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Abstract

This thesis presents novel algorithms for sequential decision-making in uncertain environments,
focussing on the challenges introduced by complex feedback structures. Specifically, we study
scenarios that frequently arise in real-world applications, including delayed feedback, cooperation

in multi-agent systems, and learning from pairwise comparisons.

First, we study delayed feedback. Here, the decision-maker sequentially selects actions, but the
corresponding feedback arrives later. For generalised linear bandits, we propose an algorithm
and prove an upper bound on its regret. This guarantee shows that the delays cause a small ad-
ditive penalty on top of what is possible with immediate feedback, substantially improving upon
existing results. Subsequently, we extend the study of delayed feedback to episodic reinforcement
learning and propose two approaches to handle the delays. For each approach, we provide regret
bounds for numerous immediate feedback algorithms and prove that the price for delays is an

additive penalty.

Second, we study problem settings where numerous cooperative decision-makers interact with the
environment. For these problems, we propose a black-box algorithm that takes any single-agent
algorithm as input and turns it into a cooperative multi-agent algorithm. Additionally, we prove
that the black-box algorithm transfers the theoretical guarantees of any single-agent algorithm

to the multi-agent setting. These guarantees are comparable to, or better than, existing works.

Finally, we study learning from pairwise comparisons, where the decision-maker selects two ac-
tions and receives the preferred action as their feedback. For this setting, we propose an algorithm
that collects batches of preferences and uses this information to learn a policy that generates
preferable actions. We prove that the cumulative sub-optimality of our algorithm grows sub-

linearly without requiring strong assumptions on the preference structure.

Overall, this thesis provides practical algorithms with theoretical guarantees. These results
make a step towards bridging the gap between idealised models for sequential decision-making

and real-world challenges.
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Chapter 1

Introduction

The problem of decision-making with uncertain information is an important challenge in the field
of machine learning. The multi-armed bandit and reinforcement learning problems have emerged
as the most popular mathematical models that capture many of the salient features involved in
sequential decision-making processes (Lattimore and Szepesvéri, 2020; Sutton and Barto, 2020).
Of these two problems, the multi-armed bandit is the simplest, and it gets its name from an
analogy with a problem faced by a gambler who is standing in a casino filled with slot machines.
The gambler is sensible and has a limited budget that they are willing to spend. Each machine,
when chosen, consumes a portion of the gambler’s limited budget and reveals a random payoff.
Naturally, the gambler wants to maximise their total payoff. However, they do not know the lo-
cation of the slot machine with the largest payoff, and the gambler can only estimate the payoffs
from the random values generated by each slot machine. How many times and in what order
should the gambler play each machine to maximise their total reward? Before spending each
unit of their budget, the gambler is presented with the following dilemma: should they explore
lesser-known machines in the hopes of discovering hidden potential, or exploit the ones that have
given the highest payoffs in the past? This is the exploration-exploitation dilemma and it is a
feature of sequential decision-making processes where the outcomes related to each decision are
uncertain. The dilemma arises because the gambler who exclusively explores will never capitalise
on the best machine, while the gambler who only exploits their current information risks missing

out on discovering slot machines with higher payoffs.

This casino analogy serves as a foundation for the stochastic multi-armed bandit problem, which

is a mathematical framework that isolates the challenge of balancing exploration and exploitation.
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Consequently, the multi-armed bandit problem has become the primary framework for study-
ing how to address this challenge effectively. Notably, many of the insights from the stochastic
multi-armed bandit carry over into more complex problems. For example, when the slot ma-
chines generate correlated payoffs, we have a structured bandit problem. Alternatively, if playing
a slot machine changes the state of the casino, in a certain technical sense, we have the reinforce-
ment learning problem. There have been several books and articles on the topic of bandits and
reinforcement learning that are highly recommended (Lattimore and Szepesvéri, 2020; Slivkins,

2019; Bubeck and Cesa-Bianchi, 2012; Sutton and Barto, 2020).

One of the central theoretical challenges in sequential decision-making is designing algorithms
and quantifying how well they perform. Typically, the performance is measured by the regret.
Informally, this sums the difference between the highest possible payoff the agent could have
received and the payoff they actually received across the rounds. The objective is to design al-
gorithms that minimise the regret and this requires algorithms that quickly learn an optimal or
near-optimal strategy. Having algorithms with low regret is particularly important in high-stakes
applications. Consequently, there has been an extensive research effort to design algorithms that
provably minimise the regret in both the multi-armed bandit and reinforcement learning models
for sequential decision-making. Some of these algorithms guarantee that the regret is as small

as is information-theoretically possible (Audibert and Bubeck, 2009; Azar et al., 2017).

Despite these advances, standard guarantees on the regret often rely on idealised assumptions
that do not hold in real-world applications. For example, classical models assume that feedback is
immediate. Yet, in settings like online advertising (Chapelle and Li, 2011), clinical trials (Simon,
1977; Villar et al., 2015), and e-commerce (Zhang et al., 2024), there is often a delay between
playing an action and receiving the corresponding feedback. Similarly, traditional models con-
sider a single agent interacting with the environment, while many real-world scenarios involve
multiple agents cooperating or competing (Tran-Thanh et al., 2011; Tekin et al., 2014). Addi-
tionally, direct feedback on decision quality is not always available or practical. Instead, learning
from pairwise comparisons, where feedback is given in terms of relative preferences rather than

absolute rewards, offers a more scalable alternative (Christiano et al., 2017).
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1.1 Contributions

This thesis explores extensions of the multi-armed bandit and reinforcement learning problems,
addressing challenges that arise in real-world learning systems. Specifically, it tackles three fun-
damental issues: learning under delayed feedback, cooperative decision-making in multi-agent

settings, and learning from pairwise comparisons instead of direct rewards.

The central theme of Chapters 4 and 5 is delayed feedback, which is a major obstacle in sequen-
tial decision-making that arises in many real-world applications. Here, an agent does not receive
immediate feedback about the quality of its decisions. Instead, this information is revealed later,
forcing the agent to continue making choices without knowing how well past actions performed.
These two chapters investigate the impact of such delays in different learning settings and are

each based on published work (Howson et al., 2023a,b).

Chapter 4 begins the study of stochastically delayed feedback in generalised linear bandits, which
is a class of structured bandit problems where rewards depend on actions through a generalised
linear model. The chapter introduces a novel algorithm that can efficiently handle delayed feed-
back without requiring prior knowledge of the delay distribution. Unlike previous approaches,
which show that delays cause a multiplicative increase in regret, our algorithm ensures that
delays introduce only a small additive penalty. This theoretical advancement is complemented
by empirical results demonstrating substantial improvements over existing methods in simulated

environments.

Subsequently, Chapter 5 seeks to extend the results that we obtained for delayed feedback in
the bandit setting to the episodic reinforcement learning problem. This chapter proposes two
approaches for handling delayed feedback in episodic reinforcement learning. The first involves
incorporating new information as soon as it becomes available, whereas the second waits before
using newly observed information. These approaches are generic and can be used in conjunction
with any immediate feedback algorithm. Theoretically, for both approaches, we prove that the
delays cause only a small additive increase in the regret for many existing immediate feedback
algorithms. Empirically, we compare these two algorithms and show that waiting before updat-

ing does not significantly degrade the performance in simulated experiments.
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Moving beyond delayed feedback, Chapter 6 explores cooperative learning in multi-agent bandits,
and is based on published work (Howson et al., 2025). Here, there is a network of decision-makers
who are working together to maximise their collective performance. For this setting, we propose
a general-purpose black-box algorithm that transforms any single-agent bandit algorithm into a
cooperative multi-agent bandit algorithm. The proposed algorithm ensures that the theoretical
guarantees of the single-agent algorithm transfer directly to the multi-agent setting. Further-
more, this guarantee holds under mild assumptions, which means that the black-box algorithm
can be used to simplify the design of cooperative algorithms for multi-agent extensions of various
bandit problems. Additionally, we show that our black-box approach is competitive with or

superior to existing multi-agent approaches, both theoretically and empirically.

Finally, Chapter 7 investigates learning from pairwise comparisons rather than direct rewards, a
setting that has become particularly relevant due to its application in fine-tuning large language
models. In this setting, the agent uses a policy to select a pair of actions, and the feedback
it receives indicates the preferred action. Unlike previous works, which focus exclusively on
learning from a fixed dataset or updating immediately after receiving each feedback, we focus on
the intermediate and practical setting of updating after selecting a batch of action pairs. For this
setting, we propose an algorithm and prove theoretical guarantees that hold for any batching

scheme, without imposing strong assumptions on the preference-generating process.

1.2 Thesis Organisation

This thesis begins by introducing the relevant background material. Chapters 2 and 3 provide an
introduction to the multi-armed bandit and reinforcement learning problems, respectively. Here,
the reader can find an overview of the problem settings and a description of popular principles
for designing theoretically justified algorithms. Subsequently, Chapters 4-7 contain the main

contributions of this thesis.

e Chapter 4 studies the generalised linear bandit problem with delayed feedback (Howson
et al., 2023b).

e Chapter 5 continues to investigate the impact of delayed feedback, but in the setting of

episodic reinforcement learning (Howson et al., 2023a).

e Chapter 6 revisits the multi-armed bandit problem but investigates the setting where there
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are multiple agents interacting with the environment (Howson et al., 2025).

e Chapter 7 investigates the problem of learning from pairwise comparisons in the bandit

setting.

Finally, Chapter 8 summarises the research conducted within the thesis and presents several

avenues for future research.
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Chapter 2

Multi-Armed Bandits

Thompson (1933) introduced the stochastic multi-armed bandit problem that is associated with
the casino analogy from the introduction. However, his motivation was not maximising his for-
tune in the casino. Instead, Thompson was interested in clinical trials with two treatments. This
fictitious trial consisted of patients who arrived one by one and a clinician who prescribed each
patient one of the two treatments. These treatments either did or did not cure the disease of in-
terest. Thompson modelled the outcome associated with prescribing each treatment as a random
variable drawn from an unknown Bernoulli distribution. Here, each treatment was associated
with an unknown probability of curing the patient. His work focused on a setting where the
clinician could adjust the probability of assigning each treatment based on the outcomes of pre-
vious patients. Primarily, Thompson wanted to know how the clinician should use the historical
information to adjust the assignment probabilities in a manner that maximises the chances of
each patient receiving the most effective treatment. The difficulty faced by the clinician comes
from the need to balance exploration and exploitation. On the one hand, they should explore
each treatment sufficiently to learn how effective it is at curing the disease. On the other hand,
they should exploit the treatment that appears to be the most effective. Later, Robbins (1952)
and Lai and Robbins (1985) revisited this model for sequential decision-making and are credited

with popularising what is now known as the stochastic multi-armed bandit problem.
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2.1 Problem Setting

Formally, the stochastic multi-armed bandit problem consists of a sequential interaction between
an agent and an environment. The environment consists of a finite set of decision variables,
which are called actions or arms:

A={1,2,- k}.

Each a € A in the environment is associated with an underlying probability distribution over

the rewards, which are all assumed to remain fixed throughout time:
V:{P17P27"' 7Pk}

where P, denotes the univariate cumulative distribution function for the corresponding action.

Typically, the minimal assumption of a finite expected value is imposed on these distributions:

po ) = [ aa @) < o0

— 00

for all a € A. Thompson (1933), for instance, considered the setting where the set of actions are

the available treatments and the reward distribution for each action is the Bernoulli distribution.

Regardless of the specific details of the environment, the interaction between the agent and the
environment occurs at discrete points in time known as rounds. Each round involves the agent
selecting an action and the environment revealing a reward that is randomly drawn from the
distribution corresponding to the chosen action. Suppose A; € A is chosen in the ¢-th round
by the agent. Then, the environment will randomly generate a reward from the corresponding
probability distribution:
Xy = X (A) "= Py,
Choosing A; € A is done using a policy, w, which is just a sequence of mappings from the

observed history to a distribution over the set of actions:
m={m,me, -} where m(a) =P (A =al|A1, X1, -+, A1, Xi—1) (2.1)

which captures the intuitive fact that the agent cannot rely on future information to make their

decisions in the present. However, it does allow the agent to make their decisions based on all of
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the historical information.

[ Procedure 2.1: Multi-Armed Bandits

Forte{1,2,--- ,n}:
1. Agent. Selects Ay ~ 7 (+)

2. Environment. Reveals X; = X; (A;) A Py,

Procedure 2.1 brings all of the above information together and formalises the sequential interac-

tion between the agent and the environment in the stochastic multi-armed bandit problem.

2.1.1 Measuring Performance

Robbins (1952), in his seminal paper, asked how actions should be chosen to maximise the

expected value of the following summation:

G
t=1

where n € N is known as the horizon of the game. Generally, S, is a random variable because
the rewards themselves are random. However, an additional source of randomness comes from
the policy, which is permitted to select actions based on the historical sequence of actions and
rewards. Therefore, the selected action inherits some randomness. This is true even if the policy
is deterministic given the history. Equation (2.2) defines the expected value of the summation

in a manner that highlights the two sources of randomness:

n

Sp (m,v) = E[X|] (2.2)

t=1
where the expectation is with respect to the policy and the set of reward distributions that define
the bandit environment. Equation (2.2) is maximised by the policy that always selects the action
with the highest expected reward:

ay = argmax (i, (v) and py (V) = pe, (V) = max p, (v) (2.3)
a€A ac€A

where a, is called the optimal action. Therefore, a natural objective is to design policies that

accumulate an expected sum of rewards that is similar to that of always selecting the optimal
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action. This leads to the main measure of performance in the literature. The regret is defined

as follows:

R, (m,v)=n-pu.(v)— ZE [X¢] - (2.4)

Equation (2.4) measures the cumulative expected loss in rewards due to not knowing the reward
distributions. Here, the expectation includes the randomness from the rewards and from the
policy. Generally, the expected loss in rewards for picking a sub-optimal action is referred to as

the sub-optimality gap or the gap in the literature:
Aa (V) = px (V) = pa (V) - (2.5)

Often, Equation (2.4) is rewritten in terms of the sub-optimality gaps and the number of times
the agent plays each action. The number of plays is an important quantity and has the following

definition:

T,(n)=> 1{A; =a} (2.6)

for all n € N. This quantity is a random variable because the agent can explicitly use randomisa-
tion to select their actions or choose their action using a deterministic function of the historical
sequence of rewards, which are random samples from unknown distributions. Equations (2.5)

and (2.6) can be used to write down an equivalent expression for the cumulative regret:

Ry (mv) = Ay (v) E[T, (n)] (2.7)

aFtx

which follows from a straightforward application of the tower rule.

The regret is defined as an expectation with respect to interaction between the policy and the

environment. However, there is another measure of performance known as the pseudo-regret:

Ro(mv)=n-p.(v) =) pa, (v) (2.8)

which filters out some of the randomness in the rewards. The multi-armed bandit literature
tends to focus on the regret given in Equation (2.4). However, Section 2.3 introduces the linear
bandit problem, which tends to use the pseudo-regret as the measure of performance. Further-
more, Chapter 3 introduces episodic reinforcement learning, where it is common to focus on an

appropriately modified version of the pseudo-regret.
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2.1.2 Standard Assumptions

The regret explicitly depends on three quantities: the policy, the environment, and the number
of rounds n involved in the summation. Often, n is referred to as the horizon of the sequential
decision-making problem. Therefore, when designing policies, incorporating any available knowl-
edge of these factors can enhance decision-making and improve the agent’s ability to minimise

their regret.

Horizon. Generally, assuming that the horizon is known is done for mathematical convenience.
Converting policies that require knowledge of the horizon into policies that do not require knowl-
edge of the horizon can be done through the doubling trick (Auer et al., 1995; Besson and Kauf-
mann, 2018). Essentially, the doubling trick takes in an initial guess of the horizon and instructs
the agent to select their actions as if this were the actual horizon. Once the agent hits this
horizon, the entire history is deleted and the policy is restarted with a new value for the hori-
zon, which is typically double the previous guess. Alternatively, the theoretical analysis can be
adjusted to avoid requiring knowledge of the horizon. However, this can become quite complex,
especially when it is of interest to retain certain theoretical properties (Degenne and Perchet,
2016). Although requiring knowledge of the horizon might seem unreasonable, it does occur in
practical applications where the experimental budget is limited, such as online experimentation
and clinical trials. Exploiting knowledge of this quantity allows for the design of policies that
favour exploitation towards the end of the interaction, where the benefits of exploration have

diminishing returns.

Environment. Even if the horizon is known, the exact nature of the distributions that char-
acterise the multi-armed bandit environment are unknown. Maximising Equation (2.2) for a
particular environment is straightforward and is a matter of always selecting the action with
the highest expected reward. However, such a policy will incur linear regret in all environments
whose optimal action has a different index. Therefore, it is common to assume that the true
bandit environment belongs to a restricted class of distributions, £. Naturally, the expectation
is that policies tailored towards a specific class of environments will suffer low regret against any
environment that it faces within the class. Thompson (1933), for example, restricted himself to

the class of environments where each distribution over the rewards is Bernoulli:

& = {(Bernoulli (114)) e 4 : 1 € [0, 1]k}
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which is now known as the Bernoulli bandit. Environments that belong to this class have
distributions whose variances decrease as their expected value approaches the boundary points.
This prior knowledge could be incorporated when designing the policy. The Gaussian bandit
is another class of environments where each action has a reward distribution with a specific

parametric form (Lai and Robbins, 1985; Katehakis and Robbins, 1995):

6 = { (Normal (na, 0%)) e, - € 0.1]°}

2. or an upper bound thereof, is known. However, it might be unreasonable to make

where o
parametric assumptions about the class of distributions. Instead, it might be more appropriate
to assume that the set of reward distributions generate bounded random variables. Auer et al.
(2002a) take this non-parametric approach and focus on designing policies for environments with

bounded support:

8[0,1] = {(Pa)ae_A : Supp (Pa) g [0, 1]}

which contains the class of Bernoulli bandits and many other parametric environments as special
cases. Even more classes of bandit environments exist. Bubeck and Cesa-Bianchi (2012) popu-
larised the subgaussian bandit environment, which places conditions on the moment-generating

function of the noise around the expected rewards of each action.

Definition 2.1. A random variable X is o-subgaussian if there exists a positive scalar o > 0

such that, for all A € R, the following inequality holds:

E [exp (A (X — E [X]))] Sexp</\; ) .

Definition 2.1 says that the distribution of the centred random variable has tails that decay at
least as fast as those of the Gaussian distribution. Typically, the subgaussian parameter o is

assumed to be known and this leads to the following class of environments:
Esc = {(Pa),en : Pa is o-subgaussian for all a} .

This class of bandit environments contains all the previous examples as special cases. Neverthe-
less, there exist even larger classes of environments that subsume the o-subgaussian setting, such

as distributions with bounded kurtosis (Lattimore, 2017) and heavy tails (Bubeck et al., 2013a).
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2.1.3 Fundamental Limits

Equation (2.7) makes it immediately clear that the regret of any policy is non-negative and is
equal to zero when the agent selects the optimal action in every round. Furthermore, we can
upper bound the regret of any policy by the strategy of always choosing the action with the

lowest expected reward. These simple insights reveal that the regret can be bounded as follows:

0 <R, (mv)<n- -maxA,
acA

where the upper bound has a linear dependence on the horizon. This is often referred to as
linear regret and it corresponds to the worst possible policy for the environment. Therefore, the
objective is to design policies for a class of environments whose regret is a sub-linear function
of the horizon. However, this leads to the fundamental question: what is the lowest cumulative

regret achievable by any policy?

There exist two types of answer to this question for the stochastic multi-armed bandit problem.
These are the instance-dependent or problem-dependent lower bounds, and the minimax or

problem-independent lower bounds.

Instance/Problem Dependent. Informally, instance-dependent, or problem-dependent, lower
bounds can be viewed as a function that takes a specific multi-armed bandit environment as input
and returns the smallest possible value for the regret that is attainable by some class of policies.
Lai and Robbins (1985), in their seminal paper, prove an instance-dependent asymptotic lower
bound on the cumulative regret for all consistent policies:
. Ry (mv A, (v

B S D b e
where Dk, (P || P’) denotes the relative entropy between the distributions. Consistency is an
asymptotic notation and contains the set of all policies that eventually find and exploit the
action with the highest expected reward. Formally, 7 is consistent if:

lim B ()
n—o00 ne

— 0

for every o > 0. This is extremely useful for characterising what is possible in terms of the regret

in a particular bandit environment for many algorithms of interest. Furthermore, Equation (2.9)
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suggests that the number of times an asymptotically optimal policy will play a sub-optimal action

in n rounds is approximately:

E[T, (n)] =~ DKLA‘})(E?P*) In(n) .

Lai and Robbins (1985) used this insight to design policies for various environments, such as the

Gaussian and Bernoulli bandits from Section 2.1.2.

Minimax/Problem-Independent. The minimax, or problem-independent, lower bound takes
another perspective. This kind of guarantee takes in a class of environments as input and pro-
vides a lower bound on the regret of the best policy within the class. Auer et al. (2002b) present

a worst-case lower bound for the class of bandit environments with bounded support:

inf sup R, (7,v) > min {;Ok,n} . (2.10)

well yeg[o,l]

Lattimore and Szepesvéri (2020) verify a similar lower bound for the class of Gaussian bandits

using the techniques introduced by Bubeck et al. (2013b).

2.2 Algorithmic Approaches

Equations (2.9) and (2.10) establish fundamental lower bounds on what can be expected of
algorithms that seek to minimise the regret in multi-armed bandit problems. The objective is to
design policies whose regret is as close as possible to these limits. Equation (2.7) is immediately
useful for verifying that a careful balance of exploration and exploitation is necessary for this
objective. Relying exclusively on exploration will fail to achieve sub-linear regret. For example,

selecting an action uniformly at random in each round will yield:

R,, (Uniform,v) = ZAQ (v) - (Z]P’(At = a)) = % Z A,

aFtx aFx

where Uniform denotes the policy that sets m;(a) = 1/k for all (¢,a) € Nx A. Relying exclusively
on exploitation will also fail to achieve sub-linear regret. For example, selecting each action once

and committing to the action with the highest reward will give:

R, (Greedy,v) = Z Ay - (Z]P’(At = a))
t=1

aFx
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= Z Ay + (n—k) Z A, (v) P (a = ar%gaX{Xt})

aFay aF*

where Greedy has mi(a) = 1 for t € {1,2,--- ,k} and is otherwise the action that received the
highest reward. Thus, the regret is linear in environments where the optimal action cannot be
identified with one sample from each action. Essentially, this is the class of all non-trivial bandit
problems. See Chapter 6 of Lattimore and Szepesvéari (2020) for an upper bound on the proba-

bility in the bound of the greedy policy.

These examples highlight that balancing exploration and exploitation is essential for regret min-
imisation. Remarkably, simple and efficient algorithms exist that nearly match these lower
bounds, and the mechanisms that balance exploration and exploitation have been studied for
many years. Thompson (1933) suggested that selecting an action should be done in accordance
with the probability that it is optimal in the view of the available information. However, this
approach remained relatively obscure for quite some time. Meanwhile, other approaches were
introduced that were quicker to gain popularity. Robbins (1952) proposed a relatively straight-
forward idea of exploring in a carefully chosen set of rounds. Anscombe (1963) investigates a
similar principle that better aligns with clinical trials. This principle involves an initial explo-
ration phase that is followed by an exploitation phase that always selects the action with the
highest empirical mean, which is now known as explore-then-commit. Subsequently, Lai and
Robbins (1985) proposed using upper confidence bounds on the expected rewards to balance
exploration and exploitation. Auer et al. (2002a) popularised this technique, and it has since
become one of the most widely used strategies for multi-armed bandits and reinforcement learn-

ing. This approach has been continuously refined and extended since its inception.

Primarily, research tends to focus on extending ideas of Thompson (1933) and Auer et al. (2002a)
beyond the canonical multi-armed bandit problem. This thesis will frequently make use of, or
compare to, algorithms that build upon the principles underlying these algorithmic ideas. There-
fore, Sections 2.2.1 and 2.2.2 present a thorough explanation of these approaches. Section 2.2.3
highlights other algorithmic principles for solving the multi-armed bandit problem for complete-

ness, and serves the purpose of providing the corresponding references for the interested reader.
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2.2.1 The Optimistic Principle

Algorithmically, the idea of optimism can be traced back to the seminal work of Lai and Rob-
bins (1985). However, research within the field of psychology has independently discovered that
optimism is exhibited by humans and animals in their decision-making processes (Sharot, 2011;
O’Sullivan, 2015). Generally, the optimistic principle suggests that an agent should select actions
as if they were operating in the most favourable version of the environment, as warranted by
the current statistical evidence. Loosely, the idea is to use past data to construct the highest
reasonable estimate for the expected reward of each action and select the next action greedily
based on these optimistic estimates. This approach works because the estimates incorporate
uncertainty, making actions desirable for two reasons: either their true reward is high, or the
uncertainty itself makes them worth exploring. Figure 2.1 illustrates what an optimistic policy

might see and do in an arbitrary round of their interaction.
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Figure 2.1: Visualisation of the optimistic principle. The symbols x and e represent the true
expected reward and an empirical estimate, respectively. The shaded region represents the set
of statistically plausible values for the unknown expected reward of each action. Here, A; = 2
because it is the action with the highest upper confidence bound, as depicted by the shaded
regions.

Typically, implementing the optimistic principle is done through the use of confidence bounds to
construct optimistic estimates, which was introduced by Lai and Robbins (1985). Subsequently,
Lai (1987), Katehakis and Robbins (1995) and Agrawal (1995) built upon this idea and devel-
oped early versions of what is now known as the upper confidence bound algorithm. Notably,
Agrawal (1995) observed all that is required is an appropriate sequence of upper bounds on the
unknown expected reward for each action. These papers all studied the cumulative regret from

an asymptotic point of view. Auer et al. (2002a) later leveraged the insight on the confidence
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sequences and provided the first finite-time analysis of the cumulative regret for the upper con-

fidence bound strategy in environments with bounded support.

The optimistic principle provides a widely applicable framework for sequential decision-making
in uncertain environments. Algorithm 1 gives the generic pseudo-code of this principle, and

serves as a useful reference for the remainder of this subsection.

Algorithm 1 Upper Confidence Bounds (UCB)
Initialise. Select A; =t for t € [1, k]
fort=k+1,k+2,--- do

Select A; = argmax,c 4 UCB;_1 (a)
end for

Auver et al. (2002a) popularised the upper confidence bound algorithm and focussed on bandit
environments with support in [0,1]. Constructing the upper confidence bound for each action

starts with computing an empirical estimate of the expected reward:

1

[’La (Ta (t>) = T, (t) 'ZXsl{As = a}

which is just the empirical mean of the rewards received by the end of the ¢-th round for action
a € A. Hoeffding’s inequality (Hoeffding, 1963) is then used to construct the upper confidence

bounds for usage within Algorithm 1 as follows:

21n (¢
T, (t)

~—

UCBI1, (a) = fi, (T, (t)) + (2.11)

Notably, these optimistic estimates do not require knowledge of the horizon n because the upper
confidence bounds depend only on the number of completed rounds, the empirical mean, and
the number of plays for each action. Theorem 1 of Auer et al. (2002a) shows that the regret of

the policy defined by the upper confidence bounds in Equation (2.11) satisfies:

R, (UCBL,v) <> SAIH (n) 4 (1 + 7?) > Aav) (2.12)

aFx (V) aFtx

for all v € &)p,1;. Remarkably, this result verifies that the upper confidence bounds in Equa-
tion (2.11) are enough to achieve the same logarithmic dependence on the horizon as the lower
bound in Equation (2.9). Replacing Hoeffding’s inequality with an appropriate tail bound for

the random variables allows for the construction of optimistic estimates for broader classes of
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environments, such as o-subgaussian bandits, which can be used within Algorithm 1. Chapter 2
of Bubeck and Cesa-Bianchi (2012) make this generalisation and their analysis verifies that the
instance-dependent upper bound matches the instance-dependent lower bound up to absolute

constants for the class of Gaussian bandits.

Converting Equation (2.12) into an instance-independent guarantee is straightforward. This is
achieved by partitioning the actions into sets where the sub-optimality gap is above or below

some threshold. Choosing this threshold to make the regret as large as possible gives:

R, (UCBL,v) < y/nkln(n)

which matches the minimax lower bound up to the /In(n) factor.

UCBI of Auer et al. (2002a) is easy to implement and only requires storing two lists of k ele-
ments; one for tracking the empirical mean for each action, and another for counting the number
of times each action has been selected. These lists are sufficient for computing the upper confi-
dence bounds required to execute the policy in each round. Furthermore, computing the upper
confidence bounds only involves elementary operations. This means the time complexity is of
the order k in each round, which arises from having to compute the upper confidence bound for

each action in every round.

However, UCBL1 is not perfect. Indeed, it does not match the instance-dependent lower bound

for all environments, which can be seen from an application of Pinsker’s inequality:

Aa
=

IS

Dxr (P || P) >

Furthermore, as previously mentioned, the worst-case upper bound on its cumulative regret
is loose by poly-logarithmic factors involving the horizon. Thus, significant effort has been
placed on refining the optimistic estimates to achieve these goals, which we will summarise in an

approximately chronological order.

Minimax Optimality. Audibert and Bubeck (2009) developed MOSS to fix the latter of these
issues by focusing on the instance-independent cumulative regret. MOSS uses refined upper

confidence bounds that are designed for the purpose of minimising the instance-independent
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regret:

%nax w22}
VT

where the numerator of the exploration bonus monotonically decreases as the agent approaches

MOSS; (a) = fi, (T.

the known horizon. Ultimately, these upper confidence bounds allowed the authors to show that:

sup R, (MOSS,v) < 49vnk
VGE[UJ]

which matches the worst-case lower bound up to the absolute constant. This algorithm requires
advanced knowledge of the horizon to compute the upper confidence bounds. This can be relaxed
using the doubling trick. However, the doubling trick introduces a logarithmic factor into the
regret guarantee, and the resulting algorithm will no longer match the minimax lower bound.
Degenne and Perchet (2016) provided a significantly more refined approach that does not require
knowledge of the horizon. The modification made to the confidence sequence allows the algorithm

to retain the minimax status, albeit with the 49 being replaced with 113.

Instance-Dependent Optimality. Maillard et al. (2011) and Garivier and Cappé (2011)
concurrently and independently focussed on reconciling the upper confidence bound strategy with
the asymptotic instance-dependent bound found in Equation (2.9). That is, devising a variant
of the upper confidence bound strategy that features the relative entropy in the denominator of
the instance-dependent bound instead of the sub-optimality gaps. Maillard et al. (2011) studied
settings with finite support and provided a specific analysis for Bernoulli bandits. Garivier and
Cappé (2011) focussed on environments with bounded support and distributions belonging to the
one-parameter exponential family. These authors later collaborated to generalise and improve
upon their original results and named the algorithm KL-UCB (Cappé et al., 2013). For Bernoulli

rewards, the upper confidence bounds constructed by this algorithm have the following form:

KL-UCEB, (@) = max { Dia 1, (T, (1) | ) < 2020

T, (t)

Similar upper confidence bounds can be derived for other reward distributions of interest (Cappé
et al., 2013). This particular choice of upper confidence bounds yields the following instance-

dependent guarantee:

Ry, (KL-UCB, v) <ZW Zc
KL
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where C, contains problem-dependent constants. Computing the upper confidence bounds for
this algorithm requires solving an optimisation problem for each action in every round. Therefore,
the implementation of KL-UCB often has a longer running time than UCB1 or MOSS, whose
upper confidence bounds are readily available in closed-form. However, the optimisation problem
can be solved to an arbitrary level of precision using Newton’s method or any other optimiser
for one-dimensional functions. Later, Ménard and Garivier (2017) show that an appropriate
modification of this algorithm can simultaneously achieve the minimax and instance-dependent

lower bounds for all parametric bandits belonging to the one-parameter exponential family.

Other Modifications. UCBI1, MOSS and KL-UCB are just a handful of examples of optimistic
algorithms. Kaufmann (2018) develop a BayesUCB, which uses quantiles of the posterior distri-
bution to derive the upper confidence bounds instead of concentration inequalities. Optimally
Confident UCB (Lattimore, 2016) and Adaptive UCB (Lattimore, 2018) retain the minimax op-
timality of MOSS whilst achieving near-optimal instance-dependent guarantees. However, these
algorithms rarely get extended to more complex bandit problems. This is likely because the
probabilistic analyses for these algorithms are already rather complicated. Thus, UCB1 of Auer
et al. (2002a) with an appropriate problem-specific modification is the prototypical starting point

when designing an algorithm for a novel bandit problem.

2.2.2 Thompson Sampling

Thompson Sampling is an alternative algorithmic idea that looks at the multi-armed bandit prob-
lem from the Bayesian perspective. Thompson (1933) originally proposed the idea of placing a
prior distribution over the class of Bernoulli bandits with two actions and suggested playing each
action in accordance with the posterior probability that it is optimal. Therefore, exploration is
guaranteed by design and exploitation will occur when the posterior distribution concentrates
its mass on one of the actions. Thompson manually computed these posterior probabilities by
hand, and his tabulation of these values can be used to implement the policy. Wyatt (1997)
continued along this trajectory for the class of Bernoulli bandits with two actions and obtained
a closed-form solution for the posterior probability of either action being optimal. However,
Wyatt states that the time to evaluate this expression grows with the horizon, without bound.
Furthermore, deriving a closed-form expression for environments with more than two actions is

likely impossible (Wyatt, 1997).
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Fortunately, it is not necessary to explicitly compute the posterior probability that each action
is optimal to implement the algorithm. Scott (2010) and Granmo (2010) remark that it is often
quicker to sample an environment from the posterior distribution and select the action with the
highest expected reward in this sampled environment. Indeed, utilising this sampling procedure
will select each action with the desired posterior probability. By now, this is the most common

way of thinking about and implementing Thompson Sampling.

Generally, implementations of Thompson Sampling assume a particular parametric form for the
reward distributions. Granmo (2010), in this instance, advocate for selecting the appropriate
conjugate prior distribution. This choice of prior is highly beneficial because it allows for the
exact computation of the posterior distribution via the likelihood of the reward distributions.
Otherwise, computationally expensive procedures would be required to generate samples from
the posterior distribution, such as Monte-Carlo Markov Chain (Gelman et al., 2013). Algorithm

2 presents the generic pseudo-code for the Thompson Sampling policy.

Algorithm 2 Thompson Sampling (TS)

Input. Prior @ over the class of environments.
fort=1,2,--- do
Sample vy ~ Q (| A1, X1, ..., Ar—1, Xi—1)
Select A; = arg max, ¢ 4 fta (V¢)
end for

For Bernoulli bandits, the parametric form of the reward distributions only depends on the
expected reward of each action. Therefore, constructing the prior distribution over the possible
bandit environments amounts to placing a prior on the unknown expected rewards. For Bernoulli
bandits, the most natural, convenient, and theoretically justified choice is to place an independent
uniform prior over the expected reward of each action (Chapelle and Li, 2011; Agrawal and Goyal,

2012; Kaufmann et al., 2012; Agrawal and Goyal, 2013a):

Q. = Beta(1,1)

for all @ € A. This corresponds to the prior belief that each action is equally likely to be the action
with the highest expected reward in the true environment. The Beta distribution is the conjugate
prior distribution for the Bernoulli distribution. Therefore, computing the posterior distribution

is extremely simple, and it amounts to updating the parameters of the Beta distribution for each
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action:

Q. (t) = Beta (1 + ZXSl{AS =a}, 14 Z(l - X,)1{As = fl})

where the first argument counts the number of successes and the second counts the number
of failures for the indexed action. For Gaussian bandits with a known variance, or any other
distribution belonging to the one-parameter exponential family, a conjugate prior distribution
exists. Choosing this prior distribution guarantees a closed-form expression for the posterior dis-
tribution. Thompson Sampling, when implemented with a conjugate prior distribution, is both
computationally and memory efficient. Typically, it can be implemented with time and space

complexity similar to that of UCB1 by Auer et al. (2002a).

Although Thompson did not go completely unnoticed, most of the interest in his ideas has been
relatively recent. Similarly to the optimistic principle, analyses of this algorithmic approach
began in the asymptotic regime. Granmo (2010) proved that the policy converges to selecting
the optimal action with a probability arbitrarily close to one in the Bernoulli bandit environment
with two actions. Additionally, May et al. (2012) proved asymptotic results for the setting with
k actions and arbitrary reward distributions, and verified that the sequence of actions chosen by
Thompson Sampling will receive rewards that converge to the maximum expected reward in the
limit. Chapelle and Li (2011) provided empirical evidence suggesting that Thompson Sampling is
near-optimal and pointed to the lack of finite time guarantees as a possible reason for its limited

application in practice.

Agrawal and Goyal (2012) provided the first finite time analysis of Thompson Sampling for
multi-armed Bernoulli bandit environments. Using the Beta-Bernoulli conjugacy, as discussed
earlier in this section, the authors were able to prove that the cumulative regret can be upper

bounded as follows:

2881n (n) + 192k N 721n (n)
A2 A,

a

2
1
Ry (TS,v) <104(k— 1)+ | Y (AQ) 11521In(n) +
a#x a
Compared to UCB1, the guarantee is substantially worse, both in terms of the absolute constants
and the sub-optimality gaps. Although the guarantee depends on a strong assumption on the
bandit environment, the authors of the paper show how the Beta-Bernoulli conjugacy continues

to be useful and theoretically justified in the broader class of bounded bandits. Agrawal and
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Goyal (2012) propose the following reduction:
e Receive Xy ~ P4, with supp(F,) € [0, 1]
e Cenerate X; ~ Bernoulli(X;)
e Update Posterior with (A, 5(,5)

where X, = X, if the environment consists of Bernoulli distributions. Agrawal and Goyal (2012)
show that using this reduction extends the scope of the guarantee presented above to the class
of environments with rewards bounded in [0, 1]. Subsequently, Kaufmann et al. (2012) revisited
Thompson Sampling for the Bernoulli bandit, and were able to improve the finite time analysis

by using distribution-specific properties:

In (n) + Inln (n)
R, (TS,v) < (1+€)'(§*DKL(PaHP*)

+Cc (v)

where ¢ > 0 and C. (v) is a problem-dependent quantity. Omitting the additive problem-
dependent constants, this result nearly matches the asymptotic lower bound of Lai and Rob-
bins (1985) in Equation (2.9). Furthermore, the authors provide convincing empirical evidence
that Thompson Sampling is superior to UCB1 in this particular class of environment. Agrawal
and Goyal (2013a) refined their previous problem-dependent analysis and presented an instance-
independent upper bound on the regret of Thompson Sampling in environments with support in
[0, 1]:

nkln(n) for Beta prior
R, (TS,v) <

nkln(k) for Gaussian prior
where the authors use the same trick of simulating the Bernoulli bandit environment for the
Beta prior. The guarantees presented above are for the frequentist setting. However, defining
the regret as an expectation with respect to the prior distribution allows one to prove Bayesian
guarantees. Russo and Roy (2014) establish a connection between optimistic and Thompson
sampling algorithms, which ultimately lets them apply UCB-style tricks to control the Bayesian

regret.

2.2.3 Other Principles

Optimism and Thompson Sampling are the main families of policies that are used to solve multi-

armed bandit problems, and they have each received significant interest due to their simplicity.
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However, these are by no means the only families of policies capable of sub-linear regret in the
multi-armed bandit problem. The following paragraphs highlight some alternatives that each

have their own merits.

Boltzmann Exploration. Boltzmann or Softmax exploration is another approach for balanc-
ing exploration and exploitation in sequential decision-making problems that is popular amongst
practitioners. This policy guarantees exploration by playing each action with probability that is

proportional to an exponential function of an estimate of its quality:

mi (@) o< exp (- Qs (@)

where Qt_l(a) represents the estimated quality of action a based on the information available
at the start of the t-th round and 7; denotes the step-size or learning rate. Cesa-Bianchi et al.
(2017) analyse the popular choice of estimating the quality of each action through its empirical
mean. Conversely, Bian and Jun (2022) propose using an empirical estimate of the sub-optimality
gap. This idea was originally proposed by Maillard (2011). These policies have the benefit of
maintaining closed-form expressions for the probability of selecting each action. Having these
closed-form expressions allows data analysts to use importance-weighted estimators to de-bias

any downstream analyses performed on the dataset collected by the algorithm.

Bootstrap Exploration. Bootstrapping has been highlighted as one of the most important
statistical ideas of the past 50 years (Gelman and Vehtari, 2021). Loosely, the bootstrap takes in
an estimator and applies it to randomly resampled datasets, and the distribution of the estimator
on these randomly sampled datasets can be seen as an approximation to the sampling distribution
of the data (Efron, 1979). This idea has found application in the bandit literature, where the
bootstrap sub-sampling procedure is used to quantify the uncertainty in the current estimate
of the expected reward for each action. BESA (Baransi et al., 2014) take this approach. The
algorithm works by computing the empirical mean for each action and choosing the arg max of
these estimates. To make fair comparisons, it ensures that all the empirical means are based on
the same number of samples. This is done by taking the number of times the least-chosen action
has been selected and using that as the sample size for all the actions. Therefore, the actions
that have been played more often compute their estimates on a randomly sampled subset of the
rewards. BESA comes with logarithmic instance-dependent guarantees for two-armed bandit

problems, and its empirical performance is impressive. GIRO (Kveton et al., 2019) is another
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algorithm that borrows ideas from the bootstrap. The authors propose adding fictitious rewards
into the historical sequence of rewards for the action played in each round to increase the variance

of the bootstrap estimator and induce exploration.

2.3 Linear Bandits

The multi-armed bandit problem is the simplest setting that exhibits a fundamental tension
between exploration and exploitation. However, algorithms for this problem setting scale poorly
with the number of actions, which makes them prohibitive in scenarios with many or an infinite
number of actions. Indeed, Equations (2.10) and (2.9) demonstrate that it is impossible to avoid
a dependence on the number of actions in the theoretical guarantees. However, the multi-armed
bandit models the environment in a manner that is devoid of structure and the algorithms were

instructed to treat each action independently.

Often, the reward distributions for each action exhibit some correlation. This correlation can
be exploited to avoid having to learn about the quality of each action independently. Robbins
(1952) imagined this as a potential extension of the multi-armed bandit model back in the 1950s.
Specifically, Robbins gave the example of studying the efficacy of a treatment at varying dosages,
where each dosage can be thought of as the action. Naturally, there is structure between the
actions in this setting, as increasing or decreasing the dosage by a small amount should lead to

similarly small changes in the expected outcomes of the patient.

Generally, structure is imposed on the bandit environment by assuming that the expected reward
is a function of the chosen action. This function cannot be arbitrary and additional assumptions
are required, which is usually some notion of global or local smoothness (Kleinberg et al., 2008;

Bubeck et al., 2008; Srinivas et al., 2010).

Perhaps the most natural extension of the multi-armed bandit problem is the linear bandit
problem (Abe and Long, 1999; Auer, 2002; Dani et al., 2008; Rusmevichientong and Tsitsiklis,
2010; Abbasi-Yadkori et al., 2011; Flynn et al., 2023). Rather than associating each action with
an index, actions are now represented by d-dimensional vectors. Each round in the linear bandit

problem can have a different set of available actions. Thus, in the ¢-th round, the set of actions



Chapter 2. Multi-Armed Bandits 37

available to the agent will be represented as follows:
A C Rd

for all t € N. Generally, A; is subject to additional restrictions. Auer (2002), for example,
assume that it is finite and spans R%. Abbasi-Yadkori et al. (2011) assume that the set of actions

is chosen arbitrarily in each round and contains vectors with a bounded ¢ norm.

Rather than having an independent reward distribution associated with each action, the linear
bandit problem introduces structure between the actions. This structure is introduced by sup-
posing that the expected reward for any given action is an unknown linear combination of its
entries (Abe and Long, 1999). Letting A; € A; denote the action chosen in the ¢-th round allows

us to write down its expected reward as follows:
E[X: [ A] = (Ar, 04)

where 0, € © C R? is the unknown parameter vector that controls the expected reward of
each action. Similarly to the multi-armed bandit setting, the agent does not get to observe the
expected reward directly, and instead receives noisy samples that are centred at the expected
value. Suppose A; € A; is chosen in the ¢-th round by the agent, then the environment will

generate a random reward with the following form:
Xy = (Ap, 04) +m

where 7; represents conditionally zero mean noise. Typically, it is assumed that the noise satisfies

the following:

1
E[exp (Ane) | Av,mu, - Apm1, -1, Ae] < exp (2)\202)

which states that it is conditionally o-subgaussian. Procedure 2.2 summarises the sequential
interaction between the agent and the environment in the stochastic generalised linear bandit

problem.
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[ Procedure 2.2: Linear Bandits

Fort=1,2,--- ,n:
1. Agent. Select A; € A;

2. Environment. Reveal X; = (A4, 0,) + ¢

Formally, the objective in this setting is to compete against the fictitious agent that selects the

action with the highest expected reward in each round:

Rn (71—7 9*) = Z {Ilréaji {<a7 9*>} - <At7 6*>

which is most similar to the pseudo-regret in Equation (2.8). The main difference is that the
optimal action can change between rounds. This is to account for the possibility of changing
action sets. Indeed, it is unfair to ask the agent to compete against a strategy that can select
unavailable actions. The pseudo-regret for the linear bandit problem is itself a random variable.
Generally, the literature tends to focus on proving upper bounds that hold with arbitrarily high

probability.

2.3.1 Fundamental Limits

The linear bandit problem is an extension of the multi-armed bandit problem that allows for
non-vacuous guarantees in applications with infinitely many actions. This possibility has been
verified through a sequence of lower bounds, which have all been proven using action sets with

different shapes.

Dani et al. (2008) focus on the linear bandit problem where the set of actions is the same in

every round and prove the following result:
. 1
E [Rn (w,u)] > _—_dyn

where 4, = A = {a €R%:a? =a?_, for i€ [l,d)} and 6, is such that |(a,6,)] < 1. Rus-

mevichientong and Tsitsiklis (2010) also consider a static set of actions and prove lower bounds
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for infinite collection of action vectors with unit norm:

E [Rn (m, y)} > W%Od\/ﬁ

where A, = A = {a € R%: |ja|]l; =1} and ||6,|| = d/y/n. Finally, Lattimore and Szepesvari
(2020) prove lower bounds for scenarios where the set of actions is the d-dimensional hypercube:

E (R, (r,6,)] > #d\/ﬁ

where Ay = A = [-1,1]? and 6, € {-1/y/n,1/y/n}?. This particular set of actions is finite.

However, the number of actions is exponentially large in the dimension: |A;| = 29.

These examples of action sets and their lower bounds illustrate that it is possible to devise

algorithms whose regret is independent of the number of actions.

2.3.2 The Optimistic Principle

Numerous authors have built upon and extended the optimistic principle in the linear bandit
setting (Auer, 2002; Dani et al., 2008; Rusmevichientong and Tsitsiklis, 2010; Abbasi-Yadkori
et al., 2011; Faury et al., 2020; Jun et al., 2021; Abeille et al., 2021; Faury et al., 2022; Flynn
et al., 2023). This can be implemented by maintaining a set of statistically feasible parameter

vectors.

Let C; C R? denote this set, which can be constructed using all of the available information:
Ay, Xy, , A1, Xi—1. Supposing 0, € C; allows the agent to construct an upper bound on the

expected reward of each action as follows (Lattimore and Szepesvari, 2020):

(a,0,) < max(a,0) = UCBy (a) .

eCy

These upper confidence bounds can be used in exactly the same way as in Section 2.2.1. Formally,
the agent would just compute the upper confidence bounds for each action and select the action

according to these optimistic estimates:

A = gé&;l)i UCB;_1 (a) .
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Devising confidence sets that contain the unknown parameter vector is much more delicate than
in the multi-armed bandit setting. This is due to the dependencies that arise due to the structure
in the expected reward function. These dependencies must be accounted for if the algorithm is

going to be theoretically principled.

Recall that the objective is to control the pseudo-regret with high probability. Therefore, it is

sufficient to construct the sequence of confidence sets such that:
PEt<n:0,¢C)<d or P(FteN:6,¢&C)<é

where § € (0,1) is a user-specified confidence parameter. These confidence sets can then be used

to derive upper bounds on the regret that hold with probability at least 1 — §.

Auer (2002) focus on the setting with finitely many actions and propose the LinRel and SupLin-
Rel algorithms. SupLinRel partitions the historical information into nearly independent sets.
LinRel then uses these nearly independent datasets to build the confidence sets. This additional
step of pre-processing the historical data guarantees that the confidence sets of LinRel contain
the unknown parameter vector with high probability. Auer (2002) remark that the introduction

of the pre-processing step was only introduced to handle the dependencies.

Subsequently, several authors were able to remove the pre-processing step using more sophisti-
cated probabilistic tools based on martingales (Dani et al., 2008; Rusmevichientong and Tsitsiklis,
2010; Abbasi-Yadkori et al., 2011). These papers centre the confidence sets around an estimator

of the unknown parameter vector. Typically, this is the regularised least squares estimator:

t t
b, =V, <ZASXS> where V; = A+ > A AT
s=1

s=1

and \ > 0 is the penalty on the /5 norm of the parameter vector. Traditionally, V; is called the
design matriz. Typically, the confidence sets have an elliptical shape, which makes it useful to

define the following notation to ease the exposition:
|z||ar = V2T Ma

where z € R? and M € R%*?. This notation allows the elliptical confidence sets, centred on the
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regularised least-squares estimator, to be written as follows (Dani et al., 2008; Rusmevichientong

and Tsitsiklis, 2010; Abbasi-Yadkori et al., 2011):
Ci={0co:)0 -0l <} (2.13)

where (; governs the tightness of the confidence sets and varies between the papers. Gaining some
intuition as to why this form of confidence set is a suitable choice comes from investigating what
it implies about the upper confidence bounds. Applying Lagrange multipliers to the optimisation

problem that defines the upper confidence bounds gives:
UCB (a) = max{a,0) = (a,8,) + v/Billall

which resembles the form of the upper confidence bounds presented in Section 2.2. Specifically,

it is an empirical estimator of the expected reward plus an uncertainty bonus.

Dani et al. (2008) and Rusmevichientong and Tsitsiklis (2010) develop martingale-based confi-
dence sets, with the latter achieving the most precise sequence of confidence sets. Subsequently,
Abbasi-Yadkori et al. (2011) introduced another martingale technique that produces even tighter

confidence sets, with a radius defined as:

VB = VA|6.]l2 + {/dIn (1 +(;”) .

when 7, is 1-subgaussian and the sequence of action sets all contain actions with an £ norm upper
bounded by 1. The method used to refine the confidence sets leverages results from the literature
on self-normalised bounds for vector-valued martingales (de la Pena et al., 2004). Ultimately,
the OFUL algorithm, which was introduced by Abbasi-Yadkori et al. (2011), achieves nearly

minimax optimal guarantees on the cumulative regret:

dA

R, (OFUL,0,) < \/ 8dnB, In (‘“ + ")

which holds with probability at least 1 — §. Recently, there has been further progress in the
derivation of confidence sequences for linear bandits (Flynn et al., 2023). Reducing the radius
of the confidence sets leads to improved guarantees and superior empirical performance. Indeed,

Flynn et al. (2023) show that this is the case theoretically and experimentally.
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2.3.3 Thompson Sampling

Section 2.2.2 introduced the Thompson Sampling algorithm for the multi-armed bandit problem.
This algorithm requires a prior distribution, a way of sampling from the posterior distribution,
and a way of finding the greedy action in the sampled environment. Thus, the algorithmic prin-

ciple extends easily to the setting of linear bandits.

For Gaussian noise with ¢ = 1, the most natural choice of prior distribution is a multivariate
Gaussian over the unknown parameter vector: A (0, ). This is the conjugate prior distribution
for the Gaussian noise model and leads to closed-form solutions for the posterior distribution.
Notably, the posterior distribution is also a Gaussian, and the decision-making process of the

agent reduces to the following:
e Sample 0; ~ N <ét_1,th:11).
e Select A; = argmax,¢ 4, (a, 0;)

where

t t
0, =Vt (Z ASYS> and V; =1+ Y AAl
s=1

s=1
and r = 1 corresponds to the true posterior variance. This highlights how easy it can be to extend

Thompson Sampling. However, the same cannot be said for the analysis in the frequentist setting.

Several authors analyse a variant of the algorithm (Agrawal and Goyal, 2013b; Abeille and
Lazaric, 2017; Xu et al., 2023). These theoretical analyses require inflating the posterior variance
by a factor of r ~ dIn(t/d) in each round. Intuitively, this allows the authors to argue that the
algorithm is optimistic with sufficiently large probability. This modification to the posterior

distribution gives the following guarantees:
R, (LinTS, 0,) < d*/?y/n

which is loose by a factor of d'/? when compared to lower bounds. Indeed, this is to be expected,
as inflating the posterior variance introduces excessive exploration. Furthermore, adjusting the
posterior distribution in this manner is not faithful to the original description of the algorithmic

principle (Thompson, 1933).
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2.3.4 Beyond Linearity

Often, linearity is too strong of an assumption to faithfully model the expected reward func-
tion. Consequently, there has been significant effort in extending the linear bandit framework
to more expressive models for the expected reward function (Langford and Zhang, 2007; Bubeck
et al., 2008; Srinivas et al., 2010; Valko et al., 2013). Of particular relevance to this thesis is the
generalised linear bandit problem (Filippi et al., 2010b). Here, it is assumed that the expected
rewards follow a generalised linear model. This formulation retains many of the theoretical ad-
vantages of linear models, such as the ability to employ well-understood optimisation algorithms
for parameter estimation and the ability to derive well-calibrated confidence sets. This problem
setting considers expected reward functions that involve a known function that links the linear

predictor to the expected rewards:
E[X:[ Ay =a] = p({a,0.))

where 1 : R — R is known and monotonically increasing. Typically, u is derived by assuming a
specific parametric form for the likelihood of the random rewards. Filippi et al. (2010b) focus
on the general case where the reward distribution belongs to the exponential family. This paper
develops an optimistic algorithm and shows that the impact of introducing the link function,
1, impacts the performance of the algorithm in the worst-case. Li et al. (2017) take a similar
approach and focus on cases where the number of actions is finite. Each action in each round
is associated with a feature vector and these feature vectors are assumed to be drawn from
distribution at the start of each round. Jun et al. (2017) focuses on retaining the theoretical
guarantees and reducing computational complexity. The best-studied special case of generalised
linear bandits, other than linear bandits, is when the rewards are Bernoulli random variables.

This correspond to p being the sigmoid function:

1
~ 14exp(—2)

1 (z)

Often, this problem is referred to as the logistic bandit problem (Faury et al., 2020; Abeille
et al., 2021; Jun et al., 2021; Faury et al., 2022). Similarly to the multi-armed bandit setting,
algorithms can benefit from noise reduction when the expected reward tends to 0 or 1. Faury
et al. (2020) utilise this fact to build tighter confidence sets for this specific instantiation of the

generalised linear bandit problem.
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Chapter 3

Reinforcement Learning

Chapter 2.1 introduces the multi-armed and linear varieties of the bandit problem, which are
foundational models for sequential decision-making. These models are versatile enough to rep-
resent a wide range of real-world scenarios. However, they explicitly assume that the only
consequence of selecting an action is an immediate reward drawn from a fixed but unknown
distribution. This assumption is often justified in contexts where actions have an immediate and
isolated effect, such as in clinical trials where each round corresponds to a new patient. Here,
the agent does not need to consider long-term consequences, as it is reasonable to assume that
prescribing a treatment to one patient does not influence its efficacy for another patient from

the same population.

While bandit problems are well-suited to scenarios where actions have immediate and isolated
consequences, many real-world problems require longer-term planning. Consider, for example,
treating an individual with a chronic illness. Often, treating such illnesses involves a sequence of
pharmaceutical or medical interventions over time. Each decision not only affects the patient’s
immediate condition but also influences their future health and treatment options. This motivates
the need for a different model of the environment that captures the dependence between the

immediate and long-term consequences of taking an action.

Disclaimer. The notation developed here may conflict with the notation developed in the
previous chapter. This is to align with the notations that are widely adopted within literature
associated with the topics of bandits and reinforcement learning. However, it will be explicitly

clear from the context of all subsequent chapters which of the notations are being adopted.
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3.1 Problem Setting

Reinforcement Learning considers tasks where taking an action influences the environment. This
subfield of machine learning has a long history and has been of interest to the control theory (Bert-
sekas, 2012), operational research (Puterman, 1994) and computer science (Sutton and Barto,
2020) communities. Further, each of these fields tackle the problem from different perspectives.
This makes providing a precise chronology of developments quite challenging. Therefore, this
chapter focuses on providing an introduction to the problem setting and the tools that have been

developed by these communities.

Generally, regardless of the research community, the environment is modelled as a Markov Deci-
sion Process (Bellman, 1957). This mathematical model introduces the notion of a state variable
that evolves as a stochastic process in a manner that depends not only on the current state but
also on the action chosen by the agent. Predominantly, the literature focuses on continuing tasks
and episodic tasks (Sutton and Barto, 2020). This thesis focuses on episodic tasks, which use
the Episodic Finite Horizon Markov Decision Process or EFH-MDP, as the mathematical model

for the environment.

3.1.1 The Environment

Formally, an Episodic Finite Horizon Markov Decision Process is defined as a tuple that consists
of five ingredients:

M= (S,A H,Pr).

where § = {1,2,---,5} and A = {1,2, ..., A} represent the set of states and the set of actions
available to the agent in the environment. The H denotes the episode length and can be thought
of as quantifying how far ahead the agent must plan. The penultimate entry in the tuple contains

the transition functions:

P ={Py(-]8,a)}(s,a,n)esx Ax[H]

where Pj, (-|s,a) denotes the distribution over the next state. The transition functions charac-
terise how the state of the environment randomly evolves throughout an episode. This random
evolution depends on the current state, the chosen action, and the current stage of the inter-
action. Thus, the rewards that the agent can hope to receive in future stages of the episode

explicitly depend on the action chosen at the current stage. The last entry contains the reward
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functions:

r={rn(s, a’)}(s,a,h)GSx.A

where 71,(s, a) € [0,1] represents the immediate reward for taking action a in state s at the h-th
stage of the episode. Often, for theoretical convenience, it is assumed that the reward function
is known. This is because the main challenge in reinforcement learning lies in estimating the
transition functions. Intuitively, this is because it has a higher dimension than the reward

function.

[ Procedure 3.1: Episodic Reinforcement Learning

For k=1,2,--- | K:
e Environment. Reveals SF € S
e For h=1,2,--- H:

e Agent. Selects AF € A
e Agent. Collects R,’“L =1 (.S’,’j7 A’ﬁ)

e Environment. Reveals Sf_, ~ P, (-| Sk, Ay)

Procedure 3.1 brings the above notation together and summarises how an agent interacts with
the environment in an EFH-MDP. Briefly, the interaction between the agent and the environment
occurs in episodes that are each made up of stages. The episode and stage are denoted by k£ and
h, respectively. Each episode begins with the environment revealing an initial state to the agent.
Subsequently, the agent will select an action, collect an immediate reward, and transition to a
random next state drawn from the transition function. After H repetitions of this process, the

episode terminates.

3.1.2 The Value Functions

The objective of the agent is similar to that of the multi-armed bandit problem: select the
sequence of actions that maximise the expected sum of rewards within each episode. Once again,

the agent will select their actions using a policy:

Trk:{ﬂlf7ﬂ-§7”' ,W];{}
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where 71'2 characterises how the agent will select their action in the h-th stage of the k-th episode.
The policy can depend on everything the agent has seen so far in the episode, and it can be a
distribution over the actions. However, this turns out to be unnecessary, as there is always
an optimal policy that is deterministic and depends only on the current state and stage of the
episode (Puterman, 1994). Therefore, the remainder of this thesis will only consider the class of

policies that are deterministic mappings from each state-stage pair to an action:

S — A

for all (s,h,k) € S x [H] x N where [H] = {1,2,---, H} denotes the set of stages.

Generally, the expected sum of rewards accumulated when selecting the actions from an arbitrary

policy, # = {m1,--+ , 7}, in an episode is denoted by:
H
VI (s) =B [ Y 7 (S, An) |S1 =] . (3.1)
h=1

The E™ notation is to be understood as an expectation with respect to states drawn from the
unknown transition functions and actions being chosen by the policy: A, = 7, (Sy) for all
h € [H]. Equation (3.1) need not start the summation from h = 1. Indeed, it is useful to define
the expected reward of following the policy from the h-th stage onwards. This is known as the

state-value function or value function:

Vi (s) = E"

H
Zrt (St Ar) | Sh = S] . (3.2)

t=h

Another, useful quantity is the action-value function or Q-function:

@h (s,a) =E7

H
Z’/‘t (St,At) IShZS,Ah:a‘| . (33)

t=h

This function can be used by the agent to evaluate the quality of each action in every state of the
environment at the h-th stage of the episode, as long as they follow their policy in all remaining

stages.

The state-value and action-value functions are related. Notably, the state-value function can be
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rewritten in terms of the action-value function as follows:

Vir (s) = QF, (s,7n (s)) (3-4)

which follows from considering deterministic policies that depend only on the current state-stage

pair. Furthermore, the action value function can be written in terms of the state value function:

Qr (s,a) =71 (s,a) + Z Py (s"s,a) Vi (s) (3.5)
s'eS

where V7 (s) = 0 for all s € S. This equality follows from an application of the tower rule,
the definition of the state value function, and the fact that the next state is sampled randomly
from the transition function. Together, Equations (3.4) and (3.5) are known as the Bellman

Equations, which are named after Richard Bellman.

Naturally, an optimal policy is defined as the mapping from state-stage pairs to actions that
maximises the state value function from any state and any stage. This means that following the
optimal policy from any state at any stage will maximise the expected sum of rewards that is
attainable in the remainder of the episode. Formally, the value obtained by the optimal policy

will be written as follows:
Vi (s) =max V' (s) forall (s,h) €S x [H]

The optimal policy is not necessarily unique (Puterman, 1994). This non-uniqueness can arise
for several reasons. The most obvious example is the environment possessing a redundant state-
stage pair where taking any action yields the same immediate reward and has the same transition
function. Trivially, all actions are equally good in this scenario and any of them can be chosen
without decreasing the state value function. Thus, in this example, it is possible to define
several optimal policies by having each pick a different action in this redundant state-stage
pair. Although the argmax of the value function need not be unique, the value attained by
each arg max is identical and cannot be improved (Puterman, 1994). Therefore, any policy that

attains the maximal expected reward is called optimal and will be denoted by 7*.
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3.1.3 Dynamic Programming

Equation (3.2) is used to measure the quality of the agent in the environment and the objective
is to find an optimal policy. Naively, one could take a brute-force approach and calculate the
expected sum of rewards for all possible sequences of state-action-stage triples. However, this
quickly becomes computationally intractable. Richard Bellman showed that it is possible to do
better than brute force by breaking down the optimisation problem into smaller pieces. His
work showed that the optimal policy has a recursive definition that is similar to the previous

subsection. These are now known as the Bellman Optimality Fquations:

Qi (s.a) = ra(s,0) + ) P (s | s,0) Vit ()

and

Vi () = max Qi (5,a).

Therefore, optimal policies are sequences of mappings that are greedy with respect to the action
value function. This representation can be used to compute the optimal policy by recursing from

the last stage backwards. This technique is known as dynamic programming (Bertsekas, 2012).

Recall that H denotes the last stage of an episode and the interaction terminates immediately
after a decision at this stage. Therefore, we can set the value function after the final stage equal
to zero:

V1§+1 (s)=0

for all s € S because only the first H stages of decisions matter for the value function. Conse-
quently, achieving the maximum expected reward from the last stage of an episode is as straight-

forward as selecting the action with the highest expected reward:
Qy (s,a) =ry(s,a) = Vi (s) = Maxry (s,a)
ac

Computing Q7;(s,a) and V(s) for all (s,a) € S x A is straightforward. Furthermore, the
Bellman Optimality Equations give a recursive relationship that make these quantities useful
for computing the state and action value functions at stage H — 1. Generally, the optimality
equations say that the solution at stage h + 1 can be used to find the solution at the h-th stage.

Thus, computing the sequence of optimal state and action value functions can be performed
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backwards:

(Qk(s,0), Vi (s)) = (Qu-1(s,0), Vir_1(5)) = --- = (Qi(s,a), V' (s)) .

Once these sequence of state and action values have been computed, the Bellman Optimality

Equations can be used to derive the optimal policy:

7, (8) = argmax Q7 (s, a)
acA

which is deterministic and depends only on the current state and stage. This observation justifies

considering this restricted class of policies.

3.1.4 Reinforcement Learning

The previous section presents dynamic programming as a computationally efficient technique for
finding an optimal policy in known EFH-MDPs. However, reinforcement learning considers the
situation where the environment is unknown and can only be learnt through online interaction.
Therefore, dynamic programming cannot be used out-of-the-box because it requires knowledge

of the transition functions.

Similarly to Chapter 2, early work in reinforcement learning theory focuses on asymptotic guar-
antees for various algorithms (Sutton, 1988; Jaakkola et al., 1994; Dayan and Sejnowski, 1994).
These algorithms are designed to learn through experience and provably find an optimal policy for
the unknown environment, eventually. Subsequently, an emphasis was placed on finite-time guar-
antees in the late 1990s and early 2000s (Kearns and Singh, 1998; Kearns et al., 1999; Brafman
and Tennenholtz, 2003; Kakade, 2003). Informally, these guarantees ask how many transitions
need to be observed for each state-action pair to learn a nearly optimal policy with high prob-
ability. These kinds of guarantees continue to be of interest today (Strehl and Littman, 2005;
Strehl et al., 2006; Szita and Szepesvari, 2010; Lattimore and Hutter, 2012; Dann and Brunskill,
2015; Jiang et al., 2017; Dann et al., 2018, 2019; Ménard et al., 2021). Typically, algorithms
designed for this objective assume that exploration is free. Indeed, the measure of performance

only asks that the policy computed using the sampled transitions is nearly optimal.

The sample complexity guarantees provide insights into the number of interactions required for
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learning near-optimal policies. However, they do not necessarily capture the cumulative cost of
suboptimal decisions during learning. To address this, researchers turned to regret minimisation
as a measure of performance (Auer and Ortner, 2006; Jaksch et al., 2010; Bartlett and Tewari,
2012). This measure of performance is of primary interest in this thesis. For EFH-MDPs;, the

cumulative regret is defined as follows:

=

Fac (m30) = 37 (S1) — V7 (81) (36)
k=1

2 ... 7K} is the sequence of policies produced by the agent and M is the

where 7 = {7, 7
unknown EFH-MDP. Equation (3.6) is a random variable because the sequence of policies de-
pend on the random observations from the previous episodes. Again, this bears similarity to the

pseudo-regret in the multi-armed bandit problem and the measure of performance in the linear

bandit setting.

Fundamentally, the sequence of policies must be computed to balance exploration and exploita-
tion. Even if the reward functions are known, the transition functions are not, and the agent
only gets to observe information about the transition function associated with the chosen action.
Carefully balancing exploration and exploitation was also required in the bandit problems of
Chapter 2. Indeed, the algorithmic principles introduced for solving bandit problems continue to
be useful in the setting of reinforcement learning. However, on top of balancing exploration and
exploitation, the agent must incorporate planning into their decision-making. This element of
planning is required for finding an optimal policy and for efficient exploration. Domingues et al.
(2021) present a minimax lower bound for the cumulative regret that characterises the price for
the additional complexity introduced by modelling the environment as an EFH-MDP. Formally,

there exists an environment where the cumulative regret is at least:

1 /2
E[Rk (7, M)] > mﬂ?’ VSAK . (3.7)

for K > HSA. Setting S = H = 1 recovers the lower bound for the multi-armed bandit problem
up to the numeric constants (Auer et al., 2002b). Thus, there is a price to pay for increasing
the planning horizon H. Recently, Zhang et al. (2021) consider environments where P, = P for
all h € [H] and the reward functions are scaled such that >, 74(sn,an) < 1 and show that it is

possible to remove the dependence on the planning horizon. This does not contradict the lower
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bounds of Domingues et al. (2021) as this was proven for the more general case where Py, # Pp/

for h # h'.

3.2 Algorithmic Principles

Equation (3.7) establishes a fundamental lower bound on what can be expected of algorithms
for solving unknown EFH-MDPs. The challenge is to design algorithms that achieve cumulative
regret as close as possible to these limits. Remarkably, the algorithmic principles from Chapter
2 can be extended to this more complex model of the environment. However, the number of
rigorous bounds on the cumulative regret is limited in comparison to the bandit setting. Several
works have proven guarantees for an extension of Thompson Sampling (Osband et al., 2013; Os-
band and Roy, 2017; Agrawal and Jia, 2017). Predominantly, theoretical guarantees have been
proven for algorithms that build on the optimistic principle (Jaksch et al., 2010; Bartlett and
Tewari, 2012; Filippi et al., 2010a; Azar et al., 2017; Dann et al., 2018; Jin et al., 2018; Fruit
et al., 2020; Zhang et al., 2021).

There are several ways to implement the optimistic principle in EFH-MDPs. Broadly, there
are two main categories: model-based and model-free. The model-based approaches explicitly
estimate the transition functions and maintain uncertainty around these estimates to compute
an optimal policy for an optimistic version of the environment. The model-free approaches do
not estimate the transition functions and instead maintain an upper bound on the action-value

function.

Before overviewing the literature that takes each of these approaches, it is worth noting that
there is no clear reason to prefer model-based algorithms over model-free algorithms or vice versa.
However, there are problem-specific reasons where preferences might arise. For example, model-
free approaches require storing less information and have the benefit of being faster to compute
(Jin et al., 2018). This can be advantageous in applications where there are a large number of
states and actions, or there are many stages in each episode. The model-based approaches have
the advantage of maintaining a model of the environment. This is why their memory footprint is
larger than the model-free approaches by a multiplicative factor equal to the number of states.
However, explicitly maintaining an estimate of the environment has the benefit of re-usability.

For example, dynamic programming can be used to compute high-quality policies for any reward
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function on the estimated transition functions. Thus, model-based approaches might be preferred
when it is of interest to optimise the decision-making for many tasks in the same environment or
if the reward function is expected to change between episodes. This is often the case in robotics,
where specifying the reward function is a trial-and-error process (Amodei et al., 2016). This
thesis predominantly builds on and compares to model-based optimistic algorithms. Therefore,

the remainder of this section focuses on the class of model-based algorithms.

3.2.1 Model-Based Optimism

The model-based version of optimism is the best understood in terms of cumulative regret min-
imisation in reinforcement learning. There are two main ways of implementing this paradigm
when designing a model-based reinforcement learning algorithm: the model-optimistic approach
and the value-optimistic approach. Each of these mechanisms maintain an empirical estimate of

the transition functions. For this, it is helpful to define the following counters:

k
Nk:7h (3’ a, 5/) = Z 1{5?][ = S,A;CL =a, SZ+1 = S/}
=1
Nip (s,a) = Z Ni.n (s,a,s")
s'eS

which count the number of transitions to state s’ from s, a, h and the number of visits to s,a, h
by the end of the k-th episode. Thus, an empirical estimate of the transition function is given

by the ratio of these counters:

N (s,a,s")

P ! =
k,h (8 |S»G) Nk,h (s,a)

(3.8)

Although both model-optimistic and value-optimistic approaches construct point estimates of the
transition function, they differ in how they use the estimate to compute the policy. The proceed-
ing paragraphs discuss the model-optimistic and value-optimistic approaches of implementing

the principle of optimism.

Model-Optimistic Algorithms. There are many examples of model-optimistic algorithms
that are designed for regret minimisation (Jaksch et al., 2010; Filippi et al., 2010a; Bartlett
and Tewari, 2012; Talebi and Maillard, 2018; Fruit et al., 2020). These algorithms all work by
defining a set of statistically plausible MDPs. This is done by constructing a confidence set

around the estimated transition functions of Equation (3.8). Generally, these confidence sets
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have the following form:
Pen (s,a) = {Ph(- |s,a) €P: D (Ph (-s,a), Prn (-] s,a)) <enn (&a)} (3.9)

where P denotes the set of valid probability distributions, D is a divergence function that mea-
sures the similarity between distributions, and e (s, a) depends on the information gathered in
the previous episodes. Crucially, €k ;(s,a) is chosen so that the probability of the sequence of

confidence sets failing to contain the true transition functions is arbitrarily small:
Fy, = {3 s,a,h: D (Pk,h (‘|s,a), Py (-|s,a)) > €ph (S,a)} (3.10)

with P(UR2 | Fi) < 6 where 6 € (0,1). With such a result, it is guaranteed that the true transition
functions are within the confidence sets with probability at least 1 — §. Similarly to the multi-
armed and linear bandit problems, the general idea is to find the transition functions associated
with a version of the environment that gives the highest expected sum of rewards:

~ k41

+
V5, (s) =max< (7h(s,a) +  max Z Py, (s']s,0q) V:E (s) (3.11)
acA PhGPk,h(sya) s'eS A

where (z) = max{H — h + 1,z}. Solving Equation (3.11) to find the next policy is usually

done via extended value iteration (Puterman, 1994; Jaksch et al., 2010; Dann and Brunskill,
2015). Typically, the inner optimisation problem is solved iteratively. Essentially, each iteration
involves placing as much probability mass on the states with the highest optimistic value at the

next stage as the confidence sets permit.

Algorithm Divergence D Pseudo-Regret
UCRL2 (Jaksch et al., 2010) IP(-) — P()|1 H2S\AK
UCRL2B (Fruit et al., 2020) maxg (P(s') — P(s'))2/P(s') H3/2\/STAK
KLUCRL (Filippi et al., 2010b) Dxi(P || P) H2SvVAK

Table 3.1: Theoretical guarantees for model-optimistic episodic reinforcement learning algo-
rithms. This table has been extracted from the results presented by Neu and Pike-Burke (2020).
Here, I' = maxg o5 Y 1{Pn(s"|s,a) > 0} is an upper bound on the number of states that can
be reached from any state-action-stage triple.

Changing D, which governs the shape of the confidence sets, has an impact on the theoretical

guarantees. Table 3.1 presents a selection of guarantees for various choices of D, which has been
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extracted from Neu and Pike-Burke (2020).

Value-Optimistic Algorithms. An alternative way of implementing the optimistic principle
is to directly upper bound the state-value function (Azar et al., 2017; Dann et al., 2018). Intu-
itively, the idea is to directly use the point estimate of the transition functions and apply it to
an upper bound on the state-value function at the next stage. Thus, uncertainty from the latter
stages is appropriately propagated backwards to the earlier stages via dynamic programming:

+
~ k ~ ~ k
VhH (s) = max (rh (s,a) + Z Py (s]s,a) Vhii (s") + By.p (s, a)) (3.12)

acA N
where By 5 (s, a) denotes the uncertainty bonus and (z);7 = max{H —h+1, x} clips the optimistic
value function to the appropriate range. These bonuses are chosen to ensure that Vk > V* with
probability at least 1 — § where 6 € (0,1). Showing that this inequality holds involves a rather
complex analysis. Azar et al. (2017) propose UCBVI-BF and employ the empirical Bernstein
inequality to construct the appropriate bonuses. Ultimately, this yields an algorithm whose

cumulative regret upper bound matches the minimax lower bound:
Ry (UCBVI-BF, M) < H*?V/SAK + H*S?A

where < suppresses logarithmic factors and numeric constants. Dann et al. (2018) propose
another value-optimistic algorithm whose cumulative regret is of the order: H?v/SAK. This
improves on many of the model-optimistic algorithms but is worse than UCBVI-BF by a factor

of V/H in the leading order term.

3.2.2 Unifying Model-Based Optimism

The model-optimistic and value-optimistic algorithms look very different on the surface. Typi-
cally, the model-optimistic algorithms benefit from a cleaner theoretical analysis. Indeed, showing
that the algorithm is optimistic amounts to showing that the transition functions belong to the
confidence sets with high probability. However, they suffer from being more challenging to im-
plement. Conversely, the value-optimistic algorithms are much easier to implement via dynamic

programming but have more complex theoretical analyses.

Recently, Neu and Pike-Burke (2020) have proven that every model-optimistic algorithm has
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an equivalent representation as a value-optimistic algorithm. Therefore, Equation (3.12) can be
used to find the policy instead. The corresponding bonuses depend on the shape of the confidence
sets through the conjugate of the divergence:

D.(V|P.e) = max {(V.P = P)| D(P.P) < ¢} .

Formally, Neu and Pike-Burke (2020) define the bonuses as follows:
Bun(s,a) > max {D*(f/ | Pun(-|5,a),€), Do(—V | Prop(-] s,a),e)} . (3.13)

Running Equation (3.12) with these bonuses yields the same policy as performing extended value
iteration. Propositions 1 and 2 of Neu and Pike-Burke (2020) establish the equivalence of the
solutions to the optimisation problems for divergences that are jointly convex in both arguments

and satisfy the following property:
D(aP,aP") = aD(P,P')

for all @ > 0. These assumptions are full-filled for any norm and all f-divergences (Liese and

Vajda, 2006).

3.2.3 Other Principles

The class of model-based optimistic algorithms constitutes the largest class of algorithms with
theoretical guarantees on the regret. However, there are other provably efficient approaches for

the problem setting, such as model-free optimism and Thompson Sampling.

Model-Free. Another way to implement the optimistic principle is with a model-free algo-
rithm, such as Q-Learning (Watkins, 1989). Recently, Jin et al. (2018) proposed an optimistic
version of Q-Learning for cumulative regret minimisation. Essentially, the idea is to maintain
an optimistic estimate of the action-value function for each state-action-stage triple. Jin et al.
(2018) carefully derive the learning rate and the uncertainty bonus for an optimistic version of
the Q-Learning algorithm. Their specific choices guarantee that the regret is upper bounded by:
H?\/SAK with high probability.
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Thompson Sampling. Briefly, Thompson Sampling, often referred to as posterior sampling
in this literature, extends very naturally to the setting of episodic reinforcement learning. Gen-
erally, the idea is exactly the same as in the multi-armed and linear bandit settings. Here, the
appropriate prior distribution over transition functions is the Dirichlet distribution. Then, each
episode consists of sampling the transition functions from the posterior distribution and com-
puting the optimal policy for the sampled environment via dynamic programming. Typically,
the guarantees are proven on the Bayesian Regret (Osband et al., 2013; Osband and Roy, 2017).
That is, taking the expectation of the cumulative regret with respect to the prior distribution.
Frequentist guarantees for Thompson Sampling do exist. Agrawal and Jia (2017), for example,
use the trick of inflating the posterior variance that was used in the bandit setting to obtain
guarantees on the frequentist regret. For further details, the reader is referred to the excellent

tutorial of Russo et al. (2018).
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Chapter 4

Delayed Feedback in Generalised

Linear Bandits

This chapter is based on research published in AISTATS and was conducted under the supervision

of Ciara Pike-Burke and Sarah Filippi (Howson et al., 2023b).

4.1 Motivation

Chapter 2 presents numerous provably efficient algorithms for multi-armed and linear bandit
problems. The theoretical guarantees for these algorithms all assume that the learner observes
the reward associated with their selected action immediately. However, this assumption is un-
realistic in many real-world applications, such as online advertising, recommender systems, and
adaptive clinical trials. There are many reasons why feedback could be delayed in these applica-

tions, and these reasons are best illustrated through examples.

Consider applying bandit algorithms to recommendation tasks. Each round in the bandit prob-
lem corresponds to a user arriving on the platform with their contextual information. The agent
can use this information to recommend an item or content to the user. For streaming services, a
reasonable reward signal that measures the quality of the action could be the time spent watching
or listening to the recommended content. Here, the reward signal is not defined immediately.
Meanwhile, the agent must continue recommending content to the users who arrive on the plat-
form. For e-commerce or advertising applications, the ultimate goal is to recommend items that

the customer will purchase. However, the time between recommending a product and a potential
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purchase could be minutes, hours, days, or even longer (Chapelle, 2014).

The adaptive clinical trial is another example where the feedback is not defined immediately due
to the time-consuming nature of obtaining medical feedback (Simon, 1977; Villar et al., 2015).
This stems from the unfortunate fact that patients do not respond to their prescribed treatment
immediately. However, the adaptive clinical trial seeks to assign patients to treatments as and
when they enrol into the experiment. Therefore, the agent must continue to allocate patients to

treatments with partial information about the outcomes of the previous patients.

Sometimes, practitioners even introduce delays by design (McInerney et al., 2018; Trella et al.,
2024; Zhang et al., 2024). This is often due to the inability to support fully-sequential decision-
making. Therefore, most real-world applications of bandit algorithms operate in the batched
regime, where there is an element of randomness in the batch sizes. Here, the feedback is withheld
from the agent until a pre-specified time in the future, which is when an update is scheduled to
occur. This updating time is usually calendar-based. McInerney et al. (2018) and Trella et al.
(2024), for example, update their algorithms on a daily and weekly cadence, respectively. This
can be seen as a form of delayed feedback, where the delay associated with each decision depends
on the time until the next update and the number of subsequent decisions that are made before

the next update.

4.2 Problem Setting

The introductory paragraphs highlight a fundamental shortcoming of the canonical bandit model
of sequential decision-making: immediate feedback. This assumption even fails to hold in the
original motivating example of clinical trials (Simon, 1977; Villar et al., 2015). Furthermore,
real-world implementations of bandit algorithms tend to update their algorithms on randomly
sized batches of data (McInerney et al., 2018; Trella et al., 2024). The common theme is that the
agent must continue to make decisions without observing the rewards associated with many of
the previous actions. Procedure 4.1 models this real-world issue by introducing a delay between

playing an action and receiving the corresponding feedback.
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[ Procedure 4.1: Delayed Feedback in Bandit Problems

Fort=1,2,--- ,n:
1. Agent. Receives A; C R? containing the available actions.
2. Agent. Selects A; € A; to play in the bandit environment.
3. Environment. Generates 7z € N the delay in secret.
4. Environment. Generates X; € R the reward.

5. Agent. Receives {(s, A5, X;) : s + 75 = t}.

Following Procedure 2.2, the ¢-th round begins with the agent selecting an action from the set
of available actions. Subsequently, the environment will generate a delay and then a random
reward. This feedback will arrive at the end of round ¢t + 7¢. Finally, the agent receives feedback

from previous rounds s: s+ 75, = t.

This chapter of the thesis focuses on the impact of delays in the generalised linear bandit problem,
which was introduced by Filippi et al. (2010b). Formally, this problem setting assumes that
the conditional distribution of the rewards given the action belongs to the exponential family
(McCullagh and Nelder, 1989). Thus, the density of the reward associated with the action

chosen in the ¢-th round has the following parametric form:

X (Ar, 05) — b((Ay,04))
a ()

P (X¢ |64, Ar) = exp ( + ¢ (X, q/))) (4.1)

where 6* € © C R? is an unknown parameter vector; a, b and ¢ are known distribution-specific
functions; and ¢ is a known constant that is often referred to as the dispersion parameter. For
distributions belonging to the exponential family, it is well-known that the expected value can

be found as follows:
E[X:| A = b((As,0.) = 1 ((As,6))

where b denotes the 1-st derivative of the function with respect to its argument. The second

equality serves as the definition for what is commonly referred to as the link function.
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Ultimately, the objective of the agent is to minimise their pseudo-regret. Mathematically, the

pseudo-regret in the generalised linear bandit setting is defined as follows:
n

B (m,0.) = 3" max {4 (a,0.))} = ((4:,0)) (42)

t=1

where A; C R? is the set of actions available to the agent in the ¢-th round. Therefore, each
action chosen by the agent is measured against the highest possible expected reward in every

round.

4.2.1 Additional Assumptions

Throughout, there will be several assumptions imposed on the sets of actions, the noise, and the
link function. These assumptions, or variants thereof, are standard in the literature on linear
and generalised linear bandits (Dani et al., 2008; Rusmevichientong and Tsitsiklis, 2010; Filippi
et al., 2010b; Abbasi-Yadkori et al., 2011).

Assumption 4.1 (Sets of Actions). Each A; C R? can be chosen arbitrarily subject to the
condition that:

max {[lal]l2} < 1.

acuge | Ay

Assumption 4.2 (The Environment). The moment-generating function of the noise distribution

conditional on the observed information must satisfy the following inequality:

1
E [exp (ry Wt) ‘Ala A27 o 'AtaTQa T2, """ aTtans:s+Ts<t] S exp <272R2)

for all v € R. Furthermore, the unknown parameter vector that governs the expected reward

function is assumed to belong to a restricted subset of R%:
0, € ©:={0ecR:: |6y <m}

Both R and m > 0 are known a-priori.

Assumption 4.3 (Link Function). The link function p: R — R is known a-priori and satisfies

the following conditions:
1. | p(2)| < Ly, and

2. k=inf{{1((a,0)) : (a,0) € Ax O} >0 where A := U2, A;.
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Assumption 4.4 (Delays). The delays 7 are non-negative, independent and identically dis-

tributed random variables such that:

P(Et>1:71>e(r)) <6

where €,(7) < €;41(7) is a non-decreasing and deterministic function of the rounds.

Assumption 4.1 is mainly for mathematical convenience. Essentially, the environment can present
the agent with sets of actions in any manner of their choosing, as long as the norm of each el-
ement can be upper bounded by one. This includes the special cases of having the same set of
actions in every round or a set of actions generated by an unknown distribution with support on

the unit ball.

Assumption 4.2 implies that the noise distribution has light tails. This is standard in almost
all of the bandit literature. However, it does preclude some distributions that belong to the
exponential family, such as the Exponential and Poisson distributions. Nevertheless, making a
light-tailed assumption on the noise is typical in the generalised linear bandit literature (Filippi
et al., 2010b; Li et al., 2017; Jun et al., 2017). Assumptions 4.1 and 4.2 together imply that the
linear predictor is bounded:

(@, 0:)] < llall2[|0x]l2 < m.

Assumption 4.3 implies that the link function is L,-Lipschitz continuous and is monotonically
increasing in its argument. Furthermore, the condition on x can be understood as guaranteeing

that it is possible to distinguish between two actions whose expected rewards are arbitrarily close.

Assumption 4.4 dictates that the delays are independent and identically distributed random
variables with a finite expected value. Further, it states that there exists a tail bound that
holds uniformly across the rounds. Notably, existing works in the delayed feedback literature
make similar assumptions. Zhou et al. (2019) and Blanchet et al. (2020), for example, make a
sub-exponential assumption on the tails of the delay distribution. Assumption 4.4 is satisfied in

this case and the value of €,(7) can be derived from existing results (Wainwright, 2019).
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4.2.2 Useful Notation

The linear structure of the environment means the tools from linear algebra are highly applicable
in the theoretical analysis. Therefore, it is helpful to introduce some notation that will ease future

expositions. Let M, M, My € R**? denote arbitrary d-dimensional matrices.

Weighted Norm: ||z a7 :== VaT Mz for all x € R9.

e Positive Definite: M = 0 <= 2" Mz > 0 for all z € R%\ {0}.

Positive Semi-Definite: My = 0 < 2T Mz > 0 for all 2 € R%.

Lowner Ordering: My = My <= 2T (M; — M)z > 0 for all x € R%.

Additionally, \;(M) and o;(M) will denote the i-th largest eigenvalue and the i-th largest sin-

gular value of matrix M, respectively.

There are several problem-specific notations that need to be defined before presenting the algo-
rithm and the theoretical analysis. Throughout, the number of rounds with missing feedback at

the end of the t-th round will be denoted as follows:

t
Gt:ZI{S+Ts>t}
s=1

Further A > 0 will denote a regularisation parameter and it is used to define the total, observed

and missing design matrices:

t
Vi=M+Y AAT (4.3)
s=1
t
W=+ s+r, <t}AAT (4.4)
s=1
t
Zy =Y s+7 >t} AAL, (4.5)
s=1

respectively. Briefly, V; is the total design matrix and contains information relating to all past
choices. Whereas W, and Z; include information about actions with and without observed
rewards, respectively. Equation (4.3), the total design matrix, can be rewritten as the sum of

observed and missing design matrices:

‘_/t = Wt + Zt . (46)
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Thus, when there are no delays, the total and observed design matrices are equivalent to each

other, and the missing design matrix has all of its entries equal to zero.

4.3 Related Work

Originally, Eick (1988) introduced delayed feedback into the two-armed bandit problem with the
specific application of clinical trials in mind. Naturally, his objective was to design a policy that
maximises the survival time of each patient. Therefore, the delay serves as the reward signal for
the agent. The reward signal in this setting has a special character in that it permits intermedi-
ate observations directly related to the reward. Namely, the agent is provided with the survival
indicator from all previously treated patients at the end of every round. This is not the case for
the problem setting considered in this chapter, where the agent only gets to observe the reward

after the delay has elapsed.

Theoretical progress in the sub-field of sequential decision-making with delays stalled until the
early 2000s, when interest revived in the context of online learning problems (Weinberger and
Ordentlich, 2002; Mesterharm, 2005; Langford and Zhang, 2007; Agarwal and Duchi, 2011). The
online learning problem bears similarity to the bandit problem discussed in Chapter 2, with
a key distinction: the agent receives full-information feedback. This means that the rewards
for actions not chosen are also observed. Interestingly, this line of research reveals differences in
what is theoretically achievable under varying feedback assumptions (Mesterharm, 2005; Agarwal
and Duchi, 2011). Generally, algorithms suffer an additive penalty on top of their non-delayed
guarantees when the feedback is stochastic. Conversely, this penalty scales the non-delayed guar-

antees when an adversary chooses the feedback.

Research into the impact of delayed feedback in bandit problems restarted around two decades
after their introduction by Eick (1988). Dudik et al. (2011) re-initiated this research direction
and investigated stochastic contextual multi-armed bandit problems with a constant delay of 7
rounds. They develop an elimination-style algorithm that uses all of the received feedback to

remove sub-optimal policies and prove that the pseudo-regret is upper bounded by:

A 4 2 4 2
R, (m,v) <16 2knln( ”;" >+16T 2k;1n( "?5” )
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with probability at least 1 — 9. The m in this bound denotes the number of policies in the policy
class. However, implementing the algorithm requires perfect knowledge of the distribution over

contexts and maintaining the set of feasible policies.

Subsequently, Joulani et al. (2013) revisited the multi-armed bandit problem and analysed the
regret of UCB1 and KL-UCB with randomly delayed feedback. For UCB1 of Auer et al. (2002a),
they show that using only the observed feedback suffers expected regret that can be upper
bounded as follows:

81n(n)

R, (UCBLv) <> A+ > ALE[r)]
aFx @ aFx

where v € &p 1) and 7,4 i D,. Therefore, UCB1 suffers only an additive penalty relative to
the immediate feedback setting, and this penalty is a weighted sum of the expected delays. For
KL-UCB of Cappé et al. (2013), the analysis is somewhat more complicated. Nevertheless, the

result is the same and the impact of the delays is cleanly separated from the horizon.

Joulani et al. (2013) also address the partial monitoring problem with stochastically delayed feed-
back. This framework is rich enough to model numerous sequential decision-making problems,
and includes online learning and multi-armed bandits as special cases (Lattimore and Szepesvéri,
2020). For this problem setting, the authors propose a black-box algorithm called QPM-D. This
black-box algorithm allows any multi-armed bandit algorithm to be applied in delayed feedback
settings. QPM-D works by maintaining queues of rewards for each action. Every time the envi-
ronment reveals a reward for an action, it is appended to the corresponding queue. Each round
consists of the chosen bandit algorithm selecting an action. When there is a reward in the queue
for this action, the reward is given to the bandit algorithm, who proceeds to select another ac-
tion. This process is repeated until an action is selected that has an empty queue. Once such
an action has been found, this action will be played in the bandit environment in every round
until a reward becomes available that can be used to update the bandit algorithm. Intuitively,
QPM-D is creating a simulated non-delayed version of the environment for the bandit algorithm
by maintaining the queues. Ultimately, Joulani et al. (2013) prove that this black-box algorithm

increases the regret of the chosen algorithm by an additive term involving the expected delay:

Ry, (QPM-D(n),v) < R, (m,v) + Y _ A E[r,]
aF*
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where R) (mw,v) is the regret of running 7 for n rounds in the non-delayed version of the envi-
ronment and 7, BN D, denotes a random delay associated with playing the a-th action. Thus,
QPM-D with UCB1 or KL-UCB yields similar guarantees as running the algorithm with just the
observed feedback. Mandel et al. (2015) build on the queuing method to address two main issues:
high memory requirements and repeatedly selecting the same action while waiting for feedback.
They introduce carefully designed randomness to tackle these problems. Theoretically, their
method maintains the same additive penalty as the original queuing algorithm (Joulani et al.,
2013). However, empirical evidence shows significant performance improvements from the intro-

duction of randomness.

Desautels et al. (2014) focus on both the batched and delayed version of bandit optimisation for
smooth expected reward functions that are assumed to be drawn from a Gaussian Process prior.
Their motivation lies in experimental settings with numerous workstations where experiments
are run continuously. However, experiments that start at the same time need not finish simulta-
neously. Consequently, some workstations become available earlier, requiring the experimenter
to choose the next configuration with partial feedback. Their approach builds on GP-UCB of
Srinivas et al. (2010). Specifically, they adjust the width of the upper confidence bounds using
the ratio of two posterior variances: one with all past information and one with only observed
past information. This ratio depends on the delays and ends up scaling the regret of the standard

GP-UCB algorithm.

Zhou et al. (2019) and Blanchet et al. (2020), with the latter presenting follow-up work, focus
on developing an optimistic algorithm for contextual k-armed generalised linear bandit prob-
lems with delayed feedback. The contextual information is drawn from a fixed, but unknown,

distribution D. This distribution is assumed to satisfy the following condition:

Ad (]EAWD [; > aaTD >0

ac€Ay

This condition is required for an initialisation period to terminate. Omnce this initialisation
period has finished, the authors propose selecting the action that maximises the following upper

confidence bound:

UCB, (@) = st ((a,00-1)) + /B + Gi - llally, -

Notably, the total design matrix is used to calculate the exploration bonus, which means that
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the elliptical potential lemma can be applied. Ultimately, the usage of these upper confidence

bounds leads to pseudo-regret that is upper bounded as follows (Blanchet et al., 2020):

R, (7T; 0*) f, dn (ﬂn +E [T])

with probability at least 1 — §. This guarantee does not cleanly separate the delay-related
quantities from the leading order term and suggests that the impact of the delay increases with

the horizon.

Delayed, Aggregated and Anonymous Feedback. Pike-Burke et al. (2018) revisit the
multi-armed bandit problem with delays. However, they assume that the feedback is aggregated
and anonymous, which means that the agent cannot associate each reward with an action. To
tackle this challenge, the authors propose a phase-based elimination algorithm that is designed
to avoid switching actions too frequently. Pike-Burke et al. (2018) prove that this strategy is

capable of achieving: Vkn + kE[r] when the algorithm has knowledge of the expected delay.

Delayed and Censored Feedback. There have been several papers that focus on the setting
where the rewards are delayed and censored (Vernade et al., 2017, 2020). Here, the rewards are
binary and the agent cannot distinguish between a reward of zero and a reward that has not
yet returned. Vernade et al. (2017) show that the delay-dependent quantities necessarily scale
the leading-order terms in the regret bound. Nevertheless, UCB1 and KL-UCB can be adapted
to nearly match this asymptotic lower bound, providing that the cumulative density function of
the delay distribution is known. Vernade et al. (2020) consider a similar problem in the linear
bandit setting and prove a minimax lower bound of the same character. The authors develop an
algorithm for this problem setting. However, the upper bound does not exhibit the same scaling

in the delay-dependent quantities as their lower bound.

Batched Bandits. Perchet et al. (2015) introduced the related problem of batched bandits
where the learner cannot leverage rewards from their decisions until a pre-defined and user-
specified time in the future. This setting is common in real-world applications. The authors pro-
pose an action-elimination algorithm and pay specific attention to the batching scheme, showing
that it is possible to achieve nearly minimax optimal guarantees with very few batches (Perchet
et al., 2015). Requiring very few batches to obtain nearly minimax optimal guarantees has been

observed in contextual generalised linear bandits too (Ren et al., 2021; Sawarni et al., 2024).
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4.4 Delayed OFU-GLM

Section 4.3 seems to suggest that the penalty for delayed feedback in k-armed problems is an ad-
ditive term involving the expected delay (Dudik et al., 2011; Joulani et al., 2013; Mandel et al.,
2015; Pike-Burke et al., 2018). Conversely, this penalty is multiplicative for bandit problems
with structure (Desautels et al., 2014; Zhou et al., 2019; Blanchet et al., 2020). The solutions for
structured problems all utilise the optimistic principle and choose to increase the size of the con-
fidence sets to account for the missing information caused by the delays. Eventually, this allows
the authors to apply standard algebraic techniques to control the pseudo-regret. For generalised

linear bandits, this corresponds to an application of Lemma 4.5.

However, taking this approach leads to guarantees where delay-dependent quantities scale the
horizon, n. This suggests that the impact of delays never disappears in structured problems,
regardless of how well the expected reward function is estimated. This contrasts with the intu-
ition that the delays should become irrelevant as the estimator of the reward function converges.
Therefore, alternative approaches are required if the optimistic principle is to recover the additive

dependence that has been observed in the multi-armed setting.

Here, we propose a natural alternative to the existing approaches. Namely, constructing the
confidence sets using only the observed information. Algorithm 3, Delayed OFU-GLM, provides
the pseudo-code for our algorithm, which only utilises the historical information with observed

feedback.

Algorithm 3 Delayed OFU-GLM
Input: m, &, a(¢), « > 0, and § € (0,1).
Initialisation: A\ = aca(¢)/k, Wo = A, Oy = 0p =0 and Cyp = ©
fort=1,2,--- ,ndo
Select A; where:

(Ag, 0¢) = armax (a"6) and C, 1 ={0€O: 60— 1|w, , < VBii1}
a,0)EAxCy_1

Receive {(s, As, Xs) : s+ 75 = t}.
Update W, = W,_1 + D sistraet A AT
Update 0, by minimising the penalised negative log-likelihood in Equation (4.7).
Compute 6, by projecting 6, into © via Equation (4.10).
end for
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4.4.1 Input Parameters

Algorithm 3 requires several parameters as input. Notably, none of these input parameters
require knowledge of the delays and are relatively straightforward to select. However, some of
them require prior knowledge of the problem instance. These problem-dependent parameters are

the following:

e Firstly, m > 0 is an upper bound of the norm of the unknown parameter vector that
features in Assumption 4.2. This input parameter is required by many algorithms for
linear and generalised linear bandits (Abbasi-Yadkori et al., 2011; Jun et al., 2017; Faury

et al., 2020).

e Secondly, k is the lower bound found in Assumption 4.3. Computing appropriate values is
straightforward. For u(z) = z, the derivative of the link function is constant and xk = 1.
For p(z) = 1/(1 + exp(—=2)), it suffices to notice that the derivative of the link function is

symmetric around zero and decreasing. Therefore k > exp(—m) in this case.

e Thirdly, a(¢) > 0 is a known function of the dispersion parameter of the reward distri-
bution. The dispersion parameter is intrinsically linked to the variance of the rewards

(McCullagh and Nelder, 1989):

VIXi [ Ar, 04] = i((As, 04)) a(9) -

Therefore, an upper bound on this parameter is required by all optimistic algorithms for
deriving valid confidence sets. For Bernoulli and Gaussian rewards: a(¢) = 1 and a(¢) =

R?, respectively.

Finally, « > 0 and d € (0,1) are the user-specified hyperparameters that correspond to the
regularisation strength and the confidence level, respectively. The confidence parameter repre-
sents the probability that there exists a round where the unknown parameter vector falls outside

confidence sets.

4.4.2 Estimating the Unknown Parameters

Algorithm 3 selects actions optimistically. Specifically, it maintains an estimate of the unknown
parameter vector and constructs confidence sets on the space of parameter vectors. This esti-

mator is found via maximum likelihood estimate, which is equivalent to minimising the negative
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log-likelihood:

Li(0) = Sa(@)10]13 — a(¢) D" 1{s + 7 <t} log (P (X, |A,,6.))
T (4.7)
_ %a(d))“@”% " 1{s+ 7 <t} (Xo(As,0) — b({A,,6))) + constant .

s=1

where o > 0 is the regularisation parameter that is input for Algorithm 3. Rescaling the negative
log-likelihood by a(¢) does not change the minimiser but is done for mathematical convenience.
Minimising Equation (4.7) can be done efficiently with gradient-based optimisation algorithms,
such as gradient descent or Newton’s method. Equations (4.8) and (4.9) provide the necessary

quantities required by these optimisation methods:

VL (0)=caal(¢)d+ Z Hs+7s <thu((As,0) A, — Z s+, <t} AX, (4.8)

s=1 s=1

V2L (0) = aa(@) T+ Us+7, <t} u((As,0)) AAT (4.9)

s=1

where fi denotes the first derivative of the link function with respect to its argument. Notably,
V2Li(0) = 0 whenever ava(¢) > 0. Therefore, the negative log-likelihood is convex and this

implies that the maximum likelihood estimator is the unique vector satisfying the following:
VL(6;)=0

Sometimes 6, ¢ © and in such cases, the maximum likelihood estimator will be projected back
into the set of admissible parameter vectors. This projection step is standard in the literature

and involves solving the following (Filippi et al., 2010b; Faury et al., 2020):

[

0 = arg min {19:0:) = 9@l } (4.10)

where

0:(0) = aa(@) 0+ 3 s+ 7, < ) u((As0)) A, (4.11)

s=1
Notably, Equation (4.10) projects the maximum likelihood estimator onto itself whenever it is
in the admissible set of vectors. This follows from the fact that the weighted norm is strictly

positive unless the input vector contains all zeros.
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4.5 The Confidence Sets

Currently, C; is defined as an elliptical confidence set that is centred around the projected maxi-
mum likelihood estimator and has a shape that is defined by the observed design matrix. There-
fore, it depends only on the observed information. However, [;, the width of these confidence

sets, has been left unspecified.

Here, we will prove that the following confidence sets contain the unknown parameter vector

with arbitrarily high probability:
ct:{ae@: 16— 0w, < ,Bt} (4.12)

where

— \1/2
VB = 2my/ aaé@ + % 21og (%) (4.13)

and 6; is the projected maximum likelihood estimator.

Theorem 4.1. Under Assumptions 4.2 and 4.8, it holds that:
P(3t>1:0,&C) <4

where C; and By are defined as in Equations (4.12) and (4.13), respectively.

Proving Theorem 4.1 requires three preliminary results. Lemmas 4.1, 4.2 and 4.3. In Section
4.5.1, we will state and prove these intermediate results. Subsequently, in Section 4.5.2, we will

utilise these results to prove Theorem 4.1.

4.5.1 Preliminary Results for Theorem 4.1

Lemma 4.1 is a corollary of the mean-value theorem and we will use this result to relate the form

of the confidence sets to quantities that are used in the estimation procedure.

Lemma 4.1. Let 6, € © and 63 € © be arbitrary vectors, and A = aa(p)/k. Then, the following
inequality holds:

1
161 = bellw, < —Ilge (61) — g¢ (O2)ll ;2

Proof. Assumption 4.3 guarantees that the link function is differentiable. Therefore, an applica-
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tion of the mean-value theorem gives:

1((As,01)) = p((As, 02)) = u(25) ((As,01) = (A5, 602))

where z; € [(Ag, 01), (A, 02)]. Therefore, g.(61) — g:(02) can be rewritten by directly previous

display into the expression for the difference as follows:

t

90(61) = 9:(02) = a() (61— 62) + Y 1s + 7 <t} Ay (u({As, 61)) — u({As, 62)))

s=1

=aa(¢) (61 —02) + Z s + 75 <t} u(2) A AT (61 — 62)

s=1
= (O‘ a(¢) I + Z s+ 7 <t} ﬂ(ZS)AsAz> (01 — 02)
= Ht . (91 - 02)

where the last equality serves as the definition for the matrix H;. Recall z; € [(As, 01), (As, 02)]

can be expressed as follows:
Zs = p<A8591> + (1 _p) <A5791> = <Asap91 + (1 _p) 92) = <AS7017>

where 0, = p6; + (1 —p) 63 and p € [0,1]. Since 6; € © and 65 € O, it follows that 6, € ©
and this gives a lower bound on the derivative of the link function in the s-th position of the

summation:

M(ZS) = ﬂ(<A5,9p) > K

which follows from the fact that Ay € Ay C U2, A; almost surely and then applying the definition

of k in Assumption 4.3. Consequently, H; satisfies the following Lowner partial ordering:

t
Hy=aa(p)I + Z s+ 7s <t} ju(zs) A, AT

s=1

¢
taa(qﬁ)[—l—/{Zl{s—i—Ts <t} AAT

s=1

=K (OZCLK@I#* i 1{8 + 75 < t} ASA?>

s=1
t
=K <>J+ Z Hs+ 71, <t} ASAST>
s=1

:KWt
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where the penultimate equality follows from the definition of A and the final equality follows from
Equation (4.4). Further, the Léwner ordering reverses when the matrices are inverted, which

gives:

Bringing all of the above together gives the result via the following steps:

1
101 — O2]lw, = 7”91 = 02w,

\/7H91 - 92||Ht

quw (61 — 62)]|2

\[HH

= THgt
Hgt(al) gt(%)”é -1

2 (g:(01) — 9:(02)) ]2

(62) — 90(02) | 55+

g

= E||9t(91) = 9:(02) Iy

as required. O

Lemma 4.2 is the second technical result that is used in the proof of Theorem 4.1. The purpose
of this result is to separate the noise-related terms from the terms that are measurable once the

agent has made their decision and the delay has been generated.

Lemma 4.2. Let A = aa(¢)/r and Sy = Y., 1{s + 7 < t}Asns. Then, it holds that:

1, . . . 1
~l19:(00) = (0l -+ < V0%]|2 + ~l1Sell -

Proof. Recall 6, is the maximum likelihood estimator and satisfies the following:

t
0="VL(0;) = g:(6r) = > s+ 7. <t} AKX,
s=1

Since X, = p((As, 64)) + ns, it follows that:
¢

9:(0:) =Y 1{s + 7 <t} AKX,

s=1
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=Y s+ <t} u((A0)) A+ s+ 7 <t} Agns

s=1 s=1

t
= —aa($) b + gi(0,) + > 1{s +7s <t} A, (Equation (4.11) with 6,)

s=1

= —aa(9) 0« + g:(0x) + S
where S; = 22:1 1{s+ 75 <t} Agns gives the last equality. Therefore, it follows that:

1 - 1
N9e@0) = 9e(0) g+ = lI—aa()6 + Silly

1 1
< ;Ha a(9) Q*HW;I + EHStHV’V;l (Triangle Inequality)
aa(P) 1
= 28+ LSl
1 .
= A0l + ;HSiHV’V;l (Since A = awa(¢)/k)
1 -
S )\”9*“%1 + ;”St”V_Vt_l (Since Wt t /\I)

1
= VA8 ll2 + - ISulypo

as required. O

Lemma 4.3 is the last technical result used in the proof of Theorem 4.1. This result is used
to establish properties of the noise-related term, which allows for the application of standard
concentration results for vector-valued martingales. By Fenchel Duality, the noise terms can be

rewritten as follows:

1 2 1 2
5% 1 = meae {50 = 5y, |
1 2
= max {log (exp (<x7 St) — 2||:L‘||Wt>> }
1 2
—tog (ma fop ((0.5) - kel ) }) (419

For Lemma 9 and Theorem 1 of Abbasi-Yadkori et al. (2011) to apply, it suffices to show that

the following random variable is a non-negative supermartingale:

My (@) = exp (o) = gl ) (4.15)

where W, = W, — M\ = Zt 1{s+7s <t} A,AT.

s=1
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However, due to the delayed feedback, we cannot rely on the standard arguments to verify this
property holds. Therefore, additional care is required to construct a recursive definition that can

be used to verify the properties required for M;(x).

Lemma 4.3. Let M;(x) be defined as in Equation (4.15) and define w to be a stopping time with

respect to the filtration {F}52,. Then, M, (x) is almost surely well-defined and E [M,(z)] < 1.

Proof. Rewriting Equation (4.15) by expanding out the definitions of S; and W; reveals the

following:
My (a) = exp (50,50 — 3loly, )

= e (zt: 1{s + 7, S}t%} (v, As)ms %mT (il{SJFTS < t}ASAZ> x)
s=1 s=1

— exp <Zt: Hodn = Bieddn. ;il{s tr< t}(x,As>2>
s=1 s=1

~ exp (zt: 1{s + s S;} (z, As)ns ;i1{3+78 < t}(m,AS>2>
s=1 s=1

= exp <zt: I{s+7s <t} <MI§>US - ;(x,As>2)> :
s=1

The summation inside the exponential can be partitioned using the indicator variables. Notably,

performing a case-by-case analysis reveals that:
Hs+r <th=ls+71, <t—1}+1{s+ 7, =t}.
Leveraging this observation and continuing the sequence of equalities gives a recursive definition:

My(x) = exp (Z(l{sm <t-1}+1{s 47— 1)) (W - ;<x,As>2)>

s=1
t

s+7s=1t}{(z U tr — Y (2. A2
My (2) exp (Z s + 7, ;}< ,As>ns>exp <Zl{ v, 2t}< AL )

s=1 s=1

t

5 s+, =1t} <x,AS)2)

= M;—1 (x) Di(z) exp <— 5

s=1

where the penultimate equality follows from properties of exponents and the definition of M;_1(x).

The final equality serves as the definition for D;(z). Now, the natural filtration is the o-algebra
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generated by the sequence of random variables:
]:tfl = O'(Al,AQ,"' ,At,ThTQ,"' y Tty s for s+ 714 < t) .

Therefore, D¢(x) is the only term containing quantities that are not F;_;-measurable. Assump-
tion 4.2 guarantees that the noise is conditionally subgaussian and this allows the expectation

to be bounded:

t

E [My(x) | Fi—1] = M;_1 (z) E [Dy(x) | Fi—1] exp (_ Z s+, =1t} <x,AS>2>

2

s=1

< M1 (x) exp <Z Mot = 1) <I7AS>2R2> exp (‘Z st =1} <$,As>2>

2R? 2

s=1 s=1

= Mt,1($) .

where Assumption 4.2 guarantees that the noise variables depend only on the observable history
and utilises the subgaussian property with v = 1{s+7s = t} (x, As)/R. Therefore, { M;(x)}$2, is
a non-negative supermartingale, where the non-negativity property follows from the exponential

function producing strictly positive values. The law of total expectation guarantees the following:

E[M;(2)] = E[E[M;(z) | Fi-]]

<E[Mi1(z)) = E[E[M;—1 (2) | Fis]]

< E[Mo(z)]

=1

where the final line follows from the convention that empty summations evaluate to zero. Fur-

thermore, the convergence theorem for non-negative supermartingales:

Moo(x) = lim M(z)

t—o00

is almost surely well-defined. Hence, M, (x) is almost surely well-defined, regardless of whether

the stopping time w is finite or infinite. Fatou’s Lemma guarantees that:

E [Mw (I')] =E |:htnj)£f Mrnin{t,w} (Jf)] S hglong [Mmin{t,w} (’I)]
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Combining the right-hand side of the above with the law of total expectation:

E [Mmin{t,w} ((E)] =E [E [Mmin{t,w} (.’E) ‘ftflﬂ

<E [Mmin{tfl,w} (x)] =E [E [Mmin{tfl,w} ('T) |ft—lﬂ

< B [Miinfo.w) (7)] = E [Mo ()] =1
for any ¢ > 0. Therefore, E[M,(z)] < 1, as required. O

4.5.2 Proof of Theorem 4.1

Section 4.5.1 presents all of the intermediate results that we will require to prove the validity
of the confidence sets in Equation (4.12). Therefore, all that remains is carefully piecing these

results together.

Proof. From Assumption 4.2 and Equation (4.10), 6, € © and 6; € ©. Therefore, Lemma 4.1

guarantees the following:

1
165 = Bellw, < —l19¢(64) = 96 (O0)lyy ;1 -

This inequality relates the weighted norm of the unknown parameter vector and the projected
maximum likelihood estimator to quantities involved in the estimation procedure. Generally, not
much can be said about the projected maximum likelihood estimator. Therefore, the right-hand

side of the previous display is related to the maximum likelihood estimator:

1 1 R R
;Hgt(@*) = 9t(00)llyy—1 = ;Hgt(@*) = 9¢(00) + 91(01) — g:(6) 13—
1 . 1. . . .
< —llge(0x) = geOc)llyirr + —llge(0e) = 96(00) w1 (Triangle Inequality)
1 A 1 . A ..
= ;Hgt(e*) - !h(ﬂ)”w;l + - ggg”gt(et) - gt(H)HW:l (Definition of 6;)

1 N 1 .
< —llge(0x) = 9eO)llyir 2 + —ll9e(02) = 96 (0:) w2

= 2 lgu(@0) ~ 90y (4.16)

where the last equality follows from the absolute homogeneity property of norms. Applying

Lemma 4.2 to Equation (4.16) allows for the separation of the noise-related terms and the bias
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introduced by penalising the negative log-likelihood function:

2 P 2
~l9e(00) = ge(0:) i+ < 2VA|0. 12 + Sl

2
< 2mVA + ;”StHW[l (Assumption 4.2)

where A := aa(¢)/k and Sy = Ei:l 1{s+ 75 < t} Ay ns as-per the statement of Lemma 4.2.

Lemma 4.3 confirms that |||y~ is a non-negative supermartingale under the information
structure created by the delays. Furthermore, it verifies the conditions that are required to
apply existing results (de la Penia et al., 2004; Abbasi-Yadkori et al., 2011). Applying Theorem
1 of Abbasi-Yadkori et al. (2011) reveals that:

det (W)

Bringing everything together gives:

P(3t>0:0,¢C)=P

/N

20160, Oill, = V)
2
<P (Elt >0:2mVA+ ;”St”V_VT_l > \/ﬁt)

det (W)
=P [ 3t>0: Sl > Ry[2In | — 57—

5/\d/2

<6

as required. 0

4.6 The Delayed Elliptical Potential

Theorem 4.1 establishes that the sequence of confidence sets contain the unknown parameter
vector with arbitrarily high probability. Lemma 4.4 applies this fact to provide a preliminary

upper bound on the pseudo-regret of Algorithm 3.
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Lemma 4.4. Under Assumptions 4.1, 4.2 and 4.3, the pseudo-regret of Delayed OF U-GLM with

any A = aa(p)/k > 1 satisfies:

Rn ("Tv 0*) < 2Lu V Bn Z”AtHWf__ll
t=1

with probability at least 1 — 9.

Proof. From Theorem 4.1, it is easy to verify that:
P, eC; forall t>0)=1-P(Ft>0:0,&Ci—1)>1-96.

Therefore, 0, € C; for all t > 0 will be used throughout the proof with the understanding that
the resulting upper bound will hold with probability at least 1 — 3. Now, we will focus on getting
an upper bound on the per-round pseudo-regret on the event that the unknown parameter lives

within the confidence set.

Define the optimal action in the t-th round as follows:

ay = argmax u({a, b)) .
a€A,

Since 0, € C;_1, it follows that the expected reward for the optimal action in the ¢-th round can

be controlled as follows:

p(ag, 0x)) < max p((a, 0)) = UCBi 1 (af)

0eCi_1

Algorithm 3 selects the action with the highest upper confidence bound. Therefore, the upper
confidence bound for the optimal action can be upper bounded by the upper confidence bound

of the action that was selected by the agent in the ¢-th round:
UCB;_q (ay) < max UCB;_1 (a) = UCB;_1 (4¢) .

Define 0, = arg maxgec, , (({A¢,0)) as the parameter vector that gives the chosen action the

highest expected reward. Then, chaining the previous displays together gives an upper bound
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on the per-round pseudo regret incurred by the agent in the ¢-th round:

p((ar,0.)) — (A, 02) < p((Ar, 0r)) — p((Ar, 6,)
<L, (<At, 0; — 9*>)

=1L, ((At,ét =01 +0i1 — 9*>)

where the penultimate line follows from Assumption 4.3. Specifically, the gradient of the link
function is bounded by L,, which implies it is L, -Lipschitz by the mean-value theorem. The
final line follows from adding and subtracting the projected maximum likelihood estimator. This
is done because it is this vector that is used to centre the confidence sets. Choosing 6 € C;_;

arbitrarily gives the following upper bound:

(A, 0 —6,-1)| = (W, {* 4, W,3(0— 6,_1))
< W2 A2 W2 (6,21 — 0))2 (Cauchy-Schwarz)

= [ Adllyy 2 101 = Ollwr,
< VBi-1 ||AtHW;11 (Since 6 € C;_1)
S VBl Al o,

where 8;_1 < 8, is the width of the confidence sets as-per Equation (4.13). Recall 0,,0, € Cy_1,
where the former is by definition and the latter is on the event that the unknown parameter
vector is within the confidence set in every round. Therefore, the instantaneous regret can be

upper bounded as follows:

(a7, 0,)) = n((Ar,0.)) < 2L/ B | Aty -

Therefore, summing the instantaneous sub-optimality of the decisions made by the agent and

using the upper bound above gives the following:
n

Ry (m,0,) =Y p((af, 0.) — p((Ar,6.)

t=1

< 2L/ B Yl Al (4.17)
t=1

as required. O
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Lemma 4.4 reveals that the last term that needs to be controlled is Equation (4.17). Summations
of this form arise in various applications involving linear functions (Lai and Wei, 1982; Abbasi-
Yadkori et al., 2011; Cesa-Bianchi and Lugosi, 2006). Thus, there is a well-known technical tool
for controlling this summation, now known as the elliptical potential lemma. This algebraic tool
dates back to at least Lai and Wei (1982). The elliptical potential lemma is presented below for

ease of reference.

Lemma 4.5 (Elliptical Potential Lemma). Let {A4;}$2, be an arbitrary sequence of d-dimensional

vectors such that ||A||3 < 1. Define Vo = X, V, = Vo + ZZ=1 AgAT. Then,

- det (V;,) d\+n
A2 -1 <2log | ——2 ) < 2d1
D Ml < Og(det(Vo)) = dog( X )

t=1
for A > 1.

Lemma 4.5 is used to control the regret of algorithms in linear and generalised linear bandit
problems without delays (Filippi et al., 2010b; Abbasi-Yadkori et al., 2011). Furthermore, this

algebraic tool provides a tight upper bound on the term in question (Carpentier et al., 2020).

However, the elliptical potential lemma requires that the learner updates the design matrix at
the end of every round with the most recent action. This is not the case for the summation
in Equation (4.17), as the feedback associated with the most recent action is not necessarily
observable immediately. Therefore, it may not used to increment the observed design matrix.
Moreover, there will likely be rounds where no feedback arrives at all and rounds where multiple

feedbacks return to the agent.

Therefore, different technical tools are required, which we will develop in this section. Lemma
4.6 is the end result. Briefly, it establishes an elliptical potential lemma for the setting of delayed
feedback to control Equation (4.17). This result relates the elliptical potential with the observed

design matrix to the standard elliptical potential of Lemma 4.5.

Lemma 4.6. Let {A; : ||Atll2 < 1382, and {7 : 7 > 0}$2, be an arbitrary sequence of d-

dimensional vectors and non-negative scalars, respectively. Then, it holds that:

- 2 " 14+ G+
> l4d s, £ 3l + 30 =5 A
t= t= t=

where A > 1, V;, W, and Z; are defined as-per Equations (4.3), (4.4) and (4.5), respectively.
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Proving Lemma 4.6 requires two intermediate results. Specifically, Lemmas 4.7 and 4.8. These

are stated and proven in Section 4.6.1.

4.6.1 Preliminary Results for the Proof of Lemma 4.6

Lemma 4.7. Let A, B € R be symmetric positive semi-definite matrices. Then, AB and

AY2BAY? share the same set of eigenvalues and these eigenvalues are all non-negative.

Proof. Theorem 1.3.22 of Horn and Johnson (2013) shows that the characteristic polynomials of
AB and BA are equivalent when at least one of A or B are non-singular. Since A is a symmetric

and positive semi-definite matrix, it follows that:
MAB) = MN(AY2AY2B) = A(AY/2BAY/?) .

where A(+) denotes the spectrum of the matrix given as input. Furthermore, AY2BAY? is a

symmetric matrix. Therefore, it follows that:
2T AYV?BAY 2y = y'By >0

where y = A2z because B > 0. Therefore, \(A/2BA'/2) = \(AB) and \;(AY/2BA'/?) > 0,

which implies that AB has non-negative eigenvalues, as required. O

Lemma 4.8. Let {A; : ||Atll2 < 1382, and {7 : 7 > 0}$2, be an arbitrary sequence of d-

dimensional vectors and nmon-negative scalars, respectively. Then, it holds that:

vil=v,z, Wt

Gy
A
where Vi, Wy and Z; be defined as-per Equations (4.3), (4.4) and (4.5), respectively.
Proof. Recall A > B <= A — B = 0. Therefore, it is equivalent to prove that the difference

between the two matrices is positive semi-definite:

Dy = % Vo Vi w =V <th - Zth) . (4.18)

This proof takes a four-stepped approach.
1. Equation (4.18) is a symmetric matrix.

2. Equation (4.18) has the same set of eigenvalues as another matrix.
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3. This similar matrix has non-negative eigenvalues.

4. Finally, we chain the above three steps in reverse order and recall basic facts about sym-

metric matrices to prove the claim.

Step 1. From Equation (4.19), it is possible to rewrite the matrix in question as follows:

Gieol o1 1 (G o
Dt:tVt1+Vt1—Wt1:(;I—s—I)th—th

which is just the sum of symmetric matrices. Therefore, D; is symmetric and this establishes the

claim for Step 1. Leveraging the eigendecomposition for this symmetric matrices reveals that:

d d
2Dz =2TUANUT z = Z /\i(Dt)xTuiuiTx = Z Xi(D) (w2
i=1 i=1

Consequently, D; = 0 <= z7D;x > 0 for all z € R? if and only if all of its eigenvalues are

non-negative.

Step 2. Define the following matrix:

Applying Lemma 4.7 with A = V;l and B = (Gi/M)I — ZtV_[/;l reveals that D, = AB and

D, = AY2BA/? share the same set of eigenvalues.

Step 3. Showing D, = 0 proves it must have non-negative eigenvalues, as this is a necessary
condition for the associated quadratic form to be non-negative: 27D,z > 0. Recall that every

matrix can be decomposed into the sum of symmetric and anti-symmetric matrices:

D= (Dot DY)+ (Do D).

|~

~ - T
Let € R? be an arbitrary vector. Then, D; — D~ has a quadratic form that evaluates to the

following:
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~ - T
= —a'Dyx+2"D, x

o (D= DY)

which holds if and only if y = 0. Therefore, the anti-symmetric component of the matrix does

not contribute to the evaluation of the quadratic form. Applying this fact gives:

N 1 - -
2TD,x = ng (Dt + DtT) T

Ly (g1 (26 ,_
57 (V 1/2(% ZW, W, Zt)V1/2>x

)
Gy o 1 1N

= LtV e - 5 SV (W W 2) v
G _ .

:fnmu%zl— Ty 2 (ZtW + W, Zt)V 2,

Now, A= Z, W, s W, 1Zt is a real-value symmetric matrix. Therefore, its eigendecomposition
is given by A = QAQT where A is a diagonal matrix containing the eigenvalues and Q is an

orthogonal matrix whose columns contain the unit eigenvectors.

Gy ~1/2

"Dy — —Hxll Y, M

QAQ™V,

~ ~ ——1/2
H 13- =5 TAx (@ =Q"V, *x)
d
Gt a2 —EZM
=zl =3 i X5
i=1

where )\; is the i-th largest eigenvalue of matrix A = Z,W, 'y W, th. Clearly, A is symmetric
because it is the sum of a matrix and its transpose. Therefore, A has singular values that are

the absolute values of its eigenvalues:

where 0;(A) denotes the i-th largest singular value of the matrix. Then, it follows that:

d
~ G 1 i
TDyx > 7t||x||2-;1 -3 ;: “0i(A) 72 (Ai(4) < 0i(4))

G 1
Tzl = 5o1(4)

> 5 i (0i(A) < 01(4))

-

=1
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G 1 - .

= fllxll%wyl — 5o (A)]2ll3 (Definition of [|-2)
G 1

= Tt”xH%/Zl - §al(A)||x||%7;1 (Definition of &)
G 1

= Sllllf - = Sl ] (For A € R g1 (A) = || A].5)

Therefore, to lower bound the quadratic form, an upper bound the matrix norm of A =
W, Yy W, 'Z, is required. Proceeding with this step and utilising the sub-additive and

sub-multiplicative properties of matrix norms gives:

-1 | -1
[Allz = [[2eWe = + Wy Zill

<NZeW, 2+ W, Z 2 (Sub-additive)

<N Zl2 W5 M2 + 1W5 2l 2l (Sub-multiplicative)
w—1

=2 Z||W, 2

From Equation (4.4): ||I7Vt_1||2 = 1/Aa(W¢) < 1/X. Further, Equation 4.5 can be combined with
the absolute homogeneity, sub-additive and sub-multiplicative properties of the spectral norm to

yield:

t
1Zel2 = 11D s + 75 > 3 A AT

s=1
t
<> N{s + 7o > t}AAT |2 (Sub-additive)
s=1
t
= Z s+ 75 > t}| A AT || (Abs. Hom)
s=1
t
<> Ys+ 7>t} (rank(A,AT) = 1)
s=1
= Gt

Substituting this into the above gives:

~ Gt T,—1
2 Dya > ol = 1 Zill2 Wl [l

vt
Gy 2 2G| 9
> L2 - el

=0

Step 4. Now, Step 3 shows D is positive semi-definite and this implies that all of its eigenvalues
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are non-negative. Therefore, Step 2 shows D; has non-negative eigenvalues. Finally, Step 1 shows
Dy is a symmetric matrix. Since D; is symmetric, non-negative eigenvalues implies positive semi-

definiteness. Finally, D; > 0 implies that:

>| D

tv;ltvt ZtWt:Mt,
as required. O

4.6.2 Proof of Lemma 4.6

With Lemmas 4.7 and 4.8, we are now ready to prove Lemma 4.6. This result controls the

delayed elliptical potential that features in Equation (4.17).

Proof. Since A > 0, V; and W, are invertible. Therefore, the relationship between the inverse
of the observed design matrix and the inverse of the total design matrix can be established as

follows:

W, =V, +W, -V,
v, v v v waw !
v, v (v W)Wyt
=1 -1 = —1
=V, " +V, Z, W, (4.19)

where the final equality rearranges Equation (4.6). Therefore, focussing on the ¢-th element of

the summation gives:

”AtHW;ll = ”AtH\’/:lJrV;llzt,l W

SN Adlg=r + 11 Adllg-r 7, wo,

where the first term is what appears in the standard elliptical potential lemma. Therefore, it

suffices to focus on the second term. Expanding out the definition gives:

&1 = —1
HAt”(/t—_lth_l Wit T \/szt71Zt71Wt—1At

= \/TI‘ (A?V;let_ll/T/;let)

= \/TI' <V;_112t_1w;_11AtAg1>
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\/Tr(f/t__lth_l) Te(W, ', A AT) (von Neumann Trace)

IN

IN

%Tr(W:lAtAtT) + %Tr(v:l Zi_1) (AM-GM Inequality)

From Equation (4.5), Z; = ZZ=1 1{s + 75 > t}A,AT. Applying properties of trace allows the

previous display to be written as follows:
1 1 1 1¢
= —1 ——1
5 Te(W, A AT) + S B(Vi1Ze1) = §||At|\2, oty ; Ws+ 7 >t = T Al
1 1 1o
— 2 2 2
= Sl Adlg— + 1Al g +5 z_; Hs 47 >t = 1} A7

where the last equality follows from Equation (4.19). Finally, Lemma 4.8 gives:

G
2 t 2 2

||At||\7;jlzt71ﬁ/;jl < T”At”f/;jl < Gt”AtHf/;}l

where the last inequality follows from assuming A > 1. Bringing everything together and intro-

ducing the outer summation gives:

n n 1 n 1+G 1 n t
t
;nAtHW;Is;nAtHV;ﬁg; s 1A 5D Y s+ >t = AR

t=1 s=1

n n n i
1+ Gy 1 _ _
< ZHAtH\’/;jI + Z B ||At\|%7;11 +t3 ZZ Hs+7s>t— 1}||ASH%7;11 (Vie= Vi)
t=1 t=1

t=1 s=1

= ;||At||\7;11 + ; 5 [[Aell vl T g ;Tt HAtHV;_ll

where the last equality follows from expanding the two summations to reveal that the indicator

ensures that each term contributes to the summation 7; times. O]

4.7 The Pseudo-Regret of Delayed OFU-GLM

Lemma 4.6 upper bounds the delayed elliptical potential by the standard elliptical potential and
an additive lower-order term that involves the delays. Furthermore, it only requires that the
delays are an arbitrary sequence of non-negative integers. Therefore, this result is quite generic

and can be applied to other problem settings.

From Lemmas 4.4 and 4.6, it follows that the last step in obtaining an upper bound on the

regret of Algorithm 3 is to control the delays and the number of missing feedbacks in each round.
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Subsequently, Lemma 4.5 can be applied in the usual manner to get an upper bound on the

pseudo-regret. Assumption 4.4 gives high probability control on the delays:

Tt < e (T) < €,(T)

Therefore, it is just the number of missing feedbacks that needs to be controlled to remove the
round dependence and allow for a smooth application of the elliptical potential lemma. Luckily,
Joulani et al. (2013) have developed an upper bound on the number of missing feedbacks when
the delays are independent and identically distributed random variables. Lemma 4.9 differs from
Joulani et al. (2013) only in the choice of the confidence parameter, which is because the desired

result in this setting is a guarantee that holds with high probability for all ¢ € N.

Lemma 4.9. Define G; = 22:1 s+ 75 >t} and let {1}$2, be a sequence of independent and

identically distributed random variables with a finite expectation: E[r] < co. Then, it holds that:

P(Etz 1:G, >E[r] +log <t(t;1)) Jr\/QE[T]lOg <t<t;1))> <35,

Proof. Joulani et al. (2013) prove this result by noticing that the number of missing feedbacks in

the ¢t-th round is bounded. Therefore, Bernstein’s inequality gives them the following guarantee:

5 >P (Gt _E[G)] > log (;t) + \/ 2V ] log (i) ) (Bernstein)
> P (Gt “E[] > log (;) + . [2E 7] log (;) )

where 0; € (0,1) denotes the confidence parameter for the ¢-th round. The last inequality follows

from the fact that the expected value and the variance of the number of missing feedbacks can

be bounded by the expected delay:

Setting d; = ¢/t(t + 1) and taking the union bound gives a time-uniform bound:

IP’(EIt> 1:Gy—E|r] > %log <t(t;1)> +2\/E[T]10g <t(t;1))> ggét <4
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as required. O

Theorem 4.2 proves a high probability upper bound on the pseudo-regret of Algorithm 3, Delayed
OFU-GLM.

Theorem 4.2. Under Assumptions 4.1, 4.2, 4.8 and 4.4, Delayed OFU-GLM with any regular-

isation parameter A = aa(@)/k > 1 has pseudo-regret that satisfies:

. RL, RL
Rn (7T, 9*) g Tl d\/ﬁ + TM dS/Q(en(T) +E [T])
with probability at least 1 — 39.
Proof. Define the following bad event:
B =DB;UByU B3
By ={3teN:0,¢C}

BQZ{HteN:TtZEt(T)}

By ={3teN:G; > E[r]+&(G)}.

where

€(G) = log (t(t ;r 1)> + \/2]E [r]log (t(t ;F 1)>

From Theorem 4.1, Assumption 4.4 and Lemma 4.9, it follows that:
P(B) <P(B1)+P(Bs)+P(Bs) <36.

Therefore, the proceeding analysis assumes that the complement of the bad event B. Conse-
quently, the set membership and inequalities reverse and the guarantee will hold with probability
at least 1 — 30. From Lemma 4.4, where the pseudo-regret was analysed on a subset of the com-

plement of the bad event, it follows that:

n
Rn (777 0*) S QLM V Bn Z“AtHW;jl
t=1
< 2L/ B Y Adllgos, + L/Ba ) (1 + 7+ Gl A3 (Lemma 4.6)
t=1 t=1 )

< ZLM\/EZ”AtHV{_ﬂ + L#\/ﬁ?Z(l +E[7] + en(7) + En(G))”At”%/;ll
t=1 t=1
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< 2L,/ Bn

n n
n leAtllz—:l + (L+E[r] + en(7) + €a(G))Lyv/ B Y _IIAIF 1
=1 ‘ t=1

where the penultimate inequality utilises the fact that none of the bad events have occurred, and
€:(7) < €,(7) and &(G) < €,(G). The last inequality utilises Cauchy-Schwarz. The remaining

summations depend only on the elliptical potential. Applying Lemma 4.5 gives:

Ry (m,6,) < 2L,L\/57n\/2dnln (‘”di ”) +2dL,\/Bn(1 + €n(7) + €,(G) + E[7]) In <d>\d4; n)

= 2L/ Bn (\/anlﬂ (dAdj;n> +d(1+ en(r) + €n(G) + E[r]) In (‘%K”))

From Theorem 4.1, the widths of the confidence sets have the following function form:

2R det (W,,)""?

det (W,
=2mV\ + 28R log <e()> +2In <(15> )
K

Ad

The determinant of the observed design matrix can be upper bounded utilising the AM-GM

inequality:
d

det(W,) = HA (W,) < (;ix (Wn)> = (clz Tr (Wn)>d

Furthermore, Assumption 4.1 allows the trace of the observed design matrix to be upper bounded

by using the linearity and cyclic properties of trace:

Tr(W,) = Tr(A + Y 1{t + 7 < n}AAl)

t=1

=d\+ ) 1{t +7 < n} Tr(4A])

t=1

=d\+ ) 1{t +7 < n}|| A3
t=1

<d + > H{t+7 <n}

t=1

<d\+n

Combining these inequalities gives an upper bound on the width of the confidence sets at the
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end of the final round:

R det (W,
\/B>n:2m\/X+2? log (e/(w)> +2In <(1$>

< 2mVA + 28 log <W> +2In (;)

K A

Tr (W,
§2m\[\+§ dlog M +2In 1
K dA §

2 1
§2m\[\+—R dlog dA+n +2In| =
K dX )

Therefore, omitting logarithmic factors and numeric constants, the pseudo-regret is upper bounded

as follows:

. L L
Ry, (m,0,) < Rhu s+ Bl & (en(1) + E[7])
K

K

as required. O

4.7.1 Discussion of the Result

Theorem 4.2 demonstrates that it is possible to devise an algorithm with an additive dependence
on the delay in structured settings. Previously, theoretical guarantees in structured settings had
a multiplicative dependence on the delay. Specifically, Zhou et al. (2019) and Blanchet et al.
(2020) devise an algorithm whose pseudo-regret is upper bounded by:

R (m.0,) < B g/ 4 Jan(E 7+ 00)

K

with probability at least 1 — 5. Here, M, is a positive constant such that the tails of the delay
distribution beyond this value are approximately subgaussian. Therefore, Algorithm 3 and The-
orem 4.2 offers an improvement over the existing guarantees (Zhou et al., 2019; Blanchet et al.,
2020). This improvement is quite substantial when E[r] &~ \/n. Here, Theorem 4.2 would yield a
horizon-dependence of the order /n. Conversely, Zhou et al. (2019) and Blanchet et al. (2020)

would suffer a sub-optimal horizon-dependence that is of the order n3/%.

Assumption 4.4 is relatively standard in the literature and requires deriving an appropriate tail
bound for the random delays. Furthermore, this tail bound is only needed within the theoretical

analysis and it is not a parameter that is required as input for the algorithm. Generally, the



Chapter 4. Delayed Feedback in Generalised Linear Bandits 93

subexponential class of distributions is of practical relevance (Chapelle, 2014). For this particular

setting, the value that appears in the bound is the following (Wainwright, 2019):

¢(r) = E[r] + min {\/QU2 log (t(t;l)),m@g (t(t : 1)> }

where v and b are the parameters that govern the heaviness of the tails. For applications where

the delay is almost surely bounded, it is sufficient to plug in this uniform upper bound on the

delays and have the guarantees hold with probability at least 1 — 2.

However, Assumption 4.4 could be relaxed significantly. Notably, Lemma 4.6 did not require
any assumptions on the delays, other than non-negativity. Further, Theorem 4.1 holds under
the broader assumption of the noise being conditionally subgaussian. This conditioning allows
for the noise to depend on the historical sequence of actions and delays, as well as the historical
values of the noise associated with rounds whose feedback has been observed. Therefore, a nat-
ural line of enquiry would be to look at the possibility of delays depending on the chosen action.
This would not influence the confidence sets, which currently allow for this possibility, or the
algebraic analysis. Only Lemma 4.9 and the tail bound in Assumption 4.4 would need changing

to control the pseudo-regret of Delayed OFU-GLM for action-dependent delays.

Finally, it is expected that an additive delay dependence will hold for other optimistic algo-
rithms that have been designed for the immediate feedback setting. Indeed, at the heart of the

probabilistic analysis is a high probability upper bound on the following quantity:

t

Z s+ 75 <t}Asm;s

s=1

Wit

Lemma 4.3 verifies that this quantity is a non-negative supermartingale under the information
structure that is imposed on the agent by the introduction of the delays. Quantities similar to
this martingale have been upper bounded, with high probability, with various techniques in the
immediate feedback setting (Filippi et al., 2010b; Jun et al., 2017; Li et al., 2017; Faury et al.,
2020; Abeille et al., 2021; Jun et al., 2021; Faury et al., 2022). Generally, it is expected that
these probabilistic analyses will remain valid in the delayed feedback setting. Notably, Faury
et al. (2020) utilise a different weighting for the norm to significantly improve the x-dependence

for Bernoulli rewards. This improvement in problem-dependent constants is expected to transfer
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naturally to the delayed feedback setting and could yield significant improvements in practice.

4.8 Experimental Evaluation

Theorem 4.2 suggests that Delayed OFU-GLM has sub-linear worst-case guarantees. This sub-
section presents experimental evidence to support the theoretical derivations. This is done by
simulating the generalised linear bandit environment with Gaussian rewards. Specifically, the
rewards were sampled as follows:

X = (A, 0,) +

Lid. . . . . . . .
where 1, “~" N(0,1) is Gaussian noise with unit variance. The experiments were conducted

with the following unknown parameter vector:

—

1

0, = —
Vd

where d € {5, 10,20} represents the dimensionality of the problem. This parameter vector was
kept fixed across 30 independent runs, which allowed for the computation of upper and lower
bounds on the empirical performance. Each independent run consists of n = 10,000 rounds and
the agent was presented with £ = 100 randomly sampled action vectors from the d-dimensional
unit ball in each round. This was chosen to satisfy the assumptions made by Zhou et al. (2019)
and Blanchet et al. (2020). This assumption is exploited within their algorithm to derive tighter
confidence sets that exploit the independence of the decision sets. Thus, the comparison is not
necessarily fair, as their algorithm is designed to exploit this additional information about the
environment. Finally, constant, uniform, Poisson and geometric delays were considered. Each of

these delays were parametrised with four different settings such that:
E[r] = {100, 250, 500, 1000} .

Algorithm 3, Delayed OFU-GLM, is compared to the DUCB-GLCB (Zhou et al., 2019; Blanchet
et al., 2020). For Delayed OFU-GLM, a = k = a(¢) = 1 were chosen according to the density
of the reward distribution, as per the discussion in Section 4.4. For DUCB-GLCB of Zhou
et al. (2019) and Blanchet et al. (2020), the same parameters were used. This algorithm also
requires an initial period of exploration, which was performed until the minimum eigenvalue of

the observed design matrix surpassed 1; the smallest value that is permitted by their theory.
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Figure 4.1: Experimental results for d = 5 and E[r] = 100. The boundary of the shaded regions
represent the minimum and maximum pseudo-regret across the 30 independent runs.
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Figure 4.2: Experimental results for d = 10 and E[7] = 100. The boundary of the shaded regions
represent the minimum and maximum pseudo-regret across the 30 independent runs.
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Figure 4.3: Experimental results for d = 20 and E[7] = 100. The boundary of the shaded regions
represent the minimum and maximum pseudo-regret across the 30 independent runs.
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Figures 4.1, 4.2 and 4.3 display the pseudo-regret as a function of the number of rounds for
d € {5,10,20}, respectively. These empirical findings suggest that removing the delay depen-
dence from the width of the confidence sets has substantial empirical benefits, which aligns with
the well-established fact that tighter confidence sets yield better guarantees and improved per-

formance.

From Figures 4.1, 4.2 and 4.3, it is difficult to assess the impact of the delay distribution on
the performance of the algorithms. Further, they display the empirical results for E[r] = 100
only. Figure 4.4 visualises the empirical evidence to better display how the pseudo-regret at the

end of the final round is impacted by an increase in the expected delay for Algorithm 3 with

d € {5,10,20}.
le3 d= le3 d=10 le3 d=20
1.00 1.00
= 1.0 -
& 0.75 0.75 ® Constant
= 0.8 4 Uniform
E . ® Poisson
% 0.50 0.50 ps ® @ Geometric
E & - 0.6 'Ir =
C 025 - -
T T 0.25 T T 0'4 - T T
500 1000 500 1000 500 1000
Expected Delay Expected Delay Expected Delay

Figure 4.4: Experimental results visualising the impact of the expected value and distribution of
the delays on the final-round pseudo-regret of Algorithm 3. The boundary of the shaded regions
represent the minimum and maximum pseudo-regret across the 30 independent runs.

Generally, Figure 4.4 is in agreement with the theoretical guarantees presented in Theorem 4.2.
Namely, that the relationship between the final-round pseudo-regret and the expected delay is
linear. However, the empirical results suggest that the performance depends on other properties
of the delays. For Poisson and constant delays, the increase in the pseudo-regret appears to
be greater, and these distributions happen to have the lowest variances of the distributions
considered. This suggests that it is not only the expected value of the delays that influence the
performance and that other moments of their distributions have an impact on the pseudo-regret

of Algorithm 3.
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4.9 Conclusion

This chapter has studied the impact of delayed feedback on algorithms for generalised linear
bandits. Under Assumption 4.4, that the delays have an appropriate tail bound, it was shown
that it is possible to recover the additive penalty for the delays from the multi-armed bandit
setting. These theoretical results significantly improve on prior work, where existing algorithms
suffer a multiplicative penalty and require a-priori knowledge of the delay distribution as input.
Reducing the delay dependence from multiplicative to additive was possible by introducing a
novel technique to carefully separate the delays from the difficulty of the learning problem. Do-
ing so allowed for the derivation of tighter confidence sets, which is well-known to yield better
theoretical guarantees and superior empirical performance. Indeed, the theoretical techniques
introduced in this chapter might be useful in other bandit problems with complex feedback struc-

tures.

Generally, Theorem 4.2 matches the intuition that the delays should become irrelevant once the
agent has a reasonably accurate estimate of the unknown parameter vector. Furthermore, it
recovers the additive delay penalty from the multi-armed bandit problem, despite the additional
complexities that are introduced by the structure of generalised linear models. However, there
are several direct extensions of the work presented in this chapter that would be of theoretical

and practical relevance.

e Thompson Sampling. Experimental evidence has shown that the explicit randomness
that is present in the decision-making of Thompson Sampling is helpful in the setting
of delayed feedback (Chapelle and Li, 2011; Chapelle, 2014). Intuitively, for fixed sets
of actions, the randomness allows for additional exploration while the agent is waiting
for feedback to return. Conversely, optimistic algorithms would repeatedly select the same
action until a reward from a previous round becomes observable. Combining the techniques
found in Chapter 4 with those of Russo and Roy (2014) will likely yield an additive delay-

dependence on the Bayesian regret.

e Logistic Bandits. Theorem 4.2 does have an undesirable dependency on x in the leading-
order term and in the additive delay-dependent term. This k-dependence has been the
subject of interest in the special case of Bernoulli rewards, which corresponds to the logistic
bandit problem (Faury et al., 2020; Abeille et al., 2021; Faury et al., 2022). This line of

work has almost removed the x dependence entirely. Combining the techniques developed
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in these papers with those introduced in this chapter should translate the improved k-

dependence to the setting of delayed feedback.

¢ Dimension-Dependence. Theorem 4.2 has d%/2? scaling the expected delay. However,
for unstructured action sets, it is possible to achieve a scaling factor of d in the multi-
armed bandit setting (Joulani et al., 2013). Following Howson et al. (2023b), the paper
associated with Chapter 4, there has been positive progress on answering this question.
Vakili et al. (2023), in the kernelised bandit setting, were able to remove the dimension
dependence entirely and obtain an additive delay dependence of just the expected delay.
This was possible by combining pure exploration and action elimination with an interesting
batching scheme. However, in this case, prior knowledge of the expected delay is required
to appropriately choose the number of rounds within each batch. Whether it is possible to

obtain similarly positive results without knowledge of the delays remains unclear.

e Tail Assumptions on the Delays. Theorem 4.2 requires an assumption on the tails of
the delay distribution. This assumption is standard in the literature (Zhou et al., 2019;
Blanchet et al., 2020; Vakili et al., 2023). However, assumptions on the tails of the delay
distribution are not required in the multi-armed bandit setting (Joulani et al., 2013; Mandel
et al., 2015; Pike-Burke et al., 2018). Chapter 5 shows that such assumptions are not
required in the episodic reinforcement learning problem either. Therefore, is it possible to
obtain high probability bounds on the pseudo-regret that only require that the delays have
a finite expected value or variance? Tackling this problem will likely require adjustments
to the technical tools developed in this chapter. Alternatively, this could be tackled by
changing the structure of the algorithm. Chapter 5 shows that reducing the updating
frequency is a useful algorithmic technique for separating the delays from the difficulty of
the learning problem. Integrating this technique into the generalised linear bandit problem

might be able to remove the tail assumption entirely.
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Chapter 5

Delayed Feedback in Episodic

Reinforcement Learning

This chapter is based on research published in AISTATS and was conducted under the supervi-

sion of Ciara Pike-Burke and Sarah Filippi (Howson et al., 2023a).

5.1 Introduction

Chapter 4 focuses on quantifying the impact of delayed feedback in the generalised linear bandit
problem, where the agent only needs to consider maximising their immediate expected rewards.
However, this model for sequential decision-making is inadequate for applications where taking
an action influences the environment. Therefore, a natural next step is to investigate the impact

of delayed feedback in the episodic reinforcement learning problem.

Chapter 4 highlights many reasons why feedback may not be immediate in many real-world
applications. These reasons persist in the more complex setting of reinforcement learning. For
example, an application in healthcare might involve prescribing a treatment protocol for a pop-
ulation of patients with a chronic illness. Here, the medical practitioner can be thought of as the
algorithm who prescribes an adaptive treatment plan. This treatment plan is then given to, and
executed by, the patient over a period of time. Feedback about the quality of the plan is pro-
vided upon the patient’s return. Meanwhile, the medical practitioner will continue prescribing

treatment plans to other patients within the population, without the valuable feedback from the
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patients that are currently undergoing treatment. Other examples include wearable technology
and autonomous vehicles, where the heavy computation involved in policy updating is likely to
occur on a separate machine. This forces the communication of information, which naturally

introduces a delay between the agent collecting feedback and the policy updater.

5.1.1 Existing & Related Work

The episodic reinforcement learning problem is relatively well-understood under immediate feed-
back setting, and there are numerous provably efficient algorithms (Jaksch et al., 2010; Filippi
et al., 2010a; Fruit et al., 2020; Azar et al., 2017; Dann et al., 2018; Jin et al., 2018; Zhang et al.,
2021). These algorithms were all discussed in Chapter 3. However, the guarantees for all of
these algorithms depend on immediate feedback. Despite being of practical importance, there is

limited literature on stochastically delayed feedback in reinforcement learning.

Previous work has considered stochastic delays in observing the current state and executing an
action in a known MDP (Katsikopoulos and Engelbrecht, 2003). In either case, the authors show
that it is possible to create an extended MDP, which involves increasing the size of the state
space. This increase in the size of the state space depends on the maximum delay. Therefore,
the computational complexity of computing the optimal policy in the delayed environment is

necessarily greater.

Lancewicki et al. (2022) considered adversarially delayed feedback in MDPs. Here, the authors
adapt the optimistic proximal policy optimisation algorithm (Cai et al., 2020; Shani et al., 2020).
They show that the regret of this algorithm scales multiplicatively with the delays. However,
this guarantee is for the adversarial setting, where the delay-dependence is multiplicative, even
in the simpler multi-armed bandit problem. Lancewicki et al. (2022) also consider stochastic
MDPs. For this setting, the authors propose an optimistic algorithm. The authors state that
the pseudo-regret for an unspecified optimistic algorithm whose pseudo-regret is upper bounded
by:
Ry (m, M) < H?SVAK + H?STmax

where H is the number of decisions the learner must make per episode, K is the number of
episodes, S is the number of states in the environment, A is the number of actions and 7 < Tax

is a uniform upper bound on the delays. However, the leading order term in their regret bound is
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loose. This can be seen by setting Tmax = 0 in their upper bound and noting that the lower bound
for immediate feedback is: Q(H?/2v/SAK). Their approach also requires a-priori knowledge of
the maximal delay to define a phase of explicit exploration; this quantity is often unknown in
many practical applications. Further, the algorithm accrues linear regret in this exploration

phase, and the maximal delay can be prohibitively large.

Following Howson et al. (2023a), the publication associated with this chapter, there has been
continued interest in delayed feedback in reinforcement learning problems. Kuang et al. (2023),
for example, utilise the tools developed in Chapter 4 to prove regret bounds for a variant of
Thompson Sampling for linear MDPs. Yang et al. (2023) propose a generic wrapper algorithm
for the various problem settings with delayed feedback. This wrapper algorithm takes in any
immediate feedback algorithm that updates itself in batches and uses this structure to upper
bound its regret in the delayed feedback setting. Therefore, the guarantees do not hold for the

algorithms considered in this chapter of this thesis and the results are complementary.

5.2 Problem Setting

This chapter of the thesis focuses on quantifying the impact of delayed feedback on algorithms
for episodic reinforcement learning. Chapter 3 introduces the episodic reinforcement learning

problem with immediate feedback. However, it is helpful to recap the notation.

Formally, the environment is modelled as an episodic finite horizon Markov decision process:
M= (S,A H,P,r)

where § = {1,2,--- S} and A= {1,2,---, A} denote the set of states and the set of actions, re-
spectively. H denotes the horizon and gives the number of steps per episode. P = {Py(+|s,a)}n.s,a
denotes the set of probability distributions over the next state, which will also be referred to as
the transition functions. Finally, 7 = {rp(s,a) € [0, 1]} (5 s,a)e[H]xsx.4 denotes the set of reward

functions, which are assumed to be known.

Chapter 3 introduces how an agent interacts with this model of the environment. Specifically,
the interaction occurs in a sequence of episodes: k =1,2,..., K. This chapter assumes that the

algorithm computes a deterministic policy 7% : S x [H] — A at the start of each episode. This
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restriction on the class of policies does not preclude the optimal policy, which is known to be
deterministic (Puterman, 1994). Once the algorithm has computed a policy, an agent uses said
policy to sample feedback from the environment by: selecting an action, A’fL = WZ(SE); receiving

a reward, R} = r,(S), A); and transitioning to the next state, Sf, | ~ Ppu(-|SF, Af); for each

h=1,---,H. The feedback associated with the k-th episode is given by:
{(S}l:aAlfL,Rﬁasllf-&-l)}ﬁ:l . (51)

The quality of a policy is measured via the value function. This is just the expected sum of
rewards from the current stage of the episode to the end of the episode when starting in a
particular state:

VT (s) = E7

H
> R}
h'=h

Throughout, V;*(s) = max.{V,;"(s)} will denote the maximum expected sum of rewards when

Sk = s] . (5.2)

starting in state s at the h-th stage. Following the immediate feedback literature, this chapter

will measure the performance of an algorithm via the pseudo-regret:

=

K
Ric(m, M) = Vi (SF) = V™ (SF) =) At (5.3)
k=1 k=1

which is the cumulative sub-optimality of the sequence of policies computed by the algorithm
when compared to an optimal policy. Domingues et al. (2021) show that the lower bound for the

regret in the standard episodic reinforcement learning setting with stage-dependent transitions

is: Q(H?/?V/SAK).

5.2.1 Delayed Feedback

Following Chapter 4 the symbol 7, € N will denote the delay associated with the k-th episode.

Throughout, it is assumed that the delays have the following property.

Assumption 5.1. The delays are positive, independent and identically distributed random vari-

ables with a finite expected value: E[r] = E[r;] < oo for all k € N.

The sequence of states, actions and rewards associated with the policy executed in the k-th
episode will now arrive at the end of round: %k + 7. Again, 7, = 0 recovers the immediate
feedback setting, which is reasonably well understood. Procedure 5.1 introduces the sequential

decision-making procedure with the introduction of the delays. Further, it introduces some



Chapter 5. Delayed Feedback in Episodic Reinforcement Learning 103

important terminology that draws a distinction between computing and executing the policy.
Specifically, an algorithm computes the policy and this policy is given to an agent to execute in

the environment.

[ Procedure 5.1: Delayed Feedback in Reinforcement Learning

For k=1,2,--- | K:
e Algorithm. Computes 7% = {7¥ 7% ... 7%} with the observed feedback.
e Agent. Executes 7% in M = (S, A, H, P,r).

e Environment. Reveals {(S}, A}, R}, S}, 1 )iL, i+7 =k}

The introduction of delays causes the feedback associated with an episode to return at some
unknown time in the future, k + 7. As a result, the algorithm may not be able to update its
policy using feedback from episode k at the start of episode k + 1. Instead, it can only use
feedback it has observed, and this corresponds to episodes where i : i + 7; < k. Consequently, it

is helpful to introduce the observed and missing visitation counters:

Nin(s;a)= Y 1{(Sh 4}) = (s,0)} (5.4)

it <k
Niw(s,a)= Y 1{(Sh.A4}) = (s,0)}. (5.5)
471 >k

Equation (5.4) counts the number of observed visits to each state-action-stage triple. Equation
(5.5) counts the number of visits to each state-action-stage triple that are missing and unknown

to the algorithm. These are related to the total visitation counter, which is defined as:

Eo

Nkh 8 CL Z ShaAz (s,a)} :Nl/c,h (Saa)—’_ng,h (S,G) . (56)

Chapter 3 introduced numerous provably efficient algorithms for episodic reinforcement learning.
Therefore, this chapter of the thesis seeks to develop meta-algorithms that can modify any exist-
ing algorithm to work with delayed feedback. However, the theoretical analysis will focus on the
class of optimistic model-based algorithms. The reasons for this particular focus are two-fold.
Firstly, it is the largest class of algorithms for the immediate feedback setting (Jaksch et al.,

2010; Filippi et al., 2010a; Talebi and Maillard, 2018; Azar et al., 2017; Dann et al., 2018; Fruit
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et al., 2020; Zhang et al., 2021). Secondly, this class of algorithms contains nearly minimax

optimal solutions (Azar et al., 2017).

Since the feedback is delayed, optimistic model-based algorithms must compute their bonuses
and any required estimators using the observed visitation counters. This is because agents that
have not yet returned still hold crucial information needed to determine the total number of times
a state-action-stage has been visited. Moreover, even if the algorithm knew each agent’s starting
state, reconstructing the exact sequence of state-action-stage triples they encountered would
introduce significant uncertainty due to the environment’s stochastic transitions. Therefore, the
remainder of this chapter will suppose that the algorithm utilises the following estimator and
bonuses:

Zi:i<k 1 { (S;Lv Azhv SZ_;'_l) = (S, a, SI)}
max{l, Ny, (s,a)}

1
v B

N,’C’h (s,a) Nllc,h (s,a)

Pkﬁ (s']s,a) =

By » (s,a) =min{ H —h+1,

where ﬂ,(gl,)L and 5 are algorithm-dependent quantities that depend only on the observed feed-
back. The proceeding list gives some examples of numerators for the exploration bonuses that

are associated with algorithms, omitting logarithmic factors.

e UCRL2 (Jaksch et al., 2010) has 6,9,1 = HV/S and g® = 0.

e UCBVI-BF (Azar et al., 2017) has ﬁ,(cl,)l = \/szf—’k (-1 5,a) [V:H(s’)} and ) = H,
where f/Z 41(s’) denotes an optimistic estimate of the next-stage value function computed

via Equation (5.9).

Neu and Pike-Burke (2020) show that all optimistic model-based algorithms from the immediate
feedback setting compute their policy utilising the following optimistic dynamic programming

procedure:

f/:(s) = min {H —h+ 1,Ian€aj( (rh(s, a) + <]5k1h(. | s,a), V:+1()> + Bk7h(s,a))} (5.9)

where 7 (s) = arg max 4 (s, a) + (Pr.n(- |5, a), V:H(» + By n(s,a). For our theoretical results

to hold, the following assumption is required.
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Assumption 5.2. The exploration bonus satisfies the following:
P (3(kh) € Nx [H]: {(Prn — Pu)(ls,a), Vipa () = Brals.a)) <.

Assumption 5.2 is satisfied for the sub-class of value-optimistic algorithms, such as the UBEV
(Dann et al., 2018) and UCBVI (Azar et al., 2017) algorithms. These algorithms satisfy Assump-
tion 5.2 by design. Further, model-optimistic algorithms implicitly maintain bonuses that satisfy
this assumption implicitly (Neu and Pike-Burke, 2020). Therefore, Assumption 5.2 captures a
wide range of optimistic model-based algorithms. For our analysis, it will be helpful to define

the following algorithm-dependent variable:

oo 1 if Bk,h(s,a) < <(Pk,h _Ph)("sva)’f/zljrl('» (5.10)

0 otherwise

where By (s, a) satisfies Assumption 5.2. Intuitively, C' = 1 corresponds to algorithms whose
bonuses sit somewhere between the estimation error and the difference between the expectation
of the optimistic value function under the estimated and true transition function. Since these

bonuses must sit within a specific interval, which is potentially narrow, they are tighter.

5.3 Decomposing the Pseudo-Regret

Before proving guarantees for the class of optimistic model-based algorithms with delayed feed-
back, it is helpful to develop a regret decomposition. Theorem 5 of Neu and Pike-Burke (2020)
provides a decomposition for the class of algorithms that explicitly maintain uncertainty around
an estimate of the unknown transition functions. However, this may not include the class of
algorithms that directly compute upper bounds on the value function. Indeed, the bonuses for
these algorithms could be substantially smaller. Therefore, Lemma 5.1 seeks to provide a regret

decomposition suitable for all optimistic model-based algorithms.

Lemma 5.1. Under Assumption 5.2, with probability 1 — 46, the pseudo-regret of any algorithm

can be upper bounded by:

K H
R (., M) < 6(H + C’)\/KHln <K<Ké+”> 163 <Bk,h<s’,§,AZ> . Cm,fi)

where L = log (S?AHn?/66') and C is defined as in Equation (5.10).
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5.3.1 Preliminary Results for Lemma 5.1

From Equations (5.8), (5.8) and (5.9), the difference between the optimistic state value and the

actual state value of the executed policy can be rewritten as follows:

) = Vi (SF)
~7‘_k o
(Prp (-1 SFAE)  Vir) — (P (1 SEAR) Vi)
(P —Po) (-1 S5, AL) Vi) + (P (-1SE,AF) Vs — Vi)
-k ~k
—Bkh hy ﬁ) < ( |ShaA ) Ph (|SﬁaA}l§)7Vh+l>+<Ph ('|SﬁaAﬁ)aAh+l>
= Ah+1 SF1) + Bion (SE,AR) + (Prp (-1 SE,AR) = Py (-] SFLAR) . Viy) + G

= Ah+1(5}]f+1) + B (SK, AL) +Ykn + Ceon (5.11)

where

Yo = (Prp (-1 SE AY) = Py (-] SE, AF) Vi)

~k ~k
Ck,h = <Ph ( | 857‘42) 7Ah+1> - Ah—i—l(SfL+1) .

From Theorem 5 of Neu and Pike-Burke (2020), many optimistic model-based algorithms can use
bonuses such that C' = 0, where C is defined in Equation (5.10). Therefore, for these algorithms,

we immediately have the following:
(1=C)yrp < (1= C) Bin(Sy, Af)

where the inequality holds under the complement of the event given in Assumption 5.2. When
C =1, we require additional steps, as the bonuses may not be large enough to guarantee that
the inequality holds with high probability. Therefore, Lemma 5.2 utilises other probabilistic
arguments to control v j, for algorithms with C' = 1. These arguments are just a feature of the
theoretical analysis and they do not change the underlying algorithm. Therefore, they could be

applied to algorithms with C' = 0, but this would give a looser upper bound on the regret.
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Lemma 5.2. Let vy, = <th ( \ S’,fb,Aﬁ) - P, ( | Sk, Aﬁ) ,VZ:_O Then, it holds that:

Ap 1 (SELD) . _ (2HS +4H?S) In (S?AHk(k + 1)/6)
< ——— T L BrLu(Sy, A 2
Vie,h < 7 + Br,n (S, Ap) +2Ck + Né,h(sﬁ)Ai)
where
= In (S2AHk(k +1)/6) ok k Aiﬂ (s) A:H (SZH)
Chn = Ni, (sk,ak) th (5" 51 an) P k k Kk
kh A"h Th s’ Py (s | s, ap) \/P’l (shorl sk ap)

with probability at least 1 — §.

Proof. Firstly, v, can be rewritten by adding and subtracting the optimal value function at

the next stage:

Ve,h = <kah ( ‘ S}IijZ) — by ( | S}’j’Aﬁ) "72+1>
A~ ~ ~ 7k
= (Prn (-1 Sk, AR) = Pu (-1S5, AR) s Vi) + (Prn (-1 Sk, AR) = Pu (-1S5, AR) s Vs = Via)

< Bk,h(S£7AZ> + <Pk>h ( | Sl]vaZ) — Dby ( | S’,;,AZ) 7VZ+1 - V}f+1>

where the inequality holds with high probability by Assumption 5.2. Next, define the following
quantity:
cin = (Prn (1S5 AR) = Pu (158, AR) Vil = Vi)

which is the term involved in the upper bound of v; ;. The remainder of the analysis involves

controlling ¢, 5 in a manner that does not influence the algorithm:

( ) Ph( |ShaAk) VZL—V,:;Q
<{|Pxn ('\Shv AR) = Pu (-1 SK AR Vil = Vi)
(-1 5%, AR) = P (-1 8F, AL Vi = Vi) (Since iy, > Vi)
( n) =Bl )

Py (-] SE AR AL, (Definition of Ay ;)

Applying Lemma A.2, Bernstein’s inequality, to the absolute difference between the estimated

and true transition functions at each state reveals the following:

P (3 (kb s,a,8") « |Prn(s' | s,a) — Pu(s' | s,a)| > 26,@’,1(37@)) <5 (5.12)
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where

€x,n(s,a) =

n (S2AHk(k +1)/0) N Pn(s'|s,a)In (S2AHK(k + 1)/(5)
Ny n(s a) Ny 1 (s,a)

Throughout, L := In (S?AHk(k +1)/8) will denote the logarithmic factors introduced by the

application of Bernstein’s inequality.

Now, on the complement of the event inside the probability, it holds that:

L Pu(s'|SEANLY <&,
<2 A
Ch,h = Z (N/ (Sk,Ak) + \/ Nl/ch(SilivAk) h+1(5 )

2HSL (s'| Sk, AF) L
< 2} : A
= N, (SF, AF) \/ Ny, . (SE, AF) ()

<k
where the last inequality splits the summation and utilises the fact that A, ,(s") < H due to
the clipping that is present in the optimistic dynamic programming procedure of Equation (5.9).
Next, it is useful to partition the state-action-stage triples of the k-th episode into those that

transition into good states, which are defined as follows:
G = {5 P (s'| S, AF) Nip, (SE,Af) > 4H? In (S*AHk(k +1)/6)}.

Notably, Dann et al. (2018) and Azar et al. (2017) apply the same idea of classifying states as
either good or bad in their analyses. Now, we will proceed to handle the good and bad in a

manner that is similar to Azar et al. (2017).

When s' & Gy p, P (s'| Sy, Af) < 4H*L/N; , (sk.4f) and this can be plugged into the summation

over states that are not in the set of good states to get the following:

s'| Sk, AR L 2HL <k ,,
P O C Ry (s') < TR (s')
s % b k h Sl}vak) h+1 $'@Gr.n N]/c,h(s7a‘) Pt
2H?SL

[ —
T NGRS, AR)

where the last line follows from the clipping in Equation (5.9) and the fact that the value function

non-negative because r,(s,a) € [0,1] for all (h,s,a) € [H] x S x A.

When s’ € Gy, we can add and subtract the random version of the term that we want to control
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to give:

Sk, Ak VL &
> MAMA( )= —— >/ Pals' [ SE AR Ay (S)
$'€Gk.n k,h AR /NVin (S AL) s€in
<k <k .
- VL 1 ok Ak AV AVL( ;I§+1 1{Si€+1€gk,h}
TR Z Py(s"[ Sy, Ap) +
Nllc,h(SmAh) s'€Gk,n Ph(sl ‘ S’,j,AfL) \/Ph h+1 k Ak)
) <k
< \/>1{S}§+1 € Gk h}Athl(Si’fH) e
k,h
JJPe(SE o |55 AR) N (5% 4F)
where
<k <k
Cop = L Z by (3/ | S;]f, A]Ifb) Ay (8) 1{SI§+1 € Ot Dy (Slifﬂ)
kh = A A1 (Qk AR o
N (95 4%) |\ & P, (5| Sk, Ab) /P (S0 SE, 4F)

Thanks to the indicator variable, we can utilise the definition of the good states. Specifically,
Pu(SF 1 | SK,AE) Nj.  (Sk, Af) > 4H?L for S§_; € Gy n. Plugging this into the previous display

gives:

Z MA (s') < Ah+l(5h+1) H{Shi1 € Grn} +C
N}, (SF, AF) h41l8 2H kh

s'€Gr i

~k
A1 (Shi) | -
e

where the last inequality follows from the fact that the optimistic value function upper bounds

the true value function by optimism. Bringing everything together gives:

Ap1(SE) - _ (2HS +4H2S) In (S2AHk(k +1)/9)
< L hHl 4 B (SE AR 42
TS T e ) 2 G NE

as required. O

Combining Equation (5.11) and Lemma 5.2 allows the difference between the optimistic state
value and the actual state value of the policy executed in the k-th episode to be upper bounded

as follows:

(2HS +4H2S) CL
Nin(Sys AR
6CH?SL
Ni i (Sys AR

<k C\ <k _
At = (14 7 ) Bha(Sha) + Gun + 20000+ 2Bn(St AR +

C\ +k _
< (1 + H> Ap i1 (Shi1) + Coon +2CC,  + 2B n(Sk, AR) +
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where L = In (S?AHk(k + 1)/6) and the inequality holds on the complement of the events in
Assumption 5.2 and Equation (5.12) of Lemma 5.2. Starting at h = H and unravelling the

recursive relationship by repeatedly substituting in the upper bound above gives the following:

& C H H ~
Ai(SY) < <1+ H) (ch,h+zc<k,h+2Bk,h(S’;§,Aﬁ>+
h=1

6CH2SL
Nin(Sk: AR)

H
< exp(1) (z G + 20T + 2B (Sh AB) +

6CH2SL )
h=1

Nin(SE, AR)

H
<3 (z Gon + 20T, 5+ 2Bn(SE, AD) + (513

h=1

6CH2SL
Nin(SK: AR)

which is the expression that will be used to prove Lemma 5.1.

5.3.2 Proof of Lemma 5.1

Proof. From Assumption 5.2, the optimistic value of the policy executed in each episode upper

bounds the optimal value with high probability. Therefore, it follows that:

* 1] Tl'k
AF(SY) = Vi(ST) — Vi (SY)
~ <k
<Vy (SF)— Vi (sT)
( A 6CH2SL
<3

Ck,h—i-QCZ +23k7h(5k,Ak)+,7
2 o PN (SEAR)

) (Equation (5.13))
h=1

where L = In (S2AHk(k 4+ 1)/6) and the inequality holds on the complement of the events from
Assumption 5.2 or Equation (5.12) of Lemma 5.2 occurring. From Equation (5.3), the definition

of the pseudo-regret, and the previous display, it follows that:

A K H K H K H CH2SL
Ri(m, M) <3>3 Gen+6CD> Y Cop+6> (Bk,h(SE»AZ)‘FW)
k=1h=1 k=1h=1 k=1h=1 k,h ( h> h)
where
<k ~k
Coon = (P (-1 S5, AR) Ay yy) — Dy (SE4)
~k <k
_ I Al (s {5k, € Gunt Ay, (SE
Sk =\ N7 (SF AF) > P (s'|SE AF) ni1 (5) M1 € Gen} Appa (i)
e (S AR) |\ & P, (s'| Sk, AY) NG

Gin={s: Py (s' | sﬁ,alﬁ) N,;,h (SQ,AZ) > 4H2L}.



Chapter 5. Delayed Feedback in Episodic Reinforcement Learning 111

Notably, [Ck,n| < 2H and |}, ;| < 1, and their expectations conditional on the observed informa-

tion and the current state-action-stage are equal to zero (Azar et al., 2017):

0

E [Coon | (Sh, Al Ry, Shy1)iir<n U (Sh, AR)]

E [Zk,hl(sfim ;w ,;L)S}z-],+1)7;:7;+7i<k? U (S}E)Alﬁ)} =0.

which follows from the fact that each term is an expected value of the random variable at the
next stage minus the value of the random variable at the next stage. Therefore, (j  and ¢ kb
are martingale difference sequences. The Azuma-Hoeffding inequality can be applied to control

these kinds of random variables (Azar et al., 2017; Neu and Pike-Burke, 2020):

K H
P(HKGNZZZCk,hZH\/2KHln (K(K(;—l))) <4 (5.14)
k=1h=1
K H
P(”E“ZZ@,@\/KHm(K”;*”)) < (5.15)
k=1 h=1

Therefore, it follows that the pseudo-regret can be upper bounded by

) XK1 D) _omSL
RK<n,M>_6<H+C)\/KH1“( 7o) ro s (Bt +

on the complement of the union of the events defined in Assumption 5.2, and Equations (5.12),
(5.14) and (5.15). The union of these events occurs with probability at most 40. Therefore, the

upper bound on the pseudo-regret holds with probability at least 1 — 44, as required. O

5.4 Active Updating

Chapter 4 highlighted that utilising all of the available information is an effective strategy in
the generalised linear bandit problem with delayed feedback. Therefore, the same strategy is
worth investigating in the more complex setting of episodic reinforcement learning. Algorithm 4
presents this approach and is called active updating. The meta-algorithm is quite straightforward.
First, it is given an immediate feedback algorithm as input, which we will refer to as Base. Base
takes in trajectories as input and outputs a policy. Then, Algorithm 4 uses Base to update the
policy as soon as new feedback arrives. Notably, Base is assumed to return the same arbitrary

policy when presented with an empty set of trajectories.
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Algorithm 4 Active Updating
Input. Base (an immediate feedback algorithm).
Initialise. X = () (an empty dataset).
for k=1to K do
Provide 7, = Base(X) to an agent to sample an episode.
Update X = X U {(S;, A}, R}, Si 1)f_, 1 i+ 7; = k} with newly observed trajectories.
end for

Theorem 5.1 provides a high probability upper bound on the pseudo-regret for the class of

optimistic model-based algorithms when they are paired with active updating.

Theorem 5.1 (Active Updating). Under Assumptions 5.2 and 5.1, with at least probability
1 — 59, the regret of any model-based algorithm under delayed feedback with active updating is

upper bounded by:
R (m, M) < BHVSAK + max{g, 8®, CH*S}HSAE ]

where < suppresses numeric constants and logarithmic factors, and 3 > 6,(:,1 is a uniform upper

bound on the leading-order term in the numerator of the exploration bonus.

Proof. From Lemma 5.1, it follows that bounding the summation of the exploration bonuses
will control the pseudo-regret. However, the exploration bonuses will depend on the observed
visitation counters. Therefore, the standard arguments no longer apply. Section 5.4.1 presents
the tools required to control the bonuses of Equation (5.8). See Section 5.4.2 for full proof of the

claim. 0

5.4.1 Preliminary Results for Theorem 5.1

Lemma, 5.3 and 5.4 develop the technical tools to control the exploration bonuses, which depend

on the observed number of visits to each state-action-stage.

Lemma 5.3. Let ZP = ZT]:]:O 1/(1Vn)P. Then, Z'/? and Z* have the following upper bounds:

2V N ifp=

N[

zZP <
log(8N) ifp=1

Proof. Removing the first two terms from the summation and upper bounding the remaining
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terms by an integral gives:

2VN -2 ifp=1 2VN  ifp=13}

log(N) ifp=1 log(8N) ifp=1

N N
Zr=2+% =<2+ | —dn<2+
n:an 1 npb

as required. O

Lemma 5.4. Let Z%. = Zszl Zle 1/(N,’€,h(5”,j, AR))P. Under Assumption 5.1, it holds that:

. JAHVSAK +2V2HS Ay ifp=1
VS

2HS Alog ( ) + HSAY i log(16vk) ifp=1

where

Yx =E[r] +1n <K(Ké+1)> + \/2]E [7]1n (K(K;l))

with probability at least 1 — §.

Proof. Throughout, N p(s,a) = 1V Ngp(s,a) and Ny ,(s,a) = 1V Ny, (s,a) for notational
convenience. Next, Equation (5.6) is used to partition the summation into terms that do and do

not depend on the delays:

B P N (85 45) )
N ( ShaAZ) Ni 5, (SF, A7)
1 n (SEAR) + N, (SE, AR\
N (SE, AF) Nin (SF, A7)

)
23 () (0
23 (o)
23 ()

?r\ Il
—

= Nen (SE,AF) N, (SE, AF)
h=1 s h?'»**h k,h h'*“"h
= i 1k: & p (5.16)
k=1h=1 Ni.n (Sh7Ah)
L& Ny (SE AR
+> ( S ’f’h(’; Z)> (5.17)
k=1h=1 N, (Sh7Ah) Nen (ShaAh)

where (1 +x)? <1+ 2P for 2 > 0 and p € {1/2,1} was applied to get the inequality.
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Controlling Equation (5.16) is straightforward and applies standard arguments:

K 1 P
(5.16) = 3 S 1{Sf = 5, 4% = a) (N<>>

s,a,h k=1
Nk, n(s,a)

2 ()

Yean2V/Nian(s,a)  ifp=1/2

Zs,a,h In (8NK7h(Saa)) lfp =1

IN

(Lemma 5.3)

2\/HSA san Nin(s,a)  ifp=1/2

HSAln (—825vavg§jv"(s’“)) ifp=1

IN

(Cauchy-Schwarz/Jensen’s)

2HVSAK — ifp=1/2
= (Since 3, . Nin(s,a) = KH)

HSAln (%) ifp=1

Controlling Equation (5.17) requires more care because it involves the observed and missing
visitation counters. The trick to controlling this term is to first upper bound the missing visitation

counter:

k
Ny p(s,a) = Z 1S} =a,Al, =a} < Zl{z +7 >k} =Gy

ii+7 >k =1
where G, counts the number of episodes with missing feedback. From Chapter 4, Lemma 4.9

applies Assumption 5.1 to show that:

(aren:zmron (D) o (ME)) <

Therefore, with probability at least 1 — ¢, it follows that:

N/ p(s,a) <E[r] +1n (k:(k:;—l)) + \/2IE [7]In (k(k;—l)) = < Vg

for all k € N. Rewriting Equation (5.17) with the indicator that the observed visitation counter

exceeds the upper bound on the number of missing episodes gives:

- (VNG (SE AR = o\ K (TN, (SE AF) < v} o
. <
CAN <D D N\ §o (SE D N, SR A | T 2 2= \ Mo (SFAT) N, (SF. 45)

k=1h=1 k=1h=1
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p

] {Nkh(sh’ k)<¢K}7/’K
B N (5%, 45) Ny (SF: A

k=1h=1

oo (1LN], (SE, AF) <¢K}¢K
>\ N (5F AT N (SE.AT)

)

K A I{Nkh(shv Z¢K
SZZ( Ni,n (SF, A¥

1 P

(Nws;:,Ah)) 3

N (S, AF) < b + NiL (SE, AR

K H 1 7 < , b
= (5.16) +ZZ { Ny (oF. al) (%)

k=1h=1
K H 1{Nkh(sk Ak)<2wK}wK p
< (5.16) + B \Phs An) = Since N7 <
(210 kz::lhzzl ( Ni.n (K, ak) ( h < VK)

IN

(5.16) + b Y %}f <i>p

s,a,h n=1

2HVSAK + 2¢/2HS Ay ifp=1/2

HSAIn(%Y) + vk HSAIn(16vk) ifp=1.

where (x) uses Ny, (s,a) = Nin(s,a) — Ny, (s,a) to rewrite the term inside the indicator and
the last inequality applies Lemma 5.3. Adding the upper bounds on Equations (5.16) and (5.17)

completes the proof. O

5.4.2 Proof of Theorem 5.1

Proof. From Lemma 5.1, the pseudo-regret of the optimistic model-based algorithm provided as

input can be upper bounded as follows:

I% K H K H H2ST,
Ry (m, M) < 6(H +C) KH10g<667f>+6223k,h(sg,a§)+6zzC,fk
k=

K H
=6 (H+C) KHlog<§”> 463

with probability at least 1 — 4§. For many algorithms, ﬁ,(cl,)L depends polynomially on quantities
related to the environment, such as H and S. For such algorithms, a direct application of Lemma
5.4 is able to separate the expected delay from the number of episodes. This is in line with the
intuition that the impact of delay becomes negligible once the algorithm has a reasonable model

of the environment. However, for other algorithms (Fruit et al., 2020; Neu and Pike-Burke, 2020;

1 ~ T
Bk ~ \/st~ P o (Vi ()

Avzar et al., 2017):
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Typically, Cauchy-Schwarz is applied to separate the terms involving the variance from those
involving the counters, which gives (Fruit et al., 2020; Neu and Pike-Burke, 2020; Azar et al.,
2017):

Var_, 1Py, Vh+1 1
: Var,,_p, (Viea(s)) 3
Z Nl/ch(sh’ah) \/Z Nllch( x k)

\/H2KZ

Nin sh»ah)

Lemma 5.4 shows that applying this technique would lead to the delays multiplying the number
of episodes. Fortunately, Vh(s' ) € [0, H] almost surely, thanks to the clipping that is present in
the dynamic programming procedure of Equation (5.9). Therefore, Popoviciu’s inequality can

be applied to upper bound the variance term by setting:
B = maX{Bk’hy /2}

which avoids the expected delay scaling the number of episodes for algorithms that have empirical
variances in their exploration bonuses. Applying this uniform upper bound to the summation of

the terms involving the observed visitation counters gives:

i EH: B 8P + CH?SL _ i i B 5@ 4+ CH2SL

k=1 h=1 \/ Niy, (5, ap) Ny (shoah) — =i Nj, (sk,ak) Niy, (5> ap)

K H
< ZZ ﬁ + Zmax{ﬁ(z),CH2SL}

k=1h=1 1/ Ni, (sF,af) Nip (sh» ay)

< 4BHVSAK + 2V2BHS A + 2HSAmax{3? CH?*SL} (2 In (;;) + YK 1n(161pK)>

where

Yx =E[r]+In (K(K;D> + \/215 [7]1n (K(Ké“)>

and final inequality holds with probability at least 1—4 and follows from an application of Lemma

5.4. Therefore, omitting numeric constants and logarithmic factors, the pseudo-regret is upper

bounded by:
Ry (m,M) < (H 4+ C)VKH 4 SHVSAK + max{3,3?, CH?S}HSAE [1]

which holds with probability at least 1 — 59 in totality. O
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5.5 Lazy Updating

Theorem 5.1 is somewhat cumbersome to apply in practice, as it requires substituting various
algorithm-dependent quantities to obtain a high-probability upper bound on the pseudo-regret.
Additionally, for algorithms that use empirical variances in their exploration bonuses, it was
necessary to apply a uniform upper bound to ensure an additive dependence on the expected
delay. However, this comes at the expense of degrading the leading-order term in the guarantee
by a factor of v/H. This introduces looseness into the bound for the algorithms that are expected

to perform the best (Azar et al., 2017).

Therefore, Algorithm 5 takes an alternative approach, which we call lazy updating, to address
these limitations. The idea behind lazy updating is to wait until there is enough additional
information before performing an update to the policy. Intuitively, grouping the episodes into
batches where each agent is given an identical policy ensures that the updates are based on a
more stable and representative set of observations. Further, by carefully defining an updating
rule, we will show how to handle the exploration bonuses and the delays separately, while only

paying an additional logarithmic factor in the guarantee.

Algorithm 5 Lazy Updating

Input. Base (an immediate feedback algorithm) and « > 1 (an activity hyperparameter).
Initialise. X = () (an empty dataset), j = 1 and k; = 1 (epoch counter and corresponding
episode, respectively).
Compute 7m; = Base(X)
for k =1to K do
Provide 7 to an agent to sample an episode.
Update X = X U {(S;, A}, Rl S )f, i+ 7 =k}
Compute N}, , (s, a) via Equation (5.4).
if 3(s,a,h): Nj,(s,a) > (1+1/a)N] ,(s,a) then
Update j=j+1and k; =k +1 ’
Compute 7,41 = Base(X)
else
Set mr41 = Tk
end if
end for

Algorithm 5 presents the pseudo-code for lazy updating, which works in batches of episodes that
will be referred to as epochs: j =1,2,--- ,J. At the start of the j-th epoch, lazy updating uses
the base algorithm to compute a policy using all the available information. The meta-algorithm
uses this policy in every episode until the next epoch begins. Therefore, each epoch is just a set

of episodes where the lazy updating algorithm uses the same policy.
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Epoch j + 1 begins as soon as there is an (s,a,h) whose observed visitation counter reaches
1+ 1/ times the observed visits at the start of the j-th epoch, where « € [1,00). Setting a =1
will wait until there exists a state-action-stage triple whose observed visitation count doubles.
Setting o > 1 will cause the algorithm to update more frequently. This is similar to, but not the
same as, the doubling trick (Besson and Kaufmann, 2018). The difference is that lazy updating
does not discard information at the end of an epoch, whereas the doubling trick performs a full

reset.

Once the observed visitation counter triggers this condition, a new epoch begins, and lazy up-
dating will use Base to update the policy. Formally, epoch j + 1 begins in episode k;4;, which
occurs when:

kji1 = argmin { 3(s,a,h) : Ny p,(s,a) >
k>k;

7N

1
1+ =) N/
+ a) kj,h(saa)}

) (5.18)
= argmin{ﬂ (s,a,h) :nk ,(s,a) > —Nj,. h(s,a)}
k>k; 7 [0} 7
where
-1 ‘ ‘
Wy (5,0) = S 1{(s) = 5,0}, = a), i+ 7 < 1} (5.19)
i=k

counts the observed number of visits between episodes k and [ for [ > k. Intuitively, this
updating scheme forces the number of samples needed for any particular (s,a,h) to trigger an
update to increase exponentially quickly. Therefore, the total number of epochs should grow
logarithmically in K. Theorem 5.2 utilises this fact to establish a high probability upper bound

on the pseudo-regret of any optimistic model-based algorithm.

Theorem 5.2 (Lazy Updating). Let K > SA and o > 1. Under Assumption 5.2 and 5.1, with
probability at least 1 — 50, the regret of any model-based algorithm under delayed feedback is upper
bounded by:

H2SAE[7]
log(1 + i)

1\ -
Ry (m, M) S (1+a) Ry (Base, M) +

where < suppresses numeric constants and logarithmic factors that are independent of Algorithm
5, and RK(Base, M) denotes an upper bound on the regret of the chosen base algorithm under

immediate feedback.
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5.5.1 Preliminary Results for Theorem 5.2

Proving Theorem 5.2 relies on the properties introduced by the updating scheme. In this sub-
section, we will state and prove these properties. First, we seek to establish an upper bound on

the number of epochs. For this, we will need the following result.

Lemma 5.5. Let a € [1,00). Then

n 1 1 1 n+1 1
§:@+)z@+) _E
—~ o! a fo!

Proof. Trivially, the statement is true for n = 0, because (1+1/a)? = 1 and (14+1/a)! —1/a = 1.
Thus, the remainder of the proof will proceed by induction. Suppose that the inequality holds

for some n € N:

n+1 1 i 1 n+1 n 1 i
14— = — —
Z(+a> <1+a) +Z<1+ )
=0 =0
1\ "+ N g
(1+2) +(1+1) -2
@ @ @
" 1
—2(1+3) -3
«a @
1 " 1 ,
>(1+=) (14 = —— (Since 2 > 1+ 1/a)
@ @ @
1 n+2 1
= (1 + ) - =
e o
which proves the claim. O

Lemma 5.6 uses Lemma 5.5 to prove that the total number of epochs is logarithmic in the number
of episodes. This will be leveraged within the theoretical analysis to control the episodes with

long delays.

Lemma 5.6. Algorithm 5 ensures that the number of epochs has the following upper bound:

< HSAlog (%—% + 1)
log(1+ 2)

forall K > SA and a > 1.
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Proof. From Equation (5.18), a direct computation allows the observed visitation counter at the

start of epoch j 4+ 1 to be related to the sum of the visits within each of the previous epochs:

kjpi—1
Nk]+1 n(s,a) = Z 1 {(S}Z,A}l) =(s,a),i+71 < ij}
i=1
7 kH—l 1

Z Z 1{ Sh,Al = (s,a), Z+Tl<kl+1}

lllktl

J kit1

:Zzl{(sﬁwa%) :(Sﬂa’)vkl SZ"‘TrL <kl+1}

where the second equality follows from the fact that an epoch is a disjoint set of episodes and
the final equality follows from the definition of the between episodes visitation counter. From

the above, it is easy to see that:
Ni,on(s,0) = nk”hl s,a) + an’“ (s,a,h) = n:”hl (s,a) + N, (s,a,h)
Thus, Equation (5.18) can be rewritten as follows:

1
kjv1 = argmin{ﬂs a,h: Ny p,(s,a) > <1+ )N,;j7h(s,a)}

k}>kj

1
= argmin{ﬂs,a,h : Nj . (s,a) — Nj._ . (s,a) > —Nj,. h(s,a)}
k>k; ' ” o

1
= argmm{ﬂs a,h: nZ”hl (s,a) > —Nj_ h(s,a)}
k>k a

whenever the state-action-stage has been seen once. The case for epochs where the observed
visitation count is zero is handled at the end of the proof. Therefore, at the end of each epoch,

there is a state-action-stage triple such that nk”h1 (s,a) = Ny, (s,a)/c.

Suppose N(/K+1) p(s,a) > 0 for a fixed (s,a,h) € S x A x [H]. Define J(s,a,h) as the num-
ber of epochs with nk”h1 (s,a) > N,’cj’h(s,a)/a. Or, equivalently, the number of epochs with

Nigjan (s,a) 2 (L4 1/a)Ny (s, a). Then, we have that:

7+1
Nii1n(s,0) E ,nk
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>1+4 Z n],:fhl (s,a)

. ki
Jemd (s 2N (5.0 o

1
z1+2 > Nf, (s.a)
Jm 5 (s 2N (s0)/a

J(s,a,h)

1j
> 14 — 14+ —
_+az(+a>

j=1

The first inequality follows from focusing only on the epochs where we update due to (s,a,h)
and the +1 accounts for the first update due to observing the given state-action-step triple. The
second inequality follows from the condition in the subscript of the summation, which is over the
epochs where the update was triggered by (s, a,h). The final inequality follows from Equation
(5.18) and because we update J(s,a,h) times due to (s,a,h). Since a € [1,00), Lemma 5.5

applies. Rearranging terms reveals that:
J(s,a,h) j J(s,a,h)+1
1 1 1
> (1+a) = (+3) -(1+3)
o o o

=1

Therefore, for Ny ,(s,a,h) > 0:

1 1 J(s,a,h)+1 1 1
> (14— —=(1+=).
e ! @ «
When Ng- ., ;(s,a) = 0 it follows that this state-action-stage triple never triggers the update

rule. Therefore, J(s,a,h) = 0 too. Notably, we can modify the expression we had for case where

the observed number of visits is positive to include the case where we never observe any visits:

J(s,a,h)+1
1 1 1 1
N}{+17h(87a>:a<1+a) _(1+a)20

Thus, for all possible values of the observed visitation counter, the following holds:

, 1 1 J(s,a,h)+1 1 1
> — — - — — 1. .
Nicr (5,0.h) = — (1+a) » <1+a> (5.20)

where the inequality is to include cases where we never observe a visit. Using the above inequality:

KH =Y Ngi1n(s,0a)

s,a,h
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Q

1 1 J(s,a,h)+1 1 1
> -1+ - ——(1+- Equati 5.20
_Z a<+a> (+a) (Equation (5.20))
J(s,a,h)+1
1 1
Pyl (1 n a)

HSA+Y o J(s,0,h)

1 HSA 1 HSA
> — 1+—]+ (1 + - (Jensen’s Inequality)
a a a a
HSA 1 HSA 1) #54
> — 1+- ) + 1+ =
a a a «

where J < HSA+ " J(s,a,h) because it is not necessarily the case that every state-action-

s,a,h

stage will be visited. Rearranging this gives:
K 1\ 75
e!
S (14—
sA 7 ( + a)

Taking logs of both sides and rearranging one last time gives:

HSAIn (52 4+1)
In(1+21)

as required. O

Now, we have an upper bound on the number of epochs, which is what we will use to control the
episodes with long delays. Lemma 5.7 will be used to control the summation of the bonuses for

the episodes with short delays.

Lemma 5.7. Ifng,nq, - ,ny are an arbitrary sequence of real-valued numbers satisfying Ny = 0

and 0 <n; < éNj_l with Nj_1 = max{1, Zj;é n;} for all j < J, then

le 1 1
<1+ -— 1+ — ) In(N
Nj—1_< +04>+< +a) n ()

Proof. The proof of this claim will utilise induction on J. Suppose Zj;ll n; < 1 which imme-

J
7 = Z
j=1

diately tells us that N; = 1 for all j§ < J — 1. Therefore, the summation can be controlled as

follows:

J J J—1
n
Zr=) o= m=n k)
j=1 j=1 j=1

j =
j—1 4
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1
<l4ny<1+— (Since ny < Nj_i/a=1/a)
a

< (1+;)+(1+;) In (Ny) (Since Ny > 1})

This result gives the desired result whenever Z;;ll n; < 1. Suppose Z;-Izl n; > 1 and assume

that the claim holds for some J > 1:

1 1
Zj < <1 + > + <1 + > In(Ny) (Inductive Hypothesis)
! !

For J + 1, we can apply the inductive hypothesis to show that:

n
Zyy1 =25+ ]‘@1
1
< (1 + + 14 In(Ny)+ nj‘?l (Inductive Hypothesis)
J
nj41 nj+1
< (14 + 1+ ln(NJ)+(1+>ln<1—|—> (%)
Ny Ny
< (14 ”J+1> (Since nyy1 < Nyj/a)

Ny

+
—_
+

Il I
NN
_l’_

Qlm QI QI 2]~ Qf

—_
_|_
+
—_
_|_

N~ N N~
_l’_
/—\/\/’:\/\/—\
_l’_
D= Q= Q| Q| Q= QK
P A A U U
E
S
+
TN
—
_|_
——
N
—
_l’_

|
7 N
[y
_|_
QI
S~—
+
7 N
[y
_|_

where (x) uses the fact that z < (1 + z)In(1 4 x) for > 0 and this gives the stated result. O

Lemma 5.8. Algorithm 5 ensures that the summation of the counters across the episodes where

no update occurs has the following upper bounds:
kjt1

n +1h s a 1 K
E E < — H 4 n|({—
N,’C h 5 a 4 (1 a) sS4l (SA)

s,a,h j=1

where the final inequality holds for K/SA > exp(1).

Proof. Let N’;(s,a,h) denote the number of observed visits to (s,a, ) at the start of the final

epoch. Then, we have that:

> Z n]’é]ih;aa <> (<1 + ;) + <1 + ;) log (N (s, a, h))) (Lemma 5.7)

s,a,h j=1 s,a,h
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— (1 + ;) HSA+ (1 + ;) Zh log (N';(s,a, h)) (Expand Summation)
< (1 + ;) HSA+ (1 + ;) HSAlog <Zs’a’hé\gis7 ¢ h)) (Jensen’s)
< (1 + ;) HSA + (1 + ;) HSAlog (ﬁ) (5, N (5,0, h) < KH)
= (1 + ;) HSA+ (1 + ;) HSAlog (;;)
a1+ 1) mas(£)

for K/SA > exp(1), as required. O

5.5.2 Proof of Theorem 5.2

~ k ~
Proof. Let Ay (s) = V3" (s) — V™ (s) denote the difference between the optimistic and actual
value of policy 7* from state s and stage h of the k-th episode. On the complement of the event

in Assumption 5.2, it holds that:

R (M) =S (Vi (88) = v (s1))

=y

(f/ " (s - v (sf)) Ak (st il A5 (s1)

=~
Il
>

<

30 ATSH k2 ki) (5.22)

Jk+11

+ Z Z A’f (SY) 1{k + 7 < kji1} (5.23)

j=1k=k;+1
where the inequality follows from optimism, the penultimate equality follows from epochs con-
sisting of disjoint sets of episodes, and the final equality follows from splitting the episodes into
three disjoint sets. Notably, Equation (5.21) is the set of episodes when a policy update occurs,
Equation (5.22) is the set of episodes belonging to the j-th epoch with a long delay, and Equation

(5.23) is the set of episodes within the j-th epoch with a short delay.

First, Equation (5.21) is easily controlled using Equation (5.9) and Lemma 5.6:

(5.21) < HJ
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Second Equation (5.22) can be controlled via Lemma 4.9, which states that:

k
]P’(ﬂk:eN:Zl{i—l—Ti>/€}2E[T]+ln(k(k;1))+\/QE[T]ln<k(k;_1))> <4 (5.24)

i=1

Combining Equation (5.24) with Lemma 5.6 and the fact that the regret of any episode is at

most H allows us to upper bound Equation (5.22) as follows:

J kjp1—1

(522) =3 3 AT (SE) 1{k 47 > kyur — 1)
j=1k=k;+1

J kjt1—1
<SHY Y i{k+7> ki —1} (A} (s) < H)

j=1k=k;+1

IA

HZ Z 1{k+7’k>kj+1—1}

j=1 k=1

HJ (E[T] +In (K(K(;H)) - \/QE[T]IH (K(K;UD

where the last inequality holds with probability at least 1 — §.

J kjt1—1

IN

Third, Equation (5.23) can be controlled by utilising the assumed independence of the delays

and an application of Lemma 5.1:

(5.23) < 6 (H + C) 4| Tlog (IG(;)

J kjiy1 H

CH?SL
+GZ Z (Bk,h(S,]f,AfL) + ) 1{]{7+Tk < ijr]}

N/ Sk Ak
=1 k=k;+1 h=1 kqh( nAn)

=6(H+C)4|Tlog 2(5’)

kjit1—1 H

J
5<2 + CH2SL
+6> > N, (S5 AF) 1{k+ 7 < kjy1} (5.25)
j=1k=k;+1 h= 1 ’

H (1)
Z 1 {k+7 <kj} (5.26)

J=1k=k;j+1h=1 Nwh(S}I:vAk)
where the last equality follows from the form of the bonuses and the fact that the bonuses do not
change within an epoch due to no update occurring. Thus, Equation (5.23) can be controlled by

upper bounding Equations (5.25) and (5.26).
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Lemma 5.8 can be applied to control Equation (5.25):

J ki1 H
(5.25) = 6(8® + CH?SL) Z Z Z {k+m<kg+1}

k=k;+1 (Sh7 CLZ)
kjt

J k _
=6(8® + CH?SL) Z Z 1{5 =s, A =a,k+ 7 <kji}

41 Nkjh (s,a)
J ’“J+111{5k—sAk—ak+T<k» }
(2) 2 kk+1 h — 94y — k j+1

6(5? + CH?SL) Z z:: N (o)
J k]111 n(s; a)

6(8® + CH?SL) Z Z 4 (Definition in Equation (5.19))
= N,C p (8,a)

(2) 2 K
<12(8%¥+CH*SL)| |1 —|— — )| HSAIn A (By Lemma 5.8)
@

1 K
< (@) 32 1
< 24max{8YHSA, CH’°S*AL} (1+a)ln (SA)

Bounding Equation (5.26) requires some care due to the various forms of ﬁk 5> such as those
that remain constant and those that utilise variance reduction techniques. However, Lemma 5.7
verifies that the summation of the visitation counters no longer depend on the delay. Therefore,

Cauchy-Schwarz can be applied without introducing delays into the leading-order terms:

J kj+1—-1 H (1)

(5200=6Y > > ——E 1 {k+7 <kjp}

/ k k
Jj=1k=k;+1 h=1 Nk h(Sh’A)

J kjy1i—-1 H

u H{Ek+ 7 <kjia}
1 41
S B kT <k} Y, DY e
Ny, 1w (Sh> Ap)

j=1k=k;+1 h=1 j=1k=k;+1 h=1

H J kjt1—1 k k

1{SF=s,A7 =a,k+ 71 < k1
3 B B T
NkJ,h(Sh’ 9]

J=1 k=k,;+1 h=1 siah =1 k=k; +1
J kjp1—-1 H ka+11 N a)

1 +
=6 Z Z(())zl{k+7k<k+1}ZZN/ F AT
kj h( h> )

j=1 k=k;+1 h=1 s,a,h j=1

J kj41—-1 H

<6 2<1+;>HSA1n(SA>Z ST N B2 1k + < Ky}
&

j=1k=k;+1h=1
1+—
(0%

where RK(Base, M) denotes an upper bound on the regret of the algorithm in the immediate

(351 ftmase. 1)

feedback setting. The penultimate line in the above is simply the summation involving the nu-
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merator of the exploration bonuses for the chosen algorithm under immediate feedback. However,
it is scaled by a logarithmic factor, which is introduced by the slower updating. For ,(le)l =0
that remains constant across all episode-stage pairs, the summation under the square root can be
bounded by: K H3?, which is tight up to logarithmic factors. When ﬁ,glzl involves some form of
empirical variance term, one can use the techniques outlined by (Neu and Pike-Burke, 2020; Azar
et al., 2017; Fruit et al., 2020) to bound the summation under the square root by: ~ H?K; once
again this too is tight up to logarithmic factors. Therefore, (5.26) can be replaced with the upper
bound on the regret in an immediate feedback environment multiplied by the extra logarithmic
factors that arise from the slower updating. This leverages the fact that the summation of the
bonuses are the leading term in the regret bound (Azar et al., 2017; Dann et al., 2018; Neu and
Pike-Burke, 2020).

Bringing everything together gives:

Ry (m, M) < (5.21) + (5.22) + (5.25) + (5.26)
< <1+;>RK(Base,M)+HJE[T]

H?2SAE|[7]

1)\ ~
< 1+ — |Rk(B M)+ ———=
~ < + Oé) K( aseﬂ ) + log(l _|_ i)

where < suppresses numeric constants and logarithmic factors that do not depend on the param-
eters of Algorithm 5. Finally, these inequalities hold on the complement of the events defined
in Assumption 5.2, and Equations (5.14), (5.15), (5.12) and (5.24). Therefore, the bound holds

with probability at least 1 — 54. O

5.6 Discussion of Active & Lazy Updating

Table 5.6 presents a selection of algorithms that fit into our framework and their accompany-
ing theoretical guarantees when using the active and lazy updating meta-algorithms to handle
delayed feedback. In particular, acting in delayed environments causes an additive increase in
regret for almost all combinations of optimistic algorithms and meta-algorithms considered. This
result mirrors what is seen in the bandit setting where algorithms incur an additive regret penalty

involving E[7] (Joulani et al., 2013).
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Base C Rg(Base,M) Active Updating Lazy Updating
UBEV (Dann et al., 2018) 1 H3/2/SAT  Ry(Base, M)+ H3S?AE[r] (1 + ) Ric(Base, M) + 1255
P = - ~ 2
UCBVI-CH (Azar et al., 2017) 1 H3/2/SAT  Rk(Base, M)+ H®S?AE[r] V(1 + 1) R (Base, M) + 2L g(slﬂf)]
P ~ ~ 29 T
UCRL2 (Jaksch et al., 2010) 0 H32SVAT  Ry(Base,M)+H?S*?AE[r] /(14 1)Ry(Base, M) + ﬁgffﬂ)]
-~ ~ 2
KL-UCRL (Filippi et al., 2010a) 0 HY2SVAT  Ri(Base,M)+ H2S®2AE[7] /(14 %) Ric(Base, M) + L 245K
ol - b ~ 2
UCRL2B (Fruit et al., 2020) 0 H\STAT VHR(Base, M) + H2S?AE[r] /(1 + L) R (Base, M) + 2L gf{}ﬂf)]
X?>-UCRL (Neu and Pike-Burke, 2020) 0 HSVAT VHRy (Base, M) + H?S?AE[r] /(14 1) Ri(Base, M) + ﬁ;ﬁrﬂ?
UCBVI-BF (Azar et al., 2017) 1 HVSAT VHRy (Base, M) + H*S?AE[r] \/(1+ 1) Ric(Base, M) + 12571

Table 5.1: A selection of upper bounds on the pseudo-regret of various immediate feedback
algorithms when paired with Algorithms 4 and 5 in the delayed feedback setting.

For active updating and some base algorithms, the additive delay dependence comes at the price
of a penalty to the leading order term in the regret bound. Namely, an extra v/H. This extra
penalty multiplying the leading order term is a feature of the theoretical analysis. Another im-
portant factor influencing the impact of the delays when using active updating is the parameter
C. The penalty for delayed feedback is higher when C = 1. The worsened delay dependence
for these algorithms is due to the introduction of lower-order terms in the probabilistic analysis
under immediate feedback, which allows for the derivation of tighter bonuses. Unfortunately,

these lower-order terms become dependent on the delays and lead to a worse delay dependence.

To rectify the undesirable penalty to the leading order terms and the dependence on C, an alter-
native approach called lazy updating was considered. This approach achieves the same additive
delay dependence for all optimistic model-based algorithms that satisfy Assumption 5.2. The
price for this improved delay-dependence is a logarithmic factor. Algorithm 5 works by introduc-
ing an additional hyperparameter that controls how frequently the algorithm updates its policy.

This hyperparameter is denoted by « and is named the activity parameter.

Theorem 5.2 indicates that there is a trade-off when selecting . On the one hand, a larger value
of a will minimise the penalty to the leading order term, which arises from the slower updating.
On the other hand, the penalty introduced by the delays is a strictly increasing function of «,
making large values undesirable. As o — oo, lazy updating tends to active updating; at this
limiting value, lazy updating will update as soon as it receives new feedback, just like active
updating. Thus, the empirical performance of lazy updating should get closer to active updating

as « increases. Section 5.7 demonstrates this empirically and shows that it is possible to get
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most of the benefits of active updating with a relatively modest value of «, which has better

worst-case regret bounds in the delayed feedback setting.

Comparatively, Theorems 5.1 and 5.2 significantly improve the regret bounds for many algorithms
in the delayed feedback setting. Lancewicki et al. (2022) state bounds on the pseudo-regret of the
form: H2SvAK 4 H?STyax for all optimistic algorithms. Except for UCRL2 and KL-UCRL, the
leading order term in their regret bound is loose in either H, S or both. Conversely, Theorems
5.1 and 5.2 are tight for all algorithms when utilising lazy updating and are only loose by a
factor of V/H for a few algorithms when utilising active updating. Furthermore, E[7] <€ Tmax in
almost all scenarios. As a result, the delay-dependence in the guarantees for Algorithms 4 and 5
are much tighter. Furthermore, these algorithms remove the need for a-priori knowledge of the

maximal delay.

5.7 Experimental Results

This section investigates the impact of delayed feedback on the pseudo-regret of active and lazy
updating in the chain environment of Osband and Roy (2017). Briefly, this environment consists
of a sequence of S states arranged side-by-side. The learner starts in the left-most state and has
to decide between A = 2 actions, head left or right. Each episode consists of H = S stages and
the only state with a reward is the right-most state. Thus, the optimal policy is to head right at
every step. Heading left is always successful. However, heading right is successful with probability
1 —1/S. If unsuccessful, the learner moves one state to the left. Notably, any inefficient explo-

ration strategy will take at least 2° episodes to learn the optimal policy (Osband and Roy, 2017).

Chains with H = S € {5,10, 20,30} are considered and UCBVI-BF was used as the base algo-
rithm in all experiments due to its superior theoretical guarantees under immediate feedback.
For the lazy updating approach, several values for the activity hyperparameter are selected:
a € {1,10,100}. In all experiments, the confidence parameter of the base algorithm is set to
ensure that the regret bounds hold with probability 0.95. Additionally, the meta-algorithms
are compared to the explicit exploration procedure proposed by Lancewicki et al. (2022). This
procedure requires prior knowledge of the maximum delay, which is provided by generating all
the delays before the first episode and taking the maximum. In practice, the maximum delay is

often unknown and possibly infinite, making this approach infeasible.
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The experiments consider: Constant, Geometric, Poisson, and Uniform delays. For each of these
distributions, the following expected delays are examined: E[r] € {0, 100, 200, 300, 400, 500}. For
the uniformly distributed delays, the lower and upper limits are set to 0 and 2E[7], respectively.
All results are averaged over 30 independent runs, and the shaded regions in all figures contain

95% of the empirical results.

Figure 5.1 displays the results for experiments in the chain environment with S = 30 and
E[r] = 100. The results for other chain lengths and values for the expected delay are pre-
sented in Appendix B.1. Empirically, active updating achieves the best performance of all three
meta-algorithms. However, experimental results suggest that near-identical performance can be
obtained with lazy updating by setting a to a sufficiently large constant. Both active and lazy
updating offer superior performance to the explicit exploration approach of Lancewicki et al.
(2022) in all experiments, despite their meta-algorithm having prior knowledge of the delays. In
some cases, the meta-algorithms have converged to the optimal policy before the explicit explo-

ration procedure finishes.

Constant Delays Uniform Delays Poisson Delays Geometric Delays

10000

8000 o Active
@, o0 Lazy(a: 100)
> e Lazy(a=10)
& 4000 o Llazy(a=1)

2000 e Explicit Exploration

0 50000 100000 0 50000 100000 0 50000 100000 0 50000 100000
Episode Episode Episode Episode

Figure 5.1: Experimental results visualising the growth of the pseudo-regret as a function of the
episode. These results correspond to the chain environment with H =S = 30.

Next, the impact of different delay distributions on the regret of the meta-algorithms is examined.
Empirically, Figure 5.2 shows that the regret penalty of delays at the end of the final episode is
linear in the expected delay for active and lazy updating, as predicted by the theoretical analysis.
For lazy updating, the gradient of this linear relationship decreases with «, which aligns with
expectations based on the log(1 4+ 1/«) term in the denominator of the delay-dependent terms

in the regret bounds.
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Active Lazy(a =100) Lazy(a=10) Lazy(a=1)
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Figure 5.2: Experimental results depicting the growth of the pseudo-regret at the end of the final
episode as a function of the expected delay. These results correspond to the chain environment
with H = S = 30.

Interestingly, lazy updating with o = 1 is the most robust to the delay distribution. This can be
attributed to forcing Base to wait for long periods between updates. Intuitively, if the epochs
are long enough, most information within an epoch will be received before an update, leading to
little loss of information. Further investigation into this effect presents an interesting avenue for

future work.

5.8 Conclusion

This chapter explored the impact of delayed feedback in episodic reinforcement learning and
introduced two general-purpose meta-algorithms: active updating and lazy updating. These
meta-algorithms enable existing optimistic model-based reinforcement learning algorithms to
handle stochastic delays while maintaining theoretical guarantees under mild assumptions on
the delays. The analysis demonstrated that the penalty for delayed feedback is an additive term
involving the expected delay, independent of the number of episodes. This additive penalty
aligns with findings from the multi-armed bandit setting, despite the additional complexities of

reinforcement learning.

Many algorithms designed to match minimax-optimal regret guarantees exhibit a higher depen-
dence on delay when paired with active updating. This arises from lower-order terms introduced
in the analysis, which become delay-dependent. However, this effect can be mitigated by up-
dating less frequently as episodes progress, which is the core idea behind lazy updating. By
controlling the update frequency, lazy updating provides a more robust approach, ensuring that

regret bounds remain tight while preserving the advantages of efficient exploration.
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Several extensions and improvements could be built on the work presented in this chapter. The
focus here was on quantifying the impact of delayed feedback across a broad class of algorithms,
leading to inflated leading-order terms for some when using active updating. A more refined
algorithm-specific analysis may remove this artefact. Finally, while the theoretical results apply
to optimistic model-based algorithms, developing a truly black-box approach that applies to a
wider range of reinforcement learning methods would be a valuable direction for future research.
For this goal, the idea of lazy updating seems to be the most promising of the two methods

proposed in this chapter.
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Chapter 6

Cooperative Multi-Armed

Bandits

This chapter is based on research published in AISTATS and was conducted under the supervision

of Sarah Filippi and Ciara Pike-Burke (Howson et al., 2025).

6.1 Motivation

Chapters 4 and 5 focus on delayed feedback in sequential decision-making processes involving
an isolated agent interacting with an environment. However, many real-world decision-making
systems consist of multiple agents operating in the same environment, creating opportunities
for cooperation to accelerate the learning process. Applications requiring distributed decision-
making arise in domains such as sensor networks and large-scale recommender systems (Tran-
Thanh et al., 2011; Tekin et al., 2014). In these settings, multiple decision-makers interact with

an environment and, ideally, share knowledge to improve their collective performance.

For example, consider a large-scale recommender system where each server hosts a decision-
maker. Every time a user arrives at one of the servers, the corresponding decision-maker selects
an item to recommend, and the user provides a reward signal in response. By sharing this
information with neighbouring servers, the network of decision-makers can enhance their rec-
ommendations across the system, improving the overall user experience. This cooperation is
particularly desirable when all decision-makers operate under a shared objective, such as max-

imising engagement or revenue for the same company.
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Naturally, cooperation can be achieved through communication, but in most real-world systems,
information exchange is not immediate. This introduces an interesting connection between dis-
tributed decision-making and the delayed feedback problems studied in Chapters 4 and 5. These
chapters studied the impact of delayed feedback in the single-agent setting, where the delay is
imposed on the feedback of the agent’s own decisions. Here, the delays slow down the learning
process and increase the regret of the agent by an additive penalty. However, in multi-agent
systems, each agent receives their own feedback immediately while also obtaining additional
information from other agents, subject to a deterministic communication delay. This chapter
explores how agents can effectively incorporate delayed information from others and whether
such cooperation can ultimately compensate for or even surpass the learning speed of isolated

agents.

6.2 Problem Setting

The cooperative multi-agent version of the stochastic multi-armed bandit consists of the same
ingredients presented in Chapter 2.1. Formally, A = {1,2,-- ,k} denotes the set of k actions,

and each action has an unknown probability distribution over the rewards:
V:{P17P27"' aPk}

where v is the bandit environment. However, rather than having an agent interact with the
environment in isolation, there is now a network of agents interacting with the environment.

This network will be modelled by a graph, which is a collection of vertices and edges:
G=(V,E) where V={1,2,--- ,m} and EC{(i,j) eV xV:i#£j}.

Each vertex will represent an agent, and each edge will represent a channel of communication
between a pair of agents. Therefore, in totality, there are m agents. The purpose of introducing
an underlying graph is to represent connections between agents and to model scenarios where
each agent is only aware of a subset of the other agents. This subset of other agents is known as
their neighbourhood:

N, ={jeV:(ij) € E}
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which is the set of agents that the i-th agent is connected to via an edge in the underlying
graph. Briefly, the interaction between the network of agents occurs over rounds. Each round
involves every agent simultaneously selecting an action and receiving an independent draw from
the corresponding probability distribution. After each agent receives their reward, and before the
start of the next round, they may communicate information with their neighbours. Procedure

6.1 presents an outline of the decision-making process for ease of reference.

[ Procedure 6.1: Multi-Agent Multi-Armed Bandits

Fort=1,2,--- ,n:
1. Each i € V simultaneously selects: A¢ € A

2. Each i € V simultaneously receives: X} € R

3. Each ¢ € V simultaneously communicates with: j € NN;.

Step 3 of Procedure 6.1 makes it explicit that each agent can only directly communicate with
the agents within their neighbourhood. Therefore, any pair of agents that are not adjacent must

communicate by passing information through their neighbours.

Throughout, we will require some assumptions on the bandit environment and the graph, which

are presented in Assumptions 6.1 and 6.2.

Assumption 6.1 (Assumptions on the Bandit). The multi-armed bandit environment satisfies
the following conditions:
(i) po (v) = [2dP, (xz) < oo for alla € A
iid

(ii) X} ~ P, whenever A = a for all (a,i,t) € AxV x N

Assumption 6.2 (Assumptions on the Network). Let d;_,; denote the length of the shortest

path between agents (i,7) € V x V. Then, the network must satisfy the following conditions:
(i) Messages from i € V to j € V can be sent in d;—; rounds.
(ii) The diameter of the graph is finite: d = max(; jyevxv di—j < 00

Assumption 6.1 is relatively mild, as it does not constrain the set of distributions to take on a

specific parametric form or have certain tail properties. The only requirement is that the rewards
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are conditionally independent given the action, which is a standard assumption in multi-armed

bandits.

Assumption 6.2 is standard in the literature on the cooperative multi-agent multi-armed bandit
problem (Landgren et al., 2016; Martinez-Rubio et al., 2019; Wang et al., 2020; Dubey and
Pentland, 2020a; Lalitha and Goldsmith, 2021; Raveh et al., 2024). Essentially, it says that the

graph is connected so that there is a path of finite length between any pair of vertices.

6.2.1 Measuring Performance

Naturally, it is of interest to design algorithms that provide guarantees on the performance of the
network as a whole. Equation (2.4) provides a natural measure of performance for each agent
individually. Summing these individual performances gives rise to what is known as the group

regret:
m

Zix;’] (6.1)

=1 t=1

R, (G,v) =mnu, (v) — E

where G is the communication graph. Thus, the task is to design algorithms that minimise the
group regret. Intuitively, the idea is that having the agents cooperate within their neighbourhoods
could improve the decision-making of each agent individually and the decision-making of the
network as a whole. This should be possible by having each agent communicate information about
the bandit environment with the other agents in their neighbourhood. Indeed, Assumption 6.1
says that each agent is interacting with the same bandit environment. Therefore, the information

received by each agent is useful for all of the other agents in the network.

6.2.2 Lower Bounds for Edge Cases

Procedure 6.1 without any communication is identical to running m independent copies of the
standard multi-armed bandit problem in parallel. Therefore, we can obtain a lower bound on

the group regret without communication from the lower bounds of Auer et al. (2002b):

m

R, (Gv)=Y" (,u*(y) ~E lZX;'D > %\/n(k )

i=1

where G = (V,0) due to the supposed absence of communication and the inequality applies
Equation (2.10) to each element of the summation. Thus, the lower bound on the group regret

without communication immediately follows from summing the lower bound on the individual
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regret of each agent, which all operate independently because the network structure forbids com-

munication.

Conversely, the network where every agent is connected to all other agents allows for the maxi-
mum amount of cooperation. Therefore, we can reduce the cooperative multi-agent multi-armed
bandit problem to single-agent bandits with m plays per round. This implies the following lower

bound in the cooperative setting:

R, (Kp,v) > mn(k — 1) (6.2)

B
20
where K,,, = (V,{(i,j) € V x V : i # j}) denotes the complete graph. Notably, the complete
graph allows for the maximum amount of communication. Therefore, this lower bound applies
to the cooperative multi-agent bandit problem for arbitrary network topologies. However, it
may not be tight for graphs with a particular structure. Nevertheless, these lower bounds for
networks that permit no communication and full communication highlight that cooperation can

reduce the group regret by a factor of y/m, which is substantial for large networks.

6.3 Literature Review

Section 6.2 presents the stochastic cooperative multi-armed bandit problem that is considered in
this chapter. This problem and numerous variants have recently received attention in the liter-
ature. Section 6.3.3 presents a selection of such variants that are most relevant to the problem

setting we study in this chapter.

Broadly, algorithms for the cooperative multi-agent multi-armed bandit problem, as described
in Section 6.2, can be categorised into two styles of algorithms, namely gossip-based algorithms
(Landgren et al., 2016; Martinez-Rubio et al., 2019; Lalitha and Goldsmith, 2021) and leader-
follower algorithms (Bar-On and Mansour, 2019; Dubey and Pentland, 2020a; Wang et al., 2020).

Sections 6.3.1 and 6.3.2 reviews the literature that take these approaches separately.

6.3.1 Gossip-Based Solutions

The gossip-based solutions are fully decentralised and have each agent approximate a centralised

version of the chosen bandit algorithm. Here, centralised refers to a fictitious algorithm that has
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access to full-network information. Approximating the centralised agent is achieved using what
is known as a gossip algorithm, which is widely applied in the distributed computing literature
(Boyd et al., 2005; Shah, 2009). Essentially, the gossip algorithm is an iterative procedure that
seeks to establish a consensus amongst a network of agents. Perhaps the most common sub-
problem in this field is distributed averaging (Xiao and Boyd, 2004). Here, each agent in the
network possesses a value. The objective is to have each agent compute an approximation for
the network-wide average of these values. This can be achieved by having each agent maintain
an approximation, and making each agent repeatedly compute a weighted average of their own

approximation with the approximations from their neighbours.

Duchi et al. (2012) present an adaptation for settings where the quantity being averaged is
evolving over time. This adaptation of the gossip algorithm is what is applied in the multi-agent

bandit setting (Landgren et al., 2016; Martinez-Rubio et al., 2019; Lalitha and Goldsmith, 2021).

Formally, W € R™*™ will denote the gossip matrix. This is the matrix that will be used
to compute the weighted average of each agent’s approximation of the network average with
their neighbour’s approximation. Thus, the gossip matrix must satisfy the following properties
to ensure that each iteration consists of computing a weighted average amongst neighbouring

agents:

e W has rows and columns that sum to one so that each iteration is indeed a weighted

average, and

e W;; >0 with W;; = 0if (4,j) € E so that agents can only average their current approxi-

mations with their immediate neighbours in each iteration.
Xiao and Boyd (2004) show that the gossip matrix must satisfy another necessary and sufficient
condition for the averaging of values to take place:

L=M(W) > PeW)] = [As(W)[ = -+ = [Am(W))]

where \; (W) denotes the eigenvalue with the i-th largest magnitude. While Xiao and Boyd (2004)
focuses on static averaging, Duchi et al. (2012) investigate an extension to dynamic settings. This

extension allows each agent to add values to the approximation in each round. Formally, the
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iterative averaging procedure uses the gossip matrix as follows (Duchi et al., 2012):
() =W z(t — 1)+ y(t) (6.3)

where z(t) € R™ and y(t) € R™ are vectors. Entries of z(f) represent each agent’s current
approximation of the network average at the end of the ¢-th iteration. Entries of y(t) represent
the value each agent wants to include in the ¢-th approximation. Formally, Xiao and Boyd (2004)

show that the previously stated conditions on the gossip matrix guarantee the following;:

1
im W' — —1T" .

t—o0 m

Unrolling Equation (6.3) with z(0) = 0 reveals that:

t

2t) =) W' oy(s)

s=1

which guarantees that the values each agent adds to the gossip algorithm will get averaged in
the limit. Therefore, Equation (6.3) leaves the i-th agent with an approximation of the network

average of the values provided by themselves and all the other agents in the network:

t

)~ 53w (9)

j=1s=1

Choosing W, the gossip matrix, is of great importance for gossip-based algorithms. Even when
the network is known, choosing this matrix is a non-trivial task, and it is common to use heuristics
(Xiao and Boyd, 2004; Duchi et al., 2012). The heuristics based on the graph Laplacian are the
most widely adopted in the bandit setting (Landgren et al., 2016; Martinez-Rubio et al., 2019;

Lalitha and Goldsmith, 2021):

1 L

Welo——  (D—M)=1
1+maXiEV|Ni|( )

B e ——— 6.4
1 4+ max;cv | Ny (64

where L = D — M denotes the graph Laplacian, and M € {0,1}™*™ and D € N™*™ are graph-

related matrices. Formally, M denotes the adjacency matrix and D denotes the degree matrix.
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These matrices can be defined element-wise as follows:

1 if(i,j)eE IN;| ifi=j
Mij = and Dij =

0 if(i,j)¢E 0 if i # j.

Landgren et al. (2016) utilise Equation (6.3) with the gossip matrix of Equation (6.4) to extend
the upper confidence bound algorithm to the multi-agent setting. Intuitively, the idea is to
use the gossip algorithm to approximate what the upper confidence bound algorithm would
do if it had access to full network information to construct its optimistic estimates. Letting

Ci(t) = 1{A! = a} and XZ(t) = X} (¢(t) gives (Landgren et al., 2016):

Ta (t) = WT(L (tf 1) + Ca (t)
S

a(t) :Wsa(t_1)+Xa(t)

which are approximations of the network average plays and the network average sum of rewards
for the a-th action at the end of the ¢-th round. Therefore, S,(t)/T4(t) gives an approximation
of the empirical mean computed with full network information. Showing that this estimator
concentrates around the true expected rewards for each action requires a more careful analysis
than the single-agent variant of the upper confidence bound algorithm. Intuitively, this is because
each agent will have differing levels of uncertainty based on how well-connected they are to other
agents in the network. This fact is reflected in the upper confidence bounds and in their guarantee

on the group regret (Landgren et al., 2016):

"1 8y(14¢)In(mn)
Ri(G) <) > — ’ +m 7+\FZ S Al
atx i=1 m Aa (v) v atx
where ¢; is a measure of the connectivity for the i-th agent that depends on spectral properties
of the underlying graph and v > 1 is an exploration hyperparameter. This guarantee exhibits
an undesirable scaling of the leading-order term with graph-dependent quantities. Nevertheless,
the gossiping algorithm can be applied to extend other single-agent bandit algorithms. Lalitha
and Goldsmith (2021), for example, leverage the same idea to approximate what Thompson
Sampling would do with full network information in bandit environments with Bernoulli reward

distributions.

Martinez-Rubio et al. (2019) propose an intuitive idea that follows from looking at an upper
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bound on the approximation error of using the gossip algorithm:

. < P2 (M) ly(s)ll2 -

HW”y(S) -

Specifically, this upper bound suggests that values added more recently are subject to larger
deviations from their network averages. Thus, Martinez-Rubio et al. (2019) propose truncating
the summation in Equation (6.3). The number of rounds to remove from the summation is
chosen so that the approximation error that is introduced into the network averages is negligible.
Martinez-Rubio et al. (2019) present another, more complex, version that builds on the same
intuition but uses an accelerated gossiping algorithm. Theoretically, this more complex version

offers the best guarantees on the group regret, which have the following form:

87 (14 5)In(mn) In (22)
Rn(G,u)<§ Za + : +m+4 ;Aa
¢ 2In (Ww) ¢

where > 1 and € € (0,7-1/7(y+1)) are hyperparameters that control the amount of exploration
and the approximation error, respectively. The main difference in the theoretical guarantee
between the non-accelerated and accelerated gossiping algorithms is found in the additive con-
stant. Empirically, the difference is not statistically significant (Martinez-Rubio et al., 2019).
Section 6.7 replicates these findings and suggests that the benefits of the additional complexity

are diminishing.

6.3.2 Leader-Follower Solutions

Another style of algorithm uses the leader-follower framework, which involves at least one agent
who has the responsibility of coordinating the decision-making process. Essentially, the leader-
follower solutions involve partitioning the network of agents into subsets. These subsets each
contain an agent that is the nominated leader and numerous other agents known as followers.
The leader is responsible for coordinating the decision-making within their subset of the network.
There are several degrees of freedom in the design of leader-follower algorithms, such as how to
partition the network of agents, how to select the leader, and how the leader coordinates the
decision-making of their followers. Regardless of these specific details, communication between
the leader of each component and the followers is required for coordination. This is implemented

through message passing; a natural procedure that has agents aggregate their message with their
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neighbours before passing the aggregated message on to their neighbours.

Bar-On and Mansour (2019) develop a leader-follower algorithm for the non-stochastic multi-
agent multi-armed bandit problem. They propose an automatic procedure that partitions the
network into subsets of agents, where each agent in each subset knows their leader. The leader
of each subset follows the well-known exponential weights algorithm and communicates their
distribution over actions to the followers in their subset of the network. The followers utilise
this distribution to select their decisions, and send several quantities back to their leader: the
distribution, the action, and the feedback from the environment. Using this information allows
the leader to update their distribution over actions in an appropriate manner. Bar-On and
Mansour (2019) prove that the regret of the i-th agent in the network, who is following policy

m; as described by their algorithm, can be upper bounded as follows:

kn
|V

Ro (mi,v) S 4 [n+

where < denote inequality up to absolute constants and m; denotes the policy being followed by
the i-th agent. This contrasts with all of the algorithms presented in the previous subsection,
where all known guarantees hold at the group level. Naturally, the individual regret can be used
to obtain bounds on the group regret and the resulting guarantee matches a direct extension
of the exponential weights to the multi-agent setting (Cesa-Bianchi et al., 2016). The group
regret of this approach scales with the independence number of the underlying graph, which
does not match the lower bound in Section 6.2. However, the problem is non-stochastic, and the
relationship between cooperative multi-armed bandits and delayed feedback suggests that this

multiplicative graph dependence is unavoidable.

Wang et al. (2020) propose a different instantiation of the leader-follower algorithm for the
stochastic version of the multi-agent multi-armed bandit problem, which is the primary focus
of this chapter. The authors focus on simultaneously minimising the cumulative regret and the
expected communication. Therefore, the network of agents elects exactly one leader who proceeds
to utilise the KL-UCB algorithm (Cappé et al., 2013). Notably, KL-UCB is updated using only
the leader’s action-reward pairs. The followers, which is the set containing the remaining m — 1
agents, all play the index of the action that maximises the empirical means of the leader. The

index of this action is communicated by the leader, and the message passing algorithm is used
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to propagate this information throughout the graph. Thus, after at most d rounds, every agent
will have received the updated index of the greedy action. Importantly, the followers do not
send any information back to the leader. This is a sacrifice made to minimise the total amount
of communication. Thus, the leader is the only exploring agent. Wang et al. (2020) call this
technique parsimonious exploration, due to the lack of network-wide exploration, and show that
the group regret has the following upper bound:

A,
<
Rn(G’ V) o ; DKL(,U/a + ) || Hx — 6)

(In(n) + 41nIn(n)) + 9dkm (29 + k& ~?)
where ¢ > ming, o/ {ptq — ptor such that p, > per}.

Dubey and Pentland (2020a) design another leader-follower algorithm for the stochastic cooper-
ative multi-armed bandit problem with heavy tails, which is a superset of the standard bandit
problem. Similarly to Bar-On and Mansour (2019), they propose electing numerous leaders, and
the number of leaders depends on a hyperparameter, . Intuitively, v can be interpreted as the
communication radius, and it is the maximum number of edges a message can traverse before it
expires. Setting v = d, the diameter of the graph, would allow a message to propagate across
the entire network. Conversely, v = 1 only allows messages to be passed between neighbouring
agents. Thus, choosing the leaders and followers heavily depends on the value of this hyperpa-
rameter. Specifically, Dubey and Pentland (2020a) define an extended graph, also referred to as

the v-th power of the graph, as follows:
Gy = (V,Ey) where Ey =1{(i,j) €V xV :di,; <~}

which adds an edge to the original graph if there exists a shortest path between a pair of agents
that is smaller than the communication radius, . Then, the leaders are assumed to be chosen

such that they form a maximal independence set of the extended graph:
_ .. / (s
a(Gy) = ‘BI}%)‘;{(Z,]) eV ' xV":(i,j) & Ey}

which means that no pair of leaders are adjacent in the extended graph and the number of
leaders is as large as possible. Followers are assumed to be connected to just one of the leaders.
Each leader uses the Robust UCB algorithm (Bubeck et al., 2013a). Specifically, Dubey and

Pentland (2020a) focus on the variant of the algorithm that uses the trimmed mean estimator
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(Bickel, 1965). After every decision, the leader will propagate the chosen action to the followers
in their subset of the network via message passing, and the followers are instructed to copy the
most recent action given to them by the leader. The followers send the resulting action-reward
pair back to the leader, who incorporates this information into their upper confidence bounds
as soon as it is received. Ultimately, Dubey and Pentland (2020a) prove upper bounds on the
individual and group regret, which are stated explicitly in Section 6.5. These guarantees indicate
that even the poorly connected agents can substantially improve upon the performance that they
could obtain by running an independent copy of the Robust UCB algorithm. Raveh et al. (2024)
apply the same leader-follower approach in the multi-agent duelling bandit setting, and have each
leader use the Relative UCB algorithm (Zoghi et al., 2014). Again, further details are provided

in Section 6.5.

6.3.3 Related Problems

There are many variants of the multi-agent multi-armed bandit problem, which is in part due to
the many degrees of freedom introduced by considering multiple agents. The variant studied in
this chapter has served as a springboard for numerous extensions. These extensions modify the
standard multi-agent multi-armed bandit problem to capture salient features present in certain
distributed decision-making tasks. The proceeding paragraphs highlight some of these extensions
and serves the purpose of providing a brief overview of the broader literature on multi-agent

decision-making tasks.

Communication Constraints. Sections 6.3.1 and 6.3.2 presents several algorithms designed
under the assumption that each agent can communicate around k values to their neighbours
with arbitrary precision in each round. However, this is a bottleneck in some applications.
Aforementioned, Wang et al. (2020) address this challenge by placing a single agent in charge of
all the exploration. They show that the expected number of bits of communication is independent
of the number of rounds. Agarwal et al. (2022) devise another algorithm where all agents explore
and communicate. They propose an action-elimination algorithm that operates in epochs and
have the agents communicate at the end of each epoch. Thus, they are able to control the

communication complexity by controlling the number of epochs.

Asynchronous Settings. Another assumption that we make in this chapter is that the agents

play their actions at exactly the same time. This is unlikely to occur in real-world distributed
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systems. For example, recommender systems with geographically distributed servers will likely
have different periods of peak activity due to differing time zones. Sankararaman et al. (2019)
assume that each agent makes decisions at time points that follow a Poisson Process. Yang et al.
(2021) focus on settings where agents make decisions at known frequencies. Chen et al. (2023)

relax this assumption to unknown and arbitrary points in time.

Heterogenous Environments. Generally, the literature assumes that each agent interacts
with the same bandit environment. However, this need not be the case in real-world applications,
where the set of reward distributions that characterise the bandit environment are different for
each agent. Naturally, this leads to different definitions of what is deemed optimal. Shahrampour
et al. (2017) average the expected values for each action across the network. Thus, the optimal
policy in their setting will pick the action whose network-averaged expected reward is the highest
in every round. However, this could result in some agents being forced to pick actions with low or
the lowest expected reward in their own environment. Hossain et al. (2021) aim to fix this issue
by learning a distribution over actions that maximises the Nash Social Welfare. This measure of
quality enforces fairness because the optimal policy maximises the product of expected rewards
over the agents. Thus, it avoids scenarios where a minority of agents are forced to pick a sub-

optimal action to benefit the majority.

Imperfect Communication. Sometimes, communication channels fail and this feature is not
captured in any of the above models of multi-agent problems. Madhushani et al. (2021) relax this
assumption and suppose that the communication channels fail with a fixed probability. Generally,
the theoretical guarantees worsen as the failure probability increases, as would be expected.
Additionally, the authors consider the setting where the rewards can be arbitrarily corrupted in
the communication process. Dubey and Pentland (2020b) consider a similar setting where some

of the agents randomly communicate incorrect information from an unknown distribution.

Multiplayer Settings. Perhaps the best-studied setting involves agents receiving degraded
or zero rewards for playing the same action at the same time. This is in contrast to the model
considered in this chapter, where each agent receives their own reward, regardless of the decisions
made by the other agents in the network. The literature on this topic is vast. Recently, an
extensive survey has been published that covers the algorithms and techniques that are relevant

to this problem setting (Boursier and Perchet, 2024).
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6.4 Black-Box Reduction

Section 6.3 presents an overview of the existing approaches for designing cooperative multi-armed
bandit algorithms. These works adapt specific single-agent algorithms to the multi-agent setting.
Rather than taking this approach, we propose a general-purpose black-box reduction that takes

any single-agent algorithm as input and adapts it to work in cooperative multi-agent settings.

Algorithm 6 QuACK
Input: Leader i € V
Input for Leader: Bandit Algorithm =
Initialisation for Leader: Empty Queue Q, = 0 for all a € A
fort=1,2,--- ,ndo
Leader (i)
Receive messages via shortest path:

M = {(Ai—di_,jath—di_,J)}j#i

Append messages to the queues:

Qo =Q,U{z:(d,z) € My and o/ = a}
Select a with m
while Q, # 0 do

Remove x from @,

Update 7 with (a,x)

Select a with 7
end while
Play Al =a
Observe X{ ~ Py;
Send A to all j # i via shortest path

Follower (j # i)

if t > di—>j then

Receive AL dics; from ¢ via shortest path

Play A] = Al ,
else ‘

Play A] uniformly at random
end if 4
Observe X] ~ Py
Send (A7, X7) to i via shortest path.

end for

i—j

Algorithm 6 presents the pseudo-code for our black-box reduction: QuACK, a queuing algorithm
for cooperative k-armed bandits. This algorithm uses the leader-follower paradigm and builds
on the queuing approach that was developed for the setting of delayed feedback (Joulani et al.,

2013; Mandel et al., 2015). For clarity, the algorithm is presented assuming that:
e the network of agents know the identity of the leading agent, and
e the shortest path between each follower and the chosen leader is known.

Section 6.6 shows how to use well-known algorithms to nominate the leader of the network and
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compute the shortest paths that are required for message passing. These algorithms are all dis-
tributed, and this means that the agents only need to know the structure of the graph locally.

That is to say that each agent is only required to know their neighbours.

Essentially, QuACK takes an arbitrary leader in the network and provides them with a single-
agent bandit algorithm to select actions for the entire network. The leader begins by initialising
an empty queue for each action. These queues will store the rewards that other agents observe
from the environment and have been passed to the leader via message passing. Intuitively, the
leader can use the reward samples in these queues instead of playing actions in the real environ-

ment.

Specifically, in each round, the leader begins by asking their bandit algorithm for an action.
Whenever there is a reward in the queue for that action, the leader will take the reward from
the queue and use this to update the bandit algorithm. Importantly, the leader does not play
this action in the environment. This process of requesting an action and taking a reward from
the queue continues until the bandit algorithm suggests playing an action whose queue is empty.
Once this occurs, the leader will play the action in the environment and will use the observed
reward to update the bandit algorithm. The leader then communicates this decision to the other,
follower, agents. Once a follower receives the decision from the leader, they will proceed to play
the instructed action and communicate the reward back to the leader. Once the leader receives
rewards from their followers, they will place the rewards in the corresponding queues, and begin
the process again. Notably, the process of sending decisions and rewards can take several rounds

because the message needs to travel across the network.

6.4.1 Message-Passing

The message a follower j # i sends to the leader ¢ at the end of the ¢-th round contains only the

action and the reward:

(AL, X7).

Sending such simple messages is possible since there is a known fixed route between the leader
and any follower. Although multiple routes with the minimum path length might exist, the
algorithm determines exactly one and adheres to it throughout. Computing these routes can be

done in a distributed manner before the start of the interaction. Specifically, this amounts to
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constructing the shortest path tree of the graph, which can be done by solving the single-source
shortest-path problem before interacting with the bandit environment (Ahuja et al., 1993). Fig-
ure 6.1 illustrates the shortest path tree for the grid graph, where the black vertex represents

the leader.

Figure 6.1: The Grid Graph and its Shortest Path Tree when the leader is the central vertex.

The Distributed Bellman-Ford algorithm can solve the single-source shortest-path problem ex-
actly and it does so using approximately m iterations, whilst only requiring that each agent
knows their neighbours and has a unique identifier (Ford, 1956; Bellman, 1958; Moore, 1959;

Elkin, 2020). Section 6.6 presents full details of this algorithm for completeness.

Sending instructions from the leader to the followers using the shortest path tree is straight-
forward. The leader communicates the action they played to their children, and the children
send this action to their children at the end of the next round, and so forth. Using the shortest
path tree also makes passing messages to the leader straightforward. Each follower will forward
messages from their children to their parent, and send their own message to their parent. Let,
C; and P; denote the children and the parent of agent j on the shortest path tree, respectively.

Then, in the t-th round, each follower j will perform the following communication:
e Forward A{ = Ai_ dissy to each z € C; where 7 is the index of the leader.
o Send M = (A}, X]) U{M} ,}.ec, to P;.

The leader i only needs to send the action they choose in each round to their children, which
corresponds to just the first item in the above list. Thus, the communication complexity, in
terms of the number of messages sent in each round, for each agent j is upper bounded by the

diameter of the graph.

Note that we could use any other message-passing protocol that satisfies Assumption 6.2. For

example, each agent could forward everything they have been sent in the past m rounds. However,
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in this case, all messages would have to contain additional information about who originally sent
the message and the time the message was sent, such as a unique agent identifier and the round.
This extra information is required so that the followers can identify the most recent action sent
to them by the leader. Furthermore, this additional information can be used by the leader to

ensure that each message is added to the queue only once.

6.4.2 Equivalence Between the Queues and the Environment

The primary objective is to use the black-box algorithm as a theoretical tool that abstracts away
the nuances of specific algorithms. Ultimately, the goal is to express the group regret in terms of
the regret of the single-agent algorithm operating in the environment. However, the single-agent
algorithm is operating in the environment defined by the queues and not the bandit environ-
ment faced by the network of agents. Therefore, this section focuses on proving that operating
an algorithm in the queues is equivalent to running it in the bandit environment. The minimal

requirement is that the expectations are identical. This subsection seeks to prove this equivalence.

Intuitively, the equivalence should hold for the following reasons. First, Assumption 6.1 states
that the rewards for each action are independent and identically distributed. Consequently, the
order of these rewards can be permuted arbitrarily, provided that the permutation does not de-
pend on the value of the random variable itself. Algorithm 6 effectively reorders the rewards by
permuting the indices through a one-to-one mapping based on the lengths of the shortest paths.
Therefore, drawing a reward from the queue of an action should simulate playing that action in
the environment. Second, the leader is the sole decision-maker and instructs all the other agents
in the network to play their most recent action. Therefore, the followers are delayed copies of
the leader and do not use any information in their decision-making process that has not already
been accounted for by the leader. This design choice eliminates statistical dependencies that

could arise in the queues if the followers were to utilise their own decision-making mechanisms.

Proving the equivalence of the expectations in the queued version of the bandit environment
and the bandit environment itself requires the introduction of some additional notation. Let A
denote the s-th action chosen by the single-agent bandit algorithm and define the total number

of times it plays each action up to and including the 7-th round as follows:

T

T, (r) =Y 1A, =a} (6.5)

s=1
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for all (a,7) € AxN. Recall v = {Py,---, P} is the set of reward distributions that characterise
the multi-armed bandit environment faced by the network of agents, as in Assumption 6.1.
Then, the cumulative regret of the bandit algorithm after directly interacting with the bandit

environment for 7 rounds can be defined in the usual manner:

R (mv) =Y AJE,[Tq(7)],
aF*

where E, is used to make it explicit that the bandit algorithm is interacting directly with the

multi-armed bandit environment.

Lemma 6.1 proves that the expectation with respect to the probability measure induced by
interacting with the queues is equivalent to the expectation with respect to the probability
measure induced by interacting directly with the bandit environment. Or, more simply, the
leader creates a simulated single-player version of the environment for their bandit algorithm by

maintaining the queues.

Lemma 6.1. Under Assumption 6.1, QuACK guarantees, for all T € N, that:
R (mv) = Z AJE [T ()] = Z ALE[T, (1))
aFx aFx

where E denotes expectation with respect to the interaction between the network of agents and

the multi-armed bandit environment.

Proof. Define v = {]51, Py, --- ,Pk} as the set of distributions that the bandit algorithm faces
when taking rewards from the queues. Following the notation of Lattimore and Szepesvari (2020),

it is straightforward to write down the density of the bandit algorithm interacting with v and o:

.
pr (a1, @1, a7, x7) = Hﬂ(as\al,l’l,"' s @s—1,T5—1) Pa, (Ts)
s=1

-

f)ﬂ‘ (ala$1,' o aa‘rax‘r) = W(as ‘ a1, L1, aasflaxsfl)ﬁas ((ES)

s=1

where p, and p, denote the Radon-Nikodym derivatives of P, and Py, respectively.

Let h = (x1,a1,...a;,2;) € Hy = (A xR)" represent a possible sequence of action-reward

pairs that the bandit algorithm could produce within a 7-round interaction in each environment.
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Then, the expectations in the statement of the result can be defined more precisely as follows:

E, [T) (7)] = / F(h) pa () dh

heH,

and

E[T7 (7)] = / _ F By dn,

where f(h) = >, ..en H{as = a}. By Assumption 6.1, the rewards for each action-agent
pair are independent and identically distributed random variables. Furthermore, Algorithm 6
appends the rewards from the followers to the queues in an order that depends on their shortest
path distance. Therefore, the queue for each action contains a re-ordered sequence of independent

and identically distributed random variables and, by exchangeability, it follows that:

PLPp,
The Radon-Nikodym Theorem tells us that the p, is unique, see Theorem 4.2.2 of Cohn (2013).

Combining P, = P, with this well-known result implies that:

for all z € R. Therefore, p.(h) = p,(h) for all h € H, = (A x R)” because the policy operating

in each bandit environment is identical. Consequently, it follows that:

E, [T (7)) = / ) o) dn = / F(h) By (h) dh = E [T (7)) .

EH-

Finally P, = P, implies that the expected rewards of each action are equivalent in the two
environments. Therefore, the sub-optimality gaps are also equivalent. Finally, multiplying each
side of the previous display by the sub-optimality gaps and summing over the actions completes

the proof. |

6.4.3 Guarantees on the Group Regret

Recall that group regret is defined in terms of the number of times the network of agents plays
each action. Thus, Lemma 6.1 is only useful if we can relate the number of times the network
of agents plays each action to the number of times the bandit algorithm plays each action in the

queues.
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Algorithm 6 suggests that the bandit algorithm, operated by the leader, is primarily updated
using rewards from the queues. Occasionally, the leader must play an action in the bandit en-
vironment if the corresponding queue is empty. Therefore, Equation (6.5) accounts for both the
number of times the leader plays this action in the bandit environment and the number of times

it takes a reward from the queue for their bandit algorithm.

Suppose i € V is the index of the leader and let s; denote the number of simulated rounds
the bandit algorithm has completed in the queued version of the environment by the end of
the t-th round. Algorithm 6 specifies that the action played by the leader in the ¢-th round of
its interaction with the bandit environment corresponds to the action suggested by the bandit

algorithm in the corresponding simulated round:

Thus, by the end of the final round, the number of times the single-agent bandit algorithm

chooses each action can be expressed as follows:

T)(sn)=>_ > 1A, =a}. (6.6)
t=1s=s¢-1+1
Lemma 6.2 uses Equation (6.6) to relate the number of times the network of agents plays each

action to the number of times the bandit algorithm chooses each action.

Lemma 6.2. Running QuACK with an arbitrary i € V as the leader quarantees, for all t € N,

that:

m

ZTaj (t —disg) < T, (s¢) +2 Z di—;

j=1 w=1

where Ty (t—d;— ;) = Z’;ﬁl”" 1{AJ = a} denotes the total number of times follower j has played

action a by the end of round t — d;—,;.

Proof. Define the last round that the leading agent plays action a in the bandit environment as
follows:

z=max{s<t:Al =a}.

Recall s; denotes the pseudo round counter when the leading agent makes their t-th decision

in the bandit environment. Using Equation (6.6) and leveraging the fact that the round in the
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previous display is associated with a play of action a gives the following:

St

T, (s:) =Y 1A, =a}

s=1
=Y YA, =a}+ Y 1A,=da}

s=1 s=s,+1
=T)(s:)+ Y 1A =a}

s=s,+1

N T -din)+ Y HAi=a)

j=1 s=sz+1
> ZTaj (Z - dzﬁj) (67)

.
Il
—

where (%) follows from the fact that the leader plays action a in round z and this can only occur
if the queue has been emptied. Therefore, the number of feedbacks that the bandit algorithm

has received for this action must be equivalent to the group plays.

Now, Equation (6.7) relates the number of times the bandit algorithm has played action a to the
number of times the network has chosen this action. Additionally, Algorithm 6 tells us that the

j-th agent will play action a in round:

Zj = Z—l—di%j

where z is the last round that the leader plays action a in the bandit environment. The definition
and properties of z; facilitate an upper bound on the number of plays for any non-leading agent

7 as follows:

tdis;
Toj (t—din;) = > 1{A]=a}
s=1
z—disj t—d;i;
= > WAl=d+ >  1{Al=a}
s=1 s=z—d;;+1
) Ao ,
< Tow (2 — disyy) + Z H{A] =a}
s=z—d;_;+1
< Taj (Z — diﬁj) + Qdi%j (68)

Notably, (x) follows from analysing the two possible cases.
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e When t—d;_.; > z; = z+d;_;, the inequality is actually an equality because z; is the last

round follower j plays this action up to and including the ¢-th round.

e Otherwise, t — d;—; < z; = 2z + d;j—; and extending the summation only include more

rounds gives the inequality.

Summing Equation (6.8) over all agents and using Equation (6.7) gives:

ZT‘U (t—dinj) < Toj (2 — dimsj) +2 Z di; (By Equation (6.8))
Jj=1 j=1 j=1
m
< Ty (st) +2 Z di—sj (By Equation (6.7))
w=1
as required. O

Lemmas 6.1 and 6.2 provide crucial insights into the properties of Algorithm 6. Namely, that the
queuing mechanism simulates the bandit environment and that the decision-making of the bandit
algorithm in the queues can be used to upper bound the number of times the entire network has
selected each action. Given these results, it is possible to upper bound the group regret by the
regret of the bandit algorithm in the queues, plus an additive graph-dependent quantity that

measures the speed of information flow to and from the leader.

Theorem 6.1. Under Assumptions 6.1 and 6.2, the group regret of QuACK run with single-

player bandit algorithm w and leading agent i € V' is bounded by:

m k
Ry (G.v) < R}, (mv)+ [ 3> din; | Y A,
j=1 a=1

Proof. Firstly, we upper bound the group plays for action a € A at the end of the final round as:

m

Y Ty (n) =Tos (n) + Y Tuj (n)
j=1 g
=Toi () + > Y 1{A] =a}
j#i t=1
n—di_; n
=Tu(m)+Y. > HAl=a+> > 1{4Al=a}
j#i t=1 j#i t=n—d;;+1
=T (n)+Y Ty (n—din)+>. > 1{A]l =a}
J#i J#i t=n—d;_;+1

< T (n) + ZTaj (n—disj)+ Z disj
J#i J#i
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Z (n—ding)+ Y disy; (6.9)

J#i

where the last equality follows from the fact that d;_,; = 0. Algorithm 6 has the leader append
each message to the queue exactly once, which implies that s, < mn almost surely. Combining
Equation (6.9) with Lemma 6.2 and s,, < mn gives an upper bound on the number of times the

entire network plays action a by the number of times 7w has played this action in the queues:

™
o

Z —dij) + Zdiﬁj

J#i
<T!(mn)+3 Z disj- (6.10)
J#i

Plugging Equation (6.10) into the definition of the group regret gives:

m

ZA E ZTM

aF*
<ZA E [T, (mn)] + 3Zd’—’3 ZA“
aFEx VE aFEx

=Ry, (mv)+ (3 din; | Y As

i ax
where the final line follows from Lemma 6.1. O

Theorem 6.1 suggests that the best-positioned leader is the agent minimising the sum of shortest
paths:

m

iy = arg min E dij .
eV j=1

which is the graph median. This intuitively makes sense. Indeed, minimising the sum of the
shortest paths will minimise the total delay in sending and receiving instructions and feedback
from the followers. Section 6.6 presents an approach for finding this agent using well-known
distributed algorithms. Nevertheless, Assumption 6.2 guarantees that the worst-case graph-

dependence is always upper bounded by:

j=1

which holds for any choice of leading agent. Theorem 6.1 holds for any choice of bandit algorithm
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and makes weak assumptions on the rewards. This is in contrast to existing works, where it is
common to analyse a specific bandit algorithm and make stronger assumptions on the reward
distributions, such as having a particular parametric form or subgaussian tails. Section 6.5 shows
that the guarantees presented in this subsection are competitive with the case-specific analyses
that exist in the literature when providing QuUACK with the corresponding single-agent bandit

algorithm.

6.5 Instances of QUACK

Theorem 6.1 holds under the assumption that the rewards are conditionally independent given
the actions and the expected reward for each of the actions is finite. Therefore, we can apply our
reduction in numerous bandit environments by choosing an appropriate single-agent algorithm.

This section presents a non-exhaustive selection of bandit problems that satisfy Assumption 6.1.

Algorithm 6 will be provided with a specific bandit algorithm for each of the considered bandit
problems. Then, Theorem 6.1 will be applied to obtain an upper bound on the group regret.
The specific choices of bandit algorithms are made to facilitate a comparison with the existing
literature. However, any other provably efficient single-player algorithm could be combined with

our reduction to get similar results.

6.5.1 Standard Bandits

The standard multi-armed bandit problem consists of playing an action and receiving a reward
drawn independently from a distribution that depends only on the chosen action (Lattimore
and Szepesvari, 2020). Typically, it is assumed that each distribution has bounded support or
subgaussian tails. Thus, Assumption 6.1 holds. For ease of presentation, it will be assumed that
the bandit environment contains distributions with support bounded in [0, 1]. Corollaries 6.1 and
6.2 present the group regret bound for our algorithm when the leader uses UCB1 (Auer et al.,

2002a) and MOSS (Audibert and Bubeck, 2009), respectively.

Corollary 6.1. Running QuACK with UCBI1 of Auer et al. (2002a) and an arbitrary leader

i € V guarantees that:

Rn(Gm)Szwju 3+3§:dw > A
aFx @ J=1 aF*
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Proof. Theorem 1 of Auer et al. (2002a) provides an upper bound on the regret of the upper

confidence bound algorithm over a 7-round interaction with the bandit environment:

8In (1)

/

R, (UCBLv) <> A, +3) A, (6.11)
aFx aFx

Combining this upper bound with Theorem 6.1 and taking 7 = mn gives the result. O

Corollary 6.2. Running QuACK with MOSS of Audibert and Bubeck (2009) and an arbitrary

leader i € V guarantees that:

Ry (G,v) <49Vmnk+ | 3 dinj | > Aa.
j=1 aF*
Proof. Theorem 5 of Audibert and Bubeck (2009) provides an upper bound on the regret of the

MOSS algorithm over a 7-round interaction with the bandit environment:
R, (MOSS,v) <49V k.

Combining this upper bound with Theorem 6.1 and taking 7 = mn gives the result. O

Equation (6.2) presents the minimax lower bound for the multi-agent version of the standard
multi-armed bandit problem. Corollary 6.2 shows that QuACK is capable of achieving this min-
imax rate up to an additive term that is independent of the horizon. Conversely, prior works
miss the minimax lower bound by at least a poly-logarithmic factor involving the horizon and the
number of agents (Landgren et al., 2016; Martinez-Rubio et al., 2019; Lalitha and Goldsmith,
2021). Note that to achieve this minimax rate, the leader must know the horizon n and the
number of agents m in the network. However, we could still achieve the minimax rate without
prior knowledge of these parameters. This can be done by using the anytime version of the

MOSS algorithm (Degenne and Perchet, 2016).

Martinez-Rubio et al. (2019) analyse a multi-agent extension of UCB1 (Auer et al., 2002a). This
is not the only extension of this well-known algorithm to the multi-agent setting (Landgren et al.,

2016). However, Martinez-Rubio et al. (2019) offer the best theoretical guarantees, and prove
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the upper bound on the group regret:

1+£)1
R (G < 350 *g) nmn) L on YA,
aFx e aFtx

where n > 1 and € € (0,1) are tunable hyperparameters of their algorithm. Further, Cq is a

graph-dependent quantity with the following definition:

{6mln(2m)—‘
Co=|—£L|+m+4

N

where A is the second largest singular value of the communication matrix they use for the gos-
siping procedure. Corollary 6.1 shows a strict improvement in the leading-order term. However,
comparing the graph-dependence is a little more challenging. Therefore, we will focus on special
cases. For each of the special cases, we will utilise the gossip matrix specified in Equation (6.4),

as recommended (Martinez-Rubio et al., 2019).

Star Graphs. The star graph consists of m — 1 vertices connected to a single central vertex.
Here, it is possible to evaluate the spectrum of the communication matrix exactly. Notably, the

spectrum of L := D — M is known for this graph (Chung, 1997):

m  with multiplicity 1
AD-M)=11 with multiplicity m — 2

0  with multiplicity 1.

Therefore, the spectrum of the communication matrix W can be found by plugging in these

quantities:
0 with multiplicity 1
AW)=1- w = % with multiplicity m — 2
1 with multiplicity 1

which gives us A = Ao(W) = m—=1/;m. Plugging this into the graph-dependent term of Martinez-
Rubio et al. (2019) yields:
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|
ZM+W+4

2In (725)

>Tm+4

where the final inequality follows from the fact that m > 2 is required for the multi-agent
setting. Running Algorithm 9 from Section 6.6.3, which selects the agent who is best-positioned
to minimise the group regret according to Theorem 6.1, will choose the central vertex as the
leading agent. Therefore, the length of the shortest path from every follower to the leader is 1

and this will make the graph dependence in our algorithm:

343> di; =3+3(m—1)=3m
j=1
which is strictly smaller than that of Martinez-Rubio et al. (2019). Without optimising the
leader, the graph-dependence in our algorithm would become 6m — 6, which demonstrates that

the graph-dependence of our algorithm is better even with a poor initialisation.

Regular Graphs. Graphs are called d-regular if every agent has exactly d neighbours, e.g.
|N,| = ¢ for all v € V. For these graphs, the expression for W simplifies and allows us to obtain
an expression for the spectral term found in the graph-dependent term of Martinez-Rubio et al.
(2019):

I+M 1+ X (M)
= A=A =— =
1to 2 (W) 146

Chung (1989) provide an upper bound on the diameter d for regular graphs, which we can

substitute into the graph-dependent term in the group regret of QUACK-UCB:

343 dyy <3+3d(m—1)

w=1
3 (m

ln

<3+

\1+/\ M)|

3(m—1)In(m

s W
6(m—1)In(m
V2In[A|~ 1\/21n|)\\ 1
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Ce —6In(m—1)

/21N

Ca

<34-——9
N

where (a) follows from the fact that In(2m/e) > In(m — 1) for m > 2 and € € (0,1). This

establishes that we can upper bound the graph-dependence in our theoretical guarantees by
a function involving the graph-dependent term found in that of Martinez-Rubio et al. (2019).

Notably, better dependence for our algorithm is guaranteed whenever:

1
V2InjA|7t > 1 = |\ > exp (—2)

Generally, this suggests that the graph-dependence of Algorithm 6 is better for §-regular graphs

where the communication matrix has large enough values for |A|.

6.5.2 Heavy-Tailed Bandits

Bubeck et al. (2013a) introduced the single-agent heavy-tailed bandit problem. The decision-
making process is exactly the same as the standard bandit setting. However, the reward dis-
tributions only have finite moments of order 1 + ¢ where € > 0 controls the heaviness of the
tails. Therefore, Assumption 6.1 holds because the expected values of each distribution are fi-

nite. Thus, QUACK can be used for the multi-agent heavy-tailed bandit problem.

Bubeck et al. (2013a) propose the robust upper confidence bound algorithm as a generic solution
for the single-agent setting. This algorithm replaces the empirical mean with a robust estimator
of the expected value, such as the truncated mean, median-of-means, or Catoni’s M (Bickel,
1965; Alon et al., 1999; Catoni, 2012). Indeed, QuACK can be used with any instantiation of
the robust upper confidence bound algorithm. Corollary 6.3 presents a guarantee on the group

regret when the leading agent uses the truncated mean estimator.

Corollary 6.3. Running QuACK with Robust UCB of Bubeck et al. (2013a) using the truncated

mean and an arbitrary leader guarantees that:

R, (G,v) < Zs(i")ﬁ In (mn) + 5+3§:de > A,
a j=1

aFx aFx

where Exp,[|X|'T¢] < o for all a € A.
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Dubey and Pentland (2020a) study the multi-agent heavy-tailed bandit problem and devise two
algorithms based on the truncated-mean estimator. Their best algorithm achieves the following

guarantee:

o=

g
Ru(G,v) Sa(Gy) Y <A) In(n) + (my - a(Gy) +a(Gy) +m) Y A,
aFx @ aFtx
where < removes numeric constants, 7 is controls the communication radius, and a(G) € [1,m]
denotes the independence number of the v-th power of the graph. Thus, we obtain a smaller
leading order term whenever:

noz(G,y)fl >m

which occurs if  (G,) > 1 and m < n so that the number of agents is smaller than the number
of rounds. Specifying v > d as the input parameter will yield an independence number of 1
in the bound of Dubey and Pentland (2020a). However, their analysis is specific to the robust
upper confidence bound algorithm and the truncated mean estimator, whereas Theorem 6.1 is

strictly more general.

Next, we will compare the additive graph-dependent terms. Dubey and Pentland (2020a) have
a term that displays a trade-off between the input parameter v and the independence number.
Generally, increasing v will decrease the independence number and decreasing v will increase
the independence number. Therefore, we expect their additive term to be comparable to ours
in many cases. For example, choosing v = d will minimise the leading order term in the regret

bound and yields an additive graph dependence of:
my-a(Gy)+a(Gy)+m=md+m+1

Conversely, Corollary 6.3 shows that our additive graph-dependence can be upper bounded as
follows:

543 di; <5+ 3md—3m
j=1

which is more or less of the same order.
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6.5.3 Duelling Bandits

Yue et al. (2009) introduced the single-agent duelling bandit problem. Here, feedback from
the environment is the outcome of a duel between two actions. Modifying Algorithm 6 for the
multi-agent duelling bandit problem amounts to maintaining a queue for each pair of actions:
Ay = Ax A. Now, each agent will communicate the pair of actions and the outcome of the duel

to their neighbours.

Assumption 6.1 holds since the outcomes of the duels are assumed to depend only on the pair of
actions chosen in each round. Recall that we define the group regret relative to a fixed optimal
action. Therefore, Theorem 6.1 applies to solution concepts, such as the Condorcet, Copeland,
and Borda winners (Zoghi et al., 2014, 2015a; Jamieson et al., 2015). Corollary 6.4 presents
an upper bound on the group regret when we pair QUACK with the Relative Upper Confidence
Bound algorithm (Zoghi et al., 2014), which is designed under the assumption that the Condorcet

winner exists.

Corollary 6.4. Running QuACK with the Relative Upper Confidence Bound algorithm of Zoghi

et al. (2014) and an arbitrary leader i € V' guarantees that:

In (mn = ~
R (G £ [ Ydy | T4,
aFt* a j=1 a#x
where < omits numeric constants, A, = P (a, = a)—1/2 denotes the sub-optimality gap of action

a in the duelling bandit setting and the summation is over the actions A.

Raveh et al. (2024) develop several algorithms for the multi-agent duelling bandit problem. Their
best algorithm builds on the relative upper confidence bound algorithm and achieves the following

upper bound on the group regret:

| - .
R (G,v) Sx(Gy)Y % +m?k2 (1+1In (14 |N) Amax + (1 +7) kmA pax

a#* a

where x(G,) € [1,m] denotes the clique covering number of the 7-th power of the graph and 7 is
a hyperparameter that controls the communication radius. Comparing the leading-order terms

reveals that we obtain a strictly better leading-order term whenever:

nX(Gw)fl Z m
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Therefore, our leading-order term is smaller whenever x (G.) > 1. Specifying v > d as the input
parameter will yield a clique covering number of 1 in the bound of Raveh et al. (2024). However,
their analysis is specific to the relative upper confidence bound algorithm, whereas Theorem
6.1 is strictly more general. Raveh et al. (2024) have an additive graph-dependent term that is
strictly larger. Notably, their graph dependence is always quadratic in the network size, whereas

ours scales as md, where d < m in connected graphs.

6.5.4 Local Differential Privacy

Privacy is a topic of growing interest in the machine learning community and seeks to protect
private information within datasets. Ren et al. (2020) study local differential privacy (LDP) in
the bandit setting, where the environment uses a mechanism to make the rewards private before
sending them to the agent. Formally, in the multi-agent setting, the only difference is that the

rewards each agent receives are privatised:

XP = fo(X) for X X Py,
where f. denotes the privatising mechanism that ensures e-LDP of the rewards before handing
them to the agent. Procedures for privatising rewards include adding Bernoulli or Laplace
noise to the rewards, and proving the mechanism provides the specified level of privacy is done
independently of the bandit algorithm. See Lemmas 2 and 5 of Ren et al. (2020). Therefore, it
is possible to directly use these mechanisms in the multi-agent setting and guarantee that the
rewards are e-LDP. Furthermore, Assumption 6.1 is satisfied in this setting because the curator

adds independent and identically distributed noise to the rewards.

Corollary 6.5. Running QuACK with LDP-UCB-L of Ren et al. (2020) and an arbitrary leader

is e-LDP and guarantees:

Zdw > A

aFx

11
S
a#x
where < removes numeric constants.

Notably, Corollary 6.5 provides the first guarantees for multi-agent multi-armed bandits with
local differential privacy. Indeed, the same idea can be used to derive multi-agent algorithms for

other bandit problems too, as long as the environment satisfies Assumption 6.1.
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6.6 Implementation Details

Section 6.4 presents QuUACK assuming that the leader has been elected and a fixed shortest path
has been established for the message passing protocol. However, these quantities need not be

known in advance and can be computed in a distributed manner using well-known algorithms.

6.6.1 Shortest Path Tree

Algorithm 6 requires that each agent knows their parents and children on the shortest path tree,
and is presented assuming that these have been pre-computed. Constructing the shortest path
tree rooted at a fixed vertex amounts to solving the single-source shortest path problem. Tra-
ditionally, this problem is solved using the Bellman-Ford algorithm in non-distributed systems
(Ford, 1956; Bellman, 1958). However, using this algorithm would require the existence of an
agent who possesses knowledge of the entire network topology. Therefore, the distributed variant
of this algorithm is presented (Bertsekas and Gallager, 1992). Here, each agent knows only their
neighbours. Algorithm 7 presents the pseudo-code for the Distributed Bellman-Ford algorithm.
Briefly, this algorithm takes a source agent as input, and each agent keeps track of their distances

from the source and their parent on the shortest path tree.

Algorithm 7 Distributed Bellman-Ford (DBF)

Input. Index of a source agent i € V
Set d} ,; =0 and d} ,; = oo for j # i
Set Pj = 0 for each j € V to initialise their parent.
forte {1,2,---,m} do
Each j € V sends d!_,; to z € N;
Each j € V receives d;_,, from z € N;
Each j € V updates their distance from the source

o = i {4+ 1( 4 5))

Each j € V updates their parent:

p_ Jargmincy, di,+1 ifdit <dl;
Ji= o gl
Pj if di%j = dé*}j
end for
Each j € V sends their identifier j to their parent P;.
Each j € V receives the identifiers from their children and creates their set of children:

Cj:{ZGVZPz:j}
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After Algorithm 7 terminates, each agent will know their children and parent on the shortest
path tree rooted at the index of the input agent. These are exactly the quantities required to

implement the message-passing scheme described in Section 6.4.1.

6.6.2 Leader Election

Leader Election (LE) is a well-known problem in distributed computing (Santoro, 2006; Fokkink,
2013). Here, we want the network to unanimously agree upon a single agent as a leader. Gen-
erally, there are impossibility results for anonymous networks (Fokkink, 2013). Therefore, it
is assumed that each agent has a unique identifier. Wang et al. (2020) devise a simple leader
election scheme that requires at most m iterations, where m is the number of agents. Algorithm
8 presents a slight modification of their procedure that will ease the exposition of finding the

optimal leader in the next subsection.

Algorithm 8 Leader Election (LE)

Each i € V sets f; arbitrarily.

Section 6.6.3 has each agent set f; to their sum of shortest paths.
Each i € V saves their initial value I; = (4, f;)
Each i € V creates their state value S} = (i, fi)
for t € {1,2,--- ,m} do

Each i € V receives St from j € N;
if 35 € N; such that f; < f; then

Update S = (5. f;)

else if 35 € N; such that f; = f; then

Update Sf“ = (min{i, j}, fi)

else

St = gt

end if
end for
if I, = S then
Agent i is the leader.
end if

Running Algorithm 8 requires at most m iterations because every agent will have seen the
identifier of every other agent in the graph at the end of this iteration. Furthermore, Algorithm
8 will always terminate with exactly one leader. To see this, it is sufficient to consider two

possible cases.

o Unique Minimum. Here, there exists exactly one agent ¢ who possesses the smallest f;
value. Therefore, they never get to update their state, and the network elects them as the

leader.

e Non-Unique Minimum. Let f = min;cy f; and suppose multiple agents attain this value.
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Algorithm 8 implements an index-based tie-breaking rule to handle this case. Notably,
agents with f; = f will eventually receive an f; = f and they will proceed to check if their
index is minimal. Since each agent is assumed to have a unique index, there will be exactly
one agent who possesses f; = f with the minimum index. This agent will never update

their state, and the network will elect them as the leader.

6.6.3 Optimising the Leader

Combining Sections 6.6.1 and 6.6.2 allows the best-positioned agent in the network to be found.

Algorithm 9 presents the pseudo-code for finding and electing the leader.

Algorithm 9 Optimise the Leader

forieV={1,2,---,m} do
Compute Sum of Shortest Paths
Execute DBF(%)
Each agent now knows d;_,; (distance from source )
Each agent now knows P; (their parent on the shortest path tree with source i)
Each j € V creates message Mj1 = (j,di—;)
fort e {1,2,--- ,m} do
Each j € V sends M} to P;
Each j € V updates M;H = M} U{M!}.cc,
end for
Agent ¢ calculates f; =Y j d;—,; from the messages.
end for
Use Sum of Shortest Paths as f; in Leader Election
Each agent now knows their value for f; = Zgzl disj
Execute LE to elect the leader with minimal sum of shortest paths.

Briefly, this procedure starts with each agent calling Algorithm 7. Afterwards, several rounds of
message passing are required so that agent ¢ can calculate the sum of shortest paths: f;. Finally,

Algorithm 8 performs leader election with f; equal to the sum of shortest paths.

6.7 Experimental Results

Theorem 6.1 and its corollaries suggest that our algorithm will be competitive with existing multi-
agent approaches when paired with a comparable single-agent bandit algorithm. Naturally, we

seek to verify these theoretical insights with experimental evidence.

6.7.1 Standard Bandits

Here, the bandit environment consists of ten actions where each reward distribution is Bernoulli

with g1 = 0.5 and pg = --- = 19 = 0.45. Following existing works, we deployed each of the
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algorithms on the cycle and grid graphs. Additionally, the star graph is included on top of the
standard settings to verify our theoretical insights. The results are averaged over 100 indepen-

dent runs and we represent uncertainty by shading between the 2.5-th and 97.5-th quantiles.

QuACK is initialised with UCB1 (Auer et al., 2002a) and Thompson Sampling (Thompson, 1933).
This allows for a fair comparison with existing methods that extend these single-agent algorithms
to the multi-agent setting. Specifically, QuACK with UCB1 against Coop-UCB (Landgren et al.,
2016) and DDUCB (Martinez-Rubio et al., 2019), and QuACK with Thompson Sampling against
DecTS (Lalitha and Goldsmith, 2021).

QuACK is initialised as described in Section 6.6. Landgren et al. (2016), Martinez-Rubio et al.
(2019) and Lalitha and Goldsmith (2021) all present gossip-based algorithms. Thus, they all
require the specification of a gossip matrix, and the general consensus amongst the authors is to
select the matrix based on Equation (6.4). These algorithms have other hyperparameters and

the specific values used in our experiments are listed below.

e Coop-UCB (Landgren et al., 2016): v = 1.01 controls the exploration and was chosen
based on the empirical results of existing work (Martinez-Rubio et al., 2019; Lalitha and

Goldsmith, 2021).

e DDUCB (Martinez-Rubio et al., 2019): n = 2 and ¢ = /22 control the exploration and
the approximation error, respectively. These values were chosen based on Theorem 3.2 of

Martinez-Rubio et al. (2019).

e DecTS (Lalitha and Goldsmith, 2021): n = m is the learning rate and was chosen based
on Theorem 1 of Lalitha and Goldsmith (2021).

Figure 6.2 compares the group regret of each algorithm across various graph structures with
m = 196 agents. For UCB-based algorithms, we observe that QuACK significantly outperforms
Coop-UCB and DDUCB. These empirical findings support the claims that were made based on
the theoretical results in Section 6.5. For Thompson Sampling algorithms, QuACK is competitive
with existing work on the cycle and grid structures, and performs significantly better on the star
structure, also supporting our theoretical claims. These empirical findings are consistent over

the various graph sizes. See Figures B.15-B.17 of Appendix B.2.
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Figure 6.2: The group regret of various cooperative multi-armed bandit algorithms on the cycle,
grid and star graphs with m = 196 agents.
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Figure 6.3: The final round group regret as a function of the network size in the cycle, grid and
star graphs.

Figure 6.3 visualises the group regret at the end of the final round as a function of the network
size for each graph structure. Notably, it shows that Coop-UCB and DDUCB have group regrets
that display an unpleasant scaling with the number of agents in the network. Conversely, the
group regret of QUACK-UCB, QuACK-TS and Dec-TS have a shallower gradient, indicating a

better dependence on the network size and topology.

6.7.2 Heavy-Tailed Bandits

Following Dubey and Pentland (2020a), the experiments in this subsection utilise standard a-
stable densities for the reward distributions. Specifically, & = 1.9 and the location of the densities

were chosen such that:

0.7 ifa=1
Ha =
04 ifa#l
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where A ={1,2,--- ,5}.

QuACK was initialised as described in Section 6.6. Further, the single-agent bandit algorithm
was chosen to be the Robust UCB algorithm with the truncated mean estimator (Bubeck et al.,
2013a) to facilitate a fair comparison with existing algorithms. Dubey and Pentland (2020a)
obtain the best theoretical guarantees for CMP-UCB and this algorithm partitions the graph
into disjoint subsets. Each of these subsets has one leader that uses the robust upper confidence
bound algorithm with the truncated mean estimator. Following their guidance, the leaders were
selected so that they form the maximal weighted independent set of each graph. CMP-UCB was
ran with 1, 2 and 4 leaders on each graph. Notably, with 1 leader CMP-UCB should outperform
QuACK. With > 2 leaders, QuACK is expected to perform best.

Our experiments in the heavy-tailed setting consider only the cycle network structure with
m € {16, 36,64} agents. These experiments use a smaller number of agents and fewer rounds
because the computational complexity of computing the truncated mean estimator grows linearly
with the number of reward samples for each action. This implicitly depends on the network size

in the multi-agent setting.

Cycle (16 Agents) Cycle (36 Agents) Cycle (64 Agents)
le3 le3 le3
2 -
= 2 2
o #« QUACK
L)
E',‘ . ® CMP-UCB1
< 1 14 m CMP-UCB 2
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D L T T T D L T T T D L T T T
0 1000 2000 ] 1000 2000 0 1000 2000
Round (t) Round (t) Round (t)

Figure 6.4: The final round group regret as a function of the network size on cycle graphs of
varying sizes.

Figure 6.4 displays the group regret for the various cycle and grid graphs. From Section 6.5,
QuACK is expected to perform best when CMP-UCB has more than one leader. Notably, the

experimental results align exactly with the theoretical predictions.
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6.8 Conclusion

This chapter presents a generic black-box framework for extending any single-agent bandit al-
gorithm to the multi-agent setting. Under mild assumptions on the bandit environment, we
show that our black-box algorithm preserves the theoretical guarantees of the chosen algorithm,
seamlessly transferring its regret bounds from the single-agent case to the multi-agent scenario.

Furthermore, this generality does not appear to sacrifice empirical performance.

For the standard bandit setting, Algorithm 6 can be combined with any minimax-optimal single-
agent algorithm to achieve minimax-optimal performance in the multi-agent case, up to an
additive graph-dependent term. However, this lower bound is tight only in the complete graph
setting, where each agent can communicate with every other agent in the network. This limita-
tion highlights an important gap: the current lower bound does not fully capture the effect of
graph structure and communication delays. Establishing graph-dependent lower bounds remains

an open problem.

Finally, an interesting extension of Algorithm 6 would be to allow each agent to run an inde-
pendent bandit algorithm alongside the queuing mechanism. However, establishing theoretical
guarantees for this variant would require addressing the intricate dependencies introduced by
information sharing. In particular, the resulting probability measure of the chosen algorithm
may deviate from those in the original bandit environment. A natural first step in this direction

would be to analyse the case where all agents employ the same bandit algorithm.
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Chapter 7

Pairwise Comparisons

This chapter contains preliminary research that came out of an academic visit to Tiibingen
University. This was conducted under the supervision of Claire Vernade, Ciara Pike-Burke and

Sarah Filippi.

7.1 Introduction

Traditionally, bandit and reinforcement learning problems rely on reward-based feedback. Here,
the rewards assign each action or sequence of actions a numerical value that guides the decision-
maker toward optimal behaviour. Providing the agent with reward-based feedback has led to the
development of algorithms that are highly successful across various domains, such as data-centre
cooling (Luo et al., 2022), game-playing (Silver et al., 2016), healthcare (Trella et al., 2024) and

e-commerce (Zhang et al., 2024), just to name a few.

However, reward-based feedback is often impractical or inefficient in real-world applications. This
is particularly true in robotics, where rewards often require human input. Here, the reward for
selecting an action is often hand-engineered to encourage specific behaviours. Designing these
reward functions is labour-intensive and prone to unintended consequences. These unintended
consequences occur when the agent selects actions in a way that technically maximises their
reward, but the actions deviate from the intended behaviour. This is commonly referred to as

reward hacking (Amodei et al., 2016; Skalse et al., 2022; Knox et al., 2023).
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Providing reward-based feedback is not the only signal that an agent can use to learn near-optimal
behaviour. One alternative is to have the agent pick a pair of actions and ask the environment
which of these actions they prefer (Yue et al., 2009). For example, this could involve the agent
selecting a pair of movies and asking the environment, which could be a human in this case, for
their preference. Eventually, with enough action-action-preference feedback, the agent should be

able to learn the preferable actions.

Recently, there has been a resurgence of interest in learning from pairwise comparisons due to
its success in fine-tuning large language models (Christiano et al., 2017; Ziegler et al., 2020; Bai
et al., 2022). The main idea behind relative feedback is to address the issues that make providing
reward-based feedback challenging. For instance, how should you assign a numerical score to a
sequence of text? Providing this form of feedback is difficult and time-consuming. Conversely,

it is much easier to read two pieces of text and state a preference.

This chapter proposes an algorithm that sequentially learns to maximise the preferences of the
environment from pairwise comparisons. Section 7.2 formally introduces the problem setting
under consideration. Then, Section 7.3 summarises the related work. Subsequently, Section
7.4 introduces the proposed algorithm and provides guarantees on its worst-case performance.

Finally, Section 7.5 presents a discussion and highlights possible improvements.

7.2 Problem Setting

Throughout, A = {1,2,---,k} will denote the set of actions. Further, P, € [0,1]*** will
denote the preference matrix, where each entry corresponds to the unknown probability of the
environment preferring each action to another action. The only assumption imposed on the

preference matrix is that it satisfies the following equality:
P, +PI'=11"7.

Concretely, Py (a > a') will represent the probability that the environment prefers action a to
action a’ and is the entry in the a-th row and a’-th column of the matrix P,. The assumptions

imposed on the preference matrix guarantees the following:

P (a>d)=1-P,(d > a) (7.1)
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for all (a,a’) € A x A.

Just like the multi-armed bandit problem, the interaction between the agent and the environment
occurs at discrete points in time. However, the agent cannot ask for direct feedback on the quality
of each action. Instead, they can only ask for a preference between pairs of actions. Therefore,
the agent must select two actions that they would like to compare in every round. Suppose
(A, A}) € A x A were chosen in the t-th round. Then, the environment is assumed to randomly

generate their preference as follows:
X, "< Bernoulli (P, (A, = A))) .

Throughout, it will be assumed that the agent can use a pair of policies to select their actions.
These policies can depend on past information and can use randomisation. Formally, this means

that:

At ~ ’ﬂ't(') Where ’ﬂ't(a) = IED (At = G/‘Al,All,Xl, s 7At,17A271,Xt71)

A} ~my(-) where mi(a) =P (A} =a|A, AL, Xy, A1, AL X))

Generally, m; and 7, do not have to be identical. Furthermore, this could be relaxed by letting
the agent sample pairs of actions from a joint distribution or allowing A} to be chosen with

knowledge of the value of A;. This possibility will not be explored here.

Typically, real-world applications have access to two quantities, namely a reference policy and
an existing dataset (Christiano et al., 2017; Ziegler et al., 2020; Bai et al., 2022). This chapter
focuses on problems where an agent is given access to these two sources of information and can

leverage them to guide their decision-making. First, m.s will denote the reference policy:

et + A — (0, 1]}f such that 1= Z Tref(@) .
acA
The reference policy represents a known distribution over the actions that is either currently
used in practice or has been demonstrated to have desirable properties, such as high user en-
gagement. This is often the case in applications involving large-language models (OpenAl, 2019).

Second, H,,_, will denote an offline dataset, which we will assume has been collected by following

off
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the reference policy:

Hyoo = {(At, A, X3) 1 Ay ~ Tret() A ~ Tret(+) , Xy ~ Bernoulli( Py (A4, = A)))} (7.2)

where nog € N denotes the number of pairwise comparisons in the existing dataset. This dataset
is available before any interaction with the environment takes place and is motivated by what is

done in practice (Ziegler et al., 2020).

Finally, we will constrain the agent to updating the pair of policies at the end of pre-determined
rounds. The rounds where updating is permitted is often referred to as the grid in the batched

bandit literature (Perchet et al., 2015; Gao et al., 2019; Ren et al., 2021; Sawarni et al., 2024):

T:{tl,tg,-“ ,tm} with negg+1=t1 <ta <---<ty,, =n. (73)

Here, t; denotes the round associated with the start of the j-th batch and ¢,, denotes the round
associated with the final decision. Equation (7.3) does not preclude the fully-online setting,
where t; 11 = t; + 1. However, fully online decision-making is difficult to execute in real-world
applications, especially when collecting feedback involves humans (Kittur et al., 2008). Procedure

7.1 summarises the sequential decision-making process under consideration.

[ Procedure 7.1: Batched Learning with Pairwise Comparisons

Input.
e Existing Dataset: Hy = H,_,, of the form given in Equation (7.2).
e The Grid: T of the form given in Equation (7.3).
For j € {1,2,--- ,m—1}:
e Agent. Computes m;; and 7,
e Forte {t;t;+1,--- ,tj41 — 1}

1. Agent. Selects Ay ~ () and A} ~m; (:)

2. Environment. Reveals X; = 1{A; = A,} ~ Bernoulli(P,(A; = A}))

e Agent. Updates H,

tiv1—1 =

tiy1—1
Htj—l U {At, A;, Xt tJ:+tlg
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To summarise, the offline dataset and batching scheme are given as input. Subsequently, each
batch begins with the agent computing a pair of policies, which are then used to collect additional

preference data. Finally, the preference dataset is updated at the end of the batch.

7.2.1 Measuring Performance

Procedure 7.1 is missing crucial details, such as: how should the agent compute the policies at
the start of each batch? Naturally, this depends on the objective, which will be introduced in

this subsection.

This chapter focuses on the identity preference optimisation objective (Azar et al., 2024). In-
formally, this objective asks the agent to find a policy that generates actions that are preferred
to those generated by the reference policy, but is not too far away from the reference policy.

Formalising this objective requires some definitions.

Let 7 and 7" denote a pair of policies, which represent distributions over the set of actions. Then,

the probability of preferring action a to policy 7’ is defined as follows:
(a = 7") ZP a=ad)n'(a). (7.4)

Next, the probability of preferring policy 7 to policy 7’ has the following definition:

(=) =Y Plarn)w(a) =Y > Pua=d)r(a)n(a).

acA acAa’ €A

Azar et al. (2024) introduced the idea of identity preference optimisation. Formally, the qual-
ity of policy 7 is measured as the regularised probability of beating the reference policy myef.

Mathematically, this is defined as follows (Azar et al., 2024):

Q* (7T7 71—ref> - P* (71— - Wref) - ’r]DKL(ﬂ— || 7Tref) (75)

Here, DkL(7 || Tref) = D44 ™(a) In(7(0)/7e(a)) is the usual definition of the relative entropy
between distributions. Further, n > 0 denotes the strength of the regularisation and penalises

policies that are too far away from the reference policy, as measured by the relative entropy.
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Naturally, the optimal policy is defined as the maximiser of Equation (7.5):

T, = arg max Q, (7, Tref)
well

where II is the set of all probability distributions over the actions. Azar et al. (2024) show that
the optimal policy for the preference matrix P, and reference policy 7 can be computed in

closed-form:
Tref (a) exp <4P* (a:ﬂ'ref)>
T (CL) = 7 (7T f) (76)

where

k
1
Z* ('/Tref) - Z Tref (a) exXp (TIP* (a - ’/Tref))
a=1

is referred to as the partition function. Throughout this chapter, we will define the regret as the

cumulative sub-optimality of the sequence of policies computed by the agent:

n

Ry(m P = > (Qu (e, Mrer) — max {Qu (mr, Trer) , Qi (7], Trer) }) (7.7)

t=nos+1

where m = {7, mi}i, . denotes the sequence policies that are used to select the actions in
each round of the interaction. Equation (7.7) measures the difference between the regularised
preferences of the optimal policy and the better of policies m; and 7;. Naturally, we want to
minimise the regret. This objective is natural when P, represents the unknown preference matrix
for a human or population of humans. For instance, in recommender systems, user satisfaction
depends only on the best presented option, rather than the individual quality of all presented
choices. What ultimately matters is whether at least one of the policies produces actions that

are close to those generated by the optimal policy.

7.3 Related Work

The shift from absolute to relative feedback presents practical advantages and interesting the-
oretical challenges. This section presents an overview of the existing literature on the topic of
learning from pairwise comparisons, with a particular emphasis placed on methods that come

with performance guarantees.
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7.3.1 Duelling Bandits

Yue et al. (2009) were the first to consider learning from pairwise comparisons with bandit feed-
back, which is commonly referred to as duelling bandits. The literature on this topic is vast.
Therefore, only a brief summary will be provided here. See Bengs et al. (2021) for an extensive

survey of the literature on duelling bandits.

Briefly, the problem setting is very similar to Procedure 7.1. However, there are some notable
differences. First, H,_, = 0§ and T = {1,2,--- ,n} so that the agent can change their distribution
over the actions every round, as was the case in the standard multi-armed bandit problem from
Procedure 2.1 of Chapter 2. Second, there is no reference policy. There are numerous variants
of the duelling bandit problem. These variants depend on the assumptions that are made on the

preference matrix P.

Typically, it is assumed that there exists an action that is preferred to all other actions:
/ 1 /
Ja € A such that P.(a > a') > 3 for all a’ # a.

Here, modifications of the algorithmic principles for the multi-armed bandit have been proposed.
For example, authors have built on the upon upper confidence bound algorithm (Zoghi et al.,
2014, 2015b), Thompson Sampling (Wu and Liu, 2016; Li et al., 2020) and successive elimination
(Yue et al., 2009; Yue and Joachims, 2011), just to name a few. Jamieson et al. (2015) highlight
that an action that dominates all other actions need not exist. This motivated the introduction
of various other problem settings and algorithms (Jamieson et al., 2015; Zoghi et al., 2015a;

Dudik et al., 2011).

7.3.2 Reward-Based Preferences

Recently, there has been a renewed interest in learning from pairwise comparisons. Similarly to
the duelling bandit problem, it is common to place additional assumptions on preference matrix
P,. The most common is to assume the existence of an underlying reward function (Zhu et al.,

2023; Xiong et al., 2024; Zhan et al., 2024a; Xie et al., 2025):

P.(a = d') =o(r(a) —r.(a")) (7.8)
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where r, : A — R can be interpreted as an unknown latent expected reward function and
o : R — [0,1] is a monotonically increasing link function that is known in advance. The reward
function is latent in the sense that rewards cannot be observed directly. Equation (7.8) is known

as the Bradley-Terry assumption (Zermelo, 1929; Bradley and Terry, 1952).

The existing literature partitions into methods developed for the offline and online settings.
Chapters 4-6 all focus on problems in the online setting, where the agent must carefully balance
exploration and exploitation. However, we have not discussed the offline setting. Briefly, the
offline learning setting assumes access to a static dataset of pairwise comparisons and does not
permit the collection of any more information. Therefore, the methods developed for this setting

focus on learning near-optimal policies using only H,,_... Typically, algorithms developed for the

it
offline reward-based setting estimate the latent reward function via maximum likelihood and
implement the pessimistic principle (Zhu et al., 2023; Xiong et al., 2024; Zhan et al., 2024a).
The pessimistic principle is similar to, but different from, the optimistic principle introduced
in Chapter 2. For learning from pairwise comparisons, the pessimistic and optimistic principles
would both adjust an estimate of the latent reward for each action based on uncertainty. However,
they do so in opposite directions: pessimism subtracts the uncertainty, whereas optimism adds
the uncertainty. This may seem symmetric, but there is a subtle difference that makes optimism
unappealing for the setting of offline learning. Section 2.2 of Chapter 2 explains that optimism
encourages exploration of the lesser-chosen actions by over-estimating the rewards. However,
the setting of offline learning does not permit interaction with the environment, meaning that
optimism can lead to learning policies that assign a high probability to under-explored actions
that only appear promising due to a lack of information. Conversely, pessimism penalises the
estimated expected reward of each action based on whether there is sufficient evidence to trust

their estimated value. This encourages the learning policies that place a high probability on

actions that have a high latent reward and are well-represented in the offline dataset.

Offline Learning. Currently, the existing algorithms developed for the offline reward-based
setting estimate the latent reward function via maximum likelihood and implement the pes-
simistic principle (Zhu et al., 2023; Xiong et al., 2024; Zhan et al., 2024a). Here, the offline
dataset is used to compute the maximum likelihood estimator and to construct the confidence

sets. Zhu et al. (2023) and Xiong et al. (2024) both assume that the latent reward function is
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linear:

re(a) = (a,64),

where 6, € R? is an unknown parameter vector. This assumption, along with assuming that the
offline dataset was collected as per Equation (7.2), leads them to devise pessimistic estimators
which are then used to select a policy. Zhu et al. (2023) focus on using the offline dataset to

learn the policy that maximises:

J(m) = ru(a)m(a)

acA
which is the expected latent reward. The authors propose selecting the policy that maximises a

pessimistic estimate of the latent reward function:

= argmax min Z(a, 0)m(a)
mell  0€Ong "=
where II denotes a class of policies and 0, denotes a set of statistically feasible parameter
vectors that was constructed using an offline dataset containing n.g pairwise comparisons. Xiong
et al. (2024) focus on finding the policy that maximises the regularised expected reward: J(m) —
7 Dgy (7 || Tref), where n > 0 is a hyperparameter controlling the amount of regularisation. Both
Zhu et al. (2023) and Xiong et al. (2024) utilise existing concentration results presented in
Hsu et al. (2012) to construct their confidence sets. Zhan et al. (2024a) also consider applying
the pessimistic principle in the regularised setting and extend the theoretical results to handle

scenarios where r, is potentially non-linear.

Online Learning. The other problem setting that has been considered in the literature allows
the algorithm to interact with the environment. This is the online learning setting. Xiong
et al. (2024) develop an algorithm for minimising the regret against the maximiser of: J(7w) —
7 Dkp (7 || Tref). The algorithm uses an asymmetric algorithmic design where one action is drawn
from a policy that is greedy with respect to the maximum likelihood estimator. The other action
is drawn from a distribution that carefully balances exploration and exploitation on the set of
promising policies. Xie et al. (2025) consider the pure exploration setting, where there is an
existing reference policy and the objective is to use online interactions to produce a single policy
at the end that is nearly optimal. This setting does not consider the sub-optimality of any policies
that were produced within the interaction. Xie et al. (2025) directly optimise the parameters

of the policy using the log-likelihood; an idea introduced by Rafailov et al. (2023). However,
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they introduce an optimistic bonus into the log-likelihood objective to encourage exploration.
The policy that is outputted by their procedure is the one that maximises performance on a

validation dataset, and this is the policy that comes with theoretical guarantees.

Limitations. The widely used Bradley-Terry model, as expressed in Equation (7.8), rests on a
strong assumption: the existence of a latent reward function. This modelling assumption implies
increasing the latent reward will increase the probability of preference. Consequently, the reward
function can be used to order the actions in terms of their preferences. Furthermore, this implies

that it is limited to learning transitive preferences:

1
P.(a=ad)> 3 and P.(a' =ad")> = = Pa=d")>

N —
N

There are many real-world problems where humans have been shown to violate this modelling
assumption, such as law, biology and economics (Tversky, 1969; Klimenko, 2015). This is particu-
larly concerning because the main attraction of pairwise comparisons is the promise of replacing
the task of designing, or eliciting, reward-based feedback with stating a preference. Yet, the
most-studied model is restricted to learning models that may not capture the nuances of the

humans that are providing the preference-based feedback.

7.3.3 Reward-Free Preferences

The other category of literature does not impose any assumptions on the preference matrix
P,. This approach was first tackled in the duelling bandit literature, where several alternative
notions of optimality were proposed (Dudik et al., 2011; Jamieson et al., 2015; Zoghi et al.,
2015a). Among these, a variant of the von Neumann Winner has been studied in the regularised

setting:

T, = arg max min Z P.(a = a)r(a)m(a') — n(DkL (7 || Tret) — Dxp (7" || Tret) ) - (7.9)
T ! a.a’

Equation (7.9) defines the optimal policy as the distribution over actions that is at least as

preferable to any other distribution over actions.

Offline Learning. Ye et al. (2024) consider the reward-free setting with the objective of learn-
ing the policy defined in Equation (7.9). The proposed method uses maximum likelihood estima-

tion to estimate the unknown preference probabilities and implements pessimism by constructing
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confidence sets around the estimator. Their approach selects the following policy:

= arg max rr71T1,n Pénpin Z P(a = d')m(a)m(a’") — nDkr (7 || mret) + 1 D (7 || Tret)
™ Toff a.a

where P,,_,. denotes the set of statistically feasible preference matrices that is constructed with

off

the offline dataset.

Online Learning. Ye et al. (2024) also study the online learning setting. Specifically, the
authors consider a batched deployment strategy, where each batch consists of a fixed number
of samples. Their theoretical analysis aims to establish sample complexity bounds, determining
the total number of samples required to obtain an e-optimal policy. Their approach is similar to
the approach taken in the reward-based setting (Xiong et al., 2024). Specifically, Ye et al. (2024)
propose an asymmetric algorithm that computes a pair of policies at the start of each batch. The
first policy is greedy with respect to the maximum likelihood estimator, which requires solving
the same min-max problem as in the offline setting. The second policy is designed to generate

actions that maximally reduce the uncertainty.

Limitations. Even if P, were known, exact computation of the optimal policy in Equation
(7.9) is generally intractable. Munos et al. (2024) proposed a mirror-descent style algorithm that
approximately solves the minimax problem for a given preference matrix. This has last-iterate
convergence, which is especially useful in the setting of large-language models. Nevertheless, the
methods analysed by Ye et al. (2024) are still challenging to implement due to the inner minimi-
sation over the set of statistically plausible preference matrices. Consequently, approximations

are required, and the theoretical guarantees they provide need not hold.

7.4 An Algorithm for Identity Preference Optimisation

Here, we seek to design an algorithm for the problem setting introduced in Section 7.2. Our
main aim is to develop an algorithm that can be implemented efficiently and keeps the regret of
Equation (7.7) as small as possible. This means that, in each round, we only need one of the
policies to converge to the optimal policy of Equation (7.6). This is because the regret depends

only on the policy that generates the highest regularised probability of beating mes.

Equation (7.6) is particularly instructive and it provides a closed-form expression for the optimal
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policy. This closed-form expression can be used to derive the optimal policy that corresponds
to an arbitrary preference matrix. Therefore, a natural strategy is to use all of the existing
information to estimate P,. Generally, as long as this estimator converges to the unknown pref-
erence probabilities sufficiently fast, it should be possible to obtain sub-linear guarantees on the
regret. Previous works, which consider different problem settings, have relied on the maximum
likelihood estimator for estimating preferences (Zhu et al., 2023; Ye et al., 2024; Xiong et al.,
2024; Zhan et al., 2024a,b; Xie et al., 2025). However, importance-weighted estimators offer an
alternative that has been under-explored in the context of learning from pairwise comparisons.
The idea of importance weighting goes back to at least Horvitz and Thompson (1952). More
recently, it has been widely used in offline contextual bandits (Dudik et al., 2011; Swaminathan
and Joachims, 2015; Wang et al., 2024) and adversarial bandits (Auer et al., 1995; Stoltz, 2005;
Auer et al., 2002b).

Traditionally, importance-weighted estimators are used to obtain an unbiased estimate of the
relevant quantity by re-weighting the dataset based on the probability of selecting each action.
However, for pairwise comparisons, each round involves selecting two actions. Therefore, the
standard importance-weighted estimator would have to re-weight the dataset using the proba-
bilities of selecting both actions in each round. This strategy would increase the variance of
the estimator. Fortunately, Equations (7.4) and (7.6) suggest that the quantity that needs to
be estimated is the probability of preferring each action to the reference policy. Indeed, we
can get samples from this distribution by sampling one of the actions from the reference policy.

Therefore, we propose setting:

71'2() = 7Tref(')

for all £ > neg. This algorithmic choice reduces the number of quantities that need estimating
from k2 to k. Consequently, we propose the following re-weighting of the information collected

in the ¢-th round:
X (a) o l{At = CL} Xt . 1{At = a} 1{At b A;}
! B () B mi(a)

(7.10)

where 7; denotes the policy that was used to select A; and A} ~ 7;(-) = Ter. In Section 7.4.1, we
will show that using 7}(-) = 7ef(-) guarantees that the expected value of X;(a) is Py(a > yef).

Then, P,(a > mer) will be estimated using all of the available information at the start of the
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j-th batch:
. 1 — .
Pji(a > Trer) = Xi(a). (7.11)

J t=1
Algorithm 10 provides the pseudo-code for our algorithm that uses Equation (7.11) for the task

of identity preference optimisation.

Algorithm 10 Importance Sampling for Identity Preference Optimisation
Input. H,_, = {4 A}, X }7o% the offline dataset, T = {1+ nog = t1 < ta < -+ < ty, = 0}
the batching scheme, ¢ the reference policy and n > 0.
for j=1,2,--- ,mdo
Compute Pj(a = Tret) via Equation (7.11)

Pj(armyer)
n

Compute 7¢; o Tref (@) exp (

fort=1t;,t;+1,---t;41 —1do
Set mi(-) = my, (- )
Select Ay ~ my(+) and A} ~ rer(+)
Receive X; = 1{A; > A}} and update H; = H;_1 U {A, A}, X¢}
end for
end for

Briefly, Algorithm 10 selects 7, greedily by plugging in the estimated probability of preferring
each action to the reference policy into the form of the optimal policy. This policy is stochastic,
and this guarantees exploration. Further, always playing the reference policy ensures that the
preference dataset collected in each batch can be used to accurately estimate Pi(a > yef).

Theorem 7.1 provides an upper bound on the regret for Algorithm 10.

Theorem 7.1. Let H,

noge D€ the offline dataset that has been provided as input and collected as per

Equation (7.2). Then, Algorithm 10 with an arbitrary predetermined grid T = {t1,t2, - ,tm}

satisfies the following with probability at least 1 — 20:

21n(km(m+1))m 1 —t m—1
”1 D), > (tj+1 — 1) Dxpme || 7))

Jj=1 V -1 j=1

R, (7, P,) <

where

a= min m(a)>0
(axt)EAXT

denotes a positive lower bound on the probability of selecting an action.
Proof. See Section 7.4.1. O

Theorem 7.1 provides a high probability upper bound of the regret of Algorithm 10. This
guarantee is stated for an arbitrary predetermined grid, and it can be used to compute an upper

bound on the regret for various special cases, such as the arithmetic and geometric grids (Perchet
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et al., 2015). These grids are defined as follows:

E?ithmctic:{tl = noft + 1,12 :t1+Bv"' ,tm:tm,1+B:n}

Eeometrlc {tl = Noff + B07t2 =t + Bl7 ot =tpo + B™ = ﬂ}

where B is a parameter that controls the number of samples within each batch. Corollaries
7.1 and 7.2 present the upper bound on the cumulative regret for 7.2 and 7.2

arithmetic geometric?

respectively.

Corollary 7.1. Let H, , be the offline dataset that has been provided as input and collected
as-per Equation (7.2). Then, Algorithm 10 with T = T2

arithmetic

satisfies the following:

km (m+1)
2 (e

m—1
. B
R (m,v) < - ( = +2Bv/n — neg — (1—|—B)) —nB Y Dip(m.|m,)
off Ny
j=1

with probability at least 1 — 20.

Proof. Since T2 it follows that the number of samples collected within every batch is

arithmetic’

identical:

B=tjt1 -t

for all j € {1,2,--- ,m — 1}. Since the number of rounds within each batch is constant, it is
straightforward to calculate the total number of samples used to compute the policy in each

batch:

ti=B+tj1=2B+tj o=--=t +(j—1)B

=1l+ng+(j—1)B (7.12)

From Theorem 7.1, it follows that the remaining step is to control the summation:

m— 1 m—1
J+1 —t) - B L

= -1 ;,/tj—l

This summation is straightforward to control and can be upper bounded by an integral:
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m—1
B 1
Noft = Ve +(j—1)B

m—2 dx

B
<—+B R —
V Toff 0 Vnoff+B$

B

- 9B\/B(m — 2) + nug — 2B/nag
nOH—I— (m —2) 4+ nog Noff
B

§\/@+2Bm (Va—b>+/a—+bfora>b>0)
= \/% + 2B/t — (1 4 neg + B) (By Equation (7.12))
— \/%4_23\/71_”05_(14_3) (Since t,, =n.)
Plugging this upper bound on the summation into Theorem 7.1 gives the desired result. O

Corollary 7.2. Let H,_, be the offline dataset that has been provided as input and collected

as-per Equation (7.2). Then, Algorithm 10 with T = T2 cuic and B > 2 satisfies the following:
N ey -
- B 2B -1 ;
R, (m,v) < + vn—mn —1)— B Dy (7 || e,
(m) a (m () V) 7 2 P D)

with probability at least 1 — 20.

Proof. Since T2

geometric 10 follows that the number of samples collected within every batch grows

according to a geometric progression:

tiv1—t; =B,

Furthermore, it is straightforward to calculate to calculate the total number of samples used to

compute the policy in each batch:

7j—1
ti=ti 1+ B =t s+ B+ BT ==t + Y B
=1
j—1
:1+n0ﬁ+§:BZ
=1
B’ - B
=1 off + ——— 7.13
+ ot + 5 (7.13)

where the last equality follows from the summation being a geometric series. Notably, B > 2 in

the statement of the corollary. Therefore, Equation (7.13) is not infinite. From Theorem 7.1, it
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follows that the remaining step is to control the summation:

where the equality follows from plugging in ¢;1 —t; = B’ and Equation (7.13). This summation

is straightforward to control and can be upper bounded by an integral:

—

B & BJ
Sty
ol 5= \[nes + 5=
BI

B m—1
<o [ e
Vit Ju g+ BE=E
_ B 2B-1 \/BmlB+n B
= Vnen | In(B) B—1 oft = VTloft
B 2B—-1 /|Bm~1-B
< —-b> — Vb f >b>0
_\/@_Fln(B)“ 5= (Wa > /a—+/bfora>b>0)
B 2B—-1 /|B™—B
< +
~ Vot In(B) B-1
B 2B -1
=——F+ ——Vitm— (1 By Equati 7.13
- L, 2] I (Since t,, = n)
= T T n — Noft ince t,, =n
Plugging this upper bound on the summation into Theorem 7.1 gives the desired result. O
Corollaries 7.1 and 7.2 display how changing the grid impacts the performance. For Eﬁthmetic
and ngometric, the regret decreases as the offline dataset increases in size. Additionally, the guar-

antees suggest that increasing the regularisation strength makes the problem easier. Intuitively,
this is because the optimal policy is defined in terms of the reference policy. Equation (7.6)
shows that as n — oo, my — mer. Therefore, increasing the regularisation strength has the effect

of restricting the exploration to a smaller neighbour of policies around the reference policy.

Comparing 7.5, .. and Egometric directly is challenging due to the relative entropy term.
Indeed, more work is required to establish the rate at which the sequence of policies converges
to the optimal policy. This would be informative in selecting the batching scheme. Nevertheless,

the geometric grid does have a better leading-order term, which is especially pronounced when

considering larger values of B.
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7.4.1 Preliminary Results for Theorem 7.1

This subsection will prove some useful results related to Algorithm 10. First, we will verify that
the estimator in Equation (7.10) is unbiased. Subsequently, Lemmas 7.2 and 7.3 verify that the
estimated probability of preferring each action to the reference policy converges sufficiently fast.
Finally, we will establish a fact about policies of the form given in Equation (7.6). These results

will all be used within the proof of Theorem 7.1.

Lemma 7.1. Equation (7.10) is an unbiased estimate of the unknown preference matrix:
E [ Pjla = mer)] = Pula - Trer)

forall (a,j) € Ax{1,2,--- ,m—1}.

Proof. From Algorithm 10, T, = T;41 = -+ = T, —1 and 7y, is computed using the entire
historical dataset:

Hyon = {Ag, A X35

Consider ¢t € [t;,t;41) and note that the preference indicator, X, depends only on the pair
of actions that were chosen by the agent. Further, A; and A} are drawn from m, and e,
respectively. Therefore, the probability of observing a particular action-action-preference triple,

given the history, can be written as follows:
P(Ai=a,A=d Xy =a|H;;—1) =P(Xy = 2| A = a, A}, = d) m(a) mer(a’)

which follows from the fact that the preference indicator depends only on the pair of actions that

were chosen in the ¢-th round. Consequently, taking the expectation of X +(a) gives:

E j(t(a)|Htj,1} ~E [HAF@}XH tjl]

m(a)
H{A; =a} X
= E |:{7:tj(a)}t|Htj1:| (ﬂ't = 7th fOI te [tj,tj+1))
1
=—FE|1{A; =a} X; | Hs, _
A I R
1
= ZZ Z z1{ar =a}P (A = a1, A} = a2, Xy = x| Hy, 1)
7th(a,) a1 a2 z€{0,1}
1 /
=@ aZQIF’(At =a,A; =as X, =1|Hy,_1)

- %(a) Z P*(a - a’2) T, (a’) 7Tref(a2)
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= P*(a — 7Tref)

where the last equality follows from the definition given in Equation (7.4). Therefore, the law of

total expectation immediately reveals that Equation (7.11) inherits this unbiased property:

j—1tip1—1
el g el

i=1 t=t;
j—1tip1—1

: 2[s o

ti-13 =

j—1tip1—1

= t 1 CL - 7Tref

= P* (a - 7Tref)

which completes the proof. O

Next, we will use the fact that the estimator is unbiased to show that it converges sufficiently fast.
Notably, X +(a) of Equation (7.10) is itself a random variable and it is non-negative. Furthermore,

we make use of the following symbol:

= i >0 7.14
o= min  m(a) (7.14)

which defines « as a positive lower bound on the probability of selecting an action. This does
not need to be known for implementing the algorithm and it is only utilised for the theoretical

analysis. From Equation (7.14) it follows that:

0 < Xy(a) <

Q=

almost surely. These almost sure upper and lower bounds can be used to derive high probability

guarantees on how far f3j (a = mref) deviates from Py (a > Tyef).
Lemma 7.2. Fiz an action-batch pair (a,j) € Ax{1,2,--- ,m}. Let Hy_, be the offline dataset

collected as-per Equation (7.2). Then, it holds that:

P (Pj(a = Tref) — Pu(a > Tref) > e) <exp(—2(t; — 1) a262)

P (P*(a = Tref) — Pj(a = Tref) > e) <exp(—2(t; — 1) a?e?)
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for e >0 and « defined as per Equation (7.14).

Proof. Applying the Cramér-Chernoff method, as in Hoeffding’s inequality, gives the following
(Hoeffding, 1963):

P (Pj(a = Mret) = Pu(a > Treg) > 5) =P <tj_1 (Xt(a) — P, (a >~ Wrcf)) > (t; — 1) e)

t=1

t=1

S exp (—)\(tj — ].) E) E [exp <>\ JZ (Xt(a) - P*(G, > 77rcf)>>‘|

=P (exp </\ JZ: (Xt(a) — Pi(a > ﬂ'ref))> >exp (A(t; — 1) e))

where X is a free parameter that will be tuned later in the analysis. Next, define the following:

M, = exp ( Atf (Xu@) = Pula - M)))

t=1

which is the quantity inside the expectation of the previous display. From Algorithm 10 and
Procedure 7.1, it follows that samples within the same batch are independent, given the infor-
mation that was available at the end of the previous batch. Therefore, to start controlling this

term, we will partition the summation into the batches and apply the law of total expectation:

tj_1—1 tj—1

E [M,] =E |exp | A Z (Xt(a) — P.(a> Wref)) + A _Z (Xt(a) — P.(a > Wref))

ti—1

=E |M;_, exp|A Z (Xt(a)—P*(a>7Tref)>

t=tj,1

tj—1

=E|E [M_, exp | A Z (Xt(a) — P.(a > Wref)) | Hy, 1 (Law Tot. Expectation)

t:tj71

ty—1
=E |M; E |exp | A Z (Xt(a) — P.(a > Wref)) | Hy 1 (*)
L t:tj71
I tj—1
=E | M,_, H E [exp ()\ (Xt(a) —P.(a> ’/Tref))) |Htj_1,1} (Indep. within Batch)
L t:tj71
A2 (t; —t;—
<E[M,;_,]exp ((J82jl)) (Hoeffding’s Lemma)
!

where () uses the fact that M,

;-1 is Hy; , _1-measurable and the final line utilises the unbiased

property of X +(a) in conjunction with Equation (7.14) to apply Hoeffding’s Lemma. Repeatedly



Chapter 7. Pairwise Comparisons 191

applying these steps to the remaining batches gives:

E[M,] <E[M, ] exp (A2(tj—t]1))

82
A2 (tiq —ti_ Mt —t;_
<2 o s (2012 o (K1 —00)

A2 n Mty —t1) A (t —tj1)

() oo (S ) e (M)

A2 n, Aty —nog — 1 M2t —t;_
:exp( 8a;f)exp (<2 o >)...exp (( " 1>)

az(noﬂ+t2—noﬂ—1+t3—t2+~'-+tj—tj1)>

e (1)

Bringing everything together gives:

~ )\2
P (Pj(a = Tret) — Po(a@ = Tyet) > e) < exp (- (t; — 1) <)\e - w)) .
Choosing A = 4a?€? to minimise the upper bound completes the proof. The second inequality
in the statement of the result follows from the same arguments. O

Lemma 7.2 holds for a fixed action-batch pair. Therefore, it is necessary to apply a union bound

to obtain guarantees that hold for all action-batch pairs.

Lemma 7.3. Let H,,_,, be the offline dataset collected as-per Equation (7.2). Then, it holds that:

kj(j+1)
) . 1 lIl s
P El(a,j)EAXNIPj(Cl>‘7T7~ef)—P*(Cl>-7T7»ef)Za W S(S
) ln(kj(ngl))
P El(a/,j)EAXN:P*(&>‘7Tref)—Pj(a>‘7Tref)Za W S(S

where « is defined as per Equation (7.14).

Proof. From Lemma 7.2, it follows that:

P | Pj(a = mret) — Pu(a = Trer) >

Q|+
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P| 3(a,j) € AxN: Pj(a > met) — Pi(

where the last inequality uses the fact that the summation is telescopic. Applying the same
sequence of arguments to the second inequality gives an identical result and completes the proof.

O

Finally, Lemma 7.4 establishes a fact about policies of the form given in Equation (7.6). Specif-
ically, it shows that the difference in regularised preference between an optimal policy for a
given preference preference and any other policy is equivalent to the relative entropy between

the policies.

Lemma 7.4. Let P, € R*** and my : A — (0,1]F denote an arbitrary matriz and an arbitrary
policy, respectively. Define the reqularised preference function for each of these matrices as

follows:

Ql(ﬂ-aﬂ-ref) = Pl (7T - 7Tref) - nDKL(ﬂ- || 7Tref)
Then, it holds that:

Ql(ﬂ-17 7Tref) - Ql(ﬂ-27 7Tref) =0 DKL(T‘—Z || 771)
where m = argmax,. Q1 (7, Tref).

Proof. Expanding out the definitions of the regularised preference functions gives the following:

Ql(ﬂlaﬂ—ref) - Ql(ﬂ%ﬂ—ref> = Pl (7T1 >~ 7rref) - Pl (7T2 >~ 7Tref)
(7.15)

+ nDxr (72 || Tret) — NDKL (71 || Tref)

From Equation (7.6) and recalling that 7 is the maximiser of Q1 (7, 7ef) allows us to obtain the
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following closed-form expression for these policies:

Tret(@) €xXp (%Pl(a - wref))
ZP(ﬂ'ref)

71'1(&) =

where Z1(mer) = D,/ Tret(a’) exp (%Pl(a’ - Wrcf)). Rearranging this equality gives an expres-

sion for P;(a > 7yef) in terms of myq:

Py ((Z > 7Tref) =7nln (Zl (ﬂ-ref)) +nln (7:rlef((aa?)>

Plugging this into the preference probabilities of each policy over the reference policy allows us

to show that these probabilities can be rewritten in terms of relative entropies:

P (1 > Tyef) — P (2 > Tyef) = Z m1(a) Py(a = mpef) — Z ma(a) Py(a = mref)

- (;47?1 (77 I (Z1(ret)) :—G:In (2;(&)))) B %a::;a) (77 In (Z1(7rer)) +nln (;;f((aa))>>
:n;m(a)ln< ;)—n;ﬁz (Wref((a)»
D ) 1 3 mala (ﬂf((acf)) (Definition of Dy (- || -))

acA

— 0 Dkp (11 || Toet) =1 > Ta(a) ( ™ (a) ﬂz<a)>

€A
:nDKL(ﬂ-l||7Tref)_77l;7r2(a)ln<7rmf )—ngm ( Ezg)

_ 71 || Tref) — o || m2la)n rel)
= nDxwL(71 || Trer) — 17 Dkr(m2 || ref)+n§4 2(a)1 <7T1(a))

= nDxL(71 || mrer) — 7 Dw(m2 || meet) + 1 Dk (72 || 71)
Plugging this equality into Equation (7.15) gives:

Q1(m1, Tref) — Q1 (M2, Tref) = P1 (M1 = Tyef) — P1 (2 > Trer) + 1 Dkr, (72 || Tref) — 1DKL (71 || rer)
= 0 Dxr.(m1 || Tret) — 1 Dxr(m2 || Tref) + 1 D (w2 || 71) + n Dk (72 || Trer) — NDxL (71 || Tret)

= 1 Dxr(m2 || 1)

as required. O
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7.4.2 Proof of Theorem 7.1

Proof. Define the estimated regularised preference function corresponding to the j-th batch as
follows:

Qj(ﬂ-aﬂ-ref> = P]<7T - 7Tref) - nDKL<7T || 7Tref> .

for any m € II where II denotes the set of all probability distributions over actions. Further,

define the following bad events:

) 1n<kj(g+1))
By = El(a,j)EAXN:Pj(a>-7rref)—P*(a>-ﬂ'ref)Za W
) 1n<kj(g+1))
By = El(a,])GAXN:P*(a>-7rref)ij(a>-7rref)Za\W

which is the event where the estimated probability of preferring each action to the ground deviates
too far from the true preferences. From Lemma 7.3, it follows that the probability of either of

the bad events occurring can be controlled:
P(B1UBy) <P(B1)+P(B2) <26

Therefore, the probability that either of these bad events occurs can be controlled with arbitrarily

high probability. The remainder of the analysis will assume that the good event holds:
G = (Bl U Bg)c

where P(G) = 1 — P(B; U By) > 1 — 2§. This gives the lower bound on the probability with

which the guarantees hold.

From Algorithm 10, 7; = arg max, Qj(ﬂ', Tref) 1s chosen to be the maximiser of the estimated
regularised preference function. Expanding the per-round regret that is incurred by the policy

executed within the j-th batch gives the following:

Q* (71-*7 7Tref) - Q*(Trtj ) Wref) = Q* (77*7 7Tref) - Q* (7th ) 7Tref) + Qj (77*; 7Tref> + Q_j (7th ) 7Tref)
= [@u(ma ) = @, (ma moer)| (7.16)

+ (@071, ) = Qi mrer)| (7.17)
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Q; (T, Tret)

+ | Qi (mas Trrer) —

(7.18)

Equation (7.16) can be interpreted as the error associated with estimating the regularised pref-

erence function for the optimal policy. Equation (7.17) can be interpreted as the error associated

with estimating the regularised preference function for the policy executed in the j-th batch.

Finally, Equation (7.18) can be thought of as the optimisation error. These three terms will be

controlled separately.

Expanding Equation (7.16) and using the definition of preferences between policies gives:

(7.16) = Pu(my > Tyef) — P (s = mref) — 0 [DL (7 || Tres)

= P*(ﬂ'* > 7Tref) - Pj (77* - 7Tref)

=Y [P*(a - Tret) — Pj(a > Wrcf)] T (a)

acA

In (kJ (3+1)

1
«Q (t]

IN

1
a 2(t; — 1)

For Equation (7.17), the same steps yield an identical upper bound:

(7.17) = Pj(mj = Tret) — Pi(Tj > Tret) — 1 [DKL(mj || Tref)
= Z {Iz’j (a > mref) — Pi(a = ﬂ'ref)] 7w, (a)
acA
1 In (*2 J+1))
<= 77*(a)
« 2(t; — 1) =
1 In ((*4 J+1))
o« 2(t; — 1)

— Dkr (4 || 7ref)]

(Since G holds)

- DKL(T‘—tj H Wref)]

(Equation (7.4))

(Since G holds)

Finally, Equation (7.18) can be controlled by noticing that the policy that is executed in the j-th

batch is the maximiser of the estimated regularised preference probabilities. Therefore, Lemma

7.4 applies and this gives the following;:

(7.18) = —n Dkr (7 || 7, ).
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Bringing everything together yields an upper bound on the regret incurred in each round of the

j-th batch:

Qe (T, Tref) — Qu (e, Meer) = (7.16) + (7.17) + (7.18)

5 | (kj(g-s-l)
< 2= Dl m,)
e’ 2(tj—1) /

9 In (km (gn+1))
<A\ —57— 1 —nDPxu(m | m,)
e’ 2(%—1) /

Finally, summing across the rounds gives:

R, (71" V) = Z Q* (71'*7 71-ref) — max {Q* (ﬂ'tv 7Tref) 5 Q* (ﬂ'ref» 7Tref)}

t=nogr+1

n

Z Q* (71-*7 7rref) - Q* (7Tt7 7Tref)
t=no+1
m—1tjr1—1

Z Z Q* (ﬂ-*vﬂ'ref)_Q* (7Tta77ref)
j=1 t=t;

m—1tjr1—1

IN

=3 Z Qu (T, re) — Qs (Tt 5 Tvet) (my =y, for t € [t;,141))
=1

3 b

(thrl - tj) (Q* (71—*’ 7Tref) — Qx (7715]- , 71—ref))

1

21n(km(m+1)> . 1

J

IN

= Vil j=1

with probability at least 1 — 24, as required.

7.5 Conclusion

m—1
1—t5)
St S painding

This chapter, to the best of our knowledge, presents the first algorithm that comes with guaran-

tees on the regret in the setting of identity preference optimisation. Algorithm 10 is computa-

tionally efficient and based on importance-weighted estimators. Furthermore, it does not require

strong assumptions on the form of the unknown preferences and the theoretical guarantees hold

in settings of practical interest.

Theorem 7.1 shows that an appropriately chosen importance-weighted estimator yields sub-linear
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guarantees on the regret. These guarantees hold irrespective of the batching scheme. Corollaries

7.1 and 7.2 investigate constant-size batches and geometrically increasing batch sizes.

However, the guarantees depend on «, which denotes the minimum probability of selecting an
action in any of the rounds. The best-case scenario, which arises from maximising the minimum

action probability, would give:

7ell | acA

) 1
o < max {mlnw(a)} =%

where II is the set containing all probability distributions over A = {1,2,---,k}. Therefore,
Theorem 7.1 has an implicit dependence on the number of actions. This dependence, in the best
case, scales the leading-order term by a factor of k. Generally, & < 1/k and the precise value
will depend on the problem instance and the policies computed by the algorithm. Therefore, it is
of theoretical and practical interest to remove this dependence in the guarantees and potentially

obtain a better scaling with the number of actions.

There are several ways to push the dependence on « to a lower-order term that have been explored
in the offline contextual bandit literature, where a term similar to o appears. For example,
Bernstein-like arguments could have been used within the analysis. However, a would still
feature in the regret bound. Typically, the offline contextual bandit literature addresses the issue
of policies assigning a low probability to an action via clipping (Bottou et al., 2013; Swaminathan
and Joachims, 2015). For Algorithm 10, this would correspond to using the following re-weighting
of the existing preference dataset:

%,(a) = {A; = a} X,

max {7y, m(a)}

where v > 0 is a tunable hyperparameter. This guarantees a > v. However, the clipped version
of the estimator is not easy to analyse due to the max in the denominator. Alternatively, the
adversarial bandit literature has developed the implicit exploration estimator, which can be seen
as a smoothed version of clipping (Kocdk et al., 2014; Neu, 2015). Gabbianelli et al. (2024)
adapt this estimator for the offline contextual bandit problem. For Algorithm 10, this would
correspond to using the following re-weighting of the existing preference dataset:

DS o 1{At = G}Xt
Xla) = v+ m(a)
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where v > 0 is a tunable hyperparameter. Again, a > =y is guaranteed to hold for this estimator
too. Future research could utilise either of these adjustments to the importance-weighted esti-
mator within Algorithm 10. This will likely improve the a-dependence within the regret bound

of Theorem 7.1.
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Chapter 8

Conclusion

This thesis has studied several extensions of classical sequential decision-making models. These
extensions allow for the possibility of delayed feedback, cooperation, and feedback in the form of
pairwise comparisons. By studying these extensions, progress has been made towards bridging
the gap between the theoretical literature and practical applications. Section 8.1 summarises
the contributions the thesis makes to the existing literature. Section 8.2 presents avenues for
future research on the topics of delayed feedback, multi-agent bandit problems, and learning

from pairwise comparisons. Finally, Section 8.3 presents closing remarks.

8.1 Summary of Contributions

Chapter 4 focuses on the generalised linear bandit problem. Typically, algorithms for this prob-
lem setting are designed and analysed under the assumption of immediate feedback. However,
feedback is rarely immediate in practical applications (Chapelle, 2014; Villar et al., 2015; Trella
et al., 2024; Zhang et al., 2024). Prior work has investigated the impact of stochastic delays
in multi-armed bandit problems and has proven that stochastic delays increased the regret of
the agent by an additive term involving the expected delay (Joulani et al., 2013; Mandel et al.,
2015; Pike-Burke et al., 2018). However, this result had not been replicated in bandit problems
with structure, where existing algorithms suffered a multiplicative penalty caused by the delays
(Zhou et al., 2019; Blanchet et al., 2020). Therefore, we proposed a new algorithm for gener-
alised linear bandits with delayed feedback: Delayed OFU-GLM. Theoretically, this algorithm
is able to recover the additive delay-dependence from the multi-armed bandit setting. These

findings substantially improve upon the best-known regret bounds for the problem setting. This
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improvement was possible due to the construction of tighter confidence sets for the setting of
delayed feedback and the introduction of new analysis tools for separating the delays from the

difficulty of the learning problem.

Chapter 5 further investigated the impact of delayed feedback, but in the setting of episodic
reinforcement learning. Here, the existing literature was limited. Furthermore, it was unclear
whether it was possible to achieve regret bounds that separated the impact of the delays from the
difficulty of the episodic reinforcement learning problem (Lancewicki et al., 2022). Therefore,
we proposed two meta-algorithms: active updating and lazy updating. Rather than focusing
our analysis on a single algorithm, we built on prior work to obtain theoretical guarantees for
the class of optimistic model-based algorithms. For active updating, a strategy that updates
the policy as soon as new feedback arrives, we found that an additive delay-dependence can be
achieved without degrading the leading-order term for some algorithms. However, this was not
possible for the algorithms with better theoretical guarantees in the immediate feedback setting.
This arises because the algebraic parts of the analysis introduced delay-dependencies into what
usually become logarithmic terms in the regret bounds. Therefore, lazy updating was proposed
to avoid this penalty. This meta-algorithm introduces an algorithmic technique for handling
delayed feedback: waiting before updating the policy. We show that increasing the waiting pe-
riod geometrically can be used to separate the difficulty introduced by delayed feedback from
the difficulty of the episodic reinforcement learning problem. Consequently, when running lazy
updating with any optimistic model-based algorithm, we proved that the regret increases by an

additive term that involves the expected delay.

Chapter 6 was motivated by the growing need for distributed algorithms for decision-making
and explores the cooperative multi-agent multi-armed bandit problem. Previously, the litera-
ture addressing this problem all focussed on extending specific algorithms from the standard
multi-armed bandit problem (Landgren et al., 2016; Martinez-Rubio et al., 2019; Lalitha and
Goldsmith, 2021). This chapter introduced a novel black-box approach that uses a queue-based
technique to simulate a single-agent environment for any input bandit algorithm. Consequently,
the regret suffered by the network of agents can be related to that of the single-agent algo-
rithm in the queued version of the environment. This result holds for any multi-armed bandit
algorithm. Furthermore, it was shown that combining the black-box reduction with a minimax

optimal algorithm gives the first algorithm that achieves minimax optimality, up to an additive
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graph-dependent constant, in the multi-agent setting. Despite being more general, the guaran-
tees are competitive with or better than the existing case-by-case analyses. These guarantees
hold under mild assumptions about the bandit environment. Consequently, it is straightforward
to derive guarantees for numerous multi-agent extensions of other bandit problems. This was
demonstrated by investigating heavy-tailed bandits and duelling bandits, which were previously
of independent interest (Dubey and Pentland, 2020a; Raveh et al., 2024). Additionally, the black-
box reduction can be used to obtain the first theoretical guarantees for a multi-agent extension

of bandits with local differential privacy.

Finally, Chapter 7 explores learning from pairwise comparisons. Typically, prior work makes
use of the Bradley-Terry assumption (Zhu et al., 2023; Xiong et al., 2024; Xie et al., 2025).
This assumption restricts the learnable preference structures and, as such, may fail to hold in
settings where human-generated preferences are involved. This chapter advocates for the identity
preference optimisation framework (Azar et al., 2024). For this framework, a problem-specific
importance-weighted estimator of the preference probabilities was proposed. This estimator was
used to develop an algorithm that can be warm-started with an offline dataset and comes with
theoretical guarantees on the regret. These guarantees hold in settings where the updating
frequency is constrained, including constant and geometrically increasing batch sizes, which
better aligns with practical implementations. These guarantees establish initial positive results

for regret minimisation within the identity preference optimisation framework.

8.2 Future Directions

8.2.1 Delayed Feedback

There are several promising directions for extending the study of delayed feedback in structured
bandit problems. One natural approach is to build on the existing framework of Chapter 4,
exploring refinements and theoretical improvements under the same set of assumptions. These
extensions have been discussed in Section 4.9. Beyond these direct extensions, another avenue
for future research is to introduce additional complexities into the problem settings. These
additional complexities should consider relaxing the assumptions to develop practical algorithms

for real-world problems. For instance, the following modifications could be considered.

e Intermediate Rewards. Often, practical applications allow for a partial observation of

the rewards before they are fully observed. Eick (1988) considers such a problem in the
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context of clinical trials. Here, the agent is trying to identify the action that maximises
the expected survival time. Therefore, the delay and the reward are equivalent. For
applications in clinical trials, the agent may be permitted to observe whether each of the
previously treated patients has survived until the end of the previous round (Eick, 1988).
This additional information, which is directly related to the reward, could then be used
to improve the decision-making for future patients. Here, a natural approach would be
to combine the algorithmic principles from the bandit literature with the modelling tools

from survival analysis (Cox, 1984).

e Intermediate Observations. Esposito et al. (2023) consider a related problem of getting
to observe an intermediate state variable immediately after playing an action in the k-
armed adversarial bandit problem. This is different from the intermediate reward setting,
where new reward-related information becomes available for each of the previously chosen
actions at the end of each round. The single intermediate observation has been shown to
improve the theoretical guarantees in the adversarial multi-armed bandit problem (Esposito
et al., 2023). Investigating this problem setting within structured bandits would be of
practical relevance to online advertising and recommender systems. Here, an example
of an intermediate signal could be clicking the advert, and the reward could represent
a purchase. Recently, Zhang et al. (2025) have made steps towards understanding the
potential improvements that intermediate observations can offer and propose a variant of
Thompson Sampling for settings where the expected reward for each action is a linear

function.

e Reward-Dependent Delays. Other real-world applications might have delays that are
correlated with random values of the rewards. Conversely, Chapter 4 assumed that the
delays and the rewards were independent. However, failing to account for existing corre-
lations could lead to poorly-calibrated uncertainty quantification and lead to sub-optimal
decision-making. For instance, a negative correlation would have the effect of withholding
information for sub-optimal actions. Consequently, algorithms failing to account for this
correlation would keep selecting these actions in an attempt to reduce their uncertainty.
Ultimately, this would lead to worse performance. The reverse would be true if the correla-
tion between the delays and the rewards were positive. Here, the confidence sets will need
to be modified. Further, it is expected that efficient algorithms will exploit the correlation

between the delays and the rewards. This problem has already received attention in the
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multi-armed bandit setting (Lancewicki et al., 2021). However, it remains an interesting

problem that is unexplored in structured settings.

8.2.2 Multi-Agent Bandits

Section 6.8 of Chapter 6 outlines some specific extensions of the algorithm that we proposed for
the cooperative multi-agent bandit problem. Furthermore, it highlights the absence of graph-
dependent lower bounds for the multi-agent multi-armed bandit problem. However, the model
for sequential decision-making is quite far removed from reality. Future work could focus on
extending the ideas developed in Chapter 6 to problem settings that are closer to real-world

applications, some of which are listed below.

e Asynchronous Settings. One obvious pitfall with the model considered in Chapter 6 is
that all agents in the network make decisions at the same time. However, it is unrealistic to
expect this to be the case in real-world applications. For example, recommender systems
with geographically distributed servers will likely have different periods of peak activity due
to differing time zones. Here, the exact points in time where agents make their decisions
need not be the same. Prior work has explored communication strategies in such settings
(Sankararaman et al., 2019; Yang et al., 2021; Chen et al., 2023). The queuing approach
proposed in Chapter 6 might be useful in this setting. For example, the queues could be used
by the agents between making decisions. Investigating exactly how to adapt the queuing
idea to the asynchronous setting would be an interesting direction for future research that

would better model real-world applications.

e Constrained and Unreliable Communication. Chapter 6 assumes unrestricted and
perfect communication among the agents. This assumption is standard in the literature
that considers the same problem setting (Landgren et al., 2016; Martinez-Rubio et al.,
2019; Lalitha and Goldsmith, 2021). However, communicating information can be costly
and unreliable in real-world networks. For instance, we assumed that sending a message
was always successful. This need not be true in practice, as communication channels might
break and fail to deliver the message to the intended recipient with some probability.
Madhushani et al. (2021) have developed an algorithm based on the optimistic principle
for this problem setting. Investigating whether Algorithm 6 is robust to such scenarios
would be valuable for real-world problems, especially if degradation in performance can be

quantified in the regret bound. Alternatively, the agents might be limited in the number of
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messages they can send, or constrained in the amount of information they can put in the
messages. One approach to reducing the amount of communication would be to integrate
successive elimination strategies into Algorithm 6. These kinds of bandit algorithms have

shown effectiveness in communication-limited settings (Agarwal et al., 2022).

e Heterogenous Environments. Chapter 6 assumes a shared bandit environment across
all agents. However, in geographically distributed systems, the reward distributions may
vary between locations. Here, there are several interesting questions that could be asked,
as it is not clear what would constitute the optimal policy. Shahrampour et al. (2017)
focus on the setting where it is of interest to identify the action with the highest network-
averaged reward. However, some agents could end up playing an action with a low expected
reward in their own environment and be sacrificed to ensure better group performance. The
downstream consequences of this could lead to customers dis-engaging with the platform
due to receiving bad recommendations. Alternatively, Hossain et al. (2021) seek to learn
a distribution over actions that maximises the Nash Social Welfare. Currently, algorithms
for this objective appear to be difficult to implement and devising computationally efficient
alternatives would be of practical interest. Finally, one could allow for correlations between
the rewards generated by each of the bandit environments. Here, the focus could be placed
on analysing the regret of each agent individually and devising algorithms that exploit the

correlation to utilise feedback from the other agents to improve their own decision-making.

8.2.3 Pairwise Comparisons

Section 7.5 of Chapter 7 outlines some direct extensions of Algorithm 10. However, there are

other avenues for future research that appear promising.

e Large Action Sets. Chapter 7 assumes a finite number of actions. This is standard in the
literature and it is needed to ensure that computing the policy in closed-form is computa-
tionally feasible (Zhu et al., 2023; Xiong et al., 2024; Ye et al., 2024). This computational
challenge arises from the difficulty of evaluating the normalising constant when the action
space is infinite. Indeed, this is somewhat analogous to estimating the normalising constant
in Bayesian inference. However, Rafailov et al. (2023) circumvent this problem under the
Bradley-Terry assumption. They achieve this by considering a parametric class of policies
and reformulating the closed-form solution to express preference probabilities directly in

terms of the policy. This transformation allowed them to optimise policy parameters via
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maximum likelihood without ever having to explicitly compute the normalising constant.
Xie et al. (2025) build on this idea and analyse a variant of the approach for the pure
exploration setting. Nevertheless, extending theoretical guarantees for such an approach
without the Bradley-Terry assumption remains an open problem. Notably, Azar et al.
(2024) derive a similar loss function for the identity preference optimisation setting that
was considered in Chapter 7. This loss function could be used to optimise the parameters
of the policy directly. A promising direction for future research could take this approach

and look to develop provably efficient algorithms that scale to large or infinite action sets.

e Strong Convexity. The relative entropy regulariser is strongly convex whenever the
policy assigns positive probability to each action. This can be seen by computing the
Hessian. Recently Lan (2022) have shown that strongly convex regularisers can lead to
improved theoretical guarantees in reinforcement learning problems. Furthermore, strongly
convex objective functions are known to give faster rates of convergence in optimisation
(Garrigos and Gower, 2024). However, this fact is yet to be exploited when designing
algorithms for the setting of learning from preferences. Future research could look to
exploit the strong convexity of the relative entropy regulariser within the context of identity

preference optimisation objective function to devise faster algorithms.

8.3 Closing Remarks

The study of bandit and reinforcement learning problems has significantly advanced our un-
derstanding of sequential decision-making in uncertain environments. This has allowed us to
progress beyond the classical multi-armed bandit and episodic reinforcement learning problems
to obtain theoretical guarantees in problem settings that better reflect real-world applications.
The work conducted in this thesis shows promising results in simulated environments. However,
they are yet to be applied in a real-world application, and it would be interesting to assess their
effectiveness in such scenarios. Furthermore, deploying the algorithms in a practical application
would help to identify where the mathematical models of the environment fail to account for
real-world complexities and would generate interesting and practically meaningful directions for

future research.

Generally, the theoretical community has been highly successful in providing a rigorous under-

standing of isolated components of certain challenges that might arise in real-world problems.
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However, it is often the case that such problems involve combinations of many of these isolated
parts, and combining these methods is usually non-trivial. A more general direction for future
research could consider problem settings that are combinations of these isolated parts. This
would lead to the development of algorithms that better align with problems that often arise in
real-world applications. Despite being challenging, this approach has already found some success.
For instance, the challenge of balancing exploration and exploitation was initially addressed in
isolation (Thompson, 1933; Auer et al., 2002a). Subsequently, these algorithmic principles were
integrated with long-term planning methods to develop provably efficient reinforcement learning
algorithms (Jaksch et al., 2010; Russo and Roy, 2014). It would be exciting to see more success
stories where innovative and principled algorithms are derived for combinations of existing prob-

lem settings.

Beyond this, there are other differences between what works in theory and what is applied in
practice. Generally, Thompson Sampling and the optimistic principle serve as the starting points
for developing provably efficient algorithms. Yet, implementing these strategies in practice can
be computationally intractable, especially when the unknown expected reward function is non-
linear. Therefore, real-world applications frequently rely on different exploration strategies, such
as e-greedy or gradient-based approaches. While computationally feasible, e-greedy is far from
theoretically optimal in scenarios where key problem-dependent parameters are unknown. Ad-
ditionally, research on gradient-based methods for exploration is limited. Thus, further research
on the theoretical properties of scalable exploration mechanisms would be valuable. Recently,
there has been progress on this front (Mei et al., 2020, 2023). These results are promising but
are so far limited to the multi-armed bandit problem. Generalising these results to structured

bandit problems could yield insights that are immediately useful in practice.
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Appendix A

Useful Results

A.1 Concentration of Measure
Lemma A.1 (Hoeffding’s Inequality (Hoeffding, 1963)). Let X1, Xa,---, X, % p where each

X €[0,1] almost surely. Then, for any € > 0:

P(ft(n) — p>e€) < exp (—2ne®)

P(u—jt(n) > €) < exp (~2ne?)

where [i (n) = %2?21 X; denotes the empirical mean computed with n samples.

Lemma A.2 (Bernstein’s Inequality (Cesa-Bianchi and Lugosi, 2006)). Let {X;}7 be a se-
quence of independent and identically distributed oy-subgaussian random variables. Define S, =

X1+X2++Xn Then,

P (5 5l > S0 () 2 s s (})) <
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Appendix B

Additional Experimental Results

B.1 Chapter 5

Here, we present additional experimental results for the chain environments with H = S €
{5,10,20} and E[r] € {100,300,500}. In all combinations of chain length and expected delay,
our updating procedures give better empirical performance, especially for the delay distributions
with higher variances. For all expected delays, active updating gives the best performance.
However, our experiments indicate that lazy updating with o = 10 or 100 is comparable, as one
would expect based on the intuition that it is an approximation to active updating that converges

in the limit as o« — oo.

B.1.1 Chain Environment with H =S =5

Constant Delays Uniform Delays Poisson Delays Geometric Delays

600
e Active
Lazy(a =100)
o Lazy(a=10)
o Lazy(a=1)
o Explicit Exploration

0 5000 10000 0 5000 10000 0 5000 10000 0 5000 10000
Episode Episode Episode Episode

Figure B.1: Cumulative Regret (S = 5,E[r] = 100).
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Figure B.2: Cumulative Regret (S = 5, E[r] = 300).
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Figure B.3: Cumulative Regret (S = 5,E[r] = 500).
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Figure B.4: Delay Dependence (S = 5)
B.1.2 Chain Environment with H =5 = 10
Constant Delays Uniform Delays Poisson Delays Geometric Delays

1500 e Active
- o Lazy(a=100)
%1000 e Llazy(a=10)
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0
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Figure B.5: Cumulative Regret (S = 10, E[r] = 100).
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Figure B.6: Cumulative Regret (S = 10, E[r] = 300).
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Figure B.7: Cumulative Regret (S = 10, E[r] = 500).
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Figure B.8: Delay Dependence (S = 10)

B.1.3 Chain Environment with H = 5 =20
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Figure B.9: Cumulative Regret (S = 20, E[r] = 100).
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Figure B.10: Cumulative Regret (S = 20, E[r] = 300).
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Figure B.11: Cumulative Regret (S = 20, E[7] = 500).
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Figure B.12: Delay Dependence (S = 20)
B.1.4 Chain Environment with H =5 = 30
Constant Delays Uniform Delays Poisson Delays Geometric Delays

12000

10000 e Active
,, 8000 o Lazy(a=100)
13
S 6000 e lazy(a=10)
Q
= 4000 o lazy(a=1)

2000 e Explicit Exploration

0
0 50000 100000 0 50000 100000 0 50000 100000 0 50000 100000
Episode Episode Episode Episode

Figure B.13: Cumulative Regret (S = 30, E[r] = 300).
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Figure B.14: Cumulative Regret (S = 30, E[r] = 500).
B.2 Chapter 6

B.2.1 Cycle Graph

Figure B.15 displays the group regret for cycle graphs with varying numbers of agents. Here,
QuACK-UCB outperforms the other UCB-based algorithms on all network sizes. Furthermore,
QuACK-TS is competitive with DecTS, with the performance gap decreasing as the size of the

network increases.
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Figure B.15: The group regret of various cooperative multi-armed bandit algorithms on cycle
graphs of varying sizes.

B.2.2 Grid Graph.

Figure B.16 displays the group regret for grid graphs with varying numbers of agents. Here,
QuACK-UCB out performs the other UCB-based algorithms on all network sizes. Furthermore,
QuACK-TS is competitive with DecTS.
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Figure B.16: The group regret of various cooperative multi-armed bandit algorithms on grid

graphs of varying sizes.

B.2.3 Star Graph.

The star graph is a common sub-structure that appears in social networks. Figure B.16 dis-

plays the group regret for star graphs with varying numbers of agents. Here, QUACK-UCB out

performs the other UCB-based algorithms on all network sizes. Furthermore, QuACK-TS is

competitive with DecTS on the smallest star network. However, QuACK-TS achieves smaller

group regret for larger star networks.
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Figure B.17: The group regret of various cooperative multi-armed bandit algorithms on star

graphs of varying sizes.
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