by a Coulomb law (Fig. 3.5), then slip is expected if:

x| > c—a;chm7£ 3(5)

where ¢ is the cohesion intercept and 7£ the angle of friction.



CHAPTER 3 2D ELASTIC ANALYSIS
The Ubiquitous Joint Analysis

96

o

FRICTION ANGLE (¢)

sHEarR sTress (1))

\

} Comnesion NTERCEPT ((C)

NORMAL STRESS (- o-..,)y

Figure 3.15

The results of such analysis may be presented in the form of
maps of zones of potential slip for particular material properties.
The method is, however, open to criticism since it is not valid if
a zone of potential slip exists. Despite this, the method
provides a lower bound for the acceptable material properties.

A further criticism that joints do not behave according to a simple
Coulomb law may be overcome by inclusion of a realistic stress

dependent relationship between shear strength and normal stress.

For the purpose of presenting the results of a ubiquitous
joint analysis it is useful to define a Shearing Ratio that may be

calculated for each sample point.

SR = %i' > 1.0 Jcar no SHP 3(6)
L

where ’tav is the available shear strength corresponding to the

normal stress ( On ).

The output from the elastic stress analyses discussed above
had been stored on punched cards to facilitate further comput-
ations. Since the stresses were all in a dimensionless form
it is convenient to rewrite the expression for the shearing ratio
by using the dimensionless grouping ( c/EH ) to replace the

cohesion term:

S.R. = |5+ ciTend|

‘A‘:l . 3(6)




CHAPTER 3 2D ELASTIC ANALYSIS
The Ubiguitous Joint Analysis

From this expression it is noted that the Shearing Ratio is
directly proportional to the dimensionless cohesion group value
for the slope. Since the model used (Fig. 3.3) was
topologically equivalent to a regular mesh the results of this type
of analysis may be printed out in matrix form. Typical output is
given in Figure 3.16, which demonstrates the simple visual

interpretation of results possible with this method of presentation.

The results given in Figure 3.16 are transformed to true
slope geometry in Figure 3.17. Thig is, in fact, the cade discussed
in Section 3.9. It is clear that a proportion of this slope is
overstressed in view of the material properties assumed. In
practice gross failure is not likely to occur since the factor of
safety deduced from a simple sliding wedge calculation is 1-66. l
From this simple example it is apparent that the presence of zones
of potential slip means that stress redistribution must occur, and

can occur, without total slope failure.

3.10.1 Variable Joint Orientation

It is interesting to study the importance of joint orientation
by varying this parameter while maintaining all others unchanged.
The lowest shear ratios determined for each selected orientation
may be presented as a polar diagram (Fig. 3.18).

These diagrams display two high points associated with Joints
either normal or parallel to the slope face. The low points are
obtained for low and steep angle joints, the latter representing

toppling rather than sliding mode of slip. (Fig. 3.19)

Figure 3.19
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If the results are plotted on a 'cohesion term' versus
minimum Shearing Ratio basis the influence of the former is apparent.
Taking note only of situations where the joints dip into the
excavation, an envelope for the lines due to different Joint
orientations may be drawn. This corresponds to a plot of the
minimum possible value of Shearing Ratio against the dimensionless
cohesion grouping, and, as such, constitutes a design criterion for
the slope. It is, however, dependent on the accuracy of the
original stress analysis and is therefore valueless in reality.
Ignoring this possible criticism the method may still be used to

give a qualitative assessment of the influence of various parameters.

Influence of Initial Stress

The calculations for 450 slopes with various initial stress
conditions provided data with which to carry out ubiquitous joint
studies. The resulting 3222323 shearing ratio envelopes for an
angle of friction of 300 are given in Figure 3.20. These curves
indicate that, for the same material properties, high initial
stresses will result in worse stress conditions in some parts of the
slope. Perhaps greater redistribution of stress may be necessary

but equilibrium still cannot be violated so, in the final analysis,

gross failure is not initial stress dependent if these simple

models hold true in reality. Consideration of non-linear failure

criteria and progressive failure will lead to a different conclusion.

General Design Curves

Al ‘!W\(Uﬁl . .
If the maximwem Shearing Ratio envelopes are plotted for a

number of possible slope angles then the value of the cohesion
grouping necessary to ensure no slip within the slope can be
plotted against slope angle. (Fig. 3.21). This constitutes a
general design curve that may be tested against a real situation.
Figure 3%.22 superimposes results obtained, using this design
criterion, on observed slope height/slope angle data gathered from
the Atalaya open pit in Spain (Ref. 22). As expected, the no-

slip design criterion is extremely conservative.
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It is noted that the discontinuity in Figure 2.21 is due to
a shift in location of the locally overstressed region. For high
angle slopes the minimum shearing ratio occurs at the toe, whilst

for lower angle slopes it may occur at mid-height.

CONCLUSIONS

Stress analyses were conducted assuming rock slopes to
behave as homogeneous, isotropic, linearly elastic, time
independent solids. The results of these analyses were used to
estimate the stability of rock slopes containing parallel joint

systems, making the assumption that these have no influence on the

stress distribution if no slip or separation occurs. The following

conclusions are drawn from this study.

(L Stress concentrations in the region of open pit
excavations are generally low, although more pronounced
for steep slopes and high initial stress conditions.
Reports by other workers (Refs. 8, 23) show that
detailed slope geometry has little influence on the

stress distribution in the main body of the slope.

(2) The initial stress conditions can be deduced from
the Poisson's Ratio of the material of the slope by
assuming boundary restraints only. In practice it
ig vital to measure the in situ stresses. If the
original horizontal stresses are high then the

influence of Poisson's Ratio is minimal.

(%) Tension zones around excavations may occur both at
the toe and the crest of a slope. The former are
more pronounced for wide toe widths and the latter

for steeper slopes and high initial stresses.

(4)  For plane failure surfaces, the overall factor of
safety of a slope cannot be influenced by the stress

distribution since equilibrium must be satisfied.
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(5)

(6)

(Ignoring Peak/Residual behaviour for joints.)

The stresses within a slope may be transformed
to determine the shear and normal stresses on a
ubiguitous joint set. The Shearing Ratio,
defined as the ratio of available shear strength
to actual shear stress, provides a quantitative

assessment of slope stability.

Adoption of design based on the ublquitous Joint
analysis results in extreme conservatism since
only a 'no-slip' condition can be accepted. In
a real situation stress redistribution must occur

for locally overstressed regions.
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SYNOPSIS

The elastic analyses discussed in the previous chapter are
extended to take account of material anisotropy and inelastic
behaviour. This includes no-tension analysis end progressive

slip on a ubiquitous joint set.

The use of discrete joint elements to model discontinuities,
after the method proposed by Goodman et al (Ref. 1), is discussed.

The results of analyses of jointed rock slopes are presenfed.

Finally consideration is given to the general behaviour of
discontinuities under load and to a method of simulation. A
computer program which enables complex joint properties to be

modelled by initial stress and strain methods is described.
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INTRODUCTION

The methods of stress analysis based on the treatment of rock
as a linearly elastic isotropic material have been discussed in the
previous chapter. These did not appear to offer a satisfactory
approach to the design of rock slopes. Methods of taking into
account the existence of discontinuities, or plames of weakness,
must therefore be considered. However, before attention is given
to treatment including discrete discontinuities, it seems. justifiable
to consider situations where such planes are sufficiently close

together to asecribe bulk properties to the rock mass.

CONTINUUM APPROACHES TO MODELLING JOINTED ROCK MASSES

Measurable characteristics of a discontinuity in rock are its
shear strength and its resistance to normal and shear deformation.
The latter properties have been defined in Section 2.5.2 as the
normal and shear stiffnesses. For the present it will be assumed
that force displacement laws for discontinuities are linear

provided the strength is not exceeded.

A simple approach to jointed rock, possible when the
discontinuities are closely spaced and in parallel sets, is to
assume that the joints contribute only to the elastic deformability
of the rock mass. The material is still elastic but is anisotropic,
with the anisotropy controlled by the jointing. This approach _
was discussed at some length in Section 2.5 so it suffices to state
that the elastic properties of the discontinuities and the solid
are superimposed to determine a bulk deformability. An example
of the use of this method is given in Chapter 7 in connection with

an analysis of a physical model study.

Duncan and Goodman (Ref. 2) performed a series of amnalyses
for a rectangular slope excavated in orthotropic material. They
concluded that the stress conditions around the slope were not
greatly different from the isotropic case. The displacements,

however, were strongly influenced by the anisotropy.
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It is concluded that the above approach is reasonable when
discontinuities are parallel and closely spaced with respect to
the scale of the excavation. The stress changes during excavation
must, of course, be sufficiently small to justify the assumption

that the joints deform linearly and that no slip occurs.

A second possible approach to jointed rock masses is to
assume they behave in an elasto-plastic manner. The yield point
is defined either by the shear strength of the discontinuities, or
the rock mass as a whole if it is highly and randomly fraétured.
The latter type of material more closely corresponds to a soil than
a jointed rock and has been widely studied in the context of soil

‘mechanics.

Phukan and La Rochelle (Ref. 3) reported on a comparison of
stresses and deformations around vertical slopes using a finite
element method and a lumped parameter finite difference technique.
Similar results for both methods showed a growth of a plastic zone
in the toe region. They suggested that this might coalesce with a

tension zone in the slope crest.

Duncan and Dunlop (Ref. 4) simulated elastic-perfectly
plastic behaviour by reducing the elastic modulus in regions where
yield was predicted. The authors recognised the importance of
the loading history and performed the excavation in a series of
increments. Baker et al used an elasto-plastic analysis to
obtain a stress distribution which was studied to determine the most
critical slip surface. The results compared favourably with those
obtained by the Morgenstern-Price method although the predicted
surfaces were different. Their approach is, of course, subject to
an earlier criticism made in Section 3.8 in connection with the
assumption that slip on the selected surface will not alter the

stress distribution in the body.

Perloff et al (Refs. 5 and 6) reported on a study of the use
of elasto-plastic analysis of uwnderground excavations. Field

studies showed no correlation between computer and measured results,
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even in cases where instrumentation was installed well in advance
of the excavation. Quite clearly the rock did not behave as a
granular material and should have been treated as a true discontin-

uum, with attention being given to structural data.

The approaches referred to above consider rock either as an
anisotropic elastic solid or a materisl exhibiting elasto-plastic
behaviour and obeying a plastic yield criterion. No account is
taken of the observed importance of slip upon pre-existing
discontinuities or the inability of the rock mass to sustéin tension.
These conditions may both be simulated with relative ease when the
inelastic and elastic components of displacements are of the same

order of magnitude.

No-Tension Analysis of Rock Materials

The simplest approach to the analysis of materials unable to
sustain tension is by direct iteration. This involves modification
of the elastic properties of the portions in which tension occurs.
The procedure has been described by Zienkiewicz et al (Ref. 7) as
follows:

(a) Analyse the problem as an isotropic elastic one
and check where tensile principal stresses are

developed.

(b) Where principal tensions are shown assume the
material to be highly anisotropic with zero
(or very small) elastic modulus in the

direction indicated by the tension.

(¢) Re-analyse the original problem on the basis of
new, now anisotropic, properties and repeat (b)

and (¢) until a no-tension state is reached.

Unfortunately this process is slow from the computational
standpeint. The stiffness matrix of the model must be reformed

each iteration if the finite element method is used. Additionally
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it has been observed by Zienkiewicz et al (Ref. 7) that convergence
cannot be guaranteed. These authors therefore devised an
alternative procedure which may usefully be described in terms of

the stress transfer process they presented:
(a) Analyse the problem as an elastic one.

(b) At the end of (a) tensile stresses may have been
developed. Since the material cannot sustain
tension these are eliminated without permitting
any point in the structure to displace. In
order to maintain equilibrium 'restraining!

forces have to be applied to the structure.

(¢) The restraining forces do not exist in fact so
their influence has to be removed by superposition
of equal but opposite nodal forces. The structure
is now re-analysed for the effect of such forces
and the stresses computed are added to those
pertaining at the end of (b) (when tensions have

been eliminated).

(d) If at the end of (c¢) principal tensions are
still in existence steps (b) and (c) are repeated
until all tensile stresses are reduced to a

negligible figure.

(e) Repeat the whole process for the next load

increment.

This procedure may be accompanied by a variation in the
elastic properties as for the direct iteration method, either
every iteration -or at selected intervals. The computer programming
may be accomplished with relatively few modifications to standard
linear elastic versions. In order to make full use of the
economy of a constant stiffness matrix some adjustments to the
equation solver must be mede so that only a partial inversion is

required for each new load condition. It was also found convenient
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to store on tape the element properties necessary for evaluating

‘the forces referred to in (b) and (c) above.

In the author's general two-dimensional program, listed in
Appendix B, the rock may be ascribed a limited tensile strength
that is set to zero once the rock is cracked (Figure 4.1). Also
the program has been written so that a final analysis using
anisotropic elastic properties may be performed when load
perturbations have led to an irreducible area of tension. (of
course, elastic analysis may be performed by setting the tensile

strength to an arbitrarily high value.)

Novrmal Stress §
Tensile
A o
- ¥
Normal Displacement
Extension
E
1.
Figure 4.1

In order to test the computer program, and by way of
illustration of its use, the small model given in Figure 4.2 was
studied. The rigid inclusion in the centre of the model is
subject to horizontal loading that results in a large area of
tension. After ten cycles of readjustment the differences
between the results of cycles were small and the zone of tension
was considered to be effectively irreducible. The important
influence of the' cracking is shown in Figure 4.3, which illustrates

the difference in horizontal displacements, at or near the free

surface, for the elastic and no-tension situations.

In the author's opinion no-tension analysis is most applicable

to slope analysis when used in conjunction with the discrete joints
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that are discussed below. Tension cracking at the crest of the
slope may be adequately catered for without including specially
‘orientated joint elements in the model. In these clrcumstances
a considerable saving on the total number of elements might be

achieved.

h,2.2 Joint Controlled Plasticity

The ubiquitous joint analysis described in Chapter 3 referred
to studies made on elastic solutions for stresses in rock’slopes.
It was stated that these solutions were only valid if the assumed
failure criterion was not violated in any part of the slope. The
logical extension of this method is to consider elasto-plastic
behaviour which permits slip to occur, parallel to the ubiquitous

joint set, in the overstressed regions.

The program written by the author assumes that the rock mass
behaves elastically unless overstressed. The latter condition is
defined either by a no-tension, or limited tension, criterior or a
Coulomb law for the joint set. Depending on which criterion is
violated the program will simulate either temnsile cracking or slip

'

in the defined direction.

The overall failure criterion for the solid material is defined

by the following parameters:

(1) Tensile Strength.

(2) Direction of the Ubiquitous Joint Set.
(3) Cohesion of the Joints.

()  Friction Angle for the Joints.

Although the tension criterion takes precedence over the
slip criterion it may be overwritten by ascribing the material an

arbitrarily high tensile strength.

To put the above into practice it is necessary to generalize

the stress transfer process discussed above. The latter is clearly
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none other than the initial stress method for modelling non-linear
material behaviour, as discussed in Chapter 2. There ig, in fact,
a difference as the initial stress method has been used where there
is a given relationship defining the state of stress at any computed
strain. In the author's program there is simply a stress transfer

from the overstressed regions to the surrounding material (Fig. h.L)y,

Sheor A \\
Stress ~
/I/]rb SHEAR STRENGTH

Sra

Initial >
Stress / Shear Displacement
lncreasin3 /

Figure L.h

L.2.7 Ubiguitous Joint Slip by the Initial Stress Method
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The shear and normal stresses on any plane, as shown in
Figure 4.5 may be determined from the xy stresses by the following

transformation equations (3.9):

On %( O + 6'33)+ %( O3 ~ 035) CosR0 + ”Cx:, Sin 20

4(5)
/tmn = ( Oyy ~ c'xx) Sin@ Cos O + (C°519 - Sﬁnze) TJCS

If the permissible shear stress ( Tp ) at a particular normal

stress ( On ) is given by a Coulomb strength criterion:

!‘A‘:PJ = ¢ - o—n'rqnfﬁ 5(6)

where ¢ and 74 are the Joint cohesion and friction angle respectively.

The shear stress te be shed is therefore:
! ~
- I’tm“l - LF! 1(7)

Since all the computations in the program are done in terms
of stresses in the global co-ordinate system, it is necessary to
transform this excess shear stress to give the initisl stresses for

the next increment. This transformation yields the following

expressions:
O’ = -Z't’s-mscosq
oGy’ = +27T Sind (os6 4(8)
Ty = T (Cos*6- Sin*6)

Substituting these expressions back into equations 4(5) shows that
there is no change in the normal stress and that the required

decrease in the shear stress is achieved.
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Using the algorithm given in Figure 4.6 in the form of a
flow chart, the computer simulation of slip on a ubiquitous joint
set may be achieved. Clearly a number of possible variations may
be adopted. The most obvious is to start with anisotropic
material properties, as described in Section 4.2, which could be
modified according to the amount of slip that has occurred within
particular elemehts. More complex stress strain relationships
for the pre- and post-failure material could be selected. The
author did not explore either of the above possibilities. In any
case such modifications may be made with relatively few computer

program adjustments.

Application of the Ubiguitous Joint Slip Program

The model shown in Figure 4.2 is used to illustrate the use
of this approach to jointed materials. Assuming a vertical joint
set, Figure 4.7 shows the vertical displacements due to vertical
loading applied to the rigid inclusion. The influence of slip on
the vertical displacements at the surface is quite clear.
Accompanying this inelastic behaviour there is a general transfer
of vertical stress down into the model. The phenomenon was
noted to be less marked for higher Poisson ratios. A similar
observation would be made if the joints were dilatant during
shear, as both types of behaviour result in horizontal stress
increases when under confinement. However, it is important not
to confuse dilantancy and Poisson's ratio effects as they are

completely different phenomena.

The computer program may also be used for slope behaviour
studies. Figure 4.8 shows the.results of the analysis of a 450
slope with joints dipping at 20° into the excavation. The
initial slip zone corresponded closely with the results from the
study discussed in Chapter 3, although the finite element mesh
(Figure 4.8) was considerably more coarse. Subsequent iterations
resulted in displacements into the excavation and a lowering of

the crest, but not a very extensive growth of the slip zone.
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Although the above behaviour is included in the computer
program listed in Appendix B the author does not believe it has
wide application in rock slope studies if used on its own. For
foundation problems (Ref. 10) and in underground situations, where
the stresses are generally higher and there are kinematic

constraints on the displacements, the method may well prove useful.

A Further Application of the Initial Stress Method

The presence of water in a rock slope is observed to have a

significant influence upon its stability. This influence is

dependent upon the water pressure and hence upon the phreatic
surface. In the context of a rock slope the latter is determined
by the draw-down behind the face and, hence, the permeability of

the rock mass.

The conductivity of a solid rock is several orders of
magnitude less than that of the discontinuities, so the former may
be ignored for most practical purposes. Since the conductivity
of the discontinuities is proportional to the third power of the
aperture (Ref. 12) it is highly stress dependent if the discontin-

uities are deformable. Assuming a linear normal stress/

~ displacement relationship the conductivity (C) may be written as:

c’= (1. + Fo )3. C 4(9)

where C is the conductivity of the joint with zero normal load.
Fn and R, are the normal force per unit area and stiffness
respectively. (Note that Fa 1s negative if the joint is in

compression. )

In order to study the influence of the stress distribution on
the permeability and the location of the pheatic surface an
elementary model of a vertical slope was considered. It was

assumed that this was traversed by horizontal and vertical joints
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and that each element of the model contained one joint inter-
section. The configuration is shown in Figure 4.9. Water pressure
on the joints was deemed equivalent to an initial stress in the

composite element.

The interaction between the stress and the water pressure
was necessarily solved iteratively. As the finite element method
was used to solve for the material stresses and a finite difference
network analysis (Ref. 13) for the potential distribution a means
of communication between the two parts had to be devised. This
was achieved by systematic labelling of the nodes of the two systems
and equivalencing which resultime in the node points of the finite
difference network being located at the centroid of each finite
element. It was therefore possible to use the results from the
stress analysis to calculate the current effective stress and;
therefore, the current joint conductivities. Each calculation
after the stress analysis started with the initial hydraulic
boundary ccnditions and the conductivities were iteratively revised
until the pheatic surface and potential distribution corresponding
to the stress state had been determined. This, in turn, provided
the necessary data for the following stress calculation which took
into account the influence of the water pressures. This

procedure is expressed as a flow chart in Figure L.10.

The author undertook the above investigation to show that
simple programming methods could be used to study this extremely
complex problem. However, the limited results that were obtained
are of some considerable interest. Evidence was produced that the
stress conditions around a slope may encourage drainage, rather
than vice versa as has been assumed in the past. It was also
shown that the presence of water may have a marked influence on
slope deformations. At this stage of development the study was
handed over to Maini who has reported the findings (Ref. 14) and
intends to carry out further work on this interaction problem. '
The model studied to date is particularly simple and should be
extended to take account of the presence of discrete discontinuities.

Very recently the author has been informed of work of this type
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that is being carried out at the University of California, .
Berkeley (Ref. 15).

MODELLING A DISCONTINUUM

There appear to be two possible approaches to modelling
discontinua. One method is to include special joint elements in
an otherwise elastic continuum. Such an approach restricts
modelling to conditions of small displacements, even if finite
strain theory is used. Elements initially in contact must
remain in juxtaposition even if physically separated by tension
across the interface. Alternatively a jointed rock mass may be
treated as a granular material. The shape and size of each unit
is then determined by the spacing and orientation of the relevant

joint sets.

Trollope (Ref. 16) studied interparticle forces for a variety
of particle shapes to determine stress distributions in wedges of
granular material. This concept was applied to slope studies by
Trollope and Burman (Ref. 17). The method is, however,
essentially static even though the laws of continuum mechanics are
no longer the basis of solution. What appeared to be required
was a method that described the interaction of particles in such

a manner that they could move freely with respect to each other.

After discussions with the author, Cundall devised a truly
discontinuous model. Starting with the case of cylinders which
could move independently according to interparticle force displace-
ment laws, he extended his study to slopes constructed of
rectangular blocks. For both these models the equations of
motion were set up for each particle and solved in real time
increments. The results of these analyses were mainly qualitative
and served to draw attention to the important phenomenon of toppling
failure (Ref. 18). '

The chief limitation of the method devised by Cundall is that
the particles are assumed rigid, although force displacement laws

are defined for the points of contact in order to calculate inter-~
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particle forces. This means that the method is particularly
suitable for studying low stress situations, but is likely to be

in error if applied to relative high stress problems. The author
attempted to overcome this limitation by using deformable particles
based on arbitrary shaped twelve-node quadrilateral finite elements.
Unfortunately unexpected computational problems were encountered

and the attempt has been shelved for the present.

The first method of simulating a discontinuum, as mentioned
above, necessitates the modelling of the individual joints, or
interfaces, between blocks of solid rock. In terms of finite
elements this means the special Jjoint elements described in Section
2.6. As stated in Chapter 2 such elements are restricted to
small relative displacement problems although the displacement of
the whole model may be relatively large. In principle finite
rather than infinitesimal strain theory should be applied but this

was not done in this study.

PROPERTTIES AND SIMULATION OF DISCONTINUITTES IN ROCK MASSES

Before considering more complex characteristics for discon-
tinuities it is of interest to study previous work and the
assumptions that were made. Goodman et al (Ref. 1) listed joint

propertles as:
(a) They are tabular.
(b) No resistance to tension normal to their surface.

(¢) Joints offer a high resistance to normal
compression. They may deform to some extent,
particularly if there is detritus between the

faces or they do not match exactly.

(@) At low normal stresses shear displacement results
in dilational behaviour if the joint has moderate
or low inclination asperities. The shear

strength is then frictional unless there is
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'cohesion' due to interlock of asperities, lack
of continuity or joint infilling. At high
normal stresses shear through the solid rock may
be essential and the 'cohesion' may then be

considerable.

(e) Small ghear displacements may occur before the

yield stress is reached.

The above authors developed a model which assumed that a

joint behaved linearly up to a yield shear stress defined by a
linear Coulomb strength law. After the shear strength of the
discontinuity was reached the shear stiffness was reduced to a
residual to model slip. A 1imit was placed on the amount of normal
closure permitted, the normal stiffness being increased if this

were exceeded. The normal stiffness was set to zero if the Joint
was in tension. Each of these processes is a direct iterative
- approach based on variable elastic properties for elements. The
program written by these authors was later modified by Heuzé to

include the following features:
(a) An initial stress field.

(b) The shear stiffness was modified so that peak
shear strength was maintained after yield. This

is illustrated in Figure L.11.

(¢) The condition of maximum permitted normsl
closure and no-tension were remodelled by
progressive alteration of the Joint normal stiff-

ness according to Figure L.12.

A listing pf the program, as modified by Heuzé, was made
available to the author by Professor Goodman (Ref. 19).  The
author has made several modifications and corrections to the progran
and it is now particularly suitable for modelling multistage
excavations in rock masses. This version has been used in the

study of a jointed 450 slope described below. The sign conventions
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necessary to interpret this study are given in Figure L.13.

K
v of r
I J

Figure 4.13 - Joint Sign Convention

L.4.1 Case Study of a 45° Slope

In order to test the simulation of jointed rock masses fhat
is discussed above, several models of a 450 slope were étudied.
These were either a continuum or contained one, three or five
joints down the slope face, as illustrated in Figure L.1kL. Each
of these models may be considered as a degeneration of the five
joint model, of which Figure 4.15 is a computer drawing made using
the first of the pfograms given in Appendix A. Clearly the
element idealization is much coarser than used in the models
studies of Chapter 3. The stress distribution for the continuum ‘
case, which is given in Figure L4.16, is therefore less accurate
than that given in Figure %.8. However, the model was considered
satisfactory for the present purpose of studying the influence of

parallel joints on slope behaviour.

Rather than giving consideration to all possible parameters,
the cases of joints dipping into the excavation at 22%0 to the
horizontal were studied. The stresses and deformations were then
determined for a variety of material parameters. Namely: the
elastic modulus of the solid, the shear and normal stiffnesses of

the discontinuities and the stress conditions prior to excavation
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of the slope. No joint strength parameters were included as the
Yelastic! response was considered to be of most interest. In the
absence of pesk residual behaviour, the limiting conditions for |
equilibrium can be calculated without resort to numerical

simulation (Chapter 1).

%_._,///////////// Continuam Hode!
L/‘Jcmkbhfoush Toe

Three Joints up Face

Five Joints up Face

Figure 4.14 - Models of Rock Slope

Before drawing any conclusions from the results of the study
it is perhaps worthwhile to give atfention to the éituation being
congidered. Figure 4.17 shows the stress conditions, on a joint
passing through the toe, that exist before the residual stress
state is disturbed by the excavation. The residual stress ratio
(O xx : O yy) is varied in the range 0-25 to 2:0 but the normal

stress on the joint is almost constant as the latter is flat lying.
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The shear stresses, however, vary considerably and are zero when
the residual horizontal and vertical stresses are equal.  Although
the sfresses prior to excavation may vary widely, the average
stresses on a particular plane must be equal after excavation if
the conditions of equilibrium are to be satisfied.  Thus, if the
joints behave in the elastic manner described above, the response of
the rock to the excavation will be strongly influenced by the

residual stress condition.

0
&
4 n
Kezo a
v
[74]
t K=4.0
n K= 028
,O'Q’é K= %x
N 7
et ‘
-0 3
& 05x 10

Figure 4.17

The results of the study are given in Figures 4.18 to 4.23.
These all refer to a slope 500 units in depth constructed in a
material of unit weight. Dimensions may therefore be chosen at

will, providing they are consistent.

Figure 4.19 shows the displacements due to excavation in a
continuum model. Unless the solid rock is very much more rigid
than the joints these displacements will be a significant

proportion of the total displacements of the jointed system.

Figure 4.18 combines the results of parameter variations
for the case of a single joint model. The stress distributions

given are so similar to those from the multi-joint cases, that the
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latter have not been reproduced. The conclusions given below are

therefore common for z2ll1 cases.

(a) The elastic modulus has some influence. For
a rigid material the joint displacement due to
excavation and the resulting stress distribution

on the joint will vary linearly with depth.

(b) The variation of the ratio of joint shear to
normal stiffness has no appreciable influence
on the stresses, all other things neing equal.
This is a consequence of the two dimensional

nature of the model.

(¢) Variation of the initial, or residual, stress
field has a marked influence. Shear stresses at
the toe tend to be lower for the higher initial
horizontal strésses. In such cases progressive
failure should start at the crest rather than the

toe of the slope. .

Figures 4.20 to L.23 attempt‘to indicate the influence of the
various parameters on the slope displacement. This is relatively
simple for the single joint case as only the displacements of the
wedge are shown. For the five joint case the displacements refer
to the nodes above the joint. These will obviously be different
from those of the nodes below the joint if the joint is considered
to be deformable. The following observations may be made on these

figures.

(a) The joint deformation becomes dominant as the
elastic modulus of the solid rock increases (Figures
4,13, L.20).

(b) The softer the joint in shear the more the dis-
placements will be controlled by their orient-

ation (Figure 4.21).
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(¢) Displacements into the excavation, rather than
out of it, will occur except when the initial
horizontal stresses are low (Figures 4.21 - 4.23).
As discussed above, their direction will largely
depend upon the initial shear stress on the

joints.

(d) Displacements are greater for the multi-joint
systems, particularly if the joints are

significantly more deformable than the solid.

Obviously this case study is by no means exhaustive and the
conclusions apply to the particular models that are described.
However, the results do give qualitative impressions of the
influence of some of the parameters defining a rock slope situation.
Clearly all these must be measured with some precision if meaning-

ful simulation of jointed rock slopes is to be accomplished.

Toppling Modes of Failure

The studies reported by Cundall (Refs. 9, 18) and Hofmann
(Ref. 11) have drawn attention to the importance of toppling as a
mode of failure of jointed rock slopes. Figure 4.24 shows two
stages in a model study by Ashby (Ref. 20). The slope model,
which was constructed from plaster of paris blocks, was slowly
rotated until failure by toppling occurred. The model itself may
be reproduced using a finite element idealization but the

mechanism of failure cannot.

The first limitation of the finite element model discussed in
this thesis is that only infinitesimal strain can be considered.
This means that only pre slip conditions can be modelled. The
second limitation is the assumption of uniform stress across any -
joint element. The transition from line contact to point contact
between two blocks is therefore precluded, unless every discontin-
uity is represented by a very large number of elements. This last

course is clearly impractical except for trivial cases.
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A simple finite element idealization of a model of the type
shown in Figure 4.24 was analysed. The results showed the
typical block rotation that occurs, but not the toppling induced
partings between blocks. The arching of rows of bricks was also

apparent despite the small displacements.

EXTENSION TO- MORE COMPLEX JOINT BEHAVIOUR

The computer simulation of jointed rock materials necessitates
the assumption of particular behaviour for discontinuitieé. The
simplest model is one of linear behaviour, up to a yield point, as
proposed by Goodman et al (Ref. 1). As modified by Heuzé (Ref. 8)
this model is satisfactory for joints exhibiting elastic-perfectly
plastic behaviour in shear. It ignores the very important
phenomenon of peak residual shear behaviour generally displayed by
rock discontinuities. Furthermore it generates an arbitrary

stiffness to limit joint closure under normal loading.

In order to simulate more general joint behaviour the author
investigated the use of initial stress and initial strain techniques.

These appear to have a considerable advantage, as regards computer

time, over the variable stiffness method adopted by Heuz& (Ref. 8).

A detailed comparison of these two techniques has recently been
published by Goodman and Dubois (Ref. 21). The latter author is
reported to be investigating a 'Constant Energy' method that is

more efficient than either technique.
Before discussing the method of simulating complex joint
behaviour it is pertinent to review the relevant properties of rock

discontinuities in more detail than above (Section 4.4).

Further Properties of Discontinuities

Shear tests on both small and large samples of jointed rock
have shown several important features of discontinuities under
load. -

(a) The shear strength is dependent upon the
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(b)

(e)

(@)

normal stress and the previous shear displace-

ment that has occurred.

Discontinuities in shear usually exhibit marked
peak residval behaviour. The degree too which
this occurs depends upon the roughness of the
discontinuity, the competence of the wall rock,
the nature of any infilling, the normal stress

and any previous shear displacement.

A discontinuity may be strongly dilatant, or
contractant, during shearing. The dilatancy
will depend upon the normal loading and the
shear displacement as well as the properties of

the discontinuity itself.

Discontinuities may exhibit very non—lineér
behaviour when subject to normel load. They
are incapable of sustaining tension, ﬁnless they
are healed. They have a maximum possible
closure defined by the properties of any infill-

ing and the initial void ratio of the fracture.

The behaviour of joints in shear has been reviewed by Goodman

(Ref. 22) who provided some quantitative values for deformability

and strength of rock jeints. He particularly drew attenticn to

the importance of Jjoint infilling, as this may completely control

the joint behaviour.

The models of joint behaviour presented by Patton (Ref. 23),
Ladanyi and Archambault (Ref. 24) and other authors are interesting

as they explore the mechanisms involved. The author has restricted

his attention to the possibility of simulating observed joint

properties.

L.5.2 Computer Simulation and Programming Assumptions

The behaviour of joints has been considered to comprise three
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parts: shear force/displacement behaviour, normal force/
displacement behaviour and dilatancy. Each of the properties can
be specified numerically providing the necessary data can be
determined from laboratory and field tests. Relevant values of
each of these properties may then be calculated, at any point in

the program, by linear interpolation between data points.
In this section each of the three components of joint
behaviour will be treated independently so that the assumptions in

the computer simulation are quite clear.

(a)  Shear Force/Displacement Laws

A relationship between shear force per unit area and shear
displacement may be described numerically as the shear strength
at given displacement increments. Since it is impossible to have
a separate relationship for every normal stress some method of
normalizing the relationship is essential. Two methods of
achieving this can be adopted. The first is based upon the
assumption that the shear displacement to peak strength is independent
of the normal stress. The second requires that the apparent
shear stiffness to peak is independent of normal stress. The !
latter course is the more convenient of the two and appears to be }‘
in agreement with the published data of Krsmanovic et al (Ref. 25) ||
and Barton (Ref. 26). The first approach was also investigated. %w
It would, of course, be possible to specify any alternative
relationship belween shear displacement to peak strength and normal

stress.

The non-dimensional shear force/shear displacement law is as
follows: The shear stress is normalized by dividing by the residual
shear strength. Assuming a purely frictional strength the

normalized shear strength may be written:

¥ . _r : 4(10)

Cﬁ\'Thnﬁér

where Of 1is the normal stress and 76r the residual friction
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angle. So that the joint shear stiffness (ﬁ;) describes the
initial behaviour of the joint the shear displacement (S;) must
be described in terms of an elastically related shear displace-

ment ( gés) , where:

5, - -onlon #e 4(12)
k
. S

The non-dimensional shear digsplacement is therefore:

b4
S bs L(12)

The relationship can now be described numerically as in Figure
h.25. It is assumed that the joint will have reached residual

conditions if the normalized shear displacement exceeds ten units.

»

NORMALIZED SHEAR STRESS
-

e
o

°

1 2. 3 4, 5.
NORMALIZED SHEAR DISPLACEMENT

Figure 4.25

This behaviour is simulated by use of the initial stress
method in much the same manner as for the ubiquitous joint slip
case. Physically the process consists of shedding shear load
in excess of that which should correspond to the éxisting shear
displacement. Convergence may be slow due to a falling curve but

methods of acceleration have not been explored.
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In order to minimise the influence of history during the
readjustment for any load increment it has been assumed that the
relationship between shear displacement and stress is reversible.
Alternative strategies could be adopted between increments but
these only consist of more complex memories of past behaviour.

The author knows of no records of the result of reversing the sense

of shear displacement upon which to base such treatment.

Finally it should be noted that the computer program starts
by calculating the shear displacements corresponding to the
residual stress state prior to disturbance by excavation or loading.
It is assumed that the shear stiffness describes the necessary

relationship for this calculation (Figure 4.26).

L ond

SHEAR STRESS

o
:

SHEAR DISPLACEMENT

STARTING POINT
RESIDUAL STRESS

Figure 4.26

The analysis of non-linear problems in rock mechanics has
already been discussed in this thesis. However, the methods have
not been suitable for modelling work softening behaviour, such as
displayed by rock Joints. Indeed the method described in Section
L. L4 may result in generation of negative joint stiffnesses if there
is a significant fall in joint strength. The first publication of
work considering the above type of behaviour was by Zienkiewicz et
al (Ref. 27) who reported its use in'conjunction with modified
continuum elements. That of Goodmen and Dubois (Ref. 21) is too

recent to influence the work described in this thesis.
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(b) Normal Stress/Displacement Law

Very little work appears to have been carried out to
specifically determine the behaviour of a joint subject to normal
load. Studies by Barton (Ref. 26) on a weak modelling material
with ltension induced discontinuities, revealed marked non-linear
behaviour and considerable permanent deformation. This latter
phenomenon was undoubtedly partially due to the presence of loose
particles caused by the mode of preparation of the discontinuities,
but probably it is observed also in nature. However, thére is
evidence from plate loading tests (Ref. 29) that joints may behave

linearly over certain stress ranges.

A numerical relationship is used to define the proportion of
the maximum permissible closure that may occur at a prescribed
normal load. This is used to calculate the initial strain equivalent
to the resistance to normal closure that is input for the next
approximation. Obviously it is convenient if this relationship
accords with the chosen joint normal stiffness (ﬁn) over the first

normal load increment, i.e.

8“1 = Fo, 4(13)

where g"t and F;i are the normal displacements and loads
corresponding to the first load interval on the relationship given

in Figure L4.27.
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Figure 4.27
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As stated above the resistance to closure is simulated using
an initial strain method. This is illustrated by Figure 4.28.
In this case convergence is generally rapid since the relationship

takes the form of a rising curve.

w
[ 4
=
.4
[+]
wd
(5]
=)
o
b3
[ 4
()
z

Tenstle

Cut off )flm’.t\'.ql Strain NokmAL STREess (-ve)

1

Figure 4.28

Finally it should be noted that the joint is assumed to have
no tensile strength. The no-tension cut off is achieved using
the initial stress method described earlier in this chapter. In
the event of residual tensile or compressive stresses the

. corresponding displacement is calculated as for the shear stress

case.

(¢) Dilatancy duriﬁg,Shear

It is observed that a rough discontinuity exhibits dilatant
behaviour during shear, due to a tendency to ride up roughnesses.
Of course, if the sense of the shear displacement were reversed the
joint may become contractant, although it would presumably achieve
a minimum point after which it again became dilatant. Such a
material may be termed bidilatant. A bicontractant material, as
proposed by Goodman and Dubois (Ref. 21) is difficult to imagine.
Barton (Ref. 26) did, in fact, note an initial contraction during
shear, particularly at higher normal stresses. This is again
probably due, in part, to the presence of small loose particles

between the surfaces. Dilatancy is strongly dependent upon the
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normal load and is reported to cease at stresses of the order of

several thousand psi (Ref. 21).

Two interlinked aspects of dilatation must be represented.
Firstly a normalized dilatation versus normalized shear displace-
ment curve for zero normal load is defined. (The use of the
normalized shear displacement of equation 4(12) ensures that peak
strength and pesk dilatation angle may coincide.) The first law
is rescaled by means of a second numerical law defining the
proportion of the normalized dilatation that occurs at the existing

normal stress. These two relationships are given diagrammatically

in Figure 4.29.

8 '
&
[
5 : T
e g
2 3
g \\\\“‘xJ___~ 8 ////,//’
. \r- _ {/ R

Fo.  Fn

4 z

3
Normal Stress Normalized Shear

Displacement
Figure 4.29 .

The dilatation is simulated using an initial strain as for i
limiting the normal closure. The total initial strain, for the |
next approximation,in any increment is thus a summation of that

due to dilatation and resistance to normal closure. ;
The flow chart of the subroutine incorporating all these

behaviours is given in Figure 4.30. The complete computer

program, together with user instructions, is given in Appendix B.

Tests of the Computer Simulation

& number of small models have been studied in order to fully

test all the options in the simulation program. As these model
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Figure 4.30

Continued .ece.e
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studies have no particular merit in themselves they are not

reported in detail.

—___%_‘:_:% Ia, 18 44 13 47 1o
I PRE B T S S T L

it 17 18 19 22

Figure 4.31 Figure L.32

The symmetrical model of Figure 4.3l was analysed to test
the necessary transformations. As anticipated, the results were
symmetrical about the centre-line. The stiffness matrices of
this model and that of Figure L4.32 were written onto cards so as to
minimise computer cost during subsequent tests. Load conditions

were then varied in an attempt to consider all possible cases.

Figure 4.33 shows the results of applying shear and normal
loading to the simplified shear box model (Figure 4.32). The
normalized shear force/displacement law assumed for the discontin-
uity is given, together with the results of the analysis. The
latter shows that elements 9 and 10 are stressed beyond their peak
strength, whilst 11 and 12 deform elastically. Yielding of the
former two elements results in a progressive increase of load on
the latter two, until a stable situation is reached. \If the Jjoint
residual angle of friction is decreased the situation is no longer
stable and slip will occur on all four elements. Exactly similar
behaviour was observed for a prestressed model that was constrained

normal to the direction of shear loading.
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Nodal Forces
on Model

Normalized Shear Strength
P

L
C

0. 1 2. 3 4 5 6. * 8. 9 1o
Norma‘\':sed Shear Displacement

Residual l\nsle of Friction for Joint = 30°

NORMALIZED
Element Shear Strength Shear F/A Shear Displacement Approx. No.
9 1-988 2-059 2-659
10 1.994 2-031 2.031
11 1.657 1-657 1-657 1
12 1-394 139 1-394
"9 ©1.982 2-019 2-090
10 1.987 2026 2-063
11 1-679 1-679 1-679 2
12 1-407 1-407 1-407
9 1.978 2004 2-112
10 1-983 2-010 2-085
11 1-695 - 1695 1-695 3
12 1-416 1-416 1-416
9 1-968 1.970 2-160
10 1-973 1-975 2:13h
11 1.728 1.728 1-728 10
12 1-436 1-436 1-4%6

Figure 4.33
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Further tests demonstrated parting in tension, dilatation

during shear and resistance to normal load.

CONCLUSIONS

In the author's opinion the finite element method may be
used to provide a satisfactory simulation of the behaviour of
jointed rock slopes, providing small displacement theory is relevant
to the case considered. TUsing the techniques outlined in this
chapter, virtually any behaviour of rocky materials may bé simulated
providing it can be adequately defined. Fach of the constitutive
laws discussed in this chapter have been applied to simple models.
In principle they may be applied to the real situation. However,
the latter can only be adequately simulated if precise field data
is available and these methods are extended to cover the general

three dimensional case.
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Synopsis

SYNOPSIS

The method of determining the stability, against sliding,
of a wedge defined by two planes of weakness in a slope is
presented briefly. Vector analysis is used, since this provides
a basis for the presentation of an extension of this method that

takes into dccount joint deformability.

The influence of slope plan is discussed with reference to
analyses of axisymmetrical excavations. A fully three-
dimensional Finite Element computer program capable of modelling
jointed rock masses 1is presented. Results obtained for simple
sliding wedge models, are discussed with particular reference to
the importance of Joint deformability. Reference is also made
to the influence of initial stresses and computer simulation of

progressive failure.
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INTRODUCTION

The analysis of the previous chapters assumed that a rock
slope can be considered to be of infinite lateral extent and that
discontinuities always strike parallel to the slope face. These
assumptions are now discarded and the fully three-dimensional

problem examined, albeit in terms of very simple models.

Following the sequence of previous chapters, attention is
given first to simple sliding wedge models, then to stress analysis
assuming that rock behaves as a continuum, and finally to Finite

Element simulation of jointed rock slopes.

THE SLIDING OF A RIGID WEDGE

The simple sliding wedge model of Section 1l.3.1 may be extended
to three dimensions by consideration of tetrahedral wedges defined
by two planes of weakness passing through a rock slope. Such
sitvuations are amenable to analysis using graphical techniqﬁes
based on stereographic projection (Refs. 1, 2), although only a
vector-based method will be discussed below (Refs. 3, 4, 5).

Vector Definition of the Problem

In order to solve numerically for the forces on the planes
of weakness defining a wedge in a slope, it is necessary to
describe the geometry vectorially. The precentation here
follows Wittke (Ref. 5) and is therefore brief, but hopefully

sufficient for the purposes of development later in this chapter.

The orientation of the two planes of weakness OBD and OCD
in Figure 5.1 are completely defined by the vectors :ii,ia and
'a;,?a respectively. These represent the dip (ia# ) and strike
direction ('ﬁLg ) of the planes according to the convention
defined by Figure 5.1. Since these vectors lie on their
respective planes, then the normal to each plane may be expressed

as a vector product.

PR
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Figure 5.1

Wiz = Y2 X Vip 5(1)

In like manner the direction of the intersection of the two

planes is obtained from the vector product of the normel to each.

- —_ -
x = Vfi X Wy 5(2)

From the vector '5.:. which defines the intersection line OB the

angle of the projection of OB on the YZ plane ( €x) is given by:

Toan (Sx) = ._Z-CE? 5(3)
Y

The total height of the wedge can be expressed in terms of the
slope angle (&), the crest angle ($)¢ the slope height (Hg)
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Tana -~ lan Ex Tan €
Tan&x—Tan § Tan «

H =Hs+ HC = Hs(1+ 5(4)

where H, is the height of the wedge apex above the crest of the

slope.

The vectors defining OD, OC, OB, both in magnitude and
direction, can now be determined from simple geometrical consider-
ations, and from these the areas of the planes and the volume of

the wedge can be expressed as:-

1 |53 x 5B
Area OBD = E.}ooxo I

1 — :
Area OCB = _é..}oc:x Bl

i 52 =
Volume OBCD = -g.h.‘ocxoo\

where h = Sin( o - $x> 4/(0332 + OB;)

5.2.2 Stability Against Sliding

Ignoring rotational modes, sliding can occur in three possible

ways:

(a) On face 1 only; parallel to the dip direction
of plane 1.

(b) On face 2 only; parallel to the dip direction
of plane 2.

(¢) On both faces; parallel to the intersection.

The first two possibilities will occur if it is kinematically
possible to slide parallel to the direction of dip of either of the
two planes. (Should either plane 1 or plane 2 strike parallel to

the face then (a) or (b) must occur, since a tetrahedral wedge is
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not defined,and the problem reduces to the case of Section 1.3.1).

It is possible to determine whether sliding occurs on one
or two planes by a simple vector comparison. Defining —'312 as

vectors of the normals to the planes by the following equation:

-\

—)
gm: Y, x X 5(6)

7

It is then possible to compare the direction of I?gi with
the original normal vectors ESLz . They must be parallel but they
may be in opposite directiouns. If either are in the opposite
sense then sliding will occur on that plane alone. If both are in

the same sense then sliding will occur along the intersection, i.e.

" If either ’5* N .
—iz = -W, sliding // /V'i)z

L

If both

Jg2 _ = e
o e e [/ F
(4

The case of sliding on one plane only is trivial once the
condition has been selected as being relevant, so attention will be

restricted to consideration of sliding along the intersection.

Figure 5.2

g

If the total weight of the wedge is expressed as the vector G



CHAPTER 5 3D ANALYSIS OF ROCK SLOPES
g3 2

Sliding of Rigid Vedg

165

o

then the force tending to cause sliding is:-

—3 - —
7| - 6. = 5(8)
—
Ed
b f ey
The yector T must have the same sense as x and have the
magnitude defined by equation 5(8). Therefore:-
-t i — — —
T=—:2-G.x‘.x 5(9)
1%
And the component of weight normsl to the intersection isi-
-— — —
N = G —-T 5(10)
—
N clearly represents the resultant of the normal forces on
the two planes. Since these forces must be parallel to the
—
normals u)L2 then: -
- — — — —
N =V, +V, = d.w, + da,(—wz) 5(11)
—
where Y

1q are the vectors of the normal forces and have

magnitudes d,, . The vector equation 5(11) can be written as
¥ .

three geparate equations in terms of vector components and solved

for the constants.

The total available shear force ( T') resisting sliding,
assuming a Coulomb strength law is:-

T' = ¢(. A+ dTang, + ;. Ay + diTan g, 5(12)
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where (‘,1"1 and 951)7_ are,respectively, the cohesion and

friction angles for the planes of weakness.

The factor of safety against sliding can therefore be

written as:~-

/.
F.S. = j:... 5(13)

T

Alternatively, the angle of friction necessary to pfevent
sliding on either plane may be calculated if some assumption
regarding cohesion is made. This approach has the advantage that
it is immediately apparent which plane is the most critical. The
method of analysis may then be treated as an aid to engineering

judgement rather than a ‘'black-box' producing answers.

5.2.3 Impl@mentation of Three-Dimensional Wedge Analysis

The vector analysis described briefly above is simple to
program on a computer, particularly if a subroutine is used for
all vector manipulations. Such a procedure is adopted in the
program listed in Appendix C. This program is written so that

. only sliding is considered as a possible mode of failure and it
is assumed that loading is due to an acceleration vector only.
(This will normally be the acceleration due to gravity.)
Additional forces and other shear strength criteria may, of course,

be considered without complication.

The large number of possible variables in the sliding wedge
situation preclude the deduction of general results. Hoek and
Boyd (Ref. 6) considered the case of a gravity loaded wedge defined
by two planes of weakness with equal angles of friction, and no
cohesion, on each. For this model, they were able to draw up a
series of charts relating the differences in dip and dip direction
of the two planes with the necessary angle of friction to prevent
sliding. The author considers that this paper is important
because it demonstrates the fundamental simplicity of this type of
analysis that is so often lost in a mass of vector equations and

stereographic projections.
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STRESS ANALYSIS OF A THREE-DIMENSIONAL EXCAVATION

Currently, it is not possible to analyse three dimensional
excavations with arbitrary geometry in any great detail. Even an
extension of the simple models of Chapter 3 is beyond the reasonable
capabilities of present computers, except for the special case of
axisymmetrical excavations. The methods of analysis described in
Chapter 4 are, of course, available, and may readily be utilized
on the arrival of larger and faster machines. Using the‘finite
element programs listed in Appendices B and D in excess of 500 nodes
may be used in any'model if the full capacity of a CDC 6400 (45K
Core Storage) computer is utilized. A single elastic analysis of
such a model would require about 80 seconds computing time for the
two-dimensional case and considerably more for the three-dimensional
case. It is impossible to be more precise without reference to
particular elements and the method of formulation of their
properties. As far as the three-dimensional models are concerned
the real limitation with the given program is the band width
restriction. Any cross section is thus limited to representation
with about twenty nodes. Alternative methods of solution of
equation must be adopted if larger models are to be studied (Section

2.3).

Axisymmetric Analysis

=N

Crr

Figure 5.3
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The analysis of axisymmetric situations can be achieved by
modification of the finite element method as applied to the
solution of two dimensional problems. By symmetry, the two in
plane components of displacement (referred to r, z co-ordinates
in Figure 5.3) completely define the state of strain and therefore.
the stress. The only modifications required to the two dimensional
approach are therefore concerned with the éonsideration of ring
rather than plate elements. The integration of the element

properties must now be carried out over the volume of revolution.

Treatment of axisymmetric analysis is given in the text by
Zienkiewicz and Cheung (Ref. 7). The program used by the author
is a modified version of that given by Perloff (Ref. 8) for the
analysis of elasto-plastic axisymmetric continua, and its basis ié
described by Wilson (Ref. 9). -

A comparison was made between analytical results for the
point loading of an infinite elastic half space and a simple

computer model of the same.

Even the small number of elements used provided a good
approximation (Fig. 5.4). (The computer values in Figure 5.4
include a correction to take account of the limited vertical extent
of the model.)

Since the agreement was excellent, further checks were
restricted to the same model subject only to gravity loading. As
anticipated, the circumferential and radial stresses were constant

across any plane defined by constant z.

5.3.2 Axisymmetric Excavations

In open pit mines it has often been noted that the more
stable portions of the excavation are those where the three
dimensional shape of the pit is constricting. Conversely,
promontories are observed to be less stable. This phenomenon is
generally attributed to an increase in circumferential stresses

in areas where the plan is concave. The discussion by Jenike and
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Yen (Ref. 10) concerning axisymmetric pits strictly refers only to
the zone in plastic equilibrium around a circular shaft. The
author therefore, considered it worthwhile to study the basis of
the general assumption, given by Hoek (Ref. 11), concerning the

importance of pit geometry (Fig. 5.5).

B
7~

Figure 5.5

In order to study this problem a number of analyses of a 45°

slope were run for comparison. The several possibilities are:-
(a) Plaig Stress - zero normal stresses by definition.

(b) Plaiye Strain - zero normal displacements by
definition, so that the circumferential stress

is given by:-

Oge = 7)-(‘7}\— + o-zz)

(¢) The axisymmetric excavation, which for extreme

cases 1s either a conical buttress or pit.

The results of analyses of the plain strain and axisymmetric
pit, using the model type given in Section 3.6 are presented in

Figures 5.6, 5.7 and 5.8. The two solutions are drawn opposite
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each other for all except the vertical stresses, which were

virtually identical. It is observed that there is a large

reduction in radial stress behind the slope, comparing axisymmetric
with plain strain solution. There is also a pronounced region of
tensile hoop, or circumferential stress in the crest, which would

result in radial cracking in a real situation.  Although this is

apparently in conflict with the expected presence of high

compressive circumferential stresses, there is also a marked

increase in confining stress in the lower portion of the slope.
The latter is probably associated with the small radius of the toe.
The effect will therefore become less marked as the radius increases,

with the plain strain solution providing a limiting condition

equivalent to an excavation of infinite diameter.

Cundall (Ref. 12) observed that the deformed state of the

axisymmetric pit was equivalent to an outward rotation of the crest.

This resulted in an increase in radius and therefore tensile

circumferential stresses. The author's analysis of a 450 buttress
(Fig. 5.9) revealed the same outward rotation of the crest, but in
this case, a decrease in radius is occasionecd. The circumferential

stresses, therefore, tend to be highér in the crest region and lower

in the main body of the slope.

Figure 5.9'reveals that although the circumferential stresses
are low, they are not tensile as was expected. Comparison of the
other stresses shows a general fall in radial stresses except on
the slope face, and little change in vertical stresses. However,
it should be noted that strict comparison is rather difficult since

the models of conical 'pillar' and 'pit! are essentially dissimilar.

In order to evaluate the difference between the plain

strain and conical pit analyses, a 'Ubiquitous Joint Analysis' was
performed for each. The results given in Figure 5.10 for a 300
joint set are different, but consideration of the minimum Shearing

Ratio (Section 3.11.3) for various joint orientations reveals little

overall variation between the two cases. In any-case, the

necessary assumption of conical planes of weakness seems rather

unrealistic, so the results are not reproduced in any detail.
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PLAIN STRAIN AXISY MMETRIC

Moldel as Figure 3.1%
Figure 5.10

The general conclusion that may be drawn from all these
analyses is that the stress distribution is unlikely to have a
marked effect on stability. In a real situation the explanation

of variation in stability is likely to be statistical (Fig. 5.11).

PLANE FACE

PLANES OF
WEAKNESS

Figure 5.11

There is an increased likelihood that a 'kinematically
feasible! block will be defined by planes of weakness if the slope
is buttress shaped. In addition, this situation corresponds to
the maximum possible volume of material involved in the potential

slide, if all other things are equal.
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Further Axisymmetric Models

The analyses discussed above consider only the case of rock
behaving as a continuous, isotropic, homogeneous, linearly elastic
solid. The only other cases that can be studied are conditions
of transverse isotropy or horizontal jointing. A11 other cases
involve physically unreasonable features in an axisymmetric
situation, so treatment along the lines of Chapter 4 was not

considered in this connection.

ANALYSIS OF GENERAL THREE DIMENSTONAL STRUCTURES IN JOINTED ROCK

Although it was stated above that it is not yet possible to
analyse general structures in any detail, using the Finite
Element method, simple models may be treated in order to assess
the importance of assumptions inherent in current methods of
analysis. The particular aim of the studies to be discussed
below was to determine whether the sliding wedge models treated

above ignore important physical parameters of the real situation.

Computer Programs and Verification

In the course of this study, two computer programs for the
Finite Element Analysis of fhree dimensional structures in
jointed rock were written. The purpose of this duplication was
to provide a relatively independent check on the results obtained.
The main difference between the two programs was that the first was
built round tetrahedra based solid elements and triangular joint
elements whilst the second was built on the natural co-ordinate
elements described in more detail in Chapter 2. Since the
earlier of these two programs has already been published by the
author (Ref. 13) only the second is listed in Appendix C.

Verification of the programs is conveniently treated in two
parts. The continuum elements may be tested against the Boussinesqg
solution used above (5.3.1). Again, making allowance for the
limited vertical extent of the model, the results are reasonable

despite the few elements used in the idealization (Fig. 5.12).
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The results using the earlier program are better than the later
version, although for the various wedge models to be discussed

below there was no appreciable difference.

Initial checks on the joint elements were carried out using
elementary models, such as two rigid elements connected by a
single joint. These provided a simple check on the transformation
involved since the solutions were known from statics. A more
rigorous check, using the model (TFig. 5.13) described by Goodman et
al (Ref. 1), was made against the program for two dimensional
structures. The model consisted of a single rough joint passing
through a plate in plane strain and subject to shear loading.
Agreement between the two solutions was excellent and the computer

program was considered to be reasonably verified.
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OF MODEL DEFORMATION

Figure 5.13%

THE ANALYSIS OF WEDGE TYPE STRUCTURES BY FINITE ELEMENTS

The problem to be modelled is a vertical rock slope
containing a symmetrical wedge defined by two planes of weakness
(Fig. 5.14). For this case the geometrical varisbles are the
wedge height, the aperture of the wedge and the dip of the inter-

section of the two planes of weakness.
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W= 0. <R’eav Facz)

/?- A= 0.
/V-'=O- T
\
P

2d= WEDGE APERTURE
/3 = DIP OF INTERSECTION

Figure 5.14

Of course the mechanical properties can be varied independently
of the geometrical parameters defining the situation. In this
case the solid rock is assumed to be isotropic, homogeneous,
linearly elastic material so its behaviour is totally described by
" the Elastic Modulus and Poisson's Ratio. The joint is ascribed
normal stiffness and shear stiffness. The latter is assumed to be

independent of direction in the programs as they stand at present.

The mesh given in Figure 5.15 is typical of the Finite
Element idealizations of this simple situation. The boundary
conditions are chosen to suppress displacement on the base and
permit only vertical displacement on the rear and sides of the
model. In addition, the boundaries were placed sufficiently
remote from the wedge to minimise any influence they might have
on the result of analysis. (Mahtab & Goodman (Ref. 15) reported
that the wedge should be at least its own width away from the

boundaries.)
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Elements in Model:—

48 Hexahedra
Wedses
Pﬂram(ds

Tetrahedron

nNn = N

Trdqnsu\ar Joints

Y,

Figure 5.15

5.5.1 The Influence of Material Properties

5.5.2

Assuming a fixed geometry, amnalyses may be performed with
various material properties. These reveal that the elastic modulus
of the solid influences the displacements but not the stresses in
the model.  Additionally, it is noted that only the ratio of the
joint stiffnesses influences the stresses on the joint, the

magnitude again affecting only the displacements.

Influence of Joint Stiffness on Sliding Stability

Since the results of analysis were insensitive to the solid
material properfies, these and the wedge height were standardised
at the values used by Mahtab & Goodman (Ref. 15) (Table 5.I). This
was done partially with a view to obtaining a realistic comparison
with thgir published results. The joint normal stiffness was
likewise standardised and the shear stiffness varied to obtain

different stiffness ratios. The results of analyses are shear
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and normal forces per unit area on the Jjoints. Assuming purely

frictional behaviour, the limiting condition on each plane is:-

“ A (an)
7£r' ;;;; Tan <':;;) 5

where 76r is the angle of friction required to prevent sliding.

On is the normal force per unit area and ’): the shear
force per unit area. The output of the computer program is in
fact the shear forces per unit area in the dip and strike
directions, but the limiting condition is determined from the
resultant of these two. Although this does not necessarily
correspond with the possible direction of sliding of the wedge it

is the correct limiting condition for the model to be valid.

The results of varying the Jjoint stiffness ratio for the
case of a wedge aperture of 300 and dip of intersection of 450 are
plotted in Figure 5.16. From this figure it is apparent that as
the stiffness ratio increases, the solution approximates more
closely to that obtained from the rigid wedge analysis discussed
~ above. For low stiffness ratios the results indicate that very
high friction angles are required for limiting conditions in this

particular case.
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Model Parameters:

Included angle of wedge (2« ) = 30°
Dip of joint intersection (/3 ) = L5°
Wedge height (H) = 328 ft
Rock Properties: Joint Properties:
E = 144, x :Lo6 psf ﬁn = 1h-4 x 106 pst/ft
J = 0'25 Rs = ﬁn/ R
¥ = 149. pef Cohesion = O.
R 1. 10. 100. RIGID

T [-291-3 | -245-8 -212.5 -211.
Cn |- 645 | -343.3 -71k-6 -815.
Be| 77:5| 356 16-6 1k.5

Table 5.1

Results of a Typical Series of Analyses

(¢
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Figure 5.16
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Influence of Wedge Aperture

If the analyses of 5.5.2 are run for various wedge apertures,
the influence of the latter may be established. Figure 5.17
illustrates a decreasing influence of joint stiffness ratio as the
wedge aperture increases. (It is also not_able that the solutions
converge on the rigid wedge analysis in every case, thereby

providing additional justification for the computer program.)

DIP OF INTERSECTION = 45°

S04

°
REQUDIRED ANGLE OF FRICTION (95{ )

o 2'0» 4:9 6.0‘ e'o. 1<'>o- J;o. 1'40. ﬂ;o i8o. ’
WEDGE APERTURE (2«°)

VARIATION OF REQUIRED ANGLE OF FRICTION
WITH WEDGE APERTURE AND JOINT STIFFNESS RATIO

Figure 5.17

Typical results from a 300 wedge aperture study are given in
Table 5.1 above. These differ markedly from those published by
Mahtab & Goodman (Ref. 15). The reason for this disparity is not
clear and it was this that prompted a writing of a second computer
Program. Not only are the actual results of analysis different,
but also the method of assessing limiting conditiéns. Mahtab and
Goodman (Ref. 15) chose to calculate the latter from the actual

normal force per unit area and the component of weight of the

0w Hhngle of Friction for
Limi.k(.nﬁ Egquilibrium
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wedge tending to cause sliding in the direction of intersection.
In the author's opinion, sliding will normally occur in another
direction first, and therefore modify the whole situation. This
will be discussed in greater detail in commection with progressive

failure.

Progressive Failure of Wedge

If joint strength properties are assumed then a comparison of
available shear strength and actual shear force per unit area may
be made. If the latter exceeds the former then yielding, or slip,
may be simulated by determining a new value for shear stiffness of
the joint (Fig. 5.18).

g = Available Shear Strength 5(15)
S Maximum Shear Displacement .

If this procedure is adopted for the single element wedges discussed
above then a progressive decrease in shear stiffness will occur
until the available shear strength is equal to the actual shear

force per unit area. If, however, the strength of the joint is such
that rigid wedge calculations show that it would slide, then, except
in the limiting case, the shear strength will always be less than

the shear force per unit area, whatever the joint stiffness ratio.

The above statements amount to the conclusion that the standard
rigid wedge anaiysis always provides the limiting conditions for
stability. The parallel with the rigid wedge analysis is completed
by the observation that as the stiffness ratio increases, the
component of shear displacement normal to the direction of the
joint intersection decreases. In the limit, as the stiffness ratio
approaches infinity, then all shear displacement occurs in the
expected direction since the kinematics of the situation preclude

any other components.
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The very simple wedge models discussed.above, give no
indication of the stress distribution on each joint defining the
wedge since the former are represented by a single constant stress
element. Progressive failure can only be examined by use of a
more complex model so alternative idealizations (Fig. 5.19)
utilizing four plane triangular joint elements were studied. In

this case the symmetry of the situation was used and only half the

" model analysed.

JOINT
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Figure 5.19
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Assuming the same material constants and model dimensions
as before, progressive analysis for the case of a 300 wedge
aperture and 450 dip intersection was conducted. The joint
friction angle was assumed to be 300, since this was known to
be stable from rigid wedge limiting equilibrium considerations.
Table 5.1II gives the joint stresses and required angles of friction
determined from the analysis. Progressive readjustments for eight
iterations resulted in a decrease in shear stiffness on all elements
until a uniform friction angle of 300 was required to maintain the

wedge in a state of limiting equilibrium.

Joint Stresses & Angle of Friction Required to Prevent Slip
Element Iteration 1* Iteration 4 Iteration 8
1 Cn - 50.7 -402-5 -389.7

T 300-2 239-6 225+7
Py 80-4° 30.7° 30.1°
2 | on - 537 -h05.7 | -hoB-1
T 28k« Lt 2kl-5 2364
Pe 79-3° 30-8° 30.1°
3 On - 32-1 -258+5 -261+:9
T 185-1 156-3 152-0
P 80-4° %1.2° 20.0°
L o - 81-8 -557+3 -585+6
T 405-8 3287 338-9
Pbe 78-6° 30.5° 30-0°
*  Stiffness Ratio = 1-0
Table 5.1

5.5.6 Influence of Residual Stresses

The influence of initial stresses on the stability of wedges
exposed during excavation can be studied with minor modifications
to the computer programs. Results of such analyéis reiterate the
point that the measurement of initial stresses is of vital concern

in glope stability.
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The influence of initial horizontal stresses is illustrated
by consideration of the possible cases of stresses either
parallel or normal to the face created by the process of excavation.
If the initial normal stresses are high and compressive then the
joints tend to open when unloaded and there is a corresponding
decrease in joint normal stress. Such a lessening of stress was
noted in connection with two dimensional analysis. However, the
same conditions of limiting equilibrium must still pertain despite

the increase in angle of friction to prevent readjustment slip.

Pigures 5.20 and 5.21 show some results of analyses conducted
assuming high initial compressive stresses parallel to the free
face. The stresses are considerably different, but the conditions
for limiting equilibrium are unchanged. It is notable that the
angle of friction required to prevent slip is reduced quite markedly
for narrow aperture wedges. This effect decreases as the wedge
aperture is increased. Although the joint displacements are
dependent upon the residual stresses the deformation of the main

body of the models is virtually unaltered.
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Influence of Residual Stresses on Required Angle of Friction

The discussion above has some bearing on the variation of

stability with pit geometry. An examination of the stress distri-
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bution for a particular case will indicate whether there is a net
increase or decrease in the stresses parallel to the free face,
and whether a corresponding variation in the angle of friction to

prevent slip is likely to exist. Consideration of the stress

distributions in Figure 5.8 suggests tight geometries are unlikely-

to result in less readjustment slip, particularly if the potential
slide exits high up on the face or is quite superficial. (The
validity of mental superposition of elastic stress distributions
for axisymmetric cases and wedge analysis is dubious, but a
qualitative assessment is all that is claimed.)  Except when
readjustment slip may result in modification of joint strength the
stability of any wedge is unaffected by the stress conditions in
the slope. The factor of safety can therefore be determined from

limiting equilibrium calculations.

AN EXTENSION TO VECTOR METHODS FOR WEDGE ANALYSIS

One of the most interesting results of the Finite Element
analysié of wedge type situations was the insensitivity of the
solution to variations in the elastic modulus of the solid rock.

This motivated the idea that it should be possible to modify the

‘usual rigid wedge model to take account of joint deformability.

If the elastic properties were really unimportant then good
agreement should be obtained between the Finite Element and

Modified Rigid Wedge analyses.

A Simplified Wedge Model with Deéformable Joints

Consideration is given to the simplest possible model; a
symmetrical tetrahedral wedge defined by two planes.
Using the notation given in Figure 5.22 the total weight of

the wedge is:-

W =2 ¥ A H.Cs/fB.Sin« 5(16)

3

where A is the area of each sliding face.
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Figure 5.22

Resolving parallel to the intersection the average shear

stress on the faces is:-

Tp = %H-— : SLn/S. Cosﬁ. SinX 5(17)

The total force tending to drive the wedge into the joint

intersection is:-

V\/Cosﬁ = fg- X.H.A.Cosaﬁ.smo( | 5(18)

If this results in a displacement & normal to the joint
intersection then, because the wedge and its seating are undeform-

able:~

_Tn - oo
Rs.v. Cos & Ry .. Sin & 5(19)

q:n and Op are the average stresses as defined in Figure
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5.22 and v is the displacement of the wedge normal to the line

of intersection and in the plane OCD.

Hence:

T, = o Cot« 5(20)
R

where

a0
[7/]

Resolving perpendicular to the intersection line:-

2A (o, Sind + T, Cos ) = _§_ ¥ AH Cos/BSinet  s5(21)

Substituting 5(20) in 5(21) and rewriting:-

¥HRCos’O Sin*
o, = CO;Sﬁ Sin 5(22)
3(RSin*x + Cos’x)

T, = ¥ H Cos®/3 Sin « Cos
3(RSin*x + Cos™ )

5(23%)

From these expressions it is apparent that, as for the Finite
Element analysis, it is the ratio of the joint stiffnesses that is

critical in determining the average stresses on the planes.

From equations 5(17) and 5(23) the maximum shear force per

unit area is obtained by substitution in the expression:

T = 1/(“CP2 + ’L’:l) 5(2h)
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The angle of friction to prevent sliding is:-

%r = Tan-i(%—_) = Tan—i()\/(’t";j T“l)) 5(25)

n

And the direction of shear with respect to the intersection
line (Fig. 5.22) is:-

T

$p o= TanTt [ 2 5(26)

Tp

In the limit, when the normal stiffness is very much 1argerv
than the shear stiffness then:-~

én >> Rg R — O )
SH 2
o, —> ?.Cosﬁ
To— O. :
Ty —» 2H SinA CosBSina
And P 3 /3 P
;ﬁr-—-—-a— T'o.r\‘i(Slln o(anﬁ)
L]
b — 90
These conditions are exactly those resulting from the normal

rigid wedge analysis in which joint deformebility is ignored.

The Mechanism of Joint Stiffness Ratio Variation

Examination of the above expressions (5(17, 22, 23)) reveals
the influence of joint stiffness ratio. As the joint shear
stiffness decreaées, with respect to the normal stiffness, then
there is a corresponding decrease in the shear force normal to the
intersection and an increase in the normal force per unit area on
each face. For a1l situations, however, the shear force parallel
to the intersection must be constant if equilibrium is to be

satisfied. An increase in Jjoint stiffness ratio will therefore
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result in both an increase in normal force per unit area and a
decrease in the maximum shear force per unit area on each of the
sliding faces. As has already been stated, the direction of slip
will correspond with the direction of maximum shear force per unit
area. Although this is not a kinematically feasible possibility
when total wedge failure by slip is concerned, it is a consequence

of the assumed deformability of the planes of weakness. Only if

the joint stiffness ratio is very high will this direction correspond

with sliding parallel the intersection.

5.6.3 Generalisation of the Modified Rigid Wedge Analysis

The above modifications may be incorporated in the vector
analysis described in Section 5.2. If the test of direction of
sliding (5.2.2) reveals the composite condition to be the case,
then equations 5(8) - 5(11) may be replaced by two vector equations
that may be solved to determine the three components of stress.on

each plane of weakness.

S8ix vectors of average stress describe the state on the two

planes:-

o, . N

M2 T M2 P1,2

From equilibrium:

n, * On, + Tny + T"z + TP;_ + TP; = G 5(27)

If the shear and normal stiffnesses of the discontinuities

are 6; and gn respectively, then:-
1,2 1,2

i

Sr.l: Ony  and 5, = Om 5(28)

R, " Ra

i 2
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With similar expressions describing the digplacements due to

the shear components of stress.

Since the wedge and its seating are rigid, then the displace-
ments of the two faces must be related according to the following

vector equation:-

Ty Ty + Tyl O T + La, 5(29)
o, s, Re, R, | Fs, R,

From the vector analysis in Section 5.2, the following

relationships may be deduced.

0;1 = Cq. oy On, = C2. W,

T = C3.(51x x
4

" 2 l 5(30)
1 B P2 =]

Substitution of equation 5(30) into equations 5(27) and
5(29) yields six simultaneous equations in the constants C1— C6 ,
which are the magnitudes of the stress vectors. Solution of these
equations enables the conditions for limiting equilibrium of each

plane of weakness to be determined.

Results of Modified Rigid Wedge Analysis

The computer program for vector analysis for wedges given in
the Appendix C contains a subroutine based on the method outlined
in the above section. Uging either the 'vector program' or by
direct substitution in equations 5(17) to 5(26) results may be
obtained for the situations discussed in Sections 5.5.2 and 5.5.3.
Figures 5.23% and 5.24 show the very close agreement with the
results of the Finite Element analysis.
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The similarity of the results from the two methods of
analysis supports the original observation concerning the relative
unimportance of the properties of the solid rock. From this it
may be concluded that this Modified Rigid Wedge analysis satisfact-
orily takes account of the influence of joint deformability on the
stability of sliding wedges. It does, however, give no indication
of the displacements of the rock mass and is simply a limiting

equilibrium model.

The direction of slip (Fig. 5.24) shows clearly the‘importance
of joint stiffness ratio. Criticisms based on the supposition that
displacements can only occur parallel to the joint intersection are
only valid if the normal stiffness is assumed to be very large with
respect to the shear stiffness. This is obviously a special case
of the general situation. The method is really applicable when

soft joint infilling results in very deformable discontinuities.

CONCLUSIONS

The results of analyses of axisymmetricval excavations indicate
that high circumferential stresses do not exist for conical pits.
In fact, there is a considerably greater tensile zone at the slope
crest than for a plane face. Based on these observations it is
suggested that vafiations in stability with slope geometry are
primarily due to the statistics of the planes of weakness that form

possible failure units.

The analysis of simple wedge type slides showed that the
limiting conditions, to prevent sliding, may be calculated using the
standard Rigid Wedge methods. Finite Element and Modified Rigid
Wedge analyses are in close agreement and there seems little
advantage in using the former for stability calculations. In more
complex situations, where initial stresses may be important and
where the displacements due to excavation are of concern, then the

Finite Flement Method will provide a complete solution.

It is acknowledged that only small models may be studied using

the computer programs developed. However, all the tools are
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available, so, given larger and faster computers, the techniques
discussed in connection with two dimensionsl analysis may be
applied. Such a degree of sophistication is in advance of current
methods of assessing the parameters defining the real situation.

At present, therefore, time and money is probably more profitably
spent improving the engineering assessment of the problem than on

detailed numerical analysis.
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Synopsis

SYNOPSIS

A brief summary of methods of monitoring the behaviour of
slopes precedes a more detailed discussion of a proposed system
using precise surveying techniques. Some attention is given to
the equipment considered essential for such measurements. Field
trials consisting of repeated co-ordination of points in and
around a small open pit are reported and conclusions are drawn

regarding the practicality of such a monitoring scheme.

Finglly, evidence of the uses of glope monitoring is found

in current literature.
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INTRODUCTION

"If we learn to pay more attention to the phenomenon itself
and take this as teacher, we shall see more. Deformations are
more precisely observed and more clearly assessed than the stresses

calculated back from them."

Muller's (Ref. 1) comments above, have considerable relevance
to one form of slope monitoring in open pit mines. Very precise
determination of displacement will enable the full behaviour of

rock slopes to be understood.

The methods discussed in this thesis, almost without exception,

provide computed values for the displacements throughout an
excavation, at any chosen moment in time. If these methods are
valid, then comparison of real and predicted slope behaviour will
provide a significant indication of stability. If, however, there
is little agreement between theory and practice then the design

methods and the assumed properties of rock masses must be reviewed.

Slope monitoring is also used in the prediction of the time
of failure once a potential slide has been detected. The
necessary measurements may then be less precise, since the
movements prior to collapse are frequently large with respect to

those anticipated in a 'no failure' situation.

SLOPE MONITORING

A wide variety of instrumentation has been used in connection
with monitoring the behaviour of rock slopes. Basically they are

either microseismic or displacement devices.

Microseismic Monditoring

Microseismic activity is associated with the break up of
material and inter rock sliding and has therefore been used exten-

sively to monitor the failure of laboratory specimens under load.
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Slope Monitoring

In the context of slope stability it is not possible to estimate
the expected level of microseismic activity, although assessments
might be made using the stress levels calculated from numerical
analysis. Monitoring this phenomenon therefore constitutes a
qualitative method, so it should be supplemented by displacement
studies. The latter will guantify other data as well as provide

evidence concerning the extent and mechanism of the failure.

In deep underground mines where stresses are high and rock
bursts are a problem, microseisms are monitored to deteot‘potential
danger areas (Ref. 2). In slopes the stresses are generally much
lower and activity is associated with sliding and very local stress
concentrations. Energy is radiated at around 1-10 Hz, which is
fortunate since the higher frequencies found in deep level studies
would be severely attentuated within the highly discontinuous rock

masse.

During slope investigations at the Kimbley Pit (Ref. 3) three
component seismographs were placed to detect radial, tangential and
vertical motion with respect to the pit. Unfortunately, the

reports on the work only state that activity was recorded during

slope steepening, but ceased soon after excavation was complete.

Considerabiy more information is reported concerning slope
failure at the Chuquicamata Mine in Chile (Ref. 4). Moving coil

seismometers, recording events from 0°5 to 12:5 Hz were set for

. operation in the vertical plane and records kept of the number

of events recorded per 24 hour period (Fig. 6.1). Fortunately

it proved easy to differentiate between noise due to the excavation
process, earthquakes and failure events. A very good correlation
between the records of the last of these and displacement studies

was achieved.

Displacement Monitoring

A catalogue of the various methods that have been used to
measure displacements around slopes is beyond the scope of this

thesis. They may, however, be broadly grouped into three types.
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Down-the-hole Instrumentation

The many devices, such as borehole extensometers, the shear
strip indicator and borehole tilt meters (Ref. 5), provide data on
some component of displacement with respect to the borehole axis.
Unless coupled with a collar survey only relative displacements may
be determined, but the methods may serve to define the limits of a
slide once the approximate location is known. Some of these
devices are expensive, both to purchase and install, but they may

be used for remote monitoring or automatic recording.

Crack Measuring Devices

" Many methods of varying complexity have been used to measure
the relative movement between two faces of a critical discontinuity.
In essence the methods consist of measurements between two or more
points either side of a crack. References 4 and 6 give typical

examples.

These devices are usually used as failure warning
instrumentation, since they can only be installed when critical

discontinuities have been isolated. Even when used for this

purpose, they are best employed in conjunction with survey techniques

designed to detect gross movements.

Repeated Survey Technigues

Repeated Surveying of a number of points over a period of
time (using any technique) will enable one or more components of
displacement to be calculated. If failure is involved, then
displacements can be large, and relatively crude methods may be
adopted. For example; 'Tape and Transit' lines can be used
where the topography and pit geometry are suitable. This involves
measuring the departure of points from colinearity, using a
theodolite, and taping of distances between the points. The
latter technique is satisfactory over short ranges and where

undisturbed taping lanes can be arranged.
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Precise levelling is a rapid and accurate method of
determining vertical displacements and, as such, has found wide
usage both on its own and in conjunction with other techniques
(Ref. 7). The alternative method of Trigonometrical Levelling
is unsatisfactory except for relatively large movements and should

therefore only be used when unavoidable.

In the author's opinion the most comprehensive and
satisfactory method of determining the movement around an excavation
is by repeated precise co-ordination of a number of reference points.
In the past, this inevitably would have entailed repeated
triangulation, but the advent of precise distance measuring
equipment has provided preferable alternatives. Such methods

will be discussed at greater length below.

PRECISE SURVEY METHODS

As has been stated above, the aim of precise survey
measurements is either to detect the onset of failure or to
determine the success of design procedures. If detailed computer

analysis has been conducted to determine the displacements

~expected, departure from these will provide warning of potential

slope failure. If no such analysis has been conducted, then
estimations must be based on observed trends. This latter
procedure has been proposed by Watt (Ref. 8), who assumed that a

linear response was anticipated.
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Failure
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Figure 6.2
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The precision required to successfully operate such a scheme
will depend upon the expected displacements. The deformations
given in Figure 6.3 refer to a 45° slope for a pit 100 meters in
depth and were obtained using an elastic analysis as discussed in
Chapter 3. The author believes this to be a realistic estimate
of the displacements that would occur due to excavation, since it
seems improbable that discontinuities will contribute significantly
to elastic recovery. (The discontinuities may, however, introduce
an anisotropy that has a marked influence upon displacements into

the excavation.)

Departures from the anticipated behaviour initially may be
very small. Estimates of the standard deviation of the measure-
ments are essential so that significant departures may be recognised.
Clearly the smaller the standard deviation the sooner potential

slope failure can be detected and remedial action taken.

6.3.1 A Proposed Method

The aim of the method is to determine the three dimensional
vector of movement of points in and around a slope during its
excavation. In order to do this three types of monitoring stations

are necessary.

Primary Stations

Elastic acalyses of slopes indicate that Primary, or
Reference, stations must be placed several diameters from the
excavation. They should, of course, be sufficiently substantial
and isolated to ensure that a continuous and reliable reference
system is provided. Care should be taken to ensure that seasonal
effects, such as shrinkage and swelling of soil with moisture
Yariations, are overcome by suitable foundations on solid rock,

where possible.

Secondary Stations

In many situations the most useful monitoring points are at
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the crest of the slope. Additionally, stations in this location
provide vantage points from which the inside of the excavafion may
be observed. Such Secondary, or Crest, stations must again be
substantial and should ideally take the form of pillars with
special fittings facilitating rapid and accurate mounting of
instrumentation. In general, surveying from Tripod setups should
be avoided since differential movements causing rotation of the
head are almost inevitable. In some situations, however, it may
be impossible to construct pillars that will remain undamaged and

buried monuments will be essential (Fig. 6.4).

Manhole Cover

//}:entna Point

T 7T LI T
o R ————..

oy

LA L
3 3 Brickwork
Concrete l ) : |
Pillar I vix | SOl
LofpY
= BEDROCK
Figufe 6.4

Pit Wall Targets

The nature of pit wall targets will depend upon the method
of surveying adopted. One alternative is surveying by inter-
section. The gtation will then consist only of a simple optical
target. For surveying by bearing and distance measurement a
composite target including a reflector will be necessary. In the
author's opinion stations within the pit should be permanent, and
placed on the rock faces where they are remote from damage by rock-
fall or the process of excavation. In most cases therefore, a

substantial rock bolt should provide anchorage. However, in
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situations where surface spalling is serious some alternative

strategy must be adopted, perhaps using buried monuments on benches.

e}
]

Primary Station S = Secondary Station
Pit Wall Target

L=}
il

Figure 6.5

The survey splits itself into two parts which may or may not
be done simultaneously. Fiprstly, the secondary stations must be
co-ordinates with reference to the primary. Secondly, the movement
of the pit wall targets can be detected by reference to the secondary
stations. Figure 6.5 gives an idealised plan of this procedure for
a small open pit. The method of surveying the secondary stations
is either by triangulation (the measurement of angles) or trilat-
eration (the measurement of distances). The advantages of the
latter over the former have been discussed by St. John and Thomas
(Ref. 9). Watt (Ref. 8) has given a diagramﬁatic comparison of
the accuracy of distance and angle measuring instruments (Fig. 6.6).
Here it is sufficient to state that angular measurement is not
competitive on any criterion, over the ranges involved in pit
monitoring. Whatever technique is used for surveying the secondary
stations, it is essential that precise levelling be used to
determine their elevations. Trigonometrical levelling is obviously

unavoidable for the pit wall targets, but it is a poor alternative
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elsewhere. Surveying the pit wall targets may be achieved by
intersection from two or more secondary stations or by bearing and
distance from a single station. From the point of view of accuracy
and speed, the author is in favour of the latter course, particularly
if targets can be left in-situ. It also eliminates problems of
intervisibility since there should be no difficulty where only one
line of sight is necessary. Furthermore it is frequently difficult
to achieve a well conditioned network if targets are fixed by

intersection.

Complete determination by distance measurement from three
or more points is theoretically feasible, but has practical dis-
advantages. Firstly, it neceséitates either very complex targets
or target adjustment between measurements. Secondly, it is
frequently difficult to obtain a good spatial distribution of

secondary stations from which observations can be made.

6.3.3 Instrumentation

It is relevant to make a few observations and recommendations

concerning necessary instrumentation for the method proposed above.

 Levels and Levelling

The precision automatic levels are likely to produce the best
results in an open pit situation since they are less effected by
the environment than the conventional tilting ilevel. For precise
work they should be fitted with parallel plate or pentaprism
micrometers and used in conjunction with matched double graduated
invar levelling staves. The Zeiss Koni 007 is a most satisfactory
instrument since its totally sealed optics and micrometer are

ideal in a dusty mine atmosphere.

Levelling should be done in closed traverses in order that
errors may be detected. Watt (Ref. 8) suggests that no circuit

closure error should exceed 30 , where

o = 05 /(L/?) mm 6(1)
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and»l. is the perimeter in km.

Trigonometrical levelling does not require elaboration,
although it is relevant to remark that computations are facilitated
if observed vertical angles correspond with the slope of any

distances measured.

Finally, any errors must be distributed and corrections made
for refraction and curvature. The elevation of all stat;ons is
then determined and the data is required to reduce measured
distances to horizontal. (To obtain elevations from Trigonometrical
levelling the co-ordinates of the stations must be known.  These

may be taken from the previous survey.)

Theodolites and Angular Measurement

The choice of theodolite depends upon the required accuracy
and, to some extent, the other equipment used in the scheme.
Reference to Figure 6.6 provides a general guide to instruments and
procedures required to achieve compatibility between angular and
distance measurement. For repeated surveying it must be true that

any instrument necessitating fewer observations is preferable.

For precise work it is vital that the theodolite mounting
is rigid. Both from the point of view of stability and speed,
pillars are desirable. These are particularly suitable if used
in conjunction with a method for rapid and reproducable mounting
of equipment. In this context the Kern system has proved to be

excellent both on pillar and tripod setups.

Whatever instrument is used the surveyor must be fully aware
of the misadjustments that may occur. In any case, compensated
rounds of angles should always be observed and correction made for
'dislevelment' of the theodolite where steep sights are involved
(Ref. 10).
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Electromagnetic Distance Measuring Instruments

There are an increasing number of electromagnetic distance
measuring instruments. Those with relatively short ranges, using
modulated light waves and therefore employing passive reflectors,
have application to displacement measurement if sufficiently
accurate. Table 6.1 gives a summary of the important properties
of some of relevant instruments. Currently, the most accurate

promises to be the Mekometer, which Kern intends to market as a

geodetic instrument.

The choice of instruments is somewhat dictated by target

considerations.

cm, diameter corner cubes being in most common usage.

A1l require retrodirective optical reflectors;6

The targets

are relatively expensive and the large arrays necessary for some

instruments are both costly and cumberscme.

Electromagnetic Distance Measurers

Claimed Targets
Instrument Daylight Claimed for 1lkm
Range Accuracy Range*
Kern Mekometer 3 Km 0.1lmm ¥ lppm 1
ME 3000
Tellurometer 2 Km 1-5mm A lppm 3
MA 100
Hewlett Packard 3 Km Bm% + lOppmo 1
38004 & 3800B (-40"¢c to +407¢)
Aga Geodimeter 5 Km Smm + lppm 1
64 (Standard)
Bulb
wild 1 Km 21 cm 9
DI 10 Distomat
Zeiss 2 Km I1cem v
SM-11 & Regelta 14

*

All use Retrodirective prisms

Table 6.1
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Targets

For angular measurement precise traverse targets are
necessary. If used in conjuné?ion with distance measurement these
should be completely interchangeable with the optical reflectors
as well as the theodolite and distance measuring instrument. For
pit wall targets, however, a composite arrangement including a

reflector will be essential if these are to be left in situ.

The retrodirective reflectors possess the advantage‘of being
non-critical as regards alignment with the line of sight. There
is, however, a small error due to misalignment and this depends
upon the method of mounting. The measurements by Cheney (Ref. 11)
given in Figure 6.7 refer to a target with an axis of rotation

about its rear apex.

-

nment
N ICY

n
S
1

Error (n Angulqr A\\'.s
5

0. M v v Y T
1 2. 3 4 5. 6.

Error tn Distance (mm)

— Subtract from Measured Oistance —

Figure 6.7

If the target is mounted correctly, with the axis somewhere
within the reflector, then errors due to misalignment are cancelled
by real changes in length. Based on the assumption that measure-
ments are always made with reference to this axis, then alignment
problems may be ignored when determining displacements of fixed

targets by bearing and distance measurement from one station only.

Figure 6.8 shows a compound target constructed for use by the
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author. This consists of a 6 inch square anodized metal target
with the 'bulls eye' replaced by a 1 inch diameter corner cube.

The housing for the corner cube is coupled, via a ball and socket
fixture to 1 inch diameter studding which may be fixed as a resin
bounded rock anchor. Using the Mekometer this target has a maximum
useful range of about 1,000 ft.

It should be noted that the Mekometer requires reflectors to
be stress free, since it utilizes elliptical polarisation modulation.
The corner cubes, which are grbund to a tolerance of better than
10 seconds, are therefore relatively expensive. Other instruments
work on a differeht principle so there seems ample scope for
investigating cheap reflectors which do not provide a financial

deterrent to leaving them in situ.

Accuracy of Meagurements

The accuracy of individual measurements has already been
stated. It is, however, pertinent to remark that due attention
must be given to the conditions in which the survey work is conducted.

Open pits are very likely to give rise to anomalous air conditions

so refraction and shimmer may be serious problems. Horizontal

refraction over the pit is a particular problem which is not
generally encountered élsewhere. It may have a significant
influence on the accuracy of angular measurement but is unlikely to
effect distance measurements. Proportional errors in electro-
magnetic distance measurement are 1 ppm for every 1°¢C error in the
temperature estimation. From all points of view, therefore, it
would appear advisable to survey when the air conditions are most
stable.

When all necessary corrections have been made and distances
reduced to a common horizontal plane, the co-ordinates of all
points may be calculated, if those of the reference scheme are
known. Finally, displacements may be determined by comparison with
previous results. (Of course, it‘is also possibie to calculate
displacements directly from differences in the reduced data.) In

order to give meaning to these results it is necessary to have an
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estimation of the likely error. Since estimates of the accuracy
of individual observations can be made then it is possible to
calculate the likely error in the co-ordinates determined for any
station. This procedure has been discussed at length by Watt
(Ref. 8) in comnection with pre-analysis of a survey configuration
to test whether it will yield the required accuracy. The method
of calculating the so called 'error ellipses! (Fig. 6.9) will not

be reproduced here.

’DésPIacemen.t
Vectors

Figure 6.9

SLOPE MONITORING AT GORTDRUM MINE, IRELAND

Gortdrum is an open pit copper mine situated a few miles
outside Tipperary, in the Republic of Ireland. The pit is small,
measuring about 2,500 x 800 feet, but it is geologically complex.
A large fault runs down the long axis of the pit and divides it

into two halves with rather different characteristics.

Owing to the close proximity of the tailings dam to the pit
and the economic necessity of mining at the maximum safe slope
angle, some form of slope monitoring has been considered essential.
The author was fortunate enough to try out ideas in this realistic
situation. Also, since these measurements were not part of the
scheme used by the mine, it was possible to place emphasis on
assessing the practicality of the method rather than routinely

producing results.
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6.4.1 Operational Procedure

Since the monitoring project was to be relatively short-
lived and the final geometry of the excavation was uncertain, the
monuments were chosen to be simple and easy to construct. A
station at the eastern end of the pit was assumed stable as it was
relatively remote and development at that end limited. A station
at the western end provided the far point of the main baseline
running down the length of the pit. The orientation of this
baseline could be checked by reference to a church spire Qith a
conveniently ornate cross on the apex. Originally six other
crest stations were positioned around the western end of the pit
(Fig. 6.10), where the excavation was deepest. Some small
failures had already occurred, on the southern side, in massively

bedded sandstones and mudstones.
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Figure 6.10
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The crest stations consisted of metal tubes inset in concrete.
For centering purposes a small plug could be inserted and for
trigonometrical levelling an extension and crosspiece fixed as

shown in Figure 6.11.
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Figure 6.11

Despite the roughness of this scheme the results obtained
using the Mekometer are fairly impressive. (The prototype of the
instrument was kindly lent to the author by its originator Dr.
K.D. Froome of the National Physical Laboratory, Teddington.)
Table 6.II gives the results for repeated measurements of the main
baseline throughout the period of the field trials. It should be
noted that errors include those due to centering. For the latter
purpose the self centering metal tripods manufactured by Kern were
used. They proved very satisfactory providing a check was always

made that the centering rod was not constrained by the centre mark.

Targets on the pit wall were surveyed by intersection so were
simply % inch screw heads or nuts. These proved very satisfactory
for precise sighting but only the author could see them at the
range involved! Clear identification was necessary and it was

found useful to repaint both the sighting points and indicator



6.4.2

CHAPTER 6

OBSERVATIONAL METHODS

Monitoring at Gortdrum

219

targets at the start of any series of measurements.
swinging on the end of a rope and scrambling over broken material
involved during the repainting, provided a practical demonstration

of the convenience of targets that could be left undisturbed.

levelling of the crest stations and then co-ordinating by trilat-
eration, using the Mekometer.
intersected from two or more crest stations, two compensated rounds
being taken at each with a Watts Microptic No. 2 theodolite.

scheme proved quite satisfactory and the author was able to complete

Measurements of Main Baseline Reduced to Horizontal

Horizontal
Date Number of Length
Observations cms
May 1970 2 75225+19
July 1970 1 75225+ Ol
Oct. 1970 L 7522520
Dec. 1970 75225+32
Feb. 1971 - 75225+36
Table 6.II

The surveying procedure consisted of trigonometrical

The pit wall targets were then

all measurements,.unaided, in about three days.

Surveying Calculations

D)

(2)

(3)

(&)

Calculation of results was split up into five parts.

Trigonometrical levelling for crest station

elevations.

Reduction of distances to horizontal.

Trilateration calculations for co-ordinates

of crest stations.

Intersection of pit wall stations. A third

ray was initially used as a check but was

The amount of
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dropped as the aﬁgle of intersection was very

acute.

(5) Trigonometrical levelling for the pit wall

target elevations.

- Computations were performed with a Hewlett Packard 9100E,
although use could have been made of larger computing facllities for
such routine work. However, the author believes there is
considerable advantage to be gained in bresking down the calculation
into small steps as above and using one of the increasing number
of programmable desk calculators. The advent of surveying
equipment providing digital output onto punched paper tape may

facilitate direct computer processing in the future.

6.4.3 Results of Measurements

Table 6.III gives records of movements of some stations
throughout the period of measurement. Stations on the eastern
side were lost, due to two small slides and the resulting clearing

up operation, so they are not included.

The tight Weétern end of the pit seemed most stable. This
was anticipated since the structural features lie predominantly
normal to western face. Two monolithic blocks on the southern
side excited initial interest, but main mining operations transferred
way from the area and the blocks appeared to ctabilize. There was
no evidence of massive movement on this southern side and therefore

no immediate concern for the tailings dam.

6.4.4 Conclusions from Field Trials at Gortdrum

Although the measurements could be done quite rapidly, it was
obvious that considerable time would be saved by the use of pillar
instead of tripod set ups. These should have very substantial
foundations and should be placed far enough back from the crest to

minimise the risk of loss through a small bench failure.
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June 1970 July 1970 Oct. 1970 Dec. 1970 Feb. 1971
Station E N H E N H E N H E N H E ‘N H
R.M. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0.
W. 0. 0. 0. +0.2 0. -0.2 +0.1 0. -1.3 0. 0. 0. -0.1 0. 0.
N.W. +1.3 -1.5 -1.2 +1.7 +40.1 -0.2 +0.9 0.6 2.5 +1.1 -1.5 -1.2 +1.1  -1.7 -3.2
M.N. +0.6 -0.3 1.0 Original Station Lost
N.E. +1.2 +0.3  -1. -0.4 -3.3 -1.5 Original Station Lost
S.VW. Original Station Lost +0.7 -0.4 -1.9 -0.7 -0.7 -1.5 -0.5 -0.1 -1.8
M.S. +0.4  +0.1 +0.1 +2.0 +1.7 -0.4 +0.2 +0.6 -0.5 0. +1.0 +0.6
S.E. Original Station Lost +2.0  +2.7 -0.h4 -0.3 +0.3 -0.1
B.E. +1.7 +1.5 +1.1 +2.5  +1.h4 0. +2.3  +0.9 +l.2 +1.7 +0.6. +0.2
9 0.0 +0.5 -1. 0.0 +2.0 -0.5 -1.0 +15.5 -5.5 Station| Lost
8 +0.5 +0.5 0. +1.0 +4.0 0. +1.0 +4.0 -1.5 +1.3 +43.5 -0.7 +0.6  +4.0 -0.6
7 0.0 +1.0 0. +1.0  +4.0 0. +1.0  +3.0 -2. +1.0  +4.0 -0.5 +0.2  +h.7  -1.9
B.W. +2.1 -1.0 0. +2.5 +3.0 0.3 +5.5 +.0 -3, +3.7  +3.1 -=0.3 +#.0  +4.1  -3.2
12 +1.0 +3.0 -1. +2.5 +6.5 1. +2.5 +6.3 =3 +3.0 +7.5 -2.5 +3.5 +8.8 -3.6
13 +1.0  43.0 -0.5 | +2.5 +3.5 -l. +2.5 +6.0 -3.5 | +2.9 45.5 3. +3.6  +6.4  -L.5
10 +0.5 +3.0 -0.5 +2.5 +5.5 0. +2.5 +6.5 -=2. +3.0  +5.0 -1.2 +2.9 46.9 -2.0
11 0.0 +3.0 0. +1.5 +5.0 0. +1.0 +6.0 -2. +1.5 +7.0 -1.1
16 +0.5 0. 0. +0.5 0. 0. 0. 0. -1. +0.6 -1.0 1.0 +0.5 -1.1 0.
1k 0. 0. 0. 0. 0. -0.5 +0.5 0. -1. +1.0 -1.5 -0.7 -0.9 -1.3 +0.3
6 +0.5 0. 0. 0. 0. 0. 0. +1.0 -1.5 +0.7 -l1.2 -0.8 +0.4  -0.9 +0.1
+0.5 0. 0. 0. -0.5 +0.5 0. 0. -1. +0.3 -1.6 -0.5 +0.4 -1.7 40.3
15 +0.5 0. 0. 0. O. +0.5 -0.5 +0.5 1. 0. -1.0 -0.5 -0.3 -1.0 +0.3
L +2.5 -3.5 -2.0 +3.5 =2.5 =2.5 +3.0 -3.0 -3.5 +3.6 ; -4.5 3.5 +3.3  =L.5 2.7

Displacements at

Table 6.IIT

Gortdrum - First Measurement May 1970
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The weak point of the scheme was definitely the trigono-~
metrical levelling of the crest stations. Not only was it
comparatively inaccurate but it was inconvenient for calculation,
as the vertical angles did not correspond with measured distance.
The intersections at the pit wall targets were generally too
acute (about 30°). Unfortunately, the geometry of the excavation
made it difficult to do otherwise without considerably increasing
the length of the sights. Bearing and distance measurements would
not be subject to this problem, and are therefore preferred by the

author.

The quality of angular measurement was noticeably weather
dependent. Vertical angles tended to be more consistent between
rounds than horizontal angles. This was attributed to horizontal
refraction, but could be due to differential expansion and
subsidence of the tripod legs. In general, disagféements between
consecutive rounds was of the order of one to two seconds for

both horizontal and vertical angles.

There has been no attempt to draw any conclusions regarding
slope stability at Gortdrum. The fileld measurements were not of

sufficient duration to provide useful data and the geological and

 rock strength data is too limited to permit any meaningful

numerical analysis.

SLOPE MOVEMENTS AT THE BERKELEY PIT

Anaconda's Berkeley Pit at Butte, Montana, has a history of
small slope failures. The author visited this site for a few days
and was provided with records of slope movements in an area where
slope faillure was anticipated. The information gathered is

reported briefly as an example of typical field measurements.

Large movements were detected at the crest of the pit. In
the particular location the slope was standing at about 50O and
the crest was some 330 feet above the next working level. The
rock was predominantly weathered and unweathered granite, with

about 130 feet of oxidized ore at the surface.
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Cumulative movements of up to five feet were apparent, on
a few major discontinuities, when the author visited the site.
Measurements on a series of lines of posts had been made over the
preceding four months. Typical results of taping between posts
are given in Figure 6.12. Teking results from all lines, contours
of displacement occurring over a particular time span may be
plotted as in Figure 6.13. This provides a useful method of
presenting data.

No mapping of surface cracking or geological structﬁre had
been carried out so the author spent some time collecting data
summarized in Figure 6.14k. Comparison between Figures 6.13 and
6.1L showsthe very strong structural control on the movements.
On the basis of the geological measurements it appeared that the
slide was either deep seated, or a local toppling failure.
Cra_cking on lower benches, a large component of horizontal
displacement and a total lack of evidence of movement in the toe

region tended to support the latter as a possible explanation.
A later report revealed that the slope did not fail as
anticipated, and it was eventually flattened to prevent further

problems.

AN BXAMPLE OF COMPARISCON WITH COMPUTER PREDICTION

The only example available in the literature appears to be
that on work carried out at the Kimbley Pit by Kennecott Copper
Corporation and the U.S.B.M. The original Finite Element
analysis was conducted by Blake (Ref. 12) who considered the rock
to be linearly elastic but took account of different rock types
and residual stress states. He concluded that the stress state
was low with respect to the rock strength and that it might

reasonably be assumed that the rock would behave elastically.

A test during which the slope was steepened by excavation was
carefully monitored in adits behind the slope face. This provided
excellent data with which to compare further computer analysis

since the total displacements resulting from the material removal
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were megsured. In the event, agreement between observed and
computed behaviour was excellent (Ref. 13). The test has
provided the only field data concerning the elastic recovery of

a rock mass due to the excavation of a pit (Fig. 6.15).

It should be noted that correlation was achieved only because
measurements commenced before the excavation gtarted. In any
displacement measurement gystem this is essential.  All too often
displacement studies start only after a slope has already.

deteriorated beyond recovery.

AN EXAMPLE OF WARNING OF FAILURE

The slide at the Chuquicamata pit in Chile provides an
excellent and well documented example of displacement measurement
used to predict slope failure (Ref. 4). In this case movements
were large and relatively crude surveying'methods proved to be

satisfactory.

Measurements of displacements throughout the gliding area

resulted in plots of cumulative displacement versus time for the

~ fastest moving point (Fig. 6.16). This was used to predict the

date of failure a month before it actually occurred. Although a
considerable amount of guess work was involved in deciding exactly
how much displacement could occur before total collapse, the
estimate was correct to the day. Pit production was only slightly
affected and there was no loss of life although 12 to 15 million

tons of material were involved in the slide.

CONCLUSIONS

The prediction of time of collapse, or early warning, has
been the main function of observational methods in connection with
rock slopes in open pit mines. In this context, simple digplace-
ment measurements and records of microseismic activity are proven
techniques. Undoubtedly, others will be used in the future.
Already Terrestrial and Air Photogrammetry (Ref. 14) are

attracting attention as methods of monitoring displacements.
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The precise determination of surface displacements by
surveying techniques has been discussed in detail. The advent of
accurate distance measuring equipment is certain to have a
profound impact in this field as displacements may now be monitored
with great precision and relatively little effort. If such
information can be gathered from the start of an operation early
warning of potential slope failure will be possible. Field
studies of this type are vital to the advance of the subject of
slope stability since only then can the modern numerical ]

techniques be evaluated.
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Synopsis

Synopsis

The properties of a modelling material, and discontinuities
introduced into it, are discussed with reference to the material
behaviour proposed in Chapter 4. The idealized relationships
necessary for computer analysis are obtained from reported laboratoxy
test data.

A physical model of a multijointed rock slope is analysed
using some of the two dimensional finite element techniques discussed
in this thesis. A comparison is made between the displacements of

the physical model and the various computer simulations.
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INTRODUCTION

A number of computer techniques for modelling rock slopes
have been discussed in this thesis. No justification by comparison
with real situvations has been possible. Any examples have been
idealized models studied for the purposes of illustration.
Unfortunately the author does not have access to a sufficiently
well documented study of slope behaviour on which to conduct an
exhaustive computer analysis. Indeed, it is probable that no such
case exists as the procedures of precise slope monitoring‘and

jointed rock testing are relatively new and unpractised.

The most comprehensive computer simulations discussed in this
thesis are two dimensional and are immediately an approximation to
the real situation. Of course these techniques are readily extended
to the full three dimensional case. Doubtless this will be done in
the future. For the present, however, the ideal check is against a
well documented, two dimensional model of a jointed rock slope.
Obviously it is important that the physical characteristics of the

model should be representative of the real situation.

Barton (Ref. 1) has described a number of studies of jointed

 rock slopes. These are well documented with details of boundary

conditions, excavation procedure and displacements prior to failure.
He also gives extensive information concerning the characteristics
of both the solid material and the discontinuities introduced by
tensile fracturing. Tests on the latter prcvided evidence on
which to base the idealized behaviours discussed in Chapter 4.
Altogether, Barton's study provides an excellent opportunity to
demonstrate the use of the numerical methods, discussed in this
thesis, to study a practical problem. It is also possible to

compare observed and computed behaviour.

THE MODEL

The model was constructed from 16" square slabs, 1" in thick-
ness, of a material comprising read lead sand/ballotini and plaster
of paris (Ref. 2). Regular sets of parallel joints were produced
in these slabs by propagating a tensile fracture through them by
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means of a specially designed guillotine.. The strength of these
discontinuities was carefully matched with the material density to
give geometric and stress scaling factors of 500 : 1 and 666 : 1
respectively. (For the purposes of computer analysis the real

model properties will be used throughout.)

The completed model, measuring 8' long and 4' high, was
assembled from 18 slabs with the loading rig in the horizontal
position. It was then rotated slowly to the vertical while the
horizontal loading was increased to retain a constant ratio with
the vertical loading due to gravity. In its final position, under
plane stress conditions, a pit was excavated in the centre of the

model by means of a spatula and a vacuum cleaner.

The model to be discussed was designated number L.M.3 by
Barton (Ref. 1). It contained three joint sets at half inch
spacing and was symmetrical about the centre line (Figure 7.1).
The boundary conditions were carefully controlled so that the
initial horizontal stresses were one half of the self weight
vertical stresses. The lower boundary was fixed but the side

boundaries provided a partially following load.

\

@ 1
- \

ELNN NN V]

1

™~

|

T~
I

Figure 7.1

Excavation was performed in a series of steps. At the end
of each the new displaced condition was recorded photographically.

Displacements of a number of sample points were thereby known to
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an accuracy of about 0-006 inch. Those recorded at the crest of
the slope were larger than elsewhere and are given in Table 7.I1.

In general the displacements decreased towards the toe, where they
were predominantly horizontal. Final collapse occurred with a
symmetrical excavation 31'2" in depth, about 6n across the base and

a slope angle of around 82°.

Depth Displacement Inclination to Horizontal
(Inches) (Inches) Dipping into the Excavation
(Degrees)
0- 0- 0.
8- ‘ 0-034 21.
16. 0-031 15.
25 0.049 14.
30- 0.086 16-
31.2 FAILURE
Table 7.1

THE MATERTIAL AND THE PROPERTIES OF DISCONTINUITIES

The elastic properties of the solid material were determined

, Trom uniaxial compression tests on specially prepared specimens.

The following apply to the material from which the model was

constructed.
Density ] = 0-07 1bf/in’
Youngs Modulus (50% U.C.S.) = 1.07 x 107 1b£/in®
Poisson's Ratio (Estimated) = 0-15

Uniaxial Compressive Strength 20.14 lbf/inz

The joints produced in the slabs by the guillotine were
rough but continuous unless stopped by pre-existing discontinuities.
Three'different types of joints weré distinguished according to
their order of occurrence (Figure 7.2). The diffgrences between

their properties are seen clearly in Figures 7.3 - 7.6.
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Primary Joint Continuous

secondary Jjointing

Secondary Joint Discontinuous

Cegme S S,
,—JN,%7V\%,— Primary Crossed Joint Continuous, but
\ influenced by

Figure 7.2

Idealized Behaviour for Computer Simulation

The upper portion of Figure 7.3 shows the relationship
between shear force and shear displacement resulting from direct
shear tests on 2-32" X 1-0" samples containing a single vrimary
discontinuity. Barton (Ref. 3) suggests that these provide

evidence that the displacement to peak is independent of normal

. stress. In view of the scatter of results the author feels

justified in retaining the constant shear stiffness approach

discussed in section 4.5.2.

Figure 7.k indicates fhat the residual angle of friction for
the primary Jjointing is close to 450. Figure 7.5 shows that over
the normal stress range relevant to the model study the ratio of
peak to residual shear strength is sbout 2. The residual shear
strength per unit area is 1°0 lbf/inz. If the displacement to
peak strength is taken as 0.02" then the required shear stiffness
to match the initial shear behaviour is 100 lbf/inz/in. The
approximation of the joint shear behaviour, based on the above

information, may now be drawn as in Figure 7.7.

The lower portion of Figure 7.3 shows the dilatation of the
joint during shear whilst subject to a variety of normal stresses.

For the purposes of simulation this behaviour is split into two
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parts which are recoupled in the analysis. Figure 7.7 shows the
dependence of dilatation on the normal stress and Figure 7.8 the

dilatation that occurs at 'zero' normal loading.

Finally a normal stress displacement relationship is necessary.

Figure 7.6 shows that the overall normal behaviour is strongly non-
linear although the joint deforms fairly linearly once any
consolidation stress is reached. The joint normal stiffness was
chosen as 2. x lO5 1bf/in2/in to match the behaviour at the relevant
stress state. The process of excavation is primarily one of un-

loading and the normal stiffness is selected accordingly.

The method of analysis discussed in section 4.4 did not take
account of the complex behaviour laws described above. In order
to apply the method to this model, properties representative of
pre-peak response of the three joint sets were therefore selected.
These are given in Table 7.II and can mainly be deduced from
Figures 7.3 - 7.6.

Joint Set Normal St%ffness Shear Stiffness Cohesign Angle of
1bf/in"/in 1bf/in"/in 1bf/in Friction
66° (Primary) 2 x 107 23- 0.1 58°
Vertical (P.C.d.) 2 x 107 30- 0.1 58°
Horizontal (8) 1- x 107 80- 0.2 60°
Table 7.11
7.5 COMPUTER STUDIES

In order to attempt to test the range of computer programs,
two finite element models were used. The first of these was for
continuum analysis. Both isotropic and joint controlled
anisotropic behaviour were considered. The second model attempted
to simulate the discontinuum by the inclusion of joint elements.
Unfortunately the real model comprvised some forty thousand discrete
wits so the finite element approximation was necessarily poor
(Figure 7.10).
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Continuum Analysis

A relatively coarse mesh of 270 elements and 304 nodal
points was used as only the order of magnitude and the direction
of displacements were of real interest. Only half the model was
studied and the mesh was constrained to excavate to an 82° slope
at the full depth of 32".

The results of the elastic, isotropic analysis, using actual
modelling material properties, draws attention to the ver& small
contribution of elastic behaviour to the total deformation.  The
displacements shown in the upper portion of Figure 7.9 are those
due to excavation to full depth. They are too small to have been
recorded during the model study as the displacement measuring
accuracy was about O~OO6". It would, however, be wrong to conclude
that the elastic recovery of a slope on ﬁnloading is always

insignificant (Ref. 4).

The method of superimposing deformabilities to calculate
joint controlled anisotropic material constants was then used. The
bulk properties of the jointed model material were deduced from the

intact elastic properties and the stiffness given in Table 7.I1I.

" The resulting displacements from an analysis assuming this

behaviour are given in the lower part of Figure 7.9. Again these
do not correspond with those measured in practice. Although the

displacements are of the right order of magnitude they occur in the
wrong place and in the wrong directions. Elastic recovery of both
the solid and the jointing clearly playsmimportant role despite the
marked influence of the steeply dipping joint set. In reality the

behaviour of discontinuities is not reversible.

For the sake of completeness the stress distributions were
plotted for the above studies. These revealed that the horizontal
stresses in the region of slope were lower for the anisotropic
case. In fact a zone of tension parallel to the slope face
persisted over much of its height. A ubiquitous joint analysis
for the 66° joint set, using the properties listed in Table 7.II,

showed a much larger slip zone for the anisotropic case.
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Elastic Analysis of the Jointed Model

The finite element model given in Figure 7.10 is almost the
largest that can be treated using the program listed in Appendix B.
It does not take account of the horizontal set, but includes as
many as possible of the vertical and steeply dipping joints near

the final slope profile.

A single step excavation to full depth resulted in the
displacements shown in Figure 7.11. These displacements.contain
no component due to slip as they are the elastic response of the
model to unloading. The chief difference between these values and
those recorded during the model study is the much larger horizontal
displacements recorded in the latter case. Progressive reduction
of shear stiffness on over stressed discontinuities would result in
displacements parallel to the steeply dipping joint set. Only
toppling or dilatant behaviour for the joints could result in large

horizontal components of displacement.

The most interesting feature of this analysis was the presence
of tensile stresses on the steeply dipping joints at the slope face.
This is not a physically reasonable phenomenon and is probably due to

the relatively coarse mesh used. The erroneous result arises

because of the assumption of constant stress elements when calculating

the excavation loads equivalent to the residual stress state.

Attempts to model progressive slip on overstressed joints
failed owing to the generation of negative shear stiffnesses.
Examination of Figure 4.11 shows that this occurs if the residual
shear stress is greater than the current shear strength. The latter
condition requires some arbitrary resetting of shear stiffness that
was not included in the existing program. It is possible that the
problem might not occur if a multistage excavation were performed.
However, this approach was not pursued. The above discussion
provides a good example of the difficulty of modelling a work

softening material using a direct iterative approach.
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For interest, it is perhaps worthwhile to record the computer
requirements for the above analysis. Using a variable stiffness
version of the computer program given in Appendix B the storage
requirement was 37,000 words of central mewory. For every iteration,
by formation and inversion of the stiffness matrix, about 62 seconds
of central processor time were used od the C.D.C. 6400 at Imperial
College.

7.5.3 Analysis Using Comprehensive Material Laws

The first study was carried out assuming the excavation to
be made to full depth in a single step. The comrvrehensive !
material properties given in Figure 7.8 were used. The initial
cycle of the calculation gave results differing from the elastic
analysis described above (Fig. 7.11) by virtue of the different
initial stiffnesses of the joints. There was, of course, the same
tendency that was observed previously for very low, to tensile,

stresses on the steeply dipping joints near the surface.

Examination of the existing and permitted joint stresses and
displacements revealed several interesting facts. Firstly, there
was an area of tension on the joints along the crest. Secondly,

it was noted that most joints not in tension were within their
shear strength and should therefore behave elastically in shear.
The line of joints one above that passing through the toe was most
critical, with slip predicted on the lowest two elements (Fig.
7.12). Thirdly, it was.observed that the dilatation corresponding
to the existing shear displacement was generally several orders of

magnitude greater than the permitted normal closure.

Resubmission of the model for the next iteration gave rather
unexpected results. The displacements appeared reasonable but the
joint normal stresses had increased throughout the model by orders
of magnitude. The dilatation was therefore automatically reduced
to zero for succeeding iterations. This erroneous result was seen
to be caused by very high dilatations and dilatational forces input
from the previous iteration. In fact the errors in the calculation

of the dilatation component of behaviour were much greater than the
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original normal stresses.

By way of experiment the above procedure was repeated without
horizontal residual stresses. Exactly the same problem of very
high normal stresses due to dilatation was met. It was therefore
decided to alter the joint properties-in such a way as to limit
the dilatation. This was achieved by reducing the joint normal
stiffness, increasing the permitted maximum closure and decreasing

the maximum dilatation. The revised joint properties were:-

Normal Stiffness 0.2 x lOLlL lbf/inz/in
Maximum Closure - 0.1 x 10_2 in
Maximum Dilatation 0.7 x 1077 in

Normal Stress Increment 0.2 x 10+ 1bf/'in2

The first test using the altered joint parameters was carried
out with a model excavated to half the full depth. The results
were considerably more satisfactory as the dilatation and permitted
normal closure were more comparable. It was, however, observed,
from the iterztions that were performed, that the no-tension
condition was resulting in a divergent rather than a convergent
solution. The author therefore decided to cut the tension
 elimination calculation out of the program for further analysis.

(It is retained in the program listed in Appendix B as it functioned

satisfactorily during test runs.)

The final analysis of the model simulated a cut to full depth
in a single step. The initial elastic displacements for this
model, as obtained from the first iteration, are shown in Figure
7.13. For simplicity only the displacement of the centroids of
the blocks at the surface are plotted. Slip and dilatation were
then permitted according to the prescribed laws. After four
iterations a distinct structure bounded by tension and slip
developed. This is shown in Figure 7.1l4, together with the
existing displacements. Further iterations resulted in increased
displacements into the excavation (Fig. 7.15). However, stresses
were generally too erratic for any conclusions regarding the

stability of the slope to be drawn.
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Practical Considerations

It is probably of some interest to state the procedure and
computer requirements for the above\analysis. With this end in
view the flow chart given in Figure 7.16 has been constructed.

(Further details are given in Appendix B.)

Clearly it is impractical to run a lengthy analysis in one
pass. Not only is it impossible to state beforehand how many
iterations are nedessary for any increment, but it is improbable
that it is convenient from a computing standpoint. Figure 7.16
shows how the analysis may be performed as a multipass exercise.
The logic of the flow chart is internal to the computer program
and the path followed is determined by the data cards submitted

on any run. All that is required externally is to ensure that

the correct files are ready, and contain the anticipated information.

Three basic conditions exist:-

(1) PFirst run with the model:-

A1l data read from cards.

(2) Not the first run. The last increment was complete:-

Read data from tape.

(3) Not the first run. The last increment is to be continued:-
) Read data from tape.
Recover element properties tape.

Recover reduced stiffness matrix tape.

Of course, at the end of any of these runs the necessary tapes
for restarting the calculate must be saved, either physically or

by storing their contents on another file.

Running the program listed in Appendix B required 42,000 words
of central memory on the CDC 6400 at Imperial College.  The
computer time for the model discussed above was about 68 seconds

for an iteration involving a recalculation of the model stiffness

matrix and 23 seconds for iterations involving only load perturbations.
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This should be compared with 62 seconds for each iteration using

the variable stiffness method.

CONCLUSIONS

It has been demonstrated how ingut parameters for numerical
analysis may be determined from laboratory testing of a Jjointed
material. Those obtained were utilized in a number of simulations

of a physical mcdel.

The computed displacements of the elastic continuum model
were very different from those reported for the prototype. The
elastic recovery of the joints made a significant contribution in
the case of the anisotropic model. Such behaviour was not observed
in the prototype and is unlikely to be observed in nature. To
overcome this problem the calculation could be done iteratively,
with elements ascribed properties according to whether they were

loaded or unloaded over the current increment.

The discontinuum model was first studied using the variable

stiffness method described in Chapter k. This was found to fail

owing to the presence of negative joint stiffnesses generated

during unloading by excavation. In the context of slope stability
this problem is likely to occur if this method of analysis is
adopted.

' The discontinuum model was then studied using the comprehensive
computer program listed in Appendix B and described in Chapter k.
This approach broke down owing to very low joint normal stresses
oceurring with very large dilatations. This problem is perhaps
common to slope situations, but also reflects the very rough

discontinuities present in the prototype.

By adopting adjusted joint properties the model was success~
fully simulated. However, the results were rather erratic. This
was probably due to two reasons. Firstly, there may be a problem

connected with the calculation of dilatation from the total stress

' state rather than stress disturbances. Secondly, it is essential

S
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that such a complex model be simulated in very small increments of
change so that a realistic history is followed. Such a procedure

is lengthy and expensive and was not attempted within this study.

Although the results of the model simulation are not
conclusive the author believes the exercise to be a useful
illustration  of the methods discussed in this thesis. The short
comings are discussed briefly above and point the way to further

work in this field.

The comprehensive simulation that has been developed is
potentially a useful tool in rock mechanics. The way appears to
be open to model virtually any prescribed behaviour. The computer
program listed in Appendix B may serve as a basis for further
investigation. Such a study could usefully examine the importance
of considering finite, rather than infinitesimal, strain. At all
times further development should be made in parallel with physical
models simple enough to permit a reasonable representation to be
achieved using the numerical models. In retrospect the model
discussed in ihis chapter was too large and too complex to provide

a useful test case at the current stage of development.
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APPENDIX

A

PLOTTING INPUT AND OUTPUT OF
TWO DIMENSIONAL FINITE ELEMENT STUDIES

1) Data Checking and Mesh Plotting
2) Contour Plotting Program (a)
3) Contour Plotting Program (b)
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DATA CHECKING AND MESH PLOTTING

PURPOSE: ~ To check the nodal point and element data for the 2-D
programs., There is the option to plot the mesh.

INPUT: - Deck of nodal point and element data as used for the
finite element program. Plotting data if required.

OUTPUT: - Complete listing of data and model bandwidth. Plot
of finite element mesh with the element number at
each centroide. )

INPUT INSTRUCTIONS AND PROGRAM NOTATION . FORMAT
CARD 1 NUMEL ‘Number of Elements 15
NUMNP Number of Nodes
NPLOT = 0 if plot not required
CARDS 2 N Nodal point humber 15,F5.0,2F10.0
CODE(N) Displacement code
R(N) X ordinate
Z(N) Y ordinate
CARDS 3 M Element number 615
1X(M, 1)
1x(M,2) List of nodes defining
1X(M,3) element
1X(M,4) '

1X(M,5) Material identification

CARD 4 ANG Orientation of element number

(+ve anticlockwise from hori-

zontal)
FACT Scale factor.Plots twice size
S if equal to 2. 3F5.0
SI1ZE Size of number

ENDPLOT Enplot value for Calcomp Plotter

CARD 5 XSHIFT Shift origin of model for plotting
in : 2F5.0

YSHIFT X and Y directions respectively



PRCHRAM STIOCINPUT, OUTPUTY,TAPES=TNPUT, TAPEE =~ QUTPUT, TAPEG?) 000225 i LRADXLRAD+!

000002 DIMENSION IX(700,5)42(780),2(700),CODE(700) 0600227 - 315 IF(KK=J) 325,325,320
000062 REAN(S,1007) NUMEL , NUMNP,NPLNT 0002322 320 J=k¥
000314 Lhan=n 006234 325 COMNTINUE
REAN AMD PRINT NF NONAL POINT NATA 000236 339 CONTINUF
Crresr * . hd . 600243 MRENN=2% &2
000015 L=0 000245 WRTTS (£,2912) MPANN
000015 WPITELR,2000) gon252 WRITF (6,2113) LRAD
gooo21 2000 FORMATCLINHNODAL DAVA 08o2s60 IF (LBAN,NE,0) STOP
Caswen . @o0263 IF(NPLOT.GT,.0) CALL EYORE(NUMNP,MUMFL,TX,2,2)
poeo2sg RO RFANCS,1002) N,CODF(N),RINY 42(N) 000270 2012 FOEMAT {/B6HMAANC= 15 /)
002735 NLzL+1 000270 2048 FORMAT (24M FLEMENT £ARD FRROR Nz T4)
0s0nN37T IF(L.F. MY GO TC 90 . 600270 2019 FORMAT (* LRAD =* IS)
000042 2X=N-L, poaz7o s$yre .
00043 pP= (P (M) ~2(LI) /12X 000272 ENC
008045 0Z=(7(N)=Z(L)D/ZX .
000050 70 L=Let . UNUSED COMPILE® SFACF
000652 IF(N=-L) 100,90,80 017100
00015S 80 COCF(LYI=0,."
000956 RIL)=P(L=1)40PR
009610 Z(LY=Z2tL-1) 42
00006K2 60 TO 70
000063 Q0 WPTTE (Ry1004) (K,CONFIK) 4REK) 9Z(K)yR=NL,N)
000103 IF(L.EQ.C) L=}
c01t95 TF (NUMNP-N) 100,110,60
800110 T 400 WPITF (6,2009) N
00011¢ s 1190 SCMTTMUF
gn0116 1102 FOFMAT(IS5,F5,0,2F10.0)
030116 1006 FOPMAT(IS,FS,0,2F10,2)
000116 2009 FOFMAT(4HAAD=,T10)
co011s WOITE(6,30600)
0an122 3Mn0 FORMAT(L12HELEMENT DATA ) , .
c‘!!! » E 3 - L 3
c FFEAN AND PRINT OF ELEMENT PROPERTIFS
c.l.! » L J - ®
600122 N=0 .-
0on12 130 RFADIS,1007) M, (IX(M,T),1=1,5%)
00014t 140 N=het
090143 IF (M=NY 170,170,150
000151 150 IXIN,1)=IX(N=1,1)414
000152 IXING2)=TX (N=1,2)+1
000153 IXINy3)=IX(N=1,3)+1
00018,y IX (N, 03 =TX(N=-1,4)4+1 . *
600155 IX(NGS)=TX(N=1,5) .
800156 170 WRITF(6,1003) N, (IX(N,TY,I=1,5) :
0nn174 IF (M=N) 180,180,140 ,
000177 180 IF (MUMFL-M) 190,190,130 . .
gon2n2 190 CONTTINUF
000202 1003 FOSMAT(ATS)
c DETEFMINF B5AND WIDTH
c.ll.l
000202 316 J=0
000203 00 u0 N=1,NUMEL
001205 00 340 I=1,4
000206 00 725 L=1,4
gooz297 KK=TABS{IX (NG I)=IX(N,L)) .
600245 TF{KK.LE,39) GO 7O 318 ~ — -
900217 WPTTE (642018) N

£9¢



paooo7
goono7
0ooon?
000922
000041

enot4y
Q000LE
0nooLe
000056
coon7e
0307
0000772
eo0374
000076
003101
gag1a?
680107
£10110C
690111
8026114
acor e
60801 2F
0001730
000123
6003 e
000t 4R
008159
029157
00315¢
gONtER
600271
€32172
008175
gonznn
gonz2in
poc211
090217
000214
gonz1s
poo”1?

panz227
00022n
000235
000241
000243
000254

D002¢%
ong275
00932010
000301

SUPROUTTINE EYORE{NUMNP NUMEL zIX,P,2?
RIMENSION IX(700,5),R(700),2(700)
PEAL LFN

REAN(S,1001) ANG,FACT,SIZE,ENDPLT
WRITFL6,2000) ANG,SIZE,FACT ,ENAPLT

2000 FOFMAT(® ELEMENT PLOTTING */% ORIENTATICN OF NUMRER= # ,
1 F10,8, * ST2f QF NUMOER = ¥,F10,4,% SCALING FACTOR =%,¥11,5,

2 ¥ FND PLCT AT * F10.2y FTINOHES %)
A=ANG*(, N1 745
1001 FORMAY(4F5,0)
OFANLS,1NN1) XSHIFT,YSHIFY
DO 50 Nz1,NUMNP
REN) =tR(NY=XSHIFT) #FACT
ZANI=(Z (M) =YSHTFT) *FACT
50 COMNTTHMUF
CALL ’START(?2)
CALL PLOT(140,1.0,+7)
CO 10 Mzl gANUNFL
XCEN=N, P
YOFMN=046
M=TY (M, 1)
XCFMXCFNGD (M) /4.0
YOEN=YCFNeP (V) /4,0
CALL PLOT(O(M) 47 (M) 4¢T)
M=TX (M, ?)
XCEN=XCEN®R{MY /& 0
YOFN=YCEMeZ (V) /4,0
CALL PLAOTHIR(M™) ,Z(M),42)
LS A S LIRS
¥CEM=XCFNeI(M) L0 . .
YOON=YCFHeZ (M) 74, C
TELL PLOT (R(M) ,7(M)ye?)
TE(W, TN TX (N,40) GC TO 15
MzTX (N, L) .
YCEMXTFNeS (M) /4,0
YOEM=YCFHe L (M) /4,0
CALL DLNATLI(M) 4 2(M)432)
GO0 10 1A
15 YCTN=XPFEY/ 1,75
YCFM=YCEN/DL 7S
16 FL=t
MzTY (N, 1)
CALL PLNT(E(M),2(M) 4¢2)
c»
NOSSBANGLE NEFTNES OPIFMTATION NF NUMRFDINASeS
N®PRFAGT=SCALTING FACTOR-=~STZE=HT, OF NUMAER=~«CHCOSE MULT.
CRIEIND AUMAFR NF NIGTTS
N=z,n
1F(N,GT,99) 7=2,0
IF(N.LT.10) D=1.0
LEN=D*SIZF/2.0
YC=YCEH~LEN*SIN(AY~-STZE*COS(A) /2,0
XC2XCEM-LER*COS(AY+STZE*SINC(AY /2.0 .
C**PLNT ELEMENT NUMRFR WITH CENTFR AT CENTR0TID OF ELEMENT
CALL NUMPES (XL, Yy STZEyFl,ANGy~1)
10 COANTTRUL
CALL THPILOTIFMNPLT)
DFTUDN

0F 0,035

000202 ENT

UNUSEN COMPILE® SFAMF
017200

92
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CONTOUR PLOTTING PROGRAM (@)

PURPOSE: ~ To plot stresses for models for which the elements
are laid out to be topologically equivalent to a
regular mesh

INPUT: - Direct stresses at the centroids of the elements and
plotting instructions.

OQUTPUT: ~ The output is one or more of the following options:
(1) The direct stresses XX, YY, XY
(2) The major and minor principal stresses

and directions.
(3) Maximum shear stress, mean normal stress and
maximum shear stress directions.
Each of these groups is plotted three across the page
(30 inches on a Calcomp Plotter). Contours are drawn
at specified intervals and the direction vectors are
of uniform magnitude.
INPUT INSTRUCTIONS AND PROGRAM NOTATION FORMAT
CARD 1 IROW Number of rows in mesh 415,3F10.0
ICOL Number of columms in mesh
NPLOT Number of plots
NUMEL Total number of elements
UZMAX Any value above this will not
be plotted
SCALE Geometric scaling factor
TSCL Stress scaling factor
CARD 2  CINT(N) List of values to give contour
interval or vector magnitude of
_ each plot 9¥5.0
CARD 3 XXPL #0,if XX, YY, XY required 3F5,0
SIGPL #0, if principal stresses required
SUMPL #0. if maximum shear stress etc.
required.
XEN XST (0,0) ’
CARD L4 §§§ re— X80T 6F10.0
Model VST
YST e e
box definition
YEN ad YEN
XBOT
CARDS 5 N Element Number I15,2F10.2,3E12.4
RR(N) X-ord
ZZ(N) Y~ord

SIG1(N) XX-stress
SIG2(N) YY-stress
SIG3(N) XY-stress



edons2

aeoe802
400602
teoae2
fao0Qp2
‘ogege2
nadog2
voo0e2
686012
©o80122
600013
60003¢
860035
8000Ae
2830464
400053
800853
0000ES
BODOES
BeRiIc3
e52103
a0e107

000107
830111
ego1te
$00133
808124
[1:1: 3814
820160
080141
830147
000146
800147
800157
830160
608161
0088162
019164
BU01€6H
B801€7
9060171
00017%
000174
000174

000177
e93200
006201
000202
000203
000204
006205
000206
000210

2000

1%

108

1907

1919

1an9
[
5

PRCGRAM CONTURCINPUT, OUTPUT,) — - “TAPE?‘TNPHT,TlPE&'DUTPUT 7&9525,“‘&00211 e GHTFTEXENST 0 T e e

1 TAPE2T) --

DINENSION RQ(BGG)022(8001,SIGIfﬂﬂﬁ?.SIGZ(OﬂBT}SIGS(SOQTQSIGQCBBU)"Icﬂzti—”

1,S165¢800),SI166(800)

080213

COFHONITPtlef,XEN.YST.YEN.XBGT,XP(3B,3U’.YP(SE.30"CINY(10’ NUMPL 088216

COMMONZTRAZ SIG(6),THETA

COMMONZARRZSMAX ,DIRS,TSCL,R,7

COMHMON/STRY F(BQO),IROH,ICOL'UZNﬂX
DIMENSTION HEDID) T,

INTEGER PAFER : S -

RFAD(S,9000) PAPER,HED
FORMAT(15,3210) -
NUMPL =8 - :

READ(5,1) IROH.!COL,NPLDT,NUKEL,UZHI!.SGALE,TSCL'

FORMAY(A4T5,3F10,0)

READ (5,2) (b!MT(N),N:i,NPLOT)

FORMAT (10F5,.0)
WRTTELS,2010) (CINTUIN) gNs21 4 NPLOT)

FOIMAT LML, TONTOUR INTERVALS ¢ 7 10€12,4)
QFAD{593) XXPL,SYGPL,SUMPL
FORMAT (3FS5.0)

READ(5,6) !ST,XEN.VS?,YEN,!BDY

062229
“0090236
8ge237

- 9938240
800242

Ge02s6

“Tget2a?

900255

- 000257

ggo0261

© 000262

080266

- 000274

FORMAT(6F10.0) o " .
WRITF(6,15)
FORMAT €1H1,3X , SHELFM,3X,SHX-ORD 3B X ySHY =ORC 55X y FHXX =STRESS, 2%, IHYY

1~STRESS 9 IX,AHXY-STPESS)

0e 1007 K= 1.NU~EL

REBO(S,4) N,QP(N),ZZ(N),SIGI&N),SIGZ&N),SIG3(N)
Stip= SIGi(N)~SIr2(N:.SIG3(N) :
IF(SUM) 1007,1008,1007

CONTYNUE

STEL(MI=UZMAX+1,0
STC2(N)=UZMAXS 1.0
STCI(NY=UZHMAX+1.0

CONTTNUF

£Nn 1009 Nst,NUMEL

IF (AAS{STG1 (N)) .GT,UZMAX) GO YO 1019
SICL(N)I=SIGIIN)/TSCL
SYC2(NY=SIG2IN)/TSCL
SIC3IINI=STIGI(MI/ITSCL

68 10 1009

STCL1(NI=ARS{SIGLIN))
STC2INY=ANSLSTC2(N))
STICI(N)=ABS(SIGIIN))

CONTINUE

TORMAT(IS,2F10,2,3€12.4)
FOFMAT(1IH ,15,2F10.,2,43512.4)

TALL START

P""ﬁ#FINE LIMITS FOR PLOTTING

XST=XST/SCALFE
XEA=XFNSSCALE
YST=YST/SCALE
YEN=YFN/SCALF
XRCT=XROT/SCALE
XT=%x307
T==0,25
XN=XEN : : - T
YNZYEN+4Q.S :

00p827¢
100300
epo3et
000305
000313
6on31s
gao3a7
0go320
0o032s

080330
809331
000334

000334
000323¢
000342
000343
000345
000347

000351 -

000352
000354
000356

0003€&1
ppe3e?
800371
089373
000374
Gaa3r?
000403
009404
000410

YSHIFT=YEN+4.0
S SHIFTYz=2,0%YSHIFT=1,0- - SRR
(C®*®  TRANSFORM FROMLINEAR ARRAY YO MATRIX
—-= 00 10-1=1,TC0L
DO 18 J=1,IRON

T K=UI-11FIRCHeJ -

XP Sy I)=RREKI/SCALE
YP(J,T)=ZZIK) /SCALE
10 COMTINUE
Coes XX,YY,XY-STRESS PLOT OPTION
< IF(XXPL.EQG.0.) GO TO 1008
00 101 N=1,NUMFL
102 FUN)=SIG1(N)
CALL PLOT (0.091.0,=3)
CALL TPLOT

. CALL SYM3OL (XT,YTV,0.,15,9HXX-STPESS,187,7,2)

DD 102 N=1,NUMFL
102 F(N)=STG2 (N}
CALL PLOT(O,0,YSHIFT,-3)
CALL TPLOT
CALL SYMROL (XT,YT,6.15,9MYY-STRESS,180,0,9)
00 18T N=1,NUMF{
103 F(N)=SIGCIIN)
CALL PLOT(0.3,¥SHIFT,=T)
CALL TPLOT
CALL SYHROL (XT,YT,0.15,2HYY-STPFSS,170.0,2)
CALL SYMSDL (XN, YN, 0.16,MED,18040,30)
c---'surrr PLOTTING CRIGIN
c
TFESIBPLLED.N.) €O TO 3ann
CALL PLDY(SHIFT,SHIFTY,-3)
1000 CONTTNUE

CH*=%COMPUTE PPINCIPAL STRESSES AND THFIP CIPFCTICKNS

c
DG 58 N=1,NUMEL
IFISTGLIM) (GT. UZMAYY GO TO 5]
SIC(1)=ST61(N)
STC(2)=STG3 (N}
STCE3)=STG (N}
TALL PRINC
STELINY=STG (4)
STC2(N¥=STG(5)
STIGIINY)=SIG(&)

50 CCNTINUE

Cees CCMPUTATICN OF MAXIMUM SHEAR STPESS ANC OIRECTION

00 100 N=1,NUMEL

SYCuIN)=(STGLIN)+SIG2IN)) /2,0

STCSINI=ISIGLIN)-STIGZINYIL2,D

STEHIN) =STGC3IIN)+45.0

IF{STRL1IN) JGT UZ¥AX)Y STGRINI=SIGI D)

IF(SIGH(N) o6Ta984) STGHIN) = S!GS(N) 38.
100 CONTINUE

WRITE(6,17)

NRITE(E,?) IN, STGLIN} HSIGZ(N) HSTGTIN), STCL NI, STGH(N),S

IN=1,NUMEL )
cewe PRINCTPAL STRESS PLOT OPTTON
C**¥¥PL 07 MAJOR PRINCIPAL STRESSES

T66(NY,

99¢



000436
[T RLL LY
000446
00Q450
00851

000859
000463

- Q8N4ES

0goue7
coour0

000674
000476
800500
0pn503
00BSo7?
000511
000517
0g0s29
opos22
0ons 2y
0nns2¢
030570

ap0b3u

0053k
€00535
050540
3995u%
0008550
000552
000553
009587
004c€5
000NSE7
000571
goasv2
0noc7e
poneELo
800602
000605
000€11
GapEL”
000621
03622
000€E24L
0n0626
conrar
eonE32
00RE3E
09ne2e
G006A0
000640

oonEnn
030€42

NO 104 N=1,NUMEL

104 FAM)=STGLIN)

CALL PLOT(0.0,2.0y-3)
caLt TPLOT
CALL SYMROL (XT,¥T,0,15, 10HMAX=-STRESS,280.,10)

ceewvepro? MINOR PRINCIPAL STRESSES

0O 105 N=1,NUMEL

105 F(N)=SIG2(N)

CALL PLOT(O.DyYSHIFT,~%)
caLL TPLOT
CoLL SYMROLIXT,YT,0.15, 10HMIN-STRESS,180,,10)

Ce®e*pLOT7 PRINCTIPAL STPESS DIRECTIONS

RO

NUMPL = MIMPL &1 .

SHAX=CINT (NUMPL) i !
CALL PLNT (0.0, YSHIFT,-T)

CALL ROX(XSTyXEN,YST,YEN,X80T)

0 80 M=zt ,NUMFL

IF (STG1(N) L GT.UZMAX)
D1RS=STGI(N)
PzFO(N)/SCOLE
Z=7Z7A(MY/STALE

CALL APPOW

rONTTMUE

CALL SYMROL(XTyY¥T50.15,9HDIRECTION,; 180.0,9)

60 To 8¢

CORBASUTET NRICEIN

2000
Crese

106

107

0
3300

7
17

CONTINUE
OPTION TO PLOT SHEAR STORSS AND DIRFCTIONS
IF (SUMPL ,FQ.0.} GO TO 3000

CALL PLOT(SHIFT,SHIFTY,-3
N0 106 N=1,NUMEL

FEny=STG6 (N)

CALL PLOT(0,045331.0,-3)

CALL TRLATY

CALL SYMBOL(XT,YT,0.15514MMEAN NOPM,STR. 4180.414)

DO 107 N={,NUMEL :

FIN) =STGS(N)

CALL PLOT(340,YSHIFT,=T)

caLL YPLOT

CALL SYMPOLUXT,YT,0.15,14HMAX,SHEAP 3TR,,130,,14)
NUNPL=NUMOL 41

SHAX=CINT (CAUMPL)

CALL PLOT(0.0,YSHIFT,=3)

CALL APX (XST,XEN,YST,YEN,X30T)

DN A N=i ,AUMFL

IF (SIGLINI.GT UPMAX) GO TN 95

R=RP(N)/SCALE

Z=77(N) /SCALE

016$:51G6(N)

CALL ARPCW

CONTIHUE

PALL SYMPOLIXT,YT,0,15,9H0TPENTION,180,7,3)

FONTITNUE

fALL CMPLOT(SHTIFT)

FORMATE(IH ,T15,5E12.45F10,2) '

FOBMAT (1H1, 1X,LHELEM, 2%, 2 0HYAY-STRFSS, 2X, 1OHMIN-STPFSS,
11Xy 1IHFRIN-DIRECT 93X, BHPPIN-SUM, 3Ny FHMAX~SHEAR; 2Xy L 2HDIRELT~SHEAR)
sTee

ENE

000001

a00001
008604
600006
6apop13
000014
600016
gogo2t
000023
00002,

60000
000002
020003
0060005
000210
go0ont1e
000015
000017
gpag2e
apgoz21
anonz2
0060623
€29n2u
gonnze
8002130
000033
00Q003¢
000041
000042

0080901
0000601
goooot
0060001
000002
000005
000006
006021
000022
0000137
au0o3y
000064
00004S

000007
000011
ge0317
000024
000031
080037
000064
000052
000057

EIRFTC *FPN® -

Cars

won

SUEROUTINE PRING

COMMON ZTRAZ SIGEH) ,THFTA
CALCULATE PRINCIPAL STRESS
CC=(5IG(1)+S1G(2)y1/2.0
B3=(SIG(1)~-S5IGL2)} /2.0
CR=SART{AARXZ+SIGC(I}**2)
SIC{4L)=CC+CR

SIC(5)=Cr=-C2
EFS=ATAN2(SIG(3),8B3/2,.0
SIC(6)=57,295%FPT

RETURN

e

SUSPOUTINE ARROW

COPMMOM ZARR/T,N,TSCL,R,?7
AL=T/2.D

A=C/57,396

A1zAL*COS(A)

A2z AL*SINGA)

X1=A1+2
Yi=RA2+Z
X2==At+R
¥2=~82+7
XI=A2+R
YI=~fis2
Xuz==~A24R
YuzA14+?
CALL PLOT
CALL PLOT
CALL PLOT
rfALL PLOT
RETUPN
ENT )

SUPRQUTINE TPLOT

COMMON/TPLZXST yXEM, YST, YEN, XUNT,, YR (IN, 371, YF(3C 420 ,CINT (17) ,NUMPL
COFMON/ZSTPZ FLB800), IROR, ICOLyUZMAX

OTMENSTON N(T0,30)

NUNMPL =NUMPL + 4

(X13Y1,3)
(X2,Y2,2)
(X35¥3,3)
(Xbs¥,y2)

Ar=CTNT(NUVAL)

00 5 I=1,100L

N6 5 J=1,T30M

K= (1-1)2TRCHeYJ

CluyTI=FIK)

CALL BOX(XSTZXEN,YST,YEN,XB0T)

RALL CONTOR (IFOH,TICOL.7T,XP, YO,0r RS, U7HAY)
RETURN °
eNT

SUFRPOUTINE ROXIXST 4 XFN,YSY,YEN,2ROT)

ratL PLeT (B, 0,YFM, ™)
CALL PLOT  (0,0,YST,2)
CALL oLOT(Xa"T,YST,2)
CALL PLOT  , (XST40.042)
CALL PLOT  (XFN,0.0,2)
CALL PLOT  (XENyYFNy2)
CALL PLOT  (0,0,YFN,2)
RETUPHN

ENC

L9¢
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L a8 SR D L3 B2 009276 LFLAGETSTOATY =LFLAGITSTNF )=
SUELOYTINF IN!T‘TFT,!qu’)'T,J|K,’p97=97’ . 000301 IF(JS) 20,10,8
[(DLLS &1 NIHFHSTON XPEIN, 7N ¥ (30,30),Z (705 T"Y 009707 8 TF=MAN{TFa2% 30,4042
0npny e DIMFNSTOMN LT (Ly?) 4LFLAGIR) 860315 GC 10 @
010717 CAPUNMIOUNFTFLACIRU 470424 TEp TSN 3 US4, TO0R,TCOL c RESET GLNAAL FLARS
/ N e K(200) oY U200) yF 10 EPyUZMAN G XMy Y M, 7¥ 000115 10 IFCLFLAGCISIDF)) &40y4D, &1
c HAVE FNTFREN OM LOCRL SINE TF OF LNCAL SAUARE 1S0,JT9. 000329 W1 MFLAG=1
goants OATE LTRULs1)sLTF {19703l TRU241),4LT2(2,2)4LTR(341), 900321 LFLAG(ISIDE)=0
T LTPET DY L TMhg2) fLTOUL,2) /8,88, 64F 737927 0008331 L0 IFLAG(TISN,JS?,11=LFLAG(Y)
co0n01Y IF(T5eLTele04T%.6GELTIPNW) RFTUPN : 800334 IFLAGLISN JE2) =LFLAGL?)
gacne? IF (IS, LT.14092,J9 GEL,TENL)Y PFTUON 000335 TFLAGITP,,JSCy1=LFLAGLTY)
onon2? 1SC=18 . 886337 IFLAGUITSG,uSC,2)=LFLAG(G)
Db R Jee=Js 000343 TF=MNDTIISITE+1,4) + 1% .
03004un 1€=1¢7 0003540 ISC=TSO+MOCHLIE,2)*(2=1F)
000041 Mt 00028¢ JSC=JSO4MOC (TE~1,2) *(TE-T
gaNnNL2 IFLAG(TgJyK) 22 080367 IFLISQ.LY,1.0R. ISN.GE,IRCKHY GO TO 20
0onony® 1efGF=1"0 ’ gogL02 TFIJISOLTL1.NRLISN.GFL,INOLY GO TO 3In
0nonue CALL INTIRUTFECGR 9X{1) oY {1) 9 XPyYP,7) 000411t IP=1SQet
000156 MEL AR =P gogu12 JPz SNy
000057 In 2 TS0 & 1 000616 IF(ZUISGyISQY aGT L UZMAX OR,Z (TP ISC)OT , UTMAX
0993¢%1 JP oz e s 1 JCPLZUIPLUPY L GT UZMAXGORGZITSN, UF) 6T J2MAX) GO TQ 20
0000K2 TFAZETSULUSCY e GToUZMAXOR,Z (TP, USOY 4T UZMAX 0008450 IF(MFLAG) 20,20,30
/PP T UIR g IPY T UZMAY NP, Z (TSN, JPY 6T UZNEXY RETUPN K:ULLE3! 30 CALL SMONTHIY,Y,NS, N}
oont133 20 XM = (XP(TSQ,JSCIeXPITSN,JP) e XP (TP, JSO) e XP{IP,JP) ) /b u 000454 RFTURPN
600137 : YM o2 (YR UTSQyJSCIaYPLTISO,JPY 4YP (TP, JCC) +YPITF,JP)) /0,0 000455 NP
078144 IM = 2(TSGyJSCI4 ZUISD,UP)e Z{TP, U800 ¢ ZUTEUP)Y /4.0 SUEPQUTINE INTER(IEDSE XX YY o XP,Y2,7)
800t15n TRIANS2HaN) LY, F1) 74 = N & E9 €000 CIMENSION Z{30,307,XPI30,30),¥YP(3IN,3IM
C SEY LANAL FLAGS 0ooo-y COVMMON ZOWN/ IFLAG(30,3042) sIF»ISQsSSQyN.IRON,ICOL
0001k LFLARCI)=TFLAGITSO, JSN, 1) 4 1S3 Ty X{200) ,Y(2G0) 4FL,F2,UZVEX, XM, Y¥, 24
0nnies LFLAGIPY =TFLAG(ISQyJP, 2} g0ggig TFLIEDGE .6T. %) GO 1O 12 -
gapire LELAGET) = IRLAGITR, )N, 1) ponolv? It = ISQO + ICCOGE/T
000174 LFLAG (W) =TFLAG(ISCyJSNy2) 086022 J1 = JSQ + MOD(IENGE/2,2) .
gaot?? Nt TT=n, 8 800024 12 = IS & MNC(IFDGE/2,?}
000204 eer = 11 080025 J2 = JUSQ ¢ 1 - IEDGE/3
000204 LFLARITIENGE) =1 000039 X1 = xP(T1,41)
gno2q7 CALL INTERUIECHRE s XXgYYXPy¥YP,7) 00003% Yi = YP(TI1,J1)
030718 TFCTIENRE LLTs 0) LFLAGIYIT) = 0 090038 71 = Z7(YI1,91)
000223 1 COMYINUF 000040 X2 = XP(12,U7)
¢ THEECAN THRCURH SNUARF 000044 Y2 = YP{T2,J2)
gonz2zs Te=IF B 000046 22 = Z812,42)
00n22¢ 9 ITEMD = L TR(TE,2) 00005¢ N 10 2?20
0600230 ' TF(LFLAGUITEMP)Y) 3,3,5 000053 10 Xt = XM . °
0007?23 I OITOME = LTR(Tr, 1) 00305, Y1 = ™
000235 IF(LFLAGIITEMP)) 4ylyb ’ 809055 29 = IM
000240 b JJ =9 000087 T2 = ISN + MOAD(ITEDGE-4)/2,2)
000241 ISINE = T€ 9004965 J2 = JSCG ¢ 1 - {IECQGE=~4)}/3
0007 a 6N In 7 000074 X2 = X¥P(T12,J2)
00024 5 JuJ =z ? . * . gego07s Y2 = YP{12,42)
00024y 1S710€ = TTeMo ¢jo0a77 22 = ZMT2,4”)
00N 4e GO 10 7 URLEY IF(ABS(72~C) LT, €1) 22 = C & €1
000245 6 JJ=1 000107 IFLAASTZ1-C) & ABS(C=72) .LE, BAS(Z1-72)¢E2) GO Tn 20
ta0247 ISTOF=ITEMA 6600121 1€EFGE = = TEDGE :
cg92s81 7T IFCN LT, 209) GO YD TO . 0a0122 PrTURPN .
g0n26, WRITE(h,09) ‘060123 20 F = (€ = 241722 = 21}
000257 99 FOPMAT(IZN MORE THAN 2010 POINTS ON AONTAYDS 00012¢ XX = X1 & F*(X2-X1)
000281 GO To “n " eon12y YY = YL & Fe(Y2~Y2)
099263 PO N oMo g 0080135 RETUOY
600265 CALL TRTIFROISINCFGXIN) g Y (N) g XP,¥YP,7) 000135 . ENC

89¢



STFTn wrous ) 000277 15 CONTTRUF

SURENYTINE CONTCPUIR,TC,2,XP,YP, ONC DS T, UZMAXT) 030302 . 10 CCATINUF
000nt? ATHEMSTAN 700,300 ,XP(30,30),Y2(20,30) s SEAOCH ADOUND OCUNDARIES FN® £NGFS STAPTING THrOF
coony? COPMONZNWNZIFLAG(T093092) 915, TSQy IS, Ny TROW,ICOL ’ 000304 8C 26 J = 1, IC»

7 aNS, e XIP00),Y(200),C1,52,UTMAY, XM, Y™, 7¥ p00306 TFCTFLAGCL Uy 1) oFNy 1) CALL INTT(1,1,00150s1,YP,v0,7) ,
000n12 TFCTIPNK o+LEs 20 LAND, ICOL 4LE, 26) GO TC 100 000323 IFCIFLAG(TIROW,Jy1) oEQN. 1) ZaLL INTT (T I0Ma Uy TROM Uy 1eXD,¥2,7)
ganas» WRITE (A,39) [hLRL3] 29 ConTINUT
g00n25 99 FOEMAT(XTH G2IN OUTSIDE 30%39 LIMIT ALLOWEC ) 000254 Go 2t T = 1, IeM
890611 <Trp 000355 IFIIFLAGET 2,2 FQu 1) CALL INTT(4,7,4,T,1,7,¥P,vF,™)
onanty 400 NC = ARS(NACY . 000371 IF(IFLAGIILICOL,2) <EQe 1) CALL INTY(2,T4I0M,T,T00L 92, X0¥:47)
0007%4 IF(NC,GT,N,0) GO TO 101 000417 . 21 CONTIHUC
poons? HEeTTF (6,98) c SEARPCH THRCUGH USEP ROUNDARPY SQUAFES
030742 QR FACMAT(///7604 7EFD CONTOUR INTEPVAL NOY =Eﬂnrrrru H 000422 00 70 T = 1,Tew
00046 SICP 0004L23 00 75 J = 1,ICM
gagngn 101 UTIPARY = UTVAXTY . o IS IT & POLNNARY SCufeT
000051 IPCH = IP T 000424 IF(Z(I4J) «6Ts UZMAXY GO TO 71
000nNE? irry = 1 . 0004322 IF(Z(Ye1,J% ,GY, UZMAXY GN TO 71
0N00561 rS = NST 600435 IF(ZtI,0¢1) GT. UZMAX) GO TO 71
BsADNGS E1 = ,00rL%NR 0004L40 TF(7(T+1,J0+1) ,GT, UZ™AXY 0 A 74
000057 £2 = .000N1%0C 000443 GO 10 75
032460 1PM = TPON - 4 c
000062 ICr = IC0L - & [ FIND AN EDGE IN SQUARE WITH TFLAG = 1

[ FIND THE YINTMUM AND waxmuu VALUFS CF 7 g004u3 7L IFLIFLAGIT,U,1) LEQ. 1) 60 T2 8y
gnnges IMIN 2 71(1,1) 0004sSn TFLIFLAG(TI,J*1,42) 4EN, 1) GO YO &2
0009¢ce no 8 T = 1,100K 000452 TFOIFLAGI+1,J,1) LEO0, $) GN Yo »7
0nN0NAK7 ) 0N 6 J = 1.I00L 00045, IF(IFLAGC(I,J,2) E0. 1) 6O TO 84
090070 TFI7(T,J) oLTe ZHIN) ZMIN = 2(1,0) ' 000456 GC 1O 75
coon7s & CONTYNUF €
010105 s CONTINUF 600u56 81 CALL THYT(I,T-1,J5T3Js1,XP,Y2,7)
800107 ZMAX = PWIN 000472 G0 70 75
0N0111 ne T I=1,T?9W 000478 82 CALL INITU4,T,Ue1,T,081,2,XP, Y0, 7)
gnet12 ne 35 Jg=1,1C0L 000512 60 70 75
099117 IFE7C(T, 00 LT UTMAY AND,Z(Ty S .GT, 7wnxa ZHAX = 2¢T,J) 00051¢€ BT CALL INIT(1,141,J,T741,0,1,X2,YP,7}
Co0121 s CONTTMUF . 000532 6C 16 75
(4 FIND LOWEST SONTAUR 00053¢ 84 CALL INITI2,TyJ-1,T,392:%XP3¥2,7) &
000137 Kz ZMIHIDC + D45 ) c
00714? € = FLNAT(K-1)%(CC : 000558 75 COATINUE
c 000561 70 CONTINUE
030145 nn 89 Tyk= 1,1000 c SEARCH THRAUGSH INTERNAL FDGES
000186 C=¢+ 0C ) } 000563 DG 25 I = 1,IPM
0na0147 IF (0 JNE, 7MAXY FETUON 0005€¢ fO 25 J = 1,ICM ’
¢ SET FLAGS CN ALL FOGFS FOR CONYQUR © 000566 IF(IFLAG(IsJy1) +EGe 1) CALL INIT(1sI3J9TadglgXPyYP,2)
0001652 N0 10 T = 1,IR0N 900602 TFCIFLAGIT,U92) oEQ. 1) CALL TINTTUL,TyJsT9Je2yXP,vP, 7Y
00155 - N0 15 J = 1,1C0L . 000638 25 CONTINGF
000156 27 = UI,N 000€3¢ 50 CCMTINUF
000161 1IF(A9S(22-C) LT, F1) 2Z = C + €2 . 000640 RETUPN
aonte? IFLJ JFN. I6NLY GO TO 4R . 600641 FNT
000171 70 = 2{l,Je1)
00174 IF(AS(ZJ=7) LT, E1) 3= € + £1 UNUSED COMPTLF® SEACE
000292 TFLRGITI4Jy1) = O 015€00 .
000206 IF(77 off. UTHAX LCR, 7J .GE, UZMAY) GO TO 1€
00021¢ IF(ASS(ZI~C) ¢ ARNSI(C-2J) LE. ABSIZZ=ZJ) # E2) IFLAG(I,U,1)=1 SUERDQUTINE SMOOTH(XeYyISeN)
cogr2r 1% 1L .F0, TRNK) O TN 15 . 0a000& NIMENSTON X(2003,Y(200)
000215 21 = 2tTal, N g0000e IF(N LT, 2) RETURN
000240 IF(ARSU?I=") LT F1) 2T = C o E9 000010 1T = 3 .
00024k IFLAG(I,J,2) = @ 000011 00 5 T = 1,N
panss5? TFL27 .GF. UIMAY OR, 71 ,GE. U7MAX) GO TO 1€ 000013 CALL PLOTIX(TII,YI(IV,IT)
0gn2e IFLARSE22-C) & ARSIC~Z1) .LE. ABSt2Z-71) + €2) IFLAGUL,J,2)=1 000022 11 =2
) 000922 5 CCATINUE
$0007% . RETUPN
000025 FNE

69¢



CONTOUR PLOTTING PROGRAM (b)

PURPOSE: - To plot stresses for plane strain and axisymmetrical

models where the mesh is not regular.

be triangular or quadrilateral,

Elements may

INPUT: - Stresses at element centroids, a list of nodes defining
each element and plotting instructions.

OUTPUT: - A list of input data and contoured plots of direct
stresses (RR,ZZ,TT,RZ) .

INPUT INSTRUCTIONS AND PROGRAM NOTATION

CARD 1 NUMEL
NUMNP
UzZMAX

CARD 2 NPLOT
NC
NO

NA
SCA
XM
™

Number of elements
Number of nodes
Maximum value to be plotted

Number of plots

Number of contour values to each plot
Number of coordinates to describe
structure

Number of steps between contour labels
Geometric scale factor

FORMAT

215,F10.0

415,3F10.0

Distance between plots in the X direction

Distance between plots in the Y direct

ion

Note that the program was written for plotting on Kingmatic
paper size 1 and it spaces the plots two across the page. If
the geometric scaling factor is 2. then the model is plotted

half size.

CARD 3 BASE(I) Minimum contour value for each plot

(NPLOT of them)

CARD 4 CINT(I) Contour interval (NPLOT of them)
CARD 5 Z(I),W(I) Coordinates defining the structure

(NO pairs)

CARDS 6 ((IX(N,I),I=1,4),N=1,NUMEL) List of nodes

CARDS 7 N
X(N)
Y(N)
RR(N)
zZ(N)
TT(N)
RZ(N)

defining each element. If the third

and fourth nodes are the same then
the element is triangular

Element Number

Coordinates of centroid

Stresses from analysis

6F10.0
6F10.0

6F10.0
2413

15,2F8.2,3E12.4

270



gsnac?
020302

ongan?
goaoe2
040202
600°18
glenté4
030126

000226
gagasn
gnocr2

000072
000101
006119
000117
006117
onne2e
01012¢
CootLT
030160
eND1ELT
050165

Good163
0017149
902490
gon2?6
gugeze
ean>32

ponz1>

LELEN 4]
600270
aegcn
¢00nt
€a0202

ona303
09030«
penrgs
000
000516
0060117
canz21t
o0ant2y
22y
000326

PRCGRAM AXT (INPUT,CUTPUT TAPES=INPYT, TAPEG=OUTPYT,,TAPE25,TADT2Y)
UMCPONGaaneS T, JOHN #SRACK MECHANTCS®®
CTMENSTON XS(600),YS(EN0),TS(HN0),SS(600)
COMMON NUMFL, NUMNPUZMAX JNPLOT gNG,SCA, XM, YM IX(600,4),
1 NCAND) ,YCEDN) ,XX(600),YY(60N) ,XY(600) ,BASECL10) ,CINTCL0),
22C40) 4 WEL0) ,NODL10) ,TTL600)
COMMON/TRTE, SLE00,0) JXNIRAN) ,YNIRON),CT (LMY, JAILO) ,NC, NA
ECUTVALENCE (S{1,8) 4XS) 5 (S{292) Y50 (S{19309TS), (S(1,4k),SS)
BEAN(S,1000) NUMFL , NUMNP U7 MAX ,
1060 FORVAT(2TIG,Fll.M)
NETTO (A, D100) NUMEL s NUMNP,UZMAX
2600 FNIMAT(1h1,20FNUMBER OF ELEMENTS=z 4 16 4 /
1 POHNUMPES GF NORES 2, 15 ./
2 2LHMAXTMUM VALUE PLOTTFN = ,F10,2 )
C*#¥DE AP PLOTTING TNSTRUCTTONS®S®
FFEN(S,1002) NPLOT,NCyNOyNA,ZSCA, XM, YM
WRTTE (R, 200 7) NPLOT,NC,NO,NA,SCA, XM, Y™
2003 FOFNAT(LMI,174NLMRER DF PLNTS = ,I15, 7/
1 15,8HrONTNURS, TS, 20HCCOPNS FOR STRUR TUSE,
2 15,20MSTEFS AETKEEN LABFLS,4X, 17HSCALE FACTOR= ,F10,2, 7/
T PFRHATSTANCE RETWEFN PLOTS- X= ,F10,2,2HY= y Fi0.?2 )
PEAN(S,1723) (AASE(I),I=1,NPLOT)
KETTFLE,20%50L) (PASE(T),I=1,NPLAT)
2004 FOFMAT (2K ,19HCENTOUP 2ASE VALUES o / EF17.2 )
DrANIR,1rATY (CIMT(T),T=21,NP0T)
WPTTE(A,2005) (SINTCI),T=1,NPLOT) .
2NCH FORMAT (1M LITHOCINTOU? INTFPVYALS o/ EFLIN,2)
SFAN(S,1002) (201, W{1),T=1,N0)
WETTE (6, P006) (241 4H(T),T=1,N0)
200A SCEMAT(LR ,34HCCCPDINATES DEFINING THE STRLCTURE /2 6F16.2)
1002 FORMATILTS,3E10,6)
1003 FCSMA™ .oF1).0)
f3ssocy rri T NATARS SRS
SFANES,1005) ((IN(N,T),I=1,4) yN=1yNUMFL)
1NNS FACWAT (24T 7Y
QEANIS, 131 (NpX{ND ST ENI, XXUND g YYANY g TT{ND 4 XY (N) g N=1 ,NUMEL)
1001 FOSMAT(TS 208,2 4F12,4)
WOTTE(6,2031)
2001 FOSMAT(LIHD 1, 7THELEM MNT 22X, $AHNDPAL LIST, 54X, UHXOPD,LX, 4HYN? 3,0 X,
1 FFXX=STIESS SN AHYY=STPESS ,BX, AHTTSTRESS, 5X, IHXY=STRESS )
WOTTF (R 2NN2) CNyTX NG LY s THIN,2) JIXAN,T) G TXUING L)y XIND Y (N),
1 xx¢u),vv(N;,TY(N),XV(»).N=1.~UMrL>
20027 FNRMATEIN L 1X,65T4,)2FR,2,4712,4)
N1g YE1.ND
TN =T Y /SAA
H{MY =W (') /SCA
17 NI TNUE
feB3COFATE NOMES AND STRESSES FROM ELEMFNT DaTa*»+
NG 100 Y=t ,NUMNE
Kar
PCo20r Mzy,NUMRL
N TN T=i,4
IFLIN (M, TIEN,N) 60 Th 180
N CorIIauc
68 Tn B
150 IF (XX {Y) ,GE,U?MAX) GO TO 209 -
K=wgod
NOT (K) =™

090230

000133
000337
0003%0
0006342
000342
000345
000347
840350
000252
000352
00022
000372
000373
000374
8002376
600400
000402
000406
000437
g00411
000482
000414

00417
009420
00423
00042¢
0004286
000420
000634
000435
000440
000443
anfLLL
B00uL4SK

UNUSED
g1€100

208 CCMTTINUE
CR®3FIAD CENTPOIN FLEMENT LISTY
IF(K.5T41) 62 TC 99
LEI NS B
XN(MHY=X (™) /SR
YNIN) =Y (M) /SCA
XS (N) =XY (1)

L YSINY =YY (M)
SN = XY (M)
TSON=TT(M)

0 TO 100
99 XN(N) IYN(N)=XSIN)zYSIN) =TS{N)=SS(M} =1,
NY 410 J=z1,¥
SK=K
SCAK=SC A%
JK=NOD(J) .
XNAH) =X INY X (KDY /SCAK
YNIN) =YM(N) ¢YtUK)/SCAK
¥SAMY =XS (M) XX (JIK) 2%
YSINY=YSIN) +YY (UK) £SK
ISIN) =TSN e TT (LK) /SK
STINYI=STUIN) e XY (LK) /28K
L0 CONTTNUF
100 COMNTINUT
C¥**3p 07T UHTTQ CN® 51 A TIMEwean3 ALPAT] CA(Temna
CALt STAPY
TALL PLOAT{1.241,0,=3)
30 SU8N=1,NPLOT
CALL PRCTRI(N)
IF(N=2) SNP,508,8n2
S01 TALL PLOT(XV,-Y¥,-T)
GO TC &0 .
502 CALL PLOT(J.3yY¥,-%)
500 CCOMTTNUE
CALL EMPLOT(30,)
sTCcP
ENT

COMPILED Sfart

1,2



8000062

gocoo0?

gogeo?
oaso0s
000010
608016

a%001L7
030028
ggee32
6300733
LR ALY
0003135
000062
00006y

00004
60004S
ogngso
00005y
po0a1s52
eonnss
0g3ene2
6000566
poga72
8ag607s
€ag14090
0aa10%
6001937
000116
go012t
600126
006126

UNUSED
017€00

SUNRNUT INE PRFTRTINP)
. COMMON NUMEL g NUMNP  UZMAX NPLOT ROy SCAy XMy YM,IX(600p b},
£ XORADIYLR0T) JNNCERDD) ,YY(ROD) , XY (600) ,AASE(L10),CTNTLL0),
27(L0) 4WLLD) 4NOD(10) ,TTC600Y
COFMANITOTR/ SCEBD,A) 4 XNIBENO) , YNIEDDY),CTLAN) ,JALHD) 4HNC,NA
C¥e®ep a7 SHAPF CF STRUCTURES %
CALL PLOY(Z7(1)4KC13,7)
CO S0 N=z?4NO
CALL SPLOT(TIN) gNIN),2)
S0 CCATTINUE
Coe33pT AN TSH CONTOUR INFORMATION®SSS
F=0.0
PO 10 N=i 4NC
CTIN)=RACE(NP)+CINT {NP) *F
F=Fs1,.0
10 CONTINUE
CC 20 JT=z1,NT
JALJITY=D
20 CORTINUS
CPEPRLOT CLEMENTS ONE AT ATIME
CO0 100 M=1 ,NUNMEL
I=1X(Me1)
J=TYX(My2)
KsTX (M, )
L=IX(M,y 14}
IFIK.EQ.L) 60 TC 490
L1 = COXMATI=XN(K}) ®224(YN(T)=YNIX})*¥2)
L2 0(XMNID)=XNXNIL)YI®322 (YNIJ) =YN(L)) *42)
TF(LLI.LF,L?2) GO 10 489 .
CALL TRPIFLTIXsLyJyNP)
CELL TETPLT(K,L,T,NP)
GO YO t6a¢0
H80 CPLL TRINML TIK,L,T,NP)
530 CALL TRIPLT(T,J,K NP)
100 CONTTNUF :
rRETURN
ENC

COMPILE™ SFArF

€80006

000008
@eds06
00001
860015
800015
400015

T ooo01e

0460016

- 000017

030036
000037
000040
800062
0000463
000045
080047

© dooosse

000057
000060
000062
000067
000065
000987
000870
000071
ap0072
800107
000110
000111
0001123
000114
800116
poa12o
goo127
000130
070131
000173%
000134
000136
000140
000140
0001068
000142
080157
0001€D
000162
800163
000164
0001€E6
000170
606177
0go200
088201
g0gzo3
00020%
000206

82

11

12
13

16

15
16

17

SURROUTINE TRIPLTUTTy JJy KK, KTY

OYMENSION ACW0) yB(40) 4CL4d) 4 D(80),JCLUD)
CorMONLITPIRY S(GEO,&!,YN(SOG),YN(S"G!,PT(&S),JA(&Q),NC,N&
00 82 JI=1,4NC .

LEfs 1418

B{oIr=0.

CtdTI =0,

BtJIY=Q,

JCtJII=0

CONTYNUE

TFASTITTLKTILOT,SIIJ,XTII00 T 11

SS1=S(1T4KT) .
SS2=S(JJsKT) .
AXE=XNL(IT)

XXZ=X%{J00)

ZZ1=YN(IT)

Z72=¥YN{JIN

60 10 12

S$S1=S(JJ,KT)
SS52=S(TI,K")

XYL =XMLJIID

XXZ2XNC(IT)

Z2Z21=YNEIM

222=YN(IT)

LLEST

G0 10 Xg

NN=? N
IF(SIIIs XTI GT SIKKyKT)) GO TO &
S€1=S(JJyKT)
SEZ=S{KK,yXT)
XX1=XMTJIDN

AXZ=XN(KK)

ZZ4=¥YNCID

222=YNIXK) -

GC 0 15

SSE1=S (XK, XT}
SS?7=S(JJyKT)

XX 1z XN{¥KX)

XXZ2=¥XN(SH

223=YMN(KY)

2Z22=YNtJD)

COMTINUE

GO0 10 3¢

NN=3
TEASITITHKT)GT.S(KKyKT)) G0 7O 17
ST1=S(II,xD)

SRZ=S IK¥K,XT)
XX1=XNCIT) *
XYZ=XH(KV}

2Z1=YN(TIT)Y

Z72Z=YN(¥KY¥)

GO 1O 18

SS1=S(XKyKT)
SS2=S(I1,KT) *
AXL =XNCKKY

XX2=XN(IT) .

271=Y1{K¥) .

Z72=Y(ID)

clz



000210
gg0210
000210
000213
gon215
000217
onn23a2
000237
000245
000247
ce0°5n0
gaazsy
£e02€0
goo02e2
000266
0002¢5
0012¢7
goazzo
00275
620301
eno302
000304
gon3oy
ina3g97
onNn3se
800320
002321
83032%
gco33n
neco32e
noa33s
€00337
000The
£00353
0nn35¢
£00356

UNUSER
ti167n0

18  CONTTINUE -
39 corTINUE .

DIFF2ARS(SS2-551) : ’ ' e i

IF(DIFF4LT.0,0001) GO TO 60
0 21 N=1,KC =
IF(CT(N) L T4SS1.C0R, CT(N) GT.552) 60 YO 21
XX (CTIN)=SS1Y #{AN2~ XXlll(SS?-SSi’#XXi
YY=2731+({CT(N)=-SS1)* (222~ ZZi)I(SS?-SSi)
JCUN)Y =JC (N} +2
JS=gc(N)
GO T0 t?u,r:,??),Js
70 A(N)=XX
BL{N)=YY
60 TO 21
7t CINY =X
DIN) =YY
GO TN 71
r2 DXC"(A(N)-P(N)l"2§(B(MD-D(N))"2 .
IF(OXC.GCV.0.0008) GO TO 21
CAN)=XX
DIN) =YY .
21 CONTTMUF
6N CONTINUE
G0 TO (13936926) NN
24 CNn 25 JI=1,NC
IFUC(UTY.EQ.8Y GO TN 2?25
CALL PLOT (AQJI) R (IT) ¢}
CALL PLOT(CEIT)I 4D (UTI),+2)
IF(JAC(IT).CCL0Y GO TO 26
JAGUIY=JA(JI) -2
50 TO 25
26 CALL MUMGEQ(A(JI),R(JI),0.0T,CT(JTl,D.O,B)
cJECITY=NS
25 CONTINUE
RFTYON
ENC

COMPTILFR SFACE

€L3¢
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APPENDIX

TWO DIMENSIONAL SIMULATION OF JOINTED
ROCK STRUCTURES BY FINITE ELEMENTS




Purpose

rock systems.
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| COMPUTER PROGRAM FOR JOINTED ROCK MASSES

TWO DIMENSTIONAL ANALYSIS
PLANE STRESS AND PLANE STRAIN

-

The program is designed to simulate complex behaviour of jointed

The following material behaviours are treated using initial

stress and strain methods.

(1
(2)
(3)

(4)
(5)
(6)

Commeént

University.

Limited or zero tensile strength for solid materials °
Shear on a ubiquitous joint set in solid materials

Non Tinear shear force displacement law for joints;
including peak residual behaviour.

Ditatancy during shear

Zero tensile strength for joints
Non-Tinear closure under normal load; according to a prescribed

law.

The program was written for the CDC 6400/6600 installation at London

It is based on earlier two dimensional finite element programs

developed at the University of California, Berkeley (1965-1969).

Input Data

(1) Title of Problem (12A6)

Columns 1-72 on the first data card of the set contains a title that
will be printed at the head of output.

(2) Control Information (415, 2F10.2, 5I5)

Columns
1 5
6 -~ 10
11 - 15
16 - 20
21 - 30
31 - 40
41 - 45
46 - 50
51 - 55
56 - 60

61

Program Notation
Number of Nodal Points NUMNP
Number of Elements NUMEL
Number of Material Types NUMMAT
Number of Boundary Pressure Cards NUMPC
Acceleration in X direction ACELX
Acceleration in Y direction ACELY
Number of Steps on this run NSTEP
0 if a second data set follows ) NEND
Residual Stress Code* NRES
Joint Cut-off Number. Materials with a higher number
~are all joints NSHELL
Material type with Non Existant Properties NONEX
* NRES = 0 Ne Residual Stresses

nu

NRES
NRES

1 Residual Stresses. In Local Coords for Joints
2 Residual Stresses. In Global Coords for Joints.



(5)

Tape Storage Card (21I5)

1 ~ 5 Reads Data and Previous Output from TAPE 11
6 ~ 10 Write Data and Current Output onto TAPE 12
if not zero

(See Note (D))
Model Control Card (5F10.0)
1

10 Scale Factor for nodal point co-ordinates
used for changing scale, units, etc.

11 ~ 20 Set greater than zero if Residual Stresses are

to be calculated (NRES will have been zero if so)
21 ~ 30 Datum for Residual Stress Calculations

May be necessary to shift co-ordinate origin

for residual stress calculations
31 - 40 Ratio of Horizontal to Vertical Residual Stresses

41 ~ 50 Code for Plane Stress (=1) or Plane Strain (=0)
Material Property Cards Set for each material type.
Solid Materials:
First Card:(I5, F10.0)
1~5 Material Identification
6 - 15 Material Density
Second Card (7F10.0)
1 - 10 Tensile Strength of Material
11 - 20 E - Compression
21 - 30 v
31 -~ 40 E ~ Tension
41 - 50  Direction of Ubiquitous Joint set.
(Measure Anticlockwise from X axis)
OR Area for Bar Elements.
51 - 60 Cohesion for Joints
OR Initial Stress for Bar Elements
61 -~ 70 Friction Angle for Joints

Joint Materials;

First Card: (I5)
1-5 Material Identification

Second Card: (5F10.0)

1-10 Normal Stiffness
11 - 20 Shear Stiffness
21 - 30 Joint Cohesion (usually zero)
31 - 40 Joint Friction Angle
41 - 50 Maximum Normal Closure (Must be negative)

Third Card: (I5)

1~5 Joint Number

Fourth Card: (2F10.0)

1T-10
1 - 20

Maximuym Possible Dilatation at zero normal load
Normal Load Increment for Dilation law

NREAD
NWRITE

SCALE
RCALC
DATUM

RATIO
PLANE

MTYPE
RO

E(1,MTYPE)
E(2,MYTPE)
E(3,MYTPE)
E(4,MTYPE)
E(5,MTYPE)

E(6,MTYPE)
E(7,MTYPE)

MTYPE

E(1,MTYPE)
E(2,MTYPE)
E(3,MTYPE)
E(4 ,MTYPE)
E(5,MTYPE)

JTYPE

DINC
FINC
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Fifth Card: (10F5.0) SHEAR
List of Normalized Shear Stresses at unit increments of
Normalized Shear Displacement. The shear stress at unit
displacement should be 1.0 for the joint shear stiffness to
describe its behaviour
A
2
N~ ,
%Ei —
1 2 3 4 s ¢ 7 8 9. 10 >
NORMALIZED SHERR DISPLACEMENT
Sixth Card: (10F5.0) - DRATIO
List of the Proportion of Maximum Dilatation that may occur.
Given at specifield increments of normal stress (FINC).
A
1
lo}
=l N
Q \N'N
S
Seventh Card: (10F5.0) NORMAL - STRess DILTN

List of Normalized Dilatation (Di]atation/DINC) that occurs
at zero normal stress. Given at unit intervals of Normalised

Shear Displacement.

A

1

e

DILTN

1 2. 3. 4 5 ¢ % 8 9 o
NORMALIZED SHERAR DISPLACEMENT

Eighth Card; (10F5.0) SNINT

List of the Proportion of Maximum Closure that may occur.
Given at specified normal stress increments (FINC). Notethat
it is convenient if the normal stiffness corresponds to this
rektionship over the first increment.

-
- aad

/,/’

SNJNT

e

NoRmMAL BTRESS




(6)

(7)

11
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Nodal Point Cards (215, 4F10.0)

1 -5 Nodal Point Number N

6 - 10 Nodal Point Load or Displacement Identifier* CODE
11 - 20 X - ordinate R
21 -~ 30 Y - ordinate Z

31 - 40 X - Loador X - Displacement UR
41 - 50 Y - Load or Y - Displacement Uz

*Nodal Coding -

Loads or displacements are indicated, depending on the nodal code

Code 0 1 2 3
X-direction L D L D = Displacement
Y-direction L L D D L = Load

Missing nodal points in the data presented are generated automatically
by Tinear interpolation. In the event of interpolaticn the nodal code
and the loads are set to zero. If CODE is negative then it réfers to .
the angle measured anti-clockwise from the global axes to local axes in
which a load/displacement is specified.

This 1is used for skew boundaries (See Note A following).

Element Cards (615)
1 - 5 Element Number ' - M
6-101 IX (1)
- 153 : Ix (2)
16 - 20 K IX (3)
21 - 25 L IX (4)
26 -~ 30 Material Type . IX (5)

Missing elements are supplied by adding one to each nodal point number
of the last specified element. This element also defines the material
type. The last element must appear on the last data card of this series.

Solid Element

s | D

X

Labelled I, J, K, L Labelled I, J, K, K

Maximum difference between nodal point numbers of an element is 39.
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Joint Element

4

¥ P
R]¥ /
Glix

Labelled I, J, K, L - Nodes I and L have the same co-ordinates
so do J and K.

A one dimensional Bar Element is identified as I, J, J, I.

(8) Pressure Cards (215, 1F10.0)

One card for each boundary element subject to normal pressure.

1 -5 Nodal Point I ) IBC
6 - 10 Nodal Point J JBC
11 - 20 Normal Pressure : PR
~N
~
~
X3

|

|

i

I

As shown above, the boundary element must be on the left with reference
to the direction I to J. Surface tensile force is input as a negative
pressure. Joints cannot be placed on the boundaries.

(9) Residual Stress Cards (I5, 2X, 3E15.4)

1 - 5 Element N

6 - 7 Blank

8 - 22 X -~ dress RESID(N,1)
23 - 37 Y - stress RESID(N,2)
38 - 52 XY - stress RESID(N,3)

If the residual stress refers to joint elements then if the former are
in the joint local co-ordinate system:

Normal Stress
0.0
XY - stress = Shear Stress

X - stress
Y - stress

If cards in this set are omitted, then the stresses ére assumed equal to
those on the last card. If all the elements have the same stresses, then
only the first and last eéement stresses need by supplied.



(10)

(11)

(12)
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Construction, Excavation or Loading Control Card (6I5)

0ne card of this type is required to head each set of increment
instructions. There are NSTEP increments.

1 - 5 Number of Elements which are to have their material NELCUT

code altered.

6 - 10 New Material Code for altered elements MCUT
11 - 15 Number of Nodal points to be altered NBOUN
16 - 20 Number of first approximation in-this computer run NFIRST
21 - 25 Number of last approximation in this computer run NLAST
26 - 30 Total Number of approximations for this load increment NP

Note: If NP is greater than NLAST then further approximations on a later
computer run are anticipated. The residual stress state and the
displacements are then not updated before the results of the run are
written onto tape.

Altered Node Cards(I5, F5.0, 2F10.0)

There will be NBOUN of these for each load step.

1 - 5 Node Number N-

6 - 10 Displacement or Load Code CODE
11 - 20 X-Load or Displacement UR
21 - 30 Y-Load or Displacement uz

Note: These are total loads or displacements, not additional to those ~
pre-existing.

Altered Element Cards (6155

List of Elements to be given material type MCUT. Six Element Numbers
per card. NCUT

~ COMPUTER OUTPUT

The following output is obtained:

1) Printout of entire data, if this has been read from cards
2) Residual Stress state at beginning of each increment

3) Incremental and total displacements up to the start of the current
increment. Given for each approximation.

4) Stresses at the centroid of each solid element. Given for each
approximation.

5) Stresses and relative displacements of each joint element. Given
for each approximation.
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ADDITIONAL REMARKS ON DATA AND COMPUTER OUTPUT

(a) Co-ordinate Systems

P S
RCCELERATION +4ve
e
PISPLACEMENT +ve
0. %

The right-handed xy co-ordinate system is as shown above.
Displacements have the same sign.
Accelerations have the opposite sign.

3 ”

L -

0 x

The ns co-ordinate system for skew boundaries is defined by the
angle +ve clockwise from the x-axis to the s-axis. It must
always be negative in the range -0.001 to -180.0 degrees.

(Note +1,0 = - 179.0).

The terms in columns 31-50 of the nodal point card are now
interpreted as:

UR is the specified load in the s-direction
UZ is the specified displacement in the n- direction

The displacement printed in the output are given in this local
co-ordinate system for these nodes.

(b) Continuum Element Stresses

1\035
N - . 2

?XS
O Cxx

Ty

R e—

Ty
I y

f 95y
Direct Stresses Sign Convention (Tension +ve)
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01 ( hfiont\'mum Tensx’on)

=

Principal Stress Direction Sign Convention o is measured anti-
clockwise from the x-axis.

(c) Joint Element Stresses and Displacements

L T_—r K = —-__.____.I K
T T P
\
o=
Positive displacements Positive Stresses

of top face relative to
bottom face

The stresses and displacements for the joint are the mean valuesand
are given at the mid point. Residual stresses have the same sign
convention unless they are given in global co-ordinates (NRES = 2)

(d) Tape Handling of Data and OQutput

The following procedure has been adopted for storing data and output
on tape units 11 and 12. It is designed for permanent file usage.
The essence of the procedure is that the permanent file cycle is
written as TAPE 12 and read as TAPE 11.

NREAD NWRITE
RUN (1 0 1
Read Data from Cards
Write output and Data on TAPE 12
Catalog TAPE 12
as Permanent File (P.F.) Named; (e.g.) (EXCAV,
CY=1)
(where CY is the cycle number)

RUN (2 1 1

Attach TAPE 11 - P.F. (EXCAV, CY=1)

Read Data and Previous Output from TAPE 11
Write Output and Data on TAPE 12

Catalog TAPE 12 -~ P.F. (EXCAV,CY=2)
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RUN (N) 1 1

Attach TAPE 11 - P.F. (EXCAV, CY=N-1)
Read Data and Output from RUN (N-1)

Write Final Output and Data on TAPE 12
Catalog TAPE 12 - P.F.(EXCAV, CY = N)

Clearly the cycle numbers need not be successive and only the
output of the current and preced1ng runs need be on file at the
same time. If a real tape is used then the output of the current
run may overwrite the preceding run by using only tape 11 or tape
12 for both reading and writing. However, it is probably good
practice to retain the preceding output until the current run has
been checked.

(e) Model Control Card

If RCALC is greater than zero then the residual stress slate in the
model will be calculated from the given co-ordinates. In most cases,
the depth of overburden will control the vertical stress. It is then
essential that the origin of the co-ordinate system for the model is
constrained to lie on the upper free surface. This is done using
DATUM as shown below.

y,y'

oc’

TR AT T 7R \Y/Ti‘Y/A\Y/A\Y/ >

5': Y - DATUM

[ ! o= -3h

> X

RATIO definesthe ratio of the residual horizontal stress to
the vertical,

i.e. O'g = RATIO x Oy
Note that SCALE alters the data in store whilst DATUM does not.
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(f) Shear Force/Displacement Law

The law is defined so that the initial shear stiffness (kg) is
independent of the normal stress. ’

SHEPR FORCE / AREA ‘_?

SHEAR DISPLACEMENT

The normalised relationship between shear force per unit area and
shear displacement is arrived at via the joint shear stiffness and
the residual angle of friction (¢p). It is convenient if the shear
stiffness defines the behaviour at least over the first increment of
normalised shear displacement. (If residual stresses exist at the
start of the calculation the corresponding displacements are
calculated from the shear stiffness).

'b* X : T
T =
1.
5‘_. 6 o ks
’On Tan ¢r
® - '

Dilatfon LaWs

Shear tests on joints may be used to determine the joint dilatancy.
This has been divided into two parts. Firstly the dilatation during
shear at zero, or very low, normal stress is defined. The maximum
dilatation recorded is DINC. This is used to define a normalised
Qilatation at zero normal Toad. It is specified numerically at
intervals of the normalised shear displacement defined in note (f).

1.

5 @

Di1a3ﬁon at zero normal load
_ = (DILTN) X (DINC)

DILTN

® -
g*

In order to take account of the influence of normal stress on dilatancy
a second law is defined. This specifies the proportion of the maximum

dilatation that occurs and is given at the increments of normal stress
as defined by FINC.



Note:
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Because the dilatation law is defined in terms of the

normalised shear displacement, it is possible to ensure that
the peak dilatation angle coincides with peak shear strength.

Normal Closure Law

(h)

The maximum permissible normal closure is given by E(5,MTYPE) on the
second joint property card of each set.” Up to the maximum value any
relationship between normal force per unit area and normal displacement

may be specified.

SNINT definas the proportion of the maximum that

is permitted at the given increments of normal stress (FINC).

Solid Elemént Properties

~v

]
v
&)
2
v
5‘,‘2 v LIMITED  TENSILE
= STRE
I A NGTH
7|
ra e ., o
s . o
€ v STRAIN
. {"<— RESIDUAL STRESS STATE
7
SLIP oN 7
vBlaviTous 4~ ___/

JOMT SET

STip will occur on the 'jointing' in the solid elements if the shear
Stress exceeds the shear strength at the existing normal stress.

T available F=

where ¢
and c

C+0nTan¢

is the angle of friction
is the joint cohesion



ooegoge

000062

eoop02
dogoo2
6oooa2
Gaoo02
600002

paoeo2
000003

Gavu3z

000065
600075
900113
gop127
000134

000142
00014%
000146
060155
guglel
V004170
006477
008206
too207
000216
000224
600233
00234
Qo237
Goga4d

000313
006316

000314
$00320
00u321
B0034h

PROGRAM GEN(INPUT,QUTPUT,TAPES=INPUT,TAPE6=OUTPUT,TAPE?
1 JTAPEBsTAPE9,TAPELD,TAPELL,TAPELD)
c ST+JOHN UMCROOQS
CPLANE STRAIN WITH JOINTS, CUMULATIVE LDADING, NON LINEAR ALDNG TANGENT
COMMON NUMNP yNUMEL 3 NUMMAT s NUMPC 9 ACEL X ACELY yNs VDL sNRES yMTYPE »
1 HEOC12),E(8,12) 9RO (12) 9 XXNN(12) 4RE500),2(500) yUR(SDOE) ,UZ(500),
2 CODE(S00),IBC{200),4BC(2006),PRI200) sANGLE (4)sLBADs NNNsNPy
3 EPS{40D) ;NSHELL)RSTRST(4LOD 93) yKN(400) ,KS{400)
COMMON ZARG/ RRR(S),ZZZ(5);S(10,10),P(iﬂ),TT(b),LH(“),DD(3,3),
1 HH(6,10) ;AR (4) pZZ () yCllyt) sH(6,10)30(66),F(6,10),TP(6),XI(10)
2,EE(7) , IX{400,5) yHTAG (40UL) yRSTRS(4) ,RESID(400,3)
COMMON /BANARG/ MBAND,NUHQLK,B(ISDD,A(iGO,BOD,ND
COMMON ZEXC/ NCUT(1883),NONEX
COMMON /CUN/ BST{1000) ,STRN(LOD, %) 4NS
COMMON /PLN/ PLANE
REAL KNyKS *
Creyses
c REAO AND PRINT OF CONTRDL INFORMAT AND MATERIAL PROPERTIES
LI P
Crevse
LBAO=0
50 READ(5,1100) HEO,NUMNP,NUMEL yNUMMAT 4NUMPC ,ACELX,ACELY,
1 NSTEP,NENDyNRES¢NSHELL y NONEX
WRTTE(592300) HEDs NUMNP, NUHEL s NUMMAT y NUMPC 3 ACELX yACELY yNSTEP,
1 NSHELL .
READ(5,1003) NREARD,NWRITE
READ(5,100%) SCALE,RCALC,DATUH,RATID,PLANE
HRITE(6,3005) SCALE,RCALC,DATUN,RATIO
IF(PLANE.EG.D.) WRITE(6,2030) .
IF(PLANE.EQs1s) HRITE(H, 2031} '

IF (NSHELL .EQ. 0) NSHELL= 13
56 DO 53 M=1,NUMMAT
READ (5,1001) MTYPE,RD(MTYPE)
IF (MTYPE .GT.NSHELL) GO TO 560
WRITE(6,2011) MTYPE,RO(MTYPE)
READ (5,1005) (E{J,MTYPE),J=1,7)
NRITE (6520100 (ECJ,HTYPE) ,J=1,7)
G0 10 59 S
560 READ(S5,2005) (EC(JyMTYPE) 94J=1,5)
WRITE (652017) MTYPE
WRITE(6,2016) (E(JyHTYPE) ,J=1,5)
CALL PROPS
59 CONTINUE
IF(NREAD.EG.0,) GD TO 7040
READ(11) R,Z,UR,UZ,CODE,IXy IBCsLBCsPRyNRES,RESIO,
1 RSTRST,STRNsBST,EPS,MTAGsNUMBLK ,NDyKN»KS

GO TO 7001
7600 CONTINUE
¢
cl'l.l
¢ READ AND PRINT OF NDDAL PDINT DATA
cl'l.'
¢
WRITE 16,2404) :
L=0
60 READ (5,1002) NyGDOEUN) 3RUN) »Z (N) 9 UR(N) yUZ{N)
RIN)=R(N) *SCALE

800345
080346

. 000347

900351
‘000353
800355
830357
838362
002363
800365
000367
6o037e
600371
€00371
600415
030420
Q00426
gegu27
000430
800430

6004632
600436
000437

000440
000444
680445
090463
gegues
000473
GO0LT4
- 000475
000476
000477
600500
600516
800521
800524

- 000524

009525
2900531
000533
800544
000561

090561
000563
800572
800573

- Q00574

Z(N)=Z(N) *SCALE
NL=L#1
ZX=N-L
DR= (R{N)=R(L)I/ZX
DZ=(Z(N)=2(L))7ZX
70 L=L+1
IF(N~L) 100,38,80
80 CODE(L)=0.0
RIL)=R(L=1)+0R
Z(L1=Z(L-1)+D2
UR(L) =040
UZ(L) 20,6 .
G0 TO 70
90 WRITE (6,20602) (KsGODE(K)yR(KD,Z (K} yURIK) yUZ (KD yK=NL » N}
IF(NUMNP-N) 100,110,680
100 WRITE (6,2u309) N
LBAD=1
GO0 TO 68
110 CONTINUE
NT=NUMNP+1
Cessss 7O BE VARIED WITH DIMENSTON STATEMENT
DO 111 N=NI,500
URIN) =G40
111 UZ(NI=0.0
c“‘l.
c READ AND PRINT OF ELEMENT PROPERTIES
Cevrass
WRITE (6,2601)
N=0
130 READ  (5,1003) M, (IX(My1),1=1,5)
140, N=N+1
IF({M=N) 170,170,150
150 IX{N,1)=IX(N-1,1)+1
IX(N;2)=IX{N=1,2)41
IX{Ny 3 =IX(N-1,3) 41
IX(Ny&I=IX (N-1,4)4+1
IX(Ny5)=IX(N-1,5)
170 HRITE(652003) Ny (IX(N,I),I=1,5)
IF (M=N) 180,180,140
180 IF {NUMEL~N) 190,190,130
. 130 CONTINUE
C"..'
c READ AND PRINT DF PRESSURE BOUNDARY CONDITION
clll.‘
IF (NUNPC.:G. 0) GO TO 310
290 WRITE (6,2(05)
00 3ug t=1,NUMPC
READ (5,1004) IBC(L),JBCIL),PRIL)
300 WRITE(6,2007) Ts8C(LI4JBCIL) 4PRIL)
310 CONTINUE

Cress
c READ AND PRINT OF INITIAL DATAR FOR THE PROBLEM
Ceranse
DO 32 N=14NUMEL
00 31 I=1,3
RESID{N,I)=J.0
31 CONTINUE
32 CONTINUE

98¢



000576
soosr?
g0064a0
800616
000620
togs22
000624
006634
006636
00637
000637
000642
000650
080651
[THL:3-3)

000652
000654

000657

000660

036661

000664

00067y
Loueve

6006733

0UG704

005710
upori2

000716

pouriz

60u717
030726
020727
goove?
000730
8a0730
630734
006731
000733
006734
000743
Q00744
Quo7u?
600751
dud75b
000757

000757
Gaa7e6u
930762
60o763
000764
oapr7e
Gde27e

IF(NRES.EQ.0) GO TO 45
L=0

47 READ (5,1007) Ny(RESIDIN,I),I=21,3)

NL=L{+1

3 L=Led

IF(N=L)40yllsh2

42 DO 4b I=1,3
46 RESIDIL,I)}=RESID(L=1,1}

41

GO TO 43
CONTINUE
IF(NUMEL=N) 40,45,47

40 WRITE (6,1008) N

LBAO=1

&5 CONTINUE

i1ul

145

Gress

c
craxs

350

IF(RCALC.EQ.0.0) GO TD 145
OVR=RO (1) *ACELY

DO 141 N=1,NUMEL

YCEN=040

NNOD=4

TFCIXIN, 3D, EQ.IXIN, 4)) NNOO=3
DO 142 I=1,MNNOD

JEIX(Ny 1)

YCEN=YCEN+Z (J)

DIV=FLOAT (NNOD)

RESID (Ny2) =OVB* (YCEN/DIV-DATUN}
RESTO(N, 1) =RESID (N, 2) *RATIO
RESID(N,3) =00

NRES=2

CONTINUE
L d .
SOLVE HON-LINEAR STRUGTURE BY SUGCESSIVE APPOXIMATIONS
»

00 350 N=1,NUMEL

HTAG (N} =1

LPS (N =040

STRN(N,1)=0.0

STRN(N,2) =0,

STPN(N,;3)=0,0

STRN(N, 4) =040

CONTINUE

00 bU5 HL=1,NUMEL

00 505 IJ=1,3

" RSTISTUANL,IN=I,0

605

505

7001

Cress
c

Crxesr
314

CONTINUE
NF= 2% NUMNP

00 505 N=1,4NF
dST{N)=0,0
CONTINUE

»

DLTERMINE BAND WIDTH

»

J=e

00 340 N=1i,HUHEL

D0 340 I=1,4

D0 325 L=i,4
KK=TADS (IX (N, T)=IX{N,L))
IF(KK,LE.39) GO TO 315
WRITE (6,2018) N

ga1002
801004
go1007
801014
001013
831020
go1i¢22
831027
901035

801040
001yu4a2
¥01061
001062
001066
004370
001103
001117
got122
001123
001127
001136
601145
001155
€91156
001156
891160

801160
01164
801167

901211
e01212
ga1212
001214
ag1216
001220
801221
801223
801236
001237
881248
0124
001246
801254
801257

881257

gé1261

LBAD=LBAD+1
315 IF(KK=J) 325,325,320
320 J=KK
325 CONTINUE
340 CONTINUE
MBAND=2%J42
WRITE (6,2012) MBAND
WPTITE (6,2019) LBAD
IF (L3AD.NE.O) STOP
c.“-‘.
Ce*++ PROVISION FOR EXCAVATION
DO 1500 NS=1,NSTEP
READ(5,1003) NELCUT,MGUT,NBOUN,NFIRST,NLAST,NP
IF(NAOUN.EG,0) GO TO 901
WRITE (6,3001)
D0 900 NB=1,NBOUN
REAJ(5,1¢82)  K,CODE (K) ,UR(K) ,UZ (K)
WRITE(6,1002) K,CODE(K) 4URTK),UZ (KD
900 CONTINUE
901 IF(NELCUT.EQ.0) 6O TO 903
WRITE(6,3002)
READ(5,108833 (NCUT(I),I=1,NELCUT)
HRITE(6,13G3) (NCUT(I) ,1=1,HELCUT)
00 902 NC=1,RELCUT
M=NCUT (NC)
IX(M,5) =MCUT
952 CONTINUE
903 CONTINUE
C***#+ PRINT RESIDUAL STRESSES AT START OF INCREMENT
IF(NFIRST,6T.1) GO TO 351
HRITE(6,1406)
WRITE(6,10G7) (Ky(PESID(KyI),T=1,3),K=1,NU™EL)
]
FORM STIFFNESS MATRIX

o000

CALL STIFF
351 CONTIMNUE
NK=NG/2
DO 560 WNN=NFIRST,NLAST
IF(NNN.EQ.1} GO YO 352
NB=Q
353 NB=3+1
RO 354 NR=1,NM
K=NW¥(NB=-1) +NR
KK=2% (NR=-1)
BIKK+1)I=UR(K)
354 B(KKe2)=yZ(K)
WRITE(8}) {(P(N},N=1,ND}
IFINUHBLK-NB) 352,352,353
352 CONTINUE

SOLVE FOR DISPLACEMENTS

onon

CALL BANSGL {NNN)

(3]

COMPUTE STRESSES

[+ N 7]

(NOT FIRST IKC.)

HRITE(6,2006) (NgBI(2¥N-1),B(2%N) ,BSTI2*%N=1) 3 BSTI2*N) yN=1,NJMIP)

18T



091307
$81310
001311
001314

0013156 .

£01323
001324

491325
001333
001334

601335
601336
0013461
6013062

["1F L3
001421
0014621

001422
001422
pu1422
Cois22
001422
go1422
401422

guis22

Loau22
001422

go14622
001422
801422
001422
001u22
001422

061422
001622

0u1422
ai1622

vhiluzz

001422 2012 FORMAT

CALL STRESS
401422 2016 FORMAT

CALL JSTR
500 CONTINUE 1 MAX.CLOSURE  */ SE15.4 )
IF(NLAST.LT.NP) GO TO 1500 803622 2017 FORMAT (1HJ10X,16H HATERIAL NUMRERIS)
Ces¥s CUMAULATIVE OISPLACEMENTS UPDATED AT END OF INCREMENT 081422 2018 FORMAT (24H ELEMENT GARD ERROR N= 1I4)
00 1518 N=1yNF 901422 2819 FORMAY (* LBAD =* IS)
BST{N) =BST{N) +B(N) . - - . . 601422 20330 FORMAT(* PLANE STRAIN ANALYSIS QF JOINTED STRUCTURES *)
1516 CONTINUE - 801422 2031 FORMAT(* PLANE STRESS ANALYSIS OF JOINTEZD STRUCTUKES *)
C*e¥* SET NODAL LOAOS BACK TO ZERO FOR NEXT INCREMENT 901422 3001 FORMAT(1HU,1SHNCDES ALTERED )
00 1511 N=1,NUMNP 001422 30802 FORMAT(1HO, 18HELEMENTS EXCAVATED )
UR( =0.0 401422 3005 FORMAT(1HD,* SCALE FAGTOR = *,E12.4y//
1511 UZ(N)=0,0 1 * RESIDUAL STRESS CALCULATION, RCALC= *,F5.G,* DATUYS
C*#*#NRES=2 IF RESIDUAL STRESS FOR JOINT IN GLOBAL COORDINATES 2 S*RATIOS *,E12.49/7)
NRE S=1 001422 3006 FOPMAT(1H0,3GH RESULYS WPITTEN ONTO TAPE )
1500 CONTINUE Go1422 s70°
IF(NWRITE.EQ.0) GO TO 5408 . 001424 END
WRITE(12)Ry2ZyURyUZ,CODE »IX,IBC,LBCy PRy NRES,RESID
1 RSTRST,STRNyBSTHEPS,NTAG,y NUMBLK yNDy KN,y KS UNUSED CONPILER SPACE
WRITE(643006) 012300

5000 CONTINUE
IF(NEND.EQed) GO TO 50
[
c
1000 FORMAY({12A6/415,2F10,2,615)
1001 FORMAT(IS,F10.0)
1002 FORMAT(IG,F5.0y5F10a0)
1033 FORMAT(61I5)
100% FORMAT(21I5,F10,0)
1005 FORMAT(7F1i0,.0) .
1006 FORMAT (25HLINITIAL STRESSES IN ROCK//8M ELEMENT 4X 9H X-STRESS 6X
1 94 Y-STRESS 6X 10H XY~STRESS//) .
1007 FOR4AY (I5,2X43E15.4)
1308 FORHYAT (314 RESIDUAL STRESS INPUT ERROR N= I5)
2000 FORYAT (1H1 1246/
1JuHy NUMBER OF NODAL PQINTSe«ce=«s I3 /
23CHO NUMBER OF ELEMENTSe=secceceea 13 /
330H) NUMEPER OF OIFF MATERIALS~=~ I3 /
430HQ NUMRER OF PRESSURE CARDS~«-~ I3 /
53CHJ X=~ACGCLLIRATINN#=cmccccacanae £12, 4/
63(H] Y~ACGCLLERATION“~=wcmccencan= £12,4/

7 3uHd NUMBER OF APFROXIHATIONS==--~ 13/
8 3UHO JOINT CUT OFF NUMBER=-=-==== I3 )
2001 FORMAT (u941LLLMENT NO. 1 J K L MATERTIAL )
2002 FORMAT (112, F12.2, 2F12.3, 2E2447) .
2003 FORMAT (1I13,416,1112) .
2004 FORMAT (1,3HINODAL POINT TYPE  X~ORDINATE Y-ORDINATE X LD
1AU O DISPLACEMENT Y LOAD OR DISPLACEMENT )
2005 FORMAT (29HOPRESSURE BSOUNDARY CONDITTIONS/ 24H I J  PRESS
1URE ) .

2006 FORMAT(1M1,11HN,P, NUMBER, 18X, 2HUX,18%,2HUY, 17X, 4MCUMX 317X,
1 WHIUMY, /Z{1112,4E20.7))
2007 FORMAT (216,F12.3) °
2003 FOP 4AT(*CNODAL POINT X DISPLACEMENT ¥ DISPLACEMENT CuH
1 X DISPLACEMENT GCUM Y DISPLACEMENT®)
2009 FORMAT (20HuNQUAL POINT CARD ERROR Nz IS)
2010 FORMATA20X,12HCOMP MOBULUS, 3X, L4HPOISSONS RATIO, 3X,
1 12HTEHS HMQDULUS  4/(F15,5,6E15.5))
2011 FORMAT (17HUMATERIAL NUMBER= I3, 15H, MASS DENSITY= E12.4)

(/76HMBAND= 15 7)
[§4] KN L1 c

m

ST

I
"~
.

I3

88¢



e

000001

goloeo1
900007
Guo017
gd0031
q00g44
sooos?
uggo072
Ga0105
0gp120
000133
0CD146
000161
Gogiel
600161
caniel
000161

060161

008161
000161

000161

600161
000162

SUBROUTINE PROPS X
COMMON /MAT/ SHEAR(i4,10) yORATIO(4y10) s DILTNC4,20) 50INC ()5 FINC (1)
1 §SNJNTUi,10)
READ(5,1600) J
READ{5,1001) OINC(J)yFINC(J)
WRITE(6,2001) JyDINCCJ) sFINC(D
REAN(5,1002) {SHEAR(J,1),I31,10)
WRITE(6,2402) (SHEAR(J,I),I21,10)
REAN(S,1u02) (DRATIO(JyI)sT=1,10)
WRITE(6,2u03) (ORATIONJy1),121410)
READ(5,1602) (DILTN(J,I),Ix1,10)
WRITE (6,204} (DILTN(JyI)yE=1,10)
READ(5,1002) (SNJNT(Jy1),1=1,10)
WRITE(642035) (SNUNT(J,1),1=1,10)
1 CONTINUE
1000 FORH4ATI(IS)
1004 FORMAT(2F10.,0}
1382 FORMAT(LLF5.0)
2001 FORMATU 10X,* JOINT TYPE *,I5,¢ OILATATION CONSTANT # ,E12.4,
1 * NORMAL STRESS INCREMENT * ,E12.4 )
2002 FORMATC * SMEAR STRENGTH AT UNIT INTERVALS OF OISPLACEMENT * /
1 10F13,3)
2002 FORMAT( * DILATATION AND NORHAL OISPLACEMENT RATIO */,10F10.3)
2004 FORMAT(* DILATATION AT UNIT INTERVALS OF SHEAR DISPLACEMENT *
1 /7 10F10.3)
2005 FORMAT(® NORMAL DISPLACEMENT AT NORMAL STRESS INCREMENTS *,
1 /7,1DE10.3)
RETURN
END

UNUSED COMPILER SPACE

617500

000001

000002

808001
000001

600001
608003
a0000%

800006
000010
000011
000812
4006013
cgon1s

‘600016

oocoze

083033
000034
000036
080937
8003940
000043

000044
200046
000050
000052
000056
000063
000065
000066
000071
800072
800073
000075
000076
000101

T 000194

g00111
030114
0g0417
8001zl
000123

000136

0001432

SUBROUTINE STIFF
COMMON NUMNPy NUMEL, NUMMAT, HUMPG y ACEL Xy ACELY ,N, VOL,NRLS,%YY?L,
1 HEDC12),E(8y12) ;ROC12) » XXNN(12) 4R (5u0) » 71500 ,URC500) JUZ(500)
2 CODE(S0CI,IBC (2003 yJBC (2341 PR (250} 5 ANGLE (4] 5 LBADy NNN, NP,
3 EPSCLDD) yNSHELL RSTRST(4UDy3) 4 KNELOD) 4 KS(LGD)
COMMON ZARG/ RRRI5) yZZZ(5) S (10,100 4PCLu) 5 TTC4) yLM (L), 00¢0,3),
1 HH (6,100 ,RR{4) 4Z204) yClhyt) 3HEH910) 30 (6,60 3F (65100, TP(6),XI(10)
2,CE(7)pIXT400,5) sMTAGLH00) ,RSTRS (&) yRESTD(40C,3)
COMMON /BANARG/ MBAND,NUMBLK,3(160),A(160,80),ND
COMMON ZEXC/ NCUTU188) ,NONEX
c"“'
¢ INITIALIZATION
cl’l‘l
REWIND 8
REWIND 10
NB = 40
C*¥»¥ND IS CONTROLLED BY COMPUTER BANDWIDTH
C*¥¢s  DIMENSIONS OF A AND 8 MUST CORRESPOND
ND=2¢N8
ND2=2*ND
LBAD=0
NUMBLK=0
00 50 N=1,ND2
B(N1=8,0
00 50 M=1,ND
50 A(NyMN)=@,0
cl""
c FORM STIFFNESS MATRIX IN BLOCKS
Cll.‘.
60 NUMBLK=NUMBLK+1
NH=NS* (NUHBLK+1)
NM=NH-NB
NL=HNM=HNB+1 t
KSHIFT=2*NL=-2
00 2106 N=1,NUNEL
C*»*3YEPASS STATEMENTS FOR NON-EXISTANT ELEMENTS
IFCIX (Ny5).EQ.NONEX) GO TO 210
IF (IX(N,5)) 210,210,65
65 DO 80 I=1,4
IF (IX(N,I)=NL) 80,70,70
70 IF (IX(N,I)=-Ni) 90,90,88
B0 CONTINUE
GO 10 246 :
90 IF (IX{N,5) .LEe NSHELL) GO TO 82
CALL JTSTIF
60 TO 165
92 CALL QUAQ
IX(},5) =-IX(Ny5)
IF (VOL,LE.8.) LBAD=1
IF (YOL.GT. 0.) GO TO 14%
HRITE (5,20803) N
144 IF (IX{N,32.EQ.IX(N,&2} GO TO 165
145 00 150 II=1,9
CC=S(II,100/5{10;13)
P II=P{III=CC*PILD) -
00 150 JJ=1,9
155 s:z:,JaazStx:,JJ;-ccvscza,JJ:~
00 160 I1=1,8 .

68¢

%




000146 CC=SCTT,9)/5(9,9) ' 000404 B(JJ) =8 (JJ) = (SINA*DZ=COSA*DR)

LG0Lu6 P(II)=PLIII~-CC*P(D) 000496 300 CONTINUE
000150 D0 160 JJ=1,8 , Cras 2. DISPLACEMENT B,C.
gualel 160 SUIIpJJ)=SCII,JJ)=-CC*S(9,Jd) 0004121 310 DO 400 M=NL,NH

cerresspAnD ELEMENT STIFFNESS TO TOTAL STIFFNES*®*» 0006443 IF (M-NUMNP) 315,315,400
006166 165 DO 166 l=1,4 . 000415 315 U=UR(M)
000177 166 LM(I)=2%IXIN,I}=2 000417 N=2 *M=1-KSHIFT
4gp201 20 200, I=1,4 Ca0421 IF (CODE(M)) 330,400,316
900203 DO 200 K=1,2 : 000423 316 IF (CODE(M)=1,) 317,370,317
gpe204 II=LM{I} ¢K~-KSHIFT , 600626 317 IF (CODE(M)-2.) 318,390,318
00206 KK22%[-24K 000431 318 IF (CODE(M}=3,) 39¢,380,390
0og21¢ BCIIY=BUIT)+P(KK) . 00063 378 CALL MODIFYU(A,B,N0Z,MBANDO,N,U)
000214 00 260 J=1,b . 000640 GO TO 400
00215 00 20u L=1,2 00DG4Y, 380 CALL MODIFY(A,8,NB2,MBAND,N,U)
0egaie JISLMISY +L-I1+1=-KSHIFT 000445 390 UsUZ(M)
600222 LL=2%J-2+4L 800467 N=N+1
060224 1F(JJ) 200,200,175 000454 CALL MOQGIFY{A,B,NO2,MBAND,N,U)
060226 176 IF{ND-JJ) 180,195,195 600455 490 CONTINUE
000231 180 WRITE (5,2004) N Ceerrr yQITE BLOGK OF EQUATIONS ON TAPE ANN SHIFT UP LOWER BLOCK ¥¥%s-
0ou237 LBAD = ¢ 000460 WRITE(8) ((AIN,M)yM=1,MBAND) yN=1,ND)"
000240 GO TO 210 000477 HRITE(8) (BIN),N=1,KRD)
(00241 195 A(II4JdJr=A(I1,JJ)¢SIKK,LL) . Cee¥s TRANSFER B VECTOR INTO UR,UZ ONE BLOCK AT THE TIME
000250 200 CONTINUE 000505 0D 419 N=NLyNM
400260 210 CONTINUE 600515 K=2*N-KSHIFT
060263 IF(LBAD,NE,0) GO TO 475 000517 UZIN} =B (X)

Cre**5A030 CONCENTRATED FORCES WITHIN BLOCK ***%s 600528 419 UR(N) =B (K-1)
000264 00 250 N=NL,NM 030523 00 420 N=1,4ND
086275 K=2 *N-KSHIFT 000525 K=N¢ND
oee2r? BLKI=B(KI+UZ(N) ' 808526 BN =R(K)
004301 250 B(K-1)=B(K-1)+URIN} gnps2? B(K)=0.0

Ceesrs BOUNDARY CONNITIONS wew2s ) 000531 D0 420 H=1,NO

Crre 1.PRESSURE 8.C. wen 0005643 AN, MISACK, M)
400304 IF (NUMPC) 260,310,260 GDO564 420 A(KyMI=0,0
800365 260 DO 300 L=1,NUMPC C***%* CHECK FOR LAST BLOCK  *¥ser
000307 I=38C¢L) €aes55¢ 475 IF(NM-NUMNP) 60,480,480 1
008312 NENETAIE] 008553 480 CONTINUE
000313 PP=PR(L}/2.0 000553 IF (LBAD +EQ. ©) GO TO 500
00345 DZ=(Z(1)-2CJ)) *PP ' 000554 WRITE (6,2005) LBAD
v00320 OR= (R (J)-R(I}) *PP 600562 SToP
000323 264 IT=2*I-KSHIFT 000564 5800 RETURN
000325 JJ= 2% J-KSHIFT 000565 2003 FOPMAT (26HONEGATIVE AREA ELEMENT NG, I4)
600326 IF (11) 280,280,265 000565 2004 FORMAT (29H0BAND WIOTH EXCEEDS ALLOWABLE I4)
000330 265 IF (1I-ND) 270,270,290 s 060565 2005 FORMAY ( » LABO= *I5)
000333 270 SINA=0.0 000565 END
000334 COSA=1,0
600335 IF (CODE(I)) 271,272,272 UNUSER COMPILER SPACE
000340 271 SINA=SIN(CODE(I)) 015300
009342 COSA=COSICODECI}?
G00347 272 BUTI-1)=B(II=11+(COSA*OZ+SINA%GR)
008354 BAII)=BULII1)~(SINA®DZ=-COSA®OR) .
000356 280 IFCJJ) 3u0,300,285
uga3el 285 IF(JJ-NO) 290,290,300
000363 290 SINA=O.0-
600364 COSA=1,0
000365 ' IF (CODE(J))291,292,292
000370 291 SINA=SINICOOE(N) R °
000372 COSA=COS(COANE () ’ . ’ CT
000377 292 .B(JJ-1)=R{JJ-1) +(COSA*DZ+SINA*DR)

06¢



Lv00al

co0601

600001
coocpl
600001
capoos
060003
000004
600006
000007

Geoo011
900020
goddee
060025
goog27
008027
600033
000035
goo037
000044
Go0ue2
600045
000048
000046
oo050
8000590
000051
gooas2
000453
600033
LooQs?
00Ga61
gJ0067
008070
Coo07e
006071
0goq72
600073
000074
060075
00007%
800076
000077
080190
0080102
c0s103
060163
000105
000106
040107
000112

Cyrrx

105
82

83
84

SURROUTINE QUAD
COMMON NUMNP, NUMEL 9 NUMMAT , NUMPC 4 ACEL Xy ACELY sNy VOL s NRES , MTYPE

1 HED(12)9E(8,12)4RD(12) 4 XXNN(12) yR(500),2Z(500) URL500),UZ(500),

2 COTE(S00) 4IBC(200) pJBCL200) pPR(200) yANGLE (&) LBAD)NNNyNPy
3 EPS{LO0) ,NSHELL JRSTRST (40053} o KNT43I D) 4KS(40D)
COMHON ZARGY RRRI5)92ZI(5)yS{10410)sPLaL) 3 TT(4),LM(H),00(3,3),

1 HH(B,10) 4RRLL) yZZ(4) 4C{pt) 3H(6,10),0(6,0),F(6,10),TP(6),XT(10)

29EE(7) s IX{40045) yMTAG(400) s RSTRS (%) 4RESID(400,3)
COMMON /BANARG/ MBAND,NUMBLK,B(160),A(160y80)yND
COMMON /TEN/ HRES(3,10)
COMMON /PLN/ PLANE
I=IX{Ns1)

J=INAIN, 2)
K=IX{N,3)
LzIX{Ns &)
MTYPE=IX(N,5)

* FORM STRESS SYRAIN RELATIDNSHIP FOR PLAIN STRAIN Sssss
00 105 KKz1,7
EE(KK)}=E(KK41,HTYPE)

IF (MTAG(N)=2) B82y84,83
EE(3)=EE (1)

60 TD 84

EECLI=EE(D)
EECL)=EECLI /7 (L. ~EE(2) **2)
EE(3)=EE(3) /(1.~EE(2)*%2)
EE(2) =EE(2) /€1, -EE(2))
XX=EECL)/EE(3)
COMM=EE{1) F (XX-EE{2)%%2)
C(1,1)=CouM=XX
C(1,2)=COMM*EE(2)
Ct1,3)=0,0

Cl2,13=C(1,2)

C12,2)=C0MH

C(253)=0.90

C(3,1)=0.8

C(3,2)=0.0
CU3,3)2.5%EE (1) 7 {XX+EEI2N
SS=SINLEPSIN))
CCaCDSIEPSING}

S$2=S5*SS

€2=CC*CC

SC=35*CC

01413852

0(1,2)=C2 .
D(1,3)=0.0

D(1y4)=~SC

082,1)=C2

D(2,2)=52

0(2,3)=0,0

01(2,4)=SC

0€(3,1)=2,.*%SC .
01(3,2)=-0(3,1)

0(3,3)=0.¢

0(354)=-C2¢52

DO 88 IT=1,3

0D 88 JJ=1,4%
H{II,JJ)=0,.0

00 88 KKXz=1,3

000124
000126
000133
000135
000136
Gual4as
000154
00015¢

000163
000164
008175
ggaz24a0
CoGzo0
630208
QBuZ1e

000215
090221
gogzes
000226
800232
0apc23s
008240
0Gu2461
000242
000251
0008253
800260
000262
gau270
Geo274
069306
6003C5

€00311
006345
goo31e
000317
God324
gou3ae
0u0337
0030343
0006351
060353
008354
800354
t0u35e
060361
00365
000370
008372
000374
000401
§0gs02
Q00463

8

89

cesss
c

Cress
111
112

113

11«
Crene

33
9%

35
96

180

119

cessas

240

120

125

HITTyJJ)=H(IT ) $CLIT,KK) *D KKy JJ)
CONTINUE

0D 89 IT=1,4

00 89 JJ=1,4

C(IT,JJ)=0.0

00 89 KK=1,3

CYII,JJd} =CITyJd) +D(KKy I1) *H (KK, JJ)
CONTINUE

REPLACE RESIDUAL STRESS FOR NTH ELEMENT BY RSTRS(IJ)
A >
IF(NRES.EQ.0) GO TO 112
00 111 1J=t,3
RSTRS (IJ) =RESID (N, TJ) +RSTRST (N, IJ)
GO TD 114 .
D0 113 IJ=1,3
RSTRS(IN =0.0
RSTRS (4} =RSTRS(3)
* FORM QUADRILATERAL STIFFNESS MATRIX *sess
RRR{(5)=(R(II+R(JI+RIK)+R(L) ) /oD
222(S1= (2T +ZCII+ZCKI+2 (L1} /04D
00 94 M=1,4
MM=IX (NyM)
RRR (M) =R (MM}
2ZZ (M) =2 (MM)
00 100 II=1,10
P(IT)=0.C
00 35 JJ=1,6
HHO DD, 110 23,0
D0 36 JJ=1,3
HRES(JJI,T1I)=0.0
00 108 JJ=1,10
S(II,JJ)=0.0
00 119 II=1,06
JJ=IX(N,IT)
ANGLE (IT)=COOE (JJ} /57,3 ¥
FORM BAR STIFFNESS *¥sss
IF (IX(Ny2)-IX{Ny3}) 250,240,250
TF(1) =-EE (&)
TT(2) ==EL(6) .
OR=R{J)=R(I) .
0Z=2(IN~-2¢1)
XL=SQRT (DR**240Z%%2) '
RRR(5)= (R(I}-R(JI}/2.-2+ *EE (W) *DZ/ XL
ZZZi5)=CZ (1) e24d1) /2.2, *EE(4) *OR/ XL
CALL TRISTF(1,2,5) ’
G0 TO 13¢
CONTINUE -
IF (K.NE. L) GO TO 125
CALL TRISTF(1,42,3)
RIR(5)=z (RRR (1} +RAR(2I+RRR(3) I 73,0
ZZZ(5)=(Z22Z(1)+22242}4222¢3})/3.0
VOL=XIC1)
IF(VOL.GT.0,) GO TO 138
NRITE (6,10003 N :
RETURN
VoL =08.0

« CALL TRISTF(4,1,5)

162



000406 CALL TPISTF(142,%)

000411 CALL TRISTF(2,3,5%5)

000614 CALL TRISTF(T,4,5)

gooui? IF(VOL.GT. 0.) GO TO 126

vi0e22 WRITE (6,1000) N

600427 126 00 140 IY=1,6

600434 00 140 JJ=1,10

0004ug HHOIT, ) =HHIIT, 0 240

000441 140 CONTINUE

000y 4t 130 CONTINUE

00044y WRITE(10) RRRYZZIZ,CyHHsS,yPyVOLHPES
BOD4BT RETURN

0Go4’e 1000 FOPMAT (® NEGATIVE AREA ,ELEMENT NO.* 15)
coa4re 2901 FORMAT (1H ,4E12.4)

Videto END

UNUSED COMPILER SPACE
0155090

000005

¢opoas

000005
000005

ggcaie
000010
000011

600012
CoGLL
000015
G0G017
000017
giggel
600022
Ludl24

040025
og0027
300336
000037
G0004ue
0604850

030056
Le0066
goo0e7
gaoe72
g08105
670106
000107
000407

030111
000113
006114
000118
gopize
vo0121

800123
0o012%

980135

0001as
g00147

a0

OO0

QOO0

85

L]

1640

102

107

188

SUBROUTINE TRISTF(II,JJdyKK)

.COMMON NUMNPy NUMEL y NUMMAT , NUMPC 9 ACEL X9 ACELY 4N, VOLy NRES 4 MTY?E,

1 HED(12),E(8,12) yRO(12) s XXNN(12) 4RP(500) 4Z21500) ,UR(S564) 4VZI5ul),
2 CODE(500),13C€200),JBC(200) 4PRI2C0) yANGLLC (4) 4LBADs NNNyNPy
3 EPS(400) yNSHELL yRSTRST 400y 3) s KN(LTT) 4KS(LOD)

COMMON /ARG/ RRR(5) 4ZZZ(5) 3S{iUsdl) oP(L10},TT (4),LML(L},D0(3,3),
1 HH(6,10) 3RR(LD 377 (4} 3Clly0) yH(6410) 3006563 ,F(6510),TP{E),XI (1M
29CECTY S IXU400,5) yMTAGCLG0Y yRSTRS (L), RESIDC4]0,3)

"COMMON /RANARG/ HBAND,NUMBLK,B(160),A(16U,30),ND

COMMON /TEN/ HRES(3,10)

1. INIFTIALIZATION

LM(1) =11
LM(23=JJ
LH{ 33 =KK

RR{1)=RRR(II)
RR(2) =RRR(JJ)
RR{3) =RRP (KK)
RR(4) =RRR(IT)
22¢1y=222¢11) .
22(2)=222(J)
22¢3) =2Z724{KK)
2Z(4)=ZZ22(11)

00 129 I=1,6
DO 98 J=1,10
F(Iyd =u,
H{I4sJ)=0,0
00 100 J=1,6
0(X,J)=0.0

3. FORM INTEGRALI(G)T*(C)*(G)

COMM=RR(2)2(ZZ(3)=-22(1) 1 +RR (1P * (22 (2)=-ZZ(J)I+RR(3I* (22 11=-2712))
XI(1)=CoMM/2.0

IF(XI(1).GT.0.8) 60 YO 102

WRITE(6,10008) IlsJJyKKyN

LBAD=]

RETURN

CONTINUE *

VOL=VOL+XI(1)

D(2,2)=XI(1)*C(1,1)
012,6)=XI(1)%C(1,2)
De3,333=XI(L)*Clhy4)
D{3,5)=XT(1)*CL{4, ) B
0(5,5)=XI(13%C(4sk)
BE6,6)=x1(1)3C{(2,2)

00 110 I=1,6
00 118 J=1,6
013, 1)=0(1,
4+ FORM COEFFICIENT-DISPLACEMENT TRANSFORMATION HATRIX

DO(1,1I=(RRI2I*ZI(IIRRIII*ZZ(2) )/CONM
DO(1,2)=(RR(3)*ZZ(1)-RR(1)*Z2Z(32)LLCONM

c6e



b

000154
000460
0006162
000364
08046%
008470
ooei72

800475
900215
000217
gagzao
000224
600230
0ou23%
000237

600251
000254
000255
060260
000263
000266
000270
000303
G00304
000398
000313

000315
660317
000326
000323

000341
000346
080352
400354
000355
000360
008375
000402

000406
008426

000442
0a046h
000470

SO0

aod

ocooan’

120

122

124
125

129
130

138
139
140

150
168

D0(1y3)=(RRE1ISZT(2)=RRI2) *2Z (1) I/CONY
DD(2,1)=(22(22~22(3))/COMM
00(2,2)=022¢3)=2Z11)3/C0M%
00€243)=(22(1)=22(2)1/7C0MM
DD(3y1)=(RR(3I-RAIZ)I/SCONN
DB(352)=(RR{1)=RR{3))/COHN

DB(3,3) = (RR(2)-RR(1))/7COMM -

00 120 11,3
J=2eLM(I) -1
HUL,J3=0D (1,1}
H(2,4)=00(2,1)
H(3,0)=D0(3,1}
HityJe1)=00(Ly1}
HI5,J¢1)200(2,1)
HU6,J41)200(3,1)

ROTATE UNKNOWNS IF REQUIRED

00 125 J=1,2

I=LM(S)

IF (ANGLECI)) 122,125,125
SINA=SIN(ANGLE(I))
COSA=COS(ANGLE(T))

1J=241

DO 124 K=1,6

TEH=MIK,TI~1)

H(KyIJ=1) STEM®COSA+HIK,IJ) *SINA
HIK,IJ)= ~TEMSSINA+HIK,IJ)®COSA
CONTINUE

5, FORM ELEMENT STIFFNESS MATRIX (H)IT*(D)*{H)

00 138 J=1,10
00 130 Kemi,6
IF (HIK,J)) 128,130,128
DO 129 I=1,6

FAT 3 J)=F (1,01 4D U1 KI¥H(Ky )
CONTINUE

DO 140 Kui,6

DO 140 I=1,10

IF (HUK,T)) 138,140,138

DO 139 J=1,10
SUI,J3uST, D+HIKy 1I*F (KyJ)
CONTINUE

FORM RESIOUAL LOAD MATRIX

D0 160 ¥=1,10

PUIISPII)eXTEL)*H(2,10%( =RSTRS{1))
1 ¢XI(L)*HI6,1) %L -RSTRS(2})
2 *XT (L3 HI3,1) %L ~RSTRS(3))
3 SXI(1ISH(S, 1) %L -RSTRS(3M)

D0 165 I=1,10
HRES (13 I)=HRES(1,1)4H(2, I) *XI( L)
HRES(2) 1) =HRES(2) I} +H (6,5 1) #X1 (1)

880472

9040505
084510
988524
088526
088530

090535
600537
089546

489555
806556

883550

UNUSED
0155080

ACCELERATION LOADS

Oono

COMM=RO(MTYPEI*XT(1)/3.8
D0 170 I=4,3
JuZ2 SLH(I) -1 |
P{J)=P(J)-ACELX*COMM

170 P{J+1)=P(J+1) -ACELYSCOMM

FORM STRAIN TRANSFORMATION MATRIX

OO0

400 DO 410 I=1,6
D0 410 J=1,10
410 HHIIy3JISHM(I,J) +H{I,J)

415 RETURN .
1000 FORA4AT(28HZERD OR NEGATIVE AREA, TRI.
c
END

COMPILER SPACE

165 HRES(3,I)2HRES (3,2 ¢ LH(39T)$H(5, T3 I*XT (1)

3I4,1LHELEMENT NO,

15}
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000002

008001

900001
ggouol
060001
600001
000001
¢00001
008003
030004
Ggooo7
Gooaix2
008015
000020
Gago21

egg0022
600431
630031
c00036
008037

G08%41
600063
000044
©068053

6006861
aognes
GoLO06Y
Gg0065
g0pg72

608075

600100

£00183
casiie

Gop115
0090115

690132
L0013y
080134
£30136
000161
030145

Lers

C¥es

cl!&

SURROUTINE JTSTIF

COMMON NUMNP, NUMEL s NUMMA Ty NUMPC ACEL X9 ACELY pNy VOL 9 NRES 4 MTYPE
1 HED(12) 4E(8,12),RO(12) 9XXNN(12) 9R(530)4Z{5u0),URIS0D) ,VZ(500),
2 CODELS00},INC(200) ,JBC(200),PR(200) yANGLE (4),LBAD)NNNyNP,y
3 EPS(400) yNSHELL ,RSTRST(400,43) 9 KNC4BO) 4 KS(4D0)

COMMON ARG/ RRR(5),22Z(5),S€10,10),P(10),TT(4)4LML),D013,3),
1 RWH(B510) sRR{H) »ZZ(4) 4C iy b),H(EB510),0(6,6),F(6910)3TP(B)yXI(10)
29EE(7) yIX{40055) yMTAGLLG0) yRSTRS (4} yRESIO(4uly 3)

COMHON /CUM/ BSTC1000),STIN(4DD,4) 4 NS

DIMENSION AlLs4) 4yTR(2,2)5SSTIF(105,10),PPP(8)

EQUIVALENCE(S(10516),ESTIF(1uy10))

DATA A/2.31es"1e3=2e31e3203"2e9=109=109"203209803~203~L03le¢32./

REAL KS,KN,L

IX=IX(N,1)

JJ=IX (N, 2)

OP=R{JI)~R(II)

D2=Z2¢(JIN=-2(IT])

L=SART (DR*IR+02*0D2Z)

IF(L.EQJCW) GO TO 2012
MATSIX(N,S)

IXINGS)I=~TX{N,S5}

MATCRIAL PROPERTIES *4»+
IF(NNN.GY.1) GO TO 50
KN{ND) =F (1, MAT)

KS{N)=F(2,4AT)

53 COMS=KS(N)*L/6,

COMN=KN(N) *L /b,

INITIALIZE *=***

00 126 II=1,3

PLIIY=C.0

9D 103 JJd=1,48

100 ESTIF(IIZJJ)=0G.0

NEVELOP RESIDUAL STRESS CONTRIBUTIONS ¥O THE LOAD VECTOR

c'..‘..!

OOOO0O0

THE FOLLOWING SIGN CONVENTION IS ADOPTED.THE NDRMAL STRESS IS POSITTVE
WHEN DIRECTED QUTWARDS THE CLcMENT ON THE FACE(II,JJ)«THE SHEAR STRESS
IS POSITIVE WHEN OIRFCTED FRD4M IT TO JJ AND KK TO LL INSIDE THE ELEMT,
BCSTJES AND FOR EXAMPLE,S2 IS THC 3QUARE OF THE COSINE OF THE ANGLE
FETWEEN THE GLOSAL X DIRECTION AND THE LOCAL NORMAL STRESS OIRECTION.
SC= (DR*DZ) 7 (L**2)
S2=(nZ/L) **2
C2=(DR/L) **2
IF(NPES.EQ.2) 6O TO 112
111 RSTRS(1)=PESTID(Ny1)
1 +PSTRST(N, 1) +KNIN) *STRN(N, 1) .
RSTRS (21 2RESII(Ny3)
1 +RSTRSTING3)
60 TO 113 .
112 RSTIS(1)=RESTOIN,1) *S2+RESIDIN,2) *C242,*PESIDIN, 3} #SC
RST 3S(2) = (RESID 1N, 2)-Re SID (N, 1) ) *SC+RESIO(N, 3) *(S2~C2)
113 CONTINUE
00 1a¢ I=1,4
J=2 211
PAP(J)=L*RSTRS(1)/2,
J=2*1
160 PP (J)=-L*3STRS(2)/2.
090 161 T=1,4
161 PPP(I)=~PPF (I)

000147
000150
606151
000153
ggetel
000165
000166
00g172

008207
000210
000211
000211
0gozi2
608215
060216
Q00221
00g223
680227
000243
8082590
000256
€00262
€0026s
000267
608305
0003190
000316
¢08320
Qog3e0
006339
080332
000334
600337
80345
400345
008353
000354
030354
000354

UNUSED
016340

200

c...

10

420
%09
405

40t
201

23090
209%u

D0 200 II=1,4

IS=2+%11-1

IN=2%1I1

DO 200 JJ=1,4

JS=2%JJ-1

JN=22 29
ESYIF(IS,JS)=COMSHA(IT, Jd)
ESTIF{IN, JN) =COMN*A(IT,Jd)
ROTATE GLOBSAL CCORDINATES
TR{1,4)=DR/L

TR(1,2)=DZ/L

TR(2,1)=-D2/L

YR(2,2)=DR/L
IF(TR(1,1).EQels) GO TO 405
DO 400 NH=1,4

DO 410 II=4,8

JJ=2%NN=-1

TEMP=ESTIF(II,Jd)

DD 410 KKx=1,2
ESTIFAII,JJ)=TEMP*TRI(L,KK) +ESTIF(II,2%MN)*TR(2,KK)
JJdzJddet ‘
00 4206 TI=1,8

JJ=2%NN~1

TEMP=ESTIF (JJsII)

00 420 KK=1,2
ESTIF(JJ,II)STRIL,KK) *TEMP+TRI2,KK) *ESTIF(2*NN, I D)
JJd= LJdet

CONTINUE

CONTINUE

00 401 I=i,4

J=2*I-1%

II=2*1 ¥
P(J)=PPP(JI*TR(1,2) +PPP(I1) *TR(2,2)

P(II)==PPPIJI*TR(2,2)+PPPIII)*TR{1,2}
RETURN

WRITE(6,2090) N

RETURN N

FORMAT(10E12.3)
FORPMAT(164H 3AD JOINT,N= 13/}
END

COMPILER SPACE

v6¢



“n

000010
600010
pooo11
000042
pgagao
060021
0gu026
600830
gogg3s
dgoguo
0o004Ls
Go0047
000651
0g00s2
000053

230
235
240
250

SUBROUTINE MODIFY(A,B,NEQ,MBANDyNyU)
DIMENSTION AU160,580), B(16D)
00 250 M=2,MBAND

K=N-M+1

IF(K) 235,23%,230

8{K) =B(K) ~A (K, M) Y
AlKyM)=0.0

K=NEN~-1

IFINEQ-K} 250,240,240

BIK) =B(K)=-AUlN,HM)*U
AtN,M)=0.0

CONTINUE

ANyL)=1,0

NI =Y

RETURN

END

UNUSED COMPILER SPACE

020409

ggogo02
6égego2
000003
800906
090007
€3001¢0
000912
000016
goco1e

000320

gogo21
pooo023
go0a2s
000026
goge27
000031
006043
00004t

000051
600053
000073
008103

800105

000110
600112
000413
000115
88012«
680125
080127
00843¢
000142
(30143
000158
000155
600160
000163

000204
000266
260267
680221
gapn222
00082246
0002286
000231
000234
890237
g0o2a1

ci'..
Cresrs
Ceses

c
c
169

.

125
c

v

150

¢
260
c#.‘t
262
225

238

250
275
300
375

c‘l.‘

241

276
301
378

SUBROUTINE BANSOL {NNN)

COMMON /BANA&G/ MMy NUMILK,B(160) 3 A{160,80) yNN
NTAPE=9

IF(NNN.EQ.1) NTAPE=B

NL=NN+1

NH=NN+NN

NA= g

REWIND 7

REWIND &

REWIND 9

7 FOR REDUCED B MATRIX

8 FOR NEW 3 MATRIX - A MATRIX ON FIRST RUN
9 FNR PENUCED A MATRIX

GG T0 150

RECJCE EQUATIONS 8Y RLOCKS
1. SHIFT yrP sLOCK OF E£QUATIONS
NB=NB 4+

00 125 N=14NN

NM=NN+N

BAN) =B (NM)

B(NM) =0,0

00 125 M=1,MM

BANSMY A (NK,M) ;
A(NYyM)=0,2
2. 2EAD NEXT BLOCK INTO CORE
IF(NUMBLK=~NB) 150,200,150
READ(NTAPE) ((AIN,HM) M=1,MM) ,N2NL,NH)
REA3(8) (B(N})yN=NLyNH)

IF(NB) 200,100,200

3. REQUCE BLOCK OF EQUATIONS
IF(NTAPE~-8) 202,202,201

REOUCE A ANO B IN FIRST PASS

0C 308 N=1,4NN

IFCAIN, 1)) 225,300,225

00 275 L=24MM \
IFLA{NsL)) 230,275,230
C=A(N,LYZA (N, 1)

I=Nel -4

J=6

DG 250 K=L,MM R
PENES Y

A{T yJ)=ALI, J)I-C*A(N,K)

AiN,L)=C

CONTINUE

CONTINUE

RRITE(S) ((A(NyMIyM=1,MH) 4 N=1,NN)
REOUCE 8 ONLY SUBSEQUENT PASSES
00 381 N=i,NN

IF(A(N;1).£Q,8.0) 60 TO 30t

00 276 L=2,4M

IF(A(NSL)JEQ.8.0) 60 TO 276
I=NeL-1

BI{I1=BL{IY~A(N,L)*B(N)

CONTINUE

BIN)=B{N)ZA (N, 1)

CONTINUE

TF{NUMRLK=NB) 376,400,376
WRITE(7) (BIN)yN=1gNN)

Gg6¢



610 ’
[1d 7114 60 TO 190 SUBROUTINE STRESS

geess® gACK SUBSTITUTION 008001 COMMON NUMNP, NUHEL,NUMHA?,NUHPC,ACELX,ACELY,N VOLyNRESyMTYPE,
098251 400 BACKSPACE 9 ) i HED(12),E(8,12),RO(12) s XXNN(12) yR(500) ,Z¢(580)UR(BED) UZL500),
000253 402 DO 450 M=1i,4NN 2 CODE(500),IBC(208) yJBC(200)4PRI2GO) yANGLE (4) 3 LBAD yNNN NP,
009255 NzNN¢ieM 3 EPSEL00) yNSHELL JRSTRST(400,3) 4KN{LDEO) ,KS{400)
080257 D0 425 X=24.MM . 000001 COMHOM ARG/ RRRU5) 32ZZ(5) $S5(10,10) pPLL0),TT(4) 3LM(L) y00(3,3)y
880278 LIN+K=-1 1 HH(6410) sRA(%) 4 ZZL0) 40 (hyH) yH(6,10),0(646)4FC(6,10),TP{6),XI{LN)
geoarz 425 BINI=BIN)I-ALN,K)*B(L) . 29EE(7) 5 IXC408,5) sMTAGL400) yRSTRS (4} 9yRESTO(400,3)
000276 NM=N+NN 008001 COMKON /BANARG/ MBAND,NUMBLK,B(160),A(160,88),NOD
goparr B (NM)=B{N) ’ 40001 COMMON /CUM/ BST(L800),STRN(400,6)4NS
000306 450 A{NM,NB)=B(N} 0800012 COMMON /7EXCZ NCUTU180),NONFEX
008313 NB8=N3-1 . 000001 DIMENSION HRES(3910)5SIG{13)4STR(I)
0003514 IF{NB) 475,500,475 006001 REWIKD 18
a0Q314 475 BACKSPACE 7 A c COMPUTED ELEMENT STRESSES
839316 BACKSPACE 9 CEser
008320 READ(7) (BN}, ,N=1,NN) 000003 MPRINT=0
000326 READ(9) {(A(NyH) M= ,NM) ,N=1,NN) 000064 DO 300 M=1,NUMFL
000347 SACKSPACE 9 . 008006 N=M .
808352 RACKSPACE 7 00616 IX{N,6)=TABSCIX(N,S))
000354 . GO TO g2 Q08012 MTYPE=IX{(Ny5)
C®»%8 QRDER UNKNOWNS IN B ARRAY 00Go14 YF(MTYPELEC,NONEX) GO TO 302
000355 560 K=0 -000046 IF (MTYPE. GT. NSHELL) GO TO 330
80890356 : D0 600 NBa1,NUMBLK 800024 TENS1=E{1,MTYPE)
000369 ’ 00 500 N=1,NN ggoe2s TENS2=E(L4MTYPE)
¢00370 KeK+1 090026 ALPHA={E (S5,MTYPE)+90.)*0,3174532925
c00371 NM= N NN - Ces®s RFAD DATA FROM TAPL 10 (GENERATEC IN QUAD
809374 : BIK)=A{NM,NR) ' 680032 REATCL0) RRR,722,CyHHyS,Py¥YOLHRES
009372 600 CONTINUE Crrxs CURRENT TOTAL INITIAL STRCSSES
C**#3% REWIND 8 READY FOR NEW BLOCKS OF 8 008854 00 190 T=1,3
000‘901 REWIND 8 888065 188 RSTRSULI) Q:SZD(N,I)*RSTRST(N,I)
208403 RETURN GGO0a7C RSTRS(4) =RSTRS{3}
0484046 END . Cev¥¥® CALCULATE NEW P(9),P(40) FROM PREVIOUS INITIAL STRESStS
0060712 IFUIX{N,3).EQ. IX(Ny4))} GO TO 102
UNUSED COMPILER SPACE . 80907y 00 101 I=%51y
017482 000113 101 PUI)=P(I1}+(RSTRSTIN,;1}*HRES (15 I} +RSTRST (N, 2} *HRES(2Zy 1)
i +RSTRST (N JI*HRES {3, I
ag0122 102 CONTINUE
ggo122 0C 128 I=1,4%
J00134 II=2+1
£10136 JJ=2*IX Ny I) .
6081490 PLITI-1)=B{JJ=~1}
. 00014t 120 P(IT}=8(JN)
. 00g146 00 150 I=1,2
400147 RR(IY=P(I+8)
009151 00 150 K=1,8
000160 1580 RR(I)zRR{II=S(I+8,K)*P(K)
000165 COMM=S(9,9)*S(40,10)~ -5¢9,10) *S€10,9
008170 IF (CO4H) 155,160,155 °
804171 155 P(33={S(10,10)%RR(1}-5(9,10) *RQ(2))/COMM
0004175 Ptiﬂ):t-SIlO,Q)_'RR(lJbS(Q,Q)'RR(Z))IC(JMM
808202 166 DD 170 I=1,6
000204 TP{IY=0.0
000205 D0 .170 K=1,10 . . -
5 800245 170 TP{I}=TPUI}+¢HH{I,K)*P{K}
- cug222 RR{LI=TP(2)
gggz23 RR(2)=TP(6)
gsg225 RR(3)=0.0
090225 RP{4)=TP(3}+TP(5)}
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000230
000233
000234
00023%
000244
gg0es5:

400253
000255
090257
000264
gog2es
030266
goga70
ooo27e
000272
pagar?

000301
900302

000302
0006313

006316
000320

000323
600325
G00327

090332
000334
609336

0ea33e
000361
03034k
208353
040356
800360
030362

000367
808371
000374
030485
000413
B00%20
0agu21
8040423

0864632
000435

176 DO 180 I=i,4
SIG(I}=RSTRSLI?
RSTRS(I)=0.0
00 180 K=1,6 ¢
180 SIG(I)=SIGLII+C(I,KI*RRIK)
SIGt33=SIG(4)
Caveas
c QUTPUT STRESSES

c.l.ll

c CALCULATE PRINCIPAL STRESS .
C.'..l . N
CC=(SIG(1)+SIGI2)) /2.0
88=(SIG(1)-SIG(2)1/2,6
CR=SART (1B**2+SIG(3)**2)
SIG{4)=CC+LR
SIG (5) =CC-CR
IF(BB.NE.Q.) GO TO 195
EPS(N)=77777,
60 TN 196
195 EPS(N)=ATAN2(SIG(3),B8) /2,
196 SIG(b}=57,396%EPSIN)
Ce*+x TENSILE STRISSES TO BE ELIMINATED
THINZ0,0
THAX=G4 0
ce**r TENSILE STRENGTH SET TO ZERO AFTER CRACKING
IF(HTAG(N) 4EQ¢ 2. OR MTAGIN) ¢EQe3) TENS1=0.0
IF{4TAGIN) LENQ, 3) TENS220.0
C**s*+ 30TH PRINCIPAL STRESSES COMPRESSIVE MTAG=1
MTAGIN) =1
IFISIG (L) =TENSL) 261,261,260
Ce¥*¥¥ MAJOR PRINCIPAL STRESS TENSILE MYAG=2
260 HTAG(N)=2
THAX=STG (4)
261 IF(SIG(5)-TENS2) 263,263,262
Cess® BOTH PRINCIPAL STRESSES TENSILE
262 MTAGIN)=3
THIN=SIG(5)
263 CONTINUE
CCCC ROTATE BACK TO GLOBAL AXES TO FIND INITIAL STRESSES ALTERATIONS
S2=SIN(EPS (NI I**2
C2=COS(EPS (N)) *»2
CS=SINCEPS (N) ) *COS (EPS(N})
STR (1) =THMAX*C2+TMIN®S2
STR{2) =THAX*S2+ THIN®C2
STR(ZV=(TMIN-THMAX) CS
.« IF(HTAG(N) 4GT.1) GO TO 284
C**%% ALPHA MEASURED ANTICLOCKWISE FROM R AXIS
S2=SINCALPHA) **2
C2=COS(ALPHA) *»2
SC=SINCALPHA) *COS(ALPHA)
SIGN=SIG(1)¥C2+2,*SIGI3)*SC+SIG(2)%S2
TMN=(SIG(2)-SIG(1)) *SC+SIG(3) *(C2-52)
CJ=E(6,MTYPE)
PHIR=E(7,MTYPE) *0, 11745329
SHE AR=CJ=SIGH*SIN(PHIR) 7COS (PHIR)
C*¥®* REMOVE ALL SHEAR IF IN TENSION
IFCSIGN,GT.040) SHEAR=CY
IF(SHEAR.GT . ABS(THN)) GO TO 284

. . .

MTAG=3

808443
000443
800445
00450
008450
000453
000456
000456

DD0461
800470
600673
800505

408514
000516
600525
0040527
900531
480535
009545
000546

000551
008556
000557
030560
000572

000603
606806
000611
gags22
goge22
800624
030624
896625
600831
£80632
000634

000656
0006¢&1
000663
000664
oogeee
900671
guge72

000672
6ope72

UNUSED
014700

SENSE=TMNAABS (THN)
TOR=(ABS (TMN) =SHEAR) *SENSE
STR(1)=~2,0¥TOR*SC
STR{2)=~-STR(1)
STR(3)=TOR*(C2=-52)
MTAGIN) =4

284 CONTINUE

IF(MTAGIN) LEQ.1) GO TO 283

Ce*¥% CALCULATE FORCES EQUIVALENT TO NEM INITIAL STRESSES (CHANGE ONLY)

00 270 1=1,3

270 RSTRST{N; I} =2STRST(N,I}~-STRII)

DO 27% I=1,10

271 PAI)= (STR{1L)IPHRES(1,I)4STR(Z)®HRESI2, 1) +STRII)*HRES(3,I N
C**** REQUCE TO 8 DEGRLES OF FREEOOM -FOR QUAORILATERAL AND B3R LLEMENTS

IFUIX{N,2) JEQ. IXIN; &)) GO TO 272
DD 280 II=1,9
CC=S(II:18)75(10,10)
PL{II)=PCIII-CC*P (10}

280 S(II,91=S(II,9)-CC*S{10,9)

00 281 II=1,8
CC=3S{I1,9)/5(2,9)

281 PLID =P(ID) -CC*P(2)
C*e**® FILTHINATE IF NOOES CONSTRAINED
272 D0 282 I=1,4

11=2%1-1 :

TJ=IX(N,I) -

IF(COBE(TJY) eEGa1.0,0R,CODE(I N cEG.340) P(IT)=0.0
IF(SODE(TIY) «0a2e640ReCODE(TIIGERSIe0) P(ITI*1)=0ul

Ce®s* ACD LOADS 7O UR,UZ

7008
282
283
104
105

119
305

cl’l‘

300
320
2900

2001

URCIJIZUR(IN +PLID)

UZUIH =UZLTI N +P(IT+1)

WRITE(6,7000) NsUR(IJN,UZ(IS)

FORHAT(IS;2E12.4).

CONTINUE

CONTINUE

IF (MPRINT ) 11u»105,110 +

WRITE (6,200

MPRINT=5C

MPR INT=MPRINT-1

WRITE(6,2001) NyRRR(5),ZZZ(5),(SIG(I);I=1,6)sMTAGIN)»SIGN, TN
UPDATE RESIDUAL STRESSES AT ENO OF INCREMENT
IF(NNN.LT.NP) GO TOD 300

RESIO(N, 1) =SIG(1)

RES IO (N)2)=51G(2)

RESIN{N,3I=SIG(3I)

CONTINUE

RETURN

FORNAT (7H1EL.NO. 7X 1HX 7X 1HY 4X 8HX~STRESS 4&X 8HY-STRESS3X
194X Y=STRFSS 2X 1OKMAX-STRESS 2X 10HMMIN-STRESS 7H ANGLE
1 2X g 4HHMTAGy 4X, 7HSIGHMA N, 4X, 6HTOR MN )
FORMAT(I732FB8,2,5E12.449F7+2,15,2E12.4)

END

COMPILER SPACE
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Bl

ogeecs

000001

epeaos
600001
090661

0a0001
gpao061

Cagadl
900002

€a0o01
606005

8680465
000007
eegoat

£9g013
00G01s
Cu003g
G0%a33
agoq37
GEDOLL
£oo9ub
Cagos1
Gogas3
6o0BO%S
CluGse
Gocos?
L0061

600066
0J00€7
000076
€68192

(2215324
Go0111

000111
060122
000123
060131
6u0137
060145
oup1s52

0J015¢4
000160
10165
000473
gg0201

SUBROUTINE JSTR

COMMON NUHNP,NUMEL o NUMMAT,NUMPC, ACEL X, ACELY Ny, VOL, NRES yMTYPE,

1 HEDU(12),E(8,12) sRO{A2) o XXNN(L12) ,RIS500),2(500) yURLS00) 4UZ(500),
2 CODE(S0U) ,I8CC200),J8C(200)4PR(200) $ANGLE (4),LBAD, NP, NAP,
3 EPS(40Q) gNSHELL gRSTRST (4004 3) yXN(40D) yKS(430)

COMMON ZARGZ RRRI(5)ZZZC(S)S{10,100,P{10),TT(4) L MCL)y00(353),

T2 HH(B,10) ,RRIGI 224D 3Cliyb) yHI6 203,006,460 ,F{6y10)TP{6), X110}

23EE (7D, IXC433,5) yMTAGC4U0) s RSTRS(4) 4 RESIO (40T, 3)

COMMON /BANARGZ MBAND,NUMSLK,B(160) A (160,30)4ND

COMAON /CUH/BCUMLL100D) ySTIN(GIT, ), INC

COMMON /MAT/ SHEAR(CG)10) yORATIO(L,120),DILTH (4,10} yDINC(4)yFINC LG}
1 »SHINT (4,10)

COMON ZEXC/ NCUTC100),NONEX

OIMENSION U(k).M(Q),UCUH(k),VCUH(k).SHR(lU).URAT(XO),DIL(lﬂ)g
1 FORCLY,,SNJITELIO)

0AaT A FOR/*l Oytleals~1ady~1.,07

REAL KSyKNytb

C*»*» TOTAL INCREMENTAL OISPLACEMENT METHOOD

Ceessr QISPLACEMENTS

2000 FORMAT(1HO,* M

Cr¥es

131

-SHEAR AND NORMAL
WRITE (65,2003)
XCEN YCEN NDRMAL F/A SHEAR F/A INC .NOR
14.0 CUM.NORM.De INCL.SHEAR De CUMLSHEAR Do *)
D0 500 N=1,NUMEL

MAT=IABS{IXIN,5))

IF(MAT.CQ.NONEX) GO FO 500
IXC195)=TA3S{IXN Ny S))

TFCHAT,LEJNSHELLY GO TO 500

KN{N) =E (1, MAT)

KS{H) =E(2,4AT)

CON=1.3

PHI =E (4 MATF)I*(, 01745

ONPzA3SIEL5,18T7))

MAY =MAT-NSHELL

I=1X{N,1)

J=I XN, 2)

Ta=1Ix(Ny3)

JIZIX(Nyu)

UR=(SH =RID)

02=2¢(N-72()

RECL1) =545 (REJIRLITI)

ZZULI =L 5% €20 +2€0TI)

L=STPT(0F*2R+02°02)

IP=R /L

J2=37/7L

CALDULATE INCREMENTAL AND CUMALITIVE DISPLACEMENTS
U0 140 II=1,4

K=IX{N,I1)

VIII)=-3(27K=-1)*DZ+3(2%K)I*LR
ULII)=0(2%K~-1)*OR+B (2*K)*D7
VCU(II)=~2CUMI2*K~1) *DZ+3CUM(2*K)*DR
UCHACTTII=B0UMI22K=1) 20P+3CUM(2*K) *0Z

CCHTINUE

C*** INCRIMENTAL AND CUMULATIVE STRAIN

ZPST=ul5* (U lu) =U L) +UL3)-U(2))

£PSN=0, S‘CV‘B) “V(D eV -vI(2))

CEP3T=C 45" {UCUM (U} ~UCUM{L1) +UCUM(3)-UCUM(2) ) +EPST
CEPSN‘Q 5% (VOUM L) -VCUM{1) ¢ VOUM(3) =VCUN(2) ) +EPSN
IF{ARES.EQ.1) GO 70 154

600207

gao210
go0ga1s
060212
og0217

gg0z2e
g8Qp225
030230
ggpa32
000233
0800236
600237
000243
000247
800252
000254

000257
600304

000305
600307
060310
0566312
8u0322
000323
000324
aw3azs
0086326

630330
Gog33¢c
000331
600333
000335
600340
G003463
0003643

000343
009352
060355
600357
006364
000370
000373
gogugo
800402
030404
000405
G0U406
800411
000414
200416

000426
0u0630

Cress

150
160

c.‘..

1300
cesas

165
crzxas

172

170

Crswsx

172

173

c'!..

175

C2=0R**?

S2=0Z%*2

SC=0OR*DZ
FTIRES=RESIND{(Ny2) *SC~RESIDIN, 1) *SC+RESIDIN, 3) *(S2-C2)
FNRES=RESIG (N L) *STeRESTIO(N, 2) *C2+RESTID(N, 3)*2,0%SC
CALCULATE EFFECTIVE JOINT DISPLACEMENTS-RESIDUAL COMPONENT ELASTIC
STRN (N, 3)=FNRES/KNIN)
STRN(N, &) =FTRES/KS (N}
FNRES=FNRES+Q2STRST (N, 1)
FIRZS=FTRES+RSTRST (N, 3)

GO TO 160

FNRES=RESID (N, 1} #RSTRST (N, 1)
FTRES=RESIO(N,3)+RSTRST(N, 3)
FN=KN(N)}*(EPSN-STRN(N, 1)) +FNRES
FT=KS (N} *EPSTSFTRES
CEPSN=STPN(N,3)+CEFSN
CEPST=STRNIN,4)+CEPST

WRITE COMPUTEQ STRESSE3 AND STRAINS
WRITE(6523060) NyRR(1) 4 2Z (1) ,FNyFT,EPSN,CEPSN,EPST,CEPST
FORMAT(1H 3I5,2FB42,6E12,4)

COLLECT JOINT PROPLRTIES STC

OIS 2=ABS (CEPST)

ONC=DINC (MAT)

FNC=FIRC(MAT)

DO 165 HINC=1,10

SHR (NINC) =SHEARIMATSNINC)
ORATININCY=DRATIO(MAT ,NINC)

DIL(RINC) =DILTN(MAT,NINC)

SNIT (L UNC)=SNINT {MAT ;NINC)

CONTINUE

CHESK JOINT NORMAL BFHAVIOUR

SIGT=0.0 .
SIGN=0.0

IFUFANY 170,170,178

SIGHN==-FN

WRITE(6452004)
RSTRST(Ny 13 =RSTRST (N, 1) +SIGN

G0 70 176 *
CONTINUE

CALCULATE INITIAL STRAIN DUE TO DILATION
RSN=ARS(FN) *SIN(PHI) /COS(PHT)
0ISP=0ISP*KS(NI/RSD

FNL IM=10,0%FNC

IF{ANS(FN).GT.FNLIM) GO TO 172

CALL INTPL (DPRAT,ABS(FN),FNGC,RATIO)

CALL INTPL (DILsDISP,1,0,3ILAT)

CALL INTPL(SNJUT,ARS(FN) 4FNS,CLOSNY
OILAT=0ILAT*ATIO*ONC

CLOSHN=DNP*C{ OSN

GO0 710 173

OILAT=0,0

CLOSN=DN? ,

STINT==CEPSN=-CLOSN+DILAT
STRNEN, 1) sSTRINCNS L) ¢ STINT

WRITE(6,2003) DILAT,CLOSN

CALCULATE SHEAP STRENGTH
IF(FNIL?5,176,176

CONTINUE

867¢



33
G00630

GC0a37
Duliens
[T 1LY YA
000%4b
(1 LY-1]

008660
000462
Co0465
a8ou73
600473
U00a75
050580

800503
00as0s
0ges507
000530
040511

egesie
800517
$0852¢0
660523
6G60525
wigsaz
060532
Lul563
CuDSu?
LulS6y
0Lo56s
Lub566
coos571
060571
060571
600571
t00s71

’

IF(ABS(CEPST),LT.ABS(STRN(Ny2))) CON=~1,.0

Ce*es STRN(N,2) STORES PREVIOUS SHEAR DISPLACEMENT |

1002

180
176
200

ceees

230
cesenr

T30
500
2003
2304
2005

1

STRM(N, 2) =CEPST

CALL INTPL (SHR,DISPy1.0,STREN)

FYNORM=FT/RSD

WRITE(6,3U02) STREN,FTNORM,0ISP

FORMAT(30M NORMALIZED SMEAR REMAVIQUR 91 7HSHEAR STRENGTH= ,F6.3
»13H SHEAR F/A= ,F6.3,9H 0ISPez  ,F6.3)

STREN=STREN®RSO

IF(ABS(STREN) ~ABS(FT)) 180,200,180

SIGT=FT*(STREN/ABS(FT)~1,0) *CON

GO TO 2ul

SIGT=-FT

WRITE (642405)

RSTRSTINS3)=RSTRST (Ny I} +SIGT

RESCT RESIDUAL STRESSES ON LAST APPROXIMATION

IFINP.LT.NAP) GO TO 230

RESIJ(Ny1)=FN

RESIN(Ny IV =FT

G0 T0 Sur

CONTINUE

CALCULATe LOADS EQUIVALENT TO INITIAL STRESS AND STKAIN INCREMENTS

FNA XJ=(SIGN~-KNIN)*STINT) *L /2.0

FTA)J4=SI6T*L 2.2 -

RADJ=FTADI*OR=FNADI*NZ

ZADJ=FTADJ*CZ+FNARJ®OR

20 300 I=1,% K

14=IX (M, 1)

IFCCODE(T I LEQe1.6,0RCODE(TIS) LEQL3.0) GO TO 301

UR(TIJ) =URCIII¢FORLI) *RADY

IF(CODECTIS) o£042.0,0R,C00E(IJ) LENL3.L) GO TO 3u0

JZUISI=UZ (I +FOR(II*ZADY

CONTTINUE

CONTINUE

FORMATO » OILATATION= *,512,4,% PERMITIED NORMAL CLOSURC=*,F12,4)

FOPAT(® JOINT IN TENSION *)

FORPHAT(* NO SHEAR STPENGTH #)

RETURN

END

UNUSED COMPILER SPACE

615600

SUBROUTINE INTPL(A,B¢BINC, VALUE)

C**%% INTERPOLATION SUBROUTINE(A GIVEN AT SPECIFIED INCREMEKTS OF o)

000006 CIMENSION A(€10)

gooogs B8I=3/8INC+1.0

goagto I=IFIX(BI}

000011 + IF(I.0T.9) 63 T0 10

000014 OEL=B=-BINC*(FLOAT({I)=1,0)

000017 VALUE=A{T)+ (ACI+1)-A(I)) *DEL/RINC
600022 RETURN

000023 10 VALUE=1,0

000024 RETURN

ge092s ENO

UNUSED COMPILER SPACE
g202¢00

66¢
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APPENDIX

C

WEDGE STABILITY ANALYSIS
BY VECTOR METHODS



COMPUTER PROGRAM FOR WEDGE STABILITY ANALYSIS

Purpose

The program is designed to calculate the stability against sliding

of a wedge defined by two planes of weakness in a rock slope. The rock

is assumed to be rigid but the joints may be deformable in both the shear

and normal directions.

Comment

Plane Joints.

The program notation is based on that used by Wittke (A Numerical
Method of Calculating the Stability of Slopes in Rock with Systems of

Rock Mech. & Eng. Geology, Supplement I, 1964).

Only sliding

301

stability is considered as the program was written to investigate the influence
of joint deformability.

Input Data

Card

1 -
6 -
1T -

Slope and Joint Data - One Set for each problem.

1. (3F5.0)
Columns
5 Slope Angle

10 Crest Angle
16 Height from Tce to Crest

Card 2 (4F5.0)

1

6
11
16

1 v 1 1

Card

1
6
11
16

5 Strike of Plane 1

10 Dip of Plane 1

15 Cohesion of Plane 1

20 Angle of friction of Plane 1

3 (4F5.0)

5 Strike of Plane 2

10 Dip of Plane 2

15 Cohesion of Plane 2

20 Angle of Friction of Plane 2

Card 4 (3F5.0)

1 -
6 -
11 -

5 X-Acceleation
10 Y-Acceleration
15 Z-Acceleration

‘Card 5 (4F5.0)

1 -
5
11
16

1

1

5 Normal Stiffness Joint 1
10 Shear Stiffness Joint 1
15 Normal Stiffness Joint 2
20 Shear Stiffness Joint 2

PROGRAM NOTATION

SLA
CRE
H

STR
DIP
COH
THI

STR
DIP
COH
THI

KN1

KN2
KS2

Note Only the ratios of the shear and normal stiffnesses

are important.

NSRS TSI A )
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Output

1) Writes out input data

2) a) Writes out if data is invalid
e.g. No wedge defined.

b) Writes out on which plane or planes sliding occurs
c) MWrites factor of safety for defined strength

d) Writes out required angle of friction to prevent sliding
(cohesion = 0, ) taking into account joint deformability.




PROGRAM WOG (INPUT,0UTPUT, TAPES=INPUT, TAPE6=0UTPUT) Cee3% JOINT NORMALS

Crvsess UMOROOS 0, MeST.JOHN ROCK MECHANICS-=-IMPERTAL COLLEGE 000266 CALL VECT(UL,V1,W1,0 %)
000002 COMMONZHGDZ UL (3),U2(3),¥1(3),Vv2(3)3N1(3),H2(3),X(3),00(3),0C(3), . esgzre CALL VECTIUZ,V2,H2,Qs4)
1 TENP(3),Y103),Y2C3),00¢3),6(3),TI3),N(3), 0 Ceses YECTOR DEFINING INTERSECTION
2 KN1,KN2,KS1,KS2 g0278 CALL VECT(MZ,W1,¥,0,4)
000002 PEAL NyKN1yKN2,KS1,KS2 000360 :F(xczx.LT.a:o)'sa ;o 31
000802 DO 5000 NPEAN=1,10 800302 HRITE(6,2011)
000004 READ(S,1000) SLA,CRE, HySTRL,NIP1,CO0HL,THIL,STR2,0IP2, COM2,THI2 000305 2011 FORMAT( o INTERSECTION DOES NOT O A
000035 1000 FORMAT(3FS, 074F5.0/76FS5.00 i 829305 GO YO 5000 € EFINE 4 WEDGE *)
060035 WRITE(6,2000) 000305 31 CONTINUE
000041 2000 FORMATIIH1,*  WEDGE ANALYSIS DATA &) Ce898 CHECK WHMETHER ONF PLANE PARALLEL TO FACE
000061 WRITE(5,2001) SLA,CRE,HySTRY, DIPI.COHI.THII.STRZ.DIPZ.CONZ;YHIZ 620306 IF(STR1.EQ, 0, 0.0R,STPL,EN,180.0) GO TO &
088073 2001 FORMAT(/ * SLOPE ANGLE AND CREST ANGLE *,2F10,2/ 800315 IF{STR2.E0: 040402, STR2,E0,180,6) GO TO0 &
; . SLgvs HEIGHT ;o CREST *,F10.27 009323 GO 10 &
. IP AND STRIKE OF JOINTS *7 £70323 & HRITE(5,23808%5)
T JOINT 1 %,5X,2F10e4y ® COMESIOR #,FR.2,% FRIGTION * F8,27 0gg327 2005 FORMAT(® JSOTNT & PARELLEL TO SLOPE")
& % JOINT 2 *,5X,2F10.&%y * COMESION *,F8,2,*% FRICTION * FB8.27 ) ggo32? PARA=1,0
g0 oo READIS,1001) G(1),612),6(3) 4KN1,4KSL ,KN2,KS2 g00330 EV=0IPY *
000115 1008 FORMATI3IFS5,0/74F5.0) 900332 GO0 YO 7
000115 HRTITE(6,1998) (GII),T=1,3) 000333 S WRITE(6,2066)
090123 1998 FORMAT( * GRAVITY VECTOR * ,3F10.2 /) 060337 2006 FORMAT( & JOINT 2 PARELLEL TO SLOPE®)
000123 NRITE(6,1999) KN1,KS1,KN2,KS2 000737 PARA=2,0
000137 1999 FORMATC ® STIFFNESS JUNT 1 NORM.z ® E12.4 © SHEARa * E12.4, 0008340 EVz1R0.,-01P2
1 * STIFFNESS JUNT 2 NORM.= ® EL12.% * SHEAR= * E12.4y/) 000343 G0 Y0 7
geves CHECK DATA 600343 6 PARAZD.Q
0060137 TFISLALGT 0.0 .AND,SLALLE.180.) GO Tn 1 800306y FY=ATAN2CX(3),X(2))
000150 WRITE(6,2002) SLA 080346 EV=180,+EVZANG
080155 2002 FORMAT(® IMPOSSISLE SLOPE ANGLE * ,F10.4) 000351 1FISLA.€Q.180.% GO YO 8
000155 GO Y0 5000 : 000353 7 IF(EV-SLA) 9,10,10
opo15e 1 IF(COPELGELD.0.AND,CRELLT.90,) GO TO 2 009356 8 IF(EV-CRE) 9,10,10
ngnxsa WRITE(5,2003) CRE 000362 10 WRITE(6,2007)
000173 2003 FOYAT(* IMPOSSIBLE CREST SLOPE ® Fib.&) , 008365 2007 FORMATiI® SLIN "
650173 G0 T0 Sgo0 B 060365 GO TO 5000 INING KINERATICALLY TmPASSIOLE )
000176 2 IF(SLA.GY,.CRF) GO TO 3 000368 9 CONTINU
000200 HWRITE(6,2004) ge03es CILLxVEgT(X,K.YEH° ARV,1)
ggn?nz 2004 FORMAT(® CPFrST ANGLE GREATER THAN SLOPE *) 000372 CALL ¥FCT(W2,u1,TEMP,48D,1)
003533 . ggN;¥Nggou 000376 APP=ATANZ (ARV ,A97) 7ANG
: 000402 WRTITE(6,4020) ADO,EV
r
movss 7T U, TR TG T ProoLen L B ive oiowsov o wongs "o T TMTTETION O e b
’ 623, R ; 3 3 Y WENGE *
ggg;g? 2;’:;ﬁ; :::E 000612 CRzCRE TANS
4 2= 5 . 000613 =
000210 Gi=NIPL  *ANG : K 003516 ?::gél :::E
ggg;ig . $5:?¥:$1 :::& 000416 tausx:etu(Exv;no<(Ex)
800215 THR=THIZ  *ANS ‘ ggg:ii ¥23?“Z§§3‘°°"ﬁ25‘ca’
oodp217 Uit1y=00S(¢R1Y 086435 tan??:qruzéigjcq:::L:
000226 U102)=SIN(RY) Y 0L
bonany s 000462 TANG2=SIN(G2) /COS(G2)
101553 UZ(:i:C&S(qz) ggousv TANS12SIN(RL)Y /€05 (91)
0007225 JEitasen 0454 TANA2=STHIB2) /00T (R2)
5 = 00 0%61 HSZH® ((TANSL-TANEX) *TANCR) Z ((TANEX~TANCR) *TANSL)
p0022 U2(3120.0 Cess® FINO MAGNITUDF AND DIRERTION O
000230 Vit1)=SIN(B1)*COSLEL) 000667 ] a IREGTION OF VECTOR APEX YO TOE
209738 11=5 ¢ LL VECTIX,VENP,X,0,2)
V1(2)=-COSEAI*COS(GT1) 000«
000263 Vi st LTS & TOTAL=C(H#HS) /7 TENP(3)
000745 V2t e tntamt be0s (62) 000476 CALL VECT(TEHMP,0R,TEYP,TOTAL,3)
000253 . v2(2) ==COSI(A2)*CNSIG2) 3:::: ;é"gnvgéég“s PEFINING MEDCE LInTTS
000241 o . : ’ HE YECTOR UP FACK FOR 2 D WEOGE
V2(3) =~SINEG2Y 000506 09¢2) =4/ TANSL

€0¢



300506 00(3) =H . . i Ce**% CALCULATE SLIDINE FORCE,NORMAL FORCE ANO SELECT JOINT PROPERYIES

806505 0C(2Y=H/TANSL 003736 17 CALL VECT(G,vi,TENP,NT,1)
000507 0C(3) =H . - BEOTR2 CRLL VECT(G4N1,TEMP,FN,1)
000507 IF(PARA,GT.0.,0) GO TO 8% . 0800746 COHES=CONL
000512 00(1) ==HZ (TANG2*STN(R2) I +H/ (TANSL*TANB2) _BB0Ty? TANTH=SIN(THL Y 7C0S(THL)
009529 OD(1)==H/CTANGL®*SIN(RLY J 4 H/ ({TANSL*TANDBY) . 000755 GO YO 28 .
000530 GO TO 82 . gRETSS 19 CALL VECT(G,V2,TEMP,NT,1)
000531 81 O(1Y=0.0 . . 000761 CALL YECT(GyH2,TEMP,FN,1)
000532 on(1)=0,0 830768 COHES=CON2
0600533 82 CONTINUE ' . 000765 TANTH=SIN(TH29 /COS(TH2)
' Cesse CALCULATE VOLUMES AND SLIOING AREAS 030773 FN==-FN

000533 IF(PARA,EQ, 0.0 GO TO 91 Ce®*3% CALCULATE FACTOR OF SAFETY
000538 92 CALL VECT(ON, 08, TEMP, 0,4} 08077s 26 FS=(COHES®ARCASFN*TANTHI/OT
880540 VOL  =SORTL(TEMP(1}*TEMP (1) TEMP(2)* TEMP(2)+TEMPIIISTEMP(3)) /2.0 061002 G0 70 1400
geosse Q4 AREA=SNRT(OB{1}°CB(1)+0B(2)*0B(2)+08(3)*08(3)) . Ceses STARILITY FOR COMPOSIYE SLIDING
800557 G0 TO 18 001002 16 CALL VECT(X,TENP, TEHP,0X,2)
000557 91 CALL VECT(0C,00,TEMP,0,4) - 081606 CALL VECT(G,X,TENP,GX,1)
000563 0CO0 =SARTA(TENP{LI*TEMP LI+ TEMP(2)*TENP (2) s TEMP{I)*TEMPII)) 0061012 CON=GXZ (QX*QX}
000571 A0={SL~EX) 621016 CALL VECT(X,T,VENP,CONy 3)
000573 voL= Orﬂ'SIM(AD)‘SQRT(OB(Z)‘OR(2)005(3)'08(3))IS. 001020 D0 25 I=1,3
000606 CALL VECT(00, 08, TEMP,Gy4) 081026 25 NE(IY=GLI)-T(I)
000r11 AREAL =SNRTC(TENP (LI*TEMP (1) ¢ TEMP(2)®TEMP (2) ¢ TENP(I) *TEMP (3)) /2,0 Cs®*® T IS VECTOR OF DRIVING FORCE N VECTOR OF NORMAL FORCE
000621 CALL VECT(OB,NC,TENP,Qy4) . 601031 C2={NT{1) L (2)=-N(D*HL1 (1)V 7 CW2(2V*HL( 1) ~H2 (1) *HL(2))
000624 AREAZ=SARTITEMP (1) *TEMP (1) ¢ TEMP (2) *TEMP (2) ¢ TEMP (3} STEMP(3)) /2.0 - 00£040 C1=(N(1}+C27H2(1 VI /WL (1)

C**** YEST FOR OIRECTION OF SLIOING DR194&3 C1=485(SL)
0006A 36 CALL VECT(VL,X,TEMP,N, &) 001044 C2=A8S(C2) .
000637 . CALL VECTI(VEMP,Y1,TEMP,0,2) C#¥®e CALCULATE FACTOR OF SAFETY
000AB3 no 121 I=1,3 0010%6 SHEAR=SART(T(LISY(LI+ T(2I*T ()¢ T(I)I *T(3)
D0 0RAS C=Y1(I)1wWi( Iy . 901653 FS=(COMIPARERL4COH2SAREAZ+ (CL*SINITHLY 7COSITHL))
000647 IF(ANSIC) LF.0,001) GO TO 124 1 +(C2*SIN(TH2) /COS(TH2} I /SHEAR
000652 Go Tn t22 . C*3%% HRITE OUT ANSHER
00065% 121 CONTINUE ’ 001075 CKRITF(6,3000) VOL,AREAL,AREA2
400k55 60 T0O 12 621187 3000 FORMAT( /% VOLUNE ARER PLANE 1 AREA PLANE 2 *,73€12.4)
000656 122 PARA=1,.Q . 001107 GO YO 10t
000660 HRITE{H,2008) 01118 100 KRITE(6,3001) VOL,AREA
000663 2008 FORMAT(* SLIDING ON PLANE 1" 801129 3001 FORRAT( /7% VOLUNE ARER 2 /2E12.4)
000663 AREA=AREAL 081120 101 KRIVE(6,3002) FS
00 0R65 60 TN 18 . 001126 3002 FORMAT(/®v==«=~FACTOR OF SAFETY = * €12.,4 Penec=a?)
000665 12 CALL VECTIV2,X, TEMP,0,;&) Ces%3 CALL SOFY FOR TETRAKENRAL WEDGE WITH SOFT JOINTS
000RT71 CALL VECTUTEMP, Y2,TEMP,Q, 2} 001126 IF(PARALEQ.Q. 0) CALL SOFT(AREAL,AREAZ,VOL)
BeOs 75 - No 163 I=1,3 004132 $000 CONTINUE
000677 C=¥20T)-u2(TY 001136 sSTOP N
80Q701 IF(ARS(C) LF.0.001) GO TO 161 §e 1138 END
0007 0% GO TO 142
000705 141 CONTINUE - UNUSED COMPILER SPACE
000707 60 TO 14 016000
000710 142 PARA=2,0
000712 WRITE(/,2009)
800715 2009 FORMAT(® SLIOING ON PLANE 2+)
000715 AREA=AREA2
889717 GO TO 18
s00717 1% WRITE(6,2010) )

gooray 2010 FORMAT(® COMPOSITE SLIDING *)
Cr*ss YyECTOR OF WEOGE WEIGHMT

ap0723 18 vOL=ABS(VOL})
090725 00 15 TJ=1,3
000733 15 GIIMN=G(IJI*VOL

000733 IF(PARA-1.0) 16,17,19

AR



ngooo7

0gooa?
080017
069020
000023
0948026
gaso2
900035
080042
003043
000045
0430651
832955
0045068
8g0063
0090AS
0geor3
000873
830075
086103
cgg1asS
602105
092106
SoD116
200116
gagi21
geoi27
ta912?
90133
050161
280142

A

10

11

17

18

31
12

13

s
1%
15

SUBROUTINE VECT(UsV W QyNOPN)
DIMENSTON U(3),VI3) N (3)

NGPN=1 Q BECOMES SCALAR PRODUCT OF U IND v
NOPN=2 NORMALISE U INTO V

NOP®R=3 MULTIPLY U BY Q,PLACE IN V
NOON=4 N RECOMES VECTOR PRODUCT OF U AND V
NOPN=5 W BECONES VECTYOR U+ VECTOR ¥*Q
GO TO (1,253, %,5),NOPN

0=0.10

N0 19 1=1,3

A=q+YLII*VED

IF(0.NEL0,0) GO TO 15

HRITE(G6,4T)

svop

Q=0.0

00 11 T1=1,3

N=NsU(TI*UCTY

IF(N,NE.0,0) GO TO 18

HRITE (6,1 7)

FORMAT(®* NULL YECTOR *)

sSToe

Q=SNRT{Q)

GO YO 31

N=1.0/1

nn 12 T=1,3

vID=u(Trsq

RETURN

K=3

a0 13 I=1,3

J=6=-1-K

HIT)=U () *YIK) =-UIKI *Y ()

K=1

RETURN

N0 16 I=1,3

HII)=UCIYeQ®¥ (I}

RETURN

EMD

USUSER COMPILER SPACE

017600

SUBROUTINE SET(AyXyJyV,CONST)

000007 ' OIMENSION A(6,7)48(696),V(6)
. 986067 D0 1 K=1,3

800016 L=TeK=1

goooss 1 ACL,JY=V(KISCONST

060623 RETURN

9049623 END

HUSED COMPILER SPACE
020200

g0¢



goooos

go0oos
000005
000005
0000¢C5
o0pooos

000010
000014
000020
000074
009930
000036
000040
00006
000050
000054
090062
000063
0000865
[ihRAcY4
000071
000072
000073
000075
0040076
000107
o011
000116
000123
000124
000124

000126
00013%
000140
0001 bt
060145
0060146
000152
00160
000164
000156
000170
000177
000203
oog207?
gog207
000215

00021y
000225
000233
000238

cl...

Resssy
geves

]

™

1001

Cesss

SURRQUTINE SOFT (AREAL ,AREA2,VOL)

COMMON/WGOZ Ui‘3’1U2(3’.V1(3’;'2(3’,“1(3',“2(3),‘(3’,00(3';00‘3”

1 TEMP(33,Y1(3),Y2€3),08(3),G6(31,T(3),N(3),

2 KN1,KN2Z2,KS1,KS2

DIMENSTION A(6,T)4R(6,6)

DTHENSTON XN(3) 3S1(3),S2(3) 4SHI3),FN(3I)

DIMENSION DIV(B)

OEAL NyXNi,KN2,KS14KS2

TALL VECTIX,XN,TENP,N,2)

FORM FIUATIONS TO RE SOLVED

CALL SET(Ayrig1yWiygliel)

CALL SFT(A,1,24KW2,~1e0)

CALL VECTUIXN, W1, TEMP,Q,%)

CALL VECT(TFMP,S51,TEMP,D,2)

CALL SET(A,1,3451,1.0)

CALL VFCT XN, N2,TEMP,N,k)

CALL VECTHTENP,S2,TEMP,Q,2)

CALL SFTCAy1,0452,1.0)

CALL SET(Ay1,59XNyle0)

CALL SFTCA,1,FRyXNy1.0)

NDIV(1)Y=AREALI®KNY

DIVA2)=ARFAZOKN2®(~-1,0)

DIVI3)=AREA§®KSL

NIvIa)=AREA2*KS2% (~1.0)

NIVISI=NIV(3)

NIvis) =0IveL)

D0 1 Jz1,3

K=J4+3

ho t I=1,6

A(K, TY=8CJ, DY /DIVIT)

CONTINUE

no 2 1=1,3

AlY,7¥=6(])

A({T+3,7)=0.0

CONTINUE

SOLVE ENUAT IONS- SOLUTION IN LASY COLUMN OF &
CNC MATRIX INVERSIONLIBRARY PACKAGE

CALL MATRIX(30,6, 7,0,‘75’8,

o 5 K=1,2

00 3 T=4,3

SHITI=0.0

FN{I)=0.0

IF(K.EN.2) GO TO 9

0o 7 I=1,3

SHTY= 9“(!)051(I"l(3,7’0xﬂl!)’l(5'7)

FNCI) =W1(I)*A(L,7)

GO TN 8

DN 6 I=1,3

SHII) =SHOIN +S2CII*ACLL , TI e XN(T)*ALE, )

FNCIY=-H2(T}®A(2,7)

CONTINUE

WRITE(6,1001) X

FORMATE/Z 15X, 2 JOINT * ,IS5)

ANGLE OF FRICTIOM REQUIRED FOR STABILITY

SHE AR=SGRT(SHI1) *SHE1Y+SH(2)*SH(2) ¢+ SH(I) *SH(3))

FNORM=SARTI(FN(L) *FNCLIFNIZI*FN(2)+FN(3) *FN(3))

THIR=ATANZ {SHEAR ;FNORM)

THIR=THIR/0.,01745

000260 .

000250 1000 FORMAT(/*
008282 S CONTTHUE
000254 RETURN
000255 FND

UNUSED COMPILER SPACE
017000

WRITE(6,1000) THIR

ANGLE OF FRICTION TO PREVENT SLINING= * ,E12.4)

go¢
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APPENDIX

D

THREE DIMENSIONAL ANALYSIS OF JOINTED
ROCK MASSES BY FINITE ELEMENTS



(2)

COMPUTER PROGRAM FOR JOINTED ROCK MASSES

THREE DIMENSIONAL ANALYSIS

ISOPARAMETRIC ELEMENTS

Purpose -

The program is designed to model the behaviour of three dimensional
structures in rock containing joints. Joints are ascribed shear and
normal stiffnesses and have no tensile strength. The continuum elements
are considered to be isotropic, linear, elastic solids.

A failure criterion for the joints in included. Modification of
shear stiffness when this criterion is exceeded and modification of normal
stiffness as joint closure occurs amount to ascribing non-linear
properties to the joints.

Comment

The program was written for the C.D.C.6600 installation at London
University.

It is based on the two-~dimensional finite element programs developed
at the University of California, Berkeley.

‘Input Data

_Title of Problem (12A6

Columns 1 ~ 72 to contain title which will be printed at the head of
output.

Basic Control Information (515,3F10.0)

Columns (PROGRAM NOTATION)
1 -5 Number of Elements NUMEL
6 - 10 Number of Nodal Points NUMNP
11 - 15 Number of Continuum Materials NUMMAT
16 =~ 20 Number of Joint Types NJOINT
21 - 26 Number of Approximations NAP
26 - 35 Accelration in X direction ACELX
36 - 45 Acceleration in Y direction ACELY
46 -~ 55 Acceleration in Z direction ACELZ

There can be a total of 10 continuum and joint types

308



(4)

Material Propert
Solid Material

Columns 1-5
5-15
16-25
26-35

Joint Materials
1-5

5-15

16-25
26-35
36-45
46-55

Nodal Point Data

Columns 1-5
6-10

11-20
21-30
31-40
41-50
51-60
61-70

*Nodal Coding

ies (I15,5F10.0)

Material Number
Material Density
Youngs Modulus
Poissons Ratio

-

MTYPE

RO

E (1,MTYPE)
E (2,MTYPE)

Joint Number - (must exceed number
of Solid Materials)JTYPE

Shear Stiffness
Normal Stiffness
Joint Cohesion
Joint Friction

Maximum closure of joint, input

as negative amount

(I5,F5.0, 6F10.0)

Nodal Point Number

Nodal Point Load or Displacement

Identifier*
X-ordinate
Y-ordinate
Z-ordinate
X-1oad or displacement
Y-Toad or displacement
Z-1oad or displacement

J
E (1,JTYPE)
E (2,JTYPE)
E (3,JTYPE)
E (4,JTYPE)
E (5,JTYPE)
N

CODE

X

Y

i

UX

Uy

Uz

~ Loads or displacements are indicated, depending on the

Nodal Code.

309

Code0 1 2 3 4 5 6 7
X direction L D L L D D L D D. Displacement
Y direction L L D L D L D D Specified
Z direction L L L D L D D D L. Load specified

Missing nodal points in the data presented are generated auto-
matically by linear interpolation (i.e. Specify only the first and last
nodes in a series equally spaced).

In the event of interpolation the nodal code is assumed to be
Zero, and the nodal loadings are also set to Zero.



(5) Element Data (1115)

1 -5 Element Number M
6 -~ 10 Material type , . NPROP
11 -~ 15 Number of Nodes NNOD
16 ~ 20 1
21 - 25 4
26 ~ 30 K
31 - 35 L List of nodes defining IX(M,8)
36 - 40 11 element -
2% - gg ai (Max. Difference = 25)
51 ~ 55 LL

Missing elements will be supplied by successively adding one to each nodal
point number of the Tast specified element. This Tast element also defines

the material type and the number of nodes,
The element with the highest number must appear on the last data card.

Solid Elements

K
IT
KX
I T
I
. .-,J. [ K 2
Joint Elements
LL
x
3 3 =
1
KK
L
I K
I
J

J

Nofe that all elements are labelled antizclockwise with the further nodes

from the viewing point listed first.
"Outbut

The following output is printed by program instructions:

1) Complete List of Input Data
for each approximation
2) Displacements of all MNodes
3) Stresssat the Centroids of all Solid Elements
(Not including the Principal Stresses)
4) Stresses and Displacements at the centre of Joint Elements.

310
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Notes on Output

(a) Co-ordinate System

b
>
*
N
4
w
J
L

The Right Handed Rectangular xyz Co-ordinate system.

(b) Continuum Stresses =
‘ Sz
7 Cry
; Tzx
T w03
Gy == TX‘/ vy
o Txz
x I' Oz

Direct Stresses Sign Convention (Tension +ve)

(c) Joint Element Stresses

The local co-ordinate system for the joint elements is chosen so x is
horizontal and in the plane, and z'normal to the joint plane. Relative
displacements of the top face with respect to the bottom are positive if
they corespond to this local system. Stresses correspond, with the notation
that a normal tensile stress 1is positive.

Note that the output also gives the maximum shear displacements on the joint
surface. The direction of the maximum is measured anti-~clockwise from the x'
axis.



312
(d) Non-Linear Joint Properties

(1) A joint in tension is ascribed zero shear and normal stiffness.

(2) The joint normal stiffness (kn) is increased as the closure (zd)

approaches the maximum permitted (LIM) according to the following
equation:

k'n = kn x LIM
(LIM = zd) .
(3) The joint shear stiffness (ks) is modified if the maximum shear
stress exceeds the permitted value (STR):

k's = STR _ ¢ ~--op tan ¢

MS Max. Shear Disp.



000002

0e0002
000002
000002

gonon2
€00030
000050
000952
0000AS
0090101
00010
000105
000106
000117
000131
€001 3

0001 %%
opoiug
02014
000142
000170
08o171
- 000173
cos1?s
6a0200
060203
000205
400210
000211
000213
009215
000217
goo22¢0
gso220
000221
gaoz2z22
0060252
000255
060263
000264
000265

000265
000271

900272
003t
000316
000330
06033
000332

bW XX 2 X2 ]
Csas20r AN AN PRINT

10

20

P"lll

60

78

30

PANB2AN STINCINPUT,OUTPUT, T APES=INPUT ,TAPES=NUTPUT, TAPES, TAPED)
UMCROO0S ST.JOHN ROCK MECHANICS IMPERIAL COLLEGE

COMMON #DATZ NUMEL,NUMN®,NAP,NNN,NUYMAT , MTYPE , ACELX,ACELY,ACELZ,
1 £(5,10),CONE{106),UX (106} ,UY(206),UZ(104),IX(70,8) ,NNOD(70),
2 NPROPCZU),XC1064Y,Y(10h),2¢104) ,LNCA) ,KX(70) ,KN(70) ,ROC10)
LOMMON /BANARGS MBAND,NUMALK,B(156) 44 (156,78) ,ND

NIMENSTON HEN(12)

PEAL KY KN

THRFE NIMESTONAL STRESS-~TETRAHENRAL ELEMENTS

OF GONTROL INFORMATION

DEANCS,1000) HEN,NUMEL, NUMNS, NUMMAT ,NJOTNT ,NAP,ACELX, ACELY,ACELZ
WRITE(6£,2000) MEN,NUMEL yNUMNP ,ACELX,ACELY,ACELY

N0 10 T=1,NUMMAT

QEAN( 5,101 MTYOPE,ROCMTYPE), (ECI,MTYPE) ,u=1,2)
WRTTE(6,2001) MTYPE ,RO(MTYPE) , (E(J,MTYPE) ,J=1,2)

FONTINUE

TFINJOTNTL.EN. ) GO TO 50

N0 20 J=1,NJOINT

RFAN(G,1001) JYYPE, (E(T,JTYPE), T=1,5) .

WRTTE (652010) JTYPE, (£(I,JTYPE), I=1,6)

CONTINUE

CONTTNUE

'OEAD AND PRINT NONAL DATA

WRITE (6,2002)

L9AN=0

L=0 .

REANIS,1002) Ny GOOEIND 9 X IN) ¥ (ND 4 ZTNY JUX (N) ,UY (N} JUZ(N)
NL=L+1

Zx=N~1

nX= (X (NI =-X(LY ) 22X

NY={Y{N)I-Y{LII/TX

07=(7(N)=2(LYVFZX

t=t+1

IF(N-L) 100,90,80

CONE(LY=0,0

X(L)=X(L=1) +NX

YILY=YCL=1)4DY

Z(L)=Z(L-1Y4D7

UX(LY=0.0

UYLLI=0.0

U7(LY=0.0

"GO To 79

90

110
nesss

C 139
i%0
140

150

HRTYE (65,1003 (KyNODE (KDY XK, Y (K) )y Z(K) JUXIK) yUY (K} yUZ(K) 4K=NLyN)
TFINUMND~NY $00,110,60

WRITE(A,2009) N

Laan=1

GO TO 60

CONTYINUE

REAN ANN PPINT ELEMENT PROPERTIES

MRITE (6,2003)

Nz(

REAN(S,1004) MyNPROPLMI JNNODIM) , (IX(M,I),Ix1,8)
READ(G5,1000) M,NPROP{M) ¢NNODIM) ,CIX(M,I),T=1,8)
N=Net

IF (M-N)} 170,170,150 '

NPROP (N} =NPROP (N-1)

NNOD (NI =MNODNEN=1)

IXCNLI=TIXIN-141)¢1

060335

080361
0003kt
0003%7
000351
660352
800354
608355
800357
000601
goouaos
000405
000610
000415

08046156
g0gaz20
000621
0cow27
000627
000431
000632
000433
00043k

000437
000460
000462
00044t
003645
000646
08365
00856
00046k
000u4m6
600456
000471
000673
00CLTR
080503
080506
008513
030516
0880522
c00523

960525
800526

005531
000532
gs05%0
000566

000567
gsos7e
008573
guas7e

(3]

(34

170

IXING2I=IX({N=1,2) 41
IXINy IV =TXIN=1, 3043

IXIN LY =IX N1, L) +1
IXEN,SI=IXEN=1,5)+1
IXENG6IZTX(N=-1,56) 41

IX(N, 7I=TX(N=1,7) 41
IXINGBI=TXIN=-1,8)+3
IX(N, QI =IX(N=-1,9)

WRPITE(H,1006) N, NPROPIN) NNODINI, (IX(N,I),T=1,4)
IF{H.GT,N) GO TO 160 ’
TF{NIMEL-N) 175,180,130

175 L9AN=LBAD+

HRITF(6,2004%) N

180 IF(NJOINT.FO,0) G0 TN 314
TERSRYCHALLATATION OF INIVIAL JOINY PROPERTIES

No 30 N=1,NUMFL

NMTYOE=MDROP (N ,
IF(MTYPE, LE,NUN4AT) 60 TO 31
XN =F (1 ,MTYPE)
KN(NY=F (2 yMTYPE)

60 10 30

31 KX(MIH0.0

YN{NI=C.0

39.CONVINYE
nreerr NCTEQMINE BANO WINTH
314 J=0

315
220

00 360 N=1, NU¥EL
NODES=NNOD ()

00 340 T=1,N0NES

N0 325 L=1,N00ES
KX=TARS(IXIN, DI =TXIN, L))
IF{XK,LE.256) <0 79 315
WRITF(5,2008) N 3
L3A0=1940¢1

60 TN 340

IF{KK-J) 325,325,329

J=Xx

325 CONTINUE .

360

501

CONTINUE -
MBAND=3%Je3

HWRITE 1(6,2005) NBAND
IFILRAD.EQ. B2 60 TO 501
HRITE {5, 2046) LBAD

G0 TO SCG9

NO 500 WAN=1,NAP

FORKH STIFFNESS MATRIX

CALL STIFF R

IF(LRATI.GT,0) GO TO 5000
SOLVE FOR NISPLACENENTS

CALL RANSOL
WRITE(S,2007)
HRITE ©5,206%)
WRTTF(5,1006) (N, R(3%N=2) ,R{3*N~-1} y 3 (I *N) , N=1, NUNNP)

NRN

£e83% COMPUTE STRESSES

CALL STRESS
IFINJOINT.GT. 00 CALL JSTR

500 CONTINUT )

5000 CONTINUE

gLe



00057%
000576
900576
000576
90057/
000576
000575
08057R"

000575
00057+

000576

00057h
800576
000576
00057k
000576
000576
200576

000s7s
08006400

UNUSED
015340

1000
1001
1002
1093
1004
1095
1004
2000

2001t
200”2

2003

2004
2005
2006
2007
200R
2009
2010

600

COMPTILE

FNIMAT (1287515 ,3F10.0)

FOPMAT(IS5,6F10.0)

FNOMAY (15,F5,0,6F10,0)

FOPMAT(IH 915,)10X9F5.093F10,2,10Xy3F12,4)
FOPMAT(1115)

FNOMATCIH ,1115)

FOPMATLIH ,T5,3F12,4)

FNOMAT(1HE, 1246/

1 27HQ NIMPER NF ECLFMFNTSeccccs +I5 ¢

? 27THD NUMRF O OF NONAL POINTSe= v 15 7

3 2BHy ACCELFRATINN ~X-DIRECTION- FLO0.2 7

4 ?8H0 ACCFLERATINN =Y-DIPECYION- 3F16.2 7

5 28H0 ACCFLFRATION =?-NIRELTION=- 1F10.2 )
FNPMAT (1M0, 1AHMATERTAL NUMRER=v= ,16 ,/ QH QENSITY=Z ,LE12.4%,

1 15HYOUNGS MINYLISE ,E12.0 L 15HPOISTONS RATIO= ,E12,4 )
FORMAT(141,15HNONAL POINT DATA /

1 1N LHNODE,, 16X 4HOONE 36Xy 14X, 9X 4 1HY , X, 1H?,
216X 2HUX 4 10Xy 2HUY 5 10X, 2HUZ) .
FORMAY (1H1,20HELEMENT PRAPERTIFS 7

1 A4 ELEMENT 1%, 4HPROP,1 X, SHNODE Sy3X% , 2 0HNODAL POINT LISTING )

FNPMAT(1H0,15HCARPN ERRNOR AT » 150
FOOMAT (1H0,1QHAANONIDTH= 1%)
FARHMAT(L1HD, SHLAANS 1 1I5)

FORMAT (1H1, 1LHAPPANXIMATION 15)

FOQHAT(!HO,IX GHNONE y 4 X y BHX=DISPL, 5 6X 3 8HY=NISPL, ,4X,8HZ-0TSPL,)
FORMAT(LIHO, 27THNODAL POINT ERROR CARD NO- 15)
rﬁ°ﬂﬂT(1H0910Y'12HJOTNT NUMBER ,15, 10X, 15HSHEAR STIFFNESS sE12. 4y
1 10%,1AHNNRPMAL STIFFNESS ,F12.4 L,/

2 10Xy 8MCOMESTON 4E12,4,5X,14HFRICTION ANGLE ,E12,4,

3 5X311HMAX, TLOSURE ,EIZ.B)

sTnp

L L]

R SPACE

990001

900001

000001
goo0oo0t
080001
000003
000006
680006
000016
000011
0go012
000012
00001%
003024
089025

0008731
000032
0000 31
000035
600036
00006y
e0006?
00004t
000046
000050
00605,
800061
goeoeh
60006%
000066
0001902
000103
800104
000106
000116
00012%
000126
000125
000127
600131
600133
000136
462135
000136
080136

-
909140
000151
202156
ego1ss
§891558
800169
968162

5t
fevss

A0

55
79
89

g

95

100

110
120

c.".

165
166

- SURRNUTINE STIFF
COMMON /DATZ NUMEL,NUMND, NAP, NNN, NUMMAT ,MTYPE ,ACFLX ,ACELY,ACELZ,
1 =(s.10).rooe(10«1,0:(10«).0¥(10u:.urtza«:.rrtra,qn.Nuonxral,
2 NOROP(70)9XC106) Y (1080221083 4LM{A) 4XX(70),XNC70) ,ROCL0)
FOMMOIN FESTIFZ NNOES, ELSDFC3) ,YM,PR,ELXY 23,81 ,XT,ETA,2ETA,NCT AL,
1JAC(3,3),JACINV (3,3), SHAPELB) ,ONI3,8) y0(6,6) ,H(3) ,C00R0(3},BR(3,H)
COMMON ZSTIFZ S(26,20),P(24),LRAND,N,NONST

CONMON /BANARG/ qsnuo.nuﬂaLx.atxssl.n(:ss.rs).un

REWTNR o

NRz 26

NO=TsNA

ND2=2%NN

LRAN=0

NUMALK=0 .

N S0 N=1,ND?

BINY=0.0

N0 S0 M=1,ND

AtNyMI=0.0

CONTINUF

FORM CTIFFNESS MATRIX IN SLOCKS

NUMALK=NIMALK 1

NH=NA® (NUMILKSL)

NM=N =N

NL=N“-NR+

KSHIFT=3*NL =3

00 210 N=1,NUMEL

TFINDRND(N)) 210,210,65

NOYES=NNODIN)

N0 90 ¥=1,NODES

IFLIX(N, T)=NL) 80,70,70

TFCIX(N,I)=NM) 90,930,80

CONTINUE

G0 TO 210

MTYPE zNOROP (N} }

nn as 1=1,NONES

NEL=IX (N, I}

FLXY7 8L, TI=XC(NEL)

ELXYZ(2,T¥=Y(NFL)

ELXYZ{3,T)=Z(NELY ) .-
IF(MTYPC-NUMMAT) 100,100,110

YHM=E(1,MTYPE}

PR=E(2,MTYPEY

ELROS (1) =ROINTYPE)SACELX

ELRNF (2)=ROCNTYPE)ISACELY

FLANF(3) =RO(RTYPE} SACEL?

CALL ELMax

GO0 70 12¢ *
CALL ELM3J
CONTINUE
NPROP(NI 2 =-NFPROP (N}

200 ELEKENT STIFFNESS TO TOTAL STIFFNESS
D0 166 I=1yNGDES.

LHMCII=3*TY (N, T} -3

80 25€ I=1,NGDES

00 200 %£=1,3

TI=L®(T) 4 K-XSHIFT

KKz T~34K

BEII)=BCIT) +P(KK)

bLE



000165 no 200 J=1,NONES

000167 nn 200 L=1,3
000170 JITLMOI) +L=TT+1-KSHIFT
000174 LL=3%J-3sL
000175 TF (JJ) 200,200,175
goazae 175 IF(NT=JJ) 183,195,195
000203 1AD HRITF (6,2001) W
000211 LaAn=1
000212 n0 TN 210
00021% 195 ACIT,JJ)=ACTT, 3 +S KKy LL)
000222 200 RNNTINUE
000233 710 ~ONVINUE
Csses  ANN CANCENTRATEN FORCES WITHIN BLORK
06072 %A N0 250 N=NL,NM
000747 K=3*N-KSHIFT
000251 agg  1=A(K ) HUTINY
0006753 REK-13=N{K=~1) SUYIN) .
080255 250 R{K-2) =8 {K~2) +UX (N}
Ce*ss NISPLACFMENT ROUNDARY CONDITTONS
000260 NO 400 M=NL,NH
0680262 TE(M-NUMNP) 315,315,400
000264 216 NG=CONE (M)
000266 IF(NGL.FA.0) N TO 600
000767 Cy=ux (M)
000270 N=1%M=2=-KSHTFY
0pn273 TEINALEN. 2. 0R NG ENL3.0RNCLEN.6) GO TO 320
000305 GALL MONIFY (A 4R ,NO2,MRAND,N,U)
000311 320 YsUYM)
000313 NNy '
060315 IF (NC.EQ.1.0%.NC.EA, 3.0R. NC.EN.5) GO TO 325
060327 FALL MOANTFY (8,8 ,ND2,HAAND 4N, U)
0007333 325 y=ur (M)
000335 NN+
000337 IF(NN.EN 1. 0R NGLENL2,0RNCLEQ. 4) GO TO 400
050351 FALL MODIFY (4,808,402 ,MRAND N, U)
000355 400 CONTINUE
per*ss YRTTE BLOCK OF ENUATTONS ON TAPE AND SNIFT UP LNWER
000350 HRITECD) (BENY, [A(N,M) yM=1,HBAND) yN=1,ND)
600602 00 420 N=1,N0
005405 K=NeND
080406 AN =B
000407 A (K)=0.0
000611 N0 420 M=1,Nn
000423 BN, M) ALKy M)
8O0 420 A(K,M =0,0
neses OHECK LAST BLOCK
80N% 30 IF (NM-NUMNP) 60,480,480
000433 4%0 CONTINUE
000433 IF(LBAN.EQ. QY KO TO SO0
0504634 . WPITE(6,2082) LBAD .
B00 442 2000 FNIMAT (1M ,27HNEGATIVE VOL!E ELEMENT NO, 15
020642 2001 FORMAT(1H ,28HAANO WIDTH EXCEFOS ALLOWASLE 1%)
600682 2002 FORMAT(4H ,SHLAADZ 15
000842 S00 RETURN
060443 ENT

UNUSEN COMPILER SOACE
016100

ggegot

000001
900001

060001
060003
000gos
080005
gooots
000020
000022
goo0024
000025
000015

080035
000037
000017

000040
000041
000043
600045
000046
000050
000051
000052
980053
80005
000056
000055
000060
900060
002062
08005%

600067
600071
060073
00078
eggo7?
€00103
060103
000105
ag6107
oazit0
080112
00a113
0e0115
800116
800123
000133

50135
860138

SUSRAUTINE FLMAX -

COMMON Z7ESTIF/ NODES, ELRDF(3I) Y™, PRL,ELXYZ2(3,8),XT,EVA,ZETA,NETUIAC,
$JACCT,3) , JACTINV (3,32 , SHAPE (B) ,ON(3,49%),D(6,6),H(3),CO0RN(3),B(3, 8}
COMMON FSTIF/ S(24y24) 4P (24) yNERRYNELEM,CONST

RFAL JAC, JACTINV

c .
€ ELEMENT STIFFNESS MATRIX -HEXADEDRAL,TETRAHFDRAL OR PENTAHENRAL

NOD3=3®NODES

no t I=1,N0N3

P{IY¥=0.0

ng 4 J=1,NONY

S{I,J41=0.0

IF(NONFS.EQ.AY GO TO 6
IF(NODES.EN.B) GO YO 6
TF(MNNCS,ENLG) GO TO &
WRITE(,2000) NFLFM,NODES

2000 FOOMAT(LX, 57H"'=Q°0°"’TH9FF NINENSTONAL ISOPAQAVCTQIC ELEMENT NU

AWB’R,IH;iBH DEFINED AS HAVING,I3,64 NONES
NFOR=NFRR#1
R TURN

W 7€TA=0,25

INTEGRATION FXPLICIT FOR TETRAHENRON
ETA=9,25

XI=0.25

CALL NXYZ(YM,0R 1)

GALL BXY2

LONST=NFTJAR,6,Q

CALL STIF3

G0 TO 10

MESH=3
H(11=0.555555555555556
H{2)=0,888883883758889
H{3)=0,555565555555558%
CONRD(1)==0.774596663241483
con’N(2)= ¢.,000000000000000
CONRN(31= 0,77%536669241433
CALL NXYZ(YM,PR,D)
IF(NODES.EQ.%) GN TO 8

LR ANUMERICAL INTFGRATION ALONG LENGTH OF PENTAMENCON

51

81

Creesn

D0 &1 IXI=1,HMESH

X1=CO0RD(IXTY

taLL Bxyz

CONST=H{IXII*NETJIAC/2,0

CALL STIF3

6N TO 10

00 81 KZETA=1,HESM
ZETA=CONRD(K?ETA)

N0 81 JETA<L,MESH.
FTA=ROORDIJET &)

00 81  IXT=i,MESH

XI=ONRN(IX T

CALL BXYZ
CONST=H{KZETAY*H(JETAI*H(IXT) *OETUAC
CALL STIF3

00 12 1=2,M903

COMPLETE ELENENT STIFFNESS MATRIX
K=T-1

N0 12 J=i.K

SLg



000167 12 S€4,1¥=S8(1, 0 . SURQGUT’NE STIF3

000154 RETURN : [LLT1:} COMMON JESTIF/ Nooes,ELunrcS),vn.PR ELxVZ(s,a),xI.Efn,zerA.nETJAr,
000156 £ND . 1JACL3,3),JACTNVE3;3),SHAPELSB) ,DN{3,A) ,0(6,6), H(3),CDDRD(3),B(3.8)
poooot CDﬂHON ISTIFI S{20,24) 3 P(24) s NFRR,NELEM, CONST
UNUSFD COMPILFR SPACE . gasoot 00 9 JRLOCK=1,3
017600 000003 JNL=JRLOCK
’ 000006 Jn2 =t
SUBRNUTINE NXYZ(YM,PR,D) ggggg: ggi:ﬁ@LOCK
609005 OIMENSION D(6,6) gaooo? 192=2
000005 PEAL JAC, JAFTNY 000010 I83=7
e 030011 IF(JRLOCK.EQ. 1) GO TO §
E ELASTICITY MATRIX D FOR AN ISOTROPIC THREE NINENSTONAL ELENENT 000013 IF(JALNCK.ER.2) GO TO S
1t Rt ST
000006 00 1 J=1,6 800016 60 70 B
000013 1 0(T,J¥=9,0 000017 5 Jn3=s
000025 CONST=YM/ ((1, 0+PRI*(1,0-2,04PR)) 000020 2=
000031 D{1,1)=CONST*(1,0-PR) 050024 & NN 9 J=1,NODES
000033 D(1,2)=CONST2PR - 880023 NCOL= (J=-1)*3+J3LOCK
0000 2y DC1,3Y=CONST®OR 600025 K=
806035 - N(2,2)=CONST* (1, 0=-PR) . 000027 00 9 IBRLOCK=JBLCCK,3
000036 N(2,3)=NONST*PR 000037 ID1=TRLACK
000037 D€3,3)=CONST*(1,0=PRY 880037 IN2=4
080060 Dt ,4)=CONST® (0,5-PR) 8000uS 1n3=5
000081 " DI5,5)=C0NST* (0, 5-PR) 000061 IF(IRLOCK.EN,2) ID3=25
000062 D(A,6)=CONST® (D, 5~PR) : 0000 Uk TFETRLNCK.EQ. 3 TI02=5
00003 0o 2 1=1,5 eBg0u? 831=N¢INL,IN1)*B ({181, 0) +D(ID1,IN2)*AC(IR2, NN +D(T01,IN3) *3(IBI, N
0800AS5 K=T+1 00G052 AN2=0(IN2, 01120 {TR1, 01 4D(T02,N2) #8(122,31+N(102,J03V#3(I%3, 0
000046 no 2 J=K,6 08607 AN3=0(I03,J01)1%3{181,J)+0(103,J02)%8(132,J)40(103,J03)*B(IR3, )N
000055 2 DG, TI=NCI, N 6530107 - IB4=IBLOCK ’
000953 RETUON 80918y . 185=2
0006, FNn . - 000112 176=3
800113 IF(IBLACK.EN, 7} I85=1
UNISEN ROMPILE® SOACE : 000116 FF{TIRLACK.EN. 3} TBH=1
. 20100 ) 600121 DO 8 I=2K,N0DES
: £00123 NROW= (1-11%3¢ TALOCK
800125 IFINNOL.GT. NROXY GO TO 7
00013t NC=NCOL
000131 NR=MROW
000132 G0 To 8
000133 7 NOC=NROW
00013 NR=NTOL
P . esoL 36 8 SINR,HCI=SINR,NC)H +CONSTO(B( T84, 1)*8N1+B(IRG5,I)*002s.
- Cot 1 8(1%6,1) *RAD3Y ’
609157 9 X=1
000166 on 11 1=%,3
680170 RO 11 NODE=1,NODES
i 000201 K=3¥(NONE-1)+T
- e goc2oe P(KI=2P (K)-CONST*SHAPE {NODE) SELBOF (1)
i - : s 0oa2o07 11 CONTINUE
R 080213 RETURN
- : T T 900713 ENOD

- ' - UNUSED COMPILER SPACE
o - - S e173ae

9l€



SURROUTINE BXYZ 000219 DN(2,NNDEY=ETAT® (1. 0+ XTI* XTI * (1. 0+Z TAT*2ETAY /8,0

800001 ROMMON ZESTIF/ NONES,ELADF(3),YM,PR,ELXYZ (3,89 ,XT,ETA,ZETA,DETJAC, 060216 2 DN(3,NNDEI=ZETATI* (1,04 XII*XT)* (1, 0¢ETAT*ETA) 78,0
1JAGC3,3) g JACTINV (3,3),SHAPE(B) 4DNI3,8) 4,D(6,6) 4H{3),COORD(3I),B(3,8) 000225 15 no 17 1=1,3
000001 COMMAN FSTIFL, S(24420L) 4P{2L) 9y NERR,NELEM,CONST 000227 00 16 J=1,3
000901 Qe JAC, JARTINY ’ 000235 16 JAC(T,J3=0.0
o] 0006237 NO 17 MNONF=1,NONES
s STPATN MATRTIX R FOR A POINT (XT,ETA,2ETAY IN A THREE OIMENSIDNAL dbu?uo N0 17 X=1,3
[ ISOPARAMETRIC ELEMENT 000254 17 JACTT,K¥=JAC(T,KY ¢DON{ T, NDDE) *EL XYZ{X,NODF)
" . ' 000264 NETIAC=JAN (1, 1) % (JAC(2,2)%JAC(3,3)~JAC(2,3)*JAC(3,2))+
00000t TFINONFS,EQ.H) GN TO 60 . a JAC(1,23 % CJAC(2, 3% JACI3 1)~ JAC(2,11 % JAC(3,3)) +
T oenpos? IF(HNNFS. EN.8Y (N TO 80 a JAC(1,3)%(JACI2,1Y*JAC(3,21=-J8C(2,2)%JAC(3, 1))
Ges® SHAPE FUNCTION ANT DERIVATIVE - TETRAHENRON 060301 IF (METJACLLE,.D.0) 60 TO 29
000005 SHAPF (1)=¥XT1 000303 JATINVI1,1%= (JAC(2,2)%JACH(3,3)=JAC (2,3 ¥ JACL3,2))}/NFTJAC
000006 SHAPE(2)=2ETA 000307 JACINVIL1,2) == (JAN{1,2)17JAC(3,3)~JAC(1,3)*327(3,2)) /0ETJUAC
goaoo? SHAPE {33=€TA 800313 JATTINV(1,3)= (JAC(1,2)9JAC(2,3)~JAC(1,31*JAC(2,2))/NETJAr
000011 SHAPE () =1, 0=-XI~ETA=ZETA . €06326 JACINV(2,1)==(JAC(2,1)®JAC(3,3V~JAC(2,3)*JAC (3,13 )/7DETJAC
06004 N4 1=4,3 000324 JACINV(2,2)= (JATC1,1)*JAC(3,3)-JACIL,3)*JAC(3, 1))/ NETJAC
000015 no 5 J=1,3 000331 JACINVI2,3)==(JAT(1,1) *JAC(2,3)~JAC(1,3)%JAC (2,11 /NETJAC
004022 5 NN(T,J)=0.0 000335 JACINVI3, 1) = (JAT(Z2,1)*JAC(3,2)~-JAC(2,2) *JaT(3,1))/NETJAC
00po2s 4 NN(Ty4V==1,0 000341 JACTINV (3,22 ==~ (JAT(1,1)%JAC(3,2)~JAC(1,2)*JAT(3,1)) /DETYJAC
000034 NCL, 19=1,0 000346 JACTNV (3,31 = (JAC(1,1)%JACC2,2)-JAC(1,2) *JAC(2, 1)) /NETJAC
000031 NN(2,32=1.0 090352 NO 18 I=1,3
000032 NNE3,2)=1,0 800354 NN 18 NODE=1,NIDES
000034 a0 TN 45 gB8037s 18 R{IGNODE) =JACTINVIT, 1) *DNC(1,NODEY+JACINV T 2)*NNI2,NODE) ¢ JACINVIT,3
C**% SHADF FUNCTION AND DFERIVATIVF ~ PENTAHENRON RY*DON(3,NONEY
0000 3% 60 xIT=1.0 000&06 RETURN
080035 7F74=0,33333313333333333 000406 20 WRITE(5,2000) NELFM
009037 £¥A =0.33333333333333333 . 003514 2000 FORMAT(1HO, 3RHZERD 0P NEGATIVE NETERMINATE.ELEMENT 2+ I5)
0009040 NN AL Tz=i,0,3 000614 NFOR=NERD 1
gaoos2 XIT==XI1 800416 RETIRN
000853 SHAPELTY=ZETA®(L,0eXTI*X1) /2,0 800416 END
000057 NHEL, T)I=2ETA®XTII 2.0 .
0000A0 nNE2, Tr=0.0 UNUSED COMPILFR SPACE
000061 © B DN(3,1)=(1.,0+XTI*XI)/2.0 016500 .
000064 DN £2 T1=22,5,3 A
goo102 XTI==XTI
060103 SHARPF(T)=(1,0-ETA=-2ETA)*({1,0+XTI*x1I3/2.0
goo107 NN(L,I)=(1,0-ETA-ZETA)Y*X]Y/2.0
000110 NNI(2, TY==1.0% (1, 04XTIT*XIV /2,0
000113 K2 DM(3y IV =~140%CLa 0#XTI®XI)/2.0 R
000120 nn A3 1:=3,6,3
000132 XIT=-%X11 *
000133 © SHAPE (TY=ETA®(1.0+XTI®*XI)/2.0 °
geo137 DN(1,I)=ETA®*XIT/2.0
000140 N2, TI=(1. 0+ XITI*XT) /2.0
000162 63 ON(3,1)=0.0
0001 bt GO TN 15 ~
Ce®® SHAPE FUNCTION AND DERIVATIVE = HEXAHEDRON
000165 A0 xIr=-1,0 . .
000146 ETAI=1,0
060150 TETAT=-1.0 :
000151 DO 2 NOBE=z14,NODES
000163 HOLN=XTT
000166 X11==-ETAY
000166 ETAT=HNLD
000166 TF{NDDFE.EN.5) ZETAI=1.8
goot72 SHAPE (NODEI =01, 0+ XII* XTI *(1,0¢ETATPETA) * (1. 0+ ZETAT®ZETA) /8. 0

800203 OR(1,NODE)=XTI* (1. 0+ETAI*ETAI® (1,04 ZETAISZETA /8.0

AR



000001

opogsol

0oaoo1
goggo1
000001
000001
000001
ggocge
00000%
000007
900007
goani2
0290029
00002
000025
000033
00n04%0
gopout
000061
0000063

000045
ggoes?
000063
goaa7e

LLETR{S
000190
000104
000103
00011%
000126
00012F
pagt2?
0001731
G00142
000151
000153
000155
00d16hL
000164
0Bg1AS
0101h6
000167
0oni7o
(D138 41
080172
000173
000174
000175
Qoo1irr
863200
000202
600204

SURRAUTINE ELM3Y :
COMMON /DAT/ NUMELy NUMNP o NAP s NNNyNUMMAT , MTYPE ,ACELX JACELY, ACELZ,
1 £(5,10),CN0F C106),UX(106),UY(108),UZC104),IX(70,8) ,NNOD(70},
2 NPROP(70) s XC1061,Y(104),Z (1069 ,LMEAY ,KX(70) 4 KNT70) 4RO(10}
COMMON /ESTIF/ NADES,ELBOF(3) 3 YM, PR,ELXYZ(3,A),XT,ETA, ZETA, DETJAC,
1IA0(343)y JACINV(3,3) , SHAPE(B) ,ON(3,8),D(6,6) ,H(3),CO0RD(3),B(3,8)
COMMON /STIFZ S(24,28),P(24) ,NERR,NELEM,CONST
COMMON ZUNT/ KSN(3,31,D0C€3,3),TXYZ(3,8),N0N,NOD2
NIMFNSTON KT(3, D)
PEAL JAC, JACTNV,KSNyKT oKXy KN
NNN=MNNES/2
NON2=NON*3
no 1 t=1,M0N2 -
PLI)=0,0
PMNN2eT) 0,0
00 1 J=1,N0N2
1 S(T,0=0,0
nn 111 1=1,3
nn 111 4=1,3
111 KSN(I, 1 =0,0
KSM 1,11 =KX (RELEY)
KSN (2,21 =KX (NFLEM)
KSN{3,3)=KN(NCLEM)
CaLL TRANCELXYZ,NC)
TR¥EY 0ATAIN LOCAL CNORNINATES By TRANSFORMATION (Z(LOCAL}=CONSTANT)
114 N0 & T=1,NOD
TXY701,T1=0001, 1) *ELXY7 (1, 11400 (1,2)%FLXYZ(2, 1) ¢DC(L, IIPELXYZ (3, 1)
TYYZU2, 11 =002, 2)*CLXY2(1, 11400 (2,2 CLXY2¢2, 1) 4D0(2,3) *ELXYZ (3,1}
b TXY7CT, T=NCL3, 1IYELXY2 (1, 1) #NC(3,2) *ELXY2(2, TI4NC(3,3) *ELXYZ(3,T)
DYSELTRANSFNRM JOINT SYIFFNESS TO GLORAL AXES
on 2 1=1,3
nn 2 J=1,3
KT(T,J41=0,0
ng 2 K=1,3
2 KTOT, 1) =XTC(T,J) +KSNCT,K)*N% (K, J)
on 3 1=1,3
nno3 ogs=1,3
KSN(T, N=0,0
nn 3 x=1,3
3 KSNIT,0)=KSNC(T,J0e BECK, IV*KTI(K, )
TFINNDFS.EN.6) AN TO 6
IFINODES,€£Q,8) GO TO 8
WRITE (65,2000 NELEM,NODES
2000 FNRMAT(LHO,5HIOINT 4 15,2X,3HHAS,15,2%X,SHNODES)
RETIIRN
6 WESH=1
CO0RN(11=0,333331333333333
H{1)=0,0
60 tn 10
8 MESH=3
CONRI(LI==0,7745966692414483
€000 (2)=0.000000000000000 .
CONRNCIN=0. 77459866926 16483
H(1Y=0,55555555555555¢6
H{2¥=0,83868683885050R9
HE3)=0.555555555555558
10 PO 20 JETA=1,MESH
FTA=COORNCJIETA)

000206 DO 20 IXTz1,ESH

00207 XIzCOORDCIXTY

g00211 CALL JXY?

000212 CONSTTHIJETAI SHLIXT) *DETJIAC
000216 O 30 TRLOCK=1,NON

t00217 NG 30 JRLOGK=1, I3LNCK
080220 IFINNDES.EN.SY GO TO 31
000222 TFUIRLONK,EN, JRLOCKY GO TO 32
800224 CONST=0,375*DF T a0

009226 GO TO 31

000226 32 CONST=0.750°0ETJAC

000230 31 N0 30 Ke1,3

080232 0n 19 L=1,3

000252 T=(I9L0CK-1) ® 3¢k

000753 J=(JBLOCK-1)% e

900254 IF(J.6T.I) 60 T 30 .
000250 SUT,3Y=S(T,J) +FNINSTESHAPE (TBLOCY) $KSH K , 1) *SHAPE ( JaLACK)
000266 30 COMNTINUE

000275 20 GONTINOE

000303 00 40 122,902

000304 K=1-1

000305 DN 40 J=1,X

000315 40 S{J,TI=SC1, 40

000323 0N 50 I=1,N0N2

000324 PN 53 J=1,N0D?

000336 IN=1#NON2

000337 JN= JeNgn2

000340 S(I,JNI=S(I, 0% (~1,0)
00034y UIN, D =S T, 08 (~1.0)
080345 50 SCIN,JNI=S(I4J)

000350 ETYIN

800361 EWD s

UNUSEN FOMPILER SPACE
oL1s300

8LEe



goooot

0ogo0l
000001
060001
000001
000003
000a0e
gooog?
006010
006610
geog12
060012
600013
00001%
000015
00001k
600017
ogno2t
goge3s
0300 %
000035
000936
0030Ly
Q010u6
603053
000055
60303
860065
803065
0006102
0n0112
600115
000120
ggo127
oggi27
0001314
660132

a1
10

20

21

2000
50

SHARDUTINE JXY2Z

COMMON /ESTIF/ NODES,ELBOF {3V, YMyPRL,ELXYZ(3,0),XI,ETA,ZETA,DETJAC,
1JRCT3,3) , JANTINV(3,3),SHAPE(B) ,ON(3,9) ,0(6,46),H(3),CO00RD(3),AR(3,8)
COMMAON /STIFZ S(2iy20),P(28) yNERRyNELEM, CONST

LOMMON #INT/Z KSNI(3,3),0C(3, 3),T¥YZ(3,B),NOD,NODZ

REAL JAC, JACINV,KSN,XKT

IF{NNDES.FN.Y) GN TO 8 !
SHAPE(1)=ETA

SHAPE (2} =1,0-ETA-XT

SHASE (31 =xT

!'W(Z,3)=0.0

ON(2,2)=~1.0

NNE2,10=1.0

NN(1,3)=1.0

ON{142)==1,0

DN{1,1¥=0,.0

G0 TN 46

xIT1=-1,0

FTaT=1,.0

No A1l TI=1,N0D

HNLN=XTT

XII=-ETAI

ETATI=HNLD

SHAPE ()= (L. 0#XTITI*XTI® (1, 0+ETAT*ETA) /4.0
INEL, 1Y =XTIT* (1. 0+ETAT*ETAY /0. 0

ON{2,1V= ETAI'(i.B#XII'XI)Ib.u

nn 21 1=1,2

D0 20 J=1,2

JAC(I'J’=U¢°

no 21 NONE=1,4NOD

D0 21 ¥=1,2

JAC (T, K)=JAC(T,K)+DNCTI,NODEI®TXYZ (X, NODNE)
NETJAC=IAC (1,1 *JAC(2,2)-J8C(2,1)%JAC(1,2)
IF{NFTTJAC.GT.0,0) GO TO SO

WRITE(6,2000) NELEM,NETJYAC

FUQNAT(1H0,22HOETERHINATE ofF ELEHENT,IS’ZX’ZHIS,EIZ.Q)

NERR=NERR+Y
RETURN
£NN

UNUSEN NOMPILER SPACE

017500

000006
000006
004005
gogo12

000017
ogoot
030043

80a054
060951
gooo6?
060071
800100
0gg1ot
060103
060104
000106
060107

000111

000113
002114
8008114

000116

0008117

000417

UNUSED
020000

SURROUTTINE TRANCFLXYZ,0C)
DIMENSION ELXYZ(3,8),0C(3,3)
no 11 1=1,3

No 11 J=1,3

11 OCET, U1 =0.0

crnse

14

FORM TRANFORMATION MATRIX FOR PLANE JOINT
A=(FLXYT(2,2)-ELXYZ(241)) % CELXYZ (3, T ~ELXYZ(3,1))
1 ~(ELXYZ{2y 3V =ELXYZ(2, 1)) *CELXYZ(3,2) ~CLXY2Z(3,1})
Bz (ELXYZEL, 1 ~ELXYZ (1,200 *(ELXYZ(3, 1) =ELXY7(3,1))
1 ~(ELXYZ (1,1 =ELXY201,3)) #CELAY2(3,2) -FLXYZ2{3,1))
C={ELXY7(1,2) ~ELXYZ (1, 1)) *(ELXYT(2, D ~ELXYT(?,1))
1 ={SLXYZU1, ) =FLXYZ (1,19 CELXYZ(2,2)=ELXYZ(2,1)}.
AG=(A%¥24+p¥%2)¥8], 5

ABC=(AYPDLR¥S24C¥P2)¥¥(,5

ne(3,3y=crsaan

IF(O0(3,3).67.1.0) GN TO 14

DCl1,1)==RsAQ

n711,2)=4/4R

NC(1,3)=0.0

DE(2,1)==A%D7 (AT*AAN)

NE(2,2)==-0%C/ (AR*ARC)

DG €2,3)=ARFARC

DG(3,1)=A7ARC

nC(3,2)=A/40C

RETYON

0G(1,1)=1,0 *

NN(2,2)=1.0

RETUYRN

F£un

COMPILER SPACE

61¢€



000001

000008

000091
gggo01
gooool
goooal
000005
000007
fjoao1t
0ganis
100016
000016
2080732
cooa3s
0oo0s
080035
300051
ng00s1
0epaos3
fooes?
0000A0
o006l
00enA3
000065
00 0o0RhH
000066
fo0n70
pogo7yg
0ooo71
600672
cegore
6pagre
00675
6g007s
gada7s
600103
gea104
600105
00011S
€ge122
000123

000126
000130
000132

gooLn2
000153
500157
3001566
008175
130277
000206
800213

’:l'l.

:‘l“

40

1

50

SUSPNUTINF STRESS

GOMMON ZNATZ NUMFL,NUNND, NAP, NNNyNUMMAT MTYPS , ACELXsACELY,ACELZ,
1 E(5,10),CONEC106),UXCL06) ,UY(104),9ZC104),IX(70,4) +NNOD(70),
2 NPROP(70)yX(104) oY CL0LY42Z(100) ,M(8) ,KX(70),KN(70),R0O(10)
GOMMAN /CQTTF/ NONES,ELS05(3),YM,PR,ELXYZ(3,8),XI,FTA,ZETA,NETJAC,
LJAT(3,3), JACTNV(3,3),SHAPE(8) ,AN(3,8),0(6,6)yH(3),000RD(3),88(3,8)
COMMON /STIFZ S(24y20),P(24),LRAD,N,CONST

COMMON /RANARG/ MAAND,NUMRLK,B(156),A(156,7%) ,ND
NINENSTAN STHE) ,ER8L(H) ,CEN(3)

WRITS(AR,2000)

N0 100 N=1,NUMEL

MTIYPE=TABS(HMDRNP (N))

TE(MTYPE, AT NUMMAT) GO TO 100

MNORAD(N) =Y YORF

NOPRES=NNON(NY

No 1 T=z1,NNDES

NEL=IX (N, T}

ELXYT (1, I)=X(NELD

FLYXYZ7(2,11=Y(NEL)

FLXYZ7(3, IV=T(NEL)

YM=E(1,MTYPE)

PR=E (2,4TYPF)

no 2 1=1,6

SIn(TY=0,0

FOA(T)=0,0 .

IFINNNES.FQL.B) GO TO 8

TF{NONES.ENLHY GO TO 6

7ETA=g,26

FTA=0,25

XT=0.25

50 TN f0

ZETA=0,33333333333333333

CTAz0.333333T3I333333333

X1=0.0

G0 T 18

ZETA=0,0

ETA=0.0

XT=0.0 °

no 20 T=%,NONES

I1=3*1-3

JJ=ZIFTX(N,T) -2

00N 20 J=1,3

PIT+ N =RIIeD

CALL BXYZ

CALL DXYZ(yM, PR, D)

CALCULATE ELEMENT STRAIN AT CENTROID

NN %0 T=1,NONES

NiM=3*(1-1}

nn 49 y=1,3

CALNULATE ELFMENT STRESSES ~GLORAL COORDINATES
EPA(JY =EPA(SI&RA(J, T) *P (NUM))

FPA(L) =EPA(L) ¢RA(2, T) PP (NUMEL)I ¢AB(1,T) *P(NUM+2)
EPA(SI=ECA(SYEBR(3, T)*PINUNS2) +AB(2,T1)*P (NUM+3)
EPALG)=EPA(H)+BB (1, TITP(NUMAI)I+RB(3I, I *P (NUN+LY
nn 8§ 1=1,%

D0 58 J=1,6

SIGII)=SIGITI +D(T,JV*FPALN

nn 60 J=1,3

000215
680216
000226

000233
000245
8002590
080250

000250
000250

UNUSFERn
01h7 UL

CEN(IY =0,0
DO 60 I=1,MNONFS
50 SEN(JY=CEN(J) ¢SHAPECII*ELXYZ (S, T)
ness URITE ELEMENT STRFSSES
WRITE(R,1000) N, (2EN(T) 4I=1,3),1SIG(J)J=1,5)
100 CONTINUE

1000 FORMAT(1H ,I5,3F%9.2,hE12.4)

2000 FORMAT(1H1,7HELEMENT, 5X42HXCy BX2HY Cy 8X, 2H7C, KX,
1 PHXX 310X 3 PHY Y, 10Xy 2HZZ 310X, 2HXY,, 10X, 2HY7 ,10X42H7X)
RETURN
NN

COMPILER SPACE

0ze




SUAROUTINE JUSTe 000223 60 T 4130

000004 COMMON 70AT/ NUMEL, NUMNP,NAP,NNN,NUMMAT ,MTYPE ,ACELX yACELY, ACELZ, 006724 300 KN{NI=0,0
1 F(5,10),CONE (108) ,UXCL06),UY C106),0Z(10&),IX(T0,8) ,NNOD(70), 880226 60 TO 400
2 NPOND(T70), XE104) ,Y(104),20100),LM{A) KX L70),KNC70),RO(L0) . 000226 350 KN(MY=KN(N)*10,0%%10
000001 COMMON ZESTIF/ NODFS,ELANFU3Y Y4, PR,ELXYZ(3,8),XY,ETA,ZETA,DETIAC, 000232 408 STR=COM+ARS (FNYSTANTH
1JACI3 430, JACINV (3,3),SHAPE(S) ,ON(3,8) ,D(6,6),H(3),CO00RD(3),AB(3,8) 000236 IF(FN,GT,0.,0) GO TO &99
000001 COMMON /STTF/ S(24,25),P(24),LRAD,N,CONST 000240 TF{ARS(FSI,LE,STR) GO TO 500
609001 COMMAN ZUNT/ KSN€3,3),0C(3,3),TXYZ(3,8),N00,NOD2 . 000243 KX (N) =STR/NS
007001 - FOMMON ZBANARG/ MAANT ,NUMALK,R(156) A (156,78) ,ND 000245 FATL=1
000001 REAL KS,KNyKX KT, LIMyMS - . 0002%6 G0 Tn 500
00000¢ INTFGER FATL 000246 499 KX (N)=0.0
000001 WRITE(H,2000) 063250 FATL=2
Cesss OATATIN NONAL POINY DISPLACEMENTS ANN MEAN NISPLACEMENTS 000251 500 CONTIMUE
009005 N0 00 N=1,NUMEL 000251 HRITE(6,1080) NyXC,¥0,2C,XN,YD,7D,MG, ANG,FN,FS,FATL
009097 MTYPEZTARSINPROC (M) i 000305 1000 FORMATILH ,TL,3F8.3,4F13,4,FR,2,2612,4,1I5)
000011 IF(MTYPE ,LE.NUMMAT) GD TO 900 . 080305 2000 FORMAT(1H1,SHJIOINT SX,2HXC 16X y2HYC, 56X 2HZIC,3X312HSTRIKE DISP.,
p0901G NP20D (N) =MT YDE 1 3X,9HOIP DISP. s 2X,10HNORM DISP,,3X,9HMAY ,0ISP, 41X,
00091% NDD=NRON(NY 22 2 THOIREGT., 2%, 1 OMNORMAL F/A,3X, QHSHEAR F/A,3X,4HSLIP)
000016 FATL=N 800309 800 CONTINUE
007017 UM=¥NM=WM=XC=YO=20=0.0 - 600310 RETURN
00002% nn 200 T=1,N0N CT 000310 END
000059 MzIX(N,T) .
000052 FLXYZ(t,T¥=%x(M) UNUSFD COMPILER SPACE
000053 ELXYZ(2,I)=Y(M) 616500
00005% FLXYZ 3, 1)=7 M)
c*®*s CALNULATE CENTROID OF JOINT
8000%! NN=3#M-2
000065 XC=XC4+X (M) /NOD .
00070 ¥C=YreY (M) /NOD
000072 7C=2CeZ (M) FNON
00307s J=T4+N0D
gooor7 ML= IX (N, J) ,
000101 MN=3*%L -2
000104 UM=UM# (I(MN I=BINN )I/NOD .
000110 VM=V (F{MN+ 1)~ BINN+1Y I 7 NOD
080115 WM=WHM (B(MNSZ)=R (NN$2) ) /NOD
00121 200 RONTTINIE
Jess  FpRM TRANSFORKMATIONS EQUATIONS
000136 . CALL TRAN(FELXYZ,00)
Ce*®®s YRANSFNORMOTSPLACEMENTS YO SHEAR AND NORMAL~-XD=STRIXKE DISPL.
000140 XO=NC (1,112 UMENC (1,2) *VYM+DL (1,3 *WM
000145 YO=NG(2,1)%UMENC (2, 2) *YMeDN (24 3) *HM
000153 TO=O0(3,190UM00 (3,2) SVYMENG (3,3) %4
rneses wAGNITUDE AND NIRECTYION OF MAXIMUM SHERAR DISPLACEMENY
000161 ANS=ATANZ (YN, XM
€00171 ANG=ANG®57,396 ’
000172 MS=(XN*R24YD*E €2} %80, 5 '
Cress OBTATN MEAN SHEAR AND NORMAL FORCES PER UNIT AREA
080200 FN=73KN(N)
0002602 FS=MS*KX(N)
TeRes MONTFICATINN NF NOPHMAL STIFFNESS WITH DISPLACEMENT
0090703 LIN=E(5,MTYPE)
000208 COR=F(3,MYYPE)
0006205 TH=E (4, MTYPE) /57,8396
200210 . TANTH=SIN(TH) /COSITHY
200214 IF(Z0.GE.0.8) GO TO 300
800216 IF(TN.LE.LIM) GO ¥n 359
800220 KNCNY =KN(N) *L IM/Z (LIM-2D)

et

IR 4



000001
000401
000003
000006
000006
ggao1n
000011

000012
000014
00001k
0a001?7
000626
ggeo22
00003
800035

000041
00NgeL3
000056

4090665
003070
pogory
000074
00007
00010%
000105
000107
goaiie
000122
000123
03017%
000136
Qo137
000162

000145
000te7
goei7l

080172
00C17¢6
803175
009227
0go211
000215
£00921%
goa221
00023D
000231

LEE Y X
[ Qe
fes sy

- C

feevss
109

128

c.‘.

150

C..l

200

22%

230

250

27%
300

LI IYY

37s

':"l'.

SURPAUTINE RANSOL
COMMON /8ANARG/
NL=NNed

NH=NN+NN

DEWINN A

REWIND 9

MA=(

50 TO 1590

EDUCE EOUATIONS BY ALOCKS .

1. SHIFT 9LOCK OF EQUATIONS

LEEL LTSS

NN 125 N=1,NN
NM=NN+N
TIN) = INM)
AINM)=0.0

NO 125 M=1,MM
AN, MY =ACNM M)
A(NM,")=0,0

2. READ NEXT BLOCK OF E£QUATIONS INTO CORE oo

IF (NUMRLKX-NB) 150,200,150
REAT (9) (O(N),y CAINGMY g M1,y MM, N2NL 4 NH)
IF (nNP) 200,100,200
3, RENUCE ALACK 0F ENUATIONS o%s
NN 300 N=1,NN :
IF (a(Ny1)) 225,300,225
BIN) =B(N) /A (N, 1)
No 275 Lz2,MM
IF (atwN,LY) 230,275,230
C2A(N,LI/ZAIN, )
I=N+t-1
J=0
DO 250 K=LoMM -
JzJjel I3
AT, )=ALT, NN=C*A(N,X)
BCIY =8I -A(N,LD*N)
AN, L) =0
CONTINUE
CONTINUE

4, WPITE 3LOCK OF PEDUCED EQUATIONS ON TAPE 8

IF (NUMBLX=-NT) 375,400,375
WRITE (B) (BINY, (ALN, M) oM=22 ,MN) yNal ,NN)
G0 TO 100

A RACK-SURSTITINN

Rrexss

600

425

450

N0 450 M=i1,NN
N=HNeL1-H

NO 425 Kz2,M%
LaNeK=-1

BIN) =BI(NI«AIN,KI*R(L)
Ntz M NN

BINM) = (NY

ACNM NBY=RAINY

NR=NO. ¢ :
IF (NB) &75,500,475

MR, NUMBL KB (156) 4A (156,78) (NN

L LY ]

030231
090233
gap2ss
200257

000260
000261
B0E253
geo273
00027a
080274
000303
000304

UNVSED
0§ 7200

000018
geooto
gooal
050012
[ 338 d ]
agoo21
gcoa2e
980010
800036
000040
080064
ggecs”
LBERES
250152
030053

UNUSFD
0206100

475 RACKSPASE A

READ (8) (RINY, (AINM) 3 M=29 M) J N2l NN)
RACKSPACE A

GO0 TO &00
rsesss
[ ORDER UNKNOWNS IN 3 ARRAY
fessse
500 X=0

00

no ABO NAR=,NUMALK
N0 600 N=1,NN
NMz N+ NN

KxKeg
RIKY A INY,NT)
RETURN

eND

COMPILER SPACE

230
23s
249

260

SURRAOUTINE MONIFY (A, NEQ,¥BAND Nyt
DIMENSTON At156,78),R(156)
N0 250 W= 2,MBEND

K==l

IF(XY 235,235,230
BK)=B{K) =R (K,M) 2y

AlX 420,10

KxNeM=-1

TFNEN-K) 250,240,260
RIK)=A(KY=-A (NyM)*Y
A(N,%=0,0

CONTINUE

AN, 1Y=8.90

B{N) =V

RETUDN

FND

DOMPILER SPACE

¢ce



