Errata

Alterations in the text have been underlined.
p.16,para.2,line 3 : ...Tayloftprofile...
Ada footnote:+This profile was first derived by Taylor,G.I.(Proc.
Roy.Soc.A,84,1910) and-is the steady-state solution

of Burgers equation.

p.18,para.2,line 3 : ...procedure by choosing a new Reynolds number...

p.80,para.2,line 9 : ...radius of the tube ( measured to the middle

surface of the wall ) and...

-1
p.86,para.2,1line 5 : ...non-linearity on the time scale of & will,..

p.88,para.l,line 11: ... Z - 0 , and by the method of characteristics

the solution is...

p.98,para.2,1line 7,9,12 : To eliminate confusion with the longitudinal
slope, tan ©, in equation (4.15), replace € in Tg,
Me, 1;Geuui’geby jﬁ( the angular co~ordinate for
the tube ). Note that the subscripts used here

denote directions and not derivatives,
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Swmary

The work described in this thesis is concerned with the
ﬁropagation of waves in certain fluid systems. To present
a theory for propagation on a fluid-filled elaétic tube
( 2as a model for the mammalian artery ) it is first necessary
and instructive to consider the classical shallow water wave
problem. In Part I, this is discussed in some detail for a
two dimensional viscous flow moving under gravity. The role
of the wvarious waves 1is examined, and conpared with the well-
known one dimensional fheories., For small disturbances, a
far-field asymptotic expansion is constructed which, in the
first approximation, gives an equation incorporating non-
linearity, damping and dispersion ( the Korteweg-de Vries-

Burgers equation). This same problem using a non-Newtonian

stress law is discussed in Appendix T,

This new eguation is examined in the steady-state, and
for smgll damping.a two-time asymptotic solution derived,
The solution describes a surface profile which slowly changes
from a sditary wave to cnoidal wave oscillations at a higher
level, These waves décreﬂse in amplitude and period so that
eventually the surface level has changed, as is observed in
the undular bore. of some rivers. The asymptotic solution is
compared with a numerical integration of the equation, the

agreement being excellent as the damping coefficient approaches



zero,

ilaving reconsidered water wave theory, and incornorated
two dimensional =nd viscous efiects, the nroblem of wave
propagatlion in an elastic tube illed with flﬁid is discussed
in Part II. As a first simple theory, the inviecid »roblem
with a Hooke's law describing the itube well ( which slovly
tapers ) is exsmined. The flow is assumed to have no shear
across the radius, and the initial disturbance is swall.
Hovever, eventuslly non-linearity becomes important =né snocks

may form. The results obitasined agree vith Whitham's theory
° b Y

for promagation in ray tubes of varying area.

The final chapter is concerned with a Lar riore realistic
model for the tube. The wall is described by Timorhenko's
thin shell theory snd the fluid is sssumed viescous., 3y teth-
ering the outeide of the tube to restrict all longitudinal
motion, and producing a flow by means of a body force, %n
examination along the lines of Part I is presented. Thére are
many voints of similarity, but a far-field theory vroduces
a fourth order non-linear egustion if the density of the wall
material is large enourh. This ecuation is discussed as in

Part I and 1t is shown thet an instability can occur.
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Notation

Only non-dimensional physical varizsbles sre listed ( excent
vhere otherwise stated ), and the appropristie non-dimension-
alisation is given in brackets,

Part T

€ - density of fluia

M~ viscosity of f1luid

\?=/”/C - kinematic viscosity
L - characteristic wave length
W~ undisturbed deptﬁ of channel

3 .79)- components of sravity
$) i o

€ - amplitude varameter of motion

I - co-ordinate along channel bed (k)

Y - co-ordinate upwards from bed (h,)
- . L

t - time co-ordinate (- Igzs,'o)

W, t) - disturbed surface profile (h,)

<l

- X-component of velocity Q@;b

G - Y-component of velocity (%ﬁ;b

Q ; nressure relative to atmospheric (692R)
UMW . mean velocity profile (‘/«5;,‘0)

W - velocity perturbetion, A= A{Y)+ EU

¢ _ velocity perturbation, U= EV

¢ - pressure perturbation, P =174 * €f



“L - surface verturbastion,nh =i+ €

S = o/ 1. , devtih parameter
/

oA =%'i7gzhc, effect of slope

Re ="[_'

_52."3‘;1.‘, flow Reynolds number

2
£ =a¥ e, Froude number

C =¢, €, Burns pronagation velocities
4 - reneral small par‘:imefer
< = 3,
Q= Qe/[,
X=4x ) '
T -4F i new scaled varisbleg
V =Y/
}\ = @Qg%z)-' - parameter giving effect of viscous term
ts: X~¢T ,X= T , characteristic co-ordinates
T }"/zT '\
-
Y = \j>\ L boundary lsyer sceling
V- VA" j

V=-£5%
HET) =~ £1G,T)
T=¢T

Wk~
L= Wy |, I,= L0

T':: 2F Z/KT



Y
\'§'= 2k %
'l - i / "'!_'v‘» R R LT lgte e
S .-:\rg‘ :Jirlcor!)/{/z/fu - steady-state varisble
=R fen (i~ 2 2y
Q|—'3-‘:_‘/ 2 STF )

v(s) = ﬁ\;' 115)
S
Y =2R, /Z/,lw - steady-state damping parameter
o = B’S

crmy, 3N, 40, Jacobian ellintic functions

o)
bie) L
ANT)

N
{ defined by vis)= ale) + b(e) < ["((O')rsj”\c')j
Yig) |

Part I1I

€ - densivy of fluigd
M - viscosity of fluid
v =N/§ - kKinematic viscosity

{0 -~ characteristic frequency

Q,,: - a mean racdius

E - Young's modulus for the wall materisl
O - Poisson's ratio

T - k\_cz )“\

W\ - thickness of tube

¢, - density of tube

(Eh "
=\ AQR"’)— lo#ns propagation veloecity

M 2
l

amiplitude parameter of motion



% - co-ordinate along sxis (YY)

. ) / :
- radial co-ordlna'tev":(ﬂn)
t - time co-ordinate (})

/
€.~ undisturbed rndius of tube (Rg)
(=@, for no taper)

. o I
disturbed radius of tube (Ry)

P R
1

(]

- undisturbed area of tube (Q,(,L)

Y 1%
- disturbed aren of tube (Rg

o B ~)

- ¥-component of velocity (Q)

(
r-component of velocity (QR,)

Gi
1

? - pressure relative to undisturbed pressure (faz)
V- mesn velocity profile (a)

—

U - velocity perturbation, W = Vir) + g
0 - velocity perturbation, U = €V
¢ - ioressure perturbation, ? 2%
n - radialltube perturbation (EQ,.:)

X - longitudinsl tube perturbation (dimensional)

8 - local slope of the wall.

2
A

Qe = /Yw - flow Reynolds number

) =“‘)Q“/q - freguency parameter

X = g/vub - body force parameter

2
£ =1ad® _ wroude number

€ - wave provagation velocity

4 =Ry

\O



(3 = &‘15%,Zﬂ'

= €27
10~ 4R
S@)= € 'Ro ‘i{;
3 = 5&e)
E = b‘%f y FC , characteristic co-ordirates
T=¢b _ large time co-ordinate
Z = &% _ larpge distance co-ordinate
X = §~‘5ng - steady-state co-—ordinate
\b it ~
h(X)z F\ QLE, \)
x =4 X

ﬂb QT T moments and loads on element of tube ( see
4 : figure 13 ), dimensional
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"f%fIntroauétibani?:

Fluid flow in elastic tubes has long been studied in an -

ﬂjfeffort to gain a better understanding of the flow 1n the

”Va{mammalian arterial system. As long ago aS 1878, Moéns derived;_-fff

'ij;gthe simple formula for the speed of propagation, b of -

‘°{ pressure pulses along the tube

”?”}fwhere E ‘1 Qﬂ are pespectively the Young L) modulus, the

onl} ‘ncompressible flulds will be considered, propagationsﬂﬁf

1n the fluld will be assumed to have an 1nf1nite veloclty

ﬂthroughout this thesis.jf**]ff%;*"'

More recently, numerous methods have been employed tov»

"”’L;vexamine the fluid—fllled elastic tube. The bulk of these

‘Vi,,ianalyses are 11nearised theories, and no real attempt has
rfﬂ"been made to apply ‘the relatively new advances in pertur-

dT{bation methods and non—linear wave theory. In partlcular,,'.

'V»fan excellent study of ‘the llnearised equatlons has been '




iy made by Womersley (1957);'This §apér_considered'a simple
_ thiﬁ5She11ftheory’tofdeSCribe thé;wall-ahd'found.suitaﬁle
_corfeétidnh to the Waﬁe-velocityAandfflow'rate due to visco-

- sity, additional wall mass, boundary 1ayer at the wall and

'v_-non-linearity {( amongst many other calculatlons “}. Three

,years earlier, Morgan and Kiely (1954) took a similar model
" _‘ and examined the effects of fluid v1scosity on periodic
.‘waves.-Both-these papers.considered only_llnearised small
:distﬁrbancé”théories, and no_énaiysis was given of any
cumuigtive effects that non-linearity might be expectéd'to
produce; B |

In 1958,_Lambert'carried out a numerical integration of

the full equations assuming a simple Hooke's law at the wall,
the pressuré:dhange'at.the wall being made proportional to
the change of radius. This assumptlon is also ‘at the heart
'“of thin shell theory, but in ‘that theory the cross-coupling
of radlal‘and“longltudlnal straln are included by using a

| non-zero Péisédn‘s ratio., Olsen and Shapiro (1967) have also
integrated the fuil equationsrnumerically,'and used a com-
plicated-(ndnplinéar) wali relation. They compared their

" results with an approximate non-linear theory requiring a
.:judicious'chbi¢e of the wall relation. Replacing.the fluid

viscosity by a wall friction, they obtained fair agreement

between the(numeriéal cdmputations, their theory and some

experimental results. Unfortunately, neither the experimental

data nor the numerical integration went far enough to eluci-

13



..date the pqssible formation of shock waves in the system.
Pinally, Seymour and Varley (1966)[weﬁt one stage further
and included the effects df viscbebsticity. They developed
a nhon-linear Wave theory, with a tube taper incorporated,
and used an empirical integral relation deﬁiﬁing the wall-
pressure law. The final conclusions of‘the paper give some
general comments on the peak pressure pulses obtainable in

such fluid-tube systems.

The work described in this thesis uses standard pertur-
bation methods to extend the knowledge that can be obtained
about fluid flow in an*elgstic tube, from the theoretical
standpoint. The general aim is to consider initial small
disturbances at one end of the elastic tube ( assumed semi-
infinite ), and to study the consequent wave motion along
the tube., By small we mean to imply that initially the
dominantreuntions of motion are»linear,.but any cumulative
effect.of,non-linearity will be included causing the wave
to eventualiy steepen and form a shock front. The steepening,
however, can be limited by the presence of damping and/or
dispersive effecﬁs in the propagating medium. Such effects
are common features of non-linear wave motions and mignt be

expected to be present in this particular physical situation.

Unfortunately, the complexity of the wall boundary con-

ditions for the elastic tube makes the analysis rather com-

\4



plicated and tends to obscure the-basic features of the wave

motion, Initially, attempts were made to simplify the problem

by ad hoc or empirical approximations which, although leading

to qualitatively correct descrlptlons of the flow, were re-

garded =as unsatlsfactor . It was reallqed novever, that a

similar problem to that posed by the elastic tube was the

motion of water waves on a two dimensional channel. The

surfaée boundary conditions in this case are much simpler

and the essential structure of the wave propagation easier

to demonstrate. With this in wmind, the water wave problem

is re-examined in Part I of this thesis and some new results
3

are derived, The same techniques are then applied to the

elsstic tube in Part II and many similarities will be noted.

The classibal theories of water waves in channels (Lamb,
1958)-léad to two distinctly different types of waves, One
is the well-known discontinuity in surface lewel and velo-
c1ty, often referred to as the 'hydrqullc jurap' or ‘bore’.
The other is a non-linear oscillatory motion described
mathématically by_one of the Jacobian elliptic functions
Iand héﬁcé célled'the 'cnoidal wave'. This wave motion was
first found by Korteweg and de Vries (1895) by making some
speéialvaSSumptions about the relative sizes of the depth of

the chanhel, the wavelength of the motion and its amplitude.



A vphenomenon often observed on rivers, especizlly during
flood tides, is that of a bore followed by a train of waves -
the so-called 'undular bore'. This particular motion has
been studied by Benjamin and Lighthill (1954) who combined
the two classical types of waves by suggesting that only
some of the necessary energy need be dissipated at the front
(bore). The rest of the energy is then transported avway by

a train of cnoidal wames.

To verify the nature of this undular bore, Chester (1966)
considered the perturbation of a fully developed channel
flow. He showed that g Taylor profile of the surface could
give rise to_oscillatofy motion upstream, but a monotonic
profilé far downsiream. This essentially describes the ob-
served form of the‘undular bore ( see Favre,1935; Sturtevant,
1965; Sandover and Taylor,1962 ). It is shown here that a
sinélebeguation can be found which describes this phenomenon

and a similar equation is derived for the wave propagation

on the elastic tube,

The pfoblem, in detail, is the study of small distur-
bahces on a fully developed (Poiseuille) channel flow moving
" under gravity;-A small disturbance will initially travel
according to a linear wave equation. The cumulative effects.
of non-linegrity will, however, so distort the wave profile
that far away from the initial disturbance the linear theory

is inadequate. It is shown that at first the wave moves, in

\b



particular, according to the well-known linear theory of
Burns (1953). In terms of the analysis presented by Light-
hill and Whitham (1955), these waves are called 'dynamic'
waves, Lighthlill and Whitham show fhat for flood movement

in long rivers their theory indicates that the dynamic waves
decay leaving the main disturbance moving aft the ‘kinematic'’
wave velocity. This theory assumed a one dimensional flow
together with a Chézy law for the friction on the channel

bed,

The present work confirms that in suitably scaled large
time and distance co-otdinates, the disturbance does lndeed
travel at the kinematic wave speed. To verify that the dynamic
waves decay, the full equations are scaled to produce the
appropriaté terms which describe both the dynamic and kine-
matic waves. These eguations can not be reduced to a single
equation as was obtained by Lighthill and Whitham (1955).
However,’it is shown here that,by making use of simple boun-

dary layer 1deas,thst a two dimensional model of the flow

gives the result that the dynamic waves decay.

Having shown that the dynamic waves decay, attention may
be focussed on the kinematic wave alone. By considering co-
ordinates moving With this wave front, together with a large
time co-ordinate, the effects of non-linearity, dispersion
and damping on the wave profile can be described by an

equation of the form

\7



| U *+ 11)( X ixx = PUlxx -
This is called the Korteweg-de Vries-3Burgers (K_V;B) ecuation.
In the limit A —=> O the equation reduces to 3Burgers eqguation
(Burgers,1948) which can be solved exactly by reducing it to
the heat conduction equation (Hopf,1950;Cole,1951). The
steady-state solution is the so-called Taylor shock profile,
If the limit >0 is tsken then the equation becomes that
due to Korteweg and de Vries (1895) to describe a special
class of water waves. This ecuation is only just becoming
amenable to analytic treatment ( see Miura,1970), but the
steady-state solution gives the cnoidal waves mentioned
previously. It is clear that the full K-V-B equation is
probably the simplést that incorporates the effects of non-
linearity (‘I'lx), damping ( P Uxx) and dispersion (o rlxxx)’
and as such is a very interesting equation to study in its

ovn right.

The derivation of the equation follows directly by app-

lying a formal expansion procedure to the full equations.

The maximum generality is retained in the procedure by
scaling the Reynolds nuaber in sueii & way that the dominant

damping terms remain throughout the analysis.

The K-V-B equation is studied in some detail and 1t is

\8



shiown that in the steady-state it exhiibits =211 thne charac~
teristics of the undular VYore. The steady-state form is
firstly examined qualitatively in the phase-plane so that

the genersl nature of the solution is obtained. It is then
solved Tor small damping by making use of both averaging »nd
perturbétion ne thods (Johnson,1970). The oscillatory solution
obtained by the averaging procedure is successfully matched
to a perturbation of the 'solitary wave'. This vave is well-
known in water wave theory and is the non-oscillatory limit
of the cnoidal wave. The final solution is then a2 wave of
varying period passing through all the types of cnoidal wave,
from the single solita}y wave to the zero amplitude zero
period cnoidal wave. The peak envelopes obtained from this
theory are compuﬁed and compared with the results of numeri-
cal integrations of the full steady-state K-V-3 equation,

The agreement is such that the asymptotic theory for small

damping ( danping parameter -—= Zzero ) is fully confirmed.

A closely relsted problem to those discussed in this
thesis is the study of weak shock profiles in nearly colli-
sionless plasmas., Such flows have much in common with
classiczl water wave theory, and Grad and Hu (1967) have
shownvthat the steady-state K-V-B equation can be used to

describe the shock profile.

Since, in practice, many channel flows can not be fully

described by the laminar Poiseuille velocity distribution

\q



of the Navier-Stokes equations, a more general case is con-
sidered in Appendix I. With all the uncertainties sssociated
with the turbulent motion+usuglly ‘encountered in such flows,
it is difficult to postulate a satisfactory set of eqguations
to describe the motion., The main problem is to construct a
realistic mean flow, By introducing a generéliéation of' the

stress law for the mean flow, it is shown that the techni-

gues used in Part I can lead to essentially the same resultes,

Having examined and extended the work on two dimensional
¥
channel flows, the analysis of the elsstic tube is under-
taken in Part II, It is shown that many of the important

features of the water wave problem also occur here,

As an extremely simple introduction to this type of flow,
the problem of an inviscid fluid with a small uniform velo-
city profile ;cross the tube is considered. The tube is per-
mitted a small taper and the wall of the lLube is described
by the simplest form of Hooke's law ( change in radius o

change in pressure ). The results obtained are similar to

those of‘Whitham (1956) for wave propagation in ray tubes,

The elastic tube is then studied in more detail in an
attempt to construct a physically more. realistic model. The
main complication introduced in the channel flow was to in-

corporate the two dimensional nature of the flow. Bven though

20



this was done, the analysis did not prove too difficult wmainly
because thefe was a steady mean flow., To study the Ilow
through an elastic tube in a éiﬁfiér»manner it is necessary

to introduce a mean flow here, also. Now since the tube is
elastic this can only be accomplished by making use of a

body force aligned with the tube axis, Such,a éituation is
rather infrequent’for the human arterial-system since pressure
differences play an important role in this type of flow. The
effect of a pressure gradient being the cause of the mean
flow ie clearly to produce a taper in the elastic tube, This
in turn implies that a steady flow can not be produced. The
situation of an unsteaéy mean flow is a little too difficult
to handle at the present time. However, the advantages gsined
by including a stéady average flow produced by a body force
are thought to outweigh the obvious limitations of applying

the theory di?ectly to flows in mammalian arteries.

This work; then, considers the problem of a semi-infinite
elastic tube of circular cross-section, no taper and with a
steady flow of a viscous fluid moving thfough it under the
action of a body force aligned with the axis of the tube.

The wall of the tube can move both radially and longitudi-
nally, but for simplicity it is assumed that all longitudi-
nal motion is totally inhibited by some restraining mechanism
outside the tube. In tefms of an artefy, this is the well-

known phenomenon of'tethering' (McDonald,19560). This tethering

Zi



is assumed not to effect the radial motion at all., The tube
itself is described by the thln shell theory of Timoshenko
(1940) and the relevant resulus are derived here from first
princinles. The problem is then to examine the propagation

of small disturbances to this fluid-tube system.

Analyses are presented for two extreme cases - one 1for
infinite Reynolds number and the other for Reynolds number
order unity. The small disturbance inviscid problem reduces
to a set of egquations analogous to those obtained by Burns
(1955) for the water wave problem ( see Part I ). Consenuently
an expression is found®for the propagation speed of the
disturbance which incorporates the effects of a general shear
flow in the tube and suitably alters the classical Mo&ns
value, The order unity Reynolds number case is reasonably
close to typical values of the parameters encountered in
arterial'flow& For a particular choice of the order of mag-
nitude of the frequency parameter ( see Korteweg and de Vries,
1895 )‘it is shown that the main disturbance travels only in
one direction aﬁd can be described by a K-V-.3 type equation
near the frbnﬁ. These results are exactly equivalent to the

kinematic wave theory derived for the channel flow,

A slightly more genéral form of the K-V-3B ecuation is

obtained which includes a wall inertia parameter,

T * Ve * Vern= ALk * B Luxxn)-

22



TRt N e et T AR ESTESNANE e, |

3=0 corresponds to tihe K-V-3B equation described earlier.
Using similar techniques to those already implemented, an
asymptotic solution 1% derived for AL | . It is found
"that an upper limit on B is necessary to ensure a stable
profile. This conclusion is in full agreement'with the work

.

of Jacobs (1953) who also retained the wall inertia terms,

.

but limited his analysis to the linearised problem,

23



Part I

Shallow water wave theory
and
the solution of the

'Korteweg—de Vries-Burgers equation
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1. Shallow water wave theory

This first chapter is cqncerned with the wvarious types
oflsmall amplitude waves that can occur on the surface of
shallow two dimensional channels. The possible importance
of non-linear effects will not be ignored, and to this end

formal scalings and asymptotic expansions will be used.

1.1 The equations and boundary conditions

The motion will be assumed {0 occur on a viscous incom-
‘pressible fluid in two dimensions and the governing eguations
will be assumed to be %he ciassical Naviér-Stokes equations.
The co-ordinates are given in figure 1. XJ is measured along
the bed of the channel; 3’ upwards from the bed; ‘*' and kr’
are the x'—and ‘j’—components of velocity, respectively. The
undisturbed depth is W, , and disturbea W(x't), where E’
is a time co-ordinate. The mean velocity‘distribution is

!/
denoted by 0 (‘3'), and the components of gravity are (‘3' ;31)'

The eguations of motion are thus

/ r 7 ¢ 7 i " / I”
Wy + WU Tl Ei’x/- ‘3.+V(“:€>é*“53) (1.1)

4

/ r 4 ', ! r~ - u*l,: )
S+ WOy + Sy 4 Ry Y (Ut Oyy)  (1.2)

f
where ¢ is the pressure, € the density and ) the constant

viscosity of the fluid. The equation of’continuity is

Jl
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Mgure 1 - Co-ordinates and variables for the
channel flow
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f

Uy + \5}3’= 0. (1.3)

The boﬁndary conditions on the bed of the flow are that

’

no slip occurs there and that the bottom 1s a streamline,

] f/ . - O
w=u =0 on Y : (1.4)

At the surface, the surface velocity and fluid velocity are
corfinuous,
¥

> = \",b’ + \ W on u)':_ \nl(x)' L-'), (1.5)

and the stress at the surface is continuous., This implies
that the stress normal to the surface (T,) is constant
( given by the atmospheric pressure ) and that the stress

tangential to the surface (T.) is zero. Thus we have

f
ﬂ(n = constant = = ?a

f !
on 4=h(x'¢) (1.6)
T =0 9 )

where

'tn = T%")’Cosze + Txfxtsir\ze -~ Tij'sfnl 3] (l "

: ' * )
T. = Txftscc’sle + z(t'j"j-'tx%)&r\:ze
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and

< -?+2/uu '~~?+2/uu‘f

(1.7)

< ,_./u (u /+U‘) with tane h

//l-is the coefficient of Newtonian viscosity and the surface
!
tension is put equal to zero., The pressure ‘: is the pressure

of the atmosphere above the fluld surface.

It is convenient at this stage to non-dimensionglise all

the variables according to the scheme

/‘ﬂk t heh

) ‘S - i: ’

' ' uc _ ’ /
?z?"?a = 13 ,U=

can, ' AW hAw AR

where a characteristic wavelength of the motion, L. , and a

r
0
IR

(1.8)

characteristic velocity, /31“,’ have been introduced. For g
wave motion characterised by the parameter & sy We write

h=t+€n 5=u“4’ PEU,UEC, Pai-ypel

where the pressure has been written as the perturbation from
the hydrostatic pressure distribution and the velocity as

the perturbation from the mean profile, tx(j). Now writing



(1.8) and (1.9) into (1.1 - 1.7), and combining (1.8) and

(1.7), gives the following non-dimensional scaled equations: |,

A T+
U +((I1~£u)u +(U+Eu3)\r+? -g+€2€[£u + JS_Z___M] (1.10)

N
M

[Ly 4 [U+eu)\7 + EUU, ]1»?&3*“ Ut g'zmm] (1.11)

U+ V4 =0 (1.12)

A+EUu==U =0 on u=0 (1.13)

¢.=1t+(t‘I+su)7x (1.14)

1~9+ 8?:18[0:3 ' Ezézqiux\qx(tx’+£uj*ESZUX)] N (1.15)
Re U +€°8° 1) Y=1+Eq

(U+£u.3+e$ -8 ) - 2587 (Ll-“) @.1s)

In (.10 - 1,18) we have introduced the parameters

_9,L _JawL

and the primes denote differentiation with respect to Y
The parameter S indicates the 'shallowness' of the channel

and Qg is the Reynolds number for the flow.
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To obtain the fully developed flow in the limit & —>0O,

then we must have

which gives

x=F ‘_i\f)- (1.18)

This is the Poiseuille profile which satisfies the conditions
of no shear at the surface (Y4 =) ) and no slip at the bottom

(4=0),. F is a Proude number defined by

F=ad=z0W (1.19)

which serves to define the size of A so that a fully deve-

loped flow is possible with ‘F of order one | we note, for
future reference, that this Froude number is exactly the one

defined by Chester (1966),

Fa bl he JENL W
T 9,h, L2 y S’

is the velocity used by Chester to give a

2

a, W
y

stationary wave profile,

where uo=

The velocity profile (1.18) is of the classical form
when the fluid has been described by the Newtonian stress

law. A more general way of describing the stress producing
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the mean flow is given in Appendix I, which leads to 4iff-
ering forms for the velocity profile f—erp—tie—mme—sosenih
- . o A Txed e ol

1.2 The linearised problem

The equations (1.10 - 1.19) that have been developed in
§1.1 are quite general, To proceed further it is necessary
to say something about the relative sizes of the three para-
- meters & , 8 and Qe . The problem we are interested in

here is such that
£<< 1, S WD (1.20)

These statements, in turn, indicate that the initial distur-
bance to the flow is small, that the channel is shallow and
' finally that viscous effects do not dominate ( for X ang b
order unity ). We observe in (1.10 - 1.19) that the limiting
process E-= O , S ana Re fixed, leads to the full line-
arised equations; and that Re—= o© , € and 3 fixed, gives
the inviscid problem, The situation in which Re—> o gana

& = 0 Sz) has been analysed in detail by Freeman and
Johnson (1970) who derive the Korteweg-de Vries equation
for the disturbance over a general shear flow. If 8 and Qe

satisfy (1.20) and are such that

2 DU | (1.21)

20



then the 1imit £~ 0, & —= O reduces the equations to
those studied by Burns (1955) for the propagation of small
disturbances on a general ( inviscid ) shear flow. The domi-

nant equations are then

{ .
(VN = 0O
\lt_-f tr‘*:; + + Rx

S o= C; on 3: (o} (1.22)
c=n + U
: rl»t- + 'I‘)(

L= 1 ) - on Y=

7
Uy + U n =0
4 1 )
Seeking a steady wave solution of (1.22) it is straightfor-

ward to show that
. = rlLt-clr),

(1.23
Cw=Uo -c, ’

o I ‘3"‘3
W . =.
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where C is the wave speed. € 1is given by the surface kine-

matic condition as the classical integral relation

el A AL

@eT

The difficulties that arise when W = € in the range of Y

‘“1."“5 >

i (1.24)

have been considered by Velthuizen and Wijngaarden (1969).
However, for W(Y) as the Poiseuille distribution there are

no problems and (1.24) can be integrated to give

-t 24
.2_7_ z' + L tan (l) = S fora>0,%=a; (1.25)
a a4+l o Wna
and
vy Jest) 2 2 C -b
;i g/lﬂ'b—-? +bz_‘ =F for\’>\)‘é="’—z—t' (1.26)

The two roots,” €, and C, , of (1.24) thus satisfy the con-
ditions given in Burns (1953), namely that
¢,>UW=3F ana ;U =0.

We have thus seen that in the régime of the flow where X and

[c are of order unity ( and with the parsmeters satisfying
(1.20,1.21) ), the disturbance travels as two simple wawves.
These are in opposite directions and at the wave speeds given
above, €, and C; .,

Tf we now return to the full equations (1.10 -~ 1.19) and

33



rescale according to

so that A~ O corresponds to large x and £ , then for £ ,

S ana % rfixed, the limit A~ Ogives .

Wyy=©

W, .\..\/‘j = O
W= V:O.On \320 (1.28)

v=", U
" on lj=|
u‘3+u '1:0.

These relations can easily be solved to give

}/\._: F;\tj ’ V=~F‘lx.:2-\3

(1.29)
where

= x-F7).

The wave described by (1.29) was named the 'kinematic' wave
by Lighthill and Wnitham (1955) in connection with a study
on the flood movement in rivers. By assuming a one dimension-
al motion and including a friction term given by a Chézy
lawt Lighthill and Whitham construct an equation which in-
cludes all three provagation speeds ( denoted here by €¢,, C,
ana F Y. This equation is of the form discussed by Whitham

+ A comment on this analysis issgziven'in'“§A.5,Appendix I.
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(1959) and shows that for the channel flow problem the dist-
urbances travelling st the dynamic wave speeds (C, anda C;)-
decay, leaving the.ﬁéin disturbance to travel at the kine-
matic wave speed ( F‘). This conclusion appears to be borne
out here ﬁhere the limit XX, C — o©© reduces the problem

to the set of equations (1.28) with the kinematic wave solu-

tion (1.29).

To ensure that the main disturbance for the more compli-
cated two dimensional problem does indeed travel at the kine-
matic wave speéd, a closer examination of the eguetions must
be made, Once this h@g been done, and the dynamic waves
shown to decay, a detailed picture of the profile close to

the kinematic WaVe,front can be deduced,

1.3 The decay of the dynamic waves

Using the scaling (1.27) of §142 and writing

N=(48 )"

then the 1imit A—= 0O, £ - O and retaining 0(1) and O(X)
terms, gives the linearised set of equations which includes
the appropriate terms for both the dynamic and kinematic
waves. In other words we ensure that the dominant viscous

effect is retained in (1.10 - 1.16) giving
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=0
Py
Ux+V\3:O
w=V=0 on &3:0 (1.30)

?:rl on %:‘
u‘s -r.u"'l':O,

This set of equations corresponds to the single one dimen-
sional equation deduced by Lighthill and Whitham (1955).' In
the present case, (1.60) can not readily be reduced to a
single equation for '1(X,T). HoWeveP, it is possible to obtain
an asymptotic'solution for ALK | ( the scaling A is thus
such that Aae§2>>‘). With this assumption it is now possible
to examine the effect of the viscous term ( A “‘3‘3> on the
dynamic waves., This is best done by looking in particular

at the dynamic wave fronts. Thus introducing a characteristic
co-ordinate measured from the dynamic wave front (g) and a

new large time co-ordinate ('), where

X:X‘CT) )\'IZT-;-T
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and C is given by (1.25) or (1.26), then (1.30) become

N uy +(T-c) u§+HV+1§ = Ny

E*Va

W= V= on Y=o - (1.31)

Yy

V =2\ + \U-~C
'1q- ( )'lg
I on j=‘
U = 0.
y + U
We shall now show that the effect of retaining the (\) term
is to enable the dynamic waves to decay, leaving only the
3

kinematic wave to carry the main disturbance. Eliminating

u’& and integrating across the depth of the channel, (1.31)

is reduced to

\

)xﬂn a‘S N u“"") (‘“ L), (.52

where we have used the notation of (1.23) and W,=W(1), L=L(.
It is now necessary to obtain \k(ffrjj)valid across the depth
of the channel. Clearly, for Y4 = 0(1), then A\-> O indicates

that W is given by the Burns theory (1.23) so that
f
= enlWI ] = OU). :
W= '1[ 2y, Y () (1.33)

Examination of (1.31) shows that Y exhibits the expected

boundary layer behaviour near ‘3-’-0. This is necessary to re-

37



adjust the inviscid Burns theory to include a no-slip con-

dition on Y=O. Now rescaling (1. 31) for

e R

WXY.}VAV

and taking the limit AN—= O gives

-CL\% + rl'g = Yyy

W=0 on Y=0O

This last condition engures that W matches with the solution
(1.33). Viriting

1

- -8
W= = +w, E_S

then the problem is transformed into
Wy = Yy (1.54)
w:-é‘l(&)"{‘) = H(S) '\1) , say, on Y=0O.

The solution to (1.34), using Duhamel's formulation, is
0

w-ﬁ OH(S———:T)e alcr (1.85)

which satisfies W-» O as Y-= + @ ( exponentially ). This
result can be simplified when we note that shead of the
leading characteristics ( for both €¢> 0 and € < O) no dist-

urbances occur. These regions are given by ’§>/ O(c >0)

3%



PSR

and E’(O (C < O) which can be combined as
H(S’ T)EO ! S éo (1.33)

so that

x .
A

2 =~
w:-—" H.S- 2Te ao’.
T, 5-30T)

Zg"
Now using both (1.35) and (1.33) we can construct a com-

posite ( uniformly valid ) solution for W

- CH(WI,_) +]Z:" H(g- e Z:T)e c\O' (1.37)

o
for OK Y<y, since the solution (1.35) becomes exponentially
small as V——+°°.' For convenience (1.37) is written in terms
of H(S,T) rather than Q(X,T).

The approximate equation ( \—= © ) for H(S,T) may now
be derived by using (1.37) in equation (1.32), ensuring that
we retain only the dominant terms in the limit A-=O . It is
straightforward to show that the contﬁibution to the integral

\
g Ar gy
(3 w*
from (1.35) is O x'/z). Integrating the contribution from
(1.33) we obtain

Ya T | v
S ‘—Ug dy = ¢ HT[ZI:‘.‘ 11,2'1. ( A). (1.38)

(o]
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The second integral is a little more complicated. Firstly

we note that
‘ S lhge pelE , | 1

u u U w
Y - Y1 o] — = d
e e e e
o 154 o o -

and as in (1.38) the final integral is comprised of terms
[}
: .
of 0(1) and 0Of >\1). Three of the other terms are 0(1) ( or
zero ) when the evaluations on Y4 = 0,1 are performed. Ve

. . u ,
are left with the one remaining term: |- -—2. . From (1.37)
: 4=

we have that “‘,\ can be rewritten such that

)

u‘szgu(wr){-“ KU T)( )e"“:a

0O z

i -
= c H(WL,) “A'——T HS(S-t, ’f‘).‘-‘lemdt.
_ ) . T 2

Now evaluating on Y4=0, the dominant behaviour as \-=Ois

So. ng S(S-T T). 'Iz (1.

The values of the integrals (1.38,1.39) are substituted

into the surface equatiori (1.32) and the fact that € satis-
fies the Burns condition Iz.=l , together with \—= O, leads

to
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_fi - “T~ - ]n 1T 20
HT +_/?{' H;(S T, T).——. (1.40)
[+4
The parameter ﬁ=*(2c 13,) is always positive no matter
which dynamic wave is being considered ( e.g. Isl<° for €>0),
Remembering that ahead of the leading characteristics (Y{-TO)
no disturbance to the surface occurs, then (1.40) can be
written as
; s
= -1, 7). L 4T = 0.
Ho + 57 M-, T) 22 (1.41)

(]

Eguation (1.41) can be solved by making use of the Laplace
transform in .S . Wfiting the transform of H(S,'T) as ﬁ(f’,'l‘)

we obtain

P o

0 o+ £
H'r +ﬁ r
so that
BT |
H=4+¢)e ) | (1.42)

The arbitrary function.-r(?) is such that

H=f & T—0
or H=£(5) as T~ O . Again using the Faltung integral,
(1.42) can be written giving the finalAsolution of equation

(1.41) as
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) g_‘_z
A=) e t, At
0 (1.43)

I 'F T 40% )E’— o\o‘
Jv Jgr
2¢"%
The solution given by (1.43) clearly decays as T-—» 00, and

(s, T) =

Ok

gives H(S,O)=‘F(§), which is some initial arbitrary disturbance.
Thus we have satisfactorily shown that the two dimensional
representation of the dynamic waves naturally leads to the

conclugion that these waves decay.
»

1.4 The non-linear problem

Since the dynamic waves decay, the main disturbance must
travel at the kinematic wave speed. We may thus limit our
attention to the wave profile hear to the kinematic wave
front, aﬁd atﬁempt to find a single equation to describe this
profile in aetail. In particular, it 1s hoped that such a
model will be close to the observed nature of the unduler
bore ( where the surface profile passes from one level to

another with undulations at the upper level ).

We shall develop an asymptotic solution based on the

amplitude parameter, f and retain the dominant viscous

termq by qppronrlqtelJ ccqling uhe RevnoldQ nuﬂber with

respect to A, As in § 1.2 we introduce
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the scaled varisbles

and we choose

AZ§Z=K£ )' K:O(‘) ’ . (1,22

which we may always do. To retain the viscous effects through-

out the analysis, we write

%e‘ =R (1.45)

and treat R as indepgndent of the limiting process. Taking
the limit £€-=0, 'S fixed, reproduces the Kinematic wave
theory given in equations (1.28). To enable the profile near
to the kinematic wave front to be examined, we further intro-
duce

, %:X*FT , Eth (1.4:6)

N

where 'g is again a characteristic co-ordinate and T is a
large time co-ordinate. Substituting (1l.44 - 1.46) into the

basic equations (1.10 - 1.18) gives
/ '
@~ Fug + WV + b= ey +gg) £ 008)  (an)
P“ = é th\} + O(E) (1.48)

Uy + V‘j: O (1.49)
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V=&, + (U~F)1§+suq,r (1.51)
2& f .2 ' | on

_ 0=2&[v, - & + 09 59

-4+ & Q[ Y 'l?] y=1veq (1.52)

U +€ Uy + kEzV~§= (&), (1.55)

A solution to the set (1.47 - 1.53) is sought as a formel

expansion

Q(S,T,458) = Q5,7,9) + £Q (5 T9) e
&, €)= LT e E o

where QE W,V , . The eguations of the first approximation,
as already mentioned, are the kinematic wave equations which

result in
- = U
U, = F‘lo‘s > Vo~ qu'gz‘j (1.54)

where Qo(?"t) is undefined. This situation is common in non-
linear wave problems. The dif’ficulfy is overcome by forming
the next approximation in the course of which ‘LG;C) will

remalin undefined, but an eguation for QOG,T) is found. From
(1.47 - 1.53) we see that the equations for M, , V| end ‘1'

are
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(u F) uo.% +u V > ?wg 'é( oYi +—"<-u|;1\3)

]
Poy= R Vouy
Lk'% + \A‘3=L‘D

together with the boundary conditions

u =V, =0 on Y4=0

P o= & (Voy = W)

Q.U” + 'louot;tj + u“j + KVng =0

Vi # Vg = oy ¥ (U-F) g +U"L'lo}*

then from (1.54,1.55,1.59) we have

E
?O_ 'Lo_ E L‘+\3)’10g.
From (1.55,1,57,1.58,1. 60) we obtain the solution for V|

‘S‘F( 45~ 54 + *Zo Y )}

L= Lyl

F‘l“g[!zf +—;§f—4 ] 2Kk

=41,

on

4=1

Wy

Noting that Ix(ﬂ)is the Poiseuille profile in this problem,

13

(1.

(1,

(1.

(1.

(1.

(1.

(1.

’

55)
56)

57)

58)
59)
80)

61)

Pinally, using the surface kinematic condition (1.81), qw(ﬁft)

identically cancels leaving
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1. -\—lF‘l L'§+KF1°'§§§ ﬂ_:‘(s_ )q°§'§ (1.82)

This is called the Korteweg-de Vries-Burgers ( {~-V-B) equation.
We observe that for Qﬁ*"’, (1.82) becomes the Korteweg-de
Vries equation ( see Korteweg and de Vries,1895 ), and for
K= © (RK rixed ) it reduces to the Burgers equation ( see
Burgers,1948 ). In passing, we also note that there is a
critical value of the Froude number at which the damping

term ( the second derivative in E’) becomes zero. This

F = /:25:‘ y (1.63)

and is exactly the value obtatined by Chester (1968) for the

occurs when

same problem ( but by a different approach ).
A detailed analysis of ecustion (1.62) will be given in
chapter 2, which comprises the work described in Johnson

(1970).

1.5 Conclusions

The analysis presented in this first chapter has attemp-
ted to re-examine the Tlow in a shallow two dimensional
chennel, In particular a Poiseuille velocity distribution
for the fully developed flow has been éonsidered and the

formation of both dynamic and kinematic waves has been indi-
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cated. Due to the presence of the no-slip condition on the

bed of the channel, the dynamic (Burns) waves decny leaving

the main disturbance tr;;éiliné éﬁhfhe kinematic wave speed.
Finally, the wave profilebnear to the kinematic wave front

has been dérived ( with the dominant viscous effects retained )
and shown to be described by the K-V_-B eguation (1.52). The

various regions of the flow that we have examined are tabu-

lated in Table I, and shown diagrammatically in figure <,

Table I
2
( with §<< |, 80>, €<<)
»
Region Wave motion
x F= 0(1) Dynsmic (Burns) waves
T .
x B0 Re) . Decay of dynamic waves
/ Dominance of kinematic wave
' -7
x-Ft=0(Sg") Near to kinematic wave front -
3, non-linear K-V-B equation
E=0(8g™)

N

Por convenience, the regions in the figure have been separ-
ated by discrete lines. So that the non-linear K-V-B equation
is valid in essentially a region of its own, we ask for simpli-

city that

O(s€%) Y o(se),

Although such a restriction is not necessary, the form of the

various waves is more clearly given in the figure (2). It is
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clear from the analysis thét the dynamic waves will eventu-
ally decay ( on a scale governed by Re ), and that non-line-
arity will become imp&fténﬁ at“the'kinematic wave front

( essentially on the scale of E:').

»

The Korteweg-de Vries-Burgers equation will be studied
shortly, but we have already noted that a critical value of
Froude number (J@;) exists. A critical value was also obtasined
by Lighthill and Whitham (1955) who studied this situation
in some detail, They showed that this value wes governed by
the condition that the forward travelling dynamic wave was
of the same speed as tﬁe kinematic wave. In such a situation
their analysis became invalid, Although the present work
does not directly‘give the same result ( since the decay of
the dynamic waves was not described by the type of equation
discussed in Whitham (1959) ), we see that the value at which

C,=F‘ occurs.at
E=|-b2 ( from (1.25) ). (1.54)
This is amazingly close to the critical value F ==_/;?::\= 1-$8
and occufs after it, Thus the analysis leading to the K-V-B
equation would become invalid beforecf=F. The interpretation
of the condition FZZ?gi is given by Dressler (1949) as the

instabllity condition heralding the formation of roll waves,

This type of flow is not considered here.
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Finally, we note that the damping factor, RK(!~ Z?Fz) ,
can take reasonable numerical values even if R is large
by considering values of Fz close to 571 . It is also worth
pointing out that the special case of R = 0(1) ( e.g.Re=0(1),
$2= 0(&) ), is essentially that discussed by Benjamin
(1957), Benjamin included the effects of surface tension
and sought a solution as a polynomial in “4 . Also for Lo =0(1),
Benney '(1966) extended Benjamin's results obtaining an
equation which can be reduced to the general form of the
K-V-B equation far from the initial disturbance. Both these

“analyses were for thim films of fluid.



2. Solution of the K-V-B equation

The Korteweg-de Vries-Burgers equation as derived for
the wave profile near to the kinematic wave front (1.62) is

of the form

T+ Uleg +1

. .

= R,
° glglgl '10 glgl

T=7/3 T, “ﬁ:/f—'E, ‘ R'=%/§(“§Fz)'

Bquation (2.1) would appear to be the simplest form of wave

where

equation ( uni-directional ) in which non-linearity (qoqo§)'
dispersion ( ‘l"‘s.‘s.'s.) and damping (R, rl°§,'§,) all occur, For'
the studies to be made of this interesting equation we shall
assune throughout that Q,§7 O, so that the damping is always
positive and FZS ET. Only very recently ( Miura,1970 ) has
any success been gained towards a general solution of the
Korteweg-de V#ies equation ( Q,= o). Many aspects are still
only partislly understood,;but for the type of problem we
are considering ( i.e. the undular bore ) we expect that the
steady-state solution will be satisfactory. Certainly most'
observed bores, once formed, do not change their form indi-
cating that a steady solution has been reached. It is this

phenomenon that we shall examine here.

For the steady-state equation we introduce the single

independent variable

¢



— _'.o’tﬁt ren . .
S:g‘ AT ) ‘lo(‘w)zrl ’ (2.2)

2/;{; o0

and then write .

v(s) = L (s)
b

so that (2.1), upon integrating once, becomes

Clzv. O~ = Q :l‘z ’i .
d—sz+4vk V=¥ ¥ T e

3

}' is the new damping parameter, and the upstream and dovn-

stream conditions have been assumed to remain undisturbed as
U’O’% >$; w*—»‘ ,S~>~00,

.The undisturbed (zero) downstream conditions have been
assumed sincemwe are discussing the problem of disturbances
moving into an undisturbed region., We shall now be studying
the equation (2.3). |
Techniques for the solution of the problem of a linear
oscillator with a small non-linear term have been developed
and are usually referred to as the Method of Averages ( see
Bogoliubov and Mitropolsky,1961 ). Although these methods

7
originate with Poincare, the more modern approach as ex-

pounded by Bogoliubov and Mitropolsky is to form an asymp-
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totic expansion in terms of the small parameter, ensuring
that successive terms gre periodic. These tecnnioues have
been further advanced by Kuzmak (1959) who shows that similar
methods can be employed when the initial oscillation is it-

self non-linesar, .

For equation (2.3) we shall examine the form of the
solution in the phase-plane and obtain similar results to
Grad and Hu (1967). Grad and Hu suggested tne steady-state
equation to describe the weak shock profile in plasmas. In
agreement with their work, we shall find that the form of the
solution is exactly as'observed for the undular bore ( in a
particular range of Y ). This range extemds from zero to
some Tinite value; and throughout the range the type of
solution is essentially unaltered. Since this is the case,
and no solution is available for Y = O(l), we develop an

‘asymptotic solution for Y == O .

" It is observed that for no damping (¥ =0), equation (2.3)
is a non-linear equation with solutions which perform oscil-
latione - the so-called 'cnoidal' waves of water wave theory.
For small damping ( Y <<l ), similar application of avera-
ging and periodicity conditions are possible as explained
by Kuzmaek (1959), but the anslysis 1s somewhat more compli-
cated ( usually resulting in the integfation of Jacobian

elliptic functions ). The solutions of the damped equation

¢3



extend over a large period range from the single solitary
vave ( infinite period ), to the zero amplitude zero period
cnoidal wave. Since averaging techniques rely on averaging
over a large number of wavelengths such methods breakdown
as the solitary wave is approached. It is then necessary to
mateh this solution to a straightforward perturbation of the

solitary wave,

2.1 The phase-plane analysis

Equation (2.3) can be studied in the phase-plane by

U
introducing W = = | 8ince the eguation does not contain

as ’

S explicitly this reduces it to a simple first order equa-
tion for Wiv)

a yw — 40 (v~y)

—
o——————

U S\

. (2.4)

S

In the (W,V) plane ( or phase-plane ), there are two singu-
lar points
wW=x=O0, O =0; a saddle point

stable node > 4
and. uT:O,U‘:l a/° ,Y/

a stable spiral point, y< 4.
A sketch of the integmml curves for (2.4) with4>Y> O is
given in figure 3. The special case of X’:(D is the solitary
wave, and clearly any other permitted value of Y causes

the integral curves to spiral towards U=1{ ., In the physical

$4
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(G',S) plane this corresponds to a profile which starts as
a solitary wave and gradually deviates from it, eventdally
oscillating about ¥ =1 ( with ever decreasing period and
amplitude ).

To consider the case of large Y , we can write yWw =W

and then equation (2.4) becomes

Vodu, . wy =~ 40 (v~0)

— ee——— -

Xl duv ,‘UX

Consequently the integral curves now become as shown in
figure 4, The special case of Y —= o is the Taylor shock
profile. As Y decreasds from infinity, the integral curves
deviate more and more from the Taylor profile while still
remaining monotonic., When \’(4 the curve spirals to U= |
as before, Physically, the solution for U'(S) remains a mono-
tonically increasing function from downstream to upstream
conditions, until Y <4 when the oscillatbry motion about
U=V can occur. |

Some typical results for the profile are shown in figure
5, where various numericel integrations of equation (2.3)
confirm the phase-plane analysis. The figure shows on the
same axes the two basically different types of solution
already indicated. On the graph are a near-Taylor shock pro-
file (Y = 4.62); a profile which is just oscillatory (y=3.28);
a much larger amplitude oscillation (Y = 0.1); and finally

for comparison the solitary wave (8/: 0). More details of
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the numerical integration scheme employed will be given later,

2.2 Osclilllatory asymptotic analysis for small damping:

Figure 4 shows that for émall damping (Y<K} ) the
solution starts very near to a solitary wave énd then slowly
departs from it, causing the profile to eventually oscillate
about W=, It is evident that the small damping causes both
the period and amplitude to vary slowly - in fact the period
mast change from infinity to zero.

This suggests that a solution to eguation (2.3) , for
small damping, can be ?ound by allowing the amplitude and
period of the undamped solution to slowly wvary. This idea
together with the insistence on periodicity is a particular
case of a general technique developed by Kuzmak (1959), and
a generalisation of earlier methods of averaging almost
,periodic_solutions.

To utilise this method we must first find the undamped
solution to the equation ( see Lamb,1956,Art,25% ). Thus
considering the general undamped equation,

°.\_z.i.r + 4uv(v-1) =8
as*? |
where A is a constant, we integrate once

%..(é.g)z.._._..unzwu 30 + 8
% \AS 2 4

= k0~¢|)k\r‘\rz)k¢3“ V),

R |



and write VY <‘Ji<:ug as tne roots of the cubic. The constants
A and B can now be found by applying appropriate bopn_

dary conditions on the iaximum and minimum heights of the

motion. The general form of the cubic expression is sketched
in figure 6 ( curve A ). | - 2

The only real solution of the eguation occurs for(-g)};C%

and thus the solution is either at Y =Y, or is a non.lir?ear
oscillation between Yy and Uy . Two special cases are worthy
of note, One is U,~> VY, ( curve B ) giving the solitary
wave, and the other is ‘fi"'u} ( curve C ) giving a discon-
tinuous solution betwee? U; and U% ( the hydraulic jump ).

The solution of the undamped equation can bve written in
terms of a Jacobian elliptic function CI\Q{;LO, by direct
integration of the above expression, which gives

v
2 2S= | dv — -
O DV G G [CR S CURES

(+]

Thus the solution for VU is

e 20V
o= U, + (53-v;)en [S == Y (2.5)

6‘”0‘2 :
where VY = G?ijT is the modulus and €N is defined by
£
| 6 ?4
-~ .2 72
(1~»sin o)
o

See Abramowitz and Stegun (1965).
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In the case of R = Bko, then » =] , and the =olutinn

beconmes

= 2sech S
2 ) (2.51a)
which is the solitary wave,
To consider the slow variation of amplitude and period,
we introduce a slow time scale
o-:r%) \f<<|) (2.8)

and a two parameter (8 ,0) expansion is sought

o= W (5,0) + yu(se)+ - (2.7)
3
where it will be asswaed that easch individusl term is veri-

odic in the 'fast' time scale, O .

The form of the undamped solution (2.5) suggests that

[v]

o = ale) + be) an[S.d(")jv(")] (2.8)

so that & , b , X and ¥ are allowed to vary on the 'slow'
time scale, O . We observe that 0(=/§:-Eto correspond exactly
with expression ‘(2.5). Now (2.8) describes the' slowly vary-

ing nature of the solution, where the oscillation takes place

between local values of & gnd ( q“'\)), at a local frequency

determined by o\ .

Using relation (2.6) we have
z z 2
d

23 2 d 3 P) 25
= +¥Y =, =% 42y 4y 2
4S = as 20 7 487 1as* 3G 0 20>’

-~
- o
-

b2 -



winere the onerators 53 zunizi- are assumed to be order unity.

Do

With these operators, and ithe expansion (2,7), the esuation

(2.3) gives

o)+ G, + 40,(v,~1) =0 (2.9)
o(Y): gy + 40,(2v,-1) = Voo =2 Vgq - (2.10)

Putting expression (2.8) into eauation (2.9), and using the

relations
2 2z z
- dn +|\'))=~Vc.t\:v&5““‘),

gives

ﬂ’z[h Y + 2(2v~|) cnz S ¥ cn4]
3y
+ 4(a +y e’ )~ 4(athben’) = 0.

1

For this to be true for all values of S , the coefficients

rd 4
off €N and N agre eqguated to zero,

~ Y.

~-rav-y) b=§:~:b}~))+l) Z,

]
q:-
2 3y

(2.11)
A third equation is identically satisfied due to the choice

of &k(o).

We now need one more relation to enable A, b anda v to
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be determined. This is obtained from the condition that U}CZQ?
be periodic in S with the same’period as VU, . Firstly, we

simplify equation (2.10) by writing

v, = \\‘os- £(s,9), , (2.12)
which gives

S

! 2
= = | W -2v 0, )as, (2.15)

s
b

where bb is arbitrary. This can be written as
S S
P 2
Yo bo

Now VY, is periodic if 'FS is, so that evaluating across a

(-

period and integrating with respect to O gives

Aet3Sy

s 2
c,e =\ O, as, (2.14)

qa-"ﬁc"?

where €, is & constant, S? is the period of ¥ and Q,is
any general point in the range of S . It should be noted
that these expressions are to be interpreted with S ana o
regarded as independent variables.

Expression (2.14) can now be rewritten by integrating

over the quarter-period K (V) or 035 R

b4



k(»
o 2 5| A e Ak Al w /2
c,e =% = ey say.dny. 4y b o L(»v). (2.15)
o

( K(V) is defined below. )
Using the definition of the Jacobian elliptic function, L{(V)

becomes .
V2

L) = cosz¢. Sin29§- (\~Vsin2¢) z o!;lg .

o

(2.16)

With the well-known relations

| b~y c~b-1 ~-q
F(“,b,c)¥)=r"—(-\:r;-%2@7\’) E (-t) (-t2) 4t

(Re>Rv> o)

and
k) =4 m 5L, 5
E0) =57k
where K and E are the compléte elliptic integrals of the

first and second kind, respectively, then (2.15) can be

written as

VIO R W=y +) EQ) = 0V@-») k). (517

This expression, (2.17), together with

=~ /.
o” L YV (V- 1) * L{y)



becomes the third condition which enables A(o), b{o) ana
v{(T) to be determined. The constant of proportionality

relating these expressions is found by recuiring that
vy =1 at C":o.o‘"')'go, say, -

so that

o ' A 5/4 ~
e = (V=v+1) [Oﬁ-v+05~éLPVM?49K14&1w

S-C
So So becomes the apparent position where the damning is
"switched-on" for the ?scillatory analysis. Hence So is a
constant of the asymptotic theory which must be fixed by
matching to some initial solution, It should be noted that
we have anticipated the undular bore type of solution by

using the condition at Y=} _ the solitary wave limit,

The final solution given by (2.7,2.12,2.13) can be written

as
S S,

o=V, tY UOS Gz (0.":,-' Zwog'“;g'a) ASl ASZ --- (2.19)
2 b '
where Q, is arbitrary. Kuzmak (1959,p.737) points out that
a solution like (2.19) is only valid provided that SP< o0
( see equation (2.14) ) i.e. if Y, is truly oscillatory.
Consequently (2.19) in some sense becomes invalid as Y-s=1,

since VY, then becomes the non-periodic solitary wave ( see



expression (2.5a) ). It should be noted that this type of
breakdown of an asymptotic expansion is not that which is
normally encountered ihvéihguléfiﬁérturbation theory ( see

e.g. Van Dyke, 1964 ).

2.5 Perturbation of the solitery wave

Where the expansion (2.19) becomes invalid due to the
non-oscillatory behaviourof ©, , a non-oscillatory solution
of eqguation (2.5) may be sought by performing a straightfor-
ward expansion in powers of Y , for fixed S . In fact we
shall see that this amounts to a perturbation of the solitary

’ 3
wave,

Tt is more convenient to manipulate the integrated form

of (2.3), S

AV Av

V[ AY Y o 4 3 2

z(O\s)ﬂf& WNas -4 ead,
o0 '

where W=VU,=0 at $= + 00 , so that the solution of (2.20)
will be monotonic as S==4 . Clearly expression (2.15), and
nence the solution (2.19), is valid as S-=—0o@ describing
the oscillatory nature of the solution. A straightforward

" expansion procedure is

\3“:\/0(5) +XV|LS)+"" (2.21)

which gives on substitution into eguation (2.20),

z 2 4 3
0(1): ‘é‘VoS = 2V, - g\’o (2.22)_
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S
2 -—
O( Y ) : VOS VIS = g Vos’ *AeSJrr.’r 4-\/0\,‘ (\ Vo) ‘ (20 5)

p=
The solution to the 0(1l) equation (2.22) is the solitary

wave,

Sec\‘\z S

N

V, =

vhere the peak of the wave is fixed at S=0 , Now substitu-
ting for Vo in the 0(Y ) ecuation, and carrying ou:t a simple

integration gives

- 3
v‘ = z sec\,\z S (bav\\\'g“ \) + Zlotcxn\\s (7 Canh S - b)

-

% (2.25)

_ _EanWs + 32SCanhsS Sec\«zS,
\OQ i’bs‘u\\\S) 4

where \/.5(0)-‘—0 ensures that the peak occurs at S=0 to O(f).

=

The asymptotic solution (2.24,2.25) shoﬁs that this
expansion procedure (2.21)‘15 a perturbation about the soli-
tary wave, Since relation (2.24) always stays bounded, this
expansion certainly becomes invalid as FanwS=> =\ ( S~ < o0),
but we also note that it also becomes invalid as S~=>+o00,

In both cases v‘/Vo increases without limit.

2.4 Matching procedure

The breakdomwns that occur in the asymptotic expansion

which describes the perturbation of the solitary wave will



now be considered, and matciing to other regions of the
solution attempted. Firstly, the case for S=>+0is a fairly
elementary exercise., Since, as S=* 4+ , V>0, then we

observe from equation (2.3) that

omod® L ge il T ] s

~ﬂ€25(\ +iys..)

where A is an unknown constant. This expression indicates
the asymptotic exponential behaviour as U=+ 0 , Also for
S ~= 4+ 00, the solution given by (2.24,2.25) can be expanded

3

giving

) ~Sy
RPN o A A Py

b R (142 )
~ E:}'S R
These two expénsions match exactly if we choose R=6 . thus
ve see that the solution to (2.5) continues to decay predo-
minantly like a solitary wave even though (2.21) becomes
invalid as S~>+ 00 , The approach outlined here can be for-
malised by rescallnv for kSv S‘ and seeking a solution of
the form EL (F(?Ji- ) . This expansion can then be matched
( as above ) to the perturbation of the solitary wave.

We may now turn our attention to the more complicated

matehing problem at the other end. It has already been men-
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tioned that the averaged solution becomes invalid as S-> + o0

since the period of the. wave approaches infinity =nd averag-

ing over a large number of waves becomes meaningless. However,

it is possible to expand the oscillatory soluiion as Y-} -

its non-oscillatory limit - so that by suitable choice of the

undefined constants Q,, b, ana S, ( ecuation (2.19) ) it
agrees term by term with {the perturbation of the solitary
wave given by equations (£.24,2.25), This is therefore a
matehing procedure for these two very dissimilar expansions.
‘'he method outlined here doesgs not follow the usual technicue
of metched asymptotic gxpansions (e.g.Van Dyke,19564) where
the breaxdown of one expansion indicates a new scaling of
the equations and consequently a new asymptotic expansion
can be developed. Hére there are, of course, obvious simi-
larities between the two procedures but no Jjustification
can be gliven for the success of the technique. It can only

be said that both expansions are presumably asymptotic ex-

pansions of the same complete solution of the ecuation (2.3).

VWie thus expand the oscillatory solution for Y—=1{ ,S-=S,,

and in particular consider the region where

S~S.=0(1), Y=\~ FWV,, §N &1 , V>0 . (z.28)

Equetion (2.18) then gives

S ~ gO - é} 1)2 (2.2

22 !

70



where the only non-trivial value of ')7 has been used, namely

Y oy -¥-

Thus we have S<K S, for V< | . Now from relation (2.8),

U, == 2Abcn(ArS)snlas) dn (AS)

)
~—3$Qo\\25 tan\\s. (2.28)
Thus
S
.
(82 — 2w, 9, VA4S, ~ 9B+ L tank S = LEann S
°s, %, °S.°) S 3 s ,
b, ,

since Woso._ o(y) and

S 3
% = %-_ta:ﬂ« \)o - _"5— Eantn Mo - (2.29)

Hence we have

S .
& X ( °s,~ °S,O')d5!]&sz i g‘,‘é—s- t’a‘v\\f\s )

a
0 (2.30)

t’au\\f\s 1 l?m\\\g A ba \\S}
4 Lanwo n dcosh S -S WS +R
s S ‘5 secW ce WS ‘3 secW'S " j

=G0 + A | say,
where '
| A=~ Ga,). (2.31)
Finally '

>, ~ ;’tsec\f S + 0(¥%). (2.32)

K



Thus expression (2.19), as Y-= | , can be written as

T SR
J ~ %sec\:‘i +Y[3G - (2_0 + 3ﬂ) Eann S

- 2 - 3 -\ tou.\\(\s
-4€‘> gEann S “'bn %)t“"\"g 10 cecbZ o (2.33)

2
~38 EanWS _ 455 tao\\\S$€c\«\251
4 SQc_\a\zS B :

This matches exactly with the non-oscillatory solution
(2.24,2,25) if

3

Now from the definition of ® ,(2.29), ana A ,(2.30,2.31),
we have that \),='\-0°', and the one finite real solution for

A, is A, = - 0.529, obtained by a numerica} computation.

A sketch of the regions of wvalidity for the asymptotic
expansions, and their matching regions, are shown in figure 7.

It is clear from the expansions themselves that, to 0(3}),

two of them cross the solitary wave curve at S=9,,

The matching of the oscillatory solution (2.33) with the
perturbation of the solitary wave (2.24,2.25) did not entail
finding ¥, . Thus since (£.32) is correct to O(?F), and V¥,
did not appear to this approximation, then it is impossible
to define V, , and hence S, . From the expressions (2,26)

the limit of Y-=1 is taken such that S=S, = 0(1l), and since
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the straightforward expansion (2.24,2.25) is valid for S=0(1),

then we can say that Sg= 0(1) and hence

_d", -,».:.‘5:-,..--(~\.-:.
. @ = e'o' =1 +o0(y).

This result is not really unexpected. For the limit of
small damping‘( )4<<.t), the rate of dissipation of energy
through the first wave ( as we shgll see shortly ) is also
small (.0(Y) ), and consequently the exact value of S,
becomes irrelevant at the 0(1) level. It is now possible to
compute ale), ble) and Y(o)( and also oL(0) if required ), and in
figure 8 are'given the éomputed curves éf a , aA+Y gng v
as functions of O . F;om the form of the osclllatory solution
(2.6), it is seen that ( &a+Y ) and & are the upper and

lower envelopes respectively, and YV determines the period

of the oscillatilon.

_ Also plotted on figuré 8 are some peaks obtalned by num-
erical 1ntegration'of the original equation (2.3), using a
prédictor—corrector technique, on the Imperial College IBM
7094 computer. Details of this calculatioh are given in
Appendix II. Integrationffor three values of ¥ ( = 0.1,
0.01,0.001 ) are shown. Agreement between the theory and
computation is éxcellent for the two smaller values of Y ,
but not so good for ¥ = 0.1. The results, though, certainly

confirm the validity of the asymptotic theory as Y—>o.
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2.5 Discussion

The slowly varying ( oscillatory ) analysis has bwen
successfully matched to a straightforward asymptotic expan-
gion in Y , and this in turn has been matched to the asymp-
totic exponential behaviour of the solitary'wave. The method
leaves us with an arbitrariness in the oscillatory analysis -
the point (9,) where the damping effect appears to begin is
not specified other thah to 0(1). Including the next approx-
imation ( which would be exceedingly complicated and tedious )
should enable this position to be defined. To obtain the
envelope curves in the oscillatory region of the solution,

~c (its fiest agproximation)
e has been approximated by unity&and ‘the results have been

given in figure 8., As already noted, the numerical integra-

" tion confirms the predicted envelope curves,

-This analysis has shown that the steady-state solution,
for small damping, to the K-V;B equation is a cnoidal wave
with varying period passing through all the possible wave
types, culminating in the solitary wave. Buch a wave profile
is observed in the undular bore, The measurements of Sand-
over and Taylor (1962) in fact show that the leading wave is

very close indeed to the solitary wave.

In conclusion it is interesting to note the form of the

total energy dissipated. Benjamin and Lighthill (1954) con-

-
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sidered the' general form vofy the uhdular bore, and suggested
that the undtiiar nature occurs when‘ only some energy is
dissil')ated.qt the front. The excess energy can then be carried
away by a train of waves., The present model indicates Just
(this phenomenon. The total energy dissiﬁated ;ls proportional

to
S

XS\ISTAS, = g(s) from + o9 upto S .

(-
Using equation (2.20) then

By = 2% *3 SRRl

| .
Thus the energy dissipated upto a particular wave peak (U$= 0)
is : 2
ﬁ@&=%£'”“% (2.35)
where “} ’is the peak at S:S? . This function is plotted
in figure 9. Denoting the total energy to be dissipated by
Ev , the results are as expected. If the first peak is at
\"‘,=I then all the energy loss has occurred and the pesak is
at Sz~ - a monotonic profile. If the pesk is \’f,:% there
is no enérgy loss at all and the profiie is the solitary
wave ( which, of course, can exist on an inviscid flow ).
The peak ﬁeing ‘| < U‘,(% (4>Y¥>0), some energy is dissi-
pated and following 'peal_cs move up the curve (figure 9) appro-
aching E“"/E.rv='. Thus the K-V-B equation éertainly appears not
on:!.y to describe the undular bore infetail but also to em-

body the ideas of Benjemin and Lighthill, .
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Part 11

Fluid flow through an elastic tube



5;_Ihviscid smsli disturbance theory for the tube with taper

This first analysis;'ﬁsing‘the'simplest form of Hooke's
‘law at then%all,"is intended as an introduction to the
problem of flow through an elastic tube, Due to the simpli-
city'of the analysis 1t is possible to permit the tube to
have a slight taper in 1ts unstressed state, In the more

sophisticated work of chapter 4 the tube is assumed to have

a constant (unstressed) radius.

The tube wlll be modelled in the most obvious way by
considering 1t as an axi-symmetric, seml-infinite tube un-
tethered and free 1n space. The dlsturbsnce to the tube wall
will‘pe csused by some form of piston at one eﬁd. The tube
wslllis thin ( thickness/radius small ) and the Hooke's law

to describe its motion is written

' ézlsh(g'-cz; | 51y
o-us ) e

: ! ‘
where  1is the pressure in the fluid at the tube wall, R

is the radius of the tube and zero subscripts denote un-
‘stressed conditione. The Ybung's modulus for the wall material

_ /
is E , the thickness is h and a mean radius is R

" The

problem can now be written down in mathematical terms.

3.1 The equatlons and boundary conditions

The co-ordinate system and the variables are given in

(
Al



4
figure 10. 5.’ and v are the axial and radial co-ordinates,
. [} [ .
respectively; W and VU are the axial and radial components
" ' 3 » »
of velocity. The fluid is assumed incompressible and inviscid
so that thé Buler equations of motion ‘for cylindrical axi-

symmetric flow are

7 YA 4 : ’ 4 ‘ !

, ,+ UMW, —F =0 (3.2
l\b.~f ‘A\‘ET*F &+ e 3 )
7 r ! oy t o .

U+ UV \ru}w E?,.;~ o (3.3)

1 ‘
where £ 1s a time co-ordinate and € is the constant density
of the fluid. The equation of continuity is

“’5’« + é(fl\?'),.s 0. (3.4)

Since the tube is allbwed to'taper, we also have that R:,: Ro’(%’)
. . . ! ’

and the disturbed radius is given by R(}’}t). The distur-
bance itself 1is produced by a piston at %’:}0, and is such

that ©

WEE W), e et

£ |
where - o =] and Q 1is the characteristic velocity given
‘ max

by the Modns value,
'== Eh_
/ Z2eR

The} disturbance has been chosen to occur in velocity

(3.6)

and we note that it is independent of &' . To the approxi-
< ‘ .

8-



Figure 10 - Co-ordinates and variables for the tube
with taper
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mation that we shall tie ‘lising heré,‘_the axial velocity will
be assumed 'independent of the radial co-ordinate throughout.
This résul—tq in a major simplification, but is not one of
the restricyioné imposéd upbn the analysis prgsentéd in chap-
tér 4;'With ELLY, tlriis work is _thus' a small disturbance
theory. _ -

The initial }velocity function §(F) is ascumed to be
.charac'térised‘ by the frequency &) , and this introduction

enables the variables to be non-dimensionalised,

. ’ ' '
L‘:(Dt" 3,:‘%35,r~ L T AP ~ S\

E:‘ ga ’ cWR,’ ,
Y 3 ot ' , 3.7)
‘? QIQ:%'QO=&1¥(H £
| geaf R, Ry a
The equations ‘(5.2 - 3.4) now become
Up + Euun, + ETU, +?.b(== o
s (s # EuV, + evve) + t =0 (3.8)

L\v- .Lv -
3t r( w)

where S:‘%&"' is a frequency parameter, To reduce the
problem even further, the effects of wave dispersion relative
to non-linearity can be negdected if we choose Sz< o(g).
This we do, and ask that W not be a function of the radial

co-ordinate. The equations (3.8) thus simplify to

; ';‘u+_su~e\ + F

t ¥ (3.9)

¥
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¢, = O(8) =, (&) (5.10)
'G‘:‘;_'ru’ir o ' (3.11)

where thse veldcity U satisfies the symmetry' condition that
o-=0 on v=0 « Similar assumptions to those used here
we_ré imp.l‘ementved by S-eymour énd Varley (1966) on the problem

of fluid flow through a tube of visco-elastic material.

_'Thé fact that the fluid is inviscid, and W = O , means

that the two boundary conditions at the wall ( on the axial
and radial veloclties )‘ are replaced by the single condition
thgt the wall is a stream surface. Thus

'

- r@’
Wa11~ Rb/ U R'éi (5.12)

/
\

in dimensional variables. But from (3.11) we see that

O =l '
"wall 2R“%

so that non-dimensionalising (3.12) we obtain
o i3 = O
, _R_t + & (U\ \R% + 3 Qu%) ’ (5.13)
: ' ' L 2
or _i_n terms of the non-dimensional area ( A=nR Y
A + e(uf) =© | (3.14)

| Clearly, both (3.13) and (3,14) are alternative forms of the

o4




continuity equation for the flow., In fact it is more con~
venient to work with the radius since from the formulation
»of Hooke's %aw, (3.1), ﬁe can introduce a non-dimensional
radial perturbation, ‘l (3, t) ’

R'-R, _ &-~R :
» ° = —-—. llovo. = E’l(’b’,b), (3.15)

Eliminating R between (3.13} and (3.15) gives

| iR ﬂ‘o 1 éo =
‘lb + zu%-.. uaoa.g(u'l}:z'luk-\-ulé:) O (3.16) -

_Q_o. For the *wall to have a small taper, we ask
dz ' :
in particular that it be defined by

[ d
where Q°=_

rIF

=&€S(3), s=00), (3.17)

so that equation (3.16) becomes

fl’t,v + i—“% 1- & (“S + \&’1%'\- ‘32-'1\&%’) = 0(8?). (3.18)

Finélly, the non-dimensionalised equation of state for the
‘wall is |
v =21. (3.19)

Now since e,F-o(i); (3.9) can be rewritten as

ub+§uwy+21%=oﬁl (8.20)



The problem has been reduced to that of solving the fairly
simple pair of equations (3.18) and (3.20), for W and f ,
where £ 1is'a small pérameter denoting the scale of the non-

linearity.
3.2 Solution -7

"’The_ﬁair_of equations (5.18) and (3.20) are of a classi-
cal form often encountered in perturbation problems, and of
course non-linear wave propagation problems. We expect that
initially the disturbance will travel according to a linear
wave equation. Howevefz non-linearity on the scale of £;'
lwill eventually cause the wave to distort to the extent of
forming a discontinuous front. In this simple problem there
ié no dispersion or damping to alleviate the steepening,

. The near-field ( where 3 and g are.of'O(l) ) can be

analysed by seeking.a solution of the form

uky,t';i)'- “osz,t) + &\, 3’,&) +,(€)

(3.21)
1GEE 8= L) + e (v,b) + .08
. Upon substituting into the equations we obtain
! =0 - -
l\ot. + Z qob‘ © J .“ob + 210}~ o)
and thus | - .
Wor e~ ‘“’3«'54: o. . (3.22)

Applying thé'initial'conditiqn at 3;:.0 and noting that
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’ ®
no WaVes are coming in from infinity, we have the final

solution

U=f-3) 5 1= LfE-3). (3.23)

The solution (3.23) indicates that the disturbance moves
predominantly unchanged 1nii?ia11y at a wave speed of unity
in the positive 3-- direction. In dimensional variables
this implies that the wave speed is the  classical Moéns
value,

The asymptotic expansions (3.21) are expected to become
invalid when %= 0(5.‘") and {b*}) is kept fixed. Thus we
introduce the new large distance scale ( Z ) indicating the
build-up of the nbn-linearity, and consider its effects near
to the front of the wave by introducing a characteristic co-
ordinate (vg s

| I=E&%, K: t-?. (3.24)
Writing (3.24) into (3.18) and (3.20) gives ' 4

'Lé ~i Uki +elus -uq‘.g--‘i'lufg +éu*)=0(€)
o : (3.25)
Uyt el2n, - uug) = (®)

[

where S(E):S(E/e). A solution is now sought to tlie pair

(3.256) in the form of the expansions
> .

e



.U\\‘&,vz )= K, (§,2) + e 4, (§,2) +,(8)
U525 €) = M(§2) + EMB2) o (0.

The zeroth order does not define KLLE'%) and merely tells

(3.26)

us that
U= 2H,, | |

‘but forfning the equations for U, and H‘ s and then elimi-
nating both these gives a single equation for uo N

u°§ = ?‘;uou"g + Uos = 0. (3.27)
Equation (3.27) is non-linear and includes the effects of
tapers In fact this equation incorporates the near-field
solution as # -~ 0, and thus it is straightforward to seek

" a solution of the form

W= fpq® (5.28)

where ¢ is a parameter identified with the characteristic
- surface defined by
(é_‘:S_) = - iuo . | (3.29)
S a2y 4
The funcf.ion -f- is just thét defining the piston motion,
and to mateh with the initiéal conditions we must have ¢=§
~on =0, | |

The taper term, S(Z) , can be rewritten in terms of the

- 8%




‘ area change since we have

zm = Ll yilen,,

lﬂ d'g- |
‘and thus SG—‘)-EE-J‘L . Equation (5 2'7) now becomes
s UZ- Uu,gi-laiu'e
'where 9 “Ho e '_ LA .

'Substituting (5 28) into (5 ao) and using (3. 29) gives

s - ‘¢§>++( &q)-o

and noting that B'rS)p.-% ’ th‘.le immediately reduces to

(3.30)

(5.31)5m

(3.32)



[

that 1’s, where

F (¢)J J""' ‘) E‘ ¢ E . (3.33) .|
. i
The path defined by expressions (5.58) is in general cusped
and the solution is made single valued by the insertion of
a Rankine-Hugoniot/shock originating at the cusp ( see figure

11 ). The cusp itself occurs where

29 ?¢
Ingerting the Rankine-ﬁugoniot shock by equating the shock

velocity to the aVerage_of the upstream and downstiream pro-

pagation velocities ( the weak shock wave result ) gives

,‘ (3'3'2”:‘{5* - 5" Y uo

This assumes that there is no disturbance upstream ( and
downstream the Velocity is -—u ), and on the shock 525“_25.(2)
Differentiating (5.32) with respect to % and evaluating on

the shock gives

gl = ﬁ(f)é(zmj e, £4(g)

JA;

After multiplying by 'f(ii) s, this equation can be integrated

to give

%o | Y
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Figure 11 - The formation of a shock
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F; | 3

L 2 d
f(9)dg= ZF /M

(3.34)
JA, |

™

which together with |
| o P
| (9)

are parametric equations for the position of the shock at

(3.35)

§ ). wnithem (1956) obtained similar results when examin-
ing the particle #eloc}ty in a ray tube of area A(Z) . He
showed that an initial wave profile ¥(£) gave a particle
velocity of the form th%j%* B Whére't(qgo included the
distortion of the wave profiié. He also fitted a Rankine-
Hugonidt shock into the flow and obtained a relation for its

position defined by paremetric equations like (3.34) and (3.35).

| The elementaryktheory that has been presented here shows
how the simplest poséible model for the flow of a fluid
through an elastic tube produces classical wave propagation
results. The essential propagation velocity introduced by
MoBns ié confirmed, and the ray tube work of Whitham (1956)
reproduced for thié particular problem. With only non-line-
arity'included in the equations a shock wéve can- be formed,

and its position found parametrically.
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4, Wiave propagation in a fluid-filled elastic tube with

a mean flow produced by a body force

The simplified theory described in chapter 3 is now ex-
tended by the work presented in this chapter. The fluid will
now be assumed viscous, although still incompressible, and a
mean Tlow will be constructed in the tube. The easlest way
to accomplish this, as for the channel flow, is to produce
the steady mean flow by balancing the viscous stresses against
a body force.'This allows a fully developed Pbiseuille pipe
. flow to be formed in the tube, without any effect on the

a
motion of the tube wall,

The elastic tube is represented by a semi-infinite tube
of circular cross-section without any taper. A body force
is aligned with the akié'of the tube and the external surface
of the tube wall is restrained. This restraint, or tethering,
ié assumed to.inhibit all lbngitudinal motion of the wall
but leave the radial»motion quite uneffected. 4s mentioned
in the introduction,’this particular form of restraint is
in fact an:important pheﬁomenon of ateries in situ (McDonald,
1960). To produce fairly realistic model for the tube wall,
we shall make uée of the thin shell theory of Timoshenko

(1940), and full details will be given here.
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4,1 The equations of motion for the fluia

The co-ordinates and variables for the flow are given

in figure 12. }f is measured along the axis, and -’ radially,

' ' ' .
‘W and ¥ gagre the '8' - and Vv —components of velocity in

the fluid, respectively. S' and Qf are the longitudinal and
radial components of the motion of the tube wall. S"will
shortly.ﬁe assumed zero in accordance with the tethering of
the tube. Q; is the undiéturbed radius of the tube under
mean flow conditions, and h is the thickness'of the wall.

. The constant density and kinematic viscosity of the fluid

B b
are € and Y respectively. The wall material has a density

€, -

" The axi-symmetric form of the Navier-Stokes squations is

We + W\, + U'u'l --?z+<3 +v( ’u’b’ W +\\'¢":) (4.1)

R

4

/ 0Ty,
U]{'+ \\ﬂﬁé_i-\r\y =~

., 1~ (4.2)

Q‘— + V(G ‘l‘“_(‘;'!-?\v‘f"jzw)) | :
!

where { is the pressure in the fluid and § is the body

force alighed with the tube axis., The equation of continuity
s

.“éf‘:?(“rr'zo' | (4.5)

Introducing the Mo8ns velocity of propagation

[ Eh_

ZeR (4.4)

a4



Figure 12 - Co-ordinates and variables for the elastic tube
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where E is the Young's modulus for the wall material, and

a characteristic vfrequency»;sll) y-0f the input disturbance at

'5’: o, we non-dimensionalise the equations according to

o - _— ey u v 9 - .
t*‘*‘-’tﬁf- ‘ 3’1--—{25’ T X! —32' E:z (4.5)

, :
QL is the constant pressure in the fluid when only the
steady mean flow is occurring. The equations (4.1 - 4.3)

thus become

Y U cu 0= + L —
U+ 00 _+00 + ?.8 ok ﬂ([uw“ Bz(“,‘.a-rl r)]
' - - ° _.Sz G -
g‘[ut_ + 0‘.8 + \S'G"_.S ‘\‘Q‘-"' 2-& [6-81”,*' ‘z(ﬁ;.ri- --.\Y‘_ ‘.lz\r] (4.8)

In (4.6) we have 1ntroduced the parasmeters

. ' .
. o N R _ af
ok=-l' ’ S~— —&—-, Qe“——
ald yw

- 04 describes the size ovf the body force as compared to the
}characteristic acceleration aw ; ® is the frequency para- |
meter previously defined in chapter 5 and Re is a flow
Reynolds number. |

For a steady unifor'm flow through the tube, then we must

have u:U(!') only, which gives



A + ;'—--(“”+ %U') =0

T :
W) = F(\-_\f’). N (4.7)

so that

The primes denote différentiation; and we have defined

F = ;—o&gag' = 0(1) which prescribes the size on & so that
é fully.devéloped flow is possible with an order unity max-
imum velocity.-The profile (4.7) satisfies the conditions

of zero»velocity at the wall (‘”=\ ) and zero shear at the
centre line (v= C’) Wé now consider a disturbance from
these uniform conditions characterised by an amplitude para-

'meter,f ,» and write
G=UG) +en, F=ev, 9=¢P. (a.8)
The equationsiof mbtion;(4,6j, now becomé
TR Y ! ' '
“e + ((neu) \13 +(U tsu,),\w ?b‘c?e[u&%* é(“:r*é“r)] (.9)

Vg'[\!ei-(U*Eu)W *‘E\“’r +?v“§‘e[°' ""L “'*‘“‘ )] (4.10)

:u’-.&_a- i (\“\r)‘_= 0. (4.11)

,por'the f1ow to be axi-symmetric then the conditions at

A.thevcentre line are
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o,
_u’-:“ +E“‘.:'= 0

ton v =0. (4.12)
or U’:\\r";o

4.2 The conditions at the tube wall

The detailed model of the tube wall is based on Timo-
shenko's thin shell theory (Timoshenko,1940). Since small
terms ( which are normally neglected') may be ypf considerab;l.e

importance here, the equétions of motion for the tube wall

are derived from first’ pbinciples and all the relevant terms
will be retained. Fligure 13 shows an element of the tube.
.M'b" ’ Q"u’ and TS’ are the bending moment, shear force and
longitudinal force ( per unit length ), respectively, at.any
section of the tube‘. Te' is the hoop force per unit length,

and with the usual notation the assumption of axial symmetry

gives .
o T‘:Je = Te% = 0, Nse = Hes— =0, Tl = const., He =const.
: : 3t Pt

’Alyl‘the forces on the element act either axially or radially.
Q'(‘g,t'): R;-&-"L' is the radius of the tube and ¥, ana ?,

| "are the loads. eXxerted by the'flﬁid on the inside face of

the tube, per unit area. L is the load-eiérted by the re- .
straining mechanism on the outer surface of the wall. ?,

is radial, ?z axial and L 1is assumed to have an axial com-

9¢



Figure 13 - Rlement of the tube wall
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ponent only, 80" that the tetherlng does not effect the rsdial
motion. L aihemes
| !
If 1 and § are the radial and longitudinal movements

of the Wall, then the general equations of motion for the

wall become

L + B_I‘_?' Q = e \‘3g (long.) (4.13)
% o
Q‘ - 16’ 0%y _ ﬁ \‘B__'L (rad.) (4.14)
Re 3y at”
3__2 - Qy-T,R e\ (mom.).  (4.15)
3 Bg’- 12 3t

O 1is such that Can® 1is the slope of the wall at any
(3 l:) Now equation (4. 15) serves to define L(} t) neces-
sar-y to give no longitudinal motion i. e.g =0 . When this is

the case, the slope of the wall is given by

T .
tome =M1 - (4.16)
| k.
The radial stress, ?, , exerted by the fluld can be written
as .
[l .
-8R = T +?°)CO59 - tr'ys'"e
| | | (4.17)

where o N
, T == + 20 ‘?'r’ , 'T‘.f% :fx(up-w’%)
and /u is the viscosity of the fluid.
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Since all the losds snd extensions are defined either

axially or radially, the application of Hooke's law gives

T =_§.b_.(l: .t.o-B__g_'): E\'\ :1_‘\
e A ¥/ =g, | Eat
' H—O(—,Z) (4.18)
T =__E_\L(?§ 1.0_')- Ewo 7' %
. ! > 1= -
? 1-o A% % -t R
where © SO’VS % is Poisson's ratio for the material of the

wall. As derived in Timoshenko (1940), the two relations
(4.18) are obtained by averaging the stresses across the

(small) shell thicknesg. This is schieved by performing,say,

the integration b
, 2
T. =SG’(\-E)A'€\
k: LA
: ‘ =Y,
where 03, is the 'membrane' stress in the Y -direction. The

.” error involved°in this apprpximation is given by Timoshenko
and qﬁoted.in (4.18). |
The use ofiﬁooke‘s law here.is perhapé slightly restric-
tive especlally since the type of tube we are envisaging is
quite likely to exhibit non-Hookean properties. However, since
we are'conSider;ng small disturbances to the system we are
asking only that the tube obeys Hooke's law locally, and
this'seems quite reasonable.vThé mammalian artery itself
) (Méndnald,léso) is known to agreé fairly well with a linear

~law over most ( but not all ) its working range. The use of
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a non-Hookean equation of state has been considered by
Jacobs (1953), Seymour and Varley (1986) and Olsen and
Shepiro (1967). S

Similar to the results (4.18) we also have

2 > M
_ -8 A5y

- 12 L7
4 [r+ 32§

to the same approximation as in (4.18). Here, we have made

(4.19)

use of the definition ,
‘ o\

6= Et = E(~-0c?) .

We can now eliminate ‘Q'b’ between (4.14) and (4.15), and by

using (4.16,4.17) we obtain the single equation

- %3I_lﬁ_] f el 4 B 3
2 T Ply & g
+ (%) -¢ fzﬂ\r.f,) cos B ~pm{u:+ u‘;) sin © ? (4.20)
6\'!0' A = eob\ze P |
- W)y = 5 Py )

which 1s to be evaluated at the wall, ’'=Rs +n' . This
equation can be non-dimensionalised by introducing the

varisbles (4.5) together with
'

= 1
1= _E—E;’-’ (4.21)

to give
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_ 3 < iy
~T(h N 2 2\ ? _°h§
iy ]+ e
+ -0+ -é_\?r)cos@-——ku + €4 +g§,\y)sm6 (4.22)
R

: = —'&’ s
~2€0tS (1'\,5)}( 2&( )E ke OP FltEq.
The slope is
Ean D = €3 '1.%’ : (4.23)

The final boundary condition states that the fluid
velocity and wall velocity must be continuous at the wall.

Since the wall is long}tudinally restrained this becomes

Ut+tEw=0
o=t UeE U\)‘LS

We note that the first condition of (4.24) is only appli-

DEAR AR (4.24)

cable to viscous fluids..If, at a later stage, we wish to
examine the model of an inviscid fluid then this condition
must be waived.

The problem that we are interested in is the small
disturbance low frequency limit defined by

£<< |\ and 3L |,

The equation describing the surface motion of the tube,
with the fluid velocity defined, is given in its full
generality by (4.22), within the framework of thin shell
fheory. Applying the limiting procedure to (4.22) and (4.23)

we obtain
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= i_S&,ﬁ + O(£%) (4.25)

and
) %(%:)zéﬁmz %%Sqtt + 2 (wen);
+(-?+ —Ur)(\ E > ,y)--—(U +&u, +£S )(7; -2 ) (4.26)

' 2
~2oves )y €B) S, + O elpfec afes)
on r=|+51
where gll the different types of error term have been
written in the order o} magnitude notation.
It is interesting; and serves as a check, to note that
if the limit Efr O 1is tsken, and the remaining dominant

terms in ) retained, then (4.26) reduces to

3 2T ER, 3 =0. | -
(at‘ * e 332)1'83 (4.27)

This is an equation for ?l(}QQ) independent of the fluid
equations., The equation is the high frequency infinitesimal
disturbance limit of the problem, and two solutions are
waves ( travelling in opposite directions ) at a dimensional
speed

282, T’ _ /8

The appearance of 6 here is due to longitudinal tethering

with non-zero Poisson's ration(¢ ). If O is zero, then the
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wave speed becomes 5%; . This is the classical result for
wave propagation in a bar of modulus E and density f;( see
Coulson,1965 ).

It is now clear that the problem as defined by the
sgstem of equations (4.9 - 4.12,4.24,4.26) bears many simil-
arities to the two dimensional channel flow., The important
difference, apart from the flow being axi-symmetric, is that
the fluid surface condition is vastly more complicated. For
the channel flow it was simply that the surface be a free
surface. _

When % and C are*of order unity, and both & and $
are small with QE lérge, a set of eguations similar to
those due to Burns (1953) for the channel flow are obtained.
This indicates that 'dynamic' waves exist in this problem.
Likewise, for large enough 7{ and € ’ bile of the viscous
terms dominagfe and a 'kinematic' wave thebry is derived,
again similar to that for the channel flow, Finally, also
in direct analogy to the water wave problem, it is possible
to scale in such a way as to produce the terms which lead
- to both the dynamic and kinematic waves ( see § 1.3 ). Since
the damping 1is obviously positive it follows immediagtely
that the Qynamic waves can be shown to decay, leaving the
main disturbance travelling at the kinematic wave speed.

Due to its very close similarities to the work of Chapter 1,

the analysis 1s not presented here but the individual forms
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of the two types of waves will be examined.
The particular types of waves are most conveniently

produced by considering the two separate problems given by

(1) <<, 8<<) |, Re= 00, %,p'fixed,

(11) €<<| , S<<V , B¢ = 0(1); 3% » b fixed ( for
near-field ).

These two limiting solutions will be given in §4.3 and

4,3 Small amplitude, low frequency inviscid limit -

the dynamic waves
»

By making the approximations indicated in (1) above, we

are left with the following dominant equations
) /
g +0,.=0
U, + Uu‘%’ + v + 2
P = o (4.28)

3 C ==
U x Llev) =0,

K1
togetfler with the boundary conditions
?:. AT "L

=1 +U0
\y 1t+ 1,5

on =] (4.29)

and
U=We=0 on =0.

Where appropriate, the errors involved in the relations
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(4.28) and (4.29) have been put equal to zero, so that we
have performed the limiting process:

RQe—=>=c0; €£€,3-=0.
The no-slip condition at the tube wall has been waived since
the fluid has been assumed inviscid, and thias ‘I(V) can take
any general form. As we see, the set (4.28,4.29) are exactly
analogous to those obtained by Burns (1953), and thus we may
gseek a éteady wave solution as a function of ¥ and X‘—‘-%“Ct
only. )( is a characteristic co-ordinate and C is the
(constant) wave speed which is to be found. Using these new
co-ordinates, it is a 8imple matter to combine (4.28) and

(4.29) to give
: /
(u‘. c)[-}'_(nr)r] + UV + 2"crl¥= o

where all but the kinemstic condition on © =1 have been
applied. This relation can be integrated once
r

. rar
w:ZT'lXL‘Lr_E) G 15109,

where U =0 on =0, Now applying the wall kinematic
condition we obtain |

'

rdr_ . L. o | (4.30)

A
NUUEES

Expression (4.30) is the axi-symmetric form of the surface
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condition given by Burns (1953) and serves to define the
propagation speeds, C ;- in . terms of the shear profile TUr),

If this profile is Poiseuille, then from (4.7) we have

'
S& -1y = 1
[RQ-s) =) 2T

which can be directly integrated to give

C = %[F t /%441 l-. (4.31)

This shows how the propagation speed of small disturbances
depends upon the shear:flow and the coupling between longi-
tudinal and radisl motion ( when the longitudinal movement
is totally restricted ). If there was no coupling (oo=0)

and no mean flow in the tube ( F=0), then we obtain
c= 11\,

In dimensional form this is the classical MoEns result for
the propagation speeds of small disturbances. Thus even the
unrealistic inviscid approximation leads to an interesting

new result,

The wave speeds of the dynamic waves have been derived.
From the two dimensional channel flow problem, we know that
such waves eventually decay. To examine the dominant wave,

we now consider the case in which the flow Reynolds number
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is order unity. The same result can, in fact, be obtained

by scaling for appropriately la’rg‘e‘”% and £ ( see §1.2 ).

4.4 Small amplitude, low freqﬁency viscoius limit —

the kinematic wave

S8ince we expect thé maln disturbance to be at the Kine-
matic ane speed, we shall be particularly interested in
the form of the wave profile at this front. For the water
wave problem we derived the Korteweg-de Vries-Burgers eguation
and it seems reasonable that a similar result will be obtained
for the elastic tube. To this end we shall retain the domi-

z
nant terms in both & and O , and in particular we define
. =0(8)=Kwe ; k=00, (4.52)

Thié is the scaling that we have used previously and was
first noted by Korteweg and de Vries (1895). Relation (4.32)
ensures that non-linearity and dispersive effects are of the
same order, and by virtue of assuming Re = 0(1) damping
will also be important.

For donVenience we will state all the governing equations,
but retain only the terms necessary for our present purposes.

Equations (4.9 - 4.11) become

U, +Uu%+U'\rf ,d= %e[u%'r ,%E(“n'-* "‘:“r)] + 0l8) (4.33)
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P, = ee(,\ttf +1vps sz) + 0(¢)

(VY "._L\'\r), =

% +

The relevant form of the boundary conditions is

U’=\-K‘-=° on V=0
MX+euw=0 | W
v=n, +\U+E\A)'[,5 . on

=+ E'L

R h - Zg-lys =
Eqﬁz’k&qtt-yl‘tvl_ R+ 5o Vr QQ\I'LD_OLi).J

(4.34)

(4.35)

(4.36)
(4.37)
(4.38)

(4.39)

The final condition,(4.39), incorporates the term ——ke'lw

This can occur if the density ratio e?é is large enough.
In fact, for the case of arterisl flow, we note that mea-
surements give Q%t¢=\ ( see McDonald, 1960 ), so that this
term will be negligible, It 1s retained here to give more
generality to the final result. '

A near-field solution to the problem defined by (4.33

4.39) is sought as a formal expansion
Q tsyb;r‘l E) = QOL.‘G,EIT) ¥ & Q‘(%'t’ ) +-

vt €)= 1.k +Eq,(m0 + -

where QT W,V , ¢ . From (4.33) we immediately obtain

"o

'so that even though h/Q,’ K| , we can have ﬁ:qo\\}ca £ 0(1).

(4.40)
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and the solution satisfying the boundary condition (4.36) is
W =W, (%,0).
Applying the condition at the wall, (4.37), then we have
| o
UW + eq B +eu,=o0

and since WT(r) is the Poiseuille profile, we obtain

W, = 2F '\, . (4.41)

From the continuity equation we derive

U, = -\‘Ffloy

and ensuring that U, satisfies the kinematic wall condition

gives

10t+ F'\Q%:O } ‘102 '\ok"g—;t)' (4'42)'

This resuit is exactly as obtained for the shallow water wave
problem, As there, we know that the asymptotic expansions
(4.40) will become invalid when el = 0(1) since this is

| the scale of the non-linearity. Mathematically, the break-
down is concerned with the occurrence of secular terms of
the wave equation (4.42), as is well-known in this type of

problem ( see Cole,1968 ).
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The equations are rewritten in terms of a characteristic

co-ordinate and a large time co-ordinate,
E: 'g—?'t} etb=T, . (4.43)

The equations and boundary conditions now become

kU-F)“g LU ng é;[u% + ’-‘_'—E(urr-l-"Fu,.)] 4+ OlE)  (4.24)

0 = qlewﬂ.'-t Lo - %z\r) + 0(¢) (4.45)
Ue + '?(V\!')‘. =0 (4.46)
v=We=0  on ©=0 (4.47)
T+EW=O0 \ (4.48)

\y:E'\T&y\\X—F)'\g-&ew\? ? on (4.49)
) \‘:H-E.'L

(5'1“ r2Tq -V %‘;\ﬂ.- qleU '1,‘:0L£)_J (4. 50)

As beforé, we seek a formal expansion solution
QLR T,7;8) = QA5TF) + €QGE TN+ -
A%, T €)= W& T) e (§,T)+- -

where Q= W , O, ¥ . The zeroth order terms give

)

ua= ZF\-\Q 0.0= —VF\’\O«? (4.-.51)

" and “,Uﬂ,T) identically satisfies the kinematic condition
so that “, remains undefined, To obtain an equation for M,
we must examine the next approximation, in the course of

which \'\. will not be defined. From (4.45,4.50,4.51) we have

w2



' . -
= Hogy +2T Ho~ % ( 28R, + i CF) Moy,

%

= %\-\ogg +2T M, (4.52)

so that if § 1s small the pressure at the wall is given
by the Hooke's law result. The inclusion of the G‘term
here indicates the effect of the wall inertia on the fluid

pressure. Substituting into (4.24) we derive an eguation for

-

T | ;

[FQ-v2)- F\ZF\\og-&-(-Zr\‘-)(—rFHog +Hegey +2T WMoy
e L oF W a |
= 22 Moy * g T

which simplifies to give

L =1 [(suom +1m¢,g ~ 12¢ HQ“X

Integrating once more and using the no-slip conditlon (4.48),

sz ~(‘°‘)[6L\ +21T H - _z\:\r\o“\ [zm +EW ]

Now using the continuity equation we can find U, and thus
write it in the kinematic condition. W, identically cancels

leaving

F —kF = Kile
Mo 4R, SRF R, Be27 M, + BMoggg |, (459

which is a single equation for W (¥ T) . We note that if
e’ = 0 in this approximation, then équation (4.53) becomes

the K-V-B equation studied in chapter 2 ( and Johnson,1970 ).
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Ir ﬁ' is order unity, then we have a fourth order non-linear
equation to solve and ‘it is not immediately obvious in what
way the @’ term will effect the solution. We shall study
ﬁhis equation_in the next paragraph using the same technique

as employed on the K-V.B equation.

4.5 Steady-state asymptotic solution of equation (4.53)

To reduce the equation to the steady-state form, we

introduce
X=% - %f‘r , WG = & b (x) (4.54)

where X 1s a characteristic co-ordinate in which steady
flow occurs. Substituting (4.54) into equation (4.53) and

integrating onée'gives
W4 Wlh=t) = AW + x\s"') (4.55)

where A=QS% and Y= ‘S/Z‘t . The primes denote differentistion -
and the upstream and downstream conditions have been assumed
to remain undisturbed as
| \\-> O for X== O
W | for X ~o — 0 .
This latper condition can always be applied in general since
any amplitude factor is automatically,indorporated into the

emplitude parameter, £ .

né¢



Equation (4.55) can not be integrated further and con-
sequently it is imposgsﬁi‘plc_e_ t6 ascer‘pain the form of the
solution in the phase-plane; However, for A<< ! we expect
a solution similar to that obtained for Y¥'=O in chapter 2.
To this end we chall seek a solution as a élowly varying
cnoidal wave and in particular note the effects of the wall
inertisa,

-Before embarking upon the asymptotic analysis it is
worthwhile examining the form of the solution as X™ -

( where the profile is expected to be oscillatory ). This is

most easily accomplisBed by writing
' XX
W~ i-fe | X==eo

where B ana X gre constants. Substituting into (4.55), and
" neglecting exponentially small terms, gives a cubic equation
for K : . .
& 1= Ak + Ys)
A + \f' Y .
Por A<< | , the roots can be written as

~ L, i A0~Y)

At 2

and we note that the 6scillatory motion is given by two of

these roots. If the oscillations are to be damped (stable)

as X ==~ then we must have

Y< V.
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If x1=) s the osclllatory solution is neutrally stable.
The condition fof stability can be expressed as

gi = gﬂ:éig;z‘< )

2T ET
which states that the inertia force éssociéted with the
motion of the wall ( Q,bdzﬁg ) musi be less than the elastic
force due to the extension of the tube wall (ET/R!). This
1s exactly the restriction deduced by Jacobs (1953) from a
linearised analysis of the problem with a non-zero mass of
the wall, |

Returning to the formal asymptotic solution, we introduce

"slow' time scale, X=48X ( A<< | ) and expand like

Wix) = W (X,%x) 4+ 4w (X, XY+ ---

where

Wo (X, i) a(x) + bix) cn[od’() X; VLx)] (4.56)

See §2 2. For a wholly periodic solution we ask that W,
be periodic in X with the ssme period as \\o , and as in
éhapter 2 we shall obtain a solution which alters from the
solitary wave ( Y=V ) to the zero period zero amplitude
cmﬁ@lwmm(”v=o).

Without going into the details, we observe that the

zeroth order equation is

\\o | ‘\‘\Nok\\;” ‘)

i
@)

XX
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and if (4.56) is to be a solution then

2 .
. 2. . . _
2\3w/ 2 3 \y
v= 2Vv0O—v4r). '
2
In figure 14 are given the curves of the upper (A+% ) and
lower ( X ) envelopes of the‘ oscillation as functions of VY,
obtained from (4.57). We now have three relations defining

the quantities «(x) , alx) , ¥(x) , ¥({x) ., The fourth is

given by the periodicity of \\.U‘,"). The O(A ) equation is

1) +.’2\\°hxx +4w, (24 1) = ho, + ¥h

Yxx O %% %

and for \\, to be periodic in X then

) ' )
iy A

. =< v

‘%x[ \\:xo\x = [LHx-:L)—\\o)\\ZJAX. (4.58)
o o . _

( kb?) is defined below.) If Y=O, expression (4.58) can be

integrated directly to give the result derived for the

K-V-B equation. For Y% O , then upon substitution for W, ,

the following complicated relation for 3%) is obtained:

- £5%v-00 4 2@-0F +28"4E. gy - e K

dx _ v
QX = (4.59)
av 2047)0 - 4y(a® + 2 5°Q)

éihere |

~Y |
S= (Vv +)) 4’. =20 v+)E - (-1NE-V)K

¥4
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Figure 14 - Upper and lower envelope curves for the
theoretical oscillations
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Q= (;lv; ) (’sz-‘bv +‘3) E.=(=Y) Gy *=15sv+ ) K
and . ; | |
Ak _ E=U-Wk  AE_ E=k.

av- ZyG-v) 4y 2V

Finelly we have k(V) ana E(V) , the complete elliptic inte-
grals ofr the first and second kind, respectively.
Relation (4.59) has been numerically integrated for
' Y= 0,%,1 and the rresults are plotted in figure 15, The boun-
dary conditions applied to ¥ is that P=\ at %=0 ., p
must then approach zerb as X~ —¢®, The critical value of
¥=t has :been computed since it is possible to demonstrate
that the profile still decays, although not exponentially.
This is seen if we consider (4.59) as Y- 0 ,
ax I
, Ay y(~y) +8y?
'where 8>0 is a complicated constant, Now if 0<'5’<| then
| Y~ exg[U )’)x.‘ X — — 00,

but if 3*:\ “then

va-g"—x‘ ) W~ — O,

For ¥> ' the theory predicts an exponential growth in YV
-as X~ =~ gng corresponds to instability. This result is
unacceptable, The computed results in figure 15 certainly

show that even for Y=\ , V approaches zero ags X == o0,

uwg )



~N - , - o

Figure 15 - Curves of VY against x for various Y ,
obtained by numerical integration
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The case of X‘ ° is exactly that given in more detall in
i chapter 2. b
The matching of this asymptotic theory to the pertur-
batlon of the solitary wave, and this 1n turn matching with
a simple exponential decay, is expected to follow directly.

The,details ‘are not presented here but the results follow

‘ ‘the 1ines of the analysis given in §2.4.

4.6 Conclusion

ciAktheory has been presented for the propagation of small
disturb‘ancesvon a fluild-filled elastic tube. The tube wall
;'has been described by the thin shell theory of Timoshenko

_and 8 mean flow has been produced in the tube by introducing

Eda body force. Wlth the effectsvof ghear in an inviscid flow,

& comprehensive expression for the propagation speed of

'fsmall disturbances has been derived. The relation is

\ . :
_rar

[U(r) -c¥
‘and is analogous to the water wave theory of Burns (1953).
'The appearance of T ( (1=~ 2) ) is due to the fact that

the tube Wall ‘was totally restralned longitudinally and the

‘”'wall material was of non-zero Poisson s ratio ( & ). For

~tno mean‘flow and O=0, the above integral relation for

]the_Wave speed, C , gives the ciassical Mo¥ns values ( when

1ze



put into diméhsional form ).

For inviseid flow, the shear profile V(e can take any
form, However, for viscous flow described by a Newtonian
stress law, the mean profile must be that due to Poiseuille.
AIf'the flow Reynolds number‘is fairly largé, the disturbance
moves at the dynamic wave speed ( € , above). These waves
will decay as in the case of thé two dimensional channel
flow, The main disturbance is then left to travel at the
kinematic wave speed. The form of this wave has been examiﬁed
by considering the Reynblds number to be order unity.

In the 'far-field”, non-linearity becomes important and

" it has been shown that a fourth order partial differential

eqﬁatidn can:describe the wave profile. Without the fourth

derivative term ( small wall inertia ) the equation reduces
to'ihe K-V-B equation studied in chapter 2. Using the same

k»fqrm Qf averaging as employed there, an asymptotic solution

- 1is obtained which again"isba élowly varying cnoidal wave

( invthe steady-state, for small aamping ). The effect of

the wa117inertia term is examinéd, and it is shown that a

stable profile can occur only if

| R L.

In the case of the 'less than being applicable the stability
 ¥is asymptotically exponential. However, for the equality, the

’stéb'iiitj is only algebraic (~Fx‘- ’ x—,-@. These results
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‘ Jchfirm'the>simp1er iinéariéed analysis presented by Jacobsv
(1953), and also indicate that for arterial flow (% )

- the profile is stable.
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Appendix I

oy

The two dimensional chahnel.flow analysis presented in
chapter 1 was somewhat restrictive in that 1t assumed g
Newtonlan stress law. Such an assumption, as we have seen,
immedliately leads to the copclusion that the mean uniform
flow mﬁst be a Poiseullle éhannel flow profile. It is known
that many observed ve1001ty profiles are c@nsiderably differ-
ent 1n practice since the flow is turbulent. The work that
has been presented in this thesis is, of course, for laminar
flow. However, it seens reasonable to ask if the stress law
descrlibing the fluid can in any way be generalised so that
1o£hér‘mean profiles are predicted, without necessitéting

“analysing the full equations of turbulent motion.

If such a generalisttion is possiblé, then the far-field

region can be examined to see'if the K-V-B equation ( or one

L similar to it ) can be derived. It will also be possible to

‘Taverage the equatlons by 1ntegrat1ng over the depth of the
channel and comparing the results with the work of Lighthill
’vand Whifham (1955). We have mentioned that Lighthill and
'{Whifham ééSumed that average equations described the Fflow,
‘and used the Chezy 1aw to give the friction on the channel
;Ebed With the more general stress law, it may be possible to

'produce the ‘same type of behaviour as predieted by the Chezy

1aw.
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A.l A.generalieation of the stress law

The equations of motion for an incompressible fluid can
be written as
[
'(o_‘i& = QF (d‘s)

ot’ ax’
- (A.1)

where tensor ( and sdmmation ) notation have been used, and
the primes denote dimensional variables. The stress has been

written as Y

o/ =~ S‘i + &:3 (A.2)

©)
wheré d;; is the deviatoric stress tensor. For symmetry
and no motion we must have
dg =4y A =o. (4.5)
~ Now provided that (A.3) are satisfied, and that o\;'j
‘aiso satisfy.two axiomatic conditions, then Aag can take
' aﬂy form. The two‘axioms, often used in continuum mechanics,
aré that.the equations of mofion stay unchanged under rigid
body translations and rotations. This implles that dt’ can
| not be a function of w4/ or (QL), vhere Gﬂo is the vorticity
tenSor.,In particular, it may be a function of the rate of

-gtrain tensor
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'Bll‘ + —3 S (A..A_—)
3’C o/ ' ' : '

'which is’ automatically symmetric. Wle note that the classical
'Newtonian theory is given by
, , .
At’.' -~ ..!.-HL 3““ +3ul
3 2 _\Kl
A G-

‘ where lﬂqu is a conStant rank four tensor., In this more

-general analysis, we shall assume that

/ A

a4y = [:z'@%, * %‘i*)} (8.8)
}}aﬁalthus ex¢1ude the possibility of dé being dependent

fupon derivatives of the rate of strain tensor.
”h  For simplicity, we shall restrict ourselves to the two
dimensional case, i,) = 1,2, If the body force ( F;) is due
only‘té gravity, then we non-dimensionalise using (1.8),
rifogéther with

/

: d"z=dzl' = }L‘E’. £ j,duz-dzlz 2}% ‘3,' (A.6)

f where 9(4A) is an odd function. € is the characteristic

e velocity3 JIN, and M 1is now a characteristic 'viscosit ty '

7'enab11ng the non-dimensionalisation to be performed. The

~ equations of motion thus become
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. N
DU . ¢ = & + -‘P-‘-"‘ laf]
ot MR Rel 0x +313‘J
UG Pu=~1 + L|.29  _>Ff g } (A.7)
Soe vy Re[ Bﬁ*'ax]’
U, +U3’=° J
where o
' - o {3& : 1R, ¥V '
‘3‘3(3‘:‘: . ana = 'F(zatj 2Bx) (A.8)

By virtue of the scaling (1.8) and (A.6), we assume that
the parameter S only appears in (A.8) where explicitly
indicated. Any cons‘tants of proportionality are to be order
unity, independent of S . Since ‘3“") is an odd function

" the use of the continuity equation gives
& U
(%)= ‘3( 2§) ‘3(>~3)
so that c\; "‘d’ =0 '. Hence with the restrictions outlined
above, both 'F and ‘j may be arbitrary functions. For the
following analysis, voth * and 9 will remain unspecified,

but we will assume that Taylor expansions exist of these

funct ions,

fl+ @)= 'F(ok) + B F(«) + -
q(4) = 9@ + X (I + - . (4.9)

For all non-dimensional quantities, primes will denote
‘ ‘differentlation with respect to the appropriate arguments.

We expact that both € and j will satisfy the physical con-
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dition that stress is a positive function of strain, so that

_ in particular LT o
. $l0y = qlo) = 0. (A.10)
It ié now possible to examine the solution to the
probiem'of chapter 1, by seeking the kinematic wave solution
and then the non-linear form in the far-field. The boundary

- conditions can be written as

U=T=0 4 YW=o )
T=h o+ G\r\vx - A
G- L 50 S
R Qe+ 8w2) ' Y4=h
(1- SW)$ ~ Thg=0 J

Without going into details, we shall firstly find the uniform
, flow‘sqlution, then the kinematic wave ( near-field ) and
finally the far-field non-linear eguation. The dynsmic waves
exist for this problem; being the solution for K™, and

they still decay for Re™ O ( positive damping ).

A.Q»The uniform flow

_This is the solution for
u=ut‘3$, G’to) \'\:\) 9?—\-‘3,

whence we obtain
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| 14U
og;+,,,-,—'_—,,°l-£(z,,‘.\) =0 (A.12)
_ Res d‘j '
with boundary conditions ‘
; n_
‘ H%\X)-o on “4=1
U(‘ﬂ =0 on ‘4 = 0.
Defining, as before, the Froude number to be
) ’ 2
F=ale & =o0(1),
thén we have |
{ re/y -
§(LW) = £Q-y). (a.18)
This equation can be solved, in principle, to derive W(Y)

for 'F a known function, For example, the classical Newtonian

theory is - ) _ :
(LW =2.4W = UG = FO-3 YY),

We _shall now pertubb thi‘s uniform flow by introducing the

. amplitude parameter, £ .

A.3 Near-field solution - the kinematic wave

. We seek a sblution of the form
u___“(‘j) + i‘\&’, U=ev \\=\+£ll, V= I~4+£¢

“where €<< 1., and also assume that © =KE&_ The variables
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are expanded

Q(x,9,b;€) = Qulx4,8) +EQ,1x,y,E) + -~
R (x, £; £) = '1be)+&qu&)+--'
where QEW, ¥ ', ¥ . Substituting the expansions into the
full equatioﬁs and boundary conditions, and éxpanding the

two stress functions, we obtain the zeroth order:
) [“ .F'(,LU‘)] =
—— o] 1
ML 3
“Ox 1' \yc‘s = o

U =We=o on 477 (A.14)

: o = qo; 1' U '\ox on
LU BT +u, £ 30 = o, Y§=!

It is stralghtforward to solve this set to glve
t3 A‘j
. " . >
\&0::- '10[11 f ] X t(zuu) ) rl [ ] X § '(.Lu) 3
v'vhe're | (A. 15.)

4, '
U U”{ S X A% 4 =
’\ + z o [ lw AW TR o) 9, ‘Lx o

and ( h” indicates evaluation on w=1t. Clearly, so that

the integrals give us no trouble, then
§ (LU)a& ©o , OgYs). | (4.16) -

' Thls we expect to be Satisfied for a positlve stress/strain

N
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- time co-ordinates

lew. Prom the definition of WK(Y) , (A.13), we observe that
[u" *;l] =-2F
W

80 that the kinematic wave speed is
. | | oy, .
( = U(‘) + AF z' a .
K , e %, (A.17)

which is positive definite for U()DO, f’> o .

[v4

A.4 Par-field solution - the non-linear wave

. 2
To observe the effects of non-linearity and dispersion

on the kinematic wave, we introduce characteristic and large

'%.-_ x-¢ bt et=T, (A.18)

o ’
The Reynolds number, Q¢ , will be kept fixed independent of
the 1:Lmiting procéss £~ O, Assumimg the same expansions

.as in the near-field, but now as functions of (E,T,‘j )

we obtain the following problem for M, VY , ‘1. :

| - . - .'_ 'é_ ' \.\: "
Q:x~;_g)u,§ +Ule, +‘?_,? = Qc[os,l}og?+ il‘-( 3‘3{(““3+ KO )+ Z‘sf u (A.19)

BRI
Q"‘S" Re[ AMogy + »’Ll oy *'\ (A.20)
u.,‘s»,\r,“ =0 | | (A.21)
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W=\v,=0 " on =0 (A.22)

-, * .= éc[“‘}‘c’r; "1‘("\"; ]

Q" B U0 gyt v g+ LA r0JeR 0 1o 951 (A-20)

v, = - / (A.25)
Vg ¥U =000 + W +T (")1|§+ 1;\03'J

[] [} f 1
The argument of ¥ , ¥ , ¥ is iu throughout, and q(0)=o,
The zeroth order is given essentially by the near-field

solution,
. : ay Y Y, c\g N
“Oa lF'lp S F' ). \TO = —quOEX 8 ‘2’ ‘3| b (A- 26)

where QOKE,T) is undefined,

From (A.20) and (A.23) we obtain

§°= 1. + é—e"{p‘[r-(‘jﬂ) + 44,\“-& % ~14Fg w]

where all subscripts ( )m indicate evaluation on ‘3=I .
Substituting for ¥, into (A.19) and integrating twice with
respect to \3 y together with the boundary conditions (A.22)
and (A. 24), gives

g F'\o“(\ XY @ﬁ? 20; K“,,Am 280 & Am-c“)& =i
-l‘:q"YS ?’& g S‘“Jf*' 'ngg ry Ay 4+ Qc“’ffg f’S [F{‘Q 1) +4ogf§
- Z*Fg ry ‘250)1("\‘1) o 'L }S S (%)3+ﬂ('§,T) go f.
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where
s 1 =~ 281 (e 4 ¢ 2o, (e (*Cer’ o

- é—"l.“& o(m-\) +4«F§ mg Mo2e,)ay + %F'L’u,& \"l

T ""‘{ - U = 0T LY S ¢ ’tf.z} :
2Qek "

It is now possible to integrate once more with respect to Y
and using the conditions (A.22,A.25) we derive a single

equation for 1, ( 'l, identically cancels ),

+ 2Fp! t+ FRY Nonyr = ek
‘101- P 101»-2 1"1 %¥%% 'loﬂ,
which is the K—V—B equation, The coefficients are given by

= ‘“um GK- \&9 (F F"

"Nt n
\x%w) +27, - FI, [I ({7,,)]
= ~ U : = :
v= (55 (G0 g, - 5a)
vz () vn L[ (o) - f1(TE5) - 2]

" (ck; ';fu)) (4 \zm-ck):v ~ 4F U (W] }

where

NOHW-AR RS (= &¢At3 1(¢) (ay .
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As a check, it is a fairly simple matter to take the classi-

cal Newtonian theory¢~ﬁ~w,
{("EU‘):U'; UL‘&)=FK‘3°9£‘}7') : A =2

which gives
Q:\ , ‘1/=‘ y \‘:—%—L‘“‘%—;Fz).
(See equation (1.62).)

We have thus shown that the Kortewegsde Vries-Burgers
equation is valid in the far-field even for a more general
stress law. This is the case provided the deviatoric stress
tensor is only a funct}on of the rate of strain. To permit
higher derivatives in these expressions will clearly lead
to other than the K-V-B equation. It is now possible for a
given mean velocity profile ( that is, a given ¥ ) to derive.
the appropriate coefficients ? s Y ¥ . In conclusion

it is worth noting that any bound on the PFroude number is

now given by the general expression V=0 |

A.5 Average equations and a generalised stress law

In this 'final paragraph, we intend taking the equations
of motion for the fluid, (A.7), and averaging them formally
across the depth of the channel. The boundary conditions
are as given'in chapter 1, Clearly we hppe to derive a
solution to the problem ( the surface disturbance ) by only

using averaging and boundary conditions. A knowledge of the
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fine detail, it 1is hoped, will be unnecessary. Lighthill and
Whitham (1955) assumed such average equations and manasged to
derive a single equation which described both the dynamic
and Kinematic waves, »
The average equations will be found by integrat;ng the

local equations across the channel, and we will drog the
bar notation of (A.7) for convenience, Hence from the conti-
nuity eguation

" h

\ Uty + 1m0
o

where W= “(xlt) is thd surface. But

\T:‘f\t.-\-\\\\x on \3:\\

and V=0 on 4Y=0 , thus

W
& Wedy +hg U w =0

where u\‘= u(x.\'\. b) . Now transposing the integration and

differentiation,
W
| ox ), -
and if we write(, ‘ ’
" <
\ Way = W&k _ (4.27)
o _ R o _
then |
W + (hir = (A.28)
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and the bar notation now implies an average value across the
depth.
Likewise averaging the X -momentum equation, and using

(A.28), gives

- 2 W
I HF- 10, ¢ (o )1 A

(A.29)
and only in very trivial cases ( e.g. QA = constant ) can

—

W = W | We now seek an approximate solution to this
problem as a perturbation from mean conditions as measured

by the amplitude parameter & ,
w=UM) + ew,+--- U= eV, -

P=t=y +e¥, &, hzt+En +--° -
From the Y -momentum equation we immediately obtain
=0
?o.3
and since V=0 on ‘3‘-—‘-\«\ we have ?,='1, . The average

veloclty is now given by

Y
s | (W een ) dy

:ﬁ * EC\O + 0(¢&%

and

\
WE = &“ (Ueeu v dy= &D[uz‘\- 2+ dy

W 4 2¢ Un, +0&).
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Substituting in (A.29), and keeping only the dominant terms

( including viscous ) 'in the limit Re—e 00 y S= 0 , then

e, + £(2Uw, -U G,)x+ eqox(\ +U-T) - «(1+€7) +Q:‘§[4‘-]:,

It is now clear, without analysing further,'that the average
momentum egquation invalves not only knowing U(‘J)( which is
assumed given ) but also W,(X,4,E) 5o that the average cio
can be found, Such knowledge can only be obtained by a
detalled analysis of the problem along the lines given in
chapter 1. Hence we must conclude that the status of the
equations used by Lighlhill and Whitham (1955) can only be
those of 'model equations'. However, it should be added that
we could assume that ti, was of the form «"_ , say,

where &K is an unknowgéonstant. This enables an equation of

the type found by Lighthill and Whitham to be derived.

If we accept the equations of motion given by Lighthill
and Whitham, then we may Briefly examine how the Chééy law
is constructed, and compare it with the Newtonian stress
law ( or the more general law presented here ). Let us
consider the mean Poiseuille channel flow as predicted by
the Newtoﬁian stress law, In dimensional variables this may

be written as

" Zn \a?“’w‘ -4)
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where the motion is produced by a constant pressure gradient.

Using the continuity equation -then .

and with the surface condition
v I,\'\|b) = \‘b + ukxl\‘lt)\‘x

we obtain

We + #\ﬁ\\:\wx= 0.

This equation immediatély predicts the kinematic wave, and
can be linearised if we consider small disturbances ( 1.)

from the mean height: W=h, +n ,

z
e + %\g\\\,‘]; 0.

However, we may also introduce the mean velocity

»Gz -‘-Sh\u\tsz -\l‘.i ég‘z ﬁ\j“g\

| W Yo £ AL LI YV S e
s0 that

. We + 3Bh, =0
These results may now be compared with the similar

analysis for a Chééy friction law, If the wetted perimeter
of the channel is L , and its cross-sectional area B 'y

then we write

X33



force/unit length = ‘g‘(/u%%)'
L
R

Force/unit length = %h;&_‘é

W
and if we further note that
L < \
Er ‘: ( exactly true for a rectangular channel )
then

~ _ 3 -— -
force/unit length e 3—#3—* = 22 % €u.

W eh&
. b Y
For = Chgzy law the Reynolds number defined as
Re = Chu
L 3/,\

is assumed constant, and if the motion is produced by a
constant pressure gradient ( or gravity ) then

W< h.
Using this relafion in the exact average continuity equation
(A.28), we obtain

W, + Z0h=0

which 1s the result used by Lighthill and Whitham (1955).
vIt is now evident that 1f a more general stress law is

/ ' L
used (e.g.‘GGz'U)) then the: kinematic wave equation

W + kb, =0
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can have any appropriate wave speed KW . In particular
we could choose the profile-ﬁhich-would give the Chézy law
results formally, without necessitating the use of average
equations. In other words, we model the turbulent behaviour
of the flow by using a non-Newtonian laminar theory. This

approach then replaces the use of average 'model' equations.
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Appendix IT

In figures 16 and 17 is given the print out of the pPro-
gramme used for the integration of the steady-state K-V-3
ecuation, on the Imperial College IBK 7094 computer. The
technigue used was a predictor-corrector (fifth order) scheme.
Having read in the appronriate data for the run, tie programae
computes the first four values of Y , 4(<) ana ‘3”(1‘) using the
asymptotic expansion for the perturbation of the solitary
wave ( given in equations (2.24,2.25) ). With these first
four values, the next value is predicted and then corrected
upto a swecified accur%cy. This is then repeated for ass long
as ie required, always using the previous four values to
compute the nextu.

The beginning of a typical print out of results is given
in figure 18, The first line gives the relevant date for this
particular run: H= step length,JdJ= number of steps,X0= starting
value of X ,C= damping parameter, ¥ . The first four lines
are the co-ordinates and the function values calculated from
the asymptotic expansion. The rest of the results are ob-
tained from the predictor-corrector routine, where the co-
ordinate, function value and its first derivative are tsbulated,
The integer in the final column gives the number of iterative
loops completed in the corrector sequence to reach the re-

gquired accuracy.
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