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There was a door to which I found no key,

There was the veil through which I might not see:
Some little talk awhile of me and thee,

There was - and then no more of thee and me.

Omar Khayam
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devotion



Abstract

In this thesis, we exhibit the construction of
off-shell N=2 superfield supergravity using N=1 superspace
geometry. We solve up to all orders, the off-shell N=2
supergravity constraints in terms of unconstrained N=1

superfields.

We start by a general introduction to supersymmetry
and show how to combine it with standard field theory
models. In particular, we consider scalar field theory
whose supersymmetric extension is known as the Wess-Zumino
model, which describes the supersymmetric coupling of

scalars with spinors.

In the second chapter, the above coupling is extended
to more complicated models where the N=1 superspace
geometry is used to formulate both N=1 super Yang-Mills and

N=1 supergravity in terms of unconstrained N=1 superfields.

The techniques used in the second chapter motivate
those developed in Chapter 3 where we explicitly solve the
N=2 off-shell supergravity constraints in terms of

unconstrained N=1 superfields.



Finally, we discuss the formulation of extended
supersymmetric field theories from a higher dimensional
point of view.We prove that Sokatchev’s N=2 supergravity
constraints in four dimensions can be obtained from a
single constraint in five dimensions, hence exploiting the
geometrical structure of the N=2 supergravity constraints
in four dimensions and emphasising the importance of

central charge invariance of the constraints.

We also solve, to all orders in the Yang-Mills
coupling constant, g, the N=2 super Yang-Mills constraints
in six dimensions in terms of unconstrained N=2
superfields. To achieve this, we use the method of power

expansions in the coupling constant,g.
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CHAPTER 1 10

INTRODUCTION

1.0 A brief discussion on Global Supersymmetric Models

The main aims of physics are to understand nature and
relate the different forces that govern the geometry and the
existence of our universe. So far there are only four known
forces, namely the Gravitational, Electromagnetic, Weak and
Strong forces. It has always been the objective of physicists
to unify all these fundamental forces. In the modern history
of physics this goes back to 1886, when Maxwell successfully
unified the Electric and Magnetic forces, now known as the
Electromagnetic forces. Subsequently a major breakthrough
in the scheme of unification was achieved when Salam and
Weinberg unified the Electromagnetic and Weak forces into
Electro Weak interaction in 1967. Since then physicists
have been trying hard to unify all the other interactions,
in particular the general theory of relativity, which describes
the gravitational field (Einstein's theory) with the strong
and electroweak forces. The discovery of supersymmetry in
1971-74 [1]eventually made it possible to unify Einstein's
gravity consistently with other interactions in nature. However,
there are other schemes to unify strong and electroweak forces
(i.e. without gravity). These are known as Grand Unified
Theories (i.e. GUTs) EZJ.

Supersymmetry is the new type of symmetry which rotates
bosons into fermions and fermions into bosons according to the

schematic formulas:

5B=EF (a)

oF = yBE (b) (1.1)
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where € 1is an anti-commuting parameter which is an element of

a Grassman algebra, B stands for bosons and F for fermions

having dimensions -%, 1, % respectively. We notice that (1.1)

a) and b) can include higher order terms. For example, in

(1.1b) we can have a term proportional to B2 which has the
correct dimension of 3/2. However, we discard such terms at

the linearized level. Motivated by (1.1), it is then obvious
that in a supersymmetric theory every bosonic field is associated
with a fermionic companion field and vice versa. As an example

consider a scalar field theory. The Klein Gordon action in four

dimensions is given by:

) 2 2 4
I%"'E Xtcarm +(3,3) 1 dx. (1.2)

where A and B are scalar and pseudo-scalar fields respectively.
If we want to introduce supersymmetry into the above action

then, according to equation (1.1), the A and B fields have to

transform into a fermionic field % . Similarly, A transforms

into derivatives of the A and B fields

SA: LE)\ (a)
2
SB=-'_2€755>\ (b)

S A= F(A,i¥sB)E (c) (1.3)

where 55 in (1.3b) indicates that B is a pseudo-scalar field.

In order for the action (1.2) to be invariant under the
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transformations (1.3) one has to modify (1.2) by all possible
terms which involve the field A . Usually such terms contain
in addition to the kinetic term of A , all possible A inter-
actions.

The supersymmetric extension of (1.2) is(1]
u z 2N Jd4
I=__2,ftcarm+(‘ara)-_2_)\'a>\] X (1.4)

This action is globally supersymmetric (where 8‘ is a
constant) .

Other examples of globally supersymmetric theories are
Super Yang Mills Theories 3] , [8]

In the case where €-£&(Xx) , depending locally on the
coordinates of the four dimensional space time, one is obliged
to introduce gravity, which is the theory invariant under
general coordinate transformations (G.C.T.). The new model
which we obtain is then locally supersymmetric and it is called
Supergravity (S.G.) Theory {4].

The simplest model of S.G. is the N=1 S.G., which contains
the following N=1 massless supermultiplet (1 graviton spin 2
field %f , 1 gravitino spin % field «ﬁj ) where the spin %
field is the fermionic companion of the graviton, the massless
spin 2 field.

The massless supermultiplet of N=2 S.G. contains
(L e;‘, zy%f’ 'AP ) where A,  is the Abelian U(1) vector
field which is the electromagnetic field. The maximal

theory is the N=8 theory which contains the following massless

supermultiplet:
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(1 graviton, 8 gravitinos, 28 gauge vector bosons,
56 spin % fields, 35 scalars, 35 pseudo-scalars).

In addition to supersymmetry invariance, S.G. theories
have internal SO(N) symmetries where N is identified as the
number of gravitinos. The internal symmetry of any S.G.
theory may be enlarged depending on whether or not there are
hidden symmetries in the theory. For example, the N=8 S.G [5].
has a hidden global symmetry, the exceptional group E(7). The
maximal N=8 S.G. theory presents a model which was hoped to
unify all the fundamental forces in nature. However, this
theory still suffers from very serious problems such as ultra-
violet divergencies, non-chirality of its fermionic spectrum
and the fact that the internal symmetry group of the N=8 S.G.
theory does not contain the SU(3) x SU(2) x U(1) symmetry of
strong and weak forces. For this reason it is now believed
that superstring theories [g] (which only exist in ten dimensions
and contain N=8 supergravity) stand a chance of being theories
which unify all the fundamental interactions in nature. More-
over, superstrings solve the problem of chirality and their

symmetries (in the case of the E. x E8’ heterotic strings)

8
break down in four dimensions to groups which contain the
standard model's symmetry group SU(3) x SU(2) x U(1).
Supersymmetric field theories can also be formulated in
terms of superfields (S.F.) which provide an elegant linear
and compact description of supersymmetry representation. In
fact, all supersymmetric (global and local) theories take a

very simple form when expressed in terms of superfields.

Superfields are defined over superspaces. A superspace

A —~ Q
is the space of points z"_(x% g% &) where X are
of
the four dimensional space time coordinates and @& («=1,2)

is an anti-commuting Grassmannian coordinate[7]
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The coordinates ZA are usually considered to be coordinates
in the coset space:

Super ISO(3,1)/S0(3,1), where super ISO(3,1) is the
superpoincare group and SO(3,1) is the Lorentz group. An

element of this coset space is usually parametrized as:
A A
hez )=:expz T, (1.5)

where TA are supergenerators of the superpoincare group and

they satisfy:

b

C

where CABC are structure constants of super ISO(3,1). We
leave further details to the next chapter.

A simple example of superfields is a scalar S.F. which
is identified as (P,(P(x,e, #) . Similarly, a supervector,

a supertensor, etc., can be defined in the same way. Let us

take a scalar S.F. q)(x,@.,é) and expand it as a polynomial in&.

We get:

- ==
DX, 8, 8) = AX) £ 8 X (X) 4 &5 ) (X)
+05’F(X)+5’5’D(X)+0’“5"VQP(X)
+66 % Xa(x) 1550 K (X) L6665 DX).

(1.7)



Because of the anti-commuting property of € 's the other terms
vanish and we have a terminating polynomial expansion. More-
over, in addition to vector derivatives, one also defines

spinorial covariant derivatives as follows:

D..& (Du +iF ug)

(a)
D;.-L(3;,i6"
477 T e vy (b) (1.8)
Therefore the components of the S.F. <p(x.ené) in (1.7)

can be defined as successive differentiation of (p evaluated

at & =G=0 i.e.

ALY QUx,6,8))
« od 6'3-5:0
Nx)o _2i D Pix, 0.8 _

6=6=0
Fix)= D' P, 6)]
* 0‘=5‘=0

(1.9)

The supersymmetry transformation law for a scalar superfield is

given by:
o zd =
SE(]L(E_QQ,;E Q)P (1.10)
o  =d o =
where & (t) are the supersymmetry parameters and @ (Q )

are the supersymmetry generators given by

Qu\: (aal -“é‘fad;& (a)

= = 4 (1.11)
Qg = 94-i6 Juy (b)

15
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They satisfy the following properties:

{0R) ={6'§}={6:Q}= {0,‘3}=0 (1.12)

using the expansion of (P in (1.7) and equations (1.11) one
can prove that (1.10) yields the component supersymmetry trans-
formation rules of q) .

The general scalar superfield (p is complex. Eqgquation
(1.10) shows that q) transforms under a representation of the
superpoincare group. However, this representation is reducible.
In order to have irreducible representations of the superpoincare
group one has to impose additional conditions. A particularly
useful irreducible repfesentation is called the chiral
representation. In this representation the chiral scalar

superfield Cp satisfies the following equations:

6¢(Z) =0 (a)

(1.13)

Dg—p(z) _o (b)

Note that a real superfield cannot be chiral because

OP=DP=zDPuo = {04,_0.3}@:%_'3-‘.} $ .o

which forces (P to be a constant.

Equations (1.13) can be simply solved to give:

P, 6,6) =Py, &)

=AY+ O KY) LOEBLY)

(1.14)

where y = X _igv¥ G
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Consider the following action:

I. fdixdepo) (1.15)

The measure Sc{‘*e’ is defined such that §d&=0 ,fedé =
which is known as the Berezinian integral . In other words
fde-d:§5 i.e. in superspace integration and differentiation

are equivalent. Consequently one takes:

§dixdie - fdixd?ed’s = SO'D d4x (1.16)

Equation (1.16) reduces (1.15) to:

I {d4x[ OO D P+ 2(D'P)O5P) (TPIO )] (1.17)

To evaluate (1.17) we use the projection method (see eqn. 1.9)

and the following identities:

=0¢

D0 P=_id ;0D

We obtain

If. d‘fx(ADA-_k 8“)\ FF) (1.18)

-

6=6=0

which is the free massless action for a complex spin 0 field A,

a Weyl fermi field N and a non-propagating auxiliary
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field F.

Let A = Aq + iAg and insert this in (1.18). Then
we get exactly the off-shell Wess-Zumino action given by
equation (1.4).

One draws two important conclusions from this example:
i) The action written in terms of superfields in superspace
can indeed take a very simple form, as seen in equation 11.15)
(compared with (1.4)).
ii) We get the off-shell formulation of supersymmetric field
theories in a straightforward manner, as can be seen from (1.18)
with the off-shell fields F and F. The on-shell action (1.4),
can be obtained by solving the equations of motion of the F
and F fields and substituting them back into the action (we
can do this since F and F are non-propagating).

Another example of global supersymmetric theories is
Super Yang Mills (S.Y.M.) theories . The pure Yang Mills action

is:
I- _.'_ '
_f Tr(F’wF )cl')( (1.19)

where F;w= %FAV- ’BVArJI\P,P\v]

Equation (1.19) is invariant under the following non-abelian

gauge transformation:

' -1 -1
AP=JLArJL +Sl’ar.ﬂ. (1.20)

where SL is an element of a non-abelian gauge group. We super-

symmetrize (1.19) by introducing a fermi field Xa such that



(using general principles given by equations (1.1))

Y L Fe. (75“"),(\5 €,

(1.21)

SAFEU X

I

By requiring (1.19) to be invariant under (1.21) we
have to add to (1.19) the kinetic term for )X . Consequently

we obtain the supersymmetrically invariant action:

I. f[_'z‘l"r'(l"-;wl:rv)_.% K x 1d*x (1.22)

Since we have one fermi field associated with the gauged vector

boson field A , the above model is called the Simple N=1 S.Y.M.

Theory.

In order to express (1.22) in terms of N=1 superfields,

we introduce a prepotential superfield V in the Wess-Zumino

gauge [7] i.e.:

< = 2 = =
V. 6 8 A (x)-Le 6 X W)

|
W.z 2

_2 _
-L G6 Xy X) 4 L &6 Dix)

(1.23)
using also the following identities:
=2 -t =2
0.D,..1L€,,D"
« (b) (1.24)

p=-7 ~%p
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we find that:

-2 . a4
04D OV ] =—‘3P4 A, (")-';_e-tp Dx) (1.25)
&80:0
Similarly we find that
D"B"Dpvl _ ‘.'apé. 2 ex) (1.26)
0’:6‘:0
Now by calling:
-2
Wcl =D DdV(X) (1.27)

we find that the linearized version of (1.22) in terms of super-

fields is exactly given by:

1| =jd"x[(dep)(o*wp),,wpozij

(1.28)
e':é':O

which can be rewritten as:

IL_ quXClzﬁ'ded

iR 1.2
5 (1.29)

This is the N=1 superfield version of linearized (1.22). However,

the above result is just at the linearized level and we would

like to extend it to the non-linear level by finding the non-

linear version of (1.27). This will be the subject of the next

chapter.
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The main theme of this thesis is to construct type I off-shell N=2 Poincare
Supergravity [21] in terms of unconstrained N=1 superfields. The motivation for
doing so is to provide a scheme for quantizing the theory in terms of N=1
superFeynmann rules which so far have been proved to be the most adequate way
for calculating supergraphs.

Supergravity as it stands is a classical theory and needs to be quantized
in order to get useful physics out of it. However, quantizing supergravity is
not an easy task and one either has to develop new techniques or a more flexible
approach to quantization. Superfield formulations of supersymmetric theories
have provided such a flexibility as we have seen in the previous discussion. In
fact, the proof of the finiteness of N=4 super-Yang-Mills theory was carried out
using superfield perturbation theory [26]. With the development of superfield
techniques we now have efficient methods for quantum calculations in
supersymmetric theories. Unfortunatly, such techniques are only in terms of N=1
superfields and therefore in supergravity, quantum calculations have been
considered only for simple N=1 supergravity. To go to higher N extended theories
one faces two options: either to develop an N extenaed superfield technique for
quantum calculations or to express the higher extended supergravity theories in
terms of N=1 superfields and then quantize.

In this thesis we will consider the second option, being encouraged by the
existence of N=1 superFeynmann rules. Hence we will concentrate on the N=2
supergravity formulation in terms of N=1 superfields. Note that this formulation
should be in terms of unconstrained or chiral prepotentials for practical
quantum calculations.

The strategy of formulating extended sypersymmetric superfield theories
of N=1 or any N superfields relies on some basic facts. Supersymmetric theories
can only go smoothly if the theory is offshell i.e. in which the algebra of
infinitesimal transformations on the fields closes without imposing the field
equations. In superfield language, this is equivalent to off-shell constraints

(on shell constraints impose the field equations). The motivations behind
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imposing these constraints are to restrict the superfields to the locally
irreducible representations of supersymmetry and to give the correct degrees of
freedom for a particular supersymmetric theory. However off-shell constraints
are completely known only for N=1 and N=2 supergravity and super-Yang-Mills

theories.
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The plan of the rest of the thesis is as follows:
Chapter 2 will be mainly a general review of N=1 super
symmetric field theories. Such a review is necessary because
the mathematical techniques and methods involved serve as a
basis for those in Chapter 3.

We discuss (as an introduction to Chapter 3) the algebraic
and differential constraints imposed on the superfields. We
sketch the solutions to these constraints and we show how to
build the corresponding density actions. 1In particular we
consider N=1 S.Y.M. and N=1 S.G. theories.

In Chapter 3 we formulate the N=2 S.G. theory in terms
of unconstrained N=1 superfields. We do this by studying first
the N=2 S.G. constraints projected onto N=1 superspace. By
choosing a specific gauge, "the chiral gauge", the constraints
take simpler forms which allow them to be solved in terms of
N=1 superfields to all orders. Finally, we construct the
corresponding action, .and we close the chapter by some discussion
on the importance of these results in the content of guantization
of the N=2 model. Speculations on extending our results are
given.

In Chapter 4 we construct the N=2 supergravity constraints
from the five dimensional point of view. Using central charge
invariance, we determine exactly the second fundamental N=2
S.G. constraint in N=2 chiral superspace . Moreover, we
consider N=2 Super Yang Mills constraints in six dimensions
and we show how to solve them to all orders in the S.Y.M.
coupling constant using the power expansion method [26] .

Finally we attach three appendices for relevant identities

and details of Chapters 2, 3 and 4.
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CHAPTER 2 ' 25

2.1 Flat superspace

In the first chapter we gave a preliminary introduction
to some supersymmetric field theories. By introducing the
notion of "superspace", the Wess-Zumino and N=1 S.Y.M. actions
took particularly simple forms which were manifestly super-
symmetric,

In this chapter we will further elaborate on the
construction of specific types of superspaces which turn out
to be useful in the formulation of locally supersymmetric
field theories.

The simplest type of superspace is "flat" superspace,

which is defined as the coset space M.

M=3upe.\- I:So("b,l)/so(sl) (2.1.1)

where superISO(3,1) is the superpoincare group and SO(3,1) is
the Lorentz group. Using two component notation [9] a

coordinate 2B of M is given by

o

)

zt(x?&",é

where x° are the coordinates of the coset space M which is
a 4 dimensional Minkowski space. G; and E?* are anti-
commuting coordinates taking values in the odd part of the
Grassmann algebra.

An element of the superpoincare group can always be

parameterized in the following way:

%:expi(zATﬁ+Ji)\Qqu\D) (2.1.2)
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where TA are the super translations satisfying equation
{1.6), Mab are the Lorentz rotation generators and A ab
are their associated parameters.

The coset manifold M in (2.1.1) is defined [3] as
the set of cosets of g (or orbits) with respect to the

Lorentz group, i.e.

M={%H ; 9€ Seper IS0 H:Sc(s,n)}

(2.1.3)

An element of M can be parameterized as:

A

l‘\(Z): expiz T

A

Moreover, the product of two elements of M gives a third

element which also belongs to M, i.e.

h(z):h(z’): h(z') (2.1.4)

To prove this we have used (2.1.3), (1.6) and the following

formula [3]

A B ®
e .e =exP[Zn.T‘JC"(A'6)] (2.1.5)

We finally obtain:



v A A _Ay _B., A_C
Z (2,2 )2 CBC pA (2.1.6)
where C1 = A + B
c, = [a,B]

Q
1}

;= 3[(a,8),8] + 1 [a, [a,8]]

(due to the anticommuting nature of the @ 's, we will not
need any higher coefficients in this expansion) ,
from which we can deduce the supertransformation (super

diffeomorphism) on superspace:
<4 <
_E

80 -
—d =4

86& = 8
a - -

B X _Exte_iF¥’e

o < (2.1.7)

%Pa-=% & .0

Similarly, under the action of the Lorentz group the element

h(z) transforms as:

. ab ab
N Mab -iN M
e “ha)e ab _he) (2.1.8)

Infinitesimally this will give:

27



B NE - L A° (o, )
Smck)é"g l_zk“bco;bé)“

b
%M(\)Xq= quX (2.1.9)

(2.1.7) and (2.1.9) correspond to the induced representation
of p, g and M on xq, & and &  where g is the parameter
of the translations. In fact, equation (2.1.8) can be

written infinitesimally as:

A A
8”\)2 - AZ (2.1.10)
which follows from the global left action of the supergroup
A
on zA, i.e. %U\)ZA_._. Z'A =€ Z_A

where A is defined as:

A
AoA 9 _NA N (2.1.11)
Comparing (2.1.11) with (2.1.7) we find that

As i DRPDE, L e'ReQ)+E RG]

where R is the differential operator representation of

. 4
tne superpoincare algebra:
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RQ4 )= L2 _ (064 ?q
fo]v

R(Qy)=-i 2 1 (6T™); 2y

26 (2.1.12)

Similarly, in the same way one finds:
RMgp )= U\q’ab - Xbaq) +Lal

-+

| 49 S
7 %) S -3 P%) 5+

(2.1.13)

where L p @re a matrix representation of Mop (97 .

So far we have been discussing the left action of the
supergroup on points zA in flat superspace. One might also
ask about the right action. The answer is simple since
from group theory one discovers that the left and right action

on z? commute:
e, (A2ME o AP (2.1.14)
The solution of (2.1.14) for Z is:

Z 0% +e'D4E 04

where
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DQ :.-raQ

(a)

Siz‘g:—'\-i(e-q-q)é’aﬁ (b)
26> (2.1.15)

0,= 2. _i8)ya (c)

67

As one can see (2.1.15(a)) is the vector derivative
while (2.1.15 (b) and (c)) are flat spinorial covariant

derivatives. (2.1.15) can be summarized with the notation:

OA=CDQ, 0..02) (2.1.16)

Since these objects are defined on flat superspace they

satisfy the following algebra:

[DA'DB} ’TABC D, (2.1.17)

where TABC is the torsion of flat superspace. Using (2.1.15)

and (2.1.17) we deduce that in the absence of everything;

c . c
TelF- =2‘(U- )dP' (2.1.18)

Now we discuss superfield theories in flat superspace. 1In
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particular, we will study the constraints on S.Y.M. theories [9]
and their solutions. We then show that the action density
takes the form (1.28).

Because of the presence of the S.Y.M. field AA all the
covariant derivatives D, are covariantized w.r.t. AA. Thus

A

we £f£ind

VA=DA" AA (2.1.19)

Therefore the algebra (2.1.17) generalizes to:

c

where FAB is the field strength of AA.

If one imposes the constraint:

Fd§.=0 (2.1.21a)
then the connection A ug can be expressed in terms of the
spinor connections Ay and Ag . The constraint (2.1.21a)

is equivalent to a redefinition of the connections AA:
’
AA—-» AA= (Ad,Ad' ) A,‘J - F.‘,; ) [7] For this reason

(2.1.21a) is called a conventional constraint. Moreover,

if we require that scalar multiplets described by chiral
superfields be coupled to Super-Yang Mills theory, we must

define covariantly chiral superfields (P i.e.
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{4 %} 9-0
which implies F.. _o (2.1.21b)

Similarly:

F“P=o (2.1.21¢)

The constraints (2.1.21b,c) are called representation-preserving

constraints (for the chiral representation).

Equations (2.1.21 a,b,c) are called the matter constraints.
Our objective now is to solve these constraints for A_, Aq and
Ay -

It is possible to guess these solutions. However, there
exists a method which turns out to be very useful in solving
the constraints (as we shall see in the third chapter). This
method relies on finding "supergauge" transformations which
preserve (2.1.21 a,b,c).

To find the form of such solutions we make use of the

experience of invariance of four-dimensional Yang-Mills (Y.M.)

theories. The field strength Frv is given by (P = 1,2,3,4)

(2.1.22)

o= A, -2y R L CAL A

AF- transforms as:

' _I _‘
A -RAH" + O, 0L (2.1.23)

= 5



v
under (2.1.23). The Y.M. action which is ol T\"l‘?‘w F-'r
is invariant while the field strength FP” transforms

covariantly, i.e.:

rv = I (2.1.24)

Hence one immediately realizes that:

A,,,:.S“L'arﬂ" (2.1.25)

3

is exactly the solution of the constraint:

F._.O (2.1.26)
M-

As we will see later on, in the case of S.Y.M. the
solution of the constraint (2.1.21), in structure, would be
identical to (2.1.25). However, in the case of S.Y.M. the
situation is more subtle in the sense that the solution
depends on the particular representation chosen of the gauge
group. Effectively there are two important representations:
the chiral and the vector representations. In the vector
representation one insists on a Hermitian representation

of the gauge group, i.e. let K be a Hermitian parameter
Y
Kz)- K'T; - KT(2) (2.1.27)

where Ti are the generators of the gauge group.

Then a covariant superfield in the vector representation
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transforms under a K transformation as:

rA
?ge ¢w) (2.1.28)

(The subscript (v) indicates that (P is the vector
)
representation of the Y.M. group).
On the other hand, chiral superfields transform under

local chiral gauge parameters defined with flat derivatives

which are not Hermitian, i.e.:

q>=€Mq) (2.1.29)

However, we can introduce "convertors" e which convert A
transformation to K transformation[7] .

i.e.
Uy Ay =i
e )=e"e"e (a) - (2.1.30)

e9) . Mol (b)

Using el and e' we can construct a quantity which transforms

independently of the K parameter, namely
(2.1.31)

which under (2.1.30) transforms as:

! -R (A
V) =z eV e (2.1.32)
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(2.1.32) corresponds to a different representation of the
gauge group which is the chiral representation. Our
objective is to find a U gauge transformation which leaves
the constraint (2.1.21) invariant. Indeed, such a trans-

formation is given by:

Sh.. 0o ) (2.1.33)

from (2.1.30) and the K invariance of (2.1.31). Therefore
it is evident that we can choose a K-gauge transformation

which can gauge away the imaginary part of u. In this gauge

C e _e2 (2.1.34)

where V is a real scalar superfield. Hence from (2.1.33)
and (2.1.34) the solution of the constraint (2.1.21) can be

pure gauge and given in terms of an unconstrained real scalar

superfield VvV, i.e.

-V \"}
A.. e O, (2.1.35)

In the gauge (2.1.34) and in the chiral representation

(6.;, A =0 ) we have:

Ai =0 (2.1.36)



From (2.1.21a) we can deduce the solution for A-f and

hence we get

Aea.,i =D=1A4 (2.1.37)

(Note that this is Hermitean only up to a A gauge trans-
formation).

Therefore the solution of the covariant derivatives

are given by:

-V vV
Vi€ Oge (a)

—— —

Vi =04

(b)
. dd -
va:-“f"a {VQ,V&} (c) (2.1.38)

Using (2.1.20) and (2.1.18) we deduce that:

. =2 .V v
FJ’PP'= (€d-F-, 0 (e DPQ )
(2.1.39)
=(€.. W
( i ﬁ
such that:
-2, .V V
wa(zo (e Oele' ) (2.1.40)

—o
where W, is a chiral superfield, i.e. O WP=O .
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(2.1.32) is exactly the non-linear analogue of (1.27).
The action (1.28) with the definition (2.1.32) constitutes

the non-linear action of N=1 S.Y.M. theory.

2.2 Curved superspace

In this section we will briefly outline a formulation
of N=1 S.G. theory in terms of N=1 superfields. The method
that we will adopt is very similar to the formulation of
N=1 S.Y.M. theory in the preceding section. It is our
objective to construct covariant derivatives which are
expressed in terms of the supervielbeins and connections
of the curved superspaces [7].

Let us start by introducing the supervielbeins EMA,

their inverses E M and the Lorentz connectionS'Il B where

A MA
M,N... are world indices and A,B... are flat Lorentz indices.
Under the action of the Lorentz group the vielbein EMA
transforms as:
t
A L A_ B
En =B EM (2.2.1)

where LAB is an element of the Lorentz group whose components

are:

Ly ® WP LPLLTLALYY e

The components of the Lorentz connection JQ-MAB are
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ﬂmA =(£Md ’JZMA ’ﬂMdd
where
3 B B Po b
'ﬂMac=(ﬂn4sw*ﬁM4%*) (2.2.3)

Equations (2.2.2) and (2.2.3) imply that the Lorentz group
acts reducibly on the tangent space of the curved superspace.
As in the case of S.Y.M. theory, we introduce an

unconstrained real prepotential:

H=iHMDM (2.2.4)

M m o KoM
where H =(H"WH',H ) and D is the flat superspace
covariant derivative.
Next we construct an element eH which transforms under

the action of the group as:

=<5 e e (2.2.5)

where:
A M
A= N ()M

r
and A is a chiral superfield. Moreover, being complex,

* The justification of using a real scalar superfield H

goes along the same lines as in the case of S.Y.M.
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K T -
it follows that /\ * /\rL . However, (Ar-)'i; A *
Similarly, (Al" )T = /-\r

The infinitesimal form of (2.2.5) is:
H -= H . H
e _iAe _ie" A (2.2.6)

To analyse the components of H we have to examine (2.2.6)
carefully.

Consider the chiral superfield Cp where:
C%q)=0 (2.2.7)

Since (2.2.7) should be preserved under general group trans-

formations, then we should have:

5r‘6¢=6rl\¢=0 (2.2.8)

which shows that A should be chiral.

(2.2.8) can be solved for A which gives

2 K ‘
A‘L-_-O LrL p /\m=-‘ er and Ar is arbitrary.

Similarly
(2.2.9)

“F itk -m | ke r -t
Ar;._ DZL , A .—.—LDF er ana A is arbitrary.

Expanding (2.2.6) in powers of H, one finds [7]:
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SH =AMy L LK, ALAD, G(n*)

i.e.
M- M M M
BH LA N L LIHAR) (A J)K ]
0 2 (2.2.10)
+ B(H%)
F -—
From (2.2.9) we see that <A and A are unconstrained
and hence from (2.2.10) we can always gauge away H”' and
ﬁf‘ . So we are only left with the vector component He,

To preserve the chiral representation, we go back to eqn.

(2.2.6) and demand the cancellation of D, and D. components.

- K
This can be achieved by choosing:
st -H
AN, efate (a)
(2.2.11)
i -1 -H
A< e.H Are (b)

In this representation A is the chiral representation

Hermitean conjugate of Ar' and similarly for AP.

We now construct the curved covariant derivatives. As
we showed in the last section the covariant derivatives w.r.t.
. V iAv —iA
the Y.M. field transform as A=€- Ae or
infinitesimally ‘SCkz EiA,Vk] . In the presence of gravity,
because of the local Lorentz transformations, such formulas

have to be generalized. The new transformation reads:

4 B H (A
v LA (eAVE,e() (a)

>
h

or
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. B
oV, - LA T 1, 0,°vg (b) (2.2.12)
where we have used the infinitesimal transformation:

B B B
.2.13
LA=SA+LOA (2.2.13)

with LAB as defined in (2.2.1) and (2.2.2).

The covariant derivative VA takes the following form:

. Y‘
V_E Py ¥ P A (2.2.14)
A= A“'(me p T CPA,,. P
M
Where EA-:EA DM ; (PA are Lorentz
connections and M,la are their associated Lorentz generators.
Using (2.2.14), we can work out the torsion components TABC’
: : P P

the Riemannian tensors RAB'i and RAB < from:

KR AT AL R . (f
The torsion can be expressed in terms of the Lorentz
connections (P A as:

AR = ARG ¥ (chb) T TCARD (2.2.16)
where CABC is the anholonomy coefficient defined by:

C
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Our objective is to determine EA in such a way that it

should transform covariantly under the action of the group

defined by (2.2.12) and (2.2.2). Therefore we propose the
following ansatz for Ey following the analogy of Y.M. (see

egqn. (2.1.30) in the chiral representation .

&=64 (a)
-H
EQ=Q DdEﬁ (b)
E ___-Lu*a“{Ed,E&} (c) (2.2.18)
(o &

Although (2.1.30) transforms covariantly under the group action

(2.1.34) , unfortunately (2.2.18) does not transform covariantly

under the group action (2.2.12) and (2.2.2). Thus, for example,
E._CiAE.l, 0. "E..TE-
5 r,-» r‘ + r y 1 Er (a)
v B V)
Ww. - L .
where £ =77 (b)
2 --LE’/\';__J_ B/T\r (c) (2.2.19)
= 5 r = 2 {q. C eloo

As it is obvious from (2.2.19 (a)), the last term is not an

element of the gauge group, therefore it should be eliminated.

This can be achieved by introducing a compensator ’Y’and its
~

chiral representation hermitean conjugate AP following the

same analogy of (2.2.11a):

-H H

"\F___ e ’1?6 (2.2.20)
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By choosing WP to transform as
6’?_:[6/\,'\9]_2«10 (2.2.21)

(obviously qf transforms non-covariantly as a density under

the group action), the new vielbeins defined as:

A

E,;:"fEr; (a)

A ~

Er*=“f’Er (b) (2.2.22)

do indeed transform covariantly. Hence we find

v A
- By (a)

A A
sEﬁ= CiA, E';Lwr.

A A v, A
SEI‘= CiA, Erl,,w E,

(b) (2.2.23)

r

A
However, an immediate check reveals that Em does not transform
covariantly simply because of the existence of two terms of

the form:
A
m Sy (2.2.24)

which do not match the group structure (2.2.2). (For more

details see [7]). However, it is found that the wvector
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vielbein

v A . A VIV A
m
Ea=% [E‘“'chcfw' PR (2.2.25)
( CA uV) A
“zCwpp Byl
transforms covariantly according to:
-u v Vv v v
’SE _LiA, £ md s vr;+‘*3{; € (2.2.26)

A AQA
A
where C are anholonomy coefficients given by [ EA B} CAB C

Therefore equations (2.2.23) and (2.2.26) can be summarized

\
LA BT 0 T Ey (2.2.27)

which is exactly the covariant transformation group law of
(2.2.12) and (2.2.2).

By determining EA it is straightforward to determine the
components of the anoholonomy coefficient CABC using (2.2.17).
However, one can see that specific linear combinations of these
components transform exactly as Lorentz connections and hence
they can be identified with the components of A B and

. LY
¢, L7l

Now that we have determined the covariant derivatives V'A’
we can determine from (2.2.15) all the torsion and Riemann

components of N=1 curved superspace which are the ingredients
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of the geometry of N=1 curved superspace.
As can be seen from (2.2.21), “P transforms non-
covariantly as a density. On the other hand, the object in

S.G. which transforms as a density is the inverse super-

determinant of EAM, i.e.
Al A -
AN |
2E . (ET A (2.2.28)

where:

<« - M «
Aot B, = ¢y QAN 0N (4

such that:

. -
. A =i['bm/\m_0r/\r.0r; /\r] (b) (2.2.29)

Therefore 4? should be related to E. The following ansatz

has been proposed[ 7]:

n N+l
q1)4 _E T (2.2.30)

where n could take any real (or complex) wvalue. In principle
this equation can be solved for QP. However, (2.2.30)
restricts the choice of our gauge group. To see this we
consider the variation of (2.2.30) using (2.2.28) and (2.2.21)

to get the following restriction:

_4nZ _ ) UL R (a)
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orx

' m
(5“*‘)5;i /\t;(n“)(’am A -Or/\r) (b) (2.2.31)

This formula is interesting on its own, since for different
values of n one can get different restrictions on the gauge

group. For example, for n = - % one obtains:

= r
(.B,D A "D!‘A )=0 (2.2.32)

r‘ .
i.e. A is unrestricted and hence one can gauge away H)JL
IA

and H by complex conjugation (c.f. 2.2.9 - 2.2.11). 1In
this Wess-Zumino gauge the field content of H® is one graviton,

one gravitino, an axial vector field and a complex scalar

auxiliary field S given by:
m
S.R,0H" (2.2.33)

a

This super-mltiplet ( €y ") Y A S ) is the off shell
minimal N=1 S.G. multiplet. On the other hand, for n # - %, 0
one obtains the non-minimal off-shell N=1 S.G. model with the

following content:
(e a real scalar A ; di £
m ! ,dep & P S P, A_s; i divergence of an
axial vector p).
Finally, there is the n=0 model which gives an axial

a a Cab]
off-shell N=1 S.G. with content Cem ,’\P“PP. , 7(,,(, V =3bT ).
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2.3 Density action

In order to construct an action for off-shell S.G.

theories one should be able to write down Lagrangians that

transform as tptal derivatives;

SL. (MO, (A"
(2.3.1)

- ("o, AL, AMLD,
- M M M
=L(DHA -fl-) DMA )

LA

i.e. L transforms exactly as a density. Now we know that

=1 possesses exactly this property and since it also has

E
the correct dimension it is then a very good candidate for a
Lagrangian. Therefore the action for Poincare S.G. can be
given up to a dimensional constant by:
d*d%E
I _ {d*d%€E (2.3.2)
S.G. K?.
A
Using (2.2.22), one can calculate E in terms of E. The final
answer for n#0 is given by:
-~ N4l
n -H, 5~
I (go) -t (d¥%zre"a.eM) 2]
3.6G. nKk?
(2.3.3)

The action for n=0 S.G. is more subtle and needs more expla-

nation which lies outside the scope of this thesis[11].



2.4 Alternative Formulation of Supergravity, the notion of Ceocmplex

Superspaces [10]

In the last three sections we have seen the approach of real, curved
superspace to the formulation of off-shell N=1 S.G. The starting point of our
construction were equations (2.2.12) and (2.2.2) which were supposed to be the
gauge symmetry of S.G. theories in superspace. However, a close examination of
such transformations ((2.2.2) and (2.2.12)) revealed the fact that they
contained superfluos transformations* and hence the symmetry group (2.2.2) and
(2.2.12) was larger than the required gauge group (Poincare or the conformal
group) for supergravity theories. Therefore, we had to restrict the gauge
symmetry group by getting rid of the superflous transformations.

One way to accomplish this, was to demand the covariance of all the
components of the vielbein E;; and the Lorentz connections
QA’ The above mentioned restrictions were described by equation
(2.2.31(b)). For the different values of n one obtained different types of
restrictions on the full gauge group and hence different versions of off-shell
N=1 S.G. In this section we will consider a type of superspace, the complex
chiral superspace 1in which the gauge symmetry group is smaller than that of
ordinary superspace. Consequently some of the constraints and restrictions
imposed on the prepotentials in ordinary superspace naturally disappear in
complex chiral superspace.

Complex chiral superspace 1s an 8+4 dimensional superspace

¥  For example, from (2.2.19(a)) we can see that the transformation of the

vielbein contains a Weyl scale transformation term ZEu which is not in

the Poincare gauge group, therefore it is a superfluos transformation.
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mog K M Z A
{ XL ’ BL , x& ’ Ok } (to be compared with the 4+4
dimensional real superspace {_)(m, 0"‘, 5“.}

In this superspace:

me___ (™7 (a)

(2.4.1)

= I“'_ Pyt
Gy = 8L (b)

where (2.4.1(a)) is a complex space-time 4-vector coordinate.
The gauge supergroup in this superspace is defined as the
g.c.t. in the left LXLm,OlF) as well as in the right

conjugate superspace (.)(Rm, §RP)°

Left superspace (l.s.s.) Right superspace (R.s.s.)

"'m m m ' ~m -
XL = XL '!'X (XL,G'L) x&mg ka*x (XR’&R)
(2.4.2)
) .

, .
b 2k g 3
o "o o\, 8 Gy = O+ N (xp,6p)

where
™ O
>\ (x&'&t\)= (’\MCXL:&L))? ’ ) CXR» &R)= ( X#(XL; &L))T

Since >\ depends only on 6]_ or &R then the gauge group is
already smaller than the g.c.t. group in the 4+4 dimensional

real superspace.
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The general group (2.4.2) corresponds to Weyl S.G.
To obtain Einstein's S.G. we restrict (2.4.2) to a subgroup
of it by requiring the supervolumes in the L.S.S. as well as
in the R.S.S. to be preserved. Before preserving the super-
volumes let us introduce the following notion . The chiral

s & 402 fa,2 .
left-subspace is and Ct is its complex conjugate

(the chiral right subspace), i.e.

4,2

¢ ={§L}={XLM, 0‘,_“} (a)

(2.4.3)
* 4,2

5l 6] (2

Furthermore, consider the general complex superspace:

4,4 .
¢ _{z}-[x" 6" %"} (a)
q)‘:“'t{z&}:{xam,5ﬂﬂ:<{3ﬁt CCEL")*} (b) (2.4.4)

-

/ll ¥4,4
where Q1 is a complex 4-spinor and d: is the

complex conjugate of (2.4.4 (a). The new complex 4-spinor

C—PL 4 C CPF\F) transforms as:

- Ay -
SCFL - Tr(XL,é",Cﬂ_) (a)
Pk -
2% =7 Xp 6o R (b) (2.4.5)

(see 2.4.2).
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(Note that in equation (2.4.2) >\ M and )xrb (:\ M and ;\r )
are chiral (anti-chiral) parameters while F s strictly
arbitrary . The natural restriction which would reduce the
transformations (2.4.2) and (2.4.4) to those which correspond

to poincare or Einstein's S.G. is:

, 3N+l ' 2n
9

[Ber( % )} = [Be‘"(-—-—?" )} (2.4 .6)

2L bj'l.
Infinitesimally this corresponds to:

I A"

(3n.,1) $ e - ) (2.4.7)
= X" o

This is identical to (2.2.31 (b)).

Evidently for different values of n one obtains different

versions of off-shell N=1 S.G.

The interesting thing in this approach is that our earlier

real superspace:

R™. {x% e, &"} (2.4.8)

x
can be realized as a hypersurface in C; 4,4 and <t 4'4.

Mathematically this corresvonds to writing
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m m
X"s Real X, ™2 L0y xQ) (a)
m
H 2 T x ™ L™ xg™) (b)
2L
Hﬂ(X:G‘;@'?: ?&}‘.&Lfl . (C)
K . . (2.4.9)
~ Y
i X,6.8)- 8 - & (a)
/-(
& - 6"_}"L (e)
- K
5.5 " (£)

Using the group transformations (2.4.2) and (2.4.5) we can
determine the transformations of the prepotentials HM

i.e.
SHm= H'm(xllﬁ"l &')- Hm(x)&)é) =L [>‘m( XL, G'L)-—\m(XR; G )_]
2i R
sh/_ W'k, 003) 16,801 (Xp, B Mex
= / IOL)- X, )§0=1, XRJ&quk)- L'BL)

P‘ v" )t =t Y - -r: - ) ~
sH . H (68) H 6,8)=F (6, $1- MNixg,Bq)
(2.4.10)

Let us go back to (2.4.6) and consider it for different values

of n. We obtain the following:

i) For n = - %, equation (2.4.6) becomes:
2%
Ber (27 ),_f. (2.4.11)

B}L



This means that the transformations (2.4.2) preservé the
supervolume of Ct 4'2. In this case the parameters
T,‘(x&'&&,q)ﬂ) and ‘}r\( X, &, C;DL) are
arbitrary, since, as can be seen from (2.4.7), they are
unrestricted. Hence we can gauge away Hrb and H';.
Therefore, in this case, as expected, we get the

minimal off-shell N=1 S.G. which has 12+12 fields.

ii) PFor n=0, equation (2.4.6) becomes:

53

2z
Ber ( L )g L (2.4.12)
2z,
. ¢ 4.4
which means that the supervolume of is preserved. 1In
this case the supervolume invariant element of ¢14'4 is:
o] 4 2 2 -
d Z’L" d XLJ 8-t.“l qDL (a) (2.4 .13)
‘4 4
Similarly, the supervolume element for (t " is:
o) A 2 2
d zg-d xg d &RACP& (b)
By making the change of wvariables, i.e.
Z‘L'_’ Z_ Zf\ the supervolumes in
(2.4.13 a,b) are related by:
3 g
d Z'_:Be.r'(_'aﬁ:)ﬂer(lz_)c{ ZQ (2.4.14)

2z 92g

Therefore the quantity:
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-l
U(X, 6, 6)=Ber ( Ber ( 2%t ). Ber(22R
C er nﬁ) ( ) 'az) (2.4.15)

is invariant under transformations (2.4 .2) and (2.4 .5).

From (2.4.15) it is evident that:

1'
Uu .1 (2.4.16)

The h=0 expansion of H" can be easily obtained by using its
M
transformation property under the chiral parameters X and J.

One finds the following:*
m - r‘—f‘. ™m -2 M m
! = e .
L H (X,6G)=6" C w60, (a)

2 - ¥ 2. m
i mr 2
*G oy OO R (2.4..17)

L W epnir™s 0" 1628 (vaw)

-2 -
+5ﬁ'r6+0"26'2pr (b)

The remarkable feature of this model, as can be seen

from (2.4.17 (a) and 2.4. 17 (b)), is the existence of the
v T

fields A and V_ = 1 (0y) which transform as U(l)

Fe
gauge fields. However, they are not propagating fields (they
are auxiliary), since their dimensions are cm-z, which is not

a physical dimension for U (1) gauge fields.

[wl,Cm" CH™.cm®, THY). [o™1 . am
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Therefore they cannot have a normal kinetic term of

the form an F™, Hence the only way that one can make Va
and Am couple to the pure S.G. model is through a coupling
to a divergenceless (i.e. constrained) axial vector field.

This corresponds to the constraintﬁO]

uCx,e,8)=1 (2.4.18)

which gives a relation between Am and Va

Am_eQmV“:&MMQ’B a ;a

NS =-a (2.4 .19a)

K0=""uK

2 b ), as well as:

Q
(Sew’te ¥

_
A.§ -8.0 ,WC,‘___lz_'a,,,@_"'c,‘,E:r_.."amwf"'rk (2.4.19b)

Consider the following invariant integrals:

L= §d% 0z ) fd¥zBer 2yt

(2.4.20)

Ig- S ASZ.P\ ¢.(7) - fd82BerC ?;.5. ) P(z)

(b)

By using (2.4.18) we can see that: IR =1, =1 and hence we

can identify

Ber(az‘- )=E (2.4.21)
Z
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where E is the Berzinian of the vielbeins for the curved
superspace [R 4,4 with local U (1) symmetry in the tangent
space.

It is obvious, from the structure of the action (2.4.20),
thatcp (z) cannot be a constant since the integral would then
vanish. In addition, all the real dimensionless scalar fields
can either be constants or be proportional to u. But since u
is constrained or equals 1 therefore (P cannot be a real
scalar superfield. Therefore the action I. is no more invariant.

L

However, we can make IL again invariant by demanding ¢> not to

be a scalar, but transform as a scalar density, namely:

2P (X,6,6)= L+R (2.4.22)

where:

L. Luxy, 60)

R LT

are some left and right handed 474’2 (chiral) parameters. Then:

$§d82 .9 -§d8x d8 d ¢, . Lox,6,) +h.c

(2.4.23)
=0
because L(R) is independent of (PL CCPR)[IO_“ . Finally,
the construction of CP (z) in terms of unconstrained pre-
potentials g is not straightforward . However, the result

is:
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]

—

iR m
Vo det ¥ (LT4,7 1K), dex 2 (8. " R H R M)

2

X [de.c Csvr+ AvH,A) -Aet (Sv.r-g- Zrﬂ\; )] 2
(2.1.24)

where 1f , as in the preceding section, is a density com-

pensator, while Z&V is a covariant derivative:
A rark""A{LH @ (a)
(2.4.25)
- - - m
A: 2., iAH D (b)

Therefore the final action of n=0 axial S.G. takes the following
form in (R.4’4:

S_. 1 fc’L’xcle'dzé E. Ln'\i) (2.4.26)
K‘l

If one inserts (2.4.17), (2.4.19) and (2.4.24) into (2.4.26)

one obtains in components the action discovered by[lll.
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CHAPTER 3

3.0 Introduction

The principal objective of this chapter is to complete
the story of Chapter 2 by considering the next theory to
N=1 S.G., i.e. N=2 S.G. As we know, N=2 S.G. is the only
extended local supersymmetric theory whose off-shell super-
space constraints are known. This is because for N>3, finite
offshell representations of local supersymmetric theories
cannot exist (because of the no-go theorems[24]), although
recently it has been proved that such a barrier can be
breached using an infinite set of auxiliary fields (which
corresponds to an infinite off-shell representation in which
the no-go theorem no longer applies). This is the mechanism
of the.so—called harmonic superspaces.

As we know, it seems to be very difficult to solve the
off-shell N=2 S.G. constraints in a closed form in terms of

unconstrained N=2 prepotentials.

One way of getting round this problem is to get rid of

one of the symmetries and keeb only the second supersymmetry.

This is achieved by projecting on to N =1 superspace.

As will be described later, this is possible by considering

o
the 6; independent parts of the projected constraints

o1t ol 2 . .

(( 0"=0- " )). 1In this way the N=2 S.G. constraints
are entirely expressed in terms of N=1 superfields and the
s ol . .
remaining G components of the constraints are nothing

but those of pure N=1 S.G. coupled to N=1 matter fields.
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Such a system is still invariant under the N=2 supersymmetry,
however, not invariant under linearly realized SU(2) symmetry.

In this chapter we will formulate the N=2 S.G. theory in
terms of unconstrained N=1 superfields. We will indeed show
that one can solve the projected N=2 constraints in terms of
unconstrained N=1 superfields by fixing a particular gauge
which is called the chiral gauge. 1In general it is not
necessary to fix a gauge; however, it is very useful to look
for gauges which would simplify the complexity of the analysis.

Our solutions are entirely expressed in terms of pure N=1
S.G. superfields, the matter prepotential ﬂﬁ and a spinor
superfield A\ [15], [16] . It is then straightforward to construct
the action of the off-shell N=2 S.G. in terms of unconstrained
N=1 superfields [29].

The plan of the rest of the chapter is as follows:

In section 3.1 we construct and solve the linearized
N=2 S.G. constraints in chiral superspace . By comparing
our solutions with those of [ 13] we discover that there
exists a gauge which relates their solutions to ours at the
linearized level.

In section 3.2 we describe the projection of N=2 S.G.
constraints on to N=1 superspace, thus shedding light on
the N=1 supersymmetry geometry of the N=2 theory.

In section 3.3 we prove that the gauge chosen in section
3.1 at the linear level can be consistently retained at the
non-linear level. This will simplify a great deal the
projected constraints. The N=1 structure of the projected
constraints can be further exploited by redefining our N=1
projected constraints. Then one can easily extract the N=1

solutions of the constraints.



61

In section 3.4 we completely solve the constraints.
In section 3.5 we construct the action and finally we

draw our conclusions and speculations in section 3.6.

3.1 The Linear N=2 Theory

The action of N=2 supergravtiy was given in terms of
N=2 superfields by Sokatchev, where the constraints in his

formalism were partially solved. The remaining constraints

are [13]

c
T -0

ai, B = (a)

« <
Im(Dc;Ep-T-dT%J=O (b) (3.1.1)
such that
By
Toei = Tdi,,'aj (3.1.2)

in terms of prepotentials the constraint (3.1.1a) takes the

following form:

I P m ¥
F = STAL A 1H (o «O (3.1.3)
o (i F’N') [ t ‘:] m)

where ( 3 =(.%) )

AI=35+‘A£H O (3.1.4)



and D*i is the curved N=2 super covariant derivative.
Hm, P and HP are vector and spinor prepotentials
respectively[13]. In fact, we will prove in Chapter 4 that
the constraints (3.1.11) can be included in a single con-

straint (3.1.5) if we introduce an extra coordinate in the

N=2 superspace.

A
4}
Tad an =0 (3.1.5)
A
such that M=(M,5)
We expect the projected N=2 theory to describe an N=1
supergravity theory coupled to (3/2,1) matter fields. To

see this we use the field equations rather than the action

(for simplicity). The N=2 superspace field equations are [18]

Td‘-_g'l'{‘:o (3.1.6)
where T . is given by (3.1.2). Equation (3.1.6) implies
that

Te=Ty=0 (3.1.7)

>\q=-r:¢z=o

We will prove that T, 1is the equation of motion of N=1
supergravity theory and )\( contains the 0(3/2,1) multiplet.
We start by linearizing the constraints (3.1.1a) and (3.1.1b),

leaving the non-linear analysis to the next section.
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Let

[

H’gw\nt

; .

H o Kkr

m &1 ™ — P kYﬂ

H' - & 0",‘,. 0 . +x (3.1.8)
hence

m
A%=Di+£KD._.L\ O (3.1.9)

.. m =
where D = Bq + (0 e'fam is the flat super covariant
derivative. By inserting (3.1.8) in (3.1.2) and keeping to

first order in k, we get (using the notation of ([13])

4 oy

. - o - K
T, . «[B:0.h -1 €50, 0, h ] (3.1.10)

(3.1.10) is invariant under the following linearized trans-

formation in chiral superspace

8 P L ) -
Sh L N (X4iH,0)+ T (X-iH,04H,5) (3.1.11)

o
>\ is a chiral superfield and ¥F satisfies [13]

D .f =0 (3.1.12)
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Next, linearizing (3.1.1a) and (3.1.1b), we obtain:

A

- f ? £
[Dee(i. ’ Déi)]‘n = Dp’ui ‘“i’ - D.“{ hi: Sp (a)
_ 4
O Og;s h Ky =9 (b)
E)é@ Dy H= D¢ I’\';,-,-Dpd hi () (3.1.13)

It is now possible to split (3.1.10) into N=1 components by

using (3.1.7). We project into N=1 superspace as follows[?B] :

D,; = (D,=0+, Dg,- d,)

(3.1.14)

We can calculate T &) by using (3.1.714) and (3.1.13). The
expression obtained for Ty, will involve some unwanted

terms (for example, terms linear and quadratic in dy etc.).

To get a pure expression involving only D4 (N=1 super
covariant derivative) and h.d (the N=1 superfield) we eliminate
the unwanted terms by using constraints (3.1.13) which lead to

useful relations:



D, dP- k.o (a)
d. D¢ 7.0 (b)
_D“‘Jﬁ fi 0, 6,_;,1\5_ d, d—P- I\g (c)
d. Jﬁ Rizo,d,a LS 0.dds N (@)
(0B -dpdi 1h*R. (B3 HF-d; 77) (o

4 Cda 270 k)

From (d) and (e) we obtain another useful relation:

TP T cB PSP
d,,dék+2o,‘dél2--zo [0,Bsh -D;h . 0h"]

Using (3.1.16) and (3.1.15c) we get

Also

Going back to (3.1.10) we then have (putting i=1 and 2)

(3.

(3.

(3.

(3.

.15)

.16)

17)

.18)
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daaﬁ-\:] (3.1.19)

'] (3.1.20)

Substituting (3.1.17) and (3.1.18) in (3.1.19) and using the

redefined quantities:
(p °(

‘\dei

NIU‘

3"

tolw

we finally have:

= apPP N
T. . D,([DPDP}E 20,97, D cpP]

(3.1.21)

As we have conjectured, (3.1.21) is the pure N=1 super-
gravity field equation with 3{ dd, (Pd and CP* being the
pure N=1 vector and spinor prepotentials respectively.

To eliminate the d terms in (3.1.20) we need more
identities which involve the scalar prepotential h. Putting i=1,

j=2 in (3.1.13c) and then multiplying by.B& we get:

_Ap 5.1 _ B0 ¥, _D'd, de+DZD H

P (3.1.22)
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Putting i=j=2 in (3.1.13c) and then multiplying by 4, we

have:

H'dd 4 (3.1.23)

Inserting (3.1.23) in (3.1.22) we obtain:

6; I\-; (-DZDPH -J,;( d

_d

P

—od 2 —d -
p‘Q 4,O-Q’E,,,D DPI,,' (3.1.24)

Now putting i=j=2, k=1 in (3.1.13b) and contracting ¥ withp

we obtain:
ddD'Lp=6~D.(§P-d-CL¢§ (3.1.25)

where we have used

— -

chL( -D,0, =0,D; -d.d

-p -2 —
d,{ D DH.L DY, (3.1.26)

By inserting (3.1.24) and (3.1.26) in (3.1.20) and using the

redefined quantities:

67
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- -3nfy

<

~-3v

7,
iy

3 il
"im (3.1.27)

we finally obtain:

=2 - =B
Cus L Au=-L (O 20,0,

(3.1.28)
-2tWy-049) ,

such that

< —dk =
Wg{ = 6204 3{ satisfies D Wa{ = D Wq

Here we have introduced a compensator qD for the system

which under gauge transformations transforms as:

S¢= DA (3.1.29)
Similarly,
S}C = éz-( /-\-A) (a)
6’%= A OA , Dafrco (b) (3.1.30)

(3.1.28) contains the 0(3/2,1) matter multiplet, and agrees

with the results of Siegel and Gates [20] . Therefore we have

shown that the N=2 field equations, when projected into the

N=1 superspace, do decompose into the correct field equations
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of 0(1) supergravity and the 0(3/2,1) matter field couplings.
We have checked the consistency of this result by repeating

the above analysis to all orders in K.

3.2 The Non Linear N=2 Theory

The N=2 supergravity constraints in N=2 superspace were

given in [21] . They are

- % —
{ Dy Dp}=CyCup (24 W M%)
D, D18 DL (T.. D>, 7O
{ 8 E}=‘i Q'P‘Tr oLl p"*‘T |'5:D¢')°()
3 ¥ » ¥
-J2—(P(t UﬁM“-puan's P)
¥ A (3.2.1)

. K
+ilL 8 6p Y, 228 ‘P ,34)+5 <P a

B4
L38%p 4 (r 2% Ty T.9)ID
G ¢ ad *O% Jd o = ‘°( ﬂ)) Ky
+L[C*FC" Wo( 1‘-—%0‘ (DE"_‘._ P]+3’D°¢-r:P)
- . i A
+-’2-T3@( TZP)JD i-a—‘:-C*FCBTa}Z*'Rxeip(m
Wap = W o Dy Wyg =0
; —
pﬂ_@' EP. <p ED%T*'JET%TE
- ; = -
P‘,.‘E ap'dp' E‘CDPTai"'“é‘ ET:.‘)
’) S ) ,
Ri “F = T «p
D T .0
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i is an SU(2) index, % 1is a Lorentz spinor SL(2,C) index,
Z is a central charge and M “p are SL(2,C) generators. Ruip
of M are curvatures.

The main objective is to solve the constraints (3.2.1)
or (3.1.1). A solution in terms of N=2 superfields (s.f.)
is given in[}S] using harmonic superspace. To solve them
in terms of N=1 s.f. we have to project (3.1) into N=1 super-
space[}ﬁ] . Such projections have been described in detail
in [16]. So we mention them briefly here. The reduction in
principle is as described in the previous sections; however,
the situation here is more difficult. The reduction is usually
carried out using the Wess-Zumio gauge in which the N=2 gauge
fields are expressed in terms of N=1 gauge fields, matter field
strengths, torsion and curvatures.

To carry out the reduction of the constraints (3.2.1)
we use a general method which can be applied to all N>2 S.G.,
once the (on-shell or off-shell) extended superspace constraints
are known. For convenience one starts by shifting the vector
covariant derivative defined by t D-t& ={:D.‘,_ ’ ,j—)z&}
which breaks SU(2) covariance and expresses (3.2.1) in terms
of Dy

In terms of this new derivative, then, (3.2.1) becomes

(3.2.2)

{3% ’Da}= Cs C*rs (Z 4 ‘;"-x-g ﬁs-{) (a)
[ Do Dy - 10T, D5 -7, D 5 4T3y

‘-ZD*]"[(R\rfg'Pzzx'P)Mxet (b)



{D,_d, T)zf;}z (D, (c)

<p
1D 137,} =-L (T, ’szf- TQP:DM )- P zw‘é d » - x,g .
{Dz-z'])P}'-'"‘(Tzd‘B,P *TJP:Dzec )-R ,xpM: *Pz ,ui F‘{lé -~
(D Dy}ei [T, Derb 6D, T 20055, o

PR s, -2p%, 8, )],

+5 (R, 2,,(,1- -'gTzd?zé)D.p*f LT Cpz]

+Raua p (M)
[Du; ’ sz]‘ ‘Q*P ["LT?.X :Dxe't +L (sz z:%Tszx) -21

+%[DXT2",,3>,_”T,>SQ, 4 W, 19

*y (Pz ZX& - 2f ':- ) D,y (g)
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The parameter K of a general N=2 gauge transformation is a

real superfield (i.e. K=K'):
PR , = = L
= K LDA + MM LK. M LK, Lz (3.2.3)

A Kgauge transformation of any covariant object @ is (c.f.

Chapter 2):
32 $. Lix, §I

Consequently the covariant derivative:DA transforms as:

SZDf[iK, D,] (3.2.4)

It is well known that the N=0 components of an N=1
superfield CP can be obtained by projecting out the
independent sector of various derivatives of the superfield .
In our case we have a similar situation in which the N=1 s.f.
components of an N=2 s.f. ¢) can be obtained by projecting
out the C};d independent sector of various derivatives of
the N=2 superfields.

Let us define:

-_-,V + A ,azr*rYA ’af* (a)
(3.2.5)

" - -
Y‘\" E, BMTCPA‘M*CPA'M*CP'Z (b)
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= 2.8 = o
where :DAg (:Dd& ) :DM,DQ',) is the G and @'7_
independent part ofIDA.

Also we define the components of the covariant

derivatives D, by DAl , D“ DA‘ 'D"-“DZPDAI and so on.

For example:

[ 8
DMDM= (D, EA")IBH » (D, C?A% )| My

- ¥ = 8§ -
+ (D M. (D Z
24 CPAS’)l v ’-“CPA)l (3.2.6)
where we have used fam \ = O .
6-2.‘=5'1430

From (3.2.4) and by using (3.2.5a) and (3.2.5b) one

can write

'5D24[=[“" Du]' -0, | ...

(3.2.7)
Q)
H szd
(1)
We can use K 2 to go to a gauge where !
=2 —2 (3.2.8)
D a l'-_' 0 4

(b)

This is the Wess—-Zumino gauge for the spinor derivatives QZ

ol
-2
and D g -
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Next consider I%ﬁjD

)

. According to (3.2.4) one can

write

30D, D,)|- [iv, D D ]|

a-e'azdfaszh... (3.2.9)

Since {‘az.u'agp} =0 we cannot gauge away {'_D“ ,’_-szk [ .

However, we can choose a gauge

[D“,sz]l=_C4P’azv'aw)=o (3.2.10)

2, -
where 2 zsl =0 because of (3.2.6). The symmetric part

of i%djap‘

is covariant. It can be expressed as:

DuuDyp -4 { DDy}
(3.2.11)
=0

This is zero because of (3.2.2a).

Similarly one finds

—-2 -

2
DDy -4 (B3 2y
_1{(D. l (3.2.12)

1
) p4

Furthermore, for any s.f. @ one can write
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. :DA(P\_-_ CDA|®)= VA@’ *'\’)Arrazl‘q)\*“ﬂﬁ%zf @I

SR (:Dym@)}*-“?x(ﬁz,z@)}
(3.2.13)

where we have used the definition (3.2.5a) and the gauge

(3.2.8). On the other hand:

b
:Dzal DB‘ = [-—DQ_,(; DB}I + () DBDzd ‘

By substituting (3.2.5b), (3.2.11) and (3.2.12) and using
(3.2.13) in the above expression, one obtains, upon using the

gauge (3.2.8):

b ¥
DzaDsl =[D7.=U:DB}| +(5) CCPB,( :Dzzf,

: 4 , '
+'L2'L '\PB j)*“) (3.2.14)

As an application let B be 2 in (3.2.14); by using
P

(3.2.2a) one finds:

¥ '3

= -0
C?a.ps ‘Vzp -

Similarly, by letting B = 1P and using (3.2.2a) again we

obtain:

¥ . ¥
j)zu:Dpl= -(C*p CZ*W'M)*-CP,S.( Dyl +5Ts :D,,Q;l)

(3.2.15)
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Continuing this procedure we can find all the components
of DA using the definitions of N=1 superfields given in

appendix A.

The N=1 superspace geometry is determined by constraints
c

on N=1 field strengths, TAB ’ RAB(M)’ RAB(M), FAB and FAB
defined by:
(a)
c § ¥
[VA'VB}= T Ve +Ryp v M
Rug 5 Mg, 4+ F_2
+ . .
(3.2.16)
(b)

¥ ¥ D., 7
Fag = o Vg - The Yo

24 '
We find the constraints by taking the & independent part

of the N=2 constraint (3.2.2). In particular FAB is evaluated

¥
as the coefficient of D, ' and F follows as the
¥ AB

coefficient of f;} [ i.e.
[ [ F PO L E D,
DA’ :DB} l = VA) VB} -+ P(B zal + AB ]) ¥ l

To illustrate this procedure we consider (3.2.2a) from

¥ Y

which we get an expression for { Va, Vb} , F and qu

xp
Consider (3.2.2a) and let A=14 , B=1p . This gives

'{de’ j%ﬁ}zo'
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By substituting (3.2.5a) for D1°‘ and D1p in the above one

obtains
5 = 8.2
1¢at Vp:l "'[ Vlcd ((\Pp) D’-S * "\PP) D 3 )I]
Y ¥ —2
, .
+/\l)(°( DZU DIP)‘*.QY(,* D ¥ Dlp)l
=0 (3.2.17)
-2
We need to calculate D ¥ :D";l which can be obtained in

the same way as ’.DH’DBI . Substituting (3.2.12), (3.2.11)

and its conjugate in (3.2.17) gives:

- B o ¥ ™ Y
{v"(; VP}: (YL*P) (Z+Wd MP )-I-r\f“ Xxx p)
¥ b ¥
—’\‘)(d x|3)li‘ ™ "‘*"E 41)“ ¥ VP)
_ ¥ ¥ .
+' T ’\I'p) Vex
¥ ¥, ¥y,
- L V("‘,\Pp) "7,2' Ve qﬁi) )x] DZV l
¥ ¥
'[VC"‘ Qf’p) "’5 /‘T)u Tp)

(3.2.18)

') r - -2
- ,E q‘)u qﬂaj ¢ :DB:'



78

In order to complete the projection we must set the

-2
coefficients of Dzv\ and D | to zero, i.e.

¥ ¢ ¥ T
Vo (YP’ --'iq\)(&x"ﬁa) Ay =0 (3.2.19)

Using (3.2.16b) we find that (3.2.19) is equivalent to:

F: 3
<P =0 (3.2.20)
-2
Similarly, by requiring the coefficient of D g to vanish in
(3.2.18), one deduces that
F{ Ly T o
i z,\Pu p) = (3.2.21)

By repeating this analysis for the remaining set of constraints
(3.2.2) one obtains the rest of the projected S.G. and matter
constraints. The complete list can be found in (3.3.1) and

(A.1).

3.3 The chiral gauge and the non-linear N=2 constraints

At this stage* the reduced constraints look very messy,
hence it is worthwhile looking for a special gauge which
simplifies the structure of these constraints. Such a gauge
has been found in B&ﬂ and it is called the chiral gauge
(c.f. Chapter 2, page33).

It is very simple to guess this gauge. Consider the

* See the Appendix for the reduced set of constraints (A.1)



linearized solution of the constraints (A.1).

consider the following [19] .

with

C
FAB = VEA"PB}‘ T\B qf)c

79

In particular

(a)

(b)

(c)

(d)

(3.3.1)

The constraints (3.3.1) are solved by (at linear level)

Pyr Oty Cpf 0T

Yoo = O Pe

P. =

Py = L0030+ Do (9 -]

,,12_[6,5,0.‘]v

(a)

(b)

(3.3.2)
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%, . 0D :
4=0 04 (“f’d-CPd)...D Y, -$;) (d)
+W& +D&‘P

(3.1.28) represents another form of xq in the N=2 chiral
superspace (used by Sokatchev[13] ) . By comparing this
solution with (3.3.2d) one can deduce that solution (3.1.28)

holds in a special gauge
q)d‘ .0 (3.3.3)

i.e. the chiral gauge. So without any loss of generality one
‘can show (as we will see) that even at the non-linear level

there always exists a gauge which takes one from the ordinary
superspace to the chiral superspace. Equation (3.3.3) is such

a gauge. To see the effect of this gauge on the supersymmetry
parameter E* consider the wvariations of q& under supersymmetry

(S.5.) :

3D, - £.-Ay ; D Ag 20 (3.3.4)

hence by using (3.3.3) we deduce that &*==Aq . Therefore our
supersymmetry representation is in the chiral representation.
The chiral gauge (3.3.3) implies that its field strength

is zero. As one can recognize we have:

T P
S\?dto,‘& .0, AP o (3.3.5)

To see the non-linear analogue of (3.3.5) in the chiral gauge

X
(3.3.3) consider the following constraint on‘iv :
o
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F X LT d

|
Xp = 7 (q‘\fp, (3.3.6)

¥
which in components of F « gives (using (3.3.1b) and

(A.1))

$ . % .5 ¥ $ %
v(ﬂ qf)pa ‘Lqr'cet ’Y[s) qué, “;_‘Xf', qf’(et n'l)/;)

¥
T2 C“Yp)
¥
which is satisfied by setting ’WL =0.
In the chiral gauge (3.3.3) the field strength

transforms as Eg]

B _p 5 B_Y
BY, = (g LT)e Y "y &
(3.3.7)
=0

R

where we have used the supersymmetry variation of GV
o

in (A.3). (3.3.7) must be an integrable equation.
From the structure of the constraints in (A.1), Ty

comes into the combination:

2 ¥
T, = Tq-’lfd >\x (3.3.8)

In terms of T} (3.3.7) becomes

(V“‘JEE)AF*M&{ Wy 5 Af -0 (3.3.9)

where



S I
/\f}xé’wb'é‘lisfb ¥

Furthermore
¥ %] ¥
Wy b oa-Warp 4 Wy
LEN

Also

¥ -
@ Ay

£V ;

where we have used the notations of[jG] .

becomes:

where

Therefore
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(3.3.10)

(3.3.11)

(3.3.12)

(3.3.9)

(3.3.13)

(3.3.14)

(3.3.15)
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Equations (3.3.14) and (3.3.15) are very important and
they are the key ingredients for solving the N=2 supergravity
constraints in terms of N = 1(S.F.). (3.3.14) and (3.3.15)
are crucial in turning the reduced constraints (A.1) (in the
chiral gauge) into the structure of N=1 constraints. As we
will see later on, (3.3.13) is an integrable equation. 1In
(3.3.15) Z represents the central charge and 54 is a
superfield to be determined. However, notice that this term

in (3.3.15) will not affect (3.3.9) because

1_0 (3.3.16)

(3.3.16) is true for any superfield because Z is abelien.

Our previous discussions can be summarized in Table 1.

N=2 superspace (S.S) ordinary N = 1 S.S

N = 2 constraints reduction _ | N=2 constraints in

in terms of ¥ | terms of N=1 Field

N=2 (S.F.) Strengths and

prepotentials

expected
unconstrained chiral gauge
formalism!!

N = 2 harmonic S.S chiral N=1 S.5

The supersymmetry
parameter satisfies

(Ax "'li' Ta) é& =0

y(3.15) & (3.16)

The structure of
N = 1 constraints

Table 1
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After having described the strategy adopted in solving
the constraints (which is summarized in table 1) we describe
the mathematical details, which are divided into two parts.
The first part is the explicit reduction into the structure
of N=1 constraints, and the second part is to find the
solution to the structure in terms of pure N = 1 S.Fs. This
is the material of section 3.4. In the chiral gauge the

constraints in (A.1) become

- B 4
{V"('vﬁ"kz (\V(a(P,(Z‘\'W& MP ) (3.3.17)
—~ M 55
{V.*,VF}= “Mlap Ves (3.3.18)
(T, 0 TV )-(p. Y 33 .Y MP
7 - PP NIT e T IR TR

~—

MPL (B Sy vmt o B e
+ Yo Kpp My R X I - X 15

¥ L.

[V«;,Vp]=0¢gp Vs +L"7/,N Ly Vg

+((qf),sdk-4+%gp A ) Vy (3.3.19)
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The matter constraints are

3
F:( =0 J Fo(P =0 (3.3.20 a)
¥ x ¥ =
- ¥ ¥
Fudsp =-‘WPAP&-'5H;)+ ()
¥ ¥
(35 Xaa - L84 %00}
_ % X 5
l_aui,p =“C°tp Lé +~'2-W|7d4 TP (d)
. Y ¥
LDV e Ly M A TS,
$% S .S ~ § . O
%d. is as defined in (3.3.8),W°‘e-‘f5 and its conjugate de

as defined in (3.3.10); moreover [16]

ﬁ%‘;{:ﬂd@;_i\/\/«;x Xg (3.3.21  a)
~ * ¥ —

poca: Pa Ay ‘Qf]' Aag =Ny Xua )
Lé _

i = W, +._S Plas v >\s+1p R] ()

% $ s S s
My = (84 S + Y, V.. ) (d)
~ \3 ¥~ ¥ s
xckal = (vo( +'—7_Td)>‘ul+("f’d Ag&i—"l’)d Wm >‘5' (e)

(f)
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From (3.3.21b, e and £f) we find that

=~ > e
5 o (a LT)Ty oM, AL (3.3.22)
p‘*&= d*')_ -} * = dd 38 Tt
Finally we have another constraint on %; which is
~ L&
Vqu ’r\?(&P) d (3.3.23)

3

Furthermore, we have the FAB constraints which are the 2
coefficients of (3.3.17 - 3.3.19). Before engaging in building
the structure of N=1 constraints out of (3.3.17 - 3.3.19) we
notice that some of them can be solved simply: from the F&p

constraint and (3.3.1d) we can solve for ﬂf* to obtain:

LY‘*P= V,('\l)P *C"‘PCT) . V,3=0 (3.3.24)

C

From (3.3.20b) and by using (3.3.1b) and the components of TAB

which can be read of from (3.3.18) we deduce that:

(N . V. L '
(N 5’%*'7_84 )\P (3.3.25)

\,J

where N is the inverse matrix of M in (3.3.21d). Hence

,("3"'

W"‘@ --iNg Vé’\Ps (3.3.26)
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The solution of (3.3.20d) gives

B s & . % s 5
L, = N DV W niWe Y Wiy ] (3.3.27)
Therefore
W.._ L. (3.3.28)
o4f = Lo\p)
Also the Fd&, B constraints yield
- ) . ﬁé o~
)\4 ="('Z N~ 4 [(Vdé_%ﬂdé)\yp (3.3.29)
L5 F
- . R 4 . - T
DP q)dp"w"‘[iﬁ ((\Ppo([( p '\px ﬁ)
=¥
+ X r-;\y,ﬂ
where
0 (P D W ¥ ¥
P d{az pCPdfs.‘.L 6\{3 ".FP qDKD' (3.3.30)
with
(Dﬁ:(VP*Jz‘NP) (3.3.31)
Furthermore the solution of the F . = 0—constraint and (3.3.20c¢)

4B



where

ha oot {00 Ble £ T-FaV)y G

where V is a compensator superfield for the matter system

which can be gauged to zero. Moreover, {(3.3.20c) gives:

¥
M"flp p Wi ‘JC*F’ X a (3.3.34)

: i 1 (¥$) — ¥y

Now we are in a position to exploit the N = 1 structure of the

constraints in (3.3.17 - 3.3.19). As we have mentioned earlier,

the key ingredients are equations (3.3.14) and (3.3.15). We
start with (3.3.17). With the help of (3.3.28), (3.3.16) and

formulas like (3.3.12) we find that

{ As, AP}= [’\f)u[s)' Via Er.n] z (3.3.35)

It is interesting now to realize that if we choose

qup) dzl’” (3.3.36)

88



we have the following remarkable result:

{ A, AP} _0 (3.3.37)

which has exactly the structure of the N = 1 constraints.

Using (3.3.24) and (3.3.15) again we have
AL«& [Qﬁg)“zp)] =0

which is immediately solved for EP , we obtain

EP= ,‘ffs *%APV (3.3.38)

We have chosen "%“ in front of AdV for convenience and V is
as it was defined previously. Therefore egn.(3.3.38)exXpresses
the superfield §_ , which was first introduced in (3.16), in
terms of the unconstrained prepotentialﬁ%-(3.3.37) is very
encouraging, so we proceed to express (3.3.17 - 3.3.19) in

terms of A, , A; and define

c‘.Ad&={Aq, A&} (3.3.39)

(3.3.39) has been chosen such that together with (3.3.37) it

has an N = 1 structure. Explicitly it has the following form:



90

] ¥
vpﬁ-KQxAx'_K&d‘. Ag (3.3.40)

where
Kddx:Lz'T’; 84‘_.%,\&5\/\/?’(&‘3) (3.3.41 a)
Mas =L Ta8a e d ‘Pwu;) )
H. px= [Cﬁpa ""\ﬂasfsa)gdx‘ﬂ% xip&] (e)

+ 0 4 LT, Yy P WPP

¥ ~ 5 — ¥ (d)

Hap = LB + 97 )85 -y, Xap]

. >~ ¥

Using (3.3.40), (3.3.19) and (3.3.15), we can work out

[i Aekél) AP] hence we have:
3% ss 5 3%
[iA.(,;,AP]=i{_NSé Aqua -%.i O (3.3.42)
¥ 5% 1t
+Nﬂ‘= Md& Gsép }A*n?
Ak Lh. N TA M B
‘*{ P lad =3 Twdp 8 ﬁMo\A et
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€€ 83 ¥ $8 _Y
+ N“; Mqa’ G'Ss B Keé - M. (’%3 X 5

~

’ Ak v om
+-'isp Hs's)} Ax*{ phas - Nss B ad (et

53 Y -

+ M terms
where
C no ¥ . ew i)sx
. t .
53p ="shp — 5 'H’P e 2% (3.3.43)
¥
O is as defined in (3.3.20e). In fact, we can
3% B .
k1
simplify the expressions of Gsé pv and the K's in

(3.3.47a,b) by using equation (3.3.14) and

W %) ¥ " ga,s ¥
. I . .
7 e = Wsa -5 sp & (3.3.44)
We get:
X ) S W -{ ¥
Kea '—'-dﬁa S _*_;‘_1-485‘ (3.3.45a)
¥ 3 ¥ ¥
K W =+ —2‘,_- ~a& S,,( (b)
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3 ¥ ¥
Coip = ™5 Mtz e % ©

The last constraint to convert is (3.3.23). By substituting
(3.3.14), (3.3.15) and (3.3.27) into (3.3.23) we find the

remarkable result:

A Ip)go. (3.3.46)
This is exactly the analogue of the pure N = 1 equation.
Because of (3.3.37) and (3.3.46) one can prove that (3.3.13)

is indeed integrable. Therefore we have proved that the N = 2

constraints expressed in terms of N 1 superfield can be

turned into the structure of pure N 1 constraints by

shifting the covariant derivatives Vy r V4 and the dimensional
34 tensors %d and %; according to equations (3.3.14) and
(3.3.15) . Armed with equations (3.3.37), (3.3.39), (3.3.40)
and (3.3.43) we have solved a major block in the problem. Now
to get the solution of (3.3.37 - 3.3.42) is relatively easy.

In fact, since we know that (3.3.37 - 3.3.42) carries an N = 1
structure and also know how to solve the pure N = 1 supergravity
constraints in terms of N = 1 superfields[l4] , then all we have
to do is to relate the constraints (3.3.37 - 3.3.42) to those

of pure N = 1 supergravity. By doing this we then have solved
for quantities like Aq, T r +.. etc. in terms of pure N = 1
supergravity superfields which are already unconstrained, since
the N = 1 supergravity constraints are solved[14] . The obvious
way to establish such a relation is through superfield gauge

transformations (which are expressed in pure N = 1 superfields)

and leave (3.3.37 - 3.3.42) invariant. Then such a gauge
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transformation will be the solution of those constraints.
Let us illustrate with an example. Consider the case of

N = 1 super Yang-Mills (as was discussed fully in Chapter 2).

The qu matter constraint is
F"P ={Da, DP} =0 (3.3.47)
where D, = d4 + A, such that {dd ’ d*} = 0. (2.3.47) is

the constraint on A“‘ which must be solved. We look for a
gauge transformation which leaves (3.3.47) invariant. Hence

we find that for

Dq___,Dq-(e'ch‘( e’ 1)) (3.3.48)

(3.3.47) is invariant, where V is an unconstrained superfield

and 4, (eV.1) = dy eV + evdd . Therefore the solution for
(3.3.47) is

O, - e_-vc‘d(evj) i.e.

A, - e dq ev (3.3.49)
We now go back to our constraints (3.3.37) - (3.3.42). Consider

(3.3.37). Then we let

Ay Dy (O4+9,. M) ‘ (3.3.50)

such that D, is the pure N = 1 supercovariant derivative of
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N = 1 supergravity. Inserting (3.3.50) into (3.3.37) we find

that the invariance is achieved if

v 3.3.51
A Pg,- M=0 ( )
- Bo o
where de-Mg i MF" . In principle (3.3.51) can be

solved in general as: (using 3.3.46)

B haR, +b T,y S h 5 B0, T |
pp =ORp+0La)0s +55 DOp T (3.3.52)

o
where RP and fh are at this stage the unknown tensors

which will be determined later on. Notice that in our case
fz P stands for eV in (3.3.49) and the first term in

(3.3.52) has been introduced because it does not contribute
o

when q% hits M since ﬁ& = 0 and also the fact that we
are motivated by (3.3.46). Therefore in general a solution
(3.3.52) exists for the constraint (3.3.51). Therefore we

will take for granted that (3.3.50) is the gauge transformation
which leaves (3.3.37) invariant and the solution of constraint

(3.3.371is given by:
Ad._.Dq...CPd. M (3.3.53)

The requirement that (3.3.53) leaves invariant the rest of the

constraints (3.3.38 - 3.3.42) will entirely determine qL&P,f[q
F:R
is indeed equivalent to working out [iAqé‘,AP] in terms of

, Aui , x& , q&& etc. The process of gauge invariance

P
(P ) (using equations (3.3.53) and (3.3.39) and equating
odd



the corresponding coefficients of the vector derivatives

the spinor derivative Au and A;, as will be shown
later on. Now we will work out [{Ag4, A?] . Using the

definition (3.3.39) and (3.3.53) we easily get:
(A, ;- (D b.
Aui= Oy +(A4 P ). M (3.3.54)

- 1 ¥~
+ (4;9.). M -1-955,,{ Oy + q:'d; Dy

where

0, {Oq,f-j&} (3.3.55)

From (3.3.54) and (3.3.53) we finally obtain:

. . P AY
[‘AqJ'AP]-'-' [‘D“&'DP]“'C*P [1¢8& AP'

_‘o’s

¥
+0g0 . T A Ag D,

$ ¥ -
-$.. G Vi + M Terms.

(3.3.56)
The comutation relations of the 's are given in terms of
(A.3 - A.8). From (A.5) and (3.55) we can express [“3¢;.c£]
in terms of AEX" A“ and A,i (up to M terms), hence

we have:

95



96

X

(iDu4.0,1- Lis A, . l:cp2r

1.C -
s “p T«

sz ¥ LI 5
+ST P, 14y L[S P +LOWSD)

(3.3.57)

+ ra&,p (M) + M Texrmg

4
where S is the pure N = 1 supergravity tensor which

~%
satisfies (A.8). Therefore (3.3.56) becomes (D ==D§F%S )

[ d@; A ]- “:dpl: CP -b-—is i’ :]eri

(3.3.58)

~8 —

[D qJSd .,._;_.(Pi-ad)]A
[(A ¢> cp cp

Le {39 A sx]Z'
+3 *p{ s -+ 0 S5 5} 4y

+ M Terms .

3.4 The Solution of the N = 2 Constraints in terms of N = 1

Superfields

Consider equations (3.3.42) and (3.3.58) which are the
solutions of the N = 2 constraints in terms of N = 1 super-
fields. By equating the corresponding coefficients of zl,g,

=~ ) R ¥ ~ e -
A‘o’ ’ Ag we can determine (p M /P“. ’ g,(; ’ ng ’ Iq

and therefore Ao(.

Hence (3.3.53) is indeed a solution for the constraints

(3.3.30 - 3.3.42).
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i) BAyi coefficients
¥ ¥ x ¥
C“P [.CIJ‘;t +.'2._S A (3.4.1)
%% 13 ¥¥ $3 Te
- Ngg Ap Mas +Npg My Gy 8
¥ . ¥
Haa °p

This can be further simplified by using equations ( 3.3.45)

leading to:

~

3 ¥
CQP[CPX& _IE(QX.TB) 3; 1. (3.4.2)

%%

$8 . $ ¥ ¥
Nsé AP M*’* '('\Y.z Wso't sF'

X% 38

. ) ) R
"(Nﬂ‘ Meu w s q'f)la.s

By inserting (3.3.15) in (3.3.26) and using the identity

oAd s = sP- (3.4.3)
we get
: pY & ¥
My Wy - 44 Y, (3.4.4)
which can be solved for W, i.e.
# dﬁ x.
Wpa _.i Npix A‘*'\Pé (3.4.5)
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Inserting (3.4.5) in (3.4.2) and using the identities

of Appendix B, (B.1 - B.4) we get

¥ ¥ .
q) cl - Ji(s -IB)%;‘
B

-1 ¥ 1
+P 4 O fk

where "f, = M. B

By comparing (3.4.6) with (3.3.52) we deduce that:

a--b. L
2z

(3.4.6) also implies that:
4 B o
Id = Se{ + fd Dﬂ( Trs
Inserting (3.4.6) into (3.3.53) we get:

a4 % f - =
AGI:DQ“?T‘; Do( TX' MP

(3.4.9) and (3.4.10) imply that we have completely
~ ’8' P.

Td; Vs QP"‘P'W"‘ﬁ , L,z . W.zié s S. R

in terms of pure N = 1 superfields. For example

simplifies to:

and

(3.4.6)

(3.4.7)

(3.4.8)

(3.4.9)

(3.4.10)

solved

ofed



=D.,'\PP+C,,PCT) ; Q.@:O. (3.4.11)

ii) AxCoefficients

~$— 3
“C"P{D (Pﬂs .,.L(Pi.( _Qz)}_._ (3.4.12)

2 ~
[8a8.58,5 N 8™,
ee

- N_.

8§’ rr ¥
re M G'SS'JP }Kee

-M,,H (%8 8+.LS ﬂss)

L H ¥

ol ¢

Inserting (3.4.1) into (3.4.12) gives:

-CG(P{D 36‘-\--'5_(52—08&)}:

(3.4.13)

[os 5.‘*, “_q,;

€€

~T 8 =¥ Y -
"C‘*P Pa-Mu qﬂas X g+, X gat

® - S L] ~ ¥
—"‘FP Koo Oa -(Vau-li-r;)K,;,P

where we have used (3.3.22), (3.3.41c), (3.3.45b), (3.3.45a)
and (3.4.6).
¥ é «

T.o =F. Ot . (3.4.14)

a« = ) g P
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Now using (3.3.14), (3.3.15), (3.4.6) and (3.3.53), we can

prove that:

~ ¥

~ €. €
[Da%p 2, +
(3.4.15)

e e .. S € ¥
SP [T -V s 1] Kee

By inserting (3.4.15) into (3.4.13) and using the formulas

in Appendix A (egqn. A.7), (3.4.6), (3.3.45b) and (3.4.14)

s d

we can determine P_; in terms of pure N = 1 superfields

)
p. ,D , Ss etc. ... we obtain
~ old

~S ~s %'

-— . 3 . 3.4.16
QJ_D [ts«“"?g Wi, | ( )
M S ¥
= Nad Vg Xy *Ea& .

We can now determine Zqé from (3.4.16) by using (3.3.22).
Finally we obtain X:*J by substituting (3.4.16) in (3.3.34)
and setting p=Y¥.
i.e. <x P'
Mag Mg gr X - U T, " Dpwdép
(3.4.17)

. $ N _ $8 -
+¢ '\Vpd( E R )+"\T7(4P’Npé (Res-Qus )

such that:

100
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% $
Qq&.—. B) [Csa& *“‘ﬂ; ws's«] (3.4.18)

To invert X in (3.4.17) consider the following term:

$ 8

ffi%
I”.=N N

o8’ ¥¥ .
oe M“‘P’ Maa ¥ (3.4.19)

From the identity (B.1) we can show that

%% ¥ Ké di
. . . . 3.4.20
N Mdp = Ng; pr ( )
ef <3 : v St ° (3.4.21)
N Mp& ¥y = N al¥ Mp ¥
Therefore:
ss’ % + o X
: . t . ® *
IN, =N Mp « N, M\,P;
¥% - g
. T « A ..
= Ny Mg T, (LC7Cu)
$ ¥% 5
=~ N : M‘3 xp
(3.4.22)
33 S 3
Hence:
% ] 3
Xe(¢i= No&? MP‘ s [\’th ho.ncl ide o(: (2.4.13)
(3.4.23)
So now we have determined 'P:k& ' z*-( ’ S\,“ and X ad in
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terms of completely pure N = 1 supergravity superfields.
Table 2 gives the full set of solutions of the constraints
(3.3.17 - 3.3.23).

iii) O§ coefficients

-4 Cap Esscbd;.% 5°s, 84 )
¥ $

€e ss ¥

. . .4
: : AL : 8
+Ngp  Mag G'ssp Mee =M, ",;sLé (3.4.24)

Substituting (3.4.1) in (3.4.24) gives:

righT hanal side of G424 =
~ €. € _ e €. s ' ¥
[0ps." 8, +8p [Tug iy,  Way 1) Mee

<8 ¥ 3 %) .
“Mag Yas g "+t CP‘% Wuas

By using (3.3.14), (3.3.15), (3.4.9) and (3.4.10) we have:

¥ A3 ¥ 3 i¥)
s -0 3584 )T

S ¥ S

¥ s ¥
+AP Cpoui ..Cbpo.‘ q’ozé

~ K. . ) (S'K‘) .
+ (V"“\'JZTe«)W""P “‘Lz q?az w& K,‘:’sé%
S8 ¥

(3.4.25)



103

from (3.3.51)

s 5

g
Al’-"cpeld ‘CPpoi q)eté =

X') (3.4.26)

¥ '
L Cp (A5 9%~ a7

Finally we get:

“s ¥ 3 ¥ ~S x
'_?-C.,(p [20 Kso'{ -\-(.S CPG(% _'ED Sg%d )

s ¥ s .5 ¥ $(3Y)
- (AS (b < -(PSJ( <D < )+'2-C W%d‘é ]
(- S w (i'x.) { - L. ( V ‘ 1‘\1- ) K . X'
+ 3 q’,)d 3 Pdi + °‘+-z ] 4p
%8 %
(3.4.27)

Since all the individual terms K, § , L and A have already
been solved completely in terms of pure N = 1 supergravity
superfields, then egn. (3.4.27) does not give us any new
information. 1In fact, (3.4.27) is nothing more than an
identity.

This is the end of our analysis of the solution of the
N = 2 S.G. constraints in terms of N = 1 superfields, in

particular the superfields Pdi ;, S , D and in terms

o o
of '\V« » V and 9 [15].
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ss

PP, ¥ X G 7
K g Nd(& Nea sé {\7 P -DKWPP-\-MFxpCEXP'f ")

]

: & —s%
+(Y qsx) Nspsé(Q - )}

o < . L
Qu= (O dS ICTuggr N Wyis)

cdsé = fe{ Ds TKS
~ 86 . ¥ =
Pa\e'a:' Bae't ¥ Q,L,', - M°(°‘l ’\P 5 Ags

4

14y ~ = 2 -
Raa= Nag [CVS+JQT6)T5+Msé '\PXPXPK.

+ Ess‘ R |
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Y _ % - ¥~ X . %
0, 3. B =(VP,. J:T.Tp)gd i + (W g ’LfP
Yor OhrCed  0 K§=0

Tabie -2-

The transformation rules for the prepotentials P and V

are the same as in (3.1.29) and (3.1.30a), i.e.

SV CAA) (3.4.28)
39 = VA

) 8“{)4 can be derived using for SQPM , 9E4 and BE.4

in (A.3a, c, d) and also noting that
q o dd
qpmz En (“\)q'*EM Yi+En CPM

We obtain

Sq")dz Ack-\-Ve(/\.\./\ (I-zy‘.'.n'l)d -t':’\f)dpcp c;l)

(3.4.29)
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For the sake of completeness we will briefly mention the content of the
N=2 S.G. model which we have considered in this chapter.

It 1s well known that three different off-shell versions of N=2 S.G. exist
[21]namely, the minimal Poincare S.G. types I,II and III. The type I version is
constructed using the non-linear 8+8 multiplet, while the types II and III are
consructed using the scalar and tensor multiplets respectively.

The model which we have considered in this thesis is the type I with the

following 40+40 multiplet content.
Q ¢ <
(e-rq_ ’ ’\Pr‘ ’ Br. ’ AQ} VQ 37 TC\b ’

S, Vo, M, X(, ). (3.4.30)

XY,

a . iy
Where eft is the vielbein, ’\};‘ is the gr‘avitino,ﬁr" is an abelian physical
h
gauge vector field, A‘ is an auxiliary field, Va,\' is an SU(2) auxiliary
field, Ty, ( anti-synmetric in its Lorents indices) is an Sof2)

anti-symmetric tensor f‘ield,s‘-_; are the triplet scalars, VQ is an auxiliary
vector f‘ield,M;_; are complex scalars, 7(.l and )\( are auxiliary spinors.

The minimal off-shell N=1 S.G. content extracted from (3.4.30) (when written in
terms of N=1 superfields), can be completely expressed in terms of the pure
dimension 1/2 N=1 superfield 54 , the pure N=1 vector superfield Q. ,and their
derivatives (see A.6-A.8). This can be achieved by gauging away the scalar
prepotential V »P and setting the matter prepotential '\fq (in table 2) to be
zero. The remaining off-shell matter multiplets in (3.4.30) are expressed
entirely in terms of Vo> V ,P and their derivaties (e.g‘ll)qP). Further

details can be found in[ao_] .
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3.5 The Action

It is not an easy task to find the action of N=2 S.G.
in terms of N=1 superfields due to the complexity of the
structure of the theory. However, there are essential
ingredients which are sufficient to determine the action
in terms of N=1 superfields. As one knows, it is not true
that any coupling of pure N=1 S.G. to N=1 matter fields
yields an off-shell N=2 S.G. theory. But the requirement
of central charge and N=2 supersymmetry invariance can
guarantee the equivalence of an N=2 theory with a particular
coupling of N=1 S.G. to N=1 matter fields.

In superfield language this equivalence is more obvious
because the N=2 off-shell S.G. constraints have been already
solved in terms of unconstrained N=1 superfields. In terms

of N=1 superfields the generic form of the N=2 action is:

I,.L_jdgzs"L : (3.5.1)
Kl

where L (Y,, QP*P' "-PdP s ,h.e)  yhich corresponds to the
N=1 matter part and K is the gravitational coupling constant.
E_1 is the pure N=1 super-vielbein which is already discussed
in chapter 2 and reference(13]

For the above action to correspond to the N=2 off-shell
S.G., in addition to Lorentz and g.c.t. transformations, it
must be invariant under U(1) and N=2 local supersymmetry,
whose transformation rules are given in Appendix A.

Without any loss of generality the function L can be

expanded as [29],
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L. G—(%P, VY, ’\P'{P, h.c) (3.5.2)
+FCY) x H (TR‘P, '\{),(Px,h-c) the

In order for the action (3.5.1) to be U(1) invariant it is
crucial that the L function given by (3.5.2) be invariant
under U(1). However, the above decomposition of L will
introduce further simplifications for the U(1) invariance
of (3.5.2). The U(1) gauge transformation of ’#L (which

is the fundamental matter prepotential) is given by:

S'\f’d._. Vil =04¢ (3.5.3)

where t is a real superfield and VQ is as defined in table

2. Furthermore, the scalar superfield qs transforms as:

55}5= sz_ ' (3.5.4)

Using (3.5.3) and (3.5.4), we find that:

6’\}9*(5 o) (a)

%)&zo (b)

(3.5.5)

where ,HhP and ‘>4 as given in table 2. Consequently we
find that H and G functions in (3.5.2) are invariant under

U(1) gauge transformations
SH-%9G -0, (3.5.6)

Finally, inserting (3.5.3) and (3.5.6) into (3.5.1), we find
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that U(1) invariance of the action I requires that:
* ’
(Da+SJ)(FH) 4 |n.C=o (3.5.7a)

where

F_ OF |
Y,

In obtaining (3.5.7) we have used the following formula for

(3.5.7b)

integration by parts
-
fdgz E-'XD.(Y___.deZE Y (DasSe) X . (3.5.8)

In general it is not straightforward to solve (3.5.6) (one
equation with two unknowns F and H). However, since we
already know that F is only a function of ’VL and hence
(in principle it has a polynomial expansion in terms of ﬁ& )

we consider the simplest choice:

Few ). v, (3.5.9)

As a consequence of (3.5.9), equation (3.5.6) is a constraint
on H which can be solved. Without any further detail the

solution for H is given by{29]

H=NAP)\P+J?__()?+XB)T%, : (3.5.10)
..'?(d,(_v(d ) LZ‘T‘ Xé)

Furthermore, by requiring local N=2 supersymmetry invariance
of (3.5.1), the G function can be entirely determined, as

given by:
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Gﬂ[(\-&é)g‘; CX+XB)X 4 (3.5.11)
1 X xoxB)].
” X ( X+xB8)]

Hence, the complete N=2 S.G. action in terms of N=1 superfields
is given as 29 )
8., ! a 2y o
S,,-_Iz_ fe‘ ze LU.BB)X2, Y «+’\f )
(3.5.12)
- - o - - — —
+(X-\~XB)("}’ Ta+r Pl (X4 XBIY T4 P ].

3.6 Conclusions

In this chapter we have analysed and studied, in great
detail, the solution of N=2 S.G. constraints in terms of N=1
superfields. The procedure was to project the N=2 constraints
into the ordinary N=1 superspace [16] . Then we noticed that
this projection could go to the chiral N=1 superspace
where the constraints took an easier structure.

We discovered that by shifting V& and Ty according to
(3.15) and (3.16) the projected constraints in the chiral N=1
superspace simplify and take the structure of th N=1 super-
gravity constraints (3.28-3.40-3.43). At this stage it was
possible to find the solutions to these constraints. We looked
for the gauge transformations which left (3.28-3.43) invariant.
Then the solutions were exactly the gauge transformations.

Such gauge transformations were found by shifting all objects
in (3.28-3.40), in particular A* r Ty + into the pure N=1
supergravity covariant derivatives Dy and the dimension half
tensor S, . Finally, we considered the structure of the action
in terms of N=1 superfields.

One hopes to generalize the above results to higher N.
This will be more complicated because there are no off-shell

constraints for N > 3 supergravity theories (because of the
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no go theorems [24] ). A proper way of understanding the
structure of the extended theories (in particular N = 3)
starts by understanding the formulation of N=2 supergravity
in terms of pure N=1 physical superfields. This means that
all the N=1 auxiliary superfields should be eliminated via
their equations of motion. As we know, the solution of the
N=2 constraints in terms of N=1 superfields still contains
auxiliary N=1 superfields. These superfields should be
eliminated in order for N=2 supergravity to be written purely
in terms of N=1 physical superfields. This is not an easy

problem.
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CHAPTER 4

4.0 Introduction

In the last chapter we dealt in great detail with the
analysis of N=2 S.G. constraints in terms of N=1 super-
fields. We showed that, by projecting the N=2 S.G.
constraints on to N=1 superspace and choosing a particular
gauge (i.e. chiral gauge), the projected constraints took
a particular form which was suitable for solving them in
terms of unconstrained N=1 prepotentials.

On the other hand, Sokatchev [13]has achieved partial
success in solving the N=2 constraints in terms of N=2
prepotentials by reducing the ordinary N=2 superspace to
N=2 chiral subspaces. In addition, he was able to write
down an action formula for off-shell N=2 S.G. However, it
was only recently that a major breakthrough in solving the
N=2 constraints in terms of unconstrained N=2 prepotentials
was achieved. This was done using the powerful harmonic
superspacesfl7]. Unfortunately, it is yet unclear how to
use harmonic superspaces as a tool to solve the N=2
constraints in higher dimensional spacetime. Therefore it
is worthwhile to understand the N=2 S.G. constraints in
higher dimensional space time before such an attempt.

It is the aim of this chapter to understand the four
dimensional N=2 S.G. constraints from a higher dimensional
point of view. We will show that the N=2 S.G. constraints
in chiral superspace Diﬂ are indeed equivalent to one N=2
S.G. constraint in five dimensions. We will work out in
detail all the components of the torsion constraints using

the Bianchi identities where the results are in agreement



with those of Sokatchev [25].,
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In section 4.2 we will show that in six dimensions

one can solve the N=2 matter constraints as a power

expansion in the N=2 coupling constant.

4.1 Realization of Sokatchev's N=2 S.G.

constraints in

chiral superspace from a single constraint in five

dimensions

In this chapter we will use the two-component notation

of where [13]

¢ _e, . €t e, e, _€,

= -1 = iz ="u=

’\{)x edpqpp
qi)d = e"F’\F i

e"‘PG*P

eyt e® (e ey

=-2, 7 ebe.‘i=-2

(4.1.1)

A
We also denote A = (5,A) as Lorentz flat index and M = (5,M)

as space world index, where 5 represents the extra fifth

dimension corresponding to a central charge which will

generate a U(1) vector field. We define, using the notation

of ref.[13] :

M
bDa: Ee_l_ rap\1'¢d-
5

5
=04+E4" 05

(4.1.2)



where

8 B = &= P
G- P Mg P, My
A AP A
is a Lorentz connection and Dd is the curved four

dimensional super covariant derivative.

From the definition (4.1.2) we obtain:

A

A
{oog,ool?gﬂ;e °OA + Ryp M)

(4.1.3)

(4.1.4)
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where the curvature terms can be shown to be equal to zero.

In four dimensions (4.1.4), in the presence of the

central charge, is equivalent to:

A -
{dgi{ )009}: Tg_E @A-‘-F‘!EZ-\.Rg?(M,M)

A -
\IDOS_ ) DP} - Tae DMR,,E(M,M).
Comparing (4.1.4) and (4.1.5), it is evident that:

Ds- z (a)

0 (b)

Moreover, it is standard to set

T, A=o

P .

Tais 4 =-8‘€*3€H?S&P

(4.1.5)

(4.1.6)

(4.1.7)
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Explicitly (4.1.4) corresponds to:

D P’ 35- i5€d|5°05 (4.1.8)

where we have used (4.1.2) and (4.1.6b). The solution to

(4.1.8) is given by:

5
Egt_ =-'i(0'at+H-()+Ve(\'\ (4.1.9)

The expression for VQ is given by

Ve Fula,

where F is the inverse of the following matrix (as given

in 2.5.25a):

v)
P ’% % + B H

and

A iAH"a

,t'l'

In (4.1.9) 8; is the Grassmanian N=2 (superspace) coordinate,

H, 1is the spinor prepotential [13] and H is a new scalar

prepotential.

By substituting (4.1.9) in (4.1.8), we have:

L Dd[&r”-r Hy, ] s = €585 A5

(4.1.10)
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where D(clvp)H = V(d Vﬁ)H=O.

Therefore:

= ff
Dci (&P+HE)=(|+AH)§ = Af(&ﬁ“Hf)

a b
- (eAHY,  CQp o BrHp)
) S P UE BEE

Hence:

0s5. Vs (4.1.12)

Therefore (4.1.9) is a solution of the constraint (4.1.4).
As we have mentioned previously, the N=2 S.G. constraints
were partially solved by formulating the theory in chiral
superspace. The remaining ones are:

A
<G g =9 (a)

(b)
Im C Dd(; -r;.;) “Td(_i Te(i)):O.

(4.1.13)

where T“; is as defined in (3.1.2).
We will show that (4.1.13a,b) are equivalent to the
single five dimensional N=2 S.G. constraint:
A
T A
At P)) =0. (4.1.14)



such that 4=(5,4) [25]

Obviously, (4.1.14)does indeed contain (4.1.13a)
for 2 = A. However, it still remains to show that it also
includes (4.1.13b).

For convenience we will list some of the necessary

torsion components needed in our calculations:

Teip Eﬂpe (4.1.152)

Tac 4_, o) (4.1.15b)
BR . . p~ B

Tai,a; = 2¢€53%y 4 (4.1.15¢)

i B, o X
Ta cbp=.‘!;8,; (%; T,-.,.,.%J-KT;,,) (4.1.15d)

5
In order to establish the equivalence of To(“- ,.S)p' =0

to (4.1.13b) , it is necessary to find a relation between
the torsion components in five dimensions and those in four
dimensions. Using (4.1.15a,c) and one of the dimension zero

Bianchi Identities (B.I),such a relation can be established
T 7 3¢
a4, : Tq, ) (4.1.16)
I
The dimension 1/2 (B.Is) yield the following

T ¥ ¥ ¥ v
ai,pp = '—4 SF; CCapgT; +35 Tai) (4.1.17a)

Taa " 5= £ D4 CoD“ ”d__'_.T T, (4 1:170)
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At this stage it is important to carry out a consistency
check on the above results by examining [qui,ils]
which must be zero. This follows as a consequence of the
truncation of the theory to a true five dimensional theory

as imglied by. the constraints , in which the five dimensional

space time M5is given by;

)
Mi M*x R . (4 1.18)

Using the definition of dJg :

{"Dclf.) °D‘3,}=ec(l3€;) @5 (4.1.19)
and the Jacobi identity:

— = =t =3
[Ou,{D:, T33) 005, {a, DY)
(4.1.20)
-3 = o
+Ech.a{£). '°Od.i}}=o
together with (4.1.15-4.1.17) it is straight forward to

establish that:

[ D, Os)-0

(4.1.21)
D¢y, Dg]-0
This implies that
B
TA,S e (4.1.22)

and all the curvature terms with index 5 vanish.
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Let us remark that in the in the Kaluza-Klein picture the
Eg component of the vielbein provides a source for the scalar
fields.However, since we are considering trivial dimensional
reduction in which we do not wish to have new additional
physical degrees of freedom we must gauge this scalar to be
a constant which we have chosen to be one.

Equipped with all the above results, we are ready to
establish the equivalence of (4.1.14) and (4.1.13b).

In fact it is enough to consider the particular dimension

1/2 Bianchi identity:

— N T, 5
Dc&t —r:(),pp + °DdJ dc,pp [T.:” é, PP
A A (4.1.23)
ET. 5 E 5
"'Tpﬁ,eti é,.u "‘T:SP;“J Té,di _]
=0,
o Ba Bx
Contracting with € , € , symmetrising on i and j and using
(4.1.15 - 4.1.17) we finally obtain:
Im[D ; Ty T T )0
« el = G 'and d= . (4.1.24)

In the above analysis we have proved that the constant in
front of the bilinear term in (4.1.13b) has been uniquely fixed
by requiring the central charge invariance which is manifestly
realized by the U(l) invariance of the B.I (4.1.16). This constant
is
a = -1 (4.1.25)
which is in total agreement with ref[13] where the same result
has been obtained by requiring that the imaginary part of the

action to be zero.



However, the analysis of ref[lS] was at the linearized level,

while our analysis is a the full non-linear 1eve1[25].

£
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There is a final remark about the transformations (3.1.30).

M
From ref.[13] we find that the vector prepotential H <transforms

as; A | s .
SH ,(E(x - N ) (X-iMW,8)
8- A ¥ T =Y. M (4.1.32)
N 4 M 1.
Ly OV A p 0 fay*\ 3 1n
in our case (M=5,m). From (4.1.32) one can immediately

deduce that at the linear level:

—s
SHiS}C._..%_()-\S) (4.1.33)

This is exactly (3.1.30a) with A-=>‘5). On the other hand

I j ‘ -
SH = -} (X,iH,&) +f"-l."7_(>”+x“)”an

+>\'5 'b

at the linear level we have:

a2 o d2 o2
8H =—%'\-P =-X +T -
( 4.1.34)
{2
Using (3.1.12) we can always solve for f such that
2 <
However, by requiring iﬁx« = 0 (at the linear level) we can

o o2
fix é to be = A and redefine A = A We can now
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get (3.1.30b).

4.2 The solution of N=2 S.Y.M. matter constraits in

six dimensions -

In this sectién we study the solution of the constraints
of the vector multiplet of N=2 S.Y.M. theory in terms of
unconstrained N=2 prepotentials in six dimensions. The
techniques employed are very similar to those of N;Z S.Y.M.
theory in four dimensions where it was shown by Howe, Stelle
and Townsend that the non-linear solution of N=2 S.Y.M.
constraints in four dimensions could be obtained as a power
series in the S.Y.M. coupling constant{26]. In principle there
are two ways of expressing the constraints in six dimensions.
The first is the SU(2) covariant formalism in which the SU(2)
symmetry is manifest . The second is where one breaks SU(2)
covariance down to U(1); such a breaking allows the definition

of the d=6 analogue of a chiral superfield ¢) which satisfies:

O;¢ .0 D,P-0 (4.2.1)
where Dy and Dy are identifications of the first and
second components of D‘c (i = 1,2 is an SU(2) index)**. Note

that because of the SU(2) Majorana condition in d=6:

.‘ — P
((\ﬂ‘ )*::- Y. = €58y '\fﬁ (4.2.2)

where the matrix B is unitary and satisfies B*B = -1. The D;

i
is related to the complex conjugate of D i.e.

* % Unlike in the preceding section, we consider D, to be

the flat covariant derivative.
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D =Dz =~ B, 0, (4.2.3)

Although it is much simpler to use the U(1) notation,
unfortunately it does not seem to be very useful in solving
the Y.M. constraints beyond the linear level [28]. It is for
this reason that we prefer to work in the full SU(2) covariant
notation. The techniques of Stelle, Howe and Townsend are
directly applicable. Our notation is exactly that of reference

[27} . We introduce the notation:

{ Y .0 iy
Dﬂl DP ._._‘?: E @dp_,,e D.‘p-q- "P (a)
Dap= L0, Oy =Dy (b)

0 : '
O, -0, 0" (c)  (4.2.4)

for the product of two D's, where vector indices are represented

by a pair of anti-symmetric spinor indices. We shall also

define:
ik d .
G ) w ) ~ «p¥d
D = O, B, O 05 "€ (4.2.5)
XPES
for the Lorentz scalar products of four D's. S is

an invariant totally antisymmetric SU(4)* (Lorentz group in
d=6) tensor. Using the properties of the D's, one can prove

the following useful identity
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0 owd
DQPD “ o™ D,,on (4.2.6)

Further identities can be found in Appendix C and ref.[27].
The d=6 Y.M. constraint in the SU(2) notation is very simple.

It reads:
i
F;p =0 (4.2.7)

In terms of a superspace gauge prepotential

(4.2.7) can be rewritten as:

Dd‘aAP,fDP) dqd *‘_%{ A.‘(’ ‘AP)\-“envﬁP:O

(4.2.8)

The antisymmetric part in 1ij is a conventional constraint

determining giﬁ :
: ) i
f‘*P="Dc¢i ‘APJ +-’5-’% {J‘L 'AP } (4.2.9)

However, the symmetric part in ij is a differential constraint

on the prepotential Ad' :

' ) . ( »
0. A +‘;3_{AH A, }=O (4.2.10)

P2

(To derive 4.2.8 one makes use of the (anti) commutator
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{ @A, ODB}___ FABZ-CABQODC where ODA= DA,. t [cAA, ]

is S.Y.M. covariant derivative in the adjoint representation
of some compact group G. Note that the only non-vanishing
component of the (flat space torsion) is
) ¥
C“P

The linearized solution of constraint (4.2.10) is given

i ¥ $
= 1€ )SE-‘ %PJ

by (g=0).[27]
] i m_ K
A, = 0, 0+0, On  Vix (4.2.11)

where U and Vik are (a ] and 3 of SU(2)) unconstrained N=2
superfields. To prove that (4.2.11) satisfies (4.2.10) at g=0
one makes use of (4.2.4) and (4.2.6). The above solution is
very similar to that in d=4.dimension$[26} except for the fact
that we do not have terms involving D's, since these are related
to the D's by the SU(2) Majorana condition.

As we have mentioned previously, we can solve constraints

(4.2.10) in power series of the S. Yang-Mills coupling constant

g. However, an essential ingredient to obtain such a solution

is to know beforehand the first order in g solution of the
linearized solution. The power expansion technique can then be
used by rewriting the non-linear constraint in a form identical
to the linear constraint. This is normally achieved by
differentiating the non-linear constraint with respect to
coupling constant g. Hence, a solution can be obtained similarly
to the linearized solution. Then the non-linear solution is
obtained by integrating.the former solution with respect to g.

1 \
Let fqd e ngd then differentiating (4.2.10) with
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respect to g gives:

3)

@(dlt Bp) =0 | (4.2.12)
where
Bg‘= ?—(3 ﬂd.‘) (4.2.13)
%3
and

t i (
. 4.2.14
J)d = [ll-kt%{dgd ) ‘} ( )
Equation (4.2.12) has indeed the same structure as the
linearized constraint (4.2.10) with g=0, with the difference

that flat derivatives have been replaced by covariant ones.

Therefore, the solution of (4.2.12) is given by:

i ' m WY
Pe= d, UsDy DOV, (4.2.15)
;
The full non-linear solution for<A* may now be reconstructed

as a power series in g from the integral equation:

3

{
S dv B, %) (4.2.16)

Al L
3 o

The gauge transformations of. the prepotentials Vij and U can be

\
obtained iteratively. For.A* the k gauge transformation

t { |
%‘Hd =-‘Dd . (4.2.17)
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from which we deduce, to lowest order in g, that:

2U-_X (a)

oV.._O (b) (4.2.18)

L))

(4.2.18a) shows that U is a pure gauge and can be set to zero
by a proper choice of the parameter K. To determine such a
choice we look for pregauge transformations which leave A

invariant, i.e.:

{
SAL =0 (4.2.19)

We find to the lowest order that the pregauge transformations

of U and Vij are:
Y,
BVij= DA

iU

o]
BU- L0 DA i

/\d ol
UK =A GyK) (4.2.20)

Therefore, in order to stay in the gauge U=0, we must set:

try nd

{
K- _[5 D Ou A iu (4.2.21)

It is interesting to write down the action of N=2 S.Y.M. in
superspace and look for covariant gquantization of the theory

along the same lines of [26] . However, this lies outside the



scope of the thesis and will be reported elsewhere

.

n

o
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APPENDIX A

Na=2 S.G. constraints projected onto N=1 superspace

Throughout our analysis in Chapter 3 we have used the
notation of Qﬁ]. In this Appendix we list the projection
of the N=2 constraints into N=1 superspace and the super-

symmetry transformations of the prepotentials.[la}:

{Vd,v‘,’]: i'\t)u '5.«1)(” Yy 5 o+rL Ny 'Yu (A.1)

+q1)up> Z + Ws's. ‘C‘éf) - Xy Yo {Mp K““‘Pu '

§Va, Va} = Vo y,” Vs uyd mpp ) Ve L (Tu-, L2
-5 (O “fp XV + Yo (£ Z+ Wyt Mg%)

- § % Yy . yMP
"'%ACZ*'WX Mg )~(PPP-RP?-'YP pr )Ma(

s = 4 :
+"1{* XPF; MPK + Py ﬂd;_’\pdxxx;)mdé _ry)_‘

B XdéM X.

-¥_
[vd«;VP]-- ( °(°"“r\PPd>\ d-\-’\'FPg()‘ Vﬁ‘)
) ¥ ¥ L S | .
*L(Yaé '\Pp *’r\")«c;l YP ) Vxy
+'—2- q Ad'—-li “*r\f)ou Y)Vp

1
+i(,\PPd X a *'\PP"‘ wdx)vb’
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+..£:"13P°,’ [2§_V Ax —“f’xx (AKU -%)XS‘U')

L ' — o -
+ Py RI% iy, x oy, W, )Ty

+{_,,(\VP4 [ZS_VBAK -\-'\PX“ (Rxa --,?: >\Y~>\x )f,“PY)’ R]vx

e C“P _('\I)(’HP ,\l)pd Taz —/"{pa

+M Terms.

F‘«PLO ’ F«PK; ",:Tu "ﬂ%)x. e

F"‘P'i L J‘P de_’\fdx ?P' ) b
au,p =-4 % "fpd S\ 3\ (c)

¥ ¥
~0(Bp" Kai =k 5u Xpa) -y @%-5A%)

. C

¥ wi
£ Cup 3y (S+J2. V'L R) ~iCup Wy (a)
'e : ¥ AT
oW oo B TR e P M
_ I
~Yeo Ppss =3 >‘P> 6 1'%_ %5‘ (Ra-2f, )

— X . -
X%i:(Vd.,._'iT,‘ ) Td ‘(\Poka'l R+, [Hr& "“2_>‘3’>‘4J

(e)
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— = ¥r — ]
Pae (o g T ¢, 329, IRz L 0T

¥ -~ ¥ < .
"'?L. Y. [V@Xg,-’\P@%)Rw\ﬂé (ﬂn’)-'zxrxn)] .
¥ : ()
v(.d -rp) = 'Ymr,)s “',\\)u (xp)% ""p‘_Tp) >‘x )

¥ = <.
+|? Y. (x%) > [Vxxs - Yes K- Yy (p‘sé “'p:>‘3 rol.

—

Pe(é - Qele'( = Pﬁa‘ Adol (8
5, = B ed*en“(é,;,,zr_—:n""%e,‘ﬁ*é‘,;t,) (A.3  a)
sn.,;”“ = (VM__EMT ye' + . (b)
ECe.(cpd-.'.ﬂ,.h-—e% 'z)\ )]
SE“Ji'e""X,; EeuiCe Y Py e, (e)
Eia= -t (e »\PM + € q'I)au ‘@

P = 3F
~L2 (e EP;*.G;I) E*f;)

L ¥ ¥ — - -

- - N EUA 17
_céc;[x,"’ep-*wf&“{_' S W R- T A=W (A LA 0E

Where:
A y ¥ Ao ¥
q‘I)M= En ’\PA ’ Vm= B VA ’ /LFM =EM QP;rx

Shas CuRa€l (Bug-LANg) @)



~B 3
5Td= QQS +€ CX*F-—-’ETG{XP')

——

2 ¥ = .
+"§' S [\7@ xﬁi‘qfup)ﬂ‘qfu [gﬁ’*""z )P’k”]]
N R A e «
SE '= = Cedq'eckei "’éd«{)a\ei )

{04, 0}:0

{D.{, 6@} B iD-(F'

¥ . -4 Y = .
[Dg(d, DP]= %CQP[S Dxd-%[(o-f-‘is )SX]Dd
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APPENDIX B

Some useful identi ties

Some useful identities have been used in obtaining the

solutions in section 3.4

€ B« " e*\'md_fs B.1
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Where f is the inverse of
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