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SUMMARY 

A mixed method isoparametric shell element using displacement and 

bending moment parameters at two nodal circles as independent variables 

is developed for the analysis of single and multiple-branched axi-

symmetrical thin shell structures under arbitrary static and dynamic 

loading, especially for shells with geometric discontinuity. The 

formulation ensures static and kinematic continuity at the point of 

discontinuity, thus resulting in an accurate stress distribution in 

that region which is of the great importance in the non-linear static 

analysis. 

The small displacement theory is derived, first of all, and a 

special progressive elimination technique for the solution of branched 

shells discussed. Applications to various examples demonstrate excellent 

capability of this element for analysis of discontinuous shells. 

An incremental linearised large displacement theory suitable for this 

formulation is then developed. It is shown to give a good estimate of the 

buckling loads for all types of axi-symmetrical shells. 

Finally, an application of this method to the linear dynamic 

analysis is presented. It is shown to be more economical than the existing 

displacement method elements, with comparable accuracy. 

Two computer programmes, one for the linear static and/or dynamic 

and the other for non-linear static analysis have been written, based on 

the theories presented. The flow charts of these are given, together with 

the more interesting computational procedures used. 
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NOTATION 

L Meridional half length 

S True meridional distance 

R 	Radial coordinate 

z 	Axial coordinate 

t Time variable 

u,v,w 	Displacements in the local coordinate system 

u,v,w 	Displacements in the global coordinate system 

„Ne S 	Membrane-stresses 

m(I) 
.M
0 
 .T 	Bending stresses 

Q(I) ,Qe 	
Normal shear forces 

rl 	Non-dimensional meridional distance 

(1) 	Meridional angle 

0 	Circumferential angle 

Non-dimensional time variable 

Time interval 

Row of Hermitian polynomials 

	

r 1 	Nodal geometry data in R - direction 

	

ZI 	Nodal geometry data in z - direction 

	

)1. 	Matrial stiffness 

	

1:1) 	Material flexibility 

8 b 	Vectors of displacements 

Vector of nodal displacements 

	

0 	Vector of nodal ve=locities 

Vector of nodal accelerations 

	

b 	Vector of nodal bending moments 

	

E 	Vector of strains 

	

(1) 	Vector of surface rotations, strains and displacements 

	

11 	
Vector of initial strains 
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C 

T;-ahsformation matrix between strains and nodal 
displacements 

Strain/displacement operator 

Vector of stresses 

Interpolation matrix 

Kinematically equivalent element load vector 

Vector of element initial loads 

Vector of element initial curvitures 

Element stiffness matrix 

flexibility " 

.coupling 

mass 

damping 

Boolean transformation matrix 

Structural displacement vector 

velocity vector 

acceleration vector 

bending moment vector 

load vector 

initial load vector 

initial curvature vector 

stiffness matrix 

flexibility matrix 

coupling 

mass 

damping 

Cartesian transformation matrix 

Transformation matrix between (1) and 6 

Matrix of constraint equations 

vi 

All other symbols are defined in the text. 
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INTRODUCTION 

The development of the SABA element (Ref. 1) was motivated 

specifically for the small and large displacement analysis of the cooling 

towers. It has since been found to be ideally suitable for any con-

tinuous single-branched axi-symmetrical thin shells. However, there are 

many important engineering application6 of axi-symmetrical thin shell 

structures where the SABA element need not be the best possible model. 

This applies generally to all structures where discontinuity exists in 

the geometry, such as a step in the thickness, or a change in the slope 

(e.g. a cylinder joining to a cone), or more drastically, a branched-

shell where a generator suddenly becomes two at a point. An example of 

this last construction is the liquefied-natural-gas (LNG) container 

ships, where large spherical tanks are supported by cylindrical skirts. 

The reason for the short-coming is that, in the displacement method of 

formulation of the SABA element, the force resultants are obtained from 

the stress/strain relations in terms of the displacements, and 

equilibrium is satisfied only approximately in the Galerkin sense. These 

forces will be continuous across element boundaries when the structure is 

continuous, but will not be in equilibrium if there is any discontinuity 

in the geometry at a node. Consequently the result may not be 

sufficiently accurate, especially in a large displacement non-linear 

analysis. There is nothing unusual about this in the application of the 

finite element method; no element can claim to be suitable for all 

situations. This paper sets out to develop a different axi-symmetrical 

element specifically for the analysis of discontinuous thin-shell 

structures. 
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Each element is acu,in generated from a segment of the meribin curve 

revolvi,Ig around the ,:entral axis as the SABA element, and is continuous 

between the nodal circles at the ends. Discontinuity is allowed may at 

the nodes where two or more elements intersect. Variations of dis-

placements and bending moments are separately described by a Fourier 

series in the'circumferential direction, each harmonic associating with 

a polynomial of the meridional coordinate variable. This polynomial may 

be of any degree of complexity, but is most convenient and sufficiently 

accurate to be expressed as third order Hermitian functions in terms of 

the nodal values and the first derivative at the end nodes. The geometry 

of the meridian curve is similarly interpolated. The membrane strains 

are then derived from the displacements and the membrane stresses 

calculated from these strains. The bending strains on the other hand 

are given by the elastic stress/strain law directly from the assumed 

distribution of bending moments. Neither the equilibrium nor the com-

patibility conditions are satisfied exactly, but only approximately in the 

Galerkin sense by the application of both the Principles of virtual force 

and virtual displacements. Thus the formulation is based on a mixed 

method of approach, with the bending moments as well as the displacement 

prescribed by a cubic variation in the meridional direction, which is 

sufficient to ensure static and kinematic continuity, but is not over 

conformed. As the geometry is alsb similarly interpolated, the element 

is in fact isoparametric in more than one sense. The nodal parameters 

are the bending moments and the displacements, together with their first 

derivatives (equivalent to the normal shear forces, slopes and strains). 

These may be solved directly as unknowns, thereby enabling the continuity 

(static as well as kinematic) conditions-to be directly imposed. There 

are therefore 12 unknowns at each node. To achieve a comparable moment 
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variation by the orthodox Asplacement method of approach, tht. SAP_ 7 

elemeut Li] would have to be used. The number of nodal unknowns are the 

same displacements and their derivatives up to the third order), but 

equilibrium at the element boundaries is still not exactly satisfied 

which may make the results difficult to interpret for discontinuous 

structures such as branched shells. 

The mixed method of finite element analysis, defined here as having 

the variations of stresses and displacements, and sometimes strains also, 

independently specified for each element, is of course no longer new. It 

has been receiving a lot of attention lately, if for no other reasons 

than the large variety of alternatives to the purely displacement or purely 

force idealisation it offers (See Refs. 2, 3, 4, 5). It also provides a 

fascinating field for the study of its convergence properties (See Refs. 6, 

7). Wolf gave an excellent summary of the various possibilities in his 

thesis [S and compared the results from some of these for a few simple 

plate bending problems, which seems to be the most popular subject for 

treatment by the mixed method. Prato derived a curved triangular element 

and used it for the linear and non-linear analysis of shells 1-9]. There 

is one application to the axial symmetrical shell small displacement 

problem by Gould and Sen 1J.6], but they expressed the force parameters in 

terms of the nodal displacement parameters for each element, thereby 

giving up direct control over the inter-element equilibrium considerations. 

Some of the applications gave viable enough alternatives to the standard 

displacement method, but with no great sense of purpose. 

In part I of this paper, the formulation of the small displacement 

theory is described and the method of solution discussed.. Particular 



attention is drawn to the case of the branched-shells, for which the 

banded-structure of the assembled matrix is destroyed. The solution 

procedure ar:taally avoid this inconvenience by adopting a progressive 

elimination technique, which expresses the parameters at each node in 

terms of those at the next, starting from the unattached end of each 

branch towards the common point. The final solution at the branch 

junction and a backward substitution yields the complete set of nodal 

parameters. A few numerical examples are given to enable comparison with 

other methods of analysis, including the case of a spherical tank 

supported by a cylinder, typical of a LNG container. Part II formulates 

the so-called "geometric" stiffness matrix and performs the large dis-

placement non-linear analysis by the incremental method. This method is 

used for the calculation of the buckling loads and examples are given for 

checking against known results. Amongst them is an example of a 

discontinuous shell for which no finite element has been obtained before. 

Finally, the mass matrix is developed and examples of small displacement 

dynamic analysis, including the case of a cooling tower subjecting to 

earthquake loading, are given in Part III. 



PART 1 - Small Displacements  

1.1 BASIC  EWATIONS IN THE THIN SHELL THEORY  

Consider a frustum of an axi-symmetrical thin shell in the right 

hand cylindrical polar coordinate system (FIG. 1). Each point on the 

middle surface is defined by the radius R, the circumferential angle 

and axial variable z. The radius of the meridional curvature is 

denoted by R(1)  and it forms angle cp with the z axis, measuring from the 

positive direction of z . The displacement of a point on the middle surface 

is uniquely determined, in a local system, by three components: U in the 

meridional direction s, V in the tangential direction t and W in the normal 

direction n, forming also a right hand system. The external surface 

loading on an infinitesimal shell element is conveniently represented by 

three components: P(1)  in the meridional, Pe  in the tangential and P
n 
in 

the normal direction. This loading produces the state of stress which is 

completely described by six statically equivalent resultant forces and 

four bending moments, positive directions of which are shown in FIG. 1. 

FIG. 1 
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A. Fl.quilibrium 

According to the thin shell theory derived by Novozhilov 11,, the 

equilibrium equations in terms of stress resultants (membrane forces) and 

bending moments (FIG. 1) are as follows: 
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If shell is loaded at the edges, condition which is immediately realisable 

in the finite element idealisation where the applied loads are represented 

by equivalent forCels acting at the edges of an element, then the following 

assumption can be made 

sin N 4, 0  - Mel = N 54) 	 = S 

CI)  

(2) 

If a further assumption is introduced that the following moments are equal 

M(1) - M 4)  = 	 (3) 0 	0 

then the set of equilibrium equations with ten unknowns can be greatly 

:Amplified. From the fourth and fifth equation of equilibrium it is 

possible to express normal shear forces Q q)  and Qo  in terms of three 

mument.s Mth , Me  and T, so reducing the original set of unknowns to six 

M , 4.  cos 	m 	cos 4)  



which are presented as a stress vector 

S = N 
	

S M T Me } 
	

(4) 

B. Compatibility 

Corresponding to stress vector S there exist .six strains 

= 	(CCE
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K
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C. Stress/Strain Relationship  

It is convenient at this stage to introduce notations for stresses 

and strains which are going to be used later on in the mixed method. The 

stress S are partitioned into membrane forces Sm, and bendina 

moments F.;B 

,= { SM S} 
	

(7) 

where 

Sm  ={ Ncp  N4  S } 	
(8) 

S = { M T Me} 

(5)  

(6)  
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and the strains E similarly partitioned into 

C =  {Em EB} 

where 

E m  = 	6611  E0 	/ 

E B  = { lc K 	K  
4) 	(Pe 	e 

} 

The elastic stress/strain relationship enables the membrane forces to be 

calculated in terms of the corresponding strains 

where 

SM  = X E 

Et 
1 
v 
0 

v 
1 

0 

0 
0 
-v 

 
1 

(7)  

(8)  
1- v  

2 

and on the other hand, the bending strains can be determined from the 

corresponding bending moments 

EB 	= q 

where 

12 

sB 

1 
0 
-v 

0 
1+ v 

0 

-v 
0 
1 

(13) .  

(14) 
Et
3 

8 

(9)  

(10)  
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1.2 GEOMETRY, MOMENT AND DISPLACEMENT INTERPOLATION 

Let the shell be divided by nodal surfaces into a series of frusta.. 

with curved meridians , a typical element being shown in FIG. 2. 

FIG. 2 

The R and z coordinates on the element surface are defined by interpolation 

functions in terms of some known parameters at the two nodal circles. Since 

it is desired to preserve continuity of the meridian curve, the inter-

polation functions are chosen most conveniently to be the cubic Hermitian 

polynomials, thus the radius R is described as 

R = h ri  

where 

dR 	dR 
r = { R1 	1.R 	1 1 ds • R2 ds 2 

h= [h1 h2 h3 h 41 
 

(15) 

(1.6) 

(17) 
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where 

h 	= (2 + 3n -n 3) /4 1 

2 h 2 = L(- 1 - n + n + n3) /4 
(18) 

h 	= (2 - 3n + n
3
) /4 

3 

h 4  = L(1  — n — n 2 + 11 3) /4 

s/L is the non-dimensional length parameter, measuring the distance 

S from the mid-point of the meridian curve of length 2L, hence having 

values of +1 and -1 at the two end nodes 1 and 2 respectively. Ri  and 

dR 
(---ds)i are the values of R and its gradient along the meridian at node i. 

In exactly the same manner, the coordinate z is defined as 

z=hz 	 (19) 
I 

where 

_ z (az) z (az 
Lx- 	1 ds 1 	2 d s

1 
 2 (20)  

This approximation is sufficient to describe a smooth shell. The 

importance of the geometry interpolation will be clear later on. 

Supposing now that the moments M ci)  , T and Me  and their gradients 

are known at each node, then the moment variation along the meridian can 

be specified in terms of these end values and the same interpolation 

functions as for the geometry. For instance, the bending moment in the 

meridian direction can be described by 

= h M (21)  

where 

(22) 
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The advantage of having  moment derivatives at the nodes is not only 

because it is in line with the isoparametric approach, but because it can 

produce continuity of normal shear forces Q and Q
0 
 . Generalising  (21) 

(1)  

for the complete set EiB one has 

	

SB  = 13 b 
	

(23) 

where 13 is a diagonal matrix of Hermitian polynomials 

(3= rh h hd 	 (24) 

and vector b consists of the end values of the moments M '  T and m e  

and their first derivatives 

b= { 
M(v Di' 	

(1)M'q5 T1  T 1  T T 2 	1 M 	M' M 	M' } 

	

i 	2 2 1 	2 	6 01 02 02 
	(25) 

where 

( ) =  6s ( ) 

Having  established continuous interpolation of geometry and moments, 

the same interpolation is now to be used for the displacements, thus givirig  

a fully isoparametric element. Define (see FIG. 2) 

b ={ u v w } 	 (26) 

as the displacement in the R, z and e directions in the global coordinate 

system, and forming  the element displacement vector 

p = {u1 u1u2  to v v v2 	w1 
	w2 	} 

2 v1 1 2 2 1 1 2 2 
	(27) 

the displacements at any point on the element surface will be given as 

6 = 13 p 
	

(28) 

where 13 is defined by (24). Since the displacements and the geometry 

are interpolated by the same scheme, rigid-body movement can be truly 
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represented by appropriate displacem2nts at the nodes, which will not 

produce any unwanted strains and stresses (see Ref. 1). 

The strains are, however, expressed (e.g. 6) in terms of U, V 01d 

which may be collected into a local displacement victor 

6= fu-- 	 (29) 

The transformation between these two sets of displacements is.given by 

= A 6 
	

( 3 0 ) 

where the transformation matrix A is given in the form 

cos (1) 0 -sin (1)  

A = 0 1 0 ( 3 1) 

sin (1) 0 cos 

Once displacements 6 are determined there will be no difficulties in 

calculating the strains. However, the essence of this mixed approach is 

that only the membrane strains E: m  will be calculated from 6 , using the 

first three compatibility equations (6). The result of doing this is to 

produce a continuous membrane strain field which will then give, 

according to (11), continuous distribution of membrane forces S M. The 

bending strains are to be determined from the bending moments S B  via 

the stress/strain relationship. 

For an axi-symmetrical structure, the variation of forces and 

displacements in the circumferential direction can be decomposed into 

Fourier series. Separating the symmetrical and anti-symmetrical terms, 

the nodal parameters may be written as 

P=P 	(P; P; 	P; 
(32) 



= P (1);  P1  

SBi  = 	r3 (I) j  to]  

6 	= E.
J 
 6 J. 

S B  = E. S j Bj 

and 

(34-a) 

(34-b) 

(35-a) 

(35-b) 
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The matrices 

(1)i  = 	rcos j8 14 	sin j8 1 4 	cos je 14  I 

(1,) i  = 	rsin j e 14 	cos j 8 1 4 	sin j 0 14 

distinguish between the symmetrical and anti-symmetrical parts, and 1 
4 

is a unit matrix of order 4 x 4. For any point within an element, the 

th 
displacements and moments for j harmonic can be written as 

(33) 

1.3 STRAIN-DISPLACEMENT RELATIONS  

Having established the meridional and circumferential variations of 

displacements, it is straightforward to rewrite (6) in matrix form. For 

th 
the j harmonic, the membrane strains will be given as 

E Mj = Dm 6 j = Dm Ap (Pi Pj 
	

(36) 

and, similarly, the bending strains 

E Bj = DtB j 	o t  A p (1) P 
	

(37) 
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where the matrix operators Dt are defined by 
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(39) 

where the parameters L, R, R 	¢ , 0 and n are shown in FIGS. 1 and 2. 

Since the matrices A , p and (pi  are functions of ¢ , n and 0 

respectively, the differentiation on the product A 13 	can easily be 

performed and thus simplifying (36) and (37) to 

6  mj = a m; P 
	

(40) 

E Bi 	a Bi p i 	 (41) 

The full expansion of matrices a is given as follows 
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1.4 FORMULATION OF THE MIXED METHOD OF APPROACH  

In this mixed method of finite element idealisation, the bending 

moments E;B and the displacement 6 at any point are calculated by 

interpolation from the values of moments and displacements and their 

derivatives at the nodes ( eqs. 23 and 28). The membrane strains 

E 
M 
 are derived from the displacements p (eq. 36). The bending 

strains E B 	 M 
and the membrane stress S are then calculated from the 

stress/strain relationship ( eqs. 13 and 11). While the membrane strains 

E are compatible with the displacements 6 , the bending strains E 

are not, and the compatibility equation 

E B - DB 6 =o 	 (44) 

can only be satisfied approximately by the application of the Principle 

of virtual force such that 

1S
t  (EB - D

t 	) dA = 0 	 (45) 

The virtual forces SB may also be regarded as weighted intergals. On the 

other hand, the equilibrium conditions, 

D 0 + w =o 

and 	 (46) 

( D n)0 	= CQ 

(where IN is the body force, (I? the surface force, n the surface outward 

normal and D the linear differential operator3, will not be satisfied 

exactly by the stresses 0 from SB  and S m, but can be approximately 

enforced with a virtual displacement u serving as aweightingfunction, 

giving 
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ut  (DO + vy ) av jut 4,-, Onla I dS = C 
	

(47) 

Application of the Gauss theorem Opartial integration rule) 

changes this into the familiar fo,:m liven by the Principle of 

virtual displacement 

l
UtW dV + I U

t
kp dS = I(DtU tO  dV = fE

t
0 dV 
	

(48) 

which, in the context of this shell element, becomes 

ptp 	mt smdA 	Bt sBdA 	 (49) 

where Pis the kinematically equivalent nodal force derived from 

the left hand side of eq. (48). As both the displacement field 

and the bending moment variation are chosen to be continuous across 

element boundaries, no "jump integral" need to be included in the 

approximate enforcement of compatibility and equilibrium in 

equations (45) and (49), and the integrations over the entire 

structure can be performed by summing over the individual elements. 

Since the terms of the Fourier series are orthogonal, integration 

around the circumference for different stress and strain harmonics 

will vanish, the harmonics are uncoupled and eqs. (45) and (49) 

may be applied to each harmonic separately. 

For the jth  harmonic, the virtual system SBj  can be 

expressed in terms of a virtual set of nodal moments b j as in 

eq. (34-b) 

gl3j = P(P3 5i 
	

(50) 

hence equation (45) is satisfied if, for all harmonics 

ItP 
A 

tp
t 

(Ep• -Dt 
 j•) 	- = 0 (E 3 	)3  (45-a) 
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Since this mixed method of 'formulation treats the membrane and 

bending strains differently, any initial strain must also be 

separated into two parts and handled accordingly. 

jth . The total bending strain in the 3 harmonic is given by 

C Bj =0 ° Bj 	Bj 	 (51) 

where 1113j-is the initial bending strain. 

Sunstitution of equations (34-a), (41), (50) and (51) into (45-a) 

gives 

S(1,;
at 	3 4)i  b + -11 Bj  -aBj  p i  ) dA = 0 

or 

f. b. + q.3  - t.3 p
3 

= o 

where 

fj = j(g P t(03  j dA  

is clearly a flexibility matrix derived from the interpolated bending 

moments, 

t.3  = Jet  Pta Bj dA  

is a coupling matrix, and 

q t pt (I) 	 dA 
3 	3 	B3 

is the vector of equivalent initial nodal curvatures. 

Equation (53) is in fact a compatibility equation, i.e. it forces 

the bending strains to be approximately compatible with displacements. 

Similarly, virtual strains E Mj and E Bj can be expressed in terms 

of virtual displacements p, as in (40) and (41). If the jth  harmonic  

of the total membrane strain 	includes some initial strainsilmj, 

then the jth harmonic of the membrane forces is given by 

(52)  

(53)  

(54)  

(55)  

(56)  
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S". = 14.( E 	- 	.) M] 	M3 

Substitution of this equation and eqs. (+4b), 	(40) and (41) 

into eq. (49) gives 

P = fa MjxaMj dAP  - Mjx m Mj dA +  TatBj )j aA b 	(58) 

or simply 

Pj  = kj  p j 	+ qlb j  - jj 	 (59) 

where 

= Sami14. a Mj  dA 

is the membrane stiffness matrix, as in the orthodox displacement 

method, 

t = It t j 	a Bj13  (I),
3 
 dA 

is the transpose of the coupling matrix (55), and 

j. = dA 
Mi Mi 

is the initial membrane load vector. 

Eqs. (53) and (59) are the two equations from which the nodal 

parameters p. and b. can be found for a given system of applied 

forces and initial loads. There are two ways of solving these two 

equations, each with its advantages and disadvantages. Firstly, the 

elementflexibilitymatrix. '13  in (54) is clearly non-singular 

sincethecolumnsofPandallparametersinb.
7 
 are independent. 

Itmaybeinvertedtoeliminatethemomcnts.in terms of displacements 1)3  

P3  . at the element level to obtain 
b. =

3 	3 
( t . p. - q.) 	 (631 

(57) 

(60)  

(61)  

(62)  
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Substitution into (59) gives an equivalent element stiffness 

formulation 

4_ 	_I.  
(pi = ki + tt f -1 t .) p - t f 	q - 33 	 31, 

which may be assembled and solved for the complete structure as in 

the displacement method. This is probably the most economical in 

computing time and space since the element flexibility matrix fj 

is quite small. The number of unknown displacements in the final 

equation is confined to 6 at a node, and the stiffness matrix to be 

solved is banded. The big disadvantage is that the bending moments 

are no longer continuous across element boundaries after this 

treatment, as they are now calculated indirectly for each element 

from the nodal displacements. This disadvantage may be alleviated by 

the second treatment, which merges eqs. (53) and (59) into a single 

equation for each element and assembles them into the form 

---Fli + 	J  77 
Qi — 

= ki 	T;' 

_T3 -F.3  — 

r3 
13.3 _ 

(65) 

for the entire structure. This equation may then be solved as it 

stands simultaneously for the displacement and moments, or, the 

non-positive definite matrix may be condensed by eliminating the 

momentsB.
7 
 in terms of the displacements r. at the structural level. 

In spite of doubling the number of unknowns the former approach 

has been adopted here, because the equilibrium of moments between 

two or more adjacent elements can easily be introduced, as will be 

explained later. This is considered to be vital in the large displacement 

problem, where the solution is critically dependent on the stresses which 

should be as accurate as possible. The large displacement analysis will 

be given in Part II of this paper, and meanwhile, the details of the 

assembly of eq. (5) and the most convenient way of solution will he 

examined next. 

lj 
	(64) 
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1.5 ASSEMBLY OF ELEMENT PROPERTIES AND METHOD OF SOLUTION 

In the small displacement theory there is no cr,upling between 

the harmonics in the square.  matrix in aq. (65). The response to each 

loading harmonic can therefore be solved separately. To (lc this, 

the equations (53) and (59) are written as one matrix equation 

— 
Plj  4.  ji 	= 	kj tj 	p j  [ qi 	_ti _ fi Jai_ 

(66) 

or simply 

rJ 	 • F3)(3 

The left hand side consists of nothing but the kinematically 

equivalent forces and initial loads, and may still be referred to 

as the force vector. The parameters on the right 

'N7/ j  ={ pi  bi} 

(66-a) 

(66-b) 

contain displacement and moment parameters at the two nodes 1 and 2, 

as defined in eqs. (25) and (27). For convenience of assembly, all 

the parameters at each end are grouped together to form a new vector 

yi={Pi bi P2 b2} 
	

(67) 

where du 	Sv 	6w , pi = {u— 6s  v 
6s 
 w—i 

(Ss i 

and 	
1 	(Ss 	(Ss 	(Ss 	i = { M(1) 	T 	MO 	/ 610 	(ST 	(SMO 

are the displacement and moment parameters at node i (i=1,2). 

Clearly, the relationship between the old and new definitions is 

given by 

y j  =CY O  



and 

0 1
2 

0 0 0 0 

0 0 0 1 2  0 0 

0 0 0 0 0 1 2  

C2 = 

22 

where the transformation (boolean) matrix C is defined as 

0 

C1 1 

C 2  0 

0 	C2 j  

(62) C= 

in which 

c i = 
1 2  0 0 0 0 0 
0 0 1 2  0 0 0 
0 0 0 0 1 2  0 

(69-a) 

The forces corresponding to V. 
'3 

= ct  	= 	 1 P2  2 42 	 (70) 

will simply be a rearrangement of the kinematically equivalent nodal 

 by forces and the initial loads, and are related to '3 

— E. 	F3 = Ct  k .y .= Ct 
	FCC .0 y 	F . . = k . V 3  (71) 

For a single branched shell structure, the nodal parameters defined 

in eq. (67) can be identified from the entire set of nodal parameters 

(72) 

where '1( k  is the parameters at the kth node and s is the total 

number of nodes, by a Boolean matrix ag for the gth element  

Ygi 	ag  g. 
	 (73) 
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. . • 

Hence the complete set of applied forces on the structure, defined 

consistently with g. as a super column of all nodal values 
g] 

Gi ={ r 1" 	s 
	 (74) 

is related toby 
g]
. 

 

Gi  = KFi  gi 	 (75) 

where the matrix K F  for the jth harmohic is given as j 

P( Fj = g Ea
t
k 	a g Fgj 

This matrix can easily be inverted after suppression of rigid 

body freedoms and the solution obtained. A point to note is that 

the matrix KFj  , although well conditioned, is not a positive-definite 

matrix. 

Alternatively, a positive-definite structural stiffness matrix 

may be obtained by the following procedure. Displacements and moments 

for a structure can be grouped separately as 

rj  - 	 (77) 

EL = 	b 	b k 	s 1 j 

where pk and bk are the displacement and moments at the kth 

structural nodal point. Obviously, for a particular element 

p i  = ag  r j  

b
3
. = a B. 

g 

Substituting (78) into (53) and (59)give the following equations 

for the entire structure 

F. B i + Q. - Ti r = 0 

R. = K. r
j 	 J + T

t 
B - J . 

3 	3  

g 
	 (76) 

(78)  

(79)  

(80)  
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where K = E at k 	a 
g g gi g 

F= E at  f 	a 
g g gi g 

T. = E at 
t 	a 

g g gi g 

= DA) } 1 -  . 

Jj= ji jk i s  j  

Q
i
={ q 	q cl}. 1 — 	k "• k 3 

Now the nodal moments B. can be calculated from 
3 

B. = F3 	( T. r - O. ) 
	

(82) 

and eliminated from eq. (80) to yield 

t - 
R 	(. = 	K + T

t 
F.

-1 
T.

3 	 3 
) r - T. F.

3

1  Q . - 

or 
	

(83) 

R =K r 

Although the condensed matrix K. is now positive-definite and the 

number of unknowns reduced by half, the solution by this approach is 

in fact less convenient since K is fully populated. For the large 

displacement analysis in particular, due to the coupling between 

harmonics introduced by geometrical non-linearities, the storage of all 

the large matrices involved would make the computation very inefficient 

to accomplish. The small displacement problem is therefore solved as it 

stands in eq. (75). It should be noticed that as the parameters at each 

node are grouped together the t(
Fj 

matrix for every shell-branch 

is banded, having semi-band-width of 24 (each element spans 2 nodes 

with 12 parameters at each node). The solution for a single-sbell 

structure is straight-forwar;.; all the up-to-date developaturtc and 

sophisticatibns on solution of banded matrix equations may be invo!,A1C1. 
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The solution of branched shell structures is just as easy by 

expressing the parameters at one node in terms of those at the next 

node progressively, starting from tha »n-connected end of each cf 

the branches towards the branched node. Finally the values of the 

parameters at the branch node are solved, having taken due 

consideration of the equilibrium requirements. The details of the 

treatment will be discussed later. The solution gives the complete 

set of nodal parameters, from which the displacements 6 and bending 
moments EiB can be found by interpolation from eqs. (23) and (28). 

The membrane forces SM  are then calculated from eqs. (6) and (11), 

while the normal shears Q(1)  and Qe  from the equations of equilibrium (1). 
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1.6 KINEMATICALLY EQUIVALENT LOAnS  

From the formulation of this mixed method, eqs. (43) and (49), 

it is evident that the definition or thR generalised forces P is 

exactly the same as in the displacement method. A distributed 

loading on the axisymmetric shell structure may be decomposed into 

Fourier series around the circumference and assumed to vary along 

the meridian in the same way as the displacements, moments and 

geometry. Then the equivalent nodal force for the jth harmonic is 

given by 

Pj  = ( .1- (1) 	p t p 	dA ) p . 
3 

where the vector p is given by j   

Pj = 1PR1 PIR1 PR2 P'R2 P01 P'61 p02 P'02 Pzl P'zl Pz2 Plz21  j 

and represents the values of pressures at the nodal circles. The detail 

development has been given in Ref. Ilj and will not be repeated here. 

Two special cases are useful: 

1. For a constant (along the meridian) normal pressure in the j
th 

harmonic 

pj  = pi 	tj  p t 
{sink o cos 	cosj8 dA 

which after the integration round the circumference gives 

+1 

P.= k7Lp
7  
. S { sing ) ht  04  cosci5 ht  } Rdn 

-11  

where k = 2 for j = o and k = 1 for all other values of j. 

2. For a constant pressure in the z direction, e.g. the weight ur 
+1 

P. 271m 	{ 04  04  ht} Rdn 

-1 

Both expressions can easily he evaluated once the shell g,..c,iletry is 

known. 

(84) 

(85) 

(86)  

(87)  

(88)  
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The forces given here correspond to the nodal displ&cements . 
r 

definedin eq.(27).Theymustijetransformedtor.as defined 

in (70) and then assembled into 

G = 	a t r g g gi 

to obtain the column of applied forces in the final equation (75). 

(89) 
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1.7 TREATMENT OF BRANCHED SHELLS  AND SHELLS WITH DISCONTINUITIES  

The branched-shell structure considered here consists of simple 

shells having one common axis of simmsitry (Fig. 3). The intersection 

of three or more shells is called a branch point, in fact a circle. 

When the shell contains more than one single branch, the simple 

banded structure of the K Fj  matrix in eq. (75) is unfortunately 

destroyed and it is no longer economical to solve this equation 

in the complete assembled form. Instead, the unknown parameters 

are partitioned into nodal groups, and, starting from the un-connected 

end of each branch, each group of nodal parameters is eliminated 

in terms of the parameters at the next node. This process is 

performed progressively towards the branch point, on whose parameters 

all other nodal parameters now depend. The final solution of the 

matrix equation at this point and a backward substitution then yields 

the complete set of wanted values. This method of solution is a 

special application of the so-called "frontal" technique. A schematic 

example is shown in Fig. 3-a, with arrows indicating the direction of 

the progressive elimination. Should the shell contain more than one 

branch point (Fig.3-b), the same method can still be applied. 

The solution of the 

F!G.2 
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parameters at °ranch potats other than the last one will not be 

explicit and final, but will be in terms of the parameters at the 

next adjacent node. 

Normally, at an ordinary nodal point of a continuous shell, 

continuity of displacements and moments between adjacent elements 

can be ensured simply by letting the two elements have the 

same set of nodal parameters at the common node, as has been done 

in section 1.5. This is no longer true at a point of discontinuity, 

especially at the branch point. In these circumstances, continuity 

(kinematic and static) requires that the displacement and the 

rotation (if the structure can be assumed to have rigid joints) 

at the joint are the same for all elements meeting there, and that 

the sums of all internal moments and resultant forces in two mutually 

perpendicular directions vanish. These requirements are implemented 

in the computing programme as constraints on the nominally independent 

parameters from the elements of different branches meeting at that 

point. 

Firstly and most obviously, the displacements of all elements 

at the branch point are equal, which may be treated in the usual way 

as for the case of continuous shell. Next, the rotation is given by 

	

, du 	, 6w * = — - 	= - sing) -- cosy  Ry 6s 	6s 	6s (90) 

after the substitution of eq. (30) and since ds = RY d(1). - 

If * is introduced as an independent common parameter at the 

discontinuity, then (90) represents a constraint equation for the 

6w 
parameters 

du 
 and T;  of each element meeting there. Note that this 

condition should be incorporated not only at branch points, but also 

at other points of discontinuity; for instance, a sudden change of 
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meridional direction, as'when a cylinder is joined. to a cone. 

Consider now the moments and resultant forces at the point 

of discontinuity, and particularly at a branch point (Fig. 4). 

Direct control can most easily 

 

BRANCH 3 

 

BRANCH 1 

FIG. 4 

be exerted over the equilibrium of the meridional moment M4 

with the constraint equation 

E Mcp = 0 	 (91) 

summing over all shell branches. Care must be taken on the sign 

of the moment M. For instance, if WI) is considered positive for 

edges of elements where 71= -1 at the branch point (e.g. branches 1 and 2 

in Fig.4), then it must be changed to have a negative sign for edge 

n= +1 (e.g. branch 3). The same remarks will apply to other forces 

referred to later on. It has been tacitly assumed that the actual 

applied loads are distributive in nature. In the unlikely event of 

a concentrated applied moment it should of course be incorporated 

in this equation. 



31 

Equilibria of the resultant membrane forces and shear forces are much 

more difficult, since the former are calculated from the displacements 

in the mixed method of approach. The constraint equations to be 

satisfied are, according to Novozhilov [11], 

E X = 0 

E Z = 0 	 (93) 

E (S+ 2 — ) = 0 

where X and Z are the radial and axial force resultants 

X = N1 cosh + (Q)RDT )  sin$ up 

DT Z = 	sin4 - (Q4 + 175- ) cosh 

From the first and the third equation of (11) 

Et 
(0 + v c0) 

1-v2  

and 

	

	 (95) 

Et  
S = 	00 

2(1+v) 

where the strains 0, 0 and 00 at the branch point can be 

expressed in terms of the displacement parameters as 

= COO u' - sing) w' 

1 
c0 = —R 

u + —R 
v (96) 

cosq) ) 	sinq) 
00 	

coscosv + v' + j 

The above expressions, where j is. the jth harmonic number, are 

derived from (40) and (42). Now the elasticity relations (95) can 

be written as 

(94) 

N4 = 
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v ,Et,  I cosh u' - sin w' + 	u+j—v. 
L 	 R 

(97) 

EtL . cosi) 	ccs4 	4  sing) 
S = 	 v+ v' 

2(1+v) 	 J  R 

The normal shear force 00 can now be expressed in terms of nodal 

force parameters, from the 4th equation of (1), as 

	

ccoshcosh
= m i () + 

cos 	
mg) 	me + 3  T. 
	

(98) 

Equations (97) and (98) can now be substituted in the force 

equilibrium equation (93), which becomes a set of constraints 

relating a mixture of force and displacement parameters. 

Thus, apart from the three displacements u, v and w which 

are common to all branches meeting at a point, the other nodal 

parameters from each branch may be regarded as nominally independent. 

With the introduction of a common rotation tP, the parameters at a 

branch point consist of 

r
B 
= {t1) 	v w P'l 131 2 13'3 	 } 	rd 	(99) 

where 

polk  = 	u' v' w' M(1) M'cl) T T' MO 1/00 1 k 	(100) 

are the parameters from the kth branch. The progressive 

elimination so far yields a matrix equation 

K B  r B =R B 	 (101) 

with the addition of 4, this is expanded to 

DD ID( 	[ 4)1. 	= D  [R 
B 	B 

or simply 

* * 
K r

B RB 
 

(102) 
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Now r is constrained by n (number of branches) equations of the 

type in (90) and the six equations in (91), (92) and (93). Collectively 

they may be written as 

Cr*  = 	 (103) 

The solution of (102) subject 	to constraints (103) may be found 

most easily from solving 

KBk  Ct  [ 1'11;1 = [ RBI 
C 0 	X 	0B  

(104) 

where X consists of the generalised forces and displacements (as 

the case may be) necessary to enforce the constraints (or mathematically, 

the Lagrange multipliers). 

In practice, it is found that the most important constraints 

are (90) and (91). The force equilibrium constraints in (92) and (93) 

are relatively un-important and may be ignored. Thus, for a branch 

point with 3 branches, the 31 parameters are constrained by only 

4 equations, which affect only 10 of them 

(tp, u'1, u'2, u'3, w'1, w'2, w'3, Mch, M42, McP3). The size of the 

matrix is enlarged only from 30 x 30 in (101) to 35 x 35 in (104). 

Since the constraints (90) and (91) are relatively simple, even 

this is unnecessary. The solution of (102) and (103) may be 

obtained in the original form by using (103) to reduce the number of 

independent variables (now 31 - 4 = 27) in (102). Moreover, from the 

examples so far tried, the unaffected parameters (v' 1/1(1)' T T' MO MO') 

from the 3 branches may be constrained to be the same without 

introducing much error. If that is accepted, the number of independent 

parameters at the branch point (with 3 branches only) is only 15. 

This may not be of a great deal of advantage in the small displacement 

analysis, but will make a very big difference in the large displacement 

problem where all harmonics are coupled. 
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1E3 APPLICATION 07 THE MIXED METHOD OF APPROACH TO THE LINEAR 

LNALYSIS OF SPELLS 

A computer programme based on the linear theory was tested first 

of all on two single-branch structures. 3ne was a torus under constant 

internal pressure and the other a hyperbolic cooling tower under the 

wind loading. Having made sure that the results agree satisfactorily 

with other methods of solution, the programme was then used for the 

analysis of discontinuous and branched shells. The first example in 

this group is a cyclinder closed with a spherical segment and the 

second, a sphere supported by a cylindrical skirt. In all cases, the 

displacements, membrane stresses and particularly bending moments 

are obtained with an accuracy which clearly shows the advantage of 

this method for the analysis of the general axisymmetric shells. 

a) Pressurised Torus  

This problem has been chosen with the similar objectives as 

in Ref. [1], i.e. to prove the ability of the element to handle 

accurately rapid changes in bending moments. The torus is loaded by 

uniform external pressure of 1000 psi and its dimensions and the 

material properties are shown on Fig. 5a. The results are compared to 

those of Kalnins [121 who used a multisegment integration method to solve 

the equilibrium equations, and to the SABA 5 element of Ref. [1:. Ten 

elements are used over half of a structure, the division of which as 

well as the radial displacements are shown on Fig. 5b. The, distributions 

of the membrane stress Ne  and bending moments Mcp and Me  along the 

meridian line are shown on Figs. 6, 7  and 8, respectively. The 

disagreement in the bending ms-Jmnt distribution near the outer edge 

shown in Ref. [11 in comparis9n to Kalnins' results is not repeated 

here and the agreement with Ref. [12jis excellent. It must be 

emphasized however that only six eleMents.nere used in [11 in 
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comparison to ten olenrqlts by the mixed method. In order to investigate 

and compare the convergenc.1 of this meth,-)d and the diEplacement method 

of [1], Fig. 9 is presented. It requires ten elements to converge 

to Kalnins' solution which is not as good as the six elements required 

by SABA 5, although t1-1e result seems to be nearer to those of Ref. [121. 

The reason for the larger number of elements required by this mixed 

method probably lies in the inferior interpolation function used for 

the approximation of the geometry, namely the third order polynomial 

against the fifth order of SABA 5. 
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b) 	Hyperbolic Cooling Tower  

The cooling Lower shown in Fig. 10a has been used notably as 

an exampiP of analysis by various methods, the finite difference 

method by Albasiny and Martin 131, the SABA 5 element of El-land 

the SHEBA element of [141, The tower is idealised in such a way that: 

i) the shell is of uniform thickness and of homogeneous, 
isotopic material 

ii) the base of the shell is fully clamped 

iii) the top edge of the shell is free 

iv) the shell is subjected to a pressure loading from the wind 
which is assumed to be constant along the meridian and 
circumferentially symmetrical, hence may be decomposed into 

n 
p (6) = E 

3  
p. cos j0 

o  

In this analysis the same ten harmonics are used (n=9) as in Fli 

and [13], giving the pressure distribution shown on Fig.10b. The 

pressure coefficients are listed in Table 1. 

j Pi  j P. J 

0 .22892 5 -.12010 

1 .27779 6 -.02678 

2 .59821 7 .04443 

3 .47010 8 .00180 

4 .06269 9 -.01981 

TABLE 1 

This loading corresponds to a free stream dynamic head of 1 psf. 

The distribution of radial displacement along the meridian is 

presented on Fig.11. Twelve elements are used in the analysis, the 

spacing of which is shown on thc, left hand side of Fig.11. The 

diagram of membrane forces I\14) and NO is shown on Fig.12. The 

agreement with aforementioned m,?.thoas is good. The bending moment McP 

is given on Fig.13. Again, the aareement with all is excellent 
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and there are no 'kinks" in the moment distribution mentioned 

in [11. The reason for that is that the. moment derivati,rcts are 

continuous. The distribution of Mg) round the circumference near the 

base (at Z = -267.51t) is shown on Fig. 1A. Finally, the moment MO 

is presented on Fig. 15. Although more elements have been used for 

this analysis in comparison with SABA 5 element of ElD, this is 

compensated by the increased accuracy in the bending moment 

distribution obtained in the result. 

c) Cylinder with Spherical Cap  

The objective of this analysis is to test the behaviour of 

the element at the point of discontinuity, and to compare it to the 

well known analytical solution. The structure is presented on Fig.16a 

and is loaded by an uniform internal pressure. It has the uneven 

element sub-division using 18 elements in all but concentrating 

near the junction point. At open end of the cylinder free expansion 

was permitted. The distribution of bending moment WI) is shown 

on Fig.l6b, in comparison with the analytical solution by FAigge F3-51 • 

Overall agreement is excellent. The maximum value of moment 1.14 

given by FlUgge is 8.92 x 103 pa2  against 8.85 x 10-3  pa' obtained 

by the mixed method, indicating an error of 0.77%. 

d) Spherical Tank Supported by a Cylindrical Skirt  

This structure is a typical three-branch shell and is chosen 

due to its resemblance to LNG containers, Fig.17. The supporting 

cylindrical skirt was put at 45° from the bottom of the spherical tank, 

much lower than in conventional LNG container design in order to 

emphasize the discontinuities. The spherical tank was loaded 

by uniform internal pressure- The element sub-division in the 

analysis was uneven, concentrating more elements near the branch 

point. All constraints mentioned in section 7 were introduced at the 

branch point. 
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The results for moments 10, horizontal displacement and 

rotaticn at the branch point are compared with analy,:ical solution 

in Table 2. The distribution of 1.1c4) for each branch is presented on 

Fig.18. The results achieved clearly show the ability of the element 

to handle this type cf shell structures. The accuracy of the linear 

solution at the branch point is satisfactory which will be of a great 

importance in non-linear (buckling) analysis, as will be shown later. 
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a) PRESSURISED TORUS 

  

Al 

0 

x  4 

3 

2 

1 

0 	20 	40 	60 	80 	100 	120 	140 	160 	iao 	c 
0 

I 	III 

ELEMENT DISTRIBUTION 

b) DISTRIBUTION OF RADIAL DISPLACEMENTS 

FIG. 5 



— — SABA 5 
o KALNINS 

— MIXED METHOD 

0 	2 0 	4 0 	6 0 	8 0 	100 	120 	140 	160 	180 	a° 

DISTRIBUTION OF MEMBRANE STRESSES Ne 



   

 

-- ---- 20 	40 	60 	80 	100 	120 	140 	160 	MO 	a° 

1 

-2 

-- SABA 5 
o KALNINS 

— MIXED METHOD 

   

DISTRIBUTION OF BENDING MOMENT M4, 



1 

,.. 
120 	140 	160 	180 	a° 

- - SA BA 5 
0 KALNINS 
- MIXED METHOD 

DISTRIBUTION OF BENDING MOMENT M.e. 

1 



43 

O 

-- SABA 5 
KALNINS 

- MIXED METHOD 

NO. OF EL. 

RADIAL DEFLECTION AT POINT A 
VS NO. OF ELEMENTS 

FIG. 9 



44 

z 

84 it 
b = 209.66 ft 

r 	t = 7 in 	6  
.E = 432x10 lbs/ft 
V = 0.15 

1 r z2  , 1= 
a b 

a) HYPERBOLIC COOLING TOWER 

a. 1.5 
O Lc? 

---61" 1.0 

0.5 

0 

- 0.5 

- 1.0 
30 	60 	90 	120 	150 	180 

b) CIRCUMFERENTIAL DISTRIBUTION OF 
WIND PRESSURE 

• 
0 

a 

1. • 

FIG. 10 



DI
ST

RI
BU

TI
O

N
 

2 3 4 	1.04103  (ft) 

x SABA 5 
o REF. 13 
— MIXED METHOD 

— -240 z 

-270 

45 

. DISTRIBUTION WITH HEIGHT OF RADIAL 
DEFLECTION AT 	e = 00 

FIG. 11 



1000 	1200 

(lb/f t) 
800 

I 
i 

x SABA 5 
o REF. 13 

MIXED METHOD 

46 

DISTRIBUTION WITH HEIGHT OF N. AND N4, AT 0 = Cr 

.. • 

FIG. 12 



47 

-x SABA 5 
o REF. 13 
— MIXED METHOD 

-240 

-4 	-2 	0 	2 	4 	6 	8 	10 

(lb ft/ft) 

DISTRIBUTION WITH HEIGHT OF M4, AT e =0° 

FIG. 13 



Mt 
(lb ft/ft) 

20 

10 

- 10 
x SA BA 5 

MIXED METHOD 

- 20 

- 30 

48 

DISTRIBUTION WITH 0 OF M4, AT Z=-267.5 ft 

FIG. 14 



x SA BA 5 
o REF. 13 
— MIXED METHOD 

49 

z (ft) 

60 

0 

-60 

-120 

-180 

-240 

-10 	 0 	5 	10 	15 	20 	25 
(lb ft/ft) 

DISTRIBUTION WITH HEIGHT OF Me  AT 0=0° 

FIG. 15 



t /a = 0.01 
(I) = 45° 
V = 0.3 

50 

SPHERE CYLINDER 

o FLUGGE 
— MIXED METHOD 

Z 3 	 0 

-2 

b) DISTRIBUTION OF M 4) 

CYLINDER WITH SPHERICAL CAP 

I 
10 	M4,10

3
/ P a

l 

FIG. 16 



t/R = 0.01 
p/E = 10-6  
E =107  lb/in1 

 

V = 0.3 

51 

TABLE 2 RESULTS AT BRANCH POINT 	B 
ANALYTICAL SOL MIXED METHOD 

Mot /ER2  -5.1741.10-9  -5.1264.108  

M42/ ER2  4.9492.10-9  4.9002'10 9  

Mo3 / ER2  -0.2249.10-9  -0.2261 	10-9  

ug  / R 0.1844.10-3  0.1856-10-3  

(I) 0.10 51.10-2  0.1011.10-2  

FIG. 17 



52 O 
x 
c 
w 

BRANCH 2 

3 	4 	5 	6 	Z 

DISTRIBUTION OF BENDING MOMENT M0 

FIG. 18 



53 

PART II - Larae  Displacements 

2.1 INTRODUCTION 

The large displacement non-linear analysis discussed in this pa:tr. 

shares the same basic philosophy with that of the SABA element given in 

Part II of Ref. [11. Much of the general observations contained in the 

introduction of that article is still relevant here. The non-linear 

behaviour arising from the effect of change of structural geometry 

is obtained in a sequence of small steps, each of which may either 

be linear or parabolic. The latter is achieved by an iterative scheme 

within each step. Material non-linearity has not been taken into 

account, but can easily be incorporated into the incremental procedure, 

as has been shown in Ref. [161. The magnitude of the radial displacement 

is assumed to be of the same order as the shell thickness, large enough 

to invalidate the linear analysis and to demand a non-linear treatment, 

but not large enough (when compared with the radius) to alter the overall 

axi-symmetrical configuration of the structure. Hence the equations 

of equilibrium and compatibility for axi-symmetrical shells, given in 

Part I of this paper, are still applicable. The analysis is subjected 

therefore to the same limitation as the SABA element. It will not be 

able to give truely large deformations, say, in the post-buckling 

region, or near the point of total collapse. However, it will be 

perfectly adequate for giving a better understanding of the behaviour 

of shells with large radius to thickness ratio, for which the 

displacement can so easily be several times the thickness, and in 

particular, for predicting the initial buckling load. 

The formal formulation of the large displacement theory by this 
• 

mixed method of approach will be given in the next secticn. With the 

.displacements and the bending moments interpolated indepenc:ecitly as 
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in Part I, the relationship between the increments of the force an 

displacement parameters remain the same, to the first order of 

accuracy, as in the small displacement theory (q.1-66), (equations 

will be numbered separately for each part of this paper, when reference 

is made to an equation of another part, the part number will precede 

the equation number), while the "stiffness" matrix, obtained in the 

application of the P.V.D. to enforce equilibrium between the force 

increments, is changed by the addition of a "geometric stiffness", 

arising from the effect of the existing forces and stresses at the 

beginning of the incremental step in a subsequent change of structural 

geometry. Thus the non-linear analysis turns out to require exactly 

the same additional matrix as in the displacement method, which may be 

obtained either by the inclusion of second order terms in the 

compatibility equations, or may be calculated by a direct application 

of the virtual work principle, examining the effects of each of the 

existing forces in turn. The latter method is adopted in Ref. Ell 

and can be utilised in totem here. It should be noticed that by using 

the present method of formulation of the geometric stiffness, no 

assumption on the magnitude of the rotations is necessary and no 

selection on the second order terms in the compatibility equations 

has to be made. The contribution to the geometric stiffness by all 

the existing forces, including the normal shear forces, can be made 

with the minimum of effort. Otherwise, since the normal shears dc not 

appear in the stress matrix explicitly but are only given by the equations 

of equilibrium (1.1) from the bending moments and their gradients 

indirectly, their effects can so easily he missed out altogether 

if a strictly mathematical approach is taken (e.g. Ref. 

The linearised small step theory bases the calculation on the 

properties at the beginrinq of the step, which makes the programme for 
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the non-linear analysis very simple, but the step size must 

necessarily be small. Better accuracy may be obtained hy taking 

average of the stiffnesses at the beginning and at the end, using 

the linearised sten as a first approximation and iterating until 

convergence is achieved. This is shown in Ref. [l] to be equivalent 

to the inclusion of second order terms in the incremental equation 

of equilibrium and compatibility, and the step size can be larger. 

However, the computing time required for convergence may be excessive 

if the step size is set too large, a happy medium can be struck by 

selecting a moderate step size and limiting the number of iterations 

to two. This compromise has been adopted in the computation of all 

the examples. 



2.2 LINEARISED INCREMENTAL Ti CRY 

To formulate the theory of the linearised incremental procedure 

for the large displacement nom-lineal analysis by the mixed method 

of approach, it is sufficient to consider the structure at the element 

level. For this purpose, the fundamental representation of the 

structural behaviour and the interpolation schemes are the same as 

before, but the analysis is divided into a series of small steps, 

for each of which the increments of the strains and the stresses are 

assumed to be linearly proportional to the increments of the 

displacements and force parameters respectively. Therefore, 

eqs. (1-40) and (1-23), which are true only for the small displacement 

analysis, become instead 

d E
m  = a M dp 

and 

d SB 	d b 

where a M  and Pare based on the current state of the structure 

and change with the loading and the geometry. 

Thus, at the beginning of any incremental step, the applied 

force P induces displacement 6 , strain E and stress S , with 

force parameters b and displacement parameters p. As the result 

of a force increment dP , there are corresponding increments in 

the displacements do , strain dE , stress dS and parameters dp and 

. Because of these changes, eqs. (1) and (2) also change to 

d E m  = (a m  + da m) ap 	 (3) 

dSB  =(;34-do)db 	 • (4) 

at the end of the loading step. 

1$5 

(1)  

(2)  
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Since the bending strains ale calculated from the bending stresses, 

compatibility of the increment dEs  with the displacement increment 

is not exact, but can be enforced approximately by the application of 

the P.V.F., giving 

Jpt [dE B  - DtB  (d b)1 dA =0 

• 	from which 

	

1
13t  (I) Rdb + 	B  - aB  dp) dA = o 

Or 

f db + dq - t dp = o 
	

(5) 

where dq is a column of initial curviture increments, if any, during 

the loading step. This equation relates the increments of the force 

and displacement parameters. The matrices involved are identical to 

those in the small displacement theory (eq. 1-53) in form, but 

different in substance since p and a
13 

are based on the current 

geometry instead of the un-deformed geometry of the structure. 

Equilibrium between the forces at any given stage is similarly 

satisfied approximately by repeated application of the P.V.D. At the 

beginning of the step 

d p tP= ldE t S dA 	 (6) 

where d E = Dt  (d 6 ) =a dp is a set of 

virtual strains compatible with virtual displacement parameters dp , 

calculated according to the geometry at the beginning of the step. 

This gives 

	

P= fa ts dA 	 (7) 



58 

At the end of the step, it becomes 

n  d pt (p+ dp) = 	Et  ( o + dS) dA 

where, 	d E = (a+ da) dp 

which is now calculated according to the changed geometry, giving 

P+ dP = f(at + dat ) (S + dS) dA 	 (9) 

Taking into account the equilibrium at the beginning expressed in 

eq.(7) and neglecting the second order terms, it yields the load 

increment 

dP = f at  dS dA + l d atS dA 	 (10) 

Due to the fact that the bending and membrane stress increments 

are treated differently, the first term on the right hand side produces 

	

t dS M  
M 	

t J a t  dSdA = JOX M  do + a do
B 
 ) dA 

B  

= 	
x kLk 

f[at ," _ • 
P m 	m d 	m 	a Bt  p 	dA 

= k e  dp d + dj + tt  db 

where the k e is the elastic stiffness matrix as in the small displacement 

theory, calculated from the membrane behaviour alone but according to 

the current state, dj is the increment of the initial membrane 

force. The second term on the right-hand side of eq. (10) arises from 

the effect of the existing stresses S at the beginning of the step 

on the change da as a consequence of further deformation during 

the step. It may be rewritten as 

Ida t 
dA = jz s dat 

dA 
i 

t 

= E
i dp 	

dA) dp = kG dp 	 (12) 

(8) 
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where 

(la k 	E SiIdA G 	dp 

gives thf2 formal expression for the so-called geometric stiffness 

matrix. The summation is over all the components in the stress 

(12a) 

th 
matrix S , and dat  is the i column of the matrix d(X

t associated 

with the stress component Si.Each derivative dai/dp is a m x m 

square matrix where m is the number of displacement parameters in p , six 

in the case of the present element. 

Summing up, equation (10) becomes 

dP = (ke  + kG  ) dp + tt  db - di 	(13) 

combining this with eq. (5) in matrix form, the increments of 

the nodal parameters for each step of the non-linear analysis are 

given by 

rdP + di] = rk e 	kG  ttl [zip] 
dq 	t 	f 	db 

(14) 

which, apart from the addition of the geometric stiffness matrix k
G 

to the linear elastic stiffness ke, is governed by exactly the 

same matrices as in the small displacement theory. However, they.are 

calculated according to the current state of the structural geometry 

and must be changed from step to step. 
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2.3 DETAIL DERI1MTION 01 THE GEOMETRIC STIFFNESS VATRIX  

It transpires that tne only additimal matrix required for the 

incremental non-linear analysis over the small displacement case is 

the geometric stiffness matrix. In thin respect, the mixed method of 

formulation is no different from the usual displacement method, 

and the method of detail calculations of this matrix employed by the 

SABA element in Ref. [l] can be applied equally well here. 

The formal expression for the geometric stiffness matrix is 

given in eq. (12a). It accounts for the effect of the existing forces, 

represented by the 3 membrane forces and 3 bending moments in 

the matrix S , on a further change of structural geometry. Equilibrium 

between these 6 stress components, and with other existing forces such 

as the normal shear forces and applied pressure, as demanded by eq. (I-1), 

is not exactly satisfied but approximately through the P.V.D. Thus, 

the geometric stiffness given by eq. (12a), although involving only 6 

stress components would have the participation of all the existing 

forces by implication. However, the a matrix, as can be observed in 

eqs. (1-42) and (1-43), is a very complex function of the structural 

geometry. Its derivatives with respect to the nodal displacement 

parameters p, are by no means easy to obtain. Fortunately, instead of 

following straightly the formal mathematical derivation, it is 

possible to evaluate the geometric stiffness by a direct consideration 

of the effect of each component of the existing forces, examining 

physically how the original equilibrium state may be upset by a 

further deformation, and the additional forces required to restore 

equilibrium. The equivalent nodal forces are then expressed in terms 

of a stiffness (geometric) by the application of the Principle of virtual 

work. The details of this method of derivation have been given in 
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Part II of Ref.ena vri11 noc. be repeated. Here, it is sufficient 

to equate the tocal virtual work of the additional nodal forces d PG  

requin,d to maintain Nuilibrium. 

PG  op t d rG  = f(Sw = f[dw N 4)  dw + Swe  Ne  dwe  

+ S 0(134)  dwe  + owe  dw4)) + 	Ow(1)  deg)  + de(1)  dwd 

+ Q
6 
 (S

u  
w. de

0 
 + Se

e 
dw
6
) + 1/2p 

(<56195 
 du + Su dw 

+
e 

dv + dv des 0J1  dA 0- 

The deformations involved in this equation may be related to the 
A 

local displacement vector 6 by 

(15) 

where the principal radii Re andR4) are assumed to be unchanged by the 

deformations so that the structure remains practically a shell of 

revolution for the purpose of calculating the increments. Employing 

th. the definitions from eqs. (I-30) and (I-34a), the 3 	harmonic of 

the increment of GO is given by 

Law . --- 	A 13 	cip 
3 	 3 	3 

(17) 
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The ith harmonic of the nodal force inclement dP Gi 
 does virtual work 

on the i:=11  harmonic virtual displacement ISO., which give rise to a ri 

compatible virtual c:afoImation 

aw = LApw. rc,P 

and from eq. (15), after cancelling the virtual quantity 5p i from 

both sides, 

d PGi 
= ( k ) 

G ij r j 

where 

t t t 
( kG)ij = 	(1). p A 	 t , [ti L. L + N L2  L-2  

(I) 	1 	0 

+ s (Lt L2 	2 + Lt L1  ) + Q4)  (Li L3 	3 + Lt L1  ) 1  

Qe 	t2 L4+ L4 L2) + p (Lti L5  + L
5 
Li  

L
2
L6 	L

t L 2 _ 
TIA p 	dA  

6  

th. This is the geometric stiffness matrix which couples the 3 harmonic 

of displacement increments to the ith  harmonic of the load increment. 

Notice that in this expression the normal shear forces and the applied 

pressure are directly involved, instead of the bending moments as 

given in eq. (12a). They are, in general, constructed from a series 

of harmonics, for example, 

n 	 n 
=N +EN cos ke +EN :tin ke 1N1,  

	

(I)0 1 q)k 	1 (Pk 

so that for any particular pair of harmonics i and j, the coupling 

matrix (k G
).. must be evaluated by summing through all the k stress 
 13 

harmonics. The integrands will always contain the multiplication 

of three harmonic functions, and are any one of the following types 

(18)  

(19)  

(20)  

(21)  
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(a) sin ko sin m0 sin ne 

.(b) sin 2 	sin me cos ne 

(c) sin k9 cos me cos n0 

(d) cos ke cos me cos ne 

where k, m and n can be any one of i, j, or k. Therefore, the 

integration of eq. (20) around the circumference vanishes unless 

k ± m + n = 0 	 (22) 

and non-zero circumferential integral C arises only from the 

following combinations 

(1) All harmonics zero: 	C = 2w 

(2) One harmonic zero, the other two the same harmonic of sine or 

cosine: 	C = Tr 

(3) All harmonics non zero: 

For type (b) : C = /2 if k - m = n 

or 	C = -Tr/2 if 2, + m = n 

For type (d) : C = Tr/2 when (22) is satisfied. 

A mistake was made in Ref. [11 for the value of the integral in 

combination (3) above. However, only the results with coupling between 

the non-zero harmonics were affected. The contribution from each term 

of eq. (20) to the geometric stiffness matrix and the table showing 

the couplings in the symmetrical case were correctly worked out in 

Ref. [11 and need not be repeated here. 

Therefore, in the large displacement problem, there is, in 

general, coupling between the harmoilics as shown. This means that each 

harmonic cannot be solved sepail-atelv us in the small displacement 

solution. However, the progressive. elimination technique developed 

for the analysis of branched-shells 	2art.  I can be profitably 
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employed here for all case,'whethel single or multiple branched. 

The displacement and moment parameters of all harmonics are grouped 

together at each nodal point and stPxting from an unconnected end, each 

group of nodal parameters is elimiratcd in terms of that at the next 

node. The coupling is thereby confined to two adjacent nodes. Only 

one element matrix is assembled and stored at a time. The complete 

structural Matrix is never assembled in the full form. The solution 

at the last node, either at the other end of the shell or at a 

branched point, followed by a backward substitution yields the 

complete set of nodal parameters. 
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2.4 IMPROVEMENT OF THE LINEARISED INCREMENTAL THEORY 

The results of the linearised incremental theory can be improved 

if an iteration technique. is adopted. The linearised incremental 

theory becomes thus now non-linear. 

Suppose that the total load at the end of the step Po  + dp 

is equilibrated by the stres $o  + dS + d2$ . This assumption 

for stresses means that the second order term (in Taylor series 

expansion) is also taken into account, instead of just linear 

increment as in the linearised theory. Obviously, the strains at 

the end of the step will be more accurate if following relationship 

is used 

dE = ( a + (la + 1,cra ) cap 	 (23) 

The equilibrium between external and internal forces at the end 

of a step is now given by 

6 p t (Po  + d P) = 16 £ t  ( S0  + d 	+ 1/2d2S ) dA 
	

(24) 

which after the substitution of eq. (23) and elimination of the 

virtual displacements 0) becomes 

po  + dp = f ( a t  + da t+ wat) ( $o  + as + 	) dA (25) 

Taking into account the equilibrium at the beginning of the step 

(see eq.7), the above equation becomes 

d P = [at d$ + dat  S + d C(t  d S + 1/2 (d2at$ + at cvs 	dA 	(26) 0 

where only terms up to the second order are retained. The first two terms of 

eq.(26) give the elastic and the geometric stiffness, the coupling matrix 

based on conditions at the beginning of the step (see eq.13). If all 

values at the beginning of the step are denoted by index 0, it follows 
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k
0 r  an + t t  db = (aot  as + aa t so  ) dA 

where ko is a total stiffness matrix. By taking the first order 

change of eq. (27), the following relationship is obtained 

Ji t 	,_ a k dp + d L db = 1(2da tdS + (va tso  a t + a d's ) dA 	(28) o 

By comparison of the last three terms in eq. (26) with the right-hand 

side of eq. (28) it can easily be deduced that 

d P = (k o  + 1/2d.k) ap + ( to  + Ild t t) d b 
	

(29) 

The change of stiffness and coupling matrices within an incremental 

step is defined as 

dk = k1 	- k o 	 (30)  

and 

dt = t1 - t0 	 (30a) 

where the index 1 corresponds to the values at the end of the step. 

Substituting these two equations into eq. (29), yields 

d P = 1/2 ( k o  + k 1 	1-- 	o ) dO +1 ( t t 	t) db 
	

(31) 

To prove the corresponding non-linear relationship for the 

compatibility equation ( 5), it is necessary to consider the relations 

at the beginning (see eq.2) and that at the end of the step (see eq.4) 

and to take the average geometry, thus it can be written 

as}, = ( [3+14) d b 	 (32) 

The strains corresponding to these bending stresses will now be 

dE:B + 12d2E B  and should be compatible to the displacement increments dp 

by enforcement of the following condition 

(27) 
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- d E B  + 1/2d2E - (a + 1/2c1C( B) dp 	= o 	 (33) 

By the application of the Principle of virtual forces, it follows 

f ^ ( pt  + 1/2dp ) r(dE B  + 	B) - (C( B + IldccB 	- )dpl 	= 0 (34) -  

Taking into account only terms up to the second order, the 

above equation yields 

p dE - B 

= 0 

pt aBap) 	captaE B  + p -td2E B  p tdaBdp d pt aBdp )1dA  
+ 1/2  

(35) 

The first two terms of this equation give the well known compatibility 

relationship based on the geometry at the beginning of the step 

(thus index 0) 

f o ab - to dp 	ptaE B 
	pta Bdp) dA 	 (36) 

The first order change of eq. (36) gives 

n df db - d t tap = 	(dpt 	 B 	pt dE B + ptd2E - 	da B  dp - d R t  a
B
ap) dA 

(37) 

By the inspection of eqs. (35) and (37) it can be deduced that 

( f o + 1/2d f )db - ( to  + 12dt ) ap = o 

The change of the flexibility matrix within an incremental step 

can be defined as 

df = f 1  - 	f 0 

substituting eqs. (30a) and (39) into (38) yields 

1/2 ( f 0  + f o 	f1)  db  - 1/2 ( t o  + t 1 ) dp = 0 

(38)  

(39)  

(40)  
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Combining eqs. (29) and (411)T into one matrix equation gives 

dP + di 

 

k + kl  

t o  + tl  

t f t + 4.1 
e lo  

 

d p 

 

dq 

 

R 0  + f 1 ) 

 

db 
(41) 

       

which is obviously non-linear relationship since all matrices with 

index 1 (at the end of the step) depend on dp. The solution can be 

obtained easily by applying the iteration technique. As the first 

approximation the linearised incremental theory is used (which is 

equivalent to stating that 1(1  = {Co,' fl  = f o  and t1 = to) to 

obtain the displacement and moment increments at the end of the step. 

That solution is then used to calculate the values at the end of the 

step ( ki, fl and t1). The process is repeated until the results 

converge. In practice, however, it is found that, for problems 

of thin shells where the axial length of the structure is of the same 

order of magnitude as the typical radius, the deformations does not alter 

significantly the overall configuration and hence the changes in the 

elastic stiffness, the flexibility and the coupling matrices 

are all un-noticeably small throughout the step-by-step analysis 

and hence may be kept constant without affecting the ultimate result. 

The only matrix that needs to be updated is the geometric stiffness. 

This reduces the computing time required for the iterative step-by-step 

calculation. Furthermore, compromising on the loading step size and 

computing time, the number of iterations was limited to two, 

as in Ref. Ell. 
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2.5 EXAMPLES 

a) Torus Under External Pregsrtre 

The behaviour of the complete torus under uniform pressure is 

studied again to compare with the linear analysis in Part I, and 

with the results obtained by other methods of large displacement 

analysis. The torus has the same external dimensions and material 

properties as shown on Fig.5a, except the thickness to tube radius 

ratio, which is in this case t/r = 0.01. The shell is loaded by an 

external pressure p = 100 psi. The results of the linear and 

non-linear analysis are plotted on Figs. 19 to 21. Ten elements are 

used over a half of the structure and the total load applied in ten 

equal increments. The significant difference between stress resultants, 

moments and radial displacements in the linear and non-linear solution 

indicates the highly non-linear characteristics of the torus and 

demonstrates that a linear analysis would be quite inadequate in 

predicting these results. The results are in very good agreement 

with other methods of solution given in Refs. Ell, 181 and ajl, 

and provide a check for the computer programme. 

b) Asymmetrically Loaded Spherical Cap  

In the previous example, the loading and the deformations are 

both axi-symmetric although their relationship is non-linear. Hence, 

only the zero harmonic is involved in the analysis. In order to check 

the programme for a case of harmonic coupling, the shell (on Fig.22a) 

represents a clamped spherical cap, and the loading shown is a crude 

approximation of a uniform pressure over one half of its surface. 

Only three elements were used in the analysis as in Ref. [1:]. 

The radial displacement as a function of the applied load is 

presented on Fic.22b. Point B corresponds to the poFition Gf the 
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maximum deflection. Harmonic displacements are given on Fig.23. 

Notice the significant displacement in the second harmonic due to 

coupling, although no corresponding load has been applied. The problem 
-• 

which was analysed first in [261 and [01 and then using the SABA 
element in Ref. [11 is again studied. A comparison of buckling 

loads obtained by various methods is given in Table 3. 

TABLE 3 

P/Per 

FAMILI, ARCHER 0.71 

BALL 0.66 

SABA 5 0.64 

MIXED METHOD 0.705 

The result predicted by the mixed method is considered as very good, 

being well between two finite difference solutions of Refs. [261 and [2f1. 

It cannot be compared directly to the displacement method of Ref. [11, 

due to the slight mistake in the integration of the geometric stiffness 

matrix in [11, which tends to give lower values of buckling loads. 

c) 	Buckling of Cylinders  

This example was studied as a test case before proceeding to the 

buckling of discontinuous shells and hyperbolic cooling towers. All 

cylinders considered are built-in at one end and free at the other, 

as presented on Fig.24a. This case has been investigated by Wang and 

Billington [2f1, therefore a direct comparison can be made. Buckling 

under an uniform lateral pressure is studied first, which involves the 

deformation of the circumference of the cylinder into a symmetric 

harmonic waveform. In the computer programme, the actual geometrical 

imperfection which initiates the buckling of the stucture was not 

implemented but simulated as an initial strain (or displacement) by a 

small perturbation load in the harmonic in which the buckling occurs. 
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In this case a perturbation load was of the order 106x uniform external 

pressure. Four cylinders of different lengths were analysed and the 

harmonic radial displacement presented on Fig.25. On the table on 

Fig.24b, these results are compared to those of 221. Agreement is 

considered to be satisfactory. 

The cylinder with L/R = 4 was chosen for a study of buckling 

under wind loading, because the cooling tower to be analysed later has 

roughly the same length to throat radius ratio. The wind loading was 

assumed constant along the meridian and expressed by a combination of 

eight harmonics round the circumference. Pressure coefficients for 

each harmonic are given in Table 5. 

Harmonic Pressure Harmonic Pressure 

0 .11 13 90 4 .09 03 30 

1 .26 97 45 5 -.09 74 18 

2 .60 52 18 6 -.01 70 47 

3 .49 00 69 7 .04 81 20 

TABLE 5 

Note that the constant pressure (zero harmonic) is obtained with a 

"vacuum factor" c = 0.5 of Dfl. The results are given on Fig.26, 

where the harmonic radial displacement is plotted for the 3rd harmonic, 

which is the most influential and gives also largest displacements. 

The buckling pressure is about 21 psi, compared to 23.82 psi of 

Ref. [22]. This higher buckling load could probably be explained by the 

use of the membrane theory which could be inaccurate in cases where 

the harmonic number is small. It should be pointed out that this dynamic 

pressure corresponds to a wind speed of 1100 mph, which is a completely 

un-realistic value. Consequently the deformation of the shell is also 

un-realistic and should strictly be outside the realm of this type of 

analysis. 
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d) 	Buckling orf a Cone Joining to a Cylinder  

It has baen shown in Part I that this method is most suitable 

for the analysis of discontinuous and/or branched shells, since 
-• 

equilibrium of forces at points of discontinuity can be explicitly 

imposed. This is an example chosen to study the buckling behaviour 

of such a shell, especially to investigate the effect of the 

implementation of the equilibrium conditions at the discontinuity 

on the buckling load. 

For this purpose two types of shells are used in this example. 

The first is a combination of a cylinder and a cone, one half of the 

complete symmetrical structure is presented on Fig.27 and denoted as 

"shell A". The second, "shell B", is a modification of the first one 

from which the discontinuity is removed by the inserting of a segment 

of a torus between the cone and the cylinder. The smaller this segment 

is the closer the continuous shell resembles the discontinuous one, 

and the physical behaviour of the two should also become more and 

more similar. Thus shell B, with a small segment of torus, can be 

used as a "control specimen" for investigating the effect of various 

changes of the equilibrium conditions incorporated in the programme 

for the buckling analysis of shell A. 

The buckling under an uniform pressure is then investigated. 

A perturbation load is applied to only one other harmonic, and the 4th 

harmonic is found to give the minimum buckling pressure. Harmonic 

displacements at the point of discontinuity of shell A and the 

geometrically corresponding point on the toroidal segment of shell B 

are presented on Fig.28. At first, all constraint equations 

(eqs. 1-90, 1-91, 1-92 and 1-93) are imposed at the point of 

discontinuity of shell A, and the buckling pressure of 1940 psi is 

obtained compared to 1908piof Ref. Pjl- Shell B buckles 

at a pressure of 2040 psi (against 1921 psi from Ref. [233). 
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Next, only The. constraint equations for rotations (displacement . 

parameters, ,1q. 1-90) and the equilibrium of meridianal moments 

(eq.I-91) are imposed. The unaffected parameters from the two branches 

are treated in two ways: firstly, they are completely free to be 

different, and secondly, similar ones are assumed to be the same. 

The buckling load obtained is 1970 psi in both cases, which was 

expected, since the unaffected parameters have negligable influence 

in this type of buckling. It can.be seen that the imposition of the 

equilibrium constraints to the membrane and normal shear forces has 

little influence, in particular, the enforcement of the equilibrium 

of twisting moments has practically no effect at all in this loading 

case. It might be worth mentioning en passant that the analysis 

of the same structure by the SABA element was not particularly 

satisfactory one to the presence of the discontinuity. 

e) 	Buckling of Cooling Tower  

The buckling analysis of hyperbolic cooling tower under uniform 

external pressure has been performed by many authors, most interesting 

being [24], DO, P61 and [1-1. The last two references included 

buckling analysis due to wind load as well. Two towers here are 

studied (loaded by uniform lateral pressure), one a model and the 

other a full size tower. The properties of both are given on Fig.29a. 

The magnitude of the perturbation load imposed to initiate buckling 

is 10-6x external pressure. The boundary conditions of the base are 

considered as fully clamped (built-in). For the cooling tower model, 

agreement with the results of Ewing [26] is excellent. The buckling 

harmonic is the 5th one, its displacement given on Fig.30. The same 

analysis was then performed for actual cooling tower, except that 

harmonics from j = 2 to j = 9 were tested one at a time, since the 

actual buckling load and waveform were unknown. The minimum value ,-)t 
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buckling pressure, p = 260 psf, was obtained with the waveform cos 70. 

Buckling in the adjacent waveforms require slightly higher pressures. 

For example, the 8th harmonic corresponds to a pressure p = 270 psf, 
•• 

and the 6th harmonic 275 psf. Harmonic radial displacements for the 

critical harmonic and two most influential are given on Fig.31. 

For the buckling under steady wind loading, the pressure distribution 

similar to that given on Fig.10b was used, but the number of harmonics 

is limited to only first eight, instead of ten. The difference in the 

pressure distribution is negligable. The boundary condition at the base 

is taken as fully clamped, as in Ref. Ell. The results indicate the 

buckling pressure of dynamic head of about 430 psf, which corresponds 

to a wind speed of 410 m.p.h. Harmonic displacements for the 4th and 

the 5th harmonic are given on Fig.32, but the 6th and the 7th harmonics 

give comparable displacements as well. This indicates that the waveform 

is probably a combination of these harmonics. The radial displacement 

for 0 = 0°  and two points at the tower are presented on Fig.33. 

Available results for comparison are those of [11 which gives the 

buckling pressure of 250 psf (314 m.p.h.) and of [1261 with the pressure 

of 312 psf (350 m.p.h.). The discrepancy between the mixed method 

and [1] is great. But, as mentioned before, the calculation 

in the harmonic coupling of the geometric stiffness in Fll contains 

a mistake. As far as the results of Ref. [26] are concerned, the 

cooling tower there was simply supported at the base. If this 

is changed to the built-in conditions according to the estimate by 

Ewing, the buckling pressure would be about 402 psf (397 m.p.h.), 

which is close to the result obtained here. 
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PART III - Dynamic Analysis  

3.1 INTRODUCTION 

The determination of the transient dynamic response of shell 

structures to arbitrary loads has always been an important design 

problem. The equation of motion is a second order differential 

equation, for the solution of which various numerical procedures 

have been developed, usually referred to as the step-by-step integration 

methods. Two of the most frequently used procedures were reported by 

Newmark Urn and Argyris and Chan [161. In the latter work, the inertia 

force was prescribed as a cubic function of time within a time step 

in terms of its values and the first derivatives at the beginning and 

at the end, giving in effect a fifth order displacement variation. 

Convergence within the time step is achieved using an iteration technique. 

The method was demonstrated on a complicated elasto-plastic dynamic 

impact problem in conjunction with a displacement method of finite 

element idealisation. Later it was utilised for an interesting problem 

of earthquake loading in 	A similar method, but with linear 

variation of acceleration was applied to linear and non-linear 

dynamic analysis of shells in Ref. r291. 

In the formulation of the dynamic problem by the mixed method of 

approach, only the displacement parameters appear directly as function 

of the time variable in the form of velocities and accelerations 

in the equation of motion derived from the application of the P.V.D. 

for the approximate enforcement of equilibrium. The force parameters 

are only functions of time implicitly by their association with the 

displacement in the equation and in the application of the P.V.F. 

to enforce compatibility. It is therefore easiest to express the force 

parameters in terms of the displacement parameters. Then the equation 
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of motion may be integrated by the same method as used in Ref. [161 

to give the displacements. This may appear to be contrary to the 

policy of Part I and II, where the displacement and force parameters 

are solved together. The reason there was to avoid having to solve 

a fully populated stiffness matrix. Here, in the procedure of the 

dynamic analysis, the stiffness matrix never required to be inverted. 

Indeed, the force parameters are always directly derivable at every 

stage of the calculation by a matrix multiplication and contribute 

only a column to the dynamic equation without changing the stiffness 

matrix as such. Hence the objection that was sustained in the static 

analysis never arises here. The step-by-step iterative scheme 

requires the inversions of the mass and the flexibility matrices 

at the very beginning of the calculation. Thereafter, only multiplications 

are necessary. 

The advantage using this mixed method of approach in the dynamic 

analysis can now be appreciated. There are only six displacement 

parameters at each node, instead of twelve required by the displacement 

method (SABA 7) to give a comparable accuracy. The number of unknowns 

in the iterative procedure is thereby reduced by half, at the expense 

of only one additional matrix multiplication. For single-branched 

shell structures, the calculation follows almost exactly the same 

routine as for the displacement approach given in Ref. F161. In the 

case of multi-branched shells, the constraints at the point of 

discontinuity necessitate a slightly different treatment. Since only 

the equality of rotation and the equilibrium of meridiOnal bending 

moments are important, and they affect respectively only displacement 

and force parameters, they may be utilised to reduce the number of 

independent variables. In fact, the complete stiffness and damping 

matrices need never be assembled. Instead, the static and damping 
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forces may be calculated at the element level and -assembled for 

condensation. Even the progressive elimination technique may be 

applied if one so wishes. All these can be manipulated by ingenious 

programming, and the calculation can proceed just as easily as for 

the single-branched structures. 

Although the method is quite capable of giving an accurate 

solution, it is very sensitive to the length of time step employed 

and in general requires a time step which is about a quarter 

of the shortest natural period of vibration of the equivalent mass 

system. If the time step is too large, the iterative calculation 

becomes divergent. The demand for a large amount of computer time 

due to the small step size imposes a limitation for really large 

problems. This is even more acute for non-linear problems, where 

the geometric siffness has to be calculated for each iteration 

within a time step. Hence, it is thought prudent to exclude the 

non-linear dynamic analysis from this work, although the algorithm 

could be used directly for the purpose as soon as the subroutine 

for the calculation of geometric stiffness is included, and if the 

expense for the computation is no objection. 

In the following chapters the matrix equations for dynamic 

analysis by the mixed method of finite element idealisation will be 

developed. The integration procedure will be briefly presented and 

the method for dealing with discontinuous structures discussed. The 

technique is then demonstrated on a number of sample problems. 
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3.2 FORMULATION OF THE MATRIX EQUATION FOR A DYNAMIC ANALYSIS  

In the dynamic analysis the applied force P is equilibrated 

not only by the elastic force, but the damping and the inertia forces. 

If the damping force is assumed to be proportional to the velocity 

and the mass per unit volume is denoted by y, then the Principle of 

Virtual Work, which enforces equilibrium between the applied load 

and the internal forces is as follows 

pt p = 1E t s dA + 
St 

 l (c 8 + 9 b) dV 	(1) 

Since the membrane and the bending stresses are obtained by 

different interpolation schemes in this mixed method in terms of the 

nodal displacement parameters p and force parameters b 

(eqs. 1-23 and 1-28), this equation becomes 

P = k. p + t t b + d p + na .13 	 (2) 

where the matrices k and t are the stiffness and coupling matrices 

as defined in Part I. (eqs. 1-60 and 1-55) and 

d= kuLc 	Rtdd n 

m= kirL2 I
t p Rtd n 
	 (3) 

are the kinematically equivalent damping and the mass matrices 

respectively. Note, for the sake of simplicity, that the integration 

around the circumference is performed and contributes factor k, 

the value of which is 2 for zero harmonic and 1 for all other harmonics, • 

and, therefore, harmonic number (j) is omitted. The damping matrix 

is proportional to the mass matrix in this formulation. A different 

assumption can make it proportional to the stiffness matrix instead 

(see Ref.16). More generally, it may be a linear combination of the 
• 

two assumptions. In practice, a suitable lumped mass matrix and/or 

damping matrix may be used. 
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This is the equation.Of motion in the mixed method of formulation. 

It involves not only the displacement vector 	and its time derivatives, 

but also the force vector b . These two vectors are further related, 

however, by the compatibility equation (1-53). 

fb-tp =43 
	

(4) 

which applies to the dynamic as well as the static analysis. 

Assembling eqs. (2) and (4) for all elements of the structure as 

in the static analysis gives 

R a  =Kr+ Tt B 	+M 

0 =FB- Tr 

where Ra is the applied force, 

D= Eat d a 
g gg 

E atm a gg 

and the others are the same matrices defined in Part I. The sum of 

the first two terms on the right-hand side of eq. (5) is obviously 

static force and may be denoted by 

R s =Kr+ Tt B 	 (9) 

The problem now is to solve eqs. (5) and (6) simultaneous to find the 

nodal displacements r and nodal forces B as a function of time. 

(5)  

(6)  

(7)  

(8)  
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3.3 SOLUTION OF THE DYNAMIC PROBLEM 

For this purpose the equation of motion can be rewritten as 

M r = Fla - Rs — Di. 	 (10) 

In this form the equation is the same as in Ref. [16]. However, there 

is one essential difference: in the displacement approach of Ref. [16], 

the static force Rs is the elastic force arising from the displacement 

r alone. Here it is also dependent on the force parameters B. it can be 

seen in eqs. (5) and (6) that B is a function of time only by its 

association with the displacement parameters r . There is no time derivative 

of B in these equations. Providing those force parameters can be expressed 

in terms of the displacement parameters by solving eq. (6), the consequence 

of which will be discussed later on, eq. (10) can be solved by exactly 

the same method already described in Ref. [161. Briefly, the inertia 

force 

R = M i 	 (11) 

is assumed to vary as a cubic function of time within a given time 

interval, defined in terms of the inertia force and its derivatives at 

the beginning and the end. If the time interval is denoted by T, then 

the function can be expressed in terms of the non-dimensional time 

variable = t/T, and the derivative of R with respect to E is 

Thus 

= 
dR 
d E 

d R = T 
d t 

= T (12) 

R = 	Ro + 4)2 Fro + (P3 	+ 
	

(13) 

The subscripts 0 and 1 denote the values at the beginning (E = 0) 

and the end (E = 1) of the time interval. 
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The functions (Pi  are the Hermitian polynomials defined as 

4)1 = 1  - 3E2  + 2E3  

(1)2 = E - 2E2  + E3  

= 20 - 20 

(P4 = 	+ 0 

with their well known properties. This variation is found to be 

adequate in [id], later confirmed in rail, especially for the linear 

elastic case. The values of the displacements and velocities, r1 and ri  

at the end of the time step can be obtained by integrating eq. (11) 

twice with respect to E, and then putting = 1, which results in 

1.1 = FO + 12 M 	(6 R 0  + TA 0  + 5 R1 - CIO = io +di 
	

(15) 

and 

T2 -1 
r1 = r0 + T 	-giy M 	(21 R 0  + 3T B0  + 9 R1 - 2TA1) = r0  + d r 	(16) 

This is essentially a forward integration expressing the end results 

as their values at the beginning plus the increments during the time 

interval. The calculation involves the evaluation of the force vectors R 

and R' at the time "nodes" i from 

R i  = Rai  - K ri  - Tt 
B1  - D ri 

Ri  = Rai  - K 	- Tt  B. - D 

where Aa is the time rate of change of the applied force, and the 

force parameters B from the solution of eq. (6) given by 

--1 
B= F T r 

(14) 
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Hence the expressions in.eqs. (15) and (16) are not explicit because 

the values R1  and AI themselves depend on rl, P1, r1. An iterative 

procedure is therefore necessary for every time step forward. Starting 

from a known state at the beginning of the step, the initial assumption 

that 

141 = Ao 	 (19) 

and 

Rl = R 0  + T 	o 	 (20) 

enables the first approximation of r l  and r1  to be calculated from 

eqs. (15) and (16). Then, with the help of eqs. (18) and (18a), the 

inertia force at the end of the step R 1  may be re-calculated by 

eq. (17), giving an acceleration 

rl = M-1  R 1 	 (21) 

and then R 1  too may be re-calculated by eq. (17a). They are checked 

against the initial assumptions and the procedure reiterated until the 

results converge. 

It may be seen that the calculation requires the inversion of the 

mass matrix M and the flexibility matrix F at the start of the iterative 

procedure. Thereafter, only matrix multiplications and additions are 

necessary. Each term on the right-hand side of eqs. (17) and (17a) 

contributes only one column to the inertia force. The execution can be 

extremely fast and economical, especially since the force parameters 

are expressed in terms of the displacement parameters (eq.18), the 

number of independent unknowns involved is effectively halved. It will 

be remembered that the static analysis (Part I) deliberately refrained 

from doing this, firstly, because the condensed stiffness matrix will 

be fully populated and cannot be efficiently solved, and secondly, 
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because equilibrium constraints at point of discontinuity cannot.  

be easily introduced. The former objection never arises in the dynamic 

analysis since the stiffness matrix is not required to be inverted. 

The method for dealing with the latter will•be discussed in the next 

section. 
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3.4 IMPOSITION OF CONSTRAINX$ AT THE POINT OF DISCONTINUITY  

These constraints arise from the requirement of static and kinematic 

continuity and are given in eqs. (1-90, 91, 92, 93). However, experience 

suggests that, apart from the obvious and vital but simple one of 

displacement equality, only the requirements of equal rotation and 

equilibrium of meridianal bending moment are important. As each one 

affects one group of parameters separately, they may be conveniently 

interpreted as expressions of linear dependence and utilised to reduce 

the number of independent variables. To be more explicit, the constraints 

of eq. (I-90) and (I-91) may be written as 

C r = 0 
	

(22) 

and 

G B= 0 	 (23) 

The displacements in r may be partitioned into independent ones r
L 
and 

dependent ores 

then eq.(22) 

rB = 

or 

r 

becomes 

-1 
- C B 

r 
L 

r 

rB, 

C L 

and the constraint 

rL 

- CB CL 

matrix 

p 	rL  

C correspondingly, 

(22a) 

(24) 

A similar treatment of eq. (23) expresses the force parameters B 

in terms of the independent ones BL  as 

B= q B L 	 (25) 

. 
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Substitution into the simultaneous equations (5) and (6) gives 

R= K p r L  + Ttq BL * Dp r L + K4 p r L 	(26) 

T p 	- F q Br,  = 0 	 (27) 

Application of the P.V.D. and P.V.F. respectively gives the generalised 

forces RL corresponding to rL  and generalised displacement corresponding 

to E1L, namely 

R L  = pt  R = pt K p) r L  + pt Ttq ) BL 	
ptp p) rL 

	ptivi 
p) 

( 28 ) 

( q
t
T p) rL  - qt

F q) BL  = 0 	 (29) 

which, of course, may be written as 

R L  = K L rL + TL  
t

BL  + DL rL + M L  rL 
	 (30) 

and 

TL rL - FL  BL 0 
	

( 3 1) 

Each of the new matrix defined above is a condensed version of the 

corresponding antecedent. The same iterative routine may now be applied 

for the solution of this reduced problem, which is identical to the 

original one in form. 

Computationally, only the mass and the flexibility matrices, which 

are to be inverted, have to be transformed formally. The stiffness, 

damping and the coupling matrices, which contribute only columns of 

forces in eq. (30) and displacement in eq. (31), need not be condensed 

at all. To illustrate better the actual calculation procedure, against 

the theoretical basis given above, the columns of forces and 

displacements in eqs. (5) and (6) may be denoted by: 



K r = Pm  

T t  B = P3  

D = PD  

T r = PM  

(membrane force) 

(bending force) 

(damping force) 

(membrane displacement) 
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(32) 

Then eqs. (28) and (29) also change to 

R L  = pt R = pt Pm  + P t P3  + Pt P D + M L 	 (30a) 

q tp 	FL 
BL  = 0 	

(31a) 

Knowing the displacement, velocity and acceleration of the reduced 

vector r
L 
at any stage of the calculation, the full original set is also 

available (eq. 24). The last equation in (32) then gives p m  and eq. (31a) 

is solved for B L. Then the original set of force parameters B is given 

by eq. (25) and all columns of forces in (32) can now be calculated. 

(Incidentally they may be assembled from the element nodal forces if 

so wished. The full stiffness, damping and coupling matrices need not be 

assembled at all.) Eq. (30a) may now be used iteratively to determine 

the inertia force at the next stage. It can be seen that only the 

columns in (32) are condensed. The necessary operations for the 

condensation of these columns, as well as the mass and flexibility 

matrices, are in fact quite simple. First of all, it is seen that the 

constraints affect only the parameters at the branch point. Elsewhere, 

nothing is changed. Next, owing to the extremely simple nature of the 

equilibrium constraint on the meridional moments (eq. I-91), the 

condensation of F to FL is affected by adding the row and column 

corresponding to the moment to be eliminated to those corresponding 

to the moments remaining. If the nodal points are numbered sensibly, 

as for example in Fig. 34. 
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FIG. 34 

the bandwidth of F and hence FL, remains manageably small. The 

mass matrix can be dealt with similarly, except that the row (and 

column) to be eliminated is multiplied by a factor before adding. 

All these can be achieved by simple programming devices instead of 

carrying out the formal matrix multiplications. The transformation 

matrices p and q do not have to be stored. With more sophistication, 

the progressive elimination technique employed in the static analysis 

of multi-branched shells can be adopted here to calculate the values of 

d r and di in equations (15) and (16), 7 1  of eq. (21) and B and B 

of eqs. (18) and (18a). (This is applicable to both single and multi-

branched structures). Then, the dynamic analysis can be performed 

just as conveniently and economically. 
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3.5 APPLICATIONS  

Two examples have been selected to illustrate the capabilities 

of this approach. The first example is the study of a blast loading 

on the cylindrical shell, the purpose of which is to present 

a comparison of current method with other methods of solution. The 

second example is the response of the hyperbolic cooling tower to an 

idealised earthquake loading. This problem shows not only the 

possibilities of this dynamic approach but also the advantage of the 

mixed method shell element. Unfortunately, no other result is 

available for comparison. 

a) 	Blast Loading on Cylinder  

This problem was first reported in Ref.E.36.], by two numerical 

methods: an explicit and an implicit (Houbolt's) method. Stricklin [311 

solved the same problem using Houbolt's method and a displacement 

method shell element. The cylindrical shell in this example (Fig.35) 

has geometric and material properties typical of those in missiles. 

The loading shown represents a blast loading and requires the use 

of the 0, 1 and 2 harmonics. The time history of the radial 

displacement harmonics at the free end is presented on Fig.36. The 

results obtained are identical to those of Refs. D(51 and Di]. 

The time historics of the meridional moment 144 at the built-in 

end of the cylinder are shown on Fig.37. It can be seen that the 

moment history is more irregular in shape than that of displacement. 

The high frequency wiggles in the moment curve are due to the finite 

element representation of the mass of the cylinder. Using the 

orthodox consistent mass matrix in the analysis, this phenomencelwill 

always occur and the period of these wiggles will depend on the 

number of elements used in the analysis. 
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b) 	Earthquake Loading on the Cooling  Tower 

The cooling tower shown on Fig.29a,i.7. uPed for this study. The 

earthguate loading is idealised as a sinusoidal radial acceleration in 

the first harmonic at the base of the tower. The amplitude of the 

acceleration is g/2 and the period is 0.1 sec. The time histories of the 

horizontal displacements are presented on Fig.38. As expected, 

the radial displacement at the base is in phase with the exciting 

acceleration, and is followed closely by the displacements at points B 

and C, which are near the base. The radial displacement at the 

throat (curve D) and at the top of the tower (curve E) are induced after 

approximately 0.04 sec which is about 2/5 of the period of the exciting 

acceleration. These two curves (D and E) are not in phase with the 

base displacement (curve A) and their shapes are the result of wave 

action. The time histories of moment MI) are shown on Fig.39. 

Only the moment at the base is in phase with the acceleration. Curve B 

represents the moment at a point near the base (corresponds to the 

displacement curve B). The wiggles on both curves are caused by the 

finite mass and actually could be ignored, since only overall shape is 

meaningful. 
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CONCLUSION 

The derived mixed method shell element i3 ideally suitable for 

discontinuous and branched shell structures, but can also be applied 

with reliability to single-branched structures. The linear static 

analysis of single-branched shells by this method requires slightly 

more computing time than that by the SABA 5 element, 	since more 

elements are needed for convergence to an accurate solution, as shown 

in the example of the pressurised torus of Part I. The reason for 

this is possibly the inferior interpolation function used for the 

approximation of the shell geometry (i.e. the third order Hermitian 

polynominal against the fifth order of SABA 5). This disadvantage may be 

partly compensated by the greater accuracy of the results. The element 

is designed to give continuous bending moment which is_confirmed in the 

results. In the case of branched shell structures, a comparison with the 

SABA element cannot be made, but the results are in close agreement with 

the analytical solution. 

The results for the large displacement analysis of single-branched 

shell structures by this mixed method are comparable to those of Ref. [11 

in all cases where the harmonic coupling is confined to two harmonics 

only (one of which is the zero harmonic). In the cases where there is 

coupling between various harmonics, the SABA element gave the lower values 

of the buckling load, as shown in the examples of Part II. This is, of course, 

due to the aforementioned oversight in the integration round the 

circumference of the geometric stiffness matrix in Ref. [11. Otherwise, 

there is no reason to believe that the results would not be comparable. 

From the computing point of view, this formulation is faster than that of 

SABA 5, because it in',olves the numerical integration of smaller geometric 

stiffness matrix of oractr 12 x 12 against 18 x 18 of [11. The saving in 

comnuting time is counturbalanced by the requirement for more elements. 
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The true advantage of this approach comes in the non-linear analysis 

of branched shells where SABA element doc:-. not give satisfactory results. 

The accurate stress distribution in the region of the point of 

discont7;_nuity proved to be essential for the calculation of the correct 

geometric stiffness matrix in the incremental iterative analysis. 

From the evidence obtained in the examples, this mixed method of approach 

may confidently be applied to the static analysis of single or 

multi-branched thin axisymmetric,shell structures. The number of harmonics 

used in the analysis should be kept to a reasonable number since the 

dimensions of the matrices involved increase as a multiple of the number 

of harmonics. 

In the dynamic analysis by this mixed formulation, only displacement 

parameters are directly involved as functions of the time variable, 

resulting in only 6 parameters at each node against 12 by SABA 7 (which 

gives comparable accuracy) or 9 by SABA 5. This is achieved at the 

expense of one additional matrix multiplication (for the bending force) 

and one more initial matrix inversion (of the flexibility matrix). 

For large problems where computing time represents a limitation, this 

formulation may have considerable advantage. 

This mixed method shell element has been shown to be a flexible 

and capable tool in the thin shell analysis, being proved to be more 

general than the existing elements, it may be a useful addition to the 

family of finite elements. The objectives in this work may be, therefore, . 

considered to be fulfilled. 

It may be interesting for future research to try to improve the 

convergence of this mixed meth:,d i..lement. Most obviously the application 

of the higher order interpolation function for the representation of 

sbell geometry might to worth investigating. It might be possible to achiave 
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ti2e sake convergence as that of the SABA 5 alericmt by. the use of 

the firth order Hermitian polynomial for that purpose, in spite of 

the tact that, by doing so, the element might be over-conformed. 

Another possibility for the general improvement of this element 

occurs in the examinations of the precise continuity reauirement at the 

branch point. For most cases it is only necessary to satisfy the 

equality o4 rotations and equilibrium of meridional bending moments, 

in which case the present element is adequate. However, it may not be 

so for all cases. If complete static continuity is required, it might 

be more convenient to use a different set of nodal parameters. Suppose, 

not only bending moments are calculated by interpolating from the nodal 

values, but the membrane forces as well so 

s = p b 

then the compatibility equation must be extended to include all strains 

(i.e. to enforce the compatibility of membrane strains as well), but 

would still be of the form for the complete structure 

F B - T r =.0 

The P.V.D. would then give 

R = Tt  B 

These two equations could be solved simultaneously in the form 

R O Tt r 
[ 01 = [1- 	F [ B 

It is now possible Lu enforce all equilibrium conditions at the branch point 

caFily. This formulation, moreover, may be advantageous in cases where 

material non-lineE:rity is required, but that is beyond the scope of this 

Nork. 
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APPENDIX 

Two computer programmes finalise the theory presented in this 

work. The first is the programme for the large displacement incremental 

analysis of branched shell-structures. It can be used, of course, for 

the linear analysis as well, since the first loading step is linear. 

The second programme performs linear static and/or dynamic analysis 

of single shells. The flow charts of these programmes will be given 

and some interesting points discussed. 

a) 	Large Displacement Analysis  

The flow diagram for this programme is shown on Fig. A-1. The 

programme is organised in such a way that the incremental procedure 

can be restarted if so wished after one or more loading steps. The load 

increments can be set for each run after examining the previous 

results. In the case of unfortunate computer failure, the results from an 

analysis will not be completely lost. Before going into details of this 

programme some notations used should be explained. 

NUMBR = Number of shell branches 

NEL 	= Number of elements in a particular branch 

NELMAX = Total number of elements 

NUM 1 = Number of a loading step at which the incremental procedure 

starts 

NUM 2 = Number of a loading step at which the incremental procedure 

ends for the current run. 

The main steering routine for the incremental analysis is presented 

on Fig. A-2. The routine is quite straightforward and follows closely 

the theory given in Part II. The "frontal" elimination routine is 

presented on Fig. A-3. Notice that the matrix kF and vector r, for all 

harmonics, of an element are partitioned in the following way 



kA kAl 

Symm. kB  

where index A corresponds to node i, and B to node i + 1. Matrix ks  

and vector p represent a working space. The backward substitution 

routine is shown on Fig. A-4. Notice that the matrix KB and vector FlB 

for a branch point (see eq. 1-102) are collected into IC A  and 	 , 
A 

respectively. 

b) 	Linear Static and Dynamic Analysis  

The flow diagram is presented on Fig. A-5. This programme in its 

present form can only be used for the analysis of single-branch shell 

structures. However, the theory presented in section 4. 

of Part III can easily be implemented. The Programme can perform 

static, dynamic or static and dynamic analysis (NANAL = 1, 2 or 3, 

respectively). If the dynamic analysis is required it will assemble 

all necessary matrices (and invert M and F ) and store all data 

onto a disc. The dynamic analysis starts then by reading in few parameters 

only: continuation parameter (NCONT = 1, otherwise at the very 

beginning NCONT = 0), parameters for a control of output, length of the 

time interval and time limit after which the programme stops 

automatically. The stresses can be printed after a chosen number of time 

steps, which is governed by NTEST (in that case equal 1, otherwise 0). 

The details of the routine for dynamic analysis are given on Fig. A-6. 

It starts by reading in the results of the previous analysis (and 

necessary data) and computes the dynamic response until a real computer 

time exceeds the specified time limit. All results are then stored for a 

next successive run. 

and 
PA  

PB  
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FLOW DIAGRAM FOR LARGE DISPLACEMENT ANALYSIS 	FIG. A-1 
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MAIN STEERING ROUTINE 	 FIG. A-2 



(Sub. TR0NT 

117 

Compute inverse of kA  

Calculate: k3  = 	k A
I 

PS = 	kA-1  

k AB 

PA 

Update: 
kB = 

pB = 

k B 

p J3 

- 	k AB AB 

- 	kt AB 

S 

P S 

Store: 
S 

and 	P s 

'FRONTAL' ELIMINATION ROUTINE 	 FIG. A-3 



Sub BACKS 
No 
p 	 

Initialise k A 	 1 

Assemble 

k 

A [c 

r.t %... 

0 

(Eq. 1-104) 

Solve for rB 	(Eq. 1-104) 

f 

BACKWARD SUBSTITUTION ROUTINE FIG. A-4 
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Sub.START Read title card and 
programme control parameters 

No 
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No 
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FLOW DIAGRAM FOR LINEAR STATIC AND DYNAMIC ANALYSIS 	FIG.A-5 
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