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Abstract

This thesis explores the intersection of Machine Learning (ML), optimization, and control within
Process Systems Engineering (PSE), focusing on the Real-Time Optimization (RTO) and control
layers to advance industrial autonomy. The primary goal is to enhance adaptability, robustness,

and efficiency through ML-driven frameworks.

To address key challenges—plant-model mismatch, computational complexity, and robustness
to disturbances—this work develops novel methods across three pillars: data-driven modelling,
adaptive systems, and large-scale process control. The research begins with adaptive RTO using
Gaussian Processes (GPs) to address model mismatch. This is extended to Adversarially Robust
Real-Time Optimization and Control (ARRTOC), which shifts the robustness burden from con-
trol to RTO, improving operability under uncertainty. The combined use of GP adaptation and

ARRTOC addresses both mismatch and robustness.

In dynamic systems, we conduct a rigorous evaluation of data-driven models using defined met-
rics to guide model selection and assessment. This study highlights trade-offs across the modelling

lifecycle, offering practitioners practical insights.

The thesis further investigates deep learning-based Koopman operator methods to linearize
nonlinear dynamics for efficient model-based control. For high-dimensional systems, we introduce
Adversarially Robust Reduced Order Model Predictive Control (ARRO-MPC), a framework that

uses adversarial training to improve ROM robustness, ensuring efficient yet reliable control.

Overall, the findings show ML can significantly enhance adaptability and robustness in PSE.
However, successful deployment hinges on integrating ML with domain expertise. This work
bridges ML, control, and optimization to provide a pathway toward more autonomous and resilient

industrial systems.
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This thesis begins with an introduction to its central theme: advancing autonomy in industrial
process operations. In Section 1.1, we provide a broad overview of this overarching goal, setting
the stage for the discussions that follow. Section 1.2 then narrows the focus to the key areas of
interest — RT'O and control — explaining why these domains within PSE serve as an ideal testbed
for exploring the role of ML in enhancing automation and autonomy via adaptive modelling,
optimization and control. Section 1.3 presents a high-level review of relevant literature, outlining
fundamental challenges and positioning this work within the existing research landscape. While
this section offers a broad perspective, more detailed and chapter-specific literature reviews appear
throughout the thesis, ensuring a contextualization of each contribution. Finally, in Section 1.4,

we delineate the structure of the thesis and explicitly outline its key contributions to the field.
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1.1 Towards Autonomy in Process Systems Engineering

The pursuit of autonomy in industrial systems represents one of the most compelling technological
challenges of the modern era. This vision, rooted in aspirations of greater efficiency, safety, and
sustainability, has driven the evolution of industrial processes for centuries, from the mechanization
of the Industrial Revolution to the smart manufacturing systems of today [39, 98, 97]. The field
of PSE lies at the heart of this endeavour, focussing on the modelling, control, and optimization
of complex, interconnected systems. However, the journey toward true autonomy—where sys-
tems not only operate with minimal human intervention but also adapt dynamically to evolving

environments—is fraught with challenges [39, 256, 332, 161].

Automation and autonomy in industrial systems rely heavily on the development of adaptive
frameworks capable of learning from data and responding effectively to changes in the underly-
ing process. The need for such frameworks is particularly acute in PSE, where systems are often
large-scale, multi-layered, and subject to intricate spatio-temporal dynamics. Failure to adequately
address these complexities can lead to suboptimal performance or, in extreme cases, safety-violating
outcomes. While traditional methods in PSE have made significant strides, they often fall short
of the robustness and flexibility required for fully autonomous systems [39]. Fortunately, advance-

ments in ML provide a promising avenue for addressing these limitations [39, 97, 256].

The motivation for achieving greater autonomy in industrial systems is multifaceted, encom-
passing economic, environmental, and social dimensions. From an economic perspective, au-
tonomous systems promise to reduce operational costs, improve productivity, and enable more
effective resource utilization [98]. Environmentally, autonomy can drive the optimization of energy
and material usage, contributing to lower emissions and sustainable practices [98, 54]. Socially,
autonomous systems can enhance workplace safety by minimizing human exposure to hazardous
environments and enabling remote operation [39, 272]. These benefits have fuelled a growing em-
phasis on autonomy across industries, as reflected in numerous studies, case reports, and white

papers from industry, academia and government bodies.

The urgency of this push has only intensified in recent years. Global trends such as increas-
ing energy demand, tighter regulatory requirements, and the rise of digital transformation have
amplified the need for smarter, more resilient systems [39, 272]. At the same time, technological
advancements in computation have created unprecedented opportunities to realize this vision. Yet,

the journey from automation to autonomy involves tackling a host of technical challenges that span
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multiple disciplines, including modelling, optimization and control.

The potential of ML methods to address these challenges forms the core of this research. ML
provides powerful tools which can be integrated in modelling, optimization and control frameworks.
They have the potential to offer significant advantages over state-of-the-art methods in PSE [79].
However, unlocking these advantages requires addressing significant challenges, including but not
limited to: ensuring model fidelity over time, handling large and complex systems, and enabling
tractable, real-time implementation of ML-driven solutions. The central question of this thesis can
be summarized as “What advantages, if any, does ML offer over existing state-of-the-art approaches

in PSE?”

1.2 Motivation: Focussing on RTO and Control

While the vision of achieving greater autonomy in PSE is compelling, significant challenges remain
that span multiple fields. To contextualize these challenges, the classical process operation hierar-
chy (Figure 1.1) provides a useful framework. This hierarchy depicts the layers of tasks necessary
for the efficient operation of a process system, ranging from planning and scheduling to real-time
sensing and control. Within this hierarchy, the RTO and control layers stand out as the closest
to the physical process and, consequently, the most developed in terms of automation and auton-
omy [78, 39]. This level of development makes these layers a highly practical and well-understood
setting for studying many of the key challenges associated with achieving full autonomy. Because
the primary issues in this domain are already well-studied and clearly defined, these layers serve
as an ideal experimental sandbox for identifying potential areas for improvement and testing new

strategies. For these reasons, they are the central focus of this thesis.

For instance, the modelling and optimization of large-scale systems, characterized by complex
spatio-temporal phenomena, requires a careful balance of model fidelity. Overly simplistic models
fail to capture essential system dynamics, while overly complex models hinder real-time implemen-
tation. Moreover, process systems are subject to continuous changes due to variations in operating
conditions, disturbances, and noise. Ensuring that models and algorithms remain adaptive and

robust in the face of such changes is a critical requirement for achieving autonomy.

Clearly, this is a far-ranging research problem and so, to guide the journey, we identify five key
research themes in Figure 1.2. The three primary pillars, represented by the blue boxes, serve as the

core focus. Firstly, we concentrate on data-driven modelling, aiming to create models applicable
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Figure 1.1: The process operation hierarchy depicts the key tasks that must be performed for the
efficient operation of a process system.

for RTO and control applications, encompassing dynamical as well as steady-state models (see all
Chapters 2 to 6). This pillar is depicted by the “Data-Driven Modelling” box. Secondly, as most
systems in the PSE domain are generally complex and/or large-scale, most of the research effort
will be to address systems of this form (see Chapters 5) and 6)). This pillar is depicted by the
“Large-Scale Systems” box. Lastly, while modelling is important, arguably an even more critical
task lies in maintaining the model’s fidelity with respect to the actual system. Additionally,
any optimization or control algorithm which interacts with the process systems should manage
system changes over time whether that is changes in the fundamental behaviour of the system or
ancillary components such as the disturbance and noise characteristics. Hence, as illustrated by
the “Adaptive Systems” box, this constitutes a pivotal aspect of the PhD research (see Chapters

2), 3) and 6).

While the above three pillars define the key areas of research, crucially, the whole investigation
will be be bounded by two main items. Firstly, the primary framework for exploration across these
pillars remains machine/statistical learning, underscoring the intention to apply new ML methods
to PSE challenges. The emphasis is on understanding the benefits ML offers over existing state-of-

the-art approaches in PSE. This is depicted by the yellow background in Figure 1.2. Finally, the
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Figure 1.2: The key themes and topics of importance for the research in this PhD.

dashed black line encompassing the entire figure symbolises a crucial boundary for our investigation.
Our aim in developing these model-based frameworks is to enable their practical application in
controlling and optimizing the studied system. This distinction is vital because while many ML
methods exist, not all are suited for real-time online application, which is imperative in PSE.
Therefore, it is critical to select methods that facilitate tractable control and optimization, ensuring

their suitability for our purposes.

1.3 General Background

As outlined in Section 1.2, the three key research pillars in Figure 1.2 are important topics to
advancing industrial autonomy in PSE through improved RTO and control. While each of the
subsequent chapters contains its own detailed literature review and technical background pertinent
to its specific topic, this section provides a concise, overarching discussion of existing work related
to these pillars in a holistic manner. The aim here is to situate the thesis in the broader landscape
of relevant research, highlighting the fundamental challenges, and clarifying how the present work

addresses gaps in the state of the art.
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1.3.1 Data-Driven Modelling in RTO and Control

Model-based approaches have long been instrumental in PSE for improving operational efficiency,
safety, and environmental outcomes [161, 40, 174]. By using models to capture system dynamics
and interactions, practitioners can probe system properties without costly or unsafe experimen-
tation, making model-based optimization and control especially valuable in the pursuit of greater

autonomy [112; 39].

1.3.1.1 Data-Driven Modelling of Steady-State Systems

Although the control community traditionally emphasizes dynamical system modelling, static
(steady-state) models remain crucial for RTO. In industry, first-principles (physics-based) models
are often the default [168, 79], yet they can quickly lose fidelity unless supported by model adapta-
tion mechanisms or when the underlying physics are only partially understood [63]. By contrast,
the surge in data-driven modelling has introduced a compelling alternative that not only builds

models directly from operational data but also adapts them in real time with this data [84, 3].

In this vein, GPs have gained significant traction as surrogate models for steady-state processes,
particularly due to their natural ability to capture plant-model mismatch when first-principles
knowledge is incomplete [3, 84]. Such data-driven surrogates are especially advantageous within
RTO frameworks, where continuous adaptation is essential for maintaining optimal performance.
We discuss these ideas in greater detail in Chapter 2 and Chapter 3, where we also propose our

own adaptive GP learning approach for industrial RTO applications.

1.3.1.2 Data-Driven Modelling of Dynamic Systems

The data-driven modelling of dynamical systems, classically referred to as System Identification,
has a long and distinguished history. Early system identification methods largely assumed Linear
and Time Invariant (LTT) dynamics, leading to well-known black-box models such as Autoregressive
with Exogenous Input (ARX), Autoregressive Moving Average with Exogenous Input (ARMAX),
and Box-Jenkins models amongst others [172, 43]. These techniques leverage linear-in-parameter
structures that are amenable to efficient estimation via linear or “pseudo-linear” regressions,
making them attractive for real-time control applications (e.g., in adaptive control algorithms)
[218, 174, 279]. State-space models offer an alternative parametrization, with subspace identifica-

tion providing a non-iterative approach to parameter estimation [299, 243].
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Although these linear models have proven surprisingly effective even for certain nonlinear sys-
tems (provided the operating range is limited or the linear approximation is sufficiently flexible)
[67, 279], they can struggle with strongly nonlinear or time-varying processes, which abound in

PSE.

To handle more complex behaviours, the field of nonlinear system identification has increasingly
turned to ML approaches—such as neural networks and tree-based models [147, 77]. These models
treat system dynamics, §(t|0) = g(p, 0) as a flexible, nonlinear mapping, g(-), from past input—out-
put data, (), to future outputs. While highly expressive, these methods introduce new challenges
in model selection and evaluation, often leading to concerns over overfitting and interpretability

36, 187].

In the broader time-series forecasting and system identification communities, there remains
debate about the practical gains of complex nonlinear ML models over simpler system identifica-
tion approaches [187, 91, 175]. Part of this discrepancy stems from inconsistent model-selection
strategies and a lack of rigorous assessment specific to the domain at hand. Bridging this gap
is a key motivation for this thesis where in Chapter 4 a structured comparison of classical and
ML-based methods is conducted to provide definitive insights on best practices for data-driven

dynamic systems modelling in PSE.

1.3.2 Adaptive Systems in RTO and Control

Adaptive systems in PSE seek to preserve high performance despite uncertainties, disturbances, or
temporal shifts in system behaviour [21, 129]. Traditional, static models often become unreliable
when confronted with evolving operating conditions, process degradation, or modelled dynam-
ics [271]. Consequently, achieving higher levels of autonomy hinges on “self-tuning” approaches
that can update not only the underlying models but also the associated control and optimization

algorithms on the fly [39, 102].

1.3.2.1 Approaches to Adaptation: Model-Centric vs. Algorithm-Centric

Taking adaptive control as an inspiration for incorporating adaptation into both the control and
RTO layers, we observe that adaptive control is traditionally divided into indirect and direct
paradigms [21, 129]. Indirect methods focus on updating model parameters online—often through

recursive algorithms—and then adjusting the control or optimization strategies/algorithms using
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these revised parameters. Direct methods, on the other hand, adapt the parameters of the controller
or optimization algorithm (e.g., controller gains) explicitly, without separately identifying new
model parameters. These two approaches underpin a variety of adaptive frameworks, including Self-
Tuning Control (STC), Model Reference Adaptive Control (MRAC), and Dual Adaptive Control
270, 211].

In the PSE literature, model adaptation techniques for RTO commonly rely on parameter
estimation or structural refinement of the system model, be it mechanistic or black-box [63, 230,
197]. For instance, parametric updates in response to measurement feedback allow the RTO
algorithm to compensate for plant-model mismatch. In Chapter 2, we build on these concepts
by employing GPs to adapt a surrogate model of the system, thereby improving the accuracy of
RTO. This work takes inspiration from classical indirect approaches in adaptive control—where
an updated plant model underlies improved decision-making—but leverages data-driven methods

well-suited to process uncertainties.

Additionally, real-world performance often hinges as much on environmental conditions such as
disturbances and noise as on errors in the primary system model. While many frameworks focus
on refining the model itself, ongoing research increasingly emphasizes adapting the optimization
and control algorithms to handle fluctuations in these ancillary factors with “Self-Optimizing Con-
trol” being an illustrative example [282, 138]. This mirrors the spirit of direct adaptive methods,
which adjust the algorithmic parameters—e.g., tuning robust cost functions—to accommodate

uncertainty.

In this vein, Chapter 3 introduces the ARRTOC algorithm, showing how one can account for
varying disturbances and noise at the RTO layer. Rather than leaving the burden of robust-
ness solely to the lower-level controllers, the RTO layer itself is adapted to “anticipate” adverse
conditions and thus compute more resilient set-points. Meanwhile, Chapter 6 applies a similar ad-
versarial perspective to large-scale, possibly nonlinear processes, where tractable control is achieved
via ROMs. This ARRO-MPC approach demonstrates how adversarially robust training of ML-
based ROMs can ensure the ROMs remain robust in the face of disturbances and noise which can

result in major model mismatch and thus poor control performance.

While Adaptive MPC is a prominent area of research—particularly for integrating model up-
dates directly into the MPC formulation [2, 55, 21]—it also introduces significant theoretical chal-
lenges when dealing with large-scale or strongly nonlinear systems. As such, a deep theoretical

investigation into these aspects lies beyond the immediate scope of this thesis. Instead, the core
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contributions presented here are algorithmic, computational, and practical in nature. Specifically,
we focus on leveraging data-driven model adaptation at the RTO layer (aligned with indirect adap-
tation principles) and on applying robust algorithmic techniques to handle noise and disturbances
(aligned with direct adaptation principles). By pairing continual model refinement with robustness-
focused control and optimization methods, we offer a pathway toward industrial autonomy that

addresses real-world uncertainties without delving into more complex theoretical concerns.

1.3.3 Large-Scale Systems in RTO and Control

PSE frequently involves high-dimensional systems—such as networked unit operations, fluid/heat
transfer phenomena in 2D or 3D, and large-scale reactor networks—whose state space can eas-
ily encompass hundreds or thousands of variables [112, 50, 276]. Building and solving detailed
first-principles or black-box nonlinear models at this scale becomes computationally prohibitive,
especially when seeking real-time control or optimization solutions. This dilemma reflects the
“curse of dimensionality,” where both modelling and numerical solution efforts grow exponentially

with system size.

One can address this challenge by leveraging two key insights. First, large-scale linear systems
can be efficiently solved using well-established numerical methods, often with theoretical guar-
antees on convergence and stability. In contrast, even moderately nonlinear large-scale systems
pose significant computational challenges due to their lack of tractability. In Section 1.3.3.1, we
explore how operator-theoretic linearization techniques—specifically the Koopman operator—can
be utilized to transform a large-scale nonlinear system into a linear framework, making it more

amenable to analysis and control.

The second approach embraces the inherent nonlinearity of the system but seeks to mitigate
computational complexity by working with a reduced-order representation. In Section 1.3.3.2, we
investigate ML-based ROMs as a means to achieve this dimensionality reduction. However, these
methods often suffer from robustness issues, motivating the introduction of Adversarially Robust

Optimization (ARO) as a strategy to enhance reliability and performance.

1.3.3.1 Operator-Theoretic Linearization: A Path to Tractable Algorithms

A classical approach to tackling large-scale systems is to leverage linear optimization and control

algorithms, which are highly efficient but rely on an appropriate linear (or linearized) model [150].
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For systems operating close to a single nominal point, local linearization often suffices; however,

when the operating regime changes significantly, such approximations degrade rapidly.

An increasingly popular solution is offered by operator-theoretic methods, particularly Koop-
man operator theory [49, 150]. Instead of linearizing about a single state, Koopman-based methods
embed the system into a (potentially higher-dimensional) “lifted” space, in which the dynamics
evolve linearly. Techniques like Dynamic Mode Decomposition (DMD) and deep-learning-based
Koopman embeddings (Chapter 5) automatically learn a set of “observables” that capture nonlinear
behaviours while preserving linear evolution in the transformed space. This strategy circumvents
many of the limitations of local linearization, enabling linear optimization and control approaches

to be applied over broader state and input regimes.

Nonetheless, a key challenge in this paradigm is in identifying a minimal yet sufficiently ex-
pressive set of functions that linearize the system. This is a non-trivial task. In Chapter 5, we
address this challenge by developing a deep-learning-based Koopman framework that preserves
expressiveness without sacrificing significantly on computational tractability, thus enabling more

accurate approximations than classical, single-point linearization approaches.

1.3.3.2 Reduced-Order Modeling: Dimensionality Reduction for Large-Scale Nonlin-

ear Processes

Another route to tractability in large-scale systems preserves nonlinearity at the model level but
reduces the dimensionality of the state representation. This family of techniques, known collectively
as Reduced-Order Modelling, aims to capture the dominant modes of system behaviour while

discarding less influential dynamics.

Classical ROM methods typically rely on the Singular Value Decomposition (SVD). For in-
stance, Proper Orthogonal Decomposition (POD) retains the most energetic modes of the system,
while Balanced POD focuses on modes that are simultaneously controllable and observable [50, 26].
Similarly, subspace identification (e.g., the Eigenvalue Realization Algorithm) leverages fundamen-

tal system properties to derive reduced-order state-space representations [137, 181].

However, straightforward SVD-based approaches may fail to capture essential dynamics for
strongly nonlinear systems once the operating conditions deviate from those used in the initial
linear subspace approximation. In response, recent work has focused on data-driven methods—of-

ten powered by ML/Deep Learning (DL)—that learn a nonlinear embedding of the data, such
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as autoencoders [122, 114]. These methods can yield more accurate models, but at the cost of

increased complexity in ensuring robustness under varying disturbances and noise.

In Chapter 6, we propose the ARRO-MPC framework to mitigate these issues. By integrating
ML-driven ROMs with adversarial training and optimization strategies, our approach maintains
high performance even in the presence of challenging disturbance and noise conditions. This
adversarial robustness safeguards the ROM—preventing performance degradation due to model
mismatch—while retaining the computational efficiency critical for real-time or near real-time

control in large-scale PSE applications.

1.3.4 Concluding Remarks on General Background

The overviews provided in this section highlight the key motivations, existing challenges, and
potential solution pathways for data-driven modelling, adaptive systems and large-scale processes
in the context of machine learning and real-time tractability. This coverage is intentionally concise,
setting the stage for the more comprehensive and in-depth literature reviews that appear within
the individual thesis chapters. Each chapter delves further into its respective topic, discussing
state-of-the-art approaches, unresolved problems, and how the proposed methods in this thesis

contribute to addressing these gaps.

1.4 Contributions and structure

As discussed, to ensure a focussed and impactful contribution, this thesis concentrates on the RTO
and control layers, aligning with the thematic framework illustrated in Figure 1.2 and discussed in

Section 1.3. Accordingly, the thesis is structured into two complementary parts:

1.4.1 Part 1: Depth in Steady-State Systems (Chapters 2—3)

This part of the thesis delves into the challenges faced at the RTO layer specifically, as well as its
interaction with the control layers. The research emphasizes two core aspects of the RTO layer:
addressing plant-model mismatch and enhancing adversarial robustness within the control layers.

The chapters present a deep exploration of these topics and propose a variety of solutions centred

on ML.

We give a short description of each work here:




12 CHAPTER 1. INTRODUCTION AND GENERAL BACKGROUND

1.4.1.1 Chapter 2 - Adaptive Real-Time Optimization with Gaussian Processes

This chapter introduces a novel adaptation framework leveraging GPs to tackle plant-model mis-
match, thereby improving the adaptability of RTO systems. We demonstrate that GPs serve
as excellent modelling tools for physical systems where structural uncertainty exists, addressing

challenges associated with existing adaptation frameworks.

This chapter is primarily based on early work published in [3]:

o Ahmed, A. et al. (2022) ‘Application of gaussian processes to online approximation of com-
pressor maps for load-sharing in a compressor station’, 2022 European Control Conference

(ECC) doi:10.23919/ecc55457.2022.9838042

The core of this work was further adapted to be employed in an online feedback optimization

algorithm published in [323]:

e Zagorowska, M., Degner, M., Ortmann, L., Ahmed, A., Bolognani, S., del Rio-Chanona,
E.A. and Mercangoz, M. (2023) ‘Online feedback optimization of compressor stations with
model adaptation using gaussian process regression’, Journal of Process Control, 121, pp.

119-133. doi:10.1016/j.jprocont.2022.12.001

1.4.1.2 Chapter 3 - Real-Time Optimization, Control, and Adversarial Robustness

This chapter investigates the interplay between RTO and control, and proposes an adversarially
robust optimization algorithm at the RTO layer which selects optimally operable set-points for the
controllers. We show that this has the effect of reducing the burden of robustness at the control
layers (where computational budget is limited) and instead shifts this up to the RTO layer which
can accommodate this additional responsibility. In addition to this, in Section 3.3.4 of Chapter 3,
we integrate our learnings from Chapter 2 and demonstrate how the developed ARRTOC algorithm
is compatible with GP adaptation (and other adaptation algorithms) to give a holistic solution
which addresses two fundamental issues at the RTO and control layers: a) plant-model mismatch

and b) adversarial robustness to disturbances and noise.

This chapter is primarily based on work published in [6, 8]:
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e Ahmed, A., del Rio-Chanona, E.A. and Mercangéz, M. (2025) ‘ARRTOC: Adversarially
robust real-time optimization and Control’, Computers & Chemical Engineering, 194, p.

108930. doi:10.1016/j.compchemeng.2024.108930.

e Ahmed, A., del Rio-Chanona, E.A. and Mercang6z, M. (2024) ‘Adversarially robust real-
time optimization and control with adaptive gaussian process learning’, Computer Aided

Chemical Engineering, pp. 1621-1626. doi:10.1016/b978-0-443-28824-1.50271-4.

1.4.2 Part 2: Breadth in Dynamic Systems (Chapters 4-6)

This part of the thesis expands the focus to dynamic systems, emphasizing contributions to the
control layer. The research explores a broad range of topics, including techniques for managing
large-scale systems through reduced-order modelling, linearization of nonlinear dynamics using the
Koopman operator, and the assessment of data-driven modelling approaches for PSE dynamical

systems.

We give a short description of each work here:

1.4.2.1 Chapter 4 - Data-Driven Modelling of Dynamical Systems — A Comparative

Benchmarking

This chapter evaluates a variety of data-driven modelling approaches from classic system identifi-
cation to ML and DL models. With so many new models, methods and algorithms, it is hard to
know which one is “best”, hence we provide guidance to practitioners in terms of best practices

for model selection and evaluation amongst many other factors.
This chapter is primarily based on work published in [9]:
e Ahmed, A., del Rio-Chanona, E.A. and Mercangéz, M. (2025) ‘Comparative study of ma-

chine learning and system identification for Process Systems Engineering Dynamics’, Indus-

trial & Engineering Chemistry Research. doi:10.1021/acs.iecr.4c03264.

1.4.2.2 Chapter 5 - Linearization of Nonlinear Dynamics Using Deep Learning

This chapter introduces a novel DL framework, leveraging Koopman operator theory, to learn a
linear representation of nonlinear dynamics, enabling more efficient and scalable control implemen-

tations.
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This chapter is primarily based on work published in [4, 5]:

e Ahmed, A., del Rio-Chanona, E.A. and Mercangé6z, M. (2023) ‘Linearizing nonlinear dy-
namics using Deep Learning’, Computers & Chemical Engineering, 170, p. 108104. do0i:10.1016/
j.compchemeng.2022.108104.

e Ahmed, A., del Rio-Chanona, E.A. and Mercangoz, M. (2022) ‘Learning linear representa-
tions of nonlinear dynamics using Deep Learning’, IFAC-PapersOnLine, 2022 Adaptive and
Learning Control Systems, 55(12), pp. 162-169. doi:10.1016/j.ifacol.2022.07.305.

1.4.2.3 Chapter 6 - Adversarially Robust Reduced-Order Model Predictive Control

This chapter explores the use of ML/DL reduced order models for model predictive control of
large-scale systems. It highlights the robustness issues inherent in such models. To counter this,

we make use of adversarially robust ML training which helps address these issues.

This chapter is primarily based on early work published in [7] and an extension of this work
which is currently under review in the ESCAPE34-PSE24 Special Issue of Computers & Chemical

Engineering:

e Ahmed, A., del Rio-Chanona, E.A. and Mercangé6z, M. (2024) ‘Adversarially robust reduced
order model predictive control: Balancing Performance and Efficiency’, IFAC-PapersOnLine,
2024 Modeling, Estimation and Control Conference, 58(28), pp. 378-383. doi:10.1016/j.ifa~
c0l.2025.01.066.

e Ahmed, A., del Rio-Chanona, E.A. and Mercangéz, M. ‘Adversarially Robust Reduced
Order Models for Model Predictive Control’, Under Review in SI of Computers & Chemical

Engineering

Through its structured approach, this thesis offers both depth in steady-state RTO challenges
and breadth in dynamic control applications. Each chapter is self-contained, providing a litera-
ture review, background, and detailed methodology, followed by results and discussions. In the
conclusions of each chapter, we also offer a retrospective on the work completed as well as a
forward-looking perspective on potential future research directions. All of the proceeding chap-
ters are grounded in published and submitted works, demonstrating the practical and theoretical

advancements achieved.
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This chapter investigates the RTO layer, with a focus on addressing the challenges posed by
plant-model mismatch. Such mismatches, arising from discrepancies between the physical plant
and its mathematical model, can lead to suboptimal performance and instability in optimization al-
gorithms. We explore how advancements in ML, specifically non-parametric modelling approaches
like GPs, offer a promising solution to address fundamental problems with existing model adapta-

tion algorithms.
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Figure 2.1: A visual representation showing how the current chapter aligns with the overarching
themes of this thesis, highlighted by the text “Ch.2: Adaptive RTO with GPs.”

We begin in Section 2.1 with a comprehensive introduction and literature review on RTO,
emphasizing the critical issue of plant-model mismatch and its implications. Specifically, we focus
on a specific industrial application of RTO: Load Sharing Optimization (LSO) of compressor
stations, which serves as the case study for our investigation. The formulation of the LSO problem
is detailed in Section 2.2, where we discuss how GPs can enhance the adaptability and robustness

of existing RTO adaptation frameworks.

Simulation studies, presented in Section 2.3, evaluate the performance of GPs in addressing
plant-model mismatch within the LSO context. These results are analyzed to assess the efficacy
of GPs and their potential to improve optimization outcomes. Finally, Section 2.4 concludes the
chapter with a discussion of key findings, implications for industrial applications, and potential

directions for future research.

This chapter aligns with the overarching themes of Adaptive Systems and Data-Driven Mod-

elling, as illustrated by the text “Ch.2: Adaptive RTO with GPs” in Figure 2.1.

This chapter is adapted from work published in [3, 323]. Figures in this chapter are reused

with permission under the author’s rights in accordance with Elsevier and ITEEE policies.
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2.1 Introduction and Literature Review

RTO plays a pivotal role in ensuring the efficient operation of process systems. By determining
optimal set points for lower-level controllers within the process operation hierarchy (See Figure
1.1), RTO enables processes to meet operational objectives while adhering to constraints. These
tasks must often be performed in real-time to account for dynamic changes in costs, product spec-
ifications, and other factors [277, 284, 22, 215, 229, 79]. The effectiveness of RTO systems depends
heavily on the accuracy of the underlying process model. However, in practice, discrepancies be-
tween the model and the actual plant—commonly referred to as plant-model mismatch—can result

in suboptimal performance or even infeasible operating conditions [3, 80, 63, 21].

Plant-model mismatch generally arises from two sources: structural mismatch and parametric

mismatch [63, 197].

e Structural mismatch occurs when the model’s structure fails to adequately represent the real
system. For instance, simplifying assumptions may omit key features of the process. In such

cases, no amount of parameter adjustment can fully correct the mismatch.

e Parametric mismatch, on the other hand, refers to inaccuracies in the model parameters rel-
ative to the system. Even with structural mismatch, a model may be useful for optimization

if the parameters can be adjusted to align with observed system behaviour [197].

Complicating matters further, time-varying phenomena such as equipment degradation intro-
duce dynamic changes in the system that exacerbate both structural and parametric mismatch.
Most existing adaptation algorithms (which will be discussed in Section 2.1.1) rely on structural

information, which can limit their ability to address these challenges effectively.

To overcome these limitations, we propose the use of non-parametric models, specifically GPs,
for online learning of steady-state models in RTO. GPs provide a flexible framework that requires
no explicit assumptions about the functional form or structure of the system, enabling them to
handle both structural mismatch and time-dependent degradation. We demonstrate the efficacy of
this approach by evaluating GPs in the context of LSO for compressor stations. We select the LSO
problem as it is quintessential of the type of problems that adaptation is necessary for: Lack of
accurate first principles models, safety-critical systems and systems which are subject to significant

change over time.
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2.1.1 What is Load-Sharing Optimization and What Are The Chal-

lenges?

The transport of natural gas through pipelines can span several thousand kilometres, leading
to pressure losses caused by friction. To compensate for these losses, compressor stations are
positioned at regular intervals to boost the gas pressure, ensuring efficient transport to the intended
destination. Compressor stations typically comprise compressors arranged in either parallel or
series formations, with the specific configuration determined based on a techno-economic analysis
[262]. Each compressor is characterized by performance maps that express its efficiency as a
function of mass flow and pressure ratio. These characteristics vary across machines and evolve

over time due to degradation phenomena [322].

For compressors equipped with variable-speed drives, their operating points can be adjusted
to optimize efficiency and reduce power consumption. However, when multiple compressors with
distinct performance characteristics operate within a single station, minimizing the station’s overall
power consumption becomes a complex optimization problem, commonly referred to as LSO [76,
226, 152, 203, 202]. In the case of parallel configurations, which are the focus of this work, LSO
involves determining the allocation of the total mass flowrate among the compressors to minimize
total power consumption. Typically, the dispatch center assigns a target mass flowrate for the entire
station. The LSO problem then calculates the optimal flowrate allocation for each compressor,
minimizing station-wide power usage. The resulting mass flowrate setpoints are transmitted to low-
level controllers for individual compressors, which adjust torque and speed to track the prescribed

references.

The complexity of LSO arises from the need for accurate models of compressor performance.
Without up-to-date, reliable models, plant-model mismatch can lead to suboptimal operation of the
station. This challenge is well-documented in RTO literature, where several adaptation strategies
have been proposed [63]. [63] classifies these approaches into three categories: (i) Model-parameter
adaptation, or the two-step approach, where model parameters are updated based on system output
measurements before optimization; (ii) Modifier adaptation, which adjusts the cost function and
constraints to align model and plant optimality conditions; and (iii) Direct input adaptation, where

the optimization problem is reformulated into a feedback control problem.

In the context of LSO for compressor stations, model-parameter adaptation and modifier adap-

tation are commonly employed. For instance, [203] and [202] apply the modifier adaptation ap-
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proach to ensure model and plant optimality conditions are consistent. However, as highlighted
in [203] and [63], a key challenge in this approach is the accurate estimation of cost function and
constraint gradients. While [203] and [202] address this by exploiting problem structure to estimate
gradients, such techniques may not generalize well when the problem structure is less defined. Fur-
thermore, modifier adaptation can be highly sensitive to noisy measurements, reducing robustness

under significant measurement noise, as discussed in [63] and [197].

Conversely, [76, 226, 152] adopt the model-parameter adaptation approach to mitigate plant-
model mismatch. However, as noted in [63], this approach relies on the adaptation scheme’s ability
to reduce mismatch through parameter updates alone. If the model structure fails to adequately
capture plant behavior, structural mismatches can arise. This is particularly problematic for
compressor performance maps, which often lack a fully accurate structural representation. Over
time, performance degradation compounds this issue. For example, parametric models such as

polynomial expressions [197, 226, 152] may develop structural mismatches as compressors age.

As argued in [197], model-parameter adaptation remains robust and reliable if the model is suf-
ficiently flexible to handle structural mismatches. In this context, we propose using non-parametric
models, specifically GPs [247]. A key advantage of GPs is their flexibility, as they do not rely on
predefined assumptions about the functional form of the system being modelled. This eliminates
structural mismatch and minimizes overall plant-model discrepancy. By addressing the limitations
of parametric models highlighted in [63] and [197], GPs offer a robust solution for adapting to

plant-model mismatch and managing uncertainties.

In this work, we demonstrate the application of GPs within the model-parameter adaptation
framework to solve the LSO problem. We show that GPs effectively handle varying degrees of
mismatch and adapt to uncertainty, making them a powerful tool for improving compressor station

operation.

2.2 Background and Methodology

In this section we start by formulating the LSO problem in Section 2.2.1 which highlights the need
for accurate compressor curves. To address this, we introduce the GP adaptation scheme in Section
2.2.3. Finally, in Section 2.2.4, we introduce the simulation cases used in this study to assess the

performance of the proposed adaptation scheme.
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Figure 2.2: Schematic representation of the LSO problem applied to three compressors arranged
in parallel. The flow controllers (FC) regulate the torque, 7;, applied to each compressor, thereby
adjusting their operating speeds, w;. Anti-Surge Controllers (ASC) are implemented to recycle gas
flow, preventing compressor surge. Dashed lines indicate control signals, while solid lines represent
gas flows.

2.2.1 LSO Problem Formulation

We will consider the problem of load sharing optimization applied to the parallel arrangement of

three compressors as depicted in Figure 2.2.

In this arrangement, load sharing optimization attempts to distribute the station mass flow
rate target to each of the machines to minimize the total power consumption of the station. The

objective function can be written as:

Nc
J(my) = ZPi(mi;m) (2.1)

where N, is the number of compressors (for this case N, = 3), i € ZT is the compressor index,
m; € R is the i'" compressor mass flowrate, P; : R? — R is the power consumption of the
it" compressor and 7; € R is the compressor efficiency of the i*” compressor. As explained in
Section 2.1.1, the compressor map expresses the compressor efficiency, 7;, as a function of both the

compressor mass flowrate and pressure ratio of the compressor which we denote as II; € R. The

power consumption of the compressor can be expressed as:
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P, = iy, (2:2)

i

where y,; € R is the polytropic head of compressor ¢ and is defined as:

Zv'n T’in *1 Dy —2
_ Zinfilin T [H 1—1} (2.3)

VT
where R is the universal gas constant, n, € R, is the polytropic exponent, MW € R is the
molecular weight of the compressed gas mixture, Z;,, € R is the inlet compressibility factor and
finally, T}, € R denotes the inlet compressor temperature. All of the parameter values used in this

work and the original model can be found in [202].

Consequently, the load sharing optimization problem for the parallel arrangement can be for-

mulated as follows:

~min_ J(my) (2.4a)
T)’L1,..4,mNC

s.t. h(mgy,..,mn, ) =0 (2.4b)
g(my,...,mn,) <0 (2.4c)

N,
Z mz = mstation (24d)

=1
(2.4e)

where (2.4b), h : RNe — RMr_ defines the equality constraints imposed by the steady state model
equations of the compressor. Similarly, (2.4c), g : RNe — RNs, defines the surge and choke
inequality constraints which are formulated to prevent unstable compressor operation due to surge
or choke conditions [152]. Both (2.4b) and (2.4c) are based on [202] and more details can be found
in [3]. Finally, (2.4d) defines an additional equality constraint that the sum of the compressor mass

flowrates must equal the station mass flow rate target, mstation-

2.2.2 A Brief Introduction to Gaussian Processes

Before examining the integration of GPs into the RTO adaptation scheme in Section 2.2.3, we first

provide a brief introduction to GPs. For a more comprehensive discussion, readers are referred to

[247).
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GPs provide a flexible and powerful framework for probabilistic modelling of unknown functions.
A GP defines a distribution over functions and is characterized by a mean function, m(-), and a

covariance function, or kernel, k(-,-). Formally, a function, g : R? — R is said to follow a Gaussian

Process if, for any finite set of input points x = [z1, %9, . .., 7,]T € R"*? the corresponding function
values g(x) = [g(x1), g(z2),...,g(z,)]T follow a multivariate Gaussian distribution:
g9(x) ~ GP(m(x), k(x,x")) (2.5)

where m(x) = E[g(x)] is the mean function, which represents the expected value of the function at
each input point. k(x,x") = E[(g(x) — m(x))(g(x") — m(x"))] is the covariance function (or kernel),

which encodes assumptions about the smoothness and structure of the function.

In this chapter, we specifically use the squared exponential kernel, defined as:

12
k(z,2') = 0 exp <—Hx%§”> (2.6)

where o2 is the signal variance, controlling the overall magnitude of variations, and ¢ is the length-
scale parameter, which determines how quickly the function changes with respect to input varia-
tions. This kernel ensures smoothness in the function representation and is well-suited for modelling

the compressor performance characteristics.

Given a training dataset of observed input-output pairs (X,y), where X € R"*¢ represents the
input matrix and y € R™ represents the observed function values (possibly noisy), the posterior

distribution of the function values at new test points X, follows a Gaussian distribution:

Y | X?Yv X. NN(M*vz*) (27)

where y, represents the predicted function values at the new test points X.. N (u4, ) denotes a

multivariate normal distribution with mean p, and covariance X,.

The predictive mean function, u,, which serves as the model’s best estimate for y., is given by:

e = m(X.) + k(X XORX, X) " (y - m(X) (2.8)

where m(X.,) is the prior mean function evaluated at the test inputs X, which represents the

expected function values before incorporating observed data. k(X,,X) is the covariance matrix
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between the test inputs X, and the training inputs X, encoding how correlated the new points
are with previously observed points. k(X,X)~! is the inverse covariance matrix of the training

data, which helps adjust the prior mean function to fit the observed data. y — m(X) represents the

deviation of the observed function values from the prior mean at the training points.

The predictive covariance function, X, quantifies the uncertainty in the predictions and is

given by:

2, = k(X,, X,) — k(X X)k(X, X)TE(X, X,) (2.9)

where k(X,, X,) is the covariance matrix of the test inputs, representing the prior uncertainty in
function values at the new points. k(X.,X)k(X,X) 1k(X, X.) represents the reduction in uncer-
tainty due to information gained from the training data. The term k(X., X,)—k(X,, X)k(X, X) " 1k(X, X,.)
ensures that the model expresses lower uncertainty in regions where training data exist and higher

uncertainty where no training data is available.

This formulation enables GPs to provide both a predictive mean and a measure of uncertainty,
making them particularly well-suited for modelling complex and unknown systems, such as com-
pressor performance characteristics. In the following section, we illustrate how this approach is
incorporated into the RTO adaptation framework. It is important to note that, in this chapter,
we utilize only the predictive mean to model the compressor performance characteristics, without
explicitly leveraging the uncertainty estimates. However, incorporating uncertainty information

within a Bayesian optimization framework remains a promising direction for future research.

2.2.3 Model-Parameter Adaptation Scheme Using Gaussian Processes

As explained in Section 2.1.1, an accurate solution to the optimization problem is contingent on

an accurate model of the compressor performance characteristics:

ni = f(mi, 1) (2.10)

where f :R? — R defines the model of the compressor map while 7; defines the model compressor

efficiency. Similarly, we express the real compressor performance characteristics as:
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where f : R? — R represents the true function relating the compressor mass flowrate and pressure
ratio to the efficiency of the compressor. The goal of the model-parameter adaptation approach is
to minimize the difference between the true function, f and the approximation, f , as the system

is operated and more information about the true behaviour of the system is obtained.

As discussed in Section 2.1.1 and 2.2.2, we propose utilizing GPs to model the compressor
performance characteristics. However, our adaptation approach considers two primary alternatives.
The first, which forms the main focus of this investigation, does not rely on GPs to directly learn
the performance characteristics. Instead, following the approach of [76, 226, 152], we use a second-
order polynomial as an initial representation of the performance characteristics, referred to as the

prior model:

WP = oy + agmy; + asll; + agmuTl; + asm;? + a6l (2.12)
where a; € R are the polynomial coefficients and 7j;” °lv ¢ R is the polynomial efficiency.

As the system operates and additional data is collected from the compressors, the discrepancy
between the predicted efficiency and the estimated plant efficiency can be evaluated up to the k"

sampling instant:

Af =nf — gt (2.13)

K2

where ¥, #PovF ¢ RF

represent the vectors of estimated plant efficiency and efficiency predicted
by the polynomial up to the k" sampling instant respectively while Af € R” represents the vector
of their difference. Consequently, an error function, A(m;, II;) : R? — R, represented by a GP can
be fitted on the input (m*, IT¥) and output dataset (A¥) where, as discussed in Section 2.2.2, the

GP can be thought of as a multivariate Gaussian distribution over functions from which a function,

g : R? = R, can be sampled:

A, ;) = m() (2.15)

where m(-) and k(-, ) represent the mean function and covariance function of the GP trained with

the input-output dataset.
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Finally, the model efficiency is expressed as the sum of the prior model and the fitted mean
error function:

7 (7, T;) = 1,2°% (g, 1) + A(m, TT) (2.16)

With this approach, the model can approximate the plant behaviour effectively, provided the
GPs learns the error function accurately. This method offers two key advantages. First, it allows
the incorporation of prior information into the adaptation process. Specifically, if a reliable model
of the system exists, it can serve as a prior for the GPs, providing an initial foundation. Second,
using the GPs to model the error function addresses structural mismatches between the prior
parametric model (in this case, a polynomial) and the actual plant. As a non-parametric model,
the GPs can adapt to these mismatches, which would not be feasible with a direct model-parameter
adaptation approach applied to the prior parametric model. Structural mismatches would persist
if the model’s structure were inadequate—such as when a second-order polynomial is used to

represent the inherently complex characteristics of a compressor map.

The second focus of this investigation involves using GPs to directly model the compressor
map. Unlike the first approach, no prior model is assumed; instead, the compressor map is learned
entirely from operational data. The GPs establish a relationship between the inputs, (mf,l‘[f),
and the output dataset, (1¥), based on measurements collected during operation. This relationship

can be expressed as:

g<miaHi) ~ g'P(m(),k(,)) (2'17)

7i(mg, ;) = m(-) (2.18)

These two lines of investigation enable an analysis of the impact of varying degrees of mismatch
between the prior model and the plant, particularly focussing on the GPs’ ability to address such
mismatches. Moreover, this approach facilitates a comparison between a hybrid methodology,
which incorporates a prior model, and a purely data-driven approach, where the model is learned

directly from operational data.

2.2.4 Simulation Cases

Four distinct sets of cases were simulated in this investigation to facilitate a comparative analysis.

Before delving into the specifics of these cases and their interrelationships, we first outline the
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Figure 2.3: Block diagram of the simulation setup used in this study. The station target, mstation,
is provided to the optimization block along with an updated compressor model from the model
adaptation block, enabling the solution of the LSO problem. Once the calculated setpoints are
implemented, system measurements are fed back to the model adaptation block for updates as
needed. The station targets are subject to regular changes over time.

general simulation setup. While the overarching framework remains consistent across all cases,

certain structural variations exist, which will be detailed in the context of each individual case.

The general simulation setup, depicted in Figure 2.3, comprises four main components: the
station target block, optimization block, model adaptation block, and compressor block. These
components work together to simulate three days of compressor station operation, with new station

targets provided at regular intervals.

The station target block defines the mass flowrate targets for the station over the simulation
period, as shown in Figure 2.4. These profiles mimic typical daily gas consumption patterns,
characterized by a ramp-up to peak load followed by a gradual ramp-down [170]. These targets are
sent to the optimization block, which solves the load sharing optimization problem formulated in
equation (2.4). The optimization allocates the total station mass flowrate to individual compressors
while ensuring constraints, such as surge and choke limits, are satisfied. Using GP-based models of
compressor efficiency, 7; = f (m4, I1;), the optimization block determines the optimal mass flowrate

set points for each compressor. To avoid frequent updates, optimization is triggered only when the

station target changes.

The model adaptation block addresses plant-model mismatch by updating the GP models
using real-time measurements of mass flowrate, pressure ratio, power, and temperature from the
compressors. These measurements are used to estimate the plant efficiency via equation (2.2). To
manage the computational limitations of GPs, the adaptation process uses a Euclidean distance
metric to assess whether new data points are sufficiently distinct from the existing dataset [76, 63,
247]. If so, the data is added, and the GP is retrained. This ensures that model adaptation is

triggered only when meaningful new information becomes available.
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Figure 2.4: Mass flowrate targets for the compressor station defined for three days of simulation.

The compressor block represents the physical compressors and their associated control systems,
as outlined in Figure 2.2. The block includes detailed dynamic and steady-state models of the
compressors, incorporating the true compressor efficiency map, equation (2.11). This baseline
map is inaccessible to other components of the simulation, simulating real-world conditions. The
compressor block also features low-level PI controllers that track the mass flowrate targets by
adjusting the compressor torque and speed, and anti-surge controllers that ensure stable operation
by preventing surge. However, surge and choke constraints in equation (2.4) are designed to reduce

reliance on these controllers.

The simulation framework described in this section serves as the basis for the four cases pre-
sented in the following sections. All simulations were implemented in MATLAB/Simulink, with

the optimization problems solved using the fmincon solver.

2.2.4.1 Casel

Case 1 represents a scenario with no plant-model mismatch, meaning the compressor map used for

optimization is identical to the actual plant compressor map:

ni =mni = f(my, ;) (2.19)

The purpose of this case is to establish a baseline by providing a lower bound on the expected

power consumption, effectively representing the best-case scenario. As a result, this case does not

require any model adaptation.
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Figure 2.5: A mismatch between the model (orange surface) and the plant (blue surface) for
compressor 3 in case 2.1.

2.2.4.2 Case 2.1-2.3

Cases 2.1-2.3 simulate scenarios where a plant-model mismatch exists, and no model parameter
adaptation is applied. In these cases, second-order polynomials of the form given in equation
(2.12) are used to model the compressor map during optimization. To introduce varying degrees of
plant-model mismatch, the polynomials are fitted using limited amounts of real data. Specifically,
polynomial regression is performed using 2, 5, and 20 data points, corresponding to cases 2.1, 2.2,

and 2.3, respectively.

Further mismatch is induced by randomly shifting the efficiency surfaces generated by the
second-order polynomials. For instance, Figure 2.5 illustrates the mismatch for compressor 3 in
case 2.1. The mismatch arises from the limited data (2 points) used for polynomial regression,

combined with the applied random shift.

These cases serve to bound the problem by establishing an upper bound on the expected power
consumption, representing a set of worst-case scenarios. Furthermore, the use of varying amounts
of data for polynomial regression allows us to examine the impact of different levels of plant-model
mismatch. This is particularly relevant for evaluating cases 3.1-3.3, where GP error functions
are employed. Specifically, this setup enables an investigation into the robustness of GPs under

different degrees of model uncertainty.
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2.2.4.3 Case 3.1-3.3

Cases 3.1-3.3 form the main focus of this investigation. These scenarios, described in Section
2.2.3, build on the second-order polynomials from cases 2.1-2.3, using them as prior models for
GPs that aim to learn the error between the prior model and the plant. Specifically, case 3.1 uses
the second-order polynomial fitted on 2 data points as the prior model, case 3.2 uses the polynomial
fitted on 5 data points, and case 3.3 uses the polynomial fitted on 20 data points. In all cases, the
compressor map model used by the optimization block is represented by equation (2.16), which

combines the GP error function with the prior model.

2.2.4.4 Case 4

Case 4 represents the second scenario described in Section 2.2.3, where no prior model of the
compressor map is assumed. Instead, the GPs learns the compressor map directly from data, as
defined by equations (2.17) and (2.18). In this case, model adaptation involves fitting the GPs
directly to the efficiency surface, and the optimization block uses the fitted GP model of the

compressor map directly.

2.3 Results and Discussion

Figure 2.6 illustrates the power consumption of the compressor station over three days of simulation
for the cases outlined in Section 2.2.4. In each plot, the green solid line represents case 1, the
best-case scenario with no plant-model mismatch. The solid colored lines correspond to cases
2.1-2.3, which establish upper bounds for the problem, while the dashed colored lines depict the
performance of the GP error functions in Figures 2.6(a), 2.6(b), and 2.6(c). Figure 2.6(d) shows

the performance of case 4, where the compressor map is learned directly by the GP.

Figure 2.6 demonstrates that the GPs perform effectively in all cases where they are applied.
The power consumption in these cases converges toward that of case 1 after only a few set-point
changes, indicating that the GPs can rapidly learn from the available data. As expected, the speed
of convergence improves as the degree of mismatch decreases from case 2.1 to case 2.3, allowing
cases 3.1 to 3.3 to more quickly achieve performance comparable to case 1. This trend is consistent

with the significant mismatch seen in case 2.1, illustrated in Figure 2.5, where the GPs must first
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Figure 2.6: Power consumption of the compressor station over three days of simulation for the cases
outlined in Section 2.2.4. The green solid line represents case 1, the best-case scenario with no
plant-model mismatch. The coloured solid lines correspond to cases 2.1, 2.2, and 2.3, which serve
as upper bounds for the problem. The dashed coloured lines in Figures 2.6(a), 2.6(b), and 2.6(c)
illustrate the performance of the GP error functions, while Figure 2.6(d) presents the performance
of case 4, where the GP directly models the compressor map.

learn a complex error function to correct for the substantial discrepancy. This learning process

requires the collection of sufficient plant data to accurately approximate the error function.

For instance, in case 3.1 (red dashed line) shown in Figure 2.6(a), the initial periods of operation
align closely with the worst-case performance of case 2.1 (red solid line). However, after only a
few subsequent set-point changes, case 3.1 rapidly approaches the performance of case 1. This

behaviour underscores the robustness and adaptability of GPs when used in this model adaptation

framework.

The adaptive capabilities of GPs, as they progressively learn more about the system during
operation, are most effectively illustrated in Figure 2.7. This figure presents the total energy
consumption of the compressor station over time for the various cases, highlighting the cumulative
impact of the GPs as they continuously adapt with the availability of new data. In particular,
the cumulative improvement observed in case 3.1 exemplifies the advantageous properties of GPs
that make them well-suited for the model-parameter adaptation framework. Despite a significant
initial mismatch between the plant and model, the GP-based error functions become increasingly

accurate representations of the real error functions as more data is incorporated.

As a result, Figure 2.7 shows that the station’s energy consumption progressively converges
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Figure 2.7: Total energy consumption of the compressor station for each of the cases defined. The
performance of case 3.1 demonstrates the adaptive nature of GPs as they continually learn from
data.

towards case 1, the best-case scenario, even though it begins near the worst-case scenario of case
2.1. By contrast, applying the model-parameter adaptation approach to a parametric model would
likely lead to a cumulative improvement that eventually plateaus. This occurs because an inade-
quate model structure cannot fully resolve the structural mismatch, no matter how extensively the
parameters are updated, as discussed in [63, 197]. In contrast, GPs, as non-parametric models,
do not suffer from this limitation, enabling continuous improvement as they adapt to the system’s

behaviour.

The performance of case 4 offers valuable insights. In this scenario, the compressor map is
learned directly from data, without relying on a prior model as an initial reference. Figures
2.6(d) and 2.7 reveal that case 4 approaches the performance of case 1 within just a few set-point
changes, and notably, this occurs faster than in case 3.1. This outcome suggests that the advantage
of incorporating a prior model is diminished if the model cannot reasonably approximate the plant

behaviour.

At the beginning of operation, when few or no observations are available, the compressor map
model—when using a GP error function—depends heavily on the prior model. Consequently, if
the prior model poorly represents the plant, as seen in case 3.1, the compressor map model only
converges to the true plant behaviour after sufficient observations have been made. It is only
through accumulating evidence that the GP recognizes the inadequacy of the prior model and
begins to correct for the mismatch via the error function. This process is clearly reflected in the

cumulative improvement of case 3.1 shown in Figure 2.7 and aligns with the Bayesian framework
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underlying GPs, as described in [247].

This conclusion is further supported by previous studies that investigate the integration of prior
knowledge into hybrid modelling approaches [294, 84], emphasizing the importance of ensuring that

the prior model provides a meaningful starting point for such schemes.

This concept is further emphasized in Figure 2.8, which illustrates the evolution of the compres-
sor map model for compressor 2 in case 3.1 as more data is observed over time. In the figure, the
red surface represents the prior polynomial model, the green surface depicts the plant compressor
map, and the blue surface shows the adaptive model, which combines the prior model and the

GP-based error function. The operating points are marked in black.

At the start of the simulation, shown in Figure 2.8(a), only a few operating points (black)
have been observed. As a result, the model compressor map (blue) closely approximates the plant
compressor map (green) near these points. However, farther away from the observed operating
points, the model compressor map is heavily influenced by the prior model (red), reflecting its
polynomial structure. By the end of the simulation, as shown in Figure 2.8(b), a significant
amount of data has been collected. Consequently, the model compressor map becomes a more
accurate global approximation of the plant compressor map, although it retains some local biases

toward the prior model in areas where no observations have been made.

This progression demonstrates that, despite the significant initial mismatch, the GP-based error
function effectively reduces the discrepancy as more data becomes available, particularly along
the compressor’s operating points. Additionally, the operating points lie along a curve spanning
the compressor map, referred to as the system resistance curve, which defines the relationship
between pressure and flow within the system. Since data is observed only along this curve, the
GPs must extrapolate outside this range. In this context, a well-chosen prior model supports a
reasonable global approximation of the plant compressor map. However, the GP error function
ensures highly accurate local approximation along the resistance curve, which is crucial for solving

the optimization problem formulated in equation (2.4).

Importantly, the GPs flexibility allows it to adapt to changes in the system resistance curve,
such as those arising from equipment modifications. In such scenarios, as the compressor operates
across a broader range of conditions, the GPs can learn a more accurate global approximation of
the true error function. This further highlights the adaptability and robustness of GPs, ensuring

the compressor map model remains effective even under dynamic operating conditions.
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Figure 2.8: Evolution of the compressor map model (blue surface) for compressor 2 in case 3.1
as additional data is collected over time. The red surface represents the prior polynomial model,
while the green surface depicts the plant compressor map. The adaptive model compressor map,
combining the prior model and the GP-based error function, is shown as the blue surface. The
black points indicate the observed operating points of the compressor.

While we have successfully applied GPs to the problem of load sharing optimization, as dis-
cussed in Section 2.2.4, GPs may face challenges in scaling to larger problem sets. In this study,
the problem is relatively small in terms of both dimensionality and data volume. Even with the
inclusion of more compressors, scalability would not pose a significant issue, as each additional
compressor would require only one additional GP. Furthermore, the use of the Euclidean distance
metric in the simulation, as described in Section 2.2.4, ensures that the dataset size for training

the GPs remains manageable.

Nonetheless, a key area for future investigation is the scalability of GPs to larger problems,
where datasets are likely to grow substantially. Exploring the application of GPs in large-scale
problems, particularly through the use of approximation techniques such as sparse GPs, could
address scalability concerns [247, 245]. If scalability issues can be resolved, the advantageous
properties of GPs could be leveraged for large-scale RT'O problems, representing a promising

direction for further research.
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2.4 Conclusion

In this chapter, we applied GPs within a model adaptation framework to solve the LSO problem
for compressor stations. The results provide compelling evidence of the robustness of GPs in
handling varying degrees of model uncertainty and mismatch. Due to their flexibility as non-
parametric models, GPs demonstrate a significant advantage over parametric models, which are
prone to structural mismatches with the plant. These findings align with the conclusions of [197]

and underscore the suitability of GPs for applications involving model adaptation.

Furthermore, the results from case 4 highlight the viability of a purely data-driven approach
when no adequate prior model is available. Conversely, cases 3.2 and 3.3 demonstrate that when
a reliable prior model exists, incorporating it can be advantageous. In such scenarios, the GP
serves to mitigate residual structural mismatches between the prior model and the plant. This
hybrid approach could be particularly valuable in systems where existing models are sufficient but
fail to capture certain complex or poorly understood phenomena. By leveraging GPs, the missing
model structure can be learned directly from data, enhancing the overall accuracy and utility of

the model.

Although this chapter focused on using GPs for the LSO problem in compressor stations,
the methodologies developed here have broader applicability. GPs could readily be employed
for a wider range of RTO problems or for other applications requiring the modelling of complex
performance curves in machinery and process optimization. For instance, in the next chapter
(chapter 3), we extend the use of GPs to address plant-model mismatch in an evaporator process
case study (see Section 3.3.4.1). However, as noted in Section 2.3, GPs face challenges in scaling
to high-dimensional problems, which warrants further exploration of methods like sparse GPs for

large-scale RTO applications.

Finally, while this chapter concentrated on addressing plant-model mismatch, the subsequent
chapter transitions to a complementary focus: ensuring that the chosen set-points are operable at
the control layer. Chapter 3 introduces adversarial machine learning concepts to tackle this issue,
integrating these insights with the approaches developed here. Together, this holistic framework
addresses the twin challenges of plant-model mismatch and robustness in real-time optimization

and control, as discussed in Section 3.3.4.1.
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2.4.1 Ciritical Reflections, Retrospective, and Forward Outlook

Reflecting on this work, several key points emerge that provide valuable insights into both the

findings and the broader implications of this research.

Firstly, the results from case 4, particularly those highlighted in Figure 2.6(d), were especially
promising. They demonstrated that a purely data-driven approach could perform competitively
with hybrid approaches which incorporate relatively accurate prior models, such as cases 3.2 and
3.3. More importantly, case 4 outperformed scenarios where the prior model was poor (case 3.1),
highlighting the strength of GPs in scenarios with limited or unreliable prior knowledge of system
physics. This finding was sufficiently impactful to inspire a collaboration with colleagues at ETH
Zurich to extend the core GP adaptation algorithm into an online feedback optimization framework

323).

Online feedback optimization merges the RTO and control layers, creating a feedback controller
to steer the system towards an optima of the problem. While this approach is generally model-
free and adaptable, it is often sample-inefficient. Leveraging insights from case 4, we explored
using GPs to incrementally build a model of the system during online feedback optimization.
This allowed the system to take advantage of a model over time, improving sample efficiency as
the GP developed a more accurate approximation of the system. This integration of GPs into
online feedback optimization demonstrated the practical value of our findings beyond the original

application of RTO plant-model mismatch alone.

Secondly, the potential of sparse GPs to address scalability issues in high-dimensional RTO
problems was considered, given the computational challenges GPs face as the dimensionality of the
problem increases. While theoretically appealing, our initial exploration of sparse GPs revealed
practical limitations. Specifically, sparse GPs proved difficult to tune and deploy effectively in
real-world settings, which led us to deprioritize this approach. Instead, we recommend employing
heuristics such as reducing the number of samples or carefully selecting relevant input features to
manage computational complexity. The application of GPs to high-dimensional problems remains
an exciting avenue for future research, and alternative methods for scaling GPs merit further

investigation.

Thirdly, while the results presented in this chapter strongly support the GP-based adaptation
approach, a comprehensive comparative analysis with established adaptation methods such as

model-parameter adaptation and modifier adaptation would have strengthened the work. Although




CHAPTER 2. PART 1: ADAPTIVE REAL-TIME OPTIMIZATION WITH GAUSSIAN
36 PROCESSES - ADDRESSING PLANT-MODEL MISMATCH

the results clearly demonstrate the flexibility and robustness of GPs, a direct comparison would
have provided further evidence of their relative advantages and limitations in addressing plant-
model mismatch and optimizing performance. Such an analysis remains a worthwhile direction for

future research.

Finally, during the course of this project, it became evident that while model accuracy is critical
for RTO, ensuring that the resulting set-points are suitable for the controllers in place is arguably
even more important. In particular, this realization highlighted the necessity of addressing not
only plant-model mismatch but also the practical operability of set-points within the control layer.
This insight gave rise to the work presented in Chapter 3, leading to the development of a holistic
framework that combines the strengths of GPs with adversarially robust approaches to ensure both
RTO and control goals are met. Specific details on this holistic framework can be found in section

3.3.4.1 and is based on published work in [6].

In summary, this chapter demonstrates the versatility and potential of GPs for solving RTO
problems, while also raising important questions about scalability, comparative approaches, and
the interplay between RTO and control. These reflections underscore the broader significance of

this work and its implications for future advancements in RTO and control.
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In Chapter 2, the challenge of plant-model mismatch in RTO was examined and addressed using

GPs. The proposed approach ensures the model remains an accurate representation of the plant,

thereby enabling the selection of accurate and optimal set-points for the lower-level controllers.

However, regardless of the accuracy of the RTO solution, the overall system performance ultimately
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Figure 3.1: A visual representation showing how the current chapter aligns with the overarching
themes of this thesis, highlighted by the text “Ch.3: ARRTOC.

depends not only on the chosen set-points but on their effective implementation at the control layer.
Robust optimal controllers can achieve good performance, but as highlighted in the literature, tight
time constraints at the control layer often limit the feasibility of implementing such controllers in

practice.

To address this limitation, this chapter investigates shifting the challenge of robustification
to the RTO layer through ARO, popularized by the ML community where similar issues are
addressed. By adopting this approach, we can determine set-points that are both optimal and
inherently robust to implementation errors at the control layer, without increasing the complexity
of the controllers themselves. The chapter begins with Section 3.1, which introduces the problem
and reviews existing approaches in the literature. Section 3.2 then details the proposed algorithm,
followed by Section 3.3, which evaluates its performance through various case studies. Finally,

Section 3.4 presents concluding remarks and outlines potential future research directions.

This chapter is primarily aligned with the theme of Adaptive Systems. However, it also explores
the integration of the ARRTOC algorithm with GP learning, incorporating aspects of Data-Driven
Modelling. This is depicted by the text “Ch.3: ARRTOC” in Figure 3.1.

This chapter is adapted from work published in [3, 6, 8]. Figures in this chapter are reused

with permission under the author’s rights in accordance with Elsevier policies.
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3.1 Introduction and Literature Review

As outlined in Chapter 2, RTO plays a critical role in determining the optimal set-points for lower-
level controllers. These controllers are tasked with three primary objectives: set-point tracking,
disturbance rejection, and noise attenuation [271]. It is important to recognize that these objectives
are inherently conflicting—a fundamental insight from linear control theory [222]. In nonlinear
systems, these conflicts are further amplified, posing significant challenges in achieving satisfactory

control performance [144].

Despite these challenges, all objectives must be adequately addressed while ensuring the con-
troller operates within stringent time constraints. As a result, controller design typically involves
finding a trade-off between these competing demands. For instance, in the case of MPC, while
a fully nonlinear, robust MPC approach could theoretically account for certain disturbance and
noise characteristics as well as other uncertainties, practical implementation often becomes infea-

sible [231, 244, 121, 64, 195].

Importantly, traditionally selected set-points can be sub-optimal if control layer implementation
errors (such as disturbances and noise) are not explicitly accounted for, especially if the process is
disturbance-sensitive and highly nonlinear [138]. In this case, the control layer assumes a height-
ened responsibility for actively rejecting disturbances and attenuating noise, thereby inevitably
placing greater demands on the resource-constrained controllers [138]. This chapter addresses this
challenge by leveraging the interaction between the upper-level RTO layer and the lower-level

control layers.

Rather than restricting the role of RTO to identifying optimal controller set-points, we advo-
cate for an approach in which the RTO layer selects set-points that are not only optimal but also
inherently robust to control layer implementation errors, thereby reducing the burden on the con-
trollers. Our approach achieves this by incorporating concepts from adversarial machine learning

[24, 278, 59].

In adversarial machine learning, perturbations are deliberately crafted to mislead models into
producing incorrect outputs. Analogously, disturbances and noise entering the control layer can
be viewed as adversarial perturbations that degrade control system performance. This conceptual
parallel informs our use of Adversarially Robust Optimization (ARO) techniques to mitigate these
effects. Specifically, we develop a practical constrained ARO algorithm for the RTO layer, termed
the Adversarially Robust Real-Time Optimization and Control (ARRTOC) algorithm.
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The ARRTOC algorithm addresses both optimality and operability simultaneously. The re-
sulting set-points are intentionally designed to be robust to disturbances and noise, effectively
shifting part of the robustness responsibility from the controller to the RTO layer. This integrated

approach enhances the resilience and reliability of the overall system.

3.1.1 Related Work

The identification of operable design regions that are robust to implementation errors is a critical
challenge across multiple domains in PSE, including RTO, process control, and process design
[106, 138, 331]. Historically, methods for defining these operable regions in RTO and control have
predominantly relied on computationally intensive sensitivity-based approaches. However, these
methods often face significant limitations due to unverified assumptions, such as the accuracy of
the underlying model. Moreover, they are susceptible to challenges like the curse of dimensionality,
which severely hampers their practical applicability in complex, real-world systems [138, 331, 107,
260].

In the field of process operability, similar challenges are encountered but are addressed through
different approaches [106, 166, 87]. Process operability methods serve as a bridge between process
design and control, offering a geometric perspective on how inputs and disturbances influence
outputs. These methods aim to ensure that the design of a process is flexible enough to allow
it to respond effectively to a range of disturbances while maintaining desired performance during

operation.

While early operability approaches faced challenges similar to those in RTO and control, re-
cent advancements have substantially improved their practicality. The incorporation of machine
learning techniques, parallel computing, and advanced mathematical programming methods has
mitigated many issues related to dimensionality and computational burden [16, 60, 106]. These
innovations now enable the handling of more complex systems and the development of more robust

solutions.

Although process operability primarily focuses on the interaction between design and control,
our work emphasizes the integration of RTO and control. Nonetheless, advancements in process
operability offer valuable insights for incorporating machine learning techniques at the RTO and

control layers to enhance robustness as we aim to do.

Within the domain of RTO, robust RTO algorithms have been proposed to address challenges
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associated with modelling errors and uncertainty in the steady-state input-output map (i.e. plant-
model mismatch as discussed in Chapter 2) [191, 133, 183]. However, these approaches largely
overlook the critical issue of robustness to implementation errors at the control layer. In other
words, they treat RTO and control as independent layers, neglecting the interdependence between
RTO set-points and the underlying controller design. This can lead to set-points that are either

challenging to operate around or entirely inoperable when implemented at the control layer.

Although the importance of this issue is recognized, sensitivity-based methods remain the
prevalent approach for addressing it within RTO [138]. An alternative framework is offered by
the concept of “self-optimizing control structures”, which shifts the burden of robustness against
implementation errors to the control layer [138]. In this paradigm, the problem is framed as
selecting the “best” set of controlled variables that minimize the impact of implementation errors

on the RTO objective function [138, 282].

While this approach is effective in many cases, it faces two key challenges. First, even with the
optimal selection of controlled variables, the system may exhibit excessive sensitivity to implemen-
tation errors, meaning no combination of variables can ensure adequate robustness. Second, the
optimal choice of controlled variables may not always be a practical or feasible choice. Instead,
as noted by [282], addressing these challenges would benefit from a formal, robust treatment of

implementation errors directly at the RTO layer.

The primary challenge in implementing a formal robust treatment of implementation errors
at the RTO layer lies in the potential complexity of the robust RT'O problem. Any robust RTO
algorithm must be versatile enough to handle a wide range of problem settings. These include
the full online setting (e.g., dynamic changes in prices or plant-model mismatch), scenarios with
unknown or partially known objective functions and constraints, and cases where objectives and

constraints are implicitly defined through simulation-based models.

This level of flexibility is particularly critical in industrial applications, where process models
are often derived from in-house or proprietary process simulation software [168]. Consequently,
robust RTO solutions must balance computational feasibility with the ability to adapt to these

diverse and often challenging settings.

Unfortunately, as highlighted by [34], most existing robust optimization algorithms struggle to
address these complexities due to their reliance on several limiting assumptions, such as convexity,
fully specified objectives and constraints, and the availability of higher-order gradients, amongst

other assumptions. These assumptions significantly limit their practicality, rendering them unsuit-
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able for many industrial applications. To overcome this gap, Bertsimas and colleagues developed
an algorithm tailored specifically for real-world industrial problems by focussing on a specific type

of robustness: robustness to implementation errors.

This leads to a problem formulation (detailed later in equation (3.5) and referred to as Ad-
versarially Robust Optimization) which can be solved using an algorithm that “can be employed
for most real-world problems, because it operates directly on the response surface and does not
assume any specific structure of the problem” [34]. Critically, ARO’s flexibility (making minimal
assumptions about problem structure) makes it well suited for practical engineering problems,
including those with simulation-based objectives [38, 278]. This flexibility makes ARO partic-
ularly well-suited for practical engineering challenges, including problems with simulation-based
objectives [38, 278]. The algorithm has been applied across diverse fields, from nanophotonics
to pharmaceuticals [34, 42], but its importance has been especially emphasized in the machine

learning community under the framework of adversarially robust machine learning.

In machine learning, addressing robustness to implementation errors, such as adversarial per-
turbations, is a critical challenge. Traditional robust optimization approaches often fall short in
handling the complexities inherent in the machine learning training process. However, the algo-
rithm introduced by Bertsimas et al. marked a significant shift, as it was capable of managing

these complexities to effectively tackle the issue of adversarial robustness [38, 24, 278, 59].

In this chapter, we demonstrate that robustness to implementation errors is equally critical in
RTO and control. Notably, there are strong parallels between the need for operability in RTO
and control and the requirement for adversarial robustness in machine learning. To this end, our
work builds upon the foundation laid by ARO and capitalizes on the similarities between RTO

operability and adversarial robustness in machine learning to introduce the ARRTOC algorithm.

3.1.2 Objectives and Contributions

The objective of this chapter is to introduce our algorithm, ARRTOC, which applies a constrained
ARO algorithm to the RT'O layer to account for control layer implementation errors. This algorithm

addresses several key challenges identified in the literature review (Section 3.1.1).

First, ARRTOC avoids the reliance on computationally expensive and potentially impractical
sensitivity-based methods which are typically used for selecting operable designs or set-points. Sec-

ond, while self-optimizing control can aid in selecting the best controlled variables, this approach
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alone may be insufficient or infeasible in practice. Instead, a formal robust treatment of imple-
mentation errors at the RTO layer is necessary. Existing robust optimization algorithms, however,

often fail to handle the complexities encountered at the RTO layer.

To address these gaps, we draw inspiration from advances in adversarial machine learning,
specifically adversarially robust optimization, to enhance the robustness of the RTO layer against
implementation errors. Crucially, ARO in its current form fails to account for constraints, a

limitation that our algorithm, ARRTOC, addresses.

To demonstrate the benefits of ARRTOC, we begin with case studies on steady-state opti-
mization problems. These studies identify robust set-points, which are then integrated into the
lower-level control layers to illustrate the improved operability of the resulting targets. Build-
ing on this foundation, we highlight the versatility of ARRTOC by applying it to the full online
RTO setting, where it effectively addresses plant-model mismatch—a critical challenge discussed in
Chapter 2. This extension results in a comprehensive, holistic framework that tackles two funda-
mental challenges in RTO and control: achieving adversarial robustness and mitigating plant-model

mismatch.

The remainder of this chapter is structured as follows. Section 3.2 introduces the ARRTOC
algorithm, beginning with a discussion of ARO in the context of RTO and demonstrating how con-
straints can be incorporated into ARO to develop ARRTOC. In Section 3.3, we apply ARRTOC
to a series of case studies with progressively increasing complexity. Section 3.3.1 presents an il-
lustrative example, providing an intuitive understanding of ARRTOC’s principles and practical
implementation. This groundwork then informs two practical applications: Section 3.3.2 addresses
the problem of wash-out in continuous bioreactors using ARRTOC, while Section 3.3.3 applies
ARRTOC to a multi-loop evaporator system. Finally, Section 3.3.4 highlights ARRTOC’s com-
patibility with the full online RTO setting, particularly in managing plant-model mismatch, and
provides practical guidance for algorithm tuning. This discussion culminates in the development
of a holistic framework that integrates the insights from Chapter 2, with the methods and lessons
presented in this chapter. Together, these elements create a unified approach that can be seam-
lessly integrated into real-world RTO practices. The chapter concludes in Section 3.4, where we
summarize the findings, discuss their implications, and suggest potential directions for future re-

search.
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3.2 Background and Methodology

In this section, we delve into the ARRTOC algorithm, contextualising it within the ARO framework
applied to RTO. To achieve this, we offer a self-contained, tutorial-style introduction to ARRTOC,
drawing on insights from a practical ARO algorithm that serves as the foundation of our approach

38, 34].

As will be highlighted, most ARO algorithms are designed for unconstrained problems, re-
flecting their primary use in adversarial machine learning, where constraints are typically absent
[34, 38, 24, 278, 59]. In contrast, constraints are crucial in RTO applications, often for safety-
critical reasons [168]. To address this, Section 3.2.1 defines the constrained problem, emphasising
adversarial robustness and its relevance to RTO. Section 3.2.2 provides an intuitive overview of
how ARRTOC handles constraints, followed by a high-level pseudocode representation explored in
detail in Sections 3.2.3, 3.2.4, 3.2.5, and 3.2.6.

3.2.1 Problem Definition

Consider the nominal constrained RTO problem defined as:

min f(x)
* (3.1)
s.t. hj(x) <0
where x € R" represents the decision variable, corresponding to the set-point for the controllers
in the RTO context. The objective function f : R™ — R typically reflects operational goals,
such as economic performance metrics, while h; : R"* — R, is a constraint function, which may
be safety critical in the RTO setting. For most of the case studies in Section 3.3, we assume
that both the objective function and constraints are known a priori (i.e., the underlying system
model is given). However, this assumption does not hold for many RTO problems that require an
online approach. A key advantage of ARRTOC is its flexibility to accommodate such scenarios,
as it imposes no assumptions on the functional forms of f(x) and h;j(x). These functions may
be partially or fully unknown, data-driven, mechanistic, hybrid, or even simulation-based, as we
will demonstrate in this section. Following [34], we assume only cheap access to function values
and gradients. This capability enables ARRTOC to extend seamlessly to online settings, such as

those involving plant-model mismatch, which often require data-driven models. In Section 3.3.4,
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we showcase this extension, illustrating how ARRTOC addresses online RTO challenges effectively.

When implementing the optimal set-point, x, controllers are susceptible to implementation
errors arising from disturbances, noise, and other factors commonly highlighted in the control
literature [271, 222]. Accurately quantifying these errors is challenging, with only approximate
bounds often available. Despite this, robustness to such errors is critical for achieving control

objectives, including set-point tracking, disturbance rejection, and noise suppression.

As discussed in Section 3.1, complex robust control algorithms, while theoretically feasible,
may not be practical due to the time constraints imposed on the controllers, specifically, the short
controller sampling time, which may be insufficient to solve a robust optimal control problem.
Therefore, at the RTO layer, we adopt an alternative approach: identifying set-points inherently
robust to implementation errors, thereby lessening the demands placed on the resource-constrained

controllers.

In our problem definition, we denote implementation errors as Ax € R™. These are the
fluctuations from the set-point due to perturbations such as disturbances and noise. Consequently,
the actual realisation of a controller set-point may be x + Ax as opposed to x. We assume the

implementation error, Ax, resides within the uncertainty set, U defined as:

U ={Ax|d(Ax) <T} (3.2)

where d : R"* — R, is a distance function which defines the “distance” of the implementation
error from the decision variable x. In this section, we exclusively consider the scenario where

d(Ax) = ||Ax]|2 to give the uncertainty set defined by:

U = {Ax | [|Ax]l, < T} (3.3)

where I" € R defines the upper-bound for the distance from the decision variable x. It represents
the largest possible perturbation or implementation error we must safeguard against. In control
contexts, this represents the maximum anticipated disturbance-induced perturbation in the con-
trolled state. The value of I" is typically chosen based on controller design considerations, often
determined through simulation studies and tuning, as demonstrated in the case studies in Section
3.3. Ultimately, selecting I' involves balancing robustness at the RTO layer with the inherent

robustness of the control layer, a topic explored in detail in Section 3.3.
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While the uncertainty set described by equation (3.3) is commonly used in adversarial machine
learning [38] (and is adopted here for ease of illustration), it is less suitable for RTO and control
problems. This set describes an n-sphere, implicitly assuming that all system states are subject
to the same maximum possible perturbation, I". In practice, however, many systems experience
disturbances and noise that affect certain states more than others, or more generally, where each
state has a distinct maximum possible perturbation, I';. A straightforward approach might involve
setting ' to the largest I'; across all states, but this risks introducing excessive conservatism. To
address the asymmetry of implementation errors in the control layer, we propose a generaliza-
tion of the uncertainty set. This generalized set explicitly accounts for state-specific maximum

perturbations, I';, by defining an n-ellipsoid instead of an n-sphere:

3

U= {AxGR”I

e AIEZ'Q
> 7 < 1} (3.4)

i

where Ax are the implementation errors as before and I'; defines the maximum possible pertur-
bation or implementation error to protect against along the ith dimension. This change, though
subtle, is highly impactful for RTO and control problems as it enables the identification of adver-
sarially robust set-points that are tailored to the specific robustness requirements of each set-point
independently. This will be demonstrated through the case studies in Section 3.3, particularly in

Section 3.3.4.2.

We seek an adversarially robust set-point. This is a set-point which is robust to the worst

possible implementation error of our process:

minmax f(x + Ax)
X Axel (35)

s.t. hj(x+ Ax) <0
The problem formulation implies that a robust set-point should (i) minimize the worst-case cost
as defined as max f(x + Ax) and (ii) simultaneously ensure no constraints are violated for any

AxelUd
Ax eU.

This concept is illustrated in Figure 3.2 using a one-dimensional unconstrained example. The

nominal objective function is in black and the worst-case objective function, ax f(x+ Ax), is
XE

in red, with I' = 0.5 for clarity. The black cross marks the nominal optimum, while the red cross

represents the adversarially robust optimum, found by solving equation (3.5).

The difference is clear: the nominal optimum is highly sensitive to implementation errors,
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Figure 3.2: A simple one dimensional example depicting the nominal objective function as a black
curve and the worst-case objective function (I' = 0.5) as a red curve. The nominal optimum is
depicted as a black cross and the adversarially robust optimum is depicted as a red cross.

as evidenced by the significantly higher worst-case objective value at this point compared to its
nominal value. In contrast, the adversarially robust optimum remains close to its nominal value
even in the face of worst-case implementation errors, making it a stable choice for real-world

implementation.

While the aforementioned concepts are highly appealing, particularly in the context of RTO
and control, solving equation (3.5) is inherently challenging due to the potential complexity of
the RTO problem (e.g., plant-model mismatch, simulation-based objectives, etc.). Nevertheless,
building on the work of [34], we outline a practical approach that avoids unnecessary assumptions
and provides an effective solution to the robust problem in equation (3.5), making it applicable to

a wide range of problem settings.

3.2.2 The Intuition Behind Constrained Adversarially Robust Optimiza-

tion

In this section, we offer an intuitive understanding of the ARRTOC algorithm through visual
examples. This leads to a high-level pseudocode description of the algorithm. We then enhance
this initial insight and pseudocode using precise descriptions for each step, as detailed in Sections

3.2.3, 3.2.4, 3.2.5 and 3.2.6.

Given a point, X, we define the neighbourhood set of this point as the set of all points, x, which

are reachable given the implementation errors defined by Ax € U:
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Neighbourhood

(a) (b)

Figure 3.3: (a): A depiction of the neighbourhood of a point X. (b): Neighbourhood (green hue)
of a point, depicted as a black cross, for the simple one dimensional example from Section 3.2.1.

NE) = {x[[x=x[ <T} (3.6)

An example of a point X and its neighbourhood is illustrated in Figure 3.3a. To complement
this abstract representation, Figure 3.3b uses the same one dimensional example as before. In this

figure, a point is depicted as a black cross, with its neighbourhood highlighted in green.

Given this point, Step 1 of the algorithm involves exploring the neighbourhood for high-cost

directions by solving the inner maximization problem, max f(X+ Ax), using a multi-start gradient
XE

ascent algorithm, detailed in Section 3.2.3. Step 2 similarly explores the neighbourhood, but for

constraint-violating directions, by solving the constraint maximization problem, nax hj(x+ Ax),
XE

also via a multi-start gradient ascent algorithm, described in Section 3.2.4.

Two possible outcomes follow, as depicted in Figure 3.4. In the first case (Figure 3.4a), no
constraint-violating neighbours are found in Step 2, indicating that the point is feasible under
perturbations. Here, cost considerations take precedence, and the objective is to identify a robust
local move that reduces the worst-case cost. This involves determining a direction, dost, and step-
size, pPcost, t0 move away from the high-cost directions identified in Step 1. These are obtained by

solving a Second Order Cone Program (SOCP), detailed in Section 3.2.5.

In the second case (Figure 3.4b), constraint-violating neighbours are found in Step 2, rendering
the point infeasible under perturbations. Here, constraints take precedence, and the goal is to guide
the point back into the feasible region. This requires finding a direction, dfe.s, and step-size, preas,
to move away from constraint-violating directions, also determined by solving a SOCP, as described

in Section 3.2.6.
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Figure 3.4: Both figures depict infeasible regions in blue and red. (a): There are no constraint
violations in the neighbourhood of the point i.e. it is feasible under perturbations. The algorithm’s
goal is to reduce the worst-case cost. (b): The neighbourhood of point X intersects with an infeasible
region, rendering the point infeasible under perturbations. The algorithm’s goal is to find a descent
direction to guide the iterate back into the feasible region.

AX]

(a)

The algorithm iteratively follows these steps until it reaches a robust local minimum, where
(i) the point is surrounded by high-cost neighbours on all sides, leaving no direction to reduce
the worst-case cost, and (ii) the neighbourhood does not intersect with any constraint-violating

regions.

A high-level pseudocode of the main steps of the ARRTOC algorithm is provided in Pseudocode
1. In the following sections, we consider each of the steps in Pseudocode 1 in detail in order to

make our intuitive understanding more rigorous.

Pseudocode 1 The Main Steps of the ARRTOC Algorithm

: Step 1: Neighbourhood Cost Exploration - See Section 3.2.3.

. Step 2: Neighbourhood Constraint Exploration - See Section 3.2.4.

. Step 3A: Robust Local Move If Feasible Under Perturbations - See Section 3.2.5.

. Step 3B: Robust Local Move If Infeasible Under Perturbations - See Section 3.2.6.

[ R O

3.2.3 Step 1: Neighbourhood Cost Exploration

As discussed in Section 3.2.2, the neighbourhood of a point X, must be explored to identify the set

of high cost directions (i.e. the set of all worst possible implementation errors) at this point:

U (x) = {Ax* | arg max fE+ Ax)} (3.7)
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Figure 3.5: A successful application of a neighbourhood exploration. Global maximizers, from Eq.
(3.7), are indicated by light grey dashed arrows. Descent directions based on these maximizers is
shown as a light grey cone with dashed lines. No knowledge of these is assumed. Instead, the inner-
maximization problem is solved to give local solutions, represented as black arrows. Crucially, the
set of descent directions derived from the local maximizers (dark grey cone with solid lines) is a
subset of the desired descent directions based on the global maximizers.

This requires the identification of all of the global maxima of the inner maximization problem,

nax f(X + Ax). However, globally solving the inner maximization problem is not trivial for
XE

non-convex problems [34]. To avoid this, a multi-start neighbourhood exploration algorithm can

be adopted.

To understand how the neighbourhood exploration operates, consider the scenario depicted
in Figure 3.5 which shows a point, X and its neighbourhood. Within this neighbourhood, we
depict the worst implementation errors (from equation (3.7)), represented by light grey dashed
arrows. As noted, these may be impractical to identify. Instead, we approximately solve the inner
maximization problem, g)l(:é}é{ f(X+ Ax), to find local maximizers. We collect these local solutions
in a set M, denoted as black arrows in Figure 3.5. Notably, the local solutions in M define a cone

that encompasses all global maximizers, Ax} € U*(X). This implies:

Ax* = Z o; AX;
Ax;EM (38)

YV AX* € U*(X)
where a;; € R > 0. This geometrically corresponds to the condition that the global maximizers are

contained within the cone defined by the local maximizers as per Figure 3.5.

The set of possible descent directions based on the global maximizers (which we have no knowl-
edge of) is defined as those vectors forming angles exceeding 90 degrees with all of the worst

implementation errors, as defined by equation (3.7):
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dAx* <0
(3.9)
YV Ax* € U*(X)
where d € R"=, represents a potential descent direction. These descent directions are depicted as a

light shade of grey demarcated by dashed grey lines. Similarly, the set of descent directions based

on the local maximizers i.e. those which satisfy:

dAx <0
(3.10)

VAx e M

is depicted as a dark shade of grey demarcated by solid grey lines. Critically, notice that the set
of descent directions based on the local maximizers (dark grey shaded cone) is a subset of the set
of descent directions based on the global maximzers (light grey shaded cone). Hence, by satisfying
equation (3.8), we ensure that our set of descent directions is a subset of the desired directions
obtained from the global maximizers. Failing to do this, could lead to a set of descent directions

which inadvertently increases, rather than decreases, the worst-case cost.

Therefore, the neighbourhood exploration algorithm should prioritise the discovery of local
solutions that satisfy equation (3.8). To achieve this, a multi-start algorithm is proposed by [34].
This algorithm is guaranteed to satisfy equation (3.8) if the objective function is convex [34].
In non-convex settings, although the guarantees are weaker, Bertsimas’s original algorithm was
designed with a focus on practical applicability for the most general scenarios and they provide
empirical evidence demonstrating the robustness of the multi-start approach in these cases [34].

The details of this algorithm are outlined in the next section.

3.2.3.1 A Multi-Start Neighbourhood Exploration Algorithm

The multi-start gradient ascent algorithm which is used to approximately solve the inner maximiza-
tion problem utilises n,+1 gradient ascents by starting at different points within the neighbourhood
of the current iterate, x*. These initial points are generated by perturbing along each coordinate
direction, where the direction of perturbation is determined by the sign of the gradient and the
magnitude is scaled by g, promoting exploration in directions most likely to increase the objective,
following the method proposed by Bertsimas et al. [34]]. The algorithm is defined in Pseudocode
2.

The outcome of the neighbourhood exploration algorithm is the history set, #¥. This set
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Pseudocode 2 Multi-Start Neighbourhood Exploration Algorithm

Input: Current Iterate, x*; History Set From Previous Iteration, H*~'; Neighbourhood Upper
Bound, I'
Output: Newly Recorded History Set, H*
10 HF  HEL
2: fori < 1ton, +1do
3: if i = 1 then

4: AXINIT =0

5: else

6: AXINIT = Sign (%ﬁ) gei where e; is the unit-vector along the ith coordinate.
7 end if

8:

Solve max f(x*¥ + Ax) using diminishing step size gradient ascent algorithm, given initial
XE

point AxynrT, initial step size, %, which is reduced by 0.99 after every step, and record all

function evaluations (x, f(x)) in history set H*
9: end for
10: return H*

comprises all the function evaluations, (x, f(x)), made during the multiple gradient ascents in
the kth iteration of the ARRTOC algorithm. Readers may note that the history set can grow
significantly in high-dimensional or complex problem settings. To mitigate this issue, several
strategies can be employed. One approach involves eliminating redundant points by removing
“similar” entries (as measured by some distance metric), which helps reduce the overall size of the
history set. Alternatively, one may identify similar points before adding new entries, ensuring that
unnecessary additions are prevented. Finally, discarding points that are sufficiently far from the
current iterate can further streamline the history set. Indeed, optimizing the algorithm’s efficiency

in managing the history set presents a promising avenue for future research.

Most importantly, the history set allows for the construction of the set of worst implementation
errors or neighbours with high cost, denoted as MP* i.e. the local maximizers of the inner maxi-
mization problem. Subsequently, if the iterate is found to be feasible under perturbations, this set

is used to determine the descent direction as will be detailed in Section 3.2.5.

3.2.4 Step 2: Neighbourhood Constraint Exploration

In most ARO algorithms, only neighbourhood cost exploration is performed, as constraints typi-
cally do not play an active role [34, 38, 231]. However, when constraints are included, it becomes
essential to identify potential neighbours that violate these constraints to assess whether the cur-
rent iterate is feasible under perturbations. This step is critical, as it determines whether Step
3A (Section 3.2.5) or Step 3B (Section 3.2.6) will be executed following the neighbourhood ex-

plorations.
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The neighbourhood constraint exploration is conducted by solving the constraint maximization

problem for all constraints in the set of constraints, J:

max hj(x+ Ax) VjeJ (3.11)

Readers should note the similarity between solving the inner maximization problem, gaé); flx+
Ax), and the constraint maximization problem in equation (3.11). Since these problems are nearly
identical, we repurpose the Multi-Start Neighbourhood Exploration algorithm in Pseudocode 2
for solving the constraint maximization problem in equation (3.11). Specifically, in Step 8 of
Pseudocode 2, we replace the inner maximization problem with equation (3.11) for all j € 7.
Additionally, instead of recording all function evaluations in a history set, we record only neigh-

bours, x, with constraint values exceeding zero (i.e., constraint-violating neighbours) in a constraint

history set, C*.

By the completion of Step 1 and Step 2 in the ARRTOC algorithm, two important sets are
obtained. First, from Step 1, we have the history set H”*, which is used to construct the set of
high-cost neighbours, MF¥. Second, from Step 2, we obtain the constraint history set C*, which is

used to evaluate the feasibility of the current iterate, x*, under perturbations.

If the iterate is feasible, cost takes precedence over constraints, and Step 3A, detailed in

Section 3.2.5, is performed. Otherwise, Step 3B, described in Section 3.2.6, is executed.

3.2.5 Step 3A: Robust Local Move If Feasible Under Perturbations

If the current iterate, x*, has no neighbours in the constraint history set, C*, it is considered
feasible under perturbations. This corresponds to the scenario depicted in Figure 3.4a. In this
case, the goal is to determine a direction, d..st, and step-size, pcost, that moves in the opposite
direction to all worst-case implementation errors (or high-cost neighbours) identified during Step

1 of the algorithm (Section 3.2.3). This section delves into the details of this process.

3.2.5.1 Finding a Descent Direction

The first goal of finding a possible descent direction is to construct set MF, the set of worst

implementation errors, from the history set H*. This is defined as follows:
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MF = {xx e Hrix e N¥; f(x) > §(x*) — oF} (3.12)

where H* is the history set, N'* is the neighbourhood of the current iterate as defined in equation
(3.6), g(x¥) is the estimated worst case cost of the current iterate i.e. the neighbour of the current
iterate which has the largest cost found during the neighbourhood exploration. Most importantly,
o is a cost factor that determines the size of M* by adjusting the threshold for entry into the set,
in order to ensure a feasible move is initially found. o* plays a crucial role in verifying whether the
current iterate is a robust local minimum in case no descent directions are identified. This process
will be detailed in Section 3.2.5.2. For the first iteration, o' = 0.2 (§(x') — f(x')) and o* = o*~!

in all iterations thereafter unless a robust local minimum needs to be verified.

Given the set of worst-case implementation errors of the current iterate in MF¥, the objective
is to determine a descent direction, dcost, that points away from all of the identified worst-case
implementation errors. In other words, we seek the descent direction which forms the largest angle
with each of the worst implementation errors. Importantly, this descent direction must also satisfy
equation (3.10). This can be formulated as a constrained optimization problem, specifically a

SOCP:

min f
dcost aB

s.b. ||deost| | < 1
(3.13)

k
X; — X
dcost <7‘k> S ﬂ vxi S Mk
[lx; — x|
B < —e
where € is a small positive scalar which we set to 0.01 in our case studies in Section 3.3. It is worth

noting that the expression x; — x* = Ax € U defines the implementation errors, where the second

constraint in equation (3.13) corresponds to equation (3.10), as intended.

If equation (3.13) is found to be infeasible, this indicates that no descent direction exists that
forms a 90-degree angle or greater with all worst-case implementation errors. This suggests that
the current iterate is surrounded by high-cost neighbours on all sides and may represent a robust

local minimum. The verification of this scenario is discussed in Section 3.2.5.2.

Conversely, if the problem is feasible, it indicates that a descent direction exists. The next
objective is to determine an appropriate step size along this direction, which is addressed in Section

3.2.5.3.
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3.2.5.2 Verifying a Robust Local Minimum

If equation (3.13) is infeasible, this indicates that the current iterate, x*, is surrounded by bad
neighbours, meaning no direction in the neighbourhood can reduce the worst-case cost. This

suggests that x* may be a robust local minimum, which requires verification.

Specifically, it is possible that the cost factor, o*, used in constructing the set M* (as per
equation (3.12)), was too large, making the definition of a bad neighbour overly lenient. To verify
this, 0¥ is iteratively reduced by a factor of 1.05, and equation (3.13) is re-solved until it becomes

feasible and a descent direction is identified.

If ok drops below a threshold value, oypin (set to 0.001 in our case studies in Section 3.3),
and equation (3.13) remains infeasible, the algorithm terminates, and x* is declared a robust local

minimum.

3.2.5.3 Finding the Step Size

If equation (3.13) is feasible, then a descent direction exists, as illustrated by the red arrow in
Figure 3.4a. The next objective is to determine an appropriate step size, pcost, along this direction.
The step size should be sufficiently large to ensure that the bad neighbours of the current iterate,
represented by the set, M* are excluded from the neighbourhood of the new iterate, x*+1 =
x* + pr dis. This guarantees that, at a minimum, these bad neighbours lie on the boundary
of the new neighbourhood, thereby preventing redundant neighbourhood exploration for the new

iterate.

Given, x*! = x* 4 pr d; ., then the distance, ||x; —x**![|, Vx; € MP¥, can be easily

calculated via the cosine rule:

||%; — kaH2 = Plost +|[xi — xk||2 — 2pcost (Xi — xF) dlpy, VX € MF (3.14)

Hence, the optimal step size can be determined by formulating the following optimization problem:

* .
Pcost = arg }’)Illl’l Pcost

cost

8.t Peost > (Xi — xXF) dlipg + \/((xZ —xM)dr )’ - x — xF|P T2 vx € MP
(3.15)
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where p} . is the optimal step-size. This problem does not require a formal algorithm and can be
solved in ‘./\/lk ’ iterations by numerically checking the constraint in equation (3.15) and selecting

the minimum value for pj ..

3.2.5.4 Robust Local Move Algorithm

Finally, putting everything for step 3A together, the robust local move algorithm is detailed in
Psuedocode 3.

Pseudocode 3 Robust Local Move Algorithm

Input: Current Iterate, x*; History Set From Neighbourhood Cost Exploration, #*; Cost Factor
From Previous Iteration ¢*~1; Cost Factor Threshold opmin
Output: Robust Local Minimum, x* or Optimal Step-Size and Descent Direction (p¥ ., d% <)
1: 0%+ o1
2: while ¢f > oyn do
Construct set M* as per equation (3.12)
Solve SOCP - Equation (3.13)
if Equation (3.13) is infeasible then
ok« %
else
Find optimal step-size pZ.4 by solving equation (3.15)
return (p:ost’ d:ost)
10: end if
11: end while
12: x* + x* Equation (3.13) (SOCP) remained infeasible and so x
local minimum
13: return x*

k. was verified as the robust

3.2.6 Step 3B: Robust Local Move If Infeasible Under Perturbations

If the current iterate, x*, has neighbours in the constraint history set, C*, it is infeasible under
perturbations, as shown in Figure 3.4b. In this case, the goal is to determine a direction, dgeas,
that moves away from all constraint-violating neighbours, and a step-size, preas, that positions

these neighbours at least on the boundary of the new neighbourhood.

Readers should once again observe the similarity between this problem and that discussed in
Section 3.2.5, where a robust local move is determined if the iterate is feasible under perturbations.
The key difference here is that, instead of worst-cost neighbours, we now consider constraint-
violating neighbours. Otherwise, the problem remains identical. Consequently, the approach from
Section 3.2.5 is repurposed, with the feasible descent direction determined by solving a similar

SOCP:
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min (3
dfeas, B

s.t. deeasH <1
(3.16)

_ <k
dfeas( Xi Xk >§5 ineck
[x; — x|
B < —e

As depicted in Figure 3.4b, the optimal feasible descent direction, df,, ., creates the largest angle

with all of the implementation errors which lead to constraint violations (i.e. x; — x*, vx; € C¥).

The step-size to take along the feasible descent direction is also found in a similar manner as
detailed in Section 3.2.5 by solving equation (3.15) but for all x; in the constraint history set, C*,

as opposed to the set MF:

* .
Pteas — ATE MIN Pfeas

Pteas (3.17)
S.8. Preas > (X — X7) dfps + \/ ; — xF) d}‘e%) —||x; —xF|? +T2 vx; eCF

Following the solution of equations (3.16) and (3.17), both the optimal feasible step-size, pf .,

and descent direction, df,

¥ <> should be known. These can be used to give the new iterate, x**! =

x* + pf <5, Which moves away from the infeasible region and towards the feasible region.

3.3 Results and Discussion

This section applies the ARRTOC algorithm to several case studies of increasing complexity. Sec-
tion 3.3.1 begins with an illustrative example, offering a visual demonstration of the core principles
and insights of the ARRTOC algorithm. These insights are then applied in practical case studies in
Sections 3.3.2 and 3.3.3. Finally, Section 3.3.4 showcases the deployment of ARRTOC in a typical
RTO setting to address plant-model mismatch and provides guidance on selecting and tuning the
uncertainty parameter, I', as part of an integrated RTO framework based on lessons learned from

Chapter 2.
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3.3.1 Illustrative Example

In this section, our aim is to explore the core concepts of the ARRTOC algorithm through an
illustrative example. We focus here on the RTO problem without considering the underlying
control problem explicitly, although we do consider hypothetical control scenarios to highlight
important findings. The nominal optimization problem for the illustrative example is defined as

below:

max — 22% +12.22° — 21.22% + 6.42° + 4.72% — 12.74533x

x,Yy

— 8 +11y° — 43.3y* + 74.8y> — 56.9y> + 11.43686y

+4.1zy + 0.12%y> — 0.4zy? — 0.42%y + 12.66273 (3.18)
st. —1.0<x2 <35

—05<y<45

where, for the purposes of illustration, we assume the objective function and constraints represent
some RTO objective such as profit and constraints such as quality specifications. Moreover, we
assume the variables, z,y € R, are the states of the system to be controlled for which we wish to
find set-points for the control layer by solving the RTO problem. However, as extensively discussed,
the control layer must contend with implementation errors in the form of disturbances and noise.
The goal is to find optimal set-points that exhibit robustness to these errors. To do this, we solve
the equivalent constrained ARO problem, by re-writing the nominal problem in equation (3.18) in
the same form as the robust problem as per equation (3.5). Critically, for the adversarially robust

problem, the uncertainty set, from which the possible implementation errors, Ax, are drawn is

defined as:

U ={Ax|||Ax|; < 0.3} (3.19)

where x = [z,y]T € R?, are the possible set-point choices of the system as defined previously.
Notice that I' is chosen to be 0.3 in this case study, representing the maximum perturbation size
to safeguard against. While this value is selected for illustration purposes, in practice, I' is a
critical parameter that demands careful consideration, as it directly influences the desired level of
robustness at the RTO layer. Specifically, the choice of I' should be informed by the controller

design and the robustness already available at the control layers.
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Figure 3.6: A contour plot of the nominal optimization problem from Eq. (3.18). The global
optimum is depicted as a blue cross while the adversarially robust optimum, given I' = 0.3, is
depicted as a red cross.

For example, consider a scenario involving temperature control in a vessel. If the controller
is designed to maintain the temperature within £5°C of the set-point, then ensuring robustness
beyond this range is unnecessary, as the controller adequately handles such deviations. In such
cases, the bounds provided by the control layer can serve as a basis for selecting an appropriate
value for I at the RTO layer via the ARRTOC algorithm. By incorporating the controller design
with RTO via ARRTOC in this way, we ensure that the set-points identified at the RTO layer
strike a balanced level of conservativeness by avoiding excessive caution (I" too large) and undue

leniency (T too small).

Continuing with the example, we solve the robust problem using the ARRTOC algorithm
detailed in Section 3.2. The results are depicted in Figure 3.6 which shows the objective function
as a contour plot overlaying state-space. The global optimum set-point, (2.78,4.02), is denoted as a
blue cross and the adversarially robust optimum set-point, (—0.41,0.15), is denoted as a red cross.
The global optimum is located on a “narrow” peak of the objective function, rendering it highly
sensitive to perturbations. In the context of RTO and control, this sensitivity corresponds to the
poor operability of this set-point [232, 166]. In contrast, the adversarially robust optimum is located
on a “wide” peak of the objective function, suggesting that the objective value of this set point
will be insensitive to perturbations when implemented at the control layers. This characteristic
enhances the operability properties of the adversarially robust set-point, making it a more practical

choice in the presence of uncertainties.

To underscore this point, we focus on the hypothetical control scenarios illustrated in Figure
3.7. Here, we assume that the controllers are capable of maintaining system control within 0.3

units of the set-point, corresponding to the chosen I' value. Figure 3.7a depicts the behaviour of
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the hypothetical controllers near the set-points in state-space for two scenarios. In Scenario 1 (blue
dashed line), the controller tracks the global optimum, whereas in Scenario 2 (red dashed line),

the controller tracks the adversarially robust optimum.

The dynamic performance of these two scenarios is presented in Figure 3.7b, which illustrates
the real-time, average, and standard deviation of the objective value during control. In Scenario 1,
the real-time objective value (blue dashed line) fluctuates significantly due to system disturbances,
occasionally dropping below zero. The mean objective value over time is 12.40 (solid blue line),
substantially lower than the global optimum of 20.93 (solid blue line with black starred markers),
resulting in a gap exceeding 40%. This indicates that the system struggles to sustain operation at
this set-point. Furthermore, the standard deviation of the real-time objective (blue shaded region)

is 7.05, underscoring the lack of robustness at the global optimum by design.

Conversely, in Scenario 2, the real-time objective value (red dashed line) demonstrates signifi-
cantly greater stability compared to Scenario 1. Tracking the adversarially robust set-point ensures
that the mean objective value of 16.09 (red solid line) is much closer to the adversarially robust
optimum of 17.90 (solid red line with black starred markers), with a gap of only around 10%.
Additionally, the standard deviation (red shaded region) is markedly smaller at 1.18, compared to

7.05 in Scenario 1.

Notably, due to the inherent robustness of the adversarially robust set-point, the mean objective
value in Scenario 2 exceeds that of Scenario 1 by nearly 30%. That is, paradoxically, operating at
the adversarially robust optimum yields better average RTO objective performance than operating

at the global optimum.

As previously noted, the critical parameter dictating the desired level of robustness required
at the RTO layer, given the robustness already available at the control layers, is the choice of T
In our current scenario, where the controllers are designed to maintain the system within +0.3
units of the desired set-point, I' is set accordingly. Choosing a larger I' value would result in overly
cautious set-points, implicitly assuming that the controllers are less robust than their actual design.
For example, if the controllers were designed to keep the system within +0.1 units of the desired
set-point, selecting the adversarially robust set-point from Figure 3.6 would unnecessarily sacrifice
optimality for excessive robustness. Instead, by re-solving the robust optimization problem with
I' = 0.1, we find that the adversarially robust optimum and global optimum are equivalent i.e. no

additional robustness is required at the RTO layer.

This underscores the importance of integrating RTO and control through the ARRTOC algo-
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Figure 3.7: (a): Two controller trajectories overlay the state-space objective function contour plot.
Blue represents control around the global optimum set-point, while red indicates control around
the adversarially robust set-point. (b): Dynamic performance of these trajectories is displayed
in corresponding colours. This includes real-time objective value (coloured dashed line), average
real-time objective (coloured solid line), real-time objective standard deviation (coloured hue), and
expected optimum value (coloured solid line with black starred markers).

rithm, enabling the controller design to inform the required level of robustness at the RTO level. In
some cases, no additional RTO-level robustness may be necessary, as the nominal optimum might

already be sufficiently robust based on the controller design.

In this illustrative example, we simplified the selection of I' by assuming idealized control sce-
narios. However, in practical applications, I' can be selected in a straightforward manner through
empirical studies. These studies, commonly conducted in industry, involve controller simulation
or real-world testing during deployment [184, 168]. Such approaches help establish bounds on the

controllers’ robustness to implementation errors, which can then guide the choice of T'.

We employ this methodology in our practical case studies in Sections 3.3.2 and 3.3.3, using
controller tuning simulations to inform I' selection. Additionally, Section 3.3.4.2 provides further

guidance on dynamically tuning and selecting I' within an online RTO framework.

Finally, we use the illustrative example to highlight an additional insight relevant to the prac-
tical case studies discussed in Sections 3.3.2, 3.3.3, and 3.3.4. Recall that in Section 3.2.1, we
introduced a generalization of the uncertainty set, given by equation (3.4), which is more suited
to RTO and control problems. We argued that this generalization allows for the determination
of adversarially robust set-points tailored to the level of robustness required for each state by

accommodating different maximum perturbations, I';, for each state independently.

To illustrate the ease of integrating this generalized uncertainty set with the ARRTOC algo-
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Figure 3.8: The objective function is displayed as a contour plot, with the global optimum (blue
cross) and the first adversarially robust optimum (red cross) from Figure 3.6 depicted. The neigh-
bourhood of the first adversarially robust optimum is depicted as a purple circle. Re-solving the
robust problem with the uncertainty set in Eq. (3.20) yields the second adversarially robust opti-
mum (black cross), where the neighbourhood is shown as a white ellipse.

rithm and to visually demonstrate its impact, we re-solve the adversarially robust version of the

illustrative example with the general uncertainty set defined as:

Az®  Ay?
L{{Ax xQ+yZ§1} (3.20)
I, r,
where, as before, Ax = [Az, Ay]T € R?, are the possible implementation errors of the system.

Most importantly, we define I'; = 0.4 and I'y = 0.15. This encodes the idea that we wish to
find set-points which are more robust to perturbations in state x than state y. The results of
solving this new robust problem are illustrated in Figure 3.8. The blue cross represents the global
optimum of the nominal problem. The red cross corresponds to the first adversarially robust
optimum from Figure 3.6, which was obtained using the uncertainty set defined in equation (3.19),
with its neighbourhood represented by a purple hue. The new adversarially robust optimum, found
using the generalized uncertainty set defined in equation (3.20), is represented by a black cross.
Its neighbourhood is shown as a white hue, which in this case takes the form of an ellipse with
semi-axis lengths of I', = 0.4 and I'y, = 0.15. Notice that the new adversarially robust set-point is

tailored to the specific maximum level of perturbations expected for each of the states individually.

3.3.2 Continuous Bioreactor Process

Continuous automated bioprocess operation is essential for maximizing the efficiency and produc-
tivity of bioprocesses, which are often characterized by limited profitability [123, 82, 338, 66, 208,

151]. At the core of these operations are continuous bioreactors, the primary revenue generators,
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which rely on microorganisms to produce high-value products. However, their operational sensi-
tivity poses a significant challenge, with one of the most critical issues being wash-out—an abrupt

operational failure that severely disrupts bioreactor performance [82, 304, 89, 25].

Wash-out occurs when high flow rates in the bioreactor cause microorganisms to detach from the
reactor walls due to strong shear forces, resulting in an abrupt and irrecoverable loss of biomass.
This leads to a complete cessation of biochemical reactions, causing the bioreactor’s efficiency
and productivity to drop to zero. Recovery from such an event typically necessitates a complete
operational shutdown, reinoculation with new biomass, and a lengthy bioreactor start-up process.
This process, which allows for cell acclimation, can last anywhere from days to weeks [338, 66, 10,
89]. Such delays undermine the primary objective of continuous bioprocess operations, which is to

avoid the long start-up times inherent to batch or fed-batch processes [338, 66].

However, to achieve optimal bioreactor productivity, high throughput conditions are essential;
otherwise, productivity remains insufficient to ensure profitability. Studies on continuous bioreactor
operations indicate that profitability is typically attained when operating at flow rates or dilution
rates close to their optimal values in terms of productivity [82, 338, 66, 304, 10]. The operational

challenge lies in finding a balance between optimality and operability.

Figure 3.9 illustrates this delicate balance, depicting the productivity curve (black line) and the
biomass concentration curve (blue line) as functions of the dilution rate. The optimal dilution rate
(green dashed vertical line) lies perilously close to the critical dilution rate (red dashed vertical line),
beyond which wash-out occurs, and productivity drops sharply to zero. Even minor disturbances,
noise, or estimation errors at the control layer that push the dilution rate beyond the optimal value
can trigger partial or total wash-out. Thus, achieving the right balance between optimality and
operability is paramount. This balance ensures maximum reactor productivity and profitability

while minimizing the risk of catastrophic events such as wash-out.

This challenge represents a significant bottleneck to achieving continuous bioprocess opera-
tion. Researchers have attempted to address this issue through various heuristic solutions, such as
modifications to bioreactor design [298, 93] or optimization of media and nutrient formulations to
enhance microorganism adhesion [190, 324]. However, these modifications often incur additional
costs or negatively impact productivity. Alternatively, efforts to enhance control algorithms for
greater robustness tend to increase the complexity of already intricate bioreactor control strategies,

often making them impractical for industrial application [304, 93, 25, 327].

As a result, industrial practitioners frequently rely on rule-of-thumb approaches, such as ap-
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Figure 3.9: Plot of the productivity vs dilution rate (black curve) and the biomass concentration
vs dilutation rate (blue curve). The green dashed line indicates the optimal dilution rate in terms
of productivity. The red dashed line indicates the critical dilution rate which represents the point
at which wash-out occurs.

plying a naive back-off from the optimum. These approaches have to be employed on an ad-hoc
basis due to significant variations in the depicted curves (Figure 3.9) across systems, often more

complex than the ideal conditions assumed [304, 25, 327, 89].

In contrast, the ARRTOC algorithm directly addresses processes that require a finely tuned
balance between optimality and operability, without adding unnecessary complexity to the control
layers. This capability is demonstrated in this section using a simplified, idealized bioreactor case
study. While the example is straightforward, the principles of ARRTOC can be extended to more

complex bioreactor systems, provided that an accurate steady-state model is available.

To illustrate this adaptability, we consider a scenario where limited knowledge of the bioreactor
necessitates the use of a data-driven GP model. This GP model is constructed from steady-state
data to approximate biomass productivity, which serves as the objective function for the case study.
Moreover, employing a GP model as the objective function demonstrates ARRTOC’s capacity to
accommodate various types of models, whether data-driven or simulation-based. This flexibility
underscores the algorithm’s readiness to integrate model adaptation methodologies to address
plant-model mismatch, such as adaptive GP learning or model-parameter adaptation [3, 323, 84,
63, 199]. Indeed, building on the insights presented in Chapter 2, we explicitly demonstrate this
adaptability in Section 3.3.4.1, where GP model adaptation is integrated with ARRTOC to tackle

both plant-model mismatch and adversarial robustness.

For the case study, we consider an idealized continuous bioreactor with a single inlet stream
and a single outlet stream. The bioreactor consists of two primary components: biomass (z) and

. . . k . .
substrate (s) concentrations, measured in units of “§. The dynamics of these two species are
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Table 3.1: Table of parameter values used for equation (3.21).

Parameter Description Value  Units
Hmax Maximum specific growth rate 0.5 1/hr
Yas Biomass yield from substrate 0.5 kg/kg
K, Substrate constant 0.2  kg/m3

governed by the following equations [89]:

dz
=~ —(u—D
3 = W=Dz
ds ux
i D(s; —s) — Y. (3.21)
_ HmaxS
H K, +s

where z and s are the state variables, x = [z, s]T € R?, with the biomass concentration being the
controlled variable, while the manipulated input variable, u = D, is the dilution rate (units of
hrfl). We assume that the disturbance variable is the inlet concentration of substrate, s;, with a
mean inlet concentration of 20% and a standard deviation of 2% ie. s; ~ N(20,2). All other

variables are treated as fixed parameters with their values given in Table 3.1.

In this case study, we assume that the true plant dynamics are described by equation (3.21),
of which we have no prior knowledge—a scenario typical of most bioprocesses. To solve the RTO
problem, an approximation of the objective function is necessary. For this case study, we use a GP
model to approximate the objective function, which represents the biomass productivity, based on
steady-state data. The choice of a GP model is driven by its effectiveness in data-driven modelling
under conditions of limited data, a common characteristic of bioprocess systems (see, for example,

Chapter 2) [3, 323, 84, 247]. The objective function to be maximized is the volumetric biomass

1§ghr) which is defined as:

m

productivity, Q,, (units of

Q. = Dz (3.22)

As mentioned, the biomass productivity of the reactor, subject to steady-state conditions, defines
the objective function for the RTO problem where the decision variable is the biomass concentration

set-point. The nominal problem is given as:
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max @
v (3.23)

s.t. Equation (3.21) at steady-state

However, as noted, we assume no knowledge of the steady-state plant. Instead, we rely on steady-
state measurements of the dilution rate and biomass concentration, which can then be used to
calculate the biomass productivity of the reactor using equation (3.22). In this case study, a steady-
state system identification experiment is conducted by taking 20 measurements of the simulated
system at steady-state, sampled at equally spaced values of the dilution rate within the range of
Ohr ! to 0.5hr~*. Once the system reaches steady-state for each dilution rate, the corresponding

biomass concentrations are recorded and subsequently used to calculate the biomass productivity.

Given the collected biomass concentration and productivity data, which we denote as x* € R*
and QF € R, respectively, where k is the number of samples taken (k = 20 in our case), a
data-driven approximation of the objective function, Q. cp(z) : R — R, can be obtained. This
approximation represents the biomass productivity as a function of the biomass concentration, x,
under steady-state conditions, and it is achieved by fitting a GP on the input, x*, and output
datasets, Q¥. The GP can be thought of as a multivariate Gaussian distribution over functions

from which a function, g : R — R, can be sampled:

g(zx) ~ GP(m(), k("))
Qz.cp(z) =m()

(3.24)

where m(-) and k(-,-), represent the mean function and covariance function of the GP trained
with the input-output dataset [247]. The GP regression problem was solved using GPy [92]. The
corresponding approximation of the objective function is depicted as a black solid curve in Figure

3.10.

As previously noted, the RTO goal is to identify the biomass concentration set-point that

achieves optimal productivity. Solving the nominal optimization problem yields an optimal set-

kg

=>—. This solution is
m3hr

point of approximately 9.0%, which corresponds to a productivity of 4.1

represented by a red star in Figure 3.10.

However, as extensively discussed, this nominal set-point is likely to perform poorly when
implemented at the control layers due to implementation errors—specifically, disturbances in the
inlet substrate concentration in this case. Recognizing this, our objective shifts to solving the RTO

problem within the ARO setting. Before addressing this, it is crucial to determine an appropriate
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value for the critical parameter I', which defines the maximum size of perturbations we aim to
safeguard against. This selection requires a careful consideration of the underlying controller

design, as it informs the level of robustness needed at the RTO layer.

For this case study, we employ a tuned PI controller to regulate the biomass concentration, x,
at the desired set-point by manipulating the dilution rate, D. Disturbances are introduced into the
system as variations in the inlet substrate concentration, simulated as a normal distribution with
a mean of 20% and a standard deviation of 2%: s; ~ N(20,2). The PI controllers were tuned
through trial and error, with the final parameters set to KC' = 0.1 for the proportional gain and
KI = 0.05 for the integral gain. These settings ensured that the biomass concentration remained

within approximately il.O% of the set-point across various simulations.

Given this, we set I' = 1.0 to solve the corresponding ARO problem. This approach yields an

optimal biomass concentration of approximately 8.5% with a productivity of 4.0

kg
m3hr*

In Figure
3.10, the dashed black curve represents the worst-case objective function for I' = 1.0, with the

adversarially robust optimum (maximizer of this curve) denoted by a green star.

Finally, in Figure 3.10, we present three set-points for comparison: the nominal optimum (red
star), the adversarially robust optimum (green star), and a commonly employed rule-of-thumb—a
naive back-off of 1.0% (based on the expected level of disturbances at the control layer) from the

nominal optimum—shown as a blue star. The insights from Figure 3.10 are noteworthy:

The nominal optimum, while providing the maximum productivity, is operationally risky due

to its vulnerability to disturbances. In fact, the worst-case objective function value at the nom-

kg
m3

inal optimum drops to zero, suggesting that a perturbation of just 1.0-% could cause wash-out.
Conversely, the rule-of-thumb approach, valued for its robustness, significantly sacrifices optimal-
ity. This is a known limitation in the bioprocess literature, where such approaches struggle to
account for system-specific features, including asymmetry and multi-modality in the productivity-
concentration curves [304, 10, 25]. This makes rule-of-thumb approaches inadequate as they fail
to capture these properties of real systems. In contrast, the adversarially robust optimum achieves
a balance between optimality and operability by leveraging knowledge of the objective function’s
specific features (in this ideal case, the asymmetric nature of the objective function about the
nominal optimum). With an accurate model, the ARRTOC algorithm can effectively harness

system-specific characteristics, making it a promising approach for real bioreactors which show

more complex behaviours.

To empirically test our hypotheses, we conducted three sets of controller experiments for each
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Figure 3.10: The GP approximation of the objective function is represented by a solid black curve.
The nominal optimum set-point, maximizing the black curve, is marked with a red star. A blue star
denotes the naive back-off set-point, calculated by subtracting the expected maximum disturbance
level from the nominal optimum. The adversarially robust set-point is shown as a green star,
achieved with I' = 1.0. The dashed black curve illustrates the worst-case objective function, with
the adversarially robust optimum corresponding to its maximizer.

set-point, aiming to control the biomass concentration from an initial value of 3.0% to the desired
set-point using the previously defined PI controller. Each experiment consisted of 10 simulation

runs. The controller performance for these three sets of experiments is shown in Figure 3.11.

For the nominal optimum set-point of 9.0%, all simulation runs resulted in wash-out, exposing
its inoperability (Figure 3.11a). In contrast, both the adversarially robust optimum set-point of
8.5% and the naive back-off set-point of 8.0% prove to be robust, with no instances of wash-
out observed (Figures 3.11b and 3.11c). However, the distinction between the naive back-off and
adversarially robust optima becomes clear in Figure 3.12, which depicts the averaged real-time
biomass productivity across the 10 simulation runs for each set-point. As expected, the mean real-
time productivity for the nominal optimum is initially the highest but quickly declines to zero due
to wash-out across the various runs. More interestingly, while both the adversarially robust and
naive back-off set-points avoid wash-out, the difference in performance is evident. The naive back-
off set-point sacrifices too much productivity for robustness while, in comparison, the adversarially
robust set-point yields 10% higher productivity while still remaining robust. This difference is
particularly significant in the context of narrow profit margins in bioprocess economics, where

even small improvements in productivity can have a notable impact on profitability [82, 66, 25].

3.3.3 Evaporator Process

In this section, we present a case study focussing on the application of ARRTOC to a multi-

loop control strategy for an evaporator process [271, 141, 319]. The evaporator process is widely
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Figure 3.11: Each case presents 10 simulation runs. (a): Controller performance at the nominal
optimum set-point, where all runs experience wash-out. (b): Controller performance at the adver-
sarially robust set-point, where no wash-out occurs in any simulation. (c): Controller performance
at the naive back-off set-point, again no wash-out is observed.
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Figure 3.12: The mean real-time productivity is depicted for each scenario with the same colour
scheme as Figure 3.11. The mean productivity at the nominal optimum declines to zero due to
wash-out in all simulation runs. While both are robust to wash-out, the mean productivity at the
adversarially robust set-point exceeds that of the naive set-point.
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used in industries such as chemicals, pharmaceuticals, and food processing, where precise control is
essential to meet stringent product quality standards [110, 273, 90]. However, evaporators are known
for their sensitivity to operational perturbations, stemming from both their design and the inherent
complexities and nonlinear dynamics of the process [110, 90]. Additionally, the multi-loop control
structure introduces unique dynamic interactions, which can amplify the effects of disturbances
and noise, underscoring the need for enhanced robustness in the control strategy. This case study
explores the dynamic interactions among the control loops, illustrating how ARRTOC leverages
them for superior control performance. Notably, ARRTOC accomplishes this without adding
complexity or requiring modifications at the control layer, making it a practical and accessible

solution for industrial practitioners.

We examine an evaporator process with a feed stream containing two components: a non-
volatile solute dissolved in a volatile solvent. Heat is supplied via a steam line to evaporate the
solvent, and the evaporator has both vapour and liquid outlets. Our control strategy utilizes three
PI controllers to manage key process variables. The primary controlled variable is the solute com-
position (zp) in the liquid product stream, which is controlled by adjusting the steam temperature
(Ts). This control loop exhibits sluggish response and non-minimum phase characteristics, making
the product composition disturbance-sensitive [271, 141, 319]. In addition to solute composition,
two other critical variables are controlled: the liquid level (h) for safety reasons, regulated by
adjusting the liquid product stream flow rate (B), and the pressure (P), which significantly in-
fluences the vapour-liquid equilibrium of the evaporator, controlled by the vapour flow rate (D).

Both control loops are fast-acting in comparison to the solute composition control loop.

It is worth noting that the pairing of controlled and manipulated variables adheres to control
variable selection rules consistent with self-optimizing control principles, as outlined in [271]. How-
ever, even with these optimal control variable pairings, the system faces robustness challenges due
to implementation errors. These challenges underscore the need for ARRTOC, whose effectiveness

will be demonstrated in this case study.

The system dynamics are given by the following set of differential-algebraic system of equations:
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where h is the level of the liquid in the evaporator (units of m), xp is the mole fraction of the
solute in the product stream, and P is the pressure of the evaporator (units of Pa). These three
variables represent the state variables, x = [xp, h, P]T € R3. Note that the vapour mass density,
p (units of %) is an explicit state variable in the system of equations. However, as pressure
is one of the controlled variables, it can be derived from vapour mass density using the ideal
gas law as in equation (3.25). The same principle applies to other equation of state variables

affecting vapour-liquid equilibrium: the evaporator vapour volume, Vi, (units of m®) and the

dViap

dt

evaporator temperature T' (units of K). For instance, the derivative, , can be calculated using
the ideal gas law in conjunction with the relationship between the total volume, Vp, and the
vapour volume, Vi,p, as defined in Equation (3.25). The controlled variables are all of the state
variables, x, which are controlled by the manipulated variables of the the steam temperature, T
(units of K), the product flow rate, B (units of ') and the vapour flow rate, D (units of =) i.e.

u = [Ts, B, D]T € R3. We assume that the disturbance variables are the feed flow rate F (units

of mT"l) and the feed composition, xr. The exact characteristics of these disturbance variables will

=,

be discussed during the simulation of the dynamics. Lastly, E denotes the evaporation rate (
derived from an energy balance assuming negligible sensible heat effects compared to latent heat.

All other variables are considered fixed parameters, as listed in Table 3.2.

The RTO goal is to find the set-points for the states, x, which maximize the profit of the process

subject to operational and safety constraints. The RTO profit objective is given below:

JP = CproducthB - C'feed}? - C'energyT'l.5 - Ctankh2 (326)

where Jp is the profit of the process (units of %) which consists of the product revenue, Cproduct BT B,
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Table 3.2: Table of parameter values used for equation (3.25).

Parameter Description Value Units
Ar Cross-sectional area of evaporator tank 100 m?
c Concentration of solute in solvent 10 mol/m3
My Molecular weight of solvent 0.078 kg/mol
3 R Universal gas constant 8.3145  J/molK
U Overall heat transfer coefficient 1000 W/m?K
Ag Steam heat transfer area 50 m?
AH, Enthalpy of vaporisation of solvent 30800 J/mol
Vr Volume of evaporator tank 1000 m3
Aant Antoine Coefficient 1 6.87987 -
Bt Antoine Coefficient 2 1196.76 -
Clant Antoine Coefficient 3 219.161 -

Table 3.3: Table of cost values used for equation (3.26).

Parameter Description Value Units
Chroduct Price of product stream 11.87525 — 1.875  $/mol
Cteed Cost of feed stream 0.04 $/mol
Cenergy Proxy cost of energy based on temperature 0.01 $/K5
Chank Proxy cost of maintaining liquid capacity based on liquid level 0.75 $/m?

minus the cost of the feed stream, Ctocq F', the cost of energy, Cenergy T’ 15 and the cost of maintaining

a liquid capacity in the tank, Cianih?. The prices are provided in Table 3.3.

The safety and operational constraints of the process necessitate that the steam temperature can
safely range between 400 and 450K. The liquid level must be between 2 and 8m for safety purposes.
Evaporator pressure should stay within 0.05-0.5MPa, aligned with the evaporator design limits.

Finally, the product stream mole fraction should not exceed a specification upper bound of 0.9.

Given the objective and the constraints, the nominal RTO problem is defined as follows:

max Jp
zpg,h,P

s.t. Equation (3.25) at steady-state
400K < Tg < 450K
(3.27)
2m < h < 8m
0.056MPa < P < 0.5MPa

zp <0.9

Figure 3.13 visually presents the objective function and constraints. The three axes represent the
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Figure 3.13: Different views of the objective function and constraints of the nominal optimization
problem from Eq. (3.27). The objective function (profit) is represented as a colour gradient from
red to green indicating low and high profit respectively. In (a) the nominal optimum set-point of
(3 =0.9,h* = 2m, P* = 0.1MPa) is depicted as a black cross.

decision variables, and the colour gradient (red to yellow to green) indicates the objective value
(profit) from low to high. Constraint violations are shown in colourless areas, signifying regions

where the steam temperature falls below 400K or exceeds 450K, as depicted in Figure 3.13.

Solving the nominal RTO problem yields an optimum of %89.03 for a set-point of (2} =
0.9, h* = 2m, P* = 0.1MPa), represented by a black cross in Figure 3.13a. Notably, this optimum
lies at the intersection of three active constraints. However, ensuring consistent satisfaction of
these constraints in the presence of disturbances and noise at the control layers poses a significant

challenge, highlighting the necessity of employing ARRTOC.

To demonstrate the advantages of ARRTOC, we evaluate seven different controller designs with
varying degrees of robustness to disturbances. These designs are achieved by tuning the underlying
PI controllers to create seven distinct controller settings, each with different robustness character-
istics. The controllers are tuned under conditions where the system is subjected to disturbances

in both the feed flow rate and composition.

Controller tuning is performed around an arbitrarily selected set-point of (zp = 0.7,h =
5m, P = 0.1MPa). This set-point is specifically chosen to avoid biasing the results by tuning
around any of the optimal set-points. During the tuning simulations, the following disturbance
characteristics are assumed: the feed composition is modelled as a high-frequency normal distribu-
tion, g ~ N(0.2,0.08), as illustrated in Figure 3.14a. In contrast, the feed flow rate disturbance

is modelled as a lower-frequency step disturbance, with step values sampled from a normal distri-
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Figure 3.14: (a): Feed composition disturbance signal (black curve). The mean (0.2) is indicated
by a red dashed horizontal line, and the standard deviation (0.08) is represented by a red hue. (b):
Feed flowrate disturbance signal (black curve). The mean (100 22) is denoted with a red dashed
horizontal line, and the standard deviation (80 m?"l) is denoted by a red hue.

bution, F' ~ N(100,80). Over the course of the simulation, five step changes are assumed, and

this disturbance signal is shown in Figure 3.14b.

The multi-loop controllers were tuned using a modified version of the classic sequential relay
auto-tuning method combined with a derivative-free optimizer (Py-BOBYQA) to minimize the
summed normalised Integral of Time-Weighted Absolute Error (ITAE) for each loop [274, 116,
192, 61, 62]. This was performed as follows: Initially, all loops except the fastest P — D control
loop were set to manual mode. Using the BOBYQA optimizer with a budget of N iterations (which
varies for each controller setting), we determine KCpp and KIpp for this loop, minimizing its
ITAE. Then, the next fastest h — B loop is switched to automatic mode. We jointly optimize
KCpp, KIpp, KChp, and KI;p using the BOBYQA optimizer (with the same budget of N),
using the sum of the normalised ITAE from both loops as the performance metric. Importantly,
we initialise the P — D loop gains as the optimal values from the previous iteration. The same
process is repeated for the final xp — Ts loop, optimizing all six gains together with the sum of
the normalised ITAE for all three loops used as the performance metric to be minimized. Again,
the initial values of the gains for the P — D and h — B loops were taken to be the optimal values

from the previous iteration.

The above was repeated for 7 distinct controller designs, each with varying BOBYQA solver
budgets, N, ranging from 10, 25,50, 100, 500, 750 and 1000 iterations. This allows us to consider 7
different settings with differing degrees of robustness to disturbances as measured by their respec-
tive summed normalised ITAE metric. In theory, larger budgets enhance robustness by optimizing
controller gains through more iterations. However, it is important to acknowledge that in practice,

this may not hold true for two primary reasons. Firstly, the controller tunings were conducted
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Figure 3.15: Controller tuning results for setting 1 (green) and setting 7 (blue), with set-points
indicated by red dashed horizontal lines. Coloured hues represent the maximum state perturbations
from the set-point, used as I'; values in the ARRTOC algorithm. (a): Product composition control.
(b): Liquid level control. (c): Pressure control.

around a specifically chosen set point of (xg = 0.7,h = 5m, P = 0.1MPa), and although the se-
lected gains may be “best” for this particular set point, they may not be as effective when applied
to other operating conditions as we plan to do. Lastly, the summed ITAE for each of the loops
under disturbances scenarios is a valid but superficial measure of robustness to disturbances. Nev-
ertheless, we consider these limitations reasonable and reflective of real-world complexities. In fact,
such uncertainties can be viewed as implementation errors stemming from the imperfect realisation

process of the controller, which can also be accounted for by ARRTOC via the parameter I'.

After this, the best gains identified for each controller setting were subsequently used to deter-
mine the largest perturbation that the controllers could handle for each state. These perturbation
values served as a proxy measure for defining the desired level of robustness at the RTO layer via
the ARRTOC parameters: I'p, I'y, and I';,,. To account for the tuning uncertainties discussed

earlier, a margin of error could be incorporated at this stage.

This step particularly benefits from the flexibility of the general uncertainty set defined in
equation (3.4), which accommodates the asymmetric impact of disturbances on each state due to
control loop interactions. Table 3.4 summarizes the seven controller designs, their associated gains,
the summed normalized ITAE values, and the largest perturbation each state experiences relative

to the set-point.

As an illustrative example, Figure 3.15 depicts the controller performance for settings 1 and 7,
with the maximum state perturbations (i.e., the values of I'p, I's, and T’ ;) represented by green

(setting 1) and blue (setting 7) hues, respectively.

Next, for each of the controller settings, the constrained ARO equivalent of the nominal problem
in equation (3.27) was solved using the ARRTOC algorithm from Section 3.2 with the uncertainty

set given by:
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Table 3.4: Table of controller tuning and ARRTOC results.

BOBYQAKCrp Klpp  KCip  Klng  KCupro Kloyr, ITAE  Tp T, T., AROSP ARO
Bud- (x10%) (x10%) (Pa) (m) (1) (x5, h*, P*) Profit
get, N ($/sec)
Setting 1 | 10 0.10 0.20 0.10 2.50 0.10 0.50 3142.17 441 0.23  0.13  (0.77, 2.23, 0.100441) 58.08
Setting 2 | 25 0.05 0.40 0.50 1.25 0.05 0.25 2700.24 394 0.25 0.16  (0.74, 2.25, 0.100394) 51.08
Setting 3 | 50 0.10 0.20 0.10 2.50 1.00 0.50 2488.29 457 0.17  0.08 (0.82,2.17, 0.100457) 69.85
Setting 4 | 100 0.20 0.10 0.05 1.25 0.50 1.00 2350.84 339 0.20 0.05 (0.85, 2.20, 0.100339) 76.73
Setting 5 | 500 0.19 0.11 0.07 1.10 1.37 0.00 2032.22 322 0.11  0.06  (0.84, 2.11, 0.100322) 74.70
Setting 6 | 750 0.10 0.10 2.50 5.07 1.00 0.50 1817.36 309 0.02  0.04 (0.86, 2.02, 0.100309) 79.63
Setting 7 | 1000 0.19 0.17 1.25 6.37 1.28 0.47 1783.32 259 0.03 0.04 (0.86, 2.03, 0.100259) 79.61
AP® AR Azp®
U={Ax | 5 + =5 + =5 <1 (3.28)
rp? ' 1.2 T.,

where, Ax = [Azpg, Ah, AP]T € R?, are the possible implementation errors of the system. The
values of I'; for each of the states and controller settings is shown in Table 3.4. Moreover, the

adversarially robust optimum set-points and profit are shown in the final 2 columns of the table.

Finally, given these 7 different controller designs we test the performance of the controllers when
operating at their respective adversarially robust optima as compared to the benchmark nominal
optimum. We assume the same disturbance characteristics as before. For both scenarios, we record
the real-time profit during the length of the simulation and if any constraints are violated. For any
timesteps where constraints are violated, we assume the instantaneous profit value is 0. We then
average the real-time profit for the length of the simulation and evaluate the percentage of time
the system is in a constraint violating state. The results of this are depicted in Figures 3.16 and

3.17.

Figure 3.16 compares the average profit achieved for each controller setting when operating
around the nominal optimum set-point (Figure 3.16a) and the respective adversarially robust
optimum set-points (Figure 3.16b). In both figures, the red crosses represent the optimum profit
at the set-point: the nominal profit in Figure 3.16a and the ARRTOC profit in Figure 3.16b. The
black crosses, on the other hand, indicate the actual average real-time profit delivered under the

action of control.

The observed gap between the expected and actual profits arises because the controllers strive
to maintain the controlled states at their set-points, but system disturbances (illustrated in Figure
3.14) prevent exact control at the set-point. As a result, the average real-time profit is consistently

lower than the expected optimal profit.

However, clearly, a stark difference emerges between operating at the nominal set-point and at

the adversarially robust set-points. Specifically, Figure 3.16a reveals a significant optimality gap
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Figure 3.16: (a): Average real-time profit (black crosses) compared to expected profit at the
nominal optimum (red crosses) for each controller setting. (b): Expected adversarially robust
optimum profit (red crosses) contrasted with average real-time profit (black crosses) for each setting
operating around their respective adversarially robust set-points.

between the expected nominal profit and the actual average real-time profit. Generally, the con-
troller performance, as measured by the average real-time profit, only improves when the controller
robustness improves. Effectively, the nominal set-point entirely neglects the underlying controller
designs, implicitly assuming all controllers are highly robust. This means that if the system or
controllers were to degrade over time, which is likely to occur, then the nominal set-point would

be a wholly unacceptable choice.

On the other hand, Figure 3.16b demonstrates that the gap in optimality is significantly smaller
when operating at the adversarially robust set-points. By accounting for the robustness already
present in the control layer, the ARRTOC algorithm identifies set-points that strike the balance
between optimality and operability. For example, in the case of controller setting 1, which has the
worst robustness to disturbances, the expected adversarially robust profit is %58.08, approximately
35% lower than the expected nominal profit of %89.03. At face value, operating at this point may
appear to be disadvantageous. However, a closer comparison of the actual profits delivered reveals
a significant difference: in Figure 3.16a, the average real-time profit for controller setting 1 is just
%23.017 while in Figure 3.16b, the same controller delivers an average real-time profit of %49.55,

representing a 115% improvement.

Figure 3.17 presents the constraint violation percentages for each controller setting when op-
erating around the nominal optimum set-point (Figure 3.17a) and the corresponding adversarially
robust optimum set-points (Figure 3.17b). The trends observed here align closely with those in

Figure 3.16.

In Figure 3.17a, the nominal optimum set-point proves to be a poor choice in terms of oper-
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Figure 3.17: (a): Constraint violation percentage for each setting operating around the nominal
optimum set-point. (b): Constraint violation percentage for each setting operating around their
respective adversarially robust set-points.

ability. Even the most robust controller setting experiences constraint violations for approximately
40% of the simulation time, while the least robust setting faces violations for nearly 70% of the
time. These results emphasize the limitations of the nominal set-point, which fails to account for

the varying levels of robustness across the controller settings.

In contrast, Figure 3.17b shows a significant reduction in constraint violation percentages when
operating at the adversarially robust set-points. The violations exhibit minimal variation across
controller settings, averaging around 10%. The highest recorded constraint violation percentage is
just over 15% for controller setting 4, which is a marked improvement over the best-case scenario in
Figure 3.17a. These results demonstrate the effectiveness of the ARRTOC algorithm in enhancing
operability by tailoring set-points to the robustness of individual controller settings. This approach

ensures consistent adherence to constraints with minimal violations across the board.

As a final point, it is important to note that the ARRTOC robustness parameters, detailed
in Table 3.4, were derived specifically from controller tunings around the chosen set point of
(zp = 0.7,h = bm, P = 0.1MPa). When applied to different set-points, as in this case, these
robustness parameters may not be the “best”. However, as discussed earlier, this situation allows
for the inclusion of an additional safety margin in the robustness parameters or for re-estimation
of these parameters around the new set-points. This explains why constraint violations do not
reach 0% in Figure 3.17b. Despite this, the results illustrate that even with potentially suboptimal
choices for the robustness parameters, ARRTOC achieves excellent performance compared to the

nominal case, underscoring its adaptability.
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3.3.3.1 Comparative Analysis of ARRTOC Computational Requirements

To demonstrate the feasibility of incorporating ARO at the RTO layer, we conclude this section
with a brief computational comparison between the nominal RTO problem and the adversarially
robust RT'O problem for this case study. All computations were performed on a machine with an
AMD EPYC 7742 processor. The nominal RTO problem was solved using the IPOPT algorithm,
with solutions found in an average time of 1.47 seconds. In contrast, the ARRTOC algorithm
required approximately 7.10 seconds on average—roughly five times longer—across the various

controller settings considered.

Profiling the ARRTOC algorithm revealed that approximately 82% of the computational time
was allocated to the neighbourhood exploration routines (Sections 3.2.3 and 3.2.4). This is due
to the fact that the neighbourhood exploration routines are multi-start and rely on first-order
information alone. While efficiency could be enhanced by leveraging second-order information,
our focus was to design an algorithm that can be easily applied across diverse RTO problem
settings, including those that depend on function evaluations and gradients alone, typical of process

simulation models.

In scenarios where these restrictions do not apply, and second-order information is readily avail-
able then the neighbourhood exploration steps can be adapted to exploit this information, thus
reducing the computational demand. On the other hand, the remainder of the ARRTOC algo-
rithm is allocated to the robust local move routines (Sections 3.2.5 and 3.2.6). These routines are
extremely efficient as they are primarily concerned with solving a convex SOCP which has limited

computational cost in comparison to the multi-start gradient ascent neighbourhood explorations.

Fundamentally, as expected, while the robust problem incurs greater computational overhead,
the RTO layer is better able to absorb this cost in comparison to the control layer where such
increases in computational demand would not be acceptable. By using the greater computational
time resources available at the RTO layer to find robust set-points for the control layer, we can
reduce the demand on the resource-limited controllers while also improving performance as we

have demonstrated in this case study.

Finally, we compare ARRTOC with a gradient-free variant of ARRTOC and an independent
scenario-based robust optimization (RO) approach, which is a commonly used heuristic for ad-
dressing various robust optimization problems [34, 38, 101]. The gradient-free variant of ARRTOC

replaces the neighbourhood exploration steps (Sections 3.2.3 and 3.2.4) with a random search
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within the neighbourhood, instead of relying on gradient ascent. While this method eliminates the
need for gradient calculations, it often scales poorly and can lead to longer runtimes. Despite this,
its utility has been emphasized in the literature for cases where gradient information is unavailable

or computationally expensive [34].

The scenario-based RO approach, on the other hand, is widely applied as a heuristic for ap-
proximately solving robust optimization problems [101, 34, 33]. In this approach, a fixed number
of random perturbation realizations (scenarios) are sampled from the uncertainty set, Ax € U.
The nominal RTO problem is then solved for each scenario. Once solutions are obtained, their per-
formance is evaluated across all scenarios, and the solution that performs best overall is selected.
While increasing the number of scenarios improves solution accuracy, it also requires solving more
optimization problems, leading to higher computational costs. This introduces a fundamental
trade-off between accuracy and runtime. For this comparison, we limit the number of scenarios to

5 and 10, balancing computational feasibility and solution quality.

The results of this comparison across the various controller settings are presented in Table
3.5, with visualizations for controller settings 1 and 7 shown in Figure 3.18. The findings clearly
demonstrate that ARRTOC outperforms the other methods in both solution time and optimal
value achieved. While the gradient-free variant of ARRTOC shows better overall performance
compared to the other alternative methods, it is significantly slower than ARRTOC. To enhance
the efficiency of the gradient-free approach, alternative perturbation-based strategies could be
considered as replacements for the random search employed in the neighbourhood exploration.

This presents an interesting direction for future research.

Scenario-based RO with 5 scenarios provides a quick solution but results in subpar solution
quality. In contrast, using 10 scenarios yields solution quality comparable to that of gradient-
free ARRTOC, although at the cost of longer runtimes. Notably, the performance gap between

ARRTOC and the other approaches is likely to widen further in higher-dimensional problems.

Indeed, these results are further corroborated by findings from the literature [101, 33]. In [33],
the authors address the electromagnetic scattering problem, which is characterized by significant
implementation errors, high dimensionality (100 dimensions), and non-convexity. To tackle this
challenge, they utilize the ARO algorithm outlined in [34], which serves as the foundation for our
own algorithm. Additionally, they compare their approach to a scenario-based robust optimization

method.

Their findings are noteworthy: “the best estimate achieved through sampling after 30,000 func-
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Table 3.5: Table of solution and computational time comparison between ARRTOC, Gradient-
Free ARRTOC, Scenario-Based RO (5 scenarios) and Scenario-Based RO (10 scenarios). The best
performance in terms of solution time and optimum is presented in bold.

ARRTOC Gradient-Free  Scenario- Scenario- ARRTOC Op- Gradient-Free  Scenario- Scenario-
Solution Time ARRTOC Based RO Based RO timal Solution ARRTOC Op- Based Opti- Based RO (10
(s) Solution Time (5 scenarios) (10 scenarios) ($/sec) timal Solution mal RO (5 scenarios) Op-
(s) Solution Time Solution Time (8/sec) scenarios) So-  timal Solution
(s) (s) lution ($/sec)  ($/sec)
Setting 1 | 7.20 14.30 10.32 19.55 58.08 54.75 48.39 55.00
Setting 2 | 7.19 14.56 9.76 18.563 51.08 47.54 43.28 47.30
Setting 3 | 7.22 14.89 10.14 18.60 69.85 64.58 57.57 65.02
Setting 4 | 7.09 13.80 10.05 17.82 76.73 71.18 63.83 69.88
Setting 5 | 7.08 14.31 9.52 18.33 74.70 69.13 63.15 69.97
Setting 6 | 7.06 14.69 10.10 17.89 79.63 73.35 63.15 72.93
Setting 7 | 6.98 14.41 9.65 18.01 79.61 72.30 64.21 72.10
Controller Setting 7 Algorithm Comparison Controller Setting 1 Algorithm Comparison
@ ARRTOC
] A Gradient-Free ARRTOC s @
78 W 5 Scenario RO
9 76 Fast & Good Solution Good Solution but Slow # 10 Scenario RO g 56 Fast & Good Solution Good Solution but Slow
E 2 A *
S S 54
ERZ) A * e
E 0 G5
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S6s Fast but Poor Solution Slow & Poor Solution B0 Fastbut Poor Solution Slow & Poor Solution
66
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Figure 3.18: Comparison of the algorithms in Table 3.5 based on optimal solution obtained (y-axis)
and solution time (x-axis). (a): Controller setting 7 results. (b): Controller setting 1 results.

tion evaluations is 96% of the estimate obtained by our algorithm (ARO) using only 3,000 function
evaluations.” This significant reduction in computational effort highlights the efficiency of ARO
over scenario-based methods and strongly aligns with our results. It also reinforces our hypothesis
that the performance differences observed in Table 3.5 will become even more pronounced as the

dimensionality of the problem increases, further validating the scalability of ARRTOC.

3.3.4 Extensions and Guidance for ARRTOC

In this section, we explore several significant extensions of the ARRTOC algorithm, demonstrat-
ing its seamless integration into a holistic RTO framework that is fully compatible with existing

industrial practices.

We begin by examining how ARRTOC can be effectively incorporated into typical online RTO
settings to address plant-model mismatch. This approach leverages insights from Chapter 2, pre-
senting a unified strategy that addresses both adversarial robustness and plant-model mismatch.
Following this, we provide practical guidance on selecting and tuning the uncertainty parameter,

I', which can be systematically integrated into an overall online RTO scheme to enhance robustness
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and performance.

3.3.4.1 Addressing Plant-Model Mismatch

As discussed in detail in Chapter 2, addressing plant-model mismatch is a critical aspect of RTO,
ensuring that the solution to the RTO problem accurately reflects the true steady-state plant
behaviour. In this chapter, we have demonstrated that adversarial robustness is equally crucial
for RTO, as it ensures that the benefits identified at the RTO layer are effectively realized at the

control layer.

We hypothesize that addressing these two challenges in tandem is essential. Focussing on plant-
model mismatch without considering adversarial robustness risks the controllers failing to deliver
the intended benefits of the RTO solution. Conversely, emphasizing adversarial robustness without
resolving plant-model mismatch could lead to inaccurate RTO solutions which also fails to deliver
the intended benefits of RTO. To fully harness the potential of RTO and control, both plant-model

mismatch and adversarial robustness must be addressed concurrently.

Indeed, in Section 3.1, we highlighted that the ARRTOC algorithm was deliberately designed
to accommodate a variety of RTO problem settings, including the most restrictive cases involving
plant-model mismatch. In such scenarios, the underlying objectives and constraints may be un-
known, data-driven, mechanistic, hybrid, or simulation-based, requiring continuous learning and
adaptation. The flexibility of the ARRTOC algorithm makes it uniquely capable of handling these
scenarios, where other robust algorithms might fail due to their stringent assumptions. This adapt-
ability was a key motivation behind Bertsimas’s original unconstrained algorithm, which serves as

the foundation for our work [34].

To illustrate this flexibility, we revisit the evaporator case study from Section 3.3.3. However,
in this section, we introduce imperfect knowledge of the system, assuming no access to the true
system behaviour as described by equation (3.25). Instead, we begin with a model that exhibits
structural mismatch—the most severe form of mismatch, which cannot be resolved through param-
eter adaptation alone (as discussed in Chapter 2) [3]. Specifically, while equation (3.25) neglects
sensible heat effects, we now assume that these effects are non-negligible. This leads to the mis-
matched model depicted in Figure 3.19, while the “true” system behaviour remains as shown in

Figure 3.13.

To address this structural mismatch, we utilize a nonparametric data-driven model in the form
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Figure 3.19: Objective function and constraints of the evaporator system with structural mismatch
compared to the “true” system shown in Figure 3.13.
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Figure 3.20: Schematic showing how ARRTOC and model adaptation can be employed in tandem
to address both adversarial robustness and plant-model mismatch. This is identical to the scheme
in Figure 2.3 from Chapter 2 except we replace nominal optimization with ARRTOC

of a GP to learn the error between the collected data and the assumed model (Figure 3.13). The
GP model is then used to correct the mismatched model. This adaptation scheme mirrors the
approach proposed in Chapter 2, as illustrated in Figure 2.3 [3, 323, 6]. In this case, however,
we replace nominal optimization with ARRTOC, as depicted in Figure 3.20. It is important to
note that while we employ GP adaptation in this particular case study, the ARRTOC algorithm
is compatible with other model adaptation techniques, such as model parameter adaptation and
modifier adaptation [197, 63]. This flexibility ensures the algorithm can be integrated with a wide

range of model adaptation strategies, depending on the specific requirements of the system.

Figure 3.21 depicts the results of this case study. We show four scenarios which highlight
the need for addressing both adversarial robustness via the ARRTOC algorithm and plant-model
mismatch via GP adaptation. For each scenario, either the ARRTOC algorithm or nominal RTO
are used to solve equation (3.27) with the model used depending on the scenario under consider-
ation. The set-points are implemented by the PI controllers and data is collected. In scenarios

employing GP adaptation, the collected data updates the model every 10 timesteps, and the RTO
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problem is re-solved accordingly. We use controller setting 5 from Table 3.4 as the settings for
the PI controllers. A total of 10 simulations of 100 timesteps is performed per scenario and the
average profit is shown in Figure 3.21. Scenario 1 (horizontal dashed green line in Figure 3.21)
and scenario 2 (horizontal dashed red line in Figure 3.21) serve as the best and worst-case re-
spectively. Specifically, scenario 1 solves the RTO problem using ARRTOC with perfect model
knowledge (Figure 3.13). This makes it the best-case scenario as ARRTOC accounts for the un-
derlying controller robustness and the lack of mismatch guarantees an accurate solution. This is
exactly the scenario shown for setting 5 in Figure 3.16b. Scenario 2 represents the worst-case as
the RTO problem is solved nominally with an incorrect model (Figure 3.19) which is not addressed
via adaptation. This scenario fails to incorporate ARRTOC to account for controller robustness
nor addresses plant-model mismatch. On the other hand, scenario 3 (solid green line in Figure
3.21) and scenario 4 (solid red line in Figure 3.21) illustrate the importance of addressing both
adversarial robustness and plant-model mismatch in tandem. Both scenarios initially start with
the incorrect model (Figure 3.19) and while they both address the plant-model mismatch with
GP adaptation, scenario 3 (solid green line) solves the RTO problem using the ARRTOC algo-
rithm while scenario 4 (solid red line) solves the nominal RTO problem. As a result, it is clear
to see that ARRTOC with adaptation (scenario 3) outperforms nominal RTO with adaptation
(scenario 4), quickly approaching the best-case performance (scenario 1). The key difference is
that while both approaches use GP adaptation to correct plant-model mismatch, nominal RTO
fails to consider the underlying controller robustness. Without this consideration, nominal RTO
selects set-points which are incompatible with the controllers. In contrast, ARRTOC ensures that
the chosen set-points are compatible with the robustness already available at the control layers,
while GP adaptation maintains model accuracy. This combination leads to superior performance

and more effective control in practical applications.

These results clearly demonstrate that the ARRTOC algorithm is not only effective in handling
the full online RTO setting, addressing plant-model mismatch, but also should be an integral
component of any RTO scheme. While adaptation methods such as parameter adaptation, modifier
adaptation, or GP adaptation can address plant-model mismatch and provide an accurate model,
the nominal optimum may still be suboptimal in practice due to control layer implementation errors
(as shown by scenario 4, the solid red line in Figure 3.21). In contrast, combining model adaptation
with ARRTOC leverages the accurate model to select set-points that ensure robustness against
control-layer implementation errors (as shown by scenario 3, the solid green line in Figure 3.21).

This approach enables the selection of set-points compatible with the control scheme, thereby
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Figure 3.21: In Scenario 1, represented by the horizontal dashed green line, we consider the best-
case scenario of ARRTOC with no mismatch. Scenario 2, indicated by the horizontal dashed red
line illustrates the worst-case scenario of nominal RTO solved with model mismatch and without
adaptation. On the other hand, both scenario 3 (solid green line) and scenario 4 (solid red line) use
GP adaptation to address plant-model mismatch but scenario 3 employs ARRTOC while scenario
4 employs nominal RTO.

enhancing the overall effectiveness and reliability of RTO.

3.3.4.2 Selecting and Tuning I'

Throughout this chapter, we have underscored the significance of the uncertainty parameter, T,
which determines the level of robustness required at the RTO layer, given the controller design. In
Section 3.2, we explained that I' can be selected based on controller design considerations derived
from simulation studies and during the controller tuning process. The case studies in Section 3.3
elaborate on this procedure, with a particular focus on Section 3.3.3, where we demonstrated how
I' was selected and fine-tuned for each setting specified in Table 3.4. This selection was based on
controller studies, such as those illustrated in Figure 3.15. Ultimately, we argue that the choice
of I" hinges on achieving the right balance between robustness at the RTO layer and the existing

control layer robustness, as evidenced by Figures 3.16 and 3.17.

In this section, we further emphasize this point by demonstrating that I' can also be tuned
online as part of an overall RTO scheme. By dynamically adjusting I' in response to changes in the
underlying objective, constraints, controller settings, and system dynamics, we can ensure that the
set-points remain balanced and avoid being overly conservative. This dynamic adjustment builds
upon the concept illustrated in Figure 3.15, but instead of conducting this process statically at the

start of operation, we propose estimating I' dynamically during each RTO iteration.

To demonstrate this, once again consider controller setting 5 from Table 3.4, assuming perfect

model knowledge (i.e., plant-model mismatch is not a concern). Similar to Section 3.3.4.1, we
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simulate 100 timesteps with RTO updates occurring every 10 timesteps. As is typical in online
RTO, these updates allow for adjustments to the model and parameters, such as prices. However,
we also propose that I' can be dynamically re-estimated during these updates. Specifically, I'p,

Iy, and T';,, are recalculated online, similar to the process depicted in Figure 3.15, by determining

B

the largest perturbations the controllers can handle for each state between RTO iterations.

To illustrate the benefits of this dynamic re-estimation, we introduce a change in disturbance
characteristics at the 50th timestep. Prior to this point, as in Figure 3.14b, xr has a standard
deviation of 0.08. However, from the 50th timestep onward, the feed concentration becomes much
tighter, with xp having a reduced standard deviation of 0.02. Under such conditions, the ARRTOC
tuning parameters for setting 5, provided in Table 3.4, become overly conservative, as they were
based on a feed concentration with higher variability. By re-estimating I'p, I'y,, and I';, dynami-

cally during each RTO update, the system can adapt to these changing conditions.

The results of this “dynamic” re-estimation are shown in Figure 3.22. In the “static” case
(represented by black lines), the calculated ARRTOC profit set-point remains constant, shown by
the solid black line. This set-point matches the ARO profit for setting 5 from Table 3.4, which is
74.70. Since there is no mismatch or parameter change, no RTO update occurs, and the system
operates with this set-point throughout the simulation. The actual profit delivered under control

for the static case is shown by the black dashed line with circle markers.

In the “dynamic” case, where the I" parameters are updated at every RTO iteration (represented
by red lines), the calculated ARRTOC profit set-point (solid red line) adjusts in response to the
newly estimated values of I'p, I'y,, and I';,. Notably, when the disturbance characteristics change
at the 50th timestep (indicated by the blue dashed vertical line), the newly calculated ARRTOC
profit set-point becomes significantly higher. This is because, tighter control is being achieved and
in response the newly calculated values of the I' parameters are much tighter allowing for a less
conservative set-point. As a consequence, the new, less conservative set-point allows the controllers
to take advantage of this and increases the actual profit delivered by the system under control (red

dashed line with circle markers).

In contrast, the static case (black dashed line with circle markers) sees only a marginal im-
provement in profit due to reduced disturbances but is ultimately limited by the overly conservative

set-point (solid black line).

In conclusion, if I' is not updated regularly, the chosen set-point remains overly conservative,

limiting system performance. However, when I is dynamically re-estimated online, the resulting
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Figure 3.22: Profit set-point and actual profit delivered over 100 timesteps, with RT'O updates every
10 timesteps. Red lines represent the dynamic estimation case and black lines represent the static
estimation case. Initially, both static and dynamic I approaches yield consistent performance.
At timestep 50, a change in disturbance characteristics (indicated by the blue dashed line) causes
the static I' approach to become too conservative, leading to a lower actual profit delivered. In
contrast, the dynamic I approach adjusts to the new disturbance characteristics, resulting in a
higher actual profit delivered.

set-point adapts to the new operating conditions, leading to significantly improved performance.
Therefore, we recommend incorporating a data-driven approach to estimating I' as an integral part
of an online RTO scheme. This ensures that set-points are consistently balanced i.e. set-points

which are neither excessively conservative nor overly risky.

3.4 Conclusion

Following on from Chapter 2, we identified not only plant-model mismatch as a critical factor in
RTO, but also the importance of adversarial robustness. To address these challenges, this chapter
demonstrated that the ARRTOC algorithm effectively tackles the dual objectives of operability
and optimality, focusing on the robust handling of implementation errors such as disturbances and
noise at the RTO layer. By leveraging the robustness inherent in controller designs, ARRTOC

provides tailored set-points that are resilient to implementation errors in the control layers.

In Section 3.2, we presented a tutorial-style introduction to the ARRTOC algorithm. This
was followed by an illustrative example in Section 3.3.1, which highlighted several key insights.
Notably, it demonstrated the advantages of adversarially robust set-points in enhancing operability
at the control layer and underscored the importance of integrating controller design robustness into

ARRTOC to balance robustness across layers.

These insights were then applied to practical case studies in Sections 3.3.2 and 3.3.3. In Section
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3.3.2, we showcased the algorithm’s ability to address the challenges of continuous bioprocess opera-
tion, particularly in preventing washout. Furthermore, ARRTOC was shown to be compatible with
diverse model structures, including both data-driven and mechanistic models. In Section 3.3.3, we
extended these insights to a multi-loop evaporator process, where controller design informed the
desired level of robustness at the RTO layer. This led to tailored set-points that balanced conser-
vatism and risk, with simulation results confirming consistent and favourable system performance

across various controller designs.

In Section 3.3.4, we demonstrated the applicability of ARRTOC in online RTO settings to
address plant-model mismatch. We also provided practical guidance on dynamically tuning and
selecting I' as part of an online RTO scheme, avoiding excessive conservatism. This demonstrated
that ARRTOC can integrate seamlessly with existing RTO solutions, including the GP adaptation

scheme proposed in Chapter 2.

Finally, while ARRTOC has proven effective in addressing implementation errors, exciting
opportunities for future development remain. Integrating additional adaptation algorithms to
handle plant-model mismatch, exploring different controller structures such as MPC or robust
controllers combined with RTO, and extending empirical validation through lab-scale and pilot-
scale experiments could enhance ARRTOC. These advancements would position ARRTOC as a

comprehensive and practical tool for robust RT'O and control applications.

3.4.1 Ciritical Reflections, Retrospective, and Forward Outlook

This project emerged serendipitously as a result of my internship with the Alan Turing Insti-
tute, where I tackled broadly similar issues but applied to an entirely different field. During this
internship, I worked on developing a digital twin of the Lloyd’s of London insurance market in
collaboration with several commercial organizations. The project was tangentially related to my
PhD, as it involved modelling a large-scale system—here, a marketplace—and using the digital
twin for operational purposes. A critical aspect of this work was ensuring that the digital twin
remained a faithful representation of the true marketplace over time. This effort resulted in a

joint-first author publication in the Journal of Artificial Societies and Social Simulation [223].

One of the most rewarding aspects of this work was the ability to translate ideas and techniques
from PSE, particularly in control and optimization, to a completely distinct field. However, this
was not simply a one-way exchange; it was also an opportunity to gain exposure to adversarial

machine learning, which has a natural correspondence to RTO and control problems, as discussed
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in Section 3.1. At the Alan Turing Institute, the problem could be abstracted into an RTO and
control framework: identifying optimal operating points and implementing those points using the
digital twin. However, the “disturbances” in this framework—highly significant, often unmeasured,

and hard to anticipate—posed a critical limitation to the framework’s efficacy.

While feedback mechanisms could mitigate some of these issues, they proved insufficient in
this context, unlike in traditional engineering control systems. This limitation prompted an explo-
ration of the adversarial machine learning literature, which proved fruitful. Many methods from
this domain could be directly adapted (see Chapter 6) or indirectly integrated, as demonstrated
in this chapter through ARO. Discussions with industrial collaborators further validated the pro-
posed approach. They emphasized the impracticality of implementing optimal robust controllers
due to their computational demands and highlighted the potential of ARRTOC to introduce ro-
bustness without adding computational overhead at the control layer. The culmination of this
interdisciplinary effort is the work presented in this chapter, which bridges digital twins, robust

optimization, and control systems.

The impact of this work has extended beyond the scope of this thesis. Collaborators at TU
Delft and ETH Zurich are building on this research to address large-scale RT'O problems, focusing
on improving computational efficiency. While the ARRTOC algorithm is scalable (as discussed
in Section 3.3.3.1), challenges remain for its practical application to very large-scale RT'O prob-
lems. To address this, a gradient-free variant of ARRTOC, which trades some solution quality for
faster runtimes, has been developed. These extensions highlight the adaptability of the ARRTOC

framework and its relevance to real-world applications at scale.

As mentioned earlier, working on adversarial robustness has spurred new ideas that will be
pivotal in Chapter 6, where we explore the use of ROMs for control. While ROMs offer signifi-
cant computational benefits, ML-based ROMs are particularly sensitive to disturbances and noise.
Here, adversarially robust optimization techniques, such as adversarially robust training, have
proven effective in mitigating these challenges, as will be discussed in Chapter 6. This connection
underscores the broader implications of adversarial robustness beyond RTO, demonstrating its

relevance across diverse domains in control and optimization within PSE.

Reflecting on this project, it exemplifies the value of interdisciplinary collaboration, the impor-
tance of addressing practical challenges, and the potential for parallel advancements in machine
learning to contribute solutions to longstanding issues in PSE. It also opens new avenues for fu-

ture research and practical implementation, ensuring that the impact of this work will continue to
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grow.
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This chapter marks the first in Part 2 of the thesis, where we shift focus on leveraging ma-
chine learning for dynamical systems within the field of PSE. The chapter arose naturally from
fundamental questions in data-driven modelling of dynamical systems, or system identification:
“What types of models perform best?”, “Are new ML/DL models better than traditional system
identification models?” and “What are the best practices?” Surprisingly, these questions have not

been thoroughly explored or benchmarked in the system identification literature. This realization
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motivated a deeper investigation, leading to the comprehensive benchmarking study presented

here.

In this chapter, we benchmark traditional system identification methods alongside modern ML
models for data-driven modelling of dynamical systems, with a focus on applications in PSE.
To achieve this, we employ Automated System Identification (AutoSID), an automated end-to-end
framework inspired by principles from Machine Learning Operations (MLOps). AutoSID facilitates
model selection, training, validation, and evaluation, serving as both a benchmarking platform and
a demonstration of how MLOps-inspired tools can be adapted for system identification tasks in

PSE.

The benchmarking study compares twelve diverse model architectures drawn from system iden-
tification, machine learning, and deep learning literature, evaluated across eleven PSE case studies
under varying data regimes. To ensure a robust and comprehensive assessment, we employ four
hyperparameter optimization algorithms and three model selection criteria, enabling us to address

key questions about model performance and practical applicability.

The chapter is organized as follows: Section 4.1 reviews the existing literature and highlights the
current gap in benchmarking studies for system identification. Section 4.2 introduces the MLOps-
inspired workflow, AutoSID, and details the models and methodologies employed in the study. In
Section 4.3, we address key benchmarking questions, such as: “What is the best hyperparameter
optimization algorithm to use?”, “Which selection criteria are most effective?”, and “Do any models
stand out for PSE applications?” Finally, Section 4.4 provides concluding remarks and discusses

potential directions for future work.

This chapter is entirely based on the theme of Data-Driven Modelling which is depicted by the

text “Ch.4: Comparative Study” in Figure 4.1.

This chapter is adapted from work published in [9]. Figures in this chapter are reused with

permission under the author’s rights in accordance with the American Chemical Society policies.

4.1 Introduction and Literature Review

ML has found extensive applications across a wide range of fields, including computer vision [303],
medicine [85], and, most notably, natural language processing [300, 314]. Despite its widespread

use, the application of ML to the modelling of dynamical systems, particularly in engineering con-
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Figure 4.1: A visual representation showing how the current chapter aligns with the overarching
themes of this thesis, highlighted by the text “Ch.4: Comparative Study.”

texts, has not been comprehensively assessed in terms of its performance compared to established
system identification techniques [173, 175, 68]. Dynamical systems modelling, also known as sys-
tem identification, plays a pivotal role in engineering, facilitating the development of model-based
control and optimization methods such as MPC. These models are especially critical when first-
principles models are either unavailable or inadequate to represent the complexities of the system

[174, 36, 206).

ML models have demonstrated significant promise in system identification tasks, particularly
due to their ability to capture and model complex, nonlinear dynamics [242, 65, 35, 158]. However,
the field of system identification is underpinned by a rich history of robust methods developed
by the control, statistics, and time-series analysis communities. Established techniques such as
ARX, ARMAX, and state-space models remain foundational in this domain [172, 140, 43]. The
integration of ML into system identification raises important questions about its advantages relative
to traditional methods and the specific contexts in which MIL-based approaches may be preferable.
Current studies investigating these comparisons report mixed findings: some highlight the potential
of ML to advance the field [68, 261, 159], while others emphasize the simplicity and interpretability

of traditional methods as key advantages [187, 188, 91].

Despite these studies, a consistent and rigorous benchmarking methodology remains absent.
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Many existing comparisons focus primarily on DL models [175, 68], often evaluating them either in
isolation or alongside a limited subset of ML models. While some research includes multiple mod-
elling approaches, the methodologies employed frequently lack uniformity, particularly regarding
model selection strategies, evaluation criteria, and the range of applications considered. Notably,
model selection—a crucial step for determining the appropriate model structure/hyperparame-
ters—is often applied inconsistently. ML models are often evaluated using ad hoc configurations,
whereas traditional models are subjected to extensive tuning [187, 188]. For instance, in [187],
the evaluation of DL models relied on fixed, pre-determined configurations, whereas traditional
models underwent comprehensive model selection processes. This inconsistency compromises the
fairness of comparisons and significantly limits the insights that can be derived about the relative

performance of these methodologies.

A promising approach to addressing these challenges is the adoption of MLOps tools. These
tools are specifically designed to automate and streamline key processes such as model training,
validation, and deployment, facilitating efficient workflows for model selection and benchmarking
[12, 120, 263]. While MLOps tools have seen widespread application among ML practitioners, their
potential for system identification tasks remains largely unexplored. Instead, these processes are
often conducted in an ad hoc manner, requiring substantial engineering effort, incurring significant
costs, and creating inefficiencies in scaling model-based solutions for the control and optimization

of large-scale systems [39].

This study seeks to address this gap by evaluating how MLOps-inspired tools can be tailored for
system identification. To this end, we propose AutoSID, a fully automated end-to-end framework
for the data-driven modelling of dynamical systems. This framework is designed to bridge the gap
by introducing streamlined processes similar to those enabled by MLOps, but specifically adapted
for the system identification domain. In this chapter, we focus on assessing the capability of such
tools to support benchmarking studies, particularly those that compare ML and traditional models

in PSE applications.

For these reasons, we propose a comprehensive comparative benchmarking study on the ap-
plication of traditional system identification methods and modern ML models for the data-driven
modelling of dynamical systems. We select a diverse set of promising models from both approaches
and evaluate their performance across a range of dynamical systems commonly encountered in the
PSE community. To address the limitations discussed earlier, we implement an MLOps-inspired
end-to-end pipeline for model selection, training, validation, and subsequent testing and compari-

son, as conceptually illustrated in Figure 4.2.
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Figure 4.2: A conceptual depiction of the main steps performed by the AutoSID framework used
in this study.

Specifically, we explore a variety of model selection strategies and criteria, ensuring a robust
evaluation process. Furthermore, we incorporate multiple performance metrics, moving beyond
the conventional focus on model “accuracy” alone, to gain deeper insights into model behaviour.
Additionally, we evaluate the performance of these models under both small- and large-scale data

conditions, providing a comprehensive analysis of their effectiveness across diverse data regimes.

Our contributions include a rigorous benchmarking study that compares twelve model archi-
tectures—encompassing traditional system identification, ML, and DL models—applied to eleven
diverse dynamical systems in PSE. We evaluate MLOps-inspired workflows tailored for system
identification, assessing their effectiveness in automating model selection and performance evalua-
tion. Additionally, we conduct a systematic analysis of model performance across both small- and
large-data regimes, considering accuracy and computational efficiency. Finally, we provide insights
into the strengths and limitations of traditional and ML-based models in practical engineering

contexts, offering actionable recommendations for practitioners.

4.2 Background and Methodology

In this section, we present the complete end-to-end framework, AutoSID, utilized in this study,
along with the relevant background information and supporting literature. In Section 4.2.1, we

provide a high-level overview of AutoSID, including the steps performed, the results generated,
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and key implementation details. The subsequent sections delve into each step in greater detail.

Specifically, Section 4.2.2 introduces the PSE case studies used to simulate and generate data
for the investigation. Next, in Section 4.2.3, we describe the data-driven models employed for
system identification. Following this, we examine the two primary components of the framework:
model selection, discussed in Section 4.2.4, and model performance evaluation, detailed in Section

4.2.5.

4.2.1 AutoSID: The End-to-End Framework

AutoSID is the MLOps-inspired workflow which we use in this study to systematically evaluate and
benchmark combinations of systems, data-driven models and model selection strategies. Specifi-

cally, the results generated by AutoSID allow us to investigate the following;:

1. Compare four different model selection search (hyperparameter optimization) algorithms.
2. Compare three different model selection criteria.

3. Compare the performance of twelve different models from the system identification, ML and
DL literature when fitting these models to eleven different datasets obtained from nonlinear

dynamical systems prevalent in the PSE literature.

4. Compare the above when using a different number of training samples in order to assess the

performance of the models in the small to big data regimes.

A high-level flowchart of the proposed end-to-end framework is shown in Figure 4.3. A detailed
breakdown of the steps is presented in appendix A.l, which includes relevant implementation
details. Please note that Figure 4.3 contains reference to the relevant sections in appendix A.1 for

each of the steps. The key steps in the framework are described below:

1. Input Initialization: The framework begins by defining six input sets: dynamical systems
(S), sample sizes (N), data-driven models (M), hyperparameters (Hq), hyperparameter
optimization algorithms (.A), and selection criteria (C). These inputs specify the configura-
tions used for simulation, training, model selection and evaluation. See Appendix A.1.1 for

more details.

2. Iterative Evaluation: Each step of the framework is repeated for all combinations of inputs,

ensuring an exhaustive exploration. Each iteration involves selecting a specific instance from
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one of the input sets, with the results stored for subsequent analysis. See Appendix A.1.3

for more details.

3. Simulation of Dynamical Systems: For the selected system (S;), time-series data is
generated, with a portion allocated for training and the rest reserved for testing. The number

of training samples (N;) is determined in this step. See Appendix A.1.4 for more details.

4. Model Selection: The framework performs model selection by optimizing the hyperparam-

eters (H g, ) of the chosen data-driven model (M}) using a specified search algorithm (A;)
and selection criterion (Cy,). The optimal configuration and the time taken for selection are

recorded. See Appendix A.1.5 for more details.

5. Performance Evaluation: The model with the optimal configuration is trained on the
full training dataset, and its performance is evaluated on both training and testing datasets.
Metrics such as training/testing error and computational time are computed and stored. See

Appendix A.1.6 for more details.

6. Results Storage: For each iteration, the results—spanning the selected system, data-driven
model, optimal configuration, training/testing errors, and computational times—are saved

in a database for comprehensive analysis. See Appendix A.1.2 for more details.

The iterative approach ensures that all input combinations are explored, facilitating a ro-
bust comparison of models, hyperparameter optimization methods, and performance metrics un-
der varying conditions. This process is parallelized for computational efficiency, leveraging high-

performance computing resources [252, 249].

4.2.2 The PSE Dynamical Systems

In this section, we provide an overview of the 11 PSE dynamical systems used in this study to
generate data for the system identification task. Table 4.1 provides a summary of these systems,
including the rationale for their inclusion, highlighting the specific system identification challenges
they present. Detailed information on each system, including the governing equations, parame-
ter values, and an in-depth discussion of the complexity of their dynamics, along with relevant

literature, can be found in Appendix A.2.



CHAPTER 4. PART 2: DATA-DRIVEN MODELLING OF DYNAMICAL SYSTEMS - A
98 COMPARATIVE BENCHMARKING

Start

Input
SN, M, Hp, A, C

(See appendix A.1)

!

Combinations

exhausted? Yes Report results

(See appendix A.2)

(See appendix A.3)

Stop
No

Obtain next inputs
Siy Njs M, Hamy, s Aty Cn

(See appendix A.3)

Simulate system S;

(See appendix A.4)

Perform model selection

(See appendix A.5)

Input/Output
Optimal model structure

(See appendix A.5)

Performance evaluation

(See appendix A.6)

Input/Output
Reporting metrics

(See appendix A.2)

Save results

(See appendix A.2)

Figure 4.3: AutoSID: The proposed end-to-end framework used in this study.
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Table 4.1: A summary of all of the dynamical systems used in this study to generate the time-series
data for identification.

System

Num-
ber of
States

Num-
ber of
Inputs

Reasons for Inclusion

Second-Order System

1

Describes many physical processes;
Oscillatory responses; Dampening
variations.

Continuous Stirred Tank Reactor
(CSTR)

Highly nonlinear; Potentially un-
stable; Displays bifurcations, out-
put multiplicity, chaotic behavior,
and self-sustained oscillations.

CSTR in Series with Recycle

Magnifies nonlinearities of CSTR,;
Interacting mass and thermal ca-
pacities; Long-time dependencies
and time delays.

Four Tank System

Standard benchmark for identifica-
tion; Strongly interacting tank lig-
uid capacities; Displays minimum
phase and non-minimum phase be-
havior.

Distillation Column

Quintessential distributed parame-
ter system in PSE; Accurate dy-
namic modelling remains challeng-
ing; Multiple steady states and pos-
sible instabilities.

Multistage Extraction Cascade

10

Distributed parameter system;
Complex dynamics due to mul-
tiphase equilibrium and mass
transfer; Wide range of dynamic
behaviors depending on configura-
tion.

Extraction Cascade with Reaction

20

Reaction magnifies complexities of
extraction cascade; Challenges in-
clude slow reaction Kkinetics, sus-
tained oscillations, and time delays;
Dynamics further complicated by
competing phenomena.

Fluidized Biofilm Sand Bed Reactor

16

Complex bioprocess with reaction
dynamics, mass transfer, and large
recycle loops; Competing dynamic
effects; May exhibit limit cycles and
sustained oscillations.

Shell and Tube Heat Exchanger

24

Fundamental chemical engineering
unit operation; May exhibit pres-
sure build-ups, phase changes, time
delays and system instability.

Free-Radical Polymerisation

Nonlinear reaction dynamics; Mul-
tiple steady states (“gel” effect); In-
dustrial relevance in polymer manu-
facturing; Dynamics studied exten-
sively in literature.

Plantwide Process System

12

Large-scale process with multiple
components and interactions; Re-
cycle loop introduces time delays
and dependencies; “Snowball” ef-
fect demonstrates chaotic dynam-
ics and plantwide identification and
control challenges.
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Figure 4.4: (a): The input signals used to excite the four tank system. (b): The system response
(output signals) of the tank levels. Noise removed for ease of visualization

4.2.2.1 Data Generation

To thoroughly evaluate the performance of the data-driven models across varying data availability
scenarios, we design a data generation procedure that encompasses both interpolation and extrap-
olation conditions. Each system under consideration is represented by its corresponding set of
nonlinear ordinary differential equations, which are discretized and simulated using CasADi and
the CVODES solver in Python [17]. Instead of limiting the simulations to a single operating con-
dition, we generate data by simulating each system over a range of input trajectories, ensuring the

excitation of its various dynamic modes.

Specifically, we generate a total of 40,000 samples per system by applying 20 random step
inputs. These step inputs are varied within predefined lower and upper bounds unique to each
system, ensuring a comprehensive exploration of the system’s state space. Details regarding these
bounds, as well as the input variables, u € R™«  and output variables, y € R™v, for each system are
provided in Appendix A.2. To emulate realistic measurement conditions, additive white Gaussian

noise is introduced to the outputs (y), resulting in a signal-to-noise ratio of 60 dB.

Figure 4.4 provides a representative example of the input and output signals generated for the
four-tank system (refer to Appendix A.2.4 for more details). As illustrated in this figure, the data
generation procedure ensures diverse operating conditions by simulating the system over a range

of inputs.

From this dataset, we select varying training set sizes to evaluate model performance across
a spectrum of data richness. For instance, using only 500 samples for training creates a limited

and potentially non-representative dataset. In such cases, the test set predominantly lies outside
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Figure 4.5: The average and standard deviation of the percentage overlap of the training and
testing datasets across all of the systems.

the training data range, posing a challenging extrapolation problem. In contrast, training on
20,000 samples provides a dataset that spans a wide range of operating conditions, resulting in a

combination of interpolation (for conditions observed during training) and some extrapolation.

To quantify the degree of interpolation versus extrapolation in these scenarios, we present Figure
4.5, which illustrates the average percentage overlap between the training and testing distributions
for the 500-sample and 20,000-sample cases. These scenarios are the focus of our results discussed
in Section 4.3.3. On average, the 500-sample case exhibits only about 5% overlap, confirming that it
represents a strong extrapolation task. In contrast, the 20,000-sample case achieves approximately
60% overlap, reflecting a balanced mix of interpolation and extrapolation. This design effectively
mirrors the conditions often encountered in industrial system identification campaigns, where data

availability and richness can vary significantly.

By systematically varying the number of training samples, we can evaluate how different models
perform under both highly challenging (predominantly extrapolative) conditions and more data-
rich scenarios. This experimental design ensures that our framework assesses models across realistic
and diverse conditions. The results of these evaluations, with a focus on the 500-sample and 20,000-

sample scenarios, are presented and analyzed in Section 4.3.3.

4.2.3 The Data-Driven Models

In this section, we provide a detailed overview of the 12 data-driven models employed in this study
to fit the generated input-output data. These models span a spectrum from classic system identi-
fication approaches to cutting-edge developments in the fields of ML, with a particular emphasis

on DL techniques. Special attention is given to the hyperparameters associated with each model
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class to ensure readers are informed about the number and variety of hyperparameters and their
possible values (detailed in Appendix A.3). This information is particularly relevant for the critical
step of model selection, as discussed in Section 4.2.4. Additionally, we include a brief discussion of

the data-driven models and highlight key sources of literature for each.

All data-driven models were implemented using a mixture of Python and MATLAB libraries/tool-
boxes. This included PyTorch and scikit-learn for the ML and DL models and the System Identifi-
cation Toolbox in MATLAB for the system identification models. Please note that this is separate
to the PSE dynamical system simulations from Section 4.2.2 which are discretized and simulated

using CasADi and the CVODES solver.

4.2.3.1 Autoregressive with Exogenous Input (ARX) Model

The ARX model belongs to a class of polynomial time-series models commonly used in system
identification. ARX models represent dynamic systems in discrete time by expressing system
output as a linear combination of past outputs and inputs, enabling efficient parameter estimation
using linear least squares methods [43, 174]. This simplicity has historically made ARX models
highly practical, particularly in resource-constrained environments, as popularized by researchers

like Glad and Ljung [174, 172].

Despite their linearity, ARX models remain effective for systems operating within ranges where
linear assumptions hold true, and they often outperform more complex ML and DL models in
constrained scenarios. This advantage is attributed to their resilience against overfitting and
simplicity in parameterization [187, 188, 175]. Notably, these models contrast with modern ML /DL

approaches, which rely on computationally intensive parameter estimation methods.

The ARX model’s hyperparameters consist of two primary components: the autoregressive
window lengths for the output and input data (model orders). This minimal hyperparameter set
simplifies model selection, as methods like grid search are sufficient. Table A.12 summarizes the

hyperparameter ranges explored in this study.

4.2.3.2 Autoregressive Moving Average with Exogenous Input (ARMAX) Model

The ARMAX model extends the ARX model by incorporating a moving average component to

account for system noise. This additional flexibility makes ARMAX models particularly suited
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for identifying dynamical systems subject to significant noise, a common occurrence in industrial

applications [43, 234, 125].

Like ARX models, ARMAX models rely on linear combinations of past outputs and inputs for
system representation, but with the added ability to model noise as a moving average of white
noise. This study employs the pseudolinear regression approach available in MATLAB’s System
Identification Toolbox, which solves the parameter estimation problem efficiently using multistage

linear least squares [172].

The hyperparameters of ARMAX models include the autoregressive window lengths for both
output and input data, as in ARX models, along with the window length for the moving average
component. This simple hyperparameter structure facilitates exhaustive model selection, such as

grid search. The explored hyperparameter ranges are detailed in Table A.13.

4.2.3.3 State-Space Model

State-space models, widely adopted by the early system identification community, represent dy-
namical systems using first-order difference equations rather than the wide autoregressive windows
of polynomial time-series models [172, 174, 299]. This approach offers distinct advantages, partic-
ularly for control applications, as it aligns naturally with the field of “Identification For Control”
and the analysis of multivariable systems [108, 222, 140]. Additionally, state-space representa-
tions allow for the integration of physical insights into models, forming the foundation for many

“grey-box” modelling approaches [174, 172].

State-space and polynomial time-series models are mathematically equivalent in many re-
spects, and polynomial models (e.g., ARX, ARMAX) are often converted into state-space form
for control-specific analysis [172]. Parameter estimation for state-space models benefits from ef-
ficient subspace methods, avoiding iterative error minimization commonly required by ML/DL
models [172, 299, 301]. However, these methods can yield less predictive models, necessitating
further refinement through iterative techniques. This additional refinement step makes state-space

parameter estimation more time-consuming compared to polynomial models.

The primary hyperparameter for state-space models is the number of states (model order).
This simplicity, combined with efficient parameter estimation, allows for exhaustive model selection

approaches like grid search. Table A.14 outlines the range of model orders considered in this study.
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4.2.3.4 Tree-Partitioned Linear Model

Tree-partitioned linear models, also known as Local Linear Model Trees (LOLIMOT) [218, 219, 220,
217], are a straightforward extension of ARX models, categorized under Nonlinear ARX (NLARX)
models. NLARX models extend ARX models by incorporating nonlinear mappings of past inputs

and outputs, enabling better representation of nonlinear dynamical systems.

Tree-partitioned linear models approximate nonlinear systems through piecewise linear models.
They achieve this by partitioning the input space into a binary tree, where each node contains a
locally linear ARX model estimated using efficient linear regression methods (see Section 4.2.3.1).
The number of tree nodes, a hyperparameter, determines model fidelity, with more nodes capturing
finer nonlinear details. During prediction, the tree structure facilitates efficient identification of

the relevant linear model for a given input.

Widely adopted in the identification community [218, 173], tree-partitioned linear models bal-
ance accuracy and efficiency, making them suitable for modelling a variety of nonlinear systems
[167, 220, 217]. Their efficient parameter estimation methods result in relatively short training
times, supporting their use in real-time applications [167, 219]. Additionally, their simple struc-
ture supports robust hyperparameter optimization [218]. However, their locally linear nature can
complicate gradient-based control strategies [220, 217], and they share ARX models’ limitations

when encountering unseen input-space regions during testing [218].

The hyperparameters for tree-partitioned linear models include the autoregressive window
lengths for outputs and inputs (as in ARX models) and the number of tree nodes. Table A.15

summarizes the hyperparameter ranges used in this study.

4.2.3.5 Single-Layered Sigmoid Network Model

Single-layered sigmoid networks, a subset of NLARX models, are notable for their specialized
application in system identification and control tasks. Although they share similarities with Feed
Forward Neural Network (FFNN)s that may also employ sigmoid activation functions, they are
often treated as a distinct category due to their widespread adoption and tailored algorithms within
the system identification community [330, 218]. These networks introduce nonlinearity into ARX
models using a single sigmoid network layer, balancing improved modelling capability with shorter

training times—a critical advantage for real-time applications [36, 186, 5].
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Single-layered sigmoid networks are particularly effective in capturing nonlinear dynamics that
challenge standard ARX models [228, 227]. While their parameter estimation relies on iterative
error minimization algorithms similar to those used in ML/DL models, their simplicity (fewer
parameters) enables faster convergence and the use of second-order optimization techniques. In
this study, MATLAB’s fmincon function is utilized for parameter estimation, a method that is

often impractical for over-parameterized ML /DL models.

The hyperparameters for single-layered sigmoid networks include the autoregressive window
lengths for outputs and inputs (as in ARX models) and the number of sigmoid nodes in the single

layer. These parameters, along with their ranges, are detailed in Table A.16.

4.2.3.6 Single-Layered Wavelet Network Model

Single-layered wavelet networks, a class of NLARX models, share similarities with single-layered
sigmoid networks but are often preferred for their unique properties and specialized parameter
estimation techniques. The work of [330] introduced a non-iterative, efficient parameter estimation

algorithm tailored for wavelet networks.

Wavelet functions offer the distinctive ability to localize in both frequency and time, making
them particularly effective for modelling complex nonlinearities [330, 1]. This capability has con-
tributed to their broad application across diverse domains, including large-scale process systems

and solar photovoltaic cells [1, 196].

The hyperparameters for single-layered wavelet networks include the autoregressive window
lengths for outputs and inputs (as in ARX models) and the number of wavelet nodes in the single

layer. These parameters and their ranges are summarized in Table A.17.

4.2.3.7 Regression Tree Ensemble Model

Decision tree ensemble models are widely used in ML for regression and classification tasks, demon-
strating exceptional performance in time-series forecasting across diverse domains [119, 91, 293].
Their effectiveness often surpasses that of basic statistical models and even deep neural networks,
aligning with early findings by Bates and Granger, who highlighted the superior forecast accuracy

of ensemble methods over individual models [27, 73].

Despite their computational demands—requiring the training of multiple models and the ef-

ficient combination of their outputs—regression tree ensembles maintain feasibility through the
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inherent efficiency of decision tree algorithms [46, 47, 119, 13]. This makes them suitable for ap-
plications such as real-time control, which are often impractical for other ensemble methods [13].
However, their adoption within the system identification community remains limited, possibly due
to the discontinuous nature of decision tree models, a challenge shared with tree-partitioned linear
models (see Section 4.2.3.4). Such discontinuities can hinder model-based control strategies reliant

on gradient information.

A critical hyperparameter for tree ensembles is the fitting method, which determines how indi-
vidual trees are built and combined. The two most common methods, bagging and boosting, have
shown conflicting performance results in time-series forecasting [91], making this a key considera-
tion in our study. Overall, the hyperparameter set for regression tree ensembles includes five main

choices, detailed in Table A.18.

4.2.3.8 Feed Forward Neural Network (FFNN) Model

FFNNs are the first DL models considered in this study. Comprising an input layer, one or more
hidden layers, and an output layer, FFNNs compute outputs by applying a nonlinear activation
function to a weighted sum of inputs at each neuron. For time-series forecasting and system
identification tasks, FFNNs process historical input-output data in an autoregressive manner,

effectively making them a complex class of NLARX models, as noted by Ljung [175, 173].

FFNNs are highly effective across various applications, including time-series forecasting and
system identification [175, 329, 70]. However, their multi-layered architectures pose challenges,
particularly in the form of prolonged training times and susceptibility to overfitting [175]. Pa-
rameter estimation typically involves iterative prediction error minimization algorithms, such as
the ADAM optimizer used in this study and implemented via PyTorch [258, 145]. These training
requirements, combined with the models’ extensive parameterization, make FFNNs data-intensive
and prone to overfitting when insufficient training data is available. Consequently, careful model
selection and hyperparameter optimization are essential to avoid unnecessarily large and complex

architectures [77].

The hyperparameter set for FFNNs includes six main choices, detailed along with their value

ranges in Table A.19.
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4.2.3.9 Vanilla Recurrent Neural Network (RNNN) Model

Vanilla Recurrent Neural Network (RNN)s are DL models specifically designed to handle sequential
data by processing inputs in a time-dependent manner [169, 77]. Unlike FFNNs, which propagate
information strictly forward, RNNs maintain a hidden state that captures temporal dependencies
within the data. This feature makes RNNs analogous to Nonlinear State-Space models, as described
by Ljung [175], due to their ability to represent internal system states rather than relying on

autoregressive input-output windows.

RNNs excel in applications involving variable-length sequences, such as time-series forecasting
and natural language processing [169, 77]. Like FFNNs, they are highly parameterized and trained
using iterative prediction error minimization algorithms, specifically backpropagation through time

[307]. This study employs the ADAM optimizer for training RNN models.

However, vanilla RNNs face significant challenges in addition to those common to DL models,
such as overfitting, long training times, and data-intensive requirements. A critical limitation is
the vanishing gradient problem, where gradients diminish as they propagate backward through
time, hindering the training of deep RNNs [124]. To overcome this, advanced variants like LSTM
networks and Gated Recurrent Unit (GRU)s have been developed to handle long-term dependencies

more effectively [71]. These will be discussed in Sections 4.2.3.10 and 4.2.3.11.

The hyperparameter set for vanilla RNNs includes six main choices, detailed along with their

value ranges in Table A.20.

4.2.3.10 Long Short-Term Memory RNN Model

LSTM networks, a specialized type of RNN, were designed to address the limitations of vanilla
RNNSs in capturing long-term dependencies within sequential data [124]. Unlike vanilla RNNs,
LSTMs incorporate gating mechanisms that enable the selective updating, retention, and forgetting
of information from previous time steps, effectively mitigating the vanishing gradient problem
[124, 77]. This capability makes LSTMs particularly suited for identifying slowly evolving nonlinear

dynamics in system identification tasks [175].

Similar to vanilla RNNs, LSTMs are trained using the ADAM optimizer with backpropagation
through time. However, they share common DL challenges, including susceptibility to overfit-

ting, lengthy training times, and data-intensive requirements. In scenarios involving exceptionally
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lengthy dependencies, such as those caused by substantial time delays, LSTMs may struggle to
model these features effectively. In such cases, emerging models like transformers (discussed in

Section 4.2.3.12) may provide a more suitable alternative [313].

The hyperparameter set for LSTM models includes seven main choices, detailed along with

their value ranges in Table A.21.

4.2.3.11 Gated Recurrent Unit (GRU) RNN Model

GRU models are a type of RNN designed to address the vanishing gradient problem inherent in
vanilla RNNs. GRUs simplify the gating mechanisms used in LSTM networks by combining the
forget and input gates into a single “update gate”, which controls the retention of the previous
hidden state and the addition of new candidate activations. Additionally, GRUs include a “reset
gate” to manage how much of the previous hidden state is considered when computing the candidate

activation [71].

With fewer parameters than LSTMs, GRUs are generally faster to train, making them a prac-
tical choice for resource-constrained applications or real-time tasks such as control [169]. However,
their simplified architecture may limit their ability to capture long-term dependencies compared
to LSTMs, potentially making them less effective in scenarios involving slowly evolving dynamics

169, 325].

The hyperparameter set for GRUs is identical to that of LSTMs, as detailed in Table A.21.

4.2.3.12 Time-Series Transformer Model

Transformers have revolutionized natural language processing by excelling at capturing long-term
contextual dependencies through their self-attention mechanism [300, 314]. Their success in tasks
like language translation and text summarization, as seen in Large Language Models such as
ChatGPT, has also highlighted their potential for analyzing other sequential data types, including

time series [300, 313, 326]. This makes transformers a compelling inclusion in this study.

The self-attention mechanism is the cornerstone of transformers’ proficiency in handling sequen-
tial data. Unlike traditional sequence models such as RNNs, which process sequences step-by-step,
transformers allow each position in the input sequence to attend dynamically to all other po-
sitions. This enables the model to capture complex, long-range dependencies within the data,

making transformers particularly effective for time-series tasks.
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Despite their strengths, transformers have notable limitations. Their performance often hinges
on access to large-scale datasets, which can be a challenge in fields like system identification
where data is frequently scarce. Additionally, their computational demands are significant. The
self-attention mechanism, while powerful, scales quadratically with sequence length, making the

training of transformers computationally intensive, particularly for longer sequences [300].

For this study, we adopt the time-series transformer architecture proposed by [313, 326], de-
signed specifically for forecasting tasks. Model parameters are estimated using the ADAM opti-

mizer.

The hyperparameter set for transformers includes seven main choices, detailed along with their

value ranges in Table A.22.

4.2.4 Model Selection

In this section, we address the most critical step of the proposed framework: model selection. This
step involves choosing a specific model structure for the models described in Section 4.2.3, while
accounting for their possible hyperparameters and the available training data. Model selection lies
at the heart of identifying an appropriate model for the problem at hand, yet it is often overlooked,

as highlighted in Section 4.1 [86, 286, 337].

The primary objective is to compare well-constructed and optimized models to: (a) minimize
biases toward any particular model type, and (b) assess models at their optimal performance given

the constraints of the available data and training time. Model selection comprises two key steps.

First, a formal algorithm must be established to search over the possible hyperparameters of a
model, referred to as the model search. This process will be discussed in detail in Section 4.2.4.1.
Second, during the search for optimal model structures, it is essential to define evaluation criteria
for assessing goodness-of-fit. These criteria must account for the well-known bias-variance trade-off
inherent in model training [119]. The model selection criteria will be elaborated upon in Section

4.2.4.2.

4.2.4.1 Model Search

Model search is the process within model selection where a formal algorithm is employed to explore

the hyperparameter configurations of a model. While the criteria for determining the “best” model
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structure—the objective function—is a critical aspect, it is discussed separately in Section 4.2.4.2.

Here, our focus is exclusively on the search algorithms.

The increasing complexity of hyperparameter spaces, particularly in DL, has made model search
a significant computational challenge. Training a single DL model can require hours, and when this
process is repeated across numerous hyperparameter configurations, model search often becomes a
bottleneck in model selection. This challenge has spurred advancements in AutoML, resulting in
various open-source and commercial tools tailored for practitioners [12, 120, 263, 95]. Consequently,
efficient search algorithms are essential for enabling practical and scalable model selection [320, 37,

31).

This computational burden stands in stark contrast to traditional system identification models,
such as ARX and ARMAX. For these models, exhaustive brute-force searches over the hyperpa-
rameter space are not only feasible but often recommended [174, 218, 36]. However, they sacrifice
the flexibility offered by ML and DL models, which raises the critical question of whether this

trade-off is advantageous—a central topic of this chapter.

In this study, we evaluate and compare four model search (hyperparameter optimization) algo-
rithms. These algorithms were selected for their balance between state-of-the-art advancements,
practical utility, and benchmark relevance. Each algorithm is discussed in detail in the following

sections.

Grid Search Grid search is an exhaustive hyperparameter optimization algorithm widely used
for its simplicity and effectiveness in scenarios with simple model structures and fast training times
[18, 37, 95, 72]. The algorithm explores a predefined grid of hyperparameter combinations, training
and evaluating the model at each grid point using a chosen evaluation metric (discussed in Section
4.2.4.2). By systematically testing all combinations, grid search identifies the configuration that
achieves the best performance based on the evaluation metric. Despite its straightforwardness,
grid search is computationally intensive, particularly for models with numerous hyperparameters,
large value ranges, and extended training times, as is typical for many ML and DL applications
[72, 30]. However, its exhaustive nature provides a complete view of the hyperparameter space,
which can be valuable for understanding how performance varies across different settings [18, 37].
In this study, grid search serves as a benchmark method, offering a reference point for comparing

the efficiency and effectiveness of more advanced hyperparameter optimization algorithms.
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Random Search Random search is a hyperparameter optimization algorithm that selects hy-
perparameter combinations randomly from a predefined search space, rather than exhaustively
evaluating all combinations as in grid search [31, 30]. This approach can be more computationally
efficient, particularly for large and complex hyperparameter spaces, as it requires fewer evaluations
to explore diverse configurations. Empirical studies have shown that random search often outper-
forms grid search under fixed computational budgets, making it especially effective for DL models
[31, 30]. By sampling hyperparameters randomly, random search increases the likelihood of iden-
tifying better-performing configurations with fewer iterations. However, as with any randomized
algorithm, there is a risk of overlooking critical regions of the hyperparameter space [94, 31]. This
highlights the need to balance exploration and exploitation carefully in hyperparameter optimiza-

tion.

Evolutionary Search Evolutionary search algorithms have gained attention in hyperparameter
optimization, particularly for addressing expensive optimization tasks. However, their reported
success has been mixed, as highlighted in recent literature [176, 37, 57, 20]. Among these algo-
rithms, the Covariance Matrix Adaptation Evolution Strategy (CMAES) has emerged as one of the
most rigorous and effective approaches for hyperparameter optimization [118, 117, 176]. CMAES
is well-suited for navigating complex, high-dimensional search spaces. Unlike other evolution-
ary algorithms such as Genetic Algorithms [317, 111] or Particle Swarm Optimization [113, 109,
CMAES employs an adaptive covariance matrix to adjust the step size of candidate solutions
dynamically. This mechanism balances exploration and exploitation, enabling efficient traversal
of the search space while accounting for correlations and non-linear relationships between hyper-
parameters [118, 176]. CMAES has been shown to outperform other evolutionary strategies in
terms of convergence speed and solution quality [117]. Despite its theoretical strengths, empir-
ical evaluations of CMAES and other evolutionary algorithms for hyperparameter optimization
remain relatively limited [176]. Furthermore, direct comparisons between evolutionary strategies
and other established hyperparameter optimization methods are scarce. This study addresses this
gap by employing CMAES to assess its effectiveness and positioning it within a broader context

of hyperparameter optimization approaches.

Bayesian Optimization Bayesian optimization is widely regarded as the state-of-the-art for
tackling expensive, data-driven optimization problems, particularly in hyperparameter optimiza-
tion [32, 297, 99]. Following the seminal work of Bergstra et al. [31], Bayesian optimization has

become a cornerstone of hyperparameter search, with the Tree Parzen Estimator (TPE) emerging
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as a highly effective approach. In this study, we employ TPE as the chosen Bayesian optimization
method. TPE utilizes a probabilistic model to estimate the performance of different hyperparam-
eter configurations, guiding the search toward promising regions of the search space. By modelling
conditional probability distributions of “good” and “bad” hyperparameter configurations, TPE
efficiently explores and exploits the search space, making it particularly adept at handling both
discrete and continuous hyperparameters. Its adaptability allows TPE to capture complex rela-
tionships between hyperparameters. Compared to Gaussian Process-based Bayesian optimization
methods, TPE offers distinct advantages. It typically requires fewer evaluations to identify high-
performing hyperparameter configurations due to its efficient exploration-exploitation trade-off.
Moreover, TPE excels in high-dimensional search spaces by leveraging its tree-based structure,
enabling it to navigate these spaces effectively [31, 72]. This capability makes TPE particularly
suitable for scenarios where hyperparameter spaces are both large and complex. TPE’s combina-
tion of efficient exploration, adaptability, and robustness in high-dimensional settings solidifies its

position as a state-of-the-art method for hyperparameter optimization [320, 37, 31, 95].

4.2.4.2 Model Selection Criteria

The literature on hyperparameter optimization offers a wide array of search methods, but the
effectiveness of these approaches hinges critically on the quality of the model selection criteria
used to identify the “best” model structure. These criteria act as the objective function, guiding

the optimization process toward meaningful solutions.

Model selection criteria play a crucial role in balancing the trade-off between bias and vari-
ance. This involves selecting a model that is sufficiently complex to capture underlying patterns
in the data (low bias) while avoiding overfitting to ensure robust generalization to unseen data
(low variance) [119]. For instance, relying solely on the training dataset’s Mean Squarred Er-
ror (MSE) may lead to the selection of overly complex models that are prone to overfitting. To
counteract this, various strategies have been developed, such as re-sampling methods like k-fold
cross-validation for estimating generalization performance [119], and probabilistic measures such as
the Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC), which balance
model complexity and goodness-of-fit [286, 11, 269]. These criteria are instrumental in mitigating
overfitting, evaluating generalization performance, and enabling meaningful comparisons across

models.

In this study, we explore and compare three widely adopted model selection criteria, drawing
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from both the system identification and ML /DL literature. Each criterion is described in detail in

the following sections.

K-Fold Cross-Validation k-fold cross-validation is a re-sampling strategy designed to provide a
more robust model selection criterion than full-sample metrics like the MSE of the training dataset
[119, 148]. It involves partitioning the dataset into k equally sized folds, training the model on
k — 1 folds, and evaluating it on the remaining fold. This process is repeated k times, with each
fold serving as the validation set once. The performance metric, typically the validation set MSE,

is averaged across all folds to estimate overall model performance.

This approach reduces the risk of overfitting or underfitting by assessing model performance
across multiple subsets of the data and makes efficient use of the available dataset, as every
observation is used for both training and validation [119, 148]. However, k-fold cross-validation can
be computationally expensive, especially for large datasets and/or complex models, as it requires k
training iterations. The choice of k also influences results, with smaller &k values potentially leading

to higher variance and larger k values increasing bias and computational costs.

For this study, we employed 5-fold cross-validation, a common variant that balances compu-
tational feasibility and robustness. While more thorough analysis using multiple k£ values would

have been ideal, computational constraints necessitated this limitation.

Unlike probabilistic measures such as information criteria, k-fold cross-validation offers a direct,
data-driven method for model evaluation without assumptions about the underlying data gener-

ating process. This makes it a widely adopted approach in the ML and DL literature [119, 148].

Akaike Information Criteria (AIC) The AIC is a probabilistic model selection criterion that
contrasts with re-sampling strategies like k-fold cross-validation [286, 11]. AIC evaluates models

based on their likelihood function while penalizing model complexity:

AIC = —2log(L) + 2k (4.1)

where L is the likelihood function of the model and k is the number of model parameters.
Models with lower AIC values are considered better in terms of balancing goodness-of-fit and

complexity.
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AIC’s primary advantage lies in its ability to navigate the trade-off between model fit and
complexity. By penalizing models with more parameters, it discourages overfitting and promotes

simpler models. This makes AIC a useful quantitative tool for guiding model selection.

However, AIC relies on the assumption that the true model is within the set of candidates,
which may not always hold. Additionally, like other information criteria, it involves assumptions
about the data and model that may limit its applicability in certain scenarios. For instance, Section

4.3.2 discusses a situation where AIC’s assumptions may not align with practical outcomes.

Compared to k-fold cross-validation, AIC provides a concise, computationally efficient single-
value summary of model quality. While cross-validation directly assesses model performance on
the dataset without assumptions, it is computationally expensive, particularly for complex models

and/or large datasets.

Bayesian Information Criteria (BIC) The BIC is another example of a probabilistic model
selection criteria based on the likelihood function, incorporating a stronger penalty for model

complexity than AIC [286, 269]:

BIC = —2log(L) + klog(n) (4.2)

where L is the likelihood function of the model, k is the number of model parameters and n is
the number of samples in the training dataset. Like AIC, BIC identifies models with lower values

as better, but it adopts a Bayesian perspective, incorporating prior probabilities on the models.

BIC’s main strength lies in its ability to balance model fit and complexity. Compared to AIC,
its stronger penalty for complexity favors simpler models, providing a safeguard against overfitting.
Unlike AIC, which assumes the true model is within the candidate set, BIC selects the model with
the highest approximate posterior probability, allowing for a broader exploration of the model
space. This Bayesian perspective acknowledges that the true model may lie outside the considered
candidates, offering additional flexibility. However, both AIC and BIC share sensitivity to small
sample sizes, with BIC being particularly affected due to the log(n) term in equation (4.2) [127].

This makes BIC more sensitive in the small-sample limit.

Finally, BIC shares the same advantages and disadvantages as AIC when compared to k-fold
cross-validation: a single-value metric that does not require an expensive resampling strategy but

does so at the expense of making several assumptions.
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4.2.5 Performance Evaluation and Comparison

The evaluation and comparison of model performance constitute the final step of AutoSID. Fol-
lowing the model selection phase, the optimal model structure is identified and trained on the
entire training dataset. During this process, the training MSE and training times are recorded.
Subsequently, the model’s performance is evaluated on the unseen test dataset, with the test MSE
documented. All results—including training MSE, testing MSE, total training time, and model

selection time—are archived for further analysis.

The recorded set of results form the basis for analyzing the four key points outlined in Section
4.2.1. The ensuing section of this chapter, Section 4.3, is dedicated to presenting and discussing

the outcomes derived from this analysis.

4.3 Results and Discussion

In this section, we analyze the results generated by AutoSID to address the four main comparison
points outlined in Section 4.2.1. The analysis is conducted in the logical sequence outlined by
AutoSID, as illustrated in Figure 4.3. We begin by examining the problem of model selection in

Sections 4.3.1 and 4.3.2, which correspond to points 1 and 2 in Section 4.2.1.

Subsequently, after identifying the “best” data-driven model structure, we proceed to compare
these models in terms of their test MSE, training time, and performance across the eleven PSE
systems of interest. We also evaluate their performance under varying data availability conditions.

This comparative analysis is detailed in Section 4.3.3, addressing points 3 and 4 in Section 4.2.1.

4.3.1 Model Selection: Model Search

In this section, we provide a detailed comparison of the model search algorithms introduced in
Section 4.2.4.1. Our primary focus is to evaluate these algorithms based on two key criteria: the
performance and quality of the selected data-driven model, measured by the test MSE, and the

efficiency of the model search process, quantified by the model selection time.

This evaluation involves a multi-objective criterion, where the goal is to balance two competing
objectives: achieving the best-performing model while minimizing the time required for the search

process. This trade-off is particularly significant. For example, while grid search, if performed
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exhaustively, theoretically guarantees the discovery of the model with the lowest test MSE, it is

often impractical due to the extensive time required for model selection.

Therefore, this comparison aims to identify the search or hyperparameter optimization algo-
rithm that best balances these objectives, achieving low test MSE while maintaining reasonable

model selection times.

Readers may observe that the performance of a search algorithm in identifying the optimal
model is influenced by the specific selection criteria employed. However, since all algorithms are
evaluated under the same criteria, we argue that any biases introduced by these criteria will average

out, allowing the focus to remain on the intrinsic effectiveness of the search algorithms themselves.

To ensure a fair comparison, we present the results in normalized terms rather than absolute
values, as absolute performance metrics can vary significantly depending on the model type and
dataset. For example, the training time for a transformer model is considerably different from
that of an ARX model. Additionally, to maintain comparability, all model selection algorithms are

constrained to a maximum budget of 200 iterations.

Figure 4.6 presents the results of our comparison. The x-axis represents the normalized model
selection time, while the y-axis indicates the normalized test MSE of the selected models. The
mean performance of each algorithm is highlighted using a colored star-shaped marker, where the
color corresponds to the specific algorithm used. Error bars extending from each marker illustrate

the variance in performance across multiple runs.

To provide a more detailed visual representation of the result distributions, a heatmap is in-
cluded as an underlay on the plot. This heatmap shows the density of results for each algorithm,
with darker regions indicating areas where results are more concentrated and lighter regions rep-

resenting sparser data.

The findings from this comparison reveal several important insights. Firstly, both grid and
random search emerge as the fastest algorithms in terms of model selection time. This efficiency
stems from their simplicity: grid search systematically explores the search space as a grid, while
random search samples it stochastically. However, these methods perform relatively poorly in
selecting the best model, as evidenced by their higher normalized test MSE compared to other

algorithms, with grid search slightly underperforming random search.

Additionally, both algorithms exhibit significant variance in performance, as reflected by the

large vertical error bars in the normalized test MSE. For simpler model structures with smaller
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search spaces, both methods can occasionally achieve excellent results. In contrast, for more
complex model structures with larger search spaces, these methods frequently produce suboptimal

results.

This variance indicates that while grid and random search may sometimes identify effective
models, their success is highly contingent on the nature of the model and the complexity of the
search space. Consequently, both methods often yield inconsistent results, limiting their reliability

in more challenging scenarios.

Secondly, we observe that evolutionary search performs only marginally better than random
search in terms of test MSE, despite requiring significantly more time for model selection. Intu-
itively, the increased computational effort invested in evolutionary search would be expected to
yield a notable improvement in model performance. However, our empirical results reveal that
this expectation is not met in practice. In other words, the trade-off between the time spent on
evolutionary search and the corresponding improvement in test MSE does not justify the additional

computational effort.

It is important to note, however, that our evaluation of evolutionary search methods was limited
to the CMAES algorithm. Other evolutionary algorithms, as suggested by various studies [317,
111, 113], may offer improved performance or a more favourable trade-off between computational
time and model quality. Therefore, while our results highlight the limitations of CMAES, they
do not preclude the possibility that alternative evolutionary search techniques might prove more

competitive under different conditions.

Finally, our results demonstrate that Bayesian optimization stands out as the best-performing
algorithm. It consistently achieves the lowest test MSE on average, with minimal variance in
performance across different runs. While Bayesian optimization requires more time for model
selection compared to grid and random search, the superior quality of the selected models justifies
the additional computational effort. Unlike evolutionary search, Bayesian optimization strikes a
more favourable balance between model performance and efficiency, making it the most effective

approach among the evaluated algorithms.

In summary, our results indicate that Bayesian optimization is the most effective model search
algorithm overall, providing the optimal balance between performance and efficiency. However,
in scenarios where computational resources are limited and efficiency takes precedence, random
search emerges as a practical alternative due to its fast execution. Based on these findings, we

recommend Bayesian optimization for most model selection tasks to achieve superior results, while
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Figure 4.6: Results depicting the performance of grid search (black), random search (blue), evo-
lutionary search (red) and bayesian optimization (green) in terms of the normalized test MSE of
the models selected and the normalized model selection time. Mean results are shown as coloured
starred markers and the variance in the results is shown with error bars. A coloured heatmap
underlays all of the plots to show the density of the results around the mean and variance.

random search can serve as a suitable option under significant computational constraints.

4.3.2 Model Selection: Selection Criteria

While the search algorithm employed for model selection is a critical component, the choice of
the criteria used to evaluate the models is arguably even more pivotal. In this section, we offer a
thorough comparison of different model selection criteria, as detailed in Section 4.2.4.2; through
the lens of our experiments and observations. Our focus is on evaluating how these criteria perform
across varying sample sizes, leveraging both theoretical insights from the literature and empirical

results from our study.

Our investigation is guided by a key insight from the literature: resampling methods, such as
k-fold cross-validation, are are known for being assumption-free and generally robust. However,
these methods are computationally expensive due to the necessity of training models multiple
times. In contrast, information criteria are grounded in statistical theory and offer computational
efficiency but are subject to significant assumptions, particularly the need for a sufficiently large

sample size to produce reliable estimates.

To evaluate this concept, we conduct experiments across a range of models and PSE sys-
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Figure 4.7: Results depicting the performance of 5-fold cross validation (green), AIC (black) and
BIC (red) in terms of the “Number of Times The Best Model Was Selected” by each criterion for
each model and system combination across various sample sizes.

tems, examining the performance of AIC, BIC, and 5-fold cross-validation under varying sample
sizes, specifically N' = 500, 1000, 4000, 8000, 12000, 16000, 20000. For each model and system com-
bination, we use these criteria to select the optimal model structure—i.e., the structure chosen

independently by AIC, BIC, and 5-fold cross-validation.

The selected model structures are then fitted to the training data, and their performance is
evaluated on the test dataset to compute the test MSE. We compare the models chosen by AIC,
BIC, and 5-fold cross-validation to identify which criterion selects the “best model” defined as the
one with the lowest test MSE. The results of these experiments are summarized in Figure 4.7,
which depicts the performance of AIC, BIC, and 5-fold cross-validation across different sample

sizes.

When the training dataset is small, k-fold cross-validation consistently outperforms AIC and
BIC in selecting the model with the lowest test MSE. This observation aligns with the theoret-
ical understanding that information criteria are less reliable with insufficient sample sizes. Since
information criteria rely on asymptotic properties, they require large datasets to produce accu-
rate estimates. In contrast, k-fold cross-validation’s resampling approach does not depend on such

assumptions, enabling it to perform better with limited data.

However, as the sample size increases, Figure 4.7 suggests that information criteria outperform
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k-fold cross-validation in selecting the model with the lowest test MSE. This shift occurs because
the asymptotic properties assumed by AIC and BIC become increasingly valid with larger datasets,

thereby improving their reliability and effectiveness for model selection.

These results are both intriguing and provide empirical support for theoretical findings in the lit-
erature. However, they naturally raise an important question: “How much better are these criteria
compared to one another?” The discrete performance measure depicted in Figure 4.7—specifically,
the “Number of Times the Best Model Was Selected”—offers a limited perspective. While infor-
mative, this metric does not fully capture the magnitude of differences in performance and may

obscure important nuances.

For instance, while Figure 4.7 might suggest that k-fold cross-validation is a suboptimal choice
with large datasets, a closer examination using the normalized test MSE—a continuous measure
of performance—reveals a more nuanced perspective. As illustrated in Figure 4.8, AIC and BIC
do select models with slightly lower test MSEs compared to k-fold cross-validation in the large-
data regime; however, the observed difference is marginal at best. In contrast, in the small-data
regime, this difference becomes much more pronounced, with k-fold cross-validation significantly

outperforming AIC and BIC.

In the context of “big data” the choice of model selection criterion becomes less critical, as
all methods tend to perform similarly well. However, in the small-data regime, the asymptotic
assumptions underlying information criteria often fail to hold empirically, making k-fold cross-
validation a more reliable choice. This observation helps explain the widespread use of resampling
methods like k-fold cross-validation in the ML and DL literature—they are effective across a
wide range of dataset sizes, unlike information criteria, which are only dependable under specific

conditions.

On the other hand, our results suggest that for very large datasets in the context of PSE,
there may be practical advantages to using information criteria. While AIC and BIC provide
only marginal improvements over k-fold cross-validation in terms of test MSE, they eliminate the
computationally intensive process of training the model multiple times. This makes information

criteria a viable and efficient option for managing large-scale data.

In summary, k-fold cross-validation is a robust and effective model selection criterion across
various sample sizes and is generally preferred over information criteria in most scenarios. However,
in the big data regime, where performance differences between selection criteria are minimal,

information criteria offer a more computationally efficient alternative by avoiding the overhead of
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Figure 4.8: Results depicting the performance of 5-fold cross validation (green), AIC (black) and
BIC (red) in terms of the normalized test MSE performance for each model and system combina-
tion depending on which selection criteria was used across various sample sizes. This provides a
continuous measure of performance unlike that outlined in Figure 4.7.

multiple model trainings required by k-fold cross-validation.

4.3.3 Model Performance Comparison

In this section, we present the critical results of our study, focussing on the performance of the
various data-driven models following a rigorous process of model selection as we have shown thus
far. Our analysis provides a comprehensive comparison of these models in terms of accuracy and
training time, considering both small data regimes (500 training samples) and large data regimes
(20000 training samples). This evaluation highlights the strengths and limitations of each model

under different data availability conditions.

4.3.3.1 Model Comparison in the Small Data Regime

We begin our comparison by evaluating model performance in the small data regime, utilizing only
500 training samples against a substantial testing set of 39,500 samples. This scenario represents
a significant prediction challenge, as the limited training data is insufficient to capture the full
dynamics of the systems described in Section 4.2.2. This difficulty is empirically supported by
Figure 4.5.
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Figure 4.9: Heat map indicating the normalized test MSE for all of the models tested against all
of the systems in the small (500 samples) data regime.

Figure 4.9 provides a heatmap illustrating the normalized test MSE for each data-driven model
across various systems (rounded to one decimal place). In this visualization, red indicates high test
MSE (poor performance), while green signifies low test MSE (good performance). On an absolute
scale, all models exhibit relatively poor performance due to the scarcity of training data, leading
to pronounced overfitting. This issue is exemplified in Figure 4.12, which presents the results for

the four-tank system as an illustrative example.

On a relative scale, as shown in Figure 4.9, DL models, ranging from FFNN to transformers,
are particularly affected by overfitting due to their large parameterization and associated suscep-
tibility to limited data. In contrast, simpler models from the system identification literature, such
as state-space and ARMAX models, demonstrate comparatively better performance. Notably,
“moderately” parameterized models, primarily from the ML literature, such as tree ensemble and

tree-partitioned linear models, outperform both DL and traditional system identification models.

This improved performance by classic system identification and ML models can be attributed
to their simpler model structures, which inherently provide a form of “implicit” regularization.
This property helps mitigate overfitting challenges that heavily impact DL models in data-scarce

scenarios.

To further highlight this observation, we rank the models from 1st (best performer in terms

of test MSE) to 12th (worst performer) based on the results in Figure 4.9. Using these rankings,
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Figure 4.10: A ridge plot showing the ranking of the models based on their test MSE for the 500
sample case. (a): Individual models ranked. (b): Models grouped into system identification, ML
or DL categories.

Figure 4.10a presents a ridge plot displaying the mean ranking (black line) and distribution of

rankings for each model, sorted by their mean ranking.

Additionally, we categorize the models into three groups: system identification models (ARX
to ARMAX), ML models (Tree Partitioned Linear to Tree Ensemble), and DL models (FFNN to

Transformer). A similar ridge plot for these groupings is provided in Figure 4.10b.

From these plots, it is evident that in the small data regime, “moderately” parameterized ML
models consistently outperform both traditional system identification and DL models. The top
three performing models—wavelet networks, tree ensembles, and sigmoid networks—all belong to

this category, further emphasizing their effectiveness in data-scarce scenarios.

Transitioning to Figure 4.11, we examine another heatmap that ranks training times from
1st (fastest) to 12th (slowest). The results reveal a notable challenge for DL models, which are
particularly hindered by their reliance on computationally intensive iterative optimization training

algorithms, typically first-order methods, leading to significant training times.

In contrast, simpler models, especially those with linear structures such as ARX, ARMAX, and
state-space models, benefit from relatively straightforward training using (pseudo)linear regression
methods, resulting in much faster training. On the other hand, moderately parameterized models
such as tree ensembles can rely on efficient training algorithms. For instance, recall from Section
4.2.3.5, single-layered sigmoid networks make use of second-order optimization algorithms which

is only possible as they are not over-parameterized like their DL counterparts.

As an illustrative example, we present the training and testing results for the four-tank system in

Figure 4.12. Specifically, we focus on predicting the liquid level in Tank 4 using three representative
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Figure 4.11: Heat map indicating the training time ranking for all of the models tested against all
of the systems in the small (500 samples) data regime.

data-driven models from the system identification, ML, and DL categories to avoid cluttering the
plot. The ARX model from system identification (shown in red), the tree ensemble model from
ML (shown in green), and the transformer model from DL (shown in blue) were selected for this
comparison. Figure 4.12a depicts the training results, while Figure 4.12b shows the testing results,

with the actual dataset represented in black in both figures.

The results clearly highlight the challenges of data-driven modelling with insufficient data. In
Figure 4.12a, all models perform well during training, achieving training MSEs of 2.7 x 1073,
1.1 x 1072, and 6.4 x 10~ for the ARX, tree ensemble, and transformer models, respectively.
However, Figure 4.12b reveals substantial performance degradation during testing, with test MSEs
of 0.032, 0.019, and 0.044 for the ARX, tree ensemble, and transformer models, respectively—up

to a thousand times higher than the training MSE in the case of the transformer.

While the ARX and tree ensemble models fail to accurately reproduce the data, they exhibit
some degree of generalization by capturing similar dynamic behaviours to the true system when
subjected to the same input signals. In contrast, the transformer model, which significantly overfit-
ted the training data, not only demonstrates poor accuracy but also fails to replicate the system’s
expected dynamic behaviour. In some cases, it even exhibits the opposite response to the input
signal compared to the true system, underscoring the severe impact of overfitting in data-scarce

conditions.
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Figure 4.12: In both figures, the black curve represents the data used for training and testing
and the coloured curves indicates the predictions of the respective models (a): Performance of the
models during training. (b): Performance of the models during testing.

Combining insights from Figures 4.9, 4.10, 4.11 and 4.12 we deduce that in the realm of small
data, the adoption of complex, over-parameterized models should be approached with caution, as
they suffer from overfitting and protracted training times. Notably, the simpler system identifi-
cation and ML models, such as tree ensembles, emerge as the optimal choices in the small data
regime, characterized by good to average predictive performance and fast to moderate training

times.

4.3.3.2 Model Comparison in the Big Data Regime

In our final analysis, we evaluate model performance within the big data regime, using 20,000
samples for both training and testing. This setting stands in stark contrast to the small data
scenario discussed in Section 4.3.3.1, as the ample dataset now likely encompasses the full spectrum

of dynamic behaviours exhibited by the considered systems, as empirically validated by Figure 4.5.

Figure 4.13 presents a heatmap of normalized test MSE, revealing a distinct pattern. ML and
DL models, spanning from tree-partitioned linear to transformer models, demonstrate superior
performance in terms of test MSE. Their nonlinear structures allow them to effectively capture

the complex nonlinear dynamics inherent in the systems under consideration.

In contrast, simpler model architectures struggle to perform adequately in this context, except
in scenarios involving elementary systems, such as the second-order system. However, even in these

cases, as depicted on a relative scale in Figure 4.13, simpler models are still the worst performers.

These findings suggest that, in terms of performance alone, if rigorous model selection is per-

formed, then one should opt for ML and DL models in the big data limit.
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Figure 4.13: Heat map indicating the normalized test MSE for all of the models tested against all
of the systems in the big (20000 samples) data regime.

Again, to further emphasize this point, we rank the models as we did previously. This is
depicted in Figure 4.14. Again, Figure 4.14a ranks these models individually while Figure 4.14b
groups these models into their different families. In this case, we start to see the dominance of the
DL models, with 4 out of 5 of them ranking in the top 5. The ML models also still perform well
with their grouped mean performance being similar to the DL models mean performance and with

Tree Ensemble models taking the 3rd place in this case.

However, despite the apparent prowess of DL models, such as transformers, Figure 4.15 high-
lights a significant drawback associated with their use in the big data regime: the substantial
training times they require. In stark contrast, simpler system identification models, such as ARX,
demonstrate rapid training times. However, as evidenced by Figure 4.13, these simpler models are
unable to adequately capture the nonlinear dynamics of the systems under study, limiting their

effectiveness in this context.

Similar to the previous section, we use the four-tank system as an illustrative example, present-
ing the training and testing results in Figure 4.16. This time, we focus on predicting the liquid level
in Tank 1 using the same three models as before. Figure 4.16a displays the training results, while
Figure 4.16b highlights the testing results. In this scenario, the benefits of ML and DL models in
the big data context become evident. Both the tree ensemble and transformer models excel during

training, achieving MSEs of 1.2 x 10™% and 9.6 x 107°, respectively, and they generalize exception-
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Figure 4.15: Heat map indicating the training time ranking for all of the models tested against all
of the systems in the big (20000 samples) data regime.
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Figure 4.16: In both figures, the black curve represents the data used for training and testing
and the coloured curves indicates the predictions of the respective models (a): Performance of the
models during training. (b): Performance of the models during testing.

ally well to the unseen test dataset, with corresponding test MSEs of 1.8 x 1072 and 9.2 x 10~%.
This strong performance is attributed not only to the larger dataset but also to the rigorous model
selection process, which ensures the selection of robust and parsimonious model structures. On
the other hand, the ARX model performs at an adequate to poor level during both training and
testing, with MSEs of 7.3 x 1073 and 4.6 x 1072, respectively. However, unlike the tree ensemble
and transformer models, the ARX model shows a significantly higher test MSE, indicating poor
generalization. The training results, represented by the red curve in Figure 4.16a, are relatively
good but reveal the limitations of ARX models when the system is excited beyond the range for
which these linear-in-parameter models are valid. Consequently, they struggle to capture the sys-
tem’s nonlinear dynamics fully, a challenge that is further exacerbated during testing, leading to
the notably higher test MSE. Indeed, ARX models, like other linear-in-parameter system identifi-
cation models, perform relatively poorly overall in the big data regime (as shown by the heatmap
in Figure 4.13). While they capture the general dynamic behaviour of the system in response to
input excitation, their accuracy is limited to certain ranges where the linearity assumption holds

true.

Again consolidating all sets of results, we realise that a discernible “goldilocks” zone material-
izes: DL models (ranging from FFNN to transformers in Figure 4.13 and 4.15 and as categorised
per Figure 4.14) have excellent predictive capabilities but fall short due to their extensive train-
ing times. Conversely, linear-in-parameter system identification models (from ARX to ARMAX
in Figure 4.13 and 4.15 and as categorised as per Figure 4.14) exhibit rapid training but lack
predictive accuracy. In between these extremes lies a cohort of mostly ML models, ranging from

tree-partitioned linear and tree ensemble models in Figure 4.13 and 4.15 and as categorised as per
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Figure 4.17: A ridge plot showing the ranking of the models based on their test MSE across the
small and big data regime. (a): Individual models ranked. (b): Models grouped into system
identification, ML or DL categories.

Figure 4.14, which strike the fine balance between training efficiency and predictive accuracy.

4.3.3.3 Overall Model Performance Rankings

Our findings from both Section 4.3.3.1 and 4.3.3.2 underscore the efficacy of ML models with
balanced complexity (or what we refer to as “moderately” complex ML models) such as tree
ensembles. They avoid the over-parameterization and complexity of DL models (which makes
them susceptible to long training times in general and overfitting in the small data regime in
particular) while surpassing the predictive capabilities of simpler system identification models. We
clearly demonstrate this by providing an overall ranking of the models based on their performance
across both Sections 4.3.3.1 and 4.3.3.2 as depicted in Figure 4.17. Again, these results show that
“ML Models” on average perform the best across all data regimes considered with the top three
models belonging to this class. On the other hand, while “DL Models” perform well on average,
they have a large variance in their ranking as they perform extremely well in the big data regime

(Figure 4.14) but then perform extremely poorly in the small data regime (Figure 4.10).

We find that our results corroborate recent trends reported within the ML community [91, 275],
where tree ensemble models have been shown to outshine DL models in tabular data settings like
time-series prediction. However, our results go one step further, and show that this trend is
not unique to tree-ensemble models alone but to a number of ML models which strike the balance
between model complexity and efficient training. With that being said, our results also suggest that
in the big data regime, if efficient training is not a concern, then DL models such as transformers

are undoubtedly the best performers in terms of prediction capabilities.
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4.4 Conclusion

In this chapter, we have undertaken a thorough and exhaustive comparison of system identifi-
cation, ML, and DL models for the data-driven modelling of dynamical systems. Leveraging
MLOps-inspired workflows we have systematically explored four key aspects as outlined in Sec-
tion 4.2.1. Our findings shed light on pivotal factors influencing model selection and performance
across varying data regimes. The main takeaway from our chapter is that “trade-offs” are central
throughout the entire modelling framework, from model selection to evaluation. At each stage, it
is essential to first identify what these trade-offs are and then to choose algorithms or models that

balance these trade-offs based on the specific requirements of the task at hand.

Firstly, our investigation underscores the critical role of the search algorithm or hyperparameter
optimization algorithm in model selection. Bayesian optimization, employing TPE, emerges as a
balanced approach, effectively navigating the trade-off between selecting high-performing models

and minimizing computational overhead.

Secondly, we emphasize the significance of model selection criteria in determining the quality
of selected models. Our results indicate that k-fold cross-validation serves as a robust criterion,
demonstrating consistent performance across diverse data regimes. Conversely, while information
criteria falter in the small data regime, they are comparable to k-fold cross-validation in scenarios

with abundant data, offering a computationally efficient alternative if required.

Finally, following a thorough model selection process, we identify ML models with balanced
complexity, such as tree-partitioned linear models and tree ensembles, as the top performers across
all data regimes. These models strike a delicate balance between predictive accuracy and training
time, outperforming both overly simplistic system identification models and overly complex DL
models. While DL models, like transformers, demonstrate exceptional predictive performance
in the big data regime, they entail prolonged training times in general and are are prone to
significant overfitting in small data scenarios. On the other hand, simple linear-in-structure system
identification models prove insufficient in capturing the full nonlinear dynamics of the systems
under study. In contrast, moderately complex models such as single-layered wavelet networks
and tree ensembles offer a compromise, effectively capturing system dynamics while maintaining
computational efficiency. Overall, our findings underscore the nuanced interplay between model
complexity, data regime considerations, and predictive performance, offering valuable insights for

practitioners navigating the realm of dynamical system modelling.
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4.4.1 Critical Reflections, Retrospective, and Forward Outlook

This work required substantial effort not only in developing data-driven models but also in ad-
dressing the often overlooked but critical ancillary components that underpin effective model de-
velopment. These components include data generation, the creation of robust and scalable data
pipelines, and the automation of workflows—collectively forming what is recognized in the machine
learning community as MLOps. Ensuring standardization and automation across these processes
frequently proved to be the deciding factor between achieving well-calibrated models and encoun-
tering poor performance. This highlights the pivotal role of MLOps in bridging the gap between

theoretical model development and practical, reliable deployment.

A key insight gleaned from this project aligns with the adage “less is more”, or the principle of
Occam’s Razor. As evidenced by the benchmarking results, simpler approaches often outperformed
more complex methodologies for the problems at hand. While there are certainly exceptions to this
rule, and trade-offs must always be carefully evaluated, our findings consistently underscored that
simplicity can offer distinct advantages. For practitioners, the choice of method employed should
ultimately reflect the specific trade-offs they prioritize—whether those relate to interpretability
(not explored in this study), computational efficiency, or predictive accuracy. Nonetheless, as a
heuristic, our results strongly support favouring simpler approaches unless there is a compelling

justification for additional complexity.

Looking retrospectively, one area for potential improvement lies in bridging the gap between
modelling and control applications. While this study focussed on evaluating modelling accuracy
and computational efficiency, a critical next step would involve assessing how well these models
integrate into control frameworks such as MPC. For instance, tree-ensemble models emerged as ex-
cellent choices in terms of predictive accuracy and robustness. However, their discrete nature poses
challenges for integration into optimization-based control frameworks like MPC, which depend on
the smoothness of the model for gradient-based optimization algorithms. Exploring how these
models perform in control scenarios and investigating ways to adapt them for such applications

would provide valuable insights for the PSE and system identification communities.

In conclusion, this work highlights the importance of a holistic approach to data-driven mod-
elling—one that not only considers the technical merits of different methods but also emphasizes
the infrastructural and operational foundations required for success. By embracing simplicity and
prioritizing practicality, this study contributes to the broader understanding of how to effectively

benchmark and select models for dynamical systems. Looking forward, extending this work to
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include control applications represents an exciting avenue for future research, with the potential

to deliver insights into the interplay between modelling and real-world decision-making.
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Most systems of practical interest exhibit nonlinear dynamics, which pose significant challenges

for control and optimization due to their inherently complex behaviour. Traditional techniques,

such as linearizing the system around a fixed operating point, are often insufficient for accu-

rately addressing such systems. To overcome these limitations, we propose a novel deep learning

framework that identifies a transformation from a nonlinear dynamical system to an equivalent
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higher-dimensional linear representation. This transformation is derived using data collected from
system identification experiments and effectively reformulates the original nonlinear optimal con-

trol problem into a higher-dimensional linear optimal control problem.

This reformulation offers a powerful simplification by circumventing the difficulties introduced
by nonlinearity. However, it introduces a fundamental trade-off: whether to solve a lower-dimensional
nonlinear optimal control problem or a higher-dimensional linear optimal control problem. This
choice hinges on practical factors, including the dimensionality of the original system, computa-
tional feasibility, and implementation constraints. Importantly, determining when this transfor-
mation provides a net benefit requires a careful assessment of these considerations. By exploiting
the trade-off effectively, the proposed framework can unlock significant improvements in control

design for challenging nonlinear systems.

We demonstrate that the learned linear representation faithfully captures the essential dynamics
of the original nonlinear system across a wide range of operating conditions covered in the training
dataset. Leveraging this learned representation, we show that the resulting linear model can be
used to achieve successful control of the underlying nonlinear system. The efficacy of the proposed
framework is validated through three case studies: a benchmark example from the literature and
two nonlinear dynamical systems from the chemical engineering literature—the CSTR system and

the four-tank system.

The chapter is organized as follows: Section 5.1 introduces the problem and surveys existing
approaches in the literature. Section 5.2 presents the proposed framework in detail, while Section
5.4 evaluates its performance through various case studies. Finally, Section 5.5 offers concluding

remarks and discusses potential directions for future work.

This chapter aligns with the overarching themes of Data-Driven Modelling primarily and Large-
Scale Systems secondarily as depicted by the text “Ch.5: Linearizing Nonlinear Dynamics” in

Figure 5.1.

This chapter is adapted from work published in [4, 5]. Figures in this chapter are reused with

permission under the author’s rights in accordance with Elsevier policies.
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Figure 5.1: A visual representation showing how the current chapter aligns with the overarching
themes of this thesis, highlighted by the text “Ch.5: Linearizing Nonlinear Dynamics.”

5.1 Introduction and Literature Review

The control and optimization of nonlinear systems is a critical task, as most systems of practical
interest exhibit inherently nonlinear behaviour. However, this task remains a formidable chal-
lenge, with no general or scalable solution currently available. Practitioners often have to resort
to ad-hoc approaches that are tailored to specific scenarios, further complicating the process. This
challenge becomes particularly pronounced for large-scale systems, which are frequently encoun-
tered in PSE. Such systems often involve multiscale spatiotemporal phenomena that are difficult
to model accurately [83, 171]. Furthermore, even when a model can be identified, the resulting
structure may be too complex to enable the tractable control and optimization of the system of

interest [239, 19, 193, 44].

In contrast, the study of linear systems is well-established, with the scalable design, analysis,
control, and optimization of such systems thoroughly detailed in the literature [299, 222]. To
leverage these well-developed techniques, one can obtain linear approximations of nonlinear systems
by performing local linearization around an operating point. While this strategy can be effective
for certain systems, it often proves inadequate for systems exhibiting strong nonlinearities or when

the operating point must change significantly, rendering the linear model inaccurate. In such cases,
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a more general approach is required.

An alternative strategy involves considering a coordinate transformation or a change of variables
such that the original nonlinear system is transformed into an equivalent linear representation. This
concept forms the foundation of approaches like feedback linearization, which are used to control

nonlinear systems [48, 81].

Along these lines, there has been renewed interest in the seminal work of Bernard Koopman
on Koopman operator theory [149, 201, 200]. At its core, Koopman operator theory enables a
nonlinear system to be represented as an infinite-dimensional linear system. This is accomplished
by applying transformations to the original system variables such that the dynamics of the system
become linear in the new variables. A more detailed discussion of this approach is provided in

Section 5.2.

It could be argued that Koopman operator theory does not entirely solve the original problem,
as it essentially trades nonlinearity for infinite dimensionality. However, with the advent of more
powerful data-driven methods in machine learning and system identification, it has become pos-
sible to obtain finite-dimensional approximations of the infinite-dimensional linear representation.
Notably, DMD was proposed and further developed by Rowley et al. [257] and Schmid [266] as a

method to compute these finite-dimensional approximations.

As a result, DMD, and by extension Koopman operator theory, has been applied with great
success across a wide range of disciplines underpinned by nonlinear dynamics, including fluid

mechanics, neuroscience, and beyond [49, 267].

Despite its success, DMD is limited to linear transformations of the original system variables,
which restricts its applicability to many nonlinear systems of interest [139]. To address this lim-
itation and enable a richer set of transformations, numerous alternative approaches have been
proposed, including the use of kernel functions, neural networks, and other data-driven methods

[311, 178, 189).

Moreover, Koopman operator theory, in its original formulation, does not account for the
effects of inputs and control on the nonlinear system. However, significant advances in recent years
have extended Koopman operator theory to incorporate input dynamics and the resulting control
actions [239, 139, 238, 164]. These extensions make it possible to represent complex nonlinear
systems using finite-dimensional linear approximations, which can subsequently be leveraged for

tractable control of the system.
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Indeed, some of these recent developments have been successfully applied to solve a variety of

PSE control problems [213, 214].

In this chapter, we propose a deep learning framework to discover a transformation of a non-
linear system into an equivalent higher-dimensional linear system. While neural networks have
previously been employed for the linearization of nonlinear dynamics [178, 163, 288, 224, 321],
these works have predominantly focused on unforced systems, i.e., nonlinear dynamics without
control inputs. Consequently, prior studies utilizing neural networks have not leveraged the re-
sulting learned linear models for control purposes. The reasons for this limitation are discussed in

detail in Section 5.3.2.

The novelty of our work lies in extending the insights of Kaiser et al. [139] to show that nonlinear
control-affine systems—featuring a linear control term—can be effectively linearized using neural
networks. Crucially, we use the resulting learned linear representations to solve practical control
problems, bridging a gap not addressed in prior research. To the best of our knowledge, our
original paper was the first study to employ neural networks for the linearization of nonlinear
dynamics with control inputs and to successfully leverage the learned linear models for control
design. Notably, subsequent developments have since built upon our work, further advancing this

promising approach [333, 336, 265].

In the proposed framework, the neural network serves as a parameterization of the function
space over which the transformation is searched, enabling the formulation of a tractable opti-
mization problem. Both forward and backpropagation are leveraged to relate the original system
dynamics to the transformed dynamics, using the chain rule to approximate the Jacobian of the
transformation. Furthermore, the inherent structure of neural networks—through their collec-
tion of activation functions—allows for a broader class of transformations of the original system

variables to be explored compared to traditional methods.

Through simulation results, we demonstrate that the learned linear representations can accu-
rately capture the dynamics of the original system across a wider range of operating conditions
than is achievable with standard linearization techniques. Additionally, we show that these lin-
ear representations can be successfully employed to design controllers that effectively control the

original nonlinear system.

This chapter is outlined as follows: In Section 5.2, a brief background on Koopman operator
theory is provided. This is followed by an introduction to the proposed deep learning framework in

Section 5.3. Finally, the proposed method is applied to three examples in Section 5.4: a commonly
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cited example from the literature and two more practical, complex examples in the form of a
CSTR and the four-tank system. Challenges and future directions of the proposed approach are

also discussed in Section 5.4. Finally, the chapter is concluded in Section 5.5.

5.2 Background and Methodology

In this section, a brief background on Koopman operator theory is provided. For a more thorough

theoretical treatment, the reader is directed to the works of [239, 200, 139].

5.2.1 Koopman Operator Theory

To demonstrate the action of the Koopman operator, we start by considering a discrete-time

nonlinear dynamical system defined by:

Xk+1 — F(Xk) (51)

where xj11,X; € R™ while F : R"» — R™ defines an update to advance the state forward one

step from xj to Xp41-

In his seminal paper, Koopman defined a set of “measurement” functions or transformations
of the original state variables defined by g : R™* — R. By doing so, he demonstrated that there
exists an infinite dimensional linear operator, the Koopman operator, K, which acts on this set of

measurement functions to advance the measurements linearly in time:

9(F(xx)) = Kg(xk)
(5.2)

9(xXk11) = Kg(xx)

As discussed in Section 5.1, while the Koopman operator is inherently linear, it is also infinite-
dimensional, necessitating the use of approaches such as DMD to obtain a finite-dimensional ap-
proximation. In this chapter, we demonstrate how this approximation can be achieved using deep

learning, which will be the focus of the next section.
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5.3 Problem Formulation

In this section, we will introduce the proposed deep learning framework. In Section 5.3.1, we
begin by formulating the problem for the case of nonlinear dynamics without inputs. This is
then extended in Section 5.3.2 to systems with exogenous inputs. Finally, in Section 5.3.3, we
demonstrate how the learned linear representation from Section 5.3.2 can be leveraged to solve the

optimal control problem, enabling control of the original nonlinear system.

5.3.1 Nonlinear Systems

Consider a nonlinear dynamical system defined by:

dx
i f(x) (5.3)

where x € R™ and f: R" — R™. As per the discussions of Section 5.2, we wish to seek a

transformation defined by:

¢ :R" — R™ (5.4)

where n, is the dimension of the original system and n, is the dimension of the new transformed

system where n, > n,. Additionally, we define the new state variable after the transformation as:

2= $(x) (5.5)

where z € R™=. From the chain rule, the relationship between the new state, z, and the original

state, x, can be defined:

dz dx

*Jz(x)a

= (5.6)

where J,(x) € R"#*"= ig the Jacobian matrix of the transformation, ¢. Crucially, we seek to satisfy

the condition that the dynamics of the new state z are linear in z:
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where A € R"=*"=_ Combining equations (5.6) and (5.7) defines a system of partial differential

equations for the the transformation z = ¢(x):

Jz(x)% = Az (5.8)

In general, equation (5.8) defines an underdetermined system of n, equations with n. unknown
transformations and n, - n, unknown coefficients in matrix A. While closed-form solutions can
be directly obtained for specific special cases, a general solution to equation (5.8) is not always

feasible through direct methods.

An alternative approach is to reformulate equation (5.8) as an optimization problem, which
can be solved using data collected from the system. Specifically, the objective function is defined

as the squared Euclidean norm of the difference between equations (5.6) and (5.7):

2

dx
J= 13,0 A 5.9
0%y - a (59)
where J € R and || - |[|2 : R" — R. Recalling equation (5.5), the unconstrained optimization

problem can then be defined as an optimization over functions, ¢, and parameters in matrix A:

min J¢(x)% —Ap(x)

.1
iy (5.10)

2
2

However, for most practical problems of interest, optimization over function spaces is generally
intractable. As a result, an alternative approach is to parameterize the function space or employ
a set of basis functions to generate the desired function space [264]. This is the approach adopted
in this work. Specifically, neural networks provide a natural parametrization of functions, where
the collection of activation functions enables the construction of complex function approximations,

and the network’s weights serve as the parameters.

Consequently, we use a neural network to parameterize the transformation defined in equation

(5.4), which is formalized as follows:

z=¢(x) = N(x;p) (5.11)

where p € R™ is the vector of neural network parameters and n,, is the total number of parameters

in the network. N : R”* x R™ — R" defines the neural network which transforms the original
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state, x, to the new state, z, given parameters, p. As a result, the optimization problem defined in
equation (5.10) can be reformulated into a tractable form as an optimization purely over parameters

alone:

2
JN(X)g — AN(x;p)

= (5.12)

min
p,A

2

It should be noted that the idea of using neural networks to solve differential equations, such
as equation (5.8), is not new. It was first introduced by [156] and later popularized by Physics-
Informed Neural Networks in the work of [246]. However, solving such equations remains an
unconventional application of neural networks. Consequently, stability issues can arise during

training, as documented in the literature [305].

For instance, equation (5.12) is trivially minimized by the solution, p = 0 and A = 0,_x,.-
To address such issues, and inspired by the work of [178], we introduce an additional term to the
objective function, re-framing the problem as a regression task for the neural network. Specifically,
this additional term defines a “decoder” network, which performs the inverse transformation from
the new state, z, back to a reconstruction of the original state, x, denoted as X [122]. This can be

expressed as:

X = D(z;q) (5.13)

where q € R"¢ is the vector of decoder network parameters and n, is the total number of weights
in the network. D : R™ x R™ — R™ defines the decoder network which transforms the new
lifted state, z, to a reconstruction of the original state, X, given parameters, q. This results in the

additional objective term defined in equation (5.14):

Jdecoder = HX - i”; (514)

Notice that the trivial solution aforementioned, would now result in a non-zero value for equa-
tion (5.14). Consequently, the overall objective function can be altered to be a weighted sum of

the two terms giving the optimization problem defined in equation (5.15):

2
+ A x -3 (5.15)
2

dx
i == _ AN(x:
min i (x;p)

In(x)
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where A defines a scalar weighting factor applied to the decoder loss and q appears in the optimiza-
tion problem through the decoder terms defined by equations (5.13) and (5.14). Consequently, the

optimization problem is solved as per Pseudocode 4.

It should be noted that in step 5 of the algorithm, a second-order optimization method (using
TIPOPT) is employed to solve the optimization problem. This choice may seem unconventional, as
second-order optimization methods are not typically used for training neural networks. However,
we observed that standard training algorithms, which rely solely on first-order information, often
resulted in excessively long training times and suboptimal solutions, where the training error would

plateau due to local minima.

To mitigate these issues, we opted for second-order optimization methods, which proved to be
effective. Naturally, the use of second-order methods introduces challenges related to computational
feasibility, particularly for large neural network architectures. These challenges are discussed in
detail in Sections 5.4.3 and 5.4.5. Nevertheless, for the case studies presented in Section 5.4, the

use of large network structures was not necessary, which largely alleviated these concerns.

Pseudocode 4 Algorithm for solving equation (5.15)

Input: initial weighting factor A;,tiqi; decay rate v > 1
Output: optimal parameters © = (p, A, q)
i A 4 Ainstial
2: Initialize parameters as vectors/matrix sampled from standard normal distribution: p ~
N(0,1) e R™; A ~ N(0,1) € R*=*"=; q ~ N(0,1) € R"
3: © + (p,A,q)
: Whi}e termination criteria not met do ) ,
© « argmin [In(x) G — ANGp)|[, + A lx - X5

U

0+« 6
A Ay
: end while
: return ©

A brief summary of the most important steps is presented here:

Step 1: The weighting factor, A, applied to the decoder term in equation (5.15), is initialized

with a large weight, \initial-

Step 4: A while loop is initiated until one of the termination criteria are satisfied. That is,
either the optimal parameters between iterations are similar, where similarity is measured with a

Euclidean distance metric, or the maximum number of iterations are exceeded.

Step 5: Equation (5.15) is solved either to local optimality or until the maximum number of

optimization iterations are exceeded. The optimal parameters are assigned to the variable, 6. The
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Decoder A
h— X
Network
Lifting
X — —> z = N(x;p)
Network ,
3 .
\‘~ "0
~’~.________.—" A — A7z
Backward Step:
JN(X)

Figure 5.2: Schematic diagram of the proposed deep learning framework. The original state, x, is
transformed via the lifting neural network to obtain the new state, z, which is then subjected to
a linear transformation by the matrix A. The Jacobian matrix of the transformation, Jy(x), can
be obtained via a backward step through the lifting network. Finally, a decoder network is used
to transform the new state, z, back to a reconstruction of the original state, X.

optimization problem for the examples considered in this chapter were solved using IPOPT [315].

Step 6: Provided the first termination criteria is not satisfied i.e. the optimal parameters

between iterations are not similar, then the current set of optimal parameters are updated.

Step 7: The weighting factor, A, is divided by the decay rate parameter, ~.

While the details aforementioned are important to consider, in general, the objective of the pro-
posed framework is to solve the optimization problem formulated in equation (5.12). Consequently,
the rest of the chapter will proceed with this implicit understanding in mind. For reference, Figure

5.2 provides a visualization of the entire set-up.

With the optimization problem formulated as equation (5.12), we can now proceed to solve it

using data obtained from the system. This involves collecting measurements of the original state,

dx

x, and its time derivative, ¢}, over time.

Each term in the objective function defined in equation (5.12) can then be computed: N(x;p)
is obtained through a forward pass of the network, while the Jacobian term, Jn(x), is calculated

via a backward step through the network using reverse-mode automatic differentiation.

This process is repeated for each sample in the dataset, resulting in the final optimization prob-
lem expressed in equation (5.16), where N is the number of samples collected and the superscript

defines the ith sample.
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(5.16)

In cases where direct measurements of the time derivative are infeasible, it can instead be
approximated from measurements of x. For noisy measurements, total variation regularization
provides an effective approximation of the derivative, as discussed in [52] and is the method em-

ployed in this work.

It is important to note that data from the system is required prior to solving the optimization
problem. The choice of sampling points for this process depends entirely on the model’s require-
ments. As will be elaborated in Section 5.4, the advantage enjoyed by the proposed approach over
standard linearization methods lies in its flexibility: the valid range of linearization is determined
solely by the training data. Consequently, the selected training data should accurately reflect the

desired range of linearization for the model.

However, as will be discussed in Section 5.4.4, while this flexibility is advantageous, it presents
challenges for higher-dimensional problems, where the range of linearization is not entirely “free”

for the user to choose.

Furthermore, for a truly data-driven approach—where data is obtained directly from system
measurements—several practical issues related to measured data must be addressed (disturbances,
noise, etc). However, the focus of this chapter is on the core problem: leveraging neural networks to
compute nonlinear transformations. Addressing the additional complexities of a fully data-driven

approach is left for future work and is currently beyond the scope of this chapter.

For the examples considered in Section 5.4 of this chapter, all data was collected directly from

simulation results.

5.3.2 Nonlinear Systems with Inputs

Thus far, we have considered nonlinear systems without any external inputs acting on them. In this
section, we extend the discussion to nonlinear systems with exogenous inputs, focusing specifically
on control-affine systems with a linear control term. We restrict our attention to systems of this
form because the decoupling of states and inputs allows us to focus solely on transformations of
the states, as explained in [139]. It is worth noting that the examples presented in Section 5.4 are

confined to these types of control-affine systems for this very reason.
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A control-affine system with a linear control term is defined as below:

% = f(x) + Bu (5.17)
where x € R™ u € R"™, B € R™*" and f: R"™ — R". As dicussed in [139], due to the

decoupling of the states and inputs, we can now restrict ourselves to finding a transformation of

the states alone:

¢ :R"™ — R"™ (5.18)

where, as before, n, is the dimension of the original system and n, is the dimension of the new

transformed system where n, > n,. We define the new state variable as before:

z = p(x) (5.19)

Applying the chain rule, we recover:

dz dx

where all variables are defined as they were previously. As in Section 5.3.1, we wish to satisfy the

condition that the new state dynamics are linear:

dz

— =A 5.21
at -~ °° (5:21)

By expanding equation (5.20) through substitution of equation (5.17) for the time derivative

term, and accounting for the condition we wish to satisfy via equation (5.21) we obtain:

d

£ = Az + J,(x)Bu (5.22)
Notice that equation (5.22) is, in general, not jointly linear in the inputs and states due to the

Jacobian term, J,(x), which may be state dependent. Although the resulting system is not fully

linear, as discussed in [139], the state-dependent control term, J,(x)B, does not pose any major

issues with regards to applying linear control. This is discussed in more detail in Section 5.3.3,
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where we explain how equation (5.22) can be used to solve the optimal control problem to control

the original nonlinear dynamical system, equation (5.17).

As per Section 5.3.1, we can combine equations (5.20) and (5.22) and once again solve the
problem of discovering transformations of the form of equation (5.18) as an optimization problem.
As before, we parameterize the transformation using a neural network, as per equation (5.11),

which allows us to define the following optimization problem:

dx 2

JN(X)E — AN(x;p) — In(x)Bu

min

niy (5.23)

2

As explained in Section 5.3.1, the optimization problem can now be solved provided that data
measured from the system is available. In the case of equation (5.23), additional data in the form
of the input measurements, u, through time is necessary. This gives the final optimization problem

defined over the entire dataset:

2

()
. dx . . )
In(x®) (dt) — AN(x@; p) — In(xD)Bu® (5.24)

N
min g
A
P2 0

where N is the number of samples collected and the superscript defines the ith sample. Addition-

2

ally, for the same reasons as discussed in Section 5.3.1, a decoder network is required and as such
Algorithm 4 is again used to solve equation (5.24), only with the new optimization problem re-
placing step 5 of the algorithm. Specifically, it should be noted that although the decoder network
is again used for the same reasons as mentioned before, it is not explicitly included in equation

(5.24) for notational convenience and to avoid unneeded repetition.

5.3.3 Solving the Optimal Control Problem

In this section, we discuss how the optimal control problem can be solved for nonlinear dynamical
systems of the form given in equation (5.17), leveraging the learned linear representation in equation

(5.22). This approach is primarily based on the work of [139].

As highlighted in Section 5.3.2, the learned transformation from the proposed framework—i.e.,
equation (5.22) is not necessarily jointly linear in both the inputs and states due to the potentially
state-dependent control term, J,(x)B. As this term may be state-dependent, then linear optimal

control cannot be applied directly as the potential nonlinearity introduced by this term must be
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accounted for. In contrast, if the learned transformation resulted in a fully linear system, a closed-
form solution to the optimal control problem would exist. Specifically, the optimal control law can
be determined by solving the Riccati equation for the optimal gain matrix, K € R™«*"= which

gives:

u=—-Kz (5.25)

This is referred to as the Linear Quadratic Regulator (LQR) [222]. Consequently, the optimal
control law, as expressed in equation (5.25), can be directly applied to the original system if a fully

linear representation exists.

However, as discussed earlier, the discovered transformation in the current work leads to a
model of the form given in equation (5.22), which is not necessarily fully linear due to the state-
dependent control term. For systems of this form, a common extension of the linear optimal control
problem is to solve the state-dependent Riccati equation. This approach is equivalent to re-solving

the Riccati equation online at each time step.

While the state-dependent Riccati equation is an approximation of the linear optimal control
problem, it provides a practical trade-off: it simplifies the problem relative to solving a fully
nonlinear optimal control problem, albeit at the cost of being more complex than solving a linear
problem. This trade-off is often satisfactory, as demonstrated by [139], and is the approach adopted

in the current work for solving the optimal control problems presented in Section 5.4.

It is worth noting, however, that the suitability of this approach ultimately depends on the
specific use case. For large-scale systems, one must carefully evaluate whether solving a higher-
dimensional linear optimal control problem via the state-dependent Riccati equation is preferable

to solving the full nonlinear optimal control problem directly.

For a more detailed discussion on the state-dependent Riccati equation, readers are referred to

[139] and [216].

In this case, as discussed by the authors of [139], by solving the state-dependent Riccati equation

the resulting control law may be interpreted as a gain-scheduled controller:

u=-K(z)z (5.26)

where in this case, the gain matrix is a function of the state, K : R?= — R™ x R™=. The control
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law, equation 5.26, is then applied directly to the original system. Notice that the control law is
linear in the new state, z, but nonlinear in the original state, x, given the transformation imposed

by the neural network, z = N(x; p).

It is important to note that when solving the optimal control problem for the transformed
system representation, the reference being tracked in the new system must correspond to the
desired reference in the original system. In the proposed framework, this can be achieved by
passing the original reference through the network: zyef = N(Xypef; p). This subtle but critical point

is highlighted again in Section 5.4.

Finally, it is worth noting that the handling of constraints in the proposed framework has not
been explicitly addressed. One of the significant advantages of optimal control lies in its ability
to incorporate constraints directly into the controller design. In particular, MPC is ubiquitous
as an advanced process control method, especially in the chemical and process industries, where
handling constraints is essential to ensure economic, safety, and environmental requirements are

met.

The inclusion of constraints in an optimal control problem based on the Koopman operator
remains an important and open research challenge, with various approaches proposed in the lit-
erature. The review paper by Brunton et al. provides an extensive discussion of these methods
[63]. Among these, a prominent and highly cited approach is presented by Korda and Mezic [150],
where an MPC scheme is proposed that can handle linear inequality constraints on the inputs as
well as general nonlinear constraints on the states. In their work, however, the nonlinear trans-
formations are computed using Extended Dynamic Mode Decomposition (EDMD) rather than
neural networks, as explored in this work. Due to these challenges, the handling of constraints for
the proposed approach is not a trivial task. Although the work of [150] certainly hints at poten-
tially compatible means by which this could be achieved via inclusion of the nonlinear constraints
amongst the lifted functions. A simpler, alternative approach would be to handle constraints
“softly” by incorporating them via a penalty function. However, the primary focus of the cur-
rent work is on the use of neural networks to compute the nonlinear transformations rather than
addressing constraint handling in the optimal control problem. Consequently, the explicit treat-
ment of constraints has not been considered here, but this remains an important avenue for future

research.
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5.4 Results and Discussion

In this section, we apply the proposed deep learning framework discussed in Section 5.3.2 to
three examples. In Section 5.4.1, we examine a commonly cited example from the literature to
enable direct comparison with previous works [239, 139]. In Section 5.4.2, we explore a practical
nonlinear chemical engineering dynamical system: the CSTR system. In Section 5.4.3, we extend
the application of the framework to another nonlinear chemical engineering case study, the four-
tank system. Additionally, in Section 5.4.4, we address some of the challenges posed by the deep
learning framework, such as overfitting and the curse of dimensionality. Finally, in Section 5.4.5,
we summarize potential future research directions in light of the challenges discussed throughout

this section.

5.4.1 An Example from the Literature

Consider the two state control-affine system defined below:

L= pn (5.27)

iy = Mag —23) +u

We seek a transformation of state x, such that we satisfy equation (5.22). Before applying the
deep learning framework to solve this problem, we note that a closed form solution exists for this

system. Specifically, by defining the below transformation:

21 =21
zZ9 = T2 (528)

One can easily verify that the dynamics of the new state, z, satisfy equation (5.22):

21 12 0 0 21 0
Sl =10 A =X |z2|+ [1]| v (5.29)
23 0 0 2u| |23 0

————

A J,(x)B
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Notice that, in this specific case, due to the defined transformations in equation (5.28), the
control term, J,(x)B, in equation (5.29) is not state-dependent. Therefore, equation (5.29) defines

a fully linear system and the optimal control problem amounts to solving the LQR problem.

In the proposed deep learning framework, the transformation, ¢, is learned directly from data
and is thus inherently dependent on the neural network. Consequently, it is unlikely that the control
term will be state-independent. One of the major challenges associated with this approach—and
an important area for future investigation—is the issue of overfitting. This challenge is common

across all data-driven methods for approximating the Koopman operator [139].

Specifically, in the case of deep learning frameworks, the use of highly parametric models
increases the risk of overfitting, where spurious patterns or noise from the data may be inadvertently
learned. While the dynamics of the original system can still satisfy equation (5.20), this condition
can often be met through many possible transformations and corresponding A matrices, provided
that the objective function is minimized within the range of the training data. As a result, the
learned transformation may be valid only within the training data range but fail to generalize
outside of this range. This limitation will be demonstrated in Sections 5.4.2, 5.4.3, and 5.4.4. Thus,
validation of the learned transformation is a critical step in ensuring robustness and generalization.

This issue has been extensively discussed in other data-driven Koopman approaches [139)].

For the proposed deep learning framework, this is no different and overfitting can be miti-
gated through various strategies, including increasing the amount of training data, applying cross-
validation, and employing general regularization techniques [77]. As will be demonstrated by the
results presented throughout this section, the learned model remains valid as long as it is used
within the bounds of the training data. In this respect, the proposed framework can be viewed as
learning a linearized model, expressed in the form of equation (5.22), which offers a broader range
of validity compared to models linearized through standard methods. Therefore, in this work, we
ensure that the data used for training encompasses a broad range such that the resulting model
is valid within the bounds of the training data. These ideas are further explored and critically

analyzed in Section 5.4.4.

We now apply the deep learning framework to the system defined in equation (5.27). The
objective is to find a transformation of the original system which results in a system of the form
of equation (5.22). By identifying such a system, we will solve the optimal control problem, as
discussed in Section 5.3.3, to regulate the states to the origin. Note that for the simulations

performed in this chapter, state one, x1, was chosen to be a stable state with y = —0.1, while state
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two, xo, was defined to be unstable with A = 1. Similar to the exact solution defined in equation
(5.28), we fix the dimension of the new system to three; that is, the number of output nodes in
the lifting network’s output layer is set to three. Since the objective is to control the states r; and
T2, we specify that the first two states of the new system are identical to the original states, i.e.,
z1 = x1 and 2z = xo. The final state, z3, is allowed to be freely determined by the neural network.
However, it is worth noting that this is not strictly necessary, and all states can instead be chosen

freely by the network.

In cases where no prior information is available and all states are freely determined by the neural
network, it becomes crucial to ensure that the reference being tracked in the new system aligns
with the desired reference in the original system, as discussed in Section 5.3.3. This alignment can

be achieved by passing the original reference through the network: zpef = N(Xyef; P)-

Finally, for this case study, we leverage insights from the analytical solution to facilitate a close
comparison with the benchmark solution. More general case studies, which relax these assumptions,

are presented in Sections 5.4.2 and 5.4.3.

Data was collected from equation (5.27) following a procedure similar to that described by the
authors in [139]. In summary, a total of 289 simulations were performed by initializing the system
with initial conditions defined within the region (z1, z2) € [-8, 8] x [—8,8]. The initial conditions
were equally spaced on the integers, and the system was controlled to the origin for each trajectory.

This dataset is visualized in Figure 5.12 as the yellow cuboid.

The collected data was then used to solve the optimization problem defined in equation (5.24)
using the previously described training algorithm. As discussed in Section 5.3.1, second-order
optimization methods were employed to train the neural network, which necessitated the use of
smaller network architectures to ensure computational tractability (further details can be found
in Section 5.4.5). In this case, both the lifting network and the decoder network employed a
neural network architecture with 2 hidden layers, each containing 3 nodes, and the tanh activation
function or all nodes. The input layer of the lifting network consisted of 2 nodes corresponding to
the number of states of the original system, while its output layer (and the corresponding input
layer of the decoder network) contained 3 nodes representing the number of states in the new
system. Finally, the output layer of the decoder network consisted of 2 nodes corresponding to the
original system states. At the end of training, an overall error of 0.057 was achieved. Figure 5.3

displays the objective function value on a logarithmic scale over the course of training.

Additionally, Figure 5.4 shows the results of the optimization for a given training trajectory. The
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Figure 5.3: Plot of the objective function value vs. optimization iterations on a log-scale. The
loss quickly decreases to a final value of 0.057. This level of performance was only possible when
using second-order optimization methods as opposed to the first-order methods commonly used
for training for the reasons as discussed in Section 5.3.1.

black curves represent the exact time derivative calculated from the chain rule i.e. % = Jz(x)%7
while the red dashed curves are the results of the linear approximation i.e. % = Az + J,(x)Bu.

It will be noticed that these are in good agreement indicating that a successful model has been
identified within the bounds of the training data. The results for the rest of the data were similar

and this is discussed in further detail in Section 5.4.4.

The resulting system, in the form of equation (5.22), was utilized to solve the optimal control
problem to drive the states to the origin from an initial condition of (z1,z3) = (5,5). The results
are presented in Figure 5.5 for the unstable state, x5, and the control input, u. In these figures, the
red line represents the performance of a controller designed using a model linearized around the
origin via standard methods. For comparison, Dynamic Mode Decomposition with control (DMDc)
was also employed without truncation of the singular values, using the same simulation dataset and
identical setup as the proposed framework. DMDc was implemented using PyDMD, which follows
the algorithm detailed in [238]. The results of this controller are shown by the blue dashed line.
The black line corresponds to the results obtained using the exact solution, defined in equation
(5.29), while the green dashed line represents the performance of the controller designed using the
model from the proposed deep learning framework. It is evident that the proposed framework
(green dashed line) performs equivalently to the exact solution (black line), effectively and tightly

controlling the states to the origin. In contrast, the controller based on the standard linearized
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Figure 5.4: Results of the optimization showing a comparison between the exact time derivative

calculated via the chain rule (black line) i.e. §¢ = J,(x) and the linear approximation (red
dashed line) i.e. $ = Az +J,(x)Bu.

model (red line) exhibits poor and sluggish performance, as this model is only valid in a small
neighbourhood around the origin. While the controller designed using the DMDc model (blue
dashed line) demonstrates better performance compared to the standard linearization approach,
the results clearly show that the proposed deep learning framework (green dashed line) outperforms
DMDec. As discussed in Section 5.1, this superior performance stems from the fact that DMD relies
solely on linear transformations of the original system variables. In contrast, the proposed deep
learning framework is capable of learning nonlinear transformations, allowing for a more accurate

and flexible representation of the system dynamics.

While these results are indeed promising, it is important to emphasize that they are valid only
within the bounds of the training data. The consequences of operating outside this range have
not yet been explored and are discussed in greater detail in Section 5.4.4. To illustrate this point
further, it is worth noting that the learned A matrix, which is valid only within the bounds of the
training data and shown in equation (5.30), differs noticeably from the exact A matrix in equation

(5.29), which is valid for the whole domain.

Despite this discrepancy, the proposed deep learning framework successfully learns a linearized
model with a significantly larger range of validity compared to the model obtained through standard

linearization methods.
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Figure 5.5: Results of optimal control applied to the full nonlinear system with the controller
designed using a model obtained by standard linearization (red line), DMDc (blue dashed line),
the exact solution (black line) from equation (5.29) and from the deep learning framework (green
dashed line).
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5.4.2 The Continuous Stirred Tank Reactor (CSTR)

In this section, we apply the proposed deep learning framework to a CSTR example. We restrict

ourselves to the single state control-affine system defined below:

dT AHp, -Ea UA
E_V(Ti_T)_ C,) ke BT CA+m(Tc_T) (5.31)

where T is the temperature of the reactor and the only state of the system while T, represents
the cooling water temperature which is the control input to the system. All other variables are
treated as fixed parameters with their values defined in Table 5.1. Data for the system was collected
by simulating equation (5.31). The process began by identifying a fixed point for the system where
dT

G = 0, yielding steady-state values for the reactor temperature and cooling water temperature,
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Parameter  Value Units

q 100 m? /s
|4 100 m?
P 1000 kg/m®
c, 0239 J/kgK
AHp 5ed J/mol
La 8750 K
k 7.2e10 1/s
UA 3ed  W/K
Ca 1 mol/m?
T; 350 K

Table 5.1: Table of parameter values used for equation 5.31.

denoted as Tis and T 5, respectively. These values were T, = 319.8K and T¢ ss = 280K.

To generate a diverse dataset within the training data range, the system was simulated using
a series of random step inputs for the cooling water temperature, bounded between 270K and
285K. The resulting reactor temperature data and its time derivative were recorded throughout
the simulation. This dataset was subsequently used to solve the optimization problem defined in

equation (5.24).

For this case, a neural network architecture with 2 hidden layers, each consisting of 3 nodes, and
the tanh activation function for all nodes was employed for both the lifting network and the decoder
network. Unlike the case study in Section 5.4.1, where an analytical solution exists, the number
of new system dimensions for the CSTR system is not known a priori. Therefore, the appropriate
number of new system dimensions (and consequently the number of output layer nodes in the lifting
network or input layer nodes in the decoder network) was determined empirically by varying this
value between two and five. All choices produced adequate results, with the largest training error
being 0.122 when the number of new system dimensions was two. From a computational efficiency
perspective, the optimal choice for the new system dimensions is the minimum value that produces

sufficient accuracy.

To assess the quality of the learned models, the new system representations, in the form of
equation (5.22), were simulated for various random step inputs while remaining within the bounds
of the training data (i.e., the cooling water temperature was bounded between 270K and 285K).
Figure 5.6 presents the results of these simulations for a single example where the new system
dimension was three. It is worth noting that similar results were observed across all tested cases

of lifted dimensions.

In Figure 5.6, the black line represents the simulation results of the full nonlinear model,
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Figure 5.6: Simulation results of the full nonlinear model (black line), the model obtained from the
deep learning framework (green dashed line) and the model obtained from standard linearization
around the fixed point (red line) when the system was perturbed with random step inputs within
the training range.

defined in equation (5.31), while the green dashed line corresponds to the results obtained from the
model learned by the deep learning framework. As demonstrated, the learned linear representation

accurately captures the dynamics of the original nonlinear system.

For comparison, the CSTR model was also linearized using standard methods around the fixed
point, (T, T¢ s5), and subsequently simulated under the same step inputs. The results from this
linearized model are shown by the red line. It is evident that the standard linearized model
performs poorly when the system operates far from the linearization point, (Tss, Tt ss), resulting

in significant deviations from the full nonlinear system dynamics.

In addition, Figure 5.7 presents the results when the same system was subjected to new random
step inputs that exceeded the bounds of the training data. Specifically, the lower bound of the
cooling water temperature was extended to 230K, while the upper bound remained fixed at 285K.
In this scenario, it is evident that the learned linear representation generated by the deep learning
framework (green dashed line) fails to accurately capture the dynamics of the original system (black

line) outside the training range.

In the final set of numerical experiments, the learned linear representations and the standard
linearized model were used to design controllers to track the set-point: Ty, = T, — 10, with the

initial conditions starting at the fixed point, (Tss,T¢ ss). The set-point was chosen to be within
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Figure 5.7: Simulation results of the full nonlinear model (black line), the model obtained from the
deep learning framework (green dashed line) and the model obtained from standard linearization
around the fixed point (red line) when the system was perturbed with random step inputs which
were allowed to exceed the training range.

the range of the training data, however, it is far away from the point where the linearized model

is valid as demonstrated by Figure 5.6 and Figure 5.7.

As shown in Figure 5.8, the controller designed using the learned linear representation (green
line) successfully regulates the reactor temperature to the new set-point. In contrast, the controller
designed using the standard linearized model (red line) fails to track the set-point due to its
mismatch with the full nonlinear system. While it is possible to apply integral control action
to overcome this limitation and ensure that the set-point is reached, the full advantages of the

proposed approach would be evident in the case of a constrained nonlinear system.

5.4.3 The Four-Tank System

In this section, we consider another practical chemical engineering nonlinear dynamical system in
the form of the four-tank system. The four-tank system is commonly used as a benchmark problem
for identification and control tasks in the chemical engineering literature owing to its complex,
multivariate nonlinear dynamics which is amplified by the interacting tank liquid capacities [69,

14, 198, 134, 105]. A detailed description of the four-tank system can be found in [198, 134].

To summarize, the system comprises four interconnected tanks and two pumps that control the
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Figure 5.8: The model obtained by standard linearization (red line) and the model obtained from
the deep learning framework (green line) were used to design a controller to track the set-point:
T,p = Tss — 10. The resulting control actions were then applied to the full nonlinear system giving
the results portrayed in their respective colours.

liquid levels in the tanks. Specifically, the majority of the liquid is pumped from a reservoir into two
upper tanks, which subsequently drain into two lower tanks. Additionally, a smaller proportion of
the liquid flow is pumped directly into the lower tanks. The system dynamics involve four states,
corresponding to the liquid levels in the tanks, and two inputs, representing the voltages applied
to the pumps. This configuration effectively doubles the number of states and inputs considered
thus far for the proposed deep learning framework.As we shall see shortly, this poses a greater

computational challenge. The system of equations is defined as below:

dhy ay as Yik1
Y Jaghy + 22\ /agh

1 A 91+A1 ghs + Alv1
dh k
72:—% 29h2+% 29h4+72 21}2
dt Ay Ay Ay (5.32)
% — _E 2ah + (l_ﬂv

dt A, VeI A, 2

dh4 a4 (1 — 71)/{31

M _ "/ A AR

@ A VWt

where h; is the height of the liquid level in tank ¢ and v; is the voltage applied to pump j. The
state of the system is the vector of liquid levels in the tanks, x = [hq, ha, hs, hs]T € R* while the
input vector is the pump voltages u = [v1, vo]T € R2. The rest of the variables are treated as fixed

parameters with their values defined in Table 5.2.
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Parameter(s) Value Units
41,09, a3, aa _ 0.0035, 0.0030, 0.0020, 0.0025 _ m2
Al,AQ,Ag,A4 1 m2
ke, ko 0.00085, 0.00095 m3/V s
g 9.81 m/s?
Y1572 0.2 -

Table 5.2: Table of parameter values used for equation 5.32.

As in the previous case studies, data was collected from the system by simulating the set of

differential equations in (5.32). The process began by identifying a fixed point for the system

where % = 0, in order to determine the steady-state liquid levels in the tanks, denoted as xgs,
for fixed pump voltage values of uss = [3,3]T. The resulting steady-state values were x55 =

[0.033,0.039,0.066, 0.034]T. Note that all pump voltages are expressed in volts (V), while all liquid

heights are given in meters (m).

The system was then simulated using a series of random step inputs for the pump voltages,
bounded between 1V and 40V, to generate diverse state trajectories. The resulting state data and
their time derivatives were recorded throughout the simulation and subsequently used to solve the

optimization problem defined in equation (5.24).

Given the increased number of states and inputs in this case study, a larger neural network
architecture was employed. Specifically, both the lifting network and the decoder network used a
neural network with 4 hidden layers, each containing 3 nodes, and the tanh activation function for
all nodes. As in the case study in Section 5.4.2, the number of new system dimensions was not
known a priori. Therefore, the appropriate number of new dimensions (i.e., the number of output
nodes for the lifting network or input nodes for the decoder network) was determined empirically

by varying this value between five and seven.

The results revealed significant variation when lifting the system to five, six, or seven dimen-
sions. In general, increasing the number of new system dimensions reduced the training error,
leading to a better fit between the learned linear model and the original nonlinear system. This
behaviour is expected, as increasing the number of new dimensions provides greater degrees of
freedom and thus enhances the model’s flexibility. This interpretation aligns with findings from
the literature [53]. However, increasing the number of new system dimensions also incurs greater
computational costs, introducing a trade-off between model accuracy and computational efficiency.

This trade-off will be discussed in detail.

To assess the performance of the learned models, simulations were conducted using new random
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Figure 5.9: Simulation results of the full nonlinear model (black lines), the learned linear model
with five states (green dashed lines), the learned linear model with six states (turquoise dotted
lines), the learned linear model with seven states (blue dashed-dotted lines) and finally the model
obtained from standard linearization around the fixed point (red dashed lines) when the system
was simulated with random step inputs which remained within the training range.

step inputs, which remained bounded between 1V and 40V—within the range of the training
dataset. The results of these simulations are presented in Figure 5.9 for all four liquid levels in the

tanks.

The black lines represent the simulation results of the full nonlinear model given in equation
(5.32) under these step inputs. For comparison, equation (5.32) was linearized using standard
methods around the fixed point (x5, uss), and subsequently simulated with the same step inputs.

The results for the linearized model are shown by the red dashed lines.

The learned models, with varying numbers of new system dimensions, were also simulated
under identical conditions. Specifically, the learned model with five states is represented by the
green dashed line, the model with six states by the turquoise dotted line, and the model with seven

states by the blue dash-dotted line.

In general, it can be observed that each of the learned linear models provides a significantly
better approximation of the original system compared to the model obtained via standard lin-
earization, particularly as the system moves further away from the fixed point, (X5, uss). While
this improvement is clear, it is also evident that there is a noticeable disparity between the differ-

ent learned linear models. Specifically, as previously noted, increasing the number of new system
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dimensions improves the approximation quality. The mean squared error with respect to the full
nonlinear model decreases to 0.0134, 0.0055, and 0.0037 for the five-state, six-state, and seven-state

models, respectively.

In general, the choice of model will generally depend on the specific use-case. However, as
highlighted in Section 5.4.2, the optimal model, from a computational performance perspective,
will be the one that produces “adequate” results while minimizing the number of new system
dimensions, where “adequate” is defined based on the application requirements. This trade-off
between performance (i.e., the quality of the fit) and efficiency (i.e., the computational cost of
training) was especially prominent for this case study due to the larger network structure employed
which was required to handle the increased number of states and inputs. As discussed in Section
5.3.1, the training algorithm employs second-order optimization methods, which are significantly
more computationally expensive compared to the first-order methods typically used for neural
network training. Consequently, training time became a non-trivial consideration for this case
study. This issue will be explored further in Section 5.4.5, where the potential application of

approximate second-order methods to reduce computational costs is detailed.

As a final demonstration, the models were simulated using the same step inputs as before,
but with two additional steps that exceeded the bounds of the training data. Specifically, in this
case, the pump voltages were allowed to reach as high as 80V. The results of this exercise are
presented in Figure 5.10. For the first 100 seconds (denoted by the white background), the results
are identical to those shown in Figure 5.9. Beyond this period (denoted by the grey background),

the step inputs exceeded the training data bounds.

As observed in the previous sections, the performance of all learned models deteriorates signif-
icantly outside the training dataset. This behaviour is most apparent in the results for tank two,
where all learned models approximated the original system with high accuracy within the training
region (white background), but failed to do so once the system moved outside this region (grey
background). These results reinforce the insights discussed in Sections 5.4.1 and 5.4.2 regarding

the issue of overfitting.

As a final point, it is worth noting that the approximation quality of the learned linear models
varies across the tanks. Specifically, the behaviour of tanks 2 and 4 generally fits more closely
with the full system compared to tanks 1 and 3. Explaining this discrepancy is challenging due to
the black-box nature of the neural networks used to learn the transformations when solving the

optimization problem in equation (5.24). This observation underscores the need for a more formal
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Figure 5.10: Simulation results of the full nonlinear model (black lines), the learned linear model
with five states (green dashed lines), the learned linear model with six states (turquoise dotted
lines), the learned linear model with seven states (blue dashed-dotted lines) and finally the model
obtained from standard linearization around the fixed point (red dashed lines). In this case,
the system was simulated with the same step inputs from Figure 5.9 for the first 100 seconds
(white background) and then step inputs which were allowed to exceed the training dataset (grey
background).

analysis of the transformations learned by the neural networks, which represents a key direction

for future work.

While a significant advantage of the proposed framework is the flexibility provided by neural
networks in learning transformations, a major drawback is the lack of interpretability inherent to
deep learning models. In contrast, related approaches such as SINDy provide greater interpretabil-
ity by employing a predefined library of candidate functions. However, this interpretability comes
at the cost of flexibility, as SINDy may fail to identify the complex nonlinear transformations that
neural networks can effectively capture [52]. This highlights a fundamental trade-off which must

be considered when using these various approaches.

5.4.4 Overfitting and The Curse of Dimensionality

As discussed in Sections 5.4.1, 5.4.2; and 5.4.3, overfitting remains a significant challenge for all
data-driven approaches to approximating the Koopman operator, including the proposed deep
learning framework. In this section, we analyze this issue in greater detail by illustrating the

challenges posed by overfitting and exploring how it can be leveraged to our advantage.
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To begin this analysis, we focus on a simple example. This example has been specifically chosen
because it possesses a closed-form solution, allowing for direct comparison with the solution learned

using the proposed deep learning framework. Consider the nonlinear dynamical system defined by:

dx 9
— =z 5.33

i (5.33)
For this simple system, a closed form solution exists for the transformation which converts the

original system into a linear system (which can be easily verified using the chain rule:).

It should be noted that the defined transformation from the original state, x, to the new state,
z, stays within the same single dimension i.e. x,z € R, we can use this fact to easily visualize the

results which helps to solidify the discussed concepts.

Although a closed-form solution exists for this system, as defined by equation (5.34), the pro-
posed deep learning framework can still be applied to investigate the transformation learned by the
neural network. In this case, since the system has no inputs, the optimization problem defined in
equation (5.16) is solved. To facilitate a clear comparison, the training data range is deliberately
restricted to the closed interval: (¥ € [0,5]. This allows us to evaluate the fidelity of the learned

transformation both inside and outside the training data range.

Given the simplicity of the problem, a very basic neural network architecture is employed. The
lifting network consists of a single hidden layer with 3 nodes using the activation function, and the
decoder network employs the same architecture. The input layer of the lifting network comprises a
single node, while the output layer (which serves as the input to the decoder network) also contains

a single node. Finally, the output layer of the decoder network consists of a single node as well.

The results of the optimization are presented in Figure 5.11. In the left-hand subplot, the
blue curve represents the original system dynamics as defined by equation (5.33). The red line
corresponds to a linear approximation obtained using standard methods at the red operating point.
The red dashed vertical lines mark the lower and upper bounds within which the standard linear
approximation remains valid. The grey region indicates the training data range used for the

proposed framework.

The right-hand subplot shows the results of the optimization, representing the new system
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Figure 5.11: The results of the deep learning framework applied to the simple system defined by
equation (5.33). On the left hand subplot, the blue curve defines the original system dynamics.
The red line defines a linear approximation, obtained using standard methods, at the red oper-
ating point while the red dashed vertical lines define the lower and upper bounds within which
the linear approximation is valid. The grey region defines the training data range for the deep
learning framework. On the right hand subplot, the results of the optimization are shown giving
a comparison between the exact time derivative calculated via the chain rule (black line) and the
linear approximation (red line) inside and outside of the training range in grey.

dynamics based on the learned transformation. As in the left-hand subplot, the grey region denotes
the training data range, while the white region corresponds to results outside of this range. The

black line represents the exact time derivative calculated using the chain rule, % =J z(x)%, while

the red dashed line represents the learned linear approximation, % = Az.

It is evident from the results that the two curves align well within the training data range,
suggesting that a successful model has been identified within this interval. However, outside of

the training range, the two curves diverge. Specifically, the learned linear approximation given by

dz

q; = Az fails to satisfy the original system dynamics defined by the chain rule dz _ 3, (x)%. This

dt
demonstrates that the learned linear approximation is no longer valid outside the bounds of the

training data range.

These results reinforce the key points regarding overfitting discussed in Sections 5.4.1, 5.4.2,
and 5.4.3. Specifically, the proposed framework successfully learns a linearized model that remains
valid as long as the system operates within the training data range. However, outside of this
range, and in the absence of strategies to mitigate overfitting, no guarantees can be made about

the model’s validity.
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Nevertheless, as shown in Figure 5.11, the learned linear model from the proposed framework
exhibits a larger range of validity—defined by the training range (grey region)—compared to a
model obtained via standard linearization, which is limited to the narrower bounds marked by the

red dashed vertical lines in the left-hand subplot.

As a final note, for this specific system, the range of validity of the learned linear model could be
increased by simply extending the training data range. While this approach is straightforward for a
single-dimensional system, it becomes far more challenging for higher-dimensional systems, where
the curse of dimensionality poses a significant issue [28, 302]. This challenge, which arises due to
the exponential increase in data requirements as the system dimension grows, will be discussed in

greater detail later in this section.

The arguments discussed above can also be extended to higher-dimensional systems. To demon-
strate this, we reconsider the system introduced in Section 5.4.1, defined by equation (5.27). Figure
5.12 illustrates a subset of the state-space for the system. The yellow cuboid represents the bounds
of the training data from Section 5.4.1, which were used to solve the optimization problem defined

in equation (5.24).

The red curve shows the system trajectory when the controller, designed using the learned linear
model, was applied, corresponding to the green dashed curves presented in Figure 5.5. Notably,
the system trajectory remains entirely within the yellow cuboid, i.e., the region where the learned
linear model is valid. As the system operates within this region, the model can be used with
confidence, resulting in the successful control of the system, as demonstrated by the green dashed

curves in Figure 5.5.

Alternatively, we can examine the consequences of using a more limited and narrower dataset
to learn the linearized model. In this case, the problem setup is identical to that described in
Section 5.4.1, except the initial conditions for the simulations were restricted to the smaller region
defined by (z1,x2) € [—6,6] x [—6, 6] as opposed to the larger region of (z1,x2) € [—8, 8] x [-8, 8],

used previously.

In the first instance, Figure 5.13 presents the results of the optimization for a given training
trajectory. Similar to the results in Figure 5.4, it appears that a model has been successfully
identified within the bounds of the training data. However, when the optimal control problem is
solved using this learned linear model and the resulting controller is applied to the original system,

the system exhibits poor control performance. This outcome is depicted in Figure 5.14.
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Figure 5.12: A subset of state-space for the system defined by equation (5.27). The yellow cuboid
defines the bounds of the training data and the red curve defines the system trajectory as per the
results of Figure 5.5. In this case, the system stays within the region in which the learned linear
model is valid i.e. the yellow cuboid.

In Figure 5.14, the black line represents the results obtained using the exact solution, as defined
by equation (5.29). The green dashed line shows the results when using the model learned by the
proposed deep learning framework, while the red line corresponds to the results from the model
obtained via standard linearization. In this case, it is evident that the controller designed using the
learned linear model (green dashed line) performs poorly, even when compared to the controller
designed using the model obtained from standard linearization (red line). Notably, the controller

fails to regulate the unstable state, x2, to the origin.

The reason for this poor control performance becomes immediately clear when examining the
system trajectory relative to the bounds of the new training data. This is illustrated in Figure
5.15. As before, the yellow cuboid represents the bounds of the training data, i.e., the region where
the learned model remains valid. Notably, this dataset is more limited and narrower compared to

the dataset shown in Figure 5.12.

The red curve in Figure 5.15 shows the system trajectory when a controller, designed using the
learned linear model, was applied, corresponding to the green dashed curve presented in Figure
5.14. Tt is evident that while the system initially starts within the yellow cuboid, the control action
steers it outside this region. Beyond the bounds of the training data, the learned linear model is
invalid. Consequently, using this inaccurate model to design the controller results in poor control

performance, as shown by the green dashed curve in Figure 5.14.
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Figure 5.13: Results of the optimization showing a comparison between the exact time derivative
calculated via the chain rule (black line) i.e. 92 = J,(x)& and the linear approximation (red
dashed line) i.e. % = Az + J,(x)Bu
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Figure 5.14: Results of optimal control applied to the full nonlinear system with the controller
designed using a model obtained by standard linearization (red line), the exact solution (black
line) from equation (5.29) and the model obtained from the deep learning framework (green dashed
line). Notice that, in this case, the model learned by the deep learning framework was trained with
a limited dataset resulting in the poor control of the system as depicted by the green dashed line.
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Figure 5.15: A subset of state-space for the system defined by equation (5.27). The yellow cuboid
defines the bounds of the training data and the red curve defines the system trajectory as per the
results of Figure 5.14. In this case, the dataset used to learn the linearized model is narrower and
more limited than that from Figure 5.12, and consequently the system trajectory moves outwith
the region in which the learned linear model is valid i.e. the yellow cuboid.

For comparison, Figure 5.16 presents the system trajectories and datasets from both Figure
5.12 and Figure 5.15 in a single plot. The green curve represents the system trajectory from Figure
5.12, with the corresponding dataset used for training shown as the transparent cuboid with black
dashed edges. Conversely, the red curve represents the system trajectory from Figure 5.15, and

the corresponding dataset is depicted as the grey cuboid.

From this diagram, it is clear that the dataset from Figure 5.12 (transparent cuboid) is broader
and larger than the dataset from Figure 5.15 (grey cuboid). Although both trajectories start at
similar initial conditions, the red curve eventually moves outside the region where the corresponding
learned linear model (grey cuboid) is valid. As a result, the controller is unable to regulate the
states to the origin due to the plant-model mismatch. In contrast, the green curve shows that
the states are successfully regulated to the origin because the corresponding learned linear model
remains an accurate representation of the system within the training range (transparent cuboid),

which the system trajectory never leaves.

The key takeaway from the aforementioned results is that a large and sufficiently broad dataset
is essential for effectively learning a linearized model using the proposed framework. This ensures

that the model can be reliably used within the desired range of interest.



5.4. RESULTS AND DISCUSSION 169

mmmm Trajectory from Fig. 11
mmmm Trajectory from Fig. 8

_____ 40
| i '
| | : ' 20
' I
I I |
| I I o U
I { |
| [ I
| = 1 | |
ST ~ T ~ _| —-20
~ I ——d = =
10\ — _40
0 _
4 -10 10 5 0 B 10
X2

Figure 5.16: A comparison of the trajectories and datasets from Figure 5.12 and 5.15. The green
curve and the transparent cuboid with black dashed edges defines the system trajectory and dataset
from Figure 5.12. The red curve and the grey cuboid defines the system trajectory and dataset
from Figure 5.15.

However, as alluded to earlier, while this requirement may seem benign for lower-dimensional
problems, such as those considered in this section, it becomes far more challenging for higher-
dimensional systems. This difficulty arises due to the curse of dimensionality. Specifically, let the
dimensionality of a dynamical system be defined as the sum of the number of states, n,, and the
number of inputs, n,. If we naively sample the system uniformly with d measurements along each
dimension, considering all possible combinations, the total number of samples required would be
d(=+1) - Consequently, as the system’s dimensionality increases, the amount of data needed grows

exponentially.

This exponential growth poses a significant challenge, particularly for high-dimensional systems,
which are common in practical applications. This is especially true for the systems frequently
studied within PSE [83, 171, 193, 44]. Addressing this challenge is an area of active research and

remains a focus for future work.

With the above in mind, several methods already exist to alleviate the issues caused by the curse
of dimensionality. Firstly, as discussed by the authors in [153], many high-dimensional systems
are only artificially high-dimensional. This means that a lower-dimensional embedding of the data

often exists within the original higher-dimensional space. Such embeddings can be exploited to
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sample the system more effectively, in contrast to the naive approach discussed earlier, which
considers all possible combinations of variables. These ideas are further leveraged in areas such
as manifold learning and dimensionality reduction [130, 182, 285]. This is particularly relevant
for physical systems, where known physical relationships can be used to constrain the sampling
strategy to feasible combinations of variables. For instance, in systems involving pressure and
temperature, we might expect correlated behavior—such as high pressure with high temperature
or low pressure with low temperature—due to the underlying physical laws. Conversely, inverse
correlations between these variables would be rare. Such domain knowledge can be utilized to guide
the sampling process and reduce the dimensionality of the data effectively. An example of this
approach can be found in [100], where the authors use basic chemical fundamentals to efficiently
sample data from reaction networks that would otherwise suffer from the curse of dimensionality.
It is these types of concepts that we aim to explore in future work to scale the proposed framework

to larger and more complex systems.

5.4.5 Future Work

Finally, while the proposed deep learning framework has successfully demonstrated its ability to
learn higher-dimensional linear representations of nonlinear systems, several directions remain open

for future research as evidenced by the results.

Firstly, as extensively discussed, overfitting remains a fundamental challenge for all data-driven
Koopman-based approaches. In this work, the learned models are only valid within the bounds
of the training data. Nevertheless, the results are promising, as they suggest that the proposed
framework can learn a linear model with a broader range of validity compared to standard lin-
earization methods. This broader range enables the learned model to operate across a wider range

of operating conditions, as evidenced by the results presented throughout this section.

In addition, Section 5.4.4 highlighted the difficulties associated with higher-dimensional prob-
lems when applying the proposed framework. Specifically, the curse of dimensionality significantly
increases the data requirements necessary to generate sufficiently large datasets. However, in Sec-
tion 5.4.4, we discussed potential strategies to alleviate this issue, such as dimensionality reduction
and targeted sampling methods. This challenge remains a key area for further investigation, as

addressing it will be critical for scaling the proposed framework to larger, high-dimensional systems.

Lastly, the efficient optimization of equation (5.24) in this work relied on second-order opti-

mization algorithms. Unlike most deep learning approaches, which typically employ first-order
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methods such as gradient descent, the use of second-order methods introduces significant compu-
tational challenges. This is primarily due to the construction and inversion of the Hessian matrix,
which becomes intractable for larger neural network architectures with a large number of param-
eters [160]. These limitations were evident in the case study in Section 5.4.3, where a moderate
increase in the number of states, inputs, and network size resulted in significant training times.
Furthermore, computational expense constrained the architecture choice as larger networks became

impractical to train.

Preliminary investigations into second-order optimization algorithms that use limited-memory
Hessian approximations have shown promising results—an observation consistent with findings
in the literature [41]. This presents a compelling direction for future work, as such approaches
could enable more efficient training of larger neural networks. Exploring this area in greater detail
will also allow for a more comprehensive study of the effect of neural network architecture on the
performance of the proposed deep learning framework. For more complex problems, it is reasonable
to hypothesize that larger network architectures will be required to compute the intricate nonlinear

transformations needed to solve the optimization problem defined in equation (5.24).

5.5 Conclusion

In this chapter, we have demonstrated how deep learning can be effectively employed to learn a
linearized model of a nonlinear system with a broader range of validity compared to standard lin-
earization methods. The results provide strong evidence that the learned model accurately captures
the dynamics of the full nonlinear system within the bounds of the training data. Furthermore,
we showed that the learned model can be successfully utilized to design controllers that regulate

the full nonlinear system effectively.

The proposed framework therefore offers a promising approach for modelling complex, nonlin-
ear dynamical systems through higher-dimensional linear representations, enabling the tractable
control of such systems. This is a significant achievement, as most practical systems of inter-
est are inherently nonlinear in nature. However, for larger-scale systems, an important decision
arises: whether to solve a higher-dimensional linear optimal control problem or directly address the
original nonlinear optimal control problem. Ultimately, this choice involves a trade-off between
computational complexity and model fidelity, which must be carefully considered based on the

specific requirements of the system.




CHAPTER 5. PART 2: THE LINEARIZATION OF NONLINEAR DYNAMICS USING DEEP
172 LEARNING

While these results are encouraging, several challenges remain. Key areas for further research
include a systematic investigation into overfitting and the development of strategies for efficient

training of the underlying neural networks, particularly for high-dimensional systems.

5.5.1 Ciritical Reflections, Retrospective, and Forward Outlook

The research presented in this chapter was one of the earliest endeavours undertaken during the
PhD journey. While it was an exciting and novel direction, it was not without its practical chal-
lenges. Among the most prominent difficulties was the tuning and training of the deep learning
algorithm, which proved to be a nontrivial task. As discussed throughout this chapter, the neces-
sity of employing second-order optimization methods emerged as a critical requirement to ensure
convergence and performance. While effective, this approach introduced significant computational
costs, particularly for systems of increasing complexity, as highlighted in Section 5.4.3. Similarly,
the issue of overfitting posed substantial challenges, a recurring theme that we were transparent

about and systematically demonstrated through numerical and illustrative examples in Section 5.4.

At the time, Koopman operator theory was beginning to gain traction, and although many
works hypothesized the potential of deep learning to approximate the Koopman operator, there
were very few concrete implementations in the literature [178]. This context made our contributions
timely, as we attempted to bridge this gap and highlight both the promise and the limitations of
deep learning for learning higher-dimensional linear representations of nonlinear systems. Since
then, this field has seen rapid developments, with many advancements in this area within PSE

being influenced by and building upon the foundations laid in this work [333, 336, 265].

In retrospect, we tried to address key issues in this chapter, particularly through detailed
numerical experiments and illustrative examples. For instance, Section 5.4.4 demonstrated the
practical consequences of overfitting and limited training data and explored challenges related to
high-dimensional systems. However, while these numerical results brought valuable insights, it
became increasingly clear that a more rigorous theoretical analysis of the learned transformations
would provide deeper understanding. Such an analysis, while highly desirable, remains extremely
challenging [53]. Nevertheless, some initial theoretical results have emerged in recent years, pro-

viding early signs of progress in this direction.

Many of the ideas for future work outlined earlier were explored during the course of this re-
search but were met with limited success, primarily due to the challenges mentioned above. For

instance, addressing high-dimensional systems remains an unresolved problem in the literature.
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Although various strategies, such as dimensionality reduction and targeted sampling, were dis-
cussed as potential solutions, their implementation was hindered by practical considerations. The
overfitting challenge, though widely recognized, has seen very few substantive advancements. Ad-
ditionally, working with real-world data introduced further complications, such as the presence of
noise and measurement disturbances. Recently, based on our success using adversarially robust
optimization (See Chapter 3 and 6) we have considered the potential of adversarially robust train-
ing as a strategy to address these issues, as it could enhance the resilience of learned models to

perturbations in training data. This remains a promising direction for future work.

It would also have been valuable to investigate numerically the trade-off between solving a
higher-dimensional linear optimal control problem versus solving the original nonlinear optimal
control problem. This remains an open question: does the linearization achieved through the
proposed framework truly provide computational and practical advantages for control? Exploring
this trade-off in greater detail could offer insights into when linearization provides tangible benefits

and when directly solving the nonlinear problem is preferable.

Ultimately, we decided to pivot this line of research in favour of exploring ROMs for addressing
large-scale systems. Reduced-order modelling presented a more tractable framework for dealing
with high-dimensional systems, where similar challenges, such as disturbances and measurement
noise, persist. Established methods, such as adversarially robust training, proved to be more
fruitful in this context, as discussed in Chapter 6. This shift allowed us to leverage advancements
in adversarial robustness to overcome some of the limitations encountered in the deep learning-

based Koopman framework.

In summary, while the work presented in this chapter successfully demonstrated the feasibility
of learning higher-dimensional linear models for nonlinear systems, it also shed light on significant
challenges—particularly in overfitting, computational scalability, and high-dimensional systems.
These challenges remain active areas of research and offer promising directions for further investi-
gation. The insights gained from this research informed subsequent work, guiding us toward more

robust and scalable approaches for modelling and controlling complex dynamical systems.
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Throughout this thesis, we have discussed the challenges of managing complex, large-scale
systems in PSE. Modelling, optimizing, and controlling such systems are fundamental tasks,

)

as most systems in PSE fall into this “complex” and/or “large-scale” category. In Chapters 2
to 4, while the challenges of large-scale systems were ever-present, the techniques and methods
applied remained broadly applicable. Chapter 5 marked our first focused exploration of this topic.
Although the approaches developed there proved useful, they lacked scalability for reasons discussed

in that chapter.
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To address this limitation, we now turn to a more traditional strategy with strong support in
the literature: ROMs. Specifically, we investigate the use of ROMs for control via MPC. Given
the inherent trade-off in MPC between control performance and computational efficiency, ROMs
offer a promising solution. On one end of the spectrum, using highly accurate nonlinear models
improves control performance but incurs significant computational costs due to solving a nonlinear
MPC problem. On the other end, employing simple linear models enhances efficiency but sacrifices
performance. This trade-off becomes even more pronounced for large-scale systems. ROMs, how-
ever, provide a potential compromise by preserving model fidelity while reducing dimensionality,

thereby enabling more efficient optimal control solutions.

Despite their advantages, state-of-the-art data-driven ROMs, such as autoencoders, often ex-
hibit sensitivity to disturbances and noise in control applications like MPC, which diminishes
control performance and limits practical usability. Interestingly, we observed in Chapter 3 that
adversarial machine learning has emerged as a response to similar challenges in safety-critical ML
applications, such as autonomous vehicles. Building on this insight, we explore the integration of
adversarial machine learning techniques to enhance the robustness of ROMs against perturbations,

aiming to improve their reliability without compromising performance or efficiency.

The chapter is structured as follows: Section 6.1 introduces the efficiency-performance trade-
off in MPC, explores how ROMs can address this issue, highlights the associated challenges, and
considers adversarial machine learning as a promising avenue for further exploration. Section
6.2 provides detailed background information and outlines the proposed framework. Section 6.3
evaluates the framework’s performance through various case studies. Finally, Section 6.4 presents

concluding remarks and discusses potential future research directions.

This chapter aligns with all of the overarching themes as it simultaneous addresses issues in
Data-Driven Modelling, Large-Scale Systems and Adaptive Systems. This is depicted by the text
“Ch.6: ARRO-MPC?” in Figure 6.1.

This chapter is adapted from work published in [7] and an extension of this work which is cur-
rently under review in the ESCAPE34-PSE24 Special Issue of Computers & Chemical Engineering.
Figures in this chapter are reused with permission under the author’s rights in accordance with

Elsevier policies.



6.1. INTRODUCTION AND LITERATURE REVIEW 177

- s
L A ’ . * hd ~
. e
~ ~
< -~
4 .
/ -
» >
" Ch.5:Linearizing Nonlinear Dynamics *.
.
G
.
.
5 .
;. | Large-Scale Data-Driven| *
Y

. 3
5 Systems Modelling b

.

. “
:/ [
4 [
! [

4 [
: Ch.4:Comparative Study :
]

g PhD i
' Ch.6:ARRO-MPC | Topic .

, ‘
. '
. U
ke ’
“ Ch.2:Adaptive RTO with GPs «
’
.
s Ch.3:ARRTOC S/
G
N K
€ .
N ,
e 5 Pae
.~ Adaptive R
’
hEN Systems Lo’
Seo .

Figure 6.1: A visual representation showing how the current chapter aligns with the overarching
themes of this thesis, highlighted by the text “Ch.6: ARRO-MPC.”

6.1 Introduction and Literature Review

MPC is widely applied across various process industries due to its effectiveness in handling such
systems [244]. However, MPC grapples with the trade-off between control performance and com-
putational efficiency which is best illustrated as per Figure 6.2. In this figure, the x-axis represents
“control efficiency” as measured by metrics such as the MPC solution time while the y-axis rep-
resents “control performance” gauged by metrics such as the set-point tracking error. On the
right-hand side, symbolised by the red circle, we find solutions that prioritise performance at the
cost of efficiency, such as nonlinear MPC. These solutions, although offering high performance,
may not be practically implementable [244]. Conversely, on the left-hand side, denoted by the
yellow circle, the opposite situation is found. While these solutions, such as linear MPC, are im-
plementable and thus commonly employed in practice, the significant drop in performance might
not be acceptable [80]. Instead, the ideal solution lies in the middle ground, as indicated by the
green circle, where we strike a balance between performance and efficiency. ROMs provide a means
to navigate this middle ground as evidenced by the literature [114, 181, 26, 221]. This is because
accurate nonlinear ROMs can maintain good control performance due to minimal plant-model

mismatch but with reduced dimensionality allowing for a smaller optimal control problem to be
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Figure 6.2: A visualisation of the trade-off in MPC between control performance (y-axis) and
control efficiency (x-axis).

solved. Recognising this benefit, ROMs have been increasingly utilised in predictive control set-
tings, including Reinforcement Learning (RL) and MPC [114, 221, 318, 104, 250]. Various ROM
approaches exist, ranging from SVD-based linear methods like POD to nonlinear ML-based tech-
niques such as autoencoders [177, 285]. Linear ROMs have been used quite heavily in the control
literature as they provide desirable theoretical guarantees [181, 26]. However, their linear nature
can lead to significant plant-model mismatch, resulting in poor control performance. On the other
hand, ML-based ROMs offer improved performance as they are nonlinear in nature [158]. Nonethe-
less, they tend to exhibit higher sensitivity to the training data characteristics, which may pose

challenges in out-of-sample scenarios or in the presence of disturbances and noise [114, 104, 250].

Indeed, a common challenge encountered with data-driven ROMs is their sensitivity to the data
used for training. Should the training data fail to encompass the expected noise and disturbance
characteristics inherent of the true underlying process, ROMs might generate unreliable predictions
when deployed in control scenarios. This, in turn, can lead to erroneous control actions and

ultimately to a degradation in control performance. This sensitivity is particularly evident in
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ML-based ROMs, given their nonlinear nature. Although robustification algorithms have been
proposed for linear ROMs [51], no analogous solutions have been developed for the more powerful
ML-based ROMs. To tackle this limitation, we draw insights from the adversarial machine learning

literature, which confronts similar challenges [24, 278, 185].

In safety-critical ML applications, such as the algorithms employed by autonomous vehicles,
resilience to “adversarial perturbations” within the input dataset is paramount. These adversarial
perturbations could encompass deliberately crafted perturbations devised by malicious actors or,
more relevantly to our context, environmental noise and disturbances that lead to inaccurate model
outputs. The field of adversarial ML emerged in response to address this crucial challenge. As a
result, adversarial training methods have been developed to enhance model resilience, preventing
performance degradation in the presence of disturbances and noise. Adversarial training involves
solving a robust optimization problem where the model is exposed to deliberate perturbations
engineered to deceive it. This forces the model to learn robust features that generalize well beyond

the training dataset and are resilient to disturbance and noise-corrupted data.

Building upon theses principles, we leverage adversarial training to improve the robustness of
ROMs for MPC applications. This strategy aims to enhance the ROMSs’ ability to withstand distur-
bances and noise, thus preventing significant inaccuracies that could impair control performance.
For our ROM, we opt for an autoencoder-LSTM architecture [114]. This architecture amalgamates
the low-dimensional feature extraction capabilities of autoencoders with the temporal modelling of
LSTMs, enabling the ROM to capture both static and dynamic system behaviours effectively. We
demonstrate the effectiveness of our approach with two case studies. The first case study, involving
the plantwide system and MPC set-point tracking problem outlined in [295], is challenging due
to the complexity of coordinating multiple interconnected unit operations with coupled dynamics,
while ensuring optimal performance under constraints. The second case study, focussing on cooling
in a tubular reactor [318], represents a distributed-parameter system which requires the control of

the temperature profile of a system with spatially varying dynamics.

The remainder of this chapter is organized as follows. Section 6.2 begins with an in-depth
explanation of the proposed methodology, ARRO-MPC, covering ROMs, MPC, and adversarially
robust training. In section 6.3, we apply the developed ARRO-MPC framework to two case studies:
a plantwide MPC problem and a tubular reactor distributed-parameter MPC problem. These case
studies highlight the benefits of using ROMs in MPC and emphasize the importance of adversarially
robust training to address realistic MPC scenarios involving disturbances and noise. Finally, section

6.4 presents a summary of our findings and the conclusions drawn from this work.
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6.2 Background and Methodology

In this section, we present the proposed ARRO-MPC methodology. We begin with an overview of
ROMs, followed by a detailed discussion of the specific ROM used in this work and its integration
with MPC in section 6.2.1. Next, section 6.2.2 addresses the necessity of adversarially robust
training to overcome the limitations of ROMs and outlines its practical implementation to give the

ARRO-MPC framework.

6.2.1 Reduced Order Models and Model Predictive Control

ROMs provide a computationally efficient framework for simulating complex, large-scale systems by
approximating the high-dimensional system with a lower-dimensional representation. The resulting
models are widely used in real-time control and optimization applications due to their ability to
retain essential system dynamics while significantly reducing the size and computational cost of
solving the problem [74, 26, 181]. A classical approach to ROMs includes methods like POD, which
leverage the SVD to identify dominant modes of the system. These linear methods extract spatial-
temporal patterns, simplifying the model while preserving its core behaviours [26, 221, 318]. The
benefits of such classical ROMs are evident in various applications, where computational speed
and accuracy are critical, such as fluid dynamics, structural mechanics and most importantly for
our purposes, control [51, 181, 221]. Several studies have demonstrated the effectiveness of these
methods in capturing essential dynamics while reducing the computational complexity of large-

scale systems.

Despite their success, traditional linear SVD-based ROMs struggle with capturing nonlineari-
ties inherent in many real-world systems. To address this, one may consider the growing field of
ML-based ROMs which use autoencoders at the core of their architecture [114, 296]. Fundamen-
tally, autoencoders are neural networks designed to compress data into a lower-dimensional latent
space (encoding) and then reconstruct the original data from this compressed representation (de-
coding). They learn efficient, compact, and most importantly, nonlinear representations of data by
minimizing the reconstruction error [114]. When combined with sequence models such as LSTMs,
the resulting architecture can be used to approximate nonlinear dynamics in a lower-dimensional
latent space. Indeed, a successful example of this, and the ROM we employ in this work, is the
“World Model” introduced by Ha and Schmidhuber [114]. This architecture is particularly well-

suited for handling nonlinear dynamics and making long-term predictions which are necessary for
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Figure 6.3: A schematic diagram of the autoencoder-LSTM architecture employed in this work.

MPC. Specifically, an autoencoder is used to compress the high-dimensional system state into a
lower-dimensional latent space, while the LSTM network captures the temporal evolution of the
system within this compressed space. A schematic of this architecture is depicted in Figure 6.3.

The architecture can be mathematically expressed as:

z;, = Encoder(xy)
x,k = Decoder(zy) (6.1)

Zig+1 — LSTM(Zk, llk)

where x;, € R™ and x;f € R" are the original and reconstructed system state at timestep k
respectively. u; € R” is the original system input variable. z; € R" and zy;; € R", are
the latent space states at timestep k and k + 1 respectively. Importantly, n, << n, which is
what results in the MPC problem being smaller. The autoencoder-LSTM framework allows us to
maintain a compact representation of the system while accurately forecasting future states over
time, even in the presence of nonlinearities. The predictive power of such a model far exceeds that
of classical ROMs, making it a compelling choice for more complex, non-linear systems which is
why we use it in this work. The choice of using an LSTM over a standard RNN is motivated by
two main factors. First, it allows for a direct comparison with the “World Model” proposed by Ha
and Schmidhuber [114], which also employs an LSTM architecture. More importantly, LSTMs are
well-suited for modelling long-term dependencies in sequential data, due to their internal gating
mechanisms that help mitigate the vanishing gradient problem commonly encountered in standard
RNNs. This makes them more effective for capturing temporal dynamics over extended time

horizons. The model is implemented as per [114] using PyTorch and the architectural choices are
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given in Sections 6.3.1 and 6.3.2 for each case study.

The integration of ROMs into MPC is achieved by using the ROM as the predictive model
within the MPC framework i.e. zx; = LSTM(z, uy) from equation (6.1). In the context of MPC,
the ROM approximates the system dynamics as a lower dimensional representation, reducing
the computational burden of solving the optimization problem at each control step. Here, the
compressed representation from the ROM is used to predict the future evolution of the system,
and the control actions are optimized based on this prediction. The MPC problem for the case

studies in section 6.3 can be formulated as:

N-1
min Z ||xt+k — Xy kHz
Ugyeo U N—1 =0 + Q

st. x=x(t), k=0,..,.N—1

Xpykt1 = f(Xeks Wik)
Utk eu

Xt+k eX

where x € R and u € R™ represent the state and input variables respectively while X and U
represent the feasible sets for the state and input variables. Finally, f : R™= x R™ — R"= represents
the model dynamics. In the case of reduced order MPC, the model dynamics, f, is represented by
the reduced order model. For example, in the case of the trained autoencoder-LSTM, it would be
Zirk+1 = LSTM(z¢1k, uryr). Consequently, it is no longer the state, x, but rather the latent space
variable, z, which we are concerned about. The reference trajectory in the latent space variable,
zy,; can be obtained via the ROM i.e. zj, , = Encoder(x;, ;). Consequently, the MPC problem
in equation (6.2) is transformed into latent space variables where crucially, n, << n,. The MPC

problems in this work are implemented with CasADi integrated with PyTorch.

However, the application of ROMs, both classical and machine-learning-based, in control sys-
tems is not a novel concept [74, 318, 114, 251]. In particular, linear ROM approaches grounded in
the SVD have been widely adopted in disciplines such as fluid dynamics and structural mechanics.
These domains often deal with models of extremely high dimensionality, representing vector fields
across multiple variables of interest [51, 181, 26, 177]. Within these fields, the application of such
models for model-based control strategies is viewed as potentially being transformative. However,
a significant challenge lies in the exceedingly high dimensionality of these models, which makes

real-time control implementation extremely difficult [51, 177].
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To address this challenge, model order reduction techniques, such as POD, have been employed
to significantly reduce the dimensionality of these models. The resulting compact representations
enable their use in model-based optimal control strategies, such as MPC [26, 280]. This devel-
opment has facilitated major advancements in both passive control structure design and active
control of high-dimensional systems in these fields. Despite these achievements, linear model or-
der reduction methods have inherent limitations. Specifically, they often fail to capture critical

nonlinear dynamic modes that are essential for the effective design of controllers [280, 177, 26].

Recent advances in ML, particularly the development of autoencoder-based nonlinear model
order reduction techniques, have shown promise in addressing this limitation [114, 296]. However,
due to the large scale of models in fields like fluid dynamics, even these nonlinear methods can be

computationally challenging to implement in real-time control systems.

In contrast, areas such as process control in PSE present an opportunity to leverage nonlinear
model order reduction methods more effectively. The models used in process control are typically
not as large in scale as those encountered in the aforementioned fields, making the application of
nonlinear ROM approaches more feasible [221, 318, 251, 65]. Furthermore, the intrinsic nonlin-
earities of many process control applications make linear ROM approaches, while still employed,
insufficient for capturing the full dynamics of the system [251]. Nonlinear model order reduction
methods have thus demonstrated significant potential in overcoming these limitations, offering

more accurate and effective solutions for control in such scenarios [114, 296].

However, all of these works emphasize a pivotal challenge in employing ROMs for control ap-
plications, particularly nonlinear data-driven models such as the autoencoder-LSTM framework:
their pronounced sensitivity to the quality and quantity of training data [114, 296, 318]. The accu-
racy and robustness of these models are intrinsically tied to how well the training data represents
the underlying dynamics of the system. When the training data lacks sufficient coverage or fails to
encapsulate the full range of expected noise and disturbance characteristics, the resulting ROMs
can yield inaccurate predictions. These inaccuracies directly affect the performance of MPC, which

rely on the fidelity of these models [296, 251].

The sensitivity of ROMs to unrepresented disturbances and noise is particularly problematic
in practical scenarios, where models may encounter conditions not present in the training data.
For instance, processes are often subject to unmodelled transient disturbances or stochastic fluc-
tuations, and if the ROMs have not been exposed to similar noise patterns during training, their

predictions may deviate significantly from the actual system behaviour [251, 278]. This misrep-
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resentation can lead to suboptimal or even unsafe control decisions. Expanding the dataset to
encompass the full spectrum of disturbances and noise characteristics is, in theory, a solution, but
it is often impractical. Data collection is not only expensive and time-consuming but may also
be constrained by operational, or safety considerations. For example, replicating extreme or rare
disturbances for the sake of data collection might be infeasible in many industrial applications

[173).

These challenges are not unique to control applications of ROMs but are well-documented across
the broader ML community. Similar issues arise in developing ML models for real-world systems,
where training data is rarely exhaustive and often fails to capture all edge cases [24, 312, 278]. To
address these limitations, a promising trend in safety-critical ML has emerged: adversarial machine
learning. This approach focuses on enhancing model robustness by explicitly training models to

withstand unseen and corrupted data, such as noise- and disturbance-afflicted data.

In adversarial machine learning, synthetic data perturbations or noise profiles are deliberately
introduced during the training process, forcing models to learn robust representations that general-
ize beyond the original dataset [278]. This method has shown promise in improving the performance
and reliability of ML systems in fields like autonomous driving, medical diagnostics, and cybersecu-
rity [312, 241, 96, 255]. Drawing inspiration from this trend, we explore how similar techniques can
be applied to ROMs to ensure robustness against noise and disturbances in control applications.
By preparing ROMs to handle unforeseen conditions during deployment, we can mitigate the risk

of grossly inaccurate predictions and enhance the reliability of model-based control strategies.

The next section delves deeper into adversarial training techniques and their potential appli-
cations in developing robust ROMs for control systems. Specifically, we examine how adversarial
approaches can be tailored to address the unique challenges posed by nonlinear ROMs in noise-

sensitive environments.

6.2.2 Adversarially Robust Training

Adversarially robust training has emerged as a crucial technique in ML to enhance model resilience
against adversarial attacks or environmental noise and disturbances that lead to inaccurate model
outputs [24, 278, 185]. Adversarial robustness has become particularly significant in security-
sensitive applications like image recognition, natural language processing, and autonomous driving
[316, 154]. In the context of control systems, traditional model identification methods often collect

data under ideal operating conditions, neglecting the effects of control layer implementation errors
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such as disturbances and noise. As a result, models trained solely on clean data obtained from
controlled experiments may exhibit poor performance or even instability when deployed in real-

world environments subject to such perturbations [173].

Adversarially robust training aims to address this vulnerability by explicitly considering the
impact of noise and disturbances during the training process. One way this may be done is to expose
the model to a diverse range of disturbance and noise corrupted data during training. The challenge
with this approach is that it is often not known apriori the disturbance and noise characteristics
which may affect the system and it is hard to induce such disturbances during controlled system
identification experiments [173]. Similar challenges are faced in the field of safety-critical ML
applications. In response, in the field of adversarial machine learning, this challenge of predicting
the various adversarial perturbations which may be encountered is circumvented by reframing the
standard training problem as an adversarially robust optimization problem. The standard training

problem can be stated as follows:

min e Zl (ho(x:),¥i) (6.3)
6 m

i=1
where m € R™ x € R™ and y € R™ represent the number of training samples, training input
and output data respectively. hg : R™ — R™ represents the hypothesis function or model
(parameterized by @ € R™) which maps from the input to output space. This could be a neural
network for example. [ : R™ x R™ — R, represents a “loss” function such as the mean squared
error (which we use in this work), which measures the accuracy of the model predictions with
respect to the actual measurements. Typically, this optimization problem is solved using first-
order optimization algorithms such as gradient descent, or variations thereof such as the Adam
algorithm [145]. The training problem depends on the specific input-output pairs collected, S =
(x4,¥i), and while the goal during training is to ensure the model generalises well by preventing
overfitting, this can be challenging to achieve in small to medium data regimes such as those
often encountered in engineering control scenarios [154]. Instead, in order to achieve robustness to
possible noise and disturbances, the standard training problem can be reframed as an adversarially

robust optimization problem:

ngnr; > max 1(he(x+6),y) (6.4)
x,y€S

where everything is the same as equation 6.3, except we now have an inner maximization problem
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where the goal is to find the optimal perturbation to the input dataset, § € R"=, which has
the biggest impact on the loss function i.e. which can “decieve” the model. The size of the
perturbations, ||d]|, are bounded by the tuning parameter, I'. This parameter is crucial to tune
correctly as will be detailed in Section 6.3.3.1. In short, the adversarially robust optimization
problem first solves the inner maximization problem to find the worst-case objective function.
Subsequently, the outer minimization problem focuses on determining the model parameters, 6,
that perform optimally given this worst-case loss function. This approach bypasses the necessity

of predicting the specific disturbances or noise perturbations required during training.

Addressing the challenges inherent in solving such robust optimization problems is a well-
explored topic in the optimization literature [34, 38, 8]. These challenges become more pronounced
in the context of ML training due to two primary factors [24, 154]. That is, most adversarial ma-
chine learning applications tend to involve large-scale models, such as Large Language or Vision
Models (LLMs and LVMs), comprising several billion parameters, coupled with extensive training
datasets. In stark contrast to this, our model and data needs for control and engineering appli-
cations remain notably modest. This affords us the opportunity to employ robust optimization
algorithms for solving equation 6.4 tractably. A prime example of such an algorithm, which we
employ in this work, can be found in the seminal work of [34]. Indeed, in many adversarial ma-
chine learning scenarios characterised by modest data requirements and reasonably sized models,
the algorithm pioneered by [34] has emerged as a preferred choice [38, 8, 232]. It should be noted
that in this work, the entire autoencoder-LSTM model was trained jointly using the adversarial
objective defined in Equation 6.4. Training the autoencoder alone with this objective was found

to be insufficient, as it led to a decline in overall model performance.

For a concise overview of this approach, refer to Pseudocode 5. To summarise, the strategy
revolves around tackling the inner maximization problem by solving it approximately using a multi-
start gradient ascent, a process amenable to parallelization, to obtain the optimal perturbation
vector, 6*. Subsequently, equipped with an approximation of the worst-case objective function,
I (hg(x+ 6%),y), the familiar training problem is recovered as the outer minimization, which is
solved via standard first-order approaches. This iterative process in which the inner and outer
problems are solved sequentially continues until convergence is achieved. For the interested reader,

additional details can be found in [34].
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Pseudocode 5 Efficient Adversarially Robust Optimization Algorithm Pseudocode

1: while training loss not converged do
2 Select batch, B, from dataset, S
3: for each x,y € B do

4: 0" = maxj|§||<e l (h@(x + 5),)’)
5: end for

6 ming ﬁZ}weB I(ho(x+6%),y)
7: end while

6.2.3 Summary and Contributions

In summary, our approach introduces the use of an adversarially robust autoencoder-LSTM model
as the system model for MPC, termed ARRO-MPC. This approach addresses the critical performance-

efficiency trade-off in MPC while ensuring robustness against real-world disturbances and noise.

We begin from the established premise in the literature that ROMs effectively balance the
inherent trade-off between control performance and computational efficiency in MPC. Classical
approaches, such as SVD-based linear ROMs, are efficient but sacrifice significant performance due
to their linear nature. In contrast, nonlinear ML-based ROMs, such as those using autoencoder
architectures, provide a reduced-order yet nonlinear representation of the system. This capability
enables them to achieve better control performance by capturing complex system dynamics more

accurately.

However, despite their advantages, nonlinear ML-based ROMs exhibit a critical vulnerability:
sensitivity to perturbations. This sensitivity renders them fragile when deployed in scenarios
involving disturbances and noise, common in real-world applications. To address this limitation,
we incorporate adversarially robust training techniques into the development of nonlinear ROMs.
This enhancement ensures that these models are not only effective under ideal conditions but also

resilient and reliable in realistic, disturbance-prone environments.

In the following section, we present empirical and quantitative evidence to support each of these

points:

1. Balancing Performance and Efficiency: As established in the literature, ROMs provide
a means to navigate the trade-off between control performance and computational efficiency

inherent in MPC.

2. Advantages of Nonlinear ML-Based ROMs: Nonlinear ML-based ROMs, such as the

autoencoder-LSTM, outperform classical SVD-based ROMs by offering a reduced-order yet
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nonlinear representation of the system, improving control performance.

3. Addressing Fragility in Nonlinear ROMs: While nonlinear ML-based ROMs offer im-
proved performance, they are highly sensitive to disturbances and noise. By employing ad-
versarially robust training, we mitigate this fragility, ensuring these models perform reliably

in real-world scenarios.

6.3 Results and Discussion

In this section, we will explore the effectiveness of nonlinear ML-based Reduced Order Model
Predictive Control (RO-MPC) and its vulnerability to disturbances and noise. We propose using
adversarially robust training to enhance the reliability of these models. We begin with Section
6.3.1, by demonstrating the advantages of nonlinear RO-MPC in a plantwide system, followed by a
discussion of its limitations, the benefits of adversarial robustness, and the balance between control
performance and computational efficiency. We then extend the analysis to a more complex reactor

system in Section 6.3.2, further validating the robustness and scalability of our approach.

6.3.1 Plantwide System

In this section, we address the plantwide system and MPC set-point tracking problem discussed
in [295]. The plantwide system comprises a CSTR, a storage tank, and a flash tank, followed
by a vapor recycle stream that feeds back into the CSTR alongside the feed stream. The feed
stream contains components A and C. Component A undergoes a chemical reaction in the CSTR
to produce the desired product, component B, which can further react to yield the undesired by-
product, component C. Among these components, component A is more volatile than component B,
while component C is non-volatile. Consequently, the vapor stream exiting the flash tank contains
a mixture of components A and B, which is then cooled and recycled back into the reactor. A

schematic diagram is presented in Figure 6.4.

We adopt the same assumptions, parameters, and dynamical system model as described in
[295]. Detailed system descriptions and data generation procedures for training the ROMs are
provided in Appendix B.1. Briefly, the system features a total of 12 state variables, 4 manipulated
variables and 2 disturbance variables (feed flowrate and feed composition). The primary objective
of the MPC is to track the set-points while keeping the compositions and levels within a safe

operating range.
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Figure 6.4: A schematic diagram of the plantwide system case study.

The MPC problem is formulated as:

N-1 )
min 3 (|fxesn = xpally + el

Uy, U4 N —1 s

st. x=x(), k=0,..,N -1
Xpikt1 = f(Xeths Wetk)

Umin < Uitk S Umax

Xmin S Xt+k é Xmax

where the variable and parameter values can be found in Appendix B.1. More details on the specific
MPC problem can be found in [295]. The key distinction in this study lies in the model, f(x;,u;),
used in the MPC formulation. Specifically, we evaluate five different methods in which the system
model differs, with particular emphasis on the proposed autoencoder-LSTM ROM discussed in

Section 6.3.1.5.

To develop these models, data is generated by simulating the system with random step inputs
bounded within predefined limits, as detailed in Appendix B.1. A total of 1000 timesteps of data is
collected for training purposes. For consistency in comparison, all ROM models (Sections 6.3.1.3,
6.3.1.4, and 6.3.1.5) use a reduced latent space of 5 states. Each method is discussed in detail in
the following subsections, with a particular focus on the differences in the modelling approach and

their implications for MPC performance.
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6.3.1.1 Method 1: Nonlinear Model Predictive Control With Perfect Model

In this method, we implement the full nonlinear dynamical model, as described in Appendix B.1 and
detailed in [295], directly within the MPC formulation. This approach is referred to as “NMPC”
in the results presented in Section 6.3.1.6. Nonlinear Model Predictive Control (NMPC) is widely
regarded for its ability to deliver high performance in terms of control accuracy and set-point
tracking, making it the gold standard in many applications. However, as discussed in Section 6.1,
this performance often comes at the expense of computational efficiency. NMPC requires solving
a nonlinear optimization problem at each time step, which can be computationally intensive and
time-prohibitive for real-time implementation, especially in large-scale or fast-sampling systems.
Indeed, [295] highlights the practical challenges and intractability of the NMPC solution in practice

for the case study in question.

Despite these computational challenges, NMPC is included in this study to serve as an oracle.
By comparing its performance against the RO-MPC methods, we aim to assess the trade-offs
between the computational efficiency of RO-MPC approaches and the control performance of the
full nonlinear model. NMPC results provide an upper bound on achievable performance, setting a

baseline against which the RO-MPC methods can be evaluated.

Moreover, the inclusion of NMPC allows for a deeper exploration of how well ROMs capture
the essential dynamics of the system and how this approximation impacts the MPC’s ability to
maintain set-point tracking under constraints. This comparison is particularly important in the
context of plantwide systems, where the interplay between multiple units and disturbances makes
accurate modelling a critical component of successful control strategies. By leveraging NMPC with
a perfect model as an oracle/benchmark, we ensure a rigorous evaluation of the proposed RO-MPC

approaches.

6.3.1.2 Method 2: Linear Model Predictive Control

In this method, we linearize the nonlinear dynamical model described in Section 6.3.1.1 and use the
resulting linear model to formulate and solve a linear MPC problem. This approach is referred to
as “LMPC” in the results presented in Section 6.3.1.6. Linear Model Predictive Control (LMPC)
is widely regarded as a computationally efficient alternative to NMPC, as solving a linear op-
timization problem at each time step is significantly less demanding than solving the nonlinear

equivalent. This makes LMPC a practical and tractable choice for many real-time control appli-
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cations, particularly when computational resources are constrained.

The performance of LMPC, however, is inherently dependent on the system’s behaviour rel-
ative to the point of linearization. When the system operates “close” to this point, LMPC can
approximate the nonlinear dynamics effectively, providing satisfactory control performance. How-
ever, when the system experiences set-point changes or disturbances that move it far from the
linearization point, as explored in this work, the linear model becomes less representative of the
true system dynamics. This mismatch can lead to a noticeable decrease in performance, which

may be unacceptable in applications requiring high control accuracy.

The primary motivation for including LMPC in this study is to provide a second benchmark
against which the RO-MPC methods can be evaluated. LMPC offers a useful solution: it is
computationally efficient and can perform well under certain conditions, but it is less accurate than
NMPC when the system exhibits nonlinear behaviour outside the linearization region. Comparing
LMPC results to those of RO-MPC methods highlights the benefits of ROMs in capturing nonlinear

dynamics while retaining computational efficiency.

6.3.1.3 Method 3: Proper Orthogonal Decomposition - Model Predictive Control

Method 3 marks the first use of a ROM within the MPC framework. In this method, we employ
SVD-based POD to construct a ROM of the system using data snapshots generated from the full
system dynamics [318, 126]. This approach reduces the complexity of the original system while

retaining its essential dynamical features, facilitating the efficient implementation of MPC.

To construct the POD model, system identification data is generated by exciting the system
with step signals applied to the manipulated variables (see Appendix B.1). These controlled
experiments are designed to exclude disturbances, thereby simulating an idealized experimental
setup typically employed in practice for system identification. This data serves as the basis for the
SVD process, which identifies dominant modes of the system that can approximate its behaviour

in a lower-dimensional space.

The resulting POD includes a nonlinear term which must be addressed [318, 221]. In this
method, we simplify the POD-derived model further by disregarding the nonlinear term, resulting
in a fully linear ROM. This linearized POD model is then integrated into the MPC formulation,

and this method is referred to as “POD” in the results presented in Section 6.3.1.6.

The primary motivation for this linearized POD approach is to achieve computational efficiency
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comparable to or better than LMPC while leveraging model order reduction techniques to capture
the underlying system dynamics. By omitting the nonlinear terms, this method serves as a base-
line for evaluating more sophisticated ROM approaches, such as the nonlinear RO-MPC methods
explored in Sections 6.3.1.4 and 6.3.1.5. This comparison allows for a deeper understanding of the

trade-offs between model simplicity, computational efficiency, and control performance.

6.3.1.4 Method 4: Proper Orthogonal Decomposition with the Discrete Empirical

Interpolation Method - Model Predictive Control

Method 4 builds upon the foundation established in method 3 by utilizing the POD ROM. As in
method 3, the POD ROM is constructed using data snapshots obtained from the system through
step signal excitation of the manipulated variables, with disturbances excluded to emulate a con-
trolled experimental setup. However, unlike the linearized POD model of method 3, this method
employs the Discrete Empirical Interpolation Method (DEIM) to approximate and retain the non-
linear terms which were previously discarded. Details of the DEIM approach can be found in

[221].

The integration of DEIM into the POD framework allows for the interpolation of nonlinear
terms, enabling the ROM to capture the nonlinear effects of the original system more accurately.
This enhanced fidelity comes with a trade-off: the computational efficiency of the fully linear POD
model is partially sacrificed due to the additional complexity introduced by DEIM. Despite this,
the POD-DEIM ROM remains significantly more computationally efficient than the full nonlinear
model used in NMPC.

This method is referred to as “POD-DEIM” in the results presented in Section 6.3.1.6. The
inclusion of the POD-DEIM model in this study allows us to explore the balance between model
accuracy and computational efficiency. By comparing its performance to that of the fully linear
POD model (method 3) and the more computationally demanding NMPC approach (method 1),

we aim to quantify the benefits of retaining nonlinear effects in reduced-order modelling.

6.3.1.5 Method 5: Autoencoder-LSTM - Model Predictive Control

Method 5 represents the central focus of our investigation, exploring the potential of ML-based
ROMs for MPC. While SVD-based ROMs have been extensively utilized in the control literature,

applications of ML-driven ROMs, such as autoencoders, remain comparatively underexplored.
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That said, the use of these ROMs has been gaining traction in recent years due to the increasing
appeal of ML approaches. Autoencoders, in particular, have been successfully applied in various
ROM control applications, including RL [104, 250], MPC for process systems [318], and other

predictive control methodologies [114, 250].

However, as noted in many of these works, autoencoders are highly dependent on the quality
and diversity of the data used for training. Additionally, they tend to be sensitive to disturbances
and noise when deployed in control applications, limiting their robustness in practical and industrial
settings. In this work, we aim to address these challenges by employing the adversarially robust
training methodology discussed in Section 6.2.2. This approach is designed to ensure that the
autoencoder-based ROM can maintain control performance even when subjected to disturbances

and noise during MPC operations.

The ROM used in this method is based on an autoencoder-LSTM architecture, inspired by the
work of [114]. The architecture is depicted in Figure 6.3. The autoencoder comprises three encoder
layers and three decoder layers. The encoder takes the system’s 12 states as input and compresses
them through successive layers into latent space representations of 10, 7, and finally 5 states. The
decoder reconstructs these 5 latent space variables back into 7, 10, and ultimately the original 12

states. Similar to [114], we use the ReLU activation function for all layers.

The LSTM component takes as input the 5 latent space variables along with the system’s 4
manipulated variables. It employs 64 hidden cells to capture the temporal dynamics of the system
in the latent space. The model was implemented using PyTorch, with hyperparameters selected
based on the recommendations in [114]. Data for training the autoencoder-LSTM ROM was
identical to that used for the other ROMs, derived from system snapshots generated by exciting

the manipulated variables with step signals, as described in Appendix B.1.

We evaluate two versions of the autoencoder-LSTM ROM. The first is a nominally trained

)

model, referred to as “Autoencoder,” which is developed without any additional considerations
for robustness. The second is trained using the proposed adversarially robust framework and is
referred to as “Autoencoder ARO.” Both models are assessed in the results presented in Section

6.3.1.6.

By comparing the performance of the nominal and adversarially robust models, we aim to
highlight the potential of robust ML-based ROMs in addressing the limitations of sensitivity to
noise and disturbances. This method ultimately serves to demonstrate the viability of adversarially

robust autoencoder-based ROMs for control applications, particularly in dynamic and uncertain
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environments where conventional ROM approaches may struggle to maintain performance.

6.3.1.6 Plantwide System Results

Building on the case study and methods outlined in the preceding sections, we solved the equivalent
MPC set-point tracking problem ten times for each method. It should be noted that none of the
benchmark models are updated when solving the MPC problem. The results are analyzed in terms
of two key metrics: control performance, measured as the average summed normalized ITAE, and

control efficiency, assessed through the average solution time required by the MPC algorithm.

To establish a baseline, we first evaluate the benefits of employing ROMs for MPC under ide-

alized conditions, i.e., when the system operates without disturbances. These results, presented in

Figure 6.5, provide critical insights into the interplay between control performance and computa-

tional efficiency.

As expected, LMPC and NMPC represent the two extremes of the performance-efficiency spec-
trum. LMPC is computationally efficient but sacrifices control performance as the set-point changes
move away from the point of linearization as will be shown in Figure 6.8. In contrast, NMPC offers
superior control performance as it assumes a perfect model of the system but comes at the cost of

significantly higher computational overhead.

The intermediate approaches employing ROMs, such as the POD-DEIM and the autoencoder-LSTM
ROM, demonstrate a compelling balance between the two extremes. These ROM-based approaches
leverage reduced-dimensional representations to achieve commendable control performance while

maintaining manageable computational demands.

It is noteworthy that the standard POD ROM exhibits poor performance as it does not capture
the nonlinear effects of the system nor is it as accurate as the linearized first-principles model due

to the limited data used for training.

While the results under disturbance-free conditions are encouraging (and well-established in
the literature), the primary focus shifts to evaluating how these ROMs respond to disturbances
affecting the system during MPC. This analysis, illustrated in Figure 6.6, explores the robustness

of the ROM-based and traditional MPC solutions under more realistic operating conditions.

For this method, we replicate the experiment from Figure 6.5, introducing disturbances in the

form of the feed flowrate and composition. As anticipated, the introduction of disturbances leads to
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Figure 6.5: The performance of the 5 different MPC methods when no disturbances enter the
system during control.
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Figure 6.6: The performance of the 5 different MPC methods when disturbances enter the system
during control.

a general decline in control performance across all MPC approaches. ROM-based solutions exhibit
a more pronounced degradation in control performance compared to their LMPC and NMPC
counterparts. Among the ROMs evaluated, the autoencoder-LSTM shows the most significant

decline which is likely due to the “fragility” of such ML models as discussed in Section 6.2.

To counteract this, we apply the adversarially robust training approach outlined in Section
6.2.2 to the autoencoder-LSTM model. The impact of this technique is substantial, leading to a
marked improvement in the model’s performance under disturbance conditions, as shown in Figure
6.7. Specifically, comparing the green square (Autoencoder-LSTM trained with adversarial robust-
ness) with the green upside-down triangle (Autoencoder-LSTM trained as normal) highlights the
enhancement. The adversarially trained autoencoder-LSTM achieves control performance com-
parable to NMPC, highlighting the effectiveness of adversarial ML in fortifying ROMs for MPC

applications involving significant disturbances and noise.

While Figure 6.7 provides a comprehensive overview of the summarized results, Figure 6.8 offers
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Figure 6.7: The performance of the 6 different MPC methods when disturbances enter the system
during control. The 6th method is the autoencoder-LSTM trained adversarially robust (green
square).
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Figure 6.8: Set-point tracking for the mole fraction of component A in the CSTR for the 6 different
MPC methods.

a more detailed perspective by depicting a specific example: set-point tracking for the composition
of component A in the CSTR under disturbance conditions. These trajectories further validate

the summarized observations from Figure 6.7.

The NMPC (red trajectory) and adversarially trained Autoencoder-LSTM MPC (green dashed
trajectory) exhibit excellent set-point tracking performance, maintaining robustness against distur-
bances. In contrast, other approaches struggle significantly. The Autoencoder (non-robust) MPC
(green solid trajectory) performs poorly, showing tracking accuracy comparable to POD MPC and
LMPC, which are similarly unable to maintain effective control under the given disturbance con-
ditions. These results underscore the potential of adversarial training in enhancing the robustness

of ML models used in control settings.

To provide a more quantitative perspective on the impact of disturbances, Figure 6.9 reports
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Figure 6.9: Absolute decrease in control performance between the “No Disturbance” (Figure 6.5)
and “Disturbance” (Figure 6.7) cases.

the absolute degradation in performance for all ROMs when subjected to disturbances during

MPC. This analysis highlights the stark differences in robustness across the models.

Prior to adversarial training, the autoencoder-LSTM exhibited the most significant degradation
in performance, as indicated by the “Autoencoder” bar in Figure 6.9. This underscores the vulner-
ability of the standard autoencoder-LSTM model to disturbances, despite its strong performance

under idealized, disturbance-free conditions.

In contrast, after adversarial training (denoted as “Autoencoder ARO” in Figure 6.9), the
performance degradation of the autoencoder-LSTM is substantially mitigated. The degradation is
now only marginally worse than that observed for NMPC, which serves as the best-case method,

representing MPC performance with a perfect model.

In this section, we have demonstrated the advantages of ROM-based MPC, particularly high-
lighting the superiority of ML-based ROMs in achieving a balance between performance and effi-
ciency under idealized conditions. However, we also illustrated their vulnerability in more realistic
MPC methods involving disturbances and noise. To address this limitation, we showed how train-
ing ML-based ROMs with adversarially robust methods effectively circumvents this issue, enabling
these models to achieve a commendable trade-off between performance and computational effi-

ciency.

Building on these findings, the next section applies our proposed ARRO-MPC framework to
a more complex case study. This will further validate its efficacy and robustness in handling

challenging control scenarios.
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Figure 6.10: A schematic diagram of the tubular reactor system case study.

6.3.2 Tubular Reactor Distributed-Parameter System

In this section, we focus on the tubular reactor distributed parameter system described in [318],
a widely used benchmark problem for reduced-order modelling in PSE control applications. The
system consists of a tubular reactor in which an exothermic reaction converts component A into
component B. To enhance throughput and conversion, a fraction of the product stream is recycled

back into the reactor.

The evolution of the reactant concentration and temperature over space and time is governed
by a system of Partial Differential Equation (PDE)s, detailed in Appendix B.2. For additional
information, readers are referred to [318]. We adopt the same assumptions, parameters, and
system model described therein. We provide a comprehensive description of the system and the
data generation process for training the ROMs in Appendix B.2. In brief, the system is simulated
by discretizing the PDEs into 16 quadratic elements for both concentration and temperature,
resulting in a 32-state system. The ROMs in this case study use a reduced latent space of 16
states. The reactor has 8 cooling zones where the cooling water temperature for each zone are

used to control the system. A schematic diagram is presented in Figure 6.10.

The tubular reactor system exhibits complex and diverse behaviour, strongly influenced by
its parameter values, particularly the recycle ratio. The control problem addressed in this study
involves leveraging the advantages of a high recycle ratio while using cooling water to maintain a
desired reference temperature profile, thereby avoiding the development of a hotspot within the
reactor. This control objective is identical to the one outlined in [318] and is elaborated upon

below.

High recycle ratios in the reactor are advantageous as they result in large throughput and high

conversion of the reactant. However, recycling the hot output stream intensifies the exothermic
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Figure 6.11: (a) Temperature profile of the reactor with a recycle ratio of R = 0.5 i.e. half of
the output stream is recycled back to the reactor. Notice the hotspot and weak dissipation of
temperature in the system. (b) Temperature profile of the reactor with a recycle ratio of R = 0.0
i.e. mnothing is recycled back to the reactor. In this case, notice that the peak temperature is
approximately 20% lower than the scenario with R = 0.5 and the temperature quickly dissipates.

reaction within the reactor, leading to the formation of a hot spot. This localized increase in
temperature poses significant safety risks and can compromise product quality. For instance, the
formation of a hot spot with a recycle ratio of R = 0.5 (half of the output stream is recycled) is

illustrated in Figure 6.11a.

Conversely, operating the reactor at a low recycle ratio (or with no recycle at all) mitigates
the hot spot issue. However, this comes at the cost of reduced throughput and lower reactant
conversion, both of which are highly undesirable from a production standpoint. The corresponding

temperature profile for R = 0.0 is depicted in Figure 6.11b.

Ideally, the reactor would combine the benefits of a high recycle ratio—high throughput and
reactant conversion—without the associated hot spot. Instead of the undesired temperature profile
in Figure 6.11a, a more favourable profile, as shown in Figure 6.11b, would be preferred. To achieve
this, we propose a system design in which the reactor operates at a recycle ratio of R = 0.5,
complemented by strategically placed cooling zones along its length. These cooling zones, utilizing
cooling water as the medium, are designed to regulate the temperature and shape the profile to

match the desired one, similar to Figure 6.11b.

The primary control objective, therefore, is to operate the reactor at R = 0.5 while ensuring
that the resulting temperature profile tracks the temperature profile of the system with R = 0.0.
This is accomplished by employing a series of cooling zones, which act as the system’s actuators,

to manage the reactor’s thermal profile effectively.
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The MPC problem is formulated as:
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where the variable and parameter values can be found in Appendix B.2. More details on the specific
MPC problem can be found in [318]. As noted by [318], this control problem presents several
significant challenges. Firstly, it is highly unlikely that the true system behaviour, described
by Equation (B.8), will be fully known. This necessitates the use of a data-driven model to
approximate the system dynamics. Secondly, even if the true system behaviour were known and
captured by Equation (B.8), discretization would lead to a high-dimensional MPC problem that

is almost certainly computationally intractable.

To address these issues, we adopt the approach of [318] by employing a ROM. However, our
approach diverges from theirs in two critical ways. First, while they rely on a linear SVD-based
ROM, we have demonstrated in Section 6.3.1 that such models are inferior to nonlinear ML-based
ROMSs. In this work, we utilize the autoencoder-LSTM framework, which has proven to outperform

linear SVD-based ROMs in capturing complex system dynamics as show in Section 6.3.1.

Second, as highlighted by [318] and further substantiated by our results in Section 6.3.1, tra-
ditional ROMs often struggle in realistic MPC scenarios that involve disturbances and noise. To
overcome this limitation, our approach employs an autoencoder-LSTM model trained to be ad-
versarially robust. This ensures the model’s reliability in the face of disturbances and noise. The

effectiveness of this approach will be clearly demonstrated in the subsequent sections.

6.3.2.1 ROM Performance Under Ideal Conditions

We begin our analysis by evaluating the performance of ROMs under ideal conditions, free from
external disturbances or noise. This initial step focuses exclusively on the standalone accuracy of
the models, leaving the discussion of their control performance for Section 6.3.2.3. By isolating
this analysis, we aim to establish a clear baseline for understanding the trade-offs and potential

benefits of adversarially robust training.

Figure 6.12 provides a comparison of the ground truth (Figure 6.12a), the nominal ROM
(Figure 6.12b), and the AR-ROM (Figure 6.12¢). On visual inspection, both the nominal ROM
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and the AR-ROM appear to capture the essential dynamics of the system accurately, with no major
discernible differences. To probe deeper into their respective performances, Figure 6.13 illustrates

the absolute error of both ROMs relative to the ground truth.

This error analysis reveals that under ideal conditions, the nominal ROM achieves lower error
magnitudes, demonstrating superior accuracy compared to the AR-ROM. The AR-ROM, while
still performing well, incurs a slightly higher level of error. This observation suggests that ad-
versarially robust training sacrifices a degree of model accuracy, especially under ideal conditions.
Although the visual discrepancies in overall dynamics shown in Figure 6.12 are minimal, the in-

creased error observed in Figure 6.13 highlights an important trade-off in the AR-ROM’s design.

The slightly “worse” performance of the AR-ROM under ideal conditions can be attributed to
the way it prioritizes generalizability over precision in narrowly defined scenarios. We hypothesize
that the AR-ROM’s learned parameters are optimized to perform robustly across a broader spec-
trum of operating conditions, including those involving disturbances or noise. This intentional bias

towards generalization, is critical for ensuring resilience in more realistic, non-ideal conditions.

In practice, this trade-off between ideal-condition accuracy and generalizability underscores a
core advantage of adversarially robust training. While the nominal ROM may excel when conditions
align perfectly with its training data, it is likely to falter in the face of unexpected variations or
disturbances. The AR-ROM, on the other hand, is specifically designed to handle such challenges,
even at the cost of slightly increased error under perfect conditions.In subsequent sections, we

provide quantitative evidence to support this hypothesis.

6.3.2.2 ROM Performance Under Disturbances

Building on the insights from Section 6.3.1, we shift our focus to evaluating the performance of the
ROMs under more realistic operating conditions involving external disturbances. These conditions
are designed to reflect real-world complexities and uncertainties that challenge the robustness of

control models.

For this analysis, we introduce sinusoidal disturbances to the feed concentration and temper-
ature, mimicking fluctuations that could arise from upstream processing issues. The performance
of the ROMs is depicted in Figure 6.14 which depicts the absolute error of both ROMs relative to

the true system simulated with the disturbances.

Under these conditions, a significant shift in performance emerges: the AR-ROM consistently




CHAPTER 6. PART 2: ADVERSARIALLY ROBUST REDUCED ORDER MODEL
202 PREDICTIVE CONTROL

Ground Truth ROM

s

Spatial Coordinate, z

Spatial Coordinate, z

Spatial Coordinate, z

Figure 6.12: (a) Temperature profile of the “true” system. (b) Temperature profile of the nominal
ROM. (c) Temperature profile of the AR-ROM. No disturbances are considered in this case.
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Figure 6.13: (a) Absolute error of the ROM model relative to the ground truth. (b) Absolute error
of the AR-ROM model relative to the ground truth. No disturbances are considered in this case.
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Figure 6.14: (a) Absolute error of the ROM model relative to the ground truth. (b) Absolute error
of the AR-ROM model relative to the ground truth. Disturbances are considered in this case.

outperforms the nominal ROM. This result marks a reversal of the trends observed in ideal condi-
tions, where the nominal ROM demonstrated slightly better accuracy. The AR-ROM’s enhanced
performance under disturbances provides the first empirical evidence supporting our hypothesis:
the parameters learned through adversarially robust training are more generalizable and better

suited to handle non-ideal scenarios.

The superior performance of the AR-ROM can be attributed to its training methodology,
which explicitly accounts for perturbations and seeks to improve resilience across a broader range
of operating conditions. By contrast, the nominal ROM, optimized primarily for ideal conditions,
struggles to maintain accuracy when subjected to the same disturbances. This limitation high-
lights the vulnerability of conventional ROMs when applied outside their narrowly defined training

domains.

To further substantiate the claim that adversarially robust training enhances model generaliz-
ability, we design an experiment that systematically increases the magnitude of disturbances up
to I', the maximum disturbance magnitude anticipated for the system. This parameter is directly
integrated into the adversarially robust training approach, as defined in Equation 6.4. The experi-
ment aims to assess the response of both the nominal ROM and the AR-ROM to disturbances that
incrementally rise in severity, including scenarios where the disturbances exceed the anticipated

maximum value of T'.

The results, illustrated in Figure 6.15, reveal a pronounced and critical difference in the behavior
of the two ROMs. As the magnitude of disturbances and noise increases, the error of the nominal

ROM scales poorly, exhibiting significant degradation in performance. In contrast, the AR-ROM
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Figure 6.15: The magnitude of the disturbances in the feed flowrate and composition are increased
towards and over their maximum value defined by I'. The summed absolute error of the nominal
ROM (red squares) and the AR-ROM (red circles) is evaluated and plotted. It is clear to see that
when the magnitude of the disturbances is small, the nominal ROM and AR-ROM are comparable.
However, for larger magnitudes, this difference grows significantly with AR-ROM proving to be
robust to the increase in disturbances.

maintains consistent performance even as disturbances approach the I' threshold although this

scaling appears to breakdown beyond T'.

This scaling behaviour highlights a key distinction: while the nominal ROM performs com-
parably to the AR-ROM in low-disturbance scenarios, its limitations become evident as the dis-
turbance magnitude grows. When exposed to significant disturbances, the nominal ROM’s error
rises sharply, whereas the AR-ROM continues to deliver robust performance. This stark difference
underscores the robustness and adaptability of the AR-ROM, affirming its suitability for complex,

variable operating conditions.

These findings provide strong empirical support for the hypothesis that adversarially robust
training produces a parameter set that is fundamentally more generalizable than that obtained
through nominal training. By explicitly accounting for disturbances during training, the AR-ROM
learns to effectively navigate scenarios involving significant perturbations and noise—conditions

that often challenge traditional ROMs.

In the following section, we explore the implications of this robustness for MPC performance

under disturbances.
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6.3.2.3 ROM Performance Under Disturbances with Control

The true utility of the ROMs becomes evident when their performance is evaluated for control.
This section examines the control performance of three approaches: the full nonlinear model used
in NMPC, the nominal ROM utilized in RO-MPC, and the adversarially robust ROM employed
in ARRO-MPC. We again consider the scenario where sinusoidal disturbances to the feed concen-

tration and temperature enter the system.

Figure 6.16 illustrates the control performance of these methods at the start, middle, and end
of the reactor. In each case, the solid black trajectory exhibits the open loop response of the
system (i.e. no cooling of the system), the dashed black curve represents the desired trajectory,
the red trajectory corresponds to NMPC, the blue trajectory shows the results of RO-MPC, and
the green trajectory depicts the performance of ARRO-MPC. These trajectories provide a clear
visual comparison of how each control approach responds to disturbances in feed composition and

temperature.

Specifically, ARRO-MPC consistently outperforms RO-MPC. This improved performance
demonstrates the robustness imparted by adversarially robust training, which enables ARRO-MPC
to maintain more accurate tracking of the desired trajectory. While ARRO-MPC does not sur-
pass NMPC in terms of performance—unsurprising given that NMPC assumes access to a perfect

model—it significantly narrows the gap, particularly in challenging scenarios.

Moreover, as emphasized in Section 6.3.1, the computational efficiency advantage of ROM-
based MPC approaches over NMPC remains substantial. For instance, for the results in Figure
6.16, we found that NMPC took approximately 2 times longer to solve than both RO-MPC and
ARRO-MPC. This efficiency gain is critical for real-time applications, where computational re-

sources are often constrained.

In summary, ARRO-MPC achieves a compelling balance between robustness and computational
efficiency. Its ability to outperform nominal ROM-based MPC under disturbance conditions while
maintaining significant computational advantages over NMPC makes it a practical and effective
choice for real-world process control applications. These results further validate the potential of
adversarially robust training as a potential approach for enhancing ROMs in control scenarios with

significant disturbances and noise.
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Figure 6.16: (a) Open loop and control performance of the various MPC solutions with respect to
the desired trajectory at the start of the reactor, z = 0. (b) Open loop and control performance
of the various MPC solutions with respect to the desired trajectory in the middle of the reactor,
z =0.5. (c) Open loop and control performance of the various MPC solutions with respect to the
desired trajectory at the end of the reactor, z = 1.0.

6.3.3 Challenges

While this study demonstrates the substantial advantages of employing adversarially robust reduced-
order models in control applications, several challenges must be addressed to fully capitalize on
their potential. These challenges pertain to parameter tuning, computational overhead, and the

contextual applicability of AR-ROMs.

6.3.3.1 Selection and Tuning of '

One of the most critical challenges lies in the selection and tuning of the parameter I', which defines
the maximum magnitude of disturbances considered during adversarial training. As shown in our
results, I' is pivotal in shaping the model’s ability to handle disturbances. However, determining
an appropriate value for I' requires a comprehensive understanding of the operating environment,

including the expected magnitude, frequency, and nature of disturbances.

An improperly tuned I' can lead to two undesirable outcomes:

¢ Over-compensation: If T, is set too high, the AR-ROM may overemphasize robustness at

the expense of performance in nominal conditions, resulting in unnecessary loss of accuracy.
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¢ Under-compensation: Conversely, if I', is too low, the model’s robustness to significant

disturbances will be inadequate, undermining the core advantage of adversarial training.

Thus, achieving the right balance requires careful calibration and, in some cases, iterative

testing, which can be time-consuming.

6.3.3.2 Computational Cost of Adversarial Training

Another major challenge is the computational cost associated with adversarially robust training.
On average, for our case studies, we found that training an AR-ROM takes approximately 5-10
times longer than training a nominal ROM. While this cost is incurred only once during offline
training, it represents a significant overhead in environments where rapid model development and
deployment are critical. This additional complexity could be a barrier in scenarios requiring fre-
quent model updates, such as systems subject to rapidly changing dynamics or frequent retraining

due to shifts in operating conditions.

6.3.3.3 Limited Benefits in Low Disturbance and Noise Scenarios

The robustness advantages of AR-ROMs are most pronounced under conditions of significant
disturbances or variability as shown in Figure 6.15. However, in applications where disturbances
are minimal or highly predictable, the performance gains of AR-ROMs may not outweigh their
additional training complexity and computational expense. In such cases, simpler nominal ROMs
could suffice, or indeed the benefits of feedback in control could provide similar performance with
less overhead. This highlights the importance of accurately assessing the operational environment

to determine whether the added complexity of AR-ROMs is justified.

6.4 Conclusion

This work highlights the potential of AR-ROMs in navigating the trade-off between control perfor-
mance and computational efficiency in MPC. By integrating adversarial training methodologies,
AR-ROMs achieve enhanced robustness against disturbances and noise, ensuring reliable perfor-
mance in realistic, variable operating conditions where traditional ROMs often falter. Through

extensive evaluations on plantwide and distributed-parameter systems, we demonstrated that
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AR-ROMs consistently outperform nominal ROMs in disturbance-prone environments, provid-
ing improved control performance while maintaining computational advantages over NMPC. We
hypothesized that AR-ROMs achieve this balance by generalizing effectively for disturbance or

noise corrupted scenarios and provided initial empirical evidence to back this claim.

However, we acknowledge the trade-offs inherent in adversarial training, including increased
computational costs during model development and slight reductions in accuracy under ideal con-
ditions. These challenges necessitate careful parameter tuning, particularly in the selection of the
disturbance bound, T', to align the AR-ROM’s robustness with specific application requirements.
In scenarios characterized by minimal disturbances or well-understood dynamics, simpler nominal

ROMs may still suffice, offering comparable performance with lower computational overhead.

Overall, this study establishes AR-ROMs as a practical and effective solution for robust process
control, particularly in disturbance or noise-prone environments. Future work should focus on
refining adversarial training algorithms to reduce computational burdens, perhaps by exploiting
problem structure, improving the scalability of AR-ROMs, and exploring their applicability across
various PSE domains. Beyond ROMs, the insights gained from this work suggest that adversarial
training holds broader applicability in enhancing the robustness of ML models for various PSE

applications. This is a path earmarked for future work.

6.4.1 Ciritical Reflections, Retrospective, and Forward Outlook

The work presented in this chapter builds on earlier efforts discussed in Chapter 5, where we ex-
plored linearization methods for control. While that direction offered exciting and novel insights,
it was not without its practical challenges as discussed in Chapter 5. One of the most significant
difficulties was the tuning and training of the deep learning algorithms involved. Ensuring training
convergence and good performance often necessitated the use of second-order optimization meth-
ods, which are computationally expensive and difficult to scale. These challenges, coupled with our
original goal of applying the developed approach to large-scale systems, revealed the limitations
of this method in practical, high-dimensional scenarios. Although subsequent work has extended
this approach and demonstrated its applicability to large-scale systems [333, 336, 265], at the time,

these obstacles represented a significant barrier for our research.

Motivated by these challenges, we turned to more traditional methods for managing large-scale
systems, such as dimensionality reduction and ROMs. This pivot coincided with my exploration of

adversarial robustness concepts during my internship with the Alan Turing Institute, as detailed
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in Chapter 3, and overlapped with the development of the ARRTOC algorithm presented in that
chapter. One of the key limitations identified in ML-based ROMs was their fragility: while they
effectively balanced performance and computational efficiency in MPC, they were highly sensitive
to noise and disturbances beyond nominal levels. For instance, significant unmeasured disturbances

could “break” these models, resulting in dramatic performance degradation.

Having observed the positive impact of adversarial robustness techniques in other domains,
particularly in safety-critical ML applications where similar fragility issues arise, we hypothesized
that these concepts could enhance the robustness of ML-based ROMs in the context of MPC. Our
initial investigations revealed mixed results. As shown in Figure 6.15, under low or nominal noise
and disturbance conditions, the benefits of adversarially robust training were modest. Feedback
control systems are inherently robust to small disturbances, so the additional training overhead

did not significantly improve performance in these scenarios.

However, in cases involving large unmeasured disturbances, transient behaviour, or high levels
of noise, the advantages of adversarially robust ROMs became evident. ARRO-MPC demonstrated
excellent performance under such challenging conditions, maintaining stability and delivering su-
perior control outcomes compared to conventional ROM-based MPC approaches. The ability to
handle extreme conditions effectively underscores the potential of adversarial robustness techniques
in addressing key vulnerabilities of ML-based ROMs, particularly in applications where reliability

and resilience are critical.

Looking ahead, this work opens several promising avenues for further exploration. Firstly, while
ARRO-MPC has shown significant advantages in handling large disturbances, there is consider-
able opportunity to refine the adversarial training process to reduce computational overhead and
improve scalability. Currently, training adversarially robust models is computationally expensive,
posing challenges in scenarios where frequent re-training is required to adapt to evolving environ-
mental conditions. To address this, integrating ARRO-MPC with adaptive control strategies could
enhance its applicability in dynamically changing environments by minimizing the need for explicit
re-training. Another promising direction is the development of mechanisms to “model switch” be-
tween a nominal ROM and the AR-ROM based on disturbance and noise characteristics. This

would allow the system to selectively utilize the AR-ROM only when necessary.
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This thesis explored the intersection of ML, optimization, and control within PSE, with the
aim of advancing industrial autonomy. It focussed on developing adaptive modelling, optimization,
and control algorithms and frameworks designed for large-scale, complex systems. We start this
final chapter by highlighting the key contributions and observations from each of the main chapters
(Chapters 2 to 6). We then discuss some potential future directions in Section 7.0.1 and end with

a retrospective and reflection of the overall PhD journey in Section 7.0.2.

As a holistic overview, this thesis has systematically explored the RTO and control layers as
a testbed, conducting detailed investigations to demonstrate how data-driven approaches from
the ML community—whether in the form of models, methods, techniques, or algorithms—can
be thoughtfully integrated to enhance the adaptability, robustness, and autonomy of industrial
processes. Rather than naively transplanting ML into PSE, we have taken a calculated approach,
refining and adapting existing methodologies to align with the complexities of PSE systems. This
has not only ensured a more effective fit but has also unlocked additional value by leveraging
domain knowledge. For instance, parallels between adversarial machine learning and operability
in RTO illustrate how algorithmic advancements in ML can be meaningfully applied within PSE.
Each chapter has contributed theoretical insights, novel algorithmic developments, and practical
validations, culminating in a body of work that advances the strategic and well-founded integration

of ML into PSE applications.
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The central contributions of this thesis can be summarized as follows:

1. Data-Driven Adaptive RTO (Chapter 2): We developed a GP-based adaptation frame-
work for RTO, demonstrating its effectiveness in handling plant-model mismatch and model
uncertainty more generally. This work establishes a foundation for integrating adaptive
learning techniques into industrial RTO systems. Additionally, we show that hybrid ap-
proaches—where GPs refine existing first-principles models by correcting residual mismatches—of-
fer a flexible and practical strategy for enhancing model accuracy while leveraging domain

knowledge.

2. Adversarially Robust Real-Time Optimization and Control (Chapter 3): By lever-
aging adversarial robustness concepts, we introduced a novel optimization strategy that en-
hances the operability of set-points at the control layer. This framework allows RTO to
anticipate and mitigate disturbances, reducing the burden on the lower-level controllers.
The chapter demonstrates how adversarial robustness principles from ML can be effectively
adapted for control and optimization, resulting in a scalable and computationally efficient
methodology. Furthermore, we show how insights from Chapter 2 can be integrated with
ARRTOC to tackle the two most critical challenges in RT'O and control: mitigating plant-

model mismatch and ensuring robustness against disturbances and noise.

3. A Comparative Study of Data-Driven Modelling for Dynamical Systems (Chap-
ter 4): Through a rigorous benchmarking study, we provided empirical insights into the
data-driven modelling process for dynamical systems, highlighting key trade-offs from model
selection to performance evaluation. Our findings offer a structured guideline for choosing
models based on computational constraints and data availability. This chapter underscores
the importance of balancing model complexity, revealing that simpler approaches often match

or outperform complex approaches such as DL models in practical industrial settings.

4. Deep Learning for Koopman-Based Linearization (Chapter 5): We developed a
deep learning framework for learning linear representations of nonlinear systems, expanding
the applicability of linear control strategies for nonlinear systems. This approach offers a
viable alternative to traditional linearization methods for nonlinear systems, ensuring broader
applicability across a wider range of conditions. However, we also identified key challenges,
including sensitivity to data distribution and the risk of overfitting, underscoring the need for

further refinement and deeper theoretical exploration of the learned Koopman embeddings.

5. Adversarially Robust Reduced-Order Model Predictive Control (Chapter 6): Ad-
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dressing the fragility of ML-based ROMs, we introduced adversarial training techniques to
enhance robustness. This approach ensures reliable control performance even in the presence
of unmeasured disturbances and noise. We demonstrated that ARRO-MPC provides an ef-
fective trade-off between computational efficiency and control performance, particularly for

large-scale systems where conventional NMPC approaches may be impractical.

7.0.1 Future work

Future research directions can be categorized based on their complexity and feasibility.

7.0.1.1 Short Term Research Directions (Low-Hanging Fruit)

1. Comparative Analysis with Traditional RTO Adaptation Methods (Chapter 2):
Benchmarking GP adaptation against model-parameter adaptation and modifier adaptation

could provide a clearer picture of its advantages and limitations.

2. Extension of Model Selection Benchmarking for Control Applications (Chapter
4): Adapting the benchmarking study from Chapter 4 to investigate the performance of the

models in their ultimate use case of control, such as MPC.

3. Dynamic Selection of Robustness Parameters in ARRTOC (Chapter 3): Improving
the automated tuning of I" in ARRTOC to balance conservatism and risk dynamically. While

Section 3.3.4.2 provided a preliminary investigation, numerous research avenues remain open.

7.0.1.2 Medium-Term Research Directions

1. Scaling GP Adaptation for Large-Scale Systems (Chapter 2): Sparse GPs, hybrid

modelling approaches and other heuristics for improving scalability in high-dimensional RTO.

2. Empirical Validation of ARRTOC (Chapter 3): Implementing ARRTOC in real-world

pilot-scale industrial systems to evaluate its practical effectiveness.

3. Integrating Adversarially Robust Optimization and GP Adaptation via Bayesian
Optimization (Chapter 2 and 3): Building on insights from Section 3.3.4.1, to leverage
the full flexibility of GPs in addressing plant-model mismatch within a fully Bayesian ARO

framework for RT'O problems.
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4. Developing Adaptive ARRO-MPC Frameworks (Chapter 6): Investigating how
ARRO-MPC can incorporate self-tuning mechanisms to adapt its robustness based on system

disturbances.

7.0.1.3 Long-Term, High-Impact and Out-Of-Scope Research Directions

1. Theoretical Analysis of Deep Learning-Based Koopman Embeddings (Chapter
5): Formalizing the properties of learned embeddings to provide theoretical guarantees on

their stability and applicability for control.

2. Adversarial Robustness Beyond ROMs (Chapter 6): Extending adversarial robust-
ness techniques to a wider range of PSE applications where ML is crucial, yet susceptible to

disturbances, noise, and other perturbations e.g. Model-Based Design of Experiments.

7.0.2 Retrospective and Reflections

Looking back on this journey, my PhD experience has been as much about personal and professional
growth as it has been about advancing technical knowledge. One of the most valuable lessons
I've learned is the importance of adaptability—mnot only in models and algorithms but also in
my approach to research. Early in my PhD, I focussed primarily on the theoretical foundations
of machine learning, optimization, and control, as these formed the core of my initial learning.
However, as my research progressed, I gained a deeper appreciation for practical implementation
and the constraints of real-world industrial applications. In other words, while a strong theoretical
foundation is essential, the ultimate goal in PSE is to translate that knowledge into solving practical

problems

A key turning point was my work on GP adaptation for RTO. Initially, I was drawn to
GPs for their theoretical elegance, but as demonstrated by the results in Chapter 2 and Chapter
3, their practical utility and flexibility in RTO are equally compelling. Notably, their seamless
integration into hybrid approaches—where the strengths of data-driven and mechanistic methods
are combined—is particularly exciting for applied engineering contexts such as PSE, where domain

knowledge can provide substantial value.

My work on adversarial robustness in RTO and control was another major inflection point. As
discussed in Chapter 3 and 6, this research emerged serendipitously, influenced by my internship

at the Alan Turing Institute, where I was introduced to adversarial ML in a completely different
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context. Adapting these concepts to control and optimization was a deeply rewarding intellectual
challenge, and it was through this work that I came to appreciate the importance of interdisciplinary
research. This experience underscored the value of drawing inspiration from adjacent fields and

demonstrated how seemingly unrelated domains can provide profound insights.

Similarly, my comparative benchmarking study for system identification challenged many of
my initial assumptions. Early in my research—perhaps due to my inexperience—I believed that
more complex models, approaches and methods would always yield superior results. However,
through extensive experimentation, I discovered that simpler, well-regularized models and methods
often performed just as well, if not better, than their more intricate counterparts. Furthermore,
incorporating even a small amount of domain knowledge could significantly elevate performance,
turning average results into state-of-the-art advancements—a pattern that was particularly evident
in the GP adaptation work in Chapter 2. These insights deepened my understanding of ML in PSE,

reinforcing the importance of robustness, simplicity, and domain knowledge over sheer complexity.

A prime example of how sheer complexity can sometimes introduce more challenges than bene-
fits was my work on Koopman-based linearization. While this research was particularly demanding,
it was also deeply rewarding. This chapter tested my resilience as I navigated significant computa-
tional bottlenecks and theoretical uncertainties. Initially, I struggled with overfitting and training
instability in deep learning-based Koopman embeddings, but these obstacles pushed me to refine
my methodologies and explore alternative approaches. Ultimately, this experience reinforced the
importance of persistence in tackling difficult problems and highlighted the need to balance theo-
retical exploration with practical feasibility. In fact, this work prompted me to rethink my broader
approach to handling large-scale systems, ultimately steering me toward the more traditional ap-

proach of using ROMs, which culminated in the research presented in Chapter 6.

In conclusion, this thesis has not only contributed to advancements in data-driven RTO and con-
trol but has also shaped my perspective on research, collaboration, and the interplay between theory
and application. While significant progress has been made, the path toward fully autonomous PSE

applications remains rich with challenges and opportunities for further exploration.
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Supplementary information for

Chapter 4

A.1 AutoSID Framework Details

In this appendix, we describe the steps of the AutoSID framework outlined in section 4.2.1 in

detail. To accompany Figure 4.3, we also include Pseudocode 6 for reference.

Pseudocode 6 Pseudocode for AutoSID

Input: Set of dynamical systems, S; Set of the number of training samples, N; Set of models,
M; Set of possible hyperparameters associated with each of the models, Hq; Set of model
structure search algorithms , A; Set of model selection criteria, C.

Output: Database of results.

1: repeat
2 Get next inputs: S;, Nj, My, Hum,, A and Cp,
3 Dirain, Diest = Simulate(S;, Nj)

4: H,. > Lselection = ModelSelection(My, Haa,, Aty Cins Nirain)

5

6

7

MSEtrain, MSEtest, ttraining = PerformanceEvaluation(H},, , Mk, Dirains Drest)
Write full set of results to database.
until all combinations of the input sets S, N, M, A and C are exhausted.

A.1.1 Input to the Framework

The framework is initialized by defining six different input sets: S, N', M, H, A and C. S specifies
the set of dynamical systems, defined by their system of equations, which are used to generate the

time-series data for identification. S; defines a particular dynamical system and its associated sys-
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tem of equations. For instance, this may be a CSTR. The full set of dynamical systems considered
in this study are detailed in section 4.2.2 and Appendix A.2. A signifies the range of sample sizes
employed for training, where N; denotes a specific number of samples, such as 1,000 timesteps. De-
tails on data generation, training, and testing allocation are discussed in section 4.2.2. M defines
the set of models to be evaluated, where M}, defines a particular model family, for instance, LSTM
models. A particular instance of a model is only defined once the model structure is decided. The
possible model structure or hyperparameters associated with each of the models in M is given by
the set Haq where H g, is the set of possible hyperparameters for model Mj,. For example, for
FFNN models, this set may include the possible number of layers, the number of nodes per layer,
the activation function etc. The full set of models considered in this study, M, as well as their
associated hyperparameter/model structure choices is discussed in detail in section 4.2.3. A com-
prises the collection of model selection search (hyperparameter optimization) algorithms utilized
for exploring the hyperparameter space of a model. A; represents a specific algorithm, such as the
grid search method. Model selection and the search algorithms used will be further discussed in
section 4.2.4. C is the set of model selection criteria used to select the "best” model structure from
the set of possible model structures. C,, is a particular criterion from this set with AIC being an

example. Model selection criteria will also be discussed in section 4.2.4.

A.1.2 Output of the Framework

After performing model selection in step 4 and performance evaluation in step 5, the framework
saves the full set of results to a database for post-processing in order to analyse the results.

Specifically, the following items are recorded after each iteration:

1. The system the data was generated from, S;.
2. The model which was fit to the data, M.

3. The optimal hyperparameters/model structure for model M, as assessed during model se-

lection.
4. The number of training samples used, N;.
5. The search algorithm employed during model selection, A;.
6. The model selection criterion employed during model selection, C,,.

7. The total model selection time.
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8. The training MSE.
9. The testing MSE.

10. The total training time.

These results, for all combinations of the input sets, can then be used to analyse the results in
order to investigate the four criteria mentioned in section 4.2.1. More details on model performance

evaluation can be found in section 4.2.5.

A.1.3 Step 1 and 7: Iterate through all combinations

The framework iterates through steps 2 to 6 until every possible combination of the input sets
S, N, M, A, and C is exhausted, generating results for each combination. For example, in one
iteration, S; might represent a CSTR system, My, an ARX model, N being 500 training samples,
A; being the random search algorithm, and C,, being BIC. The next iteration may be identical,
differing only in the model selection criterion i.e. C,,4+1 being 5-fold cross-validation. In this way,
the results generated allow us to exhaustively compare the performance of the different models

with respect to the four points mentioned in section 4.2.1.

One should notice that all of the iterations are independent of each other and as such can be
processed concurrently. This is a feature which we exploit in this study by running the iterations
in parallel via SLURM job array parallelization using the Imperial College London HPC cluster
[252, 249]. This parallelization was crucial for managing the considerable computational load posed
by the 11,088 combinations under consideration. Executing steps 2 to 6 for each combination can
be highly computationally intensive, particularly for DL models. SLURM job array parallelization

optimizes efficiency by circumventing potential bottlenecks inherent in serial execution [252].

A.1.4 Step 3: Simulation of dynamical systems

After a particular system, S;, has been selected in step 2, the system is then simulated to generate
the time-series data. A total of 40,000 timesteps are generated, but only a fraction of this is
reserved for training while the remainder is used for testing. The number of samples used for

training is given by A; which is also selected in step 2.
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Further details on all of the dynamical systems which are considered in this study as well as
how the data is generated and how much of this is used for training and testing is discussed in

section 4.2.2.

A.1.5 Step 4: Model selection

Model selection is performed given a particular model, My, its associated hyperparameters, H 4, ,
search algorithm, 4; and selection criteria, C,, from step 2 as well as the training dataset generated
from step 3. Model selection proceeds by finding the "optimal” model structure using the training
dataset whereby the search over the hyperparameters is enabled by the search algorithm while the
selection criteria is used to assess what the ”best” structure is. The optimal model structure and
the total time taken for model selection is recorded. The optimal model structure is used in step
5 for performance evaluation (see section 4.2.5), whereas the total model selection time is used for
subsequent analysis to compare the different model selection search algorithms as will be shown in

section 4.3.1.

Further details on the models and their associated hyperparameter sets is considered in section
4.2.3. Model selection, the different search algorithms and selection criteria are detailed in section

4.2.4.

A.1.6 Step 5: Performance evaluation

After model selection in step 4, an optimal model structure, H},, , for model, My, is obtained.
This model structure is imposed on the model which is then fit to the full training dataset to give
the training MSE, MSE¢yain, and the total training time, tt;aining. The trained model is then tested
on the test dataset to give the testing MSE, MSEs:. These metrics are subsequently used to

compare the performance of the different models to one another.

Further details on performance evaluation of the models and their subsequent comparison to

each other is detailed in section 4.2.5.

A.2 PSE Dynamical System Details

In this appendix, we describe in detail the 11 PSE dynamical systems used in this study to generate

data for the system identification task. Specifically, the system of equations, parameter values and
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the complexity associated with the dynamics as well as relevant sources of literature are presented.

A.2.1 Second-Order System

In this section, we consider the general second-order dynamical system [271, 115] which consists of
2 state variables, 1 input variable and 1 measured variable. The second-order system is described

by the following set of differential equations:

d.’]?l
=L — 2
dt (A1)
drs _ 1 o + Ku)
— = —2(Try — T U
dt T2 2 !
where z1, 29 are the state variables, x = [z1,22]T € R? and wu is the input variable. We define

the measured variable, which in this case is just a scalar, as y = x1. The remaining variables are
treated as fixed parameters with their values given in Table A.1. The system is simulated as per
section 4.2.2, with the input variable, u, defined by a series of random step inputs between a lower

bound of 0 and 10.

We include the second-order system for a number of reasons. Firstly, despite its simple form,
it effectively describes various physical processes. For instance, in the PSE domain, it naturally
emerges when mass capacities are arranged in series, such as two liquid storage tanks or a reac-
tor feeding a storage tank, among other examples [271]. Beyond PSE, the second-order system
can also be used to describe the mechanical mass-damper system or the electrical RLC circuit
[115]. Moreover, despite its apparent simplicity, the second-order system exhibits rich and varied
behaviour, including oscillatory responses to step inputs and variations in damping depending on

the parameter values. This complexity can pose challenges in identification [173].

Table A.1: Table of parameter values used for the second-order system.

Parameter Description Value Units
K Gain 1.0 -
T Time Constant 0.5 -

¢ Damping Factor  0.25 -
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Table A.2: Table of parameter values used for the CSTR.

Parameter Description Value Units
q Feed Flowrate 100 m3 /s
1% Reactor Volume 100 m?

P Liquid Density 1000  kg/m3
Cp Specific Heat Capacity 239 J/kg K
AHp Specific Heat of Reaction -5et J/mol K
E—Ig‘ Activation Energy over Gas Constant 8750 K

k Rate Constant 7.2¢10 1/s
UA Heat Transfer Coeflicient 4e? W/K
Ty Feed Temperature 350 K
Cy ; Feed Concentration of A 1.0 rnol/m3

A.2.2 Continuous Stirred Tank Reactor (CSTR)

In this section, we consider a CSTR system with cooling provided by water flowing through a
coiled tube [271, 128]. The reactor houses an irreversible chemical reaction in which species A is
converted to species B: A — B. The system consists of 2 state variables, 1 input variable and 2

measured variables. The system is described by the following set of differential equations:

00 _ @, ) = kCae T
dt v (A.2)
dT q AHR —Ea UA ’
L L7y KCae 7 4 22 (T, —T
a ~ v T =T - ekCae ™ + o (T = 1)

where C4, the concentration of species A in the reactor, and T, the temperature of the reactor, are
the state variables, x = [C'4,T]|T € R? while, u = T, the cooling water temperature, is the input
variable. In this case, we assume all states are observable and as such we define the measured
variable to be y = x. The remaining variables are treated as fixed parameters with their values
given in Table A.2. The system is simulated as per section 4.2.2, with the input variable, u, defined

by a series of random step inputs between a lower bound of 275K and 325K.

We include the CSTR system in our study as it represents a quintessential example of the
dynamical systems explored in the PSE literature: highly nonlinear and complex, with potentially
unstable dynamics depending on the exothermic or endothermic nature of the reaction. In the
CSTR, the nonlinearities are particularly pronounced due to the presence of the state variable, T,
in the exponential term. Furthermore, numerous theoretical, computational, and experimental in-
vestigations have shown that the CSTR system displays bifurcations [236, 143], output multiplicity
[248], chaotic behavior, and self-sustained oscillations [259, 287] depending on the region of the

state space under consideration. Even in the simplest cases involving a single irreversible reaction,
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this rich behavior is evident [236, 271]. All of these phenomena contribute to the well-documented

challenge of system identification for the CSTR system [279].

A.2.3 CSTR in Series with Recycle Loop

Building upon the complexity of the last section, we consider the same set-up as in section A.2.2
of a CSTR housing an irreversible chemical reaction, A — B, with cooling. However, now we
consider two of these CSTR systems in series with a fraction of the output of the second CSTR
being recycled back to the first reactor. The system is described in [212] which is where we obtain
the system of equations and the corresponding parameter values. The system consists of 4 state
variables, 4 input variable and 4 measured variables. The system is described by the following set

of differential equations:

d(;?l - Vil (Cayas + Casty — Ca, (a5 + ) — KCa e 710

% = Vil (Trqr + Togr — Ti(qr +qr)) — ié{j kCAlt’f;;;{lA n [%;4‘;1 (T~ T)) "
d§?2 = v%(CAl — Cu)ar + 4) — kCaye 715 :
% = V%(Tl —Ta)(qr +ar) — Apg:kcAgeR‘?ﬁ n 502;4‘2 (T —Ty)

where C4, and C4,, the concentrations of species A in reactor 1 and 2 respectively, and T7 and T,
the temperatures of reactor 1 and 2 respectively are the state variables, x = [Ca,,Ca,,T1,To]T €
R%. The cooling water temperatures of the two reactors as well as the feed and recycle flowrate
are the input variables, u = [T¢,,T¢,,qs,9-]7 € R*. As before, we assume all states are observ-
able, y = x. The remaining variables are treated as fixed parameters with their values given
in Table A.3. These are obtained from [212]. The system is simulated as per section 4.2.2,
with the input variable, u, defined by a series of random step inputs between a lower bound of

[273K, 273K, 10m?3 /s, 10m?3 /s]T and an upper bound of [325K, 325K, 50m? /s, 50m? /s]T.

The CSTRs in series, coupled with a recycle loop, introduce an additional layer of complexity to
the challenges outlined in section A.2.2. Specifically, the nonlinearities observed in a single CSTR
are magnified by the interacting mass and thermal capacities when multiple reactors are arranged
in series [135, 309]. Controlling such a system presents several significant practical challenges
[212, 259]. Furthermore, the recycle loop introduces long-time dependencies on these interactions,

resulting in substantial time delays, which are notoriously difficult for system identification [207,
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Table A.3: Table of parameter values used for the CSTR with recycle.

Parameter Description Value Units
1% Reactor Volume 1 100 m?
Va Reactor Volume 2 200 m?

p Liquid Density 1050 kg/m?3

Cp Specific Heat Capacity 3766 J/kg K
AHp Specific Heat of Reaction 5.841e*  J/mol K
E—Ig‘ Activation Energy over Gas Constant 5550 K

k Rate Constant 3.118¢° 1/s
Ui Ay Heat Transfer Coefficient of Reactor 1 461 W/K
Us Ag Heat Transfer Coeflicient of Reactor 2 732 W/K

Ty Feed Temperature 298 K
Ca, Feed Concentration of A 1.0 mol/m?

157).

A.2.4 Four Tank System

In this section, we consider the four-tank system as described in [134, 198, 5]. The system consists
of four tanks with two pumps used to control the liquid level in the tanks. Liquid from a reservoir
is pumped to the tanks with a majority of the fluid being directed to the two upper tanks which
drain into the two lower tanks while a smaller proportion of the flow is directed into the lower tanks
directly. The system is composed of 4 state variables, 2 input variables and 4 measured variables.

The system is described by the following set of differential equations:

Tk

dhl aq as 1

Y Sk + B\ fagh

a A, 91+A1 gns + Alm

dh k

2 = 22 faghy + 55\ faghy + 220

dt As Aq Aq (A.4)
dt As 3 Ay 2

dhy ay (1 —y1)ks

—4__ 2 foah A= M

AT T e

where the liquid level of the tanks are the state variables, x = [h1, ho, h3, h4]T € R*. The pump
voltages are the input variables, u = [v1, v2]T € R%. As before, we assume all states are observable,
y = x. The remaining variables are treated as fixed parameters with their values given in Table
A.4. The system is simulated as per section 4.2.2, with the input variable, u, defined by a series

of random step inputs between a lower bound of [0V,0V]T and an upper bound of [10V,10V]T.

The four-tank system is incorporated into this comparative study because it serves as a standard

benchmark problem for identification and control tasks in the chemical engineering literature. Its
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Table A.4: Table of parameter values used for the four tank system.

Parameter Description Value Units
g Acceleration Due to Gravity 9.81 m/s?
T Fraction Bypassed to Tank 1 0.2 -

Yo Fraction Bypassed to Tank 2 0.2 -

k1 Pump 1 Gain 85e7* m3/Vs
ko Pump 2 Gain 9.5e7% m3/Vs
aq Cross Section Area of Tank 1 Outlet 3.5¢73 m?
as Cross Section Area of Tank 2 Outlet 3.0e™2 m?
as Cross Section Area of Tank 3 Outlet 2.0e™3 m?
ay Cross Section Area of Tank 4 Outlet 2.5¢73 m?
Ay Cross Section Area of Tank 1 1.0 m?
As Cross Section Area of Tank 2 1.0 m?
Asg Cross Section Area of Tank 3 1.0 m?
Ay Cross Section Area of Tank 4 1.0 m?

complex, multivariate nonlinear dynamics, accentuated by the strongly interacting tank liquid
capacities, make it an ideal testbed [198, 5]. Additionally, the four-tank system displays a unique
dynamic property: it can be either minimum phase or non-minimum phase depending on the valve

positions and pump flows to the tanks [134].

A.2.5 Continuous Binary Component Distillation Column

In this section, we consider the continuous distillation of a binary component system which is well
described and surveyed in the literature [128, 88, 281, 180]. The system cousists of a distillation
column operated at constant liquid holdup, fed with a saturated liquid composed of two compo-
nents, of differing volatility, which we refer to as A and B respectively. The distillation column is
composed of 7 plates, numbered from top to bottom, including the feed plate at position 4 as well
as a reflux drum and a reboiler. Consequently, the system is described by 9 state variables, 2 input
variables and 2 measured variables. The system of differential equations consists of a material
balance for the more volatile component, A, at five main regions within the column. Starting from

the top and moving down; A balance at the reflux drum:

d.TD 1
—=—Vy1—(L+D A5
P = 3 Vo= (L+ Dap) (A.5)
where xp is the liquid mole fraction of component A in the reflux drum i.e. the distillate mole

fraction. y; is the vapour mole fraction of component A from plate 1. Mp is the number of moles

of liquid in the reflux drum. V is the vapour molar flowrate in the rectifying section. L is the
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liquid molar flowrate in the rectifying section. Finally, D is the distillate molar flowrate.

A balance for plate n, in the rectifying section, above the feed stream

o (Lot = 20) + Vst — ) (A0

where L and V are defined as before. M is the number of moles of liquid retained on the current
plate. x,,_1 and x,, are the liquid mole fractions of component A from the plate above, n — 1, and
on the current plate, n. Similarly y,+1 and y, are the vapour mole fractions of component A from

the plate below, n + 1, and on the current current plate.

A balance for the feed plate, f:

dey _ 1

T (Lry1 — L'zg +V'ypi1 = Vyp + Fajeea) (A7)

where M, L and V are defined as before. L’ is the liquid molar flowrate from the stripping
section. V' is the vapour molar flowrate from the stripping section. F' is the feed molar flowrate.
Z feeq 15 the liquid mole fraction of A in the feed stream. x¢ and x¢_; are the liquid mole fractions
of A on the feed plate, f, and the plate above it, f — 1, respectively. Similarly, y; and ys41 are the

vapour mole fractions of component A on the feed plate, and the plate below it, f+ 1, respectively.

A balance for plate m, in the stripping section, below the feed stream:

dx,, 1
% =17 (L' (xm=—1 — Tm) + V' (Ymt+1 — Ym)) (A.8)

where all variables are defined as they were previously.

Finally, a balance for the reboiler:

da;B 1
—— = — (L'ay —Wap -V’ A9
TRl v (L'zr —Wap yB) (A.9)
where L’ and V' are defined as before. Mp is the number of moles of liquid in the reboiler. zp
is the liquid mole fraction of A in the reboiler i.e. the bottom composition. yg is the vapour mole

fraction of A rising from the reboiler. Finally, z7 is the liquid mole fraction of A dropping from

the final plate in the distillation column, plate 7.
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Additionally, the system requires several algebraic equations describing the total material bal-

ance over the column. The liquid and vapour molar flowrates in the rectifying section:

L=RD
(A.10)
V=(R+1)D
where D, L and V are defined as before. R is the reflux ratio.
The liquid and vapour molar flowrates in the stripping section:
L'=L+qF
(A.11)

V' =V+(1-qF

where L', V' L,V and F are defined as before. ¢ is the feed ”quality” where in this case a

saturated liquid feed is considered, such that ¢ = 1.

Finally, the system also requires the equilibrium relationship between the liquid and vapour at

any stage, i:

aT;

1+ (a— 1z (4.12)

Yi =
where x; and y; are the liquid and vapour mole fractions at stage ¢ respectively. « is the relative

volatility of the most volatile component, A, to the less volatile component, B.

The state variables are component A’s liquid mole fractions at each stage, x € R? while the
feed flowrate and reflux ratio are the input variables, u = [F, R]T € R2. In this case, we assume
the only measured variables are the distillate and bottoms compositions, y = [zp,x5]T € R%. All
other variables are treated as fixed parameters with their values given in Table A.5. The system is
simulated as per section 4.2.2, with the input variable, u, defined by a series of random step inputs

between a lower bound of [10.0mol/hr, 2.0]T and an upper bound of [100.0mol/hr, 10.0]T.

Just as the CSTR system epitomizes the intricate dynamics encountered by chemical engi-
neers, the distillation column stands as a quintessential example of distributed parameter systems
found commonly in chemical engineering [128, 281, 335]. These systems, theoretically infinite-
dimensional, are typically described by partial differential equations (PDEs) detailing their spatial

and temporal evolution [162, 225]. Consequently, spatial discretization methods such as finite
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Table A.5: Table of parameter values used for the distillation column.

Parameter Description Value  Units
M Moles of Liquid Retained in Column 2000 mol
D Distillate Molar Flowrate 100 mol/hr
q Feed Quality 1.0 -
o Relative Volatility of Component A to B 5.0 -
T feed Feed Composition of Component A 0.2 -

differences or finite elements are employed. This often leads to the development of nonlinear
high-order models, sometimes necessitating model-order reduction methods for severe cases [237].
Despite being standard unit operations in PSE, accurately modelling or performing system identi-
fication of distillation columns for successful model-based control remains challenging [281]. Even
for the simplest cases involving binary components and ideal thermodynamics, columns may ex-
hibit multiple steady states or catastrophic instabilities [131, 132]. Challenges intensify with non-
ideal mixtures, azeotropes, or unconventional configurations like linked columns or divided walls
[88, 310, 165, 103, 209, 253]. Consequently, practitioners often rely on basic first-principles models,

which are normally poor approximations of the underlying system [281, 23].

A.2.6 Multistage Countercurrent Extraction Cascade

In this section, we consider the multistage countercurrent liquid-liquid extraction cascade system
as detailed in [128]. The system consists of two immiscible liquids, which we denote as L and G
respectively. A solute is preferentially transferred from phase L to phase G. The mass transfer
occurs via an extraction cascade whereby 5 extraction stages are placed in series with the two liquid
phases flowing countercurrent to each other in order to maximize the extraction efficiency. The
system has 10 state variables, 2 input variables and 2 measured variables. The system is described
by the following system of differential equations which expresses a solute balance in each phase for

every stage, i:

DX - X~ Ko (X - 2
de 1%3 m
v o . (A.13)
L= (Vi = Y) + Ko [ Xi - =
dt VG( " )+ Kp ( m>

where the state variables are the concentrations of the solute in phase L and phase G at each
stage, X; and Y;, x € R'9. The input variables are defined to be the flowrate of the two phases

through the extraction cascade, u = [L, G]T € R%. We assume that the only measured variables are
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Table A.6: Table of parameter values used for the extraction cascade.

Parameter Description Value Units
\%7 Liquid Volume of Each Stage 5.0 m?
Va Gas Volume of Each Stage 5.0 m?>
K, Mass Transfer Constant 5.0 1/hr
Xo Feed Concentration of Solute in Liquid 0.6 -
Ys Feed Concentration of Solute in Gas 0.05 -
m Equilibrium Constant 1.2 -

the outlet concentrations of the solute in each of the phases, y = [X5,Y1]T € R%. The remaining
variables are treated as fixed parameters with their values given in Table A.6. The system is
simulated as per section 4.2.2, with the input variable, u, defined by a series of random step inputs

between a lower bound of [1.0m3/hr, 1.0m? /hr]T and an upper bound of [5.0m3 /hr, 5.0m3 /hr]T.

The extraction cascade presents numerous complexities that makes identification challenging.
Similar to distillation columns, extraction cascades are distributed parameter systems with spa-
tially evolving dynamics. The system dynamics involve various competing and opposing effects,
including multiphase equilibrium, mass transfer transience, and hydrodynamic phenomena like
backmixing [128, 254, 210]. These opposing dynamic behaviors can complicate identification, par-
ticularly with limited data that may not fully capture the nonlinear characteristics or if the system
has not been appropriately excited by the input signals [306, 205, 204]. Additionally, depending
on the specific extraction mechanism or cascade configuration, extraction cascades can exhibit
a wide range of dynamic behaviours, from slow dynamics dominated by near-equilibrium condi-
tions in high-capacity, long-residence-time cascades to rapidly evolving dynamics in low-volume,

high-throughput devices [128, 205].

A.2.7 Multistage Countercurrent Extraction Cascade with a Slow Chem-

ical Reaction

Building on section A.2.6, in this section we consider the same set-up as before but include an
additional layer of complexity in the form of a slow chemical reaction occurring within the cascade.
As before, the system consists of two immiscible liquids, which we denote as L and G respectively.
In this case, we consider a specific solute which we call A. As before, A is transferred preferentially
from phase L to phase G. However, in this case, we assume that solute A reacts with a second
component B (in phase G) to form an inert product C: A + B — C. It should be noted that

components B and C are immisible in phase L and therefore remain in phase G. For this reason,
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Table A.7: Table of parameter values used for the extraction cascade with reaction.

Parameter Description Value Units
\%7 Liquid Volume of Each Stage 5.0 m?
Va Gas Volume of Each Stage 5.0 m?>
K, Mass Transfer Constant 0.01  1/hr
k Rate Constant 0.1 1/hr
X4, Feed Concentration of A in Liquid  0.85 -
Ya, Feed Concentration of A in Gas 0.05 -
Y5, Feed Concentration of B in Gas 0.9 -
Ye, Feed Concentration of C in Gas 0.05 -
m Equilibrium Constant 1.2 -

phase L only contains component A while phase G contains all three components. The mass transfer
occurs via b extraction stages placed in series with the two liquid phases flowing countercurrent
to each other. The system has 20 state variables, 2 input variables and 2 measured variables. As
before, the system is described by the following system of differential equations which expresses a

component balance in each phase for every stage, i:

dX4 L Y4
Ao L (Xa, —Xa,)— Kra <XA1. - Al)

dt Vi m
Yy, G Ya,
d:l = %(YA1+1 - YAi) + Kpq <XAi - ,;1;) - kYAiYBi
@ (A.14)
dtBi - Vig(YBHl — V) = kYa, Y,
dYe, G
dfl = %(Yci+l — Yci) + kYA, YB,

where the state variables are the concentrations of solute A in phase L and phase G at each stage,
X4, and Yy,, as well as the concentrations of component B in phase G at each stage, Yp,, and the
concentrations of component C in phase G at each stage, Yo, i.e. x € R??. The input variables
are defined to be the flowrate of the two phases through the extraction cascade, u = [L, G]T € R2.
As before, we assume that the only measured variables are the outlet concentrations of solute
A in each of the phases, y = [Xa,,Y4,]T € R% The remaining variables are treated as fixed
parameters with their values given in Table A.7. The system is simulated as per section 4.2.2,
with the input variable, u, defined by a series of random step inputs between a lower bound of

[1.0m3 /hr, 1.0m3 /hr]T and an upper bound of [5.0m? /hr, 5.0m3 /hr|T.

This system suffers the same complexities that make identification challenging for the standard
extraction cascade described in section A.2.6. Additionally, one must also contend with the com-
plexities introduced by chemical reaction dynamics as was introduced in section A.2.2. The original

investigators of the above model, [128], illustrate these challenges, revealing sustained oscillatory
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behavior due to the inclusion of reaction dynamics. Furthermore, the inclusion of a chemical re-
action, even if slow-evolving, introduces a distinct set of dynamic behaviors characterized by an
additional opposing effect in the cascade. Specifically, as the transferred solute, A, is slowly con-
sumed in phase G, the affinity for mass transfer from phase L to G varies depending on the rate
of the reaction which in turn depends on the concentration of the components in phase G itself.
This interplay can induce sustained oscillations and substantial time delays, as noted by [128] and

306].

A.2.8 Nitrification in a Fluidized Biofilm Sand Bed Reactor

In this section we consider the nitrification process taking place in a fluidized biofilm sand bed
reactor. The process is typically employed for biological wastewater treatment in order to remove
Nitrogen, in the form of Ammonium, from water [136]. In the reactor, Ammonium undergoes
sequential oxidation (under the action of biomass contained in the biofilm of the reactor) to Nitrite

and then Nitrate according to the following reactions:

NHJ + §02 — NO; +H,0 +2H"
2
. (A.15)
NO; + 50, — NOy

The outlet, rich in Nitrite and Nitrate as well as any unreacted Ammonium, is passed to an
absorber which attempts to remove the products from the stream. At the same time, the stream is
enriched with oxygen by mass transfer from the air. Oxygen is needed for the nitrification reaction
as show in equation (A.15). This stream, with unabsorbed Nitrite and Nitrate ions, the unreacted
Ammonium as well as newly dissolved oxygen is then recycled back to the fluidized biofilm reactor

in order to convert as much Ammonium as possible.

The simulation model employed is loosely based on the early work of [289], however is supple-
mented by more recent contributions in the form of [128, 240, 58]. The fluidized biofilm reactor is
modelled by discretizing the reactor into three control volumes and treating each control volume
as a lumped parameter system (effectively as three tanks in series). The system has 16 state vari-
ables, 5 input variables and 3 measured variables. The system is described by the following set of
differential equations detailing the material balance of the four components (Ammonium, Nitrite,
Nitrate and Oxygen) in the three reactor stages as well as the absorber. Note that for notational

convenience, the nitrogen compounds are indexed as substrate 1 (Ammonium), 2 (Nitrite) and 3
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(Nitrate).

For reactor stage n, we have:

dSl qr Umaxlsl On
n _ 4T S _ S _ n
i~y e =5 (K1 + S1.)(Ko1 + Oy)
dSZ vmaxlsann UmaxZSQTLOn

=g, S )+ -

dt Vv (K1+51,)(Ko1 +0y,) (K2 + S2,)(Koz2 + Oy) (A.16)
dS3n _ ql(s _S ) + 'Umax252n0n '
RV A Bn (K2 +52,)(Ko2+ Oy)
dOn qr Umax1 Sl On Umax2S2 On
= —(Op-1—0y,)—35 - —-1.1 L
at v O O I e g Y Kon+ 00 e + 8a,) (Fou + 0,)
where S; and S;_ _, are the concentrations of substrate i (where i = 1,2, 3, corresponds to Ammo-

nium, Nitrite and Nitrate respectively) in stage n and n — 1 respectively. O,, and O,,_1 correspond
to the concentrations of oxyen in stage n and n — 1 respectively. ¢, is the recycle flowrate. V is
the volume of each reactor stage. The upcoming variables are all related to the double Michaelis-
Menten rate expressions in equation (A.16), for more details refer to [128, 289, 240, 58]. vmax; is the
maximum velocity for reaction j in equation (A.16). Kj is the saturation constant for Ammonia

for reaction j in equation (A.16).

For the absorber, we have:

ds -
b 0~ 81,) + (51, — Siy)

dt %4 Va

ds. qr q
diA = V(S% —S2,) + 7A(52F — S2,)

dSs, o q (A.17)
dt = V(S33_S3A)+7A(S3F _S3A)

dO r O ir

= (05— 0a) + Ku, ( = —OA)

where ¢, and V are defined as before. S;,, S;, and S;, are the concentrations of substrate ¢ in
the final reaction stage, stage 3, the absorber and the feed to the absorber respectively. ¢ is the
feed flowrate to the absorber while V4 is the volume of the absorber unit. Oz, O4 and Oa;, are
the concentrations of Oxygen in the final reaction stage, the absorber and in the air respectively.
Finally, K1, is the mass transfer coefficient while m is the equilibrium constant which dictates the

equilibrium relationship between the absorbed oxygen and the oxygen in the air.

The state variables are the substrate and oxygen concentrations in each of the reaction stages

and in the absorber, x € R while the recycle flowrate, the feed flowrate to the absorber as well as
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Table A.8: Table of parameter values used for the fluidized biofilm reactor.

Parameter Description Value Units
v Volume of Reactor Stage 10.0 L
Va Volume of Absorber 15.0 L
K, Mass Transfer Constant 1.5 1/hr
k Rate Constant 0.1 1/hr
Oir Concentration of Oxygen in Air 300 mg/L
K, Ammonia Saturation Constant for Reaction 1 0.5 mg/L
Ky Ammonia Saturation Constant for Reaction 2 0.1 mg/L
Ko Oxygen Saturation Constant for Reaction 1 1.5 mg/L
Koo Oxygen Saturation Constant for Reaction 2 0.5 mg/L

Umax1 Maximum Velocity Through Bed for Reaction 1 0.8 mg/L hr
Vmax?2 Maximum Velocity Through Bed for Reaction 2 1.0 mg/L hr
m Equilibrium Constant 0.5 -

the feed substrate concentrations to the absorber are the input variables, u = [¢,, ¢, S1,, 525, 53.]T €
R5. The measured variables are assumed to be the concentrations of the substrates in the
outlet of the reactor, y = [Si,,S2,,93,]T € R3. All other variables are treated as fixed pa-
rameters with their values given in Table A.8. The system is simulated as per section 4.2.2,
with the input variable, u, defined by a series of random step inputs between a lower bound of

[0.0L/hr, 1.0L/hr, 0.05mg/L, 0.05mg/L, 0.05mg/L]|T and an upper bound of [10.0L/hr, 30.0L /hr, 1.0mg/L, 1.0mg/L, 1.0x

The inclusion of the biofilm reactor in this study serves multiple purposes. Firstly, the nitrifi-
cation of Ammonium is a critical process in wastewater treatment, necessitating the development
of model-based control strategies for its efficient operation, as recognized by various practitioners
[240, 58, 136]. Unfortunately, due to the complexity of bioprocesses, such strategies are seldom
employed in practice, leading to reliance on heuristic and ad-hoc operating strategies [58, 136].
Accurate model development presents a significant challenge, as most first-principles models lack
the required precision [240]. Conversely, data-driven modelling approaches based on system iden-
tification and ML methods show promise [208, 328, 83, 233]. Hence, our study aims to explore
various data-driven approaches for bioprocesses. However, bioprocesses pose numerous complexi-
ties for data-driven modelling. Similar to the discussion in section A.2.6, they exhibit competing
dynamic behaviors evolving at different length and timescales, often complicated by large recycle
loops necessary for sufficient reactant conversion, resulting in long time dependencies and delays
[128, 328, 83, 207]. These complexities include reaction dynamics, transient mass transfer, and hy-
drodynamic effects influenced by the unique rheology of bioprocesses, among other factors [56, 155].
Such intricacies lead to the typical challenges associated with identifying nonlinear systems; for

instance, reacting biosystems may exhibit both stable and unstable limit cycles [235], along with
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sustained oscillations [15]. Consequently, identifying and controlling these systems is a formidable

task.

A.2.9 Shell and Tube Heat Exchanger

In this section we consider a fundamental unit operation in chemical engineering via the shell and
tube heat exchanger with the model employed based on several sources [128, 75, 29, 194]. In the
shell and tube heat exchanger, the hot fluid is assumed to be on the tube-side which flows counter-
current to the cold fluid on the shell-side. The finite difference method is used to spatially discretize
the heat exchanger into 8 sections. Consequently, the system consists of 24 state variables, 4 input
variables and 2 measured variables described by the following set of differential equations for each

section, :

dT;. 1
d: = m (thpt (Tti,fl - Tt,) - Utht(Tt,i - T’rm))
Pt
dTs, 1
dt = m (qups (Tsi+1 - Tsi) + UmsAm(Tmi - Ts'i)) (A.18)
psPsVs
dTo,, 1

= UimAe(Ty, — Tm,) = Ups A (T, — T,
B e W AT~ T) (T, ~T,)

where T3,,Ts, and T,,, are the temperatures of the tube-side liquid, the shell-side liquid and the
metal wall separating the liquids for stage i respectively. These temperature for all of the stages
define the state of the system, x € R?*. The inputs to the system are the tube-side flowrate,
¢, the shell-side flowrate, g5, the tube-side inlet temperature, T}, and the shell-side inlet tem-
perature, Ts,: u = [qs, qs, Tyy, Tso]T € R*. Finally, we assume that only the outlet temperature
of the two sides can be measured, y = [T},,Ts,]T € R%. All other variables are treated as fixed
parameters with their values given in Table A.9. The system is simulated as per section 4.2.2,

with the input variable, u, defined by a series of random step inputs between a lower bound of

[10.0m? /hr, 20.0m? /hr, 353K, 293K]T and an upper bound of [50.0m3 /hr, 200.0m? /hr, 423K, 323K]T.

The inclusion of the shell and tube heat exchanger in this study is motivated by its significance
as one of the most crucial unit operations in chemical engineering as a heating processes. To
develop plantwide model-based control strategies for most process systems, an accurate dynamic
model of heat exchangers is essential [128, 194, 283]. Additionally, the transient behavior of heat
exchangers is of great interest, particularly during start-up and shut-down, where load changes
can lead to instabilities such as pressure build-ups, rapid phase changes, and overall poor system

control [29, 292, 308]. A detailed analysis of modelling and control challenges is provided in [194],
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Table A.9: Table of parameter values used for the heat exchanger.

Parameter Description Value Units
Ui Metal Tube Overall Heat Transfer Coefficient 1.5 kW /m? K
Unns Metal Sheet Overall Heat Transfer Coefficient 0.5 kW /m? K

L Segment Length 2 m
D, Tube Wall Internal Diameter 0.05 m
D, Metal Wall Outside Diameter 0.052 m
Dy Shell Wall Diameter 0.75 m
Cp, Tube-Side Fluid Specific Heat Capacity 418 kJ/kgK
Cp.. Metal Wall Specific Heat Capacity 0.5 kJ/kg K
Cp. Shell-Side Fluid Specific Heat Capacity 1.70  kJ/kg K
Pt Tube-Side Fluid Density 1000 kg/m?
Pm Metal Density 7850 kg/m3
Ds Shell-Side Fluid Density 800 kg/m?3

where issues such as time delays and long exchanger residence times are highlighted, complicating

both system identification and control tasks.

A.2.10 Homogeneous Free-Radical Polymerisation

In this section, we consider the homogeneous free-radical polymerisation reaction in a CSTR based
on the models of [128, 142] which is a simplification of the full large-scale model of [268]. Free-
radical polymerisation is an industrially important process as it is commonly employed in the mass
manufacturing of a variety of polymers and polymer-based products [45, 268]. The polymerisation
of free-radicals proceeds as a sequence of three distinct steps termed initiation, addition and ter-
mination within a CSTR. At a high level, the initiation step involves the formation of free-radicals
from an initiator component. The free-radicals are then subjected to addition or propagation
whereby they are used to create monomers which add on to the growing polymer chain. Finally,
in termination, the propagation stage is inhibited when the degree of polymerisation is obtained.
For the interested reader, a more detailed and thorough discussion of the reaction mechanism and
kinetics are described in the aforementioned references. For the model we consider in this work,
the system consists of 3 state variables, 4 input variables and 1 measured variable. The system is
described by the following set of algebraic and differential equations which gives an overall energy
balance, a component balance for the Monomer and Initiator and the average chain length of the

polymer following termination.
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The kinetic rate coefficients for the decomposition of the initiator, k4, the propagation reaction,
kp, as well as the termination reaction, k¢, are all defined by an Arrhenius equation temperature

dependency:

—Fad
kg = Aqe BT

—Eap

k, = Ape R (A.20)

—Eat
ki = Ate RT

Finally, the average chain length of the polymer depends on the extent of the different reactions

and is given by:

— kPM 00
- (220) e

where the temperature of the reactor, the monomer concentration and the initiator concentrations
are treated as the state variables, x = [T, M, I|T € R? while the flowrate, temperature, monomer
concentration and initiator concentration of the feed stream are defined as the input variables,
u=[FTy, My, If]T € R*. It is assumed that the only measured variable is the average chain length
of the polymer, y = L,. All other variables are treated as fixed parameters with their values given
in Table A.10. The system is simulated as per section 4.2.2, with the input variable, u, defined by
a series of random step inputs between a lower bound of [5.0m?/hr, 300K, 500mol/m?, 10mol /m?]7

and an upper bound of [20.0m? /hr, 400K, 5000mol/m?, 100mol/m3]T.

We include the free-radical polymerisation reaction in this study for several reasons. Firstly,
as extensively discussed in [268], the three distinct reaction stages of initiation, addition, and ter-
mination, exhibit complex nonlinear dependencies, presenting challenges akin to those mentioned
in section A.2.2 for reacting systems. However, specific to polymerisation reactions, the compet-
ing dynamics of these stages give rise to the ”gel” effect: At high degrees of polymerisation, the
reaction dynamics lead to multiple steady states and oscillations, causing a marked drop-off in the

degree of polymerisation. This phenomenon is well-documented computationally and experimen-
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Table A.10: Table of parameter values used for the polymerisation reaction.

Parameter Description Value Units
Aqg Initiation Pre-exponential Factor 4.0e'® 1/s
A, Propagation Pre-exponential Factor 6.0et0 1/s
Ay Termination Pre-exponential Factor 9.0e!? 1/s
?{‘d Initiation Activation Energy over Gas Constant 8500 K

2L Propagation Activation Energy over Gas Constant 7750 K
Eﬁ“ Termination Activation Energy over Gas Constant 8250 K
AHp Specific Heat of Reaction -3et J/mol
Cp Fluid Mixture Heat Capacity 2.0 kJ/kg K
P Fluid Mixture Density 1200 kg/m3
1% Reactor Volume 50 m3
f Reactivity Fraction of Free Radicals 0.5 -

tally [128, 268, 146]. For instance, [268, 290] develop a model demonstrating hysteresis behavior
due to multiple steady states resulting from the "gel” effect, consistent with experimental obser-
vations [291]. In fact, due to the extremely rich nonlinear dynamics exhibited by such reactions,
as well as their industrial importance, a multi-part series of papers was released over the course of
several years with the intention of improving modelling, control and operation of polymerisation
reactions. Moreover, polymerisation reaction dynamics are frequently examined in large-scale sys-
tem benchmark studies in the chemical engineering literature owing to its large number of possible
system states [334]. This is because, when considering the possible polymer chain lengths as a state
of the system, there can be over a thousand system states depending on the exact polymer being
considered. In this study, we employ simplified models from [128, 142] to simulate the system,
utilizing average chain length for simplicity, as this model still gives rise to the many complexities

discussed earlier.

A.2.11 Plantwide Process System

For the final system we include in this study, we consider a large-scale plantwide process system
as described by the model in [295]. The system consists of a reactor, storage tank and flash tank
as well as a recycle loop from the flash tank back to the reactor. The system consists of three
components which we denote as A, B and C. A is the feedstock to the system while B is the desired
product and C is an undesired product. The reactor houses a two stage irreversible liquid reaction
where A — B — C. The reactor effluent is pumped to a storage tank before being sent to the flash
separator. It is assumed that component A is more volatile than component B while component

C is non-volatile. Consequently, the flash separator is used to flash the volatile components from
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the separator feed stream such that the vapour top stream, composed of component A and B, is
cooled and recycled back to the reactor while the bottom liquid stream, composed of unreacted A,
product B and undesired product C is pumped away to be processed further. The system consists
of 12 state variables, 5 input variables and 3 measured variables. The system is described by the

following set of algebraic and differential equations.

A total material balance for the reactor:

dHg 1
—— =——(Ff+D—F A.22
I AR (Fr + R) (A.22)
where Hp, is the reactor level, p is the reactor liquid density (which is assumed to be the same
liquid density across the whole system), Ag is the cross-sectional area of the reactor, F is the feed

flowrate to the reactor, D is the distillate flowrate from the flash separator recycled back to the

reactor and finally Fr is the reactor efluent flowrate.

A component balance for the reactor:

dx 1

T oAy, Frwar =@ar) + D(@ap = war)) = kavar
dzpr 1

At~ pApHg (D(zpp — pr) — Fyrpr) + kavar — kBTBR (A.23)
dz 1

d(;R = Andin (Fr+ D)zcr + kpapr

where Hp, p, Ar, Fy, D, Fr are defined as they were previously. x4 is the liquid mole fraction
of component A in the feed stream. zar,Tpgr,Tcr are the liquid mole fraction of component A,
B and C in the reactor. xz4p and xgp are the liquid mole fractions of component A and B in the
distillate stream from the flash separator. Finally, k4 and kg are the rate constants for the two

chemical reactions.

A total material balance for the storage tank:

dH, 1
—— =——(Fg—F A.24
L= = (Fr = Fu) (4.24)
where p is defined as previously. H) is the storage tank level, A, is the cross-sectional area of

the storage tank. Fr is the reactor outlet flowrate. F); is the outlet flowrate of the storage tank

as well as the inlet flowrate to the separator.
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A component balance for the storage tank:

dIAM’__ Fﬁ ( )
dt - PAMHM TAR TAM
deM’ Fﬁ
_ _ A.25
dt pAMHM (mBR xBM) ( )
decy _ Fr (zon — zon)
dt - PAMIEM CR CM

where p, Fr, Ayg, Hyr, TaAR, TBR, Tor are defined as they were previously. xans, ey, Top are

the liquid mole fractions of component A, B and C in the storage tank.

A total material balance for the separator:

dHs 1

where p, Fiy, D are defined as they were previously. Hg is the is the separator level, Ag is the

cross-sectional area of the separator and B is the bottoms flowrate from the separator.

A component balance for the separator:

dzas 1
= r _ _D _
¥ Asls (Fr(ram — was) (tap — 2 as))
dl‘BS 1
= F — - D — A27
i pAsHs( v(TBM — TBS) (xBp —TBS)) (A.27)
dfCCS 1
- F - D
i AsHs (Fu(zem — xzes) + Dxos)

where p, Fr, Ag, Hg, D, x ap, s, Ton are defined as they were previously while x 45, s, s

are the liquid mole fractions exiting the bottom of the flash separator.

It should be noted that the recycle stream, which is composed of the distillate liquid composi-
tions following cooling, can be found from the bottoms compositions using the relative volatility

of component A with respect to component B (denoted «):

QAT AS

x =
AD 1+(Oé* 1)517AS (A28)

rp =1 —xap

The state variables are the liquid mole fractions of component A, B and C throughout the

process as well as the level of the liquid in the reactor, storage tank and separator, x € R!2.
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Table A.11: Table of parameter values used for the plantwide system.

Parameter Description Value Units
Ap Reactor Cross Sectional Area 5 m?
Ang Storage Tank Cross Sectional Area 10 m?
Ag Separator Cross Sectional Area 5 m?
ka Reaction 1 Rate Constant 0.0167 1/hr
kg Reaction 2 Rate Constant 0.0167 1/hr

p Molar Density 50 kmol/m3
« Relative Volatility of Component A to B 90 -

The input variables are the feed flowrate to the reactor, the outlet flow of the reactor, the outlet
flowrate of the storage tank (or similarly the inlet flow to the separator) as well as the bottoms
and distillate flowrate of the separator, u = [Fy, Fr, Far, B, D]T € R®. As the original paper, we
assume the only measured variables are the bottoms liquid compositions and the recycled distillate
liquid compositions respectively, y = [ras,7Bs,ZTcs,Tap,Tp]T € R®. All other variables are
treated as fixed parameters with their values given in Table A.11. The system is simulated as
per section 4.2.2, with the input variable, u, defined by a series of random step inputs between a
lower bound of [50.0kmol/hr, 50.0kmol/hr, 50.0kmol/hr, 50.0kmol /hr, 50.0kmol/hr]T and an upper
bound of [500.0kmol/hr, 500.0kmol/hr, 500.0kmol/hr, 500.0kmol/hr, 500.0kmol /hr]T.

We include the plantwide process system because it encapsulates the complexities discussed
in previous sections: reaction dynamics (sections A.2.2; A.2.3, A.2.7, A.2.8); challenges associ-
ated with recycle loops and their introduced time delays and dependencies (sections A.2.3, A.2.4,
A.2.8); interacting tank capacities in series (sections A.2.1, A.2.4); and separation processes (sec-
tion A.2.5). This system could be further complicated by additional unit operations such as
heating or more complex separation or purification units. Fundamentally, it represents the type of
large-scale process systems that chemical engineers must model, control, optimize, and ultimately
operate. However, as discussed in the original paper and other sources [295, 180, 179], these tasks
are incredibly challenging on a plantwide scale for two primary reasons. Firstly, the individual
components comprising the process have their own intricate dynamics (as we have seen through-
out section 4.2.2) that must now be considered at a large scale. Indeed, an unwanted by-product
of this, is that the combination and interaction of these components can lead to unstable (and po-
tentially chaotic) phenomena, such as the ”Snowball” effect, where minor changes in the feed result
in significant changes in process conditions [295, 180, 179]. As one can imagine, these challenges

make system identification on a plantwide scale an inevitably demanding task.
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A.3 Data-Driven Model Hyperparameters

This appendix contains the table of possible hyperparameter choices and their range of values for
each of the data-driven models outlined in section 4.2.3.

Table A.12: Table of possible hyperparameters and their ranges for ARX models.

Hyperparameter Variable Type Range/Values
Input Model Order Discrete 1-15
Output Model Order Discrete 1-15

Table A.13: Table of possible hyperparameters and their ranges for ARMAX models.

Hyperparameter Variable Type Range/Values
Input Model Order Discrete 1-15
Output Model Order Discrete 1-15
White Noise MA Order Discrete 1-15

Table A.14: Table of possible hyperparameters and their ranges for state-space models.

Hyperparameter ~ Variable Type Range/Values
Model Order Discrete 1-15

Table A.15: Table of possible hyperparameters and their ranges for tree-partitioned linear models.

Hyperparameter Variable Type Range/Values

Input Model Order Discrete 1-15
Output Model Order Discrete 1-15
Tree Nodes Discrete 1-15

Table A.16: Table of possible hyperparameters and their ranges for single-layered sigmoid network
models.

Hyperparameter Variable Type Range/Values
Input Model Order Discrete 1-15
Output Model Order Discrete 1-15

Sigmoid Nodes Discrete 1-15
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Table A.17: Table of possible hyperparameters and their ranges for single-layered wavelet network
models.

Hyperparameter Variable Type Range/Values

Input Model Order Discrete 1-15
Output Model Order Discrete 1-15
Wayvelet Nodes Discrete 1-15

Table A.18: Table of possible hyperparameters and their ranges for regression tree ensemble models.

Hyperparameter Variable Type Range/Values
Input Model Order Discrete 1-15
Output Model Order Discrete 1-15
Fitting Method Categorical "Bagging”, "Boosting”
Number of Trees/Boosting Stages Discrete 100-1000
Maximum Tree Depth Discrete 5-30

Table A.19: Table of possible hyperparameters and their ranges for FFNN models.

Hyperparameter Variable Type Range/Values
Input Model Order Discrete 1-15
Output Model Order Discrete 1-15
Network Layers Discrete 1-5
Neurons per Layer Discrete 2-10
Activation Function Categorical "RelLU”, "Leaky ReLLU”, ”Sigmoid”, "Tanh”
Initial Learning Rate Continuous 0.001-0.1

Table A.20: Table of possible hyperparameters and their ranges for vanilla RNN models.

Hyperparameter Variable Type Range/Values

Input Model Order Discrete 1-15
Output Model Order Discrete 1-15
Network Layers Discrete 1-5 [h!]
Units per Layer Discrete 16-512
Activation Function Categorical "ReLU”, "Tanh”
Initial Learning Rate Continuous 0.001-0.1

Table A.21: Table of possible hyperparameters and their ranges for LSTM and GRU models.

Hyperparameter Variable Type Range/Values

Input Model Order Discrete 1-15
Output Model Order Discrete 1-15
Network Layers Discrete 1-5
Units per Layer Discrete 16-512
Activation Function Categorical "ReLU”, "Tanh”
Recurrent Dropout Continuous 0.2-0.5

Initial Learning Rate Continuous 0.001-0.1
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Table A.22: Table of possible hyperparameters and their ranges for transformer models.

Hyperparameter Variable Type Range/Values
Maximum Input Model Order Discrete 1-15
Maximum Output Model Order Discrete 1-15
Encoder/Decoder Layers Discrete 6-24
Embedding Size Discrete 64-1024
Attention Head Size Discrete 2-32
Feedforward network size Discrete 128-2048

Dropout Continuous 0.1-0.3
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Supplementary information for

Chapter 6

B.1 Plantwide Process System

The plantwide system and MPC set-point tracking problem in Section 6.3.1 is from [295]. The
system consists of a CSTR, storage tank and flash tank as well as a recycle loop from the flash tank
back to the reactor. The system consists of three components which we denote as A, B and C. A
and C are the feedstock to the system while B is the desired product and C is an undesired product.
The reactor houses a two stage irreversible liquid reaction where A — B — C. The reactor effluent
is pumped to a storage tank before being sent to the flash separator. It is assumed that component
A is more volatile than component B while component C is non-volatile. Consequently, the flash
separator is used to flash the volatile components from the separator feed stream such that the
vapour top stream, composed of component A and B, is cooled and recycled back to the reactor
while the bottom liquid stream, composed of unreacted A, product B and undesired product C
is pumped away to be processed further. A schematic diagram is presented in Figure 6.4. The
system consists of 12 state variables, 4 manipulated variables and 2 disturbance variables in the
form of the feed flowrate and composition. The MPC set-point tracking problem is described in
[295] where the goal is to track the set-point for the liquid levels and composition in the vessels.

The system is described by the following set of algebraic and differential equations.

A total material balance for the reactor:
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dHp 1
—=—(F;+D-F B.1
= o W D= Fy) (B.1)
where Hp, is the reactor level, p is the reactor liquid density (which is assumed to be the same
liquid density across the whole system), Ap is the cross-sectional area of the reactor, F is the feed

flowrate to the reactor, D is the distillate flowrate from the flash separator recycled back to the

reactor and finally Fr is the reactor effluent flowrate.

A component balance for the reactor:

dx 1
2R = (Fy(xay —xar) + D(wap — TaAR)) — kaTar

dt pARHR

deR 1
= rpp —BR) — FfTBR ATAR — KBTBR .

i pARHR(D( ) — FyapR) + kax kpx (B.2)
dz 1

N (Ff(xcs —xcr) + Dxcr) + kpapr

dt pARHR

where Hp,p, Ar, Fy, D, Fr are defined as they were previously. x4y and z¢ys are the liquid
mole fraction of component A and C in the feed stream. zar, Tggr, Tcr are the liquid mole fraction
of component A, B and C in the reactor. x4p and xgp are the liquid mole fractions of component
A and B in the distillate stream from the flash separator. Finally, k4 and kp are the rate constants

for the two chemical reactions.

A total material balance for the storage tank:

dH 1
——=——(Fr—F B.3
L = —— (Pn = Fu) (B.3)
where p is defined as previously. Hj is the storage tank level, A, is the cross-sectional area of

the storage tank. Fg is the reactor outlet flowrate. Fjs is the outlet flowrate of the storage tank

as well as the inlet flowrate to the separator.

A component balance for the storage tank:

d.TAM - FR (:,E 0 )
dt  pAnHy AR AM
drem Fgr
= — B.4
dt pAMH]\/[ (xBR xBM) ( )
drcum Fr

dt - _pAMHM (xCR B xCM)
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where p, Fr, Apnr, Hyr, AR, TBR, Tor are defined as they were previously. xans, Tar, Loy are

the liquid mole fractions of component A, B and C in the storage tank.

A total material balance for the separator:

dHs 1
—=—(Fy—-B-D B.5
W= s (Pw ) (B.5)

where p, Fiy, D are defined as they were previously. Hg is the is the separator level, Ag is the

cross-sectional area of the separator and B is the bottoms flowrate from the separator.

A component balance for the separator:

d(EAS 1
- I3 _ _D _
m pAsHs( M(TAMm —Tas) (xaDp — Tas))
dIBS 1
= F — - D — B.
T pAsHs( MM — TBS) (xBp —xBS)) (B.6)
dzcg 1
= F — D
P A (Fu(zom — xes) + Dxes)

where p, Fiyr, Ag, Hg, D, x ap, s, ©oa are defined as they were previously while x 45, £Bg, g

are the liquid mole fractions exiting the bottom of the flash separator.

It should be noted that the recycle stream, which is composed of the distillate liquid composi-
tions following cooling, can be found from the bottoms compositions using the relative volatility

of component A with respect to component B (denoted «):

axAs

€T =
AD 1+ (a—1)zxas

(B.7)

rpp =1—xap

The state variables are the liquid mole fractions of component A, B and C throughout the
process as well as the level of the liquid in the reactor, storage tank and separator, x € R!2.
The input variables are the outlet flow of the reactor, the outlet flowrate of the storage tank
(or similarly the inlet flow to the separator) as well as the bottoms and distillate flowrate of the
separator, u = [Fg, Fis, B, D]T € R%. All other variables are treated as fixed parameters with their

values given in Table B.1.

To develop the ROM, a total of 1000 timesteps is generated by simulating the system with a

series of random step inputs in, u, between a lower bound of 0.0kmol/hr and an upper bound of
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Table B.1: Table of parameter values used for the plantwide system and MPC problem.

Parameter Description Value Units
AR Reactor Cross Sectional Area 5 m?
Any Storage Tank Cross Sectional Area 10 m?
Ag Separator Cross Sectional Area 5 m?
ka Reaction 1 Rate Constant 0.0167 1/hr
kp Reaction 2 Rate Constant 0.0167 1/hr

P Molar Density 50 kmol /m3
Q@ Relative Volatility of Component A to B 90 -
5 for xar
Q Output Weighting Matrix Qii =<1 for Hg,Hy, Hs -
0 otherwise
R Input Weighting Matrix I -
Umin Minimum Input Values [0,0,0,0]7 -
Upmax Maximum Input Values [500, 500, 500, 500]7 -
0 for TAR
Xmin Minimum Output Values Tmin = { 10 for Hgr, Hy, Hg -
0 otherwise
1 for xR
Xmax Maximum Output Values Zmin = { 30 for Hg, Hy, Hg -

0 otherwise
m Prediction and Control Horizon Timesteps 10 -

500.0kmol/hr for each of the flowrates. The resulting data is then used to train the autonencoder-
LSTM ROM either via nominal training or adversarially robust training. It should be noted that

no disturbances are considered during training.

The MPC problem for the plantwide system is formulated as per equation 6.5. Table B.1
provides the parameter values for the MPC problem where m is the prediction and control horizon,
Q@ and R are the output and input weighting matrices respectively. upyi, and uyax are the minimum
and maximum input values while X, and Xpax are the minimum and maximum output values

respectively.

B.2 Tubular Reactor

The tubular reactor distributed parameter system and MPC set-point tracking problem in Section
6.3.2 is from [318]. The system consists of a tubular reactor in which an exothermic reaction
A — B occurs. The output of the reactor is partially recycled back into the reactor with a feed
stream consisting purely of component A. The fraction of the outlet stream which is recycled is

defined by the parameter, R. A schematic diagram is presented in Figure 6.10. The evolution of
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the reactant concentration and temperature over space and time is governed by a system of PDEs

defined as below:

oC 1 9*C

C, = — — — B.C TET
‘T 9. T B, 02 ‘ (B.8)
oT 1 6T .
T, = — +5 57 + BpB.CeTsT + pr(Te —T)
er

where C' and T represent the dimensionless reactant (component A) concentration and temperature
over time and space. T, is the cooling water temperature over time and space. The PDE is defined
on the spatial domain of z € [0,1]. All other variables are treated as fixed parameters with their

values given in Table B.2.

Due to the recycle of the outlet stream, the boundary conditions for the concentration and

temperature at z = 0 are:

oC
5 = ~Pee {1 = R)(1+Cy) + RC(1,1) = C(t,0)}
(B.9)
aT
5 = P {1= R)(1+Ty) + RT(1,1) = T(t,0)}
where all variables are defined as before. Similarly at z = 1, we have:
o, (B.10)
0z

Similar to [318], we simulate the PDE system by discretizing the PDEs into 16 quadratic
elements for both concentration and temperature, resulting in a 32-state system, x € R32. The
reactor has 8 cooling zones or 8 regions with distinct cooling water temperatures which are used
to control the system, u € R®. The MPC set-point tracking problem is described in [318], where
the goal is to track the temperature profile along the reactor for the case R = 0.0 while operating

the reactor at R = 0.5 using the cooling zones as the actuators for the system.

To develop the ROM, again a total of 1000 timesteps is generated by simulating the system
with a series of random step inputs in the dimensionless cooling water temperature between —1
and 1 as well as the recycle ratio between 0 and 1. The resulting data is then used to train the
autonencoder-LSTM ROM either via nominal training or adversarially robust training. It should

be noted that no disturbances are considered during training.

The MPC problem for the tubular reactor system is formulated as per equation 6.6. Table B.2
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Table B.2: Table of parameter values used for the tubular reactor system and MPC problem.

Parameter Description Value
P.. Spatial Concentration Parameter 7
P.., Spatial Temperature Parameter 7
Be Concentration pre-exponential factor 0.1
Br Temperature pre-exponential factor 2.5
Br Heat Transfer Coefficient 2

vy Reaction Coefficient 10
Q Output Weighting Matrix 51
R Input Weighting Matrix I
m Prediction and Control Horizon Timesteps 10

provides the parameter values for the MPC problem where m is the prediction and control horizon,

Q@ and R are the output and input weighting matrices respectively.
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