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ABSTRACT

The turbulence level in‘two parallel streams of
fluid has.- been shown to have a mérked effect on thé
development of the plane mixing layer between them; the
effect has been investigated both experimentally and
theoretically. .

In the experiments, an increase in the free-stream
turbulence intensity was found to produce an increase of
roughly the same size right through the layer; in addition,
the rate of growth of the layer increased. The increase
was proportionately greater as the ratio of the stream
velocities approached unity.

The Patankar-Spalding finite-difference method has
been used to solve the governing differential equations.

The computations have been carried out using se;eral
different ways of relating turbulent shear stress to

local flow conditions - the Prandtl mixing-length hypothesis,
two different extensions of that hypothesis, and a version
of the Kolmogorov model of turbulence.

The predictions based on the unmodified mixing-
length hypothesis differed widely from the experimental
results, confirming expectations of its inadequacy for
rebresenting flow phenomena of this type.

Both modifications of the mixing-length shear law
improved the agreement between predicted and observed
flows, but at the expense of increased empiricism, in
the form of either one or two experimentally~determined

constants.



The Kolmogorov model in the form used was found to
predict qualitatively the effect of free stream
turbulence and to give reasonably close agreement with

the measurements, but further development leading to

increased accuracy appears possible in this case.



PREFACE

The work which forms the basis for this thesis was
originally envisaged as a comparatively small part of a
more general ingestigation of mixing layer flows, initiated
by myself in 1965. This in turn was an offshoot from a
‘mainly theoretical inve;tigation of film cooling which had
for several years been éarried out as a joint enterprise
by the Ministry of Technology and Imperial College. In the
early stageé it was assumed that the effect of free-stream
turbulence on mixing-layer development would be fairly small,
but that, in any case, in view of the theoretical difficulties,
any attempt to incorporate it into flow predictions would
necessarily have a mainly empirical basis.

For tunately, by the time that the experimental work
was beginning to show the(fu11 importance of the stream
turbulence effect, the Patankar—-Spalding method appeared
on the scene. It brought‘a considerable degree of freedom
to carry out numerical experiments by computer as part of
a search for improved models of turbulent motion. It was
therefore aecided, in the autumn of 1566, to devote a
consi&erable part of the whole reséarch effort to a combined
theoretical and experimental investigation of the effect
for uniform density, plane mixingulayer flows.

’The initial aim was to find conceptually simple
extensions of the Prandtl mixing-length hypothesis which
would provide reasonable agreement with the éxperimental

results, particularly for the spreading rate of the mixi¥ng

layer.



By the time that this objective had been achieved,
considerable development of more sophisticated models of
turbulence had taken place, and several were available
"off the shelf" for incorporation into the finite-difference
programme. Although the experimental work had been designed
specifically for comparison with mixing-length predictions,
it was decided to extend the investigation to one of the
new models. Kolmogorov;s was chosen because it was,
historically, the first of the new wave, and because it
4appeared to have received less attention than the others.

In carrying.out this work I have received help and
support from many sources, and wish to make grateful

acknowledgement for it:

To Dr. S.V. Patankar, and Professor D.B. Spalding, without
whose achievement this present work could hardly have been
done at all. To Professor Spalding, again, for acting

as my supervisor, and inlparticular, for his usual rigorous
but helpful correction of fhe drafts of this thesis.

To that excellent technician, Mr. Oscar Vis, for construc-

ting and commissioning complicated apparatus with patience

and skill.

To Mr. (now Dr.) S.C. Kacker, for undertaking the frequency-
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at computing.

.To the Ministry of Technology (now Aviation Supply) for
providing the necessary funds to support this research,
and to their technical representative, Dr. M.G. Hall, of
the Royal Aircraft Establishment, for his interest in the

work.
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1.. INTRODUCTION

1.1 The purpose and scope of the present work.

The investigation herein reported is centred on
the flow situation illustrated in figure 1.1 - the plane,
uniform-density, turbulent miking layer between nominally
parallel and uniform streams of a single fluid.

"It has seemed probable fof a considerable time that
the behaviour of guch flows is affected to a significant
extent by the levéls of turbulence in the adjacent free
streams. This tentative conclusion is supported by the
unexplained differences which exist between mixing-layer
measurements from various sources (of which some examples
are presented in the literature survey in section 1.3);
however, until very recently, only indirect experimental
evidence was avallable, and existing theoretical methods
were unable to predict such an effecf.

The principal objects of the present investigation
were, therefore:-

a) To establish experimentally the importance of free-

~ stream turbulence as a factor influencing the
development of plane mixing layers, and to obtain
quantitative results within reasonable ranges of

the stream velocity ratio UE/UI’ and of the turbulence

intensities in the free streams.
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b) To search for simple analytical models of turbulent
motion which would enable predictions to be made
with an accﬁracy appropriate to engineeriﬁg applica-

tions.

The experiments were carried out with low-speed
streams of air at atmospﬁéric pressure and temperature.
For practical reasons (which are explained in section
5.10) the velocity ratio was restricted to the range
0.4 to about 0.8. A system of oscillating grids was
designed for the purpose of agitating the air streams;
these produced relative turbulence intensities up to
about 10%. Without them the turbulence intensity was
less than 1%.

Examination of the measurements taken by a pitot
tube and a single hot wire anemometer traversed across
the air stream showed that the grids caused large increases
in the rate of spread of the mixing layer for all velocity
ratios in the range of the tests; in addition, they raised
the level of turbulence right through the layer.

The first phase of the theoretical investigation
was based on the Prandtl mixing;length hypothesis
(reference 1). This is inherently incapable of predict-
ing a;y effect produced by change of free-stream turbulence,

but it was hoped that an analytically simple modification

of the basic hypothesis could be found which would achieve
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the desired result. Two such extensions were formulated,
one containing a single new empirical constant, and the
other, two such constants. Numerical predictions of
mixing layer flow were made for comparison with the
experimental results so that the best values of these
copsfants could be obtained. Predictions based on the
'priginal Prandtl shear law were also carried out, to
provide a basis for comparison.

It was found that both of the modified versions
could give considerably closef agreement with experiment
than the simple mixing-length hypotheéis. In particﬁlar,
the version with two extra constants produced satisfactory
predictions not only of thé growth rates for high and low
free-stream turbulence, but also of the turbulence
intensity distributions within the layer.

Further predictions were then made using a version
of the turbulence model proposed by Kolmogorov (reference
2), in which the turbulent component of effective viscosity
is related to the local values of k, the kinetic energy
of the fluctuating part of the motion, and z, a character-
istic fregquency. For conveﬁienpe it will be referred to
here as the 'k-z' model.

By virtue of its greater complexity, such a model
is inherently capable of describing the flow in greater
detail than the simpler ones previously used. However,
its accuracy was rather less than that achieved with the

best of the mixing-length variants. The investigation
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was concluded with a limited attempt to determine the most
promising lines for further development of the Kolmogorov
model.

All the flow predictions were carried out by the
Patankar-Spalding finite~difference method for the “
solution of the boundary-layer equations (references 3

“and 4).

1.2 Some generzl zspects of the theoretical problem.

From the foregoing description of the present
investigation it will be apparent that it is concerned
mainly with the time-msan component of the flow; the
fluctuating component is cohsidered only to the extent
required to provide information for solving thg equations
describing the time-mean flow. The primary concern, for
uniform—density fluid, is the solution of the familiar

momentum equation for boundary-layer flow:-

U - U 1 37 '
cy _ 2L el ) . 1.2-
U?— f Va =5 (1.2-1)

where U and V are the time-mean velocity components in
the x and y directions, p is the fluid density, and 7
is the local shear stress (acting in the x direction on

a plane of constant y).
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The shear stress, T, is taken to be related to
the local transverse velocity gradient by the usual

law of Newtonian form:

18]

“ant it is in the means for connectihg the effective
viscosity,}peff, to the local flow conditions that

the differences between the various models of turbulence
arise.

It is assumed, as is usual in analysis of free
turbulent flows, that the contribution to Pess from
the fluctuating m@mrt of the motion is much larger than
the laminar component, which can then be neglected.

An important point which arises in the theoretical
predictions of flows with free boundaries concerns the
behaviour of the effective viscosity at these boundaries
and the extent of the field covered by the solution. It
can conveniently be illustrated by reference to the two
most widely used expressions for effective viscosity:-

1. The Prandtl mixing-length hypoéhesis

or2 2 . (1.2-3)

Fefs = 5%

in which the mixing-length, 4, is usually taken

as proportional to the width of the layer, thus



L= (yg - vq) (1.2-4)

or to some other representative transverse dimension

Yy saye.

nom’

2. The constant-effective viscosity hypothesis

Poss = constant x pynom(UE - UI) , (1.2-5)

"also originated by Prandtl.

17

For the present purpose the most important difference

between these two hypotheses lies in the Width of the
fields of the solutions that they produce. Solutions
based on the mixing-length hypothesis yield mixing layers
of finite width, and at each boundary the values of -aa-l-;
and p . are zero. In solutions obtained with the second
exXpression the free-stream velocity is approached
asymptotically on either side of the layer, and the
boundaries YE and Yy are at fo. At first sight this
might seem to imply a serious limitdtion on thé kinds

of effective viscoéity formﬁlation that can be used in
finite-difference solutions, which necessarily involve
grids of finite width, and to require that Pete be zero
at each grid boundary. Fortunately this is not so, and
any effective-viscosity hypothesis likely to be of
practical interest can be incorporated in the solution;
by appropriate control of the grid width the essential

part of the velocity profile can be predicted to any

desired degree of accuracy.



! 1
\
ﬂx _ BUmcen -Kyethe
U"UE

Up-Uyg —— —— Gortler

SN

O \-—-'.-————

F-igwre l.2

Compaﬂésm of The stemdard exaet
solutions.



19

It is, in fact, necessary to use a finite-difference
method for investigations of the present kind because of
the freedom which such methods give in the.choice of
shear law and of boundary conditions.

Since the mixing-length model forms one of the
starting poiﬁts for the search for a better one, it is
-of interest to note some of the main features of solutions
which it yields for mixing-layer flow at uniform density
and pressure. A solution was first obtained by Tollmien
~(reference 5), for U /U; = 0, and later extended to other
velocity ratios by Kuethe (reference 6). Tollmien devised
a transformation which allowed the partial differential
equation (1.2-1) to be reduced to an ordinary differential
equation. The solution describes a wedge-shapéd flow
field in which éll surfaces of constant U/UI are planes
passing through the apex of the wedge, and in which the
velocity profiles at all values of x have the same shape.
The analytical details of the Tollmien-Kuethe solution
are presented in appendix B.

An analytical solution for the same flow conditions,
but using the constant—effective—viécosity hypothesis,
was obtained by Gértler (reference 7). The velocity
profiles predicted by the‘two different éhear laws are
comparéd in figure 1.2. The romding of the Gértler profile,
which is the result of the higher effective viscosity at

the edges of the layer, can easily be seen.
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1.3 Related published work.

The whole class of free turbulent flows — mixing
layer, jets, and wak;s — has attracted a good deal of
attention from both applied mathematicians and experi-
mentalists. Apart from their intrinsic importance the
attraétion of such flows follows from their basic simpli-
city, since the absence of so0lid surfaces provides
situations in which molecular transport processes can be
ignored, and "pure" turbulent motion studied.in isolatién.

Nevertheless, very little published work has been
-concerned directly with the topic of the present investi-
’gation. No theoretical predictions of the influence of
exterhal turbulence on free turbulent flows appear in the
literaturej; until very recently no way round the analytical
difficulties had been found.

On the experimental side, only two attempts to
examine the turbulence effect have been reported. Using
apparatus in the form of a simple air-to-air injector,
Curtet and Ricou (reference 8) carried out two series of
measurements, with approximately 1% and 5% turbulence in
the secondary air stream at entry to the mixing
section. They found that the increase in the initial
turbulence level brought about a significant increase
in the rate of spread of the primary air stream, and
a marked increase in the general level of turbulence

in the mixing zone. In a much more recent series of
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measurements, Patel (reference 9) found that an
increase of 30% in the spreading rate of the plane
mixing layer between a moving air stream and a
stationary atmosphere was caused ﬁy a change in thé
turbulence level of the moving stream from 0.6% to 1.4%.
An interesting comparison can be made be tween the
) exper;mcﬁtal results of Sabin»(reference 10), Woolman
‘ L{éférence 11), Yakovlevskiy (reference 12), and Sebkan
and Back (reference 13), although none of them was
consciously concerned with the effects of free-stream
turbulence, and indez=d no turbulenée measurements were
reported by them. Their results are presénted in figure
1.3, in the form of graphs showing how the spreading
rate of the plane mixing layer varies with the ratio of
free-stream velocities (UE/UI in present notation); to
eliminate differences of presentation, the ordinates are
normalised by dividing by the spreading rate for zero
velocity ratio. Also shown in this figure, are the
predicted spreading rates baséd on the Prandtl mixing-
length hypothesis. - |
Seéting aside the unlikely_pos;ibility that the
difference shown by this figure are the result of experi-
mental error alone, we see that the Prandtl shear law
provides a good model of the flow in Sabin's case, but
not for the other two. Commenting on these results,
the present zuthor (reference 14) pointed out that as

Sabin's work was performed in an open water channel, it

22
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was likély that the stream turbulence levels were low;
on the other hand Woolman's measurements were carried out
on the discharge side of two air s?pply fans, and as no
attempt was made to reduce the turbulence levels, it is
likely that these were fairly high. Abramovich (reference
15) commenting on Yakovlevskiy's results, implicitly drew
the same inference in this case also, tut supposed the
‘level of free-stream turbulence to be significant only
if it exceeds the level within the mixing layer.

The remainder of the literature-pertaining to
turbulent mixing layers lies larcgely outside the scope
of the present investigation. Varicus solutions extending
the work of Tollmien, Kuethe and Gdrtler to more general
flow conditions (compressibility, sitreamwise pressure
gradient, non-uniform temperature, etc.) have been
obtained. A good deal of experimental work has been
carried out in parallel with these solutions, but most
of it has been confined to the zero-velocity-ratio case.

The general situation can ke conveniently studied
in the review papers of Halleén (referénqe 16) and Sforza
et al. (reference 17). The first of these was written
in 1964; Halleen's graph for non-zero velocity ratio
contains only the data of Sabin (reference 10), and of
Seban and Back (reference 10) already referred to, which
is included in figure 1.3 of this thesis. For U /U; = 0,

values of spreading rates differing by over 20% are
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quoted from various sources, including Liepmann and
Laufer (reference 18) who appear to have been the first
to deéign apparatus specifically for plane mixing-layer
measurements.

Several years later Sforza was able to comment,
with considerable justification that "In spite of the
- fervor and industry with which fhié class of flow fields
has been investigzted over the past forty-odd years,
its mystery appears curiqpsly undiluted". The publicétion
of other ekﬁerimental znd analytical studies, for example
by Baker (reference 1¢) and Watt (reference‘zo) has not
significantly improved the sitﬁation.

Quite recently the availability of rapid digital
computers has led to the development of finite-difference
methods for the numericzl solution of differential
equationé. The consecuent relaxation of the previous
analytical constraiﬁts has given a considerable impluse
to the search for new and more accurately descriptive
models of turbulent motion. Two examples of work in this
category are the papers by Lee and Harsha (reference 21)
and Rodi and Spalding (reference 22). In the first of
‘these, the turbuient shear stress is related to the local
turbulence kinetic energy, k; in the second, it is also
related to a dimension characterising the local scale of
the turbulence. Reference 22 includes a discussion of
a number of different models of turbulence which can now
be used beczuse of the freedom conferred by numerical solution

procedures.
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1.4 Presentation of material in this thesis.

The turbulence models and the experimental observations
_are the main components of the present investigation; the
ultimate goal is the comparison of the experimental results
with predictions based on the different models, and the
'conclusions that follow from that comparison.‘

The characters of the models are established in
chapter 2; section 2 of that chapter shows the two exten-
sions of the simple Prandtl mixing-length expression for
effective viscosity by which it is proposed to account
for the effect of free-stream turbulence on mixing-layer
development. The differential equafions for k and z are
presented in section 2.4, together with the shear law
relating these quantities to the effective viscosity;
the following section examines the boundary conditions
required to satisfy the k and z equations. The final
section of the chapter shows how, in some circumstances,
the basic mixing-length hypothesis and the k-z model can
be related to one another.

Chapter 3 is concerned with some analytical aspects
of the method used for solving'the differen tial equations,
including a brief general description of its operation,

- and details of the treatment of free boundaries.

Chapter 4 describes the adaptation of the computer

prograﬁmes of references 3 and 4 to the present problem.

This adaptation has been carried out in two stages.
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Initially, flow predictions were made for idealised mixing-
layers in order to obtain clear ideas about the character

of each turbulence model, and to ensure correct operation

of the programmes - in particular, to check the accuracy

of the solution procedure. The results of these predictions
are presented and discussed. The second stage of calculation
required further development of the programmes to obtain
more realistic ppedictions which could be compared directly
with the experimental results. These developments are
described iﬁ chapter 4 but the comparison itself is

deferred until chapter 6.

The intervening chapter deals with the experimentai
work. Descriptions of the apparatus and measurements are
followed, in sections 5.5 to 5.7, by a presentation of
the experimental results.

Section 5.9 is a detailed discussion of the actual
flow conditions in the measurement section of the
apparatus; this section, and section 6.1, between them
constitute an examination of the extent to which comparison
of theoretical and experimental results is valid. The
remainder of chapter 6 covers the actual comparison. The
main purpose here is to discover how well the predictions
can be made to match the experimental observations, by
appropriate choice of the numerical coefficlents contained
in the models. In the case of the k-z model, the .
possibility of improving the agreement with experiment

by further refinement of the model is considered.
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Chapter 6 is thus the culmination of the thesis; it is
followed by a short concluding chapter which rounds off
the present work-a;d makes suggestions for further )
developments in the same field.

Details of the computational side of the work are
contained in the appendices. These include, in addition
to the most important points of the main finite-difference
programmes, the extra programmes written to process the
experimental observations, and to recalculate the Tollmien-
Kuethe mixing-layer solutions.

The main parts of the work are thus seen to be
contained in chapter 2, the second half of chapter 5, and
chapter 6. The‘infervening sections, and tﬁe appendices,
are concerned with the suppofting material. On the first
reading, the reader should find that, by passing from section
2.5 to section 5.5, he will be able to extract the essence
of the work with the minimum effort.

Tables of values are contained in the body of the text
at the point of first reference. Explanatory diagrams, and
photographs of experimental apparatus are also inserted in
the text, where they most conveniently support its development.

Graphs of experimeﬁtal and predicted results are
arranged in a block at the end of the main text, and thus
provide a collected graphical display of the products

of the investigation.
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2. THE TURBULENCE MODELS

2.1 General descriptions of the models.

The Boussinesg concept of effective viscosity in
turbulent flow, embodied in equation 1.2—2,is incorporated
in both of the turbulence models used in the present
work. Also, following the usual practice, the effective
viscosity is equated directly to its turbulence component,
ignoring the contfibution to the shear stress which is
produced by molecular diffusiop.

The mixing-length hypothesis. The way in which the

simple mixing-length hypothesis models turbulent motion
by supposing that the intermolecular exchanges, envisaged
in the kinetic theory of gaseous behaviour, are repeated
on a macroscopic scale, is now well known, and the result-
ing effective-viscosity expression, equation 1.2-3, is
well established. The shear laws used here are extensions
of the basic law; in each one an addition is made to the
mixing-length effective viscosity. The extra term is
proportional to the relatiﬁe'turbulence intensity in the
free streams outside the mixing layer. Thus, in effect,
ffee—stream turbulence is assumed to increase the mixing
length, whose value may now vary with transverse position,
instead of being independent of y as in the basic
hypothesis.

These modifications of the mixing-length model are

presented in section 2.2.
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The Kolmogorov model. Kolmogorov recognised that

in turbulent motion the scale of the fluctuations covers
a wide>range. The size of the largest eddies is represented
by ﬁhe mixing-length; the scale of the smallest ones
(the "internal scale", or "microscale") is such that the
moleular viscosity of the fluid is effective in dissipating
the kinetic energy of the eddies. He argued that the
character of the motion is largely determined by the
internal scale and the corresponding rate ofldissipation.
By assuming that- at this end of the size range all
turbulence is effectively homogeneous and isotropic,
Kolmogorov was able to make use of detailed analyses of such
motion carried out by Taylor, von Karman, and others.
The analysis is outside the scope of the present work, but
a detailed treatment is given by Hinze (chapter 3 of
reference 23). The set of three differential equations
derived by Kolmogorov is displayed in reference 2, which
is reproduced, for convenience, as appendix Dj; the
dependent variables in these equations are, respectively,
the time-mean velocity, the turbulence kinetic energy,
and a "characteristic frequency"; they apply to all
uniform-density turbulent flows. After being reduced to
the parabolic form appropriate to steady flow of boundary-
layer type, these equations can be solved by the finite-
difference method of references 3 and 4.

Before proceeding to examine these differential

equations in detail (in section 2.4) it is worth noting
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two important features of the model. Kolmogorov's
proposal is a scalar description of turbulent motion,
in that it does not differentiate between the components,
in different directions, of the fluctuations of velocity.
Consequently it is not possible to use it to predict the
size of the velocity fluctuations in any particular
direction, or the corresponding relative turbulence
intensity. |

The second point caoxerns the characteristic frequency.
This is a hypothefical quantity, since in no real flow
will the fluctuations all be associated with a single
frequency. In this sense it resembles the "equivalent-
sand—-grain roughness dimension" used to. represent the

size and shape of the irregularities of a rough surface.

2.2 Modification of the mixing-length hypothesis.

As previously mentioned, the two mixing-length
variants used in this investigation are based on the
Prandtl hypothesis, for which the effective viscosity

is given by the expression:

2U

Y (2.2-1)

= ptf,z

Peff

It is reasonable to assume that the effect of free-
stream turbulence will appear near the edges of the
mixing-layer, if at all. This requires that the modifica-

tion of 2.2-1 take the form of an additional term, rather



than a multiplying factor; the latter would leave Peff
unchanged, with the value zero, at the boundaries of

the layer. We therefore write:

oU

Pogs = pwl—& (2.2-2)

* Peff,add
and assume, in the first place, that the extra term hsas
the form:

= Ap»{;ur’IE (2.2-3)

FPeff,ada
where u. represents the velocity fluctuations (to be
consistent with later usage in the k-z model, u. is taken
to be the root—mean—sduare value of the fluctuating
combbnent of velocity, irrespective of direction), and
the subscript IE denotes that the free-stream value of
u. is to be used.

A little thought indicates that some modification
of the new expression will be required. 1In the first
place, it is necessary to cater for cases in which the
turbulence intensities in the two streams are unequal.
Secondly, the available experimental evidence suggests
that the increase in effective viscosity should be
related to the relative, rather than the absolute,
intensities in the two free streams.

The final modification proposed for eqguation 2.2-3
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arises from the need to deal with a range of values of the
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stream velocity ratio, UE/UI.' It is known that the
inherent turbulence level in a mixing layer decreases

as UE/UI approaches unity; it is reasonable to suppoOse
that a given level of free-stream turbulence will have
a proportionately larger effect wheﬁ UE is close to UI
than when it_is relatively’sméll; A multiplying factor,
(B+UE/UI) say, would have the required effect.

These three changes can be brought about by writing

the complete‘Peff'expression as follows:

A, pLU(B E yrery CEY ), or) (2L )y
+ p b == —_—
1 Um0 g yE Yo U g YgTYg

= o2 Y
Pegs = o Iay

However, an alternative method, which would have
roughly the same effect, would be to regardtpeff,add not
as an addition right through the layer, but as a lower

limit to Perss thus:

~

U
pl?
the By
Pogs = greater < (2.2-5)
of L [( ry (JEY y,(ony (2L,
pLUL (55 + (5 -
- L A2 I yE YI U g YgY1

These two formulations for Pers will be referred to
as MU1 and MU2 respectively, for convenience; note that
suffixes have been added to distinguish the A's. They
are compared graphically in figure 2.1, with each other
and with the basic mixing length expressionj; in drawing
these diagrams the effect of the different Pors formulations
on the shape of the velocity profile has been ignored, for

simplicity.



34

One important difference between the two new
shear laws can be seen at this stage. With MU1 the
distribution curve for p_g. will always have a maximum

value near the middle of the mixing layer, whatever the

u u
r r
values of (ﬁ_)I’ (ﬁ_)E’ A, and B. In the second proposal,
on the other hand, the basic mixing-length contribution
u u
. r r
to p_cg can be submerged if (ﬁ—)I, Oﬁ—)E and A, are

large enough.

Further progress, in particular the detérmination
of suitable values for Ay B and A2, requires comparison
of predicted and experimental results. This process is

carried out in chapter 6.

2.3 Other features of the modified mixing-length predictions.

Although the expression for Pers has been made more
complicated, the procedure for flow prediction with the
mixing-length models remains essentially unchanged. The
momentum equation remains the only differential equation
to be solved, and no change is required in the boundary
conditions for it; the only castraint is that, since there
is no pressure gradient, UE and UI must be uniform throughout
their respective streams. The free stream values of
relative turbulence intensity, may, in contrast, be varied

independently both of x and of each other.
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One important choice, concerns the basis for
calculation of the Prandtl mixing length, 4. The present
work follows the usual practice of taking 4 proportional
to a characteristic transverse dimension of the mixing

layer. Several such dimensions appear in the literature:

Ynom = Y0.1 ~ Yo.9 (2.3-1)
= — U -

Yos —.(UE UI)/(BY)O.S (2.3-2)
EU - Ug U - UL

6 = j ﬁ__U-(i - ITT::)dY (2.3-3)
1 Y1~ U 17 YE

In the definitlons of the "nominal thickness", y and

nom’
the "mean-slope thickness", Yns? the subscripts denote
the value of the velocity-difference ratio (U—UE)/(UI_UE)
defining the pointrreferred to. The "momentum thickness",
6, is seen to be defined, relative to the slow stream, in
the same way as the momentum thickness of a wall boundary
layer (perhaps the name "relative momentum thickness"
would be a better one). .

Any of these three dimensions (or indeed, yet
another) can be used. Each has disadvantages, but it
can reasonably be claimed that 8 is more characteristic
of the whole velocity profile than the others; it also
has the practical advantage that its value will be less

affected by measurement errors for individual experimental

oints than either or .
p ynom Yms
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+

Whichever dimension is used, it is, of course,
necessary to associate with it the appropriate value of
the proportionality constant;tiroughout the present work
the momentum thickness has been taken as the basis for
calculating 4, thus:

L =)0 (2.3-4)
. After comparison of predicted and measured spreading
rates, the best value of A was found to be 0.50(see

section 6.2).

2.4 The k-z model.

The solution of the momentum equation, 1.2-1,
coupled with the general shear law, 1.2-2,requires
additional information about the behaviour of the
effective viscosity Pere® In the Kolmogorov model, Perf
is related to the turbulence kinetic energy, k, and the
characteristic frequency, z, thus:-

= C pk/z (2.4-1)

Peff = “u
wher Cp is a constant.

This relation is implied by the form of the aiffusion
term in Kolmogorov's momentum equation (see equation 1 of
appendix D, but note the use of different symbols); in
writing equation 2.4-1 the laminar contribution to the
effective viscosity is ignored, as usual.

Provided that z can be regarded as a hypothetical

quantity, %u may be set equal to unity, and this is the
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normal practice in the present work and elsewhere; at a
later stage, when measured frequencies are supplied as
input conditions for some of the flow predictions, the
possibility of a different value for C hasAto be
considered. |

After some modificatién,.described below, Kolmogorov's
equations for turbulence energy and frequency may be
written in the forms appropriate to steady flow of boundary-

layer type thus:-

3k ok 1 3 HMefs 3k, Meff au, 2
U + V=5 = = —(z————.==) +——(=—=) =~ C, kz (2.4-2)
ox )% p oY Preff’k Yy | p )% D
3z . oz 12 Mesfs 3z Mefs 32Uy, ? 2 3,2
U§§ + Vay =5 ay(Pr 3 )+ Cy pz(syg) - C,2% 4 C3(ay
eff,z
where CD’ Ci’ C2 and C3 are constants, and Preff,k and

Preff,z are the effective Prandtl numbers.

These equations now follow the general pattern for
boundary-layer equations. The first three terms in each
describe the convection and transverse diffusion of the
dependent variable, and the remaining ones allow for
generation and dissipation. The dissipation terms for
z (containing C, and C3) are additions proposed by
Spalding (reference 24), on the basis of experience with
a closely similar turbulence model (the "k-w" model,
briefly described in sectionA.8). Equations 2.4-2 and
2.4-3 also contain a rather different disposition of the

constants from that in the original proposal, and do not
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make use of the numerical values obtained by Kolmogorov
for some of them. The purpose here is to allow greater
freedom in the alignment of predicted and experimental
‘results. ‘ .

It may be added here that although the coefficients
c

D? Ci’ C2 and C3 and also Pr and Pr , are

eff,k eff,z
at present assumed to be constants, the possibility that
some»of these would be better treated as functions of
local flow conditions should not be excluded. Some
suggestions on this point are made in the clésing stages
of this work (sections 6.5 and 7.4 ). |
The solution of the U, k and z eéuatibns (equations
1.2-1, 2.4-2 and 2.4-3) together with equations 1.2-2
and 2.4-1, completely déscribes the distribution of these
quantities throughout the field of the solution. A more
comprehensive result is thus obtained than with the
mixing length model, although not without cost, since
the more complicated model naturally requires more
computing time. The application of the finite-difference
method of reference 4 to the solution of the equations for
the k-z model 1is described in chapter 4.
from the predicted distribution of the turbulence
energy, k, it is desirable to calculated values of the
turbulence intensity for comparison with the megsurements
of this quantity. Since k represents the total turbulence
energy while the measurements comprised only the x-

components of the fluctuating velocity, an assumption must



be made in relating the two. In the absence of informa-
tion about the distribution of k it is necessary to
assume the turbﬁlence to berisotropic, so that the
predicted x-component of the intensity is equal to the

mean value, u. given by the expression:

2k
the corresponding relative intensity is:
u l
r 2k {2
< = (—§) . (2.4-5)

The validity_ of comparison between this predicted value
of relative turbulence intensity and the experimental .

value is examined in section 6.1.

2.5 Boundary conditions for the k—-z model.

Since the momentum equation remains unchanged, the
boundary conditions required by it are the same as for
the mixing-length hypothesis, i.e., that UE and UI are
independent of x, the streamwise pressure gradient being
ZEero.

The addition of differential equations for k and =z
imposes additional cﬁnditions on the free streams.
Outside the mixing layer 2 is zero, and so the two

2%

equations, 2.4-2 and 2.4-3, reduce to:

39
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dk
Ua§ + CDkz =0 ’ (2.5-1)
and )
daz 2 _ ~ -
UE§ + sz =0 . (2.5-2)

Apart from k = 0 and z = 0, the simplest expressions
which satisfy these equations are, for the I stream,

—-C,/Cp

X
= kref,I(§—__) (2.5-3)
. ref

~
I

and

N
i

= UI/C2x (2i5—4)

where the suffix "ref" indicates a set of reference

at
conditions. These expressions imply that/x = 0, i.e.,
at the hypothetical origin of the layer, where its width

is also zero, both k and z are infinite.

Equations 2.5-3 and 2.5-4 lead to the following
u

expressions for the x-wise variation of Pess and (ﬁE)

in the free streams:

_ PCokres,1 2C/Cp /%

Pets,g ~ U] ref

' (2.5-5)

and N

(ry o4 Kref, 1 x >—C2/CD32 (2.5-6)
Try 3 5

Uu’'l U 3 X

I ref

Expressions similar to 2.5-3,4,5 and 6 hold for the E

stream.
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A partial verification of equations 2.5-3 and 2.5-6
can be found in the results of measurements of the
streamwise decay of artifically generated turbulence.
For example, Batchelor and Townsend (reference 25) found
that isotropic turbulence downstream of cylindrical rods

decayed in accordance with the rule:

2% (2.5-7)
r

which agrees with the form of equation 2.5-6 if C2 and CD
are equal. It will be seen later, however, that there is
reason to doubt that either equation 2.5-6 or 2.5-7

exactly describes conditions in the free-stream regions

of the flows measured in this investigation.

2.6 The relationship between the k-z and mixing-length

models.
In general it is impossible to find simple relation-
ships between similar quantities predicted by the k-z and
mixing-length models. For example, a characteristic length

for the turbulent motion can be defined, for the k-z model,

by:
i
k?/z , (2.6-1)

&
mn

but LS differs from the Prandtl mixing-length 4 and there

is no general and simple connection between the two.
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A simple relation can, however, be found when a
particular condition is satisfied - that the generation
and dissipation rates of turbulence energy are in
balance, for then the last two terms in equal 2.4-1

cancel one znother, so that:

2

k, U0
Z(B_y - CDkz = 0 (2.6-1)
-1 3u
— 2 == -
z = CD >y (2.6-=-2)

Combination of this equation with 2.4-1 and 2.6-1
leads to the following expression for the turbulence

effective viscosity:

. -1 U

= 2 2 Z= -
HFesr = CpcD p‘r's Yy (2.6-3)

This is similar in form to the corresponding expression

for the mixing-length model, equation 1.2-2; the comparison

shows that: -

]

u -1
12 = =L _c e he cPcD‘%k/zz (2.6-4)

pg{,’

and finally we have:

U, 2, %
k = (4,-5;) /< c}J1 (2.6—i5)
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Apart from showing more clearly than before how
the two turbulenpe models are related, these equations
~have direct utility. 1In the absence of-more precise
information about k and z, 2.6-2 and 2.6-5 can be used to
establish approximate profiles of these quantities, for
example, as part of the initial conditions at the begin-
ning of the flow prediction. This device has, in fact,
been used in some of the k-z computations described in

Chapter 4.
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3. ANALYTICAL ASPECTS OF THE SOLUTION PROCEDURE

3.1 Introduction.

A complete exposition of the Patankar-Spalding
finite-difference method is given in references 3 and 4,
but for the reader's convenience some aspects of it, which
‘are of particular importance in the prediction of free
turbulent flows, are described in this chapter.

The function of the method is to solve the (pafabolic)
partial differential equations which represent the
behaviour of steady two-dimensional boundary-layer fldws.
Any number of such equations can be dealt with simultaneously;
and in addition.to accommodating a wide variety of fluid
variables, the procedure can be used for both plane and
axi-symme tric geometries. Howéver, for its application
to the present problem, its main virtue is the freedom
it affords in the choice of effective viscosity formulation.

The following section shéws how the general method is
applied in the solution of the momentum equation for plane,
isobaric flow. The special treatment required at free
flow boundaries, and the way in which the rates of entrain-
ment from the free streams into the mixing layer are
calculated, are presented in the remainder of the chapter.

The general form of solution of the differential
equations for k and z is precisely similar to that for the
momentum equation, and is not described here. These

equations do differ from the momentum equation in one important
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respect - they contain "source" terms which represent
generation or dissipation of the dependent variable. The
way in which these terms are dealt with is shown in appendix

A.6.

of the finite-dZdifference method.
dinate
ystem for plane flow is indicated

3.2 The analvticzl bzs
co-
The appropria e/

HIJ

in figure 3.1. The stream function t is defined in the

usual way:

%}% = -V , -g—y?- = pU (3.2-1)

and then converted into non-dimensionzl form:

t - g
w = ?E:—EE' (3.2-2)

The suifixes I and E refef to the limits of the field
of the solution; at these boundaries w always has the
values zero and unity respectively.

The computations are carried out with x and w as
the independent varizbles; in terms of these, the solution
field is a rectangular grid formed of lines of constant
w (in the flow direction) intersected by transverse lines
of constant x. The physical width of the grid (yE—yI)
is made to increase with X so that it always conforms

closely to the width of the boundary layer itself, i.e.



so that it always includes &all the significant‘variations
of the dependent variables. This is achieved by ensuring
that the width of the grid increases to accommodate all
the fluid entrained from the free streams into the layer.
The way in vwhich the entrainment rates, m; and mE are
determined, is shown in section 3.4.

| To recast the basic differential equations in the
form required, with x and ® as independent variables, they

are first re-derived in the x-t{ (von Mises) co-ordinate

system. The momentum eguation takes the form:

U P} .
= = a?(T) (3.2-3)

This is, in effect, the same as equation 1.2-1, the term
in V having disappeared because the streamwise distance, =
X, 1s now mezsured along individual streamlines instead
of along a predetermined axis, as before.

The transformation of eguation 3.2-3 to the x-w
plane, coupled with the introduction of the effective

viscosity relztion 1.2-2, leads to:

B . (pe U L 22U 3

= ¥ (a.bm)Em = Ew(oﬁ) ’ (3.2-4)
in which

a = é%/(ﬁE—tl) ’ (3.2-5)

b = (%ﬁ - h;)/(¢E3¢I) , (3.2-6)
and ’ ) ) )

J— 2
c = pQPeff/(iE—#I) . (3.2-7)
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The compdtation has the object of determining the
values of vélocity U at all the intersections of the grid
lines within the layer. It follows a step-by-step
"marching integration' process; the known values at
any transverse grid lihe, together with the known boundary
values UI and UE’ are used to obtain the values of U at
the next station downstream (k+6x). The basic unit in
the formulation of the finite-difference equations, by
which this procedure is effected, is the elementary control
volume shown in figure 3.2. The result of integrating

3.2-4
equation/across this region is expressed in the form:

U. = A.U + B.U + C (3.2-8)

in which the coefficients A, B and C depend only on the

U.

U’ u

LJ [ Jd
U m!, m!
-——,

T, Mg, and Peff)3

the significance of the subscripts is shown in the diagram.

known upstream values (UU++’
In the construction of each such equation the
velocity is taken to vary linearly with w in the intervals
between grid-lines; in each x- interval, the valueis taken
to be uniform along any one w grid-line and equal to that
at the downstream point, D. One equation of this type is
formed for each internal w grid-line, each equation covering
two half-intervals of w, one on each side of the line.
At the I and E boundaries, departures from this
practice are required. If the boundaries are free, as

in the present problem, then a linear U-w relationship
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through the actual boundary value UI or UE is clearly.
unsatisfactory, because the velocity gradient at either
edge of the layer must be zero. To overcome this
difficulty, fictitious values of velocity are introduced
at each boundary; the finite-difference equation for the
boundary is based on a linear variation between this
.fictitious value and that for the adjacent grid-line, as
indicated in Fig. 3.3. The principles underlying the
calculation of these "slip" velocities are deécfibed in the
following section.

The total number of finite-difference equations
formed is equal to the number of grid-lines (including
the I and E boundaries). They are solved by a simple
process of successive substitution, and yield the values
of velocity at all D points. The entrainment rates f"

I

and hﬁ are then calculated for the newly-determined velocity
distribution at (x + 8x); these also are assumed uniform
within each x-interval. This enables the increase in
mass flow rate within the layer to be obtained, and -
consequen£1y the physical position (y ;o—ordinate) of
each grid point. The distribution of velocity at the down-
stream station is thus fﬁlly determined, and the whole
sequence of operations can begin again for the next
step in the x-direction. S~

The initial station chosen for the computation
procedure must have a non-zero width, and the condition

of the stream at all points in this station must be

specified.



3.3 Determination of the slip coefficients.

The starting point for the calculation of the
coefficients A, B, and C for the half-~intervals next to
the I and E boundaries of the layer, is the momentum
equation (3.2-4). Following the general practice, this
equation is integrated‘over the half-interval in question.
The following'derivation applies particularly to the I
boundary; an essentially similar one holds for the E
boundary. The appropriate limits are w1(=0) and W, ¢
it should be noted that the suffix 2 is reserved for slip
values (of U and other dependentAvariables) at the I
boundary, ‘as indicated in Fig. 3.3. Equation (2.4-1)

becomes:

2.5 2.5
%; J1 U dw + Jl (a+bw)%%dw—[c§%]12'5 = 0
(3.3-1)
(4,574
After multiplication by Tzﬁiﬁ____- , and the insertion

2.5
of the condition (%%)1 = 0 (the free-boundary condition),

this may be written as:

2.5 U 2.5

vl 7% U P o
w v W

1 2.5 1 2.5

W

U U _
Jgedw-Vu, sl55)o.5 = 0

(3.3-2)

where

K
m

)/6x( pU)

(o 5—¥y 2.5

ot
I

B (pU)2.5

=
I

u (ht~mt)w, o ? (3.3-3)
2(pU)2.5 ?

and

v =leff 2.5

) (¥ 5=vq) )

51
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Again in accordance with the general procedure, equation
3.392 is converted to finite-difference form; the first
term involves both upstream and downstream values of u,
denoted by suffixes U and D respectively, while the
remainder are written in terms of danstream values only.
In the present analysis, consideration of the special
character of the outer half-interval leads to the following
principle:-

In formulating the x-convection integral (in the
first term), or the transverse gradient (in the third
term), a linear U-w profile between (U,, 0) and (Uy, w3)
is assumed; when transverse convection through the I boundary
is in question, the free stream value U1~(E.UI) is taken.

The result is:

%E(U3+3U2) ~(Ug+30,,) (U, 40, =20, ) +o(Uy=U,, ) e (Uy=U, ) = O

3 1D 2
(3.3-4)
where N
A = VoMM'oY/2
2 E
- = &
By, =7
r (3.3-5)
. - Y(3U2+U3)U
2 2E
E =V + M- Mt + 3Y/2 J
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3.4 Calculation of entrainment rate.
| In order to calculate the rate of growth of a mixing
layer, it is neceésary to know the entrainment rates'at
.the boundaries; at any value of x the rate of increase of
the mass flow rate within the layer is the sum of the local
rates of flow through the two bouhdary surfaces, I and E.
The positions of these free boundaries are essentially
arbitrary, but this does not cause any difficulty - it
is nécessary only to ensure that the entrainment-rate
calculation is consistent with the definition of
boundary position which is used. [Note that in the present
co-ordinate system, the entrainment rates mg and mﬁ |
nofmally have positive and negative values respectively.l
Two separate methods for the determination of it

and m! have been used in the present investigation. The

B
first 1s a modification of that described in section 2.3 of
reference 3, for cases, like the present one, in which

the effective viscosity is not proportional to 3dU/dy, and
therefore does not vanish at the free boundaries. It is
based on the force-momentum equation (3.2-4), combined with
an arbitrary specification of a point through which the
velocity profile is desired to pass. In the present
author's analysis, equation (5.2—4) is written in the
following form applying specifically to grid-line 4 (this
is the line nearest to the I boundary which is convenient

for the present purpose):-



Sh

_ oU
a—u?i(C?ti’ (ax)4
(a+bw)4 == | — v (3.4-1)
elo] s (X
- aw aw 4 - -

At any step in the computation process, the oﬁiy
quantity on the right-hand side of equation 3.4-1 which
cannot be evaluated from upstream values is (%% .

.4
Initially this was obtained from the equation:

T, -uU
e (3,4-2),
D~ *u
- where U4 is an arbitrarily-chosen value close to UI'

This enables equation 3.4-1 and the Correspohding equation
for the Nth grid line to 5e solved simultaneously for a
and b, and hence for ﬁE and ﬁﬁ. The arrangement 1s easily
seen to be a device for controlling the growth rate of

the grid " so that transverse gradient %% is neither too
small nor too large in the vicinity of the I and E
boundaries, and undesirable truncation or extgnsion of the
velocity profile is avoided.

In practice, it was found necessary to vary (UI—B;)
and (Gk—UE) to suit the computational conditions, otherwise
excessively large values of ﬁg and mg resulted. This
refinement is examined in detail in Appendix A.10.

This method for calculating entrainment rate was
used for most of the mixing-~length predictions. For the

remainder , and for all the k-z computations, the simpler

method of references/was employed; it is described below.
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Where direct comparison of results using the two
alternatives was possible, the differences were found
to be negligiblef

The second method for calculation of entrainment
rate recognises more directly the afbitrary nature of
this gquantity. Since an arbitrary decision has to be
made at some‘stage, the analysis is best made as simple
as possible. A statement fixing the relative magnitude
of any two of the quantities Y, M and V also fixes the

relative magnitudes of U U, and Us, by virtue of their

17 72
connection with the coefficients A

B and C,. One very

27 727 2
simple example is:
M=V , ' (3.4-3)

which implies, as the entrainment "law':

( pU)
an 2.5 Peff 2.5 (3.4-2)

I Uy 5= ¥y)

The effect on A and C, depends mainly on the number

2s Bos >
of grid lines (N + 1) and on the step length 6x. When
both are large (i.e. when the grid rectangles have a high
length/width aspect ratio), A,,B, and C, are close to zero,
unity, and zero respectively; U2 is then close to U1 -
a satisfactory state of affairs.

In this case also a device to limit undesirably
large entrainment was found to be nécessary; when m; is
too big, (Ul—U3) becomes unnecessarily small, and the
velocity profile develops a long and wasteful "tail". A
simple correction is made by varyinglpeff,2-5 or ﬁg'so

that (Ul—U3) maintains a small, arbitrarily-specified size.
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4., THE FINITE~-DIFFERENCE PREDICTIONS

4.1 Introduction.

At this stage it 1s possible to describe the flow
predictions themselves. They were made by the method
of references3 and 4. Their purpose was to determine
how well the effects of free-stream turbulence on mixing
layer development could be reproduced by the turbulence
models presented in chapter 2. |

The firstgroup of predictions made with each model
were of idealised mixing-layer flows, starting from
simple arbitrary initial profiles, and with the simplest
possible boundary conditions. In the mixing-length
calculations, the relative turbulence intensity had the
same value throughout both frée streams during each
prediction, and the predicted velocity profiles became
similar in shape for large values of x; these are referred
to here as the symptotic solutions. In the parallel
calculations with the k-z model asymptotic solutions were
not obtained, since (except for the special case in which
the boundary values of k and z are zero) k and z must
vary with x in the free stream§.

Further details of these idealised predictions are
presented in this chapter,»and their results examined.
The main object in carrying out this part of the work
was to obtain general information about the character

of the analytical turbulence models. Their results are
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not intended to be compared directly with the experimental
observations, because they do not take into account
several significant features of the real flows.

The most important of these is the existence of an
outer mixing layer between each free stream region and
the surrounding atmosphere. This point is illustrated
in fiqure SéB in conjunction with the description of the
real flows, in section 5.9. As a result of the presence
of the outer mixing layers, the boundary conditions for
the middie one were less simple than has been assumed in
the idealised predictions.

Two other departures from ideal conditions were
a) the wéke produced by the dividing wall between the

two streams, and
b) the spatial non-uniformity of velocity and turbulence

intensity in the streams entering the working section.
It was possible to apprdach the real flows more closely,
but to different degrees, and in different ways.for the
two models. The details of these more realistic flow
predictions are given in sections 4.5 and 4.9 for the mixing-
length and k-z predictions respectively. The comparison
of the results with those of the experiments, 1s deferred
to chapter 6, after the describtion of the experimentzl
work itself.

The computer progrzmmes used for thése various sets

of calculations were identified by the following code nzmes:
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Idealised predictions, mixing-length basis: NEWMOD

Realistic n . - n " " : NEWMOD-F
Idealised " k-=z basis i : LAYER

Realistic " " " : LAYER-3
The main modifications made in defiving the se programmés
from tﬁe basic ones of references 3 and 4 are described
briefly in the following section.

Listings of the programmes are displayed in appendix
A, preceded by a description of the main coﬁputational
details. Appendix A also contains an examination of the
effect of varying the main computational parameters,.
such as the number of streamwise grid lines, the size of
the forward step, and the arbitrary velocity difference

appearing in the entrainment control sequence.

4.2 Adaptation of the basic programmes.

In applying the baslc programmes to the present
investigation, various modifications were made. The
most important of these arose in the incorporation of the
new turbulence models. Others arose from the particular
nature of the problem; for example, unless it was inconvenient
to do so, sections not required for uniform density, plane,
free turbulent flow predicfions were discarded.

Some of the specific changes made in deriving the

NEWMOD programme were:
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1) The restatement of the effective-viscosity sequence,
in accordance with equations 2.2-4 and 2.2-5.

2) The introduction of the momentum thickness as the
basis for calculation of the mixing length, as
described in section 2.3.

3) The change of entrainment-rate calculation to that

déscribed in the first part of section 2.4.

Only minor differences exist between the NEWMOD and
NEWMOD-F' programmes (see section 4.5).
The main changes made in the basic programme of

reference 4, to produce LAYER were:

4) The incorporation of the turbulence kinetic energy,
k, and the charateristic frequency, z, as the second
and third primary dependent variables.

5) The modification of the boundary conditions in

accordance with the analysis of section 2.5.

The particular functioﬁ carried out by the LAYER-3
programme, and the additional changes required, are
described in section 4.9.

All the progm mmes contained a final segquence in
which the output values from the finite-difference procedure
were processed for convenient comparison with other solutions
and with the experimental results. The most important
common features of these sequences were the calculations

of the following guantities:
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- The representative widths, y

and y (defined in
nom ms

section 2.3)

‘The velocity difference ratio, (U-UE)/(UI—UE).‘

The non-—-dimensional transverse co-ordinate y*/#8,
where y* is cross-stream distance measured
from the position at which U = (U +U.)/2

The velocity profile shape factors Ynom/g and yms/e,

~ The shépe factor for the turbulence intensity profile,

/8 (defined in section 4.7),

4.3 Results of the asymptotic mixing-length solutions.

The asymptotic solutions have been obtained for
velocity ratios over the whole range from 0 to 1, and

for free-stream relative turbulence intensities, (ﬁE)I

u
—=) of 0, 0.05, 0.1, and 0.2. In all cases

and ( T e

presented the values of these last two guantities are
equal, and independent of x. The calculations have

been ‘carried out with both the MUl and MU2 effective-
viscosity formulations. The main results are shown
graphically in figures 4.1 to 4.6; for these calculations
the values of A ’ A1, A2 and B were those found to give

- "best" agreement with experimental results, as shown in

section 6.2, i.e., N = 0.50, A, = 1.05, A

1 2 =

2 = 2.0, B

0.50.
Tt is immediately clear from the first four graphs

that there are considerable differences between the results
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from the MUl and MU2 versions, in the way that the
spreading rate dB/dé varies with U'E/UI and (ur/U)IE'

The difference is-ﬁost easily seen by comparing the
straight lines of figure 4.3 with the roughly hyperbolic
shapes of figure 4.4. With the MU1 formulation, any
.increase in (-;-L:-)IE always produces a propor tionate
_increase in d6/dx; with MU2, the effect of an incresse
is negligible when (ur/U)IE is small, particularly at
low velocity ratios. »

As might be expected, the differences batween the
results for the two shear laws are even more striking
when the predicted distributions of relative turbulence
intensity are coﬁpafed, as in figure 4.5. With the
MU2 version, the result anticipated in section 2.2 occurs
— the simple mixing-length component of)ueff is swamped
by the additional quantitydpeff,add; also, because A2 = 2,
the predicted increase in 55 is twice the free stream
value, so that a large discontinuity exists at each edge
of the iayer. Much better matching occurs with MU1, for
which the predicted value of ;£ at iiggsedge of the layer
can easily be seen td be A1(B+UE/UI)/as great as that
in the adjacent free stream. With A1 = 1.05 and B = 0.5,
exact matching is obtained when UE/UI = 0.45.

The corresponding differences in velocity distfibution
are much smaller, as figure 4.6 shows — so small that they

are probably more clearly indicated by the values of the

velocity profile shape factors ynomle and yms/B listed in



TABLE 4.1 : Mixing'—lenyf/t /:redic,tc'ons ; lbro—/'ile shape
factors, and Sﬁreadmj rofes

U, » MU{ MUZ
A Pl
T nawm ms ac nem S
. 1 78 & da ] %‘ Az
| o 473 | 547 | o111 43 | S17 |01t
04 | 05 | 467 | 495 |-0187 || 454 | 4.4z | -0156
{0 | 463 | 484 0261 || 454 | 445 | -0309
| O | 4yz | 547 |-0064 || 442 | 517 | 0064
06 | 05 462 | 482 |-0/58 454 | 443 | 0158
-10 4-60 | 4¥0 |-0250 || 454 | 443 | 0316
]l o0 4z | 518 |-0029 || 443 | 518 |-0029
08 | ‘05 | 458 | 465 |-013g || 454 | 4.42 | ‘0160
10 456 | 4.55 |-0248 || 452 | 4-4{ | ‘0320




IABLE 4.2 : Comparison of fihite -difference (NEWMOD) ‘

results with exact solution (kuesoL)

UE/UI =04 : “ UE/UI =08

NEWMOD KUESOL NEWMOD KUESOL
%“ VDR g,_. gg% VDR UB;: % VDR &% VDR g;: %}J
x {00 x/oo x {00 x foo
36 | 999 | 04 | 999 | 0% | 992 | 032 | 497 | 04g
-32 | -g86 | 34 985 | 33 || -g80 | [23 | .g%0 | {-2{
-28 | 956 | &5 956 | 55 944 186 | «q4q | 1-85
-24 | g4 | ¥3 ‘913 7.3 .qoy | 244 -Gob | 2-40
-2o0 | 80 | 88 859 | 88 854 | 287 | 854 | 2:86
16 | gy | 100 »/97 Q9 || yg3 | 324 | Y93 | 323
-2 | .y28 | 108 | Y28 | 108 . | yz5 | 353 | .725 | 254
-08 | 654 | 114 | 654 | {13 | 653 | 372 | 653 | 37/
~0.4 | 5Y¢ | 116 SYY | 11-6 SYY | 384 | oYy | 383
o 500 | 116 500 | {16 .500 387 | $00 | 386
04 | 423 | {14 423 1{.4 || 423 382 | 423 | 381
0-8 | -349 10.q 349 ' 109 | -348 369 | 348 | 368
1.2 | 2y¢ | {02 “2Yq 102 276 | D48 | 2y | 34Y
16 | 2(3 | @3 214 | 93 | -2fo 3-19 210 | 3-/8
2.0 -165 8-3 155 82 {50 2-82 -150 2.81
24 | fod | YO | o4 | Yo | -09% | 238 | -098 | 23Yf
28 | 062 | 56 062 | 56 055 | 18Y | -056 | {86
32 | -030 | 4.0 030 | 4.0 024 | 128 0z4 | 1277
36 | 009 | 23 009 | 23 | -005 | O-fo | -005 | 061

40 | .000 | 03 000 | 04 l .000 | 0-00
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Table 4.1 for velocity ratios 0.4, 0.6, and 0.8; this

table also contains values of the spreading rate d6/dx

for these velocitf'ratios. *
One important conclusion which can immediately be

drawn from these collected results is that the shape of

the velocity profile is the least satisfactory feature

on which to base conclusions about the form of the

- shear law. An investigation relying solely on the

comparisqQn of predicted and measured velocity profiles

cannot be expected to yield reliable information about

the effective viscosity.

4.4 Comparison with the exact analvytical solutions.

‘When the constant A1 or A2 is set at zero, both
the MU1 and MU2 shear laws reduce to the original
Prandtl mixing~length version. The asymptotic solutions
so obtained may be compared directly with exact analytical
solutions of the boundary-layer equations, in particular,
those of Tollmien (reference 55 and Kuéethe (reference 6).
To obtain more accurate results for the analytical
solutions than those normally available, these have been
re—calculated, using a short digital-computer programme
called KUESOLj; details of both the analysis and the
programme are given in Appendix B.
7 Results from the KUESOL programme are listed with
the correspénding finite~difference results in Table 4.2.

The agreement can be seen to be very close everywhere.



TABLE 4.3 : Boundary Condit'iéns Hfor NEWMOD-F predictions

i 85 Statiow! | Stakin2 | Statin3 | Stabion 4
Y s

HHRES R IPIBOIGIN 6!
544! 1o |-06q 1-087 |/5 ‘.05(|-080 | 20 |-044 | -100

5 5 | 10 .0Y6 +083 |I5 |-053|-064 (20 |[-046 060

5|83 /0o |085 |-084 |I5 |.063 |-062 |20 |-047 |'O53

4 -dp /0 [-090 | -104 | )5 |-065|.085 |20 |.053 -09b

4 |6o| lo <082 |-091 | I5 |-062!-06% |20 |-05(|-064

4 (.83 {0 | 083 *083 | /5 |-05¢ | <063 |20 |-047|-053

— 40| 5.0!.006 |-010 |(O {-006|-016 | [§ |"009 03] |20 |-O(4|-052
—16o| 10 |:006|-00Q | 15 |-008 914 |20 |-0if |.024

—|-7g| 10 ‘006 | 008 |15 (008 |-012 | 20 |-010|-015 |25 |-015|-02¢
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4.5 More realistic mixing-lencth predictions.

The starting-point for these calculations is
provided by the experimental velocity profile derived
ffom the readings for the upstream traverse station.

In the prediction of the downstream development'of the
. central mixing layer, the velocity in each free—stream‘
was taken as constant, and the turbulence intensity
~varied with x in accordance with the values observed at
the traverse stations.

In this way, except for the free-stream velocity
variations, all the 'real' features of the actual flows
mentioned in the previous section were taken into account,
albeit in a rather elementary manner, necessitated by the
nature of the mixing-length hypothesis and tpe extent of
the experimental information. The observzaytZTOCity
variations could not have been included without implying
the existence of a spurious streamwise pressure gradient.
A practical difficulty arising from the transverse
variation of velocity was that of assigning precise
values of UI and UE' The way in which‘the points
marking the I and E boundaries of the layer were located
in the data—prOCessiﬁg programme is explained in Appendix
C.

The values of velocity ratio UE/U , and of the
relative turbulence intensities at the I and E boundaries
at positions éorresponding to the traverse stations, are

set out in Table 4.3; this table is similar to Table 5.1,

which gives the actual running conditions in the test section.
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The modifications required in the NEWMOD programme
were slight and involved no further change in its basic
operation; they were confined to the main section of the
programme, and largely concerned with the alignment of
the predictions with the experimental measuring stations.

A more detailed description of the programme
' (NEWMOD-F) and a listing of its main section, are given:
in appendix A.4. The way in which the values of the
constants A , A, and B were determined, and the correspond-

ing flow predictions, are described in section 6.2.

4.6 The idealised k-z calculations.

With the k-z model, k and z must vary with x along
the edges of the mixing layer, as explained in section
2.5. Similarity of the velocity profiles is achieved
only when k and z are both zero at the boundaries. Apart

from this special case, the simplest solutions are obtained

vhen:
a) the velocities Uy and U, are uniform, and
u u
b) the relative turbulence intensities (ﬁE)I and (ﬁE)E

are egual at any value of Xx.

A considerable number of calculations with boundzary
conditions of this type have been carried out, with the
object of determining the general effects of varying the
effective Prandtl numbers, Preff,k and Preff 29 and the

3

constancs Cl’ C2, C3 and CD, on the main features of the
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mixing layer, as a preliminary to the more realistic
predictions described in the final section of this
chapter. ’ )
The starting conditions used for the present
calculations are indicated by figure 4.7. Details of
these and other features of the predictions are
contained in section A.5. The work was arranged to
"give solutions for values of the free-stream turbulen;e
intensities in the range .01 to 0.20.
Some preliminary information about the values of
the constants was available from previous work with
the closely similar "k-w" turbulence model. (The relation
. between the two ﬁodels is shown in section A.8). During
the present calculations, they were varied within the

following ranges:

Preff,k and Preff,z 0.4 to 1.0
Cp .08 to .12
C1 0.0 to 6.0
C2 .08 to .10
C, .50 to’ .65

Collected results, in the form of graphs of spreading

rate d6/dx, and profile shape factor 1/8, plotted against
a - oL

r 3 L4 2 -
(T )IE with UE/UI as parameter, are shown in figure 4.8;

the values used for the constants were in the middle of

each range, and are listed on the figure.
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It is interesting to note at this stage that the
shape of the upper graph appears to be a compromise
between the corresponding figures for the modified-mixing-
length calculations (figures 4.3 and 4.4). The general
shape of the new graph is similar to that for the MU2 shear

u

law, but the slope of the lines for high values of (5£)IE

is nearer to that for the MU1 version.

4.7 The effects of varving the constants.

For a given set of boundary conditions, the angle
of spread of the mixing layer and the predicted variations
of U, k and z within it, depend on the values assigned to
the constants. Significant features of the flow which can
conveniently be used to judge‘the effects of varying
these values are:
a) The growth rate of the layer, for example d8/dx.
b) The shape of the velocity profile as indicated by
the ratios of pairs of representative transverse
dimensions, e.g. yms/e.
c) The shape of the distribution of k or u /U; for
-our purpose the latter is more convenient since it
allows direct comparison with experiment. An
appropfiate guantity 1s m, the "excess relative
turbulence intensity thickness", defined as:
. E u u -
JI[—% - (-‘-f—I)IE] dy
n = a a ’

r r
(_ﬁ)max - (—ﬁ)IE

(4.7-1)
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the significance of the suffixes being indicated by

diagram figure 4.9; the ratio 1/8 forms a shape factor

for the turbulence intensity profile.

A similar treatment of the z-profile would not be

possible, as 2z is not necessarily an experimentally-

observable quantity.

Examination of the exploratory solutions leads to

the following qualitative conclusions about the effects

of varying the constants:

1)

2)

The profile shape factors 1/6 and yms/e are affected

most by variation of Pr and relatively little

eff,k’
by changes in the other constants.

The spreading rate d6/dx is controlled mainly by

C2 and C3, while CD also has a small effect; the
influence of Cl’ and of the effective Prandtl numbers

for k and z, is practically negligible.

A guantitative basis for these conclusions is

provided by the calculation of the appropriate influence

coefficients. The influence coefficient ip indicates

3

the effect of variation of guantity p on quantity g

and is defined as:

or,

i =R dg (4.7-2)
pPsd g dp
in finite-difference form:
pmean AQ

i
jSERe| 9nean Ap
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In tables 4.4 to 4.9 are tabulated the values of
the influence coefficients which express the effects of
all the constants on the shape factors and the spreading

rate. The more significant of these influences are also

displayed graphically in figures 4.10, 4.11 and 4.12.

- 4.8 Strategy for determining the main k-z constants.

Between the constants (Preff,k’ Preff,%’ Cpr C45 C2,

r
(T)IE) , and

the output quantities (d6/dx, ynom/e, yms/e, n/68) there

C3), the boundary conditions (UE/UI’ I
exists a complicated set of interdependencies. However,
the results displayed in the previous section show that
some of the constants are more important than others,
eff,k’ Cp’ C2 and C3. Further consideration
leads to the following strategy for determining, at least

notably Pr C

tentatively, values for these:

a) The predicted value of 1/0 is strongly dependent
on Preff,k’ and is hardly affected by any of the
other constants. The best value for Pre £,k can
therefore be readily determined from a comparison
§f predicted and e#perimental values for n/8. These
are shown in figures 4.10 and 11, and in Table 5.2 °
respectively. The comparison indicates that the

best value for Preff,k is €lose to 0.7.

*Facing page 100.



b)

79

The next most significant effect is a double one - the

combined influence of C., and C., on dB/dx.

2 3
Unfortunately, the real flow conditions wefe too
complicated to allow direct comparison with the
idealised k-z predictions; a move which can be made
instead, is to compare the k-z predictions for zero
free-stream turbulence with the corresponding mixing-
length results. In figure 4.13 are shown the
variations of (%ﬁ asym with C2 and C3, for velocity
ratios 0.4, 0.6, and 0.8. Also indicated are the
single values of (%g asym predicted by the mixing-
length analysis (with A = 0). To obtain these same
values with the k-z model, it would be necessary

for C, to vary with C2 approximately in accordance

3
with the Ffollowing eguations:-

= A . = - e
U'E/UI = 0.4 : C3 8.5C2 156
— - = - A A 8-
n = 0.6 : Cy = 8.4c2 .148 4% (4.8-1)
" = O.8 . C3 = 8. 3C2 - . 144

The closeness of these three equations indicates the
degree of agreement between the k-z and mixing-length
models for this range of conditions. For the present
burpose they can be replaced by the single equation
C3 = 8.4C2 - .150 (4.8-2)
Any atéempt to abstract more precise information from

the comparison would be unjustified, as it would place

undue weight on the accuracy of the mixing-length

‘predictions, and ignore the effect of possible

adjustments of the other constants in the k-z model.
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It is worth remembering at this point that the
mixing-length results do receilve some support from
the experimental work of Sabin (see figure 1.3,
and the accompanying discussion in section 1.3).

c) Knowledge of Pr and of the relation between

eff,k’
C2 and C3 provided by equation 4.8-~2 will limit the
amount of further work required to determine the
full set of constants. By paying particular
attention to the results for high stream turbulence,

one may hope, for example, todetermine the best pair

of values of C2 and C3 fairly easily and quickly.

4.9 Predictions of the total flow.

One obvious way to allow for interactions, between
the central mixing layer and the outer ones on either side
of it, is to apply the finite-difference procedure to the
whole stream of moving fluid. Of thevtwo turbulence
models used in this investigation, the k-2 model is clearly
more suited to this particular task, as.it is inherently
able to predict the expected streamwise decay of turbulence
in the free-stream regions. The LAYER-3 programme version
was developed for these "overall" predictions.

In view of théEgreater complexity of the k-z calcula-
tions, and the fact that the experimental measurements
did not extend right across the whole stream, it was
decided that these predictions should start from a semi-

idealised set of starting pfofiles supposed located at the
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upstream end of the working section. These starting
conditions are indicated by figure 4.14 and described

in detail in appendix A.7. The velocity was assumed

to be uniform across each free stream, and to vary
sinusoidally in the central wake region and the two

oute: mixing layer 1In the calculation of the initial

- values of k and z, use was made of the approximate
-exXpressions derived in section 2.6 by comparison with

the mixing-length hypothesis. The parameters‘defininé
the central wake were chosen, by trial and error, to give
general agreement between predicted and measured conditions
at the first measuring station.

For ‘the high turbulencé cases (those simulating
experimental runs with the turbulence grids in operation)
the initial value of z in the free streams was calculated
to coincide with the preferred frequency of the velocity
fluctuations deduced from the energy spectrum, as described
in section 5.8. For the 1ow—turbu1enée cases the
value 100 c/s was arbitrarily chosen.

Since, in these predictions, the central mixing
layer formed only part of the whole stream, a large
number of grid-lines was desirable; the chosen value of
N was 6. The number of grid intervals spanned by the
central mixing layer varied during the course of each
prediction, and was usually between 15 and 30. The
limits of the velocity and turbulence-intensity layers

did not normally coincide; the limits of these layers
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‘were located by separate sequences and the calculations
of 8, M, etc., were carried out between the respective
limits instead of across the whole stréam, as was
previously done.

Comparison of the results of early predictions,
obtained with LAYER-3, and the experimental resuits, led
to some further modifications of the model. These are

described and discussed in section 6.3 et seq.
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5. EXPERIMENTAL WORK

5.1 General description of the wind-—tunnel.

The general form of the apparatus used for the
experimental work is shown by Fig. 5.1. The working
section was immediately downstream of the junction of
 two nearly parallel ducts, and open to the atmosphere.

Each duct had a large settling chamber fitted with '
phoéphor—bronze wire mesh screens to smooth the flow.
From the outlet of each chamber a smoothly-faired
"Perspex" contraction lead the air to the working section.
The adjacent walls of the ducts were combiﬁed to form a
sharp trailing edge. Upstream of ﬁhis edge the inner

walls of the ducts were made of porous phosphor-bronze
sheet and formed a common suction box, connected by
2-inch pipework to a small vane-type exhauster. This
arrangement allowed the boundary layers on the inner
walls to be sucked away, so making the velocity at the
beginning of the mixing region more uniform.

The air supplies for the two ducts were obtained
from a centrifugal fan, which had a simple-flow-splitting
flap incorporated in the outlet, so that the air
delivered could be divided between the two ducts in any
desired proportions. The whole of the fan and motor
assembly was enclosed by filter cloth suppqrted by a light
metal framework, in order to reduce dust-contamination

of the hot-wire anemometers used in the working section.
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The twé settling chambérs and ducts were mounted
rigidly on a bench, .one above the other. For convenience
the lower one wa; horizontal. The connecting ductwork
was so shaped that the two air streams approached each
other at a small angle (approximately 8.50), and the
general direction of the mixed airstream was inclined
" downwards at about 15° to the horizontal. The observa-
tions were carried out with air speeds between 33 m/s and
39 m/s in the faster stream, and speeds down to about
14 m/s in the slower stream depending on the velocity
ratio required. The temperature in the working section
differed only slightly from the ambient value, while
the pressure was, of course, exactly atmospheric.

The apparatus was installed on a gallery in a
. medium-sized laboratory and discharged into a space of
about 1000 53. Fig. 5.2 is a photograph of the apparatus,

excluding the fan and the ductwork joining it to the

settling chambers.

5.2 The working section and traversing gear.

The top and bottom duct walls were cut off level
with the trailing edge of the common inner wall, while
deep side walls extended downstream a distance of about
30 cm. (Note that the nearer side wall has been omitted

from the photographs of the apparatus for clarity).
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" These provided some protection from draughts, but their
main purpose was to prevent the formation of mixing
regions at the sides of the Qorking section. The outlet
of each duct measured 30 cm. by 5 cm.
Fig. 5.3 indicates the orthogonal co-ordinate
system used to specify position within the working section.
The traversing gear was made mainly from heavy gauge
stainless steel tubing and brass angle plate and bar.
The base frame, which rested on a sloping exﬁzmion of the
main bench, incorporated two steel support tubes aligned
in the x-direction. The main frame slid along these-
tubes and could be locfed in.ény desired position by
thumb-screws. The sensing instruments (hot-wire
anemometer, pitot tube, and thermometer) were carried
on an arm projecting forward from the instrument carriage,
which moved up and down two steel tubes aligned in the
y-direction and rigidly supported in the main frame;
motion of this carriage was produced by a lead screw
(20 threads per inch) chain-driven from a small hand-wheel.-
The main frame was a rigid, triangulated structure,
and the method for supporting the instrument carriage
in the main frahe, and the latter on the base frame,
.was kinematically correct. In order to reduce position
error still further, the scale for measuring the y-
position of the instruments was mounted almost vertically

beneath them.
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Normaliy the readings of stream conditions were
taken in the central, vertical ﬁlane of the flow,
_ involving measurément of x and y co-ordinates only. ' When
required however (for checks on the two-dimensionality
of the flow), readings at other values of z could be
obtained by simply pushing the base frame sideways into

 the required position.

5.3 The method for increasing free—stream turbulence.

The air streams at the outlets of the ducts had
turbulence intensities of about 0.6%. When required,
higher intensities were produced by the oscillating grid
systems illustrated in the photographs, Figs. 5.4 and
5.5. FEach airstream had its own independent grid system.
Each system comprised a pair of grids which had an
oscillatory motion across the stream (in the y direction),
the motions being half a cycle out of phase, so that
at any instant the two grids in each pair were moving in
opposite senses. The grids consistedof four or five
small stainless steel tubes (3 mm. outside diameter)
held together by 10 B.A. nuts on two threaded rods. Each
grid was operated by a pair of éam—operated rocker arms,
with adjustable fulcrum positions,.the motive power being
pqovided through a flexible drive shaft from a variable-

§§eed electric motor.
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The spacings and mean positions of the tubes in
each gridwere adjusted by trial and error to give what
was judged to be the most uniform distributions of
velocity and turbulence intensity obtainable at the

beginning of the measuring section.

5.4 Instrumentation.

Apart from a few subsidiary observations, the
measurements required in this series-of experiments were
of velocity and turbulence-intensity distribution
throughout the mixing region and the adjacent free
streams. These measurements were obtained by using
the pitot tube and hot wire probe shown in Fig. 5.6.

The pitot tube was specially made for this rig,
from sﬁainless steel tube of 3.5 mm and 4.7 mm inside
and outside diameters, flattened at the forward end.to
produce an opening 5.8 mm (z dimension) by 0.38 mm
(y dimension). The front of the probe was rounded off
by hand to a smooth profile; This pitot tube was calibr-
ated in a separate wind-tunnel against a standard N.P.L.
elliptic profile tube. The disagreement between the two
was found to be nowhere more than 0.5% of indicated
velocity, within the range of the main experiments. In
use the pitot tube was connected to a T.E.M. micromanometer

filled with water and graduated in intervals of 0.2 mm.
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The hot-wire proﬁe used was a DISA miniature type
(55A25), having a tungsten wire of length 1.2 mm and
diameter .005 mm. The probe was always used with the
wire aligned in the z-direction. It was connected to
a standard DISA electronic box (Type 55D01) and operated
in accordance with the manufacturers instruction manual.

Other instruments used in the performance of normal
tests were:-

A mercury-in-glass thermometer, mounted on the arm

carrying the pitot tube and hot;wire probe.

Pitot tubes fixed in each of the duct contractiéns,

and connected to sloping manometer, to allow the

constancy of the flow rates to be checked; one of
these can be seen in the top 1eft—hand  rner of

Fig. 5.4.

A Hasler hand tachometer for measuring the speed of

the camshaft driving the oscillating grids.

A Fortin barometer.

5.5 Scope of experimental results.

Nine different combinations of flow conditions
were bbserved; for each of three velocity ratios,
approximately 0.4, 0.6, and 0.8, the apparatus was run
without the turbulence grids, and with these grids in
operation, first with four bars in each, and then with

five bars. Pitot and hot-wire traverses were made at
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‘diétances of 10 cm, 15 cm, and 20 cm downstream from
the trailing edge of the common duct wall; an extra
traverse was carried out in two runs where it appeéﬁed
that useful additional results would be obtained.

The complete set of running conéitions is listed
in Table 5.1. The values of UI and UE given Bere are
the velocities for the points taken as the outer limits
of the velocity mixing layer. -A routine for locating .
these points is contained in the data-processing
programme (see appendix C) the final selection of these
points is, ultimately and necessarily;a somewhat subject-
,ive'process. The relative turbulence‘intensities quoted
are the smoothed minimum values in each free stream,
and occur at short distances‘outside the velocity mixing
layer.

The experimental results are presented graphically
in three sets of figures, 5.7 to 5.9, 5.10 to 5.18, and
5.19 to 5.21. Each of figures 5.7 to 5.9 consists of
three diagrams drawn for one of the three velocity ratios.
In the lower one the momentum thickness 6, is plotted
against streamwise distance x, thus showing the growth
of the layer with each of the three grid arrangements.
The upper diagrams show the three distributions of velocity
difference ratio and relative turbulence intensity for

the middle traverse station (x = 15 cm).
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Figures 5.10 to 5.18 display the three main velocity-
ratio profiles for each of the nireruns. The positions
of the points taken as the edgeé of the velocity mixing
layer are indicated by short bars labelled I and E, and
the values of the stream Velocities<UI and UE are also
marked on the diagrams. In preparation for later
comparison aﬁd discussion, some velocity profiles predicted
by the finite-difference ﬁethod have been added at x = 20 cm.
Figures 5.719 to 5.21 show the observed profiles of

relative turbulence intensity.

5.6 The effect of stream turbulence level on spreading rate.

?he lower graphs in figures 5.7 to 5.9 show quite
clearly that for each velocity ratio the increased
turbulence produced by the grids causes an increase in
the rate of spread of the mixing layer; the prime
objective of the experimental investigation has thus
been achieved. Further examination shows also that the
increase in the spreading rate is proportionately greatest
for the highest velocity ratio.

These graphs,read in conjunction with Table 5.1,
also show that the results for four-bar and five-bar
grids are not very different, and that such differences
as do occur at not entirely consistent. At UE/UI of
0.4 and 0.6, increasing the number of grid bars decreases

the stream turbulence intensity and the value of 8 at



' x = 10 cm, but has little effect on d6/dx; for U /UL =
0.8, on the other hand, the extra bar has an insignifican
effect on the tﬁfbulence levels but reduces the spreading

rate

5.7 The turbulence-intensity and velocity profiles.

The middle graphs in figures 5.7 to 5.? demonstrate
anoﬁher marked change produced by the grids, one which
was not originally expected. When the free—-stream
turbulence level is increased, the intensity increases
right through the layer as well. For UE/UI = 0.8,
the increase is practically independent of y, but for
the lower ratios appears to be even larger at the centre
than at the edges of the layer.

In contrast, the effect of the grids on the shape
of tﬁe velocity profile is very small indeed; any
consistent differences which may exist are masked by
the experimental scatter. In addition, near the edges of
the layer, where the differences caused by stream _
turbulence would be expected to be greatest, there is
the extra masking effect of local irregulariﬁies in the
free-stream velocity distribution.

These comparisons have been made at the middle of
the measurement section, at x = 15 cm. The choice of
this station is a compromise between two conflicting

desires — on one hand to be sure that the mixing layer
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was fully estéblished, on the other to avoid excessive
distortion caused by interference from the outer
mixing layers, which are discussed in sections 5.9 and
5.10.

Experimental values of the profile shape factors

Y

/8, y__/0 and n/0 were determined, by measurement,
nom ms

from the velocity and relative turbulence intensity
profiles of figures 5.7 to 5.9, in accordance with their
definitions'préviously quoted (sections 2.3 and 4.7).

They are listed in Table 5.2.

5.8 Free-stream enerqgv-freguencv soectra.

To gain some idea of the character of the turbulence
generated by the grid system, a series of measurements
were made with a single-wire anemometer (aligned in the
z-direction as for the main observations), in conjunction
with a‘Wayne—Kerr frequency analyser (operating with a
constant band-width of 1 c/s). The results of measurements
taken at four difference vertical posi£ions across one
of the duct outlets, a short distance (2.5 cm) downstream
from the grid, are presented in the form of energy-frequency
spectra in figure 5.22. Ef is twice the specific turbulence

kinetic energy associated with freguency f, so that:

©
s 2 —
JoEde = u, (5.8-1)

where u, is the root-mean-square value of the fluctuating
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velocity cémponent. The outstanding feature of these
spectra is the single energy peak at a frequency of about
2400 c¢/s. Allowing for the logarithmic form of the
graphs, they show that about 90% of the total turbulence
kinetic energy in the‘stream was' associated with a quite
narrow band of frequency, between 2 kc/s and 3 kc/s.
During these measurements, the grids were operating in
the usual way, i;e.,oscillating in transverse planes

at a frequency of about 8.3 c/s.

Curves of similar shape, but indicating an even
greater concentration of energy at the preferred frequency,
were obtained from measurements taken when the grids were
stationary; the preferred frequency was again about 2430 c/s.

The Reynolds number of the flow around the grid |
tubes, based on mean stream velocity U and tube diameter,
d, was 6200; the cofreSponding value of the Strouhal number,
fd/U, is 0.18 (from e.g. reference 26). This indicates
a vortex-shedding frequency of 1950 c/s which differs
from the observed preferred frequency by 18%. Since
Ehe difference is not accounted for by the tfansverse
motion of the grids, it is presumably the result of the
particular configuration of tubes, and of changes
occurring in the structure of the disturbance between
the grids and the measuring station. Whatever the cause,
there is little doubt that the main source of turbulence
within the free streams is the shedding of vortices from

the grid tubes.
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5.9 Conditions in the working section.

Since the working section was open to the atmosphere
of the top and bottom, there wefe altogether three
mixing zones as indicated in figure 5.23; this was an
important factor in thé execut?on and interpretation
of the measurements.

For the convenience of specifiéation, and of
comparison with the theoretical predictions, the flow in
the working section should satisfy the following conditions:

1) Steady (in the time-mean sense)

2) Isothermal

3) Isobaric

4) Plane, two-dimensional

5) Uniform free-stream velocity

6) Free~-stream turbulence independent of y (in each

stream).

It can be expected, from the general nature of the
apparatus, that the first three of these conditions, at
least, are closely satisfied, and these expectations were
confirmed by observation. Minor fluctuations of pitot
manometer reading (usually up to about *1%), of the kind
usually experienced with turbulent flow, were observed,
but were normally damped out by an adjustable restriction
in the tube connecting the pitot tube and manometer.

The common source of air ensured that the two air streams
were at essentially equal temperature; the only variations

noted were the result of slow change of ambient temperature

within the laboratory. No measurements of static pressure
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were made, but in an open working section the only
possible variation of time-mean pressure is a transverse
one assoclated with curvature of the free streamlines;
no allowance for such curvature was made in the present
investigatione.

To check the uniformity and two-dimensionality of
- the flow, pitot and hot-wire readings were taken at
positions 2 cm and 4 cm on either side of the central
plane of the working section, for each of two values of
x—and at three vertical stations - one in each free
stream, and the third néar the middle of the central -
mixing regionj; these readings were taken for two velocity
ratios, both with and without the turbulence grids. Fig.
5.24 shéws the observed velocity distributions; the
ordinates of the points are values of the ratio of the
local velocity, U, to the velocity at x = 10 cm, z = 0,
in the faster free stream, Ui(iO,O)' For precisely
uniform two-dimensional plane flow each pair of curves,
for x = 10 and 20 cm, would coincide in one straight
horizontal line; in fact the upper and lower pairs in
each case come very close to this condition, and
indicate a very satisfactory degree of uniformity in
the =z direction within the free streams. This test is
not, however, sensitive to transverse curvature of the
flow (in the yz plane); the existence of such curvature
is shown by the middle.pairs of curves. The magnitude

of this curvature can be estimated from the velocity
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variation shown by these curves, and knowledge of the
velocity gradient dU/dy, obtained from the standard trav-
erses. 1ts value for the various flow conditions is
given in Table 5.3. Clearly the departure from pure
plane flow increases as the velocity ratio decreases,

but even in the worst case it seems unlikely that any
significant effect has been produced on, for example,

the velocity profile shape.

A combination of factors prevented completely
uniform conditions being achieved in the two free—stream
regions:

a) The impossibility of obtaining uniform velocity

and turbulence intensity at the outlet of each

air duct. When the grids were not in position,

the degree of non-uniformity was very small. With

boundary-layer suction through both surfaces of the

dividing wall, the momentum thickness of the

residual wake at its trailing edge was about 0.8 mm,

With the grids in place, the variations were

more marked. The profiles obtained were, nevertheless,

considerably better than those achieved in-earlier
attempts with grids of fixed bars. Even when these
fixed grids were so constructed that the spacing

of the bars could be adjusted, it was found

impossible to avoid general distortion of the

velocity profile in addition to the inevitable

ripple corresponding to the wakes of individual bars;
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(similar distortions of the mean profile were
reported by Baines and Peterson, reference 27, after
tests on flow through various types of screen).

The object in designing the oscillating grids was

to spread the disturbance over the whole stream s

and it was found to be relatively easy to adjust

the relative positions of the bars in these grids

to give acceptable profiles. Figure 5.25 compares
typical velocity profiles producgd at x =5 cm by
the vearious types of grid tried. The main experimental
velocity profiles are shown in figures 5.10 to 5.18
inclusive.

The inherent turbulence-dissipation mechanism
operating in the‘free streams downsitream from the
grids, and the interference from the adjacent mixing
layers. From the measurements taken it is impossib;e
to sepz=rate these two effects. The profiles all
indicate regions of nearly-uniform velocity on either
side of the central mixing layer. When the grids
vere operating, the irregularities in the free streams
tended to smooth out and the general level of
turbulence decreased with x. Without the grids,
however, the turbulence intensity outside the mixing
layer increased between the first and last measuring
stations. The measured turbulence-intensity profiles

are shown in figures 5.19 to 6.21; they indicate that
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in all cases the turbulence layers spread more
rapidly than the velocity layers, so that the free-
stream regions are considerably less extensive than

the velocity profiles alone suggest.

A final set of commissioning measurements were made
with a yawmeter traversed over the central x-z plane of
the working section. It was found that, within the area
covered by the main traverse stations, the direction of
the air stream did not differ by more'thanAiZO from the
mean, so that pitot-tube errors arising from this source

could be expected to be very small.

5.10 The choice of working—section dimensions and limitation

of the velocityv ratio.

The size and shape of the working section were the
result of necessarily rather arbitrary decisions. The
combined area of the air supply ducts follows from the
available air flow rate (itself a somewhat arbitrary
choice), and the decisipn to operate with mean air velo-
cities of about 25 m/s to reduce doubts about the possible
effects of stray air currents on the development of the
flow. The aspect ratio of the ducts (6:1 for each duct,
or 3:1 for the two together) was chosen in the'expeétation

that this would sufficiently minimise end effects.
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The position of/first traversing station (x =

10 ¢m) allows sufficient distance for the residual
trailing-edge wake from the dividing wall to be completely
eradicated, and for the ripple in the free stream velocity
profile, produced by fhe gridse to have decreased to
acceptable size. The distance between the first and last
measuring stétions (also 10 cm) allows sufficient distance
to examine the development of the central mixing layer
without serious interference from the outside mixing layers.
Because the spreading rate of thé central layer
varied with the stream velocity ratio UE/UI’ so too did
the maximum effective length of the working section. For
the higher turbulence intensities, the free-stream region
on the low-speed side, as indicated by the velocity
profile, only just reached to x = 20 c¢cm when the velocity
ratio was 0.4, and this value was taken as the practical
lower limit of UE/UI for: the present apparatﬁs. In
establishing this limit, the turbulénce intensity distribu-
tion may be ignored since in the corresponding theoretical
calculations the turbulence intensity can either be speci-
fied arbitrarily'as a boundary condition of the velocity
layer (in the mixing-length predictions), or else does
not appear specifically as input data (in the k-z predictions);
on the other hand, in the absence of a streamwise pressure
gradient, a uniform free stream velocity is an essential

feature of the calculations.
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Another reason for limiting the velocity ratio
at the lower end concerns the impingement angle of the
two streams (marked a in figure 5.23). Entrainment into
the mixing layer recuires a velocity component in the
z y direction; although the two streams are nominally
parallel they should, therefore, be inclined at an angle,
"as was, in fact, the case in these experiments. The
ideal impingement angle varies with both velocity ratio
and stream turbulence, and could not be predicted in
advance. It can, however, be shown qualitatively to
remain small until UE/UI approaches zero, when it increases
rapidly to 90°.

Ideally the upver limit for UE/UI is unity. As
this value is approached, however, the uncertainty

in the values of UE and U, become increasingly serious,

I

leading to proportionately large uncer tainty in the value

of (UI-UE) and hence of £, y , etc. For this

nom? Y

ms

reason no readings were taken with UE/UI higher than 0.83.
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6. COMPARISON OF EXPERIMENTAL RESULTS AND PREDICTIONS

6.1 Introduction.:

It is now possible to compare the observations with
the results of the calculations designed to reproduce them,
i.e., with the output from the NEWMOD-F and LAYER-3
programmes. With the available measurements, the comparison
can be based on the following properties:-

the 06-x distributions;

the velocity profile shape factors,yﬁom/e and yms/e;

the turbulence profile shape factor, 1/8;

and a few less easily quantifiable features of the

flow pattern. |

Following the order of bresentation in the previous
chapters, the comparison is made first with the predictions
obtained with the modified mixing¥length programme. The
results produced by LAYER-3 in its present form are then
considered, and lead to a discussion of some ideas for
further modification of the k-z model.

Before proceeding to under take these comparisons,
however, it is worth while considering the validity of
the operation.

Concerning the comparison of measured and predicted
time-mean velocities (and, of course, derived quantities
such as the momentum thickness and velocity profile .
shape factors), there need be little doubt. The measure-

ments were made exclusively by a pitot tube of fixed
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direction, and because of the limitation of overall
velocity ratio, the streamline direction varied by less
than ¥2° (as repdrted in section 5.9), and only negligible
errors should be expected from this case. The present
investigation is therefore free of the difficulties
arising in the measurement of free flows in stationary
surroundings, where the fluid direction varies through

90° near the low-speed side of the layer. The error in
time—-mean velocity arising from the velocity fluctuations
is also probably small, although there is some doubt about
its actual mignitude (Hinze, section 2.11 of reference 23).
On the theoretical side, a high degree of accuracy has
been achieved by using an adequate number of grid—-lines
for the computations (see section 4.4 and appendix AJ0).
The measured and predicted values of velocity can, therefore
be directly compared.

There is more doubt about the comparability of the
relative turbulence infensity values. According to Hinze
(section 2.6 of refefence 23) again, the linear relation-
ship implied by equation C.4-2, in the‘calculation of
turbulence intensity, is acceptable for intensities up
to 25% (the highest value acbieved in the present
investigation). However, the signal produced by a single
hot wire aligned in the z-direction, although mainly
connected with velocity fluctuations in the x-direction,
is also affected by fluctuvations in the y-direction,

and so does not give a simple . measure of the fluctuating
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velocity field. The deviation from the true value of uz

depends on the relative sizes of u® and ;?, and also products

of these x and y components, such as uvz, Uve .... etc.

Hinze shows that for the particular case of isotropic turbu-
lence with ndrmally-correlated u and v components having

Gaussian distributions, the deviation is approximately +10%

for % = 0.2. In the absence of detailed knowlédge of the

turbulence structure, no correction has been applied to the
experimental values reported in this thesisj; it seems likely,

however, that the turbulence intehsity profiles should be

modified by a slight flattening of the central peaks, of the
u

order of 10% for ﬁ£ = 0.2, with the correction proportional
2

u
to (ﬁE) . With this qualification (and others directly

connected with the operational accuracy of the hot-wire

u

equipment) the experimental values identified as ﬁE on

the graphs can be equated to the x~wise relative intensity
u®

component, T -

.A similar problem arises in the interpretation of the
predicted values. The k-z model of turbulence does not
differentiate between the components of the fluctuating
motion in different directions, and the relative turbulence
intensity calculated in accordance with equation 2.4-5 is
the mean valuej; it can'be compared directly.with experimental
- values of %E only if it is assumed that one-third of the
turbulence kinetic energy is associated with the x-direction.

Measurements of u“, v and w2, (reported in reference
? 9

28) suggest that the proportion of total turbulence
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kinetic energy associated with the x-direction varies
between roughly %4 and 4, being lowest at the high speed
edge, and highest ét the low speed edge of a mixing -
layer. This suggests that errors of up to about 189
can arise from the use of equation 2.8-5 to predict the

_ x~wise turbulence intensity. Howéver, the results of
reference 28 were obtained in the mi*ing layer between

‘a stationary atmosphere and the potential core region

of a plane jet with a fairly low turbulence level (about
1%). It would be unwise to use them to draw firm conclu-
sions in the present investigation, particularly for the

cases with high free-stream turbulence.

6.2 Comparison with the mixing-lenath predictions: spreading

rate.

Figure 6.1 is an array of nine graphs, one for each
of the experimental runs, arranged in_accordance with the
diagram opposite, figure 6.2. The points on the graphs
indicate the value of momentum thickness obtained from:

a) _the experimental velocity profiles;

b) the predicted velocity profiles using the NEWMOD-F
programme (starting from the measured upstream
velocity profile, as described in Appendix A-4)
incorporating thé MU1 effective viscosity formulation,

with N = 0.5, A, = 1.05, B = 0.5;

1
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c) the velocity profiles predicted in the same way,
but using the unmodified Prandtl mixing-length

hypothesis, -i.e., with A = O.

The values of X , Al’ and B used in the MU1 equation
(equation 2.2-4) were, of course,'originally unknown.
The final values were chosen after a trial-and-error
- process requiring predictions to be carried out using
several alternative sets. The following simple method
for assessing the discrepancy between measurement and
prediction was used:

The measured and predicted increases in 8 between

any two stations wee expressed as a ratio

AB red

A€
exp

where € indicates the relative size of the
discrepancy. The value of £ was calculated between
the upstream station and each downstream station for
each run. The overall degree of fit between theory
and experiment is expressed by the arithmetic mean,
Em? and the root-mean-sqguare value, Er, of the

whole set of £'s.

Various combinations of A , Al; and B were tried until
an acceptably small value of Em was obtained; it
would, of course, be possible by further trial and

error to find a set of constants for which Em was



TABLE 6.1  Values of prediction errors £, €, and &

Pandil i MUt MUZ
%’gf: Aﬁﬁro)il;ha& vdocit\z/ ratwo, 05/0 I o
(em) (04106 | 08 | 04 |06 | 08 | 04 | 06 | 08
€ fov S-bav-grid rilung,«-
_ | lo-15 |--48 |--57 | —67 [--00 | +:22 |~33 | -05 +:36 |+-65
10-20\~54 | —64 |~-82 |-09 |-04 |-2( | --A |+-03 |+-48
g fov 4-bar-grid rums - |
_ .V {1o-/5|~42 | #-60 |89 |+ 20 | +/§ #{¢ +:29 | #-35 |--0f
10-20|--46 |60 |~86 | +-06| +12 | +-{f | 442 | +-25 | #-08
| & fov no-grid rums - i
10-15%| -.06 |-20 | ~32 | +.05 | +02 |-04 | --05 |-21 |--28
| st —og |13 |-39 |+06 | +13 |-02 |08 |13 |-32
10955 ~-2¢ |~37 l+-0s —pf | --20 -.22
¥ Sem less for Y5z = 0.4
1 l
Enm - 46 +-03 +-05
| & 52 14 -27

For Prandt? pre dictions

For MU?
. MUZ2

S /4

A= 050 %roujftm«f,

£

&

-7

, A=0 unmodified mexing lc’nﬁﬁz

- hypotiens)

A =105, B=050
A,= 20

Fredickions Per{avmed with NEWMOD-F programme.
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zero, but for the present purpose it is sufficient

that it is small compared with Er.

The same process was repeated with the MU2 shear
expression, equations 2.2-5. The results shown in

figure 6.3 are for >\ = 0.5, A, = 2.0.

2

The values of & for all three of the mixing—leﬂgth
laws are tabulated in Table 6.1 opposite; the corresponding(
valﬁes of Em and Er are also shown. The superiority of |
both the MU1 and‘MUZ modifications over the original
Prandtl hypothesis is immediately obvious from this table,
and from the graphs in figures 6.1 and 6.3.

Additional evidence of the superiority of the MU1
version is provided by figures 5.10 to 5.18, where the
velocity profiles predicted for the last traverse station
(x = 20 cm) have been drawn for directAcomparison with the
experimental profiles.

Further examination of the graphs of spreading rate
and their associated discfepancy valués leads to two
further conclusions: o
al There are significant inconsistencies in the

-experimental values of 6; almost certainly the main

factor here is the non-uniformity of free-stream

velocity, and the resulting difficulty in the

assignment of values to U and U..

b) The MU1 viscosity formulation produces closer agree-

ment with the experimental results than MUZ



TABLE 6.2 Values of shape +actors }%@ , %15 azndg,
From mexing - lengh predictions amd experumental

results
Run UE/UI MU{ Experiment MU2
5/5y 4.66 | 49z | bo4 | l 4-6 | 456| a.60
4/48 | 04\ 465 | 487 | 633 |46 | 4% | 49 | 456| 454
| 0/58 \| 470 | 504 | 537 )] || . | &7 | 470 506
|5 (| 460]| 479 | 30| ) | 4.3 | 455 | 4.5¢
4Hg | 06 (| 460 | 476 | y55| 455 | (47 | 48 | 455 | 4.50
o 0/57 468 | 50z | 569 | | | | 54 | 4y0]| 507
453 452 | 447| 823 |) 37 | 449 | 429
4/47 D-£{] 453 | 4.52| %49 | |45 | 146 | 53 | 448|435
.. .| ofo 467 | 4-81 | 598 | 54 {1 4.51 | 483
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does, fhe difference between the Er's for the two
models being considerably greater than the Em's.
The most coﬁsistent feature of the comparison .is
that MU2 underestimates the effect of small levels
of free-stream turbulence, while except at UE/UI== 0.8,
MU1 overestimates the effect, but to a smaller extent.
Although it isn't possible to draw the experiméntal
equivalents of figures 4.3 and 4.4, the actual

effect of wvarying (ur/U)IE appears to be closer to

the. former than the latter.

3

6.3 Comparison with the mixing—length predictions: velocity

and turbulence-intensity profiles.

As has been previously remarked, the velocity profiles
alone do not provide much help in assessing the merits
of the various shear laws. This point is well shown by

the values of vy

nom/e and yms/e listed>1n Table 6.2. The

two sets of predicted values of Y /0 agree almost equally

nom
well with the experimental ones. The wvalues of yms/e for
the MU1 version are closer to tle measured ones than those
for MUZ, but when allowance is made for the inevitable
uncertainty associated with the experimental results, the
agreement of the MU2 values is probably also acceptable.
Perhaps the most significant feature of this comparison
is that the predicted chénges in the shape factors with

u

(—%)IE are barely, if at all, discernible in the experi-

mental profiles (see figures 5.7, 5.8 and 5.9).
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A quite different picture emerges when attention is
turned to the distributions of relative turbulence iﬁtensity.
As already indicaéed in section 4.3, the curves produced ‘
by the MU2 version are basically different in form from
those for MUl and also from the experimental ones, so
much so that the concept of "excess relative turbulgnce
intensity thickness" is inapplicable for the high stream
turbulence cases. Figure'6.4 shows the two predicted
profiles compared with the experimental one for a typical
set of flow conditions. The defects of the MUl version
are relatively unimportant. The predicted height of.
the profile peak is too small, and there are discontinuities
at the boundariegwof the layer. In addition, as Table 6.2
shows, the predicted value of 1/96 increases with the

stream turbulence level, whereas the experimental one

decreases.

6.4 The k-z predictions with uniform Preff‘

Two sets of results obtained with the LAYER-3
programme are pesented in figures 6.5, 6.6, and 6.7.
These computer runs were made as described in section 4.9
and appendix A.7, with the following values for the
constants:

%@ S 1 S S Progex Press,s
Run L3/1 1.0 0.1 3.0 .085 .56 0.7 0.7

Run L3/2 1.0 0.1 3.0 .0935 .63 0.7 0.7



TABLE 6.3. S/za{:c factors for x=15¢cm (n
k-z predictions , Runs L3)f and L3/2

U} Initial L3/ L3/2
u
. “r Yrom | Yms 7 Hn.m Yms
Ur (u )IE 6 | 8 BL 6 2 7
| Ao | 462 | 470 | 435 | 467 |46 | 435
04 007 | 466 | 49/ | 556 | 466 | 489 | 557
p 110 | 461 | 467 | 396 | 461 | 466 | 40f
- | 007 | 40 | 549 | 558 | 4yf | 519 | 562
08 {10 465 | 465 | 333 | 466 | 467 | 336
o 007 | 469 | 528 632 | 4.6 | 526 | 6-38
 Predections perfermed with programme LAYER-3

 k-z constants -

Z

C Cp G C, Cu 'Pf%k .

- Run L3/t [ o o1 3.0 085 56 0.7
L3/2 | /o 04 3.0 0935 -63 ©O.
. / | fo 0f g 7

0.7

07 oo
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In the first run the constants were thus unchanged
from the standard values used in the idealised computations
reported in section 4.6; for the second run C2 was
increased by 10% and C5 changed to remain in accord with
equation 4.8-2.

In the graphs, the curveé represent the experimental
results and are transferred directly from figures 5.7, 5.8,
and 5.9; the'poihts represeng a selection from the computer
output values(usually alternate points on the profiles are
omitted for elarity).

It can easily be seen from the 8-x curves that for
both these sets of values for the constants the programme
consistently underestimates the growth rate d6/dx, and
also the increase in 8 and d6/dx caused by the increase in
stream turbﬁlence level, ekcept perhaps at the highest
velocity ratio. The turbulence;intensity profiles also
help to suggest that in this form the model underestimates
the effect of the increase, as in each case the hump in
the profile is less prominent for the flow with high free-
stream turbulence.

The effect of the change in the values of C, and C

2 3

is small compared with the departures from the experimental
results. This is disappointing, because it indicates |
the failure of the simp1e>strategy outlined in sect.on

4.8, and shows that more rgdical changes in the constants,
and possibly in the structure of the k-z model, are required.

The values of the shape factors obtained in these

two runs are given in Table 6.3.
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6.5 Variation of the effective Prandtl numberg.

In the general description of the flow in the
measuring section of the apparatus (in section 5.9) it
was noted that the measured turbulence-intensity layer
was everywhere much wider than the time-mean velocity
layer. An accompanying feature of the flows without the
turbulence grids was that, in the regions of uniforﬁ U
.between the velocity mixing layers, which were originally
regarded as the free streams, the minimum value of‘tufbu—
lence intensity incréases with x, rather than decreasing
in accordance with the analysis of section 2.5, and with
the k-z results so far presented.

Probably the most plausible explanation for this
phenomenon, and the one which requires the simplest
modification to the analytical model to be put into effect,
is that the lateral diffusion of turbulence kinetic energy
occurs much more readily in the outer parts of the 1ayef
than in the middle, ie., that the effective Prandtl
number for k diminishes from thé middle of the layer
outwards. '

The AUX subroutine of the LAYER-3 programme was
modified as described in appendix A.6; predictions were
carried out (run L3/3) with:

Pr + 0.1

A

1

- — 2
eff,k = TFeff,z = P * 00
where Ak is the local non-dimensional turbulence kinetic

energy, k/U%,

AR is the local turbulence Reynolds number, pképz,
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and the numerical factors were chosen, after a single
preliﬁinary fﬁn, to give reasonable agreement with
the experimental.oﬁservations; the remaining constants
in the k-z model were kept as in run L3/1.

The resulting turbulence-intensity profiles are
shown in figure 6.8. The modification effects a
considerable improvement in the curves for low streém
turbulence, rounding off the lower corners so that the
predicted ;E layer becomes much wider than the U-layer, '
in accordance with the observations. However the. profiles
for high stream turbulence are virtually unchanged, so
that this modified version of the model still underpredicts
the effect of a change in (;£)IE on the turbulence-intensity
within the mixing layer. In.addition, the predicted
growth rates, and hence the 6-x distributions, are

practically unaltered, and remain too low.

6.6 The effect of varying Cp and CD.
~The remaining factors which are likely to be helpful
in bringing theory and experiment into line are ?P and

C which have been unchanged throughout all the computa-

D?
' tions so far presented.

Two short computer runs, L3/4 and L3/5, were made,
with UE/UI = 0.6. In the first of these, C}‘1 was set at

1.1; in the second, CD was given the value 0.09. The

full sets of constants were:



TABLE 6.4 S/mﬁe foctors for = 1Sem in

k-z predictions , Runs L3/4. and L3[5

U |mitwl| L3[4 L3/s
20 |
U )| B e 2 e | B
10 462 | 492 | 403 | 46( | 469 | 405
,O 6 007 | 4466 | 505 | 530 | 468 | 507 | 548

- Bedictions performed with programme ([AYER-3

-k -z constants -

<

€,

C,

y
z

Run L34 {4 oOf0 30 085 056 07 0-7

. L3/5

{-0

09 30

-085 056 o7 07
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C Cc C Cc C

1 D 1 2 3 Frersx Pfefr,z
Run L3/4 1.1 0.1 3.0 .085 0.56 0.7 0.7
Run L3/5 1.0 °0.09 3.0 .085 0.56 0.7 - 0.7

‘The results obtained are shown in figure 6.9. The
effect of each change is to increése the predicted growth
rate, and so generally to bring the 6-x curves nearer
to the experimental ones. There are also changes, but
comparatively minér ones, in the turbulence intensity
profiles. The shape factors for these runs are given in

Table 6.4.

6.7 Further changes in the coefficients.

Summarising the results of the k-z predictions up to
this point, we see that:

a) The predicted spreading rates are generally on the
low side, particulérly for high stream turbulence
cases. |

b) The predicted values of the shape factors for- the
velocity and turbulence-intensity profiles are
generally in good agreement with the experimental
ones; the main discrepancy is in the values of m/9
for low stream turbulence levels at UE/UI = 0.8
where, probably, the experimental results are least
reliable.

c) The predicted turbulence intensity layer is too

narrow relative to the velocity layer, unless Preff
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is madé to vary across the stream - high at the

middle-éf the layer and low in the free streams.

The change which would help correct the spreading
rates, and which can at present be made with the greatest
confidence, is a decrease of C,. "The result of run
L3/5 clearly suggests that .09 is a better value for
this constant than 0.1. However, a change in <y affects

+

theApredicted spreading rate for all values of (ur/U)IE,
and therefore requirés modification of the C,-Cq relation
derived in section 4.8. From the results of a few
additional asymptotic runs for (ur/U)IE = 0, and C = .09,
it was poésible to estimate the changes.produced in figure
4.13, and so obtain a revised vérsion of equation 4.8-2.
It is:

C3 = 8.4C2 - .126 (6.7-1)

This suggested the following set of values for the

next predictions run, L3/6:

ip Cp Cq 2 Cs
1.0 0.09 3.0 .085 0.59

In this run Preff was varied in accordance with equation

6.5-1, to obtain the improvement mentioned in ¢) above.



TABLE ©.5 Sha,,be foeters for x=15¢cm in

k-z predickioms, Run L3/6

U IflLéL.CLL )
Eﬁ ( 1&) Ynom | Yms 7
0-4 A0 462 4.85 4.06
00y | 465 | 4498 | 559
o 0.6 {10 461 4-69 3-98
100y 4.64 5.03 6.49
{0 4-6 4.6 3.48
0-8 7 7
_ 007 4.60 5.0f v-9f

- Bedictions performed with programme LAYER-3 .

k-z constants '-

“ P"e#,k and

Cu

c, G

c, . G

{0

24 given by e@uaﬂm 6.5-1

fe_lg’-z

O-O? 3.0

085 0-5’?
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Figures 6.10, 11 and 12 show the growth of 6
against x predicted in this run, compared with the
experimental results as in previous graphs, aﬁa the
profile shape factors are listed in Table 6.5. The
latest predictions are a small further improvement
over the earlier ones. The spreading rates for low
stream turbulence are now in good agreement, but for
high stream turbulence the predicted gradients are
still rather low. The velocity;profile shape factors
follow earlier results with the k—-z model, in exhibiting
only a small ;haﬁge between high and low stream turbu-
lence cases; this compares favorably with the larger
change predicted with the mixing-length variants.

Fig. 6.13 is of interest in showing the wide range
of variation of the.effective Prandtl number which is
produced by the tentative relation, equation 6.5-1,

which has been used in these predictions.
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7. CONCLUDING DISCUSSION

e

7.1 Introductioﬂ.‘

This final chapter attempts an unbiased assessment
of the work reported in this thesis. The experimental
work and the two turbulence models are discussed in.
turn, and the chapter concludes with some suggestions for
further work in the same field.

A statement of the principal conclusions drawn from

the present work foliows this chapter.

7.2 The physical situation.

The experimental programme was designed to provide
information against which the mixing-length hypothesis,
_and modifications of it, could be tested. Fob this
purpose they have been found satisfactory. There are,
however, two questions to which at present only partial

answers exsit; they concern the effects of:

a) the departure from two-dimensionality of the flow,
and
b) the finite angle between the two streams at entry

to the working section.

Although it seems reasonably to suppose that both
of these effects were small, it is desirable that confirm-

ation should eventually be obtained.
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For cdmparison with the k-z predictions, the
experimental/obsérvations have the additional deficiency,
that the total éuf£ulence kinetic energy was not '
measured; this point has already been discussed in
section 6.1. To make good this deficiency, detailed
measuremgnts of all three componehts of £he fluctuaping
velocity field are required. A good deal of experimental
work of this kind has been carried out, for example by
Sunyach and Mathieu (reference 28), Wygnanski and Fiedler
(reference 29) and Bfadbury (reference 30). The observa-
tions in these cases have all, however, been confined to
flows in which the free-stream turbulence levels were
low, and'so are‘not of direct assistance in the present
investigation.

Another feature’of the flows without the turbulence
grids, whose significance became apparent in‘comparison
with the k-z predictions, is the anomalous increase of
measured turbulence int ensity in the nominal free-stream
regions. The cross—stream variation of Preff introduced
in section 6.5 implies one poésible explanation for this
phenomenon. Others are:

i. ‘The observed effect, although appearing as an
increase in the root-mean-square component of the
hot-wire signal, is not all turbulence in the strict
sense, but consists partly of more orderly fluctua-
tions more properly classified as noise, and pres-

umably associated with the intermittency of the
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c)
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flow at the borders of the mixing layers. It
remains to be determined whether or not such
fluctuations play a significant part in the mixing
process, but it seems unlikely that thelr effect
is the same as that of ordinary turbulence. It
may well be that fluctuationé of this kind are
present to different extents in different forms

of apparatus, depending pérticularly on the presence
or absence of containing walls around the stream.
The observations reflect a redistribution of
turbulence kinetic energy'between the three co-.
ordinate directions,ﬁg increasing at the expense

of V2 and w2, the total kinetic energy decaying
inthe expected manner.

The readings indicate a éenuine increase in
turbulence kinetic energf, the result of’generation
within the fluid between the mixing layers. The
time-mean velocity is nominally uniform and constant
in this region, and it is generally supposed that
turbulence generation cannot occur in such a flow.
However, the conditions here are sufficiently
complicated to raise doubts about the validity of

that conclusion in this case.

Two other features of the observed flows merit

mention here. Firstly, the frequency spectra for the

free streams (described in section 5.8) show that the
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turbulence structure was of a rather special kind, with

a large proportion of its energy concentrated within a
narrow frequency b;nd. It will certainly be desirable

to extend the experimental programme to cover free-stream
turbulence of a more general kindj; this should be possible
with more complicated grid systemé incorporating bars of
various diameters.

Secondly, the experiments were carried out at
effectively two levels of free-—-stream turbulence oﬁly -
high and low. Results for other turbulence levels are
needed to help discriminate between the analytical
models. From the present results it is impossible to
decide whether the relation between spreading rate d6/dx,
and stream turbulence level is a linear one as predicted
by the MU1 mixing-length model, or as predicted by the
MU2 and k-z models, in which the effect of inEreasing
(u./U);p is initially negligible. The present experimental
reé;lts suggest the former to be the case (see section
6.2), while Patel's results (reference 9) firmly support

the latter.

7.3 The mixinag-lenath model.

It has long been recognised that the Prandtl mixing-
length hypothesis is so much simpler than the physical
phenomenon it aims to represent that it cannot be

expected to model more than a narrow range of turbulent
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flows. The present investigation shows that in its basic
form it is quite incapable of modelling the free-stream
turbulence-effect, even in such a simple situation as

the plane mixing layer in fluid flow at uniform density
and pressure.

The modifications developed in this thesis are nat-
' urally able-to improve on their parent, because §f
their increased complexity aﬁd because of the extra
arbitrary and therefore freely disposable constants
they contain. This is particularly true of the MU1l version
containing two such constants in addition to the original
one. Since these constants have been tailored to fit
the particular conditions of the present experimental
work, the good performance of the MU1l model should be
regarded with some caution until it can be more widely
tested.

It is possible that, when more extensive experimental
results become available; a further modificatioh of the
model may be found desirable, for example, a combination
of the MUl and MU2 versions may give better predictions
of the way in which the spreading rate, d6/dx, varies
with (ur/U)IE over the full range of the latter quantity.
A The mixing-length model is a conceptually simple
one, and 1ts use requires relétively small amounts of
computer time and @apacity. It is likely to find many
applications in engineering design. For such work, its
main deficiency (which, on the othe?ﬁand, might sometimes

be an advantage in providing a desirable degree of freedom)
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is its inability to predict x-wise variation of turbulence
in the free streams. This requires the prescription of
u /U along the edges of the mixing layer as part of the
problem specification. It should also be remembered that
the width of the turbulence layer cannot vary independently
of the width of the velocity layer, as it can in the k-z
model. -

The present work has developed the character of the
mixing-length model, and so broadened and extended its
useful lifé. There does not now seem to be much possibility

of further development.

7.4 The k-z model.

At first sight the performance of the k-z model is
somewhat disappointing compared with that of the simpler
ones, particularly the MU1l version. It must, however, be
remembered that the latter have been more careZully tailored
to fit the present experimental observations. In particular,
because the observations were not suffjciently detailed,
the initial conditions for the k-z éredictions were not
a good fit for each individual run, as was possible with
the mixing-length calculations.

Two points are strongly in favour of the k-z model.
First, that in its basic form (i.e. with constant values
o

for C C, and C

D? U1 T2 3?

that, when the best set of values for the constants has

and with ?P = 1) it is likely

been found, it will give predictions to at least the
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degree of accuracy acceptable in engineering design
work, not only for flows of the kind at present under
discussion, but fo; many other kinds also. Second,
that it offers interesting possibilities for further
development, by way of variation of the "“constants",

as has already been tried with Pr’ There is no

eff’ .
reason, apart from lack of physical information, why
others should not be dealt with in a similar way.
The two principal defects of the k-z model are:
a) its inability td differentiate between the components
of the fluctuating motion in different directions,
“and

b) its use of a single value for frequency of the motion

at each point in the field.

It remains to be seen how seriously these limit its
usefulness, and whether or not they can be remédied
if‘;ecessary. (For example, it might be possible to
introduce a correlation factor to allow for variation
in the relative magnitudes of u®, v® and w®, and/or to
work in terms of more than one characteristic frequency.)

-At present the greatest need, in the development
of the k-z model, 1s for more comprehensive and detailed
experimental results. on which to base firm recommendations
for the values of the various coefficients in the k and z
equations. The best set used so far, with all the
coefficients treated as constants, is:-

c C Cc Cc Cc Pr P

2 D 1 2 3 eff,k reff,z
1.0 .09 3.0 .085 .59 0.7 0.7
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The value assigned to gp is arbitrary, being
associated with the hypothetical view of characteristic )
frequency =z. When detailed experimental observations
become available for flows with various preferred free-
stream frequencies, qp may need t? be éhanged. Alterna—_
. tively, it might be satisfactory simply to muitiply-the
"actual" free-stream frequency by a numerical factor,
while retaining the value unity for C . . .

From the results so far obtained with this model
it appears that the value of .09 for CD is still possibly
too high. It is interesting to note that, using a some-
what difference analytical model, Rodi and Spalding

(reference 22) found the same value for C_. to give the

D

best overall fit for plane,zero-velocity-ratio mixing
layers, plane jets, and radial (fan) jets, while for wall
boundary layers the value 0.1 generally seems more
appropriate. This suggests that CD needs to be treated

as a function of local flow properties, as Pre was in

£ff

section 6.5, but in this case decreasing with increase of

Ak.

accuracy, not only over the range of free-stream turbulence

It is likely that such a change could lead to improved

intensity, but also over the full range of velocity ratio.

The value of C. is the most doubtful of all those

1
listed above; the term containing C1 appears to have a
negligible effect in the z equation and could probably
be omitted altogether without significantly altering the-

accuracy of the predictions.
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Note that the effective Prandtl numbers for k-
trénsport and z-transpoet have, in this work, been held
equal everywhere. :It may be that some other practice
will be seen to be desirable when more extensive

experimental results are available.

. 7.5 Suggestions for future work.

The work done in the present investigation raises a
number of questions ébout the development of free mixing
layers between turbulent streams; the work outlined briefly
below should provide many of the answers.

Experimental There is need to both widen the range of

the measurements and to increase the number of quantities
measured. The experimental programme should be extended

to cover:

a) the whole range of stream velocity ratio, UE/UI’
b) other levels of free-stream turbulence,
c) streams with other preferred freguencies for the

fluctuating motion, and with more. complex turbulence
structufeé,

d) Vflows with asymmetfic turbulence distributions, i.e.,
high in one free stream and low in the other,

e) flows with different angles between the confluent
streams,

and

f) flows enclosed on all four sides.
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Additional quantities which should be measured are:

g) all three flugtuating velocity components, EE, v? and
=z, '

h) turbulent shear stress, puv,

i) turbulence-energy frequency distributions at selected

points in the flow,

j) direction of time-mean velocity.

This work could all be carried out on the existing
apparatus with very little modification other than the
installation of the additional instrumentation. It is
also desirable that similar experiments be performed on
larger apparatus, in which the widths of the free streams
would be greater; this would allow the processes occurring
in these regions to be examined in greater detail. This
new apparatus could be designed to operate with air supply
ducts of different width/height ratios, thus allowing the
effects of departure from two-dimensionality to be more
completely investigated.

Theoretical The main advances on the theoretical -side

are almost certainly to be made at the level of two-
equation models of turbulence, such as the k-z model,

or at higher levels. An indication of the lines of
developmenf most likely to lead to improved predictions
with the k-z model has already been given in section 7.4.
Apart from the general optimisation of the coefficients,'

each regarded as a constant, there is the possibility that
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variation within the flow field may be desirable. Preff
has already béen,treated in this way, although only to
a limited ex£ent. :CD seems to be another quantity which '
should be made to vary as a function of local flow
properties, but there is no reason why others should not
be similarly dealt with. To a lafge extent the effort that
it will be worth while devoting to such work will depend
on the’comprehensiveness and reliability of the experimental
results available.

One refinement which it may be desirable to incorp-
orate into the’calculations independently of the choice
of turbulence model, is an allowance for the effects of
stream curvature at the outer edges of the mixing layer.
These are almost certainly negligible when the stream
velocity ratio is in the upper half of its range, but
could well become significant as U'E/UI approaches zero.
It would probably be possible to introduce a satisfactory
correction for this effect into the present boundary-layer
calculations and avoid the necessity for a complete

solution Navier-Stokes equation.
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STATEMENT OF PRINCIPAL CONCLUSIONS

Convincing experimental evidence has been obtained
to show that the turbulence intehsity of the free
streams adjacent to a free mixing layer exerts a
significant influence-on its development.

In pérticular, an increase in the externél tufbulence
level causes an increase in the spreading rate of
the layer, i.e., in the rate of mixing between the
two streaﬁs. This effect is, proportinately,
greater for velocity ratios close to unity than

for lower ratios.

Within the range of the experiments, an increase

in the free-~stream turbulence level also produces a
roughly equal increase of turbulence level right
through the stream.

These effects are large enough to warrant the
suggestion that observations of free turbulent shear
flows which do not include measurement of the free-
stream turbulence level must be regarded as
incomplete.

The Prandtl mixing length hypothesis is incapable
of predicting the effect of free-stream turbulence,
but a simple extension of Prandtl's model is able
to predict the increases of both spreading rate and
internal turbulence level. It is represented by

the following equation for effective viscosity:
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' Up. Y. Yg=Y  u. Y-y
= p12 |8 EyrEy (B Ky (—E
Pess i_p& |+ AlpLU(B+UI)[(U )I(YE“YI)+(U )E(YE_YI

Values proposed for the numerical constants are:
Ay = 1.05 , B = 0.5
with the mixing length, %, relafeq to the momentum
thickness by the equation: |
£ = 0.50 8 .
Another modification of the Prandtl hypothesis
predicted the spreading rates rather less well,
and the Eurbulence—intensity distributions much
less well, than the first. In this second form

the effective viscosity had a lower limit

represented by the equation:

u Yp~Y u Y-Y
r E r I
Posrs = AZpLUﬂU )I(YE_YI)+(E—)E(§E:§;)]

The best value found for the constant A2 was 2.0.
The k-z model (a slightly modified form of
Kolmogorov's proposal) can give moderately good
predictions of the free-stream £urbulence effect
when constant values are assigned to the coeffic-
ients associated with the generation and dissipa-
tion terms in the differential equations for k and
z (turbulence kinetic energy and characteristic
frequency respectively). The best set of values

found is:

Cy = .09, C
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Improvement in the k-z predictions can be
achieved by treating at least some of the
coefficients as functions of local flow proper-—
ties, in particular, the local turbulence kinetic
energy. Such further development of the model
will require moreldetailed experimental informa-

-

tion than is at present available.
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PRINCIPAL, NOTATION

Aj,A,,B

a,b,c,

C.3Cy5Ca

eff

k2

Constants in effective-viscosity
expressions

Non-dimensional turbulence energy, k/U?

Turbulence Reynolds number pk/uz

Finite-difference coefficients
Constants in Tollmien-Kuethe analysis
Coefficients in principal differential

equations

Coefficients in z equation
" ) " k - "

" " x—2z shear law
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Equation

2 02_4,
2- 2_5

" " Tollmien-Kuethe analysisB.2-1

Specific turbulence energy at
frequency f

Stream—function in Tollmien-Kuethe
analysis

Frequency —
3 . u+v34w?
Yurbulence kinetic energy (= ———5————)

Prandtl mixing length
Kolmogorov scale of turbulence

Entrainment rate into mixing layer

Non-dimensional entrainment parameters

Number of w-intervals in finite-
difference grid

Effective Prandtl number

~

Source terms in principal differential
equation '
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Ynom?Yms

@yByY,y0
€

4y

=

Time~-mean velocity component in x 1.2-1
direction

Velocity -specified on velocity profile 3.4-2
at grid line near edge of mixing layer

Root-mean square of fluctuating veloclty?2.2-3

Fluctuating velocity components in Xx,y,
z directions .

Time-mean velocity component in y 1.2-1

direction

Non-dimensional shear parameter 3.3-3

Space co-ordinate 1n flow direction Fig.1l.1,
. 3.1

Velocity profile shape factor for outer 3.3-3
half-interval of grid

Space co-ordinates normal to flow Fig.1.1,
3.1

direction
Transverse position of grid boundaries

Transverse distance measured from
position of mean velocity

Characteristic thicknesses of mixing 2.3-1,
layer 2.3=-2
Characteristic frequency of turbulent 2.4-3

motion :

Constants in Preff expression w-i.7—1
Error in prediction of growth rate 6.2-1
Shape factor for relative turbulence 4,.7-1
intensity profile

Momentum thickness of mixing layer 2.3-3
Constant in Preff expression A.7-1
Mixing-length constant (= %J 2.3-4

Laminar viscosity coefficient

S~



Mets

P turb

Suffixes

IE

2,NP2

Effective viscosity coefficient

Turbulent component of effective
viscosity coefficient

Fluid dénsity
Shear Stress on Xz plane

Non-dimensional co—ordinate in
Tollmien~Kuethe analysis

Constant in Pre exXpression

ff
Stream function

Non~dimensional stream function

Grid boundaries, and free streams

Free~-stream value (when the same in

both I and E streams)

Grid~line index

"Slip" quantities at I and E boundaries

B.1-5
A.7-1
3.2"‘1

3.2-2

150



GRAPHS OF RESULTS

Figures 4.1 to 4.6: Modified mixing-length predictions

pp.152 to 157

Figures 4.8 and 4.10 to 4.13: k-z predictions

pp 158 to 162

Figﬁres 5.7 to 5.21: Main experimental results

PP 163 to 177

Figures 5.22, 24 and 25: Auxiliary experimental results

pp 178 to 180

Figures 6.1 to 6.11 (except 6.2): Comparisons of
predictions with experimental results

pp 181 to 190

151



“ L * . 152

%
05 ~ 02
/ /
04 //
/’ o5

O/

T~

03
(Z)
ax asym

02

\
\

/

01
o
0 o2 0.4 06 0-8 1o
U
7
Modified mixing-length predictions -

MU{ : A =105, B=05, \ =05

Figure 4.1




153
- 'u%
02
/
06 //
.06/
05
05
/__'__,_._—-——
. — "
04
©... |
dx asym
' \ ' N
. [
.03 ~—] e
.Oz\ . A
. \\ ‘05
of \\ :
(®)
o 2 -4 -6 -8 1o

U
E/UI
Modified mixing —length fsredicti,ons
MUZ : A,=20, A\=05

Figure 4.2




B ' - .. 154

‘05

N
N

03
do
dx a,sym

/
7
7 | e

X=0.5

02

0f

AN

M -

Modified mix Lng -lengl:h. predi,ct Lons

_Elgur'e 4.3 |




155

.06 - A | //f///
/

Y4

£l |

. 03 =

MUZ
A=2.0
A=0.5

.oz

o1 06
0-&

U,
D

ki st e

Modified mix i,ng - Z&ngfh }ar'edi.cfions

Figure 4.4 |

A T T TS % MR AEh AT B A 4F YwaT A e | eg T ir ASLe e e s TS O WY 4 rher = MRS 4 gy T P v Foe e o ATMA = vyemt Y ME 2% S Yl A A P e




._s e B e B B e ;»

:./6 N .

%
™~

>
o
. —
2

E

=0+{
-
»
i

m \ — =E \ _ —- _— —
TN ) ) IR B e e -
3R h 3> / g _ Y W:l- _
B VW\.H; i \,‘1,. IS S-S - —

S S SR NS4 NN NS A M ST

\\
AN
N
hY
Y
;.
{

ol m‘.u,%,mw,,,wms R
S T aﬁM T

|
[, et b,
l
|
|
|
i
e i 1!I~
|
|
7
U
]
"
Y
Lons
|

A.a - = ) - - 1‘w X

! X O Q- e

ALY S LS N s ey
N~ \[ \ B IR R S

\ N : ~ —

i
[
W
7’

rd

T
| :
UI
|
{

Ue
;f»
l

lt-«l-xf\xl‘ - zm..f.i;Mm T rimiiw:w,:,ﬂ;.W-.IIH!. o o : ) ,..-.*hﬂ.lnm%ltmamx%‘sfm




-5 v .0 -
IR e
{ +- :
o i 5
[
b
T T

R o4 \ T _,ﬂodw‘led mixing Zength.
. . , : ,br-ed_cctwns L
S S U I \\\ B * VeLOCL‘ty P"Oﬁ-LeS
0z i\ e
o _ SNt R B ,\\ A ,_,,,_5_‘___w__ o
\X s MU! (*‘*)IE_m
S SR N SR NN R Ny b vmu-‘___;’
T \ijw.ﬁ,_“‘""‘ﬁgz o
e T o L e e 0 e
— - - FLgur'e 4 6
S S R S S S R SIS S S )

el S



03 ) 158
_ /04
/ L 0-6
' ' 08
<02 // I/A
40 3 / /
dx - /
//
(%
u IE _
B o 07 .04 06 08 O 12
5 \ - —— 08
Q\ // ' "";06 U%I
(A Tr— T o4
.4
3
= ("_ir_)
U/ze .
.'02 .04 ‘06 08 {0 3 54
k-z predictions
Cp= 04, C;=3:0,C, =04, C, =056
Fege = 07 'D"%z =07
Figure 4.8




159

j 4 ‘6 8 1.0
P
P"e{-fz=o'7 :
p ez
0-4
<~ |
5 - Pk
Y% | - T——a——106
T 08
4 e
i V 4 ‘6 ‘8 /o
| s,
UI -

k-z {:red.t.ot Lons

Co=014, =30, C,=0d, Cy=056

G RE T WL
U e U/ze,intiol

Figure 4.10



160

02 0-4

08

0-0q o-10 o-11 .

02
\— ‘.)'4

0 -

r

W
009 Co oo o1

k-z Pr‘ed,i.cti,ons

C,=3.0,C,=01, C, =056 @lg) =07
o “ 2 * \Ulzg, imitial

Pr‘Fi,k"' o7, Pre,c;;z== o7

£igure 4. {{



L "““““.0‘408“ o __

“'0‘” c; ,i
T

f,wPr%k-o yan Peg[ 07

kiz pred;cz@.o; "Ja};_ﬁ@)_ ~08 jf

T e=od, c,_;3 0_ ﬁ) =
ze, mub‘ml—

Floun 12




3= - Pr'edz.ctaons :for- (ur — SN EU
S ——— o IIE : ) - : ‘
-01, G20, Prm..-m P,.% Cog

Fbgure 4. f3




163

RSl SRS Bt Bt Mt

‘—M@% _ o Exbemmen‘fal resu./.ts
+ L .
e 6 © 5~6aﬁ"3r'Ld5
+ o8 + + + A_bar grids
(-3 U-Ue o ¢ o Nogrids
. “Up-Ug
o—+ O-6
] )
Veciky profiles 04—
=150 mm +
ﬁr g @ .
o+
0-Z on
;)
' <
%
. Gl Doy
R
Relakive twrbwmce— - 2 X

-mtmyty profiles
for x= 150 mm.

-8 -6 -4 ~z Y, P2 4 6 8
_ |~

4 i /
M & -
Yt = -
O (m

( m) 2 ’//'
/r/
% loo’ I50 z?o N
& () Figure 5.7



164

T
" o Experimental-results
<} ¢ ;

U
°+ £/, ~ 00
U
)
F 08 ©6 0 @ 5S-bar grids
* oy + + + 4 -bar grids
) Y-
__U UE,‘_; ° ¢ o Mo grds
+ [ Gle
s 06
Velocity profiles
-
for =150 mm. S
04
%
e
o0z +=
°s
\ L A
: ® %o
0 i

Relative turbulence -
~-intensit y lbra—ﬁ[es

Hor x= 150mm, /

r\+_—/’+_‘/+——
/ T\
] 04
/ —e |
~ -8 -6 -4 2 4 % 2 4 6 8
“5 J
4 _/%
) | L
Momentim 44—
thickness
o~ /o0 150 200
X Cmm)

Figure 5.8



- 165

-

—JG‘H‘*E"&. lo '“",Expér‘ém'en.tal_;resul,ts,
$ I SR i f i
U ~ O
: %, = 0%
®
¥ 0-8 e o O S-bar grids
| U-Ue + + +  4-bar grids
e UUe e No grids
- 06
Vd/ocofy ,bro/zles ‘4
for x-= /EO.nvm.‘ ot
o)
+
0.2 '+
EG
. . .+e . . . é ~
Pelobive turbulence - o 5% F7°
-ntensiby profiles ‘ o d

for

e

g

/06

/ 02: \\‘\‘*—o\.\.\ .
7
-8 -6 -4 -2 . Jo) 2 4 6 é
Y/
2] (mm) /
Momen t
thickness 2 /z/ - i
//
.L/’"”A

150

200

250

Figure 59



ombiy

8

%:35«7}»/»-4 U. =351 m/s"' U= 34-3m/s+
-+
~30 i ~30 T -30 K
. a
+
+ L 4
-20 - 2 :: 2 -
4 +
+ +
i ] s o 4
~fo T {0 y = i
¥ * 7
) 1 o Y ] b d Y(mm) J
/
4 6 | Qo™ u iz 4 16 /
/"/ g ! 8 o / g Mo
e _ 4 '
/{ ull /F/ \ . Pr predicbion - /
¥ fo A o LA R N
ra + . /
.Z' - H- . 7
+ by
+ v B
20 N /o) 20 :
+
4
! 30 . 30 3o}
+ Ug= la’vqm/s | = /0D hmn | Y=l 4-0m]s & = [50 mm 0{ Up=/4:Onmfs a = 200 mm
*  Exberimental velocity profiles +

Run 5/57: 5-bar grids , UE/U_-;_— =

0.4

991



]

! ' ' ' o : e ' } ;
UI=36'q mfs o UL='35'2m/s ' U= 360 mfs
' ©
e . .
30 -30 .
©
& .
@
~20 s -2 —%
= )
9 .
s (o]
-lo g -1 =
T 2
ﬁmm) 0// 'H[""") | O/
o
4 16 /Q Yo" .4 6 - 4
e r'o ‘B o
' / . ’ P A . Pr predickion
-~ . P ‘l MU o
; fo ’ H— 0 ,
¢ - | o | “ /
? D l l
. 20 : 5 201~
j | 3
§ 4UE-=/4"8 m/s | o= 0D mm UE= 4B mfs X o 15D pn UE=/4-6);,/3 2 e 200 mn
R
. . X | ©
Oy Experumental veLocJJy f.vroﬁl&s i | |
-
=

:QUN.4/48 ! d-bar grids UE/UI::: o4

WAL IS



25 G aambiy.

Ru~n 0/55 > No grids, U%Iﬁ 0-4

Ug= 38-Am/s Yr 38:4nfs | Up=383mfs |
L .
~30 ~Jo ] ~30
y L
. L 4
-20 ~20 -20
) r - L 3
¢ !
-/o N ! -/0 o "‘,0 //'/
# . L ]
y[""'")__ | /"_ ’y‘?mm) e :[/Z"""') / i
|6 a ul U/U.r - S "6 _ 4 D2
/ J / 4 'y .
e ’ e - > l A predgetion] d 8 re
, i = ' mot ”-Z}f’//
: i Y
1 lo for—
(4 _ - {-
' * -
¢
Zo 2 20—
[ ]
y t
30 _ 5 30 3o}-
15-3m/s o = [00mm VUp=153 mfs X=/50mm Usl5.3mls | %= 200mm
Experimental ve[o'cd['y l ,broAlEs.

891



S/ G 2mb1]

Run 5/54: 5 - bor gruds | UE/UI ~ 0:6

o+ + .
, ! ’ ‘
U = 34T mfs ng 33-3;;/5 ) | | U= 337 m/.f i
4 . .
H ) e
30 -30 ~30
L+ .
3 'S ,
I .
-+ 4+ e . +
-QO o+ "'20 =20 4
+ 4 : '
4 4 .
*- + L
~1o |- I 10 + 1o A
+ bz 7/ :
o) ¥y ' y¥m) N
-+
+
6 8| ¥ Ho Yue— 8/ Ao - 3 8 Ho
7'/+' /+
+ 2 oo V4 |
+ r lbrcd(- m\y
t% - ' Mul 14 < e
L:_ 10 A=t 10 v 10
N Z
i N
i + {
b
-'— —
4 20 20 20— -
4 T B :
! o
i o
30 30 i - 30
+ Ve o= (00 mm W Us L= 50 mm Ue L= 200 mm
= 2006 M/S == w-4 M/s ' ) + -2002 mﬁ ’
Experimental vaLOcLCy"'/yraﬁles ' po
w



7S mﬁy

UI = UI = =
35-7141/5 o 25 2Zmfs | 350mfs
-30 -30 i -30 &
b
a
g .
-20 o ~-20 ‘ ~20 =
b
) N )
L q
~Io , /o o _ — 1o ZA ‘
o . o . 1o /
Yo o oY) Yom) / ’
6 8l ’ 10 U/U_r " . 8 I8 ‘B ‘8 110
/@
5 4 A preeckion.  NF
' ‘ /6 ] MU{ \/
Ly ' "
b _ {o <L/ /
—— lo| (o} (8 06—
ql
® s |
-0 2o 20 2p=—
Q
30 3o : ‘ 3of—
UE‘ Ug = : ® U& A
ol 202 m[s &= /00 mm °ZO-7 »1/5 5 /5D mm =20-3r’1/f I =200 mm

Exbenlmenid velocity /broﬁt&s

RuN 4]49: 4-bar grids , Ve, = 0:6

0Ll -



171

Ha\ms ‘sprb on ¢ mb\o Ny

Q.Q ~
“ saqaroud| A1o0)oa JepuswtIagixy Eﬁu
b
spugzt sfwgiz! e | SMM8IZ
Wi apz =oc / uwhw W OS] =20 =, wiu 00) =20 \u | m .
‘ g
—log - d og og - —f—o hmw
—loz - oz " oz - —
o/’ ol . o
L - > i :
) worpIpIsd iy - .
ay \m\\ Ol 27} i il 9k .l.IH.D\D 0.\\n g ol
Pl : . ’
3 \\ i) i o (i) Ao ? | (@)h
o : o/ ; 0/-
e ) 3
¢ ) l
e 1 I
1 oz- [ 0z~ i 0z~
g 0g- [ og-~ og-
[ g m\rmwm sp 9-9%
i 3 N H\N g = Q ﬁ =




H +
Up= 32 mfs Up =323 /s , I:
T " ;
-30 ~30 -3p
g 4
4 _ |
+ .i- ) *
-+ - _ .
-Zo " 70 ] 20
4 1
+ 1 »
-{‘ o oI
~lo T 16 - -fo_
B T 4
Y )t Y (mm) Y*linm)
18 ¥ Ho Yo — ~ -8 ;f rlo 8
# i
d + B presichion
. " Mot P , \""7’
‘F 0 k- /o l A=10=
B |t
-:- J[. - i N
My = 2 20—
; + J
|
M L +
13 ' Jo 30 ,’ =30 |—
€ - UE ‘ ' UE ! U;_r )
a ’___27.0”1/5 - = (00 mm =26-.7'm/s + ¢ = /50 mm _25.5,”/5 + 2w 200 mm
'L-’J * Experimental velocity profiles
D

Run 5/53: 5-bar grids, UE/UI = 0-8

Ur=' 3Z-Om/s

4A’




75 S 9.471373; ]

U, =332mfs U.=33:0mfs Uy, =328 mfs
L
fa o
- ~30
=30 > 30 5
o _z
0
~20 s -20
c o
]
& -
¢ - :
~lo E q .
Yroml ot Y| Y*(mm)
Ufpy . 8
.8 /Q ho ' /UI \ -8 7[ HNO
| ' es /vfedt.cézrm- ~ta/’
' MUt .| -
g - ,
- 9|
TD_/O f /0 i
o .
o o L
Zot—
20 . 20 A
)
] <] o
30
30 3o -
UE= 27-6 m/s oce /00 mm Ueu 27.3 "l/S oC= [5D mm Ug=27'/h1/$ oc=Z00 imm

Experimental velocity profiles.
Run 4/4.7' : A-bar grids, UE/UI =~ 0-8

€Ll



Up= 345 mfs o | L{,;=-’:4-7m/s Al ' | ‘ o [5::.;4%»{:

8j'c 24mbi

1
-30 * -30 -30 r
{ _ 1
-20 ' -20 -20 .
> p
-0 ~lo ~lo %
®
Yom- o () , ¥l p
o bt g ) . ,
08 P '//quh U/UI—_’ ' .8 /' ho . ‘- P o v8 /o
¥ 7 predectiion
2l | Er | | Mot | <
*— o - 10 - —p— o
i 4
- 20 : - 20 - - — 20—
[ ? .
30 ‘ ” . Jdo ' Jol—
Us=272ms | = 10D mm U275 M = /50 mpm U275 mfs 9 =200 mm

Ex,bcrum ental velo cul':y profiles
Run 0/60: No gruids U“/Lg, = 08

VA



» +0
R )
=350 o
. to
[0}
"20 L L)
. + 0
y* +o y*
. e
ﬁ”m) ' . +0 (”fm}
-10 -
: %
. +
. 2o
‘. + | @
0 P
. Yt r o AL
05, [ +45 20 VU——-
. + P '
. -+ 8
10 +—4- <+ 9
’ + q°
+ o
3 + |
Q
20
. +
. +
30
S N
g L
N X =100 mm
N o0 ©, 5-bar grids
: U ) + + A-bar grids
S Y5~ 04 4 bar g7
r o e © grids

40 .
« 409
~30 X L[.Q
. -0
[c}
~20 -
) to
4o
+G
s L
-0 vF
. 9 L
. P+
. o [+
0 : .
05 fo I -z:“* 25
‘ 6
1o — 5
- 4‘@
. +l0
e ) .
®
20— &
M b
E
J ;
j 'y 40
3o
. 19
o ®
e [5Omm

Ex[:er-dman,ta/L turbulence- intensity

'

profiles

- =30

‘e 40
. [c]
-
.8
-20 - _i;
. B
+
~lo}——1-+—¢
@
. +
Q
.
Q
o * T
® (o]
05 Jo o, 20\
Q
. +
0 —0
L}
b
. 4
20 . 2
.
49
[ ot
30
T
I
40
« ot
e 200 mm

GLl



075 Bmbiy

=30

~20

10

Jo

(2]

L+ + H 4

X = [00mm

U o o &§-bargrids
Ug- ~ 06 + + 4-bar gnds
x s = No grids

3
.
+0
, +
-30
* +
40
) +
+°
-20 N o
o+
©
J -+
'y Q—}-
] o +
-10 % o
y +
* ¢ ° +
1(’ 1) ’ °
L4 M *
5 04 o 08 12 ° J§
o | Ur Ve
CFE .
. o]
: +.
10 — teo
. o)
. el
. ®
20 .0}
*
o)
L]
0 ‘o
.
+©

X =[50 mm

Expertmental turbulence Mmsééy
profiles

+®
' P
=30
@ P
+
o]
+O
~20 5
[o]
-
[0}
o]
~fo e
. o b
y"#
(mm) ' >
mm
o .04 '_-05 2. & .4
‘. 1‘% >0
¢ + 0
. +i0Q
0 7o
Ho
(o]
1)
20 £
B
X}
30
[ ]
P
+
@ = 200 mm 3
o)



\_GQ

-!

it §°

3
o

Oeqa

}2G 24nbig

T ———— ————— > e——

L ] 3 . k] *
. i ] 4 +0
- -3
30 . +He " 10
+
» Q' . ?_
=20 =20 , B
+ ¢ & . ;
y* 4 /y . e
(mm) ! Ho (mm) . to
© . o . +
g (% .. ulkv] -IO o J
&, *h 9 . T
o+ ° (<] +
o M . o
o 2 uy — 102, * .04 .06 o = 0 0z .04 06 tg /o
O U o ? b +
o+ . +g - . )
+ [ ] +
. + 0 ® o
‘i‘? ) *o . +
o+ . » +0 . : ) [0}
OF fo 5] 10 " -t-o
o+ - ) . .
o ¥ o) 5
© + [ ] o ‘\ . 'g
o +
20
u] 20 » - . &
82
o . G " ®
: 30
. 30 . o i 2 4
‘ Xm {50 pim . ' =200 mm

© 5-bar grids
+ d-bor grids
No grids

Experimental turbulence-intensity

profiles

‘
i
‘

LL)



178

Frequency , f (c/s)

0 | Y(em.)
. ++ 036
L4 X X 086
e o 1;36
) 9'0 186
0f . U= 32 mfs
g
—c X = 2'5 cm,
Ef —4
'uz2 —2
«00f 5
_.4, ,
, . i\
"-000{__8 3
-6
~4
=2
P T T A O O
10 100 /o000 /o 000 100 000

FLgure 5.22



A
Y
b |

> = ‘ —% % e %
- X g
G b
7 %
Uz (10,0) 20, 0)
. ¥ '4 i . S < - 4 e -
Y ~ 0
VUI 0:4
N Withowk Witk ‘2
grids - grids
-4 —2 © 2 4 4 -z o . Z “
Z(em) ZLen)
——e— = [Ocm e = 20 cm
> % ' \!”‘ o a - —3 X —NO - 3
e e L M b . ’ ..
X "5 : e
- % G x - % s % 2 .
us, .
) 70
/UIfIO, o) z(lo,0)
6 .6
.UE o ’
4 o /UI x 08 £
With out Wit
2 gred grids .2
~4 ~Z o) 2 4 -4 -z (ij A -,
Z[om) '\ 7 (om)

Fiqure 5.24




Pitok manometer readimg (mm Water)

M
Q

180

5.q. Typical velociky profiles produced
__é_n/ Verious 5r1_'d systems.
(at x =5cm)
5-bar oscllabing grid
£ " Horrzental bars with adfus table

- Ié,, , s[bcwmg_
______ 3 anr
~ 2 bars fixed ab L " cenlres
” n
——

-

I'ejLO'ﬂ

50 6o 70 8o So
Tramsverse distance, y (mm)

_Fgure 5.25




%_ | Camﬁari.soﬁ of_measured and preau‘ofed growih rakes (MU1)

"
L

Mom <h ﬁm

. - A
e /
1 - I
s
— —1 “+
D @
1M
;\% -}
3 $
1]
et - T
] R —— .(_‘

Key ' : — — — 1

@ Experimenl
+ Prediction- MUT
- " - Promdti

N

o
I

N

\

}'9 axnbl:]
Q.

7

i -
/50 ' 200 . e 2’" m) . o) 50 too

o 50 100 150 200




N

2 ' " ‘
2 Compartson Of measured amd preducted growh rates (Muz)
e . -
A
(mm)4 jr/ o X
— @ —_—
o - % @
- T" w
v) — —
§ 2 KEY ¢ T ]
§~3 @ Experiment
“grg X Prediction- MU2 :
£ 6 ——= v ~Fandtl
= | 3
e F
(mm), x + o
//ﬂ - ,Q ’ — . ?
ﬁ3/ e -1
- o m
2.. | (,.—-— :—-—‘— p— 7
y
@
Q . -
- (™) e il s
Lg o L T " - | d 2
g o R — )2-————' —_
L$)}
n  © % dia 150 %p0 _ E(mm) | P L /g 150 2o 250
x CMM) o 50 loo 150 200 ' ' ’ ' !
. a: C’HM)

28l



183

S.,_ﬁ__

ar

£o4b

Experimen

s

bar g ri

~5b

1247

turbulence.

[}

V€

d.

—omp
s

v -

et

los hrom e

7h

g

-4

peri

a/ricl mixmg

deckions.. -

{Pre

4

3

Figu.r*e ©




s e i g

R e o )i e | Comparison of experimental
N S S — : - — readtsv»wlﬁz-k-zlbrectwécms:

. P - . - - - N - : 0'8 % _'
ST SN R N \X U-Uus | C T
S e A i T D W L ot S T R A
i RN i e
- S \ efl @ @ 2007 L 095 056 - -
R oo -f.LO —~(L3/{) i

R ) R ‘:997_}__.95_,__3_5 063
T o) (rsjz)

S Thickness,
B (mm) T
- _ . - 24 .

X

50 - Jjoo- . [s0 -




185

~_| Comparison of 6xp&rumwl'ai

—\ results with k-z predictions:

: ,I_}Ui, ’_a-0?5,» _Vmaﬁm;?ﬁz‘,é 4”1 ;Cz,

| 2097 Y.0g5 08B

oo <fto J _(135)
e 007
xx 007 | o935 063 -

1

o T

- ,‘ Exbefé"meﬂxf —""

450 .. . 200 .

_Fiqure 6.6



Cam,beSen of oxpéerentaL

f

Vdrw/-'bm of

0.8

Ue _

22

- UL_— ‘... el -

¥ G, amd Cy,

i

.085 056 ——

'
ot

'[L-"‘/ 0‘———
.0935 063

}
)

110

s,
xx—007

'
i

G

-3

{10 -

[ 2K %
e s
.

T

Ex‘bari,rnent .

E 'I'eSths;mZ‘h k-z-predictions

-} es. 1007

e (mm)

S0 =

+
i
T

Figure 6.7




B

- || Comparison oF experimental .
\resulls wibh kz foredicbims:
Y2 2 0.6, variation ARy,

Uz

e ("')Ew_wm

1es -607}

RN Kl "W_;OOT_} 5Ak"+ 004 A 2
|+ Mo ] + 0
NG OR
——..ME.X/’W'_'"M L

-II’O

007

| e 461 b0 |

'

‘ e LTI ,':,' ',',A"A“;o“.;_ T "',".‘:.,',i,:,",_L "::7_{070 S "V‘L" i /5'0 ’ RSN ?OO . "

FLgur‘e 68

: . : ;
i i i - i | { i S
U, SN U SO AN S SN U U S SUICIL LU ORI SN ORI S SR
t i N ] B



188

Comp

£ experimental

artson O

ond G

F Cue

6, vartabion

Y _o

: } -t 04 (L3/4)

-007
{10

J to 09 49

007
110

Experiment

7 —--| resulbs wut &z predecctions:

0.8,-.‘_*_‘__‘ %~,. :

04| R ——-| b6

e e e e e ey

& (mm)

180

qure 6.9

F U SRS S ST

P
S
i
i
-
|
'
‘




T W |
o |0 b
D — L2
——] - . m - . - :46.
i i : . m
B .W @ m .
JR B N : s
R ,m, N w u L
, =L _ e L
T A um ,, ! Pob
: , R oo
8 3 ~T
“ gy Boopo
- R S o
R %’, b L
1S K o8
e “, S ; i
=TT R
(R | A
S R
. | !
i
: “ m
i H
)
g w LY
PN S . IO. “x - ;
N ! ; i :
H i i \
4 ; W !
! S0 B I
.... l?z“. _ _ ”, . -aywl
{ : g ! L
,W i ' ! W
1&l,|w1.; H - ma . m,_
! . : !
P o’ |
did _ i . 2 o
i e Q , i
2 AT : m
] i . ’
el SO RN NN FUOU S B S
. T A N
A ! iE
e ; A_ :
e M ;
' ! R H i
10 b




tal

ertmen
St

of exp

arison

reé

Sults with “kzp

e 13]6)

- ""f"\t‘ T T T

f[-

=-007___

Eumibial

L
- i
.
t

= 5”0, 3

f.v'.,"

— Experiment___|

rl.&l-.!i%vw_»un m ~“< —
RS
s ,
o 1w

i
r

]
S
RO S S

1
'
i
I .
; i
t !
[P
' [
1o s
! !
! i
" e
: i
i
i

I =)

!
-
i

M
H
|
{
v
s
i

> - I8 S -




i ;
-k i N - ; - - . - 5 - i i I L. ! : !
-t .- - - - - - . - - . . B - - - i - i T - . . - N .
e T T S e S e s S S S SRSl S s Sndf s Mmoo 191

| Comparison of experimental
| resulls with k-z predictions
. (Rumn l3fe)
) opr
oo

=40

e e

" Foure 6.17




{3

I O A B o I RS
n E o i oo :
Ak A5 R R BN RS |
L 2 o B 3|
I P e o Cn -
t ¢ 6 e - , _ , ) w
0 | At A w =1
S of | N . o m‘ oy o 3
A I I R SR N 1 . v . ' N
! “ N | LT ! W_
_WI i fo ,\/u.y |- JAPES SO S
N U . - -_4 . —rde  eluae N H i
m V/ 'y V g _ : M
R NS e ,
| , O Ct S T N Eo I
ENEE RN
S| R A
i ! O w ,‘ o
m ‘ : ._ Wudov vW N
o ‘| " P R
< i ‘..R i ! . ~. _
- _ . . _ f IA_..K ; V .
S ISR PR DO < SO
! , T I N “
M W , M, 8 Q # M:
DN\ SN PR |
m“‘wl L. ._m m+m U
M A | ; “z” e i
' [\ Wlw CS ~ : b
O v I RR" S i
w . e < _ N S SR
SRTREE TR B SR A
Tl e e
: m SR R ror
: LR ! :
J Ly
R R T i
o BRI m : |
Pole , ,_ , N
K o | fT : ; .
i ! 1 | . :
I R |
e i _
e .
|
i




: S 193

APPENDICES *



T

APPENDIX A
SOME DETAILS.OF THE

FINITE-DIFFERENCE PREDICTION PROGRAMMES

A.1 The NEWMOD programme: geﬁeral.

The NEWMOD programme was derived directly from the
original Patankar-Spalding programme, which was subseéuently
published in reference 3. The main analytical modifications
which were made have already been described in section 4.2.
These were found to lead-nafurally to some structural changes
- the original effective—&iscosity subroutine (VEFF), and
part of the subroutine COEFF Were incorporated into the
entrainment subroutine (ENTRN); in addition, subroutines and

other subsections excluéively'concerned with solid flow

boundaries were deleted. Nevertheless, the progrémme retains
a strong resemblanée_to its parent. A complete listing is
given at the end of this appendix. ‘

For plane mixing-layer predictions, the appropriate

values of the main control parameters are as follows:

KIN = 2, KEX = 2, denote that both the I and E
boundaries of the layer are bordered by free fluid
streams.

KRAD = 0, for plaﬁe flow. (Note that in the pﬁogramme,
which is written for the general axi-symmetric case,
the symbol R (representing the radial co-ordinate)

appears frequently; for plane flow R is assigned the

value unity throughout).
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CSALFA = 1, indicates that the flow is perpendicular
to the directién of R.
N = 20, this was the standard number of cross-stream
grid intervals. |
FRA = 0.1, this was the normal value of DX/Y(NP3),
ﬁhe ratio of forward step length to stream width.
Both N and FRA were chosen after an examination of
the effects of &arying tﬁe grid size, which is described
in section A.10. The value of FRA used was aeliberétely
conservative because of uncertainty occasioned by‘instability
experienced in the early stages of developmenﬁ of the
entrainment calculation.
The initial velocity profile was provided in the form
of pairs of values of’y‘and U§ thesé were takeﬁ from the

exact analytical solutions for zero free-stream turbulence

produced by the KUESOL programme , - (Appendix B.3).

-

A.2 NEWMOD: terminal oprocedure.

To ensure that computation ended when the asymptotic
solution had been sufficiently closely approachéd, the
value of d®6/dx® was monitored at every tenth-forward step.

When the value was less than a specified size (usually
7

'3 x 107 "), the OUTPUT subroutine was called to print out
the variables at that station. This was repeated three
more times. The forward-marching prediction procedure was

then halted and the final processing sequence described
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N

below was executed. The adequacy of the monitoring

was checked by examining the four sets of station printf

outs produced. Practically all those variables which

have constant values for the similarity solutions remained

unchanged in the first three significant figures.

The final processing sequence comprised the following

operations:

a)

b)

A check on the accuracy with which the force-
momentum relation for the whole layer was satisfied,
effected by calculating the error defined (for plane

flow) by:
1t -— mnN — hit . —
m UI m UE (mI mE)Im (A.2-1)

where I_ = U+ U ) (g - w)/2 ; (A.2-2)

Im thus represents the x—momentﬁm flow fate within

the layer, divided by the mass flow rate.

The calculation of the values of the velocity profile
shape factors Yq /9 and Yo /9 in this process an
additional subroutine, CUBIC*, was used to interpoléte
between the value produced by the main prediction
procedure, and to deduce the value of the transverse

velocity gradient 3U/dy.

*CUBIC, and the aSSOC1ated 1nterpolat10n process, are
descrlbed in section A.9. -
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N

c) The caicﬁlation of the dependent variables U,

(U - U)/(Up - Uy), and 6.3U/3dy, for equal
intervals of the transverse position co-ordinate
y*%0, again usiﬁg subroutine CUBIC.

d) Values of p_c./pt and Peff/pUL (the latter being
the predicted relative turbulence intensity) were
also calculated for equal intervals of y*/0; in
this case linear interpolation was adequate because,
in the basic finite-difference procedure, at each
station Pefs has a sinéle value across each grid

interval.

In interpreting the prin?ed results from the programme
it should be appreciateé that these are all effectively in
non—diménsional form. Since the fastér free-stream
velocity, Up, is set at unity, the symbol U in the
programme represents the local velocity ratio U/UI'
Siﬁilarly, the symbol RHO represents the ratio of local

density to that of the free stream; it is, of course,

unity everywhere for the present uniform-density predictions.

A.3 Calculation of the finite-difference coefficients and

the entrainment rates.

The coefficients for the finite-difference equations
for internal grid-lines (i.e. A, B, and C in equation
3.2-8) are calculated in subroutine COEFF. -This has been

modified in two ways from the standard form of reference 3.

-
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First, material which is not used in computations of the
present kind has been-deleteé; secondly, the preliminéry
sequence for calculatiﬁg the small c's (as defined by
equation 3.2-7) has been moved to subroutine ENTRN; SO
that the values for the 4th and Nth grid lines aré
directly available when required for the dete;mination
of the entrainment rates. Subroutine ENTRN also contains,
for convenience, the sequence for effective viscosity
(EMU), which was previously in a separéte sﬁbroutine'(VﬁFF).

The way in which the second half ;f ENTRN sets up
and solves the two equations of the form,3l4-2, to obtain
the values of the boundary entrainment fates mf and mE
(AMI and AME) can easiiy be followed in the listing. The
YDES device, which coptrois the length of the tails at
each end of the velocify profile, is inéluded in this
sequence; its operation is described in section A.10.

The coefficienfs for the outer hélf-intervals of
the grid are calculated separately in subroutine SLIP,
in accordance with the definitions and analyses of section. '
3.3. Note that, for convenience in programming, the
quantities ¥, M, M', and V do not appear expliciti;.
Instead, quantities differing by a factor (pU)

2.5
[=(gE-¢I)w3/2]_are used at the I boundary, thus:

CYI =Y . (pU), & Cyp—yp) /0%

CMI = M . (pU)Z.5 = mg , etc;

at the E boundary, the corresponding factor is

0y, 4. D=0ty ) (g = 9720,
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-

A.4 The NEWMOD-~F programme.

This was basically identical with NEWMOD; the only
differences concerned the initial and boundary conditions,
the step length, and the arrangement for print-out, all
of which were aimed at aligning the predictions and the
experimental observations as closely as possible within
the context of the mixing-length model.

The values of y and U for the ekperimental veloclity
profile for x = 10 cm were read in to Qefine the starting
point for tﬁe predictions, %hus taking advantage of the
ability of the finite-difference procedure to accept
arbitrary initial cond;tions. In some cases where the
number of experimental points was rather small, a few
extra ones were obtained by visual interpolation on the
profile. The value of N was within the range 13 to 18
fér all NEWMOD-F predictions, and con§equent1y possible
inaccuracy arising from this cause could be expected to
be small compared with probable experimental errors.

The boundary values of velocity, U, and UE’ were

I

kept constant throughout any one.brediction, while the

-

boundary wvalues for (ﬁ£)I and (ﬁE)E were calculated for

each transverse grid line from a parabola fitting the
observed values for thé three traverse stations. These
boundary conditions are displayed in Table 4.3.

The incremént of x was the same for all forward
steps, and a simple fraction of the distance between

traverse stations. At these positions the final-processing
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sequence described in section. A.2 was brought into opera-
tion and full details of the predicted fiow were printed
ou£ for comparison with the eXperiméntal results.

A listing of tﬁe MAIN section of NEWMOD-F follows
at the end of this appendix; the remaining subroutines

were identical with NEWMOD.

A.5 The LAYER programme: general notes,

The basic principles governing the operation of the
GENMIX 4 prbgramme of reference Z'as the same as those of
its predicessor, reference 3. The development of the later
programme has, however, included some changes of nomenclature,
and:a radical change ofastructure, and in particular a
marked feduction in the number of subfoutines. A comprehensive
descfiption and justification of the underlying analytical
modifications is given in reference é. For the flows at
present under investigation, the most significant of
these is in the method of calculating entrainment rate,
which has already been described~in the second half of
section 3.4; little more needs to be said here about the
basic GENMIX 4 programme.

For the present’purpose, the LAYER programme can be
regarded as GENMIX 4 shorn of those subroutines and smaller
sections which relate exclusively to solid flow boundaries,
and.with its scope exfended to encompass the new.ggneration

of turbulence models. The notes which follow concern the

version eventually developed by the present author.

J R T e R e T s S A L
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As usual, the MAIN‘sectiQn of the programme controls
‘the applicafion of the general procedure.to the prdblem
in:hand, setting up the initial floQ conditions, controlling
the sequencing of tﬁe forward-marching integration process
and adjusting the boundary conditions in the downstream
direction, and arranging the final processing and printing
out of the solution. Despite the greater complexity of
the computation the operation of the~prpgramme is similar
to the working of NEWMOD, and can be fgllowéd in the.listing
given at the end of this.apbendix.

The primary dependent variables other than p, U, r
and.y are represented by the two-dimensional afray F(n, i).
In the present calculations, n = 2 and n = 3 correspond
to specific kinetic enefgy.of turbulence, k, and frequency,
é, respectively; n = 1 customarily reﬁfesents the specific
enthalpy, h, which was not required as .a variable. The
density was assigned a éonstant valué4for all grid lines
at 'the commencement of each predictiéﬁ run. To eliminate
the unnecessary computation involved in the superfluous
solution of the enthalpy equatiod, adjustments were made
to the range of the DO loops in subroutine STRIDE concerned
with the calculation of, the coefficients and solution of
the finite-difference equations. In all other respects
this subroutine retained its standard form.

The computer sequences peculiar to the k-z turbulence
model itself are contained in subroutine AUX, and are

detailed in the following section.
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Figure 4.7 shows the starting conditions used for
the idealised k-z predictions. The initial width of the
layer, (ygp - yI)in’ was arbitrarily chosen, and the.

corresponding distance from the hypothetical origin of the

layer, X0 calculated from the expression:

_ (Yp—vpliy
in U
(03 -

(A.5-1)
E

5U

u
- r
I)['l + 10(6:—):[}3]

which approximates results from the mixing—léngth predictions.
The velocity and relative turbulence intensity were assigned
sinusoidal distributions; the maximum value for ur/U was

- calculated from the expression:

= 0.2 - .199 U./U. (A.5-2)
thch was derived from the experimental results. The
initial boundary values of 'z were obtained from equation
2.5-4 (for the I boundary), and a simple linear distribution
between them was assumed. In order to minimise the effect
of possible differences between éhese initial profiles and
the "“correct" ones, the first fifty forward steps in the
calculation procedure were considerably reduced in size
to allow the differences to be eliminated rapidly.

The final processing of the finite-difference results
was generally similar to that for NEWMOD, but although
necessarily more compfehensive, was rather less elaborate.

Subroutine CUBIC was called only to assist in the calcula-

tion of ymS/G.
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For calculations with~zen3free¥stream turbulence,
only the final asymptétic (similarity) solution was
printed out. For other cases, the initial value of
ur/U in the free streams was usually set at 0.2, and final-
processing and printing arranged to occur at stations
where the relative turbulence level diminished to 0.12,
.08, .04 and .02 successiveiy; the values of x:at which
these values of (ur/U)IE occur were calculated in an
early section of the programﬁe (MAIN chaptef 2), using
equation 2.5-4. '

- The value of N was set at 19 (compared with 20 for
the NEWMOD work) solely for convenience in tabulating

the printed results.

A.6 LAYER: subroutine AUX.

The character of the turbulence model ié largely
defined by this subroutine, in which are calculated the
values of effective viscosity, and the "source" terms
appearing in the k and z equation.

Since the molecular component of shear stress is
ignored in all calculations, the effective viscosity is
equal to the turbulent component, and so its value can be
calculated from equation 2.8-1. Almost invariably, C. was
taken as unity, so that:

Peff = pk/Z : ) (A.6—1)

(The

effect of varying C

F

is described in Chapter 6).
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The soﬁrce terms (i.e. the last two in equation
2.7-1, and the last tﬁree in 2.7-2) are dealt with by
the standard GENﬂIX_4 procedure. For the representative
control volume depicted in figure 2.2, the appropriate

integral for the k source terms is: ‘ '

+
U
S = | e (30 - Cpokaday  (A.6-2)

+ ' ' ‘
I_@kdy, say, where’@k is ‘the nett

time rate of generétion of k per

unit volume.

»

The expression for Sk can be restated , partly in

finite-difference form, as:

.k (A.6-3)

D,k D

d
- 1 - —_
where SD,k - 2()i+1 )i—l)U dk(ﬁk?U,i

Pturb, au+2
(3}-{ ) —CD pZ:]

1 - .
= 2lyy1 - vl U,1

(A.6-4)

In this way the source terms are expressed as a factor
multiplying the unknown downstream value kD’ the factor
itself containing only known, upstream quantities.



The corresponding expressions for the z source

terms are:

T~ Prurb 32U 2 au, 2
5, = | T BERED - pc,z® + pcy(§D 1dy  (A.6-5)
= 4 - -
= 72(y; 4 Yi—l)(SU,z + SD,z'ZD) (A.6-6)
where
C
1Hturb, 32U, 2 - dUu,
SU,Z_ [ P (BF) + C3p(—a—§) ]U,i (A-6—7)
and ‘
d , :
SD,z = dz(@z)U,i = |:_CZpZJU,i . (A.6-8)
The main DO loop in AUX performs these calculatilons
(of SD,k’ SU,z and SD,z) for all interior grid lines.

The outer half intervals reqﬁire slightly different

treatment, in a separate sequence in the same subroutine.

A.7 Special features of LAYER-3.

Apart from the additions required by the exploratory
extensions of the k-z model desc;ibed in chapter 6,
the LAYER-3 programme version was basically identical
with LAYER; the differences which occur arise.only from
the different flow conditions being simulated.

The starting profiles for LAYER-3 are indicated by

figure 4.145they were intended to model conditions in a

205

real flow a short distance downstream from the outlet plane

of the air supply ducts. The calculation secuence which

establisies these initial profiles is contained in Chapter

- .. ST el - . - - . . e -
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5 of the MAIN section of the programme. The listing of

this is included at the end of this appendix. The velocity
was assumed to vary sinusoidally except in the two
uniform-velocity free-stream regioﬁs. In fhese, the
relative turbulence intensity was set at .110 of . 007 )
(to simulate flows with and without the tufbuience grids |
in operation). The corresponding initial values of z
for»high—turbulence flows were calculated frpm the same
value of Strouhal number, %g, as that derived from the
frequency spectrum of the turbulence (de§cribed in section
5.8), allowing for the fact thét these measurements were
made .025.'m downstfeami for low-turbulence flows an
arbitrary initial value of 100 was assigned to z.

In the non—unifofm—velocity sections, the free-stream
valugs of k and z were augmented by amounts based on the
mixing-length expressioﬁs derived in.section 2.6.  For
the outer mixing layers thése qxpreésions were used
directly in conjunbtion with the assumed sinusoidél velocity
distribution. In the central wake region the same.treatment
without further modification would have resulted in improbable
distributions for k and z; to make them more realistic the
central troughs in these profiles were bridged by a straight
line joining the peaks, as indicated in figure 4.14. As
with the LAYER predictions, the initial step size (for the
first 100 steps, in this case) was made very small, to
reduce the effect, of the arbitrariness of the staréing

conditioné, on the results predicted downstream.
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The main control parameters.KIN, KEX, KRAD etc.
‘retain the same valueé as before. The free boundaries
of the computatién grid represent the outer edges of the
outer mixing layers; of course. Small arbitrary initial
values were assligned to k and z at these boundaries, and
they were varied with x in the way prescribed in section
2.5. The limits of the central velocity layer were located
at each grid station by a search sequence (in MAIN,
Cﬁapter 8) which, moving outwérd from the middle found
where the'difference between the velocities for two
suqcessive grid points were less than a prescribed amount
(ULIMNI and ULIMNE for  the high- and low-speed boundaries;
the standard values for these were .002 times the respective
free stream velocities)l- In a few ins%ances (for large
x and 1§w UE/UI) this sequence failed to produce a satis-
factéry result because of the merginngf the inner and
outer layers. For such cases a reserve sequénce was
introduced to locate the position of lowest transverse

velocity gradient, The grid-lines located in this

2U
dy” . ]
way were identified by the subscripts NI and NE in_the
programme. The value of momentum thickness, 6, was
calculated between these limits, instead of across the
whole grid, as before. These calculations, and the

calculations of y and Y.g1 Were based on simple linear

nom

interpolation between the points on the predicted velocity

profiles (see MAIN, chapter 10). -



To allow for the difference between the widths of
the velocity mixing layer and the turbulence kinetic
energy layer, the limits of the latter were seﬁarately
located (in MAIN, chapter 10). They were taken to be the

points in the I and E "free-stream" zones, at which the

o

values of k were least. These points are identified by
subscripts NIF and NEF respectivély, and shépe faétor €
- was computed between them. The shape factor for the
relative turbulence intensity profile, m, was determined
in a very similar way, but owing to minor irregularifies
in the k and z profiles, the minimum values of these
guantities did not always occur at the same grid point.
Subscripts NIT and NET indicate the limits of the ur/U
iayer.

To permit transyerse variation of the effective‘

Prandtl numbers for k and z, the appropriate parts of
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subroutine AUX were changed toicorrespoﬁd to the algebraic

expressions:

Proge ko = ar, o+ Bérm + (A.7-1)
Preff,z = YAkp + 6Arq + K | (A.7-2)
;here A= k/U? | ' o (AL7-3)
A = k/z (A.7-4)

and # and X are constants.



208

Ar is thus closely related to the local turbulence
Reynolds number, AR:(E pk/pz) ; A, and Ay are two of
the quantities which Spalding (reference 24? has tentat-
ively suggested as arguments of the Y“constants'" in the
k-z and k-w turbulence models.

As with the NEWMOD~F predictions, print-out was
arranged at x-intervals of .05 m, to coincide with the
experimental traverse stations, and the numbers involved

in the computations represented the absolute magnitudes

of the respective physical quantities in S.I. units.

A.8 The relationship between the k-z and k-w models.

The k-z and k-w models are very similar-methods of
describing turbulent motion. The symbol w represents
the square of the characteristic frequency of the fluctuating
motion, i.e., w = z®. The same differential equation for
k is used in both models (equation 2.4-2; thé equation

for w is (in plane flow):

e 2 2 -
o2, v 12 Barp oowy o Pourn 2fy,® 372
ox 3y p oy Pr w? oy 1 »p oy 2
. eff,w
1 2
2 (SU -
fCéw (By) (A.8-1)
- 1
with Peurp = Cpekw 2 (A.8-2)

That a significant difference between the two models

exists can be shown by substituting in A.8~1 for w and dw
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in terms of z and dz; after division by 2z the right

hand side of the resulting equation is:

2 Pturb 32y Peurb 25,7 ©1 Prurp 22,2
<3 Preff,w dy Preff,wz Sy 2 pz Qy

C! C! 2
- Eﬁ 2 +._% (2Y) (A.8-3)

o

g

Comparison of thils expression with the right-hand

side of equation 2.4-3,- shows that:

=C3/2, Cy.= C3/2 , (A.8-4)

c, = C1/2, C 5

2
and also that the second term is omitted altogether. It
is argued (Spalding, reference 29) that as a result of
this latter difference, the C's are more likely to be
nearly constant than the C' 's, and the k-z model conse-

quently more satisfactory than the k-w one.

A.9 Subroutine CUBIC.

—

This short subroutine is used frequently in the
final processinngf results from the main finite-difference
programmes, especially NEWMOD and NEWMOD-F. It evaluates
the coefficients regquired to fit a cubic expression to
any'set of four points transferred to it. It is used

for three purposes:-

a) to calculate values of y for which (U—UE)/(UI—UE)

has specified values, in the calculation of Yno

m

and yms’
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b) to calculate values of U corresponding to specified
y's, in obtaining the equally-spaced output, and
c) to determine transverse gradients, 3U/dy, in the

calculation of Yose

In applications of kind b), the finite-difference
output, consisting of linear U-w segments, is replaced
by a series of cubic U-y segments, and in -the process,
an adjustment, €, is made to the values of U so that
the-ﬁass flow rate corresponding to the cubic curve is
the same as that for the section of the finite-difference
profile that it replaces. However this precaqtioﬁ was
found to be largely unnecessary, as with N = 20 the values
of € were too small to be significant for normal purposes

3

(usually less than 1 x 107 7).

A.10 Effects of varvying grid mesh size and entrainment

parameters.

Some of the early work with the finite-difference
programmes was necessarily occupied in establiéhing
suitable values for the various computational parameters
involved. The most important of these were:-

a) The number of cross-—tream grid intervals, N.

b) The. size of the forward step between one transverse
grid line and the next. '

c) The constants used in the sequence controlling the

rate of lateral expansion of the grid.
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The following notes apply mainly to the NEWMOD programme,
_ but very similar results hold for LAYER also.

Since a linear U-p relation in each interval is an
essential feature of the method, finite-difference solutions
obtained with.few cross—stream intervals are likely to
be less accurate than those produced with larger values of
N. The efféct of varying N depends on the details of the
grid-control system, i.e. the effects of a) and c) are
interlinked. In NEWMOD, an arbitrary velocity difference,
UDIf,-Qas used to determine U (appearing in equation 3.4-2)

4
thus:

Pl

U, =10

4 — VDESI (U1 - U ) (A.20-1)

1 N+3

where VDESI is a factor whose value is increased at each

step by an amount:’

A(VDESI) = (U1 - U3 + UDIF) - (A.10-2)

[In LAYER, this two-tier system was replaced by a simpler
one which achieved the required result in a single stagel.

Figures A.1, A.2,and A.3 show some of the results of
two sets of asymptotic flow predictions with various values
of N, UE/UI’ and (ur/U)IE' In one set UDIF was held

constant, while in the other it was varied in accordance

with the formula:

UDIF = 1'3(1-UEUI)/N2 - (A.10-3)
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The upper graphs in figure A.1, and the part-velocity
profiles in A.2 indicate that for low values of N it is
necessary to choose the parameters in the entrainment
control sequence with considerable cére, but also that
when N is 20 or mor e fhe solution is much less sénsitive.

The lower graphs in figure A.1 show that (INTG)aSym,
the number of forward steps required to reach the asymptotic
solution (defined by a®6/ax® < 3 x 1077) i% also affected | -
by changes in N and UDIF; although not in a very clear
manner. The most important iqfluence on (INTG)aSym is the
size of the forward step, as seen in figure A;S.

Apart froﬁ affecting the number of steps required,
variation of DX has very little effect on the solution.'
DX may be varied by a factor of 100 without altering the

resultant value of (deldx)asym by more than 0.1%. This

" allows the size of forward steps to be decided on other

grounds, for example in NEWMOD-F, by the desire for grid-
lines to coincide with measuring stations.

~



LISTING oF NEWMOD PROGRAMME

$SIBFTC MAIN

C
(o8 |
C
C

C

READ IN DATA AND ESTABLISH INITIAL VELOCITY

COMMON/GEN/PEI s AM] e AME s DPDX e XU XD e XP o XLL DX+ INTGsCSALFA
1/V/7U(43) +F(2943)+R(43) +RHO(43)+0OM(43)+Y (43)

-

17F/FTI+FTE+ATURB+KeVDESI s VDESE e Ma |
1/T/VDR(43)+ THETADTDX+D2TDX2 +FRA

17C/7SC(43) s AU43)eBU43)+CU(43) 2 A(2443)¢B(2443)+C(2+43)
171/NsNP1eNPZeNP3+NEQsNPHIKEX s KINIKASE +KRAD
1/R/7EFFV1IS(43) + VEFRAT(43) sETOT+BTURS s I MU

COMMON/L /AK ¢« ALMG 4 AL

DIMENSION YI(43)4ULI(43)eYR(43)«YOTH(43)
DIMENSION VDRN(3)sYN(3)+RTI(4)

MODIFIED P25 PROGRAMME

PROFILE

IMU=1 DENOTES MUl EFFECTIVE VISCOSITY FORMULATION
IMU=2 DENOTES MU2 EFFECTIVE VISCOSITY FORMULATION

16

IN

IMU=1

N=20
VDORN{1)=4G
VDRN(2)=e5
VDRN(3) =41
NP 1=N+1
NP2=N+2
NP3=N+3
DELYT=0e4
ALMG=050
ATURB=1.05
BTURB=0.5

READ(S+10)(YI(I)sUI(I) e I=3eNP1)
READ (S5 12)VRAT S (RTI(J) eJx=144)

FRA=0.1

DO 32 J=1+4
RTNTI=RTI1(J)
RTNTE=RTI(J)
INTG=0
AM]1=,050
AME=-¢030

K=0

L=0

XU=5,

DTDX=0,
DPDX=0e
D2LMT=3.0E-07
VDESI=6015
VDESE=¢010
ITIAL VELOCITY PROFILE
Y(1)=0oe
Y(NP3)=1,0
Ulli=1o.
UINP3) =U(1)XVRAT
DO 9 I=3+NP1

YELPEY T CI) - me o it oo

ucrn)y=ul
WRITE(6+50)

214
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54
56

15
25

WRITE(6¢51 )VRAT«RTNTI «+RTNTE
GO TO (S3+54)s 1MUY -
WRITE(6!55)ATUQBOBTUQBQALMG
GO TO S6
WRITE(6+57)1ATURB . ALMG
CONTINUE
WRITE(6-52)NsFRA.VDESIaVDEcE
FTI=RTNTI*%2/2.
FTE={(VRAT*¥RTNTE ) *#%2/2«

CALL BEGIN
GO 70 25
CALL READY
CONTINUE
INTG=INTG+1

C2 CALCULATE FORWARD STEP SIZE

’

DX=FRAX*XY (NP3)

DXLIM= 0.2+0001*FLOAT(INTG)
IF (DX eGT DXL IMYDX=DXL IM
XD=XuU+DX

K=K+1

C3 CALCULATE MOMENTUM THICKNESS AND DIFFERENTIALS

17

‘18

THETA=0.

DO 17 I=1«NP3
VDRII)=(U(1)-UINP3) /(U 1)=-U(NP3})
DO 18 1=2+NP1

Z= 5% (VODR(1)+VDR(1+1))
THETA=THETA+(Y (141 )Y (1)) R(Z-Z¥*Z}
DTDX=ATHETA-THETP)) / (XU=XP)
D2TDX2=(DTDX-=DTDXP )}/ { XU-XP)

CALL ENTRN

IF(KelLT«10)GO TO 26
IF(ABS(D2TOX2) e GT «D2ILMT e ORe XU L. Te20631G0 TO 27
CALL OUTPUT

C4 CHECK CONDITIONS FOR TERMINATION

CcS

27

L=L+1

IF(LsGT»1)GO TO 22

lF(INTGoGTo300)GO TO 19

K=0

IF(XDeGTeS50es AND ABSI(D2TDX2)eGTel40E~-04)GO TO 29

ADJUST ASYMPTOTICITY CRITERION

26

IF(XDeGTeS0e e AND L e L. Te2)D2LLMT=64,0E-07
IF(XDeGTeB00s e AND L oL Te21D2LLMT=1,0E-06
IF(XDeGT ¢90s ¢ AND oL eL T« 2)D2ILMT=5,0E~-06
IF(XDeGTe2504)G0 TO 20

CALL COEFF

CALL SOLVE(AUsBUWCcUU«NP3)

SETTING UP VELOCITIES AT A SYMMETRY LINE

71
30

22

IF(KINeNE«3) GO TO 71 .
ull1y=ut2) '
IF(KRADGEGeDIU(1 )= 7S¥U(2)++25%U(3)
IF(KEX4EQe3IUINP33 )= s 7SXU NP2 )+ ¢25%U(NP1)

XP =Xy

XU=X%D

THETP=THETA

DTDXP=DTDX .
PEI=PEI+DX*¥(R{1)¥AMI=R (NP3)¥AME) . .

GO TO 15 .

WRITE(G6+99IEFFEVIS(1) Y21 1U(2)1EFFVISINP3) s YINP2) 2UINP2). .

215
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C6 CHECK OVERALL MOMENTUM BAL ANCE .

(o FORMULATION FOR PLANE UNIFORM*DENSITY FLOW
DMOM=0.
DO 24 1=2.NP1 .

24 DMOM=DMOM+(UCI+1)14U{ 1)1 )% (OM(TI+1)=-OM( 1))/ 2
ERRMOM=AMI~-AME#U (NP3 ) -DMOM¥* ( AMI~-AME)
ERRMOM=ERRMOM/ (DMOM#* (AMI —-AME) )

WRITE(64+4114)DMOM 4 ERRMOM
WRITE(6+115)VDEST « VDESE
C7 CALCULATE ALTERNATIVE REPRESENTATIVE TRANSVERSE DIMENSIONS AND
Cc . GRADIENTS
DO 28 LL=1+3
DO 33 I=3«N
IF(VDR(]1)+«GT«VDRN(L)YIGO TO 23
CALL CUBIC(U+Y+ 1+ACsBCsCCsDC+DINT)
DELM=U(T)#Y{I)=U(T=-1)1%Y(]=1)=DINT

’ EPS=(PEI*(OM(1)~OM( I=1))Y—-DELM)Z/(U(1)Y-U(TI-1))
UNz=VDRN(L ) ¥ (U(1)-U(NP3})+UINP3)
YNIL)=Y(I)4+BCR(UN=U( 1) )+CCHIUNXX¥2=U(] ) %¥2)+DCH¥ (UN*¥%3=-U(])*%3)—-EPS
IF(LeNE«21G0O TO 28
YMS=(U{NP3)~U(2) )% (BC+2+ ¥CCHXUN+3 ¢ XDCHUN®X2)

YMSOTH=YMS/THETA
GO TO 28 ' ’ - .

33 CONTINUE ’

28 CONTINUE
YNOM=YN{3)~-YN(1)

YNOTH=YNOM/THETA

YMOTH=YN(2)/THETA

YSTRI=(YN(2)=YN(1))/THETA

YSTRE=(YN(3)~-YN(2))/THETA

DYMDX=YMOTH*DTDX

DYMSDX=YMS*¥DTDX/THETA

DYNDX=YNOMXDTDX/THETA

DYSIDX=YSTRI*DTDX

DYSEDX=YSTRE*DTDX

WRITE(64117)

WRITE(60118)YMSOTH0YNOTH0YSTRIOYSTREOYMOTH

WRITE(64119)DTDX«DYMSDXs DYNDX +DYSIDX ¢ DYSEDX +DYMDX
C ADJUSTMENT OF BOUNDARY VALUES

Y(2)=Y(1)
YI(NP2)=Y(NP3)
U(2y=uti)

UCNP2)=U({NP3)
Cc8 CALCULATE EQUALLY-SPACED VALUES
WRITE(6+120)
DO 34 1=1.22
YRTEQ=DELYT*FLOAT(I~-11)
YEGQG=YRTEQ*THETA+YN(2) ‘
YREQ=YEG/Y(NP3)
IF(YEQeLTeY(2))GO TO 24
IF(YEQeGT«Y(NP2))GO TO 34
L=4 i
35 IF(Y(L)eGT«YEQIGO TO 26
L=L+1
GO T0O 25
36 IF(LeGTeNP1)IL=NP1 .
IF(YEQeGTeY(3))GO TO 37 :
DC= ((U(a)-U(Z))/Y(B)**a-(U(a)—U(Z))/Y(4)**2)/(Y(3)-Y(4))
e CC=CU 3 ) ~U23 ALY ) RA2-DCEY I3 e a e e L
UEQ=U(2)+CCRYEQH#*2+DC*YEQ#%3
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DUDY=—2¢ *CC¥YEQ~3 4 ¥DC*YEQ#%2
GO TO 38
37 IF(YEQsLTWY(NP1))GO TO 39
DY1SQ=(Y(NP2)=Y (NP1} ) **2
DY25Q=(Y(NP2)=Y(N) ) ¥%2
DC=((UINP1)-UINP2) /DY 1SQ-=(U(N)=U(NP2))/DY25Q) /(Y (N)=Y(NP1))
CC=(UINP]1)=-U(NP2) ) /(Y{NP2)=Y(NP1) ) ¥%2~DC* (Y (NP2)~Y(NP1) )
DYEQ=Y (NP2)~-YEQ
UEQ=U(NP2)+CC*¥DYEQ¥*¥24+DC*DYEQ#**3
DUDY=24¢ ¥*CCX*DYEQ+3 4 *DC*DYEQ¥**2
GO TO 38
39 CALL CUBlC(YoU.LqACvBCoCCoDCcDINT)
EPS=(DINT=PEI*(OM(L)~-OM(L—-13)3/(Y(LI-Y(L~-1))
“UEQ=U(L ) +BCH*(YEQ=-Y (L) }+CCH(YEQ¥¥2-Y (L) *¥*¥2 ) +DCX¥ (YEQ¥*3-Y (L) ¥*¥3) —EP
DUDY=—BC—-2+¥CC*YEQ—3 + ¥DC*YEQ¥**2
38 VDREQ=(UEQ~U(NP3)/(U(1)=-U(NP3))
‘' THDUDY=100*THETA*DUDY
. L=2
41 IF(Y(L)eGT4YEQ)GO TO 40
L=L+1
GO TO 41
40 EFVEQ= EFFVIS(L)-‘EFFVISlL)-EFFVIS(L-l))*(Y(L)—YEQ)/(Y(L)~Y(L-1))
RTNT=EFVEQ/(UEQ¥10s)
WRITE(60121)YREG-YRTEQoUEQ~VDREQoTHDUDY-EFVEOoRTNT
34 CONTINUE
32 CONTINUE
"+ 31 STOP
29 WRITE(64+100)
CALL OUTPUT .
. GO TO 32
19 WRITE(64101)
CALL OUTRPUT
GO TO 32
20 WRITE(6+102)
CALL OUTPUT
GO TO 32
10 FORMAT(14F54+2)
12 FORMAT(5F542)
SO FORMAT(1H1+48HPLANE v ISOTHERMAL ¢ 1 SOBARICHOMOGENEOUS s TURBULENT
1 12HMIXING LAYER//S5Xs31HMODIFIED PRANDTL MIXING-LENGTH
2 S4aHTURBULENCE MODEL sWITH EFFECTIVE VISCOSITY AUGMENTED TO/
3 40X+ 3aHACCOUNT FOR FREE~-STREAM TURBULENCE//)
S1 FORMAT(1Xs1SHVELOCITY RATIO=+F44245X921HREL TURB INTENSITIESs s
1 OHI-STREAM ¢ sF5 439 2X+9HE-STREAMs 1FSe3/7/)
52 FORMAT(SXs2HN=19 [245Xes6HDX/YE=1FSe 395X t6HVDESI=1F6e4 95X+ 6HVDESE=1
1 F6e4rs/) ’
55 FORMAT(SX+6HATURB=1F 5439 5X416HBTURB=4F5¢ 345X sSHALMG=4F5e3//)
57 FORMAT(SX+6HATURB=+F5e3+S5X+SHALMG=1F53//)
99 FORMAT(SXs6HEM20L =+ 1PEQe 233X e 3HY2=9EQ 293X+ 3HUZ=9E10e3+ 10X
1 THENP1OL=2EQe2+s 3X¢SHYNP2=1EF+ 2+ 3X+SHUNP2=1E103//)
100 FORMAT(10X+22HD2TDX2 EXCEEDS 1e0E-04)
101 FORMAT(10Xs+18HINTG EXCEEDS LIMIT)
102 FORMAT( 10X+ 15HX EXCEEDS LIMIT)
114 FORMAT(5X+22HSIGMA U(MEAN)#DEL (OM) =eF6e 4 ¢ 5X 9 GHMOMENTUM »
1 19HCONSERVATION ERROR=41PEG«2//) ‘
115 FORMAT(S5X+21HF INAL VALUES~ VDESI=¢F64¢443Xs6HVDESE=9F7e¢4//)
117 FORMAT(1HOs I4HDIMENSION DELY* 7XsSHTHETA ¢ 12X+ 3HYMS ¢ 13X ¢ 4HYNOMe 11X
1 SHYSTRI + 1 IXeSHYSTRE ¢ 1 1 X+ SHYMOTH/ /)
118 FORMAT(SX e 10HDELY/THETAYVIZR ¢ STICAIF&e3) /77 S
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FORMAT(SX+10HD(DELY)/DXs 1P6E1643//)
FORMAT(1HO+9OX s 4HYREG ¢ 3X9IOHYSTR/THETAOSXv1HU08X93HVDRvSXq

1 THTH*DUDY + X +SHEFVEQ 4X s 4HRTNT /50X ¢ 4MX 100+ 6X e 4HX 100)

FORMAT(SX-Fl0.3.F10.2.2F10 393F10429F10e4)
END

SUBROUTINE BEGIN
COMMON/CEN/PEIoAMIoAMEtDPDXtXUoXDoXPoXLaDX'INTG!CSALFA

1/F/FTI+FTE+ATURB+K+VDES] « VDESE +Me L

s

1/1/NeNP14NP2+sNP34yNEQ+NPHIKEX s KINeKASE + KRAD
1/T/VOR(43) s THETA+DTDOXsD2TDX2 ¢FRA
1/V/U(43)sF(2¢43) 9R(43) sRHO(43) sOM(43) 1Y (43)
COMMON/L.Z AK s ALMG s AL

DIMENSION OMT10(43) : .
KEXesKIN=112+3 FOR WALL +FREE BOUNDARYs OR LINE OF SYMMETRY
KEX=2 .

KIN=2 » -
NEQ=NUMBER OF DIFFe. EQNSe SOLVED

NEQ= 1 ’

KRAD=0 INDICATES PLANE FLOW

KRAD=04

KASEL2

DO S 1=1+NP3

R(1)=140

RHO(1)=1.0 :

CSALFA=1,

CALCULATION OF SL1IP VELOCITIES AND DISTANCES

Ulli=u(1)xU(l)

Ul3=U(1)*U(3)

U33=U(3)*U(3)

SQ=84¢%U11-12%¥U134+9,%¥U33
U(2)=(16.*U11<§.*U13+U33{/(2.*(U(1)+U(3))+SQRT(SO))
Y{2)=Y(3)# (U{2)14+U(3 )2 %#U(1) 1 %S/ (U(2)+U{3)+UL1))
Ul1=UNP1 )Y*U(NP1)

UlI3=UINP1)Y®*U(NP3)

U33=UINP3)*U(NP3)

SQ=84¢%¥U33-12¢¥U13+96%*Ul1
UINP2I=(16s%U33-4,%U134U11)/7(2%(UINP1)+UI(NP3))+SQRT(SQ))
Y(NP2)=Y(NP3)—(Y(NP3)=Y (NP1 )) X (UINP2)+U(NP1)—2+%U(NP3) ) %45/
1 (U(NP2)Y4+U(NP1 Y4+U(NP3))

CALCULATION OF OMEGA VALUES

49

59

60

OM(131=0.
OM(2)=0.
DO 49 1=3+NP2
OM([)=OM(1=1)+eS5*¥(RHO(I)*¥U(I)*¥R(T)+RHO(1~1)¥U( =11 *¥R(I~1))*
1(Y(EY=Y(I=1})

PE I=OM(NP2)

DO 59 [=3«NP1
oOM(1)=OM(1)/PEL
OM(NP2)=1e
OM(NP3)=1. . . .
DO 60 1=3 NP1 -
OMT10(1)=10.%0M(1) ’ ¢
WQ}TE(éOEE)



CWRITE(G64S3IY(1) (Y (I I=3sNP1)sYINP3) E

52
53
54

55
56
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WRITE(6¢543U(1)e(U(1)sI=3eNP1)UINP3)
WRITE(G6¢55)0M( 1)« (OMTI1C( 1)+ I=3+NP1)+OM(NP3)
WRITE(6:S6)Y{2)2U(2)3sR{1) e YINP2) ' UINP2)
FORMAT(5X+ 1 7THSTARTING PROFILES)

FORMAT( S5Xa1HY21Xe21F5s2)

FORMAT( SXe1HU1IXs21F5e2)

FORMAT(2X+s4H100Ms 1 X9 21F542)
FORMAT (10X e 3HY 2= sF6e392Xe3HUZ=¢F643124X+s3HR1I=94F4e 124X SHYNP2=

1 FOe312XeSHUNPZ2=eF6Ge30///)
RETURN
END

SUBROUTINE COEFF

COMMON/GEN/PE 1 s AMI ¢t AME s DPDX e XU s XD o XP o XL+ DX s INTG«CSALFA
1/7C/7SC(43) sAU43)BUL43)1CU43)+A(2+443)9B(2443)9C(2443)
1/71/7NsNP1 NP2 e NP3 «NEQ e NPHIKEX s KINes KASE « KRAD

1/V/UL43)3F (2+43)sR(43) «RHO(43)¢OM(43) 1Y (43)
COMMON/L/AK ¢ ALMG e AL

DIMENSION Gl(43)cG2(43[363(43)90(2043)151(43)-52(43)153(43)

C THE CONVECTION TERM -

SA=R(1)1¥AM] /PE1 o
SB=(R(NP3)*AME-R(1)*AM! )/PEI
DO 71 1=3.NP1 ’

- OMD=OM(I+1)~-OM(I-1}

P2=425/DX
P3=P2/0MD .
P1=(OMCT4+1)=-OM(1))*P3
P3=(OM(I)~-OM(1-1))%P3

P2=3,%P2 N

Q=SA/0MD

R2=~SB¥*.25

R3=R2/0MD

Ri=—(OM(I+1)+3¢%0M( 1)) %R3
R3=(OM(I—-1)+3%0OM())*R3 .
G1(1)=P1+4+0+R1

G2(1)1=P2+R2

G3(1)=PZ=~0Q+R3
CUlI)=—P1¥U(I+1)=P2%U( 1) -P3¥U(1~1)

C THE DIFFUSION TERM

71

AUC(T1)=2470MD

BUCI)Y=SC(I-1)y*AU( )/ (OM(1)=-OM(1I~-1)) -
AULTIYI=SCl1)y®*AUC(TI)/(OM{1+1)=0OM(1}))

CONT INUE

C COEFFICIENTS IN THE FINAL FORM

91

DO 91 I=3.NP1 ,
RL=1e/(52(1)+AUCIY+BULT)=S2(1))
CAUCIYI= (AU )=G1 (1)) *RL
BU(1)=(8U(1)-G3(1))*RL
CUCT)==CU(])1*RL

CALL SLIP

RETURN -- e el . e eI L - —— . e e
END
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SUBROUTINE CUBIC(Ye«WsLsAsBsC+DDINT)
DIMENSION Yta).w«a)-DY(B)oDY2(3)-DY3(3)~ow(3)

9 DO 10 JU=143
K=l+J=~2
DY{(JI=Y(K)=Y(K=-~1)

DY2{ J)=Y(K) X¥2=-Y(K~1)*%2
DY3(JUI=Y{(K)*#3=Y(K~])%%3

10 DW(J)=WIK)-W(K~1)
EWY1=DW(1)*¥DY(2)-DW(2)*DY (1)
EWY2=DW(2)%DY(3)=~DW(3)%DY (2}
EY21=DY2(1)y¥DY(2)y=-DY2(2}y%DY (1)

R EY22=DYZ2(2)*DY(3)y=-DY2(3)1*%¥DY(2)
EY31=DY3(1)YXOY(2)y-DY3(2)¥DY (1)
EY32=DY3(21¥DY(3)=-DY3(3)1¥DY(2)

, D= (EWY1¥EY22-EWY2%EY21)/(EYII*EY22~EY32%EY21)
C=(EWY1*EY32—EWY2*EY31)/(EY32*EY21—EY31*EY22)
B=(DW(2)=C*DY2(2)-D*¥DY3(2))/DY(2)
A=W(L)-B*Y(L)—=CXY(L)#X2—-D#*Y(L)¥x%3
DINT=AXDY(2)14+B*DY2(2)1 /2 +CHDYI(2) /34 4+DH (Y (L) ¥ XQ=Y (L =1)%%4) /4,
RETURN
END

’

SUBROUT INE ENTRN
COMMON/GEN/PEIOAMIOAMEcDPDXoXUcXD~XP-XLODXvINTGo SALFA
1/C/SCLA43) 4 AUI43)+8ULA4A3)sCUIA3)9A(2:483)8(2443)¢C(2443)
1/F/FTI«FTEsATURB WK s VDESI s VDESE 1 Mal_
1/T/VDR(43) « THETADTDX1D2TDX24FRA
l/I/NvNPIoNPZoNPJoNEQcNPHoKEXoKlNoKASEOKRAD
17L1/7YL «UMAX s UMINeFRaYIP«YEM
1/V/U(43)9F(20433cR(43)'RHQ(43)1OM(43)QY(43)
1/R/EFFVIS(43) s VEFRAT(43) +ETOT +BTURB » IMU
COMMON/L /AK « ALMG . AL
C CALCULATION OF ENTRAINMENT RATES BY SIMULTANEQOUS SOLUTION OF
C FORCE-MOMENTUM EQUATIONS NEAR BOUNDARIES
C MIXING-LENGTH HYPOTHESIS MODIFIED TO ALLOW FOR FREE-STREAM TURBULENCE
AL =ALMGXTHETA ;
AUR=ATURB¥SQRT(2.%FT1)
FTRAT= SQQT(FTE/FT])*U(])/U(NPB)
DO 98 I=2«NP1
RH=4S5*¥(RHO( 1 )+RRHO(I+1))
UMRAT=(U(T)+UCT+1) )/ (2+%UC1))
YRAT=(Y(1)+Y(121))/(24%Y(NP3)) -
DUDY=ABS((U( I y=ULI+1))Z7{Y (1))=Y (I+12))
TBRAT=1++YRATH*(FTRAT~14) .
EXTURB=AUR*TBRAT®UMRAT* (BTURB+UINP3)/7U(1))
EMU=RH*AL ¥ { AL *DUDY+EXTURB)
VEFRAT( 1 )=EXTURB/ (AL%DUDY)
EFFVIS(I)Y={(EMU+EMUP ) /(2 ¢ *AL)
EMUP=EMU -
IF(1eEQe2)EFFVIS(1)=EMU/AL -
CIF (1eEQeNPI)EFFVIS(NP3)=EMU/AL ‘
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_C__CALCULATION OF SMALL C ¢S _
R2RUI=R({1I1¥R(1)*¥RHO(1)1*U(]) ' -
DTOIP1=R{I+1)%¥R(I1+1)¥RHOCI+1)*¥U(I+1) :
98 SC(I1)=(R2RUI+DTOIP1 ) %.5#EMU/ (PEI*PE1!)
VDFAC1I=1.,0 g
VDFACE=046
UDIF=1, 33*(1.—U(NP3)/U(1))/(FLOAT(N))**2<
VDESI=VDESI4+VDFACI* (U(3)=U(1)+UDIF)
IF(VDES1eGT+e06)VDESI=406
IF(VDES] ol.Te=e06)VDESI==e06
VDESE=VDESE4VDFACE* (U(NP3)=U(NP1)+UDIF)
T IF(VDESEeGTees03)VDESE=403
IF(VDESE eLTe—e 10)VDESE=~e10
UBI=U(1)=VDESI*(U(1)-UINP3))
UBE=U(NP3)+VDESE* (U(1)-U(NP3))
A4=SCl4)%(U(S)-U(48))/(OM(5)-0M(4)) - .
Ba=SC(3)*x(U(4)-U(3))/(0M(4)-0M(3))
Ca=(UBI-U(4)) /DX
DA=DPDX/(RHO(4)y*(4) )
A4=PEI* (OM(5)=~0OM(3) )% (A4-B4~C4-D4 )/ (U(S5)-U(3))
AN=SCIN=1 )% (UIN)=U(N=1))/(OM(N)=OM(N=-1))
BN=SC(N) % (U(N+1)=U(N) )/ (OM(N+1)=0M(N))
CN=(UBE-U(N)) /DX N
DN=DPDX/ (RHO(N)*U(N)) .
AN=PE] ¥ (OM(N+1)~OM(N=1) ) ¥ (AN-BN=CN=DN) /7 {U(N+1)~-U(N=1))
AMI=(OM(N)*A8— OM(4)*AN)/(R(l)*(OM(N)—OM(Q)))
AMI=(AMI+AMIP) /2,
AMIP=AMI
IF(AMI LT s0+0)AMI=0e0
AMIM=,10+SQRT(FTI1)172
IF(AM] «GT e AMIM) AMI=AMIM
AME=( (1 ¢~OM(4) ) %AN—{1¢—~OMINYI*AS) /(RIN+3)%¥(OMI(N)~OM(4)))
AME= ( AME+AMEP) /24 . '
AMEP=AME .
IF(AME+GT e0+0)AME=040 ’
AMEM==,04=SQRT(FT1)/6e
IF (AME oL T « AMEM) AME=AMEM
IF(LJLTe5)GO TO 4
IF(KeLTe2)GO TO 4
WRITE(G616)PETI+SC(3)sSC(4)+B4sCasAl o
WRITE(6+7)ISCIN=1) +SCIN)+«BN«CNsAN
a4 CONTINUE
5 RETURN \ .
6 FORMAT(3Xs4HPEI=¢F6e313X98HSC(3) =+1PE10¢3+3X+16HSCI{4)=+E10e39+3Xs
1 3HBA4=¢E10e343X+3HC4=+E10e3+3X+3HA4=3E103)
7 FORMAT ( 16XeBHSC(N=1)=11PE10e¢343Xe6HSC(NI=IE10e3+3X¢3HBN=9E1043¢3X
1 3HCN=4E10e3+3Xs3HAN=+E1043)
END
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SUBROUT INE OUTPUT
COMMON/GEN/PET s AM] s AME «DPDX e XU XD s XP s XL o DX o INTGeCSALFA
1/C/SC(43)1+AUE3)+BUI431+CULAZIA(2e43)482(2943)eC(2043)
171 /NsNP1 NP2 NP3¢NEQ s NPHIKEX s K INsKASE+KRAD
1/7L17YL s UMAX A UMINGFReYIP s YEM
1/F/FTI+FTEsATURBWKIVDESIT » VDESE sMs L
1/R/EFFVIS(43) + VEFRAT(43) +ETOT «STURB » IMU
1/T/VDRIAB)«THETADTDX1D2TDX2+FRA
1/V/7U43)sF{2143)4R(43) «RHO{43)+s0M(43) Y (43)

DIMENSION YR10(43)+UT10(43)+VDR10(43)+TDR10(43)+T10(43)+YOTH(43)
COMMON/L/AK « ALMG ¢ AL

DO 16 I=1+NP3

YRI10(1)=10e%¥Y(I1)/Y(NP3)

VDR10(I)=104%VDR( 1)

YOTH(1)=Y(1)/THETA

UTI0(1)=104%U(1)

WRITE(6+449) INTG XU -
WRITE(64S0){Y{I)sI=3sNP1)+YINP3). ’
WRITE(64+51){YRIO0O(I)sI=34NPt)
WRITE(6+61)IYOTHII)e1=3+NP1)+sYOTH(NP3)
WRITE(6+52)(VDR10(I)+I1=3+NP1)
WRITE(GE+53)UT10(1 3+ (UT10(T1)eI=3+NP1)IUT10(NP3)
IF(NEQ.EQe1)GO TO 20

DO 17 1=3«NP3
TORIO(II=10e%¥(F(14])=F(141))/7(FC1+NP3)=F(101))
WRITE(6455) {TDR1I0(1)+1=3+NP1)+TDR10(NP3) N
IFIF(1eNP3)«LTe1,)G0 TO 18

WRITE(G4S6)I(F(1+1)s I=3¢NP1)sF(1e«NP3) '

GO TO 20 .

DO 19 I1=3s+NP3

TI10(1)=10e%F(1e1)

WRITE(6+57)(T10(1)e I=3+NP1)+T10(NP3) . .
EFFVIS(2)=RHO( 1)1 *ATURB*#SQRT(2.¥FTI)
EFFVIS(NP2)=RHO (NP3 ) *ATURB*SQRT (2, ¥FTE)

DO 12 I=2:NP2 :

EFFVIS({1)=100.%EFFVIS(])
WRITE(6+59)(EFFVISII)+1=2¢NP2)

WRITE(6+60) (VEFRAT(I)e I=24NP1) :
WRITE(6458)VDESI+VDESE
WRITE(G6¢54)AM] s AMEsAL s THETASDTDX«D2TDX2

RETURN ’

FORMAT(1HO«2Xe 1 1HSTEP NUMBER144SXs2HX=eF6e2//)
FORMAT(9X+10H ¥ 0.00e20F54¢2)

FORMAT(OXs IOHIOYR 0,00420F5¢2)

FORMAT(8X+11HIOVDR 10.00+20F542)

FORMATI{10X+4HIOU +21F5.2//)

FORMAT(1HO+8X s 4HAMI=¢ 1PE10e342X14HAME=4E10¢3¢3Xe3HAL=40PF6e49+ 33X
1 GHTHETAZ ¢ IPEOD, 29 2X ¢ SHDTDX=eE1043¢2X e THD2TDX2=2ETe2+///)
FORMAT(8Xe11HIOTDR ©0.004+420F542)
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56 FORMAT(12Xs7HT 1,00420FS5.2//)

57 FORMAT(10Xe9H10T 10e00+20FSe2//) _

58 FORMAT ( 3X+433HPROFILE CONTROL CONSTANTS==VDES]=1F6e3¢3Xe6HVDESE=
1 F6e3//) .

59 FORMAT (3X+ 10H100XEFFV1Ss 1X921F5¢2)

60 FORMAT (7Xs6HVEFRAT4X120FS5¢2//)

61 FORMAT(6X+13HY/THETA 0e.00+20FS¢2//}
END ]

SUBROUTINE READY )
COMMON/GEN/PEI s AMI ¢ AME sDPDX s XU XD v XP s XL sDX ¢ INTGsCSALFA
1/F/FTIsFTEWATURB+K+ VDESI s VDESE Mo L
1/71/7NsNPLINPZ2ZsNPI3NEQGINPH 1 KEX s KINIKASE ¢+ KRAD
) l/V/U(43)'F(2v43);R(43)aRHO(43)'OM(43)vY(43)
C Y NEAR THE 1 BOUNDARY
7 Y{2)=OM(3)/{RHO(2)*U(2)+RRO(3)*¥U(3))
Y(3)=Y{2)+OM(3)%2 .7 (RHO(2)#U(2)+3 ,¥RHO(3) *U(3) )
C Y 1S FOR INTERMEDIATE GRID: POINTS ’
DO SO 1=4.NP1
SO Y(I)=Y(I-1)+2%(OM(1)-OM( T~ 1311 /(RHO{ I ~13%U( I=1)+RHO(I)I*U(]1))
C Y NEAR THE E BOUNDARY
YINP2)=Y(NP1)42¢%#(1e~OMINP1) )/ (34 ¥RHO(NP]1)IXUINP1)+RHO(NP2)*UI(NP2)
Y(NP3)“Y(NP2)+(1.-0M(NP1))/(RHO(NP1)*U(NPI)+RHO(NPZ)*U(NP2))
S1 DO 54 I=2.NP3
5S4 Y(I)=PEI*Y(1)/R(1) .
56 Y(2)z=2.%Y(2)=Y(3)
Y(NP2)=2¢*Y(NP2)=Y(NP1)
RETURN :
END
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SUBROUTINE SLIP
COMMON/GEN/PET ¢ AMT ¢ AME s DPDX e XUs XD e XP o XL s DX ¢ INTGsCSALFA
17C/75CLa31AUA3)+pUA3)eCUCAB)YA(2443)48B(2443)+2(2943)
1/F/FTIsFTE«ATURB+K+VDESI s VDESEs Mo
1/71/7NeNP1LINP2sNP3+NEQ+NPHIKEX s KINIKASE «KRAD
1/7VZ7UL43)+F(2443)eR(43)sRHO(43)e0M(43) ¢¥Y(43)
COMMON/L/AK s ALMGe AL

FORMULATION FOR COEFFICIENTS IN PLANE FLOW WITH ZERO PRESSURE GRADT
CVI=2+*SC(2)*¥PE1/0M(3)
CMI=AMI -
CMDI=(AME~AM])¥OM(3) /4
CY1=e5*¥OM(3)Y*PE 1/DX
TCEI=CVI+CMI-CMDI+1.5%CY1
AU(2)=(CVI-CM]I-CMDI =5%#CYI1)/CE1
BU(2)=2%CM]/CE1]
CUC2)I=eSECYTX(3.%U(2)+U(3))/CE1
CVE=2+%SCI(NPI1)I¥PE1/(1.-0M(NP1)) . .
CME=~AME P -
CMDE=(AME=-AM])¥* (1 ~OM(NP1)) /4
CYE=e5%(1+~-0OM{NP1))*¥PE] /DX
CEE=CVE+CME~CMDE+ 1 « S*¥CYE
AU(INP2) =2 « *CME /CEE
BU(NP2) = (CVE-CME-CMDE—-+5%CYE ) /CEE
CUINP2 )=+ S¥CYE*(U(NP1)+3«¥U(NP2)) /CEE
RETURN , \
END N

SUBROUTINE SOLVE{A«S+CsFINP3)
THI1S SOLVES EQUATIONS OF THE FORM
FOD=A(I*¥F I+ 4Bl *¥F(1-1)+C(])
FOR 1=24NP2
DIMENSICN A(NP3)+8(NP3)+CINP3) +FINP3)
NP2=NP3-1 ]
B(2)=B(2)¥F (1)+C(2) S
DO 48 1=3«NP2 '
T=le/(1e=B(1)¥A(1-1)) \
ACTI=AC] )T
48 B(I)=(B(1)*B(I-11+C (1)) *T
DO 50 I=2.NP2
J=NP2=-1+2
SO0 F(JI=ACJIY¥F (J+1)+8(J)
RETURN
END
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LISTING oF NEWMOD -F PROGRAMME (MAIN SECTION ONLY)

C- g

COMMON/ GEN/PEI » AMT ¢ AME ¢ DPDX o XU XD o XP o XL s DX INTGCSALFA
1/7V/7UC43)sF(2+43)2R(43) +sRHO(43)+0M(43)eY(43)
1/F/FTI1+FTEsATURBK+VDESI s VDESE v ML
1/T/Z/VDR(A3Z) s THETA«DTDXsD2TDX2+FRA
l/C/SC(43)'AU(43)9BU(43)9CU(43)0A(2043)98(2143)9C(2043)
1/71/Ne NP1 e NP2 NP3+ NEQsNPH e KEX s K INs KASE « KRAD
1/R/EFFVIS(43) « VEFRAT(43) +ETOT«BTURB » I MU
COMMON/L /AK « AL MG s AL

"DIMENSION YI1(43)+Ul(43)+¢YRI43)9YOTH(43)

DIMENSION XSTAT(s)nTINTI(5)0T1NTE(S)0VDRN(3)'YN(B)

MODIFIED P25 PROGRAMME

DELYT=0.4

VDRN(1)=e9 . ' RN

VDRNI(2)=e5

VORN(3)=e1l !

NSTEP=40
READ(509)NRUN0NSTAT9N0(XSTAT(L);TINT[(L)OTINTE(L)oL lvNSTAT)
DPDX=0.

NP1=N+1

NP2=N+2 ,

NP3=N+3

READ(SOIO)YI(I)OUI(l);(YI(J)'UI(I)OI 3eNP1)YsYTI(NP3)+sUI(NP3)
READ(Ss 11 ) INDEXsALLMGs ATURB«VDES1¢VDESE

ALMG= 450 . ’

DO 32 INU=142

C IMU=1 DENOTES MUl EFFECTIVE VISCOSITY EXPRESSION
C IMU=2 DENOTES MU2 EFFECTIVE VISCOSITY EXPRESSION

12

ATURB=105

IF{IMULEQ«2)ATURB=240

BTURB=0,5

INTG=0 .

K=20

NSTPST=0

L=1 .

DO 7 1=1+NP3

Y{I1)=YI(1I)

UCl1)=uUlI(l1)

LIMINT=(NSTAT-1)*NSTEP+1 '
XU=XSTAT(1)

VRAT=UINP3)Y/7U( 1)

WRITE(6450)

WRITE(G6+S1)INRUNSVRAT ¢ TINTI(1) e TINTE(1)

IF(IMUEQe 1 IWRITE(69122)NNSTEPsATUREB+BTURB + ALMG
IF(IMUCEQe2IWRITE(G6+5S2)NeNSTEPIATURB ALMG

CALL BEGIN

DX=(XSTAT(L+1)=-XSTAT(L)) /FLOATI(NSTEP)
IF(LeGT«(NSTAT=-2))YGO TO 14

TGI=(TINTI (L) =TINTI(L+1)1 )/ IXSTAT(L)=-XSTAT(L+1))
TG2=(TINTI(L+1)=TINTI(L+2))/7(XSTAT{(L+1)-XSTAT(L+2))
Al=(TGI~-TG2)/{XSTATIL)Y=-XSTAT(L+2))
BI=TGI-AI*(XSTATIL))+XSTAT(L+1))
CI=TINTI(L)-AIT¥XSTAT (L) #¥2-BI*XSTAT (L) .
TGI=(TINTE(L)=TINTE(LH+1) Y/ IXSTATI{L)I-XSTAT(L+1))
TG2=(TINTE(L+1 )=-TINTE(L+2))/7(XSTAT(L+1)-XSTAT(L+2))
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AE=(TG1-TG2)/(XSTAT(L)I=XSTAT(L+2))
BE=TG1-AE*#(XSTAT(L}+XSTAT(L+1))
CE= TINTE(L)—AE*XSTAT(L)**E-BE*XSTAT(L)
IF(INTG+EQeO0IGO TO 16
14 NSTPST=NSTPST+NSTEP
L=L+1
15 CALL READY
K=K+ 1 .
INTG=INTG+1 ~
16 RLTII=AI*XU%%2+B I *XU+C1
RLTIE=AE*XUX%2+BE*XU+CE
FTI=RLTII*%2/2,
FTE=(RLTIE*U(NP3) /U 1)) *%2/2,
* XD=XU+DX "
- THETA=O0, : _—
. DO 17 1=1+NP3
17 VOR(I)=(U(I)=U(NP3))/(U(1)~UINP3)) .
DO 18 [1=2.NP1
Zz+S*(VDR(I1I+VDR{1+1))
18 THETA=THETA+(Y(14+1)=Y (1) )% (Z-2Z%Z) -
DTDX={(THETA=THETP ) 7/ (XU-XP)
D2TDX2=(DTDX~DTDXP ) / { XU=XP)
CALL ENTRN
IF(Kel.Te20)GO TO 26
CALL OUTPUT \
K=0
© 26 IF(INTG4EQsNSTPST)IGO TO 22. .
27 CALL COEFF
CALL. SOLVEtAU.Bu.CUou.NP3)
C SETTING UP VELOCITIES AT A SYMMETRY LINE
IF{(KINeNE«3) GO TO 71
U1)=U(2) ’ ‘
IF (KRAD+EQeOIU( 1)1 =e 7SHU(2) +25%U(3)
71 IF(KEXesEQe3IUINP3 )=« 7S¥U(NP2) +¢25%U(NP1)
30 XP=XU . . .
XU=XD !
IF{XUeGT«XSTATINSTAT)IGO TO 31
THETP=THETA
DTOXP=DTDX
PEI=PEI+DX*(R(1)*AMI=R{NP3)*AME)
IF(INTGeGT+LIMINTIGO TO 31 ‘
IF(INTG«EQeO0)GO TO 14 -—
IF(INTGEQeNSTPST)IGO TO 12 4
GO TO 15 !
22 LSTAT=L
WRITE(G6+100)LSTAT«XUsTHETA
C FORMULATION FOR UNIFORM DENSITY
C CALCULATION OF REPRESENTATIVE TRANSVERSE DIMENSIONS
DO 28 L=1¢3
DO 33 I=3«N
IF(VDR(1)eGTeVDRN(L)IGO TO 33
CALL CUBIC(UeY s 1+ACYBC+CC+DCeDINT)
DELM=UL I #Y(I)=U(I~-1)%2Y(I-1)—-DINT
EPS=(PEI*(OM(I)=0OM( I—-1))-DELM) /(UL II-U(I-1))
UN=VDRNIL)I¥ (UL 1)=UINP3))+UINP3)
YNIL)=Y (1 )4+BC*¥ (UN=U{ 1) )+CC¥ (UNX#2-U(1)%%2)+DC*¥ (UN%#%3~U( 1) *%3)—~EPS
IF(LeNE«2)GO TO 28 .
YMS=(UINP3)~U(2) ) #( BC+2 ¢ *CCH¥UN+3 ¢ ¥DCHUNX%2)
YMSOTH=YMS/THETA .



GO TO 28

33 CONTINUE

28 CONTINUE _
c ADJUSTMENT OF BOUNDARY VALUES
¥Y2C=vY(2)
YNP2C=Y (NP2)
vac=u(2)
UNP2C=U(NP2)
Y(2)=Y(1)
Y(NP2)=Y(NP3)
u2)=uU(1)
U(NP2)=U(NP3)
ETA=0,
RTIP=EFFVIS(2)/U(1)
RT IM=0,
DO 200 [=3+NP2
- RTI=EFFVIS(I)/U(T)

’ IF(RTI1eGTeRTIM)RTIM=RTI
ETA=ETA+(RTI+RTIPIX(Y(1)=Y(I-1))
RTIP=RT}

200 CONTINUE ,
ETAZETA~Y(NP3) ¥ (RLTII+RLTIE)Y
ETOT=ETA/(RTIM¥2,-RLTII-RLTIE)/THETA
YNOM=YNI{3)~-YN(1)

YNOTH=YNOM/THETA
YMOTH=YN(2)/THETA
YSTRI=(YN(Z2)-YN(1))/THETA .
WRITE(6+4117)

WRITE(69118)YMSOTHvYN0TH9YSTRI'ETOTOYMDTH

C CALCULATION OF EQUALLY-SPACED VALUES

WRITE(64+120)
M= INT(Y(NP3)/(2.*DELYT*THETA))*2+4
DO 34 1=1.M '
YRTEQ=DELYT#FLOAT(1-M/2)
YSTAR=YRTEQ*THETA
YEQ=YSTAR+YNI(2)
YREQ=YEQ/Y(NP3)
IF(YEQeLTeY(2))¥GO TO 34
IF(YEQeGTY(NP2)YGO TO 34
L=4

35 IF(Y(L)eGT.YEQIGO TO 36
L=L+1
GO To 35

36 IF(L+GTeNP1IL=NP]
IF(YEQeGTe¥Y(3))GO TO 37

DC=((U3)-U(2) ) /Y (3)%%2=(U(4)=U(2))/Y(4)%%2)/(Y(3)-Y(4))

CC=(UI3)~U(Z2))/Y(3) ¥¥2=-DC*Y(3)
VEQ=UI(2)+CC*YEQXX2+DCHXYEQ¥%3
DUDY=z~2 ¢ ¥CCHXYEQ-3  ¥DCHYEQ#%2
GO TO 38

37 IF(YEQeLTLY(NP1)) GO TO 39
DYISQ=(Y(NPZ)-=Y(NP1))**x2
DY2SQ=(Y(NP2)~Y (N)) ¥%2

227

DC={ (UIRP1)=U(NP2)) /DY 1S0~(UIN)~UI(NP2))/DY2SQ)/ (Y (N)=Y(NP1))

CC=CUINP1 )~-U(NP2) )7 {Y(NP2)=Y(NP1) ) 2¥2~DCX (Y INP2)-Y (NP1))

DYEQ=Y (NP2)-YEQ ,
UEQ=U(NP2)+CC*¥DYEQ* #2+DC*¥DYEQ* %3
DUDY=2 ¢ *CCXDYEQ+3 ¢ ¥DCX¥DYEQ¥ %2

GO TO 38
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39 CALL CUBIC(YsUsL+ACIBC+CC+DCIDINT)Y
EPS=(DINT-PEI*#(OM(L)=CM{(L=1)))/{Y(L)=-Y(L~-1))

VEQ= U(L)+Bc*(YEQ-Y(L)>+cc*tYE0**2-Y(L)**2)+Dc*(YEQ**3—Y(L)**3)-EP
DUDY=«BC=2¢ ¥CCX*YEQ=3 ¢ ¥DCH*YEQ*#2
38 VDREQ=(UEQG=-U(NP3))/(Ul1)~U(NP3))
THDUDY=100,*THETAXDUDY
L=2
41 IF(Y(L)eGTeYEQ)YGO TO 40
L=t+1
GO TO 41
40 EFVEQ= EFFVIS(L)—(EFFVIS(L)-EFFVIS(L—I))*(Y(L)—YEG)/(Y(L)—Y(L-I))
RTNT=EFVEQ/ (UEQ%10,)
. ‘WRITE(6.121)YREQ.YSTARcYRTEQ'UEQoVDREGoTHDUDYcEFVEQqRTNT
34 CONTINUE
Y{2)=vyz2C
Y (NP2)=YNP2C }
v(2)y=uac ' ’
UINP2)=UNP2C
L=LSTAT
IF(LsEQ«NSTATIGO TO 32
GO TO 27
32 CONTINUE
GO TO (8as31)¢INDEX
31 STOP v \
9 FORMAT(1S+12+13/15F542) . -
10 FORMAT(16FS5+2)
11 FORMATI(154+4F5.2)
S50 FORMAT(1H1+48HPLANE * ISOTHERMAL ¢+ ISOBARIC+HOMOGENEOUS « TURBULENT «
1 12HMIXING LAYER//SX+31HMODIFIED PRANDTL MIXING-~LENGTH
2 S4HTURBULENCE MODEL +WITH EFFECTIVE VISCOSITY AUGMENTED TO/
3 40X+ 34HACCOUNT FOR FREE-~-STREAM TURBULENCE//)
51 FORMAT(SX+36HF INITE~-DIFFERENCE PREDICTION FOR RUNs I3/5X
1 1SHVELOCITY RATIO=4F462¢5X+8HTINT (I )= ¢FSe393XeBHTINT(E)=eF5¢3/
52 FORMAT(SXOEHN-nI215X06HNSTEP~01215X~6HATURB—‘F50375X'
1 SHALMG=4FSe3//)
57 FORMAT(S5X+4F10.3)
100 FORMAT( 1HOs 7HSTATIONS I 24 EX e 2HX= eF 5421 2HCM1SX+6HTHETA=+FS5 ¢3¢ 2HCM/
117 FORMAT(1HO«14HDIMENSION DELY s 7XsSHTHETA* 12X +3HYMS ¢ 13X+ 4HYNOMe 11X
1 SHYSTRI¢ 11 Xe4HETOT+ 12X sSHYMOTH/ /)
118 FORMAT(S5X+10HDELY/THEETA+12X+5(10X«FBe3)//)
120 FORMAT( 1HO+OX s 4HYREQsS5X 1 SHYSTAR ¢ 2X 4 1OHYSTR/THETA+SXs 1HU» 8Xe 3HVDR ¢
1 SXe THTH®DUDY 14X+ SHEFVEQ14X s 4HRTNTZ/60X s 4HX100+¢6X e 4HX10045X s
2 3HX10) ,
121 FORMATI(SXsF104242F104212F10e344F10.2)
122 FORMAT(SX +2HN=+ I1245SXs6HNSTEP=+ 1 2¢5X16HATURB=+F 5,31 5X+6HBTURB=1
1 FSe315XsSHALMG=sF5437//) :
END



C
C
c
C
C

LisTiNG OoF LAYER PROGRAMME

HEEAFHLHXXRFREHXEXX%XXEY g E N K L 3 ( pECK 1 3y

274770 CHANGE TO KOLMOGGRCV (K-Z) MODEL

. SeleUNITS

Co0o00000C00Co00000C0CCTLOltoCRe O"OFOPOOOOOnOO
RREFEHEFXEE XXX COMMON  BLOCKS SECTION

DINENSION RTIR(S) « XURPRT(D)
DIMENSION YR{4Z)+32YR{43)

PR

229

HEREREX XXX XERXX

ELI INARIES

DIMENSION A(Se5)4B(S)+2R(5)+AC(5) sAD(5) s SPDESIS)

DIMENSICN YSTAR(4Z)eYSTOCT(423)«RTI(43)
COMIMON/BPLOT/YRPLOT(8423) s XPLOT(43)

CONMMON/GENRALYZ AJS(S)eAJI(S5) s CSALFACPDX(42)sDXEMUILB)F{E242)

1 FS{S+143)1He IF N INDSE(S) e INDI(S) ¢ ISTEP ITEST s IJUTRAPWKEXAKINIKRAD
2 NIyNEQINPHINP L 1 NP2 eNPReCMIAB I PET 1 PRIS) s PREF(5443) +PSIEsPSIT »
3 RI43)IRHO(4B) 13vEIRVIIRIIEB) v ED(S143) s SULSL3) s TAUSs TAUT UL Z)

4 XDaXUsY(42)sYEsYI

COMMON/GKI3/ALNMGsCDICRITIC19C2+C32 IPRINTIPRESSsRTCDsCIM
COMMON/PRMOD/ZALF s RET « GAM e DT s EXPNSsEXPMMIEXFPR +EXPQs AKAPCACHIT

11111111111]11111]11111]1111111111111111
UC=.C5
UC=.02
DO 121 ICD=1.2 .
CD—(I].“kLOAT(ICD))/lOC-
DO 120 IRTI=14+4
RTNT=FLOAT(IRTI)*.,C1 ‘
IPRTIN=1
ALF=Ce
BET=
GAN‘:O -
DEL=C.
AKAP=0,7 -
ACHI=0.7
EXPN=¢5
EXPM=eE5
EXPP=e¢5
EXPQO=5
Cl=3e
CZ=e1
C2=.085
C3=e56
FRA=«1
FaLIMI=al1
F2LIME=,01
ULIMI=eG02
UL IVME=.001
1ouT=C
KTH=C
DXLIM=el1
IPRINT=C
IFPRINT=1
T1UTRAP=1
ITEST=C

PARAIE

TERS
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C 22222222222222 222222
NSTA=1C
NSTA=50
NSTA=20C
NSTTH=1C
N=1¢9
NP1 =N+1
NP2 =N+2
NP2 =N+3
NP3D2=NP3/2
157E02=0
IFIN=G
ANSTA=NSTA
ANSTTH=NSTTH
LASTERP=8I0
Y LASTER=1200 . s
LASTEP=2200 -
. UA=1.
UB=1ie
FRINI=(RTNTHUA)I XX 2% 1 S+1.5=20
F2INE=I(RTNT*UC)YH%2¥] ¢S+1.E-20
F2FAC=1 e
XKURAT=4.
KUINZ 1 e/ (3= 2%UCH) /(1 e+10.%RTNT)
XKUL=0. 7
XU.D:OQ
THETL:O.
THETP=C.
XULAST=1.E9 o .
C R(1) ADJUSTMENT MADE JUST BEFORE CALL STRIDE(1)
i CSALFA=1.
KRAD=C
KIN=2
KEX=2
IFIRTNTEC.Ge)GS TO a2 «
CALCULATE VALUZS CrF X FCR WHICH PROrIL: PRINT=JUT IS REQUIRED
KSTAT=NUYEZR OF STATICNS AT \JHICv—l r«DO:IL—- PRINMT=-CUT IS RECUIRED
RTIR=FREE-STR=ZAM RWELLTIVE TLR3ULE INTENSITY DIVICED BY INITIAL VA
KSTAT=4 -
RTIR(1)=Ce&
RTIR(2)=Cea
RTIR{(2)=3e2
RTIR(4)=.1
XKEXP=23C2/CD
DC 25 K=1KX3TAT
25 XUPRTIKI=XUIN/RTIR(K) ¥+ XIXP

OO0

e e - Gt . e . e o ot i e o e e T it i . P o o M o S i o, o i i P e et i B . kit i S S i, e i At T i, T e . e e . T et e e it S . e e

(iy=\ _LOCITY
F(lsl)—q

ENT—HALRPY ZGQUATION INC

F(241)=KINETIZ =ZNE

F(3:s1)=Z=FRZIQUINCY

FS (1] )=TEVRER, =

" L

f

-
o
®
Z
I
-1
Q
~

O0OO0000000

42 CONTINUE !
NEQ=4
NEFH=NEQ~-1



C L4848 4884488884844 808484844888444484844444444444 MATERIAL -CONSTANTS
C . . Sele UNITS

WMOL =29«

VIS=0s - .

GASCON=8300 « /WMOL

CM=1,

FRA=FRA/CM

RTCD=SQRT(CD) B

CcCDPDC2=CDhrsC2

CRIT=4.

C 555555555555555555555555555555555555555555 INITIAL CONDITIONS
PRESS=1.E5
TA=300e
T8=TA
TC=TA )
RHA=PRESS/(TA*¥GASCON)
R(l)=1
YNP3=1,
Y(N)=YNP3
PI=3.1416
OM(1)=0,
oM(2)=0C.
UM=(UA+UC) /2.
YR(2)=O. -
YR{(NP2)=140 '
DYR=1«/FLOAT(N)
SPYR(2)=04
SPYR(NP2)=C.,
UROP=(UA=-UC)/7(UA+UC)Y/PT
FLOB=UM*%RHA*YNP3
PS11=0e ) -
PEI=FLOB
PSIE=PSIT+PEI
DO 50 I=2sN
YR(I+1)=FLOAT(I-1)%DYR
SPYR(I+1)=SIN(PIx*YR(I+1)) ) )
50 OM(I41)=0OM(I1)+DYR+UROP%{(SPYR( 1+4+1)-SPYRI(1]))
OM(NP2)=1. ’
OM(NP3)=1.
NM=N/4
RTIM=0e2=4199%UC
XU=XUIN . —
U(l)=UA
Flls1)=CP*TA+S¥UAXUA
F(2+s1)=F2INI N
F(341)=UA/Z(C2%¥XU)
FS(1+1)=TA
RHO( 1)=RHA
UINP3)=UC
FIOL1sNP3)Y=CP*TC+e5%UC*UC
F(24NP3)=F2INE
FI3sNP3)=UC/(C2%¥XU)+1.E~-10
FS(1+NP3)=TA
RHO(NP23) =RHA
DO 55 I=2+NP2
RHO( 1)=RHA
IFCIeGTeNMeAND o I oL Te (IN=NIM+3))1G0O0 TO 56 ; .
DELU=(UA-UC)I*5QRT(1+=-SPYR(])*%2)
UCI)=UM+CELU/Z .
IF(l1eGT« (N/2))U(T)y=U(I)-DELY
GO TO 57



j v

56 U((])=UM+(UA-UCYI*COSIPI*YR(I)) /2
57 RTI(II=RTIM¥ (] e —COS(2.%PI%YR(1)))/2e+RTNT
FU24I1=(RTI(IY*U(I))*%*2%1e5
Fl2+s1)=F(2s1)#F2FAC
F(ReI)=F(3+1)+0OMIII*¥(F(3sNP3)~F{3+1))+1E~10
Flle])=CP*¥TB+eSH#UIT)XX2+F (2+1)
FS(1+1)=TA
55 CONTINUE
RTI(1)=RTNT
RTI(NP3)=RTNT
FADIF=(RTIM¥(UA=UC) ) #%2
¢ UDIF=U(1)=U(NP3)
C° HERFFHFHFREFAAIXARXE START OF MAIN LOOP  #%HXXFHXFTHFRXEXXFRAXFR
. B6HEOE6666E66666666666666666666666666666 THERMODYNAMIC PROPERTIES
‘60 CONTINUE
IF(ISTERP.GT.C)ITEST=0

IF(ITESTLEQ.D) GO TO 1001
TEST=1001,
VRITE(G+107) TESTR(1)s D Xs XU
WRITE(G+101) (U(T)el=1sNP3)
WRITS(64+101) (F(1s1)eI=14NP3)
WRITE(6+3101) (F(2+1)s¢I=1sNP3)
WRITE(S¢101) (F(3:1)s1=1eNP3)
1001 CONTINUE

IF(KINSEQ.3) Ul1)=Ul2)—e 255 (U(2)~U(3))*FLOAT(1-KRAD)
U15SQ=Ul 1) *%2 : '
F2MIN=1E~20
F2MAX=U15GH#2. .
F3CON—(U(1)—U(MP3))/(Y(N)’RTCD)
F3MIN=F3CON%,01
F3MAX=F3CON%1CC.
DO 61 1=1NP3
IF(F(2e1)eGTeF2MAX)Y F (29 1)=F2MAX
IF(F(241)elLTeF2MINY F(2s 1)=F2MIN
IF(F(391)eGTF3IMAXY F(2s I1)=F3MAX
IF(F(3e1)ealLT«F3MINY F(3+41)=F3MIN

61 CONTINUE

IF(ITEST.EQ.C) GO TO 1002
TEST=1002.
WRITE(6.100)
1 TESTUISQsF2MINF2MAX s F3MINIF 3VAX
WRITE(S+101) (ES{1+1)s1=1sNP3) )
WRITE(64101) (RHO(I)«I=1sNP3)
1002 CONTIMUE
o e e e e e e ADJUST R(1)
R(1)=1e
IF(KASEWLT.2C) P(l)-xu
IF(KASE.LTe15) R(1)=Ce
IF(KASE LT e 15 e ANDKINSEQe2) R(1I=SARTIABS(2.%¥PST1/RH0O(1)%U1)))
C STRIDE 1 STRIDE 1 STRIDE 1 STRIDE 1 STRIDE 1 STRIDE 1
CALL STRIDE(1)
IF(IPRTINGEQ.1)GO TC 1C2
59 IPRTIN=C . .



C  TITTTIITITIITIIIITIIITIITIIIII I TTI77777T777 FORWARD STEP
DX=FRA%®Y (NP3D2)
IF(ISTEP.LT+50)DX=0a1%DX
70 IF(DX4GT XULAST ~ XU) DX = XULAST. - XU
IF(DXsGTW0s) GG TO 72
WRITE(64+700)
700  FORMAT(10Xs22HDX 1S ZERC OR NEGATIVE)

I_FIN = 1
GO TGO 102
72 XD=XU+DX

C £8888888382888338283333888032R883282233888888838088220882833888238888E88a8

C BASABABABABABASABASABABABABA ADJUST LONGITUDINAL CONDITIONS

C FREE BOUNDARIES AT 80TH I AND &
Fl241)=F2IN1I/ZIXD/XUINY®X2CDDC2
F(thpd)“F(col)"FEI\P/FZI\I
FI3+41)=U(1)/(C2%XD) '

. FI3«NP3I=UINP3)/(C2%XD)+1.E~-10

80 - IF(ISTEP.NESIAX)Y GC TO 84
KIN=3
RMI=Cs
IF(KASECGE.IO.AND.KASE.LTQIS) R(1 )=O¢
PS11=0.

{

i

84 IF(ISTERLGT«J)GC TO 85
DP-O.
DO &8s I—quD3

86 DPDX( 1 Ce

85 PRESS-PRES +DP .

Cc 8588858885888888888888888888 CALCULATE THETADTDX«ETC

uTH=Oo
AMOM=0,
DO 88 1=2.NP1
OMDIF=0M(I+1)~0¥ (1)
UMS(UCTIY+RUCT+1 )Y/ 2
RHM=(RHO(I)+RHO(I1+1)) /2.
UTH=UTH+OMDIF# (UN-RU (NP2) /RBHNV)

88 AO’-A»O‘+(u(1+1)¢u(l)>&c“ij
ANMOM= o S AMOMHPE I+.J( 1)¥PSI T
THcTA-(PEIw(U(1)—UTH)—QU(\D1)NU(1)TY(ij))

THETA=THETAZ/((RU} )—Rd(wp1))v(u(1)—U(NDJ)))
DTOXi=(TRHETA=THETL )/ (XU=XUt_3
XU = XU

THETL=THETA
IF(FLOAT(ISTIP/NSTTH) e NE«FLCATUISTER) /ANSTTH)IGO TO 2000
DTDXI1C=(THETA-THETE ) / (XU=XUP)
D2iDXE”(D'“le—uT“VD)/(XU—XUD)
XUP=XU
THETP=THETA
DTDXP=DTDX1Z
2000 CCNTINUE

C e TEST 2
IF(ITEST.ZQsV}) GO TO 1CGC3
TEST=1003.
LRITE(6£+4100) TESTWUZAD«DYNHIDsREX+DAIDPIPRESSyRMI o K INKEX,

1 1STES s 1 END

WRITE(S1IC1) (Y(I1)selz=1aeN2P3) .
VRITE(H+101) (RII)YeI=14NP3)

WRITE(S«1T1) (RJI(IYe Iz NP2

1003 CONTINUE



C  99999999999999999599999999959999 TRANSPORT AND SOURCE PROPERTIES
90 DO 92 1=1+NP3

92 EMUCI)=VISXFS(1+1)

o TEST 4

IF(ITEST.EQ.0) GO TO 1004
TEST=10GC4.
WRITE(6+100) TESTDXeDPs XU
WRITE(S+101) (EMUCTI)el=1+NP3)
1004 CONTINUE
C CaLL TURBULENT CONTRIBUTION
C/r/7/7 /77777777 TEMPORARILY CANCEL PRINTOUT FROM AUX /S //777/

IPRINT=0

CALL AUX -

IF(ITESTLEQel) WRITE(H6+4101) (EMU(TI)sI=11NP3) XU
C ot o e e ENTRA INMENT CONTROL

IF(KIN«NEL2) GO TO 94 )
RMI=R(4)*¥RHO(4)%XF (214)/F(3:4)/7Y (4
RATU=ASS((UL1)=U(4))/UDIF)
RMI=RMIX(RATU/ULIMI ) ®%¥1 .5

G4 IF(KEX«NEL2) GO TQO 986
RME=—R(N)¥QHO(N)TF(2;N)/F(3vN)/(Y(NP3)—Y(N))
RATU=ABS ( (U(NP3)~U(N))/UDIF)
RME=RMEX(RATU/ULINVME ) #%1 .5

96 CONTINUE

C e e e ————— LIMIT DX

’ GRO=RMI~RME . .
IF(GRO¥DXeGT+PEI#DXLIM) DX=DXLIM¥PEI]/GRO
XD=XU+DX

95 CALL STRIDE(2)

C 10 10 10 10 10 10 10 10 10 10 1C 10 10 10 10 10 10 10 OUTPUT
IF(ISTEP.GT.O) GO TO 106
O e e e HEADINGS
VRITE(642100)UCIRTNTsFRAINIIRUN _
WRITE(6+102)CDsC1+C23C3+ALF+s2ET s GAMIDEL
2100 FORVATI{IHI«7H UEZUI =454 42 13X s 6HRTINTO=3F 6 ¢4+ 60X 1 4HFRA=F 5439 3X s

1 2HEN=9 134 3Xs3SHIRUN=412)
109 FORMAT(1HOISH CD=z1F5¢313Xs32HCI=eFS, 3!3Xv3HC2—9F5 342X s 3BHC3=2F5e 3
1 X e O6MPREFZ=sFS 42 1H+eF4 41 45HX AAKIEZX+s6HPREF 3= esFSe 2y IH+41F 442

2 SHEX AAZ/S)
1CO FORVMAT(IH «1PBE 11434 416)
107 FORMATI(IHIIPBE 11e3s 416)
106 CONT INJUE

IF(ITESTLEG.0) GO TO 1005
TEST=10CS.
VRITE(64100) TESTeRMIsRMESUC(1)sUINP3) o XU
1CCS CONTINUE
C e e e e e e STATION VARIABLES =—-r—meem——
G e e e e e TESTS FOR PRINT-OUT —=-==—————-
IF(RTNTSEG.Ce)GC TG 1020
IF(XUeGT o XUPRT(K))GO TC 102
16G2C CONTINUE .
IF (ISTEPEQeLASTED «ORe ISTERPECGs (LASTERP-NSTA)IGO TO 102
IF(ISTEP.EQ.14%) GO TC 102
IF(ITEST.ECQe1) GO TO 102 . )
IF(IFINGEQ.l) GO TO 102
IPRINT=C ’
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GO To 105
102 IPRINT=1
IF(ISTEP.GT«0)GO TO 1021
YHU=Y (NP3)
WRITE(6+2099)XUIN
2000 FORMAT(5Xs290HINITIAL PROFILES FOR ALL RUNS//5Xas SHXUIN=01PE10 377
1 10X s SHOMEGA )
WRITE(6.101) (OM(I)*I—I-NPQ)
101 FORMAT (1H +5X11P11E113)
GO TO 1C06
C e CALCULATION OF YHALF VALUES ETC —=--—
1021 HUDIF=«5%ABS(UINP3)-U(1))
UMN= ¢ S¥ (U (1) +U(NP3) )
IF(HUDIF«NE«QO.) GO TO 1080
YHU= ¢ S%#Y (NP3)
L GO TO 1090
1080 DO 1082 Iz=2 NP2 ) i
DIF=ABS(U(I)=U(1)) : '
IF(DIF.LTeHUDIF) GO TO 1082
CALL CUBIC(UsYs14AsBesCsD)
YHU= A+B*UMN4CH#UMN ¥ 2 +D*UMN# % 3
CALL CUBIC(YsUsI4AAIBBsCCOD)
UGRAD=EB+24+ #CCE*YHU+3 o #DD*YHUX %2
YMS= (U(NP3}=U(1)) /UGRAD
YMSOT=YMS/THETA
; GO TO 1090
1082 CONTINUE
1090 TENTH=+I%ABS(UINP3)-U(1))
DO 1091 1=2sNP2
DIF=ABS(U(I)=U(1))
T IF(DIFWLTSTENTH) GO TO 1091
T=ABS(U(I)=U(]I~1))
IF(TeNE«Oos) T=(DIF~TENTH)/T
YPTI=Y (I =T%(Y(I)=Y(]—=1))
GO TO 1092
1091 CONTINUE
1092 DO 1092 1=2+NP2
IDASH=N+4-1
DIF=ABS(U(IDASH)I=U(NP3))
IF(DIF«LT.TENTH) GO TO 1093
T=ABS{(U(IDASH+1)—-U( IDASH)) L
IF({TeNEeJs) T=(DIF-TENTH)I/T
YPTO=Y({ IDASH) +T*¥(Y( IDASH+1)=Y ( IDASH})
GO TO 1094 _ .
1093 CONTINUE :
1094 YNM=YPTO-YPT]
YNMOT=YNM/THETA
DYNMDX=YNMOT#DTDX 10
YNP2D=Y (NP2 ) /YNM
1083 CONTINUE
YSIOT={YHU-YPT1}/THETA
YSEOT=(YPTO9-YHU)/THETA
DO 20C9 1=1+NP3
2009 RT;(I)-SOQT(z.*F(p.1>/3.>/(U(1)+1._—20)
DO 2010 1=1+NP3
YSTAR(1)=Y(1)=YHU
2010 YSTOT(1)=YSTAR(I)/THETA .
1081 CONTINUE
ZETA=0,
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ETA':_-O.

DO 2018 [=2+NP1 .
ZETA=ZETA+(FL2+s [)4F {2+ [+1 )y (Y I+1)=Y{]))
ETA=ETA+(RTI(II+RTI(I+1))¥(Y(1+1)=Y (1))

IF(l el Te4eCReIeGT«NIGO TO 2018
IF{F(2e141)eGTaFt2s))IFM=I4+1
IF(RTI(I+1)eGT&RTI(INIYITM=1+1

CONTINUE ‘
ZETA=ZETA-(F (241 )4+F(2+NP3) %Y (NP3)
ETA=ETA—(RTI(1)Y+RTI(NP3) ) #Y{(NP3)
ZETOT=ZETA/(Fl211FM)I%2.~F (241 )=F(2sNP3))/THETA
ETOT=ETA/(RTI(ITMI*#2.~RTI(1)=-RTI(NP3))/THETA
WRITE(6+1087)XUsRM] *RMZ « AVOM YMSOTsYSIOTaYSEOTsYNMOTISTER

FORMAT (5X s 2HXU + 9X 4 BHRMT + BX 1 BHRME » 7X 1 4 HAMOM 1 7X 4 SHYMSOT 1 6 X+ SHYSTOT »

1 6XvSHYSEOT +6X s SHYNMOT 1 30XsSHISTEP/1H ¢ 1PEE113+28Xs14/)
WRITE(6+2001 ) THETADTDX1+DTDX10+D2TDX2 ¢ YNMs DYNIADX
WRITE(6+12015)ZETASIFMs ZETOTsETA ITMAETOT s YHUSYNMSOT

FORMAT(SXs6HTHETA= s 1PE10¢343X+6HDTDXI=+E1C¢ 393X+ 7HDTDX10=+E1043

1 3Xs 7HD2TDX2=3E1C e 393X s 4HYNM=sE10¢3 13X s FTHDYNVMDX=1E10e3/)
FORMAT(SX s SHZETAz 1 1PE10e 312X 1 4HIFM=112+2X 1 6HZETOT=sE1C« 3

1 SXe4HETA=IE10,3942Xs4HITM=41232X+sSHETOT=4E10+395X14HYHU=eE10+30

2 2X+6HYMSOT=+E10437)
IPRINT=0
IF(ISTEP«EQeQ0)GO TO 1006
IF(ISTEP+EQeLLASTEP,OR« ISTEPEQe (LASTEP-NSTA))IGO TO 1006

e e e PROFILE VARIASLES -—————m————m———

——————————————————————————————————————— TEST 6
IF({ITESTLEQ.0) GO TO 1006

TEST=1006,.

WRITE(64100) TEST

CONTINVE
DO 1070 I=14NP3
XPLOT(I)=Y(1)/YHU

WRITE(641076)

FORMAT (10X 22HDIMENSIONLESS DISTANCE)
WRITE(6+101) RU1) e (XpLOT(I)sI=2:NP2)sYINP3)
WRITE(641077) :
FORMAT(10XsZ22HD IMENSIONLESS VELOCITY).
DO 1072 1I=1+NP3 :
YPLOT (1 1)=(U(I)}-UINP2))I/UDIF
VRITE(G6+101) U1y (YPLOT(141)+1=2aNP2)sU(NP3)
WRITE(6:1062)
FORMAT(1CX e« 14HF (24 1) /UDIF%x%2)
UDIFSQ=UDIF*#2 .
DO 1073 1=1+NP3 ;
YPLOT(2.1)=F(2+1)/UDIFSQ

WRITE(6+101) (YPLOT(3+1)s]1=14NP3)
IF(ISTEP«EQe«0)THETA=Y(NP3) /10,
F3REF=UDIF/THETA

WRITE(6+10631)
FORMAT(10Xs 12HF (34 1) /F3REF)

DO 1C74 1=1.NP3
YPLOT(441)=F(341)/F2REF

WRITE(6+101) (YPLOT(4s1)sl=14NP3)
WRITE(6+2012) :
WRITE(E&4101Y(RTI(I)I=1+NP3)
IF(ISTEPWEQeCsAND,IPRTINEQe1ICO TO 59
WRITE(6+1079) .
FORMAT (10X «20HD IMENS IONLESS LENGTH)
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DO 1075 I=1.NP3
YPLOT(6+1)=YPLOT (61 )#Y(NP3)/THETA
1075 YPLOT(Ss1)=SQRT(F(Z2+1))/F(3+41)/YI{NP3)
WRITE(62101) F(341)+(YPLOT(S+1)s1=2+NP2)sF (Z1NP3)
C YPLOT(6+I)s (T7alys (8+1) ASSIGNED IN AUX EXCEPT AS FOLLOWS see
c EDGE VALUES OF YPLOT(6) (=ALMGIARBITRARILY SET AT ZERO
CON=RHO(1)% (U (1)=U(NP3)+1 £~30} %Y (NP3} o
YPLOT(641)=0 '
YPLOT{741)1=RHO(1)%F(2¢1)/(F{3+1)%CON)
YRPLOT(84¢13=00
YPLOT(6+NP3)=0,
YPLOT(7yNP3)=RHOINP3)#F (2 NP3)/(F{3+NP3)%CON)
YPLOT(8«NP3)=0.
. WRITE(6410601) (YPLOT(6s1)1el=14NP3)
10601 FORMAT (10X +4HALMG/(6Xs1P11E113))
Yo WRITE(6+1106C2) (YPLCT{(7sI)eI=1sNP3)
10602 FORMAT(10XsSHEMUTD/Z (6X11P11E1143))
. WRITE(6+10603) (YRLOT(8s1)sI=1+NP3)
10603 FORMAT (10X 4HTAUD/(6X11P11E113))
PREF(2s1)=PREF(2,2)
PREF(2+NP3)=PREF (2 NP2)
PREF(34+ 1)=PREF(3+.2)
PREF(3sNP3)=PREF({3+NP2)
WRITE(6.20132)
WRITE(6+101)(PREF(2¢1)+1=1sNP3)
2016 CONTINUE
WRITE(642014)
WRITE(6+101 ) (PREF(3+1)e1=1sNP3)
2017 CONTINUE
2013 FORMAT (10X+SHPREF2)
2014 FORMAT ( 10X+SHPREF3)
WRITE(6:2011)
WRITE(6+10133(YSTOT(I)e1=1«NP3)
WRITE(64+2002)
2002 FORMAT (1X//)
2011 FORMAT(10Xs11HYSTAR/THETA)
2012 FORMAT(10X4+18HREL TURB INTENSITY)
IF(RTNTEQsD4)G0O TO 105
IF(KeGEKSTATIGO TO 110
K=K+1 .
1G5 CONT INUE _ ,v
IF(ISTEPEQ.LASTEP=-1) IPRINT=1

€ e e e e e e e e
C 11 11 11 11 11t ¥1 11 11 1% 11 11 11 11 11 11 11 TERMINATIOCN
IF(IFINGECGe.1) GO TO 110 ’ :
IF (I STEPR LT eLASTEDLAND « XULL T« XULASTY GO 70 112
GO TO 112 _ .
112 ONT INUE ‘
C ___________________________________________________________________

C STRIDE 3 STRIDE 3 STRIDE 3 STRIDE 3 STRIDE 3
CALL STRIDE(3)
GO TO &0
110 CONTINUE

C 12 12 12 12 12 12 12 12 12 12 12 12 12 12 12 QUTRUT SUMMARY
IRUN=ITRUN+1
120 CONTINUE

STOPRP
END
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SUBROUTINE AUX
COMMON/GENRL /NEQsNPH INsNP 1 «NP2s NP3 KIN'KEX«KRAD+CSALF A
1 ISTEP« ITESTs IFINs JUTRAP+ IPRINT « OM(100)+R(100) Y (100)
2 U(1003 +RHO(100)sRULI0C0)YsEMUCI0C) + F{3+100)+SD(3+100)
3 SUI3+41C0)+PREF (391001 PR3+ RME'RMI+PSIE«PSIITPET]»
4 YEsYIsPRESS+DREOX(100) + XU+ XD»DX
COMMON/GKIKZ/COsC1+CR1C31CPsCMIRTCDICRITs NISNEsIMUSURAT«UIsRHOIE
1 ALF +BETsGAM «DEL yEXPNs EXPMsEXPRIEXPQ1 AKAP 1 ACHI »
2 XELOTI10C) 1 YPLOT(8+100)
C EXTRA SOURCE TERM ADDED 21/10/70
C ~ TO ACCOUNT FOR TURBULENCE GENERATED BY LATERAL PRESSURE WAVES
‘ 7 FORMAT(3X«I24¢1P11E11e3)
R F2MC=41
. F2Ml=e2
F2M2=e2
DO 20 1=3+NP1
C EFFECTIVE VISCOSITY
EMUT=RHO(II%F (24 1)1 /F(3+1)
EMUT=EMUT *CM
EMUC 1)=EMUT
C VELOCITY-GRADIENT FUNCTIONS
DUDYM=(U([)}=U(]=1))/(Y(1)=Y(I~1))
DUSYP=(U(I+1)-UlI1)/(Y(I4+1)=-Y(1))
DUDY=« 5% ( DUDYM+DUDYP)
IF(ITESTEQe 1 )WRITE(S+7) I +EMUTDUDYMDUDYP+DUDY
D2UDY2=2.% (DUDYP-DUDYM)I /(Y (I+1)=Y(I=-1))
26 DUDYSQ=DUDY*#2
PREF (24 1) =AKAP
PREF(3+1)=ACH]I
IF(ALF +EQeC e e ANDBET+EQe Ve )GO TO 29
AAK=F(2+13)/7UL1)%%2
AAR=F(2+1)/F (3. 1)
PREF({2+1)=ALFX¥AAKXHEXPN+BET*AAR%XEXPM+AKAP
29 IF (GAMeEQeCe e AND,DEL EQe04)GO TO 30
PREF(SvI)=GAV*AAK**EXPP+D¢L*AAR**EXPQ+ACH1
30 CONTINUE
: IF(ITEST«EQe 1 IWRITE(617) 1 1AAK pREF(2-1>nAAz-PQCF(3-1)
C SOURCES
C SOURCE=SU(J I 1+F(Js 1) %SDIJs )
ROY=R(I)%eS*¥(Y(I+1)~Y(I—-1))
SU(2+1)=0e
SD(2+1)=RDY* (EMUT=DUDYSQ/F(2s 1) ~=CO*RHO(I)1*F (3s1))
SUL3+ 1) =ROY®(CI¥EMUT%D2UDY2#*%2/F (34 1)+C3#RHO( 1) *DUDYSQ)
SD(3+]1)=-RDY*C2#RHO( 1) %*F (34 1)
IF(ITEST.ZQe 1 IWRITE! 6.7)1.QDY.SD<2cI).SU(3.I),socaax;
IF(IPRINTWNE2)1G0O TO 20
CON=RHOIE*UI% (] «=URAT)IH¥{Y(NE)=-Y(NI))
IF(ARS{DUDY ) el Te1£E~-30)GC TO 27
ALMG=SOQRT(ABS(EMUT/ (RHO( 1) %DUDY 1))/ (Y(NE)I-YINI))
GO TO 28
27 ALMG=1.E30
28 CONTINUE
EMUTD=EMUT/CON
TAUD=EMUT#DUDY/RHO( 1) /U 1) #%2
Cmm e e e e FOR PLOT ROUTINE
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YPLOT(6+1)=ALMG
YPLOT(7+1)=EMUTD
YPLOT(8¢1)==TAUD L

101 FORMAT(1H +2Xs1P11E11e3) - .
CONTINUE
NM3=N-3
DO 23 1=3+7

23 SU(2+1)=5SU(24+8)
DO 22 I=NM3+NP1

22 SU(2+41)=SU(2N-4)
DELSU=(SU(2sNE+1)~-SUI2sNI=1))/(YI(NE+1)=Y(NI=1))
DO 21 I=NIWNE

21 SU(2+1)3=SUI24NI~1)+DELSUHF(Y (1))=Y (NI-1))

— — S — — i — v — o . o S S Ak o o iy i o A . e e S g sy . . B D M S i i S, S i . S

DO 40 KIE=1.2
Kl=1
Li=2
MI=3
YB=Yl
IF(KIE«EQs1)GO TO 41
KlI=N+3
LI=N+2
MI=N+1
YB=YE

Q1 F2=e7S*¥F (2L 1)1+ e25%F (2M1}
F3ze 75¥F (3elL 1 )4 e25%XF (3 +4MI)
DUDY=(UMI)=ULI))/(YIMI)I=Y(L 1))/ 2
DUDYSQ=DUDY %¥*2
D2UDY2=DUDY/YB
UM=, 75%UL] )+ 25#0(MI1)
AAK=F2/UM#%2
AAR=F2/F3 -
PREF( 2+ LI )=ALF ¥ AAK¥¥EXPN4BET *AARXXEXPM+AKAP
PREF(3¢L1)=GAMXAAK*¥EXPP+DEL ¥ AAR¥*¥EXPQ+ACH]
RDY=YB*(RIIKII4+(RILII+R(MIII/2e)/2¢
SUL2«L.1)=SU(2+M1)
EMUT=RHO(KI)*F2/F2
EMUT=EMUT*CM )
EMUCL T)=EMUT
SDI2+L.1)Y=RDYX (EMUT*DUDYSQ/F2~CD*¥RHO(K 1 )*F3)
SU(B-LI)=RDY*(Cl*EMUT*DZUDYZ**Z/F3+C3*RHO(KI)*DUDYSQ)
SDI3sL I ) =—RDY*C2%¥RHO(KI)*F3
IF(IPRINTNE2)GD TO 40
YPLOT(6+L1)=SQRTIABS(EMUT/(RHO(LI ) %XDUDY ) ) I/ZLYINE)=Y(NI))
YPLOT(7+LI1)Y=EMUT/CON
YPLOT(8sL 1) ==EMUT*DUDY/RHO(L 1)/UB%%2

40 CONTINUE

230 IF(IPRINTEQel) WRITE(6+100) SO(2:12)1SU(242)1SHI2+NP2) +SUI2sNP2) s

.

1 SNI3¢2)¢SUIZ42)sSDI3eNP2)Y +SUI3eNFP2)

100 FORMAT(IH ¢a4XsT7HSD(242)¢aXeTHSU(242) 244X e GHSDI21NP2) 42X s
1 OHSUI2yNP2) 12X s 7HSD(312) 14X 7HSU( 33 2) ¢+ aXeSHSD 31 NP2) 12X
2 SHSUL3 +NP2) ZUIH +2Xe1P11E1163) )

-------------------------- VISCcOSITIES FOR INTERVALS
DO 3 =2+« NP1
EMUC I Y=o SR IEMUT IY+EMU(T+ 1))
EM UCI)=EMUCTIIZ(Y(I4+1)=Y(]))
RETURN ‘
END '
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SUBROUTINE STRIDE(1SW)
C STRIDE SUBROUTINE FOR GENMIX4 VERSION OF PATANKAR-SPALDING PROGRAM
CEESHHXRHXREXES  DeBSPALDING IMPERIAL COLLEGEs AUGUST 196G  #XeXx¥itss’
DIMENSION A(S343)¢AU(43)8(5+43)18U(43):C(5943)CU43)1FDIFE(S) »
1 FDIFI(S)eGE(S)«GI(B)TTRF ()
COMMON/GENRALZ AJE(S)sAJl (S5)+CSALFADPDX(43) sDXsEMU4B) sF(5943) 9

1 FS(Se43)sHIIFINSINDE(S) e INDI(S) ¢ ISTER ITEST [JUTRAPSKEX sKIN1KRAD
2 NINEQINPHINP 1 NP2 INP2+OMI43) sPETsPR(S) sPREF(S143)1PSIEsRPSI s
3 RIAZIIRHO(A3Y iPMEIRMI*RU(43)3SD(5943)1SU(S243)2 TAUES»TAUTU(42)
4 XDeXUsY(43) ¢ YEWY]I
c
GO TO (1000+200043C00) 1SW
c
C*-X—-X—*-X—-)’c%%%***%—-X—*-X—*-X—-X—*%*;%*%**%%*%**%*-}(—*' S TR 1 D E 1 PR S X LY A
1000 IF(ISTEP.GT+0) GO TO 1100
. OM(1)=0.
OM(2)=0.

OM(NPZ2)=1.
OMI= ¢ S#OM(3)
OME= ¢ 3% (1 «—OM (NP1 )
BPRPE=1. ’
BPI=1e
Y(1)=C,
IF(KRADEQel) GO TO 1100
DO 1001 I=1.NP3

1001 R(I)=1.

R25=1s
RN15=1.
IF(ITEST.EQ+Q) GO TO 5018
WRITE(6+9010) (R(1)+1=1+NP3)1R251RN1S5

9010 FORMAT(IH +1P11E1143)

9018 CONTINUE

G e e e e e e e e e CALCULATION OF RHQ¥U tS ——mmmmm o —em

1100 DO 1101 1=1+NP3

1101 RUCTI)I=RHO(I)I®UCT)

RU3=RU(3) ) -
RUN{=RU(NP1) o

DO 1102 1=2+NP1 .
RUCII=e 5% (RUIIY+RUCT+1))

IF(RU(I)«GT«043GO TO 1102
IF(ITEST,=Q.0)RITE(6+12C0)

1200 FORMATI(3X«25HAN RU 1S ZERO OR NEGATIVE)
ITEST=1
IFIN=1

1102 CONTINUE
IF(ITEST.EQeD) GO TC 9019
WRITE(6:9C1C0) (RUCI) s I=1sNP3) +RUNIRU3IPEL
9019 CONTINUE .
Com et e CALCULATION OF Y tS AND R 'S ————e——em—e
€ e e e o e e YtS FCR PLANE GECOMETRY
YI=PEI%OMI/(BPIX*RU(2))
Y(3)=YI+PEI#0OM(32) /(RU(2)+RU3)
Y(2)=2e%¥YI-Y(3)
DO 1103 I=4a+NP]

1103 Y(I)=Y(I=1)+RPEI#(OM([)=CM(1=-1))/RUlI-1)
YNIS=Y(NP1}+PEI#(1+~0OM(NP1))/(RU(NP1}4+RUNI)
YE=PE ] ¥OME/ (BPE#RUINP1))

Y (NP3)=ZYN1S+YE



o Y

YINP2) =2 %¥YNIS=Y(NP1)
IF(KRAD+EQ.0) RETURN

C mmmm e - Y1S AND RY'S FOR AXISYMMETRICAL GEOMETRY
IF (CSALFACEQeDe} GO TO 1110 '

C m e e CSALFA NE ZERO
COSD2= e 5%XCSALFA .
IF(R({1)eNE«Cs) GO TO 1105

DO 1106 I=2sNP3
Y1)y=SoRT(ABS(Y(1)/7C0SD2))

1106 RUI)=Y(I)%CSALFA

YI=SQRT(ABS(YI/COSD2))
YN15=SQRT(ABS(YN15/C0SD2))
GO.TO 1107

C o R(1) NE O

1105 R1ID2=+5%R(1)

R1D2%Q=R1D2%R1D2 ,
DO 1104 I=2.NP3 - ,
Y(1)=Y(1)/(RID2+SQRT(ABSIRID25SQ+C0OSD2*¥Y(11)))

1104 RII)=R(1)+Y(1)*¥CSALFA
Yi=Y1/(R1D2+SORT(ABS(RID23Q+COSD2%Y1)))
YNIS=YN15/(R1D2+SQRT ( ABS(R1D2SQ+COSD2%YN15)))

1107 R25=R(1)+YI*CSALFA
RNIS=R(1)+YNI1S#CSALFA
YE=Y(NP3)-YNI1IS

] RETURN
€ e e e et e o o e e e CSALFA EQ ZERO

1110 DO 1111 I=2.NP3
Y(I)=Y(I)/R(1)

1111 ROIY=R(1)

YI=YI/R(1)
YN1S=YNIS/R(1)
R25=R (1)
RN15=R (1)
YE=Y(NP3)-YN15
RETURN
C-)(-*—.‘(—**-X—***%%*%%*%-}(—%**%**%—}-X-%-X-%*-)(—-x—-»‘(—*-‘r’c%v‘(-%(- S TR 1 DE 2 eI A HI IR HK R
C e e e PRELIMINARIES FOR COEFFICIENTS
2000 PX=PE1/DX .
G=RMI—-RME
PDB=.125%PX
PD4= ¢ 25%PX
PG=PX+G
PGDB=.125%PG
PGD4=PGD8+PGDS
RMID2=e S¥RMI
GD4=.25%G
BOMP=0OM(3)-0M({2)
PGOMP=PGD4*BOMP
P4OMP=PD4%xBOMP
C mmm e e e GRID POINT 2
Cmm e e e TaUls B8PIs TI1
IF(KINGNES1)Y GO TO 2C01
GO TO 2002
IF (KRADSEQeC) BPI=+33333+.66667%#RUI1)/RULZ)
IF(KRADEQe 1) BPRI=(RI1I% (5,4#RU(1)+RU(2))1+3.*R25%
1 (RUCIIHRU(2)) )1 /76e/(R(1)1+R25) /RU(2)
C e e BOUNDARY COEFFICIENTS FOR VELOCITY



2002 HLP=RY D2=-GR4&* (0 (2)+0M(3))

AHLP=ABS (HLP)

THLP=HLP+HLP .

TP=EM U(2)
TTP=TP+AHLP+ASS(TR—A4HLP)
AD=TTP=THLP~T1-PGC™P
BD=p2e* (T1+RMI)

CD=P4OMP* (3.%5U(2)+U(3))~-CPDX(2)%(R{1)+R23) %Y1
DU= AD+BD+PX#80MP ‘

AU(2)=AD/DU

BU(2)=BD/DU

CU(2)=CD/DU

e BOUNDARY COEFFICIENTS FOR F 'S

IF (NEQ.EQe1) GO TO 23Cz
DO 23C0 J=24NPH
¢ . TPF2=TP/PREF(J2)
© TTPF(J)=TPF2+AHLP+ABS (TRF2~AHLP)
IF (KINeNE«1) GO TO 23C1
IF(INDI(J)+ECGe2) GO TO 23C3

AJI(U)I=GI IR F(Ja1)=eSH{F(J22)+F(Je3))~FDIF1(JU))

GO TO 23C2
2301 T1F=GC,.
FDIFI1(J)=0.,

________________________________________ COEFF ICIENTS

2302 ADF=TTPF(J)=THLRP~TIF~FGONrP4++5%52(Je¢2)
BDFz=2+% (TIF+RMI)

DF=ADF +BDF +PXXBOMP~Z2 4, ¥SD(J.2)
T==TIFX*FDIFI(J)
GO TO 2305

2302 ADF=TTPF{J)=THLP=PGOMP+,5%50(Js2)
8DF=0C.

DF = ADF +PX*¥BOMP =2, *SD(Js 2)+RM1%2,
T=RMI*¥F (Js 1)+AJI(JUIXR(1)

2305 TT=3e%¥F (Je2)+F (Je32)
COF=P40MPETT+2%(T+SU(JUs 2}
A(Js2)=ADF/DF
B(J«2)=8BDF/DF

2300 C(J+2)1=CDF/CF -

———————————————————————————————————————— GRID POINT NP2

——————————————————————————————————————— TAUEs gPE
2304 IF(KEX«NE«1) GO TC 20C2
GC TO Z2zZ1C
2003 TNPR=0, .
IFI{KRAD«EQel) BPEz=e 32333+ .S6E5TF¥RUINFZ) /RUINP

*

IF(KRAD«ZQe 1) BPE=(R{MNPIIX (S XRUINP3IHRUINDPT ) )43

1 (RUIND2I+RUINTI) 17587 (RINP2Y4 R
———————————————————— SCUNDARY CCEFFICIENTS FOR
2310 BOMM=COMINP2)-CM({ND1)
HLM=RMIDZ=GD4% (CM {NP 1 YLCHM(NP2) ) i

AHLM=ABS (HLM)
THLM=HLI-M+HLM

THM=EM UINP1)
TTM=TM+AHLIMFABS (T =ARLY)
pGomu—pCDLw~Omm

AD 2. T\'D \_.Q“:_—)
BD=TTM+THLM-TNP2-DG0O¥

CD=P40MM* (G 43U INP2)+UINP1))=DPDX(NP2)®{RN1E+R

DU=AD+ED+PX*3CMM

1)

v

TNPZ

« XRNS®
RNISHY/RUINP LY

LCCITY

(NP2) ) #YE

242
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AU(NP2)=AD/DU
BU(NP2)=BD/DU
CU(NP2)=CD/DU -
IF(NEQeEQe1l) RETURN .
C mmem e~ BOUNDARY COEFFICIENTS FOR FtS
DO 2320 J=2+NPH
TMF=TM/PREF (JsNP1)
TTMF=TMF+ AHLM+ABS ( TMF —AHLM)
IF(KEX«NEesl) GO TO 2311
IF(INDE(J)«EQe2) GO TO 2313
AJECII=CGE(UI* (o SH(F(JaNP2Y+F (JsNP 1Y I+FDIFE(JY=F (JINP3) )
GO TO 2312
2311 TNP3F=0.
FDIFE(J)=0, : .
€ e e e COEFFICIENTS
P312 ADF=24¥ (TNP3F-~RME)
: BDF = TTMF + THLM~TNP3F -PGCMM++.5%SD ( Js NP2) ‘
DF=ADF +BDF +PX*BOMM—2 » ¥SD (JsNP2)
==TNP3F*FDIFE (J)
GO TO 2315
2313 ADF=0,
BDF=TTMF + THLM=PGOMN+ 4 S¥SD(JsNP2)
DF =BDF +PX%BOMM=2, ¥SD ( JsNP2 ) -RME*2,
==RME*F (JsNP3) ~AJE ( J) ¥R (NP3)
2315 TT=3#F(JINP2Y+F (JsNP1)
COF=zP4OMM*¥ TT+2 % ( T+SU(JINP2Y )
A(JaNP2)Y=ADF/DF
B(JsNP2)=BOF/DF
2320 C(J4NP2)=CDF /DF
RE TURN
CHEREALHRERLEH BRI XL ER XX FRF LA FURXRXXXX S T R | D E 3 HEERTHRHEIXATHRS
3000 DO 3005 (=34.NP1
BOMM=ROMP
BOMP=OM(I+13—-0OM(1)
BOM=BOMM+BOMP
BOMT3=BOM*3,
PGOMM=PGOMP
PGOMP=PGD4%*BUMP
PBOM=P X ¥R OM ..
THLM=THLP
HLP=RMID2=GDa4*(OM( 1+1)+0M( 1))
THLP=HL P+HLP
AHL P=ABS (HLP)
TTHM=TTP
TR=EM U(I)
TTP=TP+AHILP+ABS(TP-AHLP)
AD=TTP-THLP-PGOMP
BO=TTM+THLM-PGOMM
CD=PD4# (TOMTIFU{ 1 1+BOMP* U( 1+1)+BOMM*¥U(I~-1))~ .
1 DPEX(1I#RII)%(Y(I+1)=Y(I=-1))
DU=AD+8D+PR0OM
AU( 1)=AD/DU

BU(1)=8D,/DU

CutII=Cor by .
C e e e T e T e e e e START CF J LCOPRP

IF(NEQ«EQe1) GO TC 3203

DO 30C4a J=2+NPH
3002 TJTIMF=TTPF (J)
3003 TPF=EM U(CII/PREF(Js 1)



3004
3003

3048

C.
C

3120

(&I ®)

vl U
O

(W

WRITE(6+9003)

TEST

TTRPF(J)=TPF+AHLP+ASS(TRPF~AHLP)
AD=TTPF (J)—-THLP-2G0MP
BD=TTHMF+THLM-PGOMM .
CO=PL4¥ (BOMTI*F (J+ 1) +BOMP2RF (Js ]
CD=CD+2+%5U(Js 1)
DF=AD+BD+PBOM=2,4%SD{Js 1)
AlJs1)=AD/DF
B(J+1)=8D/DF
C(Je1)=CD/DF
CONTINUE
IF(ITEST«EQeD)
WRITE(64+2001)
WRITE(6+9CC2)

GO TC 9013
(AUCI ) I=29NP2)
(BUlI)sI=2eNP2)
(CUCL)el=2NP2)
FORMAT(T7H AUCL) +1P11E1143)
FORMATI(7H BU(1) +1P11E1143)
FORMAT(7H CU(I) +1P11E1143)
IF(NEGCeEQel) GO TO 2013

0O 90C0 J=2+NPH

WRITE(E+OC04) (A(Jal)a1=24NP2)
WRITE(6+9005) (S(JsI)sI=24NP2)
WRITE(E+OC08) (ClUsl)el=2NP2)
FORMATI(8H A{Jsl) +1P11E11e3)
FORMATI(EH B(Jsl) +1P11E1143)
FORMATI(EH C(Jsa1) +1P11E1143)
CONT INUE

IF(KINGEQRe2e ANDJRUI1)eNT 204y UL
IF(KEXeEDe2 e ANDJRUINPR) e NELO W)
----------------------- SOLVE
BUI(Z)=BU(2)%U(1)+cuU{2)

DO 3C48 1=3+NP2
Tzle/(1e=BUlI)¥AULI~1))
AUCTIIZAUCTY*T
SUCT)I={8UTIy*BUIT-1)+CUlT))*T
DG 3C=0 1DASH=Z2 NP2

I =N+a—1DASH
UCIy=AU(I)s*U{T+1)48BUI T

FOR NEGATIVE VELOCITY
IUTRAP=O NO ACTICNs =1 SET Ut
IF(IUTRAPSEQ+0) CO TO 3050

IF (] eZEQea2sCRe ] eECeNPZ2eaTReU(T )G el )

IF(IUTRAP«ZQe 1)
IFIN=1

ITEST=1
WRITE(643120)
FORMATULIOX«33HAT LEA
RETURN

Ul1)=1.E=-20

CONTINUE
IF(KINGEQe2IU(1 )= Ex{U(2)1+U(3))
IF{KEXeEGeZ2YJ (NP Yz o SR (U
IF(NEQ«E0s1)Y GO TO 3060
DC 2220 J=zZ«NPH
BlJe23=3(Je 2 ¥
DO 3148 1=3+NP2
T=le/(1e=B{Jel)FA(II~-1))
AlJs 1) =4 0Je ) %T

TC 3021

GO

n

S
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+1)+30OMMEF(JeI—1))

1)=U1)-DPCX(1)#DX/RU(])
UIND3R) =UINPR)Y—-DRPDX (NP3 ¥DX/RUINDZS
FOR DOWNSTREAM U 'S5

«

TO ZERO. =2 PRINT AND

8)]

GC TO 32

G

TIVE)

(NPTYFUINDZ)Y)

DOWNSTREAN F
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3148 B(Ur 1) =(B(Js 1) #BlUr L=1)+C(Ua 1)) %T

DO 3150 IDASH=2+NP2
I=N+4-1DASH
FlIsI)=AlJeIIXF U [+1)4+B (U]

Cm—m e e e ADJUST F(Jsl) AND F(JINP3) ——————mmeemee

32210

3230
3220
3310

3330
3320
3060

GO TO (3210+322043230) sKIN

IFCINDIC(J)eEQe2) F(Je1)=FDIFT(UI+S#(F(J121+F(J93))+AJI LI /GI (D)
GO TO 3220 :
F Uy 1)=eSH(FlUe2)4F (Js3))

GO TO (3310+3320,3330) 1KEX

IFCINDE(J) «EQe2) F(JeNP3)=FDIFE(J)+eSEX(F(JINP2)+

1 FI(JINP1))=AJE(J)/GE (J)

GO TO 3320

FIJINP3)=eS*(FIJIsNPLIHF(JINP2))

CONTINUE

XU=XD

PS11=PSII1-RMI*¥DX

PSIE=PSIE—-RME*DX

PEI=PSIE~PSI1

ISTEP=I1STEP+1

RETURN

END
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LisTingG oF LAYER-3 PROGRAMME (MAIN SECTION ONLY)

CHFREJHAEXHEXEFHXXERERERI RS G ENKL 3 HEAFFXERFFE AR EXREFR

274770 CHANGE TO KOLMOGOROV (K-Z) MODEL
SelsUNITS
00000000000000000000C0000CC00000000000000000 PRELIMINARIES
FEEFHFARFRAEER EX¥X%E  COMMON BLOCKS SECTION  *HEXEXIXXXRE
DIMENSION I[P1(4)+s1P2(a)sRTI(100)+YSTAR(100)sYSTOT(100) +XUPRT(10)}
" COMMON/GENRL /NEQsNPH e NsNP 1 «NP2 NP3 KINsKEXsKRAD+CSALF A ’
1 I1STEP+ ITESTs IFINs IUTRAPIPRINT » OM{100)sR{U100)s¥Y (100«
. 2 U(100) sRHO(I100)+RUCICO}EMUCI00) F(34100)450(34100)
-3 SU(3+4100)PREF (34100} ¢sPR(3) RMESRMI sPSIE«PSI1¢PE]
4 YEsY ] +PRESSDPDX(1C0C) e XUeXDsDX :
COMMON/GK3KZ/CD1C11C2¢C31CPCMIRTCDICRITs NITNEs IMUSURAT UL sRHOIE
1 ALF +BET+GAMeDE] +EXPNIEXPMIEXPPEXPQs AKAP «ACHI »
2 XPLOT(100)+YPLOT(82+4100)
PREDICTION OF DEVELOPMENT OF THREE PLANE PARALLEL MIXING LAVYERS
FORMED WHEN TWQ FLUID STREAMS [SSUE INTO STATIONARY ATMOSPHERE
UNIFORM FLUID TEMPERATURE AND PRESSURE
URAT=RATIO OF STREAM VELCGCCITIES UI/ZUE
1111111111311121311111311711117111111111111111 PARANETERS
DATA NEQ«KINKEX s KRADICSALFA/4124240¢14079
I1TEST+IPRINTAJUTRAP+IFIN/DO«Qs0+C/ s
RO1) e XUL s XUPsTHETL * THETPsNSTTH/1 610230430904 ¢10/
DXLIMIULIMI aDXeFRA/eCl1 840050 24E~0%1,05/
NSTA+ IRUNSKSTAT+LASTEP/S00 19441200/
YOI YTEsF3FAC ' XUINICRITIELFAC/ 6101051 ,354:021461247 9
OMC1) sOM(2) sOMINPR)I 4EXPNIEXPMIEXPPEXPQ/Ce 1041169659 eS1651454/
DO 121 1URAT=40+80+20
URAT=FLOAT({IURAT)>/100.
DO 120 IRTI=7+110,103
RTNT=FLOAT(IRTI)»~A1000.
CM=1.0 .
CD=.09 ’
Cl=3e
C2=408%
C3=0e59
Ul=35.
UA=,01%U1 R
UC=UA
WTE=FLOAT(IP2(3)-1P1(2))*YC/FLOATI(N)
F2INI=(RTNTXULl )*x2%1 .5
IF(RTNT «GTe e G2IF3FAC=1e/70s "
XUINI=F3FAC/C2=-¢025
FI3INI=UI/Z{(XUINIxC2)
F3INE=F3INI*URAT
F2A=(UAX ,011%2¥2%#1,5
F3A=UA/(C2%¥XUIN)
FRC=(UC* .01 )1%%2%1,5
F3C=UC/(C2¥XUIN)
URTE=URAT¥*¥0 .S
DO 5 K=1+KSTAT
5 XUPRTI(K)I=XUINI+0S%#FLOAT(K)

Cc
Cc
Cc
Cc

O0O0O000

O =



C PR22222222222222222222222222222222222222 GRID AND GEOMETRY
) NP1 =N+1
NP2=N+2
NP3=N+3
NP3D2=NP3/2
! ND2=N/2 .
UL IME=UL I MI
UL I=UI/100.
ULE=UL I ¥URAT
ANSTA=NSTA
ANSTTH=NSTTH
XULAST=XUINI+0.25
C o e e e e e e e e e e T e T e e e o o e e i o o S e s e 08t o a2 e
C - 333333333333333333333333333333333333 DEPENDENT VARIABLE SELECTION
UCI)¥=VELOCITY ’
F(1eI1)=STAGNATION ENTHALPY
ENTHALPY EQUATION NOT SOLVED ]
IN STRIDE(3)+COEFFICIENTS NOT CALCULATED WHEN J=1 ,
F(2+1)=KINETIC ENFRGY OF TURBULENCE
F{(3«1)=Z=FREQUENCY
NPH=NEQ—-1

tNeNeNe NS Ne

- man . TS g T . — . Y —— A o o s T g SO i T Tt e e s e e B T S e . S — o T~ — 2 (T . e s s g s " o Pt e

C
C 4444444444844 4844448444444444444448444444 MATERIAL CONSTANTS
C : Sele UNITS
ALF=S.0
BET=0.1
GAM=5,0
DEL=0.1
AKAP=0s1
ACHI=0,1
C PRESS=1.0E05
C TIE=300.
RHOIE=117
VisS=0,
PR(1)=0.
PR(2)=0s
PR(3)=0,
RTCD=SQRT (CD)
CDDC2z2=CD/rsC2 -

C ————————————————————————————————————————————————————————————————————
C 555555555555555555555555555555555555555555 INITIAL CONDITIONS
ISTEP=0 B
XU=XUINI

XDIF=XUINI-XUIN

DATA Ne(IPI1(KP) e IP2(KP)+KP=114)/964¢2112¢46¢50+50154+88+987
1I0L1=IP2(1)

IOLE=1IP1(4)

NI=1P1(2)

NE=1P2(3)

NEM1=NE-1

NIF=NI

NEF=NE

IMU=1IP1(3)
WYR=1«/FLOAT(IP2(3)1-1IPI(2)})
DO 500 1=3+NP]
IF(leGTL1P1(2))GO TO 501
UCl)y=uUl

F(3+s1)=F3INI

GO TO 502



S01

503
502
500

4999
4998
- 511

512

513

514

P R e

515

516
510

530
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IF(1sGE«1P2({3))GO TO 503

UCI)=UI*(1e+(URAT— 1')*FLOAT(I"IP1(2))*WYR)
F(3¢1)=F3INI*¥U(I) U]

GO TO 502

Ul =UI*URAT

F(3+.1)=F3INE

F(?-I)‘(U(l)*RTNT)**Z*l.

CONT INUVE

WRITE(6+4999 INT«NE«1O0L I+ IOLEs IMU

WRITE(6+4998) (U(T) s I=NI«NE)1(F(2¢1)eI=NITNE) v (F(3s1)sI=NI'NE)
FORMAT (5Xs101I5)
FORMAT(5X¢1P10E11-3/6Xo1P10E11.3/7X'1P10E1103)

DO 510 KP=144

GO TO (511951215139514)1KP
UR1=UA/U]

URZ2=14

FFAC=1ae

GO TO 515

UR1=1s

UR2=URTE
FFAC—(1.+URAT~2.*URTE)/(lo—URTE)/Z-
GO TO 515

UR1=URTE

UR2=URAT

FFACZ2 ¢ ¥ (1e~URTE) /(1 +URAT=24*URTE)
GO TO 515

UR1=URAT

URZ2=UC/U1

FFAC=1.

UM=UI ¥ (UR1+UR2) /2,
UF=(URZ2-UR1)I%U1/2,
DYRDPI=FLOAT(IP2(KP)—~IP1(KP)}/3e1416
DUDYF=FLOAT (N)*UF/DYRDPI/YC
YRM=FLOAT(IP1(KP)+IP2(KP))/2,
ILI=IP1(KP)

IL2=1P2(KP)

EL=.07¥FLOAT( IP2(KP)~IP1(KP))*YC/FLOAT (N)

IF (KPOEQQEOOR.KPOEO.B)EL=.O7*WTE/ELFAC

DO 516 I=1L1+1L2 -
PHI=(FLOAT(I1)~YRM)/DYRDPI

UCTIY=UM+HSIN(PHI ) %UF
F3ML=DUDYF#COS(PH1)/RTCD*FFAC
F2ML=(F3ML¥EL)Y¥%*¥2%RTCD

F(2+1)=F(2¢1)+F2ML

F{3+¢1)=F(3«)+ABS(F2ML)

CONTINUE

WRITE(G6+4998) (UCT) e I=NITeNE)» (F(2+s 1)+ I=NITaNE)Y s {F(3s1)sI=NIsNE)
IMUPI=IMU+1

IMUM =IMU-1

DF2DY=(F (2. IMU4+2)=F (24 IMU=2))/ 4,

DF3DY=(F (3¢ IMUH2)=F (3¢ IMU~2))/4

DO 517 =IMUM1 s IMUPL

F(2¢1)=F(2¢4 IMU~2)+DF2DY*FLOAT(14+2-1IMU)
F(3y1)=F (34 IMU-2)+DF3DY#*FLOAT(142~1MU) :
WRITE(6o4998)(U(I)'I—mlvNE)'(FKZ»I)-I—NIsHE)’(F(B'I)sI-NloNE)
DO 530 [=3+NP2

OM(1)=0M(I=1)Y+(U(I-1)Y+UCTI))I/2e
IF(]eEQeNP3D2)OMTE=0M( 1}

IF(]eEQaeNP2IOMC=CM( 1)

CONTINUE
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DO 531 1=3:NP2

531 OM(1)=0M(1)/0MC
FLOI=RHOIE*OMTE*YTE/FLOAT (ND2)
FLLOE=RHOIE*(OMC~OMTE ) ¥ (YC=YTE)/FLOAT(ND2)
FLOTOT=FLOI+FLOE

. PS11=0. R

PEI=FLOTOT
PSIE=PS1I+PEI
Ut1)=UA
F(2s1)=F2A
F{2.2)=F2A
F(3+1)=F3A
F(3+s2)=F3A
TUINP3)=UC
F(2«NP2)=F2C
F(2sNP3)=F2C
F{3«NP2)=F3C
F(3+NP3)=F3C
DO 540 I=1+NP3

540 RHO(I)=RHOIE
F2DIF=F2INI*(1 ¢ +URAT*%2)
F2MAXI=UI%*%2
FZ2MAXE=(UI*¥URAT) %¥%2
F2MINI=F2MAX1%1.£-20
F2MINE=F2MAXE¥*1.E-20
F3CON=UI%#(1+~URAT)/Z(YC*RTCD)
F3MIN=F3CON¥,01
F3MAX=F3CON#%100,
F3MAXI=F3MAX
F3MAXE=F 3MAX
F3MINI=F3MIN
F3MINE=F3MIN

C 666666666666666666666666666666666666666 START OF MAIN LOOP

‘ 60 CONTINUE
C LIMITATION OF EXCESSIVE F2 AND F3 VALUES

IF(ITEST.EQ«O) GO TO 1001
WVRITE(641)ISTEP
1 FORMAT(IHI+6HISTEP=4+15)
TEST=1001. -
WRITE(6+1COITESTWR( 1) +DXa XU
WRITE(64101) (UlI)sl=1sNP3)
VRITE(6+4101) (F{(24«1)s1=1+NP3)
WRITE(6+s1C1) (F(341)al=1sNP3)
1001 CONTINUE
: FZ2MXI=F2INI#(XUINI/ZXU)*#CDDC2%* 10
F2MNI=F2MX1/100.
FZMXE=F2MX] ¥URAT* %2
F2MNE=F2MXE/ 100
F3MXI=UI/Z(XU%C21%10e
F3MNI=F3MX1/10C.
F3MXE=F3MX]
F3MNE=F3MXE/1CO.
DO 61 I=3+NP1
F2MAX=UI#%2/10.
FZ2LIM=5, °
F3LIM=5. ’
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F2ULM=(F ({24 1-1)Y+F (29 14+1)I%F2LIM
F2LLM=F2ULM/F2L IM%%2
F3ULM=(F (34 1-1)+F (3s 1 +1))#F3LIM
F3LLM=F3ULM/F3L IMx¥2
IF(F(2+1)eGT«F2ULMIF(2s1)=F2ULM
IF(F(2+1)eGTeF2MAXIF (241 )=F2MAX
IF(F(2e1)eLTeF2LLMIF(2s1)=F2LLM
IF(F{3+1)1eGT«FIVLMIF{3+1)=F3ULM
IF(F(331)eGTeFIMAXIF (341 )=FaIMAX
IF(F(3e1) el TeFALLMIF(341)=F3LLM

61 CONTINUE

IF(ISTEPGT«0)IGO TO 4997 .
WRITE(6+44998)(U(T1) e I=NIsNE)IS(F(291)sI=NIeNE)s(F(34]1)+I=NIsNE)

4997 CONTINUE

IF(ITEST«EG.0}Y GO TO 1CC2 |
TEST=1002
WRITE(6+100)TEST«F2MAXE «+ F3CONsF2MX T «F3MX]
WRITE(6+101) (RHO(I)s11=1eNP3)
1002 CONTINUE
——————————————————————————————————————————————— ADJUST R(1?
STRIDE 1 STRIDE 1 STRIDE 1 STRIDE 1 STRIDE 1 STRIDE 1
CALL STRIDE(1)
T7?7773777T77T7I777T77ITIOITIITTII?7ITTNNTT7TT OFORWARD STEP
IF(ISTEP.LTI1CCIGD TO 72
DX=FRA#%#{Y{INE)-Y(NI1)}
72 XD=XU+DX
8888888888£888888888888E8888888888 ADJUST LONGITUDINAL CONDITIONS
BOTH EDGES OF FLOW-FIELD ARE FREE BOUNDARIES
Fl2:¢1)=sF2A%(XUINAIXD-XDIF))*%CDDC2
FI2:NP3)=F(2+1)%F2C/F2A
Fl3«1)=sUAZ(C2%(XD~XDIF 1))
FI3«NP3)=F(3«1)®xUCrua
84 IF(1STEPGT«0)IGC TO 8S
DO 86 1=1+NP3
86 DPDX(1)=0s M
85 CONTINUE
UDIF=UINIY-UINE)
IF(ISTEPLT«2C01G0 TO 200C
ULIMNI=UI/FLOATIISTERP+100)
IF(ULINMNI LT tUI/S006))ULIMNI=ULI/S00,.
UL IMNE=ULIMNI*URAT
NEP=NE L o
LOCATE BOUNDARIES OF VELOCITY MIXING LAYERS
DO 81 I=1«NRP3D2
INI=IMU-1 ) .
IFCIULINII=UCINI+1))eGTULINMNIIGO TO 81
NI=INI
GO TO 82
81 CONTINUE
82 DO 831 1=1+NP3D2
INE=ITMU+I]
IF((UCINEDN=U{INE+1))eGTLULIMNEIGO TO 831
NE=INE+1
GO TO 832
831 CONTINUE
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832 IF(NE.LTe(NEP+4))G0 TO 83
DUDYM=-10000,
DO 833 I=NEPaN
DUDY=(U(I)~U(T=1))y7(Y(I)=Y(I=-1))
IF (DUDYLE.DUDYM)GO TO 834
DUDYM=DUDY
GO TO 833
834 NE=1-1
GO TO 83
833 CONTINUE
83 CONTINUE
1Lo2=10L1/2
DO 835 I=1LO2+NI
IF(UCTI+1)1~U(I))GTeULIIGO TO 835
TIoLlI=1+1
i GO TO 836
. 835 CONTINUE
‘836 1LO2=(NP3-1CLE) /2
DO B37 1=1L02.NP3D2
NOL =NP2-1
IF(IUINOL—1)=-U{(NCL))«GT+ULEYGO TO 837
10LE=NOL~-1
GO TO 838
837 CONTINUE
838 IF(I0LE.LT«NE) IOLE=NE

CALCULATE MOMENTUM THICKNESS

UTH=0.
AMOM=0
NEM] =NE—1
DO 88 1=NI.NEM1}
OMDIF=0OM(1+4+1)-0M(1)
UM=(UCII4+UCT+1))1/2

88 UTH=UTH+OMDIF*UM
UET=U(NE)Y¥UINI)I#(Y(NE)=Y(NI))*RHOIE/PE1
DOMUN=(OM(NE)=CM(NT ) )#* (UINE)I+UI(NI))
THETA=PE % (DOMUN—UTH-UE [ ) /RHOIE/ (U(NI)=U(NE) ) *%2
DO 89 I=2.NP1
OMDIF=OM(1+41)-=CM( 1)

89 AMOM=AMOM+(U(I+1)+U(1))*OMDIF
AMOM= ¢ S%*AMOMSPE [+U( 1) #¥PST 1
DTDXI={THETA=THETL ) / (XU=XUL)
XUL =XU :
THETL=THETA
IF(FLOAT(ISTEP/NSTTH) « NEFLOAT(ISTER)/ANSTTHIGO TOC 20C0
DTDX10= (THETA-THETP) / { XU=XUP)
D2TDX2=(DTDX10-DTOXP) / (XU-XUP}
WRITE(6+2009) ISTER«NI s NEs [MUs XU« THETADTDX1+DTDX10¢D2TDX20

S YIND) e YINE)

2099 FORMATI(3X+4144+1PB=12,43) .
XUP=XU
THETP=THETA
DTDXP=DTDX10
2000 CONTINUE

IF{ITESTEQ.C GO TO 1003

TEST=10C3,.

WRITE(6+101) (Y(I3)el=1sNP3)

WRITE(H64101) (RU(I)YsI=1sNP3)Y -
1003 CONTINUE
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[eNeNeNe]

———————————————————————————————— VARIABLE TRANSPORT PROPERTIES
LAMINAR VISCOSITY SEQUENCE DELETED
CALCULATE TURBULENT CONTRIBITION
IPRNT=2 ENSURES CALCULATION OF ALMGsEMUTD+AND TAUD IN AUX
IF(XUsGT«XUPRT(K) ) IPRINT=2
CALL AUX
IF(ITESTeEQe1) WRITE(H6+101) (EMULT)sI=1eNP3)eXU
------------------------- ENTRAINMENT CONTROL
RMI=R(4)%¥RHO(4)%¥F (2s4)/F(344)/Y(4)
RATU=ABS((U(1)-U(4))/UDIF)
. 7 RMI=RMI#(RATU/ULIMI)¥%¥1.5
- RME-—R(N)*RHO(N)*F(29N)/F(30N)/(Y(NP3)~Y(N))
RATU=ABS({(UINP3)~UI(N)Y)Y/UDIF)
RME=RME ¥ (RATU/ULIME) ¥%1.5
------------------------------- LIMIT DX
" GRO=RMI ~RME
IF (GRO%¥DXeGT«PEI#DXLIM) DX=DXL IM*PE1/GRO
XD=XU+DX
STRIDE 2 STRIDE 2 STRIDE 2 STRIDE 2 STRIDE 2sscsess
95 CALL STRIDE(2)

10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 OUTRPUT

IF(ISTEP.GT40) GO TO 106
—————————————————————————————————————————————————— HEADINGS

WRITE(6+109) IRUNSCDIC]1 +C2+C3+ALFsEXPNBET +EXPMs AKAP s GAMIEXPP s DEL
2 EXPQsACHI
WRITE(642100)UI+URATRTNTsNFRA
109 FORMAT(1H1+2Xs3HRUNI I2+5Xs3HCD=¢FS5e292Xs3HC1=sF5393Xs3HC2=sFSe 3
1 3Xe3HC3=4F543//3Xe6HPRIKI = FS54 23 7TH¥A(K) ¥ 1F 4424 1H+eF 5429
2 TH¥A(R) ¥ % sF 4 420 IH4+9F 4 423X sBRHPRIZ)I=eFSe 21 7TH*A(K)I ¥ ¥ sF4¢291H+ s
3 FSe2s THXA(R)¥¥4F4 421 1H+eF4e2//)
2100 FORMAT (SXe3HUI=4F 441 43X 6HUE/UI=1F4 424 3X16HRTNTO=1F543410X0
1 2HN= 1 I 343X+ 4HFRA= +F543/)
100 FORMAT(1H +1P8E 113+ 416)
107 FORMAT(1H14IP8E 11¢3s 416)
WRITE(654101) (OM(1)sl=1¢NP3)
101 FORMAT(1H 45X+ 1P11E11e3)
106 CONTINUE

IF{ITEST.EQeDO) GO TO 1005
TEST=1005,
WRITE(64100) TESTWRMI+RME«U(1)+UINP3) + XU

1005 CONTINUE
————————————————————————————————————— STATICN VARIABLES —=——————v

———————————————————————————————————— TESTS FOR PRINT-OUT —=—=—e——-
IF(ISTEPWEG.C)IGO TO 102
IF(XUGT«XUPRTI(K))IGO TO 102
IF(ITEST«EQal) GO TO 102
IF(IFIN.EQel1) GO TO 1C2
GO TO 1C5
102 1PRINT=1
IF(ISTEP«NELDOIGO TO 1021
YNM=Y (NP3)
YHU=Y ( I1MU)
THETA=(Y(NE)=Y(N]))/8e :
GO TO 1081



C CALCULATE REPRESENTATIVE TRANSVERSE DIMENSIOVS YNOMs YMS

1021

1C80.

‘1082
1090

1091
1092

1093
1094

1081

2009

20610

HUDIF=UDIF/2

DO 1082 I=NIsNE
DIF=ABS(U(I)I-U(NI))
IFI(DIF+LT«HUDIF) GO TO 1082
T=ABS(U([)-U(I-1))"
IF(TeNEeOe) T=(DIF-HUDIF)/T
YHU=Y (1 )=Tx(Y(])=Y(I=1))

YMS=(Y(I=1)=Y(I))%(UINI)I=UINE))I/Z(U(]I-1)=U(]))

TECOYHU=Y(1=1)) eLTe e25%(Y(1)=Y(I=1)))YMS=(Y(1)=Y([=2))%
1 (UINI)Y=UINE) ) /(U 1=-2)~-UlI))
IF((Y(I)-YHU).LT..9=*(Y(1)-Y(1-1)))YMS-(Y(1+1)—Y(I—1))*
1 (UINI)=UINET)IZ(U{(]I=1)Y=U{I+1)}))

YMSOT=YMS/THETA

IMU=1

GO TO 1090

CONTINUE

TENTH= ¢ 1 #ABS(UINI )-U(NE) )

DO 10691 1=NIeNE
DIF=ABRS{U(I)I-U(INI))
IF(DIF«LT«TENTH) GO TO 1091
T=ABS(U(I)-U(]I-1))
IF(TeNEeCe) T=(DIF=TENTH)/T
YPTi=Y(I)=-T*x(Y(1)y=Y{(I-1))
GO TO 1092

CONTINUE

DO 1093 I=1«NE

IDASH=NE+2-1
DIF=ABS(U(IDASH)I-UINE))

IF(DIF+LTTENTH) GO TO 1093
T=ABS(U(IDASH+1)-U(IDASH))

IF(TeNEeOe) T=({DIF-TENTHI/T

YPTO=Y( IDASH)+T%#(Y( IDASH+1)=Y ( IDASH))
GO TO 1094

CONTINUE

YNM=YPTO-YPT1

YNMOT=YNM/THET A

DYNMDX=YNMOT¥DTDX1C

YNP2D=Y (NP2 ) /YNM
YSI0T=(YHU=-YPT1)/THETA
YSEOT=(YPTI=-YHU)/THETA

CONTINUE

DO 2009 I=1+NP3
RTIC1)=SORT(2%F(2¢1)/3¢)/(U1)+1.E-20)
DO 2010 I=1sNP3

YSTARCIY=Y(1)=YHU
YSTOT(I)=YSTAR(I)/THETA

C LOCATE BOUNDARIES OF K AND TURBe INTe LAYERS

F2MX=F(2+IMU)

FEZMNI=F(2+NI)}

F2MNE=F (2 «NE) ”
RTIMX=RTI ( IMU)

RTMNI=RTI (NI)

RTMNE=RTI (NE)

IFM= MU

“NIF=N]

NEF=NE

1 TM=IMU
NIT=NI1
NET=NE
NIP2=NI+2
NEM3=NE-3
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2053
2051
' 2054

20352
2055

2050

2056

2057

10850

DO 2050 1=10LI1+10LE
IF(l«eGTeNEM3)GO TO 2052
IF(1eGTeNIP2)GO TO 2051
IF(F(24]1)eGT«F2MNIIGO TO 2053
-NIF=1
F2MNI=F(2+1)

GO TO 2050
IFIRTI(1)«GT«RTMNIIGO TO 2050
NIT=1
RTMNI=RTI(I)

GO TO 20580 .
IF(F(2e¢1)LE+F2MX)GO TO 2054
1IFM=1
F2MX=F (Z241)

GO TO 2050 .
IF(RTI(I)«LE«RTIMXIGO TO 2050
ITM=1

RTIMX=RTI(I)

GO TO 2850
IF(F(2+1)aGEF2MNEYGO TO 2055
NEF=1

F2MNE=F (2+¢1)
IF(RTI(])«GERTMNE)IGO TO 2050
NET=1

RTMNE=RTI(I)
CONTINUE
ZETA=0.

ETA:O ]

NEFM1=NEF~1
NETM1=NET-1

DO 2056 1=NIF+NEFMI

254

ZETA=ZETA+(F (241 )4+F (2 14+1))¥ (Y I4+1)=Y(1))
ZETA=ZETA~(F(2«NEFI+F(2eNIF))IF(Y(NEF)~Y(NIF))
ZETOT=ZETA/(FZMX22e~F (2+NEF)~-F(2sNIF) )/ THETA

DO 2057 I=NITaNETMI

ETAZETAH+IRTIC(II+RTI(I41) ) =(Y{I+1)~-Y (1))
ETA=ETA—(RTIINETI4+RTI(NIT ) y¥{YINETI=-YINIT))
ETOT=ETA/(RTIMX%2~RTI(NET)~RTI(NITY)/THETA
WRITE(S11087)XUARMI tRMEYANMOMs YMSOT ¢ YSIOT « YSEQT s YNMOT s

1 ISTEP«NI «NE s IMU

1087 FORMATIEX +2HXUsOX «3HRM]T + EX+ 3HRME + 7X s 4HAMOM + 7X 1 SHYMSOT s

1 6X+5HYSTIOT 16X 5HYSEOT 16X 1 SHYNMOT 18X SHISTEP 14X s 2HNT + 3X s 2HNE »

2 3Xe3HIMUAZIH +1DBE11e¢244X121641E416)
WRITE(E«2001)THETACTDX11D0TDX10+D2TDX2 1 YNM s DYNMDX
FORMAT(SX1gHTHETA=41PE10¢243Xs&EHDTCX1=1E10433Xs7HDTDX10=4E10431
1 ZXeTHL2TDX2z2 e 10 ¢3¢ 2X s 4-HYNMTaE 1062 ¢ 3Xs THDYNMDX=1vE10.3/)
WRITE(6+1006)MNIF s IFMINEF 1 ZETAYZETOT oNITa ITMNETSETASETOTHIOLINIO

1096 FORMATI3X 1 1HNIF 1 [FMINEF 13164 2XsSHZETA=1F74512Xs6HZETCT=¢FSe 21

1 AXs 1 IHNIT s JTHMANET 1314 93X 4HETA= sF 74 512X SHETOT=eF 54 214X

2001

2 OHIOLI «I0OLE21377)
IPRINT=O

IF(ITESTWSEGeC) GO TO 1006
TEST=1CC6.
WRITE(6+180) TEST

1CC6 CONTINUE

DO 107C 1=1+NP3
YPLCT(2e1)=U(1)Y/Ul
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1070 XPLOT(1)=Y(1)/YNM
WRITE(641076)

1076 FORMAT(]10Xe22HDIMENSICNLESS DISTANCE)
WRITE(6+4101) RI1)«(XPLOT(I)e1=2+NP2)sYINP3)
WRITE(6+1077)

1077 FORMAT(10X+22HDIMENSIONLESS VELOCITY)
WRITE(6+101)(YPLOT(2e1)91=1eNP3)
WRITE(6+2013)

2013 FORMAT(10Xs6HF(2:1))
WRITE(6¢101)1(F(241)21=14NP3)

WRITE(642014)
2014 FORMAT(10Xe6HF(341))
WRITE(6+101)(F(3¢])¢1=1sNP3)
WRITE(6+2012)
WRITE(6+ 101 (RTI(I)+1=1¢NP3)
IF({ISTEP.EQs0)GO TO 105
) WRITE(6+1078)
1078 FORMAT(IOX.ESHVELOCITY DIFFERENCE RATIO)
DO 1072 I=1+«NP3 ;.
1072 YPLOTI(141)=(U(I)I=UINE)Y)I/UDIF
WRITE(6+101) UG1)(YPLOT(1e1)+]=2¢NP2)sUINP3)
IF(IPRINTEQs0)GO TO 2020

10782 WRITE(641062)

1C62 FORMAT(10Xs14HF (241)/UDIF%%2)

UDIFSQ=UDIF#%2
DO 1073 1=1+NP3

‘1073 YPLOT(3«1)=F(2+1)/UDIFSQ
WRITE(6:101) (YPLOT(3e1)sI=1eNP3)

F3REF=UDIF/THETA
WRITE(6410631)

16631 FORMAT(10Xe12MHF (3+1)Y/F3REF)
DO 1074 1=1sNP3

1074 YPLOT(44+1)=F(3+1)/F3REF
RITE(6+4101) (YPLOT(491)1=19NP3)
10651 WRITE(64+1079) '
1079 FORMAT(10X«e20HDIMENSIONLESS LENGTH)
DC 1075 I=1+NP3
YPLOT(égl)-YPLOT(@-I)%(Y(NE)-Y(NI))/THETA
1075 YPLOT(Ss1)=SARTI(F(2+1))/F (34117 (Y(NE)=-Y(NI1))

WRITE(6+101) FU341)9(YPLOT(S+])s1=2sNRP2)+F(3+NP3)

C YPLOT(6HsI)s (7v1ds (8Bel) ASSIGNED IN AUX EXCERPT AS FOLLOWS ese

C EDGE VALUES OF YPLOT(S)(=ALMG)IARBITRARILY SET AT ZERO
CON=RHCIE*UI¥ (] ~URAT)IX(Y(NE)~Y(N1))

YPLOT(6+11=00
YPLOT(?-I)=RHO(1)*F(2.1)/(F(Bql)*CON)
YRPLOT(841)=0s

YPLOT(EsNP31=04
YELOT(7¢eNP3)I=RHO(NP3 I #F(2¢NP3)/(F(3+NP3)%CON)
YRPLOT(BWNP31=Ce

WRITE(5410601) (YPLOT(6:1)e1=19NP3)

10601 FORMAT(IOXs4HALMG/(6Xs 1P11E1T1e3))
WRITE(6410602) (YPLOT(7eIl)sI=1+NP3)

10602 FCRMAT(10XsSHEMUTD/(6X21P11E113))
WRITE(6+10603) (YPLOT(8Bs1)eI=1sNP3)

10603 FORMATI 10X «4HTAUD/(6Xs 1P11E113}))

2015 CONTIMNUE

2C2C CONTINUE
IF (ALF ¢EQesQs s ANDeBET+sEQe0e)GO TO 2021
PREF(24+1)=0.0

s

1



PREF(24NP3)=040

WRITE(6+2016) .
CWRITE(6+101)(PREF(2+1)s1=1+NP3)

2021 IF(GAMeEQeO e e ANDJDEL EQe0s)GO TO 2022
PREF(3+1)=0e0
PREF(31NP3)=040
WRITE(6.2017)
WRITE(6+101)(PREF(3e¢1)s1=1eNP3)

2022 CONTINUE

2016 FORMAT(10XsSHPREF2)

2017 FORMAT(10X«5HPREF3)
WRITE(6.2011) ‘
WRITE(6+3101)X(YSTOT{(I)e1=1«NP3)
WRITE(642002)

¢ 2002 FORMAT(1X//)

"2011 FORMAT(10X+11HYSTAR/THETA)

2012 FORMAT (10Xs18HREL TURB INTENSITY) .
IF (Ke GE«KSTAT)GO TO 110 '
K=K+ 1

105 CONTINUE
11 11 11 11 11 11 f1 11 11 11 11 11 11 11 11 11 TERMINATION
IF(IFIN.EQe1)GO TO 110
IF(ISTEPLTeLASTEP« ANDe XUl TeXULAST) GO TO 112
GO TO 110
112 CONT INUE
STRIDE 3 STRIDE 3 STRIDE 3 STRIDE 3 STRIDE 3
CALL STRIDE(3)
IF (1 STEPEQeLASTEPR«ORe XU o GT o XULAST) IF IN=1
GO TO 60
110 CONTINUE
1RUN= IRUN+1
120 CONTINUE
121 CONTINUE
STOP
END
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APPENDIX B

THE TOLLMIEN-KUETHE SOLUTIONS

B.1. ' :

A convenient starting point for the analysis
presented by Tollmien (reference. 5) and extended by
Kuethe (reference 6) is the boundary-layer momentum

equation in the form:

QU g _ 12 .2 RU U _
U-é; + Vay = p. ay(p’ﬁ ay ay (B.1 1)

This equation results from the combination of eguations
1.2-1 and 1.2-3. In it 4 represents the Prandtl mixing
length. Tollmien took:

' 1= cx , (B.1-2)
thereby implying that the boundary layer grows linearly
from a line source of turbulence at x = 0. For the case

with p constant, eguation B.1-1 then reduces to:

W . 3 L 223U 32U | _
U + V=5 = 2¢7x >y 3y° s (B.1-3)

2
subject to the boundary conditions that gg is zero at both
edges of the layer (the I and E boundaries), and that
velocity U has known values at these edges. The usual

stream function, ¢, is introduced, defined by:

d
il

ot V= - at (B, 1-4)
- ox _
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The transformation:

w = (2C2)1/3UI‘.F N P = ——-QL/B_- (B.j.—S)
) (2¢c*®) x i
. . . : o 2y=1/3
leads to the following expressions, in which a = (2c¢®)
=¥ _ dr )
8] Sy = UI.dcp
3U _ 3%y _ U1 a a%F
dy  dy® x “de
220 _ 3y I a2 a°F { (B.1-6)
aya = Byo = <= .d(‘.pd . .
U
v =20_ T _ ,9F
vV = - = a(F cp.dcp
U 3% Y1 Y@ g%
ox T dxdy x°  dg- J

Substitution of these expressions into equation (B.1-3),

leads to the simple result:
d°F '

provided that %Eg is not zero; this condition holds
throughout the zone of interest, since %g is finite
everywhere except at the I and E boundaries. The boundary

conditions take the form:

at o = Pr s aa = 1 , aoF = 0
2
to-w s GH=0 , §E-o
J
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The condition (%%)E = 0 indicates that Tollmien's solution
applies to the case UE = 0. However, on examining the

solution to equation B.1-7, which Tollmien obtained as:

- N _
F = Che ? 4+ C2e¢M2cos(—%m) + C3e¢¢25in(i%¢), (B.1-9)

one sees that a fifth condition is required in order to
C, and C

1? ~2 3?

®r» the values of ¢ defining the boundaries of the solution.

determine the three constants, C and Q>
For the fifth condition, Tollmien took:

Fp = ®r s (B.1-10)
which corresponds to Vi = 0, i.e., to zero transverse
velocity at the I boundary. Kuethe subsequently used an
alternative condition, and showed that the U-velocity
profiles resulting from the solution are not affected by
the choice, which is basicaliy concerned with the alignment

of the x-axis with the I and E boundaries of the layer.

Kuethe's other modifications of Tollmien's work were:-—

a) replacement of the third boundary condition by:
dr . .
(EE)E = UE/UI , thereby extending the solution to

layers with non-zero overall velocity ratio; and
b) the mathermatical device of taking (e - ¢i) as the

independent variable, to simplify the numerical work.

The numerical details of Tollmien's solution are

readily available in reference 15 (displayed in Tables 2.1



260

and 2.2 of that work); some of the values given appear

to be wrong, ﬁowever, specifically those near the E
boundary. In reference ® the information is given

mainly in the form of rather inadequate graphs. In

view of these difficulties, it was decided to recalculate

the solutions.

B.2.

[ -

Kuethe's form of the solution to eguation (B.1-7)

may be written as:

1 \ ,\/
F = Die'¢' + D2eCP /2coéi%m' + D3eCD /2sin—%¢' (B.2-1)
where @' = @ - ®rs and D,, D,, and D, are constants.
It follows that:
] 2 '/2

ar -o' ecP / N3 ecP . »\'/3

do' - —Die . > cos—gm‘(D2+V3D3)+§ Sln—ﬁm'(D3—V3C2)
(B.2-2)

and

) ' o

azr ot , 272 A3, /2 s

(B.2-3)

Substitution in these equations, as appropriate, of the
five boundary conditions leads to: A

1=-D, + 30, + V3D, (B.2-4)

1
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0 = by + (3D, - D,) (B.2-5)
U —ant 1 . "
E P e¥E/2 V3~, N, eYE/2 . N3 . |
ﬁ; = ~D e +5 ; cos—§¢t(D2+v3D3)+§ 51n—§¢t(D3—\3D2)
’ (B.2-6)
~¢% e¢é/2 N3 , e¢%/2 . V3 ,
0 = D1e + cos—§¢E(V3D3—D2)—§ . 51n—§¢E(D3+V3D2)
(B.2-7)
(pI = D1 + D2 (B.2—8)

The first pair of equations, together with the last,

quickly yield:

The KUESOL computer programme was written to solve
equations B.2-6, 7 and 9, to carry out a numerical
differentiation check on the results, and then to derive
the values of guantities which enable a comprehensive
comparison to be made between tﬁe Tollmien-Kuethe solutions
and those obtained with the Patankar-Spalding method.
The ‘programme was run on the PUFFT facility of the IBM
7090 (subsequently 7094) digital computer at Imperial
College.

A listing of the programme is givgn at the eﬁd of
this Appendix. The solution consists essentially of a

double iteration procedure which is performed by the
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sequence of statements between comment cards C2 and C4.
The variable ER represents the error resulting from the
substitution into equation B.2-6 of an incorrect value

for q%; GRDER represents the gradient of the error ER

as o changes:-
t ) 1
- “@é ecp'E/2 N3 X emﬁ/2 . N3
ER = -Dje Ttz cos~§¢%(D2+3D3)+§ 31n—§q%(D3—3D2)—UE/UI
-—pnt dD s
GRDER = %EB = - ¢ e 5&% - D1e + other terms
1
=_ecpﬂ(%__%_) + -t "
~%g
= - e %/3 + 14 1n

The other terms are found to be much smaller than the

first, and are neglected. The actién of the first

iteration loop is thus to adjust until ER is less than

‘1
1 x 10_6, while @ remains unchanged.

In a similar way the second iteration loop adjusts
the value of q% in order to redﬁte ERV, the error in
equation B.2-~7. In this case, however, after each
adjuétment of ¢t (and the corresponding change of qt)’
the calculation sequence returns to the beginning of the
first loop, in order to ensure that ER remains within

its prescribe limit. The gquantity GRDERV therefore

has to take account of the action of both loops, and so:



TABLE B.1

Comparison of results of present solubion (54.pP) with
those c]/pw‘ted 1)3 Kue the (Re{crcncc4) (AM. k)

‘g;‘foy fz - sDE Dy D,
“

T SIP | AMK | SUP | AMK | SIP | AMK | SVP | AMK
0 9814\ 98! | 2:035| Z.040| 0062 -0062 | -98Yh| -98Y
0-Z | 9436| 940 | 1-62f | 1625 | 07188()| 020 | ‘9624 -960
O-4 | .8g55| 885 | 1305 | (305 | -03%6| ‘038 | 4257 | 924
0-6 | -ygy5| Y9y | t-0z4 | 1024 | -0by52| -067 | ‘8650 | -9
08 | 6514 | -6ay | 07360 733 | 1162 | -11Y | ‘Y616 | -ybé
09 | 5242 -522 | *5569| 558 | (586 | 159 | -6828 | - 682

AlL Va[aa{tf rabos: Dy = 05774
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GRDERV = gE$V + gERV X SER/ 2
% % A
. . . /2
By again ignoring small terms containing e , the

following approximate expression, for GRDERV is obtained:

%

GRDERV = - 2D1e

The whole iteration procedure is found to converge very
rapidly, especially as quite accurate values for ©or and
GO obtainable from the published Qork of Tollmien and
Kuethe, are available as the starting point.

Iq Table B.1, opposite, the results of the present

solution are cdmpared with those of Kuethe.

|

The solution of the basic equation having been
completed, the'calculation of various derived quantities -
mainly cross-stream integrals - for comparison with the
- finite-difference solutions, follows. These are defined

below: -

a°r, ._ Iz
£y =
do” E .FE

ENTRAT = (dsF) /( (.B.4—’.l)
; de®’'T .
The significance of this guantity as the ratio

of the rates of entrainment through the I and E

boundaries is shown in:
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_ U dF 0 E I
ETA = | —d(—L—) = | ==d( ) =
jIUI Y=Yy Tde YET%r Cop=cop )
(B.4-2)
E U-U ) -F U
ZETA = | —b A=) = | 2L - E
r "1 E JET'I (1 - ﬁg) %1 I
I__,
(B.4-3)
EU-U U - U.
= E E Y
THETA = | (s———)(1 -~ )a( )
jI U= Ug U= Vg’ Yg=¥g
Ug
S (1 + ﬁ;)(FE"FI) U, ) jE ap 5
= . - | (5D do
UE 2 (¢E - qi) UI (¢E~m1) T de :
(1—-U—')
T
(B.4-5)

FINTI and FINTE are intermediate quantifies used in
determining the wvalue of THETA, thus:
B aF,2
j (§5) de = FINTE - FINTI : (B.4-6)
T ¢® :
The manner of calculating FINTE and FINTI is clearly

shown in the programme listing.

B.S.
The next section of the programme (C.5) is a straight-
forward sequence for calculating the co-ordinates (%E,?)

of points on the velocity profile, and the corresponding
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values of F, for twenty equal intervals of o. Values

of F are also calculated for three extra points outside
each boundary. These are for use in section C6, where

an independent check on the solution is performed, using
Bickley's seven-point formula (from Ref. 33) for calcula-

d3fF

ting do°

as D3FDPH for all the points on the profile.
The results from these two sections are printed out
in tabular form. The last column shows the difference

3
between the values of %$§ calculated from the exact

solution and by the Bickley formula. They provide a
sufficient check on the solution, being all in the orders

-5, =6, or -7, and equal in magnitude to the terms

'
~

neglected in the Bickley formulation.

B.6.
Section C7 is a simple iteration loop which determines

the three values of ¢' for which VDR = 0.1, 0.5, and 0.9;

u-1

...._..._E.)

U .~ U

I E
the calculation of the various cross—-stream dimension

(VDR = . This leads, in the following section, to

ratios, whose definitions are repeated here for convenience:

1
d(VDR)
t dy 30.5

It

YMSOT /6 =

cpI'ﬂ )

YNOTH

i

0,/8 = (g 4 — €5, 9)/g
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TOLLMIEN-KUETHE SCLUTION BY ITERATION
DIZENSION F(27) 1 DEDPH(27) yPH(27) s DHD(27)
DIVENSION VDRN(3) s YRI3) s UN(3)
VRAT=U(E)/U(1) PHE=PHI (£) . PHI=PHIC(D)
INDEX=1 FOR CONTINUATION OF CALCULATION FOR ANOTHER VALUE OF VRAT
OTHERWISE CALCULATION STOPS
VOR=(U=U(E) )/ {UCTy=U(E) ) YR=(PHI-PHI(E) )/ (PHI(1)~-PHI(E))
1 READ IN STARTING VALUES
1 READ (54 1C0)VRAT sPHI s PHE « INDEX
WRITE(SEsSO)IVRAT
WRITE(6+:97)
WRITE(6+98)PHI +PHE
SG3=SGRT (34
VDRN(1)=45
VDRN(2)=e5
VDRN(3) =41
YR(1)=416
YR(2)=el47
YR(3)=+78
o ITERATION LOOP FCR PHI(1)
L=1 :
2 PHED=PHE-PHI
3 THED=SQ3%PHED/ 2. -
CTH=COS{THED)
STH=SIN(THED)
EXPH=EXP (PHED)
EXFO2=EXP(PHED/24 )72

4

|~|:

C CALCUL ATIOM OF CONSTANTS
DI=(PHI-1e)/3e ’
DOX=D1/7=XPH
D2=({2+%PHI+1¢)./30
D3=1e/503
C=CTH#*(D2+1+)+STH*(D3-5Q3%NH2) ' .

ER=C*EXFO2-VRAT-DOX
IF(ARS(ER)«LT41CE~CE)GO TO 1C
M= ] -

IF (44 GT«2C)YGO TO &BS -
GRDER==PHI/ (3 e *EXDPH)
PHI=PHI-ZR/GRD=ZR

GO TC 2

c3 ITERATION L.O0P FO0 PHI(E)

10 CV=CTH*(1e—-2Z)-STH*(D3+5G3%D2)
ERV=2D0OX+EXF T2 CV
IF(ABSIERV) L Te 1, CE~06YGO TO 11
L=L+1
IF(LLeGT«2C8)GO TG 511
CRODERV==2%¥D1/EXPH
PHED=PHED-~-ERV/GRDERV
PHE=FHED+PHI
GO TO 3

11 WRITE(E«437)
WRITE(S6«2C1 )PHTI aPKREIsD]I aD24D3

Ca CALCULATICN OF CRUSS-STREAM INTEGRALS AND RATIC OF ENMNTRAINMENT RAT=Z=

AB=Ce5%(TZ+1e) ’

BEB=( «S*(D2-SQ3%¥D2)

A2C=AB*ARR(CTHXR(CTH/SQ3+5TH)I+SQ3/2e )

B2C=aa*%p8% (STH*(STH/3Q3~-CTH)+503/2.)

ABC=AB¥EBN(SIMNI2,,#THED) /SCG3-CO5(2.*THED))

cCconn

..
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ce

c7

20

21

31

32
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AC=AR¥ (STH~CTH/503)

BC=BB* (STH/SG3+CTH)

EXFO2=2.%EXF0O2 :

FINTE=SO3®EXPH#{ A2C+B2C+ARC) /4.~3S03%#D 1% (AC-BC) /EXFC2-
CeB*¥DI¥D1/EXP (2« ¥PHED) .

FINTI= (S %ABYAR+3, *BEYB3 -2 *3Q3%ARHEE ) /8. +D 1% (AB+SQ2%#85-D1/24)

FI=D1+D2

FE=DOX+EXFO2% (D2%CTH4+D3*STH)

ENTRAT=FI/FE

ETA=(FE-F 1) /PHED .

ZETA=(ETA-VRAT )/ {1 «—=VRAT)

THETA=( (1 e +VRATIHETA-VRAT—(F INTE~F INTI) /PHEDI /({1 «=VRAT ) #%2)

WRITE(64203)

WRITE(E13C2I1ETASZETASTHETASENTRAT

CALCULATION OF F AND DF/DPHI FOR EQUAL INTERVALS CF PHI

VRITE(6:«210)

DPH=+ O05%PHED

DO 2C K=1+27
PHD(K)=(FLCAT(K)~4 ¢ ) #0PH
THD=SQZ#PHI(K) /2.

CTH=COS({THD)

STH=SIN(THD)

EXPH=EXP(PHD (K )}
EXFO2=EXP(PHD(K)/Ps)
DOX=D1/EXPH
FIK)=DOX+EXFO2#(D2*¥CTH+D3*STH)
IF(KeLTed4e0OReKeGTL24)G0 TC 20
DFDOPHIK ) ==DOX+EXFO2* (CTHX (D24+5Q3%¥D3V+STHX (D 3-SQ3%D23 ) /2.
PH(K)—PH1+PHD(<)

CONTINUE

CALCULATION OF THIRD DIFFERENTIAL

DO 21 K=4\24

DIF1=F (K4 1)—-F(K~-1)

DIF2=F{K+2)-F(K-2) ~

DIF3=F (K+3)-F (K~=3)
D3FDPH=(DIF2=13.%DIF1/8¢ —DIF3/84 ) /DPH¥%3
ERROR=D3FDPH+F (K)

N=K=-4

WRITE(EY311)INPHI{K) sPHD K ) «F LK) «DFDPHIK) s D2FDPHERROR

LOCATION OF POINTS FCOR SPECIFIED VDR VALUES

DO 3C L=143

M=1

UN(L ) =VORN(L )% (14 —VRAT)+VRAT

PHDN=YR (L ) $PHED

THD=SQ3%PHDN/2 o

CTH=COS(THD)

STH=SIN(THD)

EXPH=EXP ( PHDN )

EXFG2=EXP (PHDN/2, )

DOX=D1/EXPH

DEDPH(L ) =—DOX4+EXFO2% (CTHX* (D2+503%03 ) +STH* (D3-5Q3%D2) )/ 2.
DUDPH=DOX4+EXFO2% (CTH* (SQ3%D2~D2)~S5THX (D3+SQ3%D2) ) /2,
CORR= (UN (L) =DFDPH (L) ) /DUCPH

IF(ABS(CORR) eLTele E~-0S)IGO TO 32

M=+ ]

IF (MeGT«20)G0 TO 30

PHDN=PHDN+CCRR

GO TO 31

IF(LJNE.2)G0O TO 33

e



PHM=PHDN
PHMS=(1~VRAT) /DURPH
PHMSOT=PHYS/(THETA®PHED)
33 YR(L)=PHDN/PHED
30 CONTINUE
c8 CALCULATION CF CROSS-STREAM DIMENSIONS AND RATIOS
YNOTH=(YR(3)=-YR(1))/THETA
YSTRI=(YR{2)~YR{1)I/THETA
YSTRE=(YRIZ)=YR(2))/THETA
WRITE(64+312)
WRITE(EIsS3IZIYNOTHYSTRI S YSTRE « PHIM « PHMSOT
c9 CALCULATION OF VALUES FOR SPECIFIED INTERVALS COF YSTAR

WRITE(642314)
DELYT=C.4
DO 40 1=1.23
YSTOT=FLOAT({I~-11)Y%DELYT
PHD I =PHM+YSTOT* THETA#PHED
IF(PHDI «GTeLa)5G0 TO 40
IF{(PHDILTPHEDIGG TO 40
THO=S03%PHDI /2.
CTH=COS(THD)
STH=SIN(THD)
EXPH=EXP (PHD1)
EXFOZ=EXP (PHDI /2.)
DOX=DTI/EXPH
DFDPH{ T ) ==DOX+EXFO2% (CTHHID2+SO2*D3)+STH* (C3-SQ3%¥D2)) /2.
DUDPH=DOX+EXFO2# (CTH% (SQ3¥D3-D2)~STHX*(D3+SQ3%D2)) /2.
VDR=(DFDPHI{TI)~VRAT)I/(1.-VRAT)
DUDPT=—DUDPH*THET A*PHED
WRITE(G64315)PHD I« YSTOTSDFDPHIT ) « VDR«DUDPT

4C CCONTINUE
GO TC 12

SO0 WRITE(6+400)ER
GO TO 12

51 WRITE(6+4C1)ERYV ‘ -

12 IF(INDEX«EQs1)G0 TO 1| .
sSTOPRP

©7 FORMAT(SX «38SHINITIAL VALUES OF PHI(l) AND PHI(E)Y)

98 FORMAT(EXW2F 104/ /)

99 FORMAT(1H1¢+3C0HTUETHE SCLUTICN FOR VEL RATIO=sF3.3/)

100 FORMATI(FS5a242F 1042412)

3C1 FORMVMATIEX12F1Ce4+4a4X1F1CeE12F1044/)

302 FORYVAT(IX+4F 1544/ /)

303 FORMAT(1X+72HVALUES QOF CROSS=STREAM INTEGRALS OF VRATIVDRIAND VDR
11-VDR) s AND OF FI/FE/)

310 FORNAT(EXsZrPHI s2XsSHPHI -PHI s [ 15X IHF ¢ 7X e SHDOFDPH1 SX 1 &HI2FOPHe 4 X s
1 SHERRGCR/)

311 FORMATIIXsIZaS{3XsFTe&)s1P=1141/)

312 FORMAT(i1HC«1H ) -

313 FORMAT(EX e ERYNOTHS 1F 6441 6X16HYSTRI=sF 6 L1 EX s S5HYSTRE=1F64595X s

1 LGHPHM= 95 7 ¢4 06X 4 THRPHMOSZ T=9F6e &/ /)
314 FORMAT(1ZX a2 1HEQUALLY-SPACED VALUES// 12X +OHPHI —2HT « [ o1 X
1 10HYSTR/THETAsaX s [HUs 8X e 3HVDR &X s SHOUDPT /)

215 FORMAT(EXIF1Ce34F 10e2¢2F10423F1C04)

400 FORMAT(1X+15m EQUALS 20+ER=+51C43)

401 FORMAT(1X+18HL EQUALS 20+ERV=+E10.3) ,

497 FORMAT(SXsaphr INAL VALUES OF PHI(I)ePHIC(E) 41 9D2¢AND D3/)
END
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APPENDIX C

EXPERIMENTAL DATA PROCESSING

A short computer programme (XPDTP) was written to
carry oﬁt the requi;ed processing of the experimental
readings. For each traverse, the bulk of the data to
be treated consisted of:

transverse position (y - scale readings),

pitot manometer reading,

hot-wire D.C. voltage, and

hot-wire r.m.s. A.C. voltage
From these it was required principally to derive the value
of the momentum thickness, 6, of the layer, and, for each
point, the following values:-

velocity ratio, URAT = U/UI

velocity-difference ratio, VDR = (U—UE)/(UI—UE)

transverse position, y*, measured from the

position at which VDR = 0.5 (i.e., from the

position of mean velocity)
transverse position ratio, YSTOT = y*/6

relative and absolute turbulence intensities,

ur Y
= and — .
U UI

A listing of the programme is included in this
Appendix. The programme was run on the PUFFT facility of
the Imperial College IBM 7090/7094 computer. A description

of its function follows.
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Apart from. the general guestion of the accuracy
of individual experimental measurements, which is
considered elsewhere, the main cause of uncertainty in
the interpretation of the experimental results arises
in the assignment of values for the free-stream properties;
there is also the aésociated problem of deciding where
the outer edges of the layer are. 1In particular, changes
in UI and U will affect the value of momentum thickness
6 calculated for a profile (and, indeed; of any other
representative dimension used instead of 6).

In the programme, the subscripts NOI and NOE identify
the points marking the edges of the layer. Three possible
processing procedures for any profile are:-

1. Iqitially to assign tentative vélues to NOI and NOE,
but subsequently to vary them as required to ensure
that (yB-yI)/e lies within prescribed limits, taking

for U_ and UB the velocities at the edges of the

I

layer; U. and U. may thus change with NOI and NOE.

I E

2. To vary NOI and NOE as in 1.), but to retain
initially-prescribed values for UI and UE’

3. To fix NOI, NOE, UI’ and UB initially and to retain

these values unchanged.

The programme in its final form allows any of these

procedures to be adopted.
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The experimental readings for each traverse are
processed together. After the data is read in, the first
action of the programme is to check the order, and if
necessary to reverse it, so that values for the high
speed stream will be printed at the left side of the
print-out (for convenience in reading). In general the
calculations are very simple. Some explanation is
required, however, of the basis of the turbulence
calculation (see next section), and of the iteration
loop which varies the number of points within the boundary
layer.

The basis of this sequence is the requirement that
the non—dimeﬁsional width of the layer, defined as:

DELYR = (yp - yI)/e ,
shall lie between the limits

DYRDES

8.3 + 8 x URAND -~ .01 UE/[UI(URAND+O.2)

and DYRDSA 1.1 x DYRDES ,

where URAND is the mean of the relative turbulence

intensities just outside the two edges of the layer.
The expression for DYRDES is based partly on a preliminary
examination of the experimental results and partly on the
theoretical results from the finite-difference solutions.

In the programme, 6 is calculated using a trapeizoidal'
integration. DELYR is then calculated and compared with

DYRDES and DYRDSA. If DELYR is too small, an extra point
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is added to the mixing layer profile at either the I or
E boundary, the choice being determined by the gradients
of the relative turbulence intensity; if DELYR is too

large, a point is discarded.

O}
B

|

In converting the readings of the hot-wire
anemometer A.C. and D.C. voltmeters to values of turbulence
intensity, the calibratién curves of the hot~wire probes
were assumed to be of the form:

V2 = v2 4+ k UO (C.4-1)

2
0
where kX and n are constants, the latter being given the
value 0.45, as recommended by Collis and Williams
(reference 34).

Since equation C.4-1 holds for a range of velocity
U which does not include zero, some method for determining
the effective no-flow D.C. voltage, VO, is required.
The situation is complicated by the variation of both VO
and k during the life of a probe. To avoid the necessity
for frequent calibration, the following procedure was
adopted in the present case:- l

From calibration tests for each probe the value
of Vo sat;sfying equation C.4-1 was ascertained, and the

difference between this value and the measured no-~flow
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D.C. voltage was calculated; this difference, A VO cal?
3

was assumed to be a constant for the probe, and was added

to the measured no-flow voltage for each subsequent run

with that probe. The use of the equation:

u, 2VrV
(9]

in which V. is the observed root-mean-square (i.e. A.C.)
voltage reading, implies that k may vary, in order to

preserve the form of equation C.4-1.
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XPDTP
EXPERIMENTAL DATA PROCESSING FCR PLANE MIXING LAYER

DINMENSICN Y (5 7)9h(¢7)sU(R7)-UDAT(C7)9V“Q(¢7)1PQCDl(c7)'DQ BZ2(ET) s
1 YOUIBE7)YsYDRIST7)sVIET7)sVT (5713 e TINTIS7) e YSI57)sHS (7)) VS (57) VTS (57
2 T ARTNTIB7) s HC IS 7)1 YSTRI(S7)Y 4 YSTOT(57)

JERUN NUMBERs ID1 sD2+03+INDICATE DATE

OBSERVATION PROCEEDS FROM STREA' 1 TO STREAM 2
NOP=NUMBER OF POINTS OM PROFILE ’
NO1 1S READING REFFRENCE NUMSOER AT

TRE
NO2z2 15 READING REFERENCE NUMBER AT STR

mm

AM 1 BOUNDARY
At 2 BOUNDARY

nwm

HO=MAMOMETER ZERO RFEADING

HE 1 2 HF 2+ ARE FREE-STRUAM MANOMETER READINGS
YO=Y-SCALE READING OGN AXIS AT X=0
VO=NC-FLOYW READING OF HOT-WIRE D.CMETER,
NPRO=SeJeFe HOT WIRE PROBE NUYRBER
NTRAV=TRAVERSE REFERIENCE NUMBER

NBOX=DISA SET NUMBER

ADD 100 TO VALUE OF NTRAV FOR CHECK PCINTS. IN THIS CASE VALUE OF Z
' 1S MOT PRINTED IN HEADING.

UNITSe Xoa¥YSaYC—CMS,
HS e HF 1 s HF 2 O =MMS (WATER MANOMETER)
HBAR-MMS(MERCURY BARSMETER)
TWS~DEGREES CENTIGRADE
VS~VOLTS(DISA DeCeMETER)
VTIS—MILL IVOL TS(DISA ReeSe METER)

IF INDEX=z=1sNZWw HOT-WIRE CALIBRATION CONSTAMTS ARE RZAD IN

IF INDEX=2«A NEW RUNM NUMBER AND DATE CARD IS READ

IF INDEX=3+DETAILS OF THE NEXT TRAVERSE ARE READ 1IN

IF INDEX=4+THE ”URQENT TRAVERSE DATA ARE REPROCESSED

IF INDEX=5,THE CALCULATICN PRCCEDURE STOPS

IF INDIC=0+4THE PROFILE DATA ARZ PRCOCESSED WITHOUT CHANGING NO14MG2s
HFE 1y AND HFZ2

= ARE ARIED UNTIL THE

O LIHITS-W T UINCI) AND

IF INDIC=1+THE BOUNDARY POINTS NCI AKND N
WIDTH OF THE LAYER 1S wITHIN PRESCRISE
UINOE) AS THE FREE-STREAM VELCCITIES

IF INDIC=2+THE wIDTH OF THE LAYER 135 VARIED2uT THE INITIAL VALUES

OF Ul AND UE ARS RETAINED

]

COLOUR CODE FOR DATA CARDS
GRIEN—RUN MUNMBERDATE « SARCMETE
RED=PROF ILE DATA(XaNCP MO sNO2sHOsHF 1 s HF 22ET7Ce )
YELLOW~PROF ILE POINTSIYsH«VaVT)

VDR=(U=-UE) /(U] ~-UE)

THETA=MOVMENTUM THICKNESS OF LAYER

YM=Y—-VALUE FOR WHICH VDR=0.%5

YDOR=(Y=YO)/THETA YSTR=Y=Y! YSTCT=YSTR/ATHETA

READ CALIBRATION CONSTARNTS FOR RHOT-wWIRE PROFE

S READ(S.ZS0)INPRCR«DVCCAL s AKKCAL « ANCAL
WRITE(6+s20)NFROBSDVUCAL « AKCAL 2+ ANC AL

DATA READ-INsyAND REVERSAL OF ORDER OF PRCOFILE POINTSsIF REQUIREDsSC
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THAT HIGH=SPEED STREAM VALUES ARE AT LEFT OF
READ(5+51)Je1D1+D2+sD2aHBAR
WRITE(S5499)Js 1D 14D21D3 4 HBAR
WRITE(6495)

WRITE(61+196)
READ(S+52)X s Z+OP s HO s TS s VOINPROINTRAV « B OX
READ(Ze533)(YS{TI)eHS (T ) VST sVTS(I)s1=1+NCP)
READ(S+54 ) INDICs INDEXsNO1sNO2sHF 1« HF24Y0
VO=vO4+DVGCAL ’ : ’

Ui =SGRT(HF1—-HG)

U2=5CRT (HF2~H0)

TWR=TWS+273.

FAC=6.75%SQRT(TWR/HBAR)

IF(HF1 +GT«HF2)GO TO 11

. Ul=u2

10

I2

CALCULATION OF VELOCITY AND RELATIVE TURBULENCE

.y
20

19

43

21

VE=U1

DO 10 L=1 NOP
I =NOP+1—L
Y(I)=YS{(L)
H(I)=HS(L)
V{1)=vS(L)

VT (1)y=VT5I(L)
NO I=NCP+1=NO2
NOE=NOP+1 —NO1
GO T0O 20

DO 12 I=1+NOP
Y(I)1=YS(I])
H(I)y=HS(1)
VI)y=vsil)
VT(I)y=VTS(1)
Ul=Ul

usE=uz2

NOI=NO1
NOE=NQO2

DC 19 I=1sNCP

HC(1)=H(]1)=HO

UCI)=SQRT(HC(1))

AU=S5Ca #(V 1 )y=VO) (VI I+VCI/V I
TINT(I)Y=VT (I )Y/ (ANCAL®AU)
CONTINUE

ITERATICN L.OCP FOR CHOOSING BEST PAIR COF BCUNDARY POINTS.

M=1

VRAT=UE/UI

VELFI=FAC*U]1

VELFE=FAC*UL

DO 21 1=1+NOP

URAT(I)=U(]1)/UI

ABRTNT(I)=TINT(I)®URAT(])

URAND = « OS#(TINTI(MNOI =1 )+T INTI(NCE+1))
DYRDES=8e¢2348¢ *URAND =+ C1 ¥VRAT/({URAND+02)
DYRDSA=DYRDES¥1 o1

CALCULATION OF ROMENTUN THICKNESS.

22

DC 22 1=NOI«NOE
VEoRUT)= (Ul I)-UE) /(UI-UE)
SUI."P'='\:'|
NOENM1=NCE-1
DO 23 I=NOI«NOEM1

=«B¥ (VDRI J+VDORCI+1))

275

PRINT=0OUT

INTENSITY .
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23 SUM=SUM+ (Y I+1)-Y(1))%(Z~-2Z%2Z)
SUNM=ABS (SUM)
FACY=1e.
IF(Y(NGP)eLTeY{(1))FACY==10
DO 24 I=1..NOP
YO(I)=FACY#(Y(I1)=-v0)
24 YDRUI)=YD(1)/5UM
DELYR=YDR(NGE))—~YDR(NOI)
IF(INDICaEQeO3IGO TO 26
URITE(G+9FF INOP s My NOT 1+ NOE s SUMSDEL YR )
IF(DELYR L. TeDYRDSACAND«DELYR.GTDYRDES)IGO TO 26
M="41 - .
IF{14eGT«10)YGO TO 26
DTDYI=ABSI(TINTA(MOII=TINT(NOI=-1))/{YDRI(MOTI )=YDRINCI-1) 1))
DTDYE=ABS{(TINT(NOE)~TINT(NOE+1))/{(YDRINOE)-YDRINOE+1)) )
IF(DELYRLL.T«DYRDESIGC TC 41
IF(DTDY 1 « GT «eDTODYE INOF =NOCE -]
IF(DTDY ] «l.TeDTDYE INGI =NOI +1
IF(INDIC+EQ.2)G0 TO 43
Ul=U(NOI)
UE=U(NOE)
GO TO 43
41 IFA(DTDYI «GT«DTDYEINOI=NOI~]
IF(DTDY I W L.T«DTDYS yNOE=NOE+1
IF(INDIC.EQa2)G0O TO 423
UI=UINQI)
UE=UI(NOE)
GO TO 43
26 DO 44 1=NOINO=
IF(VDRI(1)eGTeCe3)GO TO 44
Y=Y I (Y (=1 ) =Y (1) )*(.5-VDR( 1)) /(VDR(]I~-1)~VDR(I))
GO TO 45
44 CONTINUE
45 DO 46 I=1+NGP
YSTRIIY=ZFACY®(Y(]1)=-YM)
46 YSTOT(I)=YSTR(I)/quUm
PRINT-0OUT OF PROCESSED DATA
IF(NTRAV.TL100)GO TO 28
MTRAV=NTRAV-1G2
WRITE(H6194)MTRAVX s VRAT
GO TO 29
28 WRITE(631COINTRAVIXIVRATZ
29 VRITE(6+G8IVELF 1« VELFESTINTINOI=~1) s TINTINCE+1)TLS
WRITE(Ss97)VINDT) « VINGE ) s VO INPROINSCX
WRITZ(6«1C1 )SUMDELYR
DO 30 U=143
GO TO (31¢22¢33)4¢J
31 IF(NOI«EQe1)GO TG 30
NUM1=1
NUM2=NO01~1
GO TO 34
33 IF(NOE.EG«NOP)IGO TOC 3C
NUM1=NGZ+1
NUM2=NOP
GO TO 34
32 NuUM1I=NOI
NUN2=NOE
34 WRITE(G6+1C2)Y(Y (1)l =NUMLINUM2)
WRITE(6Es 1038 (HC (1) I=NUMT «NUM2)
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WRITE(SH+103) (YD () s I=NUKY s NUMD)
WRITE(Es110)(YSTRIT ) o I =NUYEsNUMED)
WRITE(OsT111)Y(YSTOT(I Yy s I=NUML s NUMZ)
IF(JeNE«2)GO TO 35 :
WRITE(6+4106) (VDRI )« I=NUMI «NUYM2)
35 VWRITE(E6s OS5 {URAT (1) s I=NUMT eNUMZ)
WRITE(Es 107y CTINT O] ) s I =NUMT «MUNZ)
WRITE(6«1 09y (ASTNT (I )y I=NUML «MUM2)
WRITE(&4+,200) '
30 CONTINUE
WRITE(6+2C0)
GO TO (5478¢Q412)+ INDEX
13 STCOP
50 FORMAT(I3e3F7e4)
51 FORMATI(1441542F242+FS542)
52 FORMATI(ZF S a2 1513FZ29 121230 15)
53 FORMATI(A4F S42+F 10421 3F562¢F1Ce292F%2)
54 FORVMAT(ZIZs213+3F5+2)
90 FORMMATIIXs38HCALISRATICN CONSTANTS FUOR PROBE SeJePar I2:/5X
. 1 Z1IHNO~-FLOW VOLTAGE SHIFTsF 3429 2X e 2HK =1 FZe2¢ 22X ZHN=FB.3///)
U4 FORMAT(IHG+8HTRAVERSE s [ 2 1SHCHECK 13X a2HX= a7 4 2 1 0 2HCM s BX s 4HVEL v
1 GHRATIO= 2 F563/)
S5 FOQMAT(3X146HQLTI DENOTES 10X 'RELATIVE TURBULENCE INTENSITY)
06 FORMAT(3X+46HABT] DENCOTES 10X ABSOLUTE TURRULEMCE INTENSITY//)
Q7 FORMATIIXsBHV (I )z aFd¢20 IHVIRXsBHVIE)I = sF L 428 1HV1SX a1 ZHNC=FLOYW PeDe-
1 14423 14HVIPRORE SeJeP et 1292Hs +12HDISA SET NOes I3 1H)Y /)
98 FORMAT(IXsSHU{( I ) =aF 441 9DHM/SECIBXaBHU(E )=aFdel s SHMASEC Y SX
1 BHRLTI(I )= 3F 4429 3Xs8HRLTI(E)=aF4 423X 4TS =aF 44 045HDEG C/)
99 FORMAT(1HI « 1CHRUN NUNBER1 144X s SHDATE=~112+2F 328Xy 10HBAROCIETER o
1 BHREADING—1F B4 1+ 1 1HIAY e "ZRCURY /)
100 FORMATIIHO s8HTRAVERSE s I293X12HX=9F 4219 2HCM s 3Xe 10HVEL RATIO=1F 543
1 BXe2HZ=aF4e1s2HCH /)
101 FORMATUIXagHTHETA=Z«F54392HCM 10Xe 14HIYE=Y I )/ THETA=sF5e2/)
102 FORMAT(1Xs4H Ys1Xe19F6e2)
103 FCRMAT(1IXes4H YDaiXe11GF6.2)
105 FORMAT(1Xe4HURAT s 1 X1 19FGe2/)
106 FORMAT(IXed4H VORI I1Xs1GFEGZ)
107 FORMAT(IXe4HRLTI« 1X91SF663)
108 FORMAT(1XsaH Hs 1 X3 15F6e2) -
109 FORMAT(IXAa4HABT Iy 1 X 19F6e2)
110 FORMAT(IXs4HYSTRY 1 X1 19F6Ge2)
111 FORMAT (1 X +4HYSOT 1 X+ 1GF662)
200 FORMAT(1Xs1H )
999 FORMAT(IHCISX441541P2E152)
END
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"Equations of turbulent motion of an incompressible fluid®

by

A. N. Kolmogorov

(Short resumé of report delivered at Kazan during the period
26-28 January, 1942). Published in Izvestia Akademia Nauk
SSSR, Seria fizicheska VI 1942, no. 1-2, pp. 56-58.

Translation from the original Russian by D. B. Spalding.

The general features of turbulent motion may be thought
following
of in the/fashion, which accords with the ideas of Taylor
and Richardson. Superimposed on the mean motion are turbulent
pulsations of Qarious length scales; these range from the
order of the "externai scale'" of turbulence L (the "mixing
length') down to a much smaller scale ("inner scale"), of
the order of the distance A at which the fluid viscosity is
effective. In regions having dimensions which are small
compared with L, the field of velocity is smooth. Pulsations
having the largest length scales withdraw energy from the
mean motion and transfer it to pulsations of smaller scale.
There thus arises a '"stream of energy", flowing constantly
from pulsations of larger scale to those of smaller scale.
Dissipation of ciiergy, i.e. its reduction to molecular motion,
proceeds in essence only through pulsations of the scale A.
A fundamental characteristic of the turbulent motion at all
scales is the quantity w which stands for the rate of dissipation

of energy in unit volume and time.

The properties of the motion which are most characteristic

of turbulence pertain to regions which have dimensions which



2.
are small in comparison with L. The local structure of
turbulence (i.e. its structure at scales which are much smaller
than L) may be taken as spatially homogeneous and isotropic.
It may be studied in a way which is analogous to that in which
Taylor and vén Karman studied isotropic turbulence. But it is
necessary to consider at the same,timé the moments of wvarious
orders, defined as mean values from the components of the
vector difference of velocit;es between two different points
of the volume. By reason of isotropy,‘these moments are
functions only of the distance r between the points (for r<< L),

Thus, the moments of the second order B and B,, ‘are mean

tt
values of the squares of the differences of velocity at two
points, resolved respectively along the line joining these
points anslsngthe directions perpendicular to it. For r << A,
these moments are proportional to r®, but for r >>XA (but also

r<<1L) B, and B are proportional to r¥ [D.A.N. SSSR XXX,

tt
299, 1941). The internal scale of turbulence itself is
proportional to )134(9 w)”ﬁ'where ¥ 1s the viscosity of the
fluid, and p is its density. These results are in good agree~-
ment with the measurements of the velocity correlations of
Dryden and others.
We may submit to a rather less complete mathematical
investigation the turbulent motion which is homogeneous and
isotropic (in all scales), and from which a mean flow is
absent; sucﬂ a flow decays continuously with time. By extending
the works of Taylor and von Karman, with the aid of L.G.Loitsiansky's
non-linear law of conservation (Reports of TsAGI no. 440, 1939),‘
we may show (Doh. Ak. Na. SSSR XXXI 538, 1941) that pulsations

of velocity decay in inverse proportion to t“7 . The scale

of the motion L grows in proportion to tah.

Starting from the above local properties of turbulence,

(and with the help of some more coarsely-approximate assumptions),



3.
we may construct the following complete system of equations

to describe turbulent motion:

D, ) - R T v, av.

=F, = + b) +A + (1)
D -1 axi P g axj w axj axi ’
Duw —-—7-w3.+.A' Z‘ 2 (b w o (2)
Dt -~ 11 Y 3%, Lo ax.] ’

j J i® -

Db A b z 2 [b b I
Ft- = =~ bw + 3 "J E + AN axj [...l; axj ] . | (3)

Here D/Dt stands for the substantial derivative; Fi_is the

external force; Vi is the time-averaged velocity; p is the

i.e. one third of the

"‘1
. . A =
time~averaged pressure; b=s3 L vj' ,

root-mean-square fluctuation velocity; w is some mean "frequency",

determined by w::cb%/L, where ¢ is a constant; and the symbol &
2

S (3% | 37,
stands for L ()x + 3% ) . Finally, A, A' and A" are numerical
1,3 775 1

constants which must be determined once and for all from the

comparison of some solution of the equations with experimental
data. The expression b/w in equations (1) (2) and (3) plays

the role of a '"coefficient of diffusion", respectively for the

)
mean mbtion, the "frequency" w and the pulsation velocity b.
The first term on the right of (3) represents two-thirds of
the rate of dissipation of turbulent energy per unit mass of
fluid (%-%); énd the second term represents two~thirds of
the energy which given by the mean motion to the turbulent
fluctuations. The ratié of the coefficients of the firs£
terms in (1) and (2) can be determined from the.previously
mentioned relation of Loitsiansky. Equations (1) to (3)
determine the vector of the mean velocity V;, the fluctuating
velocity b and the scale of the motion L.

The solution of these equations presents great difficulties.

In a limited form they may be integrated for the motion of a

fluid between two moving parallel planes; the result is in



4.
agreement with the well-known results of von Karman.
The report closes with the presentation of preliminary
results of numerical integrations of equations (1) to (3)
for turbulent motion in a pipe of circular cross-section.

Discussion. A. Landau remarked that A. N. Kolmogorov

was the first to provide correct understanding of the local
structure of a turbulent flow. As to the equations of turbulent
motion, it should be constantly borne in mind, in Landau's
opinion, that in a turbulent field the presence of rotation in
the velocity was confined to a limited region; qualitatively
correct equations should lead to just such a distribution

of eddies.

P, L. Kapitsa also took part in the discussion.
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