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ABSTRACT 

F o r s y s t e m s m o d e l l e d by d i s c r e t e - t i m e Markov d e c i s i o n p r o c e s s e s ^ 

w i t h l a r g e , b u t f i n i t e numbers o f s t a t e s , o p t i m a l c o n t r o l p o l i c i e s 

( s t a t i o n a r y o f o t h e r w i s e ) c a n i n p r i n c i p l e be d e t e r m i n e d t h r o u g h t h e u s e 

o f e x i s t i n g a l g o r i t h m s , w h i c h compute t h e o p t i m a l c o n t r o l a c t i o n f o r 

e a c h s t a t e . T h e s e methods o f t e n r u n i n t o c o m p u t a t i o n a l d i f f i c u l t i e s and 

t h e r e s u l t i n g c o n t r o l p o l i c i e s c a n be e x c e s s i v e l y c o m p l i c a t e d . The 

theme o f t h i s t h e s i s i s t o p r e s e n t methods f o r d e t e r m i n i n g o p t i m a l 

c o n t r o l s f o r s u c h m o d e l s , where c o n t r o l l a w s a r e d e f i n e d a s f u n c t i o n s o f 

p r e - d e t e r m i n e d g r o u p s o f s t a t e s , t h u s a l l o w i n g much s i m p l e r c o n t r o l 

s t r u c t u r e s , and r e d u c i n g t h e c o m p u t a t i o n a l b u r d e n . 

The t h e s i s i s e f f e c t i v e l y s p l i t i n t o two p a r t s . The f i r s t d e a l s 

w i t h a n a l y t i c a l s o l u t i o n methods w h i c h a r e found t o be o f p r a c t i c a l u s e 

o n l y w h e r e t h e model h a s r e l a t i v e l y f e w ( e . g . s e v e r a l h u n d r e d ) s t a t e s . 

I t i s shown t h a t t h e p r o b l e m c a n be s o l v e d u s i n g a d y n a m i c programming 

a l g o r i t h m . A n o t h e r a p p r o a c h i s t o c o n s i d e r s t a t i o n a r y p r o b a b i l i s t i c 

c o n t r o l s , u s i n g a n o n - l i n e a r programming a l g o r i t h m t o s e a r c h t h e c o n t r o l 

s p a c e f o r t h e o p t i m a l p o i n t . I t t u r n s o u t t h a t t h e p r o p e r t i e s o f t h e 

Markov mode l make t h i s a p p r o a c h a t t r a c t i v e f o r s m a l l e r p r o b l e m s . 

T h e s e c o n d p a r t d e a l s w i t h e x p e r i m e n t a l (Monte C a r l o ) methods w h i c h 

a r e a imed a t p r o b l e m s h a v i n g v e r y l a r g e numbers o f s t a t e s . The g r a d i e n t 

o f p r o c e s s c o s t w i t h r e s p e c t t o t h e c o n t r o l p a r a m e t e r s c a n be e x p r e s s e d 

a s a f u n c t i o n o f t h e s t a t e d i s t r i b u t i o n and a d j o i n t v e c t o r s e q u e n c e s , 

and i t i s shown t h a t t h e s e s e q u e n c e s c a n be e s t i m a t e d i n s e v e r a l w a y s 

u s i n g Monte C a r l o m e t h o d s . I t i s t h e r e f o r e p o s s i b l e t o d e f i n e a number 

o f c o s t g r a d i e n t e s t i m a t o r s , w h i c h c a n be e f f e c t i v e l y employed i n a 

r e c u r s i v e a l g o r i t h m o f t h e s t o c h a s t i c a p p r o x i m a t i o n t y p e , w h i c h s o l v e s 



the optimal control problem. Further developments of this approach 
includes a discussion of variance reduction techniques. 

Throughout the thesis, small Markov models are used to illustrate 
each newly-developed technique, and a larger problem involving 
industrial transfer-lines is solved by a stochastic approximation 
algorithm. 
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TERMINOLOGY, NOTATION A N D SYMBOLS 

C h a p t e r s a r e d i v i d e d i n t o s e c t i o n s w h i c h a r e nuntoered 1 . 1 , 1 . 2 , 

e t c . S e c t i o n s may be d i v i d e d i n t o s u b s e c t i o n s w h i c h a r e numbered 1 . 1 . 1 , 

1 . 1 . 2 , e t c . T a b l e s , f i g u r e s and e q u a t i o n s a r e numbered c o n s e c u t i v e l y 

w i t h i n e a c h c h a p t e r , p r e f i x e d by t h e c h a p t e r number . 

V e c t o r s , m a t r i c e s and commonly u s e d o p e r a t o r s 

V e c t o r s a r e d e n o t e d by l o w e r c a s e l e t t e r s , e . g . c and q . The i ' t h 

component o f a n s - v e c t o r c i s denoted by c p i e { 1 , . . . , s } , and c i s 

s a i d t o be composed o f e l e m e n t s { c^ } , mean ing t h e s e t o f s c a l a r s { c ^ , 

i = 1 , s ) . The s - v e c t o r e^ d e n o t e s t h e v e c t o r h a v i n g ( s - 1 ) z e r o s 

and a ' 1 ' i n t h e i ' t h p o s i t i o n . The s ymbo l ' 1 ' i s u sed t o deno te b o t h 

t h e r e a l number one and t h e v e c t o r h a v i n g a l l components e q u a l t o o n e . 

S i m i l a r l y , ' 0 ' d e n o t e s b o t h the r e a l number z e r o and t h e z e r o v e c t o r . 

More o f t e n t h a n n o t i n the t e x t , a v e c t o r w i l l be r e f e r r e d t o q u i t e 

s i m p l y by i t s s y m b o l , e . g . c , q , e t c . , b u t when i t i s n e c e s s a r y t o 

i n d i c a t e row o r co lumn v e c t o r s , we u s e t h e n o t a t i o n <q f o r t h e row 

v e c t o r q , and q> f o r t h e column v e c t o r q . The i n n e r p r o d u c t o f two 

v e c t o r s i s w r i t t e n < p , q > (= £ P f ^ i ) ' t h u s < G i ' <A> = the i ' t h 
i 

component o f q . S i m i l a r l y , i f A i s a n s x n n a t r i x , t h e n - v e c t o r <e^A 

d e n o t e s i t s i ' t h r o w . I t i s a l s o p o s s i b l e t o w r i t e a n o u t e r p r o d u c t , 

e . g . q > < 1 , w h i c h d e n o t e s t h e m a t r i x have q> a s e a c h o f i t s c o l u m n s . 

The s u p e r s c r i p t ' T ' i s somet imes u s e d t o deno te a t r a n s p o s e d v e c t o r , 

e . g . t h e r c w v e c t o r c T i s t h e t r a n s p o s e d co lumn v e c t o r c . 

M a t r i c e s a r e d e n o t e d by u p p e r c a s e l e t t e r s , e . g . A and B . The j ' t h 

e n t r y i n t h e i ' t h row o f a n s x n m a t r i x A i s w r i t t e n a ^ j , o r and 
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A i s s a i d t o be composed o f e l e m e n t s { a^ j } , mean ing t h e s e t o f s c a l a r s 

i = s ; j = 1 , . . . , n } . I d e n o t e s t h e i d e n t i t y m a t r i x o f 

a p p r o p r i a t e s i z e . 

R n , n = 1 , 2 , d e n o t e s n - d i m e n s i o n a l E u c l i d e a n s p a c e . I f 
a 

f : RP R i s a d i f f e r e n t i a b l e f u n c t i o n , t h e d e r i v a t i v e o f f a t a ( e R n ) 

A A 

i s t h e row v e c t o r [ ( 3 f / 3 a ^ ) ( a ) , . . . , ( 3 f / 3 a n ) ( a ) ] , w h i c h i s deno ted b y 

A A A _ 

( 3 f / 3 a ) ( a ) o r f a ( a ) . The t r a n s p o s e d d e r i v a t i v e , [ f ^ f a ) ] 1 , i s a oDlumn 

v e c t o r d e n o t e d by V a f ( a ) and i s c a l l e d t h e g r a d i e n t o f f a t a . 

I f f : R n R™ i s a d i f f e r e n t i a b l e f u n c t i o n , t h e n f o r e a c h i = 1 , 

. . . . , m, <e^, f> : R n R i s a l s o d i f f e r e n t i a b l e , and t h e d e r i v a t i v e o f f 

A 

a t a i s an m x n m a t r i x g i v e n by 

§ f a ) = f a ( S ) -

( 3 / 3 a ) [ < e r f > ] ( a ) 

( 3 / 3 a ) [ < e m , f > ] (a ) 

I f f : R n + R i s t w i c e d i f f e r e n t i a b l e , i t s s e c o n d d e r i v a t i v e a t a 

2 A A 

i s t h e n x n m a t r i x (3 f / 3 a . 3a) ( a ) = f ( a ) h a v i n g e l e m e n t s d e f i n e d by 
a a 

" C f a a ( a ) ] i j = <3 f / 3 a ± • faj>(a)y i , j e { 1 , . . . , n } 

n g g — 1 a 

F o r a m a t r i x v a l u e d f u n c t i o n ip : k R x R , ip ( a ) r e p r e s e n t s 

•s k ^ 
t h e i n v e r s e o f t h e s x s m a t r i x ip(a) and \p (a) r e p r e s e n t s t h e m a t r i x 

ip(a) r a i s e d t o t h e k ' t h power ( i . e . i p k ( a ) = i p ( a ) x . . . x \ p ( a ) ) . 

v < 

k t e r m s 

a t and d e t ( A ) d e n o t e the t r a n s p o s e and d e t e r m i n a n t o f a m a t r i x A , 

r e s p e c t i v e l y . 
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L i m {tt^} = it c o n f i r m s t h a t t h e s e q u e n c e {tt^.} c o n v e r g e s to n a s t 
t-+oo 

t e n d s t o 0 0 . 

T h e c l o s e d i n t e r v a l [ a , b ] i s t a k e n t o mean t h e s e t o f a l l r e a l 

n u m b e r s , x , s u c h t h a t a ^ x ^ b . H a l f - o p e n i n t e r v a l s a r e a l s o d e f i n e d , 

e . g . x ' s s u c h t h a t a < x < b a r e r e p r e s e n t e d b y [ a , b ) . 

max ( J ( a ) } o r m a x i m i z e { J ( a ) } m e a n s " f i n d t h e v a l u e 
a a 

( o r v a l u e s ) f o r a w h i c h m a x i m i z e s t h e f u n c t i o n J " . 

m i n { J ( a ) } i s d e f i n e d i n a s i m i l a r w a y . 
a 

n 
The o p e r a t o r ~[~f a-/ r e p r e s e n t s t h e p r o d u c t " o f t h e n v a l u e s 

i = l 

{ a ± , i = 1 , . . . , n } . 

N o t a t i o n r e l a t i n g t o randcxn v a r i a b l e s 

A s a m p l e s p a c e ft m i g h t c o n s i s t o f m p o i n t s o r e l e m e n t a r y e v e n t s , 

{gq^, w ^ r t h u s ft = {u> , . . . , o)m> . The samp le s p a c e i s s o m e t i m e s 

w r i t t e n ft = { w } . . 

T h e p r o b a b i l i t y o f o c c u r r e n c e o f seme e v e n t A ( w h i c h r e p r e s e n t s a 

s u b s e t o f t h e s a m p l e s p a c e ) i s g i v e n by P r o b [ A ] , £ [ 0 , 1 ] . A r andom 

v a r i a b l e , X , i s a f u n c t i o n s u c h t h a t f o r e a c h w e f t , X ( w ) i s a r e a l 

n u m b e r . T h e e x p e c t a t i o n o f X ( w ) w i t h r e s p e c t t o a l l w e ft i s d e n o t e d b y 
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E {X(co)} = I x.px weft allx 

w h e r e X t a k e s d i s c r e t e v a l u e s and px = P r o b [ X ( w ) = x ] . 

The n o t a t i o n i s sc roet imes r e d u c e d t o E { X ( w ) } o r s i m p l y E { x ) . 

T h e v a r i a n c e o f X i s w r i t t e n v a r ( X ) ( = E { [X - E { X > ] 2 } ) and t h e 

s t a n d a r d d e v i a t i o n ( S . D . ) o f X i s t h e s q u a r e r o o t o f i t s v a r i a n c e . For 

two random v a r i a b l e s X and Y , we w r i t e t h e c o v a r i a n c e o f X and Y a s 

c o v ( X , Y ) (= E { (X - E { X } ) ( Y - E { Y } ) } ) . 

C o n t r o l s c h e d u l e s and p o l i c i e s 

C o n s i d e r a c o n t r o l s y s t e m f o r w h i c h a c o n t r o l a c t i o n û - h a s been 

s p e c i f i e d a t e a c h t i m e , t = 0 , 1 , . . . , N - l . I f t h e c o n t r o l s were 

s p e c i f i e d w i t h o u t r e f e r e n c e t o t h e s t a t e o f t h e s y s t e m a t e a c h t , t h e 

s e q u e n c e { u Q , . . . , u ^ - i } i s r e f e r r e d t o a s an o p e n - l o o p s c h e d u l e o f 

c o n t r o l a c t i o n s . 

I f u t i s s p e c i f i e d by 

u t = h t ( * t ) f t = 0 , 1 , . . . . , N - l 

w h e r e i s t h e . s y s t e m s t a t e a t t , t h e n { h o ( . ) , . . . , } i s a 

s e q u e n c e o f c o n t r o l l a w s r e p r e s e n t i n g a f e e d b a c k p o l i c y . 

When c a l c u l a t i n g t h e o p t i m a l ( f e e d b a c k ) c o n t r o l p o l i c y we s h o u l d 

( s t r i c t l y s p e a k i n g ) c a l c u l a t e t h e c o m p l e t e s e q u e n c e ( h o ( . ) , . . . , 

h j ^ _ q ( . ) } w h i c h m i n i m i z e s t h e s y s t e m c o s t f u n c t i o n . H o w e v e r , f o r 

s y s t e m s d e s c r i b e d by an e r g o d i c s e t o f s t a t e s ( s e e C h a p t e r 2 f o r 



23 

definitions) then as t «> , ht(.) h(.), and we can calculate the 
control law h(.), used at each t = 0, ..., N-l, which minimizes the 
function defining expected process cost per unit time. In such cases it 
is convenient to refer to the law h(.} as the (feedback) control policy, 
or the stationary feedback policy. This definition coincides with that 
used by Howard (7) and others, when discussing approximation in the 
space of feasible stationary policies. 
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CHAPTER 1 

INTRODUCTION 

1 . 1 F o r m u l a t i n g and s o l v i n g o p t i m a l d e c i s i o n p r o b l e m s 

E n g i n e e r s (amongst o t h e r s ) a r e f r e q u e n t l y r e q u i r e d t o s o l v e 

p r o b l e m s i n v o l v i n g s y s t e m s whose b e h a v i o u r , though s u b j e c t t o some 

random d i s t u r b a n c e , c a n be i n f l u e n c e d by a c t i o n s w h i c h t h e y may d e c i d e 

t o t a k e . 

A s an e x a m p l e , we c a n c o n s i d e r a s i m p l i f i e d f o r m o f an e n g i n e e r i n g 

p r o b l e m i n v o l v i n g m a c h i n e m a i n t e n a n c e . A mach ine p r o c e s s e s w o r k p i e c e s 

a t a c o n s t a n t r a t e o f m e p e r m i n u t e , and i s o b s e r v e d t o be u n r e l i a b l e , 

i . e . i t f a i l s a f t e r p r o c e s s i n g a ( r a n d a n ) number o f w o r k p i e c e s . A 

m a c h i n e f a i l u r e i s i n v a r i a b l y found t o be due t o t h e f a i l u r e o f one 

s p e c i f i c p a r t w h i c h c a n be r e p l a c e d , r e s t o r i n g ' 1 t h e m a c h i n e t o w o r k i n g 

o r d e r . Such r e p a i r s a r e o b s e r v e d t o t a k e a random number o f m i n u t e s . 

R e p l a c e m e n t p a r t s c a n be o b t a i n e d f r o m two m a n u f a c t u r e r s , and i t i s 

f o u n d t h a t one m a n u f a c t u r e r s u p p l i e s p a r t s w h i c h t e n d t o l a s t l o n g e r 

( a l l c w t h e m a c h i n e t o p r o c e s s more w o r k p i e c e s ) , b u t c o s t more t h a n t h o s e 

f r o m t h e a l t e r n a t i v e s u p p l i e r . The e n g i n e e r i s t h e r e f o r e f a c e d w i t h t h e 

p r o b l e m o f d e c i d i n g f r o m w h i c h m a n u f a c t u r e r t o buy h i s p a r t s i n o r d e r t o 

m a x i m i z e t h e p r o f i t e a r n e d . P r o f i t i s c a l c u l a t e d by s u b t r a c t i n g c o s t s 

(due t o t h e r e p l a c e m e n t o f p a r t s ) f r o m r e t u r n s ( p r o p o r t i o n a l t o t h e 

number o f w o r k p i e c e s p r o c e s s e d ) . 

I t i s i m p o r t a n t t h a t t h e q u a n t i t y t o be m a x i m i z e d i s g i v e n a more 

p r e c i s e d e f i n i t i o n . F i r s t l y , t h e e n g i n e e r s h o u l d d e c i d e w h i c h t i m e -

p l a n n i n g h o r i z o n t o u s e . I f he d e c i d e s t o m a x i m i z e t h e t o t a l p r o f i t 

r e a l i z e d o v e r a p r e - d e t e r m i n e d p e r i o d l i k e N m i n u t e s , t h e n t h e p r o b l e m 
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i s r e f e r r e d t o a s a " f i n i t e - h o r i z o n p r o b l e m " . A l t e r n a t i v e l y , he c o u l d 

c o n s i d e r t h e " i n f i n i t e - h o r i z o n p r o b l e m " , f o r w h i c h he wou ld s e e k t o 

m a x i m i z e t h e a v e r a g e p r o f i t p e r m i n u t e ( o r some o t h e r p e r i o d ) o f 

o p e r a t i o n . S e c o n d l y , b e c a u s e p r o f i t i s i n f l u e n c e d by t h e d e c i s i o n 

t a k e n , t h e q u a n t i t y t o be m a x i m i z e d i s r e f e r r e d t o a s t h e " o b j e c t i v e 

f u n c t i o n " and t h e o p t i m a l d e c i s i o n p r o b l e m i s t h u s a f u n c t i o n 

m a x i m i z a t i o n p r o b l e m . A l s o , a s t h e b e h a v i o u r o f t h e s y s t e m i s s u b j e c t 

t o random d i s t u r b a n c e s , t h e r e t u r n s and c o s t s a r e random v a r i a b l e s , and 

i t i s t h e r e f o r e s e n s i b l e t o m a x i m i z e t h e e x p e c t e d p r o f i t e a r n e d i n N 

m i n u t e s , o r t h e e x p e c t e d p r o f i t e a r n e d p e r m i n u t e o f o p e r a t i o n . 

I t s h o u l d be n o t e d t h a t i n d e s c r i b i n g mach ine o p e r a t i o n o v e r a 

p e r i o d o f t i m e , we have f a i l e d t o a t t a c h any i m p o r t a n c e t o t h e s t a t e i n 

w h i c h t h e s y s t e m s t a r t s . I n f a c t , i t i s r e a s o n a b l e t o t r e a t t h e mach ine 

m a i n t e n a n c e p r o b l e m i n t h i s way b e c a u s e a f t e r sane p e r i o d o f o p e r a t i o n , 

i t i s p o s s i b l e f o r t h e s y s t e m t o assume e i t h e r o f i t s two s t a t e s 

( m a c h i n e w o r k i n g o r b r o k e n d o w n ) , r e g a r d l e s s o£ i t s i n i t i a l s t a t e . A 

s y s t e m w h i c h i s a b l e t o " f o r g e t " i t s e a r l y h i s t o r y i n t h i s way i s s a i d 

t o be d e s c r i b e d by a s i n g l e e r g o d i c s e t o f s t a t e s , and we c a n d e f i n e a n 

i n f i n i t e - h o r i z o n p r o b l e m o r a p r o b l e m i n v o l v i n g a l o n g b u t f i n i t e 

p l a n n i n g h o r i z o n w i t h o u t e x p l i c i t l y m e n t i o n i n g an i n i t i a l s t a t e . 

H o w e v e r , t h e r e a r e s y s t e m s whose f u t u r e b e h a v i o u r depends on t h e c h o i c e 

o f i n i t i a l s t a t e , and f o r w h i c h an o p t i m a l d e c i s i o n p r o b l e m wou ld o n l y 

h a v e mean ing i f a n i n i t i a l s t a t e was s p e c i f i e d . I n t h i s t h e s i s , we o i l y 

c o n s i d e r prob lems- d e s c r i b e d by a s i n g l e e r g o d i c s e t o f s t a t e s ( f o r 

r e a s o n s g i v e n i n C h a p t e r 2 ) . 

One s y s t e m a t i c a p p r o a c h f o r s o l v i n g t h e mach ine m a i n t e n a n c e p r o b l e m 

c o m p r i s e s t h e f o l l o w i n g t a s k s : 

( i ) G a t h e r d a t a f r o m t h e p r o c e s s , i . e . o b s e r v e t h e m a c h i n e o v e r a 
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l o n g p e r i o d , d u r i n g w h i c h some m a c h i n e r e p a i r s s h o u l d be 

c a r r i e d o u t u s i n g p a r t s s u p p l i e d by one m a n u f a c t u r e r , and 

o t h e r s s h o u l d be c a r r i e d o u t u s i n g t h o s e f r c m t h e a l t e r n a t i v e 

s u p p l i e r . I n e a c h c a s e , " n o t e t h e t i m e b e t w e e n b r e a k d o w n s , 

and t h e t i m e t a k e n f o r r e p a i r s . A l s o , l i s t a l l c o s t s and 

r e t u r n s r e l e v a n t t o t h e p r o b l e m . 

( i i ) U s i n g t h e d a t a p r e v i o u s l y c o l l e c t e d , f o r m u l a t e a m a t h e m a t i c a l 

mode l o f t h e s y s t e m , t h e r e b y p r o v i d i n g a p r e c i s e s t a t e m e n t o f 

t h e r e l a t i o n s h i p s w h i c h e x i s t be tween t h e components o f t h e 

m o d e l . 

( i i i ) E n s u r e t h a t t h e mode l i s v a l i d by compar ing o u t p u t ( o r some 

o t h e r c h a r a c t e r i s t i c ) p r e d i c t e d by t h e model w i t h t h a t 

o b s e r v e d f rom t h e r e a l s y s t e m . 

( i v ) F o r m u l a t e an o p t i m a l d e c i s i o n p r o b l e m , u s i n g t h e m a t h e m a t i c a l 

m o d e l . 

( v ) S o l v e t h e m a t h e m a t i c a l p r o b l e m c h o o s i n g w h i c h e v e r s o l u t i o n 

method i s a p p r o p r i a t e , b e a r i n g i n mind t h e comput ing 

r e s o u r c e s a v a i l a b l e and t h e t y p e o f m a t h e m a t i c a l mode l 

d e s c r i b i n g t h e s y s t e m . 

( v i ) I m p l e m e n t i n r e a l - t i m e t h e o p t i m a l p o l i c y ( i . e . t h e o p t i m a l 

a c t i o n t o be t a k e n i n e a c h s t a t e ) o b t a i n e d i n ( v ) . T h e 

o p t i m a l p o l i c y m i g h t b e : "Whenever the m a c h i n e f a i l s , e f f e c t 

a r e p a i r u s i n g r e p l a c e m e n t p a r t s s u p p l i e d by m a n u f a c t u r e r 

n o . l " . 

I n t h i s t h e s i s we e f f e c t i v e l y b y - p a s s t h e f i r s t t h r e e t a s k s b y 
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r e s t r i c t i n g o u r a t t e n t i o n t o s y s t e m s w h i c h h a v e been m o d e l l e d by Markov 

d e c i s i o n p r o c e s s e s . T h e s e s i m p l e m a t h e m a t i c a l m o d e l s r e g u l a r l y a p p e a r 

i n t h e l i t e r a t u r e r e p r e s e n t i n g a w i d e r a n g e o f r e a l s y s t e m s . A l t h o u g h 

we u s e some a b s t r a c t Markov m o d e l s t o i l l u s t r a t e c e r t a i n a s p e c t s o f t h e 

t h e o r y , we a l s o s t u d y a p r a c t i c a l e n g i n e e r i n g p r o b l e m i n v o l v i n g 

i n d u s t r i a l t r a n s f e r - l i n e s , w h i c h p r e v i o u s s t u d i e s have shown t o be 

a c c u r a t e l y m o d e l l e d b y Markov d e c i s i o n p r o c e s s e s . 

We now c o n s i d e r t a s k s ( i v ) and ( v ) i n a more g e n e r a l c o n t e x t . I f a 

p h y s i c a l s y s t e m c a n e x i s t i n a n y one o f s d i s t i n c t s t a t e s , t h e n i t s 

Markov mode l r e p r e s e n t s t h e s y s t e m d y n a m i c s by a l i n e a r s - d i m e n s i o n a l 

v e c t o r e q u a t i o n . I n t h e r e a l w o r l d , s y s t e m s o f o n l y a n o d e s t s i z e c a n 

g i v e r i s e t o Markov m o d e l s h a v i n g v e r y h i g h d i m e n s i o n s , e . g . an 

i n d u s t r i a l t r a n s f e r - l i n e c o m p r i s i n g f o u r m a c h i n e s l i n k e d t o g e t h e r by 

t h r e e b u f f e r s t o r e s , e a c h h a v i n g a c a p a c i t y o f 10 w o r k p i e c e s , c a n e x i s t 

i n a n y one o f 2 1 , 2 9 6 s t a t e s . T h r o u g h o u t t h e t h e s i s , we w i l l u se t h e 

t e r m " c l a s s i c a l Markov d e c i s i o n p r o b l e m " t o d e s c r i b e a p r o b l e m u s i n g a 

Markov mode l whose d e c i s i o n s t r u c t u r e a l l o w s t h e use o f a d i f f e r e n t 

a c t i o n i n e a c h s t a t e f o r w h i c h a l t e r n a t i v e a c t i o n s e x i s t . The s e t 

c o m p r i s i n g a c t i o n s d e f i n e d a s f u n c t i o n s o f s t a t e s i s c a l l e d a ( c o n t r o l ) 

p o l i c y . I t c a n be s e e n t h a t i f m a l t e r n a t i v e a c t i o n s e x i s t f o r e a c h 

s t a t e i n an s - s t a t e m o d e l , t h e n t h e t o t a l number o f f e a s i b l e p o l i c i e s i s 

m s . G i v e n a n y f e a s i b l e p o l i c y , t h e o b j e c t i v e f u n c t i o n i s e v a l u a t e d b y 

s o l v i n g s s i m u l t a n e o u s e q u a t i o n s , o r by u s i n g one l o n g s y s t e m 

s i m u l a t i o n . Thus- i t i s g e n e r a l l y n o t p o s s i b l e t o d e t e r m i n e t h e o p t i m a l 

p o l i c y ( t h e p o l i c y y i e l d i n g t h e maximum v a l u e o f t h e o b j e c t i v e f u n c t i o n ) 

by e v a l u a t i n g t h e o b j e c t i v e f u n c t i o n f o r e a c h f e a s i b l e p o l i c y , and we 

t u r n t o m a t h e m a t i c a l p rogramming and o p t i m a l c o n t r o l t h e o r y f o r more 

e f f i c i e n t s o l u t i o n m e t h o d s . 

L a r g e c l a s s i c a l Markov d e c i s i o n p r o b l e m s c a n t h e o r e t i c a l l y be 
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s o l v e d by u s i n g one o f t h e many s o l u t i o n methods w h i c h h a v e a p p e a r e d i n 

t h e l i t e r a t u r e , b u t i n p r a c t i c e , we f a c e t h r e e m a j o r d i f f i c u l t i e s : 

a ) Most compute r s s o l v i n g a 1 0 , 0 0 0 - s t a t e p r o b l e m u s i n g a n a l y t i c 

methods wou ld h a v e i n s u f f i c i e n t c e n t r a l memory t o a l l o w 

m a n i p u l a t i o n o f 1 0 , 0 0 0 x 1 0 , 0 0 0 m a t r i c e s and 1 0 , 0 0 0 - e l e m e n t 

v e c t o r s . D i s c s t o r a g e c o u l d be u s e d , b u t t h e n a s o l u t i o n 

w o u l d r e q u i r e much more comput ing t i m e . 

S o l u t i o n by ' b r u t e - f o r c e ' s i m u l a t i o n ( u s i n g one l o n g 

s i m u l a t i o n t o a s s e s s e a c h s y s t e m v a r i a n t ) h a s p r e v i o u s l y been 

t h e o n l y p r a c t i c a l o p t i o n , b u t makes i n e f f i c i e n t use o f 

comput ing r e s o u r c e s . 

b ) Though t h e e x i s t i n g a n a l y t i c methods a r e e f f i c i e n t , i n t h e 

s e n s e t h a t t h e y s o l v e a p r o b l e m u s i n g much l e s s e f f o r t t h a n 

wou ld be r e q u i r e d t o e v a l u a t e the o b j e c t i v e f u n c t i o n f o r e a c h 

f e a s i b l e p o l i c y , i t seems l i k e l y t h a t more e f f i c i e n t methods 

m i g h t be d e v e l o p e d f o r p r o b l e m s whe re t h e number o f f e a s i b l e 

p o l i c i e s h a s been r e s t r i c t e d i n some way . 

c ) T h e s o l u t i o n i s e x p r e s s e d i n t h e fo rm o f a f u n c t i o n , d e f i n i n g 

t h e ( o p t i m a l ) a c t i o n t o be t a k e n f o r e a c h o f a l a r g e number 

o f s t a t e s . I f t h e a c t i o n s r e p r e s e n t a c o n t r o l p o l i c y w h i c h 

i s t o - b e imp lemented u s i n g c o m p u t e r - c o n t r o l l e d equ ipment 

f o r m i n g p a r t o f ( s a y ) a t r a n s f e r - l i n e d e s c r i b e d b y 1 0 , 0 0 0 

s t a t e s , t h e n the compute r i s r e q u i r e d t o s t o r e a f u n c t i o n 

h a v i n g 10,000 v a l u e s ( u n l e s s i t c a n be s i m p l i f i e d i n some 

w a y ) . A f t e r i d e n t i f y i n g the s y s t e m s t a t e , t h e compute r c a n 

u s e t h e s t o r e d f u n c t i o n t o d e t e r m i n e w h i c h c o n t r o l a c t i o n t o 

t a k e . U n f o r t u n a t e l y , c o m p u t e r s o p e r a t i n g a s r e a l - t i m e 
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c o n t r o l l e r s r a r e l y h a v e a g r e a t amount o f c e n t r a l memory 

a v a i l a b l e f o r s t o r i n g s u c h a complex f u n c t i o n , and i n any 

c a s e , t h e p o l i c y m i g h t be c o n s i d e r e d u n n e c e s s a r i l y 

c o m p l i c a t e d . A l s o , t h e r e e x i s t s i t u a t i o n s w h e r e i t m i g h t be 

i m p o s s i b l e , o r t o o c o s t l y t o i d e n t i f y t h e e x a c t s t a t e o f t h e 

u n d e r l y i n g p r o c e s s , b u t where i t i s c e r t a i n t h a t one o f a 

g r o u p o f s t a t e s i s o c c u p i e d . 

We a r e a b l e t o make a c o n t r i b u t i o n h e r e by d e v e l o p i n g new and 

e f f i c i e n t s o l u t i o n methods f o r p r o b l e m s m o d e l l e d b y Markov d e c i s i o n 

p r o c e s s e s h a v i n g many s t a t e s and a c t i o n s . Our c h i e f c o n c e r n i s t h a t t h e 

p r o p o s e d methods s h o u l d be o f p r a c t i c a l u s e , and s h o u l d t o some e x t e n t 

ove rcome t h e d i f f i c u l t i e s w h i c h h a v e been i d e n t i f i e d f o r e x i s t i n g 

m e t h o d s . Two o f t h e t h r e e d i f f i c u l t i e s ment ioned above i m p l y t h a t 

c o n t r o l p o l i c i e s f o r t h e c l a s s i c a l Markov d e c i s i o n p r o b l e m a r e more 

c o m p l i c a t e d t h a n t h e y need b e . We t h e r e f o r e b e g i n by r e d e f i n i n g t h e 

d e c i s i o n s t r u c t u r e s o t h a t the c h o i c e o f a c t i o n i n one s t a t e r e s t r i c t s 

t h e c h o i c e i n a n o t h e r . One c o n v e n i e n t and e f f e c t i v e way o f d o i n g t h i s 

i s t o g r o u p t o g e t h e r s u i t a b l e s t a t e s and t o d e t e r m i n e t h e o p t i m a l a c t i o n 

f o r e a c h g r o u p ( t h u s f o r e a c h s t a t e o f a g i v e n g r o u p , we t a k e t h e same 

a c t i o n ) . I n o r d e r t o d i f f e r e n t i a t e be tween p r o b l e m s h a v i n g e a c h t y p e o f 

d e c i s i o n s t r u c t u r e , we use t h e t e r m " g r o u p e d - s t a t e Markov d e c i s i o n 

p r o b l e m " t o i d e n t i f y a p r o b l e m m o d e l l e d by a Markov p r o c e s s h a v i n g t h e 

s i m p l i f i e d d e c i s i o n s t r u c t u r e d e s c r i b e d a b o v e . The o p t i m a l d e c i s i o n 

p r o b l e m f o r e i t h e r t y p e o f m a t h e m a t i c a l d e s c r i p t i o n i s t o " m a x i m i z e t h e 

e x p e c t e d r a t e o f r e t u r n ( o r e q u i v a l e n t l y t o m i n i m i z e t h e e x p e c t e d r a t e 

o f c o s t ) " , whe re t h e m a x i m i z a t i o n s h o u l d be o v e r a l l f e a s i b l e p o l i c i e s . 

Two b e n e f i t s o f t h e g r o u p e d - s t a t e f o r m u l a t i o n i m m e d i a t e l y become 

a p p a r e n t . The f i r s t and mos t o b v i o u s b e n e f i t i s t h a t t h e o p t i m a l 

g r o u p e d - s t a t e p o l i c y c a n be f a r l e s s complex t h a n t h e o p t i m a l p o l i c y f o r 



t h e c l a s s i c a l p r o b l e m . When s p e c i f y i n g s t a t e g r o u p s , t h e p r o b l e m s o l v e r 

i s o i l y c o n s t r a i n e d by c h a r a c t e r i s t i c s o f t h e u n d e r l y i n g p r o c e s s , i . e . 

i t m u s t be p o s s i b l e t o t a k e t h e same a c t i o n i n e a c h s t a t e o f a g r o u p . 

We c a n c o n c e i v e o f p r o c e s s e s f o r w h i c h i t i s p o s s i b l e t o g r o u p t o g e t h e r 

a l l t h e p r o c e s s s t a t e s . Any a c t i o n s p e c i f i e d f o r t h i s g r o u p o f s t a t e s 

i s e f f e c t i v e l y a n o p e n - l o o p c o n t r o l a c t i o n , s o c a l l e d b e c a u s e t h e 

r e a l - t i m e c o n t r o l l e r wou ld r e q u i r e no knowledge o f t h e s y s t e m s t a t e . 

A s e c o n d p o i n t i s t h a t w h e r e a s p o l i c i e s f o r t h e c l a s s i c a l p r o b l e m 

a r e f u n c t i o n s a l a r g e number o f s t a t e s , p o l i c i e s f o r t h e g r o u p e d - s t a t e 

p r o b l e m a r e f u n c t i o n s o f a s m a l l e r number o f s t a t e - g r o u p s , and i t 

f o l l o w s t h a t t h e r e mus t be f e w e r f e a s i b l e p o l i c i e s f o r t h e g r o u p e d - s t a t e 

p r o b l e m t h a n f o r t h e c l a s s i c a l p r o b l e m . We wou ld e x p e c t t h a t an 

o p t i m i z i n g a l g o r i t h m s e a r c h i n g o v e r a s m a l l e r number o f p o l i c i e s would 

be more e f f i c i e n t . 

F o r m a l m a t h e m a t i c a l d e f i n i t i o n s o f c l a s s i c a l and g r o u p e d - s t a t e 

Markov d e c i s i o n p r o b l e m s a r e g i v e n i n C h a p t e r 2 . 

1 . 2 L i t e r a t u r e S u r v e y 

A s s t a t e d e a r l i e r , t h i s t h e s i s t r e a t s a p r o b l e m i n w h i c h t h e number 

o f f e a s i b l e c o n t r o l p o l i c i e s i s d e l i b e r a t e l y r e s t r i c t e d i n a n a t t e m p t t o 

r e d u c e t h e comput ing t i m e r e q u i r e d t o c a l c u l a t e the o p t i m a l p o l i c y , and 

t o e n s u r e t h a t t h e r e s u l t i n g p o l i c y i s n o t o v e r - c o m p l e x ( e s p e c i a l l y 

i m p o r t a n t whe re t h e s y s t e m i s t o be c o n t r o l l e d a u t o m a t i c a l l y by 

c o m p u t e r , l o g i c c o n t r o l l e r , e t c . i n r e a l - t i m e ) . I t a p p e a r s t h a t t h i s 

" g r o u p e d - s t a t e " p r o b l e m h a s n o t been c o n s i d e r e d p r e v i o u s l y i n t h e 

l i t e r a t u r e ( t h o u g h a s i m i l a r p r o b l e m i s posed and s o l v e d b y H a s t i n g s and 

S a d j a d i ( 1 ) - s e e b e l o w ) a n d i t i s n a t u r a l , t h e r e f o r e , t o b e g i n t h i s 

s t u d y w i t h a r e v i e w o f t h e more p o p u l a r s o l u t i o n methods f o r t h e 
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c l a s s i c a l p r o b l e m . 

1 . 2 . 1 A n a l y t i c S o l u t i o n Methods 

S o l u t i o n methods f o r t h e c l a s s i c a l Markov d e c i s i o n p r o b l e n f a l l 

i n t o f o u r b a s i c c a t e g o r i e s . We i d e n t i f y a l g o r i t h m s f r c m e a c h c a t e g o r y 

a s d y n a m i c programming a l g o r i t h m s , l i n e a r programming a l g o r i t h m s and 

a l g o r i t h m s s i m i l a r t o H o w a r d ' s p o l i c y i t e r a t i o n a l g o r i t h m , and W h i t e ' s 

s u c c e s s i v e a p p r o x i m a t i o n a l g o r i t h m . 

Dynamic programming was one o f t h e f i r s t s o l u t i o n methods to be 

s u g g e s t e d and a p p e a r s i n B e l l m a n ( 2 ) , B e l l m a n and D r e y f u s ( 3 ) , and many 

more r e c e n t s t u d i e s . The a l g o r i t h m c a n be used i n p r i n c i p l e t o s o l v e 

c l a s s i c a l Markov d e c i s i o n p r o b l e m s o f a n y s i z e , b u t i n p r a c t i c e i t i s 

v e r y d i f f i c u l t t o o b t a i n n u m e r i c a l s o l u t i o n s t o l a r g e p r o b l e m s , b e c a u s e 

o f t h e v a s t amount o f compute r s t o r a g e r e q u i r e d . Many a u t h o r s have 

a d d r e s s e d t h e m s e l v e s t o t h e p r a c t i c a l a s p e c t s ' o f d y n a m i c p rog ramming , 

and s a n e i n t e r e s t i n g methods f o r r e d u c i n g s t o r a g e r e q u i r e m e n t s a r e t h e 

p o l y n o m i a l a p p r o x i m a t i o n method due t o B e l l m a n and D r e y f u s ( 3 ) , t h e 

d i a g o n a l d e c o m p o s i t i o n method d e v e l o p e d by C o l l i n s ( 4 ) , G o l l i n s and 

Lew ( 5 ) , and t h e d i f f e r e n t i a l d y n a m i c programming a p p r o a c h due t o 

J a c o b s o n and Mayne ( 6 ) . 

When t h e Markov c h a i n i s r e g u l a r ( s e e d e f i n i t i o n s i n C h a p t e r 2) i t 

i s n o r m a l t o c a l c u l a t e the o p t i m a l s t a t i o n a r y c o n t r o l p o l i c y , i . e . t h e 

s t a t i o n a r y p o l i c y y i e l d i n g the minimum mean p r o c e s s c o s t p e r c y c l e . T h e 

d y n a m i c programming a l g o r i t h m y i e l d s a sequence o f N c o n t r o l l a w s ( e a c h 

l a w d e f i n i n g t h e a c t i o n t o be t a k e n i n e a c h s t a t e ) m i n i m i z i n g the t o t a l 

p r o c e s s c o s t o v e r N c y c l e s , b u t Howard ( 7 ) h a s shown t h a t the o p t i m a l 

s t a t i o n a r y p o l i c y d e f i n e d above c a n be found u s i n g v a l u e i t e r a t i o n 

d y n a m i c p r o g r a m m i n g , i . e . i t e r a t i n g o v e r a number o f c y c l e s , N , l a r g e 
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enough f o r t h e p r o c e s s t o r e a c h s t e a d y s t a t e c o n d i t i o n s . A l l o t h e r 

s o l u t i o n methods m e n t i o n e d i n t h i s s e c t i o n a r e d e s i g n e d t o c a l c u l a t e t h e 

o p t i m a l s t a t i o n a r y p o l i c y d i r e c t l y . 

A second a p p r o a c h u s i n g t h e t h e o r y o f l i n e a r programming w a s 

s u g g e s t e d by Manne ( 8 ) and l a t e r s t u d i e d by Wo l f e and D a n t z i g ( 9 ) . I n 

o r d e r t o u s e a l i n e a r p rogramming a l g o r i t h m , i t i s n e c e s s a r y t o 

r e f o r m u l a t e t h e p r o b l e m , t r a n s f o r m i n g t h e f i n i t e s e t o f c o n t r o l 

a l t e r n a t i v e s a v a i l a b l e i n e a c h s t a t e , i n t o a c o n t i n u o u s s p a c e o f 

p r o b a b i l i s t i c c o n t r o l s . I f k c o n t r o l a l t e r n a t i v e s , l a b e l l e d l , . . . , k 

e x i s t f o r a g i v e n s t a t e , t h e n t h e p r o b a b i l i s t i c c o n t r o l a c t i o n t o be 

t a k e n i n t h a t s t a t e i s d e n o t e d by ( a . , i = 1 , k } w h e r e a . <£. [ o , l ] 
1 k 1 

i s t h e p r o b a b i l i t y o f a d o p t i n g c o n t r o l a l t e r n a t i v e i and £ a . = 1 . 
i = l 1 

P r o b a b i l i s t i c c o n t r o l s p r o v e t o be p a r t i c u l a r l y u s e f u l when s o l v i n g 

g r o u p e d - s t a t e c o n t r o l p r o b l e m s . 

B y f a r t h e mos t p o p u l a r o f t h e a n a l y t i c s o l u t i o n methods i s t h e 

p o l i c y i t e r a t i o n a l g o r i t h m due t o Howard ( 7 ) . Many v e r s i o n s o f t h e 

a l g o r i t h m h a v e a p p e a r e d s i n c e i t s i n t r o d u c t i o n i n 1 9 6 0 , b u t H o w a r d ' s 

o r i g i n a l v e r s i o n i s s t i l l used i n many s t u d i e s . Mine and O s a k i ( 1 0 ) 

compared t h e t h r e e a n a l y t i c methods m e n t i o n e d a b o v e , and shew t h a t t h e 

l i n e a r p r o g r a m m i n g , and p o l i c y i t e r a t i o n a l g o r i t h m s a r e e q u i v a l e n t , 

i . e . t h e p o l i c y i t e r a t i o n a l g o r i t h m i s a s p e c i a l e x t e n s i o n o f l i n e a r 

p rog ramming s u c h t h a t p i v o t o p e r a t i o n s f o r many ( a t most s , f o r an 

s - s t a t e p r o b l e m ) v a r i a b l e s a r e p e r f o r m e d s i m u l t a n e o u s l y . 

A f o u r t h c a t e g o r y o f s o l u t i o n methods a r o s e o u t o f a need t o 

ove r come a m a j o r c o m p u t a t i o n a l d r a w b a c k o f t h e p o l i c y i t e r a t i o n 

a l g o r i t h m . A t e a c h i t e r a t i o n , t h e a l g o r i t h m r e q u i r e s t h e s o l u t i o n o f s 

s i m u l t a n e o u s e q u a t i o n s ( f o r an s - s t a t e p r o b l e m ) , and when s i s a l a r g e 

n u m b e r , t h i s f e a t u r e o f t h e p o l i c y i t e r a t i o n a l g o r i t h m makes i t 
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u n w i e l d y . "Whi te ( 1 1 ) u s e d a m o d i f i c a t i o n o f B e l l m a n ' s method o f 

" s u c c e s s i v e a p p r o x i m a t i o n " w h i c h o f f e r s t h e c o n s i d e r a b l e c o m p u t a t i o n a l 

a d v a n t a g e o v e r H o w a r d ' s a l g o r i t h m t h a t o n l y p o i n t w i s e ( d e c o u p l e d ) 

c a l c u l a t i o n s a r e r e q u i r e d a t e a c h " i t e r a t i o n . S e v e r a l a l g o r i t h m s 

r e s e m b l i n g W h i t e ' s o r i g i n a l h a v e a p p e a r e d i n the l i t e r a t u r e . V a r a i y a 

( 1 2 ) h a s r e c e n t l y p r o p o s e d a s i m i l a r a l g o r i t h m w h i c h s u c c e s s i v e l y 

g e n e r a t e s d u a l v a r i a b l e s u s i n g e a s i l y computab le bounds on the mean 

p r o c e s s c o s t c o r r e s p o n d i n g t o a n y f e a s i b l e p o l i c y . 

Whe reas a l l t h e a f o r e m e n t i o n e d a n a l y t i c s o l u t i o n methods we re 

d e s i g n e d t o s o l v e c l a s s i c a l Markov d e c i s i o n p r o b l e m s , i . e . where c o n t r o l 

a c t i o n s c a n be c h o s e n i n d e p e n d e n t l y f o r e a c h s t a t e , and a r e d e f i n e d a s 

f u n c t i o n s o f ( c e r t a i n ) s t a t e o b s e r v a t i o n s , t h e r e e x i s t s a number o f 

s t u d i e s ( n o t a b l y &s t rom ( 1 3 ) , 3 n a l l w o o d and S o n d i k ( 1 4 ) and S o n d i k ( 1 5 ) ) 

d e a l i n g w i t h M a r k o v i a n p r o b l e m s w h e r e c o n t r o l s a r e t o be d e f i n e d a s 

f u n c t i o n s o f s t a t e e s t i m a t e s . H e r e , t h e c o n t r o l l e r o b s e r v e s s y s t e m 

o u t p u t s w h i c h a r e p r o b a b i l i s t i c a l l y r e l a t e d t o " the t r u e s y s t e m s t a t e s , 

and u s e s p r e s e n t and p a s t o b s e r v a t i o n s t o c o n s t r u c t s t a t e e s t i m a t e s . 

S t u d i e s by R i o r d o n ( 1 6 ) and more r e c e n t l y b y B o r k a r and V a r a i y a 

( 1 7 ) a r e c o n c e r n e d w i t h t h e d e f i n i t i o n o f a d a p t i v e c o n t r o l schemes f o r 

s y s t e m s m o d e l l e d by Markov c h a i n s . R a t h e r t h a n s t r u g g l e u s i n g methods 

l i k e t h o s e d e s c r i b e d above t o s o l v e d e c i s i o n p r o b l e m s m o d e l l e d by v e r y 

l a r g e Markov c h a i n s , i t m i g h t be p o s s i b l e t o f o r m u l a t e a r e d u c e d Markov 

m o d e l , i d e n t i f y i n g i t s t r a n s i t i o n m a t r i x and o p t i m a l c o n t r o l p o l i c y i n 

r e a l t i m e , u s i n g an a d a p t i v e c o n t r o l s cheme . T h i s a p p r o a c h h a s n o t been 

i n v e s t i g a t e d i n t h i s t h e s i s , b u t i s c e r t a i n l y w o r t h y o f c o n s i d e r a t i o n . 

Some f u r t h e r comments a r e made i n C h a p t e r 7 when a d a p t i v e c o n t r o l 

s chemes a r e s u g g e s t e d a s a n a r e a f o r f u r t h e r r e s e a r c h . 

T o c o m p l e t e t h i s r e v i e w o f a n a l y t i c a l s o l u t i o n m e t h o d s , we d i s c u s s 
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a r e c e n t p a p e r by H a s t i n g s and S a d j a d i ( 1 ) , w h i c h p o s e s and s o l v e s a 

p r o b l e m r e s e m b l i n g t h e one c o n s i d e r e d i n t h i s t h e s i s . C o n s i d e r i n g a 

p r o c e s s m o d e l l e d by a f i n i t e - s t a t e , d i s c r e t e - t i m e Markov c h a i n , and 

d e f i n i n g a f i n i t e ( a n d p o s s i b l y d i f f e r e n t ) s e t o f c o n t r o l a l t e r n a t i v e s 

f o r e a c h s t a t e , t h e a u t h o r s d e s c r i b e a method f o r d e t e r m i n i n g t h e 

m a x i m a l g a i n ( e q u i v a l e n t l y , m i n i m a l c o s t ) p o l i c y i n t h e " p o l i c y 

c o n s t r a i n e d " c a s e . T h e y d e f i n e a " p o l i c y c o n s t r a i n e d " Markov d e c i s i o n 

p r o c e s s t o be one where s e l e c t i n g a g i v e n a c t i o n i n one s t a t e r e s t r i c t s 

t h e c h o i c e o f a c t i o n i n a n o t h e r . The s e t o f f e a s i b l e c o n t r o l p o l i c i e s 

f o r t h i s p r o b l e m i s any p r e - d e t e r m i n e d s e t o f p o l i c i e s f o r m i n g a s u b s e t 

o f t h e f e a s i b l e p o l i c i e s f o r t h e c l a s s i c a l p r o b l e m . T h u s the c o n t r o l 

s t r u c t u r e h a s a more g e n e r a l f o r m t h a n t h a t d e s c r i b e d i n t h i s t h e s i s . 

I t f o l l o w s t h a t t h e s o l u t i o n method d e s c r i b e d by H a s t i n g s and S a d j a d i 

c o u l d be used t o s o l v e t h e g r o u p e d - s t a t e Markov d e c i s i o n p r o b l e m . 

U n f o r t u n a t e l y , t h i s p r o c e d u r e r e q u i r e s s i g n i f i c a n t l y more 

c o m p u t a t i o n t h a n wou ld be r e q u i r e d t o s o l v e the7 c l a s s i c a l p r o b l e m . I n 

f a c t , t h e f i r s t s t e p i n the p r o c e d u r e i s t o d e t e r m i n e t h e o p t i m a l 

s t a t i o n a r y p o l i c y f o r t h e u n c o n s t r a i n e d p rob lem ( t h e c l a s s i c a l Markov 

d e c i s i o n p r o b l e m ) , w h i c h i m m e d i a t e l y d i c t a t e s a g a i n s t i t s use f o r 

s o l v i n g v e r y l a r g e c o n s t r a i n e d p r o b l e m s . 

1 . 2 . 2 E x p e r i m e n t a l Methods - S i m u l a t i o n and Monte C a r l o Methods 

Wei use t h i s s e c t i o n t o i d e n t i f y r e f e r e n c e s d e a l i n g w i t h the b a s i c 

p r i n c i p l e s o f e x p e r i m e n t d e s i g n and a n a l y s i s . T h e l i t e r a t u r e abounds 

w i t h r e p o r t s o f s t u d i e s u s i n g e x p e r i m e n t a l m e t h o d s , b u t more o f t e n t h a n 

n o t , t h e s e s t u d i e s d e a l w i t h t h e a p p l i c a t i o n o f t h e w e l l known b a s i c 

p r i n c i p l e s o f e x p e r i m e n t a l wo rk t o same s p e c i f i c p r o b l e m , and t h e 

r e s u l t i n g method i s t o o p r o b l e m - o r i e n t e d t o be o f g e n e r a l u s e . T h i s 

comment i s p a r t i c u l a r l y t r u e o f s i m u l a t i o n s t u d i e s a p p e a r i n g i n t h e 
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o p e r a t i o n s r e s e a r c h l i t e r a t u r e . O . R . p r o b l e m s a r e f r e q u e n t l y o f s u c h a 

s i z e t h a t an a n a l y t i c a l s o l u t i o n wou ld be o u t o f t h e q u e s t i o n and t h e 

u s u a l a p p r o a c h i s t o d e v e l o p a s i m u l a t i o n model and t o c a r r y o u t d i r e c t 

" b r u t e - f o r c e " s i m u l a t i o n o b s e r v i n g t h e r e q u i r e d s y s t e m c h a r a c t e r i s t i c s 

f r o m s i m u l a t e d h i s t o r i e s . Two r e f e r e n c e s o f f e r i n g u s e f u l a d v i c e on t h e 

d e v e l o p m e n t o f s i m u l a t i o n mode l s a r e T o c h e r ( 1 8 ) a n d E m s h o f f and S i s s o n 

( 1 9 ) . 

The book b y K l e i j n e n ( 2 0 ) i s an e x c e l l e n t r e f e r e n c e c o v e r i n g a l l 

a s p e c t s o f s i m u l a t i o n , c o n c e n t r a t i n g more on b a s i c p r i n c i p l e s ( e . g . 

d e v e l o p m e n t and v a l i d a t i o n o f m o d e l s , e x p e r i m e n t d e s i g n , a n a l y s e s o f 

s y s t e m v a r i a n t s , s t e a d y s t a t e r e s p o n s e s , e t c . ) t h a n on t h e m o d e l l i n g o f 

s p e c i f i c s y s t e m s . 

We a r e c o n c e r n e d i n t h i s t h e s i s w i t h c h o o s i n g t h e b e s t o f s e v e r a l 

s y s t e m v a r i a n t s (more p r e c i s e l y , c h o o s i n g t h e p a r a m e t e r s o f a s y s t e m 

m o d e l t o y i e l d t h e ' b e s t 1 r e s p o n s e ) and i t i s ' i n t e r e s t i n g t o see t h a t 

u n t i l q u i t e r e c e n t l y , t h e a c c e p t e d p r o c e d u r e f o r s o l v i n g t h i s t y p e o f 

p r o b l e m was t o u s e b r u t e - f o r c e s i m u l a t i o n , i . e . g e n e r a t i n g l o n g 

s i m u l a t e d h i s t o r i e s f o r e a c h s y s t e m v a r i a n t and u s i n g t h e o b s e r v e d 

s y s t e m r e s p o n s e s t o s e l e c t t h e b e s t v a r i a n t . B e c a u s e an o b s e r v e d 

r e s p o n s e i s a random v a r i a b l e , whose a c c u r a c y depends co t h e l e n g t h o f 

t h e s i m u l a t i o n r u n , a n o t h e r p r o b l e m i s t o d e c i d e how much c o m p u t i n g 

e f f o r t i s n e c e s s a r y t o p r o d u c e a n a c c u r a t e r a n k i n g o f t h e s y s t e m 

v a r i a n t s f r o m w o r s t t o b e s t . " M u l t i p l e r a n k i n g p r o c e d u r e s " e x i s t f o r 

t h i s p u r p o s e and a r e a p o p u l a r a r e a o f r e s e a r c h i n t h e i r own r i g h t . 

Some r e c e n t wo rk on t h e t o p i c i s g i v e n by I g l e h a r t ( 2 1 ) and b y D u d e w i c z 

and Z a i n o ( 2 2 ) . A l s o u s e f u l a r e p a p e r s by B e c h h o f e r ( 2 3 ) , R a b b i n s , 

S o b e l & S t a r r ( 2 4 ) , I X j d e w i c z and Z a i n o ( 2 5 ) , and b y Dudewicz and D a l a i 

( 2 6 ) . Though " m u l t i p l e r a n k i n g " r e p r e s e n t s a v a l i d s o l u t i o n method f o r 

g r o u p e d - s t a t e Markov d e c i s i o n p r o b l e m s , i t makes i n e f f i c i e n t u s e o f 



36. 

compute r r e s o u r c e s , and we s e e k a more s y s t e m a t i c t e c h n i q u e . 

I n 1 9 7 9 , a s an a l t e r n a t i v e t o t h e b r u t e - f o r c e a p p r o a c h , Ho ( 2 7 ) 

d e s c r i b e d a n e f f i c i e n t e x p e r i m e n t a l "method f o r e v a l u a t i n g p a r a m e t r i c 

s e n s i t i v i t y . H e r e , o n l y a s i n g l e s t a t i s t i c a l e x p e r i m e n t ( p l u s some 

c o m p u t a t i o n a l o v e r h e a d ) need be imp lemented i n o r d e r t o e s t i m a t e 

s e n s i t i v i t i e s o f t h e s y s t e m r e s p o n s e t o t h e v a r i o u s p a r a m e t e r s . T h e 

s e n s i t i v i t i e s a r e t h e n used t o i n d i c a t e a d i r e c t i o n i n w h i c h t o s e a r c h 

f o r a b e t t e r r e s p o n s e . I n a s e n s e , t h i s a p p r o a c h i s s i m i l a r t o a n o t h e r 

r e s p o n s e a n a l y s i s method known a s " r e s p o n s e s u r f a c e methodo logy (RSM)" 

w h i c h i s d i s c u s s e d i n t h e l i t e r a t u r e ( e . g . s ee B u r d i c k and Nay l o r 

( 2 8 ) ) . RSM r e q u i r e s the f i t t i n g o f a r e g r e s s i o n e q u a t i o n t o a s e t o f 

o b s e r v e d r e s p o n s e s ( r e s u l t i n g i n a " r e s p o n s e s u r f a c e " ) . The r e s p o n s e 

s u r f a c e i s t h e n used i n a h i l l - c l i m b i n g p r o c e d u r e w h i c h e v e n t u a l l y 

i d e n t i f i e s t h e s y s t e m p a r a m e t e r s y i e l d i n g t h e ' b e s t ' r e s p o n s e . H o w e v e r , 

RSM r e q u i r e s m u l t i p l e s y s t e m s i m u l a t i o n s t o c o n s t r u c t t h e r e s p o n s e 

s u r f a c e and we c o n c l u d e t h a t H o ' s a p p r o a c h r e p r e s e n t s a s i g n i f i c a n t s t e p 

f o r w a r d . He h a s a p p l i e d t h i s method t o a t r a n s f e r - l i n e d e s i g n p r o b l e m 

w h i c h we s h a l l d i s c u s s i n t h e n e x t s e c t i o n . 

Monte C a r l o methods a r e t a k e n by many a u t h o r s t o mean s o p h i s t i c a t e d 

t e c h n i q u e s w h i c h c a l l f o r t h e a l t e r a t i o n o f c e r t a i n f u n d a m e n t a l l a w s 

( u s u a l l y p r o b a b i l i t y d i s t r i b u t i o n s ) g o v e r n i n g a s t a t i s t i c a l e x p e r i m e n t 

s o t h a t , compared w i t h t h e n a i v e a p p r o a c h , we o b t a i n a n u n b i a s e d 

e s t i m a t e h a v i n g l o w e r v a r i a n c e f o r t h e same amount o f w o r k . O t h e r s u s e 

t h e t e r m "Monte C a r l o method" t o mean a n y t e c h n i q u e w h i c h u s e s random 

numbers t o p r o d u c e ( u n b i a s e d ) e s t i m a t e d s o l u t i o n s t o a b s t r a c t 

m a t h e m a t i c a l p r o b l e m s . I n t h i s t h e s i s , the t e r m "Monte C a r l o " r e f e r s t o 

b o t h v a r i a n c e r e d u c t i o n and a b s t r a c t s a m p l i n g m e t h o d s . 

The e a r l y wo rk on Monte C a r l o methods h a s been found mos t u s e f u l ; 
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i n p a r t i c u l a r we use methods p r e v i o u s l y a p p l i e d t o a t o m i c p h y s i c s 

p r o b l e m s , d e s c r i b e d by K a h n ( 2 9 ) , and methods d e s i g n e d t o s o l v e l a r g e 

s y s t e m s o f l i n e a r e q u a t i o n s , r e v i e w e d by H a l t o n ( 3 0 ) . T h e use o f 

v a r i a n c e r e d u c t i o n t e c h n i q u e s f o r s o l v i n g a b s t r a c t p r o b l e m s i s d i s c u s s e d 

b y Hammers ley and Handscomb ( 3 1 ) and K l e i j n e n ( 2 0 ) r e p o r t s on t h e i r 

a p p l i c a t i o n i n s i m u l a t i o n . K l e i j n e n c o n c l u d e s t h a t v a r i a n c e r e d u c i n g 

t e c h n i q u e s had h a r d l y been a p p l i e d i n s i m u l a t i o n s t u d i e s up t o 1 9 7 4 . 

S i n c e t h e n t h e s i t u a t i o n does n o t a p p e a r t o h a v e changed much , and i t i s 

u s u a l l y a c c e p t e d t h a t v a r i a n c e r e d u c i n g t e c h n i q u e s a r e d i f f i c u l t t o 

a p p l y t o " c o m p l e x " s i m u l a t i o n s l i k e t h o s e o f q u e u i n g s y s t e m s . 

1 . 2 . 3 S t u d i e s o f I n d u s t r i a l T r a n s f e r - l i n e s 

A r e sume o f r e s e a r c h r e s u l t s up t o 1972 i s g i v e n by W i l d ( 3 2 ) . He 

s t a t e s t h a t a t t h e t i m e o f w r i t i n g , " c o m p a r a t i v e l y l i t t l e r e s e a r c h 

h a s b e e n d i r e c t e d t o t h i s p r o b l e m , and t h e r e i s a s h o r t a g e o f d e f i n i t i v e 

i n f o r m a t i o n t o a s s i s t t h e t r a n s f e r - l i n e d e s i g n e r " . Some r e l e v a n t 

s t u d i e s a r e b y Hunt ( 3 3 ) , who u s e s q u e u i n g t h e o r y t o f o r m u l a t e an 

a n a l y t i c a l mode l f o r s m a l l p r o d u c t i o n l i n e s whose s t a g e s h a v e v a r i a b l e 

s e r v i c e t i m e s ; H i l l i e r and B o l i n g ( 3 4 ) , who e x t e n d H u n t ' s a p p r o a c h by 

i m p r o v i n g t h e n u m e r i c a l p r o c e d u r e t o a l l o w a n a l y s i s o f much l a r g e r 

s y s t e m s w i t h e x p o n e n t i a l o r E r l a n g s e r v i c e t i m e s ; and F reeman ( 3 5 ) , vho 

u s e s b r u t e - f o r c e s i m u l a t i o n s o f a t h r e e - s t a g e l i n e t o d raw-up a l i s t o f 

o b s e r v a t i o n s w h i c h a r e o f f e r e d a s a r o u g h g u i d e t o t r a n s f e r - l i n e 

d e s i g n e r s . B u z a c o t t ( 3 6 ) , ( 3 7 ) d e r i v e s a Markov model o f a t w o - s t a g e 

t r a n s f e r l i n e w i t h c o n s t a n t s e r v i c e t i m e s . The model i s u sed t o 

c a l c u l a t e b u f f e r e f f e c t i v e n e s s , t o i n d i c a t e t h e b e s t l i n e c o n f i g u r a t i o n 

(opt imum b u f f e r s i z e s ) , and t o s o l v e a p r o b l e m i n v o l v i n g r e a l - t i m e l i n e 

c o n t r o l . 

More r e c e n t l y , G e r s h w i n and S c h i c k ( 3 8 ) have used B u z a c o t t ' s Markov 



38. 

m o d e l f o r a n n - s t a g e l i n e and h a v e shown how t h e n e s t e d b l o c k 

t r i - d i a g o n a l s t r u c t u r e o f t h e t r a n s i t i o n m a t r i x c a n be e x p l o i t e d i n 

a n a l y t i c p r o c e d u r e s f o r c a l c u l a t i n g m a t r i x i n v e r s e s and t h e s t a t i o n a r y 

s t a t e d i s t r i b u t i o n f o r t h e s y s t e m . 

T h e e f f i c i e n t s i m u l a t i o n a p p r o a c h m e n t i o n e d i n t h e l a s t s e c t i o n h a s 

b e e n a p p l i e d by Ho, e t a l i n two p a p e r s ( 3 9 ) , ( 4 0 ) . The p r o b l e m t r e a t e d 

b y b o t h p a p e r s i s t h e w e l l known b u f f e r s t o r e d e s i g n p r o b l e m f o r n - s t a g e 

t r a n s f e r l i n e s . H o ' s a p p r o a c h p r o v i d e s e s t i m a t e s o f t h e p a r a m e t e r 

( b u f f e r s i z e ) s e n s i t i v i t i e s , w h i c h a r e l a t e r used i n a h i l l - c l i m b i n g 

r o u t i n e w h i c h d e t e r m i n e s t h e c o n f i g u r a t i o n m a x i m i z i n g l i n e t h r o u g h o u t . 

T h e m a i n c o n t r i b u t i o n o f t h e s e p a p e r s i s t o show how t h e p a r a m e t e r 

s e n s i t i v i t i e s c a n be e s t i m a t e d f r o m one s i m u l a t i o n r u n u s i n g a v e r y 

e f f i c i e n t p r o c e d u r e . The e f f e c t i v e n e s s o f t h i s p r o c e d u r e s t e m s f rom t h e 

a u t h o r s ' i n s i g h t o f t h e f u n d a m e n t a l r o l e p l a y e d b y b u f f e r s i n 

c o n t r i b u t i n g t o t h e p r o d u c t i o n i n c r e a s e o f t h e t r a n s f e r l i n e . 

U n f o r t u n a t e l y , t h e t e c h n i q u e c a n n o t be used" d i r e c t l y t o s o l v e t h e 

c r o s s - l i n k e d t r a n s f e r - l i n e p r o b l e m s t u d i e d i n t h i s t h e s i s , b e c a u s e 

c r o s s - l i n k e d l i n e s behave d i f f e r e n t l y when p a r a m e t e r s a r e a d j u s t e d . 

The p r o b l e m i n v o l v i n g r e a l - t i m e c o n t r o l o f c r o s s - c o n v e y o r s l i n k i n g 

two o r more t r a n s f e r l i n e s i s b a s e d on l i n e c o n f i g u r a t i o n s s u g g e s t e d by 

B r i l m a n ( 4 1 ) . The p a p e r i s p r i m a r i l y c o n c e r n e d w i t h p r a c t i c a l a s p e c t s 

o f d e s i g n i n g c a n h a n d l i n g s y s t e m s (mass c o n v e y o r s , e l e v a t o r s , e t c . ) f o r 

t w o - p i e c e t i n p l a t e c a n s , and p r o v i d e s some u s e f u l b a c k g r o u n d i n f o r m a t i o n 

f o r t h e s t u d y . 

1 . 3 C U t l i n e o f t h e T h e s i s 

T h e a i m o f t h e t h e s i s i s t o d e v e l o p new and e f f i c i e n t methods f o r 

s o l v i n g o p t i m a l c o n t r o l p r o b l e m s m o d e l l e d by l a r g e Markov c h a i n s . 
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C h a p t e r 2 b e g i n s w i t h a r e v i e w o f some Markov c h a i n t e r m i n o l o g y , a l s o 

i n t r o d u c i n g n o t a t i o n w h i c h w i l l be u s e d i n l a t e r c h a p t e r s and s a n e w e l l 

known r e s u l t s f o r c o n t r o l l e d c h a i n s o p e r a t i n g i n s t e a d y - s t a t e 

c o n d i t i o n s . The r e m a i n d e r o f C h a p t e r 2 i s d e v o t e d t o a d i s c u s s i o n o f 

d e c i s i o n p r o b l e m s i n v o l v i n g i n d u s t r i a l t r a n s f e r - l i n e s , w h i c h a r e w e l l 

s u i t e d t o m o d e l l i n g by Markov c h a i n s . We g i v e an a c c o u n t o f a b u f f e r 

s t o r e d e s i g n p r o b l e m w h i c h h a s a p p e a r e d p r e v i o u s l y i n t h e l i t e r a t u r e , 

b u t t h e p r i n c i p l e a i m o f t h e d i s c u s s i o n i s t o i n t r o d u c e a p r o b l e m 

i n v o l v i n g t h e r e a l - t i m e c o n t r o l o f two t r a n s f e r - l i n e s u s i n g c r o s s -

c o n v e y o r s . C r o s s - l i n k e d s y s t e m s o f a realistic s i z e a r e a c c u r a t e l y 

m o d e l l e d b y Markov d e c i s i o n p r o c e s s e s h a v i n g a l a r g e number o f s t a t e s , 

and i t was p r e c i s e l y f o r t h i s t y p e o f p r o b l e m t h a t t h e s o l u t i o n methods 

i n t h i s t h e s i s w e r e d e v e l o p e d . We t h e r e f o r e c h o o s e two p r o b l e m s 

i n v o l v i n g c r o s s - l i n k e d l i n e s d e s c r i b e d b y relatively f e w s t a t e s 

( r e f e r r i n g t o t h a n a s " s t a n d a r d " 6 4 - s t a t e and 1 4 4 - s t a t e t r a n s f e r - l i n e 

p r o b l e m s ) and u s e them t o compare t h e e f f i c i e n c y o f e a c h s o l u t i o n 

method . 

The p r a c t i c a l a s p e c t s o f c r o s s - c o n v e y i n g i n c a n - m a k i n g f a c t o r i e s 

h a v e been i n v e s t i g a t e d by B r i l m a n ( 4 1 ) and C h a p t e r 2 u s e s t h i s and o t h e r 

t r a n s f e r - l i n e s t u d i e s t o s e t up a s u i t a b l e Markov mode l t o d e s c r i b e t h e 

p r o c e s s . The " s t a n d a r d " t r a n s f e r - l i n e p r o b l e m s ( w h i c h a r e b a s e d on 

B r i l m a n ' s s u g g e s t i o n s ) a r e d e f i n e d i n A p p e n d i x I . 

T h e p u r p o s e o f C h a p t e r 3 i s t o d e v e l o p a n a l y t i c methods f o r s o l v i n g 

g r o u p e d - s t a t e Markov d e c i s i o n p r o b l e m s . We b e g i n by reviewing t h r e e 

w i d e l y used a n a l y t i c methods f o r s o l v i n g c l a s s i c a l Markov d e c i s i o n 

p r o b l e m s , and a t t e m p t t o s o l v e g r o u p e d - s t a t e p r o b l e m s b y d i r e c t 

a p p l i c a t i o n o f t h e s e m e t h o d s . T h r o u g h o u t t h e c h a p t e r , we u s e s m a l l 

p r o b l e m s w i t h c p e n - l o o p c o n t r o l s t o i l l u s t r a t e new s o l u t i o n i r e t h o d s . 
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I t i s . shown t h a t t h e g r o u p e d - s t a t e p r o b l e m c a n be s o l v e d b y 

a p p l y i n g t h e t h e o r y o f dynamic programming i n the c o n t i n u o u s space o f 

s t a t e p r o b a b i l i t y d i s t r i b u t i o n s . H o w e v e r , wa choose n o t t o t a k e t h e 

d i s c u s s i o n f u r t h e r a s t h e d i f f i c u l t i e s i n v o l v e d i n a p p l y i n g dynamic 

p rogramming i n a c o n t i n u o u s ( h y p e r - ) s t a t e s p a c e h a v e been s t u d i e d 

e x t e n s i v e l y i n t h e l i t e r a t u r e . T o i l l u s t r a t e the m e t h o d , and t o compare 

d i f f e r e n t c o n t r o l s t r u c t u r e s , we s o l v e s i m p l e p r o b l e m s h a v i n g c l a s s i c a l 

( f u l l s t a t e f e e d b a c k ) and g r o u p e d - s t a t e ( o p e n - l o o p , i n the s i m p l e s t 

c a s e ) c o n t r o l s t r u c t u r e s u s i n g d y n a m i c programming a l g o r i t h m s . 

I t i s shown t h a t n e i t h e r l i n e a r p rog ramming , n o r t h e p o l i c y 

i t e r a t i o n a l g o r i t h m , c a n be a p p l i e d d i r e c t l y t o g r o u p e d - s t a t e p r o b l e m s , 

a s e a c h a l g o r i t h m a t same s t a g e r e q u i r e s t h a t c o n t r o l a c t i o n s c a n be 

c h o s e n i n d e p e n d e n t l y i n e a c h s y s t e m s t a t e . The o b j e c t i v e f u n c t i o n (mean 

p r o c e s s c o s t p e r c y c l e ) f o r a Markov d e c i s i o n p r o c e s s i s n o r m a l l y 

d e f i n e d on a d i s c r e t e s p a c e o f c o n t r o l s . R e f o r m u l a t i n g the p rob lem so 

t h a t t h e o b j e c t i v e f u n c t i o n i s d e f i n e d on a c o n t i n u o u s s p a c e o f c o n t r o l 

p a r a m e t e r s , we c a n c o n s i d e r the use o f t h e o b j e c t i v e f u n c t i o n g r a d i e n t 

( w i t h r e s p e c t t o t h e p a r a m e t e r s ) i n e x i s t i n g n o n - l i n e a r programming 

a l g o r i t h m s . A c o n t i n u o u s p a r a m e t e r s p a c e r e s u l t s f rom t h e use o f 

p r o b a b i l i s t i c c o n t r o l s ( d e s c r i b e d e a r l i e r ) , and A p p e n d i x I I p r o v e s t h e 

e x i s t e n c e and c o n t i n u i t y o f t h e f i r s t and second d e r i v a t i v e s o f t h e 

o b j e c t i v e f u n c t i o n w i t h r e s p e c t t o t h e p a r a m e t e r s . I t i s shown t h a t a n 

e q u a t i o n s i m i l a r t o t h a t a p p e a r i n g i n t h e p o l i c y i t e r a t i o n a l g o r i t h m 

d e s c r i b e s a f i r s t o r d e r a p p r o x i m a t i o n t o t h e o b j e c t i v e f u n c t i o n n e a r a n y 

g i v e n p o i n t i n p a r a m e t e r s p a c e . T h i s f u n c t i o n c a n be used i n a 

n o n - l i n e a r p rogramming a l g o r i t h m d e s c r i b e d by Z a n g w i l l ( 4 2 ) , to s o l v e 

t h e g r o u p e d - s t a t e p r o b l e m . T h i s " l i n e a r a p p r o x i m a t i o n " a l g o r i t h m 

g e n e r a t e s a s e q u e n c e o f p o i n t s i n p a r a m e t e r s p a c e , e a c h p o i n t y i e l d i n g a 

l o w e r v a l u e o f t h e o b j e c t i v e f u n c t i o n t h a n i t s p r e d e c e s s o r . We 

i l l u s t r a t e t h e u se o f t h e a l g o r i t h m by s o l v i n g two p r o b l e m s , the f i r s t 
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b e i n g an a d a p t e d v e r s i o n o f H o w a r d ' s t o y m a k e r e x a m p l e , h a v i n g o p e n - l o o p 

c o n t r o l s and a s i n g l e c o n t r o l p a r a m e t e r , and t h e second h a v i n g a 

s l i g h t l y d i f f e r e n t c o s t s t r u c t u r e , u s i n g o p e n - l o c p c o n t r o l s b u t h a v i n g 

two c o n t r o l p a r a m e t e r s . The e x a m p l e s ' show t h a t r e g a r d l e s s o f t h e c h o i c e 

o f a l g o r i t h m p a r a m e t e r s , t h e a l g o r i t h m i s s l o w t o c o n v e r g e i n a 

n e i g h b o u r h o o d o f t h e s o l u t i o n p o i n t . Q u a d r a t i c a p p r o x i m a t i o n s t o t h e 

o b j e c t i v e f u n c t i o n a r e l i k e l y t o be u s e f u l h e r e a n d , a s a p o i n t e r t o 

f u r t h e r w o r k , we d e r i v e an e x p r e s s i o n f o r a q u a d r a t i c a p p r o x i m a t i o n t o 

t h e o b j e c t i v e f u n c t i o n n e a r any g i v e n p o i n t w h i c h , f o r a n s - s t a t e c h a i n , 

r e q u i r e s t h e i n v e r s i o n o f an s x s m a t r i x . 

The two methods d e s c r i b e d i n C h a p t e r 3 c a n t h e o r e t i c a l l y be used t o 

s o l v e g r o u p e d - s t a t e Markov d e c i s i o n p r o b l e m s d e s c r i b e d by any number o f 

s t a t e s . H o w e v e r , f o r a s y s t e m d e s c r i b e d by s s t a t e s , t h e l i n e a r 

a p p r o x i m a t i o n a l g o r i t h m r e q u i r e s , a t e a c h i t e r a t i o n , t h e s o l u t i o n o f no 

l e s s t h a n two s e t s o f s s i m u l t a n e o u s e q u a t i o n s , o r p o s s i b l y t h e 

i n v e r s i o n o f a n s x s m a t r i x . When s i s a l a r g e number ( = 1 0 , 0 0 0 , s a y ) , 

l i m i t e d comput ing r e s o u r c e s ( c e n t r a l memory and comput ing t i m e ) make t h e 

a l g o r i t h m i m p r a c t i c a l . The same r e s t r i c t i o n s a l s o a p p l y t o t h e d y n a m i c 

p rogramming a l g o r i t h m , w h i c h r e q u i r e s l a r g e amounts o f s t o r a g e and 

comput ing t i m e t o m a n i p u l a t e 1 0 , 0 0 0 e l e m e n t v e c t o r s o v e r a l a r g e number 

o f p r o c e s s c y c l e s . We d e v o t e t h e r e m a i n i n g c h a p t e r s o f the t h e s i s t o a 

s t u d y o f s o l u t i o n methods w h i c h s e a r c h a c o n t i n u o u s p a r a m e t e r s p a c e , a s 

d o e s t h e l i n e a r a p p r o x i m a t i o n a l g o r i t h m , b u t u se n o i s y ( s t a t i s t i c a l ) 

e s t i m a t e s o f t h e o b j e c t i v e f u n c t i o n g r a d i e n t , o b t a i n e d f r o m s y s t e m 

s i m u l a t i o n s i n f o r w a r d and r e v e r s e - t i m e . 

The p u r p o s e o f C h a p t e r 4 i s t o d e v e l o p methods f o r o b t a i n i n g 

u n b i a s e d e s t i m a t e s o f t h e o b j e c t i v e f u n c t i o n g r a d i e n t a t any f e a s i b l e 

p o i n t i n p a r a m e t e r s p a c e . S u c h e s t i m a t e s c a n l a t e r be u s e d i n an 

a l g o r i t h m o f t h e s t o c h a s t i c a p p r o x i m a t i o n o r n o n - l i n e a r programming t y p e 
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t o s o l v e the g r o u p e d - s t a t e d e c i s i o n p r o b l e m . We c o n s i d e r a g e n e r a l f o r m 

o f t h e g r o u p e d - s t a t e Markov d e c i s i o n p r o c e s s u s i n g p r o b a b i l i s t i c 

c o n t r o l s , f o r w h i c h t h e o b j e c t i v e f u n c t i o n i s t a k e n , t o be the t o t a l c o s t 

i n c u r r e d by t h e p r o c e s s o v e r N c y c l e s , and g i v e a n e x p r e s s i o n f o r t h e 

o b j e c t i v e f u n c t i o n g r a d i e n t i n t e r m s o f t h e s t a t e d i s t r i b u t i o n and 

a d j o i n t v e c t o r s e q u e n c e s . A s we e n d e a v o u r t o show i n C h a p t e r 4 , i t i s 

p o s s i b l e t o o b t a i n i n d e p e n d e n t , u n b i a s e d e s t i m a t e s o f e a c h s e q u e n c e 

w h i c h c a n t h e n be s u b s t i t u t e d i n t o t h e a f o r e m e n t i o n e d e x p r e s s i o n t o 

p r o v i d e a n u n b i a s e d e s t i m a t e o f t h e g r a d i e n t . 

The s t a t e d i s t r i b u t i o n s e q u e n c e o f a c o n t r o l l e d Markov c h a i n u s i n g 

a g i v e n c o n t r o l p a r a m e t e r i s v e r y s i m p l y d e f i n e d i n t e r m s o f t h e s t a t e 

t r a n s i t i o n m a t r i x f o r t h e c h a i n , and i t i s shown t h a t a n u n b i a s e d 

e s t i m a t e o f t h e sequence c a n be o b t a i n e d i n a s t r a i g h t f o r w a r d way by 

s i m u l a t i n g t h e s y s t e m i n f o r w a r d t i m e . E a c h N - c y c l e s i m u l a t i o n r e q u i r e s 

a t l e a s t N random numbers ( i . e . N numbers i n d e p e n d e n t l y d rawn f rom a 

u n i f o r m d i s t r i b u t i o n o v e r t h e i n t e r v a l [ 0 , 1 ] ) . T h e p r o c e d u r e f o r 

e s t i m a t i n g s t a t e d i s t r i b u t i o n s i s b a s i c a l l y no more t h a n a f o r m a l 

s t a t e m e n t o f t h e r u l e s f o r s i m u l a t i n g any a b s t r a c t c h a i n , b u t i t i s 

d i s c u s s e d i n some d e t a i l b e c a u s e t h e r e c u r s i v e e q u a t i o n s d e f i n i n g t h e 

s t a t e d i s t r i b u t i o n and a d j o i n t v e c t o r s e q u e n c e s a r e v e r y s i m i l a r , and i t 

t h e r e f o r e seems l i k e l y t h a t a d j o i n t v e c t o r s and s t a t e d i s t r i b u t i o n s c a n 

be e s t i m a t e d u s i n g s i m i l a r t e c h n i q u e s . F o r the f o l l o w i n g d i s c u s s i o n , i t 

i s c o n v e n i e n t t o d e f i n e a " d e g e n e r a t e s - v e c t o r " a s a v e c t o r o f the fo rm 

e ^ , . . . , s } , and a " d e g e n e r a t e s x s row ( c o l u m n ) m a t r i x " a s a 

m a t r i x c o m p r i s i n g s d e g e n e r a t e row ( c o l u m n ) v e c t o r s . 

I t i s i n t e r e s t i n g t o v i e w a c o n v e n t i o n a l s y s t e m s i m u l a t i o n e v e r N 

c y c l e s a s a s e t o f r u l e s f o r r e d u c i n g N s y s t e m t r a n s i t i o n m a t r i c e s t o N 

d e g e n e r a t e row m a t r i x e s t i m a t e s u s i n g ( a t l e a s t ) N i n d e p e n d e n t random 

n u m b e r s . A n a i v e a p p r o a c h t o a d j o i n t e s t i m a t i o n i s t o s i m p l y c a l c u l a t e 
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e s t i m a t e s o f t h e a d j o i n t v e c t o r s by s u b s t i t u t i n g N d e g e n e r a t e row m a t r i x 

e s t i m a t e s i n t o t h e e q u a t i o n d e f i n i n g t h e a d j o i n t v e c t o r s e q u e n c e . T h i s 

method i s i m p r a c t i c a l f o r two r e a s o n s . F i r s t l y , a n a d j o i n t v e c t o r 

e s t i m a t e d i n t h i s way wou ld c o n s i s t m o s t l y o f n o n - z e r o e l e m e n t s . F o r a 

l a r g e , s - s t a t e c h a i n , t h e s e l e m e n t s o f e a c h a d j o i n t v e c t o r ( o r f o r t h e 

c o m p l e t e a d j o i n t s e q u e n c e , N x s e l e m e n t s ) w o u l d h a v e t o be s t o r e d on 

d i s c , and c o m p u t i n g t i m e w o u l d t h e r e f o r e be i n c r e a s e d s i g n i f i c a n t l y . 

S e c o n d l y , c o n v e n t i o n a l f o r w a r d - t i m e s i m u l a t i o n p r o d u c e s a sequence o f 

d e g e n e r a t e v e c t o r s , w h i c h means t h a t o n l y one row o f e a c h o f t h e N 

d e g e n e r a t e row m a t r i c e s needs t o be c a l c u l a t e d ( a t o t a l o f N d e g e n e r a t e 

v e c t o r s ) . The na ' i ve a d j o i n t e s t i m a t i o n method d e s c r i b e d above r e q u i r e s 

t h e c a l c u l a t i o n o f N x s d e g e n e r a t e v e c t o r s p e r s i m u l a t i o n r u n . T h u s 

b o t h s t o r a g e and comput ing t i m e a r e i n c r e a s e d by t h e f a c t o r s compared 

w i t h c o n v e n t i o n a l s i m u l a t i o n . We a r e t h e r e f o r e i n t e r e s t e d i n d e v e l o p i n g 

e s t i m a t i o n methods w h i c h p r o d u c e a sequence o f d e g e n e r a t e a d j o i n t 

v e c t o r s . 

C h a p t e r 4 g i v e s d e t a i l s o f two methods ( l a b e l l e d Methods 1 and 2) 

f o r g e n e r a t i n g d e g e n e r a t e a d j o i n t v e c t o r s e q u e n c e s i n r e v e r s e - t i m e . 

Method 1 u s e s w e i g h t i n g t e c h n i q u e s t o o b t a i n d e g e n e r a t e co lumn m a t r i x 

e s t i m a t e s o f t h e s y s t e m t r a n s i t i o n m a t r i x . I n f a c t , Method 1 m i m i c s 

f o r w a r d - t i m e s i m u l a t i o n i n t h a t t h e r e s u l t i n g d e g e n e r a t e v e c t o r s ( o f t h e 

f o r m [ z ] , e ^ , i £ ( 1 , . . . , s } , w h e r e z i s a w e i g h t i n g f a c t o r ) r e q u i r e 

t h e i d e n t i f i c a t i o n o f o n l y one co lumn o f e a c h d e g e n e r a t e co lumn m a t r i x 

f o r e a c h s i m u l a t e d c y c l e . The comput ing r e s o u r c e s r e q u i r e d f o r a com-

p l e t e s i m u l a t i o n r u n o f N c y c l e s i n r e v e r s e - t i m e a r e t h e r e f o r e a p p r o x -

i m a t e l y e q u a l t o t h o s e r e q u i r e d f o r a r u n i n f o r w a r d - t i m e . U n b i a s e d 

e s t i m a t e s o f t h e a d j o i n t v e c t o r s a r e shown t o be o b t a i n e d b y f o r m i n g 

p a r t i a l summat ions o f d e g e n e r a t e v e c t o r s g e n e r a t e d u s i n g Method 1 . 

Method 2 i s p r o b a b l y . t h e s i m p l e s t o f t h e a d j o i n t e s t i m a t i o n 
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m e t h o d s . I t i s based d i r e c t l y on t h e n a i v e a p p r o a c h m e n t i o n e d e a r l i e r , 

b u t makes use o f w e i g h t i n g methods t o r e d u c e v e c t o r s w i t h many n o n - z e r o 

e l e m e n t s t o d e g e n e r a t e v e c t o r e s t i m a t e s . 

Methods 1 and 2 a r e r e a s o n a b l y e f f i c i e n t t e c h n i q u e s p r o v i d i n g 

u n b i a s e d e s t i m a t e s o f t h e a d j o i n t v e c t o r . s e q u e n c e . H o w e v e r , o u r m a i n 

c o n c e r n i s t o o b t a i n e s t i m a t e s o f t h e o b j e c t i v e f u n c t i o n g r a d i e n t . 

D i r e c t s u b s t i t u t i o n o f t h e e s t i m a t e d s t a t e d i s t r i b u t i o n and a d j o i n t 

v e c t o r s e q u e n c e s ( t h e l a t t e r o b t a i n e d u s i n g e i t h e r r e v e r s e - t i m e method) 

i n t h e e x p r e s s i o n f o r t h e o b j e c t i v e f u n c t i o n g r a d i e n t , r e s u l t s i n a 

g r a d i e n t e s t i m a t e h a v i n g v e r y h i g h v a r i a n c e . T h i s i s p r i m a r i l y due t o 

t h e l a c k o f c o r r e l a t i o n b e t w e e n f o r w a r d and r e v e r s e - t i m e s i m u l a t i o n s . 

We d e f i n e " l a c k o f c o r r e l a t i o n " b y t h e f o l l o w i n g comments . E a c h 

s i m u l a t i o n p r o d u c e s , a t e a c h c y c l e , an e s t i m a t e o f a c o m p l e t e s - v e c t o r , 

w h e r e a s i t c a n be shown t h a t h a v i n g d e t e r m i n e d a d e g e n e r a t e e s t i m a t e o f 

t h e d i s t r i b u t i o n v e c t o r i r t a t e a c h t £ { 0 , . . . , N - l } , we o n l y r e q u i r e 

e s t i m a t e s o f a s m a l l number ( two f o r e a c h p a r t i a l d e r i v a t i v e ) o f 

e l e m e n t s o f t h e a d j o i n t v e c t o r i n o r d e r t o e s t i m a t e t h e g r a d i e n t . 

A c c o r d i n g l y , we show i n C h a p t e r 4 t h a t i t i s p o s s i b l e t o use a f o r w a r d -

t i m e s i m u l a t i o n t o e s t i m a t e a n y g i v e n e l e m e n t o f a n y a d j o i n t v e c t o r (one 

s i m u l a t i o n r u n i s r e q u i r e d f o r e a c h e s t i m a t e d e l e m e n t ) . I t f o l l o w s t h a t 

t h e g r a d i e n t e s t i m a t e c a n be d e t e r m i n e d i n p r i n c i p l e by e s t i m a t i n g a 

d i s t r i b u t i o n v e c t o r s e q u e n c e f rom a f o r w a r d - t i m e s i m u l a t i o n , u s i n g t h e 

d i s t r i b u t i o n v e c t o r e s t i m a t e a t e a c h c y c l e t o d e t e r m i n e w h i c h a d j o i n t 

v e c t o r e l e m e n t s a r e r e q u i r e d , a t t h e same t i m e i n i t i a t i n g o t h e r f o r w a r d -

t i m e s i m u l a t i o n s t o e s t i m a t e t h o s e e l e m e n t s . T o s u m m a r i z e , t h i s n a i v e 

a p p r o a c h p r o v i d e s a n u n b i a s e d e s t i m a t e o f t h e o b j e c t i v e f u n c t i o n 

g r a d i e n t by g e n e r a t i n g a s e t o f f o r w a r d - t i m e s i m u l a t i o n s . T h e number o f 

s i m u l a t i o n s i n the s e t i s d e t e r m i n e d a t r u n t i m e by the m a i n s i m u l a t i o n , 

and one o b v i o u s d r a w b a c k o f t h e a p p r o a c h i s t h a t a p r o h i b i t i v e l y l a r g e 

number o f e x t r a s i m u l a t i o n s w o u l d be i n i t i a t e d by a m a i n s i m u l a t i o n o f 
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r e a s o n a b l e l e n g t h ( s a y £ 1000 c y c l e s ) . 

I n C h a p t e r 4 we d e v e l o p p r a c t i c a l " f o r w a r d - t i m e " g r a d i e n t 

e s t i m a t o r s ( l a b e l l e d Methods 3 a , 3b" and 3 c ) w h i c h i m p r o v e t h e na ' i ve 

a p p r o a c h d e s c r i b e d a b o v e . I t i s shown t h a t a Monte C a r l o method known 

a s " R u s s i a n R o u l e t t e " c a n be used t o r e d u c e t h e number o f f o r w a r d - t i m e 

s i m u l a t i o n s r e q u i r e d t o e s t i m a t e t h e g r a d i e n t , t h e r e b y m a k i n g t h e method 

f e a s i b l e f o r a l l s i z e s o f Markov m o d e l . A l s o , a s we a r e u s u a l l y 

c o n c e r n e d w i t h s t e a d y s t a t e p r o p e r t i e s o f r e g u l a r Markov c h a i n s ( i . e . we 

r e q u i r e t h e g r a d i e n t o f mean p r o c e s s c o s t p e r c y c l e , w i t h r e s p e c t t o t h e 

p a r a m e t e r s ) , we show t h a t f o r w a r d - t i m e s i m u l a t i o n s c a n be mos t 

e f f i c i e n t l y u s e d t o p r o v i d e e s t i m a t e s o f s e l e c t e d e l e m e n t s o f t h e 

" r e l a t i v e c o s t v e c t o r " ( a s t a t i o n a r y v e c t o r o f c o s t s f o r t h e c h a i n ) , 

t h u s a l l o w i n g v e r y e f f i c i e n t e s t i m a t i o n o f t h e "mean c o s t g r a d i e n t " . 

T h r o u g h o u t C h a p t e r 4 , we have d i s c u s s e d e s t i m a t i o n methods w i t h 

r e f e r e n c e t o s m a l l , a b s t r a c t Markov c h a i n s , 'and a t t h e end o f t h e 

c h a p t e r , we use a s i m p l e t h r e e - s t a t e p r o b l e m t o compare t h e a c c u r a c y and 

e f f i c i e n c y o f e a c h method when used t o e s t i m a t e a d j o i n t v e c t o r s , o r t o 

e s t i m a t e t h e mean c o s t g r a d i e n t d i r e c t l y . Most o f t h e s e r e s u l t s a p p e a r 

i n A p p e n d i x I I I . 

Our o b j e c t i v e i n d e v e l o p i n g t h e s e g r a d i e n t e s t i m a t i o n p r o c e d u r e s i s 

t o p r o v i d e a means f o r s o l v i n g p r o b l e m s m o d e l l e d by v e r y l a r g e Markov 

m o d e l s w h i c h c a n n o t be s o l v e d e f f i c i e n t l y u s i n g e x i s t i n g m e t h o d s . I n 

C h a p t e r 5 , we d e m o n s t r a t e t h e e f f e c t i v e n e s s o f t h e g r a d i e n t e s t i m a t o r s 

d i s c u s s e d i n t h e p r e v i o u s c h a p t e r when a p p l i e d t o t h e s t a n d a r d 6 4 - s t a t e 

t r a n s f e r - l i n e p r o b l e m . B e f o r e d i s c u s s i n g and c o m p a r i n g r e s u l t s , we 

d e f i n e r u l e s f o r f o r w a r d - t i m e s i m u l a t i o n o f t h e s y s t e m and show t h a t 

r e v e r s e - t i m e s i m u l a t i o n c a n be v i e w e d a s a d u a l o f t h e f o r w a r d - t i m e 

p r o c e s s . F o r w a r d - t i m e s i m u l a t i o n c a n be s i m p l i f i e d by b r e a k i n g down t h e 
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c o m p l e t e mode l i n t o a number o f s u b s y s t e m s w h i c h c a n be s i m u l a t e d u s i n g 

i n d e p e n d e n t s t r e a m s o f random numbers . I t i s i n t e r e s t i n g t o see t h a t 

r e v e r s e - t i m e s i m u l a t i o n c a n a l s o be s i m p l i f i e d b y m a n i p u l a t i n g the same 

s u b s y s t e m m o d e l s . An a n a l y s i s o f v a r i a n c e f o r e a c h e s t i m a t i o n method 

shows t h a t t h e mos t e f f i c i e n t g r a d i e n t e s t i m a t o r s a r e t h o s e w h i c h 

g e n e r a t e a s e t o f f o r w a r d - t i m e s i m u l a t i o n s - , i . e . p r o g r a m s G3b and G 3 c . 

H a v i n g d e s c r i b e d e f f i c i e n t g r a d i e n t e s t i m a t i o n m e t h o d s , we p r o c e e d 

t o u s e them i n a s t o c h a s t i c a p p r o x i m a t i o n a l g o r i t h m w h i c h i s d e s c r i b e d 

i n C h a p t e r 5 . The a l g o r i t h m ( w i t h g r a d i e n t e s t i m a t e s p r o v i d e d by 

p r o g r a m G 3 c ) i s used t o s o l v e two p r o b l e m s , o f w h i c h one i s t h e s t a n d a r d 

6 4 - s t a t e t r a n s f e r - l i n e p r o b l e m w h i c h h a s one c o n t r o l p a r a m e t e r , and t h e 

o t h e r i s a t w o - p a r a m e t e r p r o b l e m w h i c h was p r e v i o u s l y s o l v e d i n C h a p t e r 

3 u s i n g an a n a l y t i c a l method . C h a p t e r 5 c o n c l u d e s w i t h seme recommend-

a t i o n s on t h e c h o i c e o f a l g o r i t h m p a r a m e t e r s . 

T h e use o f a f o r w a r d - t i m e g r a d i e n t e s t i m a t o r i n a s t o c h a s t i c 

a p p r o x i m a t i o n a l g o r i t h m r e p r e s e n t s an a c c e p t a b l e s o l u t i o n method f o r 

g r o u p e d - s t a t e Markcv d e c i s i o n p r o b l e m s , b u t t h e comput ing t i m e r e q u i r e d 

t o s o l v e a p r o b l e m d e s c r i b e d by s e v e r a l thousand s t a t e s c o u l d s t i l l be 

c o n s i d e r e d e x c e s s i v e . Hence i n C h a p t e r 6 , we a p p l y a s e l e c t i o n o f w e l l -

known v a r i a n c e r e d u c t i o n t e c h n i q u e s t o g r a d i e n t e s t i m a t o r s u s i n g 

r e v e r s e - and f o r w a r d - t i m e s i m u l a t i o n s i n a n a t t e m p t t o i n c r e a s e 

e f f i c i e n c y s t i l l f u r t h e r . F o u r s t a n d a r d t e c h n i q u e s a r e d i s c u s s e d , and 

a p p l i e d d u r i n g s i m u l a t i o n s o f t h e 6 4 - s t a t e t r a n s f e r - l i n e p r o b l e m . 

M o d e s t improvement s a r e r e c o r d e d w h i c h compare f a v o u r a b l y w i t h r e s u l t s 

r e p o r t e d i n t h e l i t e r a t u r e . We c o n c l u d e t h a t t h e s t a n d a r d t e c h n i q u e s do 

n o t o f f e r s i g n i f i c a n t v a r i a n c e r e d u c t i o n s i n the s i m u l a t i o n o f complex 

s y s t e m s . 

We wou ld i d e a l l y l i k e t o have a t o u r d i s p o s a l some t e c h n i q u e w h i c h 
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w o u l d a l l o w t h e p a r t i a l s o l u t i o n o f t h e p r o b l e m u s i n g a n a n a l y t i c 

m e t h o d , l e a v i n g t h e r e m a i n d e r o f t h e p r o b l e m t o be s o l v e d b y 

e x p e r i m e n t a l m e t h o d s . Such a t e c h n i q u e h a s been used by n u m e r i c a l 

a n a l y s t s t o r e f i n e a p p r o x i m a t e s o l u t i o n s t o l i n e a r v e c t o r e q u a t i o n s . 

C h a p t e r 6 shows t h a t t h i s method c a n be e f f e c t i v e i n r e d u c i n g t h e 

v a r i a n c e o f g r a d i e n t e s t i m a t e s , b y u s i n g . p r e - c a l c u l a t e d a p p r o x i m a t i o n s 

t o t h e " r e l a t i v e c o s t v e c t o r " . I t i s i m p o r t a n t t o c a l c u l a t e the b e s t 

p o s s i b l e a p p r o x i m a t i o n p r i o r t o c a r r y i n g o u t e x p e r i m e n t a l wo rk and a 

s e c t i o n o f C h a p t e r 6 ( and A p p e n d i x I V ) p r o v i d e s d e t a i l s o f s u i t a b l e 

t e c h n i q u e s f o r c a l c u l a t i n g a p p r o x i m a t e v e c t o r s , w h i c h use r e d u c e d Markov 

m o d e l s o r i g i n a l l y d i s c u s s e d by Norman ( 4 3 ) . G r a d i e n t e s t i m a t e s a r e 

o b t a i n e d f o r the s t a n d a r d 6 4 - s t a t e and 1 4 4 - s t a t e t r a n s f e r - l i n e p r o b l e m s 

u s i n g a p p r o x i m a t e v e c t o r s c a l c u l a t e d u s i n g two t y p e s o f r e d u c e d m o d e l . 

T h e r e s u l t s shew t h a t v e r y l a r g e r e d u c t i o n s ( b y up t o 98%) i n v a r i a n c e 

a r e p o s s i b l e , e v e n when s i m u l a t i n g complex s y s t e m s l i k e the t r a n s f e r -

l i n e p r o b l e m s . 

I n C h a p t e r 7 we c a l c u l a t e some a p p r o x i m a t e f i g u r e s f o r s t o r a g e and 

c o m p u t i n g t i m e w h i c h wou ld be r e q u i r e d by t h e a n a l y t i c and e x p e r i m e n t a l 

me thods when s o l v i n g l a r g e p r o b l e m s . Hence i t i s p o s s i b l e t o g i v e a 

r o u g h i d e a o f t h e l i m i t a t i o n s o f t h e p r o p o s e d m e t h o d s . We a l s o g i v e a 

s h o r t summary o f t h e o b j e c t i v e s o f t h e r e s e a r c h and d i s c u s s t h e 

e f f e c t i v e n e s s o f t h e p r o p o s e d methods i n m e e t i n g t h o s e o b j e c t i v e s . 

C h a p t e r 7 c o n c l u d e s w i t h s a n e s u g g e s t i o n s f o r f u r t h e r research. 

1 . 4 C o n t r i b u t i o n s o f t h e T h e s i s 

T h e l i t e r a t u r e p r o v i d e s d e t a i l s o f a w ide v a r i e t y o f p r a c t i c a l 

p r o b l e m s w h i c h a r e m o d e l l e d a s f i n i t e - s t a t e , d i s c r e t e - t i m e Markov 

d e c i s i o n p r o c e s s e s h a v i n g v e r y l a r g e numbers o f s t a t e s . P r e v i o u s l y , 

a t t e m p t s h a v e been made t o s o l v e t h e s e p r o b l e m s u s i n g e x i s t i n g a n a l y t i c 
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m e t h o d s , o r b y d i r e c t , ' b r u t e - f o r c e ' s i m u l a t i o n . S o l v i n g t h e p r o b l e m s 

u s i n g e x i s t i n g a n a l y t i c methods i n v a r i a b l y p l a c e s h e a v y demands on 

c o m p u t i n g r e s o u r c e s , somet imes t o s u c h an e x t e n t t h a t s o l u t i o n i s 

i m p o s s i b l e . S o l u t i o n u s i n g t h e b r u t e - f o r c e s i m u l a t i o n a p p r o a c h i s 

t e d i o u s and i n e f f i c i e n t . A c c o r d i n g l y , t h e t h e s i s o f f e r s a s i t s m a i n 

c o n t r i b u t i o n a number o f new and e f f i c i e n t methods ( o f b o t h a n a n a l y t i c 

and e x p e r i m e n t a l n a t u r e ) f o r s o l v i n g l a r g e Markov d e c i s i o n p r o b l e m s . 

I n d e v e l o p i n g t h e s e m e t h o d s , t h e t h e s i s makes t h e f o l l o w i n g 

s p e c i f i c c o n t r i b u t i o n s : 

( i ) C o n v e n t i o n a l ( r e f e r r e d t o h e r e a s ' c l a s s i c a l ' ) Markov 

d e c i s i o n p r o b l e m s d e f i n e a c o n t r o l s t r u c t u r e i n w h i c h c o n t r o l 

a c t i o n s c a n be c h o s e n i n d e p e n d e n t l y i n e a c h s t a t e f o r w h i c h 

a l t e r n a t i v e a c t i o n s e x i s t . The t h e s i s g i v e s d e t a i l s o f a new 

Markov model whose c o n t r o l s t r u c t u r e i s l e s s complex i n t h a t 

c o n t r o l a c t i o n s a r e d e f i n e d a s - f u n c t i o n s o f c e r t a i n 

p r e - s p e c i f i e d g r o u p s o f s t a t e s , i . e . t h e same c o n t r o l a c t i o n 

i s t a k e n f o r e a c h o f a g i v e n g roup o f s t a t e s . The m o d i f i e d 

c o n t r o l s t r u c t u r e i s i m p o r t a n t b e c a u s e t h e s p a c e o f s t a t e 

g r o u p s c a n be made a r b i t r a r i l y s m a l l down t o a l o w e r l i m i t o f 

one g r o u p ( e f f e c t i v e l y s p e c i f y i n g o p e n - l o o p c o n t r o l s ) . T h i s 

' g r o u p e d - s t a t e ' p r o b l e m does n o t a p p e a r t o have been s t u d i e d 

p r e v i o u s l y , and i t i s shown t h a t e x i s t i n g a l g o r i t h m s f o r t h e 

c l a s s i c a l p r o b l o n c a n n o t be a p p l i e d d i r e c t l y . 

A n a l y t i c S o l u t i o n M e t h o d s : 

( i i ) I t i s shown t h a t t h e g r o u p e d - s t a t e p r o b l e m c a n be s o l v e d 

u s i n g a d y n a m i c p rogramming a l g o r i t h m . 
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( i i i ) B y s p e c i f y i n g p r o b a b i l i s t i c c o n t r o l s ( t h u s d e f i n i n g a 

c o n t i n u o u s s p a c e o f c o n t r o l p a r a m e t e r s ) , i t i s shown t h a t 

t h e r e e x i s t c o n v e n i e n t e x p r e s s i o n s f o r l i n e a r and q u a d r a t i c 

a p p r o x i m a t i o n s t o t h e o b j e c t i v e f u n c t i o n n e a r any g i v e n p o i n t 

i n p a r a m e t e r s p a c e . Some g r o u p e d - s t a t e p r o b l e m s a r e s o l v e d 

u s i n g t h e l i n e a r a p p r o x i m a t i o n i n a n o n - l i n e a r p rogramming 

a l g o r i t h m . 

E x p e r i m e n t a l ' M e t h o d s : 

Our g e n e r a l a p p r o a c h i s t o use s t a t i s t i c a l e s t i m a t e s o f t h e 

o b j e c t i v e f u n c t i o n g r a d i e n t a t any p o i n t i n p a r a m e t e r s p a c e 

t o i n d i c a t e a d i r e c t i o n i n w h i c h t o s e a r c h f o r ' b e t t e r ' 

c o n t r o l p a r a m e t e r s . T h e e s t i m a t e s a r e used i n an i t e r a t i v e 

a l g o r i t h m o f t h e s t o c h a s t i c a p p r o x i m a t i o n t y p e w h i c h y i e l d s 

t h e o p t i m a l p a r a m e t e r v e c t o r . T h i s a p p r o a c h i s s i g n i f i c a n t l y 

more e f f i c i e n t t h a n b r u t e - f o r c e s i m u l a t i o n methods w h i c h 

' s e a r c h ' t h e p a r a m e t e r s p a c e i n a l e s s o r g a n i s e d way by 

e s t i m a t i n g s y s t e m r e s p o n s e s a t many p a r a m e t e r v a l u e s , u s i n g 

l o n g s i m u l a t i o n s t o d e t e r m i n e e a c h e s t i m a t e . A more d e t a i l e d 

c o m p a r i s o n o f new and e x i s t i n g e x p e r i m e n t a l methods a p p e a r s 

i n C h a p t e r 7 . 

S p e c i f i c c o n t r i b u t i o n s i n c l u d e : 

( i v ) E x p r e s s i n g t h e o b j e c t i v e f u n c t i o n g r a d i e n t i n t e r m s o f t h e 

s t a t e d i s t r i b u t i o n and a d j o i n t v e c t o r s e q u e n c e s , i t f o l l o w s 

t h a t i n d e p e n d e n t e s t i m a t e s o f e a c h v e c t o r s e q u e n c e w i l l 

p r o v i d e an i n d e p e n d e n t e s t i m a t e o f the g r a d i e n t . I t i s shown 

t h a t a f o r w a r d - t i m e s i m u l a t i o n o f an a b s t r a c t Markov c h a i n 

p r o v i d e s an e s t i m a t e o f t h e s t a t e d i s t r i b u t i o n s e q u e n c e . 
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Furthermore, by using Monte Carlo weighting techniques and 

simulating the process in reverse-time, it is possible to 

estimate the adjoint vector sequence by two different 

methods. Two different gradient estimators follow directly. 

(v) The thesis develops methods for efficiently estimating 

distribution and adjoint vector sequences using a number of 

forward-time simulations running simultaneously. 

For large Markov chain models, the thesis proposes a Monte 

Carlo method which allows a reduction of the computing burden 

to match available resources without biasing the results. 

Three (forward-time) gradient estimators are explicitly 

mentioned, and are compared using a simple abstract problem. 

(vi) A (seemingly) new problem involving the real-time control of 

industrial transfer-lines using cross-linking conveyors is 

posed and solved (using analytic and experimental methods). 

Of particular interest is the development of rules for 

reverse-time simulation. It turns out that a system 

simulation in reverse-time can be viewed as the dual of a 

forward-time simulation, i.e. it can be broken down into a 

number of subsystem simulations, each obeying a dual set of 

simulation rules. 

(vii) The use of gradient estimates in a stochastic approximation 

algorithm is demonstrated by solving two grouped-state Markov 

decision problems. 



51. 

(viii) A selection of well-known techniques have been used in a 

attempt to reduce the variance of gradient estimates. The 

resulting variance reductions are found to be disappointing, 

but it is shown that a refinement technique can be used which 

has the potential for reducing variance by up to 98% (for the 

example studied). The method requires a certain amount of 

prior calculation using one of a selection of 'reduced' 

Markov models which are also discussed in the thesis. 

The combination of the nost efficient of the forward-time gradient 

estimators, together with the refinement technique for variance 

reduction, represents a highly efficient procedure for estimating 

gradients. This procedure is attractive not only because it offers a 

means for reducing variance (statistical error) to very low levels, but 

also because the gradients are estimated directly, thus completely 

eliminating the deterministic error which has resulted from previous 

efforts to estimate gradients by generating 'extra simulations using 

perturbed parameters, and calculating 'noisy' finite-difference 

approximations to each partial derivative. 
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CHAPTER 2 

MARKOV CHAINS - NOTATION, BASIC CONCEPTS AND APPLICATION 

TO INDUSTRIAL TRANSFER-LINE PROBLEMS 

2.1 Introduction 

The theme of this thesis is the solution of optimal control 

problems modelled by large Markov chains and it is therefore essential 

that we spend sane time establishing the Markov chain terminology and 

notation which will be used later. This is especially important since a 

unique set of Markov chain definitions lias not yet emerged in the 

literature, and properties such as ergodicity have different meanings 

for different authors. For the most part, we refer to Heathcote (44) 

and Kemeny and Snell (45) for basic Markov chain theory, and some 

results for controlled chains are taken from Howard (7). 

We also use this chapter to discuss problems involving industrial 

transfer-lines, which are well suited to modelling by Markov chains. 

2.2 Basic concepts 

2.2.1 Properties of a Markov chain 

We begin by.giving two of the axioms of probability theory which 

will be used later. For two events, X and Y , the probability of the 

event (X or Y), sometimes written (X+Y), is given by 

Prob [X+Y] = Prob [X] + Prob [Y] - Prob [XY] 2.1 
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If X and Y are disjoint events, i.e. they cannot occur 

simultaneously, then the probability of the compound event [XY] is zero, 

Prob [XY] = 0 2 .2 

If X and Y are not disjoint, and the occurrence of Y affects the 

probability of X, we define the probability of the compound event [XY] 

by 

where Prob [XIY] is the conditional probability of X given Y . Also, if 

X and Y are independent, i.e. they can occur simultaneously but do not 

influence each other, then 

Throughout the thesis, we consider a discrete-time stochastic 

process having states x^-, t = 0,1, ...., where t is the time index. For 

any t, the random vector x^ is one of a finite set of s-vectors 

e^, k = 1,..., s referred to as the state-space of the chain. When x t 

depends only on the preceding member of the sequence, xt_]_, and not on 

the process history up to time t, i.e. 

Prob [ X Y ] = Prob [ x | Y ] . Prcb [ Y ] 2.3 

Prob [X|Y] = Prob [X] 2.4 

..., 
b - 1 = e,] i 

= Prob [x. = e . |x. , = e . ] 
t 3 1 t-1 l 

2.5 

for i, j , m € {1, ..., s} 
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the process is referred to as a discrete-time Markov process or chain. 

Furthermore, if the conditional probability given by equation 2.5 does 

not depend on the time index, then the state sequence { x^.} is said to be 

a homogeneous Markov chain, and we shall restrict our discussion to such 

chains for the remainder of the thesis. 

Vfe define the constants 

Pij 4 Prob = = efl 2.6 

for i = 1, s 

j = 1, . . s 

and for each t, a probability distribution iTt which is an s-vector 

having elements 

{Prob [ x t = e^], k = 1, ..., s}. 

If the initial condition is given by the state xq = e^, k e (1, — , 

it follows that 7tq = x Q . The s x s matrix P, having elements {p^^} , is 

called the transition (probability) matrix of the Markov chain because 

it defines the probability of a transition from any state x t to any 

other state x^+i. It can be seen that P is a probability matrix having 

the following properties. 

P . 1> = 1> 2.7 

0 < p . . < 1 , i , j e {1, ..., s} 2.8 
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Using the notation above, and equations 2.1 to 2.4, we see that 

s • 
Prob [ x t = e.] = £ Prob [ x ^ = e±] • p ± . 2.9 

3 i=l 3 

Hence we can re-write equation 2.9 in the following form 

<7Tt = <TT t - 1 . t = 1 , 2,... 2.10 

Successive application of equation 2.10 provides us with 

<irt = <ttq . p h , t = 1, 2,... 2.11 

and it can be seen that for a homogeneous chain, the probabilistic 

development of the sequence { x t } is completely known once the values of 

7T0 and P have been given. 

2.2.2 Classification of states and chains 

It is helpful to classify states according to whether it is 

possible to go from a given state to another given state (not 

necessarily in one transition). We initially give the definitions and 

offer an illustration later. 

(i) States are divided into equivalence classes 

Two states are in the same equivalence class if they 

communicate i.e. if the process can go from either state to 

the other one. 

(ii) Equivalence classes are referred to as ergodic sets (having 

elements called ergodic states) or transient sets (having 
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elements called transient states). 

There is at least one ergodic set for each Markov chain, but 

there may be no transient set. A process leaving a transient 

set can never return to this set, and once having entered an 

ergodic set, can never leave it. If an ergodic set contains 

only one state, then this is called an absorbing state. 

(iii) We further subdivide an equivalence class into cyclic 

classes. If there are exactly d cyclic classes, then the 

process moves cyclically frcm class to class, with a cycle of 

length d . 

(iv) The cycle degenerates when d = 1 and a single 'cyclic class 1 

implies that after a sufficiently large number of transitions 

the process can be in any state of the class. Thus for 

sufficiently high values of i, P 1 has only positive entries. 

A chain with such an equivalence class is said to be regular, 

otherwise it is said to be cyclic. 

If a chain has more than one ergodic set, then there is no 

interaction between these sets. We thus have two or more unrelated 

Markov chains lumped together and these chains can be studied 

separately. Thus we lose no generality by assuming any chain to be a 

single'ergodic set (possibly having additional transient states). A 

detailed description of these classifications can be found in Kemeny and 

Snell (45 ,pp.35-37). 

To illustrate these classifications, we consider the following 

transition matrix: 
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0. 3 0. 7 0. 0 0. 0 

p l = 0. 2 0. 8 0. 0 0. 0 

0. 2 0 .1 0 ,2 0 ,5 

0. 0 0. .0 0 .0 1. .0 

For this chain, we can identify two ergodic sets and one transient 

set. State 3 is a transient state, and the process starting in state 3 

will eventually make a transition to the ergodic set having elements 

[state 1 and state 2 } , or to the ergodic set consisting of the single 

absorbing state 4. The process will remain forever in whichever ergodic 

set it reaches first. 

The matrix 

0. 0 0. 0 0. 4 0. 6 

P 2 = 0 0 0. 0 0. 7 0. 3 

0 2 0. .8 0 .0 0 .0 

0 .9 0. .1 0 .0 0, .0 

describes a cyclic chain which has two cyclic classes. The process 

beginning at t = 0 in state 1 or 2 will return to state 1 or 2 at t = 2, 

4 , 6 , ... and will occupy either state 3 or 4 at t = 1, 3 , 5 , .... 

Riordon (16) has shown that a cyclic chain can be analysed by treating 

each cyclic class separately. We therefore devote the whole of this 

thesis to the study of regular Markov chains, i.e. chains having no 

transient sets and having a single ergodic set with only one cyclic 

class. 

2.2.3 Steady-state properties of regular Markov chains 

The transition matrix for a regular Markov chain is called a 
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r e g u l a r t r a n s i t i o n m a t r i x . Kemeny and S n e l l ( 4 5 , p . 7 0 ) p r o v e t h a t i f P 

i s a r e g u l a r t r a n s i t i o n m a t r i x t h e n 

L i m { P 1 } = A - 2 . 1 2 
t-K» 

w h e r e A i s a p r o b a b i l i t y m a t r i x o f t h e f o r m 

A = 1 >< it 2 . 1 3 

and 7r i s a u n i q u e p r o b a b i l i t y ( s - ) v e c t o r f o r t h e c h a i n , s a t i s f y i n g 

<tt, 1> = 1 2 . 1 4 

0 < (<tt, e^>) < 1 , j = 1 , . . . , s 2 . 1 5 

F rom e q u a t i o n s 2 . 1 1 and 2 . 1 2 we s e e t h a t 

Lim {it } = [<tt , 1>]<7T 

= <77 for any initial distribution 2.16 

and 77 g i v e s t h e p r o b a b i l i t y d i s t r i b u t i o n o f t h e s t a t e s o f the c h a i n i n 

t h e s t e a d y s t a t e . I t f o l l o w s t h a t : -

<77 = <TTP 2 . 1 7 

and t h e s t e a d y - s t a t e d i s t r i b u t i o n i s c a l c u l a t e d by s o l v i n g f o r t h e s 

unknown e l e m e n t s o f ^ u s i n g t h e ( s + 1 ) e q u a t i o n s o f 2 . 1 4 and 2 . 1 7 . 

F u r t h e r comments on c a l c u l a t i o n methods a r e g i v e n i n C h a p t e r 3 . 
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2 . 2 . 4 R e g u l a r Markov c h a i n s w i t h c o s t s 

I n t h e g e n e r a l c a s e we d e f i n e p r o c e s s c o s t s i n t h e f o r m o f an s x s 

m a t r i x B , h a v i n g e l e m e n t s { b j _ j } , where-

b i j 4 < 

c o s t i n c u r r e d by a t r a n s i t i o n Y 

f r o m s t a t e x^ = t o 

s t a t e = e j a t t = 0 , 1 , . . . 

Some e x a m p l e s , e . g . t h e t r a n s f e r - l i n e p rob lem d e s c r i b e d i n S e c t i o n 

2 . 3 , h a v e a s i m p l e r c o s t s t r u c t u r e d e f i n e d by a v e c t o r c , h a v i n g 

e l e m e n t s { C j } , j = 1 , . . . , s ; w h e r e 

j c o s t i n c u r r e d by a t r a n s i t i o n to s t a t e 
c. a < 

x- t+ l = e j f r e m any s t a t e x t a t t = 0 , 1 . . . . J = 

F o r t h e r e g u l a r t r a n s i t i o n m a t r i x P , w i t h e l e m e n t s { P i j } , and 

p r o c e s s c o s t m a t r i x B , we c a n c a l c u l a t e q i , t h e e x p e c t e d c o s t i n c u r r e d 

by t h e p r o c e s s i n m a k i n g a t r a n s i t i o n f r o m s t a t e x ^ = 

l 
r - i p « 

b . . , 
13 

i = 1 , 2.18 

The s - v e c t o r q , h a v i n g e l e m e n t s { q^ } i s r e f e r r e d t o a s t h e 

o n e - s t a g e e x p e c t e d c o s t v e c t o r f o r t h e c h a i n . I t c a n i m m e d i a t e l y be 

s e e n t h a t t h e mean p r o c e s s c o s t p e r t r a n s i t i o n i s g i v e n by g , where 

g = <7r, q> 2 . 1 9 

and it i s c a l c u l a t e d u s i n g e q u a t i o n s 2 . 1 4 and 2 . 1 7 . 
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I f we now assume t h a t t h e p r o c e s s i s t o make N t r a n s i t i o n s f rom t h e 

i n i t i a l s t a t e Xq , and we d e f i n e e l e m e n t i o f the s - v e c t o r v t t o be t h e 

e x p e c t e d t o t a l c o s t i n c u r r e d by t h e p r o c e s s i n mak ing [ N - t ] t r a n s i t i o n s 

f r o m s t a t e x^ = e ^ , t h e n we h a v e 

v > = q> + ' , t = 0 , . . . , N - 1 2 . 2 0 a 

and we s h a l l a l w a y s t a k e 

v r T> = 0 2 . 2 0 b 
N 

T h e v e c t o r s { v t , t = N , N - l , . . . . , 0 } c a n be c a l c u l a t e d u s i n g 

e q u a t i o n s 2 . 2 0 a and 2 . 2 0 b i n r e v e r s e t i m e , and Howard ( 7 ) h a s shown by 

Z - t r a n s f o r m a n a l y s i s t h a t v t a ssumes t h e f o l l o w i n g a s y m p t o t i c fo rm f o r 

l a r g e [ N - t ] , 

v > = [ N - t ] g 1> + v > " 2 . 2 1 

w h e r e once a g a i n g i s t h e mean p r o c e s s c o s t p e r t r a n s i t i o n , and t h e 

s - v e c t o r v d e n o t e s t h e a s y m p t o t i c i n t e r c e p t s o f v t . The i m p o r t a n c e o f 

t h e v e c t o r v w i l l become a p p a r e n t l a t e r when c o n t r o l l e d c h a i n s a r e 

d i s c u s s e d . S u b s t i t u t i n g t h e a s y m p t o t i c f o r m o f v t i n t o e q u a t i o n 2 . 2 0 a 

we o b t a i n 

[ N - t ] g 1> + v > = q> + P ( [ N - t - l ] g 1> + v>) 2 . 2 2 

U s i n g e q u a t i o n 2 . 7 , and r e a r r a n g i n g , we o b t a i n 

g 1> + v > = q> + P v > 2 . 2 3 

i . e . v g i v e s t h e i n t e r c e p t s o f t h e a s y i r p t o t e s w i t h t h e [ N - t ] = 0 a x i s 
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The v e c t o r e q u a t i o n 2 . 2 3 r e p r e s e n t s s s i m u l t a n e o u s e q u a t i o n s i n 

( s + 1 ) unknowns ( g and t h e s e l e m e n t s o f v ) , and we c a n n o t f i n d a u n i q u e 

s o l u t i o n . A s t r a i g h t f o r w a r d s u b s t i t u t i o n and use o f e q u a t i o n 2 . 7 shows 

t h a t i f ( g , v > ) s o l v e s e q u a t i o n 2 / 2 3 , t h e n so d o e s ( g , v > ) w h e r e 

v > = v > + a l > and a i s any s c a l a r . H o w e v e r , i t w i l l become c l e a r t h a t 

we o n l y r e q u i r e an i n d i c a t i o n o f r e l a t i v e c o s t s and s o we c a n f o r c e t h e 

s 1 t h e l e m e n t t o be z e r o by s e t t i n g a = - < e g , v > and t h e n s o l v i n g f o r s 

unknowns t o o b t a i n ( g , [ v > - < e s , v > . l > ] ) . We w i l l r e f e r t o v a s t h e 

' r e l a t i v e c o s t v e c t o r ' f o r t h e c h a i n b e c a u s e i t s i ' t h e l e m e n t g i v e s t h e 

m a r g i n a l c o s t i n v o l v e d i n a l l o w i n g t h e p r o c e s s bo make a l a r g e number o f 

t r a n s i t i o n s f r o m s t a t e x t = F u r t h e r comments on t h e c a l c u l a t i o n o f 

v e c t o r s it and v a r e found l a t e r i n t h e t h e s i s . 

2 . 2 . 5 C o n t r o l l e d Markov c h a i n s : t h e Markov d e c i s i o n p r o b l e m 

We s h a l l u se a s an i l l u s t r a t i o n a s i m p l e t w o - s t a t e examp le adap ted 

f r o m one used by Howard ( 7 ) . 

We assume t h a t a t o y m a k e r ' s b u s i n e s s can e x i s t i n one o f two 

( p r o c e s s - ) s t a t e s : 

1 . I t c a n h a v e a s u c c e s s f u l t o y 

2 . I t c a n h a v e a n u n s u c c e s s f u l t o y . 

The e f f e c t s o f random f l u c t u a t i o n s i n t h e t o y m a r k e t a r e m o d e l l e d 

b y c h a n g e s i n t h e s t a t e o f b u s i n e s s a t t h e end o f e a c h a c c o u n t i n g 

p e r i o d . P r o b a b i l i t i e s and c o s t s o f s t a t e t r a n s i t i o n s a r e g i v e n by t h e 

t r a n s i t i o n m a t r i x P ' and c o s t m a t r i x B ' i . e . 

P ' = 
. 5 . 5 

. 4 . 6 
B" = 

- 9 - 3 

- 3 7 

where n e g a t i v e c o s t s a r e 

i n t e r p r e t e d a s p r o f i t . 
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U s i n g e q u a t i o n 2 . 1 8 , we o b t a i n t h e o n e - s t a g e e x p e c t e d c o s t v e c t o r 

q ' f i . e . 

"-6 
q ' = 

3 

We new a l l c w t h e t o y m a k e r a measu re o f c o n t r o l o v e r h i s b u s i n e s s b y 

i n t r o d u c i n g a d v e r t i s i n g a s an o p t i o n w h i c h can be e x e r c i s e d f o r t h e 

d u r a t i o n o f a n a c c o u n t i n g p e r i o d . The p r o c e s s i s b e s t d e s c r i b e d u s i n g 

n o t a t i o n f o u n d i n R i o r d o n ' s P h . D t h e s i s ( 1 6 ) w h e r e e a c h a c c o u n t i n g 

p e r i o d ( o r " p r o c e s s c y c l e " ) i s i m a g i n e d t o be s p l i t i n t o two p h a s e s . I n 

t h e f i r s t p h a s e t h e p r o c e s s makes a o o n t r o l t r a n s i t i o n f r o m t h e p r e s e n t 

p r o c e s s s t a t e t o a c o n t r o l s t a t e i d e n t i f i e d by a p r o c e s s s t a t e / c o n t r o l 

a l t e r n a t i v e c o m b i n a t i o n . I n t h e s e c o n d p h a s e , t h e p r o c e s s makes a 

p r o c e s s t r a n s i t i o n f r o m t h e c o n t r o l s t a t e t o t h e n e x t p r o c e s s s t a t e . 

C o n t r o l a l t e r n a t i v e s h a v e t h e e f f e c t o f s p e c i f y i n g b o t h p r o b a b i l i t i e s 

and c o s t s f o r t r a n s i t i o n s f r c m t h e p r e s e n t p r o c e s s s t a t e . 

P r o c e s s d e t a i l s f o r t h e t o y m a k e r e x a m p l e a r e summar i sed i n T a b l e 

2 .1 

i 

C o n t r o l s t a t e 
d e f i n e d by P r o b a b i l i t y o f 

t r a n s i t i o n f r o m 
c o n t r o l s t a t e e^ 
t o e a c h p r o c e s s 
s t a t e , i . e . <e-j_P 

T r a n s i t i o n 
c o s t s i . e . 

O n e - s t a g e 
e x p e c t e d c o s t 
i . e . <e^, q> 

i P r o c e s s s t a t e 
C o n t r o l 

a l t e r n a t i v e 

P r o b a b i l i t y o f 
t r a n s i t i o n f r o m 
c o n t r o l s t a t e e^ 
t o e a c h p r o c e s s 
s t a t e , i . e . <e-j_P 

T r a n s i t i o n 
c o s t s i . e . 

O n e - s t a g e 
e x p e c t e d c o s t 
i . e . <e^, q> 

1 S u c c e s s f u l 
t o y 

No 
a d v e r t i s i n g 

[ . 5 . 5 ] [ - 9 - 3 ] - 6 

2 U n s u c c e s s f u l 
t o y 

No 
a d v e r t i s i n g 

[ . 4 . 6 ] [ - 3 +7] +3 

3 S u c c e s s f u l 

t o y 

A d v e r t i s i n g [ . 8 . 2 ] [ - 3 - 3 ] - 3 

4 U n s u c c e s s f u l 
t o y 

A d v e r t i s i n g [ . 7 . 3 ] [ - 1 +19] +5 

T a b l e 2 . 1 : Toymaker e x a m p l e : p r o c e s s t r a n s i t i o n d e t a i l s 
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I t c a n be s e e n t h a t t h e t o y m a k e r e x a m p l e has two p r o c e s s s t a t e s and 

f o u r c o n t r o l s t a t e s , though c o n t r o l t r a n s i t i o n s a r e a l l o w e d be tween t h e 

i n i t i a l p r o c e s s s t a t e and o n l y two o f t h e c o n t r o l s t a t e s . The two 

p h a s e s o f t h e p r o c e s s c y c l e c a n be r e p r e s e n t e d by two p r o b a b i l i t y 

m a t r i c e s D( a ) and P , w i t h t h e 2 x 2 m a t r i x P ( a ) r e p r e s e n t i n g t h e s y s t e m 

t r a n s i t i o n m a t r i x g i v e n by t h e m a t r i x p r o d u c t , 

P ( a ) = D ( a ) . P 2 . 2 4 

I n t h e g e n e r a l c a s e w i t h s p r o c e s s s t a t e s and n c o n t r o l s t a t e s , 

( t h e n e x t s e c t i o n w i l l shew t h a t c o n t r o l and p r o c e s s s t a t e s c a n be 

i d e n t i c a l w i t h s = n ) , oc i s a p a r a m e t e r v e c t o r , D ( a ) i s an s x n m a t r i x , 

B and P a r e c o n s t a n t n x s m a t r i c e s and t h e n - v e c t o r q i s t h e o n e - s t a g e 

e x p e c t e d c o s t v e c t o r r e s u l t i n g f r o m t h e u se o f P and B i n e q u a t i o n 

2 . 1 8 . F o r t h e t o y m a k e r e x a m p l e , t h e s e q u a n t i t i e s a r e g i v e n b y 

D ( a ) = 

cli 0 (!-<*!) 0 

_ 0 a 2 0 ( l - a 2 ) _ 

P = 

. 5 

.6 

.2 

. 3 

B = 

- 3 

+7 

- 3 

+19 

q = 

- 6 

3 

- 3 

5 

T 
w i t h a = [ a i a 2 ] 
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H e r e a ^ r e p r e s e n t s t h e p r o b a b i l i t y o f s e l e c t i n g c o n t r o l s t a t e 1 

when i n p r o c e s s s t a t e 1 . Hence when t h e t o y m a k e r h a s a s u c c e s s f u l t o y 

a t t h e s t a r t o f a n a c c o u n t i n g p e r i o d , D( a ) i n d i c a t e s t h a t w i t h 

p r o b a b i l i t y a ^ , he f a i l s t o a d v e r t i s e , and c o n s e q u e n t l y t h a t he 

a d v e r t i s e s w i t h p r o b a b i l i t y ( 1 - a j _ ) . The p a r a m e t e r a 2 i s d e f i n e d i n a 

s i m i l a r w a y . 

I n t h e g e n e r a l c a s e , w h e r e k^ c o n t r o l o p t i o n s e x i s t f o r p r o c e s s 

s t a t e e ^ , t h e i ' t h row o f D ( a ) h a s ( k - j - 1 ) p a r a m e t e r s and we r e t a i n t h e 

c o n d i t i o n D ( a ) l > = 1> . F u r t h e r m o r e i t c a n e a s i l y be v e r i f i e d t h a t P ( a ) 

i s a p r o b a b i l i t y m a t r i x , i . e . 

P ( a ) 1> = 1> 

0 < (<e±, P(a)e^>) < 1 2 , 2 5 

for i, j e {l,...,s} and all feasible a's 

U s i n g a s t a t i o n a r y p a r a m e t e r v e c t o r a , t h e o n e - c y c l e e x p e c t e d c o s t 

v e c t o r i s d e f i n e d by 

q ( a ) > A D ( a ) q > 2 . 2 6 

and s o i f { x t } i s t h e s e q u e n c e o f p r o c e s s s t a t e s , t h e l o n g r u n e x p e c t e d 

c o s t p e r u n i t t i m e i s 

1 T 

J (a) = Lim E{ £ <x , q(a)>} 2.27 
T + l t=0 
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and t h e c l a s s i c a l p r o b l e m i s 

minimize {J(a)} 2.28 

a 

w h e r e we m i n i m i z e o v e r the r a n g e o f f e a s i b l e a ' s . 

An e q u i v a l e n t f o r m u l a t i o n o f t h e p r o b l e m i s 

m i n i m i z e { g ( a ) } 2 . 2 9 
a 

w h e r e g ( a ) i s t h e mean p r o c e s s o o s t p e r t r a n s i t i o n g i v e n by 

g ( a ) = <7T ( a ) , q ( a ) > 2 . 3 0 

and 7T(a) i s t h e s o l u t i o n o f 

<TT (a) = <TT (a) . P(a) 

<7r (a), 1> = 1 

From t h e 2 x 4 m a t r i x D ( a ) g i v e n a b o v e , ws s e e t h a t c o n t r o l s f o r 

t h e t o y m a k e r e x a m p l e a r e d e f i n e d s u c h t h a t a c t i o n s c a n be c h o s e n 

i n d e p e n d e n t l y f o r e a c h p r o c e s s s t a t e . The r e s u l t i n g p r o b l e m i s 

t h e r e f o r e a ' c l a s s i c a l ' Markov d e c i s i o n p r o b l e m a c c o r d i n g t o t h e 

d e f i n i t i o n g i v e n i n C h a p t e r 1 . We c a n f o r m u l a t e a ' g r o u p e d - s t a t e ' 

d e c i s i o n p r o b l e m f o r t h e same p r o c e s s by i n s i s t i n g on t h e u se o f an 

i d e n t i c a l ( p r o b a b i l i s t i c ) c o n t r o l a c t i o n i n e a c h o f t h e two p r o c e s s 

s t a t e s . A m a t h e m a t i c a l d e s c r i p t i o n o f t h e ' g r o u p e d - s t a t e ' c o n t r o l 

s t r u c t u r e i s p r o v i d e d by t h e r e v i s e d f o r m o f D ( a ) b e l o w , 

2 . 3 1 
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D(a) = 
a 0 ( 1 - a ) 0 

0 a 0 ( 1 - a ) 

w h e r e a i s a s c a l a r p a r a m e t e r * d e f i n i n g t h e p r o b a b i l i t y o f n o t 

a d v e r t i s i n g d u r i n g t h e a c c o u n t i n g p e r i o d , a p r o b a b i l i s t i c a c t i o n t o be 

a p p l i e d i n e a c h p r o c e s s s t a t e . S u b s t i t u t i n g t h i s c o n t r o l m a t r i x i n t o 

e q u a t i o n s 2 . 2 4 and 2 . 2 6 l e a d s d i r e c t l y t o a s t a t e m e n t o f a g r o u p e d - s t a t e 

Markov d e c i s i o n p r o b l e m u s i n g e q u a t i o n s 2 . 2 7 t o 2 . 3 1 . 

A f e a t u r e d i s t i n g u i s h i n g ' c l a s s i c a l ' f r o m ' g r o u p e d - s t a t e ' p r o b l e m s 

i s t h a t e v e n though p r o b a b i l i s t i c c o n t r o l p o l i c i e s a r e f e a s i b l e , t h e 

o p t i m a l p o l i c y f o r t h e c l a s s i c a l p r o b l e m i s a l w a y s d e t e r m i n i s t i c , i . e . 

rows o f D ( a ) a r e o f t h e f o r m e^ , i € ( l , . . . . , n ) . T h i s i s n o t a l w a y s 

t h e c a s e f o r g r o u p e d - s t a t e c o n t r o l s t r u c t u r e s : i n f a c t we s o l v e t h e 

t o y m a k e r e x a m p l e above w i t h g r o u p e d - s t a t e c o n t r o l s i n C h a p t e r 3 and t h e 

r e s u l t i n g o p t i m a l c o n t r o l s t r a t e g y i s p r o b a b i l i s t i c . 

2 . 3 P r o b l e m s i n v o l v i n g i n d u s t r i a l t r a n s f e r - l i n e s 

We h a v e e s t a b l i s h e d i n t h e p r e v i o u s s e c t i o n s t h a t t h e Markov 

d e c i s i o n p r o c e s s i s a s i m p l e mode l p o s s e s s i n g e l e g a n t r e s u l t s . The 

m o d e l i s t h e r e f o r e o f g r e a t i n t e r e s t t o o p e r a t i o n s r e s e a r c h e r s , a p p l i e d 

m a t h e m a t i c i a n s , s t a t i s t i c i a n s , e c o n o m i s t s and e n g i n e e r s . P r o b a b l y t h e 

m a j o r a r e a o f a p p l i c a t i o n i s t o o p e r a t i o n s research ( O . R . ) p r o b l e m s , b u t 

u n f o r t u n a t e l y e v e n s y s t e m s o f a modes t s i z e g i v e r i s e t o Markov m o d e l s 

h a v i n g v e r y l a r g e numbers o f s t a t e s . S o l v i n g l a r g e c l a s s i c a l d e c i s i o n 

p r o b l e m s by e x i s t i n g a n a l y t i c methods r e q u i r e s v a s t amounts o f compute r 

s t o r a g e , and t h e a l t e r n a t i v e a p p r o a c h u s i n g m u l t i p l e s y s t e m s i m u l a t i o n s 

makes i n e f f i c i e n t u s e o f comput ing r e s o u r c e s . 
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The a i m o f t h i s t h e s i s i s t o p r e s e n t new and e f f i c i e n t methods f o r 

d e t e r m i n i n g o p t i m a l c o n t r o l s f o r a n y o p e r a t i o n a l s y s t e m m o d e l l e d b y a 

Markov d e c i s i o n p r o c e s s . Though s e v e r a l s m a l l ( 2 and 3 - s t a t e ) M a r k o v i a n 

m o d e l s a r e u s e d t h r o u g h o u t t h e t e x t " a s s i m p l e i l l u s t r a t i o n s o f t h e new 

s o l u t i o n m e t h o d s , we a l s o i n d i c a t e t h e p o t e n t i a l o f t h e new methods f o r 

s o l v i n g l a r g e r p r o b l e m s by c o n s i d e r i n g an O . R . p r o b l e m i n v o l v i n g two 

c r o s s - l i n k e d t r a n s f e r - l i n e s . 

A t r a n s f e r - l i n e p r o b l e m was c h o s e n f o r a number o f r e a s o n s , n o t 

l e a s t o f w h i c h was t h a t t r a n s f e r - l i n e p r o b l e m s h a v e been s t u d i e d b y many 

r e s e a r c h e r s i n t h e p a s t , and s o l v e d u s i n g c o n v e n t i o n a l m e t h o d s . A l s o , 

t h e s i z e o f t h e r e s u l t i n g Markov mode l c a n be v a r i e d between 64 and a 

more r e a l i s t i c number o f s t a t e s e . g . 1 0 , 0 0 0 , w i t h o u t c h a n g i n g t h e b a s i c 

s t r u c t u r e o f t h e p r o b l e m . I f f o l l o w s t h a t we c a n use t h e p r o p o s e d 

methods t o s o l v e a 6 4 - s t a t e p r o b l e m and a c c u r a t e l y a s s e s s t h e i r 

p e r f o r m a n c e when used t o s o l v e l a r g e r p r o b l e m s . 

2 . 3 . 1 D e f i n i t i o n s and d e s c r i p t i o n o f t r a n s f e r - l i n e o p e r a t i o n 

B u z a c o t t ' s s t u d i e s o f t r a n s f e r - l i n e s (36 and 37 ) p r o v i d e a n 

e x c e l l e n t i n t r o d u c t i o n t o t h e t o p i c , and h i s d e f i n i t i o n s and 

m a t h e m a t i c a l mode l need o n l y be e x t e n d e d s l i g h t l y t o accommodate t h e 

c r o s s - l i n k e d t r a n s f e r - l i n e p r o b l e m w h i c h i s d i s c u s s e d t h r o u g h o u t t h i s 

t h e s i s . We d e f i n e t h e t r a n s f e r - l i n e i n t h i s c a s e t o be a n i n d u s t r i a l 

p r o d u c t i o n l i n e whose s t a g e s ( m a c h i n e s ) o p e r a t e w i t h c o n s t a n t s e r v i c e 

t i m e s . 

The s t a g e s o f t h e l i n e a r e a r r a n g e d s e r i a l l y s o t h a t e a c h w o r k p i e c e 

i s i n i t i a l l y p r o c e s s e d a t t h e same s t a g e and t h e n t r a n s f e r s v i a some 

f o r m o f b u f f e r s t o r e t o t h e n e x t s t a g e , c o n t i n u i n g i n t h i s manner u n t i l 

t h e p i e c e p a s s e s t h r o u g h t h e f i n a l s t a g e , a t w h i c h p o i n t one u n i t o f 
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p r o d u c t i o n i s r e a l i s e d f o r t h e l i n e . Though f i n i t e c a p a c i t y i n t e r s t a g e 

b u f f e r s a r e u s e d , we a l w a y s assume t h a t an i n f i n i t e s t o c k o f p i e c e s i s 

a v a i l a b l e b e f o r e t h e f i r s t s t a g e o f the l i n e and t h a t i n f i n i t e c a p a c i t y 

e x i s t s a t t h e end o f t h e l i n e t o accommodate f i n i s h e d p i e c e s . We assume 

t h a t t h e l i n e i s b a l a n c e d , i m p l y i n g t h a t a l l p i e c e s b e g i n t o t r a n s f e r 

f r o m one s t a g e t o t h e n e x t a t t h e same t i m e i n s t a n t , t h e t i m e be tween 

s u c c e s s i v e t r a n s f e r s b e i n g r e f e r r e d t o a s t h e " c y c l e t i m e " . T h u s d u r i n g 

a c y c l e when c o n s e c u t i v e s t a g e s a r e w o r k i n g , t h e c o n t e n t s o f t h e i r 

i n t e r s t a g e b u f f e r r e m a i n s c o n s t a n t . A l s o we assume t h a t t h e t i m e t a k e n 

t o t r a n s f e r p i e c e s be tween s t a g e s i s n e g l i g i b l e compared w i t h t h e c y c l e 

t i m e . 

Vfe i d e n t i f y s t a t e s o f e a c h s t a g e a s up i f t h e s t a g e i s i n w o r k i n g 

o r d e r o r down i f i t i s b r o k e n down. The o p e r a t i o n o f a s t a g e i s 

c h a r a c t e r i s e d by two p a r a m e t e r s . The o p e r a t i n g t i m e i s d e f i n e d t o be 

t h e number o f p i e c e s p r o c e s s e d by t h e s t a g e between s u c c e s s i v e 

b r e a k d o w n s . S i m i l a r l y t h e r e p a i r t i m e i s t a k e n t o mean the number o f 

c y c l e s r e q u i r e d t o r e p a i r t h e s t a g e once i t h a s b r o k e n down. We t a k e 

a l l t i m e m e a s u r e m e n t s f o r t h e l i n e i n u n i t s o f p r o c e s s c y c l e s ; t h u s 

o p e r a t i n g and r e p a i r t i m e s a r e i n t e g e r v a l u e d v a r i a b l e s . I n f a c t , t h e s e 

q u a n t i t i e s a r e random v a r i a b l e s and i n o r d e r t o d e s c r i b e t h e p r o c e s s 

m a t h e m a t i c a l l y we a r e r e q u i r e d t o s p e c i f y s u i t a b l e p r o b a b i l i t y 

d i s t r i b u t i o n f u n c t i o n s , u s i n g o b s e r v e d d a t a f rom a r e a l t r a n s f e r l i n e t o 

d e t e r m i n e d i s t r i b u t i o n p a r a m e t e r s . 

2 . 3 . 2 I d e n t i f i c a t i o n o f o p e r a t i n g and r e p a i r t i m e d i s t r i b u t i o n s 

F o r t h e g e n e r a l c a s e , B u z a c o t t ( 3 7 ) a s sumes t h a t o p e r a t i n g t i m e h a s 

a g e o m e t r i c d i s t r i b u t i o n i . e . t h e p r o b a b i l i t y o f a s t a g e b r e a k i n g down 

i n a c y c l e i s a c o n s t a n t , r e g a r d l e s s o f t h e t i m e s i n c e t h e l a s t 

b r e a k d o w n . He comments t h a t a l t h o u g h t o o l wea r i m p l i e s an i n c r e a s i n g 



69. 

probability of stoppage with time, it would be normal to carry out a 

programme of tool replacement between shifts so that tool wear would not 

be a major cause of breakdown. The paper describes as an example an 

automatic transfer line machining cylinder blocks vtfiere the time between 

transfers is taken to be the process cycle time. Buzacott observes that 

both operating and repair time distributions are geometric for this 

example. 

As an example in this thesis, we consider small sections of 

canmaking lines, which operate at a much faster rate than Buzacott's 

machining process. In this case therefore, it is convenient to define 

the cycle time not as the time between transfers but as a predetermined 

period of production during which a number of pieces is processed, or 

not, according to whether stages are in up or down states. A work study 

report (46) analysing can line performance over a number of years in 

U.K. factories confirms that with a cycle defined in this way, repair 

and operating times for individual machines" or line sections are 

invariably found to have geometric distributions. 

Insufficient information has prevented precise identification of 

the parameters relating to the metal-forming machines in question but 

the work study report (46) has been used to obtain rough estimates of 

the mean operating time (10 cycles) and mean repair time (4 cycles) for 

a can-making machine which we shall use to represent each machine in the 

study. These estimates correspond to constant probabilities of 

breakdown, (B = 0.1) and of repair, (REP = 0.25) within the next process 

cycle. 

2.3.3 Transitions of a two-stage line or line section 

By a two-stage line we mean the configuration shown in Fig. 2.1. 
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The interstage buffer store can hold sufficient pieces to maintain 

operation of machine 2 for Z cycles and is therefore said to have a 

capacity of Z (production) units. 

0 0 pieces Machine 1 Machine 2 0 0 vacancies 

buffer store. 

Fig. 2.1 : Two-stage line configuration 

We assume that the system state can only be observed just after the 

transfer of the last piece processed in each cycle. W e further assume 

that the observed state has been maintained since the last observation 

instant, to be consistent with our earlier definition of 'cycle time'. 

The system state can be uniquely represented by the vector (Xi,X2,X3), 

where X]_ represents the state £ (up, Dawn), of machine 1, X2 represents 

the state e {Up, Down) , of Machine 2, and X3 represents the state 

e{0,l,...,Z} of the buffer store. The total number of states required 

to model the line is therefore given by the number of possible 

combinations of the variables X]_, X 2 , and X 3 , i.e. 2 x 2 x (Z+l). We 

shall always consider geometric operating and repair time distributions, 

and we can show graphically the conditions governing state transitions 

in Figs. 2.2 and 2.3. It can be seen that transitions from states 

(D,U,0) and (U,D,Z) are the only exceptions to the general transition 

rules shown in Fig. 2.3. States (D,U,0) and (U,D,Z) are referred to as 

'force-down' states, so called because they describe situations where 

either machine 2 or 1 is forced to stop operation (even though it has 

not broken down) because of the state of the buffer store. Force-down 

states are of particular interest in the simulation of production line 



State at time (t-1) transition probability State at time t 
71. 

(REPl) 

(REP2) 

Fig. 2.2: Two-stage line; transitions from states 
(D,U,0) and (UfD,Z) 
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State at time (t-1) transition probability State at time t 

( u , u , x . 

(l-BxHl-E^)-

B i ) ( 1 - B 2 ) — 

( 1 - B 1 ) ( B 2 > -

( b 1 ) ( b 2 ) -

•<u,u,x3) 

h k d , d , x 3 ) 

( d , u , x . 

1 X E P i ) [ 1 - B 2 > 

1 - r e p ] _ ) ( i - b 2 y 

< r e p ^ ) ( b 2 ) 

+ ( u , u , [ x 3 - 1 ] ) 

- m d , u , [ x 3 - 1 ] ) 

< i - r e p 1 ) ( b 2 ) -

^ u , d , [ x r i ] ) 

- h d , d , [ x 3 - l ] ) 

- ( 1 - b 1 ) ( r e p 2 > - - < u , u , [ x 3 + 1 ] ) 

( u , d , x _ 
K B 1 ) ( r e p 2 > - - H D f U f [ X 3 + l ] ) 

- ( 1 - b 1 ) ( 1 - r e p 2 ) - k u , d , [ x j k l ] ) 

-(bj_) ( 1 - r e p 2 )- -<d ,d , [ x 3 + l ] ) 

- ( r e p 1 ) ( r e p 2 ) - > { u , u , x 3 ) 

( d , d , x 3 ; 
l - r e p 1 ) ( r e p 2 ) - - M d , u , x 3 ) 

- ( r e p 1 ) ( 1 - r e p 2 ) - >(U,D,X3) 
- { 1 - r e p ^ ) (1- rep 2 - ) - < d , d , x 3 ) 

Fig. 2.3: TWo-stage line; transitions from all states 
except ( d f u f o ) and ( u , d , z ) 
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o p e r a t i o n and a r e t h e r e f o r e d i s c u s s e d f u l l y i n C h a p t e r 5 . I n F i g s . 2 . 2 

and 2 . 3 , p r o b a b i l i t i e s o f t r a n s i t i o n a r e e x p r e s s e d i n t e r m s o f g e o m e t r i c 

d i s t r i b u t i o n p a r a m e t e r s , B^ and REP^, w h i c h r e p r e s e n t t h e p r o b a b i l i t i e s 

o f b reakdown and r e p a i r o f m a c h i n e i w i t h i n t h e n e x t p r o c e s s c y c l e . 

F rom t h e d e f i n i t i o n s a b o v e , we s e e t h a t i f m a c h i n e 2 i s n o t f o r c e d 

down, t h e n i t s s t a t e a t t h e o b s e r v a t i o n i n s t a n t , (Up o r Down) , 

d e t e r m i n e s t h e o u t p u t o f t h e l i n e , (one p r o d u c t i o n u n i t o r none) s i n c e 

t h e l a t e s t o b s e r v a t i o n i n s t a n t . 

2 . 3 . 4 The t r a n s i t i o n m a t r i x and c o s t v e c t o r f o r a t w o - s t a g e l i n e 

We would l i k e t o d e s c r i b e t r a n s f e r - l i n e p r o b l e m s u s i n g t h e s t a n d a r d 

Markov c h a i n n o t a t i o n g i v e n i n S e c t i o n 2 . 2 , and t h e f i r s t s t e p i s t o 

e x p r e s s e a c h s t a t e i n t h e f o r m e^ , where i i s an i n t e g e r . The one 

c o n d i t i o n w h i c h mus t be s a t i s f i e d i s t h a t i f i A f ( X j _ , X 2 , X 3 ) , vtfiere X^ 

and X 2 a r e r e d e f i n e d by e q u a t i o n 2 . 3 2 , 

f o r j = 1 , 2 ; X j = 2 , i f m a c h i n e j i s up 

> 2 . 3 2 

= 1 , i f m a c h i n e j i s down 

t h e n t h e f u n c t i o n f s h o u l d be o n e - t o - o n e . T h e r e i s an i n f i n i t e number 

o f f u n c t i o n s w h i c h w o u l d s a t i s f y t h i s c o n d i t i o n , and f i s t h e r e f o r e 

c h o s e n t o p r o d u c e a f o r m o f t h e t r a n s i t i o n m a t r i x w h i c h i s ' b e s t ' i n 

s a n e s e n s e . O u r recommended f u n c t i o n i s d e f i n e d by e q u a t i o n 2 . 3 3 

i = f ( X i , X 2 , X 3 ) A ( X 3 ) . 2 2 + ( 2 - X 2 ) . 2 1 + ( X i ) . 2 ° 2 . 3 3 

I n d e f i n i n g t h i s f u n c t i o n o u r a i m was t o p r o d u c e a t r a n s i t i o n 

m a t r i x whose f o r m c l o s e l y r e s e m b l e s a ( b l o c k - ) d i a g o n a l m a t r i x . F o r a 
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two-stage line, with Z = 2, application of equation 2.33 with transition 

probabilities defined by Figures 2.2 and 2.3 results in the block 

tri-diagonal matrix given in Fig. 2.4. 

Partitioning the matrix into 4x4 submatrices, denoted by A , B, C, D 

and E gives 

" A D 0 " 

P 2 A E B D 

0 E C 

2.34 

Extending the notation for a transfer-line with general Z , we have 

p
Z 4 

A D 

E B 

o 
o 
B D 

*E C 

2.35 

\ v ' 

Z+l submatrices 

Once the parameters B j , REP j; j = 1, 2 have been identified, the 

constant submatrices A , B, C, D, and E can be evaluated and equation 

2.35 used to model transfer-lines having buffers of any size. Though 

they do not explicitly state the function f above, Gershwin and Schick 

(38) assume the same form of transition matrix in their study, and give 

an efficient procedure . for inverting a block tri-diagonal matrix by 

exploiting this structure. Further comments on this paper appear in 

Chapter 3 where we are concerned with computational methods for solving 

Markov decision problems. 



(1-REP| ) (REP , ) 

( B , ) ( L - D 2 ) ( 1 - B , ) ( 1 - B 2 ) ( B , ) ( B 2 ) ( 1 - B , ) ( B 2 ) 

( 1 - R E P , ) ( R E P 2 ) ( R E P , ) ( R E P 2 ) ( 1 - R E P , ) ( 1 - R E P 2 ) ( R E P ; ) ( 1 - R E P 2 ) 

( L - R E P , ) ( 1 - B 2 ) ( R E P , ) C 1 - B 2 ) ( 1 - R E P , ) ( B 2 ) ( R E P , ) ( B 2 ) 

p 2A 

( B , ) ( R E P 2 ) G - B , ) ( R E P 2 ) (B, ) ( 1 - R E P 2 ) ( I - A , ) ( I - R E P 2 ) 

( B , ) ( 1 - B 2 ) ( 1 - D , ) ( 1 - B 2 > ( B , ) ( B 2 ) ( 1 - D ; ) ( B 2 ) 

( 1 - R E P , ) ( R E P 2 ) ( R E P , ) ( R E P 2 ) ( I - R E P , ) ( 1 - R E P 2 ) (REP, ) (1-REP 2 > 

( 1 - R E P , ) ( 1 - B 2 ) ( R E P | ) ( I - B 2 ) ( 1 - R E P , ) ( B 2 ) (REP , ) (B2 ) 

( B , ) ( R E P 2 ) ( 1 - B , ) ( R E P 2 ) ( B , ) ( 1 - R E P 2 ) ( 1 - B , ) G - R E P 2 ) 

( B , ) ( 1 - B 2 ) ( 1 - B , ) ( 1 - B 2 ) ( 3 , ) ( B 2 ) ( 1 - B , ) ( B 2 ) 

(1 -REP , ) (REP 2 1 ( R E P , ) ( R E P 2 ) ( 1 - R E P , ) U - R E P 2 > ( R E P , ) ( 1 - R E P 2 ) 

(REP2) (1-REP 2 ) 

NOTE: Only non-zero entries are shown. 

Fig. 2.4: The transition matrix for a two-stage line with Z = 2 . States are identified using equation 2.33 

ul 
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Referring back to Sections 2.2.4 and 2.3-3, it can be seen that 

transfer-lines have a cost structure described by a vector c , where the 

cost incurred during a transition to state ej is given by < e j , c > . 

Rather than write c as a vector of negative costs as discussed in 

Section 2.2.4, with elements 0 or - 1 measured in production units, we 

use conventional transfer-line notation and interpret c to be a vector 

of returns realised by the line at the end of each transition. Here, c 

has non-negative elements (0 or +1), and we are generally required to 

maximize a function of c by specifying some control policy. The change 

from function minimization to function maximization does not require 

significant changes to any of the theory discussed later. 

From Section 2.3.3 the vector c z ^ for a two-stage line with a 

buffer of capacity Z is given by 

c z = [0100!1100;1100j ; 1100] 2.36 
v • ' Vy1 ^ 

Z x [1100] " 

It should be noted that state e^ identifies machine 2 as being in a 

working state, but no pieces are available from the buffer for 

processing, resulting in zero output. 

The definition of "regular chain" given in Section 2.2.2 requires 

that a process starting in any state x Q should be able to reach any 

other state of the chain in a finite number of transitions. Equivalent-

ly, raising the transition matrix to a sufficiently high power should 

result in a matrix having no zero entries. Applying either criterion to 

the chain having transition matrix P z (given by equation 2.35), 

confirms that any two-stage transfer-line model is a regular chain. 

Referring to equation 2.33 we see that the i'th elenent is 'l' or 'O1 
according to whether or not the downline machine can process a piece. 
Rather than using the vector c as on P.59, we use c_ to indicate the general 
form of the vector for a two-stage line with buffer capacity Z. 
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2.3.5 Controlled transfer-lines 

Previous studies of transfer-lines have . to a great extent 

concentrated on two areas i.e. design problems (specification of 

position and size of buffer stores), and the calculation of operating 

efficiency of existing lines. Examples are the studies by Freeman (35), 

Buzacott (36 and 37), Gershwin and Schick (38) and the simulation 

approach due to Ho et al. (39), (40). The transfer-line design problem 

is significant because Markov models of lines with a large number of 

stages connected by interstage buffers have enormous numbers of states, 

e.g. a four-stage line with interstage buffers of capacity 10 gives rise 

to 21,296 states. Conceptually, the allocation of buffer capacity to 

optimize line efficiency is a straightforward function maximization 

problem, but the size of the model leads to major complications. 

Arguably more complex are problems involving real-time control of 

transfer-lines. Buzacott (37) has posed and solved two and three-stage 

transfer-line problems where machines capable of working are 

deliberately stopped in order to adjust buffer stock levels. Gershwin 

and Schick (38) also mention the possibility of real-time control by 

adjusting machine speeds. 

The real-time control problem studied in this thesis is one 

involving sections of two can-making lines linked by cross-conveyors. 

The use of cross-conveyors in two-piece can (i.e. a type of beverage 

can) manufacture was suggested by Brilman (41) in his study of conveying 

methods for tinplate cans. In a two-piece canmaking factory, different 

types of can (usually the same size but decorated differently) are 

produced by independent multi-stage lines. Though the end product of 

each line may be different, a number of operations near the start of 

each line are identical and Brilman indicates at least four 

opportunities for using cross-conveyors to link a pair of lines. The 
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fact that many of these canmaking lines are new controlled by central 

computer means that we can consider controlling the movement of pieces 

between two or more lines by detecting the states of each line in real-

time, and controlling the cross-conveyors in an attempt to increase the 

combined output of the lines. For the purposes of this study we will 

consider a simplified version (see Fig. 2.5) of Brilman's line 

configuration involving two identical line sections (each having two 

machines and an interstage buffer) and a cross-conveyor. 

Fig. 2.5 indicates that our control options include running the two 

lines independently or moving any number of pieces in either direction 

between lines A and B . Brilman 1 s paper discusses a range of equipment 

(mass conveying systems, etc.) which might be used to implement such a 

scheme. 

Line A Line B 
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If each line section is described by one of a number, / s , of 

states, then the total number of states describing the cross-linked 

syston is s. Vfe observe that when the buffer store of each line section 

has a capacity of Z units, then 

s = [2 x 2 x (Z+l)] 2 2.37 

When states of lines A and B are identified by (/s*-) vectors % and 

e n respectively, (where m and n are determined using equation 2.33), 

then the corresponding state of the cross-linked system can be uniquely 

represented by the (s-) vector ei, where 

i 4 [(m-l) x /s] + n 2.38 

with m , n e {l, ...., /"s } and ie{l, ...., s } 

It is worth noting that in reality, the sequence of events in each 

cycle would be 

(i) to observe the state of the system 

(ii) to determine the number of pieces (possibly none) to be 

transferred between the two lines basing our decision on (i), 

and implementing the transfer. 

(iii) to observe the new state of the system after completion of 

machine operations during the cycle. 

Also bearing in mind our assumption that transport time for the 
pieces is negligible compared to the cycle time, we see that (i), (ii) 
and (iii) above are accurately described using Riordon's notation (see 
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Section 2.2.5) where the space of control states is identical to the 

space of process states, and both D ( a ) and P are s x s transition 

matrices. The crosslinking feature is conveniently separated frcm the 

operation of two independent lines (each having s states) by the use of 

this notation. An interesting point is that the system transition 

matrix P , describing transitions of the independent lines, has a similar 

structure to the one which describes a three-stage line with two inter-

stage buffers. Both matrices have diagonal blocks which are themselves 

block tri-diagonal and the matrices are described as having a nested 

block tri-diagonal structure. This property allows the use of the 

efficient matrix inversion algorithm given by Gershwin and Schick 

(38), but unfortunately the introduction of crosslinking control schemes 

destroys this simple structure. Tne process transition matrix P(a ) 

(= D(a)P) is also far less sparse than P . 

2.4 Summary 

The chapter begins with a review of Markov chain notation and 

terminology, leading to a discussion of controlled chains and Markov 

decision problems. Small examples illustrate results which are 

established for use in later chapters of the thesis and special 

attention is paid to the steady-state properties of regular Markov 

chains. 

A' class of operations research problems which has received much 

attention in the literature involves industrial transfer-lines (i.e. 

production lines having deterministic cycle times). This type of 

problem is well suited to modelling by Markov decision processes but 

even relatively small systems require models with large numbers of 

states, making solution by conventional methods tedious and in sane 

cases impossible. The aim of the thesis is to present new solution 
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methods for large problems like these and the remainder of Chapter 2 is 

therefore devoted to a review of existing terminology for transfer-line 

problems and a description of a new problem involving cross-linked 

transfer-lines with real-time controls. 
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CHAPTER 3 

ANALYTIC SOLUTION METHODS 

3.1 Introduction 

The optimal control problem referred to in Chapter 1 as the 

'classical' Markov decision problem has been a popular research topic 

for the last 25 years. Three alternative optimization techniques for 

solving this problem, i.e. dynamic programming, linear programming, and 

Howard's policy iteration algorithm, emerged within the first 3-4 years, 

and most of the solution methods proposed since then have been variants 

of these three methods. It is natural therefore, to attempt to solve 

grouped-state Markov decision problems using these algorithms. 

In this chapter we take the simplest form of grouped-state problem, 

i.e. one having an open-loop control structure, and attempt to formulate 

it in such a way that it can be solved by dynamic programming, linear 

programming, and policy iteration algorithms. Though the linear 

programming and conventional policy iteration algorithms cannot be 

applied directly, it is possible to use a non-linear programming 

algorithm which employs a linear program as a subroutine, and resembles 

Howard's algorithm in that it searches the space of probabilistic 

' control policies for the optimal point. 

3.2 Dynamic Programming Methods 

3.2.1 Conventional dynamic programming solution of a classical Markov 

decision problem 

We consider N transitions of a finite-state Markov chain x t , 
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t = 0, . N with state space {e^, e2r ..., e s } , whose transition pro-

bability at time t depends on the control u t chosen at t. Thus 

Prob [x t +]_|x t] = Prob [x t +]_|x t,u t]. Ht»r each x t = e ^ , i = 1, ...., s, 

we have a finite set , U^, of control alternatives, labelled by the^ 

integers {l, 2, . • •, k ^ } • State transitions can be defined by: 

x t + 1 = f ( x t , u t , w t ) , t = 0, 1, ..., N - 1 3.1 

where { w t , t = 0, 1 ,...., N } is a sequence of independent random 

variables with appropriately defined distributions. The sequence can be 

regarded as an element, cu , of the sample space denoted by ft . We assume 

that the initial state, x Q / i s given and that controls are specified as a 

feedback policy, \p , being a sequence of control laws, {h (•)/ — / 

h j ^ (•) } . The control law at t defines the control action u t as a 

function of x^-, 

u = h t (
x
t ) r t = 0, . . . , N - 1 3.2 

The system transition costs are denoted by the scalar func-

tions L t ( x t , u t , w t ) , t = 0, N-l, where the sequences { x t } and 

{ u t } satisfy equations 3.1 and 3.2 respectively. 

We define the trajectory cost by: 

N - l 
V (x , ip, a)) A I L (x , u t , w t ) 

t=0 

3.3 

We see from equation 3.1 that the sequence { x t } depends on w and is 

more accurately written { x t (uo)} . Similarly, from equation 3.2, { u t ) is 

actually a sequence of randan variables, {uylw)} . The trajectory cost 
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i s t h e r e f o r e a randcm v a r i a b l e whose e x p e c t e d v a l u e i s g i v e n b y 

V Q ( x 0 , ip) = E { V 0 ( x Q , if;, en)} 3.4 
weft 

O p t i m a l C o n t r o l P r o b l e m 

We a r e r e q u i r e d t o f i n d an a d m i s s i b l e p o l i c y , ip , s u c h t h a t 

V 0 ( x 0 , ty) i s m i n i m i z e d . 

I n o r d e r t o s o l v e t h e p r o b l e m u s i n g dynamic programming we 

i n i t i a l l y d e f i n e t h e f u n c t i o n s 

N - 1 
V t ( x t , i p , w) A I L i ( x i , u ± , w ± ) 3 . 5 a 

i = t 

f o r t = 1 , . . . , N - 1 

a n d V j j f r j j , i p , w) A 0 3 . 5 b 

The s e q u e n c e s ( x ^ , u y , i = t , . . . . , N - 1 } a b o v e , s a t i s f y e q u a t i o n s 

3 . 1 and 3 . 2 . I t f o l l o w s t h a t . 

V t ( x t , \p, w) = L t ( x t , u t , w t ) + V t + 1 ( x t + 1 , ip, w) 3.6 

C o n s i d e r i n g a l l s e q u e n c e s w i n c l u d i n g t h e s t a t e x ^ , we o b t a i n t h e 

e x p e c t a t i o n o f e q u a t i o n 3 . 6 : 

E { V t ( x t , ip, w)} = E {L (x , u w ) + V (x ipy w)} 3.7 
co|xt a)|xt 
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By e x t e n d i n g t h e n o t a t i o n o f e q u a t i o n 3 . 4 , e q u a t i o n 3 . 7 becomes 

V X t ' \ p ) = E { L t ( x t , h t ( x t ) , w t ) + V t + 1 ( x t + 1 , i p ) } 3 . 8 
w j x t 

w h e r e x t + i = f ( x t , u t , w t ) 

1 o ' o 

We u s e t h e s u p e r s c r i p t t o d e n o t e o p t i m a l v a l u e s , i . e . ( • ) i s 

t h e o p t i m a l c o n t r o l l a w a t t , = { h ° ( • ) , h ^ _ ^ ( - ) } i s t h e ^opt ima l 

f e e d b a c k p o l i c y , and V^(x^_) d e n o t e s \p ° ) . 

The b a c k w a r d r e c u r s i o n e q u a t i o n o f dynamic programming i s 

V ° (xfc) = min { E ( L t ( x t , u , w ) + V t + i ( x
t + l

) } } 3 ' 9 

u t w t |x 

w h e r e x t + ] _ = f ( x t , u t , w t ) 

w h i c h i s used t o d e t e r m i n e V ^ d i n r e v e r s e t i m e , i . e . we s o l v e f o r 

( • ) = 0 , V ° ( . ) , a t t h e same t i m e p r o v i d i n g t h e r e q u i r e d 

o p t i m a l f e e d b a c k c o n t r o l p o l i c y , \ p ° . 

3 . 2 . 2 Use o f d y n a m i c programming t o d e t e r m i n e o p t i m a l o p e n - l o o p 

c o n t r o l s 

I t c a n be s e e n f r o m t h e p r e v i o u s s e c t i o n t h a t t h e c o n d i t i o n a l 

e x p e c t a t i o n i n e q u a t i o n 3 . 9 a u t o m a t i c a l l y makes u t a f u n c t i o n o f x t . 

C o n v e n t i o n a l d y n a m i c programming i s t h u s s u i t e d t o t h e c a l c u l a t i o n o f 

o p t i m a l f e e d b a c k c o n t r o l s . When we c o n s i d e r o p e n - l o o p c o n t r o l schemes 

( i . e . t h e s i m p l e s t f o r m o f g r o u p e d - s t a t e c o n t r o l s t r u c t u r e ) f o r a Markov 

d e c i s i o n p r o c e s s , t h e c o n c e p t o f d y n a m i c programming c a n be used i f we 
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b e g i n by d e f i n i n g t h e p r o b a b i l i t y d i s t r i b u t i o n s o f x t , t = 0 , . . . . , N a s 

t h e s y s t e m h y p e r s t a t e s . Dynamic programming i s used t o c a l c u l a t e 

o p t i m a l c o n t r o l l a w s w h i c h a r e f u n c t i o n s o f the h y p e r s t a t e s , and t h e 

s e q u e n c e o f o p t i m a l o p e n - l o o p c o n t r o l a c t i o n s can t h e n be d e t e r m i n e d i n 

a s t r a i g h t f o r w a r d m a n n e r . 

The s e q u e n c e o f h y p e r s t a t e s i s d e n o t e d by { -n ,̂ t = 0 , . . . . , N } , 

e a c h v e c t o r i r t h a v i n g e l e m e n t s { t t ^ } d e f i n e d by 

tt^ A Prob [x = e^], i = 1, ..., s 3.10 

t = 0, ..., N 

I t i s p o s s i b l e t o m i r r o r t h e d i s c u s s i o n o f the p r e v i o u s s e c t i o n , 

b e g i n n i n g w i t h t h e t r a n s i t i o n r u l e f o r t h e h y p e r s t a t e s : 

= g(irt/ t = 0, ..., N - 1 3.11 

w h e r e i n t h i s c a s e t h e c o n t r o l a c t i o n u t i s one o f a s e t Ll o f a l t e r -

n a t i v e s l a b e l l e d by t h e i n t e g e r s { 1 , 2 , . . . . , k ) . 

We assume t h e i n i t i a l c o n d i t i o n , TrQ (= x ) t o be g i v e n and t h a t a 

s e q u e n c e y , o f c o n t r o l l a w s { d Q ( - ) , i s t o be c a l c u l a t e d . 

P u t t i n g 

u = d
t ( ^ t ) /• t = 0, ..., N - 1 3.12 

we a l l o c a t e c o s t s t o h y p e r s t a t e t r a n s i t i o n s by t h e s c a l a r f u n c t i o n s 

M t ^ t ' u t t = 0 , . . . . , N - l , u s i n g {tt^} a s d e f i n e d by e q u a t i o n 3 . 1 1 . 

We d e f i n e t r a j e c t o r y o o s t by 
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N - l 
c o ( V y ) = J M i ( V u i } 3 ' 1 3 

i=0 

O p t i m a l C o n t r o l P r o b l e m 

We a r e r e q u i r e d t o f i n d the sequence o f c o n t r o l l a w s 

Y = {dQ(.), D N_ 1 (-) > mbiimizing C (TT , y) 

D e f i n i n g t h e f u n c t i o n s 

N - l 
C t ( 7 T t , y) = I M i (TT ± / u ± ) 3 . 1 4 a 

i = t 

f o r t = 1 , . . . , N - 1 

and ^ ( " V = 0 

where { tt^, uj_; i = t , . . . . , N - l } s a t i s f y e q u a t i o n s 3 . 1 1 and 3 . 1 2 . 

I t f o l l o w s t h a t 

C t(7T t, y) = M t(ir t / u t ) + C t + 1 ( 7 r t + 1 , y) 3.15 

where Trt+1 = gfr^ . 

O r O 
I f t h e o p t i m a l Y - s e q u e n c e i s denoted by y = {d Q ( • ) , 

and ( i T t ) d e n o t e s y ° ) t h e n the backward r e c u r s i o n e q u a t i o n o f 

dynamic programming i s , i n t h i s c a s e , 
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C ° (irt) = min (M t(7r t, + C°+l { T rt+l ) } 3.16 

U t 

where ir t + 1 = g (irt, u f c). 

Solution of equation 3.16 in reverse-time yields the sequence of 

optimal costs {C°(-)} together with the sequence of optimal control laws 

y° = Solving equation 3.11 in forward-time from 

t h e initial condition tTQ provides the hyperstate sequence { ^ l which can 

then be used in conjunction with y° to provide the sequence of optimal 

open-loop control actions. 

3.2.3 Discussion 

In Section 3.2.1 we have established that when the system is in 

state x t = ei at time t, we can select a control action u t from (1 , a 

set of integers labelling the control alternatives. The choice of 

control action influences the distribution of the random variable w t , so 

that in selecting u^ e U . , we are effectively specifying the conditional 
1 u

t 

distribution of i.e. {p^. , j = 1 , ..., s}, where 

u t 

p ± j A Prob [ x t + 1 = e^ |x t = e ± , 3.17 

The s rows of the transition probability matrix P are defined by 
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e q u a t i o n 3 . 1 7 w i t h i = 1 s and e q u a t i o n 3 . 2 s p e c i f y i n g the s 

c o n t r o l a c t i o n s a t t ime t . 

From t h e open l o o p a n a l y s i s o f S e c t i o n 3 . 2 . 2 we see t h a t e q u a t i o n 

3 . 1 1 c a n be w r i t t e n a s : 

u t 
7 r t + 1 = i r t . P , t = 0 , . . . , N - l 3 . 1 8 

B e c a u s e t h e c o n t r o l a c t i o n a t t ime t i s s p e c i f i e d a s a f u n c t i o n o f 

t h e s t a t e d i s t r i b u t i o n r a t h e r t h a n t h e s t a t e , u .̂ i n e q u a t i o n 3 . 1 8 

i n d i c a t e s w h i c h o f the a l t e r n a t i v e t r a n s i t i o n m a t r i c e s s h o u l d be u s e d . 

T r a n s i t i o n c o s t s f o r the c h a i n a r e g i v e n i n t h e fo rm o f an s x s 

m a t r i x B w i t h e l e m e n t s { b i j } . b j _ j i s d e f i n e d t o be t h e c o s t i n c u r r e d by 

t h e p r o c e s s i n mak ing a t r a n s i t i o n f rom s t a t e Xj- = e^ t o s t a t e 

x t + i = e j . The c o s t f u n c t i o n M^-Ctt^, u^) i s the a v e r a g e o o s t o f a s i n g l e 

t r a n s i t i o n o f the s y s t e m whose s t a t e s have a d i s t r i b u t i o n tt t a t t . The 

f u n c t i o n i s d e f i n e d b y : 

ML ( T r t , u t ) A J I 7T. 

i = l j = l 

U t 
p ^ ^ . b_. 

I D I D 
3 . 1 9 

I t i s i m p o r t a n t t o n o t e t h a t t h e c o n v e n t i o n a l dynamic programming 

f o r m u l a t i o n o f S e c t i o n 3 . 2 . 1 s o l v e s a d i s c r e t e - t i m e Markov d e c i s i o n 

p r o b l e m w i t h a d i s c r e t e s t a t e - s p a c e , and a d i s c r e t e a c t i o n - s p a c e . I n 

S e c t i o n 3 . 2 . 2 on t h e o t h e r h a n d , we s o l v e a d i s c r e t e - t i m e Markov 

d e c i s i o n p r o b l e m w i t h a d i s c r e t e a c t i o n space but a c o n t i n u o u s space o f 

h y p e r s t a t e s , i . e . tt^ s a t i s f i e s t h e c o n d i t i o n s 

T T t £ [ 0 , 1 ] , 

< T T t , 1 > = 1 

1 1 , . . o , S 

• t = 0 , . . . , N - 1 3 . 2 0 
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s o t h a t w h e r e a s t h e v a l u e o f v t ° ( x t ) i s o b t a i n e d f o r e a c h t = N , N - 1 , 

. . . , 0 by s o l v i n g e q u a t i o n 3 . 9 , and s e t t i n g x t = e ^ , e 2 , 6 5 , 

C ^ t t . ^ ) t h e o r e t i c a l l y h a s t o be c a l c u l a t e d f o r e a c h p o s s i b l e v e c t o r Tr t , 

a t t = N , N - 1 , . . . , 0 . F o r t h i s , and f o r o t h e r a p p l i c a t i o n s o f dynamic 

p rog ramming w h e r e t h e s t a t e s p a c e i s c o n t i n u o u s , t h e a l g o r i t h m can o n l y 

be programmed f o r a compute r i f t h e o p t i m a l c o s t f u n c t i o n i s 

a p p r o x i m a t e d i n some w a y . S e v e r a l methods h a v e a p p e a r e d i n t h e 

l i t e r a t u r e , e . g . B e l l m a n and D r e y f u s ( 3 ) s e l e c t a g r i d o f p a r a m e t e r 

v a l u e s , and use an i n t e r p o l a t i o n t e c h n i q u e t o o b t a i n o t h e r v a l u e s when 

r e q u i r e d . A n o t h e r o f B e l l m a n ' s s u g g e s t i o n s i s t o a p p r o x i m a t e t h e 

o p t i m a l c o s t f u n c t i o n by c u r v e f i t t i n g . The d i f f e r e n t i a l dynamic 

p rogramming t e c h n i q u e due t o J a c o b s o n and Mayne ( 6 ) i s a l s o a p p l i c a b l e . 

A s t h e a p p l i c a t i o n o f dynamic programming i n a c o n t i n u o u s s t a t e s p a c e 

h a s been c o n s i d e r e d p r e v i o u s l y , we c l o s e t h e d i s c u s s i o n h e r e , u s i n g t h e 

n e x t s e c t i o n t o i l l u s t r a t e c l o s e d - and o p e n - l o o p s o l u t i o n s o f a s i m p l e 

p r o b l e m . 

3 . 2 . 4 A 3 - s t a t e e x a m p l e 

A s an i l l u s t r a t i o n o f t h e d y n a m i c programming p r o c e d u r e s we c a n 

c a l c u l a t e o p t i m a l f e e d b a c k and o p e n - l o o p c o n t r o l s f o r a s i m p l e 3 - s t a t e 

M a r k o v d e c i s i o n p r o c e s s mak ing t h r e e t r a n s i t i o n s f r o m t h e i n i t i a l s t a t e 

( o r s t a t e d i s t r i b u t i o n ) , 

x Q = [0 1 0] 
= 

A t the b e g i n n i n g o f e a c h t r a n s i t i o n , we c h o o s e a c o n t r o l a c t i o n , up-

f ront two a l t e r n a t i v e s , ( U p , Down }, t h e e f f e c t o f w h i c h i s t o s p e c i f y t h e 

p r o b a b i l i t y d i s t r i b u t i o n o f t h e n e x t s y s t e m s t a t e , a c c o r d i n g t o T a b l e 
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u t 

up 

Down 

[ 0 . 7 5 0 . 0 0 . 2 5 ] 

[ 0 . 2 5 0 . 0 0 . 7 5 ] 

T a b l e 3 . 1 : E f f e c t o f c o n t r o l o v e r s t a t e t r a n s i t i o n s . 

F o r f e e d b a c k c o n t r o l s , e q u a t i o n 3 . 2 i m p l i e s t h a t row i o f t h e 3 x 3 
i t 

t r a n s i t i o n m a t r i x P w i l l be s p e c i f i e d by T a b l e 3 . 1 a c c o r d i n g t o 

w h e t h e r u
t ( = h ^ ( e ^ ) ) i s up o r down. 

O p e n - l o o p c o n t r o l s d e f i n e a l t e r n a t i v e t r a n s i t i o n m a t r i c e s a s 

f o l l o w s : 

u t = up 
= 1> . [0.75 0.0 0.25] 

3.21 
u, = down 

P = 1> . [0.25 0.0 0.75] 

S t a t e ' t r a n s i t i o n c o s t s , w h i c h a r e i n d e p e n d e n t o f c o n t r o l 

s e l e c t i o n s , a r e - g i v e n by t h e m a t r i x 

B = 

8 0 4 

3 0 6 

4 0 12 

3.22 

O p t i m a l F e e d b a c k C o n t r o l s 

We e v a l u a t e = ( h ° ( • ) , ) , } by s o l v i n g e q u a t i o n 3 . 9 i n 

r e v e r s e - t i m e , e . g . t h e c a l c u l a t i o n s n e c e s s a r y t o d e t e r m i n e . ) a r e 

l i s t e d i n T a b l e 3 . 2 . 
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X 2 
h ^ x ^ 

( * h 5 ( x 2 ) ) 

V 2 ( x 2 , i|i) 

( * V ^ ( x 2 ) ) 

e l Up ( . 7 5 x 8 ) + ( . 2 5 X 4 ) = 7 

e l Down * ( . 2 5 x 8 ) + ( . 7 5 X 4 ) = 5 . * 

a 2 Up * ( . 7 5 x 3 ) + ( . 2 5 X 6 ) = 3 . 7 5 * 

Down ( . 2 5 x 3 ) + ( . 7 5 X 6 ) = 5 . 2 5 

e 3 Up * ( . 7 5 x 4 ) + ( . 2 5 X 1 2 ) = 6 * 

e 3 Down ( . 2 5 x 4 ) + ( . 7 5 X 1 2 ) = 10 

T a b l e 3 . 2 : E v a l u a t i o n o f hu° ( . ) . 

T h e o p t i m a l f e e d b a c k c o n t r o l p o l i c y ip° i s s u m m a r i s e d i n T a b l e 3 . 3 . 

x t h 2 ° ( x 2 ) V ° ( x , ) h ° ( x - ! ) V 1 ° ( X 1 } h r X > Vn°<*n> 
e l Down 5 Down 1 0 . 7 5 Down 1 6 . 1 2 5 

e 2 Up 3 . 7 5 Up 9 Up 1 4 . 6 2 5 

£ 3 Up 6 Up 1 1 . 2 5 Up 1 6 . 8 7 5 

T a b l e 3 . 3 : O p t i m a l f e e d b a c k c o n t r o l p o l i c y . 

O p t i m a l O p e n - L o o p C o n t r o l s 

i 

Vfe b e g i n by c a l c u l a t i n g t h e a v e r a g e c o s t f u n c t i o n M t ( t t u t ) u s i n g 

e q u a t i o n 3 . 1 9 : 

M t ( i r t , Up) = < i r t . 

M t ( 7 T t , Down) = <tt 

I n t h e g e n e r a l c a s e , a d y n a m i c p rogramming s o l u t i o n i n v o l v e s t h e 

e v a l u a t i o n o f C ^ ( • ) , a f u n c t i o n o f t h e c o n t i n u o u s v e c t o r v a r i a b l e n t , a t 

e a c h t = N , N - l , . . . . , 0 . Howeve r f o r t h e 3 - s t a t e e x a m p l e a b o v e , a f ew 

7 

3 . 7 5 

6 

5 

5 . 2 5 

10 
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s i m p l e c a l c u l a t i o n s u s i n g e q u a t i o n s 3 . 1 8 and 3 . 2 1 r e v e a l t h a t t t t , t = 1 , 

. . . , N c a n o n l y assume v a l u e s [ . 7 5 0 . 2 5 ] o r [ . 2 5 0 . 7 5 ] a c c o r d i n g 

t o t h e c h o i c e o f u t , and tt i s [ 0 1 0 ] a s p r e v i o u s l y s t a t e d . T h u s i t 

i s o n l y n e c e s s a r y t o e v a l u a t e C ® ( • ) f o r two n t v a l u e s a t e a c h t e x c e p t 

t = 0 , when C Q
0 ( [ 0 1 0 ] ) i s c a l c u l a t e d . 

T a b l e 3 . 4 s u m m a r i z e s t h e r e s u l t s o f t h e open l o o p a n a l y s i s . 

V 
t = 2 , 1 , 0 

d ° ( 7 T 2 ) C 2 ° ( t t 2 ) C l ° ( 7 ° 1 d o ° ( V 

[ . 2 5 0 . 7 5 ] Up 6 . 2 5 Up 1 2 . 5 - -

[ 0 1 0 ] - - - - Up 1 6 . 2 5 

[ . 7 5 0 . 2 5 ] Down 6 . 2 5 Down 1 2 . 5 - -

T a b l e 3 . 4 : O p e n - l o o p a n a l y s i s . 

A c o m p a r i s o n o f T a b l e s 3 . 3 and 3 . 4 c o n f i r m s t h a t t h e o p t i m a l 

f e e d b a c k s o l u t i o n y i e l d s a l o w e r c o s t o v e r 3 t r a n s i t i o n s t h a n t h e 

o p t i m a l o p e n - l o o p s o l u t i o n , a s w o u l d be e x p e c t e d . The o p t i m a l o p e n - l o o p 

c o n t r o l s t r a t e g y c a n be found by c a l c u l a t i n g t h e s e q u e n c e {tt^, t = 0 , 1 , 

2 } s t a r t i n g a t ttq = [0 1 0 ] and u s i n g t h e c o n t r o l s e q u e n c e = { d ^ (Tr0) , 

&2 (f"2 ) } w h i c h t u r n s o u t t o be { U p , Down, Up^ . 

3 . 3 L i n e a r P rogramming S o l u t i o n s 

3 . 3 . 1 I n t r o d u c t i o n 

I n t h i s s e c t i o n , and f o r t h e r e m a i n d e r o f t h e c h a p t e r , we c o n s i d e r 

p r o b l e m s h a v i n g a n i n f i n i t e t i m e h o r i z o n , and s e e k t o m i n i m i z e t h e 

l o n g - r u n e x p e c t e d c o s t p e r t r a n s i t i o n o f t h e s y s t e m . I t w i l l be shown 

i n t h e f o l l o w i n g d i s c u s s i o n t h a t t h e t e c h n i q u e known a s l i n e a r 

p r o g r a m m i n g c a n be used t o s o l v e c l a s s i c a l Markov d e c i s i o n p r o b l e m s , b u t 
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t h a t t h e d e f i n i t i o n o f c o n t r o l a c t i o n s a s f u n c t i o n s o f s t a t e g r o u p s does 

n o t p e r m i t a s u i t a b l e f o r m u l a t i o n f o r s o l u t i o n by l i n e a r p r o g r a m . 

H o w e v e r , t h e d i s c u s s i o n i s i n c l u d e d h e r e n o t o n l y f o r c o m p l e t e n e s s , b u t 

a l s o b e c a u s e t h e l i n e a r programming a p p r o a c h i n i t i a l l y r e q u i r e s t h e 

t r a n s f o r m a t i o n o f a d i s c r e t e a c t i o n spaoe i n t o a c o n t i n u o u s o n e , and 

t h i s p r o v e s u s e f u l i n l a t e r w o r k . 

3 . 3 . 2 S o l u t i o n o f t h e c l a s s i c a l p r o b l e m b y l i n e a r programming 

T h e a p p l i c a t i o n o f l i n e a r programming t o i n f i n i t e Markov d e c i s i o n 

p r o c e s s e s was s t u d i e d o r i g i n a l l y by W o l f e and D a n t z i g ( 9 ) and l a t e r by 

Mine and O s a k i ( 1 0 ) w h e r e t h e r e l a t i o n s h i p be tween l i n e a r programming 

and H o w a r d ' s p o l i c y i t e r a t i o n a l g o r i t h m was e s t a b l i s h e d . 

As i n S e c t i o n 3 . 2 . 1 we assume t h a t f o r a s y s t e m p r e s e n t l y i n s t a t e 

e y , i £ { 1 , . . . , s } we c a n choose f rom a s e t o f c o n t r o l a l t e r n a t i v e s 

l a b e l l e d by t h e i n t e g e r s { 1 , 2 , . . . , kj_ } and d e n o t e the c h o s e n c o n t r o l 

by Uj_. Hence we e f f e c t i v e l y s p e c i f y a l t e r n a t i v e d i s t r i b u t i o n v e c t o r s 

( r o w s o f t h e t r a n s i t i o n m a t r i x ) f o r e a c h o f s s t a t e s , and t h e r e s u l t i n g 

t r a n s i t i o n m a t r i x d e f i n e s c o n d i t i o n a l p r o b a b i l i t i e s f o r s t a t e 

t r a n s i t i o n s a t t = 0 , 1 , . . . . 

We i l l u s t r a t e t h i s p r o c e d u r e by c o n s i d e r i n g a t h r e e - s t a t e Markov 

c h a i n w h e r e two c o n t r o l a l t e r n a t i v e s a r e a l l o w e d i n e a c h s t a t e . T h u s 

f o r t h e s y s t e m i n s t a t e e^ , we c a n choose be tween two a l t e r n a t i v e row 

k k k k 
v e c t o r s [ p ^ P i 2 P i 3 ] ' k = I f 2 d e n o t e d by p^ . 

T h e f o r m u l a t i o n o f t h e p r o c e s s a s a l i n e a r programming p r o b l e m 

i n v o l v e s t r a n s f o r m i n g t h e d i s c r e t e a c t i o n s p a c e i n t o a c o n t i n u o u s one by 

c o n s i d e r i n g s t a t i o n a r y p r o b a b i l i s t i c c o n t r o l p o l i c i e s . 
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j c 

L e t ou r e p r e s e n t t h e p r o b a b i l i t y o f c h o o s i n g c o n t r o l a c t i o n k i n 

1 9 

s t a t e e j _ , f o r l = 1 , 2 , 3 ; k = 1 , 2 and the v e c t o r a^ = [ a a ? l • I h u s 

t h e d i s t r i b u t i o n v e c t o r s p e c i f i e d by t h e p r o b a b i l i s t i c c o n t r o l a c t i o n ou 

adopted i n s t a t e i s g i v e n b y : 

P ^ A a / P 7 + a ? P ±
2
 - j « * p * 

k = l 

3 . 2 4 

and t h e s y s t e m t r a n s i t i o n m a t r i x i s 

P ( a l f a 2 r a 3 ) = 

V k k 
L P x 

k = l 

2 
I p 

k = l 

k k 
2 P 2 

V K 

L p 
k = l 

k k 
3 P 3 

3 . 2 5 

a n d , l e t t i n g a d e n o t e t h e s t a t i o n a r y p r o b a b i l i s t i c p o l i c y ( a ^ , o^ , a ^ } , 

we c a l c u l a t e t h e s t e a d y s t a t e p r o b a b i l i t y d i s t r i b u t i o n f rom 

3 2 
<i r (a ) = <77 (a ) . [ P ( a ) 3 = \ \ it. (a). a . . p . 

i = l k = l i i 
3 . 2 6 

s o t h a t , u s i n g a p r o b a b i l i s t i c p o l i c y , the c o n s t r a i n t s become 

3 2 
M < * ) - I i it. ( a ) . a . . p . = 0 , j = 1 , 2 , 3 

3 i = l k = l 1 1 1 3 

I tt . ( a ) = 1 
j = l 3 

3.27 
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I f we assume t h e e x i s t e n c e o f a m a t r i x B , w i t h e l e m e n t s { fc>ij} w h e r e 

b - [ j d e f i n e s t h e c o s t o f a t r a n s i t i o n be tween x t = e-j, and x t + i = e j , 

t h e n t h e e x p e c t e d c o s t o f o p e r a t i n g the p r o c e s s o v e r one t r a n s i t i o n f r o m 

s t a t e x t = e ^ , u s i n g c o n t r o l k i s : 

3 

= I 
j = l 

k 
P i j 

b . . 
1 3 

3 . 2 8 

T h u s t h e e x p e c t e d p r o c e s s c o s t p e r t r a n s i t i o n u s i n g the p o l i c y a i s 

i = l k = l 
tg ( a ) a . 3 . 2 9 

I t i s h e l p f u l t o d e f i n e t h e v a r i a b l e 

y± A ^ ( a ) . a ^ 3 . 3 0 

and we s e e t h a t 

2 
I 

k = l 
tt^ ( a ) 

2 
I 

k = l 

k 
a . 

1 = . T r i ( a ) 3 . 3 1 

We c a n now t r a n s f o r m t h e o r i g i n a l Markov d e c i s i o n p r o b l e m i n t o a 

s t a n d a r d l i n e a r programming p r o b l e m , i . e . 
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3 2 
minimize J £ y. . q. 

i=l k=l 1 1 

3 2 
subject to I y * - I I p k y k = 

k=l 3 i=l k = l 1 

j = 1 , 2 , 3 
r 

3 . 3 2 

3 2 

I I y * 
i=l k=l 1 

= 1 

k 
y , :> 0 

We h a v e assumed a c o m p l e t e l y e r g o d i c 3 - s t a t e p r o c e s s f o r w h i c h 

Kemeny and S n e l l ( 4 5 ) p r o v e t h a t one o f t h e c o n s t r a i n t s o f e q u a t i o n 3 . 3 2 

i s r e d u n d a n t . Thus we a r e l e f t w i t h a l i n e a r programming p r o b l e m i n 6 

v a r i a b l e s w i t h 3 c o n s t r a i n t s . The r e l e v a n t t a b l e o f c o e f f i c i e n t s , 

o m i t t i n g t h e c o n s t r a i n t f o r j = 3 , i s shown b e l o w : 

1 
y l 

2 
y l 

1 
y 2 

2 
y 2 

1 2 
y 3 

P l l " 1 

2 i P n - 1 
1 

P 2 1 
2 

p 2 1 
1 

p 3 1 
2 

P 3 1 
1 p 1 2 

2 
P 1 2 

1 , 
p 2 2 - l 

2 i P 2 2 " l 
1 

P 3 2 
2 

p 3 2 

1 1 1 1 1 1 

T a b l e 3 . 5 : T a b l e o f c o e f f i c i e n t s -

W o l f e and D a n t z i g ( 9 ) p r o v e t h a t a s o l u t i o n o f e q u a t i o n s 3 . 3 2 h a s t h e 

p r o p e r t y t h a t f o r e a c h i t h e r e i s a t mus t one k f o r w h i c h y . > 0 , i . e . 
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t h e o p t i m a l s t a t i o n a r y p o l i c y i s n o t p r o b a b i l i s t i c . Thus f rom e q u a t i o n s 

k k o 
3 . 3 0 and 3 . 3 1 i t f o l l o w s t h a t f o r e a c h i , i f y . > 0 , t h e n y . = ir . ( a ) , 

o o 
w h e r e a i s t h e o p t i m a l p o l i c y . A l s o a mus t r e p r e s e n t a n o n -

p r o b a b i l i s t i c p o l i c y . G e n e r a l p r i n c i p l e s o f l i n e a r programming w i l l n o t 

be d i s c u s s e d h e r e , and a r e p r o b a b l y b e s t t r e a t e d b y D a n t z i g ( 4 7 ) . 

3 . 3 . 3 R e f o r m u l a t i o n o f t h e o p e n - l o o p c o n t r o l p r o b l e m 

F o r t h e Markov d e c i s i o n p r o b l e m where we a r e r e q u i r e d t o choose a n 

o p e n - l o o p c o n t r o l a c t i o n f rom a s e t o f a l t e r n a t i v e s i n o r d e r t o m i n i m i z e 

t h e e x p e c t e d l o n g - r u n p r o c e s s c o s t p e r t r a n s i t i o n , we m i g h t s e e k a 

p r o b l e m f o r m u l a t i o n a l l o w i n g s o l u t i o n by l i n e a r p rogram . 

F o r t h e t h r e e - s t a t e p r o c e s s d e s c r i b e d p r e v i o u s l y , we assume t h e 

e x i s t e n c e o f two a l t e r n a t i v e o p e n - l o o p c o n t r o l s . Thus by s e l e c t i n g 

c o n t r o l k , we a r e e f f e c t i v e l y s p e c i f y i n g a 3 x 3 m a t r i x h a v i n g rows 

k k k 

p^ / p2 r and P 3 • We t r a n s f o r m t h e d i s c r e t e a c t i o n s p a c e i n t o a 

c o n t i n u o u s one by d e f i n i n g a ^ t o be t h e p r o b a b i l i t y o f c h o o s i n g c o n t r o l 

a l t e r n a t i v e k s u c h t h a t 

V K n 
I a = 1 

k=l 

a > 0, k = 1, 2 3 . 3 3 

1 2 T 
and a A [a a ] 

F o r s u c h a p r o b a b i l i s t i c c o n t r o l s e l e c t i o n , t h e s y s t e m t r a n s i t i o n 

m a t r i x i s 
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P(o) A [ I a k . P * ] 3 . 3 4 
k = l 

and t h e s t a t i o n a r y p r o b a b i l i t y d i s t r i b u t i o n f o r t h e s t a t e s i s 

2 3 2 
<7r(a) = < i t ( a ) [ J a k . i ^ ] = J J it . (a ) . a k . p k " 3 . 3 5 

k = l i = l k = l 1 1 

U s i n g t h e d e f i n i t i o n f o r t h e o n e - s t a g e e x p e c t e d c o s t , a b o v e , we 

f i n d t h a t t h e e x p e c t e d p r o c e s s c o s t p e r t r a n s i t i o n u s i n g p r o b a b i l i s t i c 

c o n t r o l s i s 

3 2 k k 
I I it . ( a ) . a . q . 3 . 3 6 

i = l k = l 1 1 

D e f i n i n g a v a r i a b l e z^ 

k k 
z . A tt. ( a ) . a 3 . 3 7 

i = i 

we h a v e new f o r m u l a t e d a p r o b l e m w h i c h i s s u i t a b l e f o r s o l u t i o n b y 

l i n e a r p r o g r a m . 

U s i n g t h e v a r i a b l e z^ t h e p r o b l e m i s 
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3 2 
minimize { £ J z. . q. } 

i=l k=l 1 1 

subject to constraints 

2 3 2 
y zk - y y k 
k=l j iil k=l ^ ' Z± 

= 0 , j = 1 , 2 , 3 3 . 3 8 

I I i=l k=l 
= 1 

z k > 0 
l 

all i, k 

The t a b l e o f c o e f f i c i e n t s i n t h i s c a s e i s i d e n t i c a l t o T a b l e 3 . 5 , 

k k 
w i t h y ^ r e p l a c e d by z ^ . O b v i o u s l y , t h e same l i n e a r p rogramming s o l u t i o n 

c a n n o t g e n e r a l l y be c o r r e c t f o r b o t h f u l l s t a t e f e e d b a c k and o p e n - l o o p 
* 

c a s e s . 

I t i s n o t d i f f i c u l t t o f i n d an examp le ( s e e S e c t i o n 3 . 5 . 3 ) f o r 

w h i c h t h e o p t i m a l o p e n - l o o p c o n t r o l s t r a t e g y i s p r o b a b i l i s t i c , i . e . 

k ' 

0 < a < 1 , f o r a t l e a s t two v a l u e s o f k . A l s o f o r t h e r e g u l a r Markov 

c h a i n w h i c h we a r e c o n s i d e r i n g , t t ^ ( . ) > 0 , f o r e a c h i , so t h a t f r o m 

e q u a t i o n 3 . 3 7 , z^ > 0 f o r a t l e a s t two v a l u e s o f k . W o l f e and D a n t z i g 

h a v e shown t h a t a l i n e a r programming s o l u t i o n p r o d u c e s , f o r e a c h i , o n l y 

one z^ w h i c h i s n o n - z e r o and i t f o l l o w s t h a t s o l v i n g t h e l i n e a r 

p r o g r a m m i n g p r o b l e m ( e q u a t i o n s 3 . 3 8 ) w i l l n o t p r o v i d e t h e r e q u i r e d 

o p t i m a l o p e n - l o o p c o n t r o l s t r a t e g y . 

Though i t h a s n o t b e e n found p o s s i b l e t o e x p r e s s t h e o p e n - l o o p 

p r o b l e n i n a f o r m a l l o w i n g s o l u t i o n by l i n e a r p r o g r a m , t h e u se o f 

p r o b a b i l i s t i c c o n t r o l s t r u c t u r e s h a s l e d t o t h e d e f i n i t i o n o f a n a l y t i c 

# N o t e t h e d i f f e r e n c e b e t w e e n e q u a t i o n s 3 . 3 0 a n d 3 . 3 7 . A l t h o u g h b o t h , 
l i n e a r p r o g r a m m i n g p r o b l e m s 3 . 3 2 a n d 3 . 3 8 c a n b e s o l v e d f o r y . a n d z . 
r e s p e c t i v e l y , i t i s n o t t h e n p o s s i b l e t o s o l v e e q u a t i o n 3 . 3 7 ior a l l 1 c a s e s . 
F o r g r o u p e d - s t a t e p r o b l e m s , oc m u s t a p p e a r e x p l i c i t l y i n o n e o f t h e c o n s t r a i n t s . 
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and Monte C a r l o a l g o r i t h m s w h i c h s u c c e s s f u l l y s o l v e t h e p r o b l e m and 

w h i c h a r e d e s c r i b e d l a t e r i n t h e t h e s i s . 

3 . 4 A p p r o x i m a t i o n i n p o l i c y s p a c e 

3 . 4 . 1 H o w a r d ' s p o l i c y i t e r a t i o n a l g o r i t h m 

The p o l i c y i t e r a t i o n a l g o r i t h m w a s f i r s t p u t f o r w a r d by Howard ( 7 ) 

a s a s o l u t i o n method f o r c l a s s i c a l Markov d e c i s i o n p r o b l e m s . A p r o o f o f 

c o n v e r g e n c e f o r t h e a l g o r i t h m a s o r i g i n a l l y d e f i n e d i s p r o v i d e d , w i t h 

e x a m p l e s , by Howard , and by Mine and O s a k i ( 1 0 ) , whe re i t s r e l a t i o n s h i p 

t o t h e l i n e a r p rogramming s o l u t i o n i s a l s o d i s c u s s e d . We t h e r e f o r e 

summar i ze the a l g o r i t h m a s i t i s a p p l i e d t o r e g u l a r Markov c h a i n s h a v i n g 

s s t a t e s . 

N o t a t i o n f o r t h e c l a s s i c a l Markov d e c i s i o n p r o b l e m i s g i v e n i n 

S e c t i o n 3 . 3 . 2 and h e r e we l e t f d e n o t e a s t a t i o n a r y c o n t r o l p o l i c y , 

[ f ] _ , f s ] T w h e r e f j_ i s t h e l a b e l o f the c o n t r o l a l t e r n a t i v e 

e { l , . . . . , kj_ } u s e d when the s y s t e m b e g i n s a t r a n s i t i o n f r o m s t a t e e-j_. 
i 

T h e t r a n s i t i o n m a t r i x P ( f ) h a s rows d e f i n e d by e q u a t i o n 3 . 1 7 , w i t h 

f ^ = u t = h t ( e ^ ) , t = 0 , 1 , Our p r o b l e m , a s b e f o r e , i s t o 

m i n i m i z e , w i t h r e s p e c t t o a l l f e a s i b l e p o l i c i e s , t h e mean p r o c e s s c o s t 

p e r t r a n s i t i o n , d e n o t e d by g ( f ) , where 

g ( f ) = < i r ( f ) , q ( f ) > 3 . 3 9 

f . 

q ( f ) h a s e l e m e n t s { q ^ , i = l , . . . . , s } a s d e f i n e d by e q u a t i o n 

3 . 2 8 . H o w a r d ' s a l g o r i t h m h a s two p a r t s : we b e g i n by c h o o s i n g any 

f e a s i b l e s t a t i o n a r y p o l i c y , f . 
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V a l u e D e t e r m i n a t i o n R o u t i n e 

F o r t h e s t a t i o n a r y p o l i c y , f , s o l v e t h e v e c t o r e q u a t i o n 

g ( f ) . 1> + v ( f ) > = q ( f ) > + P ( f ) . v ( f ) > 3 . 4 0 

w h e r e v ( f ) i s t h e ' r e l a t i v e c o s t ( s - ) v e c t o r ' , d i s c u s s e d i n 

S e c t i o n 2 . 2 . 4 . 

P o l i c y Improvement Scheme 

U s i n g t h e v e c t o r v ( f ) d e t e r m i n e d p r e v i o u s l y , we r e v i s e t h e 

s t a t i o n a r y p o l i c y by d e f i n i n g f t o be t h e c o n t r o l a l t e r n a t i v e k e { 1 , 

. . . , k j _ ) s a t i s f y i n g 

k s k 
^ {q^ + I P ^ - v . } 3 . 4 1 

k 1 j = l 1 3 3 

f o r e a c h i = 1 , . . . , s . 

I f any e l e m e n t o f f i s changed by t h e p o l i c y improvement r o u t i n e , 

we r e t u r n t o t h e v a l u e d e t e r m i n a t i o n r o u t i n e and r e p e a t t h e c y c l e . The 

a l g o r i t h m s t o p s when t h e p o l i c y improvement r o u t i n e f a i l s t o y i e l d a 

r e v i s e d p o l i c y , a t w h i c h p o i n t we a r e a s s u r e d t h a t t h e c u r r e n t p o l i c y f 

i s o p t i m a l , i n c u r r i n g t h e minimum mean p r o c e s s c o s t g ( f ) . 

3 . 4 . 2 H o w a r d ' s a l g o r i t h m and t h e o p e n - l o o p c o n t r o l p r o b l e m 

An i m p o r t a n t f e a t u r e o f H o w a r d ' s a l g o r i t h m i s t h a t t h e p o l i c y 
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improvement r o u t i n e i n v o l v e s s p o i n t w i s e o r d e c o u p l e d m i n i m i z a t i o n s . 

D e c o u p l i n g i s p o s s i b l e o n l y b e c a u s e f e e d b a c k c o n t r o l s a r e a l l o w e d . When 

we a r e r e s t r i c t e d t o t h e same c h o i c e o f c o n t r o l a c t i o n f o r e a c h o f a 

g r o u p o f s t a t e s , a s i n t h e o p e n - l o o p c a s e , p o i n t w i s e m i n i m i z a t i o n s a r e 

e f f e c t i v e l y r u l e d o u t , and t o imp lement a scheme s i m i l a r t o H o w a r d ' s , we 

w o u l d r e q u i r e some k n o w l e d g e o f t h e s t a t i o n a r y p r o b a b i l i t y d i s t r i b u t i o n 

o f t h e s t a t e s . As a f i r s t s t e p t o w a r d s s o l v i n g t h e o p e n - l o o p p r o b l e m by 

a n o n - l i n e a r programming a l g o r i t h m , we m o d i f y t h e p r o b l e m s l i g h t l y t o 

a l l o w p r o b a b i l i s t i c c o n t r o l s t r a t e g i e s , , m a k i n g t h e t r a n s f o r m a t i o n i n 

much t h e same way a s i n S e c t i o n 3 . 3 . 3 . 

L e t a r e g u l a r s - s t a t e Markov c h a i n have o p e n - l o o p c o n t r o l 

a l t e r n a t i v e s l a b e l l e d { l , . . . , k } . E a c h c o n t r o l a l t e r n a t i v e i m p l i e s t h e 

u s e o f an s x s t r a n s i t i o n m a t r i x e - f P 1 , i = 1 , . . . , k ) and a o n e - s t a g e 

e x p e c t e d c o s t v e c t o r e { q 1 , i = 1 , . . . , k ) , whe re q i h a s e l e m e n t s 

{ q ^ r j = 1 , — , s } d e f i n e d by e q u a t i o n 3 . 2 8 . We now d e f i n e a m a t r i x 

v a l u e d f u n c t i o n p ( a ) and a v e c t o r v a l u e d f u n c t i o n q ( a ) b y : 

k - 1 
P ( a ) A a j P 1 + a 2 P 2 + . . . + c ^ , ^ " 1 + [ 1 - I c g ] ! ^ 3 . 4 2 

i = l 

1 2 
q ( a ) ^ a - j q + c ^ q + + . n V i 

+ 1 1 - 1 a ± ] q 
i = l 

3 . 4 3 

The e l e m e n t s o f t h e p a r a m e t e r v e c t o r , a ^ [ a ^ , . . . , ] g i v e t h e 

p r o b a b i l i t y o f s e l e c t i n g c o n t r o l a l t e r n a t i v e i , f o r e a c h i = 1 , . . . , k - 1 

and i t f o l l o w s t h a t 
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0 < ou < 1 , i = 1 , . . . , k - 1 

k - 1 
I a < 1 

i = l 

3 . 4 4 

G i v e n a n y f e a s i b l e p a r a m e t e r v e c t o r a , t h e s t a t i o n a r y d i s t r i b u t i o n 

f o r t h e s t a t e s i s d e n o t e d b y 7 T ( a ) , w h i c h s a t i s f i e s 

<tt ( a ) = <tt (a ) . P (a ) 

<tt ( a ) , 1 > = 1 

< f r ( a ) , e f f i < 1 , i = 1 , . . . , s j 

3 . 4 5 

and we a r e l e f t w i t h t h e n o n - l i n e a r programming p r o b l e m o f f i n d i n g a 

f e a s i b l e a m i n i m i z i n g t h e c o s t f u n c t i o n g ( . ) , where 

g ( a ) A <it ( a ) , q ( a ) > 3 . 4 6 

s u b j e c t t o t h e c o n s t r a i n t s g i v e n i n e q u a t i o n 3 . 4 5 . 

As t h e s p a c e o f p a r a m e t e r s ( p r o b a b i l i s t i c c o n t r o l s ) i s c o n t i n u o u s , 

we c a n u s e t h e g r a d i e n t i n a s t a n d a r d n o n - l i n e a r p r o g r a m , i f g ( . ) 

c a n be p r o v e d t o be c o n t i n u o u s l y d i f f e r e n t i a b l e . C o n s i d e r e q u a t i o n 

3 . 4 0 , w h e r e i n s t e a d o f a s t a t i o n a r y c o n t r o l p o l i c y , f , we use a 

p r o b a b i l i s t i c c o n t r o l s t r a t e g y , o r p a r a m e t e r v e c t o r , a . E q u a t i o n 3 . 4 0 

becomes 

g ( a ) . 1> + v ( a ) > = q ( a ) > + P ( a ) . v ( a ) > 3»47 

T h i s i s an s - v e c t o r e q u a t i o n w h i c h we s o l v e f o r g ( a ) a n d v ( a ) = 

[ v , ( a ) , . v ( a ) ] T t y s e t t i n g < e s , v ( a ) > = 0 and r e - a r r a n g i n g t o g i v e 
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\li (a) . z (a) > = q(a) > 3.48 

where 
z(a)> A Cv-j/a) ... v (a) g ( a ) ] T 3.49 

and 
ip(a) A (I - P(a))(I - e > < e ) + 1> < e 3.50' 

s s s 

In Appendix II, we prove that 9 a ( ' ) znd exist and are 

continuous mappings, i.e. g(.) is twice continuously differentiable. 

3.4.3 Approximating the continuous function g(.) near a feasible 

point, a . 

It is proved in Appendix II that the function g(.) is twice 

continuously differentiable. It follows that by expanding g(.) in a 

Taylor series about any feasible point a , we can truncate the series at 

the third term to obtain a quadratic approximation to g(.), passing 

A A 

through the point g ( a ) at a , or at the second term to determine the 

tangent hyperplane to the surface g(.) at a . We define h(., a ) and 

f(., a ) to be the first and second order approximations respectively, 

i.e. 

h (a, a) A g(a) + <g (a), (a - a)> 3.51 

and 

f(a, a) A g(a) + <g (a), (a - a)> + \ . < ( a - a ) , G ( a ) . ( a - a ) > 3.52 

where G(a) (= 9 ^ ( 2 )) is the (k-1) x (k-1) matrix referred to as the 

Hessian of g at a . 
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T h e r e e x i s t c o n v e n i e n t e x p r e s s i o n s f o r t h e s e a p p r o x i m a t i o n s w h i c h 

- 1 

r e q u i r e l i t t l e mere t h a n t h e c a l c u l a t i o n o f t h e m a t r i x i n v e r s e , ^ (ot) . 

T h i s c a l c u l a t i o n c o r r e s p o n d s t o t h e v a l u e d e t e r m i n a t i o n s t e p o f H o w a r d ' s 

a l g o r i t h m , and i s t h e f e a t u r e w h i c h l i m i t s i t s u s e f o r l a r g e Markov 

d e c i s i o n p r o b l e m s . I t i s a l s o a f a c t o r w h i c h l i m i t s t h e use o f t h e 

n o n - l i n e a r p rogramming a l g o r i t h m t o be d i s c u s s e d l a t e r . 

P r o p o s i t i o n 3 . 1 

The f u n c t i o n h ( . , a) c a n be e v a l u a t e d a t any f e a s i b l e p o i n t a u s i n g 

e q u a t i o n 3 . 5 3 . 

h ( a , a ) = g (a ) + < m ( a ) , [ q ( a ) - ip (ot) . z ( a ) ] > 3 . 5 3 

where 

<i r (a ) = <e g i f ; " 1 ( a ) 3 . 5 4 

A s ip and q a r e a f f i n e f u n c t i o n s , we see t h a t the RHS o f e q u a t i o n 

3 . 5 3 i s a l s o an a f f i n e f u n c t i o n . T h e r e f o r e i n o r d e r t o p r o v e 

P r o p o s i t i o n 3 . 1 we s i m p l y h a v e t o show t h a t 

( i ) h ( a , a ) = g ( a ) 

a n d ( i i ) h ( a , a ) = g ( a ) 
a a 

P r o o f 

From e q u a t i o n s 3 . 4 2 , 3 . 4 3 and 3 . 5 0 we deduce t h a t ip i s a 

m a t r i x - v a l u e d a f f i n e f u n c t i o n and q i s a v e c t o r - v a l u e d a f f i n e f u n c t i o n . 

I f a , h a v i n g e l e m e n t s { o u , i = 1 , . . . , k - 1 } , i s any f e a s i b l e p a r a m e t e r 

v e c t o r , t h e n we d e f i n e 



ip (a) A a-LS1 + a2S2 + + ^ - A - l + T 

and 

q ( a ) A a-^u^ + a 2 u 2 + + + w 

w h e r e { S p , i = 1 , k - 1 } a n d T a r e r e a l s x s m a t r i c e s 

and { u ^ , i = 1 , k - 1 } and w a r e r e a l s - v e c t o r s , 

( i ) F r o m e q u a t i o n 3 . 4 8 , we o b t a i n 

z(a)> = ip 1 ( a ) . q ( a ) > 

and u s i n g t h e d e f i n i t i o n o f z ( . ) , 

g ( a ) = < e g , z ( a ) > = < e g , \p 1 ( a ) V q ( a ) > 

A l s o , we h a v e 

g ( a ) = <it ( a ) , q ( a ) > 

<tt ( a ) = <e . ip 1 ( a ) 
s 

U s i n g e q u a t i o n s 3 . 5 9 and 3 . 5 3 

h ( a , a ) = g ( a ) + < e g . ip 1 ( a ) , [ q ( a ) - \p (a) . z ( a ) ]> 

h ( a , a ) = g ( a ) + g ( a ) - g ( a ) 

g(a) 



108. 

( i i ) E x p a n d i n g e q u a t i o n 3 . 4 8 u s i n g t h e n o t a t i o n a b o v e , 

d j S ^ z (a) + + + " k - A - l 2 ^ + 

= a-jU;L + a 2 U 2 + + ^ - l ^ - l + W 3 . 6 0 

D i f f e r e n t i a t i n g b o t h s i d e s o f e q u a t i o n 3 . 6 0 w i t h r e s p e c t t o a , 

i " i » i 

C S ^ C a ) ; S 2 z ( a ) ; ' S ^ z C a ) ] + i p ( a ) z a ( a ) = [ u . ^ I V - ] ^ 

z ( a ) = \p ( a ) { C u ^ , — - l I 1 k - l - ' ~~ | , S k - l z 3 , 6 1 

g (a ) = <e , z ( a ) > 
^a s a 

= <tt ( a ) { [ u ^ . | u
k _ i ] " I S f i t y l ^ - i 2 ^ ^ 3 - 6 2 

W r i t i n g e q u a t i o n 3 . 5 3 u s i n g t h e same n o t a t i o n a n d d i f f e r e n t i a t i n g 

g i v e s 

h ( q , a ) = < 7 r ( a ) , { [ u ^ ~ C S ^ d t ) ; j s ^ z t c D ] } 

= 9 a ( a ) / f^cm e q u a t i o n 3 . 6 2 

I t f o l l o w s t h a t e q u a t i o n 3 . 5 3 d e s c r i b e s t h e t a n g e n t h y p e r p l a n e t o t h e 

f u n c t i o n g ( - ) a t a . Q . E . D . 

P r o p o s i t i o n 3 . 2 

f ( • , a ) c a n b e c a l c u l a t e d a t a n y a u s i n g e q u a t i o n 3 . 6 3 
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f ( a , a ) = g ( a ) + <7 r ( a ) , [ q ( a ) - if; ( a ) . z ( a ) ] > 

- <n ( a ) . S ( a - a).\|; 1 ( a ) , [ q ( a ) - ^ ( a ) z ( S ) 3> 3 . 6 3 

w h e r e S ( . ) 4 - T i s a l i n e a r m a t r i x - v a l u e d f u n c t i o n . 

P r o o f 

L e t u ( . ) be the v e c t o r - v a l u e d f u n c t i o n d e f i n e d by u ( . ) A q ( . ) - w . 

A s ty and q a r e a f f i n e mapp ings we c a n w r i t e 

\fj(a) = ip (a) + S ( a - a ) 3 . 6 4 

a n d 

q ( a ) > = q ( a ) > + u ( a - a ) > 3 . 6 5 

U s i n g e q u a t i o n s 3 . 5 7 , 3 . 6 4 and 3 . 6 5 , 

z ( a ) > = [ p ( a ) + S ( a - a ) ] " 1 [ q ( a ) + u ( a - a ) ] > 

= ip 1 ( a ) [ I + S ( a " a J i l T ^ a ) ] 1 [ q ( £ ) + u ( a - a ) > 3 . 6 6 

The m a t r i x i n v e r s i o n lemma s t a t e s t h a t i f A 2 = A]_ + FGH t h e n A 2 ^ 

" - 1 * 
T h e r e f o r e , s e t t i n g A 2 = L I + S(a-oi)ip (a ) ] 

A l = I 

F = S ( a - a ) 

G = I 

and H = ^ _ 1 ( a ) 
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we o b t a i n 

[ I + S ( a - a ) Q _ 1 (S ) J = I - S ( a - a ) O " " 1 ( a ) S (a - a ) + I l f V " 1 ^ ) 

R e p e a t e d a p p l i c a t i o n o f t h e m a t r i x i n v e r s i o n leirma a l l o w s z ( a ) t o be 

expanded a s a T a y l o r s e r i e s , i . e . 

z ( a ) = tJ j - 1 ( a ) [ I - S ( a - cOip"1 ( a ) + S ( a - cOip"1 ( a ) S ( a - a ) i [ ; ~ 1 ( a ) -

] . C q ( a ) + u ( a - a ) 3 3 . 6 7 

E x p a n d i n g and u s i n g e q u a t i o n 3 . 5 7 , 

z ( a ) = i p ' ^ C a H q C a ) - S ( a - a ) z ( a ) + S ( a - a ) i p ( a ) S ( a - a ) z ( a ) 

+ u ( a - a ) - S ( a - a ) i p ^(a)u(a - a ) 

+ S ( a - a ) i j / ~ 1 ( a ) S ( a - a ) ! ! / " 1 ( a ) u ( a - a ) -

] 

P r e m u l t i p l y i n g e a c h s i d e by < e s , 

g ( a ) = <tt ( a ) , { q ( a ) > + [ u ( a - a ) - S ( a - a ) z ( a ) 3 > 

1 /N —1 /N 
- S (a - a)\p (a ) [ u (a - a ) - S ( a - a ) z ( a ) 3 > 

+ } 3 . 6 8 

Note t h a t , u s i n g e q u a t i o n s 3 . 5 7 , 3 . 6 4 and 3 . 6 5 , 

[ u ( a - a ) - S ( a - a ) z ( a ) ] 

= [ u ( a - a ) + g ( a ) - S ( a - a ) z ( a ) - \ p ( a ) z ( a ) 3 

= Cq (a ) - ip ( a ) z ( a ) 3 

e q u a t i o n 3 . 6 8 becomes , 
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g(oO = g(a) + <ir(a), Cq(a) - ip (a) z (a) ]> 

- < 7 r ( a ) S ( a - a ) \ p 1 ( a ) [ q ( a ) - ^ ( a ) z ( a ) ] 

+ 3.69 

Gomparing equation 3.69 and 3.52 we see that a second order 

approximation to g(.) passing through g( a) at a is obtained by 

truncating the series defined by equation 3.69, i.e. f(., a) is defined 

by equation 3.63. 

It can be verified by straightforward differentiation of equations 

3.63 and 3.61 that f (a, a) = g (a) and f (a, a) = g (a) which is the 
a ^a aor ' ^aa 

(k-1) x (k-1) Hessian matrix, G(a). 

Q.E.D. 

3.5 Solving Markov decision problems using cost function approximations 

3.5.1 A procedure solving a general non-linear programming problem 

having linear constraints 

Consider the following function minimization problem with linear 

constraints: 

min {f (x)} 

Subject to A x = b 

x > 0 

3.70 

Zangwill (42, Chapter 8) has proposed a straightforward non-linear 

programming algorithm which solves equations 3.70 using linear 

approximations to the function f. The algorithm generates a sequence 
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o f p o i n t s { x ^ , k = 0 , 1 , . . . . } w h i c h a r e a p p r o x i m a t e s o l u t i o n s t o 

e q u a t i o n s 3 . 7 0 . G i v e n a f e a s i b l e p o i n t x ^ , l e t y ^ be t h e s o l u t i o n o f 

t h e l i n e a r p rogramming p r o b l e m w h i c h u s e s t h e sane c o n s t r a i n t s b u t whose 

c o s t f u n c t i o n i s a l i n e a r a p p r o x i m a t i o n t o f a t x^ . I t i s r e a s o n a b l e t o 

assume t h a t t h e d i r e c t i o n d^ = y ^ - x ^ i s a good d i r e c t i o n i n w h i c h t o 

s e e k a r e d u c e d v a l u e o f f . 

L e t f - ^ i . ) d e n o t e t h e l i n e a r a p p r o x i m a t i o n t o f ( . ) a t xpA. f ^ . ) 

i s d e f i n e d by 

3 . 7 1 

The a l g o r i t h m , g i v e n f j j and x^ f i x e d , o b t a i n s a s o l u t i o n y^ t o 

t h e s u b p r o b l e m : 

m i n + < V x f (x^.) , [ y - x k ] > } 

S u b j e c t t o A y = b 3 . 7 2 

y > 0 

b u t s i n c e s e v e r a l o f t h e t e r m s o f the o o s t f u n c t i o n a r e c o n s t a n t , 

t h e a l g o r i t h m a c t u a l l y s o l v e s t h e s i m p l e r b u t e q u i v a l e n t l i n e a r 

p rogramming s u b p r o b l e m : 

m i n { ^ f ^ ) , y > } 

S u b j e c t t o A y = b / 

y > 0 

3 . 7 3 

w h e r e x^ i s a f i x e d f e a s i b l e p o i n t , and y i s a- v a r i a b l e . I f t h e 

s o l u t i o n t o e q u a t i o n 3 . 7 3 i s d e n o t e d by y ^ , t h e n we s e a r c h f o r a r e d u c e d 

c o s t i n t h e d i r e c t i o n d^ = y ^ - x ^ , i . e . t h e n e x t p o i n t i n t h e s e q u e n c e 

{ x j^ } i s g i v e n by t h e l i n e s e a r c h p r o c e d u r e : 
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Choose t ^ t o be t h e v a l u e o f t s a t i s f y i n g 

t h e n s e t 

m i n | f + T f y k - X j J j ) j , l ] m m 3 . 7 4 

L i n e s e a r c h i n g i s c a r r i e d o u t i n p r a c t i c e by d i r e c t methods l i k e 

t h e F i b o n a c c i and g o l d e n s e c t i o n methods w h e r e t h e c o s t f u n c t i o n i s 

e v a l u a t e d and compared a t d i f f e r e n t p o i n t s a l o n g t h e l i n e , o r by 

i n d i r e c t methods r e q u i r i n g c u r v e f i t t i n g a t a p o i n t o r a number o f 

p o i n t s f o l l o w e d by t h e d e t e r m i n a t i o n o f t h e minimum p o i n t on t h e f i t t e d 

c u r v e . A f u l l d i s c u s s i o n o f t h e s e p r o c e d u r e s i s g i v e n by L u e n b e r g e r 

( 4 8 ) , Z a h r a d n i k ( 4 9 ) and B o l a k ( 5 0 ) . F i g . 3 . 1 i l l u s t r a t e s t h e s o l u t i o n 

o f a t w o - d i m e n s i o n a l p r o b l e m u s i n g t h e a l g o r i t h m . A g e n e r a l f e a t u r e o f 

t h e a l g o r i t h m i s t h a t t h e g e n e r a t e d sequence { x ^ } t e n d s t o z i g z a g b a c k 

and f o r t h , s l a v i n g down c o n v e r g e n c e n e a r x ^ , t h e p o i n t g i v i n g t h e 

c o n s t r a i n e d minimum c o s t . 

11 1 / 1 ) 
/ 

/ 

feasible 
set 

F i g . 3 . 1 : A s e q u e n c e { x ^ } g e n e r a t e d by t h e l i n e a r a p p r o x i m a t i o n 

a l g o r i t h m 
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We s h a l l d i s c u s s a way o f i m p r o v i n g c o n v e r g e n c e n e a r t h e s o l u t i o n 

p o i n t l a t e r . Z a n g w i l l ( 4 2 ) g i v e s a p r o o f o f c o n v e r g e n c e f o r t h e l i n e a r 

a p p r o x i m a t i o n a l g o r i t h m o u t l i n e d a b o v e , and we s h a l l g i v e a f o r m a l 

s t a t e m e n t o f t h e a l g o r i t h m a f t e r d i s c u s s i n g a d i r e c t l i n e - s e a r c h 

s u b a l g o r i t b m due t o A r m i j o , f o u n d i n P o l a k ( 5 0 , p 3 6 ) . 

3 . 5 . 2 A r m i j o s t e p - l e n g t h s u b a l g o r i t h m 

W i t h r e f e r e n c e t o t h e l i n e s e a r c h . subprob lem ( e q u a t i o n 3 . 7 4 ) and 

u s i n g t h e n o t a t i o n o f t h e p r e v i o u s s e c t i o n , we d e f i n e t h e f u n c t i o n s : 

6 ( t ; x^) A f ( x k +\dk) - f ( x k ) 3 . 7 5 

0 ( t ; x ^ A [ f ( x k + i t y - f ( x k ) ] 

" A t < V ( x k } ' V 3 - 7 6 

H a v i n g i n i t i a l l y s e l e c t e d t h e p a r a m e t e r s X e ( 0 , 1 ) and 3 e ( 0 , 1 ) , 

( w h e r e n o r m a l l y X - 0 . 5 ) we s t a t e the s t e p - l e n g t h s u b a l g o r i t h m : 

S t e p 0 : S e t y = 1 

S t e p 1 : Compute 0 ( y ; x ^ ) 

S t e p 2 : I f 0 ( y ; x^ . ) < 0 , s e t t ^ = y a n d s t o p , 

e l s e s e t y = By and go t o S t e p 1 . 

F i g . 3 . 2 i l l u s t r a t e s t h e s o l u t i o n method w i t h B = 0 . 5 and X = 0 . 5 . 
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y = 0 . 5 y = 1 . 0 t 
l . o o . o 

6 ( 1 . 0 ; x, ) > 0 
k 

,6 ( T ; x k ) 

\ A t 0 t ( O ; x^) 

\ 

V = < V x f ( X k } ' \ 
> 

F i g . 3 . 2 : L i n e s e a r c h s u b p r o b l e m s o l v e d b y A r m i j o s u b a l g o r i t h m w i t h 

A l t h o u g h t h e s u b a l g o r i t h m i s v e r y s i m p l e t o i m p l e m e n t , i t s h o u l d be 

a p p r e c i a t e d t h a t t h e c h o i c e o f v a l u e s f o r t h e p a r a m e t e r s A and 3 d i r e c t -

l y a f f e c t s t h e c o m p u t i n g t i m e r e q u i r e d t o s o l v e t h e l i n e s e a r c h 

s u b p r o b l e m , o r e q u i v a l e n t l y , t h e number o f p o i n t s a t w h i c h f m u s t be 

e v a l u a t e d . W i t h A s e t t o i t s recommended v a l u e o f 0 . 5 , i t c a n be s e e n 

t h a t t h e g r e a t e r t h e v a l u e o f 3 , t h e more a c c u r a t e w i l l be t h e l i n e 

s e a r c h . 

I f , a s i s g e n e r a l l y t h e c a s e , i t i s c o m p u t a t i o n a l l y e x p e n s i v e t o 

c a l c u l a t e a s e a r c h d i r e c t i o n v i a s o l u t i o n o f e q u a t i o n 3 . 7 3 , we w o u l d 

p r e f e r t o make more e f f e c t i v e u s e o f t h i s i n f o r m a t i o n b y i n c r e a s i n g t h e 

a c c u r a c y o f t h e l i n e s e a r c h , and w o u l d t h e n c h o o s e 3 € [ 0 . 5 , 0 . 8 ] , 

a c c o r d i n g t o t h e t i m e r e q u i r e d t o e v a l u a t e f a t a n y p o i n t . A s we s h a l l 

s e e i n t h e n e x t s e c t i o n , e v a l u a t i o n o f t h e f u n c t i o n g f o r a Markov 

d e c i s i o n p r o b l e m i s v e r y t i m e c o n s u m i n g and i n t h i s c a s e i t i s b e t t e r t o 

r e l a x t h e p a r a m e t e r 3 , e . g . 3 e [ 0 . 1 , 0 . 5 ] , and make more e f f i c i e n t u s e 

o f c o m p u t i n g t i i r e b y u p d a t i n g t h e s e a r c h d i r e c t i o n more f r e q u e n t l y . 

3 = 0 . 5 , A = 0 . 5 
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3 . 5 . 3 S o l v i n g Markov d e c i s i o n p r o b l e m s u s i n g t h e l i n e a r a p p r o x i m a t i o n 

a l g o r i t h m 

F o l l o w i n g t h e d i s c u s s i o n o f t h e l a s t two s e c t i o n s , we g i v e a f o r m a l 

s t a t e m e n t o f t h e l i n e a r a p p r o x i m a t i o n a l g o r i t h m a p p l i e d t o a Markov 

d e c i s i o n p r o b l e m . 

S t e p 0 : S e l e c t a f e a s i b l e p a r a m e t e r v e c t o r a Q and 8 e [ 0 . 1 , 0 . 5 ] ; 

s e t X = 0 . 5 , k = 0 

S t e p 1 : C a l c u l a t e ij; 1 (a^) and u s i n g e q u a t i o n s 3 . 5 4 , a n d 3 . 5 7 , 

e v a l u a t e ttCo^.), z ( a ^ ) . I n p r a c t i c e , t h e s o l u t i o n o f two 

s e t s o f s i m u l t a n e o u s e q u a t i o n s : 

<tt (o^)^ (o^) = <eg 

\p (a^.) z (a^) > = q ( a k ) > 

may r e q u i r e l e s s c o m p u t a t i o n . 

S t e p 2 : Use a l i n e a r p rogram t o s o l v e t h e p r o b l e m : 

i f i in {<71(0^) , [ q ( a ) - iJ j (a) z ( a k ) ] > ) 

S u b j e c t t o c o n s t r a i n t s 

0 < a . < 1 
l 

1 a . < 1 
v 1 
l 

w h e r e {ou } a r e e l e m e n t s o f t h e v e c t o r a , and s e t a = 

m i n i m i z i n g v a l u e o f a . 

S t o p R u l e : I f C<7r (a^. ) , [ q ( a ) - ^ ( a ) z f c ^ ) ] > ] > 0 

s t o p ; e l s e , go t o S t e p 3 . 
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S t e p 3 : R e d e f i n i n g t h e f u n c t i o n s 6 and 0 : 

A 

6 ( T ; o ^ ) 4 + T [ a - o t ^ ] ) - U ^ 1 

0 ( T ; o ^ ) A 0 ( T ; o ^ ) - X T c t t ^ ) , C q ( a ) - ip ( a ) z ( c ^ ) ] > 

w h e r e g ( a ) = < e g , z ( a ) > 

= <eg ip 1 ( a ) , q ( a ) > f o r a l l f e a s i b l e a ' s 

u s e A r m i j o s u b a l g o r i t h m o f S e c t i o n 3 . 5 . 2 t o compute t ^ . 

S t e p 4 : S e t a ^ = a^ + T k C a - a ^ ] 

S e t k = k + 1 , go t o S t e p 1 

T o d e m o n s t r a t e t h e amount o f c o m p u t a t i o n r e q u i r e d by t h i s 

a l g o r i t h m , we s o l v e two s m a l l Markov d e c i s i o n p r o b l e m s ; one h a v i n g a 

s i n g l e c o n t r o l p a r a m e t e r and t h e o t h e r h a v i n g two. 

( i ) The t o y m a k e r e xamp le 

A f u l l d e s c r i p t i o n o f t h i s e xamp le h a s a l r e a d y been g i v e n i n S e c t i o n 

2 . 2 . 5 . I n o r d e r t o i l l u s t r a t e t h e use o f the l i n e a r a p p r o x i m a t i o n 

a l g o r i t h m f o r d e t e r m i n i n g o p t i m a l g r o u p e d - s t a t e c o n t r o l s , t h e t o y m a k e r 

e x a m p l e i s f o r m u l a t e d a s a n ' o p e n - l o o p ' d e c i s i o n p r o b l e m . O n l y one 

s m a l l change need be made t o t h e c l a s s i c a l p r o b l e m d e s c r i p t i o n , w i t h t h e 

o r i g i n a l t w o - e l e m e n t p a r a m e t e r v e c t o r replaced by a s c a l a r . Thus t h e 

p r o b l e m i s d e s c r i b e d by 
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P = 

.5 .5 " _ _ -9 -3 

.4 .6 p 1 

, B = 

-3 +7 

.8 .2 
A 

p 2 
, B = 

-3 -3 

.7 .3 
-

-1 +19 

q = D(a) = 

a 0 . (1-a) 0 

0 a ! 0 (1-a) 

for any a e [0, 1] 

and using equations 2.24 and 2.26: 

and 

P(a) = D(a).P = a P 1 + (l-a)P 2 

1 2 
q(a) - aq + (l-a)q 

The Markov decision problem in this case is: 

min {g(a)} 

a e '[0, 1] 3.77 

where g(a) is the mean process cost per cycle given b y 

g(a) = <tt (a) , q(a)> 3.78 

and it (a) is the solution of 

<tt (a) = < t t (a) . P (a) 

3.79 

<7T(a), 1> = 1 
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It is interesting to see whether the abstract problem above has any 

meaning when described in terms of the original toymaking business. 

Firstly it should be appreciated that the submatrices pi and P 2 give 

transition probabilities for the business conducted without and with 

advertising, respectively. Thus P( a) gives probabilities for business 

state transitions when advertising is used for [(1-a) x 100]% of the 

time. The decision to use advertising or not is taken without knowledge 

of the current business state (business having a popular or unpopular 

toy) which might occur if toys are sold through a wholesaler, and market 

response is subject to a long time lag. Business and advertising costs 

would be known, and the possible benefits due to advertising could be 

assessed by market research. 

The optimizing value of ot can be determined analytically, and turns 

out to be 1/6. Thus a strategy of advertising for 5 periods out of 

every 6, on average, would minimize costs (i.e. maximize profits). 

Direct calculation of the function g(.) over the range of feasible 

a's results in the graph shown in Fig. 3.3, confirming the existence of 

only one minimum at a = 1/6. Tables 3.6 and 3.7 show sequences {a^.} 

resulting from the use of the linear approximation algorithm to solve 

the toymaker example and the last point in sequence is the solution to 

an accuracy of ± 0.001. Initial points of sequences in Tables 3.6 and 

3.7 are a Q = 0 . 0 and a Q = 1.0 respectively, each table showing a selec-

tion of parameter values, B , required by the Armijo subalgorithm. As 

specified in the formal statement of the algorithm earlier in this 

section, the parameter A is held constant at 0.5 throughout. A feature 

of the Markov decision problem is that evaluation of the mean cost 

function g(.) at a given point requires the solution of s simultaneous 

equations (for an s-state process), which is a significant portion of 

the computation required for a new linear approximation to g(.) near 



a 

0 .0 0.25 

M E A N 
P R O C E S S 
C O S T P E R 
C Y C L E 

g (a) 

- 1 . 0 

•1.1 ^ 

-1.2 H 

F I G . 3 . 3 : T O Y M A K E R E X A M P L E W I T H O P E N - L O O P C O N T R O L S - G R A P H O F g ( a ) v s a * 
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k 
8 = 0.2 8 = 0.3 8 = 0.6 

k 

"k "k °k "k 

0 0.0000 3 0.0000 3 0.0000 5 

1 0.0400 3 0.0900 4 0.1296 8 

2 0.0780 3 0.1146 4 0.1540 10 

3 0.1153 3 0.1385 4 0.1625 12 

4 0.1507 4 0.1617 6 0.1655 14 

5 0.1574 4 0.1638 6 0.1666 -

6 0.1642 5 0.1658 -

7 0.1655 6 

8 0.1658 -

t -
31 27 49 

Note: 8 and a ^ are defined in the text, n^ denotes the 

number of function (g(.)) evaluations required by the 

Armijo subalgorithm to determine ^k+i-

Table 3.6: Use of the linear approximation algorithm to solve 

the toymaker example, ag = 0.0 
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k 
6 = 0.2 6 = 0.3 6 = 0.6 

k 

°k "k "k "k 

0 1.0000 2 1.0000 2 1.0000 2 

1 0.8000 2 0.7000 2 0.4000 3 

2 0.6400 2 0.4900 2 0.2560 4 

3 0.5120 2 0.3430 2 0.2007 5 

4 0.4096 2 0.2401 2 0.1747 8 

5 0.3277 2 0.1681 5 0.1698 9 

6 0.2621 2 0.1667 - 0.1669 -

7 0.2097 2 

8 0.1678 5 

9 0.1675 -

k K 

21 15 31 

Notation as for Table 3.6 

Table 3.7: Use of the linear approximation algorithm to solve the 

toymaker example. otg = 1.0. 
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t h a t p o i n t . When t h e a l g o r i t h m i s s e a r c h i n g f o r t h e o p t i m a l p o i n t i n 

a m u l t i - d i m e n s i o n a l p a r a m e t e r s p a c e i t i s e a s i e r t o a p p r e c i a t e t h a t 

comput ing t i m e i s b e t t e r s p e n t o b t a i n i n g d i r e c t i o n a l i n f o r m a t i o n f r o m 

more f r e q u e n t r e v i s i o n s o f t h e l i n e a r a p p r o x i m a t i o n t h a n by c a r r y i n g o u t 

a c c u r a t e l i n e s e a r c h e s , and we w o u l d t h e r e f o r e use a 8 o f l o w e r v a l u e . 

T h i s s i n g l e p a r a m e t e r s e a r c h d o e s n o t i n d i c a t e s u c h b e n e f i t s b u t we 

n e v e r t h e l e s s i n c l u d e a c o m p a r i s o n o f t h e number o f f u n c t i o n e v a l u a t i o n s 

r e q u i r e d u s i n g e a c h v a l u e o f 3 . 

Compar ing s e q u e n c e s f o r 3 = 0 . 2 and f o r 3 = 0 . 6 i n bo th t a b l e s , we 

s e e t h a t 50-60% more d i r e c t i o n a l i n f o r m a t i o n i s o b t a i n e d u s i n g t h e l o w e r 

3 v a l u e , r e q u i r i n g 33% l e s s f u n c t i o n e v a l u a t i o n s o v e r a l l t o o b t a i n t h e 

s o l u t i o n . We c o n c l u d e t h a t t h e use o f l o w e r v a l u e s f o r 6 o f f e r s 

s i g n i f i c a n t b e n e f i t s when u s i n g t h e a l g o r i t h m t o s o l v e M a r k o v i a n 

p r o b l e m s . 

( i i ) A p r o b l e m i n v o l v i n g two p a r a m e t e r s 

We c o n s i d e r t h e o p e n - l o o p c o n t r o l o f a t w o - s t a t e Markov d e c i s i o n p r o c e s s 

w h e r e now we a r e r e q u i r e d t o s e a r c h a t w o - d i m e n s i o n a l p a r a m e t e r s p a c e . 

P(.)r q( •) r g ( . ) e t c . o p e r a t e on a s e t o f f e a s i b l e p a r a m e t e r s { a 

T 
= Cou a ~ ] } d e f i n e d by 

0 < a ± < 1 , i = 1 , 2 

3.80 
2 

i = l 
I a ± * 1 
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There is a difference between this problem and the previous one, in that 

controls are not cos ted, i.e. a constant oost is incurred for a 

transition between two given process states, regardless of the choice of 

control alternative. Thus process state transition costs are given by 

the 2 x 2 matrix B , i.e. 

B X = 
8 4 

4 12 

The effect of choosing a control alternative is simply to specify 

probabilities of transition to each process state, regardless of the 

present state. Hence we describe the effect of three alternative 

controls by three transition matrices. 

,75 . 2 5 

,75 . 2 5 
P 2 = 

.25 . 7 5 

.25 . 75 
, P 3 = 

. 1 .9 

.1 .9 

Using Riordon's generalized Markov chain notation, the problem is 

described by 

P = 

q = 

7 

6 

5 

10 » • • • • 
4 . 4 

11.2 

" . 7 5 . 2 5 ~ " 8 4 

. 7 5 . 2 5 4 12 

. 2 5 . 7 5 
b = 

8 4 

. 2 5 . 7 5 4 12 

. 1 .9 8 4 

_ . 1 . 9 _ 4 12 

D(a) = 
a l 0 I a 2 

o a : o 

0 . P ~ a ] _ ~ a 2 

a. 

for all feasible a's 
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Using equations 2.24 and 2.26 

P (a) = D(a) . P 

.75 .25 
= a-

.75 .25 
+ a. 

.25 .75 

.25 .75 
+ ( l - O L j - C ^ ) 

.1 .9 

.1 .9 

(.650^ +.15a 2 + .1) (-.650^ - .15ot2 + .9) 

__ (.65a 1 +.15a 2 + .1) (-.656^ - ,15a 2 + .9) _ 

Similarly 

q (a) = 

(2.6a 1 + .6a 2 + 4.4) 

(-5.2a.j_ - 1.2a 2 + 11.2) 

and the Markov decision problem is 

niin (g(a)} 3,81 

(a's defined b y 
equation 3.80) 

with g(a) defined by equations 3.78 and 3.79 using vector valued a 's. 

Cost contours for this problem are straight lines of slope -0.23, 

and are shown with the solution in Fig. 3.4. It can be seen that 

vectors satisfying the decision problem 3.81 are those described by the 

line 

a 1 = 0.8717 - 0.23a 2 3.82 

where it crosses the feasible region. 
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Fig 3.4: Gost contours and solutions for the two-parameter problem 

Tables 3.8 and 3.9 show vector sequences {a^.} leading to a solution 

(accurate to ± 0.001) using different values for ag and 8. Again we see 

that it is preferable to use a low value for 3 , lower values implying 

more frequent revisions of the search direction at little extra cost. 



k 
8 = 0 . 2 8 = 0 . 6 

k T 
° k " k 

T 
^k " k 

0 0 . 0 0 0 0 0 . 0 2 " 0 . 0 0 0 0 0 . 0 2 

1 0 . 2 0 0 0 0 . 0 2 0 . 6 0 0 0 0 . 0 2 

2 0 . 3 6 0 0 0 . 0 2 0 . 8 4 0 0 0 . 0 5 

3 0 . 4 8 8 0 0 . 0 2 0 . 8 6 0 7 0 . 0 6 

4 0 . 5 9 0 4 0 . 0 2 0 . 8 7 1 6 0 . 0 -

5 0 . 6 7 2 3 0 . 0 2 

6 0 . 7 3 7 8 0 . 0 2 

7 0 . 7 9 0 3 0 . 0 2 

8 0 . 8 3 2 2 0 . 0 2 

9 0 . 8 6 5 8 0 . 0 3 

10 0 . 8 7 1 2 0 . 0 -

k K 
21 15 

N o t a t i o n a s f o r T a b l e 3 . 5 

T a b l e 3 . 8 : S o l v i n g a t w o - p a r a m e t e r p r o b l e m u s i n g the l i n e a r 

a p p r o x i m a t i o n a l g o r i t h m - ocq = [ 0 . 0 0 . 0 ] T 
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k 
6 = 0 . 2 8 = 0 . 6 

k T 
V -

T 
" k 

0 0 . 0 0 0 0 1 . 0 0 0 0 2 0 . 0 0 0 0 1 . 0 0 0 0 2 

1 0 . 2 0 0 0 0 . 8 0 0 0 2 0 . 6 0 0 0 0 . 4 0 0 0 3 

2 0 . 3 6 0 0 0 . 6 4 0 0 2 0 . 7 4 4 0 0 . 2 5 6 0 4 

3 0 . 4 8 8 0 0 . 5 1 2 0 2 0 . 7 9 9 3 0 . 2 0 0 7 5 

4 0 . 5 9 0 4 0 . 4 0 9 6 2 0 . 8 2 5 3 0 . 1 7 4 7 8 

5 0 . 6 7 2 3 0 . 3 2 7 7 2 0 . 8 3 0 2 0 . 1 6 9 8 9 

6 0 . 7 3 7 8 0 . 2 6 2 1 2 0 . 8 3 3 1 0 . 1 6 6 9 -

7 0 . 7 9 0 3 0 . 2 0 9 7 2 

8 0 . 8 3 2 2 0 . 1 6 7 8 -

k K 16 31 

N o t a t i o n a s f o r T a b l e 3 . 5 

T a b l e 3 . 9 : S o l v i n g a t w o - p a r a m e t e r p r o b l e m u s i n g t h e l i n e a r 

a p p r o x i m a t i o n a l g o r i t h m - oq = [ 0 . 0 1 . 0 ] T 

The two e x a m p l e s h a v e e s t a b l i s h e d t h a t the l i n e a r a p p r o x i m a t i o n 

a l g o r i t h m i s a v a l i d s o l u t i o n method f o r Markov d e c i s i o n p r o b l e m s . 

H o w e v e r , i t s p e r f o r m a n c e n e a r t h e s o l u t i o n p o i n t l e a v e s a l o t t o be 

d e s i r e d . The g e n e r a t e d s e q u e n c e {a^.} n o t o n l y t e n d s to z i g - z a g ( a 

f e a t u r e o f t h e r o u t i n e d e t e r m i n i n g s e a r c h d i r e c t i o n ) , b u t a l s o r e q u i r e s 

e v a l u a t i o n o f t h e c o s t f u n c t i o n a t an e v e r i n c r e a s i n g number o f p o i n t s 

( s e e T a b l e s 3 . 6 - 3 . 9 ) a s t h e s o l u t i o n i s a p p r o a c h e d ( a f e a t u r e o f t h e 

A r m i j o s t e p - l e n g t h s u b r o u t i n e ) . I t seems l i k e l y t h a t b o t h o f t h e s e 

s i t u a t i o n s c a n be s i g n i f i c a n t l y improved by t h e u se o f s e c o n d - o r d e r 

a p p r o x i m a t i o n s t o t h e c o s t f u n c t i o n n e a r any g i v e n p o i n t . F o r any 

Markov d e c i s i o n p r o b l e m , P r o p o s i t i o n 3 . 2 p r o v i d e s a q u a d r a t i c f u n c t i o n 

a p p r o x i m a t i n g t h e o o s t f u n c t i o n l o c a l l y and t h i s f u n c t i o n p r o v i d e s t h e 
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b a s i s f o r some s u g g e s t i o n s , g i v e n i n C h a p t e r 7 , a imed a t i m p r o v i n g t h e 

c o n v e r g e n c e p r o p e r t i e s o f t h e l i n e a r a p p r o x i m a t i o n a l g o r i t h m . 

3 . 6 S o l v i n g l a r g e Markov d e c i s i o n p r o b l e m s u s i n g t h e l i n e a r 

a p p r o x i m a t i o n a l g o r i t h m 

The l i n e a r a p p r o x i m a t i o n a l g o r i t h m c a n be u s e d i n p r i n c i p l e t o 

s o l v e Markov d e c i s i o n p r o b l e m s o f any s i z e b u t a f a c t o r l i m i t i n g i t s 

p r a c t i c a l u s e i s t h e compute r r e s o u r c e ( comput ing t i m e , o r s t o r a g e , o r 

b o t h ) r e q u i r e d t o e v a l u a t e t h e f u n c t i o n s z ( . ) and tt ( . ) a t any g i v e n 

p o i n t . E a c h f u n c t i o n e v a l u a t i o n r e q u i r e s t h e s o l u t i o n o f s s i m u l t a n e o u s 

e q u a t i o n s , where s i s t h e number o f s t a t e s i n the c h a i n , and when s i s 

v e r y l a r g e ( e . g . s ^ 10 ,000 ) , s o l u t i o n by g e n e r a l p u r p o s e a l g o r i t h m s l i k e 

G a u s s i a n e l i m i n a t i o n o r G a u s s - S e i d e l becomes i m p r a c t i c a l . 

A p a p e r by P a i g e , S t y a n and W a c h t e r ( 5 1 ) l i s t s and compares e i g h t 

a l g o r i t h m s f o r t h e c o m p u t a t i o n o f t h e s t a t i o n a r y d i s t r i b u t i o n it o f a 

c h a i n d e s c r i b e d by a n y t r a n s i t i o n m a t r i x P . E a c h o f t h e e i g h t 

a l g o r i t h m s i s d e s i g n e d t o s o l v e 

<ttp = <7t 1 
> 3 . 8 3 

<7T, 1> = 1 J 

f o r a g e n e r a l s x s m a t r i x P w i t h o u t e x p l o i t i n g a n y s p a r s i t y o r o t h e r 

s t r u c t u r a l f e a t u r e t h a t P m i g h t h a v e . C o m p u t a t i o n a l c o m p a r i s i o n s a r e 

b a s e d on s - s t a t e c h a i n s where s t a k e s t h e v a l u e s 8 , 20 and 4 0 , and t h e 

c o n c l u s i o n s may n o t t h e r e f o r e be r e l e v a n t when much l a r g e r c h a i n s a r e 

c o n s i d e r e d . One o f t h e f e a t u r e s o f t h e i r reconmended a l g o r i t h m i s t h a t 

i t r e q u i r e s t h e s o l u t i o n o f ( s - 1 ) e q u a t i o n s i n ( s - 1 ) unknowns ( u s i n g 

G a u s s i a n e l i m i n a t i o n ) , w h e r e a s a l l o t h e r s need one more e q u a t i o n and one 

more unknown. T h i s i s u n i m p o r t a n t when c o n s i d e r i n g s o f t h e o r d e r 
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1 0 , 0 0 0 o r more . F o r u n s t r u c t u r e d p r o b l e m s i n t h i s t h e s i s we use t h e 

same a l g o r i t h m ( a l g o r i t h m 6 i n t h e p a p e r ) t o e v a l u a t e b o t h 71 and z . 

U s i n g G a u s s i a n e l i m i n a t i o n , we s o l v e t h e two s e t s o f s s i m u l t a n e o u s 

e q u a t i o n s : 

<TT.IP = < e 3 . 8 4 s 

and 

^ . z > = q> 3 . 8 5 

whe re q i s t h e o n e - s t a g e e x p e c t e d c o s t v e c t o r and 

\p A [ ( I - P ) ( I - e > <e ) + 1> <e ] 
= s s s 

We s e e t h a t i f t h e p r o b l e m s t r u c t u r e a l l o w s s t r a i g h t f o r w a r d 

c o m p u t a t i o n o f ip ^ ( s e e b e l o w ) t h e n tt and z c a n 'be e v a l u a t e d d i r e c t l y . 

A p a p e r b y G e r s h w i n and S c h i c k ( 3 8 ) i s c o n c e r n e d w i t h e x p l o i t i n g 

t h e s p a r s e n e s s and n e s t e d b l o c k t r i - d i a g o n a l s t r u c t u r e o f t r a n s i t i o n 

m a t r i c e s d e s c r i b i n g t r a n s f e r - l i n e p r o b l e m s t o c a l c u l a t e tt and ty 1 . An 

a l g o r i t h m f o r c o m p u t i n g Q 1 b r e a k s down t h e o r i g i n a l p r o b l e m i n t o a 

s e q u e n c e o f s u b p r o b l e m s i n v o l v i n g t h e i n v e r s i o n o f r e l a t i v e l y s m a l l 

m a t r i c e s . U n f o r t u n a t e l y , t h e a l g o r i t h m r e q u i r e s t h a t t h e s e i n t e r m e d i a t e 

s o l u t i o n s a r e s t o r e d f o r l a t e r o p e r a t i o n s , l e a d i n g t o compute r s t o r a g e 

p r o b l e m s f o r v e r y l a r g e Markov c h a i n s . From p r e v i o u s comments i n 

C h a p t e r 2 , we n o t e t h a t t h e t r a n s i t i o n m a t r i x l o s e s i t s n e s t e d b l o c k 

t r i - d i a g o n a l s t r u c t u r e when c r o s s - l i n k i n g c o n v e y o r s a r e used and t h e 

r e s u l t s o f t h i s p a p e r c a n n o t t h e r e f o r e be a p p l i e d t o t r a n s f e r - l i n e 

p r o b l e m s c o n s i d e r e d i n t h i s t h e s i s . 
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Vfe c o n c l u d e t h a t t h e l i n e a r a p p r o x i m a t i o n a l g o r i t h m r e q u i r e s t h e 

s o l u t i o n o f two s e t s o f s s i m u l t a n e o u s e q u a t i o n s ( e q u a t i o n s 3 . 8 4 and 

3 . 8 5 ) u s i n g a G a u s s i a n e l i m i n a t i o n s u b a l g o r i t h m o r ( i f t h e t r a n s i t i o n 

m a t r i x i s s p a r s e ) u s i n g an i t e r a t i v e m e t h o d . P r o b l e m s w i t h v e r y l a r g e 

numbers o f s t a t e s a r e s o l v e d more e f f i c i e n t l y u s i n g one o f the Monte 

C a r l o methods d e s c r i b e d l a t e r i n t h e t h e s i s . 

3 . 7 . Summary 

" C l a s s i c a l " Markov d e c i s i o n p r o b l e m s a r e f r e q u e n t l y s o l v e d by one 

o f t h r e e a l g o r i t h m s known as dynamic p r o g r a m i n g , l i n e a r p rogramming , 

and p o l i c y i t e r a t i o n a l g o r i t h m s . C h a p t e r 3 o u t l i n e s t h e b a s i c t h e o r y o f 

e a c h method , and shows t h a t t h e p r i n c i p l e o f dynamic programming c a n be 

u s e d t o s o l v e Markov d e c i s i o n p r o b l e m s h a v i n g c o n t r o l s d e f i n e d a s 

f u n c t i o n s o f g r o u p s o f s t a t e s . The s i m p l e s t p r o b l e m o f t h i s t y p e has an 

o p e n - l o o p c o n t r o l s t r u c t u r e and s e v e r a l s m a l l o p e n - l o o p p r o b l e m s a r e 

u s e d a s i l l u s t r a t i o n s t h r o u g h o u t t h e c h a p t e r . N e i t h e r l i n e a r 

p rogramming n o r t h e p o l i c y i t e r a t i o n a l g o r i t h m c a n be used t o s o l v e 

' g r o u p e d - s t a t e 1 p r o b l e m s d i r e c t l y , b u t c e r t a i n f e a t u r e s o f e a c h c a n be 

u s e d t o f o r m u l a t e a n o n - l i n e a r programming p rob lem w h i c h c a n be s o l v e d 

u s i n g a w e l l - k n o w n a l g o r i t h m . 

S o l v i n g c l a s s i c a l Markov p r o b l e m s u s i n g a l i n e a r p rog ram r e q u i r e s , 

a s an e s s e n t i a l f i r s t s t e p , t h e t r a n s f o r m a t i o n o f t h e c o n t r o l s p a c e ( a 

f i n i t e number o f c o n t r o l a l t e r n a t i v e s ) i n t o a c o n t i n u o u s s p a c e o f 

p r o b a b i l i s t i c c o n t r o l s . The mean p r o c e s s c o s t p e r c y c l e i s a s c a l a r -

v a l u e d f u n c t i o n d e f i n e d on a c o n t i n u o u s p a r a m e t e r s p a c e and o u r t a s k i s 

t o m i n i m i z e t h i s f u n c t i o n by s p e c i f y i n g a f e a s i b l e p a r a m e t e r ( o r s e t o f 

p a r a m e t e r s ) . I t i s shown t h a t t h e mean c o s t f u n c t i o n c a n be 

a p p r o x i m a t e d n e a r any f e a s i b l e p o i n t i n p a r a m e t e r s p a c e u s i n g e q u a t i o n s 

s i m i l a r t o t h o s e a p p e a r i n g i n H o w a r d ' s a l g o r i t h m . The p r o b l e m i s new i n 
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a form suitable for solution by a linear approximation algorithm, which 
resembles Howard's algorithm in that a sequence of points (feasible 
parameters) is generated, each point yielding a lower mean process cost 
than the preceding one. A full description of the algorithm is given, 
and it is used to solve two small problems. 

A drawback of the linear approximation algorithm is that an 
excessive amount of computation (for an s-state chain, the solution of 
at least twD sets of s simultaneous equations) is required at each 
iteration and this can prohibit its use if a large number of states is 
involved. 
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CHAPTER 4 

MONTE CARLO ESTIMATION OF COST GRADIENTS 

4 . 1 I n t r o d u c t i o n 

I n C h a p t e r 3 we h a v e shown t h a t i t i s p o s s i b l e t o d e v i s e n o v e l 

a n a l y t i c methods f o r s o l v i n g g r o u p e d - s t a t e Markov d e c i s i o n p r o b l e m s . 

U n f o r t u n a t e l y , t h e d y n a m i c programming and l i n e a r a p p r o x i m a t i o n 

a l g o r i t h m s d i s c u s s e d i n t h a t c h a p t e r a r e o n l y a p p l i c a b l e t o r e l a t i v e l y 

s m a l l p r o b l e m s due t o t h e l i m i t e d comput ing r e s o u r c e s ( t i m e and c e n t r a l 

memory) n o r m a l l y a v a i l a b l e . S o l v i n g a 2 0 0 - s t a t e p r o b l e m u s i n g t h e 

l i n e a r a p p r o x i m a t i o n a l g o r i t h m wou ld r e q u i r e t h e s o l u t i o n o f s e v e r a l 

s e t s o f 200 s i m u l t a n e o u s e q u a t i o n s a t e a c h i t e r a t i o n ( p r o b a b l y u s i n g a 

G a u s s i a n e l i m i n a t i o n s u b r o u t i n e ) . S u f f i c i e n t c e n t r a l memory w o u l d t h u s 

be r e q u i r e d t o accommodate t h e 200 x 200 = 4 0 , 0 0 0 e l e m e n t s o f t h e 

t r a n s i t i o n m a t r i x , and e x t r a s t o r a g e wou ld be needed f o r i n t e r m e d i a t e 

c a l c u l a t i o n s , t h e c o n t r o l m a t r i x , v a r i o u s 2 0 0 - e l e m e n t v e c t o r s , e t c . Of 

c o u r s e , d i s c o r m a g n e t i c t a p e s t o r a g e c o u l d e a s i l y accommodate a model 

o f t h i s s i z e , b u t t h e n t h e a c c e s s t ime f o r t h o s e f a c i l i t i e s wou ld 

g r e a t l y e x t e n d t h e t i m e r e q u i r e d t o a c h i e v e an o v e r a l l s o l u t i o n t o t h e 

o p t i m a l c o n t r o l p r o b l e m . I n f a c t , 200 s t a t e s i s a p r a c t i c a l u p p e r l i m i t 

t o t h e s i z e o f Markov d e c i s i o n p r o b l e m w h i c h c a n be s o l v e d by t h e 

C . D . C . c o m p u t e r i n s t a l l a t i o n a t I m p e r i a l C o l l e g e u s i n g a n a l y t i c a l 

m e t h o d s , and b e a r i n g i n m ind t h e maximum t i m e and s t o r a g e a v a i l a b l e t o 

u s e r s a t t h e t i m e o f w r i t i n g . I n many i n s t a n c e s , t h e t r a n s i t i o n m a t r i x 

i s s p a r s e ( t h o u g h i t may become l e s s so when t h e c h a i n i s c o n t r o l l e d -

s e e S e c t i o n 3 . 6 ) and a n i t e r a t i v e method l i k e the G a u s s - S e i d e l a l g o r i t h m 

w o u l d be a more e f f i c i e n t way o f s o l v i n g t h e s i m u l t a n e o u s e q u a t i o n s . 

H o w e v e r , a l t h o u g h we w o u l d b e n e f i t f r o m t h e r e d u c t i o n i n s t o r a g e 

r e q u i r e m e n t s , we wou ld s t i l l h a v e t o c o n t e n d w i t h i n a c c u r a c i e s i n h e r e n t 
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i n s u c h i t e r a t i v e m e t h o d s . F u r t h e r m o r e , t h e l i n e a r a p p r o x i m a t i o n 

a l g o r i t h m w o u l d make f r e q u e n t u se o f t h e s u b r o u t i n e s o l v i n g s i m u l t a n e o u s 

e q u a t i o n s and t h e comput ing t i m e r e q u i r e d by an i t e r a t i v e method t o 

a c h i e v e a r e a s o n a b l y a c c u r a t e s o l u t i o n - wou ld p r o h i b i t i t s u s e . When the 

s i z e o f t h e c h a i n i s i n c r e a s e d t o ( s a y ) 1 0 , 0 0 0 s t a t e s , w h i c h i s by no 

means uncommon f o r many O . R . p r o b l e m s , methods r e q u i r i n g t h e s t o r a g e o f 

many 1 0 , 0 0 0 - e l e m e n t v e c t o r s ( l i k e d y n a m i c p rogramming) a l s o become 

i m p r a c t i c a l . 

I t i s t h e p u r p o s e o f t h i s c h a p t e r t o d e v e l o p s o l u t i o n methods f o r 

v e r y l a r g e Markov d e c i s i o n p r o b l e m s . S p e c i f i c a l l y , we d i s c u s s 

e x p e r i m e n t a l methods f o r e s t i m a t i n g p a r t i a l d e r i v a t i v e s o f p r o c e s s ODSt 

w i t h r e s p e c t t o e a c h o f a f i n i t e s e t o f c o n t r o l p a r a m e t e r s . An e s t i m a t e 

o f t h e c o s t g r a d i e n t i s t h e r e f o r e a v a i l a b l e f o r use i n a s t o c h a s t i c 

a p p r o x i m a t i o n a l g o r i t h m w h i c h s o l v e s t h e o p t i m a l c o n t r o l p r o b l e m . A 

s u i t a b l e a l g o r i t h m i s d e s c r i b e d i n C h a p t e r 5 . 

W o r k i n g f r o m t h e p r o b l e m f o r m u l a t i o n ( i n v o l v i n g a s e t o f c o n t i n u o u s 

c o n t r o l p a r a m e t e r s ) g i v e n i n S e c t i o n 3 . 4 . 2 , we d e v e l o p an e x p r e s s i o n f o r 

t h e c o s t g r a d i e n t i n t e r m s o f t h e s t a t e d i s t r i b u t i o n v e c t o r s and t h e c o -

s t a t e o r a d j o i n t v e c t o r s . E s t i m a t e s o f t h e s t a t e d i s t r i b u t i o n v e c t o r s 

a r e o b t a i n e d by a s t r a i g h t f o r w a r d Monte C a r l o method w h i c h c a n be 

a p p l i e d t o a n y a b s t r a c t Markov c h a i n d e s c r i p t i o n . The s i m i l a r i t y 

b e t w e e n e q u a t i o n s d e f i n i n g t h e s t a t e d i s t r i b u t i o n and a d j o i n t v e c t o r 

s e q u e n c e s i m p l i e s t h a t i t s h o u l d be p o s s i b l e t o d e v i s e r e l a t e d e x p e r i -

m e n t a l methods w h i c h y i e l d e s t i m a t e s o f t h e a d j o i n t v e c t o r s . Two o f 

t h e s e methods i n v o l v e s i m u l a t i n g t h e Markov p r o c e s s o v e r N c y c l e s i n 

r e v e r s e - t i m e , and t h e r e s u l t i n g a d j o i n t v e c t o r e s t i m a t e s c a n be used 

w i t h a n e s t i m a t e d s e q u e n c e o f s t a t e d i s t r i b u t i o n v e c t o r s t o o b t a i n 

u n b i a s e d c o s t g r a d i e n t e s t i m a t e s . L a t e r i n t h e c h a p t e r , we d e s c r i b e 

more e f f i c i e n t Monte C a r l o methods w h i c h g e n e r a t e s e t s o f f o r w a r d - t i m e 
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simulations, simultaneously estimating state distribution and adjoint 
vector sequences to provide relatively accurate gradient estimates. An 
abstract, three-state Markov decision problem is used to demonstrate and 
compare all experimental methods described in this chapter. 

4 . 2 R e f o r m u l a t i o n o f t h e Markov d e c i s i o n p r o b l e m 

Some o f t h e e q u a t i o n s and d e f i n i t i o n s f r o m e a r l i e r c h a p t e r s a r e 

r e p e a t e d h e r e f o r t h e s a k e o f c o m p l e t e n e s s . 

We c o n s i d e r N t r a n s i t i o n s o f a f i n i t e - s t a t e Markov c h a i n x t , t = 0 , 

1 , . . . . , N w i t h s t a t e s p a c e { e ^ , e 2 , e s } whose t r a n s i t i o n p r o b a b -

i l i t y a t t i m e t depends on the c o n t r o l u^ c h o s e n a t t . Thus P r o b [ x t + i | 

x t ] = P r o b t x t + l | x t ' - r r Y i e s t a t e x t i s o b s e r v e d a t e a c h t , and u t 

d e p e n d s on w h i c h p r e - d e t e r m i n e d s t a t e g r o u p x t f a l l s i n t o . I f x t f a l l s 

i n t o g r o u p i , t h e n a c o n t r o l u^ e U ( i ) may be u s e d , whe re U ( i ) i s a 

p r e - s p e c i f i e d s e t . F o r r d i s t i n c t s t a t e ' g r o u p s , we c o n s i d e r a 

s t a t i o n a r y c o n t r o l p o l i c y t o be any e l e m e n t o f t h e p r o d u c t s e t U ( 1 ) x 

1/(2) x x U ( r ) . 

I n f a c t we c a n s i m p l i f y t h e p r o b l e m s t a t e m e n t by u s i n g p r o b a b -

i l i s t i c c o n t r o l s w i t h R i o r d o n ' s n o t a t i o n ( s e e C h a p t e r 2 ) . We assums a 

p r e - d e t e r m i n e d f i n i t e number o f c o n t r o l a l t e r n a t i v e s f o r e a c h o f r s t a t e 

g r o u p s w h i c h g i v e s u s t h e s t r u c t u r e o f t h e d e c i s i o n m a t r i x D ( a ) , w i t h 

t h e s t a t i o n a r y p a r a m e t e r v e c t o r a s p e c i f y i n g t h e p r o b a b i l i t y t h a t a 

g i v e n c o n t r o l a c t i o n w i l l be t a k e n . I t f o l l o w s t h a t r a t h e r t h a n 

d i s c u s s i n g c o n t r o l c o n s t r a i n t s e t s U ( i ) , i = 1 , . . . . , r , we have 

p a r a m e t e r c o n s t r a i n t s e t s A ( i ) , i = 1 , . . . . , r , where a f e a s i b l e a i s a 

member o f t h e p r o d u c t s e t A ( l ) x . . . . x A ( r ) . T h u s e a c h c y c l e c o n s i s t s 

o f a ' c o n t r o l t r a n s i t i o n ' f r a n t h e p r e v i o u s p r o c e s s s t a t e t o a c o n t r o l 

s t a t e d e t e r m i n e d by m a t r i x D ( a ) f o l l o w e d by a ' p r o c e s s t r a n s i t i o n 1 f r o m 
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t h e c o n t r o l s t a t e t o t h e n e x t p r o c e s s s t a t e d e t e r m i n e d by t h e c o n s t a n t 

m a t r i x P . I t h a s been e s t a b l i s h e d i n C h a p t e r 2 t h a t f o r a l l p r o b l e m s s o 

d e f i n e d , t h e m a t r i x p r o d u c t [ D ( a ) . P ] = P ( a ) i s a n s x s p r o b a b i l i t y 

m a t r i x , i . e . f o r a l l i , j 

CP (a) Hj. > 0, I CP (a) = 1 
j j 

A t t h e end o f e a c h c y c l e , t h e p r o c e s s i n c u r s a c o s t <x^ , c > w h e r e c 

i s a c o n s t a n t s - v e c t o r . 

4 . 3 S t a t e p r o b a b i l i t y d i s t r i b u t i o n s o f t h e c h a i n 

The sequence o f s t a t e p r o b a b i l i t y d i s t r i b u t i o n s { i r t ( a ) , t = 0 , 1 , 

. . . , n}- s a t i s f i e s t h e f o l l o w i n g e q u a t i o n : -

<TT t + 1 ( a ) = <7T t (a) . P ( a ) , t = 0 , 1 , . . . , N - 1 4 . 1 

w i t h g i v e n 77
 Q ( a ) . 

The r o w - v e c t o r T r t ( a ) h a s s components d e f i n e d b y : 

< 7 T t ( a ) , e i > A P r c b [ x = e ^ 4 . 2 

f o r t = 0 , 1 , . . . . , N ; i = 1 , 2 , . . . . , s . 

4 . 4 A d j o i n t v e c t o r s o f t h e c h a i n 

The e x p e c t e d c o s t o f - e a c h t r a n s i t i o n i s g i v e n by <Tr t (a ) , P ( a ) , c > , 

t = 0 , 1 , . . . . , N - 1 , s o we d e f i n e t h e H a m i l t o n i a n f u n c t i o n H b y 

H ( t , i r t ( a ) , a , \ t + 1 ) A < i r t ( a ) P ( a ) , c> + < i r t ( a j P ( a ) , X t + 1 > 4 . 3 
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The adjoint equation is:-

t 
H(tf Trt(a), a, t+1 

= P(a) . Cc> + X. t = 0 t+1' . . . , N - 1 4.4a 
and 

v = o > 4.4b 

and { A t } is the sequence of adjoint (s-) vectors or co-states for the 

process. It is worth noting that the adjoint equation is a form of the 

well-known 'state value' equation (with 'one-stage expected cost vector' 

q ( a ) > = P ( a ) c > ) used in many studies of Markov processes including 

Howard (7), Kushner (52), and Varaiya (12). 

4.5 Statement of the optimal control problem and derivation of 

the cost gradient 

Over N transitions of the chain, the total expected cost given a 

control policy a and an initial state Xq (=t t 0 ) is: 

N-l 

L ( a , 7T 3 0) = I <tt (a) . P(a), c> 4.5 
u t=0 

where "IT (oC) = 7T 
o o 

The optimal control problem is:-

minimize {L (a , tt0 > 0)} 

4.6 Subject to a e A(l) x ... x A(r) 
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3 N - l 
^ . L (a, n 0 ( a ) , 0) = I . H(t, irt(a) , a , A t + 1 ) 

t=0 
0 

N - l 

I < i r t ( a ) 

t=0 
. P , [c> + X t + 1 > ] 4 . 7 

The f o l l o w i n g i s an i m p o r t a n t f e a t u r e o f t h e above f o r m u l a t i o n . I f 
g 

oq i s t h e i ' t h component o f a , t h e n e a c h row o f t h e m a t r i x - D ( a ) h a s 
i 

a l l z e r o c o m p o n e n t s , o r h a s a l l z e r o components b u t t w o , w h i c h a r e - 1 

and +1 . T a k i n g a s i m p l e example f r o m C h a p t e r 3 , i f t h e d e c i s i o n m a t r i x 

d e f i n e s two a l t e r n a t i v e c o n t r o l a c t i o n s , i . e . h a s a two d i m e n s i o n a l 

p a r a m e t e r v e c t o r , t h e n 

P (a ) = a-
. 7 5 . 2 5 

. 7 5 . 2 5 
+ a. 

. 25 . 7 5 

.25 . 7 5 
+ ( l - o ^ - o ^ ) 

. 1 . 9 

. 1 . 9 

= D ( a ) . P 

w h e r e 

a . 
D(a) = 

0 . a 2 

a ^ I 0 

.0 

a . 

1 " a l " a 2 

f o r a l l f e a s i b l e a ' s 
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" .75 .25 

.75 .25 

.25 .75 

.25 .75 

.1 .9 

_ .1 .9 

Hence 
9a-

D(a) = 
i o : o o : -i o ' 

o l : o o : o -l 

and 
9a, 

• D (a) = 

o o : i o : -i o ' • • 

o o : o l : o -l 

This feature makes the estimation of gradients using simulations 

easier to understand and to program, as will be seen later. 

4.6 Statistical estimation of state distributions and adjoint vectors 

The following sections shew how statistical estimates of the s-

vector sequences {irt, t = 0,.... ,N } and { X^ r t = 0,.... ,N } can be 

obtained. In order to simplify the discussion, N transitions of an 

uncontrolled process are considered, so that with an s x s transition 

matrix P , equations 4.1 and 4.4 become:-
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• • • r N - l 4 . 8 

w i t h ttq g i v e n , and 

A t > = P . [ c > + A t + 1 > ] , t = 0 . . . , N - l 4 . 9 a 

w i t h X^> = 0> 4 . 9 b 

F o r t h e r e m a i n d e r o f t h e c h a p t e r , numbers w h i c h a r e d r a w n i n d e p e n d -

e n t l y f r o m u n i f o r m d i s t r i b u t i o n s o v e r t h e i n t e r v a l [ 0 , 1 ] a r e r e f e r r e d t o 

s i m p l y a s ' r a n d o m n u m b e r s ' . 

I t i s a s w e l l t o p o i n t o u t a t t h i s s t a g e why we f i n d i t n e c e s s a r y 

t o e s t i m a t e t h e r e q u i r e d v e c t o r s . A s t h e p r o p e r t i e s o f t h e M a r k o v m o d e l 

e n s u r e t h a t t h e r e i s a l i n e a r r e l a t i o n s h i p b e t w e e n s u c c e s s i v e members o f 

t h e s t a t e d i s t r i b u t i o n s e q u e n c e , i t w o u l d seem o b v i o u s t h a t t h e N s t a t e 

d i s t r i b u t i o n v e c t o r s c o u l d be o b t a i n e d by s t r a i g h t f o r w a r d m a t r i x m u l t i -

p l i c a t i o n . T h u s f o r a d e n s e t r a n s i t i o n m a t r i x P , s 2 c a l c u l a t i o n s 

( p r o d u c t s and s u m s ) w o u l d be r e q u i r e d t o c a l c u l a t e 7T]_, u s i n g ttq 

a n d e q u a t i o n 4 . 8 . The r e m a i n i n g members o f t h e s e q u e n c e , i . e . 

{TT2, . . . . , T T n ) w o u l d be c a l c u l a t e d i n t h e same w a y , and a t o t a l o f N s 2 

p r o d u c t s and sums w o u l d be r e q u i r e d . A s i m i l a r a r g u m e n t i m p l i e s t h a t 

t h e a d j o i n t v e c t o r s e q u e n c e c o u l d be c a l c u l a t e d u s i n g e q u a t i o n 4 . 9 a , 

s t a r t i n g w i t h = o> and e n d i n g t h e s e q u e n c e a t Xg. 

T h i s m e t h o d i s u n c o m p l i c a t e d and a c c e p t a b l e f o r c h a i n s h a v i n g a 

s m a l l number o f s t a t e s , b u t s o o n becomes i m p r a c t i c a l a s t h e v a l u e o f N 

i s i n c r e a s e d . A s a n e x a m p l e , c o n s i d e r a 1 0 0 - s t a t e c h a i n w i t h N = 1 0 0 : 

s t o r a g e r e q u i r e m e n t s w o u l d be ( 1 0 0 x 100 =) 1 0 , 0 0 0 w o r d s f o r t h e t r a n s -

i t i o n m a t r i x , p l u s ( 1 0 0 x 100 = ) 1 0 , 0 0 0 w o r d s f o r e a c h o f t h e s e q u e n c e s 

and { ^ f c } . A b o u t 1 0 6 p r o d u c t s and sums w o u l d be r e q u i r e d f o r t h e 
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s e q u e n c e { 7rt } and s l i g h t l y more f o r t h e s e q u e n c e { X t } . When t h o u s a n d s 

o f s t a t e s a r e i n v o l v e d , and N a s s u m e s l a r g e v a l u e s , i t becomes n e c e s s a r y 

t o c a l c u l a t e ( o r e s t i m a t e ) e a c h v e c t o r s e q u e n c e u s i n g methods w h i c h 

r e q u i r e l e s s c o m p u t a t i o n and l e s s compute r memory. 

L a t e r we show t h a t t h e s t a t e d i s t r i b u t i o n s c a n be e s t i m a t e d b y a 

s t r a i g h t f o r w a r d Monte C a r l o t e c h n i q u e w h i c h u s e s a randcm number , w , t o 

t r a n s f o r m a n y p r o b a b i l i t y v e c t o r i n t o a ' d e g e n e r a t e v e c t o r ' o f t h e f o r m 

e i , i £ "Cl, . . . . , s ) , w h i c h i s a n u n b i a s e d e s t i m a t e o f t h e o r i g i n a l . A s 

t h i s t e c h n i q u e c a n be a p p l i e d t o any p r o b a b i l i t y v e c t o r , i t f o l l o w s t h a t 

t h e m a t r i x P (whose r o w s a r e p r o b a b i l i t y v e c t o r s ) c a n be t r a n s f o r m e d 

i n t o a ' d e g e n e r a t e m a t r i x ' F ( w ) , (whose r o w s a r e d e g e n e r a t e v e c t o r s ) , 

u s i n g a s i n g l e r a n d a n number , w . B y g e n e r a t i n g a s e q u e n c e o f N random 

n u m b e r s , i t i s p o s s i b l e t o o b t a i n e s t i m a t e s o f e a c h member o f t h e 

s e q u e n c e { tt^-). I t c a n be s e e n t h a t t h e v e c t o r and m a t r i x e s t i m a t e s h a v e 

f e w n o n - z e r o e l e m e n t s , and t h e e s t i m a t e d s e q u e n c e c a n t h e r e f o r e be 

computed u s i n g much l e s s s t o r a g e and t i m e . I t ' f o l l o w s t h a t t h e method 

w o u l d be a p p l i c a b l e t o much l a r g e r c h a i n s h a v i n g , e . g . 1 0 , 0 0 0 s t a t e s . 

We v o u l d l i k e t o u se t h e same , o r s i m i l a r t e c h n i q u e s t o e s t i m a t e 

t h e a d j o i n t v e c t o r s e q u e n c e , and one p o s s i b i l i t y i s t o c a l c u l a t e a 

s e q u e n c e o f v e c t o r e s t i m a t e s by s u b s t i t u t i n g F ( w j - ) f o r P i n e q u a t i o n 

4 . 9 a , w h e r e { w ^ , t = 0 , . . . . , N - l } i s a s e q u e n c e o f random n u m b e r s . 

H o w e v e r , i t t u r n s o u t t h a t t h e v e c t o r s t h u s o b t a i n e d a r e n o t d e g e n e r a t e 

v e c t o r s ( g i v i n g r i s e t o c o m p u t a t i o n a l d i f f i c u l t i e s once a g a i n ) , and i t 

i s n e c e s s a r y t o u s e a d d i t i o n a l r a n d a n numbers t o make f u r t h e r t r a n s -

f o r m a t i o n s , f i n a l l y o b t a i n i n g a d e g e n e r a t e v e c t o r s e q u e n c e . T h i s 

c h a p t e r d e s c r i b e s s e v e r a l me thods f o r e s t i m a t i n g t h e a d j o i n t v e c t o r 

s e q u e n c e , l e a d i n g t o t h e d e f i n i t i o n o f s e v e r a l c o s t g r a d i e n t 

e s t i m a t o r s . T h e mos t e f f i c i e n t o f t h e s e i s i d e n t i f i e d and u s e d 

e x t e n s i v e l y t h r o u g h o u t t h e t h e s i s . 
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4 . 7 E s t i m a t i o n o f s t a t e d i s t r i b u t i o n s 

4 . 7 . 1 O b t a i n i n g a s e q u e n c e o f d e g e n e r a t e r o w m a t r i c e s 

B y g e n e r a t i n g a s e q u e n c e o f i n d e p e n d e n t random numbers { w t , 

t = 0 , 1 , . . . . , N - l } d e n o t e d byu) , we c a n p r o d u c e N u n b i a s e d e s t i m a t e s 

{ F ( w t ) , t = 0 , 1 , . . . N - l } o f t h e m a t r i x P . S p e c i f i c a l l y , c o n s i d e r i n g 

a c e r t a i n row i and d e f i n i n g an i n t e g e r random v a r i a b l e n (w^) b y 

n ( w t ) A k , 
k - 1 

when £ p . . < w^ < £ p . . 
j = l j = l ^ 1 3 t 

k £ { 1 , . . . , s } 

4 . 1 0 

t h e n row i o f F ( w t ) i s g i v e n by e n ( W t ) , and e a c h row o f F ( w t ) f o r 

t = 0 , 1 , . . . . , N - l c a n be d e t e r m i n e d i n t h i s w a y . I t f o l l o w s f rom 

e q u a t i o n 4 . 1 0 t h a t t h e i ' t h row o f F ( w t ) i s e n ( w t ) w i t h P r o b a b i l i t y 

P i n ( w t ) 311 (3 t h a t F ( w t ) j-s a R e g e n e r a t e ( r o w ) p r o b a b i l i t y m a t r i x , 

i . e . h a v i n g o n l y e l e m e n t s 0 and 1 , w i t h e x p e c t a t i o n 

E { F ( w f c ) } = P , t = 0 , 1 , N - l 4 . 1 1 
W t 

A l s o , i t c a n be s e e n t h a t any p r o b a b i l i t y m a t r i x ( e . g . t h e 2 x 6 

m a t r i x D( a ) and t h e 6 x 2 m a t r i x P i n t h e examp le a b o v e ) c a n be r e d u c e d 

t o s u c h a d e g e n e r a t e f o r m and i n an N - c y c l e s i m u l a t i o n o f a c o n t r o l l e d 

p r o c e s s , a t l e a s t 2N r a n d a n numbers w o u l d be r e q u i r e d . 

4 . 7 . 2 E s t i m a t i n g t h e s e q u e n c e {tt^-} 

P r o p o s i t i o n 4 . 1 

E {x (u>)} = TTt 4 . 1 2 
w 

^ N o t e t h a t P r c b [ n ( w t ) = k ] = p ^ , a s w i s a r andom n u m b e r . 
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where ( x t ( w) } i s t h e sequence g e n e r a t e d b y 

< x t + 1 = < x t . F ( w t ) , t = 0 , 1 , . . . , N - 1 4 . 1 3 

w i t h g i v e n i n i t i a l s t a t e Xq = e^ , i e ( 1 , . . . . , s } 

P r o o f 

O b v i o u s l y , f o r g i v e n i n i t i a l s t a t e X q , T T 0 = E { X 0 } = X 0 

0) 

E x p a n d i n g e q u a t i o n 4 . 8 , 

t 
< 7 W i = <7r

n TT p , t = 0 , 1 , ..., N - 1 4.14 
i=0 

and s i m i l a r l y f rom e q u a t i o n 4 . 1 3 

t 
= <"v 

t + 1 
<x. = < x t J ] F ( w i ) , t = 0 , 1 , ..., N - 1 4.15 

1 = 0 

a s t h e sequence oj c o n s i s t s o f i n d e p e n d e n t r a n d a n n u m b e r s , 

t 

E { < x t + 1 ( w ) } = E {<x Q J T E ( w i ) } 
a) cn i = 0 

t 

= <xQ J J E ( F ( w i ) } 
i = 0 w. 

i 

t 

= <tt 0 7|" P , u s i n g e q u a t i o n 4 . 1 1 

i=0 

= < 7 T
t + 3 _ , f r o m e q u a t i o n 4.14 
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The s e q u e n c e { x t ( u>)} i s t h e r e f o r e an u n b i a s e d e s t i m a t e o f t h e 

s e q u e n c e o f s t a t e d i s t r i b u t i o n s 

4 . 8 E s t i m a t i o n o f t h e a d j o i n t s e q u e n c e 

We s e e k m e t h o d s , a n a l o g o u s t o t h o s e o u t l i n e d i n S e c t i o n 4 . 7 , f o r 

g e n e r a t i n g a s e q u e n c e o f s - v e c t o r s { y t , t = 0 , 1 , . . . . , N } , w h i c h i s a n 

u n b i a s e d e s t i m a t e o f t h e a d j o i n t s e q u e n c e { A t , t = 0 , . . . . , N ) . Whereas 

t h e method d e s c r i b e d i n S e c t i o n 4 . 7 . 2 p r o d u c e s e s t i m a t e s o f t h e s t a t e 

d i s t r i b u t i o n s i n t h e o r d e r x g , X]_, . . . . , x ^ , t h e s i m i l a r i t y be tween 

e q u a t i o n s 4 . 8 and 4 . 9 a , and t h e d e f i n i t i o n o f b o u n d a r y c o n d i t i o n s a t 

o p p o s i t e ends o f t h e t i m e s c a l e , i m p l y t h a t a s i m i l a r method m i g h t be 

d e v i s e d f o r e s t i m a t i n g t h e a d j o i n t v e c t o r s , X N , A Q , i n 

t h a t o r d e r . A s t h e t i m e i n d e x f o r one sequence i n c r e a s e s , and t h a t f o r 

t h e o t h e r d e c r e a s e s , we use the t e r m s ' f o r w a r d - t i m e 1 and ' r e v e r s e - t i m e ' 

t o i d e n t i f y e s t i m a t i o n methods i n t h e t h e s i s . 

W e i g h t i n g methods s i m i l a r t o t h o s e m e n t i o n e d by Ha i rmers l ey and 

Handscomb ( 3 1 ) f o r m t h e b a s i s o f t h e a d j o i n t e s t i m a t i o n methods t o be 

d e s c r i b e d . I d e a l l y , we wou ld l i k e t o be a b l e t o g e n e r a t e one sequence 

o f randcm n u m b e r s , { w t , t = 0 , . . . . , N - l ) , w h i c h c o u l d be used t o 

e s t i m a t e t h e s e q u e n c e {t i^} f r o m a f o r w a r d - t i m e s i m u l a t i o n and t h e 

s e q u e n c e { A t } f r o n a r e v e r s e - t i m e s i m u l a t i o n . As { n ^ } c a n be e s t i m a t e d 

b y s o l v i n g e q u a t i o n 4 . 1 3 ( o b t a i n e d by s u b s t i t u t i n g t h e d e g e n e r a t e m a t r i x 

F ( w t ) f o r P i n e q u a t i o n 4 . 8 ) , we s u r m i s e t h a t { A t } m i g h t be e s t i m a t e d by 

s o l v i n g an e q u a t i o n s i m i l a r t o e q u a t i o n 4 . 9 a b u t w i t h P r e p l a c e d by a 

d e g e n e r a t e m a t r i x o f scxne d e s c r i p t i o n . B e c a u s e {tt^} and {A^} a r e 

s e q u e n c e s o f r o w and co lumn v e c t o r s r e s p e c t i v e l y , i t comes a s no 

s u r p r i s e t h a t d e g e n e r a t e co lumn m a t r i c e s ( h a v i n g co lumns o f t h e f o r m 

[ z ] . e i , i e { 1 , . . . . , s } , where z i s a w e i g h t i n g f a c t o r ) a r e r e q u i r e d 

h e r e , r a t h e r t h a n d e g e n e r a t e row m a t r i c e s l i k e F ( w t ) . S e c t i o n 4 . 8 . 2 
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d e s c r i b e s hew t h e s e m a t r i c e s a r e o b t a i n e d , and S e c t i o n s 4 . 8 . 3 and 4 . 8 . 6 

g i v e d e t a i l s o f two r e v e r s e - t i m e methods f o r e s t i m a t i n g t h e a d j o i n t 

v e c t o r s e q u e n c e . 

S t r a i g h t f o r w a r d s u b s t i t u t i o n o f t h e e s t i m a t e d v e c t o r s e q u e n c e s i n t o 

e q u a t i o n 4 . 7 p r o v i d e s u s w i t h two f o r m s o f o o s t g r a d i e n t e s t i m a t o r . 

U n f o r t u n a t e l y , t h e r e s u l t i n g g r a d i e n t e s t i m a t e s t e n d t o be i n a c c u r a t e 

( i . e . have a h i g h v a r i a n c e ) , d u e t o t h e f a c t t h a t r e v e r s e - t i m e methods 

y i e l d e s t i m a t e s o f e a c h c o m p l e t e a d j o i n t v e c t o r i n t h e s e q u e n c e , w h e r e a s 

i n f a c t we r e q u i r e e s t i m a t e s o f r e l a t i v e l y few components f r o m s a n e ( b u t 

n o t a l l ) a d j o i n t v e c t o r s . We b e g i n a d i s c u s s i o n o f f o r w a r d - t i m e 

e s t i m a t i o n m e t h o d s i n S e c t i o n 4 . 8 . 7 by d e s c r i b i n g how i n d i v i d u a l 

components o f any a d j o i n t v e c t o r c a n be e s t i m a t e d u s i n g t h e r a n d a n 

number s e q u e n c e { w^-, t = 0 , . . . . , N - l } . L a t e r we d i s c u s s methods w h i c h 

a r e more c l o s e l y r e l a t e d t o t h e g r a d i e n t e s t i m a t i o n p r o b l e m . T h u s 

p r e p a r e d , we a r e a b l e t o move on t o S e c t i o n 4 . 9 , w h i c h d e a l s w i t h 

e f f i c i e n t g r a d i e n t e s t i m a t i o n m e t h o d s . 

4 . 8 . 1 O b t a i n i n g d e g e n e r a t e e s t i m a t e s o f a v e c t o r c e R s 

B y d e g e n e r a t e e s t i m a t e , we mean an s - v e c t o r y c o f t h e fo rm [ z c ] . e - [ 

w h e r e z^ i s a s c a l a r . 

I f ( c i ) a r e t h e e l e m e n t s o f c , t h e n i n g e n e r a l J c ^ f 1 , i . e . c i s 
i 

n o t n o r m a l l y a p r o b a b i l i t y v e c t o r , s o we d e f i n e a s c a l a r 

z c i I c ± 4 . 1 6 
i 

and a p r o b a b i l i t y v e c t o r 

V A [ > ] 
L- c J 

C > 4 . 1 7 
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T h u s t h e i ' t h component o f q c i s c d / z c 

F o l l o w i n g t h e r e a s o n i n g o f S e c t i o n 4 . 7 . 1 , an i n t e g e r random 

v a r i a b l e n ( v c ) i s d e f i n e d b y : -

k - 1 c . k c . 
n ( v ) A k , when J — < v < 7 ~ 4 . 1 8 

C = . m Z C Z 

1 = 1 C 1 = 1 " c 

k € { 1 , . . . , s } 

whe re v c i s a random number e [ 0 , 1 ] . T h u s l e t t i n g y c ( v c ) = 

[ z c ] . e n ( v ^ we have 

P r o p o s i t i o n 4 . 2 

E l Y c ( v c ) } = c > 

v 
c 

P r o o f 

F rcm e q u a t i o n 4 . 1 8 , f o r e a c h k e { l , . . . . , s ) , 

P r o b [ y ( v c ) = [ z c ] . e ^ = f -

c 

••• E { y c ( v c ) > } = f J . Z z 2 . V - c > 4 . 1 9 
v k = l c 

c 

C o r o l l a r y 

I t f o l l o w s f r o m P r o p o s i t i o n 4 . 2 t h a t t h e m a t r i x P ( t h e t r a n s p o s e o f 

w h i c h i s n o t , i n g e n e r a l , a p r o b a b i l i t y m a t r i x ) c a n be e x p r e s s e d i n t h e 

f o r m 

P = Q T . Z 4 . 2 0 



where Q is an s x s probability matrix with elements 

diagonal matrix of transition weights, i.e. Z assumes 
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{qij}, and Z is a 

the form 

Z = 

\ ° 

O Thus if 
s 

4.21 

then 

q.. = p../z., i, j £ {1 
j i y j J 

. . . , s} 4.22 

4.8.2 Obtaining a sequence of degenerate column matrices 

Following the argument of Section 4.7.1, we^can generate a sequence 

of random numbers { v t , t = 1, ...., N ) , and produce N unbiased estimates 

(G(v t), t = 1 , ...., N } of the matrix P = Q T Z . The j'th column of 

G ( v t ) is obtained by the following method: 

Defining the integer random variable n(vt) by 

k-1 k 
n(v ) A k, when \ q. < v < \ q.. r i=l J 11 i=l J 

for k £ {1, ..., s) . . . , 

4.23 

and t £ {1, . . . , N } 

then the j'th column of G ( v t ) is given by [ z j ] . e n ( V t ) , j = 1, 
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A g a i n , we s e e t h a t 

E ( G ( v t ) } = Q . Z 
v

t 

^ = P , t = 1, ..., N 4 . 2 4 

and G ( v t ) h a s t h e p r o p e r t y t h a t e a c h o f i t s co lumns h a s o n l y one non-

z e r o e l e m e n t . 

4 . 8 . 3 R e v e r s e - t i m e e s t i m a t i o n o f t h e a d j o i n t v e c t o r s e q u e n c e -

Method 1 

From e q u a t i o n 4 . 9 a we s e e t h a t 

W =
 P c > 

A.. 0 > = Pc> + P c> 
N - 2 

j i 
A N _ n > = Pc> + P c> + . . . + P c> 

4 . 2 5 

Members o f t h e s e q u e n c e { P c > , P 2 c >, . . . . , P 1 ^ } c a n be e s t i m a t e d 

u s i n g t h e t e c h n i q u e s g i v e n i n S e c t i o n s 4 . 8 . 1 and 4 . 8 . 2 . L e t y denote a 

s a m p l e o f ( N + l ) random numbers { v c ; v t , t = 1 , . . . . , N } . 

P r o p o s i t i o n 4 . 3 

n 

E ( I y. (y)} = V , 
y t = l 

N-n 
4 . 2 6 
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where yt(y) is the s-vector sequence generated by 

Y t + 1 > = G ( v
t + 1 ) • Y t > / t = 1 , . . N - 1 4.27a 

with y 1 > = G(v^) • y c ( v c ) > ^ 4.27b 

Proof 

Frcm equations 4.27a and 4.27b, 

t 

yt(y)> = TT G ( v - ; ) - y „ ( v j > 4 . 2 8 

i=l c c 

and as the members of 7 are independent, then 

t 

E {y (y)>> = IT E {G(v.)> E {y (v ]>} 
y i=l v. v c c 

1 c 

t 
= P .c> from equations 4.19 and 4.24 

Hence 

Y t=l 

frcm equations 4.25. 

Thus by calculating partial summations frcm one sequence of de-

generate vectors { y c ; y^-, t = 1, ...., N } , it is possible to obtain 

unbiased estimates of the adjoint vectors {Ate t = 0, N - l h 
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4 . 8 . 4 A s i m p l e i l l u s t r a t i o n o f f o r w a r d - and r e v e r s e - t i m e e s t i m a t i o n 

methods 

F rom a p r a c t i c a l p o i n t o f v i e w - i t s h o u l d be n o t e d t h a t t h e r e a r e 

f e w d i f f e r e n c e s b e t w e e n t h e p r o c e d u r e s f o r e s t i m a t i n g t h e s e q u e n c e s {IT T ) 

and { X t ^ * We h a v e a l r e a d y e s t a b l i s h e d t h a t s , t h e d i m e n s i o n o f t h e 

s t a t e s p a c e , c a n be a v e r y l a r g e number , e . g . 1 0 , 0 0 0 . B o t h o f t h e 

e s t i m a t i o n t e c h n i q u e s r e q u i r e o n l y t h e s t o r a g e o f a number ( o r u n i q u e 

s e t o f c o n d i t i o n s ) i d e n t i f y i n g t h e n o n - z e r o component o f e a c h d i s t r i -

b u t i o n o r a d j o i n t v e c t o r . I n t h e c a s e o f t h e ( y ^ - ) s e q u e n c e , we n o t o n l y 

h a v e t o i d e n t i f y t h e n o n - z e r o e l e m e n t , b u t a l s o have t o s t o r e a v a l u e 

c o r r e s p o n d i n g t o t h e t r a j e c t o r y ' s c o r e 1 , w h i c h i s r e v i s e d w i t h e v e r y 

t r a n s i t i o n s i m u l a t e d . I n n e i t h e r c a s e i s i t n e c e s s a r y t o c a l c u l a t e and 

s t o r e t h e s 2 e l e m e n t s o f e a c h F ( w t ) and G ( v t ) m a t r i x ; t h e a p p r o p r i a t e 

row o r co lumn b e i n g i d e n t i f i e d a s r e q u i r e d and c a l c u l a t e d . 

To g i v e an i d e a o f t h e s i m p l i c i t y o f t h e t e c h n i q u e s , c o n s i d e r t h e 

f o l l o w i n g 2 - s t a t e , u n c o n t r o l l e d Markov c h a i n d e s c r i b e d b y : 

A s suming t h a t we a r e t o u s e one f o r w a r d - t i m e s i m u l a t i o n and one 

r e v e r s e - t i m e s i m u l a t i o n t o o b t a i n e s t i m a t e s o f t h e v e c t o r s e q u e n c e s { t t q , 

t t i / "T2' © ^21 x . e . 3 t r a n s i t i o n s f r o m e a c h b o u n d a r y 

s t a t e , S e c t i o n s 4 . 7 . 2 and 4 . 8 . 3 t e l l u s t h a t no l e s s t h a n 3 random 

numbers a r e r e q u i r e d f o r e a c h f o r w a r d - t i n e r u n and 4 f o r e a c h r e v e r s e -

t i m e r u n . 
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E s t i m a t i n g {77 } 

T a k i n g t h e s e q u e n c e w f r c m a t a b l e o f r a n d a n n u m b e r s , 

wq = . 9 9 6 9 , wy = . 7 9 2 0 , w 2 = . 0 8 8 1 

we c a n c a l c u l a t e ( F ( w t ) ) : 

~ 0 1 ~ 

/ F ( w 1 ) = 
" 0 1 ~ 

, F ( w 9 ) = 

" 1 0 ' 

__0 1 _ 0 1 1 0 

and u s e e q u a t i o n 4 . 1 3 t o c a l c u l a t e t h e sequence ( x | - ( a ) ) } 

i . e . xq = [1 0 ] , x 2 = [0 1 ] , x 2 = [0 1 ] , x 3 = [1 0] 

and t h e s e v e c t o r s a r e u n b i a s e d e s t i m a t e s o f { i T t , t = 0 , 1 , 2 , 3 ) . 

N o t e , h o w e v e r , t h a t b e c a u s e o n l y one component ( t h e f i r s t ) o f xg i s 

n o n - z e r o , o n l y t h e f i r s t row o f F ( w g ) i s r e q u i r e d f o r c a l c u l a t i o n o f 

x y . S i m i l a r l y o n l y one row o f e a c h d e g e n e r a t e m a t r i x i s r e q u i r e d f o r 

e a c h t r a n s i t i o n i n t h e s i m u l a t i o n . Thus we i d e n t i f y and d e t e r m i n e t h e 

r e q u i r e d row o f e a c h d e g e n e r a t e m a t r i x a t the end o f e v e r y t r a n s i t i o n . 

E s t i m a t i n g i X t ) 

A g a i n , u s i n g a random number t a b l e t o d e t e r m i n e y , 

v c = . 8 2 6 8 , V]_ = . 0 7 8 6 , v 2 = . 6 9 7 6 , v 3 = . 7 4 0 1 
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U s i n g e q u a t i o n s 4 . 1 6 and 4 . 1 7 , c i s w r i t t e n a s c > = [ z c ] . q c > , w h e r e 

q c = [ l / 3
 2 / 3 ] T , and z c = 3 . A l s o , f rom e q u a t i o n 4 . 1 8 , 

Y c ( v c ) = 3 

l _ l j 

U s i n g e q u a t i o n s 4 . 2 1 and 4 . 2 2 , P c a n be r e p l a c e d by t h e m a t r i x 

p r o d u c t Q t Z , w h e r e 

Q = 

. 4 5 4 5 . 5 4 5 5 

. 5 5 5 6 . 4 4 4 4 
, z = 

1.1 0 
0 0 . 9 

A p p l i c a t i o n o f e q u a t i o n 4 . 2 3 g i v e s t h e s e q u e n c e ( G ( v t ) } , i . e . 

G ( v ^ ) = 
1 1 

0 0 

1.1 

0 

0 

0 . 9 

G ( V 2 ) = 
0 0 

1 1 

1.1 0 

0 0 . 9 

G ( v 3 ) = 
0 0 

1 1 

1.1 0 

0 0 . 9 

and c a l c u l a t i n g t h e sequence { y t ( Y ) ) u s i n g e q u a t i o n 4 . 2 7 a , 
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y 1 > = ( 0 . 9 x 3 ) 

y 2 > = ( 1 . 1 x 0 . 9 x 3 ) 

y 3 > = ( 0 . 9 x 1 . 1 x 0 . 9 x 3 ) 

i . e . 

y i > = 

2 . 7 

0 

y 2 > = 

0 

2 . 97 

0 

2 . 6 7 3 

We know t h a t \ 3 > = 0> , a n d f r c m P r o p o s i t i o n 4 . 3 , . 

( e s t i m a t e o f A 2 ) = y ^ = 
2 . 7 

0 

( e s t i m a t e o f A^) = y ^ + y 2 = 
2 . 7 

2 . 9 7 
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2 . 7 

5 . 6 4 3 _ 

F r a n t h e e x a m p l e , i t c a n be s e e n t h a t e a c h y ^ r e q u i r e s i d e n t i f i -

c a t i o n o f t h e n o n - z e r o e l e m e n t and s t o r a g e o f a ' t r a j e c t o r y s c o r e ' o r 

' w e i g h t i n g f a c t o r ' , w h i c h i s m o d i f i e d w i t h e a c h t r a n s i t i o n . A g a i n i t 

s h o u l d be a p p a r e n t t h a t o i l y one c o l u m n and w e i g h t i n g f a c t o r o f G(v^-) 

need be c a l c u l a t e d a t e a c h t r a n s i t i o n . 

4 . 8 . 5 Some comments o n g r a d i e n t e s t i m a t i o n 

So f a r we h a v e d e f i n e d m e t h o d s f o r e s t i m a t i n g { 7 r t } f r c m a f o r w a r d -

t i m e s i m u l a t i o n and { f r o m a r e v e r s e - t i m e s i m u l a t i o n . B y u s i n g 

d i f f e r e n t s e q u e n c e s o f i n d e p e n d e n t r a n d a n numbers i n e a c h s i m u l a t i o n , i t 

i s a p p a r e n t t h a t t h e s e q u e n c e e s t i m a t e s a r e i n d e p e n d e n t o f e a c h o t h e r . 

I t f o l l o w s t h a t t h e s e e s t i m a t e s c a n be s u b s t i t u t e d f o r { t t a n d {X t - } i n 

e q u a t i o n 4 . 7 t o p r o v i d e a n u n b i a s e d e s t i m a t e o f t h e g r a d i e n t o f t o t a l 

p r o c e s s c o s t o v e r N c y c l e s w i t h r e s p e c t t o t h e c o n t r o l p a r a m e t e r s . 

M u l t i p l y i n g t h i s q u a n t i t y b y t h e f a c t o r ( 1 / N ) y i e l d s t h e g r a d i e n t o f 

mean p r o c e s s c o s t p e r c y c l e , w h i c h i s u s e d i n l a t e r c h a p t e r s i n 

p r e f e r e n c e t o t h e g r a d i e n t o f t o t a l c o s t . I t i s w o r t h n o t i n g t h a t t h e 

two s e q u e n c e s o f d e g e n e r a t e m a t r i c e s c o u l d be o b t a i n e d by u s i n g t h e same 

s e q u e n c e o f r andom n u m b e r s , { w t , t = 0 , . . . . , N - l } , w i t h e a c h o f t h e 

f u n c t i o n s F ( . ) and G ( . ) d e f i n e d e a r l i e r . Tb do t h i s , we r e t a i n a n 

i n d e p e n d e n t r andom n u m b e r , v c , and t h e n p u t V]_ = v 2 = 

e t c . B e c a u s e t h e e s t i m a t e i s a f u n c t i o n o f (w- [ , i = 0 , . . . . , t - 1 } 

N - t - 1 
a n d t h e e s t i m a t e I y . (w) i s a f u n c t i o n o f { w ^ , i = t , . . . . , N - l } , i t 

i = l 

c a n be s e e n t h a t t h e e s t i m a t e s a r e i n d e p e n d e n t o f e a c h o t h e r . I t 

f o l l o w s t h e r e f o r e , t h a t e a c h o f t h e N c o m p o n e n t s 

( e s t i m a t e o f X Q ) = y ^ + y 2 + y ^ = 
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3 N-t-1 
<xt(w) D(a) . P . I yi(w)>, t=0, N - 1 

i=l 

i s an u n b i a s e d e s t i m a t e o f 

B e c a u s e t h e sum o f u n b i a s e d e s t i m a t e s i s an u n b i a s e d e s t i m a t e o f 

t h e sum, we u l t i m a t e l y o b t a i n a n u n b i a s e d c o s t g r a d i e n t e s t i m a t e . F o r 

methods w h i c h w i l l be d e s c r i b e d l a t e r , t h e use o f common random number 

s e q u e n c e s i s shown t o d e c r e a s e t h e v a r i a n c e o f g r a d i e n t e s t i m a t e s b u t i t 

seems u n l i k e l y t h a t s u c h b e n e f i t s wou ld be r e a l i s e d f o r t h e g r a d i e n t 

e s t i m a t o r c o n s i d e r e d i n t h i s s e c t i o n , due t o t h e p a r t i a l summat ions 

r e q u i r e d f o r e s t i m a t e s o f { A t } . We c a n n o t g u a r a n t e e a r e d u c t i o n i n 

v a r i a n c e , b u t we c e r t a i n l y r e d u c e comput ing t i n e by u s i n g common random 

number s e q u e n c e s , s o t h e e x a m p l e s w h i c h a p p e a r l a t e r employ t h e 

t e c h n i q u e f o r t h a t r e a s o n . 

4 . 8 . 6 R e v e r s e - t i m e e s t i m a t i o n o f t h e a d j o i n t v e c t o r s e q u e n c e - Method 2 

C o n s i d e r t h e f o l l o w i n g , c o n c e p t u a l a p p r o a c h i n v o l v i n g a n a l y t i c a l 

m a n i p u l a t i o n o f t h e d e g e n e r a t e row m a t r i c e s ( F ( w t ) } i n r e v e r s e - t i m e . 

P r o p o s i t i o n 4 . 4 

E {z (oj)} = A , t = 0 , ..., N 
03 

where t h e s e q u e n c e { z ( w ) } i s g i v e n by 
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z.> = F(w. ) . [c> + z, .,>], t = 0 t' • • • / n - l 4.30a 

with = 0> 4.30b 

P r o o f 

F o l l o w s f r o m e q u a t i o n s 4 . 4 and 4 . 1 1 

Of c o u r s e , i t wou ld be an e x t r e m e l y l a b o r i o u s e x e r c i s e t o c a l c u l a t e 

e a c h o f t h e s rows o f F ( w t ) f o r t = 0 , 1 , . . . . , N - l . We t h e r e f o r e use 

t h e methods d e s c r i b e d i n S e c t i o n s 4 . 8 . 1 and 4 . 8 . 2 t o o b t a i n u n b i a s e d 

e s t i m a t e s o f { z (oj) } w h i c h we d e n o t e by { z (w, t ) } . t r e p r e s e n t s a 
i— u 

s a m p l e o f i n d e p e n d e n t randcm numbers needed b o t h t o r e d u c e v e c t o r s 

{ c , ( c + T ) ) / — r ( c + z^(u>, t ) ) } t o d e g e n e r a t e e s t i m a t e s , and t o 

e x p r e s s F (w^) i n a fo rm s i m i l a r t o e q u a t i o n 4 . 2 0 . Though F (w^) h a s 

d e g e n e r a t e r o w s , i t s co lumns m i g h t c o n s i s t o f a l l z e r o 

e l e m e n t s o r m i g h t i n c l u d e s e v e r a l (up t o s ) o n e s ; 

I n p r a c t i c e , i t i s n o t n e c e s s a r y t o s t o r e t h e n m a t r i c e s { F ( w t ) , 

t = 0 , . . . . , n - l } . By s t o r i n g t h e s e q u e n c e w , any co lumns o f F ( . ) c a n 

be d i r e c t l y c a l c u l a t e d a s r e q u i r e d , u s i n g t h e same r u l e s a s t h o s e 

a p p l i e d d u r i n g f o r w a r d - t i m e e s t i m a t i o n o f { i T t , t = 0 , ...., n } , e . g . 

e a c h o f t h e s e l e m e n t s o f co lumn j o f F ( w ^ ) i s e v a l u a t e d u s i n g the r u l e : 

T o i l l u s t r a t e t h e t e c h n i q u e , we a g a i n o o n s i d e r t h e 2 - s t a t e example 

o f t h e p r e v i o u s s e c t i o n . As b e f o r e , t h e w - s e q u e n c e i s 

j - 1 3 

0 r o t h e r w i s e 
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Wq = . 9 9 6 9 , wjl = . 7 9 2 0 , w 2 = 0 8 8 1 , 

f r o m w h i c h we o b t a i n , 

F(w ) = , F(w 1) = , F ( W 2 ) = 

New t o imp lement Method 2 , we r e q u i r e the f o l l o w i n g s e q u e n c e , t , o f 

random n u m b e r s , a g a i n t a k e n f rom a t a b l e : { . 9 4 6 4 , . 4 0 3 4 , . 7 4 3 4 , . 6 1 4 2 , 

. 5 8 2 0 } 

We h a v e : 

z - 5 ( d ) , t ) = 0 , 

1 " 1 / 3 " 
[ c + z (U), t ) ] = = 3 

2 2 / 3 

and we use t h e random number . 9 4 6 4 t o r e w r i t e t h i s i n the d e g e n e r a t e 

f o r m , [ 3 ] . [ 0 1 ] T , i . e . i d e n t i f y i n g s t a t e e 2 w i t h w e i g h t i n g f a c t o r 3 . 

P o s s i b l e t r a n s i t i o n s f r o m s t a t e e2 a r e d e t e r m i n e d by t h e p o s i t i o n s 

o f ones ( i f a n y ) i n co lumn 2 o f F ( w 2 ) . We s e e t h a t i n t h i s c a s e t h e r e 

i s no t r a n s i t i o n t o be c a l c u l a t e d and o u r e s t i m a t e o f A 2 , i . e . z 2 ( W , T) 

i s s i m p l y t h e z e r o v e c t o r , [0 0 ] T . T b p r e p a r e f o r t h e n e x t 

t r a n s i t i o n , t h e v e c t o r c i s added t o Z2(u>, t ) and a n o t h e r random number , 

. 4 0 3 4 , u sed t o p r o v i d e t h e d e g e n e r a t e fo rm [ 3 ] . [0 1 ] T . L o o k i n g a t 

c o l u m n 2 o f F ( w ^ ) , t h e p r e s e n c e o f two l ' s i n t h e co lumn means t h a t 

a n o t h e r r a n d a n number ( . 7 4 3 4 ) i s r e q u i r e d t o r e d u c e t h e m a t r i x t o t h e 

d e g e n e r a t e f o r m 
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" o 0 ~ ~ 0 0 " 

_ 0 1 _ _ 0 2 _ 

and t h e t r a n s i t i o n i s c a l c u l a t e d , g i v i n g an e s t i m a t e o f A]_ , i . e . 

z ^ c o j , x ) = [ 6 ] . 

P r e p a r i n g f o r t h e n e x t t r a n s i t i o n , 

[ c + z^ ( w , t ) ] = 

and . 6 1 4 2 p r o v i d e s the d e g e n e r a t e f o r m [ 9 ] . [0 1 ] T . 

The f i n a l number i n t h e t - s e q u e n c e , . 5 8 2 0 , r e d u c e s F ( w g ) t o 

~ 0 0 ~ ~ 0 0 " 

_ 0 1 _ _ 0 2 _ 

and c a l c u l a t i n g t h e f i n a l t r a n s i t i o n p r o v i d e s t h e A q e s t i m a t e , 

z 0 ( u ) , t ) = [ 1 8 ] . 

The e s t i m a t e s o b t a i n e d by t h i s method a r e a p p a r e n t l y w o r s e t h a n 

t h o s e p r o v i d e d by Method 1 , b u t t h i s method o f f e r s t h e c o n s i d e r a b l e 

a d v a n t a g e t h a t t h e a d j o i n t v e c t o r e s t i m a t e s a r e s t o r e d i n a d e g e n e r a t e 

f o r m , w h e r e a s Method 1 y i e l d s a sequence o f d e g e n e r a t e v e c t o r s , b u t 

r e q u i r e s s u m m a t i o n s ( s o m e t i m e s v e r y t i m e consuming i f t h e s i m u l a t i o n i s 
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l o n g ) t o p r o v i d e a d j o i n t e s t i m a t e s . P a r t i a l summat ions c a n n o t be s t o r e d 

d u r i n g t h e e x e c u t i o n o f Method 1 b e c a u s e t h e r e s u l t i n g v e c t o r o o u l d 

e a s i l y h a v e a s many n o n - z e r o e l e m e n t s a s t h e number o f s i m u l a t e d 

t r a n s i t i o n s . The r e l a t i v e e f f i c i e n c i e s o f Methods 1 and 2 w i t h r e s p e c t 

t o r u n t i m e and v a r i a n c e a r e w e l l i l l u s t r a t e d by l a t e r e x a m p l e s . 

4 . 8 . 7 F o r w a r d - t i m e e s t i m a t i o n o f t h e a d j o i n t s e q u e n c e 

T h i s a p p r o a c h i s recommended f o r c a s e s where e s t i m a t e s o f o n l y one 

o r two e l e m e n t s o f e a c h a d j o i n t v e c t o r a r e r e q u i r e d , and i s e s p e c i a l l y 

e f f e c t i v e when used a s p a r t o f a g r a d i e n t e s t i m a t i o n r o u t i n e , where t h e 

sequence {x^.(oo) } e f f e c t i v e l y d e t e r m i n e s w h i c h e l e m e n t s o f t h e v e c t o r s 

{ X t , t = 0 , . . . . , N } s h o u l d be e s t i m a t e d . 

F r a n e q u a t i o n 4 . 4 , we h a v e 

A > = P c > + P 2 c > + . . . + P N V - 4 . 3 1 

Suppose we w i s h t o e s t i m a t e e l e m e n t i o f t h e v e c t o r X^-, i . e . we 

r e q u i r e an e s t i m a t e o f 

< e i , X t > = < e d , [ P c > + P 2 c > + . . . + P N ^ > 3 4 . 3 2 

S e c t i o n 4 . 7 d e s c r i b e s a method f o r e s t i m a t i n g t h e v e c t o r s { < e - jP , 

< e d P 2 , ' . . . . , <e :j_PN~ t } , u s i n g t h e random number sequence to . A p p l y i n g 

e q u a t i o n 4 . 1 3 , and d e f i n i n g x .̂ = e j_ r t h e r e s u l t i n g d e g e n e r a t e row v e c t o r 

e s t i m a t e s a r e 

t+1 N - l 
{<e . F (w ) , <e T T F ( w ) , . . . , <e. J J F ( w , ) } 

1 11 1 k = t K 1 k = t k 



160. 

w h i c h c a n be s e e n t o h a v e t h e r e q u i r e d e x p e c t e d v a l u e s f r c m e q u a t i o n 

4 . 1 1 . T h u s , a t l e a s t i n p r i n c i p l e , we c o u l d o b t a i n an u n b i a s e d e s t i m a t e 

o f < e p , X t > f r o m 

N - l j 
< e . , X > = E { I <e . T T F < w

k > ' C > > 4 ' 3 3 

a) j = t k = t 

I f we d e f i n e a ' s t a t e t r a j e c t o r y ' by e q u a t i o n 4 . 1 3 , r e p e a t e d b e l o w : 

< x t + 1 = <x . F ( w ) , t = 0 , 1 , . . . , N - 1 4 . 1 3 

w i t h g i v e n i n i t i a l s t a t e x g , t h e n i t f o l l o w s f rom e q u a t i o n 4 . 3 3 t h a t by 

g e n e r a t i n g a s t a t e t r a j e c t o r y (xg = e p , x j = e j , . . . . , = e k , x ^ } , 

we c a n o b t a i n u n b i a s e d e s t i m a t e s o f <ep, X g > , < e j , X ] > , . . . . , 

. ^ k / ^ N - l > • 

S u p p o s e , a s suming t h e w o r s t c a s e , t h a t we w i s h t o e s t i m a t e a l l s 

e l e m e n t s o f e a c h c o - s t a t e v e c t o r , i . e . ( < e p , Xt>", i = I f . . . . , s ; t = 0 , 

1 , . . . . , N } . 

U s i n g t h e random number sequence to , and e q u a t i o n 4 . 1 3 , we c a n 

o b t a i n e s t i m a t e s o f t h e s e l e m e n t s ( < e p , \ q > , i = 1/ s } by 

g e n e r a t i n g s s t a t e t r a j e c t o r i e s w i t h i n i t i a l s t a t e s { x g = e ^ , i = 1 , 

. . . . , s } , and u s i n g t h e e s t i m a t o r d e f i n e d b e l o w : 

V = 

< e i ' V 

< e s ' V 

E 
03 

N - l j 

I <en T T F(w ), c> 
j=o 1 k=0 K 

N - l 
I <e f f F ( w ) , c > 

j = 0 s k=0 K 

4 . 3 4 
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I f , and o n l y i f , t h e Markov c h a i n i s r e g u l a r ( a s d e f i n e d i n Kemeny 

and S n e l l ( 4 5 , p . 3 5 ) ) and h a s no t r a n s i e n t s t a t e s , t h e n t h e r e i s a 

f i n i t e p r o b a b i l i t y t h a t a t e a c h t e ( l , . . . . , N - l } a t l e a s t one o f t h e s 

t r a j e c t o r i e s above w i l l p r o g r e s s f r o m - e a c h s t a t e ( x t = e j , j = 1 , . . . . , 

s}. 

I n t h i s c a s e we c o u l d , i n p r i n c i p l e , g e n e r a t e a l l p o s s i b l e random 

number s e q u e n c e s u) and n o t o n l y e s t i m a t e Xq , a l s o u se t h e same s t a t e 

t r a j e c t o r i e s and e q u a t i o n 4.35 t o e s t i m a t e { X t , t = 1 , . . . . , N - l } : 

x t > = 

< e r X t > 

< e s ' V 

e m 

u) 

N - l 
I <e, fl~ E (w, ) , c> 

j = t k = t 

N - l 
I <e TT F(w, ), c> 

J=t k = t 

4 . 3 5 

U n f o r t u n a t e l y , t h i s a p p r o a c h i s i m p r a c t i c a l , n o t o n l y b e c a u s e i t 

a p p l i e s o n l y t o r e g u l a r Markov c h a i n s , b u t a l s o b e c a u s e i t wou ld be 

n e c e s s a r y t o g e n e r a t e enough s t a t e t r a j e c t o r i e s t o e n s u r e t h a t e v e r y 

s t a t e { x t = i = 1 , . . . . , s } i s i n c l u d e d i n a t l e a s t one s t a t e 

t r a j e c t o r y a t e a c h t = 0 , . . . . , N - l . The p r o b a b i l i t y t h a t a g i v e n s t a t e 

i s i n c l u d e d i n some t r a j e c t o r y may be s o low t h a t t h e v a r i a n c e o f a n y 

e s t i m a t e b a s e d on t r a n s i t i o n s f r o m t h a t s t a t e w o u l d be u n a c c e p t a b l y 

h i g h . A l s o we c o n s i d e r t h e e s t i m a t i o n o f a l l e l e m e n t s o f e a c h a d j o i n t 

v e c t o r t o be an e x t r e m e r e q u i r e m e n t , many c a s e s c a l l i n g f o r e s t i m a t i o n 

o f no more t h a n one o r two e l e m e n t s o f e a c h v e c t o r , s o t h a t w h i l s t t h i s 

a p p r o a c h e f f i c i e n t l y e s t i m a t e s X Q , i t s e f f i c i e n c y i n e s t i m a t i n g X t , 

t = 1 , . . . . , N - l c a n be l o w . We t h e r e f o r e s e e k a method w h i c h a l l o w s u s 

t o c o n c e n t r a t e o u r e f f o r t s upon e s t i m a t i n g j u s t t h o s e e l e m e n t s r e q u i r e d 

f r c m e a c h v e c t o r . 



162. 

4 . 8 . 8 P r a c t i c a l f o r w a r d - t i m e e s t i m a t o r s 

Method 3a 

Tb i l l u s t r a t e a p r a c t i c a l s o l u t i o n , we a g a i n c o n s i d e r the p r o b l e m 

o f e s t i m a t i n g {<ej_ , , i = 1 , . . . . , s ; t = 0 , . . . . , N - l } . A b r u t e 

f o r c e a p p r o a c h m i g h t be t o u se t h e random number s e q u e n c e oo and e q u a t i o n 

4 . 1 3 t o g e n e r a t e s s t a t e t r a j e c t o r i e s o v e r N t r a n s i t i o n s , w i t h i n i t i a l 

s t a t e s { xq = i = 1 , . . . . , s } , d e f i n i n g t h e e s t i m a t o r f o r a q b y 

e q u a t i o n 4 . 3 4 . F o r g e t t i n g o b v i o u s r e d u n d a n c i e s t e m p o r a r i l y , we c a n 

g e n e r a t e a n o t h e r s s t a t e t r a j e c t o r i e s o v e r N - l t r a n s i t i o n s f rom t = 1 

w i t h i n i t i a l s t a t e s { x j_ = e-j_, i = 1 , . . . . , s } , d e f i n i n g the e s t i m a t o r 

f o r A i by e q u a t i o n 4 . 3 5 . C o n t i n u i n g t h i s p r o c e d u r e up t o t = N - l g i v e s 

u s a l a r g e number o f s t a t e t r a j e c t o r i e s t o f o l l o w and f o r N and s o f 

o n l y modes t v a l u e s , ( e . g . N = 1000 and s o f o r d e r s e v e r a l hundred ) t h e 

c o m p u t a t i o n a l b u r d e n becomes i n t o l e r a b l e . N e v e r t h e l e s s we i n c l u d e 

r e s u l t s w h i c h g i v e an i n d i c a t i o n o f t h e comput ing t i m e and a c c u r a c y o f 

t h i s a p p r o a c h i n S e c t i o n 4 . 9 and c o n t i n u e by c o n s i d e r i n g a w e i g h t i n g 

method s i m i l a r t o von Neuman's ' R u s s i a n R o u l e t t e ' , w h i c h r e d u c e s t h e 

number o f t r a j e c t o r i e s t o a manageab le l e v e l . 

Method 3b 

L e t p d e n o t e a n o t h e r sequence o f N randcm numbers { r ^ , i = 0 , . . . . , 

N - l } . F o r e a c h t e { 0 , . . . . , N - l } we d e f i n e an i n t e g e r random v a r i a b l e 

i(r t) 

i (rt) A k 4 . 3 6 

k £ { 1 ..., s } 
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from which we obtain a sequence of (row-) vectors 

X t = e i ( r t ) '
 t = 0 • • • r n - 1 4.37 

By setting xt = xt and applying equation 4.13, we generate one 
state transition from each xt, t = 0, ...., N-1 and record the following 
vector sequence: 

where the superscript signifies that only one transition from state x̂  
selected at t is considered. 

Because there exists a finite (and equal) probability that any one 
of the s possible states of the chain is selected at each t = 0, ...., 
N-1, then there is also a finite probability that a trajectory (as 
defined by the use of equation 4.13 with w )- is followed for (N-t) 
transitions from a given state xt. The probability of following a 
trajectory for n transitions is l/s11, and so, at the end of the n'th 
transition from state = xk, we define another vector 

n+t-1 
Iy (w, p) A [ [sn] < x t TT F(w.), c>] xt> 4.39 

j=t J 

Any (w, p) not defined by equation 4.38 or 4.39 is set equal to 

^ ( w , p) A [ [s] < x t . F(w t), c>] x t > 4.38 

zero. 

Let 

N-t , 
-t.iiDr p) A I i r (w, p) 

r k=l 

4.40 

for t = 0, 1, ..., n - 1 
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E { E {£ (oj, p)} } = A t = 0, 1 , N - 1 
a) p 

Proof 

Frail equation 4.40 

E { E U t(u), p) > } 
a) p 

N - t 

= e { [ - 4 r . i 

k+t-1 

0) k=l s 
F z [ [ s J < e . TT F(w ) , o ] . e >} 
; i(r t)=l j=t 3 l ( r t ) 

N-t s k+t-1 
= I I [ < e i ( r ) T T F(w ) , c > ] . e >} 

u) k=l i (r )=1 1 U V j=t 3 1 ( V 

= E<; 

uj 

N - t 

I 
k=l 

> 

k+t-1 
<6. J ] F (w.), c> 

- j=t 3 

k+t-1 
<e J T E (w.), c> 

j=t
 3 

= A t , from equations 4.11 and 4.35 

It should be apparent that Methods 3a and 3b as described are two 

extremes, i.e. Method 3a provides estimates of the s components of each 

adjoint vector while Method 3b makes use of weighting methods to reduce 

the computing burden in each run by estimating only one component of 

each vector. The price paid for this reduction in work-load is an 

increase in the variance of the estimated values. The ideal method 

would allow estimation of as many vector components as computer 

^ F r a m the previous page and equation 4.39, it is apparent that the k'th 

transition of the trajectory starting frcm state = ^ ^ is generated 
k t 

with probability 1/s , and this holds for i(r t) = 1 , ..., s. 
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r e s o u r c e s a l l o w , l e a v i n g w e i g h t i n g methods t o a c c o u n t f o r t h e r e m a i n d e r . 

A s i n g l e r u n wou ld t h u s be f o r c e d t o p r o v i d e t h e maximum amount o f 

i n f o r m a t i o n w i t h o u t becoming i m p r a c t i c a l . I t i s n o t d i f f i c u l t t o s e e 

t h a t t h e w e i g h t i n g method employed above c a n be m o d i f i e d i n a number o f 

ways t o a c h i e v e t h i s o b j e c t i v e . 

A s a s i m p l e i l l u s t r a t i o n w h i c h w i l l be r e l e v a n t t o o u r d i s c u s s i o n 

o f g r a d i e n t e s t i m a t i o n , we c o n s i d e r t h e e s t i m a t i o n o f one component o f 

e a c h o f N a d j o i n t v e c t o r s , w h e r e N i s a v e r y l a r g e number . When u s i n g 

e s t i m a t i o n method 3 a , a n a d d i t i o n a l t r a j e c t o r y i s r e q u i r e d a t e a c h t = 

0 , 1 , . . . . , N - l , so t h a t a s t h e s i m u l a t i o n p r o g r e s s e s , we a r e f a c e d w i t h 

t h e i m p o s s i b l e t a s k o f f o l l o w i n g up t o N t r a j e c t o r i e s . Method 3b c a n be 

m o d i f i e d t o s o l v e t h i s p r o b l e m . Assuming t h a t the compute r c a n g e n e r a t e 

a maximum o f m t r a j e c t o r i e s s i m u l t a n e o u s l y , we can b e g i n e s t i m a t i n g the 

f i r s t m components by Method 3 a . Thus the t r a j e c t o r y b e g i n n i n g a t s t a t e 
t 

x 0 = e d a d d s a ' c o n t r i b u t i o n ' <e. J J " F ( w . ) , c> t o t h e e s t i m a t e o f the 
1 j=0 3 

component Ag> a t a a c h t e { 0 , . . . . , m } . 

B y t h e end o f t h e m ' t h t r a n s i t i o n , a t o t a l o f in t r a j e c t o r i e s a r e 

b e i n g g e n e r a t e d , and t h e r e q u i r e m e n t f o r a n o t h e r component e s t i m a t e ( o f 

< x m , Am>) c a l l s f o r i n i t i a t i o n o f a n o t h e r t r a j e c t o r y , w h i c h we assume t o 

be beyond t h e c o m p u t e r ' s c a p a b i l i t y . A v a r i a n t o f Method 3b a l l o w s the 

e l i m i n a t i o n o f one t r a j e c t o r y f r o m t h e (m+1) w i t h o u t i n t r o d u c i n g b i a s . 

U s i n g t h e f o r m e r sequence p , o f random number s , ws r e d e f i n e t h e i n t e g e r 

randcm v a r i a b l e : 

k e { 1 , 2 , . . . , m, (m+1)} 

f o r t = ( m t l ) , (m+2) , . . . , ( N - l ) 
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A f t e r l a b e l l i n g t h e p o s s i b l e t r a j e c t o r i e s { 1 , 2 , (nH-1)} , t h e n 

a t t = m+1 we d i s c a r d ( i . e . g e n e r a t e no more t r a n s i t i o n s o r c o n t r i -

b u t i o n s f o r ) t h e one h a v i n g i ( r m + ] _ ) a s i t s l a b e l . The p r o b a b i l i t y t h a t 

e a c h o f t h e m f l t r a j e c t o r i e s i s t e r m i n a t e d i n t h i s way i s l / ( m + l ) , and 

t h e r e f o r e e a c h s u r v i v e s w i t h p r o b a b i l i t y m / ( n H - l ) . 

T h u s i n o r d e r t o a v o i d b i a s we w e i g h t f u r t h e r c o n t r i b u t i o n s f r o m 

t h e m s u r v i v o r s by t h e f a c t o r (m+ l ) /m . B e c a u s e o f t h e s t r u c t u r e o f t h e 

p r o b l e m , i t t u r n s o u t t h a t by f o l l o w i n g t h i s p r o c e d u r e a t e a c h t e { ( m + 2 ) , 

( m + 3 ) , . . . . , ( N - l ) } , we a l w a y s h a v e t o d i s c a r d one f r o m nH-1 t r a j e c t o r i e s 

a t t h e b e g i n n i n g o f e a c h t r a n s i t i o n . I f a t r a j e c t o r y ' s u r v i v e s ' n o f 

t h e s e t r i a l s o f ' R u s s i a n R o u l e t t e ' , t h e n t h e c o n t r i b u t i o n f r o m i t s n e x t 

t r a n s i t i o n w i l l be w e i g h t e d by t h e f a c t o r [ ( m + l ) / m ] n . I t f o l l o w s t h a t 

t h e t r a j e c t o r y s t a r t i n g a t s t a t e xg = e ^ and s u r v i v i n g u n t i l t = m + n 

w i l l p r o v i d e a c o n t r i b u t i o n 

m + n % 
[ ( m + l ) / m ] n . <e. f T F ( w ) , c > 

t=0 

t o t h e e s t i m a t e o f <e-j_, Ag > a t i t s n e x t t r a n s i t i o n . 

I f i t i s p o s s i b l e t o c l a s s i f y t r a j e c t o r i e s a s m o r e , o r l e s s 

i n t e r e s t i n g by some c r i t e r i o n , i t may be d e s i r a b l e t o i n c r e a s e t h e 

p r o b a b i l i t y o f d i s c a r d i n g l e s s i n t e r e s t i n g t r a j e c t o r i e s and t h e r e f o r e 

i n c r e a s e t h e p r o b a b i l i t y o f k e e p i n g t h e 'more i n t e r e s t i n g ' o n e s , 

a d j u s t i n g t h e w e i g h t i n g f a c t o r s a c c o r d i n g l y . U s i n g t h i s , and o t h e r 

v a r i a t i o n s on t h e R u s s i a n R o u l e t t e w e i g h t i n g t e c h n i q u e , we c a n e x e r c i s e 

c o m p l e t e c o n t r o l o v e r t h e s i z e o f t h e comput ing p r o b l e m , and we c a n make 

t h e mos t e f f e c t i v e u se o f t h e r e s o u r c e s a v a i l a b l e . 

# -The p r o b a b i l i t y t h a t t h e t r a j e c t o r y ' s u r v i v e s ' e a c h t r i a l o f ' R u s s i a n R o u l e t t e ' 
i s ( m / ( m + l ) ) , a n d i t t h e r e f o r e s u r v i v e s n t r i a l s w i t h p r o b a b i l i t y ( m / ( m + l ) ) n . 
T h e e x p e c t e d v a l u e o f t h e ' c o n t r i b u t i o n ' f r o m t h e n t h t r a n s i t i o n i s 
t h e r e f o r e < e . \\ F(w ) , c > , a s r e q u i r e d . 
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Method 3c 

The work o f Howard ( 7 ) and o t h e r s h a s shown t h a t t h e a d j o i n t v e c t o r 

s e q u e n c e f o r a r e g u l a r Markov c h a i n a p p r o a c h e s t h e f o l l o w i n g a s y m p t o t i c 

f o r m : 

o . e . f o r l a r g e n ( < N) 

w h e r e g i s a s c a l a r r e p r e s e n t i n g t h e mean p r o c e s s c o s t p e r c y c l e and 

X i s a c o n s t a n t s - v e c t o r f o r t h e c h a i n q u a n t i f y i n g t h e r e l a t i v e m e r i t s 

o f commencing a t r a j e c t o r y i n e a c h o f t h e s s t a t e s . 

Whereas g i n d i c a t e s t h e s t e a d y - s t a t e p e r f o r m a n c e o f t h e p r o c e s s , 

t h e v e c t o r X r e p r e s e n t s t h e t r a n s i e n t c o s t s a s s o c i a t e d w i t h e a c h s t a t e . 

We h a v e e s t a b l i s h e d t h a t i n o r d e r t o e s t i m a t e g r a d i e n t s , we r e q u i r e 

e s t i m a t e s o f b o t h t h e s t a t e d i s t r i b u t i o n v e c t o r -sequence and t h e a d j o i n t 

v e c t o r s e q u e n c e and we s e e f r o m e q u a t i o n 4 . 7 t h a t t h e f o r m u l a t i o n 

r e q u i r e s t h a t a d j o i n t v e c t o r s be p r e - m u l t i p l i e d by t h e m a t r i x p r o d u c t 

g 

C?—D ( a ) ] P . The a s s u m p t i o n o f l o n g s i m u l a t i o n r u n s e f f e c t i v e l y a l l o w s 
d gt 

t h e use o f t h e a s s y m p t o t i c a d j o i n t e q u a t i o n ( 4 . 4 2 ) , and b e c a u s e P i s a 

p r o b a b i l i t y m a t r i x , i t c a n be s e e n t h a t t h e f o l l o w i n g e q u a t i o n h o l d s : 

4 . 4 2 

= n g 1> + PX> 4 . 4 3 

From S e c t i o n 4 . 5 , we s e e t h a t rows o f [3— D ( a ) ] a r e e i t h e r z e r o , o r 

o f t h e f o r m [ 0 . . . . 0 1 0 0 - 1 0 0 ] , so t h a t 

D W ] P V n ^ [ ^ d ( a ) ] p x > 4 . 4 4 
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i . e . f o r t h e p u r p o s e s o f g r a d i e n t e s t i m a t i o n , we a r e n o t c o n c e r n e d w i t h 

t h e s t e a d y - s t a t e c o s t s o f t h e c h a i n , and t h e a d j o i n t e s t i m a t i o n r o u t i n e 

i s r e d u c e d t o p r o v i d i n g an e s t i m a t e o f t h e c o n s t a n t v e c t o r A . The f a c t 

t h a t A r e p r e s e n t s a t r a n s i e n t f e a t u r e o f t h e c h a i n i s h i g h l y s i g n i f i -

c a n t . The e s t i m a t i o n o f A t h e o r e t i c a l l y r e q u i r e s s i m u l a t i o n o f a n 

i n f i n i t e number o f c y c l e s , b u t b e c a u s e tA^ > - A>] 0 , we c a n i n 

p r a c t i c e abandon t h e s i m u l a t i o n a f t e r a f i n i t e number o f c y c l e s ( e i t h e r 

f i x e d b e f o r e h a n d , o r d e c i d e d by s a n e s t o c h a s t i c t e c h n i q u e - s e e l a t e r 

d i s c u s s i o n o f n o n - t e r m i n a t i n g s e q u e n c e s i n S e c t i o n 6 . 3 . 4 ; a l s o Kahn 

A s t h e components o f A r e p r e s e n t t h e r e l a t i v e c o s t s a s s o c i a t e d w i t h 

t h e s s t a t e s o f t h e c h a i n , we a r e j u s t i f i e d i n s e t t i n g t h e s ' t h 

component o f A e q u a l t o z e r o and e s t i m a t i n g the r e m a i n i n g ( s - 1 ) compon-

e n t s r e l a t i v e t o t h a t . T h i s method t h e r e f o r e e s t i m a t e s t h e ' r e l a t i v e 

c o s t v e c t o r ' d e f i n e d by 

A> A A> - [<e , A>] . 1> 4 . 4 5 

Method 3c d i f f e r s f r o m t h o s e p r e v i o u s l y d e s c r i b e d i n t h a t compon-

e n t s o f t h e r e l a t i v e c o s t v e c t o r A a r e e s t i m a t e d f r o m s i m u l a t e d t r a j e c -

t o r i e s w h i c h h a v e a s t o c h a s t i c r u n l e n g t h . A l s o i t f o l l o w s t h a t t h e 

number o f t r a j e c t o r i e s b e i n g g e n e r a t e d a t any t e ( 0 , 1 , . . . . , N - l } i s a 

random v a r i a b l e w h i c h i s i n f l u e n c e d by t h e t r a n s i e n t r e s p o n s e o f t h e 

s y s t e m . ' 

I f a l l s e l e m e n t s o f A a r e t o be e s t i m a t e d , we s i m u l t a n e o u s l y 

g e n e r a t e s t r a j e c t o r i e s s t a r t i n g f rom t h e s t a t e s : 

( 2 9 ) ) 

1 2 
'0 8 1 ' x 0 e 2 ' 
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and using a sequence of degenerate row matrices with transitions defined 

by: 

< x t + 1 = <x f c . F ( w t ) , t = 0 , 1,-..., 4.46 

j = 1 , 2 , ..., s 

with F ( w t ) defined as in Section 4.7.1, and with the sequence of random 

numbers redefined by 

a) A {Wq , w ^ } 

After generating the n'th transition (n = 1, 2 , ....), of each tra-

jectory we add the following 'contribution' to the estimate of A : 

1 n - 1 n - 1 
< x 1 X T F (w.), c> - <x s T T F (w.), c> 

j=0 . J u j=0 J 

4 . 4 7 

n - 1 ' n - 1 

<x s 1 TT F(W.), C> - <X S TT F(W.) , C> 
j=0 J j=0 J 

o 

W e terminate the k'th trajectory (i.e. we generate no more 

transitions or contributions) after m transitions, when 

, m - l m - l 

< x K J T F(w.) = < x S T T f < w . ) , k = 1/ ..., s - 1 4.48 
j=o J j=o 

as it can be seen from equation 4.47 that further transitions would make 

k — 

no contribution to the estimate of < x Q , A > . it follows therefore that 

the run length of each trajectory is a randan variable whose mean is a 

function of the eigenvalues of the chain's transition matrix. 
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When a l l t r a j e c t o r i e s have been t e r m i n a t e d , we a r e l e f t w i t h a n 

e s t i m a t e o f A w h i c h c o n s i s t s o f t h e sum o f a random number o f c o n t r i b u -

t i o n s o f t h e f o r m shown i n e q u a t i o n 4 . 4 7 . P r o p o s i t i o n 4 . 6 e s t a b l i s h e s 

t h a t t h e e s t i m a t o r i s u n b i a s e d . 

P r o p o s i t i o n 4 . 6 

n n 
< x x TT F(W.), C> - <xQ

fa TT F(W ) , C> 
j=0 . J j=0 J 

e ) 
0) 

I 
n=0 

<x 
s - 1 

n n 

>= A> 4 . 4 9 

TT F ( w ) , c> 
j = 0 J 

< x 0 TT F ( w ) , c> 
j=0 J 

o 

where x Q A e ^ , k = 1 , . . . , s . 

P r o o f 

I f N i s l a r g e , t h e n u s i n g e q u a t i o n s 4 . 3 3 and 4 . 4 2 , 

N - l , n 

E { I <
x
n TT E (w.), c> } 

w n=0 j=0 J 

=
 < e

k - V 

= < e k , [ N g l + A]> 

= N g + <e^, A>, k = 1 , . . . , s 4 . 5 0 
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Hence 

n n 

o c
1
 "[J F (w.), c> - < x S "ft F (w.) , c> 

j=0 . J j=o 

w 
I 

n=0 
n 

< x0 1 TT FtWj), C> 
n 

g=0 
< x b 7 7 F ( w ) , c> 

j = 0 J 

o 

< e n , A> - <e , A> 
1 s 

s-1 
A> - <e A> 

0 

= A> - [ < e g f A>] . 1> 

= A> - 4 .51 

The i m p o r t a n t f e a t u r e o f t h e f o r w a r d - t i m e e s t i m a t o r s i s t h a t 

a d j o i n t v e c t o r s and s t a t e d i s t r i b u t i o n s c a n be e s t i m a t e d s i m u l t a n e o u s l y . 

M o r e o v e r , t h e s e a d j o i n t e s t i m a t o r s e x h i b i t a s i g n i f i c a n t improvement i n 

e f f i c i e n c y compared w i t h t h e a l t e r n a t i v e s , when e s t i m a t e s o f o n l y a 

r e l a t i v e l y s m a l l number o f e l e m e n t s o f e a c h v e c t o r a r e r e q u i r e d . The 

a d v a n t a g e s become a p p a r e n t i n t h e n e x t s e c t i o n . 
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4.9 Efficient gradient estimation using forward-time simulations 

Consider a state trajectory { x t ( to) } generated by a controlled 

Markov chain over N cycles (where N- is large) using the random number 

sequence w , consisting of 2N numbers (see note on simulating controlled 

chains, Section 4.7.1). To simplify the discussion we also assume that 

only two control alternatives exist, giving rise to a probabilistic 

controller with only one parameter, a . 

It is convenient to repeat below the formulation of the oost 

gradient using the state distribution and adjoint vector sequences: 

Proposition 4.1 tells us that the degenerate vector sequence 

{ x ^ ( w ) } is an unbiased estimate of { t t^} , and so substituting { x ^ - ^ ) } for 

{ t t ^ } in equation 4.7 above provides an expression for an unbiased 

gradient estimator. We see now that very few adjoint vector components 

are required to provide an estimate of the cost gradient. The sequence 

of row vectors { <X(-.[— .D(a)], t = 0, 1 , ...., N - l } consists of either 
oOL 

zero vectors or vectors of the form [0....0 1 0....0 -1 0....0] so that 

each degenerate vector x^, t e {0, ...., N-l} effectively specifies which 

components (at most two) of the vector P A > ( A rather than Xt because a 

long simulation run is assumed ) are required . The estimation of 

components of P A > is carried out by an obvious extension of Method 3c, 

using the same random number sequence to , as that used to generate 

{xt(tu)}. Thus a small (and random) number of 'adjoint' simulation runs 

is initiated directly by the sequence {xt(oj)} which, also bearing in 

mind that the same random numbers are used for each run, results in a 

very efficient and accurate gradient estimation method. Moreover, a 

point which should be emphasised is that the 'main' simulation providing 

9_ 

9 a 

N - l 
. L ( a , tt (a), 0 ) = I < t t (a) | - . D ( a ) P , [c> + A, ,, >] 4.7 

t+1 t=0 
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( x t ( w ) } is also providing one of the components needed for the calcu-

lation of [0 0 1 0 0 -1 0 0].PA> . This can be seen by 

reference to Fig. 4.1, which is a graphical illustration of the forward-

time estimation processes. Although D ( a ) and P show the matrix 

operations resulting in {tt^} , we realise that the simulations create 

sequences of degenerate estimates of these quantities. 

'Adjoint Simulation 1 -
estimating 

control process 9a 
transition transition f 

— i 1 1 1 h ^ m ^ 

toe Process' D ( C l ) P D ( C t ) . P D ( a ) P D ( a ) P 

Cycle 
7t i t ' 
t t+1 

P D(a) p D(a) p 

p M • >4 H 

'Main Simulation' 

Fig. 4.1: Graphical illustration of the forward-time estimation 

technique. 

Referring to Fig. 4.1, it can be seen that at time t, the main 

simulation has provided the degenerate estimate x t of Trt, and we assume 

that <Xf. . [ .D( a)] is a non-zero vector, i.e. a vector of the form 

[0....0 1 0....0 -1 0....0]. Note however that the 'main simulation' 

progresses from the simulated state x t with a degenerate estimate of the 

vector < X f D ( a) of the form [0....0 a 0....0 (1-a) 0....0], such that 

whichever control state is assumed by this trajectory, it must be one of 

the two initial states of the 'adjoint simulations' required to estimate 

components of PA> . Because the main and adjoint simulations use the 

same randcm number sequence frcm that point forward, we can estimate one 

of the necessary components of P A > using the main simulation, thus 

making the estimation process even more efficient. 
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I t c a n be s e e n t h a t by u s i n g a s e q u e n c e w o f random numbers t o 

g e n e r a t e a ' m a i n s i m u l a t i o n r u n ' w h i c h i n t u r n i n i t i a t e s a number o f 

' a d j o i n t s i m u l a t i o n s ' , we c a n o b t a i n an u n b i a s e d e s t i m a t e o f t h e 

g r a d i e n t o f o o s t o v e r N c y c l e s , o r , m u l t i p l y i n g by t h e f a c t o r 1 / N , t h e 

g r a d i e n t o f mean c o s t p e r c y c l e . The comput ing b u r d e n a t any g i v e n 

p o i n t i n t h e m a i n s i m u l a t i o n depends upon the r u n - l e n g t h o f t h e a d j o i n t 

s i m u l a t i o n s ( a s t o c h a s t i c v a r i a b l e r e l a t e d t o t h e e i g e n v a l u e s o f t h e 

s y s t e m ) , and upon t h e r a t e a t w h i c h new a d j o i n t r u n s a r e i n i t i a t e d 

( d e p e n d e n t upon t h e r e l a t i o n s h i p be tween t h e s t e a d y - s t a t e p r o b a b i l i t y 

d i s t r i b u t i o n o f t h e p r o c e s s s t a t e s and t h e way t h e s t a t e g r o u p s a r e 

s p e c i f i e d f o r c o n t r o l p u r p o s e s ) . The w e i g h t i n g method d e s c r i b e d i n 

c o n j u n c t i o n w i t h a d j o i n t e s t i m a t i o n method 3b c a n be used t o overcome 

p r o b l e m s o f e x c e s s i v e w o r k - l o a d , b u t i t i s o f t e n found ( c e r t a i n l y i n a l l 

c a s e s c o n s i d e r e d i n t h i s t h e s i s ) t h a t Method 3 c c a n be a p p l i e d t o 

r e l a t i v e l y l a r g e p r o b l e m s w i t h o u t m a j o r d i f f i c u l t y . 

4 . 1 0 A p p l i c a t i o n o f e a c h e s t i m a t i o n method t o a s i m p l e t h r e e - s t a t e 

p r o b l e m 

T o i l l u s t r a t e and compare t h e e s t i m a t i o n t e c h n i q u e s d e s c r i b e d i n 

t h i s c h a p t e r , we c o n s i d e r a t h r e e - s t a t e c o n t r o l l e d Markov c h a i n d e f i n e d 

b y t h e f o l l o w i n g : 

P r o c e s s t r a n s i t i o n m a t r i x , P 

. 7 . 2 . 1 

. 1 . 5 . 4 

. 1 . 6 . 3 



C o n t r o l m a t r i x , D ( a ) = 

(1-a) 

0 

0 

h • d ( a ) • 

- 1 0 

0 0 

0 0 

1.0 

C o s t v e c t o r , c > = 2 . 0 

4 . 0 

E x p e c t e d o n e - s t a g e c o s t v e c t o r , q = Pc> = 

1 . 5 

2 . 7 

2 . 5 

Mean p r o c e s s c o s t p e r c y c l e = 2 . 3 4 0 9 

R e l a t i v e c o s t v e c t o r , A> = A> - <e^, A> . 1> = 

0 

2 . 8 6 3 6 

2 . 6 8 1 8 

(No te t h a t t h i s d e f i n i t i o n d i f f e r s s l i g h t l y 

f r o m t h a t g i v e n e a r l i e r ) 
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We consider 10 cycles of the process, operating with nominal 

control parameter a = 0 . 0 (thus D(a) = 1 , the 3 x 3 identity matrix, and 

P( a ) = P), and initial state xg = [0 0 1]. As a standard for 

comparison, we solve equations 4.8 and 4.9 to obtain the accurate vector 

sequences { 7rt, t = 0, . . . . , 1 0 } and { At, t = 0, ...., 10}. Substitution 

of these vectors into equation 4.7 provides the exact value of the 

gradient of total process cost over ten cycles with respect to a , which 

turns out to be 4.039989. Each of the methods previously described for 

estimating the state distribution and adjoint vectors has been applied 

to this example and full details can be found in Appendix III. The 

appendix lists results in the form of twenty-one tables and includes the 

standard (calculated) sequences of state distributions and adjoint 

vectors, which can be compared with other tables listing estimates of 

the same sequences. 

Results appearing in Chapter 6 indicate that when using estimated 

state distribution and adjoint vector sequences-to obtain cost gradient 

estimates, most of the variance (as much as 98% for one example) can be 

attributed to the adjoint estimator, and comparatively little to the 

state distribution estimator. It is therefore interesting to analyse 

and compare variance for each adjoint estimator. The variances relating 

to components of the ten adjoint vector estimates were determined 

experimentally for each estimator, and are included with a number of 

typical sequence estimates in Appendix III. 

Methods 1 and 2 are similar in that they both generate 1 state 1-

trajectories in reverse-time, and both are designed to estimate the 

complete vector A t , for each t (i.e. it is not possible to concentrate 

computational effort on estimating several vector components of 

particular interest). In one respect, however, Method 1 differs 

significantly from Method 2. Method 1 obtains its adjoint vector 
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estimates by summing selected estimates of the vectors {P(a)c , P 2 ( a ) c , 

.... }, and therefore does not estimate the adjoint vectors directly. On 

the other hand, Method 2 directly obtains degenerate vector estimates of 

the ad joints, and this fact is significant when considering long 

simulations of large Markov chains. In such cases, the use of Method 1 

requires the storage of many degenerate vector estimates until it is 

possible to form the vector summations. This represents inefficient use 

of computer memory and time, and makes Method 2 the better choice for 

long simulations. However, one should also bear in mind the relative 

accuracy of the methods, which is indicated by results in Appendix III. 

Method 1 appears to be more accurate (for this example) by a factor of 

up to 200. 

T u r n i n g t o t h e f o r w a r d - t i m e e s t i m a t o r s : r e s u l t s i n A p p e n d i x I I I 

show c l e a r l y t h a t t h e i r ma in a d v a n t a g e o v e r the r e v e r s e - t i m e methods i s 

t h a t t h e y o n l y e s t i m a t e t h o s e a d j o i n t v e c t o r s ( o r components o f v e c t o r s ) 

actually required. Method 3a is shown to be more accurate than Method 1 

** 
by a factor of about 10. The appendix also indicates a particular 

feature of Method 3c. Estimation of A by this method requires little 

computing time even though the estimates are very accurate. It is clear 

that forward-time methods are generally much more efficient than 

reverse-time methods. 

Experimental results relating to the estimators of the vector 

sequences have been given over to an appendix because our main concern 

in this thesis is to develop estimators of the cost gradient. It is 

important to determine the relative efficiencies of the different cost 

gradient estimators which emerge from the theory given in this chapter. 

To this end, we consider Table 4.1, which lists experimental results 

obtained from the application of four different gradient estimators to 

the three-state problem described above. As the same state distribution 

* See Tables AIII.15, AIII.16, page 287. ' 
**See Tables AIII.15, AIII.19, pp. 287, 289. 



Gradient 
estimator 

Description of adjoint 
sequence estimator 

used 

Number 
of 

runs 

Gradient 
estimate 

(ensemble average) 

(estimated) 
single-run 
variance 

(estimated) 
single-run 

S.D. 

Gomputing time 
for experiment 

(sees) 

program 
G1 

Method 1: Indirect adjoint 
estimation in reverse-time 

1 
20 

1000 
10,000 

-11.9700 
-6.4640 
+5.0577 
+4.4404 

2090.00 45.72 
1.233 
1.304 
4.607 

35.164 

program 
G2 

Method 2: Direct adjoint 
estimation in reverse-time 

1 
20 

1000 
10,000 

+56.0000 
+20.3000 
+15.0080 
+5.6105 

21,700.00 147.64 
1.244 
1.371 
5.783 

47.055 

program 
G3a 

Method 3a: Forward-time method 
generating separate and complete 
state trajectories for each 
component estimate 

1 
20 

1000 
10,000 

+2.0000 
+5.7000 
+4.1730 
+3.9623 

47.92 6.92 
0.946 
1.028 
3.860 

29.415 

program 
G3b 

Method 3b: As for Method 3a but 
'Russian Roulette' used to 
reduce no. of adjoint trans-
itions to one per cycle 

1 
20 

1000 
10,000 

+2.0000 
+8.3500 
+3.9310 
+3.9996 

^ 

78.54 8.86 
1.076 
1.039 
2.445 

16.179 

Notes: 1. Each gradient estimator obtains estimates of the state distribution sequence by the method described in 
Section 4.7. 

2. Accurate gradient of total cost over 10 transitions = +4.039909. 

Table 4.1: Comparison of gradient estimators 
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estimates are used in each case, it is convenient to characterize each 

gradient estimator according to the type of adjoint estimator used: two 

reverse-time methods - the 'indirect 1 Method 1 and the 'direct' Method 

2 , and two forward-time methods - Method 3a and Method 3b, (the latter 

using 'Russian Roulette'), give rise to the gradient estimator labels: 

programs G l , G 2 , G3a and G3b respectively. For program G3b, we assume a 

highly improbable situation where computing resources can only cope with 

the generation and storage of the 'main trajectory' plus a single 

adjoint transition at each t = 0, ...., 9. 

Gomparing the estimated variances, and bearing in mind the 

computing times for each estimator we note that program Gl is more 

efficient than program G2 by a factor of 14, but that neither can 

compete with the remaining two estimators which exclusively use forward-

time simulations. Gains in efficiency for both program G3a and G3b are 

of the order of 50 compared with program Gl. A more detailed analysis 

of relative accuracy and a discussion of variance reduction methods is 

given in Chapter 6. 

4.11 Summary 

The aim of the chapter is to develop procedures for determining 

gradients of cost with respect to control parameters for very large 

Markov chains. Because the transition matrix and vectors associated 

with such models are so large, and therefore not amenable to storage and 

processing by computer, we propose to estimate the gradients using Monte 

Carlo methods. 

The chapter gives details of a method for estimating the sequence 

of state distribution vectors, together with two Monte Carlo methods for 

estimating the sequence of adjoint vectors in reverse-time. It turns 

Calculated using May's definition of "normalized variance reduction" 
appearing on page 223. 
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o u t , h o w e v e r , t h a t f o r w a r d - t i m e s i m u l a t i o n s c a n more a c c u r a t e l y p r o v i d e 

t h e r e q u i r e d a d j o i n t v e c t o r e s t i m a t e s u s i n g l e s s comput ing t i m e , and 

o f f e r i n g t h e a d v a n t a g e t h a t s t a t e d i s t r i b u t i o n s and ad j o i n t s c a n be 

e s t i m a t e d f r o m a s i n g l e s e t o f f o r w a r d - t i m e s i m u l a t i o n s , u s i n g one 

r a n d a n number s e q u e n c e . T h r e e v a r i a t i o n s o f t h e f o r w a r d - t i m e a d j o i n t 

e s t i m a t o r a r e p r e s e n t e d , t o g e t h e r w i t h a n a p p l i c a t i o n o f t h e ' R u s s i a n 

R o u l e t t e ' w e i g h t i n g method , u s e d i n t h i s c a s e t o r e d u c e t h e c o m p u t i n g 

b u r d e n w i t h o u t b i a s i n g t h e r e s u l t . G r a d i e n t e s t i m a t e s a r e o b t a i n e d by 

d i r e c t c a l c u l a t i o n u s i n g t h e d i s t r i b u t i o n and a d j o i n t v e c t o r e s t i m a t e s , 

o r , i f e s t i m a t i n g t h e ad j o i n t s i n f o r w a r d - t i m e , by s i m u l t a n e o u s 

a p p l i c a t i o n o f t h e d i s t r i b u t i o n and a d j o i n t e s t i m a t o r s d u r i n g e a c h 

s i m u l a t i o n r u n . F i n a l l y , a t h r e e - s t a t e Markov d e c i s i o n p r o b l e m i s used 

t o d e m o n s t r a t e and compare t h e d i s t r i b u t i o n , a d j o i n t , and g r a d i e n t 

e s t i m a t i o n m e t h o d s . 
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CHAPTER 5 

SIMULATION DETAILS FOR THE TRANSFER-LINE PROBLEM AND SOLUTION USING A 

STOCHASTIC APPROXIMATION ALGORITHM 

5.1 Introduction 

Having given the theoretical background to several Monte Carlo 

estimation techniques in Chapter 4 , we use this chapter to assess their 

efficiency when applied to larger operations research problems. 

We begin by discussing in detail the simulation of cross-linked 

transfer-line examples in forward- and reverse-time. Attempting to 

generate state transitions by applying the theory of Section 4.7.1 to 

the complete system model would present computational problems. In the 

case of forward-time simulation, it is perhaps, obvious that a complex 

system can be regarded as a number of smaller subsystems which can each 

be simulated using independent streams of randan numbers, thus reducing 

program complexity. It may not be so easy to see how a reverse-time 

simulation used for adjoint vector estimation can be viewed as a dual of 

the forward-time process. It is shewn that there exists a direct 

correspondence between subsystem equations used in both simulations. 

The chapter continues with a comparison of the gradient estimation 

methods as applied to the standard 64-state transfer-line example of 

Appendix I . Detailed results with an analysis of variance in each case 

indicate the relative efficiencies of each method. 

A further section shows, using two examples, how a stochastic 

approximation algorithm' solves the optimal control problem using 
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gradient estimates, and comments on the selection of algorithm 

parameters. 

5.2 Simulation details for the transfer-line problem 

5.2.1 Simplifying simulations by identifying subsystems 

Consider any system for which we can identify two subsystems. The 

complete system description uniquely identifies each combination of the 

states assumed by each of the two subsystems, A and B . T h u s , at time t, 

if the state of subsystem A is x ^ £ {e^ , n ^ = 1, 2} , and the state of 

B ^ 
subsystem B is x e {e , n ^ = 1 , 2 } , then a state x t in the complete 

system is defined to be x t = e m , where m = h ( n A , n B ) and h is any 

integer-valued, one-to-one function. One definition of h is given by 

equation 5.1: 

m = h(n , rig) A (r^ - 1) x 2 + r ^ - 5.1 

It is convenient to repeat equations 2.3 and 2.4, which define 

probabilities for combinations of two events, X and Y . If Y affects the 

probability of X, then the probability of the compound event [XY] is 

given by: 

Prcb [XY] = Prob [X|Y] .Prob [Y] 2.3 

where Prob [X|Y] is the conditional probability of X given Y . If X and 

Y are independent, 

Prcb [X|Y] = Prob [X] 2.4 
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Here, we define X to be the event [x = e ] and Y to be the event 
t n , 

B A 

[ x = e ]. The compound event is thus [x^ = e m ] , and if the subsystems 
" b 

are independent, 

B 

Prob [x. = e ] = Prob [ x A = e ] . Prcfo [x? = e ] 
t m t n_ t ir m 

A 

" b 

5 . 2 

Also, it can be seen that the equation holds for conditional 

probabilities: 

Prcb [x, = e |x , ] 
t m 1 t-1 

If the 4 x 4 transition probability matrix for the complete system 

is P, then by definition, its elements ( P i m ) are given by 

and it follows that the conditional distribution ( < x t _ ^ P ) is obtained 

through use of equation 5.3, setting n A = 1,2; n B = 1,2. Thus the 

transition probabilities for the complete system can be defined in terms 

of subsystem transition probabilities. 

Section 4.7.1 shows that any sequence of state vectors, { x^-, t = 0, 

1,.... } obtained through the use of a single stream of random numbers, 

is an unbiased estimate of the sequence of probability distributions, 

{n^, t = 0 , 1 , } . However, for the example above, it is clear that 

generation of the sequence { x t , t = 0,1,....} can be carried out much 

more easily by using independent streams of random numbers to simulate 

A B 

state sequences for each subsystem, i.e. {x , x t ; t = 0, 1,...} and then 

applying equation 5.1. 

= Prob [ x A = e |x A ] . Prob [x® = e^ |x® , ] 
t n_ ' t-1 t ru,1 t-1 

B 
5.3 

5.4 
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Of c o u r s e , t h i s a p p r o a c h c a n s t i l l be used when t h e s u b s y s t e m s a r e 

d e p e n d e n t . L e t t h e o o n d i t i o n a l p r o b a b i l i t y d i s t r i b u t i o n f o r x ^ be 

A B 
c o n d i t i o n e d n o t o n l y by b u t ^ s 0 by r 1 - e » 3x1 t h i s c a s e 

e q u a t i o n 5 . 3 becomes 

P r o b [ x . = e x . , ] 
t m1 t - 1 

P r o b [ x ^ = e , , x ^ ] . P r o b [ x ^ = e | x B ] 5 . 5 
t n^1 t - 1 t t r^ 1 t - 1 

f o r n A = 1 , 2 ; r ig = 1 , 2 , 

B 
I n i t i a l l y , a random number would be used t o o b t a i n , w h i c h would 

t h e n i n d i c a t e w h i c h p r o b a b i l i t y d i s t r i b u t i o n t o use i n t h e g e n e r a t i o n o f 

x ^ , f i n a l l y a l l o w i n g c a l c u l a t i o n o f x ^ . 

When c o n s i d e r i n g s y s t e m s o f a more r e a l i s t i c s i z e , t h e b r e a k i n g 

down o f a c o m p l e t e s y s t e m d e s c r i p t i o n i n t o s u b s y s t e m m o d e l s , w h e t h e r 

i n d e p e n d e n t o r n o t , i s an i m p o r t a n t f e a t u r e o f e x p e r i m e n t d e s i g n . We 

c o u l d n o t , f o r e x a m p l e , c o n s i d e r t h e d i r e c t a p p l i c a t i o n o f e q u a t i o n 4 . 1 0 

t o a s y s t e m h a v i n g s e v e r a l thousand s t a t e s , b u t s i m u l a t i o n wou ld be made 

p o s s i b l e by t a k i n g a c c o u n t o f s y s t e m s t r u c t u r e and i d e n t i f y i n g a number 

o f s u b s y s t e m s . 

Mode l s o f p h y s i c a l s y s t e m s u s u a l l y d i v i d e q u i t e n a t u r a l l y i n t o 

s u b s y s t e m s , and t h e p o i n t s r a i s e d by t h e p r o c e e d i n g d i s c u s s i o n may be 

c o n s i d e r e d o b v i o u s . H o w e v e r , r a t h e r l e s s o b v i o u s i s t h e way i n w h i c h a 

r e v e r s e - t i m e s y s t e m s i m u l a t i o n c a n be r e d u c e d to a number o f s u b s y s t e m 

s i m u l a t i o n s i n r e v e r s e - t i m e . 
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5 . 2 . 2 F o r w a r d - t i m e s i m u l a t i o n o f c r o s s - l i n k e d t r a n s f e r - l i n e s 

B e c a u s e t h e c o n t r o l a c t i o n s f o r t h i s example a c t i n s u c h a way t h a t 

t h e s y s t e m i s d r i v e n f rom one p r o c e s s s t a t e t o a n o t h e r a t t h e b e g i n n i n g 

o f e a c h s y s t e m c y c l e , t h e p r o c e s s l e n d s i t s e l f q u i t e n a t u r a l l y t o 

d e s c r i p t i o n by R i o r d o n ' s n o t a t i o n . T h i s n o t a t i o n h a s been d i s c u s s e d 

g e n e r a l l y i n S e c t i o n 2 . 2 . 5 , and w i t h r e f e r e n c e t o s y s t e m s i m u l a t i o n s i n 

C h a p t e r 4 . I n t h e t r a n s f e r - l i n e e x a m p l e , i t c a n be s e e n t h a t t h e s p a c e 

o f c o n t r o l s t a t e s i s t h e same a s t h e s p a c e o f p r o c e s s s t a t e s , so t h a t 

f o r a n s - s t a t e c h a i n , t h e c o n t r o l t r a n s i t i o n m a t r i x D ( a ) ( f o r any 

f e a s i b l e c o n t r o l p a r a m e t e r , a ) , and t h e p r o c e s s t r a n s i t i o n m a t r i x P , a r e 

b o t h s x s ma t r i c e s . I n u s i n g t h i s d e s c r i p t i o n we h a v e e f f e c t i v e l y 

s e p a r a t e d t h e c r o s s - l i n k i n g f e a t u r e o f t h e s y s t e m ( r e p r e s e n t e d b y D ( a ) ) 

f r o m t h e o p e r a t i o n o f t h e two i n d e p e n d e n t l i n e s ( r e p r e s e n t e d by P ) . 

S e c t i o n 5 . 2 . 1 shows t h a t t h e s e p h a s e s o f t h e s y s t e m c y c l e c a n be 

s i m u l a t e d s e p a r a t e l y , and we use a s i n g l e r a n d a n number , and the t h e o r y 

o f S e c t i o n 4 . 7 . 1 t o o b t a i n a d e g e n e r a t e fo rm o f D ( a ) . I t wou ld t h e n be 

p o s s i b l e t o u s e a n o t h e r random number i n t h e same way t o o b t a i n a 

d e g e n e r a t e f o r m o f t h e s x s m a t r i x , P , b u t t h i s wou ld n o t be an e a s y 

t a s k . Most r o w s o f P h a v e 16 n o n - z e r o e n t r i e s , and i m p l e m e n t a t i o n o f 

e q u a t i o n 4 . 1 0 w o u l d r e q u i r e a n e x c e s s i v e amount o f c a l c u l a t i o n d u r i n g 

t h e s i m u l a t i o n . The f i r s t , and most o b v i o u s s i m p l i f i c a t i o n , i s t o 

r e c o g n i z e t h a t P g i v e s t r a n s i t i o n p r o b a b i l i t i e s f o r two i n d e p e n d e n t 

l i n e s , , w h i c h c a n be c o n s i d e r e d s e p a r a t e l y ( s e e e q u a t i o n 5 . 3 ) , 

e f f e c t i v e l y t r a n s f o r m i n g one s i m u l a t i o n i n s - s p a c e i n t o ' two s i m u l a t i o n s 

i n s p a c e . F i g u r e 5 . 1 shows t h e components o f a t w o - s t a g e t r a n s f e r -

l i n e . 
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0 0 pieces Machine 1 Machine 2 
0 0 vacancies 

Finite capacity 

buffer store. 

Fig. 5.1: Two-stage line configuration 

The simulation of each line in /s^space can be further simplified 

by recognizing certain system charateristics. We begin by identifying 

two of the states as "N.I. and F . O . force-down states" according to the 

following definitions: 

(i) A no input (N.I.) force-down state is characterised by an 

empty buffer, with machine 2 up and machine 1 down. Thus 

during the next system transition, machine 2, though able to 

process a piece, cannot do so because the buffer is unable to 

supply one. Operation of machine 2 is therefore suspended 

(i.e. it is "forced-down") until machine 1 is repaired and 

able to supply pieces once again. 

(ii) A full output (F.O.) force-down state can be regarded as the 

dual of a N . I . state and is characterised by a full buffer, 

with machine 1 up and machine 2 down. Because machine 2 is 

down, it cannot accept pieces from the buffer for processing 

with the result that no vacancy is created in the buffer 

store. Machine 1 therefore cannot pass on its processed 

pieces and is suspended from operation until machine 2 is 

repaired. 

It can be seen that a force-down state implies that one machine 

becomes dependent upon the other for at least one system transition. 
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The state transition diagrams of Fig. 5.2 give forward-time simulation 

rules for transitions from the two force-down states, where the 

appearance of l's as factors of the transition probabilities indicate 

the suspension of operation of machine 1(2) in a F.O.(N.I.) state. 

Probabilities of machine state transitions are given in terms of the 

constants Bp and REPp, which are the breakdown and repair probabilities 

for machine i, assumed to have been previously identified. For reasons 

which will become clear later (in Section 6.3.1) w e put { Rp = (1-REPp), 

i = 1,2} and generate transitions from the force-down states by the 

following method. Generating random numbers, wp, we take the next state 

of machine i to be up if Rp ^ Wp < 1 and down if O < Wp < Rp, starting 

in a F.O.(N.I.) state with i = 2(1). 

Transitions from all single line states except the force-down 

states can be simulated by generating independent state transitions for 

machines 1 and 2 and directly calculating buffer store contents from the 

machine state histories. Fig. 5.3 gives forward-tine simulation rules 

for transitions from non-force-down states and it is apparent that 

the change in buffer store contents at t is calculated frcm a simple 

function of the machine states at (t-1). This function is defined by 

Table 5.1. Table 5.2 shows how state transitions for each independent 

machine are generated. 

(Xp,X 2) Change in buffer store 

at (t-1) contents at t 

U,U no change 

U,D add 1 piece 

D,U subtract 1 piece 

D,D no change 

Table 5.1: Calculating buffer store contents as function of machine 

states at (t-1) 
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transition 
probability 

S t a t e a t ( t - 1 ) S t a t e a t ( t ) 

( i ) F . 0 . f o r c e - d o w n s t a t e 

( i i ) N . I , f o r c e - d o w n s t a t e 

Note: States uniquely identified by ( X d , X 2 , X 3 ) where 

Xx £ ( U p , D o w n } = State of machine 1 

X2 c { U p , Down} = State of machine 2 

X3 e { 0 , 1 , ...., M } = Contents of buffer store 

Fig. 5.2: Forward-time simulation rules for a two-stage 

transfer-line - transitions from force-down states 



State at (t-1) 

transition 
probability 

State at (t) 
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( u , u , x 

u - b j m l - b ^ 

< 1 - B L ) ( B 2 )— 

< B 1 ) ( 1 - B 2 )— 

-(B 1)(B 2) 

- h d , u , x 3 ) 

> ( d , d , x 3 ) 

- { 1 - b 1 ) ( r e p 2 ) - k u , u , x 3 + 1 ) 

( u , d , x -
• i l - b ^ ( 1 - r e p 2 > - •<U,D,X 3+1) 

q b 1 ) ( r e p 2>- • m d , u , x 3 + 1 ) 

- { b ^ ( 1 - r e p 2 ) - •<D,D,X 3+1) 

- ( r e p i j d - b j ) - • < u , u , x 3 - 1 ) 

( d , u , x . 
- ( r e p 1 ) ( b 2 : Q U , D f X 3 - l ) 

- { i - r e p ] _ ) ( i - b 2 y 

-( 1 - r e p y ) ( b 2 ) — 

+ - ( d , u , x 3 - 1 ) 

- p K D , d , X 3 - 1 ) 

( d , d , x 

( r e p 1 ) ( r e p 2 ) 

r e p ^ ) ( 1 - r e p 2 h 

< 1 - r e p 1 ) ( r e p 2 ) 

( 1 - r e p 1 ) ( 1 - r e p 2 ) -

- k u , u , x 3 ) 

- * < u , d , x 3 ) 

k d , u , x 3 ) 

k d , d , x 3 ) 

Note: Notation as in Fig. 5.2 

Fig 5.3: Forward-time simulation rules for a two-stage transfer-line 

- transitions fran non-force-down states. 
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Fig. 5.4: Flow.diagram showing fundamental rules for 
simulating a process cycle in forward-time. 
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S t a t e o f m a c h i n e i 
a t ( t - 1 ) 

C o n d i t i o n s t o be s a t i s f i e d 
f o r s t a t e o f mach ine i a t 
t t o b e : 

D U 

D 0 < R^ R d < < 1 

U 0 < w^ < B i B i < w^ < 1 

T a b l e 5 . 2 : S i m u l a t i n g i n d e p e n d e n t s t a t e t r a n s i t i o n s f o r m a c h i n e i . 

Note t h a t two random number s , w d and w 2 , a r e r e q u i r e d t o g e n e r a t e a 

s t a t e t r a n s i t i o n f o r e a c h t w o - s t a g e l i n e o p e r a t i n g i n d e p e n d e n t l y . Two 

numbers a r e g e n e r a t e d , b u t o n l y one i s r e q u i r e d f o r e a c h t r a n s i t i o n 

f r o m a f o r c e - d o w n s t a t e . T h i s p r o c e d u r e i s n e c e s s a r y t o s y n c h r o n i z e 

s i m u l a t i o n s u s i n g common random numbers - s e e K l e i j n e n ( 2 0 ) and S e c t i o n 

6 . 2 . 3 . We t h e r e f o r e r e q u i r e f i v e random numbers i n o r d e r t o s i m u l a t e 

e a c h p r o c e s s c y c l e ; one f o r t h e t r a n s i t i o n t o a c o n t r o l s t a t e and two 

f o r s t a t e t r a n s i t i o n s o f e a c h t w o - s t a g e l i n e . F i g . 5 . 4 i s a f l o w 

d i a g r a m w h i c h s u m m a r i z e s t h e f o r w a r d - t i m e s i m u l a t i o n method f o r a s i n g l e 

p r o c e s s c y c l e . E x t r a c o m p u t a t i o n r e s u l t s f r o m s t r a i g h t f o r w a r d 

a p p l i c a t i o n o f t h e t h e o r y o f C h a p t e r 4 t o o b t a i n f o r w a r d - t i m e e s t i m a t e s 

o f s t a t e d i s t r i b u t i o n v e c t o r s , a d j o i n t v e c t o r s and g r a d i e n t s . 

5 . 2 . 3 R e v e r s e - t i m e s i m u l a t i o n o f c r o s s - l i n k e d t r a n s f e r - l i n e s b y 

Method 1 

G e n e r a t i n g a d e g e n e r a t e e s t i m a t e o f t h e c o s t v e c t o r c 

We s e e f r o m S e c t i o n 4 . 8 . 3 t h a t i n o r d e r to c a l c u l a t e t h e a d j o i n t 

v e c t o r , s e q u e n c e , we r e q u i r e d e g e n e r a t e e s t i m a t e s o f the v e c t o r s { P ( a ) c , 

P 2 ( a ) c , . . . . P n ( a ) c } and t h a t we b e g i n t h e s i m u l a t i o n by r e d u c i n g c bo a 

d e g e n e r a t e f o r m . 
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The s i m p l e s t r u c t u r e o f c f o r t h e c r o s s - l i n k e d t r a n s f e r - l i n e 

e x a m p l e makes i t s r e d u c t i o n t o a d e g e n e r a t e fo rm a n e a s y t a s k . The 

s y s t e m s c o r e s ' l 1 ( s i g n i f y i n g one p r o d u c t i o n u n i t p r o c e s s e d by u p l i n e 

and d o w n l i n e m a c h i n e s ) f o r e a c h d o w n l i n e mach ine e n d i n g a p r o c e s s c y c l e 

i n an up s t a t e . T h u s e l e m e n t s o f c c a n be 0 , 1 o r 2 d e p e n d i n g w h e t h e r 

n e i t h e r d o w n l i n e m a c h i n e i s u p , o n l y one d o w n l i n e m a c h i n e i s u p , o r b o t h 

d o w n l i n e m a c h i n e s a r e u p , a t t h e end o f t h e p r o c e s s c y c l e . U s i n g t h e 

t h e o r y o f S e c t i o n 4 . 8 . 1 t o r e d u c e c t o a d e g e n e r a t e f o r m i s r a t h e r 

l a b o r i o u s , and due t o t h e f a c t t h a t e a c h e l e m e n t o f c i s an i n t e g e r , t h e 

t a s k c a n be n o r e e a s i l y p e r f o r m e d by s a m p l i n g f rom u n i f o r m d i s t r i b u t i o n s 

o f randcm i n t e g e r s . The s m a l l e s t c r o s s - l i n k e d t r a n s f e r - l i n e model has a 

6 4 - e l e m e n t c v e c t o r and i t i s d i f f i c u l t t o i l l u s t r a t e t h i s s a m p l i n g 

t e c h n i q u e f o r s u c h a l a r g e v e c t o r . Howeve r , i t s h o u l d be p o s s i b l e t o 

c o n v e y t h e g e n e r a l i d e a by c o n s i d e r i n g a h y p o t h e t i c a l c o f s i m i l a r f o r m . 

I f c = [0 2 0 0 1 1 0 0 ] T , t h e n we b e g i n by c a l c u l a t i n g t h e 

w e i g h t i n g f a c t o r , z c = 2 + 1 + 1 = 4 . We t h e n samp le f rom a u n i f o r m 

d i s t r i b u t i o n o f r a n d a n i n t e g e r s { 1 , 2 , . . . . , z c } t o o b t a i n an i n t e g e r , 

n , and d e f i n e a d e g e n e r a t e fo rm o f c by 

y = [z ] . q 5.6 
-ro c ro 

where qc = e2, if n = 1 or 2 
= ê , if n = 3 
= e,, if n = 4 

T h u s P r o b [ q c 

P r o b [ q c = eg] = i , 

= e 2 ] = i + i = \ f P r o b [qc = e 5 ] = i , and 
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giving E{yc> = x 4 , as required. 

F o r c v e c t o r s o f a r e a l i s t i c s i z e , t h e ' d e c o d i n g ' o f q c f r o m n 

t u r n s o u t t o be an u n c o m p l i c a t e d p r o c e d u r e , and q c i s i d e n t i f i e d by f o u r 

m a c h i n e s t a t e s and two b u f f e r s t o r e v a l u e s w h i c h e f f e c t i v e l y d e f i n e i , 

when q c = e^ . Decod ing i n t o t h i s fo rm i s c o n v e n i e n t f o r t h e n e x t p h a s e 

o f t h e s i m u l a t i o n p r o c e s s . 

S i m u l a t i o n o f a p r o c e s s c y c l e 

H a v i n g d e r i v e d y c , we p r o c e e d t o o b t a i n a d e n e r a t e e s t i m a t e o f t h e 

v e c t o r P ( a ) . c . T h i s c a n be done i n p r i n c i p l e by p r e - m u l t i p l y i n g y c by a 

d e g e n e r a t e co lumn m a t r i x f o r m o f P ( a X o b t a i n e d t h r o u g h a p p l i c a t i o n o f 

t h e t h e o r y g i v e n i n S e c t i o n 4 . 8 . 2 . Howeve r , by u s i n g R i o r d o n ' s n o t a t i o n 

t o r e - w r i t e P ( a ) c > a s D ( a ) P . c > , we s e e t h a t t h e s i m u l a t i o n i s s i m p l i f i e d 

b y s p l i t t i n g t h e c y c l e i n t o c o n t r o l t r a n s i t i o n and p r o c e s s t r a n s i t i o n 

p h a s e s . F o r s i m u l a t i o n p u r p o s e s , t h e s e p h a s e s c a n be c o n s i d e r e d 

i n d e p e n d e n t l y , and two random numbers c o u l d be used t o r e d u c e m a t r i c e s 

D ( a ) and P t o d e g e n e r a t e f o r m s . We c a n f u r t h e r s i m p l i f y t h e p r o b l e m by 

r e c a l l i n g t h a t P g i v e s t r a n s i t i o n p r o b a b i l i t i e s f o r fr^o i n d e p e n d e n t 

s u b s y s t e m s . I t i s r e a s o n a b l e t o assume t h a t i t s h o u l d be p o s s i b l e t o 

p e r f o r m i n d e p e n d e n t r e v e r s e - t i m e s i m u l a t i o n s o f t h o s e s u b s y s t e m s w h i c h 

w e r e s i m u l a t e d i n d e p e n d e n t l y i n f o r w a r d - 1 i m e . I t t u r n s o u t t h a t i t i s 
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indeed possible to do this and that forward and reverse-tine simulations 

are dual processes. 

We use a snail example to illustrate reverse-time simulation of two 

identical subsystems A and B . Suppose A and B are two-state systems 

with transition probabilities given by a 2 x 2 matrix P^g, then the 

transition matrix for the complete system is a 4 x 4 matrix P: 

.75 .25 

.1 .9 

then 

P = 

Let states of the subsystems A and B be denoted by [X^, Xg, 

€ { 1 , 2 } ] , so that (X^,Xg) uniquely identifies states of the complete 

system. Also assume that the degenerate form of c, y c = [z c]. [0 1 0 0] 

or defined in terms of the subsystem states, [z c, (X^,Xg)] = [z c, 

(1,2)]. In simulating the system transition in reverse-time, we are 

required to find a degenerate form of the vector P . y c . Using the 

theory of Section 4.8.2, we calculate the transition weighting factor, 

4 

z = I [P]. 9 = .75 (.25+.9) + .1(.25+.9) 
i=l 1 

= (.75+.1) (.25+.9) 

and then, using a random number, sample from the probability vector 

I f p
A B = 

75 x 75 .25 

1 .9 

1 x ,75 .25 

,1 .9 

25 x .75 .25 

.1 .9 

9 x .75 .25 

.1 .9 
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(.75 x .25)/z 

(.75 x .9)/z 
q = 

(.1 x .25)/z 

_ (.1 x .9)/z 

A l t e r n a t i v e l y , i t can be s e e n t h a t by c o n s i d e r i n g s u b s y s t e m s A and 

B i n d e p e n d e n t l y and d e f i n i n g t r a n s i t i o n w e i g h t i n g f a c t o r s f o r e a c h , 

2 2 
i.e. z A A ^ [ P ^ ] ^ , z B A ^ [ P ^ 

we c a n use two r a n d a n numbers t o sample f rom p r o b a b i l i t y v e c t o r s 

S a = 

. 7 5 / z 
A 

1/z A J 

, and q B = 
. 2 5 / z 

B 

. 9 / z 
B J 

f o r e a c h s u b s y s t e m , and the o v e r a l l e f f e c t i s the same , e . g . p r o b a b i l i t y 

o f t r a n s i t i o n t o ( 2 , 2 ) i s 

x .1 x .9 

w i t h o v e r a l l t r a n s i t i o n w e i g h t z ^ . z g = z , a s r e q u i r e d , 

C o n s i d e r i n g t h e t r a n s f e r - l i n e example once a g a i n , i t i s p o s s i b l e t o 

r e d u c e ' ( i n t h e s e n s e o f r e d u c i n g p rogram c o m p l e x i t y ) t h e p r o c e s s 

t r a n s i t i o n p h a s e t o i n d e p e n d e n t l i n e s i m u l a t i o n s , and a l s o t o r e d u c e two 

i n d e p e n d e n t l i n e s i m u l a t i o n s t o f o u r mach ine s i m u l a t i o n s , c a l c u l a t i n g 

b u f f e r s t o r e c o n t e n t s a s a f u n c t i o n o f mach ine s t a t e s a t the end o f e a c h 

t r a n s i t i o n . 
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transition 
probability 

•( 1—Bj)"( 1-B?)-
A
U 1

 A
U 2 

4 1 = b 2 ) ( r e p 2 > . 
A
U 2 

<REPi)(1-B 7 ) . 
A
U 2 

( r e p j ) ( r e p ? ) -

^ 2 

Transition 
weighting 

State a t (t-1) Factor, A 

-*<U,U,X 3) 

< U , D , X 3 - 1 ) 

+P<D,U,X 3+1) 

- * < d , d , x 3 ) 

• a = a { j ] _ . a ( j 2 

( 1 — b j ) ( b ? )-
A
D 2 

( 1 - b j ) ( i - r e p 9 ) -
A
D 2 

r e p i ) ( b p ) 

^LJl A D 2 

( r e p j ) ( i - r e p 7 ) -
A D 2 

- > < u , u , x 3 ) 

- ^ U , D , X 3 - 1 ) 

^ ( d , u , x 3 + 1 ) 
v a = a u 3 _ » a p 2 

d , d , x 3 ) 

< bi)(l-B 9)-

% "252 

•(b-[ ) ( r e p ? ) -
a d 1 % 2 

( 1 - r e p j ) ( i - b 9 ) -

^Dl % 2 

{ 1 - r e p j ) ( r ep9) . 
a d 1 a j 2 

- * < u , u , x 3 ) 

^ u ; d , x 3 - d 

J[D,U,X 3+1) 

^ d , d , x 3 ) 

> A = A D 1 - A U 2 

( b 1 ) ( b 2 ) _ 

2D1 

( b i ) ( l - r e p ? ) -

< u , u , x 3 ) 

4 ^ U , D , X 3 - 1 ) 

-^<D,U,X 3+1) 

y a = a d 1 . a d 2 

(1-REPj)(B?) 

All Al2 

(1-REPj ) (l-REPp) j ^ D , D , X 3 ) 

All A D 2 

Note: 4 g i A B i + (1-REPi) for i e { l , 2 ) 

A u i A R E p i + (1-Bi) for i e{l,2> 

other notation as in Fig. 5.2 

Reverse-time simulation rules for a two-stage transfer-line 

- transitions from states with 0 < X 3 < M . 
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Comparing Figs. 5.3 and 5.5, we detect similarities between 

forward- and reverse-time simulation rules. The transition 

probabilities shown in Fig. 5.5 are factored so that transition 

probabilities applying to each subsystem (machine) become apparent. 

Tables 5.3 and 5.4 (equivalent to Tables 5.1 and 5.2 for 

forward-time simulation) can be drawn up for reverse-time transitions 

from states with 0 < X 3 < M: 

(XlfX2) at Change in buffer store 
t contents at t 

U,U no change 

U,D subtract 1 piece 

D,U add 1 piece 

D,D no change 

Table 5.3: Calculating buffer store contents as function of machine 
states at t. 

Conditions to be satisfied 
State of machine i Transition for state of machine i at 

at t weighting factor (t-1) to be: 
D U 

D 0 < v. < B. 
I l 

B. s v . < 1 

U 0 < v. < R. 
l I R i < v. < 1 

where 
REP. 

B T 
A R^, and 1 -

B. 

V i 
A B. 
= l 

Rules for simulating transitions from states where the buffer store 

is full or empty are given in Figs. 5.6 and 5.7 and are seen to be more 

complicated for reverse-time than for forward-time simulations. 

Table 5.4: Simulating independent state transitions for machine i 
in reverse-time 
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State at (t) 

transition 
probability 

Transition 
weighting 

State at (t-1) Factor,A 

(U,U,0 

1-BI)(1-B2> 

Sui (1-B2) 

REP]) (11 

U1 P 

REPl)(l-B?)-

REPl ) (REP?)-
A U 1 P 

-<U,U,0) 

-(D,U,0) 

A = A d 1 . ( 1 - B 2 ) 

> A = Aux. p 

(D,U,0 

Bi ) (I-B9)-
A d 1 (1-B 2) 

1-REP] )(!)-
A Dl 

'D1 

1-REP-| )(REP?)-
A D 1 P 

•><U,U,0) A = Aj^x. (1-B 2) 

-*-{D,U,0) 

1-REPi ) (l-B?) D,U, 1) > A = A D l . p 

-**{D,D,0) 

(U,D,0 

(1-B-iHB?)-

" s u 1 b 2 

(REP 1)(B 2). 

(REPt )(1-REP?)-

~
5
U1

 A
D 2 

-*-(U,U,0) 

4D,U,1) 

A = A D 1 . B 2 

A = A D 2 

(D,D,0 

b x ) ^ ) -

B2 

(1-REPi)(B 2> 
" z w 

to to 

->*(U,U,0) 

->{D,U,1) 

Dl D2 

1-REPi ) (1-REP?) >QD,D,0) 

A = AJJX.B2 

A
 =

 A
D1- ^ 2 

Note: notation as in Fig. 5.5 
with p A l + R E P 2 + (1-B 2) 

Fig. 5.6: Reverse-time simulation rules for a two-stage transfer-line 
- transitions from states with X3 = 0 . 
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transition 
probability 

S t a t e a t ( t - 1 ) 

T r a n s i t i o n 
w e i g h t i n g 

F a c t o r , A 

< 1 - B I ) ( L - B ? ) — -
( 1 - B p ) 

( 1 ) ( r e p ? ) -

y © 2 

( 1 - B i ) (REP9>-
Y © 2 

( R E P i ) ( R E P ? ) -

Y © 2 

• ( U , U , M ) A = ( 1 - B p ) .Apj2 

» (U ,D ,M-1 ) > A = y . A u 2 

- m d , d , m ) 

( l - B I ) ( B ? ) -

1 - B i ) ( 1 - R E P ? ) -

(REP-i ) ( l - R E P ? ) -

Y A D2 

A = ( l - B p ) . / ^ 

X U , D , M ) 

- * < U , D , M - 1 ) y A = V . A d 2 

- H D , d , m ) 

{Bp)(1-B2 y 
(Bl) 

( B 1 ) ( R E P 2 ) 

< 1-REP- j ) (REP2>-
A D1 A U2 

-*<tmj,m) 

• * K U , D , M - 1 ) 

- *<D ,D ,M) 

A = B p . A u 2 

A = A d 1 . A u 2 

<3p)(B2> - 2 2 j 

( B p ) © 2 

- » K U , U , M ) 

- # K U , D , M - 1 ) ( B 1 ) ( 1 - R E P 9 ) -

( 1 - R E P ] ) ( l - R E P ? ) ^ ( D , D , M ) 

A = B p . ^ 

A = A d 1 . A d 2 

N o t e : N o t a t i o n a s i n F i g . 5 . 5 
w i t h Y = 1 + REPp + ( 1 - B p ) 

R e v e r s e - t i m e s i m u l a t i o n r u l e s f o r a t w o - s t a g e t r a n s f e r - l i n e 
t r a n s i t i o n s f r o m s t a t e s w i t h X3 = M. 
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Process cycle simulator 

Generate 5 random 
numbers, 

{ V 0 0 n ' V A l ' V A 2 ' V B l ' V B 2 } 

YES 

U s e
 T a l ' v a 2

 9 1 1 ( 3 

Fig. 5. o or 5.7 to 
generate Line A state 

transition 

U s e v v ^ a n d 
T a b l e s b . 3 , 5.4 to 

generate Line A state 
transition 

YES 

Use v. Bl v b 2 and 
Fig 5.6 or 5.7 to 

generate Line B state 
transition 

Use v B 1 , v B 2 and 
Tables 5.3, 5.4 to 

generate Line B state 
transition 

Use v c Q n and theory of 
section 4.8.2 to 

generate transition 
fran control state 

r 

Calculate transition weight for 
complete system (= product of 
subsystem transition weights) 

1 > 

Return to begin next 
process cycle 

Fig. 5.8: Flow diagram showing fundamental rules for 
simulating a process cycle in reverse-time. 
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U n d e r t h e s e c o n d i t i o n s , s u b s y s t e m t r a n s i t i o n s a r e g e n e r a t e d a c c o r d i n g t o 

c o n d i t i o n a l p r o b a b i l i t i e s a s i n e q u a t i o n 5 . 5 , a d j u s t i n g t h e w e i g h t i n g 

f a c t o r s a c c o r d i n g l y . 

F rom F i g . 5 . 2 , we n o t e t h a t i f t h e b u f f e r s t o r e i s e m p t y , t h e n t h e 

s t a t e o f m a c h i n e 1 a t ( t - 1 ) i n f l u e n c e s t h e o p e r a t i o n o f m a c h i n e 2 d u r i n g 

t h e n e x t t r a n s i t i o n ( i . e . m a c h i n e 1 i n a down s t a t e c a n f o r c e down 

m a c h i n e 2 ) . The d u a l n a t u r e o f r e v e r s e - t i m e s i m u l a t i o n i m p l i e s t h a t i t 

i s t h e s t a t e o f m a c h i n e 1 a t t h e end o f t h e t r a n s i t i o n w h i c h i n f l u e n c e s 

t h e o p e r a t i o n o f m a c h i n e 2 . I t f o l l o w s t h a t one random number , v j _ , i s 

u s e d t o g e n e r a t e a t r a n s i t i o n o f m a c h i n e 1 a c c o r d i n g t o t h e r u l e s o f 

T a b l e 5 . 4 , u s i n g a n a p p r o p r i a t e w e i g h t i n g f a c t o r . C o n d i t i o n a l on the 

outcome o f t h i s s i m u l a t e d t r a n s i t i o n , a t r a n s i t i o n o f m a c h i n e 2 i s 

g e n e r a t e d u s i n g a n o t h e r random number , v 2 , t h e t r a n s i t i o n p r o b a b i l i t i e s 

shown i n F i g . 5 . 6 , and t h e t h e o r y o f S e c t i o n 4 . 8 . 2 . I t c a n be s e e n 

t h a t , d e p e n d i n g on t h e s i m u l a t e d b e h a v i o u r o f mach ine 1 , m a c h i n e 2 m i g h t 

make a c e r t a i n ( p r o b a b i l i t y = 1 ) t r a n s i t i o n , a ' t r a n s i t i o n a c c o r d i n g t o 

T a b l e 5 . 4 , o r a t r a n s i t i o n t o one o f a s e t o f s t a t e s i n c l u d i n g t h e N . I . 

f o r c e - d o w n s t a t e . 

I n c o n t r a s t , F i g . 5 . 2 i n d i c a t e s t h a t when the b u f f e r s t o r e i s f u l l , 

t h e s t a t e o f m a c h i n e 2 a t ( t - 1 ) i n f l u e n c e s the o p e r a t i o n o f mach ine 1 

d u r i n g t h e n e x t t r a n s i t i o n . A d u a l v e r s i o n o f F i g . 5 . 6 t h e r e f o r e e x i s t s 

f o r r e v e r s e - t i m e t r a n s i t i o n s f r o m s t a t e s w i t h X 3 = M. F i g . 5 . 7 

s u m m a r i z e s t h e s i m u l a t i o n r u l e s f o r t h i s c a s e , and i t i s c l e a r l y 

n e c e s s a r y t h a t t h e s t a t e t r a n s i t i o n f o r mach ine 2 s h o u l d be g e n e r a t e d 

b e f o r e t h e s t a t e t r a n s i t i o n f o r m a c h i n e 1 . F i g . 5 . 8 i s the e q u i v a l e n t 

v e r s i o n o f F i g . 5 . 4 f o r s i m u l a t i o n o f a p r o c e s s c y c l e i n r e v e r s e - t i m e . 
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5.2.4 Reverse-time simulation of cross-linked transfer-lines by 

Method 2 

A detailed analysis of this method should not be necessary as the 

simulation rules are a combination of those given in Sections 5.2.2, 

5.2.3 and 4.8.2. Again we split the process cycle into two phases, 

sequentially generating transitions of the two independent lines, and 

the transition from control state to process state. Independent line 

transitions can be illustrated by considering possible reverse-time 

transitions from state (D,U,X 3). Fig. 5.9 shows states which can be 

reached if both of the indicated conditions are satisfied for randan 

numbers w^ and w 2 . 

State at (t) Conditions governing State at (t-1) 
transition 

(0<wi<B] , ) ( B 2 < W 2 < 1 ) 

Fig. 5.9: Conditions governing transitions frcm (D,U,X 3), 
for 0 < X 3 < M. 

It is possible that none of the conditions are satisfied by ŵ  and 
w2, indicating that the transition weight is zero (the state trajectory 
has effectively been terminated). Alternatively, conditions may be 
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satisfied for transitions to more than one state, forcing the use of 

another random number and the theory of Section 4.8.2. 

5.3 Gradient estimates for the standard transfer-line examples 

In order to conpare the efficiency of each of the gradient 

estimators when applied to an O.R. problem, we take as an example the 

standard 64-state cross-linked transfer-line problem of Appendix I and 

estimate the gradient for a nominal control parameter, a = 0, using four 

gradient estimators. The accurate value for this gradient has been 

calculated using equation 3.62, and is -0.01772. The four gradient 

estimators each use the same method for estimating the t t-sequence, but 

obtain adjoint estimates using Methods 1 , 2 , 3b and 3c, hence the 

labelling of gradient estimation programs as G l , G 2 , G3b and G3c. 

Program G3b is included to shew the loss of accuracy which results from 

using weighting methods to reduce the work-load presented to the 

computer. In this case, the computer generates the main state 

trajectory and no more than one additional state transition per process 

cycle, using weighting methods to avoid biased estimates. 

Results frcm gradient estimation routines using reverse-time 

simulations are given in Tables 5.5 and 5.6. Comparing the variances 

(with an adjustment for differing computing times) of gradient estimates 

obtained from 50 runs of 1000 cycles for each program, we find that 

program G2 reduces variance by 98% (by a factor of 75) with respect to 

program G l . 

Two forward-time estimators, implemented as programs G 3 b and G3c 

can be compared using Tables 5.7 and 5.8. It can be seen that it is 

worthwhile avoiding the use of weighting methods in forward-time adjoint 

estimation if at all possible. For example, the variance of results 
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N o . Of 
runs 

Length of 
simulation 
(cycles) 

Gradient 
estimate 

Estimated variance 
for a single run 

Estimated 
S.D. 

Computing 
time for 

experiment 
(sees) 

500 100 +1.697 2748.060 52.420 62.46 

10 1000 -0.273 46.33 

20 1000 -1.525 > 73.815 8.592 < 94.98 

50 1000 -0.547 
i 

224.15 

Table 5.5: Experimental results from program Gl - time averaged 
gradient estimates using adjoint estimation method 1. 

N o . of 

runs 

Length of 
simulation 
(cycles) 

Gradient 
estimate 

Estimated variance 
for a single run 

Estimated 
S.D. 

Computing 
time for 

experiment 
(sees) 

500 100 -6.608 15212.58 123.34 66.49 

10 1000 -1.142 

3.339 1.827< 

n 

15.38 

20 1000 -0.766 3.339 1.827< 

n 

28.20 

50 1000 -0.444 

3.339 1.827< 

n 
65.99 

Table 5.6: Experimental results from program G2 - tine averaged 
gradient estimates using adjoint estimation method 2. 
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N o . of 
runs 

Length of 
simulation 
(cycles) 

Gradient 
estimate 

Estimated variance 
for a single run 

Estimated 
S.D. 

Computing 
time for 

experiment 
(sees) 

500 100 +0.0674 2/2276 1.4925 40.41 

10 1000 +1.0248 
\ 

J 1.3832 1.1761 x 
9.82 

50 1000 +0.1958 

\ 

J 1.3832 1.1761 x 
43.54 

5 10000 -0.0181 0.0003 0.0180 44.48 

Table 5.7: Experimental results using program G3b - time averaged 
gradient estimates using adjoint estimation method 3b. 

No. of 
runs 

Length of 
simulation 
(cycles) 

Gradient 
estimate 

Estimated variance 
for a single run 

Estimated 
S.D. 

Computing 
time for 

experiment 
(sees) 

500 100 -0.0208 0.0136 0.1168 86.56 

10 1000 +0.0065 

> 0.0019 

r 

0.0437 < 
19.39 

50 1000 +0.0082 
> 0.0019 

r 

0.0437 < 
89.80 

5 10000 -0.0101 0.0001 0.0113 88.77 

Table 5.8: Experimental results using program G3c - time averaged 
gradient estimates using adjoint estimation method 3c. 
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from program G3b can be reduced by 98.7% (for 100 cycle run) or 99.7% 

(for 1000 cycle run) by avoiding weighting methods. These figures have 

been adjusted to allow for the extra computing time required for program 

G3c. Though these figures indicate significant improvements made 

possible by avoiding weighting methods in this case, it should be 

appreciated that we have assumed extreme restrictions on computing 

resources for program G3b in order to illustrate the estimators. 

Finally, we note that programs G3b and G3c are more efficient 

gradient estimators than programs G l and G2. Comparing results from 

programs G2 and G3c for 50 runs of 1000 cycles, the variance reduction 

is found to be about 99.92% (reduction by a factor of 1284). 

5.4 Solution of Markov decision problems using cost gradient 

estimates 

5.4.1 Discussion 

Consider an unconstrained function minimization problem where a 

system has an adjustable parameter, x , and a scalar cost function taking 

the value f(x) at x. Assume that the law taking x into f(x) is known in 

principle, but is so complicated that it is virtually impossible to 

compute. Hie problem is to find same recursive numerical procedure 

which sequentially yields or approximates a value of x which minimizes 

f(.). ' 

One possible approach might be to generate a "sufficiently large" 

ensemble of system simulations using a nominal value of x , and to 

average the system responses to provide a good estimate of f(x). This 

estimate could then be used in a non-linear programming algorithm which 

would generate a sequence { x n ) , where x n = n'th estimate of the optimal 
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value of x. Farak (53) has developed earlier work by Mayne (6) on 

algorithms utilizing estimated system responses. A feature of these 

algorithms is that the standard deviation of 6 x n (= x n - x n _ i , for each 

n) is arranged to be snail compared with 6 x n , by adjusting the size of 

the ensemble used to estimate f(x n). This method is computationally 

expensive because the number of simulations in the ensemble increases 

near the optimal point, where 6 x n becomes small. It is also inefficient 

because f(.) must be estimated at many parameter values which are not 

near the optimal point. It makes sense to use the information from 

earlier experiments to select better values of x in later experiments, 

which is what stochastic approximation algorithms do. Though this 

characteristic of stochastic approximation algorithms makes them more 

efficient in one sense, they suffer from two significant drawbacks. 

Firstly, the step-length (and thus the magnitude of 6x n) at each 

iteration is decided to a great extent by an algorithm parameter which 

is chosen at the experiment design stage. Choosing this parameter 

unwisely can lead to slow convergence, which is demonstrated later in 

the chapter. A further drawback is that definitions of stochastic 

approximation algorithms given in the literature do not include a stop 

rule. The algorithms are shown to converge assymptotically (i.e. after 

an infinite number of iterations) but the literature fails to define a 

suitable test which can be used to indicate that a small neighbourhood 

of the solution point has been reached after a finite number of 

iterations. One possibility is to perform some measure of variance 

analysis during each simulation which can be used to indicate when a 

stationary point has been reached. In Sections 5.4.2 and 5.4.3 we are 

able to define a stop rule using knowledge of estimate variance obtained 

from previous experiments. 

Convergence properties of stochastic approximation algorithms are 

discused in detail by Kushner and Clark (54). They describe (p.189) a 
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projection algorithm which is a form of the Kiefer-Wolfowitz function 

minimization procedure enploying a finite difference approximation to 

the gradient of the cost function with respect the parameters. The 

algorithm solves problems with inequality constraints, and is therefore 

suitable for solving the Markov decision problems formulated in this 

thesis. It produces a sequence { x n } , where x n e G = { x : q-j/x) < 0 , 

i = 1 , ...., k } for all n. It is proved that the sequence ( x n ) con-

verges (w.p.l) to a point satisfying the Kuhn-Tucker necessary condition 

for a constrained minimum. 

The projection algorithm is defined by equation 5.7. 

Algorithm 

x = x + a [-f (x ) + E + 6 ] 
n + 1 n n x v n y s n p n 

X n + 1 = V W 

5.7 

where (i) ^ x ) is defined as the nearest point on G to x. Thus 

itg(x) = x , if x £ G . 

(ii) 8 n is the error due to approximating the derivative fx(«) 

by a finite difference approximation. 

(iii) K n is the observation noise. 

and (iv) ( a n ) is a sequence of positive numbers, tending to zero, 

such that J a = oo. 
n n 



209. 

As we intend to estimate cost gradients using the theory of Chapter 

4 , we see that Bq = 0. Also, sequences satisfying the given conditions 

for ( a n } are {a/n p} where 0 < p < l and a is a constant (see Rudin 

(60,p.62)), so we set a n = a / n . If a single simulation provides an 

estimate of the cost gradient h ( x n ) , then the algorithm can be 

re-written, 

x . = x + - [-h(x )] 
n + 1 n n n 

X n + 1 =  7 7 G 

5.8 

The properties of { a n } ensure that as x n approaches the optimal 

point, <$xn tends to 0, even though h ( x n ) , being random, is nonzero. 

The following sections give results obtained by applying the 

algorithm (equations 5.8) to the standard 64-state transfer-line problem 

of Appendix I (having one control parameter), and to the two-state 

problem of Section 3.5.3 (having twc control parameters). In both cases 

gradient estimates were obtained using program G3c. 

5.4.2 Solution of the 64-state transfer-line problem 

This problem is formulated as a function maximization problem where 

we wish to find the control parameter value which maximizes the mean 

system output (number of pieces from the two lines) per cycle of 

operation. Because the size of the Markov model is small enough to 

allow direct calculation of the performance function, we begin by 

considering the graph of performance function vs. a , shown in Fig. 5.10. 

The graph indicates that output is maximized at a = 0.0, i.e. when the 

lines are operating independently. This contrasts with the results of 

an earlier study (see Appendix I) where it was shown that increased 

output could be obtained through the use of cross-linking if independent 
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F I G . 5 . 1 0 : P e r f o r m a n c e c h a r a c t e r i s t i c f o r s t a n d a r d 6 4 - s t a t e t r a n s f e r - l i n e e x a m p l e 
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control actions are allowed for each of the 64 states. We nevertheless 

continue to use the control problem of Appendix I as an illustration 

throughout the rest of the thesis, noting meanwhile that care should be 

taken when specifying the structure of grouped-state acntrollers. 

In order to solve the problem using the projection algorithm, we 

must replace - h ( x n ) by h ( x n ) in equations 5.8, and define ^ ( x ) by 

t t_(x) = 0 . 0 , i f x < 0 . 0 

= x if x e [0.0, 1.0] 

= 1.0, if x > 1.0 

We are now left with a choice of algorithm parameters: 

(i) the length of each simulation used to estimate h ( x n ) - only 

one simulation run is used per iteration, but the accuracy 

of the estimates is controlled by adjusting the run-length, 

(ii) the value of ' a 1 , 

and (iii) the initial parameter value, xp. 

Some comments will be made in Section 5.4.4 on the selection of 

these parameters, so for now we consider the results obtained using a 

range of parameter settings, with full details in Tables 5.9, 5.10, 5.11 

and 5.12. From previous experiments using program G3c, we know that the 

cost gradient at the optimal point is -0.01772, with standard deviations 

of 0.04 and 0.10 for 1000-cycle and 100-cycle estimates, respectively. 

Thus with 95% certainty we would expect an estimate e [-.098, +.06] from 

a 1000-cycle simulation, and an estimate e [-.218, +.18] from a 100-

cycle simulation. Thus for an algorithm using 1000-cycle estimates, 

where a n = 1 and x n - 0.0 for some value of n, we see from equation 5.8 

that <5xn+p (=x n+p-x n) will be small and we can take x n as the optimal 



Iteration number 
n 

System parameter 
x n 

1 0.5 
20 0.0 

40 0.548 

60 0.388 

80 0.281 
100 0.263 

120 0.0 
140 0.457 

160 0.389 

180 0.406 
200 0.390 
220 0.238 

240 0.297 
260 0.237 
280 0.072 

300 0.180 
320 0.168 
340 0.048 
360 0.080 
380 0.067 
400 0.012 
420 0.021 
440 0.0 
460 0.095 

480 0.061 
500 0.0 

Algorithm Parameters 

(i) Simulation length: 100 cycles 
(ii) a = 100 

(iii) xi = 0.5 

Optimal point, x = 0 . 0 

Table 5.9: 500 iterations of projection algorithm solving 64-state 
problem. 



Iteration number 

n 

System parameter 
x n 

1 1.0 
2 0.957 
4 0.798 

6 0.686 

8 0.540 
10 0.445 
12 0.404. 

14 0.344 

16 0.327 
18 0.321 

20 0.269 
22 0.378 

24 0.388 

26 0.348 
28 0.373 
30 0.358 
32 0.368 
34 0.373 

36 0.350 

38 0.345 
40 0.332 
42 0.306 
44 0.290 
46 0.250 

48 0.199 

50 0.197 

Algorithm Parameters 

(i) Simulation length: 1000 cycles 
(ii) a = 50 

(iii) xi = 1.0 

Optimal point, x O T = 0.0 

Table 5.10: 50 iterations of projection algorithm solving 64-state 
problem. 
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Iteration number System parameter 

n x n 

1 1.0 
2 0.936 
4 0.661 
6 0.571 
8 0.384 

10 0.336 
12 0.265 
14 0.0 
16 0.0 
18 0.219 
20 0.122 
22 0.105 
24 0.063 
26 0.0 
28 0.037 
30 0.0 
32 0.053 
34 0.010 
36 0.0 
38 0.0 
40 0.0 
42 0.014 
44 0.0 
46 0.097 
48 0.134 
50 0.123 

Algorithm Parameters 

(i) Simulation length: 1000 cycles 
(ii) a = 75 

(iii) xi = 1.0 

Optimal point, x = 0 . 0 

Table 5.11: 50 iterations of projection algorithm solving 64-state 
problem. 



Iteration number 
n 

System parameter 
x n 

1 1.0 
4 0.631 
8 0.349 

12 0.410 
16 0.357 
20 0.064 
24 0.160. 
28 0.0 
32 0.373 
36 0.359 
40 0.313 
44 0.298 
48 0.124 
52 0.017 
56 0.029 
60 0.0 
64 0.0 
68 0.059 
72 0.0 
76 0.119 
80 0.141 
84 0.065 
88 0.0 
92 0.0 
96 0.035 

100 0.019 

Algorithm Parameters 

(i) Simulation length: 1000 cycles 
(ii) a = 100 

(iii) xi = 1.0 

Optimal point, x = 0 . 0 

Table 5.12: 100 iterations of projection algorithm solving 
64-state problem. 
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parameter value. For an algorithm using 100-cycle estimates, n should 

be large enough to ensure than a n - 0.3 in order to apply the same 

criterion; hence the impressive results of Table 5.9, where for n = 5 0 0 , 

a n = 0 . 2 . 

5.4.3 Solution of a problem having two control parameters 

Section 3.5.3 gives details of (and solves, b y an analytic method) 

a two-state Markov decision problem. Its solution by stochastic 

approximation algorithm is of interest because two control parameters 

are involved, and the complications of projecting onto the feasible 

control set become apparent. Furthermore, the optimal controls (not a 

single point, but a set of points in this case) can fall within the 

interior of the feasible region, unlike the problem of the last section. 

W e are required to choose controls in order to minimize a cost 

function, allowing direct application of equations 5.8. It is useful to 

consider how the definition of t tHx) as the "nearest point to x in 

the feasible set" is calculated in practice. We use Fig. 5.11 to show 

how two points, and y n + i are projected onto the feasible region 

formed by the interior of a triangle. 

Having detected that x n + ^ is not a feasible point, we know that at 

least one constraint will be active at ttg (x n +-L), so we calculate the 

distances a , b and c, and because a is the shortest distance, set 

7T G(x n +^) = x n + i as shown. The projection of y n +]_ is more difficult. In 

this case we calculate and compare the distances d , e and f 2 . fy cannot 

be used because the point y is not in the feasible region, and so we 

select the nearest feasible point to y . In the event, d turns out to be 

the shortest distance, and y n + i is selected as ^ ( y n + l ) -



Fig. 5.11: Calculating ^ q ^ ^ ) and 7T G(y n +^) for two-parameter problem. 

Again we consider a range of algorithm parameters, presenting the 

results in graphical form. Fig 5.12 shows three sequences produced by 

the projection algorithm using 1000-cycle estimates of cost gradients 

and starting from three different points. The sequences were continued 

up to 20 iterations in each case, but convergence was found to be rapid 

and points not indicated in Fig. 5.12 can be assumed to be within a 

small neighbourhood of the last indicated point of the sequence. The 

same oDmments apply to Fig. 5.13, where less accurate cost gradient 

estimates are used. 400 iterations of the algorithm were recorded for 

each set of parameters shown in Fig. 5.13 and convergence was 

established after about 40-50 iterations. 

5.4.4 Choosing algorithm parameters 

Kushner and Clark (54, Chapter VII) discuss rates of convergence 

and selection of parameters, and their comments are confirmed by the 

experimental results of the two preceeding sections. 



218. 

A l g o r i t h m P a r a m e t e r s 

(i) S i m u l a t i o n Length : 1000.cycles 

(ii) a = 0.5 

(iii) T h r e e [ ^ n s e q u e n c e s starting from 

A - = [1-0 o . o ] T 

a 2 * 

N O T E S : 

(i) / i \ , (i)/ | i[ indicate the i 1 t h estimate of the o p t i m a l 

c o n t r o l p a r a m e t e r [ai a.2] T for sequences s t a r t i n g from, 

three d i f f e r e n t p o i n t s . 

F I G . 5.12 : S o l u t i o n of p r o b l e m h a v i n g two p a r a m e t e r s using 
p r o j e c t i o n a l g o r i t h m 
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a 1 | 

1 . 0 

N« 

40 
© 

0.5 H 

10 

A l g o r i t h m P a r a m e t e r s 

(i) S i m u l a t i o n L e n g t h : 100 cycles 

(ii) a = o.5 

(iii) T h r e e sequences starting from 

/l\ = [0.0 0 . 0 ] T 

® = [o.o i.o]T 

[7] = [1.0 0 . 0 ] T 

20 

30 
20 

(10J 

{30) 

40 
MINIMUM COST CONTOUR 

REGION OF FEASIBLE CONTROLS 

0.0 0.5 1.0 

N o t a t i o n as in F I G . 5.12 

a 2 

F I G . 5.13 : Use of 100-cycle estimates in p r o j e c t i o n a l g o r i t h m 
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Firstly, we conclude that averaging over increased run lengths (or 

alternatively averaging over an ensemble of runs) a t each iteration does 

not substantially affect the computing time required to achieve a 

solution to the optimal control problem. Increasing the run length by a 

factor K causes the estimate variances to decrease by K , but the same 

total number of simulated process cycles are required to achieve a 

solution, because the stochastic approximation algorithm uses (1/K)th as 

many iterations. 

Secondly, we find that the parameter 'a' should be adjusted to a 

value large enough to ensure convergence and small enough to prevent 

"oscillation". Essentially it acts in the same way as the loop gain 

factor in a closed-loop control system, where too little gain results in 

a sluggish system response and too great a gain drives the system into 

oscillation. It was found that for the transfer-line problem, where 

gradients are between -.003 and -.017, a = 100 was a suitable value, 

thereby causing (a/n).h(x n) to fall between -.3 and -1.7 at the first 

iteration. A larger value than this would be unsuitable bearing in mind 

the system constraints. Likewise the gradients of the two-state problem 

reach a maximum value of about 8.8 and applying the same rule of thumb 

gives a = 0.5 as a reasonable value. 

Finally, the experimental results indicate that the choice of xj is 

far less important in a stochastic approximation algorithm than in an 

analytic algorithm. The rate of a convergence depends more on the other 

parameters than on x^ due to the random components of each gradient 

estimate. 
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5.5 Summary 

Simulating large Markovian systems like transfer-line problems is 

best done by splitting up the complete system description into a number 

of subsystems, simulating each subsystem using different random 

numbers. It turns out that reverse-time, as well as forward-time 

simulations can be treated in this way and a dual relationship exists 

between the simulation rules for each. This observation is offered as 

an original contribution in the thesis, and is important because 

straightforward weighting methods like those described in Section 4.7.1 

are of little practical use when applied to large transition matrices. 

For these, reverse-time simulation only becomes a practical proposition 

when subsystems can be identified. The rules applying to the 

cross-linked transfer-line problem are discussed in the first two 

sections of the chapter. Cost gradient estimates for the 64-state 

transfer-line example of Appendix I can be obtained by a number of 

methods combining forward- and reverse-time simulation. Results are 

obtained using four of these methods and the relative efficiencies of 

the methods are assessed. 

Optimal control problems for which cost gradient estimates are 

available can be solved using stochastic approximation algorithms. A 

projection algorithm of this type is described and used to solve two 

grouped-state optimal control problems. The results are discussed and 

comments are included on the choice of algorithm parameters. 
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CHAPTER 6 

VARIANCE REDUCTION METHODS . 

6.1 Introduction 

From the previous two chapters, we see that gradients of total 

process cost over N cycles can be estimated from a single (or possibly 

two, if a reverse-time adjoint estimator is used) N-cycle simulation(s) 

in a number of ways. Each estimator, given the size of the problem, and 

the magnitude of N , will have associated with it a certain variance. 

Even the most accurate gradient estimates, obtained using adjoint 

estimators 3a, 3b and 3c, have a high and unacceptable level of 

variance. The simplest ways of making an estimate more accurate have 

already been used in Chapter 5 . Naive, or crude Monte Carlo sampling 

involves taking the mean of several independent estimates. If T 

seconds of computing time are required to produce a single-run estimate 

having variance v , then the crude Monte Carlo estimate obtained by 

taking the mean of k independent estimates will have variance v/k and 

will require kT seconds of computing time. Alternatively, for systems 

described by a single ergodic set of states, it is possible to estimate 

the gradient of mean process cost per system transition. Thus we can 

reduce variance by averaging over one long simulation run rather than by 

averaging over a large ensemble of runs. This is an alternative form of 

the naive Monte Carlo estimator, i.e. if an N-cycle estimate of the mean 

cost gradient has variance v , and is computed in T seconds, then a kN-

cycle estimate has variance v/k and is computed in kT seconds. 

Thus we seek variance reducing methods which reduce variance (or 

computing time) to a greater extent than they increase computing time 

(or variance). Some authors (mentioned later) quote figures for 
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variance reduction without any adjustment for extra computing time, and 

it often turns out that such methods are no better, or are sometimes 

worse than the crude Monte Carlo estimator. Thus in the following 

sections we assess methods with both -variance and computing time taken 

into account. We use the definition of 'normalized variance reduction' 

given by Moy (57, Table 3), i.e. normalized variance reduction = 

{l-[(average variance of alternative sampling procedure).(computer 

running time of alternative sampling procedure)]/[(average variance of 

crude estimate). (computer running time of crude estimator)] } x 100%. 

Whereas a straightforward approach to estimation might be to 

generate records of a system's performance, and then to analyse input 

and output data, the use of Monte Carlo techniques implies that the 

simulation process can be radically changed in order to improve the 

accuracy of estimates without introducing bias. The discussion of 

variance reducing methods included here reviews the standard procedures 

and concludes that only two of these seem worthwhile when applied to 

simulations of a finite-state discrete-time process. It turns out, 

however, that a refinement technique often used in numerical analysis 

can be employed in a successful variance reduction method. A good 

approximation to the relative cost vector A is an initial requirement, 

and is obtained through use of one of a range of reduced system models 

which are also discussed in sane detail. The standard transfer-line 

problems described in Appendix I are used to indicate levels of variance 

reduction to be expected using two of these reduced models. 

6.2 Variance reduction: a review of standard techniques taken 

frcm the literature 

6.2.1 Use of Expected Values (see Kahn (29) and Handscomb (56)) 

This simple but effective technique combines an element of 
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analytical calculation with the normal simulation process. It follows 

the general rule of Monte Carlo sampling, namely that whenever possible, 

parts of the problem should be solved analytically, substituting these 

partial solutions into the estimation process where appropriate. 

Thus at some point in a simulation, rather than counting actual 

occurrences of some future event, we might be able to calculate the 

expected number of occurrences. To quote Handscomb's example, if the 

probability of some future event occurring is known to be p , then 

instead of later scoring 1 when the event occurs or 0 otherwise, we 

score p in either case, leaving the expected score unchanged. Variance 

is thereby reduced by p(l-p) for every p scored. It will be shown later 

that this simple modification to the estimation process can bring about 

a reduction in variance when used in the transfer-line example. 

6.2.2 Antithetic Variates (see Handscomb (56), Hammersley and 

Handscomb (31), Moy (57) and Kleijnen (20-)) 

The term antithetic variates is generally used to describe any set 

of estimators which mutually compensate each other's variations. 

Negative correlation is created between (usually) two unbiased estimates 

by generating one using a random number, r, selected from a uniform 

distribution on the interval [0,1], and the other using another randan 

number (1-r), known as the antithetic partner. If the two estimates are 

xj_ and X2 then the antithetic estimate is the mean of x^ and X2, i.e. 

x = + X2)/ whose variance is 

var(x) = {var(Xj_) + £var(x 2) + ^ c o v ^ , x ^ 6.1 

and if cov(X]_,X2) is negative (equivalently if x^ and X2 are negatively 

correlated) then the variance of the antithetic estimate, x, is less 
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than half of the variance of either individual score x^ or x 2 , resulting 

in a more efficient estimation procedure. 

This technique can bring about dramatic improvements when used in 

solutions of uncomplicated mathematical problems like the evaluation of 

the integral 6 = / f (x) dx . This type of example is used by Hammersley 
0 

and Handsoomb (31) to demonstrate variance reduction by 97% (i.e. by a 

factor of 31), these figures having been adjusted to allow for the extra 

work involved in calculating the antithetic estimates. Even greater 

improvements are recorded for solution of this type of problem using 

more sophisticated antithetic variate methods which employ variations of 

the "stratified sampling" variance reduction technique. Stratified 

sampling has proved a difficult technique to apply to Markov chain 

problems, and is therefore not discussed here. 

As will be seen later, the effectiveness of antithetic, variate 

methods when applied to multi-stage experiments (i.e. simulations) is 

much less predictable, and invariably of a lower level. Kleijnen (20) 

reports on antithetic variate applications in the simulation of single 

server queuing systems by four authors, and records average variance 

reductions of 71%, 41%, 46% and 42%. He also reports on more 

complicated queuing system simulations where variance was reduced by 40% 

or less. It appears that he has not made any allowance for the 

additional work required. 

6.2.3 Use of Common Random Numbers (see Kahn (29) Kleijnen (20), and 

Hammersley and Handscomb (31)) 

This is the technique most widely used in simulation studies and 

has been applied in many cases where several systems are to be simulated 

with the object of choosing the 'best 1 one. Here we are more interested 
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in the relative values of two or more system responses, rather than 

their absolute values. Hence the systems are compared "under the same 

circumstances", i.e. the same randan numbers are used to generate the 

same event at the same stage of simulation of two or more Systems. Ia 

doing this, we are attempting to introduce a positive correlation 

between the system responses. We can only achieve this if each system 

responds to the randan number inputs in a similar way, e.g. a random 

number of low (high) value giving rise to an estimate of low (high) 

value for each system simulated. 

When comparing two systems by simulation, with unbiased estimated 

responses x and y , an unbiased estimate of the difference between the 

responses is (x-y), having variance 

var(x-y) = var(x) + var(y) - 2 . cov(x,y) 6.2 

If x and y are positively correlated, i.e. if cov(x,y) is positive, 

then this estimator is more efficient than the crude Monte Carlo 

estimator, where use of independent sets of randcm numbers would imply 

that 

var (x-y) = var(x) + var(y) 6.3 

Kleijnen discusses the technique in detail with reference to 

"synchronization" (identical randan numbers being used for each system 

variant at the same juncture in the realization of the two processes -

achieved by the use of multiple randan number streams, or by the use of 

a single stream of random numbers, where sane are hot used). Kleijnen 

also goes. to considerable lengths to warn the reader about the drawbacks 

of indiscriminately applying common random numbers (requiring positive 

correlation between system responses) together with antithetic variates 
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(requiring negative correlation). 

6.2.4 Control Variates, or Regression Sampling (see Moy (57), 

Hammersley and Handscomb (31), Handscomb (56) and Kleijnen (20)) 

Many variations (Kleijnen lists eight) of this idea have appeared 

in the literature. We discuss here the one best known and most relevant 

to the Markov decision problem. 

A related, simpler system with easily calculated average response 

y z is simulated together with the system of interest using common random 

numbers, thus providing a measure of positive correlation between the 

two simulations. If the estimated responses of the original and 

simplified systems are x and z respectively, then the control variate 

estimator is defined by: 

x c = x - a(z - p z ) 6.4 

where a is a scalar chosen to minimize variance. 

The estimator x c is unbiased: 

E { x c } = E { x } - a E{z - y z > 

= E { x } - a(E{z} - y z ) 

= E { x } 6.5 

and the variance is given by: 

2 
var(x c) = var(x) + a . var(z) - 2a ,.cov(x,z) 6.6 

Again it can be seen that positive correlation between the two 
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system responses allows the possibility of variance reduction to an 

extent determined by the accuracy with which the large system is 

modelled by the reduced one, and the choice of the scalar, a. Kleijnen 

discusses at length ways of calculating (or estimating by prior Monte 

Carlo experiment) the value for 'a' giving maximum variance reduction, 

but many authors accept that if the reduced system is a good 

approximation to the original then significant variance reduction can be 

achieved by setting a = 1. It should be noted that when crude Monte 

Carlo sampling is applied to J independent pairs of estimates { X j , z j ; 

j = 1 ,...., J } , then from equation 6.4 the control variate estimator 

is 

1 J 

* c = J< I ^ J - a ' z j J > + a H z 6.7 

The effectiveness of the control variate technique can be judged 

from the following figures taken frcm the literature. For estimation of 

a simple integral, Hammersley and Handscomb show that 97% variance 

reduction has been achieved, allowing for the extra work involved. Moy 

i 

reports reductions between 20% and 50% for simulations of simple 

queuing systems, while Kleijnen quotes reductions of 50% or less for a 

range of simulations, falling to single figure variance reductions for 

complex (queuing system) simulations. 

6.3 Application of standard techniques to the transfer-line problem 

6.3.1 A necessary feature of the simulation 

In order to apply antithetic variates, common randcm numbers, and 

control variates, we need to program the problem in such a way that 

regardless of the state assumed by the system at the start of the cycle, 
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the system always reacts in the same way to a given randan number. Thus 

w e program the simulation so that random numbers with high values tend 

to keep machines working, rather than broken down, implying that the 

system responses (number of pieces at the output of the system) have 

high values. Obviously the opposite effect is achieved for random 

variables with low values. We note that for a broken-down machine, the 

probability of repair in the next cycle is a constant, REP, and we set R 

= (1-REP). A random number e [0,R) implies no change of state, whereas a 

random number e [R,l] gives rise to a simulated repair. Similarly, for a 

working machine, the probability of breakdown in the next cycle is a 

constant, B. Random numbers e [0,B) cause simulated breakdowns while 

those e [B,l] imply no change of state. 

6.3.2 Use of expected values 

It has already been established that the accuracy of a .gradient 

estimate depends on the accuracy of each of its two components, the 

state distribution and adjoint vector sequences. While it is theore-

tically possible to improve estimates of each sequence by the use of 

expected values, in practice it makes sense only to apply the technique 

to the estimation of adjoint vectors. Furthermore, benefits only become 

apparent when using forward-time adjoint estimators, because the 

reverse-time methods involve sampling from large vectors. Sampling from 

the vector c is straightforward because of its structure (in fact it is 

only necessary to generate random integers, as shown in Section 5.2.3) 

but sampling from a more complex vector like q (=Pc) would be tedious. 

Recalling that a process cycle is composed of a 'control 

transition' followed fcy a 'process transition' (see Section 2.2.5), we 

propose the following improvement to the forward-time adjoint 

estimators. Rather than scoring <e.;, c > for a system transition ending 



230. 

in state ej, we score <ey, P c > for a system transition beginning in 

state e^. This is a simple and convenient procedure to program in the 

case of the cross-linked transfer-line model. During the process 

transition phase, the two lines are acting independently, and it is 

therefore possible to generate distinct transitions using each single 

line model. W e can easily store the vectors (P^c^) and (P^c®) 

corresponding to the individual lines. If the overall system state, ey 

at the beginning of the system transition is identified by the smaller 

vectors ej^ and e n for lines A and B- respectively, then the score 

recorded at the beginning of the transition is 

A A B B 
<e., Pc> = <e , F c > + <e , P c > 6.8 

1 m n 

That individual scores can be added in this way for independent 

systems is proved by Norman (43, Appendix I). 

To quantify the benefits of applying this method to the transfer-

line example, program G3c was run both with and without expected value 

variance reduction. The average variance reduction (calculated from 

estimated variances over a range of simulation conditions) was 59%. 

Table 6.1 gives details of the simulations with results. The estimated 

improvements are likely to be optimistic and we might do well to pay 

more attention to the first two figures (which are reasonable estimates 

of the variance over 100 and 1000 cycles). Taking the mean of these 

figures, we see that 25% is a worthwhile improvement, bearing in mind 

that virtually no extra computing time or storage is required for the 

method. 

6.3.3 Antithetic Variates 

Several authors including Tocher (18) and Moy (57) agree that the 
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N o . 
of 
runs 

Length of simulation (cycles) 

Estimated variance 
for a single run Variance 

reduction 
N o . 
of 
runs 

Length of simulation (cycles) 
Using 

expectations 
N o t using 

expectations 

Variance 
reduction 

10 100 .0173976 .061009 71% 

10 1000 .0015054 .001239 -21.5% 

1 10000 .0000211 .000196 89% 

1 20000 .0000004 .0000184 97.8% 

Simulation Conditions: (i) Standard 64-state model (2 transfer-lines 

each having buffers of . capacity 1 

production unit) 

(ii) Nominal control parameter, a = 0 

(iii) Variance figures relate to mean cost 

gradient estimates. 

Table 6.1 : Estimated variance reduction through use of expected values 

N o . 
of 
runs 

Length of 
simulation 
(cycles) 

Gradient 
estimate 
(expected 
value = 

-.017) 

Estimated 
variance 
for single 
run 

Computing 
time for 
experiment 
(seconds) 

Variance 
reduction 

Variance 
reduction, 
adjusted for 
extra work 

500 100 -.0149 
(-.0208) 

.0061 
(.0136) 

163.3 
(86.6) 

55% 15% 

10 1000 -.007 
(+.0065) 

\ 

> .0011 4 
(.0019) 

36.0 
(19.4) 

47% 1% 

50 1000 -.0128 
(-.0082) 

\ 

> .0011 4 
(.0019) 170.7 

(89.8) 
42% -10% 

Figures in parentheses are the results frcm corresponding experiments 

using program G3c. 

Simulation Conditions: (i) Standard 64-state model (2 transfer-lines 

each having buffers. with capacity 1 

production unit) 

(ii) Nominal control parameter, a = 0. 

Table 6.2: Estimated gradients and variance reduction using the 
antithetic variates estimator. 
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use of random numbers ri,r2 in one simulation run and (l-rj_), 

(l-r2),.... in an antithetic simulation run lead to negatively 

correlated systan responses if the simulation is carefully programmed 

(see Section 6.3.1). Kleijnen (20), however, points out that in the^ 

simulation of complex systems, negative correlations cannot be assumed, 

and can only be shown to exist by trial. Nevertheless, it seems 

reasonable to assume that an antithetic variate estimator using the pair 

of simulations described above should offer some variance reduction. 

The result of applying this antithetic variate method to program G3c is 

shown in Table 6.2. It can be seen that variance reductions of between 

40% and 50% compare favourably with the range of results reported in 

Kleijnen for simulations of simple queuing systems. Note however, how 

the figures are much less attractive when adjusted for the extra work 

involved in implementing the method (typically doubling the run-time of 

the standard program). In fact the adjusted figures show that we derive 

almost no benefit from using this form of antithetic variate estimator 

for this type of problem, and we question whether Kleijnen's reported 

variance reductions for complex queuing systems (5 to 10% and 18 to 27% 

were quoted), when corrected for extra computing time, would still show 

the method to be worthwhile. Handscomb (56, p.260) warns that when 

applying antithetics in simulation studies, "its effectiveness depends 

rather heavily on the care with which we decide when to use it, since 

every application multiplies the minimum number of samples we have to 

take by a factor of at least two," and this study shows that the extra 

computing time is significant. 

It is worth mentioning that the gradient estimation method forming 

the basis of this antithetic variate estimator incorporates forward-

time adjoint vector estimation with implicit use of common randan 

numbers (see Section 6.3.4). The resulting positive correlation 

employed in this estimation process could lead to undesirable cross-
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correlation terms in the antithetic gradient estimate (as shown by 

Kleijnen (20, p.209)), thus reducing the accuracy of the results in this 

case. Had we been observing seme simple feature of the system like 

average output, we might achieve much better results using this-

antithetic variate technique. Though Kleijnen agrees with other authors 

that variance reduction methods are "by no means mutually exclusive" 

(and we shall see by the end of this study that at least three methods 

can be simultaneously applied to the transfer-line problem with 

significant benefits) his study of the joint application of antithetic 

variates and common random numbers shows that in many cases, variance 

increases can result. 

6.3.4 Common Random Numbers 

Common random numbers are used in adjoint estimation methods 3a, 3b 

and 3c. In Method 3c they are used for other reasons than 'just to 

reduce variance (which they undoubtedly do, though the reduction has not 

been quantified by experiment). To begin with, it is expedient to do 

so: a vast amount of computing time is saved by using the same random 

numbers for the additional "adjoint runs", and the resulting element 

estimates are obviously unbiased. Another reason is that as we are 

estimating, for each partial derivative, the difference between two 

non-terminating sequences of costs, the use of independent random 

numbers in the generation of these sequences would force us to terminate 

the adjoint estimation process when each sequence had been judged to 

have achieved its steady state, i.e. each sequence increasing by the 

same mean cost every transition. Terminating such sequences without 

introducing bias is a well-known problem (see Kahn (29), where "Russian 

Roulette" is suggested as a possible method). However, by using common 

random numbers for the simulation of the same system starting in two 

different states, we identify the end of the transient easily. At 
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some stage, the states assumed by each simulation will be identical 

(signalling the end of the transient), and because common random numbers 

are used, will continue to coincide ad infinitum. Thus we have no 

problem in identifying the end of the transient, and can estimate 

elements of the 'relative cost v e c t o r 1 , A, without introducing bias. 

When comparing the performance of two different systems by 

simulation, the benefit due to using common random numbers 'is less 

obvious than when (as in this procedure) we are comparing responses of 

the same system, starting in two different states, and this fact is 

especially true when a simulation of that system initiates additional 

"adjoint runs" at random times. 

6.3.5 Control Variate Methods 

From the previous general discussion of control variates, it should 

be apparent that the efficiency of the method depends largely upon the 

extent to which the simpler model mimics the original. Therefore it is 

essential that we spend some time considering ways of reducing the 

complexity of our large Markov model. A requirement of the control 

variate formulation is that the expected cost gradient for the simpler 

system can be calculated. Thus we seek a rule for mapping the original 

system states into a smaller space, so that matrices and vectors for the 

reduced model can be accommodated by the computer, allowing computation 

of the required gradient. This type of reduced model satisfies another 

requirement of the control variates method, naitely that the similarities 

between the two models allcw similar events to be generated by the same 

random numbers. 

It turns out that by identifying problem characteristics, it is 

possible to reduce the number of states but at the same time retain 



235. 

features of the original model which ensure close correspondence between 

simulations of each system. Norman (43) has made a study of such 

reduction methods in connection with his heuristic procedures in dynamic 

programming. Appendix IV reviews those reduction methods most appro^ 

priate in the treatment of transfer-line problems and adds sane novel 

variations. The reduction method referred to in Appendix IV as "State 

Grouping" was used to derive a 64-state Markov model which acted as a 

control variate during the simulation of our standard 144-state 

transfer-line problem. Most features of the two models are identical, 

but whereas the buffer of each transfer-line of the large system 

contains 0 , 1 or 2 units, the corresponding variable of the reduced 

system represents 0 or 1 unit. Thus "buffer states" 1 and 2 of the 

original system are mapped into the single state 1 of the reduced 

system. We assume for this study that state 1 of the reduced system 

represents states 1 and 2 of the large system with equal probability 

(0.5), but prior calculation or estimation of the steady-state 

probabilities for states 1 and 2 of the large system leads to a very 

accurate control variate nodel which has the same essential properties 

as the original, at least in the steady-state. 

The initial work on this method was directed towards quantifying 

the improvements (if any) which resulted from estimating the first four 

adjoint vectors using adjoint estimation Method 1, together with the 

64-state control variate above, assuming a zero-valued nominal control 

parameter, a , throughout the experiment. By calculating the first four 

adjoint (64-) vectors of the reduced system, we can obtain approximate 

versions of the required 144-vectors by the rule given in Appendix IV. 

Each of these vectors is then used as y z in (four) - vector versions of 

equation 6.7, representing control variate estimators of the four 

adjoint vectors of the original system. Thus, having y for each 

estimate, we can obtain vectors x-; by estimation Method 1, 
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simultaneously generating adjoint simulations of the 64-state model to 
provide the vectors Zj. 

From the early results, it became obvious that this control variate 
method is well suited to improving the "shape" of adjoint vector 
estimates. Whereas one run using a reverse-time method provides non-
zero estimates of only a few elements of each vector, these sparse 
vectors are "filled in" by the sequence of approximate ad joints 
calculated using the control variate model. Unfortunately, it was found 
that in simulating the control variate using the same random numbers as 
the original process, the associated trajectories in (144-) state space 
were rarely seen to coincide no matter what refinements to the control 
variate were attempted, with the result that although the adjoint 
vectors were no longer sparse, there were significant variance attri-
butions due to simulations of both the original, and the related 
process. Nevertheless, because the gradient estimation process .requires 
only a small number of elements frcm each vector, it seemed likely that 
we should achieve some reduction in the variance of gradient estimates 
using the above method. 

Table 6.3 gives results obtained by calculating (rather than 
estimating) the first four state distribution vectors, and using four 
adjoint vectors estimated in reverse-time, with and without the use of 
the control variate. 

The more accurate variance estimates from the 500-run ensembles 
suggest that sample variance is changed very little and in view of the 
fact that computing time is increased, we are not encouraged to use this 
type of control variate. 

The same control variate has been used in conjunction with gradient 
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N o . of runs Gradient Estimated variance Estimated S.D 

estimate for a single run 

Without control 10 +0.5282 2.4744 1.5730 

variate 500 +0.0059 4.2773 2.0682 

With control 10 +0.2647 1.0650 1.0320 

variate 500 -0.0501 4.5799 
_ 

2.1401 

Simulation conditions: (i) True cost gradient over 4 cycles = -0.0136 
(ii) Nominal control parameter, a = 0 
(iii) 144-state standard model with 64-state 

control variate 

Table 6.3 : Use of control variates to improve adjoint estimates 

estimation routines which use adjoint estimators 3a and 3b over longer 

simulation runs to estimate the mean cost gradient per cycle. Here the 

control variate was employed as a means of directly improving gradient 

estimate accuracy. Equation 6.7 reverts to its scalar form, where y z is 

the gradient calculated directly (in 64-space) from the reduced model, 

and Xj and zj are the gradient estimates from the 144-state and 64-state 

models, simulated using common random numbers. All variations of the 

control variate model produced slight increases in variance compared 

with the crude Monte Carlo estimates. Because gradient estimators using 

forward-time adjoint estimates are the most accurate of the methods 

studied, we can say with more confidence that this type of control 

variate is not effective when used in the simulation of discrete-state 

Markov processes. 

As a postscript to this discussion of the use of control variates 

we note that although the method proved to be ineffective in this case, 

we have evidence that the approximate adjoint vectors derived frem the 

related process were quite accurate, and we therefore conclude that this 

valuable information was being used in the wrong w a y . It is gratifying 

to be able to report that the model reduction techniques can be put to 



238. 

good use in a successful variance reduction scheme described in the 

following section. 

6.4 Variance reduction by refinement of an approximation 

6.4.1 Origins of the method 

W e propose the use of a refinement technique which is well known in 

the field of numerical analysis. The method is normally used to refine 

a solution to the linear vector equation 

Ax> = b> 6.9 

which has been obtained either by Gaussian elimination (which is 

invariably subject to roundoff errors) or by an iterative method like 

Gauss-Seidel, where a large number of iterations might be required for a 

satisfactory solution, in which case use of this technique would 

accelerate convergence. For a detailed discussion of the method see any 

basic text on numerical analysis, like Dorn and McCracken (58, p . 175). 

The technique was later put forward by Halton (30) (also see Hammersley 

and Handscomb (31)) as a sequential Monte Carlo method for estimating 

solutions to an alternative form of equation 6.9, i.e. 

x> = a> + Hx> 6.10 

where a is a constant vector. 

6.4.2 Use of the technique to reduce variance of gradient estimates 

The refinement technique is described using Hal ton's notation. We 

assume that a rough estimate, x, of the solution to equation 6.10 has 

% The references point out that H must have certain properties for the technique 

to be effective. It can be shown that the transition m a t r i x for a regular 

Markov chain always has these properties. 
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Putting 

y> = (x - x) > 6.11 

and 

d> = a> + Hx> - x> 6.12 

then equation 6.10 can be re-formulated as 

y> = d> + Hy> 6.13 

where conponents of d are smaller than those of a if x is a close 

It turns out that Monte Carlo estimates of the vectors x and y of 

equations 6.10 and 6.13 are obtained by similar methods to those used in 

this study of adjoint estimation. In fact, adjoint estimation method 

3c, used to estimate the relative cost vector A , implicitly solves an 

equation of the same form as equations 6.10 and 6.13. 

Proposition 6.1 

The relative oost vector A>( = (A - bl)>,where b is scalar valued) 

is a solution of 

X> = v> + P(a)A> 6.14 

where v > = (P(a)c - gl)> and g is a scalar representing the mean process 

approximation to x (if x = x , d = 0). 
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cost per cycle. 

Thus v is a constant vector for a given Markov process operatimg 

with nominal control parameter, a . 

Proof 

Repeating equation 4.42. 

for large n (< N) 

A N _ n > = n g 1> + A> 4.42: 

Also, frcm equation 4.4a, 

W = p ( a ) c > + p ( o ) W i " 

therefore using equation 4.42, 

n g 1> + A> = P(a)c> + P(a)[(n - l)g 1> + A>] 

= P(a)c> + (n-l)g 1> + P(a)A>, as P(a) 1> = 1> 

A> = (P(a)c> - g 1>) + P(a)A> 6.15 

vhich can b e re-written as equation 6.14 because: 

substituting A> = X> + b 1> into equation 6.15, 

A + b 1> = (P(a)c> - g 1>) + P(a) (A> + b 1>) 



A> = (P(a)c> - g 1>) + P(a)A> 
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6.16 

which is equivalent to equation 6.14. 

Using 'expected value' variance reduction with adjoint estimator 

3c, it can be seen that when generating two 'adjoint simulations' in 

order to estimate the relative values of two components < e m , A> and 

< e n , A> , the expected score for the first transition will be 

< l e m -

e n ] [ P ( a ) c - gl] > - < [ e m - e n ] [ P ( a ) c ] > , this being added to 

similar 'scores' recorded at the beginning of subsequent transitions. 

It is not difficult to see that these scores can be reduced in magnitude 

by exploiting a rough estimate of A using equations 6.11-6.13. It 

follows that we obtain a more accurate estimate of A and therefore a 

gradient estimate with reduced variance. We begin by specifying a 

reduced model (one of those described in Appendix IV) and using it to 
A 

calculate an approximate form, A of A . When dealing with systems having 
A 

a very large number of states, it is essential that both A and 

d (= P ( a ) c > + P(a)A> - A>) can be easily stored in some form. For this 

reason Halton's sequential Monte Carlo method cannot be applied 

directly, whereas prior calculation or estimation using a reduced model 
A 

implies that the reduced form of A can be stored, expanding into the 

full state space as required by the gradient estimator. The type of 
A 

reduced model used limits the ease with which the vector d is stored and 

retrieved, and further comments will be made later when results are 

discussed. 

6.4.3 A simple example 

To illustrate the reductions in variance made possible by this 

method, we consider the estimation of A for the uncontrolled two-state 

system defined by: 

% The additions are made according to the rules of Method 3c described in 
Section 4.8.8. 
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P = 
,75 .25 

,1 .9 
c> = 

q> = Pc> = 
.25 

.9 

and 

= A> - (<e2f A>) 1> 

Thus we intend to estimate [ -1 1] "X> using adjoint estimation 

method 3c, comparing crude estimates from a range of ensemble sizes to 

those obtained using the refinement technique with several prior 

A 

estimates, A . Conparison of Tables 6.4 to 6.7 indicates the consider-

able benefits to be realized through application of this method. Our 

estimate of single run variance from Table 6.4 indicates .that an 

ensemble of no less than 5100 runs would be required to obtain a 

estimate accurate to one decimal place (with 95% certainty) using crude 

Monte Carlo sampling. Table 6.5 shows quite clearly that even for a bad 

initial estimate like [+1.0 0 ] T we still get a significant variance 

reduction of the order of 80%. Furthermore, the method requires 

relatively little extra computation, even for the larger transfer-line 

problem (depending on the choice of reduced model), as unlike the 

standard control variates method, no parallel simulation of the related 

process is required. Table 6.7 indicates the value of improving the 

initial approximation. With A = [+1.8 0]Tf variance is reduced by a 

factor of 1067 compared with the crude estimator. Put another way, for 

accuracy to one place of decimals, we require an ensemble average over 

only 10 runs using this prior estimate, compared with over 5000 runs 

using crude Monte Carlo estimation. 

A> = 
-1.857 

0 
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N o . of runs 

Estimate of 

[-1 1]S> 

Estimated variance 
for a single run 

Estimated 
S.D. 

Computing time 
for experiment 

(sees) 

10 2.21 
\ 

> 2.2457 

i 

1.4986< 

> 

0.906 

1000 1.8226 

\ 

> 2.2457 

i 

1.4986< 

> 

1.292 

20000 1.8624 

\ 

> 2.2457 

i 

1.4986< 

> 

8.937 

200000 1.85236 

\ 

> 2.2457 

i 

1.4986< 

> 81.677 

Table 6.4 : 2-state example - crude Monte Carlo estimates of [-1 1] A> 

N o . of runs 
Estimate of 
[-1 1]A> 

Estimated variance 
for a single run 

Estimated 
S.D. 

Computing time 
for experiment 

(sees) 

10 2.02 
s 

^ 0.4836 0.6954" 

\ 

0.884 

1000 1.8412 

s 

^ 0.4836 0.6954" 

\ 

1.276 

20000 1.859575 

s 

^ 0.4836 0.6954" 

\ 8.862 

Table 6.5 : 2-state example - use of refinement technique with prior 
estimate = [+1.0 0 ] T 

N o . o f runs 
Estimate of 
[-1 1]A> 

Estimated variance 
for a single run 

Estimated 
S.D. 

Gomputing time 
for experiment 

(sees) 

10 1.83 

0.0134 0.1159" 

0.893 

1000 1.8598 0.0134 0.1159" 1.303 

20000 1.856737 

0.0134 0.1159" 

8.952 

Table 6.6 : 2-state example - use of refinement technique with prior 
estimate = [+2.0 0 ] T 

N o . of runs 
Estimate of 
[-1 1] A> 

Estimated variance 
for a single run 

Estimated 
S.D. 

Computing time 
for experiment 

(sees) 

10 1.868 

^ 0.0021 0.0464" 

0.884 

1000 1.85608 ^ 0.0021 0.0464" 1.275 

20000 1.857305 

^ 0.0021 0.0464" 

8.959 

Table 6.7 : 2 state example - use of refinement technique with prior 
estimate = [+1.8 0 ]T 
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6.5 Application of the refinement technique to the transfer-line 

problem 

6.5.1 Use of Norman's reduced models 

Appendix IV gives two ways of simplifying the state description of 

the complete transfer-line model according to its characteristics. 

Sections 6.5.2 and 6.5.3 illustrate the use of these reduced models in 

conjunction with the refinement technique, resulting in considerable 

reductions in the variance of gradient estimates. The technique, using 

an appropriate reduced model, is seen to have the potential for reducing 

variance to very low levels (reduction by as much as 98% for our 

example) encouraging the use of Monte Carlo gradient estimators for very 

large Markov decision problems. 

6.5.2 Model reduction by 'State Grouping' 

In the discussion of the standard control variates method applied 

to the transfer-line model (Section 6.3.5), we established that the 

reduced model resulting from grouping together certain states could be 

manipulated to provide very close approximations to the adjoint 

vectors. However, we concluded that this information was not being 

fully exploited by the standard control variates approach, and it is now 

apparent that the refinement technique is likely to make best use of 

this information. Furthermore, it is likely to be more efficient due to 

the fact that no control variate simulation is required. After 

specification of the reduced model, and calculation or estimation of the 

relative cost vector for this model, the only further calculation 

required is the mapping of the reduced relative cost vector into the 

approximate complete model vector, A , and the calculation of vector <d. 

Certain elements of these vectors would normally be calculated during a 
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simulation run for large problems but such calculations would take 

relatively little time. 

As an illustration, we again estimate cost gradients for the-

standard 144-state transfer-line problem using a 64-state reduced model 

derived by the state grouping technique of Appendix IV. Our aim is to 

compare results obtained using estimate refinement with the crude Monte 

Carlo estimates obtained for the same problem using program G3c, for a 

nominal control parameter a = 0. The results are given in Tables 6.8 

and 6.9. After correcting for the extra computing time required for 

calculation of approximate vectors, the variance reductions appear to be 

of the order 83-89%. 

6.5.3 Use of independent sub-systems 

We see from Appendix IV that one way of obtaining approximate 

results for the complete model is to combine vectors calculated from two 

or more reduced models which represent independent sub-systems. 

This technique is particularly effective when applied to the 

transfer-line problem for two reasons: 

(i) The type of control action assumed by the problem formulation 

implies that two normally independent sub-systems (transfer-

lines A and B) are made to interact in a probabilistic 

manner. Thus simulations using nominal control parameters, 

a = 0 are effectively simulations of two independent transfer-

lines. Moreover, if we also assume lines A and B to be 

identical, then only one reduced model (representing line A or 

A 

line B) is required for calculation of A . If the complete 

A 

system has s state? then A is obtained by calculation using a 
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N o . 
of 
runs 

Length of 
simulation 
(cycles) 

Gradient 
estimate 

Estimated variance 
for a single run 

Estimated 
S.D. 

Computing time 
for experiment 

(sees) 

10 1000 +.000455 
• .0003312 .0182 < 

25.281 

50 1000 -.007184 
• .0003312 .0182 < 

107.242 

1 50000 -.008009 .0000302 .0055 107.008 

Simulation Conditions: (i) 144-state example with 64-state reduced 

model for approximation 

(ii) Nominal control parameter, a = 0 

(iii) Accurate time-averaged cost gradient 

= -0.014 

Table 6.8 : Variance reduction using the refinement method with 'state 

grouping' model reduction 

N o . 
of 
runs 

Length of 
simulation 
(cycles) 

Gradient 
estimate 

Estimated variance 
for a single run 

Estimated 
S.D. 

Computing time 
for experiment 

(sees) 

10 1000 -.002537 
V 

.0021252 

J 

.0461 « 
20.162 

50 1000 +.000892 

V 

.0021252 

J 

.0461 « 
95.973 

1 50000 +.003294 .0002992 .0173 98.351 

Simulation Conditions: As for Table 6.8 except solutions obtained by 

basic forward-time gradient estimator. 

Table 6.9 : Estimated gradients for 144-state problem without use of 

variance reduction methods. 
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single reduced model having / T states. Taking a realistic 

value for s, we see that the reduction from a 10,000-state 

model to a 100-state model makes possible the use of a direct 

solution algorithm like Gaussian elimination. 

(ii) Independent sub-systems analysis frequently provides a great 

deal of information about systems having non-zero nominal 

control parameters. A case in question is when cross-over 

control is exercised in relatively few process states (e.g. 

our standard 64-state example, where only 16 states allow the 

use of cross-over control). If a system makes extensive use 

of cross-over control, and control actions applied to 

individual lines are similar for all states, it may be 

possible to consider a pair of independent sub-systems where 

each is "controlled" regardless of the other's state. For 

example, the complete model tells us that transfer-line A 

accepts a piece frcm transfer-line B when A and B are in 

certain states. Using independent sub-systems, controlling 

actions for each sub-system are determined with reference to 

the state of just that sub-system, i.e. A 'accepts' a piece if 

it can, regardless of B's state, and likewise B 'gives up' a 

piece if it can, regardless of A's state. It is recognised 

that this type of model could only be useful in certain cases, 

but is included to show the range of reduced models made 

possible by this approach. 

For our first set of results, we estimate cost gradients for the 

standard 64-state transfer-line example, initially by program G3c, and 

then using the refinement method with two independent (and uncontrolled) 

A 

sub-systems as the means of deriving A . These two estimators were 

compared using long (1000 cycle) simulations having a range of nominal 
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control parameters, a e [0,1]. The results are summarized in Fig. 6.1. 

As we would expect, variance reduction reaches a maximum when a = 0, 

i.e. when we are simulating independent transfer-lines. Under these 

A _ 

conditions we see that A = A , removing the requirement for adjoint 

estimation. It is interesting to note that for this example at least, 

98% of the variance of gradient estimates obtained from program G3c is 

attributed to the adjoint estimates. Thus we feel that the approach 

adopted in this chapter, i.e. reducing the variance of gradient 

estimates by improving adjoint vector estimates, is justified. 

The broken curve of Fig. 6.1 shows how independently controlled 

sub-systems (see (ii) above) can be used to improve the estimates still 

further. Some interesting points were raised during experiments using 

this estimator which warrant a more detailed discussion of the sub-

system models. 

As a simple illustration, suppose we have tvvo identical sub-

systems, A and B , each modelled by a two-state Markov chain with process 

transition matrix P^g. The process transition matrix for the complete 

system is thus a 4 x 4 matrix, P . 

If P 
A B 

.75 .25 

.1 .9 
, then 

P = 

75 .75 .25 

.1 .9 

.75 .25 

.1 .9 

.25 .75 .25 

.1 .9 

.75 .25 

.1 .9 

6.17 

Suppose also that (with probability a ) we can exert a control 
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Reduction due to use of refinement technique with 
i 

independent (uncontrolled) subsystem approximations. 

Reduction due to use of refinement techique with 

independent (controlled) subsystem approximations, 

[also see Fig. 6.2] 

Note: A l l reductions are calculated relative to gradient estimates 

from program G3c. 

Fig. 6.1: Variance reduction through independent sub-system analysis. 
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action only when A is in state 1 and B is in state 2 which sends A to 

state 2 and B to state 1. 

i.e. D(a) = 

1 0 0 0 

0 (l^x) a 0 

0 0 1 0 

0 0 0 1 

6.18 

A cycle of the complete system is characterised by the system 

transition matrix P(a) = D(a)p. Following the outline of (ii) above, we 

define the following independent (controlled) sub-systems by 2 x 2 

transition matrices: 

and 

V 3 ) - P A B 

D B ( e ) - P A B 

(1-3) 8 

o 1 

1 o 

L 8 (1-8) 

,75 .25 

.1 .9 

for subsystem A 

> 6.19 

.75 .25 

.1 .9 

for subsystem B 

The control parameter 8 can be adjusted so that for a given a , the 

model produced by combining the independent sub-systems is in some sense 

a good approximation to the original. 

Having produced similar independent sub-system models for the 

64-state transfer-line problem, a sequence of experiments was conducted 

to determine the relationship between 8 and a providing the best 

independent sub-system model in the sense of achieving maximum variance 

reduction for a given a . The results of these experiments are 

summarised in Fig. 6.2. It seems unlikely that this relationship could 

be determined analytically and further research into this seems 
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unjustified in view of the marginal improvements indicated by Fig. 6.1. 

a 

Fig .6.2: Relationship between 8 and a . 

6.5.4 Some comments on the refinement method 

The previous sections have established the potential of the 

refinement method as a powerful technique for reducing estimate variance 

in complex simulations. Some of the main features are: 

(i) Very little extra computing time is required. 

(ii) Six types of reduced model have been established by Norman 

(43) and are readily applied to complex O.R. problems 

modelled by Markov chains. 

(iii) Very large variance reductions are possible because the 

technique improves the most inaccurate part of the gradient 

estimation process. For the standard transfer-line examples 

considered in this thesis, adjoint vector estimation accounts 

for up to 98% of the variance associated with gradient 

estimates. Results have shown that approximate relative cost 

vectors calculated from 'reduced' Markov models are often 
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sufficiently accurate to reduce the overall variance level by 

more than 80%. 

(iv) We see that our numerical results compare favourably with 

variance reductions reported by Kleijnen and others in the 

simulation of complex systems. 

6.6 Summary 

This chapter reviews four well-known variance reduction techniques, 

and concludes that the most popular ones, antithetic variates and 

control variates, are not effective when applied to simulations of 

discrete-time finite-state Markov- decision problems. The other two 

methods, common randan numbers and expected values, are conveniently 

applied to the best of the 1 forward-time 1 gradient estimators, i.e. 

program G3c. 

Solutions of linear vector equations computed using analytic 

methods are invariably inaccurate to scsne extent, due to computer 

round-off errors, etc. These deterministic errors can be reduced by 

application of a refinement technique which has been known to numerical 

analysts for some time. In Sections 6.4 and 6.5 we show that the 

technique can be used to reduce statistical errors (i.e. reduce 

variance) in gradient estimates obtained from program G3c. An 

A 

approximate relative cost vector, A , is calculated using one of a range 

of 'reduced' Markov models, and the difference between this vector and 

the true relative cost vector, a , is estimated using adjoint estimation 

method 3c. The only substantial computational overhead is the prior 
A 

calculation of a using a reduced model, and the variance reductions can 

be dramatic. We conclude that the use of the refinement technique with 

gradient estimator G3c represents an extremely efficient procedure for 
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estimating cost gradients which can be used in non-linear programming or 
stochastic approximation algorithms to solve Markov decision problems. 
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CHAPTER 7 

CONCLUDING REMARKS 

7.1 Introduction 

"Working from the basic assumption that a finite-state, 

discrete-time Markov decision process can be used to describe a given 

problem in the real world, it is shown in Chapter 1 that determining the 

optimal decision policy using the conventional approach, i.e. 

formulating a "classical Markov decision problem" and solving it using 

existing algorithms, is acceptable in theory, but can in practice lead 

to computational (and other) difficulties, especially when the model has 

many states and alternative actions. Having identified sane of the 

drawbacks of the conventional approach in Chapter 1, we proceed by 

simplifying the decision structure of the Markov model, leading to the 

definition of a "grouped-state Markov decision problem" and use the rest 

of the thesis to develop analytical and experimental solution methods 

for this problem. 

In this chapter, we try to give soire idea of the size of problem 

which can be solved using the proposed methods, by assessing the 

computational efficiency of the recommended analytical and experimental 

methods. Also, we review the contributions of the thesis bearing in 

mind the objectives which were defined in Chapter 1, thereby determining 

what measure of success can be claimed for the complete research 

programme. 

Finally, we suggest sone opportunities for future research, either 

by extending results given in this thesis, or by considering adaptive 

control schemes. 
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7.2 Assessing the usefulness of the recommended methods for solving 

problems of a realistic size 

7.2.1 Discussion 

In this section we try to give some idea of the size of problem 

which can be solved by the methods recommended earlier in the thesis. 

W e calculate some approximate figures for computing time and storage 

required by methods solving large problems using 'grouped-state 1 and 

'classical' control structures. This allows a direct comparison of the 

new and existing solution methods on grounds of efficiency and therefore 

applicability to large problems. Hie most obvious way of making the 

comparison would be to observe the performance of each method when used 

to solve a given problem. Unfortunately this procedure is unacceptable 

because of the vast amount of computing time and storage which would be 

required to solve a problem of suitable size (having (say) 10,000 

states) even by the most efficient method. All results appearing in 

this thesis were obtained using the CDC Cyber 174/6500 computer 

installation at Imperial College which at the time of writing allowed 

user jobs a maximum of 50,000 words of (central) memory and a maximum of 

600 seconds of computing time. It is helpful to bear in mind these 

practical limitations when discussing the solution of large problems in 

the following sections. However, we also note that some companies, when 

faced with problems involving inventory or production line control, have 

been willing to run system simulations on a mainframe computer for a day 

o r more, offsetting the cost of oonputation against increased profits 

resulting frcm the use of an improved control policy. 

The approach we shall take is to calculate approximate values for 

storage and computing time, making the following assumptions:-
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(i) Gompile/access time and storage for the program can be 

ignored. 

(ii) Sets o f simultaneous linear equations are solved directly b y 

Gaussian elimination. (However, we oonment on the use o£. 

iterative methods). 

(iii) Computer operation times are:-

add - 2.5 ysec 

compare - 5.0 ysec 

multiply - 5.0 ysec 

divide - 15.0 ysec 

The assumptions coincide with these made b y Norman (43, Appendix 

IV) who also used a CDC computer in his study of analytic methods, 

solving a 2,400 state problem. He has shown that a good estimate of the 

time taken to solve a set o f N simultaneous equations b y Gaussian 

elimination (using the figures from (iii) above) is 7.5N 3 ysec. -He also 

shows that L iterations o f Howard's policy iteration algorithm require a 

total computing time of 7.5LN 2(M+N) ysecs where N is the number of 

states, and M is the average number o f alternative actions for each 

state. Norman assumes that all variants of his 2,400 state problem can 

be solved in 10 iterations. 

The comparisons are bound to be rough and ready, not only because 

the computing time is dependent upon the abilities of the programmer, 

and on the actual computer used, but also because the grouped-state 

decision structure allows the problem-solver to redefine the problem in 

m a n y different ways, within constraints set by the original system 

description. It is therefore very difficult to' assess gains in 

efficiency, which might result frcm the use of grouped-state controls, 

without also knowing something about the specific problem. 
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7.2.2 Analytic Methods 

From the discussion above, we see that the time taken for one 

iteration of Howard's policy iteration algorithm is 7.5N 2(M+N) usees. 

When N , the number of states, is significantly greater than M , the 

average number of alternatives in each state, we see that each iteration 

takes approximately 7.5N 3 y s e c s , i.e. most of the computing time is 

required by the value determination routine, which solves N simultaneous 

equations. 

Without quoting any figures, we can immediately see that the linear 

approximation algorithm solving any form of grouped-state problem having 

N states, is bound to require more computing time than the policy 

iteration algorithm solving a classical problem having N states. This 

must be so because the linear approximation algorithm requires at each 

iteration, the solution of two sets of N simultaneous equations -in order 

to determine a search direction, and the solution of a further two sets 

of N simultaneous equations (on average) to determine the step length. 

In the following section we suggest a method for improving the line 

search subroutine of this algorithm, but it is clear that unless the 

number of iterations is relatively small (say 2-3 for the grouped-state 

solution, compared with 10 for the classical solution) the linear 

approximation algorithm will be less efficient. However, this algorithm 

is a valid w a y of solving grouped-state Markov decision problems, and 

the advantages offered by a simplified optimal control policy (e.g. 

allowing less complicated real-time control software) might override any 

disadvantages. 

It is difficult to assess how much computing time would be required 

by the dynamic p r o g r a m i n g algorithm to determine a stationary grouped-

state control policy, unless sane thing is known about the process 
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transition matrix. This comment also applies to the use of iterative 

algorithms for solving simultaneous equations, where if g is the mean 

process cost per cycle, the number of iterations required to calculate 

stationary forms of irk and (v k - kgl) using 

= < i r k - i p 7 - 1 

and 

V f f = <3 > + P v k > 

would be determined by the eigenvalues of the process transition 

matrix. However, we see that the time taken for one iteration of both 

equations 7.1 and 7.2 (assuming the matrix to be dense) is 15 N 2 / I s e c s 

so we can give an indication of computing time for large problems. We 

note that the cross-linked transfer-line problems have a^ sparse 

transition matrix which reduces the computing time to 270N JA. sec per 

iteration of both equations 7.1 and 7.2. We summarize some relevant 

values for storage and computing times in Table 7.1. 

Solution of N simultaneous 
equations by Gaussian 
elimination 

Time taken for 
one iteration of 
equations 7.1 and 
7.2 using dense 
matrix 

Time taken 
for one 
iteration of 
equations 7.1 
& 7.2 using 
sparse 
matrix 

N Storage 
(words) 

Time Storage 
(words) 

Time Storage 
(words) 

Time 

10,000 
2,000 
1,000 

10 8 

4.10 8 

1 0 6 

87 days 
16.7 hours 
2.08 hours 

1 0 8 

4.10 8 

10 6 

25 mins 
1 min 
15 sees . 

2.10 5 

4.10 4 

2.10 4 

2.7secs 
0.54sec 
0.27sec 

Table 7.1: Estimated storage and computing time for three relevant 
subroutines 
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We see that for a Markov model having 10,000 states, the storage 

requirements would almost certainly be greater than the available 

central memory of most computers, and we would be forced to use disc 

storage, or similar, which would increase computing time considerably^ 

Table 7.1 indicates that only problems having 1000 or less states could 

realistically be solved by analytic methods. 

7.2.3 Experimental Methods 

W e have established in the previous section that because of 

restricted storage and computing time we could not seriously consider 

solving grouped-state, or classical Markov decision problems having more 

than 1000 states using analytic methods. We therefore turn to 

experimental methods for larger problems, and in this section we 

estimate the time required to" solve a grouped-state problem using the 

results given for the cross-linked transfer-line problems in Chapters 5 

and 6. We have already stated in Chapter 2 that the transfer-line 

problem was specifically chosen to illustrate the new solution methods 

because, having solved a small (64 or 144-state) problem, it is then 

possible to increase the model size without changing the structure, 

therefore allowing the use of the same simulation program and gradient 

estimator. This means that without solving a large problem, we have an 

indication of the time which would be required to solve it. 

We take as our objective the solution of a problem having 10,000 

states (which corresponds to the cross-linked transfer-line 

configuration shown in Fig. 2.5, with buffer capacities of 24 units). 

W e assume that an estimate of only one partial derivative is required. 

T h e m o s t efficient of the new gradient estimators uses adjoint 

estimator 3c, aid has previously been used to solve standard transfer-
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line problems in Chapters 5 and 6. From results given in Chapter 5, we 

see that gradient estimation program G3c takes about 1.8 m.sec (on 

average) to generate one simulated cycle of operation. For the 10,000 

state problem, we aim to estimate the gradient to about the same 

accuracy as that obtained for the 64-state problem using 1000 cycle 

simulations. Previous studies (e.g. Curtiss (59)) have shown that the 

run length of a simulated Markov process should be proportional to the 

dimension of its state space, for an estimate to a given accuracy. We 

therefore choose to run the 10,000 state system for 100,000 cycles, and 

assume that the stochastic approximation algorithm would produce a 

solution in no more than 100 iterations. Thus the time required to 

compute a gradient estimate at each iteration is (100,000 x 1.8 

10~3)secs = 3 minutes, and the problem would be solved in (100 x 3) 

minutes = 5 hours. The figures chosen above are unlikely to be very 

accurate (e.g. each simulation seems unnecessarily long for the accuracy 

we require, judging by Ho's results, which we mention later)-but are 

nevertheless used to indicate that solutions of large problems can be 

computed in hours rather than in days or weeks. Also, it is important 

to note that variance reducing methods have not been mentioned in the 

previous analysis. We have shown in Chapter 6 that the refinement 

technique can be used to reduce variance by 75-98%. If we assume that 

two independent (100-state) subsystem models are used to provide the 

approximate form of X , and that this calculation, solved b y Gaussian 

elimination, takes 7.5 sees, then the total time required to produce a 

gradient estimate to the required accuracy would be 35 seconds (assuming 

85% variance reduction) and the overall solution would take 58 minutes. 

A more realistic estimate of the computing time required to solve a 

large problem can be obtained by considering the problems solved by H o , 

et al. (39) as illustrations of their buffer sizing algorithm for 

transfer-lines. When simulating transfer-lines we note that the 
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computing time per simulated cycle is proportional to the number of 

machines in the line. This applies whether all machines are linked 

together in series, or whether two line sections are cross-linked. It 

follows that a program designed to simulate a transfer-line comprising 

four machines linked together in series using three buffer stores, 

requires approximately the same amount of time as (and is also very 

similar to) one simulating the cross-linked transfer-line configuration 

shown in Fig. 2.5. 

Ho's paper gives details of the simulation run lengths required to 

provide results which are statistically significant (in the sense that 

accurate probability distributions are generated, and gradient estimates 

have lew variance) for four problems involving serially linked 

machines. Moreover, Ho's gradient estimation method, though 

approximating the gradient using a finite difference formula, bears a 

close resemblance to program G3c. As Ho does not consider a four 

machine problem, we take his three machine problem (represented by an 

81,608 state Markov model) and, assuming that a computing time of 1.8 

m . sec/cycle would be required by program G3c to generate one partial 

derivative estimate to at least the same accuracy offered by Ho's 

method, calculate the computing time per estimate using Ho's quoted run 

length. Thus the total computing time required by program G3c to 

estimate one partial derivative is (2.5.10 6 x 1.8.10~ 3) sees = 1.25 

hours. Ho uses these estimates in a non-linear programming algorithm 

which solves a buffer sizing problem in relatively few iterations. If 

we assume that 16 iterations are required (this figure was quoted for a 

larger problem having similar gradients and machine breakdown 

distributions) then the optimal buffer design can be found in 20 hours. 

When the refinement technique is used for variance reduction, the total 

computing time is reduced to 3 hours (assuming 85% variance reduction) 

which is not unreasonable for such a large problem. 
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The computing time required to solve a large Markov decision 
problem using program G3c with variance reduction, can cxily be estimated 
by actually solving the problem, or by taking an "educated guess". It 
is hoped that the rough estimates given in this section can provide some 
idea of the feasibility of the method. 

7.3 Assessment of contributions in relation to the objectives set in 
Chapter 1 

Section 1.4 gives a list of specific contributions, which we need 
not repeat here. Tne purpose of this section is to judge the value of 
the new results bearing in mind the objectives set at the beginning of 
the thesis. 

In Chapter 1, we identified three difficulties associated with the 
use of existing methods for solving classical Markov decision problems. 
New solution methods were developed in an attempt to overcome these 
difficulties, which vie repeat below: 

(a) Existing analytic methods can only be used to solve classical 
problems having relatively few (e.g. < 1,000 states). The 
limiting factor in this case is usually the amount of central 
computer memory available. 

The alternative procedure for general problems involves 
generating separate, long simulations of a number of system 
variants and using the responses to indicate the best variant. 

(b) The classical control structure allows actions to be chosen 
independently in each state, resulting in a large number of 
feasible policies. It might be possible to devise more 
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efficient solution methods for large problems if the number of 

policies is deliberately restricted. 

(c) When the system description includes many states for which 

alternative actions exist, the use of the classical control 

structure results in detailed control policies which record the 

chosen action for each state. It might therefore prove 

difficult to implement the optimal control policy using a 

computer with limited storage facilities. 

By defining actions as functions of pre-specified groups of states, 

w e obtain a simpler form of oontrol policy, and effectively overcome 

difficulty (c), above. Depending on constraints set by the system 

itself, it is possible to specify beforehand a policy of virtually any 

complexity ranging from open-loop controls to full state feed-back 

controls. All solution methods (two analytic and a range of 

experimental methods) given in this thesis for the grouped-state problem 

can therefore be viewed as significant contributions. 

It is difficult bo devise a more efficient algorithm than Howard's 

policy iteration algorithm for the Markovian decision problem. Its 

major disadvantage is the amount of storage and time required to solve 

the "value determination" subproblem. Also we know that the linear 

approximation algorithm requires more computation than Howard's 

algorithm at each iteration. Therefore, unless the linear approximation 

algorithm can be shown to require fewer iterations, (which it might, 

when applied to large problems having many control parameters) we are 

unable to claim that difficulty (b) has been overcome. 

The thesis appears to make a significant contribution in problem 

area (a) above. We initially assume that it is not possible to develop 



264. 

efficient analytic methods for solving problems having many thousands of 

states, and procede to compare existing experimental methods with those 

suggested in this thesis. It is helpful to describe the existing 

methods before making the comparison. 

One method exploits prior knowledge of the system to define a set 

of policies which is likely to include the optimal policy, and this is 

then found by generating separate simulations of the system, using each 

policy in the set. 

A more systematic approach is possible if the system has parameters 

which can be varied. For any particular parameter vector it is possible 

to estimate the gradient (i.e.- the vector consisting of partial 

derivates of the system response with respect to each parameter) and to 

use the estimated gradient in a steepest ascent algorithm (or similar) 

climbing the response surface to find the optimal parameter vector. It 

is normal (see Kushner and Clark (54, Chapter 1) and Ho et al. (39)) to 

estimate partial derivates by making a small perturbation to each 

parameter in turn, generating a new simulation using each perturbed set 

of parameters, and then calculating a noisy finite-difference 

approximation to each partial derivative. Thus for a model having n 

parameters, at least (n+1) separate simulations are required to obtain 

an estimate of the gradient at any given point in parameter space. 

Though Ho's method is very efficient for the buffer sizing problem, it 

still uses finite difference approximations, which suffer from the 

disadvantage that long simulation runs are required to show any 

appreciable change in response for each (small) parameter perturbation. 

The use of larger perturbations can result in unacceptable deterministic 

errors due to inherent non-linearities in the system. 

It follows that neither, of the existing simulation approaches is 
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very efficient. The first advantage offered by each of the gradient 

estimators proposed here is that partial derivatives are estimated 

directly, i.e. finite-difference approximations are not used. This 

means that we avoid any deterministic errors, and should be able to use-

shorter simulation runs than would be required by perturbation methods. 

An obvious disadvantage o f the recommended forward-time gradient 

estimator (using adjoint estimator 3c) is that the number of simulations 

being generated at any instant is a randan variable (depending partly on 

the number o f 'additional' runs initiated by the main simulation, and 

partly on the minimum length of each additional simulation, determined 

b y the transient response of the system). This could mean that more 

computation is required by this method than b y the perturbation methods 

to provide a gradient estimate to a given accuracy. However, it has 

been observed that for the examples studied, no more than two 

simulations (on average) need be generated simultaneously to 'provide 

each gradient estimate, and this extra computation is more than offset 

b y the elimination of deterministic errors and by the possibility of 

shorter simulation runs, as mentioned earlier. 

It is important to note that variance reduction methods have not 

been successfully applied to complex system simulations previously and 

the use o f the refinement technique with the forward-time gradient 

estimator (G3c) represents a far more efficient experimental procedure 

than those currently available. It is difficult to determine from the 

results in this thesis whether the gradient estimates are better 

employed in a stochastic approximation algorithm or in a non-linear 

programming algorithm (there are drawbacks to each). Whichever 

algorithn is used, it is clear that by solving a grouped-state Markov 

decision problem using the recommended gradient estimator, we have to a 

great ex tent overcome d i f f ic ul ties (a) and (c), above. 
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7.4 Suggestions for further work 

7.4.1 Analytic methods using quadratic approximations to the cost 

function 

It was pointed out in Chapter 3 that the linear approximation 

algorithm is not an ideal solution method for Markov decision problems 

for two reasons. Firstly, it oonverges slowly to the solution because 

the routine determining search directions inevitably causes the 

sequence of points to zig-zag back and forth. Secondly, it is necessary 

to evaluate the cost function at an ever increasing number of points 

near the solution, primarily due to the type of line search subalgorithm 

used. We would prefer to evaluate the cost function for a Markov 

decision problem at as few points as possible, because each evaluation 

requires the solution of s simultaneous equations for an s-state model. 

It is likely that the use of quadratic approximations could improve both 

situations. 

In Proposition 3.2 we have proved the existence of a convenient 

expression for the required quadratic approximation using standard 

Markov chain notation. This information can be used to improve the 

convergence properties of the existing algorithm in two ways. 

(i) Using a standard linear approximation algorithm to locate the 

region in which a solution can be found, the cost function could be 

approximated locally by the quadratic function given in equation 

3.63. The next point in the sequence would then be determined by 

minimizing the quadratic function directly (i.e. by calculating 

a k + 1 > = - [ G ^ ) ] " 1 ^ Q L
< 3 ( \ ) > r w h e r e G ( * ) i-s ^ °°st function's 

Hessian matrix). The rate of convergence near the solution point 

would be improved by generating successive points in this way. 
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(ii) Line searches could be carried out using a one-dimensional form of 

equation 3.63. Thus, given a search direction ( a - a^), we could 

determine the step length x^ by directly calculating the value of 

x which minimizes the function 

f T ( a , o^) A gCoij^) + t . < t t ( a ^ q ^ ) - ^(a).z(a k)J> 

-T 2.<7T(a k). S(a - c g . ^ O j ^ f q t f ) - Y ( a ) . z ( a k ) ] > 7 . 3 

The first suggestion is likely to offer the greatest benefits but 

both have the disadvantage that the full matrix inverse ^"^C.) is 

required. However, the work involved in inverting the matrix might 

be offset by the improved convergence properties of the algorithm. 

7.4.2 Adaptive controllers for large Markov chains 

In this thesis our approach is to identify the system model and 

solve the optimal control problem off-line, and then to implement the 

optimal control policy using seme form of real-time controller. An 

equally valid approach would be to use a computer to carry out all tasks 

on-line, using some form of adaptive control scheme. Some studies 

(e.g. Riordon (16), Borkar and Varaiya (17)) have proposed adaptive 

control schemes which are based on Markov chain models of the underlying 

process. However, when dealing with systems having many states, we 

would probably be forced to specify a 'reduced model' b y lumping states 

together, to allow manipulation of the model by one of the relatively 

small computers which are normally used for real-time control. System 

identification using this type of reduced model would not be straight-

forward, as indicated by the following discussion. 

The probability of a transition from one state group to another is 

related to the stationary probability distribution for states within the 
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group (because transitions to another group would be made from some 
states but not others). By specifying a different control policy, we 
affect the stationary distribution, and therefore change the transition 
probabilities for the reduced model. 

Nevertheless it seems reasonable to suppose that some form of 
adaptive control scheme should be possible, and this would represent an 
interesting topic for further work. 
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APPENDIX I 

STANDARD 64-STATE AND 144-STATE TRANSFER-LINE PROBLEMS 

The real-time control of two transfer-lines linked by 

cross-conveyors is discussed in Chapter 2. In this appendix, we give 

details of tvo specific problems which are used to illustrate various 

aspects of the Monte Carlo methods described in Chapters 4,5 and . 6. 

These problems have been chosen because they are small enough for 

solution by direct methods, but are also suitable for simulation studies 

because they retain the same structure as models of a more realistic 

size. Most of the information required for these problems has already 

been given in Chapter 2, but we repeat the relevant data here and give a 

formal statement of each problem. 

Each problem is described with reference to the schematic, diagram 

of two cross—1 inked lines, i.e. Fig. 2.5. When buffer A and buffer B 

each have a capacity of 1 production unit, then each individual line (A 

or B) is described by (2 x 2 x 2 =) 8 states, and the cross-linked 

system model therefore requires ( 8 x 8 = ) 64 states. Similarly, if 

buffers A and B each have a capacity of 2 production units, then each 

line is described by 12 states and the complete system is described by 

144 states. 

Al.1 The 64-state problem 

Assuming the configuration shown in Fig. 2.5, each buffer having a 

capacity of 1 production unit, we can describe the • cross-linked system 

using 64 states. We have already discussed in some detail (Section 

2.3.2) the procedure for identifying operating and repair time 

distributions for unreliable machines. The distributions for each of 
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the four can making machines in the 64-state problem are taken to be 

geometric, and to have the following parameters: 

b a J 
probability of breakdown (if machine is working) 

during next cycle. 

= 0 . 1 

r e p a v 
probability of repair (if machine is down) 

during next cycle. 

= 0.25 

Section 2.3.4 provides the necessary information for setting up the 

transition matrix for line A (or B). Using Fig. 2.4 and equation 2.35 

with Z = 1 we obtain, substituting B = B 3 = B 2 and REP = REPj_ = R E P 2 , 

p l = 

0.75 0.25 

0.09 0.81 

0.1875 0.0625 

0.01 0.09 

0.5625 0.1875 

0.675 0.225 0.075 0.025 

0.025 0.225 0.075 0.675 

0.09 0.81 0.01 0.09 

0.1875 0.0625 0.5625 0.1875 

0.25 0.75 

AI.l 

and using equation 2.36, with Z = 1, we obtain the 'cost 1 vector for a 

two-stage transfer-line: 

ex = [0 1 0 0 1 1 0 0]T AI.2 

Using the state numbering system defined by equations 2.33 and 2.38, we 
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see that if the 64 x 64 system transition matrix P(d) is given by 

P(a j = D(a )P AI.3 

then P is the 64 x 64 process transition matrix, which is a nested 

version of P ^ , defined by 

P = 

0 . 7 5 [ p j i 0 . 2 5 [ p ] _ ] 

0 . 0 9 [ p j j i 

, 0 . 1 8 7 5 [ p ] j 

[0], 0.75 [Pjl] 

AI.4 

The 'cost' vector for the complete system is the 64-vector c , vdiich can 

also be written in a partitioned form:-

< C = [<Cj_ I <1+<C]_ I < C ] / <C]^ l < l + < C ] _ I < 1 + < C ^ l < C ] J < C ] J Al .5 

Control transitions (and therefore the structure of the matrix D(a)) are 

defined fcy Table AI.l. 

Buffer contents at 
start of cycle 

Probability of transferring 
one unit from buffer B 
to buffer A 

Buffer A Buffer B 

Probability of transferring 
one unit from buffer B 
to buffer A 

0 0 0 

0 1 a e [0,1] 

1 0 0 

1 1 0 

Table AI.l: Oontrol structure for 64-state problem. 
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It can be seen that we have defined a grouped-state (probabilistic) 

control structure because the same control action is specified for each 

of 16 states (all combinations of states [Up o r Down] for the four 

machines in the system description). Of course, it is possible to 

translate Table AI.l into an explicit expression for the matrix D ( a ) , 

which is essentially the 64 x 64 identity matrix with 16 of its rows 

replaced by rows of the form [0....0 (1-a) 0....0 (a) 0...0]. 

Having defined 'costs' (or more precisely 'system output'), 

transition probabilities and control structure for the system, it 

remains only to state the optimal control problem which is: 

maximize {J(a)} AI.6 
a£[0,l] 

where J ( a ) is the long run expected output of the system per cycle, 

defined by 

J (a) = Lim 
T-k» T+l 

T 

E * I 
t=0 

<xt, q(a)>} AI.7 

where q(a) = D(a)Pc and { x t } is a sequence of process states. 

Al.2 The 144-state problem 

In order to demonstrate the use of a model reduction principle 

known as "state-grouping" in Chapter 6, it is necessary to identify 

states which are "close" to each other in a cost and transition sense (a 

full discussion is found in Appendix IV). A cross-linked transfer-line 

model of realistic size would provide ample opportunity to apply this 
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principle and it is found that the smallest model likely to benefit from 

the technique has 144 states. The problem is identical in virtually all 

respects to the one previously described. The increase from 64 to 144 

states is due to an increase in buffer capacity in each line from 1 to 2 

production units. The 12 x 12 transition matrix for each two-stage line 

is defined (using the previously quoted breakdown, and repair parameters) 

by Fig. 2.4. The 12-vector defining 'costs' for a two-stage line is 

given by equation 2.36, with Z = 2, and the state numbering"" system 

defined by equations 2.33 and 2.38 is used to obtain a 144 x 144 

'nested' matrix P and the combined 'cost' vector c. 

The control structure for this problem is defined by Table AI.2 

below. 

Buffer contents at 
start of cycle 

• Probability of transferring 
one unit from buffer B 
to buffer A 

Buffer A Buffer B 

• Probability of transferring 
one unit from buffer B 
to buffer A 

0 0 0 

0 1 a £ [0,1] 

,0 2 a £ [0,1] 

1 0 0 

1 1 0 

1 2 0 

2 0 0 

2 1 0 

2 2 0 

Table AI.2: Control structure for 144-state problem. 
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The grouped-state Markov decision problem is formally stated in 

equations AI.6 and AI.7. 

AI.3 Solution of the classical 64-state Markov decision problem 

using Howard's policy iteration algorithm. 

We consider the problem described in Section AI.l but, rather than 

grouping together 16 states and specifying the same probabilistic 

control action for each, we allow the action of transferring or not 

transferring one production unit from buffer B to buffer A to be chosen 

independently for each of the 16 states in question. The model is 

identical in all other respects to that described in Section A I . l . Thus 

the classical 64-state Markov decision problem is to choose a stationary 

control policy such that the long run expected output of the system per 

cycle is maximized. 

This problem was posed (and solved, using the policy iteration 

algorithm) in an attempt to indicate benefits which might be realized 

through the use of cross-conveying systems. The optimal policy 

gives rise to an improvement in mean system output per cycle of 2.6% 

compared with that obtained from two lines operated independently. Thus 

we know that cross-conveyors can improve output even if sane grouped-

state control schemes indicate little or no improvement. 
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APPENDIX II 

PROOF OF EXISTENCE AND CONTINUITY OF THE DERIVATIVES g„ (. ) AND g (.) 

The vector valued function z(.) has been defined in Section 3.4- and 

A 

is evaluated at any feasible point cx in continuous k-dimensional 

parameter space by solving the s-vector equation: 

ip(a)z(a)> = q(a) > AII.l 

where W(a) A (I - P(a)) (I - e ><e ) + l><e All.2 
= s s s 

also by definition, 

g(a) = < e g , z(a)> All.3 

In Chapter 3 we derive first and second order approximations to the 

mean oost function g(.) near the point a . These functions have meaning 

only if g (.) and g (.) exist, which we new proceed to prove. Ihe 
a a a 

following propositions are proved by bringing together a number of 

well-known results. 

Proposition AII.l 

The function .) exists and is a continuous mapping represented 

by an s x k matrix. 

Proof 

From equations 3.42 and 3.43 we see that the elements of P(.) and 

q(.) are affine functions of a . It follows thatij; (.) has elements which 
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are either constants, or affine functions of a . Furthermore, we see 

that for any feasible parameter vector a , P(a) is a probability matrix 

i.e. it satisfies 

P(a) . 1> = 1> 

0 < (<e±, P(a)e.>) < 1 

for i , j e {1 , s} 

All.4 

It has been shown by Paige, et al (51,p. 177) that if the matrix 

ip( a) is defined by equation All.2 using a probability matrix P(a), then 

its determinant is non-zero. Thus for any feasible parameter vector a , 

det (^(a)) is non-zero and ty ^(a) exists. 

If z(a) has elements {zj/(a), i = l,....s}, then applying Cramer's 

rule to equation AII.l gives 

( S ) = det(Q 1(g)) 
z i { a ) detty (a)) ' t o r 1 - 1/ All.5 

where ip 1 (ct) is the matrix ip(a) with its i'th column replaced by 

q(a). 

For any s x s matrix A , having elements {a(i,j)} we have, by 

definition (Rudin (60, p. 232)) 

det (A) = I r ( . . , j s ) . a d , ^ ) . a(2,j 2) a(s,j s) 

where r is a function of an ordered n-tuple of integers and takes 

values 1,-1, o r 0 . The summation extends over all ordered n-tuples of 

integers (j^, ..., j s ) , each integer taken from the set {1, ...., s}. 
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Thus the determinants of both matrix valued functions, \ p 1 ( . ) and 

ip (.) are polynomial functions of the parameters. The basic rules of 

differentiation can thus be applied to equation All.5 to confirm the 

existence and continuity of the partial derivatives - * j = 

.. .,k}. A standard result given by Bartle (55, p . 355) states that if all 

partial derivatives are continuous, then the derivative mapping z
a (•) 

exists and is represented by an s x k matrix. That z
a ( « ) is continuous 

follows from a result (Bartle (55, p.143)) stating that combinations 

(sums, products, quotients, etc.) of continuous functions are also 

continuous. 

Proposition All.2 

The functions g (.) and g (.) exist and are continuous. 
ro roa 

Proof 

Existence and continuity of 9 a (•) follows directly from equation 

All.3 and Proposition AII.l. 

The functions M . ) and q(.) can be defined in the following way for 

any feasible parameter vector, a , having elements {cL, i = 1 , k}: 

ijj(a) A S-jC^ + S 2 a 2 + + S^a^. + T 

q(a) 4
 + u

2 ^ 2
 + +

 ^ ^ k
 + W 

where T , S i , i = 1. ...,k are real s x s matrices 

and w , u ^ , i = l,....k are real s-vectors 

A l l . 6 

Differentiating both sides of equation AII.l and rearranging yields 

\p( a ) z ^ ( a ) = [ u b ; - ' v - [ s j z o s ) ; - - - i s ^ a ) ] All.7 
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thus 

ip(a)z (a) = [u, - S.z(a)], i = 1 , ..., k All.8 
a ^ l i 

It is apparent that the RHS of equation All.8 is continuous, and 

Proposition AII.l implies that its derivative exists and is continuous. 

Equation All.8 is of a similar form to equation AII.l and the proof of 

Proposition AII.l can be used to show that the functions 

(•), i = 1 , — , k } and hence { ( are c o n t m -
a i a i 

uously differentiable. Thus the existence and continuity of the 

3 2 

function g (.) having elements {-r ^ — . g(«)}has been established. 
CXCX oOt • . dot • 
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APPENDIX III 

EXPERIMENTAL RESULTS FOR THE 3-STATE EXAMPLE DESCRIBED IN CHAPTER 4 

Full details of the example and a general discussion of these 

results are given in Chapter 4. The experiments were designed to 

illustrate features of the state distribution and adjoint vector 

estimators. Accordingly, sequences (each component being the average of 

an ensemble of values) are estimated by each method, using a range of 

ensemble sizes. It can be seen that the state distribution estimator 

and the two reverse-time adjoint estimators give rise to sparse vectors 

when only one simulation is generated. Also, of the two "reverse-time" 

adjoint estimators, Method 1 is significantly more efficient. Ttoo 

forward-time methods are used to estimate selected components of the 

adjoint and relative cost vectors. The first two tables list the 

calculated sequences of state distributions and adjoint vectors which 

can be compared with estimated versions which appear later. 
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t < t t t 

0 0 0 1 . 0 0 0 0 

1 .1000 .6000 .3000 

2 .1600 .5000 .3400 

3 .1960 .4860 .3180 

4 .2176 .4730 .3094 

5 .2306 .4657 .3038 

6 .2383 .4612 .3005 

7 .2430 .4585 .2985 

8 .2458 .4569 .2973 

9 .2475 .4560 .2965 

10 .2485 .4554 .2961 

Table AIII.l : Standard (calculated) sequence of state 
distribution vectors 

t < X t 

0 21.3277 24.1745 23.9927 

1 18.9952 21.8308 21.6490 

2 16.6684 19.4852 19.3034 

3 14.3508 17.1365 16.9547 

4 12.0489 14.7826 14.6008 

5 9.7730 12.4200 12.2382 

6 7.5404 10.0430 9.8612 

7 5.3800 7.6420 7.4600 

8 3.3400 5.2000 5.0200 

9 1.5000 2.7000 2.5000 

10 0 0 0 

Table AIII.2 Standard (calculated) sequence of adjoint vectors 
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t Estimate of <irt 

0 0 0 1.0000 

1 0 1.0000 0 

2 0 0 1.0000 

3 0 0 1.0000 

4 0 0 1.0000 

5 0 1.0000 0 

6 0 0 1.0000 

7 0 0 1.0000 

8 1.0000 0 0 

9 0 1.0000 0 

10 1.0000 0 0 

Table AIII.3 : State distribution estimates from 1 run. 

t Estimate of 

0 0 0 1.0000 

1 .1000 .7000 .2000 

2 .2500 .3000 .4500 

3 .2500 .4000 .3500 

4 .1500 .5500 .3000 

5 .1500 .4500 .4000 

6 .2000 .5000 .3000 

7 .2000 .5000 .3000 

8 .2000 .5000 .3000 

9 .2000 .3500 .4500 

10 .3000 .5000 .2000 

Table AIII.4 : State distribution estimates frcm an ensemble of 
20 runs. 
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t Estimate of <irt 

0 0 0 1.0000 

1 .1150 .5990 .2860 

2 .1940 .4530 .3530 

3 .2220 .4720 .3060 

4 .2360 .4530 .3110 

5 .2690 .4400 .2910 

6 .2550 .4390 .3060 

7 .2570 .4480 .2950 

8 .2330 .4490 .3180 

9 .2410 .4670 .2920 

10 .2680 .4450 .2870 

Table AIII.5 : State distribution estimates fran an ensemble of 
1000 runs. 

t Estimate of <iTt 

0 0 0 1.0000 

1 .0956 .5989 .3055 

2 .1603 .4963 .3434 

3 .1941 .4877 .3182 

4 .2110 .4759 .3131 

5 .2292 .4671 .3037 

6 .2323 .4617 .3060 

7 .2389 .4657 .2954 

8 .2410 .4573 .3017 

9 .2387 .4555 .3058 

10 .2454 .4485 .3061 

Table AIII.10: State distribution estimates fran an ensemble of 
10,000 runs. 
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t E s t i m a t e of <\ 

0 4 1 . 0 3 3 3 0 0 

1 3 8 . 5 9 2 5 0 0 

2 3 5 . 8 8 0 6 0 0 

3 3 2 . 8 6 7 3 0 0 

4 2 9 . 5 1 9 2 0 0 

5 2 5 . 7 9 9 1 0 0 

6 2 1 . 6 6 5 7 0 0 

7 1 7 . 0 7 3 0 0 0 

8 1 1 . 9 7 0 0 0 0 

9 6 . 3 0 0 0 0 0 

10 0 0 0 

T a b l e A I I I . 7 : M e t h o d 1 - a d j o i n t v e c t o r e s t i m a t e s f r o m 1 r u n . 

t E s t i m a t e o f <x 

0 2 8 . 9 4 9 7 1 7 . 6 5 8 6 1 8 . 5 3 4 4 

1 2 5 . 3 1 6 1 1 6 . 8 8 2 7 1 7 . 2 4 4 8 

2 2 1 . 3 7 5 2 1 6 . 7 0 8 6 1 4 . 8 3 7 1 

3 1 8 . 5 7 8 3 1 5 . 6 5 3 6 1 1 . 5 4 4 7 

4 1 6 . 0 4 2 1 1 2 . 2 5 8 6 1 0 . 9 8 4 5 

5 1 3 . 6 1 6 1 1 0 . 0 0 8 2 9 . 2 5 6 3 

6 1 0 . 6 7 5 6 7 . 7 7 5 5 8 . 1 8 6 9 

7 7 . 9 9 6 8 6 . 0 4 8 7 6 . 2 0 3 1 

8 4 . 9 8 4 0 4 . 6 0 9 5 3 . 9 4 4 5 

9 1 . 9 6 0 0 2 . 8 7 0 0 1 . 7 8 5 0 

10 
0 

0 0 

Table AIII.10: M e t h o d 1 - a d j o i n t v e c t o r e s t i m a t e s f r o m a n 

e n s e m b l e of 20 r u n s . 
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t Estimate of < x t 

0 21.3969 24.7586 24.2182 

1 19.0637 22.4364 21.6928 

2 16.5268 20.1566 19.2755 

3 14.1032 17.7179 16.9225 

4 11.9068 15.1876 14.4859 

5 9.8277 12.6745 11.9547 

6 7.6995 10.1405 9.5623 

7 5.6926 7.5037 7.2868 

8 3.6499 5.1472 4.7649 

9 1.6184 2.6992 2.3772 

10 0 0 0 

Table AIII.9 : Method 1 - adjoint vector estimates from an 
ensemble of 1000 runs. 

t Estimate of < A t 

0 21.0112 24.3560 24.1224 

1 18.7104 21.9822 21.7429 

2 16.3967 19.5909 19.4140 

3 14.1559 17.2005 17.0271 

4 11.9544 14.8237 14.5933 

5 9.7527 12.4704 12.1293 

6 7.5551 10.0568 9.7500 

7 5.4570 7.5898 7.3809 

8 3.4376 5.1548 4.9419 

9 1.5308 2.7180 2.4303 

10 0 0 0 

Table AIII.10: Method 1 - adjoint vector estimates from an 
ensemble of 10,000 runs. 
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t Estimate of < x t 

0 0 0 49.0000 

1 0 42.0000 0 

2 0 0 14.0000 

3 0 0 0 

4 0 0 14.0000 

5 0 0 0 

6 7.0000 0 0 

7 0 0 0 

8 0 0 56.0000 

9 0 0 21.0000 

10 0 0 0 

Table AIII.ll: Method 2 - adjoint vector estimates from 1 run. 

t Estimate of < X t 

0 3.8500 4.5500 8.4000 

1 2.4500 5.6000 3.8500 

2 4.2000 1.0500 6.6500 

3 14.3500 9.8000 0 

4 9.4500 4.9000 10.5000 

5 10.5000 4.9000 9.1000 

6 3.8500 9.4500 5.6000 

7 3.1500 1.7500 5.9500 

8 2.1000 2.8000 9.1000 

9 1.7500 1.7500 3.5000 

10 0 0 0 

Table AIII.12: Method 2 - adjoint vector estimates frcm an 
ensemble of 20 runs. 
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t Estimate of 
t 

0 16.7930 16.0090 16.0160 

1 16.7650 13.5870 10.7660 

2 14.1260 11.8160 22.5260 

3 13.4960 14.3080 18.1510 

4 11.0670 14.7000 13.9790 

5 8.9600 12.5370 13.7130 

6 7.6440 8.2460 10.9130 

7 5.8730 7.2030 7.7700 

8 2.9400 5.4460 5.7400 

9 1.5470 2.7370 2.6320 

10 0 0 0 

Table AIII.13: Method 2 - adjoint vector estimates frcm an 
ensemble of 1000 runs. 

t Estimate of <X,_ 
t 

0 20.2461 27.8173 22.3552 

1 17.4097 25.0432 18.6354 

2 16.6852 18.9574 19.5251 

3 14.3465 16.6649 19.4985 

4 11.9560 15.0983 14.6020 

5 9.7517 13.3385 12.3865 

6 7.1750 9.8651 10.8122 

7 5.3893 7.6510 7.6405 

8 3.3054 5.3977 4.9665 

9 1.5106 2.6754 2.5361 

10 0 0 0 

Table AIII.14: Method 2 - adjoint vector estimates frcm an 
ensemble of 10,000 runs. 
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t 

Component estimate variances 
(estimated from an ensemble of 
1000 runs) 

0 363.7850 524.5836 276.4397 

1 299.5836 420.8462 218.0319 

2 246.8388 342.8763 171.0577 

3 197.8735 267.0383 132.4154 

4 151.2789 191.8614 98.1510 

5 115.5464 134.3359 71.8336 

6 83.2965 88.6167 55.6463 

7 52.7642 48.8401 38.7319 

8 27.4687 28.3959 23.5268 

9 8.6158 11.2579 11.7512 

10 0 0 0 

Table AIII.15: Method 1 adjoint estimator - analysis of variance 
of component estimates from a single run. 

t 
Component estimate variances 
(estimated from an ensemble of 
10,000 runs) 

0 50000.0 100000.0 60000.0 

1 10000.0 90000.0 10000.0 

2 10000.0 20000.0 20000.0 

3 6000.0 8000.0 10000.0 

4 3000.0 5000.0 5000.0 

5 1000.0 2000.0 2000.0 

6 556.7 1000.0 1000.0 

7 238.0 472.4 512.4 

8 72.3 166.0 156.4 

9 15.6 30.9 31.4 

10 0 0 0 

Table AIII.16: Method 2 adjoint estimator - analysis of variance of 
component estimates from a single run. 



t 

Estimate of 
< e x , A t > 

Estimate of 

< e 3 ' V 

0 25.00000 28.00000 

1 24.00000 26.00000 

2 20.00000 22.00000 

3 16.00000 18.00000 

4 13.00000 14.00000 

5 12.00000 12.00000 

6 6.00000 8.00000 

7 4.00000 4.00000 

8 3.00000 5.00000 

9 1.00000 1.00000 

10 0 0 

Table AIII.17: Method 3a - estimates of A t > , <e^, A >; 
t = 0 , 1 , .. ., 10 frcm 1 run. 

t 
Estimate of 
< e i ' V 

Estimate of 
< e 3 ' V 

0 21.50000 24.60000 

1 19.65000 22.70000 

2 17.55000 20.30000 

3 15.20000 17.30000 

4 12.35000 15.30000 

5 9.95000 12.90000 

6 8.10000 10.30000 

7 5.65000 7.50000 

8 3.55000 5.40000 

9 1.60000 2.55000 

10 0 0 

Table AIII.18: Method 3a - estimates of < e l f A >, < e 9 , A t > ; 

t = 0, 1, ..., 10 frcm an ensemble of 20 runs 
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t 

Estimate of 

< e i ' V 

E s t i m a t e of 

< e 3 ' V 

0 2 1 . 2 7 6 0 0 2 3 . 9 0 3 0 0 

1 1 8 . 9 8 2 0 0 21 .61800 

2 1 6 . 6 6 1 0 0 1 9 . 2 0 0 0 0 

3 1 4 . 3 9 9 0 0 1 6 . 8 9 6 0 0 

4 1 2 . 0 1 9 0 0 1 4 . 6 0 8 0 0 

5 9 . 8 0 3 0 0 1 2 . 3 0 2 0 0 

6 7 . 6 0 3 0 0 9 . 9 0 3 0 0 

7 • 5 . 3 3 8 0 0 7 . 4 7 4 0 0 

8 3 . 3 5 4 0 0 ' 5 . 0 2 4 0 0 

9 1 . 5 2 7 0 0 2 . 5 0 6 0 0 

10 0 0 

T a b l e A I I I . 1 9 : M e t h o d 3a - estimates o f < e ^ , A > , < e 3 , A t > ; 

t = 0, 1, ..., 10 f ran an ensemble of 1000 runs. 
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t 
Estimate 

of 

< e i ' V 

(Estimated) 
single run 
variance 

Estimate 
of 

< e 3 ' V 

(Estimated) 
single run 
variance 

0 21.40190 27.2872 24.03240 23.2785 

1 19.09110 23.8859 21.72020 20.2351 

2 16.68860 20.8161 19.35850 17.1034 

3 14.38330 17.7010 17.00740 14.1397 

4 12.10070 14.9411 14.63200 11.5367 

5 9.79070 11.7637 12.26250 9.0190 

6 7.56480 8.4660 9.86440 6.6102 

7 5.38890 5.3997 7.45030 4.3876 

8 3.36540 2.7877 5.02740 2.5118 

9 1.51400 .8932 2.51450 1.0652 

10 0 0 0 0 

Variances are estimated 
from an ensemble of 
5000 runs. 

Table AIII.20 : Method 3a - estimates of <ej, A t > , < e 3 , A t > ; t = O , 1 , . . . , 1 0 
from an ensemble of 10000 runs. Single run variance analysis. 

ro 
\d 

{ o 



Size of 
ensemble 

(simulation 
runs) 

Estimate 
of 

<e 2,A> 

(Estimated) 
single run 
variance 

(Estimated) 
single run 

S.D. 

Estimate 
of 

<e 3,A> 

(Estimated) 
single run 
variance 

(Estimated) 
single run 

S.D. 

Gomputing time 
required for 
both estimates 

(sees) 

1 2.0000 
\ 

> 5.0986 

/ 

/ 

2.2580 4, 

\ 

2.0000 
n 

> 5.1344 

/ 

2.2659 i 

\ 

.961 

20 2.3300 

\ 

> 5.0986 

/ 

/ 

2.2580 4, 

\ 

2.1400 

n 

> 5.1344 

/ 

2.2659 i 

\ 

.996 

1000 2.8166 

\ 

> 5.0986 

/ 

/ 

2.2580 4, 

\ 

2.6336 

n 

> 5.1344 

/ 

2.2659 i 

\ 

1.799 

10,000 2.8493 

\ 

> 5.0986 

/ 

/ 

2.2580 4, 

\ 

2.6667 

n 

> 5.1344 

/ 

2.2659 i 

\ 

9.370 

100,000 2.8510 

\ 

> 5.0986 

/ 

/ 

2.2580 4, 

\ 
2.6696 

n 

> 5.1344 

/ 

2.2659 i 

\ 84.078 

True values < e 2 , A> = 2.8636 < e 3 , A> = 2.6818 

Table AIII.21 

Variance figures apply to an estimate obtained from one simulation run. 

Method 3c - estimating second and third elements of A without application of 'Russian Roulette'. 
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APPENDIX IV 

REDUCED MARKOV MODELS 

In his book on heuristic procedures in dynamic programming (43, 

Chapter 6), Norman describes a technique for reducing the number of 

states in a Markov model by identifying problem characteristics. His 

aim in formulating the technique is to reduce model complexity 

proportionately more than he loses information about the system. He 

procedes to calculate (using Gaussian elimination) a solution to 

equation AIV.l, below: 

where g* is the mean process cost (per cycle) incurred, by the 

reduced system. P* and q* are the transition matrix and the one-stage 

expected oast vector for the reduced system. 

In fact for a reduced chain having m states, he actually calculates 

the m-vector v * > = [v* > - < e m , v * > . l > ] as described in Section 2.2.4. 

Using v* and a suitably defined function <j> , he obtains an approximate 

form of v which we shall denote by the s-vector v . Thus v = 0 (v*) and 

v is given by 

g*l> + v*> = q*> + P*v*> AIV.l 

v> = [v> — < e s,v>.l>] ATV. 2 

where v is the solution of 

gl> + v> = q> + Pv> AIV.3 
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and g , q and P relate to the complete system description having s 

states. Norman goes on to use v in an analytic procedure which produces 

suboptimal solutions to classical Markov decision problems. 

It turns out that Norman's results are of immediate use in 

connection with the variance reduction methods of Chapter 6. The 

refinement technique described in Section 6.4 requires an approximate 

form v , of the relative cost vector v , (though in Chapter 6 they are 

A 

denoted by X and A) which is defined by equations AIV.2 and AIV.3. 

Norman identifies six characteristics of a state description, and 

shows how those characteristics, where they exist, can be used to form a 

reduced model. In the following sections, we describe two state 

reduction techniques which are most appropriate to transfer-line 

studies. 

AIV.l Independent sub-systems 

The flow diagram for the independent sub-systems technique is 

shown in Fig. AIV.l. By ignoring some of the interaction which can take 

place in the complete model we reduce the model to two (or more) smaller 

systems whose relative cost vectors can be computed separately. For a 

cross-linked transfer-line model, lines A and B can immediately be 

identified as two suitable subsystems. If the complete model has 10,000 

states then application of this method allows the calculation of an 

approximate 10,000-element vector v , by solving two sets of 100 

simultaneous equations using Gaussian elimination. In fact, as the two 

subsystems A and B are identical in this case, we only have to solve a 

single set of 100 equations. For the cross-linked line model, we have 

defined the one-to-one function f, (appearing in Fig. AIV.l) by equation 

2.38. The validity of additive values assuming no interaction between 
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subsystems, i.e. the last operation shown in Fig. AIV.l, is proved by 

Norman (43, Appendix I). 

Fig. AIV.l Independent sub-systems analysis 
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AIV.2 State Grouping 

Vfe define the technique using the flow diagram shown in Fig. AIV.2 

Fig. AIV.2. State-grouping model reduction method. 

* i 

A reduced model is obtained by considering certain states as 

representative states for their neighbours. We understand "neighbours" 

to mean states which are similar in that transitions are made to the 

same, or similar states, with similar probabilities, and at similar 

A 

costs. Thus for a given parameter vector a , if the system transition 

matrix is P ( a ) , having elements ipi-i(a)}, and the one-stage expected 
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cost vector is q( a ) having elements { a) }/ then state e^ is a 

neighbour of state ej if Pik(a) - Pjk(a) f o r "ost 3 1 1 ( 3 9i(a) = qj (a). 

W e illustrate this procedure by giving details of the reduced model 

used in Section 6.5.2. The state grouping principle is used to reduce 

the standard 144-state transfer-line model to a 64-state model. The 

A 

example is to be simulated using a nominal control parameter a = O , 

which implies that no simulated transfers are possible between "the two 

lines. Thus the 12-state description of each independent line can be 

reduced to 8 states implying a reduced model for the total system having 

64 states. 

The following comments are made with reference to the 12-state 

single line model described by Fig. 2.4 and equation 2.36. Comparing 

transition costs and probabilities, it can be seen that states eg, e^Q, 

and ej_2 can represent neighbouring states e 3 , 65, e 7 f > and eg 

respectively. A suitable reduced form of the standard 144-state model 

thus turns out to be the standard 64-state model. 

1 

It is convenient that in this instance we can apply the state 

grouping principle to single-line descriptions rather than to the 

couplete 144-state model. Having reduced two independent 12-state 

models to two independent (identical) 8-state models, we can calculate 
A 

the 144-vector v using the following procedure. 

(i) Solving equation AIV. 1 for an 8-state model we obtain the vector 

vg*. This is the relative cost vector for each identical reduced 

model. 

(ii) Using the previous definition of neighbouring states we can 

"expand" the 8-element vector vg* into a 12-vector v*, i.e. v* is 
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calculated using: 

<e±, v*> = <e±, vg*>, i = 1, ..., 8 

<e±, v*> = <e(i-4), v8*>, 1=9, ...,12 I AIV.4 

(ii) v is obtained frcm v* using the following equations 

<e , v> = <e , v*> + <e , v*> AIV.5 
m " A "B 

where 1 ^ = 1 , ..., 12; 1 ^ = 1 , ..., 12 

and m is found by making suitable substitutions in equation 2.38 i.e. 

m = [ (n̂  - 1) x 12.] + r^ AIV.6 

It can be seen that the state grouping technique has been applied 

without difficulty to this example, primarily because of the lack of 

subsystem interaction. When a non-zero nominal control parameter is 

specified it becomes necessary to identify representative states from 

the full 144-state Markov model. 
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