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– Abstract –

Localised surface plasmonic resonance is the oscillation of conduction electrons in
metallic nanoparticles when it is illuminated with photons of a certain frequency.
Nowadays, there is increasing effort to harness the energy or hot carriers from
the metallic nanoparticles under plasmonic resonance. For example, researchers
have used the plasmonic resonance effect to build photodetectors, photocatalysis,
solar cells, etc. Despite the numerous experimental research, most theoretical
studies are based on the classical approach such as solving Maxwell’s equation.
Little insights into the hot carriers are known as this is a quantum mechanical
effect. To model the hot carriers, researchers have to solve Schrodinger’s equation,
which is computationally expensive. Researchers have attempted to model the
hot-carrier processes using simplified wavefunctions such as the spherical-well
approach, but this is less accurate and it is only limited to certain geometries
of nanoparticles. Some other researchers uses ab-inito approaches to model
these nanoparticles such as GW-perturbation method or time-dependent density
functional theory calculations, but this can only be applied to very small (⩽2000
atoms) nanoparticles or bulk-like nanoparticles. In this research project, we used
a semi-classical approach, we used the tight-binding method to compute the
wavefunction of the nanoparticles and used the quasi-static method to compute
the perturbation induced by the photon. We used an efficient kernel polynomial
method that scales linearly with the number of atoms. We managed to simulate
the hot carrier distribution of nanoparticles with from 249 atoms(∼0.5 nm) up to
1,000,000 atoms(∼30 nm). Based on the finite-element quasi-static method, we
managed to calculate the classical potential for arbitrary geometry. This allows us
to calculate the hot-carrier generation rate of more complicated structures, such as
Au@Pd core-shell nanoparticle surrounding a big Au nanoparticle and metallic
Janus nanoparticles with a neck.
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CHAPTER 1. INTRODUCTION AND BACKGROUND

Chapter 1

Introduction and Background

1.1 Fundamental Hot Carrier Processes

Nowadays, with the advances of nanotechnology, a wide range of nanoparticles,
which have a typical length scale of less than 100 nm, can be synthesisedd. These
nanoparticles have a wide range of sizes, shapes and compositions.[1] It is well
known that nanoparticles have significantly different optical properties from their
bulk materials. For example, depending on the shape and size of gold nanoparticles,
they show significantly different colours. [2] This is attributed to the localised
surface plasmon resonance effect. When a metallic nanoparticle is illuminated
with light, the collective oscillation of the electric field creates a plasmon, which
is confined in a sub-wavelength region by the nanoparticle. It is called localised
surface plasmon (LSP)[3, 4, 5, 6, 7]. The LSP is illustrated in Figure 1.1. Due to the
many-body nature of these LSPs, they possess a finite lifetime. The LSP has two
main decay mechanisms: one is by emission of light, and the other is by decaying
into energetic hot carriers via Landau damping[8].

1.2 Experimental Study of Localised Surface Plasmon

Over the past few decades, researchers have developed a wide range of exper-
imental techniques to synthesise and characterise plasmonic nanoparticles, as
well as use them to make new optoelectronic devices. The fabrication technique
includes milling[9], lithography[10], Turkevich method(reduction of HAuCl4)[11],
vapour-liquid-solid method[12] and scanning probe methods. [13] These meth-
ods allow researchers to synthesise nanoparticles with sizes ranging from a few
nanometers to a few micrometres. Researchers also have a lot of techniques to

CHAPTER 1. INTRODUCTION AND BACKGROUND 16
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light

h̄ω

hot electron

hot hole

localized surface
plasmon

EF
energy

Figure 1.1: Schematic illustration of the hot carrier generation process

characterise the nanoparticle they synthesised. The characterisation methods for
nanoparticle shape, composition and crystallography include scanning electron
microscopy(SEM)[14], transmission electron microscopy (TEM)[15] and X-ray dif-
fraction (XRD).[16] The methods to characterise the plasmonic properties include
UV-visible spectroscopy[17], pump-probe spectroscopy[18], as well as measuring
the performance of plasmonic materials in the optoelectronic devices. Based on
these characterisation techniques, researchers found that gold, silver and copper
are the most important plasmonic materials, as these materials have a completely
filled d-band, and they are less likely to undergo s-d interband transition (which
leads to Ohmic losses). In general, gold and silver have a better plasmonic perform-
ance, but copper has a cheaper cost and is easier for industrial-scale fabrication. [4]
In this research, we will thus focus on these materials, but the method developed
can be generalised to any other materials.

In terms of applications of LSP, in the early stages, researchers were interested in
using the scattering mechanism to harness the energy from the LSP. They built
a layer of nanoparticles, which scatters the light into the active layer of the solar
cells[3, 19]. In recent years, the idea of harnessing the energy from the energetic
‘hot’ carrier from the decay of localisedd surface plasmon is becoming more
popular[20, 21]. For example, a gold nanoparticle can help split water into hydrogen
and oxygen under the illumination of solar radiation. (they are called hydrogen
evolution reaction and oxygen evolution reaction, respectively) Without these
photonic catalysts, these reactions require high temperature or pressure[22], and the
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hydrogen created can be used as a clean fuel. Similarly, these energetic hot carriers
have been used to catalysee carbon dioxide reduction reactions.[23, 24, 25, 26]. In
addition, based on the optical properties of plasmonic materials, researchers have
developed some photodetection devices. [27, 28, 29, 30, 31, 32, 33]

1.3 Previous Approaches for Modelling Hot Carriers

Despite the numerous successes in harnessing the energy from localised surface
plasmons, the efficiency of nanoplasmonic devices remains much lower than the
theoretical value. [34, 35] This is because researchers do not have a thorough
understanding of the process behind the hot-carrier generation. In particular, the
relationship between the shape, composition and performance of these plasmonic
nanomaterials remains unclear. Apart from that, researchers are unclear whether
the catalytic effect observed is attributed to the local heating from the hot carrier
or the charge transfer. [36, 37, 38, 39, 40]. In addition, there is no theoretical model
that describes the relationship between sharp features and the performance of
plasmonic devices. Thus, developing a theoretical formalism to model these hot
carrier generation processes becomes increasingly important.

The plasmonic properties of the materials are governed by the many-body
Schrödinger’s equation[41]:

Ĥψ = Eψ, (1.1)

where the Hamiltonian operator Ĥ can be expressed as1

Ĥ =
∑︂
i

∇2
ri +

∑︂
i ̸=j

1
|ri − rj|

+ V̂nuclei (1.2)

Schrödinger’s equation contains a Coulomb repulsion term 1
|ri−rj|

, which makes
solving Schrödinger’s equation numerically very challenging. [42] The computa-
tion cost grows exponentially with the system’s size. Because of this, researchers
have not solved the complete Schrödinger equation numerically beyond 10 elec-
trons. A widely used material modelling method is based on density functional
theory (DFT). Instead of solving the many-electron Schrödinger equation directly,
DFT reformulates the problem in terms of electron density. (Which makes the
calculation scale cubically or less [43]) This is achieved through the Kohn-Sham
equations, which describe a system of non-interacting electrons that reproduce
the same electron density as the real system. The exchange-correlation energy,
which accounts for quantum mechanical effects, is approximated using exchange-
1 Written in atomic unit
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correlation functionals. This makes DFT computationally efficient and often in
good agreement with experimental results. However, density functional theory
can only model the ground state of materials, and modelling localised surface
plasmon involves excited state calculations.[41] In this section, we will go through
the computational method, starting from the most computationally demanding
one (the GW method) to the least computationally demanding one (the spherical
well method).

The most accurate way of modelling the hot-carrier process is to use GW meth-
ods. This method starts with a density functional theory calculation and then
approximates the self-energy Σ of the system in terms of the product of one-body
Green’s function G and screened Coulomb interaction W (i.e. Σ = iGW). [44]
This method is also capable of calculating the lifetime of charge carriers as the
self-energy term is a non-Hermitian, and the imaginary part of the self-energy is
the lifetime. This method is so computationally demanding that it has been rarely
applied to nanoparticles. [45] The GW method can also be used for calculating
the electron-plasmon coupling constant that has been used to parameterise an
effective Hamiltonian that is much easier to solve. [46]

A less computationally demanding method is time-dependent density functional
theory (TDDFT). This method uses the ground state wavefunction from a standard
DFT calculation and then computes the time evolution of the electron density
under the influence of the external electric field. This method is more scalable (it
has been applied to a silver nanoparticle containing 561 atoms) and more flexible
(it can be used to model a wider range of geometries). [47, 48, 49, 50, 51] However,
the hot-carrier distribution depends sensitively on the size of systems. A typical
nanoparticle used in optoelectronic devices is larger than 10 nm in size, and it
cannot be modelled using the TDDFT approach. Moving on to more simplified
methods, researchers use the jellium model (uniform electron gas model) [46, 52]
or spherical well model[53] to describe the wavefunction of electrons. The electric
field was treated using Fermi’s golden rule. For systems with spherical symmetry,
these methods show great scalability. Taking the spherical well model as an
example, the wavefunction can be written in terms of the products of the spherical
Bessel functions and spherical harmonics. [54] The overlap integral of different
eigenstates of the Hamiltonian with the perturbation potential can be computed
easily. As a result, these methods have been used to model nanoparticles with
diameters up to 30 nm. Note that core-shell nanoparticles also have spherical
symmetry. The core-shell nanoparticle has also been studied by this method in
2018[55]. In addition to the fact that these methods have certain restrictions on
the symmetry of the system that can be studied, they are also only capable of
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modelling s-p bands. In 2020, researchers combined the spherical well model
with the envelope function method to model a flat d-band[56], but in reality, these
transition metals do not have flat d-bands(see figure 3.2 in section 3) and hence
using this assumption to model hot-carrier process is not very accurate.

Table 1.1: Comparison of the theoretical approaches to model hot-carrier processes.

speed flexibility accuracy
GW method low low high

TDDFT medium high medium
Spherical well model high medium low

The goal of this project is to develop a computational method that is capable of
having ab-initial accuracy(similar to the TDDFT and GW methods), having the
scalability of the spherical well model and the flexibility of the TDDFT method.

1.4 Approaches for Modelling Large Systems

The tight-binding method is a way of writing Schrödinger’s equation in the
basis of localised atomic orbitals. [57] It treats the interaction of different atomic
orbitals as a perturbation. The tight-binding parameters are fitted from more
advanced calculation methods such as density functional theory, GW theory or
experimental results. [58, 59] This method is much more robust compared to the
more advanced methods, but it gives numerically correct results in many scenarios.
Using this technique, the dimension of the Hilbert space is reduced significantly,
and one can solve Schrödinger’s equation for a 3,000-atom nanoparticle on a
laptop. However, the cubic scaling nature of diagonalisation makes it difficult
to scale the problem further. A nanoparticle with a diameter of 10 nm contains
30,000 atoms. This is impossible to handle with a standard laptop. Fortunately,
in the tight-binding picture, the interaction between neighbouring atoms decays
rapidly with distance, [60]. In many tight-binding models that can be found
in the literature, the interaction terms were set to zero after the second nearest
neighbour. [61] This makes the tight-binding Hamiltonian sparse. There are many
nice properties of a sparse matrix. For example, the matrix-vector product of
a sparse matrix scales linearly with the Hilbert space dimension. With this in
mind, researchers have written the density of states. This typical spectral quantity
can be measured experimentally or calculated from a more advanced method, in
terms of the trace of Chebyshev polynomial expansion of the spectral operator
δ(E− Ĥ). Expanding a highly discontinuous function like the Dirac-delta function
will introduce unphysical Gibbs oscillation, which is damped by convoluting it
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with a kernel. [62, 63, 64, 65, 66]. This technique of writing spectral quantities in
terms of the spectral operator and evaluating them using a linear scaling algorithm
was termed the Kernel Polynomial method. [67] Using this method, researchers
have successfully evaluated the electrical conductivity, projected density of states,
phonon lifetime and many other quantities for systems containing up to 10 billion
(1010) atoms. However, this method has not yet been applied to the plasmonic
system. The goal of this project is to generalise the formalism of the kernel
Polynomial method to calculate the hot-carrier generation rate and use this method
to model the hot-carrier generation in a wide variety of nanoparticles.

1.5 A Brief Overview of the Thesis

In chapter 2, we will develop a theoretical framework of the mathematical theory
behind the linear scaling algorithm used in this project, and we will discuss how
different convergence parameters impact the accuracy and resolution of our model.
In chapter 3, we used the method to model spherical nanoparticles with up to 1
million atoms and discuss the contribution of interband and intraband transitions
to the hot-carrier generation rate. In chapter 4, we used the method to model the
hot-carrier generation rate of an antenna and satellite system. In chapter 5, we
used the algorithm to model spherical and dumbell-shaped Janus nanoparticles.
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1.6 Publications

Most of the content in this thesis has been submitted for publication. In particular:

1. The materials presented in chapter 3 has been published in PRX Energy,
entitled: ‘Plasmon-Induced Hot Carriers from Interband and Intraband
Transitions in Large Noble Metal Nanoparticles’. [68]

2. The materials presented in chapter 4 has been published in ACS Photon-
ics, entitled: ‘Theory of Hot-Carrier Generation in Bimetallic Plasmonic
Catalysts’.[69]

3. The materials presented in chapter 5 has not been published, as I decided to
run additional calculations.

In addition, I have contributed to the following thesis.

1. The linear-scaling algorithm used in this thesis has been modified and
used to calculate the steady-state hot-carrier distribution. This work was
published in The Journal of Physical Chemistry C, entitled ‘Atomistic Theory
of Hot-Carrier Relaxation in Large Plasmonic Nanoparticles’.[70]

2. The distance-dependent tight-binding code I have written based on refer-
ence [146] was used to calculate the hot-carrier distribution of Au-Ag alloy
nanoparticle. This work was published in Communication Chemistry, en-
titled ‘Hot carriers from intra- and interband transitions in gold-silver alloy
nanoparticles’. [71]
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Chapter 2

Methods

In this chapter, we introduce our approach for modelling plasmonic nanoparticles,
which is based on the tight-binding method and the kernel polynomial method
(KPM). Combining these two methods allows one to model experimentally relevant
plasmonic nanoparticles on a laptop. In this section, we will first introduce how
to represent the wavefunction of the plasmonic materials in the tight-binding
picture; next, we will derive the equation for the hot-carrier distribution in the
tight-binding form, which contains a Hamiltonian term and a perturbation term.
After that, we will look at how to obtain the tight-binding Hamiltonian and the
perturbation term. And finally, we will use KPM to simplify the calculation.

2.1 Tight-binding Method

2.1.1 Second Quantisation

To describe the wavefunction, we assume that the electrons are strongly localised
in their atomic orbital. So we write the wavefunction in the basis of atomic orbitals.
We write the equation in terms of second quantisation, e.g. for a system with an
s-orbital and a p-orbital

|ψ⟩ = (ψsĉ
†
s +ψpĉ

†
p) |0⟩ ↦→

(︄
ψs

ψp

)︄
, (2.1)

where ĉ†α is the creation operator, which creates an electron at orbital i in the
vacuum state |0⟩. Its adjoint operator ĉα is the annihilation operator.[72, 73, 74, 75]
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The creation and annihilation operators satisfy

{ĉα, ĉ†α} = ĉαĉ†α + ĉ†αĉα = 1, (2.2)

ĉα |0⟩ = 0. (2.3)

Hence,
ĉαĉ

†
α |0⟩ = 1 |0⟩ . (2.4)

Using the second quantisation notation, we can write the wavefunction as

|ψ⟩ =
∑︂
α

ψαĉ
†
α |0⟩ . (2.5)

2.1.2 Tight-binding Hamiltonian in Second Quantisation

The Schrödinger equation in the tight-binding formalism can be written as [57]

Ĥ |ψ⟩ =

⎛⎝∑︂
αR

εαĉ
†
αRĉαR +

∑︂
αR, βR ′

tαR,βR ′ ĉ†αRĉβR ′

⎞⎠ |ψ⟩ = E |ψ⟩ , (2.6)

where R and R ′ label the atoms, α and β label the orbitals, the diagonal term in the
matrix

∑︁
α εαĉ

†
αĉα accounts for the onsite energy of the atomic orbitals and the

off-diagonal term
∑︁

α,β tαβĉ
†
αĉβ accounts for the hopping energy of the system.

There are two approaches to finding the onsite energy ε and hopping energy
t. One approach is to construct maximally localised Wannier functions from a
density functional theory calculation. However, the tight binding parameters
produced by this method decay very slowly with distance. As we will show later,
the Hamiltonian must be sparse to make our algorithm linearly scaling. The other
set of methods introduced by Slater and Koster[58] is based on fitting the so-called
"Slater-Koster parameters" based on the band structure of the bulk material. The
hopping parameters calculated with this method decay quickly with distance. As
an example, the s-p hopping between two atoms is given by

ts,px
= lVspσ, (2.7)

the hopping between s and dz2 is given by

ts,3z2−r2 = [n2 − (l2 +m2)/2]Vsdσ, (2.8)
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where Vspσ and Vsdσ are the Slater-Koster parameters and l, m and n are the
direction cosine(in the x, y and z-direction respectively). One can find the full
Slater-Koster table in the following reference[58, 59].

2.1.3 Fitting the Tight-binding Parameters

In this section, we will introduce how Slater-Koster parameters are fitted. We first
need to introduce Bloch’s theorem, which says that if the Hamiltonian is invariant
under a translation,

TÂ
−1
ĤTÂ = Ĥ (2.9)

where A = n0a0 + n1a1 + n2a2 is the lattice vector (n0,n1,n2 ∈ Z ), then the
Hamiltonian can be transformed into a block diagonal form

Ĥ ∼

⎡⎢⎢⎣
Ĥ(k0) 0̂ ··· 0̂ 0̂

0̂ Ĥ(k1) ··· 0̂ 0̂
... ... ... ... ...
0̂ 0̂ ··· Ĥ(kN−2) 0̂
0̂ 0̂ ··· 0̂ Ĥ(kN−1)

⎤⎥⎥⎦ , (2.10)

where
Ĥ(kn) =

∑︂
α0

εαĉ
†
α0ĉα0 +

∑︂
α0, βR ′

tα0,βR ′ ĉ†α0ĉβR ′e2πikn·R ′ . (2.11)

In this equation, i =
√
−1 is the complex unity, and the number of k-points

depends on the size of the supercell we choose. If we make a super-cell with
periodic boundary conditions containingN = Na0 ×Na1 ×Na2 unit cells, then there
are N = Na0 ×Na1 ×Na2 k-points in the reciprocal space. They are

kn =

2∑︂
i=0

(︃
ni

Nai
−

1
2

)︃
bi, ∀ni ∈ [0,Nai), (2.12)

where bi =
aj×ak

|ai·(aj×ak)|
is the reciprocal lattice vector. This is the Monkhorst-Pack

k-point mesh. [76]

Now, H(k) has the same Hilbert space dimension as the atom at the origin. For
the plasmonic materials, like gold, silver, and copper, we chose the spd orbital set
with nine orbitals. Ĥ(k) can be solved by

Ĥ(k) |nk⟩ = Enk |nk⟩ . (2.13)

To solve equation 2.13 in the DFT picture and find EDFT
n (k), we used Vienna

Ab initio Simulation Package(VASP)[77, 78], a popular plane-wave DFT package
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with Perdew-Burke-Ernzerhof (PBE) exchange-correlation potential [79] with a
wavefunction cutoff of 500 eV. To find the equilibrium lattice constant of each
material, we use the conjugate-gradient algorithm with an 8×8×8 Monkhorst-Pack
k-points mesh to relax the structure until the force between atoms is less than 0.001
eV/ Å. We strain the lattice using the algorithm discussed in the previous section.
To find EDFT

n (k) for each strained structure, we run an initial DFT calculation
with a 8 × 8 × 8 Monkhorst-Pack k-points mesh followed by a non-self-consistent
calculation with 10 × 10 × 10 Monkhorst-Pack k-points mesh.

To fit the tight-binding parameters, we calculate EDFT
nk as discussed above. We want

to find the best tight-binding parameters
(︁
V∗

αβη;Es/p/d

)︁
, where V∗

αβη represent
the vector of Slater-Koster hopping parameters and E∗

s/p/d represents the onsite
energy and the superscript * means the optimal parameters. We define the fitting
error for a given set of parameters Vαβη and Es/p/d to be

error
(︁
Vαβη;Es/p/d

)︁
=

∑︂
nk

(︁
EDFT
nk − ETBnk

(︁
Vαβη; Es/p/d

)︁)︁2 , (2.14)

and V∗
αβη and E∗

s/p/d are given by

V∗
αβη,E∗

s/p/d = argmin
Vαβη,Es/p/d

(︁
error

(︁
Vαβη;Es/p/d

)︁)︁
(2.15)

We start with the Slater-Koster parameters from the literature [59] and use them as
an initial guess, and we use the Levenberg-Marquardt least-square minimisation
technique [80] to minimise the error. To visualise the goodness of fitting, we
computed the band structure of gold using VASP. We conducted a self-consistent
field calculation using the method discussed above for visualisation purposes;
we then computed the eigenvalue along a high-symmetry path using the non-
self-consistent field calculation. We compared the tight-binding energy with that
calculated from VASP. We plotted them in figure 2.1, and it can be seen that the
results from density functional theory and tight-binding are in good agreement.

2.2 Constructing the Nanoparticle.

In this project, we work with nanoparticles that do not have periodic structures or
unit cells like the other tight-binding code[62, 81]. To automate the construction
process, we must develop a method to carve the nanoparticle from the bulk
material. However, a bulk material has infinite atoms, while a computer can
handle only a finite number of atoms(deciding if an atom lies inside a shape needs
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Figure 2.1: Schematic illustration of the Band structure of bulk gold atom computed
using Density functional theory and the band structure fitted with Levenberg-Marquardt
least-square minimisation methods.

some computation power). Some researchers pre-define a very large supercell to
ensure all the atoms inside the nanoparticle are included in the large supercell,
but this requires a huge amount of computational power, or some atoms inside
the nanoparticle will not get carved. To resolve this problem, we developed an
algorithm that can efficiently achieve the cutting process for an arbitrary shape.
For each shape, we define a function inShape that returns a list of True or False
based on the input positions. We start with a small supercell (a× a× a, centred in
origin) based on the initial unit cell. We compute the number of in-shape atoms
from inShape function; we then compare the number of in-shape atoms from a
slightly bigger supercell and check if the in-shape atoms converge. If not, we
double the number of atoms in the x, y and z directions and repeat the process
(a = 2 × a+ 1). We repeat the process until the process converges. The flow chart
of the building algorithm is shown in Figure 2.2
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Unit Cell

Super Cell
a× a× a

Compute No.
of atoms

from inShape

compare the result of inShape
from the super cell

(a+2)× (a+2)× (a+2)

No. of atoms

Converged? No

Increase a
a = 2a+ 1

Yes

Extract Atoms that is
True from inShape

Figure 2.2: Schematic illustration of the algorithm used to carve the nanoparticle from
bulk metal.
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2.3 Fermi’s Golden Rule

2.3.1 Hot Carrier Generation Rate

Suppose the nanoparticle is in its ground state and at t = 0, a perturbation
Φ̂(ω, r, t) = eiωtΦ̂(ω, r) interacts with the system. In the steady state (t → ∞),
the probability for an electron to start in state |Ei⟩ and end up in state |Ef⟩ is given
by

Ne(E,ω) =
∑︂
i,f

⃓⃓
⟨Ei| Φ̂(ω, r) |Ef⟩

⃓⃓2
δ(Ei − Ef − hω;γ)δ(E− Ef;σ)F(Ef)(1 − F(Ei)).

(2.16)
Here, δ(x;σ) is a Gaussian broadened Dirac-delta function, σ is the electron
lifetime, γ is the transition broadening parameter which reflects the linewidth
of an electron-hole pair excitation1 and F(E) = 1

1+exp
(︂
E−EF
kT

)︂ is the Fermi-Dirac

distribution. [82, 83] 2 Unless stated otherwise, we choose σ = 0.06 eV, γ = 0.05 eV
and T = 300 K in this thesis.

A similar expression exists for the holes, and it is given by

Nh(E,ω) =
∑︂
i,f

⃓⃓
⟨Ei| Φ̂(ω, r) |Ef⟩

⃓⃓2
δ(Ei − Ef + hω;γ)

δ(E− Ei;σ)F(Ei)(1 − F(Ef)).
(2.17)

1 Here we have used typical values for the broadening parameters σ and γ based on our previous
work which in detail studied the effect of electron-electron and electron-phonon interactions [53].
We have verified that the calculated hot-carrier generation rates are not sensitive to the precise
values of the broadening parameters.

2 For a continuous wave photocatalysis experiment, the electron occupation will not necessarily
follow a Fermi-Dirac distribution. However, calculating the full non-equilibrium distribution
function would require a detailed theory of relaxation effects, which goes beyond the scope of
this PhD project. These non-equilibrium distribution was discussed in reference [70] after the
content of chapter 4 gets published. Fermi’s Golden Rule was evaluated using other distributions
than Fermi-Dirac in Refs. [92, 93].
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2.3.2 Quasi-static Potential

We calculate the potential Φ̂(ω, r) in the quasi-static approximation[84, 85, 86, 87,
88, 89]. The potential Φ is governed by the Maxwell’s equation[90, 91],

∇ · E =
ρ

ϵ
(2.18)

∇ · B = 0 (2.19)

∇× E = −
∂B
∂t

(2.20)

∇× B = µ(J + ϵ∂E
∂t

) (2.21)

We assume that the nanoparticle is much smaller than the wavelength of the
light(λ≫ a, where a is the characteristic size of the system). With this approxim-
ation, we can assume that the light phase is constant in the whole nanoparticle
volume. We assume that the light is polarised in the z-direction, i.e. E = E0êz.
When the wavelength of the light is large, the light oscillates very slowly, hence
∂B
∂t

≈ 0. There exists an electrostatic potential Φ(ω, R), which satisfies

∇Φ(ω, R) = E. (2.22)

We further assume that there is no free charge inside the system, i.e. ρ(R) = 0.
Hence, equation for Φ is given by

∇ · (ϵ∇Φ(ω, R)) = 0. (2.23)

We further require that the far-field potential should be equal to the incident field,
i.e.

lim
|R|→∞Φ(ω, R) = E0z = Φext(R) (2.24)

For a spherical nanoparticle, an analytical solution to equation 2.23 exists. Inside
the nanoparticle. It is given by

Φ(ω, R) = −E0
3ϵmz

ϵ(ω) − 2ϵm
, (2.25)

where ϵ(ω) is the dielectric constant inside the surrounding, and ϵm is the dielectric
constant inside the medium. For most other shapes, an analytical solution to the
equation 2.23 does not exist; we have to solve this equation numerically.
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2.3.3 Perturbation in Second Quantisation

The effect of Φ̂(ω) written in the basis of atomic orbital is given by

⟨Rα| Φ̂(ω) |R ′β⟩ = δRR ′(Φ(R;ω) + dijδij), (2.26)

The first term on the right-hand side arises because the atomic orbital is highly
localised. The overlap of the neighbouring atomic orbitals under the perturbation
is negligible. However, the perturbation causes transitions between different
atomic orbitals. This is defined as the transition dipole matrix element dαβ. [94]
For a spherical nanoparticle,

dαβ(ω) = −E0
3ϵm

ϵ(ω) − 2ϵm
⟨αR| ẑ |βR⟩ = −E0

3ϵm
ϵ(ω) − 2ϵm

ταβ. (2.27)

We calculate the intra-atomic matrix element ταβ = ⟨αR| ẑ |βR⟩ using ab initio
density-functional theory for isolated atoms as implemented in the electronic
structure program FHI-aims [95]. These intra-atomic matrix element calculations were
done by Mattias Kahk. In these calculations, the Perdew-Burke-Ernzerhof (PBE)
exchange-correlation functional [79] was used. Non-spin-polarised calculations
were performed in all cases, resulting in a (n–1)d10 ns1 valence electron configura-
tion for Cu, Ag, and Au. Scalar relativistic effects were included via the atomic
ZORA formalism, and the FHI-aims default “tight” numerical basis sets were
employed [95, 96]. In order to ensure that the calculated Kohn-Sham orbitals
and the corresponding matrix elements match the canonical atomic orbital basis
functions used in the tight binding calculations, a small external potential that
lifts the degeneracies of the metal d- and p-orbitals was introduced in the DFT
calculations. It was verified that the external potential did not affect the energies
of the Kohn-Sham eigenstates by more than 0.01 eV. The non-vanishing matrix
elements are shown in Table 2.1.

Table 2.1: Non-vanishing intra-atomic dipole matrix elements obtained from first-principles
calculations, see text.

α β τα,β (10−2 nm)
Ag Au Cu

dzx px 2.73 3.27 2.31
dyz pz 2.73 3.27 2.31
dz2 pz 3.15 3.75 2.63
s pz 9.36 8.95 8.55

For more complicated shapes, there is no analytical form of quasi-static potential.
In such cases, we assume it is 0.
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2.4 Finite-element Method

2.4.1 Weak Formulation

Solving a partial differentiation problem involves finding a potential that satisfies
equation 2.23 for all points in the 3-dimensional space. This is impossible to
do computationally. To do this, we have to reformulate the Laplace equation in
another way.[97, 98, 99] Consider multiplying equation 2.23 with a test function
v(R) and integrate over all the domainsΩ∫︂

Ω

v(R)∇ · (ϵ(R;ω)∇Φ(R))dV = 0, (2.28)

where ϵ(R;ω) is the frequency-dependent dielectric constant of the material at
point R. Using Green’s identities, we get∫︂

V

v(R)∇ · (ϵ(R;ω)∇Φ(R))dV+

∫︂
V

(∇v(R)) · (ϵ(R;ω)∇Φ(R))dV

=

∮︂
S
v(ϵ(R;ω)∇Φ(R)) · dS

(2.29)

for all test function v(R). In addition, to fulfil the far-field condition in equation
2.24, we surround the nanoparticle with a large cube, and we set Φ(R) = Φext(R)

on the surface of the cube.

2.4.2 Shape Functions

To mesh the system, we use a collection of tetrahedra. This allows us to mesh finer
in some regions and coarser in others. We define the shape function to be

φi(R) = 1 if R = Pi. (2.30)

It can be defined in intervals (1D), triangles (2d) or tetrahedra (3D) domains. The
shape function decays linearly to 0 at the neighbouring points and has a zero value
at other domains (the point is not one of the corners of the domain). The 1D and
2D shape function was plotted in Figure 2.3. In 3-dimensions, if a point R is inside
the tetrahedron P0P1P2P3, the shape function φ0 is given by

φ0 = 1 − ζ1 − ζ2 − ζ3, (2.31)
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(a) (b)

Figure 2.3: Schematic illustration of a (a) 1D shape function, (b) 2D shape function for the
point in the origin φ0(R)

where ζ1, ζ2, ζ3 is the extent to which the point is close to P1, P2 or P3, respectively.
They can be found by solving the following equation

R = (1 − ζ1 − ζ2 − ζ3)P0 + ζ1P1 + ζ2P2 + ζ3P3 (2.32)

The color plot of φ0 on the surface of P0P1P2P3 is shown in figure 2.4. Note that
if R is inside any tetrahedron that has P0 as one of its vertices, then it has a
non-zero φ0(R). Based on the shape function, we can approximate Φ as the linear
superposition of shape functions,

Φ(R) ≈
∑︂
i

ξiφi(R). (2.33)

Similarly, we can approximate

v(R) ≈
∑︂
j

ηjφj(R). (2.34)

Equation 2.29 should be valid for all points inside the cube and valid for all chosen
values of ”, and the point at the surface of the cube is governed by equation 2.24,
to satisfy both conditions. Suppose we have N interior points and M boundary
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Figure 2.4: Color plot of φ0(R) on the surface of tetrahedra P0P1P2P3.

points,

ξ =

(︄
ξint

ξbd

)︄
, (2.35)

where ξint is N-dimensional vector corresponding to the interior points, and ξbc

isM dimensional vectors. The coefficient for the boundary shape functions is fixed.
The value of χbd,i can be obtained by

ξbd,i = Φext(Ri) (2.36)

and since in the interior, ∇ · (ϵ∇Φ(R)) should vanish everywhere, in order for
equation 2.29 to be valid for all test functions in the interior,

[︂
χ
int,int

,χ
int,bd

]︂
·
(︄
ξint

ξbd

)︄
= 0, (2.37)

or equivalently,
χ
int,int

· ξint = −χ
int,bd

· ξbd, (2.38)

where χ is the overlap of the gradient of the ith shape function with the gradient of
the neighbouring shape function. It can be determined easily by

χi,j =

∫︂
V

(∇φi(R)) · (ϵj∇φj(R))dV . (2.39)

χ
int,int

is aN×Nmatrix representing the integral between interior shape function
and interior shape function, χ

int,bd
is a N×Mmatrix, representing the integral

between interior shape function and boundary shape function. [100, 101] Once the
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coefficient of the shape function is determined, we can interpolate the arbitrary
atomic position in the cube by substituting ξ into equation 2.33.

2.4.3 Solving the Quasi-static Potential in COMSOL

Solving equation 2.38-2.39 requires advanced knowledge of mathematics, al-
gorithms and software engineering. For example, it requires developing a 3-D
platform to design nanoparticles. Apart from that, one needs to do a lot of research
on how to mesh the nanoparticle and the surroundings to reflect the physics of
the system. In addition, most systems require 100,000-1,000,000 shape functions
to converge the calculation, so one needs to put a lot of effort into making the
code scalable. These bottlenecks make developing such a finite-element solver in
a PhD project impossible. Instead, we chose the commercial software COMSOL
multiphysics[102, 103, 104]. Here, we briefly outline the essential steps to solve
quasi-static problems using COMSOL Multiphysics.

1. Use the electrostatic module in COMSOL, select the 3D electrostatics module,
and select the stationary study.

2. Design the nanoparticle shape in COMSOL.

3. Surround the nanoparticle shape with a large cube.

4. Set the dielectric constant to ϵ inside the nanoparticle. We use experimental
bulk dielectric functions from reference [105]. For the dielectric region (in
other words, inside the big cube), the dielectric constant was set to ϵm.

5. Mesh the system using tetrahedra.

6. Set the Cube value to Φext(R) = E0z, here we use E0 = 8.7 × 105 V/m
corresponding to an illumination intensity of 1 mW/µm23.

7. Run the computation. Note that convergence is hard to achieve near the
plasmonic resonance frequency, so we used the generalised minimal residual
method [106] to solve the linear system of equations.

8. Input the location of atoms, COMSOL can read the locations using text file.

9. Export the output as a text file. The exported text file can be loaded using
any programming language for further processing.

The process of discretising a polyhedron into a tetrahedron inside COMSOL
Multiphysics is shown in Figure 2.5
3 Note that bulk dielectric constant may become unreliable for very small nanoparticles.
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Figure 2.5: Schematic of modelling a polyhedron using COMSOL multiphysics.

2.5 The Kernel Polynomial Method

Solving equation 2.16-2.17 requires diagonalising the Hamiltonian and finding
|i⟩, |f⟩; this makes the algorithm cubic scaling with the number of atoms. When
the number of atoms exceeds 10,000, it is almost impossible to diagonalise the
Hamiltonian. Nanoparticles relevant to plasmonics experiments often contain
on the order of 1,000,000 atoms. To model such big nanoparticles, we need the
algorithm to have linear scaling with the number of atoms.

Some researchers have exploited the sparse structure of the Hamiltonian, and they
attempted to expand the spectral operator δ(Ĥ− E) in terms of the power series
of Ĥ. Using this method, they successfully calculated some spectral properties of
materials, such as density of states and electrical conductivity, with linear scaling
complexity. However, before this project, nobody had attempted to calculate
plasmonic properties using spectral methods, so we needed to develop our own
linear scaling algorithm.

In this section, we are going to describe the building blocks of the Kernel Polynomial
Method, in particular, the sparse matrix, the analytic functions of matrices, the
Chebyshev polynomial and the spectral operator. We will then use these building
blocks to derive our own linear scaling algorithm to evaluate equations 2.16-2.17.

2.5.1 Sparse Matrix

A sparse matrix[107](as illustrated in figure 2.6) is a matrix in which most entries
are zero. To store these matrices, instead of storing all the entries, one can store
the non-zero entries only, i.e. we store the non-zero Hi,j and their indices i and
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Figure 2.6: Schematic Illustration of a sparse matrix corresponding to the Hamiltonian
of Au249 nanoparticle, the non-zero elements are represented by a black square in the
corresponding i-j entry.

j. When doing matrix-vector or matrix-matrix products with sparse matrices,
this data structure avoids a lot of unnecessary floating-point operations. In a
Hamiltonian that was derived from fitting the Slater-Koster parameters, only
nearest-neighbouring atoms have non-zero hopping values. This implies the
number of non-zero matrix elements is fixed in each row of the Hamiltonian matrix.
The data size of the sparse matrix thus scales linearly with the number of atoms.
More importantly, consider the matrix-vector product ⟨i| Ĥ |r⟩:

⟨i| Ĥ |r⟩ =
∑︂
j

Hi,jrj. (2.40)

The number of floating-point operations needed is fixed for each component i.
Thus, the matrix-vector product scales linearly with the number of atoms.

2.5.2 Analytic Function of Matrices

When solving differential equations, researchers found that if analytical functions,
such as ex, can be generalised to take matrices as an argument [108, 109, 110], then
the problem can be simplified significantly. A matrix can be added, subtracted, or
multiplied with another matrix, and it can also be multiplied by a scalar. [111, 112]
We know that we can use Tayler’s expansion to expand analytic functions. This
implies that we can evaluate the function of a matrix by substituting the arguments
inside the Taylor’s expansion [113] with Matrices. In particular, if f(x) is analytic
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at 0, it can be expanded as

f(x) = f(0) + f ′(0)x+ f ′′(0)x2

2! + · · · , (2.41)

then f(Ĥ) can be expanded as

f(H) = f(0) + f ′(0)Ĥ+
f ′′(0)Ĥ2

2! + · · · . (2.42)

Note that if x exceeds the radius of convergence of f, then equation 2.41 is no longer
valid. Similarly, if any eigenvalue of Ĥ exceeds the radius of convergence of f, then
equation 2.42 will diverge.

Another way of defining the function of matrices is by diagonalisation. Suppose
|ψi⟩ is the ith eigenvector of Ĥ, with eigenvalueEi, then it must also be an eigenvector
of f(Ĥ), with

f(Ĥ) |ψi⟩ = f(Ei) |ψi⟩ . (2.43)

In other words, if we find C = (|E0⟩ , · · · , |En−1⟩) that diagonalise the Hamiltonian

C†ĤC =

⎛⎜⎜⎜⎜⎝
E0 0 ··· 0 0

0 E1
... ... 0

... ... ... ... ...
0

... ... En−2 0
0 0 ··· 0 En−1

⎞⎟⎟⎟⎟⎠ , (2.44)

then f(Ĥ) can be evaluated as

f(Ĥ) = C ·

⎛⎜⎜⎜⎜⎝
f(E0) 0 ··· 0 0

0 f(E1)
... ... 0

... ... ... ... ...
0

... ... f(En−2) 0
0 0 ··· 0 f(En−1)

⎞⎟⎟⎟⎟⎠ · C† (2.45)

2.5.3 Spectral Operator

The spectral operator is defined as δ(E − Ĥ). It contains a lot of important
information about the physical properties of the materials. [114, 115]
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Consider the case when E→ E0. Using equation 2.45, we have

lim
E→E0

δ(E− Ĥ) = C ·

⎛⎜⎜⎜⎝
δ(E−E0) 0 ··· 0 0

0 0
... ... 0

... ... ... ... ...
0

... ... 0 0
0 0 ··· 0 0

⎞⎟⎟⎟⎠ · C†

= |E0⟩ ⟨E0| δ(E− E0)

We get the information about E0, together with a Dirac-delta function. In other
words, we can use the spectral operator to get information about the eigenstates
near E.

We can also consider the trace of the spectral operator:

Tr(δ(E− Ĥ)) = Tr

⎛⎜⎜⎜⎜⎝C ·

⎛⎜⎜⎜⎜⎝
δ(E−E0) 0 ··· 0 0

0 δ(E−E1)
... ... 0

... ... ... ... ...
0

... ... δ(E−En−2) 0
0 0 ··· 0 δ(E−En−1)

⎞⎟⎟⎟⎟⎠ · C†

⎞⎟⎟⎟⎟⎠ , (2.46)

We can add a resolution of identity C†C = 1 into the expression, and we get

Tr(δ(E− Ĥ)) = Tr

⎛⎜⎜⎜⎜⎝C ·

⎛⎜⎜⎜⎜⎝
δ(E−E0) 0 ··· 0 0

0 δ(E−E1)
... ... 0

... ... ... ... ...
0

... ... δ(E−En−2) 0
0 0 ··· 0 δ(E−En−1)

⎞⎟⎟⎟⎟⎠ · C†

⎞⎟⎟⎟⎟⎠

= Tr

⎛⎜⎜⎜⎜⎝C†C⏞⏟⏟⏞
=1

·

⎛⎜⎜⎜⎜⎝
δ(E−E0) 0 ··· 0 0

0 δ(E−E1)
... ... 0

... ... ... ... ...
0

... ... δ(E−En−2) 0
0 0 ··· 0 δ(E−En−1)

⎞⎟⎟⎟⎟⎠
⎞⎟⎟⎟⎟⎠

=

n−1∑︂
i=0

δ(E− Ei).

This is the density of states or D(E).

D(E) = Tr
(︁
δ(E− Ĥ)

)︁
. (2.47)

2.5.4 Chebyshev Polynomial

Chebyshev polynomials[116, 117] are a set of polynomials that form a complete
basis set in the range of [−1, 1]. They can be defined using the three-term recurrence
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Figure 2.7: Schemetic illustration of T0(x) to T4(x).

relationship:

T0(x) = 1, (2.48)

T1(x) = x, (2.49)

Tn+1(x) = 2xTn(x) − Tn−1(x). (2.50)

Alternatively, one can define them as

Tn(x) = cos(n arccos(x)). (2.51)

The first five polynomials are plotted in Figure 2.7. They are orthogonal with
respect to the inner product∫︂ 1

−1

Tn(x)Tm(x)

π
√

1 − x2
dx = (1 + δn0)δmn. (2.52)

With this orthogonality method, we can expand a function f(x) as

f(x) = cn
Tn(x)√
1 − x2

, (2.53)

where cn can be evaluated easily with the integral shown in equation 2.52. Re-
searchers have also shown that the Chebyshev polynomials have good convergence
properties in the interval [−1, 1].

It has been proved that for any smooth function defined in [−1, 1], the maximum
discrepancy between the actual function and its Chebyshev polynomial is minimal
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amongst all orthogonal polynomials. In addition, the Chebyshev polynomial
converges exponentially (i.e. the coefficient decays exponentially) when the
function being expanded is smooth. [108] However, we are expanding highly
discontinuous Dirac-delta functions. Using Chebyshev Polynomials alone will
lead to unphysical oscillation, which was treated later in this chapter.

2.5.5 Polynomial Expansion of the Spectral Operator

Now, we will expand the spectral operator δ(Ĥ−E)using the Chebyshev polynomial.
[118, 119, 120] Note that the Chebyshev polynomial diverges if any eigenvalue of
Ĥ lies beyond the interval [−1, 1]; the way to work around this is to rescale the
Hamiltonian. We introduce the scaling parameters A and B:

A =
E0 + En−1

2 , (2.54)

B =
En−1 − E0

2 + ε, (2.55)

where E0 is the smallest eigenvalue and En−1 is the largest eigenvalue. In equation
2.55, we add a small buffer ε to ensure that the eigenvalue lies inside the interval.
Finding the exact value of E0 and En−1 requires diagonalising the full Hamiltonian,
which is computationally expensive, but they can be estimated using a linear-
scaling algorithm. [121] For example, looking at a smaller system, looking at the
electronic structure of a bulk solid, etc.

We scale the energy E and the Hamiltonian H:

E =
E−A

B
(2.56)

ĥ =
Ĥ−AÎ

B
, (2.57)

where Î is the identity matrix.

Using equation 2.52-2.57, we found that the spectral operator can expand as

δ(Ĥ− E) =
2

Bπ(1 + δn0)

Tn(ĥ)Tn(E)√
1 − E2

. (2.58)

We will now write the hot-carrier generation formula in terms of ĥ and E, but note
that

δ (b(x+ a)) =
1
b
δ(x+ a), (2.59)
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Figure 2.8: Polynomial expansion of a delta function using 100 Chebyshev polynomials.

when we convert the spectral function from units of E to E, we need a pre-factor of
1
B

to ensure that the Dirac-delta function integrates to 1.

2.5.6 Jackson’s Kernel

We now plot the Chebyshev polynomial expansion of δ(x). The delta function is
highly discontinuous. If we expand it with a finite number of Chebyshev polyno-
mials, the result will look oscillatory, as shown in figure 2.8. This phenomenon is
called Gibbs oscillation. To dampen the Gibbs oscillation, we multiply each term
with an additional term Jn,N. If we discard the Chebyshev polynomials of Nth

order onwards, Jn,N is given by

Jn,N =
1

N+ 1

(︃
(N− n+ 1) cos

(︃
πn

N+ 1

)︃
+ sin

(︃
πn

N+ 1

)︃
cot
(︃
πn

N+ 1

)︃)︃
. (2.60)

After multiplying each term with Jackson’s Kernel[67], the Dirac-delta function
becomes a Gaussian function; the broadening of this Gaussian is determined by
the number of Chebyshev polynomials N used in the expansion. It is given by

σ ≈ π

N
(2.61)

at the center. At -1 and +1, the broadening is approximately

σ ≈ π

N
3
2
. (2.62)
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2.5.7 Stochastic Trace Evaluation

Evaluating the matrix’s trace is computationally expensive because a sparse matrix
can gradually become dense when it is multiplied by other sparse matrices. Taking
the dot product of a sparse matrix with a dense matrix scales quadratically with
the number of atoms. Instead, suppose we have a quantum operator M̂; we
can evaluate the trace by multiplying it with a random vector |k⟩ on the left and
right-hand side of the operator. [122] I.e.

Tr(M̂) ≈
Nk−1∑︂
k=0

⟨k|M̂|k⟩ , (2.63)

where |k⟩ is a random vector with its components ki = ⟨k|i⟩ and kj = ⟨k|j⟩ satisfies

⟨ki · ki⟩ = 1 (2.64)

⟨ki · kj⟩ = 0, (2.65)

⟨k ′
i · k ′

j⟩ = 0, (2.66)

⟨k ′
i · k ′

i⟩ = 0. (2.67)

Here, ⟨· · · ⟩ means taking the average of random variables inside. In this thesis,
a uniform random distribution in the interval between

[︁
−
√

3,
√

3
]︁

was used to
estimate the trace. On average, it will reproduce the same result as tracing over
the full Hilbert space. Here, Nk is the number of random vectors used in the
approximation. The error is ∼ 1√

Nk
. In this way, we can calculate any moment

of the spectral operator using the dot product of a sparse matrix and vectors,
addition/subtraction of vectors, and the vector-vector dot product. However,
some literature suggests using a random complex number with unit modulus and
random phase (i.e. eiθ, with θ uniformly distributed in [0, 2π]) or random signs(±1)
will converge faster. [123, 124, 125] By the time we found these more efficient
random numbers, we had done all the calculations using uniformly distributed
random variables in [−

√
3,
√

3], so we were unable to use and test the more efficient
distribution. But people who run KPM calculations afterwards should use this
more efficient random number distribution.

2.5.8 Fermi’s Golden Rule in Terms of Spectral Function

Consider one term of equation 2.16.

⃓⃓
⟨Ei| Φ̂(ω) |Ef⟩

⃓⃓2
δ(Ei − Ef − hω;γ)δ(E− Ef;σ)F(Ei)(1 − F(Ef)) (2.68)
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We can write it as an integral

=

∫︂
R2

⃓⃓⃓
⟨Ei|Φ(ω)ˆ |Ef⟩

⃓⃓⃓2
δ(E− E ′ − hω;γ)δ(E− E ′;σ)F(E)(1 − F(E ′))

δ(E− Ei)δ(E
′ − Ef)dEdE ′.

(2.69)

Summing over all initial and final states, equation 2.16 can be expressed as

Ne(E,ω) =
∑︂
i,f

∫︂
R2

⃓⃓
⟨Ei| Φ̂(ω) |Ef⟩

⃓⃓2
δ(E− Ei)δ(E

′ − Ef)

× δ(E− E ′ − hω;γ)δ(E− E ′;σ)F(E)(1 − F(E ′))dEdE ′.
(2.70)

Exchanging the sum and integral (which gives the same result by Fubini’s
theorem[126, 127]), we get

Ne(E,ω) =

∫︂
R2

∑︂
i,f

⃓⃓⃓
⟨Ei|Φ(ω, r)ˆ |Ef⟩

⃓⃓⃓2
δ(E− Ei)δ(E

′ − Ef)

× δ(E− E ′ − hω;γ)δ(E− E ′;σ)F(E)(1 − F(E ′))dEdE ′.
(2.71)

Note that
∑︁

i,f

⃓⃓⃓
⟨Ei|Φ(ω)ˆ |Ef⟩

⃓⃓⃓2
δ(E− Ei)δ(E

′ − Ef) is the matrix element density.
It can be written as∑︂

i,f

⃓⃓⃓
⟨Ei|Φ(ω)ˆ |Ef⟩

⃓⃓⃓2
δ(E− Ei)δ(E

′ − Ef) = Tr
(︂
δ(E− Ĥ)Φ(ω)ˆ δ(E ′ − Ĥ)Φ(ω)ˆ

)︂
.

(2.72)
We arrive at our final expression of Fermi’s Golden Rule in terms of spectral
operators. [67, 128]

Ne(E,ω) =

∫︂
R2

Tr
(︁
δ(E− Ĥ)Φ̂(ω)δ(E ′ − Ĥ)Φ̂(ω)

)︁
δ(E− E ′ − hω;γ)δ(E− E ′;σ)F(E)(1 − F(E ′))dEdE ′.

(2.73)
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Here Tr
(︁
δ(E− Ĥ)Φ̂(ω)δ(E ′ − Ĥ)Φ̂(ω)

)︁
is the hardest quantity to calculate. It can

be expanded in terms of Chebyshev moments and Chebyshev polynomials as4

Tr
(︁
δ(E− Ĥ)Φ̂(ω)δ(E ′ − Ĥ)Φ̂(ω)

)︁
=

M−1∑︂
m=0

N−1∑︂
n=0

4
π2B2

Jm,MTm(E)

(1 + δn0)
√

1 − E2

Jn,NTn(E
′)

(1 + δm0)
√

1 − E ′2 Tr
(︁
Tm(ĥ)Φ̂(ω)Tn(ĥ)Φ̂(ω)

)︁
=

M−1∑︂
m=0

N−1∑︂
n=0

4
π2B2

Jm,MTm(E)

(1 + δn0)
√

1 − E2

Jn,NTn(E
′)

(1 + δm0)
√

1 − E ′2µmn,

(2.74)

where we define µmn = Tr
(︁
Tm(ĥ)Φ̂(ω)Tn(ĥ)Φ̂(ω)

)︁
to be the Chebyshev moment.

With this in mind, we can write the hot-electron distribution as

Ne(E,ω) =

∫︂
R2

M−1∑︂
m=0

N−1∑︂
n=0

4
π2B2

Jm,MTm(E)

(1 + δn0)
√

1 − E2

Jn,NTn(E
′)

(1 + δm0)
√

1 − E ′2µmn

δ(E− E ′ − hω;γ)δ(E− E ′;σ)F(E)(1 − F(E ′))dEdE ′.

(2.75)

By swapping the initial state Ei and the final state Ef, we can obtain an expression
for the hot-hole distribution Nh(E,ω).

2.5.9 Hot-carrier Properties

Now that we have the expression for hot carrier distribution, we use it to calculate
some quantities that can be measured in the experiment. The power absorbed by
the nanoparticle is given by

PFG(ω) =

∫︂∞
−∞ [Ne(E,ω) +Nh(E,ω)] |E|dE. (2.76)

In this project, we also compare the power absorbed (in region i) with that
computed in the quasi-static scheme given by

PQS,i(ω) =
1
2

∫︂
Vi

|∇Φtot(ω, r)|2ωIm(ϵ(R;ω))dr, (2.77)

4 The 1
B2 factor comes from the fact that we are using different variables in the Dirac-delta function,

for a detailed explanation of that, please refer to reference[129, 130]
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where we integrate over the domain Vi that we are investigating. [131] The total
number of electrons or holes created is given by

Ne,tot(ω) =

∫︂∞
−∞Ne(E,ω)dE (2.78)

Nh,tot(ω) =

∫︂∞
−∞Nh(E,ω)dE (2.79)

Ntot(ω) = Ne,tot(ω) +Nh,tot(ω). (2.80)

We found that at lower frequencies, a lot of charge carriers are produced near the
Fermi level. These carriers are not energetic enough, so we define the total number
of carriers that carry energy more than δ to be

Nδ
e,tot(ω) =

∫︂∞
δ

Ne(E,ω)dE, (2.81)

Nδ
h,tot(ω) =

∫︂−δ

−∞Nh(E,ω)dE, (2.82)

Nδ
tot(ω) = Nδ

e,tot(ω) +Nδ
h,tot(ω). (2.83)

In chapter 4, we do not set any energy threshold, so we define Ne/h,tot(ω) and
Ntot(ω) to be the hot-carrier distribution without any energy threshold set. Many
electronic devices work under solar illumination. The hot carriers generated under
solar illumination are given by

Ne,sol =

∫︂∞
0
Ne,tot(ω)S(ω)dω, (2.84)

Nh,sol =

∫︂∞
0
Nh,tot(ω)S(ω)dω, (2.85)

Nδ
e,sol =

∫︂∞
0
Nδ

e,tot(ω)S(ω)dω, (2.86)

Nδ
h,sol =

∫︂∞
0
Nδ

h,tot(ω)S(ω)dω. (2.87)

Where S(ω) is the solar irradiance, it can be found in reference [132].

2.6 Convergence

Our code involves a few approximations. Firstly, we used a finite number of
Chebyshev polynomials to approximate the Dirac delta function. Secondly, we used
stochastic trace evaluation to evaluate Tr

(︂
δ(E− Ĥ)Φ̂tot(ω)δ(E ′ − Ĥ))Φ̂

†
tot(ω)

)︂
,

and finally, we used finite number of tetrahedra and a finite box to solve the
Poisson’s equation. Without using the correct convergence parameter, it could lead
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Figure 2.9: Schematic illustration of the convergence of quasi-static power with respect
to the (a) mesh size, with box size fixed to 200, (b) box size, with mesh size fixed to 0
(corresponding to the ‘Extremely fine’ mesh).

to inaccurate results. In this section, we analyse the impact of the convergence
parameters on the result.

2.6.1 Convergence of the Quasi-static Approximation

To test the convergence of the quasi-static approximation, we investigate the effect
of mesh size and box size on the quasi-static potential. We compare the result for a
10 nm spherical gold nanoparticle at hω = 2.4 eV (the resonance frequency). There
are nine mesh sizes: “Extremely” fine, “Extra fine”, “Finer”, “Fine”, “Normal”,
“Coarse”, “Coarser”, “Extra coarse” and “Extremely coarse”. We will use the mesh
size parameters 0-8 to represent them in the plotting (0 corresponds to “Extremely
fine”, and 9 corresponds to “Extremely coarse”). The box size also has a noticeable
impact on the calculated result, as we set the box boundary to the external field
E0z. We used an external field E0 of 1 V/m.

To visualise the effect of convergence parameters on the calculated result, in figure
2.9, we plot the scattering coefficient PQS(ω), described in equation 2.77, with
respect to the convergence parameters.

In figure 2.9(a), we plotted the effect of mesh size on the calculation result. We
can see that the mesh size up to the “Finer” setting has a negligible effect on
the convergence. If we increase the mesh size further, the calculation error rises
exponentially. In figure 2.9(b), we plotted the effect of box size on the error. We
started with a box size of 30 nm (which corresponds to 1.5 times the diameter of
the sphere) to 1000 nm (corresponding to 50 times the diameter of the sphere). It
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Figure 2.10: Schematic illustration of the quasi-static potential computed using COMSOL
using the box size of 500 nm and mesh size of 0 (corresponding to the ‘Extremely fine’
mesh) versus the analytical solution.

can be seen that when the box size is less than 200 nm (corresponding to 10 times
the diameter of the sphere), the error starts to grow exponentially.

To further verify the COMSOL code’s correctness, in figure 2.10, we plotted the
electric field near the nanoparticle in the x-z plane calculated with COMSOL versus
that calculated using the analytical method described in reference [53]. It can be
seen that the difference between the analytical result and the COMSOL result is
negligible. We plotted the difference between the two approaches in Figure 2.11.
It can be seen that the difference lies mainly outside the sphere. This is attributed
to the fact that we used a linear function inside the tetrahedron to interpolate the
electric potential. The difference is less than 1%. Hence, our approach of using the
finite-element method to approximate quasi-static potential is valid.

2.6.2 Convergence of the Kernel Polynomial Method

In order to match the hot-carrier generation rate from the Kernel Polynomial
method exactly with that computed from diagonalisation, we need to use an
infinite number of Chebyshev moments and an infinite number of random vectors.
This becomes impractical. We need to find a convenient point to make a cutoff with
the Chebyshev moments and a finite number of random vectors. To investigate
the convergence with respect to the total number of random vectors Nk and the
number of Chebyshev momentsNN, we investigated a gold nanosphere containing
249 atoms; the schematics of this sphere can be found in section 3.

First, we fix NN = 5000 and plot the convergence with the number of random
vectors in figure 2.12. It can be seen that with a very small number of iterations
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Figure 2.11: Color plot of the difference between figure 2.10(a) and figure 2.10(b)

(Nk=10), the hot-carrier generation rate is very unstable. It contains negative
values, and it cannot reveal all the physically meaningful peaks that are found
with a higher number of random vectors. As the number of random vectors
increases to 100, most of the peaks become meaningful, but some peaks have a
significantly higher magnitude; for example, the peak at -0.4 eV is higher than the
peak just below the Fermi level. As the number of random vectors increases above
10000, the hot-carrier generation rate becomes stable (increasing the number of
random vectors further does not have a significant impact on the values). There
is a slight discrepancy with the diagonalisation result (Nk = ∞). This is because
the diagonalisation result corresponds to using an infinite number of Chebyshev
moments. The finite number of moments will broaden the peak slightly and create
this discrepancy.

Next, we fix Nk = 10000 and vary the number of Chebyshev polynomials used.
The results are plotted in Figure 2.13. It can be seen that a very small number of
Chebyshev polynomials (NN = 50) can lead to unphysical results. The peak (at
-0.5 to -2 eV and 0.5 to 2 eV) has a much higher magnitude than other calculated
results. As we increase the Chebyshev polynomial to 100, the result starts to
become physical, but the resolution of the Chebyshev polynomial expansion is
blurred, and it can not resolve any peaks. As the number of polynomials increases
to 500 or 5000, most of the peaks become visible, but the magnitude of these
peaks is slightly different from the actual result. Finally, when the number of
Chebyshef polynomials reaches 10000, all the features of the matrix element density
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Figure 2.12: convergence of hot-carrier generation rate with the number of random vectors
Nk, the solid line corresponds to the hot-electron rate, and the dashed line corresponds to
the hot-hole rates. The result is normalised to the maximum value calculated using the
Diagonalisation result (Nk = ∞), and we add an offset of 1 to each dataset to make them
easy to compare.

get resolved so clearly that the result looks almost identical to that calculated by
diagonalisation.

2.6.3 Comparison Between TB Method and TDDFT

Finally, we compared the hot-carrier distribution we calculated with the data
computed using time-dependent density functional theory (TDDFT) calculation
from Erhart’s work[48]; we built a silver icosahedron nanoparticle using the
method described in section 2.2. This nanoparticle has a similar number of atoms
(147) to that modelled by Erhart and coworkers. [48] (This is an open access
article published under a Creative Commons Attribution CC-BY License, which
permits unrestricted use, distribution and reproduction in any medium,provided
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the author and source are cited.) The results are presented in figure 2.14. It can
be seen that, in general, our work matches well with the TDDFT results. Some
peaks are shifted slightly and have slightly different magnitudes. This is because
the lattice is slightly different, and our tight-binding parameters[59] are not fitted
from GPAW, the DFT package that Erhart used. [133]
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Chapter 3

Spherical Nanoparticles

3.1 Introduction

In this chapter, we use the method developed in chapter 2 to study hot-carrier
generation rates in large nanoparticles of silver, gold and copper with diameters
up to 30 nm, as such nanoparticles are widely used in experimental studies and
hot-carrier devices. We find that hot-carrier generation rates in small nanoparticles
with diameters of a few nanometers exhibit a molecule-like behaviour with discrete
peaks, which evolve into a continuous distribution for larger nanoparticles. The
hot-hole generation rates are characterized by a large peak at the onset of the d-
bands stemming from interband d-to-sp band transitions [56]. The corresponding
peak in the hot-electron generation rate is closer to the Fermi level, but its position
can be controlled through the light frequency. Moreover, intraband transitions are
shown to yield a second peak in the hot-hole generation rate which lies close to
the Fermi level and a corresponding peak in the hot-electron rate at high energies.
As the nanoparticle size increases, the interband transitions dominate increasingly
over surface-enabled intraband transitions. Embedding the nanoparticle in an
environment with a sufficiently large dielectric constant removes the contribution
from interband hot carriers and enhances the one from intraband hot carriers. These
insights from our work pave the way towards a mechanistic understanding of hot-
carrier devices. For example, they enable experimentalists to design nanoparticles
for specific oxidation and reduction reactions in photocatalysis.
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Figure 3.1: Hot-carrier generation rates for spherical silver nanoparticles. a): Dependence
of the hot-hole (blue) and hot-electron (red) rates on the nanoparticle diameter D at the
LSP frequency. b): Dependence of hot-carrier rates on the illumination frequency for
a D = 32 nm nanoparticle. Yellow arrows indicate peaks arising from d-to-sp band
transitions, and green arrows indicate peaks arising from sp-to-sp band transitions. The
zero of energy is set to the Fermi level.
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Figure 3.2: Electronic band structures of (a) silver, (b) gold and (c) copper. The zero of
energy is set to the Fermi level. (d) The power (for an illumination intensity of 1 mW
µm−2) absorbed by the spherical nanoparticles as function of photon energy.
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Figure 3.3: Hot-carrier generation rates for spherical gold nanoparticles. (a): Dependence
of the hot-hole (blue) and hot-electron (rate) rates on the nanoparticle diameter D at the
LSP frequency. (b): Dependence of hot-carrier rates on the illumination frequency for
the D = 33 nm nanoparticle. Yellow arrows indicate peaks arising from d-to-sp band
transitions and green arrows indicate peaks arising from sp-to-sp band transitions. The
zero of energy is set to the Fermi level.
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Figure 3.4: Hot-carrier generation rates for spherical copper nanoparticles. (a): Dependence
of the hot-hole (blue) and hot-electron (rate) rates on the nanoparticle diameter D at the
LSP frequency. (b): Dependence of hot-carrier rates on the illumination frequency for
the D = 28.2 nm nanoparticle. Yellow arrows indicate peaks arising from d-to-sp band
transitions and green arrows indicate peaks arising from sp-to-sp band transitions. The
zero of energy is set to the Fermi level.
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3.2 Hot-carrier Generation Rates.

We have calculated hot-carrier generation rates for spherical nanoparticles of Ag,
Au and Cu containing up to 1,072,241 atoms (corresponding to diameters up to 32
nm (Ag), 33 nm (Au) and 28 nm (Cu)).

Figure 3.1(a) shows the evolution of the hot-electron and hot-hole generation
rates in Ag nanoparticles as function of the diameter when the nanoparticle is
illuminated at the LSP frequency (3.5 eV in vacuum). For the smallest nanoparticle
(D=2 nm), the hot-electron and hot-hole rates exhibit a series of discrete peaks
characteristic of a molecule-like behaviour. At a diameter of 4 nm, we find that the
hot-electron and hot-hole rates have evolved into smooth curves. The hot-hole rate
has a sharp peak near -3.5 eV (indicated by yellow arrow) and a second broader
peak closer to the Fermi level (indicated by green arrow). Because of energy
conservation, the hot-electron rate also exhibits a sharp peak (indicated by yellow
arrow) which is shifted from the sharp peak in the hot-hole rate by the LSP energy
and lies close the Fermi level. The second peak in the hot-electron rate (which
corresponds to the broad peak in the hot-hole rate near the Fermi level and is
indicated by a green arrow) is centered near 2.9 eV. The energy of the sharp peak
(indicated by the yellow arrow) in the hot-hole rate corresponds to the onset of
the flat d-bands in Ag, see Fig. 3.2. When the nanoparticle is illuminated with
light at the LSP frequency, interband transitions from the d-band to the sp-band
which crosses the Fermi level can be induced. The broad peaks in the hot-electron
and hot-hole rates (indicated by the green arrows), on the other hand, originate
from transitions from sp-band states into other sp-band states. In contrast to
the d-to-sp transitions, such transitions are forbidden in the bulk material and
are only enabled by the presence of the surface. As the size of the nanoparticle
increases, we expect the contribution of the surface-enabled transitions to decrease
in comparison to the bulk transitions. Indeed, it can be seen that the size of the
broad peak is significantly reduced for a diameter of 8.1 nm in comparison to the
size of the sharp peak.

Next, we study the dependence of the hot-carrier generation rates on the light
frequency. Fig. 3.1(b) shows the hot-electron and hot-hole rates of a Ag nanoparticle
with a diameter of 32 nm (corresponding to 1,072,241 atoms) at illumination
frequencies of 3.5 eV, 4.0 eV and 5.0 eV. Again, it can be seen that the hot-electron
and the hot-hole rates exhibit two peaks. The strongest peak is in the hot-hole rate
at around -3.5 eV (which is indicated by a yellow arrow and corresponds to the
onset of the d-bands). The corresponding peak in the hot-electron rate is shifted
by the illumination frequency, i.e. it moves to higher energies as the illumination
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frequency is increased. A second smaller peak in the hot-hole rate (indicated by
the green arrow) occurs just below the Fermi level where the density of occupied
sp-band states is highest. This peak moves to lower energies as the illumination
frequency is increased. The corresponding peak in the hot-electron rate is located
near 4.0 eV and moves to slightly higher energies as the light frequency is increased.
These results show that hot holes are predominantly produced in the d-band
(as a result of d-to-sp transitions), but also near the Fermi level. In contrast, the
energy of hot electrons generated by bulk transitions can be controlled through the
illumination frequency, while the energy of surface-enabled hot electrons is very
high. It can also be seen that the highest number of hot carriers are produced at the
LSP frequency as a consequence of the large enhancement of the field intensity. At
the LSP frequency, bulk transitions are much more frequent than surface-enabled
transitions. In contrast, the relative contribution of surface-enabled hot carriers
increases for higher illumination frequencies.

Figure 3.3 shows the hot-carrier rates for Au nanoparticles. At the LSP frequency
(2.4 eV in vacuum), the hot-carrier rates again exhibit discrete peaks for small
nanoparticles, which evolve into continuous distributions as the diameter increases,
see Fig. 3.3(a). The main peak in the hot-hole rate (indicated by yellow arrow)
for the larger nanoparticles is located at -2.0 eV corresponding to the onset of
d-bands in the material, see Fig. 3.2(b). A corresponding peak in the hot-electron
rate is located just above the Fermi level (also indicated by a yellow arrow). Both
rates also exhibit a second smaller peak (indicated by green arrows) caused by
surface-enabled sp-to-sp transitions. This second peak is just below the Fermi level
in the hot-hole rate and near +2.3 eV in the hot-electron rate.

Considering next the evolution as function of light frequency for a nanoparticle of 33
nm diameter, see Fig. 3.3(b), shows that the main peak (indicated by a yellow arrow)
in the hot-hole generation rate remains at -2.0 eV while the corresponding peak in
the hot-electron rate moves to higher energies. In contrast to Ag, an additional
hot-hole peak emerges at lower energies (near -4.5 eV for a light frequency of
5 eV, also indicated by a yellow arrow) with a corresponding hot-electron peak
just above the Fermi level. These peaks result from transitions from deeper lying
d-bands to sp-bands. The hot-hole peak just below the Fermi level disappears as
the light frequency increases.

After that, we consider Cu nanoparticles. In this system, the LSP peak at 2.2 eV is
much less pronounced, see Figs. 3.2(c) and (d). As a consequence, the hot-carrier
peaks at the LSP frequency are much lower than in Ag and Au, see Fig. 3.4(a).
Similarly, to the case of Ag, we find a peak in the hot-hole rate (indicated by yellow
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Figure 3.5: Hot-carrier distribution of a spherical silver nanoparticle with a diameter of 4
nm in various dielectric environments evaluated at the corresponding LSP frequencies.
Yellow arrows indicate peaks arising from d-to-sp band transitions, and green arrows
indicate peaks arising from sp-to-sp band transitions.

arrow) at -1.8 eV corresponding to bulk d-to-sp transitions with a corresponding
hot-electron peak just above the Fermi level. A second smaller peak in the hot hole
rate (indicated by green arrow) arising from surface-enabled sp-to-sp transition
is found just below the Fermi level and a corresponding hot electron peak near 2
eV. At higher frequencies, additional peaks at lower energies (indicated by yellow
arrows) emerge in the hot-hole rate as a consequence of transitions from low-lying
d-states. In particular, at a light frequency of 4.8 eV the strongest peak is located at
-4.5 eV and a corresponding peak in the hot-electron rate is located at +0.4 eV.

Finally, we study the dependence of the hot-carrier generation rates on the dielectric
constant of the surrounding medium. Fig. 3.5 shows results for a silver nanoparticle
with a diameter of 4 nm. As discussed above, in vacuum (ϵm = 1), the hot-hole
generation rate has a large peak at -3.5 eV due to interband transitions with a
corresponding hot-electron peak near the Fermi level (indicated by yellow arrows).
For ϵm = 4, the LSP frequency has reduced to 3.15 eV. This is no longer sufficient
to excite interband transitions and the hot-hole rate is characterized by a broad
peak near the Fermi level, while the hot-hole rate exhibits a corresponding peak
near 3 eV (indicated by green arrows). Interestingly, the height of the intraband
peak is increased compared to the case of vacuum. This increase is caused by an
increase in the matrix elements [56, 134] which are proportional to 1/ω2 [56]. As
the medium dielectric constant increases, the main peak of the hot-hole generation
rate remains close to the Fermi level while the energy of the hot electrons is reduced.
These findings demonstrate that hot-carrier generation rates can be controlled by a
careful choice of the dielectric properties of the nanoparticle environment.
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3.3 Summary

We have reported atomistic quantum-mechanical calculations of plasmon-induced
hot-carrier generation rates in large nanoparticles containing more than one million
atoms. Accessing this size regime which is relevant for practical devices is possible
through the use of highly efficient spectral methods based on an expansions of the
hot-carrier generation rate in terms of Chebyshev polynomials. These advances
allow us to study the evolution of the hot-carrier generation rate as function
of nanoparticle diameter from a molecule-like regime characterized by discrete
peaks to a continuous curve for diameters exceeding 4 nm. Moreover, the relative
importance of bulk d-band to sp-band transitions compared to surface-enabled
sp-band to sp-band transitions increases with increasing diameter. Interband
transitions give rise to a large peak in the hot-hole generation rate located at
the onset of d-band states. Such holes have energies of several electron volts
relative to the Fermi level. The corresponding peak in the hot-electron rate lies
closer to the Fermi level, but is tunable through the illumination frequency. In
contrast, intraband transitions induce holes near the Fermi level and hot electrons
with energies of several electron volts. Finally, the contribution to the hot-carrier
distributions arising from interband transitions can be removed by increasing the
dielectric constant of the surrounding medium which also enhances the matrix
elements for intraband transitions. These insights are crucial for fabricating
nanoparticles to induce and optimize specific chemical reactions. They also form
the starting point for studying the thermalization of hot electrons, which is the
subject of future work.
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Chapter 4

Bimetallic Plasmonic Catalysts

4.1 Introduction

Photocatalytic hot-carrier devices often have relatively low efficiencies [135]. A
possible explanation for this is that standard plasmonic materials, such as Au and
Ag, are generally not good catalysts[137]. Therefore, attempts have been made
to combine plasmonic materials with catalytic materials, such as Pt, Pd or Rh,
into functional nanoarchitectures. Examples of such heterostructures include
Janus nanoparticles [136], core-shell systems [138, 139] or nanoparticle dimers and
trimers [140]. Recently, Herran and coworkers studied different nanoarchitectures
of Pd and Au, including core-shell nanoparticles and antenna-reactor systems (as
shown in figure 4.1) in which a large Au nanoparticle is "decorated" with small Pd
nanoparticles (or satellites), for the production of H2 from formic acid [141]. These
authors found significant enhancements in H2 production upon illumination of the
plasmo-catalyst, with the largest increase in chemical activity for antenna-reactor
systems. Despite these advances, however, there is still no detailed microscopic
understanding of the catalytic activity in bimetallic nanoarchitectures[142].

In this Chapter, we use the method developed in section 2 to study the enhancement
of hot-carrier generation rates in a catalytic metal (Pd) induced by the presence of a
plasmonic metal (Au) in different bimetallic plasmonic-catalytic nanoarchitectures.
In particular, we study Au@Pd core-shell nanoparticles and antenna-reactor
systems consisting of a large Au nanoparticle, which acts as an antenna and a
small satellite nanoparticle. The satellite is either a spherical Pd nanoparticle or an
Au@Pd core-shell nanoparticle. We compare our results to hot-carrier generation
rates in spherical Pd nanoparticles. We find that the largest hot-carrier generation
rates in the catalytic metal are found in antenna-reactor systems, in particular in
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Figure 4.1: Schematic illustration of an antenna-reactor system.

those where the satellite nanoparticle is a core-shell system. This can be explained
by the large enhancement of the electric field arising from the strongly confined
plasmon mode associated with the gap between the antenna nanoparticle and the
satellite nanoparticle. We also explore the dependence of hot-carrier generation
rates on light polarization, the size of the antenna nanoparticle, and the gap
between the antenna nanoparticle and the satellite. We compare our calculated
hot-carrier generation rates to experimentally measured H2 production rates [141]
for different Au-Pd photocatalysts and find a strong correlation between the two.
The insights resulting from our work pave the way towards a microscopic design
of heterogeneous nanoarchitectures for energy conversion devices. The approach
can readily be applied to other materials.

4.2 Method

Currently, there is no Tight-Binding model that models the palladium and gold
spherical nanoparticles, instead, we used an approximation to work around it.

Once we determine the total potential of the full Au-Pd nanoarchitecture, we
evaluate the hot-carrier generation rate in the Pd subsystem (as only the hot
carriers in the Pd are catalytically active). Note that our approach does not
capture charge transfer processes between the Au and the Pd, which can play an
important role in core-shell nanoparticles [143, 144]. In contrast, charge transfer
is not expected to be important in antenna-satellite systems because of the finite
gap (caused by the presence of surfactants) between the antenna and the satellite
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nanoparticle [141]. The electronic states of the Pd subsystem are obtained using
the approach mentioned in section 2.

4.3 Results and Discussion

We have calculated hot-carrier generation rates in four systems, see Fig. 4.2: (a)
spherical Pd nanoparticles consisting of 3589 atoms (corresponding to a diameter
D = 4.42 nm), (b) spherical Au@Pd core-shell nanoparticles with an Au core (of
diameter Dc = 4.90 nm) and a Pd shell (of thickness 0.40 nm containing 3740 Pd
atoms), (c) an Au-Pd antenna-reactor architecture consisting of a small spherical
Pd nanoparticle of the same size as in (a) which is separated by a small gap from
a larger Au nanoparticle and (d) an Au-Au@Pd antenna-reactor architecture in
which the small nanoparticle has a core-shell structure as in (b). The sizes of the Pd
nanoparticle and of the Au@Pd core-shell nanoparticle are similar to the satellite
nanoparticles used in the experiment of Herran and coworkers [141]. Note that
we are only studying hot-carrier generation in the Pd subsystems of the various
Au-Pd photocatalysts. As all photocatalysts contain a similar number of Pd atoms
(and we further report the hot-carrier generation rate per unit volume), we are
confident that a quantitative comparison of the hot-carrier generation rates of the
different photocatalysts is physically meaningful.

Figure 4.3(a) shows the evolution of the hot carrier generation rate for the spherical
Pd nanoparticle as a function of photon energy. Both the hot hole and the hot
electron rates exhibit two peaks. The hot hole rate has a peak near the Fermi level,
with the hot electron rate having a corresponding peak at ∼ hω above the Fermi
level. The other peak of the hot hole rate is at ∼ −hω, and the hot electron rate has a
corresponding peak just above the Fermi level. As the photon energy is varied, the
peaks near the Fermi level are pinned at their positions, but the other peaks move
to higher (in the case of the hot electron rate) and lower (in the case of the hot hole
rate) energies. This finding can be understood from an analysis of the electronic
structure of Pd. In particular, the band structure of Pd, see Fig. 4.2(e), exhibits flat
d-bands just above and below the Fermi energy. These flat bands give rise to a
large density of states, which translates into a high hot carrier generation rate near
the Fermi level. The positions of the other peaks are then determined by energy
conservation, i.e. for each electron of energy E, a corresponding hole of energy
E− hωmust be created. Finally, we do not observe a dramatic enhancement of the
hot-carrier rates at a particular photon energy, reflecting the absence of a strong
LSP resonance in spherical Pd nanoparticles.
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Figure 4.2: Schematic illustration of (a) a spherical Pd nanoparticle, (b) an Au@Pd core-shell
nanoparticle, (c) an Au-Pd antenna-reactor system and (d) an Au-Au@Pd antenna-reactor
system, (e) band structure of bulk fcc Pd, the zero of energy is set to the Fermi level
(indicated by the green dashed line). Green arrows indicate interband transitions involving
flat d-bands near the Fermi level. (f) Real and imaginary parts of the dielectric functions of
Au and Pd. From Ref. [105]
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Figure 4.3: Dependence of hot-carrier generation rate on photon energy for (a) a spherical
Pd nanoparticle with a diameter ofD = 4.42 nm and (b) an Au@Pd core-shell nanoparticle
with a core diameter of Dc = 4.90 nm and a shell thickness of 0.40 nm. Hot hole (electron)
generation rates are red (blue). The zero of energy is set to the Fermi level.

Figure 4.3(b) shows the dependence of the hot carrier generation rate of an Au@Pd
core-shell nanoparticle on the photon energy. Again, the rates exhibit peaks near
the Fermi level. Some differences in the shapes of the hot-carrier generation rates
can be observed compared to the spherical Pd nanoparticle: these are caused
by the increase of the surface area of the thin Pd shell, which enhances the
generation of hot carriers from intraband transitions [68]. In the core-shell system,
an enhancement of the hot-carrier generation rate at a photon frequency of 2.4
eV can be observed. This energy is close to the LSP energy of a spherical Au
nanoparticle. In other words, at this photon energy, the field enhancement of the
Au core increases the hot-carrier generation in the Pd shell [144].

Next, we investigate hot-carrier generation in the Au-Pd antenna-reactor system.
Adding the Au nanoparticle to the spherical Pd nanoparticle lifts the rotational
symmetry of the Pd system. As a consequence, the hot-carrier generation rate now
depends on the polarization vector of the electric field. We assume that both the
centre of the Au and the centre of the Pd nanoparticle lie on the z-axis, see Fig. 4.2,
and describe the electric field through its polar angle θ. Fig. 4.4(a) shows the
dependence of the hot carrier rate on θ. The hot-carrier generation rate is largest
when θ = 0◦ and then decreases as θ is increased. In particular, we find that the hot-
carrier generation rate is proportional to cos θ, i.e. Ne(ω,E, θ) = Ne(ω,E, 0) cos θ.
When θ = 0, the charge carriers in the Au nanoparticle are pushed towards the
Pd nanoparticle, creating a strongly enhanced electric field. The field is further
enhanced by the confinement effect of the small gap between the Au and the Pd
nanoparticles, giving rise to a so-called gap plasmon [145]. We note that a large
number of satellites are attached to the Au nanoparticles in the experiments of
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Figure 4.4: Dependence of hot-carrier generation rate on light polarization for (a) an
Au-Pd antenna-reactor system with a diameter of 4.42 nm, (b) Au-Au@Pd reactor system,
with a core diameter of 4.9 nm and a total diameter of 5.7 nm. The diameter of the Au
nanoparticle is 49 nm. The size of the gap between the Pd and Au nanoparticles is 0.40 nm
and the photon energy is is 2.28 eV for Au-Pd system and 2.20 for Au-Au@Pd system.

Herran and coworkers [141]. Also, the light used in experiments is not polarized.
Therefore, the experimentally measured hot-carrier generation rate is an average
over θ.

Figure 4.4 shows the same results for an Au-Au@Pd antenna-reactor system. Again,
the hot-carrier generation rate of the core-shell system has a different shape than
the pure Pd system, but it exhibits a similar dependence on light polarization.

Next, we study the dependence of the hot-carrier generation rate of the two
antenna-reactor systems on the size of the gap d between the Au nanoparticle
and the satellite, see Fig. 4.5. In practice, this parameter is determined by the
size of the ligands on the surface of the nanoparticles and is difficult to control
experimentally (in the experiment of Herran et al., the gap is estimated to be
approximately 1 nm [141]). We find that the largest hot-carrier rates are obtained
for the systems with the smallest gaps. The insets show that the total number of
hot carriers decreases quickly as the gap size is increased. For example, increasing
the gap from 0.49 nm to 1.6 nm reduces the total number of hot carriers by a factor
of 0.38 (Au-Au@Pd) and 0.42 (Au-Pd) and further increases to d = 3.2 nm gives
rise to an additional reduction by a factor of 0.58 (Au-Au@Pd) and 0.63 (Au-Pd) in
the total hot carrier generation rate. This result demonstrates the importance of
the confinement effect associated with the gap between the Au and the satellite
particles on the strength of the electric field.

Next, we study the dependence of the Pd hot-carrier generation rate of the reactor
systems on the size of the Au nanoparticle, see Fig. 4.6. We find that the hot-carrier
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Figure 4.5: Dependence of the hot-carrier generation of Au-Pd antenna-reactor systems on
the size of the gap d between the Au nanoparticle and the satellite. (a) Results for a Pd
satellite. (b) Results for an Au@Pd core-shell satellite. The diameter of the Au antenna
nanoparticle is 49 nm, the photon energy is 2.28 eV for the Au-Pd system and 2.20 for the
Au-Au@Pd system, and the calculation is averaged over all polarization angles. The insets
show the total hot-carrier generation rate

generation rate increases as the size of the Au nanoparticle increases. Increasing
the Au nanoparticle size while keeping the distance between the Au nanoparticle
and the satellite fixed reduces the volume available in the gap between the two
nanoparticles and thus enhances confinement effects. This, in turn, leads to electric
field enhancement. As the Au nanoparticle size increases, the additional reduction
of the gap volume becomes smaller and smaller and only results in a small increase
in hot carrier production.

Finally, we study the dependence of the hot-carrier generation rates of the re-
actor systems on the photon energy, see Fig. 4.7. For both systems, a dramatic
enhancement of the rates is observed at a photon energy of 2.24 eV compared to
the other photon energies. This photon energy is close to the LSP energy of the
Au nanoparticle (note that the presence of the satellite modifies the LSP energy
of the Au nanoparticle) so the increase of the hot-carrier generation rates reflects
the electric field enhancement caused by the plasmon mode. The LSP acts as an
optical lens which efficiently funnels energy towards the catalytic material.

We compare the total Pd hot-carrier generation rates of the four different systems
(spherical Pd nanoparticle, Au@Pd core-shell nanoparticle, Au-Pd antenna-reactor
system and Au-Au@Pd antenna-reactor system) in Fig. 4.8(a). It can be seen that
the two antenna-reactor systems produce significantly more hot carriers in the Pd
than the other two systems. In particular, a dramatic increase in the generation rate
is observed near the plasmon frequency of ∼ 2.2 eV. As discussed above, the large
generation rates are a consequence of the gap plasmon mode, which gives rise to
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Figure 4.6: Dependence on the hot-carrier generation of Au-Pd antenna-reactor systems
on the size of the Au nanoparticle. (a) Results for a Pd satellite. (b) Results for an Au@Pd
core-shell satellite. The size of the gap is 0.40 nm, the photon energy is 2.28 eV for Au-Pd
system and 2.20 eV for Au-Au@Pd system and the calculation was averaged over all
polarization angles. The insets show the total hot-carrier generation rates.
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Figure 4.7: Dependence of hot-carrier generation rate on the photon energy for (a) an
Au-Pd antenna-reactor system with a diameter of 4.42 nm, (b) Au-Au@Pd antenna-reactor
system, with a core diameter of 4.9 nm and a total diameter of 5.7 nm. The diameter of
the Au nanoparticle is 49 nm. The size of the gap between the Pd and Au nanoparticles is
0.40 nm, and the calculation is averaged over all polarisation angles. For visual aid, the
hot-carrier generation rates at hω = 2.80 eV and 3.40 eV were multiplied by a factor of 5.
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large electric field enhancements. In the antenna-reactor system with a core-shell
satellite, the electric field is more strongly confined because of the presence of the
Au inside the core-shell satellite, and therefore, this system gives rise to the largest
hot-carrier generation rate overall.

In their experiments, Herran and coworkers measure the increase in H2 production
from formic acid by bimetallic plasmonic catalysts upon illumination with a solar
simulator (see Figure 2(a) of Ref. [141]). In Fig. 4.8(b), we show the measured
difference in H2 production in the dark and upon illumination for an Au@Pd
core-shell nanoparticle, an Au-Pd antenna-satellite system and an Au-Au@Pd
system. We compare this difference to the total number of hot holesNsol generated
by the solar spectrum S(ω) (using the Air Mass 1.5 spectrum).

In excellent agreement with the experiment, we find that the Au-Au@Pd antenna-
satellite system is the best bimetallic plasmonic photocatalyst, while the Au@Pd
system performs much worse. We note that the agreement between theory and
experiment is somewhat worse for the Au@Pd system - this is likely a consequence
of the different nanoparticle sizes used in the experiment and in our calculations
and also of the neglect of charge transfer between core and shell in our model.

We note that we have not included hot-carrier relaxation effects in our calculations.
Moreover, we did not include a detailed description of the interaction of the
hot carriers with the reactive molecular species. Extending our formalism for
modelling hot-carrier generation rates to include these effects will be the topic of
future work. Despite this, the correlation between our theory and the experimental
results is remarkable, as shown in Fig. 4.8(b).

4.4 Conclusion

We have studied hot-carrier generation in Au-Pd nanoarchitectures using an
atomistic quantum-mechanical modelling approach. We have found that Au-
Pd antenna-reactor systems exhibit significantly higher hot-carrier generation
rates than core-shell nanoparticles. This is caused by the large electric field
enhancements due to the localized plasmon mode associated with the gap between
the antenna and the satellite nanoparticles. In particular, the largest overall
hot-carrier generation rate is found for an antenna-reactor system in which the
satellite is a core-shell nanoparticle. For the antenna-reactor systems, we also
studied the dependence of the hot-carrier generation rates on the size of the gap,
the radius of the antenna nanoparticle and the light polarization direction. We
find that the largest rates are found when the electric field is parallel to the axis
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Figure 4.8: (a) Total hot carrier generation rate as a function of photon energy (averaged over
all polarisation vectors) for a spherical Pd nanoparticle, an Au@Pd core-shell nanoparticle,
an Au-Pd reactor and an Au-Au@Pd reactor. The power (per unit volume) absorbed by the
Pd subsystem is shown in dashed lines. Note that the curves for the Pd nanoparticles and
the Au@Pd have been multiplied by a factor of 5 to improve visibility. (b) Comparison of
the measured difference in H2 production upon illumination by a solar simulator [141]
and in the dark to the calculated number of hot holes excited by solar illumination.

connecting the centres of the antenna and satellite nanoparticles. Also, small gaps
and large antenna sizes favour hot-carrier generation. Comparing our calculated
hot-carrier generation rates for the different Au-Pd photocatalysts to experimentally
measured H2 production rates, we find a strong correlation between theory and
experiment. The insights from our work can guide the development of highly
efficient heterogeneous hot-carrier nanodevices for energy conversion applications.
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Chapter 5

Janus Nanoparticles

5.1 Introduction

Janus Nanoparticles are nanoparticles whose left half consists of a different
material than their right half, as schematically shown in Figure 5.2 (a). These
Janus nanomaterials have the ability to absorb light in different regions of the solar
spectrum and, hence, enhance the performance of plasmonic devices. Depending
on the synthesis method, some Janus nanoparticles synthesized in the laboratories
are not spherical: they have a dumbbell shape, as shown in Figure 5.2(b)-(d). These
nanoparticles have some unique properties and might enhance the photocatalytic
performance.

Little is known experimentally about which combination of materials in Janus
nanoparticles has optimal photocatalytic performance in terms of catalytic reactions,
since synthesising all the combinations of Janus materials is time-consuming. Thus,
it is important for computer simulations to help guide the experimental study.

The energy distribution of hot carriers is important for the photocatalytic per-
formance of hot-carrier devices. For example, the presence of energetic ‘hot’
carriers could trigger chemical reactions that are unlikely to happen under ambient
conditions. Our previous work (see chapter 4) suggests there is a strong correlation
between the generation rate of hot carriers and the photocatalytic performance.

The hot-carrier distribution can be computed using the method discussed in the
previous section. However, it is hard to find tight-binding parameters for complic-
ated structures. For example, little research exists on tight-binding parameters of
hetero-junctions. Hegde and coworkers[146] have attempted to model a gold-silver
junction, but their work is only valid for bulk-like structures and with low strains. A
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coherent gold-silver or silver-copper junction has at least 100 atoms. This makes it
very difficult to parameterise using the Slater-Koster scheme. Other possible meth-
ods involve using maximally localised Wannier function[148, 149, 147]. However,
the hopping values obtained from this method decay very slowly with distance[60]
and the linear scaling method is only achieved if the tight-binding Hamiltonian is
sparse.

In this work, we used a trick to simplify the tight-binding parameterization process
by introducing an additional parameter for the onsite correction term to each ma-
terial in the Hamiltonian. The density of states from the tight-binding Hamiltonian
agrees very well with the result from the density functional theory calculation.
Based on these parameters, we have computed the hot-carrier distribution for
Janus nanoparticles made of Au, Ag and Cu. Based on the hot-carrier distribution,
we will use the number of ‘energetic’ carriers as a figure of merit and compare the
photocatalytic performance of these Janus nanoparticles.

5.2 Fitting the Tight-binding Hamiltonian

To build the interface at the centre of the Janus nanoparticle, we strained the
copper, gold and silver slightly and then stacked them together to form a coherent
interface[150] (with a strain of less than 1%). For each strained unit cell, we find
its own set of tight-binding parameters using the method described in section
2.1.3. We average the hopping parameter of the two materials in the interface, and
we only use the distance to determine whether the hopping is the first-nearest
neighbour or second-nearest neighbour at the interface, but keep the hopping
integral fixed. For each combination of materials, we add a constant to the onsite
energy of each constituent material to include the fact that the pseudopotential
can have an offset in the potential energy.

5.3 Results and Discussion

In this chapter, we study the spherical Janus nanoparticles and dumbbell-shaped
Janus nanoparticles with necks. We define the neck size d as the separation of the
upper and lower hemispheres’ centre (of the equator). In this chapter, we study
spherical Janus nanoparticles with a radius of 5 nm (containing 29,270 atoms for
the gold-silver system, 36,393 for the gold-copper system and 36,498 atoms for
the silver-copper system). We investigate neck sizes ranging from 2 nm to 6 nm
(containing up to 65,458 atoms). The schematic illustration of the geometry for
gold-silver Janus nanoparticles is shown in Figure 5.2(a)-(d). We define the z-axis
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Figure 5.1: Schematic illustration of the density of states and density of states projected
onto each material [151] for (a) Cu-Ag system, (b) Au-Ag system, and (c) Cu-Au system.
The solid line corresponds to the tight-binding result, and the dashed line corresponds to
the DFT result.
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Figure 5.2: Schematic illustration of the geometry of Au-Ag nanoparticles studied in this
article.

as the normal to the Janus nanoparticle interface and the polarisation angle θ as
the angle made between the z-axis and the external field Eext; this is illustrated in
figure 5.2(e).

5.3.1 Spherical Janus nanoparticles

In figure 5.3, we show the number of electrons and holes for the different Janus
nanoparticles. We found that the electrons and holes generation rate reaches
a maximum of around 3.4 eV, corresponding to silver’s LSP frequency. Hence,
with fixed illumination, silver and gold have the highest electron/hole generation
rates among all the Janus nanoparticles. There are two important peaks in the
systems: one is at 2.4 eV (green light), which corresponds to the resonance of
gold. The other one is at 3.4 eV (ultraviolet light), corresponding to the resonance
of silver nanoparticles, making the gold-silver have the largest enhancement in
both cases. The polarization of the light greatly enhances the silver resonance
peak, while it is less important for the gold resonance. For the silver peak at 3.4
eV, the generation rate is enhanced by a factor of 1.98(for electrons) and 1.15(for
holes) when the light is perpendicular to the Janus interface (θ = 0o) compared
to the case when the light is parallel to the interface (θ = 90o). By contrast, the
enhancement is 1.10(electrons) and 1.53(holes) for the gold resonance at 2.4 eV. In
our previous work, we found that for these systems with cylindrical symmetry,
the hot carrier rates vary sinusoidally with the polarisation angles. This implies
that for a randomly polarised light, the average generation rate is the average of
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Figure 5.3: Variation of the number of electrons generated(red solid line) and holes
generated(blue dashed line) with the energy of the incident light for Ag-Au, Cu-Ag and
Cu-Au Janus nanoparticles.

the rate over the perpendicular polarisation and the two axes parallel to the Janus
interface.

When we investigate the copper-silver combination, there is also a clear peak at
3.4 eV, but the magnitude of the peak is significantly smaller. However, there is
no clear peak in the range of 2-3 eV. In section 3, we found that copper has a very
weak peak in the range studied in this section. When the light is parallel to the
Janus interface, the Cu-Ag performs similarly to the Au-Ag combination. However,
the performance deteriorates when the light is parallel. At the frequency of 2.4
eV, the Cu-Au combination shows a clear peak. This peak is also weaker than the
Au-Ag case for all polarisations.

The electron generation reaches a maximum at the LSP frequency of the constituent
materials. In figure 5.4, we plot the hot-carrier generation rate when the LSP
frequency of one of the constituent materials is reached. We found that the large
hole peak was attributed to the d-band of Au, which is 2 eV below the Fermi level.
The electrons were excited to the level just above Fermi’s level, and the excited
electron was very energetic. Similarly, copper also has some d-electrons at 2 eV
below the Fermi level, but they are harder to excite at most of the visible light
range, which results in a weaker photocatalytic performance.

5.3.2 Dumbbell-shaped Janus nanoparticles

So far, we found that Janus nanoparticles containing silver tend to generate the
highest number of hot carriers for a fixed illumination in the near-ultraviolet regime.
However, the intensity of the solar spectrum that corresponds to the gold/copper
peak (red/green light) is higher. With this in mind, we investigate the effect of
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Figure 5.4: The hot carrier generation rate at the LSP frequency.
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Figure 5.5: The dependency of neck size on the number of (a)electrons (b) holes generated
when illuminated with the solar spectrum

neck size on the number of electrons/holes generated under solar illumination. It
can be seen that the gold-silver Janus nanoparticle has the best overall performance
among all combinations. When the neck size grows, the electron/hole generation
rate grows, except for the case of electrons in the copper-silver system, where the
rate remains constant. Amongst all the systems, the gold-silver system has the
best overall performance with the largest improvement in the growth of neck size.
From a spherical Janus nanoparticle to a Janus nanoparticle with d = 6 nm, the
number of electrons generated grows by a factor of 2.22and the number of holes
generated grows by a factor of 3.64.

To further understand the impact of neck size on photocatalytic performance, we
studied the hot carrier distribution at the peak frequency for the gold-silver system.
This is plotted in Figure 5.5. It can be seen that the silver peak at 3.6 eV does
not have a significant enhancement. However, the gold peak gets significantly
enhanced by a factor of 12.1(electrons) and 13.7(holes) from d = 0 nm to d = 6
nm. The resonance frequency also shifted from 2.4 eV to 2.1 eV. We plotted the
hot carrier distribution in the right panel. It can be seen that the shape of the gold
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Figure 5.6: The dependence of gold-silver hot-carrier rate on the neck size.

peaks looks similar, but the magnitude of the sp-sp transition becomes larger. This
is because a larger electric field |∇Φtot(ω)|2 is induced at the neck region for the
dumbell-shaped nanoparticle with sharper necks, as shown in figure 5.7.

Despite the fact that copper has weak plasmonic properties, it has good catalytic
properties. Recently, research has shown that copper has superior performance
in the CO2 reduction reaction. [152] Hence, it is interesting to investigate the
presence of gold and silver hemispheres on the hot carrier distribution of copper
nanoparticles.

In figure 5.8, we plot the total number of hot electrons/holes generated under
the effect of solar illumination. It can be seen that when the nanoparticles’ neck
size is large, gold enhances the hot electron and hot hole generation rate most
significantly. However, for small neck sizes, the Cu-Au system generates fewer hot
carriers, and the Cu-Ag system performs better. Overall, the Cu-Au system with a
large neck size will have the best catalytic performance.

5.4 Conclusion

Overall, we have computationally investigated the hot-carrier generation and
photocatalytic performance of gold-silver, gold-copper and silver-copper Janus
nanoparticles. We found that the gold-silver Janus nanoparticles have the greatest
performance. In particular, the gold part has a small electron peak at 2.4 eV,
and silver has a large electron peak at 3.6 eV. We also found that the magnitude
of the silver peak gets significantly enhanced when the polarisation of the light
is perpendicular to the Janus interface. Then, we studied the performance of
these Janus when the neck size changes, and we found that the gold peak has a
significant contribution, as the intensity of the gold peak in the solar spectrum
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Figure 5.7: The electric field inside the Au-Ag Janus nanoparticle with different neck sizes
(for hω = 2.4 eV).
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Figure 5.8: Schematic illustration of the excessive number of hot electrons or hot holes
generated in copper with the effect of gold or silver neck size (compared with pure copper)
under the illumination of the solar spectrum.
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is high. We found that the gold peak gets significantly enhanced as the neck
size increases. We have then investigated the hot carrier distribution for the
dumbell-shaped nanoparticles at gold’s resonance frequency. It was found that
the peak contribution is due to field enhancement. These studies can speed up the
discovery of new Janus photocatalytic materials.



Chapter 6

Conclusion

Overall, we developed a linear scaling kernel polynomial method to evaluate the
hot-carrier generation rate in metallic nanoparticles. We used this method to model
spherical gold, silver and copper nanoparticles and analysed the intraband and
interband transition as the size of the nanoparticles increased. We found that there
are more intraband transitions for smaller nanoparticles due to a larger surface-to-
volume ratio. We also calculated the frequency dependence of the hot-carrier rate
for very large nanoparticles (∼ 30 nm). We found that near the resonance frequency,
the magnitude of the hot-carrier generation peak gets enhanced significantly, but
for higher frequencies, we can extract holes from d-bands that lie deeply below
the Fermi level. Alternatively, we can extract energetic electrons that get excited to
higher s-p bands.

We then used the linear-scaling method to study the palladium and palladium-
gold core-shell nanoparticles (Pd and AuPd) and these nanoparticles surrounded
by a spherical gold nanoparticle antenna (Au-AuPd, Au-Pd). We analysed the
polarisation angle dependence of these systems and the frequency dependence
of these systems. We found that the hot carrier generation rate of the palladium
is significantly enhanced when the polarisation angle is parallel to the axis that
joins the centre of two spheres. We also found that when the gap between the
satellite and the antenna is small, the palladium generates a larger number of hot
carriers. If the antenna size increases, the number of hot carriers generated in the
palladium gets enhanced. We found a strong correlation between the total number
of hot carriers generated and the photo-catalytical performance of these systems in
the experiment.

Finally, we used our theory to predict the hot-carrier generation rate of Janus
nanoparticles. We first compared the frequency and polarisation dependence
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of the hot-carrier distribution for Au-Ag, Cu-Ag and Cu-Au nanoparticles. We
found that the Au-Ag combination generates the highest number of hot carriers.
We then studied dumbbell-shaped nanoparticles and investigated the effect of
the separation of the centres of hemispheres on the hot-carrier generation rate.
We found that the hot carrier generation of Au-Ag grows most rapidly when the
centres separate. Copper is a good catalysis for certain reactions. We investigated
the effect of Au and Ag on the enhancement of the copper part. We found that
gold enhanced the copper hemisphere the most, provided that we separated the
centres sufficiently.

6.1 Future Work

There are a few directions researchers can work in the future. For example,
currently, the algorithm presented in this work can only be applied to calculate the
hot-carrier generation rate (as discussed in section 2) and hot-carrier steady-state
distribution (see reference [70]). This method could be generalised to calculate
some other useful quantities. So far, we have only used the Slater-Koster tight-
binding method, which limits the accuracy and types of the system that can be
studied. Machine learning tight-binding methods are a rapidly growing research
field [60]. Researchers can interface it with the method we have developed. Finally,
we can develop a user-friendly code package that can be used by experimental
scientists and allow them to find the connection between calculated hot-carrier
properties and the experimental measurements.

6.2 Code availability

The code that can perform KPM calculation for hot-carrier distribution was
available at https://github.com/Jlischner/MaxTB. It was originally developed by
me, Simao Joao has made significant modifications to this code and created this
repository, and it was then transferred to my supervisor, Johannes Lischner.
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