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Abstract

We investigate the impact of transitive reduction on citation networks. Our hypothesis is that documents which
lose fewer citations under transitive reduction are likely to be multi-class (our definition of interdisciplinary),
while a large loss of citations suggests a document is primarily cited within a single class. We test this hypoth-
esis by using an artificial model of a citation network and by using data on citations from three sources: aca-
demic papers, court decisions and patents. Where needed, we applied modularity-based clustering techniques
on a network defined using the undirected version of the citation network to classify documents by communi-
ties. A cluster-dependent measure was then used to classify the nodes as multi-class or single-class. Our results
provide strong support for our hypothesis in all four cases.

Introduction

Citation data provide a useful way to study how knowledge develops across a collection of documents. Because
citations leave an explicit record of intellectual connection' 3, they allow one to examine not only the prominence
of individual documents, but also broader structural patterns in how ideas spread, persist, and influence later
work. This makes citation-based analysis a valuable tool for understanding the organisation and evolution of
document collections across a range of domains*~”.

Previous research has used citation patterns to study breadth, diversity, and the extent to which documents
connect otherwise distinct parts of the literature®'!. Citation-based indicators such as centrality and diversity
measures have also been used to study how documents or journals relate to multiple areas of research'>'4.
Related work has further shown that atypical combinations of prior knowledge can be associated with high sci-
entific impact'. These studies show that citation data can reveal several different aspects of cross-area influence,
although different measures capture different facets of that behaviour. In this paper, however, our aim is narrower;
we study how the citation count of a document changes under the removal of redundant edges, and how that
change relates to the distribution of the fields from which its citations originate.

Citation count is a commonly used measure to assess the influence of a document'®*’. Documents with high
citation counts are often considered significant, especially in the case of academic papers. However, relying on
citation count alone may compromise capturing broad cross-class influence®!. Citations may arise due to various
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motivations, including social or habitual factors, rather than genuine intellectual influence’>?*. In addition, many
citations may be redundant, since authors frequently draw information from more recent and up-to-date docu-
ments even when they also cite the older sources’*%.

Therefore, the influence of a document is not defined solely by its direct citations. Rather, a document may
have a wider, often indirect, effect on how a subject evolves. These aspects are naturally represented by a net-
work! ™, and citation networks provide a particularly useful framework for capturing them. In citation networks,
nodes represent documents, such as academic papers, patents, or legal decisions, while edges denote citations.
Here we adopt the convention that edges point backward in time from newer documents to the older ones they
cite. Consequently, the in-degree of a node represents its citation count, while the out-degree reflects the number
of references in its bibliography. The time ordering of the edges means that a citation network is a special type of
network known as a directed acyclic graph (DAG), whose unique properties we will exploit. More broadly, cita-
tion networks provide a valuable framework for analysing the structural flow of information'~".

Our focus is on the idea that many citations from a given document to older sources are redundant and do
not necessarily imply a direct flow of information. In terms of the citation network, there are edges that can be
removed in a process known as TRANSITIVE REDUCTION, illustrated in Fig. 1, without changing the connectivity
of nodes. Transitive reduction gives the minimal structure needed to preserve the flow of information. One of
the special properties of a directed acyclic graph, such as a citation network, is that there is no ambiguity in the
transitive reduction process®®: edges are either essential for maintaining connectivity or are redundant and can
be removed. This is a distinctive feature of DAGs, in contrast to more general directed graphs, where cycles
complicate the transitive reduction process. Transitive reduction is well known in computer science and discrete
mathematics, with long-established algorithms that can be implemented in just a few lines®®.

Our proposal is that documents exhibiting minimal changes in their citation count after transitive reduction
tend to be multi-class, in the sense that they are cited across multiple network communities rather than predomi-
nantly within a single one. These communities are clusters of nodes which are our proxies for disciplines, fields
or topics used to classify documents.

We test our hypothesis using citation datasets and an artificial model, employing richness, an information-
theoretic measure of diversity, to quantify multi-class citation reach. If our proposition holds, nodes with high
diversity values should exhibit low citation loss after transitive reduction.
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(a) DAG before transitive reduction (b) DAG after transitive reduction

Fig. 1 Example of performing transitive reduction on a Directed Acyclic Graph. Redundant edges are removed but the over-
all connectivity of the network is preserved. The result of transitive reduction is always unique and well defined?®.
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Datasets and models

To validate our approach, we apply our methodology to citation networks generated by an artificial model: the
Preferential Directed Acyclic Graph (PDAG) model. This is a generalisation of previous models and numeri-
cal implementations>’!. The nodes n; € N represent documents and are labelled by integers i € {0,1,2,..,N —1}
, where the label of the i-th node n; is also the time of publication of a document represented by that node. Each
document n; is assigned uniformly at random to one cluster, denoted by the label ¢; € ¢ drawn from ¢, the set of
labels of the different clusters. Each cluster represents one type or class of document and these are our proxies for
the single field, discipline or topic best associated with each document. The directed edges (n;, n;) from node n; to
node n; represent links from the bibliography of the newer document »; to the older document n;. As a result, for
any directed edge (n;,n;), we have that i > j, ensuring an acyclic structure.

Nodes are also assigned to be one of two types; with probability p,,. nodes are a multi-class document, other-
wise they are a single-class document. Single-class documents in cluster f can only cite single-class documents
within their own cluster f. However, part of their bibliography will consist of multi-class documents n; from
cluster c;, provided document n; has cited at least one document in cluster f. Multi-class documents can cite docu-
ments from any cluster. The number of entries in the bibliography of any document r; is fixed and each entry n; is
chosen with a probability roughly proportional to (u + kf“)) where k(@ in the in-degree and p is a model parameter
which we choose to be 12.0. In addition, a fraction p = 0.45 of the bibliography comes from recent documents, here
coming from the most recent 2200 or so documents of each cluster, i.e. when citing a recent document, we have
that 2200 = (i — j) > 0. The remaining 55% of documents come from documents of any age. This is to simulate the
well-known feature?”*° that recent documents appear more often in bibliographies than found in simple models
using attachment probabilities of the form (u +k{™). The parameter values used were chosen to produce a cita-
tion network with characteristics similar to the hep-th arXiv data set discussed below including fat-tailed degree
distributions?’>’. A more detailed description of the model is given in Appendix A.

We also study three datasets to give us the citation network of three different types of documents. The first
dataset gives us the citation relationships between papers posted on the High Energy Physics Theory (hep-th)
category on the arXiv preprint repository between 1992 and 2003. This dataset, sourced from the Cornell KDD
Cup website’>¥, contains 27,770 nodes representing academic papers and 352,807 edges representing citations.

The second dataset represents the legal citations found in majority opinions of the United States Supreme
Court between the years 1754 and 2002. The dataset, collected and developed by Fowler and Jeon as described
in**33 consists of 25,417 nodes representing opinions and 216,738 edges representing citations.

The last dataset gives us a citation network of patents. For this we use data from the National Bureau of Eco-
nomic Research (NBER)?, consisting of patents registered in the U.S. between 1975 and 1999, with 3,774,768
nodes representing granted U.S. patents and 16,518,949 edges representing citations. This dataset also assigns
each patent a single subject category using the NBER technological classification. Further information on the
source of the data and the input files used in our analysis is given in Appendix B.

The advantage of using these three datasets is that the motivation for adding a reference to a document is not
necessarily the same in these three cases, giving us a broader test of our hypothesis and methods. This choice
also places our analysis in the broader context of citation network studies spanning academic, legal, and patent
domains®*’*¥. For academic papers represented by the hep-th dataset, there is little formal requirement for a rigor-
ous standard in the choice of quoted papers. So while references to key earlier developments are often included,
it is also clear that citations frequently reflect other pressures, such as personal relationships or popularity, as
part of a so-called “citation culture”®®. On the other hand, legal citations in the United States Supreme Court
follow much stricter guidelines; references are made based on the legal principle of “precedent”, which restricts
citations to relevant court rulings, maintaining consistency within the justice system*’. Finally, patents follow a
different citation logic. The main aim of citations in patents is to prove an invention’s novelty, and there is a legal
requirement to cite “prior art”’; existing patents relevant to the current one. Still, many references in a patent can

Scientific Reports scientific reports



Article in Press https://doi.org/10.1038/541598-026-71108-x

be to highly influential patents from companies such as Google or IBM*!. Additionally, self-citation is a common
phenomena among large organisations; it broadens the inventor’s patent portfolio and acts as a sort of protection
from legal issues by ensuring the robustness of their intellectual property**.

Methods

We start by identifying which documents are multi-class and which are not. To do this, we need to identify a
unique cluster label associated with each document. Single-class and multi-class documents are then identified
from the diversity of cluster labels of their neighbours. Finally, we measure the change in the in-degree of each
document after transitive reduction to see if it is smaller for multi-class documents than it is for single class
documents.

Cluster labels

A multi-class document will have influence across multiple clusters. Before we can even quantify cross-com-
munity reach, we must first define what constitutes a cluster. Each cluster is our proxy for one research field of
academic papers and patents or one area of law for USSC judgements. We will define the clusters by partitioning
the set of documents, i.e. to each node »; we assign a label ¢; where the number of distinct cluster labels is N, = |€].

One option would be to use any subject labels provided in the metadata for the documents. For the patent data,
we have such labels, and due to the size of this dataset, we use these labels to define our clusters. However, for
the hep-th and USSC datasets, the documents are not assigned to a specific subject label. Therefore, we have a
bottom-up strategy, creating our own cluster label for each document based on the network structure by using a
community detection method. This can be applied to all datasets to ensure that we can make a fairer comparison
across our citation networks by using the same clustering method.

In the case of our artificial model, every paper is already assigned to be either a multi-class or a single-class
paper, as well as having an explicit cluster or community assignment. However, the stochastic nature of the model
means that there is a chance that, in particular instances, a node may not behave exactly as the predefined label
suggests. So we choose not to use the intrinsic node labels for data produced from the model. Instead, we use the
same bottom-up technique as used on the hep-th and USSC datasets.

In network analysis, clustering of nodes is known as “Community Detection”. In the context of a network, a
community or cluster is assumed to have a much larger number of edges between nodes in the same cluster than
there are edges between nodes from different clusters**. Various community detection methods exist (for example
see chapter 31 of*’), but we cluster nodes using the well established Leiden algorithm**, applied to the undirected
version of the citation network*. We discuss some of these choices and show results for a different method in
Appendix D.

The Leiden community detection algorithm** finds a partition of the nodes into clusters {c;} by approximately
maximizing the modularity 0***°, where

1 S;S;
Q({Ci})=W;(An—#)(s(ci,cj'), Si=;Aija W=Zsi. (1)

Here d(c;,¢)) 1s one if nodes n; and n; belong to the same cluster (c; = ¢;), and zero otherwise.

The matrix entry 4;; we use is one if document x; cites n; or vice-verse so this is the adjacency matrix of the sym-
metrised citation network. We note there are other undirected networks which capture the relationships between
documents in a citation network such as the bibliographic coupling discussed in Appendix D.4. There appears to
be no consensus as to which community detection method is best**’. We report an alternative approach using the
Louvain community detection method and bibliographic-coupling in Appendix D.4 for comparison.
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To check the quality of the clusters found, we will give the sizes of the ten largest communities and the value of
modularity Q in each case. A modularity close to one indicates a good set of communities while Q = 0 is a commu-
nity structure that is no more clustered than a random null model. We will also give the effective number of large
clusters using an h-index /4 and the Shannon diversity N©®, The h-index # is the largest number of clusters which
contain at least # documents*®. The Shannon diversity N¢® is the exponential of the Shannon entropy calculated
using the fractional size N ;/N of each cluster f where N, is the number of documents in cluster fand N =) "N

f

These types of clusters found using a community detection algorithm applied to a citation network could reflect
groups within the data that are not associated with different topics or fields. For instance, a local citation culture
within a group of authors might produce a cluster in a citation network. For that reason we prefer to talk about
multi-class rather than interdisciplinary documents. However, our results are sensitive to relatively large clusters
of the type we expect for different subject areas and so smaller clusters due to some local effects will not alter our
results. In addition, we have also used other approaches where possible, externally provided field labels for the
patents or clusters in the hep-th data based on text analysis of their abstracts. By checking our methods on an arti-
ficial model, and by using different data sets and different clustering methods, we will demonstrate that our results
are robust and we are confident that our clusters do represent one possible discipline-based division in our data.

Cross-community influence measures

Once we have a unique cluster label ¢; for each document »;, we can quantify its cross-community influence. To
do this, we look at the distribution of the cluster labels of the neighbours of node »; in the citation network, using
measures of the diversity of their cluster labels**™!.

We use the simplest diversity measure, RICHNESS, which is simply the number of different cluster labels associ-
ated with a document n;, for example see Fig. 2. In this case, we will use the cluster label ¢; associated with each
of the neighbours n; of a node n; in the original citation network. Since our focus is primarily on the in-degree, it
makes sense to use the in-richness R™ of a node n; as our diversity measure, where

R™ = [{¢;lnjmp) € €} (2)

Here (n;,n)) is a directed edge from node n; to n; in the set of edges ¢ of the citation network.
We then need to identify the multi-class documents in our data. Based on the diversity measure for each docu-
ment, we split the documents into three classes: single-class (SC) documents, multi-class documents (MC) or

Fig. 2 The node n; outlined in black has an in-Richness of O
R = 3, as it is cited by 3 distinct clusters. O
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an intermediate class (IC). This last class is needed because cross-community influence is not a simple binary
concept in practice, and most documents should really lie on a spectrum between pure single-class documents and
maximally multi-class documents.

In our case, we will use the in-richness R™ of each node n; to determine single-class and multi-class docu-
ments. It is not so clear where to draw the boundary in richness values between single- and multi-class documents,
reflecting the reality that some documents may just be “mostly” single-class documents or “slightly” multi-class.
So we set the criteria that only documents with in-richness of one will be considered single-class documents, i.e.
if RM™ =1, we will say that document n; is a single-class document. While only documents with in-richness of
three or more R™ > 3, will be considered to be multi-class documents. This means we will not study documents
with in-richness of two as we assume their true nature is unclear from our measurements.

Our artificial model provides a good example of our motivation for these boundaries. In principle, in the PDAG
model, each single-class document only cites documents in the same community. That is true for citations from
single-class to single-class documents. However, a multi-class document n;, even though it is assigned in the
PDAG model to one cluster given by the value c;, behaves in the model as if it is a member of many clusters. In
particular, a multi-class document r; can cite and be cited by a single-class document n; regardless of the value of
¢;. This means a single-class document might be cited by just one multi-class document from a different cluster,
giving that single-class document a richness of two. In the PDAG model, this occurs reasonably often, and this
mimics what might happen with real data. The authors may not consider their document to be multi-class, but
later authors in another field may find value in it.

Analysis of degree change

Our proposition states that a minimal change in the in-degree (or citation count) of a node after transitive reduc-
tion is an indicator of its cross community influence. Since citation counts vary widely across documents, we bin
nodes by their original in-degree to control for degree-dependent effects. Bin b is defined to contain all nodes with
in-degree between (k,_, + 1) and k,. For display purposes, results for each bin are shown at a location given by the
degree k;, corresponding to the midpoint of the bin, defined as

Eb = (kb—l + kb)/Z . (3)
Formally, we define
Bbz{n|n€N, kb_1<kgn)§kb} (4)

where 2 is the set of nodes and k" is the in-degree of node n € ». We define k, to be the smallest in-degree such
that the bin B, contains at least n,,,, documents, choosing n,,,, = 100 in all cases except for the NBER patents, where
We use n,,;, = 500. That is

K

kp = min X}, where X}, = {K| Z n(kmy > nmm}. 5

k=kp_1+1

We are comparing the difference in the behaviour of single-class documents, which are represented by the set of
nodes in A9, with multi-class documents, represented by the set' of nodes in 7™ . To make our comparison,
we split each bin into two subsets, B, where B contains all the documents of type ¢ in bin B,, that is

B =B, nN®, e {SC,MC}. (6)

' Note that documents cannot be of both types so NS 0 ¥ MC) = ¢ but we also allow for a situation where not all docu-

ments are classified in this way, so A5 UNMC) may not contain all the nodes.
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We find the in-degree of a node n before and after transitive reduction, k3 and k$™™ respectively. We then
measure the change A, in the in-degree of a node n before and after transitive reduction, A, = k™ — k5™ For a

. . . . . —(®) .
given bin b and a given subset of documents of type ¢, we estimate the mean in-degree change A, and associated
standard deviation o from the average in-degree change A, of nodes of type ¢ within bin b, that is

—(t) 1 ®
Ab An .
0) Z 7
|B |n€Bg) ( )
(o (t)) (A(,)_Z(t))z
m — 2 (Ar-4 ) (8)
-1 ,50
b

Finally, to compare the effect of transitive reduction on single-class (SC) and multi-class (MC) nodes, we com-
pute the z-score z, of the in-degree change per bin b

—(S0)  —(MC)
b — D

©
_(sc))2 N (_(MC))

N
S
I

(

o = o112 is the estimate of the standard error of the mean for nodes in bin b of type .

This z-score quantifies how many standard deviations the citation loss of multi-class nodes differs from that of
single-class nodes, helping to assess whether cross community influence correlates with lower citation loss after
transitive reduction. A z-score of order one or more for each bin supports our hypothesis.

where 7

Results

For each dataset, we choose not to consider nodes with in-degree k@ less than the median in degree £ of the
citation network when assessing changes in the in-degree after transitive reduction. Nodes with low in-degree are
very limited in the way they can change their few citations under transitive reduction, and so these documents
have very noisy statistics. This cutoff of low-degree nodes is common in citation network analysis, for example

e>2. Some of the plots here display results only up to a certain bin size as there is a strong difference between
number of single-class and multi-class nodes for higher bin values. Specifically, we do not consider bins where
the standard error of the mean 7’ > 1 for either type of nodes.

The results from the PDAG model in Fig. 3 show positive z-scores, suggesting that there is in fact a difference
in in-degree count before and after TR, especially for bins containing lower in-degree nodes. For this partition,
we have no singleton or discarded clusters. The clusters are also highly balanced in size (largest 10: [2724, 2716,
2715, 2706, 2699, 2698, 2688, 2687, 2685, 2682]), with high modularity (Q = 0.79) and a strong predominance of
within-cluster edges (0.89 versus 0.11 cross-cluster), supporting the quality of the clustering.

The hep-th results in Fig. 4 show a positive z-score greater than 1 across the majority of bins, indicating a clear
difference in in-degree before and after transitive reduction throughout the full in-degree range. For this partition,
we obtain no singleton clusters and only a very small discarded fraction (0.0043). The largest clusters contain
[2624, 2610, 2090, 1909, 1861, 1641, 1637, 1557, 1439, 1435] nodes, while the partition has modularity Q = 0.66
, with 75% of edges lying within clusters and 25% between clusters, again indicating substantial community struc-
ture. We emphasize that, particularly in narrow domains such as hep-th, these communities should not necessarily
be interpreted as distinct disciplines. They may instead correspond to methodological traditions or author-level
research groups.
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Fig. 3 A plot of z-score z, (9) against bin centre kj, (3) for the PDAG model with N = 27000 nodes, average degree (k) = 11.95
and median in-degree k@ = 5. Using Leiden community detection on the undirected version of the citation network, we
found N, = |€| = 10 clusters with an h-index of 4 = 10 and an effective number of clusters N¢® = 10.0.

Z-Score zp
N
N
.

4 14 24 34 44 54 64
Centre of In-Degree Bin kj

Fig. 4 A plot of z-score z; (9) against bin centre k;, (3) for the hep-th DAG with median in-degree k(™ = 4. Using Leiden
community detection on the undirected version of the citation network, we found N, = |€| = 35 clusters. The h-index is h = 22
and the effective number of clusters is N¢f = 18.75.

By way of comparison, the hep-th data also comes with titles and abstracts and this allows us to use a non-
network based method to cluster the documents for this data set. Our text-clustering methods and results are
discussed in Appendix C.

The USSC results shown in Fig. 5 exhibit positive z-scores most of which are greater than 1, with lower z
-scores in bins corresponding to larger in-degrees. In this dataset, the z-scores are substantially higher than those
observed in the other datasets. For this partition, we obtain no singleton or discarded clusters. The largest clusters
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Fig. 5 A plot of z-score z;, (9) against bin centre k;, (3) for the USSC DAG with median in-degree k(™ = 4. Using Leiden
community detection on the undirected version of the citation network, we get N, = |¢| = 14 clusters. The h-index is h = 14

and the effective number of clusters is N = 12.3..
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Fig. 6 Plot of z-score z, (9) against bin centre k, (3) for the NBER DAG, with median in-degree k(™ = 5. The dataset
included a pre-assigned subcategory for each patent, which we treated as a cluster, giving || = 36 clusters. Note that the bins
with degree k;, between 10.0 and 18.0 inclusive have z-scores above 8.0 and are not shown here for clarity.

contain [4268, 3114, 2378, 2335, 2154, 2151, 1769, 1232, 1174, 1152] nodes. The partition has modularity
Q = 0.61, with 72% of edges lying within clusters and 28% between clusters, indicating clear but somewhat weaker

community structure than in the PDAG and hep-th cases.
Finally, for the results of the patents in the NBER DAG shown in Fig. 6, all but four of the thirty four bins
shown have a positive z-score. However, there are a larger number of bins with z-scores between zero and one
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than can be seen in previous examples, and more of these values are not significantly different from zero. There
is also a strong dependence on the degree of the bin k,. As before, the bins with small degrees, where all docu-
ments also have the same in-degree and where there are larger numbers of documents in each bin, exhibit very
high z-scores. For higher-degree bins, which tend to have the minimum number of papers in each bin and a wider
range of in-degree values for each document, we observe that the z-scores are noisier and show a weaker effect
compared to the previous datasets. Nevertheless, the vast majority of bins display at least a weak positive z-score,
with many showing a strong effect. So even with patents, there is good support for the hypothesis that multi-class
patents lose fewer citations under transitive reduction than single-class patents.

To provide a simple summary of these results, we show in Table 1 the median of the z-scores for all the bins
shown for each dataset. These median z-scores show that there is indeed a significant difference between the in-
degree change for multi-class nodes in comparison to their single-class counterpart. The range of median z-scores
across DAGs could be ascribed to attributes inherent to the dataset, such as the different citation styles for differ-
ent types of documents, size of the dataset and effects of the clustering method. We observe that the mean of the
multi-class difference is at least 2.2 standard deviations above the mean of the single-class difference across the
bins, again validating our proposition.

Discussion and conclusions

We started from the observation that there is often a substantial decrease in the citation count of documents after
transitive reduction®>>*, something confirmed in the statistics here (see Appendix B). However, the loss of cita-
tions after transitive reduction is very uneven; some documents can lose a very large fraction of their incoming
edges, some very few.

Our proposition is that this difference can be explained by the existence of multi-class documents in these data-
sets>. Transitive reduction removes “inessential edges”, edges that are not required to maintain the connectivity
in the citation network. If document A4 is only of interest to documents from one cluster, then it is likely many of
the documents citing 4 will also cite each other. So there is a high chance that most of the edges are inessential
and will be removed by transitive reduction. If, on the other hand, 4 is a multi-class document, then that means
it picks up citations from many different clusters. It is unlikely that those documents citing 4 will cite each other
as they come from different clusters, so this means that the citations to 4 are much less likely to be inessential.
We illustrate this idea in Fig. 7.

In our approach, we first use modularity based clustering to identify documents in the same community and
hence to identify multi-class documents. We can then look at collections of documents with a similar citation
count, our bins of (4), and measure the change in their in-degree after transitive reduction. Finally, we estimate
the mean and standard error of the mean for the change in citation count for each type of document in each bin. A
z-score (9) is then used to show if there is a statistically significant difference in the change in the citation count
for the multi-class and single-class documents.

We first explored the impact of transitive reduction on citation networks by using an artificial model, the
PDAG model, described in Section Datasets and models (see also Appendix A) to validate our approach. We then

Table 1 The median z-score for every DAG. We only include bins with k@ > @ and where the z-score is well defined
(some very high degree bins have significantly less multi-class documents than their single-class counterpart).

Citation Network Median z-Score z
PDAG 3.0
hep-th text clustering (Appendix C) 3.4
hep-th Leiden clustering 2.2
USSC 3.4
NBER 2.7
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Fig. 7 A simple example of how
transitive reduction removes more
citations between documents in the
same cluster than from multi-class
documents. In each of the four
citation networks, documents are
nodes with older (youngest) at the
top (bottom) and documents in the
same cluster are shown in the same
colour and with the same symbol
in one column. The two citation
networks on the left represent two
possible examples shown before
transitive reduction, while on the (a) DAG of single-class nodes (b) DAG of single-class nodes
right the same citation network is before transitive reduction after transitive reduction
shown but after transitive reduction.
The top row is an example where

the documents are all single-class
documents. Here, transitive reduc-
tion removes several edges, reducing
the citation count for half the docu-
ments. On the bottom row, the nodes
now represent multi-class docu-
ments, so they often cite documents
in another cluster. No edges are
removed under transitive reduction
in this case, illustrating the robust-
ness of cross-community citations
under transitive reduction.

(c) DAG of multi-class nodes (d) DAG of multi-class nodes
before transitive reduction after transitive reduction

looked at three datasets: academic papers posted between 1992 and 2003 on the hep-th repository of arXiv>>*3,

judgements from the U.S. Supreme Court (USSC) between 1754 and 2002*** and data on U.S patents from
the National Bureau of Economic Research (NBER) from 1975 to 1999°. We first assigned each document to
a cluster using a modularity-based community detection method on the undirected version of each citation net-
work. The cluster labels were then used as proxies for the communities of each document. To see if a document
was multi-class (cited by documents from many different clusters, many communities) or single-class (cited by
documents from one other cluster, a single community), we used the diversity of the cluster labels held by its
neighbours.

Our statistical analysis through the use of z-scores provides clear evidence that single-class nodes tend to lose
more citations than multi-class nodes after transitive reduction, thus supporting our proposition.

The “reduced in-degree centrality”, that is, the citation count after transitive reduction, is a useful structural
statistic for studying how citation-network topology and community structure shape the retention of incoming
links under transitive reduction.

We do not present our approach using transitive reduction to find multi-class documents as a replacement for
existing indicators. Prior work has used betweenness centrality in normalized local citation environments as an
indicator of interdisciplinarity'?, and has benchmarked interdisciplinarity using integration scores together with
science mapping®. Other studies have compared diversity-, centrality-, and citation-based indicators'?, and have
further developed diversity-based measures of citation patterns'.

Our focus is different. We wanted to try to understand how the topology of a citation network changes under
transitive reduction. Specifically, why some documents with a similar number of citations lose far more citations
than others under transitive reduction®®. Our results show that there is a strong correlation between documents
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which see a high loss of edges and documents that are cited by a single class of documents. Our approach should
be seen as complementary to, rather than competing with, existing metrics of cross-class influence.

It is widely acknowledged that the presence of a citation can indicate many different things®>%3, none of which
are evident from the existence of that single edge in a network. What we show here is that there is additional
information implicit in an edge of a DAG that comes from the wider network topology. We give one example of
how this extra information can be leveraged to gain more insight into the meaning of each citation.

More broadly, our results show that transitive reduction can reveal meaningful differences in the structural
role of documents within citation networks. This suggests that reduced in-degree may be useful in other settings
where directed acyclic networks represent the propagation of influence or dependency. For instance, in ecologi-
cal food webs, it could help identify keystone species whose extinction would have a significant impact on the
ecosystem.

Appendices

A PDAG model definition
This model is an extension of models and numerical implementations used in**°,

We start with an initial graph 9(¢t = Ny,) = (V(®), 1)) of Ny = 120 nodes but no edges. These nodes are labelled by
distinct integers i from 0 to (N, — 1), S0 n; € 7 is the node with index i. Each node n; also carries a cluster label c;
given by the node’s index i modulo the number of clusters N, = |¢| = 10, S0 ¢; =i mod N,. The set of possible cluster
labels is therefore € = {0,1,2,...,(N, — 1)}.

We also initialise attachment lists, multisets 4, of references to nodes from cluster . So if n; € 4 then ¢; = ¢;.
In this case, we initialise these lists with one copy of each node in N(¢t) from the appropriate cluster f.

We now add the remaining (N — N,,,) new nodes to the graph, one at a time. At each step we create a new graph
g(¢) with (¢) nodes which starts with a copy of the graph from the previous step, 5t — 1) = (W (¢t — 1), &(t — 1)). We add
one new node n,, so with index ¢, to the existing nodes so that » () = N — 1) U {n,}. The cluster label of the new
node, ¢, is chosen uniformly at random from the set ¢ of possible cluster values. The new node is also classified as
being of one of two types; with probability p,,. = 1/(N, + 1) ~ 0.0909 the node is set to be a (multi-class document),
otherwise it is set to be a single-class document.

Next, we add the edges by creating a bibliography of length m = 12 for the new node n,. The bibliography is
made from older documents, target nodes n; where j <. If the node 7 is single-class SC, then the bibliography
is chosen only from older target nodes j (where j < ) of the same cluster type ¢, = c;, otherwise we have a multi-
class document which can cite any older node. In either case, we choose each older target document j for the
bibliography of node ¢ as follows. First, the cluster f of the cited document j is chosen to be f = ¢, if the new node
t is single-class, otherwise f'is chosen uniformly at random from the set of cluster labels ¢. Then, with probability
p = 0.45, the cited document j is chosen from the last 7, entries in the multi-set 4, otherwise it is chosen from the
full set 4. Here, T, is defined as “recent documents”. This means that single-class documents n, can only cite
documents n; with the same cluster £, ¢, = c;.

In principle, it is possible for the method to fail at finding m older documents to cite in a reasonable period of
time, particularly for single-class nodes with a low index where the number of possible older documents it can
cite is close to m. So in practice, a few earlier nodes have a little short of m documents in their bibliography, but
this is almost impossible for nodes »n, where ¢ >»> mN,.

Finally, for every edge added, we update the attachment lists by adding the new node ; = 12 times. If the new
node n; is a single-class document, then it is added ;. times to the attachment list of its own cluster 4, where f = c,
. Otherwise, if the new node is a multi-class node, the new node », is again added to attachments lists x times but
this is spread across the attachments lists of different clusters, where the clusters chosen reflect the clusters of the
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entries in the bibliography”. Finally, every node n; in the bibliography of n, is added once to the attachment list
Ag of the old document’s own cluster, so g = c;.

The purpose of these attachment lists is that, with the exception of the initial nodes, every node appears a total
of (u+ k?“)) times in these lists. So choosing a node uniformly at random from these lists means we are selecting
documents n; to cite with a probability proportional to (u + k?“)). This is a form that leads to fat-tailed in-degree
distributions for the nodes as shown in simple generalisations of the Price model for bibliometrics?’*®. The point
of selecting from the more recent documents is that it is well known that bibliographies tend to have more entries
from recent documents than the simple Price model and its variants suggest””. By having this sharp cut-off in time
for a fraction p of a bibliography is a crude but simple way to capture this aspect. Given that we add (m + u) = 24
documents to each attachment list A, for every new document n; in cluster f, the recent time scale of T, = 52800
corresponds to T,/(m + p) = 52800/24 = 2200 new papers in that cluster.

Note that in some ways, multi-class documents behave in the citation network as if they are in many clusters,
not just one, even though these documents are also assigned a unique cluster label ;. This is because they are
added to attachment multi-sets 4, that reflect the clusters of their bibliographies, not the label ¢;. The label ¢; of
a multi-class document r; plays a role in the statistics. That is, when we assess the diversity of documents in the
artificial network, multi-class documents n; are treated as coming from one cluster since they carry one label ¢;.
On the other hand, each attachment multi-set A, contains single-class documents from cluster /'and multi-class
documents carrying from any cluster. This means that a single-class document can cite multi-class documents
from other clusters. Thus, the out-richness of a single-class document can be more than one as the bibliography
will contain on average about m.p,.(1—1/N,) documents (always multi-class documents) from another cluster.
For the values quoted here, we have m.p,, (1 — 1/N.) ~ 12 x 0.0909 x 0.9 ~ 0.982 documents from another cluster in the
bibliography of a single-class document.

B Data

Copies of the data and code used in this work are available online at
http://doi.org/10.6084/m9.figshare.29663918°.

B.1 Artificial data

The artificial data is produced by python code implementing the model described in Appendix A. For the file
used in Fig. 9, the parameter values are given in Table 2. These values were chosen to reflect the properties of the
hep-th dataset as much as possible and are inspired by the values used in the models of*’.

B.2 Real world data

The data used for the citation network of academic papers posted on the hep-th section of the arXiv preprint
repository between 1992 and 2003 comes from the Cornell KDD Cup website®>3>.

The citation network of majority opinions of the United States Supreme Court (USSC) between the years
1754 and 2002 came from links on a 2016 version of a web page James H. Fowler’s Supreme Court

2 The cluster of each document in the bibliography has a separate entry in a list B, where B[i] is the cluster of the i-th entry

in the bibliography. If the new node is a multi-class document, then this list of the clusters of bibliometric entries is cycled
around p times to give a list of u clusters, that is f = B[j mod m] is the j-th cluster chosen with j running over all integers from
0 to (z —1). For each cluster f chosen, the new node n, is added to the associated attachment list 4. If 1 is not an integer
multiple of m, then the new multi-class node will not use the clusters of the documents in the bibliography equally when
choosing which attachment lists to be added to.
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Table 2 Alist of the param-  parameter value
eter values used to generate  umber of nodes N =] 27000
the example data from the. number of edges E =l 322560
PDAG rpodel. Thg model is average degree ) 11.95
defined in Appendix A. initial nodes N 120
recent document time scale T, 52800
length of bibliography m 12
fitness H 12
fraction of recent documents in bibliography P 0.45
fraction of multi-class documents Dme 0.0909
number clusters Ne =€l 10
random seed 0
Table 3 Node and edge network stage nodes edges node% edge %
counts for each dataset at hep-th®233 Original 27770 352807 100.0 100.0
different preprocessing After Edge Correction 27770 352285 100.0 99.85
stages. In edge correc- After LWCC 27400 352021 98.67 99.78
tion, we remove cycles and After TR 27400 63247 98.67 17.93

reverse backward edges

ussc* Original 25417 216738 100.0 100.0
;Z fferr:its 315 :;?r‘a I&xggf After Edge Correction 25417 216456 100.0 99.87
the largest weakly con- After LWCC 25389 216436 99.89 99.86
nected component. In degree After TR 25389 58829 99.89 27.14
filtering, we reduce the size NBER* Original 3774768 16518949 100.0 100.0
of the NBER patent data by After Edge Correction 3774768 16518947 100.0 100.00
removing nodes with degree After LWCC 3764117 16511740 99.72 99.96
below ten. Finally we apply After Degree Filtering 1236699 8594651 32.76 52.03
transitive reduction (TR). After TR 1233221 5386866 32.67 32.61
PDAG Before TR 27000 322560 100.0 100.0
After TR 27000 124855 100.0 38.71

Citation Network Data Page.html, which cites Fowler and Jeon as authors and asks for citation to
two published papers®**3.

The dataset used to construct the citation network of patents came from the National Bureau of Economic
Research (NBER)“, consisting of patents registered in the U.S. between 1975 and 1999, with 3,774,768 nodes
representing granted U.S. patents and 16,518,949 edges representing citations. This also has a single subject
category assigned to each patent.

In Table 3 we list some of the basic properties of each network at each stage of our processing.

Edge correction is where we reverse the direction of any edge that cites a document in the future, at least
according to the node data we have. We also remove all self-citations. The PDAG model gives a perfect DAG so
this correction is not needed. For the real data sets, we only have to remove a very small number of edges, 0.15%
or less.

We always analyse the largest weakly connected component (LWCC), so the next stage is to select this com-
ponent. Again, the PDAG model gives a single weakly connected component so this is not required. For the other
datasets, the change is small, at most a one percent loss, often much less.

The NBER patents dataset is much larger than the other datasets, so we apply a further procedure in this case
to extract a smaller relevant network. We choose to remove nodes and all their associated edges with degree of
nine or less from the data. This is not done recursively, so it is still possible to have nodes with degree less than
ten. This leaves us with most of the data to analyse, about one third of the original nodes and half of the edges.

Finally, we apply transitive reduction. As reported in>®, for the academic papers in hep-th and the court cita-
tions of USSC, we get large drops in the number of edges, as we lose 70% to 80% of the edges. The NBER patents
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however lose far fewer edges, only 37% of edges were left after the degree filtering. By way of comparison, the
artificial PDAG model sits in between, losing 61% under transitive reduction.

C Text-based clustering

One other clustering approach we employ is to use text associated with each document to generate topic labels.
The titles of documents, available for all our data, provide too little text to work on. However, the arXiv data
set’>33 comes with abstracts, and so we group those based on the similarity of their words.

To do this, we take the words from the abstracts of the hep-th documents, we tokenize and stem the words,
excluding all common tokens, those in more than 80% of documents, and rare tokens, those that are in just 20% of
documents. We then compute a “Term Frequency-Inverse Document Frequency” matrix T,; which is the number
of times that token « occurs in document i divided by the logarithm of the number of documents where token «
appears at least once. We then use cosine similarity to find the distance D;; between two documents 7 and j

—q1_ 1L T 12 = T
Dij =1 T;] |Tj| ;TOJTOLJ , T = g ToiTai - (10)
Finally, the distance matrix D is used to find cluster labels for each document i using the K-Means algorithm>>’.
Testing this measure on the hep-th dataset, the results shown in Fig. 8 suggest a trend with z-scores greater than
1 for most bins and decreasing z-scores for bins with larger in-degrees. This supports what we found for the hep-
th data using community detection in the main text. However, there are some limitations inherent to text-based

Z-score zp,
.
®
.

,\,Q '19 ,,’Q D‘Q (,)0 Q)Q /\D
Centre of In-Degree Bin k;,

Fig. 8 A plot of z-score z;, (9) against bin centre k;, (3) for the hep-th DAG using k-means clustering on abstracts with
N, = |€| = 7 clusters. The majority of z-score are positive with a few negative points in the centre of the plot.

3 We tried a variety of other clustering methods, including Density-Based Spatial Clustering of Applications with Noise
(DBSCAN)56, Hierarchical DBSCAN (HDBSCAN)57 and Ordering Points to Identify the Clustering Structure (OPTICS)58.
However, we found K-means offered the best trade-off between granularity and cohesion—avoiding both excessive fragmen-
tation (over-clustering) and overly broad groupings (under-clustering).
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clustering. In our dataset, we observed significant keyword repetition across multiple clusters, which may indi-
cate that text-based clustering is not effectively distinguishing between the citation network communities. We
suspect this issue arises due to the lack of variability in hep-th abstracts, as papers in this domain often revolve
around closely related topics. Prior research suggests that abstracts alone may not contain enough distinguishing
terms to serve as a reliable basis for clustering, particularly when compared to full-text analysis®’. This limitation
likely contributes to the weaker trend observed in the z-score results.

D Community detection

Community detection is a method in network science which gives a partition of the set of nodes into clusters,
known as “communities” in this context. While there can be many ways to define a community both qualitatively
and quantitatively, a general guide is that in a good clustering the edges tend to be between nodes in the same
cluster while nodes in different clusters are connected less often***.

Each community detection method gives a precise definition of what that method calls a cluster. It is not clear
if the result from one method is any “better” as there may be many different types of clusters at different scales
in any realistic network. That is different methods may reveal different ‘truths’. Even if we have some external
“ground truth” provided, perhaps given by experts labelling nodes, it is not obvious that such a ground truth is
some absolute truth or just another reasonable view of a possible clustering of the nodes in a network. Accord-
ingly, in our work we do not interpret the detected communities as uniquely correct ground-truth groups. We just

accept the clusters we find as a reasonable description of the subgroups within our data.

D.1 Quality of clustering

To check the quality of the clusters found, we give the sizes of the ten largest communities. The value of modular-
ity Q of (13) is another useful indicator since a modularity value close to one indicates a good community struc-
ture while Q = 0 shows our communities are no better clustered than we would expect in a random null model.

When interpreting partitions, it is useful to summarise how many communities contain a substantial number of
documents, while discounting communities with negligible size. This is relevant because relatively large clusters
dominate our multi-class statistics, while smaller clusters do not contribute much and can be uninteresting arte-
facts of the data or the community detection method.

One measure we use is the h-index / defined over the cluster size distribution {N;}, where N, is the number
of documents in the cluster labelled f € ¢. The h-index # is the largest number of clusters which contain at least /
documents*®. Formally, if N(v) is the number of clusters that contain at least » documents, then

h=max{v e N|N@) > v}, N@) :=|{fINy >v.f €C}. (11)

Here e is the set of labels of the different clusters.
We also employ Shannon diversity N¢® as a second estimate of the effective number of clusters. We use the
fraction of nodes N /N in each cluster where N is the number of documents in cluster fand N =) N is the
T

total number of nodes. This is used to define the Shannon entropy of the cluster size distribution. The Shannon
diversity N¢® is then given by the exponential of the Shannon entropy, where

NP = e (—Z %M%)) . (12

fee
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D.2 Modularity maximisation

The main community detection method we use is the Leiden community detection algorithm**. This is an exam-
ple of a method which finds a partition of the nodes into clusters {c;} by approximately maximizing modularity
Q({e;)*™*® where

Q({ci})=%;(Aij—%)é(ci,cj), Si=;Aij’ W=Zisi. (13)

Here, A;; is the weight of an edge from node n; to node n; in an undirected network while é(c;, c;) is one if nodes n;
and n; belong to the same cluster (c; = ¢;), and zero otherwise.

Modularity Q is larger when there are more edges are between nodes in the same cluster that we might reason-
ably expect. Hence, larger values of Q indicate higher-quality cluster assignments {¢;} and a more meaningful
partitioning of the network. The value of modularity Q({c;}) measures how well the network is partitioned into
clusters.

We note that modularity-based clustering has known limitations, including a resolution limit that can force
smaller communities to remain part of larger ones®'*®>. There are many different algorithms which find partitions
{c;} with large modularities and some have algorithms have their own issues. However, as we are interested in the
broad statistical properties of our network, any community detection method that has been tested on shown to be
effective could be used.

D.3 Leiden clustering on the symmetrised citation network

In our main text, we use the Leiden community detection algorithm* as it is practical and well-established
method for identifying robust large-scale structure in an undirected network. For instance, compared with the
older Louvain method®, the Leiden algorithm* avoids disconnected communities by construction and yields
better-connected partitions.

It is simplest to work with modularity defined for undirected networks. So for the results in the main text,
we take the undirected citation network. That is suppose the adjacency matrix for the original directed citation
network is the matrix C, where C;; =1 if there is an edge from node n; to node n;, i.e. document n; cites the older
document n;. To perform community detection, we construct a new undirected network on the same set of nodes
with the adjacency matrix A where

Ajj=Cij+Cji,s A;;=0. (14)

Thus, two nodes n; and n; are connected by an undirected edge whenever one cites the other. Since the original
citation network is a directed acyclic graph, at most one of ¢;; and C;; can be nonzero, so the undirected network
is unweighted.

D.4 Louvain clustering on the bibliographic coupling network

In this section, we show the results obtained with nodes cluster labels found by using the modularity-based
Louvain method®® applied to the network defined by bibliometric coupling but otherwise we use the much same
approach as before.

In this approach, we construct a new undirected network using bibliographic coupling®**%, Let the adjacency
matrix for the citation network be the matrix C where ¢;; =1 if there is an edge from node n; to n;, i.e. document
n; lists the older document ; in its bibliography. The new network retains the same nodes as the original citation
network, so we will denote the weight of an edge between n; and n; by the entry 4;; in the adjacency matrix A of
the bibliographic-coupling network. Each pair of nodes n; and n; is connected by an undirected but weighted edge
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if have at least one document in common in their bibliographies. Suppose node n, is cited by both n; and n;, so
that ¢ = Cj = 1. This node ;. will contribute the inverse of its in-degree in the original citation network, 17k to
the weight of the bibliographic-coupling link 4;;. This avoids undue contributions from highly-cited documents.
So we have that

1 (in)
A= G " =3 Cu (15)
k i

We then apply the Louvain community detection algorithm®. The algorithm finds a partition of the nodes into
communities by finding an approximate maximum for modularity Q of (13).

In this case we choose not to consider nodes with in-degree k@ < 10 (rather than using the median value as a
cutoff) when assessing changes in the in-degree after transitive reduction. Additionally, we do not consider bins
where the standard error of the mean .’ > 1 for either type of nodes.

The results from our artificial PDAG model, shown in Fig. 9, indicate that all but two of the bins have posi-
tive z-scores significantly greater than zero. This suggests that in our PDAG model, multi-class nodes lose fewer
citations after transitive reduction. However, there is a clear trend toward lower z-scores for bins containing
higher-degree documents. These tend to have a smaller number of documents in each bin, but also a wider range
of in-degrees for each document, making these statistics inherently noisier than the lower degree bins.

We now turn to analyse the hep-th papers from arXiv. The resulting z-score plot is shown in Fig. 10. All but
three of the forty-two bins have positive z-scores, and all but one of those have a z-score of at least 1.0. Again,
this is strong evidence that multi-class papers in hep-th lose significantly fewer citations under transitive reduc-
tion than single-class papers.

All the z-scores observed for the court documents in the USSC DAG in Fig. 11 are positive. Further, all but
three of the twenty-five bins have z-scores of 1.0 or more, so the positive values are statistically significant. This
gives strong support for our hypothesis in the context of these legal opinions.
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Fig. 9 A plot of z-score z, (9) against bin centre k; (3) for the PDAG model with N = 27000 nodes and average degree
(k) =11.95. Using Louvain clustering on the network of bibliographic coupling, we found N, = |€| = 130 clusters with an
h-index of h = 10 and an effective number of clusters N = 10.4.
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Fig. 10 A plot of z-score z, (9) against bin centre k;, (3) for the hep-th DAG using Louvain clustering on a bibliographic-
coupling network, with N, = || = 3091 clusters. The h-index is & = 28 and the effective number of clusters is N = 488,
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Fig. 11 A plot of z-score z; (9) against bin centre k; (3) for the USSC DAG using Louvain clustering on a bibliographic-
coupling network with N, = |€| = 6338 clusters. The h-index is k = 19 and the effective number of clusters is N = 103.8.

Finally, for the patents in the NBER DAG, the results in Fig. 12 match those in Section Results. However, as
out cut-off of k(» > 10 is larger than the median in degree k(™ = 5, our median z-score shown in Table 4 is lower
as we have removed the bins with 5 < k@ < 10 which contained high positive z-scores.

To provide a simple summary of these results, we show in Table 4 the median of the z-scores for all the bins
shown for each dataset. These median z-scores show that there is indeed a significant difference between the in-
degree change for multi-class nodes in comparison to their single-class counterpart, even when using a different
clustering method (Louvain community-detection) on a bibliographic coupling network. We observe that the
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Fig. 12 A plot of z-score z;, (9) against bin centre k;, (3) for the NBER DAG. The dataset included a pre-assigned subcategory
for each patent, which we treated as a cluster, giving N, = |€| = 36 clusters. Note that the bins with degree &, between 10.0
and 18.0 inclusive have z-scores above 8.0 and are not shown here for clarity.

Table 4 The median z-score for every DAG. We only include bins with k™ > 10 and where the z-score is well defined (some
very high degree bins have significantly less multi-class documents than their single-class counterpart).

Citation Network

Median z-Score z

PDAG 2.7
hep-th Louvain clustering 3.4
USSC 22
NBER 1.7

mean of the multi-class difference is at least 1.7 standard deviations above the mean of the single-class difference
across the bins, again validating our proposition.
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