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There was a door to which I found no key,

There was the veil through which I might not see: 

Some little talk awhile of me and thee,

There was - and then no more of thee and me.

Omar Khayam

L
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Abstract

In this thesis, we exhibit the construction of 

off-shell N=2 superfield supergravity using N=1 superspace 

geometry. We solve up to all orders, the off-shell N=2 

supergravity constraints in terms of unconstrained N=1 

su pe r f i e l d s .

We start by a general introduction to supersymmetry 

and show how to combine it with standard field theory 

models. In particular, we consider scalar field theory 

whose supersymmetric extension is known as the Wess-Zumino 

model, which describes the supersymmetric coupling of 

scalars with spinors.

In the second chapter, the above coupling is extended 

to more complicated models where the N=1 superspace 

geometry is. used to formulate both N=1 super Yang-Mills and 

N=1 supergravity in terms of unconstrained N=1 superfields.

The techniques used in the second chapter motivate 

those developed in Chapter 3 where we explicitly solve the 

N=2 off-shell supergravity constraints in terms of 

unconstrained N=1 superfields.
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Finally, we discuss the formulation of extended 

supersymmetric field theories from a higher dimensional 

point of view.We prove that Sokatchev's N=2 supergravity 

constraints in four dimensions can be obtained from a 

single constraint in five dimensions, hence exploiting the 

geometrical structure of the N=2 supergravity constraints 

in four dimensions and emphasising the importance of 

central charge invariance of the constraints.

We also solve, to all orders in the Yang-Mills 

coupling constant, g, the N=2 super Yang-Mills constraints 

in six dimensions in terms of unconstrained N=2 

superfields. To achieve this, we use the method of power 

expansions in the coupling constant,g.
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CHAPTER 1 1 0

INTRODUCTION

1.0 A brief discussion on Global Supersymmetric Models

The main aims of physics are to understand nature and 

relate the different forces that govern the geometry and the 

existence of our universe. So far there are only four known 

forces, namely the Gravitational, Electromagnetic, Weak and 

Strong forces. It has always been the objective of physicists 

to unify all these fundamental forces. In the modern history 

of physics this goes back to 1886, when Maxwell successfully 

unified the Electric and Magnetic forces, now known as the 

Electromagnetic forces. Subsequently a major breakthrough 

in the scheme of unification was achieved when Salam and 

Weinberg unified the Electromagnetic and Weak forces into 

Electro Weak interaction in 1967. Since then physicists 

have been trying hard to unify all the other interactions, 

in particular the general theory of relativity, which describes 

the gravitational field (Einstein's theory) with the strong 

and electroweak forces. The discovery of supersymmetry in 

1971-74 [l]eventually made it possible to unify Einstein's 

gravity consistently with other interactions in nature. However, 

there are other schemes to unify strong and electroweak forces 

(i.e. without g r a v i t y ) . These are known as Grand Unified 

Theories (i.e. GUTs) £2 J .

Supersymmetry is the new type of symmetry which rotates 

bosons into fermions and fermions into bosons according to the 

schematic formulas:

(a)86= £F 

8 F = ^ B £ (b) ( 1 . 1 )
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where £ is an anti-commuting parameter which is an element of

a Grassman algebra, B stands for bosons and F for fermions

1 3having dimensions 1 , respectively. We notice that (1.1)

a) and b) can include higher order terms. For example, in

2
(1.1b) we can have a term proportional to B which has the 

correct dimension of 3/2. However, we discard such terms at 

the linearized level. Motivated by (1.1), it is then obvious 

that in a supersymmetric theory every bosonic field is associated 

with a fermionic companion field and vice versa. As an example 

consider a scalar field theory. The Klein Gordon action in four 

dimensions is given by:

J c a > f4A ) 4+ t a f, B / : i c h x . ( 1 . 2 )

where A and B are scalar and pseudo-scalar fields respectively.

If we want to introduce supersymmetry into the above action 

then, according to equation (1.1), the A and B fields have to 

transform into a fermionic field \  . Similarly, X transforms 

into derivatives of the A  and B fields

S a  =  i. & X  (a)
i

$ 8  - _ .L (b)

< S \ -  (c) (1.3)

where in (1.3b) indicates that B is a pseudo-scalar field.

In order for the action (1.2) to be invariant under the



transformations (1.3) one has to modify (1.2) by all possible 

terms which involve the field A . Usually such terms contain 

in addition to the kinetic term of X f all possible A inter­

actions .

The supersymmetric extension of (1.2) is [1]

I _ _ ±  ( C « K M \ c ^ B ) 1. l \ ‘3 r X ] d <'x d . 4 )
2  ; r  r  2

This action is globally supersymmetric (where £ is a 

c o n s t a n t ) .

Other examples of globally supersymmetric theories are 

Super Yang Mills Theories. £3j f £8]

In the case where 6 s£(X) , depending locally on the 

coordinates of the four dimensional space time, one is obliged 

to introduce gravity, which is the theory invariant under 

general coordinate transformations (G.C.T.). The new model 

which we obtain is then locally supersymmetric and it is called 

Supergravity (S.G.) Theory [4 ] .

The simplest model of S.G. is the N=1 S.G., which contains 

the following N=1 massless supermultiplet (1 graviton spin 2

field e
3 4 3

1 gravitino spin field 'Vf) ) where the spin ■=■7* ' J-----------  -1-’—  2 7* ' 2

field is the fermionic companion of the graviton, the massless

spin 2 field.

The massless supermultiplet of N=2 S.G. contains 

(1 e * t / Ap. ) where is the Abelian U(1) vector

field which is the electromagnetic field. The maximal

theory is the N=8 theory which contains the following massless
supermultiplet:
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( 1 graviton, 8 gravitinos, 28 gauge vector bosons,
i

56 spin fields, 35 scalars, 35 ps eu do -s ca la rs).

In addition to supersymmetry invariance, S.G. theories 

have internal SO(N) symmetries where N is identified as the 

number of gravitinos. The internal symmetry of any S.G. 

theory may be enlarged depending on whether or not there are 

hidden symmetries in the theory. For example, the N = 8 S.G To] . 

has a hidden global symmetry, the exceptional group E(7). The 

maximal N = 8 S.G. theory presents a model which was hoped to 

unify all the fundamental forces in nature. However, this 

theory still suffers from very serious problems such as ultra­

violet divergencies, non-chirality of its fermionic spectrum 

and the fact that the internal symmetry group of the N = 8 S.G. 

theory does not contain the SU(3) x SU(2) x U (1) symmetry of 

strong and weak forces. For this reason it is now believed 

that superstring theories {£;] (which only exist in ten dimensions 

and contain N = 8  supergravity) stand a chance of being theories 

which unify all the fundamental interactions in nature. More­

over, superstrings solve the problem of chirality and their

symmetries (in the case of the E 0 x E - heterotic strings)8 8
break down in four dimensions to groups which contain the 

standard model's symmetry group SU(3) x SU(2) x U(1).

Supersymmetric field theories can also be formulated in 

terms of superfields (S.F.) which provide an elegant linear 

and compact description of supersymmetry representation. In 

fact, all supersymmetric (global and local) theories take a 

very simple form when expressed in terms of superfields.

Superfields are defined over superspaces. A superspace 

is the space of points 21 -( k , O r  . &  ) where X  are
ol

the four dimensional space time coordinates and fr = 1 ,2 )

is an anti-commuting Grassmannian co ordinate[7]
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The coordinates Z are usually considered to be coordinates

in the coset space*.

Super I S O ( 3 , 1 )/ S O (3,1), where super ISO (3,1) is the 

superpoincare group and S O (3,1) is the Lorentz group. An

element of this coset space is usually parametrized as:

h ( z A ) = > e x p 2 A T A (1.5)

where are supergenerators of the superpoincare group and 

they satisfy:

leave further details to the next chapter.

A  simple example of superfields is a scalar S.F. which 

is identified as Cp a <£ (. x, &  , § “) . Similarly, a supervector, 

a supertensor, etc., can be defined in the same way. Let us 

take a scalar S.F. & , & )  and expand it as a polynomial in

We get:

( 1 . 6 )

C
where are structure constants of super ISO (3,1). We

+ e - 0 - U ^ e - e - e - e - O c x ) .

( 1 . 7 )
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Because of the anti-commuting property of &  1s the other terms 

vanish and we have a terminating polynomial expansion. More­

over, in addition to vector derivatives, one also defines 

spinorial covariant derivatives as follows:

Therefore the components of the S.F. in (1.7)

can be defined as successive differentiation of evaluated

at fir.Q-.o i.e.

A u ), < $u ,e -,£)j
<  e - = 5 = o

\  ( k ) =  - 2 ; 0  c t K x , e - , £ ) |

e - = § = o  (1>9)

Fcx)=
fr=&=o

The supersymmetry transformation law for a scalar superfield is 

given by:

f . , e ' Q i ) t

_ al . -«< — M
where c. V.C ) are the supersymmetry parameters and Q  C Q  ; 

are the supersymmetry generators given by

(1.11)
(b)
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They satisfy the following properties:

={ 6 , q }=.[o ,q ].= I o ,q J s o ( 1 . 12 )

using the expansion of (J) in (1.7) and equations (1.11) one

can prove that (1 .1 0 ) yields the component supersymmetry trans-

superpoincare group. However, this representation is reducible. 

In order to have irreducible representations of the superpoincare 

group one has to impose additional c o n d i t i o n s . A  particularly 

useful irreducible representation is called the chiral 

representation. In this representation the chiral scalar 

superfield (j) satisfies the following equations:

formation rules of (j) .

The general scalar superfield C|) is complex. Equation 

(1 .1 0 ) shows that transforms under a representation of the

(a)

(1.13)

(b)

Note that a real superfield cannot be chiral because

0<f>= 5<p= 0<fi.o ^  <f» =0

which forces to be a constant.

Equations (1.13) can be simply solved to give:

=  A c y )  +  ©-",x ^ y ; t ^ B c y )
(1.14)

»
where Oi =< —  0<

y = x -i&r G-
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Consider the following action:

i s  d V c < fs$ ) (1.15)

The measure is defined such that J d d = o

which is known as the Berezinian integral . In other words

i.e. in superspace integration and differentiation 

are equivalent. Consequently one takes:

J d e -  ^ 2 -
ae-

Id<'xdV sJdVdV«lls= $o*6zc^x (1.16)

Equation (1.16) reduces (1.15) to:

I B f d*1 x C $0*0* 0 * 2 (0^) ( O y  0*<j>) +  (0*<t>) )] (1.17)

To evaluate (1.17) we use the projection method (see eqn. 1.9) 

and the following identities:

o z o 2 <p s (3(p

Q y  6  $  =  -i'cJy.i 0  0

We obtain

I  | J W * X ( A D A  X ^ F F )
6*r£ = 0

(1.18)

which is the free massless action for a complex spin 0 field A,

Weyl fermi field A  and a non-propagating auxiliaryk a
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field F .

Let A  = + i- ^ 2  and insert this in (1.18) . Then

we get exactly the off-shell Wess-Zumino action given by 

equation (1.4) .

One draws two important conclusions from this example:

can indeed take a very simple form, as seen in equation (1.15) 

(compared with (1.4)) .

ii) We get the off-shell formulation of supersymmetric field 

theories in a straightforward manner, as can be seen from (1.18) 

with the off-shell fields F and F. The on-shell action (1.4), 

can be obtained by solving the equations of motion of the F 

and F fields and substituting them back into the action (we 

can do this since F and F are n o n- pr op ag at ing ).

Another example of global supersymmetric theories is 

Super Yang Mills (S.Y.M.) theories . The pure Yang Mills action

Equation (1.19) is invariant under the following non-abelian 

gauge transformation:

i) The action written in terms of superfields in superspace

i s :

(1.19)

where fy,y . ^  +  A  J

( 1 . 20 )

where •&- is an element of a non-abelian gauge group. We super- 

symmetrize (1.19) by introducing a fermi field ^
i

such that
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(using general principles given by equations (1 . 1 ))

x.
( 1 . 21 )

By requiring (1.19) to be invariant under (1.21) we 

have to add to (1.19) the kinetic term for £  . Consequently

we obtain the supersymmetrically invariant action:

Since we have one fermi field associated with the gauged vector 

boson field A  , the above model is called the Simple N=1 S . Y . M . 

T h e o r y .

In order to express ( 1.22 ) in terms of N=1 superfields, 

we introduce a prepotential superfield V  in the Wess-Zumino 

gauge [7] i . e . :

( 1 . 22 )

(1.23)

using also the following identities:

(a)

(b) ( 1 . 2 4 )
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we find that:

V l  - - i V A* , w ) 4 € ’‘P 0 c * ) (1.25)

Similarly we find that

D X o \ \ J \  = • x ^ c x )

fr=fr-o

(1.26)

N o w  by calling:

w* = 520<vt*) (1.27)

we find that the linearized version of (1 .2 2 ) in terms of super­

fields is exactly given by:

i | =jchx [co^wp)to”(wp)+wfio2wp]

which can rewritten as:

L _  i . ( d i,X c l V w 0‘W ^
2 (1.29)

This is the N=1 superfield version of linearized (1.22). However, 

the above result is just at the linearized level and we would 

like to extend it to the non-linear level by finding the n o n ­

linear version of (1.27). This will be the subject of the next 

c h a p t e r .
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The main theme of this thesis is to construct type I off-shell N=2 Poincare 

Supergravity [21] in terms of unconstrained N=1 superfields. The motivation for 

doing so is to provide a scheme for quantizing the theory in terms of N=1 

superFeynmann rules which so far have been proved to be the most adequate way 

for calculating supergraphs.

Supergravity as it stands is a classical theory and needs to be quantized 

in order to get useful physics out of it. However, quantizing supergravity is 

not an easy task and one either has to develop new techniques or a more flexible 

approach to quantization. Superfield formulations of supersymmetric theories 

have provided such a flexibility as we have seen in the previous discussion. In 

fact, the proof of the finiteness of N=4 super-Yang-Mills theory was carried out 

using superfield perturbation theory [26], With the development of superfield 

techniques we now have efficient methods for quantum calculations in 

supersymmetric theories. Unfortunatly, such techniques are only in terms of N=1 

superfields and therefore in supergravity, quantum calculations have been 

considered only for simple N=1 supergravity. To go to higher N extended theories 

one faces two options: either to develop an N extended superfield technique for 

quantum calculations or to express the higher extended supergravity theories in 

terms of N =1 superfields and then quantize.

In this thesis we will consider the second option, being encouraged by the 

existence of N =1 superFeynmann rules. Hence we will concentrate on the N=2 

supergravity formulation in terms of N=1 superfields. Note that this formulation 

should be in terms of unconstrained or chiral prepotentials for practical 

quantum calculations.

The strategy of formulating extended sypersymmetric superfield theories 

of N =1 or any N superfields relies on some basic facts. Supersymmetric theories 

can only go smoothly if the theory is offshell i.e. in which the algebra of 

infinitesimal transformations on the fields closes without imposing the field 

equations. In superfield language, this is equivalent to off-shell constraints 

(on shell constraints impose the field equations). The motivations behind
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imposing these constraints are to restrict the superfields to the locally 

irreducible representations of supersymmetry and to give the correct degrees of 

freedom for a particular supersymmetric theory. However off-shell constraints 

are completely known only for N=1 and N=2 supergravity and super-Yang-Mills 

theories.
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The plan of the rest of the thesis is as follows:

Chapter 2 will be mainly a general review of N=1 super 

symmetric field theories. Such a review is necessary because 

the mathematical techniques and methods involved serve as a 

basis for those in Chapter 3.

We discuss (as an introduction to Chapter 3) the algebraic 

and differential constraints imposed on the superfields. We 

sketch the solutions to these constraints and we show how to 

build the corresponding density actions. In particular we 

consider N=1 S.Y.M. and N=1 S.G. theories.

In Chapter 3 we formulate the N=2 S.G. theory in terms 

of unconstrained N=1 superfields. We do this by studying first 

the N=2 S.G. constraints projected onto N=1 superspace. By 

choosing a specific gauge, "the chiral gauge", the constraints 

take simpler forms which allow them to be solved in terms of 

N=1 superfields to all orders. Finally, we construct the 

corresponding action, .and we close the chapter by some discussion 

on the importance of these results in the content of quantization 

of the N=2 model. Speculations on extending our results are 

g i v e n .

In Chapter 4 we construct the N=2 supergravity constraints 

from the five dimensional point of view. Using central charge 

invariance, we determine exactly the second fundamental N=2

S.G. constraint in N=2 chiral superspace . Moreover, we 

consider N=2 Super Yang Mills constraints in six dimensions 

and we show how to solve them to all orders in the S.Y.M. 

coupling constant using the power expansion method [26J .

Finally we attach three appendices for relevant identities

and details of Chapters 2, 3 and 4.



SUPERSPACE
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2.1 Flat superspace

In the first chapter we gave a preliminary introduction 

to some supersymmetric field theories. By introducing the 

notion of "supe rs pa ce ", the Wess-Zumino and N=1 S.Y.M. actions 

took particularly simple forms which were manifestly super- 

symmetric .

In this chapter we will further elaborate on the 

construction of specific types of superspaces which turn out 

to be useful in the formulation of locally supersymmetric 

field theories.

The simplest type of superspace is "flat" superspace, 

which is defined as the coset space M.

where s u p e r l S O (3 ,1) is the superpoincare group and SO (3,1) is 

the Lorentz group. Using two component notation [9] a

a 4 dimensional Minkowski space. and O ’ are a n ti­

commuting coordinates taking values in the odd part of the 

Grassmann algebra.

An element of the superpoincare group can always be 

parameterized in the following way:

(2 . 1 . 1 )

coordinate z of M is given by

where x a are the coordinates of the coset space M which is

( 2.1 . 2)
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where are the super translations satisfying equation

(1.6), M ^ are the Lorentz rotation generators and A  

are their associated parameters.

The coset manifold M  in (2.1.1) is defined [3] as 

the set of cosets of g (or orbits) with respect to the 

Lorentz group, i.e.

Soper lSo(3j) , H = Sote,i)].

(2.1.3)

An element of M  can be parameterized as:

h ( z ) * e * p i 2 A T .

Moreover, the product of two elements of M gives a third 

element which also belongs to M, i.e.

K c z ) k W ( z ')s  k l z " )

To prove this we have used (2.1.3), (1.6) and the following 

formula £3] .

e B = e . x p [ z  -L c  ( ^ 6 ) 1
1 n.i n»

(2.1.5)

We finally obtain:
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a

z
BC

A , c
z ( 2 . 1 . 6 )

where = A  + B

C 2 = [ a ,b ]

C 3 = * [ [ A , b ]  ,b ]  + 1 [ a , [ a ,B]]

(due to the anticommuting nature of the Q r ' s ,  we will not 

need any higher coefficients in this expansion) t 

from which we can deduce the supertransformation (super 

diffeomorphism) on superspace:

8 .  x \

^ p  0 r \  " S p ^ . O

c a

(2.1.7)

Similarly, under the action of the Lorentz group the element 

h(z) transforms as:

e
<J>

^ a b
- hcz/) ( 2 . 1 . 8 )

Infinitesimally this will give:



(2.1.9)

S M CX)|?- „  l X * b  C ( r b e-)0< 

S M( X ) ^ =

$ Mo o x \  x \ x b

(2.1.7) and (2.1.9) correspond to the induced representation

4 — •<* —
of p, q and M  on X , &  and Qr where ^  is the parameter 

of the translations. In fact, equation (2.1.8) can be 

written infinitesimally as:

A 2 A ( 2 . 1  . 1 0 )

which follows from the global left action of the supergroup 

on zA , i.e. <J(A)Z^ 3 

where A is defined as:

A = AftJ _  ,
az* k

( 2.1 . 11 )

Comparing (2.1.11) with (2.1.7) we find that

A = , « C R c p A ) ^ +  e V Q < ) + E ° a  c q j )]

where R is the differential operator representation of 

tne superpoincare algebra:
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R C Q < ) , t 2 _  - L < r * e - ) ^

R C Q ; ) = - i ® - _ + t * a - a ) ; a a

Similarly, in the same way one finds:

( -  X ^ o J  +  L qJq

+

(2.1.13)

where L ^ are a matrix representation of M

So far we have been discussing the left action of the
&

supergroup on points z in flat superspace. One might also 

ask about the right action. The answer is simple since 

from group theory one discovers that the left and right action 

on za commute:

i . e .  A ( * * r )

The solution of (2.1.14) for Z! is

6 „'
__H  jr*

where
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c u y aa 5 w c\ (a)

0 < i = _ a _ i.ice-(rCk). ^

0 _  ^  - i C c r <x^ ) ^ ' 3 < x

(b)

(c)

(2.1.15)

As one can see (2.1.15(a)) is the vector derivative 

while (2.1.15 (b) and (c)) are flat spinorial covariant 

derivatives. (2.1.15) can be summarized with the notation:

- CO*, 0«i, Oi ) (2.

Since these objects are defined on flat superspace they 

satisfy the following algebra:

T  c  D -  
h b  c

(2.1.17)

C
where is the torsion of flat superspace. Using (2.1.15)

and (2.1.17) we deduce that in the absence of everything;

T_

(2.1.18)

No w  we discuss superfield theories in flat superspace. In
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particular, we will study the constraints on S.Y.M. theories £9] 

and their solutions. We then show that the action density 

takes the form (1.28) .

Because of the presence of the S.Y.M. field A^ all the

covariant derivatives D_ are covariantized w.r.t. A_ . ThusA  A

we find

(2.1.19)

Therefore the algebra (2.1.17) generalizes to:

Aft

where F ^  is the field strength of A^, 

If one imposes the constraint:

( 2 . 1 . 2 0 )

(2 .1 .2 1 a)

then the connection A  ^  can be expressed in terns of the 

spinor connections A ^  and A^ . The constraint (2.1.21a) 

is equivalent to a redefinition of the connections A^:

Ai' _ , k + i  )• [7] For this reason

(2.1.21a) is called a conventional c o n s t r a i n t . Moreover, 

if we require that scalar multiplets described by chiral 

superfields be coupled to Super-Yang Mills theory, we must 

define covariantly chiral superfields (|) i.e.
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which implies ( 2 . 1 . 2 1 b )

Similarly:

(2 .1 .2 1 c)

The constraints (2.1.21b,c) are called representation-preserving 

constraints (for the chiral representation).

Equations (2.1.21 a,b,c) are called the matter constraints. 

Our objective now is to solve these constraints for A^, and

It is possible to guess these solutions. However, there 

exists a method which turns out to be very useful in solving 

the constraints (as we shall see in the third c h a p t e r ) . This 

method relies on finding "supergauge" transformations which 

preserve (2 .1 . 2 1  a , b , c ) .

To find the form of such solutions we make use of the 

experience of invariance of four-dimensional Yang-Mills (Y.M.) 

theories. The field strength F is given by (p = 1,2,3,4)

F r =  +  A , ] ( 2 . 1 . 2 2 )

A  transforms as: 
/*■

(2.1.23)
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under (2.1.23). The Y.M. action which is o( T r F  F
r

is invariant while the field strength F transforms

co va ri an tl y, i .e .:

(2.1 .24)

Hence one immediately realizes that:

^ K S S l 7 ) t L S l (2.1.25)

is exactly the solution of the constraint:

(2.1.26)

As we will see later on, in the case of S.Y.M. the 

solution of the constraint (2 .1 .2 1 ), in structure, would be 

identical to (2.1.25). However, in the case of S.Y.M. the 

situation is more subtle in the sense that the solution 

depends on the particular representation chosen of the gauge 

group. Effectively there are two important representations: 

the chiral and the vector representations. In the vector 

representation one insists on a Hermitian representation 

of the gauge group, i.e. let K be a Hermitian parameter

where are the generators of the gauge group.

Then a covariant superfield in the vector representation

V U z ) =  K ‘Tj =  K + l z ) (2.1 .27)
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transforms under a K transformation as:

Cj)= e (J)
tv) (v)

( 2 . 1 . 28)

(The subscript (v) indicates that Q  is the vector
'(V )

representation of the Y.M. g r o u p ) .

On the other hand, chiral superfields transform under 

local chiral gauge parameters defined with flat derivatives 

which are not Hermitian, i.e.:

(2.1.29)

However, we can introduce "convertors" eu which convert A

transformation to K t r a n s f o r m a t i o n ^ ]  .

i . e .

(a) (2.1.30)

M  g -iA
e  e

(b)

Using eu and eu we can construct a quantity which transforms

independently of the K parameter, namely

(2.1 .31)

which under (2.1.30) transforms as:

(2.1.32)
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(2.1.32) corresponds to a different representation of the 

gauge group which is the chiral representation. Our 

objective is to find a U gauge transformation which leaves 

the constraint (2.1.21) invariant. Indeed, such a tr an s­

formation is given by:

from (2.1.30) and the K invariance of (2.1.31). Therefore 

it is evident that we can choose a K-gauge transformation 

which can gauge away the imaginary part of u. In this gauge

where V  is a real scalar superfield. Hence from (2.1.33) 

and (2.1.34) the solution of the constraint (2.1.21) can be 

pure gauge and given in terns of an unconstrained real scalar 

superfield V, i.e.

In the gauge (2.1.34) and in the chiral representation

c u O ^ ( e ‘ u ) (2.1.33)

(2.1 .34)

(2.1.35)

( 0* A s O  ) we have:

Aoi = o (2.1.36)
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From (2.1.21a) we can deduce the solution for A . and 

hence we get

0 ,A (2.1.37)

(Note that this is Hermitean only up to a A gauge trans­

formation) .

Therefore the solution of the covariant derivatives 

are given by:

7 *  =  e  e  (a)

7 *  = 0 * (b)

oCol
V c £ 7 .1 ^ 1  (c) (2.1.38)

Using (2.1.20) and (2.1.18) we deduce that:

=  < € . .  w R
P

(2.1.3 9)

such t h a t :

W ^ o V ^ e " ) (2.1.40)

where is a chiral superfield,
^  o(

i.e. 0  W p o  .

»
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(2.1.32) is exactly the non-linear analogue of (1.27).

The action (1.28) with the definition (2.1.32) constitutes 

the non-linear action of N=1 S.Y.M. theory.

2.2 Curved superspace

In this section we will briefly outline a formulation 

of N=1 S.G. theory in terms of N=1 superfields. The method 

that we will adopt is very similar to the formulation of 

N=1 S.Y.M. theory in the preceding section. It is our 

objective to construct covariant derivatives which are 

expressed in terms of the supervielbeins and connections 

of the curved superspaces [7J .

Let us start by introducing the supervielbe'ins E^ ,

M  O Btheir inverses E, and the Lorentz connections whereA  MA

M , N ... are world indices and A,B... are flat Lorentz indices.
j±

Under the action of the Lorentz group the vielbein E^ 

transforms as:

(2 .2 .1)

g
where L^ is an element of the Lorentz group whose components

are:

The components of the Lorentz connection SI B
MA are
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- a M ( v 6 = w  p S I
m -

S L
P P

M  oCcT

where

Pf> «
- ^ M  =  C ^ M Jn  at** • PI*V • V  ? * > ( 2 . 2 . 3 )

Equations (2.2.2) and (2.2.3) imply that the Lorentz group 

acts reducibly on the tangent space of the curved superspace.

As in the case of S.Y.M. theory, we introduce an 

unconstrained real prepotential:

( 2.2.4)

where H  » (. H  ✓ U  / U  ) and D is the flat superspace 

covariant derivative.

Next we construct an element e which transforms under 

the action of the group as:

H iA H -<A
e  _  e  e  e

*

( 2 . 2 . 5 )

w h e r e :

A  *  l A 0.
M

and A is a chiral superfield. Moreover, being complex,

The justification of using a real scalar superfield H 

goes along the same lines as in the case of S.Y.M.
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it follows that

i f -

However, ( A r )r->+

Similarly, CAlt )t = a .

The infinitesimal form of (2.2.5) is:

$ e H a  i A e H _ i e H A ( 2 . 2 . 6 )

To analyse the components of H we have to examine (2.2.6) 

c a r e f u l l y .

Consider the chiral superfield CD where:

Since (2.2.7) should be preserved under general group trans­

formations, then we should have:

o . s < j > = 6-A<|> =  o ( 2 . 2 . 8 )

which shows that A  should be chiral.

(2 .2 .8 ) can be solved for A  which gives

a ' . b V  , A V i o ^ 1*

Similarly

and

, A” . - i O r t r

is arbitrary.

and

(2.2.9)

is arbitrary.

Expanding (2.2.6) in powers of H, one finds [7j:

►
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SB a<(A_ A) + I  LH, A+A3 + G (B 2) z

i .e.

%HM3 i(A.A)M+i[H(A,A)M_CAtA)HhJ

6(H2)
( 2 . 2 . 10)

(i -
From (2.2.9) we see that A and A are unconstrained

and hence from (2 .2 .1 0 ) we can always gauge away H
—• K  jn
H . So we are only left with the vector component H .

and

To preserve the chiral representation, we go back to eqn.

(2.2.6) and demand the cancellation of D and D* components.
r  r

This can be achieved by choosing:

e » A < V * (a)

e "  f t * (b)

( 2 . 2 . 11 )

In this representation A is the chiral representation 

Hermitean conjugate of A and similarly for A .
We now construct the curved covariant derivatives. As

we showed in the last section the covariant derivatives w.r.t.
t

the Y.M. field transform as 7  e iAVA e ‘iA 
A s A

or

infinitesimally S V  c c a , v  . In the presence of gravity, 

because of the local Lorentz transformations, such formulas 

have to be generalized. The new transformation reads:

T7 I ^  __ ^
7  . L C e  7  e  ) 
A A B (a)

or
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S 7 , _ _  C , A V a ] + c o a b V b (b) ( 2 . 2 . 12 )

where we have used the infinitesimal transformation:

L„ 6. ^

B
(2.2.13)

Bwith as defined in (2 .2 .1 ) and (2 .2 .2 ).

The covariant derivative V  takes the following form:

V*
(2.2.14)

Where E = E .  D..A * M 4> are Lorentz

connections and M. _ are their associated Lorentz generators.
r

Q
Using (2.2.14), we can work out the torsion components T-.^ ,ArS

£ y
the Riemannian tensors  ̂ and R^_ from:AB < AB «•

[ V ^  = T A e X  + f W * ) + R C M ) (2.2.15)

The torsion can be expressed in terms of the Lorentz 

connections (J) _ as:

C  t

+  ^CAft) *  ^ C A b ) (2.2.16)

where CAB
c is the anholonomy coefficient defined by:

A 6  E c (2.2.17)

►
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Our objective is to determine in such a way that it 

should transform covariantly under the action of the group 

defined by (2.2.12) and (2.2.2). Therefore we propose the 

following ansatz for E^ following the analogy of Y.M. (see 

eqn. (2.1.30) in the chiral representation •

►

G y  = D y  (a)

E „ . e ' H 0 y £ H (b)

Although (2.1.30) transforms covariantly under the group action 

(2.1.34), unfortunately (2.2.18) does not transform covariantly 

under the group action (2.2.12) and (2.2.2). Thus, for example,

= CtA, 1 +COp. V E y- +  Z . E ^  (a)

where Gl>
V
_  _ i  o  . 
~  2

A
V)

(b)

Z  5 -  A rz f* 2 ^ (c) (2.2.19)

As it is obvious from (2.2.19 (a)), the last term is not an 

element of the gauge group, therefore it should be eliminated. 

This can be achieved by introducing a compensator h|J and its
ru *

chiral representation hermitean conjugate ^  following the 

same analogy of (2 .2 .1 1 a):

( 2 . 2 . 20)
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By choosing r to transform as

z y ( 2 . 2 . 21 )

(obviously y  transforms non-covariantly as a density under 

the group a c t i o n ) , the new vielbeins defined as:

(a)

(b) ( 2 . 2 . 22)

do indeed transform covariantly. Hence we find

S E . =  r { A , E ^ ] + w r v' e v- (a)

(b) ( 2 . 2 . 2 3 )

A
However, an immediate check reveals that E does not transform

m

covariantly simply because of the existence of two terms of 

the form:

m

v a  V  A

( 2 . 2 . 2 4 )

which do not match the group structure (2.2.2) . (For more 

details see L ? ]  ) . However, it is found that the vector

►
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vielbein

E a -  Sam [E i c  . V,VEa -  a m  z chv.r 1
A

-1- C  •
2.

cr ,r

vv) A ,

e j

(2.2.25)

transforms covariantly according to:

/  v
E m ] + w r v  E v . e r (2.2.26)

a r  A ^  1 C  C  cwhere C are anholonomy coefficients given by L =

Therefore equations (2.2.23) and (2.2.26) can be summarized 

by:

S E „ . D A J M ] t ^ M 6VN (2.2.27)

which is exactly the covariant transformation group law of

(2 .2 .1 2 ) and (2 .2 .2 ).
V

By determining it is straightforward to determine the

C
components of the anoholonomy coefficient using (2.2.17).

However, one can see that specific linear combinations of these

components transform exactly as Lorentz connections and hence

they can be identified with the components of (t) ^

a

V

and
M

N o w  that we have determined the covariant derivatives V

we can determine from (2.2.15) all the torsion and Riemann 

components of N=1 curved superspace which are the ingredients

»
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of the geometry of N=1 curved superspace.

As can be seen from (2.2.21), ^  transforms non-

covariantly as a density. On the other hand, the object in

S.G. which transforms as a density is the inverse super-

14determinant of E^ , i.e.

(2.2.28)

where:

A = iA1* Dm_ i (.) C O ^A ' io ^A ” )

such that:

I-A = i [ ^ m A "'-0fiA r'-6f; A r ]

(a)

(b) (2.2.29)

Therefore 'y should be related to E. The following ansatz 

has been proposed [ 7];

(2.2.30)

where n could take any real (or complex) value. In principle 

this equation can be solved for . However, (2.2.30) 

restricts the choice of our gauge group. To see this we 

consider the variation of (2.2.30) using (2.2.28) and (2 .2 .2 1 ) 

to get the following restriction:

_ 4 -n £  _-Crt+ i)Cl. (a)

>
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or

u u

Cbf\+l) 0 - A r= CA+i)C3M A _ C yA  ) (b) (2.2.31)

This formula is interesting on its own, since for different 

values of n one can get different restrictions on the gauge

group For example, for n = - ■j one obtains:

m

A - O A ),o (2.2.32)

* f
i.e. A is unrestricted and hence one can gauge away H 

and H by complex conjugation (c.f. 2.2.9 - 2.2.11). In 

this Wess-Zumino gauge the field content of Hm  is one graviton, 

one gravitino, an axial vector field and a complex scalar 

auxiliary field S given by:

(2.2.33)

This super-multiplet ( ^  ) is the off shell

1minimal N = 1 S.G. m u l t i p l e t . On the other hand, for n ^ - ■j, 0 

one obtains the non-minimal off-shell N=1 S.G. model with the

following content:

<e m a ' y

axial vector p ) .

Finally, there is the n=0 model which gives an axial

. . , real scalar p, A • ; divergence of an

off-shell N=1 S.G. with content Ce C<xb i

nri ' ^ )

k
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2.3 Density action

In order to construct an action for off-shell S.G. 

theories one should be able to write down Lagrangians that 

transform as total derivatives;

S L = 0  ( A H L>
(2.3.1)

= C-5M O m  A *  l  + L  0 m

s U O n A ^  u  ^ 0 m A M )

= i l  A

i.e. L transforms exactly as a density. No w we know that
_-j

E possesses exactly this property and since it also has 

the correct dimension it is then a very good candidate for a 

Lagrangian. Therefore the action for Poincare S.G. can be 

given up to a dimensional constant by:

(2.3.2)
■3.G.

A
Using (2.2.22), one can calculate E in terms of E. The final 

answer for n^O is given by:

I. cn*o) = ' Id*z:CEna.e-H) ]
*3.(3“. n K 1

(2.3.3)

The action for n=0 S.G. is more subtle and needs more expla­

nation which lies outside the scope of this thesisClll.



2.4 Alternative Formulation of Supergravity, the notion of Complex

Superspaces [10]

In the last three sections we have seen the approach of real, curved 

superspace to the formulation of off-shell N=1 S.G. The starting point of our 

construction were equations (2 .2 .1 2 ) and (2 .2 .2 ) which were supposed to be the 

gauge symmetry of S.G. theories in superspace. However, a close examination of 

such transformations ((2 .2 .2 ) and (2 .2 .1 2 )) revealed the fact that they 

contained superfluos transformations* and hence the symmetry group (2 .2 .2 ) and

(2.2.12) was larger than the required gauge group (Poincare or the conformal 

group) for supergravity theories. Therefore, we had to restrict the gauge 

symmetry group by getting rid of the superflous transformations.

One way to accomplish this, was to demand the covariance of all the 

components of the vielbein E^; and the Lorentz connections 

^A . The above mentioned restrictions were described by equation 

(2.2.31(b)). For the different values of n one obtained different types of 

restrictions on the full gauge group and hence different versions of off-shell 

N =1 S.G. In this section we will consider a type of superspace, the complex 

chiral superspace in which the gauge symmetry group is smaller than that of 

ordinary superspace. Consequently some of the constraints and restrictions 

imposed on the prepotentials in ordinary superspace naturally disappear in 

complex chiral superspace.

Complex chiral superspace is an 8+4 dimensional superspace

* For example, from (2.2.19(a)) we can see that the transformation of the 

vielbein contains a Weyl scale transformation term EE which is not in 

the Poincare gauge group, therefore it is a superfluos transformation.
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{  X L " \  •> ^ p /*}

dimensional real superspace 

In this superspace:

(to be compared with the

£ x m , <rr . S K }

4 + 4

X ^ a  O C Lm ) t

(2.4.1)

(b)

where (2.4.1(a)) is a complex space-time 4-vector coordinate.
9

The gauge supergroup in this superspace is defined as the

g.c.t. in the left C X\_m . as well as in the right

conjugate superspace C X ^ m ; ^

Left superspace (l.s.s.) Right super space (R.s.s.!

x'L m= x Lm + X m u , ^ j
/ Tn t m  T ̂  ^

C X p . / ^ )

( 2

frl/ = f r L ,t+ x |tu U) e-j

/ . __ ♦ _ ̂

u ^ )

where

X  C x ^ U  , x  C x ^  & t ) m  C X ^ O f o ^ ) ) 1,

Since A depends only on or then the gauge group is 

already smaller than the g.c.t. group in the 4+4 dimensional 

real superspace.
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The general group (2.4.2) corresponds to Weyl S.G.

To obtain Einstein's S.G. we restrict (2.4.2) to a subgroup 

of it by requiring the supervolumes in the L.S.S. as well as 

in the R.S.S. to be preserved. Before preserving the super­

volumes let us introduce the following notion . The chiral 

left-subspace is and is its complex conjugate

(the chiral right subspace), i.e.

- { * H  * l’ « • / }

Furthermore, consider the general complex su pe rs pa ce:

<f - { M - l A ' (a)

(2.4.4)

where 9 .

*  4.4
is a complex 4-spinor and is the

complex conjugate of (2.4.4 (a). The new complex 4-spinor
—  yU

transforms as:

6 ^ ,  f r c x L ,frL , 4 L ) <*>

(b) (2.4.5)

(see 2 . 4 . 2 ) .
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u. - - f*-

(Note that in equation (2.4.2) X m and X ( X m  and X ) 

are chiral (anti-chiral) parameters while is strictly

arbitrary . The natural restriction which would reduce the 

transformations (2.4.2) and (2.4.4) to those which correspond 

to poincare or Einstein's S.G. is:

, V H l  , 2.n

[ e o r C l f i ) ]  = [ B a v c I 2 L ) ]  (2 .4 . 6)

Infinitesimally this corresponds to:

O n + i ) _ 2 ____ ) (2.4.7)

This is identical to (2.2.31 (b)) .

Evidently for different values of n one obtains different 

versions of off-shell N=1 S.G.

The interesting thing in this approach is that our earlier 

real superspace:

{  X ", fl-1*. (2-4-8)

*
✓h 4 4 4 4

can be realized as a hypersurface in • and ' .

Mathematically this corresponds to writing
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~ , m  rr\ tn
X s Real xL =1 CXL+

H"1- Im Xum= J- UCu\  XRm)
2JL ^

H^cx,  #•,#•)=

H f « , ^ ) « 4 L - V

(9- «  0-L r

(a)

(b)

(c)

(2 .4  .9)

( d )

(e)

^ r =  £ L F <f)

Using the group transformations (2.4.2) and (2.4.5) we can

M
determine the transformations of the prepotentials H

i . e .

S H l &)- HmCX,fr,£) = ±.l\m( xL, 9l)~ \"(xR)

S H ̂  H' rC X>; ̂  .  H ̂ Cx, J = f  XL, ^ L) ) _ Xrcx (l, ̂ )
( 2 . 4 . 1 0 )

Let us go back to (2.4.6) and consider it for different values

of n. We obtain the following:
1

i) For n = - -j, equation (2.4.6) becomes:

B a rC l* L )  = i ( 2 . 4 . 1 1 )

i
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This means that the transformations (2.4.2) preserve the

supervolume of ' . In this case the parameters

and X L , 6-u , 9 U ) are

arbitrary, since, as can be seen from (2.4.7), they are

/*■ y*
unrestricted. Hence we can gauge away H and H

Therefore, in this case, as expected, we get the 

minimal off-shell N=1 S.G. which has 12+12 fields, 

ii) For n=0, equation (2.4.6) becomes:

8 er C l i  ) .  l ( 2 .4 . 12 )

<fc 4 '4 twhich means that the supervolume of H- ’ '’ is preserved. In
' . 4 4

this case the supervolume invariant element of ' is:

d ^ 2 L L ^ d  )(L < j J
(a) (2.4 .13)

C 4 4
' is:

d  z ^ = 9 . (b>

By making the change of variables, i.e.

the supervolumes in

(2.4.13 a,b) are related by:

d V  s 8er c H i  ) Ber ( ^ i .) d8ZR 
L 3 2 ^  *

(2.4.14)

Therefore the quantity:
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U C X , a * / ^ ) r 6 e r  C ) a 6 e r ( ^ 5 L
9 2  9 2  '

(2.4 .15)

is invariant under transformations (2.4.2) and (2.4.5). 

From (2.4.15) it is evident that:

u u \  1 (2.4.16)

,mThe h=0 expansion of H can be easily obtained by using its
\ M  _

transformation property under the chiral parameters A  and j 

One finds the following:*

w n
(a)

+  y  2 /\M .

-L H ^ c f  r+^*^. (v+i wj
v\ r  ^ r

(2.4.17)

-2. k  z  l  t**

+  p r (b)

The remarkable feature of this model, as can be seen

from (2.4.17 (a) and 2.4. 17 (b)), is the existence of the

fields A  and V  = \ V ^  which transform as UCI)m  a rp

gauge fields. However, they are not propagating fields (they

- 2are au x i l i a r y ) , since their dimensions are cm , which is not 

a physical dimension for U  (1 ) gauge fields.

►

*

[K]a Cm+I, CHw3.Cm*', CHr]= Ce-1̂ = Cm V*
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Therefore they cannot have a normal kinetic term of

the form F Fm n . Hence the only way that one can make V mn 2 j a

and couple to the pure S.G. model is through a coupling 

to a divergenceless (i.e. constrained) axial vector field. 

This corresponds to the constraintjlcQ

<JCX, )_ L  (2 . 4  .18)

which gives a relation between A and V r m a

A m - e J V - e . m w * (2.4 ,19a)

( O®,, b ) , as well as:Cf K]

- rA. I = 6 , 0  , W0̂ __i,'3m£ m0i , B (2. 4.19b)

Consider the following invariant integrals:

IL= fcJSzL(p(zL)=fd8ZBer(?£L)<l>lz) (a)
'dz

f = f <J8 i S £ v C  ? | | .  ) <p i z )

(b)

By using (2.4.18) we can see that: I = I = I, and hence we 

can identify

B e r n  \  _  £

v z
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where E is the Berzinian of the vielbeins for the curved 

superspace (R with local U  (1 ) symmetry in the tangent

s p a c e .

It is obvious, from the structure of the action (2.4.20), 

that 4  ̂ (z) cannot be a constant since the integral would then 

vanish. In addition, all the real dimensionless scalar fields 

can either be constants or be proportional to u. But since u 

is constrained or equals 1 therefore cannot be a real 

scalar superfield. Therefore the action IL is no more invariant. 

However, we can make 1^ again invariant by demanding not to 

be a scalar, but transform as a scalar density, namely:

* 5 $  ( x , e - , £ ) B (2 .4.22)

w h e r e :

L= U x L,frL)

R s

A *  4  2are some left and right handed ' (chiral) parameters. Then:

J*z e.<{>s j d 8xLc{VLd z9 L.Uxi,<5l-L) + kc

= 0

(2.4 .23)

because L(R) is independent of V f . ) [  1 0 j . Finally, 

the construction of ^  (z) in terms of unconstrained pr e­

potentials Hm  is not straightforward . However, the result

is:
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C p =  L n ' Y

d e C  ( i t d , 0 - a A 3 H m ). d e c ' T C $ n m + ^ n H \ H ’>')

A

^ [ d e C C S v r + A v H ^ . J e C  t s / + A P H ; ) ]  S

where ^  

pensator

as in the preceding section, is a density com 

while A y is a covariant derivative:

A„_ ^ t .-A„H”,'3
P -  r  P

m

Yn

(a)

( b )

(2.4.25)

Therefore the final action of n=0 axial S.G. takes the following 

form in (R

S_ J_ [cJ^Xcj*©^^ e . Lny 2.4.26)

If one inserts (2.4.17), (2.4.19) and (2.,4.24) into (2.4.26) 

one obtains in components the action discovered byt^-l.

►
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CHAPTER 3

3.0 Introduction

The principal objective of this chapter is to complete 

the story of Chapter 2 by considering the next theory to 

N=1 S.G., i.e. N=2 S.G. As we know, N=2 S.G. is the only 

extended local supersymmetric theory whose off-shell super­

space constraints are known. This is because for N>3, finite 

offshell representations of local supersymmetric theories 

cannot exist (because of the no-go theorems[24l) , although 

recently it has been proved that such a barrier can be 

breached using an infinite set of auxiliary fields (which 

corresponds to an infinite off-shell representation in which 

the no-go theorem no longer a p p l i e s ) . This is the mechanism 

of the so-called harmonic superspaces.

As we know, it seems to be very difficult to solve the 

off-shell N=2 S.G. constraints in a closed form in terms of 

unconstrained N=2 prepotentials.

One way of getting round this problem is to get rid of

one of the symmetries and keep only the second supersymmetry.

This is achieved by projecting on to N s  1  superspace.

As will be described later, this is possible by considering

the &  independent parts of the projected constraints

( ( O ’ = O ’ )) • In this way the N = 2  S.G. constraints

are entirely expressed in terms of N=1 superfields and the

. . _remaining CT components of the constraints are nothing 

but those of pure N=1 S.G. coupled to N=1 matter fields.

►



60

In this chapter we will formulate the N=2 S.G. theory in 

terms of unconstrained N=1 superfields. We will indeed show 

that one can solve the projected N=2 constraints in terms of 

unconstrained N=1 superfields by fixing a particular gauge 

which is called the chiral gauge. In general it is not 

necessary to fix a gauge; however, it is very useful to look 

for gauges which would simplify the complexity of the analysis.

Our solutions are entirely expressed in terms of pure N=1 

S.G. superfields, the matter prepotential X  and a spinor 

superfield X [If], D-6] . It is then straightforward to construct 

the action of the off-shell N=2 S.G. in terms of unconstrained 

N=1 superfields [29] .

The plan of the rest of the chapter is as follows:

In section 3.1 we construct and solve the linearized 

N=2 S.G. constraints in chiral superspace . By comparing 

our solutions with those of f 1 3 ] we discover that there 

exists a gauge which relates their solutions to ours at the 

linearized level.

In section 3.2 we describe the projection of N=2 S.G. 

constraints on to N = 1  superspace, thus shedding light on 

the N=1 supersymmetry geometry of the N=2 theory.

In section 3.3 we prove that the gauge chosen in section

3.1 at the linear level can be consistently retained at the 

non-linear level. This will simplify a great deal the 

projected constraints. The N=1 structure of the projected 

constraints can be further exploited by redefining our N=1 

projected constraints. Then one can easily extract the N=1 

solutions of the c o n s t r a i n t s .

Such a system is still invariant under the N=2 supersymmetry,

however, not invariant under linearly realized SU(2) symmetry.
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In section 3.4 we completely solve the constraints. 

In section 3.5 we construct the action and finally we 

draw our conclusions and speculations in section 3.6.

3.1 The Linear N=2 Theory

The action of N=2 supergravtiy was given in terms of 

N=2 superfields by Sokatchev, where the constraints in his 

formalism were partially solved. The remaining constraints 

are [1 3 ] :

(a)

T . J . oCc <*y (b) (3.1.1)

such that

T  • -  T  . .. (3.1.2)

in terms of prepotentials the constraint (3.1.1a) takes the 

following form:

F F  * [ 4 - ,  A  •] - O  (3.1.3)
<*Ci pi) L -

where ( s Cf / W ) )

t I  . t 
F< = * M

A t = 'Sr + ; A !;H m ^ (3.1.4)
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and is the curved N=2 super covariant derivative.

Hm , H ^3 and H 3̂ are vector and spinor prepotentials 

respectively [1 3 ]. In fact, we will prove in Chapter 4 that 

the constraints (3.1.11) can be included in a single c o n ­

straint (3.1.5) if we introduce an extra coordinate in the 

N=2 superspace.

T  . *
(3.1.5)

A
such that ^  =

We expect the projected N=2 theory to describe an N=1 

supergravity theory coupled to (3/2,1) matter fields. To 

see this we use the field equations rather than the action 

(for si mp li ci ty ). The N=2 superspace field equations are [18]

T *  i_ =. -  O  ( 3 . 1 . 6 )

where T ^  is given by (3.1.2). Equation (3.1.6) implies 

that

^  ( 3 . 1 . 7 )

X t*  s  ”̂ <2  a  ^

We will prove that T is the equation of motion of N=1 

supergravity theory and contains the 0 (3/2,1) multiplet.

We start by linearizing the constraints (3.1.1a) and (3.1.1b), 

leaving the non-linear analysis to the next section.
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Let

/  . 
H -*k

i

r
H ~ -  Kk

e

hence

(3.1.8)

a 4 . o ^ . - k d * k " 1 ^ (3.1.9)

where 0 « „ 3 *  .c<rm © - ^  m  is the flat super covariant 

derivative. By inserting (3.1.8) in (3.1.2) and keeping to 

first order in k, we get (using the notation of [13])

T ^ v f C O ^ O ^ ' . ^ e i j O . ^ o / k  3 (3.1.10)

(3.1.10) is invariant under the following linearized trans­

formation in chiral superspace

oj Ol

§ k  "= _ \ ' c x + i H , o r ) + r ' e x .; h  , < ? > n ,  § ■ ) (3.1.11)

1  i
X is a chiral superfield and *f satisfies [13] :

D
a*

(3.1.12)

►



Next, linearizing (3.1.1a) and (3.1.1b), we obtain:

^ / ^p>) *  ^p<i ^t) - Q*ti S p  (a)

^  K) ®  0 (b)

^et(L ^  “  ^ « i u po ( C) (3.1.13)

It is now possible to split (3.1.10) into N=1 components by 

using (3.1.7). We project into N=1 superspace as follows [23]

0 , 1 ■ s 0 ^,

O n =  < 5 * . . / 0 ^ -  0 «()

H =. K h  , 1- V * .

{ 0 , d - l . o
' p j -

We can calculate T «. by using (3

(3.1 .14)

expression obtained for will involve some unwanted

terms (for example, terms linear and quadratic in d^ etc.).

To get a pure expression involving only D ̂  (N=1 super

covariant derivative) and h (the N = 1  superfield) we eliminate 

the unwanted terms by using constraints (3.1.13) which lead to

useful relations:



O ^ t ’. o

O p  1  = o

D ^ d - J ^ O , 6 p “̂ . d , d p

S3

(a)

(b)

(c)

d« dp 2 0 .d p f s . 2.0 , dp dp tiPf

[ 0 (sD p - d p J f ] h W ' . C 0 p h r' ' . d p i P')

+ Cdp i P. O p h P;

From (d) and (e) we obtain another useful relation:

d v d p k P + 2 0 w <3 ^  J P . _ 2 . 0 . ,  C O p O ^ h ^ . O p k ^ O p K ^
‘p (3.1 .16)

Using (3.1.16) and (3.1.15c) we get

: O p D ^ pp.  i  5 p l p + o p K p J

Also

- 2 0 ^ l DB0 ,jKPP_i. 6 ,  k p+o  k p]
* P P 2 * P

(3.1.18)

Going back to (3.1.10) we then have (putting i=1 and 2)

*



=  T *  -  *  C -  -L 0 *  C>„; k  - 0 ^  + L  d ^ d p l  ] (3 . 1 . 1 9 )

T * i  =  =  K  £ - 1  0 ^ 0 ^  k  _ 1  do, d p i * 3 ] (3 . 1 .2 0 )
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Substituting (3.1.17) and (3.1.18) in (3.1.19) and using the 

redefined quantities:

< j> \  »  k K**

we finally have:

T *  _  D j O p O p K (3.1.21)

As we have conjectured, (3.1.21) is the pure N=1 super-
g( i aC

gravity field equation with and y  being the

pure N = 1  vector and spinor prepotentials respectively.

To eliminate the d terms in (3.1.20) we need more 

identities which involve the scalar prepotential h. Putting i 

j = 2 in (3.1.13c) and then mu lt ip ly in g by we get:

_dp D< r  = 0* Op h  -b*d* dp H + 020pH

+ (3.1 .22)
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Putting i=j=2 in (3.1.13c) and then multiplying by we

h a v e :

(3.1 .23)

Inserting (3.1.23) in (3.1.22) we obtain:

- c L d X  0 2 0 a H

- 2 .

P
(3.1.24)

N o w  putting i=j=2, k=1 in (3.1.13b) and contracting ft w i t h p  

we obtain:

d *  D p  O p O ^  -?P- (3.1.25

where we have used

_ Dja Q *  =  Q *  D p  _ d ^ d p

Adding (3.1.25) and (3.1.24) we get:

dp d ^  I  _ _l 6  D* H v ±. D -?« (3.1.26

By inserting (3.1.24) and (3.1.26) in (3.1.20) and using the 

redefined quantities:

►



K  = _ *  itfH
2.

we finally obtain:

- 2 c.Wot _ 0 ^<J> )

such that

W , a D Q* satisfies 0  Wo( = O

Here we have introduced a compensator ^  for the system 

which under gauge transformations transforms as:

5 < £ = D Z A  (3.1.29)

(3.1.27)

(3.1.28)

Similarly,

= L c A - A )  (a)

S T  = A ^ O ^ A  , 5 ^ = 0  (b) (3.1.30)

(3.1.28) contains the 0 (3/2,1) matter multiplet, and agrees 

with the results of Siegel and Gates [20] . Therefore we have 

shown that the N=2 field equations, when projected into the 

N=1 superspace, do decompose into the correct field equations



of 0(1) supergravity and the 0 (3/2,1) matter field couplings. 

We have checked the consistency of this result by repeating 

the above analysis to all orders in K.

3.2 The Non Linear N=2 Theory

The N=2 supergravity constraints in N=2 superspace were 

given in £21] . They are

( D . . i f } C T (i i * . ,  f 1

3) >)

- L ( P . . .  w  M « - P . .  '  « i )2 ‘ <• SP ti <*S

D , i

(3.2.1)

+  v  . I S ;  V . p i J t S / c - p ,

- I  C T *  t “ .2 -3 ; T ^ ) ) P „

*  • [ C < p  C a  W _ .  J _  $  ■ C I > W  T t  J *  3  D t l  T f >

% #

* 1  T *  T iw J  5 ' t  - ^ C < » C S  T -  2  t L , C H )

K

oli

w . • V\A-
=? vp«i y D *  -O

p ; j  -  « ~ -£■ - < p

£  = P,- s  2 5 ^  +  ±.

P - f  » R ’. p  ■ -

p  ’> p iJ .
1 Cl °<jS - O

__ T  T -
"2 1  P

D . T .  _ o
«< Ci iJ p



i is an SU(2) index, °< is a Lorentz spinor SL(2,C) index,

rj r\
1 \J

<e>
Z is a central charge and M  ~ are SL(2,C) generators. R

of M  are curvatures.

The main objective is to solve the constraints (3.2.1) 

or (3.1.1). A  solution in terms of N=2 superfields (s.f.) 

is given in [13] using harmonic superspace. To solve them 

in terms of N=1 s.f. we have to project (3.1) into N=1 super­

space Q-6 ] . Such projections have been described in detail

in £16}. So we mention them briefly here. The reduction in 

principle is as described in the previous sections; however, 

the situation here is more difficult. The reduction is usually 

carried out using the Wess-Zumio gauge in which the N=2 gauge 

fields are expressed in terms of N=1 gauge fields, matter field 

strengths, torsion and curvatures.

To carry out the reduction of the constraints (3.2.1) 

we use a general method which can be applied to all N>2 S.G., 

once the (on-shell or off-shell) extended superspace constraints 

are known. For convenience one starts by shifting the vector 

covariant derivative defined by

which breaks SU(2) covariance and expresses (3.2.1) in terms

° f

In terms of this new derivative, then, (3.2.1) becomes

(3 . 2 .2 ;

(a)

■ = f - t m  5 V T 'p D .-<

(b)
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The parameter K of a general N=2 gauge transformation is a

real superfield (i.e. K=K+ ) :

K  =  K  i T > „  +  i W. M  + tV?. M i' Z (3.2.3)

A  K g a u g e  transformation of any covariant object ^  is (c.f 

Chapter 2):

C c K ,  <$>]

Consequently the covariant d e r i v a t i v e t r a n s f o r m s  as:

S  I > K =  C i « .  D  ] ( 3 . 2 . 4 )

It is well known that the N=0 components of an N=1 

superfield Cj) can be obtained by projecting out the 

independent sector of various derivatives of the superfield 

In our case we have a similar situation in which the N=1 s.f. 

components of an N=2 s.f. (p can be obtained by projecting
A . W

out the C7“ independent sector of various derivatives of 

the N=2 superfields.

Let us define:

D A

• V %
=o

A " A A

(a)

(3.2.5)

(b)
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where \  ■ S  ̂ ) is the &  and * 2

independent part of D^ .

Also we define the components of the covariant 

derivatives by t>A | , d m  j and so on

For example:

E, " ) p n  -  n » ‘

V

r  * -  s
-  c : E U  ( D m 9 , M - z

(3.2.6)

where we have used 'a
M

0  .

O ^ ^ d ^ m O

From (3.2.4) and by using (3.2.5a) and (3.2.5b) one

can write

s  Vf
Cl)

lo<

(3.2.7)

We can use K
CD

to go to a gauge where :

i ,  ^ (a]

(3.2.8

(b)

This is the Wess-Zumino gauge for the spinor derivatives D,
I d

- a
and D ± •
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Next consider

write

D, D
2M 2p According to (3.2.4) one can

(3.2.9)

Since i  we cannot gauge away

However, we can choose a gauge

t 3 n . : D * 3 | ~ C , 1. V 3 2 J . o (3.2.10)

where = 0  because of (3.2.6). The symmetric part

of is covariant. It can be expressed as:

^ 1 ) 3  |= 2  {

=  0

This is zero because of (3.2.2a). 

Similarly one finds

(3.2.11)

«  -L c D  . 
2.

(3.2.12)

Furthermore, for any s.f. ^  one can write
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-̂ $l*Y/cV >hV5V$,l
(3.2.13)

where we have used the definition (3.2.5a) and the gauge

(3.2.8). On the other hand:

By substituting (3.2.5b), (3.2.11) and (3.2.12) and using

(3.2.13) in the above expression, one obtains, upon using the 

gauge (3.2.8):

- ^ 1 1  | =  ^  ^ 1 *  ‘ | i‘(_) ^23"

(3.2.14)

As an application let B be 2 p  in (3.2.14); by using 

(3.2.2a) one finds:

Q  r = oj) y _o
’a p S  ‘i p  “

Similarly, by letting B = 1 p  and using (3.2.2a) again 

o b t a i n :

we

-(C-p U,W .M >„<J *3^r | ,£ < f * 3 ".I)

(3.2.15)
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Continuing this procedure we can find all the components 

of using the definitions of N=1 superfields given in 

appendix A.

The N=1 superspace geometry is determined by constraints 

on N= 1 field strengths, T ^ 0 , \ B W  , (M) , F ^  and F ^

defined by:

T  C|7 R S ^
AB ^ * n s

R | \ B r Z

(a)

(3.2.16)

* ■ ' »  V

(b)

We find the constraints by taking the independent part

of the N=2 constraint (3.2.2). In particular F ^  is evaluated 

as the coefficient of D ̂  I and F a b  follows as the 

coefficient of JJ $ I i.e.

To illustrate this procedure we consider (3.2.2a) from
r - * y

which we get an expression for £ 7^, Vpj , F ^ and F ̂

Consider (3.2.2a) and let A = 1 <a( , B=1ji . This gives

o .

►
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By substituting (3.2.5a) for ^ and in the above one

obtains

V  V  ('ll) s D , 0 + 'iS 8 D ^ ) l ]
K°< p>l * lC«i Tp> 2-S •pj o

*  --1

♦ X  X  ^ V l - X

= o
(3.2.17)

We need to calculate 3) y 3 ) | which can be obtained in

the same way as CE^'D q  j . Substituting (3.2.12), (3.2.11) 

and its conjugate in (3.2.17) gives:

{ 7 < - w - X , ,  i z .  W m . ' * *  n i » r

-X* V

^ X ^ X *  F , r I

»
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In order to complete the projection we must set the 
. -2.

coefficients of D ^ l  and X) to zero, i.e.

(3.2.19)

Using (3.2.16b) we find that (3.2.19) is equivalent to:

(3.2.20)

—  2
Similarly, by requiring the coefficient of ID ^ | to vanish in

(3.2.18), one deduces that

(3.2.21)

By repeating this analysis for the remaining set of constraints

(3.2.2) one obtains the rest of the projected S.G. and matter 

constraints. The complete list can be found in (3.3.1) and 

( A . 1) .

3.3 The chiral gauge and the non-linear N=2 constraints

At this stage* the reduced constraints look very messy, 

hence it is worthwhile looking for a special gauge which 

simplifies the structure of these constraints. Such a gauge 

has been found in [ j L a n d  it is called the chiral gauge 

(c.f. Chapter 2, page 33 ) .

It is very simple to guess this gauge. Consider the

* See the Appendix for the reduced set of constraints (A.1)
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linearized solution of the constraints (A.1). In particular 

consider the following £l9] •

(a) (3.3.1)

where

C
( b )

X p  *  = Y n p  +  " Y p *

with

F A B  a 7 C a Y b } ~  " ^ b  %  (d)

The constraints (3.3.1) are solved by (at linear level)

+<“ X P ^  ' ' 0 « < p = O  (a) (3.3.2)

= (b)

^ ^ C 0 , c < ! > . . y . ) + D p C ^ . ^ ) j  ( c ,

+ U 6 ^ 0 J V
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K  = 0 *  o *  C ^ . ^ )  +  0 > . _ c } ) . ) (d)

+  C''i + O i f

X.(3.1.28) represents another form of in the N=2 chiral

superspace (used by Sokatchev [1 3 ] ). By comparing this 

solution with (3.3.2d) one can deduce that solution (3.1.28) 

holds in a special gauge

< fL -o (3.3.3)

i.e. the chiral gauge. So without any loss of generality one 

'can show (as we will see) that even at the non-linear level 

there always exists a gauge which takes one from the ordinary 

superspace to the chiral superspace. Equation (3.3.3) is such 

a gauge. To see the effect of this gauge on the supersymmetry 

parameter £  consider the variations of 4 * under supersymmetry 

(S.S.) :

; 0 *  A *  _ 0 (3.3.4)

hence by using (3.3.3) we deduce that £ *  = A,( . Therefore our 

supersymmetry representation is in the chiral representation. 

The chiral gauge (3.3.3) implies that its field strength 

is zero. As one can recognize we have:

Ap=o (3.3.5)

To see the non-linear analogue of (3.3.5) in the chiral gauge 

(3.3.3) consider the following constraint on :
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F .tt _ j_ T  y  
“<P -  2 M  T|»> 3.3.6)

which in components of F

(A.1) )

S . %

' ? « % >  - ‘" v «  X i  - i x i X  x

gives (using (3.3.1b) and

%  *

/*>

■ * ViI5'
which is satisfied by setting ^  aO.

In the chiral gauge (3.3.3) the field strength 

transforms as £LgJ

P  , _ j3 y P  -  ^

y , r  «•

(3.3.7)

where we have used the supersymmetry variation of 

in (A.3). (3.3.7) must be an integrable equation.

From the structure of the constraints in (A.1), 

comes into the combination:

T « . (3.3.8)

In terms of T. (3.3.7) becomes
os

<v «-lt; ) a - rw / ^  A* a o (3.3.9)

where
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x
(3.3.10)

Furthermore

w
*]

* c p

*

0 ^

=  - ( - S p >  W y  S  ) +  ^lf(3

. -6 *  V  8

• ^  P  =  ̂ K p  - S p  W y j (3.3.11)

Also

±  v * c p  *' A *  5  W , g  *  F i y S A p (3.3.12)

where we have used the notations of Cl6] . Therefore (3.3.9) 

b e c o m e s :

C ^ d - i T - ) A p . o (3.3.13)

where

-T -  ^  If ^

I * .  T ,

A *  = r ' V

(3.3.14)

(3.3.15)
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Equations (3.3.14) and (3.3.15) are very important and 

they are the key ingredients for solving the N=2 supergravity 

constraints in terms of N = 1(S.F.). (3.3.14) and (3.3.15)

are crucial in turning the reduced constraints (A.1) (in the 

chiral gauge) into the structure of N=1 constraints. As we 

will see later on, (3.3.13) is an integrable equation. In

(3,3.15) Z represents the central charge and is a

superfield to be determined. However, notice that this term 

in (3.3.15) will not affect (3.3.9) because

X. Ap,[z.,Ap),0 (3.3.16)

(3.3.16) is true for any superfield because Z is abelien. 

Our previous discussions can be summarized in Table 1.

N=2 superspace (S.S) ordinary N = 1 S.S

Table 1
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After having described the strategy adopted in solving 

the constraints (which is summarized in table 1 ) we describe 

the mathematical details, which are divided into two parts. 

The first part is the explicit reduction into the structure 

of N=1 constraints, and the second part is to find the 

solution to the structure in terms of pure N = 1 S.Fs. This 

is the material of section 3.4. In the chiral gauge the 

constraints in (A.1) become

(3.3.17)

(3.3.18)

V

(3.3.19)

*  T
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The matter constraints are

*  i

~u
> II o > F *P « ° (3.3.20 a)

*

m 2

rs 7  

\  + (b)

F  . * _
- ‘ h p t p ' i

(c)

c « * 

c > v>}
__ i

=  “

*

(0 »(p L i  +  - L '
Y « / T e

(d)

-t *
3 S i

o  • **
’ \ / * , 5 

=  t W ^  % \  ^  f p  s «

c s ‘ 

$ 4
(e)

is as defined in (3,.3.8) ' w °Let
?

and rts conjugate W^.

defined in (3.3.10); moreover [l6j

ft ft* i  - ‘X u *  X y (3.3.21 a)

(b)

* • / »  ^ | i - - V S « ^ T S . V S X s ^ i J)s s R ] (c)

. .  % %  / -  s -  V - s S- X
n 4 i  . ( s ,  s <  * ' Y .  Y«-  ) (d)

x « <  = (e)

=  *■  +  ̂ T i  -t-Ylt X y * ( f )



86

From (3.3.21b, e and f) we find that

■ L T J T - ss
(3.3.22)

Finally we have another constraint on T which is

(3.3.23)

Furthermore, we have the F ^  constraints which are the Z

coefficients of (3.3.17 - 3.3.19). Before engaging in building

the structure of N=1 constraints out of (3.3.17 - 3.3.19) we

notice that some of them can be solved simply: from the F ^ B

constraint and (3.3.1d) we can solve for to obtain:
I <*£

1V'7-VcVf

n
From (3.3.20b) and by using (3.3.1b) and the components of T__

AB

which can be read of from (3.3.18) we deduce that:

»

(3.3.25)

where N is the inverse matrix of M in (3.3.21d). Hence

_( N (3.3.26)
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The solution of (3.3.20d) gives

I p , p _ S s' * S*, , s'
U  N\ i  V  W U  ] (3.3.27)

Therefore

^ « < p  = ^ c * p )
(3.3.28)

Also the F . _ constraints yield
, p  2

= -i. N «

If _
<b . . v a .i . - t ' v p  [ ( L - ' w . - t -) P ‘eip 0<pP ]§o( L P ' * P

■* •

(3.3.29)

where

□ a  4> i _ D  6  . + i W  •* o p *  <b . P r*p - r<*|4 + *f 7p T yy (3.3.30)

with

~  + -2 ‘ T p ) (3.3.31)

Furthermore the solution of the F. 0 constraint and (3.3.20c)



give

8̂ * As ^ (3.3.32)

where

(3.3.33)

where V  is a compensator superfield for the matter system 

which can be gauged to zero. Moreover, (3.3.20c) gives:

No w we are in a position to exploit the N = 1 structure of the 

constraints in (3.3.17 - 3.3.19). As we have mentioned earlier, 

the key ingredients are equations (3.3.14) and (3.3.15). We 

start with (3.3.17). With the help of (3.3.28), (3.3.16) and 

formulas like (3.3.12) we find that

(3.3.34)

(3.3.35)

It is interesting no w to realize that if we choose
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we have the following remarkable result:

[ A*, A ^  , o (3.3.37)

which has exactly the structure of the N = 1 constraints. 

Using (3.3.24) and (3.3.15) again we have

= < ~>

which is immediately solved for £ we obtain

(3.3.38)

We have chosen in front of A ^ V  for convenience and V  is

as* it was defined previously. Therefore e q n .(3 .3 .3 8 ) expresses

the superfield f , which was first introduced in (3.16), in
r

terms of the unconstrained prepotential^^• (3.3.3 7) is very 

encouraging, so we proceed to express (3.3.17 - 3.3.19) in 

terms of , 5 ^ and define

L ^ A * , (3.3.39)

(3.3.39) has been chosen such that together with (3.3.37) it 

has an N = 1 structure. Explicitly it has the following form:
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i A * .  i r \ u (3.3.40)

_H * M  P  14 *  M  P
< w p  n *  +  H i w p  r V

where

C = i f , s / . i x p w .  *
pcot

k . - *  x t - s Z + i ' y . p w  •
° u  =  <* u °< + ^  u  w / 2

*>

2  »<* w p

p, =  ^  c P p A  •k-'Y- * * )  ̂  X p ;  ]

p . . *
+ i  « <  * i t „  > t V

H « P  -  C c  P . i  ♦ V - t i ’  M

P

* V
oi

t f*

{3.3.41 a)

( b )

(c)

( d )

Using ( 3 . 3 . 4 0 ) ,  ( 3 . 3 . 1 9 )  and ( 3 . 3 . 1 5 ) ,  we can work out 

D  A<*ci , A p ] hence we h a v e :

- 1{ -  N »
(3.3.42)

"»* S 5  t f ,  .

+  ^ s i p  } ^ T f *

+  {  - -2  - N S S  ^ p  K rf
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€€ SSo« ^ tf ss

+  ^ r r  M c(d- ^ s s  p  ~  Y p S  ^  s

15
.J.SB 
2. P ^  Y + { ■^p^ow - *^SS

+ KJ •
€€

(1/, *S G- . - K+ (*? <*e* ss p ' €6

- M*i
SS

L ^ }
h

TT SS

+ M  terms

where

r s  Tf< ris €  # )  Y
Gr • _ 0  . i l l )  W  . ?
SS P - SS p “ 2. /JP StS s (3.:

£ is as defined in (3.3.20e) . In fact, we can

is i
simplify the expressions of G ^  and the K's in

(3.3.41a,b) by using equation (3.3.14) and

_L V .  .
2

*) V  6  V

-  W  * -  —
“  S«t 2  £ p

(3.:

We get:

i  c *  *

K , ^  - - t - V  W  . +  _l t  S - (3.:

y « y  y
K„. - ^  W .  + i T . S ,

»

r

r r

.43)

.44)

.45a)

(b)
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(c)

The last constraint to convert is (3.3.23). By substituting

(3.3.14), (3.3.15) and (3.3.27) into (3.3.23) we find the 

remarkable result:

This is exactly the analogue of the pure N = 1 equation. 

Because of (3.3.37) and (3.3.46) one can prove that (3.3.13) 

is indeed integrable. Therefore we have proved that the N = 2 

constraints expressed in terms of N = 1 superfield can be 

turned into the structure of pure N = 1 constraints by

shifting the covariant derivatives and the dimensional

i tensors T^ and T^ according to equations (3.3.14) and

(3.3.15) . Armed with equations (3.3.37),'(3.3.39), (3.3.40) 

and (3.3.43) we have solved a major block in the problem. No w  

to get the solution of (3.3.37 - 3.3.42) is relatively easy.

In fact, since we know that (3.3.37 - 3.3.42) carries an N = 1 

structure and also know how to solve the pure N = 1 supergravity

to do is to relate the constraints (3.3.37 - 3.3.42) to those 

of pure N = 1 supergravity. By doing this we then have solved

supergravity superfields which are already unconstrained, since 

the N = 1 supergravity constraints are solv ed[14J . The obvious 

way to establish such a relation is through superfield gauge 

transformations (which are expressed in pure N = 1 superfields) 

and leave (3.3.37 - 3.3.42) invariant. Then such a gauge

(3.3.46)

constraints in terms of N = 1 superfields[14] , then all we have

for quantities like A * , T^ , ... etc. in terms of pure N  = 1
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transformation will be the solution of those constraints.

Let us illustrate with an example. Consider the case of 

N = 1 super Yang-Mills (as was discussed fully in Chapter 2).

The matter constraint is

F« p = { 0 ^ ° p }  - O  (3.3.47)

where D = d ^  + A c< such that {d * , d^ ̂  = 0. (3.3.4 7) is

the constraint on A ^  which must be solved. We look for a 

gauge transformation which leaves (3.3.47) invariant. Hence 

we find that for

O ^ - C e  doit e-V . i)) 0 . 3 . 4 8 )

(3.3.47) is invariant, where V  is an unconstrained superfield 

and d ^  (eV .1) = d^ ev + e ^ ^  . Therefore the solution for

(3.3.47) is

O *  >  e V d 0, ( e V. i )

/)« _  a  Vd „  e V

We now go back to our constraints (3.3.37) - (3.3.42). Consider 

(3.3.37). Then we let

A A * .  ( D ^  +  Cj)̂  . M )  (3.3.50)

such that is the pure N = 1 supercovariant derivative of

i.e.

(3.3.49)

»
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N = 1 supergravity. Inserting (3.3.50) into (3.3.37) we find 

that the invariance is achieved if

A c «  R = °  ( 3 '3 '51)

where ^  ^  s 4 ^  • In principle (3.3.51) can be

solved in general as: (using 3.3.46)

tfpp R p  +  + f p  (3.3.52)

where and *fp. are at this stage the unknown tensors

which will be determined later on. Notice that in our case 

^ stands for ev in (3.3.49) and the first term in

(3.3.52) has been introduced because it does not contribute

when hits M  since = 0 and also the fact that we

are motivated by (3.3.46) . Therefore in general a solution

(3.3.52) exists for the constraint (3.3.51). Therefore we 

will take for granted that (3.3.50) is the gauge transformation 

which leaves (3.3.37) invariant and the solution of constraint 

(3 .3 . 3 7  is given by:

(3.3.53)

The requirement that (3.3.53) leaves invariant the rest of the

constraints (3.3.38 - 3.3.4 2) will entirely determine

P .  , , X* / etc. The process of gauge invariance

is indeed equivalent to working out C t , A p l  in terms of

CD . (using equations (3.3.53) and (3.3.39) and equating 
0i<*.
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the corresponding coefficients of the vector derivatives 

the spinor derivative A *  and A ^  as will be shown 

later on. No w  we will work out [cA^rf, A p ]  . Using the 

definition (3.3.39) and (3.3.53) we easily get:

i A * *  = £ 0 ^  <$. ) . M  (3.3.54)

where

(3.3.55)

From (3.3.54) and (3.3.53) we finally obtain:

, A p ] ,  r » o « i ,  o p ] ^  p A * p  

+ S A s ] _ C A p (j)<<. ^

M y  T e r m s .

(3.3.56)

The comutation relations of the 1s are given in terms of 

(A.3 - A . 8 ). From (A. 5) and (3.55) we can express U , D^] 

in terms of A  • A  _ and A j  (up to M terms) , hence

we have:
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^ O e u i / O p ] -  ..- a  A  )
u  *

-  *

* S  <t>u  } i r . t . S < p i s , L < D \ L S )

(3.3.57)

+ r=ui,p CM)+ n terms

where S is the pure N = 1 supergravity tensor which
~ $  $ \

satisfies (A. 8 ) . Therefore (3.3.56) becomes C O  - O + - L S  J

A^] = iC^ [ -(p  ̂ +1.S
*  2

r- ̂  S —  6 v* -y*
-C  Co ^  , ± c p . . a i ) ] 4

(3.3.58)

X  S' y
_ C (A R <b . _ O . c b . )

f S  I y  S  _ . ■» -»

•kc *<p{^ <fcs ~ t d

+  M  t e r m s  .

3.4 The Solution of the N = 2 Constraints in terms of H  = 1 

Superfields

Consider equations (3.3.42) and (3.3.58) which are the 

solutions of the N = 2 constraints in terms of N = 1 super­

fields. By equating the corresponding coefficients of A $$ > 
A *  , A y  we can determine <f) . ' P  • > "*; > Xti > Z c

and therefore Ao< .
Hence (3.3.53) is indeed a solution for the constraints

(3.3.30 3.3.42) .
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i) Coefficients

_  y  Y  *  ®

C- <4>  ̂ + i S  J = (3.4.1)

. j $TC * *  8 8  -

N SS ^p M =tj + N tt M =U ^"ss p 

^<4<i ^ p

This can be further simplified by using equations ( 3.3.45) 

leading to:

(3.4.2)

TS* r  *

V  4 p m ^ k - ' X S w s/ s p

«  88* . t 
W %  7Y«

By inserting (3.3.15) in (3.3.26) and using the identity

K . £>* , # a 88 * 8 —  a r

m < p  % i  -  H s  =  7 , % .  M s y ,  ( 3 . 4 . 3 ,

we get

p * . , p  . . ■»

( 3 . 4 . 4 )

which can be solved for W, i.e

w / - ‘ (3.4.5)
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Inserting (3.4.5) in (3.4.2) and using the identities 

of Appendix B, (B.1 - B.4) we get

1 "6 ^  V ~ If

4> a (3.4.6)

P i
* 1* 4 O f .

. P

where "f. = I  M . # c • ^ 
* *  H  <*<* SS

(3.4.7)

By comparing (3.4.6) with (3.3.52) we deduce that:

<x_ _ b_ 1  y R a _z ' p - P

(3.4.6) also implies that:

(3.4.8)

I - - s „  * “ o . - r /

Inserting (3.4.6) into (3.3.53) we get:

(3.4.9)

’ o . t / V (3.4.10)

(3.4.9) and (3.4.10) imply that we have completely solved

. V=<p / Lj , W 4 p / s  , R  and 4 ^

in terms of pure N = 1 superfields. For example 

simplifies to:
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' V « p - Q , V <V P  - C|‘ ? - 0 -
(3.4.11)

ii) A *  Coefficients

€ 6  . _  <ss

*4

K  .
6 €

k S S  x* ~

- M ~  ' Y a s ' ^ V 5. fl*i>

-1 H <*4

1^8 

*)

(3.4.12)

(3.4.13)

Inserting (3.4.1) into (3.4.12) gives:

C o ^ V ^ 4 L * J - x ' v J i l X u

where we have used (3.3.22), (3.3.41c), (3.3.45b), (3.3.45a) 

and (3.4.6) .

*  . p!

Z * *  - f ,  & . T , (3.4.14)
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Now using (3.3.14), (3.3.15), (3.4.6) and (3.3.53), we can

prove th a t :

k T<)

“t*
(3.4.15)

w s - * 3 ]  K

By inserting (3.4.15) into (3.4.13) and using the formulas

in Appendix A  (eqn. A . 7), (3.4.6), (3.3.45b) and (3.4.14)

we can determine in terms of pure N = 1 superfields

S S
P . , D , S e t c . ... we obtain
/violet

/V

6 s ^ s « u + lfY ai 1

- M V  -

(3.4.16)

We can now determine A ^  from (3.4.16) by using (3.3.22) . 

Finally we obtain X ^  by substituting (3.4.16) in (3.3.34) 

and setting p-Tf .

i.e.

n
lp

M
PP

f>4 m

(3.4.17)

such that:
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Q*« = 6 * C (3.4.18)

To invert X in (3.4.17) consider the following term:

- p  ^ ^ ^  «fS
.  N "  T j (3.4.19)

From the identity (B.1) we can show that

« %  TS* XS . . < *
N • M • N . M  •1 tf <*p = tp

(3.4.20)

% T (3.4.21)

T h e r e f o r e :

T  . «£ S .. * *

-  K , f  K  M  V L C ^ C j i )

-  W S  . M .  »  •

x  *s‘ «  s <s v

H e n c e :

(3.4.22)

<&>' -i

X  ^  [ r ‘̂ r KowJ side of C ^ . v n )  J

(3.4.23)

^  v
So now we have determined , A  ^ , A* and X ̂  in
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terms of completely pure N = 1 supergravity superfields. 

Table 2 gives the full set of solutions of the constraints 

(3.3.17 - 3.3.23) . 

iii) Coefficients

.ic<f c s s< ^ ,: . o ss s s / ]

[  * .  N s i

-h (3.4.24)

Substituting (3.4.1) in (3.4.24) gives

ri*<jVcr kar\el of (3.z*. 2.^) _

C r , *  I ;  w s-is ]] K C(.

csir)
K o<al S

By using (3.3.14), (3.3.15), (3.4.9) and (3.4.10) we have:

C .t.C S X i’U  CSV , ]
So. r  r \  s u s ;

j. (.^ z

if

" •*><* T  z  ' 1« %  -  -2.

-*-Ap 4 ^

* , «... i.%*)

cc 5
_ M . %  L •

(3.4.25)
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►

i

from (3.3.51)

. . *  S  . f '

- V  + « «  -

Finally we get:

r y  ^  y  y
i C , p [ 1 0  K s ,  ' O  S 5S j  )

-V c
2

(3.4.27)

Since all the individual terms K, $  , L and A  have already 

been solved completely in terms of pure N = 1 supergravity 

superfields, then e q n . (3.4.27) does not give us any new 

information. In fact, (3.4.27) is nothing more than an 

i d e n t i t y .

This is the end of our analysis of the solution of the 

N = 2 S.G. constraints in terms of N = 1 superfields, in 

particular the superfields P ^ , S ^  and in terms

of ^  , V  and [1 5 ].

»
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A p  .  V l T J .i P D ( > t .T ) R /  

P

f pi B

f. _ -L M  - W) J  -  n  <<<*

•56 _  p  

dL ~~ 2. °v°* $  S

SS* ^  S   ̂ S

< % A  = S* S*. + ^

N * i  =  M  s <

P B  -  4

V * .  A* t ^ , U , v ) i . ^  V p i  - j,

*

T- “S j. s?~'  ̂ O T 01 c*V  ̂ W a ^U  =  +  J oi U «( J 6 ~ T *  P p

L
*p

e l =

s°*P

i M „ .  ■ u y / ^ / w , ; v \ . s j  

■k L l i p j

<SS

< t> «  -  - ; M  * i  L c v s  h- i  %  y j f  + ' i  %  ) ^ 8 ]

~ i  {  c  v <  ’ J +  5 *i - t i  v i > i v

X « i  • % “  V m  [ v f f 1 ' / - D r w | ! f * i Y / c p ^  Q ^ )

5f>' S$

t'Y
Cf* M ss

©fc os v •»
( «  - «  ) 1

« * .  t O - V x S - ' K r , ^ ^ .  - W rit)

-I ^

SS ~ ~~ * x  ’  ■ ~ °<SS T ~ is

c « s  =  i :  ° i  toi S

P ^ f ^ Q * < - ^ 8Y s  * ™dloj """’ 'vfOl^

^  SS*
o<oi =  ’"*«<

^  ^ s r  ^  * * ’ . &  —

A * i  =  N e c i  L ^ s  +  ^ T s ) T s . ^ ^  ^  V

+  Css ^ s* ]
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X .  = 4  ^ 11c V - i S > T - 1 , x r*  K

- K f f - o ^ - %  V t r V 3

O p ' S ^  ^  + l^ o U

'V D<VCH<? ; °̂  = °-
Tab±e - 2 -

The transformation rules for the prepotentials <p and V 

are the same as in (3.1.29) and (3.1.30a), i.e.

S V . c *  c a . a  )
(3.4.28)

qj _ VZ A

• can be derived using for and SE„t^

in (A.3a, c, d) and also noting that

We obtain

s t , =  A ^ A . A V ^ ' Y ^ Y / ' t ’̂
(3.4.29)
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►

For the sake of completeness we will briefly mention the content of the 

N=2 S.G. model which we have considered in this chapter.

It is well known that three different off-shell versions of N=2 S.G. exist 

[2 1]namely, the minimal Poincare S.G. types I,II and III. The type I version is 

constructed using the non-linear 8+8 multiplet, while the types II and III are 

consructed using the scalar and tensor multiplets respectively.

The model which we have considered in this thesis is the type I with the 

following 40+40 multiplet content.

( e / ,  y  , A T qb , 

V  M  i t ' s  ^ ) -

Where ^  is the vielbein, ^  is the gravitino, is an abelian physical 

gauge vector field, A* is an auxiliary field, Vxj is an SU(2) auxiliary

field, T qiq ( anti-symmetric in its Lorents indices) is an So(i) 

anti-symmetric tensor f i e l d , a r e  the triplet scalars, is an auxiliary 

vector field, are complex scalars, X  and X* are auxiliary spinors.

The minimal off-shell N=1 S.G. content extracted from (3-4.30) (when written in 

terms of N=1 superfields), can be completely expressed in terms of the pure 

dimension 1 / 2  N=1 superfield , the pure N=1 vector superfield expand their 

derivatives (see A.6-A.8). This can be achieved by gauging away the scalar 

prepotential V , <p and setting the matter prepotential(in table 2 ) to be 

zero. The remaining off-shell matter multiplets in (3-4.30) are expressed

entirely in terms o f , V ,^  and their derivaties (e.ghp ). Further
r

details can be found in£3 0 j _
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►

3.5 The Action

It is not an easy task to find the action of N=2 S.G. 

in terms of N=1 superfields due to the complexity of the 

structure of the theory. However, there are essential 

ingredients which are sufficient to determine the action 

in terms of N=1 superfields. As one knows, it is not true 

that any coupling of pure N=1 S.G. to N=1 matter fields 

yields an off-shell N=2 S.G. theory. But the requirement 

of central charge and N=2 supersymmetry invariance can 

guarantee the equivalence of an N=2 theory with a particular 

coupling of N=1 S.G. to N=1 matter fields.

In superfield language this equivalence is more obvious 

because the N=2 off-shell S.G. constraints have been already 

solved in terms of unconstrained N=1 superfields. In terms 

of N=1 superfields the generic form of the N=2 action is:

I . - L t d W l  . (3.5.1)

where L j n.C. ) which corresponds to the

N = 1 matter part and K is the gravitational coupling constant. 
-1

E is the pure N=1 super-vielbein which is already discussed 

in chapter 2 and r e f e r e n c e :

For the above action to correspond to the N=2 off-shell 

S.G., in addition to Lorentz and g.c.t. transformations, it 

must be invariant under 0(1) and N=2 local supersymmetry, 

whose transformation rules are given in Appendix A.

Without any loss of generality the function L can be 

expanded as [293.
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U  Q c y „  , ' Y Y ,  'Y 'Y ' ^ . c ) (3.5.2)

*F ‘1 >  A c

In order for the action (3.5.1) to be U (1) invariant it is 

crucial that the L function given by (3.5.2) be invariant 

under U(1). However, the above decomposition of L will 

introduce further simplifications for the U(1) invariance 

of (3.5.2). The U(1) gauge transformation of (which

is the fundamental matter prepotential) is given by:

s y .  v . i (3.5.3)

where ^  is a real superfield and is as defined in table

2. Furthermore, the scalar superfield <p transforms as:

(3.5.4)

Using (3.5.3) and (3.5.4), we find that:

(a)

(b)

(3.5.5)

where and as given in table 2. Consequently we

find that H and G functions in (3.5.2) are invariant under 

U(1) gauge transformations

SH = S O = 0 . (3.5.6)

Finally, inserting (3.5.3) and (3.5.6) into (3.5.1), we find
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that U(1) invariance of the action I requires that:

C D < + S w ) ( F ' H )  + k c . O (3.5.7a)

where

f ! (3.5.7b)

In obtaining (3.5.7) we have used the following formula for 

integration by parts

j c i 8Z  E " 1 X D * y  _ J c l 8Z  E * V  C O * +S w ) X  . (3.5.8)

In general it is not straightforward to solve (3.5.6) (one 

equation with two unknowns F and H ) . However, since we 

already kn o w  that F is only a function of T <  and hence 

(in principle it has a polynomial expansion in terms of ^  )

we consider the simplest choice:

F c V « )• (3.5.9)

As a consequence of (3.5.9), equation (3.5.6) is a constraint 

on H which can be solved. Without any further detail the 

solution for H is given by £2 9] :

H  =  + i c x  +  x E ) t ; 

_ ) C X  ^  x B )

(3.5.10)

Furthermore, by requiring local N=2 supersymmetry invariance 

of (3.5.1), the G function can be entirely determined, as 

given by:



Hence, the complete N=2 S.G. action in terms of N=1 superfields 

is given as 29

S =_l (d^ze'Lci-BBXi* ■ yK + y*)

(3.5.12)

+ C x+xB) T )+ cx+ xB)C<yt T*

3 . 6  Conclusions

In this chapter we have analysed and studied, in great 

detail, the solution of N=2 S.G. constraints in terms of N=1 

superfields. The procedure was to project the N=2 constraints 

into the ordinary N=1 superspace [16] . Then we noticed that 

this projection could go to the chiral N = 1  superspace 

where the constraints took an easier structure.

We discovered that by shifting V* and T^ according to

(3.15) and (3.16) the projected constraints in the chiral N=1 

superspace simplify and take the structure of th N=1 super­

gravity constraints (3.28-3.40-3.43). At this stage it was 

possible to find the solutions to these constraints. We looked 

for the gauge transformations which left (3.28-3.43) invariant. 

Then the solutions were exactly the gauge transformations.

Such gauge transformations were found by shifting all objects 

in (3.28-3.40), in particular , T ̂  , into the pure N=1

supergravity covariant derivatives and the dimension half

tensor . Finally, we considered the structure of the action 

in terms of N=1 superfields.

One hopes to generalize the above results to higher N.

This will be more complicated because there are no off-shell 

constraints for N > 3 supergravity theories (because of the
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no go theorems [24] )• A  proper way of understanding the 

structure of the extended theories (in particular N = 3) 

starts by understanding the formulation of N=2 supergravity 

in terms of pure N=1 physical superfields. This means that 

all the N=1 auxiliary superfields should be eliminated via 

their equations of motion. As we know, the solution of the 

N=2 constraints in terms of N=1 superfields still contains 

auxiliary N=1 superfields. These superfields should be 

eliminated in order for N=2 supergravity to be written purely 

in terms of N=1 physical superfields. This is not an easy 

problem.

i

k
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CHAPTER 4

4.0 Introduction

In the last chapter we dealt in great detail with the 

analysis of N=2 S.G. constraints in terms of N=1 super­

fields. We showed that, by projecting the N=2 S.G. 

constraints on to N=1 superspace and choosing a particular 

gauge (i.e. chiral gauge), the projected constraints took 

a particular form which was suitable for solving them in 

terms of unconstrained N=1 prepotentials.

On the other hand, Sokatchev [13] has achieved partial 

success in solving the N=2 constraints in terms of N=2 

prepotentials by reducing the ordinary N=2 superspace to 

N=2 chiral subspaces. In addition, he was able to write 

down an action formula for off-shell N=2 S.G. However, it 

was only recently that a major breakthrough in solving the 

N=2 constraints in terms of unconstrained N=2 prepotentials 

was achieved. This was done using the powerful harmonic 

superspaces[17] . Unfortunately, it is yet unclear how to 

use harmonic superspaces as a tool to solve the N=2 

constraints in higher dimensional spacetime. Therefore it 

is worthwhile to understand the N=2 S.G. constraints in 

higher dimensional space time before such an attempt.

It is the aim of this chapter to understand the four 

dimensional N=2 S.G. constraints from a higher dimensional 

point of view. We will show that the N=2 S.G. constraints 

in chiral superspace [13^ are indeed equivalent to one N = 2  

S.G. constraint in five dimensions. We will work out in 

detail all the components of the torsion constraints using 

the Bianchi identities where the results are in agreement
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i

t

►

with those of Sokatchev [3 5], t

In section 4.2 we will show that in six dimensions 

one can solve the N=2 matter constraints as a power 

expansion in the N=2 coupling constant.

4.1 Realization of Sokatchev's N=2 S.G. constraints in 

chiral superspace from a single constraint in five 

dimensions

In this chapter we will use the two-component notation 

of where [13] :

€ ,l= - e i a » € * . - € , 4 . .  € * « € * . • ■

e>
Xp 'Y (4.1.1)

C 6 -P)t =

A
We also denote A  = (5, A) as Lorentz flat index and M  = (5,M) 

as space world index, where 5 represents the extra fifth 

dimension corresponding to a central charge which will 

generate a U (1) vector field. We define, using the notation 

of r e f . [1 3 ] :

cT) E M 2) * ^ <t>^  +  lc(

= ^5 ( 4 . 1 . 2 )
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where

c|>*> + ,S | V  (4-1 -3)
A AP AP

is a Lorentz connection and is the curved four

dimensional super covariant derivative.

From the definition (4.1.2) we obtain:

{ 1 V ° 0 |31j = t 5<p  +  R ^ c m ^ k O
(4.1 .4)

where the curvature terms can be shown to be equal to zero.

In four dimensions (4.1.4), in the presence of the 

central charge, is equivalent to:

{A, ,«£)p}a t b? A<0A + F*r z + R*p CM,Mj
(4.1.5)

Comparing (4.1.4) and (4.1.5), it is evident that:

£>s= 2 (a)

(b)

(4.1 .6)

Moreover, it is standard to set

t  a  
T -# = o

«• K  P
(4.1.7)
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Explicitly (4.1.4) corresponds to:

(4.1.8)

where we have used (4.1.2) and (4.1.6b). The solution to

(4.1.8) is given by:

E i = (4.1.9)

The expression for ^  is given by

v * . f -; e  a ,

where F is the inverse of the following matrix (as given 

in 2.5.25a):

V . H *

and

In (4.1.9) is the Grassmanian N=2 (superspace) coordinate,

H d is the spinor prepotential [13] and H is a new scalar 

prepotential.

By substituting (4.1.9) in (4.1.8), we have:

( 4 . 1 . 1 0 )
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where D  w  H  = V w  \7pj H  _ O .

T h e r e f o r e :

0 4  o p +  H f } ,  c i+ - A f  c e-t + H p )

- (l + AH)'* ~ CCrf
(4.1.11)

=  C.J jj =̂ p><3<

sr

H e n c e :

^ 5 -  O 5 (4.1.12)

Therefore (4.1.9) is a solution of the constraint (4.1.4) . 

As we have mentioned previously, the N=2 S.G. constraints 

were partially solved by formulating the theory in chiral 

superspace. The remaining ones are:

(a)

(b)

Im C O \ ;  T ^ - T ° ltiT ^ , )=0.
(4.1.13)

where T • is as defined in (3.1.2).

We will show that (4.1.13a,b) are equivalent to the 

single five dimensional N=2 S.G. constraint:

A

Pi>
A

=0. ( 4 . 1 . 1 4 )
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such that A=(5,A) [2 5J .

Obviously, (4.1.14)does indeed contain (4.1.13a)
A

for A = A. However, it still remains to show that it also 

includes (4.1.13b).

For convenience we will list some of the necessary 

torsion components needed in our calculations:

5
In order to establish the equivalence of T ^ (t* — O

to (4.1.13b) , it is necessary to find a relation between 

the torsion components in five dimensions and those in four 

dimensions. Using (4.1.15a,c) and one of the dimension zero 

Bianchi Identities (B.I),such a relation can be established

(4.1.15c)

(4.1.15b)

(4.1.15a)

(4.1.15d)

(4.1.16)

The dimension l/9 (B.Is) yield the following :

(4.1.17a)
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At this stage it is important to carry out a c o n s i s t e n c y  

c h e c k  on the above results by e x a m i n i n g

w h i c h  must be zero. This follows as a c o n s e q u e n c e  of the

t r u n c a t i o n  of the t h eory to a  true five d i m e n s i o n a l  theory

as .implied by- the c o n s t r a i n t s  , in w h i c h  the five d i m e n s i o n a l  

5
space time M is g iven by;

h i  m N  i r ' (4 1.18)

U s i n g  the d e f i n i t i o n  of o Q s  ■■

{ < U * c  > “U p i } -  *®5

and the Jacobi identity:

(4.1.19)

(4.1.20)

t o g e t h e r  w i t h  ( 4 .1.15-4.1.17) it is straight f o r w a r d  to 

e s t a b l i s h  that:

[ *0ati, " O s l s 0
(4.1.21)

C < 0 5 ] = O

This implies that :

A

__ 5
T *  - O  (4.1.22)

A > 5  ~

and all the c u r v a t u r e  terms w i t h  index 5 vanish.
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E component of the vielbein provides a source for the scalar 
5

f i e l d s .H o w e v e r , since we are considering trivial dimensional 

reduction in which we do not wish to have new additional 

physical degrees of freedom we must gauge this scalar to be 

a constant which we have chosen to be one.

Equipped with all the above results, we are ready to 

establish the equivalence of (4.1.14) and (4.1.13b).

In fact it is enough to consider the particular dimension 

1/2 Bianchi identity:

A

° C h i  "Cj, p p  +- ° 0 i j  pp - [ "*£, p p

Let us remark that in the in the Kaluza-Klein picture the
5

+  T .  • E  T a 5 T  • • • T *  5  1
(4.1.23)

Contracting with C  , £  , symmetrising on i and j and using

(4.1.15 - 4.1.17) we finally obtain:

IrnC-O', T5w . t V t .,J,o  . (4.1.24)

In the above analysis we have proved that the constant in 

front of the bilinear term in (4.1.13b) has been uniquely fixed 

by requiring the central charge invariance which is manifestly 

realized by the U(l) invariance of the B.I (4.1.16). This constant 

is :

a = -1 (4.1.25)

which is in total agreement with ref [131 where the same result 

has been obtained by requiring that the imaginary part of the

action to be zero.
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However, the analysis 

w h i l e  our a nalysis is a

of ref[l3^ was at the l i n e a r i z e d  level, 

the full n o n - l i n e a r  l e v e l [25].

►

r

m
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There is a final remark about the transformations C3.1.30).
M

From ref. [13] we find that the vector prepotential H transforms 

as;

SH*, L  ( X*. XW)CX-iU,fr)

_Ci cxV x ^ a ^ v a M ' ^

in our case (M=5,m). From (4.1.32) one can immediately 

deduce that at the linear level:

-  m  (4.1.32)

S h5= <s>C = i.CX5- \ 5) (4.1.3 3)

This is exactly (3.1.30a) with A = X 5 ) . On the other hand

SH^ (XiH,e-)+t /‘i- r i  CXN+XN)3 N
2.

_  1/

at the linear level we have:

o(2 o{ . Oil <*2.
SH =_X +T

( 4.1.34)

oLZ
Using (3.1.12) we can always solve for "f such that

1  t (4.1 .35)

However, by requiring = 0 (at the linear level) we can

9 to oe - /\ ana r e a e n n e
L

to be - A and redefine A = X “9 fix We can now
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get (3.1.30b).

4.2 The solution of N=2 S.Y.M. matter constraits in 

six dimensions

In this section we study the solution of the constraints 

of the vector multiplet of N=2 S.Y.M. theory in terms of 

unconstrained N=2 prepotentials in six dimensions. The 

techniques employed are very similar to those of N=2 S.Y.M. 

theory in four dimensions where it was shown by Howe, Stelle 

and Townsend that the non-linear solution of N=2 S.Y.M. 

constraints in four dimensions could be obtained as a power 

series in the S.Y.M. coupling constant[26]. In principle there 

are two ways of expressing the constraints in six dimensions. 

The first is the SU(2) covariant formalism in which the SU(2) 

symmetry is manifest . The second is where one breaks SU(2)

covariance down to U(1); such a breaking allows the definition

of the d=6 analogue of a chiral superfield which satisfies

( 4 . 2 . 1 )

where D- and D . are identifications of the first andct °l

second components of (i = 1,2 is an SU(2) index)**. Note

that because of the SU(2) Majorana condition in d=6:

(4.2.2)

where the matrix B is unitary and satisfies B*B = -1. The D_ 

is related to the complex conjugate of i.e.

Unlike in the preceding section, we consider to be

«r the flat covariant derivative.
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by

(4.2.3)

Although it is much simpler to use the U (1) notation, 

unfortunately it does not seem to be very useful in solving 

the Y.M. constraints beyond the linear level [28]. It is for 

this reason that we prefer to work in the full SU(2) covariant 

notation. The techniques of Stelle, Howe and Townsend are 

directly applicable. Our notation is exactly that of reference 

p7] , We introduce the notation:

for the product of two D's, where vector indices are represented

by a pair of anti-symmetric spinor indices. We shall also 

d e f i n e :

an invariant totally antisymmetric SU(4)* (Lorentz group in 

d=6) tensor. Using the properties of the D's, one can prove 

the following useful identity

(a)

(b)

(c) (4.2.4)

(4.2.5)

for the Lorentz scalar products of four D's. is
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0 «p
_ 6'K-f_D =o (4.2.6)

Further identities can be found in Appendix C and ref .[27] . 

The d=6 Y.M. constraint in the SU(2) notation is very simple. 

It reads:

- ° (4.2.7)

In terms of a superspace gauge prepotential 

(4.2.7) can be rewritten as:

Q *  t-Op = o
(4.2.8)

The antisymmetric part in ij is a conventional constraint 

determining £  :

' V ) (4.2.9)

However, the symmetric part in ij is a differential constraint 

on the prepotential JL| ' :

0 „  “ V ' . * (4.2.10)

(To derive 4.2.8 one makes use of the (anti) commutator



is S.Y.M. covariant derivative in the adjoint representation 

of some compact group G. Note that the only non-vanishing 

component of the (flat space torsion) is

The linearized solution of constraint (4.2.10) is given 

by (g=0).[27] :

superfields. To prove that (4.2.11) satisfies (4.2.10) at g=0 

one makes use of (4.2.4) and (4.2.6). The above solution is 

very similar to that in d=4 dimensions [26], except for the fact 

that we do not have terms involving D's, since these are related 

to the D's by the SU(2) Majorana condition.

As we have mentioned previously, we can solve constraints

(4.2.10) in power series of the S. Yang-Mills coupling constant 

£. However, an essential ingredient to obtain such a solution 

is to kn ow beforehand the first order in g solution of the 

linearized solution. The power expansion technique can then be 

used by rewriting the non-linear constraint in a form identical 

to the linear constraint. This is normally achieved by 

differentiating the non-linear constraint with respect to 

coupling constant g. Hence, a solution can be obtained similarly 

to the linearized solution. Then the non-linear solution is 

obtained by integrating the former solution with respect to g.

(4.2.11)

Let then differentiating (4.2.10) with
i
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respect to g gives:

(«’
, o (4.2.12)

where

B * ' *  2 - C «  A / )

and

(4.2.13)

>

»

}  <4 - 2 -

Equation (4.2.12) has indeed the same structure as the 

linearized constraint (4.2.10) with g=0, with the difference 

that flat derivatives have been replaced by covariant ones. 

Therefore, the solution of (4.2.12) is given by:

d ; u + = O . T < 0
•>K

prv
V.
)Vf

(4.2.15)

c
The full non-linear solution for may now be reconstructed

as a power series in g from the integral equation:

A 4
$  °

(4.2.16)

The gauge transformations of. the prepotentials and U can be
i

obtained iteratively. For Jk the k gauge transformation

S A , ' - (4.2.17)



127

from which we deduce, to lowest order in g, that:

S o = _ h (a)

SV-_oi) = ( b ) (4.2.18)

(4.2.18a) shows that U is a pure gauge and can be set to zero 

by a proper choice of the parameter K. To determine such a 

choice we look for pregauge transformations which leave A 

invariant, i.e.:

(4.2.19)

We find to the lowest order that the pregauge transformations 

of U and are:

SO.

«< *

(4.2.20)

Therefore, in order to stay in the gauge U=0, we must set:

o c n ' ^  Q *  A H;iK (4.2.21)

It is interesting to write down the action of N=2 S.Y.M. in 

superspace and look for covariant quantization of the theory 

along the same lines of [26] . However, this lies outside the



scope of the thesis a n d  w i l l  be r e p o r t e d  e l s e w h e r e
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Na2 S.G. constraints projected onta N=1 superspace

Throughout our analysis in Chapter 3 we have used the 

notation of [16]. In this Appendix we list the projection 

of the N=2 constraints into N=1 superspace and the super­

symmetry transformations of the prepotentials. Q.6]:

- i  t Z - . W / M , * )

- %  -<Ppp- V - %  % ;  ) <

+  r -'pp H f »-* ) m “p  - y ‘ x ^  n  ,• 

Cv^,Vp],i CTpiii^X’V,; )

+ ̂  C1 •+■ ‘Y*ai

K * > v «
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♦ Y \  s 3 ^ - ' (Y P i K , r - y ^ i  * > * * '

+  2J ’’Y  - - j ^ y ^ y  J i - V ^ y  R 3 V y ‘

+; c ^ c , p  . , ' Y ^ p  - - y ^  n  . y pi x  l z

+. M  C « w i S  .

*r'-° * F- / - i T « V
(A.2 a)

F * / =  i^/J s / - ^ / T p ) (b)

C R + 1 X * M (c)

-.'CSp’’ 4 & , T Api)- . ^  CP^-Lfl* )

f « j . p v -  4 c -<p V  t s - i  r

- X /  c 6 P,s V  %  M  %i  < & / - * £  * )

* «  = )Ta- R  ̂Y  ^ f i y i  - i ^ r ^ ]
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P«- *'Y,vL7ri-l>>,Tj (f )

" Z  ^Yoi ^  “ T c i i )  ^  + / Yc<i ^  W )  ” "i •

+  * Y w  -  "2 T f) ^  * )
( g )

*  -

+ i  'Yu  tY% >  S) LV A  “ 'Y *  * -  'VP* ’cftgr ~ z V j ) l

R u “

S Y „ -  + )

V - . T **TS % '  - < - ' M - i E ^ ) 6 , 1.

iEM "[ce, Ip^.-t A*;),.iSis/cR,.l.X' X*)l

S E A = l ? - ^ E ^ i

(fa)

(A.3 a) 

(b)

- L  C 6 , x f E p ^ S i X ^ ^ )

(c)

( d )

_i € „  [ E p + w /  + i_ u S

- o e ^ C  x / ' l ^ w / e p + L  u s + y * i l -  v * \ r ~ y ™ (
- 5 r

W h e r e :

A„., rr „  A ~  . A < A. A„., Y
' Y „ = V Y #  - < X  = e m  Y a

-L X < \ p ) (e)
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S T * .  £ *  s  + € p C X ^  -  - L T ^ ) (f )

+  i  « p  t v w  X P ) .  ^  R  .  ^  1 1 1  s  • .  1  >, I  i  3 ]
Mp)

S E - ' .  ' E*’ C 6 ^ \ ? V / >

“ 2.

(g)

{ 0 * ,  Op^. - O (A.4)

(A.5)

C O u , D p ] = - i c , p I s *  D yk -  l [ c d *+ l s  v  > s ,  3 6 ;

+ ( c? ’fi - aV i ) O r J t r̂ W (A.6)

p . = C0* + J _ S ^ ) S -  _ q ^  , p  . (A.7)

0 «  = ° (A.3)
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A P P E N D I X  B

S ome useful i d e ntities

S o m e  useful i d e n t i t i e s  have been used in o b t a i n i n g  the

s o l u t i o n s  in s e c t i o n  3.4 :

n ‘ - SS'
. . V X  c

V  ^ nn
£ A n -i * A *A -  f • A

- * n
-i

W h e r e  -f is the i n v e r s e  of : 

p> SS*
t  ' -  i. M  „ i ”  M ”* c e  P1 e(- 2. °U

M  nT M ^  P  9 M  ^

^  t £ ts

m

(B* 1) 

(B. 2 )

( B . 3 ) 

(B.4)



134

REFERENCES

[1] Y.A.Col’ Fand and E.P.Likhtman, J.E.T.P. Lett. 13 (1971) p.323

D.V.Volkov and V.P.Akulov, Phys. Lett. 468 (1973) p.109

J.Wess and B.Zumino, Nuel. Phys. B70 (1974) p.310
Phys. Lett. 49B (1974) p.52

[2] H.Georgi and S.L.Glashaw, Phys. Rev. Lett. 32 (1974) p.438

( see also review articles in the proceedings on Unification of the 
fundamental Particle interactions. Edited by S.Ferrara, J.Ellis, P.Van 
Nieuwenhuizen (1980) )

[3] Abdus Salam and J.Strathdee, Phys. Lett. 51B (1974) p.353
Phys. Rev. D11 (1975) p.23 
Fortshr. physik (1978) p.57

[4] P.Van Nieuwenhuizen, Phys. Report No.4 V .68 (1981)

[5] E.Cremmer, B.Julia and J.Scherk, Phys. Lett. 76B (1978) p.409

[6] Z.H.Schwartz, Phys. Report 89 (1982) p.223

[7] J.Wess and J.Bagger, Supersymmetry and Supergravity Princeton series 
in physics (1982)

S.J.Gates, M.T.Grisaru, M.Rocek and W.Siegel, Superspace or One 
Thousand and One Lessons in Supersymetry Frontiers in Physics (1983)

[8] M.Sohnius, K.Stelle and P.West, in the proceeding on Unification of 
the Fundamental Particle Interactions [2].

[9] M.Sohnius, Nucl.Phys. B136 (1978) p.461

M.Sohnius, in Supersymmetry and Supergravity, edited by B.de Wit, 
P.Fayet and P.Van Nieuwenhuizen (1984)

[10] V.Ogievetsky and E.Sokatchev, Phys. Lett. 79B (1978) p.222, Dubna



135

reprint E2-12511 (1979), E2-80-127 (1980) E2-80-138 (1980)

till See ref. [7] .

[12] P.Howe, K.Ste-lle and P.Townsend, Nucl. Phys B236 (1984) p.125 

A.Parkes and P.West, Nucl. Phys. B222 (1983) p.269

[13] E.Sokatchev in Superspace and Supergravity edited by S.Hawking and 

M.Rocek (1981), Phys. Lett. 100B (1981) p.466

[14] S.J.Gates and J.R.W.Siegel, Nucl. Phys. B147 (1979) p.77 

V.Ogievetsky, E.Sokatchev Phys. Lett. B79 (1978) p.222

[15] M.A.Awada and S.Mokhtari, Phys. Lett. 144B (1984) p.193

Classical and Quantum Gravity 2 (1985) p.43

[16] S.J.Gates Jr, A.Karlhede, V.Lindstrom and M.Rocek, Nucl. Phys B243 
(1984) p . 2 2 1

[17] A.Galperin, E.Ivanov, S.Kalitzin, V.Ogievetsky and E.Sokatchev in 
Supersymmetry and Supergravity, edited by B.de Wit, P.Fayet and P.Van 
Nieuwenhuizen (1984)

[18] S.J.Gates and W.Siegel, Nucl. Phys B195 (1982) p.39

[19] S.J.Gates Jr., A.Karlhede, V.Lindstrom, M.Rocek in Classical and 
Quantum Gravity, Vol. 1, No.3, (1984) p.227

[20] S.J.Gates, W.Siegel, Nucl. Phys B164 (1980) p.484

[21] J.Wess, Supergravity, Lectures given at the Boulder Summer School, 
June (1979)

K.Stelle and P.West, Phys. Lett. 90B (1980) p.393

B.de Wit and J.W.Van Holten, Nucl. Phys. B155 (1979) p.530



P.79E.S.Fradkin and M.A.Vaslieu, Nuovo Cim. Lett. 25 (1979)

P.Breitenlohner and M.F.Sohnivs, Nucl. Phys. B165 (1980) p.483

L.Castellani, P.Van Nieuwenhuizen and S.J.Gates, Phys. Rev. D22
(1980) p.2364

B.de Wit, R.Phillipe and A.Van Proeyen, Nucl. Phys. B219 (1983) 

E.Bergshoeff, M.DeRoo and B.de Wit Nucl. Phys. B182 (1981) p.173

[2 2 ] M.Sohnius, Nucl. Phys BT36 0978) p . 1 3 5

[23] B.Milewski, Nucl. Phys. BI27 (1983)

[24] J.G.Taylor, V.O.Rivelles, Phys. Lett. 104B (1981) p . 1 3 1  

J.G.Taylor, J.Physics A15 (1982) p.867

[25] S.Mokhtari, in preiarat.on

[26] P.Howe K.Stelle an p.Townsend, Nucl. Phys. B236 (1984) p 1 2 5  

J.Koller, Nucl. Ph$ & 2 2 (1983) p . 3 1 9

[27] P.Howe, G.Sierra am FTownsend, Nucl. Phys. B221 (1984) p . 3 3 1  

J.Koller, Phys. Lett. 24 (1 9 8 3) p . 3 2 4

[28] J.Gates and W.Siegel, H. Phys. B163 (1980) p . 5 1 9

[29] J.M.F.Labstid, M.Rocek,Sanchez-Velasco and P.Willis, Phys. Lett. 
151B (1985) P-111

[30] p. H o w e  , Nucl. phy B 199 (1982) p. 309

For a complete list of refere, see the set listed in reference [16] of 
this paper.


