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Abstract— Unequal reactive power sharing amongst dis-
tributed generators (DG) is a significant concern while operat-
ing a droop based microgrid. The reasons for this unequal reac-
tive power sharing include the difference in feeder impedances,
uneven distribution of loads and DGs in terms of size and
locations. In this paper, a mixed-integer linear programming
(MILP) problem applicable for a droop based microgrid has
been proposed to achieve proportional reactive power sharing
amongst DGs while maintaining very low line losses. Firstly,
the optimal sizing and placement of DGs are investigated. This
includes a detailed discussion on the linearisation of various
nonlinear terms involved in the formulation. Subsequently,
a day—ahead dispatch is generated for these DGs for a
given load profile. Additionally, network reconfiguration has
been incorporated for further improvement in performance.
The effect of considering a practical constant impedance-
current-power (ZIP) load model, instead of simply considering
constant impedance loads, has also been assessed. The proposed
formulation has been tested on a 33 bus network which
has been modified to represent an islanded microgrid. The
results obtained validate the accuracy of the proposed planning
and dispatch method and demonstrate its utility in achieving
proportional reactive power sharing amongst the DGs while
incurring very low line losses.

Index Terms— Droop control, microgrid, loss minimisation,
MILP optimisation, reactive power sharing, reconfiguration,
sizing siting, volt—var.

I. INTRODUCTION

The electric grid all over the world is being transformed by
decreasing fossil-fuel based power generation and increasing
renewable-based generation. It has led to increased penetra-
tion of distributed generators (DG) into the grid, especially
at the distribution voltage level [1]. Such active distribution
networks can also be operated as microgrids. Microgrids
can operate in grid-connected mode and also in autonomous
mode during grid or weather contingencies.

A hierarchical architecture is gaining popularity for exe-
cuting the control and optimisation functions for a microgrid
[2]. The lowermost level, which serves as the primary
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control is responsible for maintaining the voltage and for
sharing power amongst the DGs. Primary control is desired
to operate without employing communication for increased
reliability and to have plug-n-play feature. Secondary con-
trol which operates on a slower time scale is generally
responsible for voltage and frequency restoration. Tertiary
layer, which is the outermost control layer, takes care of the
optimal operation of the microgrid, and it also exchanges
data with the electricity market layer.

In the islanded mode of operation, the main goal of the
DGs is to collectively supply power to the loads within the
network. The DGs are expected to share both active and
reactive power in proportion to their ratings. Proportional
power sharing amongst DGs is usually implemented by
using droop control. It is well known that proportional
active power sharing can easily be achieved by using con-
ventional droop control. However, achieving proportional
reactive power sharing is difficult due to differences in
line impedances, uneven load distribution and suboptimal
allocation (sizing and placement) of DGs across the network
[3]. However, if proportional reactive power sharing is not
implemented properly, then there are high chances of smaller
DGs hitting their current limits because of higher reactive
power output from them. These DGs would trip for the sake
of their protection once their current limit is hit. This, in turn,
would lower the overall generation capacity in the microgrid.
This, in effect, may cause overloading and tripping of DGs
which are remaining in the network because they now have
to supply more power. Hence, a partial or complete shut
down of the microgrid may happen. To avoid such scenarios,
it is important to implement proportional reactive power
sharing for avoiding overload of DGs.

The reactive power flow and its proportional sharing
also get altered whenever there is a change in load, or
a change in the network structure/topology, e.g., due to
network reconfiguration. The issue of reactive power sharing
has been explored in the literature extensively. The methods
present in the literature can be roughly classified into two
categories, viz., those involving novel control strategies [3]-
[15] and those involving novel optimisation routines [16]—
[21]. The control strategies can be further grouped into one
of the following three approaches; either adjusting the Q —V
droop coefficients (n4) [5], [7] or the nominal voltages (V;,)
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[4], [6], [12] or the virtual impedances (Z,) [8], [11], [14].
Many of these control strategies, such as those employing
distributed secondary controllers can achieve accurate re-
active power sharing [11]-[13], [15], [22]. However, these
control strategies do not explicitly take voltage and current
limits of the remote nodes/branches into account. Hence,
for a reasonably large and complex network, there are high
chances of voltage violations at remote nodes, which can
also affect voltage-sensitive loads. These aspects can be
handled using central control architecture effectively.

The reactive power sharing problem has also been inves-
tigated by the use of optimisation algorithms. For example,
reactive power sharing can be improved by optimising n,
[17], [18], V,, [20] and Z, [16], [19]. Optimal @ — V'
droop slope has been calculated in [17] for all the DGs
for achieving equal reactive power sharing; however, the
resultant active power sharing gets disturbed. Besides, the
method has been tested for PQ loads only. A particle swarm
optimisation (PSO) algorithm has been applied to calculate
optimal Z, in [16]. However, the obtained reactive power
sharing is not proportional, and only constant impedance
load have been investigated. PSO has also been applied
in [18] to find optimal V,, for minimising the reactive
power sharing error. A genetic algorithm has been applied to
optimise Z, for improving reactive power sharing in [19]. A
multi-objective optimisation has been proposed in [20] for
voltage regulation and reactive power distribution amongst
DGs. Authors in [21] have designed a nonlinear droop curve
for minimising operating cost and improving reactive power
sharing using PSO.

The size and locations of the DGs affect the reactive
power sharing, line losses and the voltage profile simul-
taneously [10], [18]. Arbitrary planning of DGs worsens
the aforementioned parameters. Hence, the size and location
of the DGs should be planned judiciously. The sizing and
placement of DGs have been widely investigated for differ-
ent technical and economic objectives for active distribution
networks and grid-tied microgrids [23]. The size and the
location of the DGs are usually decided at the planning
stage based on objectives such as installation/operation cost
minimisation [24], [25], line loss minimisation [26], demand
reduction [27] and load curtailment [28]. To the best of
authors’ knowledge, reference [29] is the only work related
to sizing of DGs for a droop-based islanded microgrid. In
this work, authors have optimised the droop slopes of the
DGs to minimise fuel consumption, to improve the voltage
stability and the voltage profile of the microgrid. However,
the optimal placement of the DGs is not investigated. Also,
the obtained droop slopes are unrealistic and are unsuitable
for a stable operation of the microgrid. Besides, even the ba-
sic active power sharing has not been achieved. Please note
that an optimisation formulation for droop based microgrid is
discussed in [30]. However, this work is applicable only for
dispatch and does not perform DG allocation. Hence, there

exists a need for a novel formulation for islanded droop-
based microgrids which can be used for both DG allocation
(optimal sizing and siting) and dispatch.

It is well known that the reactive power sharing and the
network power loss is tightly linked with the voltage at
different buses. Hence, n, of all the DGs can be optimised
for minimising real power loss [31] along with improving
reactive power sharing. It is also well known that network
reconfiguration along with volt-var control can substantially
improve the voltage profile, reduce the line losses [32],
improve the voltage stability, and loadability [30]. Coordi-
nated volt-var control of DGs and scheduling of network
reconfiguration switches can provide additional flexibility
for reactive power control. They can also result in improved
performance during both the planning and operation stages.

To the best of the authors’ knowledge, none of the DG
allocation studies for setting up microgrids have considered
reactive power sharing as an objective which is crucial for
avoiding overload of smaller DGs. Besides, none of the work
related to either control strategy or optimisation has explored
network reconfiguration to improve reactive power sharing.
Besides, none of the work related to reactive power shar-
ing has taken the constant impedance-current-power (ZIP)
model into account, which also affects the reactive power
flow. Motivated by the aforementioned observations, optimal
allocation and volt—var dispatch of DGs and reconfiguration
switches for a droop based microgrids have been proposed in
this paper for achieving proportional reactive power sharing
along with very low line losses.

The novelty and the contribution of this work as compared
to the available literature is as follows.

o A mixed-integer linear programming (MILP) problem
for DG allocation and dispatch has been proposed,
including a detailed discussion on the linearisation
process. To the best of authors’ knowledge, the pre-
sented work is the first attempt to formulate an optimal
DG sizing and placement problem for a droop-based
microgrid.

o The optimal sizing and placement of DGs have been
performed for achieving accurate reactive power shar-
ing while ensuring near-optimal line losses.

« Network reconfiguration has been proposed and investi-
gated as an additional degree of freedom for controlling
the reactive power sharing.

o It is shown that the same formulation (with a few
simplifications) can be used for DG allocation and
optimal day-ahead dispatch.

The paper is organised as follows. The proposed MILP
formulation is presented in Section II. The validation of the
proposed method of allocation and dispatch, along with other
case studies, is presented in Section III. Finally, Section IV
contains the conclusion.
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II. PROPOSED MILP FORMULATION

This section contains a detailed description of the pro-
posed MILP formulation. The optimisation objective, the
constraints and limits are explained step-by-step.

The primary control layer of the hierarchical control
architecture is responsible for power sharing amongst the
DGs. The well-known droop control is implemented in each
DG for achieving proportional power sharing:

Ws = Wn — mpélpél (1)
Vsrf = Vn.s.i - nq.s.iQs.i (2)

where w,, is the rated frequency in rad/s. wg, m, s, and
ng.s.; are the reference frequency, P — w droop slope and
Q — V droop slope of the s** DG placed at the i'" bus.
P;; and Qs ; are the calculated active and reactive power
output of the DG. V;, s ; and V¥ are the rated value and the
reference value of the peak of the phase voltage of the DG.

m, and ng values are set in inverse proportion to the
rating of the respective DG to achieve proportional power
sharing. It is well known that the P — w droop assists
in achieving proportional active power sharing since the
frequency is the same across the microgrid. Hence, achieving
mp Pt = mpaPa = ... = myp, P, is possible. However,
the reactive power sharing is not proportional because the
voltage is different for each DG. The primary reason for
different voltages is the asymmetry in sizes and location of
loads, non-uniform lengths of the feeders and asymmetry
in location and size of the DG itself. This makes achieving
ng Q1 = N2 = ... = ngnQy difficult. Thus, optimal
placement and sizing of DGs can significantly improve re-
active power sharing amongst them. Hence, the optimisation
objective is to minimise the reactive power sharing error for
all the DGs simultaneously.

A. Objective function

The optimisation objective is to minimise the error be-
tween the expected reactive power output and the actual
reactive power output of all the DGs. Perfect proportional
reactive power sharing can be achieved by aiming for
Nng1GQ1 = ng2@Q2 = ... = ngsQs. As observed from (2),
the n,(Q) terms represent droop-induced voltage deviations
(Vs — VJ7©). Let these terms be denoted by dVI. Hence,
the aim of the optimisation translates to minimising the
difference between the §VZ terms of all the DGs. Thus, the
objective function is formulated as follows:

mmZAS” 3)

where ¢ and j denote different buses of the microgrid. The
range for both ¢ and j is from one till N, wherein N, is the
total number of buses in the network. AV, . is calculated
for every combination of 7 and j since a DG may or may
not get placed at all the considered combinations of ¢ and j.

In effect, >° AV, ; would be a scalar quantity consisting

of the sum of N, x N terms. For example, for a 33 bus
microgrid, Y AVZ, . ; would contain the sum of 33*33 terms
starting from AV, |, AV o, AV o till AVZ,, o0,

AV, . is defined as follows:

s.1.9
AVS, > 8V — VI 4+ Vg 4)

The lower limit for AV,

is set as follows to ensure that
only absolute values of AVi

; are considered:
AVIL > (@)

s.i.j =

A correction term V2 has been introduced in (4) because
it is not known beforehand, whether DGs would get placed
at both the buses 7 and j. V2 needs to be set precisely equal
to zero if the DGs get placed at both the buses ¢ and j.
The following two inequalities are applied to implement this
condition.

Veq > ()\sz + /\s.j - 2)(‘/77“11' - me) (6)
VA<0 (N

Here, A; is a binary variable representing the presence of a
DG at a particular bus. \s; = 1 indicates the presence of a
DG at a bus 7 and A, ; = 0 would indicate otherwise. Also,
Vinin and V4, correspond to the minimum and maximum
magnitude allowed for the phase voltage throughout the
microgrid.

Now, for A;; = 1 and A\s; = 1, VZ > 0 because of
(6) and V¢ < 0 because of (7), thus ensuring VI = 0.
Consequently, V4 = 0 in combination with (5) transforms
4) to AV, S” =6V —6Vq

On the other hand it is des1red that AVZ, should be set
precisely to zero when a DG is not placed at either ¢ or j
or both. The scenario for one of these three combinations
is explained as follows. Consider A\;; = 0 and A, ; = 0.
Theoretically, 6V, — dV!; can take a maximum value of
2(Vinaz — Vinin)- In such a condition, V2 should be allowed
to take a value equal to —2(V,40 — Vinin) to render a zero
value for the right-hand side of (4). This is implemented
with the help (6). Thus, AV, ; would be forced to go to
Zero.

B. Constraints, linearisation, and limits

This subsection contains all the equality and inequality
constraints as well as the limits applied to all the variables.
It also contains the steps taken in linearising the nonlinear
equations/terms.

1) KCL equations: The KCL equations for the i*" bus
can be written in the Cartesian coordinates as follows:

IS+ I =15 + 1o (®)
Izm + Izm _ ZTz + IiZL,i (9)

where I, ; is the current supplied by the DG present at the
bus 4, Ir;_; is the line current flowing towards the bus 1,
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I;_; is the load current and I¢,_; is the line current flowing
away from the bus. Superscripts re and ¢m denote the real
and imaginary parts, respectively. The branch current I;; is
constrained as follows:

_I'rtLea:E < Izrje < I’;’fa$ (10)
I, < I < I, an
where I7¢, and I'™ are determined as follows.

Pmaw

I =—— 12

1.5 Vinin (12)
. Qm,arc

m — S 13

et 1.5 Vinin (13

where P* and Q™" are the upper limits for P, and
Qs.; respectively.
2) KVL equations: The KVL equations for the branch

connecting the bus ¢ and j is written as follows:

Ve =V + Ry 17 — Xy I (14)
Vim = VT X 1T 4 Ry I (15)

where V; and V; represent the phase voltage at bus ¢ and
J respectively. R;; and X;; are the resistance and reactance
of the branch connecting bus ¢ to j. The magnitude of the
bus voltage can be expressed as follows:

Vi — (Vire)2 + (‘/iim)Q (16)
Further, V; is limited as follows:
Vnzun S (V;Te)Q + (‘/;Z”)z S vaw,w (17)

The maximum and minimum phase angles allowed for the
voltage phasor are represented by 6,4, and 6,,,;,,, as shown
in Fig. 1. The magnitude and phase angle limits constrain
the tip of the voltage phasor to lie in the area bounded by the
two semicircles having a radius of V,,,;,, and V,4., and the
radial lines representing 6,,;, and 6,,,.. Phase angles have
been assumed to lie in a very small range bounded by 6,,;,
and 6,,4,. This assumption allows us to approximate the
area available to the tip of voltage phasor by a pentagon
abcde having sides Ly — Ls [33]. There are two more
reasons behind limiting the phase angles. Firstly, a large
difference in the phase angle of different buses will lead
to larger power flow which, in turn, may trigger instability,
which is undesirable. The second reason is to maintain the
validity of the assumption inherent in the conventional droop
control equations (1) and (2). An assumption of smaller
angle differences between the bus voltages has been made
while deriving (1) and (2) from the power flow equations
[34].

Referring to Fig. 1, the equations defining the line seg-
ments L1 — L5 can be easily found after knowing the points
of intersection of these lines with the two semicircles. The

A

Fig. 1: Magnitude and angle limit for the bus voltage:
approximation using line L; — Ly

resultant expressions for the line segments L — Ls are
expressed as follows:

sin Oaz — SN Opmin

Ll = V;'Lm S

(V;‘Te + szn COS emzn)
coS Oz — COS Omin

+Vm1n sin amzn

(18)

Ly = vim < 0 0mas ey ) o)
coS gz — 1

Ly = Vi = Cozmem%(v = Vinaz)  (20)

Ly = V™ <V tan 040 1)

Ls = V™ >V tan O, (22)

It can be seen from the zoomed portion of Fig. 1 that the
length of the line segment "of" is now the effective lower
bound for V"¢, Hence, instead of V,,,;,,, the lower bound of
V"¢ (denoted as V ¢) is set to be equal to the length of
"of". Ve is set as follows:

re
mwn

= Vinin cos 5 (23)

where [ is the absolute maxima between 6,,,, and 6,,;,.
Please note that the zoomed portion of the Fig. 1 has been
drawn assuming |0y,q2| > |@min|- It is to be noted that V¢
is slightly lesser than the radius V.

Similarly, the upper and the lower bound of V;,,,, denoted
as V™  (length "eg") and Vi (length "ch") respectively,
is calculated as follows:

Vﬁﬁz = Vinaz sin Opaz (24)
VrlnTn = —Viaz sin Opip (25)
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3) Load Modelling: The voltage magnitude has a pro-
found effect on power consumption and the reactive power
flow. Hence, a static load model, namely the ZIP model has
been used to consider the effect of the voltage magnitude
on power consumption [35]. The variation in the active and
reactive components of the load, namely P;_; and Q;_;, with
the change in the voltage magnitude, is given as follows:

Vi Vi’
P_; =P ZP I Z 2
1— oz{ +pV+ <Vo)] (26)
Qi =Q -P+IV+Z V2 27
l—i — Wol—1 q qV %
and
Zp+Ip+P,=1 (28)
Ze+ 1, +Py=1 (29)

where Py_;; and QQg—_;; are the nominal power of the load. Vj
is the magnitude of the nominal value of the phase voltage,
whereas V; is the actual voltage at the bus . Z,, I),, P, Zq,
I, and P, are the ZIP coefficients of the load.

The load current I; can be expressed as follows:

R e L

Ie - 30
=T TS (V)R 1 ()] G0
; P Vim — Qu; Ve

= : i 31
=T T (VR £ (V] GD

Equation (30) and (31) are nonlinear and are approximated
to a linear combination of V;"¢ and V-im as follows:

I ;= a— 1VTe+b,ZVZm+Cl i
I =di— Vi + e Vi™ + fii

(32)
(33)

The coefficients a; — f; can be calculated for each load by
using techniques such as linear regression or by linearising
(30)—(31) around an operating point. A good linear fit
between the current and the voltage is possible because the
variation in the voltage magnitude and angle is relatively
small [33], [36].

4) Droop Modelling: The droop equations (1) and (2)
are not applicable to the buses where no DG gets placed.
Rearranging (1) and (2), and inserting the correction terms
AP; and AQ;, respectively, we get:

Pi=—" + AP, (34)
Mp.s.i Mp.s.i
Vn s.1 V;Tte

Qsi = —— — + AQ; (35)
Ng.s.i Ng.s.i

Variables AP; and AQ); have been introduced because the
DG placement is not known in advance. Now, A P; and AQ);
should be assigned a zero value if a DG is placed at a bus
t. Inequality presented below in (36) and (37) are used to
implement this condition. Thus, when A;; = 1, both AP,
and AQ); become equal to zero. Otherwise, AP; and AQ);

need to be allowed to take a value in a wide range for getting
a feasible solution. This is implemented as follows:

0 < AP < Mpg(l—Asi) (36)

—Mpc(1 = Asi) < AQ; < Mpa(1 — Asi) (37
where Mp¢ is a constant defined as follows.

Mpg = maz {| P |,| Q™" |,| Qe |} (38)

Further, the maximum number of DGs is limited as
follows:
Z )\91 S Nmax

where N4, 1s the maximum number of DGs that are
planned to be placed in the network.

It is to be noted that m, and n, are variables because
their value depends on the sizes of the DGs; which itself
are not known beforehand, and will be calculated by the
optimisation. Hence, the ratios %, Vasi gand -
appearing in (34) and (35) are nonlinéar. It should be pomted
out that once the DG allocation is completed, then the sizes
and locations of the DGs will become known. In other
words, m,, and n, become known for different DGs, and
after that, these values can be taken as constants to perform
optimal day-ahead dispatch. The following process has been
followed to approximate the nonlinear ratios of (34) and (35)
into a linear form.

(39)

1

Discretization of terms containing L and 1 - can
mp P
be discretized as follows. Let —— be a multlple of a factor
called as b,,,, and is expressed as follows:
bimp = 1 (40)
" Smmp—st
where my_ is the lower bound for m,,. Thus, — L can
.54
be expressed as follows:
= mvamp (41)
Mp.s.i

where 7,,, is a binary variable and S,, is a constant
which decides the width of b,,,. It should be noted that
a smaller value of b,,,, is desired for greater accuracy in the
approximation. A sufficiently small value for b,,, can be
chosen by selecting a high enough value of S, while also
considering computational complexity and burden.

Now, the first term on the right-hand side of (34) can be
written as follows:

Wn mpzf)/mp

Similarly, the second ratio in (34) can be written as follows:

Ws —wsmp—i-ZC

Mp.s.i

(42)

Mp.s.i

(43)
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where C,, is defined as a product of w,; and b,,, when

Ym.p = 1 else it is set to zero. This is implemented as
follows:

0 S wsbmp - Cw S wmazbmp(l - ’Ymp) (44)

0<C, < Wmawbmp')/m.p (45)

where w;,q, 1S the maximum allowable frequency in the
microgrid.

The output of the optimisation routine would provide us
with the values related to the active and reactive power
generation of all the DGs. However, these values should
be rounded off to the nearest rating for each DG, e.g. in
multiples of 100 kW. This can be implemented using the
following expressions and as shown in Fig. 2.

Sm Sm
P, Z Ym.p <P,;<P, <1 + ZVm.p) (46)

p=1 p=1
where P, is the lowest rating. The following condition needs
to be enforced on 7,y p.

TYm.p < TYm.p(p—1) 47)

It can be observed from Fig. 2 that v,, , = 1 if and only if
rY’mAp(p—l) =1.

1
mp ;/mp.‘\ =1
ymp.z =1
ymD-D = 1
}’mQ.Sm =1
Smbmp
b
1b 2bmp pom
s > P S.i
0 P 2P, (p-NPuw PPy (Sm-TPu  SmPu

Fig. 2: Correlation of - with P;

A similar process has been followed to discretize terms
containing n%, and to obtain the reactive power rating of the
DGs.

5) DG power calculation: The active and reactive power
output of the DG is calculated as follows:

Py =15 (VIS + V™I
Qs = 1.5 (V™IS — VeIl

(48)

(49)
The power limits for the DGs are defined as follows:

0<P,,; <Pre (50)

QU™ < Qi < QU (51)

The power factor of each DG also needs to be bounded as
follows [37]:

Pfsi = Dfmin (52)

Equations (48) and (49) are nonlinear because of the
presence of product terms of voltage and current. Thus, these
four product terms should be linearised. The description of
the process followed for linearising these product terms has
been shifted to the appendix section for maintaining the
flow of discussion. Lastly, the output current of each DG
is limited as follows:

0 S I;‘C; S ‘[77;7,ea93>\8-i (53)
S A S TS TN (54)

6) Incorporating reconfiguration: The KVL equations
presented in (14)—(15) should be modified as follows to
consider reconfiguration:

VISV BRI - XgIP AV (9
vim = ij‘m + X Li§ + Rijffjm + AVZ@m (56)

The AV;%¢ and AV;™ terms should be set to zero when the
reconfiguration switch or the tie line switch is closed. On
the other hand, AV;; should be set equal to V; — V; when
the switch is open. This logic can be realised as follows:

—AVye (1 =Yy) SAVE <AVyE (1-Y;)  (57)
—AVIEL (1= Yy) S AV <AV (1-Y5)  (58)

where Y;; is a binary variable denoting the status of the
reconfiguration switches and the tie line switches present in
the branch ij. Y;; = 1 denotes that the switch is closed and
Y;; = 0 denotes that the switch is open.

From (57) and (58), when Y;; = 1, AVZ-’;S and AVigm
becqmes zero. On the other hand, when Y;; = 0, AV{;S and
AV™ is allowed to take a value from a wide range defined
using AV ¢ and £AV"  respectively. Here AV,q,
refers to the maximum possible voltage difference which
can occur between a pair of a bus with no direct connection
between them. Referring to Fig. 1 and equation (23), AV,¢
can be computed as follows:

AV

=V __y/re
max — Y max

Similarly, referring to Fig. 1 and equation (24), AV,'™ can

be set to double of V'™ as follows:

Avim

e =2 Vinae sin B (60)

Now, the direction of branch currents may reverse due to
application of reconfiguration. Hence, the limits imposed on
the branch currents in (10)—(11) also need to be modified
as follows:

_I;’:aw}/;j < I:Je < I:nea:z:Y;j (61)
—Iim Y < I < TV (62

The above constraints also ensure that the current limit
for any open branch (reconfiguration branch or tie line) is
strictly set to zero.
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There are few critical concerns for successfully operating
a microgrid, namely protective relay coordination and main-
taining stability. These aspects are challenging, especially
in a reconfigurable microgrid structure. It is well known
that maintaining a radial structure instead of allowing mesh
formation can greatly simplify the relay coordination [38];
in addition, it can also help in improving the stability margin
[39]. Thus, the following constraint has been added to ensure
radial structure in the microgrid [30], [33], [40]:

Np:-

ZYU:qu
1

where Ny, is the total number of branches (including the
reconfiguration branches) in the given network.

7) Modelling power loss limit: The real power losses
(Ploss) in the branches needs to be kept to the minimal.
It is well known that the line losses are affected by the
voltage profile of the network, which in turn depends on the
reactive power flow. Hence, it becomes essential to observe
the line loss and the voltage profile while optimising for
reactive power sharing. However, the optimisation formu-
lation would become complex if line loss minimisation is
also considered as an additional objective along with reactive
power sharing objective. This stems from the fact that multi-
objective optimisation is more complicated in general with
regards to the formulation (e.g. assigning weights, mixing
of units) as compared to a single objective optimisation.
To avoid such complexities and also to keep the focus of
the paper on the reactive power sharing concept, Fj,ss has
been taken as a constraint with a very low value. Hence,
any solution satisfying this constraint would give a “near-
optimal” solution with regard to power losses also.

P,,ss can be defined as follows:

(63)

Ny

Pioss = Y 3 (I7"*)° Ry (64)
0

Pj,ss 1s bounded as follows:

‘PZOSS S -Plossfmaz (65)

Generally, the optimal P,ss is of the order of 4—8% of
the nominal load for active distribution networks [24], [41]
and is 0.5—1.5% for island microgrids [42]. Thus, setting a
lower bound of 1% for Pj,ss during optimisation would be
reasonable.

Now, (I[jms)2 being a square term is nonlinear and needs
to be approximated with an equivalent linear expression. The
steps followed to linearise (I,?'jms)2 are as follows [43]:

INZ (I7)2 4 (112
(I:;”Sf:('%') _ U

Lij = I¢ + 517"

(66)

because
(67)

(Ire) 2
Lq Ly
L L
Ls K
Ly Ly
Ls Ls
re
0

Fig. 3: Approximating (I7)* with tangents

(I7¢)? (or (Ij7")?) can be represented as a parabola, as
shown in Fig. 3. This parabola can be approximated by
a piecewise linearisation using N;; number of tangents as
follows:

re\2 re
(Iij ) > areIZ'j + bre (68)

where the a,. and b, are the slopes and intercepts of the
tangents. Similarly, (Ifjm)2 is approximated as follows:

03 2 im
(Izgm> > aimjij "+ bim (69)

Ten lines have been shown in Fig. 3. A sufficiently higher
number of lines should be used to increase the accuracy of
the approximation.

III. RESULTS AND DISCUSSION

The proposed MILP formulation for optimal allocation
and dispatch has been validated on a modified 33 bus
distribution network [44]. The original system has a grid
connection at bus 1. The grid connection has been removed
to form an islanded microgrid, as shown in Fig. 4. The 33
bus system is widely used in the literature for validating
optimisation formulations [37], [45], especially for those
involving reconfiguration [26], [30]. The network and the
load parameters are kept the same as in [44]. The nominal
voltage level of the network is 12.66 kV, 50 Hz and the total
nominal load is 3.7 MW and 2.3 Muvar. It is to be noted that
only one load level corresponding to the peak value has been
considered for the DG sizing and placement part. However,
multiple load levels can be incorporated conveniently. The
network contains five reconfiguration switches (in branch
33—37) as shown in Fig. 4.

Table I: ZIP coefficients for residential and industrial loads

Load Type Zp I Py Zq 14 P,
Residential  1.31 —194 1.63 920 —1527 7.07
Industrial 121 —1.61 140 436 —7.08 3.72

The loads have been modelled as residential loads (bus
1—22) and industrial loads (bus 23—33) as marked in Fig.
4. This has been implemented by considering appropriate
values of ZIP coefficients for these types of loads [46].
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Fig. 4: Modified 33 bus microgrid

Table II: Parameters used for case studies

Parameter Value Unit
Wn 314.16 rad/s

Wmin 0.99 p-u.

prar 1 MW
Qg"i", QT -1, 1 Mvar
Pfmin 0.7 —
amiru emaa: —SO, 4° -
Vimins Vmaz 095, 1.05 p-u.
Imaz 400 A

Nmax 10 -

K 15 -

Sm 10 —

Ny; 40 -
Ploss—mazx 37.15 kW
Mp_st le—7  rad/s/'W
Tg—st le—5 V/var

These values are reproduced in Table I for reference. The
total consumption of the residential section is 1.86 MW,
0.9 Mvar, whereas the consumption of industrial section is
1.85 MW and 1.4 Mvar. The loads have been considered as
either constant impedance load or as ZIP loads to show the
difference in reactive power sharing due to load modelling.
Linear fitting of 1] and I;™ has been performed in terms
of V"¢ and V™ respectively. The coefficients a; — f;
have been obtained for each load by using the regress
function of MATLAB. The data used for the fitting has
been generated by considering a range of 0.9—1 pu for the
voltage magnitude, and a range of —6° to 5° for the phase
angle, respectively. The R? values obtained for the fitting
were close to 1. It is to be noted that the approximation
discussed in (32)—(33) can introduce a non-negligible error
if the voltage value lies significantly outside the range which
has been considering for fitting.

All the relevant parameters used for the case studies
are as listed in Table II. A deviation of +5% from the

nominal has been considered for V,, ;. The MILP model
has been implemented in MATLAB and has been solved
using CPLEX solver.

A. Effect of considering loss minimisation as an objective

In this case, the reactive power sharing performance has
been assessed if the optimal allocation of DGs is obtained
by considering the line loss minimisation as an objective (as
expressed in (64)). This case has been executed considering
ZIP loads and without considering the reconfiguration op-
tion. A line loss of 1.19 kW is obtained. The power outputs
and the reactive power sharing errors are as shown in Table
III. The expected proportional reactive power output of each
DG (Qs—exp) is calculated as follows:

> Qs
> b
The reactive power sharing error (QQs_.,) for each DG can
be expressed as follows:

Qs—emp = X PS

(70)

Qs - stewp
Qs—exp

A near-zero value of %Q4_.,, for all the DGs indicates a
perfect reactive power sharing. It is observed from Table III
that the %Qs_ ¢ is far from zero. In particular, Qs of DGs
located at bus 30 and 32 exceed their respective Qs_czp
by 75% and 65% respectively. Thus, these DGs would
get overloaded and may trip. This may lead to cascaded
tripping of the remaining DGs. Hence, it is vital to consider
proportional power sharing amongst DGs along with line
losses while performing optimal DG allocation.

BQs—err = x 100 (71)

Table III: Power sharing amongst DGs considering the loss
minimisation objective only

DG Bus 3 7 10 14 17 21 24 25 30 32
Ps (kW) 429 552 245 245 184 306 429 429 490 306
Qs (kvar) 201 266 105 111 75 143 251 161 500 294

Qs—exp (kvar) 250 322 143 143 107 179 250 250 286 179
Qs—err (%) —20 —17 —26 —22 =30 —20 0 =36 75 65

B. Optimal allocation of DGs and the effect of load mod-
elling

In this subsection, the impact of considering a proper
load model (ZIP) on the optimal allocation results versus
considering a simplistic constant Z load model is discussed.
Here onwards, proportional reactive power sharing has been
considered as the objective function in all the case studies.
The P,,ss value is constrained to less than 1% of the total
nominal active power load of the microgrid, as discussed in
(65). The results obtained are as provided in Table IV. It
can be observed from the values of QQ,_.,.. in Table IV that
the proposed formulation is able to achieve almost perfect
proportional reactive power sharing for all the test cases.
The maximum Q;_.,, observed is —1.1%.
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The key parameters summarising our observations are
listed in Table V. Using a constant impedance load model
instead of a ZIP model (case (a) versus (b)) would cause the
following issues. Firstly, it would cause suboptimal reactive
power sharing. Secondly, this would lead to the installation
of more number of DGs than required (ten versus nine). In
addition, the combined installed capacity of the DGs would
be lower than the actual requirement (4.6 MVA instead of
4.7 MVA). Also, the actual line loss would be more than
expected (17.2 kW instead of 10.6 kW). Thus, it is essential
to use a ZIP model instead of a constant impedance model
for loads to obtain a realistic solution.

C. Improved results by incorporating reconfiguration

Reconfiguration is widely applied for improving network
performance in terms of reduced line losses, improved volt-
age profile and reduced loading of lines. The results for the
case (c) (ZIP load model and reconfiguration) are as shown
in Table IV and V. It can be seen that incorporating reconfig-
uration brings in additional benefits in terms of reduced line
losses and improved voltage profile while simultaneously
achieving proportional reactive power sharing. Besides, the
number of DG units are also reduced further (from nine to
seven).

D. Importance of considering the loss constraint

To understand the effect of loss constraint, the DG allo-
cation study of case (a) has been repeated with no upper
bound on Pj,,,. The results (case (d)) are as shown in Table
IV and V. It can be observed from Table V that with no
loss constraint in place, the line loss performance worsens
as compared to the case (a). A deteriorated behaviour is
also observed in the voltage range. Thus, it is important to
consider the line loss constraint while optimising for reactive
power sharing. It is also worth noting that a very low power
loss (0.29—1.26%, as seen for case (a)-(c)) can be achieved
even without considering it as an optimisation objective.

E. Assessing the effectiveness and accuracy of the proposed
optimisation formulation

The correctness and the accuracy of the proposed for-
mulation have been verified by simulating the modified 33
bus microgrid with the results obtained from DG allocation
cases. The simulation model has been built and executed in
MATLAB/Simulink by using the blocks from its SimPow-
erSystems toolbox. It is to be noted that the line and load
data used for simulation are exactly the same as used for
optimisation.

It is observed that the current, voltage and the power val-
ues obtained from the optimisation routine almost matched
with the values obtained from the corresponding simulation.
To save space, only the P—Q outputs of the DGs for the case
(c) have been included, as shown in Fig. 5 and Table VI.

It is observed that the difference between the P—Q outputs
obtained from the optimisation and simulation is negligible
(a maximum difference of 1.39% is observed). Also, the
difference in the power loss value obtained from the optimi-
sation (10.7 kW) and simulation (10.6 kW) is also negligible.
This confirms the correctness of the proposed formulation
and validates the accuracy of the various linearisation which
have been applied.
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902
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'I'im; (s)

Fig. 5: Simulation result: PQ outputs of all DGs for case (c)

A negligible difference between the optimisation and the
simulation values has been possible because of a judicious
setting of the following variables: Ny;, S,, and K. To
show the effect of the choice of values of N;;, S,, and
K on the accuracy of the results, a case study has been
performed with a setting of 20% lesser values for these
variables as compared to their values listed in Table II.
Hence, N;; = 32, S,, = 8 and K = 12 has been set to
repeat the DG allocation of case (c). The difference between
the P—Q outputs obtained from the optimisation and the
simulation is as shown in Table VII. It can be seen that the
difference in the P—Q values are appreciably high (as high
as —21.57%), and hence the accuracy of the approximations
is unacceptable with the chosen values of Ny;, S, and K.
A higher value for these parameters would improve the
accuracy. However, it would also lead to an increase in the
computational burden.

F. Applying unequal capacity constraint for different buses

An equal constraint on capacity (1 MVA and +1 Mvar)
has been considered for DG allocation cases (a)—(d) for the
sake of understanding. As seen from the results of these
cases, it is observed that there is a trade-off between the
number of DGs being placed and their sizes. It can be seen
that a lesser number of DGs correspond to bigger DGs
getting placed and vice versa. However, in practice, there
may be a need to restrict the size of the DGs either for each
bus or for a group of buses.

In case (e), the DG allocation is performed by considering
different capacity constraints for buses located in different
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Table IV: Output of optimal allocation of DGs: locations and sizes

DG Bus 3 7 9 13 16 18 23 24 31 32

DG size (kVA) 1000 200 500 200 200 300 500 600 800 300

Py (kW) 851 95 378 95 95 189 378 473 662 189

(a) Z without reconfiguration Qs (kvar) 522 58 232 58 58 116 232 290 406 116
Qs—err (%) 0.03 —0.44 0.09 —0.44 —0.44 0.09 0.09 —0.02 0.01 0.09

myp (rad/s/'W)  1.11le—7  1.00e—6 2.50e—7 1.00e—6 1.00e—6 5.00e—7 2.50e—7 2.00e—7 1.43e—7  5.00e—7
ng (V/ivar)  1.1le=5 1.00e—4 2.50e—5 1.00e—4 1.00e—4 5.00e—5 2.50e—5 2.00e—5 1.43e—5 5.00e—5

DG Bus 4 8 10 18 19 24 25 29 32 -

DG size (kVA) 200 300 600 300 200 800 1100 800 400 —

Ps (kW) 98 197 492 197 98 689 886 689 295 —

(b) ZIP without reconfiguration Qs (kvar) 57 114 286 114 57 401 515 401 172 —
Qs—err (%) 0.03 —0.47 —0.02 —0.47 0.03 0.10 —0.03 0.10 0.28 -

myp (rad/s’'W)  1.00e—6  5.00e—7 2.00e—7 5.00e—7 1.00e—6 1.43e—7 1.1le—7 143e—7 3.33e—7 -
ng (V/ivar)  1.00e—4  5.00e—5 2.00e—5 5.00e—5 1.00e—4 1.43e—5 1.1le—5 1.43e—5 3.33e—5 —

DG Bus 3 11 13 20 23 25 32 - - -

DG size (kVA) 1100 300 400 500 200 1200 1000 - — —

Py (kW) 879 195 293 391 98 977 782 - - -

(c) ZIP with reconfiguration Qs (kvar) 517 115 172 230 57 575 460 - - -
Qs—err (%) 0.01 0.28 —0.18 0.02 —1.10 0.07 0.02 - - —

myp (rad/s’'W)  1.1le—7  5.00e—7 3.33e—7 2.50e—7 1.00e—6 1.00e—7 1.25¢—7 - - -
ng (Vivar)  1.1le=5 5.00e—5 3.33e—5 2.50e—5 1.00e—4 1.00e—5 1.25¢e—5 — — —

Open branches 8,9, 18, 21, 23
DG Bus 2 6 18 24 27 32 33 — — —
DG size (kVA) 400 1000 300 600 100 1000 900 — — —
Ps (kW) 305 839 229 458 76 839 763 — — —
(d) Z without reconfiguration, Qs (kvar) 190 523 143 285 47 523 475 — — —
(no loss constraint) Qs—err (%) 0.00 0.06 0.24 —0.11 —-0.73 0.06 —0.07 - - —

my (rad/s/W)  2.50e—=7  9.09e—8 3.33e—7 1.67e—7 1.00e—6 9.09e—8  1.00e—7 — — —
ng (Vivar)  2.50e—5 9.09e—6 3.33¢e—5 1.67e—5 1.00e—4 9.09e—6  1.00e—5 - - -

DG Bus 4 7 12 13 18 19 22 23 30 33

DG size (kVA) 500 500 400 100 500 600 300 1000 900 400

Ps (kW) 424 424 283 71 354 495 212 778 707 283

(e) Z without reconfiguration Qs (kvar) 264 264 176 44 220 308 132 484 440 176
(section-wise Qs—err (%) 0.09 0.09 0.10 0.09 0.09 0.10 0.10 0.10 0.09 0.10
capacity constraint) myp (rad/s’'W)  1.67e—=7 1.67e—=7 2.50e—7 1.00e—6 2.00e—7 1.43e—7 3.33e—7 9.09e—8 1.00e—7 2.50e—7

ng (Vivar) 1.67e—=5 1.67e—5 2.50e—5 1.00e—4 2.00e—5 143e—5 3.33e—5 9.09e—6 1.00e—5 2.50e—5

Table V: Comparison of all cases on key parameters

Case No. of DGs Z Ps E Qs Z Ss Z DG Rating Ploss Iij—7rLa:v Vi—min Viemaz

MW)  (Mvar) (MVA) (MVA) (kW) (A) (p-u.) (pu)
(a) Z without reconfiguration 10 341 2.09 4.00 4.6 10.6 (0.29%) 27 0.951 0.958
(b) ZIP without reconfiguration 9 3.64 2.12 4.21 47  17.2 (0.46%) 43 0.952 0.972
(c) ZIP with reconfiguration 7 3.62 2.13 4.20 4.7  10.7 (0.29%) 39 0.950 0.964
(d) Z without reconfiguration 7 3.51 2.18 4.13 43  46.8 (1.26%) 72 0.952 1.003

(no loss constraint)
(e) Z without reconfiguration 10 4.03 2.51 4.75 52 124 (0.33%) 44 1.034 1.049
(section-wise capacity constraint)

Table VI: Difference between optimisation results and sim- Table VII: Difference between optimisation results and sim-
ulation for case (c) for N;; =40, S,, =10 and K = 15 ulation for case (c) for Nj; =32, S,,, =8 and K = 12

Optimisation Simulation Difference Optimisation Simulation Difterence
DG PS QS PS Qs Ps Qs DG PS QS PS Qs Ps Qs
no. (kW) (kvar) (kW) (kvar) (%) (%) no. (kW) (kvar) (kW) (kvar) (%) (%)
DG; 879.5 517.1 8780 5100 0.17 137 DG, 1250 728 1244 743 043 -2.00
DGy 1954 1149 1949 1139 026 0.87 DG, 1250 728 1244 732 043 -0.65
DG; 2932 1724 2924 1718 027 035 DG3 2499 1455 2489 1451 040 034
DG, 3749 2183 3733 2171 041 0.54

DG4 3909 2298 390.0 2272 023 1.13

DGs 977 575 97.6 567 010 1.39 DGs 499.8 291.1 4978 2883 0.40 0.95
DG 9772 5746 9756 5675 016 124 DGe 8747 5094 871.3 5099 0.39 —0.10
6 ’ ) ’ ) ’ ’ DG 3749 2183 3731 2368 048 —7.80

DGz 7818 4598 7802 458.0 020 039 DGy 7497 4366 7456 3758 056  16.19

DGg 2499 1455 2484 1856 0.60 —21.57

sections (residential and industrial). A DG capacity limit
of 500 kVA and £500 kvar has been considered for the residential section (bus 1—22), and a limit of 1 MVA and
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41 Mvar has been considered for the industrial section (bus
23—-33) of the microgrid respectively. It is observed that the
number of DGs getting placed remain the same as the case
(a) whereas the DG sizes have increased. Moreover, the total
power consumption is more as compared to the case (a) due
to higher voltage magnitude.

G. Using optimal allocation results for optimal day—ahead
dispatch

The results of the optimal allocation of the DGs can be
utilised to perform a day-ahead optimal volt-var dispatch for
DGs and to schedule the reconfiguration switches. Values of
the following variables are known at the end of the optimal
sizing-siting study, namely, m,, and n, (relates to the size
of DGs), and \s (location of DGs). Hence, these variables
are treated as constants while formulating for the day-ahead
dispatch. Besides, correction terms such as V4, AP; and
AQ); are no longer needed. Moreover, the process follovggd
to linearise the nonlinear ratios m‘:L R ZZL and 7::“
appearing in (34) and (35), and its related equations/variable
are also no longer needed for formulating the day-ahead
optimal dispatch. Thus, in effect, except for the changes
mentioned above, the same set of equations as used for the
allocation is used for the day-ahead dispatch.

An hourly forecast of residential and industrial loads, as
shown in Fig. 6 has been used. The optimal dispatch and
scheduling are executed in a central controller. The central
controller communicates the V,, setpoint to each DG, and it
also schedules the status of the tie switches/reconfiguration
switches. The V,, setpoints and the branch status obtained
using results of the case (c) are as shown in Table VIII. The
resultant voltage profile across the microgrid is as shown in
Fig. 7. An almost perfect reactive power sharing amongst
DGs has been achieved for all the hours as seen from
the %Qs_¢r values in Table IX. The maximum Qg ¢y,
observed is 2.04%. The observed line losses over the whole
day is 201 kWh.
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Fig. 6: 24 hour load profile: residential and industrial loads

H. Comparing the performance of the proposed formulation

To understand the significance and value of considering
reactive power sharing during the planning stage itself, it is
important to first understand as to why an arbitrary allocation
of DG worsens the performance. A 38 bus microgrid has

11

Table VIII: Day—ahead dispatch: V,, setpoints and reconfig-
uration switch/tie switch schedule

Vn Open Branches
Hour DG DGo DG3 DGy DG3 DGg DGy,
1 1.041  1.043 1044 1.043 1.041 1040 1.040 8, 14, 16, 18,27
2 1.039  1.041 1.041 1039 1.039 1.037 1.043 4,9, 19, 21, 30
3 1.041  1.043  1.044 1042 1.041 1.041 1041 6,9, 14, 16, 24
4 1048 1.046  1.047 1.047 1047 1.045 1.045 4, 11,15,21,28
5 0954 0951 0951 0951 0953 0952 0953 3, 10,27, 32, 34
6 1.044  1.041 1041 1.043 1.043 1040 1.040 5,11, 19,25, 35
7 1040 1.044  1.044 1.043 1.039 1038 1038 7,9, 12, 16, 28
8 1.034 0995 0997 1022 1.034 0953 1008 3, 12,23, 31,33
9 1.048  1.045 1045 1.048 1.046 1040 1.039 4,6, 11, 16, 21
10 1.047  1.041 1.045 1.047 1.044 1038 1046 3, 13,26, 30, 33
11 1.042 1.044 1044 1.043 1.041 1040 1.041 7,9, 12, 16, 28
12 1.046 1.036 1.036 1041 1046 1.046 1.048 5, 11,25, 34,36
130953 0953 0952 0955 0952 0950 0.950 2,7,9,27,33
14 1.045 1036 1035 1.043 1.045 1049 1.039 6,9, 21, 32,37
15 1.034 1.046 1.047 1040 1031 1022 1.023 5,9, 14, 30, 33
16 1.041 1.043 1042 1.044 1.040 1044 1.046 9,19, 24, 32, 35
17 1.043  1.044 1045 1.044 1.042 1046 1.045 2,8, 14, 24, 33
18 1.040 1.036 1.037 1.036 1.041 1046 1024 7,10, 14,29, 37
19 1.048 1.035 1035 1.043 1.048 1044 1.045 5,12, 16,23, 35
20  1.044 1.030 1.028 1.038 1.044 1041 1.045 4,11, 12,23, 36
21 1.044  1.046  1.046 1.045 1.045 1.047 1048 8,9, 26, 33, 35
22 1.048 1.044 1044 1.046 1.047 1046 1.046 5,7, 11, 34, 35
23 1042 1.037 1.038 1.041 1.042 1.040 1039 4, 14,21,24, 34
24 1.046 1.044 1044 1.048 1.045 1.046 1.046 16, 20, 21, 24, 34
1.05
1.04
1.03
1.06 1.02
1.04 | 1.01
=z 102 1
;U 11 0.99
£ 098] 0.98
> 096 0.97
0.94 0.96
0.95

Time [hr]

Bus Number

Fig. 7: Voltage profile for the whole day

been used for this purpose. The rated voltage of the network
is 380 V, 50 Hz and the total nominal load is 120 kW and 63
kvar. The line and the load parameters have been referred
from [19]. It can be observed from Table X that, for an
arbitrary sizing and placement of DGs, the average (Qs—_¢rr
for the DGs is 63.6% which is far from acceptable. It can
be further seen that the average QQs_., almost halves to
31.2% just by optimising the location and size of the DGs.
Thus, an optimal DG allocation can alleviate the problem of
reactive power sharing to a great extent. Further, the reactive
power sharing becomes near perfect when the DG allocation
is followed by an optimal volt-var dispatch. In addition, DG
allocation followed by volt-var dispatch also improves the
line loss and voltage performance.

IV. CONCLUSION

A MILP formulation has been proposed to obtain optimal
DG allocation and dispatch schedule for achieving propor-
tional reactive power sharing amongst DGs, while incurring
very low line losses. In addition, the effect of different load
models has been studied. Furthermore, network reconfig-
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Table IX: Day—ahead dispatch: Qs_.,-% of all the DGs
over the whole day

Hour DG1 DG2 DG3 DG4 DG5 DG@ DG7
1 0.19 0.84 0.75 —0.56 0.56 0.22 0.07
2 0.00 0.63 0.63 0.79 0.63 0.06 —0.08
3 —-027 —-120 —-0.20 0.30 1.80 0.00 0.30
4 0.00 1.0o1 -051 —0.13 1.01 0.10 —0.13
5 —0.05 0.00 0.00 0.00 0.00 0.00 0.00
6 —-0.03 —0.14 028 —0.21 1.12 0.11 0.18
7 0.02 —-040 0.27 0.10 —040 —0.02 0.07
8 —0.08 038 —032 —0.14 0.38  —0.04 0.12
9 —0.06 027 —-0.06 —0.18 —0.72 0.07 0.02
10 0.10 —0.18 0.12 —0.18 071  —0.02 0.02
11 0.07 —-053 —-0.14 0.00 0.64 —0.09 0.03
12 —0.09 —-039 —0.06 0.10 0.58  —0.02 0.07
13 —0.02 0.11  —0.30 0.11  —1.12 0.09 0.08
14 —0.07 0.51 0.14 0.00 —0.61 0.10 0.00
15 0.00 -021 -021 -021 —-021 —0.02 0.03
16 0.03 0.11 —0.23 0.17 —-090 —0.07 —0.11
17 0.06 —0.39 0.09 0.26 1.04 —-0.10 —0.03
18 0.11 0.48 0.08 —0.06 —0.73 0.02 —0.09
19 0.00 0.60 —024 —0.06 0.48 0.07  —0.06

20 -0.15 —-0.13 —-0.18 —0.13 —0.26 0.13 —0.13
21 —0.06 —0.73 0.29 0.00 —0.58 —0.12 0.00
22 —-0.08 —0.85 0.34 0.00 —0.68 —0.14 0.04
23 0.18 —0.83 0.69 031 —0.83 0.08 —0.21
24 0.11  —0.76 0.17 0.51 2.04 -020 —0.06

Table X: Comparing the results of the proposed formulation
with the DG allocation given in [19]

Previous Work | Proposed Work

No allocation Allocation Allocation
& dispatch [19] only & dispatch

DG bus 34, 35, 36, 37, 38 12, 16, 21, 25, 31

DG size ratio 1:1.5:1:0.5:1 1.5:1:1:1.25:1.5
Vn (p.u.) 1 1 optimised
Ps (kW) 23.3,34.9 233, | 289, 19.3,19.3, 27.2,18.1, 18.1,
11.6, 23.3 24.1, 289 227,272
Qs (kvar) 12.6, 18.9, 12.6, | 21.3, 11.1, 11.1, 14.3, 9.6, 9.6,
6.3, 12.6 22,177 11.9, 14.3
% Qs—err 20, =59, 88, 87, —64 | 40,9, 9, 82, 16 0,0,0,0,0
% QY . 63.6 31.2 0
Pioss (kW) 3.31 (2.84%) 1.17 (0.97 %) 0.87 (0.77 %)
Vimm (p.u.) 0.946 0.987 0.961
Ve (pa.) 1.001 1.003 0.983

uration has been utilised to improve performance further.
Extensive case studies have been performed to validate the
correctness and accuracy of the proposed optimal allocation.
It is further validated by a day—ahead optimal dispatch of
DGs and reconfiguration switches.

APPENDIX

The product terms appearing in (48) and (49) have been
linearised using the process followed in [33], [36], [43]: V"¢
and V'™ have been discretized using smaller intervals. Fig.
8 depicts the discretization of V"¢ using a binary variable

7% The logic is formulated as follows:

K K
wmwmzv<w<mﬁm4HZm)
k=1
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A

(V'e)m,'n (vre) min * Rby.e 1%

Fig. 8: Discretizing V;¢

The variable b, . specifies the interval size used for V¢
approximation and is defined as follows:

Vmam VTE

mn
K+1

where K is the number of intervals used for the approxi-
mation. For higher accuracy, the width b, .. should be kept
as low as possible (by selecting as high as possible value
for K). However, a too high value of K will lead to greater
computational complexity and burden.

Now, the binary variable v}, is enforced to satisfy the
following condition:

b'u.re -

re re
Uik < Vi(k-1)

Thus, all the voltage values falling into a particular interval
is being approximated using the mid-point of that interval.
Thus, the product V;"“I7¢ is approximated using the follow-
ing expressions:

min

VireI;e ~ (Vre

bv re ) Ire Z

where C, is a correction factor bounded as follows:

Pmaw
1—
1'5 len( UZ k})

Pmax re

—;
15 me 4§

The above two constraints ensure that if the value of v} is
one, then Cf, becomes equal to b, .1 %, else it becomes
equal to zero. In this way, the product V;"°I’% can be
approximated by using linear terms.

Going ahead, the product V;"¢I’™ is also approximated

on the similar lines using the following four equations:

K
”)Iﬁ?? +>_C
k=1

Qmin
v.re 1-
LD Vg L VR

Qmaz
v.re 15 len

O = bv reITF - ak} S bv.re

0<Cak<bv7‘e

W%Tzomn
Clh < byrel™ —b

Cbk > bv reIinb (171):%)
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Qma:r re

Qmin ure S TS,
1.5 Vipin =

b'U re )
1.5 Viin ik

Clbk < bv.re

With this, the linear approximation of both the product terms
involving V;"¢ is accomplished. The product terms involving
V™ has been linearised using the same process as followed
for V;"¢. These equations have been excluded for brevity.
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