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We study the nonlinear development and secondary instability of steady and unsteady9

Görtler vortices which are excited by free-stream vortical disturbances (FSVD) in a10

boundary layer over a concave wall. The focus is on low-frequency (long-wavelength)11

components of FSVD, to which the boundary layer is most receptive. For simplification,12

FSVD are modelled by a pair of oblique modes with opposite spanwise wavenumbers13

±k3, and their intensity is strong enough (but still of low level) that the excitation and14

evolution of Görtler vortices are nonlinear. For the general case that the Görtler number15

GΛ (based on the spanwise wavelength Λ of the disturbances) is O(1), the formation and16

evolution of Görtler vortices are governed by the nonlinear unsteady boundary-region17

equations, supplemented by appropriate upstream and far-field boundary conditions,18

which characterise the impact of FSVD on the boundary layer. This initial-boundary-19

value problem is solved numerically. FSVD excite steady and unsteady Görtler vortices,20

which undergo non-modal growth, modal growth and nonlinear saturation for FSVD of21

moderate intensity. However, for sufficient strong FSVD the modal stage is bypassed.22

Nonlinear interactions cause Görtler vortices to saturate, with the saturated amplitude23

being independent of FSVD intensity when GΛ ̸= 0. The predicted modified mean-24

flow profiles and structure of Görtler vortices are in excellent agreement with several25

steady experimental measurements. As the frequency increases, the nonlinearly generated26

harmonic component (0, 2) (which has zero frequency and wavenumber 2k3) becomes27

larger, and as a result the Görtler vortices appear almost steady. The secondary instability28

analysis indicates that Görtler vortices become inviscidly unstable in the presence of29

FSVD with a high enough intensity. Three types of inviscid unstable modes, referred to as30

sinuous (odd) modes I, II and varicose (even) modes I, are identified, and their relevance31

is delineated. The characteristics of dominant unstable modes, including their frequency32

ranges and eigenfunctions, are in good agreement with experiments. The secondary33

instability is intermittent when FSVD are unsteady and of low frequency. However, the34

intermittence diminishes as the frequency increases. The present theoretical framework,35

which allows for a detailed and integrated description of the key transition processes, from36

generation, through linear and nonlinear evolution, to the onset of secondary instability,37

represents a useful step towards predicting the pre-transitional flow and transition itself38

of the boundary layer over a blade in turbo-machinery.39
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1. Introduction41

The presence of Görtler vortices in many flows of practical importance such as those42

occurring over turbine blades or aerofoils, has stimulated much research aimed at under-43

standing their pre-transition phase as well as transition itself. Much progress has been44

made on receptivity, evolution and secondary instability of Görtler vortices. Reviews of45

the subject were given by Herbert (1976), Hall (1990), Floryan (1991) and Saric (1994).46

However, there has not yet been a complete theoretical framework, which treats these47

aspects in a unified manner. In this paper, we seek to take that step, and present a48

framework which will eventually allow us to predict the pre-transitional flow and the49

transition associated with Görtler vortices induced by free-stream turbulence (FST).50

Görtler instability occurs in the boundary layer along a concave wall due to the imbal-51

ance between the centrifugal force and the wall-normal pressure gradient. It commonly52

results in generation of steady streamwise vortices, which develop into a mushroom53

shaped structure in the cross section. Görtler (1941) made the first theoretical study54

of linear instability by normal-mode analysis, in which the instability modes were taken55

to be in the form of streamwise-oriented, counter-rotating vortices. The instability was56

shown to be controlled by the parameter Gθ = (U∞θ/ν)
√
θ/r∗0 , where U∞ is the free-57

stream velocity, θ is the boundary-layer (momentum) thickness, r∗0 is the characteristic58

radius of curvature and ν is the kinematic viscosity. The instability and Gθ were therefore59

named after him. However, Görtler instability turned out to be far more complex than60

what Görtler had envisaged. The spatial non-parallel effects and open-flow nature of the61

Görtler flow lead to difficulties in handling the instability.62

Normal-mode analysis and the marching method (or the method of parabolized sta-63

bility equations) are the two main approaches for studying Görtler instability, both64

making the approximation that the radius of the wall curvature r∗0 is much greater65

than the boundary-layer thickness θ so that the centrifugal force can be neglected in the66

description of the base flow. In the normal-mode approach, the base flow is assumed to67

be locally parallel, i.e. its dependence on the streamwise coordinate x∗ is treated as being68

parametric, so that the perturbation can be sought as an eigensolution. Although this69

approach has been successful for other types of instabilities such as inviscid or viscous70

shear instability, it led to unsatisfactory agreement of the predicted growth rate with71

experiments for Görtler instability. The reason of failure was explained by Hall (1983),72

who pointed out the instability should be formulated as an initial-value problem in the73

general case of Gθ = O(1) because Görtler vortices evolve on the same length scale74

as the background flow does (Floryan & Saric 1982). Only when Gθ is asymptotically75

large, may the eigenvalue approach be justified. In the asymptotic limit Gθ ≫ 1, Hall76

(1982) and Denier et al. (1991) mapped out distinct regimes that operate at a fixed77

streamwise location for different spanwise wavelength λz. These analyses and findings78

were recast for vortices with a fixed wavelength by Wu, Zhao & Luo (2011) (referred79

to as WZL hereafter), who found that local eigenvalue formulations are mathematically80

justified from the position x∗ ∼ ΛRΛ onwards for GΛ ≡ R2
ΛΛ/r

∗
0 ≫ 1, and showed81

how different regimes emerge in sequence when the vortices evolve downstream, where82

RΛ=U∞Λ/ν is the Reynolds number based on the spanwise length scale Λ = λz/(2π);83

however, the so-called inviscid-viscous interaction regime (which exists for the lowest-84

order normal mode) was unfortunately missed. Comparisons of eigenvalue (normal mode)85

and marching (initial value) solutions were made by Day, Herbert & Saric (1990) and86
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Bottaro & Luchini (1999). These studies confirmed that an initial-value problem needs87

to be considered, and the evolution of Görtler vortices depends on the initial conditions.88

Many experiments have been conducted to investigate Görtler instability and resulting89

transition process, and the importance of initial conditions and external disturbances was90

noted. Bippes (1972) was able to generate vortices of different wavelength by inserting91

a screen into the free stream, and measured the development of these vortices using hot92

wires. Initial/external conditions rather than intrinsic instability appeared to select the93

wavelength of the vortices that arose. Swearingen & Blackwelder (1987) (referred to as94

SB hereafter) studied the detailed evolution and breakdown process of Görtler vortices,95

which arose without artificial triggering and were presumably generated by disturbances96

in the free stream. The deciding role of the latter in generating Görtler vortices was clearly97

demonstrated by the experiment of Kottke (1988), where a screen was placed upstream of98

the leading edge to manipulate free-stream disturbances. By varying the mesh size and the99

distance of the screen to the leading edge (thereby changing the free-stream disturbance100

intensity), Görtler vortices of different scale and strength appeared in the boundary layer.101

Similarly, by placing wire grids in the oncoming flow, Peerhossaini & Bahri (1998) and102

the research group in the Singapore National University (Mitsudharmadi, Winoto & Shah103

2004, 2005, 2006; Tandiono, Winoto & Shah 2008) succeed in triggering vortices with104

fixed wavelengthes. Detailed measurements were then made to provide the information105

about the linear and nonlinear development, as well as breakdown, of these vortices.106

No attempt is made here to survey all the literature on Görtler vortex experiments. The107

reader is referred to Saric (1994) and Winoto, Shah & Mitsudharmadi (2011) for reviews.108

The theoretical analyses and experiments mentioned above both point to the crucial109

issue: the receptivity process, i.e. how external disturbances enter the boundary layer110

to trigger unstable modes, which are, in the case of the boundary layer over a concave111

wall, Görtler vortices. Relevant and realizable external disturbances include free-stream112

turbulence and surface roughness elements. A review of receptivity mechanisms for113

Görtler modes was presented by Bassom & Seddougui (1995). Denier, Hall & Seddougui114

(1991) considered the vortex motion induced by wall roughness, and reported that the115

most efficient excitation of instability is for wavelengths comparable with the boundary-116

layer thickness. Recently, Sescu & Thompson (2015) found that bell-shaped roughness117

elements excite Görtler vortices are more effective than sharp-edge ones do.118

Strong evidence exists that FST can excite Görtler vortices. Bippes & Görtler (1972),119

SB (1987), Kottke (1988) and Bippes & Deyhle (1992) all found that the characteristics of120

FST influence the onset location and the amplitude of Görtler vortices. The recent direct121

numerical simulations of Schrader, Brandt & Zaki (2011) suggest that Görtler boundary122

layers are highly receptive to free-stream vortical modes with zero or low frequencies, large123

spanwise wavelength and small wall-normal wavelength. However, the inlet disturbance124

is constructed by a superposition of continuous modes of the Orr-Sommerfeld (O-S) and125

Squire operators. Such inlet disturbances were shown to be inappropriate by Dong &126

Wu (2013). A crucial issue for receptivity of Görtler vortices to FST is to account for127

properly the action of free-stream disturbances on the boundary layer.128

Excitation of Görtler vortices by FST is very similar to generation of streaks (i.e.129

spanwise alternating low- and high-speed regions) in a flat-plate boundary layer, a130

problem related to bypass transition. FST consists of acoustic, vortical and entropy modes131

(Kovasznay 1953), of which free-stream vortical disturbances (FSVD) are considered to132

be the most significant. The parameters characterizing FSVD are the amplitude ϵ, the133

Reynolds number RΛ and the typical frequency k1 (normalized by U∞/Λ). Goldstein,134

Leib & Cowley (1992) studied the effect of steady vorticity normal to the wall on the135

boundary layer. The boundary layer responds to the vorticity by causing significant three-136
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dimensional distortions, which were found to be governed by the nonlinear boundary-layer137

equations if ϵRΛ ≫ 1, or the nonlinear boundary-region equations (NBRE) if ϵRΛ = O(1).138

The same methods were applied by Goldstein & Leib (1993) and Wundrow & Goldstein139

(2001) to steady streamwise vorticity. Leib, Wundrow & Goldstein (1999) (referred to as140

LWG hereafter) investigated the effect of long-wavelength, low-frequency FSVD on the141

pre-transitional flat-plate boundary layer. They showed that the induced perturbation is142

governed by the linearized unsteady boundary-region equations (LUBRE), and derived143

the appropriate initial and far-field boundary conditions that account for the action of144

FSVD on the boundary layer. The boundary layer was found to act like a filter, allowing145

only low-frequency components to penetrate into the layer while high-frequency ones146

are absorbed at the outer edge of the boundary layer (Dong & Wu 2013). The LWG147

analysis was restricted to sufficiently weak FST, for which ϵRΛ ≪ 1. Ricco, Luo &148

Wu (2011) studied the evolution and secondary instability of unsteady nonlinear streaks149

generated by FSVD with ϵRΛ = O(1). Their work established in principle a quantitative150

relation between the characteristics of FST and secondary instability. Zhang et al. (2011)151

calculated the nonlinear response of a laminar boundary layer to FST with a broadband152

spectrum, and a fairly good quantitative agreement with experiments was obtained.153

WZL extended the formulation of LWG to a concave wall, and studied the excitation154

and linear evolution of Görtler vortices. Their work showed that Görtler vortices excited155

by FSVD are in agreement with experiments not only in their shape but also in their156

growth rate. Unlike streak formation in the flat-plate boundary layer, Görtler vortices157

amplify exponentially after their initial non-modal growth when GΛ exceeds a critical158

value. The analysis of WZL was restricted to sufficiently weak FSVD for which the159

induced Görtler vortices are governed by LUBRE. The analysis needs to be extended160

when FSVD is of sufficient strength that the boundary-layer response acquires an O(1)161

amplitude either before or after evolving into Görtler vortices.162

As was revealed by a series of experiments (SB, Peerhossaini & Bahri (1998), Mit-163

sudharmadi et al. (2005) which will be referred to as MWS), Görtler vortices of O(1)164

magnitude can significantly distort the velocity profile from that of the Blasius flow,165

and as vortices saturate, contours of the streamwise velocity feature a mushroom-shaped166

structure. Hall (1988) calculated the streamwise evolution of steady Görtler vortices167

that are governed by the NBRE. The initial (upstream) condition was however rather168

arbitrary. Sabry & Liu (1991) tried to elucidate the nonlinear characteristics of Görtler169

vortices which were assumed to evolve in time (and thus were free from any effect of170

non-parallelism). Despite the artificial nature of the temporal formulation, the predicted171

distorted streamwise velocity profiles resembled those that were measured. Later, Lee &172

Liu (1992) solved the spatially evolving NBRE using a local eigensolution as the initial173

condition (cf. Hall (1988)). Their solution as well as that of Hall (1988) captured quite well174

the nonlinear features of the vortex flow, including saturation, mushroom-like structures175

and the skin friction. FSVD were not considered in either work, but need to be taken176

into account by a more complete formulation if their role in excitation and evolution of177

Görtler vortices is to be elucidated.178

Once Görtler vortices have acquired a significant amplitude and the mean flow is179

distorted into a three-dimensional pattern, the velocity profiles are highly unstable180

to high-frequency disturbances, which is referred to as secondary instability. It is SB181

who first provided the concrete evidence and the data base of secondary instability,182

although earlier experimental studies had been made by Aihara & Koyama (1981) among183

others. Inviscid secondary instability of Görtler vortices was first formulated by Hall184

& Horseman (1991). Their analysis and calculations showed that odd and even (or185

sinuous and varicose) modes can exist. Li & Malik (1995) performed extensive inviscid186
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stability computations. Yu & Liu (1991, 1994) analysed the stability of nonlinear vortices187

which evolved in time, and viscous effects were included. By examining the production188

terms in the kinetic energy equation, Yu & Liu (1994) demonstrated that sinuous and189

varicose modes are associated primarily with the spanwise and vertical gradients of the190

streamwise velocity of Görtler vortices, respectively. Recently, Ren & Fu (2015) found a191

new family of odd modes, which have relatively high frequencies and concentrate in the192

region nearer to the wall. Almost all previous studies of secondary instability focused193

on its linear characteristics. Very few researchers have considered nonlinear secondary194

instability. Li & Malik (1995) investigated the nonlinear evolution of a single secondary195

(sinuous or varicose) mode using the approach of parabolized stability equations. Girgis196

& Liu (2006) tackled the same problem for a sinuous mode by adopting a mean-field197

approximation, in which the self-interaction of the sinuous mode modifies the steady198

vortex flow through the time averaged Reynolds stresses, whilst the modified vortex flow199

simultaneously affects the development of the sinuous mode. The latter was described by200

the parabolized stability equations. The effects of unsteady harmonics were neglected.201

From the discussions above, one can conclude that the main characteristics of linear202

and nonlinear developments of steady Görtler vortices are fairly well understood, and203

relevant secondary instability modes have been identified. However, proper quantitative204

comparisons between theoretical predictions and experiments are still lacking. One of the205

reasons is that calculations for nonlinear evolutions were (with few exceptions) carried out206

for artificial upstream conditions. The predicted development and secondary instability207

results cannot readily be related to experiments where Görtler vortices were excited by208

external disturbances. For further progress, more effort needs to be devoted to generation209

of vortices by physically relevant external disturbances, which remains the least studied210

aspects of boundary-layer transition initiated by Görtler instability. FSVD are likely211

to generate unsteady Görtler vortices; nonlinear development and secondary instability212

of the latter have not been investigated. It is important to recognize that although213

the formation of Görtler vortices, their evolution and secondary instability are three214

distinct aspects of the entire transition, they are closely interlinked and are ultimately215

determined by external disturbances. The very purpose of studying transition is to predict216

transition events and location in terms of the characteristics of external disturbances. It is217

therefore crucial to develop an integrated framework, in which the action of the external218

disturbances are taken into account appropriately and quantitatively.219

In the present paper, we will study the transition process in a concave wall boundary220

layer under the influence of FST. The intensity of FST is assumed to be strong enough221

to generate nonlinear Görtler vortices. We will treat the formation, evolution and sec-222

ondary instability as interlinked stages, and describe them in an integrated framework.223

This is a necessary step towards predicting the pre-transitional flow and the transition224

location of the boundary layers over turbine blades. The present work is based upon225

the earlier investigations of Ricco, Luo & Wu (2011) and WZL, and indeed can be226

viewed as extending the former by including the centrifugal effects, while generalizing227

the latter to the nonlinear case. The rest of the paper will be organized as follows. In §2,228

we describe FSVD and the relevant scalings, and formulate the initial-boundary-value229

problem, consisting of the nonlinear boundary-region equations as well as the upstream230

(initial) and far-field (boundary) conditions, which account for the impact of FSVD. The231

numerical procedure to solve the equations is explained in §3. The results on steady and232

unsteady Görtler vortices excited are presented in §4, and comprehensive comparisons233

with several experiments are made. Further secondary stability analyses of saturated234

steady and unsteady Görtler vortices are performed in §5. A summary and concluding235

remarks are given in §6.236
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2. Problem formulation237

2.1. Scalings and governing equations238

We consider the boundary-layer flow over a concave wall with a characteristic radius239

of curvature r∗0 . The incompressible oncoming flow is assumed to be uniform with a240

speed U∞, superimposed on which are small-amplitude vortical fluctuations. The FSVD241

has a characteristic spanwise length scale Λ. The analysis is pertinent to low-frequency242

including zero-frequency components, which can entrain into the boundary layer to excite243

Görtler vortices. For simplicity, we consider the case of a pair of free-stream vortical244

modes with opposite (dimensional) spanwise wavenumbers ± k∗3 . Although this is a245

drastic idealization of physical reality, the assumed form of disturbances suffices for246

elucidating key physical mechanisms and transition process. The generalisation of the247

formulation and calculation to realistic broadband FSVD is rather straightforward.248

We describe the flow in a curvilinear system (x∗, y∗, z∗) with its origin at the leading249

edge, where x∗ measures the distance to the leading edge along the wall, y∗ is the distance250

to the wall, and z∗ the spanwise coordinate normal to both x∗ and y∗. Let251

(x, y, z) = (x∗, y∗, z∗)/Λ, t = U∞t
∗/Λ, (2.1)

where t∗ is the dimensional time. The Reynolds number is defined as252

RΛ = U∞Λ/ν. (2.2)

and the global Görtler number as (WZL)253

GΛ = R2
ΛΛ/r

∗
0 . (2.3)

We assume that RΛ is asymptotically large, i.e. RΛ ≫ 1, but take GΛ as being of O(1)254

so that the resulting formulation accommodates all regimes of Görtler instability.255

Among the Fourier components of FSVD, of importance are those with low frequencies256

or equivalently long streamwise wavelengths 2π/k∗1 ≫ Λ, where k∗1 is the dimensional257

wavenumber. Specifically, when 2π/k∗1 = O(ΛRΛ), the induced response in the boundary258

layer takes on the character of Görtler vortices at distances x∗ ∼ ΛRΛ, as was shown by259

WZL. We thus introduce the slow streamwise and time variables,260

x̂ = x/RΛ, τ̂ = t/RΛ. (2.4)

The disturbances in the upstream region are passively advected by the uniform261

background flow U∞. It follows that the total velocity field can be written as262

(u∗, v∗, w∗)/U∞ = (1, 0, 0) + ũ∞, and the disturbance ũ∞ takes the form263

ũ∞ = ϵu∞(x̂− τ̂ , y, z) = ϵ(û∞
+ e

ik3z + û∞
− e

−ik3z)exp[ik̂1(x̂− τ̂) + ik2y] + c.c., (2.5)

where ϵ is a measure of the disturbance intensity, û∞
± = {û∞1,±, û

∞
2,±, û

∞
3,±} = O(1) is264

the scaled velocity, k = {k1, k2, k3} is the wavenumber vector, and k̂1 = k1RΛ. The265

continuity condition implies that266

k1û
∞
1,± + k2û

∞
2,± ± k3û

∞
3,± = 0. (2.6)

The turbulent Reynolds number is defined as (Goldstein et al. 1992, WZL)267

rt ≡ ϵRΛ = O(1). (2.7)

It is necessary here to make a few remarks on FSVD and the so-called ‘free-stream268

coherent structures’, which have been described in recent studies; see for example Deguchi269

& Hall (2017) and references therein. The former are external disturbances characterizing270

the flow environment and present in the main inviscid part of the flow. In contrast,271
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Figure 1. Schematic illustration of the physical problem and the asymptotic structure.

the latter are the nonlinearly self-sustained intrinsic disturbances, and decay to zero272

in the main inviscid region although they reside in the outer reach of the boundary273

layer, in the so-called ‘production layer’. FSVD and free-stream coherent structures are274

therefore different physical entities. Mathematically, there is a certain degree of similarity:275

both have a phase speed close to the free-stream velocity, and short-wavelength FSVD276

have an ‘edge layer’ (Dong & Wu 2013; Wu & Dong 2016), which is essentially the277

same as the ‘production layer’ of free-stream cohere structures. Recently, Deguchi &278

Hall (2017) showed that the nonlinear interactions of free-stream coherent structures in279

the production layer generate streaks, which can in turn excite Görtler vortices in the280

boundary layer if the wall is concave. We note that a similar excitation can take place for281

short-wavelength FSVD too. Presently, we consider long-wavelength FSVD, which are a282

more relevant and efficient agent for generating Görtler vortices.283

Similar to the flat-plate case considered by LWG, the ensuing boundary layer over a284

concave wall evolves through four asymptotic regimes or regions (WZL), illustrated in285

figure 1. Near the leading edge is an inviscid region I, which is O(Λ) in all three directions,286

and the disturbance is governed by the linear rapid-distortion theory (LWG). Beneath287

region I is a viscous layer, region II, which has an O(R
−1/2
Λ Λ) thickness. In this region,288

the centrifugal force is negligible, and so as in the flat-plate case, the streamwise and289

spanwise components of FSVD induce a quasi two-dimensional disturbance and a three-290

dimensional disturbance respectively, both having an O(ϵ) amplitude (LWG). Like WZL,291

we focus on the three-dimensional disturbance, which will develop into Görtler vortices292

further downstream. In region III, which has an O(Λ) thickness, the perturbations are293

governed by steady or unsteady nonlinear boundary-region equations, but with the294

centrifugal force appearing in the wall-normal momentum equation. An outer region295

IV above region III, where turbulence undergoes equilibrium decay, has a transversal296

scale of O(ΛRΛ). With the assumption rt ≪ 1, the disturbance remains linear in all the297
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regions. When rt = O(1), nonlinearity comes into play in regions III and IV (Wundrow298

& Goldstein 2001) . Görtler vortices then evolve nonlinearly, saturate and may undergo299

secondary instability.300

In the boundary region (region III), where x̂ and y are both of O(1), the streamwise301

velocity has a magnitude greater than those of the normal and spanwise velocities by a302

factor of O(RΛ), while the pressure normalised by ρU2
∞ is of O(R−2

Λ ). Therefore, we can303

write the velocity and pressure fields, (u
∗
, v∗, w∗) and p∗, as304

(u∗, v∗, w∗)/U∞ = (u,R−1
Λ v,R−1

Λ w), p∗/(ρU2
∞) = R−2

Λ p. (2.8)

Substitution of (2.4) and (2.8) with the Lamè coefficients, (h1, h2, h3) = ((r∗0 −305

y∗)/r∗0 , 1, 1), into the Navier-Stokes (N-S) equations gives at leading-order equations for306

rescaled velocity u ≡ (u, v, w) and pressure p (Hall 1988),307

∇ · u = 0, uτ̂ + (u · ∇)u+GΛχu
2j = (0,−py, pz) + (∂2yy + ∂2zz)u, (2.9)

where j is the unit vector in the wall-normal direction, the term containing GΛ reflects308

the essential influence of the wall curvature, and χ−1(x̂) is the scaled local radius of wall309

curvature. The system (2.9), which holds under the assumption of large curvature radius,310

will be referred to as the nonlinear unsteady boundary-region equations (NUBRE). A311

noteworthy property of the system is that it is parabolic in the streamwise direction but312

retains ellipticity in the spanwise direction.313

The flow can be decomposed as a sum of the Blasius flow and the perturbation which314

arises as the response to FSVD, namely315

(u, v, w, p) = (U(x, η), V (x, η), 0,−1

2
) + (û, v̂, ŵ, p̂). (2.10)

The Blasius boundary layer, taken as the unperturbed base flow, has the similarity316

solution,317

U = F ′(η), V = (ηF ′ − F )/
√
2x̂ with η = y/

√
2x̂, (2.11)

where the prime denotes the differentiation with respect to η, and the Blasius function318

F is determined by the boundary-value problem,319

F ′′′ + FF ′′ = 0, F (0) = 0, F ′(0) = 0, F ′ → 1 as η → ∞. (2.12)

For η ≫ 1, the function F → η − β with β ≈ 1.217.320

Inserting (2.10) into (2.9), we obtain the governing equations for the perturbation,

ûx̂ + v̂y + ŵz = 0,
ûτ̂ + Uûx̂ + ûUx̂ + v̂Uy + V ûy = ûyy + ûzz +Q1,

v̂τ̂ + Uv̂x̂ + ûVx̂ + V v̂y + v̂Vy + 2GΛχUû = −p̂y + v̂yy + v̂zz +Q2,
ŵτ̂ + Uŵx̂ + V ŵy = −p̂z + ŵyy + ŵzz +Q3,

 (2.13)

where Q1, Q2 and Q3 represent the components of the nonlinear term −(û·∇)û−GΛχû
2j.321

In the present nonlinear regime, the disturbance consists of all temporal and spanwise322

harmonics, and can be expressed as323

(û, v̂, ŵ, p̂) = rt

+∞∑
m,n=−∞

(
(2x̂)ûm,n(x̂, η), (2x̂)

1/2
v̂m,n(x̂, η),

ŵm,n(x̂, η)/k3, p̂m,n(x̂, η)
)
exp(−imk̂1τ̂ + ink3z).

(2.14)

The factor 2x̂ in the streamwise velocity is introduced to offset the small divisor in324
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numerical computations. The reality of the physical quality requires325

q̂−m,−n = ( q̂m,n)cc, (2.15)

where q̂m,n stands for any of (ûm,n, v̂m,n, ŵm,n, p̂m,n), and the subscript cc indicates the326

complex conjugate. Substitution of (2.14) into (2.13) yields the equations for the Fourier327

coefficients as follows.328

The continuity equation:329

2ûm,n + 2x̂
∂ûm,n

∂x̂
− η

∂ûm,n

∂η
+
∂v̂m,n

∂η
+ inŵm,n = 0. (2.16)

The momentum equations:330 [
2x̂(−imk̂1 + n2k23) + 2F ′ − ηF ′′

]
ûm,n + 2x̂F ′ ∂ûm,n

∂x̂
− F

∂ûm,n

∂η

−∂
2ûm,n

∂η2
+ F ′′v̂m,n = −rt(2x̂)l̂m,n, (2.17)

331 [
−η2F ′′ − ηF ′ + F + 2(2x̂)

3/2
GΛχF

′
]
ûm,n +

[
2x̂(−imk̂1 + n2k23) +F

′ + ηF ′′
]
v̂m,n

+2x̂F ′ ∂v̂m,n

∂x̂
− F

∂v̂m,n

∂η
− ∂2v̂m,n

∂η2
+
∂p̂m,n

∂η
= −rt(2x̂)êm,n, (2.18)

332 [
2x̂(−imk̂1 + n2k23)ŵm,n

]
+ 2x̂F ′ ∂ŵm,n

∂x̂
− F ′ ∂ŵm,n

∂η

−∂
2ŵm,n

∂η2
+ 2x̂

(
ink23

)
p̂m,n = −rt(2x̂)ĥm,n. (2.19)

In the above equations, we have put333

l̂m,n =

{
2x̂
∂(ûaua)

∂x̂
+ 4ûaua − η

∂(ûaua)

∂η
+
∂(ûava)

∂η
+

1

k3

∂(ûawa)

∂z

}
m,n

, (2.20)

êm,n =

{
(2x̂)

∂(v̂aua)

∂x̂
+ 3v̂aua − η

∂(v̂aua)

∂η

+
∂(v̂ava)

∂η
+

1

k3

∂(v̂awa)

∂z
+GΛ(2x̂)

3/2
χûa2

}
m,n

, (2.21)

ĥm,n =

{
(2x̂)

∂(ŵaua)

∂x̂
+ 2ŵaua − η

∂(ûaua)

∂η
+
∂(ŵava)

∂η
+

1

k3

∂(ŵawa)

∂z

}
m,n

.(2.22)

The new variables (ua, va, wa) are introduced for convenience of computation,334

(ua, va, wa) =
+∞∑

m,n=−∞

(
ûm,n(x̂, η), v̂m,n(x̂, η), ŵm,n(x̂, η)

)
exp(−imk̂1τ̂ + ink3z), (2.23)

and the ̂ symbol in the equations denotes Fourier transform. For rt ≪ 1, the nonlinear335

terms in the NUBRE are of O(r2t ), and so the LUBRE are recovered by neglecting those336

terms (LWG, WZL). For rt = O(1), the nonlinear terms in the streamwise and spanwise337

momentum equations are exactly the same as those in the flat-plate nonlinear problem338

(Ricco, Luo & Wu 2011), but the curved wall contributes an additional nonlinear terms339

GΛχû2a (i.e. GΛχû
2) in the normal-wall momentum equation.340
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2.2. Initial and outer boundary conditions341

Since the velocity fluctuation induced in the boundary layer is of small amplitude
near the leading edge, nonlinearity is weak in this region, and hence the initial condition
remains the same as that in the linear case. For the special case, where the oncoming
disturbance consists of a pair of oblique components, the upstream conditions can be
expressed as (LWG, WZL)

û1,±1 → q±(2x̂)(U0 + (2x̂)
1/2
U1), (2.24)

v̂1,±1 → q±

{
V0 + (2x̂)

1/2
V1 +

ieik̂1x̂−ik2(2x̂)
1/2β−(k2

3+k2
2)x̂

(k2 − i|k3|)(2x̂)1/2
[
eik2(2x̂)

1/2η − e−|k3|(2x̂)1/2η
]

+e−|k3|(2x̂)1/2η(
β

4
+
√
2x̂c1)− v̄c

}
, (2.25)

ŵ1,±1 → ∓iq±

{
W0 + (2x̂)

1/2
W1 +

k2e
ik̂1x̂−ik2(2x̂)

1/2β−(k2
3+k2

2)x̂

(k2 − i|k3|)

[
eik2(2x̂)

1/2η

−e−|k3|(2x̂)1/2η
]
+ e−|k3|(2x̂)1/2η

[
1−β

(
i (k2+i |k3|)+

3

4
|k3|

)√
2x̂

]
− w̄c

}
,(2.26)

as x̂→ 0, where q± = ±ik3(û
∞
3,± ± iû∞2,±),342

v̄c = −η + β

4
+ (2x̂)

1/2

{
− i

2
(k2 + i |k3|) η2 + β(ik2 −

1

4
|k3|)η + c1

}
, (2.27)

343

w̄c = 1 + (2x̂)
1/2

{
i (k2 + i |k3|) η − β(ik2 −

1

4
|k3|)

}
. (2.28)

The constant c1 is obtained numerically along with Uk, Vk and Wk (k = 0, 1) by solving344

the system (B 1)-(B 8) on page 200 in WZL. As in LWG and WZL, here we neglected345

the so-called ‘quasi two-dimensional’ particular solution as well as the homogeneous346

solution whose streamwise velocity behaves like xσ (σ ≈ 0.213). The latter is not excited347

by FSVD in the present context, but its nonlinear development (with an arbitrarily348

prescribed amplitude) and possible role in transition was studied by Martin et al. (2015)349

and references therein.350

The far-field condition is derived by considering the outer region IV. Similar to the flat-351

plate cases investigated by Wundrow & Goldstein (2001) and Ricco, Luo & Wu (2011),352

the perturbation in region IV is influenced by the viscous motion in region III through353

the displacement effect. It was shown there that the normal velocity has the asymptote354

v → δ̄x̂(x̂, τ̂) as y → ∞, (2.29)

where δ̄ is the spanwise averaged displacement thickness,355

δ̄(x̂, τ̂) =
k3
2π

∫ 2π/k3

0

∫ ∞

0

[
1− u(y, z, x̂, τ̂)

]
dydz. (2.30)

The analysis of the outer region IV and its interaction with region III is presented in356

appendix A. Matching with the outer solution gives the far-field condition,357

(ûm,n, v̂m,n, ŵm,n, p̂m,n) → (0, (2x̂)
−1/2

v†m,n, k3w
†
m,n, ϵRΛp

†
m,n) as η → ∞, (2.31)

for n ̸= 0, where v†m,n, w
†
m,n and p†m,n are given in appendix A.358
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For steady perturbations, the initial and far-field conditions can be further simplified.359

Since k̂1 is zero, only spanwise spectral components exist, and so (û−n, v̂−n, ŵ−n, p̂−n) =360

(ûn, ûn, ŵn, p̂n)cc. The boundary conditions are matched with the outer solution in the361

same way as in the unsteady case.362

The initial-boundary-value problem, consisting of (2.17)-(2.20), (2.25)-(2.27) and363

(2.31), governs the excitation, linear and nonlinear evolution of Görtler vortices in the364

presence of FSVD for the generic case of GΛ = O(1). Several features of the formulation365

are worth emphasizing. Firstly, the initial (upstream) and boundary conditions are366

interrelated, both being determined by FSVD. There is inherent consistency between367

them: the upstream limit (x̂ → 0) of the latter matches the large-y limit of the former.368

Secondly, throughout the entire course of development, including the fully developed369

phase when their streamwise velocity has acquired an O(1) magnitude, Görtler vortices370

are continuingly influenced by FSVD via the forcing of the transverse velocities, that371

is, the boundary condition is as an inseparable part of the evolution just as the initial372

condition is. Finally, the viscous motion in the boundary layer is not a mere passive373

response to FSVD; it affects simultaneously the disturbances in the outer region as well.374

3. Numerical method for NUBRE375

3.1. Discretized equations376

The initial-boundary-value problem, (2.17)-(2.20) supplemented by (2.25)-(2.27) and377

(2.31), is to be solved numerically by using appropriate finite-difference schemes.378

For the purpose of computation, we define f̂ = ûη and ĝ = ŵη, and recast equations379

(2.17)-(2.20) into a system of first-order equations,380

ûη = f̂ , v̂η = −2û− inŵ + ηf̂ − 2x̂ûx̂, ŵη = ĝ,

f̂η =
[
2x̂

(
−imk̂1 + n2k23

)
+ 2F ′ − ηF ′′

]
û+ F ′′v̂ − F f̂ + 2x̂F ′ûx̂ − l̂m,n,

p̂η =
[
3ηF ′ − 3F − 2(2x̂)

3/2
GΛχF

′ + η2x̂
(
−imk̂1 + n2k23

)]
û

+
[
−2x̂

(
−imk̂1 + n2k23

)
− F ′

]
v̂ − inFŵ − f̂ − inĝ

+2x̂ (−F + ηF ′) ûx̂ − 2x̂F ′v̂x̂ − 2x̂f̂x̂ − ηl̂m,n + êm,n,

ĝη =
[
2x̂

(
−imk̂1 + n2k23

)]
ŵ + 2x̂

(
ink23

)
p̂− F ′ĝ + 2x̂F ′ŵx̂ − ĥm,n,


(3.1)

which can be rewritten in a vector form,381

∂U

∂η
= C0U + C1

∂U

∂x̂
+f(U), (3.2)

where U = (û, v̂, ŵ, f̂ , p̂, ĝ) is the solution vector, C0 and C1 are the coefficient matrices,382

and f(U) stands for nonlinear terms. For brevity, the subscripts ‘m,n’ are omitted.383

For components with n = 0, û and v̂ are decoupled from ŵ, and the system (3.1) can

be simplified to three equations for û, v̂ and f̂ :

ûη = f̂ , v̂η = −2û+ ηf̂ − 2x̂ûx̂,

f̂η =
[
2x̂

(
−imk̂1

)
+ 2F ′ − ηF ′′

]
û+ F ′′v̂ − F f̂ + 2x̂F ′ûx̂ − l̂m,0;

}
(3.3)

and two equations for ŵ and ĝ,

ŵη = ĝ, ĝη = 2x̂(−imk̂1)ŵ − F ′ĝ + 2x̂F ′ŵx̂ − ĥm,0. (3.4)

The NUBRE are parabolic in the streamwise direction, and hence can be solved by384
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a marching procedure in x̂-direction. The Malik scheme (Malik 1990) is employed in385

η-direction, and the second-order backward finite-difference scheme is applied in the386

streamwise direction, namely387

U j+1 −U j =
h

2

(
U ′

j+1 +U ′
j

)
,

∂Un+1

∂x̂
=

[
3

2
Un+1 − 2Un +

1

2
Un−1

]/
∆x̂,

 (3.5)

where j and n indicate the position of mesh points in the transverse and streamwise388

directions respectively. Grouping all terms at the streamwise location n+ 1 on the left-389

hand side (except the nonlinear terms), we end up with the discrete equations,390 [
I − h

2
cj+1

]
Un+1

j+1 +

[
−I − h

2
cj

]
Un+1

j =
h

2
[gj+1 + gj ] +

h

2

[
f(Un+1

j+1 ) + f(Un+1
j )

]
,

(3.6)
where I is the unit matrix, and we have put391

f(Un+1
j ) =

(
0, 0, 0, −l̂, −ηl̂ + ê, −ĥ

)n+1

j
, (3.7)

cj+1 = C0,j+1 +
3

2∆x̂
C1,j+1, gj+1 = C1,j+1

(
−2Un

j+1 +
1
2U

n−1
j+1

)
/∆x̂. (3.8)

On introducing the discrete solution vector,392

Φn+1 =
(
Un+1

J , Un+1
J−1, · · · , Un+1

1 , Un+1
0

)T

, (3.9)

with J being the number of mesh points in the wall-normal direction, the system of393

nonlinear algebraic equations, (3.6), is written in the matrix form,394

LΦn+1 = A+Nn+1, (3.10)

where L is the linear operator, A stands for the terms whose values are evaluated at395

upstream positions, and Nn+1 denotes the nonlinear terms (see appendix B for their396

expressions). Only half of the Fourier modes needs to be computed since Fourier modes397

with negative indices m can be evaluated by (2.15). The nonlinear terms are evaluated398

by applying the pesudo-spectral method, that is, the velocities in spectral space are399

transformed back to physical space, where multiplications are carried out, and then those400

products are Fourier transformed to obtain the nonlinear terms in spectral space. In order401

to prevent aliasing error, i.e. the spurious energy cascade from unresolved high-frequency402

modes into the resolved low-frequency ones, the 3/2-rule is applied (Kim, Moin & Moser403

1987). Seventeen Fourier modes are retained for capturing nonlinear effects. The domain404

size in the η-direction is 30, within which 1000 grid points are deployed.405

3.2. Solution procedure and validation of the algorithm406

With the nonlinear terms being treated implicity, the system (3.10) consists of non-407

linear algebraic equations. It will be solved by using an iterative procedure involving a408

predictor-corrector and underrelaxation.409

First, the nonlinear terms are evaluated by using the value at the previous streamwise410

point. This leads to a linear system of simultaneous equations,411

LΦ∗
n+1 = A+Nn, (3.11)

in which the coefficient matrix L is block tri-diagonal. This explicit method works when412
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Figure 2. (Colour online) Comparison of the downstream development of the maximum
streamwise velocity of different Fourier modes for ϵ = 0.0001. (a) The results computed without
the underrelaxation iteration (symbols) and with the underrealaxtion iteration (solid lines) for
GΛ = 1344 and RΛ = 1222. (b) The results computed by using streamwise step ∆x̂ = 0.005
(symbols) and ∆x̂ = 0.001 (solid lines) for GΛ = 1765 and RΛ = 2298. The vertical dashed lines
indicate the last streamwise position before the calculation without underrelaxation blows up.

GΛ < 20 according to our computation, but fails to converge and a non-physical result413

appears when GΛ > 20.414

An iteration method is thus applied in order to obtain the convergent solution. The415

Φ∗
n+1 predicted by the explicit scheme is used to re-evaluate the nonlinear terms. Then we416

solve the resulting equations to get a new value of Φn+1, which we use to compute Nn+1.417

This step is repeated, and the correct nonlinear terms and the solution are obtained when418

the difference between the two consecutive outcomes for Φn+1 is less than a prescribed419

tolerance at all grid points. The non-physical result does not appear any more in the420

result, which is shown in symbols in figure 2(a). However, this iterative method is feasible421

only up to a certain streamwise position, beyond which it failed to converge, indicating422

that the predicted nonlinear terms are not suitable when the amplitude is sufficiently423

large and nonlinearity is strong.424

Frequently the convergence to a solution can be enhanced by a technique called under-425

relaxation, which was also used in solving the so-called parabolized stability equations426

(Zhao et al. 2016). We use the value of Nn obtained at the previous location, and N∗
n+1427

obtained by using Φ∗
n+1, to extrapolate a value for N̂n+1 as follows:428

N̂n+1 = Nn +ϖ(N∗
n+1 −Nn), (3.12)

where 0 < ϖ < 1 is the parameter controlling underrelaxation, and N̂n+1 is the new429

nonlinear terms for the next iterative step. Hence, our predictor-corrector procedure430

follows the steps below.431

Step 1: The nonlinear terms Nn is evaluated by using the value of Φn at the last432

streamwise location.433

Step 2: An estimated value of Φ
(i)
n+1 is obtained by solving the tri-diagonal form of the434

equations, and Φ
(i)
n+1 is utilized to obtain upgraded nonlinear terms N

(i)
n+1, where i refers435

to the number of iterations. Using N
(i+1)
(n+1) = Nn + ϖ(N

(i)
n+1 − Nn), we can update the436

value of Φn+1, which is written as Φ
(i+1)
n+1 .437
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Figure 3. (Colour online) Validation of numerical algorithm and code. (a) Comparison of the
downstream development of the maximum streamwise velocity of Görtler vortices with the linear
results of WZL. The parameters are GΛ = 1804, RΛ = 2192, ϵ = 7.0 × 10−7 and GΛ = 1344,
RΛ = 1222, ϵ = 7.0 × 10−6. (b) Comparison of the nonlinear development of maxu′

rms, the
maximum r.m.s. of the time-dependent streamwise velocity of streaks (symbols), with the results

of Ricco, Luo & Wu (2011) (lines) for fixed k̂1 = 2, but different ϵ = 0.005 (triangle and solid
line), 0.01 (circle and dashed lines) and 0.015 (square and dash-dotted lines).

Step 3: Repeat step 2 until the amplitude of every Fourier mode converges. A satisfac-438

tory convergence is achieved rather rapidly by this method by choosing ϖ = 0.2.439

Different streamwise step lengths are also chosen to ensure convergence and accuracy of440

the solutions. Our numerical results indicate that the streamwise step needs to be reduced441

when the Görtler number is large. For instance, when ∆x̂ = 0.005 the computation442

converges for GΛ = 1344 as shown in figure 2(a), but diverges for GΛ = 1765, which443

requires a smaller step size ∆x̂ = 0.001. A comparison of the results using these two step444

sizes for GΛ = 1765 is displayed in figure 2(b). In all our calculations, we set χ = 1 since445

the curved plates in experiments often have a constant curvature.446

In order to validate our code, two tests are carried out.447

(i) Our code is designed primarily for nonlinear problems, but it must be able to448

reproduce the linear solution when rt ≪ 1. The results obtained by the present method449

are compared in figure 3(a) with the linear results of WZL, shown in figure 11 of their450

paper. The parameters adopted are RΛ = 1804, GΛ = 2192 and ϵ = 7.0×10−7, and RΛ =451

1344, GΛ = 1222 and ϵ = 7.0× 10−6. The linear result was rescaled to fit the nonlinear452

result at the first location. Excellent agreement is seen for the entire development of the453

maximum streamwise velocity as well as for the growth rate of steady vortices.454

(ii) Our code pertains to a boundary layer over a concave wall with GΛ > 0. When455

GΛ = 0, it should be able to reproduce the results for the flat-plate case, which was456

computed by Ricco, Luo & Wu (2011) using a scheme entirely different from ours. The457

intensity of streaks or Görtler vortices is represented by the root-mean-square (r.m.s.) of458

the streamwise velocity, defined as (see Pope 2000, p.687)459

urms ≡ rt

[∑
m,n

|2x̂ûm,n|2
]1/2

. (3.13)

In order to measure time-dependent components, we also introduce u′rms, which has the460

same expression as urms except that the zero-frequency components are excluded in the461

summation. The downstream development of maxu′rms for three different values of ϵ is462

compared in figure 3(b), and an excellent agreement is seen for all three cases. This gives463
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U∞ RΛ GΛ Measurement locations (x̂)

SB 5 1145 1501 0.048 0.168 0.191 0.215 0.238 0.262
Ito 2.5 425 460 0.277 0.369 0.462 0.554 0.646 0.739
MWS 3 478 273 0.175 0.272 0.307 0.438 0.503 0.613

0.652 0.705 0.746 0.792 0.834 0.888

Table 1. The parameters and measurement locations in the experiments of Swearingen &
Blackwelder (1987), Ito (1985) and Mitsudharmadi, Winoto & Shah (2005)

us the confidence that our code can correctly predict the nonlinear evolution of streaks464

or Görtler vortices.465

4. Numerical results and quantitative comparisons with experiments466

The initial-boundary-value problem is solved numerically using the method described467

in the previous section. Our theoretical predictions will be compared with the data468

from several experiments. The boundary layer is perturbed by a broadband of turbu-469

lent disturbances in experiments, while in our formulation free-stream disturbance is470

represented by a pair of convected gusts. Fortunately, vortices in the boundary layer471

typically exhibit a well defined spanwise spacing Λ. It is therefore reasonable to suggest472

that these vortices were excited by a pair of dominant oblique components in FST. In our473

asymptotic formulation, there are three parameters, the rescaled frequency k̂1, the wall-474

normal wavenumber k2 and rt = ϵRΛ. The solutions for the vortices, obtained under the475

assumptions of ϵ≪ 1 and RΛ ≫ 1 with rt = O(1), will be applied to experiments, where476

RΛ is finite and its values can be calculated using the observed value of Λ. However, the477

FSVD amplitude ϵ is not known, and so has to be determined by fitting the predicted478

amplitude at one streamwise location with the measured value.479

4.1. Comparison with Swearingen and Blackweld (1987)480

SB studied the growth, breakdown and transition to turbulence of Görtler vortices481

by means of smoke-wire visualization and multiple-probe hot-wire measurements in a482

low-speed wind tunnel. The free-stream velocity U∞ = 5 ms−1, and the boundary layer483

developed over a concave wall with a radius of curvature r∗0 = 3.20 m. The spanwise484

wavelength of the Görtler vortices was λz ≈ 2.3 cm. These values are used to calculate the485

non-dimensional parameters, RΛ = U∞λz/(2πν) = 1145 andGΛ = R2
Λλz/(2πr

∗
0) = 1501,486

where the kinematic viscosity coefficient of dry air ν = 1.6 × 10−5 m2s−1 is taken. The487

non-dimensional streamwise distance x̂ is calculated by the relation488

x̂ = x∗/ΛRΛ = 2πx∗/(RΛλz). (4.1)

The corresponding Reynolds and Görtler numbers as well as the non-dimensional stream-489

wise locations of measurement are listed in table 1. We focus on the steady components490

k1 = 0, and take û∞3,± = ±1 and k2 = k3 = 1, since the perturbation is likely to be491

isotropic. It follows that û∞2,±1 = −1.0. The computation domain starts from x̂ = 0.001.492

The two important parameters are ϵ and GΛ. In order to demonstrate their role, we493

solved the initial-boundary-value problems for several ϵ and GΛ. We choose to measure494

the intensity of vortices by urms, the r.m.s of all harmonic components (as defined by495

(3.13) but with the double summation reducing to a single sum for the present steady496

limit). Figure 4(a) shows the downstream development of maxurms for GΛ = 1501 and497

four different values of ϵ. The flat-plate case (GΛ = 0) is also computed for comparison.498
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Figure 4. (Colour online) Comparison of the downstream development of maxurms for (a)
fixed GΛ but different values of ϵ, and (b) fixed ϵ but different values of GΛ.
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Figure 5. (Colour online) The downstream development of maxu1,rms, the root-mean-square
(r.m.s) of the spanwise-dependent streamwise velocity: the solid line represents the theoretical
prediction; the squares symbols indicate the experimental measurement of the steady
components (SB), whereas the circle symbols indicate the unsteady contribution.

When x̂ → 0, the centrifugal force vanishes, and so the solutions for GΛ = 1501 and499

GΛ = 0 overlap for each value of ϵ. The centrifugal effect influences the evolution of500

the disturbance weakly in the range of x̂ = 0.03 − 0.05. As ϵ increases, the response to501

the FSVD becomes stronger, and Görtler vortices and streaks saturate more quickly. For502

the case of strongest FSVD, ϵ = 0.035 (which is characteristic of tubo-machinery flow503

conditions), the linear amplification stage of Görtler vortices almost disappears, which504

means that it would be completely inappropriate to use local eigen modes as initial505

conditions for integrating NUBRE. Interestingly, in the case of GΛ ̸= 0, urms eventually506

saturates at almost the same level for different values of ϵ, suggesting that the saturated507

state is an intrinsic property of the boundary layer flow. This is however not the case for508

the flat-plate boundary layer. The responses of boundary layer to FSVD with ϵ = 0.0007509

are compared for different GΛ in figure 4(b). It is found that urms with a larger GΛ has510

a greater linear growth rate as expected, and saturates at a higher level. In the limit of511
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large Görtler number, an asymptotic theory for the fully nonlinear stage was proposed by512

Hall & Lakin (1988), but a direct comparison is beyond the scope of the present study.513

The intensity of FSVD is controlled by ϵ, but an alternative and more common measure514

is turbulence level Tu. For the assumed form of perturbations, (2.5), the two are related515

by the equation: Tu = 2ϵ(û∞2
1 +û∞2

2 +û∞2
3 )1/2/

√
3. Our theory shows that the streamwise516

velocity û∞1 does not play a leading-order role, suggesting that a modified form involving517

only the transverse velocities, Tu† = 2ϵ(û∞2
2 + û∞2

3 )1/2/
√
2, is a more appropriate518

characterization. We choose ϵ = 0.0007 in order to fit the measured streamwise velocity519

at the first location of measurement, and correspondingly Tu† = 0.14%, and Tu = 0.14%520

as well if one takes û∞1 = 1. In the experiment of SB, the FTS level was lower than521

0.07%, but it most likely refers to unsteady fluctuations rather than steady components.522

Indeed SB stated that transverse variations of the steady flow were less than 0.5%. We523

believe that it is this part of the perturbation that excites Görtler vortices, but further524

detailed experiments are needed to characterize it.525

As in the experiment of SB, we monitor the r.m.s. of the spanwise dependent compo-526

nents in the streamwis velocity, defined as527

u1,rms ≡ rt

[∑
n̸=0

|2x̂ûn|2
]1/2

. (4.2)

Note that the spanwise uniform mean-flow distortion is excluded. We compare the528

development of the computed u1,rms with the measurements of SB in figure 5. A perfect529

agreement is obtained up to x̂ = 0.24. The r.m.s. of the fluctuations experiences an initial530

non-modal growth and then amplifies exponentially as indicated by the logarithmic scale531

of the figure. Nonlinear interactions take effect from about x̂ ≈ 0.17. Disagreement is532

noted after x̂ = 0.26, where secondary instability of Görtler vortices may have sufficiently533

developed, and high-frequency fluctuations become strong enough to interact nonlinearly534

to affect the evolution of the primary vortices (Girgis & Liu 2006). Disturbances in the535

experiments of SB contained time-dependent fluctuations. The unsteady contribution was536

obtained by subtracting the steady signals from the measured spanwise mean. The r.m.s537

of unsteady fluctuations increases with x̂, but remains much smaller than that of steady538

vortices before x̂ = 0.215 (x∗=90cm). Unsteady perturbations apparently experienced539

fast exponential growth in the range of x̂ = 0.22 to 0.26, as indicated by the dashed540

line in figure 5. This issue will be discussed in connection with secondary instability of541

Görtler vortices.542

Of particular interest is the streamwise velocity of the distorted boundary layer,543

U(η, z; x̂, τ̂) ≡ F ′(η) + rr(2x̂)
∑
m,n

ûm,n(x̂, η)exp(−imk̂1τ̂ + ink3z). (4.3)

Contours of the predicted and measured U in the cross-section (the y-z plane) are544

displayed in figure 6 for comparison. The similarity variable η is related to the dimensional545

coordinate y∗ via the relation546

η = y∗(U∞/2νx
∗)1/2. (4.4)

The contours evolved into a mushroom-like structure, as was predicted by previous547

calculations (Hall 1988; Lee & Liu 1992; Li & Malik 1995). The present comparisons548

show that not only the intensity but also the shape of Görtler vortices are in good549

agreement up to x̂ = 0.238 (x∗ = 100cm). The gross feature of vortices remains similar550

for x̂ > 0.262 (x∗ > 110cm), but the measured contours appear smoother. This is551

probably an indication that secondary instability has truly developed by x̂ = 0.262 with552
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Figure 6. (Colour inline) Comparison of iso-U contours at different streamwise locations.
Left column: theoretical prediction; right column: measurements of SB. The iso-U contours
are plotted with an increment of 0.10 U∞ as were the measurements of SB.
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Figure 7. (Colour online) Comparison of the predicted streamwise velocity profiles with the
experimental measurements (SB 1987) at the spanwise positions corresponding to a valley (top
row) and a peak (bottom row). Solid lines, theoretical predictions; symbols, experimental results.
The parameters are GΛ = 1501 and RΛ = 1145.

the resulting high-frequency fluctuations affecting Görtler vortices through the Reynolds553

stresses (Girgis & Liu 2006).554

Figure 7 displays the profiles of the streamwise velocity at different downstream555

locations and the two spanwise positions corresponding to a peak and a valley. A556

valley/peak refers to a low/high-speed region, where the velocity exhibits a deficit/excess557

from the Blasius flow, respectively, We make comparison at these positions since only558

limited data were given by SB. There is a perfect agreement at every streamwise559

measurement location except at the valley of x̂ = 0.191 (x∗ = 80cm). The reason for560

this discrepancy remains unclear.561

Due to the presence of Görtler vortices, the local boundary-layer thickness differs562

from that of the Blasius flow and becomes spanwise dependent. The local displacement563

thickness is defined as564

δ∗(x, z) =

∫ ∞

0

[1− u(x, y, z)]dy∗ = (
2νx∗

U∞
)1/2

∫ ∞

0

[1− u(x, η, z)]dη. (4.5)

Figure 8(a) compares the predicted displacement thickness δ∗ with the experimental565

measurements of SB in the high-speed (peak) and low-speed (valley) regions. From566

x∗ = 20 cm to 80 cm roughly, the displacement thickness in the low-speed region increases567

quickly while that in the high-speed region decreases, both because of exponential568
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Figure 8. (Colour online) Comparisons of the predicted displacement thickness (left figure) and
the skin friction (right figure) with the experimental measurements (SB 1987). Lines: theoretical
results; circles: experimental measurement in the low-speed region; squares: experimental
measurements in the high-speed region. The parameters are GΛ = 1501 and RΛ = 1145.

Figure 9. (Colour online) The nonlinear evolution of Görtler vortices as shown by contours of
the streamwise velocity at different downstream locations for GΛ = 1501 and RΛ = 1145. The
increment of the streamwise velocity in the contour values is 0.1U∞.

amplification of the vortices. The variations (increase and decrease) become moderate569

from x∗ = 80 cm to 90 cm, due to saturation of Görtler vortices. The displacement570

thicknesses in the high- and low-speed regions are both in good agreement with the571

experimental data from x∗ = 10 cm to 90 cm. The difference between the prediction572

and the measurement in the low-speed region near x∗ = 95 cm may be attributed573

to inaccuracy of measurements since this difference almost disappears in the high-574

speed region. The displacement thickness in the low-speed region decreases slightly at575

x∗ = 100 cm because of the over saturation of Görtler vortices, as indicated by figure576

5. The comparison diverges downstream of x∗ = 105 cm, where secondary instability577

takes over and influences the displacement thickness substantially. Figure 8(b) displays578

the predicted skin frictions τ∗ = ∂u∗

∂y∗ |y∗=0. A good agreement with the experimental579

measurements is observed up to x∗ = 105 cm. The predicted maximum of τ∗ in the580
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Figure 10. (Colour online) Comparison of the predicted streamwise velocity profiles with the
experimental measurements (Ito 1985). Solid and dashed lines: theoretical results at the peak and
valley, respectively; squares and circles: experimental results at the peak and valley, respectively.
The parameters are GΛ = 460 and RΛ = 425.

high-speed region and the minimum for the low-speed region occur at almost the same581

streamwise positions as in the measurements. It is rather remarkable that the nonlinear582

development of a primary instability (i.e. steady Görtler vortices) causes a skin friction583

increase that is a hallmark of laminar-turbulent transition. Lee & Liu (1992) found that584

nonlinear amplitude development, structures of Görtler vortices and the skin friction585

were quite well predicted by the solutions to the NBRE with an eigensolution as the586

initial condition. The comparisons in the present paper are more comprehensive and587

arguably more satisfactory in terms of the required input and accuracy. In our complete588

initial-boundary-value formulation, the only input to the calculation is the amplitude of589

FSVD. Use of eigensolutions as initial conditions could only be justified if there exists a590

discernable linear modal-growth stage. That in turn requires the Görtler numbers to be591

reasonably large and FSVD intensity to be fairly low because otherwise, the linear modal592

stage is unattainable or bypassed as figure 4(a) indicates. The somewhat better accuracy593

(e.g. our figure 5 versus figure 4 in Lee & Liu (1992)) probably resulted from taking into594

account the continuing action of FSVD on the vortices in the boundary layer.595

Figure 9 presents the predicted evolution and structure of Görtler vortices by our596

computation using the experimental parameters of SB. Contour plots of the streamwise597

velocity, (4.3), at several streamwise locations are assembled to create a perspective view598

of the vortical structure. The continued action of the upwelling and downwelling motions599

leads to formation of mushroom-shaped patterns, which have been observed by many600

researchers (Hall 1988; Lee & Liu 1992; Li & Malik 1995; Ren & Fu 2015). It is worth601

noting that streaks in the corresponding flat-plate boundary layer do not develop into a602

mushroom-shaped structure (Ricco, Luo & Wu 2011).603

4.2. Comparison with Ito (1985)604

The experiment of Ito (1985) was carried out for a boundary layer on a concave605

wall with a radius of curvature r∗0 = 1.0 m, and the free-stream velocity U∞ = 2.5606

ms−1. The spanwise wavelength of the Görtler vortices was λz ≈ 1.6 cm. On using607

these parameters, the corresponding Reynolds number RΛ = 425 and Görtler number608
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Figure 11. (Colour online) The nonlinear evolution of Görtler vortices as shown by contours
of the streamwise velocity in the range of 0.05 < x̂ < 1.0 for GΛ = 460 and RΛ = 425. The
increment of the contour values is 0.1U∞.

GΛ = 460. The parameters and the nondimensional streamwise locations are shown in609

table 1. We choose ϵ = 0.0022 to fit the predicted amplitude with the experimental data610

at the first measurement position. The computational domain starts from x̂ = 0.001.611

We calculated the streamwise velocity profiles at the peak and valley. The results are612

shown in figure 10, and compared with the experimental data of Ito (1985). The nonlinear613

effect is found to play a role from about x̂ = 0.35. A fairly good agreement is observed614

in both the linear and nonlinear development stages of the vortices. The predicted615

streamwise velocity profiles at the valley during nonlinear saturation at locations x̂ =616

0.369, 0.462, 0.554 and 0.646 agree quite well with the measurements over almost the617

entire boundary layer. The agreement starts to deteriorate downstream of x̂ = 0.646,618

which suggests that secondary instability modes have become strong enough to influence619

the structure of saturated Görtler vortices.620

Figure 11 presents the predicted evolution of Görtler vortices using Ito’s experimental621

parameters. As the values of RΛ and GΛ are smaller than those in SB: see table 1, a longer622

distance is required for the vortices to develop into the mushroom-shaped structure, the623

head of which is farther away from the wall, and the stem of the mushroom is longer.624

4.3. Comparison with Mitsudharmadi, Winoto & Shah (2004)625

In the experiment of MWS, the surface has a radius of curvature r∗0 = 2 m, and626

the free-stream velocity U∞ = 3 ms−1. Thirteen vertical wires were placed upstream627

of the leading edge of the test plate to generate Görtler vortices with a fixed spanwise628

wavelength, as opposed to naturally occuring ones in SB and Ito (1985). The spanwise629

distance between the wires is 15 mm, which sets the wavelength of the vortices. The630

corresponding Reynolds number RΛ = 478 and Görtler number GΛ = 273. The presence631

of the vertical wires breaks isotropy, favouring components with longer length in the632

normal direction than that in the spanwise direction. For this reason, k2 = 0.6 is adopted.633

As a measure of the intensity of vortices, MWS defined the disturbance amplitude as634

κu(x̂) = max
η

(
UD(η)− UU (η)

)
/(2U∞), (4.6)

where UD and UU denote the velocities at the downwash (peak) and upwash (valley)635
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Figure 12. (Colour online) Comparison of the downstream development of the streamwise
velocity fluctuation amplitude defined by (4.6): the line indicates the present computed results;
the square symbols stand for the experimentally measured steady components (MWS 2005),
whereas the circle symbols indicate the unsteady contributions.
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Figure 13. (Colour online) Comparison of the streamwise velocity profiles with the experimental
measurements (Mitsudharmadi, Winoto & Shah 2005). Solid and dashed lines represent the
theoretical predictions at the peak and valley, respectively; delta and square symbols represent
the experimental results at the peak and valley, respectively. The parameters are GΛ = 273,
RΛ = 478 and k2 = 0.6.

positions. The predicted amplitude will fit with the measured value at the first location636

if we take ϵ = 0.0007, which corresponds to Tu† = 0.19%, or Tu = 0.18% if we take637

û∞1 = û∞3 . The FST level in the test section is 0.35%, five times as high as that in638

SB experiment. Again, this turbulence level apparently refers to unsteady fluctuations.639

Figure 12 compares κu with the measurement, and a good agreement is observed. It is640

evident that Görtler vortices are linear, i.e. undergo exponential amplification, in the641

region from x̂ = 0.1 to 0.35, and then enter the nonlinear regime ranging from x̂ = 0.35642

to 0.75. Rapid growth of unsteady disturbances takes place from x̂ ≈ 0.72 (x∗ ≈ 85 cm),643
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Figure 14. (Colour online) Comparison of the downstream development of maxurms for

different k̂1. The parameters are GΛ = 1501, RΛ = 1145 and ϵ = 0.0007.

where Görtler vortices start meandering (MWS 2005). This is an indicator of secondary644

instability, which will be analysed in the next section.645

Figure 13 displays a comparison of the streamwise velocity profiles with the experi-646

mental measurements. There is a fair qualitative agreement from x∗ = 31 cm to 90.4647

cm (x̂ = 0.272 to 0.792), but appreciable quantitative difference exists, even at the648

very first measurement point, where the vortices are weak and the base flow should be649

essentially Blasius. The difference suggests that a pressure gradient might be present.650

The discrepancy at x∗ = 101.4 cm (x̂ = 0.888) is most likely due to the onset and651

development of secondary instability.652

4.4. Unsteady Görtler vortices653

The response of the boundary layer over a curved plate to unsteady FSVD is now654

presented. We focus on the nonlinear evolution of unsteady Görtler vortices, and choose655

parameters GΛ = 1501 and RΛ = 1145 pertaining to the experiment of SB. The656

parameter k̂1 is related to the dimensional frequency f∗ via the relation657

k̂1 = RΛk1 = 2πRΛf
∗Λ/U∞. (4.7)

Calculations were performed for three different frequencies f∗ =1 Hz, 10 Hz and 20 Hz,658

corresponding to k̂1=5.269, 52.691 and 104.382, respectively.659

Figure 14 shows the development of maxurms for these three frequencies with the660

steady case included for comparison. Vortices excited by lower-frequency disturbances661

acquire a larger amplitude priori to saturation. Interestingly, maxurms saturates at662

almost the same level eventually. The saturation location shifts however downstream663

as the frequency increases. For the case of k̂1 = 52.691, there appears a rather sudden664

change of the slope at x̂ ≈ 0.22. For the case of k̂1 = 104.382, the first linear growth stage665

disappears and instead maxurms decreases slightly after the transient growth. Starting666

from x̂ = 0.18, maxurms grows exponentially at a fairly large rate until x̂ ≈ 0.32, where667

saturation starts.668

In order to probe into the nature of nonlinear vortices, figure 15 shows the development669

of the maximum amplitudes of the fundamental and harmonic components for k̂1 = 5.269,670

52.691 and 104.382. For the lower frequency case (k̂1 = 5.269), the mean-flow distortion671

acquires a magnitude appreciably greater than that of the seeded fundamental modes672
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Figure 15. (Colour online) Development of the fundamental mode max|ϵRΛ2x̂û11| and

harmonic components max|ϵRΛ2x̂ûm,n|. (a) k̂1 = 0. (b) k̂1 = 5.269. (c) k̂1 = 52.691. (d)

k̂1 = 104.382. The parameters are GΛ = 1501, RΛ = 1145 and ϵ = 0.0007.

(1,±1); a similar feature was observed in the case of the flat-plate boundary layer (Ricco,673

Luo & Wu 2011). For the case of k̂1 = 52.691, the amplitude of the mean-flow distortion674

(0, 0) is still larger than that of the fundamental modes, but the harmonic component675

(0,2) grows quickly from x̂ ≈ 0.23 to overtake the fundamental modes (1,±1). For the case676

k̂1 = 104.382, the fundamental modes (1,±1) do not grow any more after the transient677

growth, instead the (0,2) mode amplifies exponentially. The mean-flow distortion (0,0)678

undergoes rapid growth again from about x̂ = 0.18 to become the dominant component.679

It is worth noting that for both k̂1 = 52.691 and 104.382 the rapid growth of the mean680

flow coincides with that of maxurms shown in figure 14. In all the four cases, the (0,0)681

mode saturates at the highest level, and in the steady case the dominance of this mode is682

in accordance with the nonlinear theory of Hall & Lakin (1988). For the steady and low-683

frequency cases, the fundamental modes acquire the second largest saturation amplitude,684

but once the frequency exceeds a critical value, it is the nonlinearly generated (0,2) mode685

that takes the second place.686

Figure 16 shows the instantaneous streamwise velocity profiles at z = 0 in different687

phases688

ϕ ≡ k̂1τ̂ , (4.8)

for three representative frequencies. For k̂1 = 5.269, the velocity profile exhibits remark-689
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Figure 16. (Colour online) Profiles of the instantaneous streamwise velocity U at z=0 in

different phases of time modulation. (a) k̂1 = 5.269. (b) k̂1 = 52.691. (c) k̂1 = 104.382. The
parameters are GΛ = 1501, RΛ = 1145 and ϵ = 0.0007. The inserted window displays an
enlarged view of the part in the dashed box.

able variation with the phase. The velocity may be larger or smaller than that of the690

Blasius flow. During certain time windows of the modulation, the instantaneous stream-691

wise velocity profile becomes highly inflectional, suggesting that it may be inviscidly692

unstable. When k̂1 increases to 52.691, the temporal variation of the streamwise velocity693

becomes less strong, and the profile maintains a similar shape. The velocity near the wall694

hardly changes, and is persistently faster than the Blasius flow. However, a persistent695

large velocity deficit occurs at the outer part of the boundary layer; a similar feature696

was observed in the flat-plate case (Ricco et al. (2011) and references therein). For the697

case k̂1 = 104.382, the velocity profile changes moderately, i.e. Görtler vortices become698

almost stationary. This may be attributed to the dominance of the steady (0,0) and (0,2)699

modes. It is interesting to note that the profiles appear somewhat like the mean profile700

of fully developed turbulent boundary layer.701

Figure 17 displays perspective views of the contours of the streamwise velocity at702

different downstream locations for k̂1 = 5.269, 52.691 and 104.382. Two phases of time703

modulation ϕ = 25π/16 and ϕ = 31π/16, are chosen. The perturbation eventually704

develops into a mushroom structure as in the steady case. For k̂1 = 5.269, during a705

cycle of modulation, the mushrooms meander in the spanwise direction. For the case of706

k̂1 = 52.691, the spanwise meandering is insignificant because the steady components,707
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Figure 17. (Colour online) Nonlinear evolution of Görtler vortices. Top row: k̂1 = 5.269,

ϕ = 25π/16 (a) and ϕ = 31π/16 (b); middle row: k̂1 = 52.691, ϕ = 25π/16 (c) and ϕ = 31π/16

(d); bottom row: k̂1 = 104.382, ϕ = 25π/16 (e) and ϕ = 31π/16 (f). The increments of the
contour levels is 0.1U0. The parameters are GΛ = 1501, RΛ = 1145 and ϵ = 0.0007.
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(0,0) and (0,2), dominate. Furthermore, since the (0,2) mode acquires a much larger708

amplitude than that of the fundamental, two mushrooms appear side by side within a709

fundamental spanwise wavelength. For the case of k̂1 = 104.382, contour plots at the two710

phases are hardly distinguishable.711

5. Secondary instability of Görtler vortices712

5.1. Formulation and methodology713

Once Görtler vortices have acquired a sufficiently large amplitude, the distorted ve-714

locity profile U(y, z;x, t) usually becomes inflectional in the streamwise and spanwise715

directions, and therefore is a harbinger of secondary instability (Saric 1994), which716

amplifies high-frequency fluctuations and ultimately causes transition to turbulence.717

As was mentioned earlier, linear secondary instability analyses have been performed718

by several investigators (Hall & Horseman 1991; Yu & Liu 1991; Li & Malik 1995).719

Previous calculations were carried out for Görtler vortices that developed spatially (or720

temporally) from somewhat arbitrary upstream (or initial) conditions, which suffices for721

the aim of establishing salient characteristics of the instability. In the present paper,722

secondary instability analyses will be conducted as part of the integrated approach. Our723

purpose is to add more quantitative information on the one hand, and build up the724

capacity for predicting transition in terms of given FST on the other.725

Since the flow field of Görtler vortices varies with x̂ and τ̂ very slowly, the dependence726

on these two variables can be treated as being parametric when the short-wavelength (of727

order δ∗, with δ∗ being the dimensional boundary-larger thickness) and high-frequency728

(of order U∞/δ
∗) instability is considered, just like the flat-plate case considered by Ricco,729

Luo & Wu (2011). With x̂ and τ̂ fixed, the base flow, comprising the Blasius flow and730

the Görtler vortices, depends only on y and z, and can be written as731

(UG(y, z), PG) = (UG(y, z), VG(y, z),WG(y, z), PG). (5.1)

The transverse velocities of the vortex base flow, VG andWG, will be neglected since they732

are very small, of O(R−1
Λ ), and so UG = (U, 0, 0) with U being given by (4.3). When the733

base flow is perturbed by a disturbance of O(ϵs), the instantaneous flow is734

us(x, y, z, t) = UG(y, z) + ϵsu
′
s(x, y, z, t),

ps(x, y, z, t) = PG(y, z) + ϵsp
′
s(x, y, z, t),

}
(5.2)

where u′
s = (u′s, v

′
s, w

′
s) is the secondary perturbation velocity vector and p′s the pressure.735

Substituting (5.2) into the N-S equations and neglecting the O(ϵ2s) nonlinear terms, we736

obtain the linearized N-S equations,737

∂tu
′
s = −(UG · ∇)u′

s − (u′
s · ∇)UG −∇p′s +

1

RΛ
∇2u′

s,

∇ · u′
s = 0.

 (5.3)

These equations together with the homogeneous boundary conditions,738

u′
s = 0 at y = 0, (u′

s, p
′
s) → 0 as y → ∞, (5.4)

define a linear evolution operator ℓ, which evolves perturbations forward in time.739

Given that the coefficients in (5.3) depend on y and z only, the solution for the740

secondary perturbation ϕ′
s(x, y, z, t) ≡ (u′

s, p
′
s) can be sought of the modal form,741

ϕ′
s(x, y, z, t) = ϕs(y, z)e

i(αx−ωt) + c.c., (5.5)
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where α and ω are the non-dimensional streamwise wavenumber and frequency of the742

secondary disturbance respectively. The shape function ϕs(y, z) is governed by a system743

of partial differential equations, LE(∂y, ∂z, UG;α, ω)ϕs = 0, which together with the744

homogeneous boundary conditions, us = 0 at y = 0 and (us, ps) → 0 as y → ∞, forms a745

so-called bi-global instability problem (Theofilis 2011). In the temporal formulation, α is746

real, whereas ω is complex valued and obtained as the eigenvalue. In the inviscid limit,747

the system for ϕs(y, z) can be reduced to a single equation for the pressure ps(y, z) (Hall748

& Horseman 1991),749 [ ∂2

∂y2
+

∂2

∂z2
− 2∂yU

U − ω/α

∂

∂y
− 2∂zU

U − ω/α

∂

∂z
− α2

]
ps = 0, (5.6)

where U stands for the streamwise velocity (4.3) of the vortex flow. Despite that the750

secondary instability is essentially inviscid and that we have taken RΛ ≫ 1 in the analysis751

of the Görtler vortices, we will retain viscosity in the secondary instability calculations752

since this avoids the critical-layer singularity for neutral or nearly neutral modes, and753

furthermore may give more accurate results.754

A discretization of the eigenvalue problem in two dimensions leads to a matrix, which is755

usually so large that it is difficult to compute its eigenvalues. To circumvent this obstacle,756

we use the Arnoldi method that makes use of time stepping. This method was developed757

by Barkley, Blackburn & Sherwin (2008), and was recently adapted to finite-difference758

setting by one of the present authors (Zhang & Luo 2015). The method is based on759

integrating the evolution system (5.3)-(5.4) from t = 0 to t = T with T being a preset760

time. In implementation, we write ϕ′s(x, y, z, t) = ϕ̄(y, z, t)eiαx+ c.c., where ϕ′s stands for761

any of u′s, v
′
s, w

′
s and p′s. Since the coefficients of the governing equations are periodic762

functions of z, according to Floquet theory the solution for ϕ̄ takes the form,763

ϕ̄(y, z, t) = eiqβz
+∞∑

n=−∞
ϕ̄(n)(y, t)einβz, (5.7)

where β is the spanwise wavenumber and 0 6 q 6 1
2 . Only fundamental modes (q = 0)764

will be presented because the differences between the growth rates of the fundamental765

and subharmonic (q = 1
2 ) or detuned modes (0 < q < 1

2 ) are less than 3.5% (Ren & Fu766

2014). The discretization in the wall-normal direction is by a finite-difference scheme on767

variable grids, whose distribution is facilitated by a coordinate transformation from y to768

η̃ (Zhang & Luo 2015), y = ylη̃/[1 + b(1− η̃2)] with b = (
√
1 + 8k − 3)/4; this maps the769

truncated physical domain 0 6 y 6 yl to 0 6 η̃ 6 1, where k is the parameter controlling770

the mesh distribution. The interval (0,1) is divided into Ny equally spaced subintervals,771

and so ∆η̃ = 1/Ny. Typically, we use 300 points in the normal direction, and 64 terms772

in the Fourier series, but for modes concentrating in the wall region, refined grids are773

needed there in order to resolve the eigenfunctions.774

Let ϕ̄ denote the discretized solution vector. The integration from t = 0 to t = T ,775

starting with an initial perturbation ϕ̄0, may be viewed as a mapping,776

ϕ̄(T ) = ℓ(T )ϕ̄0, (5.8)

by the evolution operator ℓ. Repeating this, one obtains ℓ2ϕ̄0, . . ., ℓ
kϕ̄0, which can be777

arranged to form the normalized Krylov sequence,778

Tk+1 =
[
ϕ̄0/a0, ℓϕ̄0/a1, . . . , ℓ

kϕ̄0/ak

]
,

where ak are the normalization factors to make each column a unit vector. A simple779

fundamental relation holds between Tk+1 and ℓ(T )Tk. Using this relation and carrying780
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Figure 18. (Colour online) Characteristics of secondary instability of Görtler vortices in the
experiment of SB: (a) The temporal growth rate, and (b) the phase speed versus the streamwise
wavenumber α at x∗ = 80, 85, 87 and 90 cm, corresponding to x̂ = 0.191, 0.203, 0.209 and
0.215, respectively.

out QR decompositions of Tk+1 and Tk, a k×k Hessenberg matrix Hk can be constructed.781

Since k is rather small, eigenvalues of Hk, λj (j = 1, 2, . . . , k), and the corresponding782

eigenvectors, can be computed at little cost. The eigenvalues for the original problem,783

ω, are related to λj by ω = (i/T ) lnλj , and the eigenfunctions can be constructed by784

following the algorithm described in Barkley, Blackburn & Sherwin (2008).785

5.2. Secondary instability of steady Görtler vortices786

5.2.1. Secondary instability calculations pertaining to SB (1987) experiment787

Although multiple unstable eigen modes co-exist for each Görtler vortex flow profile,788

we focus on the most unstable ones. Both the computational results of the last section789

and the measurements of SB show that at x̂ = 0.227 (x∗ = 95 cm) Görtler vortices790

acquire their maximum amplitude. The experiment indicates that unsteady disturbances791

amplify abruptly from this position. The abrupt amplification is most likely due to the792

development of secondary instability modes, triggered by high-frequency components in793

FSVD, but the precise receptivity mechanism remains a complete mystery at the present.794

We select nine streamwise locations (listed in table 1), at which secondary stability795

analysis is to be performed.796

Figure 18 plots the growth rates and phase speeds at x̂ = 0.191, 0.203, 0.209 and 0.215.797

Figure 18(a) shows that at x̂ = 0.191, only unstable modes are found for α < 1, and798

these are sinuous modes, or odd modes I, as were referred to by Li & Malik (1995).799

Another family of modes with larger α, referred to as even modes I by Li & Malik800

(1995), start to emerge from x̂ = 0.203, and their growth rates increase. However, odd801

modes I remain dominant up to x̂ = 0.215. The maximum growth rates at the first three802

streamwise locations are attained for streamwise wavenumbers approximately between803

0.6 and 0.8, corresponding to wavelengths between 3.8 and 2.9 cm. The growth rates of804

even modes I become almost equal to those of the odd modes I when x̂ = 0.215. The805

result in the figure also indicates that the band of unstable modes becomes broader at806

downstream positions. Figure 18(b) shows phase speeds of secondary instability modes.807

The phase speeds of sinuous modes decrease rather rapidly with α, whereas those of even808

modes I exhibit a weaker dependence on α. The variation of the growth rates with α and809

streamwise location, is similar to the inviscid predictions of Li & Malik (1995).810

Figure 19 displays the eigenfunctions of typical sinuous and varicose modes in terms of811
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Figure 19. (Colour online) Eigenfunctions (absolute value, black line) of secondary unstable
modes, shown by contours of the streamwise velocity at x̂ = 0.215. (a) The most unstable mode
with α = 0.8 (odd mode I); (b) the most unstable mode with α = 1.5 (even mode I). The grey
contours represent the streamwise velocity of the vortex base flow. Nine levels are specified,
ranging from 0.1 to 0.9.
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Figure 20. (Colour online) Characteristics of secondary instability: (a) the temporal growth
rate, and (b) the phase speed versus the streamwise spanwise wavenumber α at x∗ = 90, 95,
100 and 105 cm corresponding to x̂ = 0.215, 0.227, 0.238 and 0.250, respectively.

their streamwise velocity. The eigenfunction is normalized such that its maximum value812

is unity. As figure 19(a) indicates, an odd mode I has two pairs of dominant peaks, one813

pair is located at the outer part of the boundary layer, while the other is well within814

the boundary layer. The modal shape is similar to the inviscid predictions of Hall &815

Horseman (1991) and Li & Malik (1995). A notable difference is that the inner peaks816

in Hall & Horseman (1991) are farther out from the valley cetre, whereas those in our817

calculation and in Li & Malik (1995) are nearer to the valley centre, resembling more818

closely the measurement shown in figure 16 of SB. All these peaks appear to reside in819

the region where U varies quickly with z. Figure 19(b) shows that an even mode I has820

three dominant peaks, which are in the region where U varies quickly with y .821

Figure 20 shows the growth rates and phase speeds at x̂ = 0.215, 0.227, 0.238 and 0.250.822

Both even modes I and odd modes I are found at these four streamwise positions further823

downstream. The stability characteristics changes at x̂ = 0.215 in that downstream of824

this position, there emerge odd modes II, which have larger wavenumbers. The existence825

of this family of modes was noted only recently by Ren & Fu (2015). From x̂ = 0.227, for826

α less than about 1.0, odd modes I are dominant at all these streamwise positions, but827

for α > 1.0, even modes I dominate until α reaches a certain value, where odd modes828
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Figure 21. (Colour online) The characteristics of a sinuous mode II with a wavenumber α = 2.9
at x̂ = 0.227 (x∗ = 95 cm). (a) Contours of the streamwise velocity eigenfunction (absolute value,
solid line) and the base flow (dashed lines). Nine contour levels are specified ranging from 0.1
to 0.9. (b) The variation of growth rate (solid line) and frequency (dashed line) with RΛ; the
circle indicates the position RΛ = 1145.
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Figure 22. (Colour online) (a,b) The spatial growth rates of secondary instability versus the
frequency at different streamwise locations.

II take over. The growth rates of secondary instability modes increase until x̂ = 0.250,829

after which they drop as Görtler vortices attenuate, but interestingly the spectral range830

of unstable modes continues to expand. Figure 20(b) shows that the phase speeds of odd831

modes II are lower than those of other modes at every streamwise position. Hence odd832

modes II tend to concentrate in the wall region and may be difficult to detect, which833

might be the reason why they were not discovered by SB (1987).834

The eigenfunction of a typical odd mode II is shown in figure 21(a). The streamwise835

velocity |us| of the odd mode II at x∗ = 95 cm with a wavenumber α = 2.9 is plotted. A836

question arises as to whether odd modes II are of viscous nature or essentially inviscid.837

In order to answer this question, we calculated the growth rates ωi and frequencies ωr of838

odd modes II for very high Reynolds numbers, which represent the inviscid asymptotic839

limit. As is shown in figure 21(b), the growth rate increases monotonically with RΛ and840

finally approaches a constant, and the frequency ωr becomes independent of RΛ too,841

implying that odd modes II are inviscid in character.842

When a temporal secondary mode (α, ω) is found, the spatial growth rate can be843

obtained from the temporal rate by using Gaster transformation (Gaster 1962), according844
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Figure 23. (Colour online) The local spatial growth rates of modes each with a fixed frequency,
and comparison with the experimental data of SB (1987). The results are shown for four different
frequencies, ω = 0.3 (65 Hz), 0.5 (107 Hz), 0.598 (130 Hz) and 0.8 (174 Hz).

to which the complex wavenumber α̃ is related to α and ω via845

α̃ = α̃r + iα̃i = (α− ωi

|Cg|
sinχ)− i(

ωi

|Cg|
cosχ), (5.9)

where Cg = ∂ω
∂α ≡ |Cg|eiχ is the (complex-valued) group velocity with χ being the phase846

of Cg. Figure 22 displays the spatial growth rates so obtained at several locations in the847

range of x∗ = 80 ∼ 105 cm. Lower frequency unstable waves (ωr < 0.7) grow first but at848

smaller rates. The dimensional frequency f∗ reported in experiments is related to ωr by849

f∗ = ωrU∞/(2πΛ). (5.10)

Upstream of x̂ = 0.215, the most dangerous sinuous modes are centred at ωr = 0.6,850

corresponding to f∗ = 128 Hz. In the experiment of SB, the most dominant wave has a851

frequency of 130 Hz, which is very close to our theoretical prediction. In addition, the852

iso-contours of the streamwise velocity fluctuations at x̂ = 0.191, 0.215, and 0.238 in853

figure 16 of SB, exhibit a structure very similar to that of odd modes I. Comparisons854

were made previously by Sabry & Liu (1991) and Yu & Liu (1991), but their instability855

analysis was performed for temporally evolving vortices. For spatially evolving vortices,856

the inviscid calculations (Hall & Horseman 1991; Li & Malik 1995) gave the instability857

characteristics (including the range of frequency) broadly in agreement with experiments.858

The amplification of secondary instability modes may explain the abrupt change of the859

intensity of unsteady disturbances, shown in figure 6.860

Figure 22 also shows that the growth rate of the most unstable higher-frequency even861

mode (ω = 0.8) is comparable with that of the lower-frequency one (ω = 0.4) at x̂ =862

0.215. The frequency of the former is about twice that of the latter, and will be even863

higher at locations farther downstream. The band of unstable modes becomes broader864

downstream despite the fact that the intensity of Görtler vortices decreases, implying865

that not only the amplitude but also the spatial structure of vortices is relevant to the866

instability characteristics.867

We also traced the downstream development of several modes, each with a fixed868

frequency. The variation of their growth rates with the streamwise distance is displayed869

in figure 23. Obviously, the mode with ω = 0.598 (f∗=130 Hz) starts to amplify from870
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Figure 24. (Colour online) The characteristics of secondary instability of Görtler vortices in
the experiment of MWS (2005): (a) the temporal growth rates, and (b) the phase speeds versus
the streamwise wavenumber α at different streamwise locations.

x̂ = 0.190 (x∗ = 80 cm). Its maximum growth occurs in the rang of x̂ = 0.225 ∼ 0.250871

(x∗ = 94 ∼ 105 cm), which is same as the experimental observation. Also displayed in872

figure 23 is the growth rate of the r.m.s. of unsteady perturbations, calculated by:873

σ =
Λ

u′
rms

∂u
′

rms

∂x∗
, (5.11)

where u
′

rms denotes the experimentally measured r.m.s. of total unsteady perturbations.874

Since no experimental data on growth rates of secondary instability are available, we take875

σ as their proxy. The predicted spatial growth rates −αi are more-or-less of the same876

order of magnitude as the measured σ, but the former are several times larger than the877

latter. This quantitative discrepancy is not surprising because −αi and σ are, though878

related, not the same quantity. In experiment, rather than following the development of a879

well-defined mode, the growth rate σ of unsteady disturbances was computed from urms,880

which includes a broadband of components. The unstable mode is smeared, and thus σ,881

which measures the amplification rate of overall unsteady disturbances, is expected to882

be smaller than −αi.883

The results in figures 22 and 23 indicate that higher-frequency even modes start to884

amplify later but at larger rates. Their presence and intensity in the boundary layer885

depend, like all modes, on the content of high-frequency FSVD and receptivity. If886

triggered, on the theoretical ground they are expected eventually to dominate farther887

downstream. We note that such even modes, which manifest themselves as horseshoe888

structures, were indeed observed by Aihara & Koyama (1981) and Ito (1985). However,889

in the experiment of SB even modes appeared rather infrequently, probably because they890

have not yet gained significant amplitudes in the region of measurement.891

5.2.2. Secondary instability calculations pertaining to MWS (2005) experiment892

MWS (2005) studied the onset of secondary instability of forced wacelength Görtler893

vortices by experiment. Through a spectral analysis of velocity fluctuations, they found894

that the peak frequency is about 150 Hz, and the spanwise wavelength is comparable with895

the spacing of the primary Görtler vortices, implying that the fundamental secondary896

instability is the dominant mode in their experiment. Secondary instability calculations897

are performed for Görtler vortices pertaining to this condition.898

Figure 24(a) displays the temporal growth rate for a range of the streamwise wavenum-899

bers at different downstream locations. In the upstream region up to x∗ ≈ 60 cm, only900
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Figure 25. (Colour online) The spatial growth rate versus frequency at different streamwise
locations.
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Figure 26. (Colour online) The local spatial growth rates of modes each with a fixed frequency
and comparison with the experimental data of MWS (2005). Results are shown for three unstable
waves with ω = 0.5 (100 Hz), 0.75 (150 Hz) and 1.5 (300 Hz).

odd modes I exist. Three families of modes, odd modes I, even modes I and odd modes II,901

are observed at x∗ = 65 cm. The growth rates of even modes increase until x∗ = 70 cm,902

after which they decrease. From x∗ = 70 cm, the growth rates of odd modes II increase to903

attain their respective maximum values, while those of odd modes I decrease slightly. The904

range of most unstable even modes I shrinks. At x∗ = 95.2 cm, odd modes II become most905

unstable. Figure 24(b) shows the phase speeds of the most unstable modes identified in906

different wavenumber ranges. The temporal growth rates are again converted into spatial907

ones using Gaster transformation. Figure 25 plots the spatial growth rates so obtained908

versus the frequency at different streamwise locations. The dominant frequencies of the909

odd mode I, even mode I and odd mode II are found to be 0.5 (100 Hz), 0.75 (150 Hz) and910

1.5 (260 Hz), respectively. Obviously, large temporal growth rates translate broadly into911

large spatial amplification. Since strong spatial growth rates persisting over a streamwise912
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region imply substantial accumulated amplification (see below), which determines which913

mode at a given location would dominate, it may be inferred that as vortices develop914

downstream the dominant disturbances are odd modes I first, then even modes follow,915

and odd modes II will dominate farther downstream. That unstable odd modes grow first916

is consistent with the experiment observation. In their experiments, MWS found that the917

fundamental frequency was in the range of 120-180 Hz, which is in reasonable agreement918

with our theoretical result. Given the eigenfunction of an odd mode II, fluctuations are919

expected to concentrate in the region near the ‘stem’ of the mushroom prior to turbulence.920

The turbulent intensity contours shown in figure 10 of Mitsudharmadi, Winoto & Shah921

(2004) are consistent with this expectation, and may be taken as evidence for the existence922

of odd modes II.923

Figure 26 shows the variation with the streamwise distance of the spatial growth rates924

of secondary instability modes with fixed frequencies ω = 0.5 (100 Hz), 0.75 (150 Hz)925

and 1.5 (300 Hz). As for the case of SB, lower-frequency waves grow first and expected to926

be observed upstream, but higher-frequency ones are likely to become significant too due927

to their accumulated amplification, over the regions x∗ > 60 and x∗ > 65 respectively928

for the two modes shown. Again, the predicted growth rates of secondary instability are929

compared with the measured σ, and they are found to be of the same order of magnitude.930

However, significant difference exists, a possible reason for which was given earlier.931

5.3. Secondary instability of unsteady Görtler vortices932

During the evolution of unsteady Görtler vortices, the distorted instantaneous velocity933

profiles appear, in ceratin phases, inflectional in the streamwise and spanwise directions,934

and thus may become inviscidly unstable. This expectation is confirmed by our secondary935

instability analysis.936

Figure 27(a,b) shows the instability characteristics at x̂ = 0.215 (x∗ = 90 cm),937

where unsteady Görtler vortices with frequency k̂1 = 5.29 (2 Hz) reach their maximum938

amplitude. Calculations were performed at seven instants corresponding to ϕ = 13π/16,939

π, 20π/16, 22π/16, 25π/16, 30π/16 and 31π/16, the streamwise velocity profiles at which940

are displayed in figure 16. Within a short time interval around ϕ = 25π/16, only a small941

band of weakly growing modes exists with α near 0.9. Vigorous growth occurs around942

ϕ = π and 31π/16. The secondary instability is thus intermittent in time, similar to943

the flat-plate case studied by Wu & Choudhari (2003) and Ricco, Luo & Wu (2011).944

The maximum growth rate is more than twice that of the steady case shown in figure945

20 at the same streamwise location. Figure 27(b) plots the phase speeds, which fall in946

the range of 0.5− 0.7U∞. Figure 27(c,d) presents the growth rates and phase speeds at947

x̂ = 0.238 (x∗ = 100 cm). Both the growth rate and the phase speed are slightly larger948

in all phases than those at x̂ = 0.215. The temporal growth rates are merely suggestive949

of what kind of disturbances are likely to emerge. As in the steady case, the temporal950

growth rates can be converted to spatial ones, and the actual presence and intensity of951

the secondary disturbance depend on receptivity. However, for unsteady Görtler vortices952

the secondary disturbance is modulated both in time and space, tracing its development953

is more complicated than integrating the local spatial growth rate over the streamwise954

distance, and is not pursued in the present paper.955

Figure 28 plots the eigenfunctions of secondary instability at x̂ = 0.238, and contours of956

the instantaneous streamwise velocity of Görtler vortices are also included. Similar to the957

steady case, odd modes I, even modes I and odd modes II exist for small, intermediate and958

large α. Note that for this frequency, unsteady Görtler vortices meander in the spanwise959

direction, and so do the eigenfunctions of secondary instability.960
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Figure 27. (Colour online) Instability characteristics of unsteady Görtler vortices with

k̂1 = 5.291 at x̂ = 0.215 (x∗ = 90 cm) (a, b) and x̂ = 0.238 (x∗ = 100 cm) (c, d): the
temporal growth rate ωi and the phase speed Cr versus the wavenumber α at seven instants.

Next we consider Görtler vortices with a moderate frequency k̂1 = 52.916 (f∗ =961

10 HZ). Since saturation occurs later than in the steady and lower-frequency cases,962

secondary instability calculations are carried at positions somewhat farther downstream,963

at x̂ = 0.288 and 0.336 (x∗ = 120 cm and 140 cm). The results are shown in figure964

29. The variation of growth rates and phase speeds of dominant odd modes I becomes965

moderate, i.e. the intermittency of secondary instability weakens. The growth rates of966

odd modes II, centred at the second peak of these curves, still vary considerably with the967

phase at x̂ = 0.288, but their variation becomes weaker too at x̂ = 0.336 even though968

their phase speeds exhibit strong dependence on the phase (figure 29(d)).969

Figure 30 displays the eigenfunctions of secondary instability at x̂ = 0.336 (x∗ = 140970

cm) for k̂1 = 52.691. At each of the two instants, eigenfunctions of an odd mode I,971

an even mode I and an odd mode II are shown. The spanwise wavelength of the odd972

mode I is half of the fundamental period of the vortices, indicating that odd modes are973

controlled primarily by the strong (0,2) component. They concentrate in the shoulder974

and stem regions of Görtler vortices. The even mode I and odd mode II have the same975

fundamental periodicity. They are intermittent, and reside on the top and in the stem976

region of the mushroom respectively.977

Figure 31 shows the secondary instability characteristics of Görtler vortices with k̂1 =978

104.382 (f∗ = 20 Hz) at x̂ = 0.360 and 0.381 (x∗ = 150 cm and 160 cm). For such a high979

frequency, the intermittence of secondary instability almost disappears. Both the growth980

rates and phase speeds vary very little with the phase at each streamwise location. The981
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Figure 28. (Colour online) Contours of the eigenfunction (the streamwise velocity) at x̂ = 0.238

(x∗ = 100 cm) for k̂1 = 5.691. Left column, ϕ = 31π/16: (a) α = 1.2, (b) α = 2.3, (c) α = 3.7.
Right column, ϕ = π: (d) α = 0.9, (e) α = 2.1, (f) α = 3.8.

maximum growth rates of odd and even modes I at x̂ = 0.381 become larger than those at982

x̂ = 0.360, but the growth rates of odd modes II decrease. Contours of the eigenfunction983

(the streamwise velocity) at x̂ = 0.381 (x∗ = 160 cm) are shown in figure 32. For each984

of three types of modes, the eigenfunctions at the two phases appear almost identical985

(steady). Their spanwise wavelength is half of the fundamental period. We may conclude986

that the secondary instability is completely controlled by the (0,2) component.987

6. Summary and conclusions988

It is well known that free-stream disturbances can enter the boundary layer to excite989

instability modes, which are Görtler vortices for the boundary layer over a concave wall.990

Since Görtler instability must in general be treated as an initial-value problem (in space991
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Figure 29. (Colour online) Instability characteristics of unsteady Görtler vortices with

k̂1 = 52.916 at x̂ = 0.288 (x∗ = 120 cm) (a,b) and x̂ = 0.336 (x∗ = 140 cm) (c,d): the
temporal growth rate and the phase speed Cr versus α.

with the streamwise variable playing the role of time), it is of crucial importance to992

specify the appropriate initial (i.e. upstream) disturbance, and receptivity is thus an993

inseparable part of the instability. In this paper, we investigated the formation and994

nonlinear evolution of Görtler vortices which arise as response to FSVD of sufficiently995

long wavelength. Excitation of Görtler vortices by sufficiently weak disturbances of996

this kind has been studied by WZL, whose formulation relied on that of LWG. That997

formulation was in the present study extended to the nonlinear case, where FSVD998

are strong enough to generate Görtler vortices of O(1) magnitude, altering completely999

the original Blasius flow in the generic region where the local boundary-layer thickness1000

becomes comparable with the spanwise wavelength of vortices. The action of FSVD on1001

the boundary layer is accounted for by specifying both appropriate initial (upstream) and1002

boundary (far-field) conditions, and the ensuing response in the boundary layer, which1003

affects simultaneously the outer disturbances, is governed by the NUBRE, leading to a1004

nonlinear initial-boundary-value problem. It should be noted that the popular practice1005

of using continuous spectra of the Orr-Sommerfeld/Squire equations to represent FSVD1006

and inlet (initial) condition is inappropriate. The theoretical progress made in the present1007

paper is significant because it enables us to implement properly the downstream marching1008

approach (Hall 1983, 1988), the advantage of which was compromised in the past because1009

without taking into account the initial and boundary conditions, arbitrary disturbances1010

or local eigen modes were used as an initial condition.1011

The FSVD is represented by a simplified model, a pair of oblique waves with oppo-1012
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Figure 30. (Colour online) Contours of the eigenfunctions (the streamwise velocity) at x̂ = 0.336

(x∗ = 140 cm) for k̂1 = 52.691. Left column, ϕ = 31π/16: (a) α = 1.3, (b) α = 2.0, (c) α = 3.1.
Right column, ϕ = π: (d) α = 1.2, (e) α = 2.1, (f) α = 3.0.

site spanwise wavenumbers. The nonlinear initial-boundary-value problem was solved1013

numerically. A predictor-corrector procedure together with an underrelexation technique1014

was employed to handle the nonlinear terms in the equations. It was found that Görtler1015

vortices are excited in a boundary layer over a concave wall. They undergo non-modal1016

growth, quasi-exponential amplification and nonlinear saturation for moderate level of1017

FSVD, but bypass the modal growth stage if FSVD is strong. The nonlinear interactions1018

inhabit the response, causing saturation of Görtler vortices. The eventual saturated1019

amplitude appears to be independent of the intensity of FSVD provided that the Görtler1020

number is non-zero. We compared our theoretical predictions with three steady ex-1021

perimental measurements. The amplitude development and structure of the vortices,1022

the boundary-layer thickness and wall shear stress were all in excellent quantitative1023

agreement with the experimental data of SB. The predicted streamwise velocity profiles1024
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Figure 31. (Colour online) Instability characteristics of unsteady Görtler vortices with

k̂1 = 104.382 at x̂ = 0.360 (x∗ = 150 cm) (a,b) and x̂ = 0.381 (x∗ = 160 cm) (c,d): the
temporal growth rate and the phase speed Cr versus α at different phases.

of the vortices were also found to agree very well with the measurement of Ito (1985). To1025

the best of our knowledge, this is the first time that the nonlinear evolution of Görtler1026

vortices induced by free-stream disturbances is found to be in quantitative agreement1027

with experiments. The predicted profiles mimic closely those measured in the experiment1028

of Mitsudharmadi, Winoto & Shah (2005), but appreciable difference exists, which was1029

most likely caused by the presence of a pressure gradient in the experimental set up.1030

We also investigated, for the first time, nonlinear evolution of unsteady Görtler vortices1031

excited by FSVD. For fairly low frequencies, the vortices exhibit time dependence. How-1032

ever, somewhat paradoxically as the frequency increases, the vortices appear increasingly1033

steady. This is due to the fact that the nonlinearly generated harmonic component (0,2)1034

attains a larger amplitude and eventually becomes dominant.1035

The streamwise velocity of the distorted base flow in the presence of Görtler vortices1036

depends on both y and z, is inflectional in both directions, and thus may be inviscidly1037

unstable. A secondary instability analysis with viscosity included was performed for1038

nonlinear Görtler vortices induced by free-stream disturbances, specifically pertaining1039

to the experiments of SB and MWS. Numerical results confirmed that steady Görtler1040

vortices are susceptible to inviscid secondary instability. Three families of unstable modes,1041

odd modes I, II and even modes I, were identified in our calculations. Each of them can1042
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Figure 32. (Colour online) Contours of the eigenfunction (the streamwise velocity) at x̂ = 0.381

(x∗ = 160 cm) for k̂1 = 104.382. Left column, ϕ = π: (a) α = 1.3, (b) α = 1.9, (c) α = 3.0.
Right column, ϕ = 31π/16: (d) α = 1.3, (e) α = 2.0, (f) α = 3.0.

be the most unstable for certain ranges of the streamwise wavenumber and distance.1043

The results show that even modes I have larger growth rates, but they commence1044

farther downstream than odd modes I do. The latter result in the so-called sinuous type1045

of breakdown. Their eigenfunctions closely resemble the experimental measurements.1046

The Gaster transformation was used to convert the temporal growth rates to spatial1047

ones. The growth rates of unstable modes of different frequency were compared with1048

experiments. For the SB experiment, the frequencies of the unstable modes were found1049

to be centred at 130 Hz for x∗ in the range of 95 ∼ 105 cm, in agreement with1050

the experimental observation. The dominant region of secondary instability was in1051

agreement with the experiment of MWS as well. The predicted spatial growth rate1052

−αi of secondary instability modes was compared with the measured growth rate of1053

the r.m.s. of the total unsteady fluctuations, σ, which is different from, but a proxy for,1054
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modal growth rates. The former is several times larger than the latter, nevertheless they1055

are more-or-less of the same order of magnitude. The secondary instability of unsteady1056

Görtler vortices was analyzed for the first time. It was found that for low-frequency1057

vortices, secondary instability is intermittent. However, the intermittence diminishes as1058

the frequency increases.1059

The present integrated theoretical framework allows a quantitative relation to be1060

established between free-stream disturbances and the key transition processes: the for-1061

mation, nonlinear evolution and secondary instability of Görtler vortices; high-frequency1062

components of FSVD appear to trigger secondary instability modes but the receptivity1063

to such disturbances is not considered. The formulation and calculation can readily be1064

extended to the more general and realistic case of broadband free-stream turbulence. The1065

resulting Görtler vortices and their secondary instability properties can be predicted and1066

compared with experiment results. The present work considered only a zero-pressure-1067

gradient boundary layer. However, a streamwise pressure gradient is usually present in1068

many flows of practical interest, such as the boundary layers over turbo-machinery blades1069

(where a Coriolis force is also present due to the system rotation). Work is in progress to1070

include the effects of the streamwise pressure gradient. By accounting for these factors1071

and excitation of secondary instability modes by high-frequency components of FSVD, for1072

which there us strong experimental evidence, it would be possible eventually to predict, on1073

the first-principle basis, the characteristics and transition location of the boundary layers1074

over blades in turbo-machinery. Even before the receptivity of the secondary instability is1075

resolved, an improved correlation of the transition location with free-stream turbulence1076

may be attempted based on the onset and integrated amplification of the secondary1077

instability.1078

The authors would like to thank Prof. Philip Hall as well as referees for their helpful1079

discussions and suggestions.1080

Appendix A. Disturbances in the outer region and the far field1081

condition1082

The outer region IV corresponds to x, y = O(RΛ), and thus we introduce the variable1083

ŷ = y/RΛ, (A 1)

in addition to x̂ = x/RΛ. As in the flat-plate case (Ricco, Luo & Wu 2011), the perturba-1084

tion in this region consists of the three-dimensional vortical disturbances convected from1085

upstream and a two-dimensional perturbation generated by the viscous motion within1086

the boundary layer through the displacement effect. Similar to the steady perturbations1087

considered by Wundrow & Goldstein (2001), the flow field can be decomposed as1088

u = 1 + ϵ[ū0(x̂, ŷ, τ̂) + û0(x̂, y, z, τ̂)] + · · · ,
v = ϵRΛ[v̄0(x̂, ŷ, τ̂) + v̂0(x̂, y, z, τ̂)] + · · · ,
w = ϵRΛŵ0(x̂, y, z, τ̂) + · · · ,
p = − 1

2 + ϵR2
Λ[p̄0(x̂, y, τ̂) + ϵp̂1(x̂, y, z, τ̂)] + . . . ,

 (A 2)

where τ̂ = t/RΛ = O(1). Here the factor RΛ in v and w, and R2
Λ in p, arise in order1089

to undo the normalization introduced in (2.8) for the boundary-layer disturbance. The1090

terms ū0, v̄0 and p̄0 represent the two-dimensional part and are governed by the linearised1091

unsteady Euler equations,1092

ū0x̂ + v̄0ŷ = 0, ū0τ̂ + ū0x̂ = −p̄0x̂, v̄0τ̂ + v̄0x̂ = −p̄0ŷ, (A 3)
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subject to the boundary condition,1093

(ū0, v̄0) → (0, 0) as ŷ → ∞. (A 4)

The other boundary condition follows from matching ϵRΛv̄0 with (2.29), the spanwise1094

averaged normal velocity at the outer edge of the boundary layer, and it reads1095

v̄0 = (1/ϵRΛ)δ̄x̂(x̂, τ̂) at ŷ = 0, (A 5)

where δ̄ is the spanwise averaged displacement thickness defined in (2.30).1096

The solution for v̄0 is found as v̄0 = (1/ϵRΛ)ℜ
(
δ̄ξ̂(ξ̂, τ̂)

)
, where δ̄(ξ̂, τ̂) is the analytic1097

continuation of δ̄(x̂, τ̂) to the complex plane ξ̂ = x̂ + iŷ, and ℜ stands for the real part.1098

Substitution of (A 1) and (A 2) into the N-S equations shows that v̄0 still appears in the1099

governing equations of the three-dimensional component (û0,v̂0, ŵ0, p̂1), indicating that1100

the latter is also influenced by the viscous displacement effect. As was pointed out by1101

Wundrow & Goldstein (2001) and Ricco, Luo & Wu (2011), the coupling with v̄0 can be1102

removed by the Prandtl transformation,1103

ȳ = y −ℜ[δ̂(ξ̂, τ̂)], (A 6)

where δ̂ is to be chosen. By using the Prandtl transformation and the linearised Euler1104

equations (A 3), the governing equations for (û0, v̂0, ŵ0) and p̂1 can be written as1105

v̂0ȳ + ŵ0z = 0, (A 7)
1106

L

û0
v̂0
ŵ0

 = −rt

 0
p̂1ȳ
p̂1z

+∇2

û0
v̂0
ŵ0

 , (A 8)

where ∇2 is the Laplacian operator in the y-z plane, and L is the nonlinear differential1107

operator,1108

L = ∂τ̂ + ∂x̂ + rt(v̂0∂ȳ + ŵ0∂z) + ℜ(−δ̂τ̂ − δ̂ξ̂ + δ̄ξ̄(ξ̂, τ̂))∂ȳ. (A 9)

Note that the fast variable y or ȳ defined in (A 6) describes the phase variation of FSVD,1109

and so its presence should not obscure the fact that we are presently considering the far1110

field, where the basic flow is uniform; see the expansion (A 2). As (A 9) indicates, the1111

dependence on v̄0 is removed if we choose δ̂ to satisfy the equation and the ‘boundary1112

condition’ (Ricco, Luo & Wu 2011),1113

δ̂ξ̂ + δ̂τ̂ = δ̄ξ̄(ξ̂, τ̂), δ̂(0, τ̂) = 0 for all τ̂ > 0. (A 10)

It suffices to obtain δ̂ for ŷ = 0. Let δ̄ =
∑

δ̄m(x̂)eim(x̂−τ̂). Then the solution for δ̂ can1114

be written as1115

δ̂(x̂, τ̂) =
∑

δ̂m(x̂)eim(x̂−τ̂) with δ̂m = δ̄m + im

∫ x̂

0

δ̄m(x̂)dx̂. (A 11)

The transverse velocities (v̂0, ŵ0) are decoupled from the streamwise velocity û0. We1116

are only concerned with the former as they act as the leading-order forcing of the free-1117

stream disturbance on the boundary layer. We introduce the stream function ψ̂, such that1118

v̂0 = ψ̂z and ŵ0 = −ψ̂ȳ, and then the wall-normal and spanwise momentum equations1119

are simplified to a transport equation for the longitudinal vorticity ∇2ψ̂,1120

(∂τ̂ + ∂x̂)∇2ψ̂ −∇4ψ̂ = rt(ψ̂ȳ∂z − ψ̂z∂ȳ)∇2ψ̂ ≡ rtN(x̂, ȳ, z, τ̂), (A 12)
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and a Poisson equation for the pressure,1121

∇2p̂1 = −2(v̂0zŵ0ȳ + ŵ2
0z) = 2(ψ̂ȳȳψ̂zz − ψ̂2

ȳz) ≡ S(x̂, ȳ, z, τ̂). (A 13)

The equation can be solved using a spectral method, where the solution for ψ̂ is sought1122

in the form of Fourier series,1123

ψ̂ =
∑
m,n,j

ψ̂(j)
m,n(x̂)e

−imk̂1τ̂+i(jk2ȳ+nk3z)
(
ψ̂
(−j)
−m,−n = ψ̂(j)∗

m,n

)
. (A 14)

Substitution of (A 14) into (A 12) leads to a system of coupled equations for ψ̂
(j)
m,n,1124 [

∂

∂x̂
− imk̂1 + (n2k̂23 + j2k22)

]
ψ̂
(j)
m,n(x̂) = − rtN̂

(j)
m,n(x̂)

n2k̂23 + j2k22
, (A 15)

where N̂
(j)
m,n denotes the Fourier transform of the nonlinear term N(x̂, ȳ, z, τ̂). The1125

solution for the pressure can be expressed as1126

p̂1 =
∑
m,n,j

p̂(j)m,n(x̂)e
−imk̂1τ̂+i(jk2ȳ+nk3z) with p̂(j)m,n(x̂) = − Ŝ

(j)
m,n

j2k22 + n2k23
, (A 16)

where Ŝ
(j)
m,n denotes the Fourier transform of S. To facilitate the matching with the1127

solution in the boundary layer, the Prandtl transformation (A 6) is inserted into (A 14)1128

and (A 16), and we rewrite1129 ∑
m

(
ψ̂(j)
m,n(x̂), p̂

(j)
m,n(x̂)

)
e−imk̂1τ̂−ijk2δ̂(x̂,τ̂) =

∑
m

(
ϕ(j)m,n(x̂), π

(j)
m,n(x̂)

)
e−imk̂1τ̂ , (A 17)

where the operations involved amount to Fourier transform, at each x̂, the left-hand side1130

with respect to τ̂ for all n and j. In terms of (ϕ
(j)
m,n, π

(j)
m,n), the solution for v̂0, ŵ0 and p̂11131

can be written as1132

(v̂0, ŵ0, p̂1) =
∑
m,n

(
v̂†m,n(x̂, y), ŵ

†
m,n(x̂, y), p̂

†
m,n(x̂, y)

)
eimk̂1τ̂+ink3z, (A 18)

where1133

(v̂†m,n, ŵ
†
m,n) = i

∑
j

(nk3,−jk2)ϕ(j)m,n(x̂)e
ijk2y, p̂†m,n =

∑
j

π(j)
m,n(x̂)e

ijk2y, (A 19)

with y being related to η via y =
√
2x̂η. The flow field in region III is decomposed as1134

(2.10), and so the matching condition becomes1135

(ûm,n, v̂m,n, ŵm,n, p̂m,n) → (0, (2x̂)−1/2v̂†m,n, k3ŵ
†
m,n, rtp̂

†
m,n) as η → ∞. (A 20)

It is worth pointing out that the effect of the interaction between the boundary-layer1136

region III and the outer region IV through the displacement δ̄ is accounted for by the1137

transformation (ψ̂
(j)
m,n, p̂

(j)
m,n) → (ϕ

(j)
m,n, π

(j)
m,n), defined in (A 17).1138

Equation (A 15) has to be solved numerically in general. An exact solution can be1139

obtained if the oncoming disturbance consists of a pair of oblique components with the1140

same frequency and amplitude, but opposite spanwise wavenumbers. In this special case,1141

the nonlinear terms in (A 15) vanish (Wundrow & Goldstein 2001), and so ψ̂
(j)
m,n = 01142

except that1143

ψ
(1)
1,1 = −ic∞e

−(k2
2+k2

3)x̂+ik̂1x̂, ψ
(1)
1,−1 = ic∞e

−(k2
2+k2

3)x̂+ik̂1x̂,
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where c∞ = −û3/k2 with û∞3 = û∞3+ = û∞3− being the amplitude of the spanwise velocity1144

of the FSVD. It follows that ψ̂ = 2c∞ sin(k3z)e
−(k2

2+k2
3)x̂+ik̂1(x̂−τ̂)+ik2ȳ + c.c., and1145

(v̂0, ŵ0) = (2k3 cos(k3z),−2ik2 sin(k3z))c∞e
−(k2

2+k2
3)x̂+ik̂1(x̂−τ̂)+ik2ȳ + c.c. (A 21)

Then rewriting v̂0, ŵ0, and p̂1 in terms of y by using (A 6), we find that for y = O(1),1146

(v̂0, ŵ0, p̂1) =
∑
m,n

(v̂†m,n, ŵ
†
m,n, p̂

†
m,n)exp[−imk̂1τ̂ + ink3z], (A 22)

where1147

v̂†m,±1 = k3c∞e
−(k2

2+k2
3)x̂

[
ei(k̂1x̂+k2y)ϕm + e−i(k̂1x̂+k2y)ϕ∗−m

]
,

ŵ†
m,±1 = ∓k2c∞e−(k2

2+k2
3)x̂

[
ei(k̂1x̂+k2y)ϕm − e−i(k̂1x̂+k2y)ϕ∗−m

]
,

p̂†m,0 = −2k23c
2
∞e

−2(k2
2+k2

3)x̂
[
e2i(k̂1x̂+k2y)πm + e−2i(k̂1x̂+k2y)π∗

−m

]
,

p̂†0,±2 = 2k22c
2
∞e

−2(k2
2+k2

3)x̂,


(A 23)

with ϕm = ϕ
(1)
m,1 and πm = π

(1)
m,1. All other components v̂†m,n = ŵ†

m,n = 0 (n ̸= ±1), and1148

p̂†m,n = 0 (n ̸= 0,±2).1149

For the steady case, the disturbance frequency and streamwise wavenumber are zero,1150

and so the disturbance in the outer region takes a simpler form,1151

(v̂0, ŵ0, p̂1) =
∑
n

(v̂†n, ŵ
†
n, p̂

†
n)exp(ink3z). (A 24)

Appendix B1152

The linear operator L in (3.11) is defined as1153

L =



I − h
2 cJ−I −

h
2 cJ−1 0 0 · · · 0 0

0 I − h
2 cJ−1 −I − h

2 cJ−2 0 · · · 0 0

· · · · · · · · · · · · · · · · · · · · ·
0 0 · · · 0 I − h

2 c2−I −
h
2 c1 0

0 0 · · · 0 0 I − h
2 c1 −I − h

2 c0


. (B 1)

The vectors A and N are expressed as1154

A =
h

2


gJ + gJ−1

gJ−1 + gJ−2

· · ·
g2 + g1
g1 + g0

 , Nn+1 =
h

2


fn+1
J + fn+1

J−1

fn+1
J−1 + fn+1

J−2

· · ·
fn+1
2 + fn+1

1

fn+1
1 + fn+1

0

 , (B 2)

where J denotes the number of mesh points in the wall-normal direction.1155
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wavelength Görtler vortices. Phys. Fluids 18 (1), 014101.1229

Peerhossaini, H. & Bahri, F. 1998 On the spectral distribution of the modes in nonlinear1230
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Görtler flow. J. Fluid Mech. 682, 362–396.1243

Sescu, A. & Thompson, D. 2015 On the excitation of Görtler vortices by distributed roughness1244
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