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Deploying motile nanosized particles, also known as “nanobots,” in the human body
promises to improve selectivity in drug delivery and reduce side effects. We consider
a swarm of nanobots locating a single cancerous region and treating it by releasing an
onboard payload of drugs at the site. At nanoscale, the computation, communication,
sensing, and locomotion capabilities of individual agents are extremely limited, noisy,
and/or nonexistent. We present a general model to formally describe the individual
and collective behavior of agents in a colloidal environment, such as the bloodstream,
for cancer detection and treatment by nanobots. This includes a feasible and precise
model of agent locomotion, inspired by actual nanoparticles that, in the presence of
an external chemical gradient, move toward areas of higher concentration by means of
self-propulsion. We present two variants of our model: the first assumes an endogenous
chemical gradient fixed over time and centered at the cancer site; the second is a more
speculative, dynamic variant in which agents themselves create and amplify a gradient
centered at the cancer site. In both settings, agents sense the gradient and ascend it
noisily, locating the cancer site more quickly than by simple Brownian motion. For
the first variant, we present simulation and analytical results to bound the time it takes
for agents to reach the cancer site. For the second, simulations highlight collective
benefit from agent-generated signaling, showing significant runtime improvement via
chemical signal amplification.

nanobots | cancer detection | cancer treatment | agent-based models | random walks

Motile nanoparticles suspended in a solution, or what are generally referred to as
“nanobots,” possess great potential in many medical applications as their scale allows
for penetrating biological barriers to otherwise unreachable regions of the body (e.g.,
the blood–brain barrier), unique maneuverability within certain regions of the body, the
deployment of swarms containing significantly high numbers of individual agents, and
general precision. We consider the dual problem of cancer detection and treatment in
the context of nanomedicine, whose use holds significant promise. Nanobots are being
studied and engineered to move within the human body and target sites of interest, such
as a group of cancerous cells, in order to offer treatment by releasing the appropriate
drugs once the target site is located and reached (1–3).

This offers a drug delivery solution which is more precise and selective, and thus less
toxic to extraneous regions, especially in comparison to existing methods of treatment
such as chemotherapy. This promising approach, however, faces a number of challenges
including limited, if not absent, control on the behavior of these robots as a consequence
of their very small size. If externally controlled movement is to be implemented, it often
comes at the cost of having larger scale (e.g., microscopic) robots.

We therefore investigate the interesting and crucial challenge of nanobots finding and
treating a cancerous site, distributively and autonomously. In this work, we consider
the process to be stochastic in nature, with nanobots performing a biased random walk,
influenced by the chemical makeup and physics of the environment through which they
navigate.

We first consider the situation—hereinafter referred to as the “passive agent model”—
in which there already exists a naturally occurring chemical signal coming from the
targeted cancer site which agents can sense and follow. Next, we consider a speculative
scenario—hereinafter referred to as the “active agent model”—in which there is no
endogenous chemical signal to follow; agents must find the cancer site initially unaided,
and then eventually create a chemical signal themselves for the later agents to use. We
formally describe the general models we propose for both settings in Section 2, with a
particular focus on a model of agent locomotion that is based upon experimental data
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on actual motile nanoparticles. We then present simulation
and analytical results for the passive agent model in Section 3
and simulation results for the active agent model in Section
4. The results for the active agent model show a significant
runtime improvement as the total number of agents in the swarm
increases. We conclude the work with a brief discussion and
suggestions for future work. The full simulation code is available
on GitHub.

1.1. Related Work. At the end of the 20th century, the first ideas
on nanotechnology and its potential applications in medicine
emerged and laid the groundwork for the development of the
field of nanomedicine. The works in refs. 4 and 5 present some
of the first introductions to the concept of nanotechnology and
the potential gains of its use for medical purposes, including
drug delivery, diagnostics, and tissue engineering. The review
in ref. 6 presents, instead, the major advancements up to date
in the general field of colloidal robotics, exploring application
space (i.e. medicine, biology, environmental engineering), the
organized behavior of these robots and their design principles.

Here, we study the application of nanoparticles to drug delivery
for cancer treatment, as explored in refs. 1, 2, and 7. The
main motivation behind the use of nanoparticles here is the
reduction of systemic side effects in favor of a treatment with
the same level of efficacy, if not higher. While immune cells, for
example, are capable of long-distance sensing, most nanoparticles
can be assumed to only have access to a very local subset of
information about their environment. The general problem of
having a collective of agents locate an unknown target site when
long-distance sensing is impossible is well studied in the field
of swarm robotics, including works which model social insects
and other animal groups; at nanoscale, though, unique challenges
arise.

Beyond limited sensing capabilities, precise control over the
locomotion of individual nanobots is difficult, if not impossible.
Authors in ref. 8 consider nanobots to have zero locomotion
capabilities with their position changing by passive displacement,
simply following the flow of the circulatory system. On the other
hand are a series of works (9, 10), operating from a centralized
perspective, which achieve precise control over the locomotion
of agents by employing external rotating magnetic fields. Our
study, however, assumes nanobots are able to move distributively
and autonomously in space, by performing some sort of random
walk, one that is not entirely determined by the external forces
at play in the given environment (e.g., blood flow).

The Lévy flight random walk (11–13) is a popular model for
the movement of simple biological agents, as it is mathematically
elegant, has been observed among many actual animal species,
and has been proven to produce nearly optimal results in the
problem of foraging. The Lévy flight random walk can be very
loosely characterized by long strides interspersed with random self
reorientation. When considering particles moving in a medium
with a weak chemical gradient, the Lévy flight random walk is
a framework not fully dissimilar from chemotaxis, described as
the movement of organisms in response to a chemical stimulus,
particularly, a chemical gradient. Studies involving chemotaxis
typically consider a colloidal solution—a mixture where one
substance, made of nanoscopic or microscopic insoluble particles,
is dispersed in another substance, which is usually termed the
medium of the solution. Studies show how different types of
cancer cells are able to create their own chemical gradient to
facilitate cancer growth through chemotaxis (14–16). The very
same chemical gradient can therefore be used by other particles

to localize the cancer site via a similar chemotactic behavior.
Indeed, as presented by a number of works, such as refs. 17
and 18 the chemotactic behavior of nanoparticles proves pivotal
to localized drug delivery. When considering a clearly sensed,
uniform gradient such as our case, we will show that the random
walk our nanoparticles perform is a biased random walk. The
studies in refs. 19–23 are deeply relevant for chemotaxis by
nanoparticles. The works in refs. 19, 20, and 22 look at the self-
propulsion of nanoparticles in which the medium in which they
are suspended does not present any particular gradient to follow;
particles are able to move by the mechanism of chemotaxis,
but this does not result in a consistent or specific direction
of movement by the collective. Authors in ref. 20 present a
detailed model of the walk being performed, with the precise
characterization of a drift velocity and a rotational velocity.

In contrast, in refs. 21 and 23, the authors present novel
nanoparticles which are suspended in a solution with a nonuni-
form chemical gradient; via chemotaxis, the nanoparticles self-
propel and follow the gradient, moving in a directed fashion.
In ref. 21, authors present an in-vitro empirical analysis of
nanoparticles’ movement following the concentration gradient
of a chemical dissolved in the colloidal solution. The chemical
dissolved in the solution is glucose. The authors show how it
is precisely the presence of this gradient that favors a specific
type of walk from these particles, in which they ultimately tend
toward areas of higher chemical concentration, noisily ascending
the gradient. The nanoparticles are asymmetrical, biocompatible
vesicles containing glucose oxidase and catalase. In the presence
of an external glucose gradient, these encapsulated enzymes react
with the glucose, producing molecules that escape from a more
permeable region of the membrane. The subsequent asymmetric
distribution of product molecules outside the nanoparticle
induces a slip velocity on the surface of the particle in the opposite
direction of the gradient, propelling it forward in the direction
of the gradient (21).

Based on the empirical results in ref. 21, we define a
mathematical model, our passive agent model, which rigorously
characterizes the movement of these nanoparticles. We extend
this to an active agent model, which proposes additional agent
capabilities and environment assumptions. We note that the
polymersomes in the colloidal solution examined in ref. 21 are
in the range of 50 nm, supporting our models at the nano scale.
This model is also relevant to cancer detection, and is consistent
with the locomotion of agents in our passive agent model based
on ref. 21. Basic signal amplification ideas similar to those in
our active agent model were described and studied in refs. 24
and 25.

2. Model

We present a continuous space, discrete time general model for
the problem of cancer detection and treatment by nanobots in
the human body, including two variants of the model with
distinct environment and agent capabilities assumptions to be
outlined below. In particular, we include a precise model for
agent locomotion. Table 1 is provided as a lookup table for the
parameter notation used for the formal mode description of this
general model (and its two variants).

In both variants of the model, a set of n identical agents—
nanobots—move in a two-dimensional Euclidean space ℝ2.
Time is discretized. We consider one, single cancer site that is
concentrated in a single point in space. The cancer site naturally
produces some unique surface cell marker, which agents can bind
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to via the appropriate antibody which we assume they possess.
This allows agents to detect the presence of a nearby cancer site
once they are within distance " > 0, with perfect accuracy; we
consider them to have “reached the cancer site” at this point.
In both variants, agents have a step size of �. We define the
dimensionless quantities �̃ = �/`, "̃ = "/`, where ` = 1 m.

2.1. Passive Agent Model. In the passive agent variant of the
model, each agent carries a payload of a drug for cancer treatment.
Once an agent is this "-distance away from the cancer site, it
immediately releases its payload of drug, delivering its marginal
treatment, and then, for all practical purposes, effectively ceases
to exist in the environment.

In this “passive agent model,” we also importantly assume there
exists a specific global chemical gradient centered at the cancer
site, which agents can sense. We call this chemical the “signal
chemical,” which can be imagined to be some naturally occurring
entity which increases in concentration at closer distances to
tumors and cancerous cells. Note that this gradient is time-
constant, i.e., for any location x in the space, the chemical
concentration at x remains constant over time. The role of the
signal chemical will be formalized by the movement model in
Section 2.3. No direct interaction or communication occurs
between agents. An agent’s movement is a function of only its
previous state and the signal chemical that it is currently sensing
in the vicinity of its current location.

We investigate the agents’ ability to distributively and au-
tonomously locate the cancer site and release their payloads
(i.e., the treatment). Given the random and noisy behavior of
individual agents, our goal will be for at least 75%* of the agents
to deliver their marginal treatment. The following quantities are
involved in the process.

The location of the cancer site is indicated with x∗ and we
assume without loss of generality that x∗ =

−→0 (the two-
dimensional null-vector). The location of an agent i (arbitrary
index i ∈ ℕ, i ∈ [0, n − 1]) at time t is x(t)

i ∈ ℝ2, and its
orientation is the vector �(t)

i ∈ ℝ2. The location of the initial
site from which all agents begin is indicated with x0

∈ ℝ2,
i.e., x(0)

i = x0
∀i. Define the dimensionless positions by

x̃∗ := x∗
`

, x̃(t)
i := x(t)

i
`

, x̃0 := x0

`
, with ` = 1 m.

The number of agents that have released their drug payload
up to time t is y(t)

∈ ℕ, with y(0) = 0.
The concentration of the “signal chemical” at location x ∈ ℝ2

is given by 
(x) = P
4�Dt∗ · exp

(
−

(||x−x∗||2)2

4Dt∗

)
, where P, D,

and t∗ are constants. Imagining the signal chemical gradient to
be the result of instantaneous point source diffusion frozen at a
specific point in time, P, D, and t∗ are, respectively, the point
mass amount, diffusion coefficient, and time since point mass
introduction (i.e., time diffusing).†

To be concrete, all parameters values hereafter are in SI
Appendix units, i.e., P is in kg, D is in m2

· s−1, and t∗ is in
s, yielding 
(x) to have units kg ·m−2. Define the dimensionless
analogue

*This proportion is arbitrarily chosen such that the total treatment delivered is effective,
while still being sufficiently less than 100%. In this way, drug overdosing is avoided with
high probability and runtime is reasonably finite.
†The constant t∗ here is a parameter representing the steepness of the gradient. It can
be viewed as the amount of time that passed between the point mass introduction and
when time is frozen, at which point we stop the diffusion process from evolving further
and the gradient from changing.


̃(x̃) =
`2

P

(`x̃) =

1
��∗

exp
(
−

(||x̃ − x̃∗||2)2

�∗

)
,

where �∗ = 4Dt∗/`2. To be consistent with ref. 21, we can think
of one timestep in our model to be equivalent to one second. If
we assumed that agents moved faster, we could consider larger
total areas of operation while still achieving reasonable runtimes.

2.2. Active Agent Model. Next we consider a speculative and
more dynamic variant of the general model as just introduced,
which we call the “active agent model.” We begin by removing
the assumption that there already naturally exists some “signal
chemical” gradient in the environment which is centered at
the cancer site. However, agents can still perfectly detect the
presence of the cancer site within an "-distance and subsequently
bind there to release their payload. Now, half (d n

2e) of the
agents carries a payload of the cancer treating drug, while the
other half (b n

2c) carries a payload of some artificial “signal
chemical” which all agents can sense. The artificial signal
chemical diffuses perfectly radially out from the cancer site
via instantaneous point-source diffusion (26) (see the new 
(·)
below), forming a global signal chemical gradient centered at
the cancer site. This chemical gradient will serve the same
purpose as the signal chemical gradient in the passive agent
model, being followed by agents to locate the cancer site more
efficiently. Before, the signal chemical gradient was endogenous
and constant over time; now, it is created by the agents
themselves and changes over time “passively” as a result of
diffusion and “actively” as a result of more agents releasing their
payloads.

We redefine y(t) and introduce the quantity z(t) as follows:
The number of agents that have released their drug payload up
to time t is y(t)

∈ ℕ, with y(0) = 0. The number of agents
that have released their signal chemical payload up to time t is
z(t)
∈ ℕ, with z(0) = 0. Imagine one agent releases its signal

chemical payload of amount P at the cancer site at time t∗. It
will immediately begin diffusing, with the concentration of this
individual payload, at location x at time t, being a function of
the distance from the cancer site ||x − x∗||2 and the time since
its release (t − t∗): P

4�D(t−t∗) exp
(
−

(||x−x∗||2)2

4D(t−t∗)

)
(26), where

D is the diffusion coefficient. We simplify by assuming that
the diffusion of each agent’s payload is independent—so that
the concentrations are additive. Thus, the concentration of the
signal chemical at time t at location x ∈ ℝ2 is therefore given

by 
(t)(x) = P
4�D

∑z(t)

j=1
1

t−t∗j
exp

(
−

(||x−x∗||2)2

4D(t−t∗j )

)
where t∗j is the

time at which the j’th agent with a signal chemical payload to
reach the cancer site released their payload.

Define the dimensionless, time-varying concentration


̃(t)(x̃) =
`2

P

(t)(`x̃) =

1
�

z(t)∑
j=1

1
�j

exp
(
−
‖x̃ − x̃∗‖22

�j

)
,

where �j :=
4D (t−t∗j )

`2 .
Our goal now will be for 75% of the agents with a cancer drug

payload to deliver their marginal treatment. Besides the specific
items noted above, the rest of the general model is left unchanged
from the passive agent model in Section 2.1. As more agents reach
the cancer site, they maintain, if not amplify, the signal chemical
gradient, thus helping other agents find the cancer site more
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Fig. 1. Visual representation of quantities defined for the orientation-biased
movement model for an agent i. Precisely, the agent’s location at time t x(t)i ,
the cancer’s location x∗, the orientation vector �(t)i , the agent-target location
vector �(t)i , and the angle formed �. Recall that �(t) = ||�(t)i ||2.

efficiently over time. We investigate the impact of this collective
behavior.

2.3. Orientation-Biased Movement Model. We describe the up-
date step for the locomotion of an individual agent, which is
the same for the passive and active agent models. Notably, in
the active agent model, all agents follow the same movement
model regardless of which specific chemical payload they possess.
The only difference in the implementation of this update step
between the two model variants is the specific signal chemical
concentration function 
(·) being used, which is defined in
Sections 2.1 and 2.2, respectively.

All of the steps traverse the same distance, but there is a bias of
moving toward the cancer site. As a result, we call this movement
model the “Orientation-Biased Model.” Consider some agent i
and let

�(t)
i := x̃∗ − x̃(t)

i

be the vector pointing from the current agent location to the
target location. Let

�(t) := ||�(t)
i ||2

be the current Euclidean distance between the agent and the
cancer site. Let �(t)

i be the orientation vector representing the
direction agent i moves in, relative to the cancer site. We define
� to be the angle formed by �(t)

i and �(t)
i . We model the noise

in the movement direction by drawing � ∼ N (0, �2)[−�,�),
i.e., truncated normal distribution, where � ∈ [−�,�)—in
expectation, the agent moves toward the cancer cell. See Fig. 1
for a visual representation of the scalars and vectors involved.

Recall that Table 1 lists all parameters. We assume the
underlying normal distribution has variance

�2 =
(

b ·
∣∣∣∣ d
d�(t)

(

̃(t)

(
x̃(t)

i

))∣∣∣∣)−1

for some constant b ∈ ℝ≥0, where we note that the variance
scales inversely with the magnitude of the derivative of 
̃(·)
with respect to the distance to the cancer site �(t): d

d� 
̃(·).
The steeper the signal chemical gradient, the more biased
toward zero � is. Since the agent’s movement direction is
rotated by �, we can calculate the orientation vector �(t)

i as a
function of � as follows (representing �(t)

i as a column vector):

�(t)
i =

[
cos � − sin �
sin � cos �

]
�(t)

i . That is, there is always a bias

to orient toward the cancer site, with a greater bias as the local

Table 1. Summary table of notation for relevant
parameters
Notation Parameter description

n Total number of nanobot agents
", "̃ Cancer site detection distance (w/ and w/o

dimension)
x∗, x(t)

i , x0 Locations ∈ ℝ2 of cancer site, agent i at time t,
and initial site, respectively

x̃∗, x̃(t)
i , x̃0 Dimensionless locations ∈ ℝ2 of cancer site,

agent i at time t, and initial site, respectively
�(t)
i Vector pointing directly toward cancer site(

x∗ − x(t)
i

)
�(t) Current distance to cancer site at time t ||�(t)

i ||2
�(t)i Orientation vector ∈ ℝ2 of agent i at time t
� Angle ∈ [−�,�) formed between �(t)

i and �(t)i
y(t) Number of drug payloads dropped up to time t
z(t) Number of signal chemical payloads dropped

up to time t (for active agent model)

(·), 
̃(·) Signal chemical concentration functions (w/

and w/o dimension)
P, t∗ Signal chemical gradient magnitude and

steepness, respectively (for passive agent
model)

P, t∗j Signal chemical payload size and time jth
signal chemical payload dropped,
respectively (for active agent model)

D Diffusion coefficient
b Orientation-bias parameter
�, �̃ Step length (w/ and w/o dimension)
�max, �̃max Boundary distance (w/ and w/o dimension)
�, d1, · · · , d5 Quantities used for the analysis of Passive

Agent Model

chemical gradient is steeper. This “orientation-bias” also increases
as b increases. In fact, as b approaches infinity, the movement
becomes taking the shortest, straight-line path to x̃∗, and as b
approaches zero, the movement converges to the simple random
walk.‡ Agent i’s position is then updated as follows, taking a step
of displacement/length in the direction of its orientation vector:

x̃(t)
i = x̃(t−1)

i + �̃ ·
�(t)

i

||�(t)
i ||2

. [1]

For the rest of this paper, we will assume a bounded space,
such that agents are always within �max distance from the cancer
site x∗, i.e., we can consider the space to be a disk of radius
�max centered at x∗.§ We define �̃max = �max/` to be the
dimensionless counterpart, where ` = 1 m.

At each timestep, each agent attempts to follow the above
update step until its new location is indeed within the given
boundary.¶ Despite space being bounded, note that 
(·) models
diffusion in an unbounded space; imposing this �max boundary

‡Hereafter, the “simple,” “fully,” or “unbiased” random walk in ℝ2 all always refer to the
movement model in which an agent’s scalar orientation is sampled uniformly at random,
i.e., � ∼ U(−�,�).
§A disk is a reasonable model for drug delivery because of the inherent radial symmetry
that chemical diffusion models have. Moreover, modeling irregular cancer areas as a circle
captures the average spread while keeping calculations tractable, yet accurate.
¶For sufficiently small �̃ a valid new location will eventually be achieved with probability 1.
We assume that all of these attempts begin from the same starting location, and happen
within one timestep.

4 of 11 https://doi.org/10.1073/pnas.2510036122 pnas.org
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A B
Fig. 2. (Passive agent model). Example simulation run of one agent following our Orientation-Biased movement model with parameters b = 1011, x0 =
(0.005,0)m, � = " = 2 · 10−5 m, and P = 10−19 , D = 10−10 , t∗ = 104 ,�max = 0.01 (SI units). (A) shows the concentration of signal chemical 
(x) plotted as
function of distance to cancer site ||x − x∗||2, given chemical gradient’s radial symmetry. (B) shows the agent’s position over ≈70,000 timesteps plotted as black
trajectory. Signal chemical concentration shown in blue color map. The rightmost solid black curve is �max boundary. Dashed lines in both figures show the
same reference distances of 0.00075 m and 0.004 m from the cancer site, respectively, and approximate the notable distances d2 and d4 defined in Section 3.1.2.

is a simplification we make simply in order to aid conver-
gence/termination in simulations.

Fig. 2 gives a simulated example of an agent moving under
our model. Recall that an agent’s orientation-bias, as we call
it, is a function of the derivative of the global signal chemical
gradient 
(·), which is plotted in Fig. 2A for this particular
example simulation, with respect to the distance to the cancer
site. For ||x − x∗||2 ∈ [0.004, 0.01] m, the derivative is close
to zero; for ||x − x∗||2 ∈ [0.00075, 0.004] m , the derivative is
nonnegligible in magnitude; and for ||x−x∗||2 ∈ [0, 0.00075] m,
the derivative again flattens to zero. This is reflected directly in
the resulting agent’s motion as plotted in Fig. 2B: The motion
begins as something close to a simple random walk or Brownian
motion, becomes more biased/favorable once the agent reaches a
distance of around 0.004 m, and finally returns to being mostly
fully random once extremely close to the cancer site. This trend
in the derivative and resulting behavior is a direct consequence
of the form of the signal chemical concentration function 
(·)
which is very roughly exp(−x2) and will always be seen to varying
extents regardless of parameter settings.

2.4. Model Validation. Our model, regarding the locomotion
of individual agents or nanobots, is based upon the actual
nanoscopic vesicles in ref. 21. Therefore, it is likely that some
version of our model can be implemented, and can have real-
world impact. We now argue that our model resembles the
locomotion of the actual nanoparticles. Fig. 3 provides both
a quantitative and qualitative comparison between the actual
particles and the agents under our model, albeit in a single,
specific environment setting.

For sufficiently small windows, or ranges, of distances, the
chemical concentration function 
(·) can be approximated by
a linear function; we make this approximation for our model
in Fig. 3. This yields a constant variance �2 at all points in
time and locations in space according to our Orientation-Biased
Model of movement. The experimental data from ref. 21 also
involves a chemical signal that changes linearly with respect to
distance, making our comparison direct. The histogram(s) on the
Left of Fig. 3A show that the distribution of scalar orientations
matches extremely closely between the actual particles in ref.

21 and our model. The Right panel of Fig. 3A shows the
average step sizes (effective velocities) of the agents. In contrast
to the actual particles studied in ref. 21, where more favorable
orientations correlate with larger average step sizes between 2.8
and 5.5 (abstract) units, our model, for the sake of elegance
and forthcoming mathematical analysis, assumes a fixed step size
of 4.6 (abstract) units. Fig. 3B shows the corresponding agent
trajectories in which our model exhibits agent movement which
is reasonably similar to the actual particles, with both having
agents noisily ascending the external chemical gradient.

3. Results for the Passive Agent Model

We present analytical results for the time required for a single
agent to reach the cancer site in Section 3.1. Still looking at the
hitting time of a single agent, we present simulation results in
Section 3.3. We then consider a swarm with multiple agents and
present both analytical and simulation results in Section 3.4. For
all of our simulations, we fix�max = 0.01m, " = � = 2·10−5 m,
and D = 10−10m2/s.

3.1. Analytical Results for a Single Passive Agent. We first
consider the case of a single agent (n = 1). This is a simpler,
related problem that gives some intuition for the behavior of the
larger swarm/system, as agents’ random walks in the passive agent
model are independent.

Fig. 4B shows the expected value of the progress made in a
single step in the distance remaining to the cancer site, under
different signal chemical gradients. The exact expected value
calculations were derived from Eq. 2. Across all settings, the
expected progress is close to zero from farther away, increases
as the agent approaches the cancer site, and then decreases
toward zero once more when extremely close. This trend
mirrors our discussion of Fig. 2; we are in fact looking at
the same phenomenon, just now using more precise analytical
results to come to the same conclusion. With larger values
of t∗, i.e., as the signal chemical is less steep (or diffuses for
longer), agents begin making nonnegligible, positive progress
from farther away as the gradient now reaches further, but their
absolute maximum expected progress decreases as the gradient
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is flattening. Imagining the signal chemical gradient here to
actually be dynamic and diffusing, the chemical signal expands
but weakens over time.
3.1.1. Expected progress in a single step. We begin by deriving
the expected progress made in a single step in Eq. 2, for use in
the analysis to come. For some agent i, with location x̃(t)

i at time
t, we let �

(
x̃(t)

i

)
be its current distance to the cancer site, i.e.,

�
(

x̃(t)
i

)
= ||x̃(t)

i − x̃∗||2.

When the agent in question is clear from the context, we
abuse notation and simply write �(t). During timestep t, the
agent moves with scalar orientation � relative to the cancer site
(Fig. 4A). Let Δ�(t +1) := �(t)−�(t +1), i.e., Δ�(t +1) > 0
implies the agent made positive progress toward the cancer site
during timestep t and is now closer. The Law of Cosines gives

�(t + 1)2 = �(t)2 + �̃2
− 2�(t)�̃ cos(�),

which yields Δ�(t + 1) = �(t) −√
�(t)2 − 2�(t)�̃ cos(�) + �̃2. We write Δ�� to express the

change conditioned on �. Recall, we assume � ∼ N (0, �2)[−�,�],
i.e., truncated normal distribution, where � ∈ [−�,�) and
� = �(x̃(t)

i ), we get

�2 = �2
t =

1

b ·
∣∣∣ d

d �(t) 
̃
(

x̃(t)
i

)∣∣∣ =
1
b
�(�∗)2

2�
exp(�2/�∗),

since d
d �(t) 
̃

(
x̃(t)

i

)
= − 2�

�(�∗)2 exp
(
−
�2

�∗

)
. Note that, abusing

notation slightly, we have lim�(t)→0+ �(�(t)) = ∞ and
lim�(t)→∞ �(�(t)) = ∞, but �(�(t)) attains a global mini-
mum at a finite, positive value of �(t). As we will see in our
analysis, the consequence of this is that the agent first (as a
function of �(t)) behaves almost like a simple random walk,
then like a biased random walk, and finally again like a simple
random walk. In Eq. 2, we derive the expected progress made
in a single step in the distance remaining to the cancer site.
Recall Δ�(t + 1) = �(t) − �(t + 1). By symmetry, we can
restrict � ∈ [0,�]. For some appropriately chosen normalization
constant c, we have

E[Δ�(t + 1)] = c
∫ �

0

Δ��
√

2��2
exp

(
−
�2

2�2

)
d�

=
c

√
2��2

∫ �

0

(
�(t)−

√
�(t)2 − 2�(t)� cos(�) + �2

)
· exp

(
−
�2

2�2

)
d� [2]

Recall from Figs. 2B and 4B the following general trend in
agent motion in the passive agent model: fully random when far
away from the cancer site, more biased when approaching, and
finally fully random once again when extremely close. We will
break up the analysis into three phases, in accordance with the
above progression, as illustrated in Fig. 5.
3.1.2. Notable distances. We introduce the key distances
d5, d4, . . . , d1 that govern the behavior of an agent. In order
to do this, we also pick some fixed constant � ∈ ℝ>0 that is
a given desired bias that every agent has in moving toward the

cancer site; our key distances will be chosen to then guarantee a
bias of � in the “blue” phase (Fig. 5).#

1. d5 := �̃max is the maximum distance, i.e., �(t) ≤ d5 always
holds.

2. d4 represents the largest distance from which the expected
progress toward the cancer site in one step E[Δ�] is at least �.
In symbols, d4 := arg max� E[Δ�] ≥ �.

3. d2 represents the smallest distance from which the potential
change of Eq. 2 is at least � throughout [d2, d4]. In symbols,
d2 := arg min� ∀d ∈ [�, d4] : E [Δ�(d)] ≥ �.

4. d3 = d2+d4
2 .

5. d1 := "̃ is the (maximum) cancer site detection distance, i.e.,
hitting the ball around x̃∗ of radius d1 is deemed sufficient for
having “reached the cancer site” by our model definition.

A consequence of our definitions is that � ≤ �̃.
We also make the following additional assumptions.

Assumption 3.1. Assume � ∈ (0, 1] (therefore, � ≤ �̃ ≤ 1);

d3 − d2 > 4
�5 ; d2

3 +d3d5
√

2+d2
5

2 ≥ 1; d3−d2
�̃ ≥ 1

All of our assumptions are for the ease of presentation and, by
extending the proofs and statements, all of them can be dropped.
We discuss our assumptions at the end of Section 3.2.

We now present the main theorem of this paper, which bounds
the time required for a single agent in the passive agent model
to reach the cancer site and deliver its treatment. Recall, Let
�(t) := ||x̃(t)

i − x̃∗||2.

Theorem 3.2. Working within the passive agent model, consider a
single agent i. Assume �̃ = "̃ and that Assumptions 3.1 hold.

Let T be the random variable denoting the first point in time t
for which �(t) ≤ "̃, i.e., when the agent reaches the cancer site. Let

s−1 =
2d2

1
��̃(d3 − d2)

exp

(
−

d2
1 + d1d2

√
2 + d2

2
�̃(d3 − d2)

)
[3]

and

s′ =
exp

(
−1/�3)

1− e−�3/4
. [4]

We have

E[T ] ≤
(

1 +
s + 1

s′

) �e(d2
3 + d3d5

√
2 + d2

5 )2

2�̃2d2
3

+ (s + 1)
d3 − d2

�
+ s

d3 − d2

�̃
.

3.2. Proof Idea for Theorem 3.2. Without loss of generality, we
let x0 = (�(0), 0) ∈ ℝ2. By our assumptions, �(0) ≤ d5.
For any d, d ′ ∈ ℝ with d > d ′ ≥ 0 we define Td,d ′ as the
random variable denoting the first point in time t for which
�(t) ≤ d ′, where �(0) = d . In particular, let T = T�(0),d1 be
the time the (passive) agent first reaches the target cancer site.
Since �(0) ≤ d5, we then have

E[T ] ≤ E[Td5,d3 ] + E[Td3,d2 ] + E[Td2,d1 ]. [5]

# It might well be that � is too large, resulting in an empty interval [d2 , d4]. However, for a
broad range of parameters-particularly when the chemical signal is sufficiently strong-the
interval remains nonempty.
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A B

Fig. 3. Comparison between the actual nanoparticles of ref. 21 in vitro experiment and agents under our model in simulation. In both, agents are moving in
response to an external chemical gradient which is linear with respect to distance and time-constant. Note that units of distance are arbitrary/abstract here.
(A)-Left: histograms of agent orientations over all timesteps. Orientation of zero points in the same direction as chemical gradient increases. (B)-Right: average
units of distance traveled by agents in one timestep (i.e., step size) over all timesteps. The shaded region is SD. (B): single agent trajectories normalized to start
at (0,0). Chemical gradient increases in direction of black arrow.

Each term on the right-hand side can and needs to be bound
separately, since the “drift”|| of the agent is different in each
of these three regimes. We now give an overview of how we
treat the analyses of these quantities in the different regimes. See
Fig. 5 for an illustration. Our results hinge on a crucial property:
The distance of the agent is majorized by the distance of a two-
dimensional unbiased random walk. We prove this formally in
SI Appendix. We now give an overview of the different regimes
and their analysis.

1. Between d5 and d4, the absolute value of drift of the agent is,
by definition of d4, less than �. Using the fact that the agent is
no slower (majorization) than a slightly biased random walk,
we can estimate the time it takes to be within the d3 using
results for unbiased random walks.

2. Between d3 and d2, the agent is majorized by a 1D random
walk (with respect to �) with a negative bias of −�. The
reason we do not simply assume the random walk for this
phase/regime starts at d4 is that after just one step outside d4,
it would no longer be a |�|-biased random walk. Thus, we use
the regime between d3 and d2 and allow the random walk to
go all the way to d4 (which we show will happen very rarely).

3. Between d2 and d1, the bias becomes weak again, and we
use our majorization with an unbiased random walk that
allows for a clean analysis: We are interested in the time
it takes to hit the ball at (0, 0) with radius d1 = "̃. Each
attempt has a probability of success p. With the remaining
probability, the random walk has still failed to hit the ball,
but, by construction, it will still be within d3, and thus, return
quickly to d2. After 1/p trials, we expect the random walk to
hit the d1-radius ball.

Proof details appear in SI Appendix.
3.2.1. Justification of Assumptions 3.1. As noted above, each
assumption can be removed at the cost of a more involved
analysis. We retain them for clarity: Without them, the time
bounds become regime-dependent in the parameters and harder
to interpret.

We now discuss the assumptions one by one. The first one
ensures that all steps are at most of size 1 which is useful in
||Here, we are considering the one-dimensional random walk with values in [0, d5] tracking
the agent’s current distance �(t) from the cancer site x∗ . So the “drift” or “bias” in this
context then denotes the expected change in the distance to x∗ in one step. Note that an
unbiased random walk in ℝ2 has a drift away from the cancer cite, unlike in ℝ1 , where
there is no drift.

our concentration inequalities but can be avoided. The second
ensures that the blue regime where the biased random walk
governs the process is long enough that the bias matters, in the

A

B
Fig. 4. (A)–(Passive agent model). A single step, from time t to time t + 1, of
an agent i in the passive agent model with fixed scalar orientation � and step
length �. Recall that �(t) ∈ ℝ is the distance the agent is away from the cancer
site at time t (�(t + 1) is analogously defined, for time t + 1). Bold symbols
represent vectors, nonbold symbols represent scalar quantities or points. (B)–
(Passive agent model). Expected progress made in a single step toward the
cancer site (E [�(t)− �(t + 1)]) by an agent under our passive agent model
from varying current distances, and under different signal chemical gradients.
Fixed parameters include � = " = 2 · 10−5 , P = 10−19 , D = 10−10 , b =
1012 ,�max = 0.01 (SI units).

PNAS 2025 Vol. 122 No. 48 e2510036122 https://doi.org/10.1073/pnas.2510036122 7 of 11
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Fig. 5. (Passive agent model). Depiction of space as considered and notated
in the proof of Theorem 3.2, with example trajectories for phases/regimes
1, 2, and 3 of the analysis shown in red, blue, and green, respectively. Note
that this analysis mirrors the general trend in agent motion in the passive
agent model (Figs. 2B and 4B): “fully” random when far away from the cancer
site, more biased as approaching, and finally “fully” random once again when
extremely close.

sense that the agent very likely goes in the right direction. Should
said regime be much shorter, then the entire process can be treated
as an unbiased random walk (resulting in a worse bound on the
hitting time). The third ensures that our round length L in the
lemma bounding Td5,d3 (SI Appendix) is at least 1 timestep. This
can be avoided by using L = max{1, · · · }. The final assumption
ensures that the random walk in the lemma bounding E [Td2,d1 ]
(SI Appendix) lands in the interval [d2, d3], and not farther away,
after each (failed) attempt of L′ time steps. This assumption can
be dropped, by assuming the random walk ends up at d5 after
each attempt (resulting in a worse bound of the hitting time).
The final assumption also ensures that our round length L′ in the
same lemma is at least 1 timestep.

3.3. Simulation Results for a Single Passive Agent. Moving
beyond analysis, we now present simulation results for the passive
agent model. Since the upper bound presented in Theorem 3.2
simply assumes an initial distance of �max, the simulation results
provide a more accurate assessment of runtime across a range
of varying initial distances. In actuality, the agents usually
reach the cancer site much faster than the bound presented in
Theorem 3.2;** The simulation results also better illustrate the
effect of certain model parameters on performance.

Still considering only a single agent under the passive agent
model with orientation-bias parameter b, Fig. 6 shows the hitting
time results from simulation, plotted in comparison to the simple
random walk for a baseline of comparison. Recall that larger
values of b correspond to agents being more likely to orient and
move toward the cancer site (i.e., greater amounts of orientation-
bias).

In Fig. 6A, without loss of generality—since the signal
chemical gradient is radially symmetric—the agent has initial
location x0 = (�(0), 0), where �(0) is the initial distance
between the agent and the cancer site x∗. We fix P = 10−19

kg. As �(0) increases, hitting times increase, with this decline
in performance worsening with less orientation-bias. However,
under these specific environment settings 
(·), once within a close
enough distance (≈0.004 m) and thus a steep enough signal
chemical gradient, agents reach the cancer site very efficiently
regardless of the amount of bias. Fig. 6B shows the effect of

**Even when the initial distance is �max , the analysis techniques used for Theorem 3.2
likely still produce a bound whose lack of tightness is significant; i.e., we expect agents to
usually reach the cancer site much faster the analytical bound, which these hitting times
being reflected in simulation results.

A

B
Fig. 6. (Passive agent model). Number of timesteps for a single agent under
our passive agent model to reach the cancer site (i.e., hitting time) under
varying degrees of orientation-bias, and compared to a simple random walk
(“RW”). Plotted lines are average hitting times over 100 trials and shaded
regions are SDs. (A): How hitting time scales with initial distance to cancer
site. Fix signal chemical gradient, P = 10−19 kg. (B): Effect of the magnitude
of the signal chemical gradient on hitting time. Fix initial distance to cancer
site at 0.005 m. For both: Fixed parameters include � = " = 2 · 10−5 , D =
10−10 , t∗ = 104 ,�max = 0.01 (SI units). Hitting times were capped at 107

timesteps.

the magnitude of the signal chemical gradient on hitting times.
We fix �(0) = 0.005 m. As P increases, hitting time decreases
since there is a more noticeable chemical signal farther out
from the cancer site, which the agent senses and consequently
orients/moves more favorably in expectation. The effect of P
on hitting time is more noticeable under weaker amounts of
orientation-bias. As shown in both subfigures, our movement
model significantly outperforms the simple random walk across
all settings.

3.4. Results for Multiple Passive Agents. We now return to the
main application of interest in which at least 75% of the n
(>1) nanobot agents are tasked with locating the cancer site
in a reasonable amount of time such that all of their marginal
drug payloads together provide the desired amount of treatment.

8 of 11 https://doi.org/10.1073/pnas.2510036122 pnas.org
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Fig. 7. (Passive agent model). Runtime results for 25 agents in the passive
agent model for varying initial distances to the cancer site, and in comparison
to the pure RW. Plotted are average runtimes over 100 trials and shaded
regions are SDs. Runtimes were capped at 107 timesteps. Fixed parameters
include � = " = 2 · 10−5 , P = 10−18 , D = 10−10 , t∗ = 103 ,�max = 0.01, b =
1012 (SI units).

We can easily obtain the following bound, based on Theorem 3.2.
The proof appears in SI Appendix.

Corollary 3.3. Let T1, . . . , Tn be i.i.d. random variables repre-
senting the drug delivery times of n agents, and let t+ be the upper
bound derived in Theorem 3.2 such that E[Ti] ≤ t+ ∀i ∈ [1, n].
Then, for any number of agents n ≥ 1, at least 75% of the agents
complete delivery by time 10t+ with probability at least 1− 2−n/4.

We complement our theoretical result of Corollary 3.3 with
simulations. Runtime results are shown in Fig. 7. We fix n =
25. All n agents have the same initial location x0 = (�(0), 0),
where �(0) is the initial distance between the agents and the
cancer site. Similar to the single agent hitting time results, we
see runtimes increasing nonlinearly as the initial distance to the
cancer site increases. Again, agents under the passive agent model
significantly outperform the simple random walk as expected (by
approximately one to two orders of magnitude, depending on
the initial distance).

Note that we cannot simply extend our single-agent analytical
result to the multiagent case, despite the agents’ walks being
independent in the passive agent model. That is, given only the
expected time for an individual agent to reach the cancer site (and
not knowing more about the distribution), we cannot conclude
the expected time for multiple agents.††

4. Results for the Active Agent Model

Now we present our simulation results for the active agent model.
We first present results in Fig. 8 on the runtime speedup seen

††This can be demonstrated by a simple toy example with two agents (n = 2). Here,
the time for at least 75% of the agents to reach the cancer site is simply the time for
both agents to reach the site. Say the expected hitting time for a single agent (in some
given environment/model setting) is 1. Consider two distinct possibilities that would both
correctly yield this expected hitting time of 1: a) each agent always takes time 1, and b)
each agent takes either time 0 or 2, each with probability 1/2. In case a), the total expected
hitting time for both agents to reach the cancer site is 1, while in case b), the total expected
hitting time for both agents is 11/2. This proves knowing the expected hitting time for a
single agent is not, in general, enough knowledge in order to make a statement on the
total expected hitting time of multiple agents.

Fig. 8. (Active agent model). Runtime speedup (ratio) from an agent follow-
ing a simple random walk—“1st agent”—to the first agent with a nonzero
chemical signal to follow in the active agent model—“2nd agent.” Both agents
start from the same initial distance. The signal chemical gradient for this
“2nd agent” is given by z(0) = 1 = z(t) ∀t, t∗1 = 0. Fixed parameters include
� = " = 2 · 10−5 , P = 10−19 , D = 10−9 , b = 1012 ,�max = 0.01 (SI units).

once the very first signal chemical payload is dropped and there
is a nonzero chemical gradient to follow. We then consider the
full swarm of n agents and present simulation results in Fig. 9 to
show the collective benefit of having more total agents.

Beyond agents dropping payloads in order to have some
chemical signal for others to follow and essentially recreate the
environment conditions of the passive agent model, one would
hope that there would be some additional collective benefit
and runtime improvement in having agents be in control of
their own dynamic chemical signal—this is indeed what we
observe. Breaking down this advantageous collective behavior
into contributing factors, we begin by looking at the immediate
hitting time improvement seen after the very first signal chemical
payload is dropped, shown in Fig. 8. The first agent with a
chemical signal to follow reaches the cancer site around three
orders of magnitude faster than the simple random walk, proving
that the time it takes for the very first agent to drop its signal
chemical payload is crucial to the overall runtime.

Fig. 9 shows runtime results with different numbers of agents.
The total runtime is effectively the sum of the time it takes for
the very first signal chemical payload to be dropped—shown
in Fig. 9A—and the time it takes for the desired 75% of drug
payloads to be dropped once the first signal chemical payload is
already dropped—shown in Fig. 9B. The former portion of the
total runtime is improved with more agents as the time for the
first of bn/2c simple random walks to hit the cancer site trivially
decreases in expectation as n increases. The latter portion of the
total runtime is also improved with more agents as the global
signal chemical gradient is amplified, resulting in more favorable
agent behavior particularly by those that reach the cancer site later
on. Recall Fig. 4B, which demonstrated that after long enough,
the signal chemical gradient flattens out and starts to become
useless for agents to follow. That is, over time, the chemical
signal weakens and yields fully random agent motion; however,
with more agents, the time between successive dropped payloads
decreases which combats this phenomenon, maintaining the
chemical gradient at a useful (steep) state, even if it is not

PNAS 2025 Vol. 122 No. 48 e2510036122 https://doi.org/10.1073/pnas.2510036122 9 of 11
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A

B
Fig. 9. (Active agent model). Runtime results for the active agent model,
showing the collective benefit of a larger swarm, and in comparison to the
simple random walk (“RW”). (A): Time for first signal chemical payload to
be dropped with n total agents, equivalent to the time for first of bn/2c
independent simple random walks to hit cancer site. (B): Time for 75% of dn/2e
drug-carrying agents to reach cancer site once first signal chemical payload
is already dropped, for n total agents. Note that the combined times of (A and
B) is exactly the total runtime for 75% of the agents with drug payloads
to deliver their treatment starting from the initial site. Fixed parameters
include � = " = 2 · 10−5 , P = 10−19 , D = 10−9 , b = 1012 ,�max = 0.01,
�(0) = 0.005 (SI units). Plotted lines are average runtimes over 100 trials and
shaded regions are SDs. Runtimes were capped at 107 timesteps.

amplified. Ultimately, the active agent model outperforms the
simple random walk by approximately three orders of magnitude.

5. Discussion

We present a formal model of nanobots for cancer detection
and treatment, with agent locomotion behavior representative
of actual nanoparticles. Our results demonstrate that for the
Orientation-Biased movement model, agents’ movement be-
comes more biased as they get closer to the cancer site, before
returning to fully random movement once they are extremely
close. This trend is a result of the specific signal chemical concen-
tration function 
(·), not just the movement model in general.

We consider two distinct scenarios, and accompanying variants
of the general model: First, the passive agent model in which there

already exists an endogenous chemical gradient centered at the
targeted cancer site; and second, the active agent model in which
agents must form the chemical signal themselves and maintain
it over time by dropping payloads at the cancer site. We have
simulation results for both versions of the model, showing the
behavior of both the individual agents as well as the collective
swarm. Across all settings, our model significantly outperforms
the fully random walk. We also provide analytical results for the
passive agent model, bounding the time it takes for a single agent
to reach the cancer site starting from a given initial distance, as
well as the time for 75% of the agents to reach the site with high
probability. Simulation results for the passive agent model show
how runtime scales nonlinearly with the initial distance to the
cancer site as well as the extent to which a stronger signal chemical
gradient benefits performance. While all walks are independent
in the passive agent model, this is not the case in the active agent
model.

Simulation results for the active agent model demonstrate a
runtime speedup of multiple orders of magnitude with more
agents. With more total agents, the time when the chemical signal
first appears is drastically reduced as this coincides with the time
when the first of bn/2c simple random walks hits the cancer site.
Further, as more and more agents release their signal chemical
payloads over time, the gradient is able to be maintained at a
steep—and thus useful—state before fully diffusing/dispersing
and becoming uniform—and thus useless. That is, here, agent
movement becomes more biased both when closer to the cancer
site and as time progresses. The second agent to reach the cancer
site does so faster in expectation than the first agent because of
the introduction of a chemical signal to follow, the third agent
reaches the site faster in expectation than the second because of
an amplified gradient, and so on.

If only in passing, we acknowledge that we did not consider
the average clearance time for nanoparticles in the given colloidal
environment; for the above mechanism to be indeed useful
in practice, the clearance time would need to be sufficiently
long such that the later agents have enough time to sense
the gradient before being expelled. Although speculative in the
assumptions made on individual agent capabilities, we hope that
the results shown for the active agent model are compelling
enough to motivate experimentalists when designing and testing
new nanoparticles.

5.1. Future Work. Future work could vary further environment
parameters such as the diffusion coefficient D, individual payload
size P (in the active agent model), cancer site detection distance
", and maximum boundary distance �max, and evaluate the
resulting performance of the swarm (under both variants of
the model). Such an exercise, given interesting simulation
results, could motivate new experiments to run with actual
nanoparticles. The 3-dimensional setting also remains to be
investigated. Future work could include studying the effect of
different forms of noise on swarm behavior, such as imperfect
detection of the cancer site and agent motion impacted by blood
flow.

Future work could also consider multiple cancer sites, in-
troducing the problem of how to evenly allocate the agents’
treatment across all sites even if certain sites are more easily
located. This setting could call for more involved strategies
such as multiple distinct classes of agents, multiple distinct
signal chemicals, and different injection times (i.e., different
agents introduced into the environment at different points
in time).

10 of 11 https://doi.org/10.1073/pnas.2510036122 pnas.org

D
ow

nl
oa

de
d 

fr
om

 h
ttp

s:
//w

w
w

.p
na

s.
or

g 
by

 9
2.

41
.1

58
.4

9 
on

 J
ul

y 
17

, 2
02

6 
fr

om
 I

P 
ad

dr
es

s 
92

.4
1.

15
8.

49
.



Last, in the active agent model, it is possible that analytical
bounds on the expected time for some percentage of the total
agents to reach the cancer site can be derived.

Data, Materials, and Software Availability. Simulation code data have been
deposited in GitHub (DOI: 10.5281/zenodo.15278454). (27)
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