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ABSTRACT  

A finite clement formulation, considering both materi-

al and geometrical nonlinearities, is presented, for the elas-

tic-plastic analysis of metalworking processes. The restrictions 

imposed are those of isotropic material behaviour, isothermal 

deformation, absence of Bauschinger effect and infinitesimal e-

lastic deformation. The analysis is performed in a Lagrangean 

frame of reference. 

A computer program is implemented and applied to the 

analysis of a novel deformation process, here referred to as 

radial upsetting. A related indentation problem is also conside-

red. 

For the purposes of comparisont experimental work has 

been conducted on the same process, the discussion and results 

being presented. Also for comparison purposes, an upper bound 

solution to the radial upsetting process has been found, being 

presented as an appendix. Finite element results are shown to 

represent a slight improvement over the upper bound solution. 

It is also shown, however, that the com7)1exity of the three-di-

mensional process considered leads to difficulties, and that 

the finite element solution is expensive and not fully satisfac-

tory. This is mainly due to the difficulty in prescribing the 

adequate boundary conditions to the problem. The results presen-

ted are satisfactory at the early stages of deformation/  but a 

progressive degradation of the solution algorithm eventually 

leads to failure of the program. 
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Contrary to initial observations, the latest litera-

ture on the subject tends to suggest that an Enlerian approach 

might be more advantageous than the Lagrangean one. Brt it is 

quite possible, though not undertaken in this work, that the 

analysis of a simpler - preferably two-dimensional - process 

might produce more encouraging results. 

Colateral material (a study of temperature distribu-

tion in the forming zone, the upper bound solution, a study on 

the optimization of the numerical solution of the stiffness e-

quation and computer program listings) is presented in the 

form of appendices. 
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CHAPTER 1  

INTRODUCTION 

1.1 - CRITICAL REVIEW OF THE ANALYSIS OF YETALWORKING PROCESSES 

Metalworking processes have been in use for several thou-

sand years(I). Since Han learned how to win iron from its ore, in 

open fires, he has used this material to forge the arms and instru-

ments he required, and the ornaments for his personal use. Forging 

was considered a highly skilled activity, which brought regard to 

those who could master it. Coining of noble metals, such as gold 

and silver, produced between stone dies, is known to have been u-

sed in Nycenae and Crete since 1600 BC. Wire drawing was extensive-

ly used in the Middle Ages, to supply the material needed in the 

manufacture of the coats of mail of knights and warriors; Cluny Nu-

scum, in Paris, exhibits a drawing bench of this period. Primitive 

metalworking machines were known and used in the 15th century, and 

it is not surprising to learn that Leonardo da Vinci produced sket-

ches for a drop-forge hammer. 

However, on when Pan learned to use steam - and electri-

city some time later - as a substitute for muscular force, did the 

progress of the art become considerable, requirinrr a deeper insight 

into the mechanics of metal deformation and a more rrofound knowled-

ge on material properties and material behaviour, when subjected to 

pressure, either at room or at higher temperature. 2rom then on the 

research into the analysis of metaiworkin processes gained momentum 
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and was conducted along two different but inter-related lines. On 

the one side, experiments were carried out, in conventional or spe-

cial equipment, and the results were thoroughly analysed and inter-

preted. On the other, theoretical analysis was used to explain me-

tal behaviour and deformation processes by applying the knowledge 

and analogies from well established sectors such as Stress Analysis 

and 1-letalurgy. Eventually the validity of the theoretical analysis 

was tested experimentally, and experimental results induced correc-

tions or defined limitations to the theories under scrutiny. This 

is, in rough terms, the dual approach system still employed nowa-

days. 

The second half0Tof the 19th century is the starting point 

in the extensive research into metalworking processes. Earlier works, 

like, for instance, Blass's theory of the rolling process () in 

which spread, acceleration, rolling pressure and force are obtained 

by means of simple geometrical considerations, clearly reflect the 

poorness of the scientific background and the lack of appropriate 

measuring instruments at the time. One should not forget, however, 

that decisive results were achieved which, even if representing on-

ly approximations, are still considered nowadays. Tresca's yield 

criterion is perhaps the most remarkable work in this category. It 

was postulated in accordance with observations made by Tresca(3)  1 
when conducting experiments on the flow of metals through orifices, 

under the action of pressure. The preliminary report on these expe-

riments, published in 1864, may be regarded as representing the be-

ginning of the Theory of Plasticity, in despite of previous work by 

Coulomb, Rankine and others which, although dealing with yielding 

criteria, envisaged collapse criteria for non-metalic civil enginee-

ring materials. 

Since then the progress in the analysis of metalworking 

processes has been closely related to the developments in the Theory 

of Plasticity. Extensive and up-to-date surveys are presented in 

several textbooks and need not be repeated here. However, reference 

must be made to two powerful tools derived in this century for the 

analysis of two dimensional (plane strain and axisyemetric) problems. 
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The first is the Slip-Line Field Method, based on two 

Hencky theorems, developed in the thirties, mainly by Geiringer(4); 

important slip-line solutions were obtained after the War, and are 

referred in most good textbooks(5-7).  The other one is the Visioplas-

ticity Lethod, combining analysis and experiment, developed by Thom-

sen and Lapsley(8)  and others, and well explained in Thomsen, Yang 

and Kobayashi's book( 9).  

The continuous development of Technology imposes the re-

search into sophisticated variants of conventional metalworking pro-

cesses. This is the case of hydrostatic extrusion, which has now 

been studied for nearly a decade, and whose present state of know-

ledge is thoroughly presented by Pugh(10) or by Alexander and Len- 

gyel(11) 	• 

The extension of the preliminary concepts of the Theory 

of Plasticity to work-hardening materials was achieved by Prager(12) 

and a postulate due to Drucker(13) went a step further, by allowing 

a unified treatment of the constitutive equations and of several 

and fundamental aspects related to them. Since then, the Theory of. 

Plasticity has evolved mainly via a Continuum Eechanics approach, 

which therefore also pervaded the literature concerning metalworking 

Processes. A good review of the basic concepts and modern trends in 

theoretical and experimental research on the plastic behaviour of 

materials can be found in Creus and Heiman(14) 

All the methods and techniques developed for the analysis 

of forming processes allowed the attainment of exact or approximate 

solutions, in closed, numerical or graphical form, to a number of 

problems but, at the same time, proved to be either inapplicable or 

too cumbersome to be used in certain cases. Three-dimensional rro-

blems in particular, especially when associated to complicated geo-

metries, remain either unsolved, or have been solved in a very crude 

way. hew techniques are required for this family of problems. Two 

alternatives are currently envisaged for this purpose. The Finite 

clement hethod, when conveniently extended, will be a possible so-

lution; this work will deal with this alternative. Another one lies 

in the use of the Nethod of Weighted 1:Zesiduals(15); pioneering appli-

cations of this method to metalworking problems have been presented 
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by Steck
(16 

 ' 7) . Lately, a weighted residuals analysis of hydrosta-

tic extrusion has been obtained by Helman(17). 

Both the Finite Element and the Weighted Residuals Method 

are particular cases of Ritz's method and therefore constitute unper 

bound solutions to the problem considered. 

1.2 - CRITICAL REVIEW OF RADIAL UPSETTING 

The theoretical formulation to be presented further on 
will be used to describe the flow of material in radial upsetting. 

It is worth rile, therefore, to start by explaining the meaning of 

this process, as well as the review of experimental work already 

done in this or correlated fields. 

Radial upsetting is one of a family bulk metal gathering 

processes, in which local thickening of a specimen is achieved by 

means of compressive forces producing lateral spread, which may or 

may not be contained (controlled) by the use of lateral dies. De-

formation bears similarity with spreading in rolling, and conclusi-

ons may be derived from the analysis of this Process. 

In radial ueosetting the specimen is a sheet metal disc, 

and deformation is achieved by means of a compression roller, as 

shown schematically in Figs. 5-1 and 5-3. The disc is driven whilst 

the roller may be driven or may rotate purely due to friction. It 

is, however, gradually fed into the specimen, as deformation pro-

gresses, this penetration being continuous orintermitent. The spe-

cimen must be firmly held by two clamps, whose radius must be of 

adequate size, in order to avoid buckling of the free Portion of 

the specimen. Depending on the material used, heating may be requi-

red, this being achieved locally by some means. In the experiments 

to be described later, induction heating was used, the heating coil 

being placed just above the forming roller. Local heating provides 

a strong supporting surrounding, thus reducing the risk of buckling 
during deformation. 

The interest in such a deformation -nrocezz Ia justified 
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from the economic point of view. In metalworking, usually, large 

lumps of material are deformed, requiring the application of vast 

forces, enormous equipment and large initial capital outlay. If 

smaller volumes of material could be progressively deformed, the 

instantaneous forming load could be decreased, thus leading to re-

duced equipment size and smaller initial outlay. When production 

is not the decisive factor, these considerations will prevail. 

From the product point of view, one obtains local accumulation of 

material, and this could be used for at least two purposes: first, 

if the part should be subjected to subsequent welding operations, 

additional material could be supplied to the welding zone, to over-

come the deterioration in material characteristics due to this pro-

cess; secondly, if a certain thickness is required only locally, a 

substantial economy could be achieved by bringing material to where 

it is effectively required, instead of removing excess material in 

a subsequent machining operation. This is particularly true when 

expensive and sophisticated materials are used. 

There are three characteristic features which must be ta-

ken into account when analysing this process: its three-dimensional 

nature, the risk of buckling and the presence of free boundaries. 

No reference specifically related to radial upsetting has been found 

in the literature. Some references related to specific aspects of 

bulk metal gathering have been found, but proved of little help for 

the study of radial upsetting. 

Helmi and Alexander(18) examined lateral spread in hot 

rolling of steel for several geometrical configurations, and com-

pared their results with the ones predicted by the empirical for-

mulae of Wusatowski and Snarling, and by the theoretically-based 

formula of Hill, which contains one empirical exponent. Helmi and 

Alexander found that the mode of deformation depends on the width/ 

height ratio, and that a modified form of Snarling's formula best 

predicts the lateral spread. In radial upsetting, however, the con-

cepts of width and height are reciprocal to those in conventional 

rolling, and additional work would be required to adequately modify 

the empirical formulae, in order to render them of some use. 

(19) Slater et al 	have been using the exprim(Intal rotary 
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forging machine in which, similarly as in radial upsetting, deforma-

tion of the workpiece is achieved progressively, heneeCch a rolling 

tool. They point out that a reduction in the axial force required 

for deformation 'can be achieved by confining the deformation zone 

to a small region beneath the compressing tool, just as occurs in 

radial upsetting. They used rotary forging to deform cylindrical 

specimens of lead, to simulate the hot working of steel, and found 

that the mode of deformation depended on the amount of reduction 

imposed at each pass. Again, however, the reduction in height in a 

thick cylinder is not strictly comparable to the reduction in ra-

dius in a thin cylinder, by radial upsetting. Their results can on-

ly be appreciated from a qualitative point of view. 

The reference which might prove most valuable concerns 

a research work recently concluded by Paramour
(20) at the Imperial 

College, under the supervision of Dr. A. H. Meleka. He used linear 

specimens of copper and lead travelling underneath a compression 

roller, in a deformation process termed as Itedge-upsetting". This 

process is a limiting case of radial upsetting, when the diameter 

of the specimen becomes considerably large. 

Paramour used test strips with 2.5 mm in thickness and 

305 mm in length. The width is immaterial, provided it supplies 

enough material to be held between the clamping jaws. Tests were 

carried out on a horizontal milling machine, in. which a forming 

roller substituted the cutting tool. A strain gauge milling dyna-

mometer was mounted on the table of the machine, and the specimens 

were clamped on top of the dynamometer, supported by racking pie-

ces of different heights, in order to provide for. different thick-

ness/free height ratios. Several experiments were then carried 

out, varying this ratio; the depth of impression and the table 

speed, and also using driven and undriven roller. Forces were mea-

sured by the dynamometer. 

The experiments with copper did not prove successful, as 

the forces required exceeded the capacity of the dynamometer; 

thinner .specimens were tried in order to reduce the force, hut 

they also proved unsuccessfu3, presenting uneven deformation due 

to the shape effect of the serrated top edges of the clamring jaws. 
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The results to be described refer, therefore, to the ex-

periments with the lead specimens. Five modes of deforAation were 

observed, designated by the author as straight, rippled, bent, fol-

ded and unsteay (Fig. 1-1). The straight mode corresponds to uni-

form deformation, as should be expected under normal conditions, 

constituting the sought mode of deformation. The. rippled mode cor-

responds to the presence of instability conditions leading to trans-

versal buckling; in extreme cases, the smooth ripples tend to be 

replaced by jagged zig-zags. In the bent mode, all the deformed ma-

terial moves to one side of the specimen. The folded mode corres-

ponds to vertical buckling and the unsteady mode to a combination 

of the previous ones, especially the rippled and the folded modes; 

both the folded and the unsteady mode occurred only sporadically, 

the causes being beyond the control of the author. The observed 

results led to the following conclusions: 

a) Under similar conditions, the deformation force 

increased when using rollers of larger diameter, and, for 

a given roller, when increasing the depth of the impres-

sion. The first conclusion is explained by the increase 

in contact area, and the second one is self-evident. De-

formation was usually of the straight mode, except for 

extreme depths of impression, when a rippled mode was 

observed; the critical depth of impression, when change 

of mode occurred, was smaller for smaller roller radii. 

b) The same behaviour was also observed with res-

pect to the final width of the deformed zone. 

c) When operating with undriven roller, the table 

speed had little effect on the horizontal force, but 

affected substantially the vertical component; when it 

was increased from 50 to 2000 mm/min, an increase of a-

bout 20% was observed in the horizontal component, a-

gainst about 50c,.f in the vertical one. „asides, wavelength 

and width of ripples, which were always present, were al-

so increased by increasing table speeds. When operating 

with driven roller, a bent mc.C.e of deformation uns pro-

duced at low, and a rippled one at high table speeds. In 



Bent Folded 	t Unsteady 

Straight Rippled (Smooth I 	Rippled (Zig-zag) 

FIG.  1- 1 - DEFORMATION MODES IN EDGE UPSET TING 
(Para mour(2°)  ) 
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an intermediate range, from 1C00 to 1600.mm/min, steady 

deformation could be achieved. 

d) The horizontal component of force varied nearly 

linearly with increasing width/free depth ratio, and 

the mode of deformation varied froM straight to rip-:led; 

the vertical component presented a maximum for a critical 
c. 

value of this ratio, dropping afterwards. The ocurrcnce 

of the rippled mode could be prevented, to a certain ex- 

tent, by lubricating the specimen with graphite grease. 

One should expect to find similar behaviour in radial up-

)( setting, since edge-upsetting, as mentioned before, is a limi 1E; 

is a limiting case of that deformation process. 
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1.3  - THE FINITE ELEMENT METHOD 

The Finite Element Method is a technique introduced by 

Argyris(21) and by Turner
(22) and his associates, in the fifties, 

to solve problems in the stress analysis of structures. The me-
thod is strongly related to the matrix formulation of structural 

analysis, and has been developed as a direct consequence of the 
concurrent availability of the large electronic computers it requi-

res. 

The basic idea of the Finite Element Method consists in 

discretizing a continuum (not necessarily a truss structure) into 

a finite number of pieces (or elements), each one isolated by some 

imaginary boundaries, which will be lines or surfaces, depending 
on whether the continuum is two- or three-dimensional. Those ele-

ments are assumed to be interconnected at a discrete number of no-

des, situated at those boundaries; the displacements of these no-

des - in the so-called displacement method - will be the basic un-

known parameters of the problem, as occurs in truss analysis. A 
function, or sets of functions, are chosen to uniquely define the 

displacements of points within an element, in terms of its nodal 

displacements. The state of strain thus becomes equally and unique-

ly defined and, together with initial and boundary conditions and 

the material properties within the element, will define the state 

of stress throughout this element. A system of nodal forces, equi-

librating the boundary stresses and distributed loads, is thus de-

termined, resulting in an elemental stiffness relationship. The 

elements are than assembled and equilibrium conditions are esta-

blished at the nodal points. Equations containing nodal displace-

ments as unknowns are obtained, and once they are solved t  strains 

and stresses can be obtained, for any material point, and the pro-

blem is solved. This technique is well explained in the available 
handbooks on the subject as, for instance, Zienkiewicz(23) or De-

sai and Abel(24). 

From the mathematical point of view the method can be 
thought of as a piecewise nolynonial approximation of the displa-

cement field in the continuum, the stiffness terms being obtained 
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by an appropriate energy or variational principle(23-25).  Arantes e 

Oliveira
(26) has shown that, when conforming elements are used, the 

equilibrium conditions at the nodes give a displacement field which 

corresponds to a minimum potential energy for the selected displa-

cement pattern, and the Finite Element Method is a particular case 

of Ritz's method, so that convergence can be assured as long as 

completeness is assured. Conforming elements are the ones for which 

imposed continuity at the nodes yields continuity along the common 

boundaries. Completeness in energy, in rough terms, means that dis-

placements in two adjacent elements tend to become reasonably iden-

tical if the mesh is suitably refined. 

Although the Finite Element Method was derived to solve 

problems in structural analysis, its application as a mathematical 

algoritm has been extended to cover other fields(23-24),  ouch as 

steady state problems in heat transfer, electric potential and 

fluid flows  and dynamic problems, in vibrations. In stress analy-

sis, the initial reouirements of infinitesimal displacements and 

linear behaviour of the material have been discarded, for speci-

fic applications, by introducing suitable modifications in the me-

thod. This, however, will be analysed and reviewed in Chanter 3. 

1.4 - AIMS  OF This PRESENT WORK 

The basic aim of the work described in this thesis is to 

present a finite element formulation to be used in the analysis of 

metalworking processes, with particular reference to radial up-

setting. 

Coulomb friction is assumed. A computer program is deve-

loped, based in the formulation, and is discussed in Chapter 4. 

In order to compare the results obtained from the program, 

a special rig has been built, and radial upsetting experiments have 

been conducted on it, using commercially pure aluminium specimens. 

A few qualitative experiments have also been Performed on lead spe-

cimens and one on a mild steel specimen. In these experiments, 
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strain-gauge measurements were made to estimate the applied load, 

and the mean temperature in the forming region was cotrolled (ex-

cept for the tests with lead specimens, which were performed at 

room temperature). 

The experimental apparatus could be used for more complex 

experiments, but for the purposes of this work, only simple com-

pression by the forming roller was considered. Lateral spread was 

accepted as it resulted, and no facility was used to control its 

shape. Several penetration values were used. 

A few experiments were conducted with a non-rotating 

specimen, constituting, therefore, a simple indentation test. The 

computer program was also used to analyse such alternative, and 

experimental and computed results are presented and compared. 

The formulation presented is restricted by the follo-

wing assumptions: 

a) Elastic deformations remain infinitesimal 

throughout the deformation process; 

b) Absence of Bauschinger effect; 

c) Isothermal deformation; 

d) Isotropic material behaviour. 



CHAPTER 2  

BASIC CONCEPTS 

OF 

CONTINUUM MECHANICS 

2.1 - INTRODUCTION AND NOTATION 

It is advisable to start this work b- reviewin5; some of 

the basic concepts and definitions of Continuum lechanics and Theo-
ry of Plasticity which will be required later, in order to present 
them in a unified way, consistent with the applications to be given 

to them in the next chapter. It is also worthwile to present now 

some considerations regarding the notation to be used. 

Rectangular Cartesian coordinates will be used throu;:hout. 

Subscripts will be used to denote coordinate directions, and super-

scripts to denote nodal points. The sunnation convention is used in 
its generalised form, as nroposed by Wissmann

(27) 
but it does not 

apply when the indices are underlined. Wis=ann's convention states 
that 

an operation contains the  sumn:at-lon over all  

possible values  of the indext.  if his ind,,x 

does not -ippe,lr on both sides of an ecuation. 

• Thus, suranatiollr3 need not be el:tenl.:d 	ovr the 

- 2-5 - 
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dimension of the geometrical space considered, and different indi-

ces may be summed to •different.  limits. Subscripts will. cover the 

range 1, 2,3  (in three-dimensional applications) but superscripts 

will cover the number of nodes in the element under consideration 

(1 to 4 when tetrahedral elements are considered). 

Quantities associated with nodal points are barred. 

tial (Lagrangean) coordinates will be given in capitals, while 

current (instantaneous) coordinates will be given in lower case. 

Derivatives with respect to initial coordinates will be identified 

by commas, and with respect to instantaneous coordinates by stro-

kes. Thus, denotes the derivative of the i
th component of ui,j  

- 
displacement with respect to the j

th  Lagrangean coordinate compo-

nent, andui/k  the derivative of the same component of displace-• 

ment with respect to the k
th component of the instantaneous coor- 

dinates. 

Incremental variables are characterised by the prefix 

A. Variables affected by the sunerindex "o" refer to the origi-

nal (undeformed) state of the continuum. Superindices ne" and 

"p" will be used to identify variables referred to the elastic 

and plastic. states, respectively. Of course, no summation is ever 

intended over these indices. 

, 
2.2 -- MEASURE OF STRAIN (28-32)  

In a Continuum Mechanics formulation the configuration 

of a body is described by a continuous mathematical - model whose 

geometrical points are identified with the nosition of the mate-

rial particles of this body. When the configuration is changed, 

due to some form of physical action, assumption is made that this 

change is continuous, that is, that particles lying near to each 

other before the change remain near to each other after the de-

formation. 

Let an orthogonal Cartesian coordinate system X be 
.0 

chosen to csloscribc the initial (undeformed) configuration C 	of 

the continuum, and a coincident orthogonal Cartesian coordinate 
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system x be chosen to describe any new (deformed) configuration 
C (Fig. 2-1). Let P°(Xi) be the position of a certain particle 

,o 
in G , and P(x.) be its image in C . The transformation 

x.1  = X.1 	u. 	 (2-1) 

maps the position of this image in the deformed configuration, u. 
1 

 one of the components of the displacement vector. Considering 
now a second particle in the neighbourhood of P° , say Q

o 
a. 	i ) , 

its image, by the assumption of continuity, will be mapped into a 

neighbourhood of P , say into Q(x.i-dx.2.) . The distance from P°  1  
to Q

0 
 is expressed by 

= VdX. dX. 1 	3. 

whilst the corresponding distance of their images is given by 

The assumed continuity of the functions intorrelatinr; 
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both coordinate systems allows us to rewrite these distances in the 

form 

(dto)2 = X. Xi 
/n 

	dx 
1/m 1/n m n 

and 

(dt)2  = xi lm 
x
i in LXm dXn. 

The difference between these expressions, after suitable manipula-

tion of the indices, can be written either as 

(d e)2 	(deo)2 = - (xk 9 i xis j 	S. . ) C3.X 1 3 	1 dX  3 

or as 

(d02-(deo)2=aij-X1 	Xk/3 .) d% dx j 1  

	

Sij  being the Kronecker delta, equal to unity if i = j 	and zero 

otherwise. By similar reasoning, and considering a third particle 

in the same neighbourhood, one could express the angular variation 

de°  6t° dt3o dB - dTTF 

	

= (x . x . 	S.. 3 ) dX.1 	. 

	

k, 3 	1 	3 

= (Sij  - 	Xk/j) dxi  Sxj  . 

The expressions inside the brackets of these last four equations 

are used to define the Lagrangean and Eulerian strain tensors. In 

effect, by definition, 

E13. . 

	

x . 	) 

	

kl  i k, 3 	gij 

is Green's strain tensor, introduced by Green and St. Venant, often 

simply referred to as the Lagrangean strain tensor, whilst 

 13 	13 (a.. - Xk/i  Xk/j) = 2  

is Almarisits  strain tensor, introduced by Al=nci and Hamel, and so-

metimes referred to as the ]Illerian strain tensor. Obviously, both. 

these e:mressions represent symmetric tensors. 
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Now, from Eqn. (2-1), 

and 

X.= 5.. 4- 	. 
1,3 	13 	1,3 

- Xi/j = Sij 	U. • 

(2-2a) 

(2-2b) 

Use of these expressions in the strain tensor definitions converts 

them to 

and 

= 	. 	u 	u
K
, . Eij 	‘u1  2 	,j 	jfi 	O- 

uk 
1J 

eij  = 	(ui/j u
k/i  u

k/j) 

(2-3a) 

(2-3b) 

If the displacement components are such that their first 

derivatives are very small, the quadratic terms in the above ex- 

pressions become negligible, and Cauchis 	nitesimal strain  ten- 

sors 

1 f  E. 	2 ‘p. 	u 	) ij 	ilj 	j'i 

. eij  = 7  ui/j 	uJ/I)  

are obtained. In that case, the distinction between Lagrangean and 

Eulerian strains disappears, and it becomes immaterial whether the 

displacement derivatives are comnuted with respect to initial or 

current coordinates. Those expressions coincide with the measure 

• strain usually found in infinitesimal strain analysis. 

Nultiplying the definition for Green's strains by 

X. 	X. 	and taking into account that 

xi/r kli - V f ir  

a simple relation is obtained, connecting Green's and Almansi's 

strains(.28). 

and 
1 



= X. X. E.. 
rs 	1r j/s lj 

( 2-4) 

and, conversely, 

13 	1,r 
x
j,s 

e 

Other definitions of strain exist, but will not be consi-

dered here, nor will they be considered in the subsequent chapters. 

The derivatives appearing in. Eqns. (2-3a,b) are in general 

not symmetric. For instance, one should expect 

uj/i ; 

it is possible, however, to express those derivatives as the sum 

ui/j  = e ij  

of a symmetric tensor 

j e i. 	dui 
/3 
	u 	) = e.. 

	

2 fu1/0 	j/i 	
31 

and an antisymmetric tensor 

1 
LAY.. = 	u 	) = - GY. 
lj 2 i/j j/i 	Ji 

(2.-5a) 

(2-3b) 

known,. respectively, as the deformation tensor and the rotation ten-

sor. It is evident that the deformation tensor has an expression 

which is identical to Cauchy's infinitesimal strain tensor, therefo-

re the rotation term must vanish when infinitesimal strains are con-

cerned. We can express Almansi's strain tensor as a function of the 

deformation and rotation tensors by replacing the derivatives in 

Eqn. (2-3b) by their new expression, obtaining 

e.. = . (c  
3.3 	2 	ki 	"rld. )(6  kj 	cjkj ) 10 

Clearly, in the case of rigid body motion, 

C . .
3 	

= 0 , 
1. 
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and 

1 

	

O.. 	= 

	

lj 	4j 

Similar concerts of deformation and rotation can also be 

developed with respect to the Lasrangean description, and Green's 

strain tensor will also be expressed as a function of the Lagransean 

definitions of deformation and rotation. 

2.3 - RATE OF DEFORMATION
(2&32) 

When motion is considered, an instantaneous (Eulerian) 

description is preferred, and we will assume that the velocity of a 

particle is a function of the coordinates of its. instantaneous Do- 

(x1"2" 	
. By similarity with Eqns. (2-5a,b), 

we express the spatial derivatives of velocities as the sum 

= .. 4. Sl..13  vi/j  V.  

of a symmetric tensor 

(v. 	v ) = V 
1j 	2 	1/ 3 	j 	ji 

and an antisymmetric tensor 

1   
Rij = 	3. 	v  i 

f 
) = 2 /j /i 

defined, respectively, as the rate of deformation tensor and the 

srin  tensor. The reason for these names becomes apparent if we con-

sider that, for an infinitesimal time increment, a proportionality 

exists between velocities and displacements, that is, 

u. = dt 1 

which allows those defining equations to be rewritten to 

1 u = 
 vli  (2-6) 
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and 

1 . Rij  dt 	2  (ui/j  - uj/i) = 	13 •  (2-6b) 

2.4 - THE CONCEPT  OF STRESS(28-32) 

The natural definition of stress has a physical meaning, 

and is referred to the strained state of the continuum. However, 

when stresses have to be related to strains, it is adequate to use 

a definition of stress similar to the corresponding definition of 

strain. That is, in a Lagrancean description stresses should be defi-

ned in terms of the undeformed geometry of the continuum. 

Consider a strained solid volume element of configuration 

C surrounding particle P , at the right side of Fig. 2-2. A force 

vector dT acts on one of its faces, whose area is dA . The ori- 

ginal position of the particle, in configuration C° 	is P°  , and 

surrounding it is the unstrained configuration of the same volume 

element. On the corresponding face, a force vector dT°  acts over 

an area dA°  . Stresses, in each case, will. be expressed as the li-

miting ratios 

dTo  

dA° 
 

when the volume elements are reduced in size, tending to zero volu-

me; There is no unieue correspondence rule to connect dT and dT°  

but mathematical consistency is a requirement for the adopted rela-

tion. We could either assume simply 

dT = CT. 
1 

or select a more sophisticated relation like, for instance, 

, 
aT. = :X.

313 
. dT. 

moaning that - the forces are tranz3fermcd by the same rule as the co-

ordinate variations 
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dXi  .7-,  X. j  dx 

If n is the unit outward normal vector acting on dA , 
and if no  is its corresponding unit vector acting on dA°  , we ha-

ve, for the strained state, 

&T. := 5.. n. dA , 	(2-7a) 
1 	13 0 

where s. 	is a component of the Eulerian (or Cauchy) stress t 3, 3  Or • ij 
In the Lagrangean description we would have either 

&T. = T. . no. dAo 	dT. 1 	13 
(2 -7b) 

or 

dT. = S.
13 
. no

3 	
= X. . aT.. dA 	

1/3 
	(2-7c) 

or other relation, according to the force correspondence utilised. 
Intheseoressions,Tii is L ra 	tres-: tensor, whilst 

	

ij is nrchhoff's ntreos tensor. 	now have to interrelate these 

tensors with Cauchy' s. The components of the area vectors are 
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pressed by 

n. dA = e.. dx dx 1 	ijk 	k .  

and 
o 

n 
o  
. dA 	= G.. dX. dXk 1  1 	13k 3  

being the permutation s-mbols of Tensor Calculus, equal to Cijk 

1 if i, j, k form a cyclic permutation 

- 1 if 1, j, k form an anticyclic permutation, and 

0 if there is a repetition of any index. 

The Jacobean of the X x coordinate transformation is 
given by 

from which also 

= lxI 	= e. , 	
1 
x. x. x 

1J4 ,1 32 k,) 

1 X 	= --e 
P/q 	J mnp xrlm x 

(2-8a) 

(2-813) 

can be obtained, with (q, r, s) forming a positive cyclic permuta-

tion of the set (1, 2,3). 

It is thus possible to write, after suitable manipulation 
of the indices, 

J X. 
	. 211;)- 	= 	dA ' 

hence, from Eqns. (2-7a,b,c), 

JT = Xj sik 31 	/k 

and 

	

S.. 	, J X. 	s 	• 

	

13 	 r s rs (2-9a) 

The Eulerian stress tensor is symmetric, thus we can con- 
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elude that Lagrange's is not, but Kirchhoff's is also symmetric. La-

grange's stress tensor, therefore, is not a convenienl definition of 

stress to be used with an always symmetric strain tensor. Kirchhoff's 

definition is more suitable for that purpose. 

Eqn. (2-9a) can also be written in the inverted form 

. 1 
rs 	J -rli xs,j Sij (2--9b) 

As with strains, other definitions of stress can be presented, but 

will not be used in this work. 

2. - STRESS-STRAIN RELATION  (EULERIAN) 

2.5. - INTRODUCTION 

The general case of elastic-plastic deformation, in which 

both components - elastic and plastic - of strain are finite, has 

been considered by Lee(33), who has shown that in those circumstan-
ces, the usual assumption of small strain Plasticity, namely that 

the total strain components can be decomposed into a purely elastic 

and a purely plastic component, 

	

. 	e.i  . , ij 	13 	j 
(2-10) 

is not true, being replaced by a much more complicated matrix rela-

tion. However, if the elastic strains can be considered infinitesi-

mal, the elastic matrix in Lee's formulation reduces to a unit ma-

trix, and Eqn. (2-10) can be accented. This assumption will be made 

in the rest of this work. 

We will also assume isotropic material behaviour, the ab-
sence of Bauschinger effect and isothermal deformation. 

In infinitenial Hookean Elasticity, stresses and strin, 

as well as their increments, are related by the ;,;eneraiized form of 

Hooke's Law, which can he written incrementally as 
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As  . j 	D. Aeer 	 (2-11) 1 	ijrs 	s' 

e 
where. Dijrs  

given by 

are the components of the elastic constitutive tensor, 

D. 	?.&.. 6 	+ g.(6". 6. 	8. 8. ),  ijrs 	ij rs 	sr js 	jr Is 

7% and kt being Lame's constants, 

X - 2Gv  and 	= G 1 - 2v 
with 

Thus 

G 

q.irs  = 241 	2v  (5ij  Jrc  + 2 (Sir  6. 	6is  

(2-11a) 
This is a hemitropic tensor, meaning that it possesses the follo-
wing symmetry properties: 

D. 	
ji 

= D 	= _e 
	e 

= D • j • l jTS 	rs 	Ijsr 	rs1 (2-11b) 

Under infinitesimal Plasticity, a relation similar to 

&In. (2-10) holds, and we write simply 

As. 	. Pe 
1j 13rs rs (2-12) 

in which the constitutive tensor D! rs is also hemitropic and ob- 
tained tainod from 

T.)Ijrs  
? 	, as will be shown later. 

2.5.b - FLOW RULE AND CONSTITUTIVE LKNSOR 

A general theory of Plasticity developed by Green and 

Naghdi(34) will be considered here, under the assumptions mentio- 
ned in the preceding sub-sect 	In this theory, the existence of 

a scalar yield (or loading) i 	en - f(rs. depnding on ij 13 
the states of stress ana plas. r.train and, via the work-hardenin 

parameter k , on the loading 	tory, is as.-_:vmed, this function 

characterising the yielding of the material. Eouation 
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f(s.. el.1. 1 k) = 0 	(2-13a) ij 	ij 

represents a closed surface in the stress space. If f 4  0 no 

chance can take place in plastic deformation; when f = 0 , chan-

ges in plastic deformation are possible; f 'N 0 has no meaning in 

this theory. This characterization brings an immediate and impor-

tant consequence: if at a certain moment f = 0, the sign of 

f 	af. a77- f , a df = 	ds.j  + 	cip 	(2-13b) j  + 
dsij

a    
13 

governs the character of the changes taking place in deformation 

In effect, df 	0 would imply f 	0 in the next instant of 

time, leading thus to an elastic state (unloading); but in that ca-

se., no changes can occur in the plastic strain nor in the plastic 

strain-hardening parameter. The unloading situation is thus charac-

terized by 

= 0 , 

The other alternatives are 

af d513  4  0. 
u ii  

af f = 0
1  = 0 0 

ij 

occurring during neutral loading, and 

= 0 ,  of  
ds . 	0 usij  ij 

during general loading situations (Fig. 2-3). 

Since the yield surface is assumed to be a closed one, 

the above mentioned states can be related to the stress increment 

vector: it is oriented either towards the inside (unloading), tan-

gent to (neutral loading) or oriented towards the outside (general 

loading) of the yield surface. 

Drucker(13,35), considering the work done by an external 

agency (that is, different from the one causing the existing state 

of stress), slowly applying and then slowly removing a set of self- 



a) 

\< 90°' 
deP 	 /de-t" 

S 

f 0 

b) 

and 

ds.. deP. 	0 
13 i3 on completing the cycle . 

FIG. 2-3 - LOADING SITUATIONS FOR 2-f—ds.• ›- 0 AND as1.i 	1.1 
CONSISTENCY CONDITION 

equilibrating forces, redefines hardening by stating that the work 

performed by this external agent is positive during loading, and 

non-negative over the whole cycle. As only the elastic part of the 

strain components is recovered, upon unloading, this means that no 

useful net energy above the elastic energy can be extracted from 

the material and the system of forces acting over it. Thus, work-

hardening occurs if 

ds.. de.. 	0 	during loading 13 13 

This last inequality represen17,s the dot product between 

the vectors ds and deP  7 therefore the positive directions of 

these vectors must make a non-obtuse an(.;le with each other. In other 

words, given deP , the range of pcssible choices for ds cannot 

cover more than an ang,le of 1b0°. A corollary to this conclusion 

states that the yielq srrfrace must alwa.ys be convex; another corolla-

ry states that the vector dor)  must bo normal to the yield surface 

at any smooth point (lac. 2-3b)7  or lie between normals at a sinr-J- 
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larity (corner) point (Fig. 2-3c), to assure that d6-13  lies at no 

more than 90°  with any possible-  ds ; Fig. 2-3a, therefore, clearly 

represents an impossible situation. This last corollary, when res-

tricted to a smooth point of the yield surface requires(35)' 

del = dA 
3 

1 13 
(2-14) 

dA being a constant which is dependent upon stress, stress-rate, 

strain and strain history, which, by Drucker's definition of work-

hardening, must be non-negative. 

Loading occurs at points successively satisfying Eqn. 

(2-13a), which has been called the consistency  condition by Prager, 

meaning that loading from a plastic state must lead to another plas-

tic state. For consistency, therefore, also Eqn. (2-13b) must be 

identically zero during loading. Assuming k to be a function of 

plastic strain we have, thus 

Br 	Bf 	P 	-.!- J1L- deP 	= 0 . (2-13c) ds. 	+ 	de. 	4. UT1.-; 1j- -Nor 1j 	,ep ij a  1

▪ 

j 	a  l

▪ 

j 

Introducing now Eqns. (2-14) into (2-13c), and using also (2-10), 

taken in incremental form, and (2-11) we get 

dx 

D rs-- 
df 

mn 	

af Pq — — 
a eP 

a 7:: 

rim 	
" 

o f 
ael  

ran 

	

and reintroducing this expression into Eo 	2-14), again using  

Eqns. (2-10) and (2-11), 

af af .e '.--.-- ,v--- D as as hers 
deP _ 	ij  kt 	 de 	, 	(2-14b) 
ij 	df 	e 	a : [ 7 —87 — — — ---a..._ ..____ 	2 a i: 	rs 

---- - [D' 	___. - _____ _  
as 	mnpq ds 	a77: p mn 	Pg. 	a eP 	' ae 

mn 	m  

showing that a linear relationship exists between plastic strain 

and total strain increments. 

af e D.. 	de as.. ijrs rs 1:1 	 (2-14a) 

A generalization of this oxyiression to singularity (cor-

ner) points has been obtained by Koiter r)), but is outside the sco- 



pe of the present work. 

Using now Eqn. (2-141)) in the incremental form of Eqn. 
(2-10), and the resulting expression in (2-11), we finally get an 
expression for the constitutive tensor of Eqn. (2-12), valid at 
least for elastic-plastic infinitesimal strains, in the elastic-
plastic range: 

e of of e D. — — D, ijkP as, 	s 	-curs e 	,t 	tu D! 	= D. 	- 	 (2-15) 
Dmnpq as 

of Le  

ran 

	of  

Pq - 
	--- - ..,--- 
aer) 	°/k  aeP 
af 

ran 

	of ak I 

mn 

ijrs 	Ijrs 

As can be easily verified, this tensor is also hemitropic, enjoying 
the same symmetry properties listed in Eqn. (2-lib). 

2.5.c  - PARTICULARIZATION  TO VON MISES'S CRITERION(14  ' 31) 

Additional information with respect to the yield function 

f can be given in specific situations. For instance, when von Mi-

ses's criterion is considered, which is in accordance with the 

assumptions previously made, 

f = J2 - k
2 	(2-16) 

2 being the second invariant of stress deviation, expressed by 

1 

	

J2 	7 sij slj 

for which 

1 	1 N2 
= 	sij 51j 

acr2  
c„, 	- 	s 	E 	. UT-7 13 

= S
ij 	3 kk ij 

(2-16a) 

( 2-16 b ) 

The work-hardening parameter k is obtained under consi-

deration of the flow rule associated with von 1:as-es's criterion. 
Using Eqn. (2-16b), wo can rewrite Eqn. (2-14) as 

deP = d? s!. lj 	13 
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This expression represents the well-known Prandtl-Reuss equations, 

which constitute the associated flow rule required. In order to Gi-

ve them a practical meaning we have to relate them to some easily 

performable test, as, for instance, the uniaxial tension or com-

pression test. Functions must be found which correlate stresses 

and which correlate strains; such functions will be referred to, 

from now on, as the "effective stress" and the "effective strain". 

They relate any arbitrary loading/deformation situation with the 

uniaxial stress-strain curve. As a consequence, the effective 

stress g must coincide with the uniaxial tension (or compression) 

stress. This means that for a certain value of s , plastic yielding 

must occur; otherwise, s must be positive and monotonically in-

creasing during the deformation process. 

As the second stress deviation invariant enjoys such cha-

racteristics, assumption can be made that it would be expressed as 

a certain power of the effective stress, 

J2 	c s 

where c and n are constants to be determined. By Eqn- (2-16a) 

then 

l/n 
1 	, = 	s. s 
2c ij ij 

In a uniaxial tension test, s = s
11  , which implies n = 2 and 

c  = 3 , thus 

s= 	\/' j2 
(2-17) 

The effective plastic strain g.1)  is obtained by equating 

the plastic work per unit volume, 

dWP = s' d e . . 
= 

Ue-  I 

thus, considering ains. (2-17) and (2-16a), 



and going back to Eqn. (2-14), 

of  
as 13 

@f of 
as  in nn 

=).(2-20a,b)
de 

s2 g ij 13 = 2 
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s!. deP. 13 
st 	st 
mn mn 

dP = 

which, using the corresponding flow rule, rewrites to 

dgP  = 	del?. del? 1i 

Drucker has shown that Eqn. (2-18) is reasonably correct 

for nearly any yielding function of the type f(J2  , J3) = 0 . Thus, 

a more general expression for the plastic strain increments can be 

obtained by introducing Eqn. (2-14) into (2-18). Presenting general 

and von lases's expressions side by side, we have 

= 
de
p 
 = ( 	E dh ) 

=p 
dh = 

P- 2 	of 
3 de si (2-19a,b) = 	= 

thus 

de 

S. as.. lj 	3.3 

In a uniaxial test the slope of the stress-strain curve 

is 

H' ds = 
= de- D (2-21) 

SO 

, p ds 
=  

H' 

could alternatively be introduced in Eqns. (2-20a,b). Eqn. (2-20b) 

represents another form of the associated flow rule in von lises's 

yield criterion. restricting ourselves to this criterion, and ec'ua-

ting Eqns. (2-19b) and (2-14) we have 

(2-13) 



k3 

s' [De mn mnpq pq s 	2 k 	= 2 s 

ael) 	3 de- mn 
	=1D.ij D  ijrs 	rs 51 	. 	de 	(2-22) 

in which, by Eqns. (2-10, 11, 16b and 19b), 

= g g dg 	2 . D? 	s  s!. D.. 	de 	 s! 	1 
1) ijrs rs 	5 	2 = 13 ijrs rs 

therefore Eqn. (2-22) is simplified to 

ek 	4 =2 H' 2 k s' 	= 	•E)- s inn @ep 
mn 

On the other side, by the definition given in Eqn. (2-11a), 

	

sl D
e • 	4 =2  

GI 	= 	G s- mn mnpq pq 

and 

D. sl s' D  = 	G2 s! s' ijkt kE tu turs 	i j rs • 

Setting 

? g2 1  + H' 
3 	3G (2-23) 

collecting the results represented by all Eons. (2-19) and using 

them into the expression of the constitutive tensor, given by Eon. 

(2-15), the well known-  formula 

D. 	= D.j 	
2G st 	-f 

i3rs 	Irs 	5 ij (2-24) 

is obtained. Such a constitutive tensor is found to be widely 

yed in the literature; first introduced by Yamacta ' 	and subsequen 

tly modified by Tanaka(3) to account for kynematic hardening, it was 

rederived in matrix dressing by Zionkiewicz(23,39).. It should be no-

ted that as only deviatoric components of stress appear in the secen 

(subtractive) part of the left-hand side term of Eon. (2-24), any.  

changes in volume taking place during elastic-plastic deformation 

are explained solely in terms of D. . 	, that is, of the elan tic ijrs 
part of the deformation. 



44 

It should be stressed that Eqn. (2-12), with the constitu-
tive tensor given by (2-24), is applicable to very small strain in-

crements for, as pointed out by Dieterle(102),  the equivalent 

stresses resulting after successive increments tend to stray away • 
from the prescribed stress-strain curve in an exponential rather 

than linear manner. Dicterle reckons that an approximate alternati-

ve to (2-12), given. by 

D 	de? 
asij = 3G 1jrs rs 

allows thu consideration of larger increments, but as 0ook(1('3)  

points out (pg. 296), such procedure bears similitude with the se-

cant .modulus approach, and presents the same shortcomings. 

Another alternative procedure based in Malvern(32) (pg. 

366) by rewriting Eqn. (2-20b) in terms of (2-21), and expressia 

it, using the chain rule of differentiation, as 

de' 	Cis= 
ij 	85' 

ds' s! . 
' 	rs rs 1j 2H.  

Multiplying both sides of this equation by s!
, 
 , can-

celling out the equivalent stress and renaming dummy indices, it 

finally becomes possible to express the deviatoric stress increments 

in terms of the plastic strain increments. and thus, by (2-20b), of 

the total deviatoric stresses. Total stress increments are thus 

finally expressed by 

ds13 . . = K dokk  6 j  (2-20c) 

K being the bulk modulus of the material at the relevant temperatu-
re, given by 

K = 

 

- 29).  

 

F=TE STPAleeU  

A constitutive equation must satisfy a series of axioma- 
(20,29:52,4) , tic requirem,ento 	. Lmong ethers it mne be admissible 

and materially objective. 1.duissibility mc=s coneistency with the 



basic principles of Continuum Mechanics (conservation of mass and 

energy, balance of momenta and Clausius-Duhem inequality). Material 

objectivity, or material frame indifference, requires the constitu-

tive equation to be invariant with rigid body motions of the spa-

tial (Eulerian) coordinates. In future references the prefix "mate- • 

rial" will be droped, but it will be understood that objectivity is 

required with respect to the Lagrangean coordinate system. 

Eqn. (2-12) is not objective. It detects, or is affected 

by, rigid body rotations of a stressed body, and changes the stress 

tensor even when the state of stress remains unchanged. Considering, 

as a simple clarifying example, a bar pulled by a constant axial 

force whilst rotating about the X
3 

axis: at one moment the bar is 

parallel to the X1  axis, therefore 

S
11 	

0 	and 	s22 -0 ,  
while later, when it is parallel to the "2 axis, 

s
11 7 0 
	and 	s22 / O. 

Of course, the state of stress in the bar remains unchanged during 

the process. The stress increments appearing in Eqn. (2-12) are not 

frame indifferent, and the reason is because (at finite strains) 

the strain increment tensor does not vanish under rigid body rota-

tions. In an objective formulation, therefore, Eqn. (2-12) must be 

replaced by an alternative incremental stress-strain relation, if 

finite strains are to be considered. This requires the use of a 

frame indifferent measure of strain. 

The deformation tensor (in total or incremental form) pre-

sents such an invariance, and will thus be used in an equation for-

mally similar to (2-12), supplying a new definition of stress incre-

ments, somehow related to the stress increments gig-en by that equa-

tion. We write 

L1 s FI Le- 	D! . 	AE 	1 ij 	i3rs rs (2-25) 

FI where the As.. are frame independent stress increments. The ques- 
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tion now is to relate these stress increments to the ones obtained 

from Eqn. (2-12). As Oldroyd(41) has shown, this can 4.n principle, 

be done in an infinite number of ways. A restricted number of pro-

posed formulae•is commonly mentioned in the literature(29-51),  and 

presented as definitions of frame invariant stress increments (ra-

tes). Some of them are listed here: 

A sij 	A s1  . 	i 
- s. 	s A j 	kA u.) jk 	jk 	1k 

(Jaumann(42)) 

A j 	1 s° 	Asij - s.k  Au k 	s Au i 	j/ 	jk i/k 

(Oldroyd(41), 

Green(46,47)) 

	

sik  A u j/k 	sik  Auvk  

sij A ulcAc 
.(True sdell(4345)) 

CR As. 	= As.. + 	Auk/j 	s jk Atik/i 3.j 	 (2-26c1) 

(Cotter-Rivlin( 48) ) 

Oldroyd(41) observes that the difference between any two 

acceptable definitions of frame indifferent stress increments (ra-

tes) consists of terms that could anyhow appear in a constitutive 

equation of the type of (2-25). However, he also notes that further 

restrictions imposed by the structural model or by the material be-

haviour, as verified experimentally, may lead to the necessary choi-

ce of one of the several alternatives. In the case of a visco-elas-

tic fluid he shows that two specific definitions lead to completely 

different predictions for the behaviour of the fluid, one of which 

is the one verified experimentally. 

2.6 - STRESS-STRAIN RELATION (LAGRANGEAN) 

In order to give a Lagrangean equivalent to the frame in-

different Eqn. (2-25), we must relate nrchhoff stress increments 

to Green strain increments. Both these definitions are obviously 

frame indifferent. By similarity with Eqns. (2-1]., 12, 25) we assume 

ZisT.. = As.. .- 10 	13 

(2-26a) 

(2-26b) 

(2-26c) 
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ASij = D. 	AErs ' 	(2-27) Ijrs  

the task being to find an expression for D. jrs  . We start by wri-

ting sin. (2-9a) in incremental form. In those circumstances 

AS.. = J X. 	X. Asrs 10 	 Xi/r AXj/s srs 

JAX. 	X. 	s 	+ AJ X. 	Xs 1/r j/s rs 	1/r X. 	rs ' 

and as, from Egns. .(2-8a,b), 

AX.3.. 	= - X. /r 

and 

AtT = JAu k/k 

these stress increment components rewrite as 

(2-28a) 

(2-28b) 

AS. .J Xi /r 	[Ls rs — srk Aus/k - sksAur/k + srs Auk/ki ij 	j  

and comparing with the set of equations (2-26), we conclude that 

AS . . AsT ij 	J X1/r  X 3/s rs (2-29) 

and that the applicable definition of frame invariant stress incre-

ment is Truesdell's. Eqn. (2-25), therefore, rewrites to its final 

form 

T j 
	jrs 

As 	= D! 	LErs • 	(2-30) 

As, from Eqn. (2-4), 

A e 	X. X 	AE rs 	1/r j /s 	ij ' 

we can rewrite (2-30) to 

0 r1  . = Di 	X 	X 	AE 3.01 	ijrs p/r q/s pq 

(2-31) 

which, when substituted into (2-29) and compared with (2-27) gives 
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D. 	= J X.1 	Xj 	X 	X 	D'mn 	(2732) ijrs 	/m /n r/p s/q pq' 

which is the Lagrangean constitutive tensor. In this expression, 

D' npq  is obtained from :.3qn. (2-24), and the Jacobean and coordina-

te derivatives from Ens. (2-8a,b). 

It should be noted that the symmetry properties enjoyed by 

the Eulerian constitutive tensor are conserved by Eqn. (2-32), and 

the Lagrangean tensor is thus also hemitropic. 

2.7 - ADDITIONAL REAARKS 

It should be noted that the Lagrangean constitutive tensor 

presented in Eqn. (2-32) is in disagreement with the expression 

J X., X.,X, [DO 	X 	4.3 	X 	-s 	X 	-s 	X 	' (2-32a) iim j/n rip mnpq s/q 	inn s/p 	nip s/n np s/m  

achieved by Hibbitt et al( -9). The reason for the discrepancy liecl 

in the fact that they used Jaumann's definition of frame indifferent 

stress increment. - Eqn. (2-26a) - instead of Truesdell's - Eqn. 

(2-26c) - in Eqn. (2-30). The additional terms exhibited by (2-32a), 

with respect to (2-32), are due to the difference between these two 

definitions, as Truesdell's appears naturally in the derivation of 

Eqn. (2-29). 

We base our result in Oldroyd's remarks, presented at 

the end of sub-section 2.5.d. A further justification can be deri-

ved by considering infinitesimal deformation. In that case 

J N 1 	and AS' 0 , 
ui/i  

and Eqn. (2-32) reduces to 

D.. 
ljrs 

whilst Eqn. (2-26c) reduces to 

= D . 
ijrs 
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A 	d 

	

sij 	sij 

As should be expected, it becomes immaterial whether an Eulerian 

or Lagrangean description is used. The same conclusion cannot be 

obtained from Hibbitt's approach for, although 

As• • = As.. 

	

13 	13 

Eqn. (2-32a) reduces to 

	

D..ljrs = DIj!rs 	s.. 	sir r s 	S sj  - sjr Si6.  13  

The constitutive tensor, therefore, is not conserved when the des-

cription is changed, and infinitesimal strains are considered. .Be-

sides, the Lagrangean tensor is. no longer hemitropic, as it now. is 

symmetric in the first pair of indices only. 

llibbitt and his associates(49)  anticipated these conclu-

sions and tried to justify them by arguing that when plastic defor-

mation is considered the conventional small strain formulation is 

not necessarily recovered as a limiting case of the geometrically 

nonlinear formulation. It should be noted, however, that Eqn. (2-32a) 

could be used, with Dnnpq replacing  Dtmnpq , to the analysis of 

large purely elastic deformations, as could be the case in the stu-

dy of shells; even then, however, the small strain formulation would 

not be retrieved from Eqn. (2-32a). 

We are aware of Prager's assertion(104) that only Jaumann's 

definition of frame invariant stress rate satisfies the condition 

that the yield function should be stationary when the stress rate va-

nishes. But he concludes the same parer by saying that this defini-

tion should therefore be "preferred". We have used Jaumann's defini-

tion at the early stages of the development of our program, but, in 

despite of considerable additional computational effort, no substan-

tial discerning effect was observed with respect to comparison runs 

using Truesdell's definition, as introduced in the preceding section. 



It is true, of course, that the comparison was extended over a small 

range of deformation only, due to implementation problems of the 

whole program; and we are also aware of the fact that Kitagawa and 

Tomita(9l) report substantial differences when using either Jaumann's 

or Oldroyd's definitions. But our decision to use the more'elegant 

and computationally more economical alternative is justified not on-

ly by its already mentioned reducibility to the infinitesimal theory 

when the relevant assumptions are made. The procedure is not origi-

nal: previous works by Truesdell(44,45)  and Green(46,47) use the de-

finitions given by ains. (2-26c) and (2-26b) respectively; their re-

sults are presented and discussed by Eringen(29)1  and justified in 

terms of "mere convenience". Spencer and Ferrier(105) reason that, 

at least for two examples they consider (simple shear and simple tor-

sion of incompressible materials), change from one definition to a-

nother introduces only second-order effects on the solutions, the 

choice becoming thus, in their words, "a matter of mathematical con-

venience". Hill(106) seems to agree with such conclusion when he sta-

tem that the choice of a frame-invariant definition of stress rate 

is largely "a matter of taste and convenience". 

In the .previous sections dealing with finite deformation 
44) in the 

analysis 

used concepts of Truesdell's theory of hypoelasticity
(

n the 

analysis of plastic deformation. The similarity of hypoelastic and 

plastic constitutive equations allows such an extrapolation, and 

the close relationship between hypoelasticity and Prandtl-Reuss plas-

ticity has already been established in a specific example by Trues-

dell(45). Green extended his conclusions for both compressible(46) 

and incompressible(47) work-hardening materials. A comparative stu-

dy is presented by Eringen(29) and additional comments can be found 

in Olszak et al
(107) 

2.8 - VIRTUAL VELOCITY JigATION 

The fundamental equation for the equilibrium of an ele-

ment of a subsection of a continuum is obtained from the virtual 

velocity equation. The conservation of energy for an element of vo-

lume, at a certain moment of time t, is expressed, in the Eulerian 

description, by 



T. v. dA 	F. v. dV = )( s.. V.. dV, 
1 3. 	1 	10 3.3 V 	V 

Where Ti  are the components of surface fcrce per uni, of current 

surfaceareat andF.are the components of. body force per unit of 

current volume, both at time t. The remaining terms are the ones 

defined in Sections 2.3 and 2.4. 

For the purposes of this work, however, it will be prefe-

rable to express this equation in Lagrangean form, that is, to re-

fer it to the material coordinates and variables. By Eqns. (2-6a, 

31 and 9b), and considering that the Jacobean is a measure of chan-

ges in volume, we can write, successively, 

s. 	
V 

V.. dV = 	1 x. 	x. 	S 	XX 	13 	dV 
lj 13 	J i,r j,s rs m/i n/j mn 

No  F, dV° 
where the upper dot stands for time derivative. Introducing eouiva-

lentforcesT?per unit initial surface area, and F
o 

per unit i-

nitial volume, defined by 

	

mo 	dA 	 dV 

	

= m. dA
0 	

and 	F. 	F --- 
1 

	

I 	 dV° 1  

we finally rewrite the equation for the conservation of energy in 

the required Lagrangean form 

• 

	

o T
o 
v. dA° 	F. v. dV° = 	

o 	j 
S. E. dV° . (2-33) i 	 1j 1 

V
0 1 1 

V 

This is the virtual velocity equation to be used as basis 

for the derivation of the stiffness equation required in the fini-

te element formulation. 



CHAPTER 3 

A FINITE ELEMENT 

FORMULATION FOR THE 

ELASTIC—PLASTIC ANALYSIS OF 

PROBLEMS OF LARGE STRAINS AND 

LARGE DISPLACEMENTS 

3.1 - REVIEW OF LITERATURE 

3.1.a - INTRODUCTION: TWO CONCEPTUAL APPROACHES 

The first applications of the Finite Element Method to 

elastic-plastic problems appeared over a decade ago and were res-

tricted to infinitesimal strains, in general describing only the 
onset of plastic deformation. In those circumstances the equili-
brium equations of Continuum Mechanics(28-32) in the absence of 

body forces, could be reduced to 

as the distinction between Bilerian and Lagrallgean derivatives be-
comes immaterial, and, by means of Eqns. (2-12 and 5a), rewritten 

to 

D! j . 	(An 	. 	.) 	0 	(3-1) irs 	r,s3 	s,rj 

- 52 - 
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Alternatively, considering that the plastic strains do not cause 

change in the state of stress, i. e. 

As. . 	D! . 	Ae 13 I3rs rs = D.. Lee 
 

ijrs rs 

D.. 	(.6,e 	- 	eP ) 
10rs 	rs 	rs 

using Eqns. (2-5a and 11a) and considering the incompressibility 

during plastic deformation, the equilibrium equations could be re-

written to 

Au. ,33  1  
 j 1 	1 - 2? 	j,ij 

= 2A0}'  
• 

(3-2 ) 

Eqns. (3-1,2) constituted the basis of two different li-

nes of approach followed in the earlier papers on the subject. The 
close relationship between them, as shown above, was only observed 

more recently, first in the original matrix formulation, by Mar-

cal(5°), and later in the more elegant tensor formulation in an as 
yet unpublished work by Blomfield(51). 

The approach based on Eqn. (3-2) was proposed in 1959 by 

Mendelson and Manson(52) which, considering that the plastic strain 

increments in the equation can be treated as thermal strains, re-
ferred to it as the thermal strain arnroach. Subsequent papers e-

ventually refer to the initial strain method or$  in a modified 

form, to the initial stress approach. The underlying idea of this 

method, as already mentioned, is that the equations of equilibrium 

can be modified to compensate for the fact that the plastic strains 

do not cause any change in stress. Gallagher et al(53) used this 

approach in the analysis. of stress distributions in heated plates 

of complex shape; their main interest was to obtain more accurate 

information. on the factors affecting the failure processes of such 

structural elements. Argyris et al(5/0  also had structural problems 

in mind. 

The tansent modulus approaeh, based on Eqn. (3-1), was 
(r) 

first used by Pore 3-
r
) and M 	( areal S ) , and extensively applied by 

Marcal and his associatcs(57-59). In  poi.. (59) it is referred tc as 
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the partial stiffness method. Zienkiewicz(39)  calls it the incre-

mental elasticity or the incremental plasticity method. Again with 

this approach, design considerations were the main scope of earlier 

works. Pope(55) dealt with aircraft structures. Akyuz and Merwin(60) 

considered contact problems and improved the accuracy of the solu-

tions by using a half-step Runge-Kutta-like procedure. Lee and Ko- 

bayashi(61) also considered contact problems and compared experimen-

tal with computed results; the same authors, in another work(62) 

dealt, however, with axisymmetric upsetting, using the same formu-

lation. In both cases they refer to the possibilities of the finite 

element method for such class of problems, but remark that there 

are questions still to be solved, in order to improve the accuracy 

of the solutions, especially when large strains are present. 

Scharpf(63-65)  also uses a finite element formulation for elastic-

plastic problems, and analyses three different convergence criteria; 

application is made to the spreading of the plastic zone in a plate 

with a central straight crack but, as changes in geometry were not 

considered, the computation had to be interrupted when the deforma-

tion became considerable. In (65) the subject is expanded, and the 

tangential stiffness, initial strain and initial stress methods are 

again compared, by studying the convergence of each one of them in 

one application case. 

Two papers using the tangent modulus approach deserve a 

closer analysis. Margal and King(59)  compare finite element solu-

tions in certain two-dimensional stress concentration problems 

with known solutions obtained by other methods and by other au-

thors, or with known experimental results. Although good agreement 

was obtained in general, the analysis of the deformation had to be 

interrupted at some stage because negative plastic strains were ob-

tained. Yamada(37)  modified their algorithm and used it to predict 

collapse conditions in certain categories of problems; again the 

. procedure had limited application for the same reason mentioned a-

bove. A closer comparison of the algorithms used by Margal and 

King( 59) and Yamada et al(37) will be given in the next subsection. 

Blomfield(51)  has shown the similarity of the thermal 

strain and tangent modulus approaches by deriving them both in 



terms of rate instead of incremental equations; results obtained 

in the elastic-plastic analysis of pipe bends show no significant 

discrepancies when one or other approach is used. Marcl(50) com-

pared the two approaches in the case of a flat plate and stringer 

in tension and compared them with existing solutions. He has shown 

that although the constitutive tensor must be recomputed for every 

load increment, the tangent modulus approach can be more economical, 

in computation time, than the thermal strain approach. In the spe-

cific example, in order to obey the prescribed stress-strain curve, 

only ten increments in load were required by tangent modulus, against 

2300 required by thermal strain. Margal has also shown that, whilst 

the thermal strain approach is not applicable for perfect plastici-

ty, nor even for nearly perfect plasticity, the tangent modulus me-

thod does not present such restriction. This can be envisaged easi-

ly from the analysis of Eqns. (3-1,2). The constitutive tensor in 

(3-1) is expressed by Eqn. (2-24), with the denominator given by 
(2-23). For perfect plasticityl  H' = 0 and the denominator is 

still defined; no problem arises from the use of Eqn. (3-1). In the 

thermal strain approach, however, the plastic strain increments are 

computed by an expression obtained by the substitution of F41,n, (2-21) 

into (2-20b), giving 

p 	AE , 
eij = 2 s  sii 

which obviously becomes undefined for perfect plasticity. To over-

come this limitation, Zienkiewicz et al(39)  rewrite Eqn. (2-12) in 

terms of the deviatoric components of stress and strain. increments, 

ultimately obtaining 

s' s' 
,P 	3 1 	rs Ae, 
-ij 	2 =2 IfIL 	rs s 

by use of Ens. (2-24) and (2-11a). 

Yamada's work(37)  has influenced several Japanese inves-

tigators. Iwata et al(66) applied the same formulietion to the ana-

lysis of hydrostatic extrusion and were able to describe the sprea-

ding of the plastic zone; some of their results seem to be unexpec-

ted, but in general the agreement with known (e. g. slip-line) solu- 



tions can be considered satisfactory; the need for improvements 

in the method is stressed by the authors. Nagamatsu et al(67) stu-

died the compression of a prismatic block, but were able to descri-

be only the beginning of the deformation; although the plastic zone 

propagated over nearly the whole block, the maximum strain achie-

ved was less than 0.13%. In a subsequent work
(68) the same authors 

modified their formulation, introducing the updating of the geome-

trical matrices after each load increment. They were able to ana-

lyse the deformation for strains up to the order of 5% for full, 

and 4% for hollow cylinders, thus covering the elastic, elastic-

plastic and fully plastic ranges. The authors claim that still 

larger values of strain could be considered, but they have not do-

ne so in order to save computing time. Unusually large values of 

computed friction coefficients are attributed by them to deffects 

in the analysis, to be corrected in a promised subsequent work. 

Geometric non-linearities, as considered by Nagamatsu 
., 

et al(68), were also treated by Argyris(54) 	Mallett and Ear- 
cal(69)1  Felippa(x) and Turner et al(71) but their solutions 

were restricted to small strains. ()den(72,73) imposes no such res-

triction but deals with elastic and viscoelastic problems only. 

Zienkiewicz et al(39) introduced what they called the 

initial stress approach, to overcome the computing difficulties 

of the tangent modulus approach, to be analysed in the next sub-

section, together with this new approach, and to overcome the li-

mitations of the thermal strain approach at nearly perfect plas-

ticity. To show the capabilities of the method, the authors pre-

sent results for some stress concentration problems in civil en-

gineering, and compare, some of them with results presented in 

(59), showing good agreement. 

A subsequent work by Emyak and Zienkiewicz
(74)  expands 

on the subject and condenses a series of results obtained by Na-

yak(75) in the analysis of pressure vessels, plane strain extru-

sion and indentation. In the extrusion case, von Mises and Tresca 

criteria are considered, and the results agree closely with expe-

rimental ones, presented by Johnson and Mell.or(76). F,ayakis  work 



provides extensive review of literature and covers applications of 

the finite element method to a wide variety of fields: elastic.-plas-

tic problems, plate theory, complex material behaviour and analysis 

of large deformations in structural elements. It also covers tho-

roughly the state of knowledge related to each field of applica-

tion. 

3.1.1) - THREE ALGORITHMS 

Three algorithms have found wider application in the lite-

rature extending the finite element method to nonlinear problems. 

Two of them were proposed in the already mentioned works by Yamada 

et a1(37) and by Margal and King(59), and are based in the tangent 
modulus approach. The other one is presented in the work of rZionie-

wicz et al(39) and constitutes a modification of the thermal strain 

approach. Nayak(75) analyses alternatives of these algorithms and 

we refer the interested reader to his work. 

In Yamada's formulation, small load increments are pres-

cribed, and they are adequately rated in order to exactly yield 

one, or a few, of the remaining elastic elements in the continuum. 

The procedure is schematized in Fig. 3-1 for a set of three elements. 
In the first graph, the first load increment is described. Points 

A = B = C represent the original (unloaded or undeformod) situa-

tion of the three elements. An arbitrary load system is then applied, 

and the elastic solution is obtained, bringing the three elements 

to A' , B' and CI ,respectively. In general, none of the elements 

will exactly yield. However, if all loads are multiplied by the fac-

tor 

r = min ( — = 

the minimum being taken in respect to all elements, all the incre-
mental variables will be multiplied by this same factor (due to the 

linear relationships existing between them), and the state of stress 

and strain will now be represented by A" , B" and C" , with C" 

exactly yielding. In the second plot, points A , B , Crepresent 
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the situation achieved after the first load increment. A similar pro-

cedure is again applied: for some arbitrary load increments, the sta- 

te of stress and strain is represented by A' 	B' , C' , with C' 

following a tangent extrapolation to the flow curve; a correction 

factor is obtained, as a minimum of the correction factors computed 

for all elements still in the elastic range, and the new final situa- 

tions, A" 	B" and C" are obtained. This procedure is repeated se- 

veral times, with at least one element yielding each time. Obvious-

ly, the tangential extrapolation of the flow curve, for the yielded 

elements, will produce substantial errors in the stresses, after a 

certain number of load increments. Swedlow(77) suggests that a lo-
cal error at the first load increment into the plastic range (when 

the slope of the flow curve is maximum) can be accepted, and in 

subsequent increments an automatic correction can be introduce by 
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underestimating the slope, as shown for point C" in the third plot 

of Fig. 3-1. The procedure is also shown in the stress space, at the 

bottom of Fig. 3-19  to justify the expressions for the correction 

factors. 

Narcal and Kin g(59) prescribe large load increments, for 

which several elements are expected to yield. The procedure is 

shown schematically in Fig. 3-2, for one element only, entering the 

plastic range in the next load increment. Elements staying in the 

elastic range, or already inside the plastic range, offer no spe-

cial problem. For the element under consideration, elastic loading 

brings the image of the stress-strain situation for the element 

from. A to C well above the expected value for the deformation 

increment achieved. largal uses the relative elastic strain incre-

ment 

m — 	A ee  
/100  .1- LOp 

to assemble a modified constitutive tensor 

ions in D. ijrs ( 1 - m ijrs 

with which the "partial stiffnesses" are computed. The same load in-

crement is again considered, and point CT obtained, instead of L. e 
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The weight factor m is redefined, using the formula given in the 

figure, and the procedure repeated, until convergence is obtained, 
o 

three or four times, according to the authors. Guha(78) claims that 

the process can be accelerated, and convergence obtained in only one 

or two iterations, by underestimating m . In his analysis of hydros-

tatic extrusion he does it by 15 to 20%. 

Yamada's procedure can be uneconomical because of the lar-

ge number of small load increments required to bring the elements 

into the plastic range. Marcalls, on the other hand, requires a 

small number of load increments, but everyone of them requires an 

additional iterative procedure, with a new stiffness matrix compu-

ted at each iteration. Even using Cuha's acceleration, computing 

times may become very large. 

Zienkiewicz's initial stress method(39) tries to overcome 

these computing drawbacks by using a thermal strain approach asso-

ciated with large load increments. The method is based on the recog-

nition that - even when ideal plasticity is considered - the incre-

ments of strain define uniquely the stress system, while the conver-

se is not true for ideal plasticity. It is schematized in Fig. 3-3. 

In this method a purely elastic solution is first obtained; 

because of the nonlinearity of the problem, the stresses obtained 

will not be the correct ones for the strain found. The excess stress 

components are assumed to be equilibrated by a set of forces, and 

the idea of the method consists in removing these excess stresses 

and considering the equilibrating forces as a subsequent load incre-

ment. The routine of the method can be summarized as follows: 

a) For the prescribed load increments an elastic 

solution. (ALij  ., Ae..) 	is obtained; 

b) The existing stressessij  are updated, gi-

ving a net of interim stresses for which the 

range will be checked. If still elastic, varia-

bles are considered as definitively updated; 

otherwise, 
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FIG. 3-3 - INITIAL STRESS METHOD (Zienkiewicz et a (39)) 

c) Stress increments are computed from the strain 

increments, according to the equation 

As.. = D! Ae 
13 	i jrs 	rs 

for all elements already in the plastic range 

(such as D in Fig. 3-3), and rated accor-

dingly for elements for which the increment 

will be partially elastic and partially elas-

tic-plastic (such as A in the figure). In 

any case, the differential (excess) stresses 

- As.. , psi 
j 	1 j 	l j 

are calculated, stresses are updated (with 

As..ij), and so are the strains; 

d) Using the force-stress relatioship, the forces 

equilibrating bAs. 	are obtained; 
ij 

e) The procedure is repeated until convergence 

is reached; 
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f) The yield stress is updated and a new load in-

crement considered. 

The method provides a lower bound solution and can be 

seen, from the description given, to follow the thermal strain 

approach. The elastic constitutive tensor and stiffness matrix are 

used to solve the equilibrium equations, and the elastic-plastic 

constitutive tensor is only used to determine the differential 

stresses, or. "initial stresses", as they are designated in the 

paper. In that way, the authors argue, there is no need to assem-

ble a new stiffness matrix after each load increment. This will 

not be strictly true in a Lagrangean formulation, as can be seen.  

immediately from 14n. (2-32). However, a similar reasoning can be 

used in conjunction with the tangent modulus approach, to correct 

stresses extrapolating the flow curve. ,A set of forces equilibra-

ting the excess stresses can be considered for a subsequent load 

increment, stresses being previously replaced by the expected 

ones. This possibility will be explored further later in this 

chapter. 

3.1.c - RECENT TRENDS 

Nest of the literature reviewed so far is concerned with 

small strain plasticity, therefore predicting the onset of yiel-

ding and the early spreading of the plastic zone with satisfacto-

ry levels of accuracy. Larger strains can either not be tackled or, 

as in Nagamatsu's apnroach(68), require a heavy penalty in terms 

of computing time. 

In recent years a trend towards the use of non-linear e-

quations of Continuum Mechanics has been observed in the papers 

on finite element analysis, following the pioneering work by Wiss-

mann(27). Pian and Pin Tong(79) have compared several variational 

principles and applied them to plate bending analysis. Yaghmai(8o) 

formulated a theory for the incremental analysis of large deforma-

tions and plied it to shells of revolution. ()den(81) provides a 

continuum mechanics theory for finite elements; most of his work 

is now collected in Ref. (ko). Earyal(82) used incremental equa- 



tiona to form the basis for a general purpose program for non-li­

near analysis. Tanru{a(38 ), although not- using finite e~ements, pro­

duced an algorithm for' the solution of elastic-plastic pr'oblems, 

considering isotropic and kinematic ,·/ork-hc..rdening; he analysed 

the deflection of plates under several edge conditions, using ii­

ni te differences, and \-las able to study the onset of the elastic­

plastic deformation, obtaining good agreement with experimental 

results, in general; discrepanci<=:s observed in -ehe later stage of' 

the calculation are attributed to the fact that the ratio between 

isotropic and l~inomatic \,lork-hardening varies during deformation, 

,·rhilst the forr:lulation assumed it to remain constant. This formu-

lation is readily prepared for implementation in finite elemen~ 

terms. 

Hibbitt, ~ar9al and Rice(49) use Ref~ (82) as the basic 

material to propose a formula-cion for large strains and large dis­

placements, applicable to elastic-plastic problems, though restric­

ted to isotropic material bchaviouro However, they do not consider 

large strains in the, sense 0~Lee(33). The necessity is recognised 

of considering additional stiffness terms, accounting for the effect 

of initial displacements, initial stresses and initial loads; the 

first tHO terms appear oriGinally in (82), end the initial load 

stiffness term in a ,·,orl~ by Oden and Key(83). :Lbe overall stiff­

ness matrix is obtained as a linearisation of element equilibrium 

defined by virtual velocity equations. The development is made in 

a Lagrangean (initial coordinate) frane of reference, and ,·,ill be 

shO"ln later in this chapter. A restriction to this \"lork, ho\.,reyer, 

has already been presented in Section 2.7. 

A similar approach is presented by Gorc1on and \'leinstein (84 ~ 
They examine plane strain sheet draHing, considering' smooth and 

friction boundary conditions, using a Lagrangeall description based 

in a variational approach presented by Biot(85). Only two stiff­

ness terms are considered, and no reference is made to the effect 

of initial loads and initial displacements upon the stiffness, as 

\'1il1 be the case in the present iorElUlation and as verified, for 

instance, by iiibbitt et al (L~9). The ab::cnce of the initial displa­

cement terQ is justified by the simplified expreDsion - incorrect 
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in our opinion - taken for Green's strain increments, which led, 

ultimately, to an infinitesimal strain formulation. The authors, 

however, claim to describe the progress of the yielding process 

in the deformation zone, and justify their results by comparing 

them with the ones provided by Sach's theory of drawing, at inter-

mediate levels of the relative thickness reduction. Discrepancies 

at small and very large values of the relative thickness reduction 

are justified in terms of the inadequacy of Sach's solution at ex-

treme situations. 

A previous paper by Hofmeister, Greenbaum and Evensen(86)  

also considers only two stiffness terms, but uses a mixed descrip-

tion initial strain approach based on Felippa(70) and on a varia-

tional principle presented by Washizu(87). In despite of the refe-

rence to Green's strains, the algorithm seems to offer little pro-

gress with respect to Nagamatsu's(68) work. Application is made to 

a series of stress concentration problems, and also to plate ben-

ding, but is restricted, in general - and in despite of the title 

of the paper - to small strains (up to 0.006 in one application 

example). 

In recent. years extensive work ih the field of elastic-

plastic analysis by the finite element method has been carried out 

by Japanese investigators, and part of it has been published in 

Japanese only. Some of it has been mentioned in the previous sub-

section. An interesting survey, together with the analysis of the 

typical difficulties encountered has been presented by Ludo and 

Matsubara(83). Special reference must be made to an ambitious pa-

per by Kitagawa, Seguchi and Tomita(89) which analyses the problem 

of a finite element formulation similar to the one presented by 

Hibbitt et al(49), but referred to the current configuration of 

the continuum. They use a convected coordinate system embedded in 

the body and follow approximately the same path described in (49). 

In their conclusions, however, it is seen that with such a frame 

of reference, the initial displacement stiffness term disappears 

(a result already advanced in (49)), but additional terms appear. 

One term must be added to the stiffness to account for changes in 

the surface of the elements during; the incromental deformationt 



and one term must be added to the nodal forces, to correct body for-

ces due to change of the base vectors during the incremental defor-

mation. It appears, however, that these terms do not represent an 

additional effect, neglected or disregarded in the previous litera-

ture, but are inherent to the Ealerian description. This can be jus-

tified formally by regarding that in the Lagrangean description the 

integrals are computed with respect to the undeformed geometry. In 

a further paper the authors consider a two-dimensional restriction 

of the formulation(), which is then implemented in a computer 

program and applied to the analysis of certain stress concentration 

problems in notched and perforated specimens(91). Unfortunately, 

this application has been published in Japanese only; however, 

according to the abstract(91a),  it seems that the results obtained 

are not satisfactory in the large strain range, and it is hinted 

that the reason lies in the definitions of stress and strain em-

ployed. As the authors use Jaumann's definition of frame invariant 

stress increments, the considerations of Sections 2.6 and 2.7 of 

the present work could possibly apply. 

(02-94) Colas ' 	also contributes to the subject and expands 
(ipe,o6) 

previous work for infinitesimal strains by Swedlow 	using.  an 

Eulerian approach, placing no restriction on the amount-  of deform-

tion, assuming isotropic work-hardening material. Flow is analysed 
as a history dependent process, for which a computing program (PIP-

EEF) is developed. Numerical solution is obtained for a number of 

problems: simple extension, simple rotation (up to 45°) and combi-

ned extension and rotation in a prismatic volume element, under 

plane stress and plane strain conditions, and later to the problem 

of necking in flat tensile bars. Results in the first case agree 

closely with known solutions. The necking results agree qualitative-

ly with previous results on the subject, listed by the author. 

Swedlow 	presents a general theory of elastic-plastic 

flow, capable of accomodating special features like work-hardening, 

anisotropy, plastic compressibility and others, and analyses strate-
gies for solving the resulting quasi-linear equations. In another 

paper (77),  restriction is made to a von 1.1ises work-hardening matc-

rial, and the•torsion of a prismatic bar is studied. The formula-

tion is amenable to analytical or numerical integration (by the 
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nite element, finite differences or boundary integral methods). 

Perfect plasticity and rigid elasticity are not covered. Computer 

programs based on the formulation are claimed to be economical. 

Different approaches have been tried in recent papers by 

Zienkiewicz and his associates( 8-100). Zienkiewicz and Godbole(98)  

use a stream function formulation to describe large deformation in 

plastic and visco-plastic conditions. A finite element solution is 

found for the non-Newtonian flow problem, and application is made 

to the analysis of steady state extrusion and non-steady state 

punch indentation. In the extrusion case they improve results ob-

tained by Nayak and Zienkiewicz(74$75) although at the cost of 

using a finer mesh; the extrusion pressure is however still above 

that given by the slip-line solution. The indenting pressure, in 

the non-steady state application, is shown to be linearly dependent 

on the depth of penetration, and above the small deformation or 

slip-line solutions. The need for refinements in practical appli-

cations is stressed by the authors, and the possibility of achieving 

this by simultaneously solving the temperature variation in the con 

tinuum under investigation, by not neglecting convective accelera-

tion and by considering dynamic effects upon the visco-plastic 

coefficient are shown. 

Zienkiewicz and Cormeau(99)  derive plasticity and creep 

solutions using a visco-plastic model of the continuum, coupled 

with the initial strain method. Non-associated plasticity can be 

treated by this approach. Applications, however, are restricted to 

structural engineering problems. In a stress•concentration applica-

tion (perforated strip) plastic strains of the order of 0.03 are 

reached. The numerical stability of the procedure is analysed in a 

separate paper by Comeau(100) 

Gotoh(101) introduces 	polynomial shape functions to 

study the deformation of sheet metals, and applies the formulation 

to the analysis of hydraulic bulging. Values of strain are not pre-

sented, but the whole arca of the circular sheet specimens are 

brought into the plastic range. 
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Dieterle
(102) recently studied the compression of tubular 

rings using a finite element formulation as developed by Zienkie-. 

wicz et al(39), but introducing several simplifying f- tures, one 

of which has already been referred to in Sub-section 2.5.c. Although 

natural strains of the order of 0.45 and good correlation with ex-

perimental results are claimed to have been achieved, the apparen-

tly loose treatment of boundary conditions, the use of a secant mo-

dulus approach and the use of large values of Poisson's ratio to 

improve the results seem to represent too many simplifying assump-

tions to retain the reliability of the solutions. It must be said, 

however, that the text presented in the reference is too compact 

and may give rise to misleading interpretation of the procedures 

described. 

Gunasekera and Alexander (103) employ a formulation which 

highly resembles that of Hibbitt et 
al(49) being, however, descri-

bed in terms of the instantaneous frame of reference, by systema-

tic updating of nodal coordinates and. recomputation of the geome-

trical matrices; such a procedure prescinds the consideration of an 

initial displacement stiffness term, as presented in (49), and as 

used in the formulation to be presented in Section 3.2. The authors 

claim to be able to obtain a solution for large deformation in the 

problem of the elastic-plastic expansion of . a hole in a plate. Ho-

wever, their solution is essentially applicable to the small strain 

range only, for, as already pointed out elsewhere(110) they do not 

consider any sort of objective definition for the stress increments 

resulting from the constitutive equation. 

Nagtegaal et al(109) study the over-stiffening effect of 

finite element solutions in the plastic range (as mentioned in Sub-

section 2.5.c) and explain it in terms of excessive kinematic cons-

traints imposed on the modes of deformation by the element types 

commonly used both in two and three-dimensional analysis. They con-

clude that this effect can be minimised by suitable arrangements 

in the mesh or by the use of a new variational prLloi.ele, which 

they introduce. The formulation thus presented and a-_?";lied to spe-

cific examples is a small strain one, but in an aymendiN the au-

thors introduce a 0-moralization for finite deformation, using an 

"ilulorian frame of reference. Unfortunately this reference came to 

our attention only very recently, when our work was nearly conclu- 
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ded, to allow for deeper consideration of such an alternative treat-

ment. This has been done, however, by Mcileeking and Rice(110) Pro-
ducing an apparently simpler and computationally more economical 

formulation than the Lagrangean one, proposed by Hibbitt et al(49)  

and used in this work, and much more so than the Eulerian approach 

proposed by Kitagawa et al(89291).  The authors consider again the 

problem of necking in the tensile test, and compare their results 

satisfactorily with Osias's(93/94) and with known experimental re-

sults. 

Lee
(111)  used the same formulation to predict the steady 

state force in extrusion, being able to predict deformation well 

beyond the limits achieved by Iwata et al(56). However, it must be 

mentioned that Guha(78) using a Lagrangean formulation similar to 

our own, appears to be able to predict deformation of the same or 

even higher order of magnitude. 

An assessment of the prccedures for the numerical proce-

dures for the solution of material and geometrically nonlinear 

structural analysis, as well as an extensive review of the relevant 

literature, up to 1973, is presented by Stricklin, Haislor and 

Riesemann(112).  A good evaluation of methods can also be found in 

Cook(103) 
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3.2 - FORMULATION 

3.2.a - INCREMENTAL STIFFNESS EQUATION (ETYMENTAL) 

In the Finite Element Method a displacement assumption 

is usually made, expressing displacements at any point within an 

element as a linear combination of the displacements at a finite 

number of nodal points in the same element, the coefficients to be 

used depending on the position of the point under consideration in 

the undeformed configuration of the element. Conversely, and res-

tricting considerations to simplex elements, we can express ini-

tially 

 X + DO 1 	ik k 	i4s 

and obtain the alpha-coefficients by applying this equation to the 

nodal points of the element. In a three-dimensional space the sim-

plex elements are simple tetrahedra, and the determinant of the 

system, 
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is a measure. of the volume of the undeformed element. The alpha- 

coefficients will thus be expressed by 

mil: = k 1  
u. 

where 
ci 

a
k 

= 
6 V- 

cj  being the cofactors of the terms appearing in the j .th row and 

in the kth column of the determinant of the system. In these two 
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equations, exceptionally, a subindex is allowed to take values from 

1 to 4 but this practice will not be repeated elseIhere in this 

work, explicit reference being made to terms involving the cofac-

tors of the fourth (unit) column of the determinant of the system, 

whenever they may appear. 

The numbers assigned to the nodes belonging to an element 

need not form a natural sequence. However, nodes will be ordered 

inside an element, and the superscripts in the elemental tensor e-

quations will denote the several nodes according to their inter-

nal ordination, whatever their external node number may be. Whenever 

the external node number is considered, capitals will be used as su-

Perindices. In the following, Zienkiewicz's convention, as presented 

in (23), will be used, by which the internal numbering may be star-

ted at any arbitrary node, the other ones being numbered clockwise, 

as viewed from the first one (Fig. 3-4). 

The displacement assumption may now be rewritten as 

where 

u. = H uj . (3-3) 

= are Xk 	 (3-4) 

with k reset to the limit of the dimension of the space, are the 

so-called shape functions. It is easy to prove that the values of 

the shape functions at a node, say t 	will be expressed by 

—2  A 	= 	X, + a3"k k csj' 	 (3-4a) 

Furthermore, as the cofactors a are constant for a given element, 

the material derivatives at any point within the element will be gi-

ven by 

thus 

	

aj 	nj c 	9  7  III 

u . 	= 	u 7  m 	1 

(3-J;b) 

(3-5a) 

fi 



1,2,3,4 - Internal 
numbering of 
nodes 

I,J,K,L - External 
numbering 
(Referred to 
overall mesh) 

4(1) 

FIG. 3-4 - INTERNAL AND EXTERNAL 
NUMBERING OF ELEMENTAL NODES 

2(K) 
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and, in view of Eqn. (2-1), 

x. 	= 	+ 	3 10 	19 m 

and time derivatives of Eqn. (3-3) will be expressed by 

(3-5b ) 

and 

v. = N v. 1 

V. 	= aj  . Ilm 	m 1 

(3-6a) 

(3-6b) 

Finally, the time derivative of Green's strains, defined in Eqn. 

(2-3a), will be expressed by 

m e 	g m.mrt E.. = 	aj  oik 	ae. S, 	(a. a. + a. a.)u v jzi: 	1 3 	3.3kk 

therefore the Lagrangepn expression for conservation of energy, 

Eqn. (2-33), can thus be rewritten as 

I
J.. N S o 	

. 	 ° IT° 6ik A r'' a. ° o ik 
fth 	4 	

V
o i Vk  = 

o 1j 3 
S. . 	Er., 	+ a. c.J. 	4. 	(a

i  a 	s 	a.) u jk  

	

c 	m g 	e 	cro 
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As the velocity field is arbitrary, the overall.eouilibrium requires 

that the terms inside the curly brackets, at the left and right-hand 

side of the preceding equation be equated. Defining thus the "equi-

valent" forces Te applied at the nodes of the element, in terms k , ll  
of the surface and body forces acting over the same element, as 

Pk
e  = of To He cif 

 
Ao fV 

NQ  d 0 (3-7a) 

the set of elemental equilibrium equations becomes 

f 
Pe  = 1 	S. P & 	+ a. S 	-I- (a17.1  ae  + a.. am) 	'V°. (3-7b) k 	2 o ij j ik 	i jk 	1 j 	3. j k a  V 

Taken in incremental form, these equations rewrite as 

o AT4  = 	AT°  N dA°  + 	AF 0 dV°  
f 	

(3-8a) 

	

A 	V *k 	o k   

and 

--e 	1 	t c &Pk.  = ts., . _AS.. a. 0., + ag &., + (aT ae. + a. ar:/) i;l: de ij j 3.1-,- 	i jh 	3. j 	3. j IL 
c.  V u  

1 	m 	m -m dV°. + - 	S. (a. a 	+ a. a.) Auit  dV . 3. 2 
Vo 	

a.  (3-811) 

In general, surface and body forces will both depend on loads and 

displacements, and their increments will be expressed as the sum 

and 

AT . A T? + A T? 1 	L 	G 

	

AF? = AL 	G r°  + A F°  

(3-9a) 

(3-9b) 

of an increment due solely to changes in the applied loads with fi-

xed displacements, and another increment due exclusively to changes 

in shape of the continuum (element) under fixed loads. The equiva-

lent applied force increments given by Eqns. (3-8a,b) can thus be 

expressed, for every element, by 

AP = A Pk + 0'3  .A 'kn 'n 

where, from Eqns. (3-8a,b) and (3-9a,b), we have 

(3-10) 



APk representing thus equivalent force increments due solely to 
em 	

in- 
- — creases in the magnitude of the applied forces, and 0 Au'm   repre-n 

senting incremental forces which are equivalent to the action of 

the existing load system under the changes in the geometry of the 
Pm continuum. The stiffness term 

—kn 
was. first introduced by Turner 

et al(22), but also pointed out by &den and Key(83), and is designa-

ted as the initial load stiffness matrix(49'4°)  or as the load 

correction matrix (83).  Specific expresSions for this term will de- • 

pend on the type of the loads acting over the element, as has been 

shown by Hibbitt et al( 9). Oden(4°  provides a general but more 

cumbersome expression. This stiffness term is generally unsymnietric 

with respect to its pairs of indices, and thus introduces computa-

tional difficulties in the solution algorithm. However, if some ex-

pression can be found which directly expresses the force term re-

presented by Eqn. (3-11b), these difficulties can be overcome. 

0 Pk = fo A LTk E 
A 
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(3-11a) 

and 

gm —m 
kn Aun = A°  

dA° 
 fv 0 

o A  GFk Na dV° 	(3-11b) 

Kirchhoff stress increments are expressed by Eqn. (2-27), 

with the constitutive tensor given by (2-32) and Green's strain in-

crements expressed, from Eqns. (2-3a) and (3-5a), by 

1 	 t m 	m 	—m [a 6. 	+ a. 8. 	+ (0., a. 	a. a.) u Au . 3.3 	2 	In 	1 3n 	1 	31nn 

Introducing this expression into Eqn. (2-32) and that one into 

(3-8b), and considering the symmetries of Kirchhoff's stress incre-

ments and of the constitutive tensor - Eqn. (2-32) - it can be re-

written in the form 

P 	—Pm —m Ap 	k Au k 	kn (3-12) 

with the incremental stiffness matrix given, for every element, by 

—en 	c—Cu 	1---en 	2— Cm = 	"k 	k131 	kn 	kn n 

where, followini:, suitable manipulation of indices, 
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0-Cm 

	

- 	a!' Di 	ari  de, 	(3-14a) n 	o 1 knj j V 

	

1-Cm 	t m 	-T 	-T = 	a. a. a 	D 	u 	u D. 
V 

	

kn 	oljr ikrj n 	k irnj 

-f D.  D. 	. n s ag  des , (3-1kb) irsj  

2Cm kkn = 	S. 8 	an  V°  . 
j kn 	j d V

o i  
(3-14c) 

Cm are obtained. The term 0 kkn is formally similar to the stiffness 

matrix used in small displacement analysis; Hibbitt et al(49) and 

Larcal(82) call it the usual small dinDlacement stiffness matrix, 

whilst Oden
(40 refers to it simply as the incremental stiffness 

1-Cm 	 (49 62) 
matrix. The term 	k, 	is the initial dis-olacenent 	- or t:ce 

(40 )"n  a (m 
initial rotation  \ 	stiffness matrix, while 	kkn 

is the initial 
--764 0) 

stress stiffness matrix 	' 	. 

The symmetry properties 

0-2m 	0-111C 	1-Cm 	1-mt kkn = k 1 	k 	= k' 
nk 	kn 	nk 

and 
2-41 	2-mC 
'kn = nk 

are evident and will be used in the programming stase. Unfortunate-

ly, as mentioned before, similar properties are not generally en-

joyed by the initial load stiffness terms. 

Of course the integrals appearing in Eqns. (3-14a1 b1 c) 

may be readily obtained, as, for the simplex elements under consi-

deration, all terms appearing in the integrands become position in-

dependent. 

3.2.b =TTAL LOAD STTF7NESS =717(49)  

Hibbitt et al(49) obtained explicit formulae for two ,ear-

ticular forms of external loading, namely thosz of concentrated and 

pressure loading. They also dealt separately with the case of bey 

forces. 



It seems to us that, whatever the system of forces acting 

over the surfaces of the elements, it becomes simpler, especially 

when a fine mesh is used, to start by resolving those forces into 

nodal components, and use Hibbitt's formula for concentrated loads. 

The fact that these resolved forces act directly over the nodes 

simplifies the resulting expressions. 

For a compressive load acting directly over an elemental 

node (say g in the internal referential numbering) we have 

fA 
—e 

T
e 
. dA = P. . 

The corresponding part of the equivalent forces in Eqn. (3-7a), 

body forces being absent, and considering Eqn. (3-4a), is then 

-k 	01 3" 
	

(3-15) 

--g where nk are components of an unit direction vector. Clearly, 

according to the summation convention introduced at the beginning 

of Chapter 2, there is no summation intended over the index 2 in 

Eqn. (3-15). 

Taking this expression in incremental form, 

A13* e  = 	11'11 711  + 	7;1  - k 

is obtained, and by comparison with Eqn. (3-10), 

and 

=of e1 7).1  

I 0 	
n Au" = I P 

eI 
L. 	. 

follow. It is clear that if the direction of the force remains un-

changed, there is no initial load stiffness term to consider. In 

general, however, it should be obtained from Eqn. (3-16b), and this 

is only possible if further information is supplied with respect to 

the way in which the components 	change in magnitude. Such in.- 

formation is not always available, and an alternative approach 

must be followed, as will be described below. 



em Q
kn

, to assemble total elemental stiffness terms which correspond 

to the expression of Eqn. (3-13) minus the initial load stiffness 
terms. Instead of Eqn. (3-12), an equation relating the effective 

e  
force increments PPk to the displacement increments is obtained 

and eventually solved (once the overall system is assembled). 

The solution pattern prescribed in (49) consists in, given 
the set APk 

and after calculating the initial load stiffness terms 
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In this work a different pattern will be followed. The 

prescribed force increments will be considered as being the total 

ones, that is, as corresponding to the left hand side of Eqn. 

(3-10). Correction to the effective force increments APk will be 

made a posteriori. In other words, first we solve Eqn. (3-12) fcr 

the displacement increments and then we try to find the two compo-

nents corresponding to the right hand side of Eqn. (3-10) by means 

of a simple iterative procedure. 

To do this we rewrite Eqn. (3-10), under consideration 

of (3-16a,b), .as 

where clearly 

	

—g 	111 

	

APkk 	An- 

-P 	P-  + AP k. 	P 
An - 	 

	

A"-P: 	I T'.q • 

(3-17) 

(3-18) 

Assuming initially that API
2 
 = APk , estimates for Ank  can be 

obtained from Eqn. (3-18), and they are used in (3-17) to provide 
new estimates for APk , which are then introduced in (3-18), and 
so on. ouch a procedure has shown to converge very quickly, usually 

in two or three steps, to a reasonable degree of accuracy. Its use 

avoids the need of expressing the initial load stiffness terms ex-

plicitly and does not upset the symmetry properties of the 

stiffness matrix. 

In the applications to be considered in the next chapter, 

only very slow rotational movement will be considered, and the 

effect of body forces can thus be fully disregarded. 
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3.2.c - INCREMENTAL STIFFNESS MATRIX (OVERALL)  

Eqn. (3-13) provides an elemental stiffness matrix. Ele-

ments, however, must not be considered individually. The displace-

ment field must be compatible, meaning that elements must meet at 

the common nodal points in any deformed situation. This requirement 

is translated in the formulation by means of an overall stiffness 

matrix, covering all the elements in the continuum. Such a matrix 

can be obtained(23,24) by initially considering Eqn. (3-12) as ex-

tended to all nodes in the mesh, with the proviso that if a node 

does not belong to the element under consideration, the correspon-

ding stiffness terms be taken as zeroes. Uith this convention, the 

overall stiffness equation 

—L 	—M 
k AP = k Au Km n (3.-19) 

can be expressed, with the total nodal force increments given 

the sum of the elementary contributions, and the total stiffness 

matrix terms defined simply as 

M 	— L M KLkn elem 
(3-20) 

the summations being extended over all the elements in the mesh. 

In the computing stages  and to avoid unnecessarily adding up ze-

roes, a simple procedure can be provided in order to scan only 

the elements to which a particular node belongs. Of course, intere-

lement forces will be cancelled out of Eqn. (3-19), and only exter-

nal (active or reactive) forces will remain. Also, the displacement 

increments computed will be referred to the whole mesh, and the 

possibility of interelemental discontinuities or superpositions, 

arising from nodes presenting different displacements in adjacent 
elements, is removed. 

3.2.d - ITERATIVE CORRECTION OF INCREMENTAL STRESSES  

It has already been pointed out that the incremental so-

lution for plastic uroblems will 11.,T)ly stresses overshooting the 

prescribed stress-strain relation, the error produced being cumula-

tive and monotonically increasing. Techniques for correcting the 

stress field have airoady been analysed in Sub-section 3.1.b. 



three algorithms considered there are, however, intended for small 

strains, when rotations are negligible and the difference between 

the various definitions of stress and strain become 

It seems to us that the computational disadvantages of 

Yamada's(3?) and Margal's(59) algorithms become more patent in a 

Lagrangean description, when a time consuming expression for the 

elemental stiff nesses is coupled with an also time consuming ex-

pression for the constitutive tensor. An ideal corrective procedure 

should be economical from the computing point of view, and should, 

therefore, require few recomputations of the stiffness terms. 

This can be shown to be achieved by employing an alga-, 

rithm formally similar to Zienkiewicz's initial stress method(50s  

but in which 2212ILL plastic,constitutive tensors, computed at some 

arbitrary stage of the deformation process, and the corresponding 

elastic-plastic stiffness terms are used, instead of their elre=;tic 

counterparts. Such an algorithm constitutes one of the several al-

ternatives listed by Nayak(75) under the general heading of "me-

thods of residual forces". However, the subject is not pursued 

further in that work, and the following, to our knowledge, will be 

the first application of this particular iterative procedure, which 

will be fully described and analysed in Section 3.3. 

The reason for considering such an approach can be for-

mally justified by referring to Fig. 3-3: if the load increments 
are applied under the consideration of a slope smaller than the 

elastic one, the differential stresses will be reduced, and the 

number of corrective cycles required to achieve convergence to the 

stress-strain curve will be smaller. 

3.2re - FRICTION CONSIDERATIONS 

Friction constitutes an important factor governing the 

flow of material near the die/workpiece interface, in any plastic 

forming process, and its influence can become very complex. .Exact 

relationships connecting the friction resistance to the other va-

riables of the problem are not easy to express, and simplified ne-

thematical models are usually adopted. Lvitzur
(115) considers and 
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discusses the three common descriptions of friction, and lists the 

relevant literature on the subject. 

It is not the purpose of this work to establish a dis-

cussion on the validity or adequacy of the several friction des-

criptions. Instead, one will be considered, and used in connection 

with the application problem to be dealt with in the next chapter. 

It is clear that if any other description is to be preferred, only 

a sector of the formulation and of the computing program will be 

affected. 

We shall consider Coulomb friction only. Coulomb's law 

assumes a linear relationship connecting the friction resistance 

and the pressure between the contacting bodies. The proportionali-

ty factor, or friction coefficient, is assumed to be constant for 

a given pair of materials (under constant surface and temperature 

conditions), and independent of velocity. 

Explicit expressions affected by the adopted friction 

description will be presented together with the application case. 



3.3 — MODIFIED  INITIAL STRESS METHOD 

3.3.a - INTRODUCTION 

The best advantage of Zienkiewicz's initial stress me-

thod(39), which is the use of an unchanged stiffness matrix through-

out the successive load increments, obtained from an also unchan-

ged and position independent elastic constitutive tensor, is lost 

in the Lagrangean formulation just presented. As has been shown in 

Chapter 2, even the elastic constitutive tensor becomes dependent 

on the amount of deformation in the Lagrangean description: it is 

obtained by introducing the expression for Di 	l given in Eqn. jrs  
(2-11a), instead of the expression for D!jrs  in Eqn. (2-32). And 

therefore, also the stiffness terms become deformation dependent. 

It follows that the constitutive tensors have neccs,seri-

ly to be recomputed at the beginning of each new load increment, 

and it is then relatively immaterial if the elastic-plastic one is 

computed, instead of the elastic one, as was suggested in 3.2.d. 

- DESCRIPTION OF THE METHOD 

Fig. 3-5 illustrates the procedure and corrects over-
simplifications introduced in Fig._3-3, where the loci of the "new" 

equivalent stresses were arbitrarily assimilated with the stress-

strain curve. In the modified version to be presented, the loading 

slopes will only coincide with the elastic one for the newly yiel-

ded or still elastic elements. A superscript ^ will be used to 

denote interim values of the variables. The procedure is described 

as follows: 

1 - Prepare initial (elastic) constitutive ten-

sor and overall stiffness matrix. 

2 - For the given load increments solve :_nn. 

(3-19) for the incremental displacements; compute 

Green. strain increments AE. 	deformation incre- ij 
ments Aeij and equivalent plastic strain incre-

ments AV (See 3.3.c.3). 

3 — If an element is still in the elastic r, an 
comouteinterimstressinerementsAl., (Eqn. (2.-27)) 

ij 



o Initial situation 
+ Interim equiv. stresses 
o Corrected equiv. stresses 
O Final situation 

FIG_  3-5 - MODIFIED 	INITIAL STRESS METHOD 

and As..T  . (by inverting (2-29)), using the constitv- ij 
tive tensor produced at the beginning of the load in- 

,. ri2  
crement; otherwise compute first As. 13 (by (2-20c)), 

and a..13  afterwards (by (2-29)). Express 

and 

AE = H' AP. 

4 - Compute interim stresses 

.. 	S. 	A.. 13 	1 j 	13 

(3-21) 

(3-22a) 

	

s j • •= s.. 	 (3-22b) 
1
. 

	

2_0 	ij 

5 - Compute equivalent stress s and expected 
ordinate of the prescribed stress-strain curve cc. 

6 - If o < 0.995 	the element is treated as 

elastic from the next load increment; otherwise, 

6a - Compute interim slopes 

 
fir Ii i  = =0  
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and interim constitutive tensors 5! 	and b. 	. ijrs 	ljrs 

6b-FindcorrectstressincrementsAs.and 

AS. ,using the interim parameters obtained in step ij 
6a. 

6c - Evaluate differential stresses to be suppor-
ted by body forces, 

bASij  = Atij  - ASij 	(3-24a) 

and 

oAsij  = 	AsEi  . 	(3-24b) 

6d - Update and store Green strains; update 

and store new current stresses 

es

3. 
S.. = 	. 	

j 5AS. 	(3-25a) 3  

and 

s. 	sib  = s 	646,-
T  

lj 	. • 	(3-25b) 

6e - If first cycle, update nodal loads. 

7 - If an element yields during the cycle under 
consideration, find the intermediate stress level at 

which yielding will begin, and recompute stresses 

starting from that point. That is, find an adequate 

rating coefficient c, to multiply the right-  hand 

side of. Eqns. (3-24a,b), which thus rewrite as 

and 

sAs. 	 - as...) 
D. 3  

	

ClGs.. 	- 	. 

	

2.3 	 ij 	13 

(3-26a) 

(3-261)) 

(An adequate expression for c will be derived in the 

next sub-saction). 

8 - Compute nodal forces which equilibrate 
the differential stresses. They can be expressed from 

Eqn. (3-8b) and are given by 

= 	a. 15A3. (6 	+ aj ) (WO . 	(3-27) o 	ij jk V 

9 - Check the error of the interim equivalent 
stress s against the current ordinate of the stress- 
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strain curve 	. If above a prescribed limit (0.5% 

in this work), and if a prescribed maximum number 

of corrective cycles has not been achieved, repeat 

procedure from step 2; otherwise, replace yield 

stresses, equivalent stresses, slopes and constitu-

tive tensors by the interim counterparts, recompu-

te overall stiffness matrix and remove residual 

forces from existing load system. If termination 

criteria not satisfied, repeat procedure from 

step 2. 

3.3.c - ADDITIONAL REMARKS 

This modified procedure, as well as Zienkiewicz's(39) 

constitute variants of Newton-Raphson's "constant slOpe" method. 

As has been pointed out by Argyris and Scharpf(65) 

the initial stress method tends to converge slowly, especially 

in conditions of near perfect plasticity. This drawback should, 

in principle, be minimised in the alternative procedure just des-

cribed, except possibly at the early stages of deformation, when 

both procedures coincide. Fig. 3-6 justifies this statement. 

With the elastic extrapolations (a) , the corrective stresses 

will represent a substantial part of the originally applied. for-

ces, the more so if the stress-strain curve is very shallow. 

	

With elastic-plastic extrapolations, as in (b) 	fewer itera- 

tions are required to bring the stresses to within a prescribed 

tolerance range. 

In fact a deterioration of convergence conditions does 

occur when plastic deformation increases, as the updated consti-

tutive tensors become less and less diagonally dominant. That is, 

the terms for which the indices 

i 	r 	and 	j = 

which are originally much larger than the remaining ones, decrease 

in absolute value, whilst the other ones are increased. This 

fact is also translated into the stiffness matrix, and the itera-

tive solution algorithm for Eqn. (3-19) tends to become ill-con-

ditioned..Converg ence requires more and more cycles, and eventually 

fails to occur. For this reason, it is advisable not to update 

the constitutive tensors in step 9, once the plastic deformation 



a) Original Method(39)  

Convergence Tolerance 

b) Modified Version  
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FIG. 3-6 - CONVERGENCE OF INITIAL STRESS METHODS 

reaches some prescribed level. 

3.3.c.1 Rallu factor  
Fig. 3-7 illustrates the incremental procedure for one 

newly yielded element in the finite element mesh. This figure is 

similar to the one presented by Yamada(37), reproduced here as 

Fig. 3-1. 

In the figure, point A corresponds to the initial (e-

lastic) situation; C and C' correspond to the initially (e-

lastically) computed increments; and B and Bt  correspond to 

the initial yield surface. The parameter 	1  which expresses 

the fraction of the applied load increments which will exactly 

yield the element, is given by 

AB c = 	 s1 

AC 

Here, using the notation of the figure, 



ci T 
I 	 OA = s (Previous) 13 

08 = ko  

OC = s (Interim) 

AC = As 
AC' =  Lis  

Stress •ath 	 = 
AC 

FIG. 3- 7 STRESS SPACE REPRE- 

SENTATION FOR ESTIMATION OF RATING COEFFICIENT c 

AC = A s 

and 

AB = 2  [r 
with 

F  = 	E2 	(s 	A  E )2 . 

The rating coefficient is thus finally expressed by 

*2 	4 As (h ?- 2 	=2 
s )  

2 As' 
= r  (3-28) 

Of course, if the relevant element remains in the elastic range 

during the iterative step under consideration, this parameter is 

simply set to one . For already plastic elements, of course, its 

value is zero. For a first load increment, starting from an un-

stressed situation, points 0 and A coincide, and the rating 

coefficient reduces simply to 
• 

= OB'  • 
OG' 
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3.3.c.2 Limiting the number of corrective cycles 

Even the modified version of the initial stress method, 

as described in 3.3.b, may require a relatively large number of 

corrective cycles until the computed stresses fall within a pres-

cribed tolerance range from the stress-strain curve. As Nayak(75) 

suggests, however, the process may be arbitrarily interrupted at 

any stage, provided the last set of corrective (residual) forces 

is subtracted from the applied forces, and thus removed from the 

system. 

This feature has been introduced_in the procedure des-

cribed in the previous sub-section, in the form of a check in step 
9. 

3.3.0.3 - Plastic strain increment 

The increment of the equivalent plastic strain increment 

for each yielded element is computed using(5)  

st2.211  
AEP 	 (3-29) 

E (1 4. H'/3G) 

This is clearly an essentially non-negative variable, and this fact 

is used in the computer program to check the validity of the re-

sults. 

3.3.0.4 - Drift from stress-strain curve 

If the correction of stresses - in the initial stress me-
thod - is performed using the instantaneous constitutive tensor, as 

prescribed by Zienkiewicz(39) a progressive drift from the pres-

cribed stress-strain curve becomes unavoidable, as is illustrated 

in the first two corrective cycles in Fig. 3-5. 

BY correcting stresses by means of slopes defined by Erin. 

(3-23) we follow ;3wedlowts(77) correction procedure, thus bringing 

the image of the corrected stresses nearer to the stress-strain 

curve, as illustrated in Fig. 3-5, for the last two corrective cy-

cles. 
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- CONCLUSION 

The preceding sections contain a formulation to be used 

in the incremental analysis of problems of large strains and large 

displacements, coupled with nonlinear material behaviour. It is 

thus suited for the analysis of metalworking processes. The res-

trictions introduced are: 

a) Small elastic deformations, guaranteeing 

the decomposition of strain into purely elastic 

and purely plastic components; 

b) Absence of Bauschinger effect; 

c) Isothermal deformation; 

d) Isotropic material behaviour. 

Restriction d could be easily lifted by abandoning the 

symmetry properties of the constitutive tensor. The final expressions 

obtained in Section 3.2 would not be applicable, but alternative ex-

pressions could easily be produced. However, computing times, when 

using such a formulation, would be dramatically increased. Restric-

tions b and c might also be removable without substantial diffi-

culty in the derivation stage, but one should expect that computing 

times would be again substantially affected. Restriction a is the 

most decisive one in the formulation; should it be lifted, a subs-

tantially new formulation would be required, and for that purpose, 

Lee's(33) and Freund's(1111) work might prove to be of invaluable 

help. 



CHAPTER 4  

APPLICATION AND 

COMPUTER PROGRAM 

IMPLEMENTATION 

4.1 - INTRODUCTION 

The preceding chapter has been presented in general 
terms, with no restriction to any particular application case. 

When one is considered, a set of force and/or displacement boun-

dary conditions has to be introduced, and eventual geometrical 

restrictions, such as symmetries, should preferably be considered. 

The latter may allow for savings in computation, by the possibili-

ty of avoiding unnecessary calculation, using the finite element 

mesh over part of the continuum only. The former will give more 
explicit expressions for the nodal forces and influence the solu-

tion of the incremental force-displacement relationship (Ein. 

(3-21)), either by prescribing in advance certain nodal displace-
ments and/or forces, or by establishing a relationship between 

components of these displacements and/or forces. 

A particular application will also envisage a particu-

lar material, and particular ranges of strain-•rate and tempera-
ture. These will define the flow stress in terms of the amount 
of work-hardening produced. 

In the following, expressions derived in the preceding 

- 88 - 
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chapter will be applied to the radial upsetting process, and the 

deformation of aluminium of commercial purity. The computer pro-

gram for this particular application will be implemented. 

For a description of the radial upsetting process we re-

fer the reader to Section 5.1. 

4.2 - MATERIAL CONSIDERATIONS 

In Chapter 5 the choice of commercial purity aluminium 
as the test material will be justified in terms of the heating fa-

cilities available. Our aim in this section is to supply an ex-

pression for the flow stress for this particular material, in the 

situation of the test, in terms of the instantaneous plastic de-

formation produced. 

The importance of using adequate stress-strain relations, 

and ways of obtaining them under prescribed conditions has been 

fully studied already. In addition to the historical work of Cook 

and Larke(115),  a series of more recent works deals with the des-

cription of methods and testing conditions(116-122) and/or the pre-

sentation of data(119-124)  for several materials. A number of pa-

pers analyses the effect of processing on the properties of the ma-

terials(125).  Suzuki et al(122)  present a comprehensive collection 

of results, covering an extensive number of metals and alloys, con-

sidering the effect of strain, strain-rate and temperature. Mohit- 
(121) pour 	considers the heat generated during deformation and pre- 

sents an incremental method for obtaining stress-strain curves to 

large strains, at high strain-rates and sub-critical temperatures; 

at every step the temperature field is updated by means of a finite 

element technique. 

A question arises as to the use of data. Swedlow(77) pre-

fers to deal with tabular data for a discrete number of values of 

the plastic strain (strain-rate and temperature being assumed cons-

tant) and uses linear interpolation for intermediate values. 

Hackett(119)  prefers to assimilate a mathematical equation to match. 

the experimental data. Suzuki et al(122) present the results in 

graphical form, as do Lengyel and Mohitpour(123);  both plot also 

the experimental results. 
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A mathematical equation is perhaps more suited for analy-

tical procedure, but the user must always be aware of the limits 

of validity of the equation. Hocketrf119)  obtains his :-esults for 

commercial purity aluminium by means of a cam plastometer; he pre-

sents an extensive review of literature and selects four equations 

to fit the stress-strain curve, under unchanged conditions of strain-

rate and temperature. They are the 

Power equation 	k = A (gP)m  

- Ludwik's equation 	k = A + B (gP)m t 

Swift's equation 	k = A (B 	gP)m  

and 
p 

Voce's equation 	k = A 	(A - 13) eme  

where. A, B and m are constants, and e l  in Voce's equation, 

is the Naperian logaritrnic basis. Hockettthen proceeds to fit the-

se several equations to his tabular experimental data, using the 

Los Alamos General (Nonlinear) Least Squares Program, thus finding 

the best values for the several constants, for every one of the 

four forms of the stress-strain equation. 

His results must be accepted, as he stresses, in global 

terms. The best fit is obtained in statistical terms over the who-

le range of strains considered (up to 0.7), but local errors can 

restrict the applicability of the equation. For instance, at low 
/ strain-rates (less than 11.5 s-1) and at a temperature of L-0°  C 

the best fit for larger strains is supplied by Swift's equation; 
However, the constant B is found to be negative, which means 

that the flow stress drops to zero for 

e = B 

and assumes complex form below. that value. The equation, therefore, 

has no signification at strains below 	and the error with res- 

pect to the tabular data is substantial in the immediate vicinity 

above that critical value. For 'e = 0.114 3-1  , for instance, he 

obtains 

k = 35.658 (.0.010865 4 CP)°°152  1.1N/m2  

(we have converted his A constant to SI units), which matches 5a- 
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tisfactorily his experimental curve for -elp 	0.1, but below that 

value the error becomes considerable. 

We therefore decided to abandon Hockett's coefficients 

and to fit an equation, in Swift's form, to match his experimental 

data. Swift's formula contains three parameters to be defined, and 

the natural procedure would be to write the formula for three of 

the datum points, and to solve the resulting transcendental equa-

tions. Such an approach, however, does not yield satisfactory re-

sults, whatever the three-point sample may be, the reason being 

the presence of a marked "knee" in the data at about 2P  = 0.1. 

The consequent approach is then to find coefficients from the se-

veral possible three-point combinations, and then to analyse the 

results and to suitably modify them in order to improve the fitting 

to the experimental data. Having done this, we found, for strain-

rates of the order of 0.114 s-1 and temperature of 400°C, 

k = 36.078 (0.0417 	P)001908  NN 2 	(4-1) 

and this expression is used in the rest of this work. This equa-

tion gives 

ko = 36.078 x 0.04170'1908  - 19.677 MIT/m2 	(4-2) 

for the initial yield stress. Fqn. (4-1) is plotted in .Fig. 4-11  

and compared with Hockett's equation, which fits the data better 

at higher values of strain. The discrepancies between the two e-

quations at lower values of strain can be observed, but is shown 

more drastically in a logaritmic plot, as seen in Fig. 4-2. 

Hackett(119) does not provide personal data for tempera-

tures above 400°C, but: he compares his results at this temperature 

with the ones presented by Alder & Phillips(120),  for temperatures 

of 350 and 450°C. Although their experiments were restricted to in-

termediate values of strain-rate (1 to 40 s-1)1  the agreement ob-

tained by Hockett is good. However, Alder & Phillips's results pre-

sent a high degree of scattering, which means that extrapolations 

to very small strain-rates become extremely unreliable, and a lo-

cal comparison with Hockett's results is impossible. 

A more recent work by Evans and Dunstan(16) is restric-

ted to strain-rates above 27 s-1. Although a thorough examination 
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of the behaviour of the material is presented, considering loading, 

unloading and reloading (with varying delay times), covering tempera-

tures up to '+80 0, and backed by electron-microscopy analysis of 

the effect of deformation on the structure, the lack of small strain--

rate data does not allow the use of their results for the purposes 

of this .work. 
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data(120) for their common range of strain-rates suggests that an 

increase in temperature from 400 to 4500C produces a drop of the 

order of 20 to 25%in the flow stress. however, as mentioned befo-

re, this conclusion cannot be extrapolated reliably to very small 

strain-rates. vn the other hand, as shown in our paper(127),  pre-

sented as an Appendix to this work, the variation in temperature 

to be expected to occur in the deformation zone, in a radial up-

setting experiment, will not be more than about 200C, except possi-

bly in the immediate vicinity of the roller/specimen contact sur-

face. Neglecting such local effect, a constant temperature flow 

curve could be used for the whole deformation zone, with no subs-

tantial error. 

4.3 - APPLICATION. TO THE RADIAL UPSETTING PROCESS 

When restricting the formulation presented in Section 

3.2 to the radial upsetting process, the specific boundary condi-

tions must be expressed, as well as certain specific geometrical 

. relationships. 

- Reference Satma  

In order to achieve this, we start by locating the coin-

cident, coordinate systems mentioned in Chapter 2 with respect to 

the undeformed specimen. As is shown in Fig. 4-3a, where the thick-

ness of the specimen and of the roller have been intentionally and 

grossly exaggerated, the origins of both coordinate systems are ta-

ken at the centre of the mid-plane of the specimen. Axes X
1
, x

I 
initially connect the rotation axes of specimen and roller, while 

axes X-
)  x3 

 are coincident with the geometrical axis of the spe-

cimen. Axes X2 , x
2 are then taken perpendicularly to those, and 

oriented upwards, to form left-hand systems. Both coordinate 6a-s-

tems 'Ail be assumed to be resident in the specimen, and thus to 

rotate about the axes X
3 
 , x3  as deformation progresses. This 

means that after deformation starts, the first axes will no longer 

intercept the rotation axis of the roller. 

A comparison of Hockett's(119) and Alder and Phillips's 
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We now replace the set of external and friction compo-

nents of nodal forces by a new set, comprising both the external 

(applied) and friction term. 

If a force acts perpendicularly to the cylindrical man-

tle of the specimen, and exactly on its mid-plane (Fir;. 4-3a), 
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the friction component will be tangential, and the effective 

force components will be given by 

P1  = - IPI (cos a 	ti sin a) 1  

P2  = — 11)1 (sin a - 4 cos a) 5 

P3 = 0, 

due to the symmetry of the specimen and of the deformation pro-

cess. when the force does not act on the mid-plane, the corres-

ponding friction force will no longer lie in the mid-plane and 

neither will it be parallel to it (Fig. 4-3b), and will thus 

present an axial component. An assumption has to be made as to 

the magnitude of this component, and we will accept that it in-

creases linearly with x
3 

whilst the tangential component drops 

accordingly, falling to zero at the edge of the contact area. Un-

der this assumption, if T is the instantaneous thickness of the 

specimen, the tangential and axial components of friction 

be expressed respectively by 

p. IPI 
and 

/ax,\ 
p. PI .-7--zaj 

consequently 

1 IPI (cos a + 
2x 2 

1 	) sin a) 	(4-3a) 

2x-. 2 
IPI (sin a 	 cos a) 	(4-3b) 

and 

(77) 
P3 	IPI u 	• (4-3c) 

In a general situation, if an external force has coor-

dinate components P1  , P2  , P3  , and a normal component Pn 
(with respect to the contact Surface), the effective total com-

ponents would be expressed by 



and 

Pi  
eff 

2
off 

P.z 
'eff 

= 

= 

p 
1 

P2 

P3 	- 

Pnl 
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(4-4a) 

(474b) 

(4-4c) 

2 2x, ( 
sin a , 

23c . 	
2 

(--L) cos a. 

(2x31 

similar expressions holding for incremental terms. 

4.3.c - BOUNDARY CONDITIONS  

For the sake of computing economy, only a sector of the 

specimen, comprising the roller/specimen interface and the plas-

tic deformation zone, is used to house the finite element mesh. 

Fig. 4-4 illustrates the partially deformed specimen in a typical 

instantaneous situation, with the volume element housing the mesh 

removed. It is clear that a set of boundary conditions has to be 

imposed to establish the equilibrium between the removed sector. 

and the rest of the specimen. Forces as yet unknown must be assu-

med as acting over the sector, on the interfaces ABCD , DCC'D' 

ATBIC'Dt and ADD'A' , to compensate for the effect of the rest 

of the specimen. Displacement boundary conditions must be imposed, 

which are compatible with those forces. Three different situations 

arise, for mid-plane nodes, for nodes in the cylindrical surface 

DCC'D' and for nodes in the limiting radial planes. More complex 

situations arise when a node belongs to more than one of those 

boundaries. 

4.3.c.1 - Over the iiid-p3ane 

Nodes lying on the mid-plane face of the sector (surfa-

ce ADD'A' in Fig. 4-4) must not, due to the symmetry of the spe-

cimen and of the deformation process, present axial displacements. 

That is we have to prescribe in advance 

U,
2 
 = 0 

and obtain an axial force component Y3  which makes this condi-

tion become true. Or, in the incremental formulation, we prescribe 
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FIG. 4-4 - DETAIL OF FORMING ZONE 
WITH SECTOR OF SPECIMEN REMOVED 

FOR FINITE ELEMENT ANALYSIS 

,x2 

x3  ,x3 

(Forming roller not shown) 

and find a suitable value for the force increment (nodal reac-

tion) AY3. 

1 .3.c.2 - Elsewhere in the Sector/Specimen Interface  

The first idea for a boundary condition in this region 

is to assume the interface to be sufficiently removed from the 

forming zone so as to lie completely in the elastic region; thus, 

Hertz's contact theory could be applied to express the boundary 

condition. However, an exact mathematical formulation becomes ex-

tremely laborious. A simple approximation which might be sugges-

ted would be to assimilate the large diameter, peripherally loa-

ded specimen to a semi-infinite body under the action of a concen-

trated - or even a distributed - load, am presented, for instance, 

in Timoshenko and Goodier(128) pgs. c5-91. A considerable effort 

has been spent to implement such a boundary condition, but without 

successful results. In the formulation we obtained, the incremen- 
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tal force-displacement relationship proved to be extremely ill-

conditioned, due to discontinuities introduced by the boundary 

condition. Convergence could only be obtained for the first load 

increments, and after considerable effort in the search for an 

adequate over-relaxation factor. 

In the end we decided to abandon completely the Her-

tzian approach, and to express these boundary conditions alter-

natively by two sets of equations, one for the radial planes, 

and one for the cylindrical interface. 

Here again, our original aim was to impose simply a 

rigid boundary hypothesis, 

. 1, 2, 3 , 

and consequently also 

,607. = 0 	i = 1, 2, 3 	(4-6) 

throughout both the radial planes and the inner cylindrical man-

tle, with nodal reactions to be derived from Eqn. (3-19), under 

• the consideration of (4-6). Such an assumption could be justified 

if the boundaries were kept sufficiently removed from the centre 

of pressure. This requirement imposed the use of a finite element. 

mesh covering a very large fraction of the volume of the speci-

men, contained in a very large central angle, and thus becoming 

extremely expensive. On the other hand, if the boundaries were 

brought too near to the centre of pressure, the artificiality of 

Eqns. (4-6) became patent, giving rise to exaggerately high no-

dal reactions, as soon as the plastic deformation approached 

the lateral boundaries. 

Considering the fact that the radial depth of the me-

shed volume was made sufficiently large to preserve the afore-

mentioned remoteness requirement, En. (4-6) was kept as boun-
dary condition for the nodes situated in the inner cylindrical 

mantle. 

For the radial planes ABCD and A'B'C'D' 	however, 

this condition was relaxed to allow for some sort of displacement 

of the boundary nodes. 6overal alternative formulations were ini- 
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tially considered and eventually abandoned for the lack of pro-

per physical significance or simply for being grossly unrealis-

tic. In the end, a simple condition expressed by 

Aug = 0 
	 ( 1 f-7) 

was simply adopted, to which the condition expressed by Eqn. 

(4-5) was added in the case of mid-plane nodes. We do agree 

that such an expression would hardly be justifiable if a long-

range solution were to be sought, covering a wide rotation angle 

of the specimen. However it can be accepted for the indentation 

problem (See Section 4.5) and even for the radial upsetting pro-

cess if the rotation angle- is kept small, as eventually happened 

in the applications to be described in Chapter 6. 

4.3.c.5.- Contact Area 

A boundary condition remains to be expressed for the no-

des lying in the contact zone with the roller:. - We refer here to 

Fig. 4-5. Nodes in this location are constrained, by the geometry 

of the process, to present, for a given load increment, the same 

displacement increment Alla , corresponding to the direction 

connecting the centres of the specimen and of the roller, as shown 

in the figure. The assumption is not strictly true, since it does 

not hold for material entering or abandoning the forming zone du-

ring the load increment. These. exceptions, however, represent. on-

ly a small amount of the total forming zone, and can be neglected. 

On the other side, the forming zone is small with respect to the 

radius of the. specimen, which allows us, in order to simplify the 

resulting formulation, to assimilate Qua  with the radial dis-

placement increment. Thus we have 

and, therefore, 

Aur = constant 	(4-8) 

will express the boundary condition for the nodes lying in the 

contact zone. This condition will be used to redistribute the 

forces acting over the contact area, and thus, to find the 
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correct load distribution, from any assumed initial distribu-

tion. 

4.3.d - DELIMITATION OF THE CONTACT ARC 

A procedure has been introduced to check whether - in 

any instantaneous situation - a node is in contact with the for-

ming roller or not. This can be easily verified by simple geome- 

trical relationships, obtained from Fig. 4-6. Let AO :TT; ;-) 1,  2' 
represent the node about to leave the contact zone, and 

B(7,' 72' 73  ) represent some arbitrary node to be checked (ins-
tantaneous coordinates will be relevant in the derivation, and 

are the ones used to express both points A and B) . Let f 

and R represent, respectively, the instantaneous radius of 

each of these nodes, and a be the angle by which the axes Xi , 

x
1 are separated from node A. The distance f, indicated in the 

figure, is then expressed by 

= (Rr + fl) cos a 

=xl  (1 + 	(4-9a) 

If R' is the distance from the axis of the forming roller to 

node B, then 

= '1/(f - 71)2  -1- (;:2 	.1* tan a)2  

= 	=  2.1/ 	(
"2 - 

x2 )2 
(4-9b) 

and obviously 

for contact, and 

otherwise. 

r = Rr 

R' a  Rr 
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4.3.e - CONTACT ANGLES IN ROLLER AND SPECIMEN 

The contact angles in the specimen and in the roller 
can be obtained from Fig. 4-7 if it is assumed that the total ra-
dial reduction AR achieved at a given moment is known. Of cour-

se, the limits of the contact arc may not necessarily represent 
nodes in the finite element mesh. Two equations can be expressed 
from the figure, involving the contact angles: 

P
r 

n "Kr = Itsin X s 
and 

R
r 
cos t = R + P

r - 	R cos xs 

By squaring and adding up these expressions, the angle 	can 
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be eliminated and by simple mathematical manipulations 

R2 4. (Ro 	Rr - 11R)
2 

- R
2 

2R ( Ro 	Rr - AR ) 

can be obtained. This expression can now be introduced in the 

second of the original equations, giving 

R2 + (R + Rr 	AR)2 	R2 

In both Eqns. (1+-.lOa,b) R represents the instantaneous radius 

of the specimen, after a number of revolutions under the action 

of the forming roller, while Ro  represents the original (unde-

formed) radius. At the early stages of deformation (first revolu-

tion of the specimen) they are, of course, identical. Second or-

der effects, as the accumulation of material ahead of the for-

ming roller, as deformation progresses, were considered negligi-

ble in this derivation. 

Fig. 4-7b plots Rs  and xr  as a function of the rela- 

tive. radial penetration AR/R0, for R = Ro  and Ro/Rr 	3. 

4.4 - IMPLEMENTATION OF THE BOUNDARY CONDITIONS 

4.4.a - ITERATIVE SOLUTION OF INCREM7NTAL DISPLACEMENTS 

It has been shown in Section 3.2 that equilibrium in 

this finite element formulation is expressed in the elemental 

form by Eqn. (3-12), and in overall terms, under the provisos 

mentioned in Sub-section 3.2.c, by Eqn. (3-19), 

-71,11 Ap 	L Au k 	. 	
n 

If all components of the nodal force increments could be known 

in advance, Eqn. (3-19) would simply be used - via some suitable 

solution algorithm - to supply the corresponding nodal displace-

ment increments. If the Gauss-Seidel iterative rrocedure is used, 

it would be preferable to rewrite the equation, temporarily aban-
doning the summation convention, in the form(25,129,133-135) 

cos X
s - 	r  (4-10a) 

cos /kr 2 Rr  (Ro 	Rr 	AR) 
. (4-10b) 
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M=1 n=1 	fi= 
L+1 

n=1 

3 
-IL - 
Y°kn AuL  = AP -L 

n 	k 
(4-11) 

Nn  being the total number of nodes in the mesh. This equation 
can now be thought of as representing a subsystem supplying the 

incremental displacement components for node L ,in terms of 
newly computed displacement. increments for nodes 1 up to L -1, 
and of "old" estimates of the same for nodes L + 1 up to Nn  . 

Talking in terms of the iterative steps, Eqn. (4-11) would give 
th 	1 	th 

the i 	estimate for u
n in terms of the i 	estimate of 

-M 
• u119  M = 13+1, ... I Nn . In the specialized literature 133) 

this subsystem approach is known as "block relaxation". 

-LL If Fqk denotes the terms of the nodal self-flexibi- 

lity matrix, obtained by the inversion of 	then 

Adding and subtracting 

LL -LL 
1C, 	Ef qk (4-12) 

     

n= 	n 3.   

to Ear- (k-11) and introducing also Eqn. (4-12), it can be re-
written to the form 

-L .Au I 	= ATIL  
q • 

3 
FLLE A ,L 

i-1 	k=1 	k  

 

Nn -  Z2_ I, Au 	, (4-13) kn 
II=L n=1 	L  1-1 

the indexed auxiliary bars denoting the iterative step, or cycle, 

in which the incremental components involved were obtained. The 

whole expression involving the flexibility factors can be under-
stood as supplying the variations in the particular incremental 

components, due to the iterative procedure, and expressed simply 

as 6(Au
L 
 ) . To accelerate convergence, an over-relaxation fac- q 

tor-  w can be introduced
(25129-135) 

giving the "block successi-

ve overrelaxation- method". Ean. (4-13) is then rewritten as 
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(4-13a) 
—L = Au 	w -, 5 uL  ) q - 	c11-1 

  

Such a solution algorithm will be disturbed in the pre-

sence of displacement boundary conditions, when the incremental 

displacements for some nodes are prescribed in advance, or when a 

known relationship exists between its components, the incremental 

forces being then the unknowns. The immediate but clumsy way out 

would then be the removal of the corresponding equations, the so-

lution of the reduced system of equations, and the return to the 

removed equations for the calculation of the unknown force compo-

nents. A different procedure will be followed here. If the double 

summation terms in Eqn. (4-13) are abbreviatedly expressed as 

AQ
L  and if the summation convention is reintroduced, that equa-ls I 

tion rewrites to 

 

L 	—L Au 	= Augq • 
LL - 	- W I ' qk (AP-

L 
 - AQL-) k i-1 

or simply 

  

8(6,7126) = (017-111.2 	- k (4-131)) 

If the displacement increments are prescribed in advan-

ce, the variations 8(Au ) should vanish, and convergence would 
require 

L APk 	A E.1L  

For programming purposes a procedure is sometimes 

followed(254°)  in which the force increments AYL  of boundary 

nodes are arbitrarily set to zero in advance, the self-flexibi-

lity terms being adequately modified so as to make (for t = 1) 

	

L -IL -L -L 	-L $5(Au ) = F--  (AP= - 60-) = 	qk 	. 	(4-14) qk k 

The known relations imposed by the boundary conditions will allow 

the computation of the modified flexibilities FLL  and - if ne-
cessary - the unknown nodal reactions can be obtained after con-

vergence is achieved. However, the computation of these reactions 

can only be possible if both the old and new (modified) flexibi- 
ee 

lities are stored, as well as the internal forces AQ
.c,  
 • Once 

the incremental displacement field has been found, Eqn. (4-14) 
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can be rewritten to express AP/t  in terms of these variables. 

Of course, in elastic (one step) problems, the reactions may not 

be required, and this procedure can be followed withort imposing 

excessive storage burdens on the computer. This is not the case 

in the present formulation, so an alternative formulation is em-

ployed, in which the nodal incremental reactions are computed at 

the same time as the displacement increments. Such a procedure 

is described in 4.4.c. 

4.40b OPTINIZATION OF THE OVER-RELAXATION  FACTOR 

The solution of the system represented by Eqn. (3-19), 

with the associated boundary conditions, could be a direct or an 

iterative one(135136).  It is not the purpose of this work to 

delve into the relative merits of the several possible alterna-

tives of every possible solution method. This has been done el-

sewhere in general(129,133-135) and specific situations(136). 

The solution of large, commonly sparse, linear systems 

by successive over-relaxation, as implemented above, is widely 

employed in finite element applications, and will be repeated 

here. A common characteristic of such applications is the arbi-

trariness with which values of over-relaxation are prescribed, 

which does not always lead to the most economical solution. 

In our treatment of Eqn. (3-19) we employ a technicue 

for improving the value of the over-relaxation factor, in order 

to bring it closer to the optimum one. As the stiffness matrix 

chances from one load increment to the next, so does the corres-

ponding optimum over-relaxation factor, and the optimizing tech-

nique must, therefore, be used at all times. 

In general the optimum over-relaxation factor is a 

function of the eigenvalues of the iteration matrix of the sys-

tem to be solved. There are explicit expressions for that pur-

pose. However, the task of finding reliable estimates of these 

eigenvalues is generally cumbersome and more time-consuming 

than operating with a non-optimum factor. Nevertheless, there 

are techniques(129-132) which allow for the optimization of the 

value of the over-relaxation factor during the solution process, 
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at relatively little additional expense and effort, and producing 

remarkable acceleration in the convergence process. These techni-

ques impose certain requirements on the system matrix (in this 

case the overall stiffness matrix) which are not always met in 

practical applications, but they work satisfactorily (though not 

optimally) if certain of those requirements are not satisfied. 

That is the case of our stiffness matrix, which does not possess 

Young's "Property A"(129). However, in despite of this fact, we 

employed the optimization technique proposed by Carre(130) and 

by imposing stricter controls on the newly estimated over-rela-

xation factors, managed to obtain very good results, with drama-

tic reductions in the number of cycles required for convergence 

(as compared with a single pre-established value). Our results 

seem to indicate an effective way of extrapolating Carr;'s tech-

nique for the case when the system does not possess "Property At'. 

The technique - as we used it - is fully described in Appendix 1, 

at the end of this work. 

4.4.c  — IMPLEMENTATION OF THE BOUNDARY CONDITIONS 

As all our boundary conditions have been expressed in 

terms of the vanishing of one or several of the displacement com-

ponents, we follow an apparently simpler solving scheme which 

will be described below. In what follows, the triad (q, r, s) 
will be taken to represent a positive cyclic permutation of 

the set (1, 2, 3). 

4.4.c.1 —  Case when  one component of  displacement vanishes 

The relevant boundary condition rewrites, from Eqn. 

(4-13b), simply to 

rL-  (A57-k1- 	"L )= 0 , 

q being the direction along which the displacement is zero. 
From this equation the corresponding unknown incremental nodal 

reaction ,ATL  is obtained as 

LL 	;en F....a 
-T-14 -L (e -I, -I, l'os L L Al,  r.. A() --- (L 	- A(1L) - -- (AP- - Au-) . (4-15) q 	'cl, 	 LL r 	'r 	.a.LL 1 	s 	's 

gq qq. 
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4.4.c.2 -• Case when two components of displacement vanish 

Here we have two equations, 

qk 	k 

and 

	

L 	 L 

	

ric.. (APk 	k) = " 
0, 

from which, as above, the unknown incremental reactions 

LL -LL LL -LL -L -L 
-L 	-L 	

(F F 	F F-  ) (AP 	AQ ) r/.2s 	or rs 	s 
AP = AQ 	-LL  I'LL'  •-IL F-IL F 	-F  qq rr qr rq 

and 

	

-LL -LL -LL FLL )  (413L 	A771.4)  (F F 	F.  F' -L -L APL = AO - 	os 	s 

	

r "'r 	-IL 	-IL -LT, 
F
qqrr 

F
qr 

Frq 

are obtained. 

(4-16a) 

(4-16b) 

4.4.0.3 A  Rigid nodes 

In that case the unknown incremental reactions become 

simply 

L 
APk
L  = AQk 	k = 1- , 2 , 3 . 	(k.-17) 

4.4.d - EXTERNALLY  LOADED NODES (CONTACT •AREA) 

The basic problem related to the nodes lying in the 

contact area between forming roller and specimen is that there 

in no advance knowledge as to how the applied load distributes. 

The boundary condition expressed by Eqn. (4-8) and illustrated 

in Fig. (4-5) will be used to solve this problem. 

Let it be assumed that the distribution of the applied 

load over the contact area is known at the end of a loading in-

crement, and that the distribution in the next step is to be 

found. The starting point in the derivation consists in assu-

ming an arbitrary distribution of the incremental load (eg, uni-

form over the contact area, for simplicity, or proportional to 

the current load distribution). At the end of an over-relaxation 

cycle such arbitrary distribution will produce a set of nodal 

displacement increments in which, for nodes in the contact area, 



where 15Ur stands for all the additional terms, which are not re- 

levant in this derivation, provided that changes in 5(An
r
1  ) pro- 

duce duce changes in APr only. In that case 

APr
L 	AO 	[o(CliL) - 81J-] - 	-L 

	

r 	-IL 

-L , 
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the boundary condition expressed by Eqn. (4-8) will probably be 
violated. The load distribution, thus, has to be altered, and this 

is achieved by suitably replacing the displacement increments for 

the relevant nodes by a new set satisfying that equation and by 

correcting the initially assumed load increments in terms of the 

deviations introduced in the computed displacement increments. 

The procedure is repeated at the end of each over-relaxation ite-

ration, until convergence is obtained. 

This assertion can be proved as follows. If Eqn. (4-13b) 
is rewritten in cylindrical coordinates - dropping the over-rela-

xation factor, which eventually cancels out anyway in the deriva-

tion, the first (radial) component of displacement variations 

would be expressed by 

-L 	-IL -1 -L 	-L 
r rr r 15(An) = F (AP-  - 	511r1  

rr 
= If APr
L   is the true radial force increment - that is, 

= the one for which Eqn. (4-8) is satisfied - and 5(Aur
L  ) the 

corresponding variation in the radial displacement, obviously 

also 

1 	= APr  = Air 	- 	6 (Au-) - LL  Fu rr 

holds true. Subtracting this equation from the preceding one, 

= 	- 	1 r 	 L 	-L APr
L  - APr

1 
 = -- Lo(A 17) - o(Au;)] 	(4-18) -LL F rr 

is obtained. 

Considering now all nodes in the contact zone, clearly 

holds, the summation extending only to nodes in the contact 



rr 

L 

z o(Au-17,) 

L LL F--  
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zone. Eqn. (4-18) can thus be rewritten to 

As the true force increments produce the same varia-

tions in radial displacements for all nodes in the contact zone, 

it follows that 

s- 6 (Al) 

L r-  I, 	rr 
O(Aur

) = 	 • 7 
-LL L F-- 
rr 

(4-19) 

This equation shows that the boundary condition (Eqn. 

(4-8)) will be satisfied for a radial displacement increment 
which corresponds to a weighted average of the computed varia-

tions in radial displacement, the weight factors being  the reci-

procals of the radial-radial self-flexibilities. Those can be ob-

tained from the Cartesian components of flexibility - for a node 

- by 

	

-LL --LL 	2n 	-LL 	
sin f3 	-LL . 2n if 

	

= F-- cos D 	(F-- Fs) sin@ cosf3 + F-- sin o , k4-20) 

	

rr 11 	12 21 	22 

13 being  the position angle shown in Fig. 4-5. Obviously, this 

equation is applied irrespective of the fact that other bounda-

ry conditions may apply to the same node. 

The Cartesian components of displacement variations and 

force increments must now be accordingly altered. The radial and 

tangential displacement variations relate to their Cartesian coun-

terparts by 

8 (Aiirl") = 6 (ATIIp cos 13 	+ 6 (6,71-') sin  13 2 
and 

6(65L ) = 6(AU) sinf3 	.5(A-17L ) cosf3 1 	2 

If no substantial change is assumed to have occurred -

due to the correction made - in the tangential component, that is, 

if 



6(alp = oufp 	( 45(0;) 6(IGIJ)] cos 13 

=L 	-L 	=L 	-L bau2) = El(Au2) + [6(Aur) - 6(Aur)] sin 13 . 

and. 

VATiI)] 

-LL -LL F11 F22 

(7'11" sin 	yIL coo 3 21 (4-22'0) = - 1 APL 2 = AP
L  + 2 W -LL -LL F

12 F21 
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SC u) 	6(Au), 

the corrected Cartesian components will, be expressed 

These two expressions can now be introduced in Eqn. 

(4-13b) giving ultimately 

	

ro(AP) 	15(ehj (.5;1,1, cos 	1-,LL 	n)  
=L 	 1 1 4 	r' 	r 	\-22 	12  
1 1 w 	-LL 	 ..T7LL 	1(4-22a) AP = AP + 

"11 122 - 112 121 

and 

[6(&) '' 6(07j)] 

6(AU7) = 6(AU7) + > 	
r [-LL ,-IL -- F 	(F 	cos 13 - F12 sin 13 ) -IL L 	-L 	r 

	

> 	7IL tAL 	t;.IL 31 22 
111 122 	12 J 2.1 

I -I 	-IL 	1 
+ F3.2.

L 	L (Fil  sinn - F21  cos 13 )] . 

(4-21c) 

4. 	FURTIIER  APPLICATION:  THE IODENTATION  PROBLEM 

An interesting additional application example can be ea-

sily obtained from the formulation and from the computer program, 

with little additional effort. It concerns the indentation problem, 

when the forming roller is made to penetrate radially into the 

non-rotating specimen. 

This application case, illustrated in Fig. 4-82  presents 

a second symmetry plane, which introduces an additional boundary 

condition (provided this plane is taken as part of the finite ele-

ment mesh). The coordinate systems embedded in the specimen do 

not rotate any more with respect to the roller, and the condition 

u2 	0 
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INDENTATION PROBLEM Roller movement 
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or 

Ar.2  = 0 	 (4-23) 

prevails over the plane X?  = 0. This boundary condition must 

be coupled with the introduction of an unknown incremental for-

ce component AT2. The treatment of this additional boundary 
condition, of course, follows the same scheme described in Sub-

section 4.4.1a . 

4.6 - THE FINITEELEMENT  IiESH 

Before introducing the computer program a word must 

be said about the finite element mesh it employs. 

A modular mesh has been used, consisting of a certain 

number of repeated unit or basic blocks covering the sector de-

tached from the specimen, shown in Fig. 4-4. A basic block co-
vers a central angle to , which is an exact submultiple cf the 

central angle covered by the meshed sector. Every basic block in 

the mesh is a mirror image of the preceding one. 

If N 	denotes the number of nodes, and 
eb  the nb  

number of elements in the basic block, and if N
. is the num-

ber of basic blocks in the mesh, the total nuriber of nodes and 



Idealized bounda- 
ry 

Real boun- 
dary 

12 

13 

SUPER-ELEMENTS 

FIG. 4 -9 - BASIC BLOCK. AND ITS 

CONSTITUTIVE SUPER-ELEMENTS 

NODES (Vertices) 
1 2 14 13 17 18 30 29 
2 3 15 14 18 19 31. 30 
3 4 16 15 19 20 32 31 
4 5 8 16 20 21 24 32 
5 6 7 8 21 22 23 24 
8 9 16 24 25 32 
9 10 15 16 25 26 31 32 

10 11 14 15 26 27 30 31 
11 12 13 14 27 28 29 30 



elements in the mesh will be expressed by 

N n 
N
n 

= (Nb 	1) 2
b 
 

(4-24a) 

and 

Ne 	
N
b 
N
eb  . 
	 (4-24b ) 

Of course, the subindices now do not represent coordinate direc-

tions, and there is no summation involved over repeated indices. 

Fig. 4-9 illustrates a basic block and its constituti-

ve super-elements. Super-elements are either hexahedra or trian-

gular based prisms, which can be decomposed into tetrahedral ele-

ments according to well established rules(23,24,103).  A hexahe- 

dron can be decomposed into at least five tetrahedra, or into 

two triangular based prisms; those can be decomposed into at 

least three tetrahedra. 

The basic block utilized in this work has thirty-two 

nodes, which are shared by the adjacent basic blocks. The nine 

super-elements shown in Fig. 4-9 have all been divided into the 

minimum possible number of tetrahedral elements, that is, five 

for the hexahedral ones, and three for the prism. The basic 

block has thus forty-three elements; therefore, according to 

Eqns. (4,24a,b), for this specific basic block we have 

N
n 

= 16 (N
b  + 1) 

and 

Ne = 43 Nb . 

Fig. 4-10 illustrates the decomposition of the basic 

super-elements into their constitutive tetrahedral elements. 

Every hexahedral super-element in the mesh is, of course, a to-

pologically transposed copy, or perhaps a mirror image, of su-

per-element A; every pentahedral super-element is similarly ob-

tained from super-element F. In Fig. 4-10 the extreme faces, 

corresponding to the angular situations 

a . 0 	and 	a = o' 
havehave been taken as parallel for the sake of simplicity, but the 
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FIG. 4-10 - 	DECOMPOSITION OF THE 

SUPER-ELEMENTS INTO TETRAHEDRAL UNITS 
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decomposition rule is obviously not affected when a nonzero cen-

tral angle is considered. The actual value of the angle E
o 

was 

chosen in order to produce an acceptable aspect ratio(24) for all 

elements in the basic block. 

The several radii in Fig. 4-9, except the radius of the 
specimen, are left as open parameters, which can be changed in 

order to alter the range and fineness of the mesh; the same 

applies to the angle E0  although in the applications a sole 

value, 

= 
3 
 , 

was used, which met satisfactorily with the aspect ratio requi-

rements. 

The cylindrical boundaries are idealized as planes in 

the basic block, and therefore as broken lines in the whole me-

shed sector. A large number of nodes is accumulated in the near-

ness of the external cylindrical mantle, where stress concentra-

tions are to be expected. 

For the general radial upsetting applications the mesh 

used has one complete basic block situated in the negative side 

of the X
2 axis, and the first common interface between two ad-

jacent basic blocks is the plane X2  = 0 itself. For indenta-

tion applications the whole mesh is shifted by one whole basic 

block, that is it starts at the plane X2  = 0 as has already 

been shown in Fig. 4-8. 

In the program to be introduced now, distributed loads 

over the faces of the mesh are rated among the adjacent nodes, 

accordingly to the usually adopted rules, and thereafter trea-

ted as lumped loads. 

4 0  to  
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4.7 - THE COMPUTER PROGRAM 

4.7.a - INTRODUCTION 

A computer program has been developed for the formu-

lation presented in Chapter 3, with the restrictions introduced 
in the preceding sections of this chapter. Both radial upsetting 

and indentation are covered. A condensed flow block diagram of 

the program is presented in Fig. 4-11, whilst Appendix 2, at the 

end of this work, gives the complete listing, including that of 

the subroutines. Appendix 3 presents the list of the variables 
utilized in the program and subroutines. This section will be 

concerned with the implementation of the program, the analysis 

of its basic features and the investigation of its possibilities 

and limitations. 

The program was developed by the author at the Imperial 

College between 1972 and 1975. 

4.7.b - ANALYSIS OF THE PROGRAM 

The program has been called EPFEL DA for Elastic-

Plastic Finite Element Large Displacement Analysis. As is indica-

ted in the flow block diagram of Fig. 4-11, EPFELDA can be loose-

ly subdivided into nine modules, in which specific operations are 

performed. The term loosely is used here to indicate that 

a) subsidiary operations, not relevant to the 

subdivision presented, may also be perfor-

med in each module; 

b) operations specifically intended to be per-

formed in a certain module may sometimes 

be repeated - for operational convenience - 

in another module. 

A tenth module, not indicated in Fig. 4-11, concerned 

with the output of the complete set of input data, is listed in 

Appendix 2, but was not used during most of the applications, 

as a paper saving measure, as most of the data remained unchan-

ged from one testing case to the next. An additional RITE 



Read Case-1 

Read Data 
Init. Variables 

First 
oad lncrem 

Residual Stresses 

Plastic Strains New Contact Arc 

■•••••■ ••■••• •■■•••• 

M = 1 

Upd. Elem. Vars. 

NO 

Last Case? YES 

l-s-kl/k .4,0.005 

ast 
Element? 

Prepare Overall 
Stiff nesses 

oar. Ow.* 

COMPAR .4.00 

Upd. Displacems. 

YES 

Strain &Stress 
Increments 

In. Load" Corr-
tion Ndl. Forces 

)0UTPUT 

Corrective Load 
Increments 

••••••• 

iReinit. Variables 

t9 

-o 
0 
7 

START 

119 

FIG. 4-11 - PROGRAM EPFELDA (Condensed Flow Block Diagram) 
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statement was added, instead, to Module 2, producing the output 

of some relevant parameters for each testing case only (angular 

speed of specimen and friction coefficient). 

The program comprises eight subroutines and four func-

tion-subroutines, and has seven common blocks. The unlabelled 

common block obviously enrols the most populated arrays in the 

program. The intercoupling between the main program and the 

subroutines, and the distribution of the common blocks is shown 

in Table 4-1. The main program will be described in the remai-

ning of this sub-section, and the subroutines will be described 

in 4.7.c. 

E 
P 
F 
E 

DM0 

E 
LPURII 

A 

AMSTFF 

1 
GFSS 

oFF 

,  

TT 

T  

n 
b,'a 
1d  

Common 

CR  DS  
P 

Blocks 

' 
Ii F . G

SS TF 
call 

EPFELDA 

WEFT' X , 

DERIV 

DERI2 

EPMM X 

GAUSS X X X X X 

FIRST X 

STIFF X X X 

TSTIFF X X X X 

EQST X 

KITV X X X - 

INN X 

RATST 1" 

TABLE 4-1 - Program EPFELDA: 	Discrimination of subroutines, 

function-subroutines and common blocks 
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- Module 1 (Data)  

Module 1 concerns the entering of data, via punched 

cards, in groups relating to specific purposes. One group 

supplies parameters for the successive over-relaxation, another 

one defines the basic block, one supplies the material proper-

ties and testing conditions. Cylindrical components of nodal 

coordinates are entered for one face of the first basic block. 

Elements and constitutive nodes are read on for the first basic 

block only. For an explanation of the several input parameters 

we refer to the listing of program and variables (Appendices 2 

and 3). 

The data thus introduced are then used to compute 

additional but related data. The total number of nodes and of 

elements in the mesh are obtained from the data for the basic 

block and the total number of blocks; the elastic (Eulerian) ma-

trix is generated by Eqn. (2-11a). Nodes are then scanned, and 

Cartesian coordinates and condition numbers (defining the posi-

tion of the node with respect to the geometry of the boundaries) 

are computed, and some nodal variables are initialized. Finally, 

all the elements are scanned, their constitutive nodes are gene-

rated and geometrical data related to the elements are computed, 

via subroutine C EA?, which is described in 4.7.c.1. During this 

scanning, other elemental variables are also initialized. 

4.7.b.2 - Module 2 (Initializations) 

This module bisects into two branches, one of which is 

only used for the first load increment, the other one being used 

for all subsequent ones. 

In the first load increment the friction coefficient 

and an arbitrary initial load increment are read on. This arbi-

trary load is applied over the peripheral nodes lying at the 

azimutal position a = 0 (Figs. 4-5,6) , that is, X2  = 00 
Some geometrical variables are initialized. Eventually, if the-

re are further test cases to be examined, the program may return 

to this branch or stop, once the current test case is concluded. 
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In the subsequent load increments the rotation angle 

is updated, as well as the list of externally loaded nodes. A 

new load increment is arbitrarily distributed among tl,e nodes in 

the contact zone. The input parameter STEP defines the amount 

of load introduced per cycle. The exact distribution of the in-

crements prescribed at this stage is immaterial, in view of the 

procedure described in 4.4.d. 

4.7.b.3 - Nodule 3 (Assemble overall stiffness matrix)  

In the main program this module is restricted to calling 

subroutine TSTIFF which is described in 4.7.c.8, and which com-

putes the overall stiffness matrix and the self-flexibility sub-

matrices; these are stored in the location of the corresponding 

self-stiffnesses, which are not required in the over-relaxation 

routine. The output of this subroutine is transferred to subrouti-

ne GAUSS via the unlabelled common block. 

4.7.b.4 - Module 4 (Incremental force-disnlacement relation) 

In the main program this module consists solely in 

calling subroutine GAUSS, in which the incremental force-dis-

placement relation (Eqn. (3-19)) is solved by successive over-

relaxation, the nodal reactions for the restrained boundary no-

des are computed and the loading over the contact area with the 

roller is redistributed. 

Due to the linear character of the incremental rela-

tion, a multiplying factor (RATIO) is used to produce a desired 

amount of displacement increments in the contact zone (eg, roun-

ded-off values). This factor is computed in terms of the input 

Parameter RAT, which is initially set equal to the input parame-

ter STP, but is progressively increased in terms of the parame-

ter DINCR , so that progressively larger radial penetrations are 

achieved at the successive load increments. As deformation pro-

gresses, and more and more elements enter the plastic range, the 

risk of plastic instability effects increases; the multiplying 

factor RAT is then "moderated", by the reduction in the values 

of both STP and DINOR (which is actually performed in Nodule 9). 

The vectors computed by GAUSS are transferred to the 

main program. subroutine GAUSS is described. in 4.7.c.5. 
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Module 5 (Strain and stress increments) 

Consists of a complete scanning of elements?  using the 

incremental nodal displacements to compute Green's strain incre-

ments (Pg. 73), and those to obtain first Kirchhoff (Eqn. (2-27)) 

and later Truesdell (Eqn. (2-30)) and Cauchy (from Eqn. (2-26c)) 

stress increments. 

In this module, as in module 7, the derivatives appea-

ring in Eqns. (2-2a,b) or (3-5a,b), and in the incremental form 

of (3-5a,b), are computed separately, by means of subroutines 

DERIV (4.7.c.2) and DERI2 (4.7.c.3) , respectively. 

4.7.b.6 - Module 6  (Nodal updating) 

This module consists of a simple scanning of the nodes. 

The iterative procedure described in 3.2.b, to-correct the incre-. 

mental forces, by purging the initial load stiffness dependent 

term, is applied here. Subsequently the nodal force components 

are updated and the functions DMU, representing the friction 

factor dependent part of Eqns. (4-4a,b,c) are prepared, to be 

used in module 4, in the next load increment. 

4.7.b.7 - Module 7 (Updating elemental variables and computing; 

residual stresses) 

Again the elements are scanned and the elemental va-

riables are updated, once the relevant increments are computed. 

Elements remaining in the elastic range receive no further 

treatment. 

For elements entering, or remaining in the plastic 

range, the full procedure described in 3.3.b, up to step 7, is 

applied. The equivalent plastic strain increment (3.3.c.3) is 

computed, and the total plastic strain updated. The rating fac- 

tor 	(3.3.c.1) is computed by means of function-subroutine 

1ATST. The stress and strain situation is checked against the 

prescribed stress-strain curve, and the residual stresses are 

computed (Eqn. (3-24b)) and stored, and the elemental parameter 

RD(M) is set from zero to unity. If all the individual RD(M)'s 

retain their original value, meaning that all elements are ei-

ther still elastic or nearly exactly yielded, the parameter CO- 
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PAR is set to zero, otherwise being set to unity. 

The elastic-plastic material matrices are updated in 

the process by calling subroutine EPAM. 

- Module 8 (Corrective force  increments) 

If the comparison parameter GOMPAR is zero, the re-

sults from the previous module are considered satisfactory, and 

the execution is diverted to module 9. Otherwise, a new scanning 
of elements is performed and the remaining steps of- the routine 

described in 3.3.b executed. That is, the residual stresses are 

used to compute the corrective load increments (Eqn. (3-27)) ; 

if the maximum prescribed number of initial stress corrective 

cycles (NLIV) has been achieved, execution is carried to the 

next module, otherwise it is diverted to module 4 (CALL GAUSS). 

4.7.b.9 Module 9 (Output, checks  and reinitializations) 

This module involves the production of the report con-

cerning each load increment, writing out the full set of results. 

If the displacement field has not been updated in the previous 

module, due to a low value of CYMPAIR, this is done here. Even-

tual  unbalanced residual forces are removed from the loading sys-

tem. The radial penetration is checked against a prescribed li-

mit, the plastic strains are checked against a prescribed maxi-

mum, plastic strain increments are checked for its sign. Any of 

these three checks can trigger a termination procedure: all va-

riables are reinitialized, and execution diverted to a new test 

case (if any) or simply terminated. Otherwise, only the incremen-

tal variables are set to zero, and execution returned to module 2. 

In that case, the number of plastic elements is taken as a measu-

re of the risk of plastic instability, being used to redefine the 

parameters DIHCR and STP (See module 4). 
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4.7.c - SUBROUTINES  

• 4.7.c.1 - OEFF  

Subroutine O0EFF is called only once for every test 

case; strictly speaking, it only has to be called again if the 

finite element mesh is changed. This subroutine computes the vo-

lumes of the elements (actually multiplied by a 'factor 6) and 

the cofactors of the volume determinant, whose expression is gi-

ven in page 69. They are stored as the vector V6 and the su-

permatrix A, respectively; this one is constituted of 4x4 • 

blocks representing the elemental matrices a9 appearing in 

Chapter 3. Both arrays are kept in the unlabelled common block. 

The subroutine also checks if the nodes for each ele-

ment have been supplied in a consistent order (the volume must 

be positive) and makes the necessary corrections if this does 

not occur. Thus, from this point of view, the order in which 

the elemental nodes are punched in the data cards becomes imma-

terial. 

4.7.c.2 DERIV 

Subroutine DERIV computes the Lagrangean derivati- 

ves of displacements u. 	(Eqn. (3-5a) and, with them, the it m 
Eulerian derivatives of the initial coordinates X. . (Eqn. 

(2-8)), the Lagrangean derivatives of current coordinates x. 	, 

and the Jacobean of this coordinate transformation. 

The elemental array u. 	is stored as DERU in il m 
the common block /DSP/. The coordinate derivatives and the 

Jacobean arc stored as DXNT , DXST and XJG , respectively, 

in the common block /EDI/ . 

4.7.0.3  - DERI2  

Formally similar to .the first part of subroutine DERIV, 

this one computes the derivatives Au. 	appearing, for instan- 
I,i 

ce, in 3.2.a , whenever Eqn. (3-5a) is taken in incremental form. 

The resulting array is stored as DEDU , and thus returned to 

the main program. 
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4.7.c.4 EP MM 

This subroutine computes the elastic-plastic Lagrangean 

constitutive tensor (or material matrix). In fact, the infinite-

simal elastic constitutive tensor appearing in Eqn. (2-11) is en-

tered, as matrix DE, and the elastic-plastic counterpart - Eqn. 

(2-24) - is first computed and stored as the array I); Eqn. 

(2-32) is then implemented and the Lagrangean tensor is computed, 

for a particular element, as DEP, and stored in the total array 

DT. Both DT and DE return to the main program via the common 

block /Elul/. 

In this subroutine the symmetry properties of the in-

tervening tensors are used to achieve economies in core and com-

puting time. By using the integer function KIT, described in 

4.7.c.9, the pairs of indices (i,j) and (r,$) in the 81 com-

ponent fourth-order tensors are converted into a new single pair 

of local indices, and the tensors are thus computed and stored 

as two-dimensional arrays, more specifically as symmetrical 6x6 

matrices. 

4.7.c. 	GAUSS 

Subroutine GAUSS is the largest and possibly the most 

important one in EPFELDA .In it, basically, the boundary condi-

tions are introduced to the radial upsetting or the indentation 

problem, and the incremental force/displacement relation - Eqn. 

(3-19) - is solved by successive over-relaxation (SOR). Fig. 
4-12 presents a condensed flow block diagram for this subroutine, 

in which it is shown that - in the same way as we have done with 

the main program - it can be loosely subdivided into five basic 

modules. 

In module 1  the nodes are scanned. For nodes belonging 

to the roller/specimen interface the weight: (or redistribution) 

factors represented by Eqn. (4-19) are prepared; other nodes are 

left untreated. The individual numerators of the redistribution 

factors, which are the reciprocals of the radial-radial self-

stiffnesses RADFL are stored as CFA(N). As, in our numbering, 

the third node following an interfacial one is never interfacial, 

we use this same array and store the angle (3, appearing in Eqn. 
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If NC = NC Y, unconverged results are printed out 

FIG. 4-12 - SUBROUTINE GAUSS - Condensed Flow 
Block Diagram 



NBC(N) = -1 Nodes in general (No boundary condition invol-
ved) or in the mid-plane 

0 Restrained boundary nodes 

1 Nodes in the lateral face of the specimen 

2 Node in the external cylindrical surface of 
the specimen 

ICP(N) = 0 Externally loaded node (In contact with the 
roller) 

1 Otherwise 

NIF Number of nodes in the interface between two 
ad:acent basic blocks 

TABLE 4-2 - Explanation of the parameters of Fig. 4-13 
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(4-20), in the position CFA(N+3) . The variable SUIILD is u-

sed to store the denominator of Eqn. (4-19). 

Module 2 concerns the solution of the incremental force-

displacement relation proper, under consideration of the boundary 

conditions, exception made of the one referring to the roller-

specimen interface. The expanded flow block diagram is shown in 

Fig. 4-13. As the method employed is widely used and well esta-

blished, we will not elaborate further on the subject at this 

stage. It is sufficient to say that Eqn. (4-13) is implemented. 

The boundary conditions are introduced via Eqns. (4-15,16,17). 

Table 4-2 lists the possible values and the signification of the 

several control parameters involved in this module, and referred 

to in Fig. 4-13. 

Module 3 concerns the redistribution of the externally 
applied loads, as explained in 4.4.d. The procedure is initia-

lized in module 1, prepared in module 2 and fully applied in this 

module, which is also shown in expanded block diagram form in 

Fig. 4-14. In this figure, DDR stands for the radial displace-

ment residual 5(AiiI) for one loaded node, while DDRM stands 

for the common corrected residual 45(AilL) r • 

The variable i"ACT , defined at this stage, will be used 

later to define the multiplying factor referred to in 4.7.b.4. 
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FIG. 4-13 - SUBROUTINE GAUSS (MODULE 2) - 
FLOW BLOCK DIAGRAM - 
SOR & BOUNDARY CONDITIONS 
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That is, if all displacement and force increments are multiplied 

by the reciprocal of FACT, the first component of displacement 

u
1 

of any externally loaded node will attain a prescribed va-

lue RAT. Of course, this artifice can only be accepted as rea-

sonably valid as long as FACT does not depart substantially 

from unity, due to the complex geometrical relations involved. 

Checks are therefore introduced to keep FACT within bounds, 

by either decreasing or increasing RAT. 

It is clear that the applied loads must be intrinsi-

cally compressive in both the radial upsetting and in the inden-

tation problem we are considering. Therefore, if a node is unloa-

ded, there is provision introduced in this module, so as to a-

void the occurrence of traction forces. 

In module 4  the successive over-relaxation procedure 
is concluded with the check for convergence; a further procedu-

re is introduced to redefine the over-relaxation factor, in or-

der to accelerate convergence, using a method deacribed by 

Carre(130).  A complete block diagram of this module is shown 

in Fig. 4-15, but the complete analysis of the procedure is 

left to Appendix 1. 

In molialej the final value of the multiplying factor. 

RATIO is finally defined, displacement and force increments are 

corrected and the output report is produced. 

Friction is also considered in this subroutine, in mo-

dule 2. As only a few nodes will ever contact the roller, cer-

tain words in the array DIM- , which would otherwise remain unu-

sed, are employed to store local variables involved in the con-

sideration. 

4.7.c.6 - STIFF 

This subroutine prepares the elemental stiffness ma-

trices expressed by Eqn. (3-13), by successively adding up the 

component terms, expressed by Eqns. (3-14al b,c). The stiffness 

terms arc stored in the array XK and transferred to subrouti-

ne TSTIFF via the common block /STF/ , where they will be em-

ployed in the assemblage of the overall stiffness matrix, u-

sing Eqn. (3-20). 
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MODULE 
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FIG.  4-15 - SUBROUTINE GAUSS 	(MODULE  4 ) - 
FLOW BLOCK DIAGRAM - OPTIMIZATION 
OF OVER-RELAXATION FACTOR 
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For programming purposes, XIS is presented as a two-

dimensional 12x12 array. The correspondence with the four-dimen-

sional tensor expression k.em  of Eqn. (3-13), which 'las 144 
components, that is, the identity 

XK(I,J) 	kkn 

is fully established by defining 

E Z + Integer (I - 1)/3 

m a 1 	Integer (J - 1)/3 

k E Remainder(I/3) , 

and 

E Renainder(J/3) , 

and by replacing .k or n by 3 if the above expressions 

yield a null result. 

To avoid scanning the whole range of the 12..12 stiff-

ness matrices, the symmetrically positioned comronents 

XK(I,J) 	and 	xK(J,I) 

are computed simultaneously. The parameter FLG , equaling 1 

or zero, is used to avoid the duplication' of the values to be 

stored in the main diagonal. 

— The initial stress stiffness term 2  1,7,m
Am 
' expressed by 

Eqn. (3-14c), becomes zero whenever 

k = n. 

This fact is also considered in the subroutine, by means of the 

parameter 

FLAG R
kn 

• 4.70c.7 - FIRST  

The previously analysed subroutine, although a very 

simple one from the programming point of view, is a very costly 

one in terms of the required comouting time, due to the comple-

xity of the equations involved, and of the large number of 
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ternested DO-loops it requires. It would be totally unadvisa-

ble to use it for the first load increment, when all elements 

are still in the elastic range, and the derivatives '
5- 	

re- 

duce duce to Kronecker deltas. The expression for the component 

stiffnesses and for the constitutive tensor are then extremely 

simplified. Besides, there are no initial stresses and displa-

cements cements to consider, and only the matrix represented by 4hn  

remains nonzero in Eqn. (3-13). Substantial time can be saved 

by programming a routine specifically designed for this situa-

tion, and subroutine FIRST is intended to cover this purpose. 

In fact, it has been given a more general scope. By 

disregarding only the initial displacement stiffness term in 

Eqn. (3-13), and introducing only the simplification represen-

ted in the formulae by the fact that 

6ii  

at the early stages of the deformation process, we programmed 

FIRST so as to use it through several load increments for all 

elements still in the elastic range. Obviously, the elastic La-

grangean constitutive tensor is not available at this stage 

and must be updated after every load increment. 

4.7.c.8  TSTIFF 

This subroutine starts by calling either subroutine 

FIRST (for elements still in the elastic range) or DERIV and 

STIFF (for elements already in the plastic range), and receives 

the elemental stiffnesses. These are then assembled into the 

overall stiffness matrix, according to Eqn. (3-20). The assem-

bling techniques are described more fully elsewhere(23-24) 

The resulting matrix, XKT, is then stored in the unlabelled 

common block. Also in this subroutine the reciprocal stiffness 

terms (self-stiffnesses) are stored in a local array PROV, 

then inverted, producing the self-flexibilities, which are then 

stored in XKT, in place of their corresponding inverses. 
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4.7.0.9 - Function Subroutines  

There are four function subroutines in EPFELDA which 

perform a set of simple but widely repeated Operations. 

a) EQST - This real function implements Eqn. (2-17), 

with the second invariant given by Eqn. (2-16a), and thus returns 

the Eulerian equivalent stress. The six intervening components of 

stress are supplied in vector form. 

b) KITV  and ICVIT - These two integer functions process 
the indices of double-dimensioned 3x3 arrays, in order to store 

them or use them in vector form. Function KNV is used for symme-

tric arrays, as, for instance, stresses, which are converted to a 

6-term vector, and thus stored, allowing for an economy in stora-

ge requirements. Function KVN is used for general tensors, as 

stiffnesses and flexibilities, which are converted to a nine-term 

vector; no storage economy is obtained, but operational advanta-

ges may occur in certain specific situations. Table 4-3 presents 

the results of these two functions. 

1 	2 3 1 	2 3 

1 	4 6 1 1 	4 8 
4 	2 5 ' 2 6 	2 5 

6 	r  3 9 
a) 	KIEV (I J) b) EVN(I J 

TABLE 4-3 - Integer func-

tions KIN and KVN. 

Although these functions are used in most of the sub-

routines and in the main program, the most patent example of the 

advantages of its application is found in subroutines 

STIFF and FIRST. 

c) RA TS T - This real function simply implements Eqn. 

(3-28), thus producing the rating parameter C required in the 

method proposed in 3.3.b, to discriminate between purely elastic 

and elastic-plastic deformation of an element. 
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4.7.d - Concluding Remarks  

Two points related to the program require further ex- 

planation. 

In radial upsetting applications the rotational move-

ment of the specimen must be taken into account and introduced 

in the program. If a very large mesh were employed, it would 

possibly be easy to implement such a requirement into the formu-

lation. With a relatively coarse mesh as we use, a more cumber-

some approach must be followed. It consists in artificially in-

troducing a shift in the applied (existing) load system, from 

one increment to the next. The shift angle is taken as only a 

fraction (defined as SUB in the listing of module 2 of the 

main program) of the central angle 	of the basic block. This 

implies a re-rating of the applied load with respect to the no-

des currently in contact with the roller. Such re-rating, in tho 

program, is performed indirectly, by means of the polynomial fac-

tor multiplying the variable FACT1 (also in module 2), which 

is later used in the preparation of the new load increments. As 

a consequence, as a node starts to move out of the forming re-

gion, the corresponding load increments become smaller and 

smaller, eventually they become negative; eventually, a next 

load increment simply cancels out the existing load, meaning 

that that particular node belongs to basic blocks which are no 

longer in contact with the forming roller. 

In 4.7.c.5 (Subroutine GAUSS) we described how it is 

possible to produce a desired amount of radial reduction (or 

roller penetration), within certain limits, by using an adequa-

te multiplying factor, thus exploiting the linear character of 

the incremental force-displacement relation. By defining the pa-

rameter RAT, used to express the multiplying factor, the way 

we have done in module 2 (4.7.b.2), the roller penetration, in 

the successive load increments, will be given values which are 

integer multiples of the parameter STP. Our original aim was to 

work with only one value of STP , but eventually several values 

were used (0.01, 0.02 and 0.05). Several loading rates could 

thus be considered. How the results were influenced will be seen 

in Chapter 6. 



CHAPTER 5 

EXPERIMENTAL 	WORK 

- THE.EXPERIMENTAL_EgUIFMENT 

5e1.2m DIZTIDUCTION 

The concept of the radial upsetting process is schemati-

zed in Fig. 5.3: a spinning disc specimen, eventually heated on 

its periphery, comes into contact with a pressure roller. If 

sufficient pressure is applied, and plastic deformation produ-

ced, the net result will be a radial reduction and peripheral 

thickening of the disc. The specimen, for that purpose, is dri-

ven, whilst the roller may be driven or run idle, rotating about 

its axis exclusively by the friction effect at the contact zone. 

Side dies could be added in the deformation zone, in order to 

contain and redirect the lateral spread of material, thus impar-

ting a definite and predetermined shape to the deformed cross-

section. 

As becomes clear from the concept of the process, an ex-

perimental radial upsetting rig must allow for 

a) a certain range of angular velocities of the 

specimen, preferably with the possibility of conti-

nuous variation over the range; as this movement 

brings fresh material to the deformation zone, we 

will.refer to it, from now on, as the feeding move-

ment. 
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b) a linear displaceability of the roller, with 

which the amount of radial reduction obtained per re-

volution of the specimen will be defined; this amount 

will thus be referred to as the penetration per revo-

lution or, when no doubt arises, simply as the pene-

tration. 

c) Heating of the specimen, when hot-working is 

intended. 

d) Measuring and control of relevant parameters. 

e) Possibility of using specimens of different 

diameters and thicknesses. 

f) Possibility of adding side dies for experi-

ments with restricted deformation. 

For the experimental work to be described, a special 

rig has been designed and constructed, as will be described. 

No side dies were used at this stage of the research, but pro-

vision has been made in the design for their inclusion in an 

eventual follow-up of this work. The rig has been designed to 

accept a very wide range of specimen diameters: 250 to 1000 mm. 

The penetration movement could, in principle, be ob-

tained manually or by some form of driving system. The manual 

alternative, by means of a mechanical jack and a handle, was 

preferred, although it is not out of the question the possibi-

lity of eventually replacing the handle by an electric motor 

plus reducer. In that case some form of control7  possibly mi-

cro-switches, would have to be used to limit the amount of pe-

netration per revolution. 

c___EauipviENT 

The besic equipment used in this work is shown in Fig. 

5-1. The driving system for the specimen, measuring and heating 

facilities are not shown, and will be discussed in another sec-

tion. It is now sufficient to know that induction heating was 

used (hence the coil in the figure) and continuous variation 
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of the feeding speed is possible. 

The rig is a box-like construction resting over a 

bench (not shown in the figure), in order to bring it to a com-

fortable working height. A thick base plate provided with a 

longitudinal slot to allow for the use of specimens of larger 

diameters, supports two long side plates and two thick end pla-

tes (one of them not shown in the figure), giving a strong and 

stiff structure to which the remaining elements are attached. 

One of the end-plates has a permanent location, at one of the 

extremities of the base plate, whilst the other one can be 

mounted at a series of positions, allowing for a series of 50 

mm displacements, to adjust for the diameter of the specimen to 

be used. The mechanical jack allows for a travel of 50 mm, thus 

justifying the amount mentioned above. 

The side plates house bearings for the driving shaft, 

which is split in two parts, each provided with an end flange. 

When the specimen is clamped between these flanges, continuity 

is provided to the shaft. A certain amount of axial displaceabi-

lity of either part of the driving shaft allows for the intro-

duction of the specimens, covering a thickness range of up to 

12.7 mm. A Hi-Tore universal joint (not shown) connects the shaft 

to the driving system. 

The forming roller is carried by a L-shaped sliding 

turret, which is displaced via the jack, slides attached to the 

base plate acting as guides. As the relative position of the 

roller with respect to the sliding turret is not affected by the 

process (except for the elastic deformation of those elements, 

assumed to be negligible), the distance travelled by the sliding 

turret is also the distance travelled by the roller. Exclusively 

for machining and assembling purposes, this sliding turret has 

been made up of several parts, as shown in the exploded view of 

Fig. 5-2. Here again we have a thick base plate with two frontal 

side columns; the other elements are attached to this base plate 

by means of several positioning pins (dowels) and one connecting 

pin with tapped ends. The lateral undercuts in the vertical ele-

ment (turret) house the extremities (bearings) of the horizontal 

load cells; the slots are intended to be used for additional load 
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cells, in future applications, when side dies are to be used. 

The grooves at the bottom of the U-shaped part of the base plate 

and the lateral columns are for this same purpose. 

The roller is mounted, via needle bearings, over _ a very 

thick shaft, whose ends are anchored at the other extremity of 

the horizontal load cells (L1 in Fig. 5-1). 

The vertical load cells (L2) can be adjusted in height 

and simply rest on dimpled seats in Ll and in the turret base 

plate. All load cells have a central portion (the load cell pro-

per) of very thin A180 steel tubing (about 0.75 mm wall thick-
ness for Ll and 0.63 mm for L2), heat-treated to RC 60-62, in-
tended to receive the strain-gauges. 

The forming roller is also made of A180 steel, heat 

treated to RC 60. All other elements are of mild steel. 

The jack utilised is a Duff-Norton Jactuator, Model 

1805, of the inverted type. Its characteristics are given below: 

Capacity 	45.0 MN (10 tons) 

Worm gear ratio 	24:1 

Max. safe torque 	20.9 Nm 
Travel / worm turn (nominal) 0.365 mm (Tests with the 

actual jack have shown a larger specific travel, of 

the order of 0.597 mm average over the whole range; 
in the following a rounded-off value of 0.4 mm will 

be considered). 

Figs. 5-4 to 5-6 are photographs presenting partial and 

overall views of the actual equipment. In Figs. 5-4 and 5-5 the 
induction coil and its support (which is attached to the sliding 

turret in operational situations) where removed to show the load 
cells. In Fig. 5-6 they have been replaced, and the induction ge-
nerator is also visible in the background. The measuring equip-

ment can be seen Pt the right-hand side-  of the photograph: the 

infra-red radiometer, to measure the temperature at the surface 

of the specimen, in the deformation zone; the strain-gauge brid-

ge and related accessories; and the UV recorder. (See 5.1.d). 

The specimen is driven by a 1.5 HP induction motor, via 

a speed reducer. This one consists of a Kopp-system continuous 





variator, type NSR1, with a gear ratio of 91.3:1 , supplied by 

Allspeeds Engng., connected, by means of an elastic coupling, 

to a Hainsworth worm gear reducer with a fixed gear ratio of 

15:1. This one, finally, connects to the driving shaft by means 

of the universal joint. Fig. 5-7 schematizes the whole assem-
bly, as the driving system does not appear in the photographs 

of Figs. 5-4 to 5-6, where it is hidden underneath the bench 

carrying the measuring equipment. 

5.1.c HEATING EQUIPMENT 

  

Induction heating was used in the experimental work, 

the sole reason for this choice being the availability, in the 

Metalworking Laboratory of the Department, of a Radyne induction 

generator, model RD 300, Type Gs  whose characteristics are: 

Power output 
	

28 kW 

Operating frequency 	2-5 kHz 

Power consumption 	51 kVA 
Power factor 
	

0.9 

Water-cooled oscilator valve 

-1;conomic considerations were taken into account, and 

the decision was taken of not investing in new equipment. It 

should be stressed, however, that induction heating is not the 

best answer for the radial upsetting process, the reason being 

the awkward shape of the induction coil required and the consi-

derable air gaps required to allow for the eventual deformation 

(lateral spreading) of the material. Plasma heating could possi-

bly offer a better solution to this problem. 

The best shape for the induction coil was obtained by 

experimentation. It consists basically of a flat pancake coil 

bent two times over a specially built template, as shown in Fig. 

5-8. Initially 3/16" copper tubing was used to produce the coil, 

but it proved to be highly unsatisfactory, by not providing a 

sufficient flow of cooling water. New templates, and 1/4" tu-

bing coils were finally made. In order not to restrict the in-

ternal cross-section of the tubing at the bends, the construc-

tional technique of filling the tube with sand prior to bending, 
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and the stopping of, the ends was used. Thus, sound coils could 

be produced. Once the bending operations were concluded, the 

sand could be easily washed out with water and compressed air. 

In order to mount the coil in its working position, 

its terminals were embedded in asbestos blocks, which could be 

more easily fitted to a metalic extension attached to the top 

of the sliding turret (Fig. 5-6). This extension could also be 

easily tilted with respect to the turret, by means of a simple 

screw, thus allowing for the adjustment of the coil for a range 

of specimen diametres. Two thin asbestos plates were additio-

nally used in order to enclose the coil, as a safety measure. 

They can be seen in Fig. 5-6, but have been removed in the in-

set of Fig. 5-8. Due to the extremely small air gaps between 

adjacent turns of the coil, short-circuiting problems were una-

voidable with an unprotected coil; however, they could be easily 

avoided by dressing the coil in asbestos sleeving, as can be 

seen, too, in the inset of Fig. 5-8. 

. The temperature achieved in induction heating 

highly dependent on the gap between coil and the part to be 

heated. In order to minimize this gap, we worked with two coils. 

To begin deformation, a coil with a gap G = 17 mm (Fig. 5-8) 

was used; as the lateral spreading progressed, and came close 

to the sides of the coil, deformation was interrupted, and the 

coil replaced by another one, with a gap G = 55 mm, after 
what deformation was continued. 

Lozinskii(137)  presents data relating the depth of 

penetration of heating, that is, the depth at which 90% of the 

energy introduced has already been converted into heat, as a 

function of the operating frequency of the. generator and of the 

heating temperature. These data refer to two temperatures only, 

and they are presented in Fig. 5-9. A practically linear beha-
viour can be observed, fOr a given temperature, if a logaritmic 

plot is used; it is thus. easy to interpolate a possible curve 

for a heating temperature. of 400°C, showing that for the fre-• 

quency range of the Radyne generator the depth of penetration 
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is of the order of 3 mm. As the heating coil surrounds the two 

faces of the specimen, which is 6.35 mm thick in the applica-

tions to be described in Section 5.2, we should expect, after 

sufficient time is given for conduction, that a homogeneous tem-

perature will exist across the thickness of the specimen. 

5.1.d  -  MEASURING EaELEEEE 

- Temperature Measurement 

During hot-forming applications of the radial upsetting 

process there exists the need for a continuous check of the tem-

perature in the forming zone. In the case of the deformation of 

aluminium, the working temperature is too low to allow the use 

of optical pyrometers.. Thermocouples, rubbing against the spe-

cimen were tried, but the results proved to be unreliable; a 

non-contact solution is required to this problem, and it is 

supplied by the use of an infra-red radiometer, which observes 

moving part by means of an optical tube. Such an instrument, ho-

wever must be previously calibrated for the specific operating 

conditions, taking into account the relative situation of the 

instrument with respect to the specimen, the optical tube used 

and the emissivity of the material to be observed(138) 
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A Dynalec IR-Radiometer 31, built by Hawker Siddeley 

Dynamics Ltd., was used in our experiments. It can measure ra-

diation from objects at temperatures ranging from 80 to 1000°C; 

it is provided with a screw adaptor, capable of taking simple 

tube extensions to restrict the field of view, or mirror opti-

cal systems, to provide increased sensitivity with small angu-

lar fields of view. The power supply - 6.5 V DC at 100-150 mA -

is provided by a main power unit, although in-built rechargea-

ble batteries could be used alternatively. The output, correc-

ted for room temperatures in the range from -5 to +35°C, is 
a 600 Hz signal supplied to the power unit (See Fig. 5-6), from 

where it can be collected to operate remote equipment, for ins-

tance, to drive the 1 mA DC coil meter of a DV recorder. In 

that case, an intermediate circuit must be introduced to supply 

the recorder with a signal in the adequate range(139) 

The radiometer operates by focusing the infra-red ra-

diation(14) in the wavelength range of 1.7 to 3 microns, on an 
infra-red cell, previously chopping it by the segments of an in-

tersecting disc, kept at room temperature and rotated by a minia-

ture motor (Fig. 5-10). The radiometer then compares the infra-

red radiation from the hot object with the radiation from the 

disc, such that zero output is obtained if object and disc are 

at the sane temperature. There are four sensitivity ranges for 

the output, the selection being made simply by turning a knob. 

There is an additional knob which acts as a gain control. The-

se two are the only external control elements of the apparatus. 

In general applications, such as temperature measure-

ments in large surface areas at close distance, simple tube 

stops provide a sufficiently defined field of view, without too 

much loss of energy of the cell. Fig. 5-11 gives the details of 

the optic tube we have used, the end stop being dimensioned to 

give the adequate field of view. Reducing the opening of this 

stop the field of view tends to a limiting value. If lower 

fields of view are required, an optic tube of more length must 

be used. 

The field of view can be expressed by the equation 



FIG. 5-11 - OPTICAL TUBE USED WITH THE INFRA-RED 
RADIOMETER(140) 

IR-Cell 

0 
Optic Tube-' 
Chopper 
Chopper Motor 

Emissivity Setting 

Output 

RECEIVER SECTION 	CONTROL SECTION 

FIG.5-10 - SCHEMATIC REPRESENTATION OF THE INFRA-RED 

RADIOMETER(139) 

150 



2:21 
Da + De 

2 L y 	2 tan- 

where D is the diameter of the tube opening, D is the 

cell diameter (6.35 mm in the case of the present radiometer), 

and L is the distance from the cell to the tube stop. In our 

case a field of view of the order of 

y  = 8.50 

was found to be satisfactory. This field of view must be fully 

covered by the specimen at all times during the temperature 

measurement. 

5.1.d.2 - Strain measurement 

The forces involved in the deformation by radial up-

setting were measured by means of strain-gauges attached to the 

load cells mentioned earlier, and shown in Figs. 5-1 and 5-4 to 

5-6. The gauges used were of the type EA-06-187BB-120, manufac-

tured by Eicro-Measurements Inc.. They have a resistance of 120 

ohms 0:0.150 and they are temperature compensated for use on 

steel. The gauge factor and the cross-sensitivity quoted by the 

manufacturer are 2.09 (± 0.5 %) and +0.5 %, the small value of 

cross-sensitivity being particularly useful because it minimi-

zes the effect of the axial strain on the gauges. 

The cement used was an epoxi-resin known as Eastman 

910 Adhesive, supplied by Welwyn Electric Ltd.. After cementing, 

the gauges were coated with a polyamide lacquer known as Gage-

kote #1, also supplied by Welwyn. The leads were then connec-
ted to the eight-channel Automation bridge, via a dummy central 

(Fig. 5-6), and from there the signal was redirected to a SE 

3006 UV recorder. Fig. 5-12 gives the typical circuitry for one 

strain-gauge. Half of the bridge consists of high stability 120 

ohm resistances, plus four way switches, ten turn variable set 

balance and set calibration resistances, together with a balan-

ce meter, all housed in the Automation equipment. 

All the bridges were supplied by a 3 V DC constant vol-

tage power Pack, whereas their outputs were connected to the in-

dividual channels of the UV recorder, in which A100 galvanome- 
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FIG. 5-12 - STRAIN -GAUGE 	BRIDGE 

ters, supplied by SE Laboratories (also suppliers of the UV re-

corder) were used. The resistance and sensitivity of the galvano-

meters were checked by precision Wheatstone bridge and injector 

potentiometers. Calibration was made directly in terms of load, 

as will be described elsewhere. 

5.1.d.3 	Dis lacement transducer  

A displacement transducer was used to measure the dis-

placements of the roller and/or the radial reduction in the spe-

cimen. Eeasurements, however, did not prove to be satisfactory, 

and had to be abandoned. Apparently the transducer had some de_ 

feet. 
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As a matter of fact, the transducer simply did not be-

have linearly, as the calibration curve shows (Fig. 5-13). There 

is insufficient discrimination at small displacements of the 

needle. Fortunately, however, we controlled the amount of pene-

tration of the roller, via the number of turns of the jack han-

dle (sensitivity of the order of 0.1 mm) and also conducted a 

thorough set of measurements over both deformed and undeformed 

specimens. 

5.1.4.4 - Outputs  

The output of all measurements is given by the SE 

3600 UV recorder, which is a commercial writing oscillograph 

suitable for laboratory and industrial use. It operates with 

pencil type galvanometers. The incident light from an ultra-

violet light is deflected by the movement of a small mirror 

attached to the galvanometer suspension. The movement is cau-

sed by the torque which is produced when current passes through 

the coil attached to the suspension. Recording is effected by 

focusing the reflected spot onto sensitized printout paper. 

The relevant characteristics of this recorder are: 



Channels 	• 6 
Paper speeds 	: 	8 
Recording paper : 150 mm width 

Longitudinal grid lines spaced at 2 mm, with 

every cm accentuated 

Transversal grid lines: every 0.1 second, or 

every second, or, when 

required, by external command. 

The galvanometers used were of the type A100, whose 

characteristics are: 

Type: moving coil 

Linearity of deflection: 11% 

Damping: electro-magnetic 

Focal length of lens: 	35 cm 

Natural frequency: 	100 Hz 

Flat frequency response: 	60 Hz ( ± 5 % 
Nominal resistance: 

Damping resistance: 

Maximum safe current: 

Maximum sensitivity: 

35 Q (±10 
350 r2 
10 mA (rms) 

0.0037 mA/cm (± 10%) 
or 0.1300 mV/cm ( ±10%) 

.1.0 - CALIBRATIONS 

5.1.e.1 - Infra-red radiometer 

aLaaanz(138-141) 

The intensity of the energy radiated by a hot body is 

a function of its absolute temperature 0 and its surface emissi-

vity E l  as defined by 

= E 0 04 , 

0 being Stefan-Boltzmann's constant. If the radiometer is cali-

brated against a black body source and used to measure the tem-

perature of a body of emissivity E, it will indicate an appa- 

rent temperature 0A , where 

eA
4 
	C G 
	 (5-1) 
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and in order to get a correct output reading, one has to multi-

ply the output result by a gain factor equal to 1/E . This can 
be done, in our radiometer, by means of the gain control knob, 

which allows for settings of emissivity between 0.2 and 1. 

As the output result is supplied in the form of a 

current reading i (in the range from 0 to 1 mA), a rela-

tionship must be established between the current read and the 

temperature. For a black body we can put simply 

0 = 	.0.25 	(5-2 ) 

where kR  stands for the characteristics of the electric cir-

cuitry of the radiometer and power unit, when set for reading 

in the Rth range. The same equation applies, obviously, for 

any body, provided the adequate value of emissivity has been 

set in the control knob, otherwise the apparent temperature 

of Eqn. (5-1) will be obtained. 

The knowledge of the correct value of emissivity, the-

refore, allows an absolute calibration to be established, 

between output current and observed temperature. However, the 

emissivity of a material varies with the wavelength of the ra-

diation and, therefore, with temperature. For aluminium, for 

instance, Reynolds 	has shown how temperature and wave- 

length affected the spectral emissivity for both the polished 

and the roughened material (Fig. 5-14). 

It is difficult to say the exact value of emissivity 

of a particular material, and how it varies with the several 

influencing factors, unless sophisticated experiments are made, 

and even then it would be out of the question to change the 

setting of the emissivity during an experiment, when the tempe-

rature is changing. 

A relative calibration is then the best approach, as 

it does not require the exact value of emissivity at any moment, 

the calibration being obtained in terms of a ratio between a 

preset value of emissivity and the correct emissivity, this ra- 
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do acting as a proportionality (scale) factor, the value of 

which does not have to be known (nor how it varies along the 

temperature range), as one relates directly the currents obser-

ved as output, and the temperatures that caused them, these ones 

obtained by some other method. In effect, if E is the correct 

value of emissivity in a certain situation, and if the gain con-

trol knob is set at es  , Eqn. (5-2) will be rewritten to 

e = k
R ies /s )0.25 • 	(5-3 ) 

b) Calibration 

Our calibration has been performed in nearly working 

conditions, that is, with specimen and radiometer as they would 

be geometrically situated during the forming tests, with the in-

fra-red cell of the radiometer at 242 mm from the forming re-

gion, tilted by 300  with respect to the horizontal plane, as 

shown in Figs. 5-4 to 5-6. 

Our original intention was to perform the calibration 

with a moving specimen, the temperatures being read from a ther-

mocouple rubbing against its surface. However, no useful results 

could be obtained, as the contact pressure is a determining pa-

rameter which is not easy to control adequately. The alternative 

we adopted was that of drilling a 01 mm hole radially into the 

the specimen, 0.5 mm apart from the face observed by the radiome-

ter, and to introduce the CA 1560 F thermocouple to a depth of' 

12 mm, so that the junction stood at the centre of the field of 

view. A COMARK Electronic Thermocouple was used to read the 

temperatures. The specimen was heated under the coil, and both 

the temperature and the radiometer output current-  were then 

read, as the heat propagated by conduction inside the specimen. 

The emissivity control was set at 0.3, and readings were made 

for ranges 2 and 3, the results being shown in Fig. 5-15, in 

which relative temperatures were plotted, instead of the absolu-

te ones. As the results for range 3 fall outside the forming 

temperature range, for aluminium, they were subsequently disre-

garded. 
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HOHever, the curve for range 2 docs not cover the enti­

rety of the forming temperature range, as the 1 rnA reading 

corresponds to a temperature of 473°c only. The curve can be mo­

dified, however, in order to e~tcnd it up to 480°C, or any other 

desired temperature level, by changinG the setting of the erni3si-
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vity level. In effect, it can be seen from Eqn. (5-3) that, if 

E
1 

and E
2 

are different emissivity settings, the correspon-

ding temperatures, for identical current readings, obey the re-

lation 

02 	e2 	• 
(

01  _ El 0.25 

The calibrating curve can thus be extended to 480°C 

if an emissivity setting of 0.312 is used, the curve being re-

computed by means of Eqn. (5-4). The recomputed curve is also 

shown in Fig. 5-15, and is also confirmed experimentally. Fig. 

5-16, finally, plots the calibration curve for the UV recorder. 

Kleiber(144) describes a new model of radiometer in 

which a linearisation of the output signal is achieved by means 

of variable amplification over the temperature range. As a con-

sequence, the corresponding plotting of rig. 5-15 shows practi-

cally straight lines. 

Deeper consideration into the applications of infra-

red radiometers fer the temperature control of metalworking 
(145) processes can be found in Black 	and Reynolds(146) 

(5-4) 
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c) Recorder  output  

At the beginning of every experiment the signal produ-

ced by the radiometer was fed to a 0-1 mA ampere-meter, thus 

giving a visual display of the temperature. The curve of Fig. 

5-15 was used to produce a temperature scale which was then su-

perimposed to this instrument. Once the adequate working tempe-

rature was reached, and before starting the actual experiment, 

the 600 Hz signal was transferred to an intermediate rectifying 

and calibrating circuit and then supplied to one of the recor-

der galvanometers. This intermediate circuit is shown in Fig. 

5-17, the potentiometer being used to adjust the scale factor 

relating the recorder output with the measured temperatures. 

The calibration curve obtained has already been referred to and 

shown in Fig. 5-16. The rectifying circuit is contained in the 

black box on top of the power unit, in Fig. 5-6. 

2.1.e.2 - Strain-gauzes 

Fig. 5-12 shows the typical circuit for a strain-gauge. 

The dividing line, in the Wheatstone bridge, shows the part of 

the circuit which is interior to the Automation eight-channel 

bridge. The 5 ohm resistance serves for balancing the bridge, 
and the 200 ohm potentiometer to calibrate the output supplied 

to the UV recorder and thus the displacement of the light spot. 
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The main switch, for every channel, has three alterna-

tive "on" settings. The first one introduces a protective shunt, 

the second one is used for balancing the bridge and tale third 

one is for normal operation. In that case, as becomes clear from 

Fig. 5-12, the signal is deflected for output (in our case, to 

the UV recorder). 

The calibration was performed directly in terms of the 

axial load applied over the load cells and the displacements 

of the light spot of the galvanometer. It was performed over a 

6000 lb Tinius Olsen press. As the display of the press is in 

British units, the horizontal load cells were calibrated by the 

application of successive increments of 40 lbs (178 N), up to a 

maximum load of 880 lbs (3.92 kN). Half of the values of both 

the step and the maximum load were used when calibrating the 

vertical load cells. The zero drifts were negligible. The cali-

bration curves are given in Fig. 3-18. 
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2.2 - EXPERIMENTAL WORK 

5.2.a - INTRODUCTION  

The original plans for our research work were based on 

the idea of producing deformation by radial upsetting in thin 

mild steel discs. However, this idea had to be abandoned due to 

the impossibility of heating the material to an adequate working 

temperature with the available facilities. Under special conditi-

ons a temperature of the order of 950°C could be achieved against 

a prescribed temperature of 1050-1100°C. Two specimens were de-

formed in these conditions, Nevertheless, in order to be able to 

perform experiments over a wider range of temperatures, we deci-

ded to work with a different material. Preliminary experiments 

with aluminium and dural proved to be successful, from the hea-

ting point of view. Both could be easily heated up to the mel-

ting point. For economical reasons, aluminium of commercial pu-

rity (99% Al minimum) was preferred and adopted for our experi-

mental work. 

Some preliminary experiments were performed at room 

temperature over lead specimens, cast at the Metalworking Labora-

tory. They were 6 mm thick, with a diameter of 219 mm. However, 
we found that a highly nonuniform deformation pattern was obtai- 

ned, due to the large grain size (Fig. 5-19). We did not have 

the proper facilities to produce specimens cast to a controlled 

grain size, and our interest in the deformation of lead was on-

ly colateral, so we abandoned experiments with this material 

altogether. 

The aluminium specimens we employed had a thickness 

of 6.35 mm (1/4") and a diameter of 300 mm. The inner part of 

some of the deformed specimens was subsequently cut out and 

converted into 215 mm specimens, which were then tested at room 

temperature. The reduced size of these specimens did not allow 

for the use of the heating coil, because it then interfered with 

the clamping flanges. 

• Successive experiments were performed at feeding 

speeds of 0.5, 1.0, 1.5 and 2.0 rpm, with temperatures in 
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the forming zone varying between 400 and 450°C. In each case, 

penetrations of 0.1 and 1.2mm/revolution were used, although 

most of the experiments were restricted to. the much 1Dwer ran-

ge of 0.1 to 0.4 mm/revolution. Penetration was achieved ma-

nually, and their amount, in the first experiments, checked a-

gainst the displacement transducer. A circular scale, visible 

in Fig. 5-5, was used to control the amount of rotation of the 
handle, once the backlash was removed, and thus to restrict and 

control the amount: of penetration. 

A special word must be said about the heating problem. 

Due to the low efficiency of the heating coil, it becomes extre-

mely difficult to reach the desired working temperature. Although 

the generator was always used at full capacity, it used to take 

about. fifteen minutes to achieve the required temperature. Of 

course, if the specimen was steady (non-rotating), heating took 

place very quickly (in about thirty seconds), but was restricted 

to a small portion of the periphery of the specimen. The adop-

ted procedure was to start the rotating of the specimen at very 

low speed, and as the temperature reached the desired level, to 

slowly increase the speed, up to the intended amount. Once the 

correct temperature was achieved, at the also correct speed, on 

the other hand, care had to be taken to control the output of 

the generator, in order to avoid further increases in tempera-

ture. Usually an initial temperature of -40000 was adopted, and 

it was then allowed to increase during the experiment up to a 

limit. of 450 
oC (although temperatures of the order of 480 °C

and more were eventually registered at times). The intentional 

use of a continually increasing temperature during the experi-

ment was preferred because earlier tests had shown the difficul-

ty of keeping the temperature steady. Once the temperature star-

ted to increase, any small resetting of the generator caused 

sudden and substantial drops in temperature, sometimes well be-

low the desired temperature range. 

Reference must also be made to the fact that, once the 

lateral spread of the material, due to the nature of the deforma-

tion process, tended to fill the gap supplied by the heating 

coil in the first heating, the experiment was interrupted and the 
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coil substituted by another one, with a wider gap. Before re-

starting the experiment, the specimen had to be heated again, 

but this operation did not take more than five to ten minutes, 

as the specimen did not, have time to cool down sufficiently 

during,the substitution of the coils. Once the gap of the se-

cond coil was used out, the experiment was considered as fini-

shed. 

From the technological point of view the experiments 

have shown that the radial upsetting process is feasible, pro-

vided that adequate conditions are used. Sound deformation can 

be achieved with an adequate penetration rate. Rates of the or-

der of not more than 0.2 mm/revolution usually produced good 

symmetrical) deformation, as can be seen, for instance, in the 

example of Fig. 5-20, in which a total radial reduction of mo-

re than 40 mm has been obtained; although deformation is not 

perfectly symmetric, this is due to the fact that a grid was 

traced on the surface of one of the sides of the specimen only. 

The two examples of Fig. 5-21, though corresponding to more mo-

derate deformation, are also satisfactory. Fig. 5-22 compares 

two examples of sound and nonsymmetrical (buckled) deformation. 

Intermediate values of penetration rate (up to 0.4 or 0.5 ram/ 

revolution) produced good results depending on a series of fac-

tors: the specimen had to be perfectly plane, and be mounted 

perfectly perpendicularly to the axis of the forming roller. 

If those requirements were not met, bending effects became no-

ticeable, usually leading to nonsymmetric deformation, as shown 

in the second example of Fig. 5-22. At very large penetration 

rates, instability by buckling was always present, leading to 

highly non-symmetric deformation, distributed in a wavy pattern 

along the circumference of the specimen, usually presenting two 

locations of predominantly left- and two locations of predominan-

tly right-side deformation. However, we did not manage to obser-

ve the other deformation patterns referred to by Paramour
(20) 

which suggests that, at least up to the 300 mm diameter range, 

and for the material in question, lubrication of the roller is 

not required, nor is it necessary to drive the roller at a pre-

determined speed. 
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In some experiments a system of grooves was applied 

to one of the sides of the specimen, as can be seen in Figs. 

5-23 and 5-24. Although the depth of the tracing was kept at 

the minimum discernible, the notch effect proved to be too 

substantial, especially at very large values of penetration, 

giving a totally different deformation mode for each side of 

the specimen, with smooth and deep deformation on the non-scrat-

ched side, and intense but shallow deformation on the side of 

the grooves, presenting a distinctly recognizable edge at one 

of them. Obviously, tracing is not the adequate method of pro-

ducing a control grid. 

Pig. 5-25 exemplifies the two nonsymmetrical deforma-

tion modes just referred to, by transcribing the cross-section 

of two specimens, as copied from an amplification produced in 

the profile projector. In the first example, sound deformation 

was maintained for four or five revolutions, when small penetra-

tions were used; in the next revolution, a penetration of the 

order of 1.6 mm was tried, and all the material seems to have 

moved to one side of the specimen. The second example does not 

seem too much different from the preceding one; however, defor-

mation in this case was achieved by using only small amounts of 

penetration/revolution (not more than 0.4 mm/rev), and non-symme-

try was observed from the first revolution. The "overspill" indi-

cated in the figure occurs when the material spreading laterally 

out surpasses the semithickness of the forming roller and thus 

ceases to be under its direct compressive action. 
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FIG. 5-28 - A MEASURE 	OF 	THE DEGREE 

OF SYMMETRY IN SOUND RADIAL UPSETTING 
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5.2.b - DEFORMATION MODE 

The deformation mode normally encountered in the ra-

dial upsetting experiments is presented in Figs. 5-26 and 5-27, 

for a set of values of penetration. They have been obtained 

from 2 mm thick radial slices cut out of the deformed specimens, 

magnified in the profile projector. A check for the correctness 

of the penetration values was made, in each case, by comparing 

the area GEF (In Fig. 5-26), which was obtained by numerical 

integration, against the area ABCD, which is simply expressed 

by To  A/2. Only specimens for which these areas deviated by 

less than a few percent were considered acceptable. 

The curves represented in both these figures are really 

averages obtained from a pool of not less than three sound spe-

cimens, analysed, on the profile projector, under a magnifica-

tion of 15 times, both sides of the specimen being considered. 

Fig. 5-28 illustrates a sample of the profiles obtained (though 

under a magnification of five times only), showing that a reaso-

nable degree of symmetry was obtained for the specimens taken in-

to account for that purpose. 

Linear relationships relate the parameters of the de-

formation (height of deformed bulge H and maximum final thick-

ness T, shown in Fig. 5-26, to the penetration A . In fact, 
in a previous work

(147),  presented as Appendix 5 to this thesis, 
we have already used the expression 

H = 5.4 + 1.5 A I  

which was obtained from coarse, preliminary measurements, in 

which the frontier of the deformed bulge was estimated by the 

naked eye only. By using the profile projector, under a magni-

fication of 15 times, improved results were obtained, which are 

presented as Table 5-1. A least squares linear approximation 

can thus be obtained for both H and T which are then ex-

pressed as 



T-T  
A H 2 
mm mm mm 

0.2 0.196 6.o 
0.4 0.334 6.6 
0.6 0.455 6.8 
0.8 0.580 7.o 
1.0 0.680 7.2 
1.2 0.780 7.8 
1.4 0.860 8.4 
1.6 o.956 9.0 
1.8 1.075 9.2 
2.0 1.148 9.4 
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TABLE 5-1 - Geometric parameters 

of the deformed bulge in radial 

upsetting (Fig. 5-26) 

5.85333 + 1.71515 A 

and 

T = 1.04191 To 	1,04242 A . 

Those equations, of course, are only valid for the ex-

perimental conditions of our investigation, that is, for the ma-

terial tested, for the particular diametral dimensions of speci-

men and roller, and for the penetration range of 0.2 to 2.0 mm 

only. The general shape of the deformation mode seems to satis-

fy a cubic equation in terms of the radius, the coefficients of 

which would be dependent on the penetration A. No attempt has 

nevertheless been made to express these equations. 

No significant change in the deformation mode was ob-

served when changing the angular velocity of the specimen, in 

the range allowed by the driving and reducing system of the rig 

(0.25 to 1.1 rpm). 

A slightly different deformation mode was obtained in 

the few room temperature tests we conducted. Only a qualitative 

comparison obviously applies, as the temperature was not the on-

ly changing parameter in the series: smaller specimens (with a 

diameter of the order of 210 mm) were used. Room temperature 

tests presented a deformation bulge spreading out more intense-

ly in the immediate vicinity of the forming roller, but pene- 
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trating less deeply towards the centre of the roller. Fig. 5-29 

compares the hot and cold deformation modes in specific situa-

tions. These observations are consistent with common sense and 

also with results verified elsewhere (Appendix 4). In hot forming 
operations the temperature of the roller lies well below: that of 

the specimen; this one is thus substantially cooled in the imme-

diate vicinity of the contact area. Deformation, therefore, beco-

mes more difficult in these surroundings. In room temperature de-

formation, however, such a thermal gradient does not occur; de-

formation predominates in the vicinity of the application of the 

forces, that is, near the interface. The heat eventually genera-

ted by the deformation process only reinforces this behaviour. 

Our only experiment with a 1/8" (3.17 mm) thick steel 

specimen was conducted at a temperature of 900-950°C, which could 

be maitained with extreme difficulty, exploiting the full capaci-

city of the induction generator. The deformation pattern, as 

sould be expected, does not differ substantially from the one 

verified for aluminium. However, much more force is required. 

In our specific application case, the reduced thickness of the 

specimen produced a too slender loading structure in the forming 

zone, and although care was taken to keep the penetration/revolu-

tion within very small values, buckling became inevitable, and a 

dish-like flanged disc was eventually obtained. 
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d 4.0 15.0 9.0 
e 6.5 8.7 15.8 
(All dimensions in mm) 
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TERS OF OUT-OF-
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In the preceding analysis, no mention was made to the 

three-dimensional nature of the deformation process under inves-

tigation. Fig. 5-30, restricted once again to the hot-working 

of aluminium specimens, informs about the third (tangential) 

component of displacement and provides additional insight. into 

the nature of the deformation. It can be observed that the out-

of-plane deformation of particles originally lying on a given 

radial plane of the specimen is restricted to the immediate vi-

cinity of the contact area. Furthermore, a stretching of the o-

riginal (undeformed) cylindrical mantle of the specimen is ob-

served (compare the parameter e l  in the figure, with the ini-

tial thickness - 6.35 mm - of the specimen). The out-of-plane 

effect is more accentuated in the vicinity of the mid-plane. 

For small amounts of penetration (up to a total of the 

order of 0.5 mm) hardly any out-of-plane deformation is obser-

ved. A sizeable out-of-plane effect can be noticed for total pe-

netrations of the order of 1 mm onwards, initially restricted 

mainly to the lateral faces of the specimen (consider especially 

parameters a and d 	in the figure). For very large radial 

reductions the variations in these parameters stabilize (and e-

ven begin to decrease), whilst the remaining ones go on increa-

sing; that is, the out-of-plane deformation becomes restricted 

to a layer in the vicinity of the contact area (sticking friction). 
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- FORCES IN TERMS OF PENETRATION  

Fig. 5-31 presents a portion of a typical output report 

from the UV recorder, where the six relevant output signals (from 

the two horizontal and two vertical load cells, from the radiome-

ter and from the displacement transducer) can be seen. As the 

output signals are faint, they have been intensified for copying 

purposes. 
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As can be seen from this figure,. the vertical (tan-

gential) components of force are extremely small, corresponding 

to- a few percent only of the horizontal (radial) components. For 

this reason we have fully disregarded these components in the 

analysis to follow. 

In all we employed twenty-two aluminium specimens. Two 

of those were used exclusively for the indentation tests, which 

will be dealt with in the next section. We do not use the re-

cords corresponding to the first ten specimens because either 

they were used for colateral purposes only (eg, testing the in-

duction heating coil or calibrating the IR radiometer), or be-

cause - as should be expected in the beginning of an experimen-

tal work - extraneous factors interfered, causing the results to 

be meaningless. 

By careful documentation of the testing conditions, 

coupled with the subsequent examination of the resulting flan-

ged specimens, via, for instance, the area control already men-

tioned in the preceding section, a tabulation could be establi-

shed for every specimen, relating the applied force to the pene-

tration produced. The results obtained are plotted in Fig. 5-32. 

It should be stressed that all data appearing in this 

figure refer to one-step deformation applied over a virgin (pre-

viously undeformed) specimen. Most of these specimens were sub-

sequently used to produce further deformation, over several re-

volutions and using several alternative loading programmes, in 

order to exploit the possibilities of the radial upsetting pro-

cess. Although force measurements were made, their significance 

is dependent not only on the penetration instantaneously produ-

ced, but also on the current geometry of the specimen, which ge-

nerally varied throughout the peripheral length, due to the 

stepwise deformation produced during the first revolution. An 

interpretation of the force measurements under those circumstan-

ces becomes extremely complicated and of dubious validity. 

We used this part of the experimental work, instead, 
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to verify the feasibility of the process, provided sensible loa-

ding programmes were maintained, up to the limit of deformation 

(total radial reduction of more than 40 mm) which could be achie-

ved in our experimental rig. 

In order to establish a force-displacement (penetra-

tion) relationship, isothermal conditions have to be maintained 

during the test, but, as we mentioned earlier in this chapter, 

this requirement is not easy to be achieved. Inevitable tempera-

ture variations occurred during some of the experiments. 

Our intention was to conduct all tests at a temperatu-

re of 4000C, but for the purposes of the analysis of the experi-

mental results, temperatures ranging from 380 to 4200C were con-

sidered as satisfactory. Testing situations where the temperatu-

re fell out of this range are indicated in Fig. 5-32, and its re-

sults are not taken into account in the following analysis. Thus, 

the width of the range of results, for every particular value of 

penetration, is considerably narrowed. 

Previously
(147 - Appendix 5) we considered averages of 

the remaining data. These averaged forces seem to fit a quadratic 

equation in terms of the penetration. This equation can be ex-

pressed by means of the least squares method, from the tabula-

ted data. The expression we arrived at, valid for penetrations 

from 0.1 to 1.8 mm, is given by 

P c 0.2031 	2.1331 A .. 0.21694 A2  , 	(5-5) 

with A taken in mm, and P given in kN. This equation is re-

presented, in Fig. 5-32, by the thick semi-continuous line. 
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2.2.d - THE INDENTATION PROBLEM  

A few indentation tests were also conducted, covering 

penetration values up to 4 mm. Two disc specimens were used for 
that purpose, and eight tests were performed on each of them. 

Some of the tests, however, had to be later disregarded, as the 

record of the testing conditions was not sufficiently reliable. 

When indentation is considered, a problem relating to 

the heating of the specimen arises. As the specimen does not ro-

tate during the experiment, the heating coil must be placed some 

distance away from the actual deformation zone (otherwise it 

would interfere with the compression roller). In order to reach 

an adequate temperature (by conduction) ahead of the roller, the 

temperature of the material immediately under the coil must be 

allowed to reach much higher levels. This can be easily achieved 

with our generator when the specimen is steady, but at the risk 

of melting the material under the coil before the right tempera-

ture in the deformation zone is reached. 

A different approach to the heating problem would be 

to heat the whole periphery of the rotating specimen, as in the 

radial upsetting process, and once the adequate temperature is 

reached, to stop the specimen and to perform the experiment. Du-

ring the experimental stage, the induction generator could be 

either switched off (and the temperature would drop during the 

indentation) or kept operative (and the temperature would go on 

increasing, but material would eventually melt under the coil). 

Both these alternatives indicate that the test must be performed 

very quickly if isothermal conditions are to be assumed and if 

no undesirable side effects are to occur. The first one was 

followed in our experiments, after a few trials with the second 

one proved to be unsuccessful. 

Figs. 5-33 and 5-34 show the deformation mode obtained 

for two particular values of penetration. One quadrant of the de-

formation zone is shown in each case. The lateral topography of 

the specimen, for the purpose of drawing these figures, was ob- 
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tamed by a dial gauge scanning a set of lines parallel to the 

radial symmetry plane, and separated by a distance of three 

millimetres. Readings were made at the deformed position of ve-

ry shallow circumferential grooves traced on the sides of the 

undeformed specimen. 

As can be observed from the figures, deformation is 

restricted to an approximately elliptical boundary, here termed 

as the deformation front. The maximum depth H of this deforma-

tion front (19.0 and 16.8 mm, respectively, in the case of the 
figures) consistently lies about 50% above the corresponding va-

lues usually found in the radial upsetting tests. This seems to 

be counterbalanced by the maximum increase in the semithickness 
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FIG. 5 -34 - INDENTATION OF CYLINDRICAL SPECIMENS 
BY A CYLINDRICAL ROLLER - DEFORMATION MODE FOR 

= 2.90 mm 

(1.43 and 0.73 mm, respectively), which is well below the amount 

to be expected in radial upsetting, for the same amount of pene-

tration. No substantial out-of-plane deformation was noticed, 

except perhaps around the quarters of the contact surface, and 

even there it did not amount to more than a small fraction of 

what would be expected in radial upsetting. A slight thickenning 

occurs in the vicinity of the cylindrical mantle of the specimen, 

outside the bounds of the contact surface, but no radial increa-

se, or accumulation of material, is detected in this region. The 

maximum final thickness is achieved in the radial plane of symme-

try, about two to four millimetres away from the forming roller 

(depending on penetration). 
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Due to the speed requirement on the indentation tests, 

it becomes extremely difficult to establish a relationship bet-

ween applied force and instantaneous penetration, during such a 

test. Instead, the force at the end of every test was recorded, 

together with the final value of penetration. A sample of results 

is plotted in Fig. 5-35. A least squares approximation of the re-
sults suggests an equation 

= 1.14689 	1.98976 A - 0.32292 A2 	(5-6) 

which, obviously, is not valid for small values of penetration. 

If the results obtained for indentation are compared 

with those for radial upsetting (eg, the plot of Eqn. (5-6) com-

pared with that of Eqn. (5-5)), it is observed that, for the 

same value of penetration, the force required for indentation is 

larger than that for radial upsetting. This observation should 

obviously be expected, as the contact area in the indentation 

situation is larger than in radial upsetting. 



CHAPTER 6  

THE FINITE ELEMENT 

SOLUTION 

6.1 - INTRODUCTION 

In this chapter the computer results obtained with the 

program EPFELDA , as described in Chapter 4 and in Appendices 
2 and 3, are presented and compared with the experimental (Chap-
ter 5) and upper bound (Appendix 5) ones. The behaviour and li-
mitations are presented and analysed. 

The formal procedure described in Chapter 4 has been 
applied using a mesh consisting of four basic blocks in the ra-

dial upsetting, and three in the indentation applications. Ho-

wever, due to the unsatisfactory results generally obtained, al-

ternative solutions were eventually tried. The changes required 

by such alternative solutions are not incorporated in Chapter 4 
nor in the listing of Appendix 2, but they will be sufficiently 

clarified when they are analysed in the text to follow. 

Computer results are analysed from a triple point of 

view: the force/penetration relationship, the general mode of 

deformation and the obedience to the prescribed stress-strain 

curve are considered. Colaterally, the stability of the solutions 

is commented upon. 
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185  

6.2 - THE RADIAL UPSETTING PROBLEM 

6.2.a - INTRODUCTION  

Nine sets of results will be analysed. Of those, seven 

follow the the procedure described in Chapter 4, from here on-

wards referred to as "relaxed boundary conditions", with the 

mesh presented in Fig. 4-9 extending to a depth of 15 mm from 

the external cylindrical boundary of the specimen. The two re-

maining sets follow the same formulation, but using a reduced 

mesh, with 24 nodes and 33 elements in the basic block, exten-

ding to a depth of 10 mm only. 

The results are summarized in Table 6-1 and in Figs. 

6-1 to 6-8. 

Set STP Symbol 
(40 

Penetr. 
(mm) 

Max. EP  Nr. of 
LI 

Failure p_ 
, 

Deformati-
on Mode 

A 0.01 x 0.43 0.055 8 (+) 

0
0

0
0
0
N

N
O

--t1  

•
 

•
 	

• 	
• 	

• 	
• 	

• 	
• 	

.1 
0

0
0
0
0

0
0
0

0
 

Accepta- 

B 0.02 -1- 0.32 0.040 7 (+) ble 

C 0.04 A 0.38 0.046 6 (+) but 

D 0.10 0 0.20 0.020 3 (4.) not 

E 0.02  0(§) 0.42 0.042 9 (+) fully 

F 0.02 V 0.42 0.060 9 (+) satis- 

G 0.10 <> 0.20 0.023 3 (+) factory 

H (RM) A 1.33 0.245 11 (-) Bad 

I (RM) 0 1.33 0.24 11 (-) Bad 

(10 As used in Figs. 6-1 to 6-3 	(RN) Reduced mesh 

(§) Modified load redistribution in contact zone 

(+) No convergence achieved in next load increment 

(-) Time limit, with unsatisfactory result in at least the 

last load increment 	...... ______ 
TABLE 6-1 - FINITE ELEMENT RESULTS FOR THE RADIAL UPSETTING 

PROBLEM 

From Table 6-1 the immediate observation arises that 

although the larger mesh produces reasonably satisfactory defor-

mation mode, it tends to fail before a substantial amount of 

plastic deformation is achieved. Failure is due to the loss of 

diagonal dominance in the stiffness matrix, which leads to mo- 
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FIG. 6-1 - FORCE IN TERMS OF PENETRATION IN 
RADIAL UPSETTING: A COMPARISON OF FINITE E-
LEMENT, UPPER BOUND AND EXPERIMENTAL DATA  

re difficult convergence for the incremental displacement field 

in every subsequent load increment, and eventually to no conver-

gence at all for a radial penetration of a few tenths of a 

millimeter (depending on the value of the loading parameter STP). 

Larger values of plastic strain could be achieved employing the 

reduced mesh, but at the cost of a totally unacceptable force/ 

penetration relation (Fig. 6-3) and a less satisfactory deforma-
tion mode. 

Set E represents an alternative formulation using the 

larger mesh, but differing from the procedure described in Chap-

ter 4 by the fact that the load redistribution in the contact 
zone (described in 4.4.d) was performed using a stricter redis-

tribution criterion, smaller increments being prescribed for 

the boundary nodes about to enter or about to leave the contact 

zone (thus more in line with Fig. 4-5). The actual implementa-
tion of the corrected formulae, replacing those derived in Sub-

section 4.4.d, although extremely simple, is not presented he- 
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re, as the results did not prove to be fully satisfactory; in 

fact, no increase was obtained in the amount of penetration be-

fore failure, and an erratic behaviour was observed in the last 

three load increments, with a sudden increase in the applied 

force (Fig. 6-1). 

6.2.b - FORCE/PENETRATION RELATIONSHIP  

Figs. 6-1 to 6-3 plot the force/penetration relation-
ships obtained for the nine sets of data listed in Table 6-1, 

and compares them with the experimental results (Fig. 5-32) and 

with the upper bound solution(147) 

For the larger mesh the force required to achieve a 

certain level of penetration is usually well above the one veri-

fied experimentally, and slightly above the one obtained by the 

upper bound solution. There is an indication that for the higher 

values of penetration (had they been achieved), the finite ele-

ment solution would lie below the upper bound one, as should be 

expected from a supposedly more rigorous formulation. On the 

other hand, the choice of the loading parameter STP does not 
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/ 

seem to affect the order of magnitude of the forces; larger va-

lues of this parameter, however, will fail after a smaller num-

ber of load increments (Fig. 6-1 and Table 6-1). 

Exception to these observations is the set E, for 

which an anomalous force increment was found in the last three 

converged load increments. The explanation for this increase 

seems to lie in the fact that probably larger penetration should 

have taken place, to equilibrate the last load increments, but 

this requirement was hindered by the load redistribution proce-

dure. Possibly some error, which we have not been able to de-

tect, arose in the derivation of the modified redistribution 

formulae. 

The reduced mesh produced two drawbacks from the for-

ce/penetration point of view. At first, too small values of for-

ce were computed (Fig. 6-3), and after a number of load incre-
ments, an exaggerated increase in the forces was verified. Such 

increase, however, can be easily explained in terms of the ra-

dial spreading of the plastic zone towards the inner boundary, 
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which is not allowed to move. 

The effect of a nonzero friction factor is analysed 

in Figs. 6-2 and 6-3. An unpublished result, originally inten-

ded to be included with the upper bound analysis(147),  based 

on Kudo's comparisons between constant and Coulomb friction 

coefficients(148,113), suggested that, for the amount of pe-

netration obtained when using the larger mesh, the constant 

friction situation m = 1 corresponds to a Coulomb friction 

coefficient averaging 0.2. However, the results for sets F 

and G I  for which a Coulomb factor g = 0.2 was used, suggest 

a slightly less drastic effect than the one obtained with the 

upper bound solution using m = 1. 

6.2.c - DEFORMATION NODE 

The results represented by the sets A to G did not 

allow a steady state situation to be reached (that is, one in 

which no further radial penetration is produced, and deformation 

is solely due to the rotational - or feeding - movement of the 

specimen). It is therefore not very significant to produce a di-

rect comparison of the deformation mode obtained by the finite 

element solution with the one obtained experimentally. Fig. 

6-4 attempts such a comparison for the maximum (final) value 
of penetration in the case of sets A, C and F. The radial 

plane considered for the finite element solution is the one 

corresponding to this maximum radial reduction; the computed 

out-of-plane deformation is also plotted. 

In Fig. 6-4, as well as in the following ones, which 
plot deformation modes, the out-of-plane and axial displacements 

are plotted to an enlarged scale. For the purposes of compari-

son with the experimental results, curves for the adequate pe-

netration value have been obtained by interpolation from Fig. 

5-27. When Plotting such data in Fig. 6-4, they were superim-
posed to the computed out-of-plane displacement component, o-

therwise the visualization would be made more difficult. 

It is seen from Fig. 6-4 that the finite element so-
lution predicts an acceptable deformation mode from the purely 
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FIG. 6-6 - DEFORMATION MODE IN RADIAL UP-
SETTING USING THE REDUCED MESH 

qualitative point of view. In quantitative terms, however, the 

thickening of the specimen is predicted as much less intense 

than verified experimentally, especially when friction is con-

sidered. On the other hand, substantial deformation (in rela-

tive terms) is present over the whole depth of the mesh, a fact 

which also contradicts the experimental evidence. 

The out-of-plane deformation is generally small, ex-

cept when friction is considered. In that case the transversal 

displacements in the contact zone are predicted as nearly as 

twice as large than the maximum local thickening of the speci-

men; besides, the deformed surface tends to lag behind the ori-

ginal radial plane. When no friction is considered, this lagging 

behind is reduced to the vicinity of the contact zone; over 

most of the depth of the mesh it lies ahead of the original ra-

dial plane but presenting comnaratively small values of displa-

cement. 
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Fig. 6-5 plots the deformation mode of the part of the 
mesh involved in the contact arc, on both the frictionless and 

friction-affected situations (IA = 0.2) (Sets A and F). 

Fig. 6-6 considers the frictionless case using the re-
duced mesh (Set H) and plots the deformation mode for two values 

of penetration. The lateral expansion (thickening) is again 

smaller than verified experimentally, but the out-of-plane de-

formation is much smaller than predicted when using the larger 

mesh. This result is apparently due to the fact that in the re-

duced mesh the effect of deformation becomes more directly com-

pressive (as translated by the larger plastic strain increments). 

The deformation mode obtained with this reduced mesh is blatan-

tly unsatisfactory. Maximum thickening occurs too far from the 

cylindrical mantle of the specimen, as becomes clear from the 



analysis of the case when A = 1.333 mm l the constancy of volu-

me requirement is grossly violated. 

6.2.d - STRESS-STRAIN  CURVE 

Fig. 6-7 plots the equivalent stress/plastic strain re-

sults for a sample of elements corresponding to sets A, E and 

F, and compares these plots with the prescribed stress-strain 

curve of the material at the temperature of 400°C (Fig. 4-1). 

Fig. 6-8 plots a sample of elements from set H. 

It is observed that in all cases a very good agreement 

has been obtained, lying within a tolerance of less than 0.5% in 

the case of the larger mesh (Fig. 6-7), but slightly larger in 

the case of the reduced mesh (Fig. 6-8). This is due to the fact 
that, at the time when this case was run, a less stringent error 

control was used in the initial stress procedure. The larger 

plastic strains achieved with set H can be easily explained in 

terms of the fact that, for the same amount of radial penetra-

tion, the deformation was allowed to extend to a much smaller 

volume of material (due to the rigid boundary treatment of the 

inner cylindrical mantle of the finite element mesh). 

6.3 - THE INDENTATION PROBLEM 

6.3.a - INTRODUCTION  

Eighteen sets of results were considered for the purpo-

se of the analysis of the indentation problem. In ten of them 
the relaxed boundary condition situation described in Chapter 4 
is employed. In the eight remaining ones, a fully rigid bounda-
ry was assumed in the interfaces between the finite element mesh 

and the rest of the (removed) specimen. The implementation of 
such a simplified boundary condition is extremely simple, but it 
is not presented here, nor in any of the appendices. For all the 

sets of results the same basic block of Fig. 4-9 was used. A mesh 

consisting of three basic blocks was considered, except for set 

V, when four were used. 

The results are summarized in Table 6-2 and in Figs. 

6-9 to 6-20. 
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Set STP Symbol 
(s) 

Penetr. 
(mm) 

= 
Max. Ep  Nr. of 

LI 
Failure Deformati-

on Mode 

J.  0.10 0 0.200 0.018 3 (+) 0.0 Accepta- 

IC 0.04 x 0.160 0.015 4 (+) 0.0 ble but 

L 0.02 + 0.310 0.038 7 (+) 0.0 not 

lif 0.02 V 0.260 0.038 6 (+) 0.0 fully 

L" 0.02 O 0.820 0.083 10 (+) 0.0 satis- 

M 0.02 A(%) 0.260 0.024 6 (+) 0.0 facto- 

N 0.02 ❑(%) 0.430 0.068 6 (+) 0.0 ry 

0 0.10 e 0.200 0.018 3 (+) 0.2 As 

P 0.02 G 0.160 0.018 5 (+) 0.2 abo- 

Q 0.02 A(%) 0.180 0.015 5 (+) 0.2 ve 

R (RB) V 1.377 0.163 6 ST 0.0 Generally 

S (RB) 0  1.070 0.194 10 (+) 0.0 bad, espe- 

T (RB) x(M) 0.480 0.198 16 TL 0.0 cially at 

U (RB) + 1.851 0.124 3 (+) 0.0 latter 

V (RB) V(%2%) 1.941 0.185 3 SL 0.0 stages 

W (RB) A 1.110 0.880 9 (+) 0.0 of the 

X (RB) ❑  1.600 0.280 6 (+) 0.0 execu- 

Y (RB) o 0.340 0.04c 7 (+) 0.0 tion 

GO As used in Figs. 6-9 to 6-11 	(RB) Rigid boundary condi- 
tion 

(%) Modified load redistribution in contact zone 

(%) Two corrective initial load cycles allowed 

(M%) Three corrective initial load cycles were allowed, and 
four basic blocks were used 

(+) No convergence achieved in next load increment 

ST Execution halted because of unsatisfactory results (either 
deformation mode or excessive increase in plastic strains) 

TL Time limit 

SL Execution halted because of excessive increase in applied 
force 

TABLE 6-2 - FINITE ELEMENT RESULTS FOR THE INDENTATION PROBLEM 

In set N a modified load redistribution procedure, 

identical to the one employed with set E (in the radial up-

setting applications) was applied, but without the same force 

increase being verified before the failure of the program. 
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In sets N, T and V the maximum number of corrective 
cycles in the initial stress procedure was increased to two ( N 
T) and three (V) . 
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6.3.b FORCE/PENETRATION RELATIONSHIP 

Figs. 6-9 to 6-11 plot the force/penetration relation-

ships in the eighteen sets, and compare them with the experimen-

tal results, given in Fig. 5-35. 

U.. 

c.) 

In Figs. 6-9 and 6-10 the relaxed boundary condition is 

considered. The first one covers the frictionless situation, whi- 

le in the second one some 	frictionless results are compared 

with the corresponding case when p. is set to 002. The compu-

ted forces seem to discrepate less from the experimental ones 

than previously verified with the radial upsetting process; never-

theless they are still extremely high. Except for extremely lar-

ge values, the loading parameter STP does not seem to influen-

ce substantially the results. A sudden increase is sometimes de-

tected in the computed force, after a few load increments; this 
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seems to be due to the spreading of the plastic zone towards the 

boundaries of the finite element mesh and, therefore, to point 

to the inadequacy of the boundary conditions, when formulated as 

in Chapter 4. In the case when two corrective initial stress cy-
cles were allowed (set N), smaller forces were encountered and 

the anomalous terminal increase in force took place at a sligh- 
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tly increased level of deformation. 

When friction was considered (Fig. 6-10), a very small 

increase in force was predicted, as we had already found in the 

radial upsetting application. 

Similarly to what had been observed in 6.2.b, the fai-

lure of the program occurred at an early stage of deformation, 

with penetrations of the order of 0.3 mm and less, usually 

due to the loss of the diagonal dominance of the stiffness ma-

trix. 

In Fig. 6-11, finally, results are plotted for the ca-

ses in which the rigid boundary condition was used. These cases 

having been run at an earlier stage of the development of the 

program, several alternative loading situations were used, none 

of them involving.the loading parameter STP. They consisted main-

ly in prescribing a total incremental force to be rated among the 

nodes in the contact zone in the second load increment. In the 

subsequent load increments new total force increments were deri-

ved in terms of the previous one and of the deformation it pro-

duced. Such a procedure produced extremely erratic behaviour, as 

will be shown in the sets to be analysed, and was eventually a-

bandoned. Sometimes extremely large force increments were unin-

tentionally produced; the deformation mode was usually distorted 

by such anomalous steps, and further load increments proved to 

be of little - if any - significance. 

Substantially deeper values of penetration were gene-

rally achieved with the rigid boundary, in comparison with the 

relaxed boundary situation; this is coupled, however, with subs-

tantially larger forces (paths A, B, C and D against E in Fig. 

6-11) and with usually unsatisfactory deforMation modes. 

Sets R and S are typical examples of the application 

of the loading procedure described above. The force increment ar-

bitrarily applied in the second loading step was respectively 

2400 and 500 N (eventually reduced by the removal of the residu-

al forces in the initial stress correction). In set R this was 

followed by two further increments of the same order of magnitu-
9"'-' 

de, and then by a small followedby a large one (following path 

C in Fig. 6-11). For set S I  paradoxically, the second loading 
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step was followed by a very large load increment, and then by a 

succession of small ones (following path B., which eventually 

tends to coincide with path C of set R ). In set W the same 

initial increment of 2400 N was used, but the size of the sub-

sequent load increments was limited. Again path C (or rather 

CI ) was followed, indicating a certain degree of consistency 

of the results. Considering the deformation mode, however, a 

curious behaviour is observed. The general pattern of deforma-

tion for both sets R and W is not fully satisfactory, as will 

be analysed in 6.3.c; however, a certain consistency of the re-

sults is retained throughout the several load increments. The 

same cannot be said, however, of set S. Following the abnormally 

large third load increment, a substantial spreading-out cf ma-

terial - or thickening of the specimen - is observed. In the 

subsequent load increments, paradoxically, a return of the ma-

terial (negative spreading) is verified. At the last produced 

load increment, roughly the same lateral shape observed for sets 

R and W (interpolating, of course, for comparable values of pe-

netration) seems to have been obtained. 

As we have previously verified when considering the 

relaxed boundary condition, an increased number of correcti7e 

cycles in the initial stress procedure seems, again, to lead to 

reduced forces (set T); the same conclusion could not be obtai-

ned, however, from set V, when the size of the mesh was also 

altered. But the deformation mode obtained in either case is 

not satisfactory (6.3.c). 

Set X corresponds to another frustrated example in 

which a large initial load increment led to a larger one - and 

to failure of the program - in the next loading step. 

6.3.c - DEFORMATION MODE 

The analysis of the deformation modes produced in the 

indentation applications is summarized in Figs. 6-12 to 6-17. In 

these the deformed mesh is superimposed to the original one, 

which is drawn in thinner lines. The undeformed mesh is drawn to 

a scale of 7.5:1 (Figs. 6-12 to 6-14) or 5:1 (Figs. 6-15 to 6-17). 
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In the deformed mesh - and in order to bring certain aspects 

of the deformation to an observable level, different scale fac-

tors are used for the several components of displacement: al-

though the radial (horizontal in the figures) component is drawn 

to the same scale as the whole undeformed mesh, the other two 

components are taken as ten times larger. This produces a dis-

tortion of the deformed mesh, which, thus, does not correspond 

to the actual deformed shape. 

As the penetrations achieved in the computer solutions 

lie far below the ones for which the experimental deformation 

mode was recorded, a comparison between computed and experimental 

modes is only possible in qualitative terms. Common features of 

the computed solutions are: 

a) The defo1cmation (thickening) of the specimen ex-

tends over the whole depth of the mesh; 

b) Maximum thickening does not occur in the radial 

symmetry plane but rather on the immediately adjacent interblock 

interface. This pattern of deformation has been consistently ob-

tained, irrespective of the boundary conditions utilised. 

Neither of these observations were verified experimen-

tally. In the experimental work the depth of deformation was 

found to be dependent on the level of penetration. It should be 

pointed out, however, that a slight reduction of the thickness 

of the deformed specimen in the radial symmetry plane was obser-

ved in some cases, although of a lesser order of magnitude and 

with a lesser degree of systematicity than in the computed re-

sults. 

Figs. 6-12 to 6-14 consider the cases when the relaxed 

boundary condition was used. In Fig. 6-12 the deformed mode 

corresponding to two values of penetration for set L" is shown. 

In the case of a penetration of 0.48 mm (8th. load increment) a 

relative reduction in the size of the transversal (axial) displa-

cement increments (not observed up to the previous load increment) 

begins to take place in the vicinity of the contact zone and of 

the radial symmetry plane. This deformation pattern is reinfor-

ced in the subsequent load increments, and is clearly visible in 
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FIG. 6-14 - PREDICTED DEFORMATION MODE IN INDENTA-
TION (BY FINITE ELEMENTS, USING THE RELAXED BOUN-
DARY CONDITION AND CONSIDERING FRICTION) 
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SET X 

The same conven-
tions given for 
Fig. 6-15 apply 
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FIG. 6-16 - DEFORMATION MODE IN INDENTATION, PRE-
DICTED BY THE FINITE ELEMENT METHOD, USING THE .  

RIGID BOUNDARY CONDITION (Contd.) 
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SETT 

FIG. 6-17 - DEFORMATION MODE IN INDENTATION, PRE-
DICTED BY THE FINITE ELEMENT METHOD, USING THE 

RIGID BOUNDARY CONDITION (Contd.) 
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the representation of the tenth load increment, when also a subs-

tantial amount of out-of-plane deformation is observed in all 

non-boundary radial planes. 

The afore-mentioned effect is less noticeable iii the 

case of set M, when the modified load redistribution procedure 

was used for the nodes in the contact zone, and of set N, when 

two corrective cycles were used in the initial stress procedure. 

No definite interpretation can be drawn from the defor-

mation modes observed when friction was considered (Fig. 6-14): 

the final values of penetration were too small. 

The remaining figures (6-15 to 6-17) consider the sets 

in which the rigid boundary condition was used.Due to the larger 

values of penetration achieved, the deformational behaviour and 

the nature of failure of the program becomes more patent. 

Fig. 6-15 considers a satisfactorily well-behaved case 

(set R ) and plots the deformed mode corresponding to three va-

lues of penetration. The local effect verified in Fig. 6-12 

(set L") is not found here, although it appears again in the 

next cases. Deformation seems to be sound up to the fifth load 

increment, but an excessive amount of radial displacement incre-

ment, nearly doubling the total penetration, takes place in the 

next load increment, and the specimen becomes heavily distorted. 

Obviously the real situation is not as drastic as shown in 

Fig. 6-15c. Scale-factor distortions have to be erradicated. Ho-

wever, the magnitude of the change of direction in the displa-

cement of Node 33 (indicated in the figure) produce a patologi-
cal set of strain increments for the elements to which this no-

de belongs, leading to also patological sets of stress states, 

as a consequence of which the program will certainly fail in the 

next load increment. 

The same situation is shown in more drastic overtones 

in Figs. 6-16 (set X) and 6-17 (set T). In both cases, sound 
deformation is observed up to a certain stage of execution (5th. 

and 8th. load increment, respectively). In the case of set X, 

an excessive radial reduction in the next load increment led to- 
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wards an overlapping deformation pattern (actually no proper o-

verlapping occurred, but only .a tendency towards it; again the 

difference in the scale factors is responsible for the degenera-

ted representation). Here, several nodes underwent displacement 

direction reversals. A seventh load increment was actually initia-

lized, but no convergence was achieved in the solution of the 

incremental force-displacement relation. To avoid or postpone 

such a failure mechanism, a succession of very small loading 

steps was tried in the case of set T, after the eighth load in-

crement. Seven more were achieved, with a progressive worsening 

of the deformation mode, culminating with the patological geome-

try of Fig. 6-17c. From the twelfth load increment, one single 

element in the mesh exhibited a totally unacceptable state of 

stress (equivalent stress of the order of 8000 MN/m
2), although 

all the remaining ones behaved reasonably. 

6.3.d - STRESS-STRAIN CURVE 

Fig. 6-18 plots the equivalent stress /plastic strain 
results for a sample of elements belonging to sets L", N and 

P , corresponding to the relaxed boundary condition, and compares 

these plots with the prescribed stress-strain curve of the ma-

terial at the temperature of 400°C (Fig. 4-1). Figs. 6-19 (sets 

S, T and X) and 6-20 (set W) plot samples of elements corres-

ponding to the rigid boundary condition. 

A close agreement is observed in all cases between 

computed pairs of results and the prescribed curve. 

As can be seen in most of those examples, a substan-

tial increase in plastic strain usually takes place in the last 

recorded load increment. This indicates a plastic instability 

situation which we have not been able to control adequately in 

EPFELDA. Failure of the program usually follows the abnormal 

increase in the plastic strains. 
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CHAPTER 7 

DISCUSSION AND 

CO NC L USION 

7.1 - DISCUSSION 

The results produced by the application of EPFELDA 

to the radial upsetting and indentation problems, as described 

in Chapter 6, are far from satisfactory. The main criticism 

which could be presented is certainly the usually early failure 

of the program, but the nature of the results could also be 

questioned. Several reasons could be enumerated to explain such 

a poor performance. They are listed and analysed here. 

a) Too compact meshes have been used  

Execution of EPFELDA is highly demanding in terms 

of computing time. Early load increments require about eighty 

seconds in the indentation case (three basic blocks), and about 

hundred and twenty seconds in radial upsetting (four basic 

blocks). As the plastic zone spreads, and the assembly of the 

elemental stiffness matrices is gradually shifted from subrou-

tine FIRST to STIFT, these times are increased, and may e-

ventually be doubled (If there are more elements in the plastic 

range, the execution of the main program is also affected and 
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becomes more costly). These times are extremely high, and the 

addition of more basic blocks (or the increase in the number of 

nodes and elements in the basic block) increases them in a near-

ly quadratic proportion. This means that an untroubled execution 

of the program (no divergence problems, or other terminal mecha-

nisms occurring) could require several minutes - or even hours -

to produce a reduced number of load increments (times quoted re-

fer to the CDC 6600 computer used in all the application sets 

considered in Chapter 6). 

This is the main reason why we have spent so much time 

trying to obtain a code which would operate satisfactorily pro-

ducing large deformation steps, in order to achieve a substan-

tial amount of deformation in a reduced number of load incre-

ments. Being unable to obtain satisfactory results - and there 

are many reasons why the algorithm should not succeed under the-

se conditions - we finally adopted a much more modest approach, 

using load increments as small as possible, in order to obtain a 

minimum of acceptable results. 

b) The boundary conditions On the lateral and inner 

boundaries are not romerlv formulated 

The introduction of these artificial boundaries to the 

problem was required by the need to minimize the size of the fi-

nite element mesh. Ideally these boundaries should have been kept 

sufficiently removed from the contact zone, in order to make sure 

that no element adjacent to them became plastic. As it happened, 

plastic deformation soon reached the boundaries of the mesh (in 

three or four load increments) and the exaggerated increases in 

force (as for sets E and F (In Section 6.2) or L" (In Section 

6.3)) took place. 

This spreading of the plastic zone would not have been 

a drawback if a proper formulation had been given to the bounda-

ry conditions, taking such fact into account. However, we have 

not been able to express such a rigorous approach in a simple 

but reliable way. 

The rigid boundary assumed in some of the indentation 

applications is certainly a simplistic solution, and the unsa- 
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tisfactory deformation modes it produced (besides of excessive 

terminal force increases) should be no surprise. The relaxed 

boundary adopted later is a compromise which improved one as-

pect of the defficiencies, by producing more satisfactory de-

formation modes, without, however, solving the problem of the 

terminal force increases. Besides, although divergence has pre-

viously been blamed on the loss of diagonal dominance of the 

stiffness matrix, some colateral effect imposed by such a boun-

dary condition should not be disregarded. 

c) The load redistribution  procedure in the contact  

zone is over-simplified 

The load redistribution in the contact zone is too 

simplistic in the sense that, once a node is considered as lying 

in the contact zone, it is given the same displacement increment 

as the other nodes in the same zone. That this is not strictly 

correct for nodes just entering or about to leave the contact 

zone, has been made abundantly clear in Chapters 4 and 6. The 
modified load redistribution used with sets E l  M and Q should, 

therefore, have produced better results. In fact this did not 

occur, but the reason could possibly lie somewhere else. 

The load redistribution procedure, as implemented in 

EPFELDA , is performed in the subroutine GAUSS , during the so-

lution of the incremental displacement field. It is possible that 

the two numerical algorithms interfere with each other, and a 

gradual erosion of the results takes place. At the same time, 

however, it is difficult to visualize how to redistribute the 

applied loads independently of the solution of the displacement 

field. A more refined solution algorithm, in GAUSS , seems to 

be the likely answer. 

a) The treatment of the elastic-Plastic elements by 

the simplified procedure - Eqn. (2-20c) - is sub-

ject to criticism  

In the preceding applications of EPFELDA the elemen-

tal elastic-plastic constitutive tensors were used to produce 
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the elemental stiffness matrix, but not to compute the resulting 

stress increments. Such an approach was adopted in view of the 

excessive stress increments previously obtained, when using the 

"straight" approach, as suggested by Hibbitt et al(49). As a 

consequence of these excessive increments, three possible alter-

natives followed - and sometimes more than one at a time: 

1 - The resulting stress state did not satisfy 

the prescribed stress-strain curve, within 

a reasonable degree of accuracy, with the 

equivalent stress grossly overshooting the 

prescribed curve; 

2 - The corrective (residual) forces became ex-

cessive, leading to an unacceptable unloa-

ding situation; or 

3 - the successive stress states for an element 
presented an erratic behaviour, with the e-

quivalent stress lying successively above 

and below the prescribed stress-strain cur-

ve.  

This is apparently due to the nature of the conct:l_tu-

tive tensor, which allows only for infinitesimal stress incre-

ments. Dieterle(102) came across the same problems, but solved 

them differently. In principle, the use of an adequate defini-

tion of frame invariant stress rate (or stress increment, in 

our formulation) should eliminate the need for such limitation, 

but in our experience this did not occur. 

e) The use of Truesdell's definition of frame inva-

riant stress rates is not the adequate one  

The concluding statement in the preceding paragraph 

might be objected by regarding that, according to Prager
(104) 

Truesdell's is not the adequate definition to be used in an elas-

tic-plastic formulation, and that Jaumann's should be preferred. 

However, in the early stages of plastic deformation - and we ge-

nerally did not manage to go above that level - it is quite 

immaterial which of the definitions - if any - is used, as the 
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corrections they introduce become practically negligible. They 

only introduce substantial differences in the results once a rea-

sonable amount of deformation is achieved (Kitagawa et al(91)). 

The question of the adequate definition to be used is 

quite controverted in the literature. Many investigators - as, 

for instance, osias(92) or McMeeking and Rice(lio) - use Jau-

mann's without further elaboration. Others(91) compare specific 

definitions without considering other alternatives. And some 

(Truesdell(45), Hill(106))  put the problem in terms of conveni-

ence and even taste. Prager' s(10-) favouring of Jaumann's in 

plasticity applications is the only work to categorically state 

the adequacy of one and the inadequacy of any of the other defi-

nitions, although a subsequent paper by Spencer and Ferris(105)  

argues that only second-order differences should occur if the 

"wrong" definition is used. 

We did not use Jaumann's definition exclusively in 

view of the computational difficulties it introduces (nonsymme-

trical constitutive and stiffness tensors). But even assuming 

the absolute necessity of using this one, instead of any of the 

other definitions, in our elastic-plastic application, the a-

mount of the strains we eventually managed to cover did not 

allow for any substantial departure from the "true" or "correct" 

solutions to take place. 

f) More corrective cycles should be allowed in the  

application of the initial stress method 

We do agree that a larger number of corrective initial 

stress cycles would perhaps be desirable. Cur approach, however, 

does not seem to us to be wrong. Increasing the number of correc-

tive cycles means simply to increase the number of times subrou-

tine GAUSS has to be called, and the number of times the main 

program has to be scanned, and thus, an increase in the computing 

times. Considering our initial comments regarding the size of the 

finite element mesh, the solution we eventually adopted was ba-

sed solely in terms of the minimization of computing times. 
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g) The application problems are too complex  

It is clear that a highly complex code as FPFELDA 

should havee been initially applied to a. simple and well known 

two-dimensional or axially symmetric deformation process. Four 

immediate advantages arise from such an approach: 

1 - The formulation would become much simpler; 

2 - Literature would be available on the process, ei-

ther in the form of known theoretical solutions, 

or of reports on experimental work (or both), 

thus supplying reliable comparison elements; 

3 - Computer requirements would be drastically re-
duced, from the point of view of both core and 

computing time; and 

4 - Boundary conditions would possibly be clearly 
defined and easily implemented. 

Such conclusions are trivial, and we are directly to 

blame if we did not follow this road. The possibility of working 

with a novel deformation process, instead of simply adding more 

information about a known one, seemed too attractive, at the be-

ginning of our work, to be disregarded. However, we do intend 

to try, in the near future, some sort of simpler application. 

7.2 - CONCLUSION 

Two main suggestions could be proposed for future work 

on the lines of this thesis. 

It seems that the well defined initial advantages of 

the Lagrangean formulation (systematic reference to the undefor-

med geometry and, therefore, the initial production, once and for 

all, of the shape functions) is more than offset by the innumera-

ble drawbacks and difficulties which appear in its subsequent im-

plementation. The complex tensor relations expressing both the 

constitutive and the stiffness tensors become extremely elabora-

ted and time consuming, from the computing point of view. 
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The initial disadvantages of the Eulerian formulation, 

as hinted by Hibbitt et 
a1(49) and effectively referred to by Ki-

tagawa et al(89), on the other hand, seem to have been adequately 

overcome in subsequent and more simple formulations (Osias
(92) 

Nagtegaal et al
(109)

1  McHeeking and Rice
(110) 

and Lee
(111),  ). The- 

se approaches, especially UcNeeking's, should be considered as 

preferable to the Lagrangean formulation here presented. 

A very powerful possibility of reducing the execution 

costs of the program could possibly lie in the use of more com-

plex isoparametric elements. In that case the equations ex-

pressing the stiffness matrix would have to be numerically inte-

grated over the volume (or area, in two-dimensional applications) 

of the element. But as the displacement field would no longer va-

ry linearly across the elements, a variable state of stress and 

strain would exist within them, and a more realistic mapping of 

the real continuum could be achieved, with a substantially 

smaller number of elements. Isoparametric elements have been used 

extensively by Zienkiewicz and his associates  

Guha(78) in despite of quite satisfactory results using simplex 

elements, seems to be favouring the use of isoparametric ones. 
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NOMENCLATURE 

N.1 - REVIEW OF CONVENTIONS 

The generalised summation convention, as proposed by 

Wissmann(27) is used (See Section 2.1). Commas and strokes are 

used to represent derivatives with respect to initial and current 

coordinates, respectively (See also Section 2.1). 

The prefixes d and A are used throughout to denote 

infinitesimal or small increments of a variable. 

The superfix 	is used to represent interim values of 

the variable to which it is imposed. 

The superfix 	is used to represent either 

a) Equivalent values of a variable (stresses and strains); 

b) Variables related to a node about to leave the contact 

zone, in a radial upsetting situation; or 

c) Corrected incremental variables, regarding the redistri-

bution of applied loads in the contact area. 

No confusion arises from this triple convention, as the three 

circumstances do not occur simultaneously. 

A superindex ° denotes a variable referred to the un-

deformed geometry of the continuum. 

A dash ( ' ) denotes deviatoric components of stress. 

Barred variables (eg 71 j) refer to a node. 
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N.2 - LIST OF VARIABLES 

A, A° 	- Area of a surface, current and original (undeformed); 

in Chapter 3 the surface is the boundary of anelement 

A, B, m - In Chapter 4, parameters of the strain-hardening 

stress-strain equations 

a, b, c, 	In Chapter 5, parameters of the out-of-radial plane 
d, e deformation 

a
j 	- Shape function derivatives 

c, n 	- In Chapter 2, parameters of generalised definition of 

effective or equivalent stress 

c 	- Cofactors of the volume-determinant of an element 

Da, Dc
, L- In Chapter 5, parameters of the optical tube of the 

IR radiometer 

D1.. 1-.3 	
- Component of the elastic-plastic Lagrangean constitu- 

tive tensor 

D.
e  
. 	- Idem, of the elastic constitutive tensor 

13rs 
D!. 	- Idem, of the elastic-plastic Eulerian constitutive 
3.3rs 

tensor 

D rs 
Idemi  of the modified constitutive tensor, in Hargal's 

13 
"partial stiffness" approach(59) 

de, de° — Distance between two infinitesimally close points, in 
the instantaneous and undeformed geometry, respectively 

dT, dTi  - In Chapter 2, force acting over an infinitesimal area 

of a continuum, and its Cartesian components 

dg 	- Infinitesimal increment in the equivalent stress 

dWP 	- Plastic work per unit volume 
o 

dal 
,n - Angle subtended by three infinitesimally close points 

in the deformed and undeformed geometry of the conti-

nuum respectively 

- Parameter in Drucker's corollary (See 2.5.b) 

E, GO, - Parameters of elastic deformation (Young's modulus, 

shear modulus and Poisson's ratio) 

e 	- In Chapter 4, basis of Naperian logaritms 

eel e?.-Elastic strain and component of elastic strain 
lj 
e?. - Plastic strain and component of plastic strain 
13 
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E.j  , eij  - Strain components, in Green and Cauchy's sense i  

E. 	- Green's strain rate ij 

f 	- In Chapter 2, yield (or loading) function; in Chap- 

ter 4, distance from the axis of the roller to 
that of the specimen in an instantaneous situation 

-LL Fqk 	- Nodal components of self-flexibility 

f, g, i, - Dummy and free indices in the several tensor ex- 

j, k, e, 	pressions 

mi  n„ 1:1 9  

q, r, s, 

t, u, 

L, M 

F., F. 	- Components of body force per unit volume in the de- 

formed and undeformed situation 

G - In Chapter 5, air gap between specimen and coil 
H - In Chapter 5, depth of deformed bulge 
H' 	- Slope of the equivalent stress - equivalent plastic 

strain increment curve 

i 	- In Chapter 5, output current from Ill radiometer 
J - Jacobean of the transformation from current to ori-

ginal coordinates (for one element in the mesh) 

J2 	- Second invariant of stress deviation 

IC 	- Bulk modulus of specimen material 

k 	- Instantaneous and local flow stress of specimen mate- 

rial 

ko 	- Initial yield stress of specimen material 

E 
Kkn 	- Components of total stiffness tensor (matrix) 

-tm - kkn,  kknLM - Components of elemental stiffness tensor (matrix), 

with the upper indices referred to, respectively, the 

elemental (internal) and to the overal numbering of 

the nodes 
CIT4m 
4kn 	- Incremental stiffness tensor (matrix) for one element 

lrem 
4.1cn 	- Elemental initial displacement stiffness tensor (matrix) 

2-em kkn 	- Elemental initial stress stiffness tensor (matrix) 
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kR 	- Characteristic parameter corresponding to the Rth 

setting of sensitivity in the IR radiometer 

m 	- In Chapter 3, Margal's correction coefficient(59); in 

Chapter 6, constant friction factor 

n 	- In Chapter 5, angular velocity of specimen, in rpm 

n.
3
, n. 	- Direction cosines of externally applied load, res- 

pectively referred to the instantaneous and initial 

geometry of the continuum 

Ni, 	- Elemental shape function of node j; its value at node g 
Nb 	- Number of basic blocks in the finite element mesh 

Ne 	- Number of elements in whole finite element mesh 

Neb 	- Number of elements in the basic block 

Nn 	- Number of nodes in whole finite element mesh 

Nnb 	- Number of nodes in the basic block 

P 	- In Chapters 5 and 6, total applied force 
'Pk IA - Magnitude of applied load, generical and acting over 

node e 

IPnl 	Normal component of load acting over a boundary 

P., P. 	- Component of applied load, generical and nodal 

P. 	- Effective component of external load 
eff 
em 

Qkn 	- Elemental initial load stiffness tensor (matrix) 

r 	- In Chapter 3, Yamada's rating factor(37) 

- Radial coordinate of a boundary node 

o 	- Radius of undeformed specimen 

Rr 	- Radius of forming roller 

Rr 	- Distance from axis of forming roller to a boundary no- 

de in the finite element mesh 

- Denominator in the expression of the elastic-plastic 

constitutive tensor 

S, sij  - Stress components, in Kirchhoff and Cauchy's sense 

- Equivalent stress 
Ti, T. 	- Components of surface force per unit area in the de- 

T.. 3.0 
T, To  

u. 

formed and undeformed situation 

- Component of Lagrange stress 

- Instantaneous (maximal) and original thickness of 

specimen 

- Component of displacement 
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v, 

aik 
13 

- Volume of an element in current and undeformed situa-

tion 

- Component of velocity 

- Component of the rate of deformation tensor 

- In Chapter 5, energy radiated from a hot body 

- Components of Cartesian coordinates, referred to undo-

formed and deformed configuration, respectively 

- In Chapter 4, a generical angular variable; also the 
angle separating axis xl  from a point about to leave 

the contact zone 

- Coefficients in displacement hypothesis 

- Central angle defining the position of a point in 

the contact zone 
6 	o id. 
ij,  Kronecker deltas 

Cartesian component of displacement variation 

Radial component of displacement variation 

Tangential component of displacement variation 

	

A 	- Roller penetration into specimen 

bAsip 6AS.13  - Differential stress increments in the initial 

stress procedure 

G'L - Prefixes identifying increments in variables depen-

ding exclusively on changes in the shape of the con-

tinuum and on changes in the applied loading system, 

respectively 

Components of nodal force increments, respectively 

total and due solely to increases in the magnitude 

of the applied forces, in the elemental equilibrium 

equation 

Components of total force increments in overall 

stiffness equation 

Internal force increments in iterative solution of 

stiffness equation 
FI CR As. 1  As.. - Frame invariant definition of stress increments: 3.3 	13 

	

As 	As J 	0 	generical, Cotter-Rivlin, Jaumann, Oldroyd and . ,  
13 	13 

APie, APit  - 

L 
APk 

L A Qic  

Truesdell's, respectively 
As.. 13 
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EITIL 	 L - A residual in the expression for 6(Aur) 

"a 	- Incremental displacement component in the direction 

defined by the angle a 

Aur$ Au0  - Radial and tangential components of incremental dis-
placement, respectively 

- In Chapter 5, surface emissivity of specimen material 

Eij 	- Component of the deformation tensor (also the infini- 

tesimal strain tensor) 

cijk 	- Component of the permutation tensor 

Es, El, E2 - Particular values of the surface emissivity 

r 	- Intermediate variable in the derivation of the ex- 
pression for the rating coefficient 

- Rating coefficient for stress increments 

s "Vtr, 'X. 	- Contact angles in roller and specimen, respectively 

X, µ 	- In Chapter 2, Lame's constants 

- In Chapter 4, Coulomb friction coefficient 

- Poisson's ratio 

o 	- Central angle of basic block in the finite element 

mesh 

el °A. 	- Temperature in deformation zone; particular value of 
this temperature 

a 	- In Chapter 5, Stefan-Boltzmann's constant 

- In Chapter 5, field of view of optical tube of IR 

radiometer 

Q.. 	- Component of spin tensor 

w..3.3 	- Component of rotation tensor 

W 	- Over-relaxation factor 



APPENDIX 1  

OPTIMIZATION OF THE 

OVER-RELAXATION FACTOR 

A-1 - INTRODUCTORY NOTE 
For reasons of mere convenience we introduce matrix no-

tation in this appendix; and we will express matrices in bold ty-

pe. Also for reasons of convenience we present the list of the 

variables used throughout this appendix separately, at the end 

of it; reference numbers, though, are referred to the sequence 

presented in pgs. 231 and 232. 

A-2 - SUCCESSIVE OVER-RELAXATION METHOD(129'130'134) 

A common final product of the numerical methods usually 

employed in Engineering is the solution of a set of linear alge-

braic equations of the form 

a. x 	= b. • 	1, j = 1, 2, 	N, 	(A-1) 
p..1 	10 	3 	I , 

where the coefficients 

a. = a.. 13 	31  

and 

aij 	0 

whenever i = j . Eqn. (A-1) could be rewritten in matrix form 
as 

A x = b, 	(A-2) 
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where A is a symmetric positive definite matrix whose elements 

are the coefficients a. , and x and b are vectors.•

Such a system, whether considered in its algebraic or 

matrix form, can be solved by several alternative direct or ite-

rative methods. Westlake(135) reviews these methods and Ba-

iocchi(156) compares them in a specific application problem. 

Martin and Tee(135) and Engeli et al(134) restrict themselves to 

iterative methods. Young(129) restricts his book still further, 

to the analysis of a class of iterative methods. 

An iterative method starts with an arbitrary estimate 

x
(o) 

of the vector x , and derives a convergent sequence x(k) 

k = 1,2, ... 	of improved estimates, via some specific algo- 

rithm, which is repeated as often as necessary. Convergence is 

decided by some specified criterion. The error vector after a 

given cycle is given by 

e(k) 	(k) = x 	x 	
(A-3) 

One of the simplest possible iterative methods is 

Gauss-Seidel's, in which the equations in the system (A-1) are 

scanned in a prescribed sequence, one variable being improved at 

a time, and the improved estimates being immediately used in the 

algorithm's next step. That is, an iterative scheme 

x(k + 1) = X(k) + 6 x(k + 1 ) 

with 

6 x(k +1) = 1 
a.. 11 

is followed. 

i-1 

	 a.. xcic+  1) 	a
lj J 
 xck) 	(A-4) 

j=i  1J J 	j  

Such an algorithm, though simple, does not usually con-

verge (or "relax" the successive values of the residual components 

of the vector 6x(k+1)) with sufficient speed to be considered of 

value. A simple alternative to the method consists in replacing 

the iteration equation by 

x(k + 1) = x(k) + w 6x(k + 1) (A-5) 

with the residual vector expressed from Eqn. (A-4), and where w 
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is a suitably chosen positive real number. If w < 1 , the al-
gorithm "under-relaxes", and if 1 < w < 2 , it "over-rela-

xes" the residuals. Under-relaxation does not accelerate conver-

gence, but it can provide convergence (even if a very large num-

ber of cycles is required) in the case of ill-conditioned ma-

trices, when the usual methods would possibly fail. Over-relaxa-

tion usually accelerates convergence. 

By replacing the residual term of Eqn. (A-5) by its 

expression given in (A-4), the equation can eventually be rearran-

ged to the form 

i-1 
+ 1) 

75-  (a.. 6.a. 3 . 	w a..) x (k  . 
1J J j=1 11  

	 (a... o. 	(k) 

	

- w a. .) x. 	+ W b. . 	(A-6) 
j=1 " 	1J J 

If the matrix A is thought of as decomposed in the form 

A = D - L - II, 

in which D is a diagonal matrix, L is a strictly lower-tri-

angular and IT a strictly upper-triangular matrix, it is easy 

to visualize Eqn. (A-6) as representing a matrix relation 

x(k +1) = m x(k) 
c 

where 

M = (D - w 1)-1  ( ( 1 - w ) D + w 	(A-7) 

and 

c = (D - w L)-1  b 

Matrix M is the SOR (for successive over-relaxation) 

matrix corresponding to the system given by Eqns. (A-1) or (A-2). 

It now becomes easy to show, from Eqn. (A-3), that the error vec-

tor can be expressed by the recurrence relation 

e(k + 1) = m e(k) 

and for the method to converge, that is, for 

lim e(k) = 0 
k..00 

to hold for any arbitrary initial vector e(0) , it is necessary 
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for all the eigenvalues of M to lie within the unit circle. 

The object of using a relaxation factor other than unity (Method 

of Gauss-Seidel) is to reduce the spectral radius, that is, the 

largest of the absolute values of all the eigenvalues A. of M. 

We shall denote this spectral radius by Pm. Thus 

pm  = max 'Xi' - 

Ideally a value of w exists which minimizes p11.. 

Under these circumstances, the rate of convergence (average), 

expressed by 

R = - log Pm  , 

is a maximum. 

In a general situation it is extremely difficult to 

estimate the optimum vglue w o  of the over-relaxation factor, or, 

conversely, the spectral radius pm  . Nevertheless, Young has 

shown(See 129 or 134) that if the matrix A of Eqn. (A-2) has 

"Property A", an expression can be found to express wo  in 

terms of the eigenvalues 1.ti  of A. 

The matrix A is said to possess Property A if it can, 

by suitable reordering of rows and columns, be brought to the 

form 

A D1  Al  = 

D2 A2 

in which D 	D2 are diagonal matrices, and Al' A2 are arbi- 

trary rectangular matrices. Young(129) has shown that if matrix 

A possesses Property A, then a relationship exists between the 

eigenvalues of matrices A and 11, this relationship being ex-

pressed by 

(A. + w 	1)
2 

= A. W
2 2 	(A-8) 

From Eqn. (A-8) it becomes clear that w
o must satisfy 

the relation 

from which 

2 2 
wo PA - 4 (wo 1) = 0, 

w 0 (A-9) 
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follows. It is clear, from this expression, that the optimum 

over-relaxation factor will satisfy the inequality 

1 < wo  < 2 . 

Engeli et al(134) have shown that 

a) In the Gauss-Seidel method the eigenvalues Ai are 

given, from Eqn. (A-8), by 

A. 	
2 

Ai = 

One root of this equation is clearly zero, and the other one gi-

ves 
2 = 	. 

Half of the eigenvalues (at least) vanish, and the remaining 

ones are positive and real. 

b) As w goes on increasing towards woe  the real 

eigenvalues become smaller, tending to the value w - 1 . They 

then become complex, and increase in absolute value as w - 1. 

The largest eigenvalue, which defines the spectral radius, and 

thus the rate of convergence, is real. 

c) As w continues increasing (above wo), all the 

eigenvalues become complex and of absolute value w 	1. 

These conclusions can be reached from the analysis of 

Eqn. (A-8). The general nature of the dependence of the eigen-

values A
i (and thus, of the spectral radius p) on w is 

shown in Fig. A-1. 

A-3 - ESTIMATION OF w  

Several methods have been proposed for the estimation 

of the optimum over-relaxation factor. Some of them are based on 

the "a priori" determination of the spectral radius pA  , or at 

least on the establishment of bounds for this radius and, thus, 

for w0. These methods are usually elaborated, and the computing 

effort involved usually offsets any advantage that may eventually 

occur by solving the system with a good estimate of the over-re-

laxation factor. 

This is the reason why "simultaneous" methods have been 

devised, in which improvements are introduced in the over-relaxa- 



n(k +1) 

k
li
! n(k) 	P M • (A-10) 

tion factor at the same time as the problem is solved. Solution 

is started with an arbitrary value of over-relaxation, and from 

time to time a new value is estimated according to some suitable 
-(130), Reid(1) norm. Carre 	13 and Kulsrud(132) propose methods a- 

long these lines. Of those, Carre's seems to us to be the best 

one, because it is both simple and efficient in its objective. 

Defining the displacement vector 

6 (k + 1) = x (1c + 1) - x (k) 

then 

8(k +1) = M 6(k) 

and if n(k+ 1) is some norm of the vector S'
(k+ 1) , as, for 

instance, the arithmetic sum of the moduli of its components, 

then 

If the execution is started with w = 1, then pm = 	and 

Eqn. (A-9) follows. It is not necessary, of course, to start 

with w = 1. Substituting pA in Eqn. (A-9) by 4i , expressed 
from Eqn. (A-8), an estimate for the optimum over-relaxation 

factor, expressed by 

      

(A-11) w e 

    

1 

 

(PM + w - 1)2 

 

  

OM 

  

   

2 

 

Pm w 

is obtained. This equation gives the estimate we in terms of 
Pm for any value of w in the range 0 < W < wo . The equation 
becomes meaningless if w > wo , due to the complex nature of 

all the eigenvalues, but this fact will simply be stated without 

proof. 

Carre's method consists in the periodic reevaluation of 

the spectral radius by means of Eqn. (A-10), and its use in Eqn. 

(A-11). The norm n(k) is, of course, used in the convergence 

criterion of the solution algorithm, so very little additional 

effort is required to implement the method. As wo can only be 

approached from below, Carre starts with a small value of w. 

Actually, one cycle is performed with w = 1, and the next 
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twelve with w = 1.375, when the first estimate we is made, 

and w is replaced. After every subsequent twelve cycles, new 

estimates are made, and the over-relaxation factor replaced. 

As we is only an estimate of wo it could possibly 

occur that, at some stage, we  > wo. If the over-relaxation 

factor w were to be replaced by this estimate, the method 

would fail in the next correction (The radicand in the denomina-

tor of Eqn. (A-11) becoming negative). To avoid this possibility, 

Carr; replaces w by a reduced estimate, given by 

wr = we 	( 2 - we )/4. 
By using this method, a point can be plotted in a graph 

like the one presented in Fig. (A-1), at the end of every twelve 

cycles, that is, immediately before every correction in the over-

relaxation factor. The loci of these plots should ideally follow 

a path belonging to the family of lines contained in the triangu-

lar graph. The consecutive plots become closer to each other as 

the optimum over-relaxation factor is approached. The locus of 

the values of 
wo for any system whose matrix A possesses Pro- 
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perty A lies on the hypothenuse of the triangle (Fig. (A-1)). 

This statement follows directly from Engeli's second conclusion, 

which we have previously mentioned. 

There are other refinements to Carre's method, as, for 

instance, the use of Aitken's acceleration in the preliminary es-

timations of p
DI' 

 which will not be considered here, as, for rea-

sons to be stated later, they had to be either set aside or re-

placed in our utilization of the method. 

Carre suggests applying the method until a very small 

variation 

Awe  < 0.05 (2 - we  ) 

is obtained in the estimated values, when a good estimate of the 

the optimum we  is considered as found. 

It should be mentioned that as convergence is approa-

ched, the norm n(k) becomes extremely small and the relative 

effect of truncation errors increases, and the estimates of the 

spectral radius become less reliable. Thus, the estimates we  

may start to oscillate after a number of corrections has been 

made. Carre stops correcting the over-relaxation factor if such 

a situation is reached. 

BLOCK RELAXATION (SBOR)  

The specific problem involved in our finite element ana-

lysis is not strictly put in terms of Eqns. (A-1) or (A-2). Accor-

ding to Eqn. (4-13), we obtain the three nodal components of dis-

placement from a subset of equations. That is: the overall system 

is subdivided into subsystems, one for every node in the mesh, 

and those are then successively solved. Instead of simply divi-

ding by the successive elements of the main diagonal of matrix A 

(As in Eqn. (A-4)), a more complex equation is employed for the 

residual displacements, involving the inverses of whole submatri-

ces (the flexibilities in our specific case). 

In other words, the system represented by Eqn. (A-2) is 

re-expressed in a more involved form, with the partition of the 

vectorsxandbintosubvectorsx.andb.(i = 1,2, 	, 

n) and the corresponding partition of A into submatrices A1. . Aid 
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The system is then rewritten as 

>  A.. x. = b. 	(i = 11 2, 	t  n) • 
j=1 IJ  

These equations are used to provide a sequence of approximations 
(k) x. 	tothesubvectorx.,in what is known in the literature 

as the Successive Block Over-relaxation method (SBOR)(133) al-

though some authors refer to it as the Group Over-relaxation me-

thod(129).  It is easy to express the improved estimates for a 

subvector as 

A71  b. 

i-1  

x. (k+1) = x 	w 
(k) x(k+1) _ [ 	

J 	
5  A. x(k)  (A-11) 

=1 J 	 ji lj J 

which is equivalent to Eqn. (4-13) and corresponds to Eqns. (A-4) 

and (A-5) in a comparison with the simpler SOR method. 

Strictly speaking, we are faced here with a new itera-

tive method, and the applicability of Carre's algorithm could be 

questioned. However Young(129),  by extending the concept of Pro-

perty A, shows that there is no cause of concern, as, provided 

the matrix possesses 'Property PI)", relations similar to the 

ones presented in the preceding sections remain, thus guaran-

teeing the validity of the optimizing algorithm. 

A matrix A , resulting from the assemblage of a set 

of submatricesAij  is said to have, or possess, Property A(1T) 

if its related matrix B possesses Property A. This related ma- 

- trix B is defined as an nxn matrix whose terms are 

and 

b. = 0 3.3 ifA..is a null matrix, 

b. = 1 	otherwise. 13 

A-5 - THE SPECIFIC  PROBLEM 

From the material presented in the two previous sec-

tions we are able to conclude that Carre's method can be applied 

to our specific problem if the intervening stiffness matrices 

possess Property A() defined above. The related matrix B is 

simply redefined here as an N n Nn  x 	(Nn being the total number 

of nodes in the finite element mesh) such that 
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b.. = 1 	if nodes i and j are interconnec- 13 
ted, and 

bis  = 0 	otherwise. 

Young
(129) presents the flow block diagram of a simple 

computer program to check if a matrix possesses Property A, and 

if it is consistently ordered (pgs. 159-161). We have so far a-

voided to mention the concept of consistent ordering, and for 

the sake of simplicity will continue doing so in the rest of 

this chapter; as this concept only applies to matrices possessing 

Property A, it will become irrelevant in the following derivation. 

We produced the program and checked a series of alternative fini-

te element meshes. Due to the high level of interconnection of 

the nodes, unavoidable in three-dimensional meshes, no related 

matrix could be produced, which exhibited sufficient sparsity 

to possess Property A. As a consequence, all the finite element 

meshes we experimented with led to stiffness matrices which did 

not possess Property A ); and thus, finally, we concluded that 

Carrels optimizing method was not strictly applicable to our 

problem. 

However, we were faced with very bad convergence con-

ditions in the preliminary runs of EPFELDA , with 300 to 500 

cycles being required to a convergence criterion of 10-5  in 

the indentation applications (three basic blocks, 64 nodes, 182 
unknowns and equations); in radial upsetting applications (four 

basic blocks, 80 nodes, 240 unknowns and equations) the situa-

tion was even worse. Moreover, although experimental runs with 

certain trial values of the over-relaxation factor eventually 

produced improvements in the convergence situation, these re-

sults were restricted to a load increment, and not usually re-

peated in the next. 

Under these circumstances we decided to try Carre's 

method, in despite of the knowledge of its strict inapplicabili-

ty to our specific problem. Initial results were disastrous, but 

the reasons for that could be easily traced to a series of fac-

tors: 

a) A starting value of 1.375 for the over-relaxation 
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factor, as suggested by Carl-6, consistently led to bad results; 

smaller initial values, however, produced encouraging, though not 

fully satisfactory results. 

b) Too large variations we  were sometimes computed, 

and this usually resulted in trouble in the next cycles; if A we  

was kept small, however, these problems were less frequent. 

c) There seemed to exist a critical value of over-rela-

xation, above which the method failed completely, and SBOR diver-

ged, although successives re-estimates indicated a much larger 

value of we. 

This third observation, although not essential in this 

specific application, seems to confirm Ostrowski's assertion that 

there exists a fixed number E 	situated between 0 and 1, such 

that relaxation methods tend to converge for E < w < 2 - E l  

but may fail outside this range (See Ostrowski, A. M., On the li-

near iteration procedures for symmetric matrices. Rendiconti Matt. 

Applic., 13, 140 (1954)). 

As a consequence of these observations, and by a syste-

matic analysis of unsatisfactory results, we eventually managed 

to establish patterns, to assess the relative importance of the 

intervening factors and, by trial and error, to introduce impro-

ving modifications in Carre's algorithm. Such modifications even-

tually led to an interesting discovery which deserves a deeper 

mathematical approach. It seems (at least on the basis of the ma-

trices involved in EPFELDA ) that even if a matrix does not 

possess Property A()1  Carre's method can be successfully applied 

if the loci of the optimum over-relaxation factors is assumed as 

shifted from the hypothenuse of the triangular graph of Figs. A-1 

and A-2, to an inner line like, for instance, PQ in Fig. A-2. 

Specific considerations will be presented in the next 

section, on the alterations we have introduced in Carr6's method. 

We recognize that a rigorous mathematical explanation for the 

realization mentioned above is not at hand, and also that this 

result may be purely coincidental, eventually not being verified 

with different matrices. We do hope to come back to this subject 

in the near future, and to study it from a mathematical point of 
view. 
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A-6 - THE SPECIFIC ALGORITHM 

Fig. A-2, which depicts a part of the triangular graph 

of Fig. A-1, plots a sample of early results obtained with the 

help of a modified Carr& algorithm, but not involving any delimi-

tation of the maximum value of the over-relaxation factor. The 

first two values are not shown, as they plot outside the range 

of the figure. Corrections were performed after every tenth cy-

cle, and the initial value of over-relaxation was taken as 1.0. 

A maximum increase 

Awe = 0.1875 

was allowed in the first correction, and variations in the sub-

sequent corrections were not allowed to exceed 75%  of the pre-

vious variation. As a consequence, a given set of the first va-

lues of over-relaxation were sometimes repeated in several load 

increments, as the estimated variations Awe  became usually 

large (and if accepted as such led to inevitable failure). In 

the vicinity of convergence, however, this pattern of prefixed 

values was definitely broken, as can be clearly seen in the fi-

gure. 

To correct the assignment of a bad value of over-rela-

xation, a modifying procedure may eventually be introduced. The 

norm, in a converging process, is an essentially decreasing para-

meter; therefore, if an increase is verified in the norm, we re-

duce the over-relaxation factor for the next ten increments, 

according to the equation 

cared = (1 + (u) /2. 

It is observed from Fig. A-2 that convergence usually 

occurs once the line PQ is crossed. Over-relaxation factors 

under which convergence occurred are enclosed in a circle, in the 

figure. It is also observed that the successive pairs (w,p1/) 
plot satisfactorily according to the family of curves of the 

graph, except in the vicinity of the line PQ . 

Sample A presents a well-behaved pattern, with the 

successive variations Awe becoming smaller and smaller, and all 

results being consistent with a common estimate of wo  (of the 

order of 1.805). Convergence, however, was achieved under to = 
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1.740 .(Oddly, though, when bounds were removed on the increases 

in w 	the SBOR method failed as soon as w crossed the value 

of 1.76 ,with the production of very large spectral radii, actu-
ally larger than unity, and, as a consequence, divergence. 

Sample B discrepates from the expected behaviour from 

about w = 1.41 ,with the spectral radii dropping exaggerately 
through four corrections in w. Eventually, a negative increase in w 

is computed. A similar but less drastic performance is presented 

by sample C. 

Sample D presents an oscillating terminal behaviour, 

culminating with the production of a very large spectral radius. 

The situation, however, was already very close to convergence 

(to 10-5) and, in despite of the high spectral radius, this was 

finally achieved. 

Sample E, finally, compares with sample A ,but con-

vergence occurred at a much smaller value of over-relaxation (and 

spectral radius). 
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In view of these results, and of the fact that trouble 

commonly occurred once the plots fell to the right-hand side of 

the line PQ, tentatively expressed by the equation 

w = 0.8375 	0.8125 pm , 

we simply imposed this line as a boundary not to be crossed, and 

the equation above as an upper-bound for the successive correc, 

tions of the over-relaxation factor. 

Under such a restriction, a marginal improvement was 

achieved in the successful cases, but the percentage of failed 

cases reduced substantially. 

Convergence, in the early stages of deformation, under 

the use of the optimizing routine, could be achieved in 60 to 70 

cycles, in both the indentation and radial upsetting applica-

tions. As deformation progressed, more cycles became necessary, 

but the worst of all situations required only 240 cycles, which 

compares favourably with the 300 to 500 cycles mentioned earlier. 

A-7 - NOMENCLATURE 

A 	- A symmetric, positive definite system matrix 

A.j 	- A submatrix of A in the SBOR method 

Al' A2 - Submatrices of A in the definition of Property A 

a.. 	- The elements, or components, of the matrix A 

B 
13 

- The matrix related to A in the definition of Property A( 

b 	- Right-hand side vector in a linear algebraic system 
b. 	- Subvector of b 
b. 	- Component of b 
b.. 	- Component of B la 

- A vector in the SOR method 
D 	- A diagonal matrix containing the diagonal terms of A 
D1, D2 - Diagonal matrices in the definition of Property A 

e(k) - Error vector after kth SOR cycle 

j 	- Indices 

k 	- Cycle counter in the SOR and SBOR methods 

L 	- Strictly lower triangular matrix with the corresponding 
elements of matrix -A 

M 	- The SOR matrix related to A 
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N 	- Rank of matrix A 

Nn 	- Total number of nodes in the finite element. mesh 

n 	- Index of the subdivision of A into submatrices 

n(k) - Norm of the SOR method 

R 	- Average rate of convergence 

II 	- Strictly upper-triangular matrix with the corresponding 

elements of matrix -A 
(k) x, x 	- Solution vector and its kth estimate by the SOR method 

x.,x(k)- Solution subvector and its kth  estimate by the SBOR method 

- An element (component) of vector x 

x(k) - An element (component) of vector x(k) 

Awe 	- Variation from the current estimate of the optimum over- 

relaxationfactor to the previous one 

6. 	- Kronecker delta 
6(k) - kth displacement vector 
ox(k)  - Residual vector 

- A real number 

X.,µi  - Eigenvalues of the matrices A and M I  respectively 

PA' P m  - Spectral radii of the matrices A and /1, respectively 
w 	- Over-relaxation factor 

we , wo - Estimated and correct value of the optimum Tver-rolaxa-

tion factor 

car 	- New value of over-relaxation, after a Carre correction 

cared 
- Reduced value of over-relaxation, in case of an increase 
in the value of the norm 



APPENDIX 

EPFELDA 

LISTING  

OF PROGRAM, FUNC-

TIONS AND SUBROUTINES 

Main Program  
PROGRAM FPELLOA(INPUT,00TPUT,TAPF5=INPUTITAPE6=OHTPUT) 

C 
C 

C 
C 

ELASTIC-PLASTIC FI NITE ELEMENT LARGE DISPLACEMENT ANALYSIS 
DEVELOPED TN THE SECOND SEMESTER OF 1971 

Pf(OGRAa, 	WRITTEN BY 	ARNO RLASS 

DIMENSION 	DL0(3,9(,), DEOE(215), A(4,3,215), AL 	(4,3), 	NQC(96), 

1 DMU(3,9(.), FOPS(215), D(6,6,215), DE 	(6,6), 	RN 	(96), 
2 DU 	(306), [OS (215), CS 	(6,215), nu m 	(3,3), 	w 	(96), 
3 0 	(3,94,), HO (215), ncs(6,215), OXST 	(3,3), 	NMP(96)I 
4 X 	(3,96), V6. (215), DGS(6,215), OCR!) 	(3,3), 	NAP(96), 

5 XLD(3,9e,), MD(4,215), DKS(61215), nxNT 	(3,3), 	ICP(96), 
6 DC 	(3,9c.), XKSE (6), XKS(6,215), CSE(6)t 	NANP(19,96), 
7 LN(4)o 	XL(3), PCS (6), YFLD1(215), OCE(6), 	Rn 	(215) 

COMMON 	X0(173,96),HANP,NAP,ICP,DLDIXLD,NRCIRN,PMU,N0, 

1. XKS,CStEWS,A1V6 /cRn/ x 

2 /GSS/ OD /EDT/ DXNT,DXSTIXJC 
3 /EMM/ 	DE,[ /DSP/ U,DERN 

DATA 	PI /3.1415926536/ 

C 
C 	READ DATA AND COMPUTE ADDITIONAL DATA 

C 
READ(5,1) OVS,TOL,NCYINCCtIW 

1. FORMAT(2F10.2,3I5) 
READ(5,2).E,  Xr4U 

2 FORMAT(?E13.5) 
C 

READ(5',3) YIELD,CF1,CF2,TEMP 
	

(MODULE 1) 
3 FOPMAT(1F10.4) 

C 

— 255 - 



Main Program 
	 256  

READ (5, 4) NEB, NIF, MBE', NSUB 
4 FORMAT(4I9) 
READ(5,5) ((10(I,M),I=1,4),m=1,NEB). 

5 FORMAT((0(1x0I2))) 
C 

YFuN = YTELD*CF1**(-CF2) 
CST = PI/155. 
cSTm = CSI*FLOAT(khL) 
NNO = NIF*(NBL + 1) 
NEL = NBL*NEB 
NEL = 1 

C 
C 	GENERATE INDICES FOR REFLEXIVE BASIC BLOCK 
C 

IF(NnL.E0.1) GoTo 11 
DO 8 M = 11 NEB 
Ll = M+ NEB 
00 7 I = 1, 4 
ND(I,L1) = NO(Tim) 

7 IF(ND(TIL11.LE.NTF) ND(IlL1) = WD(T,L1) + 2*NIF 
8 CONTINUE 

C 
C 	GENERATE INDICES FnR THE REMAINING ELEMENTS AHD NODES 
C 	 IN THE SPEcImEN 
C 

IF(NBL.LC.2) GOTO 11 
m = 2*NEB 
DO 10 NR = 5,NBL 
Ll = NIF*(NB - 1) 

 	00  10 (J[ = 1, NEB 
M = N + 1 
00 10 t= 1, 4 

10 ND(Iim) = ND(I,NE) 	Ll 
11 CONTINUE 

C 
C 	NOoAL COORDINATES 1:JLL. BE CALCULATED BY MEANS OF DATA 
C 	 To BE FEEDED, FOR EVERY BASIC BLOCK 
C 

READ(5,12) RO, RR, TB, RPM 
12 FORMAT(4F10.3) 

SUB = FLOATINSHB) 
DTTME = 1. 
IF(RPM.LT.1.E-50) GOTO 14 
DTIME = 30.*CSI/P1/RPM/FLOAT(NSUB) 
NLL = 2 

14 CONTTNNE 
RANG = 0. 
NMD = NBL + 1 

C 
C 	FORM ELASTIC (EIILEPIAN) MATRIX 
C 

• G = E/(2.*(1. + XNH)) 
131 = 2..*G*XN0/(1. - 2.*X11(1) 
G2 = 2.*G*(1. - XNu)/(1. 	2.*XNU) 
133 = 3.4G 
BULK  = F/3./(1. - 2.*XND) 

(MODULE 1) 



Main Program 
DO 15 I = 1, 3 
DO 15 .J = I, 3 
IJ = KNV(I,J) 
00 15 K = 1, 3 
DO 15 L= 1, 3 
KL = Kov(KIL) 
DE(IJ,KL) = O. 
IF(IO.LE.3.AOP.KL.[E.3) DE(IJ,KL) = G1 

DE(IJ,KL) = G2 
IF(IJ.EQ.KL.AND.KL.GT.3) CE(IJ.KL) = G 

15 CONTINUE 
C 

DO 16 NI = 1, NMD 
NMI-'(PI) = 1 + NIF*(NI - 1) 

16 CONTINUE 

C 
C 	GENERATE NODAL coorni OATES AND INITIALIZE 
C 	 VALUES FOR STNESSES AND STRAINS 

RMIN = 40  
DO 45 ON = 1, NIF 
REA0(5042)' Ii,  RN(N),TFC 

42 FORMAI:(T5,2E10.3) 
RMIN = AMIN1CRINIpN(N)) 

C 
DO 45 f1 = 1, NMI) 
NE = Pl + NIF*(w - 1) 
IF(NF.GT.NNO) GOTO 45 
CAN = CSI*ELOAT(M 	NLL) 
X(101F) = 104(N)*COs(CAN) 
X(2,NF) = RO(N)*sIN(CAN) 
Y(3INF) = TFC*TH/2. 
RN(Nr) = RO(N) 

45 CONTINUE 
46 DR = 0. 

C 
C 	FORm SMPE FUNETIOI' VALUES, FOR THE ELEMENTS 
C 	INITIALIZATIONS 
C 

DO 50 M- 1, NFL 
CALL CoEFF(ND(Tc.1),A(1,1,4),V6(m)) 
DE.)F(m) = EwS(m) = EOPS(M) = O. 
HO(M) = C3 
YELOT(M) = YIELD 
DO 5n T = 1, 6 
CS(I,i') = XKS(I,NI.) = 0. 
DO 51 J = 1, 6 
1) (I,J1,f1) = DE(I,J) 

50 COIATTHMF 
C 
C 	WRITE INPNT DATA ANn CONTROL PAPAMETFRS 
C 

wRTTF(r.,26) 	(MODULE 0 - Data Output) 
IF(Pq.P.3.1) WITE(6,27) 

26 FORMAI(///25H THE TNPNT ARE NOT ouTPUT)1 

(MODULE 1) 
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27 FORMAT(///2111 THE INPUT ARE OUTPUT) 

IF(I41.Er).0) GOT() 56 
WRTTE(6121) 

21 FORMAT(1H1///// 
1 	40X,46H ELASTO—PL.ASTTC ANALYSTS OF LARGE DEFORMATIONS / 
2 	40)(146H 	  

3 	40)(146H 	  ////) 

WRITE(6,22) 
22 FORMAT(40X,36H FLANGE FORMING IN AN ALUMINIUM DISK / 

1 	40X,58H ANALYSIS BY THE FINITE ELEMENT METHOD ////// 
2 	40)(e3811 ARNO F3LASS — IMPERIAL COLLEGE — 1,972 /// 
3 	40Xt3OH SUPERVISOR — OR, BELA LENGYEL ) 

WRITE(6,23) NEL, NNDI NEB, NBL, NMD, RR, ROt Iii 
WRITE(6■24) NCY, NCC, TOL, CSIM, CSI 
WRITE(6128) TEMP, YIELDS YFUN, CF1, CF2 

23 FORMAT(1111/1/1/ 
1. 	2611 TOTAL NUMBER OF ELEMENTS 9112/ 
2 	26H TOTAL WHMRER OF NODES 	1112/ 
3 	28H ELEMENTS TN THE BASIC BLOCK, I10/ 
5 	29H TOTAL NHMRER OF BASIC FLOCKS, I9 / 
6 	32H TOTAL NUMBEF; OF MID—PLANE !NODES, I6 /// 
7 	25H RADIUS OF FORMING ROLLERtE13.2s4H MM. / 
8 	25H RADIUS OF SPECIMEN 	,F13.2,4H MM. / 
9 	25H THICKNESS OF SPECIMEN 	tF13.2t411 MM. ///) 

24 FORMAT(17H ITERATION LIMIIII21,7H CYCLES / 
1 	32H INTERVAL FOR PROGRESS OF OUTPUT,I6,7H CYCLES / 
2 	23H CONVERGENCE TOLERANCE tE22.5 / 
8 	29H TOTAL CENTRAL ANGLE 	.1:12.5.6H RADS. // 

- 9 	291E CENTRAL ANGLE OF BASIC BLOCKtF12.5,6H RADS. ////) 

WRITE(6,251 E., XNUt  OTTME, RPM 
25 FORMAT (17H YOUNGS mnoHLus ,F26.21 7/1 MN/MSO / 

1 	17H POISSONnS RATIO ,F26.? / 
4 	171 TIME INCREMENT 1F26.216H SECS. /// 
5 	17H SPEC. VELOCITY IF26.20H RPM/) 

28 FORMAT(20H TESTING TEMPERATURE, E22.3,14H BEG. CELSIUS // 
1 	1311 YIELD STRESS,E29.3,7H MN/MSQ // 
2 	3314 MATERIAL OBEYS STRESS—STRAIN LAW // 
3 	laH EQ. STRESS = IF7.41211*(tF7.4.116H + EQ. STRAIN)* ,F6.4// 

C 
C 	OUTPUT THE ARRAY DATA 
C 

WRITE(6,29) 
29 FORMAT (1.111///// 

1. 	 33X,1611 ELDIENTAL NODES,20X,20H INITIAL COOPDINATES,8X, 
2 	 16H MID—PLANE NODES / 
3 	33X,1611 	 120X,2011 	 01X, 
2 	 16H 	 /// 

19X,51H ELEMENT I-NODE 	J-NooE 	K-NOnE 	L-HrnE 	NOnE 
6 

	

	41H FIRST SECOND THIRD 	ORDER NODE /) 
no go M = 1s NFL 
IF(M.GT.NMO) GOTO 52 	 (MODULE 0) 
WRITE(6,30) Ms(NP(7,),I=1,4),Ms(X(J,M),J=1,3)01,NMP(M) 

30 PORMAT(15X,619,2X1;;F8.4,1Xs2I1) 

r. 

C 

C 
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GOTO 40 

32 IF(P,FT.NNO) GOTO 36 
WRITE(6,34) MI(ND(T04 ),I=1,4),",(X(J,M),J=1,3) 

34 FOPMAT(15X11912X13F8.4) 
GOTO 40 

36 WRTTEU-,3fl) M.(N1)(I,M),I=1,4) 	(MODULE 0) 
38 FORP1 AT(15XtbI9) 
40 CONTTNUE 

WRITF(6,39) (M,V6(),((A(I.J.M),I=1,4),J=1,3),M=1,NEL) 
39 FORNAT(///// 

C 

C 

C 
C 

1. 	 25X, 3211 ELLENTAL VOLUMES AHD COFACTORS 
2 	25X,32H 	- 
1 	(2X,I313X,F10.9,3X,12F9.9)) 

/ 
// 

P 	P 	0 	G 	R 	A 

56 READ(9,57) 	APL, 	CFC, 	PRESCI 	STEP, 	NMGL 
57 	FORMAT(4F10.3,T5) 

TEST FOR END OF PROBLEM 
C ( MODULE 	2) 

IF(APL.LE.0.) 	GOTO 	1000 
C 
C RATE APPLIED LOAD OVER CONTACT AREA 
C 
C INTTIALIZATION 
C 

WRTTF(6,56) 	RPM, 	CFC, 	CST, 	STEP 
.58 FOPMAT(////20X,23N PARAMETERS OF PROBLEM // 

1 	20X,2311 	  // 
2 	20X,30H ANGULAR ROTATTON OF SPECIMEN ,F6030411 RPM / 
3 	20X,30H COULOMB FRICTION COEFFICIENT ,F6.3 / 
4 	20X.3011 CENTHAL ANGLE OF BASIC BLOCK ,E10•4,5H RADS // 
5 	20X,30H APPROX. INIT. LOAD INCREMENT ,F6.1.211 N //) 

00 49 	= 1, NHO 
NBC(N) = -1 
IF(AOS(X(3,1.,1)-TH/2„).LT.0.01) NRC(N) = 1 
IF(ARS(RN(H)-RO).LT.0.01) 	NBC(N) = 2 
IF(rTs(Pm(M)-RmTm).LT.n.n1) 	r'JRC(N) = 
IF(RPql.LT.1.12-90.APO.N.LF.NIF) GOTO 43 
IF(H.LE.NIF) 	NBC(N) = 

	

43 TF(N.OT.NNO-NIF) 	NBC(N) = 0 
D0'47 I = 1, 3 
DMU(I,N) = U. 

47 OLN(I,N) = OU(T,N) = XLD(I,N) = U(I,N) = 0 • 
'CNN) = 1 
W(H) = 

49 CONTINUE 
WM = 1 
C04)AR = 1. 

TIvE = O. 
111 = W6P(NLL) 
PREY = 0, 
F = NO 	RR 

= P1 + ULF - 11 

H4 = 113 - 1 
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nt_mt,H4) = - 0.125*APL 
o.25*Api_ 

CFC 
CFC/2. 
- CFC*!:ORT(3.)/2. 

CFC 
ICP(N1) = ICP("J3) = ICP(N4) = 0 
DINCR = STP = 0.01 
IPN = 30 
STI = TH/2. 
GOTO 72 

C 
C 	SUFTSFPUFHT STAGES 
C 

60 NS = q00(NM-1,NSNB) 
SN = FLOAT(NS) 
PREY = APL 
DINCR = 1.5*OINCR*0.975- **NM 
FACT1 = STEP/APL 
FAcT2 = FACT1/10. 
IF(RPM.LT.1.E-.50) GOTO 63 
DEN  -= (st m - 3.)*SHB*SUB 	6. *SUB - 8. 
Cl = 12./DEN 
C2 = 2.*(SU6*SUR - 8. *SU(3 	2.) /DEN 
FACT1 = STFP/APL*(1. - C1*SN*SN 	C2*SN) 
FACT? = STEP/AFL 	FACT1 
IF(NS.NE.U) GOT() 63 
NS = NSUB 
Ni = N1 + NIF 
RANG = RANG + CST 

63 XII. = X(1,N1) + 11(1.N1) 
XI? = X(21H1) + 0(21N1) 
QI = SWRI(X11*XI1 + XT2*XI2) 
F = YI1*(1. + RR/RI) 
NI = N1 
DO 70 N= NI, N3 
IF(RN(N).LT.R0-2,) GOTO 70 
XE1 = X(10'0 + U(10.1) 
XF? = X(2,N) + U(2,N) 
ROS = SORT((F-Y.F1)*(F-XE:1) + (xE2-F*xi2/xT11*(yE2-F*xi2ixIl)/PR 
TF(Rns.LT.1.01) GUT° 62 
OLD(1,N) = OLO(2,N) = O1_D(3,N) = 0. 
ICP(N) = 1 
IF(N.F0.N1) N1 = N1 + NIF 
GOTO 70 

62 IF(N,LF,NI+NIF) GOTO 64 
FACT1 = (1. - 100.*(RDS - 1.))*STFP/APL 
FACT? = n. 

64 DO 69 I'= 1, 2 
OLD(TIN) = DLD(I,M) + FACT1*XLD(I*N) 

KS nn(r,N441IF) = 01_0(I,m+NIF) 	FACT2*XLO(T,N) 
66 ICP(N) .= ICP(N+NIF) = 0 

IF(N+NTI:.LE.NNO-Hir) GOTO 70 
XE1 = X(1rH+NIF) + U(1,N+NIF) 
XE2 = X(20,1+NIF) + N(2,N+NIE) 
ROS = SPRIA(F-XF1)0E-oXE1) + (YFP-F*X12/XI1)*(XEP-F*XT?/XI1))/RR 
IF(RDS.LT.1000.5) STOP 

DLD(1,N1) = 
oLn(t,m3) = 
nmH(2.N1) = 
omu(2,N3) = 
omo(3,m3) = 
DM1l(3,N4) = 

(MODULE 2) 
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un(t,N+IAT) = OL0(2,N+NIF) = 01_0(3,N+NIF) = 0. 
TCP(N+NTF) = 1 

70 CONTINUE 

C 
C 	ICR(N) = 0 MEANS CONTACT WITH ROLLER 

C 
72 NmO = 0 

4RITE(6,73) 
73 F0RmRT(5X,2!JII LOAD INCREMENT INITIALIZEO 

RAT - 	FLOAT(IFIX(PIIICR/STP))*STf 

(MODULE 2) 

C 
C 
C 	FORM TOTAL STIFFNESS MATRIX FOR THE WHOLE SYSTEM 

C 
CALL TSTIFF(NEL,NNfl,HD) 
	 (MODULE 3) 

C 
C 
	

COMPUTE OISPLACEENT INCREMENT COMPONENTS BY 
C. 
C 
	 PERFORMifG SHCCESSTVE OVER-RELAXATION 	(MODULE 4) 

ITERATIONS FOR THE ENTIRE SYSTEM 

C 
74 CALE GAUSS(NCCINCY,0VS,TOLINIF,NND.NMINMG,N1,RMIN.RPm,RAT, 

	
TW )  

C 
C 

COMPUTE GREEN'S STRAIN INCREMENTS 
C 

DO 125 m = 1, NEL 
DO 98 I = 19 4 
LN(I) = NO(I,M) 
00 9%3 	= 1. 3 

98 AL(T,J) = A(I1J,M) 
CALL DERIV(LNIAL) 
CALL DERI2(LNIAL,DCOU) 

100 DO 112 I = 1, 3 
00 112 J = 1, 3 
IJ = KNV(I1J) 
OGS(IJ,) = OKS(TJ,M) = 0. 
nGs(TJ,m) = nGs(iJ,m) + (DEDIJ(I,J) + DEOU(J,I))/2. 
00 111 K = 1, 3 

111 DGS(IJim) = DGS(TJ,M) + 
(nEno(K,1)*nERO(K,J) + DEPU(K1J)*DERU(K,I))/2. 

112 CONTINUE 
C 
C 	COmPUTE STRESS INCREMENTS AND INTERIM STRESS VALUES 
C 

00 115 I = 1, 6 
00 113 K = 1, 3 
DO 11.3 L = lt 3 
KL = KNV(K,L) 

113 DKS(I,M) = QKS(I,M) + 0(I,KL,M)*DGS(KL,M) 
115 XKSF(T) = OKS(I,M) 

DO 120 T = 1, 3 
no 120 	.7- I, 3 
IJ = KNV(I,J) 
CSE(JJ) = 0. 

114 no 11E-, I< = 1, 3 
1K = KNV(I,K) 
JK = KNV(J,K) 

(MODULE 5) 
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(MODULE 7) 
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FACT = PXST(I,K)/XJC 
00 116 L = 1, 3 
KL = KNV(K,L) 

116 CSE(TJ) = CSE(TJ) 	FACT*OXST(J,L)*YKSE(KL) 

1 	 4 (CS(IK.M)*(lENll(.J,L1 + CS(JK,r)*DEDMI,L) 
2 	- CS(IJ,M)*OEDO(K,L))*DXNT(L,K) 

OCs(TJOi) = CSE(TJ) 
120 CONTINUE 
125 CONTINUE 	 (MODULE 5) 

WRTTE(61127) 
127 FOPmAT(5Y,1 11 ELEMENTS SCANNED ) 

C 
C 
	

UPDATE FORCES AND cOMPNTE FRICTION FUNCTION • 

c 
NI = N1 
DO 148 N = 11 HND 
-IF(NMG.NE.0) GOTO 144 
NE = 0 
IF(W(N).LT.0.001) GOT() 140 

135 00 136 I = 1, 3 
DC(I,N) = YLO(I,M)/W(N) 

136 XL(I) = XL0(T,H) + 	OLD(T,N) 
WP = SORT(XL(1)*XL(1) + YL(2)*XL(2) + XL(3)*XL(3)) 
DO 1731 I = 1, 3 

138 PLA(I)N) = OLD(I,N) - W(N)*(XL(T)/WP - DC(I,N)) 
NF = NF + 1 
IF(14F.LE.2) GOTO 135 

140 00 142 I= 11 3 
142 XLO(T,N) = XL0(T,N) + OLD(I,N) 
144 IF(IcP(N).HE.0) GOTO 148 

IF(CFC.LT.1.E-5) 6oTO 148 
IF(NW;.0E.WAGO) GOTO 148 
IF(N.NE.Nr) GOTO 146 
N6 = N + NIF/2. - 1 

- NE = N + NIF - 4 
00 145 HE = NB, NE 
IF(ICP(NF).NE.0) GoTO 145 
Si! = AN:AXI(STI1X(31NF)+U(3,NF)) 
NI = NT + N1F 
GOTO 146 

145 CONTINUE 
146 FACT1 = (X(31N1 + 0(3,N))/STI 

FACT1 = AMIN1(1.,FACT1) 
FACT2 = SQRI(1. 	FACT1*FACT1) 
OMN(1,N) = - CFC*Ff\CT2*SIN(RANG) 

DMIJ(2,N) = 	CFC*FACT2*COS(RANG) 
DO1r(3,N) = 	CFC*FACT1 

143 0Lfl(11 11) = DLO(2,N) = OLD(31U) = D. 
WRITE(6,150) 

150 F0RAT(5X,15H NOnEs SCANNED ) 
NMGO = HNIGL 
IF(ComPAR.Lr.0.005) NMGO = HMG 
COAqDAR = 0. 

r. 
C 
	cmTirrr CORRECTED VALUES FOR STRESSES 

C 
00 188 N = 1, NEL 
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min = 	= HD(M) 
RATE() = RO('"') = O. 
DO 160 I = 1, 
OCE(T) = 0. 
-PCS(I) = CS(1,M) 

160 CSC(T) = PCS(I) + DCS(I,M) 
' 	DO 161 1 = 1. 4 

LN(I) = NO(I,M) 
DO 161 J = 1, 3 

161 AL(I,J) = A(I.J1M) 
EOE = EnST(CSE) 
PEns = Er/s(m) 
TE(HoL.LT.G) GnTo 165 
RATE0 = RAIST(YELD1(M),PEOS,PCS.00S(11M)) 

165 CONTINUE 
RATE° = AMIN1(RATE0.1.) 

C _ 
C 	C00PUTE CORRECTED VALUES FOR ALMANSI STRAINS 
C 

DEQIN = 0. 
IF(HPL.i.T.G) GOTO 177 
IF.(EnF.GT.0.99*YFLO1(M)) GOTO 177 
DO 175 I = 	6 
CS (TO) = CSF(I) 

175 Xks(Ttm) = xks(I,M) + oks(Ilm) 
Er)s(q) = EQE 
IF(NMG.NE.WIGO) GOTO 188 
R = n. 
GOTO 187 

177 CALL DERIV(LN/AL) 
CALL 0EkI2(LHIAL,DEDU) 
DO 178 I = 1, 3 
00 178 J= I, 3 
IJ = KNV(I,J) 
CS (TJ,M) = CSE(TJ) = PCS(IJ) + RATEO*DCS(IJ,M) 
XKS(TJ,M) = XKS(1J,0) + RATEO*DKS(IJ,M) 
DCS(TJ,;1) = (1. - PATE(J)*DCS(IJ.M) 
DKS(JJ,M) = XKSE(IJ) = 0. 
DO 179 L= 1, 3 
00 178 K= 1, 3 
LK = KNV(L,K) 

178 DCF(TJ) = DCE(TJ) + DXNT(LIT)*DXNT(K,J)*OGS(LKIM) 
DENON = YELD1(m)*(1. + HOL/G3) 
CH = (CSE(1) + CSE(2) + CSE(3))/3. 
00 179 I = 1, 3 

179 OEnIN = DEOIH +A(CSE(T) 	CH)*DCE(I) + 
1 

	

	2.*CSE(I+3)*DCE(I+3))/DENOM*(1. - RATE0) 
FOPS (I') = EOPS(M) + DEOIN 
0EnE(M) = DEOE(M) + DEOIN 

C 
C 	THIS TS THE ALANSI PLASTIC STRAIN INCREMENT VECTOR 
C 	 FOR THE POST-Yr:LOD) ELEr.PENTS 
C 

YCW4P = YFUH*(CF1 + EOPSW))**CF2 
HD(_ = CF2*YCWIIP/(CF1 + EOPS(M)) 
IE(RATFO.GT.0.999) GOTO 106 
HOLc = MIL 
PHI. C = PHD 
	

(MODULE 7) 
r 	= EOST(CSE) 
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IF(DCOUI.LE.1.E-I GOTO 100 
HDTF = (EgE 	YEL01((A))/(DEOIN + 1.E-7) 
HDLC = AMAX1(10.9HPL 	HOIF) 
PHLC = AMAX1(100,PHP 	MITE) 

180 REL 	PHLC/HOLC 
FACT = HDLC*DE0IN/EWE 
DCSH = 13ULK*(1. - PATE0)*(DCE(1) + nCE(2) + ncE(3)) 
Do 182 I = 1, 3 
00 182 J = I, 3 
IJ = KWV(I,J) 
CSE(IJ) = 0. 

GOT() 111 
CSIT(TJ) = CSE(IJ) + DCSH - FACT*CH 

181 CSE(TJ) = CSE(TJ) + FACT*CS(IJ,) 
CS (*Wolf = CS (TJ,14) + CSE(IJ) 
1E(PHP.LT.G) DCS(Ij9V) = REL*CSE(IJ) 
OCS(IJIm) = DCS(IJ,m) 	CSE(IJ) 
DO 182 K = 1, 3 
IK = KN1/(19K) 
JK = KN\/(J,K) 
DO 182 L = 1, 3 

182 CSE(TJ) = CSE(IJ) 	mTT(L,K)*(Pcs(TK)*nEnu(J,(_) + 
Pcs(iK)*DEDucI,LA - Pcs(Ii)*DEou(K,L»*(1. 

00 184 I = 1, 3 
DO 184 J = II 3 
IJ = KNV(I,J) 
DKs(TJ9) = XKSE(IJ) = 0. 
DO 183 K = 1, 3 
DO 183 L = 1, 3 
KL = KNV(K,L) 
XKsE(TJ) = XKSE(Ij) + 

183 DKs(TJ9m) = DKS(IJ,M) 
184 XKs(TJ,M) = XKS(TJ,M) 

RD (m) = romPAR = 1. 
106 Egs(r) = EgST(cS(1,M)) 

YELOTW) = YCOr4)  
IF(NG.NE.4.4mG0) GOTO 188 
IF(EQS(M).GE.0.99*PEOS) GOTO 185 
R = 0, 
HD(M) = G3 
GOTO 187 

185 CONTTNHE 
HO(M) = HDL 
R = G3/FOS(A)/E0S(r)/(1. + HnL/G3) 

187 CALL Umm(CS(19M)0,8) 
188 CONTTNUF 

WRTTE(61190) 
19n FOQAT(57X42E)H PLASTIC ELEMENTS SCANNED ) 

IF(CiwPAR.L1.0,005) GOTO 210 

- PATE() ) 

XJC*DYNT(T9K)*DXNT(J9L)*CSE(KL) 
+ Xjc*DXNT(I,K)*DYNT(O,L)*DCS(KL9m) 
+ XKSE(IJ) 

(MODULE 7) 

C 
C 	COqPUTE CORRE=CTIVE L0A0 INCREMENTS 
C 

DO 20(; 	= 1, NEL 
IF(Pn(1).LT.0.01) GOT() 206 
FACT = vr,(m)/6. 
00 19ri L = 1, 4 
LN(L) = NO(U1M) 

(MODULE 8) 
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00 191' J = 1, 3 

198-AL(L/J) = A(LIJ1M) 
DO 204 L = 1/ 4 

Ll = 
00 204 K= 1, 3 
DO 204 I = 1, 3 
FACIA = FACT*AL(L1T) 
IK = KNV(I/K) 
OLD(t<1L1) = DLO(K/L1) + FACTA*nkS(TKIM) 

DO 204 N = 11 4 

L2 = LN(N) 
DO 201 J= 11 3 
TJ = KNV(I/J).  
FACTP = FACjAAL(N,J) 

201 7LD(KIL1) = OLD(K/L1) + FACIF..3*OKS(IJ/M)*U(K.L21 
204 CONTINUE 
206 CONTINUE 

WRITL(6,203) 
208 FOr?F L 	C(ThR[CTIVE LOADS COMPUTED ). 

DO 209 N = it LIMO 
DO 207 I = 1, 3 

= 0(I/N) + PU(I/N) 
IF(NG.E000) DU(TIN) = 0. 

207 CONTINUE 
IF(ABS(RN(i)-(zi.1N).LT.0.01) GOTO 209 
TF(ARS(X(31N)).GT.".O0l) no(5,N) = 0. 

IF(TCP(N).Eu.0) GOTO 2(19 
OLN(1/N) = O. 
Ir(RPm.LT.0.001.4NP.N.LE.NIF) GOTO 209 
DLD(2,N) = O.. 

209 CONTINHE 
(MODULE 8) IF(NMG.EO.NMGO) GOTO 210 

NMG = NqG + 1 
GOTO 74 

C 
C 
C 
	

OUTPUT THE COMPUTED RESULTS/1 FOR EVERY TIME INCREMENT 

C 
C 
210 ORITE(61212) 
212 FOPYAT(////30X1I2/17NTH LOAD INCREMENT / 

1 	30X1191-) 	  //// 
3 . 	16X,4H1tO0E116X/13NOTSPLACEmENTS/33X111HNODAL LOADS, 
4 	//42)(92N4M,42)(12N N //) - 

215 APL = 0. 
00 224 N = 1, Nf'0) 	 (MODULE 9) 
W(N) = 0. 

.00 217 I = 1, 3 
xLn(T,N) = xLmi,N) - nt_n(I,N) 
u(T,N) = u(1,N) + ro(I,N)*(1. - COMPAR) 
DLP(T,N) = O. 

217 A(N) = L,J(N) + YLD(I/N)*XL0(IIN) 
IF(TCP(N).E0.0) APL = APL - 2.*YLD(11N) 
4(11) = SGRT(Nio)) 

',CNN) = 1 
210 FiliWIAT(15X,I5/3E15.5160Y/I) 

219 FilliAT(111. 517E15.5115) 
IF(1_,J(N).GT.0.001) flOTO 222 

221 MUFF(6.218) N,(U(T/N)11=113)/N 

00TO 224 
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222 WRITE(6,219) NOU(T,N),I=1,3),(XLMJIN),J=1.3),W(N),N 
224 cotatfAHF 

PDP = Du 
DR = ARs(x(1,m1)*u(1,N1) 	X(2,N1)*U(2,N1))/RN(N1) 
DOR = (DR - PDR)/OR 
WR/TE(6,225) APL, nu 

225 FORMAT(////15X,20H APPLIED LOAD 	lE15.512H N //- 
1 

	

	15X,20H RADIAL PENETRATION ,E15.5,3I MM ) 
WRITE(6,227) 

227 FORMAT(////3X,3HEL.,13Y.30HTRUE STRESSES IN ELEMENTS, IN , 
1 	8H(MN/ASQ)115Y,6HECUIV.,5X125HPLAST1C STRAIN 	SLOPE // 
2 	10X,7HCS(1.1),3X.7HGS(2,2)13X17HCS(3,3),3X, 
3 	7HOS(112)13X,7HCS(2,3),3X,7HCS(3,1),5X,6HSTRESS.5X, 
4 	15HTOTA(_ 	INCRER.113X13HEL. ///) 
NEO = NYL = NYLIM = 11 
DO 250 M = 1, NEL 
HOt = GF2*YEL01(m)/(CF1 + EOPS(M)1 
IF(HDL.LT.EOS(4)) NYL = NYL + 1 
IF(ESN).G1-.1.25*YELD1(M)) NEW = 3 
IF(EOPS(M).GE.0.3) NYLIM = NYLIM +A 
IF(EOPS(M).HE.0.) GOTO 229 
WRITE(6,226) M,(CS(T,M)/I=1.6).EQS(M),(1 

228 FORMAT(3X,I3,1X,6Fl(1.3,1X,F10.4,33X,T3) 
GOTO 250 

229 WRITE (6.230) M,(CS(Ilm),I=1.6)1E0S(M)IEOPS(M),OEOE(V).HDLIK 
230 F0RMAT(3X,16,1X,6F10.311X,F10.4,2F10.6,F10.4,3X.13) 

IF(DEOE(M).GT.-.1E-5) GOTO 250 
NE0 = I 
M1 = M 
DEOH = nEoE(m) 

251) DEPE(M) = 0. 
IF(HY1IM.GT.NEL/10) GOTO 300 
IF(NFO.E0.1) 6010 ;.100 
IF(NFO.E00) GOT!) 1000 

C 
C 	VERIFY IF STEADY STATE HAS DEEM ACHIEVED 
C 

IF(Dnu.LT.0.0005) GOTO 300 
IF(DR.GE4PRESC) GOTO 300 
IF(PPEV.GL.APL) STOP 
NM = NM + 1 
TIME = 	+ ()TIME 
N3 = HMO 	NIF 
COMPAR = 1. 
IF(NYL.LT.NEL/TPH) GOTO 60 
IPM = IF 	+ 1 
STP = STP/2. 
DINCR = nincR/2. 
GOTO 60 

300 DR = 0. 
Dn 320 N = 11 Hmn 
ICP(N) = 
!4(M) = 0. 
00 320 1 = 1, 3 

320 DLn(r,m) = ou(T,N) = xLD(I,N) = u(T,N) = 0. 
no 340 m = 1, NEL 
YEL01(M) = YIELD 
HD() = G3 

340 DEOE(V) = EaS(M) = EWPS(M) = O. 	(MODULE 9) 
NM r_ 1 
GOTO 56 
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C 

PLASTIC STRAIN INCREMENT 

C 
811) 4RITE(6.805) 
805 FORMAT(1H1/////30X,11H AT ELEMENT, I5 // 

1 	30X143H THE PLASTIC STRAIN INCREMENT EHANGES SIGN // 

2 	30)(11/4H ITS VALUE IS ,E10.5 // 
3 	30)(127H THE PROBLEM IS TERMINATED ) 

1000 STIR 
END 	 (MODULE 9) 

Functions  

a) EOST  
FUNCTION EOST(CS) 

C 
EULERIAN EAUIVALENT STRESS FOR ONE ELEMENT 

C 
OI^-1ENSION CS(6) 
EOST = sORTMES(1)-CS(2))*(CS(1)-CS(2)) + 

	

1 	(ES(2)-CS(3))*(cS(2)-ES(3)) + (CS(3)-CS(11)*(CS(3)-ES(1)»/P. 
2 + 3.*(CS(4)4:Cs(4) + CS(5)*CS(5) + CS(()*CS(6))) 

'RETURN 
END 

b) K NV  
FuNtTiou KHV(I,J) 

C 

	

C 	CONVERTS INDICES OF THIRD ORDER TENSORS INTO INDICES OF 

	

C 	 SIXTH ORDER VECTORS 
C 

K = (I + J)/2 + 3*IACiS(I - 
KNv = mIN0(K16) 
RETURN 
END 

c) KV N  
FUNCTION KVN(I,J) 

C 

	

C 	CONVERTS INDICES OF THIRD ORDER TENSORS INTO INDICES OF 

	

C 	 NINTH ORDER VECTORS 
C 

K = I - J 
KVN = (I + J)/2 + 3*IAOS(K) 
IF(K.Eq.1) KVN = KVN + 2 
IF(K.E0.2) 	KqN = KVN + 1 
RETURN 
END 
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d) RATST  
FUNCTIOil RATST(E(„E,PEOS,PCS,OCS) 

C 
C 
	

COMPUTES CORRECTING FACTORS FOR STRESS INCREMENTS 

C 
DIMENSION PCS(6) DCS(6) 

C 
PCN = (PCS(1) + PCS(2) + PCS(3))/3. 
OCH = (DCS(1) + ncs(2) + ocs(3) )/3. 
A = 	= 0. 
DO 1 I = 1, 3 
A = A + 3.*((PCS(I) 	PCN)*(OCS(I) - ncH) + 2.*PCS(I+3)*DC(T+3)) 

2 B = R + 3.*((ncs(I) 	ncH)*(nCs(T) - DCH) 	2.*PCS(1+3)*DCS(I+3)) 
13 = AMAX1(B10.0001) 
RATST = (SWRI(A*A + 2.*B*(E0E*E0E 	PEOS*PEPS)) 	A)/(B 
RETURN 
EHn 

Subroutines  
a) COEFF 
surmouTINE coErF(qn,A,v6) 

C 
C 	GEOMETRICAL CALCULATIONS ON THE ELEMENTS (ELEMENT BY ELEMENT) 
C 	 SHAPE FUNCTION DERIVATIVES AND ELEMENTAL VOLUMES 

C 	MEAN COORDINATES OE ELEMENTAL EXTERIOR FACES 

C 
DIMENSION X(3,96), A(413), B(4), NO(4) 

coomnw 	x 

C 
GENERATE INTERNAL nRDERIMG OF ELEMENTAL NODES 

C 

I = MO(N) 
J = Nn(u) 
K = NO(K) 
L = MD(L) 

C 
C 	INTERIM VALUES FOR SHAPE FUNCTION DERIVATIVES 

C 
10 DO 1F1  Ni. = 1, 3 

GOTO (12,14,16),H1 

	

12 4(U,1) = X(2,K)*X(7,L) - X(2,L)*Y(3,K) 	'x(2,J)*x(3,L) + 
x(2,L)*x,j) + X(2,J)*x(3,K) - X(9,K)*Y(3,J) 

GOT() 1P 
14 A(H,2) = X(3,K)*X(1,L) - X(3,L)*Y(1,K) - X(3,J)*Y(1,L) + 

1. 

	

	X(3,L)*Y(1,J) + X(3,J)*Y(lsK) 	X(31K)*Y(1 ,J) 
GOTO 1:13 

16 11.01170 = X(11K)4/(2,L) - X(11L)*Y(2,K) - )“1,J)*X(2,L) + 

1 	- 	X(11L)*X(2,J) + X(1,J)*X(2,K) 	X(1,K)*X(2,J) 

DO 20 N= 1, 4 

= N + 1 
K = M + 2 
L = M + 3 
IF(J.GT.4) J = J 4 

IF(K.GT.4) K = K 4 

IF(L.(;T.4) L = L - 4 
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18 IF(mOD(N,2).NE.0 ) l(N,N1) - 	A(N,N1) 
B (N) = X(1,J)*(X(2,K)*X(3,L) - X(2,L)*X(3,K)) 

1 	X(1.K)*(X(2,L)*X(31J) 	X(2.J)*X(310) 
2 	X(1,L)*(X(2.J)*X(31K) - X(2,K)*X(3,J)) 

2n u(von(11,2).NE.1) P(N) = 	N(N) 

C 
C 	VOLUME OF MTH ELEMENT, TIMES A FACTOR OF 6. 
C 

V6 = R(1) + 8(2) + R(3) + R(4) 
IF(V6.GT.1.E-35) GOTO 28 
01 = NO(3) 
ND(3) = ND(2) 
NO(2) = N1 
V6 = - V6 
DO 26 N = 1* 3  
PROV = 	A(3,N) 
A(1,H) = - A(11N) 
A(4.N) = - A(40) 
A(:3,m = 	A(204) 

26 A(2,N) = PROV 
C 
C 	CORRECTION OF THE SHAPE FUNCTION DERIVATIVE VALUES 

26 DO 30 N = 1. 4 
DO 30 N1= 1. 3 

30 A(N,N1) -= A(0.01)/V6 

50 RETURN 
ENn- 

. b) DERIV  
SUBROUTINE DERIV(NO,A) 

C 
C 	LAGRANGTAN DISPLACEMENT DERIVATIVE AN!) TRANSFORMATION JACORFAN 

C 	EULERIAN DERIVATIVES FOR THE INITIAL COORDINATES (ELEMENTAL) 

C 
DIMENSION A(4,3), NO(4). DERU(3.3). OXNT(3.3), DXST(3,3), 
COMMON 	/DSP/ 0,nERu 	/EDI/ DXNT,OXSTOWC 

DO 6 M = 1, 3 
00 6 N = 1. 3 
DERU(M,W) = U. 
DO 6 I = 1. 4 
J = NOM 

6 OFRU(MIN) = DERU(M04) + A(I,N)*U(M,J) 
C 
C 	JACOBEAN OF THF COORDINATE TRANSFORMATION 

C 

U(:3 	6) 

XJC = 1. + DERN(1,1)*(0ER1J(2.2)*OFRU(3,3) - (1ERU(2.3)*DERU(3.2)) 

1. 	 OERU(1,2)*(0ERU(2,3)*OERU(3,1) 	OFRIJ(2.1)*1ERU(3,3)) 

2 	DERM1.3)*(0ERU(2.1)*DERN(3,2) -. DERU(2,2)*PER0(3.1)) 

3 	DERN(111)*DERU(2,2) 	OFRU(1,2)*OFRO(2.1) + PERv(1,1) 

4 	DERN(2.2)*DERU(3,3) 	DERU(2.3)*DERU(3.2) + DERN(2.2) 

5 	OERN(3.3)*DCRU(111) - DERU(3,1)*DERN(1.3) + DERH(3.3) 
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Ann = 	+ nER0(1,1) + OERU(212) + DER(J(3,3))/XJC 

00'10 M = 1, 3 
M1 = i100(M ,3) + 1 
M2 = MOn(M1.3) + 1 
DO 8 N= it 3 
DXST(MIN) = DERU(M,N) 
Ni = MOD(N .3) + 1 
N2 = MOD(H1,3) + 1 

8 OXNT(M.N) = ( 1J RN(1,M1) *nERU(M21m2) 
	

DERU(H1042)*DERU(N2,M1) 

1 

	

	DERU('/!1H))/XJC 
DXST(M1M) = DXST(M,M) + 1. 

10 OXNT(M1m) = DOlf(M,M) + ADD 

RETURN 
ENO 

c) DERI2  
SuRitnOTTME DERI2(NO,A.DEDU) 

C 
C 	LAGRANGEAN DERIVATIVES OF DISPLACEMENT INCREMENTS 

DIMENSION A(4,3), ND(4), DEDU(3,3), DU(3,96) 
COMMON 	/GSS/ OH 
DO 2 M = 1, 3 
DO 2 N= 1, 
DEOU(M,N) = 0. 
DO 2 I = 1, 
J = NO(I) 

2 DEDIJ(,;'I,N) = DEDU(M,N) + A(I,N)*OU(M,J) 
RETURN 
ENO 

d) EPMM  
SUBROUTINE EPMM(CS,R1M) 

C 
C 	ELASTIC-PLASTIC ( EULERIAN ) MATERIAL MATRIX D 
C 	ELASTIC-PLASTIC (LAGRANGEAN) MATERIAL MATRICES DT, DEP 
C 

DIMENSION CS(6) t CO(6). D(616), DE(6.6), DEP(6,6), OXNT(3,3)1 
1 	DT(616,?15). DXST(313) 
COmM" 	/EDI/ DYNT,DXST,XJC 	/EMM/ DE,DT 

C 
C 	EOS 	IS THE CONVENTIONAL EOUIVALENT STRESS 
C 

CH = (CS(1) + rS(2) + cS(3))/3.. 
DO 1 1 = 1. 3 
CD(I) = CS(I) 	CH 

1 CD(I+3) = CS(I+3) 
DO 8 T= 1, 6 
DO 8 J = 1, 6 
DEP(TvJ) = O. 

8 n 	(T,J) = DE(T,.J) - CO(I)*CD(J)*R 
DO 40 I = 11 3 
no 40 J = It 3 
IJ = KNV(I,J) 
DO 40 M1 = 1, 3 
FAA = XJC*DKNI(I,M1) 
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DC) 40 N1 = 1, 3 
MN = KNV(M1,N1)-  
FAR = FAA*DXNT(J,N1) 
DO 40 K = 1, 3 
00 40 M2 = 1, 3 
FAC = FAR*OXNT(KIM2) 
DO 40 L = K1 3 
KL = KNV(KIL) 
DO 40 N? = 1, 3 
NM1 = KNV(M21N2) 
DEP(IJIKL) = DEP(IJ,K(._) + FAC*DXNT(LIN2)*D(MN,NM1) 

40 CONTINUE 
DO 50 I = 1, 6 
DO 50 J = It 6 

50 0I(I,J,M) = DEP(I1J) 
55 RETURN 

ENn 

€) FIRST  
SupRoUTINE FIRsT(Cs.B.MEI 

C 
C 	ELEMENTARY STIFFNESS MATRIX FOR FIRST LOAD INCREMENT 

C 
DIMENSION A(4,3), DE(616), CS(6). XK(12,12), 

1 	B(3,3)1 0 (6t6), DT(6.6.215) 
COMMON 	/EMM/ UF,DT 	/STF/ XK.A1V6 

C 
DO 6 I = 1, 6 
DO 6 J = 1. 6 

6 0(I,J) = DT(I.JIME) 
C 

DO 40 I = 1. 12 
L = 1 + (I - 1)/3 

12 K = MOD(II3) 
IF(K.EQ.0) K = 3 
FLG = O. 
FLAG = 0. 
DO 40 J = z, 12 
XK(I,J) = 	= 0. 
IF(I.NE.J) FLG = 1. 
M = 1 + (J - 1)/3 

15 H = MOD(J.3) 
IF(N.r0.0) N = 3 
IF(K.EO.N) 	FLAG = 1. 

C 
C 	USUAL (SMALL DISPLACEMENT) STIFFNESS TERM 
C 	 AND INITIAL STRESS STIFFNESS TERM 

C 
00 40 Il = 1, 3 
FACTL = 1.16,0(L,I1)/6. 
KT = KNV(K,I1) 
DO 40 J1 = 1, 3 
FACTA = FACTL*A(M,J1) 
NJ = KNV(H,J1) 
TJ = KNV(I1131) 
Ann = FACTA*(0(KTiNJ) + FLAO*CS(IJ)) 
XK(I.J) = XK(I,J) + Apn 
XK(J,T) = xR(J,I) + ADD*FLG 
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• C 
C 	INITIAL DISPLACEMENT . STIFFNESS TERM 
C 

DO 4(1 11 = 1, 3 
JM = KNV(J11M11 
IM = KNV(Il.M1) 
ADD = FACTA*(0(KI.jM)*R(N,M1) + 0(IM,NJ)*(1(K,P11)1 
XK(I,J) = XK(I,J) + Aon 
XK(J,I) = XK(J,I) + ADO*FLG 

40 CONTINUE 
C 

RETURN 
END 

1 

f) GAUSS 
GAUSS 	OCC,NCY1OVS,TOLINTF.NOD.NM,NNIG.N1. 

RMINIRP(,RAT. 	IW) 
SOqRoOTTNE 

C 
C PEPFOW4 SUCCESSIVE OVER—PELAXATION ITERATIONS ON THE STIFFNESS 

C MATRIX FOP 	THE ENTIRE SYSTEM 

C 

1 
DIMENSION OLD(3,4,1",), 	XKT(9,19,961, 	nI1FJ(3), 	NAP(96), 	(9(;), 

DO 	(3,901 	NANP 	(19,96), 	R 	(3). 	ICP(96). 	Y(3196), 

2 0 	(3,9), 	YLD 	(3,96), 	F 	(9), 	CFA(96), 	U(3.9E), 

3 
commoN 

DMU(5,9(,), 	CFR(96), 	NBC(%) 
CFA,CFB,XKT,HANP,NAP,ICP,DLO.XLD,NRCIRNIDAM. 

J. ND(4.215).XDUm(7,215) 

2 	/cRn/ X 	/GSS/ nu 	/nsp/ U.DUM(3t3) 

Nib = Non 
CALL SECOND(XT1) 

C 
C 	1ODIFY SELF-FLEXIBILITY MATRICES FOR RESTRAINED BOUNDARY NODES 

C 
IF(Nmr"NE.0) GOT() 18 
sumLn = 0. 

16 DO 17 N = It NND 
IF(TCP(N).NE.0) GOT° 17 
BETA = X(2,U)/Y(1,N) 
IF(RP.LT.1.E-501 ETA = 9. 

1 

17 

CFP(N+3) 	= 	soRr(1. 	- 	BETA*X(11N)/RN(N)*U.TA*X(11N)/RN(N)) 

RAPFL 	= 	(XKT(111,O) 	+ 	RETA*(XKT(411,N) 	+ 	XKT(6.1,N)) 
BETA*RETAr.XKT(2,1,H))*CFf(N+3)*CFO(N+3) 

CFA(N) 	= 	1./RAPFL 
st.mLn 	= 	SUMLO + 	CFA (N) 
DMH(2,N+3) 	= 	0. 
CFA(14+3) 	= 	BETA 
CONTINUE 

+ 

18 CONTINUE 
TF(NCC.GT.NCY) 	GOIn 20 	 ( MODULE 

GOTO 20 
1) 

AIRITF(6119) 
19 FORPAT(1N1/////19X,39H PROGRESS OF THE GAUSS—SEIDEL ITERATION 

20H TOMIROS CONVERGENCE 	/ 
2 15X, 39H 	  

3 20H 	/// 

4 5X, 	5HCYCLE,1X.14NCHRRENT 	 DIFF., 
5 2X047tinV17- 1?-RFL. 	FCT. 	OPT. 	OVER—REL. 	SPECTRAL 	PAPIUS 	/1 
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ovR = PSOD = 1. 
DIF = 1. . 
OVO = OVS 
POVO = OVO - (2. - OV0)/4. 
NBAD = 0 

20 NC 	 n 

25 SD = S00. = 0. 

SUM = 0. 
CIL = T0L 
00 34 m = 1, NND 
IE(TCP(N).NE.0.OR.CFC.LT.1.E-4) GOTO 24 
rWm(1,m+3) = vfiAx1(0.1 	OLD(11N)) 
DO 23 I = 1, 3 

23 01_0(7,m) = 01_0(I,N) + WW(Iim)*(irlo(1.N+3) - 0M11(2,N+3)) 
24 NIA = NAP(0) 

DO 30 	1, 3 

QUIP) = 0. 
DO 2P TA = 2, NIA 
NP = NANP(IA,N) 
DO 2P J= 1, 3 
IJ = KVN(I,J) 

28 0(1...N) = N(1,N) + YKT(IJIIA.N)*OU(J,NP) 
30 R(I) = 01.0(1,N) - q(IvN) 

IF(APS(RN(N)-RmIN).LT.0.(11) GOTO 33 
IF(HPC(0).E',).0) GOTO 
IF(Rpr.GT.1.E-50) GOTO 27 
IF(N.GT.NIF) 	GOTO 27 

26 CONTINUE: 
R(2) = - (x.KTO;111Tvric12(1) + v<T(5t1.m)*R(3))/XKT(2.1.N) 
un(2,m) = R(2) + (A2,N) 
IF(AFS(X(3,N)).GT.0.001) GOTO 29 
DEN = YKT(211,N)*XKT(3,1,N) 	XKT(5,1,H)*YKT(7,1,N) 
Q(2) = (XIKT(911,(d)*YKT(5,1,N) - X1(T(G,1,N)*YKT(3,11N))*P.(1)/DEN 
R(3) = (YKT(7,11r)*XKT(6,1,N) - XKT(2,11N)*XKT(9,11N))*R(1)/DEN 
OLD(2,H) = H(2) + 0(21N) 
DLD(3,N) = R(3) + rA3,1'J) 
GOTO 29 

27 IF(APS(Y(3144)).GT.0.001) GOTO 29 
R(3) = - (XKT(9t1,H)+P(1) + XKT(7,1,N)*R(2))/XKT(3,1,N) 
0L0(3.H) = 1-“3) + 7,7(3,m) 
GOTO 29 

33 01_0(1,m) = 
01_0(21m) = .:)(2111) 
OL0(:301) = 1)(3,1)) 
R(1) = R(2) = R(3) = 0. (MODULE 2) 29 00 31 1 = 1, 3 
DON(T) = - OU(T,N) 
DO 31 J = 1, 3 
IJ = KVH(I,J) 

31 DON(I) = ODU(I) + XKT(IJ,11M)*R(J) 
ODO(2) = 0. 

TF(AS(RN(N).-.Rv)N).LT.0.01) 000(1) = 0011(2) = 0011(3) = 0. 
IF(opc(0).E0.0) 00102) = 0. 
IF(AGs(x(59N)).LT.n.001) 	DDU(3) = n. 
IF(ICP(11).NL.0) GOTO 32 
000 = CFF3(N) = (CFA(N+3)*000(2). + ODU(1))*CFR(N+3)*O1/R 
SW° = SUM + DDR*CFA(N) 
TvA1(2,N+3) = 0rPU(101+3) 
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32 00 34 I = 1. 3 

OU(I,N) = ON(I,N) + OVR*00N(I) 
SD = S0 + APs(01J(IIN)) 
SOn = SOn + ABS(00U(1)) 

34 CONTINUE 

REDISTRIBUTE APPLIED LOADS 
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(MODULE 2) 

C 
C 
C 

C 
C 
C 
C 

FACT = 1. 
DD = SUM/SUMO 
00 40 N = if NMI) 
TF(ICP(N).NE.0) GOTO 40 
00 36 I = 11 9 

36 F(T) = XKT(Ill,N) 
BETA = CFA(N+3) 
PROP = (DORM - CEB(N))*CFB(N+3) 
ou(1,N) = oN(1,N) + PROP 
DU(2,N) = DU(2,N) + PROP*BETA• 
IF(N.NE.N1.0R.NMG.NF.0) GOTO 37 
FACT = O0(1IN1)/RAT - 
IF(FACT.GE.2. 	) FACT = 0.5*FACT 
IF(FACT.LT.0.667) FACT = 2.0*FACT 

37 IF(AkS(X(3.N)).LT00.01) GOTO 38 
FCT = PROP/(F(1)*F(2) 	F(4)*F(6)) 
ON(3,N) = ON(3,N) +(F(9)*F(2) 	F(7)*F(6) + 

BETA*(F(7)*(1-(1) - F(9)*F(4)))*FCT 
DL0(1,N) = 0L0(11N) + (F(2) - PETA*F(4))*FCT/OVR 
OLn(2,N) = 01_0(2,N) - (F(6) - BETA47(1))*FCT/OvR 
DLO(101) = AMIN1(01_0(1,N), -FACT*XL0(1,N)) 
GOTO 40 

38.FCT = PROP/OVR/(F(1)*(F(2)*F(3) - F(5)*r(7)) + F(4)*(F(5)*F(9) 
1 	F(6)*F(3)) + F()*(F(6)*F(7) - F(2)*F(9))) 
DLn(10,1) = OLO(1,N) + ( F(2)*F(3) 	F(5)*F(7) 
1 	BETA*(F(4)*F(3) - F(8)*F(7)))4 7CT 
OLn(2,N) = ULO(2,N) - ( F(6)*F(3) 	F(5)*F(9) 

1 	RETA*(F(1)*F(3) - F((3)*F(9)))*FCT 
DLO(3.N) = DLD(3,N) + ( F(6)*F(7) 	F(2)*F(9) 

1 	RETA*(F(1)*F(3) 	F(4)*F(9)))*FCT 
OLn(1.N) = AmIN1(0L0(1,N), -FACT*XLn(1,N)) 

40 CONTINUE 

(MODULE 3) 

TEST FOR CONVERGFHcF AND RI:ESTIMATION OF OPTIAUM OVER-
RELAXATION FACTOR 

IF(SD.LT.1.E-35) Sp = 1.F-35 
RELDIF = SDO/S0 
NC = MC + 
SPRAP = SPD/PSOD 
PSnn = SOD 
IF(NC.E9.2) OVR = °OVO 
IF(SPRAD.GE.0.96) CIL = 2.*TOL 
IF(SPRAN.GE.0.99) cTL = 5.*Tnt. 
HAAn = w4/ 0 + 
IF(SPRAO.LT.0.995) UBAn = 0 
IF(NRAD.GE.NCY/6) C.OTO 56 
IF(NCC.GT.NCY.OR,MOD(PCINcC).NE.0) GOTO 50 

(MODULE 4) 
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IF(1.Eq.0) GOTO 4P 
WRITE (6,49) NC*PELDIE.OVRIOVO*SPRAO 

49 FOPAT(5X1I514(1)(*F14.5,1X)) 
48 IF(SPRAO.GT.1.) 00TO 51 

DDIF = HELDIF 	DIE 
DIF = HELDIF 
IF(OflIF.GE.0.) 	GOTO 	51 
DOV = ARS(OVO - pOvo) 
POVO = OVO 
OVI1 	= 	2./(1.+snET(1.-(sPRAD+oVH-1.)*(sPnAn+ovR-1.)/SPRAD/0vP/0v1?» 
ovn 	= 	twirli(ovnwovo + 	0.75*DO1/) 
OVR 	= nVO 	- 	(2. 	- 	ovo)/4. 
ovP 	= 	AmiNt(ovRso.p.375 	+ 	0.8125*SPRAD) 
OVR 	= 	1MAX1(1.01,0VR) 
GOTO 50 

51 OVR 	= 	(OW'? 	+ 	1.)/2. 
50 IF(RELDTF.GT.CTL) 	COTO 	60 

IF(IV.E0.0) 	GOTO 	76 
WR).TE(6,55) 	NC 

55 FORMAT( 	/////28H THE 	ITERATION HAS CONVERGED 	, 
1 6H 	AFTERtI5,8H 	CYCLES.) 
GOTO 70 

58 ARITE(6,59) 
59 FORMAT (//21H THE RpncEsS DIVERGES 	// 

1 21H EXECUTION TERMINATED 	) 	(MODULE 4) 
STOP 

60 IF(NC.LT.NCY) 	GOTO .25 
IF(IW.EO.0) 	6010 	76 
WRITE(6,65) 	NC.RELnIFeCTL 

65 FOPmAT( 	/////281-1 	THE 	ITERATION HAS COMPLETE-D*15.12H CYCLES' 	THE/ 
1 53H MAXIMUM DUMPER OF CYCLES WITHOUT CONVERGING* 	BUT HAS 	/ 
2 34H ACHTEVEr A RELATTVE DIFFERENCE 0E0213.5* 	/ 
3 3311 	AGAINST 	A •SPECIF1F0 	TOLERANCE 	OF*F13.5v1H./ 
4 43H THE HNCrNVEPGED RESULTS 	ARF WRITTEN (?FLOW.) 

C 
C OUTPUT THE CALCULATED RESULTS 
C 

70 WRITF(6,75) 
75 FORMAT(///// 

1 35X,24H DISPLACEMENT 	INCREMENTS130X116H LOAD INCREMENTS / 
2 35X*2411   1- 30x/1eH  	/// 
3 15X, 5N 	NOOE.10X*3H 	DU*12X*3H 	OVol2X,311 	OW*16X0H 	DLII, 
5 11X,4H 	OLV,11Xv4H 	DLWt6X,BH 	CONTACT 	//) 

76 R(1) 	= 	P(2) 	= 	P(3) 	= 	O. 
RATIO = 	1./FACT 
no 80 N= 11 	NNn 
00 78 I = 1* 3 	 (MODULE 5) 
DLn(I,N) = RATIO*DLD(IIN) 
DU (TIN) = RATIO*OU (I.H) 

78 R(I) = P(I) + OLD(IIN) 
IF(I17!.F.O.0) GOTO 90 

tin WRITE(6.85) NI(D11 (TIN),I=1,3)*(DLO(TIN),T=1*3)■ICP(N) 
85 FORMAT(12Xt16.2(9X,3E15.5),I6) 

WRITF(6188) R 
88 FOPMAT(/73X13E15.5/) 
90 CONTINUE 

WRITE(6992) NM,PATIO 
92 FOPMAT(//5X,I3,38111H LOAD moncNiENT 	scALimn-uP FACTOR .F10.5/) 



f) GAUSS 
CALL SECOND(XT2) 
DXT = XT2 - XT)_ 	 (MODULE 5) 
14RIP-1(6.200) OXT 

200 FORMAT(5XiliH TIME IN GAUSS ,F10.3,2X,7HSE.:O(JDS) 

RETURN 
END 

g) STIFF 
suRRnuTTNE STIFF(XKs0-304E) 

C 	ELEMENTARY STIFFNESS MATRIX XK 
C 

DIMENSION A(413)1 0 (6,6)1 XK(12,12)t XKS(6), 
1 	B(3,3). OF (616), nT(,6,215) 
CONMOH 	/ECM/ DrIOT 	/STF/ XK.A1V6 

C 
C 	STIFFNESS MATRIX IS ASSEMBLED TERM BY TERM 
C 

00 10 I = 11 6 
Do in J = 1, 6 

10 D(I,J) = OT(I,JtME) 
DO 40 I = 	12 
L = 1 + (I - 1)/3 

12 K = MO0(I,3) 
IF(K.EO.0) K = 3 

FLG = n. 
no 4n J = I. 12 
IF(1.1IE.J) FLG = 1. 
XK(I,J) = XK(J,I) = 0. 

C 
M = 1 + (J - 1)/3 

15 N = MOC(J,3) 
IF(N.E0.0) H = 3 
IFLG = 1 
IF(K.NE.N) IFLG = 2 
DO On I1 = 1, 3 
FACTL = V6*A(Ltil)/6. 
IK = KNV(K,11) 
DO 40 J1 = 1, 3 
di = KMV(I1ld1) 
JN = KUV(H,J1). 
FACTA = FACIL*A(Mlj1) 

C 
C 	ADD USUAL (SMALL DISPLACEMENT) STIFFNESS TERM 
C 

XK(I,J) = XK(I,J) + FACTA*D(TK,JN) 
XK(J,I) = XK(J,I) + F1CTA*0(JN,IK)*FLG 

C 
C 
C 	ADO _INITIAL STkESS STIFFNESS TERM 
C 

GOTO(20,30),CFLG 
20 ADD = FACTAXKS(JI) 

XK(I,J) = XK(I,J) + Ann 
XK(J,I) = 	+ A[;r*FLG 

276 
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C 
AND NOW ADO INITIAL DISPLACEMENT STIFFNESS TERM 

C 
30 DO 4n M1 = 1, 3 

JM = KFIV(J1tM1) 
IM = KNV(I1tM1) 
Ant = FAciA*(o(IKlum)*F1(Nox.1) + n(im,JN)*Ei(K,Mt)) 
DO 40 N1 = 1, 3 
JJ = KNV(J10.41) 
Apr 7... A01 + FACTA*fl(IM,JJ)*R(KIM1)*R(NyN1) 
XK(I,J) = XK(I,J) + ADO 
XK(J,I) = XK(J,I) + ADO*FLG 

Lo CONTINUE 
C 

RETURN 
- END 

h) TSTIFF 

SUBROUTINE ISTIFF(NEL,NOO,HD) 
C 
C 	TOTAL STIFFNESS MATRIX XKT FOR THE WHOLE SYSTEM 
C 

DIMENSION OMU(319(J1 TCP(96), XKT(9,19,96)I NO(4,215), OFR1!Ct:3), 
1 	 DLO(3,9A), HAP(96)1 NAND (19,96), HO (215), AL(4q3), 
2 - 	U (3,96), NRC(96), A (4,3,215), EIS (215), F 	(9), 
3 	X (3,9(;), RN (96), CS 	(6,215), V6 (215), DROV(q), 
4 	XLD(3,9i1;), XKL (6), XKS (6,215), XK(12,12), LN (4) 
COMMON 	DOMM(2196),XKItNANPINAP,ICP,OLD,XLD,NPCIRNIDMUI 

1 	ND,XKSICSIEOS,A,V6 
2 	/um/ X. 	/DSP/ UtPERU 
1 

	

	/STF/ XK,AL,V6L 

C 
C 	PREPARE TO SUM STIFFNESS COEFFICIENTS 
C 

NND = Non 
po 6 N= 1, Nun.  
DO 5 ID = 1, 19 
NANP(IQ,N) = U 
DO 5 J = 1, 9 

5 XKT(JIIO,N) = 0. 
NANP(1,0) = Ii 
HAP(N) = 1 

6 CONTINUE 
C 
C 	FORM ELEMENTAL STIFFNESS MATRICES 
C 	ASSEMBLE TOTAL STIFFNESS MATRIX 
C 

CALL SECOND(XT9) 
4 DO 32 M= 1, NFL 
DO 1 I= 1, 12 
DO 1 J = 1, 12 

1 XK(I,J) = (1. 
V61. = V6(M) 
HDL = HD(M) 
00'8 I = lt 6 
XKL(I) = XKS(JIM) 



C 
C 
C 
C 
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IF(I.GT.q) Goro P 
Lfi(I) = NO(I01) 
DO 7 J = 11 3 

7 AL(I,J) = A(I,J,M) 

8 CONTINUE 
CALL DERIV(LNIAL) 
IF(HPL.LT.1600.) GoTO 10 

CALL FIRST(XKL,DFRuIP) 
GOTO 15 

10 CALL STIFF(XKL,DERN,M) 

15 00 28 Li = 1, 4 
N = LN(L1) 
NO 27 L2 = 1, 
IN = 0 

16 IN = TO 	1 

TF(I.LE.19) GOTO 20 
wRTTE(6.18) 1,1 

18 FORMAT(1H1///// 5H 1100E915115H HAS MORE THAN 

1 	2711 EIGHTEEN ADJACENT NODES 

2 	26H THE PROBLEM IS ABANDONED ) 

ST0P 
20 IFINANP(IOIN).E0.LN(L2)) GOTO 25 

IF(NANP(101N).ME.0) 	GOTO 16 

NANP(INOA) = LN(L21 
NAP(N) = 10 

25 DO 26 I = 1. 3 
L3 = 3*L1. + I - 3 

DO 26 J = lv 3 
L4 = 3*L2 + J - 3 
IJ = KVH(I,J) 

26 XKI(IJII0IN) = XKT(IJITO,N) + XK(L3,L4) 

27 CONTINUE 
28 CONTINUE 

32 CONTINUE 
CALL SECOND(XT10) 

DXT9 = XT10- XT9 
WRITE(61500) DXT9 

500 FORMAT(2X135H OVERALL SCANNING OF ELEMENTS TAKES,F10,392X, 

1 	81-1 SECONDS ) 

BY TNVERSION OF THE MAIN DIAGONAL STIFFNESS SURMATPIX9 FIND THE 
FLEXIBILITY SURMAIRIX AT EACH NODE, DISPLACED BY FORCES AT ITSELF 

DO 70 N= 19 NND 

DO 33 I = 11 9 
33 PROV(I1 = XKT(Ivl,N) 

DLT = PPOV(1)*(PROV(2 

1. 	PROV(6)*(PP0v(7 

2 	PROV(9)*(PnOv(4 

F (1) = PROV(2)*POV 

F (2) = PROV(1)*PoOV 

*PROV(3) 	PRoV(5)*PRoV(7)) + 

*PROV(8) - PRoV(3)*PRov(4)) + 
*PROV(5) - PRoV(8)*PRr)V(2)) 
3) - pROW( 5 )*pROV( 7 ) 

3) 

- 

pl20V(8)*Pft0V(9) 

F(3)  
F(4)  

F(5)  

F(6)  
F(7)  

F(8)  

F(9)  

= PROV (1 ) *PR O V(2) 
= PIMV(8) *Pr ci V (7) 
= PROV(A)*pppv(E, ) 

= PWIV(5)*Frov(9) 
= PItoV(4)*P1.)V(q) 
= ppt)v(4)*POV(51 

= pkoV(6)*Pi2CJv(7) 

pRov(4)*mmv(6) 
npnv(4)*PR0v(3) 

pRov(1)*P1Mv(5) 
PRov((A)*Dunv(3) 
PROV(1)*PROV(7) 
PRo1!(8)*PROV(2) 
PROV(2)*PROV(9) 
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h) TSTIFF  

IF(ARS(FILT).LT.1.E-60) DLT = SIGN(1.E-60/OLT) 

DO 6n I = 1, 9 
60 XKT(T,1,N) = F(I)/NLT 
70 CONTINUE 

CALL SECOND(XT11) 
DxT10 = XF11 	XT1C 
WRTTF(6/60(1) OxT10 

6(10 FOnr,IAT(2X.35N 0VrRALL SCANNING OF NODES 	TAKES,F10.3,2Y, 
1 	AH sEcoHns ) 

loo RETURN 
E F'10 



APPENDIX 	3 

EPFELDA 

LISTING OF VARIABLES 

CONVENTION 

is Integer array variable 	ra - Real array variable 

is - Integer single variable 	rs - Real single variable 

par - Function or subroutine parameters 

MAIN PROGRAM 

A ra // Cofactors of volume determinants for all elements 

AL ra Cofactors of volume determinant for one element 

APL rs Trial value of total external initial load 

BULK rs Bulk modulus of specimen material 

CAN rs Angular coordinate of a node, used solely to com-
pute the nodal Cartesian coordinates 

CPC rs Coulomb friction factor 

CF1,CF2 rs Parameters of the prescribed stress-strain curve 

CH rs Hydrostatic stress for an element 

COMPAR rs Comparison parameter, initialized as zero, but 
changed to unity whenever the application of the 
initial stress procedure is required 

CS ra / / Cauchy stresses for all elements 

CSE ra Working vector used to store the elemental compo-
nents of either the Truesdell or the Cauchy (true) 
stress increments (in Module 5); an interim stress 

-280- 



281 

MAIN PROGRAM (Contd.) 

CSI 	rs 

05Th rs 

Cl,C2 rs 

D 	ra EMM 

DC 	ra 

DCE 	ra 

DCS 	ra 

DCSH rs 

DDR 	rs 

DE 	ra EMM 

DEDU ra 

DEN 	rs 

DENOM rs 

DEQE ra 

DEQIN rs 

DEQN rs 

DERU 	ra DSP 

DGS 	ra 

DINCR rs 

DKS 	ra 

DLD 	ra 

DMU 	ra 

vector, correct stress increments and residual 
stresses (successively in Module 7) 

Central angle of basic block 

Total central angle covered by the mesh 

Auxiliary parameters in the generation of new 
load increments, in the radial upsetting problem 

Lagrangean elastic-plastic material (constitutive) 
matrices for all elements in the mesh 

Director cosines of the external applied nodal 
forces 

Incremental Almansi strain vectors for an element 

Interim stress increments (Modules 5 and 7) and 
corrected Truesdell stress increments (Module 7),  
for all elements in the finite element mesh 

Hydrostatic component of corrected stress incre- 
ments 

Incremental radial penetration achieved in one 
load increment 

Elastic (Eulerian) constitutive matrix 

The elemental increments Au. 
1 3 

Denominator in the generation of Cl and C2 

Denominator in the computation of the equivalent 
plastic strain increment 

Total plastic strain increments, for all elements 
in the finite element mesh, corresponding to a 
load increment (after the last initial stress 
corrective cycle) 

Plastic strain increment for an element, during 
one cycle in the initial stress method 

Local variable, stores an eventual negative compo- 
nent of the array DEQE for print-out and execution 
termination 

The elemental derivatives for one element ui,j 
Green strain increments for all elements 

Parameter used to progressively increase the mag- 
nitude of the successive load increments or even-
tually to "moderate" them, in case of risk of 
plastic instability 

Kirchhoff stress increments for all elements 

Active or reactive load increments for all nodes 
in the finite element mesh 

Nodal friction functions (The factors multiplying 
IPlin Eqns. (4-3a,b,c)) 



282 

MAIN PROGRAM (Contd.) 

rs 

is 

is 

is 

is 

GSS 

EDI 

EDI 

Total radial penetration of roller 

Time increment between successive loaa increments 

Displacement increments for all nodes in the mesh 

The• derivatives X. . for one element in the mesh 

The derivatives x. 	 for one element in the mesh 
Jet 

Young's modulus of specimen material 

Interim value of the equivalent stress for an ele-
ment at several stages of Module 7 

Total elastic strains for all elements in mesh 

Equivalent stress for all elements in the mesh 

The distance f in Eqn. (4-9a) and Fig. 4-6 

Working variables representing intermediate fac-
tors in several expressions 

Shear modulus of specimen material 

Working variables, depending on G and XNU, used 
when assembling matrices DE and D 

Slope of of the stress-strain curve in a triaxial 
elastic situation 

Instantaneous slope of the stress-strain curve for 
all elements (elastic or plastic) 

The interim slope fit, from Eqn. (3-23) 

Local variable storing the elemental value of HD 

Corrected (final) slope of the stress-strain cur-
ve, in an initial stress corrective cycle 

Running indices in several DO-loops 

Parameter defining if a node is in contact with 
the roller (ICP = 0) or not (ICP = 1) 

Derived indices, generally used when calling 
the function KNV 

A denominator, depending on the number of unstable 
elements (NYL), used in the redefinition of the 
parameters STP and DINCR, to minimize the risk 
of plastic instability problems 

Parameter defining the amount of data to be written 
out. If IW = 1, all data are produced, and if 
IW = 0, only a limited part is written out 

Local variable, listing the elemental node num-
bers, for one element 

DR 

DTIME 

DU 

DXNT 

DXST 

E 

EQE 

EQPS 

EQS 

F 

FACT 
FACTA 
FACTB 
FACT1 
FACT2 

G 

Gl,G2 

G3 

HD 

HDIF 

HDL 

HDLC 

I,J,K,L 

ICP 

IJ,IK, 
JK,KL, 
LK, Ml 

IPN 

IW 

LN 

rs 

rs 

ra 

ra 

ra 

rs 

rs 

ra 

ra 

rs 

rs 

rs 

rs 

ra 

rs 

rs 

rs 

is 
is 



283 
MAIN PROGRAM (Contd.) 

Ll,L2 is 

is 

N 	is 

NANP 	is / / 

NAP 	is 

NB 	is 

NBC 	is 

NBL 	is 

NCC,NCY is 

ND 	is //  
NE 	is 

NEB 	is 

NEL 	is 

NEQ 	is 

NF 	is 

NI 	is 

NIF 	is 

NLL 	is 

NM 	is 

NMD 	is 

NMG 	is 

NMGL is 

NMGO is 

Index of particular components of the array LN; 
also derived indices 

Running index, generally used when scanning ele-
ments 

Running index, generally used when scanning nodes 

Indices of each particular node in the finite e-
lement mesh, and of the nodes connected to it 

Number of nodes connected to every particular no-
de in the mesh, plus one for the node itself 

Running index, scanning the basic blocks 

Parameter defining the node boundary condition: 
NBC = 2 External cylindrical mantle 
NBC = 1 Side face 
NBC = 0 Mesh boundaries with the rest of spe- 
NBC = -1 Interior nodes 	cimen 
The mid-plane condition is checked directly 
from the

3
- coordinate 

Number of basic blocks in the finite element mesh 

Parameters of over-relaxation (See GAUSS) 

Indices of the elemental nodes, for all elements 

Running index used in extending the previous indi-
ces from the first to the subsequent basic blocks 

Number of elements in the basic block 

Total number of elements in the whole mesh 

Parameter used to divert and stop execution if 
negative plastic strain increments are encounte-
red; usually set to zero, it is set to unity if 
this condition occurs 

Running index used to scan nodes when computing 
nodal coordinates, and in other applications 

Running index, scans mid-plane nodes in the exter-
nal cylindrical mantle 

Number of nodes in the interfaces between adjacent 
nodes 

Index defining the number of basic blocks prece-
ding the nodes initially loaded 

Index defining the number of load increments 

Number of mid-plane nodes in the external cylin-
drical mantle 

Index defining the number of order of the correc-
tive initial stress cycles 

Input parameter defining the maximum number of 
corrective initial stress cycles 

The same limiting parameter, but set to a local 
variable and eventually reduced in magnitude 
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Indices of the mid-plane nodes lying in the ex-
ternal cylindrical mantle 

Index scanning nodes in the block interfaces 

Total number of nodes in the whole mesh 

Index counting the number of load increments 
applied over one basic block 

Maximum number of load increments applied over 
a basic block 

Number of plastically unstable elements (that is, 
for which HD is less than EQS) 

Number of elements surpassing the maximum prescri-
bed plastic strain (0.3) 

Index of first loaded mid-plane node 

Index of loaded nodes situated in the cylindrical 
mantle and on the last loaded radial plane 

Input parameter, initial over-relaxation factor 
(to be transferred to GAUSS) 

Local vector, stores previous values of the ele-
mental stresses 

Previous value of DR 

Previous value of EQS for an element .  

Previous value of HD for an element 

Previous value of HDLC 

The number it = 3.14159 

Maximum prescribed value of radial penetration, 
used in a termination criterion (Input parameter) 

Previous value of APL 

A factor in the plastic component of the elastic-
plastic constitutive matrix 

Rotation angle (in multiples of CSI) 

Multiplying factor used (in GAUSS) to round off 
the produced value of radial penetration 

The parameter 	of Eqn. (3-28), for one element 

Parameter defining if there is the need to estima-
te residual forces corresponding to the residual 
stresses over an element (RD = 1.) or not (RD = 0.) 

Distance from a node to the axis of the forming 
roller, used to define contact 

Working variable, expresses a ratio of slopes 

Instantaneous radial coordinate of a node 

Radius of the internal cylindrical mantle of the 
mesh 

is 

is 

NMP 

NN 

NND 

NS 

NSUB 

NYL 

NYLIM 

Ni 

N31 N4 

OVS 

PCS 

PDR 

PEQS 

PHD 

PHLC 

PI 

PRESC 

PREY 

R 

RANG 

RAT 

RATEQ 

RD 

RDS 

REL 

RI 

RMIN 

is 
is 

is 

is 

is 

is 

is 

rs 

ra 

rs 

rs 

rs 

rs 

rs 

rs 

Ts 

rs 

rs 

rs 

rs 

ra 

Ts 

Ts 

rs 

rs 
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ra / / Radial coordinates (original) of all nodes 

rs 	Radius of undeformed specimen, mm 

rs 	Angular velocity of specimen, in rpm 

rs 	Radius of forming roller, mm 

rs 	As variable NS, but converted to real form 

rs 	Input parameter, defining the basic increment in 
applied force in the successive load increments 

rs 	Maximum instantaneous semithickness of deformed 
mesh 

rs 	Minimum value of radial displacement produced in 
a load increment 

rs 	As NSUB, but converted to real form 

rs 	Forming temperature, in °C 

rs 	Input parameter used to define the third (axial) 
coordinate of a node 

rs 	Original (undeformed) thickness of specimen, mm 

rs 	Time elapsed since the beginning of deformation 

rs 	Parameter of the over-relaxation problem (See GAUSS) 

ra DSP Total displacements, for all nodes in the mesh 

ra / / Volumes of all elements in the mesh (times six) 

ra 	Absolute value of force acting over a node 

rs 	Interim value of W, for one node, in the "initial 
load" correction 

ra CRD Original (undeformed) Cartesian coordinates for 
all nodes, mm 

ra / / Dummy array residing in the unlabelled common block 

rs 	Instantaneous first two coordinates of a node 

rs 	Instantaneous first two coordinates of node N1 

rs EDI Jacobean of the original/instantaneous coordinate 
transformation 

ra / / Kirchhoff stresses for all elements in the mesh 

ra 	Local vector storing Kirchhoff stresses, or their 
increments, for one element of the mesh 

ra 	Interim components of XLD, for one node, in the 
"initial load" correction 

ra 	Total (active or reactive) nodal loads 

rs 	Poisson's ratio of specimen material 

rs 	New value of the yield stress for an element, 
following a load increment 

ra 	Yield stresses for all elements, at the start of 
a load increment 

RN 

RO 

RPM 

RR 

SN 

STEP 

STI 

STP 

SUB 

TEMP 

TFC 

TH 

TIME 

TOL 

U 

v6 
w 
WP 

X 

XD 

XE11XE2 

XI1,XI2 

XJC 

XKS 

XKSE 

XL 

XLD 

XNU 

YCOMP 

YELD1 
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YFUN 

YIELD 

Function 

rs 

rs 

EAST 

Parameter of the prescribed stress-strain curve 

Yield stress of undefoFed material, at the tem-
perature TEMP , in MN/m 

CS ra par Stress vector for one element 

EQST re Resulting equivalent stress (Output) 

Functions 	KNV 	and 	KVN 

I1J is par Input indices 

K is Intermediate derived index 

KNV or 
KVN is Output indices 

Function 	RATST 

A rs Equivalent to 	-r, in Eqn. (3-28) 
B rs The denominator in the same equation 

DCH rs Hydrostatic component of incremental stresses 

DCS ra par Incremental stresses for one element 

EQE rs par Present 	equivalent stress for the element 	( k l in 
Eqn. (3-28) 

I is Running index 

PCH rs Hydrostatic component of total stresses 

PCS ra par Total stresses for one element 

PEQS rs par Previous equivalent stress for the element (6, in 
Eqn. (3-28) 

RATST rs The parameter 	of Eqn. (3-28) (Output) 

Subroutine 	COE 

A ra par Elemental components of the array A described in 
EPFE1DA (Thus corresponding to a set AL) 

B ra Vector storing the cofactors of the fourth column 
of the volume determinant 

J,K,L,N is Indices replacing the components of ND in the four 
possible cyclic permutations 

ND is par Indices of the elemental nodes 

N1 is Running or substitutional index 
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par Elemental volume (times six) 

CRD As in the Main Program 

Subroutine 	DERIV 

A 

ADD 

DERV 

DXNT, 
DXST 

MIN 

M1042, 
NlIN2 

ND 

U 

XJC 

ra 

rs 
ra 

ra 

is 

is 

is 

is 

ra 

rs 

par 

DSP 

EDI 

par 

DSP 

EDI 

As in 	COEFF 

Working variable, additive term to 	DXNT 

As in the Main Program 

As in the Main Program 

Indices (internal and global) of the elemental 
nodes 

Running indices 

Derived indices 

As in 	COEFF 

As in the Main Program 

As in the Main Program 

Subroutine 	DERI2  

A ra par As in 	COEFF 

DEDU ra par As in the Main Program 

DU ra GSS As in the Main Program 

I,J is Indices (internal and global) of the elemental 
nodes 

MI N is Running indices 

ND is par As in 	COEFF 

Subroutine 	EPMM 

CD 

CH 

ra 

rs 

Deviatoric stresses for one element 

Hydrostatic stress for one element 

CS ra par As in 	EQST 

D ra Elastic-plastic (Eulerian) constitutive matrix 
for one element, from Eqn. (2-24) 

DE ra EMM As in the Main Program 

DEP ra Elastic-plastic (Lagrangean) constitutive matrix 
for one element, from Eqn. (2-32) 

v6 rs 

ra 
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Subroutine 	EPMM 	(Contd.) 

DT 

DXNT, 
DXST 

FAA, 
FAB,FAC 

I,J,K,L 
Ml,M2, 
N1,N2 

IJ,KL, 
MN,NM1 

R 
XJC 

ra 

ra 

rs 

is 

is 

is 

rs 

rs 

EMM 

EDI 

par 

par 

EDI 

Equivalent to the array 	D 	in the Main Program 

As in the Main Program 	(DXST 	dummy is this sub- 
routine) 

Working variables (Intermediate factors at several 
stages in the subroutine) 

Running indices 

Index of the element under consideration 

Indices derived via function 	KNV 

As in the Main Program 

As in the Main Program 

Subroutine 	FIRST 

A 

ADD 

B 

CS 

D 

DE,DT 

FACTA, 
FACTL 

ra 

rs 

ra 

ra 

ra 

ra 

rs 

STF 

par 

par 

EMM 

As in 	COEFF 

Working variables representing terms to be added 
to 	XK 

As 	DERU 	in the Main Program 

As in 	EQST 

As 	DEP 	in 	EPMM 

As 	DE 	and 	D 	in the Main Program 

Working variables, intermediate factors 

FLAG rs Discriminator for initial stress stiffness term 
(Real Kronecker. delta) 

FLG rs Discriminator to avoid computing the elements in 
the main diagonal of 	XK 	twice (Also a Kronecker 
delta) 

I1J,KIL 
Il,Jl, is Running indices 
M1 

IJ,IM, 
JM,K,KI 
LI MIN, is Derived indices 

NJ 

ME is par Index of the element under consideration 

V6 rs STF As in 	COEFF 

XK ra. STF The elemental stiffness matrix 
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Subroutine GAUSS 

is 

Angular parameter in the load redistribution 

Working arrays storing factors involved in the 
load redistribution 

A local variable replacing TOL , and eventually 
reducing its value 

Change in the parameter RELDIF between successive 
corrections of the over-relaxation factor 

Residual of the radial displacement, for a node in 
the contact zone 

Weighted average of these residuals 

Displacement residuals for a node 

The previous value of RELDIF 

As in the Main Program .  

Change in the over-relaxation after a reestimation 

As in the Main Program 

Dummy array in this subroutine 

Time consummed by the subroutine, CDC 6600 seconds 

Local array storing the nodal self-flexibilities 

Working variable, equals the inverse of RATIO 

Working variable, an intermediate factor in some 
calculations 

Running indices in several DO-loops 

Running index scanning the interconnection of nodes 

As in the Main Program 

Derived index, from the application of function XVN 

As in the Main Program 

Running index scanning all nodes 

As in the Main Program 

Parameter counting the number of consecutive cy-
cles presenting a spectral radius greater than 
0.995 
Index counting the number of cycles in the successi-
ve over-relaxation procedure 

Number of cycles after which a new estimate of the 
optimum over-relaxation factor is made, and an 
output is produced, on the progress of the itera-
tion 

Parameter prescribing the maximum number of over-
relaxation cycles 

BETA 

CFA,CFB 

CTL 

DDIF 

DDR 

DDRM 

DDU 

DIF 

DLD 

DOV 

DU 

DUM 

- DXT 

F 

FACT 

FCT 

I,J 

IA 

ICP 

IJ 

IW 

N 

NANP, 
NAP,NBC 

NBAD 

NC 

NCC 

NCY 

rs 

ra 

rs 

rs 

rs 

rs 

ra 

rs 

ra 

rs 

ra 

ra 

rs 

ra 

rs 

rs 

is 
is 
ia 

is 
is 
is 

ia 

is 

is 

is 

GSS 

DSP 

/ / 

par 

/ / 

par 

par 
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Subroutine GAUSS (Contd.) 

ND is As in the Main Program 
NIA is Local variable, stores the 'NAP 	content for a 

particular node 

NIF,NM, 
NMG,N1 is par As in the Main Program 

NND is As in the Main Program 

NOD is As NND 

NP is Index of a node which is connected to another 
(reference) node 

OVO rs Current estimate of the optimum over-relaxation 
factor 

OVR rs Current estimate of the over-relaxation factor 

OVS rs par As in the Main Program 
POVO rs Previous estimate of 	OVO 

PROP TS Working variable used in connection with DDRII 

PSDD rs Previous value of the norm 	SDD 

Q ra 

ra 

Internal force increments, for all nodes 

Equivalent force increments, for one node 

RADFL rs Radial-radial self-flexibility component of an 
externally loaded node 

RAT rs par As in the Main Program 
RATIO rs Multiplication factor to correct displacement 

and force increments 

RELDIF rs Convergence criterion parameter in the successi-
ve over-relaxation procedure 

RMIN rs par 
RN ra / As in the Main Program 
RPM rs par 

SD rs Sum of the absolute values of the computed displa-
cements at the end of a cycle 

SDD rs Norm, or sum of the absolute values of the residu-
als of displacements, at the end of a cycle 

SPRAD rs Spectral radius 

SUM, 
SUMLD rs Numerator and denominator, respectively, in the 

expression of 	DDRM 

TOL rs par Convergence tolerance prescribed in the successive 
over-relaxation procedure 

U 
X 

ra 
ra 

DSP 
CRD As in the Main Program 

XDUM ra / Real dummy array residing in the unlabelled 
common block 

XKT ra / 1 Total stiffness matrix for all nodes 
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Subroutine 	GAUSS 	(Contd.) 

XLD ra / / As in the Main Program 

XT1,XT2 rs Execution time at the beginning and ei.d of the 
subroutine, in CDC 6600 seconds, respectively 

Subroutine 	STIFF 

A 

ADD,AD1 

B 

DE 
DT 

FACTA, 
FACTL 

FLG 

IFLG 

III1, 
J,J1, 
K,L, 
M1, N1 

IK,IM, 
JI,JJ, 
JM,JN 

KIL,MI N 

ME 

V6 

XK 

XKS 

ra 

rs 

ra 

ra 

rs 

rs 

is 

is 

is 

is 

is 

rs 

ra 

ra 

STF 

par 

EMM 

par 

STF 

STF 

par 

As in 	COEFF 

Working variables, added to XK 

As 	DERU 	in 	the Main Program 

As 	DE 	and 	D 	in the Main Program 

Working variables, intermediate factors at several 
stages of execution 

As in 	FIRST 

As 	FLAG 	in 	FIRST, 	but in integer form 

Running indices in several DO- loops 

Indices derived via function KEV 

Indices derived from the pair 	(I,J) 

As in 	FIRST 

As in 	COEFF 

As in 	FIRST 

Kirchhoff stress components for one element 

Subroutine TSTIFF 

A 	ra / / As in the Main Program 

AL 	ra STF As A in COEFF 

CS 	ra 
DERU 	ra DSP As in the Main Program 
DLDIDMU ra / / 

DLT 	rs 	Determinant of the self-stiffnesses, for a node 

DUMM 	ra 	Dummy array residing in the unlabelled common 

DXT9, 
rs 	Time required by the subroutine to scan elements DXT10 

(and assemble the stiffness matrix), and to scan 
nodes (and invert the self-stiffnesses) respec-
tively 

EQS 	ra 	As in the Main Program 
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/ / 

par 

/ / 
DSP 
// 

CRD 

STF 
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Subroutine TSTIFF (Contd.) 

F 

HD 
HDL 

IIJ 

ICP 

IJ 

IQ 

LN 

L1,L2 

L3,1,4 

N 

NANP 
NAP 
NBC 
ND 

NEL 

NND 

NOD 

PROV 

RN 
U 
V6 

v6L 

X 

XK 

XKL 

XKS 

XKT 

XLD 

XT9, 
XT10 
XT11 

is 

As in GAUSS 

As in the Main Program 

Running indices in several DO -loops 

As in the Main Program 

Derived index (via function KVN) 

As in the Main Program 

As in the Main Program 

Running indices scanning the elemental nodes 

Derived indices, in the two-dimensional represen-
tation of the stiffness matrix 

Running index scanning the elements in the mesh 

Running index scanning the nodes in the mesh 

As in the Main Program 

As in the Main Program 

As in the Main Program 

As NND 

Interim array storing nodal self-stiffnesses, 
prior to inversion 

As in the Main Program 

Local variable, the volume of one element (times 6) 

As in the Main Program 

As in FIRST 

Local vector storing the elemental Kirchhoff 
stress components 

As in the Main Program 

As in GAUSS 

As in the Main Program 

Execution times at the beginning of TSTIFF,af-
ter the assembly of XKT and at the end of 
TSTIFF, respectively 

ra 

ra 
rs 

is 
is 

is 
is 
is 

is 
is 

is 
is 

is 
is 
is 
ra 

ra 
ra 
ra 

rs 

ra 

ra 

ra 

ra 

ra 

ra 

rs 
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TEMPERATURE DISTRIBUTION IN THE RADIAL UPSETTING OF A FLAT DISC 
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ABSTRACT 

A clamped disc is heated locally along part of its circum-

ference while rotated around its axis in such a manner, 

that the hot portion subsequently contacts a roller which 

forces the material radially inwards raising the thickness 

of the disc locally. 	In order to determine the required 

initial temperatures applied by the heat source, in this 

case an induction coil, the temperature distribution in 

the deforming region is calculated as a function of the 

contact time between disc and roller and in terms of the 

initial temperatures of the disc, clamps and roller res- 

pectively. 	Heat transfer in the disc and between clamps 

and disc on the one hand and roller and disc on the other, 

are considered. 	The computed temperatures are then used 

in selecting the relevant stress/strain data for the 

material elements when theoretical values of stresses, 

strains and forming loads are determined. 

INTRODUCTION 

In metalworking normally large lumps of material are formed, requiring 
the application of vast forces, enormous equipment and large initial capital 
outlay. 	If the deformation could be confined to smaller volumes of 	material 
at a time, that is if processes could be developed to work the material in 
stages, in a step-wise manner, initial equipment cost could be greatly reduced 
(particularly important in low-volume production) and new ways of producing 
particular shapes developed. 

One such stage-by-stage method is the edge upsetting of a flat disc by 
rolling which could become particularly important in the forming of thick 
flanges on engineering components made of thinner materials. 

In the experimental apparatus a slowly rotating disc (1) representing 
the flange is heated locally by a stationary induction coil (2) and subse-
quently the material is radially formed by a roller (3) to raise the cross- 
sectional area of the disc locally. 	As the disc rotates the deformation is 
extended to its full circumference. 	Subsequently the roller is moved by a 
small amount radially towards the centre of the disc and the process is re- 
peated. 	In this manner thick flanges could be built up on a thin-walled 
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component pre-formed, for example, by sheet drawing. 	Separate shaping tools 
(4,5) can be added to allow material flow only in the desired direction, re-
sulting in a very versatile process. 

A knowledge of the temperature distribution in the forming region is 
important for the theoretical analysis of the process, since different tem-
peratures bring about different material properties, altering the energy 
requirements of the process. 	It is necessary to know the stress/strain 
relations which must be assigned to particular material elements when strains, 
stresses and forming loads are determined theoretically. 	Furthermore, con- 
clusions relating to the properties of the product can be drawn only if the 
temperature distribution is known. 

Temperature computations in various metalworking processes have been 
carried out by several workers [1,2,3], a field of research activity ade- 
quately covered by a number of surveys [4,5]. 	In the following a method of 
determining the temperature distribution in a disc in the deformation zone 
during edge rolling will be outlined and its application will be illustrated 
on an example. 

MATHEMATICAL FORMULATION 
Fig 2 illustrates the simplified model used in the derivations. 	The 

region of the specimen disc, in which the temperature distribution is com-
puted, is bounded by straight lines SoS; and SIS1 and by circular arcs 
SoSI  at the specimen-roller interface and SoSI at the specimen-clamp inter- 
face. 	Adjoining the circular area SoSI  is the zone of plastic deformation, 
not shown in this illustration. 

The material enters this region along SoS; at time t = 0 and leaves 
it along SIS1 at time tl. 	An intermediate position is reached at SS' at 
time t. 	As the radial penetration of the roller A is very small, it is 
assumed that SoS; = SS' = S1S1 = R. 	The error in this assumption is 
less than 2 mm over R = 60 mm, about 3%. 

The initial temperature distribution along SoSo has been found by 
experiments and is shown in the inset in Fig 2. 	This temperature distribu- 
tion is one of the boundary conditions, expressed by equation (7). 	The tem- 
perature at the clamp Tc  is a function of the initial temperature of the 
disc. 	Ts  has been determined by experiments and can be expressed as 
T
c
°C = 250 	0.18 T

s
0C. 

On passing through this zone the temperature of the disc material changes 
due to heat conduction within the disc and due to heat losses to the roller 
and to the clamps. 	The temperature changes in the roller are taken into 
account when calculating the temperature distribution in the disc, but the 
temperature of the clamps is assumed to remain constant at its initial value. 
This assumption is justified by the large mass of the clamps, shaft, etc., 
relative to that of the disc. 	Convection losses have at first been con- 
sidered but found small, so in the following they are neglected, consequently 
the thickness of the specimen-disc has no effect on the calculations. 

The instantaneous geometric coordinates of an element of material are 
determined by distance r from the disc-roller interface, at angle f3 from 
SoS;, Fig 2. 	In the following, indices r, s and c refer to the roller, 
specimen-disc and clamps respectively. 	(Notation is given at the end of the 
paper.) 
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The temporal coordinate is defined by 

t = S . t1  , 

where 

s 
and 

30s 
t1 	uw

s  
t 	- 	sec, 	 (2.) 

being the enclosed angles, given, due to their small values, by 

and 

sr 	
A , 

= cos '
- 
 (1 - 

R
r 

R
r 
R
— • 
s 

sr .  

Let the temperature of a point in the instantaneous situation be T(r,t). 
The governing differential equation is then [6,7,8,9] 

aT 
— = c a2T 
at 	are 

 

c being the diffusivity of the material in question, either the roller's or 
the specimen's, as appropriate. 	The boundary conditions are 

aT 
ar 

(-R
r'
t) = 0, 

aT 
Kr ar 

21 
(0
-
,t) = K

s -a1 
(04-,t), 

T(R,t) 	= Tc  

The initial condition should express the temperature distribution along 
SoS1 when the material enters the forming region. 	A distribution compatible 
with the experimental observations is 

(1) 

(5)  

(6)  

T
r 
	r < 0 

Is 

	

	0 < r< R/2 
	

(7) 

T  2(1-r/R) 

T
c 
 [Ts]  R/2 < r < R 

The coordinate r is taken from the roller/disc interface. 	At r = 0 a 
weighted mean of Tr  and Ts  applies, the weights being the conductivities 
of the materials in contact. 

Introducing non-dimensional quantities 

p 

 

= t 
and 0 = 

T(r,t) - Tc  

(8) R 
T - Tc c 

Differential equation (5) then becomes 
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tic 

ao 	o20 

aT 	
R2 	ap2 

and boundary conditions (6) 

DO 
ap (-pr,T)  = 0' 

- (0 ,T) = K 	(0
4.
,T) Kr  Dp 	

S 3p 

e(1,T) = 0. 

Initial condition (7) becomes 

 

 

o
r 

p < 0 

0 <p < 1/2 

1/2< P < 1 

6(p,O) = 1 

T -T 
s c 

Tc 	i2(1-0_ 1]  

An analytical solution by separation of variables, as described, in Ref. 

8, 	Vol.2, 	p.589, 

0(p,T) 	=. 

may 

	

be tried. 	The solution 

_ A 2T 	K 	 6- 
m 	

Am 	s  
k-- 	

r 
 cot - 

r 	s 

obtained would be expressed as 

A R 	x RP  m 	I [Cot [ mr1 ) 
/tics 	L 	Vticr  

) 
m= 

[
AmRp 	

L/ 	 f 
cos 	 - sin  	(p 	0) 

ticr 	 /ticrJ 

or 
	 (12) 

 

-A 2T T 	 AmRp 	F  Am i 	
R  E e m  A

m 
[cos 	 - cot L  

c 
m=1 	tics 	1 s 

0( p , T) 

 

AmRp 
sin IrL 	 (p > 0) 

with the eigenvalues A
m 

given by the indicial equation 

Ks A [E: 	
[ AR 

	1 	
[xmRp,i 

w r  cot 	cot 	 = 1 
K 	c 
r 	s 	/tics 	it 

(13) 

and the coefficients 	A
m 

judiciously chosen to satisfy the initial condition. 

(9)  

(10)  
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First the eigenvalues would have to be obtained from the indicial equation by 
numerical methods and the coefficients would be computed afterwards by suc-
cessive trials, up to an order leading to a reasonably good description of the 
initial condition [9]. 	The cumbersomeness of such a procedure is evident. 
The selection of the coefficients Am  could be improved by imposing that the 
initial conditions should be exactly satisfied in at least a specified number 
of points in the integration interval. 	For this purpose, on of the weighted 
residual methods could be used [10]. 

In the following a simpler numerical procedure will be applied for the 
direct integration of the differential equation. 	An implicit method is pre- 
ferable [11], in order to allow a stable solution for larger time increments, 
thus reducing the computing time. 	Crank-Nicholson's method is used in what 
follows. 

Assume the integration interval 	[-pr,1] is divided into N-1 subinter- 
vals of length Ap, and that the No-th node coincides with p = 0. 
Assume also a time increment AT. 	Let oi,j denote the temperature at the 
i-th geometrical node and at the j-th temporal node; j = 1 denotes the ini- 
tial condition. 	The differential equation can then be rewritten in differ- 
ence form by means of Crank-Nicholson's formula [11] 

O. 	-0. 
,j+1 1,j  =  tc  

AT 	2R2AP2 e
ill,j41-2eijili-ei_Liweill,j-2oi,j+ei-1,j 	(14) 

By denoting 

2R2Ap2  
a = 

	

	 (15) 
ATt1C 

and 

Si  = 01+1,j  + (a - 2) 0i,j  + 	 (16) 

equation (14) becomes 

+ (a + 2) O. 	
of +1,j 	S. 

1,J+1 	1+1,j+1 	1 

The values of a from equation (15) are different for roller and speci- 
men. 	The right-hand side term in equation (17) expresses a function of the 
known temperatures at three adjacent nodes at time T while the left-hand 
side gives the temperatures at the same nodes, but at time T 	AT. 	The 
equation will not apply either to the extreme nodes or to the interfacial 
nodes. 	For these, the boundary conditions can be rewritten as 

el,j+1 	02,j+1 

Kr  K 	

) o 	= 0 	(18) 

	

+ (1 +---N 	- 0N0+1  K
s

r 
 • 0N0-1 ,j+1 	Ks 	0,J 

= 	 . 
N,j+1 	

0 
 

(17) 

= 0 
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1 -1 0 0 0 0 	0 	0 0 0 0 
-1 	a

r
+2 -1 0 0 0 	0 	0 0 0 0 

0 	-1 a
r
+2 -1 0 0 	0 	0 0 0 0 

0 0 0 -1 
r
+2 -1 	0 	0 0 0 0 

0 0 0 0 -1) 	1+1, 	-1 	0 0 0 0 

0 0 0 0 0 -1 	a
s
+2 -1 0 0 0 

0 0 0 0 0 0 	0 	-1 
s
+2 -1 0 

0 0 _ 	0 0 0 0 	0 	0 -1 	as+2 -1 
0 0 0 0 0 0 	0 	0 0 0 	1 

0 

S2 

S3 

0 

S 

0 
sNo+1 

N-2 
S
N-1 

0 1  

02 

03 

e
N 

(19) 
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All these equations can be expressed in matrix form, giving 

where 

= K
r 
 /K

s 
 . 

The system matrix is banded, with semi-bandwidth 2, so the system can be 
solved by Gaussian elimination. 

RESULTS AND CONCLUSIONS 

A computer program was written as shown on page 	to compute tempera- 
tures for a commercial purity aluminium disc with steel rollers and clamps 
of the following dimensions. 

Radius of specimen-disc Rs  = 150 mm 
Radius of supporting clamp Rc  = 90 mm 
Depth of section R = 60 mm 
Radius of forming roller Rr  = 50 mm 
Angular velocity of rotation W = 2i rad/min 

Initial disc temperatures Ts  = 4500C to 5500C have been considered. It 
was assumed that the roller is pre-heated, the temperatures ranging from 1000C 
to 2000C. 

One value of the geometrical increment op = 0.05 and two values of the 
time increment AT = 0.01 and 0.005 have been used, both time increments 
giving the same results. 

The shaded areas correspond to the various roller temperatures within the 
considered range. Figs. 3,4 give the temperature of the disc in terms of rela-
tive travel, i.e. the distance travelled by the particular point from entry at 
SoS6 relative to the total travel to SI S1, for entry temperatures Ts  = 4500C 
(Fig 3a and b) and 5000C (Fig 4a and b), in both cases for roller temperatures 
Tr  = 1000C (A) and 2000C (B), at the roller/disc interface and at 6, 12, 18, 
24 and 30 mm from it. 	The temperature of a particular element of material 
drops appreciably by the time it leaves the deformation zone; this decrease is 
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more pronounced for those elements which are close to the roller/disc inter- 
face, where most of the plastic deformation takes place. 	There are even 
lower temperatures further away fron the roller partly because of the lower 
initial specimen temperature, partly due to heat losses to the clamps, but 
temperatures in this region are less important because plastic deformation 
should not extend that far due to the very nature of the process. 

Varying roller temperatures have a significant effect close to the 
roller, noticeable up to a distance of 18 mm away from the roller/specimen 
interface. 	Low roller temperatures have an important effect at the interface 
when, immediately on entry, the specimen temperature drops from 450°C to 
417°C and 4220C, if the initial roller temperatures are 2000C and 100°C 
respectively (Fig 3b). 

Specimen temperatures have been recorded, with an infra-red radiometer, 
in the exit region, i.e. at time t = tl, T = 1, at a distance of 6 mm away 
from the roller/specimen interface. 	The experimental values agree well with 
the computed results. 	The latter are plotted in Fig 5 for an element 6 mm 
away from the roller and for that in contact with the roller, for roller tem- 
peratures Tr  = 100°C (A) and 200°C (B). 	It is clear that, for example, 
if the specimen temperature everywhere must exceed 4000C, the initial tem-
perature must be about 5000C. 

From this the significance of these computations in the present case is 
quite clear. 	On the one hand entry temperatures can be determined and suit- 
ably adjusted only when the temperature distribution is known, which ensure 
that temperatures in the whole deformation region exceed the minimum required 
for the process and are below a safe maximum for the particular material. 

The results also indicate that temperatures in the deformation zone vary 
within wide limits and, consequently, the yield stress of the deforming 
material assumes significantly different values from point to point. 	For 
example, the yield stress of commercial purity aluminium at 4000C is over 
double of that at 500°C, at low strain rates of interest in the present 
work [12]. 	This implies the difficulty in obtaining a theoretical solution 
in the closed form for calculating loads, stresses, etc. in this problem with 
any accuracy, when an average yield stress of the material must be used. 
Alternatively, if a numerical method is adopted the yield stress for each ele-
ment of material can be suitably selected according to the temperature of the 
particular element. 	If the calculations are then based on these actual 
yield stress values for each element, the inherent accuracy of the solution 
must improve appreciably. 

This indicates not only the desirability of finding a suitable numerical 
solution for the computation of loads in this type of problem, but also that 
even those theoretical methods which are able to take account of the stress/ 
strain behaviour of each material element in some cases might represent little 
improvement unless accompanied by an assessment of the temperaturd distribu- 
tion and its effect on the yield stress of the deforming material. 	The pre- 
sent example is certainly one such case. 
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NOTATION 
Am 	coefficients of the series 
Cs  Cr, cs 	thermal diffusivities of the materials 
c 	as index refers to the clamps 
i 	as index denotes the generic geometrical node in -the numeri- 

cal solution 
j 	as index denotes the generic temporal node in the numerical 

solution 
Kr, Ks 	thermal conductivities of roller and specimen, respectively 
N 	index of last geometrical node 

No 	index of geometrical node coinciding with the roller- 
specimen interface 

r 	radial distance of material element from the roller- 
specimen interface 
as index denotes the roller 

R 	unclamped radial dimension of specimen 
Re, Rr, Rs 	radii of clamp, roller and specimen respectively 
s 	as index denotes the specimen 
S, So, S1 	in Fig 2 denote the instantaneous, initial and final posi- 

tion of the material 
Si 	abbreviated expression for the right-hand side terms of the 

Crank-Nicholson equations 
t, t1 	time variable and time taken by the material to cross the 

forming region 
T, Tc, Tr, Is 	generic temperature and its initial values in the clamps, 

roller and specimen respectively 

a,  ar,  as 	auxiliary function used in the Crank-Nicholson equations, 
and its values for roller and specimen, respectively 

0, Or, 0s 	angle defining the instantaneous position of the material 
and contact angles 

A 	radial penetration of roller 
tip, AT 	increments of non-dimensional variables 

ratio of thermal conductivities 
Am 	eigenvalues in analytical solution 
p 	non-dimensional geometric variable 
e 	non-dimensional temperature 

non-dimensional temporal variable 
w 	angular velocity of specimen 
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NOTATION.  
Ac  
F, G, H 
H (Fig.4) 
J* 

Prel 
P 
r, R 

Rn 
Ro  
Rp 
Rr  
t 

CLAMP 

Fig.1 	EXPERIMENTAL EQUIPMENT 

Fig.2 	SIMPLIFIED MODEL 	, 

lead to an elaborate formulation. In the following an 
upper bound solution will be presented assuming a rigid-
plastic material. 
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RADIAL UPSETTING OF FLANGES 

by 

B. LENGYEL, Senior Lecturer, Department of Mechanical Engineering, Imperial College of Science and Technology, 
London, U.K. 

A. BLASS, Professor, University of Santa Catarina, Florianopolis, Brazil, 
at present with 

Department of Mechanical Engineering, Imperial College of Science and Technology, London, U.K. 

ABSTRACT. 	Radial upsetting has been developed to form thick flanges on thin-walled metal components. The experimental 
equipment is described and an upper bound solution presented to predict forming loads. The computed results show 
reasonable agreement with experiments. 

Contact area betmen specimen and roller 
Trial functions, dependent on r and 0 
Depth of forming zone 
Total power of deformation 
Constant friction factor 
Average pressure in the contact zone 
Relative pressure in the contact zone 
Total forming force 
Radial coordinates in forming zone and con- 
tact area 
Radial coordinate of the neutral position 
Radius of undeformed specimen 
Radius of elastic-plastic boundary 
Radius of the forming roller 
Time of travel for a section from the initial 
to the instantaneous position 
Thickness of specimen (instantaneous,initial) 
Velocity components in the coordinate 
directions 
Tangential velocity of the roller 
Tangential velocity of the specimen in con- 
tact area 
Dissipation power terms due to the radial 
and axial velocity discontinuities at the 
entrance to the forming zone 
Friction power 
Internal power of deformation 
Axial coordinate 
Nondimensional parameters 
Radial penetration of roller 
Velocity discontinuity 
Strain-rate components 
Axial strain component 
Flow stress of specimen material 
Shear stress 
Specimen contact angles 
Roller contact angles 
Angular velocities of specimen and roller 

INTRODUCTION. 	A progressive method of metalworking is 
t e FiTITET7psetting, or edge-rolling of a flat disc, 
there the deformation is confined to small volumes of 
aterial at a time.(1) Thick flanges can be produced in 

this way on engineering components made of thinner 
aterials. In the experimental apparatus (Fig.1) the 

specimen is a slowly rotating disc (1) which is heated 
locally by a stationary induction coil (2); subsequently, 
the material is radially formed by a roller (3), to 
aise the cross-sectional area of the disc locally. As 

the disc rotates, the deformation is extended to its full 
ircumference, then the roller is moved by a small amount 
adially towards the centre of the disc, and the process 

is repeated. In this manner thick flanges could be 
built up on a thin-walled component preformed, for 
xample, by sheet 	drawing. Separate shaping tools (4, 

5) can be added to allow material to flow only in the 

r( 

 esired direction. Components (6) and (7) are strain 
auged to measure the horizontal (radial) and vertical 

(tangential) components of force. The geometry of the 
forming zone is complicated and the boundary conditions  

1THEORY. 	Figure 2 illustrates the simplified model used 
in the derivations.  The deformation zone is bounded  by  
straight lines SoSo and SI S1, by circular arcs SoSi 
at the specimen-roller interface, and SoS 1  at the 
rigid-plastic boundary, assumed to be cylindrical, of 
radius RD. The material enters this region along SoS 
at time t = 0, and leaves it along 515T at time 
t =.t1 , after a radial penetration A. An intermediate 
position is represented by 5-57, being reached at time 
t. 

The angles of the full arc of contact are tp )  and 
0 1  from the centre of the roller and specimen respect-
ively. Two equations can be established for these con- 



Initiat Specimen Radius 

Rsiny 
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• Or 4/  
Specimen Radius After Deformation 
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Initially in the deformation zone the velocity com-
ponents are expressed by the yet unknown functions 

Ur  = F(r,e), U0  = wr + G(r,e), Uz  = zH(r,e). 

The conditions represented by Eqns. (3a,b,c) can be re-
written as 

F(Rp,O) = 0, G(r,O) = G(r,01 ) = 0 	(5a,b) 

Condition (3c) is automatically satisfied,by the assumed 
functions. 

The strain-rate components then become 

a 	1  aUe 	. 
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 all0] = z all 
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1 FaUr , "z1 _ z all 
'zr = "2-  LIT ' I-F-j - -ZIT. ' 

and the incompressibility condition rewrites to 

	

aF 	1 [E. 	aG 
H  = - IF - -17  ' 	I'1:71 

	. 
	

(6 

Experiments indicate that planes initially radial 
remain approximately radial in the deformation zone so 
the trial 	function G can be set identically zero, 
when Eqn. (4) rewrites to 

,2 
F(R,e) = -wRa(01-0) [ 	T  

	

1 + 	. 

This equation fully defines function F in the de 
formation zone while, according to Eqn. (5a), it van-
ishes at radius R0. Assuming a quadratic expression 
for F such that the related function H (Eqn.(6)) 
produces a velocity component Hz  which represents no 
velocity discontinuity at Rp 

F(r,o) = 	[1 + 
a2 

 (ere)2] (el-e) 	(r R,)2  , 

	

(R-R
p
)2 	" 

which satisfies all prescribed boundary conditions, and 
for which Eqn. (6) produces 

2 	R 	(r-Rp)(3r-Rp) 
H(r,e) 	Ova [1+ a-(0,-02](01-0) 	 

3 	.• (R-R
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The velocity components then become 
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The strain-rate components become 
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tact angles: 

R
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+R
o
cosel  = R
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 + Ro  - A 

Rrsimpi  - Rosin°, = 0. 

Since angle 01  is small, and neglecting higher order 
terms, 01  is obtained as 
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Details of all derivations are given elsewhere.(2)  

The instantaneous contact radius R can be ex- 
pressed as a linear function of the instantaneous angle 0 

R = R0  - A 
el 	

(2) 

The velocity components outside the forming region 
are 

. 	• 
U
r 

= U
z 	

0, 	Ue  = wr 

so all strain-rate components are zero. 

Along the boundaries continuity conditions are ex- 
pressed by 

Ur(Rpo,z) = 0, Ue(r,0,z) = U0(r,01,z) = wr, 

U
z
(r,e,0) = 0 	 (3a,b,c) 

he last equation expresses that deformation is symmetri-, 
al with respect to the axial coordinate. 

Fig.3 BOUNDARY CONDITIONS 

Since there is no interpenetration between specimen 
and roller and no voids are formed at the interface, the 
specimen velocity must be tangential to the roller (Fig. 
) consequently 

U
t 
r=R = 

	u2 u2 

	

r 	
el r=R 	

and 

	

– o I 	tan(el  - 0 + 	- 0, 

Ir=11 	Ir=R 

he relationship between the contact angles can be ex-
pressed as 

R 

- >G = R(01 - 0 ) 	R-
o 
 (e1 - e) 

since the roller penetration is small relative to the 
adius of the specimen. 

By introducing the dimensionless parameter 
= 1 + R

o/R ' 
at the interface 

= -"(9ro) [I 	-3-  (0 1 -0 )2] Uo l 
,2 	• 

1r=R 	 r=R 

with the tangent expression replaced by the first two 
erns of its series expansion. 

To Eqns. (3,4) the incompressibility condition must 
e added, so that 

(4 
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The time required for the section SS' (Fig.2) of 
the specimen to travel angle a is t = 0/w so the 
axial strain 

E
zz = Jr zz 	w 

dt = 	f ;
zz 
 do 	can be expressed as 
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All derivations can be simplified because A is 
very small relative to the specimen radius and because 
the higher order powers of e can be neglected since 
01  is only 0.085 radians at most in the present case. 
The expression above can be shown to be matched quite 
satisfactorily by the much- simpler relation 

(r-R )(3r-R ) 

czz = 
R0-Rp 6(281-0)  
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with the dimensionless parameter o defined as 
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,202 

a and o depend only on the fixed parameters; 
therefore, they are constants in a particular case. 

The instantaneous local thickness of the specimen 
in the deformation zone can thus be obtained from 

T(r,o) = To(1 + Ezz) 
	

(9 ) 
Assuming that the yield criterion of von Mises holds, 

the internal power of deformation can be expressed as 

1 R 
	T/2 	  

. 	2a  
4. = o f 	111 pz 	+2(c2 4.c2 

2 rr oo zz ro oz zr 
0 	R

P 
 -T/2 

r dr do dz . 

Introducing the expressions previously obtained for the 
strain-rate components, after a few simple operations 
this equation rewrites to 

W1 = 	.1* 	[1 + -g3--  (0 1 -0 )2] 	 
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2] dr de dz. 

r  

The second term inside the square root can be 
shown to be negligible relative to the first one except 
near the exit where the first term tends to vanish, 
ohile the second term attains comparatively small values 
The terms involving the ratio z2/r2  are clearly 
negligible. Uith these considerations the internal power 
if deformation can be approximated by 

2a, 	
0 R 1(2 

,2 	R(r-R ) 
J  

= =waif 	(01 -0) [1  + -a-  (01 -0)] 	 
viT 	 ( 	

P
) R-R2 o Rp  -T/2 

117r2-4rRp+1112)  dr de dz. 

On integration the square root term would give 
umbersome transcendental functions in r which, after 
ubstituting the integration limits, produce complicated 
unctions which must then be integrated with respect to 
. Considering that R is not exceeded by R by more. than 
.5%, a simpler alternative is to replace the radicandum 
y an upper bound (3r-R0)2 thus , in part, compensating 
or the terms previously abandoned. Integration now 
ecomes much simpler. Integrating first with respect to 
, the local thickness given by Eqn. (9) is introduced. 
n the subsequent integration, with respect to 
logarithmic term appears, which is best replacedr, a  by its 
truncated series expansion 

2 

111 RR 	R P  - 1 	 
R 
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uch a term appears also in subsequent integrations, and 
he same procedure will be applied in every case. This 
eads to 
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At the boundary on entry the velocity discontinuL 
ties in Ur  and Oz  produce a shear stress t = a /J3. 

/3-  0 
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By using Eqns. (10) to (14) the average relative pres- 
sure can be obtained 

Prel = 
ao//3-  

The forming force is given by 
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with the contact area expressed as 
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COMPUTED AND  EXPERIMENTAL RESULTS. 	Experiments have 
been carried out with specimens of commercial purity 
luMinium, under the following conditions: 

adius of forming roller 	Rr  = 50 mm 
Initial radius of specimen-disc 	Ro  = 150 mm 
Initial thickness of specimen- 

disc 	 To = 6.35 mm 
ngular velocity of specimen 	w = 1T/30 rad/s 
verage flow stress of specimen 
material at a low strain-rate 
and at the working temperature 
of 4000C(5) 	ao = 25 MN/m2  

aximurn radial penetration of the 
roller 	 A = 2 mm 
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be written as 
Ro  T/2 

d 
= 	Tlavl dr dz , 

R
p 
 - /2 

where lavl is the velocity discontinuity, Eqns. (7a,c) 
On integration the power terms due to redundant defor-
mation become 
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(12)  

It is clear from Eqns. (7a,b,c) that velocity dis-
continuities are present only on entry to the defor-
mation zone, 0 = o. Both Or  and Oz  vanish on approach-
ing the exit where 0 = el  or at the plastic-rigid 
radius r = R P. 

The velocity discontinuity at the roller/specimen 
interface is, as the material slides over the roller sur 
face in the axial direction, 

I"' 	6d 	• r=R  

The interfacial shear stress for constant friction is 
given by T = Mao/47. Integrating and after retaining 
only the significant terms, the frictional power becomes 
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Similar to the rolling process, on each side of a neutral 
position in the 1'0 plane relative slip can be en-
visaged between specimen and roller. The dissipation 
term due to this effect has been calculated on the 
assumption that the neutral position is half-way between 
the entry and exit sections. It has been found that this  

term increases the required power by less than 1% for 
sticking friction and a roller penetration of 2 mm,(2) 
Consequently it has been neglected. 

According to the upper-bound theorem(3,4), 

J* = 11 + 	+ fld + 
1 	r 	z 	* f ' 

where J* is the external power required to rotate the 
specimen. The force acting over an element of the contact 
rea pRdodz requires an elemental torque 

pRdodz Rsin(01 -0+4,1-0 = pR2sina(0 1-0)de dz 

(Fig.3), thus th,  required external power becomes 
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xpanding the trigonometric factor in series, integrating 
nd neglecting the higher order terms 
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In the experimental equipment the specimen is rotated 
y an induction motor through a speed reducer to obtain 
he desired low velocities. The tangential and normal 

components of the load are recorded, via an ultraviolet 
light recorder, by strain gauges attached to members (6) 
and (7) (Fig.l). Heating is by an induction coil from 
a generator of 28 kW capacity with a range of operating 
frequencies from 2 to 5 kHz. The shape of the induction 
toil,and its cooling are critical. Temperatures are re-
corded by an infra-red radiometer, calibrated for the 
conditions of the experiments.(2) 

The position of the rigid-plastic boundary was ob-
tained experimentally. In Fig.4 the typical cross-section 
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of the deformed zone isshown. In practice it isdiffi-
cult to define exactly where the deformed zone ends, so 
the measured height of the deformed bulge H and the 
limiting plastic radius Rp show some scatter. The ex-
perimental points can be approximated by 

R . 0.964 R
o 
- 2.5A . 

A computer program has been written to calculate contact 
angles and areas, relative pressure, power terms and the 
forming force for particular values of penetration. 

Pre' 

5 
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Fig.5 RELATIVE PRESSURE VERSUS DEPTH OF PENETRATION 

Figure 5 shows the relative pressure to be extremely  
high for very small values of pentration, dropping 
sharply up to penetrations of the order of 0.5 mm, and 
more slowly afterwards. Sticking friction could account 
for a large proportion of the relative pressure in the 
large deformation range, but its effect becomes less 
noticeable.for smaller penetrations. 

1 	 annll 
	

2 

Fig.6 POWER TERMS VERSUS DEPTH OF PENETRATION 

In Fig.6 the power terms are plotted, all of them 11 
quasi-linear with respect to penetration. For A < 0.1mml 
kir and fkiz  become relatively dominant as A tends to 
zero. The forming force in terms of the depth of pene-
tration and friction is plotted in Fig.7. This is again 
quasi-linear_except for snall values of L. For compari-i 
son, some of the experimental results are also shown, ob-
tained for penetrations in multiples of 0.1 mm, up to 
1.8 mm. At smaller A the range refers to not less than i 
five readings per penetration while a smaller number of 
readings was used for A > 1 rum. The upper bound charac-
ter of the theoretical solution is clear. 

II 
ONCLUSIONS. 	An upper bound solution has been developedl 
o predict forming loads in radial upsetting without 
ateral restraints which agrees reasonably well with ex-
eriments. 

 
 To compute theoretical loads the deformation 1 

oundary must first be determined experimentally, which 1  
is difficult to do accurately at very small values of 
enetration. While this is unlikely to be critical in 	1 
ractical cases, it would clearly be desirable to develop{ 
theoretical approach to predict the plastic boundary 	1 

i  

0 	 1 	 2 ARnanj 
Fig:7 FORMING FORCE VERSUS DEPTH OF PENETRATION 

together with strains and stresses in the deformation 
zone from which forming loads could be directly cal-
culated. 
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