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Abstract— Uncertainties are inevitable for control of dynam-
ical systems of practical relevance. The conventional robust
control methods assume persistent worst-case realisations of
uncertainties, which leads to conservative solutions. To relax this
assumption, we exploit the fairness notion in formal verification
to qualitatively capture realistic epistemic disturbance be-
haviours. We study the fair control problem, that is, to maximise
the probability of satisfying an Linear Temporal Logic subject
to an action-based fairness constraint for uncertain dynamical
systems. The action-based fairness of epistemic disturbances
can be defined flexibly: by their observed behaviour and/or
by their interaction with control input, enabling both input-
dependent and independent disturbance modelling. We develop
a sound and complete methodology to perform correct-by-
design synthesis. We show that this optimal control problem is
equivalent to a reachability problem in the fairness-realisable
sub-product Markov decision process. We validate our results
over a case study of room temperature regulation.

I. INTRODUCTION

Linear Temporal Logic (LTL) has gained considerable
attention in the synthesis of policies for dynamical systems
under uncertainty. It provides a precise formalism for task
specification and, when combined with probabilistic model
checking, enables fully automated, correct-by-design con-
troller synthesis [1]. LTL-based approaches have been suc-
cessfully applied in domains such as autonomous navigation
and robotic control [2], [3].

Practical dynamical systems are often subject to both
aleatoric and epistemic uncertainty [4]: the former arises
from intrinsic randomness, while the latter reflects incom-
plete system knowledge. Most work in LTL synthesis ad-
dresses aleatoric uncertainty, typically modelled by stochastic
transitions in Markov Decision Processes (MDPs) [3]. More
recent studies [2], [5] extend this address both aleatoric
and epistemic uncertainty by abstracting the system as an
uncertain MDP (e.g., interval MDPs) to synthesise robust
policies against worst-case scenarios. However, we argue that
such robustness can yield overly conservative solutions.

Example. Consider a scalar discrete-time linear system:

xt+1 = xt + ut + wt + vt,

where xt ∈ [−10, 10] is the state, ut ∈ [−1, 1] the control
input, wt ∈ {−2, 0, 2} an epistemic disturbance from an
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unknown but bounded set, and vt ∼ N (0, 1.52) an aleatoric
disturbance. The objective is to maximise the probability
that x100 ∈ [−3, 3], starting from x0 = 3. Based on 1000
Monte Carlo simulations, a robust policy assuming wt = 2
at all times yields a probability of zero, whereas imposing a
realistic constraint—wt = 0 occurs infinitely often (i.e., the
epistemic disturbance is not always at its peak)—increases
the probability to 0.43.

Motivated by the above arguments and by the observation
that worst-case disturbances rarely occur in practice, we
introduce and extend the action-based fairness constraint,
a concept from formal verification, to qualitatively cap-
ture realistic epistemic disturbance behaviours. Rather than
adopting a purely pessimistic robust policy, we develop an
optimistic–pessimistic control policy, termed a fair policy,
that maximises the probability of satisfying an LTL specifi-
cation under this fairness constraint. The fair behaviour of
epistemic disturbances can be flexibly specified either from
their own observed dynamics or through their interaction
with the control input, thereby accommodating both input-
independent and input-dependent disturbances. Our main
contributions are as follows:

• We formulate a novel optimal LTL control problem
within the framework of fair adversarial MDPs, en-
abling the synthesis of fair policies that formally capture
realistic epistemic disturbance behaviours, both input-
dependent and input-independent.

• We develop a sound and complete algorithm for syn-
thesising optimal fair control policies, showing that the
original problem reduces to a reachability problem in
the fairness-realisable sub-product MDP.

• We validate the proposed approach through a case
study on room temperature regulation, demonstrating
the effectiveness of fairness constraints.

Related Work. LTL-based control synthesis under un-
certainty. Control synthesis for probabilistic systems with
LTL-specified tasks has recently attracted significant atten-
tion in the control community [6], [7]. This line of work
enables the formal synthesis of control policies for complex
specifications such as safety and liveness. Fairness. Fairness
constraints, introduced in [8] and extended to transition
systems in [9], have been systematically surveyed in [10].
In probabilistic settings, they guide resolution of nondeter-
minism in MDPs with LTL [11], [12], with polynomial-time
analysis under strong and weak fairness proposed in [13].
Existing work, however, assumes a single action space and
focuses on verification. More recent approaches interpret
fairness as ω-regular winning conditions in games [14], [15].



By contrast, we study a broader class of action-based fairness
(unconditional, strong, weak) to capture realistic epistemic
disturbance behaviours.

II. PRELIMINARIES

In this section, we provide the preliminaries on LTL
specifications and on the concept of fairness.

A. LTL and Limit-Deterministic Büchi Automata
We use LTL to formally specify the desired system prop-

erties and state-based fairness constraints. LTL consists of
path formulae over a general alphabet AP comprising atomic
propositions, defined by the following syntax [1]:

φ ::= true | a | φ1 ∧ φ2 | ¬φ | ⃝φ | φ1Uφ2,

where a ∈ AP is an atomic proposition. ⃝φ holds if φ is
true at the next time step. φ1Uφ2 holds if φ1 remains true
until φ2 eventually becomes true. The temporal operators
“eventually” (♢) and “always” (□) are derived as ♢φ :=
true U φ and □φ := ¬♢¬φ. Due to space constraints, we
omit the full LTL semantics and refer the reader to [1] for
details. Any LTL formula can be equivalently represented as
a nondeterministic Büchi automaton (NBA) [16]. Recently,
a class of NBAs known as Limit-Deterministic Büchi Au-
tomata (LDBAs) [17] has been considered as particularly
appropriate for the quantitative analysis of probabilistic sys-
tems [17], and we also utilise the LDBAs in this paper.

Definition 1 (LDBA [17]). An LDBA A is defined as a tuple
A = (Σ, Q, q0,∆, Acc) where Σ is an alphabet, Q = Qi ⊎
Qacc is the set of states partitioned into two disjoint sets Qi

and Qacc. q0 ∈ Qi is the initial state. ∆ = ∆i ⊎∆acc ⊎∆j

where: ∆i : Qi × Σ → Qi, ∆acc : Qacc × Σ → Qacc,
∆j : Qi × {ϵ} → 2Qacc , and Acc ⊆ Qacc ×Σ×Qacc is the
set of accepting transitions.

B. Action-based Fairness Constraint
Following [1], we adopt three fairness notions 1: uncon-

ditional, strong, and weak. Unconditional fairness requires a
behaviour to occur infinitely often; strong fairness requires
that if a behaviour occurs infinitely often, so must the desired
one; and weak fairness requires the desired behaviour to
occur infinitely often only if a required action continuously
enabled after a certain time point. We then formalise it as:

Definition 2 (Action-based Fairness Constraints [1]). An
action-based fairness for Act is a triple:

F = (Fucond,Fstrong,Fweak)

with Fucond,Fstrong,Fweak ⊆ 2Act. An infinite execution ρ =

s0
α0−→ s1

α1−→ · · · is fair if for all A ∈ Fucond, there are
infinitely many i, s.t. αi ∈ A; for all A ∈ Fstrong, it holds
that (

∞
∃ i. Act(si)∩A ̸= ∅) =⇒ (

∞
∃ i. αi ∈ A); and for all

A ∈ Fweak, it holds that (
∞
∀ i. Act(si) ∩ A ̸= ∅) =⇒ (

∞
∃

i. αi ∈ A). Here,
∞
∃ i denotes “there exist infinitely many

i”, and
∞
∀ i denotes “for all except finitely many i”. Act(s)

denotes the set of available actions at state s.
1These notions apply to general transition systems, including MDPs.

III. MATHEMATICAL MODEL

Consider the discrete-time dynamical model

xt+1 = f(xt, ut, wt) + vt (1)

where xt ∈ X is the system state, ut ∈ U is the control
input, wt ∈ W is an unknown, bounded control noise, vt is
a stochastic disturbance with probability density function ϕ,
f : X×U×W → X represents the known system dynamics.

Abstraction. We adopt the Adversary Markov Decision
Process (AMDP) model from [18] to abstract the system
dynamics. AMDP differs from the standard MDP in a key
aspect: it incorporates two action spaces–control input u and
disturbance w–to govern the model.

Definition 3 (AMDP [18]). An AMDP is a tuple M =
⟨S, s0, Actu, Actw, δ, AP,L⟩, where S is a finite, non-empty
set of states with an initial state s0 ∈ S; Actu, Actw are two
finite action spaces; δ : S × Actu × Actw → Dist(S) is
a (partial) probabilistic transition function; AP is a atomic
proposition set; and L : S → 2AP is a labelling function.

Furthermore, since this paper considers fairness behaviour
specification in the system, we extend the AMDP mdoel to
the fair AMDP, formally defined as follows:

Definition 4 (Fair Adversary Markov Decision Process
(FAMDP)). A FAMDP is an AMDP in which action spaces
Actu and Actw are following a given (general) action-based
fairness specification.

To obtain the FAMDP abstraction of (1), the state space
X is partitioned into a finite set of disjoint convex regions
S := {s1, . . . , sN}, with

⋃N
i=1 si = X . Given a point x ∈ X ,

define the map Q : X → S as Q(x) := {si ∈ S : x ∈ si},
which maps a point x to the unique partition si that contains
it. Then it holds that L(x) = L(x′),∀x, x′ : Q(x) = Q(x′)
where L is the labelling function given in Definition 3. This
condition guarantees that all points within the same partition
share the same true subset of AP . The state space decompo-
sition can be computed exactly or approximately using vari-
ous existing methods [19]. Similarly, the action space U and
the disturbance space W are partitioned into finite sets of dis-
crete subsets, denoted as Actu = {Ua}a∈Actu and Actw =
{Wa}a∈Actw . Then, the probabilistic transition function is
given by: δ(s, au, aw)(s

′) :=
∫
x′∈s′

ϕ(x′; f(x, u, w)) dx′

where ϕ is the given probability density function.
Path. A path ρ of M is a sequence ρ = s0

α0−→ s1
α1−→

s2
α2−→ · · · where αj = (auj , a

w
j ) ∈ Actu ×Actw. We define

FPaths (FPathss) and IPaths (IPathss) as the sets of
all finite and infinite paths of M (starting from state s),
respectively. A path is fair if it satisfies the given fairness
constraint. We denote FairPathsF (FairPathsFs ) as the
sets of action-based fair infinite paths of M (starting from
state s). The available action sets at s are given by Actu(s) =
{au ∈ Actu | ∃aw ∈ Actw, s

′ ∈ S, δ(s, (au, aw))(s
′) > 0}

with Actw(s) defined analogously.
Policy. A deterministic finite-memory policy π for M is

a function π : FPaths → (Actu × Actw). The policy π



is memoryless if ρ[−1] = ρ′[−1], then π(ρ) = π(ρ′). For
a deterministic memoryless policy, we denote π(s) as π(ρ)
whenever ρ[−1] = s. Furthermore, a fair policy:

Definition 5 (Fair Policy [1]). Let F be an action-based
fairness constraint. A policy π ∈ Π for the model M is
said to be fair if, for all states s ∈ S, it almost surely
induces fair infinite paths, i.e., Prπs {ρ ∈ FairPathsπs } = 1.
We denote the set of all fair policies of M by fair(Π). And,
F is realisable in M if there exists at least one fair policy.

The probability that M satisfies φ under fairness con-
straint F with fair policy π is Prπ(M |=F φ) = PrπM(s0 |=F
φ), where Prπ∈Π

M (s |=F φ) = Prπ∈fair(Π)
M (s |= φ).

IV. GENERAL ACTION-BASED FAIRNESS FRAMEWORK
AND PROBLEM FORMULATION

A. General Action-based Fairness Framework

In Section II-B, we present the action-based fairness
framework (Definition 2) from [1]. This framework assumes
a single action space, which is inadequate for FAMDP in two
respects: (1) FAMDP comprises two distinct action spaces,
Actu and Actw; and (2) it cannot capture dependencies be-
tween action spaces, which are essential for modelling input-
dependent disturbances under both strong and weak fairness.
To overcome these limitations, we extend the framework to
FAMDP as follows:

Definition 6 (General Action-based Fairness). An
action-based fairness constraint for a FAMDP
M = ⟨S, s0, Actu, Actw, δ, AP,L⟩ is defined
as a triple: F = (Fucond,Fstrong,Fweak) with
Fucond,Fstrong,Fweak ∈ {(enabled, taken) | enabled ∈
2Actm , taken ∈ 2Actn} where m,n ∈ {u,w}. For
an infinite execution ρ = s0

α0−→ s1
α1−→ · · · in M,

where αj = (auj , a
w
j ) ∈ Actu × Actw, an enabled

action space is Ae ⊆ 2Actm and a taken action space is
At ⊆ 2Actn , with m,n ∈ {u,w}: i) ρ is unconditionally
fair if for all (∅, At) ∈ Fucond,

∞
∃ j. anj ∈ At;

ii) ρ is strongly fair if for all (Ae, At) ∈ Fstrong

(
∞
∃ i. Actm(si) ∩ Ae ̸= ∅) =⇒ (

∞
∃ j. anj ∈ At);

iii) ρ is weakly fair if for all (Ae, At) ∈ Fweak,
(
∞
∀ i. Actm(si) ∩Ae ̸= ∅) =⇒ (

∞
∃ j. anj ∈ At).

B. Problem Formulation

Problem 1. Given a discrete-time dynamic system abstracted
as FAMDP M, a LTL task specification φ and a general
action-based fairness constraint F as defined in Definition 6,
synthesise the optimal fair policy π = (πu, πw). That is,
solve the following optimisation problem:

max
π

Prπ(M |=F φ) (2)

V. MAIN RESULTS

We now present our solution to Problem 1 for a given
FAMDP M, LTL formula φ, and general action-based
fairness constraint F . Our approach follows an automata-
based method that reduces the problem to a reachability

analysis. However, the presence of the fairness constraint
introduces additional challenges. The solution consists of
three key steps: 1) Construct the product MDP, denoted as
M×, by combining the FAMDP M with the LDBA Aφ

derived from the LTL specification φ; 2) If the given fairness
constraint F is realisable, construct the fairness-realisable
sub-product MDPM×

F . The original problem is then reduced
to a reachability problem over M×

F ; 3) Synthesise the fair
optimal policy of the reachability problem within the sub-
product MDP M×

F .

A. Product MDP

Following the standard automata-based approach, we first
construct the MDPM× by composing the FAMDPM with
the LDBA A derived from the LTL specification φ. This
construction is defined as follows:

Definition 7 (Product MDP). Given a FAMDP
M = ⟨S, s0, Actu, Actw, δ, AP,L⟩ and an LDBA
Aφ = (Σ, Q, q0,∆, Acc) corresponding to the LTL
formula φ, the product MDP M× is defined as:
M× = M ⊗ Aφ = ⟨S×, s×0 , Act×, δ×, L×, Acc×⟩,
where: S× = S × Q is the state space, with initial state
s×0 = (s0,∆Aψ (q0, L(s0))) and Act× = Actu × Actw;
δ×((s, q), (au, aw))((s

′, q′)) = δ(s, au, aw)(s
′) if q′ =

∆(q, L(s′)), and 0 otherwise; The labelling function is
given by L×((s, q)) = L(s); The accepting condition
Acc× is defined as: Acc× = {((s, q), (au, aw), (s′, q′)) ∈
S× × (Actu ×Actw)× S× | (q, L(s), q′) ∈ Acc}.

B. Construction of Fairness-Realisable sub-Product MDP

Without fairness constraints, standard automata-based
planning methods for MDPs with LTL specifications, typ-
ically involve computing maximal end components (MECs)
in the product MDP and identifying those that are accepting.
These accepting MECs (AMECs) are then treated as goal
states in the corresponding reachability planning problems.
However, as illustrated in Problem 1, our focus is on syn-
thesising a fair policy–one that satisfies the given action-
based fairness constraint. Notably, such a fair policy may
not always exist within the model M× [1]. To this end, and
inspired by [13], verifying the realisability of the specified
fairness condition F is a crucial step. If the constraint
is realisable, we then proceed to construct the fairness-
realisable sub-product MDP, which consists of all states
reachable under fair policies. This sub-MDP then serves as
the foundation for subsequent fair policy synthesis.

To illustrate following techniques, we first introduce the
definitions and properties of sub-MDP, (accepting) MEC
(AMEC), (accepting) fair MECs ((A)FMECs) and fairness-
realisable sub product MDPs. Following this, Algorithm 1
outlines the overall procedure for constructing a fairness-
realisable sub product MDP if the given fairness constraint
is realisable.

Definition 8 (sub-MDP). A sub-MDP of an MDP M is a
pair (T,A), where T ⊆ S is non-empty and A : T → 2Act

is a function such that (1) ∀s ∈ T , A(s) ̸= ∅ and A(s) ⊆



Act(s); (2) if s ∈ T and α ∈ A(s), then Post(s, α) = {t ∈
S | δ(s, α)(t) > 0} ⊆ T .

Definition 9 (End Component). An end component of an
MDP M is a sub-MDP (T,A) such that the digraph MT,A

induced by (T,A) is strongly connected. A maximal EC is
an EC (T,A) that is not strictly contained in any other EC
(T ′, A′), i.e., there exists no larger EC such that (T,A) ⊊
(T ′, A′). The set of MECs in an MDP is finite and can be
uniquely identified using the algorithm presented in [20]. A
fair MEC (FMEC)is an MEC that satisfies the given fairness
constraint F , i.e. there exists a policy π in MEC such that:
Prπ(MEC |= F) = 1. Additionally, an accepting (F)MECs
an (F)MEC that satisfies Büchi acceptance conditions as
defined II-A.

Definition 10 (Fairness Realisable sub-Product MDP). Given
a union state set of FMECs SF in product MDP M×,
a fairness realisable sub product MDP is a sub product
MDP M×

F = ⟨S×F , s×0 , Act×F , δ
×
F , L×, Acc×⟩, where ∀s ∈

S×F = SF ⊆ S× can reach to at least one FMECs,
Act×F (s) ⊆ Act×(s) is non-empty for all s ∈ S×F , and
δ×F (s, α) = δ×(s, α) for s ∈ S×F , α ∈ Act×F (s) with
Supp(δ×(s, α)) ⊆ S×F .

Lemma 1 (FMEC Properties. Lem. 2 of [13] and Thm. 3.1
and 4.2 of [20]). There exists a finite-memory policy π such
that i) visits every state-action pair in FMEC infinitely often
with probability 1; ii) for all states s ∈ FMEC, Prπs {ρ ∈
FairPathsπs } = 1; and iii) stays in FMEC forever.

Algorithm 1 Build Fairness Realisable Sub Product MDP

Input: A general action-based fairness constraint F ; A
product MDP M× = ⟨S×, s×0 , Act×, δ×, L×, Acc×⟩
Output: A fairness-realisable sub-product MDPM×

F ; A
set of FMECs

▷ Step 1: Identify all MECs in M×

1: E ← compute MECs(M×)
▷ Step 2: Identify FMECs with Algorithm 2

2: FMECs ← ∅
3: for each (T,A) ∈ E do
4: if is fair MEC((T,A),F) then
5: FMECs ← FMECs ∪{(T,A)}

▷ Step 3: Identify states that can reach an FMEC
6: SF ← find ancestors(M×,FMECs)

▷ Step 4: Determine fairness realisability
7: if s×0 ∈ SF then
8: M×

F constructed by following Definition 10 with SF .
9: return M×

F , FMECs
10: else
11: return None, ∅

In Algorithm 1, we first compute the MECs of the prod-
uct MDP. Then, adjusting the recursive algorithm proposed
in [13], presented as Algorithm 2, we identify the set of fair
MECs by verifying whether each MEC |= F . The soundness
and completeness of Algorithm 2 follow the structure of

Algorithm 2 Recursive Algorithm: is fair MEC((T,A),F).
(Adjusted from Algorithm 1 from [13])

Input: A general action-based fairness constraint F ; An
MEC (T,A).
Output: True if the given MEC is fair, otherwise False.

1: (Fucond,Fstrong,Fweak)← F
2: Au ×Aw ← A
3: for all (∅, At) ∈ Fucond do ▷ Unconditional
4: if (Au ∪Aw) ∩At = ∅ then
5: return False
6: for all (Ae, At) ∈ Fstrong do ▷ Strong
7: if (Au ∪ Aw) ∩ Ae ̸= ∅ and (Au ∪ Aw) ∩ At = ∅

then
8: E ′ ← compute MECs((T,A)⊖Ae) ▷

((T,A)⊖Ae) denotes the subgraph where ∀t ∈ T with
A′(t) = A(t) \Ae.

9: F ′ ← (Fucond,Fstrong \ (Ae, At),Fweak)
10: is fair ← False
11: for all (T ′, A′) ∈ E ′ do
12: if is fair MEC((T ′, A′),F ′) then
13: is fair ← True
14: if not is fair then
15: return False
16: for all (Ae, At) ∈ Fweak do ▷ Weak
17: if (Au ∪ Aw) ∩ At = ∅ and [((Ae ⊆ Actu) ∧ (Au \

Ae = ∅)) or ((Ae ⊆ Actw) ∧ (Aw \Ae = ∅))] then
18: return False
19: return True

Alg. 1 in [13] and are omitted due to space constraints.
The properties of FMECs in Lemma 1 enable reducing an
MDP planning problem with LTL under fairness constraints
to a reachability problem over the product MDP. However,
as previously noted, the fairness constraint may not always
be realisable. Therefore, inspired by Theorem 1 in [13], we
perform a reachability analysis inM× to determine the set of
states SF that can reach at least one FMEC. If the initial state
s0 ∈ SF , then the given action-based fairness constraint is
realisable, allowing us to construct a fairness-realisable sub-
product MDP M×

F . Since the sub-product M×
F produced

by Algorithm 1 includes all states reachable under all fair
policies, as shown in Lemma 2, Theorem 1 then follows.

Lemma 2. The product MDPM× and the fairness-realisable
sub-product MDPM×

F constructed by Algorithm 1 have the
same set of fair policies.

Proof. The state space SF of the fairness-realisable sub-
product MDP M×

F , as constructed by Algorithm 1, con-
tains all states in M× that can reach at least one FMEC.
Therefore, for all states s ∈ S′ = S× \ SF , we have
s ̸|= ∃♢FMEC. This implies that, under any policy π in
M×, Prπs (ρ ∈ FairPathsπs ) = 0. Consequently, under any
fair policy πF forM×, the induced infinite paths will never
visit any state in S′. It follows that the fair behaviours of
M× are entirely contained within M×

F , and thus both have



the same set of fair policies.

Theorem 1. Given an FAMDP M, an LTL formula φ, and
a general action-based fairness constraint F , the maximal
probability of satisfying φ under the fairness constraint F is
equivalent to the maximal probability of reaching the set E×F
in the fairness-realisable sub-product MDP M×

F . Here, E×F
and E× denote the unions of the state sets of all AFMECs
in M×

F and all AMECs in M×, respectively.

max
π∈Π

Prπ(M |=F φ) = max
π×∈Π×

Prπ
×
(M× |=F ♢E×) (3)

= max
π×
F∈fair(Π×)

Prπ
×
F (M× |= ♢E×) (4)

= max
π×
F∈fair(Π×

F )
Prπ

×
F (M×

F |= ♢E×F ) (5)

= max
π×∈Π×

F

Prπ
×
(M×

F |= ♢E×F ) (6)

Proof. By the standard automata-based planning approach
and the properties of FMECs presented in Lemma 1,
we obtain Equation (3). Equation (4) follows directly
from the definition of |=F . By Lemma 2, we know that
fair(Π×) = fair(Π×

F ), and that M×
F preserves all paths

and transitions that could be taken by an optimal fair
policy in M×. This yields Equation (5). Finally, following
Lem. 10.131 in [1], we show that the equality in Equation (6)
holds. We have maxπ×

F∈fair(Π×
F ) Prπ

×
F (M×

F |= ♢E×F ) ≤
maxπ×∈Π×

F
Prπ

×
(M×

F |= ♢E×F ), since fair policies form a
subset of all policies. Let π̂ ∈ Π× be a policy achieving the
maximum probability on the right-hand side. Define π̂×

F to
behave as π̂ for all finite histories states until reaching E×F ,
after which it follows a round-robin policy. By Lemma 1, the
system remains within the FMEC, and for all s ∈ FMEC,
Prπ̂

×
F

s {ρ ∈ FairPaths
π̂×
F

s } = 1. Paths with a finite prefix
to E×F are thus fair. Hence, π̂×

F achieves the same maximal
probability as π̂ while satisfying fairness constraint, i.e.,
π̂×
F ∈ fair(Π×

F ), justifying the equality in Equation (6).

Thanks to Theorem 1, Problem 1 now reduces to the prob-
lem of maximising reachability probabilities for AFMECs
E×F in fairness-realisable sub-MDP M×

F under all policies.

C. Optimal Control Policy under Fairness Constraints

The maximum probability of reaching AFMECs E×F in
M×

F can be computed using value iteration. We define N e
as the set of states from which E×F is unreachable under
any policy. For each state sk ∈ S×F , the value function v(k)
represents the probability of eventually reaching E×F . The
initial values are assigned as: v0(k) = 1 if sk ∈ E×F , else 0.
For all states sk ∈ S×F \ (E

×
F ∪ Ne), the values are updated

iteratively according to:

vt+1(k) = max

 ∑
si∈S×

F

δ×F (sk, α)(si)vt(i) | α ∈ Act×F (sk)

 ,

(7)
The value iteration algorithm converges to the value func-

tion denoted by v∗. This function represents the maximum

probability of reaching the accepting set E×F in the fair
realisable sub-product MDP M×

F under a fair policy π̂×
F .

Once v∗ is obtained, we can synthesise an optimal fair policy
π̂×
F : S×F → Act×F for each state sk ∈ S×F \ (E

×
F ∪ Ne)

by computing v∗(k) =
∑

si∈S×
F
δ×F (sk, α)(si) vt(i), and

selecting the action α that satisfies Equation (7) for the state
sk. For states in E×F , the round-robin policy is applied, while
for those in Ne, actions can be chosen arbitrarily, as they
do not affect the probability of reaching E×F . Following this
procedure, we obtain a state-based optimal fair control policy
π̂×
F that maximises the probability of reaching the accepting

FMECs in the fair realisable sub-product MDP M×
F .

VI. CASE STUDY

In this section, we present a case study to illustrate the
effectiveness of our method. 2 We consider the room temper-
ature regulation benchmark [21], which models the control
of indoor temperatures through cooling water circulation.
We abstracted the dynamic system into a FAMDP using the
software tool FAUST2 [22]. The room and cooling water
temperature ranges were defined as [19.5, 20.5] and [4.5, 5.5],
respectively, with the input space U = [0, 1].

A. Effectiveness of Fairness Constraints

We analyse the impact of fairness on room temperature
dynamics with disturbance w ∈ [−0.3, 0.3] and abstraction
error 4, yielding a FAMDP M with 81 states, 10 con-
trol partitions, and 6 disturbance partitions. The objective
is ♢Sgoal1, where Sgoal1 = {x1 ∈ [19.5, 19.72], x2 ∈
[4.94, 5.05]}. Unconditional fairness requires all disturbance
partitions except extremes to recur infinitely often: Fucond =
{(∅, {a1w}), (∅, {a2w}), (∅, {a3w}), (∅, {a4w})}, preventing per-
sistence of extreme disturbances. Using the methods in
Section V, we compute optimal fair policies and evaluate
them via 1,000 Monte Carlo runs of 1,000 steps under
four distributions of w. Figure 1 compares robust, fairness-
constrained, and simulated satisfaction probabilities. Results
show fairness reduces conservatism and increases satisfaction
probability (e.g. from nearly 0% to ∼25% in state region
x1 ∈ [20.17, 20.28], x2 ∈ [5.39, 5.5]).

B. Fairness in Input-Dependent Disturbance

We next consider input-dependent disturbance with
w ∈ [−0.5, 0.5] and the same abstraction error, giving 81
states and 10 partitions for both u and w. The objective
is ♢Sgoal2, where Sgoal2 = {x1 ∈ [19.94, 20.05], x2 ∈
[4.83, 5.05]}. Strong fairness requires that if the valve
is infinitely often in low range (a0−4

u ), then small
disturbances also recur infinitely often: Fstrong =
{({a0−4

u }, {a3w}), ({a0−4
u }, {a4w}), ({a0−4

u }, {a5w}), ({a0−4
u },

{a6w})}. Figure 2 shows optimal fair policies and satisfaction
probabilities under robust, fairness-constrained, and
simulated scenarios. Strong fairness captures input-
dependent disturbance more effectively, again yielding
higher satisfaction probabilities.

2All simulations were performed on a Surface Laptop 5 equipped with a
2.7 GHz Intel Core i7 processor and 16 GB of RAM.



Fig. 1: Effectiveness of Fairness Constraints: comparison of maximal satisfying probabilities under the optimal robust policy
(left), the optimal fair policy (middle), and the Monte Carlo satisfying probabilities (right) obtained by fixing the optimal
fair policy u and randomly sampling the disturbance w. The x- and y-axes represent x1 and x2, respectively.

Fig. 2: Fairness in input-dependent disturbance: optimal fair policy for u (left), probabilities under the optimal robust policy
(middle-left) and the optimal fair policy (middle-right), and Monte Carlo estimates with the optimal fair policy (right).

VII. CONCLUDING REMARKS

This paper addresses the fair control of uncertain dy-
namical systems with LTL specifications under action-based
fairness constraints. The key contribution is to replace worst-
case assumptions in robust control with fairness-based as-
sumptions, thereby avoiding undue conservatism. We extend
the action-based fairness framework from formal verification
to formally capture realistic fairness behaviours of epistemic
disturbances, grounded in their observed dynamics and inter-
action with control inputs. A sound and complete algorithm
for correct-by-design, optimally fair policy synthesis is pro-
posed and evaluated in a case study on room temperature
regulation.
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