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1. 
ABSTRACT  

In Chapter 1, anti-linear operators in a complex 

Hilbert space are defined, and a theory of such operators is 

formulated on the same lines as that of linear operators. 

The theorems established for anti-linear operators are 

remarkably similar to the corresponding ones for linear 

operators. 	The most important result in this Chapter is 

the existence of an anti-automorphism, called "transposition" 

in the Algebra of Anti-Linear Operators, which is the 

counterpart of "adjoint"for Linear Operators. 	The entire 

procedure is co-ordinate independent. 

Anti-linear Field Operators are introduced in 

Chapter 2, and axioms set up for a Theory of Anti-linear 

Fields. 	The axioms chosen are the same as those for Linear 

Fields, as given by Streater and W 	(14)ightman. 	The 

consequences due to the axioms are worked out using the Vacuum 

Expectation Functionals of the Theory. 	These come out as 

similar to those for Linear Fields in some cases, but in 

several cases, the differences are important and decisive, 

specially the spectral conditions. 

In the first part of Chapter 3, a Reconstruction 

Theorem for a scalar symmetric field is proved whereby the 

Vacuum Expectation Functionals are shown to determine the 

field operator uniquely up to unitary equivalence. 	The 

method of establishing the theorem for a theory of several 
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multi—component fields is out 	in the second part of 

this Chapter. 

The main result of this thesis is the last theorem 

of Chapter 4. 	A Theory of Free local Anti—linear Fields 

is defined, and the properties of the Vacuum Expectation 

Functionals which were derived in Chapter 2 are used together 

with the Reconstruction Theorem to prove that all the field 

components, in a Theory of Free local Fields must vanish 

irrespective of spin. 



3 

PREFACE  

The research presented in this thesis was carried 

out in the Department of Theoretical Physics, Imperial 

College of Science and Technology, London,between the 

periods October 1961 to November 1962 and October 1963 to 

July 1965 under the supervision of Professor P.T. Matthewp. 

The author wishes to express his gratitude to Professor 

P.T. Matthews, Professor A. Salam and Dr. R.F. Streater for 

their continued help, understanding, guidance and 

encouragement. 

Except where stated in the text, the work described 

is original and has not been submitted for any other degree 

in this or any other University. 	The author wishes to 

thank all members of the Theoretical Physics Group who in 

some way contributed to the author's understanding of the 

subject. 	He also wishes to thank the University of Ceylon, 

Colombo, for granting him leave and acknowledges gratefully 

the allowance paid by them during his entire stay at Imperial 

College. 



  

4. 

 

CONTENT S  

 

ABSTRACT 

PREFACE 

CONTENTS 

INTRODUCTION 

 

page  
1 

3 

4 

5 

13 

Anti-linear Operators in a Hilbert 

Space 	 13 

Transpose of an Anti-Linear Operator 	30 

Algebra of Anti-Linear Operators 	33 

Representation With Respect to a 

Basis in 14 	 37 

Transformation under a Change of 7/ a.s s 	41 

44 

Ant i-Linear Fie ld Ope rat or s 	 44 

Properties of the Vacuum Expectati on 

Func ti onal s 	 53 

77 

Reconstruction Theorem 	 77 

Completion of the Space Z/Zo 	 108 

Reconstruction Theorem in a Theory with 

Several Fields each fi el d having an 

Arbitrary number of component s . 	125 

CHATTER 1 

CH/L2TER 2. 

CI-IA:L'TER 3. 

CHAPTER 4. 	 132 

REFERENCES 
	

162 



5. 

INTRODUCTE ON 

In any text book on Quantum Theory of Fields one 

would find that a basic assumption that is made is that the 

fields are linear operators in a complete, separable Hilbert 

Space M. 	Although observables in a Field Theory are 

described by Hermitian, and therefore linear operators, one 

does not have to use only Hermitian Operators as field 

operators. 	This is evident from the fact that a spinless 

charged particle can be described by a complex (non-Hermitian) 

scalar field. 	The moment we try to have fields corresponding 

to half odd integer spin particles, it is found that it is 

necessary to have non-Hermitian, therefore non-observable fields.  

Now, if we carry this argument one step further, we 

could say that a Quantum Theory of Fields could be set up using 

non-observable fields, provided that the algebra of the fields 

used contains linear Hermit Ian Operators. 	In this thesis, we 

are going to consider the possibility of setting up a Field 

Theory using Anti-linear Fields. 	For each h6Y(R4 ), Oh) is 

defined to be an Anti-linear Field, if Oh) (ax Py ) 
(2) 

	

ph  (2) ). aoh(1) )4. /soh 	) oh) 	74 (h) y, and so(ah(1)+ 

where ct,f3 are complex numbers, x,y are elements of 11, and 
a 

h (1), h(2) 
E(P. ) and .6,7 are the complex conjugates of 

a,3 respectively. 	As discussed in Chapter 1, the algebra 

of Anti-linear Operators contains a sub-algebra of Linear 

Operators which in turn contains Hermitian Operators. 
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Moreover, there is no 'a priori'reason as to why fields 

may not be anti-linear. 

The distinct possibility that Anti-linear Fields 

may exist was first discussed by E.C.G. Stueckelberg et 

al.38'39 
	

He and his collaborators,in a series of 

papers,40,41,42discussed the problem of setting up Quantum 

Mechanics using a Hilbert Space over the field of Real 

numbers instead of the usual field of Complex Numbers. 

This, they argued ought to be possible, because, physics 

essentially deals with real numbers. 	They found that, if 

there is an operator J in the Real Hilbert Space (R.H.S.) 

such that J is anti-symmetric and satisfies the equation 

J
2 	

-1, and if J commutes with every observable as well as 

with the orthogonal (corresponding to 'unitary' in a Complex 

Hilbert Space (C.H.S.)) representations of the ortho-chronous 

Lorentz Group, and if J anti-commutes with the representations 

of pseudo-chronous Lorentz transformations, then a Quantum 

Theory with an uncertainty principle could be set up. 	They 

also found that this Quantum Theory was isomorphic to the 

conventional Quantum Theory using a C.H.S. with the corresp-

ondence J -' i (i
2 
= -1 in C.H.S.). 

When they went further and attempted38to have a 

Theory of Quantized Fields over a 11.H.S., they found that 

fields fell into two classes, those which commute with J 

which they call fields of the 1st kind, and those which 
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ant i-commute with 3 which are cal led fie ld s of the 2nd kind. 

These fields of the 2nd kind naturally go over to anti-linear 

fields when one goes over to C.H.S. 

In attempt ing to quantize fields of the 2nd kind by 

the usual procedure of taking commutation relations (c.a.) 
or anti-commutation relations (A.C.R..), they found that 

tensor fields (those fields which transform according to 

single valued representations of the Lorentz Group) gave 

rise to algebraic contradictions, whichever way they 

quantized. 	On the other hand, for spinor fields (those 

fields which transform according to the two-valued 

representations of the Lorentz Group), they found that 

(C.R) s were again inconsistent, but that (A.C.11.) ts were 

consistent to the extent that, they had solutions of the 

(A.C.R) s. 

Their procedure had three s hor t-coming s. 	Firstly, 

they had to use a Unitary Space, i.e. a finite dimensional. 

linear vector space with a positive definite metric, and not 

a Hilbert Space, to make some of their manipulations 

mathematically meaningful. 	Secondly, the whole procedure 

is not mathematically rigorous. 	Thirdly, they did not see 

that the solutions of the A.C.R.'s violated the spectral 

conditions. 

What vie have attempted to do is to set up a 

mathematically rigorous theory of anti-linear fields in a 
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Complex Hilbert Space. 	For this purpose, we need the 

concept of "Anti-linear Operators" in a C.H.S. 	As this 

concept is new in mathematical literature, we had to study 

the properties of such quantities. 	We have done this as 

far as we need it in the rest of the thesis, in Chapter 1, 

It is a remarkable fact that almost every theorem we have 

established for Anti-linear Operators has a counterpart in 

the theory of linear operators. 	The most important result 

of this chapter is the Theorem 1.5 according to which, given 

any anti-linear operator A in g with domain D(A) dense in g, 

:3 a unique anti-linear operator At  in g with domain D(At ), 

such that (g,Af) = (f,Atg), for all f E D(A) and g e D(At). 

This concept of going from A to At, which we call transposition 

corresponds to taking the adjoint of a linear operator. 	By 

Theorem 1.6, the operation of transposition is anti-automorphic. 

We also see that the Algebra generated by a set of Anti-linear 

Operators has a sub-algebra of Linear Operators containing 

Hermitian Operators. 

In the 2nd chapter we define what we mean by an 

Anti-linear Field. 	To set up a physical theory using such 

fields we have to connect them with physics. 	This, we do, 

by postulating the axioms AO, Al, A2 and A3. 	These axioms 

are the same as those used by Streater and Wightman. 14  

We argue that any physical theory of fields must satisfy these 

axioms. 	As it is our intention to study a Theory of any number 
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of multi-component fields, we do not specialize to the 

case of only one single-component field. 	Using Schwartz ' s 

Nuclear Theorem
19, we see that the Vacuum Expectation (V.E.) 

Functionals of the theory are tempered distribut ions. 

Then we study the consequences of the axioms on the V.E. 

Functionals, and find that the results are very similar to 

those of Linear Fields. 	But it must be emphasised that 

when they differ, the differences are important and decisive, 

specially the spectral condition. 

As is usually done29,30,31,32,  we state and prove a 

Reconstruction Theorem for a Theory of a scalar symmetric 

field (a one-component field) in the first part of Chapter 3. 

In the first place, we do this, in spite of the fact that 

repeated attempts to construct tempered distributions satis- 

fying those properties ended up in failure. 	In the second 

place, we give a complete proof, although the proof is on 

the same lines as that of Streater and Wightman
31
, because 

of the essential differences between our theory and their 

linear theory, and for the sake of completeness. 	Vie also 

need the Reconstruction Theorem to prove that the vanishing 

of all the V.E. Functionals implies that the fields 

themselves must vanish. 	In the second part of this chapter, 

we indicate how exactly the theorem could be extended to a 

theory of several multi-component fields. 	The essential 

content of this chapter is that, given a set of tempered 
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distributions V(v) 

A1/22-421) 
(x1,x2,...,xv), v=1,2,3,...., 

1 < 1.41$1Z 2* 	,12,0 G Mr), A(r) being the total number of 

field components in the theory, satisfying the contents.of 

Theorems 2.2, 2.3, 2.4, 2.5, 2.6 and 2.7, one could construct 

a. set of fields whose V.E. Functionals are the above tanpered 

distributions in such a way that this field theory satisfies 

all the axioms AO, Al, A2 and A3, and that any other theory 

having the same V.E. Functionals is unitary equivalent to the 

theory already constructed. 

In the last Chapter, we restrict further, the possible 

fields by defining free local fields. 	As is customary we 

define free fields to be those satisfying the corresponding 

Klein Gordon equations. 	We make this concept rigorous by 

defining free fields as those such that the V.E. Functionals 

satisfy the corresponding Klein Gordon Equations. 	We also 

adopt the usual definition of locality where kinematically 

independent fields completely commute or completely anti--

commute irrespective of whether the separation of their 

space-time points is space-like or not, and that kinematically 

dependent fields (if T(x) is symmetric then p(x), co(y) are 

kinematically dependent, whereas if Ox) is not symmetric, 

then q)(x), q)t(y) are kinematically dependent) have 

commutators or ant i-commut at ors wh ich are c-number functions , 

vanishing as usual, when the separation of their space time 

points is spacelike. 	Since the discussion in this chapter 



does not depend on how the fields transform under the 

Lorentz Group but only on how they transform under the 

translation subgroup of the Poincare Group, the concept 

of spin enters only through the (anti )-commutati on relations. 

We see in Theorem 4.4, that C.R's (s = -1) between symmetric 

field components give rise to algebraic cont radio ti ons unless 

their 2-point functions vanish, and that A.C.R's (e = +1) are 

algebraically consistent but contradict the spectral conditions, 

again unless the 2-point functions vanish. 	Subsequently, we 

show that all field components in a Theory of Free Local Fields 

must vanish irrespective of whether C. is or A.C.R's are used 

to define locality. 

Vie would like to co :anent that, by defining Free Fields 

what we have essentially done is to have removed the origin 

from the support of W(v)  „ 
1-1"2 	

(pi pp2,....1 v_1). 	That is 
1- v 

why we claim that a suitable definition of truncation would 

allow us to prove the non-existence of ant i-linear fields 

without using the K.G. equation or locality, but by using 

only Microscopic Causality and the Jost Lehman Dyson43 

representation of a Causal Commutator. 	We also have made 

two assumptions which we were unable to prove. One is that 

there is only one state which is invariant under the 

translation subgroup of the Poincare Group. 33 This is highly 

plausiable from a physical point of view, because, a state of 

4-momentum p transforms with a factor of the form eip.a under 
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a translation a, and the state would be invariant if and 

only if 13=0, and this is the unique vacuum state. 	The 

other assumption is what we have made in Theorem 4.4, that 

the 4-point function of a symmetric field component in a 

Theory of Free Local Fields can be expressed using its 

2-point functions. 	This again sees to be plausible due 

to equations (4.8), (4.9) and (4.10). 	Both these results 

are true in a theory of Free Linear Fields. 
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CHAPTER  1 

ANTI-LINEAR OPERATORS IN A HIL3EP-T SPACE 

It is convenient to start very general ly with a 

Banach space instead of a Hilbert Space. 	We begin by 

defining a Banach Space. 

Definition 1.1. 	A linear vector spaceXover the field of 

complex numbers is called a Banach Space,44if for each 

x E  x, 3 a non-negative real number I 1x1 I called the norm 

of x, such that 

(i) lix11 	0 for all x E X, I IxII = 0 iffx = 0 

(ii) 11x+Y11 < 11x11 	11Y11 for all x,y c X. 

(iii) Ilax11 = la1.11x11, all x e X, a any complex number,  

(iv) If 	is a sequence of elements of X such tha t 

I Ixbr xv l I -4 0 as /i ,v —÷ co, then 3x C X such that 

Ilx -  x11 	0 as 1.2 -4 co. 	(It f olio:is that this x is 

unique) 

In standard terminology, a Banach Space is a normed 

linear space over the complex field, which is also complete 
to 

with respect the metric I Ix-yll • 	In this chapter, simple 

English letters like .... f,g,h,....,x,y,z, will always 

stand for elements of a Banach Space. 	The field of complex 

numbers will always be denot ed by 0, and its elements by 

a,02^(- 	N,A,v,p,o--  will always stand for positive integers. 

With this thfinition, a Complete Hilbert Space 

(defined in Ref. 2) as well as 0 are Banach Spaces, with the 
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following norms. 	If x e a Hilbert Space ns I Ix'i = (xsx)2 * 

If x e Os Ilx11 = ixl. 

Definition 1.2. 	A mapping (operator) A of a normed linear 

space X into a normed linear space Y is said to be anti-linear 

if 	Ax E Y for all x e X, and A(ax1+ gx2' = Cax1+ 7Ax2  for 

all x12x2 e X, a,/3 c 0, where cts P are the complex conjugates 

of a,/3 respectively. 

In this case, X is called the domain of A and denoted 

by D(A), and the set of all Ax e Y for all x e X is called the 

1.2.12.ay of A and denoted R(A). 	Clearly R(A) is a linear space, 

a (not necessarily proper) subspace of Y. 	If R(A) = Y, 

then the mapping is said to be onto. 

The basic difference between an anti-linear 

operator A and a linear operator t: (linear operators wil). 

always be denoted with the simbol - and 'operator' will 

always mean an anti-linear operator unless otherwisc stated) 

is that if a is real and i2 = -1, then [A,oc] 	[t 

= 	0, but iAa  i I+  = 0 in the usual notation. 

Definition 1.3. 	The operator A is said to be continuous 

at f E D(A), if given e> 0, 3 	> 0 such that for al 1 

g 	D(A) satisfying lif-gll  <6' , we have I lAf-Ag I I< 8 

Definition  1.4. 	The operator A is said to be bounded in 

D(A) if J  a positive constant C such that, for all 

f 	D(A) satisfying Ilf11 	0 , 111111 < C. 
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If A is bounded, then HAW will clearly have 

IIII1 

a least upper bound1as f varies over D(A). 	This is 

denoted by I IAI I and is called the norm of A. 	Without  

loss of generality, we can take 11A11 > 0 because if 

= 0 (IIAII is necessarily non—negative), then 

HAW = 0 for all f 6 D(A), and hence A = 0,in D(A). 

Leaving out this trivial case, we have the result that 

1  IAf , I  < 11AI 
I 	for all f g.  D(A), f 	0, and given s> 

11f11 
0, 

9 some g c D(A) with g , 0 such that IlAgll 
11g11 > 11All 

Now, we are in a position to prove the following 

theorems for an anti—linear operator A, which are also true 

for a linear operator. 

Theorem 1.1 — 	A necessary and sufficient condition that 

A is continuous at every f e D(A) is that A is continuous 

at 0 E D(A). 

Proof: 	The necessity of the condition is trivially 

satisfied because 0 e DtA). 

To establish the sufficient condition, suppose A 

is continuous at 0 E D(A). 

Hence by definition 1.3, given any s> 0, J 	0 

such that for all h_cD(A) satisfying 111111 	, we have 
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I I Ah l I <8  • 

Now let f E D(A). 	Then for all g e D(A) such that 

I I f-gl I < S, we have 1 I Af-Ag I I= I A( f-g) I I <e since 

h = f-g e D(A). 	Hence, A is continuous at f E  D( A) I  which 

concludes the proof of the whole theorem. 

Theorem 1.2: 	A necessary and sufficient condition that A 

is cont inuous at every f e D(A) is that A is bounded in D(A). 

Proof: 	Suppose A is cont inuous at every f e D(A). 	Then 

obviously A is continuous at 0 E D(A). 

0 0 
	Given E > 0, 3 	> 0 such that for all h D(A) 

satisfying 111311 < 6, we have I lAhl I <6  

Now take any arbitrary f 	D(A) with 'Ill' 	0. 

Putting h = 	1, we see that h 	D(A) and I Ihl I = 
21If11 

f < s 
2 

••• HAW = I IA• 	I = H 
211f11 	211f11 

• ilAfll <6 
211f11 

Afl I 

•• 	I I Af I I < 28 

11111 	6' 
26 is  bounded in D(A), since 	 independent of f. 

To prove the other half of the theorem, suppose 

A is bounded in D(A). 

Then.1.-)a. constant C> 0 such that 1 lAhl 1 < 	for 

which means that A is 
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all h E D(A) satisfying 111111+ 0. 

Let f be any arbitrary element of D(A). 	Given 

e> 0, suppose 3 g E D(A) such that 11 f—g I < 	. 
Then 1 lAf-Agl 1 = 1 1A( f-g) 1 1 < CI 1 f-gl 1 <6 . 

i.e. givens > 0, 3 6 = C> 0 such that for all g D(A) 

satisfying I I f-gl I < S, we have 1 lAf-Ag11 <8 

. . A is continuous at f, which completes the proof. 

Theorem 1.3: 	If A is bounded in D(A), and D(A) is not a 
but 

Banach space
A
whose closure is D(A), then 3 a unique anti- 

linear operator B such that (i) D(B) = D(A),(ii) B is bounded 

in D(A), (iii) B = A in D(A), and (iv) 117811=11AII. 

Proof: 	Let f 	D(A). 	Since D(A) is dense in D(A), 3 
a Cauchy sequenc? [fA

i of elements of D(A) which converge to 

f. 

i.e. given e > 0, 3 a positive integer 	such that 

I I ff 
2
I I < 6 for all Ai  ,/.22?, go , and 

	
IfAl - fll < 6 for all 

ul 	 12  0 • 
Now cons ider the quence

1-1 	
Then, 

11A1 	
Af//2 	

= 11A(f
Al

- f/22)11  <Clif41-  f
A2

II since A 

is bounded in D(A), and 3 a positive integer ,uo
1  such that 

8 
"ff 	for all uir g? 120 
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0 • 

	1 lAf/21- AfA21  I <c for all 	klo1  • 

	

[Aft  is a Cauchy sequence in R(A). 	If R(A T is the 

closure of R(A), this sequence converges to an element 

g E KM. • Now, we show that g is completely defined by A 

and f and is independent of the Cauchy sequence used to 

define f. 	For, suppose f 	is another Cauchy sequence of 

elements of D(A) converging to f. 

As in the previous case iAll] is also a Cauchy 

sequence of elements of R(A), and hence converge to g' c71577. 

Now, 	= 	 - AfA+ 	gll 

Ilgt-Af tAII 	IIAf t 	Af A  11+11AIA  gil A  

< Ile-Afill ▪ ClIf'- 
A 

f
A 

 114-11Af 	gll 

= 	 ▪ ClIfitz-f 	f -fg 11 1-11Af -  gil 

Ile-M /111 	Ilfl- fll+ClIf - fm11+11A1A-911 
C 	C• 

< 	4- 	4C 4- 	-4-E 	for al I 

some go" 

= 

g = g', which proves that g is uniquely determined 
- • • 

by f. 

Let B be the mapping of f on g. i.e. g = Bf 

Then clearly D(B) = 	Now, we prove that B is an 

anti-linear operator in D(A). 
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If h is also an element of 5M, 3 a Cauchy 

sequence ih
A

i of element of D(A) which converges to h. 

• iccf + Oh 	is a Cauchy sequence in D(A) which • • 
converges to of 	Oh for all a t O E 

• 
	B(af + i3h) = Limit of the Cauchy Sequence 

iA(af+ (3h
A)1 

	

u 	u 	Afg+ 7 Ah 

=17.03f + 7§Bh 

Hence B is an anti-linear operator of D(A) into R(A). 

Now, if f c D(A),then the sequence ifA
l where 	= f is 

a Cauchy sequence in D(A) converging to f 

• tAf
A
i with f, = f converges to Bf. • • 

i.e. Af = Bf 

• B = A in D(A) 

The next thing to be proved is that B is bounded 

in D(B). 

Let f be any element of D(B) such that I I f I + 0, 

Then 3 a Cauchy sequence [f4i  of elements of D(A) which 

converges to f. 

Without loss of generality, we can assume that 

/.4  • 	0 for all 	(If Ilf 11  * 	 Ilf II 1-1 	
= 0 for a finite number of 



211 	• 	11111 fIl some go 

because {fu g converges to f and [Af iz i converges to Bf. 

for al 1 

converges 

<S for all /2 go 

to 	11BfIl 

11Af ti1l 	1lBfll 
11f11 	11f11 

111Afg11-11Bf11 

I~fu — Bf 
A 

20. 

values of ti s we can drop those f from the sequence, and 

the remaining sequence sti 11 converges to f. 	If I 1 fu1 I = 0 

for an infinite number of values of u, then I f i i = 0 which 

is not the case). 

Consider the sequence 	l'Af/411] • 
(- 	I 

1111 fAl_ I 	I IBi I I 	I 	I Af4 I I 	I I Afg II + II Af ia l I 	I IE"f I I  

I 	 Ilfil 	 Hill 	Hill 	11 1.11 



But 

	

Af,, 11 	
11111 1 I I f 	1 I 

for all 

21, 

• • 

11E1411  
11A11 

11f11 

• B is bounded in D(B). 

Further, we also will have 11211 	11A11. 
	If i !BI 1 4 1 1A1 1 , 

let e = 11A11-11B11 	> 0. 
2 

Then 	f e D(A) wi th I If I 14  0 such that .11ALL  > 	re 

JAI+ 

 

B > 	1BI 1 

  

2 

  

But Af = Bf since f e D(A) 

Bf 

	

. . 	> 	which is a contradiction 
Ilfil 

• • 	1 1BI 1= HAIL 

The last thing to be proved is the uniqueness of B which 

goes as follows. 

Suppose Bi  is another anti-linear operator with 

domain ISTAT, bounded in D(A) and equal to A in D(A). 

Then for each f c 	 a Cauchy sequence f il l of 
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elements of D(A) converging to f, and the sequence 131f 

converges to Bi f, since Bi  is bounded in 15177. and hence is 

continuous in 51AT, by Theorem 1.2. 	But .01f/2 = Aft  since 

f c D(A), and tAf 	converges to Bf. 

° B = B1 in D(M. and hence B is unique. 	Thus, • • 
the theorem is completely established. 

According to this theorem, if A is bounded in D(A), 

and D(A) is not complete, then the domain of A could be 

extended to cover the whole of D(A) in a unique way so as 

to preserve the boundedness, and hence the continuity and the 

norm of A. 

In the particular case when A is a mapping from .14 

into 14 where Pi is a Hilbert Space and D(A) is not a dense 

subset of 14, this theorem gives the following result . 	To 

begin with, 3  a unique2  closed subspace S of PI such that T:TrAT.i.S 

.13. and 14 = D(A)- L'S. 	Moreover, every element f c 14 can be 

written in a unique fashion as f = g h, where g E 577.1.  

h 6-  S. 	Hence, if B is any bounded anti-linear operator 

with D(B) = S, then we could extend the definition of A to 

the whole of J by defining Al = Ag Bh for arbitrary f 6- 

where g E D(A) and h e S (=D(B). 	This shows how arbitrarily 

the definition of A could be extended to the whole of 11, 

still maintaining continuity. 

If D(A) is not dense in 14 and A is unbounded, the 

definition of A could still be extended to a dense domain 
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in 	as in the previous case, again in an infinite number 

of ways. 	Thus we see that we need consider only the 

following two possibilities. 

1. A is bounded and D(A) = fl 

2. A is unbounded and D(A) is dense in 14. 

For the further development of the theory of 

anti-linear operators from 14 into .14 we require the following 

theorem. 

Theorem 1.4: Ri esz s Theorem for an Anti-linear Functional  

Suppose that for each f e fl, T(f) E 0 such that 

(i) T(ag) = a T(g) for all ot c Q and all g e .121,  

(ii) T(g1+ g24- = T(g1) + T(g2) for all g1,g2  

(iii) For all g c fl with I g I 1 + 0, 3 a positive constant C 

such that 1 T ( g )1 < C 

11g11 

Then 	a unique element t e M such that 

T(f) = (f,t) for all f 614. 

Note: 	This theorem follows directly from that for Linear 

Func ti onal s . 3 The proof is elementary and goes as follows. 

Let T be the functional such that 

11(f) = T f for all f 6 14. 

Then T(af + /3g) = T(af + Pg) 

= 	T (g) 

= a T(f) 	T(g) 

= a T(f) 	1717) 

= a T(f) + 	T(g) 
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T is a linear functional on fl 

Also, for all g E 1 such that Ilgll 4  0, 

ELI".  IT(g)I  = 	< c 
Ilgil 	IlglI 	Ilgll 

_ 
. . T satisfies all the conditions sufficient for 

Riesz Theorem to hold. 

• 	
a unique element t E 14 such that T(f) 

for all f E 14 

T(f) 	(f,t), which proves Theorem 1,4. 	However, 

for completeness, we give a direct proof of the result 

following Riesz and Nagy.3 

Proof: 	Since 111E11 <:c  for all g E n with lIgIl 4 0, 

IlgIl 

111E11 will have a least upper bound IITII as g varies over 

IlglI 

14. 
But 

11g11 

= 1 T(-- g) 
lig!' 

, and 1 = 1 
lIgli g  

• • 

. . 	IITII is the least upper bound of IT(f)I for all 

f e n such that IIfII = 1. 	Without loss of generality we 

can take IITII > 0. 
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(1.4.1) Now we show that there is an element gyr e P4 such 

that IIg
*
II = 1 and T(g* ) = 117'11. 

Since IITII  is the least upper bound of IT(f) Ifor 

all 	unit elements of A- s  3 a unit f 1  c .4 such that 

I T( f ) I > 

If IT(f l )1 4 IITII, then 82 = II T11-21T(f1)1 	> 0 

(1.4.2) Then 9 a unit element f 2  e 14 such that 

IT(f 2 )I > 11T11 - €2 
T 	T(fl)1 > IT(f i  

2 

and 1 ITII-1T(f 2 )1 < 82  < 	
2 

If IT(f2) I 4 IITII, then a3  - I 'T11-21'11 (12 ) 1  > 0 

.•. 3a unit element f 3 c 14 such that 

( 1 . 4 . 3 ) 	IT(f 3)1 > IITII - 83 
	11T11 4.

2
1T(I2)1  > IT(f2)I 

and 11T11-1T(f 3 )1 < 63  < 

Proceeding in this manner, we will either have some 

f 	e M of unit norm such that IT(f )1 = 	or el se, 

we will have an infinite sequence ifA 
 I of unit elements of 

34 such that, 1T(fg+1  )1 > IT(f i2 )11 

and 0< I ITI I-  IT(fit)1 < IITII  
211  

for all g 	1. 

T 
23 
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tt In the former case, let T(f ) = 11Tile 	where 

Then g = e10f
v 
e J, and T(g

*
) = T(ei0f ) 

e i0 T(f v) = 11T11 by the property (i) 

of the functional T. 	Also 11g*11 ' 1111)11 = 1. 

Hence, in this case 	a unit element g
* 

e fl such 

that T(g ) = 11T11. 

In the latter case, the sequence i1T(f )1] is 

monotonic increasing and converges to 11T11. 

TIL  Since 1T(f
A )1 > T(f1 	

11 ) > > 0 for all g„>,.. 2, 

. T(f ) can be uniquely expressed in the form p e i0 
A 

where pp  > 0 and -V < 0g  < 7 for all g ?,, 1. 

Putting g12  = e 	1 f11 , we have T(g12 ) = pp= IT(f p ) I. 

• 
[T( 4 )] is a real, monotonically increasing 

sequence converging to I ITI I • 

Now, consider thesequence 	of elements of J. 

IIg,,- g122 112
=  211g

A 1 
112 	2 li giz211 2 	lig 

A 1 	
g
A2 11

2 
l   

= 4 - lIggi+ g/22 112,  whereas 

IT(g 11 
1

)+T(g 
122

)1 = 1T(g
gl 

 + g
112 

 )1 < 11711 lign  + g” 11 showing 

that Ilg 	g 11 2  (-1-1 -1)+T(  
122 	

> 
	

11T11 

0 is real. 

) 



2 
Ilg 	g 

Al 	A2 II 
	< 4 
	11 112  

2 (T(gml) + T(g122)) 
271  

• • -› 0 as A1'g2 	00 

. 
• . 	iggi is a Cauchy sequence in 14. 	Since H is complete, 

there is g E 14 such that 11g*-gg11 -4 0 as g -4.00. 

Now *  
11g*I1 = Ilg

* —
gA+ gAIIIIg —g1211+11gg11 

= 1 	Ilg -gm11 -4 1 as 4 -*co 

0 

o • 

On 

 

the other 

I 

hand, 
lig*II  = ligm- g*-gAll  

11gMII-11gg- g*I1 I  = 11-1Ig-g*II I  

-4 1 as g -4.00 which says that Ilg
*
II 	1. 

•*. 	11g*I1 =1. 

Further 1T(gg) 	T(g*)1 = 	g*)I 	11T11•11gm-g*I1 	0  

as g -+oo. 

. . iT(gg)i converges to T(g ) 

• 

. • T(g4) 

(1.4.4) This establishes the result (1.4.1), that 

, *, where 11g*11 = 1 such that T(g ) = 1 
I  

g e 
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Let t = IlTlig* E N. 	Then we prove that, for all 

f e N, T(f) = (f,t). 
* 

Case 	f = g 

In this case, L.H.S. = T(g
*
) = IITII„ 

and the R.H.S. = (g
*
, t) = (g*  , IITlig ) * 

Hence T(f) = (f,t). 

Case i i  : Suppose f satisfies T(f) = 0 

If 11fII = 0, the result is obvious. 

If 11f11 	0, I1T11 2  =(T(g* ) 	NT(f))2  for all ?\ 

= (T(g
* 
 - 7f))2  

11T11 2  lig* - .7f11 2  

11g*  - .7.1112 ?..• 1 for all X 

i • e 
	

11g*11 2 	7\-X11f11 2 
	

-7;(g* ,f) 	N(f,g
*
) 	1 

i.e. 	2 X(f,g4) - 7.(g*,f) 	0 for all N 

) 
' Putting A 	(g ,f2 
	we get 

11 111 

(g*,f).11La:l.  Ilf 11 2  _(a11) . (f  g*) 	(f iR*)  (g 
11 111 2  11 111 2 	11 111 2 	t 	

,f) 	0 
11f11 2  

i.e. 1(f- 	 ig* ) 1 2  > 0  
11 111

2 

(1,g ) = 0 
• . 

= IIT11.11g*I1 2=1!TII. 
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6 • 
	(f,t) = (f,IITI1g*) = IITII (f,g*) = 0 = T(f) 

T(f) = (f,t) for all f satisfying T(f) = 0. 

Case iii  : 	Now, take any arbitrary f 

Then, T(f 	(f) T 	g* ) = T(f) — 
11111 

y property 

(ii) of T 

= T(f) — III' T(g*) by property 
11TH 

(i) of T 

= 0 

By case (ii) (f 	TTTT g4; t)  = 0  • • 
1T1 1 

i.e. (f,t) — T(f) (g*  ,t) = 0 
11T11 

i.e. (f,t) — T(f) . (e,liTlIg*) . 0 
IITII 

i.e. T(f) = (f,t) 

Hence,for all f C g, T(f) = (f,t) 

To prove the uniqueness of t, suppose T(f) = (f,t1) for 

all f e g and some t1 E.  M. 

. (f t t ) = 0 for all f C g 

. . t = t1, which completes the proof of Riesz's Theorem. 
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T.ANSPOSE CF AN ANTILINEAR ajERATOR.  

If A is a given anti-linear operator from g into go  

by the discussion at the end of Theorem 1.3, its domain 

D(A) can be assumed to be dense in N. 	If A is bounded, then 

we can take D(A) = g. 	We will not assume that A is bounded 

or unbounded in the following. 

Let f be an arbitrary element of D(A). 	Then 

(g,Af) is defined for all g e M. 	For convenience, we denote 

(g,Af) = Tg (f) = Sf(g). 

For fixed g E g, T can be regarded as an anti-linear 

operator which maps the normed linear space D(A) into the 

Banach Space 0. 	On the other hand, for fixed f C D(A), Sf  

also defines an anti-linear mapping of i into 0. 

If A is bounded in D(A), and hence in i, then using 

the relation I  (f,g) I< 11f11.11g11 for all f, g e g, we 

see that Tg  is continuous, at all f in D(A) for fixed g 6 M, 

and Sf is continuous at all g e fl for fixed f e D(A). 	If 

A is unbounded, then Tg  need not be continuous at all 

f E D(A) for fixed g e g, but Sf  is necessarily continuous 

at all g E n for fixed f e D(A). 

LGt. Df be the set of all g 6 g Such that Tg  is 

continuous at f e D(A). 	Clearly Dtf  = 6(t), and denoting 

each by Dt, we have the result that Tg  is continuous at each 

f e D(A) for all g e Dt. 	It is quite possible that Dt  

contains only the element 0. 	Leaving this aside as an 
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uninteresting case, we can easily see that Dt is a non- 

trivial linear subspace of M. 
So far Tg  is meaningful only on f e D(A). 	Now, we show 

that this definition could be extended to include any f in 

the whole of 14 in a unique way, by using the continuity 

properties of Tg  (f). 

For fixed g C Dt  Tg  is continuous at all f C D(A) 

and hence by Theorem 1.2, Tg  is bounded in D(A). 	Therefore, 

by Theorem 1.3, Tg  could be uniquely defined on every element 

of M, so as to be continuous at all f C M. 

Hence, for each g C Dt and each f E 9  T g(f) is a 

complex number, which obviously satisfies the following 

conditions: 

( 	) 	T (af) = a Tg  (I), for all a e 0, all f C 14 and all 

g C  Dt  

(ii) Tg(f1 f 2 ) = Tg(f1 ) 	T 
g 
 (f

2 
 ) for all f1, f 2 	J aind a).1 

g e Dt  

(iii) Tag ( f)  = a T (f) for all a e q, all f C 14, and all 

g C Dt 

(iv) T 	(f) = T (f)+T (f) for all f C n, and all 
gl+g2 	gl 	g2 

g1,g2C Dt 

Moreover, for given g C Dt, 3C(g) > 0 such that 

IT (f) 
l- 

ll 
< C(g) for all f C izt with f 0. 

If 
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For fixed g c Dt , we now see that Tg(f) satisfies 

all the conditions sufficient for Reiszls Theorem3to hold. 

. . 	3 a unique gt c H such that Tg (f) = (f,gt ) 

for all f e H. 	In particular, given g E Dt, J a unique 

gt C H such that 

(g,Af) = ( fsgt) for all f e D(A). 

Let At denote the mapping of g onto gt . i.e. gt = Atg 

(g,Af) = (f,At
g), for all g 6 Dt and all f e D(A). 

Using the properties (iii) and (iv) of Tg (f), it can easily 

be seen that At is an anti-linear operator with D(At ) = Dt. 

Definition 1.5: 	The anti-linear operator At defined above 

is called the transpose of A. 

If D(A) c D(At ), and A = At in D(A), we say that A 

is symmetric, and we write A C At or At D A. 

If D(A) = D(At ), and A = At, then we say that A is 

self-transpos it ive. 	We condense the above results as 

follows. 

Theorem 1.5: 	Suppose A is an anti-linear operator with 

D(A) dense in H0 	Then 3 a linear space Dt  such that it 

is the set of all g for which (g,Af) is continuous in f at 

each f c D(A), and jan anti-linear operator At with D(At )_Dt , 

such that (g,Af) = (f,Atg) for all f e D(A) and all g E Dt. 

(i) 

	

	If A is symmetric, then D(At) D D(A), and At = A in 

D(A) 



Hence, if IlAtfll 	0 

I IAt fil  
I IfH 

and we get 
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(ii) 	If A is self-transpositive, then Dt = D(A), and 

(f„Ag) = (g,Af) for all f v g 	D(A). 

If A is bounded, then clearly Dt 	i4, and we 

have (f,Ag) = (g,At f) for all f,g c P. 

Since A is bounded, 1(f,Ag)1 < Ilf11.11Agll 

11A11.11111.11g11 

• 1(g,A f)I < 'IA11,11 111.11611 for all f,g e 14. 

Putting g = At f, we get IlAtfll2 	11A11•11f11•11Atfll 

Since this is true even when IIAzfII = 0, Ilfll 
	

0, we see 

that At  is bounded, and that IlAt II < IIAII• 

Now, by reversing the argument, 11A11 C IlAt II. 

Hence, if A is bounded, At is also bounded, and 

Further, (At ) t  = A in P. 

ALGEBRA OF ANTI-LINEAR OPERATORS. 

Let Al 2  A22"." Ap  be a set of p anti-linear 

operators, with domains D(A1 ), D(A2), 	,D(A p ) respectively. 

If a E. 	we define aAA 	 A 
by the relation (aA )f = a(A f) for 

all f E D(AA 
 ). 

• 
	D(aA1) = D( A), and aA,4  is also an anti-linear 

operator. 	AA  + Av  is defined as the operator such that 

D(A11+ 	= D(A1) n D(Av) and for all f e D(AA ) n D(Av), 
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(A
A 

 -I-A
v
)f=A

A f-i-A
v
f. 	Clearly A

A 
 -I- Av is also an 

anti-linear operator. 	Then i=v, this definition is 

consistent with that of 2A4. 

Ige define A. A
v 
 by the relation (A A )1 = A (A

v  f ) A v 	A  
for all f e D(Ad such that Avf e D( 2 ). 	In this cases  

A A is a linear operator. g v 

It is also clear that Ami  A42  Ag3  .... A , when 
Av  

defined, is a linear or an anti-linear operator according 

as v is even or odd respectively. 

Now,suppose D(A) = D(Al) n D(A2 ) n D(A3)....n D(A.p) 

is a non-trivial subset of fl, and Av.D(A) c D(A) for all 

v = 1„2,...,p. 	Then we can define the al ebra generated by 
as the set of all operators villich are products 

of 11, A2,.. 9 9$ Ap$ and their finite linear combinations. 

This algebra clearly contains a sub-algebra which consists 

on:.y of linear operators. 	If _t At At
$ exist, then p 

the set A , A 	I 	A 2* 	" lI op  R 	 ,A2p  of 2p operators,  

where A 	= At 1 < g p also would generate an algebra 
/9-1-g 

which we denote by 1/ 4,4-1(A 
s
A: g=1, ...p) E A;  provided of A A 

course, their domains satisfy a suitable condition. 

In the following, we assume that each suffix g,v 

takes the values 1, 21 . . . 2p. 
If we define laby the relation A-1 = 	(mod 2p), 

then pal so takes the values 1,2, ... 2p , and Al2  = 
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Using this notation, we derive the following properties of the 

algebra,*, which we state as a theorem for future reference. 

Theorem  1.6:  
(i) If v is odd, A 	A ....A 	is an anti-linear Al A2 	A 

operator and satisfies the relation 	A ..0A )t  122 	i-tv  

= Af/v  An 	Oseollel 

/-41 

(ii) If v is even, A 
g1 

A Well is a linear operator, 

and satisfies the relation, (A A 
g2 

frees A )  
Av  

=Afl 	ow AA 	where * denotes the adjoint. 
1-'1) 1-'1)*1 

(iii) If B 	are anti-linear operators 	then 

(aB 	
2 

fiB ) t = t A.11 and belongs to A" 

Proof: 

(i) 	Let f,g be two elements of the domain over Which the 

operators of Aare defined. 	If v is odd, A A ....A 
gl g2 	gv 

is clearly an anti-linear operator, and 

(f, A 
gl 

A ....A 	g) = (A 	A ....A 	g, At  f) by 
A2 	V 	A2  A3 	Av  

Theorem 1.5 

= (At At 	
A 

f, A A 
P4 

 ...A 	g) again 
A2 Ai 	3 	Av  

using Theorem 1.5. 
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Proceeding similarly, we get, since v is odd 

(f,A 	A 	.A 	g) = (g,At At 	....At f) 
41 42 	1  v 	AV 11V-1 	A1 

But (1,A„ A, ....A, g) = (g,(A„ 	, A t 
1'2 	1'1 1'2 

. 	(A 	A ....A )t = At At 	....At 
41 42 	4v 4v-1 	41 

= Ala An 	....A. 
1'1 

(ii) If v is even, A 	A 	....A 	is obviously linear, 
41 	42 	A v 

and (f,A 	A ....A tg) = (A. 	At ... 	1,g) by using 
121 A2 	/1v 	AIV -4v-1 

Theorem 1.5 successivelry times. 

But (I, Au  A ....A 	g) g) = ((A 	A ....A ) f,g) 
41 42 	uv 

where * denotes the adjoint. 

t . 	(A A ...A ) = Ag 	
t Ag 	....A =A A 

gl P Pv- 	P 1 41 P2 4v 	v v-1 v 	A. 

(iii) (1,(aBi 	032 )g ) 
 
= (f* aBig) + (fdeB2g) 

= a(f,Big) + fi(f2B2g) 

= a(g,B1 f) + (3(g,131 f), since 

B2 B1, B2 	 1
t are anti-linear and B and B2 exist. 	(The latter 

assertion follows from (i) and (ii) 

= (gsaBi  f) + (g,OB2  f) 

= (gs(aBI + PB2)f) 
• 

+ PB )t  aBt  ••• 	 2 	PB2, and obviously belongs to 

This completes the proof of the theorem. 

• 
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REPRESENTATION WITH REJECT TO A BASIS IN  14 

Let A be an anti-linear operator whose domain D(A) 

is dense in 14 which we also assume to be separable. 	Since 

D(A) is a subset of Jzi., D(A) itself is separable,4and 

therefore, there is a sequence 	 elements of 

.D(A) which is dense in D(A). 

Let f be an arbitrary element of 	Since D(A) 

is dense in Ma 	g e D(A) sz.ch that I f-gl I < 	, where 

> 0 is any prescribed quantity. 	Also, since if12 is 

dense in D(A), a some f v  of this sequence such that 

I 1g-11)11 < 

III -f v II=Iif -g+g -f v II 

1— gi 	< e• 

0 • 
	 is dense in .14. 

Let F be the linear manifold spanned by the 

elements f l' f2' .' .i  f As 11...4 . 	i a e • 	the set of all elements 

which are finite linear combinations of the el ements of the 

sequence tfm1.5  Then the closure of F is clearly MO and 

there exists an orthonormal set e e 2 0 • • ,e1.1, ,• • of elements 

of F which spans the same linear manifold as F. 

Now, suppose h is any arbitrary element of 

Then J  a Cauchy sequence lh of elements from the sequence 
/2 
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f 3 defined above and converging to h. 
00 v-% 

Since h1  e F, we can write h = 	a/tv e 

	

1-1 	/ 1 	v 
V=1 

where, for each g. a v   = 0 except for a finite number of ' 	A  
2

1 
values of v, and I IkiA I I = [ 	I a I 	2 • / 	P. V 

v=1 

Cons id er I Ihirhv l I = I I 
	

(a 	-- a )e vP 	P ll 1 	12P 
p=1 

1  2 j 
aup - avp

I 	< s for all /.1,vv > lye) 

p=1 

where c > 0 is any prescribed quantity and r1  (e) is a 

suitable integer. 

IF • la
1p 
 -avp 1

2 < e for all ti ,v ?, lye) whatever 

p is. 

l agp -avp 1 < e for all g,v 	r1  (62 ) 

a
lp 

 -->a as g 	co. 

Further (e4, hv ) = avg  for all g 

• 

	

hv  ) -* a as v 	co  
12  



39. 

But kete  h) 	(eitz0hv)I = kep, h-hv)I C Ile I .1111-hvII 

0 as v 	oo 

(eillhv ) 	(e4, h) as v -3.00 

0 • (e 0h) = au
A   

Hence is absolutely convergent, and aA
12 

 

p= 

 

co. 
also yTh a

u 
eA is convergent o6 

12=1 

co,  
Let h = 0)  a e 	= 	(e ,h)e 

0  L I  A P   P 	A 
12=1 	,u=1 

. . h--ho is orthogonal to 	 and hence to 

the whole of F. 	If k is any element of xl,:3 a Cauchy 

sequence ik
A 

 ol elements of F converging to k. 

• 
	(h-hook) 	(h-hdlc4 )1=1(h-ho,k-km.)1 

IIh-hoII.IIk-k II 	0 as p 	00 
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0 
0 0 
	(h-ho2kti ) 	(h-hoplc) as g -+ 00 

But 	( h-ho 	= 0 for all /2 

O .0 (h-hotk) = 0 

Since k is arbitrary in J21, 110  = h. 

co  
• h 

=it12 
 which means that the 

/2=1 

orthonorrral set te 	which consists of elements of D(A) is 45 

a basis for the whole of M. 

In futures, by the expression "an orthonormal basis", 

we always mean a basis of the above type. 

Since e
bt 	

D(A),Ae
/-1 
 is defined and belongs to i4 

for all /2. 

. 	. 	Ae1.4_ = 	0gv ev,  t  and hence (ev0 Ae/4 ) = 012v 

v= 1 

If f e D(A), we can write f = 	wit  elz, and 

12=1  

Af = 	
V V 

I 	 

A=1 v=1 



g = ) 1  'ru e' f = 

A=1  

and (g,Af) = 

/2=1 

P 12V V 

If g is any other vector belonging to .14, we can write 

g = Y e 	 P P 
p=1 

co,  
00 0 (g,Af) = ) 

g=1 v= 
c co 

V V 

41. 

	 )1 Yv  
v=1 p=1 

ot 
V1L assuming that the order of 

summation could be inter- 

changed. 

where Pt = vA 	gv 

t = (f,Atg) where A is the anti-linear operator 

co  
defined by Ate = v v 	Pvg 71.  The reason why 

V=1 	 V=1 

we choose to call At the transpose of A is now evident. 

TRANSFCRIVIA  T I ON UNDER A MANGE CF BAS IS  

With respect to the basis we had in the previous 

section, we have the results 
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Let e,  e, 	 e.) 
1  ' 'v-41 e another orthonormal basis for 

Also 

( e t e t) = 	• • • 	g* vAv 
00 

e = e /. Av v.  
v=1 

Using the previous equation, we get 

a, 

7, 	p 

Moreover, 

00 	 00 

. . ev = 	(e e ) e' = 	el 

	

A 	A 	gv A 
11=1 	 g=1 

Using  the fact that (e ,ev 	Av' ) = 	we al so get 
OD 

(5' 

	

ply6-pv 	gv 

Hence if we define the operator L by el = Le/2  for all 

and by linearity ever where else, we have L = L, and 

Er =LPL = 1. 

00. 	 Co 

Let f 	Tr'
Ag 

e1 , and g = 	1  yl e1  
	 12  12  

12=1 	 l2  = 1 

(e 	e1 ) 
V g 7gv a  

As 
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- 	00, 	 00  . 

' . • irv = 	V
A  A 1 
 	cr

Y' 
and yv  = ) 

	1 
Y 1  cr g gv 

g=1 	g=1 

If AelA 
 = 

00 , 00  
ev, 	then (g,Af) = 	

,
Wg  Pg v 7v 

g=1 v=1 

 

v=1 

11,  

00 

A AY 11 
P t  7t  = 

/2=1 v=1 

co co  

7rg 	gv Y  v 
A=1 v=1 

00 co 	 00 00  00  00 
71 01 —1 = 	 .71 

.e.   A gv v 
_J 	1 / 

 /1:7\ Ng gv P  pv 
g=1 v=1 

00 
	 co  

T. 0 cr 17tv  0\ 7\p vp  
/2=1 v=1 v=1 X=1 p=1 

. . 01 
AY 

= a././N Pxp F VP 

Using the matrix notation, and remembering that A is 

anti-linear, we can write the above relation as 

At = gr A Et  

Putting Et = f{, we get 
-* 

At = M A M, where 

M M = MNi = 1. 

This is the transformation law of an anti-linear ope rat or 

under a change of basis. 

/2=1 v=1 N=1 p=1 
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CHAPTER 2  

ANTI-LINEAR FIELD OPERATORS. 

8As in the theory of linear quantised fields, we 

assume that the states of a physical system are described 

by unit rays in a Hilbert Space (which, by definition, is 

both complete and separable). 	We use the Heisenberg 

picture and hence, these states are independent of time. 

On the other hand, observables are defined by Hermitian 

operators which are necessarily linear and which bear the 

entire time dependence of the system. 	So the question 

arises as to whether a physical theory could be constructed 

using anti-linear operators. 	There is a lesson we have 

already learnt from linear fields that a field need not 

necessarily be an observable, e.g. a Dirac Field.9 	As 

long as we are able to construct Hermitian Operators by 

using these non-physical fields, a theory involving such 

non-physical fields becomes a possible candidate for a 

physical theory of fields. 	This is the exact situation we 

are facing in the case of anti-linear fields. 	By Theorem 

1.6 we know that A
t
A or AAt  is a linear Hermitian Operator, 

if A is an anti-linear operator in M. 	In more general terms, 

the algebra generated by any set of anti-linear operators in 

M contains linear Hermitian Operators. 	Hence, if a 

mathematically consistent theory of fields could be set up 

using only anti-linear fields, it automatically becomes a 

physical theory, at least in principle. 
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Let co(x) be an anti-linear operator for each space 
(x(0)1x).(x(0),x(1),x(2),x(3) }.  time point x 	 As in the 

theory of linear fields, we make the assumption that only 

smeared fields give rise to well defined operators in 14.10 

i.e. we assume that Of) = ff(x)9(x)dx, dx =dx(°)dx 

= dx (0)dx(1)dx(2)dx(3) 
2  is a well defined operator in .14 for 

each f(x) suitably chosen. 	Note that, we make it a 

convention to write f(x) before co(x) in the expression for 

so(f), so that 9(f) is an anti-linear operator, which is 

linear in f. ie. q(af+j3g) = aq(f)+/3cp(g), a 0 e 0. 	The 

functions f(x) for which Of) is defined are called the test 

functions. 	Now, what are the test functions suitable for our 

purpose? 	Every experimental observation occupies a finit e 

amount of time and a finite anount of space. 	i.e. a finite 

amount of space time. 	Hence we would like the test 

functions to be reasonably smooth and of compact support.11 

For convenience, we t alce 'reasonab le smoothness to mean 

infinite differentiability. 	Hence, the space of test 

functions12 ought to be ..However, for mathematical 

convenience and for other physical reasons as mentioned by 

Wightman,11we assume that the space of test functions is 45°  

furnished wi th the usual topology. 	This is the set of al 1 

complex-valued infinitely differentiable functi ons which , 

together with their derivatives, approach zero at infinity 

faster than any power of the Eucli&lan dista.uce.13 Using 
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this definition of Of), it turns out to be an unbounded 

operator in 14 and therefore, by the discussion after 

Theorem 1.3 the domain D of (f) can be taken to be dense 

in 14. 

Now, let 01,02  6-  Dco  and f 607. 	Then (01,9(f)12) 

is linear in f, and if we make the further assumption that 

this is also continuous in f, then (c61,0x)P2  becomes a 

tempered distribution. 13 

Following Streater and Wightman14 we make the 

following assumptions. 

AO Assumptions of Relativistic Quantum Theory.. 

The states of the theory are described by unit rays 

in a separable, complete Hilbert space 14. 	The relativistic 

transformation law of the states is given by a continuous 

unitary representation 11(a,A) of the15inhomogeneous SL(2,C). 

Since U(a,l) is unitary and continuous, it can be 

written as U(a01) = exp(iP4a ) where Pi-4  is an unbounded 

self-adjoint operator, interpreted as the energy momentum 

operator of the theory. 	The operator PAP = m2  is 4 
interpreted as the square of the mass. 	The spectrum of P/2  

lies in or on the plus cone (Spectral Condition). 

There is a state 1-cp invariant under U(a,A), i.e. 

Ma:AY% = to, and unique up to a constant phase factor 

(uniqueness of the vacuum). 
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Al 	Assuoptions  about the Domain  and  Continuity of the 

Field. 

For each test function f eY, defined on space 

time, there existsra set 41.)(f),4Y)(f),....,9(1)(f); 

y = 1,2,...1r; of )7.1(y)anti-linear operators. 	These 

y=1 
(y) 	t 

operators, together with their transposes Ti (I) 

T2 	%-1-, ,....„9 V(Y) (Y)1.4.1t 	(Y) (f)t; y = 1,2,...,r; are defined on a 

16domain D of vectors dense in 14. 	Furthermore, N1,0 e D, and 

fl(a1A)D C D, 9(pY)(f) D C D, so,Y)(1)t D c D; g = 1,2,...,v(Y); 

y = 

If If1,~'2 C D 2 then (xisP (Y) tf ltg %-, 2) is a continuous 

linear functional of f for all p = 1,2,...,v(y); y = 1,2,...,r. 

A2 	Transformation law of the Field Com onents. ---_-_------ 

(y) - The equation 11(a,A)pm (f)U(a,A)-1 

v(x)

A 
= ) 	S(y) (A-1 )cc,

(
v
i)
({a„Aif), y = 1,2,.. .,r; S(v) 

J 

1)=1 

is valid when each side is applied to any vector in D. 

Here, S(y)(A) is the corresponding v(y) dimensional matrix 

representation of SL(2,C), and {a,A}f(x) = f(A-1(x-a)). 
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A3 	Local Commutativity sometimes cal led  Microscopic 

Causality . 

If the supports of f and g are such that 

f(x)g(y) = 0 whenever (x—y)2 	0, then 

9(Y)  (09(N)  (7)+6(y,g0\,v)91(,N)  (g)4,Y)  (7) = 0 in D, 

where e(yog;Nl v) = 4.1 for all kto or —1 for all il l  v for 

each y and N. 	Here 7 and g stand for the complex 

conjugates raf f and g respectively. 

We also have 

() 	(X) — t 	,; 	 t (y) 9 	(f)9 	(g) +e(y/27\ 	9 v) 	(g) 	(f) = 0 in D v V 

under the same conditions, and two other similar relations 

obtained by transposition. 

Note: 	It is important to notice the difference between 

this assumption and the corresponding one for linear fields 

as given by Streater and Wightman.17 However, both are 

identical when written in terms of unsmeared fields. 

So far noth irk ha s been mentioned about the number of 

field operators we are going to have in our theory. 	For 

the theory to be a field theory as stated by Streater and 

Wightman18, we must have sufficient fields in it so that 

its states can be uniquely characterised using the fields. 

With them, we too adopt the fallowing definition. 

Definition 2.1: 	A relativistic quantum theory satisfying 

axiom AO with fields co (y) 	1.2 	 y= 1,2,...,r 
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satisfying Al, A2, and A3 is a field theory if the vacuum 

state is cyclic for the smeared fields. 	That is, if 

polynomials in the smeared field components when applied 

to 'I yield a set Do of vectors dense in the Hilbert 

space of states. 

Now, we are fully equipped to proceed with the 

discussion of the properties of a field theory. 	But, for 

convenience, we develop the following notation. 	This 

notation is almost indispensable when we try to establish 

the Reconstruction Theorem for a field theory involving 

a number of multi-component fields. 

We first derive the transformation law for the 

transpose of T41()(f), using A2. 	If -,Ir1,1-2  c D, then 
v(y,) 

(-Irilt(a,A)41Y)(1)11(a,A)-1-y = 	ST(1-10j)(1a,AifNr2) 
/ 

v=1 

v(Y) 

S(Y)(A 1)(-1-1'  yo(vY)(atAlf)t2) 1-11)   
V=1 

Since Na,A)-1  = U(a,A)*„ the L.H.S. 

= (t(a,A)*-'1-1,9(2()(f)t(a,A)-it2) 

= (ff(alA)-1* 0(Y)(f)tt(a,A)*-1,  ) 
1 

using the definition of the transpose of an onerator 



50. 

("‘P2' 	g ff(a,A)9
(y)(I)tff(a,A) 

v(;y) 
s ( Y ) (A.-1)(1, ,9(Y)( ia ,Aif )''`2 )  Ay' 	1 V 

V=1 

v(-) 
Sg ) (A 1 )( ,1,2 ,p(j)(ia,Alf)tti ) 

v=1 

v(y) 
= 	

Sgv 
() 

( A I)Pv (Y) (iasAif)tlri) 

v=1 

v(Y) 
(2.1) .. V(a,A)91.(tY) (f)til(asA)— S (Y) (A-1 )9(Y)0a,Aif)t  

v=1 

This is the first result we wish to have. 	The next thing 

we do is to write the 	v(y) field components and 

V=1 

their transposes as a single sequence in the following 
—t 	( --t 

form using the definition 9( y )  (f) 	= 9' Y) 	(f). A 

91 ( f )  = 911) (1) 

92(f) = 41)(f) 

. . p (f) = p(1)(f), 1 G p < v(1) 

(1) 
97)(1)(f)  = Tv(1)(f)  

`°v(1)+1(f)(1)+1(f) = 	(1) (f)t 

( 
9v(1)+2(f) = 92

1) (
f )t  

p (f) = p(1) p —v(1) (f)t ' 
(1) 	t 

927)(1)(f)  = g)-0(1)(f)  v(1)+1 < p < 2v(1) 
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P2u(1)4.1( f )  - 9(2)(f )  

(r 
CD2v(1)+2(f'

1 
 = 92

2) 
 " l1  - 

• (2) 
co 	(I) = p  —2v(1) 

2v(1)+1 < p < 2v(1)+v(2) 

,(2) ( - 1  
92v(1)+v(2)(f ' 	wv(2)"' 

and so—on. 

The last set we can write is as follows. 	Putting 
g  

A(p) = 2 	v(y) 

Y=1 

c°A(r-1)+1(f) 
 = (r)(f) 

(r) 
9mr-1)+2(f)  = 92 ,,,  

.•, cop(f) = 9(0%,...1)(f), 

(r),,, 
9A(r-1)+v(r)(4.'=9v(r)'' Mr-1)+1 < p ( A(r—i)+v(r) 

(r) 	t 
)=91  (I) 

• .p f-)  = .p —A(T —1) —v(r)(f)$ o ( 	o 
(r) 

q'A (r) 	.v(r (f)=0
(r)

)(f)
t  

A(r-1)+v(r)+1 < p < mr). 

(2.2) All this can be condensed in the following simple 

formulae. 

(y) 
9v (I)=C°  A( 1)(f)  

v = 1,2,...,v(y);Y=1:2,...,r. 
iy 	t 

co ve) (f) =cif)
v+A(y-1 )-Fv (y ) 

f 

where A(g) = g 	1; and A(0) = 0 
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Further, given co (f), 1 < p < mr) , 	a unique 

y, 1 	r such that A(y-1)+1 < p ..<,My)• i .e. the suffix 

p lies in one and only one of the intervals 1 C p < 21)(1), 

2v(1)+1 < p < 2v•(1)+2v(2), 2v(1)+2v(2)+1 < p < 2v(1)+2v(2) 

+2v(3), 	  

2v(1)+2v(2)+....+2v(r-1)+1 < p < 2v(1)+2v(2)+....+2v(r). 
Then, if we define 18 by the relation, 

(2.3) P—A(y-1)-1 = p—A(y-1)-1+v(y) (mod 2v(y)), 

it follows immediately that 1 < p G A(r) and that 

(2.4) co 	
Cf) 1)(

f),  (f)t =  

fand 
g)P1 

) t = co ( f ) 

Now, let S(A) = S (1)(A)QS(1)(A)0s(2)(A)©s(2)(40)(D... 

(r) (4) s 	(A)Q s 	(rt) 

i.e S(A) = 	is'Y '(A)® s(Y)(A)]. 	Then S(A) is a 
y=1 

A(r) x A(r)— 

matrix, and the transformation law A2 of the fields tokes the 

simple form A(r)  
(2.5) if(a,A)so (f)tf(a,A)-1= 	S

Pff- 
(A-1 )co (ia,Aif) for all 0- 

0-=1 

p, 	p 

At this stage we are in a position to proceed further 

with the theory. 
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Properties of the Vacuum Expectation Functional s. 

For any f c ()a (R4
), cOp( f 	(X)cDp(X)C1X is a well 

defined unbounded anti-linear operator in fl which is linear 

in f. 	By the assumption Al concerning the domain D of the 

field operators, it follows immediately that the scalar 

product (tosq)1:cco/412 )....so (f 	) where 11,12,— )f veY(R4) 1.2  
/2v  V 0 

is perfectly well defined. 

Remembering the last part of assumption Al that 

( lir1 p 2)  is a continuous linear functional in f for 

all NI'19'1,2 	D, and the contents of Theorem 1.6, we immediately 

see that (if,co (f1)
so1-42 

 (1,)...con  (f v)to jis a functional in 

f /$12,...,f v„ separately continuous in each f when the 

others are fixed, and linear in f for odd values of p and 

anti-linear in f for even values of p. 	(Actually, as 

regards continuity, what we have is, that, it is continuous 

in each f for odd p and in fp  for even p. But continuity 

in f is identical with continuity in 7 ) 

	

If 	 ) Therefore 0 ( ig2 	(112 „f 3  ,f 4 .. ,.,1v) bt...gv   

	

= (iko ,co 	(f)co 	(7 )yo 	(f )co 	(1.  )...9 	(f )1r ) 	v odd 1 1,12  2 g3 3 "24 4 	'iv v o 

= o,c0 (f1 )91,42 (72 )co (f 3 )co/14 (74 )...co
41v 

 (7v  )1r ),v even 

is a separately continuous multi-linear functional in 

11'12*..f 	(R
4

) 
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Hence,using Schwart7.1 0 Nnclo.ar Theorem
19, there 

exists a unique distribution G defined on test functions 

of the form f1 ,f2...fv  where f 1f2...iv(xl,x2,...x71 ) 

= f1(x1 )f 2(x2)fv(xv)  such thatev) 	(f f 	f ) 12...Av  11  2" v 

= G 	(1 f ...f ) gig2 ...gv  1 2 	v 

Since GAllivo,ogv is a distribution in the above space of test 

functions, we can define 

G „
'll-
, 2'"gv(aflf2wfv+Ogig2...gvLaG„ 	(f f 	f ) 

/""12"421, 1  2"' v 

+ PG 
glA2'041v(gig2...8v)  

where a,f3 E 0 and f
P 
 ,g
P  E

(R4), p = 1,2,...,v. 
Thus, if we denote the space of all functions of the 

form f1f2...1v and their finite linear combinations byl(R
4v

), 

then we immediately see that G 	a  is a distribution 
'
,
1'2° ""-v 

, over the space 4(R4v ) of test functions. 

But 4Y70(R4v ) is dense inY(R4v). 	Therefore, by 

continuity, Gil1 g,2...Av  is a distributi on over the space 

( 4v R  , ) of test functions, and hence is a tampered 

distribution. 	Denoting this by V
(v) (x x ...x ) or by 
41g2'''gv l' 2' 	v  

(%,c0/21(xl)c0412(x2)...coAv(xv)%) we write 

Pl(X1)12(x2)""v(Xv"(%1TA1(XiA2(X2)04req),. (X_)‘k0)[dX]l) 
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= 	(t_Dp„ 
1 
 (f,)p

A2 
 (72 )p, (f0pA

412v 
 (f 

1
)t ) if v is odd 

° A    

=-''1 (1
1 )p, (7.)p 

3 - ' 
(f l )p"

4 	
..pA  (7 v )t 0 ) if v is even. 

-   

where [dx]v  = dxl ,dx2...dxv  

We state all these results as a theorem. 

Theorem 2.1: 	There exists a unique tampered distribution 

V(JVII22.41v 	 1  (x10x2,...,xv)=(NI-029 	over 

test functions ine(R4v ) such that 

1(x1)f 2(x2 )...f v(xv )V./(2 )12...gy(xx2°...xv qdx]v 
1 

= (t,8P" (f l ) cD„ (7,)P„ (fOso„ (7A )...p (f 	),if v is odd 

	

- '1 - '2 - '3 - '4 ' 	Av v  

= 	(t
° 
 Ng) 

Al 
 (f

1 
 )yo

P22A3 
(f3 

 )pA4 
a

4 	g (7v ) ' if v is even. 

Now, following Streater and 7ightman20, we prove 

that expressions like 

f[dx]
vf(  x10, 2,...,xv )T121(x0p112 (x2 )...9g  (xv)lko  

can be interpreted as elements of i in a unique way. 

In the first place there exist functions of the form 

A 
(A), 	 ) 	( ) 	( f 	 = ) 	f1A  (x1)f 2A  (x2)...f v

)  (xv ) such 

A=1  

that f ( 4v A) 	f in 	 (R  4v) as A -4 co, where f ( A )  ce(R4). 
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(f (g) ) 	(T (11) 	lk 
"Rv=C?__fill 1  9122 2  )—J 

A=1  
- where co 	has, as argument, f (A) or f ( g )  according as p is 

p 
odd or even respectively. 	This state converges in norm, 

as 	is proved easily, as A 	(MI a 	This limit is defined to be 

i[dx]vf(xisx2,...,xv)con  (x1)9 (x
2 	

(xv  )1'o  . A g2  

If the set of all such states is denoted by D1  , then the 

set Do in the definition 2.1 is clearly a subset of D1. 

This enables us to extend the domain Do over which the field 

operators are defined to the larger domain D1 0 

proceed with the discussion of various properties of the 

vacuum expectation functionals µ1/1 V(v) 

	

(x x 	x ) and 2.0.Av  1' 2'°.°  V ' 

write them as theorems. 	Except for a different notation, 

the following theorems and their proofs are very similar to 

those given by Streater and Wightman.21 

Theorem 2.2: The Relativistic Transformation Law 
(v) V 	(Ax 4.a0Ax2+a„Ax3i-a,......,Axv+a) 
A1A2'.°Av 

A(r) 
s 	(A) 	 )...s 	(A)v(v) 

L., µ1p1 /12/92 A3P3 /141°4 	4vPv P1P2...Pv 
P1sP27.-Pv1 	 (x x 	x ) 1,  2' 	' v 

if v is odd 
A(1") 

S 
(ATS (A)S/1 
	 (A)V(21) 

g1P1 g2P2 3P3 g4P4 gyPv P1P2mPv 
p1,432,..Pv=1  

(xlsxploossxv) 

Now consider the state (A) 
Al/L2 - 

Now, we 
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if v is even, where the left hand22side is that tampered 
ty2 (R4V )  $ 

distribution, which, on the function fif2fv..f v  e 
givesif(11) 	(€a 2  Ail la Aif 	la' 	). (see equation 2.6) g1g2.../tv 	1 $ 2"' 	V 

Proof: 	17e will assume that v is odd. 	The other case 

follows the same way. 

1 (x1  )12  (x2  )...fv  (xv )Vgig2...gv(v) 	(Ax1  +a,Ax21-a,...,Axv+a)[dx]
v 

q (v)  (ta,A}fisia,A112,...,ia,Aifv ) by definition µl/12.. "v  

= 	Oa,A3f1)9gs f2)cog3
(ia,Af )9 0a,Aif4) gl 	2 	3  4 

...9 (ta.Alfvo) -  

by using equation 2.6 

- = (i,t(b„B)-11̂1(b,B)9 0as/di )U(b,3)-1  U(b,B)9, (ta,Aif2) gl 	1 
• 

U(b,B)-1...U(b,B)9V  (ia,A)fV  )U(b,13)-1U(b,B)t),ewhere 

[13,B1 is any element from the inhomogeneous SL(2,C). 

A(F) 
S (B 	)S 	- 1).S 	(B-1 , (B S

Av4 g1P1 	g2P2 	1-'3/33 

  

 

...S 	(B-1) 
I2VP2) 

P1'/32'"PVF1  

x (topsopl Ob,Blia,A111)cop2(ib,Bita„A}12 ..gopv(ib,Bi[asAifv)to ) 

Where we have used the fact that U(b,B) is unitary and leaves 

o invariant (assumption AO), and the equation 2.5 giving he 
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transformation law of the field components. 

Here tb„Bfla,Aifp  stands for fib, }g where 

gP 
	ia„Alfp. 

g (x) = fa,Aif (x) 

= f (A 1(xa)) 

. 	lb,BOatAifp(x) = itI vBigp(x) 

= g (B-1(x-b)) 

= f -1(B-1(x-b)-a)) 

"4, "1 1 
f (A B x-A 	b-A a) 

Hence, if we take B-1 = A, b = -A-1a, and remember the 

fact that {asAi is a real Lorentz transformation, we have 

[b„]3ita,Aif io  = f p, and 

fb,BNa lA}f = . 
P P 

(V) 	 v • • pl( x)f 2(x2 )...f v(xv,-1441p2...14,(Axl+a,Ax24-a,...,Axv+a) Lr dx,i 

A(F)  

S 	(A)S 	(A)S 	 (A) =A P 1'11°1 	42132 	123P3 	1-14P4 	v v 
Pl$P2,-.Pv  

OP 29
P1 

 (f
1 
)9
P2 
 a )9 (f3)9 (7'11 )...9 (fv o  )t ) 
2  P3 	P4 	pv  
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—A(r) 
p1 cx1 )f (x2)...f (x ).7 S 	(A)S 	(A)S 

2 	v v 	,U1p1 /12p2 g3P3 g4p4 
P1'P2'..Pv=1  

...S (A).V (v)  (x s x 	x )[dx] v. pl p2...pv  1 2 	' v PvPv 

Here, by continuity, we get the required relation as a 

relation between two temepered distributions over the space 

(It ( 	, ) of teat functions. 

Theorem 2.3: Spectral  

There are tempered distributions W v() 	
g 	

s s.. 	) 
glg2.. v 1 2 	v-1  

such that 

W(V) 	 (v) 

	

)=1/ g1g 	(x x 	.x ) for v ?.. 2 gp2..,gv  l' 2' 	v-1 	2 0..go  1 9  2"' 

where 	= xp- xp+1, 1 < p < v-10 

The Fourier transforms of W and V defined respectively by 
v-1  

v(v) 	 1  

(270
ra(V) ..2fexp( 

	 P p  A l g2-..mv  
P=1  

and 

v 
2v I'exp(i) p fgx )V(V)  V(v) 	_ gig2.. 41'1'2' ' * a  'pv)  

1  
( 2w) 	 1 P P AlA290 °Pv 

p=1 

(X X 	X qdX1V  J 1 , zve•op v 
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are tempered distributions, and are related by 

-(V) 	 2 V 	(P sP s•••,,p )=(27r) 	p 7• • 111/12..ogv  1 2 	v 	p )1 11,1 2 ...gv ( P1' 131+PVP14- P2+13  3 
p=1  

....sP1+P2+P3+-4.Pv-21° 

Further, we have the result that 

-(v)
112°.‘"'-v 	

1 lv-1 
qv-1)  = 0,  1-11  

go, 1 < p < v-1 

lies in the energy momentum spectrum of the states 

Proof: Using Theorem 2.2 and taking A = 1, we get 

(x +a x +a 	 (v) 
gi 	

, 	x ) /-1/....2,..Av 1 s 2  ,...„xv+a)=v sA
2s..wv

(x  1 -x  2 " V 

Putting 	= 	2  = 	 xv-1 -xv 

1 y 
X = 

V 
kX *4-1C 	) 2 	v ' we get x x 	x is 20 	v  

uniquely as linear functions of  l'-2''''"v-1' X°  

Therefore there is a distribution T(1.g1s 2s....sEv_1 )such 

that 
(v) V 	(x ,x 	= Alg2...Av  1 2 

Translation invariance of V(v) 	.gv (x1  „x2  ,...„xv) implies Alg2..  

that 

T(X, 12v-1 = T(X + a, 	for 

all a. 

unless each 
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Using the arl;ument of Schwartz23it can easily be proved 

that there exists a tempered distribution 

"1.11142...gv(E1 a 2,  • • R E 1 ) such th at 

()
v_l ) 

g1122.°41v 1  2  

0 
. (v) (x x)--(v) 	(E E 	) 1-112 2 .•.Av  1 2 	v 	gig2-•41v  11  2' 	v-1 

which proves the first part of the theorem. 

For a function f ejJ(R4v ) we defineif by the 

relation (7/f)(PisP2:•—oP.0)= 	2.1)  fexp(i. p .x )f x 1  
(27-r) g g 	11."  

g=1 

Then by the Lemma. on page 44 of PCT,Ilf eY(P,4v) 

For a tempered distribution T over test functions 

in y 4v) 
 we define:AT by the equation 

(IPT)(f) = T (f) for f eY(R4v). 

Then,accorciing to Theorem 2.2 of PCT, ,T is itself a 

tempered distribution over 4P(R4v ). 	The mapping denoted 

by /is called the Fourier Transform. 

Using these results, it is obvious that the Fourier 
( Transforms of t

rv) 	 and 

(v) V 	(xl,x2,....,xv ) respectively given by 
/111"12—.'gV 

Edx—v  



4u(v) (P sP 
A1g2.•4/1) 1 2  

V-1 	62. 

) = 	 

(27712(v-1) j'exP(i/._!ASEg) 

A=1  

A 

(

lg

) 

 24—gy ( 1' 2'  
..., v_1 )[d]v-i  

and 

-(v) 
Pv  

1211224.141v(1311132"." 	) 
=-1---2---lexp(i / 7P 0x1-4  ) (2r) v   

g=1 

V (v) 	(- x 	- )[dx] v  
41g2°..g j'1,  23  

are both tempered distributions. 

If we change to new variables -liven by 

1 = xl - x2, 

E2 = x2 - x3' 

7 

= X
1,̀4

- X
vP 

Ev = xv, we get 

s  

X1-1 = 

p=/1 

V 
7-ThT, 	 P. 	 E 	D 

172.  —14 	 1+ (DP  2) 2 ( + - 1 D+-  2 D+- 3 ) 
Z--; 
n 	

P 
- 

g=1 p=g  
A=1 

. . 

- 

(P141)21-°"+pv-1"Ev-14-() Pg)e  

g=1 	p=1 p=1 

7-1 



1 

2•(2046\ 

( v ) 
(P :P "2"."Pl+P24--+Pv-1)  gig2...Av  1 1'  (27') 

63. 

Using this result we get 

( 
v(v) 	 1 

701 ,1),),..07),
1 
 - 12 1-12•.41-11  (277)2v  

f exp(i) 	p ) 
	 A 	, P 
g=1 p=i 

-„,(v) 	 V 

ktlk12.askiv 1222.6.2V-1)Edl  

i.e V(v)  glA2•04/v(Pl:P2v°°.oPv)=(27026(\ 
13  )(v) 

LI 	121g2-12 (131'Pl+132' 
A=1 

"'"131-1-P2.""1-pv-1" 

To prove the last part we use the result 24that, if 

E Do  (see definition 2.1) then, as a tampered 

distribution over 5P(R4
), 	e iP.ada,i1(a,1)fl = 0 unless 

p belongs to the (physical) spectrum of energy momentum of 

the states. 	A proof of this result when the physical 
-± spectrum is the forward cone V has been given by Uhlman.25 

At this stage we adopt the following notation, for 

convenience. 

If f e `(.4), then f v = f v if v is odd 

Tv if v is even 
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The proof has to be broken down int: tvro cases as follows. 

Let 	= 9 ''"p+1 (f°,1)91, 	(f°+2 	' ).. 9 (1°)S 	and 
'-p+2 p 	gv v 

= 9Ap(99/Ip-1(IP_ 
°1 ) 
	SDA 

1
(17)to  

(.1I ff(a,1)-1)=(9p (09n 	(en...1 )...910,1(q)%1U(a,1),10 
p 

Case 1: 	Suppose p is even. 

• • (11'9U(as 1)t)=Nrot ipA 4) (f7(fD...9.p(9U(n21)t), by 
1 	L. 

the definition of transposition and the index p. 

= f gl(xog2(x )..gV(v)  
2 	• 	v(x v) 	 r 

14114 2""Mv
(N:1'x2"—/xv)Ldx]v  

where 

g g 	1< /<p  

= ia,1if 	p+ 1 	v 11°  

= j 	(x )f (x ) 	f (x (v)  x 	x 1 1 2 2 *** v v Aip.2 ...Av  11  2" p x' p+1 

,...,xv+a)[dx]v 
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But, if g ey(R4) is such that its support does not 

intersect the physical spectrum of energy momentum, then 

p
(p)e-ip.a"itu(a, 	dry = 0 

fa,(p)e-ip.a,i p x  • i.e 0 = 	 )f (x )...f (x )V(v) ...x '12 2 	vvgig2...//v(x1'x2' p' 

x +a,...,xv4-a) [dx]vda.d3 

Hence by continuity 
I 

 ap)e-i2'aV(v) 
s's  v 
 (xi ,x2,...,x 

P
, 

41  

xp+1+a,...,xv+a)da.dp = 0, 

as a distribution overY(R4v) 

i.e• P(P)e-iP'aT7(v)  j1/142...Av  

da.dp = 0 

p(p)e-ip.( p+a)
14
v) 

2°"--v 

da.dp = 0 

_ 	 V"'"1 	
- 

o 	fd(P)e.'.4P. P"'IP.aeXT2(1\ 0 G E WY). 	 so•f 

c---1 _ 
Li  icr T 11.11-42...11V-1 	1 

# 

2 
0-.1 

0 • 
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i.e.
1I  

p(p)e-i(P-qp)4 (),,c/(1))  t
2
.
" l'P'q 	P  -p- 	p÷1. 

= 0 

i.e. Dq )11(v)  p g1g2...gv ( q1 ,"12"'"Iplw;c1v-1)=o  

By the definition of 'a', this implies that 

( 	
2'*** sqp,-..pqp_i)  = 0 unless qP  

belongs to the physical spectrum, and this is true for all elrimp 

Case 2: Suppoe p is odd 

Then ($1,U(a,1)fl=CT (f°ko (e)...co (f °)U(a,14) 	(f °  ) 

	

Ai  1  P2  2 	P 	Ap+1 13+1  

A 	v 	o' t (f
o
)t 	) o 

	

= fg1(x1)g2(x2)...g (x )v(v
114

) 	( 	x 	x ) 
/1 2-..Av 14  2"s3  v 

[dx]v , where 

gA  =7A' 1 < g < P 

= Az'p+1 < /2 < v 

=  yr 1ny-2 72'I) f
v 
 x ' 	v ...ILI)(x1 1x2 2  • • • yxp,xp+i+a, 

...,xv+a)[dxr 



-cur = 	 f1(x1)f2(x2 )...f v(xv )Vf 2 2 	v 	v 

113.1111602-9•••• 

"2'o•• 'X  piX  p+1+a' 

67 ic6. 

e-IP*a ,I1(a,1) -flda 

00. xv  +a).da.[dx]
v 

Hence eiP 
./. 	

sav(v) 	- gi A 2...gv  t‘x 	
H 

l„x2,...,x,,xp+.s.l- i a,....„xv+a)da = 0 

unless p belongs to the physical spectrum 

by the same argument as in the previous case, 

g(-qP )0v) A1122...1211 	 = 0 

o /AO
,2 e I ‘I /212...111) 	, (q1 pq2 ...2qp_i 	= 0 unless 

q lies in the physical spectrum, and this is true for all 

odd p. 

Hence we have the final result that 

v(v) v-I (-p ,p ,-p ,...,(-1) p ,...,(-1) 	p) = 0 1/1122..0µv  1 2 3 	p 	v_i  

unless each pp, 1 < p < v-1, lies in the physical spectrum. 

It is interesting to note that this is the first 

property of the V.E. Functionals of anti—linear fields 

which differs non—trivially from the corresponding one for 

linear fields. 



71"--  =VPva et (x vox v_190..sx1 ) if v is even 

68. 

Theorem 2.4: 

(x1,x20-..,x,)=v(v)  -1—P1 (x vsv-1"••/x1) if v 

is odd 

...Pi  V V-11""Xl = ;17)- 	---T. 
vPv-1 

if v is even 

Proof: 

I
f1 (x1 )f 2(x2).f v(xv '/(/ )g2...gy(x1 ox

2
8...,xv )[dx]v  

	

= (t vS0 (f°)93 	 (fc1;)to ) using the notation 
2 

of last theorem. 

	

= "ros9n ( f-1°)Ttl 	(fL1)...Spet (f?)to ) if v is odd 
t-v 	/hi 

= (9 (f°)co 	(f°-1p ).. 	(f°) onto )   if v is even 1 A vv P v v-1 

Hence V(v) (X1  , X2 $"",Xv ) 
Algve•gp   

= V-
/f
(v) (x ox 	x 

1.,....14bo•p.A. V 1,—.10 os 1 ) if v is odd 

which is the result we had to establish. 
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Theorem 2.5: Local ConlinutativitY  

If Local Commutativity (Axiom A3) in terns of the 

notation in equation 2.2 takes the weaker form 

9
A
(f)9v

(E)+8(Atv)9 (g)9 (7) = 0, V 	11 

or -1 for each pair (AO)), giv = 1„20 ...,A(P), where 

2  f,g e?(R4 ) are such that f(x)g(y) = 0 whenever 	
0,  

then 

v(V) 

AlA2'''Ap Ap+1" 'Ay 
(x1,x2 ,...,xp,xp+1,...,xv ) 

8(A p 	)14 v) 	 (x ,x 
p i p+1 g i g 2 ...A ,A +1 ,A _g ,...gv 1 2 	$ 'p-1 

p-1 p  	p+4 

xpli-Oxp'xp-1-2"""xv)  

= 0 for all (x_p- xP-1-1 )
2 < 0, 1 < p < v-1 

Proof: Suppose f p  (xp )f p+i .(xp+1 ) = 0 whenever (xp -xp+1 e".
> 0 

. 9 (e)9 	(f°  )4.8(A A 	)9 ' (T°  )9 ( 
g 	p g 	p+1 	/D s  p+1 g 	p+1 A

P
) = 0. r p 

p+1 	 p+1 

(see notation just before the proof of the spectral condition) 

Hence (NIr ,T (e)9 	(f°  ).PA (1°)9 	(f °  SPA 1(f 
A2 2 wAp_i P-1 	P gp+1  P+1  

+ e(g tm 	)so 	(Y°  )9 (r)19 	(f°  )...T (e)-11-  ).0 
P P+1  Ap4.1 101-1  Ap  P Ap+2 104-2 	

0 g v  

s(Apv) = e(v,g) = +1 
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i.e. ...f (x )1 	(x 	)...f (x WV()  p p p+1 p+1 	v v Alp2..Apgp+1.12y 

(x x 	. x x 	x )+e( 	(v) 1' 2"' 2  ps p4-1° 	2  V 	 roli„OV„ 
V v. r-ir..2...Ap_112,04.4gpAp4.2-41v  

(xi t
x2,...,x ,x x x p_i p+is p p p+2s...xv)] [dx]v  = 0 

Since functions of the form f1(x1)f 2(x2 )...f v(xv ) and their 

finite linear combinations form a dense set i 	(R4v ), and  

any f(xl ,x2,...sxp  px 
p+1 

.,...lxv) 	
,e) 4v ) vanishing for all 

(xp—  xp+1)
2 > 0 can be defined by a sequence of such finite 

linear combinations, we get the desired result. 

The next result we require about the Vacuum 

Expectation Functionals is the restriction imposed on them 

by the positive definiteness of the scalar product in the 

underlying Hilbert Space fl. 

Theorem  2.6: 	Positive Definiteness Condition 

If f (P ) 	ee(R4P) for each p > 0, 1 
1111 2""p 

(te(e) = 0) and fP) 	E 0 except for a finite number 
Alt2...Ap 

of values of p, then 
co 	00  

mndip)ogiv 

xp-18•  • '2.xifYiPY2:• ••oraif v1v2....vT  1 2 kY tY s • • • :Yu-) [dx1P[dYicr 

f(p) 
AlA2.../2 (x1 x2" 	p x ) +7) 

P 16.41v1v2'"vcr xi°1  A 	PA  
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co 

odd 
p;%1  

r fit?) 	(. 	). 
J 	12-gp 1' 2"e"  P 

all mov 

x v(P4-01  x 
Ppft 	P v 	

(x 
p_i 	

iv2...vcr Ps p-1"—sx1pYlpY2,...,y0J 

(0-) 
(Y1  ,Y2 	,Y0-) [dx]p[dY]cr 	0  

v1v2°  " var.  

\ 

where ) stands for summation aver /11' 2: 

AO) 

from 1 to AM. 

Proof: 	The proof is straight forward and goes as follows. 

CO  

Let 	= f (1. 0 	ff(P) (xl tx2s• "xP )9111(x1)c°112 (,,2) Alk12 ."Ap 
P=1  A 

...T (x )[dx] f)  
p 	0 

where 
)] 

stands for summation aver Alyi.42,9*°4-1p from 1 

to A(r). 
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There are no difficulties of convergence, because 

only a finite number of terms in the sum 	are non zero. 

p=0 

By the discussion preceding Theorem 2.2, 	is a uniquely 

defined element of M, and hence, (0,.T') 	0. 

If we write this out explicitly, and use the 

definition of the V.E. Functionals we get the above result. 

It would have been very useful if we could define 

at this stage, a Truncated Vacuum Expectation Functional
27  

by subtracting from the ordinary V.E. Functional the 

contribution coming from the origin in momentum space, in a 

suitable way. 	This would perhaps allow us to proceed as in 

Arakils paper
26and then prove a theorem which is much stronger 

than what we would actually prove in Chapter 4. 	Unfortunately, 

we have failed to define "Truncation" in such a useful way. 

But, we have the following result which is sufficient to 

establish the uniqueness of the vacuum, in the next chapter. 

Theorem 2.7: 
	

Cluster Decomposition Propertx 

Limit V,), 	 ...,xp,xp+1+Ka,...,xv+Ka) 
K 

	

	00 1  
Vi(i-11-2""Ap Ap."....pv(xisx24 

= V
(p) 

411-12— A 	
P )V(v—P) 

10+1Ap4.2 ...Av(xp_Fisxp+2 ,...,xv) 

if p (2 < p < v—i) is even 

  

-,---,-- 

xP4-11xp-1-2". .sx ) V 
V(P) 	, (x,,x,,...,x 
41122-..1-p 	P Ap+1gp+2-4v 

if p (1 < p C v-1) is odd, 

where a is a non-null 4-vector and the convergence is weak 

28 
convergence in 
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Proof: The theorem follows immediately from the following 

result of Borchers.32 

If tf(a,A) is a continuous unitary representation 

of the Poincare Group, and qr is any state in MI  then 

it(ica,1)-1,  tends weakly to is54 as K 	oo if a is a non-null 

4-vector, where N is the projection operator on to the 

subspace of states which are invariant under translations. 

This means that, if 41) e 14, then 

Limit ('I,V(Ka,l)t) = 
K -> co 

But Pi" 	(-I-03,16t)Iro if we assume that the only vector invariant 

under all translations is the vacuum. 

=Yir 0 	0 

This result of Borchers is true whether the fields 
R. 

are linear or not, because, it does not use any particular 

realization of the Hilbert Space k-1.. 

(2.7) • 
0 0 Lim 	 = ( s qr0 )(10,t) if a is a 

K-> 00 
non-null 	4 vector 

Now, let 	= co 	p (f°  )co 	(f° 	(f°11)1/-0, and +1 gp+2  p+4 	1-1)  

= Tn  (Ocon p_, r (eL1)...Tfti(fT)% r  „  
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Case i:  Sur -to p ig even 

Then (,i)",V(Ica,4)1r) 

= (lif°vT111(4)9142(82)***9gv(4)%)8  where 

go_. = f 0_, 1 < o-  < p 

= 	p+1 < cr < v 

= ff(x If (x ). of (x )V(v)  1 1* 2 2 * v v glg2...gpiip+1...12.11  1 2 

xp+1+Kapxp+2+Ka,... 	[dx]v, and 

OD:*0)(to ot) = 

frP(  xP )-fp— ( xp-1 ) • —11. ( )v,(aP  1-.41( xpoxp-1s ...x1 )[dx ]P  _ 

CI f p+1(xp+1)fp+2 p+2 (x 	)...f (x )V(7)-0(x 	x 	x ) v v 	p+ls  p+2" " • v  
134-2 I,  

where [dx]v  

[dx]P 
	dx/01-1 odxp+2...dx . 

= p
1(x1)f2(x2 	v (x  v  )V(P) 	(x1  -x21.. . 7x ) l2...pp 	' 

V
(v-p) 

, (x 	s 
12p+1gp4.2 "01-fry p+1-x  p4.2'w,xvadx]

v  by using 

theorem 2.40 



2 0 ,t) = (q ,, (10 
1 

75. 
Hence, equation 2.7 gives 

(v) V 	(x AlA2...A A 	... vg 	1.d 2,...,xpoxp+1+Ka,xp+2-1-ica t...,xv+Ka) 
P P+1   

V(P) 	(x 	)V(v—P)  gig2...g 15c2 	xp gp+1µp+2...p
(xp+l'xp+2"*"xv) 

weakly as K 

Case ii. Suppose p is odd. 

 

Then ,U(Ka,l)) 

(ca 

gl 1 

(go)9 

 g22 	13v 
(go)...  Pic lt Where g is as before. 

iireta.16•1111••••• 

= if1(x1)f2(x2)...f (x )V(v)  
v v 121122".gpgp+1.-4-iv(x12x2' 	P 

Lagel6mlavallbalftelCc• 

txp+1+Ka  xp-i- 2+Ka . . s  xv+Ka ) dx jV and 

(f0  )9  (fo )  

P 1 P+1 Pp+
2 

p+2 ***cog  (f v)to ) 

=(x1)1"2 (x2). '1)(x 	P 	, 	x) i  - v )v( p'g. . .12 (x 1 x 2$ 	p p 

• 
v(V- p) (x 

P4-1A  p+2" ° 'Pv P+12 
-p-1-2,.-.sxv)[dx]v 
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Hence, equation 2.7 gives 

V(v) 	 (x 	 xv+Ka) 11 2° ° '111011104-la a ally 	1  

V(0)  
4411U2'"Ilp 'x2"..:xp)v(P)m  

p+280./4.7)(x p+1-.x 
 p+21- 4-404:v) 

weakly as K4 OK4 

This completes the proof of the theoran, and also 

the results we need for proving the Theorems in the next 

2 Chapters. 
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CHAT Ilia 3 

RECONSTRUCTION THECRE\I 

In this chapter we are going to prove that a field 

theory can be completely described, up to a unitary 

transformation, by the Vacuum Expectat ion Functional s. 

That is, given a set of tempered distributions satisfying 

certain relevant conditions, a set of anti-linear fields, 

unique up to a unitary trAmsforrnation, can be reconstructed 

such that the given tempered distributions are the V.E. 

Functionals of this set of fields. 	This enables us to 

replace the entire theory of fields which consists of 

unbounded operators in a Hilbert Space by the corresponding 

V.E. Functional s, which are much easier to handle. 

Following Wightman29and others830,31,32we  establish 

the "Reconstruction Theroem" for a single component field, 

i.e. a symmetric scalar anti-linear fie ld, in the first part 

of this chapter. 	The proof is on the same lines as given 

by Streater and -.7ightman,3/but we give it completely in order 

to show the essential differences between our fields and their 

linear fields. 	In the second part of this chapter, we would 

show how the proof can be extended to the case of a theory 

with any number of fields, each field having any number of 

components. 	The relevant conditions as ment i one d above to 

be satisfied by the given tempered distributions are those 

given in Theorems 2.2,2.3,2.4,2.5, 2.6 and 2.7, and to avoid 
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repetition, we would straight off specialize to the case 

r = 1, AJr) = 1. (See eq. 2.2). 

Theorem 3.1: The Reconstruction Theorem. 

Suppose V(v)( ,x1„x2,...,xv), v = 1,2,3,... are a 

given set of tempered distributions where xi ,x2„...xv  are 

real 4—vectors, and satisfying the following conditions. 

(a) Relativistic  Transformation Law.  

V(v)(Ax1  +a'  11x2  +a, +a ...,Axv-1-a) 

= v)
(xl' x2' ° .' xv  ) where a is any real 

4—vector and A e L+ 

(b) Spectral Conditions. 

V(v)(xi px2,...,xv) = W(v( 1,E2,--.2Ev-1), p  xp— xp+i , 

1 G p< v-1, v 	2 whose existence follows from (a) satisfies 

the conditions 7  

(PisP2o•s.'sPv) 

V 

= (2V)2Srp )a.( v)(1.) p +p D 
P 	 1' 	2t'1+22-1-23 

p=1 

v_i), and 

ct(v), 	P" ..,(-1)v—iqv-1  ) = 0 unless each 

qp  e V+, 1< p v-1, where 



p• 
-T(v)( 1 $ 2. 1 

p=1 

V 	(P1yP2,...oPv ) 

v  - 
1  re.xp(! PP  .x 

P 1 
Yv)(xl'x2' _ 2v j  (27r) 

79. 

p=1 

414.40Cv
) [dx]v  • 

(v) 	) 	) 	1 	
fer (p1P2,-..sly-1 	(27r)2(v-1) 

...v-1) [d ]v-1- 

Note: VC will prove in Chapter 4 by a very elementary 

method that (1)(xl ) =C
As

aconstant for each p, but this 

result is irrelevant for the following discussion. 

(c) amm.9.1ry  Conditions 

V (x1 sx"...„xv) = V(v)(x v Ixv-1"' x1  ) if v is odd 

= V(v)(xv sxv-1"*"'  y l  ) if v is even 

(d) Local  Commutativity  

V(v)(x x 	 ( is  2,...s xpoxp+is...s x.b a,v( v)  ),„ 	ocisx2s ...sxp-1'  x p+1° 

xp*xp+2'xp-1-3'"•,xv ) = 0 for all (xp-xp-1-1)
2 <0, 

for each p, 1 <p <v-1. v 	2, where s = +1 or -1. 
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(e) Positive Definiteness Conditions 
If f(v) e.. 	(R4v)  

functions such that f (v) 

values of v, then 

v = 0,1,2,..., is any sequence of 

Ei 0 except for a finite number of 

00 

   

   

p
(p) (  

x1,x2,""x )V
(p+cr) (x x P 2  P""1 2  • • • 21C1 2Y1 2.72 2  • •Yo-)  

even all 
p 1 0 cr 0 

• f 
(cr) 

(Yi: Y2 s • • • tYcr) [dx]P[dY]cr  

CO 
	

CO 
	

_____  
--c 	r , -) 	 (,,,,r), 

I + 	fklo c. x ... xo ) v 	X102 3Cm.i  r • • 'Xi  pY i  p3r2 , • •yoi 
!I 	2 1 J 	1: 2: 	:  

odd all 
p>1 Cr .0 

(T) 
•I 	( Y1 3Y2t•••1Y0 )[dx]P[d Y 	> 0 where 

-VW= 1, and the other cases when p p er = 0 are given the 

obvious interpretation. (e.g. f (0) is a complex number) 

(f) 	Cluster Demg...12.2si ti on Pro__29,ytx 

If a is a non-null 4-vector, then 

V(v)( Xi,Xn,"I"SX •X  Le- 	p- p+1 W-Pt  -p+2  A.-, • • • s x +Ka) 

v ( P ) ( x  i vx 2 ,...,x yv( v-P ) ( x  
p+1 ,x  p+22 • • • ,xv) if p is even 

—+v(P)c. 2,x 3,..0,x 	,x .,x 
p+1 p+4 	

p is odd 

as lc -+ oo , where the convergence is weLlIc. 
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31
Then there exists a separable Hilbert Space 141  

a continuous unitary representation U(a,A) of the Poincare 

Group in 14, a unique state 1,-o 6-  14 invariant under 11(a,11), 

and for each h cY(R4) a symmetric scalar anti-linear field 

p(h) with domain D and representation of the Poincare Group, 

11(a,A), such that 

(%,p(117)p(h3)rnp(h,c;)=fhi(xi)h2(x2)...hv(xv) 

.V(v)(x1,x2,...xv)[dx]v. 

Further, if J41 is a separable Hilbert Space, 1-4a,A) is a 

continuous unitary representation of the Poincare Group in 

l,  ‘2.01 is a unique element of 141  invariant under fli(a,A) n   

and for each h eY(R.4) pi(h) is a symmetric scalar anti-linear 

field with domain Di  and satisfying N1191(h7)91(h3"*T'l(h.1"-01) 

=fhi(xi)h2(x2)...hv(xv)V(v)(xi,x2,...pxv)[dx]v  

for each It 	1 and havingt01 as  a cyclic vector, then there 

exists a unitary transformation T of 	on to 141  such that 

Via,A) = TU(a,A)T-1, 

91(h )  = Toh)T-1, D1 	TD . 

Moreover, p(h) satisfies local commutativity, i.e. if 

h(x)g(y)=0 whenever (x-y)2›, then p(h)p(D+sp(g)p(K)=0, 
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and if 'Nat i.) = exp i(aA  P/1 ), then the eigen values of 

lie in the forward cone T*2 
i.e. the .,:hysical energy  

momentum spectrum is in the forwarcl cone. 

Proof: Let Z be the space of all infinite sequences of the 

form F = (f ol f 1 ,f 2 ,.../vs ...) where f o e 0, and f ecf(R4v ) 

and f v= 0 except for a finite number of values of V. 

If G = (go,g/o g2,...,gv,...) e Z, we define 

(i) F = G if f v  = gv  for all V > 0 

(ii) aF = (af osaf isaf 2,...,af v,...), a e 0 where 

( af V )(x11x2"**Ixv )  = a.f (x x v 	1, 2 ,... lxv ), v ?,.. 1 

(iii) F + G = 

where (f v-Egv)(x1,x2,...,xv )=f v(xl ,x2,... l xv )+g v(xi px2,...,xv ). 

With these definitions, it is clear that Z is a linear 

space over the field of complex numbers, with 0 = (0,0,0,...,0, 

as the zero element. 

Z is clearly not finite dimensional, because, the sequence 

of elements of Z of the form 

Eo = 

Ev = (S SS.Sf0 	)v> 1 vos v17  v2t 	vv v2  "0 ** .  ' 

is linearly independent 
If F = (f o ,f 1,12,...,f v,...), 

G = (gol g1 ,g2 ,...„gv,...), belong to Z 



G3. 

we define an inner product (scalar product) in the space Z 

by 	 CO .0 
(3. 1) (F,G).T 	

_J. 
fp (x x2' ...'xp )V ( P+T)  (xp yxp_iy  

even all 
13:° o—  ?0 

• :xi  , Y1 Y2 " • • • Yo--)  • go-( 	Y2 • • • s Yo--) [dx]p{dy ]`r 

	

.0 	00  

	 Li fp 1  2 	P 
f x  	)V 

odd all 

	

P? 	1  '7> 

   

• sx/ 	sY2: • • •Y*0-) 

.g,(Y i sY2,,,v,)Lcixr[dyr. 

No problems of convergence arise, because, all except a finite 

number of terms in the above sums vanish due to the definition 

of Z. 	This inner product satisfies the following conditions. 

(3.2) (i) (F,G) = (G,F) 

The first sum in the definition of (F,G) can be split 

into two sums as 

Co 	
00. 

and the 

even even 	 even odd 
cr 	 10> cr>1 

second sum too can be broken up the same way. 



f f(x 	x )V(P+T)  p 1" 2"." p 	(xp,..,x1st-,Ycr) 

Hence (F,G) 

00 

/ 	I 

even even 
P)0 
	cr'A 	

go-(Yi s• • *Ya-)[clx]P[c-IY]cr  
00 	00 

)V licri-cir) r p 11 t p 
XX 	• • ,x.1 ,Y1, • • ,y0_,)' 

even odd 
cr?..1 

g0- (Y1 r..,Y0...)[dx]P[dy]Cf- 

p (x 	x 
p 11 2 p 

odd even 
10?-1- T› 

go-( 	• • Yo-) [ 	]1)  dy 

co -,---, 

	 Yc: f 	
(p+01 

f (x .. x )V 	(x ,..,x1,y11..,y p 1, t p P 	T 

odd odd 
p?„1 orf,;:.:1 

goj Y1 • • yOr ) [ dx  [ clY]Cr  

In the first summation and the last summation, p + 0-  is 

even, and in the other tern summations, p+Cr is odd. 	Hence 

if we use (c) of Theorem 3.1, we can group together the 

first and the third summations, and also the 2nd and 4th 

summations. 	This gives, after interchanging the summations 

over p and 0-, 

pO  



   

00 )x 

1 	1 
36--(Yl lY 2 D  . • 27-cr-)V((3141°)  

even all 
cr.> P?-13  

35. 

(F,G) = 

f (x ,..,x )[dyrIdx]p 

	

co 	00  

	

/ 1 
	

)'  Jrg (Y1' 3r 2" • 'Yo-"
"(cr+p)(

Yo-t • • ' 37.1' xl* • " x p )  
odd all 

p> 
f p (x1" x p )[dyndx? 

which is nothing but (G,F) 

(F,G) = (G,F) 

(3.2) (ii) (F,F) 	O. 

This is obvious from (e) of Theorem 3.1. 

(3.2) (iii) 	(F,aG) = a(F,G), a e 0 
Follows immediately from the defining equation (3.1). 

(3.2) (iv) 	(F,G(1)+ G(2) ) = (FIG(1))+(F„G(2)). 

This al so fo 1 laws immediately from equation ( 3.1) . 

This inner product satisfies all the requirement s 

of one in a linear vector space, except that it is not c 

positive definite. i.e., although (F,F) 	0 for all F E Z, 

it does not follow that F = 0 if (F,F) = 0. 	This matter 

will be put right shortly by a standard mathematical 

technique. 
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If la,A1 is an element of the Poincaste Group, 

(3.3) let U(a,A) be the map-ping 

11-(a,A)F = V(a,A)(f,111f2,...sfvp•..) 

= (fofiafAifip[at11]f2,4140,[atAifv#000) 

where (1a,Alfv)(xl,x2,...,xv)=fv(1L71(xl-a),A-1(x2-a),..,A1(xv-a) 

Then ti(a $A) is clearly a mapping of Z into Z. 	It is also 

clear that this mapping is linear, and af(a,A)F, fl(a,A)G) 
00 	00 

pa. Aif (x x 	p+o--) 
1 	L, 	P 	1 1  2".1XP)V 	

0Cp , • • 'Xi SY :LS • • SY cr.) 

even all 

ia,Aigiyi ,..,y(r )[dx]P[dy]o- 

00  

pakhif (x „x 1 2  
odd all 
p%q 

ia,Aig u.(y1,..,ycd[dx]P[dy]cr. 

00 	00 

)ffp1' xp 
(o+cr)  (Axp+a,Axp_i+a,..,Axl+a,Ayi+a, 

even all 
°/-› 

...,Ayu_+a) 	1 iy2 s • • ,Yo..) [ dx]P[ dy VT  

COCO I  

+ 	 I 	f f 	( X 18 X 2,•.PXP 
Pi ( P+°

)  p 	 sAx +a Axp -1' ' +a .. Ax1  +a p 	 ' 
odd all 
/0;%1  07> 

...,AyT+a • gar( Y s Y2  • • 	dx [ dY]Cr* 
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where we have used the definition as in the statement of 

Theorem 2.2. 

Now, if we use (a) of Theorem 3.1, we immediately 

see that, 

(ff(a,A)F, U(a,A)G) = (F,G) 

(3.4) 	Hence V(a,A) is a unitary operator, and therefore, 

the mapping is really onto. 

(305) 	If t = (1,0,0,..,0,..), then 1ro 	Z, and tf(a,A)-If ="1'• o o 

Now let 11(a1,A1 )F = G 

-  . gv(xitx2,..,xv)=fv(A, 1  (xl-a1),A/  1  (x2-a1 ),..,A1-1  (xv-01)) 

Hence, if U(a2,A2 )G = H, then 

liv(xl,x2,..,xv)=gv(A;1(xl-a2),A21  (x2-a2 )..,A21  (xv-a2)) 

where 

• 
0 

= f v(Y1/Y2,..sYv ) 

yp=A11  [A21  (xp—a2  )—a/  = (A2A1 	 (a2+A2a1 )] ) 

U(a2'A2 )t(a1'A1 )F = t(a2+A2a1'A2A1)F. 	Since F is 

arbitrary, this gives 

(3.6) U(a2,A2)ff(aliA1)=ff(a2+A2a1,A2A1) in Z Which means that 

U(a,A) is a unitary representation of the Poincare Group, in Z. 
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(3.7) 	Now, for each h 	(R4),  let Oh) be the mapping 

of Z into Z given by 

T(h)F = 9(h)(10 ,f l ,f 2 ,.,,f v,..) 

= (0,70h, h 971, h ®f2,.., 	
V

I • • ) 

where h v ( xl'x2' '''xv+1 )=h(x l )f v(x2,x3: •• 'xv+1 ) EY
" 4v+4). 

i.e. if p(h)F = G 

= (go'gl'g2""gv"" 	then 

gv = h t) -1-7„.1  for all v 	0 if we define 

h 	v-1 = "foh if v = 1 

= 0 	if v = 0 

Since go  = 02  it is clear that the mapping 9(h) is not onto. 

This mapping obviously satisfies the following conditions in 

Z. 

(3.8) (i) 9(ah+Og) = aT(h)+00g), a,0 e 0 and h,g c 4Y7 ( 
ri  

(3.8) (ii) T(h)(aF+PG) = ccso(h)F+79(h)G, apP e 0, h ekr(11'
A  
) 

and F,G E Z 

Hence, so(h) is an anti-linear operator of Z into Z 

which is linear in h. 

(3.8) (iii) t(a,A)p(h)U(a„A)-1  = T({a,/dh) in Z, where 

(ia,Aih)(x) = h(A71(x-a)) eAR4 ). 

This is easily proved as follows. 

For arbitrary F = (f os f l ,f 2 ,..,f v,...) e Z, 
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so(h)F = G as given above. 

• 
• • U(asA)9(h)F = U(a,A)G 

= (go p[atA}giv ia l Aig 2 ,..1 a,Aig v,...) 

Now [a,Aig v(x1'x2.1..,xv )=gv(A-1(x1-a),A71(x2-a),..,A-1 (xv-a)) 

= h(A-1(xl- a))fv-1 	-a)1A(x-a),.., 	-a)),v2 

=( ia,A)h)6D( [asAi7.0„.1  ) (xi  spx2 , 	,xv ) 

Also go  = 0, and ia,Aigi(x) = Tc(ia,Aih)(x) 

b'(a,A)co(h)F = T(ia,Aih).U(a,A).T. 

Note that the fact that a,A are real is very 

important for this argument. 

V(a,A)T(h) = Mia,A11-1)Na l,A) 

i.e. U(a.,A)p(h)ff(a1 A)-1  = Ota0Aih) 

Hence the field Oh) transforms as a scalar under the 

Poincare Group. 

(3.8) (iv) 	For all F,G e 2, (F,T(h)G) = (G,c0(h)F) 

For, (G,co(h)F) 
m 

 	) P 	
,x 2 ,..,x )V(p+T)(x ,..,x1 ,y1,..,yT) 

even all 
P> cr)13  

0-1(y1 )fo_ 1(y2ty3p.,yai[dx]P[dy]- 



Co

) 

	00 

(1+T)  
+ 	

fgp(x1,Y 2..,xP)V (X p ,..,X17 y is••73 c ) 

odd all 
p?„1 o-> 

• 	h(Yi ) f a_ ( y2 , y3, • • ;y [ dx]p[d y ar  

In rewriting the above summations, we note that each co 
integrand vanishes when cr = 0 and hence 

\ 	
, and then 

all all 
(71 1- 

break up each of the 2 sums into 2 parts as we did in the 

proof of the relation (FI,G) = (G,F). 	Tie also replace p by 

p-1 in the integrands, and this alters the summations aver 

p as follows 
co 	co 	00 	00  

/ J 	 

even odd 	odd even 
pC P.> 	 co  

Moreover, we replace cr by o-+1. and this changes \ 	.  

all all 
0- 0 

Final ly, we change the variables of integration by 

Y1 = 

x 27 

1-L—'1' 

1.721- 

2 

1  v 

(31-1 

go— 1  • 
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This gives us (G,9(h)F) 

00 	 

= y }‘ g (,v, , 	v,..., 	2,,3,••,,,,) (p4-0--) (t,_, 

even 	
P 

odd 	

103-p_1,•.,,_,22N).v 

Pl. T› 

z1"521**sz )4,h( 	7r o- 	1 ) 	i  rz2,'",z0J[dm'r[dz]a. 

(same int egran d as ab ov e 

00 	CO 

+ 	) : fgp-1 (642 /v3 t . *1.:.P  ) V (P+cr)  (17 11  p_11..,S7  
10, 	1,z1  z ° 2"*Yz  ) 

even even 	
0- 

10?-2  cr> 

.h(v,1 ) cjz i  Z2, • • Zcr) [dic.r]P[dz]°- 

oo 	co 

) f (same integrand as above). 

even odd 
10?2 0-› 

) Since h(7.-i1 )g (Al2 ,173 ,..,67p ) = ( h 	g 	) (;vi  N:21  
P-1  

00 	 00 	 = 0 when p = 0, we can replace 

r by 
	Now, if we use (c) of Theorem 3.1, we can 

even 	even 
p?„2 	p?.. 0 

group together the 1st and the 3rd summations and al so the 
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2nd and the 4th summations. 	Finally, by interchanging the 

order of summations, we get (G,p(h)F) 

CO 	CO  

(z z 	z )V(T+P )  
/ 	

( 
/ 	0-  If 2' 	o- 	zcr' zc-1 / 

even all 
0 p>o 

.(h 	 p)[dz]°_Idvr 

CO 

0_ 

 

777p)V  (z 	
T.-12 

..,z10/10•, p  z2 2 9 za- ) 
odd all 

h 	) 	2'••' 
	dzicrld111P. 

= (F,p(h)G 

i.e (F,p(h)G) = (G,Oh)F) 

(3.8) (v) 	( 0 ,9(h0(1) )p(ao( 2 ) ) 	,(h°(v))t. ) 

= fh (1)(x1 )h(2)(x2 )...h (v)(xv )V(v)(xl ,x2,..,xv )[dx]v 

This follows immediately because 

Oh°(1) )0h°( 2 ) )...9(11°( ') )-1-0  = ( go i gl f g2""gp,"" ),  

where g 	= 0 if p +1,  

and gv(x/ ,x2,..,xv )=h(1)(x1 )h(2)(x2 )...h(v)(xv ) because 

= (1,0,0,...,0v,..) 



 	ffp(x1 tx2., • • o xp s v(10+01 (x.  
" P P-0-1* Yx1 syl ,..,  

all 

 
co 	00 

odd 

93. 

(3.8) (vi) If h(1) h(2) 	w, 
c 	tR4 	 (1)  ) are such tha t h(x)h(21y)=0 

whenever (x-y ) 2  ?, 0, 	en (F, [9(h (1)  )9(17 (2)  ) -1-e9( h ( 2)  ) 9 (K.(  1)  )]G) 
0 

for all F,G e Z. 

(F,[9(h(1) )9(17(2) )+69(h (2) )01;(1) )]0) 

00 	co  

even all 
ic)0  cr> 

f
f p tx17x2„•svxp)V(0±°1 (xp S'  8 	

• • O X 1PY1, • • .Y0.-) 

.[ 11(1)(y1)h(2)(y2)+ch(2)(y1)h(1) 

.Y4s•.:Y0-)[dx]'°[dY]°- 

[11(1)(yl )h(2)( 	)4.eh(2) (y1)h(1)  

g02 (Y3 Y42 • • ,Yo-) [ dx r[dY.  

(The integrands corresponding to o = 0,1 are identically 4ero). 

Now, if we interchange the variables y1  and y2  of 

integration in the terms containing the factor e, and use the 

condition (d) of Theorem 3.1, we see that each double sum 

vanishes identically, 

1-fence the result is true. 
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lire also have the following results for U(a,A). 

(3.9) (1) 	Max OU(a,A)-fi(a0,A0 )iFo lti(a,A)-tf(a0,A ) F)2  

(F,F) 2  

as F varies over Z, subject to (F,F) + 0 temds to zero as 

a -4 a0, A -+ Ao. 

This follows from the definition and from the 
4v properties of functions in,54'(R )• 

(3.9) (ii) 	For all F,G e Z, 	fe ig•a(F,if(a,l)G)da 
(27r) 

vanishes unless q lies in or on the forward cone V. 

As we will see very shortly, if F, H c Z, then 

(F,14)1 	(1',F)1  (H,H)2 , although the scalar product in 

is only positive semi-definite.35 

0 
„ I (F oU(a,l)G)1 < 11F11•11G11 because of 

equation (3.4), where we have written IF' I = (F,F)2. 

▪ (F,Nao l)G) is bounded for all a, and by 

definition is also a cont inuous function of Co • 

Hence it is a tempered distribution over 	(R4 )• 

•▪ . 1 	-i 	- 
4  fe -•'(Fo U(a o l)G)da is also a tempered distribution 

(27x)4  

and can be writ ten as 

1 
(a+7), where 

(27T)' 



If we put f (x sx ....x p 1 2- P (27r) f
expe  p .x ). 

4=1 

1 

95, 

a 
00 	00 

)ipp( x l ,x 2 ,..i x p )V (p(3-1 (x :X 	goga:X y ,•• y ) p p-1 	1' 1 	o- i 
even all 

a go-( Y1-a/Y2-a  ''PYTra )e-ig.a.da[d ncy1 ]°- x  

and 

00 \  
P 	

2  ;1 C1-  L,  
odd all 
P>• cr> 

y1-a'Ir2-av''Ilro-ra)V(1°1-6-)(xp, .x 

ici.a da[dxndy]a-. .f (x x p 1' 2"" xpi e  

P
(p l'i2,••• 	)[ ,y)  P p  

)= 	
207  and g . 'expei\' qu'Yg) ""yo - (27r) cr( Y gy2  

g=1 

'4.1q1:q2,..,q0j[dq]- 

we get 

C") 
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.0 	co --, 

—2—cTo-T t p( P1122$ • • ' 2p )  ''''o—( q-1.$ 19-2' • • tqa-.)—* 1_ ,  (27r) 
even all 
P> 0-> a, 

.exp(+i) p .x4  —i\ qAA  .y —iq.a)7.1(13-11xp—xp—lixp-1—Xp-2' L j   
A=1  

•• • ,x2-x1,x1-yl-a1Y1-y2t • 1Y°- 1-yo..)[clp]p[dq]cr[dx]P[dy]crda 

where we have changed the variables y 	yA + a for 

1 	p G cr.., and us ed condition (b) of Theorem 3.1. 

Now + 	p .xA - ) qAsyA - q.a 

12=1 	1,1=1 

= +p 	P .(x -x 	)+(p +p 	). 	)+(7 	) . (x 	-X 	) p 	p-1 (x  p-1-x  p-2 	') p+p  p-1+p  p-2 	p-2 p-3 

+...+(pp+pp-1+...+p2 ). (x2-x1 )+P. (x1-y1-a )+(P-q. 

(P-c11 ) * ( Y1-Y2 )+(P-q1-q2"(Y2-Y3 )-"P-c11-c12-q3"(Y3-Y4)  

+ 	+(P— 	go__ ) 	+(P—Q).yam,   

= 

where P = Q = 

Now, if we change the variables x1,x2,..,x ; yi,y2,.. m y; a, 

according to 
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p  - p_i, P = x 	x 	 771. ' Yi — Y2' 

19-1 = X 	
- X 	' p-2 

	

P-1 	 772 = Y2 - Y3' 

p-2 = xp-2 " xp-31 	713 ' Y3  - Y4, 

• 

2 = x2 - xi 

1 = xi - Yi - a 

o = a 

  

nT-1 = YT-1 

we can do the integration over x x 	x • y sy ,..,y ; a l' 2' ' p' 1 2 	T 

and we get 

(3.10) a = 
00 00  

\ 1 
/ (270 

even all 
P° cr> 

.p 27114 6  (p-0.(2704 6 (P—Q). 

1 1(p+cr)
( 

 p p ( 1 D2, ,-"12p)go-'q1 ,q2"" cle PP•  PP PP- 1I 

pp+Pp- 1+Pict- 2 • • '13-131'1D'P-cli 8P-c11. -c12' • • '13-Q+clo-) [ciP]P[clq 

where P occurs in the pth place in the argument of fl(P+T) • 

and the 	functions come from the integrations over 	and 

77cr. 

Due to the presence of 6'(P-(1) in the integrand, 

the integration can be tniten only over the hypersurface 
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P—q 	0, and if q is not in or on the forward cone, P cannot 

be in or on the forward cone. 	Since p is even, condition (b) 

of Theorem 3.1 implies that the tape red di s t ri but i on 

"'7(p+Cr)vanishes everywhere within the region of integration. 

a = 0. 

Now 0 is obtained from a by replacing fp  by f p, 

go., by go_,  even p 	0 by odd p 	1 and q by —q. 	This simply 

has the effect of changing equation (3.10) by replacing 

even p 	0 by odd p 	1., and pi ,p2,..,pp„qi  r  q2,..,qcr, q by 

—pi #-132  # . . 8 —pp  ,—q 	$..,Tqa..„—q re s-De c ti v el y. 

By the same argument ms in the previous case, we see that 

0. 

Hence if q does not lie in or on the forward cone 

1 	I
e 	

a —iq. (F,U(a01)-ir)cla = 0, which is the result we had 
(27T) 

to establish. 

As mentioned earlier (:k. rec'ecling equation (3.3) ) 

the scalar product in Z is only35positive semi—definite. 

This can be rectified as follows. 	Firstly we require the 

inequality I (F0G) I < IIF' HIGH for all F $ G E Z. 

(3.11) 	This is proved in reference 2, page 40, Theorem 1.. 

It is important to note that the proof goes through even 

though the scalar product is only positive semi—definite 0 
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Let Zo be the set of all F 6 Z such that 

11FII = (P,F)1  = 0. 	Then obviously 0 c Zo. 

If F e Zo, Zo for all a e 0, because 

IlaF11 = (aF,aF)2  = la1.11F11 = 0. 	Also (F,G) = 0 for all 

G e Z, since 1(F,G)! < 11F11.11G11 = 0 

Hence s  if G al. so belongs to Zo, then 

(aF-FPG, aF+0G) = la1 2  (F,F)+70(F,G)+Z(G,F)+ 112 1 2 (G,G)  

by equations (3.2)(iii) and.(3.2)(iv) = 0 implying that 

aF+PG c Zo  for all ail3 C 0. 

(3.12) 	Hence Zo, the set of all F e Z such that (F,F) = 0 

is a subspace of Z and is such that if F e Zo, G e Z, then 

(F,G) = 0 

Now, given any F E Z, let RF denote the set of all 

elements of Z such that if G e RF, then G-F 6 Zo. 	If we 

define RF = RG iff RF and no consist of the same elements of 

Z, then we can establish the following. 

(3.13) (i) DD = Zo. 	This is obvious. 

(3.13) (ii) RF = no iff F-G E Z 

Suppose RF = RG. 

Since F e RF, we have F e RG 

• F-G E Z. 

Conversely, suppose F-G c Zo  

If H e 2F, then H-F e Zo 

• . H-G e Z since Zo is a sub-space 0 

• H c no 
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Similarly, if H e RG, then H e RF 

. 
. 0 RF = RG 

(3.13) (iii) no and DE are either equal, i.e. RG = 2F 2  or 

they are disjoint, i.e. they have no elements in common. 

Suppose they are not disjoint. 	Then H e Z 

such that H e nF, H e RG 

0 
. H—F e Zo 

H—G e Zo 

• F—G e Z 
0 

Hence, by equation (3.13)(ii) nF = no. 

(3.13) (iv) If G e S1F, then no = RF. 

This follows from equation (3.13)(ii) 

nF is really the set of all elements of Z equivalent 

to F where equivalence is defined by GA; F is G—F 

This is clearly an equivalence relation36because 

(1) F N F 

(ii) F 	G implies G 	F 

(iii) F 	G, G 	H implies F N H. 

E Zo 

0 	nF is an equivalence class. 
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(3.14) Now, suppose we define 

(i) aRF = R(aF) 

tii) RF+RG = R(F+G) 

Then we can see that RF+RG is also the set of all 

elements of Z of the form F1+61 where F1 c RF, G1 E 

For, if F1  E  RF, G1  e RG, then 

F —F e Z 

G1  —G E Zo 

. . (F1+G1) — (F+G) e 0 

• 

• 0 F1 11 6 R(F+G) 

Further, if H e R(F+G) 

H—(F+G) e Zo  

o . H—G e RF 

But G c RG 

. . H = (H—G)+G where H—G 6 S2F, G e RG, 

which establishes the result. 

On the other hand, aRF is the set of all elements 

of the form aF1  where F1  c RF only if a 0s, but if 

a = 0, aSZF= Zo  

For, suppose a 0. 

If G c WU' = R(aF), then 
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G—aF c Zo 

. . 1G c C2F 

. . G = aF1 where F1 e SUF. 

If G = ocF1  where F1 	CIF, then 

Fl—F e Zo 

i.e. 1G—F e Z 

i.e. G—aF e Zo 

G e R(aF) = cx2F. 

If a = 0, then obviously afiF = Zo  

Now, we can see that the set of all such equivalence 

classes forms a linear space over the field of complex 

numbers, with Zo as the unique additive identity, because, 

in the first place 

C/F+Z = f2F+20 	( aqua ti on 3.13 (1) ) 

= Sl(F+0) 
	

(Defn, 3.14 (10) 

= S2F, 

and if IIF+S/G = 51F, 

then .0.(F+G) = fa' 

Hence, using equation ( 3.13) ( ) 

(F+G)—F e Zo  

..G c Zo 
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Then by equation (3.13) (iv), RG = Zo. 

This linear space is denoted by Z/Zo. 

Suppose F1  c RF, G1  6 no 

Then (F1,G1) = (F+N1° G+N2 ) Where 

N1 = F1—F 6 Zo 

and 	N2 = G1  —G 6 Zo 

= (17,G) because of the properties of the 

scalar product in Z (equations 3.2) and equation (3.12). 

Since this is independent of the respective elements 

chosen from RF and RG, it can be taken to be the definition 

of the scalar product (CLF,RG). 	This scalar product 

satisfies the following 

(3.15) (i) (RF,RF) = (F,F) 	o 

(3.15) (ii) (RF,_2F) = 0 implies (Fe l) = 0 

• 
••o FEZ 

0 

. o RF = Zo 

(3.15) (iii) (nF tsid) = (nG,RF) 

(3.15) (iv) (E/Fs anG) = (nF,R(aG)) 

= (Fv aG) = a(F,G) 

= a(RF,RG), a e 
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(3.15)(v)(12F,OG+RH) 	(RF,R(G+H)) 

= (F,G+H) 

= (F,G)+(F,H) 

= (RF,RG) + (2F,RF). 

Hence Z/Zo is a linear vector space with a positive definite 

metric, with Zo  as the unique null element. 

It is obvious that we would not be able to prove 

that Z/Zo  is infinite dimensional, because, we have not 

attempted to discover the consequences for the V.E. 

Functionals due to the dimensionality of the underlying 

vector space being infinite. 

The next thing to do is to extend the definitions 

of t(a,A) and Oh) 
	

(h e Y(11.4 ) to the space Z/Zo 
je define 

(3.16)(i) 
	

t(a.„A)(RF) = R[t(a,A)F] 	and 

(3.16)(ii) 9(h)(RF) = R[9(h)F], h 6 59  (R4 ). 

For consistency we have to show that the Apove 

definitions are independent of the representative vector 

chosen from each equivalence class 2F. 

i.e., if RF = nG, or in other words, if G 6 RF, we 

must show that 

R[ii(a„A)F] = R[t(a,A)G], and 

Rko(h)F] 	= R[o(h)G]. 
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The first relation is piuved as follows. 

11 U(a,A)F 	if(a,A)G11 = 11 U(a,A)(F-G)11 

= 	I 	F -G11  =0 since G eRF 

• 
• • il(alA)F-U(a,A)G e Zo  

Hence, by equation (3.13) (ii), 

R[U(a,A)F] = R[U(a,A)G] which establishes the 

consistency of definition (3.16) (i). 	In this case we 

really have more. 	U(a,A)(RF) is the set of all U(a,A)G 

when G varies over the whole of RF. 	This follows because 

if H is any vector belonging to the equivalence class 

R[U(a,A)F], then  
11H-U(a,A)Fil = 0 

6 a 1111(a#A)-1H-F11 = 0 

i.e. U(a,A)-1H e RF 

i.e. given any H in U(a,A)[RF], 	G = U(a A)-1  H e RF 

such that U(a,A)G = H. 

The second relation is proved as follows. 

110h)F-9(h)G112  = (tp(h)(F-G), q(h) (F-G)) 

= (co(h).0h)(F-G), (F-G) by the result in 

equation (3.8) (iv).. 

119(h).9(h)(F-G)11.11F-Gil due to the 

inequality (3.11) 

= 0 because G c RF. 



106. 

• 
By equation (3.13) (ii), n[9(h)F]=1/[(19(h)G] 

i.e. the definition (3.16) (ii ) is independent of the 

representative vector chosen from CIF. 	Unlike in the 

definition (3.16) (1), Oh) (IF) is not the set of all p(h)G 

when G varies over 11F, except when Zo  is one dimensional in 

which case the question does not arise. 

For, suppose Op(h) (SY) is the set of all co(h)G when 

G varies over flF. 

. . given H 6 9(h)(RF)=R[T(h)F], 7:4G 6 RF 

such that T(h)G = H 

Let K e Zo. 0 

. . H+Ko c 9(h) (2F) = R[9(h)F] 

Hence 3 G" )  c RF such that 

9(h)G(1)  = H+Ko 

But G(1),G 6 nF 

• 
L 6 Zo  such that G(1) = G+Lo 

. 	0 	T(h)(G+Lo ) = H+K 
0 

Hence, given Ko c Zo, 33 Lo 	Zo such that 

9(h)L0  = Ko. 

i.e. Oh) maps Zo onto Zo. 

Hence 9(111 ).0h2 )...T(hv ) maps Z0  onto Zo for all v 



Now take arbitrary Ko=(ko ,k1 ,%2 ,...,kv,...) 

Let p 	0 be the smallest integer such that k 	0. 

Then 3 L 	(4;0, l g2:.. . 	.) E Zo  such that 

9(h i )T(h2 )...9(hp+i )L0  = K 

But, by the definition of 9(h), this implies that k = 0 

which is a contradiction, unless the only vector belonging 

to Zo  is 0 = (0,0,0,...,0,...). 	Hence, unless Zo  is 

one dimensional, 9(h)CDT] cannot be the set of all co(h)G 

as G varies over RF. 

All the properties established for the operators 

U(a,A) and 9(h) in the space Z obviously hold in the space 

Z/Z0  too. 

For example, 

U(a,A)9(h)RF)=U(a,A)R(9(h)F) by definition (3.16) (ii) 

= R(V(a,A)9(h)F) 	 (3.16)(i ) 

= R(9(lar Aih)U(a0A)F) by equation (3.8) (iii) 

= 9(€a,Aih)R(U(a,A)F) by definition (3.16) (ii) 

= 90a,Aihrtf(a,A)(RF) 	 (3.16) (i ) 

° U(a,A)9(h)ff(a,A)-1  = 90a,Aih) on Z/Zo. 

Now, we have a linear vector sr)ace Z/Zo  with a 

+ve definite metric and having Rto  as a vacuum, and having 

certain operators U(a,A) and p(h) defined on it. 	This 

space Z/Zo  can fall uhort of a Hilbert Space only by being 

not complete. 	In the following we will effect a completion 

107. 

Zo 
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of the space Z/Zo and see that the resulting space is also 

separable. 

Completion of the Space Z/Zo. 

In this section we write F instead of CT whenever it 

would not lead to any confusion, i.e. capital letters at the 

beginning of the English alphabet would stand for elements 

of Z/Zo. 

Let Y be the set of all Cauchy sequences of the form 

= 	(F/ , F2, oa, Fipoira, a ) 	i.e. sequences of this form where 

F 	e Z/Zo p p 	1 such that I IFP  -FT  11 	0 as p ,cr 	00. 

If 	= (Gi  „G2,.• • ,Cri)„...) e Y, then we define 

(aF1,c(F2,...lo_Ovo...), a 6 0 : 

qe1.4 = (Fi+G1,F2+G20 ...„Fv+Gv„...), and 

iff Gp  = Fp, p ?„. 1. 

Now 	liccFP  "ccF 	 P 	II -> 0 as p ,(1" --> co t  and 

IF P  +G -F 
cr. 

 -G I I = 11 (F -F )+(G 
P
-G )11 

11Fp-F0_11+11Gp-G0,11 

-+ 0 as po or 	co. 

crks tir+(l' belong to Y. 

The above inequality follows directly from (3.11) 

Hence Y is a linear space over the comp le 	field. 
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We define a scalar product cry er Y by 

(ir,(1.) = 
Lim 	PP (r ,G ). 

In the first place, for each p, (F0 ,G p ) is a scalar, and 

1 (Fp•Gp )—(F0_,G0_,) 1=1 (Fp,Gp )—(Fp,Gcr)÷(Fp,Go_)—(FcrtGa..) 1 

= 1 (Fp'Gp—G + (Fp—F G)1 

1OF 
P 

,G
P

—G )1+1(Fp—F ,G0-)1 

I I 	I • 11 Gp.""Gv11 +11 Fp.4‘0-.11 .11 GCrl I 

But 11Fp—Fr1 i> I I IFpl I — I IF 
	for all p$0-. 

• • 	I I Fp  I I—I I Fcr l I --+ 0 as p lIT 	co 

  

Hence, by the General Principle of convergence, 

I IF I I converges as p 00 

Similarly 11Gorj1 converges as T 	00. 

• 
• • 	

l(FP 
,G P )—(Fcr  ,Gcr.  ) -4  0 as 0,T 	00 

 

. 	. 	Lim (F 
P 

$G
P 
 ) exists. 
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secon,A :,>1 ace.. vie have the following 

(i) = a(NP,) 

(ii) ((DM = (t,0) 

(iii) ( 11,'(1)+if(2)) =
(1)

)+(.1,,t
(2)

). 

(iv) (T,T) 0 

Hence, it is a suitable definition of scalar 

product. 	But, as in the case of Z, this scalar product 

may not be positive definite. 	This short coming can be 

rectified the same way byclefining the linear space Y/Yo, 

where Yo is the subspace of all T c Y such that (T, T) = 0. 

i.e. Given T e Y, we define SIT as the class of all elements 

of Y such that, if 1r e SIT, then *—(1) o. 	Denoting Y/Y0=fl, 

fl is a linear vector space over the field of complex numbers 

and having a positive definite scalar product. 	Now, we 

prove that this space '4 is complete, by the following - 

indirect method. 

We first of all define D to be the set of all elements 

of 14- of the form F where TF is the sequence 

(F,F,F, 	F,...), F e Z/Zo. 	This sequence is clearly a 

Cauchy sequence of elements of Z/Zo  and hence is an element 

of Y. 

Now, for a e (, a2(1.F  = Rool)F  by definition ( see 

equation (3.14) (i)) 

= Std, since 

F = (aF,aF,...,aF,...) = aF 



If NI-  is the 

i.e. IIF(P )  —F(v/ II --> 0 as p or > co  

(1) 	(2) 	(p) sequence (F 	,F 	•• • 7' 	„...) which is a 

Also 	in4--a°G = n.(Y-'1G) 

= 

Hence D is a subspace of 14. 

Now consider a Cauchy sequence of elements of D. 

i.e. a sequence of the formRA
F. 

 0„2.(1.F ( 2 ),...,S1 F (p)$ • • • 

such that I 1.0.41F(p) 	R.1>F( cr) I I > 0 as p t o-  -÷ 00 

i • e • Ilnil,F(p)_F(T)11 
	

0 as p ,cr" —> co 

Cauchy Sequence by the above condition, then 	is an element 

of Y• 

. STirE 14. 

Further IlnLF(p) 	ntll = Lt 11F( P )-F (') 11 

which limit clearly exists, by the result established for the 

scalar product over Y. 

7e also know that the double limit Lt 
	

I I F( P )—F(T) II 
P7°--' 00 

exists and is equal to zero. 

Lt 	11.",-(P) 	RtIl = Lt 	Lt 
	

I F(P )-F( T*) 
CO 

exists and is zero. 

Hence, the above Cauchy sequence S-211-,r ‘-l• )F(2)"..2  
ROF(p)',... of elements of D converges to an element 1l of .14, 
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and this element is also unique as is easily proved. 

By adjoining to D all such limit points of Cauchy 

sequences of elements of D, we get a set -15 satisfying the 

relation D c D c n. 	It is easy to show that 5 	n. 

	

For, suppose smo e 	where (1' = (F1, F2, 	Fp  ,...) 

is a Cauchy sequence of elements of Z/Zo. 

	

11F0  -F 11 -3.0 as po-- 	co 
0-  

Consider the sequence Si:TF(1), 

where FIP)  =(F
P  FP 

 ,r
P 	 p > 1. 

All elements of this sequence belong to D, Nad because 

IlalF(P ) 	11  01 11 = 11F
P 
-F

0- 
11 -> 0 as p,0" 	00, 

it is a Cauchy sequence in De 

But 1 1 R (p) F 	- D)11 	0 as p 	co as we provedearlier. 

Hence g,  c 5 

This shows that D = n. 

Now, we prove that 5 is complete, thereby getting 

the result that M is complete. 

Let fit( ) ST1'( 2 ) , 	p ) " . . be a Cauchy sequence 

of elements of 5, and therefore, satisfying the condition 

(3„17) 	 1 In,k(P)-n-]:-(r)  I1 -› 0 as p 	-> co 

Given any p 	1, we can find some pl > p such that 

(3.18) 	 liat(P)-nt(P1)11 > 0 
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For, otherwisejsonie p 	1 such that for al p' > p$  
ilagf(P)-R,p(P"II = 0, and since the scalar product is +ve 

, definite in -15 (=.§), this means that SINIr(P ) 	2 (p) for all 

pt > p, which in turn means that the above sequence of 

elements of 15 converges trivially to SI-k(P )  c D. 

By the definition of D, for each itr 	1, SINIf (al is 

either an element of D or is the limit point of a Cauchy 

sequence of elements of D. 	In eithor case,3a Cauchy 

sequence 121.
G( 

i), 1/1
G
(  T

t  
2)  1,400,f

.m ( 
P )

SO • . 

of elements of D converging to fLt(cr) . 

. . (T1p)  - 0 as p 00, or by 

interchanging p and ay we get 

- nt(P)11 -› 0 as cr 	00 for each p. 

Combining this with (3.10) we see that, given p, 3 p" such 

that 

G(ul 
— nt(p)11 < 112,p(p) 	s2t(p')11 for all Cr > p" 

(3.19) 	This relation being true for o'= p" in particular, we 

have 

G
(plt) - rit(P)11 <

( p) 	
nt
(p')

II for each 

( Now,we consider the sequence RC) p)  n „ )• p = 1,2,3,..., 

of elements of D. 



i.e. 	Sit e D such that 

") Ilm—cNs(P) 	II 	0 as p 	00. 
(P 

( 3 .20 ) 
G 
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Since IIS11)(13)" - S-L (
(
/ 	II 

G ( P ) 	 T")  

-„ 	I IS11,( P ) 	 ir( P )+Slif(P )  -D.N1r(c.)+2NY(T)  -Dk (ci _„ ) I I 
G( PI  ) 	

(?) 
 

") 
Iln(P) 

G(P 
-a-k(P)11+11R1-(P)-nt(T)11+1In'OutEl- (a-)  II 

(") 

< l 11-Hr(P 
	

) 11+11n ( P )-11,0°1114-11sIt(g'—aq,( T"Ii 

using inequality (3. 19) 

-4 0 as p l T -4 00 by equation (3.17), this sequence is a 

Cauchy sequence of elements of D. 	Hence, by the definition 

of 5, :A an element Sbl,  e U which is the limit of this 

sequence. 

Now, we see that the original Cauchy sequence 

IN'(1) ,Rt(2) (p) ,... of elements of 5 also converges 

to at e D, because, 

IIn'OP)-21-11=11Rif(P)-noVp)+11 Vg1)-mr11 
G

11-a-k(P)-nilyon)11+11a (0 )-2k11 

< lInt(P)-mr(P1)11+11fujP)
P") 	

by (3.19) 
G (   

-40 as p 	m. by (3.17) and (3.20). 
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Since every Cauchy sequence 	elements of D 

converges to an element of 5, D is complete. 

Hence fl is complete. 

The field operator so(h) and the unitary operator U(a,10 

are defined, so far, only on Z/Zo. 	But Z/Z0  and D are 

homomorphic, by the homomorphism F e Z/Z0 	c D. 

(note the change in notation for elements of Z/Zo). 	Hence,  

we can define 9(h) and U(a,A) on elements of D by 

(3.21) (i) 	T(h)Ilh‘ 	2'1°9(h )F 

(30 21) (ii) 	U(a2A)R.T.F  = Rt(aA)F  

It is quite a simple matter to prove, as we did once 

earlier, that these two definitions are independent of the 

representative sequence of the equivalence c&ss iNF. But 

D is a dense subspace of fly because, given any at c 	is 

either an element of D or it belongs to D. 	In either case, 

there is a Cauchy sequence of elements of D converging to 

it, and hence D is dense in if. 	Since t(a,A) is unitary 

in D too, Ilti(a,A)11 = 1 and hence it is bounded. 	Hence 

by a theorem for bounded linear o2erators (see Theorem 1.3) 

U(a,A) has a unique extens5.on to fl. 	This is not necessary 

for Oh), because 9(h) has been defined on a domain D which 

is dense in i, and this domain D satisfies the conditions 

co(h)D e D, U(a,A)D c D, o C D (equation 3.22) 

The properties of T(h) and 11(a,A) which we 

established on elements of Z, also hold on elements of their 
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domains, because, the ixocess of g-, ing over to the 

equivalence classes is linear and isometric. 

Explicitly, we have the following results 

(3.6A) U(a„A) is a unitary representation of the .Joincare 

Group in M. 

(3.7A) For each h e ::P(R4 ), T (h) is an anti-linear operator 

of D into M, and is linear in h. 

(3.8A) (iii) ii(a,A)co(h)U(a,A)-1  = yo(ta,Aih) when each side 

is applied on any element of Di where 

ia,Aih(x) = h(A-1(x-a)) cY(.11.4). 

(3.81„)(iv) 	Oh) is symmetric. 

Let RAF, 	G e D. -  

. F'ohmoG) = mo- F:EIL9(h)G) by equation (3.21) (1) 

(61-.1  co(h)G)  = (F,T(h)G)by the definition of =  
scalar product over Y. 

= (G,T(h)F)by equation (3.8) (iv) 

= (D.G' 9(h)11DF) - 

= (SNF"ko(h)]tSW G ) by the definition of 

transposition. 

Domain of ko(h)r D D, and co(h) = [9(h) ]t  in D 

because (f11,1,1,9(h)S2 G ) is continuous in f2cD1,0 

. . Oh) is symmetric. 
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(3.8A) (vi) 	If h(1),02)  61(7,4) are such that 

h(1)(x)h(2)(y) = 0 whenever (x—y)
2  ) 0, then 

9(h(1) )9(h(2) )+89(h(2) )9(K(1) )  =0 in 14. 

This f_llows from equation (3.8) (vi) because D is dense 

in J, and M is complete. 

(3.9A) (a) 	11(a,A1 is strongly continuous in (a,A). 

This follows from equation (3.9) (i) 

(3.9A) (ii) The physical energy momentum spectrum lies in or 

on the Forward Cone 7+. 

For, by SNAG Theorem
34 
 U  

44 
(a1 1 ) =

feip•a 
df(p) 

where 2(D) is a projection valued measure on momentum space. 

What we have to prove is that 2(S) = 0 in 14 if the set S 

does not meet V. . 

Let EFT,FlSI(DG 	D. 

by SNAG Theorem, (SIDF,V(a,l)R.T.G)=felipsa  d(alF,t(p)-UG) 

Using an argument which is similar to that used at the 

beginning of the proof of result (3.9) (ii) 

(111) 	
—2.a  (F,U(a,l)G)da Ft2(P)11 G)— 1 	fe  • 1  

(2771 

0 unless p V —+ by equation (3.9)(ii) =  

Since f(p) is a projection, and D is dense in 14, this implies 

that 2(p) = 0 in 14 if p e v+. 



e found ” 	that to = (1,0,0,....) is a vacuum in Z, 

and hence a-15- is a vacuum in Z/Z0. 	Hence the sequence 

(nt0  .nt0  ,...Into 	0 
is a vacuum in Y, implying that 

(3. 22) 	 fito 
is a vacuum in N. 	For convenience, 

we denote this element of N by to  in future. 

The next result we want to establish is the 

separability of N. 	We already know that D is dense in N. 

If D is separable, then it follows immediately that N is 

separable. 	D is separable because we can choose a sequence 

of elements of D as follows, such that this sequence is 

dense in D. 

	

ie be Bing with Z. 	Suppose we take the subset of 

elements of Z of the form F = (f f f 	f ...) where f o o s i s 2s, 	s vs 

is a rational number, and f is of the form v.  .g $ where P J.  

is a palynomial of arbitrary degree in x1,x2,...,xv  whose 

coefficients are complex numbers with their real and imaginary 

parts being rational numbers, and g ee(R4v ) is such that 

g E 1 for all x1 +x22  +...+xv2  < p2
0  and g = 0 for all 

2 2 	2 x1+x2+...+xv 	(p+1)2 where p is an arbitrary positive 
2 	(0) 2 	(i) 2 	(2) 2 	(3) 2 integer, and xiz  = (x4  ) +(x 	) +(x 	) +(xil  ) 

The theorem that a countable set of countable sets is 

countable coupled with "Jeierstrassis Approximation Theorem 

will show us that Z is separable. 	Hence Z/Zo is separable, 
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and so is D. 	Hence fl is separnrIle. 

Now we show that the vacuum is unique. 

Suppose n is another vacuuml in fl, linearly independent of 

. 	Since Vo 	0 = (II,, 	o 	 o o t1 )1,-  444-  where (Nlf st.i_  ) = O s  to  is 0 	o 	0  

	

also a vacuum. 	Hence, without loss of generality we can 

assume that (%$n) = 0, and also that (*i(!),n) = 1, (Now 

we go back to the original notation for elements of Z) 

Suppose n e D. Then 3FEZsuch that 

F = (f o,f1,12,...,f v,...) and 

= 	where (D 	= 	c Y. 

	

o 	nF , 	RF 

(ti p t(tcas1W) = ( 	U(Ka,1)2
0  

(D 

= (Std,,RiTt a21)RF) by definition (3.21) (ii) 

= (c112F,a,1)nF) by definition of scalar product in 

the equivalence classes. 

= (RFAOcal l)RF) by definition of scalar product in Y. 

= (1F40(fca,1)F) by 	 U(ca,l) on Z/Z0  

= (F,U(cal1)F), where a is any non—null real 	vector 

and K is a real constant 
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00 
r 	 

L )  jfiljx1,x2,...,x1,v 
(/.14-11 

even all 
12> sr›)  

Y2-1KatmlYv+Ka)f v(Y1 ,Y21..,Yv )[dx]4[dy]ll  

00 	00 

;>r 	)  f /2 
odd all 
L>1  

    

 

pX2" .sa.Xg  )V 44-v  

 

 

y2 fica r ..1,yv+k- a)1v(y1 ,y2,..tyv )[dx]i'l[dy]il  

-4 	
) 
	Uf 	(x x 	x )V 41) ( 10 20 	9 g  

even all 

xiitxm_1,..,x1 )[dx]g 

fr ( v) 
(YitY2s.).,Yv )f v(YisY2,..,Yv )[dY]v] 

00 	 

+ 7 c'i:f 
L-1 	1  ._ 
odd all 
i-1> 11> 

    

  

(4)(x4414_11 0.,x1 )[dx]1 7X2,41w, 

 

x [PT(v) (Y1 0-21..,yv )f v(y1,y2 ,..,yv qdy]v] 

as ic --> 00 due to condition (1) of Theorem 3.1 

= (ti0st 	0,t1 ) = 0 0 	0 



121. 

But the L.H.S. = (t' t')since o is invariant under o o 
U(a,A) = 

This gives a contradiction. On the oth,u. han , if to is 

not in D, 3  Ran, E D such that 

I Igo - 	I I < c for any arbitrary s > 0, because D is 

dense in J. 

0 • 1 = (" tt) = (ft,U(Ka,1)1,-') 0t 0 

( ,k(i)  sunFp(T(icat i)n) (n(D tt(tca,1)(1,-,!) 	) 

+ (RT, 	U(Ka,l)R,T,  

• 
0 • 2V(Ka„1)111,  - 	114- 11a 	11.11n-flocrj 

   

Taking the limit as IC co, we get 

1 -(Fo'i.0 )(to,F) 8SYII• , 

vector (11 0:01...,0,...) 	s Z. 

v'here the AI-o here is the 

But (F spi') = (S-Mn, - i-(1:3 1%), because (Vo „ --ifo  ) = 0 

• • 1 (F,to)I < 8 

• • 11—(F,0)(%2F)I > 1 	8 

• 
• • 	1 ..c.< e2 + 8 + 11R 	11.8 which is a contradiction 

for sufficiently small so 

0 2 
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This shows that the vacuum is unique. 

The only thing that we have to prove now is that any 

other theory with the same V.E. Functionals is unitary 

equivalent to the theory we constructed. 

i.e. Suppose 1414a,A), pi  (h), 1,01  define mother 

field theory with the some V.E. Functional s. 

Let T be the mapping of D into 141  given by 

ana 

T.fl 0 

where F = e Z. 

We denote the R.H.S. by MT 	(1) • 	This mapping T satisfies 

the following. 

(3.23) (i) kl is linear. 

For Tiaal)nF i = T€Std 	= TAR n0 }= 

and TisN,  = T iR n(F+G) 1  = TfisiF+TslInG 

where a e 0 and F,G e Z. 

(3.23) (ii) T is unitary. 

For (TIM sTs-IT,f2G) 

oo  

([fiti(x1P-x2, • • ,x12)soi  (xi  )soi  (x2 ) • • .c,o 1(3cA)[cbdiikol, 

/2, v=0 

[fg,(Y1,Y2,..,y,)`yy1 k02(y2 )...9v(Y,)[dy? 01) 

001  
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7 
Co 

 even 
)V (A+v) (x x A D 11_1 2..oxi :Y1 ,Y2,-.Y v )  

v?O 

 

 

g v(Y1 tY2s..:Yv )[dx]'uldyr1  

Co 	00 

odd all 

f (x 8 8..8X 	0 (x s  
A

)V(4+ 	
pf.y g x g-1 	x 1111-1,1r2""Yv) 

gv(y1a y2,..ayv )[dx]g[dy]v, because p1(h) is 

symmetric, and the V.E. Functionals are the same in both 

theories. 

= (FaG) = (11F, RG) = (S11.11F811 nG). 

This also means that T (- because of linearity) has 

a unique extension to the whole of fl. 	Since M1 is also 

complete and separable, the mapping is really onto. 

. . T kf = .grie 
	(This follows since -1-01 is 

a cyclic vector in J41 with respect to T i (h). 

(3.23) (iii) Ti = W.. 	This follows immediately from the 

definition 

(3.23) 	(iv) T 9 (h)T_
1 
 = T (h) 

T(h)F,  where 
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9(h)F = (0,hVo  

= 91(h). lin .(D2F  

• Ty0(h) = 91(h)T on D. 

(3.23) (v) 	TU(a,A)T-1  = Ufa,A) 

TV(a9A).nLnF  = T:111t(a,A)RF 

= T°111)R.V(a3A)F 

f o-1r01+ ), f kl,Aifki(xlex21..,xg)Ti(xl)col(x2) '91(xiithi-x]401 

/2=1  

Co 
f (x 	x )11 (ae!'491(x1)U1(a' 	U o01 	f  	g 1" p 1 	 1 

g=1 

(a,A)co1 (x2 ) 

i11(a,A)71.gi (a,A)91(xi_i )U1 (a,A)-  1* • - o 	I 11  

= 1  (a,11)• TIN,  RF 

TU(a,A) = U1(a'A)T on D. 

Since each is a unitary operator, this relation holds on the 

whole of 14. 

This concludes the complete proof of the 

reconstruction theorem. 
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RECODSTRUCTIQN THEORE.M IN A TI-MalY 7:7I 'al SEVERAL FIE WS 

EACH FI EL O HAVITU IN AP S ITR/LRY NIM.7BER OF CON-soNENrs 

In this section we are going to indicate as to how the 

proof given in the last section can be carried over to this case. 

The properties for the V.E. Functionals in this case are the 

cant en t s of Theorems 2.2, 2.3, 2.4, 2.5, 2.6 LIn d 2.7. 

Vie are given a sequence of tempered di stributions 

(v) (x 	x2""xv ) v 	1, 1 „.<. 	AU), 1 	p < v P 21122sookl v   

having the above properties. 	Zefore we proceed any further, 

we have to introduce the following concept. 

For each v > 1, consider the set of suffixes 

(M12A21...,gv ). 	Since each suffix takes any value between 

I and A(r), there are [A(r)]v  such sets of suffixes, for each 

v. 	Now, suppose we write these [A(r)]v  sets of suffixes in 

a sequence according to 	rule. i.e. given v ;>, 1, suppose 

we also have a fixed rule for each fixed v according to which 

we arrange the [AM]v  sets of suffixes in a row. 	'.7e denote 

this rule according to which the sets of suffixes (ii i ,g2 ,..,Aiv ) 

are arranged by Ov. 

e.g.twe may take Ov  to be the natural ordering defined as 

follays. 	In the natural ordering, 	,g2 , . • . ,gv ) precedes 

(pi ,p2 , • .. ,pv ) in each of the following cases. 



41  <:p1  

Al = P1: A2 < P2 

Al = P1' P2 = P2' µ3 < P3 

   

( 7)-1 ) Al  = P1' P2  = P2,...,Av_i 	v <:Pv  • 

If f (v) , 6  yca4v ), then, we denote by if3v, the 

sequence of functions f (v) 	 v ) obtained by 
A1A2.—Av 

arranging the [A(r)]v  sets of suffixes (g i pgr..-) gv) 

according to the rule Ova 

e.g. if v = 1, mad 01  is the natural ordering, then 

(1)e sj(R4 )  ifj1  = [f 1(1),f 2(1),f3(1)„... ) ], where fµ 
 

for each 1 < A A(r). 

Now, let Z be the set of all sequences of the form 

F = 	0 where ifio is a sequence 

of only one element, which is a complex number, and ifi v  

(0,0,0,...,0) except for a finite number of values of v. 

= g(v) (3.24) 	We define (i) 	ifi = igi 	if f (v) v 	121g2—gv 1211-'2—gv 

for all values of (A1,/220..,gv > 

(3.24) (ii) oc[fi = [hiv where 

h (1))  , = af,(,v) , 
41P"2"*I'v 	nA2'"Av 
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(3.24) 
	

(iii) 	ifivv = v, where 

h(v) 	= f(V) 	(v) 

g1g2.—Mv 	glg2milv + &µ1µ2:..µv 

(3.21 
	

(iv) 	A scalar procluct (ifivsig] ) by 

(€f ,L 	f f (v) 	 (v+o) 

	

x 	x )v - 1, 2, 	p v 	.p T 	..T P
) 	(x 

41g2..°1-Iv 	r-  v-1—  1 
la 2 	p 

(xv'xv-1""x1'Y1 ,Y28."Yp)g
(p  
cr)icr,..cr (YitY22.-Yp)[dx]

v
[dY]

P 

4 p 

if v is even, 

v"--1 

= 
	fµ AIA2•..Av (z1,x2,•.pxv) 

rg+FF 	  

x V 

	

	 "'" x1'Y1'3r2"."1/p)  v_/..421(7 12...53  (xv'xv-1  

(p) 	r lvr x ,a_. T  ...T 	)Ldxj if v is odcl, 
1 2 	p 

where the summation is over all /21,A2,..,µvo1$T.21..,crio= 1,2, 

3,...,A(r). 

(3.24) 	(v) For each elailent €a,11 of the Poincare Group, 

a linear operator 11(a,A) by the relation 

U(a,A)ifiv  =igiv, where 
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(A 1)S 	(A-1) ( 	x 	\ 
gglg2—Avx 1'  21—"xv) 	

S 	(A )S 
 

p 

-44r-,a140.01,  

...S
p4g4

(A 	(A S 1)... 	—1)f(v) 	1  ((A—  (x1— 	A a), 1 (x2—a), . pvup 	
P1P2—Pv 

,..,A-1(xv—a)) 

if v is even 

   

    

= 	S 	(A  1)S 	(A 1)S (A 1)S 	A-1) 	 
	 Plgl 	P2A2 	P3/-"3 	P41- 4 

...S
Pvkiv 

(A1)f
PiP2***P

1 
(v) 	(A (x1  —a),11 

1  —a), 	(x 2 
	

A / —a), 	(xv—a)) 

if v is odd. 

then v = 0, fi(asA)ifio  = fio  

(3.24) (vi) For each h c y ( .2,4 ) and g, 1 	mr) an 

operator com(h) by 

9 (h)ifiv  = igiv+1 
where 

   

(7,,cx 2 x' 3'...sxv+i)  = 	oh(x )f 	 (x sx 
MP1 1  P2P3°— Pv+1 2 3  

1100,Xvf
1 

), 

12/9 being the Kronecker delta. 
1 

L—. P1g1 	P2g2 	P3g3 
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In terms of these definitions, we define the following 

operations in the space Z. 

	

(3.25) (i) If F = 	 end 

	

G = 	 belong 

then F= G iff ifiv  = g}.0, V i 0 

to Z, 

(3.25) (ii) If a 6' 0, then aF = G where 

ig}v  = aigi v , v ?„ 0 

(3.25) (iii) F + G = H 

= 	 wh ere 

thi v  {f}, 0 

(iv) A scalar product (F,G) by 

co 
7-1  

(€fi2 igiV  ) 12   

gov=0 
(3.25) (v) For each element iatAi of the J'oincare Group, 

11(a„A)F = G, where [g?1;  = U(a,A)tflv, v 	0 

(vi) For each h e bP(R4) and g, 1 < g “(r), 
ti(h)F = Gp where 

igi v+1  = cop(h)W v, v 	0 

Igi o  = i030 

(3.25) 

(F,G) = 

(3.25) 



Defining NI,0  e Z by 

= (i1io ,i011 ,{012 ,...,i0i v,...) it can easily be 

verified that Z is a linear vector space with a + ve 

semi—definite metric and having the following properties. 

(3.26) (i) 	il(a,A) is a continuous unitary representation of 

the Poincare Group in Z. 

(3.26) (ii) For each h(R) and g, 1 < g < A(F),p4(h) 

is an anti—linear operator in Z which is linear in h, and 

satisfies the following. 

(F,9(h)G) = (G,cop(h)F) for all F,G 6 Z. 

	

0  
,9 (h)T (h°)...9 	(11°

v
)Ir ) p 1 g2  2 	gv 	o 

4111(xl )h2(x2 )...h (x 	() x 	)[dx]v  v )Vgi
v

2 ...gv (  1 x' 2"x  v 

(3.26) (iii) 	 A(r) 
V(a,A)cDgchrti(a,A) 	sw,(1L 1)9v(ia,Aih), in Z. 

v=1 

From this point onwards, the procedure that has to 

be adopted is the same as that for a single component 

(symmetric scalar) field. 	In proving the above result s, 

we reciuire the following results 

(3.2 ) (i) 	S
Av 

 (A— 	
PO 

1 ) = S 	(A-1 ) 
A(r) 

(3.2 ) (ii) 	S4v  (A)Svp  (B) = Sktp  (AB) 

v=1 
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The first result follows immediately from the definition of 

S (Just after equation 2.4) and the "capped" indices 	(eqn.2.3, 

The second al so follows immediately, be 

 

L
S(y) (L.) 

Y 	
rs(y) -.) (i) s ( Y ) (i3) 

L=1  

 

S(11)S(B) 

 

  

(i) 	3(y) (3) 	s ( Y ) (A)s ( Y ) C--: 
1=1  

r 
[s ( Y ) (1,-3) 	s ( Y ) (LB) 

Y=1 

In particular, if :3 = A 1, then we get 

S(1) = 1. 

This completes the Reconstruction Theorem for a 

field theory with any number of fields, each field having 

any number of components . 
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CHAPrER 4 

The main result of this thesis is that free local 

anti-linear fields cannot exist. 	As we mentioned at the 

end of Chapter 2, we would have seen able to prove that no 

anti-linear fields satisfying microscopic causality could 

exist, provided that we were able to have a suitable 

definition of "truncation". 	All atte-apts to define 

truncation in a way analogous to that of linear fields have 

ended up in failure. 	In this chap ter, we are going to 

establish the main result referred to, but require the 

following preliminary results. 	cons ider the mos t 

general possibility of a theory with any number of fiel ds, 

each field having any number of components. 

Theorem 4.1: 	If you (x) is any field component in the theory, 

then V(1)(x) = (-1'0  ,y0 (x)i?0  ) = Cii , a constant. 
I-4 	 I_L  

Proof: 	Given f 	(R4), consider the quantity 

(t 0  ,9 (f)t0  ) = if ( ic)V (1)1,1  (x)dx 1.2  

But (*ko ,S0/2 (f)-ko ) = (U(-a,l)tosSoll(f)U(-a,1),P0) for any 4- 

vector a 

= (Nkostf(a11)912(f)fl(a,1)-1%) since U(-a,l) 

is unitary, and TJ(a,1)-1  = 
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= ( -1,
0
,c04([a lifV1- ) 

= fia,1if(x)V1.(t1)(x)dx 

= ff(x-a)(1)(x)dx 

(4.1) 
• • Alf(x)-f(x-a) 

 

(1)(x)dx = 0 

  

Let f(x) = 1 
	

Y(p) dp. 
(27) 

f(x-a) - 1 	2 fe-iP°x 	Y(p) dp. 
(27) 

0 = 	fe-iP ix[1-e4-113'a ]Y(p)V(1)(x)dx.dp 
(217) -  

But 1fe-i1).x 
(27)2  

V (1)(x)dx = V(1)(-p)' 

0 = 1[1-eil"a ] V(1) (-2).T(p)dp. 

- Since Y 	Y(14.4 ) is arbitrary, [1-eio.a 	(1) ] V 	(-p) = 0 

as a tempered distribution °very (-,4- ). 
Now, given a 4-vector p 40, we can always find a 4-vector a 

such that q.a 4Ofor all q in some neighbourhood of p. 

• 
• 

• 
• • 



'̂(1) 
• • V 	(-p) vanishes everyWhere except in the 

neighbourhood of p = 0. 
1) 

kt 
-( Since V 	(-p) is a tempered distribution, this 

( ( means that 
V'/./1) 

(p) = 	C a) Da 6(p), where p is some 

Talp 
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positive integer, a = (ao,a/,,a2,a3), Da  a l a i  
a
1 

a  2 	-113-  
613o 41 42 43 

a ,a1 ,a2'  a3  > 0 IaI = ao+a1+a2+a3' P = (P0,131,P2,P3 ) and 

6(p) is the Dirac 6-func ti on, 37 

(1) V
A 

(x) is a polynomial in the components of x. 

But, we can write equation (4,1) also as 

f
f(x)[V(1)(x)-V(1) (x+a)]dx = 0 

Since f(x) is arbitrary, this means that V(1)(x) = V(1)(.x+a) 

for all 4-vectors a. 

,e . V( qx) = C, where C is a constant . 

It is interesting to note that for linear fields we 

can always take this constant to be zero by defining a new 

field tia4(x) = 2 (x) 	C4. 	This will not work for anti-linear 

fields, because, if C
A 	

0, then c'',6 (x) is neither linear, 

nor anti-linear. 
1 	p(-13 (0))6(p2-m2)e-ip.(x-y)dp  

(27r)2  
where m is a +ve constant then the 12 tempered distributions 

Theorem 4.2: If A(x,y) = 
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6'(xl'x2 )(x31x4 )'A(xl x3 )1(x2'x4 )' (xl sx4 )(x29x3 )  

A(x2,x1 Wx3,x4 ),,6,(x3,x1 )A(x2,x4 ),0(x4,x1 )A(x2,x3 ), 

A( x2=x1 )°( x4,x3 ),°( x34 ) A( x4 ,x2 ),°(x4,x1 )°(x3:x2 )  

6.(x lv x2 )°( x4,x3 ),°( xlix3 )°( x4,x2 ),°( xl ,x4 )°( '3,x2. ),  

are linearly independent. 

Proof: By the definiion of A(x,y), we can define another 

tempered distribution AM by 

AM = A(x,y), where E = x-y. 

(4.2) 

(4.3) 

(4.4) 

p If we put .A(p) = 0(-p(°))0(p2  -m2  ), then we have 

Let El  = xi-x2, E2  = x2-x3, E3  = x3-x4. 

Then the 12 distributions in the Theorem can all be 

expressed using E1,E2,E3  as arguments. 

Hence, what we have to :rove is that, if 

(4.5) ?`16'(YL(Y4-111.(1+2)(E24.E3)+v16'(Y.24-E3)A(2) 

)L 3 )4112 (- 1- 2 )A( 	)4-v2/M  -1.-2-Y1( 2) 
▪ y(-E1 )A(-y+g3A(-E1-E2 )A(- 2-y+v3A(- 1-E2-E3 )L1(- 2 ) 

▪ ?\,,,A(c) (-y+/2414- 2 ),6,(- 2-y+v,,p(y 2+y(- 2) = 0 
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r al. I 	(?..:L2 p 3  whe 	7\ p 	 re cons ant s , 

then "X 

	

	=1) = C for all p 

Now p1  

= Pl1r  2 )F(r,2•-pi ).( 2.4--.3 )4.(1'3±1D1-22 )1 3 

p1 9(E1-1- 2+ 3 )+(p2-1-_-, i  ) 

Using these alternate forms for p1. 3 -1-p2 . 2i-p3 .E3 , we can 

Fourier Trans form equation (•.5). 	Together with equation 

( 4.4) , this gives us the following. 

1 '(P2)0(91) -A(P3 ) +/2161P3+1-3-,--P2 ) 'A' ( Pir ( P2-Pi )  

±v1  sr, 	YA(p1 	-p1 ) 

+ ?\2.6(p2 )(--p1 	p3  )-i-g.26(p3 	I 
	);(--p.1 )2\'(p2.-ID1  ) 

a'v 61( ID 2 3  

+ .7\36(P2)°(-Pirm-P3) -'1236(123+1)1-1-D2 )(-Pi )(-P2+Pi )  

+v36(p3-pi  )al(-p1 )2\'(-p2+p1 )  

7\46(P2 )A( P1 )(-.1)3 )-2/`- 6(P3+Pl--')2 )(7.1 )2(....P2+P1 

	

+v„S(p3 ,_, 	 = C 

This tewpered distribution should give the v ue zero 
1.2 

to every test function f 	(31. -  ) . 	Let the support of f 



This gives T2  = 0 

2 	2 	2 	(0), 0, 0:11  = q3  = m # 9.1 0, 
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be in the neighbourhood of the point (q1 ,q2 ,q3 ) chosen as 

follows 
(i) q2  = 0, ql  = c1

3 
= m2 , ql.(0)< 0, q(30)‹ 0, qi 	q3.  

(0) (q  (0) 

This gives us Tlfe(p2)Z(p1)2C(p3 )f(p102 ,p3 ).[dp]3 = 0 

where we have used equation (4.2). 

is the time-component of the 4 vector q1 ). 

q2 = 

A 

A . X
1 

= 0 

2 	2 	2 	(0) 0, q/  = q3  = m 	q1  > 0, q
(0)< 

 3 0, 0114-q3 4 0 . 

) q2 = 

Then N3  = 0 
2 	( (iv) 	q2  = 0, 2 = q3  = m2  q10) <  0, 

(1 (0)> 3 

( q30)  > 

0, 

0, 

q3 

q1+ q3 4  0 

(v)  

(vi)  

(vii)  

Then T4  = 0 

2 	2 	(0) 	= q l = m 	q1 	< 0,  q3 

Then v1  = 0 

2 	2 	(0) q1  = m , q1 	> 0, q3=q / , 

Then v2  = 0 
2 	2 	(0) 

q1 = m  3  q l 	> 
0
, q3=q1 1  

( 	( 
(q2-q1 ) 2  =m2  ,q20)  -q10)  <0,q242q1  

	

2 	2 	(0) 	(0) (q2-q1 ) =m ,q2 	-q/ 	< 0 

2 	2 	(0)-q10) 

	

(C12-C11 ) 	=m 	P c12 	>C1/q24c11 

• • v3 = 0 
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2 	2 (0) 	 2 2 (0) (0) (Viii) q1 = m 	ql <°"q3=q11(q2-q1 ) =in ,q2 -q1 >0  

. 	1.$4 = 0 

2 2 (0) 
q =m 	ql <°' q2 = 2q1,  q3 = ql 1 

• 
. . /2i  = 0 

(x) 
2 	2 	(0) 

q1  = m 	q1  >0, q2  = 0, a = -q1-3  

• 

• • A
2 	

0 

	

2 	2 	(0) = m , ql  >0, q2  = 2q1, q3  

	

q1 	 ql 

. A3  = 0 

Hence A4  = 0. 

This completes the proof that the 12 tempered distributions 

given in the statement of the Theorem are linearly independent. 

Before we proceed further, we make the following 

definitions. 

	

Definition 4.1: 	For each g, 1 	Ml'), if we have a 

positive constant m = 	such that 

p 
+m2 II v(v) 	

(X go 	gig2 ...go...pv  1''21's 
. 
'—p 2`""xv )  = ° for  

all p, 1 < p < v, 	v > 1, where 
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2 	a2 	82 	a 2 
0 — 	6 	 , then 

a (x(0) )2 8(x (1) ) 2 a (x (2) ) 2 	a (x  (3) ) 2 
0- 	 0- 	o- 	a- 

we say that the theory described by the above V.E. Functional s 

is a Theory of Free Fie ld s. 

Definit ion 4.2: 	If the fields co (h), h 	(R4), 1 < lc < AU') 
I-L 

satisfy the following conditions, such a theory is called a 

Theory of Local Fields. 

Let 8(I2,V) = e(v,A) = 8(P10 ) = +1 or —1 for each Alv, 

1 	v <A(I'). 

(i) If Tii(h) is a symmetric field component, i.e. 

[T(h)]t  = yop(b)D9A(h), then Tg(1)97)(F)+8(,.4,V)9v(g)T4(7) = 0, 

if v+ [L,P for all 1,g e bo(R4 ), and g (f)9(E)+s(ki,124 (g)co (7) 

is a continuous linear functional on f(iDgey (P,
8
). 

(ii) If go(h) isnot asymmetric field component, i.e 

[94(h)]t 	Tau (h) but [coil (h) ] t  = coft (h), then 

cop,(1)(P v(i)+8(4,0yDv(g)coli(T)=.  0 if v 4 p for all 

f,g e ry% (R4  ) , and cop(f)yop(g)+8(4,P)(g)T4(7) is a 

continuous linear functional on f 	g ejr2  (13 ). 

With these definitions, we have the following 

theorem, 
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Theorem 4.3: 	In a Theory of Free Local Fields, we have 

the following. 

(1) 	V(1) (x) = C = 0 for all A, 1 	A(r). 

(ii) If 9(h) is a symmetric field component, then 

(2) (x1 , x2  ) = 0 if V 	/2,/2/2,/2
Av   

= Al) 6(x1 ,x 2 ) if v = 12  ,12 

(iii) If cpg(h) is not a symmetric field component, then 

Vbz( v2) (xi ,x2 ) = 0 if v 4 p 

= xiza  L(x 1 ,x 2 ) if v = /2. 
In this, '7\ 	are constants, and L(x11x2)  is as defined in 

Theorem 4.2 with the constant m as given in the definition 

of Free Fields. 	[Tie should really write 6.(x1sx2;ra) instead 

of .6(x.1'  x2  ) but this does not lead to any confusion]. 

Proof: 

(i) 	Since the fields are free, (D+m2 )V(i) 
I-1  

(x) = 0 

But from Theorem 4.1 (1) (x) = C , a constant. 	Hence, by 

taking a test function f E iy (. ) such that Of (x) = 0, and 

f f(x)cbc 4 0, we get Cu = 0, because 
m1-1> 

 0. 

.° . V(1)(x) = 0 for all g, 1 < A < Am. 
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Suppose [T (h)]t = Tbh)DT (h)
- 
 and v A 	 4  

Then by definition of a Theory of Local Fields, 

Til(h)971(F)+6(g,v)9v(g)9m(E) = 0 

Taking the V.E. Functi onal s of the above operator equation, 

2) we get fh(x) g(y)N12))  (x,y).4-s(g 	( 
sv)V1-)A - (y,x) dx.dy = 0. 

 

.° . V(2)(x y)+8(glv)V(2)(y,x) = 0 gv  

a • 

	 (2) W-1-6(g0 v)7()(-) = 0 there E = x-y. 
1,11  

Taking the Fourier Transform, we have 

.r1(2)( p )+8( u,v ) v
(2)(..3)  = 0  

Av 	p, 

From the spectral conditions in Theorem 2.3, we also get 

-"P  - 
V(2)(  -p) 	0 unless p E V 
Av '  

Hence 102)(p) = 0 unless p = 0 
gv - 

But, because the fields are free, 

2 	(2) (01 + mg ) V 	(x x2 ) = 0 

By Fourier Transforming, this gives 

2 2 -(2) (p -m )1Ar 	(p) = 0 
A gy 

W ,Y(2), tip) = 0 even When p = 0, since m 

. . V (2) (xx ) = 0. l' 2 

> 0. 
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Now, suppose [91_1 (h) ]t  = coll)pco(h) and v=g, or p 

Then by the definition 4.1, 

(01  +m2)(2) (xl'  x2  ) = 0 g gv  

Putting Vpv
()  (x1°x2 ) = (2) (x —x ) = —1-- ftil (0)e—iP.(xl—x2 )dp, 

/2V 1 2 (2702 Av 

get (p2—mi_21)t) (p) = 0 

Together with the 	
1  

spectral conditions in Theorem 

this gives g 
f (2

v
)(,)  = ?„,

121) 	 ' 
0(_p (0))6,(... 2..m

122 

=gv (p) 

,7 (2) ( )=T v 6( 127)  

V(2)(x x ) = '?\ 	6,(x x ). gv 	l' 2 	gv 	l' 2 

(iii) 	If [91.1(11)]t  = 9p(h) 	q:14(h), let v 	P. 

Then Tig(h)Tv(E)+8(12,v)Tiv(g)T,4(17) = 0. 

Exactly as in the previous case, this gives us 

(2) (xl' x2 ) = 0. gv  

V

On the other hand, if v = ,Cl, then again we can proceed as 

in the previous case, and get 
() 
Av (xl'x2 )  = 7\gv A(x7sx2" 

This completes the proof of the Theorem. 

we 

(2.3) 

• 
• 0 

• 0 
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Theorem 40 	If yom (h) is a symmetric field component in 

a Theory of Free Local Fields, and 

V (t k g g 	2 3 
4

)t 	(x x 'x 'x) = \,> 	V(2)(x yx )V(2)(x Ix ) /. v i v2v3v4  g g vi  v2  g g v3  v4  

where 	stands for the summation over v1,v2,v3,v4 from 1 to 4 

andv1v2v3v4 = V3v4V1v2 = 0 if (v1v2v3v4)  is not a 

permutation of (1234), then V(2)(x Ix ) = 0. //A 1 2 
Proof: 	We know from the definition of local fields that 

9
A 
 (h)T (D+E(/..i,A)T (g)T

A 
 GT) is a continuous linear functional 

on h®g.  

Hence, by Schwartz's Nuclear Thearem,19there is a 

unique tempered distribution Gii(x,y) such that 

(4.6) 	91.2 (h)9g(D+s(gpg)912(g)coil(K)=Jh(x)g(y)Gil(x,y)dx.dy. 

In the rest of the proof we can drop the suffix /1 without 

any confusion. 

Taking the V.E. Func ti onal of equation (4.6), we get 

f
h(x)g(y)[V(2)(x,y)-1-8V (2)(y,x)]dx.dy=fh(x)g(y)G(x,y)dx.dy 

• 
. . G(x,y) = V(2)(x,y)+8V(2) (y,x) 

(4.7) 	. • . T(h)9(E)+80g)9(17) = fh(x)g(y)[V(2)(x,y) 

(2) (y,x)]dx.dy. 



144. 

Now, fh1  (x.1  )h2 ` (3-2, )h3 ** (3-3  )h4  (x4 	%-- )[V(4)(x1' x2sx3sx4 )fs" (4)1 `x21x1' 

X 'X  )11d3C1
4  

3 4 

= (Nlro ,c,o(h i )99(17.2 )yo(h3 )9(17.4 )%)+8(tol co(h2 )(p(ri i )so(h3 )0174 )-T-0 ) 

( -1-0 ,[9(hi )T(r.2 )+89(h2 )9(171 )]9(h3 )(p(ri4 )%) 

= Ihi  (xi  )h2 (x2  )[V(2)  (xi  ,x2  )-1-60 2)  (x2 ,xi  )]dxi .dx2 . 

x 	(‘lro ,9(h3 WE4 )-ko ) 

where we have used equation (4.7) 

= fhi (x0h2(x2 )h3(x3 )h4(x4 )[V(2)(xilx2 )+6V(2)(-29  x1  )] — 

V(2)(at..x4 )[dx]4  

( 11.8) 	• • 
	V(4)(x12x2'x31x 

	(2)(x1 
' x2 )11.(2)

(x3' x4 ) 

= -c[v(0(. 
v itx3 , x4 )-v(2)  

( x x )v(2)  
2' 	(x3,x21)] 

Again, by considering 

fh1(x1 )h2(x2 )h3(x3 )h(x4 )[V( /1)  (xi  ,x2 ,x3 ,x4 )-veV( 4)  (xi3x2 ,x4,x3  ) 

x [dx] 4  

we also get 

(4.9) V")(:,.c x x x i s 21 31 4) 
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Moreover, 

i h1  (x1  )h2  (x2  )h 3  (x,3  )h4  (x4  )CV(4)(x1 ,x2,  ,x3  ,x.)+EV(4)(xi ,x3,x2 ,x/1 )] ,-2.. 
[dx]4 

= (i-0 ,s0(h1 )[9(1-72 )9(h3 )+89(173 )9(h2 ))9(174 )%) 

= ( N'osw( hi 3 (X 3  ) "V( 2) (x2,x3 )+61T(2) (x3 ,x ) 

dX2  dX31 9 (114  )moo ) 

  

    

    

since co(h i ) is an anti-linear operator. 

Hence, using Theorem (2.4) we get 

(4 . 10) 
	

V(4)(x1,x2 ,x3,x4 )-81/(2)(x2 ,x3 )V(2)(x1,x4 ) 

—s[v(4)(x 1/x3s, x2,x4)-ev(2)  (X Y )V(2) ( 
3' '2, 	(x1  ,x4) 

Equations (4.8), (4.9) and (4.10) indicate that there is 

some reason for the assumption made that the 4 point 

functional can be expressed in terms of the 2 point 

func tional s. 	This, together with Theorem 4.3, ( ) will 

enable us to write 
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V(4) (xi ,x2,x3 ,x4)=X2[al Mx].  ,x2 ),6(x3,x4)+:33p(xi  ,x3  )6(x2,x4  ) 

-FYi°(xi Px4 )A(x2,x3 )  

• (12'6(x2$x1)A(x3D x4)+1326.(x3'xl )A(x2'x4)+Y261(x4Px1 )2/(x-2'3c3 )  

▪ a3A(x2,xi )L(x4,x3 )÷133,L(x3,x1 ),L(xii.,x2 )+y3A(x.4,xi )A(x3,x2 ) 

▪ 	cc46(xl ix2 )6(x4 3)4-'3 	'x3 )L(x4sx2 )+Y4'6(x1Px4)6'(x32x2 )' 

where ?\ is the factor coming from Theorem 4.3 (ii ) and 

a pi%
A 

 ,YA 	= 1,2 0 3,43 are constant s. 

This expression and equations (4.8), (4.9) and (4.10) 

together with 

relations among 

Theorem 4.2, 	give the following 3 	sets of 

the constants, 	N, 	al,t, 	,312 , 	yil, 	/2 = 	1,2,3,4. 

I 

	

= -eN2a2 	= -a2a 

	

4 	 (2) 

= -ET.? 

	

Y1 	= -0\2y1  

	

0\2,31 	= ^Si 
„2.- = 	- \ , ji  

=-,eX2(a -1) 	= -sN2a 

	

1 	 3 

	

= -eN
2
y4 	= -6X2y2 

, = 	-6/N i 	 (8) 

	

-.87\2:34 	2 

	

= 	-EX ccii 	= 	- 0X 
2
a2 .,2 

	

= -SX2y3 	= -EA y3  

= 	RN- 	, 	 = -sX2  ,,i,  -.....2  i.,3  3  

	

= -0\2a3 	= -6X2(a1-1) 

2 

	

= -67\2Y2 	= -67\  Y4 

(4.11),(4.12) 
o 	J 

(1) 	X2( a1-1 ) 

N201 

(11) 	7\2  y i  

?\2a2 

(9) 	?\
2

,")
,
2  

(7) 	?\
2
Y2 N2a3= 
, (5) 	N2  ,J3  

X2y 3  

(3) 	N2
a4  

?\21)4  

7\  
2 
Y4 = -eN2 2 
	= -st\ ., 2, ,)4 
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(4.13) 

(12) .)\
2
a 1 

,2, 
;,1  

2
(y1-e) 

= 

= 

~e,2
n  
1 

2 -eN a1  
2 -c7' y4  

	

?\2a2 	-0\202 

	

T2 12 	-0\2a2 ;  

	

?\2y2 	= -eN
2
y3  

	

2a3 	-0\
203  

1.20 -0\a3  

	

'X
2
y3 	= -eT2Y2  

, 

	

,2a4 	-SA
2 

 ;,
, 
4  

2, 	= -e?\2a4  

(10) 	7 
2y4 	= -sA2(y1-e) 

These 3 sets of 	relations give us the 

chain of relations. 

T2  (a1-1)= -eX
2a2  = -0\

2a4  = ?\2a3  = -0\203  =y3  

(1) 	(2) 	(3) 	(4) 	(5) 

	

2 	2 
= -6N2  Y2 =2P4 = N  r2 = -6.x  Y4 =(Yrs)  = 

following 

2 
8(131+1)  

(6) 	(7) 	(8) 	(9) 	(10) 	(11) 

=(a1  -e) 

(12) 

(4) 

(6) 
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Hence, if 6 t  1, i.e. if 8 = -1, then N = 0 

Hence, if e = -1, V(2)(x1'x2 ) = 0. 

Now, let us analyse the other case when e = 1. 

Then we have a solution with X 4 0, given by 

a1-1 = ""a2  = -a4 = a3 = -133 = Y3 = -Y2 = /34 = :32 = -Y 4  = Y1-1  

= -(71  -1 • 

Taking -Y4 = a, we get the following solution, as the only 

solution. 

V( 4) (xi 1,x2r x3s x4 )=N2[fx+1 )A(xi sx2 )6,(x3, x4  )- ( cc+1 )6(xi  ,x3  ),6(x2,x4 ) 

+(a+1)6,(x1,x4)6(x2,x3)-a. ,x1 )6(xx4)-FaL(x3'x1 )L,(x2'x4 ) 

-aA( x4„ )Wx2,x3 )+aA(x2,xi  )6.( x4, x3  )-a6,(x3,xi  ).6( x4, x2  ) 

+a6,(x4,x1)6,( x3  , x2 )-(xi  ,x2  )6( x4,,x3  )-1-cc6,( 	,x3)A(x4,x2 ) 

-aL(xl,x4),Mx3,x2 ) 

2 =?\ [6(xl ,x2 )6(x3,x4 )-,L(xi px3 )A(x2,x4)+Mxi,x4)L(x2,x3)] 

+?\2oc[6( x1'  x2 	' )-6(72'  x1  ) ][A(x3'4 )-6(x4'  x3  ) 

- N2ccf6(x1 F x3 )-6( x3 o xi  ) ][A(x-z s,x4.)-6(x4'x2)  ] 

7\2a[61(x1'x4)-6(x4Yx1)][(x2sx3 )-6(x3'x2)].  

Putting x1-x2  = 	a x2-x3  = Ep  x3-x4 	we get 
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W(4)(E1,E2, 3)=7\2[A(E0A(y-L( E1+E2 )6.( E2+E3)+A(E1+ 2+E3 )(E2)]  

-i-eX2cc[0(E1)-6(-E1)1[( 3 )-A(- 3)]-?\
2011L1( 1.+E2 )-A(- 1-E2 )3  

x 	t0(E2+ 3 )-6(-E2-E3 )] 

4x2a[my-E21-y-A(- 1- 2-E3 )][mE2 )-A(- 2 ) ]. 

Vie can Fourier Transform this expression using the 

fact that 131*1-1-P2'24.P3'E3 

= P1* ( 14-E2 )4(132-P1)°(E2-1- 3 )-1-(1)3+P l-p2).E3  

= p1.(1-i-E2+3)+(p2-pi).E2+(p3-pi).E3,and getting 

(4.14) 

1 2 V(4)(13102,133)=N2[6(p2)A(pi)Mp3)-6(p31-pl-p2) 
(270  

x MP1)(P2-P1 )+e( P3-1)1)(Pi)MP2-P1 )]  

+ N
2a 6(p2)[A(p1)-(-p )][Mp3)-2S,'(-p3 )]-N2a 6(p3+131-p2 ) 

x [0(p1 )-L'(-p1)] 

x r0(P2-13.1)- (-1)2+1)1 )]+N2a 6(P3-1731) [°(131 )-(-1)1 )]  

x r0(ID2-1)1)-(-132+P1)]. 
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(4.15) 	Since (0/+m2 )V(4)(xl'7 2° x3' x4' ) = 0 '  
) that W Y  (p1,p2,p3 ) vanishes unless pl.2  = m2. 

we also see 

Equation (4.14) holds as a tempered distribution, 

and hence will be true for any test function in bo (R12). 
tie Let f e 	(R12) have its support in the neighbourhood of the 

point (q1 ,q2,q3 ) chosen as f ollows 

( 
(i) c11

2 
 = m2  tql

0) 
 >0; q2 = 0; q3 = m2 „ qV )  X; q3—q1 	0 

By the spectral condition in Theorem (2.3), the 

L.H.S. of equation (4.14) vanishes, and the only term which 

survie s on the R.H.S. is +X2a e(p2M—p1 M—p3 ) 
A 

0 

2 (ii) Now, let us take ql  = m2 
q10)< 0; q3  = q1 

2 2 (0) (0) (q2-q1 ) =m , q2  -q1 	< 0, q2 	2q1. 

Such a choice is cl early possible and implies that q2 

cannot be in or on the forward cone. 

Then, again by the spectral condition, the L .H.S . 

vanishes, and the only term which survives on the R.H.S. 

is N2 S(p3-pi)A(pi)Z(p2-1)1). 

?\2 = 0 

Hence, even in the case e = +1, V(2)(x1'x2 ) = 0 which 

completes the required proof. 
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(4.16) Before we proceed any further, we have to get the 

expression for 

E = VI(4)42...4p 	x 

	

gP-1-1  .41v 	2""xv) 

-1-6( 10,p4.1)V(V)  (x x 	X 
P1g2 e..Ap-qilp-1-14p4p+2 ... V 11  2,—, P-1,-P+11  

x ,x 	..,x ) 

	

-p p+2! 	v 

14() in momentum space it terms of 	v 	(p ,p ,...pp 	), TT200.6"v 1 2 	- -1 

1 <p <v-1. 

In terms of the variables c = 	xm+i , 1 G T G 7)^17  

E = (v) 	$... 	) 

	

g li22...Appp+1...i.zv 	1 2 	' v-1 

7(V) +e(p,:p14.1 11  1v 

	

g iA2...gp_ igo.igpg0.2...gv  1 2' 	p-2' 

P-- p' p p P+1°/01-2"•,v_i), 2 < 10 v-2 

w(v
gi 

) 
i-12*—Av 1-, 2"..0%_1 )-Fe (1,2)7(v)  

1-4 241g344...Av(-1,  

if p = 1 

= W(v) 

1 
2 8.4ogv_

1 
v  1 2 

+e(V-1,v)W(v)  

if p=v-1 
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v-1 	2 	v---%-1 7---A 

	

	 ,7- 

Pg..;74 = 
	r (7- 6-  

p 	+ 	p . 	''p-1 °p-1 	 46 

__/ 
T T p-1 p-1 p p 

0=1 

	

if 2 	p 	v-2 

v-1 

PT.0 PT 

cr= 1 	Ttp+2 

1 pn 	”( 	)4(P —P 	—P 	) 	4.( 	4) 
—1 p-1 p 	p p-1 p+1 p p1 + 	p p+i 

if 2 p 	v-2 

v-1 

If p=1, 	Pcr'cr = 

Cr= 1 

v-1 

P 
	 cr  
T=3 

v-1 

= (pl-p2).1+p2.(1+2)+ 
m,3 

v-1 	v-3 

If p=v-1, 2 PT. 	= 	p 	+p 	+p 
/ i T T V-2 v-2 v-1 v-1 

0-=1 	0-= 1 

v—  3 

= 	Pcr°6cr -1- Pv-2 .( 7)-2+%-1 )4.( Pv-1—  Pv-2" ;1-1 
0=1 

Now 

or=1 	T=p+2 
+p
p+1

„P
p+1 



153. 

Using these expressions, we can write the Fourier Transform 
N of E as follows 

(4.17) E = fi(v) 	(-3 Alsp 2" — '1) -1 P— 4° —"Pv-1 )  P-1-1  
(i) 

e(P,p4-1)0V)  
142 ..4p-11p4.1Apgp+2 40.1 •Av(131$1)2"../Pp-.2:  

Pp-1P104-Pp+1°p+19Pp+2"*"Pv_1) if 2 < p < v-2 

(4.17) (ii) 	17 (
41
v)  

g2-4v(P18P2"'"Pv-1)  

+ e(182)W 42g1g3124."Av (1)27P1'11VP3"..Pv-1) 

if p = 1 

(4.17 (iii) = (v) w 	 (p 
11- 2"."Pv—i )  

g142 ".g71-11-11, 

-1  + s(v- 	r lov, (v)  , ( Pl$P2""Pv-3'Pv-V Pv-2-2v-1 )  411-"2"'Av-21-4 v v-1 

if p = v-1 

With these expressions reary, we now state and 

prove the following theorem. 
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Theorem 4.5: 	If T1 (h) is not a symmetric field component 

in a Theory of free local fields, and 	two consecutive 

suffixes 
APIA1)+1 

(or gp_i,Ap, 2 < p < v) 1 	p < V-1 in 

the V.E. Functional V(v) (x x 	x ) 
1112" 41p-14 p4 p+l' Av ]1  2,  V  

• such that g = g, and Ap+1 	, p-1 	thal,this V.Z. 

Function;11 vanishes. 
() Furthermore V 	(xl'  x2  ) = 0. AA  

Proof: Suppose gi  = g,/.L2 	p (g1142,g2=4) 

Then V42...4  (xl ,x2,...,x 1)+s(1,2)V(v), 	0  2' 1,  3' (x x x .x 

=(ilf s kog (x1 )TA2 (x2)+6(1,2)p (x,)9 (x•)]9A3(x3)... l '2 4 M1 

where we have dropped the test functions for convenience. 

But, by the definition of a local Field Theory, 

9 (X )T (x,)+8(1,2)T,0  (x09 (x_) = 0 Al  1  A2  4 	e2 	Ai 1 

v1v)
41A 2°41v (x1'  x2D 	

xv)-1-6(1,2)V(2v) 12/2143-"'"v 
(x x x 2' 1' 3' • •  

4, 4110-,X v ) 	 0 

Using equation (4.17) (ii), we get 

q) gli1...11v(P 1,P 2,...ov_1)+s(1,2)-1(11)241,13..gv(p2-pl,p2 ,p3,.. 

Pv-1 )  = 
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By the spectral condition, the first tern vanishes, and 

hence the second t erm al so vanishes unless p1  6" V" p2  c V+. 

• 

• 
	each one of them vanishes unless p1  = p2  = 0 

But (01+mil1 2 )V (  bt 	(x1,x2, ... Ix ) = 0 which means that 

(v) 
glg .4.Av  (P1P13 211 ,04',Pv..1) = 0 unless 4.  = m21.21 	(41.  0) 

Hence tf ( v)  gig2"—Av(P1 vP2, 	ov_i ) = 0 

V4 
(x x 	x ) 	0 41g2... gv 1 1  2" v 

The case when ktv_ i  = b Pv  + jZ  Gtv=p,,g v_10) i s 

almost the same as above . 

Now, suppose 

g 
P
=g,g 	la, 2 < p < v-2 (gp+1 = g, g 4  la) P+1  

Here again, we will see, as in the pr evi ous case, tha t 

V' g 	9x2,—,xv )  1112.°4p4p+1"". (x 1 

+ e(p,p+1)V( 

41u

v) 

2""Ap-lgp+1ApApi-2" eAv
( xl„  

x2 .., xP-1'xi°1-12 

xp,,xp+2, ...,xv ) = 0 
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Using equation (4.17) (i) we get 

41 2"'v(Pl'P2'""Pp-1°Pp'Pp+1"'"Pv-1) 1-1 - 

+s(psp+1)W(v)  
41112** 4 p-1/2p+114pl'Ip+2 ° '"/"iv(p11132"e"-PP-f  

7Pp-1 -Pp+Ppi-lo+1"-"Pv-1 )  = 

If p is even, the sialrt of each one of the above two terms 

will be contained in the intersection of the regions 

P-1 
VL s.r-10+1 	V-3 Pp 6  1+,17'p-lPp+Pp+1 E  

and if p is odd, the region is 

e V+, pp+1 	V+, p 	V-, 	-p + 	-cf—  as Pp-1 	 ' P -1  P 	Pp+1 
follows from the spectral condition. 

In either case, the region is p 	= p = 	= P-1 	4-p+1 

-J(1)) Hence VI'gig2...mv  (21 1P2" 1 "Pp-1°piPp+1" 6"Pv-1 )  = 0  

unless Pp...1=  pp = pp+1 = 0 

But (0 +m 2 )V(v) 	(x.,x2 p...,xptxp+1 ,...,xv ) = 0 
P g p  

• (v) 
) = 0 unless • • 1211.12"-/-iv(131'1)2" ."Pv-1 

2 (p 	' 	) 2  =m 	(rD) 
P P-1  4P 

(v) 

• 
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—() . . IVgv 	(P :P ••• p)E 0, arri hence 
i2...gv  1 2' 	' v-1  

V(v)  
A1/12.-.Av 

(x
1'

x2"'"xv) = °' 

To prove the 2nd part of the Theorem, we consider 

(4) v —(x x 	) 
Alzmg 1 2  22  —3' —4" 

v(4) v 	1x 
	 (4) 

140 	1  Vx3sx4i=v 	
) 	(4) 

uktal
(x l 7'2,x3,x4 +802,1a)vn 	( x 	. 

1,ggia 

since the 2nd term is zero by the result already proved. 

=(%1Tp( xl )cop(x2 )+802,A)91a(x2 )942 1 )]Ti/(x3 )q)/2(x4 )%). 

Here again, we have a result similar to equation (4.7) and 

together with the result (iii) of Theorem 4.3, we get, 

V(4) (xx x x ) l' 2' 3' 4 

(4.18) 

= 	(7\462
2 l

'( xl'x2 )'6(x3sx4)+8(111P) ileiag.6(x2'xl )(x3'xe,)  

(4) 	, also ern write Va20 Otl aX2,X3,X4 ) 

(4) 	 1(4 ) = VillagA
(
X
1 
,X2,X3,X4)+8(1a,g/V17.  f eNtX,,X31X21X4) 

= (1% ,9g(x1)kop(x2k0A(x3)+8(P ,A)(PA(x3 ) Tp ( x2 )1Tp ( x4 ) N20 )  

= [v(YC 	) (a ) Pg xvx3 4-c- '/-1-VW(x31x2 )]Ig(xl ix4 )  again 

rde 
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because of an equation similar to ( 4.7) 

= [v(2)(- '3,x2)+e(P,m)vg)(3'2,x3)]v 	((2) ilia  xi  .x4. ) clue to 

The or em 2.4 

(4.19) 	= (?\42)6(x3,x2 )A(x1,x4)+8(i2,/2)?\fikt.'Xiue(x2,x3 )(xl ,x4) 

where we have used result (iii) of Theorem 4.3 

Equations ( 4.18) and ( 4.19) tog ether with Theorem 

4.2 gives 

v(2) (x.it x2  = o 42   

If co (h) is a s Tame tri c field component in 

a Theory of Free Local Fie lds, and 3- two consecutive 

suffixes P P+l t 
 1 <p <v-1 (410 9gp_1 2 2< p < v) in the 

V.E. Functional 

(v) vgig2. 	p_ig pi p+1...gv  (xi  ,x2 , ,xp_i ,xpl x 	. ,xv ) 

such that /..1 = 12, 12p+1 4,12 	(m 12-1 
	then the V.E. 

Functional vanishes. 

Proof: 	The proof is identical with that biven for the 

first part of Theorem 4.5. 

. 0 

Theorem 4.6: 
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Theorem 4.7: 	If 9µ(h) is a symmetric field component in 

a Theory of Free Local Fields, and satisfies the condition 

in Theorem 	then V(v)  
ilm4...A(xl ,x2,x3,..,xv) = 0 for all 

v ?„. 1. 

(v) 
00 

Proof: V( ) ..g 
(x

l' 
x2' 	' x v  )4-s(g,g)V 1.4• 

,, sx1 1x3""xv)  g 	 P.40  

= (%2[94(xl)Titi(x2)+8(g2g)Tg(x2)9)g(x1 )](,0,4(x3)9g(x4)..T1g(xv)-k ) 0 

for all v 	3. 	Here again, we have dropped test functions 

for convenience. 

= 	[V(2)  (x— )+e(4'1  2)V(2)( 	)]V(v-2) 	( 	— gg 	l'-2 	mg x  '1-  21 mg...g '4  — : 3/1.,"'"xv)  

by using equation (4.7) 

= 0 by Theorem 4.4. 

Using equation (4.17) (ii), we get 

ft(V) 
Pl'ID2"*"Pv-1)-1-8(M'A°(V) 	(') —P  

	

gg...g 2 	P 	". 2v_i) = 0 3 	$  

Together with the spectral condition, this means that 

c 	 p2 	0, for all v 	3. 

But 	(0
1  +m)V

(v) 
..g 

(x  x
2'  . 	x 

v) = 0 g gg.  

TI(v) 	 2 1 • . 	(p ,p
1 2 	.7) 	) = 0 unless p2 = m (+0) 

gg...g 	$i v-1 	1 	P 
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(v) . V4A...4  (x1,x2,...,xv) = 0 for all v 	1, because the 

cases v = 1,2 are already covered by Theorems 4.3 and 4.4. 

If cD (h) is not a symmetric field component 

in a Theory of Free Local Fields, then 

0 = V(v) 	(x x 44..44 1,  2,...,xv ), v even 	2 

V(v) 
APAP...APA 

v odd 	1. (x 	„...,xv), 11 '2 

Proof: 	Let A = g if p is odd 

= p if p is even. 

• • Vi(tiv.i)12g3.../22)(xl ,x2,x3,••,xv )+8(121,122 )V4z1,23, 42v(x2,xit 

x3,..„xv ) 

o 	(x1)T,
A2

(x2)-1(A1,A2)T112(x2)941(xl)b943(x3)cD/2(x4) 

v
(xv) ) 

= [v(2  AP xitx2 )+8(AgP )vP
)(  A xVx1)]V11):12) 	(r x 

' s 	'*3; 4""sxv) 

because we have an equation similar to (4.7) 

= 0 by Theorem 4.5. 

Using equation (4.17) (ii),the spectral condition 

and the condition for the fields to be free, we get the 

desired result . 

Theorem 4.8: 
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Theorem 4.9: 	In a Theory of Free Local Fie lds, all field 

components vanish , i.e. Tiz(h) = 0 for all A, 1 	mr), 

if all symmetric field components sati sfy the condition for 

Theorem 4.4. 

Proof: 	Let V
g1  
( v 
2mgv

) 	(x
1' 

x2v ); v > 2 be any V.E. 

Functional of the Theory . 	This can be one of two types. 

( a) All the field components cp i ( h
1 

 ) , co 
(h2Pv 

 (h
V 
 ) are 

g2  
symmetric 

(b) 	3 at least one p, 1 < p < v such that soi_t (h) is not p   

symmetric. 

The case (a) can be br olzea up into 2. parts as 

follows 

(ai) For al 1 p, 1 < p 	kip  = itp+i  or Pp+ 

(aii) 3 at least one p 1 < p < v-1 such that AL p+11p+1 ,12p+1 

Similarly the case (b) can also be broken up into 

2 parts as follows. 

(b i ) 	For every p given by (b), 11,10  = ap+1 ( 1  < A < V-1)  

or g p  = Pp.., (2 -, p .,, v) or both 

(bii) For some p given by (b ) , either gp+ftp+ 1  ( 1 -.<, p .<, v-1) 

or 1.1/) 	Pio _i  (2 < p < v). 

All V.E. Func tional s of type (ai) vanish by Theorem 

4.7. 	All of type ( ai ) vanish due to Theorem 4.6. 	Those 

of types (bi ) and (bii ) vanish be cause of Theorems 4.5 and 

4.8. 	Hence, all V.E. Functional s of a Theory of Free Local 

Fields vanish identical ly. 

Hence, by the Reconstruction Theorem, all field 

components vanish id ent i cal 1 y. 
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