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ABSTRACT

In Chapter 1, anti-linear operators in a complex
Hilbert space are defined, and a theory of such operators is
formulated on the same lines as that of linear operators,
The theorems established for anti-linear operators are
remarkably similar to the corresponding ones for linear
operators, The most important result in this Chapter is
the existence of an anti-automorphism, called "transposition'
in the Algebra of Anti-Linear Operators, which is the
counterpart of "adjoint"for Linear Operators. The entire
procedure is co—ordinate independent.

Anti-linear Field Operators are introduced in
Chapter 2, and axioms set up for a Theory of Anti-linear
Fields. The axioms chosen are the same as those for Linear

(14) e

Fields, as given by Streater and Wightman.
consequences due to the axioms are worked out using the Vacuum
Expectation Functionals of the Theory. These come out as
similar to those for Linear Fields in some cases, but in
several cases, the differences are important and decisive,
specially the spectral conditions,

In the first part of Chapter 3, a Reconstruction
Theorem for a scalar symmetric field is proved whereby the
Vacuum Expectation Functionals are shown to detemmine the

field operator uniquely up to unitary equivalence, The

method of establishing the theorem for a theory of several



multi-component fields is outlined in the second part of
this Chapter,

The main result of this thesis is the last theorem
of Chapter 4. A Theory of Free local Anti-linear Fields
is defined, and the properties of the Vacuum Expectation
Functionals which were derived in Chapter 2 are used together
with the Reconstruction Theorem to prove that all the field
components, in a Theory of Free local Fields must vanish

irrespective of spin,
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INTP.ODUCTI ON

In any text book on Quantum Theory of Fields one
would find that a basic assumption that is made is that the
fields are linear operators in a complete, separable Hilbert
Space H, Although observables in a Field Theory are
described by Hermitian, and therefore linear operators, one
does not have to use only Hemmitian Operators as field
operators. This is evident from the fact that a spinless
charged particle can be described by a complex (non-Hermitian)
scalar field. The moment we try to have fields corresponding
to half odd integer spin particles, it is found that it is
necessary to have non-Hermitian, therefore non-observable fields.

Now, if we carry this argument one step further, we
could say that a Quantum Theory of Fields could be set up using
non-observable fields, provided that the al gebra of the fields
used containsg linear Hermitian Operators. In this thesis, we
are going to consider the possibility of setting up a Field
Theory using Anti-linear Fields. For each heﬂ’(Ré), p(h) is
defined to be an Anti-linear Field, if ¢(h) (ox + ﬁy)
=T oh) x+ B o)y, and plor!Ms 2= apn(t))s gpn'?))
where o, are complex numbers, x,y are elements of H, and
h(l), h(z) EY(R‘}:), and @, are the complex conjugates of
0,0 resPectively; As discussed in Chapter 1, the algebra
of Anti-linear Operators contains a sub-algebra of Lipear

Operators which in turn contains Hermitian Operator s,
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Moreover, there is no'a priori'reason as to why fields
may not be anti-linear.

The distinct possibility that Anti-linear Fields
may exist was first discussed by E.C.G. Stueckelberg et

38,39

al He and his collaborators,in a series of

papers,40’41'42discussed the problem of setting up Quantum
Mechanics using a Hilbert Space over the field of Real
numbers instead of the usual field of Complex Numbers.
This, they argued ought to be possible, because, physics
essentially deals with real numbers. They found that, if
there is an operator J in the Real Hilbert Space (R.H.S.)
such that J is anti-symmetric and satisfies the equation
Jz = =1, and if J commutes with every observable as well as
with the orthogonal (corresponding to 'unitary' in a Complex
Hilbert Space (C.H.S.)) representations of the ortho-chronous
Lorentz Group, and if J anti~commutes with the representations
of pseudo~chronous Lorentz transformations, then a Quantum
Theory with an uncertainty principle could be set up. They
also found that this Quantum Theory was isomorphic to the
conventional Quantum Theory using a C.H.S. with the corresp-
ondence § © i (i% = -1 in C.H.S.).

When they went further and attemptedBSto have a
Theory of Quantized Fields over a R.,H.S., they found that

fields fell into two classes, those which commute with J

which they call fields of the 1st kind, and those which
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1o
anti-commute with J which are called fields of the 2nd kind.
These fields of the 2nd kind naturally go over to anti-linear
fields when one goes over to C.H,S.

In attempt ing to quantize fields of the 2nd kind by
the usual procedure of taking commutation relations (C.R.)
or anti-commutation relations (A.C.R.), they found that
tensor fields (those fields which transform according to
single valued representations of the Lorentz Group) gave
rise to algebraic contradictions, whichever way they
quantized, On the other hand, for spinor fields (those
fields which transform according to the two-valued
representations of the Lorentz Group), they found that
(C.R)'s were again inconsistent, but that (A.C.R)'s were
consistent to the extent that, they had solutions of the
(A.C.R)'s.

Their procedure had three shor t-comings. Firstly,
they had to use a Unitary Space, i.e. a finite dimensional
linear vector space with a positive definite metric, and not
a Hilbert Space, to make some of their manipulations
mathematically meaningful, Sgcondly, the whole procedure
is not mathematically rigorous, Thirdly, they did not see
that the solutions of the A,C.2.'s violated the spectral
conditions.

What we have attanpted to do is to set up a

mathematically rigorous theory of anti~linear fields in a



Complex Hilbert Space, For this purpose, we need the
concept of "Anti-linear Operators' in a C,H,S. As this

concept is new in mathematical literature, we had to study

the properties of such quantities., We have done this as‘

far as we need it in the rest of the thesis, in Chapter 1,

It is a remarkable fact that almost every theorem we have
established for Anti~linear Operators has a counterpart in

the theory of linear operators. The most important result

of this chapter is the Theorem 1.5 according to which, gi%en
N'any anti-linear operator A in ® with domain D(A) dense in H,

3 a unique anti-linear operator At in H with domain D(At),_
such that (g,Af) = (£,A%g), for all f ¢ D(A) and g e D(&Y).
This concept of going from A to At, which we call transposition
corresponds to taking the adjoint of a2 linear opcrator. By
Theorem 1.6, the operation of transposition is anti-automorphic.
We also see that the Algebra generated by a set of Anti-linear
Operators has a sub-algebra of Linear Operators containing
Hermitian Operators.

In the 2nd chapter we define wvhat we mean by an
Anti-linear Field, To set up a physical theory using such
fields we have to connect them with physics. This, we do,
by postulating the axioms A0, Al, A2 and A3, These axioms
are the same as those used by Streater and Wightman.14
We argue that any physical theory of fields must satisfy these

axioms. As it is our intention to study a Theory of any number
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of multi-component fields, we do not specialize to the
case of only one single-component field. Using Schwartz's
Nuclear Theoremlg, we see that the Vacuum Expectation (V,E.)
Functionals of the theory are tempered distributions,
Then we study the consequences of the axioms on the V.E.
Functionals, and find that the results are very similar to
those of Linear Fields. But it must be emphasised that
when they differ, the differences are important and decisive,
specially the spectral condition.

29,30,31,32, we state and prove a

As is usually done
Reconstruction Theorem for a Theory of a scalar symmetric
field (a2 one-component field) in the first part of Chapter 3.
In the first place, we do this, in spite of the fact that
repeated attempts to construct tempered distributions satis-
fying those properties ended up in failure. In the second
place, we give a complete proof, although the proof is on
the same lines as that of Streater and WightmanBl, because
of the essent ial differences between our theory and their
linear theory, and for the sake of completeness. Vle also
need the Reconstruction Theorem to prove that the vanishing
of all the V.E, Functionals implies that the fields
themselves must vanish. In the second part of this chapter,
we indicate how exactly the theorem could be extended to a
theory of several multi-component fields. The essential

content of this chapter is that, given a set of tempered
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) . . (v)
distributions V
1 Bybge ook,

1 < Bysboy e, L A(T), A(T) being the total number of

(xl,xz,...,xv), v=1,2,3,....,

field components in the theory, satisfying the contents of
Theorems 2,2, 2,3, 2.4, 2.5, 2.6 and 2.7, one could construct
a set of fields whose V.,E. Functionals are the above tampered
distributions in such a way that this field theory satisfies
all the axioms A0, Al, A2 and A3, and that any other theory
having the same V.E. Functionals is unitary equivalent to the
theory already constructed.

In the last Chapter, we restrict further, the possible
fields by defining free local fields, As is customary we
define free fields to be those satisfying the corresponding
Klein Gordon equations. We makke this concept rigorous by
defining free fields as those such that the V.,E., Functionzals
satisfy the corresponding Klein Gordon Equations., We also
adopt the usual definition of locality where kinematically
independent fields completely commute or completely anti-
commute irrespective of whether the separation of their
space—~time points is space—like or not, and that kinematically
dependent fields (if ¢(x) is symmetric then ¢(x), ¢(y) are
kinematically dependent, whereas if ¢(x) is not symmetric,
then o(x), ¢t(y) are kinematically dependent) have
commut 2ators or anti—-commutators which are c~number functions,
vanishing as usual, when the separation of their space time

points is spacelike. Since the discussion in this chapter
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does not depend on how the fields transform under the
Lorentz Group but only on how they transform under the
translation subgroup of the Poincare Group, the concept
of spin enters only through the (anti)-commutation relations.
We see in Theorem 4.4, that C.R's (& = -1) between symmetric
field components give rise to algebraic contradictions uhless
their 2-point functions vanish, and that A.C.R's (& = +1) are
algebraically consistent but contradict the spectral conditions;
again unless the 2-point functions vanish. Subsequently, we
show that all fiecld components in a Theory of Free Local Fields
must vanish irrespective of whether C,2's or A,C.R's are used
to define locality.

We would like to comment that, by defining Free Fields
what we have essentially done is to have removed the origin

(V)

from the support of Wpluz.....uv

(Pl’pZ""’pv—l)' That is
why we claim that a suitable definition of truncation would
allow us to prove the non—existence of anti-linear fieldg
without using the X.G, equation or locality, but by using

only Microscopic Causality and the Jost Lehman D*,rsoné:3
representation of a Causal Commutator, We also have made

two assumptions which we were unable to prove. One is that
there is only one state which is invariant under the
translation subgroup of the Poincare Group.33 This is highly
plausiable from a physical point of view, because, a state of

4-momen tum p transforms with a factor of the form e Pr® URdeT
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a translation a, and the state would be invariant if and
only if p=0, and this is the unique vacuum state. The
other assumption is what we have made in Theorem 4.4, that
the 4-point function of a symmetric field component in a
Theory of Free Local Fields can be expressed using its
2-point functions. This again seans to be plausiﬁle due
to equations (4.8), (4.9) and (4.10)., Both these results

are true in a theory of Frece Linear Fields.
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CHAPTER 1

ANTI-LINEAR OPERATORS IN A HILBERT SPACE

It is convenient to start very generally with a
Banach space instecad of a Hilbert Space. We begin by
defining a Banach Space.

Definition 1.1, A linear vector spaceXover the field of

complex numbers is called a Banach Space,44if for each

x ¢ X, E} a non-negative real number le’{ cal led the norm

of x, such that

(i) ||x|| >0 for all x €%, ||x|]] =0 iffx =0
(ii)  |l=+y|| < %] + ||y]] for a11 x,y € X,
(iidi) llaxll = Ial.llx}l, all x € X, a any complex number,

(iv) 1f §x .} is a sequence of elements of X such that

7

Hxﬂ- va -+ 0 as U,V - o, then ax € X such that

leﬂ— xll =+ 0 as [ = cos (It follows that this x is

unique)
In standard terminology, a Banach Space is a normed

lincar space over the complex field, which is also complete

with respecti;he metric le—yll' In this chapter, simple
English letters like .... f,8,h,00..,X,¥,2, will always
stand for elements of a Banach Space. The field of complex
numbers will always be denoted by ¢, and its elements by

Ay B e N, U,V,0,00will always stand for positive integers.

With this definition, a Complete Hilbert Space

(defined in Ref. 2) as well as ¢ are Banach Spaces, with the
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1
following norms. If x € a Hilbert Space B, ||x|| = (x,x)2.
1f x ¢ ¢ ||x[] = [x].
Definition 1.2¢ A mapping (operator) A of a normed linear

space X into 2 normed linear space Y is said to be anti~linear
if Ax ¢Y for all x € X, and A(ocx1+ ,sz) = EZAx1+ ﬁsz f’oxi'

all Xi9%y € X, o, ¢ ¢, wh ere a-,;_é arc the complex conjugates
of o,f respectively,

In this case, X is called the domain of A and denoted
by D(A), and the set of all Ax ¢ Y for all x ¢ X is called the
range of A and denoted R(A). Clearly R(A) is a linear space,
a (not necessarily proper) subspace of Y. If R(A) = Y,
then the mapping is said to be onto.

The basic differénce between an anti-~linear
operator A and a linear operator £ (lincar operators will
always be denotcd with the symbol ~ and 'operator' will
always mean an anti~-linear operator unless othawisc stated)
is thaf if o is real and iz = =1, then [A,oc]_ = [ﬁ!a]_

= [I':,i]__ = 0, but {A,i}+ = 0 in the usual notation.

Definition 1.3. The operator 4 is said to be continuous

at £ € D(A), if givene> 0, =) 6§ > 0 such that for all
g € D(A) satisfying ||f—g|| <6, we have ||Af—Ag|| <e

Definition 1.4. The operator A is said to be bounded in

D(A) if 3 a positive constant C such that, for all

f ¢ D(A) satisfying ||€£]] + 0, []af]] <c.
llfH
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If A is bounded, then ||Af|| will clearly have

el

1 . s s
a least upper bound as f varies over D(A).  This is

and is called the norm of A, Without

denoted by | AL

loss of generality, we can take ||4]|] > 0, because if
||a]] = 0 (|]A]] is necessarily non-negative), then
| |a£]] = 0 for all £ € D(A), and hence A = 0,in D(A).

Leaving out this trivial case, we have the result that

Af
!:lng ||a]] for a11 £ € D(4), £ 4 0, and given 8> 0,
£

3. some g £ D(A) with g :‘2 0 such that t[Ag[l

ey > -

Now, we are in a position to prove the fcllowing
theorems for an anti-linear operator A, which are also true
for a linear operator.

Theorem 1,1 - A necessary and sufficient condition that

A is continuous at every f ¢ D(A) is that A is cont inuous
at 0 £ D(A),
Proof: The necessity of the condition is trivially
satisfied because 0 ¢ DiA).

To establish the sufficient condition, suppose A
is continuous at 0 £ D(A). i

Honce by definition 1,3, given any &> 0, 3 >0

such that for all h_¢ D(A) satisfying | |In]] <& , we have
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[an]] < .
Now let f ¢ D(A). Then for all g & D(A) such tl’;;at
||f-g|| < &, we have ||af-ag|| = ||alf-g)|]| <& since
h = f-g ¢ D(A). Hence, A is continuous at f ¢ D(A), which

concludes the proof of the whole theorem.

Theorem 1.2: A necessary and sufficient condition that A

is cont inuous at every f ¢ D(A) is that A is bounded in D(A).
Proof: Suppose A is continuous at every f ¢ D(A).  Then
obviously A is continuous at 0 ¢ D(A).

e « Given € >0, 3 &> 0 such that for all h s D(A)
satisfying ||h|| < &, we have ||an|]| <e

Now take any arbitrary f < D(A) with llfll + 0.
g

Putting h = f, we see that h <« D(A) and ilhl! = =<4
2| | £]] 2
g .
Co ] = e =E—g]] = || =S af]]
2] |£]] 2]]£]]
= . |]ag]| <
el
DY
I’ < 2e which means that A is
[1€]] )

bounded in D(A), since g% is independent of f,
To prove the other half of the theorem, suppose

A is bounded in D(A).

ThenE}a constant C > 0 such that lIAh|| for

<C
[ [n]]
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all h € D(A) satisfying ||h|]% 0.
Let f be any arbitrary element of D(A)., Given
e> 0, suppose - g € D(A) such that || £-g] | <% .
Then ||at-ogl| = |

ate-g)|| <clli-gl] <e .
i.e. givens >0, J& =% > 0 such that for all g « D(A)

satisfying ||f-g|| < &, we have ||Af-ag|]| <e

e « A is continuous at f, which completes the proof,

Theorem !.3: If A is bounded in D(A), and D(A) is not a
but S
Banach sPaceAwhose closure is D(A), then 3 a unique anti~

linear operator B such that (i) D(B) = D(A),(ii) B is bounded
in D(4), (iii) B = A in D(A), and (iv) ||B|]|=|

[y

Proof: Let f £ D(A). Since D(A) is dense in D(4), 4
a Cauchy sequenc= {fﬂ} of elements of D(A) which converge to
f.

i.e. given 8 > 0, J a positive integer u  such that
l]ful- f'uzl] <'e for all 4 ,u,> u_, and ]|£u1— £l| < e for all
By 2 Hgs

Now consider the sequence {Afﬂ}. Then ,

|[Af”1— Aiﬂzll = |

AtE), - fuz)l[ <c|]f”1- fuZH since A

1
is bounded in D(A), and = a positive integer ,Lti such that

Hfﬂl— f’“ZH < -85 for all /.Ll,,u2> /,L:;
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R

1
L #1— Afﬂz‘l <e for all #1'#22 Bge

* {Af#} is a Cauchy sequence in R(A), If R(A) is the

closure of R{A), this sequence converges to an element
g € R(AY . Now, we show that g is completely defined by A
and f and is independent of the Cauchy sequence used to
define f. For, suppose {fﬁ} is another Cauchy sequence of
elements of D(A) converging to f.

As in the previous case {Af'} is also a Cauchy

7

sequence of elements of R(A), and hence converge to g' € R(4L).

Now, ||g'-g|| = |lg'-ag} + nf} — Af + bf - gl
< lgt=neyl ]+ [lag) - ag | [+]|af- gl |
< |lgt-ngp] + clley-£, | +1]az,~ gl
= Het-ngyl| + clleg-¢ + £ -1 [[+]]af - gll
< lgt-agpl |+ cf[gf-2]]+c]| -1 | |+HM”—9”
< %+C£-€+C'Z—é+-z- for all pu 2
some Ng
= &

g = g', which proves that g is uniquely determined

Let B be the mapping of f on g. i.e. g = Bf
Then clearly D(B) = D(A). Now, we prove that B is an

anti-linear operator in D(4),
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If h is also an element of D(A), j3'a Cauchy

sequence {hﬂf of element of D(A) which converges to h.

° {afu+ ﬁhu} is a Cauchy sequence in D(A) which

converges to af + fh for all a,B8 € ¢

¢ B(af + (h)

* ©

i

Limit of the Cauchy Sequence
+ [
{A(afﬂ ﬁhﬂ)}

— 1" " " {-OL_ Af/_t+ B Ah/,L}

= an + EBh

Hence B is an anti-linear operator of D(A) into R(A).
Now, if f € D(A),then the sequence gfﬂ} vhere fu = f is

a Cauchy sequence in D(A) converging to {

* faf ] with f, = f converges to Bf.
" " &

i.e, Af = Bf

¢ B = A in D(A)

The next thing to be proved is that E is bounded
in D(B). )

Let f be any element of D(B) such that ||f]|]| # 0,
Then Ba Cauchy sequence {fﬂf of elements of D(A) which
converges to f.

Without loss of generality, we can assume that

||;u|| + 0 for all u. (If Ilfﬂll = 0 for a finite number of
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values of U, we can drop those f/J from the sequence, and
the remaining sequence still converges to f. If Hqu =0

for an infinite number of values of x4, then Hf|| = 0 which

is not the case).

Consider the sequence {l—l-é—fJ&’—L} .

||5&I

155,11 _Imﬂl_lzilMgﬁl_IMmH +HAmH_IhMH
REMY |1£]] 1,11 2] |1£]] |1£]]
A . n
. 1A . [lag ] . [lag, 1|l
\| e I1 |s]] l | el |le]] |
U i
a1 - |11l 1=112,01]
ST AT e [ e
P £ €] ]
Af f—f
\H A=A .2 'M 'BfH
11,11 |1£]] | 1£]]
|1£]]. e
< alle =2— . P . |1E]] & for arl u >
l£]] 2] ]al] 2] £]| some L
O
because {fu} converges to f and {Afu} converges to Bf,
llag || |lBt]]
i.e. - < e for all u 2/.&0
11,11 |£] ]

[ lag ) || Bf
{-——-g’-—— } converges to H ”

NEMN

L |1£]]



ut < al| for a1 p.
T,

o =]l

. < all
|1£]]

. e B is bounded in D(B).

Fis

RTINS

Fur ther, we also will have ||2]] < |

Lall-11s{] - .
2

let & =

Then o £ ¢ D(4) with ||£]|] % 0 such that |[af]| > ||4
e

| ~e

= Lalle[IB[[ > [I8]]

2

But Af = Bf since f € D(A)

I}Tf}% > lle{ vhich is a contradiction
£
.o lisll = (s

The last thing to be proved is the uniqueness of B which
goes as follows.

Suppose Blis another anti-linear operator with
domain D{A), bounded in D(A) and equal %o A in D(A).

Then for each f ¢ D(A), :3 a Cauchy sequence Efu} of
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elements of D(A) converging to f, and the sequence {Blfu,}
converges to Blf’ since Bl is bounded in D(4A) and hence is
continuous in D(A), by Theorem 1,2. ~ But Blf” = Afﬂ since
f/z € D(A), and {Afﬂ} converges to Bf,

.°. B = Bl in D(A). and hence B is unique. Thus,
the theorem is completely established.

According to this theorem, if A is bounded in D(4),
and D(A) is not complete, then the domain of A could be
extended to cover the whole of D(A) in a unique way so as
to preserve the boundedness, and hence the continuity and the
norm of Ah.

In the particular case vhen 4 is a mapping from H®
into H where H is a Hilbert Space and D(A) is not a dense
subset of H, this theorem gives the following result. To
begin with, 3 a uniquezclos ed subspace S5 of H such that D'TXTJ-S
A and # = D(AY US. Moreover, every element f € H can be
written in a unique fashion as f = g + h, where g € D(Y
h €85, Hence, if B is any bounded anti-linear operator
with D(B) = 5, then we could extend the definition of A to
the whole of H by defining Af = Ag + Bh for arbitrary f € H,
where g € D(A) and h € S (=D(B). This shows how arbitrarily
the definition of A could be extended to the whole of H,
still maintaining continuity.

If D(A) is not dense in H and A is unbounded, the

definition of A could still be extended to a dense domain
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in H, as in the previous case, again in an infinite number
of ways. Thus we sce that we need consider only the
following two possibilities,

1, A is bounded and D(A) = H
2. A is unbounded and D(A) is dense in H,

For the further devel opment of the theory -of

anti-linear operators from H into # we require the following

theorem,

Theorem 1.4: Rierz's Theorem for an Anti-linear Functional

Suppose that for each f € H, T(f) € € such that
(i) T(ag) = o T(g) for all ¢ € € and all g ¢ H

(ii) T(gy+ gy} = T(gll + T(gz) for all g .g, € ¥

(iii) For all g € H with llg” :[: 0, d a positive constant C

such that ]T(g)l <c
| el

Then 3 a unique element t € H such that
T(£f) = (£,t) for all £ € H.

Note: This theorem follows directly from that for Linear

Functionals.3 The proof is elementary and goes as follows.

Let T be the functional such that

T(f) = T(f) for all f ¢ H.
Then T(af + Bg) = T(af + Pg)

= T(af) + T(Bg)

= a T(£f) + B T(g)
= o T(£) + B -TTE)
= o T(£) + B Tlg)
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¢ T is a linear functional on H

[ 3 [ 2

Also, for all g € B such that ]lgll + 0,

1Tl _ I | Izl o ¢
[eil  Hell  {lell

[

e « T satisfies all the conditions sufficient for
Riesg Theorem tc hold.

o o 'J 2 unique element t € ¥ such that T(£) =(t,f)

for 911 f ¢ B

D

e o T(f) = (£,t), which proves Theorem 1,4. However,
for completeness, we give a direct proof of the result
following Riesz and Nagy.3
Proof: Since l~_ﬂ_, for all g € H with l'gfl + 0,

| el

!T(g)l will have a least.upper bound !iT['las g varies over

Tel|

R,
o 5 - o = | gl
el HgH el
:.. {{T|| is the least upper bound of |T(f)| for all
f € H# such that |!£!‘ = 1. Without loss of generality we

can take ||T|] > 0.
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(1.4.1) Now we show that there is an element gﬂe H such

that ||g' || = 1 and T(g") = ||T|].

Since HTH is the lecast upper bound of |T(f) |for

all unit elements of H, 3 a unit f1 € H such that

IT(£,)] >-|-L%‘-|-J-
rf |T(£)] 4 ||1]], then o, = IITH-Z-JT(fl)l > 0
(1.4.2) Then g a unit element £, € H such that
£q) ”
e )] > ||7]] - 6, = LELATE] > f2(e )],
and ||| i-|T(£,)] <&, < =
2
s |T(s,)] 4 |[T]], then o, = ||T||-2-|T(fz)| > 0

. o Ha unit element f3 € H such that

(1.4.3) |2(e)| > [|7[[ = & = ”T”“Z“IT”l” > |T(s,)]

and |[T][-|T(£3)] <5< _ULF_I3_L
2

Proceeding in this manner, we will ecither have some

f, € B of unit norm such that |T(fv)i = ||T]|, or else,

we will have an infinite sequence |f } of unit elements of

7
# such that, |T(f, )| > IT(fu)l,

Ul

T

2 , for all u 21,
2

and 0< ||T] |- IT(fu)l <



In the former case, let T(f ) = HTI |ei8 where
6 is real., Then g* = eiafv € H, and T(g*) = T(eiafv)
o= bl T(fv) = ||T|| by the property (i)
of the d&unctional T. Also |lg*l| = llfvil = 1.

A
Hence, in this case‘a a unit element g € H such

that T(g ) = ||T|].
In the latter case, the sequence ilT(fu)l} is
monotonic increasing and converges to IITI].

Since IT(fu)l > T(fl) >'il§ll-> 0 for all u 2> 2,

T(f“) can be uniquely expressed in the form Py elaﬂ,
where Py > 0 and -m < 0u,< T for all 4 2> 1,
i6 )
Putting g, = e ufﬂ’ we have T(gu) = pu= lT(fu)l.

. o iT(gu)} is a real, monotonically increasing

sequence converging to !IT['.

Now, consider thesequence § } of elements of H.

Eu
2
[

2 2
ngl guzll = legulll + ZHgﬂz - ngl + guz_H

= 4 = I[gu1+ gu2|lz, vhereas

lT(gu1)+T(gu2)! = IT(gu1+ gﬂz)l < ol ng1+ gﬂzll showing
2

2:<T(gul)+T(gM7}>

2
that +
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- (T(gﬂl) + T(gu2)>2 ’

- 2 .

s @ {g/j'
E R
there is g € H such that llg —gull -+ 0 as U — o,

! is a Cauchy sequencec in H, Since H is complete,

* * * '
vow |1g*1] = Hg'=gr e lI<l g™l 14 1g,l]

*
1 + !|g -gull -1 as U — o

L

43
<. el <
# *
On the other hand, llg l] = l!g“— g —gull
* *
> 1 Heyll-1eg 11 | = 11-11g,me"]] |

~ 1 as [ - o which says that [lg*ll > 1,

e e =1

s

* gu—g

Further |T(g,) - T(g")| = |T(g,~ g )| < |t

| -0

aSﬂ")OOQ

. . {T(gu)} converges to T(g*)

... T(g*) - llTl .

P
(1.4.4) This establishes the result (1.4.1), thato g € #

where !lg*ll = 1 such that T(g*) = ||rl}.
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*
Let t = I}T}ig € H. Then we prove that, for all

feH, T(f) = (£f,t).
*

Cage i : f=g
In this case, L.H.S., = T(g*) = ||T]],

(", 1T g™ = 1Tl 11127

Hence T(f) = (£f,t).

and the R.H.S., = (g¥;t)

Case ii : Suppose f satisfies T(f) = 0

If ||£|] = 0, the result is obvious.

If ]lfl! + 0, IITIIZ =(T(g*) - %Tff))z for all A

= (T(g" - Re))?

IIB*— Xf|l2 2> 1 for all A

g™ + Rl el ]? - Rig™ 0 - ne,g") 1

i.e.
i.eo NN 2|12 - Ne,g¥) - Mg LE) 20 for all A

*
Putting AN = f?mTf% , we get
f

(g*,f%.(f,g*%.
el 1]}

- * ) * N
Ifllz e 1) '(f’g*) ol ) (g ,f) >0
2 2
el €]

- sk 2
i.e, - lli¢£.%i >0

It o
'. (-f,g’) = 0
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otg,e) = (g )Tl e = Tl (£,8) = 0 = T(£)

o *

(f,t) for 211 f satisfying T(f) = 0.

il

o e T(f)
Case iii Now, take any arbitrary f € H

Then, T(f - ) g*> = T(f) - T E?_(_il_g* >3y property
gl IRRAR

= T(f) - I(f) T(g*) by property

T
Izl (i) of T
= 0
... By case (ii) (£ - pEa) T ) =0
[T |
i.e. (£f,t) Zlf) (g ,t) =0
||
ice. (£,8) - ZEL T e™) = 0
[zl
i.c. T(f) = (f,t)
Hence,for all f € #H, T(f) = (£f,t)
To prove the uniqueness of t, suppose T(f) = (f'tl) for

all £ € H and some tl € H,

§ o (f,t=t,) = 0 for all £ ¢ H

e ot =t,, which completes the proof of Riesz's Theorem,
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TBANSPOSE & AN ANTILINEAR OIERALTOR o

If A is a given anti-linear operator from H into &,
by the discussion at the end of Theorem 1.3, its domain
D(A) can be assumed to be dense in H, If A is bounded, then
we can take D(A) = H, We will not assume that 4 is bounded
or unbounded in the following. |

Let f be an arbitrary element of D(A). Then
(g,Af) is defined for all g € H, For convenience, we denote
(g,Af) = Tg(f) = sf(g),

For fixed g € H, Tg can be regarded as an anti-linear
operator which maps the normed linear space D(A) into the
Banach Space ¢. On the other hand, for fixed f € D(A), S¢
also defines an anti-~linear mapning of H into €.

If A is bounded in D(A), and hence in H, then using
the relation |(Z,g)| < ||£|].]]gl] for a11 £, g € #, we
see that Tg is continuous, at all f in D(A) for fixed g € K,
and S; is continuous at all g € H for fixed £ € D(A), If
A is unbounded, then Tg need not be continuous at all
f € D(A) for fixed g € H, but S, is necessarily continuoys
at all g € H for fixed £ € D(A).

Lot D; be the set of all g € H such that Tg is

continuous at f ¢ D(A). Clearly D; = DZ’ and denoting
each by Dt, we have the result that Tg is continuous at each

£ € D(4) for all g € D', It is quite possible that D

contains only the element 0. Leaving this aside as an
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uninteresting case, we can easily see that Dt is a non-
trivial linear subspace of H, .

So far Tg is meaningful only on f ¢ D(A), Now, we show
that this definition could be extended to include any f in
the whole of # in a unique way, by using the continuity |
properties of Tg(f).

For fixed g € Dt, Tg is continuous at all f ¢ D(A)
and hence by Theorem 1.2, Tg is bounded in D(A). Therefore,
by Theorem 1.3, Tg could be uniquely defined on every element
of B, so as to be continuous at all £ ¢ H,

Hence, for each g ¢ pt ana éach f € 8, Tg(f) is a
complex number, which obviously satisfies the following
conditions:

(i) Tg(ocf) = Tg(f), for all o € ¢, all f € H and all
g € Dt

£, € H abd all

(ii) Tg(f1+ fz) = Tg(fl) + Tg(fz) for all f,,f,

g € Dt

(iii) Taglf) =q Tg(f) for all o € ¢, all £ € H, and all

i T £f) =T f)+T f) £ all £ H d all
(iv) g1+g2( ) gl( )+ gz( ) for € #, and a

Moreover, for given g € Dt, E}C(g) > 0 such that

B K C(g) for all f € B with £ § 0,
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For fixed g € Dt, we now see that Tg(f) satisfies

all the conditions sufficient for Reisz’s Theorem3to hold.

o . :3 a unique gt € H# such that Tg(f) = (f,gt)
for all f € H. In particular, given g € Dt, 3 a unique
gt € H such that

(g,8f) = (£,g°) for all £ € D(A).

Let At denote the mapping of g onto gt. i.e. gt = Atg

o

. . (goAf) = (£,A%g), for all g e DY and all £ ¢ D(A).
Using the properties (iii) and (iv) of Tg(f), it can easily
be seen that_At is an anti-~linear operator with D(At) = Dt.

Definition 1,5: The anti~linear operator At defined above

is called the transpose of A,

1f D(A) c D(AY), and A = 4% in D(A), we say that A

is symmetric, and we write A C At or At D A,

If D(A) = D(At), and A = At, then we say that A is

self—tr;_s,ns;posit ive. We condense the above results as

follows,

Theorem 1,5: Suppose A is an anti-linear operator with

L(A) dense in H. Then = a linear space D' such that it

is the set of all g for which (g,Af) is continuous in f at
each £ ¢ D(A), and 3 an anti-linear operator AY wi th D(At)?Dt,
such that (g,Af) = (f,Atg) for all f ¢ D(4) and all g ¢ pt,
(i) If A is symmetric, then p(at) o D(A), and AY = A in

D(A)
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(ii) If A is self-transpositive, then Dt = D(A), and
(f,4g) = (g,Af) for all f,g.€ D(A),
If A is bounded, then clearly Dt = H, and we

have (f,Ag) = (g,Atf) for all f,g € H.

Since A is bounded, |(f,ag)| < |]£]].]

f\sgl

i < Half-[letl - Hel|

S | (g2t ] < Lallo el ] ] gl] for all f,g € H.
Putting g = A%f, we get ||a%£]]% < |]al].]]€]].][a%¢]]
Hence, if llAtfiI + 0 and [!fl[ + 0, we get

t
Latell ¢ pa).
[1£}] | |

Since this is true even when I Atf|l = 0, |Lfl] + 0, we gee

w11 < [l

that At i bounded, and that [

Now, by reversing the argument, IIA[I < llAt]

-

Hence, if A is bounded, A" is also bounded, amd ||&||=||at|].
Further, (At)t = A in H. )
ALGEBRA OF ANTI-LINGAR OPER.ATORS,

et Al’Az”""Ap be a set of p anti-linear
operators, with domains D(Al), D(Az), ..... ,D(Ap) respectively.

If a € €, we define aAﬂ by the relation (aAu)f = a(Aﬂf) for

all f ¢ P(Au),

o . D(aAﬂ) = D(Aﬂ)’ and aﬂu is also an anti-linear

operator, Aﬂ+ Av is defined as the operator such that

D(Aﬂ+ Av) = D(Aﬂ) N D(Av) and for all f ¢ D(Aﬂ) N D(Av),
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anti-linear operator. When p=v, this definition is

(Aﬂ+ Av)f = A f + Avf. Clearly Aﬂ + Av is also an

consistent with that of ZAﬂ'
We define Aﬂ Av by the relation (AuAv)f = Au(uvf)
for all f e D(4) such that A e D(@u). In this case,

A Av is a linear operator.

1L

It is also clear that A A A cees A h
so clea 1ﬂ1 i, ‘ﬂ3 uv, when

defined, is a linear or am anti-linear operator according
as vV is even or odd respectively.

Now, suppose D(4) = D(Al) n D(Az) N D(A3)°°"n D(Ap)

is a non-trivial subset of ¥, and A .D(4) ¢ D(4) for all

V= 1,25000300 Then we can define the algebra generated by
A1ehA2,4..,A5, as the set of all operators which are products

of Al’Az"'°"Ap' and their finite linear combinations.

This algebra clearly contains a sub-algebra which consists
onty of linear operators. Tf +Is A;aoooyAp: exist, then

the set Al ,f’s.z, eac "Apgﬂp-l-l
t

where AP+# = Aﬂ’ 1 << p also would generate an algebra

which we denote byvéﬂAﬂ,AZ

sip+2"’°°’A2p of 20 operators,

P U=l,.000) Eﬁi; provided of

course, their domains satisfy a suitable condition,

In the following, we agssume that each suffix U,V
takes the values 1,2,...,20.

If we define /by the relation fi-1 = p+p-1 (mod 2p),

then flalso takes the values 1,2,000,2p, and A; = Aﬁ



35,
Using this notation, we derive the following propertics of the
algebra.ﬁ? which we state as a theorem for future reference.

Theorem 1,6:

(i) If v is odd, Aﬂ Ap o...Ap is an anti-linear
1 2 v o
operator and satisfies the relation (4 /A ...dt )t
Hy Ky 2

= A A- o-o.j\&
‘av ﬂv--l 'al

(ii) If v is even, Aul Apz..c.Aﬂv is a linear operator,
%
and satisfies the relation, (A 6 A ceoe )
1 2 My

= Aﬂ Aﬂ coee Aﬂ s where * denotes the adjoint.
% V=1 1

(iii) If BI’BZ are anti—-linear operators inL}Lq then

+ ﬁB,)t = Bt 4 ﬂBt and bel ongs to uﬁé

(QBI 1 2
Proof :
(1) Let f,g be two elements of the domein over which the

operators of;ﬁ%are defined, If v is odd, A, &4 ..eadd
Ky Hy Ky

is clecarly an anti-linear operator, and

, t
(f, A L e eeadd g) = (4 fi eeeedd gy I f) by
S ’fZ Ky, Hoy “Ha Ky, =7 Ty

Theorem 1.5

t t
= A I f A A ooo!\. 11
(xpz PRI R l“v g) again

using Theorem 1.5.
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Proceeding similarly, we get, since VvV is odd

t t t
(fA A eo 0 e g) = (EA A ees ol f)
TTHy Ty Fy Ty Ty My

t
But (f A A oooeA g) = (g (A A -o..A ) f)
* t t t t
e @ (A A ooo.A ) = A. A ooc.A
Ky H2 Ky Ky By By
- A. A LR
{Zv 'av—l ﬂl
(ii) If v is even, Aﬂ'l Aﬂz "“A'u’v is obviously linear,
and (f,A A sesed) g-) = (At At oonaAt f,g) by’ ‘U.Sing
Hy Ha By Py Hyey #1

Theorem 1.5 successively vV times.

i<
B A onooA = .A- A .o-oA ’.f
ut (£, Aﬂl u, “, g) (( uy Y, “v) 28)

where * denotes the adjoint.
[} * t

t
o o (A- A ceed ) = A A pevae = A ]
L W) Ky By Hyet By ﬂv 'av—l }21.

(iii) (£,(oBy; + FB,)g) (£ o:Blg) + (£,0B,g)

= a(f,Blg) + ﬁ(f,BZg)

alg,Bl £) + Blg,B. £), since

Bl'Bz are anti-linear and BI and B; existe. (The latter

assertion follows from (i) and (ii)

= (g,O(B§ f? + (g,ﬁB; f)

]

t t
(g,(gx:B1 + ﬁBz)f)

. o (OtB:l + ﬁlet = OtB; + ﬁBg, and obviously belongs to/{’.

This completes the proof of the theorem.,
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-

REPRESENTATION WITH RESPECT TO A BASIS IN H.

Let A be an anti~linear operator whose domain D(A)
is dense in H which we also assume to be separable. Since
D(A) is a subset of H, D(A) itself is sepa::g]ole,4and

therefore, there is a sequence f

D(A) which is dense in D(A).

1"£2."' ,.i‘u?g,of elements of

Let f be an arbitrary element of H. Since D(A)
ig dense in ¥, g g € D(4) such that Hf—gH <-§- » where
g > 0 is any prescribed quanti ty. Also, since {f,} is

)
dense in D(A), 3 some £ of this sequence such that

|lg-£, 11 <5 .

o =gl =] | fmgrgt ||

< gl el =g l| <o

e+ §£f 1 is dense in H,

7
Let F be the linear manifold spanned by the

elements fl’fz"”’fu.’“" e« 1.e. the set of all elemeni'?s

which are finite linear combinations of the el ements of the

sequence |f }.5 Then the closure of F is clearly H, and

7

there exists an orthonormal set el,ez,...e’u,

of F which spans the same linear manifold as F.

eae Of elements

Now, suppose h is any arbitrary clement of H.

Then 3 a Cauchy sequence {h/-"} of elements from the sequence
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#} defined above and converging to h.
A
Since hﬂ € F, we can write hﬂ = ZJoc e

£

uy  Sv
v=1

where, for each /. oc =0 except for finite number of

values of v, and Hn [L_J pvl ] .

Consider ||h -*hv, | = z (a avp) epll

o0 1
2 2
=[z [ocﬂp - avpl j <e for all p,v 2T (&)
p=1

where € > 0 is any prescribed quantity and r, (e) is a

suitable integer.

. . IOC/,Lp - Ocvplz <e for all p,v 2 T,(e) whatever

o is.
) | @, ~a,| <e for all g,y 2T (82)
Tt Hp ve T
.nc aﬂp - (xp as U — oo

Further (eﬂ, hv) = O, for all u,v

o » (e,hv)%aﬂasv%oo

7
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|h-n,, ||

But l(eu, h) - (e,u"hv)l = “eﬂ’ h-—-hv)l < Heﬂl
-+ 0 as vV =+ oo

o o (e ’hv) - (e'u, h) as v = o

1"

s o (eu’h) = (xu

oo
Hence z I OC,LL|2 is absolutely convergent, and

U=1

&
also 0,6 e is convergent
>_A L 8 )

co o0
Let h0 = Z_IOC” eu = Z (eﬂ,h)eﬂ
H=1

o h--ho is orthogonal to el,ez,..“,eﬂ,o”. and hence to
the whole of F. If k is any element of H, 5..3 Cauchy
sequence {k’u} ol elements of F converging to k.

. o [(b-n_,k) - (h—-hdku)|=‘(h-ho,k-kﬂ)|

®

< leng ety 1] = 0 as o o
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©

o o (h—ho’kp) - (h-—ho,k) as U - oo

But (h—-ho,ku) = 0 for all u

e+ 0 (h"‘ho’k) = 0

Since k is arbitrary in H, ho = ho
00
.B. h = Zoc’u_ e'u which means that the
M=1
orthonormal set {eu} which consists of elements of D(A) 1345
a basis for the whole of H,

In future, by the expression 'an orthonormal basis'',

we always mean a basis of the above type.

Since e, € D(4), Ae'u is defined and belongs to H
for all u.
0.
. Ae‘u' = ZB'LW e, and hence (ev,Aeu) = 'B,uv
v=1
00
If £ ¢ D(A), we can write f = ZW,U C,e and
U=1

0 OO

Af = Z Z 'TT'U ﬁ,uv Gv

H=1 v=1
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If g is any other vector belonging to H;, we can write

=1
(o] o0
° e Ll
o o (g,Af) = Z Z ) ﬁuv Y
u=1 v=1
o0 o0
= Z Z_;Yv ’Bv/,L 1Tu assuming that the order of
v=1 p=1 summa tion could be inter-
changed.
t N
where 'Bv/,L = BPW
= (f,Atg) where AL is the anti-linear operator
(o] [e'e] ..
. t t _
defined by A e, = zﬁ/-“} e, = Zﬁw‘l‘ € e The reason why
=1 v=1

we choose to call At the transpose of A is now evident.

TRANSFQRMATION UNDER A CHANGE (F BASIS

With respect to the basis we had in the previous

section, we have the results

£= ) Tu o 1T )
Hu=1 =1
oo oo
and (g,Af) = E: Ezzﬂp ﬁ“v Y,



Let ei,ei,-ayﬁ&saA;be anothe r

? —_
« o (::)/J’e:)) = {‘/Jv’
—
Al t o= \
SO eﬂ -/_,"l (Tuv evc
v=1

Using the previous equation, we

get
o .
2 Tup Tvp = S
/0:21 -
1y —
Moreover, (ev, e#) = Uﬂv'
= ' - pe 1
e ev Z (eu’ev) e# Z O"#v e
u:l =1
Using the fact that (eﬂ,ev) = §uv, we also get
)

2 ou Tpv = S

=7

Hence if we define the operator L by

orthonormal basis for H.

el

)

= Le

for all L,
and by linearity everywhere clse, we have L = L, and

42,
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- - 0. o0
,.11'=Z7T'0“,andy=zwo*
v Ho LY v Mo uy
=1 u=1

o0 o0 o0
1f Ae,L'L = Z,@;w e), then (g,Af) = z 27?;‘ ﬁ;w -Y.;'
v=1

H=1 v=1
. o= - -
. ZZJ”A'&‘BWY:J" LZ#ﬁuvyv
ﬂ:]_ v=1 ,LL=1 p=1

o0 [« _(lo\ o0 o0 oQ -
- - T 7—7-' el '—FI = Tﬁl o B _"‘l o
i.e. [ HTpy v . [N TN Tyt ip Ty

py=1 v=1 U=1 v=1 A=1 p=1

Using the matrix notation, and remembering that A is
anti~linear, we can write the above relation as

>t

t 3

A

™

At =
Putting &t = M, we get
At = ﬁ*A ﬁ, where
A= oW = 1.
This is the transformation law of an anti-~linear operator

under a change of basis.,.
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CHAPTER 2

ANTI-LINE/R FIELD OPERATORS.

8As in the theory of linear quantised fields,lwe

agssume that the states of a physical system are described
by unit rays in a Hilbert Space (which, by definition, is
both complete and separable). Ve use the Heisenberg
picture and hence, these states are independent of time.

On the other hand, observables are defined by Hermitian
operators which are necessarily linear and which bear the
entire time dependence of the system. So the question
arises as to whether a physical theory could be constructed
using anti-linear operators. There is a lesson we have
already learnt from linear fields that a field need not
necessarily be an observable, e.g. a Dirac Field.9 As
long as we are acle to construct Hermitian Operators by
using these non-physical fields, a theory involwving such
non-~physical fields becomes a possible candidate for a
physical theory of fields. This is the exact situation we
are facing in the case of anti-linear fields. By Theorem
1.6 we know that A'A or anb is a linear Hermit ian Operator,
if A is an anti-linear operator in H, In more general terms,
the algebra generated by any set of anti-linear operators iﬁ
H contains linear Hermitian Operators, Hence, if a
mathematically consistent theory of fields could be set up

using only anti-linear fields, it automatically becomes a

physical theory, at least in principle.
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Let ¢(x) be an anti-linear operator for each space
time point x {= (x(o),§)=(x(0)9x(1),x(z),x(3)}g As in the
theory of linear fields, we make the assumption that on}y
smeared fields give rise to well defined operators in ﬁ.lq
i.e. we assume that ¢(f) = /}(x)¢(x)dx, dx =dx(0)d§
= dx(o)dx(l)dx(Z)dx(S), is a well defined operator in ¥ for
each f(x) suitably chosen. Note that, we make it a
convent ion to write f(x) before ¢(x) in the expression for
¢(£), so that ¢(f) is an anti-linear operator, which is
linear in £, ie. olaf+Bg) = ap(f)+PBel(g), o B € €. The
functions f(x) for which ¢(f) is defined are called the test
functions, Now, what are the test functions suitable for our
purpose? Every experimental observation occupies a finite
amount of time and a finite amount of space. i.e. a finite
amount of space time. Hence, we would like the test
func tions to be reasonably smooth and of compact support.
For convenience, we take'reasonab le smoothness' to mean
infinite differentiability. Hence, the space of test
functions12 ought to be .ﬁDeHowever, for mathem tical
convenience and for other physical reasons as mentioned by
Wightman,l}we assume that the space of test functions iséﬁ
furnished wi th the usdal topology. This is the set of all
complex—~valued infinitely differentiable functions which,

together with their derivatives, approach zero at infinity

faster than any power of the Euclid®an distance. Using
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this definition of ¢(f), it turns out to be an unbounded
operator in H and therefore, by the discussion after
Theorem 1.3 the domain D¢ of ¢(f) can be taken to be dense
in H. |

Now, let ¢,,¢, € D¢ and £ € %. Then (f1.0(£)9,)
is linear in f, and if we make the further assumption that
this is also continuous in f, then (¢1,¢(x)¢2 becomes a
tempered distribution.13

Following Streater and Wightman14, we make the

following assumptions,

A0 Assumptions of Relativistic Quantum Theorv.

The states of the theory are described by unit rays
in a separable, complete Hilbert space H. The relativistic
transformation law of the states is given by a continuous
unitary representation U(a,A) of thelsinhomogeneous SL(2,C).

Since U(a,1) is unitary and continuous, it can be
written as ﬁ(a,l) = exp(iP#aﬂ) vhere P is an unbounded
self-adjoint operator, interpreted as the energy momentum
operator of the theory. The operator PNPM = m2 is
interpreted as the square of the mass., The spectrum of pH
liesin or on the plus cone (Spectral Condition).

There is a state ¥ , invariant under U(a,A), i.e.
ﬁ(a,A)?o = ?o, and unique up to a constant phase factor

(uniqueness of the vacuum).
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Al Assumpt ions about the Domain and Continuity of the

Field.
For each test function f ¢ Y, defined on space

time, there existspa set ¢§Y)(f),¢éy)(f),..t. () (£);

P
— viy)
¥ = 1,2,0..,0; of >ww1anti—linear operators. These
=1
) . (v), .\t
operators, together with their transposes ¢,  (f)7,

t t .
@éY)(f) "‘°°’¢L¥;)(f) i Yy=1,2,...,T; are defined on a

6domain D of vectors dense in H, Furthermore, Qb € D, and

(a,A)D < D, ¢LY)(f) D c D, go/fLY)(f)t DcD; p=1,2,s..,v(7);

¥ = 132;5000,0,

If ?1,?2 € D, then (?1,¢(Y)(f)?2) is a continuous

L
linear functional of f for all 4 = 1,2,...,v{(y); ¥ =1,2,...,T.

A2 Transformation law of the Field Components.

The equation ﬁ(a,A)gong)(f)ﬁ(a,A)—1
viy) :
- z sp(g) el (fa,aln), ¥ = 1,2,...,T
v=1

is valid when each side is applied to any vector in D.
Here, S(Y)(A) is the corresponding v(y) dimensional matrix

representation of SL(2,C), and {a,Alf(x) = f(A_l(x—a)).



A3 Local Commutativity, sometimes called Microscopic

Causality.
Ii the supports of f and g are such that

f(x)g(y) = 0 whenever (x—y)2 > 0, then

(v) (N) = ) (N) (r) =y _ o s
20 (£)o " (g)+ely, 3N, e, (g)¢u (f) = 0 in D,

where e(y,u3N,v) = +1 for all U,V or ~1 for all u,v for
each ¥ and A, Here f and E stand for the complex
conjugates of f and g respectively.

We also have

(1) (£),(N)

Py v () Srelr,uin, oM @) Y (F) = 0 in D

v K

under the same conditions, and two other similar relations
obtained by transposition,

Note: It is important to notice the dif ference between
this assumption and the corresponding one for linear fields
as given by Streater and.Wightman.17 However, both are
identical when written in temms of unsmeared fields.

So far nothinghas been mentioned about the number of
field operators we are going to have in our theory. For
the theory to be a field theory as stated by Streater and
Wightmanlg, we must have sufficient fields in it so that
its states can be uniquely characterised using the fields.
With them, we too adopt the fcllowing definition.

Definition 2.1: A relativistic quantum theory satisfying

axiom A0 with fields ¢LY)(f), B=1,2,000,v(y); v =1,2,...,T
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satisfying Al, A2, and A3 is a field theory if the vacuuﬁ
state is cyclic for the smeared fields. Tha t ié, if
polynomials in thc smeared field components when applied
to ?o yield a set Do of vectors dense in the Hilbert
space of states.

Now, we are fully equipped to proceed with the
discussion of the properties of a field theory., But, for
convenience, we develop the following notation. This
notation is almost indispensable when we try to establish
the Reconstruction Theorem for a field theory involving
a number of multi-component fields.

We first derive the transformation law for the

transpose of (Y)(f), using A2, 1f£ ¥ ,¥, € D, then

Pu v&g)l’ 2
(T ’ﬁ(a’A)?LY)(f)ﬁ(a’A)_lﬁé) = (wl,zilSLE)(f'1)¢LY)(Ia,A2f)%2)
v=1
viy)
= Ei: sLﬁ’(Afl)(%l,¢£Y’(ia,A}f)?z)
v=1

~ -'1 ~ * )
Since U(a,A) = U(a,A) , the L.H.S.

- (ﬁ(a,A)*@1,¢LY’(f)ﬁ(a,A)"lqz)

- (ﬁ(a,A)—lié,in)(f)tﬁ(a,A)*?l)
using the definition of the transpose of an operator

= (?Z,ﬁ(a,A)¢éY)(f)tﬁ(a,A)‘l@l)
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. (¥, ,H(a A)¢(Y)(f)tﬁ(a A) ?1)

v(y)
=ZJ siTHA™h (v 00 (fa,a30)n,)
v=1

viy)
(v) (v) t
= Sf\ (A~ )(wz,wv (§a,A}f) ?1)
Lot

Sy
v=1
viy) \
= (@2,251 Séz)(A )¢(Y ({a,A}f)twl)
v=1
. REICY
(2.1) . . U(a A)w(Y)(f) H(a,n)” 2;/ (Y)(A )QLY)({a,A}f)t
v=1

This is the first resultpwe wish to have. The next thing
A
we do is to write the ZZ v(y) field components and
v=1

their transposes as a single sequence in the follow1ng

form using the definition (Y)(f)] [ (Y):] (£).

0 (1) = o{) (1)

0, (£) = (1)(f)
3 (1)
® % 28 060 0 v 00 . . . f f 2 ~N ~3
P (1) =9 M (£), 1 <p < wl1)
(1)
qDv(l)(i) ~qov(1)(f)
(1) t
Pp(1)+1E) = 97 ()
_ (1) t
Pu(1)42'8) = 0p7 1£)
‘ _ (1) t
® 0 & % & e et s e N [ ] .¢p(f)"‘ pv(l)(f) ’
(£) = o{1) ()t
P20(1) = 9,(1) v(1)+1 < p € 2v(1)
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{(2)
Pop(1)+1lE) = o7 (£)
(2)
Pav(1)+2f) = @7 (£) -
* _(2)
.................... .« . ¢p(f) = ¢p—2v(1)(f)’

2v(1)+1 < p € 2v(1)+v(2)

(2) ;.
Pou(1)v(2) E) = 0y(2)(E)

and so=on,

The last set we can write is as follows., Putting

Alp) = ZELJU(Y)

¥=1
_ (T)
Pa(r-1)41E) = @7 (1)
_ (1)
Pa(r-1)42(8) = @7 ()
* _ (1)
6P s s ssev s cesnas s sa « v gDp(f) = SDp—-A(P—l)(f)’

¢A(r-1)+vtr)‘f)=¢if%5f} A(T-1)+1 € p € A(T-1)+0(T)

_(T) t
PA(D=1)+p(T )1 £)=0y (L)
(™)
$ @& 2 o b 8 B s 2 9B s e e Pa b . L @p(f) haed qu"A(I""l)—v(lﬂ)(f)’
(£)=0 L) ()t A(T-1)+0(T)+1 € o < A(T).
¢A(T) gD'U(I‘) + R IR SN .

(2.2) All this can be condensed in the following simple
formulae.
(

Y)eyo
QD.U (f)_q)v-l'A(Y—l)(f)

v = 1,2,--.,V(Y);Y=1,2’.-.,P.

1Y) eyt
¢y (£) ~gDv+_/x(*{—1)+v(wr)(“

where A{u) = Ziijv(Y), ¢ >21; and A(0) = 0

=1
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Further, given ¢p(f), 1 <p<<AT) , d a unique
Yy 1 <y €T such that Aly=1)+1 < p < Aly)+ i.e. the suffix
p lies in one and only one of the intervals 1 < p < 2v(1),
2v(1)+1 < p < 20 )+2v(2), 2v(1)+2v(2)+1 < p < 2v(1)+20(2)
2 i
2v(1)+20(2)+e s ot20(I=1)+1 < p < 20(1)4+20(2) 4.0, . o +20(T),
Then, if we define J by the relation,
(2.3) p-Aly=1)-1 = p-Aly=1)-1+v(y) (mod 2v(¥)),
it follows immediately that 1 < § < A(T') and that

£
rS f = ~ ’

(2.4) wp( ) Qp(f)
and qoﬁ(f)t = g, (£)

Now, let s(a) = sV (m@s ()@ s'? e s'? ...

® stT) (L) S(P)(A)

-—

i.e S(A) = é) {S(Y)(AJ@>S(Y)(A)}. Then S{A) is a
y=1

A(T) x A(T)-
-~matrix, and the transformation law A2 of the fields taokes the
simple form A(T)
(2.5) ﬁ(a,A)gop(f)t”J(a,A)*:L spo_(A"l)goT({a,A}f) for all
o=1
p, 1 < p <MD
At this stage we are in a position to prcoceed further

with the theory.
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Properties of the Vacuum Expectation Functionals,

For any f eijg(R4), ¢p(f) = /f(x)¢p(x)dx is a well

defined unbounded anti-linear operator in # which is linear
in f. By the assumption Al concerning the domain D of the
field operators, it follows immediately that the scalar

duct (¥ ,0 (£)p (£.) (£.)% ) vhere £, ,f £ e PR
pI‘O uc O,goul-l gouz 2 .."gD/,Lv v o .I.1’ 2’.-, v . .\

is perfectly well defined,
Remembering the last part of assumption Al that
(?1,¢p{f)%2) is a continuous linear functional in f for

all ¥, ,¥%, € D, and the contents of Theorem 1.6, we immediately

see that (%O,¢”1(f1)¢u2(f2)...¢“v(fv)?o)is a functional in

fl’fZ""’fv’ separately continuous in each fp when the
others are fixed, and linear in fp for odd values of p and
anti-linear in fp for even values of p, (Actually, as
regards continuity, what we have is, that, it is continuous
in each fp for odd p and in ?b for even p. But continuity
in fp is identical with continuity in ?ﬁ).

(v)

Therefore lfuluz..ouv(fvfz,f3,f4,...,fv)

(§5,¢ﬂ1(ff¢#2(f2)¢ﬂ3(f3)¢#4(f4)...¢uv(fv)?o), v odd

(¥ (?&)?O),v even

£ T £ T, )eos
O’¢M1( 1)¢#2( 2)¢#3( 3)90#4( 4) ¢“v

is a separately continuous multi-linear functional in

4
fl’fZ"',fv €¢P(R-)-



54,
. 19
Hence,using Schwartz's Nuclear Theorem™ °, there
exists a unique distribution G defined en test functions

Of the form fl.f nn-f thre f fznotf (xl,xz,nooxv)

1
= £ (x)E,(x) 00 (x ) such thatU 1#2._0# (€585, 000,8))
= G (f f .g.f )
Hilgseely, v
Since G is 2 distribution in the above space of test

Ml‘“Z' . ou'.u

functions, we can define

f . o0 v e f ..‘
Gﬂlﬂz-.o# (ot f5eeef +0g, 8, gvkaGuluz...u (£,%, )

+ Aa Hillgeo i, (8180 -8y)

( 4
where a,8 € € and fp,gp E‘Y(R Yy P = 12,004,V

Thus, if we denote the space of all functions of the

4
form flfz...fv and their finite linear combinations bytfo(R v),

then we immediately see that G is a distribution
Hibgee ety

over the space fO(th)) of test functions.

But @90(?.41)) is dense inM(R ). Therefore, by

continuity, G is a distributi on over the space

HiHges oty
4y . .
,}a(R ) of test functions, and hence is a tampered

distribution. Denoting this by V(v)

x ..‘x) b
uluz...uv(xl’ 2? p’ O PY

('ﬁ'o,ﬁoul (x, )goﬂz(xz ) I .qouv(xv)\lfo) we write

" v
[fl(xl)fztxz).,.fv(xv) (709, Gy () enn0y, (5%, Lax]
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= (¥ 0, (£, (F)o (£)9 (T,)e..p, (£ )% ) if v is odd
o? Ky 1 Ko 2 Hq 3 Ky 4 Ky, "V o

i

(\I’Ozgoul(fl)golulz(f2)¢“3(f3)goﬂ4(f4)...gouv(fv)*lfo) if v is even.

where [dx:lv = dxl.,dx ...dxv

2

We state all these results as a theorem.
Theorem 2.1: There exists a unique tempered distribution

{(v)
Kty oty

test functions inba(R4v) such that

v (xy5%X5 5000 ,xv)=(\Ifo,goM1(x1 )gDNZ(XZ) .o .gouv(xv)*lfo) over

\ (v) Vv
ffl(xl)fz(xz)ooofv(xv)vuluz".Nv(xl ,ngaoaaxv)[dﬁ]

= (%00, (50, (T))e, (1300, (F,)e.up, (£)%),if v is odd

I F T T i i
(Yo,gou (fl)goﬂ.’(fz)gou (f3)§0ﬂ (f4)...gou (fv)“i‘o),lf v is even.
1 p 3 4 4
Now, following Streater and ";’Iightmanzo, we prove

that expressions like

v
[tax) £y yeee e, )y, (50, (6y)eee0y ()3,

can be interpreted as elements of H in a unique way.,

In the first place there exist functions of the form

A

f(A)(xl,xz,o..,xv) = z fg“)(xl)fé'u’)(xz)...fl(}“)(xv) such
H=1

that f(A) - f inb?(R4v) as A = «, where f:j“) € ba(Ré).
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A
(M) \ (1) (1) )
Now consider the state Wﬁl“ ity [21?#1(f1 )¢#2(f2 )...ng
p=1
(B) . =lp) L
where ¢# has, as argument, fp or f according as p is
odd or even respectively, This state converges in norm,

as is proved easily, as A — wo. This limit is defined to be
v
f[dx] (O AR S ECRTNC )...wﬂ (x,)¥, .

If the set of all such states is denoted by D, , then the

1

set DO in the definition 2.1 is clearly a subset of D1.

This enables us to extend the domain DO over Which the field
operators are defined to the larger domain Dio Now, we

proceed with the discussion of wvarious properties of the

vacuum expectation functionals VL?;2°°'U

(%, 93%5500.x ), and
write them as theorems. Except for a different notation,
the following theorems and their proofs are very similar to

those given by Streater and Wightman.zl

Theorem 2.2: The Relativistic Transformtion Law

(v)
A" Ax + Ax +a ,Ax
uiﬂz..,uv( &9 Sl

tayeeneen Ax, +a)
A(T)

SO VETL (v)
A S .A. LI ‘\V
{ , ”191( S oo &) #3P3( HaPy ) #vpv(l) PP+ P.,

PysPore-P71

(xl,xz,...,xv)

if v is odd

A(T) |
- s (AETTTE)S . (AETTTD .. S v)
z HiPy HoPp  HaP3 Hyly HiPy  PiPpeetPy
P1:P2,--Pv=1
(xl ’xz, v ,xv)
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if v is even, where the left hand” "side is that tempered
s . . . . 4y
di stribution, which, on the function f1f2f3...fv 6'¢P(R. ),

(p) ey b3
nlvesZ[#luz..‘uv a,A}flfa,A}fza...,{ }f )o (see equation 2,6)

Proof: We will assume that v is odd, The other case

follows the same way.

+a,...,Axv+a)[dx]v

(v) .
ff ()£, (x ).o.fv(xv)Vﬁlﬂz_..MU(Ak1+a,Ax2

éf&z,,,#v(iasAifl,iayA}fz,--.,ia,A}fU) by definition

= (Qb’wﬂl

({a,A}fl)wuz(ia;KTTé)¢#3({a,AIf3)¢ﬂ4(ia,Azf4)
-oowﬂv({aahzfv)?o)
by using equation 2,6

= (?O,ﬁ(b,a)“lﬁ(b,a)wul({a,A}fl)ﬁ(b,a)“lt’w(b,B)%z({a,A}fz)

ﬁ(b,B)—l...ﬁ(b,B)wv({a,A)fv)ﬁ(b,B)—lﬁ(b,B)?b), where
{b,B} is any element from the inhomogeneous SL(2,C).

A(T) _ .

= S P | -1

= (8~ )°S (B 7)s (B )8 (8 ")...5 (8 7)
“1P1 HaPo H3P3 HaVy HyPy

plapzl "pv

x (?Oawpl({b,B}{a,A}fl)wpz({b,B}{a,A}fZ}..¢pv(§b,B}{a,A}fv)?o)

vhere we have used the fact that U(b,B) is unitary and leaves

?O invariant (assumption AO), and the equation 2,5 giving the
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transformation law of the field components.

Here {b,B}{a,A}fP stands for § ,E}gp where

g, = ia,A}fp.

.« . gp(x) = {a,A}fp(x)

fp(A—l(xﬁa))

. . ib,B}{a,A}fp(x) = ib,B}gp(x)
= gp(s“l(x-b)}
= fp(A‘l(B"l(x-b)—a))

- = {p(A IB‘1x~A 13_1b—A~1a)

Hence, if we take B_1 = A, b = —Afla, and remember the

fact that {a,A} is a real Lorentz transforms tion, we have

ib,B}{a,A;fp = fp, and

ib,Blla,nlf =T ,

PP
.. ]} ()£, (50)) aaaf (¢ ywiv) o (hsey+a, 000,42, 0 oo b +a) [ax ]V
v /,Llﬂznool,t 2 !

A(T)

s (L) T7%)s MNETE).... L
= 1P ) Halo ) “3P3( S HaPy J) “vpv( )

PyaPr+2Py,
By, ? f -f‘ 3 . ? L 2% N
% O.¢p1( 1)gopz( 2)¢p3(f3)¢p4( 4) ¢pv(fv)?b)
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~A(T)
N =
£ f ee . (L)E""T%)s A)B T
/' Gry)E Gyt )0 ) 8 o DTS, (A0S, T
Py2Ppre=Py=1
(v) ] N
...Suvpv(A) Vblpz..'pv(klaxzinon)xv){dx] °

Here, by continuity, we get the required relation as a
relation between two temepered distributions over the space
dp(R4v) of temt functions,

Theorem 2,3: Spectral Conditions.

. y e (v)
T . ed a W e
here are tempered distributions N1#2°-ﬂ(€1'52’ 16
such that
wlv) v{v) '
se e oeX f v >'2
ﬂlﬂzooeﬂ (gl’gza ,g 1) ﬂlﬂzoiuﬂv(xlaxzo LU) or “
where & = x - x 1< p<Kv-1,

o P Tp+i?

The Fourier transforms of W and V defined respectively by

'l)—
(v) 1 . (V)
ﬁuluz...p(pl‘pZ""pU-l) - (ZW)ZU—%/GXP<1§i}p gp) Pqlhy ool
p:
V-1
(ByoBoseenst, j)[aE]
and
v
V(v) PysPosese,P.,) = 1 exp i—‘\p °x )V(U)
ﬂlﬂznonﬁ 17 2’ *Ey (2 )zv p p ﬂlﬂzeo-ﬂv
p=1

(X1,X2¢...,xv)[dx]v

&
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are tempered distributions, and are related by

vV
~{v) ' 2o/N L V)
v =(27) °6( 7 : AP+
“1/42'”“1)(131’?2’ Py, )=(2m) <,:_JPP) ulﬂzoo«uv(P1’91+p2'p1 Py*tP39
p=1

cvee 3P1+P2+p3+o < °°pv--1) o

Further, we have the result that

~{(v v~1

héllzeo'# (—ql,qz,—q3,q4,...,(—1) qv_l) = 0, unless each
v

U2 1< pg vt

lies in the energy momentum spectrum of the states

Proof: Using Theorem 2.2 and taking A = 1, we get

(v
Vﬂ1L2'-°uv(x1+a'xz+av---:x +a)=v'?)

v gpuz,..,uv(xl’xZ""xv)

Putting El = X =X, EZ = Xy=Xggeea, E =%, X

P 1 V- v

X =

™ Lo

(x1+x2+...+xv), we get X sXpgeeesX,,

uniquely as linear functions of gl,gz,...,gv_l, Vo
Therefore there is a distribution T(X,El,Ez,...,Ev_l)such

that
v(v)

N1ﬂ2~'-ﬂv(x1’x2"'"’xv) = T(X:glsgza‘°'sgv_1)-

Translation invariance of V(V)

#1#2'-°Nv(x1’x2"'°’xv) implies

that

T(X, gl,gz,...,gv_l) = T(X + a, 51,62,...,gv_1) for

all a,
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. i o 23, .
Using the argument of Schwartz it can easi ly be proved

that there exists a tempered distribution

T"Tﬁj)
hﬂlﬂz-e-ﬂv(gl’gz'°"’Ev~1) such that
- _{(v)
T(A’E:l 952"‘ ‘:Ejv__l)“\‘ﬂluzan'uv(gl 852)' "lgv_l)
e (v) (V)
-] ] V,’JILLZ---/Jv(xlxz,“.’xv)—"ﬂlﬂz--~Mv(gl’gz""’Ev‘l)

which proves the first part of the theorem.

For a function f € y(R4v) we define fﬁf by the

v
. 1 S\
rel&tlon (}f)('pl ’ngua-’pv)= e e ————— /exp<1> pu.xu>f<x1,...,xv>

(2m) %Y Loy o
T
4v
Then by the Lemmz on page 44 of PCT, ?-lf e ().
For a tempered distribution T over test functions

in bQ(Rév) we define_?}T by the equation

(FT)6) =T ($1) for £ cLRY).
Then,according to Theorem 2.2 of FCT, 37T is itself a
tempered distribution over Jjﬂ(RZw). - The mapping denoted
by 34' is called the Fourier Transform.

Using these results, it is obvious that the Fourier

~(V)

¥ g 2 % 9 & d
'ul,uz,..o,uv(‘f’l’gr -E'v-l) an

Transforms of

V(v)

ol .
byt by (xl,xz,...,xv) respectively given by
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(V) ‘T
W (PysPyseeesPy, 4 f@m( P E)
Hoybhgsosihy, 1327 V (ZW)21v~1) ' ﬂ 1
1
()
‘-#1#2..141'1)(&13&21"9:5
and
v
A:(’l)) _.,._1____. :
Vuluz...uv(P1'Pz""’Pu’ = )2 feXP<1z;?u°xu>
p=1
(v) - - v
Vpluzo..uv(hl,xz,...,Av)[dx]

are both tempered distributions,

I1f we change to new variabies given by

x ——
=1 =1 v?

E, = X,, we get
Ei
p=H
» v . - .
- T _ N
L) PutRy = Ez%“ ) o = p1a51+(p1+p2).€2+(p1+p2+p3).g3+...
L 1 —J
p=1 p=t  p=u
- (A VR
(P +DPo+e oot ) N =
+ (pytpytess pw1"gv—1+<,L?u)°av“zgu' P,
L=1 p=1 p=1

y[ag V!
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Using this result we get

v 7

V(U) - (P D 5 ) = l___._—.._ o i——\g —
2P se o} = 3 .
Hybigessth, P17P270 1Py (zm?“”f l( Z Lpp>
=1 p:]_
(V) v
“ﬂluz_..ﬂv(‘g]_:;{;z:-'-:Ev_l)[dg]
v
1 4 ot ()
= . 2 .T . 4 v .
‘(“""“‘227” (2m) 5(2}3#)\ﬂluz...uv(PlaPl..+92, yPy+P o+ +pv_1)
H=1
v
i v 2 KT\ (V)
° v s 0 - = 2 b . .
i.e ulﬂz.coﬂv(Plopzs st) (2m) 6‘</_/__j P,L&) /-Llﬂz--/.tv(pl’P1+p2’
u=1

yeeesPytPyFeestp, ).
To prove the last part we use the resu1t24that, if
3,% € D (see definition 2.1) then, as a tempered
distribut ion over bP(Ré), j;-ip°ada(®,ﬁ(a,1)?) = 0 unless
p belongs to the (physical) spectrum of energy momentum of
the states. A proof of this result when the physical
25

spectrum is the forward cone V" has been given by Uhlman,
At this stage we adopt the following notation, for
convenience.

If £, G\Y(Rll), then f?) = fv if v is odd

= ?L if v is even
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The proof has to be broken down into two cases as follows.

Let ¥ ( (f

il

. f W and

LS4
1

= 05 (£9)0 (£2 V...0n (£2)7
ﬂp Jo ﬂp_l o1 B S

L]

. . (@,U(a,l)%)=(¢ﬂp(fp)¢ﬂ ).-.Qﬂl(f Y ,0(2,1)¥)

1

Case 1: Suppose p is even.

o o (@,U(a,l)?)=(?b,¢#1(f1)¢u2(f2)...Qﬂp[fp)U(a,l)T), by

the definition of transposition and the index Q.

= ]‘gl(xl)gz(xz)...gv[xv)véjzz...#v(xl,xz,...,xv)[dx]v'

where !

B

= ta,1}f, p+ 1 p Y

ff (e ) E, (% )0 (x )V(U) 00X p+1

v v ﬂlﬂzoc c[./,v

v
,...,xv+a)[dx]
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But, if g € bﬁ(R ) is such that its support does not

intersect the physical spectrum of encrgy momentum, then

g(ple™*P*2(0,U(a,1)¥)da dp = 0
g

. . v
i.e 0 = jé(p)e ip af (x )f (x Yooof (Av)Viliz...M (xl,xz,...xp,
xp+1+a,...,xv+a)[dx]vda.d]
- - ";’ _ipca ('U) - »
Hence by continuity /E(p)e Vplﬂz...ﬂv(xl,xz,...,kp,

xp+1+a,...,xv+a)da.dp = 0,
as a disgribution over:PCR4v)

p+1""’gv—1)

. ~ ~ipea.(v)
) fg(P)e \II‘L]_.U'?"'“.U' (51,52:---.Ep_1:5p—a;€

da.dp = 0

R ‘Ep"a’w“” (81280 eensby ) smasE g )
Leo

ll.l.zoocll p+1".' 1)"1

da.dp = 0

- v...]_ -
- . —-i -i (v
. jé(p)e 1p'Ep 1p'aexp(izquo_€ )HMI;Z"'ﬂy 1(61’E2’°°'Ep-1 ’

o=1

—a,E,p+1,... ,Ev_l)da.dp[da]%-l:O
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» ~ "'i(' )o
1.€. fg(P)e p—qp P"U‘L(szl ...,u,v(ql’q2"’"’qp—l’p’qp+1’

a0 ’qv"l )dpodgp =0

~(v) =
1.eo g(q )‘w‘ 1#2""# (ql,qZ""qp,"'qu_l)'—O

By the definition of g, this implies that

g(v)

#1#2“‘“ (ql’qZ"“’qp""’qv—l) = 0 unless qp

belongs to the physical spectrum, and this is true for all evenp.
Case 2: Suppoe p is odd

=2 _ o] O Oy o
Then (@,U(a,l)?)—(¢#1(f1)¢u2(f2)...¢up(fp)U(a,1)¢#p+1(fp+l)

o
..oqouv(fv)\lfo,\lro)

S LACATACR PR P

(%, 4%, ,009x )
v ul,uz...,uv 1272 %

[dx]v, where

/f (=) E, (%, )...f (x ) v{v) (xl,xz,...,x ,xp+1

[oglhs oo olh,

ve o,xv‘l'a)l_dX]v



6] &6.

o o /E"lp'a(@,ﬁ(a,1)?)da

"‘1'00 ('Uj .
= /.e f (u( )f (X )oo.fv(xv)vuluz..u (xlsj“z""'xp' p+1

o..,Xb+é)ada.[dx]v

. ipeag(v)
v
Hence /; “1“2"‘“u

(xl,xz,...,xp,xp+1+a??..,xv+a)da = 0

unless p belongs to the physical spectrum

By the same argument as in the previous case,
ar(v)

- = 0
g( qp) /-tltu'z"'/l

(qlzq2:°°-:qp:°~'sqv_1)

.°; frlv)

HyHoee oy

q, lies in the physical spectrum, and this is true for all

P
odd po.

(ql’qzaoaogqp_l “qp’qp+1’°”’q1)—1) = 0 unless

Hence we have the final result that

W(V)
Nlﬂz e °/*LV

unless each Pys 1 < p<gv-1, lies in the physical spectrum.

V-1
(—Plapza-P3|'003(“1)ppp,oea,(-1) Pv—l) = 0

It is interesting to note that this is the first
property of the V.E., Functionals of anti-linear fields
wvhich differs non-trivially from the corresponding one for

linear fields.
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Theorem 2.4:

vy 7 viv) .
/Lluz«..u (Xlangoa"n‘c ) ﬂvﬂv— ,,. (xv,xv_l,noo,xl) lf v

is odd

= szﬂ ) ﬂl(xv,x 19...,x1) if v is even
v_ LI 2N ] L
Proof:

(v) . v
f (x )f (X )ao'f (XV)V,LLI/.Lzoo-,U. (Xl,ﬁz,ooo,xv)[dXJ

= (¥ ,@N (fi)@b) using the notation

of last theorem.

(£, (£2)..ep
1%, 20 e

O @] O . .
= (Qb'Qﬁv(fv)Qﬂvbl(fv“l)...¢ﬂ1(£1)§5) if v is odd

= (¢ﬂv(fg)¢ﬂ l(fg_l)...gal(fg)@b ¥ ) if v is even
V= ’

(v)
Hence, Vpluz...ﬂv(xl,xz,..o,xv)

éZ& 100. (xv’xv—l"”°’x1) if v is odd
V-

(V) ( ) - -
(S oe o f v is even
VB ewatt, FprEyganeeaxy)
V-1

which is the result we had to establish,
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Theorem 2.5: Local Commutativity

I1f Local Commutativity (Axiom A3) in terms of the
notation in equation 2.2 takes the weaker form

@u(f)¢v(E)+s(u,v)¢v(g)¢u(?) = 0, elu,v) = elv,u) = +1

or -1 for each pair (U,v), L,¥ = 1;2;4..4,0(T), where

f,8 e‘jp(R4) are such that f(x)g(y) = 0 whenever (x—y)z } 0,

then
V(V) (X4 3%y pooesX, sX  1gseesX )
uluz...up up+1..ouv 1772 o’ p+l 4

+ ey A4 (V) (Ll,xz,...,a —1?

7
PPl Ty e p—l +1upup+2...u

» X .o sx,)

*or1?*p*Fps27°
= 0 for all (xp“ xp+1)2 <0, 1<pgvl

Proof: Suppose f (xp)fp+1( P+1) = 0 whenever (xp—xp+1) 20
! o : . (FO ra®)
. s = 0.
?u (fp)¢u (£ )+s(u 7S I (f )

o, (f
fpr1 o1 Py et P e

P o+

(see notation just before the proof of the spectral condition)

e} 0 o] o o
Hence (@5,¢#1(£1)¢u2(f2)e..@ (fp—1)°[¢ﬂ (fp)¢u (f )

Ho-1 P pr1 P

o]
+ S(u s )o-o§0u (fv)\yo)=0

=0 — (@]
(f )@up(fp)]¢# (£ v

p+1)¢up p+1 042 p+2
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. oy (v)
-3 o f f ..Df s &
(xl’x?."'"xp'xp+1""°xv)+8(/.l, )V(V) )

Ly SN p-1Hpr1Fpfpra oty

p—l’xp+l’xp’xp+2"'°xv)] [dx!v = 0

Since functions of the form fl(xl)fz(xz)...fv(xv) and their

(xlgngoao,x

A . . . . 4v
finite linear combinations form a dense set 1ny(R ), and

4v s oas
any f(xl’XZ"“’xp’xp+1"“’xv‘) €¢P(R ) vanishing for all

(x = x )72 2 0 can be defined by a sequence of such finite

P P+l
linear combinations, we get the desired result.
The next result we require zbout the Vacuum
Expec#ation Functionals is the restriction imposed on them
by the positive definiteness of the scalar product in the

underlying Hilbert Space H.

Theorem 2,.,6: Positive Definiteness Condition

) | |
1f f/gf/iz_.upey(a P) for each p 20, 1 < Byshgeeesestty < AT)

(bo(Ro) ¢) and f{p) Z 0 except for a finite number

of values of p, then

£'p) (xx oo x) W) | (x
Z Z Z _[ Hybgeeoby 2200 [Zpﬂp gre eV Ve v Tp?

Svgn 14

(o) ~ ~ p o
xp-l"'"xl'yl’YZ"°"Yo“)fv1v2...ya_(y1'Y2""’YU‘)[dx] [dY]
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z Z/ Z[ Hybtoe=oty (ys%poeeasxy).

odd all u,v
pzl o0

(p+07) :
Vﬂiﬂ 1°° oﬂlvlvz. . cvo-'(}ipyxp 120" :Xl 9Y19Y2: cea ,y'o__)
f o

g0 (Y 3¥p0e: -,Vo.)[c’bc]'o[dﬂo~ >0

v1v2°'°vﬁf

where T stands for summation over ,U,l,,uzgo.,,/,Lp,vi,vz,...,vo__

H

LV

from 1 to A(T).

Proof: The proof is straight forward and goes as follows,

(0]
_ (Lol T [Ap) . +
Let & = f \Ifo+z Z fulluz.“ﬂp(xl,xz,...,xp)goﬂl(xl)qouz(..z)

1P
oo¢¢#p(xp)[dX] ?O

where z stands for summation over ulguz,...up from 1

7
to A(I‘) .
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There are no difficulties of comvergence, because
only a finite number of terms in the sum ::l are non Zero.
p=0

By the discussion preceding Theorem 2.2, ® is 2 uniquely

defined eclement of #, and hence, (2,®) 2 0.

If we write this out explicitly, and use the )
definition of the V.E, Functionals we get the above result.

It would have been very useful if we could define
at this stage, a Truncated Vacuum Expectation Functional
by subtracting from the ordinary V.E. Functional the
contribution coming from the origin in momentum space, in a
suitable way. This wculd perhaps allow us to proceed as in
Arakils paper26and then prove 2 theorem vhich is much stronger
than what we would actually prove in Chapter 4. Unfortunately,
we have failed to define "Truncation'" in such a useful way.
But, we have the following result which is sufficient to )

establish the uniqueness of the wvacuum, in the next chapter.

Theorem 2.7: Cluster Decomposition Property

. . (v) T .
Limit V ...uv(xl,xz,...,kp,xp+1

FK2D y0 a0 yX, HER)
K = oo H1Haccclg By T

- vip) (v-p)

( e )V (=
Boybbn oo .,upxl’xz e up+1up+2. ok,

o185 pe20 0000 %y)

if p (2 < p K v=1) is even

(p) ~ (v=p)
= V s s e V (
ﬂl/‘l’zﬁc.up(xl,xz’ ,xlo) I‘L,O_‘_lup_'_z!al/‘l’v

if p (1 < p £ v-1) is odaq,
where a is a non-null 4-vector and the convergence is weak

28 ., 4
convergence  in .
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Proof: The theorem follows immediately irom the following

result of Borchers°32

I1f U(a,A) is a continuous unitary representation
of the Poincare Group, and ¥ is any state in H, then

ﬁ(Ka,l)? tends weakly to P¥ as k 2w if a is a non~-null

ot
=

4~vector, where P is the projection operator on to the
subspace of states which are invariant under translations.
This means that, if & € H, then

Limit (2,¥(ka,1)¥) = (2,F¥).
K > oo

But P¥ = (@b,?iﬁib if we assume that the only vector invariant

under all translations is the vacuum.

= ({EO’\I‘)\I‘O

This result of Borchers is true whethcr the fields
"

are linear or not, becausge, it does not use any particular

recalization of the Hilbert Space k.

(2.7) e o Lim (8,0(ka,1)¥) = (8,¥ )¢¥ ,¥) if a is a
o o
K= oo
non~null 4 vector
Now, let ¥ = ¢ (fo+1)¢ (fo+2)...¢ (fg)@b, and
Mp+1 L ﬂp+2 P #v

= (£2)p (£2 . )awepy (£)F
¢ﬂp P ﬂp—l p—-1 ¢ﬂ1 177



-1
s
-

Case i: Supprose p is even

Then (&,U(ka,1)¥)

= (%0, (e, (0 o)1
o’y el HZ(gZ)'°°¢uv(gv)Yb)' where

= £ SoLp

8o o? 1

iKa,lffo_, p+1 \<\ o < v

(v) T -
_ 3
_.[fl(xlyfz(xz)...fv(xv)Vuluz..‘ﬂpup+1°°°uv(x1,xzw.a.,xp,

+ica) [ax]Y, and

+ica X
Ky 7

p+2+/€a90' e,x

xp+1

((D,\I‘O)(\Ifo,?) = (\IrO,@)(wxro,«Ir)

+(v—=p)
f (x V£ (x Jooof (x )V e‘(x ' X R )
_/ P+l "o+l T p+2 Tp+2 vy /;ﬂ;m Vp+l o+2 4
[dx]v :
K e
[ax]P
where [dx]? i}
[dx]p = &p+1-dxp+2...d1cv.
e e e, ) et e VP T ek x)
1 1 2 2 o e ) T ,Ul/lz'--:up 1' 230008 p
~ lv=p) v .
« V ( sen d b
”p+1%p+2'°'”v xp+1,xp+2, ,xv)[ x]” by using

theorem 2.4,

_ T T T ( yviP) - P
- _.j}p(xp)fp_l(xp_l)...fl(xl)vppﬂp~1...ﬁl(np,xp_l,...xl)[dx] :
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Hence, equation 2.7 gives

,V(v)

(X, 3% 500e,X ,x HCa,x HCDy oo e yX +HiCA)
“1“2”"ﬂpﬂp+1"’ﬂv 17772 o+1 o2 1%

0

— v(p) (Xlsliz,aoox )V(v-p) o (

Hikiae=etp P FpriFpraeHy “pr17¥prar s a¥y)

weakly as K = w.
Case ii, Suppose p is odd.

Then (8,U(xa,1)¥)

o o o o , )
= (¢p1(g1)¢u2(g2)...?uv(gv)?&23M1ere g, is as before,

- . (v) ‘
= /}l(kl)fz(xz)...fv(xv)Vﬂlﬂz..oupup+1..°#v(x1,x2,...,xp,

+Ka, x

¥ o+ 2

)
o1 +Ka,...,xv+Ka)[dx] , and

(2,%,) (¥, %)

o (@] @)
® 00 f
(¢ﬂ1(f1)¢#2(£2) ¢“p( o

i

Vil T 4T

(¥ s0.  (£2 )0 (£°..) (£2)¥ )
- . " LI ] w
© P, 1 PHITTRE L ST pH2 K, v o

_ |F = a (p)
= ffl(xl)fz(xz)..gfv(xv)v Zlﬂ2°°°#p

(xl,xz,...,xp)

a V(v_‘p) (X

v
Hor1fpsaseHy P+1’xp+2""’xv)[dx]
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Hence, equation 2.7 gives

V(v) " (xl,xz.,...,x 2 X1
ﬂlﬂzoooﬂpﬂp+1.aoﬂv Jo; o

T AKX

+ica ey X +Ka
p+2K,',oo,,UK)

(p) (1~p) :
-V evae v L cram gl
- (xpaxgseeesxp) up+1up+2uauv("p+1'xp+z~ %)

weakly as K- w.
This completes the proof of the theorem, and al so
the results we need for proving the Theorems in the next

2 Chapters.
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CHAFTER 3

RECONSTRUCTION THEQRFEM

In this chapter we are going to prove that a field
theory can be completely described, up to a unitary
transformation, by the Vacuum Expectation Functionals,

That is, given a set of tempered distributions satisfying
certain relevant conditions, a set of anti-linear fields,
unique up to a unitary transformation, can be reconstructed
such that the given tanpered distributions are the V.E.
Functionals of this set of fields. This emables us to
replace the entire theory of fields which consists of
unbounded operators in a Hilbert Space by the corresponding
V.E. Functional s, which are much easier to handle.

30’31’32we establish

Following YIightmanzgand others,
the '"Reconstruction Theroem' for a single component field,
i.cs 2 symmetric scalar anti-linear field, in the first part
of this chapter., The proof is on the same lines as given
by Streater and Z'Iiglltman,31but we give it complle tely in order
to show the essential differences between our fields and their
linear fields, In the second part of this chapter, we would
show how the proof can be extended to the case of a theory
with any number of fields, each field having any number of
ccmponents, The relevant conditions as mentioned above, to

be satisfied by the given tempered distributions are those

given in Theorems 2.2,2.3,2.4,2.5, 2.6 and 2.7, and to avoid
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repetition, we would straight off specialize to the case
I''=1, A(T') = 1. (See eq. 2.2).

Theorem 3.,1: The Reconstruction Theorem.

Suppose V(v)(xlgxz,...,xv), V=1,2,3,... are a
given set of tempered distributions where KysXypneeX,, are
real 4-vectors, and satisfying the following conditions.

(a) Relativistic Transformation Law,

V(v)(Ax1+a,Ax2+a,o..,Axv+a)

v .
= V( )(xl’x2'°°"xv) where a is any real

4~vector and A € Lz

(b) Spectral Condit ions.

() _ (v ~
v (xl,xz,...,xv) = W (gl,gz,...,gv“l), gp_ xp— xp+1,

1 < p<Kv-1, v 22 whose existence follows from (a) satisfies

the conditions,

v
v 2 3, ~ YV
¥ )(P1:P2,--ospv) = (2m) é"() pp>~a( )(PlsP1+P2:P1+132'*‘P3
- _
,...,p1+p2+p3+...+pv_1), and
ﬁ(v)("qltqu—qBa"'-:(-1)pqpl°"s("1)v_1qv_1) = 0 unless each

q. €V

0 4+ 1 < p < v-1, where
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V(V) (plppz'-sagpv) = 'L“'—"z—; -/rexp<i:/—qp o X \V(v)(x

3 Xy g
- (2mr) [P P 1772
p=1
...xv) [ax1Y,
( = )
~{(v) . | NS (v
W (P1P2:°--:Pv_1) = T;;:ET;:T) ex9<lg;,PP'EP>" (51'52’
p=1

v-1"
..egv_l) [dg] 9
Note: We will prove in Chapter 4 by a very elementary

method that VL“(XI) = Cﬂ’ a constant for each u, but this

result is irrelevant for the following discussion,

(c) Symmetry Conditions

V(v)(xl,xz,...,xv) = V(V)(xv’xv—l""’xl) if v is odd

_ (vl R .
=V (xv,xv_lg...,al) if v is even

(d) Local Commutativity

(v) (v) :
v (xl,xz,..,,xp,xp+1,..o,xb)+8V () 9%5p 000 ,X ~17%p410

2
xp’xp+2,dhp+3,.no,xv) = 0 foI‘ a.].]. (Xp_xp+1)

for each p, 1 L p KL -1, v > 2, where &€ = +1 or -1,

<0,
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(e) Positive Definiteness Conditions

If fw)6'50(34v), v=20,1,2,...5 is any sequence of
(v) _

functions such that f = 0 except for a finite number of

values of v, then

(e o] (e o]
x|
Z ZJ ff(p) (Xl 1X590 .,xp)V(p-HT)(xp,xp_l, AEEESEIEED ST "YO')

even all

p 20020

.f(‘r)(yl,vzsa.-,VU.)[dx:Ip[dv]Cr

o0 -
N
- /}‘P)(xl,xzp...,xp) V(p+aq(xp’xp—1""x1’Y1’Y2"'Vw)

™Te

d all
Z21020

© 0
Iy

.f(y)(yl,yz,...,ya)[dx]p[dy]y'2:O, vhere

vi0), 1, and the other cases when p,00 = 0 are given the

£(0)

obvious interpretation. (e.g. is a complex number)

(£f) Cluster Decomposition Property

If 2 is 2 non-null 4-vector, then

(v)
V (xl ,xz,.g.,Xp,xp+1+K,'a._, xp+2+m,n00,xv+m)

- V(p)(xl,xz,..o,xp)’ﬂ'(v“p)(xp_i_l,xp_!_z,...,xv) if p is even

= V(p)(xl’XZ’xs"'”Sxp)v(v—p)(x p+2’ooo’xv) if e, is odd

o+12%

ask —» .0, where the convergence is weck.,
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31 . .
Then there exists a separable Hilbert Space H,
a continuous unitary representation U(a,A) of the Poincare
Group in B, a unique state ?O € B invariant under U(a,A),
and for each h €jFCR4) a symmetric scalar anti-linear field

p(h) with domain D and representation of the Poincare Group,

¥(2,A), such that

(Z_,p(h])p(h5) =+ o)) ¥ )=/h, (x,)h,(x,) .. b (x )
; "

oV(v) (x1 3x2, P axv) [dx

Further, if H is a separable Hilbert Space, ﬁfa,A) is a
continuous unitary representation of the Poincare Group in

ﬁl, ?01 is a unique element of ﬁl invariant under ﬁl(a,A)

and for each h €éf(34) ¢1(h) is a symmetric scalar anti-linear

. . o PP - o] o] o
field with domain D and sat1s£y1ng(Y01,qp1(h1)cpl(hz)..gol(hv)*I’OJ

=fh1(x1)h2(x2) .e .hv(xv)V(V)(Xlsxz:- --:xv)[dx]v

for each 7 2> 1 and having ?01 as a cyclic vector, then there

exists a unitary transformation T of ¥ on to H, such that

1

7, = T, Ufa,h) = TU(=,0)T2,

¢, (h) = Tgo(h)'"f"l, D, =9p .

1
Moreover, ¢(h) satisfies local commutativity, i.e. if

hix)g(y)=0 whenever (x—y)ZQD, then ¢(h)o(g)+epl(g)e(h)=0,
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and if ¥(a,1) = exp i(aﬂPﬂ), then the eigen values of pH
. s

lie in the forward cone v'? +8 the jhysical energy

momen tum spectrum is in the forward cone.,

Proof: Let Z be the space of all infinitc sequences of the

4v
form F = (f_,f ,f,5000f ,.0s) where £ ¢ ¢, and £ e FR™),

and fv= 0 except for a finite number of values of v.

1f G = (go,gl,gz,...,gv,...) € Z, we define

(i) F=Gif £, =g, forall v 220

(ii) of = (afo,afl,afz,...,afv,...), o € ¢ where
(afv)(xl,xz,...,xv) = a.fv(xl,xz,...,xv), v21

where (£v+gv)(xl,xz,...,xv)=fv(x1,x2,...,xv)+gv(x1,x2,...,xv).
With these definitions, it is clear that Z is a linear

space over the field of complex numbers, with 0 = (0,0,0,...,0,

as the zero element.

Z is clearly not finite dimensional, because, the sequence

of elements of Z of the form

EO= (1’0,0’0,.00,0,'00)

it

6. . f ,0,0,.0.), V21

E £,
vy v

v (&vo’§v1’§v2""'

is linearly independent
If F= (fo,fl,fz’...,fv,."),

G (go’gl’gZ'...’gv’...)’ belong tO Z

{1
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we define an inner product (scalar product) in the space Z

by

© @
(3. 1) (F,G)= L >_/.[fp(xl,xz,...,xp)v(p+0—)(xp,xp__l,

even all

PN 02>p

s °1x1:Y1 D LT ERR ’Y(T') '80—(3’1 sst'-':Yo—) [dx]p[d}’]o—

oo

. - o)
+ Z Z ffp(xl,xz,...,xp)v

odd all
p2l 020

P EEE R T SR PYRRED %)

'gO‘(Yl :Yza v "YO‘) [dx]p[dy ]0‘-

No problems of convergence arise, be;ause, all except a2 finite
number of terms in the above sums vanish due to the definition
of Z, This inner product satisfies the following conditions,
(3.2) (i) (F,G) = (G,F)

The first sum in the definition of (F,G) can be split

into two sums as

(o0 0_9__\ (4] o0

E: 2“ + E: Sﬁ s and the
/ feod

even even even odd

p20 o0 p20 o2l

second sum too can be broken up the saome way.
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Hence (F,G)

- > , Z ‘/.fp(xléi,ngooo,xp)v(p-*-o-‘) (xp,..,xl, 'ur,yo__)

even even .
P20 020 gm(yl,..,Yb)[dx]p[dY]o

0]

o0
f .« 0 < r ‘
+ % E f p(xl’ ’J‘A-p)‘\ (Xp’.,gxl’yl,-c,yo__)

even odd

p20 o2l

g, (¥yseesv)[ax1Play)”

[=}e] 00 »
-+ z Z /‘fp(xl,‘Q’XP)V(p.‘—U‘)(xps..,Xl'yi’..’yo")

odd even

p2l 20
gy(yl,..,yy)[dx]p(dy]m
?.__Q__\ o0
+ L Z ‘/‘fp(xlr'-:xp)v(p.‘_cr) (xp,u,xl:vl,--,yo_):'
odd odd ’
pzl 021

g, Vqse sy [ax]Play]”

In the first summation and the last summtion, p + 0 is
even, and in the other two summations, p+0° is odd., Hence
if we use (c) of Theorem 3,1, we can group together the
first and the third summations, and 2lso the 2nd and 4th
summations, This gives, after interchanging the summations

over p and 07,
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(F;G) = Z Zfgf(yl,yz,..,YO,)V(U_+p)(Vo_,o-;Ylyxlao-s:;:p)

even all

020 p20

. o P
fp(xl_’ .o ,hp)[dy] [dx]

Z Z ,/‘g (Yl 1Yy ;Yo—-)v(o—-*-p)(yo-s o :Yl vxlt o :Xp)

+ odd all
o2l p20

IR
fp(xl,..,xp)[dy] [ax]

which is nothing but (G,F)

. . (F,6) = (G,F)

(3.2) (ii) (F,F) 2 0.

This is obvious from (e) of Theorem 3.1.

(3.2) (iii) (F,aG) = al(F,G), aa € €

Follows immediately from the defining equation (3.1).

(3.2) (iv) (r,c'e 6% = (7,6 M h(r,c'?)).
This also follows immediately from equation (3.1},
This inner product satisfies all the requircments
of one in a linear vector space, except that it is not:
positive definite., 1i.e.,, although (F,F) 2 0 for all F ¢ Z,
it does not follow that F = 0 if (F,F) = 0. This ma tter
will be put right shortly by a stancdard mathematical

technique.



If {a,A} is an el ement of the Poincatre Group,

(3.3) 1et U(a,A) be the map»ing

Fla,A)F = ﬁ(a,A)(£O,f1,f2,...,fv9...)

= (fo,{a,Afflgfa,A}fz,...,{a,A}fv,...)

—

- -1
where ({a,A}f) (e a3x,,000,x,)=0 (A7 (x,=a),0 (xy=a) 00,07  (x ~2)

Then U(a,n) is clearly a mapping of Z into Z. It is also

clear that this mapping is linear, and (¥(a,r)F, T(a,r)G)

[se] o0

= EJ ;Z: /}a,A}fp (xl,xz,..,xp)V(p+00(xp,..,x1,yl,..,YT)
even all
p20 020 -
la,0dg (v 4000y, ) [ax]P[ay]
o0 oo
+ }: j;\ /}a,A}fp (xl,xz,..,xp)V(p+00(xp,..,x1,y1,..,YT)
A,
odd all
P2l 020
ta,Alg (yysee,ydax1Play]’.
[e.0] O
= jj\ ;{:/%b(xl,o,,xp)V(p+aj(Axp+a,Axp_1+a,..,Ax1+a,Ay1+a,
)
even all
p20 020
"°JAYr+a)'gT(Y1$Y2:‘°:YT)[dx]p[dY]T
o0 (] .
+ E\ S_—\ f'fp(xl,xz,.c,xp)‘f(p+r)(Axp+a,Axp_1+a,..,Ax1+a,
g L
odd all
p21 020

o
“"qu*a)'ggiYI:YZ:":Ygldx]p[dY] ?



where we have used the definition as in the statement of
Theorem 2.2.

Now, if we use (a) of Theorem 3.1, we immediately
see that,

(T(a,M)F, T(2,0)G) = (F,G)

(3.4) Hence U(a,A) is a unitary operator, and therefore,

the mapping is really onto.

(3.5) 1f ¥ = (1,0,0,..,0,..), then ¥_ € Z, and U(a,A)¥ _=¥_,

Now let ﬁ(al,Al)F =G

-1 -1 -1

Hence, if ﬁ(aZ,A )G = H, then

2

-1 -1 -1
3 - - -
h (xl,xz,..,x J=g (A2 (xl az),A2 (xz az).‘,A2 (x az))

= L0y s¥5000,y,,)
where
AT AT N (x —a)=a, ] = (A0, )" Hx ~(as+Ala,) ]
1 42 277814 = W4 o\ B2 %

Yo o

L d

. ﬁ(aZ,Az)ﬁ(ai,AI)F = ﬁ(a2+A2a1,A2A1)F. Since F is

arbitrary, this gives

(3.6) ﬁ(az,Az)ﬁ(al,A1)=ﬁ(a2+A2a1,AZAI) in Z vhich means that

—al))

U(a,A) is a unitary representation of the Poincare Group, in Z.
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(3,7) Now, for each h €‘39(34)s let ¢(h) be the mapping

of Z into Z given by

gD(h)F= gD(h)(fO,fl,fZ,.Q,fv’Oo)

= (0’?’0}1, h @?1’ h ®?2’ou‘ h ®?v’-o)

3 — 4v+4 ‘
)"h(xl)fv(XZ’XB""xv+1) e¥ (R ).

where h Q)fv(xl,xz,..,xv+1

iec. 1if @(h)F =G
= (B 181185158 res), then

g, =h®I, _, for all v >0 if we define

h®F  =fh if v=1
=0 if v=20
Since 8o = 0, it is clear that the mapping ¢(h) is not onto.

This mapping obviously satisfies the following conditions in
Zo
(3.8) (i) ¢(oh+Bg) = ap(h)+Bp(g), a8 € ¢ and h,g € P (R®)
(3.8) (ii) ¢(h) (aF+G) = Gp(h)F+Bp(h)G, a,8 € ¢, b e (@%)
and F,G ¢ Z

Hence, ¢(h) is an anti-linear operator of Z into Z
which is linear in h,
(3.8) (iii) T(a,A)p(n)¥(2,0)"t = o({a,A}h) in Z, where

({a,430) (x) = B(A" (x=a)) e FrY).

This 1is easily proved as follows.

For arbitrary F = (f_,f,,f,,00,f ;000) € Z,



p(h)F = G as given zbove.

. o Ba,M)p(h)F = U(a,r)G

= (809551:1\-}813{3:—/\}32:- °t{a:A}Sv: ees)

Now {a,Alg (k PKoyseesX))= gv(A 1(xl—a),A.—l(xz—a),..,A—l(xv—a))

- h(Afl(xl-a))fv~1(A71(x2-a),A‘l(x3-a),..,Afl(xv-a)),u>z

=(ia,A)h)QXia,A}?&_l)(xl,xz,..,xv)

Also g = 0, and {a,A}gl(x) = ?;({a,A}h)(x)

« o« Ula,A)p(h)F = ¢({a,A}n).U(a,A)T.
Note that the fact that a,A are real is very

important for this argument.

.« Ula,Me(h) = o({a,A}n)T(a,n)
ice. Ula,A)p(n)T(a,0)”! = o(fa,Aln)

Hence the field ¢(h) transforms as a scalar under the

Poincare Group.

(3.8) (iv) For all F,G ¢ Z, (F,p(h)G) = (G,p(h)F) ,

For,(G,p(h)F)

EZ: EZ:/é (x1:x2:--33 )V(p+y)( :-'=x1vY1:_.,Ym)

even all

p20 020

.h(yl)fGEI(yz,y3,..,yg)[dx]p[dy]y



~0
[

[0} [e,0] U P
+ }j }i é;fﬁ;,xz.::;;)V:p+G}(xp,,.,xl,yl,..,ym)
odd =211
p2l 020

by ) (v ayqa. -»YO.)[dX]p[dv]ar

In rewriting the above summations, we note that each
o [o,9]

integrand vanishes when ¢ = 0 and hence T:\E , and then
/__ i
all all
o0 o2t

break up each of the 2 sums into 2 parts as we did in the
proof of the relation (F;G) = (G,F). e also replace p by
p—~1 in the integrands, and this alters the summtions over

p as follows

(o] co co CO
N LAY
BN
Ly L
even odd odd even
p2L P2l Pzl p22 w o
' )
Moreover, we replace o by o+1. and this changes ) to .
Lo L
all all
o2l o020

Finally, we change the variables of integration by

Y, = Fupe 2SS p ol

U
Yl =‘wl
X, = Wo,q 1 vp-t
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This gves us (G,p(h)F)

OO__\ oo )
a (pro) 3

odd even

pz2t 020

51,52’ . n,zio__)oh(,wl )20,.{ zl,ZZ’ L4 D’zo—)fd“’"]p{dz]o—

o0 [o0]
N
+ EJ }:.[ (same integrand as above)

odd odd
p2t o021

) oo
+ Z z/gp_l(wzsvg':"°3"”'.p—)v(p+o—)(wp:wp_1:-vrwl:zlyzzv‘-:zo—)

even even

p22 020

(v VT T2 3255007, [aw]Plaz]”

(oo} 0
S
+ E: }J -[ (same integrand as above).

even odd

p22 o2l

Since h(wl)gp_l(mz,wy[..,rwp) = (h @'gp_l)(.wl,vz,..,avp)

oo o = 0 when p = 0, we can replace

E: by Ej . Now, if we use (c) of Theorem 3.1, we can
d

even even

p22 pz 0

group together the 1st and the 3rd summations and also the
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2nd and the 4th summations, Finally, by interchanging the

order of summations, we get (G,p(h)F)

T (o4p) .
Z—l j'f (219Z2’06’Z )V P (Zg_szg_-lpoegzl,\'/‘lpno;vf"o)

even a11

o2 0 p2 0 :
. (h Q}Eﬁ )(wl,wz,.., yaz]%[ax]P

4!"‘ Z Z /\fo_(zl,zzgoo szo__)v(o-+p)(zo—lzo-—_l"'leﬂ“,l“.”ﬁb)

odd all
o2l p20 } -
o (h QBE LTRSS ,..,w )[az][aw]P.
= (F,p(h)G

i.e (F,p(h)G) = (G,p(h)F)

(3.8) (v)  (¥_,pn°l1)y o(2)) p(n®(¥))g )

= /h(l)(xl)h(Z)(xz)...h(v)(xv)V(v)(xlsxz,.u,xv)[dx]v

This follows immediately because

Q
(1)) (r%(2)) oWy = (g_,g,.8y:--08

,0-;),

o)
where gp = 0 1if p +v

v)

and Sv(xl:xza--sxv)=h(l)(xl)h(z)(xz).o.h( (x,), because

\y'o= (1,0,0,...,09050)
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h(l) n(2) ¢ 30(34) are such that h(l)bdha}y)=0

s

(3.8) (vi) 1f

whenever (x—y)z > 0, then (F,[¢(h(1))¢(K(2))+8¢(h(2))¢(ﬁ(12)]G)
= 0 -

for 211 F,G € Z.
(£, Lo 1o (52 ieo(n @) (5(1)) 10

= Z Z f (X ,;t- ao.,x )V(p—’-o‘) (xp)xp_l.?"’xliy:l""yo—)

even all
p20 020 " e )
«[h 1)(y1)h(2)(y2)+eh )(yl)h(1 (yz)l
8g—2 (Y3:Y43 s :Yo-) [dep[dY]o‘
+ >L }z: /}p(x1yX2,}.,xp)V(p+aq(xp’xp‘1°°.’x1’y1".'yf)
) .
odd all
p2l 020

(1)

Bop (Y32Y gaeesy, ) [ax]Play]”

(The integrands corresponding to ¢ = 0,1 are identically zero).
Now, if we interchange the wvariables Y1 and.yz of
integration in the terms containing the factor &, and use the

condition (d) of Theorem 3,1, we see that each double sum

vanishes identically.

Hence the result is trucs
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We alsc have the following results for U(a,A).

ol

(3.9) (i) Max “({t”r(a,Apﬁ(ao,Ao)}F,{ﬁ(a{A)-ﬁ(aQ,Ao)iF)

- T D Y

(F,F)?
as F varies over Z, subject to (F,F) + 0 temds ‘to zero as
a—a 4 A=A,
o o
This follows from the definition and from the

. . . 4
properties of functions inP(R Yy.

(3.9) (ii) For all F,G ¢ Z,

z ];_iq'a(F,ﬁ(a,l)G)da
(2m)

. . . =+
vanishes unless q lies in or on the forward cone V .

As we will see very shortly, if F, H € Z, then

[SE

1
| (F,H)| < (F,F)? (H,H)?, although the scalar product in %

. se s . s s 35
is only positive semi-~definite.

o Lm0 ] < | IF)

. ‘G{[ because of

4
equation (3.4), where we have written ||F|| = (F,F)2.

. « (F,0(2,1)G) is bounded for all a, and by
definition is also 2 continuous function of a,
, 4
Hence it is a tempered distribution over bp(R ).

-l 4 ];_1q'a(F,ﬁ(a,1)G)da is also a2 tempered distribution

(2)

and can be written as

TL—Té (o+B), where
21



E: z;ij (Al’”&""“ )V(p+00( 9 P AR R AR ERED )

even all
p20 20
ogw(yl—a,y2~a’..3yvra)e~1q.a‘da[dx]p[dy]v
and
+0
B = E;\/éw(y1 B2Yy "800 02y, “a)V(p )(k 'xp 1:--;31:Y19-.ﬂz)
odd all
p2l 020
fa.s o
.fp(xl,xz,..,xp)elq a da[dx}p[dy] .
1 . .
If we put £ (x, 4% 4.05%x )= -nwumﬁ-];xp<1€7; X >.
PR ) 2 Lon

p=1

fp(pl 7?2: e :Pp)[dp]p

_ 1 NS
and gojylgyz,..,yg)— TZ;:EF /;xQ< 1/;,qﬂ'yﬂ>
H=1

~ o
8l 1d5s0000,)[aq]

we get
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o0 co
/ /-

-««v—’v f,fp(pl ,PZ’ ') ,Pp)oEO_(QI qu’ "’qo—)"

cx o T
o ,(2w)3(p+7
ecven all
p20 cr>0@ﬂ \g L
. : - s g lpro) | - _
.exp(+12‘/ Pu"xu ILJ QoY ig.a)W ekp xp-1'“p-1 xp—Z’
u=1 =1

{ o a
'!')xz_xlixl“yl_atYI”YZi":Yo—_l”yo—)[dp}p[dQ] [dx]p[dﬂ da

where we have changed the wvariables Yy -~ Yy + a for

1<y, and used condition (b) of Theorem 3.1.

: a
Now + Ef:pp.xﬂ - j{:qu.y# - G.a

U=1 H=1
= +Pp'(xp_xp—1)+(pp+Pp—1)°(xp—l-xp—Z)+(Pp+pp~1+Pp—2)'(xp—z—xp—3)

+...+(pp+pp_1+...+p2).(xz—xl)+P.(x1—y1-a)+(P-q).a
+ (P-ql).(yl—y2)+(P-q1—q2).(yz—y3)+(P—q1-q2—q3).(y3-y4)

+toe o+(P"q1"q2- . -qo___l)o (Yo__l"'yo_)"‘(P"‘Q) OYO__,

where P = ‘f\p s Q=
- ‘U.

=1 =1

Now, if we chanpge the variables xl,xz,..,xp; Vi2Vpeees¥gi 2,

according to
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p - TP Tp-tf

Bpm1 = Xpm1 T Xpee M T Yy T Y3
Eomn T Xpo2 ™ Xp30 N3 =Y, " Yo
Ezzxz-xl cesersaseneny
*E»l:xl"yl"a 7]0__1=Y0__1"'Y0..
E, = 2 Ny = Yoo

we can do the integration over xl,xz,..,xp: ViaVgee0s¥ i 2y

and we get

(3.10) a = Z L .f(27r)4 & (P-q).(2m) % & (P-q).
L (27r)
even all

p20 020

~ {—\f(p+0‘) .
?,O(pl 3P -'st)Bo-(ql 1959 -rqo-)" (Pp'pp-‘-l}p—l’

o
pp+Pp-1+Pp—2' .0 JP"Pl ,P,P—ql SP-ql—qZ’ ve 7P—Q+qo-) [dP]p[dq}

where P occurs in the pth place in the argument of W(p+0’)’
and the § functions come from the integrations over EO and
Ng-e

Due to the presence of ¢(P-q) in the integrand,

the integration can be taken only over the hypersurface
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P-q = 0, and if g is not in or on the forward cone, P cannot
be in or on the forward cone. Since p is even, condition (b)
of Theorem 3.1 implies that the tempered distribution

W(p+gjvanishes everywhere within the region of integration.

Now S is obtained from o by replacing_?b by fp,
g, by E}, even p 20 by odd p 21 and g by -q. This simply
has the effect of changing equation (3.10) by replacing

2G1:995°429,2 9 by

even p 20 by odd p >4, and PyaPpseeaP,

P17 Poree ’—Pp’—ql 27y 1 aer Qe Ta respectively.

By the same argument &s in the previous case, we sce thot
,6:'-00

Hence if q does not lie in or on the forward cone

1
( 27r)

i /;-lq'a(F,ﬁ(a,l)?)da = 0, which is the result we had

to establish,
As mentioned earlier (preceding equotion (3,3))
the scalar product in Z is only35positive semi-definite.

This can be rectified as follows, Firstly we require the

inequality i(F,G)i < ‘ng

.11Gl| for a11 F,G € Z.
(3.11) This is proved in reference 2, page 40, Theorem 1.
It is important to note that the proof goes through even _

though the scalar product is only positive semi-definite °
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Let Z Dbe the set of 2all F ¢ Z such that

wi= O

IIF!I = (P,F)? = 0. Then obviously 0 € Z .

If F ¢ ZO, then oF € Z  for oll a € ¢, because

L
2

| |ew|] = (aF,0@)? = |al.||F|] = 0. Also (F,G) = 0 for all

G € Z, since |(F,0)] < ||F||.]llG]] =0

.

Hence, if G ~1s belongs to Z_, then
(oF+6G, aF+p8G) = |a|2 (F,F)+§B(F,G)+aﬁ(G,F)+lp]2 (G,G)
by equations (3,2)(iii) and .(3.2)(iv) = 0 implying that
aFfﬁG € ZO for 211 a,B ¢ €.
(3,12) Hence Zo’ the set of 2all I € Z such that (F,F) =0

is o subspace of Z ond is such that if F € Zo’ G € Z, then

Now, given any ¥ € Z, let OF denote the set of all
elements of Z such that if G € ¥, then G-F € Zo' If we
define OF = QG iff QF and QG consist of the same elements of
Z, then we can establish the following.

(3.13) (i) Q0 = Zge This is obvious.,

(3.13) (ii) OF

1l

QG iff F-G € ZO
Suppose (F = G,
Since F € (OF, we have F € (G

p.F"'GEZ.
o

Conversely, suppose -G € ZO

If H ¢ OF, then H-F ¢ Zo

L d
s ¢« H=-G € Zo since ZO is a sub-space

« « H € 0G
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Similarly, if H € OG, then H € OF

-o.Q.F:ﬂG

(3.13) (iii) 0G ond QF are either equal, i.e. 0G = QF, or
they are disjoint, i.e. they have no elements in common,
Suppose they are not disjoint. Then 3 H € Z

such that H ¢ OF, H € QG

c

e« o H-F € Z
O

H-G ¢ Z
O

oeF—'GG'Z
O

Hence, by equation (3.13)(ii) OF = G,

(3.13) (iv) If G € OF, then QG = QOF,
This follows from equation (3,13)(ii)
IF is renlly the set of all elements of Z equivalent

to F where equivalence is defined by G~ F is G-F ¢ Z
This is clearly an equivalence relation36because

(i) F ~ F

(ii) F ~ G implies G ~ F

(iii) F~G, G~ H implies FF ~ H,

L3

» o« {F is an equivalence class.
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(3.14) Now, suppose we define
(i) oF = Q(aF)
tii) OF+0G = Q(F+G)
Then we can see that QF+QG is also the set of all
elements of Z of the form F1+Gi where F; € I, G, € 0G.

For, if F, € QF, G, € G, then

1 1

Fl-F € Zo

G,~G ¢ Z
Q

1

. o (F1+Gl) - (F+G) € Z,

. . Gy € QUF+G)

Further, if H € Q(F+G)

H~(F+G) ¢ zZ,

-

] . H"‘G E.QF

But G € QG

+ « H= (H~G)+G where H~G ¢ (OF, G ¢ G,
which establishes the result,
On the other hand, oflfF is the set of 2all elements

of the form aFl vhere Fl € (F only if « + 0y but if

o =0, aF = Z

Q

For, suppose « + 6,

If G € ofIF = Q(aF), then
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Q
Il

aFl where Fl e OF.

If G = aF1 where F1 € I, then

F.~F € Z
[e]

1

i.es 1G-F € Z
a (o]

i.e. G=aF ¢ Z
O

.

s o G € Q(aF) = aF,
If a = 0, then obviously ol = ZO
Now, we can see that the set of all such equivalence
classes forms a linear space over the field of complex
numbers, with ZO as the unique additive identity, because,
in the first place

QF+Z_ = OF+00- (equation 3,13 (1))

UF+0)  (Defn. 3.14 (ii))
= OF,
and if OF+0QG = OF,
then QUF+G) = OF
Hence, using equation (3.,13) (ii)
(F+G)-F € Z

*

s o G € Z
(@]
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Then by equation (3.13) (iv), 0G = Z .
This linear space is denoted by Z/ZO.
Suppose F, € OF, G1 € NG

Then (Fl,Gl) = (F+N1, G+N2) vh ere

N1 = Fl—F € ZO

and N2 = G1

-G € ZO
= (¥,G) because of the properties of the
scalar product in Z (equations 3.2) and equation (3.12).
Since this is independent of the respective elements
chosen from (F and NG, it can be taken to be the definition

of the scalar product (OF,0G). This scalar osroduct

satisfies the following

(3,15) (i) (QF,0F) = (F,F) > o

(3.15) (ii) (QF,0F) = 0 implies (F,F) = 0

-0 F € Z
_ Q

L ]

.oﬂF:Z
(o)

(3.15) (iii) (TF,06) = (0G,0F)
(3.15) (iv) (Qr,a0G) = (QF,0(aG))

= (F,aG) = al(F,G)

1l

afQF,0G), o e ¢
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(3.15) (¥ QF, QG+H) (2, Q(G+H))

.
Ii

= (F,G+H)

(F,G)+(F,H)

i

]

(OF,0G) + (QF,0F).
Hence Z/ZO is a linear vector space with a positive definite
metric, with ZO as the unique null element.

It is obvious that we would not be cble to prove
that Z/ZO is infinite dimensional, because, we have not
attempted to discover the conseguences for the V,E.
Functionals due to the dimensionality of the underlying
vector space being infinite.

The next thing to do is to extend the definitions
of T(a,A) and ¢(h) (h € JF(R4) to the space Z/Zo.

We define

(3.,16)(%)

~e,

{a,0)(aF) = of¥(a,A)F] and

(3.16)(i1) o(n)(aF) = alp(n)F], b ¢ F R,

For consistency we have to show that the #bove
definitions are independent of the representative vector
chosen from each equivalence class 0OF,

i.eo, if QF = 0G, or in other words, if G ¢ OF, we

must show that

)
B
[aN

it

a(8(a,0)F] = o[¥(a,n)G],

Qle(n)F] Qfe(n)Gl.

il
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The first relation is proved ns follows,

| |T(a,M)F = B(a,0)G]| = ||TU(a,8)(F-G)]|

= | |[F-G|| = 0 since G € OF

. (o, )F=T(2,A)G € Z

Hence, by equation (3.13) (ii),

A[B(a,0)F] = af[f(a,A)G] which establishes the
consistency of definition (3.16) (i), In this case we
really have more. U(a,A)(QF) is the set of all U(a,A)G
when G varies over the whole of (F, This follows because

if H is any vector belonging to the equivalence class

Q[f(a,0)F], then
| |E-T(a,0)F|]| = 0

o'o Ilﬁ(a,A)-‘ll‘I‘-Fll = 0

i.e, ﬁ(a,A)an € OF
i.e. given any H in ¥(=a,M)[aF], J G = 'I‘j(a,./l)-'1 H ¢ OF
such that U(a,A)G = H.

The second relation is proved as follaws.

| | (h)F=p(n)G||% = (p(h)(F-G), ¢(h)(F-G))

= (p(h).p(h)(F-G), (F-G) by the result in
equation (3.8) (iv).

.| |F=~G|| due to the

< le(n)eop(h) (F-G) |

inequality (3.11)

= 0 because G ¢ OF,
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-

e« o« By equation (3.13) (ii), Qfeo(n)F]=0{¢(h)G]
i.e. the definition (3.16) (ii ) is independent of the
representative vector chosen from OF. Unlike in the
definition (3.,16) (i), ¢(h)(QF) is not the set of all ¢@(h)G
when G varies over (QF, except when ZO is one dimensional in
which case the question does not arise.

For, suppose ¢{(h)(0F) is the set of all ¢(h)G when
G varies over {F,

o« o given H € o(h)(OF)=0[p(h)F], 3G € OF
such thac ¢(h)G = H
Let X EZ‘
= 7o o

.+« B+K_ € p(h)(QF) = Qle(n)F]

Hence 3 G(l) € OF such that
o(n)gtl) = HHK

(1)

But_G ,G € OF

-« JL_eZ such that a1 - gL
B [o] (e} [o]

. e @(h)(G+LO) = H+K_
Hence, given X ¢ Z , 3 LOHE Z_ such that

gD(h)LO = 1{045
i.es ¢(h) maps Z onto Z_.

Hence @(hl).w(hz)...w(hv) maps ZO onto Z_ for all v > 1,
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Now take arbitrary KO=(ko,kl,k2,°..skv,..¢) € ZO.
Let p > 0 be the smallest integer such thot kp + 0.

Then 3 L, = (60,613629...,67),...) € Z, such that

o(hy)p(hy) .. ep(hy L = K

0

But, by the definition of ¢(h), this implies thaot kp
which is a contradiction, unless the only vector bel ongi ng
to Z_ is 0 = (0,0,0,044,05,...)s Hence, unless Z_ is
one dimensional, ¢(h)[OT] cannot be the set of all ¢(h)G
as G varies over {lF.

All the properties established for the operators
U(a,n) and @(h) in the space Z obviously hold in the space
Z/Z, too.

For example,
T(a,Me(h)F)=0(a,A)2(p(h)F) by definition (3.16) (ii)
2UT(a,M)p(h)F) " (3.16) (i )

2ep({a,Aln)T(a,A)F) by equation (3.8) (iii)

o(fa,An)(T(a,A)F) by definition (3.16) (ii)

il

ol {a,Aln)T(a,n) (aF) " (3.16) (i )

It

. . fj(a,A)<p(h)f5(a,,./&)“1 = o({a,Alh) on Z/ZO.

Now, we have a linear vector space Z/ZO with a
+ve definite metric and having Q&b as a vacuum, and having
certain opcrafors (a,A) and ¢(h) defined on it. This
space Z/ZO can fall whort of a Hilbert Space only by being

not complete. In the following we will effect a completion
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of the space Z/ZO ond see that the resulting space is also
separable.

Completion of the Space Z/ZO.

In this section we write F instead of (F whenever it
would not lead to any confusion, i.e. capital letters at the
beginning of the English alphabet would stand for elements

of Z/Zo'

Let Y be the set of 211 Cauchy sequences of the form
¥ = (FI’FZ"'°'FV”")' i.c. sequences of this form where

Fp € Z/ZO, p 2 1 such that IIFP-—FO_II -+ 0 as p,0" = oo

If @ = (GI’GZ’.I.’G"}SOOI) € Y, then we define

av = (O(Fl,OCFZ,...,(_D_(Fv,..o), o € ¢ )

T+d = (F+G,,F +Gz,...,1?v+0v,...), and

2

=¥ iff G = F , p > 1.

. le_lel -+ 0 as p,00 » 0, and

Now | Ioch-ocFo_l |

l Fp+Gp-—FO;-GO_H = H(Fp—FO_)HGp-GO_)H

< lEe ) 1+l 10,-0,

- 0 as P00 - e

oo 0¥, ¥+d belong to Y.
The zbove inequality follows directly from (3.11)

Hence Y is a linear space over the compleXy field,
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We define 2 scalar product over Y by

(¥,8) = Lim (F_,G ).
’ oo PTP

In the first place, for each p, (F_,G. )} is a scalar, and

PP
[(Fp,Gp)—(FO_,GO_) |=] (Fp,c;p)—(FP,GO_)+(FP,GU_)—(FO_,GO_)l

1t

[ (Fp,Gp—GO_)HFp—Fr,GU_)I

< l(FP,Gp—GO_) | +] (F ~F,,G, ) l

ARSI N INIE]
But |15, 13[ |15l |-l 7,1 || fox =11 oo
S R 1] = 0 a8 pur o

Hence, by the General Principle of convergence,
HFpH converges as p - o

Similarly HGo_l | converges as o = .

s » (Fp,Gp)-(FO_,GO_) - 0 as Ps0 =

o o Lim (F ,G ) exists.
-0
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Trothe second plrce. we have the following
(1) (¥,00) = al(¥,d)
(ii) (3,%) = (¥,9)

(1,402)) = (6,901 (0,22,

(iii) (e,¥
(iv) (2,3) >0

Hence, it is a suitable definition of scalar
producte. But, as in the case of Z, this scalar product
may not be positive definite, This short coming can be
rectified the same way bydefining the linear space Y/Yo, )
where Y is the subspace of all @ € Y such that (8,2) = 0,
i.ce Given @ € Y, we cdefine {1? as the class of all elemecnts
of Y such that, if ¥ ¢ 10, then @ ¢ YO. Denoting Y/Yo=ﬁ,

F is a linear vector space over the field of complex numbers
and having a positive definite scalar product. Now, we
prove that this space H is complete, by the following
indirect method.

We first of all define D to be the set of all elements
of H of the form ﬂ@F vhere @F is the sequence
(FyFyF,e0eFy000), F € Z/ZO. This sequence is clearly a
Cauchy sequence of elements of Z/ZO and hence is an element
of Y.

Now, for a € ¢, af®n = {lad, by definition ( see
equation (3.14) (i))

= QP since

of -

B = (OF,0F yasssOifgeee) = &

F af



111,

Also ﬂéF+Q®G = ﬂ(®F+®G)

= Q(‘T‘)E‘+G

Hence D is a subspace of H.
Now consider a Cauchy sequence of elements of D,

i.ecs a sequence of the form Q@F (1)’Q®F(2)""’QF(,O)""

such that HQ@F(p) - Q@F(U')H = 0 as P,00 = o
i.e, IIQ@F(p)_F(O')H - 0 as p,0c - o

i.e, ||F(p)-F(o‘)|| - 0 as p,00 = o

(1) p(2)

If ¥ is the sequence (F veeo,BP)LUL) which is a

Cauchy Sequence by the above condition, then ¥ is an element

of Y-

e « ¥ ¢ H.

Further ||non(p) - a¥|| = Lt ||plP)pl)]]
00

which limit clearly exists, by the result established for the

scalar product over Y.

e also know that the double limit Lt ||e(P)plo) |
Pr0 = o0
exists and is equal to zero.
.. Lt |lae(p) - a¥|] = 1t Lt ||p{P) gl
Jo -+ o0 P o0 o0 = o

exists and is zero.
Hence, the above Cauchy seqguence Q@E‘(l), Q(I)F(Z)""!

Q@F('[J)',... of elements of D converges to an element Q¥ of H,
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and this element is alsc unique as is easily proved.

By adjoining to D all such limit points of Cauchy
sequences of clements of D, we get a set D satisfying the
relation D ¢ D c H. It is easy to show that D = H.

For, suppose 02 € H where @ = (FI’FZ""’Fp"")

is a Cauchy sequence of elements of Z/ZO.
i.co I'Fp_FG{! - 0 as p,0 =
Consider the sequence ﬂ@F(l), ﬂ@F(Z),...,ﬂ@F(p),...
where F(‘O)::(F ,F ’E ’..Q’F ,ooo), p?ln
pT 0" p P

All elements of this sequence belong to D, and because

1

llﬂ@F(p) - ﬂ@F(01|| l\Fp—Fyll - 0 as p,0 = o,

it is a Cauchy sequence in D,

But 'lﬂép(P) - ﬂ@ll - 0 as p - w as we provedearlier,

. « Q@ €D
Hence F ¢ D
This shows that D = ®,
Now, we prove that D is complete, thereby getting
the result that 5 is complete. )
Let ﬂi(l),ﬂi(z),...,ﬂ?(p),.., be a Cauchy sequence
of elements of D, and therefore, satisfying the condition

(3.17) ] ln\:[r(f’)-m-(” || =0 as py0 = o

Given any p 2 1, we con find some p' > p such that

(3.18) | ae!@)—aetP' )| > 0
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For, otherwise,fsome p 2> 1 such that for al p' > p,
llﬂﬁip)—ﬂﬁ(p!)ll = 0, and since the scalar product is +ve
definite in D (=H), this meons that arlP') = vl gor a11
p! > p, which in turn means that the above sequence of
elements of D converges trivially to Q%(p) € D

By the definition of D, foreach o > 1, art?) s

either an element of D or is the limit point of a Cauchy

sequence of elements of D. In either case{ﬂa Cauchy
(o) (o) (o)

scquence R¢ 10 ? [910] ,bno,ﬂ@ e
(1) 2 (2) (0

of elements of D converging to Q?(U).

"t llﬂejéc;(p) Tl 50 28 p oo, or by

interchanging p and 07, we get

Ilﬂé(fg) - ﬂ%(p)ll -+ 0 as 00 » o for each p.
G .

Combining this with (3.18) we see that, given p, J p'" such

that
Hn@(fo),) - arlP))| < |ar!P) - el for all o > pn.
- G
(3,19) This relation being true for o=p" in particular, we
have

lln@(f;‘,) - artP ] < |]ae'?) - 0P| for each p > 1.
G

Now,we consider the sequence Q@(€;”), P = 1,2,3,..4,
. G

of elements of D,
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Since Ilﬂ@éf;”) - Q@(Tgﬂ)|l
- |lﬂ@(f;“)—ﬂw(P)+ﬂi(p)-ﬂw(”)+ﬂv( (”) Lyl
G

< Haalf)=ax' O [+] |ax'®)-ae' T ] |z -n0 T |

< | !Q\I,(p)_m,(p' )I | +] m\I,(p)__Q\I,(O')i |+ m\},(a')_ﬂi,(o*' )l |

using inequality (3, 19)
- 0 as p,00 = by equation (3.17), this sequence is a
Cauchy cfequence of elements of D, Hence, by the definition
of D, I an element Q¥ ¢ D which is the limit of this
sequence.,

i.e. § ¥ € D such that
(p

(3.20) ||aw-0z

("‘l—>0 Sp"’OOa

Now, we see that the original Cauchy sequence
Q*I'(l)sﬂ‘?(z),.”,ﬂ‘lf(p),... of elements of D also converges

to Q¥ ¢ 5, because,

(p)_ _ (p) (p) (p) _
| lav' P/ -] |=||ar —Q@G(p”)+Q®G(p”) o |
< ae'®ana'f) ) 1+ 102 R0, -ne |

< |lazr'P)qzle’ )||+||ﬂ@(P)“) az|| by (3.19)

-+ 0 as p = . by (3.17) and (3,20),
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Since every Cauchy sequence ~f elements of D
converges to an element of D, D is complete.

Hence H is complete,

The field operator ¢(h) and the unitary operator U(a,A)
are defined, so far, only on Z/ZO. But Z/ZO and D are
homomorphic, by the homomorphism EF € Z/ZO = (1% € D.

(note the change in notation for elements of Z/Z_). Hence,
we can define ¢(h) and U(a,A) on eclements of D by

(3,21) (i) o(h)d, = n%(h)F

(30 21) (ii) Ula,0)08 = 0%y 1)@

It is quitc 2 simple matter to prove, as we did once
earlier, that these two definitions arc independent of the
representative sequence of the equivalence class ﬂ@F. But
D is a dense suhspace of H, because, given any 0¥ € H, Q¥ is
either an element of D or it belongs to D. In cither case,
there is a Cauchy sequence of elements ~f D converging to
¥, and hence D is dense in H. Since U(a,A) is unitary
in D too, ||¥(a,A)]] = 1 and hence it is bounded. Hence
by a theorem for bounded linear operators (see Theorem 1.3)
U(a,A) has a unique extension to H, This is not neccssary
for ¢(h), because ¢(h) has been defined on a domain D which
is dense in K, and this domain D satisfies the conditions
¢(h)D ¢ D, U(a,A)D c D, ¥ ¢ D (cquation 3.22)

The properties of ¢o(h) and U(a,A) which we

established on elements of Z, also hold on elements of their
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domains, because, the prucess of gring over to the
equivalence classes is linear and isometric.

Explicitly, we have the following results
(3.6A) U(a,A) is a unitary represcntation of the Foincare
Group in H,
(3.7A) For each h ¢ :P(Ré), o(h) is an anti-linear operator

of D into H, and is linear in h.

(3.8A) (iii) ﬁ(a,A)w(h)ﬁ(a,A)~1 = ¢({a,A}ln) when each side
is applied on any element of D, where

fa,Alh(x) = h(A Y (x-a)) eF (5.

(3.84)(iv)  ¢(h) is symmetric.

Let 12 ﬂ@G € Do

F’

o e (ﬂ@Fy(p(h)ﬂéG) = (ﬂéF,ﬂé(p(h)G) bY equation (33 21) (i)

= (@F’éw(h)G) = (F,p(h)G)by the definition of

scalar product <wver Y.

il

(G,0(h)F)by equation (3.8) (iv)

il

(02,9 (h)Q2L)

i

(03,,[o(n)1%08,) by the definition of

transposition.

« o Domain of [qo(h)]t D> D, and ¢(h) = [¢(h)]t inD

because (ﬂ@F,w(hzﬂéG) is continuous in Q%

« « o¢(h) is symmetric.
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(3.8A) (wi) I1f h(l),h(z) ejp(ié) arc such that

h(l)(x)h(z)(y) = 0 whenever (x-—y)2 > 0, then

o(h 1) (m(2) ) rep(n(2))o(E1)) = 0 in =,

This follows from equation (3,8) (vi) Wecause D is dense

in H, and H is complete.

(3.94) (=) (a,A) is strongly continuous in (a,A).

This follows from equation (3.9) (i)

{3.9A) (ii) The physical energy momentum spectrum lies in or
on the Forward Cone V',

For, by SNAG Theorem34, U(a,1) = /;1p.a aii(p)

where E(p) is a projection valued measure on momentum space.
What we have to prove is that B(s) = 0 in H if the set S
does not meet V' .

Let 08,08, € D.

G

. « by SNAG Theoren, (ﬂ@F,ﬁ(a,l)ﬂ®6)=jé1p'a d(ﬂ@F,ﬁ(p)ﬂéc)
Using an argument which is similar to that used at the
beginning of the proof of result (3.9) (ii)

(20..,8(5)08,. )= —* [e”iP'a (F,¥(a,1)G)da
F? G (277)4 ’

= 0 unless p € 7+ by equation (3.9)(ii)

Since E(p) is a projection, and D is dense in ®, this implies

that B(p) = 0 in B if p ¢ V'.



118,

Ve found that ¥ = (1,0,0,...) is a vacuum in Z,
and hence Q?b is a2 vacuum in Z/ZO' Hence the sequence

(Q%o'ﬂﬁb""'ﬂgb"")=®Q% is a vacuum in Y, implying that
o

(3.22) 0%, is a vacuum in ¥. For convenience,
o

we denote this element of #H by ?o in future.

The next result we want to establish is the
separability of H. Ve already know that D is dense in H.
1f D is separable, then it follows immediately thzat H is
separable. D is separable because we can choose a sequence
of elements of D as follows, such that this sequence is
dense in D,

We beging with Z. Suppose we take the subset of

elements of Z of the form F = (fo’fl’fZ""’fvf"’) vhe re fo
is a rational number, and fv is of the form Pv.g, whe re Pv

is a plynomial of arbitrary degree in KyaXogeessX, whose
coefficients are complex numbers with their real and imaginary

parts being rational numbers, and g Eﬁpﬁiév) is such that

2 2

g =1 for all x%+x§+...+xv <p°y ond g = 0 for all

x§+x§+...+x5 2> (p+1)2 vhere p is an arbitrary positive
. 2 (0),2,, (x)y2,  (2),2 . (3),2

te 1 = (x )T+ + )T+ 1<y,
integer, and X, (Yu (xﬂ ) (Xu (Xﬂ )7, 1K
The theorem that a countable set of countable sets is
countable coupled with Veierstrass's Approximation Theorem

will show us that Z is separable. Hence Z/Zo is separcbhle,
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and so is D, Hence # is separable.
Now, we show that the vacuum is unique.

Suppose ?g is anothcr vacuum in H, linearlY indepen?ent of

l

ol

. _ Ay e,
¥ . Since ¥ o= (@6,@8)@6+@b whe re (?6,@6) = 0y ¥ is

also a wvacuum, Hence, without loss of general ity we can

assume that (ib,ig) = 0, and also that (@g,@g) =1, (Now

we go back to the original notation for elements of Z)
Suppose ¥! € D.  Then JF € Z such that

F= (fo,fl,fz'itlc,fv,aoo) and

.Uzé=ﬂ®_QF’ Where @QF—':(QF,.QF,,..,QF,...) €Y-

. o (T, ﬁ(K.‘a,l)‘If(;) = (O

! QF,ﬁ(Ka,l)ﬂ@

ar?

Aplore

(03 Ylxa

OF?* l)ﬂF) by definition (3.21) (ii)
r

= (@QF’@ﬁ(Ka,l)ﬂF) by definition of scalar product in

the equivalence classes,

(2F,¥(c2,1)0F) by definition of scalar product in Y.

(aFy00(ka,1)F) by " Ulca,1) on Z/Z_

(F,U(ka,1)F), where a is any non-null real 4 vector

and K is a rcal constant
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o0 <0
N (j140)

= L fﬂtxlsxzs--':xu)v (Jf-ﬂpx“__lv"vxlsyl'“ca)
even all

p20 P20

v
Yzﬁca:--O)Yvﬁfa)fv(ylayzs":YU)[dx]u[dY]

[ee) [ee) s -
+ Z z /fﬂ(xl,ng..,Xu)v(u+v)(xu,xu_1,..,Xl,y1+l'<.'a

oda all
K21 P20

Yzﬁfa:--syvﬁca)fv(ylsyzt'°aYv)[dx]u[dY]v

o0 co

) = 3v ) (5 ) p

; Z L{[fu(xlgxz,.a,xu)v (9%, 19+ 0s%; ) [ax] }
even all
U220 P20

e v 14
&tﬂ;( )(Yl,vz.--,vv)fv(vl.vz,--,yv)[dy] }

T ;{j{/}ﬁ(xl,xz,;.:xgjv(”)(gu,xu_l,,.,xl)[dx]“}
A !
odd  all
p2l P20

(v .V
x {/& )(Ylayza'°3Yv)fv(YlaY29°'»Yv)[QY]
as K e due to condition (f) of Theorem 3.1

= (Qg,@b)(ib,@g) =0
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But the L.H.S. = (‘Ifc‘),\IfC')) since 'S[’C'> is invariant under
T(a,r) = 1.
This gives a2 contradiction. On the other han”, if 'S[’C'> is

not in D, = Qo € D such that

||‘Ifc') - ﬂ@ﬂFII < g for any arbitrary & > 0, because D is
dense in H,

oo 1= (V¥ = (@g,ﬁ(xa,1)@g)

= (T - ﬂ@anﬁ(Ka,l)@g) + (n@QF,ﬁ(Ka,l)(@g - Q%))

+ (205, Ulca, 1)08,;)

Qe

.

o . ll"’(ﬂ@maﬁ(’ca,l)ﬂé

QF)' < e - n@ﬂFl|+||n@ﬂF| . I?é—ﬂéﬂrll

Taking the limit as K = «, we get

Il“(F,‘I’O)(?O,F)I Le+ ||S'7.<I>m?l &, vhere the ¥ here is the

vector (1,0,0,44040,0..) € Z.

But (F’\'T{o.). = (D.(IDQF - ‘I’(‘),‘I’O), because ('l’é),i.fo) =0

e lEe)] <

Ve -, (2 )] > 1 - 62

e o 1 < 82 + e + Hﬂ@m][.a which is a contradiction

for sufficiently small g,
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This shows that the vacuum is unique,

The only thing that we have to prove now is that any
other theory with the seame V,E., Functionals is unitary
equivalent to the theory we constructed,

i.e. Suppose ﬁl,ﬁ(a,A), ¢1(h), ¥,, define mother
field theory with the seame V.E. Functional s.

Let T be the mepping of D into ﬁl given by

co .
_ . - L
T.ﬂéﬂF—fO?b1+[:j{:/}#(xl,xz,..,Au)wl(n1)¢1(x2)..¢1(¥u)[dx] o1
=1

where F = (f ,f.,f ,..,f

O’ 1, 2 ,Ll'".') EZa

We denote the R.H.S5. by (09 )(1)° This mapping T satisfies
Y QF T 8

the following.

(3.23) (i) & is linear.

For T{aﬂ@QF} = T{ne = §{na = o T{ND

aﬂF} ﬂaF} QF}

ﬂF+TQ@ﬂG

and T{ﬂ@nF+ﬂ®ﬂG} = T{ﬂ@ﬂ(F+G)} = 0o
where @ € ¢ and F,G € Z.
(3.23) (ii) 7 is unitary.

For (Tﬂ@nF,Tﬂ® )

0G

) ZE: ([j}“(xlgxz""xu)wl(xl)wl(xz)"‘¢1(xu)[dx]ﬂ}?o1:
Ky, v=0

{fgv(yl !YZJ .o syv)gol (Yl )SDZ(YZ) o '¢v(yv) [dY]v}ero:l)
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o0

! s
Ei;/ f;Txl,xz,..,xu)V(/ V)(xﬂ,xﬂ_l,..,xl,yl,yz,..yv)
g

v20

= o

it
Y

gv(Y1:V2’“'ryv)[dx]u[dy]v

oo (u+v) “

EJ 2;u[ fu(xlaxzr'O:xu)V H (Xu’xp—1"°’x1'V1’Y2""Vv)
odd all :
p>1

v20

v .
gv(Yl:st--:Yv)[dX]u[dY] s beccuse ¢1(h) is
symmetric, and the V,E, Functionals are the same in both

theories.

= (F,G) = (OF, 0G) = (Q2,;,02.) .

09G
This also means that T (~ because of linearity) has

a unique extension to the whole of M. Since Hl is also

complete and separable, the mapping is really onto.

1 (This follows since ?01 is

a cyclic vector in H, with respect to o, (h),
(3.,23) (iii) TTO = ?Ol' his follows immediately from the

deginition
(3.23) (iv) T o)™ ! = ¢ (n)

= .09

T@(h).ﬂ@QF 90 (h)F, vhere



p(h)F = (O,HQE”,HQflg...,h&?ﬁ,,..)

i

qol(h).TQ@ <

R

p(h) = @1(h)T on D,

(3.23) (v) fT0(a,M)T ! = ¥{a,4)

= T.Qéﬂ.ﬁ(a:’A)F
o0 s
. 2%
= f0?01+ Ez: j‘fa,A}fu(xl,xz,..,xu)ml(xl)pl(xz)..wl(xu)[dx] Y04
p=1

(o] -
—=2
~e A . 1~ -
= £0E01+ i /:E‘U'(XI:-oyx‘u')Ul(dw‘)gol(}a.l )ﬁl(a,llr Ul(a;A)QDl(AZ)

p=1
o -1 =~ o -1
B, (2,00 708, (2,000, (x )T, (2,07 gy Lax]¥

= ﬁi(a,A).Tn@QF

o o TU(a,A) = ﬁl(a,A)T on D.
Since each is a unitary opcrator, this rclation holds on the
whole of H.

This concludes the complete proof of the

recons truction theorcm,
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RECONS TRUCTION THEQREM IN A THEOLY VITH SEVER/L FIELOS

BACH FIELD HAVIIG /N AR ITRARY NUMBLER OF COMPONENTS

In this section we are going to indicate as to how the
proof given in the last scction con be carried over to this case.
The properties for the V,E, Functionzals in this case are the
contents of Theorems 2.2, 2.3, 2.4, 2.5, 2.6 ond 2.7,

Ve are given a sequence of tempered distributions

(v)
VM]_MZ"‘/'L,U(XI’XZ,..’XU)’ 'U} 1) 1 <MP<A(I‘), 1 <p<‘l},
having the above properties. Zefore we proceed any further,

we have to introduce the following concept.

For each v 2 1, consider the set of suffixes
(ul,uz,...,uv). Sinea each suffix takes any value betwecen
i and A(T), there arc [A(T)]v such sets of suffixes, for each

]v sets of suffixes in

V. Now, suppose wec write these [A(T)
a sequence according to some rule. i.c. given v 2> 1, suppose
we a2l so have a fixed rule for each fixed vV according to which
we arrange the [A(T)]v sets of suffixes in a row. “Te denote
this rule according to which the sets of suffixes (Ml,uz,.-,ﬂv)
are arranged by Ovn

e.gewe may take Oy, to be the natural ordering defined as

follaws, In the matural ordering, (Ml,uz,n..,uv) nrecedes

(pl,pz,...,pv) in each of the following cases.
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(1) ty < py

(2) Hy = Pye Hy <Py
(3) By = Pys By = Pys Hg < pg
(4) ® ® 4 8 0 0 TS BP0 D N ST NSO SO

6 6 ¢ 08 ® 60008 B 5O e B s S0 0

(v=1) By = Pys Hy = Ppaecvslly g T Pyt <Py,

4
if fﬁg”}z L e ¥ (R"Y), then, we denote by {£},,, the
1720y 4
sequence of functions f(v) € HQ(R*v) obtaincd by
Hybhge -ty »

arranging the [A(T)]Y scts of suffixes (Lyobgsece, Nv)
according to the rule Ovo

eege if v = 1, and 0y is the natural ordering, then

(1) (2) (1) (1) (1) Y d

{f}l = {fl % SRR A ,...,fA(I.)}, where £, e ¥ (r™)

for each 1 € ¢ < A(T).

Now, let Z be the sct of 2ll sequences of the form
F o= ({f}o,{ffl,{fgz,...,{f}v,...), wvhere {f}o is a seguence
of only one element, which is a2 complex number, and {f}v =

(0,0,0,.4.,C) except for = finite number of wvalues of V.

- ) ) . (v) (v)
(3.24) Te define (i) §£}, = {g}  if f =g
v v [1,1[1,2-../.1._” MI/,LZ-../.L_U

for all values of (ul,uzs..,uv)

(3.24) (ii) a{f}v = {h]v where
n(v) —2

ﬂlﬂz“'#v B ﬂ1ﬂ2°":uv



3’..”

(3.24)

(3.2 9

({£3,,

(x e

Ll

KT
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(iidi) {f}v + ig}v = {h}v, where

(v) (v) (v)
= 1 +
hﬂlﬂz‘. .#v #1#20‘./'&’1} &#1#2.. Q#

(iv) A scalar product (if}v,{gz ) by

o

\ (v (v+p)
£ p’ eesx IV
/‘ Kytoesoft (‘1'x2’ ’1) ﬂvﬁv gor B0y o

| p
—17°" sxl ’Yl DAY REED 4 )6(5-1)‘0—2’ WO (Vl tY51> 'Yp)[dx]v[dY]
P

if v is even;,

¢ v) . 5
Hylyeosld, (kl’xz"°’iv) '

v+p)

g(p)

ﬂ_))ﬂv_l. * erllo‘lo‘z. o o0 (va’xv_lyn e » ,}:1,Y1,Y2’ s 8 e ’yp)

o)

v 3 : 1.1
QO-. U‘ . a oo_p(yl’yz"”yp)[dx] [dY]p 1f v 1S OC‘.C.‘,’

172

where the summation is over all Hyshosesald 30730590050 = 1,2

(3,24)

A(T).

(v)

For cach cl ement {a,A} of the Poincare Group,

a linear operator U(a,A) by the relation

ﬁ(a,A){f}v :{g}v, where
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(v) 0 j ST

‘ - =1 ~1
o X, 3K g e ey = \8 A TS A-T)S (A
”“1“2‘“/‘1() 1772 *) L P1”1( ) Pz“z( P3H3 )
0
1 L 1 () 1 -1
-.S (.A. tensd A f ((-A- _),-A- (""')
Pty ) Pv“,v( ! P1Ppe Py Gy R

if v is even

-1 (v) ‘ -1 -1 -1
» e 0 — 2 : - ,A b’ — N
%%#JA )fpﬁbsupgk (324 al),A (sza) (wvaH

if v is odd.

When v = 0, ﬁ(a,A){f}O = if;o

(3.24) (vi) For each h ¢ 5§(34) and g, 1 L 4 <A(T) an

operator ¢u(h) by

¢M(h)if}v = {8}v+1 vhere
g (30, 4% 43X 05000 X ) =4 ohix,)f (x.,x,,
plpz...pv+11' 2773 vl Hpq 1 PoPges Py g 2773
AL TSR b
'onsxlj+‘1),
g being the Kronecker delta.

1o,
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In terms of these definitions, we define the following

operations in the space Z,.

(3.25) (i) 1f F

(e}, 08],, 18] 5,000, 14) ,000) and

G = ({8}0318}1!{g§23°":{g}v,-oo) belong to Z,

then F = G iff {£] = {gl , v 20

(3.25) (ii) If o € €, then oF = G where
fgl, = algl,, v 20
(3.25) (iii) F+ G=H
= ({h}o,{h}l,ihzz,...,{h}v,...) wh ere

{hfv = if}v + {g}v, v 20

(3.25) (iv) A scalar product (F,G) by

(s
S

(F,G) = Z_/({f;u:ig}v) : ’ '

H,yv=0

(3.25) (v) For each element {a,A}l of the Foincarec Group,

U(a,A)F = G, where {g}v = ﬁ(a,A){f}v, v 20

(3.25) (vi) For each h ¢ 3’(34‘) and u, 1 < pu < AT,

¢ﬂ(h)F = G, where

= qou(h){f}v, v >0



Defining ¥ € Z by

‘P’O = ({130150}1:{012!--'15()}

verified that % is a linear vector space with a + ve

v,...) it can easily be

semi—~definite metric and having the following provertics.

(3.26 (i) U(a,A) is 2 continuous unitary representation of

the Poincare Group in Z,

) 4
(3.26) (ii) For each h e F(R°) and i, 1 € 4 < AT),p,(h)
is an anti~linear operator in Z which is linear in h, and

satisfies the following.

(F.9,(n)G) = (G,py(R)F) far all F,G € Z.
O O - O
('@'O,q)lu(h.l)goﬂz(hz)oao(puv(hv)\yo)

_ (V) ; v
— _/£1(xl)hz(xz)...hv(mv)Vﬂluz’.eﬂv(xl,xz,..,xv)[dx]

(3.26) (iii) A(T)

ﬁ(a,A)qo‘u(h)fj(a,A)—1=z sW(A'1 )9, fa,Aln), in Z.

=1
From this point omwards, the procedure that has to
be adopted is the same as that for a single compnonent
( symmetric scalar) field. In proving the above results,
we require the following results
(3.2 ) (1) s, (&) = 5,470
93y, oo

A(T),

(3.2 ) (ii) wsu

v=1

) = 5
v (£ Svp (B) ONP (AB)
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The first result followe immediately from the definition of
S (Just after equation 2.4) and the "canped" indices 2 (eqn.2.3;

The second also follows immedictely, because

T ~ T
s(a)S(2) = | @ {S(Y)(A) @JS(Y)(A)} }L-€>{S(Y)(E) @>S(Y)(B)}]

v=1 | Ly=1
Lo (y) (v) (v) (v)
= @){S Yt @) s\ a)s'Y (E)}
=1

T
= © {S(Y)(AB) @)S(Y)(AB)}

= S{(AZ).
In particular, if B = Aﬁl, then we get

S(1) = 1.
This completes the Reconstruction Theorem for a
ficld theory with any number of fields, each field having

any number of components.
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The main result of this thesis is that free local
anti-linear fields cannot eéxist. As we mentioned at the
end of Chapter 2, we would have Deen able to prove that no
anti-linear fields satisfying microscopic causality could
exist, provided that we were able to have a suitable
definition of '"truncation". All attempts to define
truncation in a way analogous to thot of linear fields have
ended up in failure. In this chapter, we are going to
establish the main result referred to, but require the
following preliminary results., e consider the most

general possibility of a theory with any number of fields,

each field having any numbcr of components.

Theorem 4,1: If ¢u(x) is any field component in the theory,

then Vﬁl)(x) = (ﬁb,wﬂ(x)?o) = Cp, a cons tant.

Proof: Given f € (Ré), consider the quantit
, q Y

\ C epae(1),
(%,,9,(£)¥%,) = jf(x)VM (x)dx

]

But (?O,¢#(f)?6) (ﬁ(-a,l)wbgwﬂ(f)ﬁ(—a,l)?o) for any 4-

vector a

= (?b,ﬁ(a,1)¢#(f)ﬁ(a,1)—1?6) since U(-a,1)

is unitary, and ﬁ(a,l)_1 = U(-a,1)
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= (@b,wﬂ(ia,lzf)ﬁg)

= f{a,l}f(x)v’il)(x)dx

/f(x—a)VLl)(x)dx

(4:.1) ® i (1)
o o ﬂ'f(x)—f(x-a)] V‘u (x)dx = 0

Let £(x) = —1—-2- /e—ip°x F(p) 4p.
(2m)

o o f(:c_a) = ..1,.._..,....2 /e-ipox elpoa %'(P) dpo
(2m)

R S fe‘iP-X[l_e+iP-a}?(p)v(1’(x>dx.dp
(2m) #

But _1 —~ipex (1) 16 B IR
——— fe v, (x)dx = V# (-p)

VLo = /Il—eip-a] 1) (5). ¥ (p)ap.

Since f €¢P(R4) is arbitrary, [1-e P°%] v(l)(—p) =0
&
as a tempered distribution over } (%7},
Now, given a 4-vector p :{:O, we can always find a 4-vector a

such that q.a :{:0£or all q in some neighbourhood of p.
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. . v&l)(—p) vanishes everyvhere except in the

neighbourhood of p = 0.

Since v(l)(~p) is a tempered distribution, this
~(1) N (o) o .
means that Vﬂ (p) = O Cﬂ D™ §(p), where p is some
L
o <o
o alat
positive integer, a = (ao,al,az,as), DY = w0y
dp, Opy 9P, 5p3
QX a0y sQy Qg > 0, Ia[ = O +0 T, tAa, P = (Po’pl’PZ’PB) and

§(p) is the Dirac dlfunction.37

. e Vél)(x) is a polynomial in the components of x.

But, we can write equation (4.1) also as

(1) y_v(1) _
ff(x)[Vp (x) VM (x+a)]dxe = 0

Since f(x) is arbitrary, this means that V(l)(x) = Vél)(x a)

L
for all 4-~vectors a.
,'. V(lzx) = C , wvhere C, is a constant.
2 2 2

It is interesting to note that for linear fields we
can always take this constant tc be zero by defining a new

C . This will not work for anti-linear

field @M(x) = ¢#(X) -

R

fields, because, if C

1L

0, then @M(x is neither linear,
nor anti-linear,

Theorem 4.2: If Alx,y) = TLETZ @(—p(o))5(p2-m2)e_ip'(X-Y)dp
27

where m is a +ve constant, then the 12 tempered distributions




A(xlsxz)A(x3,x4),A(xl,x3)A(x2,x4),A(xl,xé)A(x25x3)
A(xz,xl)A(x3,x4),A(x3,x1)A(xz,xé),A(xé,xl)A(xz,x3),

A(xz,xl)A(x4,x3),A(x3,x1)A(x4,x2),A(x4,x1)A(x3,x2)

)

A(xl,xz)A(x4,x3),A(xl,x3)A(x4,x2),A(xl,xé)A(x3,x2 ,

are linearly independent.
Proof: By the definition of A(x,y), we can define another
tempered distribution A(E) by

A(E) = Alx,y), vhere £ = x~y.

(4.2) If we put A(p) = 6(—p(0))§(pz—m2), then we have

(4,3) AE) =, [R(pe™ P Eap,
(27r)

(4.4) 7, Klp) = —t—, [a(8)e*P-Bag.
(2m)

Let El = Xy, gz = Xy=X g, 53 = X=X,

Then the 12 distributions in the Theorem can all be
expressed using EI'E2’€3 as arguaents,

Hence, what we have to -rove is that, if

(4.5) %1A(€1)A(E3)+u1A(El+£2)A(£2+£3)+v1A(€1+gz+E3)A(E2)
+ %ZA(—EI)A(€3)+QZA(—€1—E2)A(E2+£3)+v26(—él—62—€3)A(Ez)
+ %3A(~El)A(-E3)+u3A(—El—£2)A(—E2~53)+v3A(—El—EZ—E3)A(—EZ)

+ xéA(El)A(—€3)+#4A(£1+Ez)A(~EZ-€3)+V4A(€1+EZ+E3)A(—EZ) =0
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for all 51;5?353 whe ve %pau LV, p o= 1,2,%.4 2ve constants,

ID ) p'

then %p = MP = vp = ¢ for ?11 P o= 1.2.3,%

NOVf Pl 'E14-P2“€2+P3.E’3

il

-1 - - { 2 ¥ T e .
pl-(gllaz)+(bz pl).~€ +F )T(P3+k1 92) §3

2 3

i

p19(51+52+é3)+(p2~p,).Ez+§P3“Pi?-E3

Using th=se alternate forms for p .€J+p2-52+p3.§3, we can

i
Fourier Trans form equation (4.5). Together with equation

(4.4), this gives us the folilowing,

N8Py B0y Y Blpy )us 8R4y =2,y )Bp, MAlp,py )

1

(s 5 AL N{‘. -7
+v, & (5 31)A(91)A‘92 pl)

~—
1 < 3 .

+ X2q§(P2)5(~p )Z(pg)+u2§(p3+p1_p2)ﬁ(wr1)5(p2~p1)

1

+ %3§(p2)5(—p1)Z(—p3)+#3§(p3+pl~pz)ﬁ(wpl)ﬁ(~p2+pl)

T - \N"' N—'
+V3§(P3 PL.A( Pl)A( P2+?1)

+ %4§(P2)A(Pl)A{”P3)+#46(P3+p1"92)Z(?l)K(“?2+pl)

VA (2, i8R (=1

o0 pgmey By i A-pytpy ) = C

k]
P

1
This tempered disiribucion should give the value zero

A 12 -
to every test function { ¢ JF(R™7). Let the support of f
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be in the neighbourhood of the point (ql,qz,q3) chosen &s

follows
. 2 2 2 0 0
(1) qZ = Os ql = q3 =m , q;. )<O: Qé )< Oa ql +‘ Q3'

(0)

(q1 is the time-component of the 4 vector ql).
. o % 43
This gives us %1j&(p2)A(p1)A(pB)f(pl,pz,p3).[dp] =0

where we have used equation (4.2)°

2 _ 2 (0 2_2 (0)_ (0
(v) qy =m", qi ‘<o, a3 = 4y, (gy=q;)"=m ,qé )-qi )< 0,q,%2q,

Then vl =0

. 2 _ 2
(vi) qp =n", q§0)> 0, 43=4;, (q2~q1)2=m2,qé0)~q§0)< 0

Then vy = 0]

2 (o)

. 2 2_2 (0
(vii) qf =m", q;° > 0, qa=qy, (q,~q,) 0

0
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2 2 (0 2_2 (0)_(0
(Vlll) ql = m , q; )<09q3=q1:(c}.2"q1) =m sCIé —'qi )>0

e o Vy = 0
. 2 2 (0)
(ix) q].:m ’ ql <o, Q, = Zq]_s C13 = q]_
s /lol = 0
2 2 (o
(x) ql =m , ql )>O: q2 = 0, q3 = —ql
e o /102 = 0
. 2 2 C
(xi) ql = m , q:{ )>0: 95 qu: q3 = ql

Hence By = 0,

This completes the proof that the 12 tempered distributions
given in the statement of the Theorem are linearly independent.
Before we proceed further, we make the following

definitions,

Definition 4.1: For each i, 1 < u < A(T), if we have a

positive constant m# = mﬂ such that
lj+m2 V(v) (32, 355 p000,3 s0se,%.,) = 0 for
IO ,u:p /.Llﬂzoco/lptoo/iv 1 2 p' v

all p, 1 < p<v, v 21, where
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2 2 2 2
0, = 2 R I R | then
0912 axMh? a2 ax!?))?

we say that the theory described by the above V.E, Functional s

is a Theory of Free Fields,

Definition 4.,2: If the fields go#(h), h ebﬁ‘(R4), 1 <p AT

satisfy the following conditions, such a theory is called a

Theory of Local Fields.

Let &(i,v) = slv,u) = e(f,P) = +1 or -1 for each 4,v,

1< py v < AT

(i) If go#(h) is a symmetric fie ld component, i.e.

L9, ()] = pp(n)op, (h), then 9 () (B)+elu,v)p,(g)e,(T) = 0,

. P - -
if v4 p,l for all f,g € ¥(R7), and ¢“(f)¢ﬂ(g)+a(#,#)¢“(g)¢“(i)

is 2 continuous linear functional on £ ® g € y;’(RS).
(ii) If go“(h) isnot asymme tric field component, i.e
t t
(h h) but h = h), t
(g, ()] P 9,(h) bu [gu( )] pp(h), then

¢“(f)@v(E)+a(u,v)¢v(g)¢“(?)= 0 if v 4 I for all

f,g € 59(34), and ¢“(f)¢ﬁ(g)+a(u,ﬂ)¢&(g)¢#(?) is a

continuous linear functional on f ® g € % (Ra).
With these definitions, we have the following

theorem,
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Theorem 4,3: In a Theory of Free Local Fields, we have

- 9

the following.

(1) vt = C, =0 for all u, 1 <p < AD).

(ii) Isg ¢M(h) is a symmetric field component, then

i

V(Z)(xl,xz) 0 if viu,n

75

i

XNV A(xl,xz) ifve=yu,l
(iii) 1f ¢#(h) is not a symmetric field component, then

0 if v+ 1

(2)
VHV (xl,xz)

= %ﬂﬁ A(xl,xz) if v=[.

In this, %ﬂv are constant s, and A(xl,xz) is as defined in
Theorem 4.2 with the constant m as given in the definition

of Free Fields. [We should really write A(xl,xz;m) instead

of A(xl,xz), but this does not lead to any confusion].

Proof:
. . . 2,,,(1)
(i) Since the fields are free, (EHmu)Vﬁ (x) =0
But from Theorem 4.1, V(l)(x) = C , a constant. Hence, by

7 1
taking a test function f 6‘&9(3§) such that Of(x) = 0, and

ff(x)dx + 0, we get €

]

y 0, becouse ™, > 0,

v ) = 0 forall g, 1< p < AD.



141,
{ii) Sunpose [cpu(h)]t = Qﬁh):wu(h)f and v + u1,0.
Then by definition of a Theory of Local Fields,
¢N(h)¢v(E)+a(u,v)wv(g)@u(ﬁ) =0

Taking the V,E. Funct onal s of the above operator equation,
o(2) (2) .
we get [hix)g(y) VNV (x,y)+a(u,v)v (y,:) x.dy = 0.

AT

o) Gy e (V2 (y,x) = 0

1]

o(2) wl2) =0 v = x-
. . Nuv (g)+8(u,v)mvu (=€) = 0 vhere & = x-vy.
Taking the Fourier Transform, we have

ﬂii)(p)+8(u’v)%éﬁ)("P) -0

From the spectral conditions in Theorem 2.3, we also get

W(Z)( -n) = 0 unless p € V'
. ) ,( 2) _ , _
Hence ﬁuv (p) = 0 unless p = O
But, because the fields are free,

(@ + m2) Vi2) ey x) = 0

By Fourier Transforming, this gives

(p ~m )W(Z)(p)

o« o N;i)(p) 0 even vhen p = 0, since m, > 0,
* (2) _
" e ,LLU (xl,xz) = 0.
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Now, suppose [¢ (h)]t = ¢ﬁh)3¢ (h) and v=u, or [
H 2
Then by the definition 4.1,

(D +m )V(Z)

IV (xl,xz) = 0

(2) 1 S -ip. (k -3, )
17 2) Wuv (x —LZ) ?;;7 Wﬂv(p)e 2°dp,

a(2)
we get (p -mu)’pv (p) =

it

Putting V ( )(x

Together with the spectral conditions in Theorem (2.3)

. . e(2) - _.(0) 2_ 2
this gives v (p) = XUV 6(-p )8 (p mﬂ)

= 7\#1’ A (p)

~-{2) _
. o Sy () =N, O (E)

e,
* (2),. .y _ i
. o AN ¢ ) = A y A(xl,kz).

(1ii)  1f [wu(h)]t = pp(n) b g (n), let v { A
Then ¢u(h)¢v(§)+s(u,v)¢v(g)wu(f) =
Exactly as in the previous case, this gives us

)=0.

On the other hand, if v = [I, then again we can proceed as

in the »revious case, and get

(2) .
Vi (xl,xz) = %ﬂv A(xl,xz).

This completes the proof of the Theorem.
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Theorem 4,4: If Qu(h) is a symmetric field component in

a Theory of Frce Local Fields, and

(4) , ] (), (2)
Vi g plFroagexy) = valvzvgvfkvu oy vy IV ey ey )
v

T
where 24 stands for the surmmation over vl,vz,v3,v4 from 1 to 4
v

and Xv‘v2v3v4 = kv3v4v1v2 = 0 if (v1v2v3v4) is not a
. (2) _
permutation of (1234), then Vﬂﬂ (xl,xz) = 0.
Proof: We know from the definition of local fields that

¢u(h)¢u(g)+8(u,#)¢u(g)wu(ﬁ) is a continuous linear functional
Onh@g-
Hence, by Schwartz's Nuclear Theorem,lgthere is a

unique tempered distribution Gu(x,y) such that

(4.6) ¢u(h)Qu(§}+e(u,u)¢u(g)¢u(ﬁ)= h(x)g(y)Gu(x,y)dx.dy.

In the rest of the proof we can drop the suf fix g without

any confusion,

Taking the V,E, Functiional of equation (4.6), we get

jh(x)g(y)[v‘z’(x,y)+sv‘2)(y,x)]dx.dy=/£(x)g(y)c(x,y)dx.dy

y (2)

e o Glx,y) =V (2)(Y:

sV )+eV x)

(4.7)  « « o(h)op(E)tep(g)e(F) = fh(x)g(y>[v‘2’(x,y>

+ ov 2 (y,x) Jax.ay.
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4 (4)
Now, /£1(x1)hz(xz)hs(xs)h4(x4)[v( )(XI’XZ’XS’X4)+SV (XZ?XI’

P4

gy lax]®

i

(?6,¢(h1)¢(Ez)¢(h3)¢(ﬁé)?b)+8(@b,¢(h2)¢(ﬁl)¢(h3)¢(ﬁ4)%0)

it

(?b,[¢(h1)¢(Hz)+a¢(h2)¢(ﬂl)]¢(h3)¢(ﬁé)?0)

= fhl(xl)hz(xz)[V(z)(xl,x2)+av(2)(xz,xl)]dxl.dxz.

x  (¥_,0(h ), )¥)

where we have used cquation (4.7)

= jhl(xl)hz(xz)hB(XB)hé(xé)[v(Z)(xl’x2)+SV(2)(x2’x1)] !
% V(z)(xs,xé)[dx]é
(4.8) . . V(4)(xl,xz,x3,x4)—v(2)(x1,x2)V(2)(x3sx4)
(4) ; (2)
= =olV: T gy yxg, %, )=V (02 IV 2 (3,3 ) ]

Again, by considering

4

4 o :
/hl(xl)hz(xz)h3(x3)h4(x4)[v( )(xl,xz,x3,x4)+av (xlsxz,xé,xa)J

X [dx]*
we also get

(4.9) V(é)(xl,xz,x3,xé)—v(2)(xl,xz)V(Z)(xa,xé)

= —s[V(é)(xl,xz,xé,xs)—v(é)(xl,xz)V(4)(x4,x3)]
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Moreover,

(4) (4) T 2
/hl(xl)hz(xz)h3(x3)h4(x4)[v ey 4%, ,%5,%, )+eV (xl,k3,nz,44)]

i [axl®

= (¥_,0(h,) [go('l'fz)go(h3 )+ego(E3)<p(h2) ]go(ﬂ'é_)*lfo)

= (2 ,0(n,) Ez(xz)ﬁs(x3).{V(2)(xz,x3)+8V(2)(x3,x2)}

= ]hl(xl)hz(xz)h3(x3)h4(x4).[V(z)(xz,x3)+8V(2)(x3,x2)]V(Z)(xlpz}

<~ [ax)*
since @(hl) is an anti-linear operator,

Hence, using Theorem (2.4) we get

(4,10) vie) (2) (&

(2)
()93, 9% 35%, ) =6V 2%3 )V T x5 x)

= ~8[V(4) (Xl ,7:3,}:2,}:4)-8'\1'( 2) (313:3‘2 )V(Z ) (xl :xé) ]

Equations (4.8), (4.9) and (4.10) indicate that there is

some reason for the assumption made that the 4 point

functional can be expressed in terms of the 2 point

func tionals, This, together with Theorem 4,3,(ii) will

enable us to write
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4 : 2 -
V( )(xl,xz,x3,x4)=% [ala(xl,xZ)A(xs,x4)+y1A(x1,xB)A(xZ,xé)

+Y1A(x1,x4)A(x2,x3)

+ aZA(xz,xl)A(x39x4)+ﬂ A(xs,xl)A(xz,x4)+Y2A(x4,x1)A(xz,x3)
+ asA(xz,xl )A(x4,x3)+ﬂ3[)(x3,xl )A(::4,x2)+Y3A(::4:,:£1 )A(xa,xz)

+ a4A(x1,xZ)A(xé,x3)+p4A(x1,xB)A(x4,x2)+Y4A(x1,xé)A(xs,xZ),

where N is the f actor coming from Theorem 4.3 (ii) and

o 9ic s, 9 M = 1,2,3,4, are constants,

BOHTH
This expression and equations (4.8), (4.9) and (4.,10)
together with Theorem 4.2, give the following 3 sets of

relations among the constants, N, & , ° , ¥, , 4 = 1,2,3,4.

wout T

(4.11),(4.12)

(1) kz(al—l) = —s%zaz = —8%2a4 (2)
%?01 = —s%%yl = —8%2Y1
(11) %ZYI = —a%zﬁl = —akzﬂl
N, =;ex2(a1—1) = —en’a,
(9) %Zﬂz = —8%2Y4 = —skzyz
(7) KZYZ 5 = —8%234 5 = —3%232 5 (8)
N A %y =2 -8\ o, =2 - 8A o,
(5) N7, = =eNY, = =eN"Y5
Ny, = —eN%1y N
(3)  Aa, = —enN’a, = —en*(0y-1)
kzﬂé = —SKZYZ = ~8%2Y4

A Yy = —a%zﬁz = —8%2ﬁ4
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(4.13)
(12) Ao = wmeN2y
kzﬂl = —e%zal
%z(Yl—e) = &N,
kzaz = =g\ ﬂz
Ao, = -enla,
Ay, = —e\r,
Nay = -eN, (4)
Mo, = ~eN’a,
Ny = -eNr, (6)
Noa, = —eN,
N, = —an’a,
(10) 7\2'{4 = "87%('{1—8)

These 3 sets of relations give us the following
chain of relations.

N (ay=1) = —eN’oy = ~ehla, = Noa, = —eN/ly = Ny
(1) (2) (3)  (4) (5)

= -exzyz SENAE N, = —8%2Y4 = Ny -e) = —x?e(ﬁ1+1)

(6) (7) (8) (9) (10) (11)

= 2 (oy-¢)

{(12)
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Hence, if ¢ + 1, i.e. if & = =1, then A =0
Heice, if & = -1, V(z)(xl,xz) = 0,
Now, let us analyse the other case when & = l.

Then we have a solution with A % 0, given by

al—l = -—az = —a4 = a3 = —‘;3 = 'Y'3 = —"\{'2 = .",)4: = '_12 = --'Y4 = Yl"'l
= 1 =1.

= =(3,~1

Taking ~Y4 = a, we get the following solution, as the only

solution.,

V(4)(xl,xz,x3,x4)=%2[h+l)A(xl,xz)A(XB,xé)—(a+1)A(xl,XB)A(xz,x4)
+(a+1)A(xl,xé)A(x29x3)—a.A(x2,xl)A(xB,x4)+aA(x3,xl)A(xz,x4)

—oA(x 1)A(x2,x3)+aA(x2,xl)A(xé,x3)~aA(x3,xl)A(xé,xz)

T
+aA(x4,x1)A(x3,x2)—uA(x1.xz)A(x4,x3)+aA(x1,XB)A(x4,x2)
~0A (%) 5% ) A(x4s%,)

N[ A5, 435 ) Alxg %) =Blxg 5 %3) Bliy, 3y ) +A08y 43y ) Alxy % 3) ]
+%2a[A(x1,x2)—A(x2,xl)][A(x3,x4)—A(x4,x3)]

= N2l Al y3,)=Blxg,x;) 1[Al3ys%,)~Blryex,) ]

+ kza[A(xl.xé)—A(x4,x1)][A(xZ,XB)»A(xB,xz)].

Putting X=Xy = gl, Ky=Xg = EZ, Xq=X, = 53, we get
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U8 (g, 8, B0 NLA(E, ) ALE)~BUE 8, BLE,+E; J+ALE +E,+E3) A E,) ]
A2a( B8, )-D(=E,) J1A(E;)~0(=E5) -\ al A€, +8,)=0(-E;~E5) ]
x LA, +E4)~A(-E)=E3) ]
N2l BB +8,+E 4 )-A(=E ~E,~E3) 1[0, )-A(=E)) ]

We can Fourier Transform this expression using the

fact that pl.Ejl+p2 .E2+p3.?‘;3

Py (B +E,)+(py=py) o (By+E3)+(p3+Py =Py ) -y

i

P1=(51+52+E3)+(p2~p1).62+(p3—p1).é3,and getting

(4.14)

_1.5;;2 #%) (p,p,,0,) N L6(p, ) E(p) JE(py) S (pg+2 Py
x 3(p1)5(p2—p1);§(p3—p1)z(p1)5(p2—pl)]
+ 2o 8(p,)[Blp,)-E(=p) 1 B(py)-Bl=py) 1-N"at S(py+py=p,)
x [B(py)-Bl=p,y)]

X [5(p2—p1 )--Z(-pz+p1 ) ]+7\2a §(py~py) [Z‘S(p1 )—3(—131 ) ]

X [Z(pz—p1)~ﬁ(—p2+p1)].



150,

(4.15) Since (D1+m2)V(

4
‘)(xl,szz,x3,x4) = 0, we also see
2

m .

|

~(4) . 2
that W (pl,pz,p3) vanishes unless Py

Equation (4.14) holds as a2 tempered distribution,
and hence will be true for any test function in M (Rlz).
Let £ €.§P (Rlz) have its support in the neighbourhood of the
point (ql,qz,q3) chosen as follows

2 2 (o0

. 2 2 0
(i) qQy = m ,qq )>O: 4y = 0; 3 (0)

=m, qg >0; 9379, :I: 0
By the spectral condition in Theorem (2.3), the

L.H.S5. of equation (4,14) vanishes, and the only temm which

survi:es on the R.H.5. is +Na J(pzlﬁ(—pl)ﬁ(—p:,’)

(ii) Now, let us fake qi‘ = mz, q§0)< 0; a3 = q,

(qz—q1)2=m2, q;O)-in) <0, a, F 2q;.

Such a choice is clearly possible and implies that q,
cannot be in or on the forward cone.

Then, again by the spectral condition, the L.H.S.
vanishes, and the only tem which survives on the R.H.S5.

is N8 (py=p, ) &(p,) K(p,=p, ).

Hence, even in the case & = +1, V(z)(xl,xz) = 0 vh ich

completes the required proof.
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(4.16) Before we proceed any further, we have to get the

expression for

(v)

E = V e .
uluz...upup+1...uv(yl’xz’ ’xv)

+8(PnP+1)V(V) (x“xz,..,x 1% 041

”1“2’"“p—lﬂp+1“pup+2"'“v

x'p’x',@-t_-z_,f . ’Xv)

(v) (

in momentum space ir terms of ﬁo_lo_z_“o_vpl,pz,...,pv_l),

1 < p < V—l.

In terms of the varidles §_ = x ~ x 1 o £ vl,

o o+1?

(V)
E=W caey
“1“2"'“p“p+1"'”v (El’gz’ Ev-l)

(V)

+e(py o+l )V (B, 8 50a0,8
s Pt ”1“2"‘“p~1”p+1“p“p+2"'”v 177°27 p=-2"?

’gp—1+gp’~gp'gp+gp+1’€P+2""gp—l)’ 2 < o V=2

A (V) (V)
- W . 1,2)W - ’
#1#2...ﬂv(€1’ 52’ 'gv_1)+8( [} ) u2u1#3#4'.'#v( gl

'€1+€23g3l":gv_1) if p = 1

-yl

Hoybboes .uv_luv(gl’gz’ vt "Ev_q)

- + (V) . -
+e(v I’V)Wﬂlﬂg---ﬂv_zﬂvﬂv~l(g1’€2""’gv-3'gv‘2+€v‘1’ gu_l)

if p=v-1



v;\l %:2 }_{:\1 -
Now Z_/ Pyoby = / Py by + :_\_/ po"go"""pp-l °€P—1+pp. EP
o=1 o=1 o‘:b+2 '
+pp+1'gp+1

if 2 < p L v-2

o=1 o=p+2
pp__l‘(gp_l'i'gp)'*'(Pp-Pp,_l“Pp_*_l) -g‘o+Pp+1'(Ep+gP+1)
if 2 < p L v=2
y:_\l : y—:\l
If p=1, zljpm.€0,= P1*€1+P2‘Ezf 2;/p0357
O":-l 0":3
g;l
= (Pl-p2)0€1+P2-(El+€2)+ _>_~I pO_.E,O_.
o=3
vr;l y;_\3
If p=v-1, L P, EO_ = \L\__ po‘°gO“+Pv-2°gv-—2+pv—1UEU—l
o=1 o=1
%—_\3 )
=/, Por B Pyne (B o¥E, )+ (P 4= Py 5) 08y

o=1
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Using these expressions, we can write the Fourier Transform

E of E as follows

)

P

. ’:‘::{",’-('U) y e "o
(4.17) E uluz...upyp+1...uv(P1’92’ ’pp’pp+1' 1 rp-1

(1)

7(v)

+ e(p,p+1)¥ (PysDosesesD, no P,._
? “1“2'"“p-l“p+1“p“p+2"'“v 17527 p=2? “p-1’?

pp—l-pp+pp+1’pp+1’pp+2’""pv—l) if 2 < Jol < V=2

(4.17) (i) E =W (pysPpsesesPy y)
v

(v)

+ e(1,2){
! Hotqflatge e oty

(P27P19P29P3:°°'Pv_1)
if p=1

~(v)

4,17 (iii =W PP
( (111) 1 ,U'l,u'z"'/'[‘v_lu’v(pl’pz, ’Pv—l)

+ e(v—l,v)ﬁ(V) (

W Pi9PyseesP, asP., 5P, 7P )
Hoybgeosbly, o b, F17F2 v=31Py_27Py 7Py

if L = V-1
With these expressions ready, we now state and

prove the following theorem.
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Theorem 4,5:

1f ¢#(h) is not a symmetric field component

in a Theory of free local f{fields, and two consecutive

suffixes up’“p+l (or up—l’up’ 2<pgv) 1 Lp <L rv1in

. (v)
the V.E., Functional V (3, 0%y ey )
“1“2"'“p~1“p”p+1"'“v 19772 2

such that Hp = and Hor1 * ﬂ(“pw1 & Ji), then, this V.E,

Funeti~-npl vanishes,

(2) F Y =
Furthermore, Vﬂﬂ (xl,xz) = 0,

Proof: Suppose By = Kby + ) (#l%ﬂ:#2=ﬂ)

Then V(V) (v)

LU ‘u‘ ‘u‘ (Xl,ng...,xl)%s(l,z)v (X2,351,X3..}{1
1720y :

Hottylge o=ty

=(%o,[@ul(x1)¢u2(x2)+s(1,2)¢u2(x2)¢u1(x1)]@NB(xS)...
o, (x )¥ )
uv vV o

where we have dropped the test functions for convenience.

But, by the definition of a local Field Theory,
@ul(xl)@uz(x2)+s(1,2)¢u2(x2)¢u1(x1) = 0

. (v) (v)
V *? e @ 1 2 V £
. . uluz..uv(xl'xz’ rx,)+e(1,2) Holbybges sth, (x50% %3,

"."xv) = O

Using equation (4.17) (ii), we get

~(v) ~(v) - _
wuluz._.uv(pl,pz,...,pv_1)+8(1,2)u “2“1“3"NU(P2 PysPysPgses

Py-q) =0
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By the spectral condition, the first tem vanishes, and

-,

hence the second temn al so vanishes unless Py € V‘5p2 e V.

o . each one of them vanishes unless Py = Py = 0
But (0O,+m Z)V(v) (X, 4%,5000,% ) = 0 which means that
1 By Hiligseoll 172100y
v
(v) 2 2 1
A — —
ﬁu IJ 0..ILL (plppz’oli'pv_l) = 0 unless Pl = mu (T 0)
172 v 1
Hence ﬁ(v) (DyoPrsevesD ) =0
Hylhges fd, 17527 M 2E |
.
. . V(V) (xl,xz,...,xv) =0

Hibgeee Ky

The case vhen u,_, = U, U, + 2 (uv=u,uv_1+ﬂ) is
almost the same as above.

Now,sunpose

Pohaly, g + 2, 2<p v (bppy = Ba By 0)

P

Here again, we will see, as in the mrevious case, that

V(v)

(2, 9 pa0e,x )
”1“2°'”p“p+1°°'”v 19772 v

V(v)

+ e(p,p+1)
’ uluz"'up—lup+1upup+2"°uv

(xl’XZ""xp—l’xp+1’

X X = 0

)
P p+2""'xv’
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Using cquation (4.17) (i) we get

(v) .
wﬂ'lﬂ'Z' . °/»"v(p1 sPpyoeee ’Pp-l’Pp’Pp-I-l’ s ’Pv—l)
+e(é,p+1)ﬁ(v) (pysPgysreesP oy O
HiHge B pog b oo Hy e
) =0

2 pp-—l "pp+Pp+1;pp+1 IR ’P’l)—l
If p is even, the su.port of each one of the above two terms

will ®e contained in the intercsection of the regions

e V,p e V-, P, € vt +o e V+

pp._l p+1 ’Pp_l-pp *p+1

and if p is odd, the region is

: - =, . _ _
Pp—l € V+, pp+1 e V™, pp € V—, Pp—lApp + pp+1 eV as
follows from the spectral condition.

In either case, the region is pp_1 = Pp = Pp+1 =0
Hence W(V)

l"”]_/"”z"‘/""v (pllpz”"’pp_lspp,pp_l_l,oongpv_l) = 0

unless pp_1= pp = pp+1 =0
2, .. (v) . . -
But (C%+mup )Vﬁlﬂz-.upr.~uv(kl"2’°"’xp’xp+1"""v) = 0

2 2
. . uluz...uv(pl,pz,...,pv_l) = 0 unless (pp—pp_l) =mup (+0)
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0, ardd hence

!

°ogly) .
L] L[] Ef 1#2..°# (plppz,ntn,pv_l)

(v) —
ﬂ1#2°-°ﬂv (xl)xzs"'sxv) = 0.

To prove the 2nd part of the Theorem, we consider

(4)
uﬂuﬂ(xl’XZ’x3'x4)‘

y{(4) (4) (4) Y
uﬂuﬂ(xl’xz’x A )=V ﬂuﬂ(xl’Xz’x3’x4)+8(“’ﬂ)vﬂuuﬂ(XZ’xl’“3’

since the 2nd temm is zero by the result already proved.

=(?O[¢“(x1)¢ﬂ(x2)+e(u,ﬂ)¢ﬂ(x2)¢#(x1)]wﬂ(x3)¢ﬂ(x4)ﬁb).

Here again, we have a result similar to equation (4.7) and

together with the result (iii) of Theorem 4.3, we get,

v{4)

ﬂﬂ”ﬂ(xl,xz,x3,x4)

(4.18)

= (AN ﬁ A(xl,x )A(x3,x Y+e(u,2)N e ﬂ#.A(xz,x )A(x3,x )

We also con write V ﬂﬂﬂ (xl,xz,x3,x )

(4) (4)

#ﬂuﬂ(xl’ ﬂ(hl,k3,x2,x4)

hz,x3,x4)+8(ﬂ,ﬂ)v

(QO,Q#(XI)[wﬂ(xz)¢#(x3)+8(ﬂ,ﬂ)¢#(x3)¢ﬂ(x2)]wﬂ(xé)ﬁg)

it

£vé;)(xzsx3)+8(ﬂa#)v(é)( B:L )]V(Z) l,x ) again

X4)



because of an equation similar to (4.7)

= [VLZ)(x3,x2)+a(ﬂ‘,u)vl(2/i)(xz,x3)]V;é)(xl,x4) due to

Theorem 2.4

| 2
(4.19) = (7\/42) A(x3,x2)A(x1,3:4)+8(ﬂ,u)7\ﬂu.?\ﬂﬂA(x2,x3)A(xl,xé)

where we have used result (iii)_‘of Theorem 4,3

Equations (4.18) and (4.19) together with Theorem
4.2 gives

N = 0

(2)
V.Uﬂ (xl,xz) = 0

Theor em 4.6

1f (h) is a symmetric field component in
?,, yaa:

a Theory of Free Local Fields, and Btwo consecutive

suf f ixes /J'p"up+1’ 1 < p <1 (upgup_ly 2 < p <K< V) in the

V.E. Functional
vV - '
ulﬂz"'up—-lupup+1"’ﬂ'v (xl’xz""Xp—-l’xp’xp+1""xv)

such that ﬂ.p = M, ﬁf«p+1 +U:ﬂ (/‘Lp-l =l= Uy,2), then the V.E:.
Func tional vanishes.
Ezo.of: The proof is identical with that given for the

first part of Theorem 4,5,



Theorem 4,7: if o (h) iz a2 symmetric field component in

7

a Theory of Free Local Fields, and satisfies the condition

. (v)
in Theorem 4.4, then V/,L,uu...,u

(xl,xz,x3,..,xv) = 0 for all

v 21,

(xl,xz,..ng)+8(uyu)v(v)

e e (v)~
1.3._1‘9.9..{' v Ml e o o4

Hilbe o o 4 (x2:x13x3aoo,}iv)

= (?b,[¢#(x1)@u(x2)+e(u,u)¢ﬂ(x2)¢#(x1)]wﬂ(xs)wu(x4)..¢u(xv)?o)

for all v 2 3, Hlere again, we have dropped test functions

for convenience.

_ (2) o o\l (2) oy 1o(v=2)
= [Vﬂﬂ (xl,nz)+8(#,u)Vﬁu (XZ’LI)]VE#..-M

(x3,x4,,..,xv)

by using equation (4.7)

= 0 by Theorem 4,4,

Using equation (4.17) (ii), we get

WL(LZ) . .#(pl,pzs o ’Pv—1)+8(”'“)%zz Lo PamPy Py Pgae sy, 4) = 0

Together with the spectral condition, this mecans that

WLZ) u(pl,pz,,..,pv_l) = 0 unless p, = p, =0, for all v > 3.

(e

2,(v) =
But (Dl+mu)vﬂu...u(xl’xz"°”xv) =0

TUihe s W fd

2 2
(pl’PZ”°"Fv~1) = 0 unless Py = m, (+0)
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° Y, .
. . viﬂz..# (xlpxz,n..,xv) = 0 for all v > 1, because the
cases ¥ = 1,2 are already covered by Theorems 4.3 and 4.4,
Thecrem 4.8: If ¢#(h) is not a symmetric ficld component
in a Theory of Free Local Fields, then

0 = V(v) (x, 9% x ), V even > 2
POUQ. o ol 710720 200y 0 z
= V(v) (5, 43 x.), vodd 21
POUL . o ot LIRS Ty Z n
Pfogi: Let #p =u if p is odd
=1 if p is even.

) (v) (v) 7

. oV (32, 3% g%,y )+l 44,0V (. ,%,,
Hybotige s sl 17772773 v 1772 “2”1#3"“v 2771

x3,..,xv)

= (%b;[¢ﬂ1(xl)wﬂz(x2)+(ﬂl,Mz)wﬂz(xz)wﬂl(xl)]¢#3(x3)¢#4(x4)

) .('D/J,v(::v)‘lfo)

(2 (2) (v-2)
[Vpﬂexl,x2)+8(u,ﬂ)Vﬂﬂ (xz’xl)]ﬁgg@4"‘ﬂv

(2:3,3{4:, e o e ,XU)

because we have an equation similar to (4.7)

= 0 by Theoran 4.5,
Using equation (4.17) (ii), the spectral condition
and the condition for the fields to be free, we get the

desired result .
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Theorem 4,9: In a Theory of Free Local Fields, all field

components vanish, i.e, (h) = 0 for all g, 1 < u £ A(T),

Pu
if all symmetric field componcnts satisfy the condition for

Theorem 4.,%4.

(v)
P f: Liet V
niao—c-)-n.- e ul#z..'uv

Functional of the Theory. This can be onc of two types.

(xl,xz,...,::v), v 2 2 be any V.E.

(a) All the field components ¢, (h,) )yeerp, (h ) are
Ky 1 v

(h
symmetric : "

(b) 3 at least one p, 1 € p € v such that ?y (h) is not
0

symmetric,

The case (a) can be brolen u» into 2 parts as
follows

(ai) For all p, 1 £ p < u~1, ,up = 'up+1 or [

b

p+1

(aii) Fat least one p 1  p < v-1 such that up:l:up+1”ap+1

Similarly the case (b) can also be broken up into

2 parts as follows.

(bi) For every p given by (b), u,p = ﬂp+1

(2 £ p € V) or both

(1 < p < v1i)

o hp = Bpy

(bii) For some p given by (b), either u'p:l:‘ap—l—l (1 £ p £ v-1)

or py By g (2 <p <)

p-1

All V,E, Functionals of type (ai) vanish by Theorem
4.7, All of type (aii) vanish due to Theorem 4.6, Thos e
of types (bi) and (bii) vanish because of Theorems 4.5 ond
4.8, Hence, all V.,E, Functionzls of a Theory of Free Local
Fields vanish identically.

Hence, by the Reconstruction Theorem, all field

components vanish identically,



9.
10.

11.

12,
13.
14.
15.
16,
17.
18.
19.
20,

21,

162,

W EFERENCES

E.G. Phillips - A Course of Analysis pp 29-30,

John von Neumann = Mathemtical Foundations of Quantum
Mechanics - pp 13~14 ancd Theorem 10,

F. Riesz and B, Sz. Nagy - Functional Analysis pp 61.

Ref 2 -~ pp 57,

Ref 2 — pp 55 Theorem 8.

Ref 2 - pp 53, Theorem 6; pp 52, Theorem 5.

Ref 2 - pp 53, Corollary to Theorem 5.

R.F, Streater and A.S. Wightman - PCT, Spin and
Statistics, and all that, pp 4 (Referred to as PCT in
the text).

Ref 8 ~ pp 96.

Ref 8 - pp 97

A5, Wightman - Lectures presented at a Seminar, Trieste,
16 July-25 August 1962 - pp 36, Section 2.2.

Ref 8 - pp 35

Ref - pp 33
Ref 8 — Chapter 3, Section 3.1.
Ref — Chapter 1, Section 1,3,
Ref - pp 938, Discussion at the end of Assumption 1.
Ref pr 100,
Ref - pp 100, para 4 onwards.
Ref - pp 42 and Theorem 2.1,

Ref - pp 106, 107.

o=} (e0) (o2} (o2} (o2} o oo o2 oo
|

Ref - »p 106~113,



163,

225 Ref 8 - pp 38.

23. Ref 8 - po 39.

24, Ref 8 - pp 90.

25, A. Uhlmon - Annals of “hysics 13 (1961) pp 453-462.

26. Ao Araki - Annals of Thysics 11 (1960) pp 260-274.

27. D. Ruelle = Helv. Phys. LActa 35 (1962) pp 147-163.

28, Ref 8 - pp 111,

29. A.S. Wightman - Phys. Rev, 101 (1956) pp 860.

30, W, Schmidt and ¥. Paumann - Nuovo Cimento 4 (1956)uzp 860.

31, Ref, 8 - pp 117,

32. H.7J. 30rcher§ - Nuovo Cimento 24 (1962) pp 215-236.

33. This is provable for linear fields as has been done in
the oreceding refecrence, page 222, Theoran 3. Since
the proof of this uses the construction of H in texrms
of the fizlds, we cannot tame over this proof for
anti-linear fields., However, we assume the result on
physical grounds.

34, 2ef 8 - pp 92,

35, B.L. Van der Taerden - Mxlern Algebra, Vol II pg 127,

36. Ref 35 - Vol I, »p9.

37. I.M. Gelfand and G.E. Shilov -~ Generalized Functions
Vol 2, page 119 Theorem 4 (French).

38. E.C.G., Stueckelberg, M. Guenin, C, Piron and H. Ruegg.
Helv. Fhys. Acta 34 (1961) pp 675-698.

39. E,C.G. Stueckelberg and ./, Guenin

Helv. fhys. fcta 35 (1962) pp 673~



40,

43,

44,

45,

- 164,
E.,C.G. Stueckelberg

Helv. Phys. Asta 33 (19560) »p 727-752.

M. Guenin and E.C.G. Stueckelberg

Helv., Phys. Acta 34 (1961) pp 506-508.

E.,C,G. Stueckelberg and li. Guenin

Helv. Phys. Acta 34 (1961) pp 621-628,

A,S, Tightman -~ Relations de dispersion et particules
Slementaires — Edited by De Witt and R, Cmnes.

Les Houches 1960, pp 291-

K. Hoffmann- Banach Spaces of Analytic Functions -
Prentice Hall, Page 5.

N.I. Akhiezer and I.M, Glazman - Theory of Linear

O-erators in Hilbert Sace —~ footnote on page 48,



	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41
	Page 42
	Page 43
	Page 44
	Page 45
	Page 46
	Page 47
	Page 48
	Page 49
	Page 50
	Page 51
	Page 52
	Page 53
	Page 54
	Page 55
	Page 56
	Page 57
	Page 58
	Page 59
	Page 60
	Page 61
	Page 62
	Page 63
	Page 64
	Page 65
	Page 66
	Page 67
	Page 68
	Page 69
	Page 70
	Page 71
	Page 72
	Page 73
	Page 74
	Page 75
	Page 76
	Page 77
	Page 78
	Page 79
	Page 80
	Page 81
	Page 82
	Page 83
	Page 84
	Page 85
	Page 86
	Page 87
	Page 88
	Page 89
	Page 90
	Page 91
	Page 92
	Page 93
	Page 94
	Page 95
	Page 96
	Page 97
	Page 98
	Page 99
	Page 100
	Page 101
	Page 102
	Page 103
	Page 104
	Page 105
	Page 106
	Page 107
	Page 108
	Page 109
	Page 110
	Page 111
	Page 112
	Page 113
	Page 114
	Page 115
	Page 116
	Page 117
	Page 118
	Page 119
	Page 120
	Page 121
	Page 122
	Page 123
	Page 124
	Page 125
	Page 126
	Page 127
	Page 128
	Page 129
	Page 130
	Page 131
	Page 132
	Page 133
	Page 134
	Page 135
	Page 136
	Page 137
	Page 138
	Page 139
	Page 140
	Page 141
	Page 142
	Page 143
	Page 144
	Page 145
	Page 146
	Page 147
	Page 148
	Page 149
	Page 150
	Page 151
	Page 152
	Page 153
	Page 154
	Page 155
	Page 156
	Page 157
	Page 158
	Page 159
	Page 160
	Page 161
	Page 162
	Page 163
	Page 164
	Page 165

