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ABSTRACT

A finite element formulation, considering both nateri-
al and geometrical nonlinearities, is presented, for the elas-
tic-plastic analysis of metalworking processes. The restrictions
imposed are those of isotropic material behaviour, isothermal
deformation, absence of Bauschinger effect and infinitesinal e=
lastic deformation. The analysis is performed in a Lagrangean

frame of reference.

A computer program is inmplemented and applied to the
analysis of a novel deformation process, here referred to as
radizl upsetting. A related indentation problem is also conside-

red.

For the purposes of comparison, experimental work hasz
been conducted on the same process, the discussion and resultis
being presented. Also for comparison purposes, an upper bound
solution to the radial upsetting process has been found, being
presented as an appendix. Finite element results are shown to
represcnt a slight improvement over the upper bound solution.

It is also shown, however, that the complezity of the three-~di-
nensional process considered leads to difficulties, and that
the finite elenent solution is expensive and not fully satisfsce-
tory. This is mainly due to the difficulty in prescribing the
adequate boundary conditions to the problem. The resulis vresen-

he corly stages of deformaticn, but a

cl

aa
ted are satisfactory at
progressive degradation of the solution algorithm eventually

leads to failure of the progran.
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Contrary to initial observations, the latest litera-
ture on the subject tends to suggest that an Eulerian approach
night be more advantageous than the Lagrangean one. Brt it is
guite possible, though not undertaken in this work, that the
analysis of a simpler = preferably two-dimensional = process

might produce more encouraging results.

Colateral material (a study of temperature distribu-
tion in the forming zone, the upper bound solution, a study on
the optimization of the numerical solution of the stiffness e-
quation and computer program listings) is presented in the

form of appendices.
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CHAPTER 1

INTRODUCTION

1.1 - CRITICAL REVILY OF THE ANALYSIS OF METALWORKIKG PROCESSES

Metalworking processes have been in use for several thou-
sand years(l). Since lan learned how to win iron from its ore, in
open fires, he has usecd this nmaterial to forge the arms and instru-
ments he required, and the ornaments for his personal use. Forging
vas considered a highly skilled activity, which.brought regard to
those who could master it. Coining of noble metals, such as gold
and silver, produced between stone dies, is known to have been u-
sed in lycenae and Crete since 16CC BC. Vire draving was extensive-
ly used in the Middle Apges, to supply the material needed in the
manufacture of the coats of mail of knights and varriors; Cluny MHu-
seur, in Paris, exhibits a drawing bench of this period. Primitive
metalworking machines were known and used in the 15th century, and
it is not surprising to learn that Leonardo da Vinci produced sket-

ches for a drop-forge hammer.

However, only. when Han learned to use steam -~ and electri-
city some time later ~ as a substitute for muscular force, did the

progress of the art become considerable, reguiring a deeper insight

+

into the mechanics of metal deformation and a nmore vrofound knovled-

-

ge on material properties and material behaviour, vhen subjected to

a
pressure, either at room or at higher tenpersture. From then en the

research into the analysis of metelworking

be

processes gained momentun
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and was conducted along two different but inter-related lines. On
the one side, experiments were carried out, in conventional or spe-
cial equipment, and the results were thoroughly analysed and inter-
preted. Cn the other, theoretical anaiysis was used to explain me-
tal behaviour and deformation processes by applying the knowledge
and analogies from well established sectors such as Stress Analysis
and HMHetalurgy. Eventually the validity of the theoretical analysis
vas tested experimentally, and experimental resulis induced correcw
tions or defined limitations to the theories under scrutiny. This
is, in rough terms, the dual approach system still employed nowa-

days .

The second halfif of the 19th century is the starting roint
in the extensive research into netalworking processes. Zarlier works,

(2),

like, for instance, Blass's theory of the rolling process in
which spread, acceleration, rolling pressure and force are obtained
by means of simple geometrical considerations, clearly reflect the
poorness of the scientific background and the lack of appropriate
measuring instruments at the time. One should not forget, however,
that decisive results were achieved which, even if representing on~
ly approximations, are still considered nowadays. Tresca's yield
criterion is perhaps the most remarkable work in this category. It

(3)’

vhen conducting experimcnts on the flow of metals through orifices,

vas postulated in accordance with observations made by Tresca

under the action of pressure. The preliminary report on these expe-
riments, published in 1864, may be regarded as representing the be-
ginning of the Theory of Plasticity, in despite of previous work by
Coulomb, Rankine and others which, although dealing with yielding

criteria, envisaged collapse criteria for non-metalic civil enginee~

ring materials.

Since then the progress in the analysis of metalworking
processes has been closely related to the developments in the Theory
of Plasticity. Extensive and up-to-date surveys arce presented in
several textbooks and need nct be reveated herc. Lowever, rcference
must be nade to two vowerful tools derived in this century for the

analysis of two dimensional (plane strain and axisyumctric) problems.
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The first is the Slip-Line Field liethod, based on two
Hencky theorems, developed in the thirties, mainly by Geiringer(h);
important slip-line solutions were obtained after the'War, and are
referred in most good textbooks(5_7). The other one is the:Visioplas—
ticity Hethod, combining analysis and experiment, developed by Thom-
sen and Lapsley and others, and well explained in Thomsen, Yang
and Kobayashi's book(92.

The continuous developmeni of Technology imposes the re-
search into sophisticated variants of conventional metalworlking pro-
cesses. This is the case of hydrostatic extrusion, which has now
been studied for nearly a decade, and whose present state of know-
ledge is thoroughly presented by Pugh(lo) or by Alexander and Len-
gyel(ll).

The extension of the preliminary concepts of the Theory

it It
of Plasticity to work-hardening materials was achieved by Prager(laz

and a postulate due to Drucker(lB) went a step further, by allowing
a unified treatment of the constitutive equations and of several

and fundamental aspects related to them. Since then, the Thcory of
Plasticity has evolved mainly via a Continuum lechanics apnroach,
which therefore also pervaded the literature concerning metalworking
processes. A good review of the basic concepts and modern trends in
theorctical and experimental research on the plastic behaviour of
naterials can be found in Creus and Helman(14).

A1l the methods and techniques develoned for the analysis
of forming processes allowed the attainment of exact or approximate
solutions, in closed, numerical or graphical form, to a number of
problems but, at the same time, proved to be either inapplicable oxr
too cumbersome to be used in certein cases. Three-~dimensional pro-—
blems in particular, csvecially when associated to complicated geo-
nctries, remain ecither unsolved, or have been solved in a very crude
way. liew technigues are reguired for this family of problems. Two
alternatives arc currently envisaged for this purpose. The Finite
Zlement Hethod, when conveniently extended, will be a possible so-
lution; this work will deal with this alternative. Another onec lics
(15),

ki

in the use of the Hethod of Weighted Residuals nionecring anpli-

cotions of this nmetlicd to metalworking problems have been prescnted
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Lately, a weighted residuals analysis of hydrosta-

(17)

by Steck(l6"7{

tic extrusion has been obtained by Helman

Both the Finite Element and the VWeighted Residuals lethod
are particular cases of Ritz's method and therefore constitute upper

bound solutions to the preoblem considered.

1.2 = CRITICAL REVIEW OF RADIAL UPSETLTING

o~

The theoretical formulation to be presented further on
will be used to describe the flow of material in radial upseitting.
It is worthwile, therefore, to start by explaining the meaning of
this process, as well as the review of exverimantal work already

done in this or correlated fielads.

Radial upsetting is one of a family bulk metal gathering
processes, in which local thickening of a swecimen is achieved by
means of compressive forces producing lateral spread, which may or
may not be contained (controlled) by the use of lateral diecs. De~
formation bears similarity with spreading in rolling, and conclusi-

ong may be derived from the analysis of this process.

In radial upsetting the specimen is a sheet metal disc,
and deformation is achieved by means of a compression roller, as
shown schematically in Figs. 5-1 and 5-3. The disc is driven vh
the rollef may be driven or may rotate purely due to
is, however, gradually fed into the specimen, as defornation pro=-
gresses, this penetration being continuous or intermitent, The spe-
cimen must be firmly held by two clamps, whose radius rus

adequate size, in order to aveid buckling of the free mort
H Bl

3
=
By

4
o e
0]
]
o]

e
[
|

i

the specimen. Depending on the material used, hecating
red, this being achieved locally by some means. In the exneriments
tc be desceribed later, induction hesting was used, the heating ceil
being placed just above the forming roller. Locsl hesating nrovides
a strong supporting surrounding, thus recucing the risk of buckling
during deformation.

The interest in such a deformation nrocess in justified
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from the economic point of view. In metalworking, usually, large
Jumps of material are deformed, requiring the applicat.on of vast
forces, enormous equipment and large initial capital outlay. If
smaller volumes of material could be progressively deformed, the
instantaneous forming load could be decreased, thus leading to re-
duced equipment size and smaller initial outlay. When production

is not the decisive factor, these considerations will prevail.

I'rom the product point of view, one obtains local accumulation of
material, and this could be used for at least two purposes: first,
if the part should be subjected to subsequent welding operations,
additional material could be supprlied to the welding zone, to over—
cone the deterioration in material characteristics due to this pro-
cess; secondly, if a certain thickness is required only locally, a
substantial economy could be achieved by bringing material to where
it is effectively required, instead of removing excess material in
a subsequent machining operation. This is particularly true when
expensive and sophisticated materials are used.

There are three characteristic features which must be ta-
ken into account when analysing this process: its three-dimensionsl
naturc, the risk of buckling and the presence of free boundariecs.

No reference specifically related to radial upsetting has been found
in the literature. Some references related to specific aspects of
bulk metal gathering have been found, but proved of little help for

the study of radial upsetting.

(18)

Helmi and Alexander examnined lateral spread in hot
rolling of steel for several gecometrical configurations, and con-
pared their results with the ones predicted by the empirical for-

5

mulae of Wusatowski and Sparling, and by the theoretically-based
formula of Hill, which contains one empirical exponent. Helmi and
Alexander found that the mode of deformation depends on the width/
height ratio, and that a nodifiea form of Sparling's formula boest
predicts the lateral spread. In radisl upsetiing, however, the con-
cepts of width and height are reciprocszl to those in conventionsl

rolling, and additionul work would be reguired to adequatcely nmodify

the empirical Jdormulae, in order to render them of some use.

, (19) . . . .
Slater ct al g have been using the experimental rotory
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forging machine in which, similarly as in radial upsetting, deforna-
tion of the workpiece is achieved progressively, bhenezth a rolling
tool. They point out that a reduction in the axial force reguired
for deformation can be achieved by confining the deformation zone
to a small region beneath the compressing tool, just as occurs in
radial upsetting. They used rotary forging to defornm cylindrical
specimens of lead, to sinulate the hot working of steel, and found
that the mode of deformation depended on the amount of reduction
imposed at each pass. Again, however, the reduction in height in a
thick c¢ylinder is not strictly comparable to the reduction in ra-
dius in a thin cylinder, by radial upsetting. Their resulis can on-

1y be appreciated from a qualitative point of view.

The reference which might prove most valuable concerns

(20) .

a research work recently concluded by Paramour at

Y""

the Immeris
College, under the supervision of Dr. A. H., Meleka. He used linecar
specinens of copper and lead travelling underneath a conpression
roller, in a deformation process termed as "edge-upsetting!. This

process is a limiting case of radial upsetting, when the diameter

of the specimen becomes considerably large.

Paramour used test strips with 2.5 mm in thickness and
305 mm in length., The width is immaterial, provided it supnlies
enough naterial to be held between the clamping jaus. Tests wvere
carried out on a horizontal milling machine, in which a forming

roller substituted the cutting tool. A strain gauge milling dyna-

[}

mometer was mounted on the table of the machine, and the specinen
were clamped on top of the dynamometer, supported by packing nie-
ces of different heights, in order to provide for different thi
ness / frce height ratios. Several experiments were then carried
out, varying this ratio, the depth of impression and the table

speed, and also using driven and undriven roller. Forces vere mea-

sured by the dynamometer.

The experiments with copper did not prove successful, as
the forces required exceceded the capacity of the aynamoneter;
hinner specimens werce tricd in order to reduce the force, but

3

)

hey also nroved unsuccessiul, presenting uneven cefermaticn due

t

~

to the shape eficect of the serrated top edges of the clamweing Jjaws.
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The results to be described refer, therefore, to the ex-
periments with the lead specimens. Five nodes of defor.iation were

observed, designated by the author as straight, rippled, bent, fol-

ded and unsteady (Fig. 1-1). The straight mode corresponds to uni-

form deformation, as should be expected under normal conditions,
constituting the sought node of deformation. The rippled mode cor-
responds to the presence of instability conditions leading to trans-
versal buckling; in extreme cases, the smooth ripples tend to be
replaced by jagged zig-zags. In the bent mode, all the deformed ma-
terizl moves to one side of the specimen., The folded mode corres-
ponds to vertical buckiing and the unsteady mode to a combination
of the previous ones, especially the rippled and the folded modes;
both the folded and the unsteady mode occurred only sporadically,
the causes being beyond the control of the author. The cobscrved

results led to the following conclusions:

a) Under similar conditions, the deformation force
increased vhen using rollers of larger diameter, and, for
a given roller, when increasing the devnth of the inpres-
sion. The first conclusion is explained by the increase
in contact area, and the second one is self-evident. De-
formation was usually of the straight node, except for
extreme depths of inmpression, when a rippled mode was
observed; the critical depth of impression, when change

of mode occurred, vas smaller for smaller roller radii,

b) The same hehaviour was also observed with res-

pect to the final width of the deformed zone.

c) When operating with undriven roller, the table
speed had little effect on the horizontal force, but
affected substantially the vertical comvonent; when it
was increased from 50 to 2C0C mm/min, an increase of a-
bout 20% vas observed in the horizontal convonent, a-

gainst about 503 in the vertical one. Desides, wavelength

» table &

-

and width of ripples, which vere always present, were al-
so incrcased by incicasin jo)

FC

with driven roller, a ben

5 moce of defermation uns pro-
]

duced at low, and a rippled one at hi .c spceds. In.
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Folded Unsteady

FIG. 1-1 - DEFORMATION MODES IN EDGE UPSETTING
(Para mour(ZO) )

an intermediate range, from 1000 to 160 nmm/min, steady

deformation could be achieved.

d) The horizontal component of force varied nearly
linearly with increasing width/irec depth ratio, and
J g s 3
the mode of deformation varicd from straight to ringled;
& i k]
the vertical couponent presented a meximunm for a criticzl
c
b velue of this ratio, dronping sfterwardas. Thefggurr
of the rippled rniode could be prevented, to a certain ex-

nce

o

tent, by lubricating the specimen with graphite grease.

One should cxpect to find similar behaviour in rasdlal un=-

setting, since edge-upsctiing, as wmentioned before,

is o limiting casc of that deformation »rocess.




The Finite Element liethod is a technigue introduced by

(21) (22) .nd nis associates, in the fifties,

hArgyris and by Turner
to solve problems in the stress analysis of structures. The me-
thod is strongly related to the matrix formulaticn of structural
analysis, and has been developed as a direct conseguence of the
concurrent availability of the large electronic computers it requi-

res.

- The basic idea of the Finite Zlement lHethod consists in
discretizing a continuum (not necessarily a truss structure) into
a finite number of pieces (or elements), each one isolated by sone
imaginary boundaries, which will be lines or surfaces, depending
on whether the continuum is two- or three-dimensional. Those ele-
ments are assumed to be intcrconneccted at a discrete number of no-
des, situated at those beoundaries; the displacements of these no-
des - in the so~called displacement method - will be the basic unw
known paraﬁeters of the problem, as occurs in truss analysis. A
function, or sets of funcltions, are chosen to uniquely defiince the
displacements of points within an element, in terms of its nodal
displacements. The state of strain thus becomes equally and unique-~
1y defined and, together with initial and boundary conditions and
the material properties within the element, will definc the state
of stress throughout this element. A system of nodal forces, equi-
librating the boundary stresses and distributed loads, is thus de-
termined, resulting in an elemental stiffness rclationship. The
elements are then assembled and egquilibrium conditions are esta-
blished at the nodal points. Iguations containing nodal displace-
ments as unknowns are cbtained, and once they are solved, strains
and stresscs can be obtained, for any material point, and the pro=-
blem is solved. This technique is well exnlained in the available
handbooks on the subject as, for instance, Zienkiewicz(zz) or De-
sai and Abel(ZH),

From the mathematical point of view the mcthod can be

thought of as a piccewise polynomial avproximation of the displa-
n

e

cement field in the continuum, the stiffness terns being obtained
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by an anpropriate energy or variational‘principle(29—25). Arantes e

(26)

Cliveira has shown that, vhen conforming elements are used, the
equilibrium conditions at the nodes give a displacerent field which
corresponds to a minimum potential energy for the selected;displa—
cement pattern, and the Finite Element liecthod is a particular case
of Ritz's nmcthod, so that convergence can be assured as long as
completeness is assured. Conforming elements are the ones for which
inposed continuity at the nodes yields continuity along the comnon
boundaries. Completcness in energy, in rough terms, means that dis-
placements in two adjacent elements tend to become reasonably idenw

tical if the mesh is suitably recfined.

Although the Finite Blement liethod was derived to solve
problems in structural analysis, its application as a'maihematical
algoritm has been extended to cover other fields(23"2%), sguch as
steady state problems in heat trsnsfer, electric potential and
fluid flow, and dynamic prcblems, in vibrations. In stress asnaly-

nfinit

sis,y the initial rcouirenents of i esinal displacements and

linear behaviour of the matcerial have been discarded, for speci-

fic applications, by introducing suitable nodifications in the mew
(‘}

thod. This, however, will be analyscd and reviewed in Chanter 3.

1.4 = AINS OF THE PRESEHT WORK

The basic aim of the work described in this thesis is to
1

prescent a finite element formulation to be used in the analysis of

U

netelworking processes, with particuler reference to radial up-

setting,

Couvlomb friction is assumed. A computer program is deve-

loped, based in the formulation, and is discussed in Chapter 4.

In order to conpare the results obtained Irom the progran,

a special rig has been built, and radial upsetiing experiments have

been conducved on it, using comnnercially pure aluminium specirons.

A Tew gqualitative experinents have alzo boen verformed on lcad spew-

i
cimens, and onec on o mild steel specimen. In these eoxperiments,
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strain-gauge measurenents were made to estimate the apvlied load,
and the mean temperature in the forming region was coi.trolled (ex-
cept for the tests with lead specimens, which were performed at

room temperature).

The experimental apparatus could be used for more complex
experiments, but for the purvoses of this work, only simple conm~
pression by the forming roller was considered. Lateral spread was
accepted as it resulted, and no facility was used to control its

shape. Several penetration values were used.

A few experiments were conducted with a noa-votating
specimen, constituting, thereforey; a simple indentation test. The
computer program was a2lso used to analyse such alternative, and

experimental and computed resultis are presented and compared.

The formulation presented is restricted by the follo-

wing assumptions: -
a) Elastic deformations remain infinitesinal
throughout the deformation process;
b) Absence of Bauschinger effect;
¢) Isothermal deformation;

@) Isotropic material behaviour,



CHAPTER 2
BASIC CONCEPTS

OF

CONTINUUM MECHANICS

2+l = INTRODUCTION AND NOTATION

It is acdvisable to start this work by reviewing some of
the basic concepts and definitions of Continuum llechzonics and Theo-
ry of Plasticity which will be reguired later, in crder fto present

them in a vwnificd way, consistent with the apnlications to Te given

to them in the next chapter. It is also worithwile to present now

some considerations regarding the notaticn to be used.

Rectangular Cartesian coordinates will be used throughout.
Subscripts will be used to denoie coordinate cirections, snd super-

(27)

scripts to denote nodal points. The summation convention is uscd in
its generalised form, as proposed by VWissmann s but it does not

-

apply when the indices arc underlined. VWisspann's coanventiilon states

that

an operation contains the summation cvrer 21l

~

possible values of the index, if this index

does not appear on both sides of an ccuaticn,

Thus, summations need not be cixtendsd ervclusgively over the
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poeh

dimension of the geometrical space cons red, and different indi-
ces may be summed to different limits. Subscripts will cover the

range 1, 2y 3 (in three-dimensional applications) but superscripts
will cover the number of nodes in the element under consideration

(1 to 4 when tetrahedral elemenis are considered).

Quantities asscciated with nodal points are barred. Ini-
tial (Lagrangean) coordinates will be given in capitals, while
current (instantanecous) coordinates will be given in lower case.
Derivatives with respect to initial coordinates will be identified
by commas, and with respect to instantaneous coordinates by stro=

. . - . th b
kes. Thus, u, 5 denotes the derivative of the i component of

9
displacement with respect to the jth Lagrengcan coordinate compo=

rent, and u, 5 /k the derivative of the same component of displace-
th .
ment with respect to the k component of the instantaneocus coor-

dinates.

increwmental variables are characterised by the prefix
A. Variesbles affectad by the suverindex '"o" refer to the origi-
nal (undoformed) state of the continuvun., Superindices ngl agnd

By )

pt yill be used to identify variables referred to the elastic

and plastic states, respectively. 0f ccursey no suumation is ever

intended over lhcse indices.

B OF STRAIN (28-32)

In a Continuun Hechanics formulation the configuration
of a body is described by a coantinuous mathematical. model whose

geometrical points are identified with the position of the nate-
rial particles of this body. When the configuration is changed,

due to scme form of physical action, assunption is made that this
change is continuous, that is, that particles lying near to cach

other beforc the chenge remain near to each other after the de-

formatione.

Let an orthogonal Cortesiezn coordinate system X be
N

. } . e . . ] 0
chosen tc deseribe the initial (undeforped) confis uration U ol

the continuum, and a coincident orthogonzl Cartesian coordinate



X, X

3 FIG. 2-1 - CONCEPT OF STRAIN

system =x be chosen to describe any new (deformed) confisurat

[

e

o1

C (Fig. 2-1). Let P°(X,) be the position of a certain wparticle

i
. .0 . . . "
in C° , and P(xi) be its image in C . The transformation

1l
o
+
o

X.

i i ‘(?"1)

e

maps the position of this image in the deformed configuraticn, u

i
being onc of the componcnts of the displacenent vector. Considering
now a second particle in the neighbourhood of p° , Say Qo(Xi+dKi),
its image, by the assumption of continuity, will be mapped into a
neighbourhood of P , say into Q(xi+dxi) . The distance fron P°

to Qo is cxpressed by

whilst the corresponding distance of their imnapges is esiven br
- ) ()

tJ

The assumed continuvity of the functions interrelating



both coordinate systems allows us to rewrite these distances in the

form

(dQO)Z = X

N

and

(a®)?® = x, _x, . daX_&x_.

The difference between these expressions, after suitable manipula-—

tion of the indices, can be written either as

i

2 0.2 R o
(@) - (ae) (kk,i s - Sij) ax; ax,

or as

1

2 4 o 2 r J-r -

51' being the Kronecker delta, egual to unity if i = J , and zerxo
t

J
otherwise. By similar reasoning, and considering a third particle

in the sanme neighbourhoed, one could cxpress the angular variation
0 ol
ae” &L ° - S

i *r,i T

L) oadX, S,
3) 3 8 J

.

= (8., = X, _,. %X_,.) ax, &x,
ij k/i “k/3 i 73
The expressions inside the brackets of these lest four eguations
are used to define the Lagrangean and Bulerian strain tensors. In
cffect, by definition,
1

I, = = (

T T A

b4 o -
lkyd Tk, i)

is Green's strain tensor, intrcduced by Green and St. Venant, often

simply referred to as the Lagrangean strain tensor, whilst

(8

e,. =
1J

o

i3 = % Fys)

is Almansi's strain tensor, introduced by Almuinsi and Hamel, and so-

metines referred to as the ulerian sirain fenzcr. Obviously, both

these expressions represent symmetric tonsors.



llow, from Eqn. (2~1),

[
Cats

ol
e
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=
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[JEN

(2~22a)

(2-20)

Use of these expressions in the strain tensor definitions converts

then to

L
E = "2"(11

i 1,3 7 i Y U Uk
and

e.. = L (M. ,. 4+ ., = U, . T s.)

ij 2 i/ i/ k/i "k/j

(2-3%a)

(2-3b)

If the displacement cemponents are such that their firzt

derivatives are very small, the cuadratic terms in the above ex~

.o

pressions become negligible, and Cauchyls

itesinagl strain ten-

s0TS8
L
B, o= = (v, . o+ u. .)
13 2 iy Jsd
and
e.. = L (v, ,. + wu., )
ij 2 "7i/] /i
are obtained. In that case, the distinction hetween Lagrasngean and

fmlerian strains disappears, and it becomes innmaterial v

current cocrdinates. Those expressions ceoincide with the
=)

strain usvally found in infinitesimal strain enaly

Hultivlying the definition for Green's strains

«r L

X. X, and taking into account that
i/r “j/s

WA

.

by

relation is obitained, connecciing SGreen's and Aluansi's
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and, conversely, |
E.. = x, X . € . )
iJ isr Tj,s rs

Other definitions of strain exist; but will not be consi-

dered here, nor will they be considered in the subsequent chapters.

The derivatives appearing in Eqns. (2-3a,b) are in general

not symmetric. For instance, one should expect

it is possible, however, to express those derivatives as the sum

u, . = .. ok -
i/3 613 “ij
of a symmetric tensor
€.. =% (u.,. + u.,) = e. (2-5a)
ij ~ 2 i/ 3/i Ji 7
and an antisymmetric tensor
W o =R (U . = Wen) = =t (2-5D)
ij "~ 2 i/ ifi’ i

known, respectively, as the deformation tensor and the rotation ten-

sor. It is evident that the deformation tensor has an expression
wvhich is identical to Canchy's infinitesimal strain tensor, therefo-
re the rotation term must vanish when infiaitesimal strains are con-
cerned. Vie can express Almansi's strain tensor as a function of the
deformation and rotation tensors by replacing the derivatives in

Eqn. (2-3b) by their new expression, obtaining

1
€15 = €45 5 (€ - Wi deyy - W

Clearly, in the case of rigid body motion,

€., = 0,
1



and

wr

ki

[ XN
<.

ki

Similar concents of deformation znd rotation can also be
developed with respect to the Lagrangean description, and Green's
strain tensor will also be expressed as a function of the Lagrangean

definitions of deformation and rotation.

(28-32)

When motion is considered, an instantaneous (Euleriaxn)
[

(%%

description is preferred, and we will assume that the velccity

particle is a function of the coordinates of its instantaneous ypo-

i
sition: v, = vi(Xl’XE’XB) « By similarity with Egns. (2-52,b),

e

we express the spatial derivatives of velocities as the sum

vi/. = Vij o+ 'Rij

of a symnetric tensor

1 .
Vij = 3 (vi/j + vj/.) = V

H
.
e

and an antisymmetric tensor
.. = l(v o= VL) = o= Q..
ij 2 i/ i/i ’

defined, respectively, as the rate of deformaticn tenscr and the

spin tensor. The reason for these names becones awvparent if we conm

sider that, for an infinitesimzl time incrsnent, a proportionality

exists between velocities and displacenents, that is,

wvhich allows thosce defining eguaticns to be reuritten to
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and
R 5 ot .= 3 Uy e = UL,n) = e (2-6b)
13 2 i/3 5/ ij
2.l - THE CONCEPT OF srriss‘28-32)

The natural definition of stress has a physical meaning,
and is rcferred to the strained state of the continuum. However,
when stresses have to be related to strains, it is adequate to usc

a definition of stress similar to the corresponding definition of

strain. That is, in a Lagrangean description stresses should be deiie

ned in terms of the undeformed geometry of the continuun.

Consider a strained solid volume elenment of configuration
C surrounding particle P , at the right side of Fig. 2-2. A force
vector 4T acts on one of its faces, whose area is dA . The ori-
ginal position of the particle, in configuration c® y 1s p° ¢ and
surrounding it is the unstrained configuration of the same volume
element. On the corresponding face, a force vector ar®  acts over
an area dA” . Stressecs, in cach case, will be expressed as the 1i-

niting ratios

92 and QE_
dA dAo,

when the volume clements are reduced in size, tending to zero volu-

' . . ; o}
me. There is no unigue correspondence rule to connect dT and 4T ,

but mzthematiczl consistency is a reguirenment for the adopted rela-

tion. We could either assune sinply

or select a more sophizticated relaticn like, for instance,
atT = X.,. daT.,
i/3 773

meaning that th2 forces are transicrmed by ths same rulc as the co-

ordinnte varioticng,

o pe AT A a5 T
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X3 /%3 LAGRANGEAN AND EULERIAN STRESS

G. 2-2 - THE CONCEPT OF

If n is the unit outward nornzl vector acting on di ,

s}

. O .. o s . . . ‘s
and if n is its corresponding unit vector =zcting on diA~ , we ha-

ve, for the strained state,

daT,
i

where Sij is a conmponent

= By My da , (2-7z)

of the Eulerian (or Cauchy) stress tansor

In the Lagrongean description we would have either

amO s} o _ . -
ar; = Tij nj dA” = 4Ty (2 7b)l
or
O (8] (o]
AT, = S.. n. dA = X.,. dT, (2=7¢)
i ij 73 i/3 773 ’

or other relation, according to the force correspondence utiliszad.

In these exoressions, T,

5.. is Kirchhoff's siress

is Lorrance's stress tensor, wnilst

tenscr. We nouv hove to interrcelate thoese

1
tensors with Cauchy's. The

conponents of the arcea veclors are cu=



pressed by

n. dA = €.. dxj dx

i ijk k
and
o o
ni dA = eijk dxj dxk,
eijk being the permutation symbols of Tensor Calculus, equal to
+ 1 if i, J, k form a cyclic permutation
-1 if i,y Jy k form an anticyclic permutation, and
O if there is a repetition of any index.
The Jacobean of the X ~x coordinate transformation is
given by
J = lx l = €. . X. X, o X = (2-3a)
Psd ©ijx *i,1 %52 k30
from which also
X = t¢ X x (2-8b)
p/a J “mnp Trem Tsyn’?

can be obtained, with (q, r, 8) forming a positive cyclic permuta-
tion of the set (1, 2,3).

It is thus possible to write, after suitable manipulation

of the indices,

o) o)
J Xi/j'ni dAa = nj daA

hence, from Egns. (2-7a,b,c),

Tae = 9 %50 84y
and
= L. s . 2mCo,
Sij J Xj./r y3/5 rs (2~9a)

The Eulerian stress tensor is symmetric, thus we can cone-
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clude that Lagrange's is not, but Hirchhoff's is alsoc symmetric. La-
grange's stress tensor, therefore, is not a convenicen! definition of
stress to be used with an always symnetric strain tensor. Kirchhoffils

definition is more suitable for that purpose.
Egn. (2-9a) can also be written in the inverted form

5. = %=x_.x .8
T J Trei Tsy3 Tij

. (2-9b)

As with strains, other definiticns of stress can be presented, hut

will not be used in this work.

2.5 ~ STRESS-STRAIN RELATION (EULERIAN)

2.5.a ~ INTRODUCTION

The general case of elastic~plastic deformation, in which
both components =~ elastic and plastic - of strain are finite, has
been considered by Lee(55>, who has shown that, in those circumstan=-
ces, the usnal assunption of small strain Plasticity, namcly that
the total strain compenents can be decomposed into a purely elastic
and a purely plastic component,

e, = e + ef., (2-10)

i

l,_h
(XA
SN

J

is not true, being replaced by a nmuch nore complicated matrix rela-
tion. However, if the elastic strains can be considercd infinitesi-
nal, the elastic matrix in Lee's formulation reduces to a unit now-

trix, and Lgn. (2-=10) can be accerted. This assunption will be made

in the rest of this work.

We will also asswie isotropic material behaviour, the ab-

-

sence of Bauschinger effecct and isothernal deformation.

In infinitesival Hookean Llasticity, stiresses and stroins,

ceneralized form of

as well as thelr increnents, are related br the g

§

Hooke's Low, which can be writien dncremental
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e e
As.. = D]. Ae 211
ij ijrs © rs? ( )
e - - . . .
where Dijrs are the components of the elastic constitutive tensor,

ngrs = AN§,. 0 + ).L(Sir ‘Sjs + 9

ij “rs

<.
3

A and M being Lamé's constants,

2Gv
A = 5y and M = G,
with
E
¢ = ITF v) '
Thus
e - v 1 .
Dijes = 28|10 mv Sy dpe + 3 (G, 6y v 65, 85 -

(2-11a)
This is a hemitropic tenscr, meaning that it possesses the follow

wing symmetry properties:

Do, = DS, = 5. = B° ... (2-11b)
Jrs Jll’S 13857 I‘Sla

Under infinitesimal Plasticity, a relation similar to

Egn, (2-10) holds, and we write simply

As, = D

i Ae s (2-12)

t
ijrs rs

in which the constitutive tensor D

. - e
tained from ..
jrs

!J .
0]
o
0

i . :1so hemitropic and ob-

3
s as will be shoun later.

2e5.b = TIOV RULE AND COHSTITUTIVE T:USOR

A general theory of Plasticity developed by Green and

(34)

Haghdi will be considered here, under the aszunptioens mentio-

ned in the preceding sub-secti . In this theory, the cxistence of
I

) - = o . ~ Y ol S
a scalar yield (or leading) v “en I(Sij’eii’k) s depending on
the states of stress and plast. strain and, viae the work-hardening
porameter ko, on the loading .. stery, is assuned, this function

characterizing the yiclding of the materizl. Eguation
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P

Y., k = 0 2~13a
v el K (2-13a)
represents a closed surface in the stress space., If £ £€ 0 , no
change can take place in plastic deformation; when £ = O , chan-
ges in plastic deformation are possible; £ > € has no meaning in
this theory. This characterization brings an immediate and impor-

tant consequence: if at a certain moment £ = O, the sign of

af = <95 as.. + 9L qcP. 4 2 g (2-13Db)
3sij 1] oP 13 ok
ij

governs the character of the changes taking place in deformation.
In effect, 4df € O would imply £ 4 O in the next instant of
time, leading thus to an elastic state (unloading); but in that ca-
se, no changes can occur in the plastic strain nor in the plastic
strain-hardening parameter. The unloading situation is thus charac-

terized by

f - O ’ gf dSi. 4 Oo
iz *d
The other alternatives are
f = 0 LI ds = 0
- ’ Os.. ~ij = !
N
odcurring during neutral lcading, and
of
= 5. . >
i o, 5575 d i3 0

during general loading situations (Pig. 2-3).

Since the yield surface is assumed to be a closed one,
the above mentioned states can be related to the stress increment
vector: it is oriented either towards the inside (unloading), tan-

gent to (necutral loading) or oriented towards the outside (gencral

loading) of the yield surface.

(13,35)

N

Drucker s considering the work done by an externcl

agency (that is, different from the one causing the existing state

of stress), slowly applying and then slowly removing o sct of

- o
15 3 O:l..‘-"‘



FIG. 2-3 - LOADING SITUATIONS FOR %dsij > 0 AND
CONSISTENCY CONDITION !

equilibrating forces, redefines hardening by stating that the work
performed by this external agent is positive during loading, end
non-negative over the whole cycle. As only the elastic part of the
strain components is recovered, upon unloading, this means that no
uscful net energy above the elastic energy can be extracted from
the material and the systenm of forces acting over it. Thus, work-

hardening occurs if

ds,. de.. > O during loading
14 13
and
dsii de?j 2 0 on completing the cycle .

This last inequality rcpresents the dot product between

the vectors ds and de? s therefore the positive dircections of

these vectors must make & non-obtuse angle with each other. In other

- . m .o . ~
words, given ded . the ranpge of possible choices for ds cannot

~cover more than on angle of 1607, 4 corollary to this conclusion

states that the yield svrface nust alvays be convexj another corollo-

. : , p . -
ry states that the vector deP must be normal to the yicld surface

n
at any smooth peint (Fig. 2-3b), or lie between normals at a singue-

[
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larity (corner) point (Fig. 2-3c), to assure that de® lies at no
more than 900 with any possible ds ; Fig. 2-3a, therefore, clearly

represents an impossible situation. This last corollary, when res-

k]
4
tricted to a smooth point of the yield surface requires()5)
.F.‘
del. = apx aj . (2=-14)
1] S, .
13

dA being a constant which is dependent upon stress, stress-rate,
strain and strain history, which, by Drucker's definition of work-

hardening, must be non-ncgative.

Loading occurs at pcints successively satisfying Eqn.

(2-132), which has been called the consistency condition by Prager,

meaning that loading from a plastic state must lead to another plas-
tic state. For consistency, thereforc, also Egn. (2-13b) nmust be
identically zero during loading. Assuning X toc be a function of

plastic strain we have, thus

£ 1 o
Of gs.. + 2L geP. . %% 9% 4P, - 0. (2~13c¢)
Sij i3 9ol ij bid 3eP ij
ij ij

Introducing now Egns. (2«14) into (2-1%c), and using also (2-10),

taken in incremental form, and (2-11) we get

35 e 4.
gbiﬁ ijrs rs
N N AR SN Fam-r - MR
EEmn nnpg Squ 3P dic az;“
mn nn

and reintroducing this cxpression into Egn. (2-14), again using

Egns. (2-10) and (2-11),

of af e
X ‘?Si, gg#@ Do
defy = HFTe . a2 5T 9T s (Bm1HD)
9  |Pmapa 85 T 5p T 9% 3p
i pd el mn erﬁ‘

[
Q
U]
[
¥ El
]
[ER
1
=

showing that a linecar relotionship exists between plast

4

and total strain incrercuts.

A generaligation of this cxvression to singulerity (cor-

L)

ner) points has beon obtainced by Koiter 7 7', but is outside the scow-



pe of the present work.

Using now Eqn. (2-14b) in the incremental form of Ign.
(2-10), and the resulting expression in (2~11), we finally get an
expression for the constitutive tensor of Egn. (2-12), valid at
least for elastic-plastic infinitesimal strains, in the elastic-

plastic range:

¢ afr 3Af e
. ijke 9s,, Js,  “turs
¥ - - y i (¥ ., -
Disrs = Pijrs i PR T I} ST g R
8., | mmpg ds q 3eP dk 9eP :
P mnn nn

As can be easily verified, this tensor is also hemitropic, enjoying

the same symmetry properties listed in Eqn. (2-11b).

2.5.c = PARTICULARLZATION TO VON MISES'S CRITERION(14’91>

Additional information with respect to the yield function
f can be given in specific situations. For instance, when von Hi-
ses's criterion is considered, which is in accordance with the

assumptions previously made,

f = J2 - k7, (2-16)

JZ being the second invariant of stress deviation, expressed by

R i
Jo = 3814 By
1 ] 2
. = . - = =162
= 2 sij kJ.LJ '6- (81{1\-.) 4 (2 lJ
for which 3
: J
2 ' 1 3
" = st . = . . - .. e -1
rusij 'y 54 4 % Sy 513 (2-16D)

Ihe worl-hardening parameter k is obtaincd under consi-
deration of the flow rule associzted with von lises's criterion.

Using &gn. (2~16b), we can rewrite Zqa. (2-14%) as

ael . = gk s, .
ij ij
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This expression represents the well-known Prandtl-Reuss equations,
which constitute the associated flow rule reguired. In order to gi-
ve them a practical meaning we have to relate them to some easily
performable test, as, for instance, the uniaxial tension or CoM-
pression test., Functions must be found which correlate stresses

and which correlate strains; such functions will be referred to,
from now on, as the "effective stress" and the "effective strain'.
They relate any arbitrary loading/deformation situation with the
uniaxial stress-strain curve. As a conseguence, the effective
stress & must coincide with the uniaxial tension (or compression)
stress. This means that for a certain value of § , plastic yielding
must occur; otherwise, § must be positive and monotonically ine

creasing during the deformation process.

As the second stress deviation invariant enjoys such cha-
racteristics, assumption can be made that it would be expressed as

a certain power of the effective stress,

where ¢ and n are constants to be determined. By Eqn. (2-16a),
then

1/n
= 1 1 1
S = = S, . 8. .
2c ij 7ij
In a uniaxial tension test, B = Syq vwhich impliecs n = 2 and
¢ = 3% , thus
B = 3 J2 . (2-17)

The effective plastic sirain e is obtained by equating

the plastic wvork per unit volune,

wp - P =

13

!
[elH
ﬁl
il
3
-,

st, de
i

J
thus, consicdering ¥gns. (2-17) and (2~16a),



which, using the corresponding flow rule, rewrites to

aeP = \/ aeP . de* (2-18)
ij ijc

Drucker has shown that Egn. (2-18) is reasonably correct
for nearly any yieldiang function of the type :E‘(J2 ’J3) = 0 . Thus,
a nore general expression for the plastic strain increnments can be
obtained by introducing Eon. (2-14) into (2-18). Presenting generel

and von lilses's expressions side by side, we have

=P {-‘ —
as? - dA\/” of of ( = 2Ear)
. 1.] 2
thus
=D
( = 29 (2-19a,b)

. . _
( = 241, ).(2=20a,b)
g

In a uniaxial tect the slope of the siress-strain curve

is
Eo= 85 (2~21)
4
sO
= _ 4§
de” = H!

could alternatively bs introduced in Egns. (2-20a,b). Ixn. (2-20Db)
represents another form of the associated flow rule in von lidsces's
yield criterion. Restricting oursclves {o this criterion, end eauo-

ting Egns. (2-19b) and (2-14) we have



st [p® st 4 2x-2E| - -2-—§—sz.}:>‘?’_. de_ , (2=-22)
mn |“mnpqg pg 3eP 3 qZP 1d "ijrs
nn
in which, by Eqns. (2-10, 11, 16b and 19b), 4 :
- A ZP
s!, D, de = é 5 ds + 2 &e s!. DS, s'
ij Tijrs rs 5 2 s 1J "iJrs rs
therefore Egn. (2-22) is simplified to
k -
2k s! 8:_ = & x g2 H' .
mn JeP <

mn

On the other side, by the definition given in Eqn. (2-11a),

: =2
s! De_ s! = g G s~
mn o mapgq  pag 2
and
¢ sl 1 e - I .2 1 1
Diij ke Stu Ptups = F G Sij Srs
Setting
- £3z2 EL 5.7
5 = 3 S [1 - BG], (/.-*2)}

collecting the results represented by all Eans. (2-1¢) and using
them into the expression of the constitutive tensor, given by Zan.

(2-15), the well known: forrmula

t - ¢ ~ gﬁ P =t w2 li
Dijrs - ﬁijrs 5 “ij “rs (2-2%)

is obtained. Such a constitutive tenscr is found to be widely ernlo-

P
\
~1
o

yed in the literature; first intrcduced by Yanada and subsequen-~

78)

(5 to account for kynematic hardening, it wes
30

rederived in nmatrix dressing by Zienkicwicz( 7”’). It should be no-

tly modified by Tanaka

ted that as only deviatoric components of stress zvpear in the secend
J OF

(subtractive) part of the left-~hoend side term of ZEgn. (2-24), any.

changes in volume talking place during elastic-plastic defornation
. ; . I . . o .
are explained solely in terms of Dﬁjr“ s that iz, of the elactic
oL ~

part of the deformation.
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It should be stressed that Eqn. (2-12), with the consiitu=~
tive tensor given by (2-24), is applicable to very small strain in-

crements for, as pcinted out by Dieterle(log)

s the equivalent
stresses resulting after successive increments tend to stray avay
from the prescribed stress-strazin curve in an exponential rathexr
than linear manner. Dieterle reclions that an apwvroxinzte alternati-
ve to (2-12), given by

. H! _e
55 = 3G Dijrs %°us

cant. modulus approach, and presents the sane shortcomingse.

(32)

Another alternative procedure based in Malvern

366) by rewriting Ign. (2-20b) in terms of (2-21), and expreszing

i
it, using the chain rule of differentiation, as

l) — 3 ~E.)—§-—¢ ol sl
de;. = ds si. .
iJ Syt S aséﬁ rs 1
3 =

fultiplying both sides of this cquation by s
celling out the equivalent stress and renaming dumnmy indices, it
finally beconcs possible to express the deviatoric stress incrorments
in terms of the plastic strain increments and thus, by (2-2Cb), of

C
the total deviatoric stresses. Tolal stress increments are thus

finally expressed by
5 : as _, 2300
ds.. = K dek{ 5ij + E; Sij s (2=20¢)

K Dbeing the bulk modulus of the material at the relevant tewmporatu-

re, given by

K o= g0y 539y

Rebed = TINTITE STRATH

A conslitubive cquation nust satisfly a series of axicna-
[ o -
(20,2_9‘,;)2914{.‘

tic requircuents . anong others it mis be admissible

LS

and materially objective. Admissibils

Loae gy ~ IO PN B . g2 EAN
CY nCans consisioncey Wit whie
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basic principles of Continuum Mechanics (conservation of mass and
energy, balance of momenta and Clausius-Duhem incquali’iy). Haterial

objectivity, or material frame indifference, requires the constitu-

tive cquation to be invariant with rigid body motions of the spa-
tial (BEulerian) coordinates. In future references the prefix '"mate-
rial" will be droped, but it will be understood that objectivity is

required with respect to the Lagrangean coordinate systen.

Eqn. (2-12) is not objective., It detects, or is affccied
by, rigid bhody rotations of a stressed body, and changes the stress
tensor even when the state of stress remains unchanged. Conzidering,
as a simple clarifying example, a bar pulled by a constant axial
force whilst rotating about the XB axis: at one moment the bar is

parallel <o the Xl axis, therefore

A -

Sqq # 0 and | Bos = 0,
while later, when it is parallel to the X2 axis,

8., = O and 555 £ 0.

O0f coursc, the state of stress in the bar remains unchanged during
the process. The stress increments appearing in ¥qn. (2-12) are not
- Q

frame indifferent, and the reason is because (at finite strainz)

replaced by an eliernative incremental stress~strain relaticn, i
finite strains are to be considered. This requires the usc of a

frame indiffercnt measure of strain.

The deformation tensor (in total or incremental forn) pree-
sents such an invariance, and will thus be used in an equation for-
nally similar to (2-12), supplying a new definition of stress incre-
ments, sonehow related to the stress increments given by that equa-

tion. VWe write

FT
Doy = DiggBeng (2-25)

. T . . -
vhere the Asij are frame independent stress increments. The ques~
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tion now is to relate these stress increments to the onesobtained
from Eqn. (2-12). As Oldroyd(hl)
be done in an infinite number of ways. A restricted number of pro-

4 . . . 2 (29-31) '
posed formulae is commonly mentioned in the literature s and

has shown, this can, “n principle,

presented as definitions of frame invariant stress increments (ra-

tes). Some of them are listed here:

Jd
Auij = Asij - sikijlc - SjkAwik (2-263a)
4
(Jaumann(ya))
(&)
Aoij = Asij - sikAuj/k - SjkAui/k (2-2613)
L
(Oldroyd(rl),
i1 .
. Green(}6’h7>
T
Asl;] = A i3 " Si AWy - 84 Auy 4
5 22 ho
-+ uijAuk/k ((2 6 )
Izl
.(Truesdell(kj +5))
CR
Asij = Auij + Sil{Auk/j + SjkAul-;i (2~264)
(Cotter-Rivlinch))
(41) i a4 - e
Oldreyd observes that the difference between any two

acceptable definitions of frame indifferent stress increments (ra-
tes) consists of terms that could anyhow appear in a constitutive
equation of the type of (2-25). liowever, e also notes that further
restrictions imposed by the structural model or by the material be-
haviour, as verified experimentally, may lead to the necessary choi-
ce of one of the several alternatives. In the case of a visco-elas-—
tic fluid he shows that two specific definitions lead to completely
different predictions for the behaviour of the fluid, one of which

is the one verified experimentally.

In orxder to give a Lagrongean eguivelent to the frame in-
diffcrent Eqn. (2-25), we must relate ¥irchhoff stress incremento
to Green strain increments. Both these definitions ars obviously

frame indiffercnt. By similarity with Ipns. (2-11, 12, 25) we ascune
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[

Asij = DijrsAErs, (2=27)

the task being to find an expression for Dijrs

ting Pgn. (2-9a) in incremental form. In those circumstances

. Ve start by wri-
JAXi/I' Xg/s srs + AJ xi/r Xj/s SI‘S )

and as, from Egqns. (2-8a,b),

Axi/r - Xi/kAuk/r (2-282)

and

n

Ad J Auk/k s (2-28b)

these stress increment components rewrite as
Asij = d Xi/r Xj/s[ASrsv = Spk Aus/k - Skséur/k * Brg Auk/kj
and conparing with the set of equations (2~26), we conclude that
AS,. = JX,, X., Aso (2-29)
13 i/r %j/s = rs
and that the applicable definition of Trame invariant stress incre-

ment is Truesdell's. Eqn. (2-25), therefore, rewrites to its final

form

A““{“’:r'fj = Digpalers - (2-30)
As, from Egn. (2-4),
Aers = Xi/r va/s AEJ.,] ) (2-31)
we can reurite (2-30) to
A T
Boiy = DPijrs %p/r Fa/s Bl

which, vhen substituted into (2-29) and conpared with (2-27) gives
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Dijes = 9 Xi/u X3/m *e/p Xs/q Phnpq (2-32)

which is the Lagrangean constitutive tensor. In this expression,
D&an is obtained from Eqn. (2-24), and the Jacobean and coordina-
te derivatives from Zgns. (2-8a,b).

It should be noted that the symmetry properties enjoyed by
the Dulerian constitutive tensor are conserved by Bqn. (2-32), and

the Lagrangean tensor is thus also henitropic.

2,7 ~ ADDITICNAL REMARKS

It should be ncted that the Lagrangean constitutive tensor

presented in Hqn. (2-32) is in disagreement with the expression
J

achieved by Hibbitt et al(qg). The reason for the discrepancy lies
in the fact that they used Jaumann's definition of frame indifferent
stress increment - Egn. (2-26a) - instead of Truesdell's - Egn.
(2~26¢) = in Eqn. (2-30). The additional terms exhibited by (2-32a),
with respect to (2-32),'are due to the difference between these two
definitions, as Truesdell's appears naturally in the derivation of

Egn. (2-29).

Ve base our result in Oldroyd's renmarks, presented at
the end of sub-section 2.5.4 . A further justification can be deri-

ved by considering infinitesimal deformation. In that case

X. ,. T J = 1 and Au., ,. = O
1/3 ij’ i/3 ’
and Egn. (2-32) reduces to
ijrs T Tijrs?

whilst Hqn. (2-26c¢) reduvces to

r t - - — 4 =7
Xi/m Xj/n hr/p[Dmnpq Xs/q * S Xs/'p Spp Xs/n Snp ys/é] » (2-32a)



As?. = As
1]

i
As should be expected, it becomes immaterial whether an Eulerian
or Lagrangean description is used. The same conclusion cannot be
obtained from Hibbitt's approach for, although

As = AB..,

J
ij ij

Eqn. (2=32a) reduces to

+ 8..48 - 8. & . = S

D =D ij “rs ir “sj Sir 91 °

ijrs

gl

[N
2]
]

The constitutive tensor, therefore, is not coanserved when the des-
cription is changed, and infinitesimal strains are considered. Be-
sides, the Lagrangean tensor 1s no longer hemitropic, as it now is
symmetric in the first pair of indices only.

(49)

Hibbitt and his associates anticipated these conclu~
sions and tried to Jjustify them by arguing that when plastic defor-
mation is considered the conventional small strain formulation is

not necessarily recovered as a limiting case of the geometrically
nonlinear formulation. It should be noted, however, that Lgn. (2-32a)
could be used, with Dznpq replacing Dﬁnpq y to the analysis of
large purely elastic deformations, as could be the case in the stu-
dy of shellsj even then, however, the small strein formulation would
not be retrieved from Eqn. (2-32a).

' _ ﬂ . (104
Ve are aware of Prager's assertlon( )

that only Jaumann's
definition of frame invariant stress rate satisfies the condition
that the yield function should be stationary when the stress rate va-
nishes. But he concludes the same paper by saying that this defini-
tion should therefore be "preferred'. We have uscd Jaumann's defini-
tion at the early stages of the development of our program, but, in
despite of considerable additional couputational effort, no substun-
tial discerning effect was observed with respect to comparison runs

using Urucsdell's definition, as introduced in the preceding section.
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It is true, of course, that the comparison was extended over a small

range of deformation only, due to implementation problems of the

whole program; and we are also aware of the fact that Hitagawa and

(91)

Tomita eport substantial differences when using either Jaumann's

or Cldroyd's definitions. But our decision to use the moere elegant
and computationally nmore cconomical alternctive is justified not on-
1y by its already mentioned reducibility to the infinitesimal theory

when the relevant assunptions are made. The procedure is not origi-

(4hy45) (h6,47)

nal: previous works by Truesdell and Green use the de-~

finitions pgiven by igns. (2-26c) and (2-26b) rcspectively; their re-

(29)

sults are presented and discussed by Bringen , and justified in

. . 10
terms of "mere convenience'., Spencer and Ferrler( 5) re

ason that,

at least for two examples they comsider (sinple shear and simple tor-
sion of incompressible materials), change from one definition to a-
nother introduces only second-order effects on the solutions; the
choice becoming thus, in their words, "a matter of mathematical con-
venience'. Hill(106) seems to agree with such conclusion when he sta-
tes that the choice of a frame-invariant definition of stress rate

is largely "a matter of taste and convenience'.

In the previous sections dealing with finite deformation

Icly
(lthe) in

we used concepts of Truesdell's theory of hypoelasticity the

analysis of plastic deformation. The similarity of hypoelastic and
plastic constitutive equations allows such an extrapolation, and

the close relationship betwecen hypoelasticity and Prandtl-Reuss plas-
ticity has already been established in a specific example by Trues-

I
dell(45). Green extended his conclusions for both compressible('G)

v Iy
and 1ncompresglble( 7) work-hardening matcrials. A comparative stu-~

(29)

dy is presented by Eringen and additional comments can be found

1 (107)

in Olszak et al

The fundanental eguation for the equilibrium of an cle-
ment of a subsection of a continuum is obtained from the virtual
velocity equation. The counservation of energy for an element of vo-
lune, a certain moment of time %, is cxpressed, in the Bulcricn

at
description, by



5..V av ,

T, v. dA + F. v. dv s V.o
i i i i ij i3

w
<

v

vhere Ti are the components of surface fcrce per uni., of current
surface area, and E}. are the componcents of body force per unit of
current volume, both at time T . The remaining terms are the ones

defined in Sections 2.3 and 2.k,

¥or the purposes of this work, however, it will be prefe-
rable to express this equation in Lagrangean fornm, that is, to re-
fer it to the material coordinates aand variables. By FKgns. (2-ba,
31 and 9b), and considering that the Jacobean is a measure of chan~

ges in volunc, we can write, successively,

v %13 Vij av v i,» 73,8 Srs km/i Xn/j Bim &V

il
&l
"

»

where the upper dot stands for time derivative. Introducing eguiva-

- o cp e s . o R
lent forces Ti per unit initial surface arca, and ¥. per unit i-

nitisl volume, defined by

Al
Tz = T Jig and Fz = T, Jég,
da av

we finally rewrite the cquation for the conservation of energy in

the required Lagrangean forn

av® . (2~33)

t

te element formulation.



CHAPTER 3
A FINITE ELEMENT

FORMULATION FOR THE
ELASTIC-PLASTIC ANALYSIS OF

PROBLEMS OF LARGE STRAINS AND
LARGE DISPLACEMENTS

3.1l ~ REVIEW OF LITERATURE

Jslea ~ INTRODUCTION: TWO CONCEPTUAL APPROACHES

The first applications of the Finite Element lethod to
elastic~plastic problemns appeared over a decade ago and vere res-
tricted to infinitesimal strains, in general describing only the
onset of plastic deformation. In those circunstances the equili-

(28-32)

brium equations of Continuum kechanics + in the absence of

body forces, could be reduced to

B,. . =0,
Llsd

as the distinction between Ihilerian and Lagrangean derivatives be-
comes immaterial, and, by means of Lgns. (2~12 and 5a), rewriiten
to

.' — 7-
Dijrs (Aur,sj + Aus’rj) = 0. (3-1)

- 52 .
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Alternatively, considering that the plastic strains do not cause

change in the state of stress, i. e.

Asij = D

e P

= D.. Ae - Ae
ijrs ( rs rs>’

using Egns. (2-5a and 1lla) and considering the inconpressibility

during plastic deformation, the equilibrium equations could be re-

written to

Au, .. + —F=Aun = 2A2, . (3-2)
14JJ Ldaed
CEgns. (3-1, 2) constituted the basis of two different 1i-
nes of approach fellowed in the ecarlier papers on the subject. The
close relationship between them, as shown above, was only observed
more recently, first in the original matrix formulation, by lMare
ga1(50), and later in the more elegant tensor formulation in an as

yet unpublished work by Blomfield(5l),

The approach based on Eqn. (3-2) was proposed in 1959 by

52
Mendelson and Hanson() ) vhich, considering that the plastic strain
increments in the equation can be treated as thermal strains, re-

ferred to it as the thermal strain approach. Subsequent papers c-

ventually refer fto the initial strain method or, in a modified

Torm, to the initial stress approach. The underlying idea of this

method, as already mentioned, is that the equations of equilibriun
can be modified to compensate for the fact that the plastic strains
do not cause any change in stress. Gallagher et a1<53) used this
approach in the analysis of stress distributions in heated plates
of complex shape; their main interest was to obtain more accurate
information on the factors affecti?g ghc failure processes of such
54

structural elenents. Argyris et al alse had structural problens

in mind.

The tangent modulus anpronch, based on Eqn. (3-1), vas

(55)

. . » Y .
first used by Pone'~?’ and Harcal

s and cirtensively eppiied by

i 2 3 5 57«59 ° 3 Faps P - PR
Harcal and his ossocmatcs(Q/ 277 Tn Ref. (59) it is refcrrcd to as



24

c¢alls it the incre-

) (39)

the partial stiffness method. Zienkiewicz

mental elasticity or the incremental vplasticity method. Again with

this approach, cesign considerations were the main scope of earlier

(59) (60)

works. Pope dealt with aircraft structures. Akyuz and ﬁerwin
‘considered contact problems and improved the accuracy of the solu-
tions by using a half-step Runge-Kutta-like procedure. Lee and Ko-

(61)

bayashi also considercd contact problems and compared cxperimen~

tal with computed results; the same authors, in another work(éa),
dealt, however, with axisymmetric upsetting, using the same formu-
lation. In both cases they refer to the possibilities of the finite
element method for such class of problems, but remark that there
are questions still to be solved, in order to improve the accuracy
of the solutions, cspecially when large strains are prescnt.

(63~65)

Scharpf also uses a finite element formulation for elastic~
plastic problems, and analyses three different convergence criteriag
application is made to the spreading of the plastic zone in a plate
with a central straight crack but, as changes in geometry were not
considered, the computation had to be interrupted when the deforma-
tion became considerable. In (65) the subject is expanded, and the
tengential stiffnéss, initial strain and initial stress methods are
again compared, by studying the convergence of each one of then in

“one application case.

Two papers using the tangent modulus approach deserve a

(59)

closer analysis. Hargal and King compare finite element solu-

tions in certain two-dimensional stress concentration probiems
with known solutions obtained by other methods and by other au-
thors, or with known cxperimental results. Although good agreement
was obtained in general, the analysis of the deformation had to be

interrupted at some stage becausc negative plestic strains were ob-

(37) .

tained., Yamada modified their algorithm and used it to predict

collapse conditions in certain categories of problems; again the

procedure had limited application for the same reason nentioned a-

bove. A closer comparison of the algorithms used by Marcgal and

o (89) . 4 (37) . : - cubeeets
Xing and Yamada et al will be given in the next subscction.

Mlomsield L)

inilerity of the thermal
strain and tangent modulus approaches by deriving them both in

has shown the s
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terms of rate instead of incrementzl eguations; results obtained

in the elastic-plastic analysis of pipe bends show no significant
discrepancies when one or other apprcach is used. Marqal(EG) CORi=
pared the two approaches in the case of a flat plate and stringer

in tension and compared them with existing solutions. He haé shown
that although the constitutive tensor must be recomputed for every
load increment, the tangent modulus approach can be more economical,
in computation time, than the thermal strain approach. In the spe-
cific example, in order to obey the prescribed stress~strain curve,
only ten increments in lcad were required by tangent modulus, against
2300 required by thermal strain. lMarc¢al has also shown that, whilst
the thermal strain approach is not applicable for perfect plastici-
ty, nor even for nearly perfect plasticify, the tangent nmodulus mne-
thoed does not present such restriction. This can be envisaged easi-
ly from the analysis of Egqns. (3«1, 2). The constitutive tensor iun
(3-1) is expressed by BEgqn. (2-24), with the denominator given by
(2-23). For perfect plasticity, H'= O and the denominator is
still defined; no problem arises from the use of Egn. (3-1). In the
thermal strain approach, however, the vplastic strain increments are
computed by an expression obtained by the substitution of Fgn. (2-21)

into (2-20b), giving
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which obviously beceomes undefined for perfect plasticity. To over-

7
come this limitation, Zienkiewicz et a1<)9) rewrite Eqn. (2-12) in
terms of the deviatoric components of stress and strain increments,

ultimately cobtaining

s!. s!
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°i3 T 2 =2 [*{"& ] Aels s
! 5 fjzx + 1
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by use of Eqns. (2-24) and (2-1la).

Yanada's work(y7) h

(66)

a5 influenced several Japanese inves-
tigators. Ivata et al applied the samne formuletion to the ana-
lysis of hydrostatic extrusion and were able to describe the spreo~
aing of the nlastic zonej some of their results seem to be unexpec—

ted, but in general. the agreement with knowm (e. g. slip-linc) solu-
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tions can be considered satisfactory; the need for improvements

(67) stu-

in the method is stressed by the authors. lagamatsu et al

died the compression of a prismatic Block, but werc able to descri-

be only the beginning of the deformation; although the plastic zone

ropagaltcd cver nearly the whole block, the maximum strain achie-
propag Y ’

(68)

modified their formulation, introducing the updating of the geome~

ved was less than €©.13% In a subseguent work the same authors
trical matrices after cach load increment. They were able to ana~
lyse the deformation for strains up te the order of 5% for full,
and 44 for hollow cylinders, thus covering the elastic, elastic-
plastic and fully plastic ranges. The authors claim thal still
larger values of strain could be considered, but they have not do-
ne so in order te save computing time. Unusually large values of
computed friction coefficients are attributed by them to deffecic
in the analysis, to be corrected in a promised subsegueni worlk,

Geometric non~linearities, as considered by Nogamatsu

(54)

, were also treated by Argyris , Mallett and lYar-

(70) and Turner et a1(7l), but their solutions

et 21068

gal(ég), Felippa

wvere restricted to swmall straius. inposes no such res-
triction, but deals with elastic and viscoelastic problems only.

(39)

Zienkiewicz et al introduced what they called the

initial stress approach, to overcome the computing difficulties

of the tangent modulus approach, to be analysed in the next sub-
section, together with this new approach, and to overcome the li-
mitations of the thermal strain approach at nearly perfect plas-
ticity., To show the capabilities of the methed, the authors pro-
sent results for sone stress concentration prcblems in civil en~
gineering, and compare some of them with resullts presented in

(59), showing good agreement.

(75

on the subject and condenses a series of recsulits obtained by Naw-

(75)

A subseguent work by Haysk and Zienkiewicz expands

yal in the eanalysis of pressure vescsels, plane strain cxtru~

1.8

sion and indentation. In the extrus

\—"
[N

on case, von lHises and Tresca
criteria are considered, and the results agree closely with ewpe-
H L J L

r
rimental ones, presented by Johnson and Hellor(z6)' Tayak's woxk

v o
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provides extensive review of liferature and covers applications of
the finite element method to a‘wide variety of fields: elastic-plas-
tic problems, plate theory, complex material behaviour and analysis
of large deformations in structural elements. It also covers tho-
"roughly the state of knowledge related to each field of applica-

tion.

3eleb ~ THREE ALGORITHMS

Three algorithms have found wider application in the lite-
rature extending the finite element method to nonlinear problems.
Two of them were proposed in the already mentioned works by Yamada

ot 21(37) (59)

and by HMar¢al and King and are based in the tangent

nodulus approach. The other one is presented in the wvork oif Zienkie
(39)

vicz et al and constitutes a modification of the thermal strain

(75)

approach. Nayak analyses alternatives of these algorithms and

we refer the interested recader to his work.

In Yamada's formulation, small load increments are pres-

cribed, and they are adequately rated in order to exactly yield
oney or a few, of the remaining elastic elements in the contiauum.
The procedure is schematized in Fig. 3-1 for a set of three elements.
In the first graph, the first load increment is described. Points
A = B = C represent the original (unloaded or undeformed) situa=~
tion of the three elements. An arbitrary load system is then anpplied,
and the elastic solution is obtained, bringing the thirce eleoments
to A', B' and C'  respectively. In general, none of the elements
will exactly yield. However, if all loads are rultiplied by the fac-
tor

k

r o= min (=),

8
the minimum being taken in respect to all elements, all the incre-
mental variables will be multiplied by this sane factor (due to the
linear relationships existing between them), end the state of strcas
and strain vill now be reoresented by A" , B" and C" , with C@

exactly yielding. In the scecond plot, points A , B, C represent

.
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the situation achieved after the first load increment. A similar pro-
cedure is again applied: for scme arbitrary load increments,; the sta-
te of stress and strain is reprecented by A', BY, €', with C!
following a tangent extrapolation to the flow curve; a correction
factor is obtained, as a minimum of the correction factors computed
for all elements still in the elastic range, and the new final situa-
tions, A" , B" and C" are cbtained. This procedure is repcated se-
veral times, with at lcast one element yielding each tine. Cbvicus-
1y, the tanpgential extrapolation of the flow curve, for the yielded
clements, will preduce substantial errors in the stresses, after e

(77) )

certain number of load increnents. Swedlow suggests that a lo-
cal errer ot the first load increnent into the plastic ronge (vhen
the slope of the flow curve is mawinmun) can be accepted, and in

subsequent incremeants an auntomatic corvection can be introduced hy
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underestimating the slope, as shown for point C" in the {hird glot
of Fig. 3~l. The procedure is also shown in the stress space, at the
bottom of Fige 3~1, to justify the expressions for the correction
factors.

(59)

Harc¢al and King prescribe large load increments, for
which several elenents are expected to yield. The procedure is
shown schematically in Fig. 3-2, for one element only, entering the
plastic range in the next load increment. Ilements staying in the
elagtic range, or already inside the plastic range, offer no spe~
cial problem. For the element under consideration, elastic loading
brings the imape of the stress-strain situation for the element
from. A to C , well above the expected value for the deformation
increment achieved. liargal uses the relative elastic strain incre-~

ment

Ac® + AP

to assenble a modified ceonstitutive tensor

(=
DU, = m D, 4+ (L -m)D.
ijes ijrs 1jrs

with which the "partial stiffncsses' are conputed. The same lood ine

e

crement is apain considered, and peint €' obtoined, instead of C

L4
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The weight factor m is redefined, using the formula given in the

figure, and the procedure repeated, until convergence s obtained,
=0

three or four times, according to the authors. Guha(7°) claims that

the process can be accelerated, and convergence obtalned in onlvy one
p ’ g 3

or two iterations, by underestimating m . In his analysis of hydros-

tatic extrusion he does it by 15 to 20%.

Yanada's procedure can be unecononical because of the lar-~
ge number of small load increments required to bring the elements
into the plastic range. HMargal's, on the other hand, requires a
small number of load increments, but everyone of them requires an
additional iterative procedure, with a new stiffness matrix compu=-
ted at each iteration. Even using Cuha's acceleration, computing
times may become very large.

(39)

Zienkiewicz's initial stress method tries to overcone

these computing drawbacks. by using a thermal strain approach asso-
biaied with large load increments. The method is based on the recog-
nition that - even vhen ideal plasticity is considered - the incre~
ments of strain definc uniquely the stress system, vhile the conver=

se¢ ds not true for ideal plasticity. It is schematized in Fig. 3-3.

In this method a purely elastic solution is first obtained;
because of the nonlincarity of the problen, the stresses obtained
will not be the corrcct ones for the strain found. The excess stress
components are assunmed to be equilibrated by a set of forces, and
the idea of the method consists in removing these excess stresses
and considering the cquilibrating forces as a subsequent load incre-—

ment. The routine of the method can be sunnarized as follous:

a) For the prescribed load increments an elastic

solution (A3,., Ae..) is obtained;
ij ij

b) The existing stresses ;4 are updated, gi-
ving set of interim stresses for wnich the
range will be checked. If still elastic, varia-
bles are considered as definitively updated;

thervise,



€

FIG. 3-3 - INITIAL STRESS METHOD (Zienkiewicz et alt3®)

¢) Stress increments are computed from the strain

increments, according to the equation

As. . D, Ae
13 ijrs rs

i

for all elements already in the plastic range
(such as D in Fig. 3=3), and rated accor=-
dingly for elements for which the increment
will be partially elastic and partially elas-
tic~plastic (such as A in the figure). In

any case, the differential (excess) stresses

are calculated, stresses are updated (with

Asij), and so are the strains;

d) Using the force-stress relatioship, the forces

equilibrating OAs.. are obtained;
1y

e) The procedure is repeated until convergence

is reached;




f) The yield stress is updated and a new load in-

crement considered.

The method provides a lower bound solution and an be
seen, from the description given, to follow the thermal strain
approach. The elastic constitutive tensor and stiffness matrix are
used to solve the equilibrium equations, and the elastic-plastic
constitutive tensor is only used to determine the differential
stresses, or "initial strcsses', as they are designated in the
paper. In that way, the zuthors argue, there is no need to asscn-
ble a new stiffness matrix after each load increment. This will
not be strictly true in a Lagrangean formulation, as can be seen
imnediately from Xgn. (2~32). However, a similar reasoning can be
used in conjunction with the tangent modulus approach, to correct
stresses extrapolating the flow curve. A set of forces equilibra~
ting the excess stresses can be considered for a subsequent load
increment, stresses being previously replaced by the expected
ones, This possibility will be explored further later in this

chapter.

Zelec -~ RECENT TRENDS

Host of the literature reviewed so far is concerned with
small strein plasticity, therefore predicting the onset ¢f yiel-
ding and the early spreading of the plastic zone with satisfacto-
ry levels of accuracy. Larger strains can either not be tackled or,

(68)

as in Nagamatsu's approach y require a heavy penalty in terms

of computing time.

In recent years a trend towards the use of non~linear e-
quations of Continuum Mechaniecs has been observed in the papers
on finite element analysis, following the pioneering work by VWiss-

(27) (79), L

mann « Pian and Pin Tong ave compared several variationa
o]

2o s . . . . (GO
principles and opplied them to plate bending analysis. Xaghmal( )

formlated a theory for the incremental analysis of large deforne-
(31
Q.

~’

tions and apwvlied it to shells of revolution. Cden provides a

continuum mechonics theory for finite elements; moest of his vork

(82)

is now collected in Ref. (40). largal used incremental equas-
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T

tions to form the basis for a general purpose program for non-li-

(38)

duced an algorithm for  the solution of elastic-plastic prbblems,

near analysis. Tanaka ’ althbugh not using finite c.ements, pro-
considering isotropic and kinematic work-hardening; he analysed

the deflection of plates under several edgé conditions, using fi-
nite differences, and was able to study the onset of the elastic-
plastic deformation, obtaining good agreement with experimental
results, in geheral; discrepancies observed in the later stage of
the calculation are attributed to the fact that the ratio between
isotropic and kinematic work-hardening varies during deformation,
whilst the formulation assumed it to remain constant. This formu;
lation is readily prepared for implementation in finite clement

terms.

Hibbitt, Margal and ricet"®) use Ref. (82) as the basic
material to propose‘a formulation for large strains and large dis-
placcnents, applicable to elastic-plastic problems, though restric~
ted to isotropic material behaviour. However, they do not consider

(33). The

large strains in the sense of Lee necessity is recogrised
of cbnsidering additional stiffness terms, accounting for the eifect
of initial displacements, initial sitresses and initial loads; the
first two terms appear originally in (82),qand the initial load
stiffness term in a work by Oden and Key(gﬁ). The overall stiff-
ness matrix is obtained as a linearisation of element equilibrium
defined by virtual velocity cquations. The development is made in
a Lagrangean (initial coordinate) frame of reference, and will be
shown later in this chapter. A restrictien to this work, however,
has already been presented in Section 2.7.

A similar approach is presented by Gordon and Weinstein(842
They examine plane strain sheet drawing, considering smooth and
friction boundary conditions, using a Lagrangean description based

(85)

ness terms are considered, and no reference is made to the effect

in a variational approach presented by Biot . Only two stiff-

of initial loads and initial displacements upon the stiffness, as
will be the case in the present formulation and as verified, for
: (49)

instance, by Hibbitt et al The ahsence of the initial displa-

cenent term is justified by the simplified expression ~ incorrcct
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in our opinion -~ taken for Green's strain increments, which'led,
ultinately, to an infinitesimal strain formulation. The authors,
howvever, claim to describe the progress of the yielding process
in the deformation zone, and justify their results by comparing
them with the ones provided by Sach's theory of drawing, at inter-
mediate levels of the relative thickness reduction. Discrepancies
at small and very large values of the relative thickness reduction
are justified in terms of the inadeguacy of Sach's solution at ex-
treme situations.

,
A previous paper by Hofmeister, Greenbaum and Evensen(go)
also considers only two stiffness terms, but uses a mixed descrip-

(70)

tion initial strain approach based on Felippa

(87)

and on a varia~
tional principle presented by Washizu « In despite of thie »efew
rence to Green's strains, the algorithm secems to offer littlic proe-

(68)

gress with respect to Haganatsu's work. Application is made to
a series of stress concentration problems, and also to plate bene

ding, but is restricted, in general -~ and in despite of the title

of the paper =~ to small strains (up to 0.C06 in one application

example) .

In recent years extensive work in the field of elastic~
plastic analysis by the finite element method has been carried out
by Japenese investigators; and part of it has been published in
Japanese only. Some of it has been mentioned in the previous sub-

section. An interesting survey, together with the analysis of the

~
QO Hy

typical di culties encountered has been prescented by Kudo and

fi
3)
Hatsubara . Special reference rmust be made to an ambitious pa-

per by Kitagava, Seguchi and Tomita(og)

s which analyses ithc problem
of a finite elenent formulation sinilar to the one presented by
Iibbitt et a1(49), but referred to the current configuration of

the continuum. They use a coavected coordinate sycstem embedded in
the body and follow approximately the same poth described in (49).
In their conclusions, hovever, it is scen that with such a franc

of reference, the initial dicplaceument stiliness tern diszppears

)

(a result already advanced in (49)), but additional terms appew

13

Cne tern pust be added to the stiffiness to zccount for changes iu

the surface of the elements during the incromental deformation,
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and one term must be added to the nodal forces, to correct body for-
ces due to change of the base vectors during the incremental defor-
mation., It appears, however, that these terms do not represent an
additional effect, neglected or disregarded in the previous litera-
ture, but are inherent to the Eolerian description. This can be jus-
tified formally by regarding that in the Lagrangean description the
integrals are computed with respect to the undeformed geonetry. In
a further paper the authors consider a two-dimensional restriction

(50)

of the formulation s which is then implemented in a computer

program and applied to the analysis of certain stress concentraticn

(91)

problems in notched and perforated specimens « Unfortunately,

this application has been published in Japanese only; however,
according to the abstract(91a), it seems that the results obtained
are not satisfactory in the large strain range, and it is hinted
that the reason lies in the definitions of stress and strain en-
ployed. As the authors usce Jaumann's definition of frame invariznt

ections 2.6 and 2.7 of

2

stress increments, the considerations of

the present work could possibly appl

<

(92-94)

Csias also contributes to the subject and expands

previous work for infinitesimal strains by Swedlow(95~96>,
Eulerian approach, placing no restriction on the amount of defoxmom
tion, assuming isotropic work-hardening material. Flow is analysed
as a history dependent process, for which a computing program (¥IP-
IEF) is developed., Numerical solution is obtained for a number of
problens: simple extension, simple rotation (up to 45%) and combi-
ned extension and rotation in a prismatic volume element, under
plane stress and plane strain cenditions, and later to the problen
of necking in flat tensile bars. Results in the first case agrce
closely with known solutions. The necking resulis agree gualitatiive-

ly with previous results on the subject, listed by the author.

Swedlow

(97) o

resents a general theory of elastic-plastic

flow, capable of accomodating specizl fecatures like work-hardening

WY
anisotropy, plastic compressibility and others, and analyses strate-
gies for solving the resulting quesi-linecr cquations. In another

77
paper(/ ), restriction is made to a von lises work-hardening moatc-

b

rial, and the torsion of a prismatic bar is studied. The formula-

tion is amenable to analvyticnl or numerical integration (by the i
J 3 J kS
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nite element, finite differences or boundary intégral nethods).
Perfect plasticity and rigid elasticity are not covered. Computer

programs based on the formulation are claimed to be economical.

Different approaches have been tried in recent papers by
Zienkiewicz and his a55001ates( 8~ 100). Zienkiewicz and Godbole()g)
use a stream function formulation to describe large deformation in
plastic and visco~plastic conditions. A finite element solution is
found for the non-Hewtonian flow problem, and application is nade
to the analysis of steady state extrusion and non-steady state
punch indentation. In the extrusion case they improve results ob-
tained by Nayak and Zicnkiewicz(74’75), although at the cost of
using a finer mesh; the extrusion pressure is however s5till above
that given by the slip-line solution. The indenting pressure, in
the non-steady state application, is shown to be linearly dependent
on the depth of penetration, and above the small deformnation oxr
slip-line solutions. The need for rcfinements in practical appli-
cations is stressed by the authors, and the possibility of achieving
this by simultaneously solving the temperature variation in the con-
tinuum under investigation, by not nepglecting convective accelera.-
tion and by cousidering dynamic effects upon the visco-plastic
coefficient are shown.

Zienkiewicz and Cormvau(og) derive plasticity and creep
solutions using a visco-plastic model of the continuum, coupled
with the initial strain method. Non-associated plasticity can be
treated by this approach. Applications, however, are restricted to
structural engineering problems. In a stress concentration applica=
tion (perforated strip) plastic strains of the order of C.03 are
reached. The numerical stability of the procedure is analysed in a

separate paper by Cormeau(leo).

Gotoh(lol)

introduces polynomial shape functions to
study the ucxorhution of sheet mectals, and anplies the formulation
to the analysis of hydraulic bulging. Values of strain are not pre-
sented, but the whole arca of the circular sheet specircns are

brought into the plastic range.
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(102) recently studied the conmpression of tubular

Dieterle
rings using a finite element formulation as developed by Zienkie-
wicz et a1(39), but introducing scverai sinplifying f. atures, one
of which has already been referred to in Sub-section 2.5.c. Although
natural strains of the order of C.U45 and good correlation with ex-
perinental results are claimed to have been achicved, the apparen=
tly loose treatment of boundary conditions, the use of a secant mo-
dulus approach and the use of large values of Peisson's ratio to
improve the results seen to represent too many simplifying assump-
tions to retain the reliability of the solutions. It must be said,
however, that the text presented in the recference is too compact
and moy give rise to mislcadi ing interpretation of the procedures

described.

108 s .
( ) employ a formulation which

(49)

Gunasekera and Alexander

highly resembles that of Hibbitlt et al , being, however, desorie

I3

bed in terms of

the instantanecous frame of refercace, by systenn-
tic updating of nodal coordinates and rccomputa ation cf the geome-
trical matrices; such a procedure prescinds the consideration of a
initial displacement stiffness term, as prescented in (49), and as
sed in the formulation to be presented in Section 3.2. The aunthors
claim to be able to obtain a solution for large deformation in the

J

vic~plastic expansion of a hole in a p]

ot

e

[

¢}

b4

o]
|

problem of the elas

vever, their soluiion is essentially applicable to the small stirain
. 110
range only, for, as already pointed ocut elsewhere( ), they do not

consider any sort of obJective definition for the stress increments

resulting from the constitutive equation.

(1¢9)

iagtegaal et al study the over-stiifening effect of
finite element sclutions in the plastic range (as nticned in Sub-
section 2.5.¢) and explain it in terms of excessive ki atic conge

trainvts iuposed on the modes of dedfornation by the elenent types
commenly used both inn two and three~dimensional analysis. They con-
clude that this effect can be minimised by suitable arrangericuls
in the nesh or by the use of a new variastioncol priunciple, wiich

they introduce. The formulation thus presented and anplied to sne-

cific exanmples is a spnall strain one, but in an annendix the au-~
thors introduce o generalizalion fer finite defornetion, using an
Bulerian frane of reference. Unfortunctely this reference came to

our atitentien only very rccently, wihcen our wori was ncarly cconclie
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ded, to allow for deeper counsideration of such an alternative treat-
ment. This has been done, however, by HMcifeeking and Rice(llo), pre-
ducing an apparently sinpler and computationally more cconomical

- (19)
al

forrulation than the Lagrangean one, proposed by Hibbitt et

and used in this work, and much nore so than the Eulerian avproach’

(89,91)

proposed by Kitagawa et al The authors consider again the

problem of necking in the tensile test, and compare their resulis

L(93,9%)

el

satisfactorily with Osias' and with known experimental rc-

sults.

(111)

Lee used the same formulation to predict the steady

state force in extrusion, being able to predict deformation well

a1(66)

beyond the limits achieved by Iwata et

(78)

. However, it must bLe
mentioned that Guha s, Using a Lagrangean formulation similur e
our own, appears to be able to predict defornction of the same or

even higher order of megnitude.

An assessment of the prccedures lor the nuwmerical proce~
dures for the solution of materizl and geometrically nonlinear
structural analysis, as well as an extensive review oif the relevoant
literature, vn to 1973,

13
Riesemann(““a).
(103)

is presented by Stricllin, Haisler and
A good cvaluation of methods can also be feound in

Cook



3.2 -~ FCRMULATION

3,2,2 = INCREMENTAL STIFFNESS EQUATION (ELEMENTAL)

In the Finite Element Method a displacement assumption
is usually made, expressing displacements at any point within an
element zs a linear conbination of the displacements at a finite
number of nodal points in the same element, the coefficients to be
used depecending on the position of the point under consideration in
the undeformed configuration of the element. Conversely, and res-
tricting considerations to simplex eclements, we can express ini-

tially

= 3 o
uyo= Sy X+ N

and obtain the alpha~coefiicients by applying this equation to the
nodal points of the element. In a three-dimensional space the sim-

plex elements arc simple tetrahedra, and the determinant of the

systen,
' 1 ol Sl
3 5 kB 1
=2 52 sl
. hl > 3 1
Vi o= 15 3 3 ;
kl X2 X3 1
P .
Xl X2 X3 1

is a measure of the volume of the undeformed element. Whe alpha-

coefficients will thus be ckpressed by

ol = '1.3 d
ik “k i
where .
X c
X
ol =
6V
j . . ' . . .th 5
cﬁ being the cofactors of the terms appearing in the J roy ancd

. th .
in the k colunn of the determinant of the system. In thesc two
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equations, exceptionally, a subindex is allowed to take values from
1 to 4 , but this practice will not he repeated elsethere in this
work, explicit refercnce being made to terms involving the cofac-
tors of the fourth (unit) colummn of the determinant of the systenm,

whenever they may appear.

The numbers assigned to the nodes belonging to an element
need not fornm a natural sequence. However, nodes will be ordered
inside an element, and the superscripts in the elemental tensor e-
quations will denote the several nodes according to their inter-
nal ordination, whatever their external ncde number may be. Whenever
the external node nunber is considered, capitals will be used as su-
perindices. In the following, Zienkiewicz's convention, as presented
in (23), will be used, by which the internzl numbering may be star-
ted at any arbitrary node, the other ones heing numbered clockwise,

as viewed frocm the Ffirst one (Fig. 3-4).
The displaccment assumption may now be rewritten as

uw, = YW
1

e,

(3-3)
where

N = a,l'j X

c fk ai ! (5hi)

with Kk reset to the 1limit of the dimension of the space, are the

so=called shape functions. It is easy to prove that the values of

the shape functions at a node, say { , will be expressed by

.

b _ . P
TR S B (3-ba)

Turthermnore, as the cofactors aﬁ are constant for a given elewent,
N
the material derivatives at any point within the element will be gi-~

ven by

=
[
-
=

]

0
e
N
#\
=]

L]

3, (5-40)

thus
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1,2,3,4 - Internal
numbering of 2(K)
nodes

LJLKL - External
numbering

(Referred to
overall mesh)

X1

|FIG. 3-4 - INTERNAL AND EXTERNAL
X NUMBERING OF ELEMENTAL NODES

and, in view of Eqn. (2-1)
] 4

= . . o
*iom T uigm F 5im ' (3-50)

and time derivatives of Equ. (3=3) will be expressed by

— J _j Z.
v:.L = N v:.L (3-6a)
and
- J 73 -
vi,m = gm v (3=6b)

Finally, the time derivative of Green's strains, defined in Egn.

(2~3a), will be expressed by

; = ¢ ] m ¢ b my=-m]~—~ti
Eij = 5 [aj 5ik + al S 4+ f(al al + ag aj)lﬁ;]vk,

therefore the Lagrangean expression for conservation of energy,

Eagn. (2-33), can thus be rewritten as

0t & an® o« s, Tl =
Ao i ik Vo i ik k

i 1 JI{ o J 1 a x.

= % g. . 1ab§. + al S.. + (A% a? 4 a? a0 av 37
2 yO 1J 3 ik I
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As the velocity field is arbitrary, the overall -eguilibriunm requires
that the terms inside the curly brackets; at the left cnd right-hand
side of the preceding equation be equated. Defining thus the equi~-
valent' forces '}:513 , applied at the nodes of the element, in terms

of the surface and body forces aciing over the same elenent, as

AR 2% 7l an® . 0 ub av®, (3=72)
k Ao )i« VO k .

the set of elemental equilibrium equations becomes

- 1 o ) P m 0 g my -n o :
P.=35 40 55 5 aj 53._1: +oag 5:]1_; + (ai aj * as aj)u.k av- . (3-7b)

Taken in increnental form, these cguations recwrite as

a5t - f ATS nt an® . / AT wl av® (385)
g o) I o) k
A v :
and
={ 1 P P m b £ m, =} ..o
AP}; = 3 0 A.‘Slj aj 5 p toa 5Jk + (a aJ + ag QJ) U av
n & . m m o ...0 S
+ 2fv° i3 (ai 3 as aj)A e W (3-8h)

In general, surface and body forces will both depend on loads and

displacenents, and thedir increments will be expressed as the sun

ATE - ALTg + AGTg (3-9a)
and
Azrg = ALF‘i’ + AGFE (3~9b)

of an increment due solely to changes in the applied loads with fi-
xed displacements, and another increment due exclusively to changes
in shape of the continuum (element) under fixed loads. The cquiva-
lent applied force increments given by Ixyns. (3-~8a,b) can thus be
expressed, for every element, by

.0 ) —0:

AP = API' + Q

1 b 11
I~ .1A Un (3-10)

ky

where, from Eqnse (3-8a,b) and (3~9a,b), we have



- o .0 o} o ..t o -
APk = o ALTk N- dA + o ALI‘k N av (3~-11a)
A v
and
=fm  —m o .0 o o .0 .0 -
- N -1
Q. Au, = o BeTy W dA” o AgTy W av-, ., (3-11b)
A v .
A?ﬁ representing thus cquivalent force increments due solely to in-
creases in the magnitude of the applied forces, and @ﬁg ATH repre-

senting increnentsl forces which are equivalent to the action of

the existing load system under the changes in the geometry of the
. . =0 . .

continuum. The stiffness term an vas first introduced by Turner

ot a1(22) (83)

y but also pointed out by Oden and Key , and is designa-

. . (49,40
ted as the initial load stiffness matrlx( 9,40) or as the load
.- o]
. . (&) . s . . .
correction matrlx( 3). Specific expressions for this term will de~

pend on the type of the loads acting over the element, as has been
shown by Hibbitt et a1(49). Oden(ho) provides a general bul nore
cumbersomne expression. This stiffness term is generally unsymmeiric
with respect to its pairs of indices, and thus introduces computa-
tional difficulties in the solution algorithm. However, if some ex~
pression can be found which directly expresses the force term re-

presented by Ign. (3-11b), these difficulties can be overcome.

crements expressed, from Eqns. (2-3a) and (3-5a), by

1 ja} m t m m @y ~%],—-nm
ko o — r - -
AE, . = 5 [aj 6in booay 53 + (a:.L aj + aj ai) un]Au .

Introducing this expression into Egn. (2-%2) and that one into
(3~5b), and considering the symmetries of Kirchhoff's stress incre-
ments and of the constitutive tensor - Zgn. (2-32) - it can be re-

written in the form

L Eﬁm

A k" kn

poorlt %,
Aan (3-12)

wvith the incremental stiffness matrix given, for cvery element, by

«~fPn C—0u 10y 2~
> = T -+ JA. + l'

“em T Tin Thn “kn (5-13)

vhere, {ollowing suitable manipulation of indices,



gl . f o 2 Dy al @’ (3-142)
v ' '

— 7 — —F
Igtn bl o [D ot ot b,
kn o i

+ WD, . Eﬁ ag] av®, (3-14b)

2=fm £ m ,.0 I
kkn = o Sij § a; a; v . (3-1hc)

Ve
are obtained. The tern (kii is formally simnilar to the stiffnes

matrix used in small displacement analysis; Hibbitt et and
. 2 . . RN s
hargal( ) call it the usual small displacencat stiffness matrix,
_— Lo . . .- . o

whilst Oden( ) refers to it sinply as the incremental stifiness

N 1—fm | s . (45,827 )
matrix. The term k“n is the initiel disvlacencnt r o thoe
O ——————— Pas 4

0D M . e=bm i
initial rotatloz( ) stiffness matrix, wnile k1 is the ipitial
. (EG,H9) i

stress stiffness matrix .

The synnmetry properties

OEQm - Oi-{-m’Q , 1—E€m _ 1i:vn9,
kn nk kn nls
and
2T;Q,m _ l e
“kn nk

are cvident and will be used in the programning stage. Uafortunate-
ly, as mentioncd before, sinilar properties are not generally enw

joyed by the initial load stiffiness terms.

Of course the integrals appearing in Dgns. (3-Lha,b,c)

nay be readily obtained, as, for the sinmplex elements_under consie

deration, all terms appearinpg in the integrands becone poesition ine
dependent.

' TITMIT AT TR AT 7(1'9)
3.2.b - TUTIDTAL TOAD STITINESS ATRIX

h.C
Hibbitt et al(')) obtained cxplicit Tormulae {for two npor-

ticular forms of external loading, nonely thoss of concontrated and

pressurce loading. They also dealt separately with the cose of beody
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It secems to us that, vhatever the system of forces acting
over the surfaces of the elements, it becomes simpler, especilally
when a fine mesh is used, to start by resolving those forces into
nodal components, and use Hibbitt's formula for concentrated loads.
The fact that these resolved forces act directly over the nodes

simplifies the resuliing cxpressions.

Tor a compressive load acting directly over an elemental

node (say £ in the internal referential nunbering) wve have

ﬁ?e dA = -152

AT ot

The corresponding part of the equivalent forces in Fgqn. (3=7a)
5P )

body forces being absent, and considering Eqn. (3~ba), is thean

5t - |8Y =k (5-15)

i

vhere n
1t

according to the sumzation convention introduced at the beginning

arc components of an unit direction vector. Clearly,

of Chapter 2, there is no summation intended over the index &€ in

‘Ban. (3-15).

Taking this expression in incrementel form,

bFY = A5 B o+ 7Y A'ﬁl%

is obtained, and by comparison with Eqn. (3~10),

Ai;}? = Ali—;g] H% (3-=262)
and
=M, —m =R} =0 -
Q. Au, = |5 | Ani”. (3-16b)

follow. It is clear that if the direction of the forece remains un-
changed, there is no initial load stiffness term to consider. In

general, however, it should be obtained from Eqn. (3-16b), and this
is only possible if further information is supplied with respect to
the way in which the componcents 5&
formation is not always available, and an altcrnative anproach

change in nagnitude. Such in-

mast be followed, as will be described below,
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S

The solution pattern prescribed in (49) consists in, given
the set A§£ and after calculating the initial load stifiness terms
@ﬁg s to assemble total elemental stiffness terms which correspond
to the cxpression of Eqn. (3-13) minus the initial load stiffness
terns. Instead of E%n. (3=12), an cquation relating the effective
force increments Aﬁk to the displacement increrents is obtained

and eventually solved (once the overall system is assenbled).

In this work a different pattern will he followed. The
prescribed force increments will be considered as being the total
ones, that is, as corres?onding to the left hand side of ¥qn.
(%3=10). Correction to the effective force increments A?ﬁ will be
nade a posteriori. In other words, first we solve Egn. (3-12) forx
the displacement increments and then we try to find the two conpo-
nents corresponding to the right hand side of Egn. (3-10) by means

of a simple iterative procedure.

To do this we rewrite Ign. (3-10), under consideration
of (3-162,b), as

=0 = ~p| b
AP, = AP - 58| Ang (3-17)
where clecarly :
- =0 =L :
P o+ AP P
P k k k -
55 & a3l (8
s =Y = L -
Assuning initially that AP, = AP estimates for An can be

d k? k
obtained from Eqn. (3-18), and they are used in (3-17) to provide

~
new estimates for A?k s which are then introduced in (3-18), and
so on. Such a procsdure has shown to converge very guickly, usually
in two or threce steps, to a reasonable degree of accurazcy. Its use
avoids the need of cxpressing the initial load stiffness terms ex-
plicitly and does not wupset the symmelry properties of the

stiffness matrix.

In the applications to he considercd in the ncxt chapter,

only very slow rotational movement will be considered, anad

prs
o
[

effect of hody forces can thus be fully disrecarded.



3.2.¢ = THCREMENTAL STIFTNESS MATRIX (OVERALL)

Egn. (3=~13) provides an clemental stiffness matrix. Zle-
ments, however, must not be considered individually. The displaceQ
ment field must be compatible, meaning that elements must necel at
the common nodal points in any deformed situation. This requirenment
is translated in the formulation by means of an overall stiffness
matrix, covering all the elements in the continuum. Such a matrix

(23321{') by .

can be obtained initially considering Eqn. (3-12) as ex-~
tended to all nodes in the mesh, with the proviso that if a node
does not belong to the element under consideration, the correspon~
ding stiffness terms be taken as zeroes. With this convention, the
overall stiffness equation

L g ‘
AP, = T AU (3-19)

can be expressed, with the total nodal force incremenis given by

=
[¢2]
ct
o]
e
-QJ
e}
4]
ot
l"'
(]
14
o
@)
o0
]

the sum of the elementary contributions, and t

matrix terms defined simply as

=Ll § =L
K 1‘ = L. 5, . (3~20)

elen

the sunmations being extended over all the elements in the mesh.

In the compﬁting stagey and to avoid unnecsssarily adding up ze-
roes, a sinple procedure can be provided in order to scan only

the elements to which a particular node belongs. Of course, intere-

lement forces will be cancelled out of n. (%-19) énd only exter-
k]

nal (active or rcactive) forces will remain. Also, the disvlace:
increments computed will be referred to the whole mesh, and the
possibility of interclemental disconti nuities or supernositions
arising from nodes presenting different displacements in adjacent

elenments, is removed.

S5e2.4 - ITERATIVE CORRECTION OF INCRENINTAL STRIESSEHE

P

It has alrcady been ypointed out that the increnental so-
lution for nlastic problems will supnly stresses overshooting the
prescribed stress~strain relation, the error produccd being curmla-
tive and nmencotonically increasing. Technicues for correcting the

]

stress field have already been analysed in Sub-scction 3.1.b, ‘ihe

O
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three algorithms considered there are, however, intended for small
strains, vhen rotations are negligible and the difference between

the various definitions of siress and strain become negligible.
o [+

It secems to us that the computational disadvantages of

(37) (59)

Yemada's and Margal's algorithms become more patent in a
Lagrangean description, when a time consuming expression for the
elemental stiffnesscs is coupled with an also time consuming eX-
pression for the constitutive tensor. An ideal corrective procedure
should be economical from the computing point of view, and should,

therefore, require few recomputations of the stiffness terms.

This can be shown to be achleved by cemploying an algow-

. IR 1
ial stress method s

rithm formally similar to Zienkiewicz's in

o

but in which elastic-plastic constitutive tensors, computed ai sone

arbitrary stage of the deformation process, and the corresponding

£y )

3, 2 »

elaztic=plastic stiffness terms are used, instead of their glastic

counterparts. Such an algorithm constitutes one of the several al-

(75)

ternatives listed by Nayak under the general heading of 'mice
thods of residual forces'. However, the subject is not pursued
further in that work, and the following, to our knowledge, will be
the first application of this particular iterative procedure, which

will be fully described and analysed in Section 3.35.

The recason for considering such an approach can be for=-
mally justified by referring to Fig. 3-3: if the load increments
are applied under the consideration of a slope smaller than the
elastic one, the differential stresses will be reduced, and the
number of coxrrective cycles reguired to achieve convergence to the

stiress-strain curve will be snaller.

3,20¢ =~ FRICTION CONSIDERATIONS

Friction constitutes an important factor governing the
flow of material near the die/uorkpicce interface, in any plastic
forming process, and its influence can become very complex. Exact
relationships connecting the friction resistance to the other va-
riables of the problem are not casy to cxpress, and simplified nao~

i
thematical models arc usually adepted. Lvitzur considers and
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discusses the three common descriptions of friction, and lists the

relevant literature on the subjecte.

It is not the purpose of this work to establish a dis-
cussion on the validity or adequacy of the several friction des-
criptions. Instead, one will be considered, and used in connection

with the application problem to be dealt with in the next chapter.

It is clear that if any other description is to be preferred, only
a sector of the formulation and of the computing program will be

affected.

Ve shall consider Coulomb friction only. Couvlomb's law
assumes a linear relationship connecting the friction resistance
and the pressure between the contacting bodies. The proportionali-
ty factor, or friction coefficicnt, is assumed to be constant for
a given pair of materials (under constant surface and temperature

conditions), and independent of velocity.

Explicit expressions affected by the adopted friction

description will be presented together with the application case.



5+3 ~ MODIFILD INITIAL STRESS METHOD

3.%.a — INTRODUCTION

The best advantage of Zienkiewicz's initial stress me-
thod 5 , which is the use of an unchanged stiffness matrix through-
out the successive load increments, obtained from an also unchan-
ged and position independent clastic constitutive tensor, is lost
in the Lagrangean formulation just presented. As has been shown in
Chapter 2, even the elastic constitutive tensor becomes dependent
on the amount of deformation in the Lagrangean description: it is
N given in Eqn.

ijrs * ©

obtained by introducing the expressicn for D
(2-112), instead of the expression for Dijrs
therefore, also the stiffness terms become deformation dependent.

It follows that the constitutive tensors have necessari-
ly to be recomputed at the beginning of each new load incrcuent,
and it is then relatively immaterial if the elastic-plastic one is

computed, instead of the elastic one, as was suggested in 3.2.d.

3e¢3+b = DESCRIPTION OF THE METHOD

Fig. 3-5 illustrates the procedure and corrects ovaer-
simplifications introduced in Fig.. 3-3, vhere the loci of the Mnew!
equivalent stresses were arbitrarily assimilated with the stress-
strain curve. In the modified version to be presented, the loading
slopes will only coincide with the elastic one for the newly yiel-
ded or still elastic clements. A superscript ~ will be used to
denote interim values of the variables. The procedure is described

as follows:

1l -~ Prepare initial (eléstic) constitutive ten-
sor and overall stifiness matrix.

‘ 2 = For the given load increments solve'ian.
(3-219) for the incremental displacencnts; couapute
Green strain increments Aﬁkj , deformation incre-
ments Aeij and equivalent plastic strain incre-

3 o
ments AEY  (8ce Be5eced)

-~ If an clement is still in the elastic rance,

i

compute dunterim stress increments AL
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o Corrected equiv. stresses
¢ Final situatlion

}
ko 17 | o Initial situation
"‘AE‘TAGT'{ + Interim equiv. stresses

S 2]

€

FIG. B-S—MODIFIED INITIAL STRESS METHOD

and Aégj (by inverting (2-29)), using the constita-
tive tensor produced at the beginning of the load in-
crenent; otherwise compute first Aé?. (by (2-20¢)),
and Asij aftervards (by (2-~29)). Express

-~

AS = m' AEP, (3~21)

4 — Compute interim stresses

8.. = s.. + A, (3-222)
ij 1] ij ‘
and
S.. = s.. + AB... (3-22b)
13 iJ 13,
5 - Compute cquivalent stress 5 and expected

- ~ . = ~
ordinate of the prescribed stress~strain curve k.

6 -If 5 < 0.995 & , the element is treated as

elastic from the ncxt load increment; otherwise,

6a - Compute interim slopes

i1

© T - "
H! - /r- S
AE*

il
~~
LN
i
Y,
Ut
S’




and interim constitutive tensors ﬁijrs and ﬁi. .

6b = Pind correct stress increments Asgj and
Asij , using the interim parameters obtained in step

6a.

6c ~ Evaluate differential stresses to be suppor-

ted by body forces,

: -l
GASij = Ag.j - AS.j (3 +a)
and '
o — ~T - T 2z _ ol
ﬁAuij = As.j As.j . (3 2.b)

6d - Update and store CGreen strains; update

and store new current stresses

= 3 - 3 7D
Sij = Si4 GAbij (3-25a)
and
. 1
a8 = ,§ - S'L . Ve 137
‘vij ij 6A ij (.J 2.)“)

6e ~ If first cycle, update nodal loads.

7 = Lf an element yields during the cycle under
considerafion, find the intermediate stress level at
which yieldiag will begin, and recompute stresses
starting from that point. That is, find an adequate

rating coefficient s to pultiply the right hand

side of Egns. (3«~2ha,b), which thus rewrite as

ﬁAsij = (1 = g)(Asij - Asij) (3-262)
and
bbsyy = (1 - g)(Asij ~ Asij) . (3~26b)

(An adcquate cxpression for t will be derived in the

next sub~section).

8 - Compute nodal forces which cquilibrate
the differential stresses. They can be expressed from

Egn. (3-8b) and are given by

“x

cL Lo a M=y 0 .
AP = ,[;O aj BAuij (GjV 4 2 uk) av . (3--27)

9 ~ Check the error of the interim equivalent

0
el
e}
Y
)
5]
(413

ageingt the current ordinate of the stresse



83

—r

strain curve k. If above a prescribed linmit (0.5%
in this work), and if a prescribed maximum number
of corrective cycles has not been achieved, repeat
procedure from step 2; otherwise, replace yield
stresses, equivalent stresses, slopes and constitu-
tive tensors by the interim counterparts, recompu-
te overall stiffness matrix and remove residual
forces from existing load system. If termination
criteria not satiﬁfied, repeat procedure from

step 2.

5e3sc ~ ADDITIONAL REMARKS

(39)’

This nodified procedure, as well as Zienkiewicz's
constitule variants of Newton-Raphson's "constant slépe' method.

‘{'-\
As has been pecinted ocut by Argyris and Scharpf(ab},

the initial stress method tends to converge slowly, especlally

in conditions of near perfect plosticity. This drawback should,
in principle, be minimised in the alternative procedure just des-
cribed, except possibly at the early stages of deformation, when
both procedures coincide. Fig. 3-6 justifies this statement.

With the elastic extrapolations (a) , the corrective stresses
vill represent a substantial part of the originally applied for-
ces, the more so if the stress-strain curve is very shallow.

Vith elastic-plastic extrapolations, as in (b), fewer itera-
tions are required to bring the étresses to within a prescribed

tolerance range.

In fact a deterioration of convergence conditions docs
occur when plastic deformation increases, as the updated consti-
tutive tensors become less and less diagonally dominant. That is,

the terms for which the indices
i = r and i = 8,

which are originally much larger than the remaining ones, decrease
in absolute value, whilst the other ones are increased. This

fact is also translated into the stiffness matrix, and the itera-
tive solution algorithm for Zqn. (3~19) tends to become ill-con-
ditioned. Convergence requires more and more cycles, and eveantuolly
fails to occur. For this reason, it is advisable not to update

the constitutive tensors in step 9, once the plastic deformation
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FIG. 3-6 - CONVERGENCE OF INITIAL STRESS METHQDS

reaches some prescribhed level,

5e3.Cel ~ Rating facton

Fige 3=7 illustrates the incremental procedure for one
newly yielded element in the finite element mesh., This figure is
similar to the one pressented by Yamada(97), reproduced here as

]?ig . 3"‘.1 e

In the figure, point A corresponds to the initial (e~

lastic) situation; C and C' correspond to the initially (e-
lastically) computed increments; and B and Bt  correspond to
the dnitial yield surface. The parameter L which expresses

the fraction of the applied load increments which will exactly
yield the element, is given by

C = %¢°
AC

Here, using the notation of the fipgure,




N

13
5

- OA = § (Previous)
0B = ke ‘
6_C_= § (Interim)
AC = As
AC = 45

Stress path _ AB
k of element ¢ % A

FIG. 3-7 - STRESS SPACE REPRE-

0
SENTATION FOR ESTIMATION CF RATING COEFFICIENT ¢

A VIRV TR v
and : )
iB = % [r +'*%/r2 + L4 hs (k2 - Eg)]
with
r = As® + E° - (5 + A5).

The rating coefficient is thus finally expressed by

2 =2 2 =2
N + b Az 1 - :
. L+ VF bk A’) ] §7) . (3-28)

2 As“

g

Of course, if the relevant element remsins in the elastic range

during the iterative step under consideration, this paramster is
simply set to one . For already plastic elements, of course, its
value is zero. For a first load increment, starting from an un-

stressed situation, points ¢ and A coincide, and the rating

coefficient reduces simply to

0B!
E = T e

oCt



343.C,2 =~ Idmiting the nunmber of corrective cycles

Even the modified version of the initial stress method,
as described in 3.3.b, may require a relatively large nunmber of
corrective cycles until the computed stresses fall within a pres-
cribed tolerance range from the stress-strain curve. As Nayak(75)
suggests, however, the process may be arbitrarily interrupted at
any stage, provided the last set of corrective (residual) forces
is subtracted from the applied forces, and thus removed from the

systern.

This feature has been introduced in the procedure des~
cribed in the previous sub=-scction, in the form of a check in step

9.

24%eCod = Plastic strain increnent

The increment of the equivalent plastic sirain increment
for each yielded element is computed using(5)
s!. Ae. .
AEY = e . (3-29)
B (1 + H'/36)

This is clearly an essentially non-negative varisble, and this fact
is used in the computer program to check the validiiy of ths re-

sults.

3.3.Colt « Drift from stress~strain curve

If the correction of stresses ~ in the initial stress me-
thod -~ is performed using the instantancecous constitutive tensor, es
prescribed by Zienkiewicz(jg), a progressive drift from the pres-
cribed stress-strain curve becomes unavoidable, as is illustrated

in the first two corrective cycles in Fig. 3-5.

By corrccting stresses by means of slopes defined by ¥gn.
(3=23) we follou Swedlow's(77> correction procedure, thus bringing
the image of the corrected stiresses nearer to the stress-~strain
curve, as illustrated in Tig. 3~5, for the last two corrective cy-

cles.



The preceding scctions contain a formulation to be used
in the increnental analysis of problems of large strains and large
displacementsy coupled with nonlinear material behaviour. it is
thus suited for the analysis of metalworking processes. The res—

trictions introduced are:

a) Small elastic deformations, guaranteeing
the decomposition of strain inte purely elastic

and purely plastic components;
b) Absence of Bauschinger effect;
c) Isothermal deformationj

d) Isotropic material behaviour.

Restriction d could be easily lifted by abandoning the

[

symmetry properties of the constitutive tensor. The final expressions
obtained in Section 3.2 would not be applicable, but alternative exw
pressions could easily be produced. Howevexr, computing times, when
using such a formulation, would be dramatically increased. Restricg-
tions b and ¢ might also be removable without substantial diffi-
culty in the derivation stage, but one should expect that computing
times would be again substantially affccted. Restriction a is the
most decisive one in the formulation; should it be lifted, a subs-
tantially ncw fermulation would be required, and for that purpose,

(33) (11l

Tee's and Freund's work might prove to be of invaluable
& r

help-



CHAPTER 4

APPLICATION AND
COMPUTER PROGRAM

IMPLEMENTATION

Lol = INTRCDUCTION

The preceding chapter has been presented in general
terms, with no restriction to any particular application case.
When one is considered, a sct of force and/or displacement bhoun~
dary conditions has to be introduced, and eventual geometrical
restrictions, such as symmetries, should preferably be considered.
The latter may allow for savings in computation, by the possibili-
ty of avoiding unnecessary calculation, using the finite elenrent
mesh over part of the continvum only. The former will give more
explicit expressions for the nodal forces and influence the solu=-
tion of the incremental force-displacenment relationship (FEgn.
(3-21)), either by prescribing in advance ccrtain nodal displace-
ments and/or forces, or by cstablishing a relationship between

components of these displacements and/or forces.

_ A particular application will z2lso envisage a particu-
lar material, and particulor ranges of strain-rote and tempera-
ture. These will define the flow stress in terms of the amount

of work~hardening produced.

In the following, expressions derived in the preceding

~ 88 -
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chapter will be applied to the radial upsetting process, and the
deformation of aluminium of commercial purity. The computer pro-

gram for this particular application will be implemented.

For a description of the radial upsetting process we re-

fer the reader to Section 5.1 .

L,2 - MATERIAL CONSIDERATIONS

In Chapter 5 the choice of commercial purity alunminiun
as the test material will be Justified in terms of the ﬁeating fa-
cilities available. Our aim in this section is to supply an ex-—
pression for the flow stress for this particular material, in the
situation of the test, in terms of the instantaneous plastic de-

formation produced.

The importance of using adegquate stress-strain relations,
and ways of obtaining them under prescribed conditions has been

fully studied already. In addition to the historical work of Cook
(115)

and Larke s & series of more recent works deals with the des-

cription of methods and testing-conditions(ll6~122)

sentation of data(119~124)

and/or the pre=-
for several materials. A nunber of pa-
pers analyses the effect of processing on the properties of ths na-

=
(12)). Suzuki et al(lza) present a comprehensive collection

terials
of results, covering an extensive number of metals and alloys, cone
sidering the effect of strain, strain-rate and temperature. Hohit-
pour(lZl) considers the heat generated during deformation and pre-~
sents an incremental method for obtaining stress-strain curves to
large strains, at high strain-rates and sub-critical temperatures;
at every step the temperature field is updated by means of a fiunite

element technigue.

A question arises as to the use of data. Swedlow(77) pre-
fers to deal with tabular data for a discrete number of values of
the plastic strain (strain-rate and temperature being assumed cons=

tant) and uses linear interpolation for intermediate values.

(119)

Hockett prefers to assimilate a mathematical equation to match

(122)

the experimental data. Suzuki et 2l present the results in

(123)

graphical form, as do Lengyel and HMHohitpour ;3 both plot. also

the experimental results.
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A mathematical equation is perhaps more suited for analye
tical procedure, but the user must always be aware of the limits

éll9)

of validity of the equation. Hocketl obtains his :results for
commercial purily aluminium by means of a cam plastometer; he pre-
sents an extensive review of literature and selects four equations

to fit the stress-~strain curve, under unchanged conditions of straine-

rate and temperature. They are the

Power equation k = A (E)™,
Ludwik's equation k = A4 + B (E®)",
Swift's equation k = A (B + &)

and _
Voce's equation Xk = A - (A - B)e™€ '

where. A, B and m are constants, and e, in Voce's ecquation,
is the Naperian logaritmic basis. Hocketbthen proceeds to fit thee
se several equations to his tabular experimental data, using the
Los Alamos General (Nonlinear) Least Squares Program, thus finding
the best values for the several constants, for every one of the

four forms of the stress-strain equation.

His results must be accepted, as he stresses, in global
terms. The best fit is obtained in statistical terms over ths vho=
le range of strains considered (up to 0.7), but local errors can
restrict the applicability of the equation. For instance, at low

"1y and at a temperature of 400°C

strainerates (less than 11.5 s
the best fit for larger strains is supplied by Swift's equation;
However; the consfant B is found to be negative, vhich means
that the flow stress drops to mero for

§P=~B

and assunes complex form below that value. The equation, therefore,
has no signification at strains below =~ B, and the error with res-
pect to the tabular data is substantial in the inmediate vicinity
above that critical value. For € = 0.114 s_l, for instance, he
obtains

k = 35.658 (0.000865 =+ EP)O°152 I-zz-f/m2

(we have converted his A constant to SI units), which matches saw
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tisfactorily his experimentél curve for &f 2 0.1, but below that

value the crror becomes considerable.

We therefore decided to abandon Hockett's crefficients
and to fit an equation, in Swifi's form, to match his experimental
data. Swift's formula contains three parameters to be defined, and
the natural procedure would be to write the formula for three of
the datum points, and to solve the resulting transcendental egqua=-
tions. Such an approach, however, does not yield satisfactory re-
sults, whatever the three-point sample may be, the reason being
the presence of a marked "knee' in the data at about EP = 0.1
The consequent approach is then to find coefficients from the se-
veral possible three~point combinations, and then to analyse the
results and to suitably modify them in order to improve the fitting
to the experimental data. Having done this, we found, for strain- |

rates of the order of 0.11L s"l and temperature of HOOOC,
£ = 36.078 (0.0817 + 2)0°1908 s (he2)

and this expression is used in the rest of this work. ‘This equa-
tion gives

0.1908

k, = 36.078 x 0.0417 = 19,677 I--iN/ma (L)

for the initial yield stress. Egn. (4=1) is plotted in Fig. &-1,
end compared with Hockett's equation, which fits the data better
at higher values of strain. The discrepancies between the two e-
quations at lower values of strain can be observed, but is shown
more drastically in a logaritmic plot, as scen in Fig. 4-2.

(119)

Hocketlt does not provide personal data for tenpera-

o, . .
tures above 400 C, but he compares his results at this temperature

with the ones prescented by Alder & Phillips(lao)

y Tor temperatures
of 350 and QSOOC. Although their cxperiments were restricted to ine
termediate values of strain-rate (1 to 40 s~l), the agreement cb-
tained by Hockett is good. However, Alder & Phillips's resulis pre-
sent a high degree of scattering, which means that extrapolations
to very small strain~rates become extremely unrcliable, and a lo=
cal comporison with Hockett's results is impossible,

(1.26) .

A more rccent worlt by Ivans and Dunstan is restric-

. . -1 . .
ted to straian-rates above 27 s —. Although a thorourh examination
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of the behaviour of ithe material is presented, considering loading,
unloading and recloading (with varying delay tines), covering tempera-~
tures up to 48000, and backed by electron-microscopy analysis of

the effect of deformation on the structure, the lack of small strain-
rate data does‘not allow the use of their results for the purposcs

of this work.
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and Alder and Phillips's

for their common range of strain-rates suggests that an

(119)

A comparison of Hocketil's
data(lzc)
increase in temperature from 400 to 45000 produces a .rop of the
order of 20 to 25% in the flow stress. However, as mentioned befo-
re, this conclusion cannot be extrapolated reliably to verﬁ small
strain-rates. un the other hand, as shown in our paper(lz?), pre-~
sented as an Appendix to this work, the variation in temperature
to be expected to oceur in the deformation zone, in a radial up-
setting experiment, will not be more than about 2000, except possi-
bly in the immediate vieinity of the roller/specimen contact sur-
face. leglecting such local effect, a constant temperature flow
curve could be used for the whole deformation zone, with no subs-

tantial error.

L.3 « APPLICATION. TO THE RADIAL UhSMTTIN& PROCESS

When restricting the formulation presented in Section
3.2 to the radial upsetting process, the specific boundary condi-
tions must be expressed, as well as certain specific geometrical

relationships.

L,3,2. = Reference Systems

In order to achieve this, we start by locating the coin-
cident coordinate systems mentioned in Chapter 2 with respect to
the undeforned Specimen. as is shown in Fig. 4-3a, where the thick-
ness of the specimen and of the roller have been intentionally and
grossly exaggerated, the origins of both coordinate systems are ta-
ken at the centre of the mid-plane of the specimen. axes Xl v Xq
initially connect the rotation axes of speceimen and roller, while
axes X3 s x3 are coincident with the geometrical axis of the spe-

cimen. Axes X X, are then taken perpendicularly to those, and

2t "2

oriented upvards, to form left-hand systems. Both coordinate sys-
tems will be assumed to be resident in the specimen, and thus to
rotate about the axes X3 ’ xB as defornation progresses. This
means that after deformation starts, the first axes will no longer

intercept the rotation axis of the roller.
e



Roller

Xy, %4

FIG. 4-3 - REFERENCE
SYSTEMS AND EQUIVA-

LENT NODAL
FORCES

We now replace the set of external and friction compo-
nents of nodal forces by a new set, comprising both the external

(applied) and friction term. §

1f a force acts perpendicularly to the cvylindrical man-
J

tle of the spccimen, end exactly on its mid-plane (Fig. 4=32),




the friction component will be tangential, and the effective

force components will be given by

- |P| (cosa + psina),

1 =
P, = - IP|] (sina - pcosa),
P3 = O,

due to the symmetry of the specimen and of the deformation pro-
cess. When the force does not act on the mid-plane, the correse
ponding friction force will no longer lie in the mid-plane and
neither will it be parallel to it (Fig. 4-3b), and will thus
present an axial component. An assumption has to be made as to
the magnitude of this conponent, and we will zccept that it in-
creases linearly with x_,, whilst thé tangential component drops
accordingly, falling to zero at the edge of the coantact area. ln-
der this assumption, if T is the instantaneous thickness cf the
specimen, the tangential and axial components of fricticn would

be expressed respectively by

B
1L 121 1 - T

2

and
2%
- K II" ("“?ﬁé)’
consequently
2
2%
P, = - IP] (cosa «+ p.\/l - ("‘rjé) sina) , (4-3a)
2%, 2
P, = - [P (sina - p’{1 - =) cosa)  (4-3Db)
and .
in)
p3 = - |Plp —Ti . (U=3¢)

In a general situation, if an external force has coor-
3

10 F

(with respect to the contact surface), the effective total com-

dinate components P o P3 s and a normal component Pn

ponents would be expressed by



P = P, - pnlP i - sin a (h-ba)
legs 1 | nl T ’
2x3 2
P = P, + P 1 - o (4-4b)
aeff 5 u] nl A cos a .
and
. 2x?)
P = P, - plp —_ (4=bc)
Sers 5 [Pal 77/

similar expressions holding for incremental terms.

Lh,3.c - BOUNDARY CONDITIOHS

For the sake of computing econony, only a sector of the
specimen, comprising the roller/specimen interface and the plas-~
tic deformation zZone, is used to house the finite element mesh.
Fig. 4-4 illustrates the partially deformed specimen in a tynical
instantaneous situation, with the volume element housing the mesh
removed. It is clear that a set of boundary conditions has to be
imposed to establish the equilibrium between the renoved sector
and the rest of the specimen. Forces as yet unknown must be assi-
med as acting over the sector, on the interfoces ABCD, DCC'D' ,
A'B'C'DY  and ADD'Af , to compensate for the effect of the rest
of the specinen. Displacement boundary conditicns must be imposed,
which are compatible with those forces. Three different situations
arise, for mid-plane nodes, for nedes in the cylindrical surface
DCC'D' and for nodes in the limiting radial planes. More complex
situations arise when a node belongs to more than onc of those

boundaries.

L.3.c.l - Gver the lid-plane

Nodes lying on the mid~plane face of the sector (surfa-
ce ADD'A' in Fig. 4-4) must not, due to the symmetry of the spe-~
cien and of the deformation process, present axial displacements.
That is, we have to prescribe in advance

u = 0

3.

and obtain an axial force component P3 which nakes this condi-

tion becoume true. Cr, in the incremental formulation, we prescribe
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FIG. 4-4 - DETAIL OF FORMING ZONE
WITH SECTOR OF SPECIMEN REMOVED

FOR FINITE ELEMENT ANALYSIS

i A \\\\\\\\a\
Xy X4 0
X3 X
Contact
A
e Remeved
Secior
A
(Forming roller not  shown) B
AE = 0 (4=5)

3
and find a suitable value for the force increment (nodal reac-~
tion) A?B.

L,%2,c.2 ~ Elsevhere in the Sector/Specimen Interface

The first idea for a boundary condition in this region
is to assume the interface to be sulfficiently renmoved from the
forming zone so as to lie completely in the elestic region; thus,
Hertz's contact theory could be applied to express the boundary
condition., However, an exact mathematical formulation becomes ex-
tremely laborious. A simple approximation which might be sugres-
ted would be to assimilate the large diameter, peripherally loa~
ded specinen to a seni-infinite body under the action of a concen-
trated - or even a distributg? - load, az presented, for instance,
(128

in Timoshenko and Goodier s PESe 05~91. A considerable effort

has been spent to implement such a boundary condition, but without

¥y
successful results. In the formmlation we obtained, the increnien—
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tal force-displacement relationship proved to be extremely ill-
conditioned, due to discontinuities introduced by the boundary
condition. Convergence could only be cobtained for the first load
increments, and after considerable effort in the search for an

adequate over-relazation factor.

In the end we decided to abandon completely the Herw
tzian approach, and to express these boundary conditions alter-
natively by two sets of equations, one for the radial planes,

and onc for the cylindrical interface.

Here again; our original aim was to impose simply a

rigid boundary hypothesis,

Ei = O i 1’2’3,

and consequently also

He
i

A"Ei = 0 1, 2,3 (46}
throughout both the radial planes and the inner cylindrical man-
tle, with nodal reactions to be derived from Egn. (3-19), under
the consideration of (4#=6). Such an assumption could be justitied
if the boundaries were kept sufficiently removed from the cenire
of pressure. This requirement imposed the use of a finite element.
mesh covering a very large fraction of the volume of the speci-
nen, contained in a very large central angle, and thus becoming
extremely expensive. On the other hand, if the boundaries were
brought too near to the centre of pressure, the artificiality of
Eqns. (4-6) became patent, giving rise to exaggerately high no-
dal reactions, as soon as the plastic deformation approached

the lateral boundaries.

Considering the fact that the radial depth of the me-
shed volune was made sufficiently large to preserve the afore-
mentioned remoteness requirement, Ign. (4-6) was kept as boun-
dary condition for the nodes situated in the inner cylindrical

mantle.

For the radial planes ABCD and A'B'C'D', hovever,
this condition was relaxced to allow for scme sort of displacement

of the boundary nodes. Soveral alternative formulaltions were ini-
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tially considered and eventually abandoned for the lack of pro-
per physical sipgnificance or simply for being grossly unrealis-

tic. In the end, a simple condition exprecssed by
Au2 = 0 (4=7)

was simply adopted, to which the condition expressed by Eqn.
(1t=5) was added in the case of mid-plane nodes. Ve do agree

that such an expression would hardly be justifiable if a longe
range solution were to be sought, covering a wide rotation angle
of the specimen. However it can be accepted for the indentation
problem (See Scction 4.5) and even for the radisl upsetting pPro~
cess if the rotation angle is kept small, as eventually happened

in the applications to be described in Chapter 6.

L,3,c.3 - Contact Area

A boundary condition remains to be expressed for the no-
des lying in the contact mone with the roller. We refer here to
Fig. 4-5. Nodes in this location are constrained, by the geomefry
of the process, to present, for a given load increment, the sane
displacement increment Aﬁd s corresponding to the direction
connecting the centres of the specimen and of the roller, zs shoun
in the figure. The assumption is not strictly true, since it does
not heold Tor material entering or abandoning the forming zone du-
ring the load increment. ‘These exceptions, however, represent on-
ly a small smount of the total forming zone, and can be neglected.
On the other side, the forming zone iz small with respect to the
radius of the specimen, which allows us, in order to simplify the
resulting formulation, to assimilate Aﬁa with the radial dis=-

placenent increment. Thus we have

- ~ ~—
Aua = Aur

N

and, therefore,

Au

> constant (4-8)

will express the boundary condition for the neodes lying in the
contact zone. This conditicn will be used to rsdistribute the

forces acting over the contact arca, and thus, to find the
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correct load distribution, from any assumed initial distribu-

tion.

4,3.4 - DELIMITATION OF THE COKTACT ARC

A procedure has been introduced to check whether = in
any instantancous situation - a node is in contact with the for-
ming roller or not. This can be ecasily verified by simple geome-
trical relationships, obtained from Fig. 4-6. Let A(§1,5%2,§3)
represent the node about to leave the contact zone, and
B(El,§5,§%) represent some arbitrary node to be checked (ins-
tantaneous coordinates will be relevant in the derivation, and
are the ones used to express both points A and B). Let B
and R represent, respectively, the instantaneoﬁs radiuvs of
each of these nodes, and d be the angle by which the axes Xj,

x, are separated from node A. The distance £, indicated in the

figure, is then expressed by
f = (Rr + R) cosa
Rr
1 (1 + —),. (lh=9a)
R .

[t}
FL

It R; is the distance from the axis of the forming roller %o
node B, then

-2 - 2
v Alte o - . 2
R = Az - 52 4 (F, - f tan )
g&
-: 2 :: .ﬂ__g 2 [}
= '\/cf - ET e Gy -2 (t-9b)
1
and obviously
R!' = R
r
for contact, and
Rf' 2 R
r

otherwvise.
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FIG. 4-7 - CONTACT ANGLES IN ROLLER AND SPECIMEN

4.3.¢ - CONTACT ANGLES IN ROLLFR AND SPRCIMEN

The contact angles in the specimen and in the roller
can be obtained from Fig. 4=7 if it is assuned that the total ra-
dial reduction AR achieved at a given moment is known. Of cour-
se, the limits of the contact arc may not necessarily represent
nodes in the finite element mesh. Two equations can be expressed
from the figure, involving the contact angles:

Rr sin W, = R sin Ky
and
R cos N = R + R - AR - R cosK_ .
T r r 5

(o]

By squaring and adding up these cxpressions, the angle R can
I
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be eliminated and by simple mathematical manipulations
> + (R. + R - AR)® - R2
© r r
cos %, = (4=102)

2R(R, + R, = AR)

can be obtained, This expression can now be introduced in the
second of the original equations, giving

2

2 2
Rr-&(RO+Rr-AR) - R

cos %, = o (4=10Db)
2R (R + R_ « AR) :
r (¢] Ir -

In both Egqns. (4=~10a,b) R represents the instantaneocus radius
of the specimen, after a number of revolutions under the action
of the forming roller, while RO represents the original (unde-
formed) radius. At the early stages of deformation (first revolu-
tion of the specimen) they arc, of course, identical. Sccond or=-
der effects, as the accumulation of material ahead of the for-
ming roller, as deformation progresses, were considsred negiigi-

ble in this derivation.

Fig. 4-7b plots %, and %X as a function of the relom
tive radial penetration AR/RO y for R = R and RO/Rr = 3,

L L ~ IVPLEMENTATION OF THE BOUNDARY CONDITIONS

b h.a .« TTERATIVE SOLUTION OF INCREMENTAL DISPLACEVENTS

It has been shown in Section 3.2 that equilibrium in
this finite element formumlation is expressed in the elemental
form by Eqn. (3-12), and in overall terms, under the provisos

mentioned in Sub~section 3.2.c, by Egqun. (3-19),

==l
Apk

= B AT

If all components of the nodal force increments could be known

in advonce, Eqn. (3-19) would sinply be used - via some suitcoble

solution algorithnm -~ to supply the corresponding nodal displace=-

ment increments. If the Gauss-Seidecl iterative procedure is used,
it would be preferable to rewrite the equeotion, temporarily aban-

. . . c z s 133-135
doning the summetion convention, in the :t‘orm(‘as’]‘29'1')3 135)

b kb e S N R S g $52 Y
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2 L-1
> Ty 4 - %Z Fin 4%, HZ; P 87 -
Ll (4=11)

Nn ~being the total number of nodes in the mesh. This equation
can now be thought of as representing a subsystem supplying the
incremental displacement conmponents for node L4 in terms of
nevly computed displacement increments for nodes 1 up to L1,
and of "old" estimates of the same for nodes L+1 up to Nn .
Talking in terms of the iterative steps, Eqn. (4-11) would give

the ith estimate for Ei in terns of the :'Lth estimate of

Eﬁ, M = L+#lyeee,N o In the specialized literature s 133)

this subsystem approach is known as "block relaxation'.

; FlL
i Fo

lity matrix, obtained by the inversion of Kﬁ s then

denotes the terms of the nodal self-flexibi-

=Ll =L -
qu.lﬁun - 6qk ° (h-32)
Adding and subtracting
7LL =L
Zéi Ken A%

to Egn. (4=11) end introducing also Bgqn. (4-~12), it can be re-

written to the forn

3
e I I -5
a4 9 i-1 k=1 -
L=l 5
- E :K.]EII Ai'l'zl
F=l n=1 i
N
n
<:"<§L ’
- 414£L1§2A%1 y  (h-13)
l=L n=l i E

the indexed auxiliary bars denoting the iterative step, or cycle,
in which the incremental components involved were obtained. The
whole expression involving the flexibility factors can be under-
stood as supplying the variatiocns in the particular incremental
compone nbu, due to the iterative procedure, and expressed simply
as 6(Auq) _ o To accelerate convergence, an over-relaxation face

" e i 4(25,129-135)
$

tor w can be introduce giving the "“block successi-

ve over<relaxation methodV. Ban. (4-13) is then rewritten as
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= A.I.I‘L

_ ; + wam'ﬁg) . (4=13a)

i-1 i

Such a solution algorithm will be disturbed in the pre-
sence of displacement boundary conditions, when the incremental
displacements for some nodes are prescribed in advance, or’ when a
tnown relationship exists between its compcnents, the incremental
forces being then the unknowns. The immediate but clunsy way out
would then be the removal of the corresponding equations, the so-
lution of the reduced system of equations, and the return to the
removed equations for the calculation of the unknown force compo-
nents. 4 different procedure will be followed here. If the double
summaolon terms in Equn. (4=13) are abbreviatedly expressed as
AQk ¢ and if the summation convention ;s reintroduced, that equae

tion rewrites to

""'L ]y LIJ -- - “,“‘L_
Auq : = Auq i1 ““ (A Aqk)
or simply
-1, . o~
G(Auq) = “’qu (Ak - AQk) . (4=13b)

If the displacement increments are prescribed in advon-~
»

g I \ . -
ce, the variations 5(Aué) should vanish, and convergence would

reguire
AP — AQJ
For programming purposes a procedure is sometimes
followca(25 103) in which the force increments A?L of boundary

k
nodes are arbitrarily set to zero in advance, the self-flexibie

Lity terms being adequately modified so as to make (for w = 1)

FLL Ak TRy - . 7L -

The known relations imposed by the boundary con§itions will allow
the conputaticn of the modified flexibilities Fii and = if ne-

cessary - the unimnown nodal recactions can be obtalned after con-

vergence is acpieved. Hovever, tihe computation of these reactions
can only be possible if both the o0ld and nev (modified) flewibi-

lities are stored, as well asz the internal Torces AQ& « Ounce

the incremental displacenent iield has been found, Equ. (4-1%)
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G

can be rewritten to express APE in terms of these variables.
Of course, in elastic (one step) problems, the recactions may not
be required, and this procedure can be followed withort imposing
“excessive storage burdens on the computer. This is not the case
in the present formulation, so an alternative formulation is emm
ployed, in which the nodal incremental reactions are computed at
the same time as the displacement increments. Such a procedure

is described in hk.h.c .

L. 4.,b -~ OPTINIZATION OF THE CQVER-RELAXATION FACTOR

The solution of the system represented by Eqn; (3-19),
with the associated boundary conditions, could be a direct or an

(135,136).

iterative one It is not the purpose of this work to
delve into the relative merits of the several possible alterna-
tives of every nossible solution mcethod. This has been done el-

(129,133-135) (136)

sewhere in general and specific situations .

The solution of large, commonly sparse, linear systenms
by successive over-relaxation, as implemented above, is widely
cmployed in finite element applications, and will be repeated
here, A common characteristic of such applications is the arbi-
trariness with which values of over-relaxation are prescribed,

which does not always lead to the most economical solution.

In our treatment of Eqn. (3-19) we enploy a technigque
for improving the value of the over-relaxation factor, in order
to bring it closer to the optimum one. As the stiffness matrix
chanpges from one load increment to the next, so does the corres-
ponding optimunm over-relaxation factor, and the optinizing tech-

nique must, therefore, be used at all times.

In general the optimun over-relaxation factor is =
function of the ecigenvalues of the iteration matrix of the sys-~
tem to be solved. There are explicit expressions for that pur-
pose. However, the task of finding reliable cstimates of these
eigenvalucs is generally cumbersonc and more time~consuming
than operating with a non-optimum factor. Hevertheless, there

. 129-132
are technlques( 9-132)

o

h

value of the over~rclaxation factor during the solution process,

which allow for the optinization of

¢l
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at relatively little additional expense and effort, and producing
.remarkable acceleration in the convergence process. These techni-
gues impose certain requirements on the system matrix (in this
case the overall stiffness matrix) which are not always met in
practical applications, but they work satisfactorily (thoﬁéh not
optimally) if certain of those requirements are not satisfied.
That is the case of our stiffness matrix, which does not possess

(129)

Young's “Property AV » However, in despite of this fact, we
enployed the optimization technique proposed by Carre(IBO), and
by imposing stricter controls on the newly estimated over-rela-
xation factors, nenaged to obtain very good results, with drama-
tic reductions in the number of cycles required for convergence
(as compared with a single pre-established value). Our resulis
seem to indicate an effective way of ex trapolatwng Carré's teche
nique for the case when the system does not possess "Propexrty AV,
The technique ~ as we used it = is fully described in Appeadix 1,

at the end of this work.

hli,c - IHPLTMENTATION OF THE BOUNDARY CONDITIONS

As all our boundary conditions have becn expressed in
terms of the vanishing of one or several of the displacement com-
ponents, we follow an apparently simpler solving scheme which
will be described below. In what follows, the triad (q, r, s)
will be taken to represent a positive cyclic permutation of
the set (1, 2, 3).

b, l,coel = Case when one comvonent of disvlacement vanishes

The relevant boundary condition rewrites, from Eqn.
(4=13b), simply to

""TJL

=T,
qk (A.L" - AQ’E) = 0,

q being the direction along which the displacement is zero.
From this equation the corresponding unknown incremental nodal

. =l .
reaction qu is obtained as

il Tl
T L ATl - 92 4Bk - ATk — 08 (a5h L ATE bt
Ax.q = A(zq ik (AP ATE ) 5y (AFZ - AGD) . (4-15)

aq qa
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Loli,c.2 - Case when two components of disnlacement vanish

Here we have two equations,

=TT, =T =T,

qu (AI: - AQk) = 0
and

"!‘,'I.:L "L -

from which, as above, the unknown incremental reactions

FLL LI =LL =Lhy el =l
1 (Fop s = oy Fpg) (AP7 - AT

~ ADL ‘ L7
APq - AQq - 'f,‘LL -E,.uli e ,.LJL FLL ( =162 ) .
aq “rr T fgr “rg
and '
o L "'L ""'TJ ""L ¥ :"’"L =i
I G LY - Fon Tor) (AP - ATD)
AB” = AQ A, Lol (h-16b)
T kol =11 = ,_JL =L =L

¥ roF

qq “rr T Tqr Crg

are obtained.

1{'31‘*‘0303 - Rigid IlOdeS

In that case the unknown incremental reactions becone
sinmply

LBE

"“L
}Q = AQk v 1{ = l 3 2 9 3 . ("‘{""17)

bl d - EXTCRUALLY ICADED NODES (CONTACT AREA)

The basic problem related to the nodes lying in the
contact area between forming roller and specimen is that there
is no advance knowledse as to how.the applied load distridbutes.
The boundary condition expressed by Eqn. (4-8) and illustrated
in Fige. (4=5) will be used to solve this problem.

Let it be assumed that the distribution of the applied
load over the contact area is known at the end of a lcading in-
creﬁent, and that the distribution in the ncxt step is to be
found. The starting point in the derivation consists in assu-
ming an arbitrary dlStflﬂUulon of the incremental load (eg, uni-
form over the CODL&CL area, for simplicity, or provoritional to
the current load distribution). At the end of an over-reclaxmation
cycle such arbitrary distribution will produce a set of nods

displacement increments in wvhich, for nodes in the contaclt arezn,
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the boundary condition expressed by Eqn. (4-8) will probably be
violated. The load distribution, thus, has to be altered, znd this
is achieved by suitably replacing the displacement increments for
the relevant nodes by a new set satisfying that equation and by
correcting the initially assumed load 1ncremeuts in terms of the
deviaticns introduced in the computed displacement increments.

The procedure is repeated at the end of each over-rclaxation ite-

ration, until convergence is obtained.

This assertion can be proved as follows. If Egn. (4-130)
is rewritten in cylindrical coordinates -~ dropping the over-rela~
xation factor, which eventually cancels out anyway in the deriva-
tion, the first (radial) component of displacemeﬂt variations
would be expressed by

=Ly _ wLL sk =L =L
BAL)) = T W2 - AT + 8T,
wvhere GU stands for all the additional terms, which ere not re-
levant in thLS derlvatlon, provided that changes in G(Au ') pro-

duce changes in AP only. In that case

=l . =1 1 - =L
API‘ = AQI‘ + :Ir.:i'i [G(Aur) - SDI'] .
rr

If AP is the true radial force increment - that is,
the one for Uhlch Eqn. (4=8) is satisfied -« and 6(A the
correspeonding varietion in the radial displacement, obviously
also

L =1 1 =L -
AP = AQ. =T [G(Aur - 6U§]

¥
rr

holds true. Subtracting this equation from the preceding cne,

== [6(ATD) - 6] (4-18)

i

=L =L
AP - APr i
rr

is obtained.

Considering now all nodes in the contaci zone, clearly

ZA“L,= EAEST;,

L

holds, the summation extending only to mnodes in the centact



zone. Eqn. (4-18) can thus be rewritten to

=L =L
:E: S(Aur) i :E: 5(Au )
i ?ij L i«"LL

As the true force increments produce the same varia-

tions in radial displacements for all nodes in the contact zone,

it follows that
Z ) (AuL)
T, nmL

=1L —_rr _
) = -
(Aur T (4-19)
L 'f"i—-i‘

This cquation shows that the boundary condition (Eqn.
(4-8)) will be satisfied for a radial displacement increment
which corresponds to a weighted average of the computed varia-
tions in radial diéplacement, the weighti factors being the reci-
procals of the radial-radial seclf-flexibilities. Those can be ob-

tained from the Cartesian components of flexibility - for a node

- by
--LL L 2n . =LL =L, 2
== _ pasad L
Fo = Py cos B+ <F12 ) sin 3 cosB3 + Fo5 sin 1, (b-20)

f1 being the position angle shown in Fig. k=5, Obviously, this
equation is applied irrespective of the fact that other bounda-

ry conditions may apply to the same node.

The Cartesian componcnts of displacement variations and
force increments must now be accordingly altered. The radial and
tangential displacement variations relate to their Cartesian coun-

terparts by

§(Au ) = 5(A3§) cos3 4 5(AE§) sinf3
and
5(Aﬁg) = 5(A§%) sinfl -~ G(Aﬁg) cosl3 .

If no substantial chenge is assumed to have occurred -~
due to the correction made - in the tangential component, that is,
if
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b(aGy) = (AT ,

the corrected Cartesian components will be expressed hy

5(AT)) = 6(au;) + [B(ARD) - 6QATN] cosB  (421a)
and
5(ATZ) = 8(AT) + [6QAEY) - 6(ATD)] sinB .  (4-21b)

These two eoxpressions can now be introduced in Eqn.

(4=13b) giving ultimately

[5(&1?) - G(Aa‘g)] (FLL cosB - TRY 5inN3)

=7, =L 1 =22 12

_ 1 Le22a
by = APy + G SLL WL oL =i » (H-222)
11 Y22 T fiz2 fo1
_ [5(AED) - 6(AT2)] (FYY sinB - T2 cosB)
=L =1 1 iy T 11 21 . .
APS = APS + = = . (4=220)
2 2 w 'fLL -j‘-JJL . FLL ’];;'LL
‘ 11 ‘22 12 21
and
=1 T,
5(A.“?L) . S(A:EL) . [5([\1«:(.) - 5([\111..)] [%‘LL (fLIJ COSB _ :FLL S.;nB)
'3 3 SIL L wlL wlL |31 22 12 5+
11 T2z 12 21
=TL =L =LL 1
+ }32 (jll sinf3 321 cosf3n .

(4-2lc)

An interesting additional application example can be ea-
sily obtained from the formulation and from the computer progran,
with little additional effort. It concerns the indentation problen,
when the forming roller is made to penetrate redially into the

non-rotating specimen,

"his application case, illustrated in Fig. 4~8, presents
a second symmetry nlane, which introduces an additional boundary
condition (provided this plane is taken as part of the finite ele-
ment mesh). Yhe coordinate systems embedded in the specimen do

not rotate any more with respect to the roller, and the condition
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Specimen X9, %o |

Roller

Sector
used for
Finite Element Mesh

FIG. 4-8 - THE
INDENTATION PROBLEM

Roller movement

or

prevails over the plane X2 = 0. This boundary condition nust
be coupled with the introduction of an unknown incremental for-
ce component Aﬁé. The trcatment of this additional boundary

condition, of course, follows the same scheme described in Sub-

section 4.b4.b .

4,6 ~ THE FINITE BLEMENT HESH

Before introducing the conmputer program a word must

be said about the finite element mesh it employs.

A modular mesh has been used, consisting of a certain

number of repeated unit or basic blocks covering the sector de-

tached from the specimen, shown in fig. %~li. A basic blocl: co=-

vers a central angle Eo + which is an exact submultiple c¢f the

central angle covered by the meshed scctor. Ivery basic block in

the mesh is a mirror image of the preceding one.

It qu denotes the nuniber of nodes, and Nob the
& C

number of elements in the basic block, and if Nb is the nun-~

ber of basic blocks in the mesh, the total number of nodes and
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elements in the mesh will be expressed by

Nnb
Nn = (Nb + 1) 5 (4-2ha)
and -
N, = N N . (4=2L4b)

Of course, the subindices now do not represent coordinate direc—
9

tions, and there is no summation involved over repeated indices.

Fig. 4=9 illustrates a basic block and its constituti-

ve super-clements. Super-clements are either hexahedra or trian-

gular based prisms, which can he decomposed into tetrahedral ele-

4
ments according to well established rules(23’2k’103)

+ A hexahe~
dron can ve decomposed into at least five tetrahedra, or into
two triangular based prisms; those can be decomposed into at

least three tetrahedra.

The basic block utilized in this work has thirty-two
nodes, which are shared by the adjacent basic blocks. The nine
super-clements shown in Fig. 4-9 have all been divided into the
minimum possible number of tetrahedral elements, that is, five
for the hexahedral ones, and three for the prism. The basic
block has thus forty-three elements; therefore, according to

Egns. (4-2ha,b), for this specific basic block we have

N, o= 16 (Nb + 1)

and

Fig. 4-10 illustrates the decomposition of the basic
super-clements intc their constitutive tetrahedral clements.
Every hexahedral super-element in the mesh is, of course, a to-
pologically transposed copy, or perhaps a mirror image, of su-
perQelement A ; every pentahedral super~clement is similarly cb-
tained from super-clement F . In Fig. 4-10 the extreme faces,

corresponding to the angular situations

@ = 0 and @ = £,

have been taliem as parallel for the sske of simplicity, but the



Al
a) Hexahedral Super-elements

A
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91T
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decomposition rule is obviously not affected when a nonzero cen-
tral angle is considered. The actual value of the angle go was
chosen in order to produce an acceptable aspect ratio(aq) for all

elements in the basic block.

The several radii in Fig., 4~9, except the radius;of the
specimen, are left as open parameters, which can be changed in
order to alter the range and fineness of the mesh; the same
applies to the angle go s although in the applications a sole
value,

o
€, = % ’
vas used, which met satisfactorily with the aspect ratio requi-

rements.

The cylindrical boundaries are idealized as planes in
the basic block, and therefore as broken lines in the whole me-
shed sector. A large number of nodes is accumulated in the near~
ness of the external cylindrical mantle, where stress concentra-

tions are to be expected.

For the general radial upsetting applications the mesh
used has one complefe basic block situated in the negative side
of the X2 axis, and the first common interface between two ude
jacent basic blocks is the plane X, = 0 itself. TFor indenta-

2

tion applications the whole mesh is shifted by one whole basic
block, that is, it starts at the plane X2 = 0O, as has already

been shown in Tig. 4-8.

In the program to be introduced now, distributed loads
over the faces of the mesh are rated among the adjacent nodes,
accordingly to the usually adopted rules, and thereafter treca=-

ted as lumped loads.
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4,7 - THE CONMPUTER PROGRAM

4o7ca = INTRODUCTION

A computer program has been developed for the formu-
lation presented in Chapter 3, with the restrictions introduced
in the preceding sections of this chapter. Both radial upsetting
and indentation are covered. A condensed flow block diagram of
the program is presented in Fige. 4~11, whilst ippendix 2, at the
end of this work, gives the complete listing, including that of
the subroutines. Appendix 3 presents the list of the variables
utilized in the program and subroutines, This section will be
concerned with the implementation of the program, the analysis
of its basic features and the investigation of its possibilities

and limitations.

The program was developed by the author at the Imperial
College between 1972 and 1975.

Lo,7.b = ANALYSIS OF ['HE PROGRAM

The progrém has been called EPFELDA, for Ilasticw
Plastic Finite Llement Large Displacement Analysis. As is diundica-
ted in the flow block diegram of Fig. 4-11, EPFELDA can be loose-
ly subdivided into nine modules, in which spcecific operations are

performed. The term loosely is used here to indicate that

a) subsidiary operations, not relevant to the
subdivision presented, may also be perfor-

ned in each module;

b) operations specifically intended to be per-
formed in a certain module may sometimes
be repeated -~ for operational convenience -

in another module,

A tenth module, not indicated in Fig. 4-11, concerned
with the output of the complete set of input data, is listed in
Apypendix 2, but was not used during most of the applications,
as a paper saving measure, as most of the data remained unchan-

ged from one testing case to the next. An additional WrITE
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statement was added, instead, to Module 2, producing the output
of some relevant parameters for each testing case only (angular

speed of specimen and friction coefficient).

The program comprises eight subroutines and four func-
tion~subroutines, and has seven common blocks. ‘fhe unlabelled
common block obviously enrols the most populated arrays in the
program. The intercoupling between the main program and the
subroutines, and the distribution of the common blocks is shovn
in Table 4~1. The main program will be described in the remai=-
ning of this sub-section, and the subroutines will be described

in 4.7.c .

=
P T
F| |GITIS|S
EIB\A\TITT Common__Bloghs
LIPIUTIRI I T
DIMIS{ B3| P T n,
AIMIS|TF|T b.lg CRD DSP Ebz Ei{ .GSS STE
call d
EPFELDA X X X X X X
CHEFT % X
DERIV  |X X X X
DERIZ X X
EPMH _ |X X | X
GAUSS  |X X X X X
FIRST X 1 x X
STIFE X X X
TSTITE |X X X X X
QST X
KV AR XX
KVl % X
RATST | X
TABLE 4=l = Program EPFELDA : Discrinination of subroutines,
| function-subroutines and common blocks
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k,7.b,1 - Module 1 (Data)

Module 1 concerns the entering of data, via punched
cards, in groups relating to specific purposes. One group
supplies parameters for the successive over-relaxation, another
one. defines the basic block, one supplies the material proper-
ties and testing conditions. Cylindrical components of nodal
coordinates are entered for one face of the first basic block.
Elements and constitutive nodes are read on for the first basic
block only. For an explanation of the several input parameters
wve refer to the listing of program and variables (Appendices 2
and 3).

The data thus introduced are then used to compute
additional but related data. The total number of nodes and of
elements in the mesh are obtained from the data for the bhasic
block and the total number of blocks; the elastic (Bulerian) ma-
trix is generated by Equ. (2-1la). Nodes are then scanned, and
Cartesian coordinates and condition numbers (defining the posi-
tion of the node with respect to the geometry of the boundaries)
are computed, and some nodal variables are initialized. Finally,
all the elements are scanned, their constitutive nodes are gene-
rated and geometrical data related to the elements are computed,
via subroutine CPEFF, which is described in 4.7.c.l . During this

scanning, other clemental variables are also initialized.

L,7.b.2 ~ Module 2 (Initializations)

This module bisects into two branches, one of which is
only used for the first load increment, the other one being used

for all subsequent ones.

In the first load increment the friction coefficient
and an arbitrary initial load increment are read on. This arbi-
trary load is applied over the peripheral nodes lying at the
azimutal position o = 0 (Figs. 4-5,6), that is, X, = 0.
Some geometrical variables are initialized. Zventually, if the-
re are further test cases to be examined, the program may return

to this branch or stop, once the current test case is concluded.
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In the subsegquent load increments the rotation angle
is updated, as well as the list of externally loaded nodes. A
new load increment is arbitrarily distributed among the nodes in
the contact zone. The input parameter STEP defines the amount
of load introduced per cycle. The exact distribution of the in-
crements prescribed at this stage is immaterial, in view of the

procedure described in 4.k4.d.

E,7.b.3 = Module 3 (Assemble overall stiffness matrix)

In the main program this module is restricted to calling
subroutine TSTIFF , which is described in 4.7.c¢.8, and which com-
putes the overall stiffness matrix and the self-flexibility sub-
matrices; these are stored in the location of the corresponding
self~stiffnesses, which are not required in tﬁe over-relaxation
routine., The output of this subroutine is transferred tc subrouti-

ne GAUSS, via the unlabeclled common block.

L,7.b.4 = Module 4 (Incremental force-displacement relation)

In the main program this module counsists solely in
calling subroutine GAUSS, in which the incremental force-dis-
placement relation (Eqn. (3-19)) is solved by successive over—
relaxation, the nodal reactions for the restrained boundary no-
des are computed and the loading over the contact area with the

roller is redistributed.

Due to the lincar character of the incremental rela-
tion, a multiplying factor (RATIZ) is used to produce a desired
amount of displacement increments in the contact zone (eg, roun
ded-off values). This factor is computed in terms of the input
parameter RAT, which is initially set equal to the input parame-
ter S5TP, but is progressively increased in terms of the parame-
ter DINCR, so that progressively larger radial pcnetrations are
achieved at the successive load increments. As deformation pro-
gresses, and morc and nore elements enlter the plastic range, the
risk of plastic instability effects incrcases; the multiplying
factor RAT is then "moderatedi’, by the reduction in the values

of both 3TP end DIHNCR (which is actually performed in Hodule 9).

The vectors computed by GCGAUSS arc transferred to the

main prograrm. Subroutine GAUSS is described in 4,7.c.5.



L,7.,b.5 - Hodule 5 (Strain and stress increments)

Consists of a complete scanning of elcments, using the
incremental nodal displacements to compute Green's strain incre-
ments (Pg. 73), and those to obtain first Kirchhoff (Eqn. (2-27))
and later Truesdell (Bqn. (2-30)) and Cauchy (from Eqn. (2-26¢))

stress increments.

In this module, as in module 7, the derivatives appea-
ring in Eqns. (2-2a,b) or (3-5a,b), and in the incremental form
of (3-5a,b), are computed separately, by means of subroutines
DERIV (4.7.c.2) and DERI2 (k.7.c.3), respectively.

4,7.b.6 ~ lodule 6 (Ilodal updating)

This module consists of a simple scanning of the ncdes.
The iterative procedure described in 3%.2.b, to correct the incre-
mental forces, by purging the initial load stiffness dependent
term, is applied here. Subsequently the nodal force components
are updated and the functions DMU, representing the friction
factor dependent part of Egns. (4-lta,b;c) are prepared, to be

used in module 4, in the next load increment.

Lo7,b.7 ~ liodule 7 (Undating clemental variables and commuting
2

residual stresses)

Again the elements are scanned and the elemental va-
riables are updated, once the relevant increments are computed.
Elements remaining in the elastic range receive no further

treatment.

For elements entering, or remaining in the plastic
range, the full procedure described in 3.3.b, up to step 7, is
applied. The equivalent plastic strain increment (3.3.c.3) is
computed, and the total plastic strain updated. The rating fac-
tor [ (3.3.c.l) is computed by mecans of function~subroutine
RATST. The stress and strain situation is checked against the
prescribed stress-strain curve, and the residual stresses are
computed (Bgqn. (3-24b)) and stored, and the elemental parameter
RD(}M) is set from zero to unity. If all the individual RD(M)'s
retain fheir original value, meaning that all elements are ed-

ther still elastic or nearly exactly yielded, the paranmcter CZlim
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PAR 1is set to zero, otherwise being set to unity.

The elastic-plastic material matrices are updated in

the process by calling subroutine EPHMH .

b,7.b.8 -~ Module 8 (Corrective Torce increments)

If the comparison parameter COMPAR is zero, the re-
sults from the previous module are considered satisfactory, and
the exécution iz diverted to module 9. Otherwise, a new scanning
of elements is performed and the remaining steps of the routine
described in 3.3.b executed. That is, the residual stresses are
used to compute the corrective load increments (Eqn. (3=27)) ;
if thé naximum prescribed number of initial stress corrective
cycles (NMG¢) has been achieved, execution is carried to the

next module, otherwise it is diverted to module 4 (CALL GAUSS).

L,7:b.9 = Hodule 9 (Outout, checks and reinitializations)

This module involves the production of the report con=-
cerning each load increment, writing out the full set of results.
If the displacement field has not. been updated in the pfevious
module, due to a low value of C¢MNPAR, this is done here. fven=
tual unbalanced residual forces are removed from the loading sys-
tem. The radial penetration is checked agéinst a prescribed li-
mit, the plastic strains are checked against a prescribed maxie-
mum, plastic strain increments are checked for its sign. &ny of
these three checks can trigger a termination procedure: all va-
riables are reinitialized, and execution diverted to a new test
case (if any) or simply terminated. Otherwise, only the incremen-
tal variables are set to zmero, and execution returned to module 2.
In that case, the number of plastic elements is taken as a measu-
re of the risk of plastic instability, being used to redefine the
parameters DINCR and STP (See module 4),



L,7,c - SUBROUTINES

l‘*’o?oCcl - CQMF

Subroutine C@EFF is called only once for every test
case; strictly speaking, it only has to be called again if the
finite element mesh is changed. This subroutine computes the vo-
lumes of the elements (actually multiplied by a factor 6 ) and
the cofactors of the volume determinant, whose expression is gi-
ven in page 69. They are stored as the vector V6 and the su-
permatrix A, reSPectively; this one is cons?ituted of lhxh -

J

blocks representing the eclemental matrices ay appearing in

Chapter 3. Both arrays are kept in the unlabelled common block.

The subroutine also checks if the nodes for each ele-
ment have been supplied in a comsistent order (the volume nust
be positive) and makes the necessary corrections if this does
not occur. %Thus, from this point of view, the order in wvhich
the elemental nodes are puunched in the data cards becomes imma—

terial.

407.002 il DERIV

Subroutine DERIV computes the Lagrangean derivali-

ves of displacements u (Bqn. (3~5a) and, with them, the

i,m
Bulerian derivatives of the initial coordinates xﬁ/j (Bgn.
(2-8)), the Lagrangean derivatives of current coordinates %y 5
: 9

and the Jacobean of this coordinate transformation.

The clemental array u. is stored as DERU in
, 13

the common block /DSP/ . The coordinate derivatives and the

Jacobean arc stored as DXNT, DXST and XJC, respectively,

in the common block /EDI/ .

L,7eCe? = DERI2

Formally similar to the first part of subroutine DIRIV ,

this one computes the derivatives Aui i appearing, for instan=-
-3

ce, in 3.2.a , whenever Ign., (3-5a) is taken in incremental Tform.

The resulting array is stored as DEDU, and thus rcturned to

the main program.



126

l{'o?oCo"" bl EPP‘H‘I

This subroutine computes the elastic-plastic Lagrangean
constitutive tensor (or material matrix). In fact, the infinite~
simal elastic constitutive tensor appearing in Eqn. (2-11)- is en-~
tered, as matrix DE, and the elastic-plastic counterpart ~ Ign.
(2-24) -« is first computed and stored as the array D; Eqn.
(2-32) is then implemented and the Lagrangean tensor is computed,
for a particular element, as DEP, and stored in the total array
DT. Both DI and DE return to the main program via the common
block /EMM/ .

In this subroutine the symmetry properties of the in-’
tervening tensors are used to achieve economies in core and con-
puting time. By using the integer function KNV, described in
4.7.c.9, the pairs of indices (i,j) and (r,s) in the 8L com-
ponent fourth-order tensors are converted into a new single pair
of local indices, and the tensors are thus computed and stored
as two-dimensional arrays, more specifically as symmetrical 6x6

matrices.

Ly7.c.5 = GAUSS

Subroutine GAUSS is the largest and possibly the most
important one in EPFELDA . In it, basically, the boundary condi-
tions are introduced to the radial upsetting or the indentation
" problem, and the incremental force/displacenent relation ~ Egn.
(3-19) - is solved by successive over~rclaxation (SOR). Fig.

Lal2 presents a condensed flow block diagram for this subroutine,
in which it is shown that - in the same way as we have done with
the main program - it can be loosely subdivided into five basic

modules.

In module 1 the nodes are scanned. For nodes belonging
to the roller/specimen interface the weight (or redistribution)
factors represented by Zqn. (4=19) are prepared; other nodes are
left untreated. The individual numerators of the redistribution
factors, which are the reciprocals of the radial~radial self-
stiffnesses RADFL , arc stored as CFA(H). As, in our numbering,
the third node following an interfacial one is never interfacial,

we use this same array and store the angle [}, appearing in Egn.
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(4-20), in the position CPA(N+3) . The variable SUMLD is u-
sed to store the denominator of Eqn. (4-19).

Module 2 concerns the solution of the incremental force-

displacement relation proper, under consideration of the boundafy :

conditions, exception made of the one referring to the roller-
specimen interface. The expanded flow block diagram is shown in
Tige Lk=13. As the method employed ic widely used and well esta-
blished, we will not elaborate further on the subject at this
stage. It is sufficient to say that Eqn. (4-13) is implemented.
The boundary conditions are introduced via Eqns. (4-15,16,17).
Table 4~2 lists the possible values and the signification of the
several control parameters involved in this module, and referred

to in Tige. L4=13.

NBC(N) = -1 HNodes in general (No boundary condition invcle
ved) or in the mid~plane
Restrained boundary nodes
1 UNodes in the lateral face of the specimen
2 Node in the external cylindrical surface of
the specimen ‘
ICP(N) = O Externally loaded node (In contact with the
roller)
1 Othervise
NIF - Humber of nodes in the interface between two
odjacent basic blocks
TABLE 4-2 ~ Explanation of the parameters of Fig. 4-13

lModule % concerns the redistribution of the externally
applied loads, as explained in 4.4.d . The procedure is initiam=
lized in module 1, prepared in module 2 and fully applied in this
module, which is also shown in expanded block diagram form in
Pig. L4=14., In this figure, DDR stands for the radial displace-
ment residual B(Aﬂi) for one loaded node, while DIDRM stands

for the common corrected residual S(Aﬁi).

The voriable 1'ACT defined at this stage, will be used
b} (SR g |

later to define the multiplying factor referred to in 4.7.b.k.
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That is, if all dispiacement and force increments are multiplied
‘by the reciprocal of FACT, the first component of displacement

u of any externally loaded node will attain a prescribed va-

lui RAT . Of course, this artifice cam only be accepted as rea-
sonably valid as long as FACT does not depart substantially
from unity, duc to the complex geometrical relations involved.
Checks are therefore introduced to keep FACT within bounds,

by either decreasing or increasing RAT.

It is clear that the applied loads must be intrinsi-
cally compressive in both the radial upsetting and in the inden-
tation problem we are considering. Therefore, if a node is unloa-
ded, there is provision introduced in this module, s0 as to a-

void the occurrence of traction forces,

In module 4 the successive over-relaxation procedure
is concluded with the check fof convergence; a further procedu-
re is intreduced to redefine the over-relaxation factor, in or-
der to accelerate convergence, using a method described by

, =
Carre(ljo)

. A complete block diagram of this module is shown
in Fig. b4=15, but the complete analysis of the procedure is

left to Appendix 1.

In module 5 the final value of the multiplying factor
RATIO is finally defined, displacement and force increments are

corrected and the output report is produced.

Friction is also considered in this subroutine, in mo-
dule 2. As only a few nodes will ever contact the roller, cer-
tain words in the array DiiU, which would otherwise recmain unu-
sed, arc employed to store local variables involved in the con-

sideratione.

4,7.ce6 = STIFT

This subroutine preparcs the elemental stiffness ma-~
trices expressed by Eqn. (3-13), by successively adding up the
component terms, expressed by Egns. (3-lha,b,c). The stiffness
terms are stored in the array XK and tronsferred to subrouti-
ne TSTIFF via the common block /STF/, vhere they will be ene-
ployed in the assemblage of the overall stiffness matrix, u-

sing Zgn. (3-20).
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For programming purposes, XK 1is presented as a two-

dimensional 12x12 array. The corrcspondence with the four-dimen-
Eqn. (3-13), which has 144

Hy

. . =fm
sional tensor expression kkn of

components, that is, the identity

- - bm
XK(x,J) = kﬁn
is fully established by defining
£ = 1 + Integer (I - 1)/3 ,

m = 1 + Integer (J ~ 1)/3 ,

k Remainder(I/3) ,

i

and
Remainder{(J/3) ,

o
1]

and by replacing k or n by 3 4if the above expressions

yield a null result.

To avoid scanning the whole range of the 12x12 stiff-

ness matrices, the symmetrically positioned components
XK(I,J) and XK(T,T)

are computed simultaneously. The parameter TFLG, equaling 1
or zero, is used to avoid the duplication of the values to be
stored in the main diagonal.

2—bn

The initial stress stiffness tern kkn sy expressed by
.

Eqn. (3-1kc), becomes zero whenever
k = I .

This fact is also considered in the subroutine, by means of the

parameter

6, .

FLAG )
tn

it

4070007 - FIRST

The previously analyscd subroutine, although a very
sinple one from the programning point of view, is a very costly
one in terms of the reguired computing tine, due to the cempie-

xity of the cquations involved, and of the larse number of iie
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e

ternested Dg@-loops it requires. It would be totally unadvisa-
ble to use it for the first load increment, when all elements
are still in the elastic range, and the derivatives Ki/j re-
duce to Kronecker deltas. The expression for the component
stiffnesses and for the constitutive tensor are then extrcemely
simplified. Besides, there are no initial stresses and displa-
cements to consider, and only the matrix represented by Ofﬁg
remains nonzero in Eqn. (3-13). Substantial fime can be saved
by programming a routine specifically designed for this situa-

tion, and subroutine FIRST is intended to cover this purpose.

In fact, it has been given a more general scope. By
disregarding only the initial displacement stiffness term in
Egn. (3-13), and introducing only the sinplification represcn-
ted in the formulae by the fact that

o~
%75 F O3y

at the carly stages of the deformation process; we prograumed

FIRST so as to use it through several load increments for all

elements still in the eclastic range. Obviously, the elasiic La-~

grangean constitutive tensor is not available at this stage

and must be updated after every load increment.

L,7.c.8 - TSTIFTE

This subroutine starts by calling either subroutine
FIRST (for elements still in the elastic range) or DERIV and
STIFF (for elements already in the plastic range), and receives
_ the elementsal stiffnesses. These are then assembled into the
overall stiffness matrix, according to Eqn. (3-20). The asscn-
bling techniques are described more fully olsewhere(23"24>.
The resulting matrix, XKT, is then stored in the unlabelled
common block. Also in this subroutine the reciprocal stiffness
terms (self-stiffncsses) are stored in a local array PREV,
then inverted, producing the self-flexibilities, vhich are then

stored in XKHT, in place of their ceorresponding inverses.



L.,7,c,9 = Function Subroutines

There are four functlon subroutines in EPFELDA , which

perform a set of simple but widely repeated dperations.

a) EQST - This real function implements Eqn. (2~17),
with the second invariant given by Eqn. (2-16a), a2nd thus recturns
the Eulerian equivalent stress. The six intervening components of

stress are supplied in vector form.

b) KNV and KVHN ~ These two integer functions process

the indices of double-dimensioned >x3 arrays, in order to store
them or use them in vector form. Function KNV is used for symme-
tric arrays, asy for instance, stresses, which are converted to a
6~term vector, and thus stored, allowing for an economy in stora-
ge requirements, Function KVN is used for genexal tensorz, as
stiffnesses and flexibilities, which are converted to a nine~tern
vector; no storage econonmy is obtained, but operational advanta-
ges may occur in certain specific situations. Table L4-3 presents

the resulls of these two functions.

3 12 3 3 12 3

1 1 & 6 1 1 4 8| TABLE 43 - Integer func—
>2 L 2 5 + 12 6 2 5 tions KNV and KVH.

3 6 5 3 3 9.7.3

a) Knv(I,J) b) Ivi(I,J)

Although these functions are used in most of the sub-
routincs and in the main program, the most patent example of the
advantages of its application is found in subroutines EPIH,
STIFF ana FIRST.

v

¢) RATST = This real function sinmply implements Egn.
(3~28), thus producing the rating parameter U required in the
method proposed in 3.3.b, to discriminate betwecen purely clastic

and elestic~plastic deformation of an element.
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L4.7.4 - Concluding Remarks

Two points related to the program require further ex-

planation.,

In radial upsetting applications the rotational move;
ment of the specimen must be taken into account and introduced
in the program. If a very large mesh were employed, it would
possibly be. easy to implement such a requirement into the fornmu-
lation. With a relatively coarse nesh as we use, a more cumber-
some approach must be followed. It consists in artificially in-
troducing a shift in the applied (existing) load system, from
one increment to the next. The shift angle is taken as only a
fraction (defined as SUB in the listing of module 2 of the
main program) of the central angle go of the basic block. This
implies a re-rating of the applied load with respect to the no=-
des currently in contact with the roller. Such re-rating, in the
program, is performed indirectly, by means of the polynomial facw
tor multiplying the variable FACTL (also in module 2), which
is later used in the preparation of the new load increments. As
a consequence, as a ncode starts to move out of the forming re-
gion, the corresponding load increments becoﬁe.smaller and
smaller, eventuaily they become negative; eventually, a next
load increment simply cancels out the existing load, meaning
that that particular node belongs to basic blocks which are no

longer in contact with the forming roller.

In 4.,7.c.5 (Subroutine GAUSS) we described how it is
possible to produce a desired amount of radial reduction (or
roller penetration), within certain limits, by using an adequa-
te multiplying factor, thus exploiting the linear character of
the incremental force-displacement relation. By defining the ?a-
rameter RAT, used to express the multiplying factor, the way
we have done in module 2 (4.7.b.2), the roller penetration, in
the successive load increments, will be given values which are
integer multiples of the parameter S8TP , Our original aim was to
work with cnly one value of STP, but eventually several values
were used (0.0l', 0.02 and 0.05). Several loading rates could
thus be considered. How the results were influcnced will be seen

in Chapter 6.



CHAPTER 5

EXPERIMENTAL WORK

2:1 - THE EXPERIMINTAL EQUIPHMENT

S5elea ~ INTRODUCTION

The concept of the radial upsetting process is schemati-
zed in Fig. 5.3: a spinning disc specimen, eventually heated on
its periphery, comes into contact with a pressure roller. If
sufficient pressure is applied, and plastic deformation prodi-
ced, the net result will be a radial reduction and peripheral
thickening of the disc. The specimen, for that purpose, is dri-
ven, whilst the roller may be driven or run idle, rotating about
its axis exclusively by the friction effect at the contact zone.
Side dies could be added in the deformation zone, in order to
contain and redirect the lateral spread of material, thus inmpar-
ting a definite and predetermined shape to the deformed cross-

section.

As becomes clear from the concept of the process, an eXe

perimental radial upsetting rig must allow for

a) a certain range of angular velocities of the
specimen, preferably with the possibility of conti-
nuous variation over the range; as this movement
brings fresh materizl to the deformation zone, we
will refer to it, from now on, as the feeding move~

ment.
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b) a linear displaceability of the roller, with
which the amount of radial reduction obtained per re-
volution of the specimen will be defined; this amouant
will thus be referred to as the penetration per revo-
lution or, when no doubt arises, simply as the pene-

tration.

c) Heating of the specimen, when hot-working is

intended.
d) Measuring and control of relevant parameters.

e) Possibility of using specimens of different

diameters and thickncsses.

f) Possibility of adding side dies for experi-

ments with restricted deformation.

For the experimental work to be described, a spacial
rig has been designed and constructed, as will be described.
No side dies were used at this stage of the research, but pro-
vision has been made in the desigh for their inclusion in an
eventual follow-up of this work. The rig has been designed to

accept a very wide range of specimen diameters: 250 to 1000 mn.

The penetration movement could, in principle, be ob-
tained manually or by some form of driving system. The manual
alternative, by means of a mechanical jack and a handle, vas
preferred, although it is not out ol the guestion the possibi-
lity of cventually replacing the handle by an electric motor
plus reducer. In that case some form of control, possibly mi-
cro-gwitches, would have to be used to limit the amount of pe-

netration per revolution.

5,1.b - BASIC EQUIPMENT

The besic equipment used in this work is showvn in Fig.
5~1. The driving system for the specimen, measuring and heating
facilities are not shown, and will be discussed in another secw
tion. It is now sufficient to know that induction heating was

used (hence the coil in the figure) and continuous variation
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of the feeding speed is possible.

The rig is a box~like construction resting over a
bench (not shown in the figure), in order to bring it to a com-
fortable working height. A thick hase plate provided with a
longitudinal slot to allow for the use of specimens of larger
diameters, supports two long side plates and two thick end pla=-
tes (one of them not shown in the figure), giving a strong and
stiff structure to vhich the remaining elements are attached.
One of the end-plates has a permanent location, at one of the
extremities of the base plate, whilst the other one can be
mounted at a series of positions, allowing for a series of 50
mm displacements, to adjust for the diameter of the specimen to
be used. The mechanical jack allows for a travel of 50 mm, thus

justifying the amount mentioned above.

The side plates house bearings for the driving shaft,
which is split in two parts, cach provided with an end flange;
When the specimen is clamped between these flanges, continuity
is provided to the shaft. A certain amount of axial displaceabi-
lity of either part of the driving shaft allows for the introw~
duction of the specimens, covering a thickness range of up to
12,7 mm. A Hi-Torc universal joint (not shown) connects the shaft

to the driving systen.

The forming roller is carried by a L-shaped sliding
turret, which is displaced via the jack, slides attached to the
‘base plate acting as guides. As the relative position of the
roller with respect to the sliding turret is not affected by the
process (except for the elastic deformaiion of those elcments,
assumed to be negligible), the distance travelled by the sliding
turret is also the distance travelled by the roller. Exclusively
for machining and assembling purposes, this sliding turret has
been made up of several parts, as shown in the exploded view of
Fig. 5~2. Here again we have a thick base plate with two frontal
side columns; the other elements are attached to this base plate
by means of several positioning pins (dowels) and one connecting
pin with tapped ends. The lateral undercuts in the vertical ele—
ment (turret) house the extremities (bearings) of the horizontal

load cells; the slots are intended to be used for additional load
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. ¢cells, in future applications, when side dies are to be used.
The grooves at the bottom of the U-shaped part of the base plate

and the lateral columns are for this same purpose.

The roller is mounted, via needle bearings, ovér;a very
thick shaft, whose ends are anchored at the other extremity of
the horizontal load cells (Ll in Fig. 5=1).

The vertical load cells (L2) can be adjusted in height
and simply rest on dimpled seats in L1 and in the turret base
plate. All load cells have a central portion (the lcad cell pro=-
per) of very thin A180 steel tubing (about 0.75 mm wall thick-
ness for Ll and 0.63 mm for L2), heat-treated to RC 60-62, in-

tended to receive the strain-gauges.

The forming roller is also made of Al80 steel, heat
treated to RC 60. All other elements are of mild steel.
The jack utilised is a Duff-Norton Jactuator, Nodel

1805, of the inverted type. Its characteristics are given below:

Capacity Ls.0 MH (10 tons)
Worm gear ratio 241
Max. safe torque 20.9 Um

Travel /worm turn (nominal) 0.365 mm (Tests with the
actual jack have shown a larger specific travel, of
the order of 0.397 um average over the whole range;
in the following a rounded~off value of O.4 mm will

be considered).

Figs. 5= to 5~6 are photographs preseniting partial and
overall views of the actual equipment. In TFigs. 5-4 and 5=5 the
induction coil and its support (which is attached to the sliding
turret in operational situations) where removed to show the load
cells. In Tig. 5-~6 they have been replaced, and the induction ge-
nerator is also visible in the background. The measuring equip=-
ment can be seen at the right~hand side of the photograph: the
infra-red radiometer, to pmeasure the temperature at the surface
of the sgpecimen, in the deformation zone; the strain-gouge brid-

ge and related accessories; and the UV recorder. (See 5.1.d4).

The specimen is driven by a 1.5 HP induction motor, via

a speed reducer. Uhis one consists ol a Kopp-system continuous
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variator, type MSR1l, with a gear ratio of 91.3:1, supplied by
Allspeeds Engng., connected, by means of an elastic coupling,
to a Hainsworth worm gear reducer with a fixed gear restio of
15:1. This one, finally, connects to the driving shaft by means
of the universal jJjoint. Fig. 5-7 schenatizes the whole assem-
bly, as the driving system does not appear in the photographs
of Figs. 5-4 to 5-6, vhere it is hidden underneath the bench

carrying the measuring equipment.

5.lec = HEATING EQUIPMENT

Induction heating was used in the experimental work,
the sole reason for this choice being the availability, in the
Metalworking Laboratory of the Department, of a Radyne induction

generator, model RD 300, Type G; vwhose characteristics are:

Power output 28 kv
Operating frequency 2=5 kHz
Power consunption 51 kva
Power factor ) 0.9

Vater-cooled oscilator valve

Licononic considerations were taken into account, and
the decision was taken of not investing in new equipment. It
should be stressed, however, that induction heating is not the
best answer for the radial upsetting process, the reason being
the awkward shape of the induction coil required and the consi-
derable air gaps required to allow for the eventuwal deformation
(lateral spreading) of the material. Plasma heating could possi-

bly offer a better solution to this problen,

The best shape for the induction coil was obtained by
experimentation. It consists basically of a flat pancake coil
bent two times over a specially built template, as shown in Fig.
5=8. Initially 3/16" copper tubing was used to produce the coil,
but it proved {o be highly unsatisfactory, by not providing a
sufficient flow of cooling water. New templates, and 1/4" tu-
bing coils were finally mede. In order not to restrict the in-
ternal cross-section of the tubing at the bends, the construc-

tional technique of filling the tube with sand prior to bending,
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and the stopping of the ends was used. Thus, sound coils could "
be produced. Once the bending operations were concluded, the

sand could be easily washed out with water and compressed air.

In order to mount the coil in its working position,
its terminals were embedded in asbestos blocks, which could be
more easily fitted to a metalic extension attached to the top
of the sliding turret (Fig. 5-6). This extension could also be
easily tilted with respect to the turret, by means of a simple
screv, thus allowing for the adjustment of the coil for a range
of specimen diametres. Two thin asbestos plates were additio-
nally used in order to enclose the coil, as a safety measure.
They can be seen in Fig. 5-6, but have been removed in the in-
set of Fig. 5-8. Due to the extremely-small air gaps between
adjacent turns of the coil, short-circuiting problens were una-
voidable with an unprotected coil; however, they could be easily
avoided by dressing the coil in asbestos sleeving, as can be

seen, too, in the insct of Fig. 5-8.

. The temperature achieved in induction heating is
highly dependent on the gap between coil and the part to be
_heated. In order to mininize this gap, we worked with two coils.
To begin deformation, a coil with a gap G = 17 mm (Fig. 5~8)
vas used; as the lateral spreading progressed, and came close
to the sides of the coil, deformation was interrupted, and the
coil replaced by another one, with a gap G = 35 mm, after
what deformation was continued.

.(137)

Lozinskii presents data relating the depth of
penetration of heating, that is, the depth at which 20% of the
energy introduced has already been converted into heat, as a
function of the operating frequency of the generator and of the
heating temperature. These data refer to two temperatures only,
and they are presented in Fig. 5~9. A practically linear bcha-
viour can be observed, for a given temperature, if a logaritmic
plot is used; it is thus easy to interpolate a possible curve
for a heating tempcerature of QOOOC, showing that for the fre-

quency range of the Radyne generator the devth of penetration
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is of the order of 3 mm. As the lheating coil surrounds the two
faces of the specimen, which is 6.35 mm thick in the applica-
tions to be described in Section 5.2, we should expect, after
sufficicent time is given for coanduction, that a homogenecus tem-

perature will exist across the thickness of the specimen.

5.1.4 ~ MEASURING EQUIPHMENT

5.1led.1l = Temperature Measurement

During hot-forming applications of the radial upsetting
process there exists the need for a continuous check of the tem-
perature in the forming zone. In the case of the deformation of
aluminium, the working temperature is too low to allow the use
of optical pyrometers. Thermocouples, rubbing against the spe-
cimen were tried, but the resulits proved to be unreliable; a
non-contact solution is rcquired to this problem, and it is
supplied by the usc of an infra-red radiometér, which observes
moving part by means of an optical tube. Such on instrument, ho-
wever must be previously calibroted for the specific operating
conditions, taking into account the relative situation of the
instrumeat with respect to the specimen, the optical tube uscd

(138)_

and the emissivity of the material to be observed
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A Dynalec IR-Radiometer 31, built by Hawker Siddeley
Dynanics Ltd., was used in our experiments. It can measure ra-
diation from objects at temperatures ranging from 30 to 100000;
it is provided with a screwv adaptor, capable of taking simple
tube extensions to restrict the field of view, or mirror opti-
cal systems, to provide increcased sensitivity with small angu-
lar fields of view. The power supply - 6.5 V DC at 100-~150 nmA -
is provided by a main powér unit, although in-built rechargea~
ble batteries could be used alternatively. The outpuit, correc-
ted for room temperatures in the range from =5 'to-+3500, is
a 600 Hz signal supplied to the power unit (See Fig. 5-6), from
where it can be collected to operate remote eguipment, for ins-
tance, to drive the 1 wmA DC coil meter of a UV recorder. In
that case, an intermediate circuit must be introduced to supply

(139).

the recorder with a signal in the adeguate range

The radiometer operates by focusing the infra-red ra-

!
diation 1H0)

s in the wavelength range of 1.7 to 3 microns, on an
infra-red cell, previously chopping it by the segments of an in-
tersectiﬁg disc, kept at room temperature and rotated by a miniz-
ture motor (Fig. 5-10). The radiometer then compares the infra-
red radiation from the hot object with the radiation from the
disc, such that zero output is obtained if object and disc are

at the same temperature. There are four sensitivity ranges for
the output, the selection being made simply by turning a knob.
There is an additional knob which acts as a gain control, The-

se two are the only external control elements of the apparatus.

In general applications, such as temperature measure-
ments in large surface areas at close distance, simple tube
stops provide a sufficiently defined field of view, without too
rmuch loss of energy of the cell. Fig. 5-11 gives the details of
the optic tube we have used, the end stop being dimensioned to
give the adequate field of view. Reducing the opening of this
stop the field of view tends to a limiting value., If lower
fields of view are required, an optic tube of more length must

be uscd.

The field of view can be cxpressed by the equation
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1 Da + Dc

2 L !

v = 2 tan

wvhere D_ is the diameter of the tube opening, Dc is the
cell diameter (6,35 mm in the case of the present radiometer),
and I is the distance from the cell to the tube stop. In our

case a field of view of the order of

(o]

\P = 805

vas found to be satisfactory. This field of view must be fully
covered by the specimen at all times during the temperature

measurcement.

S5eled.2 = Strain measurenment

The forces involved in the deformation by radial up-
setting were measured by means of strain-gauges attached to the
load cells mentioned earlier, and shown in Figs. 5-1 and 5-4 to
5-6. The gaupes used were of the type BEA-06~137BB-120, manufac-
tured by Micreo~leasurements Inc.. They have a resistance of 120
ohms (% 0.15 %) and they are temperature coumpensated for use on
steel. The gauge factor and the cross-sensitivity quotead by the
manufacturer are 2.09 (£ 0.59%) and +90.5 %, the small value of
cross-sensitivity beinpg particularly useful because it minimi-

zes the effect of the awxial strain on the gauges.

The cement used was an epoxi-resin known as Eastnan
910 Adhesive, supplied by Welwyn Electric Ltd.. After cementing,
the gauges were coated with a polyamide lacquer known as Gage-
kote #F1, also supplied by Welwyn. The leads werc then connec-
ted to the eight-channel Automation bridge, via a dummy central
(Fig. 5-6), and from there the signal was redirected to a SE
7006 UV recorder. Fig; 5-12 gives the typical circuitry for one
strain-gauge. Half of the bridge consists of high stability 120
ohm resistances, plus four way switches, ten turn variable set
balance and set calibration resistances, together with a balan-~

cc neter, all housed in the Automation equipnment.
A1l the bridges were supplied by a 3 V DC constant vol.
tage power pack, whercas their outvuts were connected to the ir-

dividual channels of the UV recorder, in which AlC0O0 galvanomne-
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ters, supplied by SE Laboratories (also suppliers of the UV re-
corder) were used. The resistance ond sensitivity of the galvano-
meters were checked by precision Wheatstone bridge and injector
potentiometers. Calibration was made directly in terms of léad,

as will be described elsewvhere.

5:l.de? ~ Displacement transducer

A displacement transducer was used to measure the dis-
placements of the roller and/or the radial reduction in the spe-
cimen. lleasurements, however, did not prove to be satisfactory,
and had to be abandoned. Apparently the transducer had sonme de-

fect.
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As a matter of fact, the transducer simply did not be-
have linearly, as the calibration curve shous (Fig. 5-13). There
is insufficient discrimination at small displacements of the
needle. Fortunately, however, we controlled the amount of pene~
tration of the roller, via the number of turns of the jack han-
dle (sensitivity of the order of 0.1l mn) and also conducted a
thorough set of.measurements over both deformed and undeformed

specimens,

5.1.d.4 = Outputs

The output of all measurements is given by the SE
3600 UV recorder, which is a commercial writing oscillograph
‘suitable for laboratory and industrial use. It operates with
pencil type galvanometers. The incident light from an ultra-
violet light is deflected by the movement of a small mirror
attached to the galvanometer suspension. The movement is cau-
sed by the torque which is produced when current passes through
the coil attached to the suspension. Recording is effected by
focusing the reflected spot onto sensitized printout paper.

The relevant characteristics of this recorder are:



Channels : 6
Paper speeds : 8
Recording paper : 150 mm width
Longitudinal grid lines spaced at 2 nm, Qith
every cn accentuated
Transversal grid lines: every 0.l second, or
every second, oxr, when

required, by extermal command.

The galvanometers used were of the type AlOO, whose

characteristics are;

Type: moving coil
Linearity of deflection: X1 9%

Damping: electro-magnetic

Focal length of lens: 35 cm

Natural frequency: 100 H=z

Flat frequency response: 60 Hz ( 5%
Wominal resistance: 35 Q (*109%)
Damping resistance: 350 R

Maxirmum safe current: 10 mA (rms)
Maximum sensitivity: 0.0037 nA/em (+ 10%

or 0.1300 mV/cm ( £109%)

5 o 1 0 C - CALIBRATIONS

5elee,l = Infra-red radiometer
(138-141)

a) Theory
The intensity of the energy radiated by a hot body is

a function of its absolute temperature © and its surface cmissi-

vity €, as defined by

W = €@ 94,
0 being Stefan-Boltzmann's constant. If the radiometer is cali-
brated against a black body source and used to measure the tem-
perature of =z body of emissivity €, it will indicate an appa-

rent temperature © where

A’

o . ¢ ot (5-1)
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and in order to get a correct output reading, one has to multi-
ply the output result by a gain factor equal to 1/€ . This can
be done, in our radiometer, by means of the gain control knob,

which allows for settings of emissivity between 0,2 and 1,

As the output result is supplied in the form of a
current reading i (in the range from © to 1 miA), a rela-
"tionship must be established helween the current read and the

tenmperature. For a black body we can put simply
.0.2
C] = k:.R L 5 ¢ (5-2)

vliere kR stands for the characteristics of the electric cir-
cuitry of the radiometer and power unit, when set for reading
in the Rth range. The same equation applies, obviously, for
any body, provided the adequate value of emissivity has been
set in the control knob, otherwise the apparent temperature

of Egn. (5-1) will be ochtained.

The knowledge of the correct value of emissivity, the-
refore, allows an absolute calibration to be established,
between output current and observed temperature. However, the
emisgivity of a material varies with the wavelength of the ra-
diation and, therefore, with temperature. For aluminium, for

instance, Réynolds(lganlqy)

has shown houw temperature and wave-
length affected the spectral emissivity for both the polished

and the roughened material (Fig. 5-14).

It is difficult to say the exact value of emissivity
of a particulsr material, and how it varies with the several
influencing factors, unless sophisticated experiments are made,
and even then it would be out of the question to change the
setting of the emissivity during an experiment, when the tempe-
rature is changing.

A relative calibration is then the best approach, as
it does not require the exact value of emissivity at any moment,

the calibration being obtained in terms of a ratio between a

preset valuec of emissivity and the correct emissivity, this ra-
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tio acting as a proportionality (scale) factor, the value of
which does not have to be known (nor how it varies along the
temperature range), as one relates directly the currents obser-
ved as output, and the temperatures that caused them, these ones
obtained by some other method. In effect, if € is the cérrect
value of emissivity in a certain situation, and if the gain con-

trol knob is set at €.+ Eaqn. (5~2) will be rewritten to

0 = k (ie /)%, (5-3)

b) Calibration

Our calibration has been performed in nearly working’
conditions, that is, with specimen and radiometer as they would
be geometrically situated during the forming tests, with the in-
fra=red cell of the radiometer at 242 mm from the forming re-
gion, tilted by 300 with respect to the horizontal plane, as
shown in Tigs. 5-4 to 5-6.

Our original intention was to periorm the calibration
vith a moving specimen, the temperatures being read from a ther-
mocouple rubbing against its surface. However, no useful resulits
could be obtained, as the contact pressure is a determining pa-
rameter which is not easy to control adequately. The alternative
we adopted was that of drilling a @ 1 mm hole radially into the
the specimen, 0.5 mm apart from the face observed by the radiome=~
ter, and to introduce the CA 1560 F thermocouple to a depth of
12 mm, so that the junction stood at the centre of the field of
view. A COHMARK Electronic Thermocouple was used to read the
temperatures. The specimen was hecated under the coil, and both
the temperatufe and the radiometer output current were then
read, as the heat propagated by conduction inside the specimen.
The emissivity control was set at 0.3, and readings wvere made
for ranges 2 and 3, the results being shown in Fig. 5-15, in
wvhich relative tempcratures were plotted, instead of the absolu~
te ones. As the results for range 3 fall outside the forming
temperature range, for aluminium, they were subsequently disre-

parded.
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However, the curve for range 2 dJdocs not cover the enti-
rety of the forming tem@eraturc range, as the 1 mA rcecading
corresponds to a temperature of %730C only. The curve can be mo-
dified, however, in order to extend it up to 480°C, or any other

desired temperature level, by changing the setting of the emizgi-
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vity level. In effect, it can be seen from Eqn. (5-3) that, if

El and 82 are different emissivity settings, the correspon-

ding temperatures, for identical current readings, obey the re-
lation

0.25
0 € -
1 1
R . (5-4)
5 o |

he calibrating curve can thus be extended to 480°¢
if an emissivity setting of 0.312 is used, the curve being re-
computed by means of Eqn. (5-4). The recomputed curve is also
shown in Fig. 5-15, and is also confirmed exverimentally. Fig.
5-16, finally, plots the calibration curve for the UV recorder.

_ Kleiber(l44) describes a new model of radiometer in
which a linearisation of the output signal is achieved by means
of variable amplification over the temperaturc range. As a con-
sequence, the corresponding plotting of Fig. 5-15 shows practi-
cally straight lines.

Deeper consideration into the apwnlications of infra-
red radioneters feor the temnerature control of metalworking

1 l
processes can be found in Black(lXS) and Reynolds(1¥6).
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¢) Recorder output

At the beginning of every experiment the signal produ-
ced by the radiometer was fed.to a O0-1 mA ampere-meter, thus
giving a visual display of the temperature. The curve of Fig.
5~15 was used to produce a temperature scale wvhich was thén su-
perimposed to this instrument. Once the adequate working tempe-
rature was reached, and before starting the actual experiment,
the 600 Hz signal was transferred to an intermediate rectifying
and calibrating circuit and then supplied to one of the recor-
der galvanometers. This intermediate circuit is shown in Fig.
5-17,'the potentiometer bhzing used to adjust the scale factor
relating the recorder output with the measured temperatures.
The calibration curve obtained has already been referred fto and
shown in Fig. 5-16. The rectifying circuit is contained in the

black box on top of the power unit, in Fig. 5-6.

5.,1l.¢.2 = Strain-gauges

Fig, 5-12 shows the typical circuit for a strain-gauge.
The dividing line, in the Wheatstone bridge, shows the part of
the circuit which is interior to the Automation eight-channel
bridge. The 5 chm resistance serves for balancing the bridge,
and the 200 ohm potentiometer to calibrate the output supplied

to the UV recorder and thus the displacement ol the 1light spot.

eFrom Radiometer ¢

1, A4 JuF

Cal. Pot.

[ O

To UV Recorder e G

FI1G. 5-17 - RADIOMETER RECTIFYING CIRCUIT
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The main switch, for every channel, has three alterna-
tive fon" settings. The first one introduces a protective shunt,
the second one is used for baiancing the bridge and tae third
one is for normal operation. In that case, as becomes clegr from
Fig. 5-12, the signal is deflected for output (in our casé, to
the UV recorder).

The calibration was performed directly in terms of the
axial load apprlied over the load cells and the displacements
of the light spot of the galvanometer. It was periormed over a
6000 1b Tinius Olsen press. As the display of the press is in
British units, the horizontal load cells were calibrated by the
application of successive increments of L0 1lbs (178 W), up to a
maximum load of 880 1lbs (3.92 kN). Half of the values of both
the step and the maximum load were used when calibrating the
vertical load ceils. The zero drifts were negligible. The cali--

" bration curves are given in Fig. 5-18.

= (Only a sample of datum points
it _ ~ plotted)
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Displ. of Galy. Light Spot (cm)
FI1G, 5-18 ~ STRAIN-GAUGE CALIBRATIONS




5.2.a — INTRODUCTION

The original plans for our research work were based on
the idea of producing deformation by radial upsetting in thin
nild steel discs. However, this idea had to be abandoned due to
the impossibility of heating the material to an adequate working
temperature with the available facilities. Under special conditi-
ons a temperature of the order of 95000 could be achieved against
a prescribed temperature of 1050-110000. Two specimens were de-
formed in these conditions, Nevertheless, in order to be able to
perform experiments over a wider range of temperatures, wve deci-
ded to work with a different material. Preliminary experiments
with 2luminium and dural proved to be successful, from the hea-
ting point of view. Both could be easily heated up to the mel-
ting point. For cconomical reasons, aluminium of commercial pu-
rity (99% Al minimum) was preferred and adopted for our experi-

mental work.

Some preliminary experiments were'performed at roon
temperature over lead specimens, cast at the Metalworking Labora-
tory. They were 6 mm thick, with a diameter of 219 mm. lowever,
we found that a highly nonuniform deformation pattern was obtai-~
ned, due to the large grain size (Fig. 5-19). We did not have
the proper facilities to produce specimens cast to a controlled
grain size, and our interest in the deformation of lead was on-
ly colateral, so we abandoned experiments with this material

altogether.

The aluminium specimens we employed had a thickness
of 6,35 mm (1/4%) and a diameter of 300 mm. The inner part of
some of the deformed specimens was subsequently cut out and
converted into 215 nm specimens, which were then tested at room
temperature. The reduced size of these specimens did not allow
for the use of the heating coil, because it then interfered with

the clanping flanges.

Successive experiments werce performed at feeding

speeds of 0.5, 1.0, 1.5 and 2.0 rpm, with temperatures in
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the forming zone varying between 400 and h50(%h In each case,
penetrations of 0.1 and l.2mmyrcevolution were used, although
most of the experiments were restricted to-the much lower ran-
ge of 0.1 to O.4 mm/revolution. Penetration was achieved ma-
nually, and their amount, in the first experiments, checked a-
gainst the displacement transducer. A circular scale, visible
in Fig. 5~5, was used to control the amount of rotation of the
handle, once the backlash was removed, and thus to restrict and

control the amount of penetration.

A special word must be said about the heating problem.
Due to the low efficiency of the he;ting coil, it becomes extre-
mely difficult to reach the desired working temperature. Although
the generator was always used at full capacity, it used to talce
about . fifteen minutes to achieve the required temperaturc. OF
course, if the specimen was steady (non-rotating), heating took
place very quickly (in about thirty seconds), but was restricted
to a small portion of the periphery of the specimen. The adop-
ted procedure was to start the rotating of the specimen at very
low speed, and as the temperature reached the desired level, to
slowly increase the speed, up to the intended amount. Once the
correct temperature was achieved, at the also correct speed, on
the other hand, care had to be taken to control the output of
the generator, in order to aveid further increases in tempera-
ture. Usually an initial temperature of 400 °¢ was adopted; and
it was then allowed to increase during the experiment up to a
limit of 450 °C  (although temperaturcs of the order of 480 °c
and more were eventually registered at times). The intentional
use of a continually increasing tenmperature during the experi-
menf was preferred because carlier tests had shown the difficul-
ty of keeping the temperature steady. Once the temperature star-
ted to increase, any small resetting of the generator caused
sudden and substantial drops in temperature, sometimes well be-

low the desired temperature range.

Reference must also be made to the fact that, once the
b
lateral spread of the material, due to the nature of the delorna-

tion process, tended to fill the gap supplied by the heating

coil in the first heating, the experiment was interrupted and the
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coil substituted by another one, with a wider gap. Before re-
starting the experiment, the specimen had to be heated again,
but this operation did not take more than five to ten minutes,
as the specimen did not have time to cool down sufficiently
during the substitution of the coils. Once the gap of the‘se—
cond coil was used out, the experiment was considered as fini-
shed.

From the technological peint of view the experiments
have shown that the radial upsetting process is feasible, pro-
vided that adequate conditions‘are used. Sound deformation can
be achieved with an adequate penetrétion rate. Rates of the or-
der of not more than 0.2 mm/revolution usually produced good
symmetrical) deformation, as can be seen, for instance, in the
example of Fig. 5-20, in which a total radial reduction of mo-
re fhan 4O mm haé_been obtained; although defofmation is not
perfectly symmetric, this is due to the fact that a grid was
traced on the surface of one of the sides of the specimen only.
The two examples of Fig. 5-21, though corresponding to more nmow
derate deformation, are also satisfactory. Fig. 5-22 compares
two examples of sound and nonsymmetrical (buckled) deformation.
Internediate values of penetration rate (up to G.h4 or 0.5 mwm/
revolution) produced good results depending on a series of fac-
tors: the specimen had to be perfectly plane, and be mounted
perfectly perpendicularly to the axis of the forming roller.

If those requirenents were not met, bending effects became no-
ticeable, usually leading to nonsymmetric deformation, as shown
in the second example of Fig. 5-22. At very large penetration
rates, instability by buckling was always present, leading to
highly non~-symmetric deformation, distridbuted in a wavy pattern

along the circumference of the specinen, usually presenting two

locations of predominantly left- and two locations of predominan=-

tly right-side deformation. However, we did not manage to obser-

ve the other deformation patterns referred to by Paramour(ao),

which suggests that, at least up to the 300 mm diameter range,
and for the material in guestion, lubrication of the roller is
not required, nor is it nccessary to drive the roller at a pre-

deternined speed.
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FIG. 5-22 - SOUND (SYMMETRIC)
AND UNSOUND (BUCKLED) DE-
FORMATION IN RADIAL UP-
SET TING

FIG. 5-23 - A SAMPLE OF SPECIMENS AT VA-
RIOUS STAGES OF DEFORMATION

FIG. 5-24 - AN IN-
DENTED SPECIMEN
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CAL DEFORMA-
TION MODES
a) Due to overloading
(excessive penetra-
tion/revolution)
b) Due to lateral groo-
ves (Notch effect)

In some experiments a system of grooves was applied
to one of the sides of the specimen, as can be seen in Figs.
5-23 and 5-24. Although the depth of the tracing vas kept at
the minimum discernible, the notch effect proved to be too
substantial, especially at very large values of penetrationmn,
giving a totally different deformation mode for each side of
the specimen, with smooth and deep deformation on the non-scrat-
ched side, and intense but shallow deformation on the side of
the grooves, presenting a distinctly recognizable edge at one
of them. Obviously, tracing is not the adequate method of pro-

ducing a control grid.

Yig. 5-25 exemplifies the two nonsymmetrical deforma=-
tion modes just referred to, by transcribing the cross-section
of two specimens, as copied from an amplification produced in
the profile projector. In the first example, sound deformation
was maintained for four or five revolutions, when small penctra-
tions were used; in the next revolution, a penetration of the
order of 1.6 mm was tried, and all the material seems to have
moved to one side of the specimen. The second example does not
secem too much different from the preceding one; however, defor-
nation in this case vas achieved by using only small amounts of
penetration/revolution (not more than 0.4 mn/rev), and non-symnme=
try was observed from the first revolution. The "overspill" indi-
cated in the figure occurs when the material spreading laterally
out surpasses the semithickness of the forming roller and thus

ceases -to be under its direct conmpressive action.
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5.2.b - DEFORMATION MODE

The deformation mode normally encountered in the ra-
dial upsetting experiments is presented in Figs. 5-26 and 5-27,
for a set of values of penetration. They ha&e been obtained
from 2 mm thick radial slices cut out of the deformed specimens,
magnified in the profile projector. A check for the correctness
of the penetration values was made, in each case, by comparing
the area CEF (In Fig. 5-26), which was obtained by numerical
integration, against the area A#BCD, which is sinmply eipressed
by TO A/2 . Unly specimens for which these areas deviated by

less than a few percent were considered acceptable.

The curves represented in both these figures are really
averages obtained from a pool of not less than three sound spe-
cimens, analysed, on the profile projector, under a magnifica~
tion of 15 times, both sides of the specimen being considered.
Fig. 5-28 illustrates a sample of the profiles obtzined (though
under a magnification of five times only), showing that a reaso-
nable degree of symmelry was obtained for the specimens taken in-

to account for that purpose.

Linear relationships relate the parameters of the de-
formation (height of deformed bulge H and maximum final thick-
ness T, shown in Fig. 5-26, to the penctration A . In fact,

(147)

in a previous work , presented as Appendix 5 to this thesis,

ve have already used the expression
H = 5."*’ + l-sA 3

which was obtained from coarse, preliminary measurements, in
vhich the frontier of the deformed bulge was cstimated by the
naked eye only. By using the profile projector, under a magni=-
fication of 15 times, inproved results were obtained, which are
precented as Table 5-1. A least sqguares linear approximation
can thus be obtained for both H and T, which are then ex-

pressed as



T-—To
A 5 H
mm mnm mm
0.2 0.196 6.0 TABLE 5-1 - Geometric paraméters
Yy 2
g:g 8:12; S:g of the deformed bulge in radial
0.8 0.580 7.0 upsetting (Fipg. 5-26)
1.0 0,680 742
1.2 0.780 7.8
1.k 0,860 Solr
1.6 00956 9'0
1.8 1.075 9.2
2.0 1.148 9olk
H = 5.853%33 + 1.71515A
and
T = 1.,04191 T, + 1.04242 A

Those equations, of course, are only valid for the eox-
perimental conditions of our investigation, that is, for the ma-
terial tested, for the particular diametral dimensions of speci-
- men and roller, and for the penetration range of 0.2 to 2.0 mm
only. The general shape of the deformation nmode seems to satis-
fy a cubic equation in terms of the radius, the coefficients of
whidh would be dependent on the penetration A« No attempt has

nevertheless been made to express these equations.

No significant change in the deformation mode was ob-
served vhen changing the angular velocity of the specimen, in
the range allowed by the driving and reducing system of the rig
(0.25 to 1.1 rpm).

A slightly different deformation mode was obtained in
the few room temperature tests we conducted. Only a qualitative
comparison ohviously applies, as the temperature was not the on-
1y changing parameter in the series: smaller specimens (with a
diameter of the order of 210 mm) were used. Room temperature
tests presented a deformation bulge spreading out more intense-

ly in the immediate vicinity of the forming roller, but pene-
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trating less deeply towards the centre of the roller. Fig. 5-29
compares the hot and cold deformation modes in specific situa=-
tions. These observations are consistent with common sense and
also with results verified elsewhere (Appendix 4). In hot forming
operations the temperature of the roller lies well below that of
the specimen; this one is thus substantially cooled in the imme-~
diate vicinity of the contact area. Deformation, therefore, beco-
mes more difficult in these surroundings. In room temperature de-
formation, however, such a thermal gradient does not occur; de-
formation predominates in the vicinity of the application of the
forces, that is, near the interface. The heat eventually genera-

ted by the deformation process only reinforces this behaviour.

Gur only experiment with a 1/8" (3.17 mm) thick stecl
specimen was conducted at a tenmperature of 900*95000, which could
be maitained with extreme difficulty, exploiting the full capaci-
city of the induction generator. The deformation pattern; as
sould be expected, does not differ substantially from the one
verified for aluminium, However, much more force is required.

In our specific application case, the reduccd thickness of the

specimen produced a too slender loading structure in the forming
zone, and although care was taken to keep the penetration/revolu-~
tion within very small values, buckling became inevitable, and a

dish~like flanged disc was eventuzlly obtained.
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\
§ : Rotation

In the preceding analysis, no mention was made tc¢ the
three~dimensional nature of the deformation process under inves-
tigation. Fig. 5—30, restricted once again to the hot~working
of aluminium specimens, informs about the third (tangential)
component of displacement and provides additional insight into
the nature of the deformation. It can be observed that the outw
of-plane deformation of particles originally lying on a given
radial plane of the specimen is restricted to the immediate vi-
cinity of the contact area. Furthermore, a stretching of the o-
riginal (undeformed) cylindrical mantle of the specimen is ob-
served (compare the parameter e, in the figure, with the ini-
tial thickness - 6.35 mm -~ of the specimen). The out-of-plane

effect is more accentuated in the vicinity of the mid-plane.

For small amounts of penetration (up to a total of the
order of 0.5 mm) hardly any out-of-plane deformation is obser-
ved. A sizeable out-of-plane effect can be noticed for total pe-
netrations of the order of 1 mm onwards, initially restricted
mainly to the lateral faces of the specimen (consider especially
parameters a and d , in the figure). For very large radial
reductions the variations in these parameters stabilize (and e-
ven begin to decrease), whilst the remaining ones go on increa-
sing; that is, the out-of-plane deformation becomes restricted

to a layer in the viecinity of the contact avea (sticking friction).
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5.2.c = FORCES IN TERMS OF PENETRATION

Fig. 5-31 presents a portion of a typical output report
from the UV recorder, where the six relevant output signals (from
the two horizontal and two vertical load cells, from the radiome-
ter and from the displacement transducer) can be seen. As the
output signals are faint, they have been intensified for copying

purposes.
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As can be seen from this figure,. the vertical (tan-
gential) components of force are extremely small, corresponding
to a few percent only of the horizontal (radial) components. For
this reason we have fully disregarded these components in the

analysis to follow.

In all wve employed twenty~two aluminium specimens. Two
of those were used exclusively for the indentation tests, which
will be dealt with in the next section. We do not use the re-
cords corresponding to the first ten specimens because either
they were used for colateral purposes only (eg, testing the in-~
duction heating coil or calibrating the IR radiometer), or be-~
cause ~ as should be expccted in the beginning of an experimen-
tal work - extrancous factors interfered, causing the results to

be meaningless.

By careful documentation of the testing conditions,
coupled with the subsequent examination of the resulting flan-
ged specimens, via, for instance, the area control already men-
tioned in the preceding section, a tabulation could be establii-
shed for every specimen, relating the applied force to the pene-

tration produced. The results obtained are plotted in Fig. 5=32.

It should be stressed that all data appearing in this
figure refer to one-step deformation applied over a virgin (pre-
viously undeformed) specimen. MHost of these specimens were sub-
sequently used to produce further deformation, over secveral re-
volutions and using several alternative loading pfogrammcs, in
order to exploit the poszibilities of the radial upsetting pro-
cess. Although force measurements were made, their significance
is dependent not only on the penetration instantaneously produ-
ced, but also on the current geometry of the specimen, which ge-~
nerally varied throughout the peripheral length, due %o the
stepwise deformation produced during the first revolution. jn
interpretation of the force measurements under those circunstan-

ces becomes extremely complicated and of dubious validity.

We used this part of the experiuental work, instead,
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to verify the feasibility of the process, provided sensible loa-
ding programmes were maintained, up to the limit of deformation
(total radial reduction of more than 40 mm) which could be achie-

ved in our experimental rig.

In order to establish a force-~displaccment (penetra-
tion) relationship, isothermal conditions have to be maintained
dvring the test, but, as we mentioned earlier in this chapter,
this requirement is not ecasy to be achieved. Inevitable tempera-

ture variations occurrcd during some of the experiments.

Our intention was to conduct all tests at a temperatu-
re of MOOOC, but for the purposes of the analysis of the experi-
mental results, temperatures ranging from 380 to 420°C vere con-
sidered as satisfactory. Testing situations where the teuperatu-
re fell out of this range are indicated in Fig. 5-32, and its re-
sults are not taken into account in the following analysis. Thus,
the width of the range of resulis, for every particular value of
penetration, is considerably narroved.

L‘. — .
(147 - Appendix 5) we considered averages of

Previously
the remaining data. These averaged forces seem to fit a quadratic
equation in terms of the penetration. This equation can be ex-
pressed by means of the least squares method, from the tabula-
ted data. The expression we arrived at, valid for penetrations

from 0.1 to 1.8 mm, is given by
P & 0.2031 + 2.1331 A -~ 0.21694 A®, (5-5)

with A ‘taken in mm, and P given in kN. This equation is re-

presented, in TFig. 5-32, by the thick semi-continuocus line.



5.2.4 = THE INDENTATION PRCBLEM

A few indentation tests were also conducted, covering
benetration values up to & mm. Two disc specimens were used for
that purpose, and eight tests were performed on each of them.
Some of the tests, however, had tobbe later disregarded, as the

record of the testing conditions was not sufficiently reliable.

When indentation is considered, & problem relating to
the heating of the specimen arises. As the specimen does not ro-
tate during the experiment, the heating coil must be placed some
distance away from the actual deformation zone (otherwise it
would interfere with the compreséion roller). In order to reach
an adequate temperature (by conduction) ahead of the roller, the
temperature of the material immediately under the coil must be
allowed to reach much higher levels. This can be easily achieved
with our generator when the specimen is steady, but at the risk
of melting the material under the coil before the right tempera-

ture in the deformation zone is reached.

A different approach to the heating problem would be
to heat the whole periphery of the rotating specimen, as in the
radial upsetting process, and once the adequate temperature is
recached, to stop the specimen and to perform the ex?eriment. Du-
ring the experimental stage, the induction generator could be
either switched off (and the temperature would drop during the
indentation) or kept operative (and the temperature would go on
increasing, but material would eventually melt under the coil).
Both these alternatives indicate that the test must be performed
very quickly if isothermal conditions are to be assumed and if

no undesirable side effects are to occur. The first one was

followed in our experiments, after a few trials with the second

one proved to be unsuccessful.

Figs. 5=33 and 5-34 show the deformation mode obtained
for two particular values of penetration. One quadrant of the de-
formation zone is shown in each case. The lateral topography of

the specimen, for the purpose of drawing these fipgures, was ob-
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FI1G. 5-33 - INDENTATION OF CYLINDRICAL SPECIMENS
BY A CYLINDRICAL ROLLER - DEFORMATION MODE FOR

A = 3.95Amm .

tained by a dial gauge scanning a set of lines parallel to the
radial symmetry plane, and separated by a distance of three
millimetres. Readings were made at the deformed position of ve-
ry shallow circumferential grooves traced on the sides of the

undeformed specimen.

As can be observed from the figures, deformation is
restricted to an approximately elliptical boundary, here termed
as the deformation front. The maximum depth H of this deforma-
tion front (19.0 and 16.8 mm, respectively, in the case of the
figures) consistently lies about 50% above the corresponding va-
lones usually found in the radial upsetting tests. This seems to

be counterbalanced by the maximum increase in the semithickness
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(1.43 and 0.73 mm, respectively), which is well below the amount
to be expected in radial upsetting, for the same amount of pene-~
tration. No substantial out-of-plane deformation was noticed,
éxcept perhaps around the quarters of the contact surface, and
even there it did not amount to more than a small fraction of
what would be expected in radial upsetting. A slight thickenning
occurs in the vicinity of the cylindrical mantle of the specimen,
outside the bounds of the contact surface, but no radial increa-
se, or accumulation of material, is detected in this region. The
maximum final thickness is achieved in the radial plane of symme-
try, about two to four millimetres away from the forming roller

(depending on penetration).
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Tue to the sweed requiremént on the indentation tests,
it becomes extremely difficult to establish a relatioaship bet-
ween applied force and instantancous penetration, during such a
test. Instead, the force at the end of every test was recgrded,
together with the final value of penetration. A sample of results
is plotted in Fig. 5-35. A least squares approximation of the re-

sults suggests an equation
P = 1.14689 + 1.98976 A - 0.32292 p° (5-6)

which, obviously, is not wvalid for small values of penetration.

If the results obtained for indentation are compared
with those for radial upsetting (eg, the plot of Egqn. (5-6) con-
pared with that of Egn. (5-5)), it is observed that, for the
same value of penetrationy the force required for indentation is
larger than that for radial upsetting. This observation shculd
obviously be expected, as the contact area in the indentation

situation is larger than in radial upsetting.



CHAPTER 6
THE FINITE ELEMENT

SOLUTION

6.1 - INTRODUCTION

In this chapter the computer results obtained with the
program EPFELDA , as described in Chapter 4 and in Appendices
2 and 3, are presented and compared with the experimental (Chap-
ter 5) and upper bound (Appendix 5) ones. The behaviour and li-

mitations are presented and analysed.

The formal procedure described in Chapter 4+ has been
applied using a mesh consisting of four basic blocks in the ra-
dial upsetting, and thrce in the indentation applications. Ho-
wever, due to the unsatisfactory results generally obtained, al-
ternative solutions were eventually tried. The changes required
by such alternative solutions are not incorporated in Chapter &4
nor in the listing of Appendix 2, but they will be sufficiently

clarified when they are analysed in the text to follow.

Computer results are analysed from a triple point of
view: <the force/penetration relationship, the general node of
deformation and the obedience to the prescribed stress-strain
curve are considered. Colaterally, the stability of the solutions

is commented upon.
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6.2 - THE RADIAL UPSETTING PROBLEM

6.2.a = INTRODUCTION

Nine sets of results will be analysed. Of those, seven
follow the the procedure described in Chapter 4, from here on-
wards referred to as "relaxed boundary conditions", with the
mesh presented in Fig. 4-9 extending to a depth of 15 mm from
the external cylindrical boundary of the specimen. The two re-
maining sets follow the same formulation, but using a reduced
mesh, with 24 nodes and %3 elements in the basic block, exten-

ding to a depth of 10 mm only.

The results are summarized in Table 6-1 and in Figs.

6-1 to 6-8.

Set] STP |Symbol|Penetr.|lax. €PInr. of|Failure I |Deformati-
(%) (1) LT on lode

aAfoer | x | o3 | 0.055 8 (+) |0.0|acceptan~

B {0.02 + 0.32 0.0h0 i (+) ]0.0] vle

C |0.0h A 0.38 0.046 6 (+) 0.0} but

D {0.10 8] 0.20 0.020 3 (+) |G.0| not

E {0.02 ] o(§) | O.k2 0.0k2 9 (+) [0.0]| fully

- F 10.02 v O k2 0.060 9 (+) ]0.2]| satis-

@ |0.10 O 0.20 0.023 3 (+) [0.2]| factory

H | (RM) A 1.33 0.245 11 (-) |0.0] Bag

T | (RH) & 1.33 0.245 11 (=) J0.4] Bad

(%) As used in Figs. 6-1 to 6-3 (RM) Reduced mesh

(§) Hodified load redistribution in contact zone
(+) No convergence achieved in next load increment
(-=) Time 1limit, with unsatisfactory recsult in at least the

last load increment

TABLE 6-1 - FINITE ELEMENT RESULTS FOR THE RADIAL UPSETTING
PROBLE}

From Table 6-1 the immediate observation arises that
although the larger mesh produces rcasonably satisfactory defor-
mation mode, it tends to fail before a substantial amount of
plastic deformation is achieved. Failure is due to the loss of

diagonal. dominance in the stiffness nmatrix, which leads to no-
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FIG. 6-1 - FORCE IN TERMS OF PENETRATION IN
RADIAL UPSETTING: A COMPARISOM OF FINITE E-
LEMENT, UPPER BOUND AND EXPERIMENTAL DATA

re difficult convergence for the incremental displacement field
in every subsequent load increment, and eventually to no conver-
gence at all for a radial penetration of a few tenths of a
millimeter (depending on the value of the loading parameter STP).
Larger values of plastic strain could be achieved employing the
reduced mesh, but at the cost of a totally unacceptable force/
penetration relation (Fig. 6-3)‘and a less satisfactory deforma-

tion mode.

‘ Set E reprcsents an alternative formulation using the
larger mesh, but differing from the procedure described in Chép—
ter 4 by the fact that the load redistribution in the contact
zone (described in 4.4.d) was performed using a stricter redis-
tribution criterion, smaller increments being prescribed for

the boundary nodes about to enter or about to leave the contact
zone (thus more in line with Fig. 4-5). The actual implementa-
tion of the corrected formulae, replacing those derived in Sub-

scction 4.4k,d, although extremely simple, is not presented he-
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.re, as the results did not prove to be fully satisfactory; in
fact, no increase was obtained in the amount of penetration be-
fore failure, and an erratic behaviour was observed in the last
three load increments, with a sudden increase in the applied
force (Fig. 6-1).

6.2.b - FORCE/PENETRATION RELATIONSHIP

Figs. 6-1 to 6-3 plot the force/penetration relation-
ships obtained for the nine sets of data listed in Table 6-1,
and compares them with the experimental results (Fig. 5-32) and

(147)

with the upper bound solution

For the larger mesh the force required to achieve a
certain level of penetration is usually well above the one veri-
fied experimentally, and slightly above the one obtained by the
upper bound solution. There is an indication that for the higher
values of penetfation (had they been achieved), the finite ele-
ment solution would lie below the upper bound one, as should be

expected from a supposedly more rigorous formulation. On the
other hand, the choice of the loading parameter STP does not
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seem to affect the order of magnitude of the forces; larger va-
lues of this parameter, however, will fail after a smaller num-
ber of load increments (Fig. 6-1 and Table 6-1).

Exception to these observations is the set E, for
which an anomalous force increment was found in the last three
converged load increments. The explanation for this increase
seems to lie in the fact that probably larger penetration should
have taken place, to equilibrate the last load increments, but
this requirement was hindered by the load redistribution proce-
" dure. Possibly some error, which we have not been able to de-
tect, arose in the derivation of the modified redistribution

formulae.

The reduced mesh produced two drawbacks from the for-
ce/penetration point of view. At first, too small values of for-
ce were computed (Fig. 6-3), and after a number of load incre-
ments, an exaggerated increase in the forces was verified. Such
increase, however, can be easily explained in terms of the ra-

dial spreading of the plastic zone towards the inner boundary,
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which is not allowed to move.

The effect of a nonzero friction factor is analysed
in Figs. 6-2 and 6-3. An unpublished result, originally inten-

(147)

ded to be included with the upper bound analysis s based

on Kudo's comparisons between constant and Coulomb friction

!
coefficients(l+8’ 113),

suggested that, for the amount of pe-
netration obtained when using the larger mesh, the constant
friction situation m = 1 corresponds to a Coulomb friction
coefficient averaging O.2 . However, the results for sets F
and G, for which a Coulomb factor p = 0,2 was used, suggest
a slightly less drastic effect than the one obtained with the

upper bound solution using m = 1.

6.2.c - DEFORMATION KODE

The resﬁlts represented by the sets A to G did not
allow a steady state sitvuation to be reached (that is, one in
which no further radial penetration is produced, and deformation
is solely due to the rotational - or feeding - movement of the
specimen). It is therefore not very significant to produce a di-
rect comparison of the deformation mode obtained by the finite
element solution with the one obtained experimentally. Fig.

6-4 attempts such a comparison for the maximum (final) value
of penetration in the case of sets A, C and F . The radial
plane considered for the finite element solution is the one

corresponding to this maximum radial reduction; the computed

out-~of-plane deformation is also plotted.

In Fig. 6-4, as well as in the following ones, which
plot deformation modes, the out-of-plane and axial displacements
are plotted to an enlarged scale. For the purposes of compari-
son with the experimental results, curves for the adequate pe-
netration value have been obtained by interpolation from Fig.
5-27. VWhen plotting such data in Fig. 6=k, they were superim-
posed to the computed out-of-plane displacement component, o-

therwise the visualization would be made more difficult.

It is seen from Fige. 6=i that the finite element so-

lution predicts an acceptable deformation mode from the purely
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qualitative point of view. In quantitative terms, however, the
thickening of the specimen is predicted as much less intense
than verified experimentally, especially when friction is con-
sidered. On the other hand, substantial deformation (in rela-
tive terms) is present over the whole depth of the mesh, a fact

which also contradicts the experimental evidence.

The out~of~plane deformation is generally small, ex-
cept when friction is considered. In that case the transversal
displacements in the contact zone are predicted as ncarly as
twice as large than the maximum local thickening of the speci~
men; besides, the deformed surface tends to lag behind the ori-
ginal radial plane. When no friction is considered, this lagging
behind is reduced to the vicinity of the contact zone; over
most of the depth of the mesh it lies ahead of the oripginal ra-

dial plane but presenting comparatively small values of displa-

cement.
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Fig. 6-5 plots the deformation mode of the part of the
mesh involved in the contact arc, on both the frictionless and
friction-affected situations (U = 0.2) (Sets A and F).

Fig. 6-6 considers the frictionless case using the re-
duced mesh (Sét H) and plots the deformation mode for two values
~of penetration. The lateral expansion (thickening) is again
‘smaller than verified experimentally, but the out-of-plane de-
formation is much smaller than predicted when using the larger
mesh. This result is apparently due to the fact that in the re-
duced mesh the effect of deformation becomes more directly com-
pressive (as translated by the larger plastic strain increments).
The deformation mode obtained with this rcduced mesh is blatan-
tly unsatisfactory. Maximum thickening occurs too far from the

cylindrical mantle of the specimen, as becomes clear from the



195

analysis of the case whem A = 1,333 mm, the constancy of volu-

me requirement is grossly violated.

6.2.d - STRESS-STRAIN CURVE

Fig. 6=7 plots the equivalent stress/plastic strain re-
sults for a sample of elements corresponding to sets A, E and
.F y and compares these plots with the prescribed stress-strain
curve of the material at the temperature of 400°C (Fig. 4-1).
Fig. 6~8 plots a sample of elements from set H.

It is observed that in all cases a very good agreement
has been obtained, lying within a tolerance of less than 0.5% in
the case of the larger mesh (Fig. 6-7), but slightly larger in
the case of the reduced mesh (Fig. 6=8)., This is due to the fact
that, at the time whea this case was run, a 1éss stringent error
control was used in the initial stress procedure. The larger
plastic strains achieved with set H can be easily explained in
terms of the fact that, for the same amount of radial penetra-
tion, the deformation was allowed to extend to a much smaller
volume of material (due to the rigid boundary treatment of the

inner cylindrical mantle of the finite element mesh).

6.3.a -~ INTRODUCTION

Eighteen sets of results were considered for the purpo=
se of the analysis of the indentation problem. In ten of them
the relaxed boundary condition situation described in Chapter &
is‘employed. In the eight remaining ones, a fully rigid bounda-
ry was assumed in the interfaces between the finite element mesh
and the rest of the (removed) specimen. The implementation of
such a simplified boundary condition is extremely simple, but it
is not presented here, nor in any of the appendices. For all the
sets of results the same basic block of Fig. 4=9 was used. A mesh
consisting of three basic blocks was considered, except for sect

V, when four were used.

¢ The results are summarized in Table 6-2 and in Figs.
6-9 to 6-20.



196

Set] STP | Symbol|Penetr.|HMax. EP|ir. of|Failure Deformati-
(%) (mm) LI on Mode

J |0.10| o© 0.200 | 0.018 3 (+) (0.0| Accepta-

K |o.04] x 0.160 | 0.C15 4 (+) |0.0|ble but

L {0.02] + 0.310 | 0.038 7 (+) [0.0|not

LY|0.02] V 0,260 | 0,038 6 (+) |0.0|fully

"o.02| < 0.820 | 0.083 10 (+) |0.0|satis-

M {0.02] A(%) | 0.260 | 0.024 6 (+) |0.0|facto-

N [0.02]0(%5 | 0.430 | 0,068 6 (+) |0.0|ry

O [0.10] o 0.200 | 0.018 3 (+) |0.2]4s

P |0.02] % 0,160 | 0.018 5 (+) ]0.2|abo=

Q [0.02] A(%) | 0.180 | 0.015 5 (+) {0.2|ve

R |(RB)| ¥ 1.377 | 0.163 6 ST 0.0|Generally

s |(rB)| o 1.070 | 0,194 | 10 (+) |0.0|bad, espe-

T | (RB)|x (%) | 0.980 | 0.198 16 TL |0.0|cially at

U [(rRB)| + 1.851 | 0.124 3 (+) |0.0f1latter

V | (RB)|V(%%) | 1.941 | 0.185 3 SL |0.0|stages

v |(RB)| A 1.110 | 0.880 9 (+) |0.0|of the

X {(RB)| O 1.600 | 0.280 6 (+) 0.0|execu-

Y | (RB)] o 0340 | 0.040 7 (+) }0.,0]ltion

(+)
8T

TL
SL

(%) As used in Figs. 6-9 to 6-11

(RB) Rigid boundary condi-

four basic blocks were used

tion

(%) lodified load redistribution in contact zone

(%%) Two corrective initial load cycles allowed

o/clesf
( 707070

No convergence achieved in next load increment

) Three corrective initial load eycles were allowed, and

IExecution halted because of unsatisfactory results (either
deformation mode or excessive increase in plastic strains)

Time limit

Execution halted because of excessive increase in applied

force

TABLE 6-2 - FINITE ELEMENT RESULTS FOR THE INDENTATION PROBLEM

In set

M a modified load redistribution procedure,

identical to the one employed with set E (in the radial up-

setting applications) was applied, but without the same force

increase_bcing verificd before the failure of the program.
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In sets N, T and V the maximum number of corrective
cycles in the initial stress procedure was increased to two (N,
T) and three (V).
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6.3.b - FORCE/PENETRATION RELATIONSHIP

Figs. 6=9 to 6-11 plot the force/penetration relation-
ships in the eighteen sets, and compare them with the experimen-

tal results, given in Fig. 5-35.

- In Figs. 6-9 and 6~10 the relaxed boundary condition is
considered. The first one covers the frictionless situation, whi~-
le in the second one some frictionless results are compared
with the corresponding case when | is set to 0.2, The compu-
ted forces seem to discrepate less from the experimental ones
‘than previously verified with the radial upsetting process; never-
theless they are still extremely high. Except for extremely lar-
ge values, the loading parameter STP Joes not seem to influen-—
ce substantially the results. A sudden increase is sometimes de-

tected in the computed force, after a few load increments; this
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seems to be due to the spreading of the plastic zone towards the
boundaries of the finite element mesh and, therefore, to point

to the inadequacy of the boundary conditions, when formulated as
‘ in Chapter 4. In the case when two corrective initial stress cy-
cles were allowed (set N ), smaller forces were encountered and

the anomalous terminal increase in force took place at a sligh-
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tly increased level of deformation.

When friction was considered (Fig. 6-10), 2 very small
increase in force was predicted, as we had already found in the

radial upsetting application.

Similarly to what had been observed in 6.2.b, the fai-
lure of the program occurred at an early stage of deformation,
with penetrations of the order of 0.3 mm and less, usually
due to the loss of the diagonal dominance of the stiffness na-

trix.

In Fige. 6-11, finally, results are plotted for the ca-
ses in which the rigid boundary condition was used. These cases
having becen run at an earlier stage of the development of the
program, several alternative loading situations were used, none
of them involving the loading parameter STP. They consisted main-
1y in prescribing a total incremental force to be rated among the
nodes in the contact zone in the second load increment. In the
subsequent load increments new total force increments were deri-
ved in terms of the previous one and of the deformation it pro-
duced. Such a procedure produced extremely erratic behaviour, as
will be shown in the sets to be analysed, and was eventually a=-
bandoned. Sometimes extremely large force increments were unin-
tentionally produced; the deformation mode Was usually distorted
by such anomalous steps, and further load increments proved to

be of little ~ if any - significance.

Substantially deeper values of penetration were gene-
rally achieved with the rigid boundary, in comparison with the
relaxed boundary situation; this is coupled, however, with subs-
tantially 1arger‘forces (paths A, B, C and D against E in Fig.

6-11) and with usually unsatisfactory deformation modes.

Sets R and § are typical examples of the application
of the loading procedure described above. The force increment ar-
bitrarily applied in the second loading step was respectively
2L00 and 500 N (eventually reduced by the removal of the residu-
al‘forces in the initial stress correction). In set R this was
followed by two furtheroifcrcments of the same order of magnitu-
de, and then by a small” followed by a large one (following path

C in Fig. 6-11). For set &, paradoxically, the sccond loading
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step was followed by a very large load increment, and then by a
succession of small ones (following path B., which eventually
tends to coincide with path C of set R). In set VW the same
initial increment of 2400 N was used, but the size of the sub-
sequent load increments was limited. Again path C (or rather

C* ) was followed, indicating a certain degree of consistency

of the results. Considering the deformation mode, however, a
curious behaviour is observed. The general pattern of deforma-
tion for both sets R and W is not fully satisfactory, as will
be analysed in 6.3.c; however, a certain consistency of the re-
sults is retained throughout the several load increments. The
same cannot be said, however, of set S. Following the abnormally
larpge third load increment, a substantial spreading-out cf ma-
terial - or thickening of the specimen - is observed. In the
subsequent load increments, paradoxically, a return of the na-
terial (negative spreading) is verified. At the last prcduced
load increment, roughly the same lateral shape observed for sets
R and W (interpolating, of course, for comparable values of pe-

netration) seems to have been obtained.

As we have previously verified when considering the
relaxed boundary condition, an increased number of corrective
cycles in the initial stress procedure seéms, again, to lead to
reduced forces (set T ); the same conclusion could not be obtai=
ned, however, from set.V', vhen the size of the mesh was also
altered. But the deformation mode obtained in either case is

not satisfactory (6.3.c).

Set X corresponds to another frustrated example in
which a large initial load increment led to a larger one - and

to failure of the program - in the next loading stepe.

6.3.c -~ DEFORMATION MODE

The analysis of the deformation modes produced in the
indentation applications is summarized in Figs. 6-12 to 6-17. In
these the deformed mesh is superimposed to the original one,
which is drawvm in thinner lines. The undeformed mesh is drawn to

a scale of 7.5:1 (Figs. 6-12 to 6-14) or 5:1 (Figs. 6-15 to 6-17).
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In the deformed mesh - and in order to bring certain aspects

of the deformation to an observable level, different scale fac-
tors arevused for the several components of displacement: al~
though the radial (horizontal in the figures) component is drawn
to the same scale as the whole undeformed mesh, the other two
components are taken as ten times larger. This produces a dis-
tortion‘of the deformed mesh, which, thus, does not correspond

to the actual deformed shape.

As the penetrations achieved in the computer solutions
lie far below the ones for which the experimental deformation
mode was recorded, a comparison between computed and experimental
modes is only possible in qualitative terms. Common features of

the computed solutions are:

a) The deformation (thickening) of the specimen ex-

tends over the whole depth of the mesh;

b) Maximum thickening does not occur in the radial
symmetry plane but rather on the immediately adjacent interblock
interface. This pattern of deformation has been consistently ob-

tained, irrespective of the boundary conditions utilised.

Neither of these obscrvations were verified experimen-
tally. In the experimental work the depth of deformation was
found to be dependent on the level of penetration. It should be
pointed out, however, that a slight reduction of the thickness
of the deformed specimen in the radial symmetry plane was obser-
ved in some cases, although of a lesser order of magnitude and
with a lesser degree of systematicity than in the computed re-

sults;

Tigs. 6=12 to 6~14 consider the cases when the relaxed
boundary condition was used., In Fig. 6~12 the deformed mode
corresponding to two values of penetration for set L" is shown.
In the case of a penetration of 0.48 mm (8th. load increment) a
relative reduction in the size of the transversal (axial) displa=-
cement increments (not observed up to the previous load increment)
begins to take place in the vicinity of the contact zone and of
the radial symmetry plane. This deformation pattern is reinfor~

ced in the subsequent load increments, and is clearly visible in
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the representation of the tenth load increment, when also a subs-
tantial amount of out-of-plane deformation is observed in all

non-boundary radial planes.

The afore-mentioned effect is less noticeable in the
case of set M, when the modified load redistribution procedure
was used for the nodes in the contact zone, and of set N, when

two corrective cycles were used in the initial stress procedure.

No definite interpretation can be drawn from the defor-
mation modes observed when friction was considered (Fig. 6~14):

the final values of penetration were too small.

_ The remaining figures (6-15 to 6-17) consider the sets
in which the rigid boundary condition was used.Due to the larger
values of penetration achieved, the deformational behaviour and

*

the nature of failure of the program becomes more patent.

Tige. 6-15 considers a satisfactorily well-behaved casec
(set R) and plots the deformed mode corresponding to three va-
lues of penetratibn. The local effect verified in Fig. 6-12
(set L") is not found here, although it appears again in the
next cases. Deformation seems to be sound up to the fifth load
increment, but an excessive amount of radial displacement incre-
ment, hearly doubling the total penetration, takes place in the
next load increment, and the specimen becomes heavily distorted.
Obviously the qeal situation is not as drastic as shown in
Fig. 6-15c. Scale-factor distortions have to be erradicated. Ho-
vever, the magnitude of the change of direction in the displa-
cement of Node 33 (indicated in the figure) produce a patologi=
cal set of strain increments for the elements to which this no-
de belongs, lecading to also patological sets of stress states,
as a consequence of vhich the program will certainly fail in the

next load increment.

The same situation is shown in more drastic overtones
in Figs. 6~16 (set X) and 6-17 (set T). In both cases, sound
deformation is_observed up to a certain stage of execcution (5th.

and 8th. load increment, respectively). In the case of set X,

an excessive radial reduction in the next load increment led to-
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wards an overlapping deformation pattern (actually no proper o-
verlapping occurred, but only a tendency towards it; again the
difference in the scale factors is responsible for the degenera-
ted representation). Here, several nodes underwent displacement
direction reversadls. A seventh load increment was actually initia-
lized, but no convergence was achieved in the solution of the
incremental force-displacement relation. To avoid or postpone
such a failure mechanism, a succession of very small loading
steps was tried in the case of set T, after the eighth load in-
crement. Seven more were achieved, with a progressive worsening
of the deformation mode, culminating with the patological geome-
try of Fig. 6-17c. From the twelfth load incfement, one single
element in the mesh exhibited a totally unacceptable state of
stress (equivalent stress of the order of 8000 MN/mZ), although

21l the remainingrones behaved reasonably.

6.%.d - STRESS-STRAIN CURVE

Fig. 6-18 plots the equivalent stress /plastic strain
results for a samp;e of elements belonging to sets L", N and
P ,corresponding to the relaxed toundary condition, and compares
these plots with the prescribed stress-sitrain curve of the ma-
terial at the temperature of 400°¢ (Fig. 4=1). Figs. 6~19 (sets
S, T and X) and 6-20 (set W) plot samples of elements corres-

ponding to the rigid boundary condition.

A close agreement is observed in all cases between

computed pairs of results and the prescribed curve.

As can be seen in most of these examples, a substan-
tial increase in plastic strain usually takes place in the last
recorded load increment. This indicates a plastic instability
situation which we have not been able to control adequately 1in
EPFELDA . TFailure of the program usually follows the abnormal

increase in the plastic strains.

3
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CHAPTER 7

DISCUSSION AND
CONCLUSION

7.1 - DISCUSSION

The results produced by the application of EPFELDA
to the radial upsetting and indentation ﬁroblems, as described
in Chapter 6, are far from satisfactory. The main criticism
which could be presented is certainly the usually early failure
of the program, but the nature of the results could also be
questioned. Several reasons could be enumerated to explain such

a poor performance, They are listed and dnalysed here.

a) Too compact meshes have been usecd

Execution of EPFELDA is highly demanding in terms
of computing time. Early load increments require about eighty
seconds in the indentation case (three basic blocks), and about
hundred and twenty seconds in radial upsetiting (four basic
blocks). As the plastic zone spreads, and the assembly of the
elenmental stiffness matrices is gradually shifted from subrou-
tine FIRST to STIFF, these times are increased,'and may e-
ventually be doubled (If there are more elements in the plastic

range, the execution of the main program is also affected and

- 214 -
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becomes more costly). These times are extremely high, and the

addition of more basic blocks (or the increase in the number of
nodes and elements in the basic block) increases them in a near-
1y quadratic proportion. This means that an untroubled execution
of the program (no divergence problems, or other terminal mecha-
nisms occurring) could require several minutes - or even hours -
to produce a reduced number of load increments (times quoted re-
fer to the CDC 6600 computer used in all the application sets

considered in Chapter 6).

This is the main reason why we have spent so much time
trying to obtain a code which would‘operate satisfactorily pro-
ducing large deformation steps, in order to achieve a substan-
tial amount of deformation in a reduced number of load incre-
ments. Being unable to obtain satisfactory results - and there
are many reasons why the algorithm should not succsed under the-
se conditions =~ we finally adopted a much more modest approach,
using load increments as small as possible, in order to obtain a

minimum of acceptable results.

b) The boundary conditions on the lateral ond inner

boundaries are not properly formulated

The introduction of these artificial boundaries to the
problem was required by the need to minimize the size of the fiw-
nite element mesh. Ideally these boundaries should have been kept
sufficiently removed from the contact zone, in order to make sure
that no element adjacent to them became plastic. As it happened,
plastic deformation soon reached the boundaries of the mesh (in
three or four load increments) and thc exaggerated increases in
force (as for sets E and F (In Section 6.2) or IL" (In Section
6.3)) took place. '

This spreading of the plastic zone would not have been
a drawvback if a proper formulation had been given to the bounda-
ry conditions, taking such fact into account. However, we have
not been able to express such a rigorous approach in a simple

but reliable way.

The rigid boundary assumed in some of the indentation

applications is certainly a simplistic solution, and the unsa-
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tisfactory deformation modes it produced (besides of excessive
terminal force increases) should be no surprise. The relaxed
béundary adopted later is a compromise which improved one as-=
pect of the defficiencies, by producing more satisfactory de-
formation modes, without, however, solving the problem of the
terminal force increases. Besides, although divergence has pre-
viously been blanmed on the loss of diagonal dominance of the
stiffness matrix, some colateral effect imposed by such a boun-

dary condition should not be disregarded.

c¢) The load redistribution vorocedure in the contact

zone is over-simplified

The load redistribution in the contact zone is too
simplistic in the sense that, once a node is considered as lying
in the contact zone, it is given the same displacement increment
as the other nodes in the same zone. That this is not: strictly
correct for nodes just entering or about to leave the contact
zone, has been made abundantly clear in Chapters & and 6. The
nmodified load redistribution used with sets E, M and @ should,
therefore, have produced better results. In fact this did not

occur, but the reason could possibly lie somewhere else.

The load redistribution procedure, as implemented in
EPFELDA , is performed in the subroutine GAUSS , during the so-
lution of the incremental displacement field. It is possible that
the two numerical algorithms interfere with each other, and a
gradual erosion of the results takes place. At the same time,
however, it is difficult to visualize how to redistribute the
applied loads independently of the solution of the displacement
field. A more refined solution algorithm, in GAUSS, seens to

be the likely answer.

d) The treatment of the elastic-plastic elements by

the simplified procedure ~ Egqn. (2-20c) - is sub-

ject to criticism

In the preceding applications of EPFELDA the elemen-

tal elastic~plastic constitutive tensors were used to produce
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the elemental stiffness matrix, but not to compute the resulting
stress increments. Such an approach was adopted in view of the
excessive stress increments previously obtained, when using the

(%9)

consequence of these excessive increments, three possible alter-

"straight" approach, as suggested by Hibbitt et al . As a

natives followed - and sometimes more than one at a time:

1 - The resulting stress state did not satisfy
the prescribed stress-strain curve, within
a reasonable degree of accuracy, with the
equivalent stress grossly overshooting the

prescribed curve;

2 - The corrective (residual) forces became ex-
cessive, leading to an unacceptable unloa-

ding situation; or

%3 -~ the successive stress states for an element
presented an erratic behaviour, with the e-
quivalent stress lying successively above
and below the prescribed stress-strain cur-

ve.

This is apparently due to the nature of the constitu-
tive tensor, which allows only for infinitesinal stress incre-

ments. Dieterle(loa)

came across the same problems,; but solved
them differently. In principle, the use of an adequate defini-
tion‘of frame invariant stress rate (or stress increment, in

our formulation) should eliminate the need for such limitation,

but in our experience this did not occur.

e) The use of Truesdelll's definition of frame inva-

riant stress rates is not the adequate one

The concluding statement in the preceding paragraph
might be objected by regarding that, according to Prager(loq),
Truesdell!s is not the adequate definition to be used in an eclas-
' tic-plastic formulation, and that Jaumann's should be preferred.
However, in the early stages of plastic deformation ~ and we ge-
nerally did not manage to go above that level - it is quite

immaterial which of the definitions - if any ~ is used, as the
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corrections they introduce become practically negligible. They
only introduce substantial differences in the results once a rea-

(91)y |

sonable amount of deformation is achieved (Kitagawa et al

The question of the adequate definition to be used is
guite controverted in the literature. lany investigators - as,

(92) or McMeeking and Rice(llo)
(91)

for instance, Osias - use Jau-

mann's without further claboration. Others coripare specific
definitions without considering other alternatives. And some
(Truesde11(45)

ence and even taste. Prager's

) Hi11(106)) put the problem in terms of conveni-
(16%) favouring of Jaumann's in

plasticity applications is the only work to categorically state-
the adequacy of one and the inadequacy of any of the other defi-
nitions, although a subsequent paper by Spencer and Ferris(los)
argues that only secoyd—order differences should occur if the

wrong" definition is used.

We did not use Jaumann's definition exclusively in
view of the computational difficulties it introduces (nonsymme-
trical constitutive and stiffness tensors). But even assuming
the absolute nécessity of using this one, instead of any of the
other definitions, in our elastic-plastic application, the a-
mount of the strains we eventually managed to cover did not
allow for any substantial departure from the "true' or 'correcth

solutions to take place,

£) More corrective cycles should be allowed in the

application of the initial stress method

We do agree that a larger number of corrective initial
stress cycles'would perhaps be desirable. Cur approach, however,
does not seem to us to be wrong. Increasing the number of correc~
tive cycles means simply to increase the number of times subrou-
tine GAUSS has to be called, and the number of times the main
program has to be scanned, and thus, an increase in the computing
tinmes. Considering our initial comments regarding the size of the
finite element mesh, the solution we eventually adopted was ba-

sed solely in terms of the minimigation of computing times.
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g) The application problems are too complex

It is clear that a highly complex code as FPFELDA
should havee been initially applied to a. simple and well known
two=dimensional or axially symnmetric deformation process. Four

immediate advantages arise from such an approach:
1l ~ The formulation would become much simpler;

2 - Literature would be available on the process, ei-
ther in the form of known theoretical solutions,
or of reports on experimental work (or both),

thus supplying reliable comparison elements;

3 = Computer requirements would be drastically re-
duced, from the point of view of both core and

computing timej; and

I - Boundary conditions would possibly be clearly
defined and easily implemented.

Such conclusions are trivial, and we are directly to
blame if we did not follow this road. The possibility of working
with a novel deformation process, instead of simply adding more
information about a known one, seemed too attractive, at the be-
ginning of our work, to be disregarded. However, we do intend

to try, in the near future, some sort of simpler application.

7+2 = CONCLUSION

e S S g s Sty = —

Two main suggestions could be proposed for future work

on the lines of this thesis.

It seems that the well defined initial advantages of
the Lagrangean formulation (systematic reference to the undefor-
med geometry and, therefore, the initial production, once and for
all, of the shape functions) is more than offset by the innumera-
ble drawbacks and difficulties which appear in its subsequent im-
plementation. The complex tensor relations expressing both the
constitutive and the stiffness tensors become extrenely elabora-

ted and time consunling, from the computing point of view.
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The initial disadvaniages of the Eulerian formulation,

as hinted by Hibbitt et al(l+9>
(89)

and effectively referred to by Ki-
, on the other hand, seem to have been adequately

overcome in subsequent and more simple formulations (Osias(92>,
(109) (110) (111)y | gpe-

tagawa et al

Nagtegaal et al y lclleeking and Rice and Lee
se approaches, especially lMcMeeking's, should be considered as

preferable to the Lagrangean formulation here presented.

A very powerful possibility of reducing the execution
costs of the program could possibly lie in the use of more com-
plex isoparametric elements. In that case the equations ex-
pressing the stiffness matrix would have to be numerically inte-
grated over the volume (or area, in two-dimensional applications)
of the element. But as the displacement field would no longer va-
ry linearly across the elements, a variable state of stress and
strain would exist within them, and a more realistic mapping of
the real continuum could be achieved, with a substantially
smaller number of elements. Isoparametric elements have been used

(74,75,98,99,100)

extensively by Zienkiewicz and his associates

Guha(78)

, in despite of quite satisfactory results using simplex

elements, seems to be favouring the use of isoparametric ones.
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NOMENCLATURE

N.l - REVIEW OF CORVENTIONS

The generalised summation convention, as proposed by

(27)

Wissmann is used (See Section 2.1). Commas and strokes are
used to represent derivatives with respect to initial and current

coordinates, respectively (See also Section 2.1).

The prefixes d and A are used throughout to denote

infinitesimal or small increments of a variable.

The superfix ~ is used to represent interim values of

the variable to which it is imposed.

The superfix © is used to represent either
a) Equivalent values of a variable (stresses and strains);
b) Variables related to a node about to leave the contact
zone, in a radial upsetting situation; or
¢) Corrected incremental variables, regarding the redistri-
bution of applied loads in the contact area.
No confusion arises from this triple convention, as the three

circumstances do not occur simultaneously.

A superindex © denotes a variable referred to the un-

deformed geometry of the continuum.

A dash (') denotes deviatoric components of stress.

Barred variables (eg Iig) refer to a node.

- 23k



N.2 - LIST OF VARIABLES

A, A° - Area of a surface, current and original (undeformed);
in Chapter 3 the surface is the boundary of an-.element
Ay B, m =~ In Chapter 4, parameters of the strain-hardening

stress-strain equations

ju}
o'
(¢]
1

In Chapter 5, parameters of the out-of-radial plane

d, e deformation
aﬂ - Shape function derivatives
c, 1 - In Chapter 2, parameters of generalised definition of
; effective or equivalent stress
ci -~ Cofactors of the volume~determinant of an element

Da’ DC,I;- In Chapter 5, parameters of the optical tube of the
IR radiometer
D - Component of the elastic-plastic Lagrangean constitu-

tive tensor

Dzjrs -~ Idem, of the elastic constitutive tensor

Dijrs -~ Idem, of the elastic-plastic Eulerian constitutive
tensor

gjrs -~ Idemy of the modified consti?gé%ve tensor, in Margal's

"partial stiffness' approach

ae, ae® - Distance between two infinitesimally close points, in
the instantaneous and undeformed geometry, respectively

dar, dTi - In Chapter 2, force acting over an infinitesimal area
of a continuum, and its Cartesian components

ds - Infinitesimal increment in the equivalent stress

aw® - Plastic work per unit volume

aB, aB° - Angle subtended by three infinitesimally close points
in the deformed and undeformed geometry of the conti-

nuun respectively

dA - Parameter in Drucker's corollary (See 2.5.b)

Z, G, v - Parameters of elastic deformation (Young's modulus,
shear modulus and Poisson's ratio)

e -~ In Chapter 4, basis of Naperian logaritms

ee, ezj - Elastic strain and component of clastic strain

ep, e, - Plastic strain and component of plastic strain
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Eia’ eij ~ Strain components, in Green and Cauchy's sense
.ij - Green's strain rate
£ - In Chapter 2, yield (or loading) function; ih_Chap—
ter I, distance from the axis of the roller to
that of the specimen in an instantaneous situation
fiﬁ -~ Nodal components of self-flexibility

f, gy 1, -~ Dunmy and free indices in the several tensor ex-

jy ¥y, &5 pressions

F., F; ~ Components of body force per unit volume in the de-

formed and undeformed situation

G - In Chapter 5, air gap between specimen and coil
H - In Chapter 5, depth of deformed bulge
H? ~ Slope of the eguivalent stress =~ equivalent plastic

strain increment curve
i ~ In Chapter 5, output current from IR radiometer
- Jacobean of the transformation from current to ori-

ginal coordinates (for one element in the mesh)

J2 - Second invariant of stress deviation

K ~ Bulk modulus of specimen material

k ~ Instantaneous and local flow stress of specimen mate-
rial

ko © = Initial yield stress of specimen material

Eﬁ& - Components of total stiffness tensor (matrix)

Eﬁz, Eiﬁ - Components of elemental stiffness tensor (matrix),
with the up?er indices referred to, respectively, the
elemental (internal) and to the overal numbering of
the nodes ‘

Oﬁﬁz -~ Incremental stiffness tensor (matrix) for one element

lﬁﬁi - Elemental initial displacement stiffness tensor (matrix)

2E2m . - Elemental initial stress stiffness tensor (matrix)
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Characteristic parameter corresponding to the Rth

o

setting of sensitivity in the IR radiometer

m - In Chapter 3, lMargal's correction coefficient(Eg); in
Chapter 6, constant friction factor : .

n ~ In Chapter 5, angular velocity of specimen, in rpm

nj, ng - Direction cosines of externally applied load, res-
pectively referred to the instantaneous and initial
>geometry of the continuum

Nj, ﬁje - Elemental shape function of node Jj; its value at node £

Nb : - Number of basic blocks in the finite element mesh

Ne -~ Number of elements in whole finite element mesh

Neb " = Number of elements in the basic block

Nn ~ Number of nodes in whole finite element mesh

Nnb - Numbe? of nodes in the basic block

P -~ In Chapters 5 and 6, total applied force

lPl,l?% -~ Magnitude of applied load, generical and acting over
node ¢

anl_w - Normal component of load acting over a boundary

Pi’ Pi - Component of applied load, generical and nodal

Pi - Effective component of external load

eff

ﬁﬁﬂ - Elemental initial load stiffness tensor (matrix)

T = In Chapter 3, Yamada's rating factor<37>

R - Radial coordinate of a boundary node

Ro - Radius of undeformed specimen

Rr - Radius of forming roller

R; -~ Distance from axis of forming roller to a boundary no-
de in the finite element mesh

8 ~ Denominator in the expression of the elastic-plastic

constitutive tensor

S..y 5;., = Stress components, in Kirchhoff and Cauchy's sense

Equivalent stress

L= I
3
I

Components of surface force per unit area in the de-

formed and undeformed situation

Conmponent of Lagrange stress

=
I

Instantancous (maximal) and original thickness of
specimen

u, - Component of displacement
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Vv, v° - Volume of an element in current and undeformed situa-~
tion
1 ~ Component of velocity
i3 ~ Component of the rate of deformation temnsor
W - In Chapter 5, energy radiated from a hot body
Xi’ Xy - Components of Cartesian coordinates, referred to unde-
formed and deformed configuration, respectively
a = In Chapter L, a generical angular variable; also the
angle separating axis % from a point about to leave
the contact zone _
ik - Coefficients in displacement hypothesis
6} - Central angle defining the position of a point in

the contact zone
-6, ., GkQ - Kronecker deltas

1]
5(A§i) ~ Cartesian component of displacement variation
G(Aﬂi) ~ Radial component of displacement variation

5(Aﬁg) - Tangential component of displacement variation

A - Roller penetration into specimen

GASij, ﬁAsij ~ Differential stress increments in the initial
stress procedure

Prefixes identifying increments in variables depen-

[
]
>
t
1

ding exclusively on changes in the shape of the con-

tinuum and on changes in the applied loading systen,

. respectively

Aﬁﬁ, A?ﬁ - Components of nodal force increments, respectively
total and due solely to increases in the magnitude
of .the applied forces, in the e¢lemental equilibriun
equation

Aﬁi - Components of total force increments in overall
stiffness equation

A@i - Internal force increments in iterative solution of

stiffness equation

Asgg, Asgg - Frame invariant definition of stress increments:

AoJ AS0 generical, Cotter-Rivlin, Jaumann, Oldroyd and
[ ey - ’ » 8

;J +d Truesdell's, respectively
As’
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W, .
1J
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A residual in the expression for G(Aﬁi)

Incremental displacement component in the direction
defined by the angle «

Radial and tangential components of incremental dis-
placement, respectively

In Chapter 5, surface emissivity of specimen material
Component of the deformation tensor (also the infini-
tesimal strain tensor)

Component of the permutation tensor

- Particular values of tﬁe surface emissivity
Intermediate variable in the derivation of the ex-
pression for the rating coefficient t

Rating coefficient for stress increments

Contact anéles in roller and specimen, respectively
In Chapter 2, Lamé's constants

In Chapter 4, Coulomb friction coefficient

Poisson's ratio

Central angle of basic block in the finite element
mesh -

Tenperature in deformation zonej; particular value of

this temperature

In Chapter 5, Stefan-Boltzmann's constant

In Chapter 5, field of view of optical tube of IR
radiometer

Component of spin tensor

Component of rotation tensor

Over-relaxation factor



APPENDIX 1

OPTIMIZATION OF THE
OVER-RELAXATION FACTOR

A-1 - INTRODUCTORY NOTE

For reasons of mere convenience we introduce matrix no-
tation in this appendix; and we will express matrices in bold ty-
pe. Also for reasons of convenience we present the list of the
variables used throughout this appendix separately, at the end
of it; reference numbers, though, are referred to the sequence
presented in pgs. 231 and 232.

L
A-2 -~ SUCCESSIVE OVER-RELAXATICN METHOD(129’130’13+)

A common final product of the numerical methods usually
employed in Engineering is the solution of a set of linear alge-

braic equations of the fornm

N
.21 aij XJ. = bi’ i,j = 1’2, cut-'N, (A"’l)
j:

where the coefficients

= a,.
ij ji
and
aij # 0
whenever i = Jj. Eqn. (A-1) could be rewritten in matrix form
as
Ax = b, (a4-2)



24

where A is a symmetric positive definite matrix whose elements

are the coefficients aij sy and x and b are vectors.

Such a system, whether considered in its algebraic or

matrix form, can be solved by several alternative direct or ite-~

(135)

rative methods. Weétlake

(136)

iocchi compares them in a specific application problem.

(133) (134)

- restrict themselves to

reviews these methods and Ba-

Martin and Tee and Engeli et al

(129)

iterative methods. Young restricts his book still further,

to the analysis of a class of iterative methods.

An iterative method starts with an arbitrary estimate
x(o) of the vector x , and derives a convergent sequence x(k),
k = 1,2y 4.y of improved estimates, via some specific algo-
rithm, wvhich is repeated as often as necessary. Convergence is
decided by some specified criterion. The error vector after a
given cycle is given by

e(k) = X - x(k) . (A~3)

One of the simplest possible iterative methods is
Gauss=-Seidel's, in which the equations in the system (4-1) are
scanned in a prescribed sequence, one variable being improved at
a time, and the improved estimates being immediately used in thec

algorithm's next step. That is, an iterative schene

x(k-l-l) _ x(k) . 6x(k-«-l)
with io1 N
5x§k+l) = 2 {p, - a. . x(.k'*'l) - Za. . x(.k) (A=L4)
i a. . i - ij i — 13 7j
ii j=1 j=1

is followed.

Such an algorithm, though simple, does not usually con-
verge (or "relax" the successive values of the residual components
of the vector 5x(k+l)) with sufficient speed to be considered of
value. A simple alternative to the method consists in replacing
the iteration equation by

x(k+1) (k)

= x + W Gx(ki'l)

(A-5)

with the residual vector expressed from Eqn. (A-4), and where w
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is a suitably chosen positive real number. If w < 1, the al-
gorithm "under-relaxes'", and if 1 < @w < 2,4it "over~rela-
xes" the residuals. Under-relaxation does not accelerate conver-
gence, but it can provide convergence (even if a very large num-
ber of cycles is required) in the case of ill-conditioned ma-
trices, when the usual methods would possibly fail. Over-relaxa-

tion usually accelerates convergence.

By replacing the residual term of Eqn. (A-5) by its
expression given in (A-4), the equation can eventually be rearran-

ged to the form

I, :
(a.. 6., + wa,.) x(k'kl)
501 it dd : i’ 73
N
(ag;°0;5 = wag) x5+ wb, . (4-6)
3=1 *

If the matrix A is thought of as decomposed in the form
4 = D - L - U,

in which D is a diagonal matrix, L is a strictly lower-tri-
angular and U a strictly upper-triangular matrix, it is easy

to visualize Egn. (A-6) as representing a matrix relation

LEPD) oy 00 ¢,
vhere
M = (D - wI)T ((1 = w)D + wD) (A-7)
and \
c = (D - wm ™.

Matrix M is the SOR (for successive over-relaxation)
matrix corresponding to the system given by Eqns. (A~1l) or (A-=2).
It now becomes easy to show, from Eqn. (A-3), that the error vec-
tor can be expressed by the recurrence relation

o+ 1) M e(k),

and for the method to converge, that is, for
lim e(k) = 0
k a00

(o)

to hold for any arbitrary initial vector e , it is necessary
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for all the eigenvalues of M to lie within the unit circle.

The object of using a relaxation factor other thanm unity (lMethod
of Gauss-Seidel) is to reduce the spectral radius, that is, the
largest of the absolute values of all the eigenvalues Xi; of M.

We shall denote this spectral radius by PM. Thus

Py = max[ki[.
Ideally a value of w exists which minimizes Py e

Under these circumstances, the rate of convergence (average),

expressed by
is a maximum.

In a general situation it is extremely difficult to
estimate the optimum value W, of the over-relaxation factor, or,
conversely, the spectral radius pM o« Nevertheless, Young has
(See 129 or 13%) 4.t if the matrix A of Eqn. (A=2) has

"Property A", an expression can be found to express We in

shown

terms of the eigenvalues My of A.

The matrix A is said to possess Property A if it can,

by suitable reordering of rows and columns, be brought to the

form
D A
A = 1 1 ,
’ D> 4
in which D, , D, are diagonal matrices, and A. , A are arbi-
1 2 (129) 1 2

trary rectangular matrices. Young has shown that if matrix
A possesses Property A, then a relationship exists between the
eigenvalues of matrices A and M, this relationship being ex-
pressed by ‘
A, o+ 0 o= 1)2 2

= A. W
1 1

2
From Eqn. (A-8) it becomes clear that w, must satisfy
the relation
2 2
wg py = Hlw, = 1) = 0,

from which'

we = C(4-9)
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follows. It is clear, from this expression, that the optimum

over-relaxation factor will satisfy the inequality

l<wo< 2. :
(134) '

Engeli et al have shown that

a) In the Gauss-Seidel method the eigenvalues li are

given, from Egn. (A-8), by
2 2
Ki = Ri Ty |
One root of this equation is clearly zero, and the other one gi-
ves . '
2

Ki = M.
Half of the eigenvalues (at least) vanish, and the remaining

ones are positive and real.

b) As w goes on increasing towards wg » the real
eigenvalues become smaller, tending to the value w - 1. They
then become complex, and increase in absolute vaiue as w = 1.
The largest eigenvalue, which defines the spectral radius, and

thus the rate of convergence, is real.

¢) As w continues increasing (above (”o)’ all the

eigenvalues become complex and of absolute value w - 1.,

These conclusions can be reached ffom the analysis of
Eqn. (A-8). The general nature of the dependence of the eigen-
values Xi (and thus, of the spectral radius pM ) on w is
shown in Fig. A-1l.

A-3 = ESTIMATION OF wo

Several methods have been proposed for the éstimation
of the optimum over-relaxation factor. Some of them are based on
the "a priori" determination of the spectral radius pA s or at
least on the establishment of bounds for this radius and, thus,
for .wo » These methods are usually elaborated, and the computing
effort involved usually offsets any advantage that may eventually
occur by solving the system with a good estimate of the over-re-

laxation factor.

This is the reason why "simultaneous' methods have been

devised, in which improvements are introduced in the over-relaxa-
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tion factor at the same time as the problem is solved. Solution
is started with an arbitrary value of over-relaxation, and from
time to time a new value is estimated according to some suitable

z z
norn. Carré(ljo>, Reid(l)l) and Kulsrud<132) propose methods a-
long these lines., Of those, Carre's seems to us to be the best

one, because it is both simple and efficient in its objective.

Defining the displacement vector

glle+1) _ _(k+1) _ X(k),
then
i sl oy 5l
and if n(k'+l> is some norm of the vector 5(k4'1), as, for

instance, the arithmetic sum of the moduli of its components,
then

o+ 1)
lim = Py (4-10)
K 00 niks M
If the execution is started with w = 1, then Py = pi , and

Eqn. (A~9) follows. It is not necessary, of course, to start
with w = 1. Substituting p, in Egn. (A~9) by H;e expressed
from Eqn. (A-8), an estimate for the optimum over-relaxation

factor, expressed by

> .
We = , (A"'ll)

2
(PM + W = 1)

Py w2
is obtained. This equation gives the estimate W in terms of
PM for any value of w in the range © <:(u<;(»0 « The equation
becomes meaningless if > W o due to the complex nature of
all the eigenvalues, but this fact will simply be stated without

proof.

Carre's method consists in the periodic reevaluation of
the spectral radius by means of Eqn. (4~10), and its use in Eqn.
(A-11). The nornm n(k) is, of course, used in the convergence
criterion of the solution algorithm, so very little additional
effort is required to implement the method. As Wy can only be
approached from below, Carre starts with a small value of W .

Actually, one cycle is performed with w = 1, and the next
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w
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06| _ 7 X Successive values ot
N the over-relaxation
= factor and of . the
‘ speciral radius, when
04t > using Carre'!s method
_ Sought optimum over-
relaxation factor
5 FIG. A-1 - DEPENDENCE OF THE
EIGENVALUE MODULI [a,] ON THE
007 OVER-RELAXATION FACTOR w
twelve with w = 14375, when the first estimate We is made,

and w is replaced. After every subsequent twelve cycles, new

estimates are made, and the over-relaxation factor replaced.
As W, is only an estimate of . W, s it could possibly

e
factor w were to be replaced by this estimate, the method

occur that, at some stage, w_ A > W, . If the over-relaxation

would fail in the next correction (The radicand in the denomina-
tor of Eqn. (A-1ll) becoming negative). To aveid this possibility,

\Carré replaces w by a reduced estimate, given by

w = we T (2 - we)/ll-.

r
By using this method, a point can be plotted in a graph
like the one presented in Fig. (A=1), at the end of every twelve
cycles, that is, immediately before every correction in the over-
relaxation factor. The loci of these plots should ideally follow
a path belonging to the family of lines contained in the triangu=-
lar graph. The consecutive plots become closer to each other as

the optimum over-relaxation factor is approached. The locus of

the values of W for any system whose matrix A possesses Pro-
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perty A lies on the hypothenuse of the triangle (Fig. (A=-1)).
This statement follows directly from Engeli's second conclusion,

which we have previously mentioned.

There are other refinements to Carré‘'s method, as, for
instance, the use of Aitken's acceleration in the preliminary es-
timations of PM, which will not be comnsidered here, as, for rea-
sons to be stated later, they had to be either set aside or re-

placed in our utilization of the method.

Carré suggests applying the method until a very small

variation '
< e -

Aw, 0.05 (2 w, ) |

is obtained in the estimated values, when a good estimate of the

the optimum W, is considered as found.

It shoul& be mentioned that as convergence is apovroa-
ched, the norm n(k) becomes extremely small and the relative
effect of truncation errors increases, and the estimates of the
spectral radius become less reliable. Thus, the estimates Wy
may start to oscillate after a number of corrections has been
made. Carré stops correcting the over-relaxation factor if such

a situation is reached.

A-4 - BLOCK RELAYATION (SBOR)

The specific problem involved in our finite element ana-~
lysis is not strictly put in terms of Egqns. (A=1l) or (A-2). Accor-
ding to Eqn. (4-13), we obtain the three nodal components of dis-
placement from a subset of equations. That is: the overall system
is subdivided into subsystems, one for every node in the mesh,
and those are then successively solved. Instead of simply divie
ding by the successive elements of the main diagonal of matrix A
(As in Egn. (A-4)), a more complex equation is employed for the
residual displacements, involving the inverses of whole submatri-

ces (the flexibilities in our specific case).

In other words, the system represented by Eqn. (A-2) is
re~expressed in a more involved form, with the partition of the

vectors x and b into subvectors x; and bi (i =2 1,2y veuy

n) and the corresponding partition of A into submatrices Aij'
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The system is then rewritten as
n

:j=1 Aij Xj = bi (1 = 1, 2’ vve y n) .

These equations are used to provide a sequenée of approximations
xék) to the subvector X s in what is known in the litfrature
as the Successive Block Over~relaxation method (SBOR)(ljB) al-
though some authors refer to it as the Group Over-relaxation ne-
thoa(129)

subvector as

. It is easy to express the improved estimates for a

. i=-1 n .
(k+1) _ _(k) -1 :g : (k+1) :5 (k) '
X, = X + WAL bi -'j=1 Aij xj - j:iAij xj , (A-11)

which is equivalent to Eqn. (4=13) and correspcnds to Eqns. (A-4)
and (A~5) in a comparison with the simpler SOR method.

Strictly speaking, we are faced here with a2 new itera-

tive method, and the applicability of Carré's algorithm could be
(129) '

guestioned. However Young s by extending the concept of Pro-

perty A, shows that there is no cause of concern, as, provided

(n)n

the matrix possesses "Property A s relations similar to the
ones presented in the preceding sections remain, thus guaran-
teeing the validity of the optimizing algorithn.

A matrix A, resulting from the assemblage of a set

()

if its related matrix B possesses Property A. This related ma-

of submatrices Aij is said to have, or possess, Property A

trix B is defined as an nxn matrix whose terms are
b.. = 0 if A.. is a null matrix
ij - ij !

and
bij = 1 otherwise.

A-5 = THE SPECIFIC PROBLEM

From the material presented in the two previous sec-
tions we are able to conclude that Carre's method can be applied
to our specific problem if the intervening stiffness matrices
possess Property A(n), defined above. The related matrix B 1is
simply redefined here as an Nn}an (Nn being the total nunber

of nodes in the finite element_mesh) such that



bij = 1 if nodes i amd J are interconnec-
ted, and
bij = 0 otherwise.
Young(lzg) presents the flow block diagram of é simple

conputer program to check if a matrix possesses Property A, and
if it is consistently ordered (pgs. 159-161). Ve have so far a-
voided to mention the concept of consistent ordering, and for

the sake of simplicity will continue doing so in the rest of

this chapter; as this concept only applies to matrices possessing
Property A, it will become irrelevant in the following derivation.
We produced the program and checked a series of alternative fini-
te element meshes. Due to the high level of interconnection of
the nodes, unavoidable in three-dimensional meshes, no related
matrix could be produced, which exhibited sufficient sparsity

to possess Property A. As a consequence, all the finite element
meshes we experimented with led to stiffness matrices which did
not possess Property A(H); and thus, finally, we concluded that
Carré's optimizing method was not strictly applicable to our

problen.

However, we were faced with very bad convergence con-
ditions in the preliminary runs of EPFELDA, with 300 to 500
cycles being required to a convergence criterion of 10-5 in
the indentation applications (three basic blocks, 64 nodes, 182
unknowns and equations); in radial upsetting applications (four
basic blocks, 80 nodes, 240 unknowns and equations) the situa-
tion was even worse. Moreover, although experimental runs with
certain trial values of the over-relaxation factor eventually
produced improvements in the coanvergence situation, these re-
sults were restricted to a load increment, and not usually re-

peated in the next.

Under these circumstances we decided to try Carre's
method, in despite of the knowledge of its strict inapplicabili-
ty to our specific problem. Initial results were disastrous, but
the reasons for that could be casily traced to a series of fac-

tors:

a) A starting value of 1.375 for the over-relaxation
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factor, as suggested by Carre, consistently led to bad results;
smaller initial values, however, produced encouraging, though not

fully satisfactory results.

b) Too large variations Awe were sometimes computed,
and this usually resulted in trouble in the next cycles; if dw,

was kept small, however, these problems were less frequent.

c) There seemed to exist a critical value of over-rela-
xation, above which the method failed completely, and SBOR diver-
ged, although successives re-estimates indicated a much larger

value of W,

This third observation, although not essential in this
specific application, seems to confirm Ostrowski's assertion that
there exists a fixed number € , situated between 0 and 1, such
that relaxation methods tend to éonverge for €6 < w < 2 =g,
but may fail outside this range (See Ostrowski, A. M., On the 1i-
near iteration procedures for symmetric matrices. Rendiconti Matt.
Applic., 13, 140 (1954)).

As a consequence of these observations, and by a syste-
matic analysis of unsatisfactory results, we eventually managed
to establish patterns, to assess the relative importance of the
intervening factors and, by trial and error, to introduce impro-
ving modifications in Carre's algorithm. Such modificationsveven—
tually led to an interesting discovery which deserves a deeper
mathematical approach. It seems (at least on the basis of the ma-
trices involved in EPFELDA ) that even if a matrix does not

()

possess Property A , Carré's method can be successfully applied
if the loci of the optimum over-relaxation factors is assumed as
shifted from the hypothenuse of the triangular graph of Figs; A-1

and A-2, to an inner line like, for instance, PQ in Fig. A-2.

Specific considerations will be presented in the next
section, on the alterations we have introduced in Carre's method.
We recognize that a rigorous mathematical explanation for the
realization mentioned above is not at hand, and also that this
result may be pﬁrely coincidental, eventually not being verified
with different matrices. We do hope to come back to this subject
in the near future, and to study it from a mathematical point of
view.



A-6 - THE SPECIFIC ALGORITHH

Fig. A-2, which depicts a part of the trianpular graph
of Fig. A-l, plots a sample of early results obtained with the
help of a modified Carre algorithm, but not involving any delimi-
tation of the maximum value of the over-relaxation factor. The
first two values are not shown, as they plot outside the range
of the figure. Corrections were performed after every tenth cy-
cle, and the initial value of over-relaxation was taken as 1.0,

A maximum increase

Aw, = 0.1875

-

was allowed in the first correction, and variations in the sub-
sequent corrections were not allowed to exceed 75% of the pre-
vious variation. As a consequence, a given set of the first va-
lues of over-relaxatién were sometimes repeated in several load
increments, as the estimated variations Aw, became usually
large (and if accepted as such led to inevitable failure). In
the vicinity of convergence, however, this pattern of prefixed
values was definitely broken, as can be clearly seen in the fi-

gure,

To correct the assignment of a bad value of over-rela-
xation, a modifying procedure may eventually be introduced. The
norm, in a converging process, is an essentially decreasing para-
meter; therefore, if an increase is verified in the norm, we re-
duce the over-relaxatioh factor for the next ten increments,

according to the equation

Wpeg = (1 +w)/2.

It is observed from Fig, A-2 that convergence usually
occurs once the 1ine‘PQ is crossed. Over-relaxation factors
under which convergence occurred are enclosed in a circle, in the
figure, It is also observed that the successive paifs (w 'pLI)
plot satisfactorily according to the family of curves of the
graph, except in the vicinity of the line PQ .

Sample A presents a well-bchaved pattern, with the
successive variations Aﬂwe becoming smaller and smaller, and all
results being consistent with a common estimate of W, ( of the

order of 1.,805). Convergence, however, was achieved under W =
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FIG. A-2 - A SAMPLE OF RESULTS OF THE APPLICATION

OF CARRE'S METHOD FOR THE OPTIMIZATION OF THE
OVER-RELAXATION FACTOR

1.740 . (0ddly, though, when bounds were removed on the increases
in w , the SEOR method failed as soon as w crossed the value
of 1.76 ,with the production of very large spectral radii, actu-

ally larger than unity, and, as a consequence, divergence.

Sample B discrepates from the expected behaviour from
about w = 1.41 ,with the spectral radii dropping exaggerately
through four corrections in w. Eventually, a negative increase in w
is computed. A sinmilar but less drastic performance is presented

by sample C.

Sample D presents an oscillating terminal behaviour,
culminating with the production of a very large spectral radius.
The situation, however, was already very close to convergence
(to 10"5) andy in despite of the high spectral radius, this was

finally achieved.

Sample E, finally, compares with sample A, but con-
vergence occurred at a much smaller value of over-relaxation {and

spectral radius).
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In view of these results, and of the fact that trouble
commonly occurred once the plots fell to the right-hand side of

the line PQ, tentatively expressed by the equation
w = 0.8375 + 0,8125 pM, -

we simply imposed this line as a boundary not to be crossed, and
the equation above as an upper-bound for the successive correc-

tions of the over—relaxation factor.

Under such a restriction, a marginal improvement was
achieved in the successful cases, but the percentage of failed

cases reduced substantially.

Convergence, in the early stages of deformation, under
the use of the optimizing routine, could be achieved in 60 to 70
cycles, in both the indentation and radial upsetting applica-
tions. As deformation progressed, more cycles became necessary,
but the worst of all situations re&uired only 240 cycles, which

compares favourably with the 300 to 500 cycles mentioned earlier.

A-7 = NOMENCLATURE

A

A symmetric, positive definite system matrix
Aij A submatrix of A in the SBOR method
Al, A2 - Submatrices of A in the definition of Property A

o
.
.
!

The elements, or components, of the matrix A

()

- The matrix related to A in the definition of Property A

W
1

Right-hand side vector in a linear algebraic system

bi - Subvector of b

bi ~ Component of b

bij -~ Component of B

c - A vector in the SOR method

D - A diagonal matrix containing the diagonal terms of A

Dl’ D2 - Diagonal matrices in the definition of Property A

~ Error vector after kth SOR cycle

i, 3 - Indices

k - Cycle counter in the SOR and SEOR methods

L - Strictly lower triangular matrix with the corresponding
elements of matrix -A

M - The SOR matrix related to A



N -
N -
n
n -
NI
R -
U -
x,x(k)
x - ,x(.k)"
Jd J
X, -
.'] .
X(.k) -
Jd
Awg -
Bij -
ﬁ(k) ~
5x(k) -
A -
)\i! lil -
Par Py
w )
Wer Wy =
W, -
Wpeg ~

- Solution vector and its kth

~Rank of matrix A

Total number of nodes in the finite element mesh

Index of the subdivision of .A.inté submatrices

Norm of the SOR method

Average rate of convergence

Strictly upper-triangular matrix with the corresponding
elements of matrix -A

estimate by the SOR method
Solution subvector and its kth estimate by the SBOR nethod
An element (component) of vector x -

(k)

An element (component) of vector x
Variation from the current estimate of the optimum over-
relaxationfactor to the previous one

Kronecker delta

kt

Residual vector

h displacement vector

A real number

Eigenvalues of the matrices A and M, fespectively

- Spectral radii of the matrices A and M, respectively

Over-relaxation factor

Estimated and correct value of the optimum over-rclaxa-
tion factor

New value of over-relaxation, after a Carré correction
Reduced value of over-relaxation, in case of an increase

in the value of the norn
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APPENDIX

2

EPFELDA

LISTING

OF PROGRAM, FUNC -
TIONS AND SUBROUTINES

Main Program

T PRAGRAM EPFELDACINPUTy OUTPUT s TARPESSTHPUT « TARFEE=OUTRPUT)

NN E NN e

N =

ELASTTC-PLASTIC FINITE ELEMENT

DEVELOPEN TN

PROGRAM WRITTEN BY ARNO RLASS

DIMEMSTON  DLD(3+98)
‘ NMU(3:96)

DU (3¢95)

Y (3:134)

X {3¢9R)

XLD(3:¢98)

[C (3+9c) ¢

LNEYYs X1 (2),

/GSSs/ o
FEMN/ DEWD

THE SECOND SEMESTER OF 1971

NEQE(P15)y A(4+3¢215),
FAPS(218) s D(H1A215),

EOS (215). CS

(6¢215)

HD {215) NCS(A215),
s (213) ﬁGS(6'?15)!
MO 215} e DKS{6+215)
XKSE (A)y XKS(6«215)
pPCs (6)« YELDYI(215),
COMMON XDU173¢96) v HAMP yNAP vTCP «DLD o XILD W MBC o RN « DMUMD

XKKSyCSrERSc A1 VA

DATA PI 73.,1415926536/

/CRD/

LARGE DISPLACEMEMT AMALYSIS

AL (4433)y MRC(IR) .
DE (646)y RM (SR},
DEDLE (3¢3)y W {(96)
DXST (3¢3) ¢ NMPISAE) .
DERE (343)y NAP (96T
NDXNT (3+43)s ICP(96)

CSE (/)
NCEL(R)

X

v MANP{19r9hR}
vy RD (215)

ZEDT/ DXNTDRXST o XJC

/D8 /s

READ DATA AND COMPOTE KDDITIONAL DATA

REAND(S 1) OVSeTOL enCY

1 FORMAT(2F1024+315)

READ(S+2) Ev XHU

2 FORMAT(2F13.3)

3

T MCCoeTw

REAN(S¢3) YIELNSCF14CF2y TEMP

FORMAT(HFLO.4)

_255;

U.nDERU

(MODULE 1)
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Main Program

REAN(S, 4) NE3, MIF, NBLy MSUR
4 FORMAT(4IS)

READ(S+A) ((ND(I+M) e T=1eld) s M=L NER) -
5 FORMAT((B(1Xs412))

YFipb = YTELUO*CFA®kx(-CF?2) ' ¥
CS«y = PI/135.

CST# = CSI*FLOAT(NRL)

NMD = MIFx(HM3L + 1)

NEL = NBULNER

NLL, = 1

GEMERATE ITMDICFS FoR REFLEXIVE BASIC BLOCK

IF(NPLLFO.1) GOTn 11

NO 8 M = 14 NER
L1 = M + NEB
N 7 I = 1+ 4

ND(ILLL) = ND(T M) _
7 IF(ND(TLL)eLE,HTF) MD(ILL1) = ND(T+LL) + 2x%NIF
8 COMTINUE

GENERATE IMDICFS FoR THE REMAIMING EFLEMENTS AND MODES
TN THE SPECTIvER

IF(NRL.LEL2) GOTN 11

M o= 2%(NER

D0 10 NR = 3.NAL

L1 = NMIFx(yB - 1)
D0 10 WD = 1. MNER

M =M+ 1

DO 106 T = 1+ 4
10 NDET M)y = NMDCIMED) + 11
11 CONTIMUE

HMODAL COORDIMATES wILL BFE CALCULATED BY MEANMS 0F DATA
TOo BE FEEDED, FOR EVERY BASIC BLOCK

READ(5432) RO RRe THe RPM
12 FORMAT(UF10.3)
SUR = FLOATIRSUE)
DTIME = 1.
IF(RPMILTeleE=50) GOTO 14 :
NDTIME = 30.,*%CST/PL1/RPM/ZFLLOAT (NSURB)

ML = 2
14 CONTTIHLUE
RAMG = N,

MWD = NBL o+
FORM ELASTIC (FULERTAN) MATRIX

TGz F/(2ex(Le + XNt} )

(71 = 99"‘('1*)(”“/(]0 - ?o*XHU)
G2 = 2.xGx(le = XNUI/(1le = 24¥XHNU) (MODULE 1)
G3 = 3.%6

BULK = F/3e/(1s = 2exX1l)
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Main Program

N0 15 T = 1+ 3
DO 15 J = I« 3

IJ = KRNY(I+d)
DO 15 K = 1+ 3
DO 15 L = 1+ 3

KL = KMV (K.L)
DE(IJIKL) = Do

TF (T B3NN KL el Fa3) DE(TIJ«KL) = G1
IF‘IL'.LE.3.L\:\1D0Il.l'F(‘)QKL) DE(IJ'KL) = G?
IF(IJ-EQ.KL-AHD-KL.GT.S) DE(IJOKL) = G

15 CONTINUE

DO 16 MT = 1 NHD
NMP(HT) = 1 + NIF*(HI - 1)
16 COMTINUE

GEMNERATE MODAL COORDINATES AND INMITIALIZE
VALUES FOR STRESSES AlD STRAINS

RMTN = RO

DO 4% MM = 1s 8IF

READ(S«42) My RIINYSTFC
42 FORMAT(TIS.21710,3)

RMIN = AMINL(RsIMapM{N)Y)

DO 45 M = 1 NHD
NE = M + NIFx(wv - 1)
IF(NMFLGTJNND)Y 6OTO 45
CAY = CSI*FLOAT(M « HNLL)
XCLeMF)Y = RH(N)®XCOS(CAM)
X{2hF) = RIBINYRSIM(CARM)
X{34MF) = TFC*TH/2,
TRN(MFY = Re(N)
45 CONTINURE
46 DR = (.

FOrM SHAPE FUNCTTIOr VALUESy FOR THE ELEMENTS
INTTTALTZATIONS ’

DO 50 M = 1« NFL

CALL, COFFF(RDIT ™M) A(T 21 M)y VAE(M))
DEQE M) = ERS(v) = £QAPSIM) = 0.

HD (M) = G3

YELD1 (MY = YIELD

DO 8N T = 1y 6
CS(I.F) = XKS(Tem) = 0, |
oty e (MODULE 1)

» D (Tedait) = DECI U
50 COMTTRUF

M

1

WRITE THPHT DATA ARNN CONMTROL PARAMETFRS

TF (T F3.0) WRITF(A426) (MODULE 0 - Data Output)

IF(TwaERel) WRITFE(£427)
26 FORMAT(///29H THFE THPUT ARE MOT oUTPUT)
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Main Program 258
FORMAT(///211 THE TWPUT ARE OUTPUT)

IF(IW.ED.0) 60T0 56

WRITE(A421)

21 FORMAT(IWL///77

1 40X 46H ELASTO=-PLASTIC ANALYSIS OF LARGE DEFORMATINNS /
2 BOX YA == e e e et e e e e ———— /
3 BOX G HEH = e m e e e e e e mmme ////)

WRITE (A 22)

22 FORMAT(H0X¢36H FLAMGE FORMING IN AM ALUMINIUM DISK /

1 40X e58H ANAILYSIS Y THE FINITE ELEMENT METHOD ////77
2 H0Xe38H ArNn BLASS = TMPERTAL COLLEGE - 1972 ///
3 40X 30H SHUPFRVISOR - DR, BELA LENGYEL )

WRITEF(6+23) NELs NEDs NEBy WBLy NMDy RRy RO, TH
WRITE(6v24) NCYs NCCy TOLs CSIM, CSI
WRITF(6,28) TEMP, YIELDs YFUWNs CF1. CF2

23 FORMAT(INAL// /7

VOO ~NT RN~

26H TOTAL MNUMRER OF ELEMENTS ,I1p/
- 26H TOTAL WUMBER OF NODFES 112/
28H ELEMENTS TH THE BASTC BLOCK.I10/
29H TOTAL NpMBER OF BASIC BLOCKS, IS /
32H TOTAL NUMBEK OF MID-PLANE NODES,I& ///
25H RANDTUS OF FORMING ROLLERF13.2 411 MM, /
25H RADTUS oF SPECIMEN L3200 MM, /
25H THICKHKESS OF SRPECTIME®N 1FL3.2041H MM, //77)

24 FORMAT(LI7TH ITERATINMN LIMIT«I2L.7H CYCLES /

O 3=

32H INTERVAL FOR PROGRESS OF OUTPUT.I6+7H CYCLES /
23H CONVERGIHNCE TOLERANCE +E22.5 /

29H TOTAL CEMNTpRAL  ANGLE 1F12,.5+¢6H RADS. 7/
29H CENTRAL ANGLE OF BASIC BLOCK «F12.5:16H RADS. ///7)

WRTTF(A+2D) Es XMUy DTTME, RPW

25 FORMAT(LTH YOUNGAS MADLLUS +F2642,7H MN/MSH /

28 FORMAT(20H TESTING TEMPERATURE, F22.3s14li DEG. CELSIUS /7

29

a0

1R e

(S AR

DOV WY -~

17H POTSSONAS RATIO +F2R.2 /
174 TIMF INCREMENT  +F2642+:6H SECS.///
170 SPEC VFLOCTITY +F26,2 4H RPM/)

134 YICLD STRESS«F29.%07H MN/MSQ //
334 MATERTIAL OBEYS STRESS-STRATH LAW //
LUl FQe STRESS = sF7e80211%(sFT7ale16H + £0e STRAIN)#%«F&.U//7 )
OUTPUT THE ARRAY OATA

WARTTE(A429)
FORMAT(INL// /77

33Xy 16H ELECENTAL NODES 20X s20H INTTIAL COORDIMATES 48X,
16H MIN=PLANE NOPES /
223X 9 16H =cmwmmm e 120X420H ccarcmcc e e e~ s AX
16H mmmemcem——————— /77
19X+,51H ELEAENT  T=MODE  J=NODE  K=NORNE  L=MONE NANE
41H  FIRST SECOND  THIRP ORNER  NOPF /)
NO un M = 1+ NFL
IF(M.GT.NMD) GNTN %2 (MODULE 0)

ARTTE(AH230) Mo (NNCTaM) o T=Tal) oMy (XCJoM) 9 d=1 4 3) o M NME (M)
FORMAT(IOX+6T242X03FBa11Xe217)
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32

34

36
3

48

39

1
2

56
57

Mdin Program 229

GATO 41

IF(M,GT MDY GOTH 24

WRTITF{G+34) My (MODCToM) e Tz 0d) ¢Mya (X (JeM)ed=1,43)
FORMAT(15X+61942X13F8.4)
GOTO 40

WRITF(6933) Mo (PDTTeMYI=104)
FORMAT (15X +219)

COMTINUE

(MODULE 0)

WRITF(6139) (Mo VAlm) g CIA(ToJsM) o T=104) v d=11%) sM=1+NEL)

FORMAT(Z////

25X432H ELEMENTAL VOLUMES AND COFACTORS /
DEX ) 32H —mw e em e mm e m—————— /7
(2X e 1343X F10.543%,1.2F9.5)) {

READ(S+87) APL, CFCcy PRESCyy STEP. MNMGL
FORMATIUFL0+34T75)

TEST FOR END OF PRaBLEW
. (MODULE 2)

TF{APL.LEU«) GOTO 1000

RATE APPLIED LOAD nVER CONTACT AREA
INTTIALTZATION

WRTTE(6,58) RPMs CFCy CSTe STEP

BR FORMAT(////720%,23H PARAMETERS OF PROBLEY //

W=

43

47

49

20K 423 mm=cemmmme——acceeacao- //

20X430H ANGULAR ROTATTON OF SPECTIMEN «F6,3.411 RPM /
20X,30H COULOMB FRICTIOM COEFFICTENT +F6.3 /

20X,30H CENTRAL ANGLE OF BASIC BLNCK +E104445H RADS //
20X430H APPROX. INIT. LOAD INCREMENT «F6ele2H N //)

DO %49 # = 1« NHD -

NBC(M) = =1

TF(ABSEX (3¢ =TH/2,).LTe0.091) NBC(N) = 1

IE(ARS(RM(MN) =RN) JLTW0eN1) NBC (M) = 2

IF(ARS(RN(MI=RATM) [ LT.%01) NRC(NY = D

TF(RPULTal sE=50,A1DN,LFELJHNIF) GOTN 43
CIF(HGLELHIF) ' MRC(N) = 0 - .

TF(N.GT JHUND=NIF) NBC(HN) = 0

DO'47 T = 1+ 3

TJMUCT W N) = U,

DLBET W N) = DUCTR) = XLD(TaN) = U(IN) = 0.

ICP(N) = 1

WiMN) = .

COMTINUE

Wy = 1

CO"pAR = 1.

TIvE = 0,

N1 = Nsp (ML)
PREY = 1),

F = RO + RR

N3 = M1 O+ HLF - g
M = 13 - 1

gy




60

62

64

65
6h

260
Main Program —

DLNEYT ML) NLN(1el) = = 04128%APL
DLN(1+N3) - De295%APL

NM(24yN1) = CFC

DMII(2 4 NR) = CFC/2.

DMII(Z34M3) = = CFC*QURT(3e)/72.

DMI(34NG) = - CFC ' =

ICR (1) = ICP(M3)Y = ICP(ING) = 0
DIMCR = STP = H.0nl

IPy = 3n
STI = TH/2,.
GOTO 72

SUBSEQURENT STAGES

NS = MOD(NM=1 4 NSUBY

S = FLOAT(iS) .
PREV = APL

DINCR = 1.S5*DINCR*N49TS*xNM

FACTL = STEP/APL

FACT2 = FACT1/10.

IF(RPMJTLeE-50) gOTO 63

DEN = (SUB = 3,)%SHB%SLB = 6,.%SUB - 8.
Cl = 12./7DEHN

C2 = 2.+ (SUB*SUB = 8.%xSUB = 2.,)/DEN
FACTL = STEP/APL#(1s = CLlxSHN¥SH = C2%SK)
FACT2 = STEP/ZAPL = FACTI1

IF(NSLMEU) GOTY 63

NS = KMSUB

N1 = M1 + WNIF

RAMHG = RANG + CST

XI1 = X{1«N1)Y + 11(1ehi1)
XI2 = X(2+4H1) + (2401
RI = SORT(XIIxXTIL + XI2xXI2)

F = XT1®(le + RR/RT)

NT = N1

DO 7N N = NIs N3

IF(RN{N) LT«R0O=2,) 6GNOTNH 70

XE1 XCLeMY + U(LH)

XE2 X(2+M) + U(21)

RNS = SORTUF=YE1) 2 (F=XE1) + (XE2~-FxXI2/XT1)*(XEP=-F*XIP/XI5Y)/RR
TF(RNSLLT«1.01) GOTO 62

DLNELN) = DLD(2N)Y = DLD(3«N)Y = 0.
ce(ny = 1

IF(N.FQ.NL) NI = N1 + NMIF

GATO 70

IF(N,LE.NI+NIF) 6070 A4

FACTT = (le = 100e%(ROS = 14))#STFEP/APL
FACT? = N.

N0 65 I = 1+ 2

DENCTN) = DLD(TI MY + FACTLHXLD(T K
DLN(TaN+MIF) = DLO(I¢N+NTIF)Y + FACT2%XLO(ToN)

ICP () = ICP(N4+MTF) = 0

TF(HN+HTE JLE «NND=ML1F) 60T 70

XC1 X (1o H+ANIFY + U1 9W+NTF) (MODULE 2)

XE XA2 W+RIF) + (2 N+NTF)

RDS = SORTO(F=XF1)«(F=XE1) + (YE2=FxXI12/XT1)+(XEP=FxXT2/XI11V)Y/RR
TF(RNSLTe1le005%) STOUP

t 1 n

bonoon
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Main Program

DLOCT+M+NIF) =
TICPIM+NTF)Y = 1
COHTTNUE

DLD(2yN+NIF) = NDLD(3N+NIF) = 0O,

TCP(MY = 0 MEANS CONTACT WITH ROLLER

261

NG = 0 (MODULE 2)

WRITF(6473)
FORMAT(SX 028 1.0AD TNCREMENT INTTIALIZED )
RAT = = FLOAT(TFIX(NIMNCKR/STP) }#STP

Form TOTAL STIFFNESS MATRIX FOR THE WHOLE SYSTEM

- (MODULE 3)
CALL TSTTFF(MIL « NNPyHD)

COMPUTE NISPLACEWEMT THCREMENT COMPONENTS BY
PERFARMING SHCCESSIVE OVER=-RELAXATTON (MODULE 4)
ITERATIONS FOR THE ENMTIRE SYSTEM

CALL GAUSSIMECNCYOUSsTOL «MTF «HND ¢ NMaNMG oML ¢ RMIF o RPWM e RAT 4

Ty

COMPUTE GREEN'S STRATIN TNCREMENTS
. (MODULE 5)
DO 12% ™ = 1y NEL
DO 9% T = 1+ 4
LR(T) = NDCLeM)
DO 95 J = 1+ 3
AL(Tvd) = ACTadem)
CALL DERIV(LMyAL)
CALL NERIZ2(LN«ALDrDU)
00 112 1 = 1+ 3
D0 112 J = 1y 3
IJ = KRV (I4J)
DESITJe¥) = DKS{TJd M) 0. 4
DGS(TJei) = NES(TJ,M)Y + (DEDUCIJ) + DEDUCIT)I)I /2.
DO 111 K = 1+ 3 '
DES(TJe) = DESITI MY +
(NEDLH (K TYXNERU (K )+ DEDU(K Y *DERU(KTY ) /2,
COMTINDE

B!

COMPUTE STRESS ITHCREMENTS AND TMTERIM STRESS VALUES

Do 115 1 1y 6

DO 113 K Ly 3

DO 113 L = 14+ 3

KL = KMY(K.L)

DKQET oMYy = DKS(T M) + DT oKL aM)*DGS (KL )

il u

XKSF(I) = DKS(TaM) : i

NO 120 T = 1+ 3
NO 120 4 = Xy 3
IJd = KWV ({T+d)
CSIF(TJ)Y = 0.
DO 116 KX = 1. 3
IK KMV {TK)
KNV {(Jd+K)
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FACT = DXST{ILK)/XJC
NO 116 L = 1+ 3
KI. = KRV{K.L)

262

116 CSFE(TJ) = CSE(TJ) + FACT*DXST(JL)*XKSE(KL)

1 + (CSOTIK«M)Y*DNEDI(J L)

+ CSOJK«MYxCEDUCT L)Y

2 - CSITJaM *DEDUIK L) IRDXNT (LK)

NCR(TJym) = CSELTJ)
120 CONTTINULD
125 CONTIMNUE
WRTITF(6+127)
127 FORMPT(SX 18 ELFMFMTS SCAMMED )

7

(MODULE 5S)

UPDATE FORCES AND cOMPUTE FRICTTION FUNCTION -

NT = N1
DO 148 M o= 1. MND
SIF(NMG LN 0) GOTD 144
NF = 0
TR LT U.001) nOTO 140
135 DO 134 1 = 1+ 3
DC(T«N)Y = XLDOT oM)W N
136 XLA(TI) = XLD(T«n) + DLD(TI+N)

WP = SQRTIXL(Ly®RXL(1) + XL(2)*X1.(2) + XL(3VxXL(3))

DO 128 1T = 1+ 3

138 DLO(T M) = DLD(IWN) = WM R(XL(T)/WP = DC(I«N))

NF = MF + 1
IF(MF.LF.2) GOTO 125
140 DO 142 T = 1« 3
142 XEN(T«NY = XLO(TN) + DLND(T M)
164 IF(IcP () o NESD) 6OTO 148
IF(CFCeLTelsE=5) GOTQ 148
IF(MNM6G HE JNEGO)Y GOTD 148
IF(ANLMENI) GOTO lue
WNB = N + NIF/2, - 1
NE = N + MIF - 4 .
DO 145 HNF = NB, NE
IF(ICPINF)NELD) 6GNTO 145 (MODULE 6)
STT = AMAXLISTT «X{3 NFY+U{34MNF))
NI = NT + MIF
GOTO 145
145 CONTYMUE
146 FACTYL = (X(3NY 4+ 11{3+W)I/STI
FACTT = AMINTL(144FACT)
FACT2 = SQRT(L1. - FACTI*#FACT1)
DMIT(T ¢ NY = = CFCFACT2xSIN(RANG)
DM (2«N) = CFCxFACT2xCOS(RANG)
DMLI(3eNY = = CFCxFACTL
149 DLN(LeMN) = DLD(2.NY = DLD(3+N) = 0,
WRITF(A4190)
150 FORIMATISX «19H NONES SCANNED )
NMGD = MMGL
IF(CAMPAR LT ,0,009) NMBE0 = NMG
CHOMPAR = 1,
A
CO®PUTE CORRECTED VALUES FOR STRESSES 1

DO 188 M = 14 NEL

(MODUILE 7)
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160

161

165

175

177

178

179

HEQDS(M)
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PHN = HOL = HD(M)
RATEG = RD(M) = 0.

20 160 T = 14 4

DCE(Y) = 0.

PCS(T) = CS(1eM)

CSF(T) = PCS(I) + NCS(TI+M)

NO 1AL T = 14 & "

LHM(I) = ND(TI M)

NnO 161 J = 1.« 3

AL(Tod) = A(ledem)

FQE = ENST(CSE)

PENS = ERS()

IF(HNL TG} GNTH 165

RATEG = RATST(YELDI (M) «PEQS«PCSNDCS(14M))
COMTIMUE

RATEND = AMIMI(RATEN1.)

COMPUTE CORRECTED VALUES FOR ALMANSI STRAINS

DENIN = D

IF(HNLWLTLG) GNTH 177

TE(EDF «GT a0 99xYFELDL(M)) GOTG 177

Do 175 1 1+ 6

CS (71 M) CseEtI)

XKS{T M) XKS(I My + DKS(I M)

EQs(m) = EQE

IF(NMG, HE «NMGO)Y GUTO 188

R = 0N,

GOTO 187

CALLL DERIV(LNsAL)

CALL NERI2(LHeAL 4 DEDL)

DO 178 1T = Ly 3

DO 178 J = 1, 3

IJ = KMY(TIed)

CS (Tda) CSE(TJ)Y = PCSITJ) + RATEQ*DCS(IJvM)Y
XKS(TJe M) XKS(TJ M) + RATEQ®DKS(IJeM)
DCS{TJde™) (1. - PATEQYADCS(IJd¢M)

DKS (T dei) XKSE(Ly)Y = 0,

DO 179 L = 1y 3

DO 178 K = 1+ 3

LK = KNY(L4K)

NCEA(TIY = DNCECTJY + DXNTILI)ROXNT(K Y kDGS (LK M)
NEOM = YELOL(MY«(1, + HOL/G3R)

Clt = (CSE(1) + CsE(2) + CSE(3))/3,

NO 179 1 = 1y 3

DENIM = DEQIN + ((CSE(T) - CHYXNCE(T) +

Imnouon

EQRPS(M) + DEQTH
NEOE (MY + DEQIN

NEQF (M)

THTS TS THE ALRANST PLASTIC STRAIN THCREMEHT VECTOR
FOR THE POST-YrLDED ELEMENTS

YCOMp = YPUNK(CF1 + FQPSIM)Y)*r+CF2

HOL = CEP2AYCOMP/(Cr1l + EOPS(M))
IF(RATEN.6T«N.999) GNTNO 1RA

HOLC = bl

PHELC = PHD (MODULE 7)
FOF = EOST(CSE)

2.XCSE(T+3)*DCE(T+3) ) /DENOM*x (1« = RATEQ)
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IF(OFATNLE. 1L E=6) GOTN 180 |

HDTF = (FOE = YELDT(M)I/U(NEAIN + 1.F=7)
HDOLC = AMAXI{1ln. .HRL = HNDIF)

PHLEC = AMAX1{10e PHD = 1INIF)

REL = PHLC/HDLC

FACT = HOLC*DERIN/ERE

DCSH = BULK*{1l. - RATEQ)Y*(NCE(1)Y + DCEC(2) + NCE(3)) =
No 182 I = 1, 3

PO 182 J = 1, 3

TJ = KNV(Ied)

CSE(TJ) = 0

IF(TJeGTL3) (OTO 1nl

CSIr{TJd) = CSE(TJ) + DCSH - FACT=*CH

CSE(TJ) = CSE(TJ)Y + FACTH#CS(IJdeM)

CS (Tdeth) = €CS (TJyM) + CSE(TJ)

TF(PHRWLTWG) DCS(IYaM) = REL*CSE(TJ)

DES(TJeM) = DCS(TJ4M) = CSE(TJY)

Nno 1722 K = 14 3

IK = KMV (I+K)

JRK = KNV (JeK)

NO 1R2 1. = 14+ 3% o

CSFETJ) = CSE(IJY = DXNT(LKIH(PCSITKIXDENUCJ L) +
PCSTJIRYADEDU(TI L) =~ PCS{TUI*DENU(K«LYI*(1, ~ RATEQ)

Do 184 1 Ty 3

DO 1sr4 I, 3

IJd = KMY(T«dJd)

DKs{TJed) = XKSE(IJ)Y = 0.

NO 1Rr32 K = 1+ 3

DO 183 L = 1+ 3

KL = KMV (K L)
XKQFE(TJ) = XKSF(Td) + XJC*DXNT(TWKISDANT(J L) RCSE (KL)
DKSETJet) = DKS{TJeM) + XJICHDXMT LT oK) EDXNT (LY *DCS (KL o M)
XKS(TJeM) = XKS(TJ M) + XKSE(TI.))
RO(M) = COMPAR = 1,

Eos(m)y = EQST(CS(1,M))

YELD1L(MY = YCOmP

IF (HMGME LHMGO) GOTO 18R

IF(EOS(M) 4GEL0,99%PENRS) GOTO 185

R = 0,

HD(My = G3

GOTO 187

COMT YD

HD (MY = HDL

R = G3/FQS(H)/FEQS(Mm) /(1. + HDL/G3)
CALL EPMMICS(1eM)aR i)

CONTITMUE (MODULE 7)
WRTTF (64190

FORMAT(IS5X 261 PLASTIC ELEMENTS SCANKED )
IF(COEPARLLT LN, U03) GOTO 210 \

CO#PUTE CORRECTIVE LOAD TINCREMONTS

DO 206 ¥ = 1« NEL (MODULE 8)
IF(RN(M) o LT«Na01) 6OTO 205

FACT = VA(M) /6,
DO 198 L = 1. 4
LRehy = wD(lem)
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DO 19a 4 = 1+ 3
198 AL(L+Jd) = AL oedeM)
DO 2a4 1. = 1. 4
L1 = LML)
DO 2n4 K = 1¢ 3
DO 2n4 T = 1+ R
FACTA = FACT*AL(LsT)
IK = KNY(IK)
NLN(K«LT)Y = DLEO(K«LL) + FACTAXDKS{IK«M)
DO 204 N = Le 4
L2 = LR{RD)
NO 201 J = 14 3
TJ = KMV(I,J)
FACTR = FACTAxAL(MyJ)
201 DLN{K(L1) = DLN(KeL 1) + FACTERXDKS(TJ M) *U(K«L2)
204 CONTINUE
206 CORTIMUE

WRITE(6,203)
208
NO 2019 n = 14y KMD
DO 207 1T = 1+ 3
D(TeMY) = UeLevy +
IF(NUGLEG. D) DT IN) =
COMTIMNUE
IF(ARSIRMIMI=RMIN) LT«Na01)
IF(ARSIX{(Be) )BT 0001
IF(ICPIN)EW.0) GOTO 209
DLO{1L«N) = O, :
IF(RPM LT N0 ANN NJLESNIF)
DLO(2,4,N) = U
COMT TN
TF (MG JEQ GRG0
MG = MMG + 1
GOTO 74

PUCT «N)
0.
207
GOTO 209

CLD(S M) = 0o

GOTND 209

209
GUTO 210

FORMAT(SX«27H CORRECTIVE LOADS COMPUTED )

(MODULE 8)

OUTPUT THE COMPUTEN RESULTSs« FOR EVERY

210 WRITE(G212) KM

TIME INMCREMENMT

212 FORMAT(///7/30X 1241 7HTH LOAD INCREMENT /
1 AAX ¢y 19Hz==m==zsz=ssSsasz==== /f///
3 1TAEX UHIODE ¢ 16X s L3HNTSPLACEMENTS 1 33X s L1HNODAL LOADS,
5 S/U2XN2HNA 42X 210 N /)
215 APL = 0. ‘
C DO 224 M o= 1y HND (MODULE 9)
wiin) = 0,
DO 217 I = 1. 3
XLACT oMY = XED(T MYy = NLN(T ™)
HOTeMY = U(L MY + NI 4MYE(Le = COMPAR)
DLN(T M) = O, :
217 W(M) = W)+ XLDCTeNI*XLD(TN)
IFCTICP (MY ERa0) APL = APL = 2.%XLD(1.N)
A0y = SGRTw (M)
ICP(My = 1
210 FORMAT(1541%43E15,5¢60X¢15)
219 FORMAT(185Xs 194 7E15,.5:15)

WRTTF(ARe218)
GOTO 224

n0OTN 222
Ne(UCT«MY o IZ2e3) ¢
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WRITF(6+219) e (LT oMY oT=143) 0 (IXLD(JoN) o J=143) o WIN) o N

COMTINUE

PRDR = DA

DR = ARS(X(LyM1)%U(LTeMN1) + X{24MN1I*U(2yN1))/RN(MT)

DR = (DR = POR) /DR

WRTITE(A«225) APL,y DR

FORMAT(//77/715%20H APPLIED LOAD 'E154542H N £/

18X 20H RADTAL PENETRATION «E15.5¢ 311 MM )

WRTITF(641227) :

FORMAT(////3X ZHEL . v 13X 30HTRUFE STRESSES IN ELEMENTS, IN
BHIMM/AS0) v 19X 6HECUIV e s 5X «25HPLASTIC STRAIN SLOPFE /7
TO0X e THCS (141 ) 43X« 7THOCS(242) 43X THCS{3¢3) ¢ 3%,
THES{L a2V 03X THES(2403) s 3X 4 THCS(341) 15X +HHSTRESS 15X,

15HTOTAL INCREMe 113X+ 3HELe //7)

NEOQ = NYL = NMYLIM = 0

PO 250 4 = 1, MEL

HOlL = CF2xYELD1(#)/(CF1 + EAPS(M))

TF(HDL LLTSEDS(M)) mYL = NYL + 1

TF(ECS(H) oGTa1.25%YELDI(M)) NEQ = 3

IF(EQOPS(M) «GE0e3) MYLIM = MYLIM + 1

IF(EGPSIM) JHEWNe) ¢OTO 229

WRITF(64228) My (CS(T+M) o I2116) ¢EQS(M) ¢ M

FORMAT(3X e I3 41X AF10e341X 4 F10a44¢33X41I3)

GOTO 250

WRTITHF(6:230) My (CS(I+M)aIT1 Q) EDSIM)ZEQPS (M) NEQE (M) ¢HDL ¢

FORMAT(AX e T84 1Xe6F 10434 1X 2 F10e442F10.69F10.U443X413)

IF(DERE(M) e GTe=e1E=5) GOTO 250

NEOD = 1

Ml = M -

DEGH = DEQE(M)

DERE (M) = 0.

IF(HMYLIMLGTWHNEL/Z10) GOTO 300

IF(NFR,EQ1) 6GNTO ano

IF(NFQ.EQ«3) GNTH 1000

VERIFY IF STEANY STATE HAS REEN ACHIEVED

IF(DNRLLT«0.0005) GOTO 300
IF(DF . GFLPRESC) GOTO 300
IF(PREV.GELAPLY SToP

MM o= MM o+ 1

TIME = TIVE + DTTME

N3 = MND = MTF

COMPAR = 1,
IF(HYL LT WNEL/TPH)Y GOTO &0
IPM = IPN/2 + 1

STP = STP/2.

DINCR = DINCR/2.

GOTO A0

DR = 0,

DO 320 N o= 14 FHAND

ICP(N) = 1

WM) = D, _

Nno 3206 1T = 14 3

DLNCTWN)Y = DUCT M) = XED(INY = 1H{T4N) = 0.
NN 30 v = 1, NMEL

YELDT (M) = YIELD

HDU{M™) = G3

DEDE(M) = EQAS(w) = EGPS(M) = 0. (MODULE 9)
NM = ]

GOTO 6
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C .
o PLASTIC STRAIN INCREMENT
€

BON WRITE(6+&05) M1+DEN

B80S FOREAT(LHL////7/30X(11H AT FLEMFNT.I% //

1 ANXa 431 THE PLASTIC STRATM INCREMENT CHANGES SIGN //
2 A0Xe1HH TTS VALUE IS +F10.5 //
3 30X+ 27H THE PROBLEM IS TERMINATED )
1000 STHP
ENN (MODULE 9)
Functions
a) EQST

FUNCTINN EQST(CS)
FULFERTAN EQUIVALENT STRESS FOR OME ELEMENT

DIMEMSION CS(5)

EQsT = SﬂRT(((r%(l)—PQ(P))*(CS(])-C%(Q)) +

1 (CS(2)~CS A )=(rS(2)=-CS(3)) + (CS{A)~CSIMNI*{(CS(3)V-0S{Ir /2,
2 4+ J3.%x{(CS{UHIRCS(Y) + CSIHIXRCS(HT)Y + CS(AI*KTS(AN))

RETURRN
EMNO
b) KNV
FUNCTION KUVIT D)
c ‘
c COMVERTS INDICES OF THIRD ORDER TENSORS IMTN INDICES OF
C SIXTH NORDER VECTORS
c .
K = (T + J)Y/2 + 3%IABS(T - )
KNV = MIMO(KsE)
RETURM
END
c) KYN
FUNCTTION KVH{T4dJd)
c
C COMVFRTS THUDICES OF THIRD ARNER TENSORS THTo INDTCES or
C NTNTH ORDER VECTORS
o
K =1 - J
KVH = (I + J)/2 A% IARBS(K)

+
IF(K.FR.1) KVYnN = xVUN + 2
JF(KLEQ,2) KV = KVN + 1
RETURN

END
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d) RATST
FUNCTIOW

RATST(ERE,PEQSsPCS,NCS)

COMPUTES CORRECTING FACTORS FOR STRESS INCREMENTS

DIMEMSION PCS(6)
+ PCs(2)

RPCH = (PCS(1)
- + NCs(2)

DCH (NCs(1)
A= B = (.
DO 2 7T = 1. 3

NCS(6)

+ PCS(3))/3,.
+ NCS(31)1/73.

A= A+ 3.%0(PCS(I) = PCHI®(DCS(I) - NCH)Y +

B3 =2 B + 3.x0(DCS(I) = DCHI*(DCS(T) - NCH)

B = AMAX1(B3,0.0001)

RATST = (SURTIA*A 3 2.%B+(EQE*ENE ~ PEQAS*PENS)) = AN /R
RETURRN .

END

Subroulines
a) COEFF

SURRQUTIMNE COEFFINNAWYBE)

GEOMITRICAL CALCULATTIONS OM THE ELEMENTS
SHAPE FUNCTTION

DERIVATIVES

AND ELEMENTAL

(FLEMENT BY ELEMENT)
VOLUMES

MEAN COORDIMATES OF ELEMENTAL EXTERIOR FACES

DIMEMSTOR

COMMNON /CRn/ X

GEMERATE THTERNAL NRDERING

DO 20 N = 1« &
\J = N + 1
K =M+ 2
L = & + 3

IF(J.O6T.) J = J = ¢
IF(K.GTL4) K = K = 4
IF(L.6Ta%) L = L = 4
1 = MDCRDY
J o= WDGY)
K = HD(K)
L = pD(L)

INTERIM VALUES FoR SIAPE

10 DO 18 M1 = 1y 3
GOTO (121U a1A) a1

12 A(RTY = X(24K)xX(24L)
1 X{2+yL1kx{(34)
GNTD 18

14 A{ne2) = X(3yK)*RX{1140)
1 X{3vLr:X(14))
GOTN 18

16 D{Ha3) = X(LaK)4X(2yL)
1 X(LyL)#X(20)

X(3+96), AlGa3)y B(H)e MO(Y)

OF FLEMERTAL

NODES

FUNCTION DERIVATIVES

X(24sL)%X{34K)
X2 vd)xX(34K)

X(34LY*¥X(14K)
X{34JV¥X (1K)

X{TaL)Y#Y(24K)
Y1 e VX {2.K)

X(24 )X (Z4) +

X2 +K)X{34))

X3¢ J)YRX(1sL) +
X(FeKIRX (1o )

X1+ J)xX(24.0L) +
X{1aKYRX (29 ))

2xPCS(I+3)*DCR(T+3))
+ 2.x¥NCS(1I+3)%DCS(T1+3))
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a) COEFF 269

18 IF(MOD(H«2)eMELOY A(NeHL)Y = = A(NJN1)
B (M) = XLLoed)R(X({2,KI®X(30l) = X(2+LVkX{(34K)) +
1 KLLeKIR(X(24L)RX(30d) = X{2ed)EX{341)) +
? X{Lol )R {X(2ad)®RX(34K) = X(2+sK)%X{(34J))
20 TIF(MON(MN42)eMNELL) R(K) = - B(N)
¢
C VOLUME nF MTH ELEMENTs TIMES A FACTOR OF 6.
C
Ve = R(1) + 8(2) + B(3) + B(4)
IF(VA«GT1.E=3%) GNTO 28
M1 = MDC(3)
MD(3) = MD(2)
ND(2) = Hl
V6 = - V6
DO 26 M = 1v 3
TPROV = = A(3eR)
ACLs) = = ALL1MN)
Al ehN) = = A(440)
A{Z ) = = N(24H)
26 A(244) = PROV
C
C CORRECTION OF THE SHAPE FUNCTION DFERIVATIVE VALUES
c ,
28 DO 30 N = 1.+ 4
DO 30 Ni= 14+ 3
30 A(Man1) = AlisHL1)/VE
C
50 RETURN
ENDY
'b) DERIY

SUARNUTINE DERTV (HDA)

LAGRANGTAN DISPLACFMENT DERIVATIVE AND TRANSFORMATION JACOREAR
EULERTAN NDERIVATIVES FNR THE INTITIAL COORDINATES (ELEMENTAL)

DIMEMSION

COMMON

DO & ¥ = 1
270 6 K = 1
DERUA{(M 1)
PO & I = 1
J o= ND(CT)

DERU (M M)

Al e3)y HN(H) e DERUCZ43) ¢ DXNT(343) e DXST(343)s U(B3496)

/DSp/s U DERY /EDTI/Z DXHMT Z0OXST XJC
« 3
+ 3
= U,

« 4

= DERUGM MY + A(T NIRU(MJ) o

JACOREAN OF THE CONRDINMATE TRAMSFORMATION

XJe

1.

+

DERU{T 1) *(NERU{(2421*¥DCRI(343) = NERU(2+3)IXDERII(342))
DERU(T «2) % (NERY(243)#NERUI(Z41) = DERIN(2¢1I*NERU(343))
OFEROIET 93 Yk (NERUI2 1 1L)*DFERIJI342) = DERI(P+2)%DERU(341))
DERITIL 1) ENCRAYIP2) = DERY{L«2IRDFRIJ(2+1) + DERU(L1)
DERU(2+ 2 %DERUC303) = NERY(243)RNDERII(F3+2) + DERI(2+2)
DERVICZs3)%¥DERUI{T 1) = DERU(I«LIANERI(L143) + DERII(343)

+ + + + +
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b) DERIV 270
ADD = (1. + DERU(L,1Y + NERU(2,2) + DERU(3:+3))/XJC
DO 1N M = 1y 3
M1 = MOD(M +3) + 1
M2 = MOD(M1+3) + 1
PO 8 M = 1« 3
DXQT(M¢N) = DERU(M,N)
M1 = MOD(R +3) + 1
N2 = MOD(NL3) + 1
g DXMT(MyN) = (DERI(NT ML) *NERIJ(NZ24M2) = DERUINL«M2)*DERU(INZ,ML) -
1 DERUCM ) ) /XJIC
DXST(MyeM) = DXST(MM) + 1.
10 DXMT(Me*M) = HOXMNT(M 0) + ADD

RETURN
END
¢) DERI2
SURBGUTIMNE DERT2(NN A DEDU)
C
C LAGRANGEAN DERIVATIVES OF DISPLACEMENT TINCREMENTS
C
NIMEMNSTOM  A(4¢3)e ND(Y)y NENUI343)y DU349A)
COMMNN /GSS/ Dy
DO 2 N = 14 3

DEDU(M )Y = Do
DO 2 I = 1+ 4
J o= Hd(I)
2 NENU(MyNM) = DEOUMLM)Y) + A(T+NYRDU(MJ)
RETURN
END

d) EPMM
SURROUTINE EPMu(CS,R M)

ELASTIC-PLASTTC ( FULERIAN ) MATERIAL MATRIX D
ELASTTC-PLASTIC (LAGRANGEANM) MATERIAL MATRICES DT. DEP

DIVEMSTIOM CS(A) 1 CN(A)y D(HsA) s DE(B1A) Y DEP(EB)r DXNT(Z43)
1 DT(A4/1215)y DXST(343)
COMMOM JEDY/ DYNT«NXSTeXJC ZEMM/ DE DT

EOS IS THE CONVERTIONAL FEQUIVALEMT STRESS

CH = (CSEL) + rnS(2) + CS{3}) /3.
DO 1 1 = 1 3 :
CD¢IY = CcS(I)y - cH
1 CD(I+43) = CSH(I+3)
DO 8 Y 1« &
DO 8 1« 6
DEP(T ) 0
AN (T+d) DE(Ted) = CNCII*CD(J) *R
DO 40 T 1,y 3
DO 40 0 = T 3
TJd = KNV (Teh)
DO 4n M1 = 14 3%
FAAN = XJCxDXT (T ,Mq)

AT
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DO 4n N1 = 143
MN = KMV (M1aNL)

CFAR = FAAKDXNT(JyNT)

40

50
55

DO 40 K = ly 3

No 40 M2 = 1, 3

FAC = FARANXNT(K,M2) ~

DO 40 L. = Ke 3 ' ’ -
KL = KNV (KeL)

DO 4n N2 = 1, 3

N1 = KNV(MZN2)

DEP(TJeKL) = DEP(IJgaKL) + FACKDXNT (L N2)*D(MNFMT)
COMTINUE
00 50 T
Do S0 J
DT(Tode¥
RETURN
END

1« 6
1+ 6
= DE

~ 1

RP(T« )

e) FIRST

g Rl

[ e NeRe]

12

15

1

SURROUTINE FIRST(CS+B+HME)
ELFMENTARY STIFFNESS MATRIX FOR FIRST LOAD TMCOREMEMT

DIMENSION A{U43)y DE(A1E)YY CSIA)e XK(12¢12)
B(3¢3)r D (616)Ys DT(6HF219H)
COMMON JEMM/ DF DT /STF/ XKeAyWVe

DO 6 1
Do 6 J
D(T'll)

1. 6
s B
DT(I v JemE)

DO 4p T = 1. 12

L =1 + (I - 1)/3

K = MOD(Te¢3)
IF(KER,0) K = 3

FLG = 0.

FLAG = 0O,

DO 4n J Ty 12
XK(IL+.J) XK(JeI) = 0o
IF(I.MNELJ) FLG = 1,
Mz 1o+ (Jd - 1V/3

o= MOD(Je3)
IF(N,ERW.Q)Y N = 3
TF(KGED LI FLAG = 1. -

USHAL (SMALL DISPLACEMENT) STIFFNESS TERM
AMD INITIAL STRESS STIFFNESS TERM

DO 4 I1 = 1, 3

FACTEL = V6xN(L«I1) /6.

KT = KNV(Ky11)

00 4 Jd1 = 1,4 3

FACTA = FACTL*A(Me 1)

Md = KNV (Hed1)

TJ = KNV(TI1ed1)

ADN = FACTAX(O(KT«+iJ)Y + FLAGFCS(TIJ))
XK(Tsd) = XK(I4d) + ADD

XK{JeT)Y = XK(JeIY + ADN¥FLG
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C _ :
c INTTTAL DISPLACE®ENT STIFFMESS TERWM
C
DO 40 M1 = 1y 3
JM = KRIVEJL M)
IM = KMVII1e81) : -
ADD = FACTA*{D (KT oMy .I3(NyM1) + D(IM.NJ)*B(Kimi))
XK(TI.J) = XK(I1.:J) + ADD
XK(JeI) = XK(JyI) 4+ ADD*RFLG
40 COMTIMUE
C
RETURN
END
f) GAUSS , :
SURRMAIITINE GAUSS (HCCyNMCY 2 OVSyTOL «NTF«+NODsNMyNMG e M1 o .
1 RMIG ¢ RPHyRAT IW)

PERFORM SUCCESSTVE OVER=RELAXATION TTERATIONS ON THE STIFFHFSS
MATRIX FOP THF EMTIRE SYSTEM

NIMENSTON  OLD(3492) s XKT(9919:4926) s NDOU(R) e NAP(26) ¢ RN {9F)

1 Di) (3:96)¢ MANP (19¢96)+ R (3)4s TCP(96)« X(FH196 1)

2 4 (34.95) e XLD (3+96)s F  (9)s CFA(96) ¢ U(313€)

3 DMUCA+94) CFRI96)y MRC(96)

COMm¥MON CFAVCFB  XKT s MAMP ¢MAP yTCP ¢ DLND s XLD o HBC « RN ¢ DU

1 D (6 4215) «XDUM(2A:215)

2 /CRIN/ X /GSS/ DU /DSP/ UDUM(34¢3)
MM = WOD ‘

CALL SECONDIXT1)
AONIFY SELF-FLEXIBILITY MATRICES FOR RESTRAINED ROUMDARY NODES

TF (N¥G NESQ) 60OTO 18
suml.n = 0.
16 DO 17 M = 1+ NHD
TF(ICP () NELD)Y GOTO 17
BETA = X{(2¢M)/¥Y (1 s1)
IF(RPM LT 1LeE=~30) PETA = 7.
CFR{M+3) = SURT(1e = BETAXX(T «N)/RMINYRBETAEX (1o MNY/ZRNIN))
RADFL = (XKT(LeT o) + BETAR(XKT(HeTaN) + XKT(A1.M)) +
1 RETARETARXKT (24 LaN))*¥CFO(N+3)%CFB (M+3)
CFA(EY = 1/RBRANDFL
SUMLN = SUMLD + CFA(RN)
DMII(2401+3) = 0,
CFA(N+3) = DBETA
17 CORTVYRUE
18 COMTINUE
IF(MECGTLHCY) GOTn 20
IF(TneENaN) GATO 2n
WARTITE(AH19)
1@ FORMAT(INL////7/715% 439 PROGRESS OF THE GAUSS=SEIDCL TTERATION

(MODULE 1)

1 201 TOWARDS COMVERGENCE /

2 15X 4 39H —mwmm et mem e mm—————— —————
3 2NHummmmmm o - 777

48X, SHCYCLE 21X, LeHCURRENT  DIFF ..

S A uTHOVER=REL, FCT.  OPT. OVEP<REL.  SPECTRAL RADTUS /)




2n

23
24

28
30

PE

53]
N

29

) GAUSS ' 273

VR = PSDD = 1.

DIF = 1. .

ovo = 0VS

POVO = OV = (2. = OV0O)Y/ 4.

NBAD = 0

NG = N

SO = SNNH = 0, )
SUM = 0. i
CTL = TNL

N0 34 M = 1+ MNpD

IF(TCP (M) JNELO ORI CoLT 1 E=4) GOTO 24

DM M+3) = AMAXL(Dew = DLOD(L4M))

DG 23 1 = 1« 3

NLOCT M) = DLDCI Ny + DMUCT MY R {(DMU(LeN+3) = DMU(2¢N+3))
NIA = MAP ()

DO 30 1I.= 1« 3
NET«M) = 0.

DO 28 TN = 24 HNIA
NP = MAMP(TAWN)
DO 2 J = 1y 3

TJ = KVN(TasJ)

QT eN) = G(LalNY + YKTCIJoaTIALR) DU (JNP)

RET)Y = DLDCI W)Y = R2(Tek)

IF(APSIRMIMNI=RETH) LT Oe011) GOTO 33

IF(NPC (M) «Eda)) GOTO 24

TF(RLEGTs1e=-50) 6OTO 27

TF(NGT.MIF) o010 27

COMTJMIUE

RE2) = = (XKT{Aas1L V)R (1) + XKT{S+1+NIXR(B)II/XKT(2+14N)
DLNC2 MY = RE2) + G(2440)

IF(AESIX(3411) ) JGTe(ieB01) GOTO P9

DERM = XKT(291 3 XT {341 4N) = XKT(Sv1oMIRXKT(7¢1 M) :
RIPY = (XKTU9v 1wl aXKT(H¢LaN) = XKT(AyTaN)RYKT(3,1sN}I®XR(1)/DER
REB) = (XKTUT 1ot XKT (64l e N) = XKT{2+1 MY YKT (el el))RR(1Y /DN
NDLN(240H) = K(2) + G(2¢MN)

DLD(ZReN) = RE3) + 0(3¢0)

GOTO 29

TF(ARS(Y (3+0i) )} .GTeNa001) GOTN 29

RIZ) = = (XKT(Se1 o) eR((1) + XKTU{7+LaNIX¥R(2)}/XKT(3414N)
NDLO(ZHY = RI3)Y + S(3¢H)

GOTO 29

LT e = BT M)

PDLNIE2 i)y = R(2H)

NDLNEZeR)Y = B3,

R{(1) = R(2) = R(3) = 0, . s
DO 33 T = 1+ 3 (MODULE 2)

DDICTY = = DUCTaM)

DO 31 J = 1+ 3

IJ = KVH(Ied)

NOHCT) = DNUCIY 4+ XKT(LJe1eN)%R(J)

[F(RPY 1. TelaE=50.ADMLELHIF)Y NDDU(2) = 0.
TFARS(RMIN)=RYIN) ,LT.0.01) DNUCLY = DDU(2)Y = DDU(3) = 0.
IF(HOC (M) EU.0) NDLI(2) = 0,

TF(ARS(X(3¢N)) LTeNeN01) noue3y = 0,
IF(TCP (i) e NE 0 GOTO 32

NNR = CFR(N) = (CFA(N+3)4DDUC2). + DDUCL) ) +CFRIN+3) *OVR
SU» = SUM + DDRXCFA(N)

NI g M+3) = D) (L, M+3)
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f) GAUSS

32 DO 34 1T = 1+ 3
NDUET M) = DUCIWNY &+ QUR*DDULT)

SN = 8N+ ABS(DU(I«N)) '

SN = SON + ABS(NOUICT)) (MODULE 2)
A4 COMTIRIE !

REDISTRIBUTE APPLIFD LOADS ‘

FACT = 1.

DDRM = SUM/SUMILD

NO 4n N = L MHD

TF(ICPIM) JHELD) GOTO 40

DO 36 1T = 1« 9
36 FUT) = XKT(Iel /D)

BETA = CFA(M+3)

PROP = (NDRM = CEBR(M))*CFB(N+3)

DUCLGN) = DUCLWM) + PRNOP

NUC2,HY = DUC24,N) + PROPX*BETA

IF(NJNE ML ORWNMGMELO) GOTO 37

FACT = DUCL«MLY/RAT

IF(FACTGE2, ) FACT = 0.%%FACT

IF(FACTLT04667) FACT & 2.0%FACT (MODULE 3)

37 IF(ABSIXI34M)) LTenaD1l) GOTO 38
FCT = PROP/Z(F(1)%F(2) - F(4)Y%F(&))
DUC3¢N) = DUC3NY +(F{I)%F(2) =~ F(7)xF(6) +
] BETA*(F(7)I*F (1) = F(9)«F(4) )1 «FT
DLD(1 M) = DLD(L Ny & (F(2) = RETA*F(4))*FCT/0VR
DLNE2+M) = DLD(24H) =« (F(5) = BETA*F(1))%FCT/0VR
DLOCT oMY = AMINI(DLDCOL MYy =FACT®XLD(14N))
GOTO 40

38 . FCYT = PROP/OVR/(F(i)*(F(2)kF(3) = F(BI*F(T7Y) + F(HIR(F (5

1 FAUAIXF(3)) + F(R)R(F(HI4F(T7) = F(2)1%F(9)})
DLDC1 MY = DLD(L MY + ( FU(2Y%F(3) = F(S)*F(T7) =

1 ' RETAX(F(H)*F(3) = F(RYXF(7)))*[CT
DLO(2WN)Y = OLD(2,N) = ( F(RIXF(3) = F(5)%F(9) =

1 RETA%(F(1)*F(3) = F(B8)%F(9)))*FCT
OLD(3.N) = DLD(3,N) + ( FIA)Y*F(7) = F(2)%F(Q) =

1 RETA®(F(1)*F(3) = F(4)%F(9)))*FCT

DLPCT N
4n COMTTIMUE

AMIMI(DEDC(LeMN) s =FACTHRXLD(1eN))

YRF (D)

-

TEST FOR CONVERGFHCE AMD REESTIMATION OF OPTTH4UM OVER-
RELAXATION FACTOR

IF(SNLT.1.E=35) 8P = 1.E~-35
REILDTF = SDD/SD

MC = MC + 1

SPRAN = SPHD/PSND

PSHN = sDD _ (MODUL

IF(NCLEN,2) OVR = ©QV0

IF(SPRANGGE D a9A) CTL = 2.%T0OL
TE(SORADGE«099) TL = S5.%TOL

HBAD = MRAD + 1]

TF(SPRANLLT.0.9295) HBAD = 0
IF(NRADLGELNCY/6) GOTO 8%
TF(HNCCGTeNCY e DR MONIHC Y NCCY NEN) GOTO 50

E 4)
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1) GAUSS
IF(1eFA0)
WRTTF (649)

GOTO H4r
NCL.RELDIF «OVR«OVO s SPRAD

49 FORMATISX 1944 (I1XeF1e45¢1X%X))
U TF(SPRANGGTS14) GOTO 51
DOTF = RELDIF - DIF
NIF = RELDIF
IF(ONIF.GE.d.}) GNTH B1 ' <
DOV = ABRS(OVD ~ POVD)
POVO = QuUn ’
DVNA 2 24/ (Le+8ORT(1e=(SPRADHOVRE=1,} % (SPRAD+NVR=1,)/SPRAD/OYR/0VY)
NVH = AMTINLIOVN«POVO + 0.75%D0OV)
VR = 0OVO = (2., = OVD)/4,.
IR = AVTHNTI(OVR NaR375 + (0,8125%SPRAND)
DVR = A#MAX1(1.401,0vR)
GOTO 50
51 OVR = (DVR + 1.,)/2,
850 IF(RELDIF.GTLCTL) GOTO 60
TF(TwefDad) GOTO 76

WRITF(6¢55)
55 FORMAT(

/77772814 THE ITERATINN HAS CONVERGED o

NC

1 &H AFTERYT5,8MH CYCLES.)
GOTO 70 '
58 ARITE(6459) .
59 FORMAT(//21H THE PROCESRS DIVERGES //
1 211 EXECUTION TERMINATED ) (MODULE 4)
STOP .
60 TF(NC A TLHCY) GOTO 25
WRITF(G+A5) NCRFLNIFWCTL
65 FORMAT( /7777280 THE TITERATION [IAS COMPLETED IS12H CYCLFS, THE/
1 F3H MAXTMUM MUMRER OF CYCLES WITHOUT CONVERGIMNG. BUT HAS /
2 3gH ACHTEVER A RELATIVE NIFFFRENCE OF+E13.5¢ 7/
3 33H AGATHST A SPECTFIFD TOLERANCE OF yF13.5¢1H./
4 434 THE HHCAMYFRGED RESIH.TS ARF WKRTITTEM DELOW,) ‘

oUTPUT THE

70 WRITF(A«75)

A

CALCULATED RESULTS

75 FORMAT(////77
A5Xy24H

RS Xe24H
15X, 5t

U NS -

76 R(1) =
RATIN =

TIX 8
R(2) =

1./FAC
= 1y N

DISPLACEMENT TNCREMENTS«30X¢16H LOAD INCREMENTS /

- ———— - e = - 130X 1E6H 77/
MONE ¢ 10X+ 314 DU12X e3H DV 12X 31
NLV+11Xs4H DLW«EX+8H CONTACT //)
R(3) = 4,

T
ND

NWelaX e DLLU,

No 8o M =
D0 78 I =
DLD(T My =
DU (TeN) =
RET) = R(D)
IF(TH.ENLD)
WRTTE(6465)
FORMAT(12X
WRTTE (6488)

78

an
85

a8
90 CONTTLILIE

WRTITF (6492)

1« 3

FORMATC//75X¢T3,380TH

(MODULE 5)

RATTO+DLD (I W) : .
RATTO#DIT (I 4H)

+ DLDOT M)

GOTO 9 ' .
M'(DH(TQM)QI:113'|(DLD(T!N"I:1!3’QICP(N)
JA12(5X(3E15.5)41K)

R

FORMAT(/73X43E15.9/)

MY RATTO

LOAD INCREMENT = SCALIMNG=UP FACTOR +F1N.%/)



f) GAUSS
CAILL SECOND(XT2)

OXT =

Xt
OXT

XT2
WRTTE (64200)

500 FORMATISXs13H TIME IN GAUSS +F10.3

XK(12¢12) s
NT(A4+A4:215)
/STF/ XKeAJV6

276

(MODULE 5)

1 2%« THSE CNNDS)

XKS{&1)

*FLG

RETURR
END
g) STIFF
SURRNUTTHE STIFF(XKS«RME)
C
C ELFHMEMTARY STIFFNMESS MATRIX XK
C
DIMEMSTION A(443)y ) (H646) 0
1 B3,3) DE(AH),
COMMAOR ZEMm/ DEWDT
C
C STIFFMNESS MATRIX IS ASSEMBLED TERM BY TFERM
C .
nNO 10 T = 1« &
DO 1n Jd = 1« 6
10 DOTed) = OT(IeJemE)
DO 40 T =1+« 12
L =1+ (I =~ 1)/3
12 K = #0D(I¢3)
IF(K.EQ,0) K = 3
FLLG = n,
NO 4n J = T« 12
IF(L.MELD) FLG = 1,
XK(YyJ) = XK{JeI) = 0.
C
M =1 4+ (J = 1)/3
19 N = O (Je 3)
IF(MEQ.0) I = 3
IFLG = 1
IF(K.nELH) IFLG = 2
00 4 11 = 14 3
FACTL = VaxA(L I1)/6,
IK = KNV(K.I1}
DO 4o J1 = Le 3
JI = KNY(TTvJl)
JN = KRV (Medl)
FACTA = FACTL*A(Mygl)
C
C ADD NSIIAL (SMALL DYSPLACEMENT)Y STIFFMNESS TERM
C
XK{TeJd) = XK(I¢d) + FACTAXD(TK «JN)
XK(JaT) = XK{Jy1) + FACTARD(JIN, IK)
C
C
C ADD TRITITIAL STRESS STIFFNESS TERM
C

20

GOTN(P0«30) 2 [FLG

ADN = FACTA»XKS(JI
AK(Tedd) = XKUI 44y
XK{JeT) = XK(JI)

)
+ ADD
+ ALPECLG
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C
C ANMDY BOW ADD INTTIAL DISPLACEMENT STIFFMFSS TERM
C
30 DO un M1 = Le 3
JM = KMV (J1e81)
I = KMY{TI1+M1)
ADT1 = FACTAX(D(IK M) *RINAML) + DOIMsJNI*BIKMT))
DO 40 N1 = 1. 3
JJd = KMV IJT 1)
ADD = ADYL + FACTAXRN(IMyJJ)I*¥BIK W1 )RR {NyN1)
YK(TI d) = XK(LyJd) + ADN
XK({JeI) = XK{JsT) + ADD*FLG
yun CONTIMUFR
c -
RETURN
END
h) TSTIFF

SURRGUTINE TSTIFFINEL+HODHD)

TOTAL STIFFNESS MATRIX XKT FOR THE WHOLE SYSTEM

DIMEMSTON

COMMON

C

c

C
5
6

c

c

C

C
4
1

.

DMU(3e94) s TCPI9A) e XKT(2:19496) s ND(U215)y DFRULZT)

DLD(34358)s BHAP(96) sy HANP (19496), HD (215) s AL{H¢3A)
U {3495 MBC(96)Ys A (4+434215) s EQRS (215)4 F (9.
X (3496 )0 RN (95)s CS (Ay215)y VA (218)Ys PROV(S),
XLD(3494) s XKLL (6)2 ¥XKS (6+4215) s XK(12412) 4+ LN (4)
DUMM{2996) + XKT o NANP 4 WAP s TCP o DLD « XLD s NRC « RN« MU +
MDeXKSe S EQRSeN VA

/CRN/ X. /DSP/ U,DERU

/STE/ XKeAL Vel

PREPARE TO SUM STIFFNESS COFEFFICIENMTS

NN = NOD

DO & N = 1,4 NHD
DO 5 IQ = 1+« 19
NARP (TG« = 0

DO S J =1y 9
XKT(JaTRN) = 0,
NALP(140) = R
HAP(N) = 1
CONTINUE

FOrM ELEMEMTAL STIFFHESS MATRICES
ASSEMRLE TOTAL STIFFNESS MATRIX

CALL SECONMD(XT9)
DO 22 M = 1+ NFEL
NOo 1 1 = 1. 12
D01 J = 1. 12
XK(T.Q\.J) = 0.

V6L = Val(¥)

HDL. = HD(M)

Do & 3 = 1+ 6
XKLET) = XKS(T,M)
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h) TSTIFF

IF(I.GT.4) 6GOTO 8
LEH(TY = ND(IM)
DO 7 J = 1 3
7 ALY J) = A(I!\J!M)
8 COMTINUE
CALLL DERTV(LNAL) :
IF(HOLLLTWS1000,) 6GNnTO 10 ' o
CALL FIRSTUXKL JDER{ aM) ‘
G0OTO 15
10 CALL STIFF (XKL DERII M)
15 DO 2~ L1 = 1+ 4

N o= LN(LT)
Nno 27 L2 = 1l 4
I =0

16 I = 10 + 1

TTF(IeLEa19)
WRITE(618) N -
18 FORMAT(LHI//Z/7/7/7 5H NODELIS«15H HAS MORE THAN  /
1 271 FIGHTEEN ANJACENT MODES //
2 26H THE PROBLEM IS ABANDONED )
SToPR :
20 IF(NAMP(TAM) SFEQLn(L2))
TF(NARNP(TONY cHE L U)
MAMP (TG = La(L2)
NAP(H) = 10
29 DO 26 I = 1+« 3
L3 = 3%LL1 + 1 - 3
DO 26 J = 1+« 3
L4 = 3%1.2 + J - 3
IJ KVI{IJ)
26 XKTLTJsIOWN) =
27 CONTTRUE
28 COMTINUE
32 COMTIMUE
CALL SECDND(XT10)
DXT9 = XT1lo= XT9
WRITE(&,500) DXT9 .
500 FORMAT(2X1+35H OVFRALL SCANNIMG OF ELEMENTS TAKES+F104342¥
1 &4 SECONNDS )

GoTo 20

GNTO 2%
GOTO 16

XKT(I 2 TOWN) + XKIL3LY)

BY IMVFRSTOM OF THe MATN DIAGOMAL STIFFMESS SUBMATRIXe. FIND THE
FLEXTRBILITY SURMATRIX AT EACH MODE. DISPLACEDR BY FGRCES AT ITSELF

PO 70 N = 1+ NND ,

DO 33 1 = 1. 9 '
33 PROVIT)Y = XKT(Tel )

PDLT = PROVILIX(PROYI2)I%PROVI3) - PROVISI*PRAY (7)) +

1 PROVIGIX(PROV(T7)I*PROV{E) - PROV(3)xPROVI4))Y +
2 PROVIDIH(PROYIG)*PROVIS) - PROVIBY*PRAVI2))

F(1) = PROV(2)«PROVIZ) = PROVIB)I*PROVI(T)

F(2) = PROVI1)=PROV3) = PROVIBI*PROV(9)

FL2) = PROVI1)I+PROVIZ2) = PROV(GI*PROV(E)

Flu) = PROVIBI*PROVIT7) = PROVIGI*PROV3)

F(s) = PRAOVI&)xPROVIE) = PROV 1) *PROV(S)

Fip) = PROV(R{)Y#PLOV9) = PROV(OAYI*PROY(3)

F(7) = PROV)*PeOY(9) = PROV(1YFPROV(T)

F(e)Y = PROVIY)=PROVIR) = PROVLYXBROV(2)

Fl9) RROVIR)*P0veT)

PROV{2)1%PROV(9)



h) TSTIFF
IF(ARS(NLT)«LT,1,E-60) DLT = SIGN(1.E-60+DLT)

DO 60 T = 1. 9
0 XKT(Ts1eM) = F(IV/NDLT
70 COMTTHRUE
CALL SECONDCXT1L)
DXTin = X711 - X7lnp
WARTITF(G«AD0) DXTIO0
AON FORMAT(2Xe35H NVERALL SCANKMINMG OF  HODES TAKES«+F10,3.2%,
1 8 SECONNS )
160 RETURp
ERn



APPENDIX 3
EPFELDA

LISTING OF VARIABLES

CONVENTION

ia - Integer array variable
is - Integer single variable

par - Function or subroutine parameters

ra - Real array variable

rs - Real single variable

MAIN PROGRAM

BULK
CAN

CFC
CFl,Cr2
CH
COMPAR

cs
CSE

rs

rs

rs

rs

rs

ra

ra

/7

Cofactors of volume determinants for all elements
Cofactors of volume determinant for one element
Trial value of total external initial load

Bulk modulus of specimen material

Angular coordinate of a node, used solely to com-
pute the nodal Cartesian coordinates

Coulomd friction factor
Parameters of the prescribed stress-strain curve
Hydrostatic stress for an element

Comparison parameter, initialized as zero, but
changed to unity whenever the application of the
initial stress procedure is required

Cauchy stresses for all elements

Working vector used to store the elemental conpo-
nents of either the Truesdell or the Cauchy (true)
stress increments (in Module 5); an interim stress

- 280 -
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MAIN PROGRAM (Contd.)

CSI
CSIM
c1,c2

DC
DCE
bCs
DCSH
DDR

DE
DEDU
DEN
DENOM

DEQE

DEQIN
DEQN
DERU

DGS
DINCR

DKS
DLD

DMU

rs
rs

s

ra

ra

Ira

ra

rs

s

Ira
Ira
rs

s

Ira

rs

s

ra

Ira

Ira

ra

ra

EMM

EMM

Dsp

//
/7

vector, correct stress increments and residual
stresses (successively in Module 7)

Central angle of basic block
Total central angle covered by the mesh

Auxiliary parameters in the generation of new
load increments, in the radial upsetting problem

Lagrangean elastic-plastic material (constitutive)
matrices for all elements in the mesh

Director cosines of the external applied nodal
forces

Incremental Almansi strain vectors for an element

Interim stress increments (Modules 5 and 7) and
corrected Truesdell stress increments (Module 7),
for all elements in the finite element mesh

Hydrostatic component of corrected stress incre-
ments

Incremental radial penetration achieved in one
load increment

Elastic (Eulerian) constitutive matrix
The elemental increments Au.

iy
Denominator in the generation of Cl and C2

Denominator in the computation of the equivalent
plastic strain increment

Total plastic strain increments, for all elements
in the finite element mesh, corresponding to a
load increment (after the last initial stress
corrective cycle)

Plastic strain increment for an element, during
one cycle in the initial stress method

Local variable, stores an eventual negative compo=
nent of the array DEQE for printe-out and execution
termination

The elemental derivatives ui 3 for one element
]

Green strain increments for all elements

Parameter used to progressively increase the mag-
nitude of the successive load increments or even-
tually to "moderate" them, in case of risk of
plastic instability

Kirchhoff stress increments for all elements

Active or reactive load increments for all nodes
in the finite element mesh

Nodal friction functions (The factors multiplying
[Pl in Eqns. (4-3a,b,c))



282

MAIN PROGRAM (Contd.)

DR
DTIME
DU
DXNT
DXST
E
EQE

EQPS
EQS
F

FACT

FACTA
FACTB
FACT1
FACTZ2

G
Gl,G2

G3
HD

HDIF
HDL
HDLC

I,J,K,L
ICP

JK, KL,
LK, ML

IPN

Iv

LN

rs
rs
ra
ra
ra
rs

rs

ra
ra

rs

rs

rs

rs

rs

ra

rs
rs

rs

is

ia

is

is

ia

GSS
EDT
EDI

/7

s

Total radial penetration of roller

Time increment between successive loaa increments
Displacement increments for all nodes in'tpe mesh
The derivatives Xi/j for one element in the mesh

The derivatives x. for one element in the mesh

Js
Young's modulus of specimen material

Interim value of the equivalent stress for an ele~
ment at several stages of Module 7

Total plastic strains for all elements in mesh
BEquivalent stress for all elements in the mesh
The distance £ in Eqn. (4-9a) and Fig. 4=6

Working variables representing intermediate fac-
tors in several expressions

Shear modulus of specimen material

Working variables, depending on G and XNU, used
when assembling matrices DE and D

Slope of of the stress~strain curve in a triaxial
elastic situation

Instantaneous slope of the stress-strain curve for
all elements (elastic or plastic)

B!, from Egqn. (3=23)

Local variable storing the elemental value of HD

The interim slope

Corrected (final) slope of the stress-strain cur-
ve, in an initial stress corrective cycle

Running indices in several IO~ loops

Parameter defining if a node is in contact with
the roller (ICP = Q) or not (ICP = 1)

Derived indices, generally used when calling
the function KNV

A denominator, depending on the number of unstable
elements (NYL), used in the redefinition of the
parameters STP and DINCR, to minimize the risk

of plastic instability problems

Parameter defining the amount of data to be written
out. If IW = 1, all data are produced, and if
IV = 0, only a limited part is written out

Local variable, listing the elemental node num~
bers, for one element
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Ll,L2
M

N
NANP

NAP

NB
NBC

NBL
NCC,NCY
ND

NE

NEB
NEL

NI

NIF

NLL

NM
NMD

NMG

NMGL

NMGO

is
is

is

ia
ia

is

ia

is
is
ia

is

is

is

is
is
is
is

is

is
is
is

is

s
//

s

/7

Index of particular components of the array LN ;
also derived indices

Running index, generally used when scannlng ele-~
ments .

Running index, generally used when scanning nodes

Indices of each particular node in the finite e~
lement mesh, and of the nodes connected to it

Number of nodes connected to every particular no-
de in the mesh, plus one for the node itself

Running index, scanning the basic blocks

Parameter defining the node boundary condition:
NBC = 2 External cylindrical mantle .
NBC = 1 Side face

NBC = O Mesh boundaries with the rest of spe-
NBC = =1 Interior nodes cimen
The mid-plane condition is checked directly
from the X_ = coordinate

3
Humber of basic blocks in the finite elenent mesh
Parameters of over~relaxation (See GAUSS)
Indices of the elemental nodes, for all elements

Running index used in extending the previous indi-
ces from the first to the subsequent basic blocks

Humber of elements in the basic block
Total number of elements in the whole mesh

Parameter used to divert and stop execution if
negative plastic strain increments are encounte-
red; usually set to zero, it is set to unity if
this condition occurs

Running index used to scan nodes when computing
nodal coordinates, and in other applications

Running index, scans mid-plane nodes in the exter-
nal cylindrical mantle

Number of nodes in the 1nterfaces between adaacent
nodes

Index defining the number of basic blocks prece-
ding the nodes initially loaded

Index defining the number of load increments

Number of mid-plane nodes in the external cylin-
drical mantle

Index defining the number of order of the correc-
tive initial stress cycles _
Input parameter defining the maximum number of
corrective initial stress cycles

The same limiting parameter, but set to a local
variable and eventually reduced in magnitude
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NIMP

NN
NND -
NS

NSUB
NYL
NYLIM

N1
N3, N4

ovs |
PCS

PDR
PEQS
PHD
PHLC
PI
PRESC

PREV
R

RANG
RAT

RATEQ
RD
RDS

REL
RI

RMIN

ia
is
is
is
is
is
is

is

is
rs
ra

s
rs
rs
s
rs

Ir's

s

Irs

s

rs
s
ra
Ir's

s

rs

Indices of the mid-plane nodes lying in the ex-~
ternal cylindrical mantle

Index scanning nodes in the block interfaces
Total number of nodes in the whole mesh

Index counting the number of load increments

applied over one basic block

HMaximum number of load increments applied over
a basic block

Number of plastically unstable elements (that is,
for which HD is less than EQS)

Number of elements surpassing the maximum prescri-
bed plastic strain (0.3)

Index of first loaded mid=~plane node

Index of loaded nodes situated in the cylindrical
mantle and on the last loaded radial plane

Input parameter, initial over~relaxation factor
(to be transferred to GAUSS)

Local vector, stores previous values of the elew
mental stresses

Previous value of DR

Previous value of EQS for am element
Previous value of HD for an element
Previous value of HDLC

The number mw = 3.14159

Maximum prescribed value of radial penetration,
used in a termination criterion (Input parameter)

Previous value of APL

A factor in the plastic component of the elastic-~
plastic constitutive matrix

Rotation angle (in multiples of CSI)

Multiplying factor used (in GAUSS) to round off
the produced value of radial penetration

The parameter C of Eqn. (3~28), for one elément

Parameter defining if there is the need to estima~
te residual forces corresponding to the residual
stresses over an element (RD = 1.) or not (RD = O.)

Distance from a node to the axis of the forming
roller, used to define contact

Working variable, expresses a ratio of slopes

" Instantaneous radial coordinate of a node

Radius of the internal cylindrical mantle of the
mesh
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RN
RO
RPHM
RR
SN
STEP

STI

STP

SUB
TEMP
TFC

TH
TIME
TOL

V6

Wp

X

XD
XEl,XE2
XI1,XI2
XdJcC

XKS
XKSE

XL

XLD
XNU
YCOMP

YELD1

ra
Ir's
s
rs
rs

s

rs

Ir's

rs
s

rs

Irs
s
Ir's
ra

ra

ral

rs

Ira

ra

rs

rs

Irs

ra

ra

ra

ra

s

Ira

/7

Dsp

AV

s

EDI

/7

Radial coordinates (original) of all nodes
Radius of undeformed specimen, mm

Angular velocity of specimen, in rpm
Radius of forming roller, mm

As variable NS, but converted to real form

Input parameter, defining the basic increment in
applied force in the successive load increments

Maximum instantaneous semithickness of deformed
mesh

Minimum value of radial displacement produced in
a load increment

As NSUB, but converted to real form
Forming temperature, in °¢c

Input parameter used to define the third (axial)
coordinate of a node

Original (undeformed) thickness of specimen, mn
Time elapsed since the beginning of deformation
Parameter of the over-relaxation problem (See GAUSS)
Total displacements, for all nodes in the mesh
Volumes of all elements in the mesh (times six)
Absolute value of force acting over a node

Interim value of W, for one node, in the "initial
load" correction

Original (undeformed) Cartesian coordinates for
all nodes, mm

Dummy array residing in the unlabelled common block
a node
node N1

coordinate

Instantaneous first two coordinates of
Instantaneous first two coordinates of

Jacobean of the original/instantancous
transformation

the mesh

Local vector storing Kirchhoff stresses,
increments, for one element of the mesh

Kirchhoff stresses for all elements in

or their

Interim components of XLD, for one node, in the
Minitial load" correction

Total (active or reactive) nodal loads

Poisson's ratio of specimen material

New value of the yield stress for an element,

following a load increment

Yield stresses for all elements, at the start of
a load increment ‘
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YFUN
YIELD

I's

I's

Parameter of the prescribed stress-strain curve

Yield stress of undefo

Emed material, zt the ten-
perature TEMP , in MN/m

CcS ra|par| Stress vector for one element

EQST rs Resulting equivalent stress (Output)

Functions KNV __and _KVN

I,d is|par|j Input indices

K is Intermediate derived index

KNV or |{. s

KVN is Output indices

Function RATSI

A rs Equivalent to =l , in Egqn. (3-28)

B rs The denominator in the same equation

bcH rs Hydrostatic component of incremental stresses

DCS ralpar| Incremental stresses for one element

EQE rs|par| Present equivalent stress for the element (k , in

I is Running index

PCH rs Hydrostatic component of total stresses

PCS ralpar| Total stresses for one element

PEQS rs|par| Previous equivalent stress for the element ( E, in

RATST |rs The parameter of Egn. (3-28) (Output)

Subroutine COEFF

A ra|par| Elemental components of the array A described in
EPFELDA (Thus corresponding to a set AL)

B ra Vector storing the cofactors of the fourth column
of the volume determinant

JyK,L,N|is Indices replacing the components of ND in the four
possible cyclic permutations

ND ialpar{ Indices of the elemental nodes

N1 is Running or substitutional index




N
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N
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Subroutine COEFF (Contd.)

V6 rs|par| Elemental volume (times six)

X ra]CRD| As in the Main Progran

Subroutine DERIV

A rajpar| As in COEFF

ADD rs Working variable, additive term to DINT
DERU ra|DSP| As in the Main Program

gﬁggf ralEDI| As in the Main Program

I1,J is Indices (internal and global) of the elemental
’ nodes

M,N is Running indices

ﬁ%:gﬁ’ is Derived indices

ND iajpar As in COEFF

U ra|DSP| As in the lMain Progranm

XJC rs}EDI| As in the Main Program

Subroutine DERIZ2

A ra|par | As in COEFT

DEDU ralpar| As in the Main Program

DU ra|GSS | As in the Main Program

I,J is Indices (internal and global) of the elemental
nodes ' ‘

M,N is Running indices

ND ial|par | As in COEFF

Subroutine EPMM

P e

CD ra Deviatoric stresses for one element

CH rs Hydrostatic stress for one element

CS ralpar| As in EQST

D ra Elastic-plastic (Eulerian) constitutive matrix
for one element, from Eqn. (2-24)

DE ra |EMH{| As in the Main Program

DEP ra Elastic-plastic (Lagrangean) constitutive matrix

for one element, from Egn. (2-32)
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Subroutine EPMM (Contd.)

T ra|EliH| Equivalent to the array D in the Main Program

DXNT, . . . o . .

DXST ralEDI| As in the Main Program (DXST dummy ia this sub-
routine) -

FAA, . . . ) N

PABR.FAC| TS Working variables (Intermediate factors at several

? stages in the subroutine)

I,J,K,L

Ml,M2, lis Running indices

N1l,R2

M is|par| Index of the element under consideration

IJ5,KL, |. . . . .

MY, NML is Indices derived via functlon KNV

R rs{par{ As in the Main Program

XJC rs{EDI{ As in the Main Program

Subroutine FIRST

A ral|STF}{ As in COEFF

ADD rs Working variables representing terms to be added
to XK

B ralpar| As DERU in the MHain Program

CS rajpar| As in EQST

D ra As DEP in IPMM

DE,DT ra|EMM| As DE and D in the Main Program

FACTA, Tl . . .

FACTI, rs Working variables, intermediate factors

FLAG rs Discriminator for initial stress stiffness term
(Real Kronecker. delta)

FLG rs Discriminator to avoid computing the elements in
the main diagonal of XK +twice (Also a Kronecker
delta)

I,J,K,L

Ii,J1, |is Running indices

M

IJ,IN,

JM K KT, o Derived indices

L, IL,Iq ]

NJ

ME is|par| Index of the element under consideration

V6 rs|STF| As in COEFF

XK ralSTF| The elemental stiffness matrix

——— 2 et




289

Subroutine GAUSS

BETA rs Anpular parameter in the load redistribution

CFA,CFB|ral|/ /| Working arrays storing factors involved in the
load redistribution ‘ :

CTL rs A local variable replacing TOL , and eventﬁally
reducing its wvalue

DDIF rs Change in the parameter RELDIF between successive
corrections of the over-relaxation factor

DDR rs Residual of the radial displacement, for a node in
the contact zone

DDRM rs Weighted average of these residuals

DDU ra Displacement residuals for a node

DIF rs The previous value of RELDIF

DLD ral/ /| As in the Main Program.

DOV rs Change in the over-relaxation after a reestimation

DU ra|GSS| As in the Hain Program

DUM ra |{DSP{ Dummy array in this subroutine

DXT rs Time consummed by the subroutine, CDC 6600 seconds

F ra Local array storing the nodal self-flexibilities

FACT rs Working wvariable, equals the inverse of RATIO

FCT rs Vorking variable, an intermediate factor in some
calculations

I,d is Running indices in several DO - loops

IA is Running index scanning the interconnection of nodes

ICP ial/ /| As in the Main Program

IJ is Derived index, from the application of function KVN

Iw is|par| As in the Main Program

N is Running index scanning all nodes

NANP, . . .

NAP,NBC |2 / /| As in the Main Program

NBAD is Parameter counting the number of comsecutive cy-
cles presenting a spectral radius greater than
0,995

NC is Index counting the number of cycles in the successi-
ve over=relaxation procedure

NCC - is|par | Number of cycles after which a new estimate of the
optinum over-relaxation factor is made, and an
output is produced, on the progress of the itera=-
tion

NCY is|par | Parameter prescribing the maximum number of over-
relaxation cycles




GAUSS (Contd.)

Subroutine
ND ia
NIA is
NIF,NM, is
NMG,N1
NND is
NOD is
NP is
OovVo rs
OVR rs
OovVs rs
POVO rs
PROP rs
PSDD rs
ra
R ra
(
RADFIL rs
RAT rs
RATIO rs
RELDIF lrs
RMIN rs
RN ra
RPM rs
SD rs
.8SDD rs
SPRAD rs
sutLp | T
TOL - rs
U ra
X ra
XDUM ra
- XKT ra

/7

par

par

par

par

D5P
CRD

/7
/7

As in the Main Progranm
Local variable, stores the NAP content for a
particular node

As in the Main Program

As in the Main Program
As NND

Index of a node vwhich is connected to another
(reference) node

Current estimate of the optimum over-relaxation
factor '

Current estimate of fhe over-relaxation factor -
As in the Main Progranm |

Previous estimate of CVO

Working variable used in connection with DDRM
Previous value of the norm SDD

Internal force increments, for all nodes
Equivalent force increments, for.one node

Radial-radial self-flexibility component of an
externally loaded node

As in the Main Progran

Multiplication factor to correct displacement
and force increments

Convergence criterion parameter in the successi-
ve over~-relaxation procedure

As in the Main Program

Sum of the absolute values of the computed displa-
cements at the end of a cycle

Norm, or sum of the absolute values of the residu-
als of displacements, at the end of a cycle

Spectral radius

fumerator and denominator, respectively, in the
expression of DDRHM

Convergence tolerance prescribed in the successive
over-relaxation procedure

As in the lMain Progranm

Real dummy array residing in the unlabelled

common block

Total stiffness matrix for all nodes
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XLD ral/ /| As in the Hain Program

XT1,XT2{ rs Execution time at the beginning and erd of the
subroutine, in CDC 66C0 seconds, respectively

Subroutine STIFTF

A ra|STF| As in COEFF
ADD,AD)| rs Vorking variables, added to XX
B ra|par{ As DERU in the Main Program
gg - |ra|Em| As DE and D in the Main Program
FACTA, rs Working variables, intermediate factors at several
FACTL
stages of execution
FLG rs As in FIRST
IFrLG is As FLAG in TFIRST, but in integer form
I,I11,
J’Jl’ * Ru - 3 d. 3 l DO l
K,L, is nning indices in severa -~ loops
M1,N1
IK,IH,
JI,Jdd, |is Indices derived via function KNV
JM,JIN '
K,L,M,N|is Indices derived from the pair (I,J)
ME is|par| As in FIRST
V6 rs|STF} As in COEFF
XK ra}{STF| As in FIRST _
XKs rajpar| Kirchhoff stress components for one element

Subroutine TSTIFF

A ra|/ /| As in the HMain Progran
AL ra|STF| As A din COEFF
CS ral/ / '

DERU ra|DSP| As in the Main Program
DLD ,DMU|ral/ /

DLT - rs Determinant of the self-stiffnesses, for a node

DUMM ra|l/ /| Dummy array residing in the unlabelled comnon

gigié rs Time required by the subroutine to scan elements
(and assemble the stiffness matrix), and to scan
nodes (and invert the self-stiffnesses) respec-
tively

EQS ra|/ /| As in the Main Program
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Subroutine TSTIFF (Contd.)

¥ ra As in GAUSS

HD ra|par . et

HDL rs As in the Main Program |

I,J is Running indices in several DO -~ loops

Icp ial/ /| As in the MHain Program

10 is Derived index (via function KVHN)

IQ is As in the Main Progranm

LN ia As in the lain Progranm

Ll,L2 |is Running indices scanning the elemental nodes

L3,L4 is Derived indices, in the two-dimensional renresen-

- tation of the stiffness matrix

M is Running index scanning the elements in the mesh

N is Running index scanning the nodes in the mesh

NANP

NAP . : s

NBC ial/ /| As in the Main Progranm

ND _ ‘

NEL is|par| As in the lain Program

NND is As in the HMain Program

NOD is As NND ,

PROV ra Interim array storing nodal self-stiffinesses,
prior to inversion

RN ral/ /

U ra|DSP| As in the Main Progran

ral/ /

V6L rs Local variable, the volume of one element (times 6)

X ra|CRD| As in the Main Progranm

XK ra|STF} As in FIRST

XKL ra Local vector storing the elemental Kirchhoff
stress components

XKS ral/ /| As in the Hain Progranm .

XKT ral/ /| As in GAUSS

XLD ra|/ /| As in the Main Progranm

XT9,

XT10 rs Execution times at the beginning of TSTIFF , af-

XT1l ter the assembly of XKT and at the end of
TSTIFT 4, respectively
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ABSTRACT

A clamped disc is heated locally along part of its circum-
ference while rotated around its axis in such a manner,
that the hot portion subsequently contacts a roller which
forces the material radially inwards raising the thickness
of the disc locally. In order to determine the required
initial temperatures applied by the heat source, in this
case an induction coil, the temperature distribution in
the deforming region is calculated as a function of the
contact time between disc and roller and in terms of the
initial temperatures of the disc, clamps and roller res-
pectively. Heat transfer in the disc and between clamps
and disc on the one hand and roller and disc on the other,
are considered. The computed temperatures are then used
in selecting the relevant stress/strain data for the
material elements when theoretical values of stresses,
strains and forming loads are determined.

INTRODUCTION

In metalworking normally large Tumps of material are formed, requiring
the application of vast forces, enormous equipment and large initial capital
outlay. If the deformation could be confined to smaller volumes of material
at a time, that is if processes could be developed to work the material in
stages, in a step-wise manner, initial equipment cost could be greatly reduced
(particularly important in low-volume production) and new ways of producing
particular shapes developed.

One such stage-by-stage method is the edge upsetting of a flat disc by
rol1ing which could become particularly important in the forming of thick
flanges on engineering components made of thinner materials.

In the experimental apparatus a slowly rotating disc (1) representing
the flange is heated locally by a stationary induction coil (2) and subse-
quently the material is radially formed by a roller (3) to raise the cross-
sectional area of the disc locally. As the disc rotates the deformation is
extended to its full circumference. Subsequently the roller is moved by a
small amount radially towards the centre of the disc and the process is re-
peated. In this manner thick flanges could be built up on a thin-walled
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component pre-formed, for example, by sheet drawing. Separate shaping tools
(4,5) can be added to allow material flow only in the desired direction, re-
sulting in a very versatile process.

A knowledge of the temperature distribution in the forming region is
important for the theoretical analysis of the process, since different tem-
peratures bring about different material properties, altering the energy
requirements of the process. It is necessary to know the stress/strain
relations which must be assigned to particular material elements when strains,
stresses and forming loads are determined theoretically. Furthermore, con-
clusions relating to the properties of the product can be drawn only if the
temperature distribution is known.

Temperature computations in various metalworking processes have been
carried out by several workers [1,2,3], a field of research activity ade-
quately.covered by a number of surveys [4,5]. In the following a method of
determining the temperature distribution in a disc in the deformation zone
during edge rolling will be outlined and 1ts application will be illustrated
on an example.

MATHEMATICAL FORMULATION

Fig 2 illustrates the simp]ified model used in the derivations. The
region of the specimen disc, in which the temperature distribution is com-
puted, is bounded by straight lines SyS) and $;S{ and by circular arcs
SpS; at the specimen-roller interface and S3S; at the specimen-clamp inter-
face. Adjoining the circular area $;S; is‘the zone of plastic deformation,
not shown in this illustration. '

The material enters this region along SyS; at time t =0 and leaves
it along S;S} at time t;. An intermediate position is reached at SS' at
time t. As the radial penetration of the roller A 1ds very small, it is
assumed that S;S; = SS' = §;§} = R. The error in this assumption is
less than 2 mm over R = 60 mm, about 3%.

The initial temperature distribution along SpS§ has been found by
experiments and is shown in the inset in Fig 2. This temperature distribu-
tion 1s one of the boundary conditions, expressed by equation (7). The tem-
.perature at the clamp T, is a function of the initial temperature of the
disc. Ts has been determined by experiments and can be expressed as
TCOC 250 + 0.18 T oC.

On passing through this zone the temperature of the disc material changes
due to heat conduction within the disc and due to heat losses to the roller
and to the clamps. The temperature changes in the roller are taken into
account when calculating the temperature distribution in the disc, but the
temperature of the clamps is assumed to remain constant at its initial value.
This assumption is justified by the large mass of the clamps, shaft, etc.,
relative to that of the disc. Convection losses have at first been con-
sidered but found small, so in the following they are neglected, consequently
the thickness of the specimen-disc has no effect on the calculations.

The 1instantaneous geometric coordinates of an element of material are
determined by distance r from the disc-roller interface, at angle 8 from

SoSp> Fig 2. In the following, indices r, s and c refer to the roller,
specimen-disc and clamps respectively. (Notation is given at the end of the
paper.)




The temporal coordinate is defined by

B
to= ot (1)
Br . v
where
308S )
tl S = -—TW— sec, . L (2)

B and B, being the enclosed angles, given, due to their small values, by

-1 A '
B, = cos (1~ ﬁ;) (3)
and Rr
Bs = 'ﬁ;‘ . Br . (4)

Let the temperature of a point in the instantaneous situation be T(r,t).
The governing differential equation is then [6,7,8,9]

oT 32T ' :
oo | Q
y ar2

¢ being the diffusivity of the material in question, either the roller's or
the specimen's, as appropriate. The boundary conditions are

T _
ar ('Rrs_t) = 0,
T A~ _ AT At
K, 5y (07:8) = K == (07,1), (6)
T(Ryt) = T,

____ The initial condition should express the temﬁerature distribution along
SoS1 when the material enters the forming region. A distribution compatible
with the experimental observations is

Tr ] r<o
T(r,0) = TS 0.<r<R/2 (7)
T 2(1-r/R)
S
TC [TZ] R/I2Z<r<R

The coordinate r is taken from the roller/disc interface. At r=0 a
weighted mean of T, and Tg applies, the weights being the conductivities
of the materia]s in contact.

Introducing non-dimensional quantities

T(r,t) - TC |
and 0 = ——— (8
1 ' Ts Tc

©

I
ol -5

.

~

I
ol ct

Differential equation (5) then becomes
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and boundary conditions (6)
30
3 ( pr’T) = 0, .

38 0~ _ 30 ,qt

Kr—a-a (0 ,1) = KS 3 (07,1) » (10)
o(1,7) = O.

Initial condition (7) becomes
o o p<O0

8(p,0) = { 1 0<p<1/2 T(11)

Tc [[TS]ZU-p) ] .
- T -1 1/2< p < 1.
TsTe _ tc

An analytical solution by separation of variables, as described, in Ref.
8, Vol.2, p.589, may be tried. The solution obtained would be expressed as

-)\2 AR ARe .
6(p,t) = Z e ——Q/_ cot[ :| [cot[ :| )
_ t]_C thc )
m=1 )
o R )
P p

cos[m ]-sin[m ]] (p < 0) )
thCr thcr )

or | § (12)
A2 \ R AR )
e(p,1) = e m A [cos [ m p] - cot[ n :| ;
m=1 i "hicg )
)

' r »R
sin| -1 pﬂ (0 > 0) )
ticg _ )
with the eigenvalues >‘m given by the indicial eq'uation
K c X R X R
RE EE cot[ l :| cot[ m pr] = ] (13)
r thcs thc

r

and the coefficients Am judiciously chosen to satisfy the initial condition.
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First the eigenvalues would have to be obtained from the indicial equation by
numerical methods and the coefficients would be computed afterwards by suc-
cessive trials, up to an order leading to a reasonably good description of the
initial condition [9]. The cumbersomeness of such a procedure is evident.
The selection of the coefficients Ap could be improved by imposing that the
initial conditions should be exactly satisfied in at least a specified number
of points in the integration interval. For this purpose, one¢ of the weighted
residual methods could be used [10].

In the following a simpler numerical procedure will be applied for the
direct integration of the differential equation. An implicit method is pre-
ferable [11], in order to allow a stable solution for larger time increments,
thus reducing the computing time. Crank-Nicholson's method is used in what
follows.

Assume the integration interval [-pp,1] 1is divided into N-1 subinter—
vals of length 4p, and that the No-th node coincides with o = 0.
Assume also a time increment atr. Let 64,j denote the temperature at the
i-th geometrical node and at the j-th tempora] node; Jj =1 denotes the ini-
tial condition. The d1fferent1a1 equation can then be rewritten in differ-
ence form by means of Crank-Nicholson's formula [11]

B, + =0, .
1,J41 Ti.d tc _ -
e ® oweaz [91+1,j+1 205 541704-1,5411%4 41, 5 261,j+61-1,j:] (14)
By denoting
2R2Ap2 _
Att,cC : (]5)
and
Si = 8.t (a - 2) 85,5 * 01,3 (16)
equation (14) becomes
'erq,j+1'*(“'*2) 81,541 " GianLger T Sic (17)

The values of o from equation (15) are different for roller and speci-
men. The right-hand side term in equation (17) expresses a function of the
known temperatures at three adjacent nodes at time t while the left-hand
side gives the temperatures at the same nodes, but at time =t + At. The
equation will not apply either to the extreme nodes or to the interfacial
nodes. For these, the boundary conditions can be rewritten as

89,541 ~ 82,541 = O
K. K. |
TR ONp-1,341 AR Oy i T B g 70 (18)

6N5j+] ¢ .
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——

ATl these equations can be expressed in matrix form, giving

[ —
1 -1 6o 0 0 0O 0O 0 0 0 o0 0, 0 ‘\
-1 ar+2 -1 0 0 0 0 0 O 0 0 0, S,
0 -1 ar+2 -1 0 0 0 03 S3
0 -1 ar+2 -1 0 0 0 0 0 eNo_] Ng-1
0 0 -y T+ -1 0 0O O O Oy ={ 0 (19)
0 0 0 0 -1 as+2 -1 0 O N+ Ng+]
0 0 0 -1 as+2 -1 0 N-2 SN_2
O O O -] OLS+2 ""I. N_'l SN"']
i ¢ o0 0 0 o0 0 o0 o0 71 eN ) 0 /}
S . —
where
Yy = Kr/Ks .

The system matrix is banded, with semi-bandwidth 2, so the system can be
solved by Gaussian elimination. '

RESULTS AND CONCLUSIONS

A computer program was written as shown on page to compute tempera-
tures for a commercial purity aluminium disc with steel rollers and clamps
of the following dimensions.

150 mm

Radius of specimen-disc Rg =

Radius of supporting clamp Re = 90 mm
Depth of section ‘ = 60 mm
Radius of forming roller Rr = 50 mm
Angular velocity of rotation w = 2m rad/min

Initial disc temperatures Tg = 4500C to 5500C have been considered. It
was assumed that the roller is pre-heated, the temperatures ranging from 1000C
to 2000C. '

One value of the geometrical increment ap = 0.05 and two values of the
time increment atr = 0.01 and 0.005 have been used, both time increments
giving the same results.

The shaded areas correspond to the various roller temperatures within the
considered range. Figs. 3,4 give the temperature of the disc in terms of rela-
Live travel, i.e. the distance travelled by the particular point from entry at
SoS¢ relative to the total travel to §;Si, for entry temperatures T = 4500C
(Fig 3a and b) and 5000C (Fig 4a and b), in both cases for roller temperatures
Ty = 1000C (A) and 2000C (B), at the roller/disc interface and at 6, 12, 18,

24 and 30 mm from it. The temperature of a particular element of material

drops appreciably by the time it Teaves the deformation zone; this decrease is
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more pronounced for those elements which are close to the roller/disc inter-
face, where most of the plastic deformation takes place. There are even
lower temperatures further away froan the roller partly because of the lower
initial specimen temperature, partly due to heat losses to the clamps, but
temperatures in this region are less important because plastic deformation
should not extend that far due to the very nature of the process.

Varying roller temperatures have a significant effect close to the
roller, noticeable up to a distance of 18 mm away from the roller/specimen
interface. Low roller temperatures have an important effect at the interface
when, immediately on entry, the specimen temperature drops from 450 O to
4170C and 4220C, if the initial ro]]er temperatures are 2000C and 1000C
respectively (Fig 3b). :

Specimen temperatures have been recorded, with an infra-red radiometer,
in the exit region, i.e. at time t =t,, =1, at a distance of 6 mm away
from the roller/specimen interface. The experimental values agree well with
the computed results. The latter are plotted in Fig 5 for an element 6 mm
away from the roller and for that in contact with the roller, for roller tem-
peratures Tp = 1009C (A) and 2009C (B). It is clear that, for example,
if the specimen temperature everywhere must exceed 4000C the initial tem-
perature must be about- 5000°C.

From this the s1gn1f1cance of these computat1ons in the present case is
quite clear. On the one hand entry temperatures can be determined and suit-
ably adjusted only when the temperature distribution is known, which ensure
that temperatures in the whole deformation region exceed the minimum required
for the process and are below a safe maximum for the particular material.

The results also indicate that temperatures in the deformation zone vary
within wide 1imits and, consequently, the yield stress of the deforming
material assumes significantly different values from point to point. For
example, the yield stress of commercial purity aluminium at 4000C is over
double of that at 5000C, at Tow strain rates of interest in the present
work [12]. This implies the difficulty in obtaining a theoretical solution
in the closed form for calculating loads, stresses, etc. in this problem with
any accuracy, when an average yield stress of the material must be used.
Alternatively, if a numerical method is adopted the yield stress for each ele-
ment of material can be suitably selected according to the temperature of the
particular element. If the calculations are then based on these actual
yield stress values for each element, the inherent accuracy of the solution
must improve appreciably.

This indicates not only the desirability of finding a suitable numerical
solution for the computation of loads in this type of problem, but also that
even those theoretical methods which are able to take account of the stress/
strain behaviour of each material element in some cases might represent little
improvement unless accompanied by an assessment of the temperature distribu-
tion and its effect on the yield stress of the deform1ng material. The pre-
sent example is certainly one such case.
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NOTATION

Am
Cs Cprs Cs

T, TC; Tr\, TS

Q, Opy COg

coefficients of the series

thermal diffusivities of the materials

as index refers to the clamps ‘

as index denotes the generic geometrical node in -the numeri-
cal solution

as index denotes the generic temporal node in the numerical
solution

thermal conductivities of roller and specimen, respectively
index of last geometrical node

index of geometrical node coinciding with the roller-
specimen interface

radial distance of material element from the roller-
specimen interface

as index denotes the roller

unclamped radial dimension of specimen

radii of clamp, roller and specimen respectively

as index denotes the specimen

in Fig 2 denote the instantaneous, initial and final posi-
tion of the material

abbreviated expression for the right-hand side terms of the
Crank-Nicholson equations

time variable and time taken by the material to cross the
forming region

generic temperature and its initial values in the clamps,
roller and specimen respectively

auxiliary function used in the Crank-Nicholson equations,
and its. values for roller and specimen, respectively

Bs Brs Bs angle defining the instantaneous position of the material
and contact angles

A radial penetration of rolier

Ap, AT increments of non-dimensional variables

P ratio of thermal conductivities

Am eigenvalues in analytical solution

o non-dimensional geometric variable

8 non-dimensional temperature

T non-dimensional temporal variable

w angular velocity of specimen
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RADIAL UPSET,

ABSTRACT.  Radial upsetting has been developed to form t
equipment is described and an upper bound solution presen
reasonable agreement with experiments.

NOTATION. :

A Contact area between specimen and roller

F, G, H Trial functions, dependent on r and &

H (Fig.4) Depth of forming zone

g% Total power of ceformation

m Constant friction factor

p Average pressure in the contact zone

Pre] Relative pressure in the contact zone

P Total forming force

r, R Radial coordinates in.forming zone and con-=
tact area

Rn Radial coordinate of the neutral position

Ro Radius of undeformed specimen .

Rp Radius of elastic~plastic boundary

Ry Radius of the forming roller

t  Time of travel for a section from the initial
to the instantaneous position

T, T . Thickness of specimen (instantaneous,initial),
Up s 89, U, Velocity components in the ccordinate
. directions
UR Tangential velocity of the rolier
Ut Tangential velocity of the specimen in con~
. tact area
¢d . Hd Dissipation power terms due to the radial
r and axial velocity discontinuities at the
. entrance to the forming zone
M Friction pover
NP Internal power of deformation
z Axial coordinate
a, B Nondimensional parameters
A Radial penetration of roller
AV Velocity discontinuity
Errs oo Strain-rate components
€77 Axial strain component
50 Flow stress of specimen material

1 Shear stress

0, 0; Specimen contact angles

s ¥ Roller contact angles

wy, wp - Angular velocities of specimen and roller
INTRODUCTION. A progressive method of metalworking is

the radial upsetting, or edge-rolling of a flat disc,
Where the defermation is confined to small volumes of
material at a time.(1) Thick flanges can be produced in
‘Itthis way on enginzering components made of thinner
materials. In the experimental apparatus (Fig.l) the
specimen is a slowly rotating disc (1) which is heated
locally by a stationary induction coil (2); subsequently,
the material is radially formed by a roller (3), to
raise the cross-sectional area of the disc locally. As
the disc rotates, the deformation is extended to its full
circumference, then the roller is moved by a small amount
radially towards the centre of the disc, .and the process
is repeated. In this manner thick flanges could be

built up on a thin-walled component preformed, for
example, by sheet drawing. Separate shaping tools (4,
5) can be added to allow material to flow only in the
desired direction. Components (6) and (7) arc strain
gauged to measure the horizontal (radial) and vertical
(tangential) components of force. The geometry of the
forming zone is complicated and the boundary conditions

TING
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 Fig.1  EXPERINENTAL EQUIPHENT

Fig.2  SIPLIFIED MODEL

lead to an elaborate formulation. InAthe following an
upper bound solution will be presented assuming a rigid-
plastic material. . ‘

THEORY.  Figure 2 illustrates the simplified model used
in the derivations. The deformation zone is bounded by
straight Tines S5S§ and S,5{, by circular arcs S§S]
at the specimen-roller interface, and SoS; at the
rigid-plastic boundary, assumed to be cylindrical, of __ .
radius Ry. The material enters this region along 555)
at time = 0, and leaves it along S;5] at time

t = t;, after a radial penetration 4. An intermediate

position is represcnted by 355', being reached at time
t. :
i
The angles of the full arc of contact are ¢, and !
gy from the centre of the roller and specimen respect- |

ively. Two equations can be established for thggq_ggn:_;




tact angles:
R.cosy; + Rocosel = Rr + Ry -

R.siny; - R sing, 0.

Since angle o; is small, and neglecting higher order
terms, 0, 1s obtained as

- " ZRr - A - 48 2Rr - A a
v - Ry Ro + Er - A Ro Ro ¥ Rr Y

(2)

Details of all derivations are given elsewhere.

The instantaneous contact radius R can be ex-
pressed as a linear function of the instantancous angle 0

= a2
R = Ry -4 & . (2)
The velocity components outside the forming region
are :
Ur = Uz = 0, Ue = wr

so all strain-rate components are zero.

Along the boundaries continuity conditions are ex-
pressed by

Ur(Rpte’Z) = 07
u,(r,8,0) = 0

Ua(r,O,z) = Ue(r,el,z) = ur,
(3a,b,c)

The last equation exbresses that deformation 1s symmetri-
cal with respect to the axial coordinate.

tnitiat Specimen Radius

sor ooy

Specimen Radius After Deformation

Fig.3  BOUNDARY CONDITIONS

Since there is no interpenetration between specimen
and roller and no voids are formed at the interface, the
specimen velocity must be tangential to the roller (F1g
3) consequently

U, \‘ﬂ2+U2
t r e‘r=R

r=R

tan(e; - 0 +y; - ¥),

t
.
@

v
rl | r=R

The relationship between the contact angles can be ex-
pressed as
R 0
vy - ¥ = —R—(e1 -0). ~ ﬁ‘(el,'“e)
r r

since the roller penetration is small relative to the
radius of the specimen.

By introducing the dimensionless parameter

vith the tangent expression replaced by the first two
terms of jts series expansion.

To Eqns. (3,4) the incompressibility condition must
be_added, so_that
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“{The conditions represented by Eqns. (3a,b,c) can be re-

h = 1 + Ro/R , at the interface
r
. 2 .
IR = -a(8;-6) [1 + 5 (o -e)2] u (4)[.
r r=R : —3‘ ! 0 r=R’

A
Ceor T %00 T fzz 0

Initially in the deformation zone the velocity com-
ponents are expressed by the yet unknown functions

.

U = F(ry0), Uy =wr+6(r,8), U, = zH(r,e).

vritten as
F(Rp,O) =0, G(r,0) =6G(r,6,)=20 (5a,b):

Condition {3¢) is automatically satisfied.by the assumed
functions.

The strain-rate components then become

.U . ST :

= r‘_aF _1 0 __l ‘3_6_
Eer 3r T R Eeo"F[ﬁe—’LUr] - r(F+ 26)

zz 3z
o 1% 1 Y] 1 1aF 8
R ET Y T 25y TF 3 T
A1) 9

e =1l "z "8z oM : .
eez"z[r?e—*a—f]’zre
o[, )z
®z2r ~2 577 B 7 or °

and the incompressibility condition rewrites to
: _ _3F 1 26
H = E [F + 55] . ‘(61

Experiments indicate that p]anes initially radial
remain approximately radial in the deformation zone so |
the trial function G can be set identically zero, |
when Eqn. (4) rewrites to

F(R,8) = —wRa(el—e) [1 1—9g5 (el-e){] .

This equation fully defines function F in the de-
formation zone while, according to Eqn. (5a), it van-
ishes at radius Ry. Assuming a gquadratic expression
for F such that ghe related function H (Eqn.(6)) !
produces a velocity component U, which represents no |
velocity discontinuity at Rp

2
F(r,0) = -ua [1 + %T (el—e)é] (el~e) ———(r-R )2
(R- )2
which satisfies all prescribed boundary condations, and
for which Eqn. (6) produces

R (r-Rp)(3r—Rp) .

H(r;e) = ma[|+ %2—(3.1_-E;)Z:I(BI-B)(R-R 2 =
P

The velocity components then become

0, = -m[u Eg(ol-e)?](al-e)—k_—%(r-np)z ; (72)
l.Jo = wr ' ‘- l (7b)
. (r-R _)(3r-R )

u, = m|:1+9‘33(el-e)?](o]-e)(R_Ep)2 pr P_z  (7c)

The strain-rate components become
L '2um[]+ “2(0 —0)2](0 -e)———R————(r‘-R )
re 3 Y Rr 2 P

R {r-R )2
(R-R)2 "

M
1

M.
1

00 ° -wa[]+ %2—(0]-0)?](61-8)

fe

A b i
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_ 14+ “2(0 _0)5 (0,-0) R (r=R5}(3r=Rp) Introducing the expressions previously 6E¥éfned for the |
£2z ~ K 1 I(R-R )2 r strain-rate components, after a few simple operations
P this cquation rewrites to
. 6, R T/2
] ) R : . 2 ! -
Epg T IR [1+a‘(91‘9)?‘](91‘9) — W. = Zo 1+ 22 (6,-6)2 " RE e
DRy s SN rem)?
o YR “-T/2 p
) A(R#R ) J(r-R )2 P
1+ 5-(6,-6)?{(0,-6) P i S
(R-R) ' (8,-0)2R2| 7r2-4rR_+R2 + 22— (3r-R o)’
! PP
. 1, R . 4p2
g _ = - 1+a2(6,-0)?|—— -
oz = 2" (RR)Z : [
. i+u2(61-6)2] R+R
. o2 A(R+Rp) (r-R )(3r-R )z . %»——————-~———-- %-(ol—e) ﬁ:ﬁg [(r-R )2 +
|+ Se,-0)2 (8, -0) P 2 o2 2 p P
3 3 2 1+ - (8,-8)
-R) r 3
p . SRR
. 22
. 2 (r-R_)(3r-R )z =—(3r-R ) ] dr de dz.
e = %m 1+ “T(el-e)?](ol-e) R P P, ez P _
zr _ (R-R)2 r2
. The second term inside the square root can be
The time required for the section S57 (Fig.2) of shown to be negligible relative to the first one except
the specimen to travel angle 8 1is t = 6/w so the near the exit where the first term tends to vanish,
axial strain : khile the second term attains comparatively small values
. t - The terms 1nvo1v1ng the ratio 22/r2 are clearly
. 1 . negligible. ¥ith these considerations the internal power
€ _ = f cdt = — f e__ da can be expressed as bf deformation can be approximated by
zz 2z w zz N
o o 8; R T/2 )
. . 5 20 2 R(Y"R )
M, =7_9—waff / (8,-8) [1 + 5 (o,-e)z]-——P—
aR 0 (r-R )(3r -R ) 3 L/ (R-R )2
f2z © - 5291'9+ ' "R, /2 : P
2(R, -R )2 , : .
(R -2R_ ) .2 2. 2
l,_é.R0+ _-{30 20) + l.éf. o . g_ (40,-38) + ‘f7r 4er+Rp dr de dz.
3R, R R a1 6 R, p of
On integration the square root term would give

2 Ry 6 cumbersome transcendental functions in r which, after -
TT_'__TWB'g_ 3063 60626+456162 . substituting the integration limits, produce complicated:
functions which must then be integrated with respect to

. Bb. Considering that R, Is not exceeded by R by more than;
2 (R.-2R ) . ¥.5%, a simpler alternative is to replace the radicandum:

1203) +4%§ é—-——fL——Jif Lk (209%—459§e+369192-1093)]} . by an upper bound (3r-Rp)2 thus, in part, compensating:
(R.-R 1202 _ for the terms previously abandoned. Integration now {

2
X 36020+ 2534
3 [49l 6070+46,0%-0

ml -

° P ! becomes much simpler, Intenrat1ng first with respect to!
Co g, the local thickness given by Eqn. (9) is introduced.
A1l derivations can be simplified because A is - .. An the subsequent integration, with respect to r, a
very small relative to the specimen radius and because ~ logarithmic term appears, which is best rep]aced by its
the higher order powers of 6 ~can be neglected since " truncated series expansion
9y 1is only 0.085 radians at most in the present case. ) 2
The expression above can be shown to be matched quite R R-R, 1 IR-R
satisfactorily by the much simpler relation 1n ol —§~B -7 ~§~R .
(r-R_)(3r-R ) P P P
:—— - -———l)-—-——-&- L. . . .
22 R° 6(26,-6) (8) buch a term appears also in subsequent integrations, and
p the same procedure will be applied in every case. This
viith the dimensionless parameter g defined as eads. to
252 ) 21 2
R alh : % a
1 4 R+R 1 N, = ———-waT (81-0) {1+ = (0,-8)2} R2
B=3—19-L+~—— - E-+ ]]. i ojr 1 [ 3\
zoRpL 3ROR';T€; 6 V3 2
5 . R-R )
a and B depend only on the fixed parameters; 8 _ _
therefore, they are constants in a particular case. : 1+ 4(RO-RP5 (20,-9) R (9R 5Rp) de

The instantaneous local thicknzss of the specimen

in the deformation zone can thus be obtained from leglecting the higher order terms in 4 and o,

% 02 a?e oy s Ro®% fﬂ
T(rye) = T (1 +¢,_) 9 ¥ = —uwal R+ —— - 2~ + = 9-14 +
’ o 2z i g 00 6 3R, 8 R0 R R°
Assuming that the yield criterion of von Hises holds} R2 R R2
the internal power of deformation can be expressed as L p _ 7 on P Py A
. Y R T/2 ] 3 ” 15 (27-28 Ro +5 Rg ) R, . (10)
Yo— 2 402 4.2 2 402 402 .o
.'_i = 7 f f f JZ [crr+ceo+g +2(£ +cez+rzr]x
0 Rp -T/2 At the boundary on entry the velocity discontinu-

r dr de dz . ties in Ur and UZ produce a shear stress 1 = o //3




- ——

211

IThe &nergy dissipated At thisTvelocity discontinuity can
be written as
R T/2

/ [ tlav] dr dz , o

where [av] is the velocity discontinuity, Eqns. (7a,c)
On integration the power terms due to redundant defor-
mation become

. 170 K a
W, =% —wT R (R -R )6, (1+ = 8?) (1)
d.~ 3 5" 0000 Tp 31
],.Jd =-;Ir-—°-wchgR 0,(1 +‘(%2'9$) (12)
z V3 °

It is clear from Egns. (7a,b,c) that velocity dis-
continuities are present only on entry to the defor-
mation zone, © = 0. Both Up and 0; vanish on approach-
ing the exit where 8 = 6, or at the plastic-rigid
radius r = Rp.

The ve10c1ty discontinuity at the roller/spécimen
interface is, as the material slides over the roller sur]
face in the axial direction,

lav] = UZI

The interfacial shear stress for constant friction is
given by 1 = mog/v3. Integrating and after retaining
only the significant terms, the frictional power becomes

9, T/2

o
0. = =D 0 T2 ° 2
We = j t]av|R de dz = 8 /j_waToRo R,- 8%
o -I/2 P

u2ef
[1+ i

2. 2
9R0 SRORP+R

=+
IR IR R,
3R_-R
0 2 4 A
B 82(1 - —-———jj—ﬂ] (13)
RO 1 53 o Rp

Similar to the rolling process, on each side of a neutral
position in the r,6 plane relative slip can be en-
visaged between specimen and roller. The dissipation
term due to this effect has been calculated on the
assumption that the neutral position is half-way between
the entry and exit sections. It has been found that this
term increases the required power by less than 1% for
sticking friction and a roller penetration of 2 mm.(2)
Consequently it has been neglected.

According to the upper-bound theorem(3:4),
- (1. %) '} ,'v
SdF =W+ Ldr + Ldz + Hf s

where J* 1is the external power required to rotate the
specimen. The force acting over an element of the contact|
area pRdodz requires an elemental torque

pRdodz Rsin(0,-0+y,~v) = PRZsina(8,-6)de dz

(Fig.3), thus th required external power becomes
% 172

g* = - puR2sina(6;-0) ds dz.

] -T/2

Expanding the trigonometric factor in series, integrating

and neglecting the higher order terms

«262
21 252 _2a
)% = 5 pu.y(xToRoel )] 3R° 5 + .

(9R2-3R R,HR3)a

807 (RyRy) [
Z TRy

T" R (R )(3R Rp)
T (9R 4R a2
4
,TE'RO(RZ—RP§(3RO-RP)] (14)

By'using Egns. (10) to (14) the average relative pres-
sure can be cbtained

Prel = T
re 00//3“
The forming force is given by
g
= ph. = ©
P = pAC /3 prel

with the contact area expressed as

C & T/2
— - -—__A
A = ./f R de dz = ToRoelil = *
_ 0 -T/2
3R ~-R 3R ~2R
2870 p .o [ c”"'p A
3 8 1 -+ R KR
Ro ! 3Ry- p o p

COMPUTED AND EXPERIMENTAL RESULTS.  Experiments have
been carried ocut with specimens of commercial purity
aluminium, under the following conditions:

Radius of forming roller Ry = 50 mm
Initial radius of specimen-disc Ry = 150 mm
Initial thickness of specimen-

disc To = 6.35 mm
Angular velocity of specimen w = /30 rad/s
fAiverage flow stress of specimen .

material at a low strain-rate

and at the working temperature

of 4000C(5) oo = 25 MN/m?
Maximum radial peretration of the

roller A = 2 mm

In the experimental equipment the specimen is rotated
by an induction motor through a speced reducer to obtain :
the desired low velocities. The tangentia] and normal
components of the load are recorded, via an ultraviolet
1ight recorder, by strain gauges attached to members (6)
and (7) (Fig.1). Heating is by an induction. coil from

8 generator of 28 kW capacity with a range of operating
frequencies from 2 to 5 kHz. The shape of the induction
roil.and its cooling are critical. Temperatures are re-
corded by an infra-red radiometer, calibrated for the
conditions of the experiments.(2)

The position of the rigid-plastic boundary was ob-

In Fig.4 the typical cross-sectia
a ©
'S

tained experimentally.
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'of the deforned Zone 1s shown. In practice it is diffi-|
cult to define exactly where the defaried zone ends, so
the measured height of the deformed bulge H and the ;
limiting plastic radius Rp show some scatter. The ex-
perimental points can be approximated by

= 0.964 R - 2.54 .

R
p
A computer program has been written to calculate contact
angles and areas, relative pressure, power terms and the;
forming force for particular values of penetration.

Almm) 2

Fig.5 RELATIVE PRESSURE VERSUS DEPTH OF PENETRATION
Figure 5 shows the relative pressure to be extremely
high for very small values of pentiration, dropping
sharply up to penetrations of the order of 0.5 mm, and
ore slowly afterwards. Sticking friction could account
for a large proportion of the relative pressure in the
large deformation range, but its effect Lecomes less
not1ceab1e for smaller penetrat1ons
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Fig.6 POlER TERMS VERSUS DEPTh 0F PEHETRATIOH

guasi-linear with respect to penetration. For a < 0.1mm|
Vdr and T, become relatively dominant as & tends to i
zero. The forming force in terms of the depth of pene- :
tration and friction is plotted in Fig.7. This is again?
quasi~lincar except for small values of A. For compari-
son, some of the experimental results are also shown, ob-
tained for penetrations in multiples of 0.1 mm, up to :
1.8 rm. At smaller A the range refers to not less than |
five readings per penetration while a smaller number of |
readings was used for A > 1 mm. The upper bound charac-|
ter of the theoretical solution is clear.

CONCLUSIONS.  An upper bound solution has been developed
to predict forming loads in radial upsetting without
lateral restraints which agrees reasonably vell with ex-
periments. To compute theoretical loads the deformation
boundary must Tirst be determined experimentally, which
is difficult to do accurately at very small values of
benetration. While this is unlikely to be critical in
bractical cases, it would clearly be desirable to develop
p_theoretical approach to predict ihe piastic boundary

In Fig.6 the power terms are plotted, all of them }

12

IRonge of experimental results.

g Average ol experimental re%
for a given penetration. |
L= » m=1.0 /
L]
a

ForcelkN]

|
| T N W NN (N N R S O
. 2

P 0 L Afmm]

Fig.?  FORMING FORCE VERSUS DEPTH OF PENETRATION
together with strains and stresses in the deformation
zone from which form1ng 1oads cou]d be directly cal-
culated.
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