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 A B S T R A C T

Accurate decomposition of ultrasonic signals into simple pulses is valuable both for data 
compression purposes, as well as various medical and engineering applications. This work 
proposes a matching pursuit (MP) based algorithm that deploys a traditional successive 
parameter estimation approach, to express ultrasonic signals as sums of Gaussian pulses or 
chirplets. However, here the MP algorithm is aided by mathematical optimisation (gradient 
descent), which allows for significantly more precise parameter estimation. Our method is 
validated on simple input signals, and following its validation, its performance is assessed 
against cases of increasing complexity. The results not only suggest the accuracy and robustness 
of our approach, but also show how the proposed method performs well with signals containing 
strongly overlapping pulses, a challenge for existing methods. Results are also obtained from 
realistic signals generated through finite element modelling or experimental measurements. 
Finally, beyond the reconstruction results, we discuss and demonstrate how even complicated 
signals are well described through only a few parameters, eliminating the need for storing full 
time traces, allowing for effective ultrasonic data compression.

. Introduction

Many applications exist where decomposition of a complicated ultrasonic signal into sums of simpler pulses is desirable. For 
nstance, in the area of non-destructive evaluation (NDE), inspection of adhesive bonds [1–3], the estimation of oil thickness in 
earings [4–6], the estimation of coating thickness [4,7] and the NDE of batteries [8–12] and composites [13–15] will result in 
ignals containing multiple, partially or sometimes fully overlapping pulses, due to the presence of many thin layers in the component 
r system being inspected. Also, closely spaced defects in a component and/or complicated geometric features create reflections, 
hich, depending on their exact configuration, may overlap. Examples where this was identified, and potential pulse identification 
pproaches proposed, include the inspection of pipelines using guided waves [16,17] and railway related inspections [18–20]. 
ecomposition of signals has also been used to aid the characterisation of Lamb waves [21,22].
Apart from the industrial applications discussed above, decomposing ultrasonic signals has proven beneficial in the medical field, 

ith applications in the characterisation of human tissues (liver& spleen [23], skin [24] and bone [25]), and monitoring of arterial 
ealth [26–28]. Other areas of interest include seismology [29,30] and even zoology [31].
Over the years, many methods to decompose and reconstruct signals have been derived. A popular group of techniques is those 

mplementing matching pursuit (MP) based sparse decomposition; under those techniques an ultrasonic signal is iteratively expressed 
s a sum of simple echoes. Those echoes can be Gaussian [32–34], chirplets [35,36] or wavelets [37], amongst others. Modifications 
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or extensions of the aforementioned method include the use of asymmetric Gaussian pulses [38] and Nagakami functions [39]. Other 
techniques include those based on linear deconvolution/linear time invariant systems theory [40,41], where the signal is expressed 
as a convolution between an impulse response and a model echo, as well as applications of the Prony method [34,42], in which 
the transmitted pulse is used in the deconvolution. Finally, more recent developments in the field use machine learning techniques, 
with a particular focus on neural networks [43,44].

In this work we propose an alternative method, in which a gradient descent approach is used in conjunction with MP to 
decompose an ultrasonic signal into a sum of Gaussian pulses or chirplets, with increased accuracy and versatility. Our method 
extends the well established approach by Lu et al. [35] and Cardoso et al. [33]. In this matching pursuit approach the parameters 
of a Gaussian pulse or chirplet are estimated such that the pulse is a best fit to the signal which is being deconstructed. The pulse 
satisfying this condition is subtracted from the signal, and the process is repeated. Once the remainder is sufficiently small, the sum of 
all pulses can be considered to reproduce the input signal. The parameters defining the Gaussian pulses or the chirplets are estimated 
successively, with the order of estimation proposed in [33,35] ensuring that the estimation of each parameter becomes independent 
of the estimation of any subsequent parameters. At this point it is worth noting that this approach leads to a significant reduction 
in the data needed to store an ultrasonic signal, since a few parameters can fully characterise it. This formed another motivation 
for this study, especially given the ever increasing amount of data which must be stored and transmitted, both in industrial and 
medical imaging [33,45,46].

The estimation process described above is based on the characteristics of the maximum of a similarity function. The inherent 
existence of this function in this method allows us to implement gradient descent to approach the maximum, instead of conventional, 
grid search approaches. Using gradient descent provides a useful advantage; the value of the similarity function does not rely on the 
evaluation of the function on pre-determined sets of values, but is rather gradually maximised. This leads to accurate estimations, 
which do are not limited by any pre-defined grid resolution. Furthermore, significant efficiency gains are possible since many 
methods to optimise gradient descent approaches are in existence.

In addition to the advantages discussed above, we also address an important issue discussed in [35] and [33], which is the 
decomposition of signals comprising overlapping pulses of the same, or very similar, central frequency, which is likely to be common 
in many practical wave applications through NDE and medicine. Instead of using a windowing approach, like in [33,35] a suitable 
pulse amplitude estimation, based again on gradient descent is presented here, which allows the decomposition of such signals 
without the need of other inputs, or modifications to the method presented here.

This work focuses on the decomposition of signals into Gaussian echoes, as they are typically used in medical and NDE-related 
applications. However, our method is easily extended to perform decompositions in chirplets for applications where these are 
typically encountered, both in engineering, medical or other applications [47–49]. The relevant theory, and some representative 
examples for chirplet decomposition are presented here as well. This demonstrates the uniformity of our method, and shows how 
it is straightforward to adapt it to the decomposition of any analytically defined pulse, such as Ricker wavelets, sinc functions and 
damped sinusoids amongst others, regardless of the number of parameters required to define that pulse.

This paper is organised as follows: Section 2 presents the relevant theory of our method — for completeness and to aid the reader 
a brief summary of the work on which our method extends is also discussed. Then, following an initial validation of our method on 
simple signals, Section 3 shows decomposition and reconstruction results of signals of increasing complexity; starting from signals 
containing non-overlapping pulses, followed by signals comprising overlapping pulses with different central frequencies, where a 
direct comparison of our results with the results in [33] is presented. The challenging case of multiple, overlapping pulses with 
the same central frequency is also discussed in the same section. The performance of our method is tested against real-life signals 
too, and effects of noise on the decomposition process, which was previously a challenge to decompose are investigated. Finally, 
Section 4 concludes the work.

2. Theory

Many of the pulses typically used in industry and medicine can be approximated as Gaussians. These are expressed as 𝑠(𝑡), with 

𝑠(𝑡) = ℜ
{

𝐴 exp [−𝛼(𝑡 − 𝜏)2 + 𝑖(2𝜋𝑓 (𝑡 − 𝜏) + 𝜙)]
}

. (1)

In (1), 𝐴 is the amplitude of the pulse, 𝛼 is the bandwidth factor (which is related to the number of cycles in the signal), 𝜏 is the 
time of arrival of the peak of the pulse, 𝑓 is the central frequency, 𝜙 is the phase 𝑡 is the time and ℜ{⋅} denotes the real part of the 
argument.

Real ultrasonic signals often do not comprise a single pulse, and can have complicated shapes as a result of the superposition of 
multiple reflections and modes present in them. It has been demonstrated that such ultrasonic signals can be expressed as sums of 
Gaussian pulses [32]; therefore, we are able to decompose any signal 𝑦(𝑡) into a sum of 𝑀 Gaussian pulses 𝑠𝑚(𝑡), as follows: 

𝑦(𝑡) =
𝑀
∑

𝑚=1
𝑠𝑚(𝑡). (2)

The focus of this work is the reconstruction of ultrasonic signals into sums of Gaussian pulses. However, there do exist areas 
where chirps are more commonly encountered — a chirplet, 𝑐(𝑡) is expressed as: 

𝑐(𝑡) = ℜ
{

𝐴 exp [−𝛼 (𝑡 − 𝜏 )2 + 𝑖(2𝜋𝑓 (𝑡 − 𝜏 ) + 𝜙 + 𝛼 (𝑡 − 𝜏 )2)]
}

, (3)
𝑐 1 𝑐 𝑐 𝑐 𝑐 2 𝑐

2 
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where 𝐴𝑐 , 𝛼1, 𝜏𝑐 , 𝑓𝑐 , 𝜙𝑐 and 𝛼2 are the amplitude, bandwidth factor, central frequency, phase and bandwidth factor of the chirplet 
respectively.

Our method is not restricted to perform solely with Gaussian pulses; it is possible to extend it to decompose signals into sums 
of chirplets, in the same way as in Eq.  (2), replacing 𝑠𝑚(𝑡) with 𝑐𝑚(𝑡).

In this section, we discuss an existing method which has been used to retrieve the parameters of Gaussian pulses which are 
subsequently used to reconstruct ultrasonic signals, using a conventional, grid search approach. Then, we present our method, 
which extends on the existing theory to provide results which do not rely on the fineness of the grid, and that also address other 
limitations of the method discussed in [33,35]. The relevant theory for extending our method into chirplet deconvolution is also 
presented.

2.1. Grid search based signal reconstruction — Gaussian pulses

Previous work has shown that the five parameters (𝐴, 𝛼, 𝜏, 𝑓 , 𝜙) which fully define a Gaussian pulse, as in Eq.  (1), are retrievable 
using a grid-search based, successive parameter estimation [33]. To achieve this, we start by calculating the continuous wavelet 
transform (CWT) of the pulse whose parameters are being estimated: 

CWT = ∫

∞

−∞
𝑠(𝑡)𝜓∗(𝑡)𝑑𝑡, (4)

with respect to the complex conjugate of a wavelet, 𝜓∗(𝑡), where 𝜓(𝑡) is given from 
𝜓(𝑡) = 𝜂 exp

[

−𝛾(𝑡 − 𝑏)2 + 𝑖(2𝜋𝑓0(𝑡 − 𝑏) + 𝜃)
]

, (5)

with 𝛾, 𝑏, 𝑓0 and 𝜃 being the bandwidth factor, time of arrival, central frequency and phase of the wavelet respectively, and 
𝜂 =

(

2𝛾
𝜋

)
1
4 .

The authors in [33] discuss how a particular order for estimating the five parameters describing the pulse ensures that the 
estimation of each is independent of the others; first, the value of the |CWT| is numerically calculated using different combinations 
of 𝑏 and 𝑓0, where | ⋅ | denotes the absolute value. The pair of 𝑏 and 𝑓0 which maximises the |CWT| is used to estimate 𝜏 and 𝑓 , 
simply as 𝜏 = 𝑏 and 𝑓 = 𝑓0. The amplitude of the |CWT| is proportional to the amplitude of 𝑠(𝑡) and is therefore used to estimate 
𝐴. For this step, all other parameters in (5) can be set to arbitrary constants, as they do not affect the prediction of 𝑏 and 𝑓0.

The next step is to estimate 𝛼. The process is similar to before; the |CWT| between 𝑠(𝑡) and 𝜓∗(𝑡) is calculated for different 𝛾
values, and the value which maximises the |CWT| is used to estimate 𝛼 simply from 𝛼 = 𝛾. In this step, it is important to set 𝑏 and 
𝑓0 in (5) to the values found in the previous step, while other parameters can be set to arbitrary constants. The same process is 
repeated for estimating 𝜙, this time by varying 𝜃 and calculating the ℜ{CWT}, with 𝜙 being calculated from 𝜙 = 𝜃 for the value of 
𝜃 maximising the ℜ{CWT}, where ℜ{⋅} denotes the real part of the argument.

If a signal contains a single Gaussian pulse, that is of the form 𝑠(𝑡), the process is completed. Eq. (4) can also take a general 
signal, 𝑦(𝑡) as input — in that case, the result of the process described here is treated as 𝑠1(𝑡) in Eq.  (2), and is subtracted from 𝑦(𝑡)
before the process is repeated with the remainder set to 𝑦(𝑡), in the next iteration up until a pre-specified error threshold is met. 
When this threshold is reached, the initial signal is reconstructed from Eq.  (2).

Although this method has certainly shown to provide good results, there are some limitations. Since the method relies in the 
numerical calculation of the CWT at discrete values, optimal reconstruction of the signal requires that the true value which is to be 
retrieved exists in the grid on which the CWT is calculated. Therefore, the proximity of the estimated parameter to the true value 
is a function of the fineness of the grid. This can be mitigated by sufficiently fine grids, at a growing computational and temporal 
cost. In addition, the authors discuss how a windowing algorithm is required to separate the maxima in the CWT plot during 
the simultaneous prediction of 𝜏 and 𝑓 , and how overlapping pulses of the same or close central frequencies become increasingly 
complicated to decompose.

2.2. Gradient descent assisted signal reconstruction — Gaussian pulses

In this work, we propose the use of a gradient descent approach to estimate the parameters of interest, rather than using a grid 
search approach. Gradient descent is an optimisation algorithm that iteratively adjusts a variable in the direction of the steepest 
decrease of an error function’s slope (negative gradient), until this error function reaches a minimum.

While global optimisation algorithms, such as particle swarm optimisation (PSO), could also be used for this parameter search, 
a gradient descent approach was selected for two reasons. Firstly, the analytical differentiability of the CWT (or the equivalent 
transform from any decomposition pulse of choice) allows for the precise computation of the gradient at each step, as shown 
in Appendix. Secondly, when initialised near the global maximum via a coarse grid search, this method offers rapid convergence to 
a precise parameter estimate. While this initialisation is not generally possible, we later discuss how we have achieved this in our 
work. PSO or genetic algorithms on the other hand, would require evaluating the CWT function for many candidate solutions at 
every single iteration, making them significantly more computationally expensive. Moreover, since the parameter spaces are smooth 
and differentiable, the additional global search capability of heuristic methods is not required in this context.

Since the process for estimating any parameter in the pulse involves maximising either the |CWT| or the ℜ{CWT}, we can directly 
use the CWT as the error function. Since the error function needs to be maximised instead of minimised, steps need to be taken in 
the positive direction of the gradient.
3 
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For each of 𝑏, 𝑓0, 𝛾 and 𝜃 (and hence, 𝜏, 𝑓 , 𝛼 and 𝜙), gradient descent is implemented as follows:

𝑏𝑗+1 = 𝑏𝑗 + 𝑞𝑏
𝜕|CWT|
𝜕𝑏

|

|

|

|𝑏=𝑏𝑗
, (6)

𝑓 𝑗+10 = 𝑓 𝑗0 + 𝑞𝑓0
𝜕|CWT|
𝜕𝑓0

|

|

|

|𝑓0=𝑓
𝑗
0

, (7)

𝛾𝑗+1 = 𝛾𝑗 + 𝑞𝛾
𝜕|CWT|
𝜕𝛾

|

|

|

|

𝑏=𝜏, 𝑓0=𝑓,
𝛾=𝛾𝑗

, (8)

𝜃𝑗+1 = 𝜃𝑗 + 𝑞𝜃
𝜕ℜ{CWT}

𝜕𝜃
|

|

|

|

𝑏=𝜏, 𝑓0=𝑓,
𝛾=𝛼, 𝜃=𝜃𝑗

. (9)

where the superscript 𝑗 denotes the value of the variable at the 𝑗th iteration, and 𝑞 is the step size, also commonly referred to as the 
learning rate in gradient descent applications. This step is not necessarily the same across (6) and (9), and therefore the subscripts 
in 𝑞 denote the step taken to implement gradient descent for the variable in their subscript. There are two options to selecting the 
step size. If a fixed step is selected, we have found that it should be at most 2–3 orders of magnitude smaller than the order of 
magnitude of the parameter being estimated. Selecting a smaller step size reduces the possibility of any convergence instabilities 
but also decreases the rate of convergence. However, the authors recommend the use of optimisation methods, such as the Adaptive 
Moment Estimation (ADAM) algorithm, which adapt the step size for each parameter independently based on its recent past updates, 
ensuring smooth and often quicker convergence.

The derivatives in Eqs. (6)–(9) are given from
𝜕|CWT|
𝜕𝑏

= ℜ
{

|CWT|
CWT ∫

∞

−∞
[2𝛾(𝑡 − 𝑏) + 2𝜋𝑖𝑓0]𝑠(𝑡)𝜓∗(𝑡)𝑑𝑡

}

, (10)

𝜕|CWT|
𝜕𝑓0

= ℜ
{

−2𝜋𝑖
|CWT|
CWT ∫

∞

−∞
(𝑡 − 𝑏)𝑠(𝑡)𝜓∗(𝑡)𝑑𝑡

}

, (11)

𝜕|CWT|
𝜕𝛾

= ℜ
{

−
|CWT|
CWT ∫

∞

−∞

[

1
4𝛾

− (𝑡 − 𝑏)2
]

𝑠(𝑡)𝜓∗(𝑡)𝑑𝑡
}

, (12)

𝜕ℜ{CWT}
𝜕𝜃

= ℜ {𝑖CWT} . (13)

respectively. More details about how these expressions were derived are given in Appendix.
The final parameter which needs to be estimated is the amplitude, 𝐴. In previous work, 𝐴 was estimated from the amplitude 

of the |CWT|, when that was calculated for different 𝑏 and 𝑓0 values. However, the authors in [33] discuss how applying their 
approach becomes increasingly difficult with signals containing multiple overlapping pulses, especially when the pulses have the 
same central frequency. In general, the |CWT| diagram can be thought of as the time–frequency representation of the signal; the 
amplitude of the |CWT| is an indication as to whether the signal carries any energy at each time and frequency combination. In 
cases of strongly overlapping pulses with the same central frequency, the peak value of the |CWT| is a result of the superposition of 
the contributions of each pulse of the signal in the |CWT|, and those contributions happen at the same (or nearby) (𝑏, 𝑓0) locations. 
Therefore, when decomposing such signals, one can no longer use the |CWT| to estimate the amplitude of each pulse, as the peak 
of the |CWT| is no longer proportional to the peak of each pulse. Errors in estimating the correct arrival time and central frequency 
may arise too, as the peak of the |CWT| is no longer necessarily at the arrival time or central frequency of each of the pulses.

To mitigate this, we have again used a gradient descent approach, but with the error function here being the 𝐿2 norm: 

𝐿2(𝐵) =
𝑛
∑

𝑘=1

{

𝑦(𝑡𝑘) −ℜ
{

𝐵 exp
[

−𝛾(𝑡𝑘 − 𝑏)2 + 𝑖(2𝜋𝑓0(𝑡𝑘 − 𝑏) + 𝜃)
]}}2 , (14)

where 𝑡𝑘 is the 𝑘th timestep, and 𝑛 is the number of timesteps in 𝑠(𝑡). In this equation, the 𝑏, 𝑓0, 𝛾 and 𝜃 values to be used are the 
converged values of those variables, obtained using Eqs. (6)–(9).

Then, the estimate value of 𝐴 is obtained from 

𝐵𝑗+1 = 𝐵𝑗 − 𝑞𝐵
𝜕𝐿2
𝜕𝐵

|

|

|

|

𝑏=𝜏, 𝑓0=𝑓, 𝛾=𝛼,
𝜃=𝜙, 𝐵=𝐵𝑗

, (15)

where 𝑞𝐵 is the step chosen for applying gradient descent to predict 𝐵. We note the use of a minus sign in the equation above, since 
𝐿2 is to be minimised. The derivative term in Eq.  (15) can be calculated analytically or numerically. For the numerical calculation, 
this is achieved by choosing two values of 𝐵 and calculating 𝐿2(𝐵) for those. Then, the equation can be applied for 𝑗 = 3 onwards. 
Once this process is completed, the amplitude of 𝑠(𝑡) is given simply from 𝐴 = 𝐵.

While gradient descent is certainly a versatile optimisation tool, there is one drawback of this method that can hinder the 
optimisation process presented here — it is well known that gradient descent is prone to converging to local instead of global 
extrema, if the former exist in the error function. In our case, this makes the choice of 𝑏𝑗 , 𝑓 𝑗0 , 𝛾𝑗 , 𝜃𝑗 and 𝐵𝑗 for 𝑗 = 1 very important. 
While there are methods for improving the likelihood of gradient descent converging to the global minimum [50–54], a simple 
solution to this issue is to initialise the process at a point close to the global extremum. Generally, this is not known a priori and is 
therefore infeasible, however, here we propose the use of the grid search approach in [32,33] to provide us with the starting point 
for estimations. The starting point acts as a guide, and therefore, in the interest of computational efficiency, we propose searching 
4 
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coarsely spaced grids for 𝑏 and 𝑓0, and coarsely spaced lists for 𝛾 and 𝜃, to identify the starting points. In terms of 𝐵, a suitable 
starting point is the peak of the absolute value of the signal being reconstructed, at each iteration.

Having presented all relevant equations, below we describe how a general signal, 𝑦(𝑡), is decomposed into a sum of 𝑀 Gaussian 
pulses, as per Eq.  (2), using our method. Fig.  1 shows a summary of the decomposition process schematically.

• Step 1 — estimating 𝜏 and 𝑓 : Start by creating a coarse grid of 𝑏 and 𝑓0 values, and calculate the |CWT| on the points 
of the grid. During the calculation of the CWT, all other variables besides 𝑏 and 𝑓0 can be set to arbitrary values since they 
do not affect the prediction process. Find the (𝑏, 𝑓0) pair which maximises the |CWT|, and set those to 𝑏1 and 𝑓 1

0  in Eqs.  (6) 
and (7) respectively. Apply gradient descent using the aforementioned equations until convergence. Convergence here can be 
quantified by calculating the relative change of the variable between two consecutive iterations and comparing it to a pre-
determined value. Once the relative change is sufficiently small, no more iterations are required. What is deemed sufficient is 
application specific. It is worth noting here that the initial grid and subsequent analysis may also be constructed using suitable 
dimensionless parameters. This also applies in the gradient descent initialisation and implementation in all subsequent steps 
presented here.
Once convergence is achieved, set 𝜏 and 𝑓 to the latest value of 𝑏𝑗 and 𝑓 𝑗0  respectively. In all subsequent steps, use those 
values when computing 𝜓(𝑡).

• Step 2 — estimating 𝛼: The estimation of 𝛼 (through 𝛾) is a one-dimensional problem, hence only a one dimensional list of 
different 𝛾 values needs to be defined. Calculate the |CWT| for each of the 𝛾 values, and set 𝛾1 to the value in the list which 
maximises the |CWT|. As mentioned above, in the calculation of the CWT here, we need to set the 𝑏 and 𝑓0 values to those 
found in the previous step, while 𝜃 and 𝐵 can be set to arbitrary values. Apply Eq.  (8) until convergence, and set 𝛼 equal to 
the converged value of 𝛾. In all subsequent steps, use this 𝛾 value when computing 𝜓(𝑡).

• Step 3 — estimating 𝜙: Estimating 𝜙 (through 𝜃) is again a one dimensional problem, therefore, an analogous process to that 
described in Step 2 is repeated; create a list of 𝜃 values, calculate the ℜ{CWT} for each of the 𝜃 values, and set 𝜃 to the value 
in the list which maximises the ℜ{CWT}. Similarly to before, when calculating the CWT, 𝑏, 𝑓0 and 𝛾 need to be set to the 
values found in the two previous steps. The list of possible 𝜃 values only needs to contain values ∈ [0, 2𝜋). Apply Eq.  (9) until 
convergence. Then, 𝜙 is equal to the converged 𝜃 value. In the next and final step, use this 𝜃 value when computing 𝜓(𝑡).

• Step 4 — estimating 𝐴 : The last decomposition step is to estimate the amplitude of 𝑠𝑚(𝑡). As discussed above, the minimisation 
of the 𝐿2 norm instead of the maximisation of the |CWT| is used for the amplitude estimation.
Start by evaluating Eq.  (14) for two different but close 𝐵 values. A good estimate for those values is to select them to be 
similar to the amplitude of the signal being decomposed. Based on those values, numerically calculate the derivative in Eq. 
(15), and apply this equation iteratively, from 𝑗 = 3 onwards. Once convergence is achieved, set 𝐴 to the converged value of 
𝐵. Again, while applying Eq.  (14), 𝑏, 𝑓0, 𝛾 and 𝜃 need to be set to the values found in Steps 1–3.

• Step 5 — subtraction: Now all parameters required to construct 𝑠𝑚(𝑡) have been calculated. Apply those to Eq.  (1), to compute 
𝑠𝑚(𝑡), and calculate the residual, 𝑟(𝑡) = 𝑦(𝑡) − 𝑠𝑚(𝑡). Steps 1-5 can be repeated, with 𝑟(𝑡) as the input signal for the next iteration 
as shown schematically in  Fig.  1, up until a pre-defined error threshold is met, i.e. up until 𝑟(𝑡) becomes sufficiently small. 
A typical error metric which can be used at each iteration is the relative energy threshold, 𝐸. With this metric, the iterative 
process stops when 

𝐸 =
∑𝑛
𝑘=1 𝑟

2(𝑡𝑘)
∑𝑛
𝑘=1 𝑦

2
0(𝑡𝑘)

< 𝜖, (16)

where 𝜖 is the error threshold. 𝐸 is calculated based on a comparison of 𝑟(𝑡) with the initial input signal 𝑦0(𝑡). This new 
notation for the initial input signal is introduced to avoid confusion with 𝑦(𝑡), since, after the first iteration, we are working 
with the residual from previous iteration and not the initial input signal, i.e. 𝑟(𝑡) effectively replaces 𝑦(𝑡) at the beginning of 
every iteration after the first. Typical values of 𝜖 are between 0.1%–1%, but its selection depends on the required quality of 
the results.

• Step 6 — reconstruction: Having met the error threshold in Step 5, we are now ready to reconstruct the input signal. Assuming 
steps 1–5 have been repeated 𝑀 times, Eq. (2) is used to estimate 𝑦(𝑡) from a sum of 𝑀 Gaussian pulses.

In Steps 1–3, we discuss how the estimation of the starting point is achieved by maximising a component of the CWT based on a 
grid/list search approach. Therefore, it is necessary to ensure that the value being predicted is within the search bounds. While we 
realise that it is not possible to know this a priori, a large upper bound (larger than the anticipated value of the parameter being 
estimated) of the list or grid ensures that the starting point of the gradient descent algorithm is found somewhere close to the true 
value being estimated. Again, this does not generate additional computational cost, because the grid or list are coarsely populated 
and only serve the purpose of initialising the process described by Eqs. (7)–(9).

2.3. Grid search based signal reconstruction — Chirplets

The focus of this work is the reconstruction of ultrasonic signals through their expression as sums of Gaussian pulses, with the 
underlying assumption being that the central frequency of the signal remains constant with time. It is, however, straightforward 
to extend our gradient descent assisted method for expressing signals into sums of chirplets instead. The process of retrieving the 
5 
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Fig. 1. Flowchart showing a summary of the signal reconstruction process, for decomposing an input signal 𝑦(𝑡) into a sum of Gaussian pulses.

parameters defining a chirplet is very similar to before — first, the chirplet transform (CT) of chirplet, whose parameters are being 
estimated, is calculated with respect to a chirplet kernel: 

CT = ∫

∞

−∞
𝑐(𝑡)𝜒∗(𝑡)𝑑𝑡, (17)

where the chirplet kernel, 𝜒(𝑡) is given by 
𝜒(𝑡) = 𝜂𝑐 exp

[

−𝛾1(𝑡 − 𝑏𝑐 )2 + 𝑖
(

2𝜋𝑓0𝑐 (𝑡 − 𝑏𝑐 ) + 𝜃𝑐 + 𝛾2(𝑡 − 𝑏𝑐 )
2
)]

. (18)

In the equation above, 𝛾1, 𝑏𝑐 , 𝑓0𝑐 , 𝜃 and 𝛾2 are the bandwidth factor, arrival time, central frequency, phase and chirp rate of the 
chirplet kernel respectively, and 𝜂𝑐 =

(

2𝛾1
𝜋

)0.25
.

In an extension of the work in [33], the authors in [35] present how an analogous successive parameter estimation retrieves the 
parameters needed to reconstruct 𝑐(𝑡). The method is the same as discussed in Section 2.1; first 𝜏𝑐 and 𝑓 𝑐 are estimated simultaneously 
via maximising the |CT|, and 𝜏𝑐 = 𝑏𝑐 and 𝑓𝑐 = 𝑓0𝑐  for the (𝑏𝑐 , 𝑓0𝑐 ) pair which maximises the |CT|. 𝐴𝑐 is found from the maximum value 
of the |CT|. This is proportional to the amplitude of the echo being reconstructed. Then 𝛼2 is estimated again through maximising 
the |CT|, having set 𝑏𝑐 and 𝑓0𝑐  to the values found before when calculating the |CT|, and 𝛼2 = 𝛾2 for the 𝛾2 where the maximum 
occurs. Next is 𝛼1, with 𝛼1 = 𝛾1 for the 𝛾1 value which maximises the |CT|, when the other variables in the calculation of the |CT|
are set to the values found above. Finally, 𝜙𝑐 is estimated from 𝜙𝑐 = 𝜃𝑐 for the 𝜃 value yielding a maximum for the ℜ{CT}, once 
the CT is calculated with all other parameters set to the values found above.

2.4. Gradient descent assisted signal reconstruction — Chirplets

Instead of a grid search approach we are again able to implement a gradient descent approach for decomposition into chirplets; 
for each of the variables being estimated, gradient descent is implemented as follows:

𝑏𝑗+1𝑐 = 𝑏𝑗𝑐 + 𝑞𝑏𝑐
𝜕|CT|
𝜕𝑏𝑐

|

|

|

|𝑏𝑐=𝑏
𝑗
𝑐

, (19)

𝑓 𝑗+10𝑐
= 𝑓 𝑗0𝑐 + 𝑞𝑓0𝑐

𝜕|CT|
𝜕𝑓0𝑐

|

|

|

|𝑓0𝑐 =𝑓
𝑗
0𝑐

, (20)

𝛾𝑗+12𝑐
= 𝛾𝑗2𝑐 + 𝑞𝛾2𝑐

𝜕|CT|
𝜕𝛾2𝑐

|

|

|

|

𝑏𝑐=𝜏𝑐 , 𝑓0𝑐 =𝑓𝑐 ,
𝑗

, (21)

𝛾2𝑐 =𝛾2𝑐

6 
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𝛾𝑗+11𝑐
= 𝛾𝑗1𝑐 + 𝑞𝛾1𝑐

𝜕|CT|
𝜕𝛾1𝑐

|

|

|

|

𝑏𝑐=𝜏𝑐 , 𝑓0𝑐 =𝑓𝑐 ,

𝛾2=𝛼2 , 𝛾1=𝛾
𝑗
1

, (22)

𝜃𝑗+1𝑐 = 𝜃𝑗𝑐 + 𝑞𝜃𝑐
𝜕ℜ{CT}
𝜕𝜃𝑐

|

|

|

|

𝑏𝑐=𝜏𝑐 , 𝑓0𝑐 =𝑓𝑐 , 𝛾2=𝛼2 ,

𝛾1=𝛼1 , 𝜃𝑐=𝜃
𝑗
𝑐

. (23)

The derivative terms in Eqs. (19)–(23) are given from:
𝜕|CT|
𝜕𝑏𝑐

= ℜ
{

2
|CT|
CT ∫

∞

−∞
[𝛾1(𝑡 − 𝑏𝑐 ) + 𝑖𝜋𝑓0𝑐 + 𝛾2(𝑡 − 𝑏𝑐 )]𝑠(𝑡)𝜒

∗(𝑡)𝑑𝑡
}

, (24)

𝜕|CT|
𝜕𝑓0𝑐

= ℜ
{

−2𝜋𝑖
|CT|
CT ∫

∞

−∞
(𝑡 − 𝑏𝑐 )𝑠(𝑡)𝜒∗(𝑡)𝑑𝑡

}

, (25)

𝜕|CT|
𝜕𝛾2

= ℜ
{

−𝑖
|CT|
CT ∫

∞

−∞
(𝑡 − 𝑏𝑐 )2𝑠(𝑡)𝜒∗(𝑡)𝑑𝑡

}

, (26)

𝜕|CT|
𝜕𝛾1

= ℜ
{

|CT|
CT ∫

∞

−∞

[

1
4𝛾1

− (𝑡 − 𝑏𝑐 )2
]

𝑠(𝑡)𝜒∗(𝑡)𝑑𝑡
}

, (27)

𝜕ℜ{CT}
𝜕𝜃𝑐

= ℜ {−𝑖CT} . (28)

More details on how the derivatives terms were calculated are given in Appendix. In the equations above, the subscript of each 𝑞
refers to the variable being updated, and the value represents the size of the gradient descent step for updating that variable.

Finally, similarly to the deconstruction into Gaussian pulses, the amplitude 𝐴𝑐 is estimated from 

𝐵𝑗+1𝑐 = 𝐵𝑗𝑐 − 𝑞𝐵𝑐
𝜕𝐿2𝑐
𝜕𝐵𝑐

|

|

|

|

𝑏𝑐=𝜏𝑐 , 𝑓0𝑐 =𝑓𝑐 , 𝛾2=𝛼2 ,

𝛾1=𝛼1 , 𝜃𝑐=𝜙𝑐 ,𝐵𝑐=𝐵
𝑗
𝑐

, (29)

where 𝑞𝐵𝑐  is the step chosen for applying gradient descent to predict 𝐵𝑐 , and the 𝐿2 norm with the respect to the chirplet, 𝐿2𝑐  is 
calculated from: 

𝐿2𝑐 (𝐵𝑐 ) =
𝑛
∑

𝑘=1

{

𝑦(𝑡𝑘) −ℜ
{

𝐵𝑐 exp
[

−𝛾1(𝑡𝑘 − 𝑏𝑐 )2 + 𝑖
(

2𝜋𝑓𝑐 (𝑡𝑘 − 𝑏) + 𝜃 + 𝛾2(𝑡 − 𝑏)2
)]}}2 , (30)

with the values of 𝑏𝑐 , 𝑓𝑐 , 𝛾2, 𝛾1 and 𝜃 being set to their respective converged value calculated using Eq.  (19)–(23) respectively. 
The derivative term in Eq.  (29) can be calculated analytically or numerically. For the numerical case this is achieved by choosing 
two values of 𝐵𝑐 and calculating 𝐿2(𝐵𝑐 ) for those. Then, the equation can be applied for 𝑗 = 3 onwards. Once this processed is 
completed, the amplitude of 𝑠(𝑡) is given simply from 𝐴𝑐 = 𝐵𝑐 .

The required steps to estimate the parameters of 𝑐𝑚(𝑡) are nearly the same as those described in Section 2.2, with the sole 
difference that 𝛾2 needs to be estimated here too. First, 𝑏𝑐 and 𝑓0𝑐  are estimated simultaneously, followed by 𝛾2, then 𝛾1, 𝜃 and 
finally 𝐵𝑐 . As described in Section 2.2, each parameter estimation is initialised using a suitable grid search approach, and finalised 
using gradient descent according to Eqs. (19)–(29). Then, by using 𝜏𝑐 = 𝑏𝑐 , 𝛼2 = 𝛾2, 𝛼1 = 𝛾1, 𝜙𝑐 = 𝜃𝑐 , and 𝐴𝑐 = 𝐵𝑐 , 𝑐𝑚(𝑡) is found.

If the input signal contains a single echo of the form of 𝑐(𝑡), the process is completed. For arbitrary input signals, 𝐸 (or any 
other suitable error metric) is again calculated with 𝑟(𝑡) = 𝑦(𝑡) − 𝑐𝑚(𝑡). Similarly to before, the process is repeated with the residual 
signal as the input to the next iteration, until the pre-defined error metric is sufficiently small. Once this is achieved, the parameters 
estimated at each step are stored, and the initial input signal is found from Eq.  (2), replacing 𝑠𝑚(𝑡) with 𝑐𝑚(𝑡).

3. Results & discussion

In this section we present reconstructions of signals of increasing complexity. To validate our method, we initially present 
decomposition and reconstruction results of signals containing a single pulse, whose input parameters are known, to investigate 
the proximity of the estimated parameters to the corresponding known quantities of the input. Following this validation, we present 
reconstructions of signals containing multiple pulses, examining both cases of non-overlapping and overlapping pulses. We also 
examine the challenging case of signals with overlapping pulses with the same central frequency, which was previously thought to 
have been either very difficult to decompose or required additional manipulation of the CWT or the CT of the signal [33,35]. Finally, 
we demonstrate the performance of our method on realistic signals; we present the decomposition results of one signal generated 
via finite-element (FE) modelling and two signals from a real, experimental measurements.

3.1. Single pulse

To validate our method, we attempted to decompose and reconstruct signals containing a single Gaussian pulse or chirplet; since 
such signals comprise a sole pulse, the parameters which define them are known and therefore, we can assess how well our method 
is able to estimate those parameters. Also, given that the input signals comprise a single pulse or chirplet, 𝑀 = 1 in Eq.  (2), i.e. only 
a single 𝑠(𝑡) or 𝑐(𝑡) fully characterises the input signal. Fig.  2 shows a comparison between four input signals, two Gaussian and two 
chirplets, and their reconstruction using our method.
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Fig. 2. Examples of input signals, comprising a single pulse, and their reconstructions. In (a) and (b) the input is a Gaussian pulse, with two 
different sets of parameters (Table  1), while in (c) and (d), a chirplet with again two different sets of parameters (Table  2).

Table 1
Comparison between the input and estimated parameters of the Gaussian signals shown in Fig.  2(a)–(b).
 Parameter 𝐴 𝜏 𝑓 𝛼 𝜙  
 Input parameters [Fig.  2(a)] 1 5 6 12 1.5  
 Estimated parameters [Fig.  2(a)] 1.00 5.00 6.00 12.00 1.50 
 Input parameters [Fig.  2(b)] 0.83 3.12 10.38 21.34 1.69 
 Estimated parameters [Fig.  2(b)] 0.83 3.12 10.38 21.34 1.69 

Table 2
Comparison between the input and estimated parameters of the chirplet signals shown in Fig.  2(c)–(d).
 Parameter 𝐴𝑐 𝜏𝑐 𝑓𝑐 𝛼2 𝛼1 𝜙𝑐  
 Input parameters [Fig.  2(c)] 1 3 4 30 16 2  
 Estimated parameters [Fig.  2(c)] 1.000 3.000 4.002 29.974 15.998 2.014 
 Input parameters [Fig.  2(d)] 0.772 2.175 10.380 52.170 21.341 1.692 
 Estimated parameters [Fig.  2(d)] 0.772 2.175 10.381 52.143 21.341 1.692 

Visually, a very good match is observed between the input pulses and the reconstruction — in all four cases, the reconstructed 
pulse follows the shape of the input pulse very closely. To quantify the degree of the matching, Tables  1–2 show a comparison 
between the input and estimated parameters for each pulse.

As shown in Tables  1–2, the match observed in Figs.  2(a)–(d) is not only visual, but all parameters have been predicted precisely 
or with very small errors. This is regardless of the amplitude, central frequency, arrival time, attenuation, phase and chirp rate 
which were selected to generate them. Any small errors observed are attributed to insufficient convergence of the parameter being 
estimated during the gradient descent process — if required, the relevant 𝑞 value, or the number of iterations completed, can be 
adjusted to achieve an even better estimation.

The four example signals reconstructed here provide useful initial confirmation of our method; since we are able to accurately 
retrieve the parameters defining all input pulses, this shows that our method is performing well and as intended. The performance 
does not differ between Gaussian and chirplet decomposition either. Therefore, for brevity, and since the focus of our work is 
Gaussian pulses, results presented in subsequent sections will focus on the use of Gaussian pulses, without loss of generality.
8 
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Fig. 3. Examples of input signals, comprising multiple, non overlapping pulses, and their reconstructions. In (a) the signal contains three pulses 
with the same central frequency, but different amplitudes, phases and arrival times (similar to signals obtained from NDE measurements), while 
in (b), all parameters of the four pulses in the signal are different between the pulses.

3.2. Multi pulse

Having validated our method using the simple, single pulse signals, we present reconstruction results for more complicated cases, 
where signals contain more than one pulse.

3.2.1. Non-overlapping pulses
For the case of a signal containing multiple, non overlapping pulses, we have examined two cases. One where all pulses in 

the signal have the same central frequency, but differ in arrival time, amplitude and length, and a more general case, where all 
parameters differ between the pulses. The latter is a more general case, but the former (multiple, similar pulses) more realistic, 
especially in NDE applications where signals often contain ultrasonic reflections from many geometrical features of a component 
being inspected. The results are shown in Fig.  3.

For both cases presented in Fig.  3, the reconstruction results are accurate — all pulses have been reconstructed correctly. This 
is true for both the case in Fig.  3(a), where the pulses are copies of each other, simply arriving at different points in time and 
with different amplitudes, and in Fig.  3(b) where the pulses in the signal differ in all parameters. This demonstrates both that our 
method is not sensitive to the number of pulses in 𝑦(𝑡), but also, that there can exist large variability in the parameters of the echo 
being estimated in each iteration with respect to the other echoes in the signal, without the latter adversely affecting the estimation 
process.

3.2.2. Overlapping pulses
When concerned with a single-pulse signal, or multiple well-separated pulses, conventional windowing methods can be used to 

extract those, and the characteristics of each are retrievable using suitable signal processing methods. Extraction via windowing 
though is not possible when working with signals containing overlapping pulses, since the start and end points of each pulse are no 
longer visible in the time trace of the signal. Here, we demonstrate this capability using our method to decompose such signals.

We start by examining a case of two partially overlapping pulses whose parameters differ from each other — the key difference 
here being that they do not have the same central frequency. Previously, we have discussed how our gradient descent assisted 
approach yields better results compared with the traditional grid search approaches; to showcase this, we have replicated the signal 
reconstructed in [33], to directly compare our reconstruction to what was achieved in previous work. The input signal, and our 
reconstruction are shown in Fig.  4. The input signal, 𝑦(𝑡) was reconstructed as a sum of two Gaussian pulses, i.e. by using Eq.  (2), 
𝑦(𝑡) = 𝑠1(𝑡) + 𝑠2(𝑡). In the same figure, we are showing how 𝑠1(𝑡) and 𝑠2(𝑡) compare with the two pulses summed to create the input 
signal.

A good reconstruction of the input signal shown in Fig.  4(a) has been achieved, despite the fact that the pulses are overlapping. 
Each constituent pulse has also been successively reconstructed as shown in Figs.  4(b) and (c). Compared with the equivalent results 
in [33], a significantly improved reconstruction of both 𝑠1(𝑡) and 𝑠2(𝑡), and therefore for the final signal too, is observed. To quantify 
how well we have been able to reconstruct the input signal, the parameters of the two pulses which were summed to create it, and 
a comparison with our estimations, are shown in Table  3. The corresponding results as reported in [33] are also shown.

There is a very good match between the parameters estimated by our method and the input parameters for both 𝑠1(𝑡) and 𝑠2(𝑡). It 
is also evident that our estimated parameters are closer to the true value compared with the estimation of the grid search approach. 
This is expected since gradient descent is not restricted by the fineness of a grid, but gradually and continuously approaches the 
true value of the parameter being estimated, since the step taken in every iteration is a function of how close/far the current 
prediction is from the true value. Again, any small errors in our estimation can be improved by optimising the relevant 𝑞 value 
when implementing gradient descent.

In the results presented above, we have examined input signals constructed by summing pulses with different central frequencies. 
As discussed in Section 2, such pulses generate distinct maxima on a |CT| or a |CWT| plot and it is therefore more straightforward to 
9 
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Fig. 4. Example of an input signal, comprising of two overlapping pulses (with different central frequencies) and its reconstructions (a). In 
(b) and (c) the result of the first and second iteration of the reconstruction process are plotted respectively, as well as a comparison with the 
corresponding pulses which were used to generate the signal shown in (a).

Table 3
Comparison between the input and estimated parameters of the signals shown in Fig.  4.
 Parameter 𝐴 𝜏 𝑓 𝛼 𝜙  
 Input parameters [𝑠1(𝑡)] 1 5 4 4 0  
 Estimated parameters [𝑠1(𝑡)] 1.00 5.00 4.00 4.00 0.01 
 Estimated parameters [𝑠1(𝑡)] from [33] 0.997 5.00 4.00 4.10 0.00 
 Input parameters [𝑠2(𝑡)] 1 5.5 6 3 1  
 Estimated parameters [𝑠2(𝑡)] 1.00 5.50 6.00 3.04 0.99 
 Estimated parameters [𝑠2(𝑡)] from [33] 1.1032 5.52 5.95 3.00 1.80 

proceed with the estimation process. When signals contain pulses with the same (or very similar) central frequencies, the maxima 
overlap and the estimation process becomes more complicated, as it is possible that the maximum of the |CT| or the |CWT| which 
is used for estimating 𝜏, 𝑓 and 𝐴 (or 𝜏𝑐 , 𝑓𝑐 and 𝐴𝑐 respectively) does not correspond to any of those pulses, due to constructive 
interference of the maxima. The authors in [33,35] mitigate this by suitable windowing of the |CT|, but acknowledge that this 
becomes increasingly difficult for strongly overlapping pulses.

We assessed the performance of our method for this more challenging case too — Fig.  5 shows two examples comprising four 
and six pulses, with the same central frequency, arranged in a strongly overlapping configuration. Despite the overlap, our method 
is able to recreate the input signals very accurately, regardless of the number of pulses used to create them or the degree of overlap 
between the pulses.

Since we are using a gradient descent approach, the effect of any erroneous initial predictions of 𝜏 and 𝑓 (or 𝜏𝑐 and 𝑓𝑐) resulting 
from strongly overlapping pulses diminishes during the gradient descent process. Additionally, our choice to predict 𝐴 (or 𝐴𝑐) last in 
the parameter estimation process, and not as a function of the |CWT| (or the |CT|) prohibits any overlap in the maxima in the |CWT|
(or the |CT|) from affecting the prediction of the amplitude. The amplitude predictions becomes solely a function of minimising the 
𝐿2 norm, i.e. the chosen 𝐴 (or 𝐴𝑐) yields maximum similarity between 𝑦(𝑡) and 𝑠𝑚(𝑡) or 𝑐𝑚(𝑡).

3.3. Realistic signals

In this final section of the results, we are considering two types of realistic signals. In the first case, a signal obtained from FE 
modelling was reconstructed. The FE domain solved comprised a two dimensional plate, with a notch at the bottom boundary. The 
notch was rotated by 5◦ with respect to the vertical. A single, embedded source node was defined in the model. In FE models, 
these nodes are assigned pre-determined forcing and are thus used to excite waves in the model. We assigned a 3-cycle Hann 
windowed toneburst with a central frequency of 2.25 MHz to the source node in this model. The source node was displaced 
vertically to encourage the excitation of a longitudinal wave in that dicrection, which after reflecting from various geometrical 
features was received at the same location as where the excitation took place; the location acting simultaneously as a source 
and a receiver is denoted by the red dot in the figure. While embedded sources are not realistic, they are commonly used in FE 
10 
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Fig. 5. Examples of input signals, comprising multiple overlapping pulses. In (a), four overlapping pulses were summed to generate the input 
signal, while in (b) six overlapping pulses were used.

Fig. 6. Example of an FE modelling generated signal, and corresponding reconstruction (b). The schematic of the model from which this signal 
was generated is shown in (a); details about the model and setup which resulted in this signal are detailed in Section 3.3.

modelling to generate responses with fewer reflections, as they allow ALs to be defined around the surface on which they would 
have otherwise been defined. Surface waves are also eliminated by this approach; while they can be generated in experiments their 
amplitudes typically vary significantly depending on exact transducer design, coupling conditions etc. and this approach eliminates 
this uncertain behaviour. The model was solved using the graphics processing unit accelerated FE solver Pogo [55]. A schematic of 
the model is shown in Fig.  6(a), and a signal obtained from solving this model is shown in Fig.  6(b).

There are three primary pulses in the signals shown in Fig.  6. The pulse arriving first is a reflection from the bottom surface, the 
third pulse is a reflection from the face of the notch closest to the monitoring location, while the pulse in the middle is a result of 
corner trapping — a phenomenon in which the interference of the ultrasound with the two perpendicular edges defining the corner 
of the crack generates a strong reflection. While it is clear that the three pulses have different characteristics, the reconstruction is 
still very accurate. This is also despite any noise/low frequency components or other secondary features in the signal, which not 
only do not hinder the reconstruction process, but they themselves are well reconstructed. It is worth noting that these features are 
not numerical artifacts, as Pogo has been shown to produce reliable results in many cases [56–59]. It is therefore likely that they 
are either small-amplitude reflections or coherent noise from multiple scattering and wave-domain interactions.

The second type of signals which we examined were from experimental measurements. First, a signal obtained from experimental 
measurements was decomposed. This particular signal originated from immersion measurements, during which steel plates were 
scanned to observe the variation of the longitudinal wave speed in them, in the form of C-scans. Details of the experimental setup 
can be found in [60,61]. Then, a signal obtained from Rayleigh wave measurements, as detailed in [60], with higher signal-to-noise 
ratio, was also decomposed. The experimental signals from immersion and surface wave measurements and their reconstructions 
are shown in Fig.  7(a) and 7(b) respectively. A detail of the same subfigures is shown in (c) and (d) respectively, to highlight the 
performance of the method presented in this work in handling noise.

It is again clear that we are not only able to reconstruct the main features of this experimental signal, but also any noise, coherent 
or incoherent, present in it. This is particularly useful for data compression purposes as, even in the presence of noise, we are able 
to accurately decompose experimental signals; this was a significant challenge for previous, grid-search based methods.

The ability to reconstruct signals like the one presented here is particularly important. All cases examined in this work so far were 
of analytically generated signals which were noise free, had well defined parameters describing them and whose complexity (if any) 
arose solely from interference between the pulses comprising them. This is not the case with signals generated by FE modelling 
or from experimental measurements or signals generated from experimental measurements, as shown in Figs.  6 and 7. In those, 
11 
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Fig. 7. Examples of signals obtained from experimental measurements and their reconstruction in (a)-(b). In (c) and (d), details of subfigure (a) 
and (b) are plotted respectively, focusing on the noise existing in the signals.

the shape of the pulses is distorted as a result of the interaction of the input signal with the various geometrical features in the 
domain/component and where noise, or low amplitude reflections perceived as noise, are also present.

3.4. Data compression & convergence remarks

One of the key motivations of the method is for compressing ultrasonic data. The degree of data compression depends primarily 
on two factors; the sampling frequency of the signal, which dictates how many datapoints comprise the time trace, and the required 
reconstruction quality, with the latter being directly linked to the number of iterations undertaken to reach sufficient reconstruction 
quality.

The signals presented in this work contained approximately 25,000 datapoints. Each decomposition iteration only results into 
5 parameters for Gaussian decomposition, and 6 parameters for chirplet decomposition. This means that for a signal comprising a 
single pulse or chirplet, the data required to fully capture it is 99.98% less compared with its full time domain representation. The 
data compression benefit reduces with the complexity of the signal, as more iterations are required to decompose it. It is worth 
noting though that no more than 20 iterations were required for most of the signals presented in this article, which corresponds to 
a reduction in stored data of 99.92%. Signals comprising a single pulse only required 1 iteration for full reconstruction. The only 
case requiring more iterations was the decomposition of the experimental signals in Fig.  7. We believe this to be a result of the 
rapid variations in the amplitude of the noise. If few iterations are used, our method acts as a denoising filter, extracting the main 
features. If full decomposition is required, more iterations are needed to reach 𝐸 values equivalent to those of the noise-free signals. 
In the noisy cases presented here, reconstruction was achieved in no more than 150 iterations.

In terms of convergence of our method, we are providing plots showing the evolution of 𝐸 as the number of pulses 𝑀 increases 
for the cases shown in Figs.  5–7 in Appendix. In all cases, 𝐸 reduces monotonically, showing that our method is robust and well 
behaved, regardless of the number of pulses, degree of overlap, origin of the signal (analytical, FE-generated or experimental) and 
the presence of noise. Plots are not provided for the signals containing a single pulse, or multiple, well separated pulses since those 
converge as soon as 𝑀 is equal to the number of pulses in the signal.

4. Conclusion

In this work, we have presented a method able to decompose an ultrasonic signal into sums of simple pulses, and subsequently 
use these pulses to accurately reconstruct the input signal. This was achieved by modifying and extending a well established MP 
algorithm, in which the CWT or the CT of a signal is used to successively estimate the parameters of simple pulses in which the 
signal is decomposed. Our modification involves using a gradient descent assisted approach during the parameter estimation stage, 
12 
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which allows accurate estimation of each parameter, contrary to more traditional, grid-search approaches which are limited in their 
accuracy by the fineness of the grid. There are also notable advantages when comparing our method with more recent, machine-
learning approaches. Those typically require large, labelled datasets for training, which can be difficult to acquire for many ultrasonic 
applications, to ensure they perform well in many scenarios. The method proposed in this work, by contrast, is based on analytical, 
largely closed-form approaches, requires no prior training and is inherently generalisable to pulses other than Gaussians or chirplets 
if required.

We derived the necessary equations to implement gradient descent in combination with the MP algorithm, both for decomposition 
into Gaussian pulses and chirps. The method was then initially validated with signals comprising a single pulse; by using those we 
were able to demonstrate that our method is able to estimate the parameters describing those signals very accurately. Following this 
validation, examples of increasing complexity were examined, including signals with multiple non-overlapping pulses and signals 
with multiple, overlapping pulses. For the latter case both signals comprising pulses with different, and the same (or very similar) 
central frequencies, were examined. In all examples presented, our method was able to reconstruct the input signal accurately, 
regardless of its level of complexity. Finally, in recognition of the fact that a real-life signal will exhibit additional features, realistic 
signals from both FE modelling and experiments were considered, demonstrating the ability of this method to perform well with 
realistic inputs and in the presence of noise, which has previously been a challenge to accurately decompose.
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Appendix

In this section, we present how we arrived at the expressions in Eqs. (10)–(13) and in Eqs. (24)–(28). First, we present the relevant 
theory regarding derivates of the absolute value of complex valued functions, and apply it to Eqs. (10)–(12) and Eqs. (24)–(27). 
Then, after a short remark on how to cater for the {⋅}∗ operation (which is applicable to all derivative terms calculated here), and 
the ℜ{⋅} operation, we calculate the derivative terms in Eqs. (13) and (28). In the last subsection of the Appendix, we present plots 
showing the evolution of 𝐸 as 𝑀 increases for cases were complicates signals containing multiple overlapping pulses and/or noise 
were decomposed in this work. 

A.1. Derivative of the magnitude of a complex valued function

A.1.1. Theory
Let us consider a function 𝑔(𝑥1, 𝑥2,… , 𝑥𝑛), with 𝑔 ∶ R𝑛 → C. We can express 𝑔 as

𝑔(𝑥1, 𝑥2,… , 𝑥𝑛) = 𝑢(𝑥1, 𝑥2,… , 𝑥𝑛) + 𝑖𝑣(𝑥1, 𝑥2,… , 𝑥𝑛),

with

𝑢(𝑥1, 𝑥2,… , 𝑥𝑛) = ℜ{𝑔(𝑥1, 𝑥2,… , 𝑥𝑛)},

and

𝑣(𝑥1, 𝑥2,… , 𝑥𝑛) = ℑ{𝑔(𝑥1, 𝑥2,… , 𝑥𝑛)},

where ℜ{⋅} and ℑ{⋅} denote the real and imaginary part of the argument respectively. For brevity,
𝑔(𝑥1, 𝑥2,… , 𝑥𝑛), 𝑢(𝑥1, 𝑥2,… , 𝑥𝑛) and 𝑣(𝑥1, 𝑥2,… , 𝑥𝑛) will be denoted as 𝑔, 𝑢 and 𝑣 respectively.
Let us start by calculating |𝑔|. This is given by

|𝑔| =
√

𝑢2 + 𝑣2.
13 
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The derivative of |𝑔| with respect to any variable, 𝑥𝑘, with 𝑘 = 1, 2… 𝑛 is given from: 

𝜕|𝑔|
𝜕𝑥𝑘

=
𝑢 𝜕𝑢
𝜕𝑥𝑘

+ 𝑣 𝜕𝑣
𝜕𝑥𝑘

√

𝑢2 + 𝑣2
. (A.1)

Also, the derivative of 𝑔 with respect to any variable, 𝑥𝑘, with 𝑘 = 1, 2… 𝑛 is simply given from 
𝜕𝑔
𝜕𝑥𝑘

= 𝜕𝑢
𝜕𝑥𝑘

+ 𝑖 𝜕𝑣
𝜕𝑥𝑘

. (A.2)

Let us now evaluate the expression |𝑔|𝑔 ∶

|𝑔|
𝑔

=

√

𝑢2 + 𝑣2
𝑢 + 𝑖𝑣

=

√

𝑢2 + 𝑣2
𝑢 + 𝑖𝑣

𝑢 − 𝑖𝑣
𝑢 − 𝑖𝑣

= (𝑢 − 𝑖𝑣)

√

𝑢2 + 𝑣2

𝑢2 + 𝑣2
= 𝑢 − 𝑖𝑣

√

𝑢2 + 𝑣2
. (A.3)

Multiplying Eqs. (A.2) and (A.3) yields 
|𝑔|
𝑔

𝜕𝑔
𝜕𝑥𝑘

= 𝑢 − 𝑖𝑣
√

𝑢2 + 𝑣2

(

𝜕𝑢
𝜕𝑥𝑘

+ 𝑖 𝜕𝑣
𝜕𝑥𝑘

)

. (A.4)

Now, the real part of Eq.  (A.4) is given from 

ℜ
{

|𝑔|
𝑔

𝜕𝑔
𝜕𝑥𝑘

}

=
𝑢 𝜕𝑢
𝜕𝑥𝑘

+ 𝑣 𝜕𝑣
𝜕𝑥𝑘

√

𝑢2 + 𝑣2
, (A.5)

which is the same expression as Eq.  (A.1). Therefore, 
𝜕|𝑔|
𝜕𝑥𝑘

= ℜ
{

|𝑔|
𝑔

𝜕𝑔
𝜕𝑥𝑘

}

. (A.6)

A.1.2. Application to the decomposition into Gaussian pulses
Eq.  (A.6) can now be applied to Eqs. (6)–(8) as follows:

𝜕|CWT|
𝜕𝑏

= ℜ
{

|CWT|
CWT ∫

∞

−∞
𝑠(𝑡)

𝜕𝜓∗(𝑡)
𝜕𝑏

𝑑𝑡
}

, (A.7)

𝜕|CWT|
𝜕𝑓0

= ℜ
{

|CWT|
CWT ∫

∞

−∞
𝑠(𝑡)

𝜕𝜓∗(𝑡)
𝜕𝑓0

𝑑𝑡
}

, (A.8)

𝜕|CWT|
𝜕𝛾

= ℜ
{

|CWT|
CWT ∫

∞

−∞
𝑠(𝑡)

𝜕𝜓∗(𝑡)
𝜕𝛾

𝑑𝑡
}

. (A.9)

The equations above involve the differentiating the conjugate of 𝜓(𝑡) — a remark regarding how to treat this is presented in the 
next subsection.

The derivatives of 𝜓(𝑡) are given by:
𝜕𝜓(𝑡)
𝜕𝑏

= [2𝛾(𝑡 − 𝑏) − 2𝜋𝑖𝑓0]𝜓(𝑡), (A.10)

𝜕𝜓(𝑡)
𝜕𝑓0

= 2𝜋𝑖(𝑡 − 𝑏)𝜓(𝑡), (A.11)

𝜕𝜓(𝑡)
𝜕𝛾

=
[

1
4𝛾

− (𝑡 − 𝑏)2
]

𝜓(𝑡). (A.12)

A.1.3. Application to the decomposition into chirplets
Eq.  (A.6) can also be applied to Eqs. (19)–(22) as follows:

𝜕|CT|
𝜕𝑏𝑐

= ℜ
{

|CT|
CT ∫

∞

−∞
𝑠(𝑡)

𝜕𝜒∗(𝑡)
𝜕𝑏𝑐

𝑑𝑡
}

, (A.13)

𝜕|CT|
𝜕𝑓0𝑐

= ℜ

{

|CT|
CT ∫

∞

−∞
𝑠(𝑡)

𝜕𝜒∗(𝑡)
𝜕𝑓0𝑐

𝑑𝑡

}

, (A.14)

𝜕|CT|
𝜕𝛾1

= ℜ
{

|CT|
CT ∫

∞

−∞
𝑠(𝑡)

𝜕𝜒∗(𝑡)
𝜕𝛾1

𝑑𝑡
}

. (A.15)

𝜕|CT|
𝜕𝛾2

= ℜ
{

|CT|
CT ∫

∞

−∞
𝑠(𝑡)

𝜕𝜒∗(𝑡)
𝜕𝛾2

𝑑𝑡
}

. (A.16)

with the derivatives of 𝜒(𝑡) being given by:
𝜕𝜒(𝑡)
𝜕𝑏𝑐

= 2[𝛾1(𝑡 − 𝑏𝑐 ) − 𝑖𝜋𝑓0𝑐 + 𝛾2(𝑡 − 𝑏𝑐 )]𝜒(𝑡), (A.17)

𝜕𝜒(𝑡)
= 2𝜋𝑖(𝑡 − 𝑏𝑐 )𝜒(𝑡), (A.18)
𝜕𝑓0𝑐
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Fig. 8. Evolution of the relative energy threshold, 𝐸 as the number of iterations, and hence pulses to which the input signal is being decomposed 
to, 𝑀 increases. Subfigures (a)–(e) correspond to the variation of 𝐸 as 𝑀 increases for the signals shown in Figs.  5(a), 5(b), 6(b), 7(a) and 7(b) 
respectively.

𝜕𝜒(𝑡)
𝜕𝛾2

= 𝑖(𝑡 − 𝑏𝑐 )2𝜒(𝑡) (A.19)

𝜕𝜒(𝑡)
𝜕𝛾1

=
[

1
4𝛾

− (𝑡 − 𝑏𝑐 )2
]

𝜒(𝑡) (A.20)

A.2. Derivative of the conjugate and the real part of a complex valued function

In many equations presented in the manuscript, it is necessary to take the derivative of the complex conjugate of a complex-
valued function, or the derivative of the real part of that function. Due to the linearity of both the {⋅}∗ and the ℜ{⋅} operations, it 
is straightforward to show that 

𝜕𝑔∗

𝜕𝑥𝑘
=
{

𝜕𝑔
𝜕𝑥𝑘

}∗
. (A.21)

and 
𝜕ℜ{𝑔}
𝜕𝑥𝑘

= ℜ
{

𝜕𝑔
𝜕𝑥𝑘

}

. (A.22)

Eq.  (A.21) is useful for evaluating all the derivatives involving 𝜓∗(𝑡) and 𝜒∗(𝑡), as one can simply use the conjugate of the 
expressions in Eqs. (A.10)–(A.12) and (A.17)–(A.20).
15 
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Finally, Eq. (A.22) above can be applied to Eqs. (9) and (23) as follows:
𝜕ℜ{CWT}

𝜕𝜃
= ℜ

{

∫

∞

−∞
𝑠(𝑡)

𝜕𝜓∗(𝑡)
𝜕𝜃

𝑑𝑡
}

, (A.23)

𝜕ℜ{CT}
𝜕𝜃

= ℜ
{

∫

∞

−∞
𝑠(𝑡)

𝜕 𝜒∗(𝑡)
𝜕𝜃

𝑑𝑡
}

(A.24)

with 
𝜕𝜓(𝑡)
𝜕𝜃

= 𝑖𝜓(𝑡), (A.25)

and 
𝜕 𝜒(𝑡)
𝜕𝜃

= 𝑖𝜒(𝑡). (A.26)

A.3. Error evolution plots

In Fig.  8 we are plotting the evolution of the relative energy threshold 𝐸, defined in Step 5 of the decomposition process described 
in Section 2. This was used as metric to quantify how close the reconstructed signal is to the input. A value of zero denotes perfect 
reconstruction, as it implies that 𝑟(𝑡), the remainder at the latest iteration, has reached zero energy.

In all cases robust, monotonic convergence is observed. This is regardless of the origin of the signal (analytical, FE-generated or 
experimental), the number of pulses comprising and the presence of noise. It is worth noting that even though the signals to which 
the results in (a) and (b) here correspond to comprise 4 and 6 pulses respectively, we require more pulses to fully decompose them. 
This is due to the lack of a non-unique sum of pulses defining these signals, as the central frequency of the pulses comprising them 
is the same.

Data availability

Data will be made available on request.
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