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Active particles, ratchets and their field theories

Zigan Zhen
ABSTRACT

This thesis aims to address problems in active matter by employing techniques in
both stochastic processes and statistical field theories. It is mainly divided into two
parts: first, applications of stochastic processes to find the entropy production of var-
ious exactly solvable models and solve the dynamics of a Run-and-Tumble particle

in a piecewise linear potential, and second, applications of field theories to find the
optimal shape for maximising currents of a Run-and-Tumble particle perturbatively
and probing the particle identities using different field theories. In Chapter 1, I de-
rive various methods and results from stochastic processes that are used in the rest
of the thesis. In Chapter 2, I present a self-contained review of entropy production
and calculate it from first principles for various exactly solvable models. In Chap-

ter 3, I solve the steady-state dynamics of a Run-and-Tumble particle in a piece-
wise linear ratchet and calculate various other quantities such as particle current,
entropy production and mean first passage time. In Chapter 4, I derive and present
Doi-Peliti field theory and response field theory which are used in the rest of the the-
sis. In Chapter 5, I present a method of solving the probability distribution perturba-
tively and finding the optimal shape of the potential that maximises the probability
current for a Run-and-Tumble particle using Doi-Peliti field theory. In Chapter 6, I
identify the mechanism where particle entity is enforced in the context of the Doi-
Peliti field theory of a diffusive particle and the response field theory that is derived

from Dean’s equation.
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6.2.1 The time-dependent number density p(x,t) for a physical point particle
undergoing diffusion is expected to remain localised under the dynam-
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namics (left column), it is generally lost when resorting to effective de-
scriptions, such as the classical diffusion equation (right column). This
difference is most obvious when measuring the instantaneous particle
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Introduction

Active matter is a classic example of far-from-equilibrium systems [130, 106|. They
are composed of self-propelling agents that consume energy from the environment to
exert mechanical work [59, 29, 84, 54, 113, 124, 109]. Due to the self-propelled mo-
tion, active particles are known to break detailed-balance typically by converting fuel
into mechanical motion or energy at the individual particle scale. These phenomena
can be observed in bacteria [29], cells and artificially made particles, such as Janus
particles [171].

Ratchet effects arise by placing a single or interacting Brownian particles under an
asymmetric environment that produce a net current by applying an external force

or flashing the asymmetric obstacle [42, 102, 9, 121|. A new class of active ratchet
systems has been realised by immersing self-propelling particles under asymmetric en-
vironments. Such systems demonstrate a rectified unidirectional motion, break time-
reversal symmetry and locally produce entropy [132, 54, 109]. Due to the emergence
of rectified motion, active ratchet systems can also drive engines that perform work

against an external workload [124].

Despite the progress made and the benchmark models discovered in the last few years,
addressing general physical quantities such as the probability distribution of active

matter or other non-equilibrium systems still remains challenging. In many cases, the
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thermodynamical quantities such as free energy or pressure cannot even be defined

properly [154], these are known as non-variational systems.

Over of the past few decades, fresh approaches have unveiled universal laws applica-
ble to far-from-equilibrium systems beyond the linear response regime. One approach
to studying such non-equilibrium or active matter systems is by the use of stochastic
thermodynamics [146|. Stochastic thermodynamics systematically provides a toolbox
to extend concepts from equilibrium thermodynamics to far-from-equilibrium systems
through Jarzynski relation fluctuation theorems [80, 34]. These results are particu-
larly relevant for the study of distribution functions of quantities such as exchanged
heat and entropy production. The entropy production rate is a quantity of particular
interest as a non-zero entropy production implies the breaking of time-reversal sym-
metry, which is the hallmark of a non-equilibrium system. In other words, the system

manifests the arrow of time as the future is distinguishable from the past.

Another approach to studying such systems is by employing techniques in statistical
field theories [164]. In statistical field theories, the path integral is a powerful and el-
egant tool allowing us to systematically calculate correlation functions. One class of
field theories is Doi-Peliti field theory which is derived from models that can be de-
scribed as master equations of Markovian Poisson processes. It was built on the work
of Masao Doi [43] and Luca Peliti [123]|. Doi-Peliti field theory has proven to be a
useful and versatile tool in many problems in non-equilibrium statistical mechanics
as it is able to capture the particle entity nature of the system and account for inter-
actions. It has been applied in areas including active matter [62, 19, 180], reaction-
diffusion processes [119], branching processes [61] and percolations [158, 79]. Another
example of field theory is response field theory. It was built on the work by P.C. Mar-
tin, E.D. Siggia and H.A. Rose, H.K Janssen and C. De Dominicis [110, 78, 44] which

transforms a stochastic process described by Langevin equations into a field theory.

OBJECTIVES

By studying various topics in active matter, ratchets and field theories, I hope to ac-

complish the following objectives:

e To study exactly solvable problems in non-equilibrium settings and entropy pro-
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duction rates for both discrete and continuous Markovian processes as well as

single and multi-particle systems.

e To expand the current knowledge on models from active matter, such as the
probability distributions, probability current, entropy production and first-
passage properties for run-and-tumble particles under a piecewise linear ratchet
potential using stochastic methods and an arbitrary external potential using
field theories.

e To probe and discuss the particle nature of interacting particle systems under

different field theoretic frameworks such as Doi-Peliti and response field theory.

ORGANISATION OF THIS THESIS
The results of the thesis are presented in Chapters 1-6.

e In Chapter 1, some background knowledge for the rest of the thesis such as
stochastic processes, master equations, Langevin Equations, Fokker-Planck

equations and so on are introduced and derived.

e In Chapter 2, a review of entropy production is presented and various exactly
solvable models such as Markov jump processes, random walks, driven Brown-
ian particles in different potentials and run-and-tumble particles on a ring are
presented. Their distribution functions and entropy production rates are calcu-

lated and discussed.

e In Chapter 3, a model for a run-and-tumble particle in a piecewise linear poten-
tial is introduced. The steady-state probability distribution, probability current,
entropy production rate, engine efficiency and first passage properties are calcu-

lated and discussed.

e In Chapter 4, a review of field theory is introduced. Some results for Doi-Peliti

field theory and response field theory are derived and discussed.

e In Chapter 5, a model for a run-and-tumble particle is introduced. Using Doi-
Peliti field theory, the stationary distribution function and the stationary prob-

ability current are calculated using a perturbation series. Under a numerical
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optimisation scheme, a representation of the optimal potential ratchets that

produce the highest current is presented and their design features are discussed.

e In Chapter 6, the Doi-Peliti field theory and the response field theory using
Dean’s equation both describing non-interacting diffusive particle systems are
introduced and compared. The concept of particle entity and related observ-
ables to probe it is presented and calculated under both Doi-Peliti and response
field theory. A more intuitive probabilistic picture discussing the role of integer
particle numbers is also presented.

For each chapter, we start with its own abstract or introduction, where the back-
ground and past literature of the content discussed are reviewed. The main results
for each chapter are then presented and discussed. We then end with a discussion of

the main findings and future problems.

We end the thesis in Chapter 7, where we offer a summary of the thesis and discuss

open questions and future research directions.
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STOCHASTIC PROCESSES

Abstract

The following derivations and results are heavily based on H. Risken’s textbook
The Fokker-Planck equations: Methods of Solution and Applications [135] and D.

Tong’s lecture notes on kinetic theory [163].

In this chapter, we present some results from the theory of stochastic processes
which are the main tools employed for the analysis in Chapter 2 and Chapter

3. We first give the definition of a stochastic process, master equations and
Langevin equations. We then investigate some of the results in continuous stochas-
tic processes including Fokker-Planck equations, formal solutions to the Fokker-

Planck equations and first passage problems.

1.1 STOCHASTIC PROCESSES

A stochastic process is a collection of random variables X = {X;;¢ € T} with an
ordered set T', which can be both discrete and continuous, where, for every t € T', X,

is a measurable function from the sample space €2 to the state space E.
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1.2 MASTER EQUATIONS

For Markovian systems, the probability density function P, (¢) at time ¢ over a dis-

crete set of states n € (2 evolves according to the Master equation

OP,(t)
ot

=P,(t) =Y W(m— n)Py(t) — W(n — m)Py(t) (1.1)

where W(m — n) is the transition rate from state m to n which must be positive.
For a continuous variable, the sum needs to be replaced by an integral and the Mas-

ter equation reads

OP(x,t)

o = Plet) = / dz'W(z' = 2)P(a’,t) = W(x — 2')P(a,t).  (1.2)

As the system is Markovian, the probability at a later time is completely determined

by the probability at time t = t,.

1.3 LANGEVIN EQUATIONS

Brownian motion is the random motion of particles suspended in a liquid or a gas.
The movement of particles is famously caused by the bombardment due to other
molecules in the surrounding liquid. Here, we only focus on a single particle with po-
sition z(t) at time ¢ in a surrounding medium. Assuming we know the external force
L acting on the particle, the motion is then entirely deterministic, which is can be

determined by the second order differential equation
mi = —yx + L (1.3)

where the mass of the particle is m and we have included a friction term with coeffi-
cient . For any specific force L, the path of the particle is fully determined which is
in contrast to the random fluctuations in Brownian motion. To reconcile the differ-

ence, we split the force L into a deterministic part and a random part

L=-V(z)+ f(t), (1.4)
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where V' (x) is a deterministic external potential and f(t) is a random force exerted
on the particle from the other molecules in the liquid or gas. The following three

properties about the force f(t) are postulated:

1. f(t) can be treated as a stochastic process.

2. The properties of f(t) are independent of the particle position x(¢) and the av-

erage of the force vanishes,

(F(1) = 0. (1.5)

3. The collisions of the molecules in the surrounding fluid happen rapidly, which

motivates us to postulate the autocorrelation function for the force
(f()f(t)) =2Dé(t —t') (1.6)

where D is a constant. A term f(¢) satisfying the above three properties is gener-
ally known as the white noise or the Langevin force and Eq. (1.3) is known as the

Langevin equation.

1.3.1 OVERDAMPED LANGEVIN EQUATIONS

We can simplify the problem further by considering Brownian motion in a very vis-

cous liquid under an external force. This is equivalent to setting the mass m = 0 by
ignoring the inertial term as the motion is entirely dominated by the friction term in
the Langevin equation Eq. (1.3). We are left with the overdamped Langevin equation

vi = —=V'(x)+ f(t). (1.7)

Recall f(t) is the noise term with correlation (f(t)f(t')) = 2Dd(t — t’). In the rest of

the thesis, we often set the friction term ~ to be 1.

1.4 FOKKER-PLANCK EQUATIONS

We saw previously the Langevin equation Eq. (1.3) which describes the equation of

motions of a Brownian particle under an external force or potential. We then try to
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derive an equation to describe the probability distribution function.

From the Chapman-Komogorov equation, the probability distribution P(z,t + 7) at
time t + 7 and the probability distribution P(z,t) at time ¢ are related by the transi-
tion probability via W (z,t + 7|z, t),

P(x,t+71)= /daz’W(w,t+T|x’,t)P(;1:’,t). (1.8)

Assuming we know all the moments of
M, (2’ t,7) = /dx (x —a")"W (x,t + 7|2’ t) (1.9)

for all n > 1, we now derive a general expression for the transition probability. We

start with the identity
W(z,t+ 7|2’ t) = /dyé(y—x)W(y,t—l—ﬂx',t) (1.10)

where () is the Dirac delta function. We make use of the Taylor series expansion of

the Dirac delta function

oy —x)=0(z —x+y—2a) (1.11)
=y (y_nﬂ <%) §(z' — ) (1.12)
-2 () o) o

—~ n! ox
i 00 1 o\" , )
B (%) 1 P n .
— 1_1-21m (—%) Mn(.l’,t,T)] §(z — ). (1.14)



In deriving Eq. (1.14), we have made use of the definition of the moments M, (2’ t,7)
in Eq. (1.9) and the symmetry of the Dirac delta function d(x) = d(—x).

Substituting Eq. (1.14) into Eq. (1.8) leads to

OP(x.t
P, t+7) — Pla,t) = éﬂ; . 002
0o o\" 5(3: i l‘l) I
N n=1 <_£) /de TMn(x,t,T)P(gjjt)
n o\" Mn<.’E, t, 7‘)
"2 \"o) Y 1.15
Now, we assume that all the moments M,, can be Taylor expanded with respect to 7
M(z,t,7) (n) 2
———="— = D" (z, )7 + O(7%) (1.16)
n!

for n > 1. The zeroth order term in 7 must vanish as the transition probability W
has initial value at 7 =0
Wz, t|2' t) = §(x — 2') (1.17)

which leads into My = 0 by Eq. (1.9). By comparing the linear order term in 7
in Eq. (1.15), we find a partial differential equation on the probability distribution
P(z,t)

GPézi,t) _ ; (_(%) D(n)(xyt)p(g;j) = LxmP(z,1), (1.18)

where the differential operators act on both D™ (z,t) and P(x,t). The Kramers-
Moyal differential operator is defined by

Ly = i (—(%)n D™ (z,1). (1.19)

n=1

Eq. (1.18) is the Kramers-Moyal expansion.
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1.4.1 FORMAL SOLUTION AND SHORT TIME TRANSITION PROBABILITY

Now, we derive a formal solution to the Kramers-Moyal equation (1.18) with the ini-
tial conditions given by Eq. (1.17) and the short time transition probability. As the

short time transition probability also satisfies Eq. (1.18), the formal solution reads
W (z,tla' 1) = L@ 50 o). (1.20)

It is important to note that the time-dependent Kramers-Moyal operator does not
commute with itself at different times. Via iteration of Eq. (1.18) using Dyson series
[46], the general solution to Eq. (1.18) is

Wz, tla' ) = 6(x — a') + / dt 1 Lioni(, 11)0(x — ) (1.21)
+/dt1/ dt oL (z, t1) Lxm (2, t2)0(x — ') + ... (1.22)
1+;/ﬂdt1/tltldtg.../t/tn_ldtnﬁKM(:c,tl)...EKM(x,tn)] (1.23)

x 8z — o). (1.24)

Introducing a time-ordering operator 7 to move larger times to the left of the smaller
time, Eq. (1.24) then reads

W(ZE t|ZE t 1—|—Z /dtl/ dtg /dt £KM ZE tl) EKM(I t )] 5(;p—xl).
(1.25)
t
— Texp [ / dt” Ly (2. t”)} 5z — '), (1.26)
t/
When the time increment 7 =t — ¢’ is small, Eq. (1.26) becomes
Wiz, t+ 7|2, t) = [1 + Lxm(x, )7 + O(T?)]|6(z — o) (1.27)

which is consistent with Eq. (1.14).

Truncating the Kramer-Moyal expansion (1.18) and discarding higher order terms
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with n > 3 yields the Fokker-Planck equation in one dimension

OP@.t) o P(at), (1.28)
ot
Lrp = —ﬁD(l)(m t) + 8—2D<2>(a: t) (1.29)
FP ax ) 8,],'2 ) * N

The Fokker-Planck equation is a special form of the continuous master equation Eq. (1.2).

For an overdamped Langevin dynamics (1.7), the corresponding Fokker-Planck equa-
tion is oP 10 D 9*
t
@8 19 ) pla ) + b, (1.30)

The Fokker-Planck equations Eqgs. (1.28) and (1.29) can also be written in the form

OP(z,t) 0J
i 1.31
ot oV (1.31)
J(x,t) = D(l)(x,t)—agD(Q)(m,t) (1.32)
X

where J(z,t) is the probability current.

Also truncating the Kramers-Moyal differential operator after two terms for the tran-
sition probability, Eq. (1.27) yields an expression for the small time transition proba-
bility for the Fokker-Planck operator

W(z,t+ 72, t) = [1+ Lpp(z, )7 + O(r2)](x — 2') (1.33)

with
2

0 0
= ——DW(x,t) + =D (x,1). 1.34
Lep = 5DV (a,1) + 5D, 1 (1.34)
Therefore, the small time transition probability satisfies

0 0?
/ — R 105! I 103 o
Wz, t+ 7|z’ t) [1 &L’D (z,t)T + 8:1:2D (x, t)7:| d(x —2')

2

0 0
— 2 @) (@) o
[1 8xD (', t)T + 83:2D (x ,t)T] d(x —2')

2

=exp [—%D(l)(aﬁ’, T+ %D@) (o, t)T] d(x — ) (1.35)
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where we have made use of the identity
5(a — o) f(a') = d(x — ') f () (1.36)

in the second line to replace x by z’ in the drift and diffusion coefficients.

Using the Fourier representation of a Dirac delta function

:27T

1 .
§(z) = — / dk e, (1.37)
we rewrite the short-time transition probability

o . o 1 .
— _ ) 1) i ik(x—z
W(z,t+ |2, t) =exp [ Oa:D( («/,t)T + 520 (w’,t)T} 5 /dk:e )

1
=5 /dk exp[—ikDW (2, t)1 — E2D® (&' )1 + ik(z — ')]
7r

1 [z — 2’ — DM (2! )7]?
= exp [ —
2\/7D@ (2! )T 4D@) (z! )T

(1.38)

Eq. (1.38) is not only just valid for small time 7 but also valid for any 7 > 0. It
is also important to note that the small time transition probability is not unique to
Eq. (1.38), other forms also exist [174].

It is also important to note that one can turn a Langevin equation Eq. (1.3) into
a Fokker-Planck Eqs. (1.28) equation formally without going through the Kramer-
Moyal expansion. This can be found in [115].

1.4.2 BOUNDARY CONDITIONS

In order to study the Fokker-Planck equation and the underlying Langevin equa-
tion, we need to specify the Langevin dynamics at the boundary of the domain and,
equally, the boundary conditions of the probability distribution. For a Langevin dy-

namics in one dimension on an interval [0, L], we can consider the following cases:

1. Absorbing boundary conditions: the probability distribution vanishes on the

boundary
P(0,t) = P(L,0)=0 (1.39)
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2. Reflecting boundary conditions: the probability current vanishes on the bound-
ary
J(0,t) = J(L,t) =0 (1.40)

3. Periodic boundary conditions:

P(0,t) = P(L,1) (1.41)

using the probability current defined in Eq. (1.32). Mixed boundary conditions could
also arise. For instance, one could have an absorbing boundary at the left end of the

interval and a reflecting boundary condition at the right end of the interval:

P0,t) =0, J(L,t)=0. (1.42)

1.4.3 PATH-INTEGRAL SOLUTION

We derive the path-integral solution to the Fokker-Planck equation. Applying the
Chapman-Kolmogorov equation Eq. (1.8) repeatedly to the initial probability dis-
tribution P(zg, o), we can find the probability distribution at position x and time ¢

after dividing the time interval ¢ — ¢y in N increments 7 = (¢ — t)/N,

P(z,t) /del/deg /dxo

Wiz, tlon_1,tn-1)P(xn_1,tN-1|TN-215_,)---

W(ill'l,tlyﬂfo,to)P(l'o,t()). (143)

Substituting the short time transition probability Eq. (1.38) into the probability dis-
tribution Eq. (1.43) in the continuous limit N — oo and replacing x = x, the proba-
bility distribution P(x,t) becomes

= lim /H{daz (47 D@ (x;,t;)7) 7Y%} (1.44)

N1$1+1—xz 1) IZ,lTQ
><eXp< Z 2)(D (i, 1:)7] )W(:co,to). (1.45)

i—0 x“tl)
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It is important to note that as all terms in front of P(xo,ty) in Eq. (1.45) are posi-
tive, the probability distribution P(x,t) remains positive if we start with a positive

initial probability distribution P(xg,tp).
As the interval 7 is small, we can write the time derivative of the position

i(t;) = _:va— iy (1.46)

and the exponent in the exponential term in Eq. (1.45)

—_

[xi+1 — T 2_ D(l)(xlv ti)T]2 — /tdt/[i.(t/) — QD(l)(l‘(t/), t/)]Q (147)
pars ADB) (i, ti)T ’ 4D (x(t'),1)
in the continuous limit N — oo. The integrand in Eq. (1.47) is called a generalised
Onsager-Machlup function [116].

1.5 FIRST-PASSAGE TIME PROBLEMS

First-passage time is the time required for a stochastic variable #(¢) to leave a given
domain [135, 63]. In biological systems, we are often interested in the time it takes
for a diffusing molecule inside a cell to be absorbed at the cell boundaries. Therefore,
it is important to calculate quantities such as the first-passage distribution and mean

first-passage time. Below, we only consider the one-dimensional case.

We start with the Fokker-Planck equation

OP(x,t
OP@.) _ (o) (1.48)
ot
with the initial conditions
P(x,0]2',0) = §(x —2') for 1 <z <y (1.49)
and boundary conditions
P(x,t|2’,0) =0 for z=x; or z=u,. (1.50)
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Initialising at position ', the probability W (z',t) of not reaching one of the bound-

aries x1 or xo up to time t reads

Wi 1) = /xde Pla, 1|2/, 0). (1.51)

1

Within a small time interval (¢,¢ 4 dt), the probability of reaching is given by

—AW (2,t) = —/ dzdt P(z,t|z',0). (1.52)
1

Therefore, the probability distribution for the first-passage time to escape the region

(21, z2) is then given by

dW (', T 2o

# - —/ da Pz, T|',0). (1.53)

1

w(x',T) =—

With the distribution function at hand, the moments 7T},(z’) for the first-passage time

distribution are given by

To(x') = /OoodTT”w(x’,T) = /xzdxpn(a:,x') (1.54)
o1
where p,(x,2') is defined by
po(z,2') = —/OOOdTT"P(x,T|x’O). (1.55)
The zeroth moment is given by
pol(z, ') = — /OOOdT Pla, Tl 0) = P(z,002/,0) = 6(z — 2/). (1.56)
Integrating (1.55) by parts yields

po(x,2') = n/ AT T 'P(x,T|2’,0) n>1. (1.57)
0

Applying the Fokker-Planck operator on (1.57), we obtain the following recurrence
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relation
Lrppn(z,2') = —np,_1(z,2") n>1. (1.58)

We can then obtain p,(x,z’) for all n by solving the equations iteratively starting
with n = 1. The boundary conditions for all p, are the same as the probability distri-
bution P(z,t|z’,0). In other words,

pu(z,2') =0 for z=uz1 or z=ux,. (1.59)

1.5.1 FORMAL SOLUTION

A formal solution to (1.58) to can be found via
po(z,2") = nl[—Lpp(x)]"0(x — 2). (1.60)

This formal solution can also be found by integrating the formal solution of P, in

other words,

pu(z,2') = — / dt t" Lpp(2)efTP @5 (2 — 2) (1.61)
0

= nl[—Lpp(x)]"6(x — 2'). (1.62)

1.5.2 SOLUTION USING THE ADJOINT OPERATOR

Because P(z,t|2’,0) = P(x,0|2’, —t) also satisfies the backward Kolmogorov equation

OP
= LI()P. (1.63)

We can therefore replace the Fokker-Planck operator Lpp(z) by its adjoint £, (2). If
x’ is outside of the region (z1,x5), the probability must vanish. This is equivalent to

solving the adjoint equation (1.63) with boundary conditions
P(x,t|2’,0) =0 for 2'=2; and 2’ = x,. (1.64)
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In the meantime, we can use just the adjoint equation (1.63) to obtain all the mo-

ments (1.54) via the recurrence relation
LT (2 = —nT,_1 (") (1.65)

with the zeroth moment
To(z") = 1. (1.66)

The equation for the mean first-passage time 7T (z') satisfies
LY (') = —1. (1.67)

It is interesting to note that at first glance, Eq. (1.67) seems easier to be solved com-
pared to Eq. (1.58) as Eq. (1.67) only contains one variable. However, to obtain 7'(z’)
for some position 2’ = 1z, one has to solve Eq. (1.67) completely for all 2’ in the do-

main. On the other hand, one only needs to solve Eq. (1.58) for the case 2’ = xy.

1.5.3 BOUNDARY CONDITIONS

As the mean first-passage time satisfies the backward equation (1.67), to obtain the
full solution, we also need to specify the boundary conditions. We list two types of

different boundary conditions, namely

1. Absorbing boundaries at both z; and xs: Ti(x1) = 0 and T} (z3) = 0.

2. Absorbing boundary at x; and reflecting boundary at xo: Ti(x;) = 0 and
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ENTROPY PRODUCTION IN EXACTLY
SOLVABLE MODELS

Abstract

In this chapter, I present a near-verbatim copy of the peer-reviewed journal arti-

cle

L. Cocconi, R. Garcia-Millan, Z. Zhen, B. Buturca, and G. Pruessner. Entropy
Production in Exactly Solvable Systems [30].

This chapter is based on [30], which is itself an introduction to entropy produc-
tion, based on exactly solvable systems. I contributed mainly to the analysis of
driven Brownian particles (Sec. 2.3.9), driven Brownian particles in a harmonic
potential (Sec. 2.3.10), driven Brownian particles on a ring with potentials (Sec.
2.3.11 and Sec. 2.3.12), run-and-tumble motion with diffusion on a ring (Sec.

2.3.13) and switching diffusion process on a ring (Sec. 2.135). I also contributed

to the writing up of the manuscript.

The rate of entropy production by a stochastic process quantifies how far the
latter is from thermodynamic equilibrium. Equivalently, entropy production cap-
tures the degree to which the detailed balance relation and time-reversal sym-

metry are broken. Despite abundant references to entropy production in the
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literature and its many applications in the study of non-equilibrium stochastic
particle systems, a comprehensive list of paradigmatic examples illustrating the
fundamentals of entropy production is lacking. Here, we present a self-contained
review of entropy production and calculate it from first principles in a catalogue
of exactly solvable setups, encompassing both discrete- and continuous-state
Markov processes, as well as single- and multiple-particle systems. The examples
covered in this work provide a stepping stone for further study on entropy pro-
duction of more complex systems, such as many-particle active matter, as well

as a benchmark in the development of alternative mathematical formalisms.

2.1 INTRODUCTION

Stochastic thermodynamics has progressively evolved into an essential tool in the
study of non-equilibrium systems in light of the connection it establishes between
the quantities of interest of traditional thermodynamics, such as work, heat and en-
tropy, and the properties of microscopically-resolved fluctuating trajectories [146, 81,
147]. The possibility of equipping stochastic processes with a consistent thermody-
namic and information-theoretic interpretation has resulted in a number of fascinat-
ing works, with the interface between mathematical physics and the biological sci-
ences proving to be a particularly fertile ground for new insights (|11, 89, 25, 140,
124], amongst many others). This affinity is not surprising, since it is precisely at the
microscopic scale that environmental fluctuations start to play an non-negligible role.
The concept of entropy and, more specifically, entropy production has attracted spe-
cial interest, as a consequence of the quantitative handle it provides on the distinction
between equilibrium systems, passive systems relaxing to equilibrium and genuinely
non-equilibrium, ‘active’ systems. While there exist multiple routes to the the math-
ematical formulation of entropy production [141, 99, 64, 144, 113, 90|, the underlying
physical picture is consistent: the entropy production associated with an ensemble

of stochastic trajectories quantifies the degree of certainty with which we can assess
whether a realisation originates from a stochastic process or from a suitably-defined
conjugate (usually, its time-reverse). When averaged over long times (or over an en-
semble), a non-vanishing entropy production signals time-reversal symmetry break-
ing at the microscopic scale. In turn this implies, at least for Markovian systems,

the existence of steady-state probability currents in the state space, which are odd
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under time-reversal. When a thermodynamically consistent description is available,
the average rate of entropy production can be related to the rate of energy /infor-
mation exchange between the system, the heat bath(s) it is connected to, and any
other thermodynamic entity involved in the dynamics, such as a measuring device
[112, 98, 117]. Whilst the rate of energy dissipation is of immediate interest since

it captures how ‘costly’ it is to sustain specific dynamics (e.g. the metabolism sus-
taining the development of an organism [138, 155]), it was also found to relate non-
trivially to the efficiency and precision of the corresponding process via uncertainty
relations |75, 147|. Entropy production along fluctuating trajectories also plays a fun-
damental role in the formulation of various fluctuation theorems [144].

Given the recent upsurge of interest in stochastic thermodynamics and entropy pro-
duction in particular, as well as the increasing number of mathematical techniques
implemented in the quantification of the latter, it is essential to have access to a few,
well-understood reference systems, for which exact results are known. These can play
the role of benchmarks for new techniques, while helping newcomers to develop in-
tuition. In this review will exclusively present results in the framework proposed by
Gaspard [64], which we review and contextualise in Section 2. The rate of entropy
production of the universe is thus defined through the asymmetry between forwards
and backwards entropies per unit time of microscopic trajectories and can be ex-
pressed exactly. The analysis is initially conducted for processes on a discrete state
space (Sections 2.3.1-2.3.8), and is subsequently extended to the continuous case (Sec-
tions 2.3.9-2.3.11). Finally, in sections 2.3.12 and 2.3.13 we consider processes that
involve both discrete and continuous degrees of freedom. Time is taken as a continu-
ous variable throughout.

2.2 REVIEW OF ENTROPY PRODUCTION

Entropy production of Markov jump processes. Shannon [149] first introduced the
concept of time-dependent informational entropy associated with a given ensemble
of stochastic processes. For an arbitrary probability density function P, (t) of time ¢

over a discrete set of states n € €2, the Shannon entropy is defined as
S(t) == Pu(t)InP,(t) (2.1)
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with the convention of xIlnx = 0 for x = 0. It quantifies the intrinsic degree of un-
certainty about the state of a stochastic process. In the microcanonical ensemble P,
is constant in ¢t and n and upon providing an entropy scale in the form of the Boltz-
mann constant kg, Shannon’s entropy reduces to that of traditional thermodynamics
given by Boltzmann’s S = kpIn|Q|, where |2] = 1/P, is the cardinality of Q. In
Markovian systems, the probability P,(t) depends on n and evolves in time ¢ accord-

ing to the master equation
Bo(t) = (Pru(t) i — Pu(t)wnnm) (2.2)

with non-negative transition rates w,, from state m to state n # m. Eq. (2.2) re-
duces to P,(t) = 3 Pp(t)wmn by imposing the Markov condition S wpm, = 0, equiv-

m
alently w,, = — > Wpm, which we will use in the following. For simplicity we will
m#n
restrict ourselves to time-independent rates w,,,, but as far as the following discus-

sion is concerned, generalising to time-dependent rates is a matter of replacing w,,,
by wym(t). The rate of change of entropy for a continuous time jump process can be
derived by differentiating S(¢) in Eq. (2.1) with respect to time and substituting (2.2)

into the resulting expression |64, 48], thus obtaining

S(t) = = But)wn I (Bu(6)) = D Po(B)n In <Pm<t>

where we define

5.0 = 5 3 (Pt Pty (22 (240
- - ;,Pnu)wnm i () = = S POt = Pty (%

S=3 ; (Pu(8) .~ PoB)) ( ) (2.40)
5 s (02) - F 00—t (202)
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with arbitrary positive rate wy to restore dimensional consistency, that cancel triv-
ially. Here we follow the convention [146] to split the rate of entropy change into two
contributions: the first, Eq. (2.4a), commonly referred to as “external" entropy pro-
duction or entropy flow, is denoted by Se. It contains a factor In(wyy,/wy,,) corre-
sponding, for systems satisfying local detailed balance, to the net change in entropy
of the reservoir(s) associated with the system’s transition from state n to state m.
For such thermal systems, S. can thus be identified as the rate of entropy production
in the environment [94, 141]. The second contribution, Eq. (2.4b), termed “internal"
entropy production and denoted by S; is non-negative because (z — y) In(x/y) > 0 for
any two real, positive x, y and using the convention zInz = 0 for z = 0. The internal
entropy production vanishes when the global detailed balance condition P, (¢)w,,, =
P, () wy,, is satisfied for all pairs of states. In this sense, a non-vanishing Sz is the
fingerprint of non-equilibrium phenomena. In [142], S; is also interpreted as the en-
tropy production. Defining m, = lim; ., P, () as the probability mass function at
steady-state, the internal entropy production rate can be further decomposed into
two non-negative contributions, S;(t) = S2(t) + S (t), of the form

S2(t) = ; P (t)wpm In ( [T nm ) (2.5)

Sha(p) = ; P, ()W In (%) =— %:Pn(t) In (P;—f?> . (2.5b)

These contributions are usually referred to as adiabatic (or housekeeping) and non-
adiabatic (or excess) entropy production rates, respectively [146]. The non-adiabatic
contribution vanishes at steady-state, lim;_,oo S*(t) = 0. While these quantities have
received attention in the context of fluctuation theorems, they will not be discussed
further here. At steady-state, namely when P,(t) = 0 for all n, S(t) in Eq. (2.3) van-
ishes by construction, so that the internal and external contributions to the entropy
production cancel each other exactly, S(t) = S.(t) + S;(t) = 0, while they vanish indi-
vidually only for systems at equilibrium. Equations (2.4) will be used throughout the
present work to compute the entropy productions of discrete-state processes.

Entropy production as a measure of time-reversal-symmetry breaking. As it turns out,
a deeper connection between internal entropy production and time-reversal symmetry

breaking can be established [64]. The result, which we re-derive below, identifies S,
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as the relative dynamical entropy (i.e. the Kullback-Leibler divergence [86]) per unit
time of the ensemble of forward paths and their time-reversed counterparts. To see
this, we first need to define a path n = (ng,ny,...,ny) as a set of trajectories start-
ing at time ¢, and visiting states n; at successive discrete times t; = t, + j7 with

7 =0,1,..., M, equally spaced by a time interval 7. For a time-homogeneous Marko-
vian jump process in continuous time, the joint probability of observing a particular
path is

P(n;to, MT) = P, (to)W(ng = ny; 7)Wi(ny = no;7) ... Wi(npy—1 — na; 7)) (2.6)

where P, (o) is the probability of observing the system in state ng at time t,, while
W (n; — n;+1;7) is the probability that the system is in state n;;; time 7 after being
in state n;. This probability can be expressed in terms of the transition rate matrix
w with elements wy,,. It is W(n — m;7) = [exp(wT)]um, the matrix elements of
the exponential of the matrix w7 with the Markov condition imposed. It can be ex-

panded in small 7 as
Wi(n — m;7) = 8pm + WpmT + O(7?) (2.7)

where 9,, ., is the Kronecker-d function. We can now define a dynamical entropy per

unit time [149] as

h(to. Af) = lim. —Ait S P te, At) InP(ns to, At) (2.8)
Y

where the limit is to be considered a continuous time limit taken at fixed At = t) —
to = M [41], thus determining the sampling interval 7, and the sum runs over all
possible paths n. Other than 7, the paths are the only quantity on the right-hand
side of Eq. (2.8) that depend on M. The dynamical entropy h(ty, At) may be consid-
ered the expectation of In(P(n;ty, At)) across all paths. Similarly to the static Shan-
non entropy, the dynamical entropy h(to, At) quantifies the inherent degree of uncer-
tainty about the evolution over a time At of a process starting at a given time 3. To
compare with the dynamics as observed under time-reversal, one introduces the time-

reversed path n® = (ny;, na_1,...,n0) and thus the time-reversed dynamical entropy
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per unit time as

W%Aﬂ-&g——-zzpnmAMM% S to, At) . (2.9)
no,...s M

While similar in spirit to h(to, At), the physical interpretation of hft(ty, At) as the
expectation of In(P(nf; At)) under the forward probability P(n;ty, At) is more con-
voluted since it involves the forward and the backward paths simultaneously, which
have potentially different statistics. However, time-reversal symmetry implies pre-
cisely identical statistics of the two ensembles, whence h(ty, At) = hf(ty, At). The
motivation for introducing hf*(ty, At) is that the difference of the two dynamical en-

tropies defined above is a non-negative Kullback-Leibler divergence given by

1 P (n; to, At)
R — — - . R S A
R (to, At) — h(ty, At) = J\}ligo ; En P(n;to, At) ln( (1, t)) : (2.10)

Using Eq. (2.6) in (2.10) with Eq. (2.7) provides the expansion

P (to)Wnm

hR(tO7 At) — h(ty, At) ZP to) Wpm In <P (o)

>+0mw, (2.11)

which is an instantaneous measure of the Kullback-Leibler divergence. The limit of
h®(to, At)—h(to, At) in small At is finite and identical to the internal entropy produc-
tion (2.4b) derived above. This result establishes the profound connection between
broken global detailed balance, Eq. (2.4), and Kullback-Leibler divergence, Eq. (2.11),
both of which can thus be recognised as fingerprints of non-equilibrium systems. In
light of this connection, it might not come as a surprise that the steady-state rate of
entropy production is inversely proportional to the minimal time needed to decide on
the direction of the arrow of time [139].

Entropy production for continuous degrees of freedom. The results above were ob-
tained for Markov jump processes within a discrete state space. However, the de-
composition of the rate of change of entropy in Eq. (2.3) into internal and exter-

nal contributions can be readily generalised to Markovian processes with continu-

ous degrees of freedom, for example a spatial coordinate. For simplicity we will re-
strict ourselves to processes in one dimension but as far as the following discussion is

concerned, generalising to higher dimensions is a matter of replacing spatial deriva-
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tives and integrals over the spatial coordinate with their higher dimensional coun-
terparts. The dynamics of such a process with probability density P(z,t) to find
it at « at time ¢ are captured by a Fokker-Planck equation of the form P(z,t) =
—0,j(z,t), with j the probability current, augmented by an initial condition P(z,0).
Starting from the Gibbs-Shannon’s entropy for a continuous random variable S(t) =
— [da P(z,t)In(P(z,t)/P) with some arbitrary density scale P, for dimensional con-
sistency, we differentiate with respect to time and substitute —d,j(z,t) for P(z,t) to

obtain

() = —/de(x,t) In (%O’t)) _ —/dx (9. P(If(;?i)(x ) (2.12)

where the second equality follows upon integration by parts using [dz P (xz,t) = 0 by
normalisation. For the paradigmatic case of an overdamped colloidal particle, which
will be discussed in more detail below (Secs. 2.3.9 — 2.3.11), the probability current
is given by j(z,t) = —DO,P(z,t) + puF(x,t)P(x,t) with local, time-dependent force
F(z,t). We can then decompose the entropy production S(t) = Si(t) + S.(t) into

internal and external contributions as

/ Dth >0 (2.13)

and
/dx ﬂF (x,t)j(x,t), (2.14)

respectively. The Kullback-Leibler divergence between the densities of forward and
time-reversed paths can be calculated as outlined above for discrete state systems,
thus producing an alternative expression for the internal entropy production in the

form
3 (1) = 1 R —
S;(t) limo R (t, At) — h(t, At)

~lim 2i / deda! (P(a, )W (z — 2/, 7) — P OW( — 2.7)  (2.15)

Pz, t)W(x — 2/, 1)
P, t)W (2 — x,7)

X In (2.16)
Here we have introduced the propagator W(a’ — x,7), the probability density that
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a system observed in state 2’ will be found at x time 7 later. In general, here and
above, the density W(x — 2/, 7) depends on the absolute time ¢, which we have omit-
ted here for better readability. The corresponding expression for the entropy flow is
obtained by substituting (2.16) into the balance equation S.(t) = S(t) — S;(t), whence

Wz — z,7)
Wi(x —a',7)
(2.17)

Since lim, o W(z — 2/,7) = 0(z — 2’) [174] and P(x,t)é(x — 2') = P(2',t)0(2" — x)
the factor in front of the logarithm in (2.16) and (2.17) vanishes in the limit of small
7, lim, o P(z,t)W(x — 2';7) — P2/, t)W (2’ — x;7) = 0. Together with the prefactor
1/7 this necessitates the use of L'Hopital’s rule

=0 2T

$u(t) = — lim 2i / deda’ (P(z, )W (x — 2/, 7)— P(&', )W (' — 2,7)) In

lir% = (P(z,t)W(x — 2';7) — P(2', )W (2" — z;7))
T—=>0 T

=P(z,t)W(x — 2') — P(2/,t)W (2’ — x) (2.18)

where we used the shorthand

d
Wz —2'):=lim —W(x — 2';7) (2.19)

—0dr

which is generally given by the Fokker-Planck equation of the process, so that
P(z,t) = /d:r’P(:E’,t)W(x’ — 1) . (2.20)

In the continuum processes considered below, in particular Sec. 2.3.11, 2.3.12 and
2.3.13, W(x — 2') is a kernel in the form of Dirac d-functions and derivatives thereof,
acting under the integral as the adjoint Fokker-Planck operator on P(x,t). With

Eq. (2.18) the internal entropy production of a continuous process (2.16) may con-
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veniently be written as

$i(#) :é / drda (P(a, W (= o!) — Pla! )W (2’ - )

« Tim In P(x,t)W(x — a';7)
0 Pz, )W (2! — x;7T)

= /dxdx’ Pz, t)W(z — 2') x 113(1) In (j;((;’ i))ﬂmf/((i,—;m;:)>> (2.21D)

(2.21a)

= /dxdx' (P(x,t)W(x — ') — P2, )W (2 — x))

(P(a:,t)I/II;/SD: x';T))

X lim In
7—0

(2.21c)

with suitable constants W, and P,. Correspondingly, the (external) entropy flow
(2.17) is

() = — % / dada (Pla, W (= o') — P )W (2’ - 2)

. W(x — ;1)
- _ /dxdx' Pz, )W (x — ') x }_IL% In (%) (2.22Dh)
=— /dxdx’ (P(x,t)W(x —a') = P, t)W(z — x))
. W(x — a';7)
x lim In (T) . (2.22¢)

All of these expressions assume that the limits of the logarithms exist. Naively re-
placing them by In(d(z — 2')/d(2" — x)) produces a meaningless expression with a
Dirac o-function in the denominator. Eqgs. (2.21) and (2.22) are identically obtained
in the same manner as Egs. (2.4) with the master Eq. (2.2) replaced by the Fokker-
Planck Eq. (2.20). All of these expressions, Eq. (2.4), (2.21) and (2.22), may thus be
seen as Gaspard’s [64] framework.

Langevin description and stochastic entropy. We have seen in Eqgs. (2.13) and (2.14)
how the notion of entropy production can be extended to continuous degrees of free-
dom by means of a Fokker-Planck description of the stochastic dynamics. The Fokker-

Plank equation is a deterministic equation for the probability density and thus pro-
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vides a description at the level of ensembles, rather than single fluctuating trajecto-
ries. A complementary description can be provided by means of a Langevin equation
of motion, which is instead a stochastic differential equation for the continuous de-
gree of freedom [122]. The presence of an explicit noise term, which usually represents
faster degrees of freedom or fluctuations induced by the contact with a heat reservoir,
allows for a clearer thermodynamic interpretation. A paradigmatic example is that of

the overdamped colloidal particle mentioned above, whose dynamics is described by
i(t) = pF(z,t) + (1) (2.23)

with g a mobility, F(z,t) a generic force and ((t) a white noise term with covari-
ance (C(t)C(t")) = 2D4é(t — t'). For one-dimensional motion on the real line, the
force F(x,t) can always be written as the gradient of a potential V' (z,t), namely
F(z,t) = —0,V(x,t), so that it is conservative. For time-independent, stable po-
tentials, V(z,t) = V(z), this leads at long times to an equilibrium steady-state. This
property does not hold in higher dimensions and for different boundary conditions
(e.g. periodic), in which case the force F(x,t) need not have a corresponding poten-

tial V(x,t) for which F(x,t) = —=VV(x,t) [173].

The concept of entropy is traditionally introduced at the level of ensembles. However,
due to its role in fluctuation theorems [146, 94|, a consistent definition at the level

of single trajectories is required. This can be constructed along the lines of [144] by
positing the trajectory-dependent entropy S(x*(t),t) where x*(t) is a random trajec-
tory as given by Eq. (2.23) and

S(z,t) = —In(P(x, 1)/ Py) . (2.24)

Here P(z,t) denotes the probability density of finding a particle at position = at time
t as introduced above and F, is a scale as used above to maintain dimensional consis-

tency. Given that z*(¢) is a random variable, so is S(z*(¢),t), which may be regarded
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as an instantaneous entropy. Taking the total derivative with respect to ¢ produces

d Oy P(x,t) O, P(z,t)
—S(x*(t),t) = — ———+~ - *(t)
dt P(2,t) | sy P(@,t) |,_peq)
= =0 o i*(t) — =F(z"(t),t) o 2*(t)
(2.25)
where we have used the processes’ Fokker-Planck equation 0,P(z,t) = —0,j(z,t)

with j(x,t) = pF(x,t)P(x,t) — DO, P(z,t). The total time derivative has been
taken as a conventional derivative implying the Stratonovich convention indicated

by o, which will become relevant below. The term in (2.25) containing 0, P(x,t) ac-
counts for changes in the probability density due to its temporal evolution, such as
relaxation to a steady state, and any time-dependent driving protocol. The product
F(z*(t),t) o #*(t) can be interpreted as a power expended by the force and in the ab-
sence of an internal energy of the particle, dissipated in the medium. With Einstein’s
relation defining the temperature of T = D/ of the medium, the last term may be

written as
Fa*(t),t) o i*(t)

T
and thus interpreted as the entropy change in the medium. Together with the en-

Si(t) = (2.26)

tropy change of the particle, this gives the total entropy change of particle and medium,

. ' O P(x,t)
a ).t D==>% a7

j(z*(1),1)

Stot(t) = W

ox*(t), (2.27)
which is a random variable, as it depends on the position z*(¢). It also draws on P(z,t)
and j(x,t) which are properties of the ensemble. To make the connection to the en-
tropies constructed above we need to take an ensemble average of the instantaneous
Stot(t). To do so, we need an interpretation of the last term of (2.27), where the noise
¢(t) of #*(t), Eq. (2.23), multiplies j(z*(¢),t)/P(z*(t),t). Equivalently, we need the
joint density P(x,Z;t) of position x and velocity & at time ¢. In the spirit of Ito this
density trivially factorises into a normally distributed & — pF'(x,t) and P(x,t) as the
increment @dt on the basis of (2.23) depends only on the particle’s current position
x(t). However, this is not so in the Stratonovich interpretation of P(z,%;t), as here
the increment depends equally on x(t) and x(t + dt) [146, 145, 125]. Taking the en-

56



semble average of S'tot thus produces

<St0t(t)> = /dx*dx'* Stot(t)P(I*,x'*;t)
/dx P 1) di* P(z*,2%t) + [ do*da DP(x*,t)x (z*,3%;t),
(2.28)

where * and ©* are now dummy variables. The first term on the right hand side
vanishes, because P(z*,t) = [d&* P(z*,&*;t) is the marginal of P(z*,#*;t) and
[dz* 9,P(x*,t) = 0 by normalisation. The integral over #* in the second term pro-
duces the expected particle velocity conditional to its position,

in the Stratonovich sense, where it gives rise to the current [144|, (z*|z*,t) = j(z*,t)/P(x*,1),
so that

(Seon()) = / dz* % >0, (2.30)

which vanishes only in the absence of any probability current, i.e. in thermodynamic
equilibrium. In the Ito sense, the conditional expectation (2.29) would have instead
given rise to the ensemble-independent drift, (i*|z*,¢t) = pF(z*,t). Comparing to
Eq. (2.13), the expectation (S (t)) turns out to be the internal entropy production
Si(t), so that Sy (t) of Eq. (2.27) may be regarded as its instantaneous counterpart.
Path integral methods. An interesting aspect of working with the Langevin descrip-
tion is the possibility of casting probability densities p([z];t) for paths z(t') with ¢’ €
[0,¢] into path integrals, for example in the Onsager-Machlup formalism [116, 164].
For the colloidal particle introduced in (2.23), it gives p([z];t) = N exp (—A([z];t))

with the action functional

A1) = /Otdt, (@(t') — ui?l()a:(t/),t’))"2 B g/otdt' O, F(x(t').1) (2.31)

in the Stratonovich discretisation, which differs from the Ito form only by the second
term [164, Sec. 4.5], which is the Jacobian of the transform of the noise () to x(t),
Eq. (2.23). The Stratonovich form is needed so that the action does not give pref-

o7



erence to a particular time direction [35]. This choice plays a role in every product

of white noise, as is implicit to #, and a random variable. We therefore indicate the
choice by a o also in powers, reminding us that F(z(t'),t’) should be read as F((x(t')+
x(t' + At))/2,t' + At) and @(t') as (z(t' + At) — x(t'))/2 with discretisation time step
At. Evaluating the action for the reversed path z%(t') = x(t — t') then gives

A ) — /Otdt, (0) = pFE.0) /0 P S,
_ /0 dt’ (z(t') + MF(ZI,Ilgt’),t —t"))° B %/0 ar’ 8xF(x(t’),t . t/) . (2.33)

If the force is even under time reversal, F'(x,t') = F(z,t — t’), in particular when it is

independent of time, the path probability density obeys

In % _ /0 L F®), ;f) 0ilt) ¢ .

with random variables multiplied with Stratonovich convention. With Eq. (2.26),
the integral in Eq. (2.34) can be identified as the entropy of the medium. When the
driving is time-independent and the system’s probability distribution eventually be-

comes stationary, such that lim; . (S(z*,t)) = 0, Eq. (2.24), the only contribution

to the total entropy change is due to change of entropy in the medium, Eq. (2.27).
Assuming that the system is ergodic, we have the equivalence lim; ., S, (t)/t =

limy o0 (Stot (1)), where (o) denotes an ensemble average. Using Eqs. (2.13) and (2.30)
gives limy_,o, S (t)/t = limy_,o Sz(t) Equation (2.34) can therefore be used directly
to compute the steady-state internal entropy production rate. The equivalence be-
tween the long-time limit ¢ — oo and the ensemble average holds only for ergodic sys-
tems, whose unique steady-state does not depend on the specific initialisation z(0).
This connection between stochastic thermodynamics and field theory has stimulated
a number of works aimed at characterising the non-equilibrium features of continuum
models of active matter [113, 54]. Extensions of this formalism to systems driven by

correlated noise have also been proposed [26].
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2.3 SYSTEMS

In this section we calculate the entropy production rate on the basis of Gaspard’s
framework [64], Egs. (2.4), (2.16) and (2.17), for different particle systems. We cover
the systems listed in Tab. 2.1, with both discrete and continuous states and with one

or multiple particles.

Table 2.1: List of particle systems for which we have calculated their entropy production Sl(t)

System Si(t)
2.3.1  Two-state Markov process (2.38)
2.3.2  Three-state Markov process (2.42)
2.3.3 Random walk on a complete graph (2.45), (2.46)
2.3.4 N independent, distinguishable Markov processes (2.53)
2.3.5 N independent, indistinguishable two-state Markov processes (2.56b)
2.3.6 N independent, indistinguishable d-state processes (2.69)
2.3.7  Random Walk on a lattice (2.82)
2.3.8  Random Walk on a ring lattice (2.86), (2.88)
2.3.9  Driven Brownian particle (2.94)
2.3.10  Driven Brownian particle in a harmonic potential (2.104)
2.3.11 Driven Brownian particle on a ring with potential (2.120d)
2.3.12 Run-and-tumble motion with diffusion on a ring (2.129)
2.3.13 Switching diffusion process on a ring (2.135)

2.3.1 TwO-STATE MARKOV PROCESS

1 2
s\ ——,
—_—
p

Figure 2.1: Two-state Markov chain in continuous time. The black blob indicates the current state of
the system. Independently of the choice of a and 3, this processes settles into an equilibrium
steady-state at long times (in the absence of an external time-dependent diving).

Consider a particle that hops between two states, 1 and 2, with transition rates W(l —
2) = a and W (2 — 1) = f3, see Fig. 2.1 [48, 96|, and using the notation in Eq. (2.19)
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for discrete states. The rate-matrix (see Eq. (2.7)) may thus be

w— ( ; —6) , (2.35)

with P(t) = (Pi(t), P2(t)) the probability of the particle to be in state 1 or 2 respec-
tively as a function of time. By normalisation, P;(t) + P»(t) = 1, with probabilistic
initial condition P(0) = (p, 1 — p). Solving the master equation in Eq. (2.2) yields

1
P(t) = (Pi(1), Po(t) = —— (B +re @ a—red) | (2.36)
a+
with 7 = ap— (1 —p), corresponding to an exponentially decaying probability current
Pi(t)a — Py(t)3 = re @At (2.37)

The internal entropy production (2.4b) is then

T o—(a+B)t
. _ Pl (t)a _ —(a+B)t 1+ 3 (&
Sz<t) = [Pl (t)Oé — Pg(t)ﬁ] In |:P2(t)/3:| re In W s (238)
see Fig. 2.3, and the entropy flow (2.4a),
So(t) = —re @At (g) . (2.39)
g
At stationarity, S; = S. = 0 and therefore the two-state Markov process reaches

equilibrium. In this example, the topology of the transition network does not allow a
sustained current between states, which inevitably leads to equilibrium in the steady
state and, therefore, there is production of entropy only due to the relaxation of the

system from the initial state.

2.3.2 'THREE-STATE MARKOV PROCESS

We extend the system in Sec. 2.3.1 to three states, 1, 2 and 3, with transition rates
Wl—=2=a W2—=3)=a, WB—=1)=a, W2 —=1)=4 W3 —2) =4, and

W(1l — 3) = 3, see Fig. 2.2, and using the notation Eq. (2.19) for discrete states. The
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Figure 2.2: Three-state Markov chain in continuous time. The black blob indicates the current state of
the system. Symmetry under cyclic permutation is introduced by imposing identical transition rates «
and S for counter-clockwise and clockwise transition, respectively.

rate matrix (see Eq. (2.7)) is then

—(ar+p) a B
w = 6] —(a+pB) a . (2.40)
a B —(a+p)

(1,0,0), the probabilities of states 1, 2 and 3

Assuming the initial condition P(0) =
respectively, evolve according to Eq. (2.2), which has solution

Pi(t) :% (1 4 2e 3% cos (\/gwt)) : (2.41a)
Py(t) :% (1 — 267t cos (V3 — w/3>) , (2.41b)
Ps(t) :% (1 — 2673 cos (V3ut + w/3)) : (2.41c)

with ¢ = (a+ 0)/2 and ¢ = (o — ) /2.
The entropy production (2.4b) is then, using (2.41),

$i(t) = (a — B) ln% + (Pr(t)a — Py(1)B) In (28)
e - (2.42)
+ (Py(t)a — Ps(t)5) In (Ps(t)) + (Ps(t)r = A1) ) In <P1(t)) ’
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102

Si(t)

107! f == 2-state (a=B=1) S
—— 2-state (@=3,8=1) \\
3-state (@a=B=1) ‘\\
3-state (a=3,8=1) S
10—2 . . . . \\
0.0 0.2 0.4 0.6 0.8 1.0

t

Figure 2.3: Entropy production of the two- and three-state Markov processes (black and grey lines
respectively) discussed in Sections 2.3.1 and 2.3.2 as a function of time. For the two-state system we plot
Eq. (2.38) with p = 1 both for the symmetric, &« = 3 (solid lines), and for the asymmetric case, a # 8
(dashed lines). In both, the entropy production decays exponentially at long times. For the three-state
system, Eq. (2.42), the asymmetric case displays a finite entropy production rate at long times, consistent
with Eq. (2.43) and the condition that at stationarity S;(t) = —S.(t).

see Fig. 2.3, and the entropy flow (2.4a),

S.(t) = —(a— B)In (%) : (2.43)
which is constant throughout. At stationarity, the system is uniformly distributed
and, if a # 3, the entropy production and flow satisfy S; = —S, # 0. If & # B,
the particle has a net drift that sustains a probability current (o« — 3)/3 in the sys-
tem, which prevents the system from reaching equilibrium. This setup can be gener-
alised straightforwardly to M-state Markov processes characterised by the same cyclic
structure W (i — i+ 1 (mod M)) = a and W(i — i — 1 (mod M)) = §, to find
that the steady-state entropy production is independent of M. These can be seen as

simple models of protein conformational cycles driven by instantaneous energy inputs
of order kT In(a/f3), for example ATP hydrolysis [179].
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Figure 2.4: Random walk on a complete graph of d nodes (here shown for d = 6). The black blob
indicates the current state of the system. For uniform transition rates, the symmetry under node
relabelling leads to an equilibrium, homogeneous steady-state with P; = 1/d for all j.

2.3.3 RANDOM WALK ON A COMPLETE GRAPH

Consider a random walker on a complete graph with d nodes, where each node is con-
nected to all other nodes, and the walker jumps from node j € {1,2,...,d} to node
ke {1,2,....d}, k # j, with rate w,i, see Fig. 2.4. These are the off-diagonal
elements of the corresponding Markov matrix whose diagonal elements are w;; =

d
— > wj;. The probability vector P(t) = (Pi(t), Ps(t),. .., Pa(t)) has components

i=1,i#j
P;(t) that are the probability that the system is in state j at time ¢. The general case

of arbitrary transition rates is impossible to discuss exhaustively. In the uniform case,
w;i = «, the Markov matrix has only two distinct eigenvalues, namely eigenvalue ad
with degeneracy d — 1 and eigenvalue 0 with degeneracy 1. Assuming an arbitrary

initial condition P(0), the probability distribution at a later time ¢ is

P =+ e (o)) (2.44)

The steady state, which is associated with the vanishing eigenvalue, is the uniform
distribution tlim P;(t) = 1/d for all j € {1,2,...,d}. The entropy production (2.4b)
—00

of the initial state relaxing to the uniform state is

80 = o 3 (B 0) - Ro) (). o
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and the entropy flow (2.4a) is S, = 0 throughout. If the walker is initially located on
node k, so that P;(0) = §;, the entropy production simplifies to

. ot de—dat
Sl(t) = (d — 1)056_ « ln(l + m) . (246)
We can see that the system reaches equilibrium at stationarity, since lim;_, Sz(t) =

S.(t) = 0. At long times (de~%? < 1), the asymptotic behaviour of .S; is
Si(t) = d(d — 1)ae 2t 4 O(e3dt) | (2.47)

by expanding the logarithm in the small exponential.

2.3.4 N INDEPENDENT, DISTINGUISHABLE MARKOV PROCESSES
—U T "9 —
| 7N
“ Voo
/ /
. W

Figure 2.5: Example of N = 5 non-interacting, distinguishable processes with d; =4, dy = 2, d3 = 3,
dy =5 and ds = 5. The black blobs indicate the current state of each sub-system.

In the following we consider N non-interacting, distinguishable particles undergoing
Markovian dynamics on a discrete state space. Each of the N particles carries an in-
dex ¢ € {1,2,..., N} and is in state n, € {1,2,...,ds}, so that the state of the entire
system is given by an N-particle state n = (ny,no,...,ny). Particle distinguishability
implies the factorisation of state and transition probabilities into their single-particle
contributions, whence the joint probability P,(¢) of an N-particle state n factorises

into a product of single particle probabilities PT%) (t) of particle ¢ to be in state ny,
N
Pa(ty =] PO . (2.48)
=1

Further, the Poissonian rate wyy, from N-particle state n to N-particle state m # n

vanishes for all transitions n — m that differ in more than one component ¢, i.e.
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wWnm = 0 unless there exists a single ¢ € {1,2,..., N} such that my = ny, for all k # ¢,
in which case wym = w%)mg, the transition rates of the single particle transition of

particle /.

The entropy production of this N-particle system according to Eq. (2.4b),

Si(t) = 1Z(Pn(t)wm — P (t)Wimn) In (M) (2.49)

2 P (t)Wmn

nm

simplifies considerably due to wym, as the sum may be re-written as

> Wame = > ) . Wom, (2.50)

nm

. (0)
with my = (n1,na, ..., N1, My, Nes1, - .., ny) SO that Wym, = Wn/m, and

N
} I P (t)wiom,

k=1
0-35 S ([0 i~ ([0 it | 52—
no =l me [T Pa) () winin,
k=1
(2.51)
Since my, = ny, for any k # ¢ inside the curly bracket, we may write
N N N
H PO6)y=POW PP and  J[PW@) =POO]][PP@) . (252
k=1 k=1 k=1
k0 k0

N

The product [] Pk (t) can thus be taken outside the curly bracket in Eq. (2.51) and
k£

be summed over, as well as cancelled in the logarithm. After changing the dummy

variables in the remaining summation from n, and m, to n and m respectively, the

entropy production is

al (01,0
1 Py (Hw
_ 0) 0 _ p® () n nm
=53 (PO, - P 0w, ) n <—P,$f>(t)w“> ) , (2.53)

/=1 nm

which is the sum of the entropy productions of the single particle ¢ € {1,2,..., N},

Eq. (2.4b), irrespective of how each particle is initialised. The same argument applies
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to S., the entropy flow Eq. (2.4a). The entropy production and flow obviously sim-
plify to an N-fold product of the single particle expressions if w), do not depend on
¢ and all particles are initialised by the same P‘(0) independent of £. This result may
equally be found from the dynamical entropy per unit time, Eq. (2.8).

2.3.5 N INDEPENDENT, INDISTINGUISHABLE TWO-STATE MARKOV PROCESSES

1 N 2
e ® —— ®
p

Figure 2.6: N independent, indistinguishable two-state Markov processes in continuous time. The black
blobs indicate the current state of the single-particle sub-system. Since processes are indistinguishable,
states are fully characterised by the occupation number of either state, if the total number of particles is
known.

Suppose that N identical, indistinguishable, non-interacting particles follow the two-
state Markov process described in Sec. 2.3.1, Fig. 2.6 [48]. There are @ = N + 1
distinct states given by the occupation number n € {0,1,..., N} of one of the two
states, say state 1, as the occupation number of the other state follows as N —n given
the particle number N is fixed under the dynamics. In the following, P(n,t) denotes

the probability of finding n particles in state 1 at time ¢. The master equation is then

P(n,t) = —anP(n,t)+a(n+1)P(n+1,t)— 8(N —n)P(n,t)+ B(N —n+1)P(n—1,t) .
(2.54)
The state space and the evolution in it can be thought of as a hopping process on a
one-dimensional chain of states with non-uniform rates. Provided P(n,0) initially fol-
lows a binomial distribution, P(n,0) = (]X)p"(l — p)V=" with probability p for a par-

ticle to be placed in state 1 initially, the solution of Eq. (2.54) is easily constructed
from the solution P;(¢) in Eq. (2.36) of Sec. 2.3.1 via

P(n,t) = (JZ) P —P ()N for 0<n<N (2.55)

with P;(0) = p, as Py(t) = —aPy(t) + B(1 — Pi(t)), which can be verified by substi-
tuting Eq. (2.55) into Eq. (2.54). Using Egs. (2.35) and (2.55) in (2.4b) the entropy
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production reads

N

Sz(t) = nz::l[P(n, tyan — P(n — 1,t)B(N —n+ 1)]In [P(n — 1],375315’2\?71 Py
(2.56a)
= N[Pi(t)a — (1 = Pi(t))5]In {%} , (2.56b)

which is the N-fold multiple of the result of the corresponding single particle system,
Eq. (2.38). This result, Eq. (2.56b), depends on the initialisation being commensu-
rable with Eq. (2.55) which otherwise is recovered only asymptotically and only if
the stationary distribution is unique. Further, the entropy production of N indistin-
guishable particles being the N-fold entropy production of a single particle does not
extend to the external entropy flow, which lacks the simplification of the logarithm

and gives

S.(t) = — N[aPy(t) — B(1 — Py(t))]x

{m (%) + ]:z;;Pf(t)(l _ PNt (Nn— 1) In (;f;)} (2.57)

thus picking up a correction in the form of the additional sum in the curly bracket

that vanishes only at N = 1 or Pi(t) = 1/2, but does not contribute at stationarity
because of the overall prefactor aP; — f(1 — P;) that converges to 0. To make sense of
this correction in relation to particle indistinguishability, with the help of Eq. (2.55)
we can rewrite the difference between the right hand side of Eq. (2.57) and the N-
fold entropy flow of a single two-state system (2.39) as

~NlaPi(t) — B(1 — Pi(t))] NZ P(t)(1 = Pi(t)~ (Nn_ 1) In ( fét 2)

n=0

_ i[a(n +1)P(n+1,t) — B(N —n)P(n, )] In (;* ! ) (2.58)

—n
=0

3

which now explicitly involves the net probability current from the occupation number

state with n 4+ 1 particles in state A to that with n particles in state A, as well as a
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the logarithm

()l e

Written in terms of the same combinatorial factors appearing in Eq. (2.55), the log-
arithm (2.59) can be interpreted as a difference of microcanonical (Boltzmann) en-
tropies, defined as the logarithm of the degeneracy of the occupation number state

if we were to assume that the N particles are distinguishable. With the help of the
master Eq. (2.54) as well as Egs. (2.55) and (2.59), the term Eq. (2.58) may be rewrit-

ten to give

S.(t) = =NaPi(t) — (1 — Pi(t))]In <9> — Nlp(n,t) In K‘Z” (2.60)

This result is further generalised in Eq. (2.71).

2.3.6 N INDEPENDENT, INDISTINGUISHABLE d-STATE PROCESSES

Figure 2.7: N independent, indistinguishable d-state Markov processes (here shown for d = 6 and
N = 8) in continuous time. Black blobs indicate the current state of the single-particle sub-systems. Due
to indistinguishably, multi-particle states are fully characterised by the occupation number of an arbitrary

subset of d — 1 states, if the total number of particles is known.

We generalise now the results in Sec. 2.3.3 and Sec. 2.3.5 to N independent d-state
Markov processes, see Fig. 2.7. These results represent a special case of those ob-
tained in [71] when the NV processes are non-interacting. In this section we consider
non-interacting, indistinguishable particles hopping on a graph of d nodes with edge-

dependent hopping rates w;;. As in the two-state system in Sec. 2.3.5, we find that
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the internal (but not the external) entropy production of the d-state system S;is N
times the entropy production of the individual processes assuming the initial condi-
tion is probabilistically identical for all single-particle sub-systems. The entropy pro-

ductions of a single such process according to Eq. (2.4) read

ik J
S (4) = —% Z[Pj(t)wjk — P(t)wy;] In <Z—j€k> , (2.61b)
ik J

where P;(t) is the time-dependent probability of a single-particle process to be in
state j, Sec. 2.3.3. To calculate the entropy production of the N concurrent indis-
tinguishable processes using the occupation number representation, we first derive

the probability of an occupation number configuration n = (nq,ng,...,ny), with

d
> n; = N, which similar to Eq. (2.55) is given by the multinomial distribution
j=1

(2.62)

for the probability P,(t) of the system to be in state n at time ¢ assuming that each
particle is subject to the same single-particle distribution P;(t), j € {1,2,...,d} for
all ¢, i.e. in particular assuming that all particles are initialised identically, by placing
them all at the same site or, more generally, by placing them initially according to
the same distribution P;(0). Given this initialisation, Eq. (2.62) solves Eq. (2.2)

Pa(t) =Y Pu(t)wWmn — Pa(t)wnm (2.63)

with the transition rates wy,, discussed below.

For non-interacting processes with a unique stationary distribution, Eq. (2.62) is al-
ways obeyed in the limit of long times after initialisation, since the single-particle
distributions P;(t) are identical at steady state. The entropy production Eq. (2.4b)
of the entire system has the same form as Eq. (2.49) of Sec. 2.3.4 (N independent,

distinguishable particles) with wy, however now the transition rate between the oc-
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cupation number state n = (ny,na,...,ny) with 0 < n;p < N to occupation number
state m = (my,ma, ..., my). The rate wyy, vanishes except when m differs from n
in exactly two distinct components, say m; = n; —1 > 0and m = np +1 > 1in
which case wnm = njw;, with w;;, the transition rates of a single particle from j to k

as introduced above. For such m, the rate obeys wmn = miwy; and the probability
P (t) fulfills

Pk(t)nj Pk(t)wnmwkj
Pu(t) = Py(t = P,(t) ——— | 2.64
which simplifies the entropy production Eq. (2.49) to
oo Py (t)wnm
Silt) =5 ;(Pn(t)wnm — Po(t)Win) In (m)
_ 1 B (t)wji
~ 9 Z Z(Pn(t)n]wjk P (t)mpwy;) In <m (2.65)

n jk
where the sum ) runs over all allowed configurations, namely 0 < n; < N for j =
1,2,...,d with Y n; = N and m = (ny,ne,...,n; —1,....,np + 1,...,ng) is derived

J
from n as outlined above. Strictly, P,(¢) has to be defined to vanish for invalid states

n, so that the first bracket in the summand of Eq. (2.65) vanishes in particular when

n; = 0, in which case m; = —1. To proceed, we introduce the probability

_ prt 4 pn
Py (t)=(N-1)——— T[] =

(nj — 1)' i1 it n,‘

: (2.66)

defined to vanish for n; = 0, so that Py(t)n; = NP;(t)Pa,(t). The probability Py, (t)
is that of finding n; particles at states ¢ # j and n; — 1 particles at state j. It is
Eq. (2.62) evaluated in a system with only N — 1 particles and configuration n; =
(n1,n9,...,n5-1,n5 — 1,n;41,...,nq) = my a function of n. Eq. (2.65) may now be

rewritten as

Si(t) = gz { (z Py, <t>> Py (t)wy — (Z Pr, (t)) pk<t>wkj} In (%)
(2.67)

where we have used that the arguments of the logarithm are independent of n and m.
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The summation over n gives
D Pat)=> Pa(t)=1 (2.68)

so that
$0) = XS (P (B — Peltun)In (M) _NSOW) (2.69)

2 I Pk (t)wkj
which is the N-fold entropy production of the single particle system S;(t), Eq. (2.61a),
or equivalently that of N distinguishable particles, Eq. (2.53), Sec. 2.3.4. As in Sec. 2.3.5,

this dramatic simplification does not carry over to the external entropy flow Eq. (2.4a)

Su(t) = _g Z > Py (BB — Pe(t)wyg) In <%>
_ g Zk ; Pa, (8)(Pj(t)wjr — Pr(t)wy;) In (nkni 1) ) (2.70)

where of the last two terms only the first is the N-fold entropy flow of the single par-
ticle system Se(t), Eq. (2.61b). The reason for the second term is the lack of a can-
cellation mechanism to absorb the n; and n; + 1 from the logarithm. Rewriting the

second term as

-5 T3 P OB 0w~ Aty in ()

n

__ %Z 3 (pn(t)njwjk - P, (%) (i + 1)%-) In (nk”i 1) (2.71)

__ ZP(; In [(m N | nd)} | (2.72)

using Eq. (2.63) where we re-expressed the logarithm as
; N N
n =1In —In , (2.73)
ng + 1 Ny, ...,n;—1...,np+1,...,nq N1y ooy g
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shows that the correction term has the same form as the corresponding term in the
two-state system, Eq. (2.58), namely that of a difference of microcanonical (Boltz-
mann) entropies of the multi-particle states. It vanishes when all n; are either 0 or
1, as expected for d > N and also at stationarity when P,(t) = 0. In that limit
S, = —5S; when indeed Eq. (2.61a) gives

1 Wik

tlgglo Si(l)(t) =3 zk:(ijjk — Pywy;) In <w—k]> , (2.74)
with P; = tlg?o P;(t). As far as the entropy production S,(t) is concerned, we thus
recover and generalise the result in Sec. 2.3.5 on indistinguishable particles in a two-
state system, which produce N times the entropy of a single particle. In Sec. 2.3.4

it was shown that N distinguishable particles have the same entropy production and
flow as the sum of the entropy productions of individual particles. In Sec. 2.3.5 and
2.3.6 it was shown that the entropy production of indistinguishable particles, which
require the states to be represented by occupation numbers, show the N-fold entropy
production of the single particle system, provided suitable initialisation, but asymp-
totically independent of initialisation, provided the stationary state has a unique dis-
tribution. The same does not apply to the entropy flow, which generally acquires ad-
ditional logarithmic terms accounting for the degeneracy of the occupation number

states. The extra terms, however, are bound to vanish at stationarity, when S, (t) =

—Si(t).
2.3.7 RANDOM WALK ON A LATTICE

14 r
@&~

Figure 2.8: Simple random walk on an infinite, one-dimensional lattice in continuous time. The black
blob indicates the current position of the random walker. The left and right hopping rates, labelled ¢ and
r respectively, are assumed to be homogeneous but not equal in general, this leading to a net drift of the

average position.

In this section we study a particle on a one-dimensional lattice that hops to the right
nearest neighbouring site with rate r and to the left with rate ¢, see Fig. 2.8. The

case of unequal hopping rates, ¢ # r, is generally referred to as an asymmetric ran-
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dom walk and can be seen as a minimal model for the directed motion of a molecular
motor on a cytoskeletal filament [88]. The position x of the particle at time ¢, after

N(t) jumps, is
N(t)

r=x+ Z Ax;, (2.75)

i=1
where the random hops Az; are independent and identically distributed, and z is
the initial position at time ¢ = 0. If a is the lattice spacing, the distance increments
are Ax; = +a with probability r/(¢ + r) and Az; = —a with probability ¢/(¢ + ).
The probability distribution of the particle position is

P(z,t;x0) = Z H(n,t)P,(x;x0) , (2.76)

where H(n,t) is the probability that by time ¢, the particle has hopped N(t) = n
times, and P, (z;x¢) is the probability that the particle is at position = after n hops
starting from xy. Since jumping is a Poisson process with rate r 4 ¢, the random vari-
able N(t) has a Poisson distribution,

H(n,t) = We“”)t. (2.77)

On the other hand, the distribution of the position x after n jumps is the binomial

n\ rk=gn=he
P(x;20) = <k: )m7 (2.78)

where k, = (n + (x — z¢)/a)/2 is the number of jumps to the right, 0 < k, < n with
(2.78) implied to vanish if k, is not integer. From Eq. (2.75) the parity of (z — z¢)/a
and N (t) are identical. Using (2.77) and (2.78), the probability distribution in (2.76)

reads

distribution

r—x

P(x,t; 20) =e~ (0t (%) s <M 2t\/ﬁ) , (2.79)
a
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where Z(n, z) is the modified Bessel function of the first kind. * The transition proba-
bility is then,

Wz — 1) = e (+0)7 (%>T 7 (Iy i} 27@) _ (2.80)
a

Using (2.79) and (2.80) to calculate the entropy production (2.4b), we need the fol-

lowing identity for |y — z|/a = |m| > 1,

lim 2T (ym|, 27\/@ VAT (2.81)

T7—0 T

which follows immediately from the definition of the modified Bessel function (see
footnote *). It indicates that the only transitions that contribute to the entropy pro-
duction are those where the particle travels a distance equal to the lattice spacing a.

Then, the entropy production reads,

m
2

Si(t) :%(r—ﬁ)ln (%)H*(Mt i (%) I(|m\,2t\/ﬁ)

z (|ml. 2t\/7~_€W>L:OO T (], 2tv/r0)

X |[rln +/1n , (2.82)
I(|m+1|,2tm) I(|m—1|,2t\/ﬁ)
see Fig. 2.9. The entropy flow is S.(t) = —(r — £)In(r/¢) independent of ¢, which

owes its simplicity to the transition rates being independent of the particle’s posi-
tion. large times ¢, we cannot calculate the stationary entropy production tlggo Sz(t)
If we naively assume that the sum in Eq. (2.82) converges such that it is suppressed
by the exponential exp (—(r + £)t), then the entropy production S; appears to con-
verge to 3(r — £)In(r/¢). If that were the case, S = S; + S, would converge to a
negative constant, while S(t), Eq. (2.1), which vanishes at ¢ = 0 given the initialisa-
tion of P(x,t;20) = 0(z—2,)/a,0, is bound to be strictly positive at all finite ¢. Given

that P(z,t; ) does not converge, not much else can be said about S(t) or S. Numer-

* The modified Bessel function of the first kind of m, z € C is defined as [103]

o0

Z(m,z) :;W (g) srm
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Figure 2.9: Entropy production of a random walk on a one-dimensional lattice (RW on Z), for
symmetric and asymmetric hopping rates, as a function of time, Eq. (2.82) (solid lines). The asymptotic
behaviour at large ¢, Eq. (2.83) (dotted lines), decays algebraically in the symmetric case (r = ¢) and
converges to a positive constant in the asymmetric case (r # ).

ically, using the GNU Scientific Library [60]| implementation of Bessel functions, we
find that, asymptotically for large times, Eq. (2.82) is

St~ (r— 0 (5) + % Lo () (2.83)

if % ¢ and S;(t) >~ 1/(2t) + O (t73) if r = ¢, see Fig. 2.9.
To take the continuum limit @ — 0 of the probability distribution (2.79), we define v
and D such that r + ¢ = 2D /a? and r — ¢ = v/a. Using the asymptotic expansion’ of

Z(m,z) in m, we obtain in fact the Gaussian distribution,

. 1 x iy ]_ (z—zo—vt)2
lim P (—,t;—; "D, a),l(v,D, ) - - 2.84
lim =P (=t — r(v,D,a), (v, D,a) me aD (2.84)

which corresponds to the distribution of a drift-diffusive particle, which is studied in

"We use the asymptotic expansion in m of the modified Bessel function [103]

Z(m, z) ~ P + 21(82)2 3!(82)°

exp (2) (1 CdAm? o1 (4P 1) (4w —9)  (4m 1) (4m® - 9) (4m® —25) )
2mz ’

which is valid for |arg z| < /2.
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Sec. 2.3.9. Therefore, all results derived in Sec. 2.3.9, apply to the present system in

the continuum limit.

2.3.8 RANDOM WALK ON A RING LATTICE

Figure 2.10: Simple random walk on an periodic, one-dimensional ‘ring’ lattice in continuous time. This
model generalises the three-state Markov chain discussed in Section 2.3.2 to L states. The black blob
indicates the current position of the random walker. Due to the finiteness of the state space, this process
is characterised by a well defined steady-state, which is an equilibrium one for symmetric rates £ = r.

In this section we extend the system in Sec. 2.3.7 to a random walk on a ring lat-
tice of length L > 2,so that 1 < x < L, see Fig. 2.10. The probability distri-
bution Py (z,t) of the particle on the ring follows from the distribution on the one-
dimensional lattice P(x,t) in (2.79), by mapping all positions = + jL on the one-
dimensional lattice to position x € {1,2,..., L} on the ring with j being the winding
number irrelevant to the evolution of the walker. Then, the distribution on the ring

lattice reads,
o0

Pp(x,t;m0) = Y Pla+ jL,t; o) (2.85)
j=—o00
and similarly for the transition probability W(z — y,7) = Pr(y,7;z). To calculate
the entropy production (2.4b), each pair of points x,y on the lattice is mapped to a
pair of points on the ring. For . > 2, as 7 — 0 only transitions to distinct, nearest

neighbours contribute and the expression for the entropy production simplifies dra-
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matically,

L/a

Si(t) =(r — ) In (%) + Z Pr(ma,t; xg)
{Hn (PL szvﬁ&i)tﬁ)xw) i (PL(%;nzai)tf;;)xo)) } (289
and similar for
S.(t) = —(r — )In (%) . (2.87)

While the entropy flow S, on a ring is thus identical to that of a particle on a one-
dimensional lattice, the entropy production S; on a ring is in principle more compli-
cated, but with a lack of cancellations of y/7/¢ in the logarithm as found in Sec. 2.3.7

and Pj, reaching stationarity comes the asymptote

lim $(t) = (r — £) In (%) . (2.88)

This is easily derived from tlim Ppr(z,t;x9) = 1/L taken into the finite sum of Eq. (2.86).
—00
It follows that S(t) = S;(t) + Se(t) converges to 0 at large ¢, as expected for a conver-

gent stationary distribution.

The case L = 2 and the less interesting case L = 1 are not covered above, because of
the different topology of the phase space of L > 2 compared to L = 2. The difference
can be observed in the different structure of the transition matrices (2.35) and (2.40).
The framework above is based on each site having two outgoing and two incoming
rates, 2L in total. However, for L = 2 there are only two transitions, which cannot be
separated into four to fit the framework above, because even when rates of concurrent
transitions between two given states are additive, their entropy production generally
is not. The case of L = 2 is recovered in the two-state system of Sec. 2.3.1 with o =

B = r + ¢, which is at equilibrium in the stationary state.

2.3.9 DRIVEN BROWNIAN PARTICLE

In continuum space, the motion of a freely diffusive particle with diffusion constant D
and drift v is governed by the Langevin equation & = v + v/2DE&(t), where £(t) is a
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Figure 2.11: Driven Brownian particle on the real line. The black blob indicates the particle’s current
position.

Gaussian white noise with zero mean, ({(t)) = 0, and covariance ({(t)&(t')) = o(t —
t'), see Fig. 2.11 [165|. The corresponding Fokker-Planck equation for the probability
distribution P(z,t) is [135]

OiP(x,t) = —v0,P(x,t) + DO?P(x,t). (2.89)
Assuming the initial condition P(x,0) = §(z — x(), the solution to the Fokker-Planck

equation is the Gaussian distribution

1 _(zfzofvt)z

e bt 2.90
vaDrt ( )

which is also the Green function of the Fokker-Planck equation (2.89). We therefore

also have the transition probability density from state x to state y over an interval 7,

P(z,t) =

1 _(yfm:fv-r)2

e abr . 2.91
VA4D7rT ( )

Substituting (2.90) and (2.91) into Eq. (2.16) for the internal entropy production of a

continuous system gives,

W —y,T1)=

. . 1 1 (zfxofvt)z 1 (yfzfv‘r)2
S; =lim — [ dady T aDt e 4Dr X

—e
=0T V4Dt vVADmT

(y —20)? — (x —)*  (y—2)v
(y i + = ) (2.92)

where the Gaussian integrals can be evaluated in closed form,

. ) 1 0 P

T7—0
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Taking the limit 7 — 0 then gives the entropy production rate [165, 100, 157,
Si(t) = — + = (2.94)

see Fig. 2.13. Similarly, following (2.17), the entropy flow reads S.(t) = —v?/D inde-
pendent of time . As Sl(t) # 0, we see that for finite ¢ or v # 0, the system is out
of equilibrium with a sustained probability current, so that there is in fact no steady-
state distribution. We can verify Eq. (2.94) for the time-dependent internal entropy
production by computing the probability current

x—zg—vt)?
v (x—xo— vt)) e T

j(x,t) = (v — D3O,)P(z,t) = (5 + ym —

(2.95)

and substituting it together with (2.90), into (2.30). As expected, the two procedures
return identical results. The independence of the transient contribution 1/(2t) to the
internal entropy production on the diffusion constant is remarkable although nec-
essary on dimensional grounds, as a consequence of S; having dimensions of inverse
time. The diffusion constant characterising the spatial behaviour of diffusion suggests
that it is the temporal, rather than spatial features of the process that determine its

initial entropy production.

It is interesting to note that when ¢ = 0, the entropy production rate S; is infinity.

This is because the system has an entropy of —oo. As the entropy S is defined as
S = —P(x,t)log P(x,t), (2.96)

using the distribution (2.90), the entropy reads

1 1 (x —zo — vt)2> _ a—zg—vt)?
S=—F—r—7—(log| —— ) ——F e Dt 2.97
JirDi ( & (\/4D7rt) 4Dt (2.97)

At t =0 and = = xq, the entropy S has value —oo.
Instead of having a Dirac-0 function as the initial condition, the initial position could
2

also be a distribution. Assuming P(x,0) = \/ﬁe_‘“%o, the solution to the Fokker-
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Planck equation is now

1 _(z—= —vt)2
P(z,t) = ¢~ i) (2.98)
4D7T<t + to)

and the entropy production rate is therefore

Si(t) = 2<t——1mo) + %- (2.99)

2.3.10 DRIVEN BROWNIAN PARTICLE IN A HARMONIC POTENTIAL

D

—>
®—

Figure 2.12: Driven Brownian particle in a harmonic potential. This process reduces to the standard
Ornstein-Uhlenbeck process upon rescaling © — 2’ 4+ v/k. The black blob indicates the particle's current
position. The presence of a binding potential implies that the system relaxes to an equilibrium
steady-state at long times.

Consider a drift-diffusive particle such as in Section 2.3.9 that is confined in a har-

monic potential V(z) = %kaﬂ, where k is the potential stiffness, see Fig. 2.12 [3]. The

Langevin equation is & = v —kx ++v/2DE(t), where (£(t)) = 0 and (£(£)&(t)) = o(t—1)
and the Fokker-Planck equation for P(z,t) is [135]

OiP(x,t) = —0,((v — kx)P(z,t)) + DO>P(x,t) . (2.100)

Assuming the initial condition P(z,0) = é(x — x0), the solution to the Fokker-Plank

equation is the Gaussian distribution

k _ (kz—v—(kzg—v) cxp(fl»ct))2

Plr.t) — 2Dk (1—oxp(—2k0)) 2.101
(x, ) \/Qﬂ'D(]_ —exp (_th))e ) ( )
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corresponding to a probability current j(z,t) = (v — kx — D0, )P(x,t) of the form

m‘f—kt (v(I—e™) —k(mo—2e™)) ot r a2
j(l‘) — e 2Dk(1—e—2kt)
1 — g2kt

(2.102)

The transition probability density within 7 is then also of Gaussian form, namely

k (ky—v—(kaz—v) exp(—k7))?

W(x —vy,1)= e 2Dk(-exp(=2k7)) 2.103
(r=9.7) \/27rD(1 — exp (—2k7)) ( )

Using (2.101) and (2.103) in (2.16) gives the entropy production rate

- (v — kxg)? okt k exp (—2kt)
Sz_( . e TR (2.104)

see Fig. 2.13, and in (2.17) the external entropy flow

Se = — (w — k;) e 2k (2.105)
D

In the limit ¢ — oo, the system will reach equilibrium as P(x,t) in Eq. (2.101) con-

verges to the Boltzmann distribution \/% exp (— (k§52)2> of the effective poten-

tial $kz? — va at temperature D. This is consistent with (2.104) and (2.105) since

tli>nc;lo Si(t) = tliglo Se(t) = 0. Similarly to drift diffusion on the real line, Eq. (2.94),

there is a transient contribution to the entropy production that is independent of the

diffusion constant D but does now depend on the stiffness &k, which has dimensions of

inverse time, through the rescaled time kt.

We also note that the steady-state entropy production is 0 if the potential V' (z) is
confining, that is, lim,—,; V() = 400 as the probability density follows a Boltz-
mann distribution. In the above example, the drift and the external field can be ab-
sorbed into the potential and hence the system can be treated as a thermal system in

equilibrium.
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Figure 2.13: Entropy production of the drift-diffusion process in an external potential, Eq. (2.104), as a
function of time for different parameter combinations. For vanishing potential stiffness, k — 0, we
recover Eq. (2.94) for a free drift-diffusion particle. In particular, for v = 0 the entropy production decays
algebraically, while for v # 0 it converges to the constant value v?/D. For k > 0, the algebraic decay is
suppressed exponentially at long times as the process settles into its equilibrium steady-state.

2.3.11 DRIVEN BROWNIAN PARTICLE ON A RING WITH POTENTIAL

Consider a drift-diffusive particle on a ring # € [0, L) in a smooth potential V(z),
Fig. 2.14, initialised at position xy. The Langevin equation of the particle is [134,
126, 114] & = v — 0,V (x) + V2DE(t), where £(t) is Gaussian white noise. The Fokker-

Planck equation is then
O, P(x,t;20) = —0,((v — V'(2))P(x,t;20)) + DO>P(x,t; 1) (2.106)

with V'(z) = £V (z) and boundary condition P (0,¢;z9) = P"(L,t;z0) for for all
n > 0 derivatives and ¢ > 0. At stationarity, in the limit ¢ — oo, where 0,P(z,t; x¢) =

0, the solution to the Fokker-Planck equation (2.106) is [76, 122, 114|

t—o00

—vx z+L y)—vy
Py(z) = lim P(x,t) = Ze b / dyewl)j : (2.107)

where Z is the normalisation constant. The corresponding steady-state probability
current j = (v — 0,V)Ps — DO, P is independent of x by continuity, 0 = 0,P = —0,J,
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Figure 2.14: Driven Brownian particle on a ring = € [0, L) with a periodic potential satisfying
V(z) = V(x4 L). Any finite diffusion constant D > 0 results in a stationary state at long times that is
non-equilibrium for v # 0. The black blob indicates the particle’s current position.

and reads [135]

j=2 (e*% - 1) . (2.108)

In order to calculate the entropy production according to (2.16) and (2.17) using
(2.18), we need W(x — y; 1) for small 7. As discussed after Eq. (2.18), W(z — y;7)
obeys the Fokker-Planck Eq. (2.106) in the form

OW(x —=y;7)==0,[(v—=V'(y) W(x — y;7)] + D@;W(I — Y T) (2.109)

with lim, ,o W(z — y;7) = §(y — x), so that

Wz =y) =lmd,W(zr = y;7) = V'(y)d(y —2) — (v = V'(y))d'(y — ) + D" (y — )

(2.110)
to be evaluated under an integral, where §'(y —z) = %6@ —x) will require an integra-
tion by parts. The derivation of the propagator Eq. (2.110) follows from [174]. In the
limit of 7 — 0, the short-time propagator is

lin(l)W(x—>y,7') =d(x —y). (2.111)
T—r
As the short-time propagator also follows the Fokker-Planck equation, we act the
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Fokker-Planck operator on the Dirac-0 function, therefore

Wz = y) =limd,W(z = y;7) = V' (y)(y —2) — (v = V'(y))d'(y — x) + D&"(y — @).

(2.112)
As for the logarithmic term, we use [135]
W(x —y;7) = ! 6_% (1+0(7)) (2.113)
VirDr
so that
In (%) = T (20 = V() = V'(y)) + O(7). (2.114)

The entropy flow Eq. (2.17) in the more convenient version Eq. (2.22a) can be ob-
tained easily using Eqs. (2.110) and (2.114),

5.0) = = [ dady Pla.t) (V)3 = 2) = (0 = V) = a) + DB'(y )

(2.115)
x 3’2;)‘” (20— V'(z) — V'(y)) (2.116)
= _/0 dz P(z,1) (% (0= V'(x))" = V”(x)) (2.117)

after suitable integration by parts, whereby derivatives of the §-function are conve-
niently interpreted as derivatives with respect to y to avoid subsequent differentiation
of P(x,t). Since §(y —z)(y —x) = 0, the factor (y —x)/(2D) needs to be differentiated
for a term to contribute. In the absence of a potential, P(z,t) = 1/L at stationarity,
so that Eq. (2.117) simplifies to Se(t) = —v?/D and Jim Si(t) = v?/D, Eq. (2.94).
Using the probability current j(z,t) = —D0,P(x,t) + (v — V'(z)) P(z,t), the entropy
flow simplifies further to

S.(t) = —/O dxj(x,t)%‘?(x) (2.118)

so that at stationarity, when the current is spatially uniform,

lim S, (t) = — lim j(z, tyoL/D (2.119)

t—o00
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as the potential is periodic, entering only via the current.

An equivalent calculation of S; on the basis of (2.21a) gives

5.0 = =5+ [ daty Pla.t) (V' )3y =) = (0 = V') =)+ D3y — )
% In (P(x’t>) (2.120a)

P(y,1)
=S +/0 dx {D% — P(a:,t)V”(a:)} (2.120b)
= —Se — /dej(x,t)ax In P(z,t) (2.120c)
Y AR
_/O dr 5o (2.120d)

with the last line identical to Eq. (2.13).

By considering the functional derivative 6Z/0V (2) in fOL dzP(z) = 1 of Eq. (2.107),
one can show that the stationary current j(x,t) Eq. (2.108) is extremal for constant
V(z), indicating that the magnitude of the stationary entropy flow Eq. (2.120d) is

maximised in a constant potential.

2.3.12 RUN-AND-TUMBLE MOTION WITH DIFFUSION ON A RING

Figure 2.15: Run-and-tumble motion with diffusion on a ring « € [0, L). A run-and-tumble particle
switches stochastically, in a Poisson process with rate «, between two modes 1 and 2 characterised by an
identical diffusion constant D but distinct drift velocities v; and v3. The two modes are here represented

in black and grey, respectively. For arbitrary positive diffusion constant D or tumbling rate a with
v1 # U2 the steady state is uniform but generally non-equilibrium.

Consider the dynamics of a run-and-tumble particle on a ring = € [0, L) with Langevin
equation & = v(t) + V2DE(t), where the drift v(t) is a Poisson process with rate «

that alternates the speed of the particle between the constants v; and vy, and £()
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is Gaussian white noise, Fig. 2.15. Run-and-tumble particles are widely studied as a
model of bacterial motion [143]. The drift being v(t) = vy or v(t) = vy will be referred
to as the mode of the particle being 1 or 2 respectively. Defining Py (z,t) and Py(x,t)
as the joint probabilities that the particle is at position x at time ¢t and in mode 1 or

2 respectively, the coupled Fokker-Planck equations for P, and P, are

O,P(x,t) = — 0110, Py (z,t) + DO?Pi(x,t) — a( Py(z,t) — Py(z,1)) (2.121a)
OiPy(z,t) = — 020, Po(, 1) + DO? Py(z,t) — a(Py(z,t) — Pi(z,1)) (2.121Db)
whose stationary solution is the uniform distribution tlim Pi(z,t) = tlim Py(z) =
— 00 —00

1/(2L) as is easily verified by direct substitution. The corresponding steady-state
probability currents thus read j; = v1/(2L) and jo = v/ (2L).

In the following, we denote by the propagator W(x — y,Q — R;7) the probability
density that a particle at position z in mode () is found time 7 later at position y in
mode R. For () = R, this propagation is a sum over all even numbers m of Poisso-
nian switches, that occur with probability (a7)™ exp (—ar) /m!, which includes the
probability exp (—a7) of not switching at all over a total of time 7. For @) # R, the

propagation is due to an odd number of switches.

For m = 0, the contribution to W (z — y,Q — R;7) is thus exp (—ar) W(z — y; 1),
with W(z — y; 1) of a drift diffusion particle on a ring, Section 2.3.11, but without
potential, approximated at short times 7 by the process on the real line, Eq. (2.91)
with drift v = v; or v = vy according to the particle’s mode. For m = 1 the contri-
bution is a single convolution over the time ¢ € [0,7) at which the particle changes
mode, most easily done after Fourier transforming. Before presenting this calcula-
tion in real space, we argue that any such convolution will result in some approxi-
mate Gaussian with an amplitude proportional to 1/4/7 multiplied by a term of order

(ar)™. In small 7, therefore only the lowest orders need to be kept, m = 0 for @ = R
and m =1 for Q # R.
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More concretely,

W(x —y,1—2;7)

_ Gma—ur)? / 1 I )

b e T e by e olm=T) L

= /OO dz ' dr’ = e
o Jo Varn DT’ ArD(T — 1')

(2.122)

:aexp(—aT)Lﬂf<m-y+ﬂh7)__m{(2;12i£22>}+_,, (2.123)
2(vy — vg) ADT 4DT

which in small 7, when v; o7/v4D7 < 1, so that erf(r+¢) = erf(r) +2c e //T+. . .,

expands to

T _(y—)?

wr (1+0
Virpr© o)
=W —y,2—1;7), (2.124)

Wz —y1l—2;7)=

whereas W(x — y,Q — Q; 1), the propagator with an even number of mode switches,
is given by Eq. (2.91) to leading order in 7,
Wa—9.Q > Qi) = ———e "5 o (14 0(7) (2125)
=y, Q= Q;T)= e aDr 7)) . .
Y Var DT
Much of the calculation of the entropy production follows the procedure in Secs. 2.3.9
and 2.3.11 to be detailed further below. To this end, we also need

. d :
lg]%EW(:U%y,l%ZT)fW(x—>y,1—>2)fcu5(x—y)

=W(r —y2—1). (2.126)

As far as processes are concerned that involve a change of particle mode, therefore
only the transition rates enter, not diffusion or drift. Given a uniform stationary spa-
tial distribution of particles of any mode, mode changes between two modes cannot

result in a sustained probability current, even when the switching rates differ,

: . PW(1—2)\
Qmwy+m—3wea¢»m<gwg:zﬁ_n (2.127)
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for LW(1 — 2) = P,W(2 — 1) at stationarity as in the process discussed in
Section 2.3.1. A probability current and thus entropy production can occur when
different particle modes result in a different distribution, Section 2.3.10, or when

mode switching between more than two modes results in a current in its own rights,
Secs. 2.3.2 and 2.3.13.

Since the full time-dependent density is beyond the scope of the present work, we cal-
culate entropy flow and production at stationary on the basis of a natural extension
of Egs. (2.4), (2.17) and (2.22a) to a mixture of discrete and continuous states

— lim S.(t) = lim S;(t) (2.128)
t—00 t—o0
L
- , W(x —y,Q— R;7)
= E dedyPy(z, t)W(x — y,Q — R)limIn (
Q,Rem}/o ¢ =0 \W(y =, R—Qi7)
2 | 2
v + V5
= 2.129
5D (2.129)

which immediately follows from Secs. 2.3.9 and 2.3.11, as the stationary density is
constant, Py = Pr = 1/(2L), and only () = R contribute, with

Wx—y,1—2
lim n (W2 =, T Zg (2.130)
=0 Wy — x,2— 1;7)
If the drifts are equal in absolute value |v;| = |vs| = v, then we recover the entropy

production of a simple drift-diffusive particle, S; = v? /D. This is because we can
think of run-and-tumble as a drift-diffusion particle that changes direction instantly.
Since changing the direction produces no entropy, the total entropy production rate
should be the same as a drift-diffusion particle. The entropy production can alterna-
tively be derived via (2.30) by computing S; = [ dz (j2/(DP.) + j2/(DP;)) with the
steady-state currents stated above.

2.3.13 SWITCHING DIFFUSION PROCESS ON A RING

The dynamics of a one-dimensional run-and-tumble particle discussed above can be
readily generalised to the so called switching diffusion process [177| by allowing for an

extended set {v;} of drift modes i = 1,..., M, Fig. 2.16. The corresponding Langevin
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Figure 2.16: Switching diffusion process on a ring = € [0, L] in continuous time. A switching diffusion
process involves a stochastic switching between M modes characterised by an identical diffusion constant
D but distinct drifts v; (¢ =1,2,..., M). The marginal switching dynamics are characterised as an
M-state Markov process with transition rates ¢;; from mode i to mode j.

equation for the particle position on a ring x € [0, L] is almost identical to that of
run-and-tumble, namely @ = v(t) + v/2DE(t), with the exception that the process v(t)
is now an M-state Markov process. In the general case, a single switching rate « is
thus not sufficient and the full transition rate matrix a;; needs to be provided. In this
formulation, the run-and-tumble dynamics Sec. 2.3.12 correspond to the choice M =
2 with symmetric rates ago = a1 = . Defining P;(x,t) as the joint probability that
at time t the particle is at position x and in mode 7, thereby moving with velocity v;,
the system (2.121) of Fokker-Planck equations generalises to

atPi(x7t) = _8w[(vi - Dax)Pz(xv t)] + Z Pj($7t)aji (2'131)

J

where the transmutation rates a;; from mode ¢ to mode j are assumed to be inde-
pendent of position. To ease notation we use the convention a;; = — > «j;. For
1#]
non-vanishing diffusion constant, the stationary solution is uniform for all modes and
given by tlim Pi(x,t) = z;/L, where z; is the ith element of the eigenvector z satisfy-
—00

ing > z; = 1 and the eigenvalue relation ) zja;; = 0, which we assume to be unique
J J
for simplicity.

The calculation of the steady-state entropy production follows very closely that of

run-and-tumble presented above. The conditional transition probabilities including
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up to one transmutation event read to leading order

elul _—(yixiviﬂ-)z ; — 4

Wi i i) = | e () 1 00) o=
s ot (227 — ent (Z7) [ (14 O(r)) for i £

(2.132)

so that

DO(y — ) — v:0,0(y — x) + a;d(y —x) fori=

a;;0(y — x) fori #£ 7.
(2.133)
We could perform the calculation of the entropy production using the procedure of

. d . .
}_IE)I(I]EW(I—)y,Z—)],T)—

Sec. 2.3.9 rather than drawing on the operator for ¢« = j, which, however, is used in
the following for convenience, see Sec. 2.3.11. Substituting (2.132) and (2.133) into
(2.21a) and assuming steady-state densities, we arrive at

lim S;(t) = — lim S,(¢)

t—o00 t—o00

L Zi V;
:/0 dzdy Z T (DO26(y — x) — v:0,6(y — @) + by — x)) (y — x)E
L Z a..
+/ dzdy Z “a;6(y —x)In (i) : (2.134)
0 Gk i

where we have used Eq. (2.133) in the operators containing the d-functions and Eq. (2.132)
in the logarithms. The term In(c;;/cj;) is obtained by the same expansion as used in

Eq. (2.124), Sec. 2.3.12. Both terms contributing to the entropy production above

are familiar from previous sections: the first is a sum over the entropy production of

M drift-diffusion processes with characteristic drift v;, Sec. 2.3.11 without potential,
weighted by the steady-state marginal probability z; for the particle to be in state i;

the second is the steady-state entropy production of an M-state Markov process with
transition rate matrix «;;, which reduces to Eq. (2.4) after integration. Carrying out

all integrals, we finally have
2

tlgglo Si(t) = lim —S.(t) = Z 4y + 3 Z(ziaij — zjayi) In (—]) _ (2.135)

t—o0 - — 711
i 1,5
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Unlike run-and-tumble, Sec. 2.3.12, the transmutation process in switching diffusion
does in general contribute to the entropy production for M > 2, since the stationary
state generally does not satisfy global detailed balance. However, contributions to the
total entropy production originating from the switching and those from the diffusion
parts of the process are effectively independent at steady state, as only the stationary
marginal probabilities z; of the switching process feature as weights in the entropy
production of the drift-diffusion. Otherwise the parameters characterising the two
processes stay separate in Eq. (2.135). Further, the drift-diffusion contributions of the
form v?/D are invariant under the time-rescaling ;; — T;;. This property orig-
inates from the steady-state distributions P;(x) being uniform and would generally

disappear in a potential, Sec. 2.3.10.

2.4 DISCUSSION AND CONCLUDING REMARKS

In this work we calculate the rate of entropy production within Gaspard’s framework
[64] from first principles in a collection of paradigmatic processes, encompassing both
discrete and continuous degrees of freedom. Based on the Markovian dynamics of
each system, where we can, we derive the probability distribution of the particle (or
particles) as a function of time P(x,t) from Dirac or Kronecker-¢ initial conditions
P(z,0) = 6(z — xo), from which the transition probability W (z — y;7) follows
straightforwardly. In some cases, we determine only the stationary density and the
(short-time) propagator W(x — y;7) to leading order in 7. We then use Eq. (2.4)
for discrete systems or Eqs. (2.21) and (2.22) for continuous systems to calculate

the time-dependent entropy production. We set out to give concrete, exact results in
closed form, rather than general expressions that are difficult to evaluate, even when
we allowed for general potentials in Sec. 2.3.11. In summary, the ingredients that

are needed to calculate the entropy production in closed form in the present frame-
work are: a) the probability (density) P(x,t) to find the system in state x ideally as
a function of time ¢ and b) the propagator W(x — y;7), the probability (density)
that the system is found at a certain state y after some short time 7 given an initial
state x. If the propagator is known for any time 7, it can be used to calculate the
probability P(z,t;x¢) = W(xe — z;t) for some initial state xo. However, this full

time dependence is often difficult to obtain. The propagator is further needed in two
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forms, firstly liH(l) 0. W(x — y;7) when it is most elegantly written as an operator in
T—r

continuous space, and secondly lir% In(W(x — y;7)/W(y — x;7)).
T—

For completeness, where feasible, we have calculated the probability current j(z,t)

in continuous systems at position x. The mere presence of such a flow indicates bro-
ken time-reversal symmetry and thus non-equilibrium. Our results on the discrete
systems (Sec. 2.3.1 to 2.3.8) illustrate two important aspects of entropy production.
First, the need of a probability flow P4W (A — B)— PgW (B — A) between states: in
the two-state system Sec. 2.3.1 there are no transition rates a and  such that there
is a sustained probability flow and therefore, the system inevitably relaxes to equilib-
rium. However, in the three-state system Sec. 2.3.2 the transition rates can be chosen
so that there is a perpetual flow (o — 5)/3 between any two states and therefore there
is entropy production not only during relaxation but also at stationarity. Hence, we
can ascertain these as non-equilibrium steady states in the long time limit due to

the non-vanishing rate of internal entropy production. Uniformly distributed steady
states can be far from equilibrium as a rigorous analysis on the basis of the micro-

scopic dynamics reveals, although an effective dynamics may suggest otherwise.

Second, we see how the extensivity of entropy production arises in the N-particle sys-
tems (Secs. 2.3.4, 2.3.5 and 2.3.6), independently of whether the particles are distin-
guishable or not. We therefore conclude that the number of particles in the system
must be accounted for when calculating the entropy production, and doing other-
wise will not lead to a correct result. This is sometimes overlooked, especially when
using effective theories. In the continuous systems (Sec. 2.3.9 to 2.3.11), which in-
volve a drift v and a diffusion constant D, we always find the contribution v?/D to
the entropy production emerging one way or another. Moreover, in the case of drift-
diffusion on the real line (Sec. 2.3.9) we find that the contribution due to the relax-
ation of the system 1/(2t) is independent of any of the system parameters. Addition-
ally, we note that whenever there is confinement, the system can be treated as a ther-

mal equilibrium system and therefore has 0 steady-state entropy production.

Finally, we have studied two systems (Sec. 2.3.12 and 2.3.13) where the state space
has a discrete and a continuous component. The discrete component corresponds to
the transmutation between particle species, i.e. their mode of drifting, whereas the

continuous component corresponds to the particle motion. We find that both pro-
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cesses, motion and transmutation, contribute to the entropy production rate essen-
tially independently since any term that combines both processes is a higher-order

term contribution in 7, and therefore vanishes in the limit 7 — 0.

This work has applications to the field of active particle systems, where particles are
subject to local non-thermal forces. In fact, the systems studied in sections 2.3.2 and
2.3.8 — 2.3.13 are prominent examples of active systems. We have shown that their
entropy production crucially relies on the microscopic dynamics of the system, which
are captured by the Fokker-Planck equation (or the master equation for discrete sys-
tems) and its solution. However, in interacting many-particle systems, such a descrip-
tion is not available in general. Instead, we may choose to use the Doi-Peliti formal-
ism [43, 123, 161, 153, 17, 91, 120, 62] to describe the system, since it provides a sys-
tematic approach based on the microscopic dynamics and which retains the particle

entity.
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Run-and-tumble motion on a linear ratchet:
analytic solution, power extraction and

first-passage properties

Abstract

In this chapter, I present a near-verbatim copy of the preprint

C. Roberts and Z. Zhen. Run-and-tumble motion in a linear ratchet potential: analytic so-
lution, power extraction and first-passage properties Entropy Production in Exactly Solvable
Systems [137].

This chapter is a manuscript [137] I recently completed with C. Roberts, independently from
my supervisor. C. Roberts and I contributed equally to this chapter. I mainly contributed

to the theoretical analysis and C.R. contributed mainly to numerical studies.

We characterise a system of run-and-tumble (RnT) particles moving on a piecewise linear
“ratchet” potential, subject to periodic boundary conditions and non-negligible diffusion, by
deriving exact analytical results for its steady-state particle density, current, entropy pro-
duction rate, power output, and thermodynamic efficiency. In the confining case, where the

particles’ self-propulsion is suppressed by the force from the ratchet, we find the system’s
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entropy production rate surprisingly remains finite in the limit of vanishing diffusion. In the
final part of this work, we consider RnT motion on a linear ratchet defined over a bounded
interval, allowing the derivation of mean first-passage times and splitting probabilities for
different boundary and initial conditions. This work falls within the line of research dedi-
cated to exactly solvable models of run-and-tumble motion but is also particularly relevant
to the extraction of work from active matter as we provide theoretical insight into the feasi-
bility of active engines. Finally, our results are in full agreement with Monte Carlo simula-

tions.

3.1 INTRODUCTION

Active matter systems are composed of self-propelling agents that consume energy
from their environment to exert mechanical forces [106]. As these systems operate
away from equilibrium, they break detailed balance and are thus impervious to the
tools of equilibrium statistical mechanics. As a result, the rich phenomenology exhib-
ited by active matter, even at the single-particle scale, has made active matter models
the ideal mathematical playground to explore the broader field of nonequilibrium sys-
tems [68].

A paradigmatic active matter model is the run-and-tumble (RnT) particle, suggested
to depict the piecewise-ballistic locomotion of E. coli [143]. RnT particles, whose dy-
namics reduce to that of two coupled drift-diffusive particles in 1D, are arguably the
simplest of the canonical active particle models. This has led to intensive study of
their non-equilibrium steady-state distributions in confining potentials [160, 181, 136,
5, 62, 105, 131, 39, 12, 57, 49, 47|, alongside other active particle models such as ac-
tive Ornstein-Uhlenbeck particles [54, 109, 101], and active Brownian particles [169,
36]. Notably, most results for these models are obtained through simulations or un-
der approximations [101, 49, 47, 54, 109, 56, 51, 107, 82, 108|, including recent work
studying a mixture of RnT and passive particles subject to a differentiable ratchet
potential [38]. Only a handful of exact results are documented in the literature, most
of which are attributed to RnT particles in 1D [5, 105, 62, 131, 39, 12, 58, 21].

When immersed in asymmetric environments, active particles display spontaneous
unidirectional motion [42, 9, 121, 59, 172, 8, 40, 6, 132, 181|. The emergence of such

rectified motion has generated significant interest into the concept of active engines,
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whose constituent active agents perform work on an external load to store potential
energy [83, 118, 124, 148]. The net current observed in these systems is the hallmark
of broken time-reversal symmetry and thus indicates that a system is operating far
from equilibrium. Exactly “how far” from equilibrium can be quantified by the sys-
tem’s entropy production rate |54, 62, 30, 109], which was recently calculated for
RnT particles confined to an infinite-square well [131], but has yet to be calculated

for more general asymmetric potentials such as ratchets.

The nonequilibrium behaviour of active matter results in first-passage properties

that are significantly different to equilibrium setups, where the latter depends only
on the relative height of a potential barrier [85]. In contrast, the mean first-passage
time of active particles can depend on the shape of the potential [109, 175]. Study-
ing the first-passage properties of active matter is particularly relevant to biology,
which is often concerned with the time it takes self-motile agents to reach certain lo-
cations, such as in chemical reactions, chemotaxis and foraging. For the specific case
of RnT particles, first-passage properties have been studied both with [105] and with-
out |7, 93, 4, 5] the presence of additive noise. Even for the more general case of non-
negligible noise, it is possible to obtain analytic expressions for the first-passage time
density on a semi-infinite line, as well as the splitting probabilities and mean first-
passage times on a finite interval [105]. However, the simplifications afforded by the
noiseless case allow these results to be extended to partially absorbing boundaries

[7, 5], and even encounter-based absorption [22|. Further still, the noiseless case has
allowed the derivation of the first-passage properties of RnT particles in symmetric
confining potentials [39]. It is of interest to see how asymmetric potentials and the
presence of additive noise, both of which are considered here, generalise these known

results.

In light of the broad interest and wide applications of RnT particles, in this paper we
obtain exact analytical results for RnT particles in the presence of an external piece-
wise linear “ratchet" potential on a 1D ring. On top of this, we consider the appli-
cation of an additional external counter force, assuming the role of an external load,
to the resulting rectified motion. This allows for the study of work extraction and is
therefore of relevance to the design of active engines. This novel model of RnT mo-
tion is implemented through the addition of active telegraphic noise to the motion

of a Brownian particle in a ratchet. Remarkably, this can describe several physically
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equivalent nonequilibrium systems, discussed further in Sec. 3.2.

In what follows, the derivation and discussion of new results begins in Sec. 3.3 with
a calculation of the steady-state particle densities, obtained by solving the govern-
ing coupled Fokker-Planck equations of the system and verified through Monte Carlo
simulations. From these densities, in Sec. 3.4, we go on to obtain the corresponding
particle current, and study how it depends on the system’s parameters, in particu-
lar determining the parameters of the ratchet that optimise the steady-state current.
Then, following the formalism outlined in Ref. [144], we derive the steady-state en-
tropy production rate in Sec. 3.5. This paves the way for the study of the power out-
put and thermodynamic efficiency in Sec. 3.6. Finally, in Sec. 3.7, we study the trans-
port properties of this system, namely, the mean first-passage times for the separate
cases of absorbing and reflecting boundary conditions and the splitting probabilities

for the particle to exit from either end of the ratchet.

Given the large number of observables and quantities of interest, the aim of this work
is not to provide a full exploration of the high-dimensional phase space for every ob-
servable, but rather to give an overview of the most interesting and relevant features

of the system.

3.2 MODEL

We consider an RnT particle, whose telegraphic motion alternates between self-propulsion
speeds w(t) € [+v, —v] with rate v, moving at position = € [0,¢) on a piecewise-linear
ratchet potential of periodicity ¢. The ratchet has maximum amplitude h at the apex

x = a. We define the system to have periodic boundary conditions at z = 0 and z = /¢

so the motion is equivalent to that of an RnT particle moving on a ring of circumfer-

ence /, see Fig. 3.1, whilst subject to the ratchet potential

Q>
TR

Uil ()
U2 ()

0<z<a

Vie) = (0 — ), a<z<l

(3.1)

~

—a

Henceforth, any reference to the position z = 0 can be assumed to also refer to x = ¢,
due to the periodicity, and we will thus refer only to the former. Without loss of gen-

erality, in Secs. 3.3-3.6, we take h > 0 since replacing h — —h simply generates the
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Figure 3.1: Schematic representation of RnT particles moving on a periodic ratchet potential
U(z) =U(x +¢), Eq. (3.1), with maximum amplitude U(a) = h. Due to the contribution imparted by
the external force —f, the overall drift of an RnT particle alternates, with rate v, between v — f,
corresponding to the right-moving state o(t) = +1 (red sphere), and —(v + f), corresponding to the
left-moving state o(t) = —1 (blue sphere).
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Figure 3.2: By applying an external counterforce —f, work W can be extracted from the rectified
motion of an RnT particle.

mirror-image of the ratchet, i.e. @ — ¢ — a, up to an (irrelevant) constant offset —h
and after translating space by x — = — a. For a # £/2, the ratchet is asymmetric and
can therefore rectify the motion of the RnT particle. The rectified motion results in
a current which can be exploited to perform useful work by applying a counter force
of magnitude f, such as an external load, see Fig. 3.2. In the following, we take this
counterforce to act to the left, i.e. in the —x direction, so that work is done by the
particle when the current is positive, corresponding to a net drift of particles to the
right. We will also work in units where the particle mobility is set to unity. In the
overdamped regime, this results in forces, such as from the ratchet —U’(z) and the
external load — f, having the same dimensions as the particle’s self-propulsion veloc-

ity w(t). Hence, forces can be interpreted as external drifts in this regime.

The present system has several other physically equivalent interpretations depending
primarily on whether the breaking of detailed balance is attributed to external forc-
ing or particle motility. For instance, f has been introduced as a counterforce, but

it can also be thought of as an asymmetry parameter of a biased RnT motion with
self-propulsion speeds w(t) € [v — f, — (v + f)], Fig. 3.1. Alternatively, f could be
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considered a property of the ratchet by defining the potential V' (z) = U(x) + fx,
so that —f becomes the tilt parameter of the tilted ratchet potential V' (z) [134, 97].
Similarly, the tumble rate v could instead be thought of as the switching rate of a
time-fluctuating ratchet V(z,t) € [U(z) — (v — f)z, U(z) + (v + f)z] acting on
a Brownian particle. The latter is the case for Brownian motors, which work on the
principle of rectifying thermal fluctuations through time-fluctuating external forces
[104, 9, 118, 102]. Other interpretations of the set-up exist and can also be devised

from suitable combinations of the above.

We will occasionally draw on different interpretations when it offers additional in-
sight, but the focus of the present work is on the single perspective of an RnT par-
ticle with symmetric self-propulsion w(t) € [+v, —v] moving on the potential U(z),
Eq. (3.1), whilst subject to an additional external counterforce — f. Regardless, the
results presented in this paper apply to all of the aforementioned interpretations as,
in any case, the motion of the particle is governed by the same Langevin equation in

the overdamped limit,
#(t) = =U'(x) +vo(t) — f + V2DE(1), (3.2)

where t is time, U’(z) is the derivative of U(x) with respect to z, o(t) € [+1,—1]

is telegraphic noise that switches with rate v, and £(t) is delta-correlated Gaussian
white noise with associated diffusion constant D. As is the case for thermal fluctua-
tions, the diffusion considered here is translational and therefore superimposed on the
self-propelled component of the particle’s motion. Henceforth, we will refer to parti-
cles as being “right movers" or in the “right-moving state" when o(t) = +1 and as

“left movers" or in the “left-moving state" when o(t) = —1.

The corresponding Fokker-Planck equation to Eq. (3.2) reads

oP!(x, 1)

wlond) _ p@ el gy P (pe ) - P)).
(3.3a)
oP (z,t 9?2 P (2.t i OP (2.t ; ;
Llont) _ p@ Tt gy P (B, ) - P)).
(3.3b)
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where PI[;] (x,t) and PLM (x,t) are the particle densities at position z and time ¢ of
right-moving and left-moving particles respectively. The superscript [¢] indicates the
section of the ratchet on which the particle densities PE} . (x,t) are valid. For the
uphill section (from the perspective of a right mover) z € [0, a), the densities are
given by Pz[:zl, }L(x, t), and for the downhill section x € [a, ), the densities are given by
P}[;}L(x, t). Hence, each U'! is in fact constant, specifically U'l) = h/a and U'® =
—h/(£ — a), which has allowed the constants (£v — f — U’ to be brought in front of
the arpl[g o (x,t) in Eq. (3.3). As it is outlined in [63], it is possible for the derivative
of the potential to be non-continuous. For there to be free motion across the discon-
tinuity, we need the probability density and the current to be both continuous at the

discontinuity.

Unless specified otherwise, the default parameter values used in the figures through-
out this paperare { = 1,a = 09, h =4, D =1,v = 1,7 = 1 and f = 0, which
corresponds to weakly persistent particles, characterised by small Péclet number,

Pe = v?/(D~). Moreover, these parameters also correspond to the case where the
particle is confined to the potential minimum = = 0 when D = 0, since v — f < h/a
and v + f < h/(¢ — a) represent the conditions for right-moving and left-moving
particles to be confined respectively. In this “confined” case, an overall current can be
generated only by diffusive fluctuations that cross the potential barrier. We will fo-
cus on this confined case for much of this work because of its richer phase space and
greater relevance, such as to the activated escape of particles via noise-induced tran-
sitions [175]. Finally, we have opted to keep the discussion of all results in terms of
physically meaningful dimensionful parameters, rather than reducing the description

of the system to 5 dimensionless parameters whose selection can be ambiguous.

3.3 PARTICLE DENSITIES

The particle densities at stationarity PI[Q (x) = tlgglo P}Q ;(z,t) are derived from solv-
ing the coupled Fokker-Planck equations (3.3) with the left-hand sides set to zero, i.e.
8tPE}(x) = 8tP£ﬂ (x) = 0. For the specific case of f = 0, the steady-state solution to
Eq. (3.3) was first derived in the context of Brownian/molecular motors [9], and was
used principally to investigate how the steady-state current varies with the switch-

ing rate (equivalent to v here) of the potential. However, this solution has never been
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studied in the context of RnT motion and thus has remained relatively unknown to
the active matter community. For instance, the current of an RnT particle moving on
a piecewise linear potential has been studied for the less general case of D = 0 [6].
However, to the best of our knowledge, a detailed study of the more general D > 0
solution for Rn'T particles does not exist in the literature. Furthermore, we believe
our subsequent derivations of the entropy production, power output, thermodynamic
efficiency and first-passage properties, as well as the generalisation to f # 0, to all be

novel results.

To obtain the steady-state particle density, we make the ansatz PE] () =2 ,[;] 1, €Xp ()\Ma:)
[9]. Substituting this ansatz into Eq. (3.3) for 0;Pr (x,t) = 0 results in four linearly
independent solutions for each of the particle species, right movers and left movers,

in each section of the ratchet, © = 1 and ¢ = 2, i.e. a total of 16 linearly independent
solutions resulting from a quartic characteristic equation from each set of eigenvalues
A4 € {1,2}. One of the eigenvalues in each set vanishes and so the particle densi-

ties have the general solution
i i il i il i il i
Py (x) = Al erae 4 B 5T 4 cll e 1 DY (3.4)

with the 16 coefficients AE}, A[Ll], Aﬁ], o ,D[L2] to be determined.

These coefficients are fixed by demanding each linearly independent term in Eq. (3.4)
individually satisfies Eq. (3.3) in the steady state, i.e. the resulting prefactors after
substitution of each exp ()\mx) must be zero [9]. This fixes half of the 16 degrees of
freedom in Eq. (3.4). The remaining half are fixed through continuity of the parti-
cle densities and currents for each species across © = 0 and x = a, as well as the
normalisation condition f(f dz P(x) = 1, where P(z) = Pg(x) + Pr(z) is the to-
tal particle density. Hence, in principle, the steady-state densities for RnT particles
on a piecewise-linear ratchet can be obtained in closed form. However, solving 16
coupled equations unsurprisingly results in unwieldy expressions for the coefficients
A%], A[Lll, AE], . ,D[LQ], so the bulk of the calculating was performed using Mathe-
matica. The resulting solutions are too long to conveniently display as equations and
so most of our results are displayed as graphs alongside descriptions of their quali-
tative behaviour in the main text. Nevertheless, we emphasise that all results pre-

sented in this paper originate from exact expressions. In fact, any observable that
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can be written exclusively in terms of the system parameters and the coefficients
AE, .A[Ll], AE], o ,D[LQ], such as the steady-state current, Eq. (3.8), and the steady-
state entropy production rate, Eq. (3.21), can be written in closed form. The full de-
tails of how the analytic expressions for the densities were obtained are left to Ap-
pendix 3.A.

The solutions for the steady-state particle densities, Eq. (3.4), are plotted in the top
panel of Fig. 3.3. The solutions for the densities were verified by Monte Carlo simu-

lations of the Langevin equation (3.2) by demonstrating the average density of many
stochastic realisations converges to the theoretical steady-state density P(x) ast —

o0, Fig. 3.4.

It can be seen from the densities plotted in Fig. 3.3 that, for h > 0, particles are
mostly aggregated around the minimum of the ratchet as it acts as a confining po-
tential. For a > £/2, the overall motion of the particles is rectified in the +x direction
as right-moving particles penetrate further into the shallower slope of the potential
than left-moving particles. Left-moving particles are more likely to be found close to
x = 0 than right-moving particles as their preferred direction of motion is against
the steeper slope of the potential resulting in greater confinement than for the right-

moving particles.

The strength of the confinement can be adjusted by varying h. For h — 0, the den-
sities tend to uniform distributions Pg(z) = Pp(z) = 1/(2¢), since particles are un-
confined. Uniform densities are similarly obtained for v — co, f — oo or D — o0 as
these cases reflect the particle decoupling from the potential U(z), Eq. (3.1). On the
other hand, for h — oo particles are confined to the point z = 0 and so Pg (x) —
d(z)/2 as h — oo. In the equilibrium limits, f — 0 with either v — 0 or v — o0,
the densities tend to Boltzmann distributions P(z) o exp (—V(z)/D). In the limit
v — 0, right movers and left movers decouple and the solution reduces to that of two
drift-diffusive species with drift speeds w(t) € [v — f, —(v + f)] on the piecewise lin-
ear ratchet potential U(x), Eq. (3.1), i.e. lim,_,g P}[;}L(x) = Ag’L exp (I/ZQ,L) + B%{L,
where l%] =(v— f—U")/D and l@ = (—v— f—=U")/D, and the (still complicated)
expressions for the coefficients A%], A[Ll], e BE] are obtained by applying continuity
and normalisation conditions as for the general particle densities, see Appendix 3.A.

Finally, taking D — 0 for f = 0 recovers the non-trivial case studied in Ref. [6].
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Figure 3.3: Steady-state particle densities P(x), Pg(x), Pr(x), Eq. (3.4) (top), and particle currents
J, Jr(z), Jp(z), Tn—r(x), Egs. (3.6)-(3.8) (middle), for a particular ratchet potential U(x), Eq. (3.1),
shown in the bottom panel. The vertical dashed lines indicate the position of the ratchet apex, x = a.
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Figure 3.4: Time evolution of the overall particle density P(z,t) = Pr(x,t) + Pr(z,t) obtained from
averaging 10° stochastic trajectories of an RnT particle on a ratchet. In each realisation, a particle is
initialised with equal probability of being a right mover or a left mover at = £/2 and t =0, i.e.
Pgr(z,0) = Pr(z,0) = §(x — £/2)/2, before it is evolved in time by numerically integrating Eq. (3.2) in
timesteps of dt = 107°. At large times t — oo, the simulated densities converge to the theoretical
steady-state density P(x) = Pr(z) + Pr(z), Eq. (3.4). We also numerically integrated Eq. (3.2) in
timesteps of dt = 10~* to check for convergence and obtained the same result.
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3.4 CURRENTS

The particle currents for the right-moving and left-moving particles are, respectively,

)= (0= g~ 0) P (a1 - p2PRED, (3.50)
Iz, t) = (—v— f = U P (a,t) - D—La; ) (3.5b)

where, again, the currents are defined separately over the different regions of the
ratchet denoted by the superscript [i] and we recall that the U’ are constant, see
Sec. 3.2. The Fokker-Planck equation (3.3) can be rewritten as a continuity equation

in terms of the currents defined in Eq. (3.5),

oP!(x,1) . 0.5 (x, 1) i

ot or - jL—)R(xv t) = 07 (36&)

P (2, 1) N 8% (2, 1) N

ot S+ Tial@t) =0, (3.6b)

where we have also defined the flux density of transitions from the left-moving state

to the right-moving state as

T nw,t) =7 (P, t) = PR(@.0) = T (@), (3.7)

The overall particle current is given by J(x,t) = Jg(z,t) + Jp(x,t). By summing
Egs. (3.6a) and (3.6b), it can be seen that the stationary condition d,P(z) = 0
implies the overall current at stationarity is constant across space since 9,J% = 0.
Hence, J can be calculated from the particle densities across only a single section [i]
of the ratchet since the other section must have the same current. If we choose i = 1,
corresponding to x € [0, a), then the resulting expression for J = J][%] () + JE](:B) can
be simplified significantly by setting z = 0, yielding a closed expression in terms of
the known coefficients A%],A[LI], Ag], o ,D[LQ} from Eq. (3.4),

J = zc: [vz[” - (f iy DW) Z[”] - (f + h) oll (3.8)

= - a z | “+ a ’ :

Z=A
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Figure 3.5: Mechanism through which the magnitude of the current of each species, i.e. |Jr(x)| and
|J ()], is greater close to the potential minimum 2 = 0 due to a “circulating” current effect from
particles that tumble before overcoming the potential barrier. When in the right-moving state (red

spheres), the particle experiences a smaller effective potential Ue(z) = U(x) — (v — f)x than when in

the left-moving state (blue spheres) Uesr(x) = U(z) + (v + f)z. Even in the case where the
self-propulsion v is suppressed by the force U’(z) from the ratchet, i.e. 0 < v — f < U], the asymmetry
in Uefr(x) between species will result in, on average, a greater number of right movers diffusing up the
slope that return back down the slope as left movers.

where we have defined Z,. = Zr + Z; and have used that Dg = D%] = Dl Ap-
pendix 3.A.

The particle currents, Eqgs. (3.5) and (3.8), and flux density of transitions, Eq. (3.7),
are plotted in Fig. 3.3 alongside the corresponding particle densities, Eq. (3.4). It
can be seen that the currents for each species, Jr(x) and J(z), are greater in mag-
nitude close to the potential minimum x = 0. This results from particles that tum-
ble before crossing the potential barrier and so return to the bottom of the potential
before attempting another crossing. Hence, one observes a “circulating” current of
right movers moving part way up the slope 0 < z < a before tumbling and return-
ing down the slope as left movers (and vice versa for particles on the opposite slope
a < x < (). Importantly, this effect is still observed when particles are confined,
e.g. a non-zero right-moving current Jg(x) still exists on the uphill slope even in the

case where v — f < UM, As shown in Fig. 3.5, ‘circulating’ currents still exist in
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Figure 3.6: Particle current J, Eq. (3.8), as a function of the position of the ratchet apex a for various
external forces f.

the confined case as particles can be considered to experience different effective po-
tentials Uez(x) depending on the particle’s internal state, see Sec. 3.2. Specifically,

a right-mover can be considered as a Brownian particle moving on an effective po-
tential Ueg(z) = U(x) — (v — f)z. Assuming v — f > 0, right-moving particles
experience a smaller Uég} than left movers. This asymmetry means, on average, that
a greater number of right movers than left movers will diffuse up the potential slope
UM When this surplus of right movers tumble, they will return back down the slope
as left movers, just as in the unconfined case. As D is decreased, these local circulat-
ing currents become more localised and pronounced as the chance of a particle cross-

ing the potential barrier for small D becomes increasingly unlikely [175].

Based on the mechanism described above, we expect each particle to contribute ~ ~
to the particle currents Jg 1 (z). As will become apparent for the entropy production
in Sec. 3.5, a particularly relevant case is the form of the confined currents as D —
0. In this case, particles follow the Arrhenius law J ~ exp (—h/D) = 0, so we can
assume they almost never overcome the potential barrier, and so can approximate
the barrier height h to be effectively infinite. Then, since the largest contribution to

the left-moving current at a position x will come from right-moving particles higher
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Figure 3.7: Position of the ratchet apex a* resulting in maximum current J for various diffusion
constants D and h = 0.2. Maximum current occurs for a = ¢ — h/(v + f) as D — 0 and monotonically
increases with D to a — .

up the slope, we have that |J£1] (2)] = v [ da’ Pz[{l] («'). Since the confined case is
effectively equilibrium, then the right-moving particle density follows the Boltzmann
distribution PI[D}](:U) ~ exp (—xz/lp) /lp, assuming relaxation to the steady state occurs
much faster than the transmutation between species, where Ip = D /(U — v + f)
is the characteristic length scale of diffusive spreading on the slope U'lYl. Hence, for
0<v—f<UMN,

R PN T
timn |75 (@)] ~ 3¢, (3.9)
Since J — 0 for D — 0 in the confined case then |Jg(z)| = |JL(z)| and one can thus

use Eq. (3.9) to also calculate ]JI[%} (z)| for v — f < UM, Similar arguments can be
used to calculate the contributions J gy]L(:c) to the circulating currents Jg 1(z) on the
other slope of the ratchet a < x < ¢ for D — 0.

In Fig. 3.6, it can be seen that motion is rectified to the right, J > 0, for a > ¢/2
when f = 0 and is rectified to the left, J < 0, fora < ¢/2. Contrary to that
found for the D = 0 case in Ref. [6], where maximum positive current occurs for
a="{¢—nh/(v+ f), we find for the parameters used in Fig. 3.6 that maximum current

is achieved for a — ¢~ , i.e. when there is an infinitely steep slope —U’? — oo oppos-
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ing the motion of left-moving particles. While taking D — 0 in our model recovers
the result of Ref. [6], we observe in Fig. 3.7 that the position a* of the ratchet apex
resulting in maximum current occurs at some non-trivial £ — h/(v + f) < a* < /¢ for
finite D > 0. To see why, consider first a* for the D = 0 case, which arises by choos-
ing the exact a at which right-moving particles remain unconfined, i.e. v — f > h/a,
while left-moving particles are only just confined by the potential, v + f = h/(¢ — a),
so as to not increase the distance right movers have to traverse the uphill section of
the ratchet. However, when diffusion is switched on, D > 0, left-moving particles
are once again able to overcome the barrier to the left. Hence, to achieve maximum
current .J, one must increase a to some a > ¢ — h/(v + f) to hinder the left movers’
ability to overcome the barrier while also bearing in mind the same compromise that
applies to the D = 0 case. As D is increased further, the point ¢* at which maximum
current occurs continues to increase up until the “best” one can do is to set a — ¢~ to

minimise the left-moving current as much as possible.

The expression for the D = 0 current j cannot be obtained by simply setting D = 0
in our expression for the current .J above, which is valid for D > 0. Hence, for com-
pleteness, we provide a detailed derivation of the D = 0 current j in Appendix 3.B,
resulting in a closed-form expression that is simple enough to be written down. This
derivation generalises the results of Ref. [6] to include an additional external force

f # 0 or, equivalently, to allow for asymmetric self-propulsion speeds between right

movers and left movers.

The effect of varying the ratchet height h on the current is plotted in Fig. 3.8. For
vanishing height h = 0, equivalent to the absence of a potential U(x), Eq. (3.1), the
current is given by J = —f/{. As h — o0, the current vanishes as the particle is
confined by an infinitely steep potential at both sides of x = 0. In between these
extremes, J peaks at a finite value of h. This reflects that the potential U(x) that
optimises the current must be suitably strong to rectify the symmetric motion of the

RnT particles but simultaneously must not confine them too strongly.

A similar nonmonotonic dependence was observed for varying the other parameters
of the system, such as v, for which .J peaks at some finite value for similar reasoning.
For v — 0, J tends to the current for a drift-diffusive particle with drift speed —f on
the ratchet potential U(x), Eq. (3.1), which is generally |J| < | — f/¢], and as v — oo
the particle decouples from the potential such that J — —f/¢. The particle simi-
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Figure 3.8: Particle current J, Eq. (3.8), as a function of the ratchet height h for various external forces
f. For h =0, the current is given by J = —f/¢. The current vanishes for all f as h — oo, due to the
confinement at = 0 being infinitely strong. The peak in the current around h ~ 4 reflects a compromise
between the degree to which particles are rectified while not being confined too strongly.

larly decouples from the potential for D — oo and thus asymptotically approaches

J — —f/¢. The behaviour of J for D — 0 depends on whether or not the particle

is confined, i.e. whether or not v — f < Ul and v + f < U, see Sec. 3.2. If the
particle’s self-propulsive force is not large enough to penetrate the potential barrier,
v—f < UMandv+ f < U then the particle is confined to the potential well

at = 0 and thus J = 0, Fig. 3.9. If the particle is unconfined v — f > Ul or
v+ f > U™ then there is a non-zero current as D — 0. As for h and v, the current .J

has nonmonotonic dependence on D, Fig. 3.9.

As demonstrated in Ref. [9] for f = 0, J monotonically decreases with the tumble
rate v of particles with symmetric self propulsion. For v = 0, the overall current

J = Jr(x) + Jp(x) is the sum of two maximally unidirectional currents for the two
uncoupled drift-diffusive particles with opposing drift speeds. As v — oo, the parti-
cle’s self propulsion becomes effectively diffusive leaving only a drift contribution from
the external force f. Hence, the current J tends to that of a drift-diffusive particle on
a ratchet potential U(x), Eq. (3.1) with drift speed —f as v — oc.
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Figure 3.9: Particle current J, Eq. (3.8), as a function of diffusion D for various magnitudes of the
slope U'Yl = h/a and for parameter values a = 0.9, v = 1 and f = 0.02. For D — oo, the current
asymptotically approaches J = —f/£. As D — 0, the value of J depends on whether v — f < h/a and
v+ f < h/(€ —a), which are sufficient conditions for vanishing current since the resulting confining force
is greater than the combined self-propulsive and external forces. For v — f > h/a, it is possible that
J >0, even for D = 0, as illustrated by the line for h/a = 0.5. The inset shows that for v — f < h/a, J
picks up abruptly in D indicating transport is due to diffusive fluctuations.
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Finally, we observe three regions of approximate piecewise linearity in the current’s
dependence on f. These come from the linear expansion around f = 0,ie. J =~

Jo + fOrJ, where Jj is the current for f = 0, as well as the asymptotic behaviour
as |f| — oo, for which the current is dominated by the external force, resulting in

J~—f/L.

3.5 ENTROPY PRODUCTION

The entropy production rate Si quantifies the degree to which time-reversal symme-
try is broken and therefore distinguishes between non-equilibrium, Sy > 0, and equi-
librium, Sy = 0, systems. In the present case, there are several sources of symme-
try breaking, such as asymmetric overall drift speeds due to the external force f, and
that particles tend to run faster down the sides of the ratchet potential U(z) when
the force due to the potential is aligned with the particle’s own self-propulsion speed
v, similarly to RnT particles in a harmonic potential [62]. Starting from the Gibbs-
Shannon entropy [149]|, we can take a well-established approach to obtain an exact

expression for the entropy production rate at stationarity [144, 2, 131].
The Gibbs-Shannon entropy for the present system is defined as
¢
Py(x,t
Sit)=- Y / dz Py(z,t)log <M) : (3.10)
k=R, "0 P

where P, with [P] = 1/¢, is for dimensional consistency in the logarithm but will

drop out of the final expression for Sii. The time derivative of Eq. (3.10) is
‘
S(t) = — /dx—’ log( —=—=)+1]. 3.11
(t) k:ZRL i e e\ =5 (3.11)

After relating 0;Py(x,t) in Eq. (3.11) to the currents J; and J;_,r through the conti-
nuity equations, Eq. (3.6), integrating by parts, and dropping boundary terms due to
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the periodic boundary conditions, we eventually obtain
¢
St)y=—1 d
PR(xa t)
t)1 .
T onlror (pL@,t)))

Using the definition of the currents, Eq. (3.5), 0,Px(x,t) in Eq. (3.12) can be rewrit-
ten to yield

(3.12)

o [ Je(w t) [+ U(z)
S(t) —/0 de2RL DP,(x.1) +—5 J(z,t)

(3.13)

) Pp(z,t)
= 5 (nl(e,t) = Ju(2,8) + Tir(z,t) log ( t)) ] |

where we have used that Jp(z,t) + Jp(z,t) = J(x,1).

At this point, we separate the time derivative of the entropy into the contributions
S(t) = Sie(t) — Sext(t) and identify the positive-definite terms in Eq. (3.13) as
those corresponding to the internal entropy production rate of the system Sint(t)

[30, 2, 131]. We thus have
Sine(t) = Sg(t) + Sp(t) + Srew(t) (3.14)

where , , 7 ( )
. x. t
Sy = | drs H= [ dp —BETT 3.15
wn(t) / v Sy (2, 1) / " DR (3.15)

is the entropy production of right/left-moving particles and g/ (z,t) = J]%/L(x, t)/DPr(x,t)
is the local entropy production density of right/left-moving particles at position x
and time ¢ [131, 62]. Similarly,

l
SR<—>L(t) E/ dz SRHL(ZL',t)
0

= /Of dr Jrr(2,t)log (i}igi:g) (3.16)
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Figure 3.10: Steady-state entropy production density for right movers $g(x), Eq. (3.15), left movers
sr.(x), tumbling transitions between states $p« (), Eq. (3.16) (inset), and their sum
Sint () = $r(2) + $.(x) + Srorn(x). The vertical dashed lines indicate the position of the ratchet apex,
T =a.

is the entropy production due to transitions between right-moving and left-moving
particles, with $gep(x,t) = Jrr(z,t) log (Pr(x,t)/Pr(x,t)) being its local density.

The steady-state entropy production densities, as defined by tlggo sr(x,t) = $gr(x)
and tlgglo Srop(z,t) = $per(x) in Egs. (3.15) and (3.16) respectively, are plotted

in Fig. 3.10 for the same parameters as in Fig. 3.3. We find the overall contribution
from right movers to the steady-state entropy production $g(x) is larger than that
from left movers $,(z) in the case where motion is rectified to the right, i.e. J > 0
as a result of @ > ¢/2. This is expected since left-moving particles are more confined
than right-moving particles for a > ¢/2. The entropy production densities for both
states, sr(x) and sy (), are most concentrated around x = a, where the magnitude
of the current per particle J/P(z), i.e. the mean local velocity, is greatest. The to-
tal entropy production density $;,(z) has another local maxima at z = 0 as a result
of the entropy production from transitions between states g,z (2), Eq. (3.16). The
confinement due to the ratchet results in a higher concentration of particles around
x = 0, Fig. 3.3, and thus a greater number of symmetry-breaking tumble events,

which produces a local peak in the entropy production density. The density for tran-
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Figure 3.11: Steady-state entropy production rate Sin, Eq. (3.21), as a function of the ratchet height h
for various external forces f. In the absence of a ratchet, h = 0, the entropy production is given by
Sint = (v2 + f2)/D (inset), whilst Sine — 0 as h — oo for all f.

sitions between states $g..r (), essentially the Kullback-Leibler divergence of Pg(x)
and P (x), itself has another local maxima in the bulk. In the case of the default pa-
rameters used in Fig. 3.10, this local maxima occurs between z = ¢/4 and z = (/2,
coinciding with a large local difference in the particle densities, Pr(x) and Pp(z), as

seen in Fig. 3.3.

After identifying the terms contributing to the internal entropy production rate Sint(t),
Eq. (3.14), the remaining terms in S (), Eq. (3.13), are identified as the entropy flux

lost from the system to the environment, i.e.

¢
Sext (t) = %/0 dz [v(Jr(z,t) — Jp(z,1))

— (f+U'(2)) I (z,1)].

(3.17)

At stationarity, S =0 implies S'int = S'ext, where S = 1tlirn S (t) etc. Thus, it is conve-
— 00

nient to evaluate the steady-state entropy production Si through the simpler expres-
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sion for the steady-state entropy flux St Eq. (3.17), whence we obtain

Sui =5 [ o [0 Unla) = Jufe) = (7 + V@) (3.18)

After integrating by parts, and using the periodic boundary conditions U(0) = U(¥)
for the ratchet potential, Eq. (3.1), as well as the flux balance condition 9,J = 0, the
term o< U(x) vanishes. We can then use that J is constant across space, Eq. (3.8), to

obtain , 0
St = %/0 do (Jr(z) — Jo(x)) — %. (3.19)

After reinserting the expressions for the individual currents Jg 1(x) from Eq. (3.5),

and applying the normalisation f(f dz P(z) = 1 and periodic boundary conditions
Pr1(0) = Pr(¢), Eq. (3.19) becomes

Sipg = — — = — = dz U'(z) (Pr(z) — Pp(x)), (3.20)

which, in the absence of an external counter force f = 0 and ratchet potential U(z) =
0, recovers the entropy production rate of a free particle v?/D (in the case where its
internal state is known) [30]. Finally, splitting the integral in Eq. (3.20) into separate
contributions for each region of the ratchet and inserting the expressions for the par-
ticle densities, Eq. (3.4), we obtain an expression in terms of the known coefficients

AL A ARl

w2 flJ  w ¢ h e’\[zlla -1
Sm=5 " p 2 (ﬁ— D
Z=4 z o (3.21)
R et e
{—a ~ )\5] ’

where we have used Dg = DE}, Appendix 3.A, and have adopted the same shorthand
notation, i.e. zZl = Z][%] — Z[LH, used in Eq. (3.8).

The entropy production Si, Eq. (3.21), is plotted in Fig. 3.11 against the height h
of the ratchet. For h = 0, the entropy production reduces to Sy = (v + f2)/D,
which is that of a free RnT particle v?/D plus a positive contribution f?/D due to

the asymmetry in the overall drift speeds breaking time-reversal symmetry. The en-
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Figure 3.12: Steady-state entropy production rate Siy, Eq. (3.21), as a function of diffusion D for
various magnitudes of the slope U’[! = h/a and for parameter values a = 0.9, v =1 and f = 0. The
entropy production vanishes as D — oo. For D — 0 (inset), Sint diverges or remains finite depending on
whether the particle is confined, i.e. whether v — f < h/a and v+ f < h/({ — a).

tropy production monotonically decreases with A such that S'int — 0 as h — oo since
the particles are confined to a single point x = 0 and therefore the system contains

only stationary particles that are trivially at equilibrium.

As is typically the case for RnT particles, the entropy production S, Eq. (3.21), for
the present system monotonically increases with v and diverges as v — oo [131, 62].
For D — oo, the entropy production St — 0, since any differences between the de-
terministic components of the forward and time-reversed trajectories of the RnT par-
ticle are washed out by diffusive noise. For v — 0, Sint tends to a positive value due
to there still being a current from the remaining drift —f. However, the D — 0 limit
has surprisingly rich behaviour. Typically, one would expect Sint — 00 for D — 0,
as is the case for Refs. [131, 62|, since the dynamics become more deterministic and
it thus becomes easier to distinguish between forward and time-reversed trajecto-
ries. However, for certain parameter regimes, S actually remains finite as D — 0,
Fig. 3.12. Similarly to the current J, Sec. 3.4, this is due to whether the particle is
confined to x = 0 in the absence of diffusive fluctuations, i.e. whether v — f < h/a
and v + f < h/({ — a) for D = 0. If these conditions are satisfied, then the confine-
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ment imposed by the ratchet prevents Siy from diverging as D — 0. That said, it is
somewhat remarkable that the confining case results in Sy > 0 for D — 0, as well as
a local minimum 9p Sy = 0, since one may naively expect the entropy production to
be Sint = 0 for D = 0 if the particle is confined to x = 0. However, this result can be
explained by the enhanced ‘circulating’ currents that appear when the particle is con-
fined, Fig. 3.5. As argued in Sec. 3.4, we can expect the magnitude of the circulating
currents to scale approximately as ]JEL(xﬂ ~ vexp (—z/lp), Eq. (3.9), for D — 0,
where [p = D/(UM — v + f). Inserting Eq. (3.9) into Eq. (3.19), and using J — 0 as
D — 0, we obtain for the entropy production in the confined case v — f < U'IY,

a 4
. v P
1 : ~ i —_ l
[l}inoSmt jljlinm’yD/O dr e D—i—/ad:t:...
v
R Z O

(3.22)

where ... indicates additional non-diverging contributions from circulating currents
on the a < x < /¢ section of the ratchet. Most importantly, Eq. (3.22) demonstrates
there are no diverging terms but only non-vanishing contributions to the entropy pro-
duction Smt as D — 0 in the confined case. Furthermore, the dependence of Sint on
D in Fig. 3.12 aligns with the dependence of J on D. In Fig. 3.9, it can be seen that
J =~ 0 for D < h in the confined case and picks up abruptly as D is increased. Thus,
it is expected Smt should initially decrease with D in the confined case, since the dy-
namics become less deterministic with no significant gain in the overall current until
the diffusion-mediated barrier crossings increase in frequency. As D is increased fur-
ther, the onset of the rapid increase in J results in a similar increase in S'int, as can be
seen by comparing Figs. 3.9 and 3.12 where the onset of the increase in J coincides
with the local minimum in Smt. For D > h, Smt begins to monotonically decrease
with D as the particle decouples from the potential and thus the entropy production

decays as Sint ~ 1/D as for a free particle.

For a < /2, Si IS a monotonically increasing function of f since the external force

enhances the existing bias of the system to rectify motion to the left which, in turn,

increases the degree to which time-reversal symmetry is broken. In the confined case,
v—f<UWMandov+ f < UM, for a > ¢/2, increasing the external force f initially
decreases the overall bias J > 0 of the system, and so the entropy production Siy

attains a global minimum at finite f before increasing with f again. As |f| — oo,
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St — f?/D as the external force dominates over the ratchet force U’(x) and the

self-propulsion v.

For v — 0, the entropy production Sine is the average for that of drift-diffusive par-
ticles on a ratchet with drift speeds w(t) € [v — f,—v — f]. The entropy produc-
tion monotonically increases with v and asymptotically approaches a value Sy <
(v* + f?)/D as v — oo.

3.6 POWER OUTPUT AND EFFICIENCY

By applying an external force f > 0, work W can be extracted from an RnT particle
so long as J > 0. The average rate of work, i.e. power, that can be extracted from the

particle in the steady state is

W= Jtf, (3.23)

where W > 0 indicates work is being done by the particle. The dependence of W

on the system parameters is thus the same as for that of the current J, Eq. (3.8),

for constant f and ¢. Hence, much of the asymptotic behaviour of the extractable
power, Eq. (3.23), can be readily obtained from that of the current J in Sec. 3.4, and
we therefore omit this repetitive discussion. The only qualitatively different behaviour
for T is obtained by varying the external force f, which is plotted in Fig. 3.13 along-
side the thermodynamic efficiency n = W/P, = W/(W + DSh) [124] for gra-
dients UM = h/a close to that achieving maximum extractable power for the de-
fault parameters defined in Sec. 3.2. For these particular parameters, the current

J ~ Jo(1 — f/fstan) for f # 0 and Jy # 0, where fgan is the stall force f at which the
current J = 0, i.e. the point at which the force from the external load exactly can-
cels the current generated by the rectified motion. Hence, for these parameters where
J = Jo(1 = f/ fsan) holds, the maximum extractable power W, Eq. (3.23), and in turn
the maximum efficiency 7, occur for f & fsan/2, as can be seen in Fig. 3.13. In the
absence of an external force f = 0, no work W is produced and the efficiency of the
power extraction is thus also n = 0. For f < 0, work is done on the particle and thus
W < 0 and n < 0. For f = fsan, we have W = 0 and n = 0 because of the absence
of a current J = 0, and for forces greater than the stall force f > fan, work is done

on the particle because the current generated by the force f outweighs that generated
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Figure 3.13: Steady-state power output W, Eq. (3.23), as a function of the external force f for various
magnitudes of the slope U] = h/a. Maximum power output is observed to occur for a slope around
U'lY & 6 for the default parameters defined in Sec. 3.2. The power output W and thermodynamic
efficiency n (inset) are non-zero for external forces 0 < f < fstan. The stall forces in this case are
fstal = 0.054,0.083,0.112,0.138 for each U1 = 4,5,6, 7 respectively.

by the rectification, causing the particle to be “dragged backwards”. As |f| — oo, the
power W — — f2 and thus the efficiency 7 — —00 since DSie — f2, see Sec. 3.5.

As expected, the efficiency is small n < 1% for the default parameter values defined
in Sec. 3.2 since an overall current J can be generated only by diffusive fluctuations
that allow the particle to escape the confining potential well in the case v — f < Ul
and v 4+ f < U'Pl. However, the efficiency 7 is vastly improved in the case where the
particle is not confined by the potential for small diffusion D. This is illustrated in
Fig. 3.14 for particle parameters v = 10, v = 1, D = 0.1, corresponding to a Péclet
number Pe = v?/(D~y) = 1000 comparable to that of an E. coli bacterium *. These
parameters are seen to result in a much higher maximum efficiency of n ~ 35% for

h = 3 and f ~ 5. However, these parameters are still by no means those that result

*The typical run speed and tumble rate of an E. coli are v ~ 15 ym s~! and v ~ 1 s~! respec-
tively [45, 111]. Meanwhile, the thermal diffusion constant D of an E. coli can be calculated from
the Stokes-Einstein equation D = kgT/(671yisr). By approximating an E. coli as a sphere of radius
r = 1 pm immersed in water (of dynamic viscosity 7yis &~ 1072 Pa s) this gives D ~ 0.2 ym? s~ at
room temperature 7' = 300 K. Thus, the Péclet number of an E. coli is on the order of Pe ~ 1100
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in the maximum possible efficiency for this system, the finding of which would require
a full exploration of the high-dimensional phase space. In the same figure, for h = 4,
we observe a stretch of external forces f for which the efficiency is n &~ 0. This is due
to forces fyan < f < h/(¢ — a) — v being larger than the mean velocity J¢ induced by
the ratchet in the absence of an external force but for which the combined external
force f and self propulsion v is not large enough to overcome the potential barrier to
the left. However, in this case of small but non-vanishing diffusion D, there is still

an appreciable chance of the particle overcoming the barrier as a result of diffusive

fluctuations and so the stretch of forces f for which n ~ 0 does not extend the entire

way to f = h/({ — a) —v. As for the maximum power output W, Eq. (3.23), that can
be obtained from this system, it is known that in the case of D = 0 that maximum

current 7, and hence maximum power W, is achieved by taking h — 0 and ¢ — 0 for
fixeda = ¢ — h/(v+ f) > £/2 [6], corresponding to an optimal ratchet on a ring of
vanishing circumference that a particle circumnavigates an infinite number of times

each second. However, this diverging D = 0 current j fails to take into account the

finite size of the particles which would restrict the ratchet height h and length ¢ from
becoming too small.
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Figure 3.14: Steady-state efficiency 7 as a function of the external force f for various heights h of the
ratchet.
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Absorbing
boundary
Reflecting

\r boundary

Figure 3.15: Schematic representation of configuration (ii) in Sec. 3.7, used to study the mean
first-passage time of RnT particles on a ratchet with a reflecting boundary at « = ¢ and an absorbing
boundary at = 0. Configuration (i) is the same as configuration (ii) but with the reflecting boundary at
x = £ replaced by an absorbing boundary.

3.7 FIRST-PASSAGE PROPERTIES

In this section we calculate the mean first-passage times 7 1,(z) and splitting proba-
bilities Il 1, (x) for an RnT particle in a ratchet potential U(x), Eq. (3.1). Firstly, the
mean first-passage times can be calculated for the cases of (i) two absorbing bound-
ary conditions at x = 0 and « = ¢, and (ii) a single reflecting boundary at x = ¢ and
an absorbing boundary at z = 0, Fig. 3.15. We define the mean first-passage time
Tr/(x) as the average time it takes the RnT particle to be absorbed at a boundary,
and thus leave the system, given the particle was initialised in the right /left-moving
state at position z € [0, ¢]. The mean first-passage times can be shown to satisfy the

backward equations [166]

—=0D—7—— _ f_yp'lily IR\ (4] 1]

L=p da? + (= f=U") dz 7<TR(5E) TL (fﬂ)), (3.24a)
7)) (@) + drll(a) | |

—1=D—L " 4 (—y— f-Ull) =L _ [,y _ -l

L=D—go=+ (o= f-U") =g, V(TL () —7g (x))), (3.24b)
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with the separate boundary conditions (i) TE}L(O) = TE]L(E) = 0, and (ii) TI[{I,]L(O) =0
and axT}[i}L({L‘”x:g = 0, for each system configuration. A derivation of Eq. (3.24a) and
(3.24b) can be found in [87, 7].

The solutions for the mean first-passage time have the form

X

i ~[i Ay, ~li Pl ~T; Ay, ~ [
TEL(@ = AE?,],LeAA + BEQ],Le/\B + C}[%],Le)\c + DE,L + f+uh’

(3.25)
where, compared to the general solution for the particle densities P}@ o (x) in Eq. (3.4),
an additional term that is linear in x arises from the particular solution to the non-
homogeneous Eq. (3.24), see Appendix 3.C.1. Again, as for the particle densities

P}g ;(x) in Sec. 3.3, we fix the coefficients ft%], .[([Ll], /t%], o ,15[5’] by substituting each
linearly independent term in Eq. (3.25) into Eq. (3.24), before applying boundary

conditions and continuity conditions, see Appendix 3.C.1.

For configuration (i), the presence of two absorbing boundaries allows us to also cal-
culate the splitting probabilities I1g 1, (x) for the system. The splitting probabilities
are the probabilities of a particle being absorbed at the left-hand boundary = = 0
(before being absorbed at x = £) given it was initialised as a right mover IIg(z) or
as a left mover Il (x) at position x € [0, ]. The splitting probabilities at the oppo-
site boundary x = ¢ are readily obtained from 1 — Il ;(x) and their discussion is
therefore omitted. Similarly to the mean first-passage times, Eq. (3.24), the splitting
probabilities obey the backward equations [166]

T (x) o dIT () | |

=D—————= — f 't R _ (4] il

0=D—5=+ (v— f = U") =3 7 (M) - (@), (3.26a)
AT} () o A (@) | |

=D————= oy — foyltiy L\ i\ plil

0=D—t=+ (—v—f-U") — 7 (M (@) - (@), (3.26D)

which are homogeneous, meaning the solutions Hg’ . (x) to Eq. (3.26) can be obtained
in a similar manner to that of the homogeneous Eq. (3.3), see Appendix 3.C.2, by

applying the boundary conditions Hg ;(0) =1 and Hg], () =0, as well as analogous

continuity conditions as for the mean first-passage times TI[Q ().

In Fig. 3.16a, we plot the mean first-passage times 75 1 (x), Eq. (3.25), using our de-

fault parameter values, Sec. 3.2, for absorbing boundaries at x = 0 and x = ¢. Both
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0.00

(a) Mean first-passage times 7,1 (), Eq. (3.25), for absorbing
boundaries at z = 0 and z =

Figure 3.16: Comparison between simulations and theoretical results for mean first-passage times
Tr/r(2), Eq. (3.25), and splitting probabilities TIx,7,(x), Eq. (3.26), for initialisation of an RnT particle
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(b) Mean first-passage times 75 1,(z), Eq. (3.25), for an absorbing

boundary at z = 0 and a reflecting boundary at & = £

(c) Splitting probabilities I 1 (), Eq. (3.26) for absorbing

boundaries at z = 0 and = = (.

as a right/left mover. As in Fig. 3.4, simulations were performed by numerically integrating the Langevin

equation (3.2) in timesteps of dt = 107°. The mean first-passage times and splitting probabilities were
calculated from the average time it takes the particle to escape the interval, in the case of (a) and (b),
and the proportion of times it escapes through @ = 0, in the case of (c), for 10° realisations at each
x=0,0.01,...,¢ =1. The vertical dashed lines indicate the position of the ratchet apex, x = a. The
theoretical results are in good agreement with simulations. We also numerically integrated Eq. (3.2) in

0.00

Figure 3.17: Mean first-passage times 7(z), Eq. (3.25), and corresponding splitting probabilities II(x)

timesteps of dt = 10™* to check for convergence and obtained the same result.
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(insets), Eq. (3.26), for varying different parameters of the system in the case of absorbing boundaries at
x=0and z =£. In (b), red (respectively, blue) lines indicate initialisation as a right mover (respectively,

left mover) for h = 0, as studied in Ref. [105]. In (a) and (b), the vertical dashed lines indicate the

position of the ratchet apex, z = a.
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Tr(x) and 7 (z) are skewed to the right compared to a symmetric distribution (which
is the case for a Brownian particle in free space), i.e. the maximum mean first-passage
times both occur for x > ¢/2, due to the asymmetry a > ¢/2 of the system. This
asymmetry becomes more exaggerated as the distance |a — ¢/2| from the symmetric
potential is increased, Fig. 3.17c. The ratchet breaks the symmetry in the mean first-
passage times 7 1 (x) of an RnT particle in a bounded interval without a potential,
which satisfy 7g(x) = 7,(¢ — x) [105], but is restored upon taking h — 0, Fig. 3.17b.
As a result of a > £/2, a particle initialised on the slope U, i.e. at = € [0, a), experi-
ences an average force to the left and thus has a higher chance to escape through the
left-hand boundary x = 0 than for the free case. This is seen in the splitting proba-
bilities II(x) plotted in Fig. 3.16¢, where an equal chance of escaping through either
boundary, i.e. II(z) = 0.5, occurs at * = z.q ~ 3¢/4. This point ., also approxi-
mately coincides with the point where the mean first-passage times for right movers
and left movers are the same, Tr(%eq) ~ TL(%eq), Fig. 3.16a. There is thus a crossover

regime where, for r <

~Y

Teq, a left-moving particle takes less time on average to exit
the interval than a right-moving particle, 7., (2 S Zeq) < Tr(Z S Teq), since both are
more likely to exit at the left-hand boundary x = 0, whilst the opposite is true for

T 2 Teq. As D is increased, the effect of the ratchet on the mean first-passage time is
diminished, resulting in an average time to exit the interval that is symmetric about
x = £/2, Fig. 3.17a. Similarly, the large diffusion limit results in the familiar form
[I(x) = 1 — x/¢ for the splitting probability, see inset of Fig. 3.17a.

The bounded interval also allows us to explore the first-passage properties for the
case h < 0, which is no longer degenerate, as in Sec. 3.2, since the boundaries re-
sult in broken translational symmetry. The resulting inverted potential for h < 0 has
the character of a confining potential well, rather than a potential barrier, similarly
to the potential U(x) ~ |z| considered in Ref. [39]. However, in the present case, our
framework allows us to explore a more general asymmetric variation of the piecewise-
linear potential well considered in that work. From Fig. 3.17b, h < 0 results in an
overall increase in the mean first-passage time 7(x), as well as concave distributions
in the region a < x < ¢ for both 7(x) and the splitting probability II(z), compared to
the convex curves that occur in this region when h > 0 due to the favourable gradient
towards the right-hand boundary.

For configuration (ii), where the absorbing boundary at = = ¢ is replaced with a re-
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flecting boundary, the mean first-passage time of a right mover is trivially greater
than that of a left mover for any initial position due to the initial self propulsion of
a right mover always being directed away from the only available exit to the interval,
Fig. 3.16b. This is also reflected in the splitting probabilities Il ;(x) in Fig. 3.16¢,
where the probability for the particle to exit at the left-hand boundary at x = 0 is

always greater for an initial left mover than an initial right mover.

For completeness, in Appendix 3.C.3, we derive the “conditional splitting probabili-
ties” mx|y(wo) for a particle initialised in state Y € [R, L] at = x to leave through
the left-hand boundary at x = 0 in the internal state X € [R, L], generalising what
was first derived in Ref. [31] to incorporate piecewise linear potentials U(x), Eq. (3.1).
In the free case [31], conditional splitting probabilities allow for the study of particles
that exit an interval via diffusive fluctuations even when the particle’s self propulsion
favours escape at the opposite boundary, e.g. a right-moving particle exiting through
the left-hand boundary at x = 0. The derivation of the conditional splitting probabili-

ties in this work allows for the study of the combined role of diffusion and a potential.

3.8 CONCLUSION

We have studied the motion of an RnT particle in a piecewise linear potential, Eq. (3.1),
that is also subject to an external drift which we interpret as a counter force to ex-
tract useful work. We obtained the stationary particle densities, Fig. 3.3, for both

right-moving and left-moving species and discussed their properties.

We then calculated the current J and analysed how it depends on the system pa-
rameters. It turns out for the application of a small force f, the current decreases
linearly. When the piecewise potential is skewed to the right with a > ¢/2, as we
increase the height of the potential h, the current first increases to a maximum and
then decays to zero as h — oo. The current also displayed similar non-monotonic

dependencies on the other system parameters.

From the current, we derived the steady-state entropy production Sy and the en-
tropy production density $;,(z) following the formalism in Ref. [144]. The steady-
state entropy production was found to decrease monotonically as the height A of the

potential was increased. The most surprising result is there is a finite steady-state en-

128



tropy production in the limit D — 0 when the particle is confined by the piecewise
linear ratchet.

As the set-up can also be interpreted as an autonomous engine extracting work by
placing an RnT particle in an external piecewise linear potential, we found an expres-
sion for the power extracted W and the thermodynamic efficiency 7 of the engine.
The power output is maximised when the external force is approximately half of the
stall force f = fsan/2. Finally, we computed the mean first-passage time and splitting

probability with different boundary conditions and discussed their implications.

A prevalent theme throughout this paper is that, for many of the derived observables,
there is a compromise between choosing a ratchet potential U(x), Eq. (3.1), that rec-
tifies the motion of the RnT particles but without confining them too strongly. This
has lead to many, often surprising, nonmonotonic dependencies on the system param-
eters. Perhaps the most striking of these is the dependence of the entropy produc-
tion S'int, Eq. (3.21) on the diffusion constant D which, as it generally would for other
RnT systems [131, 62|, does not diverge as D — 0 if the particle is confined, i.e. if
v—f<h/aand v+ f > h/({ —a), as illustrated in Fig. 3.12. We would expect to see
similar behaviour for the entropy production of RnT particles in confining potentials
of the form Uy(z) ~ |z|’, where p € R*, considered in Ref. [39] for D = 0. There-
fore, we believe solving the Fokker-Planck equation for RnT motion in the presence of
confining potentials of the form U,(z) for D # 0 is an interesting avenue for further

research.
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Appendix

3.A  DERIVATION OF STEADY-STATE PARTICLE DENSITIES Pl ()

To solve the coupled Fokker-Planck equations, Eq. (3.3), for the steady-state particle

densities P}[%i] . (x), we rewrite Eq. (3.3) as a four-dimensional first-order ODE system

for both i = 1 and i = 2. Introducing ngL(w) = ng]L(x), Eq. (3.3) can be rewritten as

y'(z) = Ay(2), (3.27)
where
Pi(x) 0 1 0 0
i g UMy 0
y(z) = 771{3}(@ and A=| P b b (3.28)
P (z) 0 0 0 1
7 _p— f—ylil
e (7) -5 0 3 =

As Eq. (3.27) is linear and homogeneous for both i = 1 and i = 2, we make the ansatz
PE} (z) = ZI[;] 1 exp (Allz), where the Al are the eigenvalues of A. After substituting
this ansatz into Eq. (3.27), the eigenvalues A are found to satisfy a quartic charac-

teristic equation (arising from two coupled quadratic equations),

D>\ (A3 (2D f + 2DU") (A2 (—27D + 242 U (U - v2> —M (29 f + 27U =
(3.29)

The solutions A to Eq. (3.29) are too long to display conveniently as equations.

However, one of the solutions to Eq. (3.29) is Al = 0 for both i € {1,2}, and so

the general solution to the matrix differential equation (3.27) is

il

PE]L@) = AB;],LG/\E‘]JC + BE,LG)\; “ CJ[;],LGA%]I + ,DE;],L? (3.30)
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where /\Et]’ /\g‘], /\[ci] are the other three nonzero solutions (for a given [i]) to the quartic
equation (3.29).

It remains to calculate the 16 coefficients .A[é], A[Ll], Aﬁ], o ,D[LZ} in Eq. (3.30). First,
the ratios of the coefficients AEQ / .A%], representing half of the degrees of freedom, are
fixed from substituting Eq. (3.30) into Eq. (3.27) and requiring the resulting prefactor
of each linearly independent exp (/\[i]x) term to vanish. This results in

Zp gl

L — . — and DI =Dl (3.31)
I N R VL) PV IOV o

where Z € {A,B,C}. The remaining eight degrees of freedom are fixed through nor-
malisation as well as continuity of the particle densities P][g ;(x) and currents J 1[%1{] (),
Eq. (3.5), for each species across © = 0 and = a. Specifically, the continuity condi-

tions require

PRL(0) = PEL(0), (3.32a)
Tr(0) = Ty (0), (3.32b)
Pr1(a) = Py (a), (3.32¢)
Tri(a) = T (a) (3.32d)

Finally, we also have the normalisation condition

/ e (P};] (z) + PV (@) + / " (p};} (z) + P2 (a:)) — 1 (3.33)

a

Only 15 of the resulting 16 equations from Egs. (3.31) and (3.32) are linearly in-
dependent. After removing any one of these equations, the steady-state densities
P}[QL(x) for RnT particles on a piecewise-linear ratchet potential U(z), Eq. (3.1), can
be obtained in closed form by solving the remaining Egs. (3.31), (3.32) and (3.33) for
the coefficients AE}, A[Ll], AE?, . ,Df].
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3.B DERIVATION OF D = (0 STEADY-STATE PARTICLE DENSITIES ng(I) AND CUR-
RENTS 59 (z)

Here, we derive the steady-state particle densities p%]’ ;(x) and currents jz@, 1 (x) for
D =0. We set D =0 in Eq. (3.3) so that the coupled Fokker-Planck equations in the

case of zero diffusion become

Opg (,t) 1] 8p5§ (z, 1) (4] [i]
T_—(v—f—l) )a—x—v(R(x,t)—pL(x,t)>, (3.34a)
(3p%} (z,t) " Op%] (z,t) [ (i

— = (—v—f—=U") 5y " (pL (z,t) — pR (z, t)) : (3.34b)

The currents for the right-moving and left-moving particles then become, respectively,

jzt) = (v — f = UM) pil(a, 1), (3.352)
j][-f](x,t) = (—v —f - U'[i])pg—f] (x,t). (3.35b)

To solve the coupled Fokker-Planck equations (3.34) in the steady state, we again
rewrite them in a matrix form as a two-dimensional system of first-order ODEs for
bothi =1 and i = 2, i.e.

y'(x) = Ay(z), (3.36)

(7] _ Y v
y(x) = (pf%(x)) and A= ( Rt e ) (3.37)
P () U@ o [-0(@)

As Eq. (3.36) is homogenous, we again make the ansatz pg (z) = E:’g 1 €Xp (Mﬂx>,

where

where A are the eigenvalues of A. The two eigenvalues are found to be

S0 _ 2y (f +U")

= : : d A =o. 3.38
AT Cod frUMwr fromy T 7B (3.38)
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The general solutions to the matrix ODE (3.36) are then

n NEY N A
pg],L(x) = A%!Lel\““ s B%}L + Cr,ro(), (3.39a)
A <[2] o
Py (r) = AR e + By, (3.39b)

where the §(x) term is due to the possibility of particles becoming trapped at z = 0
in the absence of diffusion. There are 10 coefliecients A%], .A[Ll], A%}, o ,B[LQ},C r,Cr, in
Eq. (3.39), but only 9 of these need to be fixed at any given time since Cr and Cj, are
both non-zero only in the case where the particle is completely confined, i.e. v — f <
UM and v+ f < |U)|. In this case the solution is trivially given by pg. . (z) = §(z)/2.
Therefore, to fix the 9 coefficients that are non-zero, we first substitute Eq. (3.39)
into the Fokker-Planck equation (3.34), and require the resulting prefactor of each

linearly independent exp (X[i]x> to vanish, resulting in

Al Y
AL o= = U )AY

and Bl = BAE}, (3.40)

and leaving 5 degrees of freedom to fix.

Continuity in the densities p% ;(x) is no longer a viable condition to fix the degrees of
freedom since the absence of diffusion ceases to smooth out the solutions to Eq. (3.36),
resulting in the densities becoming discontinuous at = 0 and = a. The form of
the solutions depends on the relations between the self-propulsion v and the slopes

of the potential, U = h/a and U'Y = —h/(¢ — a), in particular whether or not
the particle is confined. For instance, the particle could climb over both slopes of the
potential, i.e. v — f > UM and v + f > |U"?|, only one slope, v — f > UM or
v+ f > |U™], or be completely confined, v — f < UM and v + f < |UP|. At

x = 0, if the particle is confined by the barrier to the left, v + f < |U"?], then there
is a 0(z) contribution to the left-moving density p[Ll](a:) with prefactor C;. A tumbling
event from a left mover to a right mover thus results in an instantaneous contribution
7@ 1, to the right-moving current j][%](m) at x = 0. Similarly, if the particle were instead
confined to the right, v — f < Ul then there would be a ¢(z) contribution to the

right-moving density p[}g () with prefactor ¢ r, and therefore a contribution —”yé r to

the left-moving current j[Ll] (x) at = 0. Hence, in the case where the particle is con-

fined only to the left, v + f < |U'®| and v — f > UMY, the continuity conditions are
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7 (0) = ji2 (0) +1Cr, (3.41a)
J(a) = iR (a), (3.41D)
pi(a) =0, (3.41c)
Pa) =0, (3.41d)

where, since the particle cannot climb over the left barrier, there is no contribution
to the left-moving particle density py(z) at = a. Similarly, in the case where the
particle is instead confined only to the right, v + f > |U®| and v — f < UM the

continuity conditions are

71 (0) = G2 (€) = 1Cr, (3.42a)
i (a) = jia), (3.42b)
Pa) =0, (3.42¢)
P2 (a) =0. (3.42d)

Finally, if the particle can overcome both barriers, v — f > Ul and v + f > |U'P,

then the continuity conditions are

jz[%,]ﬂo) = jg}L(g)a (3.43a)
Jrp(a) = ji(a). (3.43b)

The remaining degree of freedom is then fixed through the normalisation condition,
" e (o i) I 2]
/ dz (pf (@) + p (@) + / dz (pf (@) +pf () = 1. (3.44)
0 a

The overall particle current j = jr(x) + jp(z) has a closed-form expression that is
simple enough to be written down. In the case where the particle is unconfined and
therefore able to climb over both barriers, v+ f > |[U"?| and v — f > U, the current
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is given by

2v(af + h)*(af — fO+ h)? (e"F0F — %)

j<—> = 9+€6a + 9,6'{+M + h2€21}2<6n _ 1)(65a . 6‘%)7 (345)
where
__ 2(a—0)(af — fl+h)
0= (af — fl+h)2—v2(a—0)% (3.46a)
_ 2ya’(af +h)
N Fh)E — a2 (3.46D)
0L = E2vl(af + h)(af — f+ h)(alaf + 2h) — L(af + h)). (3.46¢)

However, when the particle is confined only to the left, v+ f < |U?| and v—f > U1,

the current is given by

_ 2y(af +h)*(af — fl+h)?

== 516_"{ -+ 5265“_“) + ég —+ 0_ (347)

where
0, = (af — fl+ h)?(a(f +v) + h)?, (3.48a)
0y = —(af +h)2(h+ (a—O)(f +v))? (3.48b)

05 = he*v*(2af + h) — 2hlv(af + h)(af + h — f€) — 2hlav*(af + h). (3.48¢)

Finally, the overall current j, in the case where the particle is confined only to the
right, v + f > |[U®] and v — f < UM can be found by inverting the overall sign in
Eq. (3.47) and replacing a — ¢ — a in Egs. (3.47) and (3.48) above.

Additionally, it is difficult to solve the dynamics Eq. (3.2) directly when the diffusion

constant is 0 because of the existence of the RnT motion (the Poissonian noise).
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3.C DERIVATION OF FIRST-PASSAGE PROPERTIES

3.C.1 MEAN FIRST-PASSAGE TIMES TE}L(ZE)

As the coupled ODEs for the mean first-passage time T}Q . (x), Eq. (3.24), are simi-
lar to the coupled Fokker-Planck equations (3.3) for the steady-state particle density
PI[Q (), the procedure for solving Eq. (3.24) follows similarly as for solving Eq. (3.3)
in Appendix 3.A. However, Eq. (3.24) is non-homogeneous and so we must also find
a particular solution satisfying the equation. Again, Eq. (3.24) can be rewritten as a
four-dimensional system of first-order ODEs for both ¢ = 1 and ¢ = 2. As before,

introducing ﬁng(x) = T],%[Z]L(ZE) allows Eq. (3.24) to be written as

y'(x) =Ay(z)+b (3.49)
where
(z) 0 1 0 0 —1
~ [1] R ~ —v+f+UH 4 0 _ 0
y(z) = 77{}](13) , A= P b b and b=
71 () 0 0 0 1 -1
i v 10
it () -5 0 e 0
(3.50)

First, the solution to the homogeneous equation is found by substituting the ansatz
TI[QL(JU) = 21%],1: exp (S\[i]m) into Eq. (3.49) to obtain a quartic equation for the eigen-

values Al

D2(5\[i})4 - <5\[i])3 (2Df + 2DU’M)
+ (A2 <—27D + f7 e 2fU 4 (U - v2> + M (2vf + 20U =0,  (3.51)

which differs to Eq. (3.29) only in the sign of the eigenvalues, i.e. A} — —All Asin
Appendix 3.A, one eigenvalue for each of ¢ = 1 and ¢ = 2 vanishes and so the solution
to the homogeneous part of Eq. (3.49) has the same form as for PI[QL(QU) in Eq. (3.30),
ie.

rho| (@) = A+ B e+ O+ DY (3.52)

137



Next, it is easily verified that the particular solution satisfies
|, (0) = Eplp + Frlp, (3.53)
and after substituting Eq. (3.53) into Eq. (3.49), we obtain

(v— f—UMET _ 5 Elly 4 FI _ gy _ 7y — g, (3.54a)
(v — f—UTEW — y(Ely 4 FI — iy — Fly =0, (3.54b)

As Egs. (3.54a) and (3.54b) are true for all z, then we must have that

=gl (3.55)

and
(0= f = UMER —7(F — Fi) =0, (3.56a)
(—v — f = UTHEW o (FIT — Flily — o, (3.56b)

Adding Egs. (3.56a) and (3.56b), then combining with Eq. (3.55), yields

s _ a1

Absorbing the constant F E] ;, into f?g 1., the full solution to Eq. (3.49) is therefore

i i i il Ay o opll Ay 560 e | Al £
T}QL@) = Tz[%lL‘H(x) + 71[%},1;‘13(33) = AE%},LBAA + BE«B],LG/\B + Cz[%],Le)\c + DE%],L + FroUm
(3.58)

As for the particle densities PI[Q ;(z) in Appendix 3.A, the ratios Z~1[;]/ Z~[Li], where Z €

[/l, B,C, 15], are fixed by requiring each linearly independent term in Eq. (3.58) to
satisfy Eq. (3.49), resulting in

E L
1 L and DJ =D (3.59)
Zy v—(v—f=UM)AZ = D(AZ)?

The remaining degrees of freedom are then fixed from the boundary conditions and
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continuity conditions,

T (0) =0, (3.60a)
727]L(a) = TI[;]L(CL), (3.60b)
drpu (@) _ drg(@) (3,600
dx r=a dx x:a’ '
and o
dri’ (x
(i) mp(0)=0, or (i) %() =0 (3.60d)

depending on whether the system has (i) an absorbing boundary or (ii) a reflecting

boundary at « = ¢ (see, for instance, Ref. [1]).

3.C.2 SPLITTING PROBABILITIES HBQ’L(:):)

To derive the splitting probabilities Hg, 1 (x), we define 77%]’ () =11 g’]L(a:) and y(z) =
(71'%] (x), 77%] (x), W%] (x), 77%] (x)) such that the governing equations (3.26) for the split-
ting probabilities ng‘{], . (x) can be written as a four-dimensional system of first-order
ODEs, y'(x) = Ay(z), where A is the same operator acting on the mean first-passage

times T}QL(.Z') above, Eq. (3.50). Thus, the splitting probabilities H%L(l‘) obey the

same (backward) equations as for that of the mean first-passage times TE . (x), Egs. (3.49)-
(3.50), aside from being homogeneous, i.e. b = 0. Hence, the splitting probabilities
have the same form of general solution as for the homogeneous part to the mean first-

passage times, Eq. (3.52), but with different coefficients, i.e.
’ i e sil 3y sl e
1y () = Al erae 4 B a4 Gl e 4 DY (3.61)

where the eigenvalues A are the same as those obtained through solving Eq. (3.51)
and the ratios Z’E] / Zg], where Z € [/l, B.,C, 15], also satisfy the analogous equations
as for the mean first-passage times T][Q 1 (x), i.e. Eq. (3.59). The remaining degrees of

freedom in the general solution for the splitting probabilities HE% . (x), Eq. (3.61), are
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fixed from the boundary conditions and continuity conditions,

Iy, (0) =1, (3.62a)
M, (0) =0, (3.62b)
HEL(G) = Hg],L(aJ)? (3.62¢)

Il () dllz ()
— = 62d
dzx r=a dx x:a7 (3 6 )

recalling that we define Il () to be the probabilities for a right/left mover to exit
at the left-hand boundary of the system at x = 0.

3.C.3 CONDITIONAL SPLITTING PROBABILITIES ﬂg?‘y(x)

The splitting probabilities Hg 1 (x) defined above can be generalised to be conditioned
on the particle’s self-propulsion state as it exits the interval. Following the calculation
in Ref. [31], we define mxy (o) as the “conditional splitting probability” for a particle
initialised in state Y € [R, L] at = x, to leave through the left-hand boundary at
x = 0 in the internal state X € [R, L]. Hence, there are four conditional splitting
probabilities that exist for each boundary, obtained from every possible permutation
of X, Y € [R, L]. Introducing ﬁg?ly(x) = W;[gy(x), the conditional splitting probabil-
ities satisfy ¥z 1 () = Ayr,r(z) where A is the same operator, defined in Eq. (3.50),
acting on the “unconditional” splitting probabilities Hg . (x) and mean first-passage
times 7j; ; (2) above, and ¥ 1(z) = (75 1 (%), 1 1 (@), 7 111 (%), 11 1 (). Hence,
the conditional splitting probabilities satisfy two different sets of coupled ODEs, one
for each conditional exit state. As these ODEs are the same as for that of the uncon-
ditional splitting probabilities, Eq. (3.26), they thus have the same general solution
given in Eq. (3.61), i.e.

i M0 L <[4 Al Sl G < (4
7T£<]|Y($) = -’4[){]|ye/\A + BE(]‘YGAB + CQ\YB/\C + D[X]\Y’ (3.63)

where X,Y € [R, L] and the eigenvalues A\ are found through solving Eq. (3.51).

The coefficients .,Zl[)l(]w, /vl[fg‘y, - ’TDEIY are fixed in the same manner as for the mean

first-passage times Tg ;(x) and splitting probabilities Hg ;(x) above, by requiring each

linearly independent term to satisfy the ODEs before applying boundary conditions
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and continuity conditions. The boundary conditions of the ODEs are

mhp(0) = 77, (0) = 1, (3.64a)
mh1(0) = w15 (0) =0, (3.64D)
Toip(0) = T (0) = 0, (3.64c)
T () = Tl(0) = 0, (3.64d)

and the continuity conditions are analogous to that of the unconditional splitting
probabilities in Eq. (3.62), i.e.

WE}LIR(Q) - W%}Lm(a)a (3.65a)
”gm(“) = ”g}m(a), (3.65b)
1 2
dWE‘%}L\R@) _ dﬁE’%}L\R<x> (3.650)
dZE Tr=a o dx m:a’ °
1 2
drglyp (@) drgy () (3.65d)
dl' Tr=a o daj r=a *
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Statistical Field Theories

Abstract

The following derivations and results in this Chapter are heavily based on J. Pausch’s PhD
thesis [119], G. Pruessner’s lecture notes [128] and U. Téuber’s book Critical Dynamics: A
Field Theory Approach to Equilibrium and Non-Equilibrium Scaling Behavior [161].

Doi-Peliti field theory and response field theory are the main methods in Chapter 5 and 6.
In this chapter, we first derive Doi-Peliti field theory starting from master equations and
use the language of second quantisation to turn it into a path-integral. We then derive the
fundamentals of response field theory starting from Langevin dynamics and cast it into a
path-integral using the Onsager-Machlup framework and then introduce a response field.

Both field theories enable us to calculate observables in non-equilibrium settings.

4.1 DOI-PELITI FIELD THEORY

Recall that the Master equation Eq. (1.1) has the form

OF,(t)
ot

= P,(t) =>_ W(m — n)Pp(t) — W(n — m)P,(t). (4.1)
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On a lattice, the microstates m,n are instead of the occupation number of each site
{n}, which is a vector of all occupation numbers n, at position z. The position space
is discretised by a constant spacing Az. In this setup, the master equation becomes

oP({n}t) _ S oW = )P — S W(in} = (W) P({n},t)

ot
{n'}#{n} {n'}#{n}
(4.2)

where W({n} — {n'}) is the transition probability from state {n} to state {n’}.
Eq. (4.2) has a similar form to the Schrédinger equation that is linear in P({n},1)

and has a first order derivative in 9/0t.

4.1.1 OPERATOR AND STATES

To turn Eq. (4.2) into a field theory, we follow a similar procedure in the second quan-
tisation of quantum mechanics. Introducing a pure, normalised state vector [{n,})
which describes a system with configuration {n,}. These states satisfy the orthogo-

nality condition

({nz{m.}) = H(Snx,mx- (4.3)

The vacuum state is where every configuration takes value 0, in other words, Vx,n, =
0. We denote the left and the right vacuum as (0| and |0) respectively.

We introduce the creation operator a(z) and annihilation operator af(z). Below, we
use the notation |n,) to denote that there are n particles at position x throughout.

The creation and annihilation operators satisfy the relations

a'(x) |ng) = |ng + 1) (4.4)

The particle number operator is given by af(z)a(z) as
a'(x)a(x) |ng) = ng [na) . (4.6)
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It is important to note that the ladder operators do not commute
[a(z),al(z)] := a(z)al (z) — o' (x)a(x) = 1. (4.7)
We are interested in the mixed state
[U(t) = P({n.},t) [{n.}) (4.8)
{na}

where we sum over the occupation numbers state {n,} weighted by its probability
density. The function W(¢) will act as a moment-generating function and a probability-
generating function. For example, we can find out the probability distribution by tak-

ing the inner product

{na}[¥(1)) = P({na},1). (4.9)

4.1.2 DERIVING THE FIELD THEORY

We are now in a position to pivot into field theory. Using an operator A to describe

the time evolution of the mixed state Eq. (4.8)

d -
Jw(e) = Alu(t)). (4.10)

where |U(0)) is the initial state. The formal solution to the time-evolution equation
Eq. (4.10) is

W () = exp (/Tt) T (0)) . (4.11)
Defining the abyss

(=Y ({n.}, (4.12)
{na}

the expectation of any observable O can be expressed as the inner product
(O)(t) = (x| Oexp (,Zt) 10(0)) = (32| Dexp (ﬁt) 70y, (4.13)

where J is an initialisation operator acting on the vacuum state |0) that generates

|W(0)). In the following, it is always assumed that the operator A is normal ordered.
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For reaction-diffusion processes, it is always possible to write the operator A

A=Y"hy,aa (4.14)
¥,0

where h,, € R and 0,7 € N.

In order to turn it into a field theory, we consider the coherent states which are the

right and left eigenvectors of the operators a' and a respectively,
) :=e* J0) (6] = (0] ' (4.15)

such that
alg) = ¢lo) (¢ a’ = (¢7] ¢ (4.16)

with eigenvalues ¢, ¢" € C.

The identity operator I can be rewritten using coherent states
dRepdIm¢ _ i+
H:/Te o (plo"), (4.17)

where Re¢ and Im¢ are the real and the imaginary parts of ¢, and ¢' is the complex
conjugate of ¢. The identity operator can be made time-dependent by demanding

¢ = ¢(t). The time-dependent identity operator is denoted by I;.

4.1.3 PATH INTEGRAL REPRESENTATION

The exponential in the formal solution to the time evolution Eq. (4.11) can be discre-

tised as
t/At—1
T 1 n t/At _ s T
exp (At) — lim (1+ AA0)YA = Jim T, 11 (1+ AtA) LA, (4.18)

where I have inserted the identity operator I between each factor of (1 + At.A).

Using the coherent-state representation of the identity operator, we can rewrite Eq. (4.18)
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as

t/At—1
exp () = fim [ 1o ( [T (' vanj o+ ad ¢<@At>>) (6'0)
ﬁ {dRegb JAL) dIm(b(jAt) ¢*(jAt)¢(jAt):| . (4.19)

In order to evaluate Eq. (4.19), we first evaluate

(o' (i + 1) A)|p(iAL)) = (0] e (DA |5 At)) (4.20)
- <O\Z¢ ( ;1)At>a’“|¢(mt)) (4.21)
— <o\z¢ (« Z_!l)At)gbk(iAt)W(iAt)) (4.22)
_ e¢*((i+l)At)¢(iAt)’ (4.23)

where we have used that |¢) is an eigenvector of the annihilation operator a. We then

consider the quantity

E(iAt) = (¢ ((i + 1)AH)] (1 + AtA) [p(iAt)) (4.24)
= (6"((i + DAL |@(iAt)) + (¢7((i + DAL ALY ~hy pala” |G(iAL))  (4.25)

Y,0
€¢T((i+1)At)¢(iAt) + At Z h%(,(bh((i + 1)At)¢a(Z-At)e¢f((z’+1)At)¢(iAt) (4.26)

770'

= (1 + AtAloT (i + 1) At), ¢(mt)]) e ((+)AG(AY) (4.27)

where we have used that the coherent states are the eigenvectors of operators a and
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a. Substituting Eq. (4.27) into Eq. (4.19) yields

t/At 1
= li
e (A1) = fm, [ 1609

t/ At

F((i+1) A)p(iAt) (1 + AtA[((i + 1)Ab), ¢(@At)])
(50) |H {dReqb(jAt)dImWJAt)

—¢T(jAL)(jAL)
™

t/At
= lim

dRep(jAL) dImgb(jAt)
A—>O

JAt—
*¢>T(t)¢(t)+ g

(4.28)

(&

(¢>T((J+1)At)*¢T(jAt)) (jA)
t/At—1

X
1=0

o) TT [1+A161(G + 1)A1), plin)]ed' (HD809650] (4(0)] . (4.29)

Taking the continuous limit At — 0

1. The product converges to an exponential

t/At—1
lim <1+A[¢T((i—|— 1)At), ¢(iAt)]e ot ((i+1)At)p (ZAt)>
At—0 0
eJodt Alg! (¢).6(t")] (4.30)
2. The integration measure becomes a path-integration measure
/At
) dRe¢ jAt)dImqb JAL)
1 D[¢', ¢ 4.31
i / 1 - [P0 (1.31)
3. The sum becomes a Riemann integral
t/At—1
lim
At—0

J=0

S (61 + 1)AY) — 6 (jAY) oAt —>/dt

! (%gbf(t’)). (4.32)

148



Now, the exponential of the operator Eq. (4.10) reads
At _ / DI, gl OO+ (G61 @)a+ A 00 41y (1 (0)] (4.33)
After integration by parts, Eq. (4.33) becomes
At _ /DW, OO SO A OB | 4(1)) ($1(0)] (4.34)

/D ¢T e ¢ (0)8(0)+A'[¢,4] (1) <¢T

(4.35)

where A’[¢7, ¢] is the action functional. Notice that the ¢(¢)¢(¢) in the first line be-

comes ¢'(0)$(0) in the second line due to boundary term from integration by parts.

Alternatively, we introduce the Doi-shift ¢f = ® + 1, and the Doi-shifted operator A,

the exponential becomes
/ D, e O HOBORWS @)= o)+ AG O 51)) (41(0)]  (4.36)

/ DI, gle—0-BO0+AB |4(1)) (41(0)] (4.37)

Both time evolution operators and e* and eAt are the same physically but are sim-
ply written in different representations. The Doi-shifted action A4 will be used almost
everywhere in literature, I will instead use the notation A instead of A. The notation

A’ is employed to denote the non-Doi shifted action.

OBSERVABLES AND DOI-SHIFT

The system is normally initialised by creating k particle using the creation operator
at to = 0, therefore the operator is J = a'*. To evaluate the observable (4.13), assum-

ing it can be written in the form
O(t) = al*(t)a’(t). (4.38)
a,B
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Assuming the operator of the observable can be written using creation and annihila-

tion operators:

O = Z Capai®a’, (4.39)
a.f

using the Doi-shifted operator A, the observable Eq. (4.13) becomes

(O)(t) = (3] Oe™a™™ |0) (4.40)
/D (61, 6] (%] O(t)e4O-FOBO+AGH |41y (51(0)| k) (4.41)

— /D[¢T,¢] ({}]an,ga *(t)a’(t)e” ¢(t)—(0)$(0)+A[,4] o (t) <¢T ‘k> (4.42)
a,p

=Y cus [ DIl (0408 0) (4.43)
a,B

=) ca (0 (£)0(0)) (4.44)
a,p

where we have used the identity that
(¢'(0)[k) = ™ (0). (4.45)

We see the advantage of using the Doi-shift: the factor e?® cancels out with the

e~®® factor in the et

4.1.4 FRrROM FOKKER-PLANCK EQUATIONS TO FIELD THEORIES

In the following section, we derive the Doi-Peliti field theory using the Langevin dy-
namics Eq. (1.3). We first derive a Master equation from the Langevin equation Eq. (1.3).
In order to do so, we discretise the position space x by spacing Ax. Recall the Master
equation

({a?}t S oWy = )Py — S W(n} = (W HP({n},t)

{w}A{n} {1}
(4.46)

where W({n} — {n’}) is the transition probability from state {n} to state {n’}.

The transitions are Poisson processes that change the occupation number. As the
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Langevin equation Eq. (1.3) describes a diffusive particle under an external poten-
tial, we use the transition probability W,({n} — {n’}) to denote the change in the
spatial process. The hopping rate in the position space x to the right and the left is

respectively,

W,.({n} = {n, — 1,nein. + 1}) = r(x)n, (4.47)
W.({n} = {ne_ns + 1,0, — 1}) = l(z)n,. (4.48)

When we take the continuous limit Ax — 0, the conditions that
(Az)*(r(z) +1(z)) =2D and Az(r(z) —Il(z)) = —V'(2) (4.49)

are demanded. Solving r(x) and {(x) from the constrains yields

D V'(z)
r) = (Az)2  2Az (4:50)

However as the external potential V'(x) is not a constant and could take any sign,
the hopping rate r(z) could be negative. To avoid such a situation, we make use of
the Heaviside function ©(z) and write the hopping rate to the right and the left, re-

spectively, as

7"(%) _ D _ V’(:L’)@(—V’(q}))
(Ax)? 2Ax
D Vi@)el ()
(=) :(Ax)2 * 2Az

(4.51)

(4.52)

which satisfies the constraints Eq. (4.49). Now, we introduce the creation operator
al and the annihilation operator a, to write the master equation in terms of ladder

operators that satisfy
al {n}) =1|n.,+1) and a,|{n})=ng|n.,—1). (4.53)
We can then define the mixed-state vector

(W)l =) P({n.},1)[{n}) (4.54)
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and the time evolution of the mixed state
d Aot
3 [¥ (@) = Ala’, ] [¥(2)) . (4.55)

The Hamiltonian operator .Z[a, a'] needs to be determined from the master equation
which in turn depends on the transition rates in Eq. (4.52). We find that

~ —V'(x))V'(2)al
Aja.al) =Y [&ayaﬁm 20, +a,_n) - QIO )
"(2)V'(x)al
WV,

(4.56)

As the Hamiltonian operator A is normal ordered, to turn it into a field theory, we
can replace the creation and annihilation operators by fields al — ¢'(z,t) and a, —
¢(x,t) and then take the limit Az — 0. A Doi-shifted ¢'(x,t) = @(z,t) + 1 is then

applied to arrive at the action

A[g?s(x, t), oz, )] = gb($~, t) Da—2 + 3V’(az) o(z,t). (4.57)

4.1.5 GENERATING FUNCTIONS AND CORRELATION FUNCTIONS

In general, the action A can be split into the bilinear part Aj;, which is both linear in

¢ and gz;, and the interaction part Aj;,; which contains all other terms.

Supposing there are n particles in the system, represented by different fields with dif-

ferent indices ¢; and ¢;. The bilinear part of the action can then be written by

b1
Ahn:/dt’dx (f1,..., o)A | : :/dtaxq?TAqs (4.58)
bn

where A is a matrix of differential operators.
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To compute correlation functions, we introduce the generating functional

Z[J,J] = (exp (/dxdt J(z,t)p(x,t) + J(x,t)¢(x,t)>>0, (4.59)
where the average (), denotes the path-integral

(®)0 = / D[, ¢] » . (4.60)

The correlation functions can be obtained by taking the functional derivative with
respect to J(x,t) and J(x,t) and evaluated at 0:
. 5 5 s

(0o 03 o = 570 T t/)Z[J, a_. (4.61)

The action of an active field theory will normally also consist of both a bilinear part
and an interaction part. To include the contribution of interactions, we usually per-
form a perturbative expansion around the bilinear term. The entire path-integral of

an observable O, incorporating the contribution from interactions, is

(©) = [ Dlé.oj0et =3 [ Dls.goen T, (4.62)

4.2 RESPONSE FIELD THEORY

The response field theory is a class of field theories to formulate stochastic differential
equations using path integrals. The response field theory is built on work by [110,
44].

Below, we outline the derivation for the Martin-Siggia-Rose-Janssen-De Dominicis
path integral. For a Langevin equation of the coarse-grained stochastic field ¢(z,t), of

generic form

0o (z,t)
ot

= Flo)(x,t) +n(z,1t) (4.63)
where F' is a deterministic functional of the field ¢(z,t) and n(z,t) is a noise with
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arbitrary correlation function:
((x, t)n(a’ 1)) =2L6(x — 2")o(t — t'). (4.64)

The noise strength L in general can be an operator. The following path-integral con-
struction can be employed for both equilibrium and non-equilibrium processes given
suitable Langevin equations of motions and corresponding correlation functions or

noise strength L.

Notice that the noise correlation (4.64) can be obtained from the probability distribu-
tion using the Onsager-Machlup formalism [116]

Wle] o exp (—i / da:dtn(:v,t)[L_ln(:x,t)]) | (4.65)

Viewing the noise n(z,t) as a functional of the field ¢ and using the relation from the

Langevin equation (4.63),

o) = 280 gl ), (4.60)

we arrive at a probability distribution P[] as a functional of the field ¢

Wn|Dln] = P[¢]D[] oc exp(—A[Y]) D[], (4.67)

where A[1)] is the Onsager-Machlup functional

Al] = i/dxdt (% - F[qb](x,t)) {L‘l (% - F[qb](x,t))} (4.68)

which plays the equivalent role of a Hamiltonian in equilibrium statistical physics. As

the probability distribution needs to be normalised,

/ Dln)Wn] =1, (4.69)
the associated ‘partition function’ is always 1 and the corresponding free energy is

always 0. Notice that, when we apply a Ité forward discretisation for the Langevin

equation, the Jacobian for the change of measure is a constant, which can be ab-
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sorbed into the integration measure D[] [164]. A sketch of this proof is shown in
Appendix 4.A.

4.2.1 JANSSEN-DE DOMINICIS RESPONSE FUNCTIONAL

So far Eq. (4.67) and Eq. (4.68) already provide a field-theoretic formalism to rep-
resent both equilibrium and non-equilibrium Langevin dynamics. However, the ex-
istence of the inverse operator L~! renders this approach difficult when it comes to
the calculation of observables and correlation functions. It is therefore desirable to
transfer the inverse operator L=! to the numerator. To preserve the constraint that
the fields are subject to the Langevin equations of motions (4.63), we insert a unity
at each space-time point via a functional integral representation of the delta function

with factors of 27 absorbed into the integration measure,
0o (z,t)
1= [l 115(¢ - Flol(at) ~ i)

- / Dlid|Dldlexp {— / dxdt¢( (bgt ) F[¢](x,t)—n(:v,t))]. (4.70)

We have introduced a Martin-Siggia- Rose auxiliary field gg, which is also known as

the response field. By employing Eq. (4.70) as a proxy for 1, to calculate the observ-
able (O[]),, we have

m/D%WMDwaP/d&¢(¢&)—mewﬂ (471)

Olglexp (— / dadt HnLln — ¢77D . (4.72)

By performing the path-integral via completing the square using
/dn LTI/ o oOLS (4.73)

to calculate the noise average, the probability distribution for the stochastic field sat-

isfies

=Z / Dlig]e A1) (4.74)



with the action being the dynamic Janssen-De Dominicis response functional

A6l = [asar [0y (2400 - Fiele0) - deotéte | @

and the normalisation constant
Z= / D[ig]|D]pleA*]. (4.76)

When we explicitly perform the path-integral over the auxiliary fields ¢ in Eq. (4.74),
we recover that Onsager-Matchlup function Eq. (4.68) because of the identity

/ez(iqén[qﬁ])—(i(z?)L(i(;)d(5@ _ /€—<;5L<z>d¢6—77[111]1:177[<t>]/47 (4.77)

where ¢ = ip — iL™'n /2. The Jacobian is again a constant which is absorbed into the

integration measure as we are using a forward Itd stochastic discretisation.

Notice that the integration over gz~5 needs to be along the imaginary axis in order to

ensure convergence.

In general, one may show that the contributions arising from the Jacobian precisely
cancel these closed response loop diagrams, if a consistent discretisation is used. We
may thus omit these Jacobian terms with the understanding that no Feynman dia-
grams containing closed response loops are to be permitted in the perturbation ex-
pansion to be constructed below. Note that in this manner, causality becomes imple-

mented in our field theory representation for Langevin equations of the form Eq. (4.63).

Observables are generally expressed by taking the average over the statistical weight

e~A93 . For example, we have the two-point correlation function

_ | DlidID[g]g(x, ) (a, ¢')e~ 410 |

(¢(z,t)o (2", 1)) | D[iq@]D[gzﬁ]e_A[‘b"ﬂ

(4.78)

To compute correlation functions such as Eq. (4.78), we again introduce the generat-

ing functional

Z[J, J] = (exp </dxdt J(z, )z, t) + J(x,t)¢(x,t))>. (4.79)
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The correlation functions can be obtained by taking the functional derivative with

respect to J(x,t) and J(x,t) and evaluated at 0:

0 ) ~
Z

<¢($,t)¢($l,t/)> = 5J(3},t> (Sj(l'/ Zf/) J=J=0

(4.80)

Similar to Doi-Peliti field theory, Sec. 4.1, the action A will normally consist of a bi-
linear part A, and an interactive part A;,;. We again perform a perturbative expan-

sion around the bilinear terms. The expectation of an observable O is now

B <06*Aint>0
(0) _—<€_-Aint>0 (4.81)
(O 32 (= Auwm)" /0o
- =0 (4.82)
(3 (~Aue)" )
where the average (), denotes the path-integral
(@)= [ Dlo.dlee . (183)
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Appendix

4.A  DISCRETISATION AND JACOBIAN

In section 4.2, we used the Langevin equation Eq. (4.63) in order to perform a vari-
able transformation to a probability distribution for the stochastic field ¢ and then
again when we employed the set of delta function constraints in Eq. (4.70). This non-
linear variable transformation is accompanied by a functional determinant D[n|/D[4].
In order to compute this Jacobian, we discretise in time t; = ¢y + I7, tar = t7 and set
& = ¢(t), m = n(t;), whence the equation of motion Eq. (4.63) becomes a difference
equation. For now, we choose an arbitrary linear splitting for the generalised force

F, = F[¢(t;)] and namely with 0 < x < 1:

Q11 — P

T

= KE+1 + (1 — H)E + m-. (484)

With this choice, the functional determinant is this given by

1 oF\ 1 OF,
T_M(l_lﬂa_qbl) NTMeXp< K l 78¢l>. (4.85)

The factor 1/7M is then absorbed into the functional measure. Taking the limit 7 —
0, we arrive at the additional term x [dxdt 6F[¢]/d¢ both in the Onsager-Matchlup
function Eq. (4.68) and in the Janssen-De Dominicis functional Eq. (4.75). Notice
that the splitting in Eq. (4.85) corresponds to setting ©(0) = & for the Heaviside
step function. The It6 for Langevin equations uses the forward discretisation k =

0, where the Jacobian contribution to the action vanishes. The fact that ©(0) = &
implies that the terms that contain closed response loops are exactly canceled by the
contribution from the functional determinant. This ensures causality as one could

construct acausal Feynmann diagrams if closed response loops were allowed.
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Optimal Ratchet Potentials for

Run-and-Tumble particles

Abstract

In this chapter, I presented a mear-verbatim copy of the preprint

Z.Zhen and G.Pruessner. Optimal Ratchet Potentials for Run-and-Tumble parti-
cles [181].

I prepared in collaboration with G. Pruessner. G.P. conceived the project and
supervised the project throughout. I did everything else, including the mathe-
matical derivations, the diagrammatics, identifying symmetries and conservation

laws. The writing of this manuscript was done jointly with G.P.

Run-and-Tumble particles, mimicking the behaviour of microorganisms like

E. coli, are a paradigmatic model of active matter. Due to self-propulsion, their
random and undirected motion can be rectified in a ratchet potential. Using
perturbative field theory, we determine the shape of the potential that produces

the maximum particle current as a function of the particles’ parameters.
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Active matter systems, operating away from equilibrium, are composed of agents that
consume energy from the environment to exert mechanical work [106]. Even when
their motion is isotropic in free space, they can break detailed-balance by produc-

ing a spontaneous and directional motion in asymmetric environments [42, 102, 9,
121, 59, 109, 6, 10, 8, 84] such as moving a ratchet wheel [40]. Such directed mo-
tion is known to control activated events in glassy systems [14], transport biological
molecules [70, 97, 66, 23, 20, 175, 15, 170| and revert the Ostwald process in active
fluids [162]. Compared to the many observational studies, relatively little theoretical
progress has been made to quantify and optimise non-equilibrium transport from first

principles [9, 8, 13].

In the present work, we find the periodic ratchet potential that optimises the steady-
state current of one-dimensional Run-and-Tumble (RnT) particles [159]. These are
diffusive particles that move ballistically by self-propulsion until they change direction
instantaneously and spontaneously under a Poisson process [180], taking place sym-
metrically in both directions. Feynman famously used a ratchet to illustrate that use-
ful work cannot be extracted from diffusive particles [52]. That the random motion of
RnT particles can be rectified at all is somewhat counter-intuitive and possible only
because the spatial scale of the external potential is commensurate with the particles’
mean free path [29, 42, 102, 9.

Rectified unidirectional motion of RnT particles in an asymmetric sawtooth potential
has been investigated both theoretically and experimentally in [40, 9, 6, 84]. The lo-
comotion of E. coli can be rectified by means of microfluidic funnels, which were fur-
ther studied through theoretical models and numerical simulations [66]. Such studies
have illustrated the far-reaching technological implications of active particles for ex-
ample for drug delivery or for separating particle species by activity. Despite the ef-
forts made in experimental and numerical studies [15, 33|, not a lot of light has been
shed on the design principles of optimal transportation of active particles in ratchets.
Extending well beyond existing work on RnT particles in specific potentials |9, 6], in
the following we consider completely general potentials in a perturbative field theory,
without making any approximations. While the perturbation theory can equally be
implemented using classical methods, the field theory provides a systematic, diagram-
matic framework to keep track of the contribution at every order. We subsequently

use a numerical scheme to find the potential, such as Fig. 5.0.1, that maximises the
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Figure 5.0.1: Optimal potential ﬁ(m)/D for f=0,D=1,w=1,L=1andy=1, so that
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details of the numerical scheme employed to produce the plot are discussed in Appendix. 5.A.2.

particle current.

MODEL AND METHOD. In this work, we study a single RnT particle with position
x(t) € [0, L) in a potential ®(z) with an drift on a ring with circumference L. The

motion is governed by the Langevin equation
z(t) = =¥’ (z) + wu(t) — f + V2DE(2), (5.1)

where ®'(z) is the derivative of ®(x), w is the particle’s self-propulsion speed, f is the
external drift u(t) is a telegraphic noise switching between 1 and —1 with Poissonian
rate v and £(t) is a unit Gaussian white noise with correlator (£(¢)&(t')) = o(t — t')

and diffusion constant D. The motion Eq. (5.1) is subject to periodic boundary con-
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ditions with period L and x € [0, L), so that the process has a steady state and ef-
fectively ®(x) = ®(x + L). By adding an external force to the RnT particles in the
potential, the set-up is equivalent to an heat engine driven by a RnT particle in an
external potential [118, 124]. Applying an external load f in the opposite direction
of the particle movement, the engine extracts work by lifting the force f. Due to the
self-propulsion and the external force, the system is driven out of equilibrium and its

invariant measure is generically not of Boltzmann form p(x) oc e=2®)/D

FIELD THEORY. In what follows, we calculate the steady-state density p(z) of an
RnT particle Eq. (5.1), as well as its steady-state current J in a perturbation theory
in the coupling v to the arbitrary potential U(x), such that ®(x) = vU(x). To this
end, we cast the RnT dynamics in the language of a Doi-Peliti field theory [43, 123,
28, 164, 180, 129] as detailed in Appendix. 5.B. Observables are more conveniently
expressed in frequencies w instead of direct time ¢ and discretised modes k, = 2wa/L

instead of real space, Appendix. 5.B Eq. (5.24).

In the following, we express the propagator (¢(z,t)¢(xg,ts)) which is the probabil-
ity density of locating a right-moving particle at position x and time ¢ that has been
initiated at position xy and time ¢y3. The propagators can then be written in a pertur-
bation theory about v = 0. Using the potential vertices Appendix. 5.B Eq. (5.32),
each propagator picks up 2" contributions to order n in the perturbation theory, for

example, in Fourier representation

= 4+ T+ 1 (5.2)
o o
+7 L L+ 1 T
o o o o
+ L 4 + L 4 +O(V3>
o o o o

STEADY-STATE DENSITY AND CURRENT. In the present work we focus on the steady
state, Appendix. 5.C. We write the steady-state density p, of right-moving particles
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as a power series in v" with coefficients pgf),

pila) =Y v (@) (5.3)

=, lim_((e,)(w0.t0)) (5.4)

to——o0

and similarly for the density of left moving particles p_, so that p(x) = py(z) + p_(x).
For finite tumble rate 7, the steady-state densities p4 are independent of the initial
state. As discussed in Appendix. 5.C, the limit t, — —oo effectively amputates the
right, incoming leg in the diagrams, Eq. (5.2), so that they readily provide us with a

diagrammatic expansion of the steady state density, order by order in v.

Calculating the ath Fourier coefficient pg”) of the steady-state density p to order n in
v is now a matter of some well-organised algebra (Appendix. 5.C). To this end, we in-
troduce the polarity pu(z) = p4(x) — p_(x) and establish a recurrence relation between
each order in v of the density p(z) and the polarity p(z). Starting from the zeroth
order in v for both the density and the polarity, the recurrence relation allows us to
compute each order of the density p™(z) and the polarity ™ (x). With both (™ ()

in hand, we calculate the density and the polarity by summing the power series

p(x) =Y v"p!(z) (5.5)
n=0
pla) = 32 V) (56)
n=0
We express the steady-state current as
J=wp(x) — (DO, + [+ vU'(x))p(z) . (5.7)

Defining the matrix (Appendix. 5.C.2)

—k.Z, DE? + 2y — ifk, —twk,
B ( a2y —af 1w ) (5.8)

== T —~2 —iwk, DEK? —ifk,

a- —a

with TY = T,(0;0) = Dk? — iwk, — ifks + 7, Appendix. 5.C Eq. (5.30), and Z, =
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1 — 040, Appendix. 5.C Eq. (5.41), the density and the polarity at order n in v are the
elements of the vector

(n)
Pas 1
<u(")> = > WaaWas—as - Wa_r—aa Wa, May Mo, .. M, <o> (5.9)

az;...,an

with W, = U,k,/L. Using Eq. (5.7), the steady-state current at order n in v is corre-
spondingly

0

.
. i 1 1
g — -7 > W War—aWar—ay - Way e s Wa, <o> My M, ... M,, | ( ) :

aly..,0n—1

(5.10)
This concludes our derivation. Calculating the current is now a matter of performing
the matrix multiplications and summation in Eq. (5.10) for a potential given in terms

of its modes U, and summing these contributions order by order in v, so that
J=> v, (5.11)
n=0

In the case of f = 0, which represents just an RnT in an potential, from the symme-
tries of M, , Eq. (5.8), and the form of Eq. (5.10), it follows that there is no current

to first order in v and generally no contributions to the steady-state current in even

powers of v, Appendix. 5.E.1. As a result, the current reverts if the potential is in-
verted, U — —U. This is not a trivial insight, because the steady-state density of
the inverted potential generally bears no resemblance to that of the original poten-
tial, Appendix. 5.C Fig. 5.E.1, which may have been overlooked [133|. Several other
properties of the steady-state current J arising from Eq. (5.11) are discussed in detail
in Appendix. 5.C. Firstly, in a potential even about z*, i.e. U(z* + z) = U(2* — x),
the steady-state current, of course, vanishes, because the potential fails to provide
even just a preferred direction [131]|, Appendix. 5.E.3. The steady-state current also
vanishes if the potential U(z) has only odd modes, i.e. U, = 0 for all even a, which
renders it “supersymmetric" [133|, U(z) = —U(x + L/2), Appendix. 5.E.2. It is im-
portant to note that with the presence of external drift f, the above result no longer
holds as f breaks the symmetry of the RnT particle even when the potential U(z) is

symmetric or “supersymmetric”.
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The steady-state current in any potential parameterised by U, is given by Egs. (5.10)
and (5.11). Any numerical scheme can cope only with a finite number of modes, as
the sums in Eq. (5.10) need to terminate, and similarly for the maximum order of

v entering in Eq. (5.11). Nevertheless, including hundreds of modes to calculate the
current to hundreds of orders in v, in principle poses little numerical difficulty. To
confirm the correctness of our scheme, we calculate the current for a plain ratchet
and compare to [9], which can be done to large extent in closed form, Appendix. 5.D,
owing to the piece-wise linearity of the potential. Appendix. 5.D Fig. 5.D.2 demon-
strates perfect agreement of the steady-state current calculated in both schemes for
all v < v, Beyond that point the power series Eq. (5.11) eventually diverges. In
principle, the radius of convergence v, is determined, say, through the root test on
the odd terms of the series Eq. (5.11), v,,, = 1/limsup,, ., [J@™+D[V/@m+1) but in
the present numerical procedures based on gradient descent, we used the more conser-
vative estimate of the minimal radius of convergence of the derivative of Eq. (5.11),

VS = min <|mJ(m)‘_m :m=3,5,...,n) : (5.12)

roc

with n the highest order calculated.

OPTIMISING THE POTENTIAL. To find the best shape of the potential that max-
imises the current J, we remove the external drift by setting f = 0 and fix v = 1, ren-
dering ®(x) equal to U(z) for the remainder of this section, and, leaving v untouched,
instead we find the modes U, that maximise the steady-state current .J, Egs. (5.10)
and (5.11). The detail of the procedure is found in Appendix. 5.A.1.

Further, we de-dimensionalise the problem, leaving only two parameters, the Péclet
number Pe = wL/D and Qe = ~L?/D. In this parameterisation, length is mea-
sured in units of L, diffusion and the potential in units of D and time therefore in
units of L?/D. We think in the following of L and D as being fixed, so that Pe pa-
rameterises the self-propulsion velocity, QQe the tumbling rate and U (D,w, L,v;x) =
DU (1, Pe,1,Qe; z/L). While any particular choice of the underlying parameterisa-
tion should make no difference to the optimisation scheme, making different choices
for D, w, L and ~ for the same Pe and Qe gives us a way to overcome some practical,

numerical limitations.
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Figure 5.0.2: Shapes of potential maximising the steady-state current at the parameter values indicated.
Technical details of the plots in Appendix. 5.A.2.

REsuLTs. The resulting shape of the optimal potential is surprisingly stable across
the range of Pe and Qe explored. Fig. 5.0.1 shows a typical shape, Fig. 5.0.2 shows
two more for somewhat more extreme parameter values. The shape resembles that of
the letter N, but it is not a simple, piece-wise linear ratchet. The resulting current in
the figures above takes place from left to right. The deep crevasse towards = 0 in
Fig. 5.0.1, towards the left followed by a steep rise of the potential towards the left
and over to the right by periodicity, traps particles and prevents them from moving
left. There is always a shallower path towards the right, that terminates in a sharp
peak towards « = L, rendering the whole shape inversion symmetric about (L/2,0).
The presence of the sharp peak in Figure 5.A.2 is the result of an apparent disconti-
nuity at z = 0 due to Gibbs phenomenon, Appendix. 5.A.2. To overcome the problem
of convergence of the Gibbs phenomenon at x = 0, we have decreased the resolution
of the graph by plotting the points sparsely. This is explained in more details in Ap-
pendix. 5.A.2. Despite the discontinuity at x = 0, the particle will still be able to get
across the obstacle due to diffusion. To realise such a potential physically, we simply

require a vertical drop in the potential at z = 0.

The Péclet-number Pe indicates whether free particle movement is dominated by dif-
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fusion, Pe < 1, or ballistic motion, Pe > 1. The additional complications of tumbling
and potential modify its role. On the large scale, diffusion is enhanced by Ly2. On
the small scale, diffusion D sets the scale of the maximum barrier height the parti-
cle can overcome. Without potential, ballistic transport dominates on the scale of the

system, if w/y > L, i.e. Kk = Pe/Qe > 1.

To rectify the flow optimally, the basic design principles we derive from Figs. 5.0.1
and 5.0.2 are, firstly, the need for a deep crevasse, Fig. 5.0.1, to set a high hurdle to

a RnT particle attempting to pass through the potential towards the left. Similarly,
a sharp peak at around x = L increases the barrier height. The rise of the potential
required as a barrier grows linearly in D). The second design principle is the shallower
incline of the potential towards the right, where the potential difference of the steep
crevasse is spread out across the whole length L of the potential, making it much less

of an obstacle for particle movement towards the right.

Apart from the deep crevasse and the sharp peak on either end of the shallow incline,
the intermediate “plane”; Fig. 5.0.1, may be expected to have a slope of around w,

so that it is just about overcome by a right-moving RnT particle. However, for this
long section to be passed ballistically within time 1/, its slope would have to be less
than w — L~. This can be realised only when w is sufficiently large, as the slope is
necessarily positive. If ballistic transport dominates over diffusion, Pe > 1, but bal-
listic transport itself is too slow to overcome any significant potential slope within the
time available between tumbles, kK = Pe/Qe = w/(Lvy) < 1, we expect a flat plane
maximising the steady-state current. Together with the need of a high barrier around
x =0, Pe > 1 and Qe > 1 result in sharp crevasses and peaks, Fig. 5.0.2a.

If, on the other hand, ballistic transport is strong, x > 1 and Pe > 1, the slope of the
potential in the plane is not constrained by the ballistic transport but rather by the
need to connect (only) between the bottom and the top of the barrier face, i.e. the
slope will scale like D/L. In this case, Pe > 1 and Qe < 1, the intermediate slope is

steeper and the crevasses widened, Fig. 5.0.2b, producing a relatively large current.

If transport is primarily diffusive, Pe < 1, large Qe = yL?/D effectively enhances
the diffusion on spatial scales greater than w/~. Transport in this parameter region is

typically poor.

In general, a high barrier helps rectify the steady-state current. The need for a high
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barrier requires potential differences so large, that the slope of the potential x D/L
in the plane exceeds the self-propulsion velocity w. This phenomenon can be observed
already in a piece-wise linear ratchet with the steady-state current J plotted in Ap-
pendix. 5.D Fig. 5.D.2, where the maximum current is attained when the slope of the
long “plane” section is around 3.9/0.9, far exceeding the self-propulsion velocity of

w = 1.

DiscussiON. The optimal rectified current J is generally small compared to the
unidirectional current w/L. Only for Pe — oo and Qe | 0 the particles whizz
through the potential in one direction, getting stuck on any tiny snag of a conven-
tional ratchet in the other, so that J = (1/2)w/L. A key question to address in
future research is whether an external potential provides the best rectification or
whether there are other passive devices that do a better job. What are the limits of

rectification?

An experimental verification of our work requires a fine-tuned potential landscape.
Microorganisms have been subjected to a potential well by optical trapping [176],
bidirectional molecular motors by magnetic trapping [50], but simpler effective po-
tential, due to boundary interaction [168, 151] and a transversal microfluidic flow may

be equally feasible.

Typical values for E. coli are D = 0.2 pm?/s for the thermal diffusion constant, w =
40 pm/s for the self-propulsion speed and v = 1s7! for the tumble rate [150, 45],
producing values between Pe = 1000 and Qe = 125 for L = 5 pm and Pe = 2-10* and
Qe = 5-10* for L = 100 pm. For these parameters we expect the optimal potential
to be akin to Fig. 5.0.2a. Because the radius of convergence drops significantly with

increasing Peclet number, we are not able to determine the shape directly.

The field theoretic formalism above can be extended: Firstly, it provides a route to
the steady-state entropy production via Gaspard’s [64, 30| approach, which, however,
lies beyond the scope of the present work. While it is fairly straight-forward to calcu-
late it for the full Markov process, determining it while ignoring the particle species
is notoriously difficult [62]. One might expect, however, that maximised current coin-
cides with maximised entropy production. Secondly, the lack of convergence as shown

in Appendix. 5.D Fig. 5.D.2 for v > v=_is a challenge that needs to be overcome,

roc
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possibly with the help of renormalisation. Thirdly, although many experimental set-
tings are well captured in one longitudinal and one transversal spatial dimension, ex-
tending the present framework to two dimension plus one transversal direction is an

important generalisation.

This work determines the properties of the potential that optimally rectifies the steady-
state current of RnT particles. We have shown that generally, the profile deviates sig-
nificantly from an ordinary ratchet. Our quantitative and qualitative findings provide
the design principles for rectification devices for microorganisms and for the cogs and

wheels of an active engine [124].

171



172



Appendix

5.A NUMERICAL OPTIMISATION AND PLOTTING PROCEDURE

In this section, we discuss the numerical procedures employed to determine the op-
timal shape U (x) of the potential and to subsequently generate the plots of the po-
tential U(z) in Figs. 5.0.1 and 5.0.2. The optimisation scheme outlined in the main
text results in the potential being characterised by its modes U, and translating a fi-
nite number of them to a potential U(z) in real space is marred by ambiguity. We
will outline the process of generating the plots, the origin of the error bars, the Gibbs

phenomenon and the resolution of troughs and peaks.

5.A.1 OPTIMISATION PROCEDURE

In the following we outline the numerical procedure to determine the optimal poten-
tial U (x), i.e. the potential that maximises the steady-state current J. The numer-
ical scheme draws on Egs. (5.10) and (5.11), which effectively produce the steady-
state current J for any given, finite set of 24 + 1 modes of the potential U, with
a=—-A—A+1,..., A. The numerical scheme is greatly improved by expressing the
partial derivative of J with respect to any of the modes U,. While tedious to deter-

mine, given the structure of Eq. (5.10), a closed-form expression is readily available.

While the finite number of modes, 2A + 1, limits the summation to be performed in
Eq. (5.10), the order of v needs to be limited to N, in the sum Eq. (5.11).

As U(z) is real, the modes U, are complex conjugate pairs, U = U_,. The 0-mode
Uy does not enter at all, so that for any given A the maximisation scheme determines

A complex numbers, U, with a =1,2,..., A.

If U(z) extremises the current, so does U(L — ) and in fact any translation of the

two, U (z* £ ). To break symmetry, we demand U; be purely imaginary, leaving the
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maximisation scheme with 24 — 1 degrees of freedom. We found that generally the
maximisation scheme is not sensitive to the details of the initialisation. We have also
verified that the maximum current is not obtained with periodically repeated poten-
tials, “higher harmonics", where only modes are populated that are multiples of some

*

a*, 1.e. Uy, Ugyr, Use+ are non-zero and all other modes vanish.

We found numerically that the steady-state current is maximised if all U, are purely
imaginary up to a small numerical error. As a result the optimal potential obeys
ﬁ(L/Q +z) = —l/]\(L/2 — z). Demanding this throughout the maximisation scheme
reduces the degrees of freedom to A, without changing the optimal shape U (x) or the

optimal current J.

We used frprmn [127] to obtain the results reported in the present work. The follow-

ing heuristic proved efficient:

0. Initialisation: A = 50, N, = 75 and U, for a = —50, —49, ..., 50 are initialised
with U, = i/(2ma), which are the Fourier coefficients of a piece-wise periodic
linear ratchet U(x) = x for z € [0, L).

1. Given the other parameters, D, w, L,~, as well as Egs. (5.10) and (5.11) with

the sum running up to N, the optimal U, are determined using frprmn [127].

2. The results are written into a file and A is increased by 50. These additional
degrees of freedom are initialised with 0. Those determined so far serve as ini-
tial values for the optimisation with increased A. The procedure returns to

step 1.

Throughout the optimisation procedure, we determine the apparent radius of conver-
gence of the power series Eq. (5.11) as the value of (J("))_l/n for the largest (odd)

n that produces a finite numerical value. If the optimisation procedure strays into a
parameter region where this radius of convergence drops below unity, the supposed
current becomes numerically unreliable. In this case, the optimisation is considered
unattainable within the present perturbative framework and the optimisation is aban-
doned, 7.e. we do not pursue the optimsation for these parameter values further and
no results are shown in the present work. If, on the other hand, an optimal potential
U(x) is eventually found, we also determine the radius of convergence v<., Eq. (5.12),

roc?

a posteriori to ensure that it is greater than unity.
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Figure 5.A.1: Imaginary part of the modes ﬁa allowing for A = 50,100, 150,200 modes in the
optimisation procedures (filled symbols) and, also, as extracted from the linear interpolation of the
potential shown in Fig. 5.0.1 (open squares). Parametersare D =1, w =1, L =1 and v = 1, so that
Pe=Qe=r=1.

5.A.2 PLOTTING PROCEDURE

The plots Figs. 5.0.1 and 5.0.2 are generated as follows. With N, = 75 the modes Ua
are determined for A = 100, A = 150 and A = 200. Increasing A gives the optimi-
sation procedure more degrees of freedom, which affects all modes, e.g. in general, ﬁa
determined with A = 100 differs from ﬁa determined with A = 150 for all a, in partic-
ular at @ < 100. Fig. 5.A.1 shows how U, changes with A, with the largest (relative)

change visible for a close to A, whereas U, for smaller a suggest convergence.
Evaluating Eq. (5.25) in the form

A
~ 1 o~
Ulr) = - § et (5.13)

at numerically densely chosen positions = reveals an apparent undulation throughout
and turning into some distinct peaks close to x = 0 and x = L reminiscent of the
Gibbs phenomenon [67], Fig. 5.A.2. The problem persists even at large A, although

the undulations away from =z = 0, L become less noticeable.
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Figure 5.A.2: The optimal potential (7(90) of Fig. 5.0.1 shown with higher resolution of 2000 points and
A = 50,200 as indicated. The peaks around = = 0 and = = L are likely to be artefacts, as discussed in
the text.
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Figure 5.A.3: Detail of the potential Ug(x)/D of Eq. (5.14) around the peak near z/L = 1 based on
A = 100 modes using B = 20, 40, 60,80 and 100 modes respectively in the sum. Parameters:
f=0D=1,w=1 L=1and v=1, sothat Pe=Qe=x = 1.
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This is confirmed in a modified sum,

B
1 PN
Up(z) =+ Y el (5.14)

a=—B

where the summation runs only over B < A modes, i.e. it takes into account fewer
modes in the plot than are available in the given numerical optimisation of the first A
modes. As shown in Fig. 5.A.3, the resulting sharp peaks around x = 0 and x = L
are present even for moderate values of B, although they, of course, change shape.
This suggests that their presence in Fig. 5.A.2 is not due to the relatively big error of
ﬁa at a around A, but due to the Gibbs phenomenon, which arises when a Fourier-
sum of a discontinuous function is terminated after finitely many terms, even when
the infinite sum is exact. In other words, some features around x = 0 and x = L are
not due to poor numerical estimates of (A]a as A is finite, but instead caused by the
Gibbs phenomenon, i.e. using a finite number of modes to describe a discontinuous

function.

The plots shown in Figs. 5.0.1 and 5.0.2 are designed to show what we know about
the potential U () and quantify its convergence. To achieve this, we determine the
modes of the best potential for A = 100, A = 150 and A = 200 and evaluate

Eq. (5.13) at values of x incommensurate with all L/A in an attempt to avoid “res-
onances" and with spacing greater than the largest L/A. In Figs. 5.0.1 and 5.0.2 we
choose = at multiples of L/97. The error bars in these plots indicate the range of

U (x) for the different A at the corresponding x. This procedure avoids artefacts due
to the Gibbs phenomenon at x = 0 and x = L as well as the undulations throughout
finite A. However, given the comparative sparseness of the points, sharp features are

not well resolved, in particular those close to x =0 and z = L.

One might be tempted to linearly interpolate the points in the resulting plots, say
Fig. 5.0.1. However, as shown in Fig. 5.A.1, determining the resulting modes U, by
Fourier-transform of such a linear interpolation, shows that they are generally a very
poor match with the modes that gave rise to the plot in the first place, even when
their inverse Fourier transform reproduces Fig. 5.0.1 perfectly. Only the very low
modes up to |a| = 5 agree within 10%. As a result, the current of 200 such modes
produces only JL?/D = 0.01872..., and is thus reduced by a factor 0.5 compared to
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the optimal current obtained originally.

The plotting procedure used in the main text thus provides a useful representation
of the potential in real space with suitable indication of how reliably we have de-
termined certain features. The ambiguity arises because the optimisation procedure
produces modes, as shown in Fig. 5.A.1 rather than an estimate of the shape in real

space.

To clarify the nature of the optimal potential, we want to give the amplitude of all
modes. By the nature of our setup, it is natural to start with a fewer number of modes
and then incorporate the higher frequency modes. Using the parameters of Figure 5.0.1,
a table is shown below to compare the current of the optimal potential with a differ-

ent number of modes.

Number of modes | Optimal current
50 0.03694. ..
100 0.03757...
150 0.03778. ..
200 0.03789. ..

We should also note that, similar to the piecewise linear ratchet in Chapter 3, it is
possible for the derivative of the potential to be non-continuous as long as the prob-
ability density and the current are both continuous at the discontinuity. Since we are

adopting a Fourier series approach, the above conditions are satisfied.

5.B FIELD THEORY

In this section, we give a derivation of the path-integral formulation of RnT motion
in a periodic potential using Doi-Peliti field theory. The coupled Fokker-Planck equa-

tions describing an RnT particle in a periodic potential vU(x) are, similar to Egs. (5.70),

Oup+(w,t) = = Ou[(w — f —vU'(2))ps (2, 1)] = Y(p+(2,1) — p—(x,1)) + DIypy (. 1)
Oup(,) = — Bul(—w — | — VU () (@,8)] = ¥(p(2,2) — p (1)) + DOp_(,1
(5.15a)
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where p, (z,t) and p_(z,t) are the densities of right-moving and left-moving parti-
cles respectively, as a function of the position x and time ¢. The dashed potential
U'(z) denotes its derivative. We further introduce the total particle density p(z,t) =
pi(z,t) + p_(z,t) and the polarity u(z,t) = pi(z,t) — p_(x,t), so that the particle

current

J(x,t) = (w— f—vU'(x) — DO,)pi(x,t) + (—w— f —vU'(x) — DI,) p—(x,t) (5.16)

can be re-written as
J(2,) = wale,t) — pla, U (@) + f) = Ddpla, 1) (5.17)
and the Fokker-Planck equation as

Op(z,t) = =0 [wu(x, t) — p(x, t)(vU'(z) + f) — DOpp(z,t)] = —0,J (1)
Oupl, 1) = —Ouwpla,t) — (U (@) + )] — 2yl ) + Dl 1) . (5.18)

~—

The Fokker-Planck equation describes the evolution of a particle density. A priori,

it does not enforce the particle entity of the constituent degrees of freedom, nor is

it concerned with it — the densities p+ above are completely unconstrained by be-
ing due to particles and could equally describe, say, a temperature profile. To cast it
into a Doi-Peliti field theory, the Fokker-Planck equation is normally re-written as

a master equation by discretising space and interpreting it as the evolution of the
probability (density) of finding a single particle at a particular position, before gen-
eralising it to the evolution of multiple, indistinguishable particles and the probability
of obtaining a particular occupation number configuration. In the canonical proce-
dure |28, 161] the field-theoretic action is then obtained by expressing the evolution
in terms of ladder operators, turning them into conjugate fields and taking the con-
tinuum limit. This procedure invariably reproduces the Fokker-Planck operator in the

action A [129], which after rearranging can be expressed as the sum A = Ay + A; of
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a harmonic part

L ~
Ay = / dz /dt o(z,1)(0, +wdy — fO, — DO? +1)op(x,t)+
0
(z,1)

U@, 1) (0 — wdy, — fO, — D2+ r)ip(x,t) +v(p(x, t) — (. 1)) (d(, t) — ¥(x,1))
(5.19)

and a perturbative part,

A= /O dz / At v (0,0 (x, 1)U (@), 1) + v (0eth (2, ) U (2)b (2, 1)  (5.20)

where ¢(x,t) and ¥ (z,t) are the annihilation fields of a right-moving and a left-moving
particle respectively and g(x, t) and @Z(x, t) are, correspondingly, the Doi-shifted [28]
creation fields of a right-moving and a left-moving particle so that ¢! = ¢ + 1 and

Yt = @ + 1. We have included in the harmonic part a positive mass r as to regu-
larise the infrared and restore causality. The mass is a mere technicality and will be
taken to 07 whenever suitable. The perturbative part of the action A; in Eq. (5.20)
incorporates the perturbative parameter v in front of the potential U(x) to guide the

perturbation theory that is to follow.

The expectation of an observable in terms of fields is taken via the path-integral [62]

/waw} Al 9] (5.21)

Only at v = 0 this path integral can generally be taken in closed form,
/D 7A0[¢¢w¢] (5.22)

about which the action in the perturbative part is expanded, so that

o0

1
=> — (o= . (5.23)

n=0

To make the action local in the fields, we introduce a Fourier representation in the
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form

o(z,t) = % i gika /00 dwe ™! py(w) (5.24)

a=—00

and correspondingly for all other fields and observables, with dw = dw/(27) and
ko, = 2ma/L, which readily accommodates the periodic nature of z. For example the

potential in real space is expressed as

1 o L :
U@g:z:E:eﬁﬂal with U,:[:mmlmﬁxw (5.25)

a=—00
in terms of its modes or coefficients U,.

The bare propagators are easily determined from Eq. (5.19) in the form
1 du-w)) 3u(w)
_o(~w w
Ay = — /dw = A W)~ (5.26)
"L Z (w_a<—w>> =\ Ya(w)

A () —iw + DE? + iwk, —ifky, + 1+ —y
W) =
— —iw + Dk? —iwky — ifky + 1+
(5.27)

by calculating the inverse

—a

(2 (w)>—15(w bV Ldeno = <<¢a<w>¢b<w'>> <¢a<w>wb<w'>>> (5.25)

(Ya(w)p(@))  (Ya(w)du(w))

with the Kronecker §-function denoted by .45 and the Dirac d-function by §(w) =
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27§(w). The propagators are then found to be

(ouddute), = O S Al B2%)

(b)), = DT 2 yw) ) G
()l = et M2y ) G29)
(ldifef)), = b R ) G (5290

where we have introduced
Lo(w;r) = —iw + Dk? — twky — i fkjg) + 1+ (5.30)

to ease notation.

After Fourier-transforming, the perturbative part of the action, Eq. (5.20) reads

A = _% ZL5a+b+c,0/dwV(ka(;a(w))kbUb@(_w)+V(ka&“<w))kbUbwc<_w) (5.31)

a,b,c

which effectively destroys momentum conservation, as any mismatch a 4+ ¢ # 0 can be
made up by the Fourier modes b of the potential, U,. Each order in the perturbative

expansion thus requires a summation over the momenta, similar to integrating a loop.

The ensuing diagrammatics significantly simplifies the bookkeeping. The external po-

tential vertex may be written as

Cga ¢c "I}a wb

4 N (5.32)

L L
1 1

R,

with the bauble representing the external potential, which supplies the missing mo-
mentum. The short, thick dashes across (amputated) propagators indicate diagram-
matically the factors k, and ky, Eq. (5.31). Eq. (5.32) corrects the propagators as

shown in Eq. (5.2). Unfortunately, the (Dyson) summation can generally not be per-
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formed in closed form, but rather needs to be done order by order in the perturbative
parameter v. How this is done to determine steady-state expectations is described in

the next section.

5.C STEADY-STATE DENSITY AND CURRENT

In the following, we present the details of the derivation of the steady-state particle

densities
pela) = m_((x)9(z0.t0)) = lm_(o(z.1)(z0.t0)) (5.330)
p-(x) = lim (v(e,t)d(wot0)) = lim (v(r,t)h(ao,to)) | (5.33b)

independent of ¢ and x( given the limit to the steady state and ergodicity due to the
perturbation theory about vanishing potential at positive tumbling rate v. We will
firstly give a rather general argument about the effect of the limit ¢, — —oo on dia-

grams, before focusing on the present field theory.

5.C.1 GENERAL ARGUMENTS

The diagrammatic expansion of the propagators, Eq. (5.2) or

<¢a(w)d3b(w’)> =—+ g + g +... (5.34)
Ya(W)p(w') ) = + L+ 1+ (5.35)
Vel T

is most easily written in Fourier space, where the steady-state limit £y — —oco has the
effect of restricting any incoming frequency and momentum to w’ = 0 and b = 0. We

discuss this mechanism, which is very widely applicable, in the following.

Firstly, any tree-like contribution to, say, <¢a(w)$b(w’ )> has an incoming right bare
propagator as well as a number of internal bare propagators, which each “carry" all of

w’. Given the pre-factor of §(w + w’) of each diagram, taking the Fourier transform
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in ¢t and tg of such a diagram amounts to identifying the poles p; in w’ throughout,
so that in direct time, the nth order contribution to the propagator generally has the

structure

(0u)nlto) A7) =D Fop(p) (5.36)

with some (complicated) F,,(p;) determined by the residues. By causality, all poles
in w’ have positive imaginary part, provided the mass r is positive. Taking the limit
ty — —oo selects those poles that vanish in the limit » | 0. In tree diagrams, these

poles are entirely given by the bare propagators, featuring as external or internal legs.

The poles of the bare propagators Eq. (5.29) are determined by

0 = Da(w; )T (i 7) =72
= (i + DR 47+ 27) (1w + DR 1) + 2Ry (i’ + DI} 7+ 7) + (why)® = I}
(5.37)

using b = —a from 6,40 and w' = —w from 6 (w’'+w) in the numerators of Egs. (5.29).
It is immediately clear that any iw’ + r that solves this equation cannot be arbitrarily
small for any Z 3 b # 0. This leaves us with requiring b = 0, which has one pole that
vanishes at r | 0, namely w’ = ir. Taking ty, — —oo after Fourier transforming and

r J 0 therefore leaves only those propagators that have a = —b = 0.

Because of the structure of the vertex, Eq. (5.31), the perturbative contributions to
the full propagators due to tree-level diagrams such as Eq. (5.2) all have dashed in-
ternal and outgoing propagators, i.e. they all, except the incoming leg, carry a pre-
factor k,, so that they each vanish for vanishing momentum. Taking therefore the
limit ty — —oo, leaves (of the many residues there might be), only those that do not
carry such an extra factor k, = 0 of a momentum. In the present field theory, the
only such bare propagator is the incoming leg. We will next determine its value in
the limit £, — —oo and the effect that this limit has on the rest of the diagram. We
can safely assume that this pole is simple, because if it was repeated by being equally
the pole of another propagator, its residue must vanish, because any such other prop-

agator is guaranteed to carry a factor of k,.

At a = 0 the poles Eq. (5.37) are conveniently written as (—iww + r + 2v)(—iw +

r) = 0, leaving a factor of 27 in the denominator as a residue. As far as the numer-
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ators of the propagators are concerned, Eqs. (5.29a) and (5.29b) produce a factor of
Lo(=r;7)d (w + w') Léasbo and Egs. (5.29¢) and (5.29d) a factor of v (w + w') Ldats.0,
which are in fact the same as I'o(—ir;r) = v, Eq. (5.30).

This mechanism of taking the Fourier transform in w’ and w and taking the limit

ty — —oo after r | 0 thus has the effect of replacing any incoming bare propagator
such as <q§a(t)<gb(t0)>0 by ¥Lda110060/(27), where &, enforces that only b = 0 = —a
ever contributes. Taking further the inverse Fourier-sum over b, Eq. (5.24), and trans-

forming ¢ back to w then gives

Jim 13%1 <¢a(w)<5(xo, t0)>0 = %; etkveo / dt et Jim 1%51 <¢a(t)$b(to)>o = %ﬂw)éa,o

(5.38)
which is identically the same for all bare propagators Eqgs. (5.29). Within a diagram
the effect of the limit ¢, — —oo is thus a pre-factor determined by the diagram and
an amputation, as both w and a are forced to vanish. Because the internal field ¢,(w)
will feature in an integral [dw, the &§(w) will simply be integrated out, whereas the
sum over the spatial modes, L' will leave behind a factor 1/L. In summary, the
limit t, — —oo in a bare propagator is given by Eq. (5.38) and in all the diagrams
considered here, amounts to an amputation of the incoming leg and a multiplication
by of the diagram by 1/(2L).

After the removal of the incoming leg and thus setting effectively —iw+r = 0 through-

out a diagram, some residues of the form

_ k2
K2 (Do(—ir )T _o(—irsr) —42) ' = c
o (Lelirn)Poel =) =9%) = (e (wt 1 007 k2 = 20 (DR 7 5 7) — 82
(5.39)
feature with index ¢ still to be summed over. At k. = 0 such residues are in fact re-

peated poles of w’, that are, however, bound to vanish as argued above. Cancelling k2

in numerator and denominator for ¢ = 0 nevertheless ignores the fact that the term
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that gives rise to it,

k2 (Fc(w; T _o(w;r) — 72)_1
k2

C

(— w + DE? +r—|—2’y> ( —iw + DE? —|—r> + (wk.)? — 2ifk.(Dk2 + 1+ v — f2k2)
(5.40)

strictly vanishes at ¢ = 0. This is the reason for the introduction of the indicator

function

0 fora=0
Ty =1—040= . (5.41)
1 otherwise
As ¢ € 7Z, this is merely a matter of bookkeeping and algebra, not a matter of com-

plex analysis or exchange of limits, as is illustrated by the example

y Dk? 1 0 forc=0 (5.42a)
lim lim [ dw e ™" - - =
fo=—00 70 W'+ DEZ +riw +7 1 otherwise (5.42b)
for any c € Z.

5.C.2 STEADY-STATE DENSITY OF RUN-AND-TUMBLE PARTICLES IN A PERIODIC PO-
TENTIAL

On the basis of the mechanism outlined above, we can write down a perturbative ex-

pansion Eq. (5.23) of the steady-state density, for example

lim_(6,()3a0.t0)) = im_(6a(6)3(z0: 1)

to——0o0

= dim (6u(0)3(w0,t0)) + 1m_(@u()d(ro to)(—A)) +... (543)

where we have trivially taken the inverse Fourier transform from w to ¢. The limit
limg, oo <¢a(t)$(x0, t0)> = 04,0/2 is given by Eq. (5.38), whereas the higher order
0

terms are most easily calculated using the diagrammatics. The lowest order correc-
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tions are of the form

: ~ —h
lim (G0, t)(~A)) = 1+ 3 (5.44a)
to——o0 0 o o
0 1 I, 1
=(— aIa —_— < a a) a7 - aIa — ( a a) - 44
(hoLo)pope, —a \Vhalla ) g + (PRl pope ——3 \Whalle )3 (5:44D)
(DK% — iwk, —ifk, + 27)koZ, vU,

" D23 + 2Dk, + wk, — 2if (DK2 + 1 +7) — f2k, 2L

where, again, the Fourier transform in w is easily taken as no w flows through the
diagrams Eq. (5.44a), reducing any I'y(w;7) in Eq. (5.29) to I';(0;7) and further to

(5.44c)

% =T1,(0;0) = Dk?—iwk,—ifk,+~ as r L 0. To arrive at Eq. (5.44b), we have firstly

inserted the dash on the outgoing propagator due to the perturbation, (—k,Z,), with
the indicator function due to the t; — —oo mechanism, secondly the propagators
Egs. (5.29a) and (5.29¢) respectively, both evaluated at w = 0 and r | 0, thirdly the
derivative of the potential due to the perturbation and finally a factor 1/(2L) due to
the ty — —oo mechanism. The final line Eq. (5.44c¢) is then a matter of algebra.

As all bare propagators will be evaluated at w' = 0 and r | 0 in the following, we

introduce X, = Y* and Z, to ease notation,

<¢a<w)25b(w' - 0)>0 kooZy = Xad (@) Loasno

B DE? — iwky — ifke + 7

" k2(D2K2 4 2Dy + w?) — 2ifke(DE2 + 1 + ) — f2k2
($alw)(@’ = 0)) k-oZy = Yab (@) Ldatng

B DE? + iwk, — ifk, +7

 k2(D2k2 + 2Dy + w?) — 2ifk,(DE2 4+ 1 + ) — f2k2
(€a@)in(w’ = 0)) k-uTy = Z,8(@)Lousso

v
N 5 L(Sa k—aIa 545
ka(D?kz 4 2Dy + w?) — 2ifka(DEZ + 1+ ) — f2k3 (@) Ldatpo (5.45¢)

<¢a(w);5b<w’ - 0)>0 kooTy = Z48(w)Liarno

Y
5
k2(D?k2 + 2D + w?) — 2ifka (D2 + 7 +7) — f2k2

where we have anticipated the factor k_,Z, that each propagator will pick up.
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RECURRENCE RELATION FOR DENSITY p(z) AND POLARITY u(z)

In the following, we obtain a recurrence relation of the orders in v of p(x) and pu(x)
using their diagrammatic representation. To this end, we introduce a diagrammatic
notation for the bth Fourier coefficient of the (n — 1)th order steady-state density of

right-moving particles

ynflpl(ﬁ:l): lim <¢b(t)<g($oat0)%>0: lim <¢b<t>$($0’to)%>o

to——00 (n to——00
b—&pmm,/ JCT P
= T (5.46)
o o

and the (n — 1)th order steady-state density of left-moving particles

B B n—1 » _ n—1
Vn—lpl()n_—l) — t 11I£1 <¢b(t)¢<l’o, t0>%> = 11I£1 <¢b(t)¢($0, tO) ( "AE)l)' >
0——00 ! 0 to——00 : 0

(n (n
b
e A I
5 6

As indicated by the dots, both diagrams, Egs. (5.46) and (5.47), contain n — 1 poten-
tial “baubles" and both are written in terms of “gluonic" propagators wwe which we
use to represent the sum over all possibilities of connecting the baubles to each other
and finally to the external field. Much of what follows is about the bookkeeping of
these diagrams. The lowest order is given by Eq. (5.38),

|
Pt = P = 30a0 (5.48)

after the inverse Fourier transform that simply removes 6 (w).

To construct the n order diagrams of both particle species we need to attach a poten-
tial bauble to the n — 1th order diagrams. Any such potential term Eq. (5.31) comes
with a summation over all three indices associated with its three terms, namely the

potential, a creator field with a derivative and an annihilator field. By adding a fur-

188



ther perturbative term in this way, both pgnl and pl(ln,)

due to pl(f; Y and p(n 2 , both connecting to pgfg and pl()nj using Eq. (5.32) and a suit-

each acquire two contributions

able propagator Eq. (5.29). The resulting terms are

4|—-—W&%/Mn —\A{\AMM&MWW

vl = H : ,  (5.49a)
o o o o o o
=— Z ka—pvUq— b< . lpz(;i Vot Zom 1:01(:1 1)> (5.49b)
and
a b a b
w e 00000 {98 ~~——— 00 f o
e : : L+ : : L (5.50a)
o o 6 o o o
sza o Uq b( m Y ”) . (5.50b)
Using Eqgs. (5.49) and (5.48) with n = 1 produces for example Eqgs. (5.44)
by 1 1
Vpot = —kovUa(Xo + Z4) = (5.51)
L 2
with Egs. (5.45a) and (5.45¢).
In the following, it is more instructive to work with the density
P = pf{l) + p,(ln) so that  p(z) = — Z tkaz Z " pm) (5.52a)
and the polarity
pl = pa"l —pa”  sothat  pu(z) Z thaw Z vl (5.52b)
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and write the convolutions Eqgs. (5.49) and (5.50) in terms of a single matrix equation

p[(ln) 00 pl()n—l)
| =M D Wy D) (5.53)

n
Ha b=—o00 b

ka—yUs_
Wy = # (5.54)

and the matrix

M, ==
= Xo—Yy  Xo+Y.—22,

1 (X, +Y,+22, Xo— Y
2
(—ka)Z, (Dk:g 2y —ifk,  —iwk, )

" K2(D2K2 + 2D + w?) — 2ifka(DEK2 + 7) — f2k2 —iwhk, Dk — ifk,
(5.55)

as a function of the mode a, closely related to Eq. (5.28). Egs. (5.53) and (5.55) are
the main result of the present section as they determine density and polarity to arbi-
trary order in v. As a sanity check, we may verify that both density p(x) and polarity
wu(x), Egs. (5.52), are real, or equivalently that complex conjugates of the modes obey
<p¢(ln)>* = ,0(,72 and <u((ln)>* = ,u(ncz. This can be done by induction, assuming that

<p¢(1n71)) = p(_nafl) and (,Aff”) = ,u(j;l), and further observing that <Ma) =

—M_, from Eq. (5.55) and that a real external potential implies <Wa,b> = —-Wy_,.

From Eq. (5.48) we have
SO )
o | = da 5.56
e o) de0 (5.56)

as induction basis and, more importantly, as the staring point for the systematic cal-
culation Eq. (5.53) of the modes of the density and polarity Eq. (5.52). With that
established, we may write Eq. (5.9)

(n) o0
Pa 1
(M(;)> =M, Z Wai—ayMay Way—a; May -+ Wa,_—a, Ma, Wa, <0> ’

A2,a3,...,an=—00

(5.57)

with each of the n — 1 indeces running from —oo to oco. We will now turn our atten-
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tion to the steady-state current.

5.C.3 STEADY-STATE CURRENT

From Fick’s law of diffusion and the coupled Fokker-Planck equation, the steady-state
probability current J(z) reads

J(z) = wp(x) — WU'(z) + f)p(z) — DOup(2) | (5.58)

which in the steady state must in fact be constant in x. We will demonstrate this
property perturbatively, order by order in v. To this end, we introduce the inverse

Fourier-transforms

1 .
P () =+ Q_Zooe”f“pé“ (5.59)
J
(n) _ - tkox (1)
p(z) =7 a_§ooe g (5.59b)

of the nth order Fourier coefficients pi and p{"”, similar to Eq. (5.52). The steady-
state current J(x) in Eq. (5.58) may then be written order by order in v,

J(z) = i VI () (5.60)

with J™(z) for n > 0 extracted from Eq. (5.58) by identifying terms of order n in v,
T (@) = wp™ () — §" D@ (@) — FoP() — DOP() . (5.61)

We will proceed by showing that .J™(z) is constant in x and can easily be expressed

in terms of the Fourier coefficients pgn) and u((ln) using Eqgs. (5.59) and (5.53),

w

-
1 0o ) _Doka . (n—1)
J(”)(CL’) — _P(n_l)(l’)U/(.r)z—l— Z oikaz ( ? f) %Wa—b (plzn—l)) ' (5.62)
— 1

a,b=—o00
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By direct calculation the linear algebra involving M, , Eq. (5.55), simplifies drasti-

Di T T
(_ Zk“_f> M, =i, (1> . (5.63)
w 0

The first term in Eq. (5.62) can be written in modes as

cally,

)
p(nfl)( Z elkax zkbx (" I)Zk U, = Z ezkaxpl()n_l)wa,b (564)

a,b=—o00 a,b:—oo

with Egs. (5.25) and (5.54) and using k. + ky = k, after shifting the dummy index
a by —b, so that the final expression is the inverse Fourier-transform of a convolution.
Using Egs. (5.63) and (5.64) in Eq. (5.62) finally gives

n Zk‘ax n 1) i (7171)
JM () Z e War(—1+T) = - oW, (5.65)
a,b=—00 b=—00
using the definition of the indicator function, Z, = 1 — d,0. Eq. (5.65) not only shows
that every perturbative order of the steady-state current is independent of the posi-
tion x, as it should be, but also expresses the current to order n in terms of the den-

sity to order n — 1. The Oth order of current follows immediately from Eq. (5.58) as

TO (@) = wu®@(x) = DO, p" () — [ (x) = —f/L (5.66)

because ;% (z) = 0 and p®(x) = 1/L from the inverse Fourier transform of Eq. (5.56).

Eq. (5.65) is the main result of the present section. With Eq. (5.57) we can write it
as Eq. (5.10),

n ,2 S
J! )(‘75) -7 Z WeaWai—az - Waps-a0-1 Wans

01,02,...,0p—1=—00

.
1 1
M, My, ---M,, (5.67)
0 0

which contains n factors of W and n—1 factors of the matrix M, . It will prove useful

to relabel the n — 1 dummy variables a; by n dummy variables by = —ay, by = a; — as,
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by = ay —az, ..., b1 = an_o — an_1, b, = a,_1, imposing that Z?:l b; = 0 by a

Kronecker §-function,

o0

1
JM () = ~7 Z Oby+bot A by W, Wiy -+ - Wy Wy,

b1,ba,..., bp=—00

>
1 1
x <0) My, M vy 160) M vy 45 405) = M or 4ot 40 1) <0> - (5.68)

In Appendix. 5.E we consider properties of the steady-state current generally and in

relation to the potential.

5.D COMPARISON BETWEEN THE FIELD THEORY AND THE EXACT RESULT |9] FOR
A PIECE-WISE LINEAR POTENTIAL

In this section, we compare our field-theoretic result of the steady-state current J to
the exact result [9]. We consider an RnT particle with no external drift in a periodic,

piece-wise linear ratchet potential U(x) = U(x + L) of the form

Uy for = € [0, L
U(w) < | Doz forze0al) (5.69)

UO(IL_;CSL for x € [aL, L)

as shown in Fig. 5.D.1.

The Fokker-Planck equations for RnT particles in a piece-wise linear potential are
most easily written down by distinguishing the two intervals z € [0, aL), by, say,

superscript [i| = [1] and x € [aL, L) by, say, superscript [i| = [2], so that

0l (w,t) = =0, (w — vU ) (2, )] — 4(p (2, £) — p(2,1)) + DO?p (. 1)
0p (2,1) = —0u[(—w — vUM) (@, 8)] — (Y (2, 1) — P (2, 1)) + DO2p (2, 1)
(5.70a)

with constant slopes U = Uy /(aL) and U = —~Uy/((1 — a)L). Similar to the main
text, the densities p[ﬂ(x, t) and p[i](x, t) refer to the right-moving and the left-moving

particles respectively. Solving this system of equations is greatly facilitated by the
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Figure 5.D.1: The periodic, piece-wise linear ratchet described by Eq. (5.69) with & = 0.9. The ratchet
has U(0) = 0 rises up to U(aL) = Uy and descends again to U(L) = 0. The point * = aL/2 marks the
point where U(z* + z) — U(z*) = U(z*) — U(a* — x) with U(z*) = Uy/2, Eq. (5.73), Appendix. 5.E.

slopes being piece-wise constant.

Following the procedure outlined in [9], the steady-state densities p[f (x) are deter-

mined by making the ansatz p[i] = Zj[z] 6,\[%, to find 4 linearly independent solutions
of Egs. (5.70) for i = 1,2 and both particle species p+, and solving two coupled
quadratic characteristic equations for the eigenvalues. One of those always vanishes,

while the others can be relabelled as af!, g1 and v, producing the ansatz
M) = Al 4 Bl 4 e 4, 57)

which leaves 16 amplitudes to be determined: AE], A[,l], A[f}, o p¥.

The 16 amplitudes are determined by substituting Eqgs. (5.71) into Egs. (5.70) at
steady state, when the left hand side of the latter vanishes. As a result, the pre-factor
of every linearly independent exponential on the right has to vanish, fixing the ra-
tios A[ﬂ /A[ﬂ, BE/B@, C’E]/C'E] and DE]/DE] in terms of system parameters for both

1 = 1,2, which amounts to 8 equations for 16 unknowns. A further 8 equations are
obtained by matching conditions at the boundaries of intervals ¢ = 1 and 7 = 2, more
specifically for the density, pE(O) = p[ﬁ(L) and p[i](aL) = p2 (aL), and correspond-
ingly for the current .J{! (z) = (Fw — vU' — d/dx)p[f (x). It turns out that only 15

of those 16 equations are linearly independent, as expected in a homogeneous, linear
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system of equations. The final equation is in fact obtained by demanding in addition
overall normalisation of the density. This procedure, best done in a computational al-
gebra system |77, results in the density and the current being determined in closed

form.

To compare to our field-theory, we choose the height of the piece-wise linear potential
U(z) in Eq. (5.69) by setting Uy = 1 and vary the coupling v in Egs. (5.70). Density

and current are then determined through the procedure outlined above.

The field-theoretic approach on the other hand is based on the Fourier coefficients of
the potential Eq. (5.69). Taking the first 200 such modes,

U UO (1 - e—2i7raa)
“ 4r2aa(a—1)

(5.72)

for a = —200,—-199,---,200, we have calculated the steady-state current J to or-
der 75 in v. A comparison between this field-theoretic result and the exact result ob-
tained above is shown in Fig. 5.D.2. It shows perfect agreement for v up to the radius

of convergence vS, = 4.272. .. estimated via Eq. (5.12).

5.D.1 RADIUS OF CONVERGENCE IN FIELD THEORY

Given the issue of convergence in our field theory shown in Figure 5.D.2, we inves-
tigate in the following section what parameters the radius of convergence depends
on. We use the conservative estimate of the radius of convergence shown in (5.12).
The dimension of v=_is L?/T which is consistent with the dimension of the diffu-
sion constant D. We therefore fix all other parameters in our system and fix all the
modes from the external potential and plot v against D. The plot is shown below.
From the plot Figure 5.D.3, we see a linear relationship between v, and D is linear.

Therefore, when D is too small, the perturbative expansion Eq. (5.11) breaks down.

The dimensionless parameters in our system are v<_/D, Pe and Qe. We therefore in-
vestigate the dependence of v< /D on Pe and Qe. In the following, we plot the value
of v<./D against Pe and Qe with all other system parameters fixed. The result is
shown in Fig. 5.D.4. As Pe increases, the radius of convergence first decreases and

then increases. Regarding (Qe, there is a linear relationship between the radius of con-
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0.020

+ Field theory
—  Exact

~)

~ 0.010

0.005

Figure 5.D.2: Comparison of the present field-theoretic result (filled circles) for the steady-state current
and the exact solution [9] (solid line) for a piece-wise linear ratchet potential Eq. (5.69) with o = 0.9 and
Uy =1 as shown in Fig. 5.D.1. The other parameters are f =0, w =1,y=5, D=1and L =1. The
field theoretic results are based on 200 Fourier coefficients and up to 75 orders in v. The agreement is
perfect (deviation of less than 0.15% up until vS, = 4.272. .. the radius of convergence estimated via
Eq. (5.12) and shown as a dotted vertical line Beyond that, the current due to the field theory diverges
sharply. The coupling v that produces the best current J =0.015739... in this potential is 7 = 3.90.. .,
where even the shallow part of the potential has a slope greater than the self-propulsion speed,
vUy/(aL) =3.9-1/(0.9-1) > w = 1, indicating that transport is dominated by diffusion.

196



60

40

I/<
roc
o
=)
T
e

20

0 | | | | |
0 2 4 6 8 10

Figure 5.D.3: A plot of v$_ against D with all other parameters using the first 200 modes of a

roc

piece-wise linear ratchet potential Eq. (5.69) with a = 0.9 and Uy = 1 as shown in Fig. 5.D.1. The other
parameters are f =0, w =1,7v=1, D =1 and L = 1. The field theoretic results are based on 200
Fourier coefficients and up to 75 orders in v. One can see there is a linear relationship between 1,5 and
D.

vergence and (Qe. At the same time, the increase in the radius convergence is small as

Qe increases.

5.E SYMMETRY PROPERTIES OF THE STEADY-STATE CURRENT WITH NO EXTERNAL
FORCE

In the following we derive some general properties of the steady-state current when
there is no external force, f = 0, on the basis of Egs. (5.65) and (5.53), that hold
to all orders of the perturbation theory. We may briefly consider an odd potential,

U(—z) = =U(z), or, given periodicity, more generally a potential with
Ulx*+x)—U(z") =U(x") = U(z" — x) (5.73)

allowing for some offset U(z*) and a more general point of inversion z*. An example
is shown in Fig. 5.D.1. If such a potential Eq. (5.73) sustains a finite current, it must
revert if the coupling changes sign, v — —v because by Eq. (5.73) this is equivalent

to mirroring space z* + = — x* — x. We conclude that the expansion of the steady-
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Figure 5.D.4: A plot of v /D against Pe and Qe with all other parameters using the first 200 modes

of a piece-wise linear ratchet potential Eq. (5.69) with a = 0.9 and Uy = 1 as shown in Fig. 5.D.1. The
other parameters are f =0,y =1, D =1 and L = 1. The field theoretic results are based on 200 Fourier
coefficients and up to 75 orders in v.

state current Eq. (5.60) of RnT particles in such a potential Eq. (5.73) must be odd

in v, in other words, J®% =0 for n € N.

It is far from obvious why this should be the case for a general potential. In [133] an
argument is sketched that time reversal z(t) = x(T — t) of trajectories x(t) obeying,

say,
T =—vU'(z) + &(t) (5.74)

with white noise &, are generally solutions of the Langevin equation
z=vU'(2) + &.(t) (5.75)

with white noise £, distributed identically to &,. The time reversal from Eq. (5.74)

to (5.75) apparently amounts to a change of sign of the coupling v to —v and clearly
inverts the total displacement z(7T") — 2(0) = —(z(T") — z(0)). However, in order to
conclude that time reversal reverts the steady-state current, one has to show that the
probabilistic weight of trajectories is unchanged under time reversal. To put it more
succinctly, one has to show that typical steady-state trajectories x(t) of Eq. (5.74) are
typical steady-state trajectories z(t) of Eq. (5.75). That this is generally not the case

can be seen in the counter example of a harmonic U(x) = 2%/2, where only one of the
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Figure 5.E.1: Particle density p(z) for an RnT particle in the periodic "hurdle" potential U(x)

Eq. (5.76) shown in Fig. 5.E.2, based on 100 modes calculated perturbatively to 75th order in v. Even
when the density profiles cannot be related by a simple geometrical transformation, the steady-state
currents are simple the negative of each other. Parameters: f =0, D=1, w=1, L=1and y=1, so
that Pe = Qe =k = 1.

two Egs. (5.74) and (5.75) has a stationary state at all. We conclude that there is no

such simple argument as to why the steady-state current is generally odd in v.

To illustrate the subtleties further, we show in Fig. 5.E.1a the particle density p(z) of
RnT particles in the “hurdle" potential U(x)

0 z €0, %)
3D e[t L
Ua) = celag) (5.70
(—12% + 9)D T € [5, T)
L 0 ze 2k L)

shown in Fig. 5.E.2 for v = 1. This is contrasted by Fig. 5.E.1b, which shows the
particle density for the inverted potential, 7.e. for the potential Fig. 5.E.2 but with
coupling v = —1. The two density profiles are clearly and obviously very distinct,
even when they both seem to suffer slightly from the Gibbs phenomenon. While they
share some features, there is also no simple geometrical transformation that maps
one density profile to the other, and surely not one that is its own inverse as is v +

—v. For example, both densities being convex from below for the sloped region x €
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Figure 5.E.2: The “hurdle" potential Eq. (5.76), whose resulting RnT particle density is shown in
Fig. 5.E.1a.

[L/2,3L/4) makes it impossible to, say, mirror and overlay the two. The steady-state
trajectories in the potential U(x) of Eq. (5.76) produce therefore demonstrably a very
different density p(z) compared to —U(z). And yet, we find that the steady-state

currents in the two setups are indeed simply the negative of each other. The following

section derives this property perturbatively.

5.E.1 THE STEADY-STATE CURRENT J IS ODD IN v

In the present section we show that changing the sign of v of the potential simply
reverses the steady-state current of RnT particles with no external drift, despite the
density p(z) showing none such simple relationship as outlined above. We will do so
by showing J™ = (=1)"J™ j.e. J™ =0 for all even n.

The starting point for the derivation is Eq. (5.68), where we will rearrange the prod-
ucts of M, to arrive at the desired expression. We set f = 0 in Eq. (5.55), so

B (—ka)Za DE? + 2y —iwk, (5.77)
k(D22 42Dy +w?) \ —iwk,  DEK2 )’ '

=

The key observation is that the complex matrix Eq. (5.77) is symmetric (rather than

Hermitian) when f = 0, with purely real entries along the diagonal and purely imagi-
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nary off-diagonal elements. Firstly, the symmetry implies

d"M., M., ---M., ,e=e'M, , M

Cn—1 Cn—1 cp—2 °

M, d, (5.78)

for arbitrary vectors e and d, so that Eq. (5.68), that has e =d = (1,0) ", is invariant

under the inversion of the sequence of Fourier-indices in the product of M,,.

Secondly, the make-up of the elements of M, , namely purely real diagonal elements

and purely imaginary off-diagonal elements, means that any product of M, has the

.
1 1
(0> M., M, - M, . <0> ER. (5.79)

Taking the complex conjugate of this expression thus leaves it unchanged. By the

same property, so that

definition Eq. (5.77), the complex conjugate can be written as (M, )* = —M_,, so
that

T T
1 1 1 1
M. M, M., , = (- M_., M, M., . (5.80)
0 0 0 0

Applying then Eq. (5.78) followed by Eq. (5.80) to Eq. (5.68) gives

1
T = ~(=1)" 1f Y Ontbartb 0 Wo Way - Wi, W,

b1,b2,...,.bp=—00

0

"
1 1
X ( ) M, 45ttt 1 My ottty My, 0, My, (O) . (5.81)

Because )., b; = 0, each of the matrices on the right hand side of Eq. (5.81) may be
indexed alternatively by by +by+ ... +b, 1 = —b,, by +bo+ ...+ by 2= —(b, +b,_1),
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coy by by =—(by +bp1+ ...+ 0b3) and by = — (b, + b1 + ... + ba), resulting in

1
T (x) = —(—1)"713 D OurtartbnoWo Wy -+ Wi W,

b1,b2,.,bp=—00

0

T
1 1
X < ) M*bn M_(bn+bn71) e M_(bn+bn71+‘~~+b3) M_(bn+bn71+...+b2) <O> ? (582)

before “mirroring" the indices’ indices, ¢; = b,+1_;, so that

n n— i
J( )(ZE) - _(_1) lz Z 5C1+62+.~+Cn70WCnWCn71 e W02W01

€1,€24...,Cn="—00

0

T
1 1
X ( ) M—c1 Mf(clJrCQ) U M*(Cl+b2+~~-+cn—2) M*(Cl+b2+..-+cn—1) (O) : (58?))

As the factors W, are scalars, Eq. (5.83) is identical to Eq. (5.68) up to a factor of
(—1)""1, which produces the desired identity

J™ () = (=1)" LT (2) | (5.84)

which implies that J(™ (x) vanishes for even n. This is the main result of the present
section. It follows immediately, that J, Eq. (5.11), is odd in v and thus changes sign

when v does. It is important to notice that the above is no longer generally correct

for f # 0.

5.E.2 THE STEADY-STATE CURRENT VANISHES IN POTENTIALS WITH ONLY ODD FOURIER
COEFFICIENTS

We first show that potentials whose even Fourier coefficients all vanish obey
U(z) = -U(z+ L/2) (5.85)

and vice versa and are thus identical to those that have been dubbed “supersymmet-

ric" [133]. A schematic representation of a “supersymmetric" potential is shown in
Figure 5.E.3.
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Figure 5.E.3: A schematic representation of a "supersymmetric" ratchet.

Firstly, if U, = 0 for all even a, then Eq. (5.25) gives

oo

1 .
Ule+L/2) = 7 Y @R, = U (2) (5.86)

using that exp (ik,(x + L/2)) = (—1)%exp (ik,x) and only odd a enters.
Secondly, if U(x) = U(x + L/2), then Eq. (5.25) gives

L ] 3L/2 )
Us=— / dre ™" U(r + L/2) = —(~1)" / dze U (x) = —(=1)"U, , (5.87)
0 L/2

which means that U, must vanish for even a.

In the following we demonstrate that the steady-state current vanishes if U, = 0 for

all even a.

The potential enters into the perturbative expansion Eq. (5.68) of the steady-state
current only via W, Eq. (5.54). It features in Eq. (5.68) as a product involving all

n indices by, by, ..., b,. If W, vanishes for all even a, then all indices by, b, ..., b,
need to be odd in order for the product Wy, W,, ... W, to be non-zero. However, if
all indices b; are odd, then the sum of an odd number of them cannot possible vanish,
Z?Zl b; # 0, so that dp,4p,+..+5, = 0 for odd n. It follows that J (") vanishes for all

odd n if U, vanishes for all even a.
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In Appendix. 5.E.1 we have demonstrated that J vanishes generally for even n. If
J™ also vanishes for all odd n, then it must vanish overall. In summary, if U, van-
ishes for all even a, which is equivalent to saying that the potential is supersymmet-

ric, then J vanishes.

5.E.3 THE STEADY-STATE CURRENT VANISHES IN POTENTIALS EVEN ABOUT SOME

*

X

The steady-state current of RnT particles in a potential even about x*,
Ulx*+z)=U(z" —x) (5.88)

vanishes trivially because there is no preferred direction. In the following, we rederive

this property perturbatively from the expression for the current Eq. (5.68).

From Eq. (5.88), we derive for the Fourier coefficients using Eq. (5.25),

L L
ka1 = giha” / dz e~ ke (2 4 ) = / dz e *a® U (z* — 1)
0 0
° * L ° * ° *
= g tha® / dz etal® ’x)U(x* —z)=c *TU_, . (5.89)
0
Considering now the product of Wj, Eq. (5.54), in Eq. (5.68), it generally has the
property

(Wo, Wy - Wa, ) + (Woy Wogy - Wy )
— Ly Ky, - K, (UblUb2 Uy, + (1)U Uy, - U_bn> . (5.90)

With Eq. (5.89), the product of modes of the potential obeys

Up, Uy, - Uy, = e—2i22:1kax*U_blU_b2 Uy, =U_p Uy, - U_y

n

(5.91)

n )

provided Y | ky, = (2n/L) > ", b; = 0, as is enforced by the Kronecker d-function in
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Eq. (5.68). For a potential even about some x*, we thus have

Oty bt 0 (W, Woy - Way + Wy Wy - - Wy, )

Y 20Uy, Uy, ... Uy, for n even
= 5b1+b2+...+bn,0L k‘bl k’bQ ce kbn X (592)
0 for n odd .

This identity can be used in the expression for the steady-state current Eq. (5.68)

once it has been suitably rewritten. To this end, we double up all terms in Eq. (5.68),

o0

27 (z) = —— Z Oby+ba+...+bn 0 (5.93)

b1,b2,..., bp=—00

0

.
1 1
X {Wmez o W, Wh, (0> M_py M_(by10y) " M (b 1yt tby) ( )

T
1 1
+ W—bl W—bz T W—bnflw—bn(_l)n_l <0> %Mbl-i-ln T Mbl+b2+...+bn71 <0> } )

which by means of Eq. (5.80) simplifies to

o0

T
n 1 1 1
2J( )(l‘) - _z Z 6b1+b2+~~+bn’0 <0> M—bl M—(bl+b2) e .M_(b1+b2+---+bn71) <0>

(5.94)

b17b2 ----- bp=—00

X {Wblwa T an—1an + <_1)n71W*b1W*b2 e W*bn—lwfbn} :

If the potential is even, then Eq. (5.92) can be used on the right hand side for odd n,
where (—1)""! =1, so that

2JM(z) =0 for odd n if the potential is even, Eq. (5.88) . (5.95)

As J™(z) = 0 for all even n, it implies that the steady-state current vanishes al-
together. In other words, even potentials, Eq. (5.88), have no steady-state current,
J(x)=0.
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Figure 5.F.1: The 2-mode potential from Eq. (5.96).

5.F CURRENT FOR MORE DIFFERENT RATCHET PROFILES

In this section, we compare the optimal current J produced by the best potential in
Fig. 5.0.1 with other types of ratchet potentials [109].

First, we compare the current produced by the 2-mode potential
U(z) =sin(2rx/L) + sin(4rz/L) x € [0, L) (5.96)

shown in Fig. 5.F.1.

We plot the current produced by the potential in Eq. (5.96) against the coupling v.
The result is shown in Fig. 5.F.2. We also compare the current produced by the po-

tential )
sin(2mz /L)

U(z) =— 1.09 — 0.6 cos(2mx /L)

z€0,L) (5.97)

shown in Fig. 5.F.3

We plot the current produced by the potential in Eq. (5.97) against the coupling v.
The result is shown in Fig. 5.F.4.
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Figure 5.F.2: Current produced by the ratchet potential Eq. (5.96) against the coupling parameter v.
The system parameters are w = 1,7 =1, D =1 and L = 1. The field theoretic results are up to 75
orders in v. The radius of convergence vS. = 4.221... estimated via Eq. (5.12) is shown as a dotted
vertical line Beyond that, the current due to the field theory diverges sharply. The coupling v that
produces the best current J = 0.013735. .. in this potential is 7 = 3.45.... The optimal current

produced by Eq. (5.96) is about 64% smaller versus the optimal current in Fig. 5.0.1.
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Figure 5.F.3: The ratchet potential profile in Eq. (5.97).
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Figure 5.F.4: Current produced by the ratchet potential Eq. (5.97) against the coupling parameter v.
The system parameters are w = 1,7 =1, D =1 and L = 1. The field theoretic results are up to 75
orders in v. The radius of convergence v5. = 1.5767 ... estimated via Eq. (5.12) is shown as a dotted
vertical line Beyond that, the current due to the field theory diverges sharply. The coupling v that
produces the best current J = 0.011553. .. in this potential is = 1.525.... The optimal current
produced by Eq. (5.97) is about 69% smaller versus the optimal current in Fig. 5.0.1.

5.G  CURRENT WITH AN EXTERNAL FORCE

So far, we have only been studying the effect of the current J when the external force
f is zero. We now investigate the effect of non-zero force. We again use the piece-wise
linear potential shown in Eq. (5.69) with Uy = 3 and v = 1. As the particle has a net
current to the right due to the potential, when the external force f, which is acting
to the left of the particle, is small, with other parameters unchanged, we expect a
roughly linear relationship between the current and the external force f. A plot of

J against f with small f is shown below. However, it is interesting to see that with
small f, the impact on the current J from the external force is linear but the gradient
is not —1. When the external force is large, we expect the effect of the current to be
dominated by the external force f, as the impact on the current solely from the RnT
particle interacting with the potential is negligible, implying the gradient will be —1.
Below, we plot the current J against f for large f confirms our hypothesis. One can
see the current first has a flatter gradient for small f and soon becomes steeper so the

gradient 'catches up’ to be —1.
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Figure 5.G.1: Current produced by piece-wise linear ratchet potential Eq. (5.69) against the force f
using the perturbative expansion arising from Eq. (5.11). The system parameters are w = 1,y =1,
D =1 and L = 1. For the piece-wise linear ratchet potential Eq. (5.69), we used oo = 0.9 and 200

modes. The field theoretic results are up to 75 orders in v.
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Figure 5.G.2: Current produced by piece-wise linear ratchet potential Eq. (5.69) against the force f
using the perturbative expansion arising from Eq. (5.11). The system parameters are w = 1,y =1,
D =1and L =1. For the piece-wise linear ratchet potential Eq. (5.69), we used oo = 0.9 and 200

modes. The field theoretic results are up to 75 orders in v.
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5.H ENTROPY PRODUCTION

In this section, we compute the steady-state entropy production rate S of our set-up
in Eq. (5.74) using the framework shown in [131]. At stationarity, the total entropy

production rate & can be expressed as

L LJ
S = %/0 da Jo(2) — J_(z) — % (5.98)
where
Ji(2) = (w— f = vU'(@)ps (2,8) — DOyps (2,1) (5.99)
is the right-moving current and
J_(x) = (—w— f—vU'(x))p_(x,t) — DOpp_(z,t) (5.100)

is the left-moving current. Inserting Eq. (5.99) and Eq. (5.100) into Eq. (5.98) yields

2 L L
s="_2 1 d vU' (z)u(z) — wt

B fLJ
=D D) dz p(x) :

5.101
D J, D (5.101)

We also compute the entropy production rate S using the formalism outlined in [64].

The entropy production rate reads

L
S = Z / drdyPaW (z — 3, A — B) lim

Wz —y,A— B;7)
0 T—0
A,Be{+,—}

. (5.102
W(y—>:1:,B—>A;T)) ( )
Below, we analyse which terms contribute to the entropy production Eq. (5.106). As
the short-time transition probability for both displacement and a transmutation sat-
isfy

1
VAr DT

For dynamics involving transmutations between left-moving particles and right-moving

Wx—y+——717)=W(E—->y+——7)=

(vt +0(%).  (5.103)

particles, as the logarithm in Eq. (5.106) vanishes, there is no contribution to the en-

tropy production. The short-time transition probability for right /left-moving particles
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reads

1 _ e (fw—vU’ (2)))?

Wi - (1+0(1)). (5.104)

W =y +—+;7)=

Using the kernel

Wz =y, + = £7)=wU"(y) —7)0(y —2) — (Fw—vU'(y))5'(y — x) + D" (y — )
(5.105)
Using Eq. (5.104) and Eq. (5.105),the total entropy production rate reads

Sy Ly [y o) D) 20 ) U ) ) ()

(5.106)

At the moment, the entropy production rate from Eq. (5.106) looks different from
Eq. (5.101). Using the steady-state Fokker-Planck equation to substitute the —2wu(x)/D
term in the integrand of Eq. (5.106), the entropy production rate reads

s :%2 i / 1 P@) (DU () + 241U (2) + VU (2)°) — wp(z) (f + vU'(2))

D D
[ JUE )~ o)V 417 - DO V@) 1
w? L —wp(z) (f + vU' () — p(x)DvU"(x) — DOpp(x)vU'(x)  fLJ
:5 + /0 dz D D
(5.108)
:% — % i dz vU' (z)p(z) — % i dz p(z) — % (5.109)

which is now consistent with Eq. (5.101). In the above derivation, we have used the

periodicity of U(z) and p(z) and integration by parts.

5.1 ACTIVE ENGINE EFFICIENCY

In the following we discuss the properties of the active heat engine driven by a RnT

particle. As there is a force term acting in the opposite in the Langevin dynamics
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Figure 5.1.1: Optimal power output P, against the force f. The system parameters are w = 1,y =1,
D =1and L =1. We used 20 modes and the field theoretic results are up to 75 orders in v.

Eq. (5.1), one can view this as a RnT particle extracting work by lifting the load with
force f. The power output P,y by the particle extracting work is given by the ex-

pression

Pous = fJL. (5.110)

Intuitively, the work is given by the product of the force f and the effective veloc-

ity JL. Now with the expression of the power output at hand and the mechanism to
calculate the current, we follow the same framework as in Sec. 5.A.1 to find the best
shape of the potential U(z) to optimise the J for different forces f for fixed L so that
we try to work out the optimal power extracted Poy. Below, we plot the optimal Py
against different f. Unfortunately, for f > 0.03, our optimisation procedure is no
longer able to find the best P, with the best f due to divergence issue of our field
theory.

For the heat engine described by the Langevin dyanmics Eq. (5.1), the power input is
given by
Pin = DS + Pous. (5.111)
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Therefore, the efficiency of the heat engine is

(5.112)
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Particle Entity in the Doi-Peliti and

Response Field Formalisms

Abstract

In this chapter, I presented a mear-verbatim copy of the preprint

M.Bothe, L.Cocconi, Z.Zhen and G.Pruessner. Particle Entity in the Doi-Peliti

and Response Field Formalisms [18].

The research project was in collaboration with M.Bothe, L.Cocconi and G.Pruessner.
My contribution to the project consisted of the construction and the derivation
of the field theory. I also contributed to the example of two-point correlation

functions and proving the particle entity in the Doi-Peliti framework.

We introduce a procedure to test a theory for point particle entity, that is, whether
said theory takes into account the discrete nature of the constituents of the sys-
tem. We then identify the mechanism whereby particle entity is enforced in the
context of two field-theoretic frameworks designed to incorporate the particle
nature of the degrees of freedom, namely the Doi-Peliti field theory and the re-
sponse field field theory that derives from Dean’s equation. While the Doi-Peliti
field theory encodes the particle nature at a very fundamental level that is eas-

ily revealed, demonstrating the same for Dean’s equation is more involved and
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results in a number of surprising diagrammatic identities. We derive those and
discuss their implications. These results are particularly pertinent in the context
of active matter, whose surprising and often counterintuitive phenomenology
rests wholly on the particle nature of the agents and their degrees of freedom as

particles.

6.1 INTRODUCTION

The mathematical description of non-equilibrium many-particle systems typically re-
quires a choice of scale at which their behaviour is resolved. When the focus is on
the collective dynamics of a large ensemble of particles, it can be convenient to dis-
regard some of the microscopic information and to rely on a coarse-grained descrip-
tion in terms of densities p(x,t), which are continuous in space. What is generally
lost upon such coarse-graining is “particle entity”, namely the familiar attribute of
classical point particles whose initial property of being localised at one point only is
preserved under the dynamics, in other words that individual particles can only ex-
ist at one position in space at any given time. The distinction between effective and
microscopically resolved theories has recently been debated in the context of active
matter and, more specifically, entropy production [113, 30, 62, 24|, where different
levels of description grant access to different types of information about the degree
of irreversibility of a stochastic process [53]. More generally, the study of sparse col-
lections of interacting particles [68, 156, 152] can make it necessary to equip theories
with a notion of “granularity” of their constituents. Field theories have traditionally
been the most successful approach to capture the physics and mathematics of phe-
nomena emerging from the interaction of many degrees of freedom [92, 73, 164]. The
Doi-Peliti formalism, which has a discrete number-state master equation as its start-
ing point, is perhaps the best known example of a path-integral approach that pre-
serves particle entity [27, 128]. Another, less familiar example is the response field or
Martin-Siggia-Rose-Janssen-De Dominicis [110, 78, 44] field theory [72]| that derives
from Dean’s equation [37, 65, 167|. While it is generally accepted that these theo-
ries correctly describe the behaviour of physical point particles by construction and
that they are, in fact, equivalent [95], the precise mechanism whereby this property
is enforced, as well as a general procedure to determine whether a given field theory

possesses particle entity, have not been identified. We fill this gap in the following
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by introducing a signature of particle entity, Eq. (6.63), that draws solely on the mo-
ments of the integrated number density in a patch €2 of space. These moments can be

computed by standard Feynman diagrammatic techniques.

This work is organised as follows. In Section 6.2, we set the scene by introducing

the Doi-Peliti field theory and the response field formalism. As an illustrative exam-
ple, we compute the two-point correlation function of the number density of ng non-
interacting diffusive particles, thus highlighting some of the key similarities and differ-
ences between the two approaches. In Section 6.3 we formalise the concept of single-
particle entity and derive different observables to probe it. This signature of parti-

cle entity is then applied to the Doi-Peliti field theory (Section 6.4) and the response
field formalism of Dean’s equation without interaction (Section 6.5), confirming that
both are indeed valid descriptions of physical point particles. In this last section we
also discuss the role of integer particle numbers and relate some of the results to a
more intuitive probabilistic picture. Finally, in Section 6.6, we summarise our findings
and highlight some open questions. Some of the technical details are relegated to the

appendices.

6.2 SETTING UP THE FORMALISMS

6.2.1 DOI-PELITI FIELD THEORY

A Doi-Peliti field theory, sometimes referred to as a coherent-state path integral, is

a standard procedure to cast the discrete-state, continuous-time master equation of
reaction-diffusion processes in a second quantised form that is amenable to a pertur-
bative treatment [27, 128, 161]. Its derivation starts from the master equation for the
probability P({n;},t) to find the system in state {n;} = {ng,n4, ...}, that is to find
precisely n; particles at each site ¢, which is then written in a second quantised form
by introducing a Fock space vector |[{n;}), together with the ladder operators a! and
a; for creation and annihilation on each lattice site i. The operators satisfy the com-
mutation relations

[ai,a;] =0y, lai,a;] = [al,al] =0 (6.1)

19 7g
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and act on [{n;}) according to

ajl{ni}) = myl{n; —1}),  all{ni}) = {n; +1}) , (6.2)

so that agai is the number operator counting the number of particles at site 7. The
notation {n; + 1} and similar is a suggestive shorthand to indicate that this is the
same particle number state as {n;} except that the count at site j is increased by

one. The state of the system is thus described by the mixed state

W) = P({ni},0){n;}) (6.3)
{ni}

which evolves in time according to an imaginary-time Schrodinger equation of the
form [27, 128|
0|W(t)) = A(a,a")[ (1)) . (6.4)

For a simple diffusive process on a one-dimensional lattice with homogeneous hopping
rate h and extinction rate r, the operator A reads

~

Ala,al) = Z h(aLrl +al_, —2a))a; — r(al — 1)a; . (6.5)

The formal solution of Eq. (6.4), |U(t)) = eA|W(0)), can then be cast into path-
integral form, whereby the creation and annihilation operators are converted to time-
dependent fields, denoted Lbj (t) and 1);(t), respectively. For technical reasons dis-
cussed extensively elsewhere |27, 128], it is convenient at this stage to introduce the
so-called Doi-shifted creation field, ¥;(t), according to the convention ) (t) = 1+, (t).
For the case of simple diffusion, Eq. (6.5), generalised to d dimensions, the action

functional of the resulting field theory reads, upon taking the continuum limit,

Al (x,1),9(x,1)] = /ddxdtiz(x, t)(0r — DA +1)i)(x, t) (6.6)

and is fully bilinear. In the continuum limit, the hopping rate h and the diffusion

constant D satisfy D = lim;_,o hi? where [ is the lattice spacing. In momentum and
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frequency space it reads
Alikw). w(kw)] = [k dwi(lw)(-iw+ DR+ ik —w) (67
where we have used the convention

Y(x,t) = /ddk‘ dw e**e @h(k,w) and Y(k,w) = /ddxdt e~ kXl (x, ),
(6.8)
withd% = d?% /(2m)? anddw = d%w /(27) (similarly for ¢)). We will change freely

between different representations.

The diffusive propagator can be obtained by Gaussian integration and reads in k,w

5w+ w3k + k)

Wik, w)1/~1(k/, W) = —iw + Dk? +r (6.9)

with (k) = (27)d(k) and 6(w) = (27)d(w). Diagrammatically, the propagator is
represented by the Feynman diagram [161]

b+ )ik + k) kw Ko (6.10)
—iw+ DKZ+7r ' '

Henceforth we will use the symbol = to indicate equivalence between diagrams and
other mathematical expressions. In all diagrams the arrow of time runs from right to

left. Expressing fields in x, ¢, the propagator reads

- 1 d/2 (X . X’)2
x, O ) =0t —t) | ———-r e —_ 6.11
W 006, 0) =00 - 0) (50— ) oo(-imiay) - (61D
for r — 07, with the Heaviside theta function (t) enforcing causality. The extinction
rate 7 has solely the role to establish causality, as it generates the Heavyside theta
function, and regularize the large ¢ behavior, as it guarantees that any density van-
ishes in the large ¢ limit. In the following, we may take the limit r — 0% whenever
convenient. For completeness, the propagator in mixed momentum-time representa-

tion reads

(h(k, )P (K, ) = 0(t — )5 (k + K')e PF 1) (6.12)
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A general observable in the Fock space system is given as a function of occupation
numbers O({n;}). In the Doi-Peliti formalism this corresponds to an operator @’ ({a/a;}),
which is defined by acting on the pure state |{n;}) according to @ ({ala;})|{n:}) =
O({n;})|{n:}). We can use the commutation relation (6.1) to normal-order @’ ({ala;})
such that all annihilation operators are on the right and all creation operators are on

the left. We define the normal ordered operator that acts identical to O'({ala;}) as
O({al}, {a;}). Its expectation translates into a path integral according to the follow-

ing procedure [119]

(0) = > O0({n}) P({ni}, 1) {n;}) (6.13)

{ni}
= (3#|0({al}, {a:})e™|W(0)) (6.14)
:/meéq@@+uxmwnﬁmww@+n (6.15)

where we have introduced the coherent state,

(= ({n}] (6.16)
{ni}

with 7. 1 ({n;}| summing over all n-particle occupation number states, as well as
the initialisation operator I(a!), which satisfies I(a})|0) = |¥(0)), with |0) the vacuum
state. Going to (6.15) the normal ordering of the operator O({a;}, {al}) allowed us
to replace annihilation and creation operators by the right and left eigenvalues of the

coherent states ¥; and U, + 1 respectively.

For an initial condition where m; particles are placed at each site ¢ at time t = 0, the

initialisation appears within the path integral Eq. (6.15) as

100) + 1) = [T + v =TT () ko) (6.17

% i k=0

after the Doi shift. The process can also be initialised in a statistical mixture of occu-

pation number states, e.g. where the occupation number at each site is drawn from a
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Poisson distribution with mean ¢,

. = ("¢
Ipoiss(¥(0) + 1) = H [Z ( k!

7 k=0

=[[e™©@. (618

2

) (5,(0) + 1)F

6.2.2 DEAN’S EQUATION IN THE RESPONSE FIELD FORMALISM

Dean’s equation [37] is a stochastic differential equation of the It6 type obeyed by the
number density function p(x,t) for a system of Langevin processes interacting via a
pairwise potential. It is an exact mapping of, and thus contains the same information
as, the full set of Langevin equations for the individual “single particle” processes. It

reads

Op(x,t) =V - <pV 5{;—3)]

) + V- (p"n(x, 1) + Z n;o(t —t;)o(x — x;) (6.19)
p(xt) i
where F'[p| denotes the free energy functional, defined as

FloGol = [ pt) (V) + Diog(px) + 5 [al5Ux =)o) . 6:20)

with V' (x) a general single-particle potential and U(x — y) a translationally invariant
pairwise interaction potential. The term D log(p)in Eq. (6.20) is the additional sec-

ond derivative from Ito’s lemma rewritten as an entropic contribution to the free en-
ergy. The last term on the right-hand side of Eq. (6.19) describes the initialisation of
n; € 7 particles in state x; at time ¢; so that lim,_, ., p(x,t) = 0. The vector-valued

noise n(x,t) € R? is an uncorrelated white noise with covariance
(nu(x, ), (x', 1)) = 2D6,,0(t —t')o(x —x') , (6.21)

for u,v =1,2,...,d. The unique feature of Dean’s formalism is the nature of the noise
term in Eq. (6.19), V - (p'/?n), which is both conservative and Ito-multiplicative, thus
conserving the total particle number while preventing fluctuations from producing re-
gions of negative density. Following the standard procedure [72, 164|, which requires
special attention due to the multiplicative nature of the noise |74, 167|, Dean’s equa-

tion (6.19) for the time and space dependent field p(x,t) can be cast as a response
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field, or Martin-Siggia-Rose-Janssen-De Dominicis, field theory with action

~ - OF
Alp, pl = /ddxdtp (atp —V-pV %

) —pD(Vp)* —p Z nid(t—1;)0(x —x;) ,
’ (6.22)

p(x,t)

which simplifies to

Alp, 7] = / d'zdt j(x,) (9p(x.t) = DAp(X,0) = 3 mid(t = 1)3(x = ;) = pD(V )"
Z (6.23)

- / A%k dw p(—k, —w)(~iw + DK?)p(k, w) = plk, w) Y | me et
4 [ A% durdw’ DO K9k )€, )p(— (4 1), (0 + ) (6.24)

in the case of non-interacting particles undergoing simple diffusion without external
potential. Unlike the Doi-Peliti path integral, Eq. (6.15), the initialisation here shows
up as a term in the action. In a diagrammatic perturbation theory, these n; particles

starting from positions x; will be shown as a small, filled circle acting as a source:
—o. (6.25)

We will make the simplifying assumption of having only a single non-zero n;, namely
ng, and generalise our result in Appendix 6.B. The presence of the source spoils trans-
lational invariance and as a result, the hallmark J-function as it normally multiplies

any correlation function, say 6 (ko + ki + ... + k) will be replaced by
/dd/{}() ei‘ko~x05(k0 + kl o+ kn) _ e—i’(k1+...+kn).xo ) (6.26)

Where readability is improved by it, we will retain the integral.

The expectation value of a field-dependent observable O[p] can then be computed via

the path integral
(©lp)) = [ DyDF Olple 77 (6.27

where p is the purely imaginary response field. The normalisation is chosen such that
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(1) = 1. The action A is then split into a bilinear and an interacting part, denoted Ay

and Ajy respectively, according to

Aolp, pl = / dlzdt p (9,p — DAp) (6.28)
and
Awilp.pl = [ atadt {p<x, HD(Vi(x,1))? (6.29)
)% (plx 0% [V + [y G-yt
+000) 3 mdx — x5t - m}
= / A% 03 dwioszd(ky + ko + k3)d(w; + wy + ws)
{ it ) Dtk )i, )t ) (630

i) (k) - Kaic,) [V ()3 ) + 50 Kol )| |

- /ddk‘ dw p(k,w) Z nieik-Xie—iwti

Finally, expectations are computed in a perturbation theory about the bilinear theory

using
o =3 (=2 lhoy) (6.31)

where
(o) = /Dppﬁ o o Aolo7] (6.32)

denotes expectation with respect to the bilinear action, Eq. (6.28). The right hand
side of Eq. (6.31) involves products of fields and the Wick-Isserlis theorem [92] can be
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invoked to express these in terms of the bare propagator,

t "t
Glx — Xyt — ) = (p(x, (K, 1)) = 2" (6.33)

obtained from the bilinear action. In d dimensions, the bare propagator reads

R Y (RS L8 B

with the Heaviside theta function 6(¢) enforcing causality. This propagator is identi-
cal to that of the corresponding Doi-Peliti field theory, Eq. (6.11). For later use, we
recall the form of the propagator in momentum-frequency representation,

Sk +K)o(w+ ')

K, w)p(K, W) = .
(e, w)p(K',W))o = === (6.35)

which we have amended by the extinction rate » — 07 to enforce causality, as Eq. (6.9).

Further, we introduce the mixed momentum-time representation,
(p(k, )A(K ) = O(t — t')5(k + K )e P (6.36)

see Eq. (6.12). For non-interacting particles in a flat potential, VV'(x) = 0, VU (x) =
0, the bare propagator equals the full propagator,

(p(k, 1)p(k', 1)) = (p(k, ) p(K’, 1'))o (6.37)

as the only non-linear term in the action is the amputated three-point vertex

—pD(Vp)? = >_ (6.38)

with the dashes on the propagators denoting spatial derivatives acting on the re-
sponse fields and the dotted line the scalar product of these derivatives. The presence
of such a vertex in the free particle case is a non-trivial feature of Dean’s equation
and clashes somewhat with the notion of ‘interaction’ associated with terms of or-
der higher than bilinear [164]. As we will demonstrate below, Eq. (6.38), which we
will refer to interchangeably as Dean’s vertex or a wvirtual branching vertex, is the

term that implements the particle nature of the degrees of freedom within the Dean
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Figure 6.2.1: The time-dependent number density p(z,t) for a physical point particle undergoing
diffusion is expected to remain localised under the dynamics, indicating that the particle can only occupy
one position in space at any given time. While this property is preserved under Dean's dynamics (left
column), it is generally lost when resorting to effective descriptions, such as the classical diffusion
equation (right column). This difference is most obvious when measuring the instantaneous particle
number density at two points a finite distance away from each other (bottom row).

framework. In contrast to Doi-Peliti, particle entity in the response field formalism
of Dean’s equation is a perturbative feature. The effect of Dean’s vertex is illustrated
in Fig. 6.2.1 by comparison with the standard diffusion equation, which lacks particle
entity. To generate Fig. 6.2.1, we do not solve the Deans equation Eq. (6.19) numer-
ically. For the random walk in the top left plot of Fig. 6.2.1, we implement a finite
difference numerical integration on the Langevin equation for a purely diffusive parti-
cle. To generate the bottom left plot of Fig. 6.2.1, we simply select some positions x
from the Brownian trajectory and plot a peak at those positions to simply illustrate
the meaning of particle entity.

The Doi-Peliti field theory and the response field field theory derived from Dean’s

equation can be mapped onto each other by means of a Cole-Hopf transformation of
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the fields [95],

Yl — el — pe . (6.39)
This equivalence implies that the two formalisms should be equally capable of captur-
ing particle entity. The precise mechanisms by which each does so, however, turn out

to be very different, as we will see in detail in Section 6.4 and 6.5.

6.2.3 EXAMPLE: THE TWO-POINT DENSITY CORRELATION FUNCTION

To illustrate the similarities and differences between the two formalisms introduced
above, we now calculate the two-point correlation function of the particle number
density for ng non-interacting diffusive particles in a flat potential, VV'(x) = 0 and
VU (x) = 0, all initialised at the same position xy and time ¢, first in the Doi-Peliti
scheme and then using Dean’s equation. While the result of this detailed calculation
is somewhat trivial and can be derived by straightforward probabilistic arguments, its
derivation elucidates certain formalism-specific cancellation mechanisms that will play
an important role in the remainder of this work. The reader interested in the generic
definition of particle entity but not in the details of the field theoretic approach can
skip directly to Section 6.3.

We first use the parameterisation of the field theories in k and w, which is very com-
monly used in field theories. In real-space and time, the two-point correlation func-
tion C'(x1, Xa,t1,12) in the Doi-Peliti framework is the observable [164, 27|

Clocr, 3z, . 12) = (11 (e, )b 32, 12) (8 (e 1) oca, 1)) 0 (0, 0))(6.40)
= (”1) (k) 11) ) (w1, 1) (%o, L)) (6.41)

i (ﬁ) (1, 1) D02, 1)) (W, 1) D3 o)
+ 2(”20) <w(xQ, t2) (X0, to)> <¢(X17 t1)1) (o, t0)>

X1, Xg, to X1,t1  Xo, %o
[\ X2,t2 70" X, 1o no\ X1, "4 ° Xo, to no [
Ea _®_ —(g)— 2
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where we assume x; # X, to avoid the special case of non-commutation of the op-
erators. The high number of terms in Eq. (6.40) is due to the Doi-shift, which splits
each daggered creator field in two terms, ¢ = 1 + 1}? This turns the contribution of
the initial particles into ¢ = 20 (TLO)@Z”O The vertices made from a crossed cir-
cle in Eq. (6.42) are meant to indicate an annihilation field at the indicated position
and time with immediate re-creation. Eq. (6.40) has the generic form of a two-point

correlation function in the Doi-Peliti framework without interaction.

Eq. (6.41) is still expressed in real space and direct time and needs to be Fourier-
transformed to write it in the common k, w parameterisation. Each of the three terms

in Eq. (6.41) requires four integrals in k and four in w, for example

X2, t2 X1, tl X0, tO
ny  ——(——0 (6.43)

ko + K, 0§k + k
£, / ey K] A d My ey ), Aoy g 2 T K1)O (0 ) Ok + ko) wn + o)

o

—iws + Dk3 + 1 —iwy + DK2 +r
(6.44)

< ef(k2 xo+k] x1+k1-x1 +k0~X0)e—f(w2t2 +wlti+witi+woto)

drawing on the propagator introduced in Eq. (6.9). Using the d-functions, the inte-
grals in each term are immediately reduced to only two, all differing solely in the ar-

guments of the exponentials:

1 1
—iwy + DK% + r —iw, + DK2 +r

% {noei(k2~(x2—x1)+k1~(x1 —xo))e—f(wg (tg—tl)-f—uq (tl —to))

C(Xl,Xg,tl,tg) = /adkgddkl d(,UQ dwl (645)

+ noe’Z(kQ -(Xg 7X0)+k1 -(X1 7X2))efi(OJ2 (tQ 7t0)+w1 (t1 7t2))

+ ny (nO . 1)ei(k2~(x2—x0)+k1~(x1 —xo))e—i(wg(tg—to)+w1 (t1—%0)) }

with » — 07 still to be taken. The first of the three terms in the integrand describes
the propagation of any of ng particles from xq at ¢ty to x; at ¢; and from there to x5
at to. This term will contribute only if £, > ¢; > to. The second term describes a
similar process, from xq at ¢y to X at ¢t and from there to x; at t1, contributing only
if t{ > ty > ty. The last term describes the propagation of two independent particles

from x¢ at ty to x; at ¢; and another one from xq at ¢y to x5 at t5. There are ng(ng —
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1) such pairs. If ng < 1, the last term vanishes, leaving only the first two terms, both
of which vanish if t; = 5 and x; # x5 as we will show below, because a particle
cannot possibly be found at two different places simultaneously. Eq. (6.45) completes

the derivation of the correlation function in the Doi-Peliti framework.

To derive the correlation function in Dean’s framework, we use the action as stated
in Eq. (6.23) with both the interaction and the source treated perturbatively. The
role of the creator fields in the field theory of Dean’s equation is very different from

Doi-Peliti. In the Dean framework, the two-point correlation function is

Xlatl

Xot Xlatl XOat
C(x1,Xa, b1, ta) = (p(X2, t2)p(x1, 1)) = >—~2n0> + —'Eggg

X2, t? X0, tO
X2, t2

(6.46)
as every field p(x,t) can be matched with a creator field from the perturbative part
of the action, shown as a small filled circle at the right end of the incoming propaga-
tors. Each such creator field appears with a coupling ng, which we have highlighted
by writing it in brackets behind each source in the diagram. While the second term
in Eq. (6.46) is structurally identical to the last term in Eq. (6.42) and indeed cap-
tures the same process, the pre-factors of the two differ by ng. The first two terms in
Eq. (6.42) on the other hand seem to be absent from Eq. (6.46). In turn, the first dia-
gram of Eq. (6.46), is solely due to the Dean-vertex Eq. (6.38) and therefore absent in
Doi-Peliti, Eq. (6.42). Writing this term in k,w gives

X17tl
X0, t
St
X27t2

-~ /ddkgddkil de &wl ei(kg-(xg—xg)—&-lq~(x1—xo))e—i(wg(tz—to)-l—wl(tl—to))

1 1 1
—iwy + DK3 + 1 —iw; + DK2 +r —i(wy + wa) + D(ky + ko)2 + 7
(6.47)

X (—2n0Dk1 . k2)

using Eq. (6.35) for the propagator and where the factor (—2nqDk; - ky) is due to
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the sign of the interaction term in the action Eq. (6.23), including a factor 2 from

symietry.

The second term in Eq. (6.46) can be read off from Eqs. (6.42) and (6.45). Its pre-

factor of n2 has to be split into n3 = ng(ng — 1) + ng to reveal the cancellation mecha-

nism,
Xl)tl
xo. 1 X1,t1 Xo,t
) —e (N,
el + _.Engg (6.48)
Xg,ty  Xp, o
X27t2

o /ddkzddkl dCL)Q d—wl ei(kg-(xzfxo)+k1-(X17X0))efi(o.)2(t27to)+W1(tlfto)) %

1 1 —2noDk; - ky
—iwy + DK3 + 1 —iwy + DK2 +1r \ —i(wy + ws) + D(ky + ko)2 + 7

-+ Un + TL()(TLO — 1))

(6.49)
— /ddk2ddk,1 (iwz dUJl e’i(k2~(X2—X0)+k1~(X1—Xo))e—’Z(UJQ(tQ—t())-‘rwl(tl—to))
« { . (6.50)
n .
0 —i(wl + WQ) + D(kl + k2>2 +r

1 1 r
>< —
(—in + Dk3 +r + —iwy + Dk2 +1r  (—iw; + DK3 + 1) (—iws + Dk3 + 7“))

1 1
1 } .
ol = ) e T T Die T

The term proportional to r in the numerator eventually vanishes when r — 0. To see
now that Eq. (6.50) is in fact identical to the first two terms in Eqs. (6.42) and (6.45)

requires a simple substitution of the dummy variables, for example k; + ko becoming
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k17

/d—dk2d-dk_1 d—wz d—wl ei(k2~(xz—xo)+k1~(X1—xo))e—’z(wg(tz—to)—l-wl(tl—to))
1 1

X 6.51
—i(wy + ws) + D(ky + ko)? + 1 —iwy + DK3 + 1 ( )
— /ddkgddk’l aw2 dw1 ei(kg-(xz—x1)+k1~(x1—x0))e—i(w2(t2—t1)+w1(t1—to))
1 1
(6.52)

X :
—iwy + DK? + r —iwy + DK3 + 1

In summary, after pairing in Eq. (6.50) the interaction term of Dean’s equation with
the two independent propagators, the field theory of Dean’s equation reproduces the
two-point correlation function as the Doi-Peliti framework, Eq. (6.45), except for a

term proportional to r which vanishes in the limit of r» — 0:

X1,
R Xo,t Xlatl XOat n
C(x1, %2, 11, t2) = (p(x2, 12) p(x1, 11)) = >—' (no) + — gnﬁg
X9, t2 X0, tO
X2, t2
(6.53)
- / A%k,d %k, dw, dw L ! (6.54)
! ' —iws + DK2 4 1 —iwy + DK2 4 1 '

% {noe’z(kg-(X27X1)+k1-(X1 7XO))67€(W2 (t27t1)+w1 (tlfto))

+ noei(k2~(X2—X0)+k1'(X1 —X2))e—i(W2 (ta—to)twi(t1—t2))

T
" —i(wr +ws) + D(ky + k)2 + 7
i(kz'(XQ—Xo)-‘rkl'(X1—Xo))e—i(wz(tz—to)-‘er(h —to))

— T

X €

+ nO(nO . 1)ei(k2~(x2—xo)+k1'(Xl—Xo))e—f(m(t2—to)+w1(t1—t0))} )

This concludes the demonstration that the Doi-Peliti framework and Dean’s equation
produce identical results for the two-point correlation function. Eq. (6.50) illustrates
the central cancellation mechanism, which we generalise to the relevant observables
below, in particular Appendix 6.A. As Eq. (6.38) is a perturbative term, the resulting

branching diagrams in Eq. (6.53) discount contributions due to independent parti-
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cle movement, shown as two parallel propagators in Eq. (6.53), of which there are n2

rather than ng(ng — 1).

Performing the calculation above immediately in direct time and real space is most
easily done assuming a particular time ordering, say to > t; > ty. In that case, Doi-

Peliti produces

_ xo—x1)? _ G—xg)?
C t t B e 4D(tg—t7) e 4D(t1—tq) 655
(1,2, 1, 12) ~"UrD(ty — 1)) (4xD(t; — t)) ¥ (6:59)
_ (x1=x)” _ (xg—x0)?
e 4D(t1—tp) e 4D(t2—tg)

ol = ) D =100 (4nDts — 1))

directly from Eq. (6.42) using the propagator Eq. (6.11). As ty > t1, only the first
and the last diagrams of Eq. (6.42) contribute, the first due to a particle travelling
from x( to x; and then to x, and the last due to two particles travelling indepen-
dently. In the limit of t5 | ¢; the first term, proportional to ng, becomes ngd(xy —
x1)(4rD(t; — t9)) "2 exp (—(x1 — x¢)?/(4wD(t, — to)), vanishing if x; # x, as the
same particle cannot be at two different places simultaneously. Fig. 6.2.1 provides a

visual illustration of this property.

Although this approach no longer requires regularisation by the extinction rate r, it
is somewhat more demanding to perform the calculation of the correlation function
within Dean’s equation in direct time and real space using Eq. (6.34), because the

Dean-vertex requires a convolution over the time and the position where the virtual

branching takes place,

X1,
Xq, t
>_0. Uno) (6.56)
X2, t2

ﬁ?ng /ddﬂfldt/ (VX/G(XQ — X,,tg — t/)) . (VXIG(Xl — X/, tl — t,))G(X/ — Xo,t/ — to) .

After some algebra, Dean’s equation produces of course the same correlation function
Eq. (6.55) as Doi-Peliti.

In explicit calculations below, notably Appendix 6.A, we will make use of a mixed
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momentum-time, k,t, parameterisation, for which we briefly outline the cancellation
mechanism in the following. In Doi-Peliti, the diagrams Eq. (6.42) can immediately

be written as

C(x1,X2,t1,t2) = / A%kyd (6.57)
% {noei(kz-(x27X1)+k1-(X17X0))9<t2 . tl)e(tl o to)ekag(tgftl)kaf(tl7t0))
+ noei(kz-(X2—x0)+k1.(xl_xQ))g(tl N t2)9(t2 . to)e—Dkf(tl—tz)—Dkg(tz—to))

+ ng(ng — 1)eitktemxotka-Ga=x0)gq, — 1) (t) — to)e_Dkg(”_tO)‘Dk?(tl‘tO))}

by replacing each of the bare propagators of Eq. (6.41) by Eq. (6.12) and making use

of the d-functions on the momenta, or by direct interpretation of the diagrams.

Dean’s equation, Eq. (6.46), on the other hand, produces

C(Xl, X9, tl: tg) = /ddkgd:dklddko eik?xQeikl.xleiko.xOé(kQ + k1 + ko)

% {(—Qnngl . k2)/ At 0ty — t/)e_Dkg(tg—t/)Q(tl _ t,)e_Dkf(tl—t'm(t/ _ t())e—Dkg(t/_to)}

—00

+ /ddkgddkl eikz-(XQ—XO)eikl'(xl—XO) (658)

X {ngﬁ(tg — to)@ka%(tQito)e(tl — t(])eka%(tlitO)} R

with the convolution over ¢, the time of the virtual branching in the first diagram.
While the lower limit of this integral is fixed to ¢y by 6(t' — t¢), the upper limit is
tmin = min (t1,%3) via the product of two Heaviside 6-functions. Its two possible
values generate two terms as in Eq. (6.42), conditioned by #-functions. Using the 4-
function in the first line of Eq. (6.58) to eliminate the integral over ko, the ng branch-

ing terms each produce

tmin
/ dt e—Dk%(tg—t’)e—Dk%(tl—t/)e—D(kl +ko)2 (' —tp)
to

— e—Dkg(b—to)e—Dk%(tl—to) (1 _ e—2Dk1'k2(tmin—t0)) 1 (6.59)

2Dk, - ko

The 1-term in the bracket is independent of t,,;, and cancels with ng of the ng discon-
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nected terms. The remaining terms can be simplified using for example

7Dk% (tl 71‘,0)

e

672Dk1-k2(t17t0) —_ efD(k1+k2)2(t17t0)eDk%(t17t0) (660)

in the case of t,,;, = t; and, after a shift in k;, such as k; + ko — k; in the example
above, reproduce the result from Doi-Peliti, Eq. (6.57). This concludes the illustra-

tion.

To summarise this section, the correlation function of the particle position of ny non-
interacting particles is not a single term, as it needs to capture multiple scenarios of
particles moving, while keeping track of the particle nature of the constituent degrees
of freedom. Both frameworks result in the same expressions, such Eqs. (6.45), (6.54),
(6.55) and (6.57). A cancellation mechanism such as Eq. (6.49) in the k,w param-
eterisation and the convolution in Eq. (6.59) for k, ¢, connects Doi-Peliti and Dean,
revealing that the perturbative, virtual branching in Dean’s framework is in fact a
sum of sequential propagation of a single particle and independent propagation of two

distinct ones.

The calculation in this preliminary section suggests that the interaction vertex Eq. (6.38)
in Dean’s formalism, a vertex that would be missing in a naive response field theory

of the corresponding Fokker-Planck equation, contains the same information as the
commutation relation of the Doi-Peliti ladder operators. The importance of this ob-
servation will become evident in Section 6.4 and 6.5, where we analyse the particle

nature in greater detail.

6.3 PROBING FOR PARTICLE ENTITY

Within the Dean framework p(x,t) denotes the instantaneous particle number density
in state x at time t. We define particle entity as a property of the evolution equa-
tion for p(x,t) whereby this time-dependent random variable can be written as a
finite sum of “single particle densities” with integer coefficients. In the case of a dis-
crete phase space, the single-particle density for a particle in state X is the Kronecker-
delta with unit prefactor, dx x. For continuous degrees of freedom, the single-particle

density for a particle in state x is the Dirac-delta distribution normalised to unity,
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d(x — x). Correspondingly,

n;(t)dx %, for discrete states
o 1) = 2Tl (6.61)

> ni(t)é(x —x;), for continuous states

where n;(t) € N. It follows from this requirement that the integral of the particle
number density p(x,t) over any (sub-)volume €2 of the space is an integer-valued ran-

dom variable,

: xi,t) € N, for discrete states
v c ri. | ea (5t , (6.62)

Jo dzp(x,t) € N, for continuous states
where integrals are performed in the Dirac measure, rather than by expressing the
Dirac-delta distribution as the limit of a series of bump functions under a Lebesgue

integral.

For discrete states, Eq. (6.62) also implies Eq. (6.61), i.e. there can be no densities
satisfying Eq. (6.62) that are not a sum of Kronecker deltas with integer coefficient.
We leave the proof that this equivalence also holds in the continuum for future work.
Such a proof will surely draw on the arbitrariness of {2, which can be used to include
or exclude from the integral in Eq. (6.62) any part of p(x,t). In the case of stochastic

dynamics, it is convenient to re-express the condition Eq. (6.62) in terms of an expec-

<exp (M /Q dx p(x, t))> =1, (6.63)

which needs to be satisfied for any volume 2 and all times ¢. Eq. (6.63) will play the

tation value as

role of a signature of particle entity in the following.

Obviously, Eq. (6.62) implies Eq. (6.63). Yet, expressing the particle entity condition
as an expectation might appear less stringent than demanding it at the level of in-
dividual trajectories. However, rewriting Eq. (6.63) as (cos(2r [d%z p(x,t))) = 1 on
the basis of p(x,t) being real, shows that the integral must be integer valued almost

surely, because R 3 cos(z) < 1 for z € R.

A mathematical definition for particle entity is for Eq. (6.62) to hold. To probe for
particle entity, we use Eq. (6.63) as a test.
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In order to ease the calculation of the left-hand side of Eq. (6.63) for a particular field
theory of interest, we can expand the complex exponential as a Taylor series and in-

voke linearity of the expectation to obtain the particle entity signature,

2 S F R A (o) )
— (exp (Qﬁ /Q d%x p(x, t))> =1, (6.64)

where the left-hand side is now a function of the nth full moment of the integrated
particle number density, {([,d% p(x,t))"). In Eq. (6.64) we have also introduced

the diagrammatic notation for the nth full moment of the integrated particle number

>

density. The hatched vertex henceforth indicates generally a sum of possibly discon-
nected diagrams involving an arbitrary amount of sources. More specifically, here it
is the n-fold spatial integral of a sum of products of connected diagrams. An example
for such a sum is Eq. (6.46). These moments are perfectly suited for being calculated

in both Doi-Peliti and response field field theories, as done in the following.

An alternative form of our particle entity signature can be obtained by recognising
that the left hand side of Eq. (6.63) is also the moment-generating function (exp (z.X))
of the random variable X = [,dx p(x,t) evaluated at z = 27i. It is a well-known re-
sult from the field-theoretic literature on equilibrium critical phenomena [92, 16| that
the generating function of the full moments (X") can be expressed as the exponen-
tial of the generating function of the so-called connected moments, denoted (X™)..
Outside the field-theoretic literature, connected moments are usually referred to as
cumulants [166]. While one would normally expect source fields j(x,t) to be intro-
duced corresponding to a conjugate variable z at each point in space and time, in the
present context a single variable suffices, as in Eq. (6.64) every field p(x,t) is inte-

grated over the same volume 2. Diagrammatically,
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where we have introduced the notation for the nth connected moment of the inte-
grated particle number density, shown as a circular vertex on the right, which dif-
fers from that of the corresponding full moment also by the presence of an explicit,
single, ingoing propagator emerging from a single source, shown as a filled circle, the
only possible form of a connected diagram contributing to moments of the density. In
equilibrium statistical mechanics, this relationship provides the connection between
the partition function and the Helmholtz free energy [92, 16|. Generating functions of
observables such as n-point correlation functions of p(x,t) can be reduced to those of
connected diagrams as long as the observables can be written as (functional) deriva-
tives of an exponential and provided that each resulting diagram can be written as a
product of connected diagrams. Under these conditions, Eq. (6.65) does all the right

accounting.

Evaluating Eq. (6.65) at z = 2m¢, according to Eq. (6.64) one can write

o <g (22!5)“ <( /Q dx p(x, t)>n>c> —1, (6.66)

or, equivalently,

g (22?")” E@_‘: i (22_7)” < ( /Q A%z p(x, t))n>c = oril (6.67)

n=1

for some integer ¢ € Z, on the basis of the connected moments of the particle number,

to be compared to the particle signature on the basis of the full moments, Eq. (6.64).

6.4 PARTICLE ENTITY IN DOI-PELITI

Doi-Peliti field theories are designed to respect particle entity and they do indeed

do so on a rather fundamental level. To probe for particle entity, we want to use

Eq. (6.63) with p(x,t) replaced by an object suitable for a Doi-Peliti field theory. In
such a field theory, the instantaneous particle number at any position x is probed by

the number operator 7(x) = af(x)a(x). The expected particle number at position x

236



and time ¢ is therefore

(n(x,1)) = (3] al (x)a(x) [T (1)) (6.68)

using a continuum version of the notation introduced in Section 6.2, in particular
Eq. (6.3). While this expectation might be any non-negative real, the instantaneous
a’(x)a(x) is an integer. As already discussed in Section 6.3, Eq. (6.63), we therefore

expect
(%] exp (27ri’aT(x)a(X)) () =1 (6.69)

to hold for every x, as exp (2min) = 1 for any n € Z. If this holds for every point x, it

also holds for every patch €2, since

(%] exp <2W§ZaT(X)a(x)> |W(t)) = (3¢ H exp(2mia’(x)a(x)) [¥(t)) | (6.70)

xeN x€eN

where we have used that operators at different x commute. In the continuum, one
might argue that the particle number at x can only ever be 0 or 1, possibly leading to
some simplifications, but on the lattice occupation is not bound to be sparse in this

sense.

To show that Eq. (6.69) is indeed satisfied in general Doi-Peliti field theories, we re-
call that the state |¥(¢)) can be written as a statistical superposition of integer oc-
cupation number states on the lattice, Eq. (6.3), which are eigenstates of the number
operator af(x)a(x) with integer eigenvalue n, € N. The left hand side of Eq. (6.69)
thus immediately simplifies to the desired result,

> P({ni}, t) exp(2ming) (5 {n;}) = > P({ni},t) = (6.71)

{nz} {nl}

To see more clearly which features of the formalism are responsible for this particu-
lar property of the state |¥(t)) being preserved under the dynamics, and to see this
at the level of fields, we can alternatively follow the standard procedure, outlined in
Eq. (6.15), to express the operator exp(2mia’(x)a(x)) in terms of scalar fields ¥ (x, t)

and ¥T(x,t). The simple mapping of operator to field applies as soon as the operators
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are normal ordered,
exp(za'(x)a(x)) = Z %z" (aT(X)a(x))n (6.72)
= Z %Z” {Z} (aT(x))k a(x)* (6.73)

where we have replaced 277 by z to improve readability and used [119] to normal or-
der (af(x)a(x))". In terms of fields, the observable Eq. (6.70) is thus

O = (3t|exp <zz (aT(X))ka(x)k> W(x,1)) (6.74)

= (x| HZ—Z"Z{Z} Fa(x)F | (x, £)) (6.75)
1 " (n k( ~
<H > {i oo+ >> (6.76)
- <eXp (Z W(x,t)(e” — 1)) I(4(0) + 1)> (6.77)

as (] (af(x))* = (x| [128] and using (6.17) for the initialisation I(¢)(0) + 1). From
Eq. (6.76) to (6.77), we draw on the the mixed bivariate generating function for the
Stirling numbers of the second kind [32],

ZZ{ }—Z y" = exp(y(e’ —1)) . (6.78)

n=0 k=0

For z = 2w, and any integer multiple thereof, Eq. (6.77) indeed produces O =
<]I(@/;(O) + 1)> = 1 as required by Eq. (6.63). Because this calculation never draws on
any particular action, but rather on the fundamentals of normal ordering, Doi-Peliti
field theories respect particle entity universally in the presence of any interactions and

potentials.
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6.5 PARTICLE ENTITY IN RESPONSE FIELD THEORIES: DEAN’S EQUATION

Demonstrating that the response field theory derived from Dean’s equation possesses
particle entity turns out to be a much more challenging task, which requires us to
compute explicitly the connected moments of the integrated particle number den-
sity to arbitrary order. This calculation draws on the specific action Eq. (6.23) and
(6.24) as we perform it here for the case of non-interacting diffusive particles without
external potential. This is done most conveniently by first computing the connected
moments of the density in the mixed momentum-time representation, where Dean’s

action reads
+ / dka’k’dt D(k - K)p(k, t)p(k', t)p(—(k + k'), 1). (6.79)

In this parametrisation, we find (Appendix 6.A, Eq. (6.132))

n

(p(k1,1)...p(Kn, t))e = nof(t — to)e (kat-kn)xo Z(—l)m_l(m - 1! (6.80)

m=1

X Z o~ T(t—t0) 7 K(Pi)*
{P1,...Pm }eP({1,...,n},m)

with P ({1,...,n}, m) the set of all partitions of the set {1,...,n} into m non-empty,
distinct subsets P; with ¢ = 1,...,m, i.e. U, P; = {1,2,...,n} and P, N IP; = 0 for
i # j. The sum thus runs over all possible partitions of {1,2,... n} into m non-empty
sets. There is one partition for m = n and n for m = 1. The vector featuring in the

right-most exponential of Eq. (6.80)

K(P;) =) k, (6.81)

peP;

is the total momentum given by the indices in the subset P;, 7.e. it is the total mo-
mentum of the subset P;, and by linearity, K(A) + K(B) = K(AUB). For exam-
ple, one partition into two of {1,2,3,4} is {P; = {1,2,4}, P, = {3}}, which is one
of 7 elements of P ({1,2,3,4},2). In this example, the momenta of the subsets are
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K(P,) = k; + ky + ky and K(P;) = kj. Diagrammatically, the right-hand side

of Eq. (6.80) is obtained by summing over all connected, topologically distinct dia-
grams with a single incoming propagator and n outgoing propagators labelled by the
external momenta k; (i = 1,...,n), where we need to account for all non-equivalent

permutations of the latter.

The connected moments of the integrated particle number density in a patch €2 are
then obtained by Fourier back-transforming Eq. (6.80) into position-time representa-

tion and integrating over the probing locations x; € €2,
</ddx1 A%, p(xq, t)...p(xn,t)> (6.82)
Q c
:/ Hddxz- /Hddkj exp <—§Zkg : Xg) (p(ky,t)...p(kn, 1)) (6.83)
Qi1 7=0 =1
:/ Hddxi /Hddkj exp (—i Z ky - (% — xo)) (6.84)
Q=1 j=1 (=1

n

X nof(t —to) > (=1)" "} (m —1)! 3 e Dlt—t0) S K(P)?
m=1 {P1,...Pm }eP({1,....,n},m)

The integrals in Eq. (6.84) can be carried out partition by partition, by taking the
integration inside the summation over m = 1,...,n and the partitions {Py,...} €
P({1,...,n},m). As x; and k; are both dummy variables, we may think of subset P,

containing indices 1,...,a with a = |P,|, so that the integrals to be carried out for

eachp=1,...,m are

Jp = /QHddmz‘ /Hddkj exp <_§Zk£ (% — XO)) BT (6.85)
i=1 j=1 =1

In this indexing we have K(P,) = k; + - - - 4+ k, which simplifies to k; after suitable
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shifting of the origin in the integration over k; = k; — (ko + -+ +k,), so that

Jp = / Hddxi /ddlzl ok (a1—x0) o= D(t—to) (6.86a)
Qi1
X /Hddkzj exp (—521{@ - (xp — X1)>
j=2 (=2
_ / TTa%e: G — xo,t — t)(xa — x1).--3(%0 — 1) (6.86D)
Q=1
= To(t — to) (6.86¢)

where we have used Egs. (6.34) and (6.36) in Eq. (6.86b) and introduced
In(t —to) = /dd:p G(x — xo,t — tg) , (6.87)
Q

in Eq. (6.86¢), which is the probability to find a particle at time ¢ within the volume
Q) that had at time ty been placed at xo. We may drop the time-dependence of I
where that improves readability.

As J, is independent of the specific partition, the sum over partitions {Py,...,P,,} €
P({1,...,n},m) in Eq. (6.84) amounts to multiplying a product of m such integrals
by the number of partitions, given by the Stirling numbers of the second kind. Over-
all,

i@_.é < (/Qddx p(x, t))n>c — —nof(t—to) mil (—Ig)m{Z}(m—l)! , (6.88)

which provides us with the information we need to probe the theory for particle en-
tity. It is a key result of the present work. Its derivation is generalised to distinct ini-

tial positions in Appendix 6.B.

Using the particle entity signature based on connected diagrams, Eq. (6.67), confronts
us with some undesirable hurdles due to convergence. We therefore turn our atten-

tion to the full moments, which can be constructed from the connected moments via
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Eq. (6.65), so that for t > ¢,

()
L wfER((frer))) o
-5 exp<i %(—nwf(—fg)f{?}w— 1>!) (691)
& exp<_n0§_o:<—zg>ﬂ<e—1>! 3 %{?}) o (692)

where we have changed the order of summation in the exponential to arrive at the

final equality. This step deserves further scrutiny below. Using in Eq. (6.92) the gen-

erating function of the Stirling numbers [32] in the form

m=/{

as used previously in the Doi-Peliti field theory, Eq. (6.78), leads to

exp (—no Z(—IQ)ZM) : (6.94)
=1

We briefly return to the change of the order of summation from Eq. (6.91) to (6.92).

To justify this, we require absolute convergence

%I@{?}(@ — 1)l < o0 (6.95)

for I € [0,1] and z within a finite vicinity around the origin, given the repeated dif-
ferentiation in Eq. (6.94). As Eq. (6.93) holds for all z € C, we require Y _,-, I§(exp(|z|)—
1)¢/¢ < oo and thus |z| < In(2) by the ratio test.
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Rewriting the exponent in Eq. (6.94) for any |z| < In(2) as a logarithm,

i (=) _ log(1 + ), (6.96)

l
=1

we have
~ dn z no
: = 1+ =) (6.97)
2=0
dr 0 No
= — > ( h ) (eF — 1)FIE (6.98)
#=0 k=0

kz Zojf; (l;) (—1)7e*k=D) (6.99)

- i (Z,O) fézk: (];) (=1 (k= j)", (6.100)

k

I
I 3
o
RS
3
o
N——
5%
.
Q
T

and using the definition of the Stirling numbers of the second kind [32]

i (l;) (=1)%(k —g)" = k'{Z} : (6.101)

we finally arrive at

(6.102)

This is the first central result of the present section. The derivation above implicitly
used that ng is integer. This requirement turns out to also be important for the phys-

ical interpretation of the result, which we discuss in detail in Appendix 6.C.

We now derive a different form of Eq. (6.102), which offers a more immediate physical

interpretation. To this end, we draw on the identity

e 5 B

k=0 =0
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which can be obtained by resolving the binomial (1 — x)™~* on the left into a sum,
collecting terms of order z¢ and then using (720) (7}0__;) = (";) (i) to arrive at an ex-
pression that simplifies to the final sum by means of Eq. (6.101).

Using Eq. (6.103) in Eq. (6.102) gives

<(/Qddx p(X, t)>n> = i (7:) (1 — In(t — to))no_k (Ig(t _ t0)>kkn . (6.104)

k=0

which has a rather simple physical interpretation: of the (integer) ny particles, k can
be found in the volume 2, each independently with probability I, so that the proba-
bility of such a configuration is that of a repeated Bernoulli trial, (’ZO) (1 — Iq)m=*Ik.
As k particles are in the relevant volume, the contribution to the nth particle number

moment is k".

In the form Eq. (6.104), the particle number moments can be used in our particle en-
tity signature Eq. (6.64),

f: (2ri) :. (2m)™ "0 (n0)<1_[Q)n0—kISl%k,n (6.105)

n!
)(1 — Ig)™ 1k (i (QZ—?”W) =1,  (6.106)

n=0

27tk

where we have used e = 1 for k € 7Z in the last bracket and the normalisation of
a binomial distribution. To change the order of summation going from Eq. (6.105) to
(6.106) we draw on the absolute convergence of the last line Eq. (6.106). This con-
cludes the proof of particle entity on the basis of Eq. (6.64) in the Dean formalism,
the second central result of this section. As already hinted at in Section 6.2.3, we
have seen that the precise form of Dean’s vertex Eq. (6.38) plays a fundamental role
in generating the diagrammatic structure responsible for the enforcement of particle
entity in its field theory. We expect that perturbative treatments affecting the ver-
tex form, the extreme case being its complete removal and subsequent treatment of
Dean’s equation as a classical diffusion equation, results in the breakdown of particle

entity under the dynamics (Fig. 6.2.1).
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6.6 CONCLUSION

To the best of our knowledge, this paper presents the first formalisation and sys-
tematic study of the concept of particle entity in the context of statistical field the-
ory. Focusing on two well-known field theoretic formalisms applied to the study of
stochastic processes, namely the Doi-Peliti [164| and the Martin-Siggia-Rose-Janssen-
De Dominicis [110, 78, 44| response field theories, we have demonstrated that parti-
cle entity is enforced in a formalism-specific way. In Doi-Peliti field theories, particle
entity is built into its foundation, namely in the commutation relation of the ladder
operators, Eq. (6.1). In the response field field theory derived from Dean’s equation,
particle entity is a perturbative feature that relies on the precise form of the inter-
action vertex, Eq. (6.38). This "Dean vertex" originates from the Ité-multiplicative
noise term in the original Langevin equation Eq. (6.19). It compensates for some
overcounting that occurs in the bilinear part of the field theory Eq. (6.28), a mecha-
nism that was already identified in an earlier work on the statistics of the non-interacting
Brownian gas [167]. As a result, one is faced with more complicated branching dia-
grams in the response field formalism equipped with particle entity via Dean’s equa-
tion compared to the Doi-Peliti formalism, c¢f. Egs. (6.40) and (6.46) or Eqgs. (6.55)
and (6.56).

To test for particle entity, we introduced the condition Eq. (6.63), that we rewrote
in terms of particle number moments, Eq. (6.64), and, on the basis of the identity

Eq. (6.65), in terms of connected moments, Eq. (6.67).

In Section 6.4, we were able to show in a few lines that particle entity according to

Eq. (6.64) generally holds in Doi-Peliti field theories, Eq. (6.77). This finding is inde-
pendent of the specifics of the action. To demonstrate particle entity for non-interacting,
diffusive field theories on the basis of Dean’s equation, we used in Section 6.5 our key
result on the connected particle number moments, Eq. (6.88), before constructing the
main result Eq. (6.106) on the basis of the full moments, with some of the more cum-

bersome calculations relegated to Appendix 6.A.

It is interesting to speculate whether our derivation simplifies further by exploiting
the well-known identity [92] relating the Legendre transform of the generating func-
tion of the connected moments and the effective action, which only depends on the

one-particle irreducible (1PI) diagrams. Since 1PIs represent a relatively small sub-
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set of all connected diagrams, a particle entity signature of this type might be more
easily applicable to theories involving pair interactions, which are beyond the scope of

the present analysis.
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Appendix

6.A INDUCTION OVER CONNECTED DIAGRAMS

We want to prove that the connected moments of the particle number density in the
response field field theory derived from Dean’s equation obey Eq. (6.80) to all orders

of n, restated here for convenience:

n

(K1, ). p(kns 1)) = nof(t — t)e k)0 §™ (1)t 1)) (6.107)

m=1
X Z o~ D(t—t0) X7 K(P)*

{P1,. P }eP({1,....n},m)

For this we have to consider all diagrams with a single incoming leg and an arbitrary
number n of outgoing legs, the first four orders of which are depicted in Eqs. (6.108),
(6.109), (6.110) and (6.111).

<p(k1,t)>cﬁ = k— (6.108)
<P(k1,t)p(k2,t)>c£ - :>_. (6.109)

k; k; ks
(p(k1,t)p(ka, t)p(ks, 1)), ﬁ = k2>/>?—‘ + k3>/>?—‘ + k2>/>?—‘
ks ko k,

(6.110)
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(p(k1,t)p(ko, t)p(ks, t)p(ka, 1)), =

k; k,
+ ko + ks
ks : ko
k, k,
k k
+ k + ko
ko 3 k,
ks ks
ks k k, k

(6.111)

+ ko + ks + ko
ks ks ky
k, k

ko 1 k,
The shading of the circular vertices above is meant as a visual reminder that we are
now dealing with connected moments of the local number density, which depend on
an unordered set of n external momenta ki, ..., k,,, as opposed to connected moments
of the integrated number density in a patch 2 (cf. Eq. (6.80) and Eq. (6.84) ). The
shaded diagrams are by construction invariant under permutations of the momenta

ki, ..., k.

We proceed by determining some of the shaded diagrams. The trivial case, n = 1
shown in Eq. (6.108), is given by the propagator Eq. (6.36) and the perturbative con-
tribution from the source Eq. (6.24) with coupling ny. Through direct computation in

the mixed momentum-time representation, see Eq. (6.79), we find for the n = 2 case
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Eq. (6.109):

t
ﬁno@(t . to)e—f(kl—‘rkg)-xO / dt/ (_2Dk1 X k2>e—D(t_t/)k%e—D(t—t’)k%e—D(t/_tO)k(Q)
to

(6.112)

ki+ka)-xo |:efD(t7t0)(k1+k2)2 - efD(tfto)(k%+k%) (6113)

= nge ,

where the integral over ¢ arises from representing the Dean vertex Eq. (6.38) in k-t-
space. Each Dean vertex comes with a symmetry factor of 2. A factor of (—2k; ko)™
that arises in the ¢ integration precisely cancels with the vertex prefactor —2Dk; - ko,
which simplifies the result Eq. (6.113) considerably. A similar calculation for the n =
3 case Eq. (6.110) yields

ﬁn(]@(t _ zfo)e—i(k:),-&-kﬁ-lq)-XO e~ Dt—to)(ki+ko+ks)® _ —D(t—to)((ki+k2)?+k3)

o D(t—t0) (ko) +K3) _ o= Dl(t—to) (ks+ka)+k3) | 90— Di(t—to) (63-+i3+k3)

(6.114)

The left-hand side of Eq. (6.114) contains the sum over all distinct ways to assign
the external momenta to the outgoing legs, as shown in (6.110). The whole sum of
the terms is necessary for the coefficients of the Dean vertices to cancel with the k-
dependent factor coming down from the ¢-integrations. We will see that this mecha-

nism is instrumental in performing the induction later on.

Based on Eq. (6.113) and (6.114) we conjecture and indeed show below that a general
connected moment has the form Eq. (6.80),

L (1, )k, 1) . plkn, 1)) = nof(t — to)e™"0H=%0 %y (1) (m — 1)

(6.115)
X Z e~ Dlt—to) YL KP)*

{P1,..Pm }eP({1,....n},m)

with P ({1,...,n},m) the set of all partitions of the set {1,...,n} into m non-empty,
distinct subsets P; with @ = 1,2,...,m so that U™ |, = {1,2,...,n}, as introduced
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..........

all distinct partitions of {1,2,...,n} into m subsets Py, ..., P,,. There is no order to
the subsets, so that the partition {{1},{2}} of {1, 2} is identical to {{2},{1}} and
thus considered the same in P ({1,2},2). We use K(PP) to denote sums over momenta
given by the indices in set P, Eq. (6.81), K(P) = >_ pk,. Eq. (6.115) is a function of
the set of momenta {ky,...,k,}, or simply the indices {1,...,n} alone, and invariant

under their permutation.

Eq. (6.115) will be our induction hypothesis, with the induction to be taken in n,

the number of outgoing legs. The base casesn = 1, n = 2 and n = 3 are immedi-

ately verified, as P ({1},1) = {{{1}}} reduces Eq. (6.115) trivially to Eq. (6.36),
P({1,2},1) = {{{1,2}}} and P ({1,2},2) = {{{1},{2}}} to Eq. (6.113) and
P({1,2,351) ={{{1,2,3}} }, P({1,2,3},2) = { {{1},{2,3}}, {{2}, {3, 1}}, {3}, {1, 2}} }
and P ({1,2,3},3) = { {{{1},{2},{3}}} } to Eq. (6.114).

We want to show that if Eq. (6.115) holds for all strictly positive n < m — 1 then it

also holds for n = m. To this end we consider two distinct subsets of indices A and B

with cardinality |A| > 0 and |B| > 0 respectively, so that ANB = 0, AUB = {1,...,n}

and thus |A| + |B| = n. Each of these sets enters as the argument of diagrams

that have |A| and |B| external legs respectively, each parameterised by the momenta
given by the subsets, {k,|¢ € A} and {k,|¢ € B} respectively. These diagrams can be
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“stitched together” via the Dean vertex, Eq. (6.38), so that

: |A| ] t
ix S—e=ngf(t — to)e TR x / dt’ (—2DK(A) - K(B))e P -to)ltthn)?

Bl ‘
[ 14| 2
DT -l YD PEIERKE (616)
_a:l {]Pﬁ ..... PQ}GP(A,G)
[ 1B|
X Y ePenThser
| b=1 {Q1,...Qp }€P(B,d)
Q |Al - |B]
=nof(t — to)e 1Tt x0 N TN 1)t (g — 1)1(b — 1)I(—2DK(A) - K(B))
a=1 b=1
" Z Z oD Kit4kn) o (= DEYE K(P,)? (~Dt S0 K(Q;)?

{Pl,...}E'P(A,Q){Ql,...}EP(B,())
t a b
X / dt’ exp | Dt' (Z K(P)*+ > K(Q)" = (ki + - +kn)2>] .
to

i=1 j=1
On the left is a diagram with |A| + |B| legs and on the right we use Eq. (6.115) for

diagrams with fewer legs, because neither A nor B can be empty. If we can show that

the sum of all diagrams on the left obeys Eq. (6.115), then the induction step is com-
pleted.

Since U?_,IP; = A, we have from Eq. (6.81) that >"7  K(P;) = K(A) and similarly
Z?=1 K(Q,;) = K(B) and further K(A) + K(B) = K({1,...,n}) = ki + ...k, so
that the exponent in square brackets appearing within the ¢’ integral in the last line

of Eq. (6.116) can be rearranged as follows:

b

ZK(]R-)2 +) K(Q)* = (ki + - + k)’

Jj=1

= —2 (K(A)-K(B) +3 O KP) KP4+ Y DY K(Q) -K(@f)) . (6.117)

i=1 e=i+1 Jj=1 f=j+1

with the nested double summations generating all cross-terms once. In fact, the bracket
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on the right hand side of Eq. (6.117) is the sum of the vector products of all ab+a(a—
1)/24+b(b—1)/2 = (a+b)(a+b—1)/2 distinct pairs of vectors generated with Eq. (6.81)
from the a + b sets {Pq,...,P,,Q1,...,Qp}. With Eq. (6.117) we arrive at

i( IN 1| B
S —noe(t ¢ ) —i(ki+...4+kn)- Z Z a+b ) (b - 1)
a=1 b=1

K(A) - K(B)

X Z Z a a b b
(1. D67 (00 TEPE0 K(4) - K(B) + 3 > K(B)-K(B)+Y > K(Q) K(Q))

i=1e=i+1 J=1f=j+1

(6.118)
% [e—D(t—tO)(kﬁ---+kn)2 _ o Dl—to) (5, K(P:)*+3°0, K(Q)?)

The main obstacle to simplify Eq. (6.118) further at this point is the fraction of scalar
products of K(-)’s. Similar to the 3-point case, Eq. (6.114), this will simplify only
once we consider the sum over all diagrams with non-equivalent permutations of the
external momenta. Since the expressions inserted for sub-diagrams already take care
of permutations within each subdiagram we need to consider only different partition-

ings of the indices 1, ...,n into subsets A and B. Diagrammatically, for n > 2,

_ Z i 2N , (6.119)
- (AB}YeP({L,...,n}.2) i \IB%\

-----

where A and B are again the sets of indices of the momenta associated with each part
of the partition. The external fields of the sub-diagram labelled |A| have momenta k,
with @ € A and correspondingly for the other sub-diagram. The cardinality |A| of

the non-empty partition A, ranges from 1 to n — 1. The cardinality of the non-empty
partition B is then given by |B| = n—|A|. Using Eq. (6.118) for the diagrams summed
over in Eq. (6.119), we re-organise the partitioning, as explained below, and rewrite it
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as

Z Z FUPL, ... P Q1. ... Q) (6.120a)
) =1 {Qu,.}eP

P(A, (B,b)

2
{AB}eP({1,...,n},2) a=1 {Pq,.
> U (W, (W}

m=2{Wy,..,.Wn}eP{1,..n},m) |{Ta,Ts}eP({1,..,m},2) <teTA teTp )
(6.120b)

where F is given by

F({Py,..., P}, {Qy,...,Qp})
nod(t —to)exp (—i(ky + ...+ k,) - x0) (—=1)%*° (@ — 1)! (b — 1)! K(Laj IP’,-) . K(Lbjl @Z>

=1

K(UP> -K(Z(]l@i) £33 KE)KE)+Y Y KQ) K@)

i=1 e=it1 s
v [G—D(t—to)(k1+...+kn)2 _ o~ Dlt—to) (0, K(JPi)QJrZ?ﬂK(Qj)Q)] . (6.121)

The parameters a and b are the cardinalities of the first and the second partition in
the argument of F. This function depends on two partitions of two sets, A and B,
and it is invariant under exchange of its two arguments, which are sets of sets. On
the basis of the partitions and the globally known ky, ..., k,, all the vectors on the
right of Eq. (6.121) can be constructed, so that F is solely a function of the two par-

titions.

Both sides of Eq. (6.120) are performing the same summation, based on the five sums
from Egs. (6.118) and (6.119). Both summations generate all possible ways of par-
titioning the n external legs into two or more subsets. In fact there is a one-to-one
correspondence between every term in the two sums, as we will demonstrate below.
The first sum in Eq. (6.120a) considers all partitions P ({1,...,n},2) of the full set
of indices {1,...,n} into two sets, A and B. These indicate the momenta the two
subdiagrams shown in Eqs. (6.118) and (6.119) depend on. To calculate these two

subdiagrams all partitions of A and B need to be summed over, which is done in
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the remaining four sums. The right-hand side Eq. (6.120b) of Eq. (6.120) performs
the same summation, but first produces all partitions of all {1,...,n} intom =
2,...,n non-empty subsets {Wy,... W, }. In the rightmost sum, these subsets are
distributed among the upper and the lower subdiagram by perfoming a partition into
two subsets T4 and Tp on the indexing {1,...,m} of the subsets W,. These selec-
tions of subsets enter into the function F, with, for example, the upper diagram be-

ing parameterised by the collection of sets

AW} ={W, W,,,..}# [JW, for Ta={tr.to,...}. (6.122)

teT 4 teT 4

Both summations of Eq. (6.120) generate all partitions of the indices and their divi-
sion into an upper and a lower subdiagram. Any term appearing on the left can be
found on the right and vice versa. A set of parameters {Py,...,P,} and {Qy,...,Q,}
on the left is found on the right when m = a + b and {Wy,..., W, } = {Py,...,P,} U
{Qq,...,Qp} are the same partition of {1,... ,n}, with exactly one of the partitions
T4, Ty of the elements of {Wy,...} such that User , {W;} = {Py,...,P,} and User, {W,} =
{Qy,...,Qp} or equivalenty Uier, {W;} = {Q1,...,Qp} and Uier, {W:} = {Py, ..., P.}.
Similarly, the term generated by the partition Uer , {W:}, Urer, {W;} on the right,

can be identified on the left, as the one where A = Uyer, W; and B = Uy, W, or vice
versa, which are both sets, not partitions. They need to be partitioned subsequently,
for example A into {Pq,...,P,} = Uer, W, and B into {Py,..., Py} = Uer,W,; or
equally A into {Py,...,P,} = Uter,W; and B into {Py,..., Py} = User, W,.

Writing Ty = {a1,qs,...,a,} and T = {51, s, ..., B}, the parameterisation of the
right-hand side of Eq. (6.120) allows us to express the denominator of F, Eq. (6.121),

succinctly in terms of the new partition {Wy,... W, },

K(User, {W,}) K(Uper, (W )+ > K(Wo ) K(Wo )+Y - Y K(Wg ) K(Wg))

i=1 e=i+1 j=1 f=j+1
=> Y KW,) K(W,) (6.123)
u=1 v=u+1

as this is the sum of all cross-terms in the square of ) ;" K(W,), as alluded to after

Eq. (6.117). Further, the sum of the squares in the exponent of the right-most expo-
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nential in Eq. (6.121) can be written as

Z K(W,, )" + Z K(Ws)" =Y KW,) (6.124)

as TAUTg = {1,...,m}. Because the right-hand sides of Eqgs. (6.123) and (6.124) are
independent of the partitioning of {W;,... , W,,} via T4 and Tp, they can be taken

outside the sum over these partitions together with (—1)Tal*ITsl = (—1)™

énoea — to)e™ kel (6.125)

n o~ D(t—to) (ki+..+kn)? _ o= D(t—to)(Tiy K(Wa)?)

Zum:1 Z;n:uﬂ K(Wu) ’ K(Wv)

X Z (ITa| — 1) (|T5] —1)'K4-Kg| |
{Ta,Tp}eP({1,....,m},2)

where we use the shorthands

Ky = K( U {Wt}> = > K(W,) (6.126a)

teT 4 teT 4

Kp = K( U {Wt}> = > K(W,) . (6.126b)

tcTp teTp

Next we want to simplify the sum in square brackets in Eq. (6.125). Since it is over
all ways to partition {1,...,m} into the two distinct sets that define K4 and Kp,
we know that the sum over the products K, - - - K will involve every cross-term
K(W,) - K(W,) with u # v at least once and by symmetry equally often. The sum
will therefore cancel with the denominator up to a pre-factor. In order to determine
it, we pick a particular scalar product, K(W,) - K(W,) for some fixed u # v and
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consider those terms in the sum that contain K(W,,) - K(W,):

Coo = K(W,) - K(W,)
X 3 I((uETAAUETB)v(uETB/\ve’]I‘A)> (ITa|— 1) (| T —1)!

{TA,TB}G'P({L...,WL},Z)
(6.127)

where Z(...) is an indicator function that is 1 only if indices u and v are in different
subsets and 0 otherwise, so that the square bracket in Eq. (6.125) becomes > " | """ . C,
We may therefore simply sum over all partitions where u and v indeed are in different
subsets, for example u in T4 and v in Ty — there is no need to separately consider

the case u € Tp and v € T4, as the resulting partitions are identical. The make-up of
the subsets enters only in as far as their cardinalities are concerned, which feature in

the factorial. If ny = |T4| > 0 is the cardinality of Ty, that leaves ng = m —ns > 0

elements for Tg. With one “seat” in T 4 given to u, there are ny — 1 further elements

to be chosen from the m — 2 elements in {1,...,m} \ {u,v},
Cuo =KW Z(A—l) (na— D! (m—ny —1)!
na=1
m—1
= K(W.) - K(W,) ) (m—=2)! = (m—-1)IKW,) KW, , (6.128)
na=1

which means that the square bracket in Eq. (6.125) cancels with the denominator in

the preceding fraction up to a factor (m — 1)!, which can be taken outside the second

sum,

ﬁnoe(t — tg)e kit thkn)xo0 (6.120)

x > (=1)™(m—1)! > (efD(tfto)(k1+...+kn)2 _ e—D(t—tg)(Zumle(Wu)z)) .
m=2 (W1, . Wi }eP({1,....n},m)

The first exponential in the final bracket is independent of the partition, so that the
sum degenerates into the count of the ways a set of n elements can be partitioned

into m non-empty sets, given by the Stirling number of the second kind, {:1} We
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find with the help of |69, 9.745.1]

S (=1 (m - 1) 3 1= (=)™ (m—1)! {;} =1. (6.130)

m=2 {W1,...W,}eP({1,...,n},m) m=2

With that in place, we rewrite Eq. (6.129) as

énoe(’f — to)e ko) o (6.131)

e~ Dlt—to)(kite..4kn)? Z(_l)m—l (m — 1)! Z o~ D(t—to) (i, K(W)?)
m=2 {W1,...Win }eP({1,...,n},m)

The exponential of —D(t — to)(ky + ... + k,,)? in the curly brackets is the summand
of the subsequent sum running over m > 2 evaluated for m = 1, because the only
partition of {1,...,n} into m = 1 subsets is W; = {1,...,n} which produces the
vector K(W;) = ky + ... + k,,. It follows that

£n09(t — tg)e i kittkn)xo0 (6.132)

x Y (=17 (m - 1)! 3 (P Sy |

which is Eq. (6.115). We have thus demonstrated that if Eq. (6.115) holds for all di-
agrams with fewer than n > 2 legs, as they enter into Eq. (6.116), then Eq. (6.115)
also holds for the diagrams with n legs. This concludes the induction step and to-
gether with the base case n = 1 proves Eqs. (6.115) and (6.80) for all n > 1.

6.B  MULTIPLE STARTING POINTS

We generalise our calculation of the connected and full moments of the integrated
particle number density in Dean’s formalism, Section 6.5, to the case where a to-
tal of ng particles are initialised at H < nq distinct sites. We upgrade the previous

derivation by replacing in the action Egs. (6.24) and (6.79) and correspondingly in
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Egs. (6.26) and (6.80)
H
nge’koxo by Z ng, e koxon (6.133)

where zgj, for h =1, ..., H denote the ng; € N particles’ initial positions such that
H
> non =no . (6.134)
h=1

In Section 6.5 and Appendix 6.A we were entirely concerned with connected dia-
grams, where ngexp (iXg - ko) only ever enters linearly. Replacing it according to
Eq. (6.133) renders each such diagram a sum over the H distinct locations, each such
sum still to be considered a single connected diagram. This equally applies to the

central result Eq. (6.88), which now reads

Zi@—%h = = ngub(t —to) Y (Ian(t — to))™ (m — 1)!{:1} (6.135)

where Iq ,(t — to) denotes the transition probability from the starting point x into
the set (2.

The full moments of the integrated particle number density for distinct starting points
can also be derived straighforwardly following the calculation in Eqgs. (6.90)—(6.100).

Using Eq. (6.135) for the associated connected moments, we arrive at

H
A"
bl S I | (GRS (6.136)
. dz"|,_, P
H .
don
= Z < . " . ) doin [1 + (62 — 1)IQ7h]n0’h (6137)
St ia=n Jis -y JH h=1 < =
H 7no,h
= Y ( )H 3 ("“) Wk '{‘;’1} (6.138)
Jite.t+ig=n s JH h=1 kp= h

where we have used the generalised product rule to go from Eq. (6.136) to Eq. (6.137)

by swapping the differential operator into the product, as well as the intermediate
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result Egs. (6.97)—(6.102) for the last step. One can easily verify that Eq. (6.138) re-
duces to Eq. (6.102) when H = 1, i.e. when all particles are initialised at the same

point.

To show particle entity we use a similar procedure as in the single source case from

Eq. (6.102) to (6.106),

no,h Y ! Jh
gl ju! H Z ( > ) kh'{kh} ’
n:O n= 0g1+ +]H n h=1kp=

(6.139)

where the second sum on the right runs over all non-negative integers ji, jo, ..., jug
. oo [o.@] o0
which sum to n. We now use that > 7> . . . _ = > .02 " _ as the sums

converge individually and absolutely, and Eq. (6.103) to obtain

i (272 i 27m Jitetin ﬁ % <n0 h) )no,rkh(jﬂmkhkih

n=0 JE=0 h=1 k=
(6.140)
P
| (6.141)
=11 <Z (n,fhh)(l — Inp) 0~ (o )" 2“““*1) (6.142)
h=1 \k,=0
=11 (6.143)
h=1
=1 (6.144)

This completes the derivation of particle entity according to the criterion Eqs. (6.64)
for particles initialised as multiple origins, cf. Eq. (6.106).
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6.C INTEGER REQUIREMENTS ON INITIALISATION AMPLITUDE nyg

The nth full moment, in the form of the right hand side Eq. (6.102), has an instruc-
tive physical interpretation drawing on ng being integer. To see this, we write the nth

moment of the particle number as

<( /Q ddxp(x,t)>n> _ /Q A2l Al . A% (p(x, ) p(xt) . p(x 1)) (6.145)

with each density p(x},t) considered a random variable as a function of the positions

x;(t) of ng particles indexed by j =1,2,...,n

no

pxit) =Y 8(x; —x(t)) (6.146)

j=1

generating n{ terms of products of é-functions in Eq. (6.145). To calculate the right-
hand side of Eq. (6.145) on the basis of Eq. (6.146) using Eq. (6.87) in the form

/ddx' (0(x" = x;(t)) = Ia(t — to) (6.147)
Q

requires careful bookkeeping of how often each particle coordinate x,(t) is repeated.

For example

/Q Al dial, (5(x, — 31 ())3(x, — xa())) = I2 (6.1482)

/Qd”lzn'lddx’2 (0(x) —x1(t))0(xh, — x1(2))) = In (6.148Db)

as particle coordinates are independent in Eq. (6.148a), but not in Eq. (6.148b), where
in fact §(x] —x1(1))d(xy —x1(t)) = 0(x) —x1(t))d(x5, —x}). To calculate the right-hand
side of Eq. (6.145) thus is a matter of allowing for k£ = 1,2,...,n distinct particle co-
ordinates x;(t) from each of the n sums Eq. (6.146). There are ng(ng — 1) - ... - (ng —
k+1) = ("°)k! such choices. As each of the p(x},t) is a function of a different dummy
variable, they have to be distributed among the k& distinct particle coordinates. There
are {Z} choices for that. The integration produces I& depending on the number k of

distinct particle coordinates following the reasoning for Eq. (6.148). In summary, we
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arrive at "
d o\ 7k )
<</d x,o(x,t)) >:Z( )IQk!{ } (6.149)

Q —~\ k k
including £ = 0 in the summation to cover the special case of n = 0. Eq. (6.149) is
subtly different from Eq. (6.102), as the upper limit of the sum in Eq. (6.102) is nq,
while it is n in Eq. (6.149). However, {}} in Eq. (6.102) vanishes if & exceeds n and
(’Z?) in Eq. (6.102) vanishes if integer k exceeds integer nyg, i.e. in both sums the up-
per limit may be replaced by min (n, ng), provided only ng is integer. We conclude
that the full moment Eq. (6.102) has a sensible interpretation in terms of particle

numbers only if ng is integer.

The key ingredient here are the falling factorials (%) k! = ng(ng — 1) ...« (ng — k+1).
We have seen how they emerge in Dean’s theory by computing the connected mo-
ments, Eq. (6.102) and also Eq. (6.149), explicitly. This structure is another signature
of particle entity, in the sense that it highlights the special role played by the integer
nature of the initial particle number ny. Unsurprisingly, it similarly emerges in Doi-
Peliti. In particular, the full moments of the particle number at position x are given
by

= (%t (af(x)a(x))"e ) (af (%)) " [0) (6.150)

where A denotes the time evolution operator of Eq. (6.4). We then use

(a¥(x0))"™ = (a(xo) + 1) =) (720) (a(x0))" (6.151)

together with [61]
(] a0 = 3 {5 () (6.15)
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to rewrite the right-hand side of Eq. (6.150) as

(5 a1 ) 10) = S {7 5 () €5 (a) e atx) o)

e (6.153)
=3 {Z} (720)6! (%] ax)e)a(xo) |0)*
= (6.154)

where we have used (| (a(x)) exp A(t — to))(a(x0))* [0) = Opel! (3] a(x) exp A(t —
t0))a(x0) [0)" in the absence of interactions. The final expression corresponds to the
one we found via the Dean route, Eq. (6.102), with Io(t — to) replaced by the Doi-
Peliti propagator (3| a(x)exp A(t — to))a(xo) |0).
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Conclusion

Active matter is a wide field of which four topics are presented in this thesis. Exactly
solvable models and their entropy productions are calculated in Chapter 2. In the
next chapter, RnT particles in a piecewise linear ratchet are studied (Chapter 3). Us-
ing field theoretic methods, results for RnT particles in general external potentials
are presented (Chapter 5). In Chapter 6, the mechanism for particle entity under

the Doi-Peliti field theory and the response field theory derived by Dean’s equation

is then demonstrated.

Methods from stochastic processes and statistical field theories are versatile toolboxes
for studying active matter. In the first half of the thesis, I mainly concentrated on
presenting the results employing techniques from stochastic processes. In Chapter

2, I presented a review of entropy production and calculated it for models including
random walks, multi-state Markov processes, driven Brownian motions in potentials
and RnT particles on a ring. In Chapter 3, I calculated the exact steady-state prob-
ability distribution, current, entropy production, power extraction and first passage
properties of a RnT in an asymmetric piecewise ratchet. In the second part of the
thesis, field-theoretic approaches were utilised. Using Doi-Peliti field theory, I solved
the steady-state probability distribution of a RnT particle in a general external po-

tential U(z) and found that the optimal potential that maximises the current of RnT
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has a deep crevasse then a flat plane in the middle and then a sharp peak (Chapter
5). In Chapter 6, I demonstrated the particle entity of focusing on two well-known
statistical field theories, namely the Doi-Peliti field theory and the response field the-

ory.

There are a few questions that I believe can be addressed as future research direction
related to Chapter 3, 5 and 6:

e What is the effect of the piecewise ratchet on the effective diffusion constant of

the RnT particle and does it also cause the giant acceleration [134]?

e Can we solve the steady-state distribution exactly, therefore the entropy pro-
duction, work extraction and first-passage properties for an active Ornstein-
Uhlenbeck particle [55], where the noise is driven by an Ornstein-Uhlenbeck

process, in a piecewise ratchet?

e To resolve the issue of the radius of convergence in the perturbative expansion
of the Doi-Peliti field theory for a RnT particle in a periodic potential using
renormalisation groups. Is there a way to find the analytical form of the opti-

mal potential that maximises the particle current?

e Introduce a formalism to probe particle entity when there is an interacting po-

tential between particles under the two field-theoretic frameworks.

Active matter is a fascinating field where more novel results continue to be discov-
ered. Overall, this thesis develops and addresses topics and viewpoints that will sup-
port future scientific research. I have considered a wide range of questions addressing
problems in active matter using techniques from stochastic processes and field theo-

ries. I hope to continue to contribute to the development of the field in the future.
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