
Errata 

Alterations in the text have been underlined. 

p.16,para.2,line 3 : ...Taylor profile... 

Add footnote:
t
This profile was firtt derived by Taylor,G.I.(Proc. 

Roy.Soc.A,84,1910) and is the steady-state solution 

of Burgers equation. 

p.18,para.2,line 3 : ...procedure by choosing a new Reynolds number... 

p.80,para.211ine 9 : ...radius of the tube ( measured to the middle  

surface of the wall ) and... 

p.86,para.2,line 5 : ...non-linearity on the time scale of el  

p.88,para.l,line 11: 	0 , and 121 the method of characteristics  

the solution is... 

p.98,para.2,line 7,9,12 : To eliminate confusion with the longitudinal 

slope, tan 6, in equation (4.15), replace 6 in Ti, 

Me, To  and 3e  by1.-( the angular co-ordinate for 

the tube ). Note that the subscripts used here 

denote directions and not derivatives. 
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Summary 

The work described in this thesis is concerned with the 

propagation of waves in certain fluid systems. To present 

a theory for propagation on a fluid-filled elastic tube 

( as a model for the mammalian artery ) it is first necessary 

and instructive to consider the classical shallow water wave 

Problem. In Part I, this is discussed in some detail for a 

two dimensional viscous flow moving under gravity. The rle 

of the various waves is examined, and compared with the well-

known one dimensional theories. For small disturbances, a 

far-field asymptotic expansion is constructed which, in the 

first approximation, gives an equation incorporating non-

linearity, damping and dispersion ( the Korteweg-de Vries-

Burgers equation). .This same problem using a non-Newtonian 

stress law is discussed in Appendix I. 

This new equation is examined in the steady-state, and 

for small damping a two-time asymptotic solution derived. 

The solution describes a surface profile which slowly changes 

from a solitary wave to cnoidal wave oscillations at a higher 

level. These waves decrease in amplitude and period so that 

eventually the surface level has changed, as is observed in 

the undular bore of some rivers. The asymptotic solution is 

compared with a numerical integration of the equation, the 

agreement being excellent as the damping coefficient approaches 



zero. 

Having reconsidered water wave theory, and incorporated 

two dimensional and viscous effects, the problem of wave 

propagation in an elastic tube filled with fluid is discussed 

in Part II. As a first simple theory, the inviscid ,)roblem 

with a Hooke's law describing the tube wall ( which slowly 

tapers ) is examined. The flow is assumed to have no shear 

across the radius, and the initial disturbance is small. 

However, eventually non-linearity becomes important and shocks 

may form. The results obtained agree with Whitham's theory 

for propagation in ray tubes of varying area. 

The final chapter is concerned with a far more realistic 

model for the tube. The wall is described. by Timoshenko's 

thin shell theory and the fluid is assumed viscous. 3y teth-

ering the outside of the tube to restrict all longitudinal 

motion, and producing a flow by means of Ft body force, 

examination along the lines of. Part I is presented. There are 

many points of similarity, but a far-field theory produces 

a fourth order non-linear equation. if the density of the wall 

material is large enough. This eduation is discussed as in 

Part I and. it is shown that an instability can occur. 
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Notation 

Only non-dimensional physical variables are listed ( except 

vThere otherwise stated ), and the appropriate non-dimension-

alisation is given in brackets. 

Part I 

C - density of fluid 

Al viscosity of fluid 

V =Ne - kinematic viscosity 

L — characteristic wave length 

No- undisturbed depth of channel 

0102)- components of gravity 

E - amplitude parameter of motion 

X- co-ordinate along channel bed (1- ) 

co-ordinate upwards from bed (he) 

- time co-ordinate L,Ajc32 „) 

‘1(Qc,E) — disturbed surface profile (h0) 

U  - X.-component of velocity (9Zn,0) 

1-component of velocity 

Pressure relative to atmospheric (02;10) 

ITO _ mean velocity profile 

4 — velocity perturbation, Ul ;A ) + E;A 

- velocity perturbation, Cr t  EU- 

? - pressure perturbation, 	1-11 E  P 



(1_ surface perturbation, 

3 4°A. , depth parameter 
/ 

`''CC %1/511d effect of slone 

fje =4VvL , flow Reynolds number 

F =o0Z Re, 2roude number 

C = CI  , Cz, Burns propagation velocities 

a - general small parameter 
I. 

K = A2Sz/i, 

= 9e/6 

X = 4 

T = 4 t- 	new scaled variables 

V = LT/Lt 

X = 10W)—  - parameter giving effect of viscous term 

= 	CT 	FT , characteristic co-ordinates 

X'2" T 

y = 	 boundary layer scaling 

= V ›j'iz  

= -16 

= E T 

w uku,)— c 
= c)/ven d y , In, It Intl) 

T,= 2Fki276 



r 

s 	ri)/2,N0  
= A jc,; (,- s  ,2)  

u-(s)= 

steed -state variable 

=2Roiri47:0  - steady-state damping parameter 

cr = 5 

Cn, sn , An, Jacobian elliptic functions 

qua') 

ct r) r defined by 
) 

u-ts) Tr. AV.) + 17039 c n2  [0( 	s 

Part TT 

  

   

C - density of fluid 

ja - viscosity of fluid 

V =14/C - Kinematic viscosity 

6) - characteristic frequency 

apft  a mean radius 

E - Young's modulus for the wall material 
Cr - Poisson's ratio 

= 	- a2  )-1  

Q= Et  

- thickness of tube 
C.- density of tube 

Vc1/4 IE = 	2eR4)- Mons propagation velocity 

E - amplitude parameter of motion 



co-ordinate along axis (a/0) 

r _ radial co-ordinate''-01:1 ) 

t"" - time co-ordinate ( litz) 

0  - undisturbed radius of tube (Kn ) 
(= er:for no taper) 

R - disturbed radius of tube (Rh) 

no - undisturbed area of tube (e4 
A - disturbed. ;1  area of tube (R2) 

y-component of velocity (Ci) 

- r-com-ponent of velocity (i..bR4) 

f -pressure relative to undisturbed pressure 

11W- mean velocity profile ( ) 

- velocity perturbation, 	r. 	+ 
kr- velocity perturbation, 	E 

- pressure perturbation, t7  = E? 
, - radial tube perturbation (9r.i ) 

S - longitudinal tube perturbation (dimensional) 

- local slope of the wall. 

az/ qe = "vw - flow Reynolds number 

g = Wan7q - frequency parameter 

= 9/1A 	body force parameter 

=,fokgee - Froude number 

= E 
C - wave propagation velocity 

= t7e-t/F  

(eaz  

to 
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= 	- 55-  , 
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Introduction 

Fluid flow in elastie'tubes has long been studied in an 

effort to gain, a better understanding of the flow in the 

mammalian arterial system. As long ago as 1878, Moans derived 

the simple formula for the speed of propagation, a of 

pressure pulses along the tube 

2CV 
Where E h 	are respectively the:YoUng modulus, the-

thickness and the radiUs of the tube, and e the density of 

the fluid. This relatign is valid for thin walled tubes 

( /Rm<"<l). ( Lambossy 1950,1951 gives an excellent review 

of the subjec 	This particular propagation velocity is the 

dominant one for common materials. Two other important pro?" 

pagation modes one in the fluid alone and one in the tube 

alone, are in general of much greater speed than 4 Since  

only incompressible fluids will be considered, propagation 

in the fluid will be assumed to have an infinite velocity 

throughout this thesis. 

More recently, -numerous methods have been employed to 

examine the fluid-filled elastic tube. The bulk of these 

analyses are linearised theories, and no real attempt has 

been made to.apply:the:relatiVelY new advances in pertur- 

bation methods and non-linear wave theory. In ,particular,_ 

an excellent stUdY:-Of the iineariSed equattons has been 

12.  



made by Ibmersley (1957). This paper considered a simple 

thin shell theory to describe the wall and found suitable 

correction's to the wave velocity and flow rate due to visco-

sity, additional wall mass, boundarY layer at the wall and 

non-linearity ( amongst many other calculations ). Three 

years earlier, Morgan and Kiely (1954) took'a similar model 

and examined the effects of fluid viscosity on periodic 

waves. Both these papers considered only linearised small 

disturbance theories, and no analysis was given of any 

cumulative effects that non-linearity might be expected to 

produce. 

In 1958. , Lambert carried out a numerical integration of 

the full eqUations assuming a simple Hooke'S law at the wall, 

the pressurechange'at the wall being made proportional to 

the change Of radius. This assumption is also at the heart 

of thin shell theory, bUt in that theory the cross-coupling 

of radial and'aongitudinal strain are included by using a 

non-zero Poissons ratio. Olsen and Shapiro (1967) have also 

integrated the full eqUations numerically, and used a com-

plicated (non-linear) wall relation They compared their 

results with an approxiMate non-linear  theory requiring a 

judicious choice of the wall relation. Replacing the fluid 

viscosity by a wall friction, they obtained fair agreement 

between the numerical computations, their theory and some 

experimental results. Unfortunately, neither the experimental 

data nor the numerical integration went far enough to eluci- 

13 



date the possible formation of shock waves in the system. 

Finally, Seymour and Varley (1966) went one stage further 

and included the effects of viscoeleticity. They developed 

a non-linear wave theory, with a tube taper incorporated, 

and used an empirical integral relation defining the wall- , 	• 

pressure law. The final conclusions of the paper give some 

general comments on the peak pressure pulses obtainable in 

such fluid-tube systems. 

The work described in this thesis uses standard pertur-

bation methods to extend the knowledge that can be obtained 

about fluid flow in any elastic tube, from the theoretical 

standpoint. The general aim is to consider initial small 

disturbances at one end of the elastic tube ( assumed semi-

infinite ), and to study the consequent wave motion along 

the tube. By small we mean to imply that initially the 

dominant,  equations of motion are linear but any cumulative 

effect of non--linearity will be included causing the wave 

to eventually steepen and form a shock front. The steepening, 

however, can be limited by the presence of damping and/or 

dispersive effects in the propagating medium. Such effects 

are common features of non-linear wave motions and might be 

expected to be present in this particular physical situation. 

Unfortunately, the complexity of the wall boundary con-

ditions for the elastic tube makes the analysis rather com- 

14- 



plicated and tends to obscure the-basic features of the wave 

motion. Initially, attempts were made to simplify the problem 

by ad hoc or empirical approximations which, although leading 

to qualitatively correct descriptions of the flow, were re_ 

garded as unsatisfactory. It was realised, however, that a 

similar problem to that posed by the elastic tube was the 

motion of water waves on a two dimensional channel. The 

surface boundary conditions in this case are much simpler 

and the essential structure of the wave propagation easier 

to demonstrate. With this in mind, the water wave problem 

is re-examined in Part I of this thesis and some new results 

are derived. The same techniques are then applied to the 

elastic tube in Part II and many similarities will be noted. 

The classical theories of water waves in channels (Lamb, 

1956) lead -Co two distinctly different types of waves. One 

is the well-known discontinuity in surface level and velo-

city, often referred to as the 'hydraulic jump' or 'bore'. 

The other is a non-linear oscillatory motion described 

mathematically by one of the Jacobian elliptic functions 

and hence called the Icnoidal wave'. This wave motion was 

first found by Korteweg and de Vries (1695) by making some 

special assumptions about the relative sizes of the depth of 

the channel, the wavelength of the motion and its amplitude. 

15' 



A phenomenon often observed on rivers, especially during 

flood tides, is that of a bore followed by a train of waves - 

the so-called 'undular bore'. This particular motion has 

been studied by Benjamin and Lighthill (1954) who combined 

the two classical types of waves by suggesting that only 

some of the necessary energy need be dissiPated at the front 

(bore). The rest of the energy is then transported away by 

a train of cnoidal waves. 

To verify the nature of this undular bore, Chester (1966) 

considered the perturbation of a fully developed channel 

flow. He showed that ab Taylor profile of the surface could 

give rise to oscillatory motion upstream, but a monotonic 

profile far downstream. This essentially describes the ob-

served form of the undular bore ( see Favre,1935; Sturtevant, 

1965; Sandover and Taylor,1962 ). It is shown here that a 

single equation can be found which describes this phenomenon 

and a similar equation is derived for the wave propagation 

on the elastic tube. 

The problem in detail, is the study of small distur-

bances on a fully developed (Poiseuille) channel flow moving 

under gravity. A small disturbance will initially travel 

according to a linear wave equation. The cumulative effects• 

of non-linearity will, however, so distort the wave profile 

that far away from the initial disturbance the linear theory 

is inadequate. It is shown that at first the wave moves, in 



particular, according to the well-known linear theory of 

Burns (1954. In terms of the analysis presented by Light-

hill and Whitham (1955), these waves are called 'dynamic' 

waves. Lighthill and Whitham show that for flood movement 

in long rivers their theory indicates that the dynamic waves 

decay leaving the main disturbance moving at the 'kinematic' 

wave velocity. This theory assumed a one dimensional flow 

together with a Chgzy law for the friction on the channel 

bed. 

The present work confirms that in suitably scaled large 

time and distance co-ordinates, the disturbance does indeed 
4 

travel at the kinematic wave speed. To verify that the dynamic 

waves decay, the full equations are scaled to produce the 

appropriate terms which describe both the dynamic and kine-

matic waves. These equations can not be reduced to a single 

equation as was obtained by Lighthill and Whitham (1955). 

However, it is shown here that,by making use of simple boun-

dary layer ideasI tbrst a two dimensional model of the flow 

gives the result that the dynamic waves decay. 

Having shown that the dynamic waves decay, attention may 

be focussed on the kinematic wave alone. By considering co-

ordinates moving with this wave front, together with a large 

time co-ordinate, the effects of non-linearity, dispersion 

and damping on the wave profile can be described by an 

equation of the form 

17 



+ l'Ix 	c4 1xx= 13 `txx• 
This is called the Korteweg-de Vries-Burgers (K-V-B) equation. 

In the limit Of.--").- 0 the equation reduces to Burgers equation 

(Burgers,1948) which can be solved exactly 'by reducing it to 

the heat conduction equation (Hopf,1950;Cole,1951). The 

steady- state solution is the so-called Taylor shock profile. 

If the limit 13- 0:::1  is taken then the equation becomes that 

due to Korteweg and de Vries (1895) to describe a special 

class of water waves. This equation is only just becoming 

amenable to analytic treatment ( see Liura,1970), but the 

steady-state solution gives the cnoidal waves mentioned 

Previously. It is clear that the full K-V-B equation is 

probably the simplest that incorporates the effects of non- 

linearity ( 	) , damping ( FriXX ) and dispersion ((X xxx)' 

and as such is a very interesting eauation to study in its 

own right. 

The derivation of the equation follows directly by app-

lying a formal expansion procedure to the full equations. 

The maximum generality is retained in the procedure by 

scaling the Reynolds number in such a way that the dominant 

damping terms remain throughout the analysis. 

The K-V-B equation is studied in some detail and it is 



shown that in the steady-state it exhibits n11 the charac-

teristics of the unddlar-bore: The steady-state form is 

firstly examined qualitatively in the phase-plane so that 

the general nature of the solution is obtained. It is then 

solved for'small damping by making use of both averaging :end 

perturbation method6 (Johnson,1970). The oscillatory solution 

obtained by the averaging procedure is successfully matched 

to a perturbation of the 'solitary wave'. This wave is well-

known in water wave theory and is the non-oscillatory limit 

of the cnoidal wave. The final solution is then a wave of 

varying period passing through all the types of cnoidal wave, 

from the single solitary wave to the zero amplitude zero 

period cnoidal wave. The neak envelopes obtained from this 

theory are computed and compared with the results of numeri-

cal integratidns of the full steady-state K-V-B equation. 

The agreement is such that the asymptotic theory for small 

damping ( daMping parameter 	zero ) is fully confirmed. 

A closely related problem to those discussed in this 

thesis is the study of weak shock profiles in nearly colli-

sionless plasmas. Such flows have much in common with 

classical water wave theory, and Grad and Hu (1967) have 

shown that the steady-state K-V-B enuation can be used to 

describe the shock profile. 

Since, in practice, many channel flows can not be fully 

described by the laminar Poiseuille velocity distribution 



of the Navier-Stokes equations, a more general case is con-

sidered in Appendix I. With all the uncertainties associated 

with the turbulent motion.usually encountered in such flows, 

it is difficult to postulate a satisfactory set of equations 

to describe the motion. The main problem is to construct a 

realistic mean flow. By introducing a generalisation of the 

stress law for the mean flow, it is shown that the techni-

ques used in Part I can lead to essentially the same results. 

Having examined and extended the work on two dimensional 
4 

channel flows, the analysis of the elastic tube is under-

taken in Part II. It is shown that many of the important 

features of the water wave problem also occur here. 

As an extremely simple introduction to this type of flow, 

the problem of an inviscid fluid with a small uniform velo-

city profile across the tube is considered. The tube is per-

mitted a small taper and the wall of the tube is described 

by the simplest form of Hooke's law ( change in radius Off' 

change in pressure ). The results obtained are similar to 

those of Whitham (1956) for wave propagation in ray tubes. 

The elastic tube is then studied in more detail in an 

attempt to construct a physically more realistic model. The 

main complication introduced in the channel flow was to in-

corporate the two dimensional nature of the flow. Even though 

20 



this vas done, the analysis did not prove too difficult mainly 

because there was a steady mean flow. To study the flow 

through an elastic tube in a similar manner it is necessary 

to introduce a mean flow here, also. Now since the tube is 

elastic this can only be accomplished by making use of a 

body force aligned with the tube axis. Such a situation is 

rather infreouent for the human arterial system since pressure 

differences play an important role in this type of flow. The 

effect of a pressure gradient being the cause of the mean 

flow is clearly to produce a taper in the elastic tube. This 

in turn implies that a steady flow can not be produced. The 
4 

situation of an unsteady mean flow is a little too difficult 

to handle at the present time. However, the advantages gained 

by icluding a steady average flow produced by a body force 

are thought to outweigh the obvious limitations of applying 

the theory directly to flows in mammalian arteries. 

This work, then, considers the problem of a semi-infinite 

elastic tube of circular cross-section, no taper and with a 

steady flow of a viscous fluid moving throUgh it under the 

action of a body force aligned•with the axis of the tube. 

The wall of the tube can move both radially and longitudi-

nally, but for simplicity it is assumed that all longitudi-

nal motion is totally inhibited by some restraining mechanism 

outside the tube. In terms of an artery, this is the well-

known phenomenon of I tethering l  (McDonald,1960). This tethering 

21 



is assumed not to effect the radial motion at all. The tube 

itself is described by the thin shell theory of Timoshenko 

(1940) and the relevant results are derived here from first 

principles. The problem is then to examine the propagation 

of small disturbances to this fluid-tube system. 

Analyses are presented for two extreme cases - one for 

infinite Reynolds number and the other for Reynolds number 

order unity. The small disturbance inviscid problem reduces 

to a set of equations analogous to those obtained by Burns 

(1953) for the water wave problem ( see Part I ). Consequently 

an expression.is found*for the propagation speed of the 

disturbance which incorporates the effects of a general shear 

flow in the tube and suitably alters the classical Mans 

value. The order unity Reynolds number case is reasonably 

close to typical values of the parameters encountered in 

arterial' flow,,. For a particular choice of the order of mag-

nitude of the frequency parameter ( see Korteweg and de Vries, 

1895 ) it is shown that the main disturbance travels only in 

one direction and can be described by a K-V-B type equation 

near the front. These results are exactly equivalent to the 

kinematic wave theory derived for the channel flow. 

A slightly more general form of the K-11-B eouation is 

obtained which includes a wall inertia parameter, p , 

lxxx = A (1-xx 	Txxxx). 

22 



V=Ocorresponds to the K-V-B enuation described earlier. 

Using similar techniques to those already implemented, an 

asymptotic solution ES" derived-for  A<',4'. I . It is found 

that an upper limit on 0 is necessary to ensure a stable 

profile. This conclusion is in full agreementwith the work 

of Jacobs (1953) who also retained the wall inertia terms, 

but limited his analysis to the linearised problem. 

2.3 



Part I 

Shallow water wave theory 

and 

the solution of the 

Korteweg-de Vries-Burgers equation 

24 



1. Shallow water wave theory 

This first chapter is concerned with the various types 

of small amplitude waves that can occur on the surface of 

shallow twb dimensional channels. The possible importance 

of non-linear effects will not be ignored, and to this end 

formal scalings and asymptotic expansions will be used. 

1.1 The equations and boundary conditions  

The motion will be assumed to occur on a viscous incom-

pressible fluid in two dimensions and the governing equations 

will be assumed to be the classical Navier-Stokes equations. 

The co-ordinates are given in figure 1. x is measured along 

the bed of the channel; t upwards from the bed; v,  and 'Y 

are the x-and 1-components of velocity, respectively. The 

undisturbed depth is ho  , and disturbed ‘1(x11 0, where 

is a time co-,ordinate. The mean velocity distribution is 

denoted by LI 	and the components of gravity are (1,/-11z). 

The eouations of motion are thus 

to 	tA 
r 	

I 	kr tA 	-t- i 
) c  (t-c,c.,  t tAijO (1.1) 

rf 

" trxi  + 	?..41  - 
Z 
+ (trxr 

J 
..1), (1.2) 

where V is the pressure, C the density and 1? the constant 

viscosity of the fluid. The equation of continuity is 

26- 



a 

St 

Figure 1 - Co-orcinates and variables for the 
channel flow • 
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-3 
	 (1.3) 

The boundary conditions on the bed of the flow are that 

no slip occurs there and that the bottom is a streamline, 

0 A (1.4) 

At the surface, the surface velocity and fluid velocity are 

continuous, 

I  kr 	f 	 " 	on 	 C) (1.5) 

and the stress at the surface is continuous. This implies 

that the stress normal to the surface (rn) is constant 

( given by the atmospheric pressure ) and that the stress 

tangential to the surface (;) is zero. Thus we have 

Pa  
I 

constant = rok 

 

on 	61 (x.;E-) 	(1.6) 
e = o 

  

where 2L-1  
iCoS e 1- f Sin "1",iisin2 

(1.7) 

-t 

	

	 ficos20 +
L

,  
e- 	(55 —  xi7C/s"1-4-t-/ 
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and 

( 1 . 7 ) 

xy =-74.A (u'3 
	x
-1- t3" L with tan e _• - " 

/A- is the coefficient of Newtonian viscosity and the surface 
O f  

tension is put equal to zero The pressure fix  is the pressure 

of the atmosphere above the fluid surface. 

It is convenient at this stage to non-dimensionalise all 

the variables according to the scheme 

   

• 
' 0 

 

    

PA 

C 9 z  VI 0  

• 
Lik  6: L  

,A-2710 	11 AT: 0 	0 

tx' 
AY. 

(1.8) 

where a characteristic wavelength of the motion, L , and a 
1  

characteristic velocity,Ahol  have been introduced. For a 

wave motion characterised by the parameter E 	we write 

t,‘  = l + E 	El z:116) £ 	E 	
fi))  (1.9) 

where the pressure has been written as the perturbation from 

the hydrostatic pressure distribution and the velocity as 

the perturbation from the mean profile, 116). Now writing 

z8 



E t 	(CI 	LA) 1(z."1- (tri-t LI )kr-E V 
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= 	t 	(ti E (k) x 
	 Th 

2%E..  [,3 	 x_(.11 E 	t E Szk,„ o n 

v.,0+_Ezszt-C) 

(Uri- €U + E Sz  ( I - egt -2EI ,Sz7 

LA= I + E rL 

 

  

(1.8) and (1.9) into (1.1 - 1.7), and combining (1.6) and 

(1.7), gives the following non-dimensional scaled equations: 

on 

(1.15) 

(1. 16) 

In (1.10 - 1.16) we have introduced the parameters 

(1.17) 

and the primes denote differentiation with respect to 9 
The parameter S indicates the 'shallowness' of the channel 

and Re  is the Reynolds number for the flow. 
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To obtain the fully developed flow in the limit 

then we must have 

which gives 

	

r- 	- 	 (1.18) 

This is the Poiseuille profile which satisfies the conditions 

	

of no shear at the surface ( 	) and no slip at the bottom 

( y=  0 ) • F is a Froude number defined by 

	

F = ok 	Ile 	0(t) 	 (1.19) 

which serves to define the size of ok so that a fully deve- 

loped flow is possible with of order one . We note, for 

future reference, that this Froude number is exactly the one 

defined by Chester (1966), 

1,
z !ION, 	T 0 F: 

T 1,  AY. 9010 1-2-  
c3 t12:, 

where 0 1, is the velocity used by Chester to give a 

stationary wave profile. 

The velocity profile (1.18) is of the classical form 

when the fluid has been described by the Newtonian stress 

law. A more general way of describing the stress producing 
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the mean flow is given in Appendix I, which leads to diff- 

ering forms for the velocity profile ( 	g_ tl. 	 A.1AP 	1 - 

iFogsvadairmAt=e> . 

1.2 The linearised problem 

The equations (1.10 - 1.19) that have been developed in 

S
1.1 are quite general. To proceed further it is necessary 

to say something about the relative sizes of the three para- 

meters € 	S and ac . The problem we are interested in 

here is such that 

E 	t 	 >> I. 	(1.20) 

These statements, in turn, indicate that the initial distur-

bance to the flow is small, that the channel is shallow and 

finally that viscous effects do not dominate ( for x- and 17  
order unity ). We observe in (1.10 - 1.19) that the limiting 

process E.-e- 0 , Si and ec fixed, leads to the full line- 
arised equations; and that gc --0- 00 	E and 8 fixed, gives 

the inviscid problem. The situation in which iZe. --9`°° and 
(.2  

0( a ) has been analysed in detail by Freeman and 
Johnson (1970) who derive the Korteweg-de Vries equation 

for the disturbance over a general shear flow. If S and Ve  

satisfy (1.20) and are such that 

>> , 	 (1.21) 
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then the limit 	, 	0 reduces the equations to 

those studied by Burns (1953) for the propagation of small 

disturbances on a general ( inviscid ) shear flow. The domi-

nant equations are then 

u~t uu z + 	L3.- 

   

l" 0 on 0 (1.22) 

on. Lit-- I 

Seeking a steady wave solution of (1.22) it is straightfor-

ward to show that 

 

(1.23) 
01..(w1 ) 	 - w =L. u(y) c 

0 VVV1 ) 

  

3z 



where C is the wave speed. c is given by the surface kine-

matic condition as the classical integral relation 

(1.24) 

The difficulties that arise when Ik'= C in the range of ti 

have been considered by Velthuizen and Wijngaarden (1969). 

However, for 

 

II` as the Poiseuille distribution there are 

no problems and (1.24) can be integrated to give 

I  tCtn- 	)) 
Ck 	a a 

••••••• for Cl.>01  
cl  az+ 

(1.25) 

and 

     

 

1411'4 

   

for ‘co> Ea F 	(1.26) 

 

bez— 

 

Mem, 

     

The two roots,' CI  and C2  , of (1.24) thus satisfy the con-

ditions given in Burns (1953), namely that 

Cf >11(1)='± F and C2  < II (10 
We have thus seen that in the regime of the flow where IL and 

17 are of order unity ( and with the parameters satisfying 

(1.20,1.21) ), the disturbance travels as two simple waves. 

These are in opposite directions and at the wave speeds given 

above, CI  and C/  . 

If we now return to the full equations (1.10 - 1.19) and 
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rescale according to 

Av,  (1.27) 

so that 117-'-0  corresponds to large X. and 	then for E 
and ge fixed, the limit 	0 gives 

0 

= 0 

V 0 on Mau. 
••••• 0 (1.28) 

V= lT t4a 

Lt,) , u 
	on Li  

These relations can easily be solved to give 

L.,1‘=F ey p  V 
(1.29) 

where 	

1, (X:  - F:  
The wave described by (1.29) was named the 'kinematic' wave 

by Lighthill and Whitham (1955) in connection with a study 

on the flood movement in rivers. By assuming a one dimension-

al motion and including a friction term given by a Chgzy 

lawt, Lighthill and 'Witham construct an equation which in-

cludes all three propagation speeds ( denoted here by CI , Cz  

and F ). This equation is of the form discussed by Whitham 
t A comment on this analysis is,given in' kA.5,Appendix I. 
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(1959) and shows that for the channel flow problem the dist-

urbances travelling at the dynamic wave speeds ( CI  and C2  )• 

decay, leaving the main disturbance to travel at the kine- 

matic wave speed ( 	). This conclusion appears to be borne 

out here where the limit X t: 	00  reduces the problem 

to the set of equations (1.28) with the kinematic wave solu-

tion (1.29). 

To ensure that the main disturbance for the more compli-

cated two dimensional problem does indeed travel at the kine-

matic wave speed, a closer examination of the equations must 
% 

be made. Once this has been done, and the dynamic waves 

shown to decay, a detailed picture of the profile close to 

the kinematic wave.front can be deduced. 

1.3 The decay of the dynamic waves  

Using the scaling (1.27) of § 1.2 and writing 

X 	(11 ge %
-1 

then the limit 2k-J> 40, E 	and retaining 0(1) and 000 

terms, gives the linearised set of equations which includes 

the appropriate terms for both the dynamic and kinematic 

waves. In other words we ensure that the dominant viscous 

effect is retained in (1.10 - 1.16) giving 

ss 



=>.14i3)  

v
ts 

= o 

  

ki1 /4  = V = 0 	on (1.30) 

v tz 

P=1 
ultU -°- 

 

on LAt--- 

 

 

  

This set of equations corresponds to the single one dimen-

sional equation deduced by Lighthill and Whitham (1955). In 

the present case, (1.30) can not readily be reduced to a 

single equation for 1(X T) . However, it is possible to obtain 

an asymptotic solution for X 	( the scaling A is thus 

2  such that AgeS>>1). With this assumption it is now possible 

to examine the effect of the viscous term ( X kin ) on the 

dynamic waves. This is best done by looking in particular 

at the dynamic wave fronts. Thus introducing a characteristic 

co-ordinate measured from the dynamic wave front ( ) and a 

new large time co-ordinate (T), where 
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and C is given by (1.25) or (1.26), then (1.30) become 

/Z 

X  `gym 
lA 	1-- 0 

V 0 on 
LIS 

0 (1.31) 

 

LA1 	 rp: O. 

on 4=I 

We shall now show that the effect of retaining the (N) term 

is to enable the dynamic waves to decay, leaving only the 

kinematic wave to carry the main disturbance. Eliminating 

kAA and integrating across the depth of the channel, (1.31) 

is reduced to 

1112.  

X 
a 

a 	ip 

tAZ 	- 

l
71= 	

(1- 12/) 
I 

(1.32) 

where we have used the notation of (1.23) and Wiz.- W(1),I7_1?-q2(). 

It is now necessary to obtain qii rril) valid across the depth 

of the channel. Clearly, for Lj = 0(1), then )1/4->C)indicates 

that ti is given by the Burns theory (1.23) so that 

1,  
LA 	[W 1 	 o(1), 

Examination of (1.31) shows that Lk exhibits the expected 

boundary layer behaviour near (A= 0. This is necessary to re- 

.17 

(1.33) 



adjust the inviscid Burns theory to include a no-slip con-

dition on 1== 0 . Now rescaling (1.31) for 
fiz  

=- X ) V 

and taking the limit X--0*-  0 gives 

- c  4.4 	+ 	=. uyy 

L1/4  - 0 	on 	0 

fl- 	as 	‘i 	()15  • 

This last condition ensures that kk matches with the solution 

(1.33). Writing 

4- LAY" .1111••• 

then the problem is transformed into 

s 
	Yy 	 1.34) 

say, on V- O. 

The solution to (1.34), using Duhamel's formulation, is 
oo 

A -o-z  
(Ay- 	 ("S — 	,e 	cy- 	 (1.35) 

0 
which satisfies 	0 as 	+00  ( exponentially ). This 

result can be simplified when we note that ahead of the 

leading characteristics ( for both C> 0 and c < 0) no dist- 

urbances occur. These regions are given by >7 O (C 	 ) 



w' 

and 14 0 ( C < 0) which can be combined as 

14 CS fr 	0 y 	C) 	
(1.36) 

so that 
oo 

AY Z L 	H 	40.2' T) e 
y  

 ,t-31/2' 
Now using both (1.35) and (1.33) we can construct a com- 

posite ( uniformly valid ) solution for Li. , 

po 

= c t-RWI2.) + 	 e 	0- 
4Acyz 
92' ill —cr  

0 

(1.37) 

forC).i;t3‘1, since the solution (1.35) becomes exponentially 

small as •---,-+00. For convenience (1.37) is written in terms 

of 14(3,1) rather than 2 C ,t'). 
The approximate equation ( ›k-ap.0 ) for 4(cm may now 

be derived by using (1.37) in equation (1.32), ensuring that 

we retain only the dominant terms in the limit 	. It is 
straightforward to show that the contribution to the integral 

from (1.35) is O( 	). Integrating the contribution from 

(1.33) we obtain 
; 

LI T  

io 
4 [21 —3 	+ 00%112). c 	1 wi (1.38) 
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c 4 (S-t 19 	e 4N't a , s 	-7/ z  
c 	(w i2) 

O 

The second integral is a little more complicated. Firstly 

we note that 

0 

and as in (1.38) the final integral is comprised of terms 

of 0(1) and 0( A2). Three of the other terms are 0(1) ( or 
zero ) when the evaluations on 1 = 0,1 are performed. We 

are left with the one remaining term: .— 

[ 

a . From (1.37) 
....z . vy y=o 

we have that 441 can be rewritten such that 

co 

2 
 Vir(S— OZ  Tkt0Z )e d6 

3 4A I  2X 
0 

Now evaluating on 1,=0, the dominant behaviour asX-4-4Dis 

WI 	CAT1r 
O 

4s(S— T, 	T- 
1-12  

(1.39) 

The values of the integrals (1.38,1.39) are substituted 

into the surface equation (1.32) and the fact that C  satis- 

fies the Burns condition 	, together with\-11-0 1  leads 

to 

• r • 
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(1.40) d = 0 
-t 2  

The parameter IL= - (2C5I31fi  is always positive no matter 

which dynamic wave is being considered ( e.g. 131‘0  for CO),> 

Remembering that ahead of the leading characteristics (S-T.“)) 

no disturbance to the surface occurs, then (1.40) can be 

written as 

Ic 

+ 	 -7; - rP) 	O. 

O 

(1.41) 

Equation (1.41) can be solved by making use of the Laplace 

transform in 	. Writing the transform of i*,11/) as RUM 

we obtain 

Ciro  + 	fff
`o 

t 	ir 	ft' 2- 

so that 
/z  

-Fr 
1-4 “f) e 	• (1.42) 

The arbitrary function f cep is such that 
-T 	as IT -41-  0  

or 1-1-...f(s) as rr--11-0 . Again using the Paltung integral, 
(1.42) can be written giving the final solution of equation 

(1.41) as 
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4t- 	z 

0 

co 

AFF 	

2 	z 

2 Viz  

(1.4,3) 

The solution given by (1.43) clearly decays as 	and 

gives H(Si()=4(9, which is some initial arbitrary disturbance. 

Thus we have satisfactorily shown that the two dimensional 

representation of the dynamic waves naturally leads to the 

conclusion that these waves decay. 

1.4 The non-linear problem  

Since the dynamic waves decay, the main disturbance must 

travel at the kinematic wave speed. We may thus limit our 

attention to the wave profile near to the kinematic wave 

front, and attempt to find,a single equation to describe this 

profile in detail. In particular, it is hoped that such a 

model will be close to the observed nature of the undular 

bore ( where the surface profile passes from one level to 

another with undulations at the upper level ). 

We shall develop an asymptotic solution based on the 

amplitude parameter, E , and retain the dominant viscous 

terms by appropriately scaling; the Reynolds number with 

respect to A 	 As in § 1.2 we introduce 
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the scaled variables 

_QV 

and we choose 

Az  Sz  kE ; 	OW • 	 (1.44) 

which we may always do. To retain the viscous effects through-

out the analysis, we write 

Qe  
A (1.45) 

and treat R as independent of the limiting process. Taking 

the limit E--ft-O, g fixed, reproduces the kinematic wave 

theory given in equations (1.28). To enable the profile near 

to the kinematic wave front to be examined, we further intro-

duce 

%= X—F-T 	ET= T 	 (1.46) 

where 	is again a characteristic co-ordinate and 1: is a 

large time co-ordinate. Substituting (1.44: - 1.46) into the 

basic equations (1.10 - 1.16) gives 

(u- u-rs  + U`V+ VI= -c;--,(Lkvs  + i;LELkt3.3) + o(E) 

v" oCE) 

%/ 	o 

4-3 



Lk_ V= 0- 	on 	L:=(D 	 (1.50) 

(1.51) 

E 	2:-  [Vt.)  -- 	I oc€9 

Ix'  + E 1%1  1- k E.z1/= C) CE3). 

A solution to the set (1.47 - 1.53) is sought as a formal 

expansion 

L.\$,)  E) 	 1) +- E Q, 

rt(v-c E) 	(Vt) +E 	i- 

on 
(1.52) 

y= i +el 

(1.53) 

wheregElA, V , Q . The equations of the first approximation, 

as already mentioned, are the kinematic wave equations which 

result in 

I 2  
kt 	11-"- F  11.0  k'S 	VO 	rt 	- 0 21 

where ( IT)i8 undefined. This situation is common in 	
('

non-

linear wave problems. The difficulty is overcome by forming 

the next approximation in the course of which Wwill 

remain undefined, but an equation for (t Z)  is found. From 

(1.47 - 1.53) re see that the equations for LAI, V,  and q g  

are 

4+ 

(1.54) 



— V 	0 t 	I on 

LAIvs 	C) 

together with the boundary conditions  

L0 + 	) 1i iz (u- 

+ 10 I.; ti 	+ KVo 	0 

(1.58) 

(1.59) 

on 

T=1 
(1.60) 

+ 	
tt°10i 

+- 	°lot 	 (1.61) 

Noting that UN is the Poiseuille'profile in this problem, 

then from (1.54,1.55,1.59) we have 

= 

	

0 	— 

From (1.55,1.57,1.58,1.60) we obtain the solution for VI  , 

I 	= 1
2  L

iz 16-113  Fz  (i (Az  i4L5 	LSC)1 
°N\  

+ 	IktTc{ t54 	tC;--  f 1/2/ 

Finally, using the surface kinematic condition (1.61), 

identically cancels leaving 
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(1.62) _ 112.1( — 	Fz) F q 2- 	lo 	
Le"tYi 

# 	a 	 5- ot  

This is called the Korteweg-de Vries-Burgers .(K-V-B) equation. 

We observe that for fl-'4), (1.62) becomes the Korteweg-de 

Vries equation ( see Korteweg and de Vries,1895 ), and for 

fl:-> 0  (aKfixed ) it reduces to the Burgers equation ( see 

Burgers,1948 ). In passing, we also note that there is a 

critical value of the Froude number at which the damping 

term ( the second derivative in 	) becomes zero. This 

occurs when 	4 

F. 2 (1.63) 

and is exactly the value obtained. by Chester (1966) for the 

same problem ( but by a different approach ). 

A detailed analysis of equation (1.62) will be given in 

chapter 2, which comprises the work described in Johnson 

(1970). 

1.5 Conclusions 

The analysis presented in this first chapter has attemp-

ted to re-examine the flow in a shallow two dimensional 

channel. In particular a Poiseuille velocity distribution 

for the fully developed flow has been considered and the 

formation of both dynamic and kinematic waves has been indi- 
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cated. Due to the presence of the no-slip condition on the 

bed of the channel, the dynamic (Burns) waves decay leaving • 

the main disturbance travelling at the kinematic wave speed. 

Finally, the wave profile near to the kinematic wave front 

has been derived ( with the dominant viscous effects retained ) 

and shown to be described by the K-V-B equation (1.62). The 

various regions of the flow that we have examined are tabu-

lated in Table I, and shown diagrammatically in figure 2. 

Table I  

( with S<4 I , S212e>>1, EGG I) 

Region 
i 

Wave motion 

zit= 0(1) Dynamic (Burns) waves 
z 

tb>foat (4) Decay of dynamic waves 
Dominance of kinematic wave 

_v x--Ft. o(SE z) 
-34 b. o(SE 2) 

Near to kinematic wave front - 
non-linear K-V-B equation 

For convenience, the regions in the figure have been separ-

ated. by discrete lines. So that the non-linear K-V-B eouation 

is valid in essentially a region of its own, we ask for simpli-

city that 

o(s E73(2) > 0(sz 

Although such a restriction is not necessary, the form of the 

various waves is more clearly given in the figure (2). It is 
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clear from the analysis that the dynamic waves will eventu-

ally decay ( on a scale governed by Rc ), and that non-line-

arity will become important at the kinematic wave front 

F. ( essentially on the scale of t. ) 

The Korteweg-de Vries-Burgers equation will be studied 

shortly, but we have already noted that a critical value of 

Froude number ( 3r)  exists. A critical value was also obtained 

by Lighthill and Whitham (1955) who studied this situation 

in some detail. They showed that this value was governed by 

the condition that the forward travelling dynamic wave was 
4 

of the same speed as the kinematic wave. In such a situation 

their analysis became invalid. Although the present work 

does not directly give the same result ( since the decay of 

the dynamic waves was not described by the type of equation 

discussed in Whitham (1959) ), we see that the value at which 

C =F occurs at 
F=1-62. 	( from (1.25) ). 	(1.64) 

This is amazingly close to the critical value F . J: 
I 

 . I-5-9 2. 
and occurs after it. Thus the analysis leading to the K-V-B 

equation would become invalid beforeCi=-F. The interpretation 

f-2... 5-  
of the condition r e --:i is given by Dressler (1949) as the 

instability condition heralding the formation of roll waves. 

This type of flow is not considered here. 

49 



Finally, we note that the damping factor, Oc(1-t-F2) 

can take reasonable numerical values even if 1Z is large 

by considering values of r close to 57z . It is also worth 

pointing out that the special case of R. = 0(1) ( e.g.Re=0(1), 

S = 0(E ) ), is essentially that discussed by Benjamin 

(1957). Benjamin included the effects of surface tension 

and sought a solution as a polynomial in y . Also for Ce=0(1), 

Benney (1966) extended Benjamin's results obtaining an 

equation which can be reduced to the general form of the 

K-V-B equation far from the initial disturbance. Both these 

analyses were for thins films of fluid. 
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2. Solution of the K-V-B ecuation  

The Korteweg-de Vrigp?Burgeys equation as derived 'for 

the wave profile near to the kinematic wave front (1.62) is 

of the form 

I 4- 	+ ot 	0 0.t, R o z. Z. 
)1,1 

(2.1) 

where 

S 
I. 	RJ Rrc_ (3— z Fz). zt~ Z 31 	 3F_ 2. 

Equation (2.1) would appear to be the simplest form of wave 

equation ( uni-directional ) in which non-linearity (q rt,) 

dispersion ( 	) and damping 0211
‘1&) 

all occur. For 

the studies to be made of this interesting equation we shall 

assume throughout that (2.1 	0, 

F , z 
positive and 727 . Only very recently ( Miura,1970 ) has 

any success been gained towards a general solution of the 

Korteweg-de Vries equation ( 	0 ). Many aspects are still 

only partially understood,s but for the type of problem we 

are considering ( i.e. the undular bore ) we expect that the 

steady-state solution will be satisfactory. Certainly most 

observed bores, once formed, do not change their form indi-

cating that a steady solution has been reached. It is this 

phenomenon that we shall examine here. 

For the steady-state equation we introduce the single 

independent variable . 

so that the damping is always 
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S rt,(--  co) = LI (2.2) 

and then write 

so that (2.1), upon integrating once, becomes 

azv- 	4 cr 	I) 	 2̀12.- y 	2Ri 	P 	(2.3) 
as  

y is the new damping parameter, and the upstream and down 

stream conditions. have been assumed to remain undisturbed as 

0 , S 	co ; 	--ft. I , S 	— ono 

The undisturbed (zero) downstream conditions have been 

assumed since we are discussing the problem of disturbances 

moving into an undisturbed region. We shall now be studying 

the equation (2.3). 

Techniaues for the solution of the problem of a linear 

oscillator with a small non-linear term have been developed 

and are usually referred to as the Method of Averages ( see 

Bogoliubov and Pr itropolsky,1961 ). Although these methods 

originate with Poincare, the more modern approach as ex-

pounded by Bogoliubov and Mitropolsky is to form an asymp- 



totic expansion in terms of the small parameter, ensuring 

that successive terms are periodic. These tecnnioues have 

been further advanced by Kuzmak (1959) who shows that similar 

methods can be employed when the initial oscillation is it-

self non-linear. 

For equation (2.3) we shall examine the form of the 

solution in the phase-plane and obtain similar results to 

Grad and Hu (1967). Grad and Hu suggested the steady-state 

equation to describe the weak shock profile in plasmas. In 

agreement with their work, we shall find that the form of the 

solution is exactly as observed for the undular bore ( in a 

particular range of ' ). This range extends from zero to 

some finite value, and throughout the range the type of 

solution is essentially unaltered. Since this is the case, 

and no solution is available for 	= 0(1), we develop an 

asymptotic solution for y—e- 0 . 

It is observed that for no damping ();='0), eauation (2.3) 

is a non-linear equation with solutions which perform oscil-

lations - the so-called I cnoidal?  waves of water wave theory. 

For small damping ( 	), similar application of avera-

ging and periodicity conditions are possible as explained 

by Kuzmak (1959), but the analysis is somewhat more compli-

cated ( usually resulting in the integration of Jacobian 

elliptic functions ). The solutions of the damped eauation 

53 



extend over a large period range from the single solitary 

wave ( infinite period ) to the zero amplitude zero period 

cnoidal wave. Since averaging techniques rely on averaging 

over a large number of wavelengths such methods breakdown 

as the solitary wave is approached. It is then necessary to 

match this solution to a straightforward perturbation of the 

solitary wave. 

2.1 The phase-plane analysis 

Equation (2.3) can be studied in the phase-plane by 

introducing LU-2=4; 
ay- 

. since the equation does not contain 

5 explicitly this reduces it to a simple first order equa- 

tion for tAr(kr) 

01 er 	y w-  — 4 ty- 	— 1) 
(2.4) 

dkr 

 

In the (Lkr,V) plane ( or phase-plane ), there are two singu- 

lar points 

v‘r zr. 0 k' ta ; a saddle point 

and 
	

0 LT 	; 
a stable spiral point, y4 4 . 

table node, y>,- 

A sketch of the integrtal curves for (2.4) with 4->y>,(3 is 
given in figure 3. The special case of izz 0 is the solitary 

wave, and clearly any other permitted value of ' causes 
the integral curves to spiral towards kr =I . In the physical 

g4t 



Figure 3 — Sketch of the phase—plane for 4> 	0 
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(Qr,S) plane this corresponds to a profile which starts as 

a solitary wave and gradually deviates from it, eventdally 

oscillating about 0'7=1 ( with ever decreasing period and 

amplitude ). 

To consider the case of large 	, we can write Ytkrz'-‘41, 

and then equation (2.4) becomes 

a us, = vs, — 4 v- CV' - 1) 
ci 

Consequently the integral curves now become as shown in 

figure 4. The special case of V".,- 0 is the Taylor shock 

profile. As r decreases from infinity, the integral curves 
deviate more and more from the Taylor profile while still 

remaining monotonic. When 1- <:11-  the curve spirals to U --= 1 

as before. Physically, the solution for Vr(S) remains a mono- 

tonically increasing function from downstream to upstream 

conditions, until <4 when the oscillatory motion about 
tr.1: 1 can occur. 

Some typical results for the profile are shown in figure 

5, where various numerical integrations of equation (2.3) 

confirm the phase-plane analysis. The figure shows on the 

same axes the two basically different types of solution 

already indicated. On the graph are a near-Taylor shock pro- 

file (y= 4.62); a profile which is just oscillatory (y=3.26); 

a much larger amplitude oscillation (r= 0.1); and finally 

for comparison the solitary wave (-= 0). More details of 



Figure 4 - Sketch of the phase-plane for )',/ + , 1(<4 
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a 

Figure 5 - Various integrations of the steady-state 
K-V-B equation 
• SF 



the numerical integration scheme employed will he Fiven later. 

2.2 Oscillatory asymptotic analysis for small damping' 

Figure 4 shows that for small damping (1(4,-..1 ) the 
solution starts very near to a solitary wave and then slowly 

departs from it, causing the profile to eventually oscillate 

about 04= 1. It is evident that the small damping causes both 

the period and amplitude to vary slowly - in fact the period 

must change from infinity to zero. 

This suggests that a solution to equation (2.3) , for 

small damping, can be found by allowing the amplitude and 

period of the undamped solution to slowly vary. This idea 

together with the insistence on periodicity is a particular 

case of a general technique developed by Kuzmak (1959), and 

a generalisation of earlier methods of averaging almost 

periodic solutions. 

To utilise this method we must first find the undamped 

solution to the equation ( see Lamb,1956,Art.253 ). Thus 

considering the general undamped eauation, 

+ 4- kr (kr — 
a sz 

where 	is a constant, we integrate once 

(Li— u` 	kr Z 
	3  + 	# 3 	" +6 

k s 	 4- 

13-" - kri 	krz ) (T3 k/>> 



v sine)'1z 
o 

and write kr, Lri < 173  as the roots of the cubic. The constants 

and 6 can now be found by applying appropriate boun-

dary conditions on the MaXiMum and minimum heights of the 

motion. The general form of the cubic expression is sketched 

in figure 6 ( curve A ). 

et".S /

z 
The only real solution of the equation occurs for 	 )), 0 

A 
and thus the solution is either at 07-=kri or is a non-linear 

oscillation between 01 and U  . Two special cases are worthy 

of note. One is (Yz, 	( curve B ) giving the solitary 

wave, and the other is ti-z-> 	( curve C ) giving a discon-

tinuous solution between 0; and 0'3  ( the hydraulic jump ). 

The solution of the undamped equation can be written in 

terms of a Jacobian elliptic function CA c6,k; 	by direct 

integration of the above expression, which gives 

 

0- 

 

• 

Thus the solution for 0-  is 

crz. 4- 0
1.3 	c 	 2  V3-  k;'S 	

(2.5) 

where V = ky• is the modulus and e n is defined by 

cnL - 

See Abramowitz and Stegun (1965). 

c0S0. 
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Figure 6 - Sketch of the cubic expression for the 
cnoidal wave 



In the case of R = 13=-0, then v = I , and the solution 

becomes 

3 — Sects  S 
-2 (2.5a) 

which is the solitary wave. 

To consider the slow variation of amplitude and period, 

we introduce a slow time scale 
cr 	« 	 (2.6) 

and a two parameter (5 t er) expansion is sought 

(s, Q-) 	kr, (s, a-) 
	

(2.7) 

where it will be assumed that.each individual term is peri- 

odic in the 'fast' time scale, S 

The form of the'undamped solution (2.5) suggests that 

kr; 	a 	+ lcr) c nz  {S - oqa-) PO') 
	

(2.8) 

so that Ck 9 	ok and Y are allowed to vary on the 'slow' 

217 
time scale, Or . We observe that 00= f --to correspond exactly 317  

with expression (2.5). Now (2.8) describes the slowly vary-

ing nature of the solution, where the oscillation takes place 

between local values of CL and 

determined by ok . 

Using relation (2.6) we have 

4 _ a 	a .z 
 

a5 a 	cls2"  

c1 /4  + ‘71 , at a local frequency 

2 	z  + 2 y 	" 
sv 	D0c- 	C!1"2- 
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wheretheoperators—and—are assumed to be order unity. as 	"ao- 
With these operators, and the expansion (2.7), the equation 

(2.3) gives 

	

0(1) : 	0,„ 	4(r0( 	0 	(2.9) 
SS 

	

04): 	1r155 	4u ,. (2 kro 	kros  — 2 kro ' 	(2.10) so-   

Putting expression (2.8) into equation (2.9), and using the 

relations 

2-  — do 4- I — 	V CA z- v (5‘1—  1) 

gives 

417z — 3 v cn z 

	

— 	I — + (2 V— I)CA 	41 
3v 

4 Ca 	c-Az  — 4 + b c-n2 
	

0 _ 

For this to be true for all values of S ,-the coefficients 
4 

of CA and C" are equated to zero, 

— 	(-2v-1, 	ko 3v  0,7"—v + 
-2- 3v (2.11) 

A third equation is identically satisfied due to the choice 

of 0((!0"). 

We now need one more relation to enable ck, b and 1,  to 
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be determined. This is obtained from the condition that kft (5,cr) 
be periodic in S with the same'period as 	. Firstly, we 

simplify equation (2.10) by writing 

I 	Os 
	 (2.12) 

which gives 

TS  

s 

(To:  — 3. k%. kroscr  ) A s, 

bo  
(2.13) 

where Vo  is arbitrary. This can be written as 

S S 

krozs  s ate-  krosz  s 

_ y, 	 by 

Now kri  is periodic if 	is, so that evaluating across a 

period and integrating with respect to Cr gives 
ao tiiSi/ 

s

, 

C ck S 

40- zSi? 
where CI  is a constant, Si, is the period of f- and cc is 

any general point in the range of S . It should be noted 

that these expressions are to be interpreted with S and cr 

regarded as independent variables. 

Expression (2.14) can now be rewritten by integrating 

over the quarter-period W(14 of 005  

b4 

Os  

(2.14) 



(2.15) 

( K(v)  is defined below.) 

Using the definition of the Jacobian elliptic function, 1-04 

becomes 

/ 	2 	 . 2 	Z 
cos 	. Sin 	VStn 0') 	04 . 

With the well-known relations 

	

;I 	( 	C- 	(I- 2..) 01 t, r r 

	

A 	rc) 	17 _1 	c-07 - 	q 

CSL > 50,  > 
and 

k lv) = i IT •F 2, z) I 

E 0)) 	F (1.  Z, I 11), 

where II; and ET are the complete elliptic integrals of the 

first and second kind, respectively, then (2.16) can be 

written as 

v210,)40,zpti)E(1,)-.±(1--0(Z-014C(1)). (2.17) 

This expression, (2.17), together with 5/•  . 
e 	vz 	- v L CI)) 
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becomes the third condition which enables a(00, 17(.01 and 

1)(241/9 to be determined. The constant of proportionality 

relating these expressions is found by renuiring that 

	

V = 1 	at Cr  = o = t So say, • 

so that 

o-- 	s-74_ 
— 	v 	 (v 2-- v+1) — 2_  — v) Lz —v) 	. (2.18) 

So So  becomes the apparent position where the damning is 

"switched-on" for the oscillatory analysis. Hence So  is a 

constant of the asymptotic theory which must be fixed by 

matching to some initial solution. It should be noted that 

we have anticipated"the undular bore type of solution by 

using the condition at I)==1 - the solitary wave limit. 

The final solution given by (2.7,2.12,2.13) can be written 

as 
S2  

0-  T.-- v.,,+ro-0 	— [(0.2.1--dkro )As , s 	z - 	os, 
"0   

dos 
L 

where Clko  is arbitrary. Kuzmak (1959,p.737) points out that 

a solution like (2.19) is only valid provided that %,<,040 

see equation (2.14) ) i.e. if 0; is truly oscillatory. 

Consequently (2.19) in some sense becomes invalid as 1)--1 1 , 

since 0; then becomes the non-periodic solitary wave ( see 

cl s --- (2.19) 
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expression (2.5a) ). It should be noted that this type of 

breakdown of an asymptotic expansion is not that which is 

normally encountered in singular perturbation theory ( see 

e.g. Van Dyke,1964 ). 

2.3 Perturbation of the solitary wave 

Where the expansion (2.19) becomes invalid due to the 

non-oscillatory WAViourof tro  a non-oscillatory solution 

of equation (2.3) may be sought by performing a straightfor-

ward expansion in powers of y , for fixed S . In fact we 
shall see that this amounts to a perturbation of the solitary 

wave. 

It is more convenient to manipulate the integrated form 

of (2.3), 

) 	( TS ) a S - 1  V15  4k- 3 	(2.20) 
Atr 	dkr ‘z 

a, 

where Ur=Vs1=0 at S= +00 , so that the solution of (2.20) 

will be monotonic as S-.."-÷00 Clearly expression (2.15), and 

hence the solution (2.19), is valid as S-9-00  describing 

the oscillatory nature of the solution. A straightforward 

expansion procedure is 

=_- Vo  Cs) + 	(s) 	- - - 

which gives on substitution into equation (2.20), 

0(1): 	2 V 	2 	— 	Vol  °5  

(2.21) 

(2.22) 
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z 	
4-Y0V 0-  kir) . 0(r)• V V - • 0 	1.- s 	Vo a s, 

The solution to the 0(1) equation (2.22) is the solitary 

wave, 

— 
z 

tr_ 	sec-1 5 o 

(2.23) 

(2.24) 

where the peak of the wave is fixed at S=0  . Now substitu-

ting for Vo  in the OW) eouation, and carrying out a simple 

integration gives 

s ea: S 	- I) + to.r.V C7 bekn‘• S 
Vi 5- 	 20 	 1 

(2.25) 
‘N tc." S 	t-0.41,6 secVS 

loQi- tct,ANS) 	4 

where ‘) p).-= 0 ensures that the peak occurs at S=0 to 0( )(). 

The asymptotic solution (2.24,2.25) shows that this 

expansion procedure (2.21) is a perturbation about the soli-

tary wave. Since relation (2.24) always stays bounded, this 

expansion certainly becomes invalid as 	( 

but we also note that it also becomes invalid as S-i>11-00. 

In both cases V11 	increases without limit. 

2.4 Matching procedure 

The breakdoewns that occur in the asymptotic expansion 

which describes the perturbation of the solitary wave will 
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now be considered, and matching to other regions of the 

solution attempted. Fir,st.ly, the_..case for S-aPA- cOis a fairly 

elementary exercise. Since, as S."2.-1-00  , -9- 0 , then we 

observe from equation (2.3) that 

FS 
lr"-/ 	, 	= 41.1+1(2/1111  

A e2s (I + -11- s 2 

where A is an unknown constant. This expression indicates 

the asymptotic exponential behaviour as l7-0- 0 . Also for 

oo , the solution given by (2.24,2.25) can be expanded 

giving 

   

 

1S ti 
4es- e-5) 

Z ces  i$)2_ 
i+ 
	s 

+ e 
_s 

 

   

—ft. 4 p0 

ti  
-2 5 
e 	4 

These two expansions match exactly if we choose = 6 . Thus 

we see that the solution to (2.3) continues to decay predo-

minantly like a solitary wave even though (2.21) becomes 

invalid RS S"'"4"1•00  . The approach outlined here can be for-

malised by resealing for )-S=-St  and seeking a solution of 

-2S(the form e, 	00+ --) . This expansion can then be matched 

( as above ) to the perturbation of the solitary wave. 

Vie may now turn our attention to the more complicated 

matching problem at the other end. It has already been men- 



tioned that the averaged solution becomes invalid as 	co 

since the period of thewave approaches infinity and averag-

ing over a large number of waves becomes meaningless. However, 

it is possible to expand the oscillatory solution as 	_ 

its non-oscillatory limit - so that by suitble choice of the 

undefined constants qb, ‘70  and So  ( equation (2.19) ) it 

agrees term by term with the perturbation of the solitary 

wave given by equations (2.24,2.25). This is therefore a 

matching procedure for these two very dissimilar expansions. 

The method outlined here does not follow the usual technioue 

of matched asymptotic expansions (e.g.Van Dyke,1964) where 

the breaAdown of one expansion indicates a new scaling of 

the equations and consequently a new asymptotic expansion 

can be developed. Here there are, of course, obvious simi-

larities between the two procedures but no justification 

can be given for the success of the technique. It can only 

be said that both expansions are presumably asymptotic ex-

pansions of the same complete solution of the equation (2.3). 

'vie thus expand the oscillatory solution for 

and in particular consider the region where 

— S.= o(a.) 	t— -111 	, c,0-) 	, 	0 . (2.26) 

•Equation (2.18) then gives 

S 	- 0 2 
 z 

(2.27) 
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where the only non—trivial value of 	has been used, namely 

—y 

Thus we have S< So  for V < I . Now from relation (2.8), 

dos  = 	\7, cnkp(S) sn (01• 5) dn,UKK S)  

"-• — 3 5 ecNt S 	S. 	 (2.2e) 

Thus 
5 

— 2. 
Si 	°Si VI. 	

"Re,/ 9[G + 1  —tan1 

	

3 	
.• S — 1  to.4,cS 
3 

5— 	, 
O'oz 	V* l'o  ) As 
70 	 i 

since LTosscr  = 0( S/".  ) and 

3 = 5-  to,nQa- klo  — J— ta"\ \)0  - 
3 (2.29) 

Hence we have 
S 	Sz 

I  
— voz 	20 kr  °S1 	so 0 s 

5z  
cto 	toc,  

Ck 	€ if  S 	 
tanMS 

2.30) 

tct vAN S 	AftI 
t_ , 	r , 
rr am*. Sj + 	—IstfILI*S +A 

sec-VS S secAtS 	seats 	12. 	20 

= CP) A , say, 
where 

 

Finally 

sect s + 00,7), 
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Thus expression (2.19), as 	I 	can be written as 

2  1 	e cA,, S + y I 6 — + 3 A) t-04. 	S 

.33) _ 4C6 ba,42 S + (.3A-\ 	_ t tan1AS  
zoi 	t°  sect,: S 

- 	g to  AN: S_ 	E,  5 bcknitN SsecAt S 1 
4- S e AZ.  S 

This matches exactly with the non-oscillatory solution 

(2.24,2.25) if 

g 	2  • A — l2 	15- 
(2.34) 

Now from the definition of 6 ,(2.29), and A ,(2.30,2.31), 

we have that V=4-000.  , and the one finite real solution for 

clic, is Ao = - 0.529, obtained by a numerical computation. 

A sketch of the regions of validity for the asymptotic 

expansions, and their matching regions, are shown in figure 7. 

It is clear from the expansions themselves that, to 0(W?) 

two of them cross the solitary wave curve at 5==q0. 

The matching of the oscillatory solution (2.33) with the 

perturbation of the solitary wave (2.24,2.25) did not entail 

? 
finding 1), . Thus since (2.32) is correct to 0(y ), and 1i 

did not appear to this approximation, then it is impossible 

to define V, , and hence So . From the expressions (2.26) 

the limit of 1)-‘2.1 is taken such that S--S, = 0(1), and since 

lz 
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the straightforward expansion (2.24,2.25) is valid forS=0(1), 

then we can say that So = 0(1) and hence 

--/FS0 
• e 	= e 	= 1 + 0( If ). 

This result is not really unexpected. For. the limit of 

small damping ( 0r<:1 ), the rate of dissipation of energy 

through the first wave ( as- we sh411 see shortly ) is also 

small (.00) ), and consequently the exact value of So  

becomes irrelevant at the 0(1) level. It is now possible to 

compute ci(10,4)(cr) andV01( and also o((cr) if required ), and in 

figure 8 are given the computed curves of a , 0.1- 10 and 1,  

as functions of Cr . From the form of the oscillatory solution 

(2.6), it is seen that (a+VP ) and O. are the upper and 

lower envelopes respectively, and V determines the period 

of the oscillation. 

Also plotted on figure 8 are some peaks obtained by num-

erical integration of the original equation (2.3), using a 

predictor-corrector technique, on the Imperial College IBM 

7094 computer. Details of this calculatioh are given in 

Appendix II. Integration for three values of 	( = 0.1, 

0.01,0.001) are shown. Agreement between the theory and 

computation is excellent for the two smaller values of y 
but not so good for r= 0.1. The results, though, certainly 

confirm the validity of the asymptotic theory as 1---q.• o . 
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2.5 Discussion 

The slowly varying ( oscillatory ) analysis has been 

successfully matched to a straightforward asymptotic expan-

sion in ' , and this in turn has been matched to the asymp-
totic exponential behaviour of the solitary wave. The method 

leaves us with an arbitrariness in the oscillatory analysis 

the point (%) where the damping effect appears to begin is 

not specified other thab to 0(1). Including the next approx-

imation ( which would be exceedingly complicated and tedious ) 

should enable this position to be defined. To obtain the 
6 

envelope curves in the oscillatory region of the solution, 
-41; 	 (its firs t afros:motion) 
e has been approximated by unityhand the results have been 

given in figure 8. As already noted, the numerical integra-

tion confirms the predicted envelope curves. 

This analysis has shown that the steady-state solution, 

for small damping, to the E-V-B equation is a cnoidal wave 

with varying period passing through all the possible wave 

types, culminating in the solitary wave. Such a wave profile 

is observed in the undular bore. The measurements of Sand-

over and Taylor (1962) in fact show that the leading wave is 

very close indeed to the solitary wave. 

In conclusion it is interesting to note the form of the 

total energy dissipated. Benjamin and Lighthill (1954) con- 
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sidered the general form of the undular bore, and suggested 

that the undular nature occurs when only some energy is 

dissiliated* the front. The excess energy can then be carried 

away by a train of waves. The present model indicates just 

this phenomenon. The total energy dissipated is proportional 

to 

ds, =. E (s) 
0* 

Using equation (2.20) then 

as) I tr 2 	
3 	

— 2 tr 2  
, 

2 5  
• 

Thus the energy dissipated upto a particular wave peak 

from + op upto S . 

is 
4 3 	2 

400 	2 vr (2.35) 

where 0i, is the peak at 	This function is plotted 

in figure 9. Denoting the total energy to be dissipated by 

ET  , the results are as expected. If the first peak is at 

aiy= I then all the energy loss has occurred and the peak is 

at SI.= -00  - a monotonic profile. If the peak is Vi=i there 

is no energy loss at all and the profile is the solitary 

wave ( which, of course, can exist on an inviscid flow ). 

The peak being I 4:0.17,4:1 (4>r>0), some energy is dissi-

pated and following peaks move up the curve (figure 9) appro-

aching 17-i. Thus the K-V-B equation certainly appears not 

only to describe the undular bore inAetail but also to em-

body the ideas of Benjamin and Lighthill. 
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Figure 9 — Plot of the energy dissipated, against peak kri, 
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Part II 

Fluid flow through an elastic tube 
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3. Inviscid small disturbance theory for the tube with taper 

This first analysis, using the simplest form of Hooke's 

law at the wall, is intended as an introduction to the 

problem of flow through an elastic tube. Due to the simpli-

city of the analysis it is possible to permit the tube to 

have a slight taper in its unstressed state. In the more 

sophisticated work of chapter 4 the tube is assumed to have 

a constant (unstressed) radius. 

The tube will be modelled in the most obvious way by 

considering it as an axi-symmetric, semi-infinite tube un-

tethered and free in space. The disturbance to the tube wall 

will be caused by some form of piston at one end. The tube 

wall,  is thin ( thickness/radius small ) and the Hooke's law 

to describe its motion is written 

Pr 	_ Eh 	tee 
0 	 12,; 

(3.1) 

where ? is the pressure in the fluid at the tube wall, le 

is the radius of the tube and zero subscripts denote un- 

stressed conditions. The Young's modulus for the wall material 
^, is-  E , the thickness is h and a mean radius is Kr,• The 

problem can now be written down in mathematical terms. 

3.1 The equations and boundary conditions  

The co-ordinate system and the variables are given in 



figure 10. 3. and r are the axial and radial co-ordinates, 

respectively; to and U are the axial and radial components 

of velocity. The fluid is assumed incompressible and inviscid 

so that the Euler equations of motion for cylindrical axi-

symmetric flow are 

e 
, , 

.. 

	, 
u't, +- u t.‘ -I- kr LAti 

+. .:-. P., -- o . 	 b-  

tit! + U: Vcf + d krill + -1E- ?T..'  , =-- 0 

(3.2) 

(3.3) 

where L' is a time co-ordinate and ( is the constant density 

of the fluid. The equation of continuity is 

ri 	0 • 	 (3.4) 

Since, the tube is allowed t 'taper, we also have that R:= 4:t0 
and the disturbed radius is given by fe(f). The distur- 

	

bance itself is produced by a piston at 	_ 	and is such 

that 

Li (0)  r 	Eci(V) 1 CaE 4.< 	(3.5) 

where lik/ 740 and A is the characteristic velocity given 
A. max  

by the Moans value, 

• (3.6) 

The disturbance has been chosen to occur in velocity 

and we note that it is independent of 1'1  . To the approxi- 
c 



Figure 10 - Co-ordinates and variables for the tube 
with taper 
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( 3. 7 ) 

mation that we shall be using here, the axial velocity will 

be assumed independent of the radial co-ordinate throughout. 

This resulti in a major simplification, but is not one of 

the restricSrions imposed upon the analysis presented in chap-

ter 4. With Z,<<:, , this work is thus' a small disturbance 

theory. 

The initial velocity function f(e) is assumed to be 

characterised by the frequency CD , and this introduction 

enables the variables to be non-dimensionalised, 

The equations (3.2 - 3.4) now become 

EtAtk E‘ruir V-fr= is 

4- E VOrir  + 	V t. zr.. o 

1- 0- Or =4 0 

$2.  (3.8) 

where 	is a frequency parameter. To reduce the 

problem even further, the effects of wave dispersion relative 
2- 

to non-linearity can be neg&ected if we choose c 4: 0(E). 

This we do, and ask that Uk not be a function of the radial 

co-ordinate. The equations (3.8) thus simplify to 

E, u4 1 Qb =O 	 (3.9) 
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r. o(V) (e) 
	

(3.10) 

cr 	_ 	ti ir 	 (3.11) 

where the velocity LT satisfies the symmetry condition that 

V-2= 0  on r = 0  . Similar assumptions to those used here 
were implemented by Seymour and Varley (1966) on the problem 

of fluid flow through a tube of visco-elastic material. 

The fact that the fluid is inviscid, and tyz.  0 , means 

that the two boundary conditions at the wall ( on the axial 

and radial velocities ) are replaced by the single condition 

that the wall is a stream surface. Thus 

1 /4.71 
wall 
	R 	Lk' 
	

(3.12) 

in dimensional variables. But from (3.11) we see that 

wall 

so that non-dimensionalising (3.12) we obtain 

E (LA 	+ Iu0= 0 , 	 (3.13) 

z 
or in terms of the non-dimensional area ( 	^ ), 

A t. t e (t% 	 (3.14) 

Cle171y, both (3.13) and (3.14) are alternative forms of the 
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continuity equation for the flow. In fact it is more con-

venient to work with the radius since from the formulation 

of Hooke's taw, (3.1), we can introduce a non-dimensional 

radial perturbation, 2 (-() t)  

gi—  eio 	 go 	
E  1"! h)  R:, 	go 

(3.15) 

Eliminating PL between (3.13) and (3.15) gives 

I.LOk  1- Lk -- i.E.  Q4,1 + 	0 . (3.16) 
2  1r 	Ro 	nr 2 L Ro 

where tl= Ao. For the 'wall to have a small taper, we ask 

in particular that it be defined by 

Ro 
Ro  

(3.17) 

so that equation (3.16) becomes 

t 
+ 	Ll 	E (Lots + vo k 	L 

 u,) = O( 2).(3.18) 
.zts. 	 . 

Finally, the non- dimensionalised equation of state for the 

wall is 

.zz  

Now since 	0(0, (3.9) can be rewritten as 

Ul 	1E ttAlr 	raL. 

IC 

(3.19) 

(3.20) 



The problem has been reduced to that of solving the fairly 

simple pair of equations (3.18) and (3.20), for IA and IL , 

where t: is a small parameter denoting the scale of the non-

linearity. 

3.2 Solution 

The pair of equations (3.18) and (3.20) are of a classi-

cal form often encountered in perturbation problems, and of 

course non-linear wave propagation problems. We expect that 

initially the disturbance will travel according to a linear 

wave equation. However, non-linearity on the scale of 4!.. 

will eventually cause the wave to distort to the extent of 

forming a discontinuous front. In this simple problem there 

is no dispersion or damping to alleviate the steepening. 

The near-field ( where 1r and t are of 0(1) ) can be 

analysed by seeking a solution of the form 

}

£) = Lko  (.3c, 0 + E. LA, QT,-, b) tote) 
(3.21) 

Upon substituting into the equations we obtain 

and thus 

LA 0  = 0 j Lk 0 e 	IL () 

3r 

Lk 
.te 
	 (3. 22 ) 

Applying the initial condition at3).z.. o and noting that 



no waves are coming in from infinity, we have the final 

solution 

(3.23) 

The solution (3.23) indicates that the disturbance moves 

predominantly unchanged initially at a wave speed of unity 

in the positive y_ direction. In dimensional variables 
this implies that the wave speed is the classical Moans 

value. 

The asymptotic expansions (3.21) are expected to become 
, 

invalid when y= OkE ) and lb -3r) is kept fixed. Thus we 

introduce the new large distance scale ( 	) indicating the 

build-up of the non-linearity, and consider its effects near 

to the front of the wave by introducing a characteristic co- 

ordinate ( 	) 

(3.24) 

Writing (3.24) into (3.18) and (3.20) gives 

E (t.4$ -u1 	tul  + 	OW) 

3.25) 

1,rs 	Lkty 	CE) 

where %W=SW. A solution is now sought to the pair 

(3.25) in the form of the expansions 

so 



•=-- Uo(tis) E1-11 (-W +0(E) 

E) 	%40(-tY) ir Et4  k) to (E). 

The zeroth order does not define LIA:t0and merely tells 

us that 

= 	VI 

but forming the equations for 111  and V41  , and then elimi-

nating both these gives a single equation for IX°  

U 	tx Ix° 4 Ix =T. 0. 
0 	o (3.27) 

Equation (3.27) is non-linear and includes the effects of 

taper.0  In fact this equation incorporates the near-field 

solution as 	0 , and thus it is straightforward to seek 

a solution of the form 

T( 7:- C(%)1(1) 
	

(3.28) 

where 95 is a parameter identified with the characteristic 

surface defined by 

-5: LI 4  - (3.29) 

The function f  is just that defining the piston motion, 

and to match with the initial conditions we must have Or-1 

on e 0 • 
The taper term, %(E) , can be rewritten in terms of the 
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fletto  
2- A, 

=0 

area change since we have 

- 
;211, 

and thus%(.f)1"---/—a-o . Equation (3.27) now becomes • 214,,A; 

tçu 
where 140= 

Substituting (3.28)(3.30) and using (3.29) gives 

+ 	=° .2 Ao  

and noting that(..this immediately reduces to 

(3.30) 

(3.31) 

w :integrating equation (3.29), we obtain 

-f R. 4- • 
0 ° 

This expression is equivalent;to.that obtained by Whitham 

(3.32) 

1956) when examining. the .non-linear propagation of waves 

in ray tubes of.- Varying'  eree., M3 explained by Courant and 

Friedrichs (1967), the solution,  defined by (3.28) and (3.32) 

not 'Single.  valued in" the (i'vf,).-plane where 



that is, where 

le(A4T 116- ' =1  I zz   - 11  4 

	

	 f 0 0 
(3.33) 

The path defined by expressions (3.33) is in general cusped 

and the solution is made single valued by the insertion of 

a Rankine-Hugoniot'shock originating at the cusp ( see figure 

11 ). The cusp itself occurs where 

=?' -:0 or 
-a 56 -a16 

Inserting the Rankine-1ugoniot shock.by equating the shock 

velocity to the average of the upstream and downstream pro-

pagation velocities ( the weak shock wave result ) gives 

ass _ suo. 
--D .•05=25 	.2 4  

This assumes that there is no disturbance upstream ( and 

downstream the velocity is fu,), and on the shock 0=16W. 
4 

Differentiating (3.32) with respect to t̀i and evaluating on 

the shock gives 

4) 	1(1)I(;),I1471A1 f  f(0 

ofif°1  

After multiplying by +(§) , this equation can be integrated 

to give 

40 

c"(0)=0- 



Figure 11 — The formation of a shock 



(3.34) 

which together with 

(3.35) 

are parametric equations for the position of the shock at 

i4P). Whitham (1956) obtained similar results when examin-
ing the particle velocity in a ray tube of area W) . He 

showed that an initial wave profile clE) gave a particle 

velocity of the form FtV4 , where 11.1 ) included the 

distortion of the wave profile. He also fitted a Rankine-

Hugoniot shock into the flow and obtained a relation for its 

position defined by parametric equations like (3.34) and (3.35). 

The elementary theory that has been presented here shows 

how the simplest possible model for the flow of a fluid 

through an elastic tube produces classical wave propagation 

results. The essential propagation velocity introduced by 

Mans is confirmed, and the ray tube work of Whitham (1956) 

reproduced for this particular problem. With only non-line-

arity included in the equations a shock wave can-be formed, 

and its position found parametrically. 
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4. Wave propagation in a fluid-filled elastic tube with 

a mean flow produced by a body force 

The simplified theory described in chapter 3 is now ex-

tended by the work presented in this chapter. The fluid will 

now be assumed viscous, although still incompressible, and a 

mean flow will be constructed in the tube. The easiest way 

to accomplish this, as for the channel flow, is to produce 

the steady mean flow by balancing the viscous stresses against 

a body force. This allows a fully developed Poiseuille pipe 

.flow to be formed in the tube, without any effect on the 
s 

motion of the tube wall. 

The elastic tube is represented by a semi-infinite tube 

of circular cross-section without any taper. A body force 

is aligned with the axis of the tube and the external surface 

of the tube wall is restrained. This restraint, or tethering, 

is assumed to inhibit all longitudinal motion of the wall 

but leave the radial motion quite unaffected. As mentioned 

in the Introduction, this particular form of restraint is 

in fact an important phenomenon of arteries in situ (McDonald, 

1960). To produce fairly realistic model for the tube wall, 

we shall make use of the thin shell theory of Timoshenko 

(1940), and full details will be given here. 
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4.1 The equations of motion for the fluid 

The co-ordinates and variables for the flow are given 

in figure 12. 	is measured along the axis, and r radially. 
Ll and tY are the 3j  - and c -components of velocity in 

# 1  the fluid, respectively. N and it are the longitudinal and 
radial components of the motion of the tube wall. S will 

shortly be assumed zero in accordance with the tethering of 
n 

the tube. Wo  is the undisturbed radius of the tube under 

mean flow conditions, and h is the thickness of the wall. 

The constant density and kinematic viscosity of the fluid 

are C and V respectively. The wall material has a density 

The axi-symmetric form of the Navier-Stokes equations is 

L.“1, + kiLkc,24 - 	+ + v 	+ 	+ vt'e 	(4.1) 

ur16 	L“,-/. 	— 
	(Lck+ vie + 42 	(4.2) 

where 
	

is the pressure in the fluid and 1 is the body 
force aligned with the tube axis. The equation of continuity 

is 

1 r/0  0. (4.3) 

Introducing the Moans velocity of propagation 

(4.4) 
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Figure 12 - Co-ordinates nnd variables for the elastic tube 



+ Ul tk t EA di = ok + [Ci Is 	at  1r 

ettr 	- + 	+ krAr. +rz- 	
'vl 1576-  s 	 cZ  

where E 	the Young's modulus for the wall material, and 

a characteristic frequency 	the input disturbance at 

ly = C), we non-dimensionalise the equations according to 

0, 	R' 
Li 	tz if -_ef-C U 	 , (4.5) •••••• 

CL 	 ttl) 	0. 
2  

Q' 15 the constant pressure in the fluid when only the 
steady mean flow is occurring. The equations (4.1 - 4.3) 

thus become 

(4.6) we have introduced the parameters 

„I 
9 	‘`°Q 

cxz 
0.W 

 

(4.6) 

oc describes the size of the body force as compared to the 

characteristic acceleration MO ; c is the frequency para-

meter previously defined in chapter 3 and Re is a flow 

Reynolds number. 

For a steady uniform flow through the tube, then we must 

have riletW only, which gives 
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so that 
oC ++ 	.1= 

szee 

U(C) =Fit—.c2). 

0 

• (4.7) 

The primes denote differentiation, and we have defined 

F = 1- 4 0k cz Qe 
 

= 0(1) which prescribes the size of a. so that 

a fully developed flow is possible with an order unity max-

imum velocity. The profile (4.7) satisfies the conditions 

of zero velocity at the wall (r T...." I ) and zero shear at the 

centre line ( t=t0 ). We now consider a disturbance from 

these uniform conditions characterised by an amplitude para- 

meter, E 	and write 

u(c) + Evk 	 E. P.  

The equations of motions,(4.6), now become 

(1X4 E v.) 	+ 	Et4r) 	[11,.,4 

EtA)Ltir  E krel Cc- 
Qe kyi-ii(04+,44-,--iiko] 

+ (tAr) O. 
C 

For the flow to be axi-,symmetric then the conditions at 

the centre line are 
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l̀, t' 
All the forces on the element act either axially or radially. 

Tce .T .o 11 -M 	.o Tel  = const., tiel=const. 

=ul  4 Etitt.::: 0 

or %.3- 	t. 0 
on r = O. (4.12) 

4.2 The conditions at the tube wall 

The detailed model of the tube wall is based on Timo-

shenko's thin shell theory (Timoshenko,1940). Since small 

terms ( which are normally neglected ) may be of considerable 

importance here, the equations of motion for the tube wall 

are derived from first principles and all the relevant terms % 
will be retained. Figure 13 shows an element of the tube. 

Q.. and 1-1, are the bending moment, shear force and 
3 

longitudinal force ( per unit length ), respectively, at any 

section of the tube. Te is the hoop force per unit length, 

and with the usual notation the assumption of axial symmetry 

gives .  

q'tz6,t9= go+ ' is the radius of the tube and 	and (12  

are the loads exerted by the fluid on the inside face of 

the tube, per unit area. L is the load exerted by the re- . 

straining mechanism on the outer surfaCe of the wall. el  

is radial, VI  axial and L is assumed to have an axial com- 

9 $3' 



Figure 13 - Element of the tube wall 



L 

  

 

ez  
z , 

at 

**a 	1r 
- Q 	•)tzi  = to‘11  a2e 

--aCz  

V I  r  _ - 

ponent only, so that the tethering does not effect the radial 

motion. 	 • 

#1  If 	and 5 are the radial and longitudinal movements 
of the wall, then the general equations of motion for the 

wall become 

(long.) 	(4.13) 

(rad.) 	(4.14) 

(mom.). 	(4.15) 

0 is such that tans is the slope of the wall at any 

(li f t  e). Now equation (4.13) serves to define 1-Ne) neces- 

sary
#  

to give no longitudinal motion i.e. S F.S. 0 . When this is 

the case, the slope of the wall is given by 

t 	e 
	n. 	

(4.16) 

The radial stress, ?, , exerted by the fluid can be written 

as 
(Trir, + cc: ) coS — 	Sin e 

where 
;Jr. 	

v # 2i.k 
kyr/ 	 =--)" 

	
vji;) 

and ilk is the viscosity of the fluid. 

(4.17) 
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Since all the loads and extensions are defined either 

axially or radially, the application of Hooke's law gives 

T 	Eh   (f t d ) Eh 11  
1— 	z  (Z:, 	I— az  a   

• 4-0(021') 
T 	("6.' 4. 0-1') 	our  if 

RO 	1-0-2. 

(4.18) 

 

 

where 0 <cr< 2. is Poisson's ratio for the material of the 

wall. As derived in Timoshenko (1940), the two relations 

(4.18) are obtained by averaging the stresses across the 

(small) shell thickness*. This is achieved by performing,say, 

the integration 

T = 
its 

cr 11-12.) erf, 

where Cr.', is the 'membrane' stress in the 3r-direction. The 
7 

error involved in this approximation is given by Timoshenko 

and quoted in (4.18). 

The use of Hooke's law here is perhaps slightly restric-

tive especially since the type of tube we are envisaging is 

quite likely to exhibit non-Hookean properties. However, since 

we are considering small disturbances to the system we are 

asking only that the tube obeys Hooke's law locally, and 

this seems quite reasonable. The mammalian artery itself 

(McDonald,1960) is known to agree fairly well with a linear 

law over most ( but not all ) its working range. The use of 
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a non-Hookean equation of state has been considered by 

Jacobs (1953), Seymour and Varley (1966) and Olsen and 

Shapiro (1967). 

Similar to the results (4.18) we also have 

MI  1 
116  cA-570  

/f 	I I {  	girriz 	 (4.19) 

to the same approximation as in (4.18). Here, we have made 

use of the definition 

6 	E0-0-2/1, 

We can now eliminate ii/between (4.14) and (4.15), and by 

using (4.16,4.17) we obtain the single equation 

- 	feliflif  1 tekyift, 
131 	11;43/7-44 	ec:(14::+19 

+(Qo —T 1  + 2/A  kr,'„) cos 0 —ju 	+ kr.;)sine 

6%1  ar(11 	 ) 	C2111  et./ Rcf, 	15 15 	z 

  

 

(4.20) 

 

which is to be evaluated at the wall, ri=OR:41: . This 

equation can be non-dimensionalised by introducing the 

variables (4.5) together with 

 

    

(4.21) 

 

Ego' ) 

 

to give 
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1 ( iiS1)417..vik t- E.Szir-  ) 1 +- --e  lizzi,  S t tt 2110--E1) 
w 

_.-1„; 	to 
I  ., 	, 	--1 

$26 

4  ..q + 3,-._ v• ) cos 0 — --!-- (IX' 4 cur  4 E zt3-31) sin 8 ct 	r 	Es ge 

- 2. ec -t$ 1z  erl.-0 37--  T2 t (ki i e&t-7-(  ° 
1 	E T. 

(4.22) 

The slope is 

ban (3 = El; t . 	(4.23) 
3f 

The final boundary condition states that the fluid 

velocity and wall velocity must be continuous at the wall. 

Since the wall is longitudinally restrained this becomes 

# LA) 
al

UtEtk%----  0 

We note that the first condition of (4.24) is only appli- 

cable to viscous fluids. If, at a later stage, we wish to 

examine the model of an inyiscid fluid then this condition 

must be waived. 

The problem that we are interested in is the small 

disturbance low frequency limit defined by 

E4.4. i and S « I 

The equation describing the surface motion of the tube, 

with the fluid velocity defined, is given in its full 

generality by (4.22), within the framework of thin shell 

theory. Applying the limiting procedure to (4.22) and (4.23) 

we obtain 
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and 

e- srt 	o(g) 

: 
\z  

lz;
s 	

e- 	qtr + 2.-tri 04E1) 
e  

	

NI 	EV 3  I I 0 	kr )(% — efizz )- — 	Ell r  + E z.trok 	6  1 	135  , 	r 	2. 3f. ge  

(4.25) 

4.26) 

zi  
—20-TES 	 ft; 	357r  11 S41 1- 0 Vs+  Ce N3ESc, IlleA 

qt. 	go 
on r1=I+Eit 
where all the different types of error term have been 

written in the order of magnitude notation. 

It is interesting, and serves as a check, to note that 

if the limit ii-9- 0 is taken, and the remaining dominant 

terms in S retained, then (4.26) reduces to 

2T C 	'a ft 	0 • 
a 	

+ 	
aiz/ if 3r 

(4.27) 

This is an equation for 1L( ) independent of the fluid 

equations. The equation is the high frequency infinitesimal 

disturbance limit of the problem, and two solutions are 

waves ( travelling in opposite directions ) at a dimensional 

speed 

The appearance of 6 here is due to longitudinal tethering 
with non-zero Poisson's ration(6). If air is zero, then the 
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wave speed becomes 0  . This is the classical result for 

wave propagation in a bar of modulus E and density e„( see 
Coulson,1965 ). 

It is now clear that the problem as defined by the 

system of equations (4.9 - 4.12,4.24,4.26) bears many simil-

arities to the two dimensional channel flow. The important 

difference, apart from the flow being axi-symmetric, is that 

the fluid surface condition is vastly more complicated. For 

the channel flow it was simply that the surface be a free 

surface. 

When y and t" areof order unity, and both E. and S 

are small with ee large, a set of eauations similar to 

those due to Burns (1953) for the channel flow are obtained. 

This indicates that 'dynamic' waves exist in this problem. 

Likewise, for large enough .3(  and t , &ft of the viscous 

terms domina#e and a 'kinematic' wave theory is derived, 

again similar to that for the channel flow. Finally, also 

in direct analogy to the water wave problem, it is possible 

to scale in such a way as to produce the terms which lead 

to both the dynamic and kinematic waves ( see 1.3 ). Since 

the damping is obviously positive it follows immediately 

that the dynamic waves can be shown to decay, leaving the 

main disturbance travelling at the kinematic wave speed. 

Due to its very close similarities to the work of Chapter 1, 

the analysis is not presented here but the individual forms 



on r = (4.29) 

of the two types of waves will be examined. 

The particular types of waves are most conveniently 

produced by considering the two separate problems given by 

S4:4 1 p Ve. 0°; 	I: fixed, 
S441 , et  = 0(1); 	fixed ( for 

near-field ). 

These two limiting solutions will be given in 	4.3 and 

4.4. 

4.3 Small amplitude, low frequency inviscid limit -

the dynamic waves  

By making the approximations indicated in (i) above, we 

are left with the following dominant equations 

U 	LT 	+ 11.1‘r 

(i) EC I 

(ii) € 

LA 	+ 	(3-  Lr) r 	r =o  
together with the boundary conditions 

Q, 0 (4.28) 

and 

kr= %A va 0 on I= O. 
Where appropriate, the errors involved in the relations 
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(4.28) and (4.29) have been put equal to zero, so that we 

have performed the limiting process: 

oo ; 	—fib° . 

The no-slip condition at the tube wall has been waived since 

the fluid has been assumed inviscid, and thus II(r) can take 

any general form. As we see, the set (4.28,4.29) are exactly 

analogous to those obtained by Burns (1953), and thus we may 

seek ,a steady wave solution as a function of r and X9r-Ct 
only. X is a characteristic co-ordinate and C is the 

(constant) wave speed which is to be found. Using these new 

co-ordinates, it is a simple matter to combine (4.28) and 

(4.29) to give 

where all but the kinematic condition on r--zt have been 

applied. This relation can be integrated once 

f r  
= 2 I 	(tC`c) 	r r  , 	z  %. r 

0 
(LI - 

where kr = 0 on r = 0 . Now applying the wall kinematic 
condition we obtain 

rdr 
\„ (1,1-c)7  

(4.30) 

Expression (4.30) is the axi-symmetric form of the surface 
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condition given by Burns (1953) and serves to define the 

propagation speeds, C in.terms of the shear profile WY) 
If this profile is Poiseuille, then from (4.7) we have 

 

[W-T2) -cr 0 
which can be directly integrated to giye 

 

  

F t jrz  * 41- 
	• 

 

  

(4.31) 

     

This shows how the propagation speed of small disturbances 

depends upon the shearliflow and the coupling between longi-

tudinal and radial motion ( when the longitudinal movement 

is totally restricted ). If there was no coupling øo) 

and no mean flow in the tube ( F z('), then we obtain 

c= II. 

In dimensional form this is the classical Moans result for 

the propagation speeds of small disturbances. Thus even the 

unrealistic inviscid approximation leads to an interesting 

new result. 

The wave speeds of the dynamic waves have been derived. 

From the two dimensional channel flow problem, we know that 

such waves eventually decay. To examine the dominant wave, 

we now consider the case in which the flow Reynolds number 
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is order unity. The same result can, in fact, be obtained 

by scaling for appropriately large 1r  and t ( see §1.2 ). 

4.4 Small amplitude, low frequency viscots limit -  

the kinematic wave  

Since we expect the main disturbance to be at the kine-

matic wave speed, we shall be particularly interested in 

the form of the wave profile at this front. For the water 

wave problem we derived the Korteweg-de Vries-Burgers eauation 

and it seems reasonable that a similar result will be obtained 

for the elastic tube. To this end we shall retain the dami- 
cz 

nant terms in both E. and 0 	and in particular we define 

CE) = k E 3 	=- 0 (9 . 	(4.32) 

This is the scaling that we have used previously and was 

first noted by Korteweg and de Vries (1895). Relation (4.32) 

ensures that non-linearity and dispersive effects are of the 

same order, and by virtue of assuming ge = 0(1) damping 

will also be important. 

For convenience we will state all the governing equations, 

but retain only the terms necessary for our present purposes. 

Equations (4.9 - 4.11) become 

t% 4. U 
4' 	IA: 	 [LI 	# W (4.33) is Re Vs R •E 
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r 74-- 0 (4.36) 

(4.37) 

on 

r:1+ El 
(4.38) 

0 U.) (4.39) 

= ul r — 0 on —  

IX + ELL= 0 

E 	+ 211— Q + te  — 

+ ItTr — lzv 1- 0 .r 	 r 

u 	tr ‘r) .2-- 0. r 
The relevant form of the boundary conditions is 

(4.34) 

(4.35) 

o‘N n The final condition,(4.39), incorporates the term tEgg;IcE  Ltr 
so that even though %1.-fi; 	, we can have Y = WA 4 0(1). 
This can occur if the density ratio ege is large enough. 

In fact, for the case of arterial flow, we note that mea-

surements give 1%1'10 ( see McDonald,1960 ), so that this 

term will be negligible. It is retained here to give more 

generality to the final result. 

A near-field solution to the problem defined by (4.33 - 

4.39) is sought as a formal expansion 

Q 	r 	) = (40(i ,br) + qi Ctf, t-, 	- • - 

10y, t; s) = 1„0 	E ort o 4.• . . • 

1 

(4.40) 

where Q u , v  , Q . From (4.33) we immediately obtain 
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Cko 	+ k)40 = 0  rt-  
and the solution satisfying the boundary condition (4.36) is 

vk0 kkAls10 

Applying the condition at the wall,(4.37), then we have 

tt(t) t  E ‘16) E Ut 0  = 0  

and since Inv) is the Poiseuille profile, we obtain 

(4.41) 

From the continuity equation we derive 

0.0  -r 07f  

and ensuring that To  satisfies the kinematic wall condition 

gives 

Lt.+ V-skor=0 
	

= 	v- 	 (4.42) 

This result is exactly as obtained for the shallow water wave 

problem. As there, we know that the asyMptotic expansions 

(4.40) will become invalid when Et-  = 0(1) since this is 
the scale of the non-linearity. Mathematically, the break-

down is concerned with the occurrence of secular terms of 

the wave equation (4.42), as is well-known in this type of 

problem ( see Cole,1968 ). 



The equations are rewritten in terms of a characteristic 

co-ordinate and a large time co-ordinate, 

= ' --ct , Et =T, 	 (4.43) 

The equations and boundary conditions now become 

Pe 	Y`t-c+ "4)1 + 0(E) Utz—v)uf +1.XV + (4.44) 

(4.45) 

(4.46) 

(4.47) 

(4.48) 

on (4.49) 

r=t+Et 
(4.50) 

?c =  (ks-  '+ 	— 1 0 ge  rr r  r rs 

Li.t 	J1.7  (cki-)r  = 0 

r  0 	on 

ZT i- 	= 0 

= 	 )#1,t 4- Etmlft. 

1101 OCO, ge 	ge 	t V N,I  2.21. cio 

O(E) 

As before, we seek a formal expansion solution 

C/k..,1"/ 	E) 	I-) 4- E. Q,Ct.T, 

E) = Vko( ,-r) # E Vt, (. ,T) 4- -

where GM Lk , ‘T, Q . The zeroth order terms give 

	

Ue  t.--2FAA0 	To= --i-V- VkoTt, 	(4.51) 

and %.A00/7) identically satisfies the kinematic condition 

so that %& remains undefined. To obtain an equation for No  

we must examine the next approximation, in the course of 

which H, will not be defined. From (4.45,4.50,4.51) we have 
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+ 3.'04 — 20110  #3.(0 
" 	Qe 	 t Qe 

(4.52) 

so that if cs is small the pressure at the wall is given 

by the Hooke's law result. The inclusion of the p term 

here indicates the effect of the wall inertia on the fluid 

pressure. Substituting into (4.44) we derive an equation for 

t1/4 1 - 

[FO-c2)-  V.12. 	0.0- (-2r 0(—rF41.0 	+ 	k.ko. 

+ 	1-(10A1,), 
Qt 	s kik r 

which simplifies to give 

KRc
tA t r 	[fl/ Vkoycs/ 1i- 	 0.%  - 	? v\e„. 

Integrating once more and using the no-slip condition (4.48), 

/ s ‘r 
u 	-Irk 	+Al ‘40 - (-zie2.N1+kj--(zet2.V- K i i- ‘.(7-0 } 1.7(Te  .1  It 47r. 	Ogff  

Now using the continuity equation we can find V.'  and thus 

write it in the kinematic condition. Ns identically cancels 

leaving 

"°T# 4F 4°14 4-4.k"A0tYr ITI2T4°W4 C4‘1TfretTr 	(4.53)  

which is a single equation for VkoCric,T) . We note that if 

= 0 in this approximation, then equation (4.53) becomes 

the K-V-B equation studied in chapter 2 ( and. Johnson,1970 ). 
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If 	is order unity, then we have a fourth order non-linear 

equation to solve and'it'is not immediately obvious in what 

way the t.; term will effect the solution. We shall study 

this equation in the next paragraph using the same technique 

as employed on the K-1T-B equation. 

4.5 Steady-state asymptotic. solution of equation (4.53) 

-To reduce the equation to the steady-state form, we 

introduce 

X  = 	- 15e1- vksvo = 6 tax) 	(4.54) 

where 	is a characteristic co-ordinate in which steady 

flow occurs. Substituting (4.54) into equation (4.53) and 

integrating once gives 

(4.55) 

where tarzett  and y = 04,1„ . The primes denote differentiation 
and the upstream and downstream conditions have been assumed 

to remain undisturbed as 

1A -g.o 	for X --grib 

for X 	— oo 

This latter condition can always be applied in general since 

,any amplitude factor is automatically.incorporated into the 

amplitude parameter, E 



Equation (4.55) can not be integrated further and con-

sequently it is impossible to ascertain the form of the 

solution in the phase-plane. However, for ii<4: I we expect 

a solution similar to that obtained for r= 0 in chapter 2. 

To this end we shall seek a solution as a tlowly varying 

cnoidal wave and in particular note the effects of the wall 

inertia. 

_Before embarking upon the asymptotic analysis it is 

worthwhile examining the form of the solution as 74."'"-°Q  

( where the profile is expected to be oscillatory ). This is 

most easily accomplished by writing 
o101( 

where 	and 0( are constants. Substituting into (4.55), and 

neglecting exponentially small terms, gives a cubic equation 

for ok 

0(2  + 	4 (0( Voj) • 

For 4 44  i 
	

the roots can be written as 

+ 

and we note that the oscillatory motion is given by two of 

these roots. If the oscillations are to be damped (stable) 

as 	-4bP —00  then we must have 

)/< 



If r=Lp , the oscillatory solution is neutrally stable. 

The condition for stability can'be expressed as 

to  e e,,12.  < 

ET 

which states that the inertia force associated with the 

motion of the wall ( e.,(00z  a. ) must be less than the elastic 
force due to the extension of the tube wall (EV(/‘: ). This 

is exactly the restriction deduced by Jacobs (1953) from a 

linearised analysis of the problem with a non-zero mass of 

the wall. 

Returning to the tormal asymptOtic solution, we introduce 

a 'slow' time scale, 1C:=41X( Pt4:4= 1  ) and expand like 

‘1o4) 	%No  tx,x) + a ‘,11 (x, x) 	- 

where 

1n o 04 x) a ( ) + b lx) clqactx). X ; v 001 , 	(4.56) 

See § 2.2. For a wholly periodic solution we ask that 
be periodic in X with the same period as \,, and as in 

chapter 2 we shall obtain a solution which alters from the 

solitary wave ( 1,2;-1 ) to the zero period zero amplitude 

cnoidal wave ( 1)=0 ). 

Without going into the details, we observe that the 

zeroth order equation is 

‘nox% 	‘‘‘,0•0-  t) 



and if (4.56) is to be a solution then 

, 	"2  

o<= 
(211 	- 	1(9 ( 2v- I) 

i7  
ma. 1/2  

V 	 ) • 

.t 

In figure 14 are given the curves of the upper (cki-b ) and 

lower (cl ) envelopes of the oscillation as functions of 17, 

obtained from (4.57). We now have three relations defining 

the quantities c4(x) 	, 14,0 , 14x) . The fourth is 
given by the periodicity of \NOW. The 0(1k) equation is 

111 %xx 	2  ‘Nok,oc %1' (2Aso.") = ‘Ic'x 01°,4xx 

and for ‘N i  to be periodic in X then 

at 
04 	kOh 

cx. 	%IN  a x = 	+ y-1)-‘1,,)‘1,,,x1 el x. (4.58) 

0 

( VC(V) is defined below.) If pr-o , expression (4.58) can be 

integrated directly to give the result derived for the 

K-V-B equation. For 170i 0 , then upon substitution for \No  9 
cbc the following complicated relation for ji- ID is obtained: 

- 	s4(2v- I) + 	1 ) F 4- 2.S-44--e--(2v--1)k -0 --)))(2-1)) °11-F AV  (4.59) 
2(1+y) P- 41-(0.V 4S261) 

where 
5 zr. (1)-4— v + = 	v+ 	- (1-1)V-/,) 
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(4.57) 

0 

otx 
dv 



Figure 14 - Upper and lower envelope curves for the 
theoretical oscillations 
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(•v-0($v7--- + u 	v)01?4-15--v + 

and 

dk E  ki-Ok 	 , 
AV ~ 2v (3-0 	AV 2v • 

Finally we have kb)) and E(Y) , the complete elliptic inte- 

grals of the first and second kind, respectively. 

Relation (4.59) has been numerically integrated for 

y= 0,1,1 and the results are plotted in figure 15. The boun- 

dary conditiono applied to V is that V=I at x = O . v 
must then approach zero as 	-00. The critical value of 

has been computed since it is possible to demonstrate 

that the profile still decays, although not exponentially. 

This is seen if we consider (4.59) as 

	

AV 	+ gvZ 

where 6,0 is a complicated constant. Now if 0.‘, r< I then 

esc [0-'0 x.1 - o0, 

but if 	then 

For 1j, 1  the theory predicts an exponential growth in V 

as x--0-00  and corresponds to instability. This result is 
unacceptable. The computed results in figure 15 certainly 

show that even for y?..:1 	approaches zero as X"`"" 0° . 

nq 



-10 

Figure 15 - Curves of V against X. for various y 
obtained by numerical integration 
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The case of 1=0  is exactly that given in more detail in 

chapter 2. 

The matching of this asymptotic theory to the pertur-

bation of the solitary wave, and this in turn matching with 

a simple exponential decay, is expected to follow directly. 

The details are not presented here but the results follow 

the lines of the analysis given in §2.4. 

4.6 Conclusion  

A theory has been presented for the propagation of small 

disturbances on a fluid-filled elastic tube. The tube wall 

has been described by the thin shell theory of Timoshenko 

and a mean flow has been produced in the tube by introducing 

a body force. With the effects, of shear in an inviscid flow, 

a comprehensive expression for the propagation speed of 

small disturbances has been derived. The relation is 

cl  t 	32.  

2't 

and is analogous to the water wave theory of Burns (1953). 

The appearance of 

the,tube wall was 

wall material was 

no mean flow and 

the wave speed, C 

1: ( = (1-0-2)-1) is due to the fact that 

totally restrained longitudinally and the 

of non-zero Poisson's ratio (c r). For 

, the above integral relation for 

gives the classical Moans values ( when 

lZf 



put into dimensional form ). 

For inviscid flow, the shear profile II(r) can take any 

form. However, for viscous flow described by a Newtonian 

stress law, the mean profile must be that due to Poiseuille. 

If the flow Reynolds number is fairly large, the disturbance 

moves at the dynamic wave speed ( C.  , above). These waves 

will decay as in the case of the two dimensional channel 

flow: The main disturbance is then left to travel at the 

kinematic wave speed. The form of this wave has been examined 

by considering the Reynolds number to be order unity. 

In the 'far-field', non-linearity becomes important and 

it has been shown that a fourth order partial differential 

equation can describe the wave profile. Without the fourth 

derivative term ( small wall inertia ) the equation reduces 

to the K-V-B equation studied in chapter 2. Using the same 

form of averaging as employed there, an asymptotic solution 

is obtained which again is a slowly varying cnoidal wave 

( in the steady-state, for small damping ). The effect of 

the wall inertia term is examined, and it is shown that a 

stable profile can occur only if 
IZ e00  RVEz 	. 

In the case of the 'less than' being applicable the stability 

is asymptotically exponential. However, for the equality, the 

stability is only algebraic 	7c.....10-04 . These results 

1ZZ 



confirm the simpler linearised analysis presented by Jacobs 

(1953), and also indicate that for arterial flow ( fie ti  1 ) 

the profile is stable. 
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Appendix I  

The two dimensional channel flow analysis presented in 

chapter 1 was somewhat restrictive in that it assumed a 

Newtonian stress law. Such an assumption, as we have seen, 

immediately leads to the conclusion that the mean uniform 

flow must be a Poiseuille channel flow profile. It is known 

that many observed velocity profiles are considerably differ-

ent in practice since the flow is turbulent. The work that 

has been presented in this thesis is, of course, for laminar 

flow. However, it seers reasonable to ask if the stress law 

describing the fluid can in any way be generalised so that 

other mean profiles are predicted, without necessitating 

analysing the full equations of turbulent motion. 

If such a generalisktion is possible, then the far-field 

region can be examined to see if the K-V-B equation ( or one 

similar to it ) can be derived. It will also be possible to 

average the equations by integrating over the depth of the 

channel and comparing the results with the work of Lighthill 

and Whitham (1955). We have mentioned that Lighthill and 

Whitham assumed that average equations described the flow, 

and used the Ch6zy law to give the friction on the channel 

bed. With the more general stress law, it may be possible to 

produce the same type of behaviour as predicted by the Ch'gzy 



A.1 A. generalisation of the stress law 

The equations of motion for an incompressible fluid can 

be written as 

olLe. 
ot' 	axt. ax; `I 

-?t-r4 L , 0 
"B7ci, 

(A.1.) 

where tensor ( and summation  notation have been used, and 

the primes denote dimensional variables. The stress has been 

written as  

er-4.
/   .. ::. - c i 	

+ i  L 

	

8- 	a -• 

	

LI 	 (A.2) 

where 4:i  is the deviatoric stress tensor. For symmetry 
and no motion we must have 

A Lil z-' a ilk 	d" O. 	 (A.3) 

Now provided that (A.3) are satisfied, and that d`1 
also also satisfy two axiomatic conditions, then . d- f. I  can take 

any form. The two axioms, often used in continuum mechanics, 

are that the equations of motion stay unchanged under rigid 
h l 

body translations and rotations. This implies that a.. can 4 

not be a function of Ul or 04 where CA)4j is the vorticity 

tensor. In particular, it may be a function of the rate of 

strain tensor 

tz7 



,k4i ) 
21/4)x; 	"%(/ 

which is automatically symmetric. We note that the classical 

Newtonian theory is given by 

4 ' 	1A 	("1.1:c 
I iikt 

-213i ax4 
where Mgra  is a constant rank four tensor. In this more 

general analysis, we shall assume that 

(A.4) 

(A.6) 

and ,thus exclude the possibility of ati being dependent 

upon derivatives of the rate of strain tensor. 

For simplicity, we shall restrict ourselves to the two 

dimensional case, 	= 1,2. If the body force ( 	) is due 

only'to gravity, then we non-dimensionalise using (1.8), 

together with 

74c. . /.. 4 pc , „— 

where iict) is an odd function. Cis the characteristic 

velocity, 43W, , and jtA is now a characteristic 'viscosity' 

enabling the non-dimensionalisation to be performed. The 

equations of motion thus become 

(A.6) 



(A.7) 

where 

. 	'Ca) 	and 	zay +1-7. -}!) 
	

(A.8) 
By virtue of the scaling (1.8) and (A.6), we assume that 

the parameter S only appears in (A.8) where explicitly 

indicated. Any constants of proportionality are to be order 

unity, independent' of S . Since 1(44) is an odd function 

the use of the continuity equation gives 

pa 
clki7c) ` ay 43G- 

"ai
i)
r% 

so that 44 	0  . Hence with the restrictions outlined 

above, b6th f and 1 may be arbitrary functions. For the 

following analysis, both 'F 'and I will remain unspecified, 

but we will assume that Taylor expansions exist of these 

functions, 
f(oci. 	+CA) -t. F f'(0)  

cA(80 = 9(0) 4- 0( c5' Co) f • - (A.9) 

For all non-dimensional quantities, primes will denote 

differentiation with respect to the appropriate arguments. 

We expect that both + and 9 
 will satisfy the physical con- 



dition that stress is a positive function of strain, so that 

in particular 

f(0) = co) O. 
(A.10) 

It is now possible to examine the solution to the 

problem of chapter 1, by seeking the kinematic wave solution 

and then the non-linear form in the far-field. The boundary 

conditions can be written as 

on 	tAlr- 0 

on 	(A.11) 

+ In 

3 
I 	ge 	SIIIN,t) 

(1— S,V1‘) f — VI% "="- ° 

Without going into details, we shall firstly find the uniform 

flow solution, then the kinematic wave (near-field ) and 

finally the far-field non-linear equation. The dynamic waves 

exist for this problem, being the solution for q474-00, and 

they still decay for ge,'0( positive damping ). 

A.2 The uniform flow 

This is the solution for 

whence we obtain 

via 



+ 	4-5  
Re St  ay 

with boundary conditions 

(I =° on 

	

UCt3)=- o on 
	r. 0 

Defining, as before, the Froude number to be 

°Let S2.  = 0(1) 

then we have 

4(4 110= c(i- 4). 

(A.12)  

(A.13)  

This equation can be solved, in principle, to derive U15)  

for + a known function. For example, the classical Newtoniari 

theory is 

=Fly   - t.12). 2 I U 

We shall now perturb this uniform flow by introducing the 

amplitude parameter, £ 

A.3 Near-field solution - the kinematic wave  

We seek a solution of the form 

ntj) 	£ 	Cr. 	%.? 	= 1 E. 1-11+Ee 

where E <4,  t , and also assume that S = ICE , The variables 



0 

are expanded 

	

(xyllb'; E) 	4o(x01, 	+ E Q, tx, 1, 	- 

	

It; r; e) 	10(x;1a e 	- - - 

where gEtk, cr 	Q . Substituting the expansions into the 

full equations and boundary conditions, and expanding the 

two stress functions, we obtain the zeroth order: 

u~y f'(21r91 

kkox 

tko =tiro = 0 00 

plot t u1,0„„. 

vka-u"4'ez-u9 u40.1-Fic410 =- 0. 

A.14) 

on 

It is straightforward to solve this set to give 
4flo A. 1 / 

ctIA 	fufl )‘) 	0. 	0fict-to iviu9 
(A.15) where 

and 
	

)(9 

I 	al2.  A 4 11 	0 
116)—EtTqff°0) \ 0 0 f•Ltu ltol 

indicates evaluation on 1=1. Clearly, so that 

the integrals give us no trouble, then 

o 	04 1.  t)4 (A.16) 

This we expect to be satisfied for a positive stress/strain 

13Z. 



(A.20)  

(A.21)  

- {- 
Re 	

ot
° 

 tko 	4- -1- Lk 

law. From the definition of II(4) , A.13), we observe that 

do, 
so that the kinematic wave speed is 

( k = Int) av-.c 
I 41 

 
vatil 

(A.17) 

which is positive definite for tt() >10, f",., 0 

A.4 Far-field solution - the non-linear wave 

To observe the effects of non-linearity and dispersion 

on the kinematic wave, we introduce characteristic and large 

time co-ordinates 

X—Ck t E t = 	(A.18) 

The Reynolds number, g4 , will be kept fixed independent of 

the limiting process E.-qw 0 Assuming the same expansions 

as in the near-field, but now as functions of (I,1-,1), 

we obtain the following problem for tki, 	I • 

cit)k #11've, 4110 + 	( - 	{‘LI41 + ktf 1 I  U2  
Y ;Vidl 	1 j c 1, :Fie 1 (A.19)  
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on 

"4 Ile+ tiglkil  U + VOX 1- 01,:cti+ 1401  '1= 0 

1- sr, loT v40101  1.-ktx — c-kh,4-1014-11-i 

it t—Auoi  

(A.22)  

(A.23)  

on ty---I (A.24) 

(A.25) 

" 
	f 

1  A The argument of 	, f , t is IX throughout, and 9(9)2--ct. 

The zeroth order is given essentially by the near-field 
a 

solution, 

et A 
o 	 ci t  LS  tk 	2..C.1c, 	 aCI t 

	0 f e  

 

(A.26) 

where LW-) is undefined. 

From (A.20) and (A.23) we obtain 

EL, 	ifeloTs[C-0 -1) + kflo -2.4 cal 
of - 2 foil 

 

where all subscripts ( )0)  indicate evaluation on tv="1 . 

Substituting for Qo  into (A.19) and integrating twice with 

respect to (1 , together with the boundary conditions (A.22) 

and (A.24), gives 	
r 	cl PI 	 00/ V4 _ rto  cc5  kT-1/ 
a 	

t 	flo 	4. agek 	Re 	0 3030 f' 20tic 	of° 	(IX )0 	0 

2;v10‘c0ticorcolicofi+ 	+ eottrMVO + 4c?, 

2 6itr 	 " 2  )1(411).- 2-e• 	(t)  Ati,T) clo ?t f f 	 °)b ff 

+ 



where 
cl1)2  

Aces 1-0 - 2'F 	Ck)((  f  i- f41
e 
 cle 	- to l 0 „  

_ !1°   ctker-t) .1.46,f colt -24F CV, -aft,3 	 Uhr Cc 	 -11- o o f 

{-("Iste+ Iza  IX 1") - CloIX 114  2- f  
P-10)f " + Pz1z. 

	

21/ek 	Utz 

It is now possible to integrate once more with respect to ‘i 

and using the conditions (A.22,A.25) we derive a single 

equation for 1. ( 7,r  identically cancels ),  

le,T  1- 2F? 4.10-t  1*-  F kelt love 9e k  r glovi 

which is the K-V-B equation. The coefficients are given by 

-19(F 	Ix: +10) + 	11(±;,)} 

	

0  = ' 	 I 
-) 2F f ug  2P 

[1{16 	." 4169 1-  2..0 —4-2-4°)ICY)+4041,14)14-24 3.1 I 	f 	 f' 

r (k 
-tx,,,I z 	r ,:I re 	_ 	 _  

) 	f 	T1 /4 	" 	 f 

	

(Ck- IA-W) [4 P(tt -GO 3 - 	IC3)1 2F 
where 

 

) 	(44 c30 	11(0 c !al  
0 



As a check, it is a fairly simple matter to take the classi-

cal Newtonian theory 

{ 	= 	; 1n-1) = kts- ILO ; 
which gives 

r=-.0-2--
s- 
F2) 

3 
(See equation (1.62)4 

We have thus shown that the Korteweg4de Vries-Burgers 

equation is valid in the far-field even for a more general 

stress law. This is the case provided the deviatoric stress 

tensor is only a function of the rate of strain. To permit 

higher derivatives in these expressions will clearly lead 

to other than the K-V-B equation. It is now possible for a 

given mean velocity profile ( that is, a given f  ) to derive 

the appropriate coefficients f 	4111 	r . In conclusion 
it is worth noting that any bound on the Froude number is 

now given by the general expression 1 1110  . 

A.5 Average equations and a generalised stress law 

In thisfinal paragraph, we intend taking the equations 

of motion for the fluid,(A.7), and averaging them formally 

across the depth of the channel. The boundary conditions 

are as given in chapter 1. Clearly we hppe to derive a 

solution to the problem ( the surface disturbance ) by only 

using averaging and boundary conditions. A knowledge of the 
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fine detail, it is hoped, will be unnecessary. Lighthill and 

Whitham (1955) assumed such average equations and managed to 

derive a single equation which described both the dynamic 

and kinematic waves. 

The average equations will be found by integratlng the 

local equations across the channel, and we will drop the 

bar notation of (A.7) for convenience. Hence from the conti-

nuity equation 

~x d y 	0 

where us= ‘a (Xr t) is tIA surface. But 

t. 	x on 1 

and krO on ‘l•-z- 0 , thus 

:1\A3iL 411 	%1 	i" kAti lfIN:=L 

where kAL:z kl(1,16140 . Now transposing the integration and 

differentiation, 

) U ckkl 	LkOn t 2-- 
ax o 

and if we write 

 

(A.27)  

(A.28)  

then 

ht, # 04,-= ° 

13 

0 



and the bar notation now implies an average value across the 

depth. 

Likewise averaging the X. -momentum eauation, and using 

(A.28), gives 

‘A  [1:c +-(7-1- t-A2) . + 1‘Ix  LL7-- a2)1 + ix  ay  
%, 	 0 

o6N ir 

and only in very trivial cases ( e.g. Ci = constant ) can 
--2 ,e. = Lk . We now seek an approximate solution to this 

problem as a perturbation from mean conditions as measured 

by the amplitude parameter E 
11 t3) 	E " ° 

=1_y 	- - 	/ 	\.% = 1 t E 	- 

From the 1 -momentum equation we immediately obtain 

?el  

and since Q =-0 on 1=-\fl we have 20 = to . The average 
velocity is now given by 

	

(VA.  E Lk. 	At) 
0 

+ Etio  + OCE2) 

117 r--  \ [114 Elk, 
‘A 	 Tal 	t 2E-a 
a 	 0 

z_. 	E Ukk 	0(E.,.  

N. 

I 
ocAx Al 4  iv[fl 

vl 
0 1  

‘,1  

tA, MM. 
411•••• 

and 

(A.29) 



Substituting in (A.29), and keeping only the dominant terms 

( including viscous ) in the limit ge-+- 00 	0 	then 

r 11  
tio 	E XXL40 — CCL) elo( +Ix -LT2 	J- ) 01.0tErwi- L+.1 

x 	r 	 Red° 
It is now clear, without analysing further, that the average 

momentum equation invdaves not only knowing UN( which is 

assumed given ) but also L101X,1,0 so that the average jao  

can be found. Such knowledge can only be obtained by a 

detailed analysis of the problem along the lines given in 

chapter 1. Hence we must conclude that the status of the 

eauations used by Lighthill and Whitham (1955) can only be 

those of 'model equations'. However, it should be added that 

we could assume that Tic 	was of the form 01,0  , say, 

where 0( is an unknowrconstant. This enables an equation of 

the type found by Lighthill and Whitham to be derived. 

If we accept the equations of motion given by Lighthill 

and Whitham, then we may briefly examine how the Chgzy law 

is constructed, and compare it with the Newtonian stress 

law ( or the more general law presented here ). Let us 

consider the mean Poiseuille channel flow as predicted by 

the Newtonian stress law. In dimensional variables this may 

be written as 

271A
11(2‘A-- ti) 

I X 
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where the motion is produced by a constant pressure gradient. 

Using the continuity equation then 

API = 	1— .2fr1/4  
and with the surface condition 

(x, 	t  u.L,c,\a, 

we obtain 

\A t   

This equation immediately predicts the kinematic wave, and 

can be linearised if we consider small disturbances ( 	) 
from the mean height: 	‘‘ .11. 

A—lettl‘lzolx= 0. 

However, we may also introduce the mean velocity 

ctx 	3frt  AA_ 

so that 

\A t  4. 3 a 1nx  (D. 

These results may now be compared with the similar 

analysis for a Chgzy friction law. If the wetted perimeter 

of the channel is L , and its cross-sectional area A 

then we write 
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force/unit length = L  (JA-4'?"213 )1 yo 
_ L 
- 	taxi 

But we have an average velocity CI , 

Force/unit length = 

and if we further note that 
oc 	

( exactly true for a rectangular channel 

then 

A 	ci. force/unit length 3u ]Lt. . 	ea .  
11-2.  evz  

For a Chgzy law the Reynolds number defined as 

e" 

is assumed constant, and if the motion is produced by a 
constant pressure gradient ( or gravity ) then 

Ce0C h. 
Using this relation in the exact average continuity equation 

(A.28), we obtain 

3....c01" =0 a  
which is the result used by Lighthill and Whitham (1955). 

It is now evident that if a more general stress law is 

used (e.g:e(itO) then the' kinematic wave equation 

‘,1 	krA\1 =o 

14? 



can have any appropriate wave speed ka . In particular 

we could choose the profile which would give the Che-zy law 

results formally, without necessitating the use of average 

equations. In other words, we model the turbulent behaviour 

of the flow by using a non-Newtonian laminar theory. This 

approach then replaces the use of average 'model' equations. 

14z 



Appendix II 

In figures 16 and 17 is given the print out of the pro-

gramme used for the integration of the steady-state 

eouation, on the Imperial College IBM 7094 computer. The 

technique used was a predictor-corrector (fifth order) scheme. 

Having read in the appropriate data for the run, the programme 
/ 	II 

computes the first four values of 1 ,109 and y CIO using the 

asymptotic expansion for the perturbation of the solitary 

wave ( given in equations (2.24,2.25) ). With these first 

four values, the next value is predicted and then corrected 

upto a specified accur'acy. This is then repeated for as long 

as is required, always using the previous four values to 

compute the next. 

The beginning of a typical print out of results is given 

in figure 18. The first line gives the relevant data for this 

particular run: H= step length,J= number of steps,X0= starting 

value of X ,C= damping parameter, y . The first four lines 
are the co-ordinates and the function values calculated from 

the asymptotic expansion. The rest of the results are ob-

tained from the predictor-corrector routine, where the co-

ordinate, function value and its first derivative are tabulated. 

The integer in the final column gives the number of iterative 

loops completed in the corrector sequence to reach the re-

auired accuracy. 
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